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Abstract The computation of the eigenvalue decomposition of matrices is
one of the most investigated problems in numerical linear algebra. In partic-
ular, real nonsymmetric tridiagonal eigenvalue problems arise in a variety of
applications. In this paper the problem of computing an eigenvector corre-
sponding to a known eigenvalue of a real nonsymmetric tridiagonal matrix is
considered, developing an algorithm that combines part of a QR sweep and
part of a QL sweep, both with the shift equal to the known eigenvalue. The
numerical tests show the reliability of the proposed method.
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1 Introduction

Real nonsymmetric tridiagonal eigenvalue problems arise in a variety of appli-
cations. For example, the nonsymmetric eigenvalue problem can be reduced
to nonsymmetric tridiagonal form in a finite number of steps [17,5,18]. In the
sparse case, the nonsymmetric Lanczos algorithm produces a nonsymmetric
tridiagonal matrix by the biorthogonal Lanczos process [9]. The zeros of gener-
alized Bessel polynomials can be computed as the eigenvalues of the associated
Bessel matrices, which are nonsymmetric tridiagonal [6,15]. Other eigenvalue
problems involving nonsymmetric tridiagonal matrices can be found in [1].
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Some methods to compute the eigenvalues of nonsymmetric tridiagonal
matrices are available in the literature. The one described in [1] requires the
evaluation of p(\)/p'(\) = —1/trace ((T'— AM)~'), with p(\) the characteris-
tic polynomial of the matrix T, which is done by exploiting the QR factoriza-
tion of T — AI and the semiseparable structure of (7' — AI)~!. The algorithm
described in [4] relies on the LR method [16]. The implicit QR method [7,8§]
can be considered for computing the eigenstructure of a tridiagonal matrix.
Unfortunately, this method does not exploit the tridiagonal structure of the
problem and, therefore, has a complexity depending cubically on the size of the
matrix. In this manuscript, we focus on the computation of the eigenvectors
of tridiagonal matrices once the corresponding eigenvalues are known.

Tt is well known that, in exact arithmetic, after one sweep of the QR (QL)
method with shift equal to an eigenvalue, this eigenvalue is displayed in the
bottom-right (top-left) of the matrix and can then be deflated [10]. Unfortu-
nately, both methods can suffer from forward instability when working in finite
precision arithmetic [14,19]. In order to avoid this instability phenomenon, we
combine one sweep of both the QR and QL methods with shift equal to an
eigenvalue .

Here we focus on computing the left eigenvector associated to a known
eigenvalue of a nonsymmetric tridiagonal matrix. For the sake of brevity, we
omit to describe the algorithm for computing the right eigenvector since this
problem is completely analogous. The numerical examples show the reliability
of the proposed approach.

The manuscript is organized as follows. In Section 2 the notations used
and some basic definitions are given. In Section 3 the main features of the
QR method are outlined. The proposed algorithm is described in Section 4. In
Section 5 it is shown how to avoid complex arithmetic for the case of complex
conjugate eigenvalues. In Section 6 we give a number of numerical examples
and we end with a section of concluding remarks.

2 Notations and definitions

Matrices are denoted with upper case letters and their entries with lower case
letters, i.e., the element (¢, j) of the matrix T is denoted by t; ;.

The submatrix of the matrix B made by the rows ¢,i+1,i+2,...,i+k, with
1<i<i+k<n,and columns j,j+1,7+2,...,7+¢, with1 < j<j+¢<n,
is denoted by Bj.itk jij+e-

The identity matrix of order n is denoted by I, or by I if there is no ambiguity.
The matrix T — kI, with xk € R, is denoted by T'(k).
The principal diagonal of a matrix B € R™*" is denoted by diag(B).

The machine precision is denoted by €.

)

The ith vector of the canonical basis of R™ is denoted by egn , or simply by

e;, if there is no ambiguity.
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Definition 1 The columns of B € R™*", m > n, are said e-linear dependent
if 0,,(B) < || B||2, with o, (B) the n—th singular value of B, and ¢ an arbitrary
tolerance.

3 Computing an eigenvector with the QR and the QL method

Let T € R™*™ be an irreducible nonsymmetric tridiagonal matrix

a1 7
T — 51 (€]

Tn—1
ﬂn—l Qo

ie,B3; #0, v #0,i=1,...,n—1,andlet \;, i =1,...,n, beits eigenvalues.
Since T is irreducible, the geometric multiplicity of each eigenvalue is 1.

We first describe how the left eigenvector y associated to an eigenvalue A
of T' can be obtained applying one sweep of the QR or the QL method with
shift A\. Unfortunately, both methods can suffer from forward instability when
working in finite precision arithmetic. Here we analyze the reasons of such a
behaviour and then propose an algorithm, based on a suitable combination of
the aforementioned methods, to overcome the instability phenomenon.

3.1 QR method

Let k € C. Let QR be the QR factorization of T(), with

p1 A B
. P2 Y2
R = ~
ﬂn—2
ﬁnfl ﬁ/nfl
Pn

and Q = GH GH ,...GU where G; are the Givens rotations!

I;
A Ci S 2 2 .
G; = _ , CZ+|5@| =1, +=1,...,n—1.
—8i G
Infifl

1 The coefficients ¢;, i = 1,...,n — 1, of the Givens rotations are real [10, p. 243].
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Hence, Q is the unitary upper Hessenberg matrix

_ ) » ) » _
€1 —S1C2 S$152C3 (=" 2p1 H?=1 si (=" 1H?=1 Si
_ _ -2 _ -1
S§1 C1Cp —C182C3 (—1)” 3clcn_1 H?:Q S; (—1)” 201 H?:Q S;
Q= S2 C2C3 : ;
—Cp—-35n—2Cn—1 Cn—35n—285n—1
5n—2 Cn—2Cn—1 —Cp—2Sn—1
L Sn—1 Cn—1 |
In exact arithmetic, if Kk = \;, ¢ € {1,...,n}, it turns out that p,, = 0 and
yi =Q(:n) (1)

is the left eigenvector associated to k.

As mentioned before, in finite precision arithmetic forward instability can
occur in the QR factorization of T'();), and the last column of @ may be far
from the sought eigenvector [13,14].

In particular, defining RO (\;) = T — \iI,,, RD(\;) = GyROD(k), i =
1,...,n—1, forward instability occurs at step j of the QR factorization if and
only if I%gjj) +1,1,j+1(k) is nearly singular and ¢; is almost negligible. Such a
phenomenon was already described in [14] for the symmetric case.

3.2 QL method

Let QL = T — kI, be the QL factorization of T(k), obtained applying the
sequence of Givens rotations

In—i—l
= 9i hi 2 12 _ B
Gi= e | EHmP=1 =11
Iy
It turns out that
P1
Y1 P2
L=|5 A
. p~n—1

Bn—Q ;?n—l ﬁn
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and Q = G GH ,...GH is the lower Hessenberg matrix

i In—1 hn—l _ 1
_gn—2hn—1 In—29n—1 hn—2
~ gn73hnf2hnfl _gn73hn72gn71 ’
@= : : 9392 712
()" 2 15 hi (D) Bgign 1[I0 b - —gshagt g2g1 M
L D e (D) g T ke o gshoha —goha gi )

In exact arithmetic, if Kk = A;, ¢ € {1,...,n}, then p; = 0 and

i=Q1) (2)

is the left eigenvector associated to A;.

Also in this case, forward instability can occur, and the first column of Q
may be different from the sought eigenvector.

In particular, defining L ()\;) = T(N\;), LO\) = G,LOD(N\),i =
1 n — 1, forward instability occurs at step j of the QL factorization if
and only if ig)j nn—jn (k) is very close to be singular and the first entry of
the eigenvector Correspondmg to its smallest eigenvalue is tiny [14] By (1), this

)

yeeey

entry is given by g;. Therefore, forward instability happens if LU
is nearly singular and g; is negligible.

n— jnn jn(

To examine in which step of the QR and QL methods forward instability
can occur, let us consider the following Corollary [11, p. 149].

Corollary 1 Given A € C™*" let B be a submatriz obtained by deleting r
columns from A. Then

o0r(4) > 0k (B) > 0p1r(A), k=1,...,min{m,n}, (3)

where oy(A) =0, if £ > min{m,n}.
Let X be an eigenvalue of T'. Let us denote the singular values of Rgiz_m: \)
by aj(Rgi) (N), 7 =1,...,i+ 1, and the singular values of Ln i, ()

i+1,:
by O'](ng)zn N), 7=1,...,i+ 1, for i = 1,...,n — 1, respectively. By
Corollary 1, we have
NC A (i+1
aHmR81<»>>mHuﬁg§u», i1 o
Oir1 (L4 s V) 2 o LT 1, (),

Suppose that
On—1(T(N)) > e >o,(T(N) =0.
The following lemma shows that the matrices REJ; 41.(A) and Lgrfﬂjﬂ’ ? can
not have both a singular value below €.
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Lemma 1 Let ki, ko € {1,...,n}, k1 # ko, and
A= T()\) [ek1 ‘ekZ] .

Then
[AIlF > [[All2 > 001 (T(N)) (4)

where op,—1 (T(N\)) is the (n — 1)—th singular value of T'(N).
Proof By (3), we have that
1) = 1Al > o1 (T(V)).
with o1(A) the largest singular value of A, from which (4) follows. |

Let us consider, for every j, the factorization of T'(\),

)
1) = [ |

with Q(j) = Gf@f_l e C;”f{, . and Q(”_j_Q) = éf_j_Qéf_j_g, e CNT'?C:'{{ It
follows from Lemma 1 that only one of the 2 submatrices can be e-dependent,
for e < opm1 (T'(N)).

Let us define 6; = o;(R{; V() and &; = 0,1 (L0 V), i = 1,

R5{3)‘+1,: (A)

L3200

)

Lemma 2 The sequence
{max(&i, 5’1‘)}?:1 = {(5‘1, ey 5’j,1, max(&j, 5‘j), 5-j+1a N 75‘,”)}

is unimodal and has its minimum value equal to max(6;,6;) for some j €
{1,...,n}. Moreover, this is the only element of the sequence that can be
smaller that op,—1 (T'(N)) .

Hence, it follows from the perturbation analysis of the QR factorization [2]
that forward instability in the calculation of Q, and therefore of the cosines c;,
is not encountered in the first j — 1 steps of the QR factorization and forward
instability in the calculation of Q is not encountered in the first n— j — 1 steps
of the QL factorization and therefore of the cosines g;. In order to detect the
relevant index j we can make use of the sequences {c; ;‘;11 and {gj};?;ll, as

shown in the following examples.

Ezample 1 Let T € R™*™ n = 100, be a nonsymmetric irreducible tridiagonal
matrix whose entries are generated by the matlab function randn and let A be
an eigenvalue of T. Let (A, y) be a left eigenpair of T, obtained applying few
steps of inverse iteration to the corresponding couple yielded by the function
eig of matlab. We remark that, for such matrices, the behaviour we are going
to describe is observed for all the eigenvalues.

The sequence of cosines {¢; ?;11 generated by the QR method with shift
equal to A (denoted by “x”), the sequence {G;}" ,, (denoted by “V”), the
modulus of the entries of the left eigenvector y associated to A (denoted by
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“”) and the modulus of the entries of the last column of Q (denoted by “+7)
are reported in Figure 1 on a logarithmic scale.

The sequence of cosines {g;}/'~}' generated by the QL method with shift
equal to A (denoted by “x”), the sequence {&;}" ;, (denoted by “V”), the
modulus of the entries of the left eigenvector y associated to A (denoted by
“”) and the modulus of the entries of the first column of Q (denoted by “+7)
are reported in Figure 2 on a logarithmic scale. In Figure 1 we can observe that

1030
1020
101°

JRCYy S,
10710

10—20

10-30

10-40 |

10750
o 10 20 30 40 50 60 70 80 90 100

Fig. 1 Example 1 : plot of {c; z:f(“Mﬂ,{&;ﬂ;l,(“T”),moddusoftheemxmsofthe
left eigenvector y associated to A (“0”) and modulus of the entries of the last column of Q
(“+”) computed by one sweep of the QR method applied to T'(X).

the elements of sequence {c;}!_}' have a behaviour similar to the elements of
the sequence {6;};_; until their value is above \/g37. Then forward instability
occurs and the rest of the elements of the first sequence depart from those of
the second one. Analogously, the moduli of the entries of the last column of Q
match those of y until forward instability occurs.

On the other hand, Figure 2 shows that the last entries of the sequences
{g:}"= and {4;}7_,, have a similar behaviour until the entries of the first
sequence are above ,/gj;. This phenomenon was also described in [14] for
symmetric tridiagonal matrices. The entries of y and the first column of Q
have a similar behaviour, too. The component-wise errors of |y — Q(,n)|
(denoted by “x”) and of [y — Q(:,1)| (denoted by “+7), the sequences {&;}7,
(denoted by “”) and {5;}7_; (denoted by “o”) and {c¢;}}-]' (denoted “o”),
{g:}"=1(“#”), the machine precision £, (denoted by a blue line) are depicted
on a logarithmic scale in Figure 3.

We can observe that the component-wise errors of |y — Q(:, 1)| are always
below e, before the index 30, while and |y — Q(:, 1)| are always below e/
after the index 30, as predicted by Lemma 1.
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1010 T T T T T T T T T

10°

10-10

10»20

10730

1040

10750
o 10 20 30 40 50 60 70 80 90 100

Fig. 2 Example 1 : plot of {gi}?z_ll (“+7), {4301, (“V?), the modulus of the entries of the
left_eigenvector y associated to A (“0”) and the modulus of the entries of the first column
of @ (“+”) computed by one sweep of the QL method applied to T'(X).

10%0
XX
20 |- xx>]
x
10 XX

10 - XXX

T

1010
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30 — —
10 ++
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1040 = iy 4, -
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g,

100 = +
+
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100 - +,
L

1070
0

Fig. 3 Example 1 : plot of [y — Q(:,n)| (“x7), ly = Q(, DI (“+7), {&i}y (%), {ai}i,
(), {ci}?:_ll (“0”) and {gi}?:_ll(“*”), the machine precision €7 (blue line) in logarithmic
scale.

Hence, for each \; there is a crucial index j such that

lye — Q(k, 1) <v-eyy, 1<Ek<]

ye = QK] <v-en, j+1<k<n,
with v ~ O(n).
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Summarizing, the entries of the last column of Q are accurately computed
from the top until forward instability occurs in the QR sweep, i.e., as soon as
there is an index j € {1,...,n} such that T7.;. has nearly dependent columns.
On the other hand, forward instability in the QL sweep can only occur after
n — j — 1 steps and the entries of first column of Q are accurately computed
from the bottom. Hence, it is crucial to determine the index j correctly.

Remark 1 We remark that, while the sequences {6;}?_; and {5;}_, are mono-
tonic, the sequences {c;}7—' and {g;}7=}' are not. However, we show in the
next section how to determine the sought index j by looking at the entries of
these sequences.

4 Combining the QR and QL methods for computing an
eigenvector

In this section we describe a technique to determine the index j used for
constructing the sought eigenvector by computing the first j entries of the last
column of Q and the last n — j entries of the first row of Q.

Let {&}", and {g;}"_, be, respectively, the sequences of the coefficients
of the Givens rotations needed to compute the QR and QL factorizations of
T(\) in exact arithmetic.

If op,—1(T (X)) > op(T(N)) and forward instability occurs at step j of
the QR method with shift A, the sequence {¢;} ; begins to depart from the
sequence {¢;}7; around the index j. As a consequence, the last column of Q
matches y in the first j entries.

Analogously, the sequence {g;}!; begins to depart from the sequence
{gi}_, around the index n — j and the last n — j entries of the first column
of Q match the corresponding entries of y.

Therefore, the sought index j can be computed in the following way.

We set iy =1, io =n, R=T(\), L= T()\), and compute the Givens
rotations

I I, 2
G = 4 ] d é _ iy hiz
i1 — e an i2—1 = —h. a )
Si1 Ciy is Gio
Inf’ilfl In7i2

involved respectively in the corresponding step of the QR and QL methods
with shift A.
If ¢;; > ¢i,—1 then G’il is applied to R : R + CAllle and we set i1 =11 + 1; else
C;'l-Q is applied to L : L « éiQL and we set i9 = i9 — 1.
We then repeat this procedure until ¢; > 5.

Observe that the last column of @ in (1) depends on all the Givens coeffi-
cients ¢; and s;, i = 1,...,n — 1, and the first column of Q in (2) depends on
all the Givens coefficients ¢g; and h;, 1 =1,...,n— 1.



10 Teresa Laudadio et al.

At the first sight one can say that both the last column of Q and the first
column of Q must be computed in order to construct the sought eigenvector
even though the “splitting” index j is already determined.

In the sequel, we show that the sought approximation of the eigenvector
can be computed relying only on the knowledge of ¢; and s;, i =1,...,5 — 1,
and g; and h;, 1 =1,...,n—j+ 1. In fact, once the index j is determined, we
observe that the “good” part of the vector (1) can be written as

( 1>n 11—[1 1 Sz 7
(— l)n ¢ Hz =2 Si

Vi = : = Wy,

(1) 2¢; 5 [, o s
—j —1

(=17 H e s H"—J 18

_()jcylﬂui_

while the “good” part of the vector (2) can be written as

[ ( )J lgn ]Hz n— ]+1 1
( 1) n— Jj—1 Hz n j

( 1)j+ In—j—2 Hz n—j—1 h

Vi = : =y,

(=3 H" 5 hi

(=12 g i 1hi

L (=D 1H T

where () = (=1)"~ ITIE ‘517 ) = (-1)- 1Hz —n—j1 b

(=17~ 11—[1 152 [ Gn—j ]
(= 1)j Cl H7 3 S; ~Gn—j—1hn_ ]
( ].)j C2 l—Iz 381 ( )gn Jj— 2]._[7, n—j—1 i
}A,(u) — ’ S,(b) _
(—I)QCj_3 HZ;J;z S; ( 1)” Jj— 29 Hn Jh
—Cj—25; (=) g - _Jh
L €j-1 | Gl |

Hence, we first normalize both vectors in this way,

N ~(b
§ v Vo i1

Y= Ty Yi+inm & P
v v
i.e., we divide the first vector by its last component and the second one by its
first one in order to have 1 as the j—th entry of the first vector and as the first
entry of the second one, and finally we normalize y, i.e., ¥ = ¥/[|¥]|2-
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function[y] =left_eigv(T, \,n)
R=T—-\,; L=R;
i1 =1; 19 =n;
G1 = givens(R(i1,%1), R(t1 + 1,41)); G2 = givens(L(i2,12), L(i2 — 1,i2));
c1(1) = G1(i1,1); s1(1) = G1(i1,2); ca(n—1) = Ga(i1,1); s2(i2 — 1) = G2(1,2);
while i1 <= i9,
if Cl(i1) > Cg(ig),
R(il 11+ 1, :) =G * R(i1 i1+ 1, :);
i1 =11+ 1;
if 71 <mn,
G1 = givens(R(i1,41), R(i1 + 1,41));
c1(i1) = G1(1,1); s1(i1) = G1(1,2);

end
else
G2 = Ga.';
L(ig —1:142,:) = Ga * L(i2 — 1 : i2,:);
ip = ip — 1;
if 49 > 1,

Go = givenS(L(iQ,iQ), L(ig — 1,i2));
ca(ia — 1) = Ga(1,1); c2(iz — 1) = G2(1,1);
end
end
end
% computation of the eigenvector
Jj = min(i1,2);
y1 = zeros(n,1); y2 = zeros(n,1);
n() =1 120)=1
fori=j5—-1:—-1:1,
_ | @ si(d)].
G= {—sl(i) cl(i)} ;
y1(G:i4+1) =G sy (i:i+1);
end
fori=j5:n—1,
_ { ca(i) 82(1)}.
T ms2(d) e2(d) |7
y2(i:i+1) =G xy2(i: 1+ 1);

end
y1 =v1/y1(5); y2 =v2/y2(4); y=[w(1:5);92(+1:n)];
y =y/llyll2;

Table 1 Matlab-like code for computing the eigenvector of a nonsymmetric tridiagonal
matrix, known the corresponding eigenvalue .

The corresponding matlab-like code is listed in Table 1.

Instead of stopping the algorithm when i; > i3, we perform j; more steps of
the QR method and j, more steps of the QL method, with j; = min{j +k, n}
and j, = max{1l,j — k} and k € {1,...,n}. In our experiments we choose
k = |\/n]. Then, we compute the new vector € = [¢1,...,¢&,]T, with & = ¢; +
git+1, t =1,...,n, and choose j € [ji, js] such that ¢&; > &, € € [y, 57], J # ¥

The corresponding matlab code can be obtained from the authors.
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5 Avoiding complex arithmetic

If T is a real nonsymmetric tridiagonal matrix, its eigenvalues can be complex
conjugate. The factors of the QR and QL factorizations of T'(\) with shift
a complex conjugate eigenvalue A, are complex as well. To avoid complex
arithmetic, the implicit QR/QL (IQR/IQL) method with double shift [7,8],
can be considered. In exact arithmetic, after one sweep of IQR applied to T
with double shift A and X, with A the complex conjugate of A, has a block
Hessenberg structure
H" B
"

with Hl(r) € R(M=2x(n=2) and Hz(r) € R?*2 both Hessenberg, and A and \ are

the eigenvalues of Hér). Moreover, the last two columns of the @ factor are
the real and the imaginary part of the associated eigenvectors.

Unfortunately, one sweep of the IQR method (IQL method) transforms
the tridiagonal matrix 7" into an upper (lower) Hessenberg matrix H, requiring
O(n?) finite precision operations.

Since the construction of the eigenvector with the proposed method relies
only on the coefficients of the involved Givens rotations, we show that it is
not needed to update the whole Hessenberg matrix H to compute the Givens
coeflicients, but only the elements close to the tridiagonal matrix, by describing
the first two steps of one sweep of IQ R with shift A applied to T. These steps
are graphically depicted in Figure 4, in which the gray area denotes the part
of the matrix modified by the multiplication of a Givens rotation.

Let Ty = T. Let v € R™ be the first column of (T'— \I,,)(T — I,,). Hence,
only the first three entries of v are different from zero.

In the first step of IQR two Givens rotations GY) and éY) are constructed
such that L

G(lr)G(lT)v =e,
where e; € R™ is the first vector of the canonical basis of R™. Then, the first
step ends applying the following similarity transformation to T :

T G (5)

The multiplication T + égr)T (Fig. 4 (a) —(b)) introduces a bulge in position
(3,1), while T + TC:'({)T (Fig. 4 (b) —(c)) introduces a bulge in position (4, 2).
Furthermore, T' + GY)T and T <+ TGY)T (Fig. 4 (¢) —(d) and Fig. 4 (d)
—(e), respectively) introduce a bulge in position (4,1). We observe that in the
latter operation the entries of the first row of T (depicted in blue in Fig. 4
(d)) do not play any role in the computation of the next Givens coefficients
and can be discarded.

At the second step the Givens rotations Gé” and ég’”) are applied to T in
order to restore the Hessenberg structure, annihilating the entries (4,1) and
(3,1) (denoted by “@” in Fig. 4 (e) and (g)). Since GI” and GY” act on the
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X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X
X X X Ted(Mr X X X T | XX XX TecOr
X X X = X X X = X X X =
X X X X X X X X X
X X X X X X X X X
X X X X X X
(a) (b) ()
X X X X X X X X X X X X
X X X X X X X X X X X X
X X X X X X X X X X X X X
X X X X = (r) ) X X X X 4(r) X X X X < (mT
T TGy 'T T
X X X T X X X =2 X X X TGy
X X X X X X X X X
X X X X X X X X X
X X X X X X
(d) (e) ()
X X X X X X X X X X X X
X X X X X X X X X X X X X X
) X X X X X X X X X X X X
= T
X X X X T X X X X e X X X X
X X X X =5 X X X X =2 X X X X X
X X X X X X X X X
X X X X X X X X X
X X X X X X

Fig. 4 Graphical description of the first two steps of a sweep of IQR with shift \.

4th and the 3rd row and on the 3rd and 2nd row, respectively, the bulges in
positions (4,2),(5,2) and (5,3) are introduced (Fig. 4 (i)). We observe that,
after the multiplication T «+ ég)T, the second row of T (depicted in blue
in Fig. 4 (d)) do not play any role in the computation of the other Givens
coefficients and can be discarded.

Summarizing, in exact arithmetic, at each step of IQR only few entries of
the matrix 7" need to be updated to compute the sequences of Givens rotations
{Gl(-r) n!and {égr)}?:_f with a number of operations depending linearly on
n, the order of the matrix 7. In a similar fashion, at each step of the IQL
method with double shift A\ and A, only few entries of the matrix T need to be
updated in order to compute the two sequences of Givens rotations {GE”};’;}

and {Cuv'gl) "~! that transform the matrix into a similar lower block Hessenberg

one,
HY
r HP|’

with Hl(l) € R?*2 and Hz(l) € R("=2x(n=2) hoth Hessenberg and A and ) are

the eigenvalues of H 1(l). The left eigenvector y associated to A can be retrieved
either from the last two columns of Q(") or from the first to columns of Q) :

y=y" =y®,
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with

Y7 =QUen-1)+i-Q"(n), ¥y =" +i-QY2), (6

and
Q(T-) é(r)T égr)T é(r)T am”

n—1»

Q G(l Gl) G(l G(l)T

In finite precision arithmetic, similarly to the case of complex shift analyzed
in Section 3, forward instability can occur in the computation of the latter
sequences. The index j can be retrieved from the sequences c( ), i=1,...,n—
1, and c(l)7 t=1,...,n—1, generated by one sweep of the IQR and IQL with
double shift A and A\. We omit the details for the sake of brevity.

1020 T

S
L
FEET R
10 [ -
10 T
+
++ ¥
OO0 e e et
X, G
100 X*OOOOQOO Ex OQQQI gis K
X e *** 000
XRE oo+
1020 = rx e aaadd i
e
)(2; *:F +
-
+ .
+ xx
1020 - #4##4—#& Kotrerer -
+ Xx,
#HHJr
gttt x
~+ X
a0 |- -
107 X xx
XXxxxXx X
X<
.
1070 = e 7
>
[ %
X000
1070 — e 7
X%
x
Xk
-60 .
1070 = X ]
1070 Il Il Il Il Il Il Il Il Il
o 10 20 30 40 50 60 70 80 90

Flg 5 Examplel plOt 0f|y y(r)l (u 7:) |y_)~,(l)‘ (u_’_n), {6'1' ?:1 (u n) {0_1} b (44 77)7
{CET)}?:ll (“0”) and {cgl)}?zll(“ +”), the machine precision ejs (blue line) in logarithmic
scale.

We apply IQR and IQL with double shift to the data of Example 1. In
particular, denoted respectively by SI(T) and Sf(l) the eigenvectors (6) computed
in finite precision arithmetic, in Figure 5 the component—wise errors of |y—$7(r)|
(denoted by “x”) and of |y — V| (denoted by “+7), the sequences {6:}14
(denoted by “o”) and {5;}, (denoted by “o”) and {c(r)} (denoted “o”),
{égl) 3= (“+7), the machine precision )7 (denoted by a blue hne) are depicted
on a logarithmic scale. The behaviour of the vectors and sequences depicted
in Figure 5 is the same of the corresponding ones described in Example 1.

100
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6 Numerical examples

All the numerical experiments of this section are performed in MATLAB Ver.
2014b, with machine precision €37 ~ 2.22 x 10716,

Ezxample 2 In this example we consider a nonsymmetric tridiagonal matrix
T, € R"*" n = 200, whose elements are generated by the MATLAB function
randn.

We computed the eigenvectors ¥, ¢« = 1,...,n, by the described method
and then recomputed the corresponding eigenvalues as the Rayleigh quotients

~H A
~ Y
)\iziyjHAyl7 72.:17...,".
Yi Vi
In Figure 6 the moduli of the differences |5\1 —\i|, i =1,...,n, where \; are

the eigenvalues computed by eig of matlab, are depicted. We can observe that
such differences are of the order of £);.

1013 T T T T T T T T T
[ *
100 E * %E&* *
F x -ﬁ‘“ * K ¥
; * B
H* * E3 * ** *9’** E 3
*F M KRE x
% ¥ K *
-15 * * X 9@ * %
10 F eH * M KK Mekk
b sk 9§te * T *
e ete*a?* = Hom * %
gl
ese £ % ow e K MWk k
10°16 __ * * kXK ]
E ke
e W K K
Lo
-
*
1017 . . . . . . . . .
(o] 20 40 60 80 100 120 140 160 180 200

Fig. 6 Error, in logarithmic scale, of |/A\I —Xil, i=1,...,n (Example 2).

For each eigenvector y( )= 1,..

method, denoted by

.,n, computed with the proposed

v = |50 T — M Ty,

l

the norm of the ith residual, it turns out that

1.16 x 10713 = max vy < v; < mkinuk =218 x 10716,
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We can conclude that the eigenvectors obtained with the proposed proce-
dure are computed in an accurate way.

Ezample 8 In this example we consider the Bessel matrix

a1 Y1
B1 a2 72
BSLH.,b) = ﬁQ s
- - Op—1 VYn—1
Bn—l Qo

with n = 50 and

— b _ —2 M
Oél——g aj——bwm,j—l...,n,
61: +1 Qj = bm _]_2, .,n—l,
Y1 = —Qq ’yj_bm, _7—2 .,TL_]..

The eigenvalues of these matrices B(a’ ) suffer from illfconditioning increasing
with n [6]. As in [6], we take a = —4.5 and b = 2 and denote B( 52 simply
by B. This matrix has well separated complex eigenvalues.

The matrix B and its eigenvalues \;, i = 1,...,50, are first computed in
matlab using the variable-precision arithmetic with 128 significant digits, and
then rounded to double precision, obtaining B and 5\2-, 1=1,...,50.

Let \;, i = 1,...,50, be the eigenvalues of B yielded by eig of matlab.
In Figure 7, {\;}2, and 1Y }Z 1, denoted respectively by “o” and “x”, are
depicted. Obberve that \; and \; are very different, since, as mentioned above,
the eigenvalues of B suffer from ill-conditioning that increases with n [6].

0.06 1

0.04 A

500000000005k

002 2
002} 90000000000 358]

0.04 - -

-0.06 [~ *

-0.08 L 1 1 I
-0.12 0.1 -0.08 -0.06 -0.04 -0.02 0

“y”

Fig. 7 Plot of the eigenvalues of B of Example 2 denoted by and those computed by

eig of matlab, denoted by “x”.

The left eigenvectors associated to the eigenvalues \; of B are then com-

puted with the proposed method, and denoted by ¥y ~(1 , and as the last column
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of the @ factor of the QR factorization of ? — i1, and denoted by }71(»2). Hence,
new approximations of the eigenvalues of B are computed as the Rayleigh quo-
tients :

A = g By 3B Z g pe® 50,

The eigenvalues by and the computed approximations, 5\1(»1) and 5\52), 1=1,...,50,
of the eigenvalues of B, are depicted in Figure 8 and denoted respectively by
the symbols “o”, “V” and “4”.

0.025

T T $ v v v v 1
ow ® 7 v %
0.02 | e @ 4 .
a®
0.015 | o« -
o +
0.01 | . N
V
o =+
0005 N -
o g + =0=+ 8
v +
< + +
-0.005 | ¥ 4
<
> +
-0.01 VV 4
. +
0.015 & o .
L4
¥
-0.02 ¥ @ .
¥ % v
-0.025 ‘ ‘ ‘ T v o5 v v, @
~0.035 -0.03 -0.025 -0.02 -0.015 -0.01 -0.005 o

Fig. 8 Example 2. Plot of }; 5\51) and 5\1(.2),2' =1,...,50, denoted respectively by “o”, “V”
and “47.

) departs from \; as

Observe that A; and 5\51) perfectly overlap, while 5\52
the negative imaginary part increases.

In Table 2 are reported max; [A; — 5\51)| and max; |\; — 5\52)|. We observe

max; | A; — 5\51)| max; | A — ;\52)\
3.06 x 10~ 15 3.01 x 107

Table 2 max; |A; — S\E-U\ and max; |A; — 5\52)|,

that, if we compute an approximation of the eigenvector y of one of the eigen-
values \; of B by inverse iteration, the vector ¥ is very far from Srfl). This
behavior is described in [12]. Furthermore, the corresponding Raylegh quotient
v By/ (ij y) is far from the eigenvalue \;.
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For each eigenvector 5/51), i = 1,...,50, computed with the proposed

method, denoted by

)H

~ (D) 5 ~(H 5 (1)\~(1
vi= 5" B - " By )5 e,
the norm of the ith residual, it turns out that
3.06 x 1071% = mléix v <y < mkin v, = 2.61 x 10716,

Ezxample 4 In this example we consider the Clement matrix of order n = 200
[1], also called Sylvester-Kac matrix [3],

!
B1 "2
Cn = 62 )
B TYn—1
anl
with v, =d¢and 8; =n—1i,i=1,...,n — 1, whose eigenvalues are [3] A\ =
n—2(k—1), for k=1,...,n, and the corresponding left eigenvector matrix

[3] is
min(k—1,5—1) . .
(-1 n—j—1
Uk,j = ZO (—1)1( i )<kzl>
1)

Also in this example, for each eigenvector y; 7, i = 1,...,n computed with

the proposed method, denoted by

H H H
vi = 9 Co — 3 Cugt)g 2,

the norm of the ith residual, it turns out that

5.67 x 10713 = m}gx v <y < mkin v, = 4.49 x 10716,

7 Conclusions

The problem of computing the eigenvector associated to a computed eigenvalue
A of a nonsymmetric tridiagonal matrix T is considered in this manuscript.
It is first described how the left eigenvector y associated to an eigenvalue A
of T' can be obtained applying one sweep of the QR or the QL method with
shift A. Unfortunately, both methods can suffer from forward instability when
working in finite precision arithmetic.

We propose a method based on computing an index j that combines the
eigenvector yielded by one sweep of the QR and one sweep of the QL methods
with shift A\ avoiding the instability phenomena. The index j is computed
considering the two sequences of cosines generated by a sweep of QR and
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QL method with shift A. The sought eigenvector is obtained from the first
7 Givens coefficients generated by the QR method and from the first n — j
Givens coefficients generated by the QL method.

The overall complexity for computing an eigenvector depends linearly on
the size of the matrix.

The results of the numerical examples look very promising showing that
the eigenvectors are computed with high accuracy.
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