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Introduction

Motivations

The intricacies of fundamental interactions between elementary parti-
cles or massive objects are respectively understood within the frame-
work of quantum physics (more specifically quantum field theory) and
general relativity. Statistical mechanics is the study of the collective
behaviour of a large number of objects, stemming from their individ-
ual interactions. Figuratively, if quantum physics and general relativity
respectively study the infinitely small and the infinitely large, statisti-
cal mechanics studies the infinitely many. In view of the formidable
complexity of fundamental interactions, this task seems hopeless. For-
tunately, when a large number of constituents is involved, most details
of these interactions are irrelevant and very crude models suffice to cor-
rectly predict collective macroscopic behaviours.

A prototypical example of statistical system is a ferromagnet in the ab-
sence of an external magnetic field like for example a piece of iron. Its
macroscopic magnetic properties result from the interactions between
the magnetic moments of its constituent atoms. The Ising model is a
simplified version of this system. At each site i = 1,--- , N of a given
regular lattice resides a classical spin o; that can only point in two oppo-
site directions, it is either up o; = 4 or down o; = —. When the system
is in thermal equilibrium with its environment at a temperature 7', the
probability of observing a microscopic configuration o = {o;}i=1... y is
given by

e PE() ~BE(0)
— E(O’)Z—JZO’Z‘UJ', Z:Ze ,

(1,9 o

P(o) =
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where 7! = kT with kp the Boltzmann constant. The energy of a
configuration E(c) only involves pairs (i, j) of nearest neighbours and
favours aligned spins when the constant describing the strength of the
interaction is positive J > 0, which we now assume. For the Ising
model, the choice of boundary conditions is not important in the ther-
modynamic limit N — oco. The partition function Z plays a central
role in statistical mechanics as it allows to compute various quantities
of interest. At sufficiently low temperature, energetic considerations
prevail and spins align so as to produce a macroscopic magnetic field,
even in the absence of an external one. At high temperature, this col-
lective behaviour is destroyed by thermal fluctuations. In dimension
strictly greater than one, the transition between these limiting regimes
occurs abruptly at a critical temperature T' = T, in what is called a
phase transition. In dimension two, the model is ezactly solvable and
is understood in much details. In particular, one can exactly compute
the critical exponents that characterize the abrupt changes of behaviour
of various physical quantities, such as the magnetization for example.
These exponents are universal in the sense that including additional in-
teraction terms! in E(o) (e.g. next-nearest-neighbours interactions) do
not change their value, as understood in the framework of the renormal-
ization group. Hence, the study of the (three-dimensional) Ising model
is directly relevant to understand the critical properties of real-world
materials undergoing a ferromagnetic phase transition.

In addition to being a typical example of statistical lattice model show-
ing a phase transition, the Ising model also exhibits a limit shape phe-
nomenon, though it manifests itself in a peculiar way in this instance [1].
Let us consider the two-dimensional Ising model on a large square grid
with a fixed and large number m of down spins. The boundary of the
domain is considered sufficiently far away so as to have no influence on
the following discussion. We might think of this set-up as a model of
an equilibrium two-dimensional crystal. Up to an irrelevant additive
factor, the energy of a configuration F(c) is proportional to the length
of the interface separating up and down spins. When 7' < T, driven by

! These terms should be sufficiently small and also irrelevant in the renormalization
group sense.



the tendency to minimize the length of the interface, down spins accu-
mulate? into a large cluster we may call the Ising crystal. Its average
shape, which depends on T', is exactly known [3], see [4] for nice simula-
tions. When T = 0, the system strictly minimizes the energy and hence
the Ising crystal strictly minimizes its (lattice) perimeter: it is then a
unit square, once distances are rescaled by /m. If m is not a perfect
square i.e. m = ([\/m])? — p with p > 0, the crystal cannot be a square
on the lattice and numerous configurations minimize the energy. The p
“missing sites” accumulate around the four corners of the unit square
where they exactly form Young diagrams each composed of A ~ p/4
unit squares.

Figure 1: Left: Zoom on a corner of a two-dimensional Ising crystal, in
the zero-temperature limit. Dark grey regions contain down spins. The
missing forming Young diagrams are drawn in light grey. Right: Cor-
ner of a three-dimensional Ising crystal, in the zero-temperature limit,
adapted from [1].

One might wonder what happens when the number of missing sites gets
large. When A — oo and once distances are rescaled by /A, almost
all large Young diagrams composed of A unit squares have exactly the
same shape, see Figure 1-left. The curve toward which tends the (mi-
croscopically) random boundary of the Young diagram constitutes an
example of one-dimensional limit shape. Its precise determination can
be achieved via a variational approach. Roughly speaking the idea con-
sists in estimating—using coarse graining arguments—the number of

d
2In dimension d, condensation occurs when m is of order V @+T with V the volume
of the domain [2].
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Young diagrams that have the same shape. The limit shape is the one
corresponding to the maximal number of microscopic configurations.
The problem is then reduced to finding the extremum of a functional.
The above considerations can be extended to the three-dimensional Ising
model. In the zero-temperature limit and after rescaling, the Ising crys-
tal is then a cube. Again, in a typical situation, the corners of this
cube are not perfect on the lattice [5], see Figure 1-right. The ran-

dom surface that forms at a corner?

might be described in terms of a
discrete height function, which again converges to a limit shape. Its
computation can again be rephrased in a variational framework [6] as
the determination of the two-dimensional surface corresponding to the
maximum number of discrete height functions. A novel feature appear-
ing in this two-dimensional limit shape is the formation of frozen and
of disordered regions. The two phases are spatially separated by an in-
terface which becomes sharper and sharper when the number of missing
sites is increased. This interface is called an arctic curve and could be
seen as some kind of spatial phase transition. Limit shapes are found
in a large variety of models, including tiling models [6-9], large Young
tableaux [10], sandpile models [11, 12], alternating sign matrices [13]
and vertex models [14-17]. Computing the functional that has to be
minimized, given the definition of a model requires some work and has
been realised for dimer models on planar bipartite graphs [6,18], and its
computation for other models remains an active field of research [16,19].
Even when the functional is known, its extremization for given boundary
conditions may prove challenging.

Outline

This thesis is devoted to the study of arctic curves. We consider vari-
ous exactly solvable two-dimensional lattice models whose configurations
may be described in terms of non-crossing lattice paths. These non-
crossing paths may be seen as discrete level curves of a height function,
but we will build our understanding of the arctic phenomenon solely
in the paths picture. Recently Colomo and Sportiello proposed a novel
approach to compute arctic curves based on this path description called

3 Allowed configurations of this surface are in bijection with plane partitions.



the tangent method [20]. This method was checked in a number of sit-
uations where it indeed reproduced known arctic curves [20-25]. It has
been subsequently used to make predictions in cases where the analytic
shape of the arctic curve was not known, see [17,20,22,25-30]. The ob-
ject at the heart of this method is the partition function of the model, or
rather a slightly more general refined version of it. A statistical physi-
cist might not be surprised that relevant information might be extracted
from a partition function but the implementation of such a program re-
quires some insight, which will turn out to be geometrical in its nature,
as suggested by the name of the method. The crux of the problem is
hence to compute refined partition functions. This task consists in the
evaluation of the (possibly weighted) enumeration of non-crossing paths
and is therefore a problem that is essentially combinatorial.

In Chapter 1, we further motivate the study of arctic curves by consid-
ering the historical example of domino tilings and show that contrary to
the Ising model, boundary conditions play a crucial role. In particular
we consider the model that launched the study of the arctic phenomenon,
namely domino tilings of the Aztec diamond [7,31].

In Chapter 2, we apply the tangent method to compute the arctic curves
of two different tiling models. We first consider fixed boundary condi-
tions on a domain whose shape tends to a rectangle in the scaling limit
but nonetheless contains a lot of freedom, as its definition includes a
piecewise differentiable function that can be chosen arbitrarily. This
model is especially well suited for the application of the tangent method.
The boundary conditions of the second model mix fixed and periodic
boundary conditions. It can be seen as a domino tiling of an Aztec-
diamond-like domain having a central hole on which a 90° rotation sym-
metry is imposed on the configurations.

Chapter 3 is devoted to numerical simulations of statistical models. Arc-
tic curves can be seen as spatial phase transitions and as ordinary phase
transitions they exhibit some form of universality. Whereas the shape
of the arctic curve heavily depends on the model under consideration
and on the chosen boundary conditions, fluctuations are believed—and
sometimes proved—to be described by universal distributions, the most
famous being the Tracy-Widom distribution. We numerically compute
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various statistics around a particular point of the arctic curve of the
Aztec diamond and compare them with known results and conjectures.

Chapter 4 is dedicated to the application of the tangent method to
two instances of another important class of two-dimensional statistical
models, namely vertex models. The first one is the free-fermionic six-
vertex model with partial domain wall boundary conditions that mix
fixed and free boundaries. The second model is the twenty-vertex model
with domain wall boundary conditions of type 2, this time not limited
to the free-fermion case. Following an idea dating back to Baxter, we
extensively exploit the integrable structure of this model to compute the
required refined partition functions.

The tangent method is very efficient, but as of today, its validity has
been proved only in one particular case [21] and hence remains not fully
rigorous. In Chapter 5, we investigate the two main underlying assump-
tions of the tangent method in a variational framework. We give a
compelling argument explaining the tangency assumption at the heart
of the method. Moreover, we formulate a factorization conjecture which
relates the asymptotic behaviour of refined partition functions and the
corresponding arctic curves. Using exact lattice results, this conjecture
is verified in full generality for domino tilings of the Aztec diamond and
also for particular refined enumerations of alternating sign matrices. Fi-
nally we use the factorization conjecture to give a novel formulation of
the tangent method.
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Chapter 1

Tiling models

This chapter is based on (unpublished) joint
work with Philippe Ruelle.

The purpose of this chapter is to gain a first insight into tiling models and
introduce the notion of arctic curve in this context. Our introductory
example of random surface at a corner of the three-dimensional Ising
crystal (see Figure 1-right) was already a tiling model in disguise [18].
Tiling models were originally introduced by physicists [32] and are rele-
vant in describing surface adsorption of molecules, as some experimental
set-ups provide rather faithful realizations of such models [33]. They
also naturally arise in chemistry when studying the Lewis structure of
graphene [34].

We define a tiling of a finite domain to be the complete covering of this
domain using non-overlapping tiles. The tiles can be of finitely many
types. We do not allow rotations, so that two tiles that differ only by
their orientations are considered of different types. In this chapter and
from now on we focus more specifically on tilings of domains composed
of 1 x 1 unit squares using rectangular 1 x 2 or 2 x 1 tiles called dominoes
and occasionally we will also insert 1 x 1 squares named monomers. Such
a domain may be conveniently represented by a subgraph of Z? which we
(slightly abusively) call its dual graph and whose vertices are the centre
of the unit squares linked by an edge for adjacent squares. As exemplified

11
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on Figures 1.1 or A.1, there is an obvious bijection between tilings of a
domain and perfect matchings on its dual graph, namely subsets of edges
which cover every vertex exactly once. The term “dimer” sometimes
refers exclusively to an edge of a perfect matching [35], but we will also
use it interchangeably with “domino”.

When studying tiling models, a sequence of increasingly complicated
questions naturally arises. Given a domain, an obvious first question
concerns the tileability of this domain. Exposing a valid tiling is suf-
ficient to ensure tileability. Likewise, the graph-theoretical version of
Hall’s marriage theorem [36] ensures that if a region is not tileable by
dominoes, one can always find a simple counting argument to prove
the non-tileability. Namely, if we colour the unit squares black and
white in a chequerboard fashion, one can always find a set of black unit
squares having too few or too many adjacent white squares, hence prov-
ing the non-tileability by virtue of each domino covering a white and
a black square. Finding a tiling or such a set of black squares may be
hard. There exists a general algorithm due to Thurston that determines
tileability based on the height function representation [37], see also [3§]
for a neat exposition in the case of lozenge tilings. Secondly, if a do-
main is tileable one could wonder what the number of tilings is. By
itself, this question actually constitutes a vast field of research, see for
example [39-47]. There is a plethora of tools to tackle this problem,
some of which were developed very recently [48] while others are more
ancient. Amongst those is the celebrated Kasteleyn matrix [40], that
can be used to enumerate perfect matchings on any planar bipartite
graph or even some non-planar bipartite graphs after some tweaking.
Depending on the problem at hand, some tools might lead to signifi-
cantly simpler computations. In this chapter, we use two different tools,
namely the transfer matriz and the Lindstrém-Gessel-Viennot lemma,
to enumerate tilings of two different domains. In doing so we expose
the crucial importance of boundary conditions and introduce the notion
of arctic curve. This brings about even more questions. It is natural
to try and compute the shape of arctic curves and study fluctuations
around it. Another question concerns the way of generating tilings at
random according to a prescribed probability distribution. These topics
are addressed in the following chapters.
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1.1 Rectangle

When it comes to tilings of finite domains, the problem of domino tilings
of a rectangular domain is amongst the first example that comes to
mind and was also one of the first studied [40,41,49]. If the width and
the height are simultaneously odd, the rectangle is not tileable since
each domino occupies two unit squares. If at least one edge has an
even length, the domain is tileable by placing strips of aligned dominoes
parallel to this edge. Without loss of generality we consider a 2n x m
rectangle with n,m € N. For simplicity we further restrict ourselves to
even m, as the odd case is nearly identical. We consider a slightly more
general problem with a weight o € R} for horizontal dimers. The weight
of vertical dimers can be set to 1, without loss of generality. Indeed, a
weight for vertical dimers can be absorbed in a redefinition of «, since
the total number mn of dimers is fixed. In this section, we compute the

partition function

Dy =y a7, (1.1)

where h(7) is the number of horizontal dimers in the tiling 7. We
also evaluate the probability to observe a horizontal dimer at an ar-
bitrary location. The main tool we use is a transfer matrix introduced
by Lieb [39], but the computations are also tractable by the Kasteleyn
matrix approach [50]. We use a special case of the Baker-Campbell-
Hausdorff (BCH) formula discussed in [51] to evaluate powers of the
transfer matrix.

1.1.1 Transfer matrix

The transfer matrix is an ubiquitous tool in the study of two-dimensional
classical statistical systems [39,52-54]. It is an operator that acts on
vectors of a Hilbert space H. The core idea of this approach is to restrict
the two-dimensional configuration to a fired row and map it to a given
vector |v) € H. The matrix T is constructed in such a way that T'|v) is a
linear combination of all vectors corresponding to allowed configurations
on the next row. The coeflicients of the linear combination are the
associated statistical weights. In the case at hand, the coefficients involve
a power of a which counts the number of horizontal dimers. Likewise, the
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power 1" iteratively constructs all possible arrays of n rows built atop
|v) which satisfy the rules prescribed by the model. The transfer matrix
is at the core of the profound connection between instances of two-
dimensional classical statistical systems and one-dimensional quantum
systems [54, 55]. This relationship is used in [56] to relate some tiling
models and quantum quenches.

2n

T T R N A4 i

Figure 1.1: Left: Tllustration of the bijection between tilings of the rectangle,
perfect matchings of the dual graph and arrow configuration at the vertices
of this graph. The red arrows on the top row are fixed by the boundary
conditions while the ones on the lower supplementary row are added to impose
the boundary conditions. Right: Tiling of the 2n X m rectangle having a
horizontal dimer with a left corner at position (7,5 + 1).

There are several ways to construct the transfer matrix for domino tilings
[56,57]. We follow Lieb’s original approach [39]. Each row of dimers is
mapped to a string of up and down arrows s; € {1, ]} called spins at each
site i = 1,---,2n. A site ¢ is assigned an up arrow if a vertical dimer
covers ¢ and its top neighbour. It is assigned a down arrow in all other
cases. The correspondence is shown on Figure 1.1. One readily notes
that two neighbouring down arrows could correspond to a horizontal
dimer covering two neighbouring sites on a row, or else to the top of
two vertical dimers side by side. However, this ambiguity is lifted by
looking at the preceding row and eventually to the bottom boundary.
A row is mapped to the canonical basis vector |s) = |s182--+S9,) =

|51) ® |s2) ® - -+ ® |s2,) of the Hilbert space (C2)®?" where |1) = <é)
0
and |}) = (1)
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Let us now show how to impose the boundary conditions in this formal-
ism. The left and right boundary conditions will be built directly in 7.
To ensure that dimers do not stick out of the bottom boundary, we place
below it a full row of horizontal dimers, see Figure 1.1. T||| ... |) in-
deed produces all the allowed states on the first row, correctly weighted.
After applying m times T" we arrive at the top row whose arrows must
all be down due to the top boundary. Hence, once an appropriate T is
constructed, the partition function can be computed as

Zt = (L LT ). (1.2)

Notice that this approach can be adapted for domains whose shape is
not rectangular, such as the one of the next section. The idea is to
impose arrow orientations on the top and bottom boundaries in such a
way as to deterministically freeze regions of the rectangular domain, see
for example [56].

It remains to define T" and show that it acts as required. In the canonical
basis, it is expressed in terms of operators ¢f with a € {x,y,z,+,—}
acting only on a site 7, defined by the tensor product

of=he 0L "L - o, (1.3)
S——— N————
i—1 2n—i
where Is is the 2 x 2 identity matrix and the usual Pauli matrices are
given explicitly by

x_(o 1) y_<0 —i) Z_<1 0)
““\1o0) T\ o) 77 \o —1)
(1.4)
~ (o0 . [0
() )

The matrix T" will generally act on linear combinations of row config-
urations, but being linear, one may consider its action on a single row
configuration, noted |s). Following the notation of [39], we express T as
the product of two operators V; and V3. Acting on |s), the first operator
V1 reverses all the arrows, and thereby makes sure that an up arrow in
|s) becomes a down arrow in |s') = Vj|s), on the next row up. It is given

by

2n
Vi=]]or. (1.5)
=1
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The second operator V3 acts on |s’) by producing a linear combination
of all the states obtained by flipping (or not) pairs of neighbouring up
spins of |s), with the appropriate coefficient. At the dimer level, the
flip of pairs of up arrows transforms two vertical dimers into a single
horizontal one. For fixed (straight) boundary conditions on the left and
right boundaries it is given by

2n—1
Vi= [ @+ao;on) (1.6)

i=1
The ordering of this product has no importance. The property (o, 2 =0
allows to write V3 as an exponential. The transfer matrix is hence

2n—1

T:V3V1:exp< ZO’O’ )HO‘ (1.7)

Although it is possible to deal with T itself, its square

2n—1 2n—1

= exp (« Z 0; 0,.1) exp (« Z o O'H_l (1.8)

is simpler and sufficient for what we want to do. We start by block-
diagonalizing it. The first trick is to use the Jordan-Wigner transform
so as to trade the matrices JZTJE for new operators, defined as

i—1
. zlnak A= [Leper, 09
k=1

for 1 < i < 2n. Notice that this transformation is non-local, C; and
C’ZT no longer act on site ¢ alone. Their algebra follows easily from the
algebra of the Pauli matrices,

{C, ;) ={c],cly =0, {C,Cl}=16;. (1.10)
Because they satisfy anticommutation relations, they are referred to as
fermionic operators. From (1.9) and by using 0?0~ = —0~, we easily
obtain C; Cj+1 = —o; 0, |, implying

2n—1 2n—1

T2:exp(—a Z Cioi—i-l) exp( Z C’ H—l) (1.11)

=1
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The operators appearing in the exponentials are coupled throughout
the whole row via the nearest neighbour interactions. A substantial
decoupling is achieved by introducing new fermions via Fourier trans-

9 2n rkj
_ iy Itk o
CJ_\/2n+1e Zl Sy 1

formation,

(1.12)
/ kj
CT —1’y ]+k 4 1
J 2n +1 Z Pon g1
with €27 = (=i)*" = (—1)". This transformation is unitary, which

ensures that the new fermionic operators n,n! satisfy the same algebra
as the C, Ct,

{nesmey = {mbomi} =0, {menf} = Tope. (1.13)
The quadratic forms in (1.11) become

2n—1 n
D CiCiy1==2)  €0Sqa Ty ongi—ar  da =

a=1

Ta

_ 1.14
2n+1’ ( )

and recast T2 into

12 —expf2aS cosdu Tt sn o Jexp{20 S 050 thypr_al}- (119
a=1 a=1

The main advantage of this new form is that the n,n! are no longer all
coupled together but are coupled within small groups {7,, 79,11 _q, 77:5,

77;1 +1-q)- In particular, since the quadratic terms n(gﬂ ngL) 41 and

() (1)

My NMops1—p cOmmute for a # b, we can also write

n
= H exp{2a COS Qa1 772n+1,a}exp{2a COS ¢q n;nﬂ_a nl} (1.16)
a=1

In the fermionic basis {(Ui)ml (ﬁ;)mQ e gn)m2”]0> |m; = 0,1} where
|0) = [{] --- ]) (satisfying n;|0) = 0), the matrix T? is block-diagonal.
Each term in the product acts in the four-dimensional space H, =
(C?), ® (C?)2p11-a. Moreover, all terms in the product commute and
T? can therefore be written as T2 = ®"_, A, with

Aq = exp {% Ma n2n+1_a} exp {%z Mt a 772}7 (1.17)
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where v, = 2a cos q,. In the case of the rectangle, the vectors that en-
force the boundary conditions are naturally translated into the fermionic
basis |0) = [{{ - - - |). For other fixed boundary conditions, their decom-
position into this basis involves a determinant. If one of the boundary
vector differs form |0) at O(n) sites, this usually leads to difficulties when
computing asymptotic results unless this determinant admits a simple
formula.

1.1.2 Baker-Campbell-Hausdorff

All blocks A, commute amongst themselves, so that higher powers of T2
simply factor accordingly, T = ) AZ”/ 2, However, the two exponential
factors making up each A, do not commute, so that computing A}" is
not straightforward. The idea to use the BCH formula seems obvious
and natural, but one soon realizes that in the present case, the infinite
series of nested commutators will not stop at any finite order, making the
explicit computation non-trivial if possible at all. However, the recent
article [58], building on previous works [51], present new and explicit
BCH formulae involving operators satisfying certain specific algebras.
The case at hand, in (1.17), is covered by this scheme.

We follow the notations X,Y,Z of [58] and omit for the moment the
label a. We define

X =~ymn, Y =5 —nin) =11 —N), Z=n~nin]. (1.18)

The X and Z operators arise directly from (1.17) while Y appear when
computing their commutator. The operator N = 771771 + TI;T)Q counts the
number of excitations in the 4-dimensional Fock space. It is straight-
forward to compute the algebra satisfied by these three operators. One
finds

[X,Y] = uX, Y, Z] = uZ, (X,Z]=Y, u=-2¢y% (1.19)

The idea of [58] to rewrite exp X - exp Z as a single exponential is to use
the results of [51] twice. First step relies on the observation that the
couples {X,Y} and {Y, Z} form two-dimensional algebras. On general
grounds, this implies that one write exp (X)-exp (tY) as the exponential
of a linear combination of X and Y, whose coeflicients are functions of



1.1. RECTANGLE 19

t and u, and similarly for exp (—tY) - exp (Z). The coefficients of these

linear combinations were explicitly given in [51],

t
1—et

t t t >

t t
exp (X) - exp ( Y):exp{—YJr
u

— X}Eexp)N(,
U

(1.20)

The second step is to fix t so that the commutator of X and Y closes
on themselves. One finds

[X,Y] = —tX +tY, (1.21)

provided the parameter t satisfies cosht = 1— 7. Since X and Y satisfy
a two-dimensional algebra, one can use [51] once more to re-express

exp (X) -exp (Y) = exp (X) - exp (Z) as a single exponential,

t
exp (X)-exp(Z) =exp{ ——[X +Z + LY},
P P p{smht ) 2 } (1.22)

t = arccosh(1 — %) = arccosh(1 + %)

One may also check that the operators X, Y, Z satisfy simple anticom-

mutation relations, namely
(XY} ={ZY} =0, {X.Z} = Y?/3 (1.23)

They imply in particular, since X? = Z2 = 0,

(X+2Z+4y)* = (le+712)y2: (sinht-j2>2. (1.24)

This last identity allows to write

sinh [kt(I—N)]

k:_ - P S .
[expX expZ] " =cosh|kt(I—N)] + T 1 =G5

(X+Z+3Y). (1.25)
After an appropriate identification of the parameters (v, = 2acosq,), it
allows to write the m-th power of the transfer matrix as 7™ = [ [, AZL/ 2,

where

sinh [, (I—Ny)]

X+ Za+1Y,), (1.26
sinhta-(I[—Na)( +Zat3Ya), (1.26)

(Aa)m/Z =cosh [%ta(H—Na)] +
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with X4 = YaNaM2n+1-a, Yo = ’72 (770,77:2 - n$n+1fa772n+1—a) = '72 (I—Na),
and Z, = 7, n;nﬂ_anl, for 1 < a < n. We note a number of useful
identities on the functions of ¢, appearing in the previous formula.

The definition ¢t = arccosh(1 + g) implies it = arccos(1 + g), so that

2
- - Um_l(l“‘%)

sinht — sinit sin [arccos(1 + g)] 2

sinh 3t sinigt  sin [Zrarccos(1 + g)]

. (1.27)

where U, (z) is the Chebyshev polynomial of the second kind. These
polynomials satisfy 22U, (1 —22?) = (—1)"Usy,+1(7), and replacing = —

iz, we obtain

(z+Va2+1)"— (z—Va24+1)™

23;U%_1(1+2x2) (=)™ U () =

2vVx2+1
(1.28)
Setting x = a.cos q, (or 2x = 7,) yields directly
sinh 2Z'¢ mo__ o =m
— 27a Hq Ha
= = 1.29
Bm,a Ya sinh t,, lia + ,u;l ( )
where 1, = \/ 1+ a?cos? 574y + acos 5145 Likewise, we have
m 72 7
cosh Bt = cosit = cos [Jarccos(l + %)] = Twm(1+ ?) (1.30)

Using the identities for the Chebyshev polynomial of first type T;, similar
to the ones for the U,, one readily finds
’73 sinh %ta m+1 + g —(m+1)

= cosh Bty + — = . 1.31
Qm,a = COSh Ftq + 2 sinht, Ma+Ma ( )

Partition function. Combining all of these results we get the parti-
tion function

mta

rect m ,Ya Slnh( ) }
Z55ch, = (0|T™(0) = O\H{ > s 1100

n . i1, . (1.32)
_ };[104 H [ B }

Ut pat
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The best-known form for this partition function involves a double prod-
uct. Let us show that we recover such a formula by using the identity
(already used in [40])

I 7+ oot (2] < T -+ 0ot (227
1l xr COS ™+ 1 11 X COS m 1
= Z%H [(H 1+ 22)™ ! — (2 — m)mﬂ]

To prove this identity (for even m) simply notice that the Lh.s. and

(1.33)

the r.h.s. are polynomials in x of degree m with an identical leading
coefficient and the same zeros. If we set * = acosq, we recover the
well-known formula [40],

rect T T 2 2 ma 2 mb 1/2
Zomm :al_[l l)l:[l [404 cos <m) + 4 cos <m+1>} . (1.34)

A similar analysis as above shows that the exact same formula is also
valid for odd m. Let us comment on this result, which has some inter-
esting features. Some properties that are obvious in the tiling picture
are not directly apparent in (1.34). For example, Zﬁ‘fffn
nomial in o whose coefficients are integers. It is also not hard to see
that for « = 1 and n = 1, Z5 is the (m + 1)-th Fibonacci number.
Conversely, some properties that are not obvious in the tiling picture can

must be a poly-

be accessed using (1.34). In the case of the square m = 2n for a = 1,

one can show that Z1°! is either a perfect square or double a perfect

2n,m
square [43]. This can be understood combinatorially [43] and also fol-
lows from Ciucu’s factorization theorem [44], which is a general result for
perfect matchings on graphs that possesses a reflection symmetry. This
theorem indeed implies that Z55h, = 272 where b, enumerates tilings
of a domain obtained from the square by cutting it along its diagonal
following a 2 x 2 zig-zag. It is quite remarkable that b, is (conjecturally)
closely related to the twenty-vertex model [59] that is discussed in Chap-
ter 4. Finally, using (1.32) we compute (see for example Appendix B
of [60]) the number of arrangements per dimer z defined by

log() = lim —— log(Z1<t ). (1.35)

m,n—00 NM 2n,m

Roughly speaking we could say that if each domino was independent
from the others and had a partition function z then the global partition
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function would be z™” asymptotically. In the case oo = 1, we get z =
G
er = 1.7916228.. where G = 1 — & + & — L + ... is the Catalan

constant. Notice that z < 2 due to the hard-core interaction between
dimers.

Dimer density. So far we enumerated tilings. We now take a tiling 7
at random according to the probability distribution P(7) = o7/ Z5tms
where h(7) is the number of horizontal dimers in 7 and a > 0. Keeping
the o dependence in (1.35) enables one to compute the average number of
horizontal dimers per dimer which is pp = a0y log(z) = 2/m arctan(a).
In the case @ = 1 this leads to pp, = 1/2. It seems to indicate that
there is no preferred orientation in most of the rectangle. We finish our

analysis of rectangle tilings by verifying this assertion.

The information given by the partition function on the typical features
of a random tiling is limited. We will show in detail how some of these
features can be extracted from a refinement of the partition function.
For now however, we make some explicit computations using the BCH
approach in the case of the rectangle with « = 1 and m even. Let us
evaluate the probability of observing a horizontal dimer whose left unit
square is centred at (i,7 + 1), see Figure 1.1. Applying the operator U;r
on the line j effectively creates a monomer at (i,7 4+ 1). It indeed kills
all configurations of line j that would cover the monomer and ensures
that a vertical dimer cannot be put with its lower square at (i,j + 1).
Equivalently—and perhaps more intuitively—a monomer can be created
at (¢,j + 1) by applying o; on line j + 1. Hence,

1 (0T ool T7|0)

P = i+l ) 1.
1,7+1 <0|Tm|0> ( 36)

We temporarily set j to be even. The denominator reads

Bj,a

a

O17710) = (0] T (i sa + 5"; Xo)(aga + 2 2,)(0)
o=t (1.37)

n
= H{amfj,aaj,a + Bm*j’aﬁjya}'
a=1
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We now compute the numerator. Using o; 0}, ; = CiTCzT-H and (1.12) we
get
(OIT™ oo, T7|0)
i 2n . .
2(—1)n+l N AR | ki 71_6(2 + 1)

N in [ 0 sin (2T .

2n + 1 g_jl( DT s\ g s gy ) M

(1.38)

There remains to compute the matrix element M, , = (0|77 n,];n;T 710).
We first notice that My, = 0 if £ # 2n 4+ 1 — k. The cases k < n and
k > n are analysed separately in a similar way as (1.37). We get

O 4 K wki . [(mk(i+1)
Pt = 5y 2.5 <2n—|—1>sm< on + 1

k=1

(1.39)
& kBm—jk

X .

(j even)

The case of odd j can be treated similarly, using the identity T’ o*j =0, T
and 0; 0, | = —CJCZTH. We get

O 4 & ki k(i +1)
P o= i in [ ——— 7
AR 2n+1kzlsm <2n—i—1>sm< 2n +1

0 B
% m—j 1,k/8j+1,k ' (] Odd)
Q=1 kO+1k + Bm—j—1,kBj+1,k

(1.40)

Similar finite size formulae may be obtained for odd m. In Figure 1.2,
we plot the exact density of horizontal dimers in finite size, using (1.39)
and (1.40). Let us extract the large size behaviour at different points.
We take m,n — oo with m/n fixed and compute the probability of
having a horizontal dimer on the lower boundary or in the bulk. Using
the Euler-Maclaurin formula and the Riemann-Lebesgue lemma, we get
for i,5 = O(n)

1 1 [™?  cos(t) 1
im P oo =— _ O g =,
ma—oo” WL Joo T4 cos?(t) 4 (1.41)

2 [T/ 1
mlrlzgloo R;:] = TF/O cos(t) { 14 cos?(t) — cos(t)} dt = —
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25 50 100 125 150

Figure 1.2: Exact density of horizontal dimers on the 200 x 120 rectangle,
according to formulae (1.39) and (1.40). The density is homogeneous excepted
for the oscillations near the boundary where the density oscillates with the
parity of the site (see the zoom on the upper left corner). This result is in good
agreement with Monte Carlo simulations.

From this last result we deduce that the probability of observing a hor-
izontal dimer on the left or right edge is 1 — 2/7 (far from the corners).
This is a particular case of a result by Fisher and Stephenson [61]. We
conclude that the boundary has an influence that quickly decays as soon
as we get away from it by a macroscopic distance, in which case, the
dimers do not have a preferred direction.

1.2 Aztec diamond

Boundary conditions were originally believed to play a minor role in the
thermodynamic limit n — oo, as is the case for other classical 2d statis-
tical models such as the Ising model. Kasteleyn provided substance to
this statement in [40] by showing that the number of arrangements per

2G/7 for periodic boundary conditions as well, although he

dimer is z = e
also stated that “The effect of boundary conditions is, however, not en-
tirely trivial and will be discussed in more detail in a subsequent paper.”.
An obvious limitation is that some domains are not tileable. For exam-
ple, if one mutilates the 2n x 2n square by removing two unit squares
at opposite corners, it is not tileable anymore. Similarly, it is not hard

to devise a rectangular domain with two “crenellated” edges that only
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admits a single tiling. One may still think that “non-trivial” boundary
conditions should behave similarly in the thermodynamic limit, at least
far away from the boundary. Grensing, Carlsen and Zapp [62] were the
first to question this belief by exhibiting boundary conditions such that
the number of tilings grows with the size of the domain in a different
way than the rectangular case. They found examples where this number
grows exponentially with the linear size of the domain (z = 1), or with
the area of the domain but with a different growth rate than the rectan-
gle case. Their boundary conditions were designed to drastically reduce
the number of tilings—while still allowing for some freedom—through

the intermediary of their rough boundaries’.

Figure 1.3: Left: Aztec diamond of order n = 10, whose unit squares are
coloured black and white in a chequerboard fashion, in such a way that squares
on the lower left edge are black. The four dominoes are distinguished ac-
cording to the colours of the underlying squares and their orientation. Each
of them is associated to different portions of lattice paths. Right: Tiling of
an Aztec diamond of order n = 10. The corresponding NILP start at p;
and end at ¢;, with 4 = 1,--- ,n and are composed of elementary steps in

S ={(1,1),(1,-1),(2,0)}.

In this section, we study one of these domains, later coined in [42] the
Aztec diamond, due to it resemblance with Aztec art patterns. An Aztec
diamond of order n € Ny is defined as the domain formed by unit squares
whose corners (x,y) satisfy the condition |z| 4 |y| < n + 1. Figure 1.3
shows a tiling of the Aztec diamond (AD) with dominoes. A formula
for the number AD,, of such tilings was originally conjectured in [62]

'In this context, “rough” means that, in the dual graph, vertices at the boundary
have a coordinate number less than three [62].
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and first proved in four different ways by Elkies, Kuperberg, Larsen and
Propp in [42,63]. It is astonishingly simple,

AD,, = 2"(n+1/2, (1.42)

There is a profusion of proofs, none of which as simple as the formula
might suggest. These various proofs reflect the numerous ways of think-
ing about this particular tiling problem. One of them is the transfer
matrix formalism that can be used to establish this result [56]. Two
of the original proofs of [42,63] are based on the connection with the
shuffling algorithm and alternating sign matrices (ASM) respectively
discussed in chapters 3 and 5. Another proof due to Ciucu [45] exploits
a general theorem on perfect matchings of “cellular graphs” of which the
Aztec diamond is an instance. Another approach uses a general result on
perfect matching called “graphical condensation” [64] a particular case
of which can be deduced by applying Dodgson? condensation to a Kaste-
leyn matrix [65]. In this section, we take yet another point of view and
exploit the bijection with some non-intersecting lattice paths (NILP).
A quite simple proof [66] can be achieved using the NILP picture. We
provide another proof similar to that of [22] that is slightly longer but
conveniently introduces tools and results used throughout this thesis.

1.2.1 Lindstrom-Gessel-Viennot lemma

In domino tiling problems it is often a good idea to colour the underlying
unit squares in white and black in a chequerboard manner. For example,
the mutilated square mentioned above can be shown not to be tileable
by counting the total number of white and black squares. Four types
of dominoes can be distinguished according to the colour of the unit
squares on which they lie on, as shown on Figure 1.3. For rectangular
domains, we have shown that the dimer density is not fundamentally
different for the two kinds of horizontal (or vertical) dominoes, except
possibly in the close vicinity of the boundary. The situation turns out
to be quite different for the Aztec diamond and it is crucial to make
the distinction to fully apprehend the problem. The NILP are defined
in terms of these four dominoes as shown on Figure 1.3. Notice that

2Charles Dodgson is better known under the pseudonym Lewis Carroll.
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this construction is not unique and it might sometimes prove useful to
exploit other NILP representations, as will be explained in Chapter 2.

For completeness we reproduce the proof of this bijection from [67].
Any tiling of the Aztec diamond of order n corresponds to a NILP
configuration with starting points p; and ending points ¢; it = 1,--- ,n
such as in Figure 1.3. There are only two kinds of dimers that can cover
black squares at the lower left edge, each of which has a starting point
at the corresponding point p;, and similarly for the white squares on the
lower right boundary and the ending points g;. Every elementary step
starts on a black square and ends on a white square. This implies that
each path is continuous, and they are non-intersecting by construction.
Conversely, each NILP configuration is associated to a tiling. To see
this, it suffices to first place the three kinds of dominoes that convey
an elementary step. It is always possible due to the non-intersecting
property and the allowed elementary steps. White squares that are
not yet covered by a domino must have an empty black square to its
right, since paths are continuous. Similarly, empty black squares have
an empty white square to their left. Hence, all squares that were not yet
covered can be covered by the remaining kind of domino. This finishes
the proof of the bijection. Using the correspondence between tilings
and NILP configurations, it is not hard to show that any tiling can be
obtained by a sequence of flips BB o BB fom any other
tiling. It suffices to notice that any NILP configuration can be obtained
by these moves starting from the “all-horizontal” NILP configuration.

There is a very elegant way of counting the number of NILP configura-
tions. It was pioneered? by Lindstrom [70] and later rediscovered inde-
pendantly by Gessel and Viennot in full generality [71], by Fisher [72]
and in the context of combinatorial chemistry [73].

Lemma 1.2.1. (Lindstrom-Gessel-Viennot (LGV) [71]) Let G be a fi-
nite directed acyclic graph, and A = {p1,...,pn}, B={q1,...,qn} two
(non-necessarily disjoint) sets of distinct vertices of G. Let also denote
by Py = (P1,...,P,) an-tuple of paths such that P; connects p; to Qo (i)-

3Even earlier Karlin and Mc-Gregor [68,69] exposed a similar idea in a probabilistic
framework.
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If A; ; denotes the number of paths on G from p; to q;, then

det [Aij] = > e {P, with PN Py = 0}]. (1.43)

1<,5<n
ILIX UGSn

In particular, if the paths of P, necessarily intersect for o # id, the de-
terminant on the l.h.s. counts the number of NILP configurations con-
necting A to B.

Notice that in the above lemma, a path F; is a sequence of vertices, or
stopping points, two successive vertices being separated by an elemen-
tary step. Two paths then intersect if and only if they share a common
passage point. Two paths can therefore be non-intersecting even though
their linear continuous interpolations do intersect. The proof of the LGV
lemma is quite elegant, so much so that it appears in “the Book” [74].
Notice that this result is straightforwardly generalized to weighted paths.

1.2.2 Partition function

We work in the coordinate system in which the NILP start at p; = (—i, 1)
and end at ¢; = (j,j) for 4,5 =0,1,--- ,n. Notice that a trivial path is
placed at pp = go = (0,0) to prevent other paths to go there, which is
forbidden by the shape of the domain. Because of this trick, there is no
constraint to take into account when enumerating the number of paths
from p; to g;, which is hence given by

A.._mmz%j) P itj-p
ij = W : (1.44)

p=0 V=D, ] —P

where we assigned a weight w to the elementary step (2,0). In [66], the
trivial path trick is not used and the authors have to deal with Schréder
paths that are constrained not to cross a horizontal line. Any tiling of
the Aztec diamond contains the same number of horizontal dimers of
the two colours. This is easily shown by noticing that this tiling can be
constructed from the “all-horizontal” NILP configuration via a sequence

2

of flips. Hence, setting w = «a* is equivalent to weighing all horizontal

dimers by «. Before proceeding let us compute the bivariate generating
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function f4(z,y) = Zioc;:o Aij zlyl of A;
o o0 . .
t+j—p P 1
e = Swr( T Ny -
= \pi-pJ y — way
(1.45)

By the LGV lemma, the partition function AD,, is the determinant of the
matrix A = (4; ;)i j=0,.. n- Krattenthaler extensively discusses in [75,76]

techniques to evaluate (i.e. provide a simple enough formula) a variety
of determinants. One of them relies on the decomposition of the matrix
into the product of a lower triangular matrix L and an upper triangular
matrix U and is called an LU decomposition. If the principal minors
of the matrix are non-vanishing—which is the case of A, as seen using
the LGV lemma-this decomposition is unique [77] when the elements
on the diagonal of L are set to 1. Once the matrix U is found, the
determinant of A is nothing but the product of the diagonal elements of
U. This technique turns out to be particularly helpful for our purpose as
it also provides a natural way of computing refined partition functions
[22,23,25,27]. As is often the case when computing determinants, a first
step is to guess the result by performing LU decomposition for small n.
In our case this allows to conjecture

7 ]
L= ("), r7t=(v(" for i>j
1, — j ) i.j _(_ ) ] ) or 127,

with all other entries equal to zero. In order to prove these conjectures,

(1.46)

it is convenient to use generating functions. For a series or a polynomial
f(x) = Y150 fr 2, we denote by f(z)|,x = fi the coefficient of ¥ in
f(x). Two lemmas will be particularly useful.

Lemma 1.2.2. Let f(x) and g(x) be two generating functions. We have

k

F@)9(@)| e =D F@)] 0 9(2)] o (1.47)

=0
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Lemma 1.2.3. The binomial coefficient can be represented in four dif-

ferent ways by generating series or polynomial

(1) =)= (1) | =

(1__x)kH

B 1

11.48)

Both lemmas are straightforward to prove. Let us first show that L—!
is indeed the inverse le L. We have

n - 7 i L
v St () )

J

]Zi; ( —J.—k> <kjj) (1.49)

—J 1

_52>JZ +z) B ([ )it

= 0ixj (1 +a) T =0y,
where 6;50 = 1 if i« > j and ;>0 = 0 otherwise. The proof for the
inverse of U is similar. To complete the proof of (1.46), it remains to
show that A = LU, or equivalently L™'A = U. Using the generating
function (1.45), we have
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(1.50)

This concludes the proof of (1.46). The partition function is now easily
evaluated

AD, = det (Aij) =[[Uii = @ +w) "D/, (1.51)

0<i,j<n
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This result indeed reproduces the one first proved in [42,63]. It implies
that the weighted number of arrangements per dimer is

log(z) = lim _ log (AD;,) = log(v1+ w). (1.52)

n—00 n(n + 1)

In the case w = 1 we get z = /2 = 1.4142135.. which is less than
the number of arrangements in the rectangular case where we found
z = 1.7916228... By a symmetry argument or using (1.52) one can
prove that the average density of horizontal dimers is p, = 1/2, hence
the discrepancy between the two domains cannot be explained by a
homogeneous preferred orientation. It is also not a consequence of a
smooth variation of dimer density throughout the domain. It is rather
the result of a spatial phase separation phenomenon in the Aztec di-
amond whereby in the overwhelming majority of tilings, some regions
of the domain become frozen while others fluctuate and are sometimes
called temperate regions. This tendency, already visible in Figure 1.3,
strengthens as the domain gets large as seen on Figure 1.4 so that in
the scaling limit, when n — oo and distances are rescaled by n, the
frozen and temperate regions almost surely have deterministic shapes.
The interface between these two regions is called the arctic curve. In
the case of the Aztec diamond, it was rigorously proved by Jockusch,
Propp and Shor? [31], that in the scaling limit the interface approaches
the circle that is inscribed into the domain. More precisely stated [31],
if we fix € > 0, then for all sufficiently large n, all but an € fraction of
the domino tilings of the Aztec diamond of order n will have a tem-
perate region whose boundary stays uniformly within distance en of the
inscribed circle. In the case w # 1, the arctic curve becomes an ellipse.
In addition to this phenomenon, Figure 1.4 suggests that inside the dis-
ordered region, the density of dimers is not homogeneous. Not only does
the probability of observing a horizontal dimer depend on the rescaled
coordinates, but it also drastically varies depending on the parity of the
lattice coordinates. An exact formula was derived by Elkies, Cohn and
Propp in [7] and re-derived by Allegra in [56] using the transfer matrix
formalism.

4Peter Shor is well known for the eponymous quantum algorithm of prime number
decomposition.
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Figure 1.4: Tiling of the Aztec diamond of order n = 10000 sampled from the
uniform distribution using the Shuffling algorithm.

Let us now give some heuristics for the arctic phenomenon. The bound-
ary is such that imposing the orientation of a dimer on it might force the
orientation of O(n) other dimers, restricting the number of such config-
urations. For example, it is straightforward to show that the probability
that the upper corner of the Aztec diamond of order n is occupied by
a vertical dimer is 27(n—1)/2 /97(n+1)/2 — 1 /97 and hence vanishes expo-
nentially with increasing n. This kind of argument fails to explain the
freezing observed deeper into the bulk. To understand this astonishing
effect it is more appropriate to use the NILP representation. The arctic
phenomenon is the result of two conflicting tendencies of NILP—and
more generally of non-crossing paths—in the scaling limit. On the one
hand, the number of microscopic configurations of a single path is max-
imal around the straight line that joins its starting point and its ending
point (these considerations are made more quantitative in Chapter 5).
On the other hand, the precise shape of a given path also constrains the
other ones, due to their non-crossing nature. Hence, still in the scaling
limit, the most likely trajectory for a path maximises the number of
lattice configurations that are possible around this path, while letting
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enough space for the other paths to fluctuate. The influence of non-
trivial weights is usually to deform arctic curves but may also lead to
a degenerate situation, see Chapter 4. For definiteness, let us illustrate
these considerations for the uppermost path. The closer the path gets
to the upper boundary, the less are the constraints put on the other
n — 1 paths, at the price of greatly reducing the number of microscopic
configurations for this path. Conversely, if it were to follow a straight
(horizontal) trajectory this would maximize the number of compatible
microscopic configurations, but would also maximize the constraints put
on the other paths. The shape that is almost surely observed is an in-
termediary between these extremes. The abrupt transition occurring
between the frozen and temperate region coincides with the outermost
path(s) in some NILP description. Since the composition in the four
types of dimers of a given portion of path depends on its slope, we may
understand the variation of the density of the different kinds of dimers
in the temperate region as the consequence of the variation of the slope
of the paths in this region®.

This heuristics explains the appearance of the arctic curve but does
not provide a way of computing its precise shape. Despite its apparent
simplicity, the tools used to answer this question are sometimes quite
sophisticated [6,9, 18, 35, 78-81]. The main objective of this thesis is
to show how to use the so called tangent method to compute arctic
curves using refined partition functions that are minimal modifications
of partition functions where the boundary conditions are slightly per-
turbed. In the case of tiling models, once the LU decomposition of
the LGV matrix is known, the 1-refined partition functions can be sys-
tematically computed [22,23,25,27]. For vertex models, for which the
tools mentioned above cannot typically be used (for general values of
the statistical weights) the tangent method remains applicable and re-
fined partition functions may be deduced from inhomogeneous partition
functions, as explained in Chapter 4.

®The density of dimer of [7] can be used to compute the trajectory of any of the
paths.
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Chapter 2

Arctic curves in tiling
models

This chapter uses material from [24] written
with Philippe Ruelle and [17] written with
Philippe Di Francesco and Emmanuel Guitter

2.1 Rectangoloid domain

The principal aim of this thesis is the understanding and the application
of the tangent method introduced in [20] to compute arctic curves. We
start this endeavour with the study of a particular tiling problem on a
rectangoloid domain (see the definition hereafter) for which the analysis
is particularly simple. The rectangoloid domain allows for much freedom
in its definition as its scaling limit is described by a (nearly) arbitrary
real function a(u), u € [0,1]. The existence of exact formulae despite
the extensive freedom in the choice of a(u) is quite an unusual feature in
the realm of tiling models. Indeed, just as the examples treated in the
previous chapter, the majority of tractable tiling problems studied in
the literature only have a handful of free parameters in their definitions,
see e.g. [9,22,40,42-47)).

35



36 CHAPTER 2. ARCTIC CURVES IN TILING MODELS

In [23], the tangent method was used to derive some portions of the
arctic curve of the rectangoloid tiling problem. Our contribution is the
completion of their derivation for the remaining portions. It should be
noted that the shape of the arctic curve was already determined fully
rigorously in [82] for a particular a(u) (“freezing intervals” only) and
then in [78,83] for a general a(u). The analysis in [78,82,83] goes beyond
the computation of the arctic curve, at the cost of having to deal with
advanced tools that render the computation of the arctic curve quite
lengthy. In contrast, the tangent method derivation involves elementary
tools and short computations, but does not provide anything else than
the shape of the arctic curve itself. This computation can also be seen
as a benchmark for the tangent method, which has been fully rigorously
proved to work only in one particular case [21].

2.1.1 Definition of the model

We first define the model in terms of NILP contained in a quadrant, see
Figure 2.1. The n paths are labelled by an integer i ranging from 1 to
n. The i-th path starts from integer position O; = (a;,0) on the positive
horizontal axis and ends on the vertical axis at E; = (0,7). An extra
path, reduced to a single site, is conventionally added at the origin (ag =
0). Notice that the a;’s are thought of as being fized but can be chosen
arbitrarily. Their distribution is described in the scaling limit by the
function a(u) introduced above. The paths, between their starting and
ending points, can only make two kinds of elementary steps, either north
(0,1) or west (—1,0) and are constrained to be non-intersecting. This
last condition implies that the a;’s form a strictly increasing sequence,
0<a; <ag <...<ap The collection of n paths is therefore entirely
contained in the rectangle of size a,, x n. We are interested in NILP
chosen at random amongst all of the allowed configurations. We do
not consider position-dependent weights for the elementary steps, but
the following discussion can be generalized to the area-weighted case
[25] or even more generally to (area weighted) domino tilings of Aztec
rectangles [27]. Since the number of elementary steps of each type is
entirely determined by the set of a;’s, we assign the same weight to each
step, without loss of generality.
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Each NILP configuration is associated with a tiling of a rectangoloid
domain, as shown on Figure 2.1. It is composed of three types of tiles,
called U, R and F, as they respectively correspond to the Upper, Right
and Front faces of a cuboid drawn in perspective. The bijection is con-
structed by assigning U-tiles to west steps and R-tiles to north steps.
The domain to be tiled is a rectangoloid, with triangular inclusions called
defects on the lower boundary at O; and a sawtooth pattern on the left
edge. The remaining spaces of the rectangoloid is filled by F-tiles. One
can interpret the tiling as three-dimensional piles of cuboids® that are
subject to some constraints dictated by the shape of the rectangoloid?.
In those terms one may interpret the bijection with NILP as the inter-
section between cuboids and planes that are parallel to the sheet.
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Figure 2.1: Particular configuration of NILP for the model under consideration
and the associated tiling on a rectangoloid domain. Tiles drawn in grey are
deterministically frozen. Insets A, B and C show the rule to translate a tiling
in terms of NILP of type 1, 2 and 3, respectively.

We defined tilings on the rectangoloid domain in terms of a specific NILP
description, that we call NILP of “type 1”. The model admits two other
equivalent definitions, in terms of NILP of “type 2” and of “type 3”, as
shown on Figure 2.1. An essential feature of this triple path description
is that there is always one in terms of which a region regularly covered
by one type of tile is devoid of any path. This observation is crucial
when applying the tangent method and will be used throughout this
thesis. In addition to being characterized by different elementary steps,

!Similarly, domino tilings can be seen as piles of Levitov blocks [84], see [85] for a
nice illustration in the case of the Aztec diamond.
2Some completion is required around the defects.
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the three types of paths also have different starting and ending points,
see [23] and below for more details.

Due to the tightly packed arrangement of ending points E;, there is a
region that is deterministically tiled by a regular (frozen) pattern of U-
tiles. More interestingly, statistically frozen regions also appear in the
vast majority of tilings, in a similar way as in the Aztec diamond case.
As already suggested by Figure 2.1, two frozen regions tend to form in
the upper left? and upper right corners of the rectangle, each covered
by only one type of tile, U or F. For a generic distribution of starting
points a;, no other frozen region appears. In the scaling limit, an arctic
curve separates these two frozen regions from the entropic region. Its
precise shape has been completely and explicitly determined in [23]; it
only depends on the function «(u) that characterizes the distribution of
the points a;, in the scaling limit.

Figure 2.2: Random tiling of a rectangoloid domain with a freezing interval
of first kind (macroscopic gap), with n = 69. The intervals on the left and on
the right of the defect-free gap have the same length and contain one defect
every second site (see the zoom). U-tiles are drawn in blue, F-tiles in red and
R-tiles in green. The tiling was sampled using a generalization of the “domino-
shuffling” exact sampling algorithm [86,87] that allows for vanishing weights.
The black curve is drawn using the parametric equation of (2.37). The white
dashed line delimits the deterministically frozen region.

For non-generic distributions of a;, more frozen regions may appear.
In particular, this is the case when this distribution presents a freezing
interval. These intervals can be of two types. In the tiling picture, either

3This statistically frozen region on the upper left corner extends the deterministi-
cally frozen one.
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the interval is totally flat (no starting points) or it has a sawtooth pattern
(starting points with maximal density). In both cases, a frozen region
forms above the interval [23], as shown in Figures 2.2 and 2.3. This
region is itself separated from the entropic bulk region by a new portion
of arctic curve. Its parametric representation has been conjectured in
[23] and derived via the tangent method in only one case, namely when
the macroscopic interval has the sawtooth pattern and lies at one of the
edges of the lower boundary.

Notice also that the qualitative features of a given portion of arctic curve
may be understood in terms of the appropriate NILP description using
the same heuristics as for the Aztec diamond.

Figure 2.3: Random tiling of a rectangoloid domain with a freezing interval of
second kind (sawtooth pattern) with n = 140. Two other intervals are adjacent
to it and have one defect every two sites (see the zoom). The tiling was sampled
using a Markov chain algorithm. The black curve is obtained from the para-
metric equation (2.37). The white dashed lines delimit the deterministically
frozen regions.

2.1.2 Tangent method

The applicability conditions of the tangent method are not precisely
known, but it is expected to be valid in models which can be formu-
lated in terms of non-intersecting or osculating (allowed to touch) lat-
tice paths. We consider a precise portion of arctic curve and the path



40 CHAPTER 2. ARCTIC CURVES IN TILING MODELS

description in terms of which the adjacent frozen region is empty. If we
zoom on this portion of arctic curve, we find that it is composed of an
accumulation of a large number of paths that fluctuate, in a way that is
studied in Chapter 3. Let us call g and z; their common starting and
ending points in the rescaled domain. On the lattice, the outermost path
would start from site pg and go to site p1, in the scaling neighbourhood
of g and x; respectively.

Figure 2.4: Tangent method principle. Left: Tiling of an Aztec diamond with
two monomers (in black). Right: Corresponding path configuration, with the
modified path in red and the one directly below it in blue.

The tangent method requires to slightly modify the model in such a
way that the starting (or ending) point of the outermost path is moved
from py to another point pj, located on the boundary at a macroscopic
distance from pg, adjacently to the (empty) frozen region, see Figure
2.4. The specific way this change is implemented depends on the model
under consideration. In one of the best-known cases, namely the Aztec
diamond, one can achieve this by inserting two monomers, as shown in
Figure 2.4-left. As a result of this change, the outermost path, now
starting from p{, but still tied to its ending point p;, will first traverse
the frozen region, then approach and merge in the compact cluster of
paths, and eventually reach its endpoint p; along with the rest of the
cluster.

The tangent method relies on two assumptions, both supposedly valid
in the scaling limit.
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(i) It makes the working hypothesis that the change of starting point
of the outermost path, from pg to p(, has so little influence on the
other paths that the arctic curve itself is not affected. If this were
not the case, the method would predict a different arctic curve, as
compared to other methods.

(ii) It postulates that the outermost path is almost surely a straight
line traversing the frozen region from p{, until it meets the arctic
curve tangentially. After the meeting point, the path coincides
with the arctic curve for some time. What happens next depends
on the model under consideration, see Figure 2.4-right.

The efficiency of the method relies on the tangency assumption (ii). By
varying the starting point p{, one obtains a one-parameter family of
straight lines tangent to the arctic curve, which is then simply recovered
as its envelope. We assume that each portion of arctic curve is convex,
which is to be expected heuristically. If it were not the case, the tangent
method would yield the convex hull of the arctic curve, which would have
a straight portion. If the tangent method does not yield any straight
portion we can then retrospectively justify this assumption.

Clearly, if the arctic curve is known, it is trivial to compute the family of
tangential lines, each of which arrives at a given point py, of the boundary.
The tangent method aims at solving the inverse problem: given a point
P}, find the slope of the line starting from p{, and hitting the arctic curve
tangentially. This is usually done—as in [20-23,25-29]—by resorting to
a lattice point qy outside the domain and by considering the path from
qo to p1 which (by construction) enters into the original domain through
a (random) boundary point. By adding trivial deterministically frozen
extensions to the domain (see e.g. Figure 5.10) one sees that (i) and (ii)
should also hold for this external starting point ¢g. In the scaling limit
and given qg, the paths are straight lines with probability 1, entering the
domain at some boundary point and hit the arctic curve tangentially.
Since the probability distribution over the point of entry concentrates
on a unique point in the scaling limit, call it p, it can be computed on
the lattice as the entry point of maximal probability. In this way, the
point p, can be obtained as a function of gy and allows to compute the
slope of the line that will eventually meet the arctic curve tangentially.
Varying qg yields the required family of tangent lines.
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As pointed out in [20], the hypothesis (i) is hard to formalize in general,
let alone to prove. The assumption (ii) is easier to formulate in gen-
eral. In Chapter 5, we study the consequences of hypothesis (i) on the
partition function, which enable us to use the tangent method without
extending the domain. We also provide strong arguments supporting the
tangency property (ii).

Notice that the general strategy exposed above must often be slightly
adapted to the model under consideration. For instance, in the model of
g-weighted lattice paths studied in [25,27], the straight lines are replaced
by other known curves (see e.g. Figure 5.4). In this thesis, several
variations of the tangent method are presented. In the case at hand,
namely tilings of the rectangoloid domain, the application of the tangent
method also presents slight adaptations, as we shall now explain.

2.1.3 Tangent method derivation for freezing boundaries

A natural way to tackle the determination of the arctic curve from a
lattice computation would be to evaluate bulk expectation values to de-
tect the frozen regions. However, it is usually a much simpler task to
use the tangent method. The reason is that computing the most likely
entry point only requires the knowledge of boundary one-point functions
which are usually easier to evaluate than their bulk counterparts. For
example, boundary one-point functions of the six-vertex model with do-
main wall boundary conditions for general weights are known [88] while
the computation of its bulk expectation values could be completed for
particular weights at the so-called free-fermion point [56] but is still
ongoing for general weights [89].

Nevertheless, computing a boundary one-point function and its asymp-
totics requires some effort. In the model at hand however, this endeav-
our is greatly simplified by the existence of a simple formula for the
partition function Z({a;}) with arbitrary a;’s called the Gelfand-Tsetlin
formula [8]. The trick to fully exploit this formula is to extend the
domain “from below”.
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Freezing boundary of first kind: macroscopic flat interval.  We
first consider the case where the defect distribution contains a macro-
scopic flat interval, corresponding to a macroscopic gap in the distribu-
tion of the starting points O; = (a;, 0) for the NILP of type 1 (see Figure
2.5). In other words, there is an integer ¢ < n such that ag41 —aq = m,
with m proportional to n. We assume that the density of starting points
to the left of a, and to the right of a4y is strictly greater than 0.
Above this flat interval two disjoint statistically frozen regions appear,
respectively composed of F-tiles, and U-tiles (see Figure 2.2). We apply
the tangent method separately for the corresponding F-portion and U-
portion of the arctic curve. The F-portion can be directly investigated
using NILP of the first kind, while the U-type is more conveniently stud-
ied with the NILP of the second kind.

F-portion. To apply the tangent method, we extend the domain by a
semi-infinite strip as indicated on Figure 2.5. We move the point Oy41
to O'(r) = (ag4+1,—7r). We consider the ratio of the partition function
of this modified problem to the one of the original problem. It can be
written as a sum over the entry point O(¢) = (aq + ¢,0):

({az}z;«éq—i-h m {GZ}Z;«éq—i-l,O(g)) B m
Z({ai}) ; Z({a;}) = ;Yr,z Hy, (2.1)

where Y} ¢ counts the number of configurations of the path between O’ (r)
and O(¢). We also introduced Z({a;}ixq+1,O(f)) = Z({a}}) that counts
the number of configurations in the original domain, but with slightly
different settings: the starting points are {a}} with a} = a; for i # ¢+ 1
and ajy = a4 +£. Note that for r fixed, £ is random. The tangent
method enjoins us to compute the most likely value of ¢/n as a function
of r/n, in the scaling limit. This can either be achieved by computing
the probability of observing ¢/n and maximizing it, or slightly more
conveniently by performing a saddle point analysis on (2.1).

We expect partition functions such as Z({a;}izq+1, O(f)) to grow expo-
nentially with n?, with various sub-dominant corrections. The asymp-
totic behaviour of Z({a;}) should be similar, up to sub-dominant contri-
butions that appear in the asymptotics of Hy. We will explicitly evaluate
log(Hy) and find that it is at most of order n.
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ap ai ag --- Gg—1 Ugq o Ag+42 - -+ Qp

o

Figure 2.5: Extension of the domain by a semi-infinite strip to apply the
tangent method using NILP of first type. The thick grey line represents the
boundary of the original domain (without the extension). The open dots (o)
are the possible new starting positions of O’(r) with r =0,1,---.

To proceed, we first compute the quantities appearing on the right-hand
side of (2.1). In the strip, the path has m — ¢ west-oriented elementary
steps and r north-oriented ones, where the last step leading to O(¢) has
to be north-oriented. We therefore have

m—L+r—1
Yr,e—< — ) (2.2)

The boundary one-point function Hy can be easily determined by using
the Gelfand-Tsetlin formula [§]

n 1—1

z(ah) = [TT] 5= (2.3)

i=1s=0

This formula can be proven in several ways. The most systematic way
is—arguably—to use the LGV lemma and an LU decomposition, as
done in [23]. Another proof uses the bijection of the tilings with semi-
strict Gelfand patterns and proceeds by induction on n as in [8]. In
both cases, one has to guess the result first and then prove that it is
correct, see [75,76] for an extensive report of various useful techniques.
The guesswork involves evaluating LGV determinants for several sizes
and several choices of parameters. This step is a real bottleneck in the
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study of tiling models since the LGV determinant itself is often not
suited to asymptotic analysis and it is in general very hard to guess a
closed form formula, i.e. a product or quotient of “nice” factors [75].
A pleasant property of rectangoloid tilings is that when one fixes n
and the a;’s, the prime factor decomposition of the LGV determinant is
only composed of small prime numbers. This property—which is usually
destroyed by even the slightest modification of the domain—suggests the
existence of a “product” formula such as (2.3) and immensely simplifies
the guesswork?.

There are several interesting particular cases of (2.3), let us mention two
of them. Whena; =ifori=1,--- ,qanda; =m+ifori =q+1,---,n
with ¢ and m positive integers, the tiling problem is equivalent—upon
removal of deterministically frozen regions and a shear—to lozenge tiling
of a hexagon. In this case (2.3) reduces to the celebrated MacMahon
formula [91]. When a; = 2i for i = 1,--- ,n the corresponding tiling
problem is called the Novak half-hexagon [92] and (2.3) gives Z({a;}) =
2n(n+1)/2  These tilings are hence equinumerous with domino tilings of
the Aztec diamond, yet no natural bijection between the two is known
[22,92], although interesting similarities exist [92].

Computing Hy is usually the most involved step in a tangent method
derivation, but the Gelfand-Tsetlin formula makes it straightforward in
the present case,

= 200 YT (4)

q n
= exp Zlog (1+M>+Z log <1+M>

a; — Q, a; — Q,
i=0 R =) i Ygtl

(2.4)
We now consider the rescaled domain where all lengths are rescaled by
n. We introduce the rescaled variables

{=nf, qgq=nu, m=mnd i=nu, T=nz, aizna<z>, (2.5)
n

“Instances of simple sum formulae enumerating tilings also exist (e.g. [90]) but are
more difficult to guess. As will be explained in Section 5.4, for tiling models whose
LGV matrix have an explicit LU decomposition, it is possible to compute refined
partition functions, which are then typically expressed as sums [22,23].
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where the function a(u) characterises the defect distribution. We limit
ourselves to asymptotic defect distributions such that « : [0,1] — RT
is a (fixed) piecewise differentiable increasing function. Notice also
that o/(u) > 1 whenever it exists due to the condition a;11 — a; > 1.
Since agy1 = aq + m, in the n — oo limit, the function a(u) has
a discontinuity at u; where it jumps by an amount ¢. Thus, we set
a(ur) = lim

- a(u) while lim, _, + a(u) = a(uy) + 0.

We introduce the notation A,, =~ B,,, meaning that lim, % log(A,,) =
limy, 00 % log(By,). The symbol ~ will keep the same meaning through-
out this thesis, as opposed to other notations which are usually quite
short-lived. We have Y,y ~ e and Hy ~ ™1 with

So=(0—&+2)log(6 —&+2) — (0 — &) log(0 — &) —zlogz  (2.6)

and

Sy = /01 du log (1 R _5(;(21) " 5)> . (2.7)

We perform the saddle point analysis on
m 1
ZYM Hy~ / dg enlSotsil, (2.8)
=1 0

Let us denote by £* the solution to the saddle point equation a%(Sg +
S1) = 0. We could choose to parametrize the family of tangent lines by
z, viewing £* = £*(z) as a function of z, but it turns out to be more
convenient to use the intercept ¢t = a(uy) + £* of the tangent line with
the X —axis, thereby making z = z(¢) a function of ¢t. The arctic curve
is then parametrized by ¢ as well. Defining

2(t) = exp{—/o1 t—dolj(u)} (2.9)

the saddle point condition yields

afur) +0—t
afur) + 9 —t+2(t)

= z(t). (2.10)

By definition the parameter ¢ must be contained in the interval [a(u1),
a(u1)+0] = [a(uy ), a(ui)], but not all values in this interval correspond
to real positive values of z.
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Let us write

u; U 1 U
I(t) = —logx(t) = /0 d —/ d (2.11)

t — a(u) Fafu) =t

When ¢ is in the interior of [a(u1), a(u1)+46], it is not in the image of the
function «(u), so that I(t) is a well-defined, continuous and decreasing
function. Moreover, I(t) diverges to 400 when ¢ goes to the lower bound
a(uy), and to —oo when ¢ goes to the upper bound a(uj). Therefore,
on the closed interval, I(t) takes all values from —oo to +oo, and z(t)
itself is a continuous increasing function, taking all positive values from
0 to +o0. However, from (2.10), z being real and positive implies that
x(t) is between 0 and 1. Therefore, the proper range of ¢ to consider is
the interval [a(u1),t1] where 1 < a(u1) + 9 is defined by z(¢;) = 1. We
then have z(a(u1)) = 400 and z(t1) = 0, respectively corresponding to
a vertical tangent and a horizontal tangent. We will indeed check that
t1 corresponds to the transition point from the F-frozen region to the
U-frozen one.

Imposing in the rescaled domain that the tangent line associated with
the parameter ¢t passes through the points (¢,0) and (a(u1) + d, —z(t))
leads to the equation

2OV +(1—2(t)(X —t) =0, te [a(u) t], (2.12)

which is exactly the equation (3.9) of [23].

U-portion. We now consider the U-portion. To use the tangent method,
we consider an equivalent description, in terms of NILP of second kind
(see Figure 2.6). We extend the domain in a similar fashion as for the
F-case by gluing a semi-infinite tilted strip and by moving On—q—l to
O'(r) = (@n—q + 1 —r,—r). The computation is quite similar to the
F-type case. The boundary one-point function can be computed by
using NILP of first kind and is again given by (2.4), while the num-
ber of configurations of the path (of second kind) between O’(r) and
O(l) = (An_q +1+£,0) is

—1
o= ("), (2.13)
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where we imposed that the last step is north-east-oriented. Using the
same notation for the rescaled variables, we find that asymptotically
Y, o~ "% with

So=(z+&)log(z+&) —Elogé — zlog 2. (2.14)

From the saddle point analysis, we find that

t—auy) + 2(t)

e - (t), (2.15)

for the same continuous increasing function z(¢) given in (2.9). From
(2.15), z(t) being real and positive implies that z(t) takes values from 1
to co. Therefore, the proper range of ¢ to consider is [t1, a(u1) + 0] with

x(tl) =1.

QpQp

Figure 2.6: Extension of the domain with a semi-infinite strip to apply the
tangent method using NILP of second kind. The starting points O; = (a;,0)
and the ending points E; = (an + 1/2,4), are different for these paths, as
represented (see [23] for more details). The star (x) represents the position of
the starting point that we move to O’(r).

By imposing that the tangent line of parameter ¢ passes through (t,0)
and (a(uy) — z(t), —z(t)), we find

z(O)Y + (1 —z())(X —t) =0, te[ty,a(ur)+d], (2.16)

which is the same expression as in (2.12). The proof is hence complete
for freezing boundaries of first kind, since the envelope of this family
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of lines has the same parametric representation as in [23], but with

t € [a(ur),a(ur) + 4.

Freezing boundary of second kind: macroscopic sawtooth pat-
tern. We now turn to cases where a macroscopic portion of the lower
boundary has a sawtooth pattern. In terms of NILP of first kind, it
corresponds to an interval of indices I = {q,¢+ 1,--- ,¢g+m — 1} for
which the starting points O; = (a;, 0) are tightly arranged: a;+1 —a; =1
for i € I. We assume that the density to the left of a, and to the right
of ag4m is strictly less than 1 over a macroscopic distance. We further
suppose that there is no starting point directly adjacent to this region,
namely, a; — ag—1 > 1 and agqm — agrm—1 > 1. If the freezing interval
is not directly adjacent to the left or right corner of the domain, this
condition is simply a convenient way to define the interval. Again, by
macroscopic portion, we mean that m scales like n. In such a situation,
there is a deterministically frozen triangular region and also a statisti-
cally frozen region around it. The whole frozen region is covered by a
regular arrangement of R-tiles. We study the associated arctic curve
using the tangent method with the third kind of NILP for which the
region of interest is empty.

We extend the domain with a semi-infinite tilted strip (see Figure 2.7).
We move O, to O'(r) = (b, — 7, —r — 1/2). The same extension can be
done if the freezing interval touches the left edge of the bottom boundary
(g = 0). If it touches the right edge (¢ +m = n), we take for O, the
starting point of an ad-hoc trivial vertical path of third type added on
the right of the domain. As before, we consider the quantity

Z({bi }Ejfg’}o, ZY Z({bs }ZEZP’} ZYM Hy,  (2.17)

where Y,y counts the number of configurations of the path of third type
between O/(r) and O(¢) = (by—1 + 1 + £,—1/2) and Z({b;}ixp, O(£))
counts the number of configurations in the original domain, but with

a slightly modified bottom boundary. Since the path cannot go to the
left, we have Y,y = 0 when £ <m —r. When £ > m — r we find that

r
Y. = . 2.1
£ (T—i—f—m) (2.18)
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Figure 2.7: Extension of the domain to apply the tangent method, using
NILP of third kind. The original starting points are O; = (b;, —1/2) for i =
1,2,--- ,m with m = a, —n and the ending points are at E; = (n+i,n+
1/2). The parameter p gives the position of the freezing interval in this NILP
description, but we do not need to know its precise relation to ¢ (see again [23]
for more details).

Instead of working with the third kind of NILP (an explicit formula is
known [23] for Z({b;})), we express Hy in terms of NILP of first kind,

2z
He= 7 ay (2.19)

with the following new starting points,

a = a;, for i +04+1,g+0+2,--- ,g+m)},
i Z {q q q+m} (2.20)
(]

=a;+1, for ie{g+0+1,q+0+2,---,g+m}.

Put more simply, it means that all the points from agys11 to ag4m
are shifted by one unit to the right. Using again the Gelfand-Tsetlin
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formula, we find that

7

n 1

Hi - HH(Q =
i=1s5=0
g+m g+

s=
q+4

i) {7 (o) e

i=q+4+1 s=0 i=q+m+1 s=q+4+1

gt+m g+l a1 q+m _1
con| 3 Swg(Ut IS S ()
i=q+0+1 s=0 i=q+m+1 s=q+L+1
where we expressed this quantity in terms of the original (a;);. We used

the fact that the numerator a} — @/, can only differ from the denominator
a; — as by an amount +1 , —1 or 0.

We introduce the rescaled variables as follows,

L=n& r=mnz, qg=nu;, MmM=nu, I=nu,
Z) (2.22)

s = nv, aizna<
n

with the condition
&> ug — 2. (2.23)

In the limit n — oo the function a(u) will be such that o/(u) = 1 for
u € [u1,u; + uzl, so that a(u1 + &) = a(uy) + £ for any £ in [0, uz]. We
also note that the condition a; —a,—1 > 1 implies that the left derivative
of o at uy is strictly greater than 1, and likewise for the right derivative

at uyp + ua,
lim o (u) > 1, lim o (u) =1,
uU—U u—ruy
(2.24)
lim o (u) =1, lim  o'(u) > 1.
—(u1+uz)~ u—(uitug)t

In the large n limit, we have Y, , = e™%0 and Hy ~ €™ with

So=zlogz—(z+¢& — U2)10g(2 + & —uz2)—(uz — §) log(UQ =),

U,1+U,2 ’u1+£ Ul‘i“UfQ* (225)
o= [t ’
ur+E+te uitus Jug+€ a a(”)

where € = 1/n. The € regularization can be read from the values taken
by i and s in (2.21). A careful analysis of the asymptotics of (2.21)
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requires to treat separately the terms in which ¢ is close to s. This
can be done by using the property as = a4 + (s — ¢) for s € I and by
assuming that the density of a;’s is constant (and strictly less than 1)
on a macroscopic portion to the right of a44,,. This computation leads
exactly to (2.25). We apply the steepest descent method on

The derivatives of the actions Sy and S with respect to £ read

%—lo (ug—f )
e B\Zie—w)’

051 uLtHE—e du 1 du
e%‘é a@»—aw1+s>*lgwﬁcmw—auu+o (2:27)

1 du
‘p“ﬁcmn—mW+a'

The stationarity condition gives £*, corresponding to the entry point of

u2
Yo He ~ / dg en(SotS), (2.26)
u2

—Zz

L

r

the tangent:

ug — & ! du B

Let us again introduce t = a(uj + &*) = a(uy) + £* the intercept of the

tangent line with the X —axis. We also define

2(t) = — exp {—p.v. /01 7%} : (2.29)

where we introduce the minus sign in the definition of z(t) for this range
of ¢ in order to match the parametric form of the arctic curve given
in [23]; it therefore implies x(¢) < 0. The above condition then becomes

2(t) = (eur + ug) — t) (1 — z(1)). (2.30)
The negativity of z(t) ensures that the condition (2.23) is satisfied.

By definition ¢t must be in [a(u1), a(uj +u2)], but the whole interval may
not be covered as we move z from 0 to +o0o. Let us split the integral
appearing in z(t) as follows

o du uituz -y 1 du
It:/ +/ +/ (231
W=} Za@ ) e upmi—aw Y
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with the prescription that the singularity of the integrand at u = a~(¢)
must be approached symmetrically from the left and from the right.

When ¢t is in the open interval Ja(u1), a(ui + ug)[, the singularity is in
the second integral, for which the prescription on how to approach the
singularity returns the principal value of the integral. Using the linearity
of a(u) in the interval [uy,u; + uz], we find

/u1 +uz du /m +u2 du
V. — = P.V.
PV e tmalw) P L = (aln) + (@ —w)

which takes all real values when t varies over the open interval. The

(2.32)

other two integrals are finite for ¢ in the open interval, but diverge as t
approaches the lower and upper bounds of the interval.

When t gets close to the lower bound a(uq), the integrands of the first
two integrals in (2.31) are singular, respectively at u; and uf Expand-
ing around these two points yields

1 1 1

alur) —a(w) "~ o/(uf)u—u’

u~ Ui (2.33)

Applying the prescription to stay at a distance e from the singularity,
we see that the first two integrals both contain a logarithmically di-
verging term, equal to —loge/a’(uy) for the first integral, log /o’ (u])
for the second one. As o/(uy) > 1 and o'(uf) = 1, the two di-
vergences do not cancel out. As e goes to 0, their sum diverges to
lime (1 — 1/a/(uy))loge = —oo. As a consequence, I(a(u1)) and
x(a(uy)) both diverge to —oo. A similar analysis for the upper bound
t — a(uy + ugz) of the interval shows that I(t) diverges to 4+00, and z(t)
tends to 0. By continuity the function I(¢) takes all values from —oo
to +o00 when ¢ is varied over the closed interval [a(u1), a(u1 + uz2)], and

correspondingly z(t) takes all values from —oo to 0.

It follows that z(t) takes all values from +oo to 0 when ¢ runs over
[a(uy), a(ur + u2)], equivalently the intercept £* covers the full interval
[0,u2]. In the rescaled domain, the equation of the tangent line of pa-
rameter ¢ passing through the points (0,t) and (a(u1) +u2 — 2(t), —2(t))
is then

()Y + (1—z()(X —t) =0, te€[a(w), alu +ug)l. (2.34)
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From the limits given above, the tangent has a slope 1 for t = a(uy),
and is vertical for ¢t = a(u1 + uz2) (see Figure 2.3).

Final results. In all cases, we conclude that
x(O)Y + (1 —z(t)(X —t)=0, t € Itrees, (2.35)

for Ifeer an interval of the real line where there is a freezing boundary
of one of the two kinds discussed above. The envelope of this family of
lines is constituted of all the portions of arctic curve, except for the ones
touching the upper boundary. These remaining portions of the arctic
curve that we have not analysed so far were derived in [23] by extending
the domain above the lower edge. Alternatively, these portions, that
will correspond to a range ¢t € [a(1),00] and t € | —00,0], can also be
accessed by extending the domain from below, in the following way. For
t € [a(1), oo we consider NILP of first kind and attach on the right of the
original domain a semi-infinite horizontal strip whose upper horizontal
edge is aligned with that of the original domain and of height (1 + a)n
with @ > 0 arbitrary. We then move O,, to the lower horizontal edge
of this extension. For ¢t € | —o0,0], we consider NILP of second kind
and use a similar semi-infinite horizontal strip, this time attached on
the left, also making O,, start from the lower edge of the strip. In both
cases, we recover x(t)Y + (1 —z(t))(X —t) = 0 by using the same kind of
arguments as above. The complete family of tangent lines for the tiling
problem of Figure 2.2 is represented on Figure 2.8.

Figure 2.8: Family of tangent lines for the defect distribution of Figure 2.2.
Blue lines correspond to frozen regions of U-type and red lines to F-type.

Retrieving the envelope of a family of tangent lines precisely corre-
sponds to an inverse Legendre transform that can indeed be used to
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find the equation X (Y') for different portions of the arctic curve [23].
More generally, given a family of curves parametrized by t described by
F(X,Y,t) = 0 with F sufficiently smooth, its envelope is constituted of
those points (X,Y) satisfying F(X,Y,t) = 0 and 0,F(X,Y,t) = 0, see
g. [93]. In the case at hand it leads to
{:L‘(t)Y +(1—2z(@))(X —t)=0,
x

/ / (2.36)
Y — 2/ (t)(X —t) — (1 — z(t)) = 0.

Solving the system above leads to the equation for the arctic curve:

Theorem 2.1.1. The arctic curve of the rectangoloid whose asymp-
totic defect distribution is described by a(u), as predicted by the tangent
method, is given by the following parametric equation

Xty — ¢ - T [L=a(0)]

[ () o (237
Y(t)_ $, t) ’

with t €] —00, 0] Ulfree,U [a(1),00[. When t belongs to a freezing interval
= —exp {—p.v. fol t_i“(u)} and in all other

of second kind we have x(t)

cases we have z(t) = exp {_ fol %

Discussion. A few comments are in order. Let us first briefly describe
the solution (2.37)—an in-depth analysis can be found in [23] and [78].
In the two particular cases mentioned above, namely the lozenge tiling
of the hexagon and of the Novak half-hexagon, the arctic curves are
respectively found to be an ellipse and a parabola, in agreement with
known results [8,92]. When freezing intervals are present, the arctic
curve is a bit more intriguing and presents cusps, see Figures 2.2 and
2.3. Perhaps more strikingly, the arctic curve is analytic, and we notice
retrospectively that all portions can be obtained from a single one by
analytical continuation. This appears to be a property of free-fermionic
models, but there is no completely general proof supporting this obser-
vation to the best of our knowledge. What is certain however is that
this property does not hold for non-free-fermionic models for which a
lack of analyticity may appear at the contact point with the boundary
of the domain [17,94]. It has actually been proven [95] that for a large
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class of boundary conditions (polygonal boundary, simply or multiply
connected) the arctic curve of lozenge tiling models is algebraic (i.e. can
be written as P(X,Y) = 0 with P a polynomial). It should be noted
however that for some choices of a(u) the rectangoloid domain does not
fall in this class and leads to transcendental curves, see [23] or [78].

2.2  Quarter turn symmetric holey Aztec domino
tiling

In this section, we apply the tangent method—as originally done by Di
Francesco and Guitter in [17]—to yet another tiling problem, first stud-
ied in [59]. We find it interesting in several regards. Firstly, it has a
combination of fized and periodic boundary conditions, a situation for
which not much is known regarding the arctic phenomenon, to the best
of our knowledge. Secondly, a new subtlety in the application of the
tangent method arises. Thirdly, its enumeration does not factorize into
small prime integers. Quite interestingly however, despite the lack of
closed form formula for the partition function, an asymptotic analysis
can be performed. This is achieved by using another remarkable prop-
erty of this model, namely the mysterious relation [17,59] it has with
the twenty-vertex model with domain wall boundary conditions of type
1. In [17], we treated these models conjointly. In this thesis however,
since it is otherwise independent, the twenty-vertex model is discussed
separately in Chapter 4. In this section, the aforementioned relation
is expressed a bit indirectly in terms of the six-vertex model with do-
main wall boundary conditions, which is itself naturally related to the
twenty-vertex model as explained in Chapter 4.

The tiling model in question is precisely defined in [59] and is called the
quarter turn symmetric holey Aztec domino tiling (QTHADT) model.
Loosely speaking, QTHADT are domino tilings of a 2n x 2n domain of
Aztec-like shape with a cross-shaped hole at its core that are invari-
ant under a 90° rotation around the center of the cross as shown on
Figure 2.9.

By symmetry, any configuration of the QTHADT model can be entirely
described by its restriction to some well-chosen subdomain. A natural



2.2. QUARTER TURN SYMMETRIC HOLEY AZTEC DOMINO TILING 57

Figure 2.9: Left: Sample configuration QTHADT along with the associated
NILP configuration in the fundamental domain (in blue). Right: Equivalent
description of the model as a tiling of a cone with a hole at its apex.

choice is the upper right quadrant, which we call the fundamental do-
main. The quarter turn symmetry imposes periodicity along two edges
of the fundamental domain, so that configurations of our model can
be seen as a tiling of a cone as seen in Figure 2.9-right. This figure
also shows that configurations in the fundamental domain may be de-
scribed in terms of NILP whose definition is a bit different than those
previously met. The main differences are that the number of paths p
can vary (p = 0,1,--- ,n, see Figure 3.1 for an example of p = 0 and
p = 1) and that the starting and ending points of a given path must be
placed symmetrically on the horizontal and vertical axis—modulo a unit
shift—due to the periodic boundary conditions. In the reference system
of Figure 2.9-left the starting points are at (0,1 + ix) while the ending
points are at (ig,0) for k = 1,2,--- ,p and i = 1,2,---,n — 1. The
elementary steps are {(1,0), (1,—1),(0,—1)} and the first step can only
be (1,0) or (1,—1). The appearance of an arctic curve may be under-
stood with a similar heuristics as for the Aztec diamond case, the only
difference is that the extremities (i.e. starting and ending points) are
not fixed. Entropic considerations indicate that these extremities should
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be distributed sparsely near the cross and densely near the boundary of
the domain.

We slightly generalize the model by introducing an extra weight v > 0
per diagonal step, which amounts in the tiling language to assign a
weight v to a particular type of tile (in green in Figure 2.9-right). In
the limit v — 0 a QTHADT reduces to a lozenge tiling discussed in [96]
that are in bijection with descending plane partitions (DPP) (see Figure
2.12).

2.2.1 Boundary one-point function

Partition function. It is often useful—and the case at hand is no
exception—to compute the partition function before trying to evalu-
ate boundary one-point functions. For completeness we reproduce (and
slightly generalize) the computation done in [59]. A LGV determinant
enumerates NILP with fized starting and ending points. We start by fix-
ing the i;’s and later on we sum over all the possible starting and ending
point positions. Let M; ; be the number of paths (with the required re-
strictions) from (0,7 +1) to (7,0). The offset in the indices is introduced
for convenience and is related to the unit shift mentioned above. The
number of NILP with fixed i;’s is the determinant of the submatrix
obtained by keeping the rows and columns indexed by i1, --- ,7, noted
|M| ZZ The partition function of the QTHADT model is hence

(ARSI

An()=>" ST M= det (8i+ M), (2.38)

o . Bl 0 j<n1
p=0 0<i1 <ig<---<ip<n—1 -

where we used the von Koch formula®, see e.g. [97]. The matrix elements
A;j = 6;j+ M; j can be obtained from the generating function F4(u,v)
given by

1 N (I4+v)u
l—uwv  (1—u)(1—u—v—~yuv)

Fa(u,v) = Z A jutv? =

1,720

. (2.39)

This equation is deduced from the generating function Fps(u,v)
=250 M; ju'v?. One can evaluate Fj(u,v) entirely in the language of

5This identity may be proven by Taylor expansion of the polynomial
deto<i,j<n—1(0i; + 2Mi;).
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generating function (using recurrence relations for M; ; is also tractable).
There are two possibilities for the first few steps after the starting point.
Either a path has k > 1 horizontal steps (generated by 1) followed by
a vertical step (generated by v), or it has k > 0 horizontal steps (gener-
ated by ﬁ) followed by a diagonal step (generated by yuv). Notice that
we took into account our restriction that there can be no (0,—1) step
directly after the starting point. After these few initial steps we have in

both cases an unconstrained path generated by m Combining
all these observations we conclude that
1 U 1 1
F = 2.40
b () v(l—uv—Fl—uvuv)l—u—v—”yuv’ (240)

where the prefactor 1/v accounts for the unit shift in the definition of
M; ;. This concludes the proof of (2.39). Using this result one gets [59]

An(y=1) =1,3,23,433,19705, 2151843, - - - . (2.41)

As already mentioned, the prime factors that appear in the decompo-
sition of these numbers are not small (e.g. 2151843 = 3 - 17 - 42193).
Hence, there is not much hope of further simplifying det(A4; ;), which is
often a first step to find a simple formula for boundary one-point func-
tion [22,23,25,27]. In our particular case, such a simple formula is not
necessary for the asymptotic analysis.

Refined partition function. The path enumeration may be refined
as follows: we introduce an extra multiplicative weight 7 per horizon-
tal step along the row of maximal height. This notion of refinement
is closely related to the one we already discussed, the connection be-
ing the extraction of coefficients of the refined enumeration, which is a
polynomial in 7. For paths that start at position (0,n) the refinement
changes the weight as follows: paths are obtained either by combining

at least one first horizontal step (an arbitrary k& > 1 number of them,
lzZu
combining an arbitrary number k£ > 0 of horizontal steps (generated by
1
1—71u

a path starting at height n—1 (generated by #) The net result

V—YUV

is a change A— A(7) =1+ M (7) where M (7) differs from M in its n-th

generated by ) followed by a vertical step (generated by v), or by

) followed by a diagonal step (generated by vyuv), both followed by
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column only, now generated by

- 1( Tu 1 1
ZMm_l(T)uZ = - ( v+ ’yuv)
P v \1—71u 1—71u Il—u—v—7yuv|mna

(T +7)u
(I—=7u)(1 —u—v—~yuv)

(2.42)
pn—1
The refined partition function is given by deto<; j<n—1(A;i;(7)). We con-
clude from the previous discussion that the complete generating function
for A(7) is

FA(T)(uaU)
n—1
__ b (1+7)u I fa e A e e (L+yw)" e
l—w (l1—-uw)(l—-u—v—yuw) |l—-7u 1—uf (1—u)"
_ 1 N (I+7)u N (t—1u 1+ yu nvn&'
l—uww (l—uw)(l-u—v—ruv) (1—-—uw)(1l—-7u)\ 1—u
(2.43)

The tangent method requires to compute the asymptotics of dzte(t"?%)).

Deducing it from (2.43) is quite a challenging task, there is no gen-
eral recipe for a given generating function. Quite conveniently, this
quantity is actually linked to the boundary one-point function of the
six-vertex model with domain wall boundary conditions, whose asymp-
totics is known [14,15,98].

Connection with the six-vertex model. The precise definitions of
the six-vertex model and of the associated weights are not central for the
argument and will be given in Chapter 4. The refined partition function
for the six-vertex model with domain wall boundary conditions, with
vertex weights a, b, ¢ and an extra weight o per horizontal step in the
top row (in the osculating path formulation) is det(B(c)), where the
matrix B(o) = (B;,j(0))o<i,j<n—1 is generated by

1 TU

FB(O.)(U,U) = 1 — uv + (1 _u)(l —Yyu —v — (I‘ - y)UfU)

(0 —1)zu (1 + (z — y)u>nvn1
(1—uw)(1—=(y+z(c—1))u) 1—yu ’

(2.44)
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with )

b 2

x = <) , Yy = (E) . (2.45)

a a
The proof of (2.44) is given in [99] and a similar computation is also done
in [59]. Comparing with the expression found in the previous section,
we are led to identify y = 1 and x = 1+y. In the usual parametrization
a =sin(A+n), b = sin(A—n) and ¢ = sin(2n), this corresponds to taking
A =7 — 3n, so that a = ¢ and b/a = 2 cos(2n) and further imposing

v =1+ 2cos(4n). (2.46)

The generating functions Fj(,)(u,v) and Fp(g)(u,v) are therefore iden-
tified upon taking

r=y+a(c—1)=1+1+y)(c —1) =1+4cos*(2n)(c —1). (2.47)

Notice that if we specialize this result to o = 1 (implying 7 = 1), we
conclude that the (non-refined) partition function of these two models
also coincide.

2.2.2 Tangent method for the QTHADT

There is a subtlety in the application of the tangent method, arising from
the non-fixed nature of the paths extremities. Configurations without a
starting point at (0,n) exist. For example, using the tiling on Figure 2.9-
left, a single flip of dominoes—only one of which is in the fundamental
domain—allows to obtain such a configuration. Those configurations
are however almost surely not observed in the n — oo limit. This
is well understood heuristically, but the argument can be made more
precise. The probability of not having a starting point at (0,7n) is found

to be P(no path at (0,n)) = A£;1 R~ (%)7%, where we used a result

from [59]. Hence, this event is exponentially suppressed. To apply the
tangent method we move the starting point of the outermost path to
(0,n + M), as indicated on Figure 2.10.

The entry point in the original domain is at (L, n). We wish to compute,
in the scaling limit, the most likely entry point at £ = L/n as a function
of m = M/n. In a similar way as in the rectangoloid case, we consider
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i1dy i3 dg=n—1

Figure 2.10: Extension of the domain to apply the tangent method. The
starting point, assumed to be located at (0,n), is moved to (0,n + M). The
entry point of the path is at (L, n).

the sum

ﬁééﬂﬁﬁﬁxw, (2.48)

L=0 An
where Y}, 1 enumerates paths in the extension. Thanks to the results of

the previous subsection we have % = hp(0o(7))|,;z, where hy, (o) is
the generating function of the one-point function of the six-vertex model
with domain wall boundary conditions, defined in [20], with the weights
given in the previous subsection. The asymptotics of the problem is
captured by the function

f(0) = lim > log(hn(0)). (2.49)

n—00 M,

An in depth analysis of f(o) is provided in [15] using results of [98], see
also [14] for an alternative computation. It is explicitly given in [15]
when the argument is parametrized in a specific way. Particularizing
their result for the present weights we get

b sin(2an) sin(af) sin(4n — §)
f(o(§)) = log (asin(477) sin(§) sin(a(2n — f))) ’

, (2.50)
4 _
7= a(6) = 2oos(2n) Syl =5,
with a = W_L%, leading to
r(o(€)) = 21 +E) (2.51)

sin(2n — §)
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This defines implicitly f as a function of 7. We are now in a position to
perform the saddle point analysis

— An(7)|,2 )|TL / /mm(m ) 7{ o (So(£7)+51(Em.8))
2 at 9 P omi

L=0
(2.52)
We used the Cauchy integral formula and some basic combinatorics to
evaluate the asymptotics of Y, ,¢, and in so doing made an integral
over the (rescaled) number of diagonal steps in the extension ¢ appear.
We may get the most likely value of ¢ for fixed m by extremizing the
appropriate action Sy(¢,7) + S1(¢,m, $), over ¢, T, $, where

SO(& T):f(é(T)) _Elog(7)7 (2 53)
S1(,m, ¢)=L(L+m—¢)—L({—¢)—L(m—¢)—L(d)+log(v),

with £(x) = xzlog(z). A natural way to proceed would be to solve the
saddle point equations, to eliminate £ in order to find 7(¢) and ¢(¢)
and deduce the equation of the family of lines parametrized by £. It
should be noted however that the parametrization bears no particular
significance, so that we are free to use the most convenient one. This
trick is extensively used in the application of the tangent method [17,
20,26,29]. In our case we choose the parameter &, this gives

A (3) LM=9)m=9) _y LEm—¢
Tar T () p(l+m—9¢) 7 L—9¢
(2.54)

f(€) = p(8),

and finally

£ L+ _
m 1+ (T(&) = 1)(1(&) +7) B(&). (2.55)

The equation of the line through the endpoint (0,1 + m) and the entry

point (¢,1) is (y 1)+ 2z —¢ = 0. Hence, the equation for the family of
tangent lines, now parametrized by &, reads B(§)(y — 1) +z — p(§) = 0.
We end up with the following parametrization of the arctic curve:

Theorem 2.2.1. The central portion of arctic curve of the QTHADT
model in its fundamental domain, as predicted by the tangent method, is
given by

£€€10,2n], (2.56)
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where

sin(2n+¢)sin(2n—¢§)
sin(4n)

(2.57)

p(&) = o (cot(ag) +cot(a(2n—E)) —cot(§) —cot(4n—¢)

_ sin(2n + &) sin(2n — &)

)

B(6)

sin(&) sin(4n — &)

Figure 2.11: Typical configurations of the QTHADT for n =100 for several
values of vy=1+42 cos(4n). We show only the fundamental domain.

The range of £ in (2.56) is deduced from the constraint that m € [0, o],
itself dictated by the geometry of our extension. It is easily checked that
z(§) = y(2n—¢) hence the arctic curve is symmetric under x <> y, as ex-
pected. The range £ € [0, 2n] only describes a portion of the arctic curve
from (z,1) to (1,2) with z = x(0) = y(2n). We expect that the above
expression extends to the range £ € [max(—2n,2n — 7/2), min(4n, 7/2)],
leading to two additional portions from (0, 2’) to (z,1) and from (1, 2)
to (2/,0), with 2/ = z(min(4n, 7/2)) = y(max(—2n,2n — 7/2)).
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Figure 2.12: Typical configuration of the QTHADT for n =100 in the limit
v — 0, represented in three different ways. Left: Fundamental domain, with
a plot of the predicted arctic curve. Center: 4-fold symmetric domino tiling
on the whole quasi-square domain. Right: Rotationally symmetric rhombus
tilings of a holey hexagon. Notice that a shear transformation is applied to the

domain, so that the rotational symmetry is less apparent.

In Figure 2.11, we compare the prediction of Theorem 2.2.1 with nu-
merics and find a good agreement. This completes the description of
the arctic curve in the fundamental domain. The full arctic curve is ob-
tained by iteratively applying 90° rotations to the fundamental domain
arctic curve. Note that, in general (for v # 1), these new copies differ
from the analytic continuation of the fundamental domain copy.

The rotationally symmetric rhombus tilings of a holey hexagon—itself
in bijection [96] with DPP—are a special case of QTHADT. For this
rhombus tiling model, the fundamental domain has a rhombic shape
drawn on the triangular lattice. Two extra copies of this domain ob-
tained by two 120° rotations around a central triangular hole of size
2 x 2 x 2 are added so as to form a quasi-regular hexagon of shape
nx(n+2)xnx(n+2)xnx(n+2). The tiles are elementary rhombi
covering two adjacent triangles and we demand that the tiling config-
urations be symmetric under 120° rotation. The version of this model
shown in Figure 2.12 is obtained by applying a shear transformation,
that turns the fundamental domain into a square. The tiling problem
then has a NILP formulation which corresponds precisely to our set-
ting but without diagonal steps, which can be imposed by fixing v = 0
(equivalently n = 7/6).



66

CHAPTER 2. ARCTIC CURVES IN TILING MODELS




Chapter 3

Simulations

This Chapter is based on (unpublished) joint
work with Jean-Francois de Kemmeter and
Philippe Ruelle

In the previous chapters, multiple figures show large random tilings. A
curious reader might wonder how to generate a tiling, or more generally
a configuration C of a two-dimensional statistical model, according to
a prescribed probability distribution m(C). There are several ways of
approaching this problem. By definition, a valid strategy is to construct
the collection of all configurations (of a given domain), compute the
associated probabilities and sample a configuration according to these
probabilities. However, such an algorithm quickly becomes impractical
since the number of configurations typically grows as e’ (with ¢ > 0
and n the linear size), so that brute-force enumeration is already impos-
sible for modest values of n. For example, there are more tilings of the
Aztec diamonds of order n = 25 than protons in the observable universe.

3.1 Markov-chain Monte Carlo algorithms

In this section, we sketch some aspects of another approach, which
is particularly versatile and also constitutes a vast field of study (see

67
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e.g. [100]). The idea is to start from an easily constructed configura-
tion Cp, like for example a tiling with only horizontal dominoes. A large
number N of random modifications called steps—each outputting a valid
configuration—are then performed Cyp — C; —---— Cx. Each of these
steps C — C’ only depends on the current configuration C: the transi-
tion probability p(C — C’) is independent of previous configurations and
of the number of steps taken before, hence this whole process consti-
tutes a Markov chain with a finite state space (we only consider models
with a finite number of configurations). The probability of observing a
configuration C after this procedure is Pn(Co — C) = > o Pn—1(Co —
Cp(C" — C), with Py(Co — C) = d¢c,- The goal is to design a Markov
chain in such a way that after enough steps N the initial configuration
Cp is forgotten and Py (Cy — C) ~ 7(C).

An important property shared by the Markov chains that are relevant
in our numerical simulations is ergodicity. A finite state Markov chain is
ergodic if 3k € N such that V Cy, C we have Py (Cy — C) > 0. Notice that
k is the same for all Cyp and C. For finite Markov chains, this property is
verified if every state can be reached from any other by a finite number
of steps and if the probability of remaining in the same state at any time
step is non-vanishing. We have the following theorem

Theorem 3.1.1. (Doeblin [101]) A finite state ergodic Markov chain
with transition probabilities p(C' — C) has a unique distribution P(C)
that satisfies

P(C)=> P(C")p(C —C) (3.1)
c/
called its stationary distribution. We also have V Cy

lim Py (Co— €) = P(O). (3.2)

Hence, ergodicity suffices to ensure that the Markov chain indeed for-
gets the initial configuration Cy and that the probability to observe a
given configuration C converges to a unique distribution P(C), when the
number of steps goes to infinity.

It remains to devise the transition probabilities in such a way that
P(C) = n(C). Using the property > . p(C — C’) = 1 Equation (3.1)
is equivalent to 3¢ e P(C)p(C — C') = 3 ¢rse P(CN)p(C" — C), which
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is called the global balance condition (GBC). A stronger but easier to
check condition ensuring that the GBC holds is the detailed balance
condition (DBC), namely

PC)p(C — C') = P(C)p(C — C). (3.3)

If we can find p(C — C’) such that the DBC is satisfied for P(C) =
7(C), then Theorem 3.1.1 ensures that the Markov chain converges to
the prescribed distribution P(C) = w(C), which is hoped to be well
approximated by Py (Cop — C) for large N.

The design of an ergodic Markov chain that satisfies the DBC (or only
the GBC) must be adapted to the model under consideration, but some
fairly general techniques exist [100]. We now show how to devise a
Markov chain that generates QTHADT with a general weight ~. In
other words, we want to generate tilings with a probability 7 (C) = %,
where w(C) is v to the power of the number of (1, —1) elementary steps
of C in its NILP description (see Figure 2.9). During each step of the
Markov chain, only local modifications are performed, as they involve
moves of pairs of neighbouring dominoes. These moves are of three
types. The first possibility is to flips 2 x 2 blocks of aligned dominoes
(@ BN IR @), strictly inside the fundamental domain. In
terms of NILP these moves (locally) modify the shape of a path, but
do not modify its extremities. The second kind of move is a flip of a
2 x 2 block that overlaps with the periodic boundaries of the fundamental
domain. In the NILP picture, these moves simultaneously shift a pair
of extremities a unit distance toward the center or away from it. Hence,
performing only those two kinds of move does not lead to ergodicity since
only tilings with the same number—previously noted p—of NILP as the
initial configuration Cy can be reached. The missing ingredient is a third
kind of move that we call “cross-moves”. They create or annihilate pairs
of starting and ending points near the central cross (see Figure 3.1).

We first show exactly how those moves are performed in the case v = 1.
Every step of the Markov chain goes as follows: select uniformly at
random a position (i,7) in the fundamental domain, on the lattice on
which the corners of the dominoes are located. If the 2 x 2 block whose
upper vertex e at (i, j) is entirely in the bulk of the fundamental domain,

or on the periodic boundary, then perform a flip ® > ® if possible.
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Figure 3.1: Left: “All-horizontal” configuration for n = 3, in the perfect
matching picture and the tiling picture. Right: Configuration for n = 3 having
a single path in its fundamental domain. In both cases NILP of the fundamental
domain are drawn. The two configurations are related to one another by cross-
moves, where dimers are shifted along the cycle surrounding the central cross,
which is best seen in the perfect matching description.

If (i,7) is adjacent to the cross, perform a cross-move if possible. If
the selected site does not allow any move, the configuration for this step
remains unchanged. This—perhaps counter-intuitive—way of dealing
with “forbidden moves” is ubiquitous in Markov-chain simulations [100].
One can check that the Markov chain we just defined is ergodic, since
any configuration of QTHADT can be attained by a finite sequence
of steps and because the probability of letting the current configuration
unchanged is always non-vanishing. Moreover, the transition probability
is symmetric p(C —C’) = p(C" — C) and hence the DBC is satisfied for
the uniform distribution 7(C) = m.

The Markov chain for general «y is nearly identical. The only difference

is that if the selected site (i,7j) allows for a move C — C’, then this
move is performed with a probability equal to min(l, %), called the
Metropolis acceptance probability [102]. The DBC is satisfied for 7(C) =

131075(0'3)' Notice that in the Metropolis acceptance probability a lot of

w(C")
w(C)
Ay, (v)—which leads to simple expressions only involving the local change

terms of the ratio typically cancel—including the partition function

of weights which the move C — C’ entails.

In actual implementations of Markov chains, it is always a good practice
to consider a small domain and run the algorithm a large number of times
to check that the correct distribution is obtained. Figure 3.2 shows a
typical verification of our implementation. Another important issue is
the choice of a number of steps N such that the distribution is close
enough to the stationary one. Upper bounds on the mixing time can
be computed for some Markov chains [103], but may be difficult to get
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Figure 3.2: Observed frequencies of QTHADT for n = 3 and v = 1/2, com-
pared with the corresponding theoretical probabilities (measure on 230000 con-
figurations).

and may not be useful in practice. Heuristic techniques such as the
study of the auto-correlation time are sometimes used [104, 105]. In
our case, we stop the simulation when the arctic curve is stabilized,
as in [106]. Figures 2.11 and 2.12 were generated using this criterion.
Such heuristics might be problematic in cases where the Markov chain
exhibits a metastable behaviour [107].

The above construction of a Markov chain using local moves is quite ver-
satile and may be easily extended to a wide variety of two-dimensional
statistical models [100, 105, 106]. Several such Markov chains are used
in this thesis. Most of the details of their implementations are spared
to the reader, except for the one generating twenty-vertex model con-
figurations, which was not discussed in the literature, see Chapter 4.
We now briefly stress some limitations of local moves Markov chains
and present several alternative algorithms. One issue is their painfully
slow convergence in models that are critical, which is the case of the
dimer model (a phenomenon called critical slowing down). Cluster al-
gorithms alleviate this problem by performing moves on large clusters
of local degrees of freedom [108-111]. A more practical way to boost
the speed of simulations is to take advantage of the high parallelization
capabilities of modern computers in order to perform local moves in
parallel [112]. Another issue is the finite stopping time N. A very nice
algorithm due to Propp and Wilson called coupling from the past almost
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surely stops after a finite time and is guaranteed! to output the station-
ary distribution [107]. The shuffling algorithm—again due to Propp and
Kuperberg—combines the advantages of all these alternative algorithms
at once [63].

3.2 Shuffling algorithm and fluctuations

There exists yet another kind of algorithm to generate tilings, which
appears counter-intuitive at first glance. In the Markov chain approach,
the starting point is a trivially constructed configuration of a domain
whose brute force sampling cannot be achieved in practice. The idea of
this other approach is to first consider a trivial domain whose configura-
tions can easily be enumerated and that can hence be directly sampled.
One then constructs, according to some—not entirely deterministic—
rules, a configuration of a larger domain on which a direct enumeration
is slightly more complicated. This procedure is repeated until one ob-
tains a configuration of the desired domain. The rules must be designed
in such a way that at the end of this construction, a valid configuration
is output with the desired distribution. The shuffling algorithm dis-
cussed in Appendix A is an instance of this approach applied to Aztec
diamonds. In this case, the trivial domain is an order n = 1 Aztec dia-
mond having only two tilings, and at every step of the algorithm—that
involves domino creation—a tiling of order n is turned into one of order
n + 1. A shuffling algorithm for the Novak half-hexagon exists [92] and
a generalization of the shuffling algorithm [86] allows to generate tilings
on any domain that can be embedded in an Aztec diamond.

We now know how to generate a tiling with a prescribed probability dis-
tribution. One can go further and generate a large amount of tilings in
order to estimate various aspects of their statistics. In this section, we
focus on domino tilings of the Aztec diamond (AD) in the large linear
size limit. The associated statistics are accessible analytically and have
been extensively studied [7,56,85,113,114]. Conveniently, the domino

LA practical requirement for an efficient implementation is for the set of configu-
rations to admit a partial order (noted <) that is preserved by the moves [100,107].
Such a partial order is easily found in models that have a height function descrip-
tion [107,112].
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shufling algorithm introduced above provides an extremely efficient and
reliable way to generate such tilings with the uniform distribution (see
Appendix A for a proof). The numerical results presented in this section
are computed using a collection of 100 000 tilings of the (uniform) Aztec
diamond of order n = 500, generated using the shuffling algorithm. We
optimized the implementation so that a tiling with n = 500 is produced
in ~ 6 seconds on a modern laptop. This is orders of magnitude faster
than a non-optimized Markov chain. For reference, an optimized cou-
pling from the past algorithm runs for ~ 900 seconds on a Nvidia Tesla
P100 GPU to generate a similar configuration [112]. To the best of our
knowledge there is no numerical study of the fluctuations in the Aztec

diamond, except brief ones in [112,115].
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Figure 3.3: Vertical passage probability density of the uppermost path,
where only integer and half-integer lattice coordinates where considered. Left:
Rescaled domain picture. Right: Zoom around (0, %) exhibiting lattice effects.

Despite the immutable appearance of tilings of large Aztec diamonds like
the one of Figure 1.4, there is still randomness hidden within it. One
way to uncover it is to zoom on the rescaled Aztec diamond. There are
several distinct regions on which to zoom that may—and do—exhibit
different behaviours, like the frozen region, the temperate region or most
interestingly, the vicinity of the arctic curve. In this section, we focus on
the latter case. More specifically we study NILP in the neighbourhood
of the highest point on the arctic circle (0, %) Figure 3.3 focuses on
the uppermost path and shows its vertical passage probability density.
The left picture shows that the density distribution is spread around the
arctic circle, in the rescaled domain. This finite size effect disappears
as n grows so that one has to zoom in an n-dependent way—as done
on the right picture—to actually see the fluctuations around the mean
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when n — oco. We will discuss shortly the precise zoom to perform in
order to obtain a non-trivial result.

| |
g ™
0 1 —-n 0 n

Figure 3.4: Left: Non-intersecting Brownian motions with the same starting
and ending points, respectively at 7=0 and 7=1. Adapted from [116]. Right:
Tiling of an Aztec diamond, in its NILP description. The uppermost paths,
seen as functions of the abscissa T'€ [—n, n], are noted X (T) with i=1,2,-
indexing the paths from top to bottom. The reference frame is such that
X1 (dn)=—1/2.

When n — oo the NILP around (0, \%) locally resemble non-intersecting
Brownian bridges around the maximum of their limit shape (see the grey
circles in Figure 3.4). This apparently rough resemblance turns out to
be quite deep as some aspects of the statistics of these two processes
have been rigorously shown to be exactly identical, once appropriate
rescalings (or zooms) are performed. More precisely, the Airy process
describes the fluctuations of the (suitably rescaled) uppermost Brownian
bridge mentioned above [117] and Johansson characterized the statistics
of the uppermost path as follows:

Theorem 3.2.1. (Johansson [115]) Let X} (T) be the vertical position
of the uppermost path of a (uniform) AD at a given lattice abscissa T
(see Figure 3.4) and Ax(t) the Airy process. Then,

X1(2_1/6n2/3t) _ n
" V2 2
i Al — 2, (3.4)
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as n — 00, in the sense of convergence of finite-dimensional distribu-
tions.

In particular, this theorem implies that, for a fixed rescaled abscissa
t € R and for all s € R,

X%(2_1/6n2/3t) _ %
( 9-5/6y,1/3 +12 < 5>: P(A2(t) < s) = Fa(s), (3.5)

lim P
n—+00
where Fy(s) is the (GUE) Tracy-Widom distribution. This distribution
also describes the (properly rescaled) largest eigenvalue of random ma-
trices in the gaussian unitary ensemble (GUE) [118]. Its most distinctive
features are its negative mean equal to —1.771.., its non-vanishing skew-
ness equal to 0.224.. and the asymmetric super-exponential decays of its

left and right tails [118], see Figure 3.11.

n_
V2
from the (putative) lattice position of the highest point of the arctic

In the above scaling, the shift by —-L allows to measure the distance
circle. The other details of the scaling might appear surprising at first
glance. Let us give some heuristics to develop our intuition [38,119].
Using the dimer density formula derived in [7] one can show that the
density of paths on the y—axis around (0, %) strictly vanishes from

above and behaves like , / % — gy from below. Assuming that this square

root behaviour also holds at the local scale and if L%J —Y}; denotes the
vertical lattice position of the k—th uppermost path, then we expect

Yi/n k
0 n

which implies that Y;, should be of order n'/3. In the scaling limit, an
infinite number of paths hence condensate to form the arctic curve. On
the lattice, outermost paths should be separated by a distance of order
n/3 and hence be typically far from each other. Since their mutual in-
fluence is limited, it is natural to expect a given path to behave roughly
as if it were not surrounded by other paths. Let us approximate its
behaviour by that of a single directed lattice path between fixed points
separated by a distance 1" on the lattice. For such a path, the standard
deviation is of order /T, see e.g. Subsection 5.1.2. Since the verti-

1/3

cal rescaling is already fixed to be of order n'/° we conclude that the
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horizontal rescaling should be of order n?/3.

Besides the vertical and
horizontal rescalings, equation (3.5) also contains an additive ¢? term,
which exactly compensates for the curvature of the paths around this

point of the arctic curve.

Up to now we remained intentionally evasive on the precise definition
of the Airy process and on the nature of the sophisticated mathemati-
cal tools needed in its study. Rather than elaborating on that (A2(t) is
defined in [113]), we collect some formulae from the mathematical litera-
ture and verify their validity. These results—most of which are gathered
in [97,120]—are often expressed in terms of a Fredholm determinant of
some operator. It is the case for (3.5), where the GUE Tracy-Widom
distribution is defined by the Fredholm determinant

F2($) = det (H — A0|L2[s,oo[) s (37)

where Ag is a limiting case of the extended Airy operator A; whose
kernel A;(z,y) is

[ e tAi(z + OAi(y + ) d¢ ift >0,

— [T e Ai(z — HAi(y — £ dE ift <0, (3.8)

At(x7 y) = {
with Ai(z) the Airy function of the first kind. The Fredholm determi-

nant of an operator K acting on functions f € L%([s,00]) as K f(z) =
[° K(z,y)f(y) dy is defined? as

oo oo

© (1)
det(H—K|L2[37m[) = 1+Zl (j') /S o det (K(x;, k) dxy - - 'd$j,
]:

s 1<i,k<j

(3.9)
with the condition that the restriction of K to [s,o00 is a trace class
operator, namely we have fsoo K(z,z)dx < oo. Definition (3.9) is im-
practical for numerical evaluations. The particular Fredholm determi-
nant (3.7) can be expressed in terms of the Hastings-McLeod solution
to the Painlevé II equation [118]. Numerical integration of this differ-
ential equation turns out to be quite involved [120,121], the main prob-
lem being the sensitivity to the boundary conditions—which must be
fixed asymptotically—in conjunction with machine precision. A much

2Tt could be seen as an extension of the von Koch formula used in (2.38) to the
case of operators acting on infinite dimensional spaces, rather than matrices.
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easier approach, which can be adapted to a wide variety of Fredholm
determinants, is due to Bornemann [97,120]. The numerical evaluations
of Fredholm determinants presented in this section is based on Borne-
mann’s method.

3.2.1 Uppermost path

In this subsection, we verify numerically some consequences of Theorem
3.2.1, which concerns the statistics of the uppermost path alone. Fig-
ure 3.5 presents a verification of equation (3.5) at T = 0. The table
in this figure compares some important moments of the measured and
theoretical distributions, namely the mean, variance, skewness and ex-
cess kurtosis®. In addition to showing a good agreement with (3.5), this
figure also highlights an unexpected dependence in the “parity” of the
underlying lattice points, which is a lattice effect. The precise nature
of these effects depends on the definition of the NILP, of which there
are many. Lattice effects manifest themselves dramatically when con-
sidering probability densities, as seen on Figures 3.3 and 3.6. It should
be stressed that probability density functions (PDF’s) are not predicted
by Theorem 3.2.1. It only describes joint cumulative distribution func-
tions (CDEF’s) with finitely many variables, which are totally blind the
aforementioned lattice effects.

Lattice effects are a consequence of the discrete nature of the elementary
steps, which favours some passage points over others. A part of the
explanation is that the access to certain points may be limited to one
kind of elementary step, like for the open blue dots in Figure 3.5. On the
other hand, the elementary step composition of a portion of path is not
uniform and depends on its average slope. Assuming that lattice effects
only modulate the PDF’s by a multiplicative factor, a simple heuristic
argument based on the analysis of the elementary step composition of
a single lattice path with fixed extremities of equal height gives a quite
convincing result, as seen on Figure 3.6. In the remainder of this section,
with the exception of Figures 3.8 and 3.9, we get rid of lattice effects

3The kurtosis of the normal distribution is equal to 3. Excess kurtosis measures
the departure from that value.
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Figure 3.5: Verification of (3.5) at T'=0, with Fz(s) computed from (3.7).
The colours correspond to the parity of X! (7'=0), see the picture on the right.
The table shows some moments (with their respective definition for a generic
random variable X) of the corresponding PDF’s, after smoothing out lattice

effects.

by counting the number of “hits” in “boxes” containing two or three

neighbouring passage points.

T
0.6 | s

. S vERe
“ oL T @V R o

g L Y . AD » (@] >
= 041} 1 “. fe) L

> : N ° AD
E » “ > o >
el ! "'2. r\ o

< B I i
_§ 0.2 :. ,‘r “?'T. ©

o ,’1. \'" 0]

P \'\\.‘
o --- — 'k-vo-——— N
| | | | | |

Figure 3.6: Probability density of the (rescaled) vertical coordinate of the
uppermost path at 7= —1/2. Colours correspond to the parity of X}(T =
—1/2), see the right picture. Multiplying the GUE Tracy-Widom PDF by
some factor computed heuristically gives a good agreement.
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The Airy process is translationally invariant in the ¢ direction [117].
Nothing changes if we inspect the passage probability at another fixed
T, apart from lattice effects which can be estimated using the heuristics
sketched above. The passage probability at a single fixed abscissa is
hence completely described. Theorem 3.2.1 is more general, as it char-
acterizes a whole process. We now consider two points of the uppermost
paths of different rescaled abscissa t. The joint CDF is given [120,122]
in terms of a slightly generalized Fredholm determinant of an operator
with a matrix kernel

)

A A
P(A2(t) <s1,A2(0) < s9)=det [[— (Aot A;)

L2[s1,00[®L?[s2,00

(3.10)
the definition of which can be found in [97], where a numerical evaluation
method is also provided. On Figure 3.7 we compare the joint PDF of
the rescaled version of X} (T) and the joint PDF of (3.10) for a given
t = 1/2. We also evaluate the covariance for several values of t. The
theoretical value of cov(t) = cov(Az(t), A2(0)) given by

cov(t) = E(A2(t)A2(0)) — E(Az (1)) E(A2(0))

2 < < 2
_ / 81826 P(AZ(t)781”42(0)782)(181(182— / SdFQ(S) ds
R2 081059 R ds

(3.11)

is confronted to numerical results in Figure 3.8.

Theorem 3.2.1 yields the joint probability distributions when finitely
many intermediate points 1, t9,- - - ,t; are considered. Let us finish our
analysis of the statistics of the uppermost path by considering a global
quantity that involves all the values of t. In [113] Johansson conjectured
that his result could be extended to a functional limit theorem (as done
in [123] for another model), which would then imply that

X1(2-1/6n2/3¢) —
lim P (max ( V2
n—-+0oo teR

9—3/21,1/3 2) < m) = F1(m), (3.12)

where Fj(m) is the gaussian orthogonal ensemble (GOE) Tracy-Widom
distribution, that describes the maximal eigenvalue of random matri-
ces in the GOE [118]. Notice that in (3.12) the parabola —t? is not
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Figure 3.7: Left: Theoretical joint PDF of A5(0) and As(t = 1/2), computed
from (3.10). Right: Corresponding joint PDF observed on our collection of
AD.

0.8} :
« AD
— Airy
=S 06 1
=
h
= 04} |
I\
s
>
g 02l .
e D
00000000,
O | CITTY
L L L L L
0 1 2 3 4

Figure 3.8: Covariance for the uppermost path at two different abscissae, com-
puted from our collection of AD, compared with the theoretical result (3.11).

subtracted and notice also that the power of 2 in the denominator is dif-
ferent? than in (3.5). The GOE Tracy-Widom distribution Fj(m) can
be expressed [97] as

1 . /x+
Fy(m) = det (I = Vil soc) vA<x,y>=2A1( 21’), (3.13)

where V4 (z,y) is the kernel of V4. Figure 3.9 presents a verification of
(3.12), at the PDF level. As a consistency check, one can compare the
means of the distributions of Figures 3.5 and 3.9 and indeed verify that
—1.771.. < —1.207...

Tt results from equation (1.14) of [123], where the right hand side should be
F(4'/3¢) as mentioned in [124].
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Figure 3.9: Verification of (3.12), describing the maximum of the uppermost
path. The table compares the moments of the GOE Tracy-Widom distribution

Fi(m) computed from (3.13) with those gotten from our collection of AD.

3.2.2 First few uppermost paths

It is natural to wonder about the behaviour of the paths directly below
the uppermost one. It is widely believed that, after an identical rescaling
as in (3.5), this collection of uppermost paths X! (T) (see Figure 3.4)
converges in the sense of finite dimensional distributions to the Airy line
ensemble Ab(t),i=1,2,---. This ensemble also describes the uppermost
paths of a system of non-intersecting Brownian bridges as shown in [117],
where a definition of A% (¢) is also found. Using our conjecture and results

from [120] we should have for i = O(1)

X1 (271/6p2/3¢) — NG . .
,ELH;OP< s LS s>=P<Aa<t> <5)=Fj(s), (3.14)
where
i—1 i ;
TRV e G I
F2(S)—j:ZO j‘ @det (]I — ZAO‘[P[S;FOO[) z:].- (315)

The distributions F} are exactly those of the i-th largest eigenvalue of
GUE matrices, in particular we have Fj(s) = Fy(s). Figure 3.10 shows
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Figure 3.10: Verification of (3.14), describing the vertical position of the first
few uppermost paths at T'=—1/2. Left: Direct comparison between (F%)'(s)
(dashed curves) computed using (3.15) and corresponding probability densities
observed in the AD (dots). Right: The blue dots are moments of (F3)’(s) while
the red crosses are moments computed from our collection of AD.

a comparison between the numerics on the AD and the prediction for
T = —1/2, at the PDF’s level. As i increases, the PDF’s of the first
few uppermost paths have a decreasing mean and variance, as one may
expect from the intuition that paths tend to “squeeze” other paths below
them.

We might wonder if the distributions Fi(s) are fundamentally different
from one another or not. To highlight those differences we standardize
the PDF’s, i.e. translate and scale it to set y =0 and o =1, for ¢ = 1
and ¢ = 2 in Figure 3.11. It appears that these distributions are quite
similar, once the expected dilatation and shift are removed. However,
they also differ, most notably on the asymptotic behaviour of their tails.
Regarding the right tail, (F})'(s) decreases less rapidly than (F3)'(s).
This is to be expected since the second path is limited in its upward
fluctuations by the uppermost path. At the left tail the exact opposite
behaviour is observed. The mechanism behind this behaviour is less
obvious, but it is consistent with the idea that the uppermost path is
kept from going downward by more paths below it.

The Airy line ensemble is a process that does not only describe paths
separately. It also encompasses the interaction between them. The joint
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Figure 3.11: Standardized PDF’s of the first two uppermost paths of Figure
3.10, 4 = 1 in blue and ¢ = 2 in orange. These two PDF’s most notably differ at

their tails as seen on the insets (in log scales). Numerical evaluation of the tail
behaviour requires a large collection of tilings, since they describe rare events.

CDF for the first two paths, at a common time ¢, is [97]

P(A3(t) <z, A3(t) <)
FQ(CE)

if z <y,

4o AO) ifz >y

T Ba(y) — | Zdet| I - (zAO 4

L2yaorle ool |,
(3.16)

As a last check of our conjecture, we highlight the correlation between
the two uppermost paths by using (3.16) to study the sum of the rescaled
vertical position of the first two paths at a fixed ¢, whose CDF should

be [120]
+o0 o

P(A3(t)+A5(t) < s) = 3 8—519(,4;(75) <& A1) < s—x)| dz. (3.17)

E=x
In Figure 3.12 this prediction is compared with the statistics observed
numerically on the AD, at the PDF level. This PDF is more spread than
the convolution of (F3})’ with (F%)’ which is the PDF we would get if the
first two paths were independent. This can be viewed as a consequence

of the non-intersection constraint.
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Figure 3.12: Study of the correlation between the two uppermost paths at
T = 0. In blue, probability density of the sum of the vertical position of the
two uppermost paths. In red, the convolution of the PDF’s of the first two
paths shows what would happen if the first two paths were independent. The
dashed curve are computed from (3.16) and (3.17), the dots are AD results.

3.2.3 Concluding remarks

The precise shape of arctic curves strongly depends on the model in
which they arise. For models that can be described in terms of NILP,
the Airy line ensemble is believed [38,117] to universally appear around
generic points of the arctic curve when the density of NILP is low.
This loosely defined notion of universality (see [125] for an introduction)
is particularly well exemplified by the GUE Tracy-Widom distribution
F5(s). This distribution has been found in a wide variety of seemingly
unrelated situations such as the interface growth in liquid crystals [126]
or in self assembling particles of various sizes [127], the zero-point fluc-
tuations of the leftmost particle in a one-dimensional system of non-
interacting fermions in a harmonic trap [119], the longest increasing
subsequence of a large permutation taken uniformly at random [128]
and the list goes on. We showed that some of these universal distri-
butions can be accessed numerically by using the shuffling algorithm,
which allows to gather sufficiently many large random tilings.



Chapter 4

Vertex models

This chapter is based on (unpublished) joint
work with Jean-Frangois de Kemmeter and
Philippe Ruelle and on [17] written with
Philippe Di Francesco and Emanuel Guitter

Beneath the apparent banality of an ice-cube are hidden fascinating ther-
modynamical properties. If we momentarily forget our daily experience,
we might be surprised to find that ice floats on water, which contra-
dicts the intuition that molecules (or atoms) are more tightly arranged
in the solid state than in the liquid one. A more technical property is
the non-vanishing entropy of ice at zero temperature [129], the so-called
Pauling’s residual entropy. These features are both intimately related
to the structure of ice. Ice is composed of HoO molecules, held together
by hydrogen bonds. The two hydrogen atoms of each molecule form
a—more or less—fixed angle that constrains the possible arrangements
of the molecules, resulting in the lower density of the solid phase. Or-
dinary frozen water I can be seen as a three-dimensional hexagonal
lattice having oxygen atoms at its vertices and hydrogen atoms on its
edges, close to the oxygen atom to which it is covalently bonded and
farther away from the neighbouring oxygen atom with which it forms a
hydrogen bond. The ice rule imposes that there are exactly two hydro-
gen atoms close to each vertex. Residual entropy is a consequence of the
large number of configurations allowed by the ice rule.

85
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A A

b1

R R

Figure 4.1: Top: The six possible arrow orientations around each vertex. Mid-
dle: Osculating paths representation of those six vertices. Bottom: Rules used
in Figure 4.3 in the one-to-many correspondence between 6V configurations

and domino tilings.

The six-vertex (6V) model was originally formulated as a very simplified
version of this problem [130-132] that has the good taste of being ezactly
solvable [54]. Tt is defined on a two-dimensional square lattice. On each
edge of this lattice lies an arrow that indicates to which oxygen atom
the hydrogen atom on this edge is the closest. An arrow may also be
seen as an electric dipole. As shown on Figure 4.1, the ice rule leads
to 6 = (3) possible arrow configurations around a vertex, hence the
name of the model. HoO molecules compressed between two layers of
graphene have been observed! to form solid nanometre-thick sheets and
to arrange in a square lattice [134]. In a model of ice, each of the
six possible vertices would be assigned the same statistical weight. We
consider here a more general situation where they carry weights denoted
ai, as, b1, ba, c1 and co. The model then also describes ferroelectric and
anti-ferroelectric materials [54]. The partition function is a weighted
sum over configurations C allowed by the ice rule and the boundary
conditions )

Z = Z H afvai bévbi cfvci, (4.1)

C i=1

where N,;, Np, and N, are the number of vertices of each type in con-
figuration C.

We restrict our attention to the subset of weights that are symmetric
under arrow reversal, namely a1 = a2 = a, by = by = b and ¢; = ¢ = c.

'The validity of this observation is still a matter of debate [133].
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Figure 4.2: Left: Phase diagram of the 6V model, for periodic boundary
conditions or DWBC. A common rescaling of all the vertices only changes the
partition function by an overall factor, hence only the ratios a/c and b/c are
relevant. We trace the contours of A in the range [—4,4]. Right: Description
of the phase transitions depending on the boundary conditions, showing results
from [54,98,135].

For periodic boundary conditions, integrability techniques such as the
coordinate Bethe ansatz allows to explicitly compute the free energy
per site [54]. The computation shows that depending on the value of
A= %, the model can be in three distinct phases, see Figure 4.2.
When A > 1 it is in the ferroelectric (FE) phase, when —1 < A <1
it is in the disordered (D) phase and when A < —1 it is in the anti-
ferroelectric (AF) phase. In the FE phase, the system is frozen: arrows
on parallel edges all point in the same direction, in the thermodynamic
limit. If a > b+ ¢, either (almost) all vertices are of type a; or of type
az. If b > a + ¢, they are either by or bs. As the name suggests, the D
phase is disordered, but a peculiar one, since (connected) correlations
decay with distance as an inverse power law, rather than exponentially.
The correlation length is hence infinite and the model critical in this
entire phase. In the AF phase, arrows tend to alternate in direction,
but (unlike the FE case) become almost surely frozen only in the limit
2 — 0 and ZE’ — 0. In this limit, vertices alternate between c¢; and

co. There are two possible arrangements. In the AF phase, correlations
decay exponentially.
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At this point the reader might have guessed that, as for tiling models, the
6V model is strongly influenced by boundary conditions. This property
was not a priori obvious and was first substantiated in [135], where a
dependence of the free energy per site on the boundary conditions was
demonstrated. Some boundary conditions lead to an arctic phenomenon.
The heuristics surrounding it may also be extended to the 6V model
since its configurations can be described in terms of osculating paths,
using the bijection shown on Figure 4.1. These paths differ from those
previously discussed in that they are allowed to share a vertex at kissing
points and in their weighting, which not only takes into account the
nature of the elementary steps, but also the exact order in which they
are taken.

The domain wall boundary conditions (DWBC) is presented on Figure
4.3. It was introduced in [136] to study scalar products in the XXZ
Heisenberg quantum spin-chain, using the quantum inverse scattering
method (QISM), see [137] for a review and Figure 6.10 therein for an
explanation of the name “domain wall”. By solving the recursion rela-
tion found by Korepin [136], Izergin proved [138,139] what is now called
the Izergin-Korepin formula for the partition function of the inhomoge-
neous 6V model with DWBC. The model is inhomogeneous in the sense
that the possible weights of a vertex depend on its position (,5). The
only constraint on this very general setting is that the A; j—defined in
the obvious way—must be independent of (i, j).

N 4 N
AN > AN AN

A 4 N
N N 7

4 4

Figure 4.3: Left: Configuration of the 6V model with DWBC, along with its
osculating paths description. Right: One of the corresponding possible tiling
of the AD, obtained using the rules of Figure 4.1.

The connection with tiling models goes beyond the heuristics of the
arctic phenomenon [98], as the 6V model with DWBC may be seen
as an interacting version of the AD tiling model, see Figure 4.3. The
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correspondence is not one-to-one, due to the ambiguity in the cy vertex,
but relates partition functions of the two models, when a = b = 1 and
c =2 (A = 0). Maybe unsurprisingly, the arctic curve is found to be a
circle at this special point of the phase diagram called the free-fermion
point [140]. It is natural to wonder what happens for other weights. The
phase diagrams look the same for periodic and domain wall boundary
conditions (see Figure 4.2), the only difference being the order of the
phase transition [98,135], and the nature of the phases (see simulations
in [106,109,111,141]). The FE phase is the least affected one as it is again
almost surely frozen in the thermodynamic limit. The only difference is
that now, if @ > b+ ¢, the north-west half of the domain is filled with as
vertices, the south-east half with aq vertices and there are ~ n vertices
of type co at the junction of these regions, on a diagonal of the square
domain. If b > a + ¢, vertices by and by each constitute approximately
half of the vertices, the remainder being ¢; vertices located on the other
diagonal. In the D phase, a central disordered region is separated from
frozen regions by an arctic curve. Correlations in the disordered region
decay algebraically. In the AF phase, three kinds of regions now coexist,
that we may label by D, FE and AF as they resemble configurations
in the corresponding phases, when periodic boundary conditions are
applied. An arctic curve again separates an outer frozen FE region from
a D region, but a third inner AF region also appears around the center
of the domain. In the AF region, vertices tend to alternate between
c1 and cp and correlations decrease exponentially with distance. This
AF region is separated from the D region by a star-shaped “antarctic”
curve, see [111] for illustrations.

The arctic curve of this model was derived for fully general weights
in [14,15,20]. The first successful approach [14, 15] was based on a
non-local observable called the emptiness formation probability (EFP),
whose asymptotic was extracted using the technical assumption that
the roots of some saddle point equations condensate. The EFP tech-
nique yields an arctic curve whose shape is the solution of F'(x,y,z) =0
and 0,F (z,y,z) = 0, which exactly describes the envelope of a family
of curves parametrized by z, which moreover turned out to be straight
lines. This observation was then elevated to a universal geometric prin-
ciple by the development of the tangent method [20], which provides an
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alternative derivation of the arctic curve. To the best of our knowledge,

no analytical results are available for the antarctic curve?.

4.1 Six-vertex model with pDWBC

There exist other boundary conditions (all resembling DWBC in some
way) for which the 6V model exhibits an arctic curve [105]. The reflect-
ing boundary conditions have been studied analytically in [29, 30, 142].
In this section, we study the 6V model on a rectangular n x s (with
s < n) domain with partial domain wall boundary conditions (pDWBC).
These boundary conditions are a mixture of fixed and free boundary con-
ditions. In the case of pDWBC, arrows on the upper boundary of the
rectangle are free, see Figure 4.4. Because of the ice rule, there are
exactly s down arrows on the upper boundary. For s = n, pDWBC
exactly reproduce DWBC. The path description of the configurations
with pDWBC involves s osculating paths. They start from the s edges
on the left boundary and end at s distinct edges on the upper boundary,
whose position is not imposed. Heuristic considerations are quite simi-
lar to previous cases, in particular the heuristics for the free endpoints
is analogous to that for the starting and ending points on the periodic
boundary of QTHADT. The difference however, is the existence of kiss-
ing points that allows for a new kind of frozen region of high path density
composed of ag vertices. An arctic phenomenon occurs in the D and AF
phases [141]. In the FE case, the partition function was studied in detail
in [143], but as for DWBC, with no arctic phenomenon.

For DWBC, one may impose that a; = a9, by = by and ¢; = co, without
loss of generality. Indeed, for fixed boundary conditions the number of
horizontal and vertical steps is fixed, and so is the difference between the
number of left-turns and right-turns. This leads to four conservations
laws, namely it fixes Ng, + Ng, + Ny, + Np, + Ney + Ney, 2Ngy +2Np, +
N¢y +Ney, 2Ng, +2Np, +N¢, +N,, and N, — N, , which enable one to

2The shape of an antarctic curve has been derived in [9] for the two-periodic AD,
see also [80] for more complicated weights. In this context, the disordered region is
called “liquid” and the central AF region is called “gaseous”. It should be stressed
that a liquid or gaseous region in the 6V model has nothing to do with water or
steam.
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Figure 4.4: Left: Configuration of the 6V with pDWBC for s =4 and n = 6.
The arrows in red are fixed. The upper boundary remains free and must contain

s down arrows (in blue) due to the ice rule. Right: Osculating paths description

of this configuration.

always impose the aforementioned conditions. In the pPDWBC case, the
number of horizontal steps is not fixed and imposing a; = as, by = bo
and c¢; = c9 is a restriction. Asymmetric weights also lead to interesting
arctic phenomena for other boundary conditions [16,144]. For pDWBC
it was shown numerically that this asymmetry deforms the arctic curve
[105]. In this section, we use the tangent method to compute the arctic
curve in the symmetric (free-fermion) case a = b =1 and ¢ = /2.

4.1.1 Family of tangent lines

The geometrical setting for the tangent method is identical to that of
the DWBC case, see Figure 4.5. The two derivations differ in the only
non-trivial part of the tangent method, namely the computation of the
asymptotics of the boundary one-point function Hflks), encompassed in
a function called r,(z). For completeness and to introduce the nota-
tions, we briefly recall the determination of the family of tangent lines

F(x,y, z) in terms of r,(z), which is identical to that of [20].

The one-point function H,(Iks) is the probability of observing the only
type c vertex of the bottom row in the k-th column (with 1 <k<n), see
Figure 4.4. To its left are k—1 type b vertices and to its right (n—k)
type a ones. In the osculating paths description, Héks) is the probability

that the outermost path takes its first upward step at position k. It is
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Figure 4.5: Left: Tangent method set-up, on the lattice. Right: Rescaled
domain picture. The blue portion is the one accessible using this extension.

given by
Z(®)
HE) =pte a”*k;’is‘l, (4.2)
n,s

where ngs)_l is the partition function of a 6V model on a n x (s—1) grid

with slightly modified pDWBC, in the sense that the bottom line has a
down arrow at position k. A natural quantity to consider when dealing
with inhomogeneous models is—as will become clear with (4.19)—the
generating function of the one-point function

hns(z) =Y HEF) 271 (4.3)
All we need to know about its asymptotics is captured in
) 1 d
re(z) = lim —zilog hn,s(2), (4.4)

n—-+oo N

where the aspect ratio o = 7 is kept fixed. Indeed, r,(2) can be used to
compute S, (¢) = lim,, 0 % log H,(zks) . The link is established by studying
the asymptotics of (4.3),

1
() = / dC eM1S7(Q)+C1082] 1 GnlSs (¢ +¢" log 2] (4.5)
0

with (* solution to the saddle point equation. We then have

{Sz,(c*) = —logz,

4.6
ro(2) = ¢, (46)
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and hence S,(¢*) is related to r,(z) through some kind of Legendre
transform. The two relations of (4.6) may also be seen as being the
inverse of each other. It will turn out to be sufficient to only have
an explicit expression for r,(z), computing S,(¢) is not mandatory for
the present purpose, even though such objects are at the heart of next
chapter. Notice that in (4.5), we supposed 7,(z) € [0,1], which can be
verified when z > 0 using the explicit formula r,(z) derived below.

To apply the tangent method we extend the domain as shown on Figure
4.5. Once again, the partition function of the extended domain Z&**
can be expressed as a sum over the entry point k& of two independent
partition functions. If we parametrize the weights as t = g and ¢ =

V1 —2At +t2, we get

Zyt _ 1 ! H®) Yy, 4.7
Zn,s _;a"tk—lx/l—QAt—i—t? e e 1)

n

where Y}, o is the partition function in the £ X n extension that includes
all vertices below the dashed line in Figure 4.5, with a prescribed exit
point at column k. To evaluate Y}, , simply notice that in the extension
N¢, = N, +1. The enumeration for a fixed m = N, is straightforward,
and we find

() RGO e

Injecting into (4.7) we obtain

zext - 2 k=1 [(—1\ [1-2At+£2\"
Zn_ _ o n(L) -l E ' (k) E : i LI
Zn.s “ t p Hns ( m )( m )( t? > - (49)

m=0

The asymptotics is given by

Zext 1 K
-n_ za"(z_l)té/dm/ dne”s(“’”’“), (4.10)
Zn,s 0 0
where
S(k,n,u)=Se(k)+L(k)—L(n)—L(k—n)+L(w)—L(n)
2-2At+1 (4.11)
—L(u—n)+nlog < 2 + >’
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with £(x) = xlog(z). To find the most likely entry point x* in the
rescaled domain, we perform a saddle point analysis. The saddle point
equations are

S (K*)+log(k*) —log(k*—n*) = 0, (4.12)

. . . t2—2At+1
—2log(n*)+log(k* —n*)+log(u—n*)+log <t2> =0. (4.13)

Using (4.6), we deduce from (4.12) that
S! (k%) = —log ( n *) = z= n K*(2) = re(2).
—_— ’r] —_—

K'/*
(4.14)
We now have all the ingredients—with the exception of a formula for

ro(2)—to compute the family of tangent line. We should solve the im-
plicit equation (4.14) to find n*(k*) and then inject this solution into
(4.13) to find k*(u). Instead of doing that, we choose to parametrize the
family of tangent lines by z instead of u. In those terms the family of

R (u(2))

u(z)
There remains to express '"/”*SZZ()Z D) as an explicit function of z. Solving

lines is

F(z,y,z) =z — y—1s(2) =0. (4.15)

the quadratic equation (4.13) and using 27! = 1 — ZI, one gets after

elementary manipulations

*(u(z)) 282 —2At+1)

= . 4.16
u(z) (z = 1)(t22 — 2At + 1) (4.16)
Hence, we conclude that
2(t? — 2At + 1)
F =z — —ry(2) =0. 4.1
(@) =a - s () =0, (41)

The remainder of this section is devoted to the computation of r,(2),
which heavily depends on the model at hand.

4.1.2 Almost homogeneous limit

We consider the vertically inhomogeneous 6V model with pDWBC where
vertices on line j (numbered from 1 to s from top to bottom) are assigned

aj=1, bj=t;, c¢;j=/1-20t+13, (4.18)

a weight
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in such a way that A; = A. To retrieve the original partition function
Zn,s, it suffices to evaluate the homogeneous limit t; — ¢ of the inhomo-
geneous partition function Z,, 4(t1, - -, ts). The inhomogeneous partition
function carries more information since an almost homogeneous limit
(where an inhomogeneity is kept in the last line) can be used to make
contact with the one-point function

Zn s<t7' : ‘7t7ts) Cs = k bs ol Cs
? f— H —_— = — . 4.1
7 c § : n,s < b > c hn75 (ts/t) ( 9)

n,s k=1

From now on we work in the free-fermion case A = 0. The authors
of [145] have shown that

VA (t t)= : Ci 1+tlt] d —1 nts—i
n,s\t1," " " S)_H H et t] _tJ :

(1 —titj)(tj —ti) 1<4,5<s

=1 t<i<j<s

(4.20)

We first evaluate the homogeneous limit where t; — ¢ = 1. For the
DWBC, the analogue of (4.20) is the Izergin-Korepin determinantal for-
mula, for which the homogeneous limit can be taken stepwise, by eval-
uating the limit over one inhomogeneity at a time. In this case, zeros
coming from Taylor expanding the determinant are exactly cancelled by
poles contained in the prefactor [139]. What remains in the determinant
are derivatives of some function®. In the case at hand, the homogeneous
limit of formula (4.20) can be evaluated in a similar way, but only poles
of odd order appear in the prefactor. The result of the homogeneous

limit is
i 1
1) = _Sos(s—1)/2 g
Zps(1,-,1) 2 (;ng = 1)!> 15325(A”)’ (4.21)
were the entries
. i 1\! —)!
A= £2700) = Gt L ) (4.22)

(i—1—(2j—1))!  (n+s—i—(2j—1))"

are the derivatives of f;(t) = ¢t~ — "5~ We take the (standard)
convention that if the factorial of a negative number appears in a de-
nominator, the corresponding term is set to zero. A rigorous derivation

3 Another way of evaluating this limit, given in [99], is at the core of the proof of
(2.44). In this approach, coefficients of generating functions naturally appear in the
determinant.
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of (4.21) is presented in Appendix B. The almost homogeneous limit is
taken in a similar fashion and yields
51 s—1
(D)(2) (1+zts)2H ( 1 det. (Ay).
(1—ts) 2k—1)! ) 1<ij<s

(4.23)
where the entries /L-j only differ from A;; in the last column where
flis = t’;l —ts"t57". We define t, = 1 + ¢ and permute the lines of A
and A, therefore working with

Zns(1 oo 1 tg) =c"eg2

poi

Bij=Astiij > Bij=As1iy (4.24)

Putting (4.21) and (4.23) into (4.19) one gets

“ldet B
hs(1 4 €) = 2175(25 — 1)! (é) (2;5) d:EB. (4.25)

We now have to evaluate the asymptotics of a ratio of determinants

that only differ in their last column. Such situations are typical in the
application of the tangent method. In [15,20], the asymptotics of a ra-
tio of determinants is evaluated directly by using random matrix model
techniques [98]. In the case at hand however, one can find the LU decom-

position of B and use techniques of [22] to find a finite size expression

det B
det B?

for whose asymptotics is then straightforward to evaluate.

4.1.3 LU decomposition

The general strategy is that if we can find a strictly lower triangular
matrix L and an upper triangular matrix U such that B = LU, then
since B differs from B only by its last column we have B = LU, with the
same matrix L. The matrix U differs from U by its last column and can
be computed from B using L~'B = U. Since the determinants det(B)
and det(B) are respectively [[°_, Us; and [[;_, Ui, we obtain

det B B 053

= 4.2
det B U’ (4.26)
with
U =3 Ly Bpe = 3 Lt [1+6) 7 —(149)"7] . (4.27)
p=1 p=1

There only remains to find the LU decomposition of B.
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Theorem 4.1.1. The matrices L' and U that appear in the LU de-
composition of B have matrixz elements

. i—1 .
_ iift—1 n—s+i+!
Lol = (1) (" nesTmve >
% ( ) <]_1)g n—s—+1 fOTZ_]?
- . (4.28)
Ui=—(-D [[(n+1-35),

l=i

in addition to being respectively lower triangular and upper triangular.

The formulae (4.28) have been first guessed for small values of n and s
by an explicit calculation of the LU decomposition, using a prime factor
decomposition; they were subsequently proved to hold in general (the
proof is in Appendix B). Using (4.27) we now have a (very explicit)
finite size formula for h, ¢(1 + &). It takes the form of an alternating
sum, which is quite typical in such problems [22]. Indeed, the alternating
sign can ultimately be traced back to cofactors in the evaluation of L~
The asymptotics of alternating sums is not easy to evaluate. In [22]
it is shown how to deal with this issue by massaging the alternating
sum, with the help of generating functions, in a form that is suited
for a straightforward asymptotic analysis. The technical details of this
computation are again gathered in Appendix B. One finds that

~ -1\ s — 1\ (k- s k
= — 4.2
oo=-(20) X (D) aw
k=2s—1
so that (4.25) and (4.26) yield

[ e G [y

k=2s—1

with .
21525 — I(77))

- (s = 41 —s)

The precise value of C' does not matter, since it is independent on £ and

(4.31)

disappears in the logarithmic derivative in (4.4). A similar observation
shows that the only important input of the LU decomposition is actually
L

8]
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4.1.4 Asymptotics and arctic curve

There only remains to compute the asymptotics of (4.30). We must
analyse the sum

nts—1 1o
n+s—1\[/k—s\ / R(oyu,€)
A du et 4.32
Z < k ><3—1>€ 2 e ’ ( )

k=2s-1 a

where

R(o,u,§) = L(140)—L(u)—L(1+0—u)+L(u—0)—L(u—20)—L(0o)+ulog €.

(4.33)
The saddle point equation
oR E1+o—u)(o—u)\
i log < T =0. (4.34)
yields two solutions
2 2
u+(0,§) = EH20(0+8xyE T o 1+e) (4.35)

2(14+¢)

We must have u € [20, 1+0]. We notice that £ € [0, +-00], since z = IH{ =
ﬁ and 0 <n* <k*. Hence, we must exclude the case u_(0,§) < o.
We also check that u,(o,§) spans the whole range [20,1 + o] when
£ €10,00].

Using (4.33) and g—f wy, = 0 we obtain C%R(J, ug, &) = u?* We hence

have

which upon substitution in (4.17) specialized at ¢t = 1 and A = 0 finally

(4.36)

leads to the equation

F(z,y,€)
20148 —0(4+&) E+20(1+&)+/E2+402(1+E)
v 1Y eare 2(116)

(4.37)
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Figure 4.6: Configurations of the 6V model with pDWBC for a =b=1 and
c=+v2 (A =0 and t=1) for n =200 and various values of s. Configurations
were generated by a Metropolis algorithm (similar to that of [105]) that was
run for 10000 xn x s steps. The black curve is drawn from (4.38).

The arctic curve is the envelope and satisfies F'(x,y,£) = 0 and (%F(m, Y, &) =
0. Solving these equations leads to a parametrization of the arctic curve

_ 2%+ 1) + 2+ €2+ 9)(E+ VE +40°(1 1))
22+ &£(2+€)) /& +402(1 +€)
(246> + 22+ €2+ 6)/E +402(1 +€)

JORES 22+ E(2+ )/ + 402(1 + 6 ’

)

(4.38)
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where ¢ € [0,00[. The curve (4.38) can be shown to be a degree six
algebraic curve, whose exact expression is not very enlightening. Our
computation is valid for the south-east portion of arctic curve. The
south-west portion is deduced by symmetry. Since we are at the free-
fermion point A = 0 we expect that the analytic continuation of the
arctic curve also describes the two remaining portions. Figure 4.6 shows
that this conjecture is well supported by numerical simulations. When
o = 1 an arctic circle is recovered, which is expected since the boundary
conditions then reduce to DWBC [140)].

4.2 Twenty-vertex model with DWBC2

Amongst exactly solvable models, free-fermionic ones enjoy a particu-
larly rich structure which enables the exact characterization of very sub-
tle properties, such as the fluctuations studied in Chapter 3. Interacting
models are notoriously harder to deal with, especially for generic inte-
grable weights, and are at the heart of a very active field of research (see
e.g. [146-150]). Derivations of arctic curves in such models are relatively
rare [16, 20,30, 151,152]. The first tour de force was the computation
of the arctic curve of the 6V model with DWBC in [14, 15, 20], which
has in general non-analyticities at the point of contact with the bound-
ary. The easiest version of the computation [20,30] relies on the tangent
method, the most technical part being the evaluation of the asymptotics
of an almost homogeneous Izergin-Korepin determinant, which is most
simply done in the D phase where a standard determinant identity boils
it down to a differential equation that can be explicitly solved [14,30].
In this section, we follow an idea of Baxter that allows to generalize
results of the 6V model to an ice-type model on the regular triangular
lattice whose weights are restricted in a very specific way [54,153]. The
idea is to exploit a correspondence between ice models on the triangu-
lar and on the Kagome lattice and then use the celebrated Yang-Baxter
equations to expel the extra lines of the Kagome lattice so as to recover
a 6V model, a procedure called unravelling.

Each edge of the triangular lattice is assigned an orientation on which a
generalized version of the ice rule is imposed, namely each vertex is inci-

dent to as many incoming as outgoing arrows. This leads to the 20= (g)
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Figure 4.7: The twenty possible vertices, represented in the arrow language
and in terms of osculating paths. South, south-east and east arrows are assigned
a portion of path. The first row is related to the second by arrow reversal. We
restrict our attention to very specific weights shown on the picture.

possible environments around a given vertex displayed in Figure 4.7.
An alternative name of this model—that we shall now use—is hence
the twenty-verter (twenty-vertex (20V)) model. For convenience, we
represent the triangular lattice as a square lattice supplemented with
a second diagonal within each face. A configuration can equivalently
be described by osculating paths—which can now have triple kissing
points—using the bijection presented on Figure 4.7. In this section, we
constantly oscillate between these two descriptions, as the unravelling is
best described in the arrow picture, while the tangent method is most
conveniently expressed in the osculating paths picture. We restrict the
(rectified) triangular lattice to a square and fix the boundary conditions
in a way that is reminiscent to DWBC. In [59], four natural general-
izations were considered and named DWBC1,2,3,4. The first two are
closely related (see Figure 4.8) and an arctic phenomenon only occurs
in the first three, see Figure 4.9.

The different nature of the 20V osculating paths slightly modifies the
heuristics of the arctic phenomenon. For DWBC3, paths start on the
left boundary and end on the lower boundary, with diagonal edges on
these boundaries remaining empty. This is quite similar to DWBC, up to
an irrelevant change of path description. Quite expectedly, empty (E),
all vertical (V) and all horizontal (H) regions also form for DWBC3.
In the 20V case however, paths can have diagonal steps and enjoy more
freedom than their 6V counterpart, resulting in the disappearance of the
maximal density region that would have been in the lower left corner
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Figure 4.8: Configurations of the 20V model, in their arrow and osculating
paths description. The blue arrows are fixed. Left: DWBC1. Right: DWBC2.
These two boundary conditions differ by the magenta arrows.

otherwise. This extra freedom also explains the modest size of the V and
H regions, which are barely visible in Figure 4.9-right. The heuristics
becomes slightly more subtle when the left and bottom boundary become
saturated with starting and ending points, i.e. when diagonal steps are
also occupied. This is exactly the definition of DWBCI1. In this case,
we recover the expected E, H, V and also all horizontal, diagonal and
vertical (HDV) regions, but two new frozen regions with double kissing
points appear near the north-west and south-east corners. These regions
are respectively the all horizontal and diagonal (HD) and all diagonal
and vertical (DV) regions. These HD and DV regions are respectively
separated from the adjacent H and V regions by an interface along the
second diagonal. This peculiar behaviour is explained by the maximal
density of starting points and the non-crossing constraint combined with
the natural tendency of external paths to initially go as far as possible
from other paths. Interestingly enough, the arctic curve typically has
two cusps.

In this section, we mainly focus on the 20V model with DWBC2 de-
fined on Figure 4.8 whose combinatorics is mysteriously related to that
of QTHADT. The only difference between DWBC1 and DWBC?2 is the
orientations of the upper left and lower right diagonal edges that are op-
posite (see Figure 4.8). In the osculating paths language, DWBCI1 have
a (single) additional path which, according to the working hypothesis of
the tangent method (number (i) in Subsection 2.1.2), does not influence
the other paths in the scaling limit and should hence be irrelevant for
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Figure 4.9: Two configurations of the 20V model with uniform weights, with
DWBC1 (left) and DWBC3 (right). The portions of path imposed by the
boundary conditions are drawn in red.

the arctic phenomenon. Configurations of the 20V model with DWBC1
are in one-to-one correspondence with those with DWBC2 by a simple
180° rotation, in the arrow language. In the osculating paths language,
it amounts to performing both a 180° rotation and a complementation
in which occupied and unoccupied edges are interchanged. For instance,
the configurations depicted in Figure 4.8 are image of each other under
this rotation.

4.2.1 Restriction on the weights

There are a priori twenty possible weights for the vertices. There
are only seventeen independent parameters, since the fixed boundary
imposes—as in the DWBC case—three conservation laws. However, the
unravelling procedure requires the weights to be chosen in a certain way,
shown in Figure 4.7. In addition to those restrictions, we further con-
strain the weights to make the computation as light as possible. The
most general (to our knowledge) application of the tangent method to
the 20V model with DWBC2 is very similar [17].
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Figure 4.10: Transformation of a piece of triangular lattice into a piece of
Kagome lattice. The Kagome lattice is naturally divided into three sub-lattices
1, 2 and 3 as indicated.

Kagome lattice: As noticed in [54], for appropriate vertex weights,
the 20V model may be reformulated as an ice model on the Kagome*
lattice obtained by slightly shifting upward each horizontal line. Some
of the triangles (in light grey in Figure 4.10) of the original lattice are
preserved during this procedure. Their incident edges keep their ori-
entation. New triangles (in blue in Figure 4.10-right) appear. One can
always find an orientation of their edges such that the ice rule is satisfied
at each vertex of the Kagome lattice, as seen by a direct enumeration.
Moreover, the maximum number of such orientations is two per newly
formed triangle. When two orientations are possible, the choice is made
independently for each of the newly formed triangle. Each 20V model
configuration is thus in correspondence with a number of configurations
on the Kagome lattice. This lattice is naturally split into three sub-
lattices numbered 1, 2 and 3 (see Figure 4.10-right). The ice rule leads
to six possibilities for each of the three types of tetravalent vertices,
which are assigned weights that are invariant under (global) arrow re-
versal, see Figure 4.11-left. If we now go back and shift horizontal lines
downward, the blue triangles of Figure 4.10-right can be identified with
vertices of the triangular lattice as they become infinitesimally small.
If we sum over the ambiguous orientations on blue triangles, we obtain
a 20V model having now ten possible weights: aiasas, biasbs, biascs,

4Kagome is the Japanese name for this pattern, which sometimes appears on
traditional woven bamboo baskets.
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cragas, bicaas, bibaas, ajbacs + cicabz, arbabs + crcacs, c1babs + ajcacs
and c1bocs + ajcabs.

Yang-Baxter equation: Crucially, we demand that the Yang-Baxter
equation be satisfied, namely the same weights are obtained for the
20V model if, in our equivalence, we shift the horizontal lines of the
triangular lattice down instead of up. This leads to the identity depicted
in Figure 4.11-right, and imposes the extra conditions

arbacs + crcoby =brages,  c1babs + arcacs = crazas, (4.39)
Clb203 + alczbg = blcgag. '

These conditions are crucial as they will allow us to unravel the 20V
model configurations with DWBC2 into configurations of a single 6V
model with standard DWBC (corresponding to the Kagome sub-lattice
labelled by 1, see below). The set of the 20V model weights is then
reduced to a list of seven values, with the dictionary depicted in Fig-
ure 4.7.

This construction leads to weights that are invariant under 180° rotation
(in the arrow language) around any vertex, see Figure 4.7. Since this
transformation interchanges DWBC1 and DWBC2, the partition func-
tions of those two models are the same. Another consequence is that
the arctic curve of the 20V model with DWBC1 is the image under 180°
rotation of the arctic curve of the 20V model with DWBC2. Moreover,
those boundary conditions only differ by the presence of an additional
path in DWBCI1 (see Figure 4.8), which is irrelevant for the arctic curve.
Hence, since vertex weights are invariant under 180° rotation, we deduce
that the arctic curve itself is symmetric under 180° rotation.

Integrable weight parametrization: We parametrize the weights
of the Kagome lattice in such a way that (4.39) is satisfied, as done
in [59]. Introducing the notations

A(Z,U}):Z—U}, B(Zaw):q_ZZ_q2w7 C(Z7w):(q2_q_2)\/zw7 (440)
we set
a1 =vA(z,w), bi=vB(z,w), a=vC(z,w),
az=vA(qz,q '), ba=vB(qz,q 't), co=vC(qz,q '), (4.41)

1 1

az=vA(qt, g 'w), by=vB(qt,q"'w), c3=vC(qt,q" 'w),
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Figure 4.11: Left: Weights of the vertices on the three sub-lattices 1, 2 and
3 of the Kagome lattice. Right: Schematic representation of the Yang-Baxter
equation. The ice-rule is imposed at each vertex. The equality must hold for

any valid arrow configuration on the external edges, upon summation over the
internal edge orientation.

with some arbitrary ¢ € C*, and arbitrary spectral parameters z, w and
t, respectively attached to the horizontal, vertical and diagonal direc-
tion. The way to solve (4.39) in order to obtain a solution like (4.41) is
explained in [54]. One can verify explicitly that (4.41) satisfies (4.39).
The normalization of the weights on each sub-lattices can be chosen
independently. It does not affect the statistics of the model, since the
number of vertices of each sub-lattices is fixed. It can hence be chosen
arbitrarily. We take the same normalization v for each sub-lattices and
set v = 1/(2it'/3) for future convenience.

The above homogeneous weights are members of a more general family
of inhomogeneous (i.e. node-dependent) integrable weights

a1(yi7j) Az, wy), b1 (1,5) = B(z;, w;), c1 (57j)
(ZQ(Z’k) :A(q Zi, %)7 b2(i.k) :B(q Ziy %)7 CQ(ﬁk)

(4.42)
where a different spectral parameter z;, w; and t; is attached to each

horizontal, vertical and diagonal line respectively (the normalization v is
again arbitrary). Here the horizontal lines are numbered by i = 1,...n
from bottom to top, the vertical lines by j = 1,2, ..., n from left to right,
and the diagonal lines by £k =1,2,...,2n — 1 from the lower left to the
upper right corner. In this setting, the pair (i, 5), (resp. (i, k) and (j, k))
therefore refers to the node of sub-lattice 1 (resp. 2 and 3) at the crossing
of the i-th horizontal and j-th vertical lines (respectively of the i-th
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horizontal /k-th diagonal and of the j-th vertical /k-th diagonal lines). A
crucial property of the above integrable weights is that they satisfy the
Yang-Bazter equation at each node for arbitrary spectral parameters z;,
w; and t;. This property is used in Appendix E.

Disordered regime: Returning to the situation with homogeneous

spectral parameters z, w and t, we choose®

g=¢" z=e N = TN g et (N pueC). (4.43)

After all these restrictions only three independent parameter remain and
the seven weights of Figure 4.7 are given by

wp = sin(A + n) sin (M) sin (m),

2 2
w1 = sin(A — n) sin (W) sin </\+3#)»
wy = sin(2n) sin(A — n) sin (A—‘_?)?ﬂ}

w3 = sin(2n)® + sin(\ + ) sin (#) sin ()\_#), (4.44)
)\+377+u> Sin()\+3n—u)7

wy = sin(2n) sin (

2 2
A
ws = sin(2n) sin(A — n) sin (W),
. L (AF3In N L A= —p
we = sin(A — ) sin <f) sin <#>

The weights considered in [153] are equivalent as they are merely another

6. We finally restrict our choice to real values of the

parametrization
parameters 1, A and p, which implies in particular that the three Kagome
6V models are in the D phase [54]. The range of these parameters is

taken so as to ensure that all w’s are positive, namely
O<n<A<m—n, n=-A<u<i—n. (4.45)

Note as a consequence that n < § and A+ 3n > pu.

5This choice corresponds to imposing zw = 1, which may be done without loss of
generality since only the ratios of weights matter for the statistics of the model.
SWith the notations of [153], the correspondence is A\ = ¢ 4+ 7 — 0 + (¢ — 7)/2,

p=¢—¢—30and n=(m—¢)/2.
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The 6V model on the Kagome sub-lattice labelled 1 has weights (a1,b1,c¢1) =
(a,b,c)/tY/3, where we recognize the standard 6V model weight parametriza-
tion in the disordered phase

a=sin(A+n), b=sin(A—n), c=sin(27n). (4.46)

4.2.2 Unravelling

As explained in [59] and depicted in Figure 4.12, the Yang-Baxter equa-
tion allows to unravel the configurations of the 20V model with DWBC2
with weights (4.41), in its Kagome description. At the end of this pro-
cedure, the only remaining non-trivial part of a configuration is a single
6V model on sub-lattice 1. As a consequence, the partition function of
the 20V model with DWBC2 (denoted Z,,) with the weights (4.44) and
that for the 6V model with weights (a,b,c) of (4.46) above (denoted
Zn = Zpla, b, c]) are then directly proportional, namely:

Theorem 4.2.1. (Di Francesco-Guitter [59]) The partition function of
the 20V model with DWBC2 and of the 6V model with DWBC are related

by

2= (28Y 2= (i (T i (NN, aam

where their respective weights are fized to (4.44) and (4.46).

In the rest of this section, quantities written with a calligraphic font refer
to the 20V model with DWBC2, and their non-calligraphic counterpart
to the 6V model with DWBC. Their respective weight dependence are
sometimes made implicit, in which case they are given by (4.44) and
(4.46), possibly particularized.

Refined enumeration. The use of the tangent method requires a
refined enumeration of the 20V model configurations where we keep
track of the position where the uppermost path hits the right boundary,
i.e. the vertical line j = n (see Figure 4.8-right or 4.13-left). As explained
in Appendix E, this enumeration may be obtained by changing w — w6
for the spectral parameter of the last column (j = n). Note that the
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Figure 4.12: Uunravelling procedure. Upper left: We consider the 20V model
with DWBC2 in its Kagome description. Upper right: Diagonal lines are ex-
pelled outward from the central square grid using the Yang-Baxter equation.
The red lines are moved to the north-east and then bent, starting with the outer
one (i) and ending with the diagonal one (v), all that while retaining their or-
der. During the translation triangles of the Kagome lattice are inverted, so
one has to be careful in keeping track of the sublattice types. The other diag-
onals are expelled to the south-west in a similar fashion. This has the effect
of isolating the vertices according their type. Vertices of sub-lattice 1 stay in
the central square region while vertices of sub-lattices 2 and 3 are expelled,
respectively to the left and right, and to the top and bottom. Lower left: The
DWBC2 prescription and the ice rule fix the orientations of the expelled edges
so that all the nodes of sub-lattice 2 (resp. 3) receive a weight as (resp. as),
and hence only contribute to the partition function by a global multiplicative
factor (&2&3)”2. Lower right: The remaining central configuration region is a
6V model with DWBC and weights (a1, b1, ¢1) or equivalently (a, b, ¢) of (4.46)
up to a global factor (1/151/3)”2.
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uppermost path corresponds in this case to the path starting at the
horizontal edge (0,n) — (1,n) and ending at the vertical edge (n,1) —
(n,0). We introduce the refined partition function

n
Zn(T) = Z Zn,L TL_I, (4.48)
L=1

where Z,, 1, denotes the partition function of the 20V model configura-
tions with DWBC2 for which the uppermost path hits the vertical line
j = n at position (n, L). Note that the step just before the hitting point
is either horizontal or diagonal. We call Z, | and Z;’ ;, the corresponding
restricted refined partition functions, and introduce

n n
Z, ()= Z. .t Zym) =) 2yt (4.49)
L=1 L=1

satisfying the obvious sum rule
Zo(t)=Z, (1) + 2, (7). (4.50)

As for the 6V model with DWBC configurations, we consider a similar
refinement as follows: as is well-known, configurations of the 6V model
with DWBC are in bijection with configurations of osculating paths.
Those are obtained as for the 20V model by drawing path steps along the
edges oriented east or south and by connecting them uniquely into non-
crossing but possibly kissing well-oriented paths (going from the west
boundary to the south boundary of the square grid). We then denote by
Zn,1, the partition function for those configurations where the uppermost
path (starting at the horizontal edge (0,n) — (1,n) and ending at the
vertical edge (n,1) — (n,0)) hits the line j = n at position (n, L). Note
that this hitting point is necessarily preceded by a horizontal step. We
finally set

n
Zn(0) = Znpo" . (4.51)
L=1

Now that refined partition functions are properly defined, we may gen-
eralize Theorem 4.2.1 to this case:

Theorem 4.2.2. The refined partition functions Z, (1) and Z, (1) of
the 20V model with DWBC2 are related to the refined partition function
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Zn (o) of the 6V model with DWBC wvia

2,(r) +9(0) Z0(r) = (52) " Zalo). (4.52)

where

o sin(A—n) sin (M) — sin(A+n) sin(*F#) sin ()
o sin(A—7) sin(2) = sin(A+) sin (*5#) - sin(2FH)
X

T=0

4.53
o sin(2n) sin( (4.53)

Y ) sin () s ) s ()

The proof is a refined version of the unravelling presented in Appendix E.
Note that, for 0 = 1, we have 7 = 1 and g(0) = 1 as expected so as to
recover (4.47).

Asymptotics of one-point functions. The refined one-point func-
tions Hy (1) and Hy(o) are simply defined as normalized refined parti-
tion functions

H, (1) = . Hu(o) = . (4.54)

In the limit of large n, the asymptotics for the one-point function H, (o)
of the 6V model with DWBC and the weights (a, b, c) of (4.46) above is
characterized by the function

(o) = Tim Llog (Hn(o)), (4.55)

n—oo N

whose expression is known [14] and may be given in parametric form as

QMMA—mNm@+A—WHmW®>
asin(A —n)sin(a(§ + A —n)) sin(§)

Flo(€)) = log (

o() = sin(A+n)sin(§ + A —n) (4.56)
sin(A —n)sin(é + A +1n)’
where
a=— (4.57)

m™—2n
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Using the correspondence (4.53), the parametrization o(§) of o trans-
lates into one for 7, namely

sin(\ + 1) sin (W’Tm'“) sin(§ + A\ — n) sin (f + W)

sin(A — ) sin (#) sin(§ + A +n) sin (f + MTWW)

T(§) = . (4.58)

Using the fact that g(o) is bounded independently of n and Theorems
4.2.1 and 4.2.2 we find that

lim ~log (Hy (7(€))) = F(o(6)). (4.59)

n—oo N

Let us now introduce for future use the function

r(r) = Tdi <lim Liog (H,ﬁ))) . (4.60)

T \n—oon

The function r(7) is given in parametric form by the above parametriza-
tion (4.58) of 7 and the following parametrization for r(7):

r(r(6)) = e (o(6)

= (cot(§+A—n)—cot(§)+acot(a)—acot(a(E+A—n)))
sin(§+A+n) sin(€+A—n) sin (§+ )‘J'QH_“) sin (§+>\+372n+u)

8 sin(2n) [Sin(f—i—/\—i—n) sin(§+A—n)+sin (f—i— )‘7’274'“) sin (f—i— )‘+327H_“)] ’
(4.61)

with « as in (4.57).

Remark 4.2.3. In the particular case . = X — 5n, the parametrization
7(&) of T simplifies into:

sin(A 4+ n)sin(§ + A — 3n)
sin(A — 3n)sin(§ + A+ 1n)

T(§) = (4.62)

and that of r(7) into:

r(7(§)) = (cot(§+A—n)—cot(§) +acot(a) —a cot(a(§+A—n)))
. SI(E+ A+ ) sin(€ + A — 31) (4.63)
sin(4n) '
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4.2.3 Tangent method for the case y=A—-5n=0

We now turn to the explicit computation of the arctic curve of the 20V
model with DWBC2. We restrict ourselves to the case

w=0, X\=5n, (4.64)

where the weights thus depend on a single parameter 1. From their
general expression (4.44), it is easily checked that, up to a global nor-
malization factor sin(2n) sin?(47n), the weights for the various vertex en-
vironments are all equal to 1 except for the empty and full vertices which

have a weight

wy = ziggzg =1+ 2cos(4n). (4.65)
We use the notation wg to recall that a global normalization factor
sin(2n) sin?(4n) has been factored out in all the weights, i.e. wy =
sin(2n) sin?(4n) x wo while w; = sin(2n)sin?(4n) x 1 for i = 1 to 6.
In particular, the weights are invariant under the transformation x < y,
which implies that the arctic curve is symmetric under reflection along
the first diagonal. In the particular case n = 7/8, all the weights are

equal to 1. The main result of this section is the following:

Theorem 4.2.4. The E and V portions of arctic curve for the 20V
model with DWBC2 at ;n = 0 and A = 5n, as predicted by the application
of the tangent method (using the shear trick for the V portion), has the
following parametric equation:

(=1 O =R -SO TS, el
afRV(g) _ 8§Rv(§)
) =1+ 5508 WO=RAO-SUOTGS. el
(4.66)
where
B sin(& + 6n) sin(§ + 27)
Re(€) = h(e,m) TSI 2D,
_ sin(€ + 6m) sin(& + 2n)
S = @ sine - an) (67
_ sin(€ + 6n) sin(¢ + 2n) '
Rul€) = hie.n) HESSD L2,

S, () = SnE = bm)sin(€ + 2n) _ sin(€ + 6n) sin(€ + 20)
MO = @ sin(e + ) sin(€ — 2n)sin(€ + 29)’
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with o = /(7w — 2n) and

h(&,n) = cot(§+4n)—cot(§)+acot(af)—acot(a(§+4n)).  (4.68)

The E portion (zx(£), yx(€)) is symmetric under = <+ y. The 180° rota-
tion yields the HDV portion (1—x5(§),1—yx(£)). The range of & does
not change when applying the symmetries and is still £ € [0, m—67] for
the HDV portion. The V portion (zy(§),yv(§)) can be used to deduce
three other portions. Applying to it the x <> y symmetry, we obtain the
H portion (yv(§),xv(€)). Applying the 180° rotation symmetry to the V
and H portions respectively yields the HD portion (1—ay (&), 1—yy(&))
and the DV portion (1—yy (&), 12y (€)). Theorem 4.2.4 hence completely
describes the arctic curve.

The application of the tangent method to compute the E portion is
almost identical to that presented in Section 2.2—it actually leads to
the exact same curve in the uniform case (y=1 and wo="---=wg). We
will compute the V portion, whose derivation presents new subtleties,
as opposed to the E portion which we will hence not consider (see [17]
for details).

Shear trick. The V portion was originally computed by Di Francesco
and Guitter in [17] using the tangent method via the shear trick. The
core idea is to resort to a different family of osculating paths, designed
in such a way that the V region is empty. The construction is described
in Figure 4.13.

As depicted in Figure 4.14-left, the shear trick creates node environments
which form some “inverted” 20V model, with a set of vertices identical
to those of the original 20V model, up to a left-right symmetry. Note
that the shear trick does not transform a given vertex into its left-right
symmetric vertex: for instance, the empty vertex is mapped onto the
vertex with exactly two occupied vertical edges and conversely. The in-
verted 20V model has modified weights inherited from its pre-image: the
non-trivial weight g = 1+ 2 cos(4n) is now attached to the vertex with
two occupied vertical edges or its complementary vertex (left column of
Figure 4.14-left).
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Figure 4.13: Shear trick. Left: Configuration of the 20V model with DWBC2.
Middle: Occupied and non-occupied vertical edges are interchanged (the new
ones are draw in blue). Right: A global shear of the lattice transforms the
original square domain into a rhombus. The re-connection of the occupied
steps into osculating paths shown in the middle is such that on the rhombus,
all the paths are oriented from lower left to upper right at each node.

The shear turns the domain into a rhombus with particular boundary
conditions, see Figure 4.13. Ordering the paths from bottom to top ac-
cording to their starting (diagonal or horizontal) edge on the left bound-
ary, the (n — 1) first paths (i.e. the lower “half” of the paths) now have
their final step at the first n — 1 successive horizontal edges along the
lower (diagonal) boundary of the rhombus while the n last paths (i.e.
the upper “half” of the paths) have their final step at the successive
vertical edges along on the upper (diagonal) boundary of the rhombus.

Tangent method. The desired new portion of arctic curve is obtained
in the scaling limit as the frontier between the now empty region and that
occupied by the paths reaching the upper boundary of the rhombus. The
tangent method set-up used to access this portion is presented on Figure
4.14-right. The n-th path endpoint is moved from the rightmost vertical
edge of the upper boundary at (n, 2n) to a horizontally shifted position at
(n+ M, 2n). It enters the original domain at some position (n,n+L—1),
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defined as the position where the path hits the right boundary of the
original rhombic domain for the first time. In the rescaled domain we
work with m = M/n and ¢ = L/n.

FERRR R SRR
R RCEROR KK

RO 2
SRR RCOOR RN

VA AFAAF A FH| 2
AAAAFFAF A K

Figure 4.14: Left: Modification of the twenty vertices as a result of the shear
trick of Figure 4.13. Right: Tangent method set-up. The uppermost endpoint
of the domain is moved to the right (while remaining vertical) to (n + M, 2n)
and exits the original domain (in light blue) at position (n,n+ L —1), indicated
by a black dot.

\\

The most likely escape point position £ for a given m is obtained by a
saddle point analysis of the partition function of the extended problem,

n

Pl N, (4.69)
=1 %o

In the first term, H,,(7)|,L corresponds to the contribution of the mod-
ified osculating path inside the rhombus. We use the one-to-one corre-
spondence between the two families of osculating paths, that links the
hitting points with the right boundary, see the black dots in Figure
4.13. If the hitting point is at (n, L) in the original description, it is at
(n,n+ L — 1) after the shear trick. To be fully consistent, since empty
vertices have a weight 1 in the inverted 20V description, we normalize
H, (7). by @i~ ¥ to factor out the weights of the vertical piece of path
from (n,n + L — 1) to (n,2n) which are not present in the extended
geometry. The second term 37(”7n+ L—1)—(n+M,2n) denotes the partition
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function for a single path from (n,n + L — 1) to (n 4+ M,2n) (starting
possibly with a number of vertical steps) in the inverted 20V model set-
ting with, at each node along the path, the same weight as that of the
corresponding inverted 20V configuration.

To compute the large n asymptotics of j(n7n+ L—1)—s(n+M,2n), hamely

Vinmt -1y (nt My = € 5E™), (4.70)

we resort to the transfer matrix approach of Appendix D in a version
adapted to the present shear geometry: this corresponds to setting a; =
wo, o =1, ag =2 —wy, ag = 1 — wg and as = ag = 0 and performing
the change ¢ — 1 — £ as the height difference for the path beyond the
escape point is now measured from the top, hence equal to 1 — ¢ instead
of £. We therefore have

S(¢,m) = S(¢,m, ps, pa)

= L((1 =€) +m — p3 — 2pa) — L(p3) — L(pa)

= L((1 =€) —p3 — 2p4) — L(m — p3 — pa)

+ ((1 — ) — p3 — 2pa)log wo + pslog(2 — wp) + palog(l — wp)

(4.71)

taken at the values of p3 and ps which maximize S(¢, m, p3, p4) for fixed
¢ and m. We used L(x) = xlog(z).

The extremization conditions over 7 and ¢ now read

4 (~t1og7 + f(o(r)) = 0,
T (4.72)

% (—llogT + S(¢,m) — (1 - £)log o) =0,

or equivalently )
C=r(1), T=w edeS(lm), (4.73)

In the new geometry of Figure 4.14-right, the corresponding tangent line
passing trough (1, 1+/¢) and (14+m, 2) has equation y+%(m— 1)—4—1=
0. Therefore, after performing the inverse shear transformation y —
y—x to bring back the path in the original geometry of a square domain,
the equation of the tangent line reads: y+ (1 — 17_6) (r—1)—¢=0. For
the most likely escape point, this yields the tangent line equation:

y+3(t)(x—1)—r(r) =0, (4.74)
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where the slope 5(7) is now given by

_1-r(7)

s5(r)=1 )

(4.75)
with m(7) solution of 7 = wpexp(LS(¢,m)) at £ = r(r). Writing the

extremization conditions 0y, S = 9,,S = 0 and solving (4.75) yields now

7(1 4 @) w0
(tr—=1)(t+wo) 7(1—1w0)+wo

5(r) = (4.76)

which implies

- _ sin(§ +6n)sin(§ +2n)  sin(£ + 6n) sin(§ + 2n)
s(r(€) = sin(&) sin(& + 4n) sin(€ — 2n) sin(€ + 27) (4.77)

We end up with a family of tangent lines parametrized by ¢ via

0=F(z,y,8) =y +35(7()) (= — 1) —r(7(§)- (4.78)

The parameter & spans the range [—2n,0]. The range [—27n, —n] corre-
sponds to 5(7(&)) decreasing from 1 to 0, while the range [—n, 0] corre-
sponds to 5(7(£)) decreasing from 0 to —oo, as dictated by the tangent
method in the present geometry.

The corresponding V portion of arctic curve, is obtained by solving the
linear system F(z,y,£) = 0¢F (z,y,€) = 0 which yields a parametric
expression (z(¢),y(£))

9er(7(§))

Per(r(€) 0cr(r(©))
0c5(r(€))

=1+ 3e5(7(0))

(&) = r(7(€)) —5(7(£)) , §€[=2n,0]

(4.79)

This completes the derivation of the V portion, with the identifications

Ry(§) = r(7(£)) and 5,(§) = 5(7(£))-

4.2.4 Characteristics of the arctic curve

We now study the behaviour of the arctic curve, for the general weights
(4.44), whose (cumbersome) equation is given in [17] and was obtained
using the tangent method in a very similar way as above. In the general
case the reflection = < y is not a symmetry. However, the model is
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symmetric under the simultaneous exchange x <+ y and p <> —p and the
V portion again enables to compute three other portions. We describe
the shape of the arctic curve as a function of the parameters p, A and 7
which—we remind—are constrained by

O<n<A<m—n, nN=-A<pup<A—n. (4.80)

We limit our analysis to the p > 0 case, without loss of generality since
it is easily generalisable using the x <> y and u <> —pu symmetry.

Y Yy
1 n=mn/8 u=0 1] n=0.01, u =0
0.8 0.8
0.6 0.6
0.4 0.4
— A=57/16 — A=1x/14
— A=T7/16 — MA=4n/14
02— X=97/16 0.2 | — XN=77/14
— \=117/16 — A =107/14
— A=137/16 —A=137/14
0.2 0.4 0.6 0.8 1 7 0.2 0.4 0.6 0.8 1 :

Figure 4.15: Arctic curves for 4 = 0 and various values of A €]n, ™ —n[ . Left:
n = m/8. Right: n — 0. In practice we set n = 0.01.

Reflection symmetry. The arctic curves are all invariant under rota-
tion by 180°. The parameter y controls its asymmetry under the z <> y
transformation. Figure 4.15 displays arctic curves for u = 0, hence sym-
metric under x <> y. The left figure is for n = 7/8 with a varying X in
the admissible range |7 /8, 77 /8|, while the right figure is for a value of
n — 0 with a varying A in the range |0, 7[. In both cases, the limiting
curve A — n degenerates into the second diagonal z + y = 1. It may be
understood in the light of the fact that for wy =w3=ws; =wg =0, only
one configuration survives, with all edges occupied below the second di-
agonal and none above. Similarly, in the limit A — 7 — 7, the arctic
curve degenerates into the first diagonal y = x. In this case, it may be
understood by noticing that when wg = 0, the only allowed configura-
tion is one with occupied edges that are all horizontal above y = x and
all vertical below, with additional diagonal steps below y + = = 1.
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n=m/8 A\=57/8
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—pn=07/64

—pn=157/64
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Figure 4.16: Arctic curves for =75, A= ‘%" and various values of p € [0, A—n].

Figure 4.16 shows the increasing asymmetry of the arctic curve under
x <> y for increasing p in the range ]0, 7 /2] at fixed values n = 7/8 and
A = 57/8. When the parameter p tends to its maximal value A — 7,
the arctic curve displays two outgrowths which become narrower and
narrower and eventually degenerate into two segments so that the arctic
curve is formed of a single convex curve (see Figure 4.17-left).

Limiting degenerate cases. For y = A —n, the two aforementioned
limiting segments are tangent to the arctic curve and have a slope —1/2
independently of A and 7. This phenomenon has a simple explanation:
for p = A—n, we have wg = 0 so that the H and DV frozen phases cannot
exist anymore. A direct transition then takes place between the frozen
phases HD and E (resp. between HDV and V). The slope —1/2 of the
transition line is directly dictated by the path geometry, as illustrated
in Figure 4.17-left). The evolution of the 4 = A\ — 7 convex arctic curve
with fixed n = 7/16 and varying A is represented in Figure 4.17-right.

Figure 4.18-left displays the evolution of the arctic curve with p for a
very small 77 and a value of A close to its maximal possible value m — 7.
When p gets close to its maximal value A — 7, the arctic curve is formed
of two symmetric convex pieces connected by a narrow isthmus. More
precisely, a well-defined limit is reached by setting

n=c¢€A\, )\:71'—6<A1+A2), /LZ7T—€(2A1—|-A2+A3) (4.81)
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Y Y
1 1 n=n/16, p=X—n
- — A= 107/32
— X\ =167/32
0.8 — A =22r/32
— A= 26m/32
— X\ =207/32
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Figure 4.17: Arctic curves for n = 7/16, 4 = A — n and various values of
X €n,m—n[. At p = X —n, a direct transition takes place between HD and
E (resp. between HDV and V) along a segment of slope —1/2 dictated by the
local path geometry, as shown on the left, for A = 227/32.

and sending € — 0, with fixed positive real numbers A;, Ay and A3 so
that the parameters remain in the admissible range (4.45). Up to an
overall €2 factor, all the w;’s remain finite and are positive homogeneous
polynomials of degree 3 in the A;’s. In this limit, the arctic curve tends
to an algebraic curve made of two symmetric pieces: the first piece lies
in the upper half of the rescaled square domain and is tangent to the
lines y =1, x = 1 and y = 1/2. The second piece is its image under
180° and lies in the lower half of the square. As for the isthmus observed
in Figure 4.18, it degenerates into a horizontal segment joining the two
tangency points along the y = 1/2 line. This segment corresponds to
a new, direct transition between the HD and V frozen regions and its
horizontality is dictated by the path geometry.

The same phenomenon of splitting of the arctic curve is in fact observed
by keeping a finite value of  whenever A\ and u tend to their maximal
admissible values, namely A =7 —n—eAy and p =7 —2n—e(Ay+ A3)
with € — 0, As and Ag finite and positive. This leads to a limiting
arctic curve depending on Ay and Az but independent of 1 (assuming
that 7 itself is kept fixed and does not scale with €) corresponding to
limiting weights wg,ws,ws,ws — 0 and (projectively) wq,ws,wg — 1.
This n-independent limit may be reached in the above setting (4.81) by
sending A1 — oco. Remarkably, the corresponding limiting arctic curve
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Yy Y
1 n=0.01, A =7 —0.03 . A=7—n—€ely, p=m—2n—eA2+Az)
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Figure 4.18: Left: Arctic curves for n — 0 (here n = 0.01), A + n — 7 (here
A = 7 — 0.03) and various values of u € [0,A — n[. Right: Arctic curve for
A=m—n—€elAyand p =7 —n—e(Aa + A3) with e — 0, for A5/A> =2 and
some arbitrarily fixed 7. The limiting shape is independent of 17 and formed of
two symmetric ellipses tangent to the y = 1/2 line. Note that the V portion
gives rise to two portions in this limit, one in each ellipse. The black dashed
segment is the locus of the transition between the HD and V frozen regions.

is made of two ellipses (exchanged by 180° rotation) with respective
equations

(As(z — ) + 20a(z + 2y — 2))° + 8AzA3(1 — y)(1 — 2y) = 0,

4.82
(A3(.Z’ - y) + 2A2(3§‘ + 2y — 1))2 - 8A2A3y(1 — 2y) =0. ( )

In particular, these curves depend on the ratio As/Ag, hence on the
precise way in which the weights w; reach their limiting values 0 or 1.
The corresponding arctic curve for Az/As = 2 is displayed in Figure 4.18-
right.

Finally, let us mention that the arctic curve of the 6V model with DWBC
is a limiting case of the 20V arctic curve. The 6V model with DWBC
may be realized as a particular instance of the 20V model with DWBC2
by setting wy = ws = 0. Indeed, the condition we = ws = 0 forces the
diagonal steps to be transmitted through each node so as to arrange into
n—1 complete diagonal lines below the second diagonal. These lines may
be removed and the remaining paths, made of horizontal and vertical
steps only, form configurations of a 6V model with DWBC. Using this
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observation, the result of [14] can be derived (in the D regime) using the
one of the 20V model with DWBC2, see [17].

Uniform case. To conclude this subsection, let us discuss the uniform
case where all w;’s are equal to 1, namely when u = 0, A = 51 and
n = 7/8. The solution for the E portion of the arctic curve of Theorem
4.2.4 is given explicitly by

2¢ 106, V3, . 26 .
=—(5 = —))——=1(5 —=)—
18( cos(3)+cos( 3 )) 18( Sm(3) sm( 3 , (453)

pel8)= \1/5(5 cos (%) —cos (152)) 5 (55in () +sin (152)),

with & € [0,7/4]. This describes a portion of some algebraic curve with

() 10¢

equation

3" (2% +97)° +3%10(a” + y*)* — 395(2” + 4°)°

2 2, .22 4.2 2 8 2, .2 12 (4.84)
+6°20(73(z* +y°)* — 5%z y") — 2°15(z* +y°) — 27 =0,

which is exactly the (whole) arctic curve of the uniform (y=1) QTHADT.

This is a direct consequence of the correspondence (first proved in [59],

see Theorem 5.2) between the refined partition functions of these two

models, which generalizes

Z, = Ap(y=1) = Z,[1,V2,1] = 1,3,23,433,19705, - - - . (4.85)

As for the V portion of the 20V model with DWBC2, it is given by

(25(8), ye (&) — 2:(£) + 1), (4.86)

with £ € [-7/4,0]. Otherwise stated, in the uniform case, the V portion
is obtained from the analytic continuation of the E portion by a simple
shear transformation sending the y = 0 line onto the line z + y = 1.

Remarkably, as shown in Figure 4.19-left, we find exactly the same pat-
tern of correspondences if we compare the arctic curve for rotation-
ally symmetric rhombus tilings of a holey hexagon, in bijection with
DPP [154] to that of the uniform 6V model (with weights a = b = ¢)
with DWBC, in bijection with ASM (see Section 5.5). In the geometry of
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— 20 V DWBC2

=

Figure 4.19: A shear transformation y — 1 — z + y relates the dashed por-
tions of arctic curves of some uniform vertex models and the arctic curve of
some wuniform rotationally symmetric tilings of some holey domains. Left:
6V model with DWBC and rotationally symmetric rhombus tilings of a holey
hexagon, whose arctic curve is an ellipse. Right: 20V model with DWBC2 and
QTHADT. In both cases, the purple portion is common in both cases and the
whole arctic curve of the tiling model is its analytic continuation, drawn in red.

Figures 2.12-right and 4.19-left, the arctic curve of the rotationally sym-
metric holey hexagon rhombus tiling is obtained via (2.56) with n = 7/6,
upon taking £ in the extended range £ € [—57/6,77/6], leading to the
complete ellipse 22 + y? — xy = 3/4. As to the uniform 6V model with
DWBC, the north-east portion of its arctic curve is exactly a piece of
this ellipse [13]. This is a direct consequence of the refined ASM-DPP
correspondence, proved in its highest degree of refinement in [99, 155].
The three remaining portions are obtained by successive 90° rotations
around the center of the domain. Again, as displayed in Figure 4.19-left,
the south-east portion is the image by the same shear transformation
y — 1 —x 4y of a portion of ellipse. This recurrent pattern may hide a
more general phenomenon for correspondences between osculating and
non-intersecting paths problems, yet to be investigated. Finding such
a correspondence would probably be hard. Indeed, since the discovery
almost 40 years ago of the ASM-DPP correspondence, no bijection be-
tween the set of ASM and that of DPP has been found, despite recent
promising bijective results [156-158].
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4.2.5 Simulations

Method. Numerical studies of the arctic curve phenomenon in the
6V model with DWBC (or “domain-wall-like” boundary conditions) are
numerous [104-106,109,111,141]. In this subsection, we adapt a Markov
chain Monte Carlo method due to Allison and Reshetikhin discussed
in [104-106]. This algorithm exploits the bijection with osculating paths
to design a local-move Markov chain whose stationary distribution is
that associated with the weights (4.44). For the sake of definiteness,
we consider the 20V model with DWBCI1, but the discussion is easily
extended to other fixed boundary conditions, including DWBC2.

Let us first consider the model with uniform distribution, i.e. with all
the w;’s equal (n = /8, A = 51 and g = 0). The Markov chain starts
from an allowed configuration (for example, the “diagonal” configuration
displayed in Figure 4.20-right) and preserves the non-crossing property
at each step. At any given iteration, either the configuration remains
unchanged or some elementary move is performed on a plaquette. The
algorithm goes as follows: start by selecting a plaquette at random, and,
if the plaquette has at least a section of path connecting its north-west to
its south-east corner, randomly choose which section of path to update
(", L_or . 1). The four possible moves are \ — L_, [ — \,’\ — land
_J= 2\, if allowed by the local environment. If no move is possible for
this selected section of path, remain in the same configuration for this
step of the chain (the attempted move is rejected). Otherwise, apply
the rules R;, i = 1,2,---,7 presented in Figure 4.20-left. Repeat the
process until the number of steps is sufficient (see the discussion below).

Since every configuration of the model can be obtained from any other
configuration by finitely many elementary moves and since for any con-
figuration there always exists a move whose rejection probability is non-
vanishing, the Markov chain is ergodic. One can also verify that the
transition probability p(C — C’) from a configuration C to a configura-
tion C’ is symmetric: p(C' — C) = p(C — (’). In particular, the two
possibilities for the output in rules R; and Ry are precisely designed
so as to ensure this property. Hence, the detailed balance condition is
satisfied for the uniform distribution, which implies that the stationary
distribution of this Markov chain is uniform, as required.
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Ry k—w\;

Ry \|— ] N
R3 N—)B or N
Ry N ]— 7\

Rs "\ ]— N\ or ™~
nlon |
Ry [y— 0 or [ N N

Figure 4.20: Left: Rules Ry, - ,R; used to perform the elementary moves
of the Markov chain. Plain lines indicate occupied edges, dashed lines empty
edges while at least one of the dotted line is occupied. When two outputs are
drawn, one is chosen with probability 1/2. Right: “Diagonal” configuration
used as initial state. It is made of a triangular HDV region and a triangular E
region.

The uniform version of the algorithm is therefore such that, at every it-
eration, we either stay in the same configuration C (the move is rejected)
or we perform a move and obtain a new configuration C’. Generalizing
the algorithm to the non-uniform case of arbitrary weights (4.44) can
then be achieved by further rejecting some of the moves in a way that
depends on the weight of the putative new configuration C’. Assume that
the move is attempted on a plaquette whose center is located at (3, j)
and call W; ;(C’') the product of the weights of the four nodes around
this plaquette in the configuration C’. The move is accepted (in a similar
manner as in [104-106]) with a probability equal to
Wi (C')

P = W (4.87)
where the normalisation Wy = (maxwg)* ensures that P < 1. This
Markov chain is ergodic and satisfies the DBC for the probability dis-
tribution induced by the relative weights w;. The ability of this algo-
rithm to generate configurations with the correct frequency was tested
for small sizes and for several choices of 1, A and p (see Figure 4.21 for
an example).

The Markov chain converges to the desired distribution in the limit of
an infinite number of iterations. In practice, we need a criterion to
decide when to stop the simulation: the main criterion we used, also
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Figure 4.21: Observed frequencies of the 23 possible configurations of the 20V
model with DWBC1 at n = 3, compared with the corresponding theoretical
probabilities, here for n = 7/12, A = 107/12 and p = A — 5n. The frequencies
were measured from 23000 generated configurations.

invoked in [104, 105], is the stabilization of the arctic curve, namely
that no qualitative change in this curve is observed. In the cases where
the convergence is slow, our estimation is checked against that obtained
by running another Markov chain starting from a completely different
configuration, as is done in [106], and we make sure that the results are
comparable.

Notice that instead of (4.87) one can alternatively use the Metropolis

probability
. Wi ~(C’)>
P=min (1, "~ ). 4.88
< Wi ;(C) (438)
For generic ws, this choice lowers the rejection of moves and hence
increases the thermalization speed. Unless stated otherwise we used

(4.87).

Results. We take the average over multiple configurations and use as
order parameter the local density of diagonal steps. Indeed this average
density is 1 in the frozen regions HD, DV and HDV and 0 in the H, E
and V regions, while it varies continuously in the disordered region. It is
hence a good indicator for the position of the arctic curve. The evolution
of the arctic curve with varying parameters is shown in Figures 4.22,
4.23 and 4.24. In all cases we also indicate the theoretical prediction
(dashed curve): the agreement is quite good, despite what looks like an
“attraction” of the finite-size arctic curve towards the disordered region.
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n=3

Figure 4.22: Local density of diagonal steps of the 20V model with DWBC1
for A = 5n, p = 0 and n = 100, for several values of n €]r/6,7/12]. The
order parameter is averaged over 1000 configurations. The dashed curve is the
analytic prediction for the arctic curve.

A =107

Figure 4.23: Local density of diagonal steps of the 20V model with DWBC1
for n = 75, p = A — 51 and n = 100, for several values of A\ € [4n,10n]. The
order parameter is averaged over 1000 configurations. The dashed curve is the
analytic prediction for the arctic curve.

The average outermost path is shown in Figure 4.25, for different sizes,
in the uniform case. The figure shows finite size corrections to the arc-
tic curve. As discussed in the previous chapter, in the case of Aztec
diamonds, the correction is of order n® with o = —2/3, in the rescaled
domain. We suppose that it is also the case for the model at hand. We
estimate the curve reached asymptotically when n — oo, in the coor-
dinates u = (y + z)/2 and v = (y — x)/2. For a fixed v let us call
un(v) the corresponding u on the average path in size n. We assume

~2/3¢orr(v) and extract an estimation of the

the scaling u, (v) = u(v) —n
arctic curve u(v), see the black dots in Figure 4.25. As a consistency
check, one can alternatively estimate the scaling exponent « defined by
u(v) — up(v) = n%corr(v) by using for u(v) the theoretical prediction.
It is found that on average @ = —0.627 with a standard deviation of
o = 0.103, which is consistent with the previous assumption, bearing in
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mind that next order corrections might play a role for the small sizes
considered.

1.0

0.0

Figure 4.24: Local density of diagonal steps of the 20V model with DWBC1
for n = 100 in the case p # A—5n. The Metropolis version of the algorithm was
used. Left: n=m/6, A =97/12 and p = —7w/2. Right: n =1/200, A\ =7 — 3n
and p = A\ — dn.

Figure 4.25: Averaged outermost path position (500 configurations) of the
20V model with DWBC1 and uniform weights for n = 25,50,75,100. The
interpolating curve is compared with the theoretical arctic curve.
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Chapter 5

Variational approach

This chapter is based on [159, 160] written
with Philippe Ruelle and Etienne Granet

The tangent method is believed to apply to a large variety of systems
which can be formulated in terms of interacting directed lattice paths.
In this chapter, we assume that the paths are non-crossing. Other types
of interactions may also potentially lead to an arctic phenomenon that
is tractable using the tangent method. Its domain of applicability is
not precisely known. The method distinguishes the most external path
from the other paths, which are responsible for the formation of the
arctic curve itself. It essentially relies on two basic assumptions, as ex-
plained in Subsection 2.1.2. Assumption (i) states that in the scaling
limit, the outermost path alone has no effect on the arctic curve, neither
on its existence nor on its shape. The main argument for this is that
the arctic curve is a volume effect that cannot be counterbalanced by
a single path. Thus, the outermost path can be modified by changing
its starting or ending point, or both, without interfering with the arctic
curve. This brings up the second main assumption (ii), based on many
observations: the modified external path has straight portions which
connect tangentially to the arctic curve (in the scaling limit, the exter-
nal path becomes a class C' curve almost surely). It is this tangency

131
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assumption that makes the tangent method so efficient, allowing to de-
termine the analytical shape of the arctic curve from a family of tangent
straight lines.

The concrete implementation of the method is model-dependent but its
principle is believed to be fairly universal. A general, model-independent,
proof of assumptions (i) and (ii) is probably challengingly hard as it
would be close to giving the shape of the arctic curve itself. Refer-
ence [21] presents a first rigorous (and rather technical) proof of these
assumptions in a special model, namely the 6V model with uniform
weights (at the ice point) and a generalization of DWBC. In this chap-
ter we assume that (i) holds and expose general considerations on these
assumptions using a wvariational approach. In the first two sections, we
use (i) to give compelling arguments for (ii). In the remaining sections,
we verify the validity of a natural extension of (i) and explore its conse-
quences. Let us start by giving an overview of the main ideas developed
in this chapter.

Our approach to justify (ii) may be summarized as follows. In a tan-
gent method set-up, if one assumes that the arctic curve is deterministic
and fized, there remains only one random lattice path, travelling in a
deterministic domain D, bordered by pieces of the arctic curve and by
the boundary in which the model is defined (the random path can be
thought of as an extra path we introduce by hand). The problem is then
reduced to study, in the scaling limit, the probability distribution of a
random path that stays inside the domain D (it cannot cross the arc-
tic curve due to the non-crossing property of the paths underlying the
arctic curve), the distribution being induced by the weights associated
to the elementary steps, in finite number. While the endpoint is fixed,
the starting point can be varied and taken away from the arctic curve.
The distribution over random paths can be complicated on the lattice
but dramatically simplifies in the scaling limit. By using a variational
approach, we write the measure on continuous trajectories in terms of a
classical action, and find that, in the scaling limit, this measure conden-
sates on the unique trajectory which maximizes the action. We show
that the unicity of the maximizing trajectory as well as its complete and
explicit description follow from a central observation: the Lagrangean
function L defining the classical action is a strictly concave function, a
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property which we prove to hold for any directed random walk (on Z2
for simplicity). This unique trajectory is found to satisfy the tangency
assumption (ii).

In the second half of this chapter, we strengthen assumption (i) and also
make it more concrete by observing a factorization property: if Zfﬁfl de-
notes a 1-refined partition function of a system of n 4+ 1 non-crossing
paths, with the starting point of the most external path (possibly) dis-
placed, then in the large n limit, it factorizes as Zﬁf_ﬁl ~ 7, 799 In
this expression, 7, is the partition function for n unmodified paths and
Z99 is the contribution of the most external path, constrained to stay
inside a fized domain D whose exact shape depends on the arctic curve
induced by the n other paths. Moreover, if the shape of the arctic curve
is known, the variational approach predicts the asymptotic value of ZP,
which is fully computable in terms of the Langrangean L. The factoriza-
tion property can be extended to provide an efficient way to conjecture
the asymptotics of multirefined partition functions. We present detailed
verifications of this hypothesis in the Aztec diamond and for alternating
sign matrices by using exact lattice results. In the last section, we re-
verse the argument and reformulate the tangent method in a way that
no longer requires an extension of the domain, and which reveals the
hidden role of the L function.

5.1 Single free paths

The general framework which we consider is that of lattice statistical
models which can be formulated entirely in terms of non-crossing random
paths, and showing the phenomenon of arctic curve. In addition, and
this assumption is crucial, the lattice paths can be viewed as directed
random walks in the plane, which is always the case for models exhibiting
an arctic phenomenon, to the best of our knowledge. The paths are
defined in terms of a set S = {51 = (u1,v1), S2 = (ug,v2),...,5 =
(ug,vg)} of elementary discrete steps and a set W = {wy, wa,...,wg}
of associated weights w; > 0. We take k > 2 as the case k = 1 is trivial;
for the same reason we also suppose that not all the §; are collinear;
likewise we may assume without loss of generality that one of the w;
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is equal to 1. For convenience we assume that the steps belong to Z?2,
although this should not be a strong restriction.

By a directed walk, we mean a walk for which a return to a previously
visited site is not permitted by its elementary step content. Thus, the
available steps are such that the condition Zle a;8; = 0 with a; non-
negative integers has the only solution a; = 0 for all i. Equivalently the
convex hull of the points 5; in the plane does not contain the origin'.
This implies the existence of a straight line passing through the origin,
which separates the plane in two halves, one of which strictly contains
S, viewed as a set of points. Then a unit vector d € R? exists such that
all step vectors have scalar products with d which are strictly positive,
5;-d > 0 for all i. For simplicity, we may assume that S is such that the
possible paths are contained in a cone with an aperture strictly smaller
than 7 which is itself contained in the right half-plane z > 0 (thus u; > 0
for all 7). We formulate here a number of preliminary results.

This situation is fairly general, but the tangent method is believed to be
applicable even more generally, such as for area-weighted paths [23,25]
or for vertex-weighted paths, as seen in the previous chapter. In [159],
we generalize the argument given below to the area-weighted case. The
argument can also be applied case-by-case for vertex-weighted paths
using their Lagrangean function, which can be computed as in Appendix
D.

5.1.1 Lagrangean function of a path

For the directed walk defined in terms of a set S of possible steps §; and
weights w;, we denote by Z, s the weighted sum over all paths between
the origin (0,0) and the site (r, s), the weight of a path being the product
of the weights of its elementary steps. The assumptions made above
imply 7 > 0. The generating function of the numbers Z, ,, for elementary
steps §; = (u;,v;) of weights wj, is given by

1

k
G(xay) = ;Zr,s "y’ = m7 P(‘rvy) = ;wi iy (5-1)

!The previous argument shows that the origin is not in the rational convex hull.
It is not difficult to show that it can neither be in the real convex hull.
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Note that this general result yields as a particular case the generating
function (1.45) already computed in Chapter 1. We will be mostly in-
terested in the asymptotic behaviour of Z, s, when r,s are both large
with the ratio s/r finite, and more specifically in its exponential growth
rate. In what follows we use the notation Z,,, 5 with a,b € Rand n € N
defined to be Z, ; with (r, s) one of the closest point to (na, nb) reachable
by the elementary steps S.

By a standard argument, we note that for m,n positive integers, the
inequality Z(m+n)a,(mtn)b = Lmaymb Znanb Mplies that the sequence
cn = log Zyqnp is superadditive (i.e. satisfies ¢pqn = cm + ). By
Fekete’s lemma, the following limit exists

lim 1 log Zyq.np = sup 1 log Znany = L(a,b), (5.2)
n—oo n n N

which we call the Lagrangean function for reasons that will be clear later

on. It may also be called a large deviation function. The lemma does

not guarantee that the limit is finite, but the following simple argument

shows that it is finite, for all a, b, and grows at most linearly in a and b.

A

Let ¢ = minj<;<x(5; - d), a strictly positive number. To reach the point
(na,nb) requires at most (na,nb) - d/c elementary steps, taken from the
set S. We readily obtain the upper bound

Znamb < (Zwi)(na,nb)'ti/c and L(a,b) < Mlog (Zwl) (5.3)

b - ’ C -

7 7
Unless the points (na, nb) are reachable for no n, the function L(a,b) > 0
is also bounded below by any non-zero term in the sequence % log Zya nb-

Repeating the above arguments in terms n’ = na and final point (n', n’ %),

we obtain the obvious but important scaling relation,
L(a,b) = aL(l,%) =aL(®). (5.4)

In the rest of this chapter, the L function will be used with a single
argument, meant to be a slope. The support of the function of one
variable L(t) depends on the walk considered; it is given by the interval
[tmin, tmax] Where tmin, tmax are respectively the minimal and maximal
slopes among the elementary available steps. Our assumptions imply
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that at least one of ¢y, tmax is finite, so the support is a finite or
semi-infinite interval.

In simple enough cases, the function L(t) can be explicitly computed
from the asymptotic form of the coefficients of the bivariate generating
function G(x,y), see for instance the review [161] (see below for more
details). As an illustration, we find the following Lagrangean functions
for two simple walks. All weights w; are equal to 1 in these, except the
horizontal step (2,0) in the second example, which has weight w:

£ Piley) —a+y
L] Li(t)=(14t)log(1+t)—tlogt t=0, (5.5)

S| Pa(z,y) = vy +a/y+ wa?

WL Ly (t) = log VIR | log VIEWEVELE — 1<t (5.6)

Concavity. For (nz, ny) an intermediate passage point? between (0, 0)
and (na,nb), the simple inequality (which can be made strict except in
degenerate cases)

Zna,nb = an,ny Zn(a—x),n(b—y): (5'7>

immediately yields L(a,b) > L(z,y) + L(a — x,b — y) (which cannot be
made strict in general, as we will see later). Using the scaling relation

(5.4), it becomes
b b—
f3)> 0 0-e(i) e
a a T a a—x
Setting @ = £, ¢t1 = ¥ and ¢, = %’
statement that the function L(t) is concave on its domain,

WV

the previous inequality is the

L(aty + (1 — a)ts) > aL(ty) + (1 — @) L(t2), 0<a<l (5.9)

However, the function L(t) satisfies a stronger property which turns out
to be central in the subsequent arguments: the Lagrangean function L(t)
1s strictly concave. The strict concavity means that

L(aty + (1—a)t) > aL(t;) + (1—a)L(t2), 0<a<l,t; #ta. (5.10)

2Notice that we use z and y, either as arguments of generating functions, or as
rescaled coordinates. The meaning should be clear depending on the context.



5.1. SINGLE FREE PATHS 137

The yet slightly stronger property, namely that L”(¢) < 0 on its open
support, which itself ensures the strict concavity, proves to be useful
later on and can be obtained from the way the function L(t) is to be
computed. The reference [161] reviews a number of methods to compute
the asymptotic value of the coefficients of multivariate generating func-
tions. In our case, the relevant function is the two-variable generating
function given in (5.1), for which the results quoted in [161] apply®.

Let z, y be two functions of ¢ satisfying the system (the indices of P(x,y)
denote partial derivatives)

P(z,y) =1, te Py(z,y) =y Py(z,y). (5.11)

Theorem 1.3 and Corollary 3.21 of [161] state that (a) there is a unique
solution for which z(t),y(t) are real positive functions, and (b) the
asymptotic value of Z, np is given by

N(t) b

y— exp{naL(t)}, t=—, (5.12)

a

Zna,nb ~

where we used the notation f,, ~ ¢, < lim, o fn/gn = 1. Here N ()
is an explicit function of x(¢) and y(t), generally a rather complicated
algebraic function of ¢, and

L(t) = —logx(t) — t log y(t). (5.13)
In the two examples mentioned previously, these functions are found to
be equal to
1 t 1+1¢
B = nt) =1, M@= >0, (5.14)
T+w — V1+wt2 tV1+w + V1+wt2
xo(t) = 4 , yo(t) = v , (5.15)
w1 — t2 V1 — 2
1+ V14 wt?)?
Ny(t) = (Vw +14 V1 +wt?) -1<t<1.

C Vwr IVIFwZ(1l-t2)

3In the survey [161], the generating function is assumed to be non-singular at the

origin and to expand in positive powers of x and y (r,s > 0). This assumption is
not verified here if some of the elementary steps have a second component which is
negative. When this is the case and since the step vectors are contained in a cone
of aperture strictly less than m, they can be mapped by an affine transformation to
steps contained in the first quadrant for which the results of [161] apply. However,
one can show that this procedure and a naive application of the results of [161] yield
exactly the same results. For this to hold, the directedness of the walks considered
here is crucial.
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The corresponding functions z(t), y(t), L(t) are shown in Figure 5.1. It is
a nice exercise to verify that the results derived by this general procedure
indeed match the asymptotics of explicit lattice enumeration formulae,
such as (1.44).

2.5 (1)
y2(t)
2 x1(t) — L) L5
y1(t)
15 — Li()

1 2 3 4 5 —0.5 0.5 t

Figure 5.1: Plots of the functions x(t), y(t) and L(¢), for the two examples
(5.5) and (5.6), first example on the left, second one, with w = 1, on the right.
The plots show the typical behaviour of these functions for semi-infinite and
finite domains respectively.

Before proving that L”(t) is strictly negative, we show that the three
functions z(t), y(t), L(t) are smooth. The first equation of (5.11) yields a
first implicit equation f;(z,y) = 0, where 0, f1(x, y) nowhere vanishes in
the domain x,y > 0. Moreover, since fi(x,y) is C* in both variables in
the same domain, the implicit function theorem implies that z = z(y)
is a C*° function of y. Similarly the second equation in (5.11), after
substituting = x(y), yields an implicit equation fa(y,t) = 0, which is
C* in both t and y > 0. The derivative d, f2(y,t) is found to be equal
to

2z
0 ) =— —|Py(z,y) + Py (x, + 2tx Py (x,

ny(y ) Y [ m( y) mz( y)] xy( y) (5.16)

- Py(x,y) - yPyy(:Ev y)v

where we used the identity

t
(y) ==, (5.17)

Y

obtained by differentiating the first equation of (5.11) with respect to v,
and using the second equation (here and in what follows, f’ denotes the
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derivative of f with respect to its argument, made explicit). Recalling
the form of the function

k
P(z,y) =Y wiz"“y%,  u >0, (5.18)
=1

a simple computation shows that

t2x
- ? [Px(:E?y) + xPxx(:E7y)] + 2t$ny(:Ea y) - Py("Ea y) - yPyy(xyy)
k
= - Z w; (v; — tug)? ¥yt (5.19)
i=1

is strictly negative. Thus, 0y fa(y,t) < 0 nowhere vanishes in the domain
y > 0,t € R. A second use of the implicit function theorem implies that
y = y(t) is a smooth function of ¢ on its open domain |tmyin, tmax[- The
statement that the functions z(¢t) and L(t) are smooth readily follows.
We note that the double use of the implicit function theorem readily
proves the uniqueness of the real functions z(t), y(t) > 0.

In order to check that L”(t) < 0, we differentiate the first equation of
(5.11) with respect to ¢ (after the substitution z = x(¢) and y = y(¢)) and
use the second equation to get the condition (logz(t)) = —t (logy(t))’.
It allows to write the first two derivatives of L(t) as

y'(t)
y(t)

Differentiating now the second equation of (5.11) with respect to t and

L'(t) = —logy(t), L'(t)=— (5.20)

using (5.17) once more yields

xpm(xay)

Py(% y)+yPyy(xa y)"’% [Px(xv y)—l—me(:v, y)] —2t:L‘sz(iE, y) ‘
(5.21)
From the specific form of P(x,y), we see that x P, (z,y) is strictly positive

y'(t)=

in the domain z,y > 0, whereas the denominator, equal to —0d, fa(y, t)
computed above, is also strictly positive. Thus, the numerator and de-
nominator of (5.21) are both strictly positive for z,y > 0, which implies
y'(t) > 0 and thus L”(t) < 0 as claimed.
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5.1.2 Passage probability distributions

In this subsection, we prove that in the scaling limit, by which all large
lattice distances na, nb, ... are rescaled to a,b, ... (equivalently, the lat-
tice spacing is shrunk from 1 to %), the probability measure on paths
connecting two points concentrates on a unique trajectory, namely a
straight line. We also investigate the size of the fluctuations around
the straight line. The collapse onto a unique trajectory is eventually
re-derived in a variational framework.

Passage probabilities. Given a distant site (na,nb), the probability
that a directed walk passes through the point (nz,ny) is given by

Zn:c,ny Zn(af:r),n(b*y)
Zna,nb

~ exp{an[ZL@ + (1—%) L<2:Z> - L(Z)]} ,

up to the multiplicative non-exponential terms given in (5.12). The strict

Py [(nz, ny) | (na,nb)| = (5.22)

concavity of the Lagrangean function implies that the combination in the
square brackets is strictly negative, except when the two points ¥ and

g, in which case it trivially vanishes. We

Z:—Z coincide, namely when ¥ =
therefore obtain that the above probability is exponentially depreciated
with n when the intermediate point is not on the straight line. An

analogous though somewhat weaker result has been proved in [22].

Fluctuations. We have seen that in the rescaled domain, the path
between (0,0) and (a,b) is almost surely a straight line. However, at
finite but large n, the distribution shows fluctuations. It is natural and
important for what follows to understand the size of these fluctuations.

In the asymptotic regime, the passage probability is given by

aN(%)

by
Po [(n@, ny)|(na,nb)| ~ p—— :(5()1 x()b) x exp{anF(y)}, (5.23)

where F(y) is the combination of three terms in the square brackets in
(5.22). As noted above, F(y) is strictly negative except at y(z) = tx =
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%” where it vanishes. Because of the factor n in the exponential, only

the values of y very close to y(z) will make a significant contribution
to the probability. Therefore, we can expand, to leading order, F'(y)
and the factor in front of the exponential around y(z). From above we
know that F(tz) = 0 but also that F'(tx) = 0 since F(y) is strictly
negative away from y = tx, which is therefore a maximum. Moreover, a

simple computation yields F”(tx) = x(aax) (t) < 0, a strictly negative
number according to the results of the previous subsection. We therefore
obtain the following Gaussian approximation,

Po [(nz, ny)|(na, nb)] ”27102 L” — ;tf) }, (5.24)

for which we allow y to take all real values (rather than those related to

the reachability to and from (nz,ny)), and where

| z(a—x)
o=\ e (5.25)

The above probability is not normalized upon summation over y, since
one readily obtains

nYy=—=Ttmax o0

>~ Paf(na, (e, mb)] ~ [ dtny)Bo[(nz, )| ()]
ny=—tmin -~ (5.26)
N()
_Lll(t)'

On general grounds, we do not expect it to be normalized. Indeed, if a
vertical step of the form §= (0, v) is allowed (has non-zero weight), the
walk may visit several values of y for the same value of x, causing an
overcounting (integral larger than 1). Likewise, if some of the possible
steps have horizontal components u > 2, a fraction of walks will not visit
any site on the vertical line at x, causing this time an undercounting (in-
tegral smaller than 1). Finally, there may be arithmetical constraints on
the sites (x,y) that are actually reachable, in which case the summation
over y must be further restricted. These various situations are reflected
by the presence of the factor \/N(t)/(—L"(t)) in (5.24).

Despite the (expected) absence of a proper normalization, the distribu-

1/2

tion (5.24) shows a dispersion of order n~'/¢ around the mean value
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Figure 5.2: Left: Probability distributions of a passage at y for five different
values of x (& = b = 1), for the directed paths defined by S = {(1,0), (0,1)},
each step having weight w = 1 (example 1 in Section 5.1). The bars are the
results of simulations (36000 configurations) for n = 200, whereas the solid
lines represent the Gaussian approximation (5.24). Right: Comparison, for the
same paths but for different values of n, of the quantity no? obtained from
simulations with the one computed in (5.25) (a =b=1, ¢t =1 and from (5.5),

L{(1) = =)

y = tx, in the rescaled domain. On the lattice, keeping the lattice vari-
ables nx, ny, na,nb, we expect a standard deviation of order n'/2. This
is well confirmed by numerical simulations, as shown in Figure 5.2 for
the lattice paths of example 1 given in (5.5).

Variational approach. We now reformulate the problem in a contin-
uous (variational) framework. Rather than counting the possible paths
within a certain class dictated by the choice of possible elementary steps,
and then doing statistical estimates about passage probabilities, we as-
sociate, in the continuum limit, a classical action to each path. The
action allows to assign a statistical weight to a whole trajectory, repre-
sented as a continuous function h(x), the weight being itself inherited
from those of the lattice elementary steps. The resulting variational
problem appears to be the appropriate tool to determine the extremal
paths used in the tangent method to characterize arctic curves.

Let us consider all possible paths from (0,0) to (na,nb), made of ele-
mentary steps taken from the set S. For n large, their weighted sum
Znanp has the asymptotic value given in (5.12). Let us now focus on
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all the paths which pass through K + 1 intermediate points Z;, with
T = (%n, hjn) for j =0,..., K. Here the h; are fixed numbers inde-
pendent of n satisfying hg = 0 and hx = b. Provided  is large, the
weighted sum Z,[{h;}] over such paths is

K—
Zn[ths}] = H 52 (hjr1—hj)n) ~ ZL(tj)}’
B (5.27)
(h]+1 hy )K'

where ¢; Assuming that h; is the value at % of some

a .
real function*® h, namely h(%) = h;j, we obtain, for large enough K,
that ¢; ~ h/(%2), and that the sum over j in the exponential is well

approximated by an integral, leading to

Ii;[ EN() exp <n /Oa da L(h'(x))) : (5.28)

2mna

The function h needs not be everywhere differentiable. Looking at the
way it was introduced, the mere existence of a right derivative is suffi-
cient. More generally, we may consider the set of functions A which have
a left and a right derivative, hence piecewise of class C'.

The other dependence of Z,[h] in the trajectory is in the factor in front
of the exponential, which can similarly be written as

K-1

KN(t; K [ KN (W
H Mzexp / dz logM . (5.29)
20 2mna 2a /g 2mna

Since % was assumed to be small (we will argue that choosing K pro-

portional to \/n is good enough), this term is subdominant, as expected.

We obtain that the fraction of paths going from the origin to the point
(na,nb), and which collapse in the scaling limit to a continuous tra-
jectory described by the function h(z), for z € [0,a], h(0) = 0 and
h(a) = b, has a relative statistical weight given in terms of an action
S|h| associated with h,

Znlh] ~ eS| S[h] = /a dz L(R (z)). (5.30)

4This is largely legitimate because the paths we consider are directed to the right.
In case vertical steps are possible, a vertical macroscopic stretch is unlikely.
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In other words, Z,[h] can be interpreted as the unnormalized proba-
bility that the path stays in the scaling neighbourhood of the graph of
h(zx). Interestingly the weight of the paths depends on the underlying
lattice walk only through the function L (which was called Lagrangean
for obvious reasons). A trivial but important remark is that not every
function h is permitted: it must be compatible with the way the dis-
crete walk has been defined, implying that 4’(z) must be in the interval
[tmin, tmax| for all .

Because the Lagrangean function depends on the derivative of A only,
the Euler-Lagrange equation, computed on the subdomains where A is
C!, takes the simple form

L'WY R (z) =0,  h(0) =0, h(a) =b. (5.31)

As L” is strictly negative on its (open) domain, the trajectories h(x)
which make the action extremal satisfy h”(x) = 0, that is, h(z) is
piecewise rectilinear. The concavity of L ensures that the straight line
h(z) = bx/a is the unique global maximum of S[h], as proved below. In
the limit n — oo, the straight line is therefore observed almost surely,
consistently with the results obtained previously.

5.2 Tangency assumption

We now consider a typical tangent method set-up, see Figure 5.3. The
argument that follows is applicable whether or not the original domain
has been extended. We also focus solely on the frozen region that is
empty, except for one path. Assuming the hypothesis (i), we view the
compact cluster of paths collapsing to the arctic curve C in the scaling
limit, as being given. It influences the shape and the distribution of
the outermost path because it acts as an impenetrable frontier, due
to the non-crossing property built in the model. The problem for the
outermost path can then be posed in the following terms: what is the
distribution on the lattice paths from b}, to by (see notations of Figure
5.8), made of elementary steps from the set S, and constrained not to
cross a certain curve C 2 In particular, in the scaling limit, does this
distribution condensate on a deterministic trajectory with the properties
given in (ii) ¢
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Figure 5.3: Sketch of a typical tangent method set-up in the scaling
limit. The modified path, in red, has its starting point moved from by
to bj. It is constrained to stay in the domain D composed of portions
of arctic curve C in blue and the boundaries of the (possibly extended)
domain in black.

Compared to the results obtained in the previous section, the novel
issue is of course the presence of the impenetrable curve C because in
situations of interest, the endpoint b; cannot be reached from b; by
following a straight line, as it would cross C. As the arctic curve is
only defined in the continuum, we formulate the above question in the
continuum. To do this we take advantage of the variational approach
developed in the previous section, in which we assigned the action S[h] to
a trajectory h between two points in the plane. For the present problem,
we use the same action (5.30) as when there was no constraint at all,
and restrict it to those h that do not cross the given curve; a justification
for keeping the same action is provided in Subsection 5.2.2.

5.2.1 Variational approach in a constrained domain

The following setting should be general enough. As we did before, we
consider a trajectory in the plane as the graph of a continuous func-
tion h(x). The general problem is, given a simply-connected domain
D, whose boundary is sufficiently smooth (say, it has a tangent every-
where), to find the trajectories h from (0,0) to (a,b), wholly contained
in D, which maximize the action

S[h] —/OiixL(h'(x)), h(0)=0, h(a)=b, (z,h(z)) €D Vz€(0,a].
(5.32)
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We will find that this maximum is unique, let us call it A*. The relative
probability that the path follows any other trajectory h, is equal to
Z[h))Z[h*] = "SP=51"]) Tt goes to 0 exponentially fast with n; in the
scaling limit, the single path follows the trajectory h* almost surely.

We recall that L is the Lagrangean function, strictly concave, associated
to the directed walk under consideration, and computable in terms of
the sets S and W. Also the function h must have its (left- and right-)
derivatives in the domain of L, namely the interval [tmin, tmax], itself
determined by the set S. This imposes certain constraints on D for the
point (a,b) to be reachable. The last two conditions are implicit in the
rest of this section.

Our main result is the following

Theorem 5.2.1. For the variational problem formulated above (con-
nected and simply-connected domain D, boundary 0D of class C'), the
action S[h] given in (5.32) with L strictly concave, has a global max-
imum in the set of continuous piecewise C' functions, attained for a
unique function h* of class C'. The mazimizing h* is universal in the
sense that it does not depend on the specific form of L. The function h*
is best described as the shortest path in D between the points (0,0) and
(a,b): the graph of h*(x) has rectilinear pieces alternating with portions
of the boundary of D; moreover the linear parts of h* meet or exit the
boundary 0D tangentially.

The proof relies in an essential way on the strict concavity of the La-
grangean function and on the simple form of the action S[h], which
depends on h through its derivative only. It basically is a consequence
the following lemma.

Lemma 5.2.2. Fiz (x;,y;) and (xg,ys) two points in the plane and
consider the set of continuous and piecewise C' functions connecting
these two points, so that h(x;) = y; and h(xy) = y¢ (the functions
h are not restricted to be contained in a certain domain). Then the
action S[h] = f;f dz L(K (x)) has a unique mazimum for h* given by

the straight line.
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Proof. Let t* = % be the slope of the straight line A*. Assume first
that h is of class C!. In this case, the derivative h/(z) for x € [z;, /]

takes all values in a finite interval [l . , k.. ]. Since the average value
of W' (z) over [z;, zf] is equal to t*, the interval [h] ; . A7 .. ] must contain

t*. The function L being strictly concave, its graph lies below that of
any of its tangents, in particular it lies below its tangent at t*, namely
L(W) < L'(t*)(h —t*) + L(t*) for all ' # t*. If the interval [h] ., hl .|

is not reduced to the singleton {¢*}, that is, if & is not the straight line
h*, then

SR < L' (t") (yy —yi) + (g —x:) (L) —t" L' (")) = (v —ai) L(t") = S[h"].
(5.33)

In case h is only piecewise C!, the image of [z, z #] under A’ is the union
of intervals (when h is not linear) and singletons (when h is linear).
The inequality L(h') < L'(t*)(h' — t*) + L(t*) used above nonetheless
remains valid for any value A’ in the domain of L, and leads to the same
conclusion S[h| < S[h*]. [ |

Proof. To prove Theorem 5.2.1, we take (0,0) and (a,b) to be the op-
posite vertices of a parallelogram (with slopes tmin, tmax), in which the
allowed region is delimited by the boundary 0D, see Figure 5.4-left (as
we can see, the C! property is only required for certain portions of D).
We repeatedly use Lemma 5.2.2: to go from point A to point B, the
optimal path is the straight line, whenever this is possible (if the line
does not cross the boundary). In particular, if (a,b) is reachable from
(0,0) on a straight line, this will be the optimal h*.

If not, the endpoint (a,b), seen from the origin, is hidden by a portion
of D. In this case, h* is a straight line starting from the origin that
will necessarily make a first contact with 9D, say at P;: it cannot go
round D without touching it because such a path could be optimized by
following a shorter chord. Thus, h* must be composed of straight lines
and portions of 0D. P; must be the farthest point of the boundary that
is reachable by a straight line from the origin hence must be a tangential
point. Indeed, the Lemma implies that the union of a straight line to
another contact point, and the portion of 9D from it to the tangential
contact point, has a smaller action.
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Figure 5.4: Numerical simulation of a single lattice path with elementary
steps in S = {(1,1),(1,-1),(2,0)} and a weight w for the step (2,0). The
path starts from (0,0) and ends at (n,0) with n = 960, and is constrained to
stay in the domain delimited by the solid curve. Left: The path is sampled
with a weight w = 0.5. Right: We set w = 1 and in addition, the path
is weighted by a factor ¢, with A the area below it. The simulation is done
using ¢ = (0.05)/™. The blue curves are the corresponding optimal trajectories
h*(z), made of portions of the boundary and free trajectories (straight lines on
the left or known curves [159] on the right).

From Py, the optimal path will follow 0D for a while, exit the boundary
at a certain point P; and follow a straight line towards some point X (it
could potentially follow the boundary till it reaches the endpoint, like for
the Aztec diamond). P, is either a tangential point or else lies further
down the boundary. Again, the Lemma shows that a tangential point is
optimal. Iterating these arguments proves the claim. It should be noted
that the successive exit and passage points P>, X, ... cannot be precisely
determined without knowing the shape of the domain that the paths will
encounter further ahead. These points can only be determined from the
global shape of D. The resulting global process leads to the optimal
path as depicted in Figure 5.4-left.

The simply-connected assumption, usually satisfied in arctic curve sit-
uations, prevents the possibility to have two or more equally maximiz-
ing paths, ensuring the unicity of A*. Indeed, let h; and ho be two
distinct global maxima (h; # hg) of the constrained problem, thus
satisfying S[hi] = S[he]. Then hs = ah; + (1 — a)hy lies between
hy and he for 0 < a < 1. Since the domain is simply-connected
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and since hy and hg belong to it, Az is in the domain as well. It is
therefore a valid trajectory and, since L is strictly concave, satisfies
Slhs] > aS[hi] + (1 — «)S[ha] = S[h1] = S[hs], which contradicts the
assumption. |

The variational approach can also be applied in the area-weighted case,
in which a path is attributed an additional weight ¢*, with A the area
below this path. A non-trivial scaling limit is reached when ¢ = q%,
with g > 0, in which case the Euler-Lagrange equation generally leads
to curves rather than straight lines. Their precise shapes depend on the
nature of L(¢) and hence on the elementary steps S and their weights
W. The tangency property also holds in the area weighted case (see
Figure 5.4-right). The proof is then slightly more involved and is given
in [159].

The typical shape of large uniformly weighted Young diagrams men-
tioned in the introduction is exactly one of the aforementioned curves,
computed from L(t), where A = log(q) is in this case a Langrange
multiplier. This limit shape can also be used to compute the exponen-
tial growth of the number p(n) of partitions of an integer n, namely
p(n) ~ e”\/m, a result first derived by Hardy and Ramanujan [1].

5.2.2 Discussion

We have taken a definite stand on how to treat the paths in presence of an
impenetrable boundary, by restricting the variational problem obtained
without boundary to trajectories contained in the allowed domain. If
the endpoint is not reachable by a straight line, the optimal path will in-
evitably approach and coincide with portions of the constraining bound-
ary. Since our derivation of the variational principle ignores the presence
of a boundary, our approach calls for a justification. We provide it in
this subsection, in the case of a fized impenetrable boundary. This is
further reinforced by the results of the following three sections, which
suggest that the variational approach also holds when the impenetrable
boundary is composed of other random paths.

An alternative route would be to take into account, in the discrete lattice
formulation itself, the constraint that the paths be contained in the
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allowed region, by modifying the weights of the elementary steps so as to
prevent the walk from entering the forbidden region. In that formulation,
one would compute the number of acceptable paths and the asymptotic
form of the passage probabilities in order to figure out on what sort of
trajectories the distribution concentrates in the scaling limit. Though
probably more natural and more satisfactory, this approach is likely
to be impractical for general domains as those considered above in the
continuum, as it would require to handle position-dependent weights
w;i(Z). A (admittedly very) simple example is nonetheless worked out
below which shows that the two approaches give identical results in the
scaling limit.

The main reason which validates our approach is based on the following
argument. If it is true that the optimal path coincides with portions of
the boundary in the continuum limit, it is not so on the lattice. The
lattice formulation of the problem considers random lattice paths from
(0,0) to (na,nb), and asks for the distribution over these paths, for large
n, equivalently the distribution of passage on any given vertical line. In
regions where the constraint plays no role, we know from Subsection
5.1.2 that the distribution on paths has its support essentially contained

1/2 around the straight line (the average path).

in a window of size n
When the constraint is effective enough to force the lattice paths to
deviate from their ballistic, straight line behaviour, one does not expect
that the average path (or the likeliest, it does not make much difference)
remains in a close neighbourhood of the constraint, because the entropy
away from the constraint is higher: the paths which stay away from
the constraint are more numerous. The entropic bias increases with
the distance to the constraint and keeps the average path away from it.
The average path will however not be pushed away from the constraint

1/2

beyond a characteristic length scale of order n'/ since this is the scale

of the fluctuations when there is no constraint. It is therefore natural to

expect that the average path will be localized at a distance of order nl/?

from the constraint. In this case, the derivation we made in Subsection
5.1.2 of the action associated with a macroscopic path remains valid if

we partition the horizontal interval [0, na] into small cells whose size %

1/2

is of order n"/#. Over this horizontal distance, the vertical displacement

(hj+1 — hj)n is of order %t;, also proportional to n'/2. It then follows

that the path trajectory is partitioned into windows of linear size n'/2,
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Figure 5.5: Results of numerical simulations for the walks with steps (1,0)
and (0, 1) as explained in the text. Left: Average path for various linear sizes n
in the rescaled domain. The average is performed using 100 000 random paths
for n = 25,50 and using 40000 for n = 100,200. Right: Difference between
the average path h,, and the boundary g, (z) = ng(z) rescaled by a factor y/n.
The inset focuses on the region where the paths stick to the boundary.

big enough to contain the main fluctuations, and small enough to stay
clear of the constraint. Inside each window, the path combinatorics
remains roughly the same as if there were no constraint. So on the
lattice, the constraint has a repulsive effect that moves the windows away
from itself, but the statistics inside the windows remains unchanged,
suggesting that the Lagrangean function is the same whether or not there
is a constraint (this will be confirmed in the explicit example below). In
the continuum limit, namely after rescaling by a factor 1/n, the repulsion
scales away and the restriction that the paths do not enter the forbidden
region is then all what remains of the constraint.

These expectations are borne out by the results of numerical simulations,
shown in Figure 5.5. The simulations were carried out for the walks
made of the two elementary steps (1,0) and (0,1), each with weight 1
(the example 1 in Section 5.1), conditioned to start at (0,0) and to end
at the diagonal site (n,n). The impenetrable boundary is represented by
the parabola-like curve. The left panel shows the average paths, in the
rescaled domain, for four values of n, whereas the right panel plots the
distance between the average paths and the boundary 0D, rescaled by
a factor n'/2. In the region where the constraint is effective, one clearly
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Figure 5.6: Left: Passage probability above (a.n,a.n). The exact and
asymptotic results Ny (% + 1) e " are compared to simulations and
show good agreement. Right: Definition of the rectilinear domain under
consideration, with a path sampled uniformly at random for n = 1000.
sees that the average paths stay at all times at a distance of order n'/2
from it.

Exact calculations are often possible when the constraint is piecewise
linear [162]. As a simple example, we consider the same walk as in the
previous paragraph, with steps (1,0) and (0,1) each of weight 1. We
condition the walk to start from the origin, to end at a distant site
(an,bn), with 2 < 1, and we constrain it not to visit sites under the
diagonal line y = z for 0 < = < ac.n < an, in such a way that the
endpoint (an, bn) is not reachable along a single straight line (see Figure
5.6-right). For x > acn, the walk is no longer constrained although, due
to the nature of the available steps, the walk will stay above (or on) the
horizontal line y = a.n.

The lower boundary of the accessible domain D is made of two linear
segments, a diagonal one and a horizontal one. We want to examine
the alternative approach alluded to above, namely we solve the combi-
natorics of the constrained random paths, compute the continuous path
h* on which the measure concentrates in the scaling limit and check that
wherever the optimal path h* coincides with the diagonal constraint, the
random lattice paths stay at a distance O(y/n) from it.

Let us denote by Z, ; the number of lattice paths from (0,0) to (r,s),
and by Z7, the number of those which do not go under the diagonal
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line. They are explicitly given by

— 1
Zr7s:<r+s>’ (T75>0)’ ZﬁS:W(T_}'S)? (S>T>0)

T s+1 T
(5.34)
Indeed they both satisfy the recurrence a,s = a,—1, + ars—1 and the
appropriate boundary conditions. These expressions make it clear that
for r,s > 1 and fixed t = 7 > 1, Z7 ; is asymptotically equal to

t—1 [Ni(t)

C
Zr,s ~ T

t 2rr

exp{rLl(t)}, (5.35)

where the functions Ni(t) and L1 (), given in Section 5.1, pertain to the
walk without the constraint. As anticipated, the Lagrangean function is
the same in the constrained and unconstrained cases.

Let us first look at the passage probability distribution on the vertical
line z = a.n. Because vertical steps are allowed, we consider the proba-
bility P§t[(acn, acn +m)|(an, bn)] that (acn, acn +m) is the first visited
site of the vertical line above the endpoint of the diagonal constraint,
given that the path eventually reaches (an,bn). This probability is pro-
portional to the product of Z; ,, 1, nim

large n, we find that the distribution is given by

and Z(a—ac)n,(b—ac)n—m . For

Py [(acn, acn +m)|(an, bn)] ~ Ny (5 +1) e,
(5.36)

1 a— ae

A_bgb+2@—%ﬂ’
where N) is the normalization factor. On Figure 5.6-left, this formula
is compared with simulations. It follows that the average passage point
remains at a distance O(1) above (acn,acn), and implies that in the
scaling limit, the continuous path h* visits the point (ac, a.) with prob-
ability 1. Since after that point there is no effective constraint, A* is a
straight line from (ac, ac) to the final point (a, b).

Let us now focus on the region above the diagonal constraint. As we
have just seen that the passage distance to (acn,acn) is of order O(1),
we can consider the paths from (0,0) to (acn,acn) not going under the
constraint. This exactly defines Dyck paths that are enumerated by the
Catalan numbers Z; .,

v < 1, we look for the probability P3[(yacn, yacn +m)|(acn, acn)] that

which are ubiquitous in combinatorics. For 0 <
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1 l
’3: 0.8
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Figure 5.7: Dyck paths, having steps {(1,0),(0,1)} constrained to
stay above the diagonal. Left: Mean trajectories in the rescaled do-
main for various values of n, that tend toward the diagonal g(z) = x.
Right: Lattice distance between the mean path h,(z) and the constraint
gn(x) = ng(x), rescaled by v/n. An interpolation shows good agreement

with (m) ~ %\/7(1 — Y)acn.

the first passage on the vertical line © = yacn occurs at site (yacn, yacn+
m). We obtain that this probability is equal to

X ¢

c
yacn—1,yacn+m (I~y)acn—m,(1—y)acn

Zc

acn,acn

]P%St[(q/acn, yacn+m)|(acn, acn)] =

(5.37)
For n large and m such that 7* is small, we obtain the following asymp-

totic value,

(m+1)(m+2) —m?
2/l(V(L — yacnP? P {47(1 - v)acn}’

It implies that the average value (m) ~ %\/ ~v(1 —7y)acn is of order
\/n above the diagonal constraint. Figure 5.7-right presents a numerical

Pt ~ n>>1. (5.38)

verification of this prediction for (m).

In this particular example, we can conclude that indeed the random
lattice paths stay at a distance O(y/n) away from the constraint, with
the exception of a small neighbourhood of the extremal point where the
two linear segments of the boundary meet, which is also the only point
where the boundary is not C!. We can however note that the entropy bias
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advocated above becomes negligible for such a small region: the gain of
entropy is only substantial when the paths keep away from the constraint
over a macroscopic length scale. We expect these characteristics to be
generic.

The above combinatorial analysis shows that in the scaling limit, the
constrained random lattice paths condense with probability 1 on the
single continuous path hA* going from the origin to the point (ac,ac) by
following the diagonal constraint, and then goes straight from (a, a.) to
(a,b). This is also what the variational problem in the continuum yields.
Despite the fact that this boundary is not C!, it is easy to see that the
concavity argument implies that the optimal path h* in the (rescaled)
domain is piecewise linear, and made of the two linear pieces mentioned
above.

5.3 Factorization conjecture

In this section, we strengthen assumption (i) into what we call the fac-
torization conjecture. Similar ideas have been sketched, and written
explicitly in special cases, by Sportiello [163, 164] under the names of
entropic tangent method and 2-refined tangent method, described as
alternative and tentatively more rigorous ways to compute the shape
of arctic curves. The factorization conjecture that we propose in this
section appears to be more general and more explicit.

In the previous section, we had a tangent method set-up in mind, where
only the starting point was moved. The variational argument equally
well describes the case where the endpoint is also moved. Let us consider
a 2-refined partition functions Z;eil, describing n non-crossing lattice
paths, to which is added an external path whose starting and ending
points are modified (we will add more paths in a moment). We assume
that the number of paths n is directly related to the linear size of the
system. The n inner paths form the core of a configuration and produce
an arctic curve. The factorization conjecture states that in the scaling
limit, the full partition function Z};‘?{l pertaining to the configurations
of n + 1 paths factorizes into the partition function Z, relative to the n

core paths and the contribution Z¢" of the outermost path conditioned
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not to cross the arctic curve,
log Zrt, = log Z,, + log Z7™ + o(n). (5.39)

We note that log Z,rﬁfl and log Z,, ought to contain identical dominant
terms (in particular a volume contribution proportional to n?) up to
order n, and differ by subdominant terms of order n, for which the
contribution Z{" exactly compensates. So at the level of the entropies,
we would expect the following identity,

1 Zref 1
Jim ~log 27“ = lim —log zo, (5.40)
n

We also note that in the full system of n + 1 paths, the outermost one
may or may not have its starting and ending points displaced. Such a
modification, at the heart of the tangent method, will affect both fo;fl

and Z{" but not Z,. If the identity holds, the changes on foil and
Z¢" are predicted to be exactly identical, at dominant order.

The above identity is reasonable and altogether not surprising. The
underlying idea is that the behaviour of the bulk paths is essentially
unaffected by the external path, viewed as a single random path con-
fined to a domain which is itself random at finite volume, but becomes
deterministic in the scaling limit.

There remains to evaluate the right-hand side of (5.40). We begin by
considering a single lattice path that goes from (na;,nb;) to (nays,nby),
in a fized domain. In the previous section, we used the action S[f] to
characterize the most likely trajectory f* reached in the scaling limit,
which is found to be the shortest path from (a;,b;) to (af,by). In turn,
once f* is known, it can be used to evaluate the dominant behaviour of
the partition function,

lim l1ogzn(a (bt _S[f*]_/afdmL(df*). (5.41)
n—oo n §=ai);m(by=bi) a; dzx

It is quite tempting to apply the above result to compute ZP", with

f* maximizing S[f] in the domain induced by the arctic curve. Let

us mention first a few caveats. The heuristic argument that justified

the use of the variational approach in a fixed domain must be slightly

adapted in this case. Indeed, we have seen in Chapter 3 that the lattice
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distance between the outermost paths is typically of order n'/3. This

1/2 one that was observed for a

behaviour is to be contrasted with the n
fixed domain. In any case, the heuristics of Subsection 5.2.2 still applies;
it suffices to change the scaling of K. Another complication might occur
for osculating paths weighted in such a way as to favour kissing points
so that paths are attracted to each other on the lattice. Even then, we
expect the distance between the outermost paths to increase with n due
to entropic effects, provided that the weights do not scale with n. The
heuristics hence still applies. We expect the following conjecture to hold

for quite general models:

L T [ A
lim logZ—/ai de(—), (5.42)

n—oo N, n dx

where foil is the partition function for a system of n + 1 lattice paths

for which the outermost path goes from (na;, nb;) to (nays,nby).

The discussion can be readily generalized to several external paths. If
adding one path does not perturb the arctic curve, adding two, three,
and in general m external paths does not either, provided m does not
scale with n. It gives rise to a 2m-refined partition function Z;;eim,

depending on m starting points and m ending points. The natural gen-
eralization of (5.42) reads

1 Zref m m ay; df*
lim — log 2ntm — ) — L(—J) 4
Jim > log =7+ ;S[fg] ; /QJ drL(—),  (5.43)

where f7 is the likeliest trajectory of the j-th path. If the m-th path
is the uppermost and the first one the lowermost, then the inequalities

i < f3 < ... < [fp, hold. The maximizing function f7 is in principle
computed with respect to its own domain Dj, bordered by the graph
of fi 4 (that is, the artic curve if j = 1). But in practice, the con-
straint from the rectilinear portions of f;q are ineffective so that f]’-" is
only constrained by the arctic curve. In other words, each f/ can be
computed as in the 2-refined situation. In particular, each S[f;] is given
by the same function S[f*](a;, bi; ar, by) evaluated at (a;j,b; j;ar;,by ;).
Examples are given in Section 5.4.

The formula (5.43) is the main point of this section and clearly remains
conjectural. It is expected on the basis of the arguments reviewed above,



158 CHAPTER 5. VARIATIONAL APPROACH

but could possibly fail, like the tangent method itself, in situations where
the interactions between the lattice paths are pathological. Many checks
are presented in Section 5.4 and 5.5, namely for Aztec diamonds, in
which the paths are strictly non-intersecting, and for alternating sign
matrices, in which the paths can have kissing points. Specifically for
the Aztec diamonds, the conjecture (5.43) will be verified in full gener-
ality, that is, for arbitrary m. In more general situations, the formula
(5.43) allows to conjecture the asymptotic value of multirefined partition
functions, provided the arctic curve is known.

As a special case of (5.42), the 1-to-0 discontinuity which is the core
of the 2-refined tangent method discussed in [163] readily follows. The
2-refined partition function is fofl computed with varying extremities
(na;,nb;) and (nay,nby) for the external path. One considers the asymp-
totic value of the following ratio,

ref
Zn+1

T Zlfa] = P {n(S[f*] = S[fs)) } (5.44)

where fg is the straight trajectory between (a;, b;) and (ay,by). If (a;, b;)
and (af,by) are varied so that the straight line fs does not cross the
arctic curve, then the maximizing f* is the straight line fy and the
ratio is of order 1. The limiting values of (a;,b;) and (ay,bs) for this
to be true are such that the line f is tangent to the arctic curve. For
(ai,b;) and (af,by) beyond these limiting values, the maximizing f* is
no longer the straight line, with the consequence that S[f*] < S[fst]. It
follows that the ratio becomes exponentially small in n and goes to 0 in
the scaling limit. The previous formula provides an explicit® expression
for the exponential rate, namely S[f*] — S[f«].

The observation underlying the entropic tangent method [164], which
is based on a 1-refined partition function, also follows from the formula
(5.42) and the nature of the maximizing trajectory f*.

5That expression may not look so explicit. We will see in the following sections
that it can be made completely explicit in concrete examples, provided the shape of
the arctic curve is known.
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5.4 Multirefinements for Aztec diamonds

It would be natural to start the verifications of the factorization hy-
pothesis by considering tilings on the rectangoloid domain, considered
in Section 2.1. Indeed, the Gelfand-Tsetlin formula (2.3) that enumer-
ates these tilings directly yields refinement on the bottom boundary of
the (extended) rectangoloid domain. Instead, we start the verification
by considering a prototypical model in which an arctic curve occurs,
namely the domino tilings of the Aztec diamond (see Figure 5.8). It was
introduced in Section 1.2, where the LU decomposition of its LGV ma-
trix was worked out. The reason for such a choice is that in this case, the
lattice computation of multirefined partition functions—which is based
on the LU decomposition—is not trivial and should be transposable to
other tiling problems.

= RN
. . ‘7 T 1 1 - N
(=i, —mn) 17/ =4 (,j—n)

—

o

Figure 5.8: The bijection between a tiling of the Aztec diamond of order 6
and the corresponding 6-uple of NILP. The two kinds of horizontal and vertical
dominoes are distinguished by the parity of their coordinates.

We briefly remind the salient features of this tiling model. We decide
to weigh the dominoes according to their orientation, by assigning the
horizontal and vertical dominoes a weight y/w and 1 respectively. The

Ni/2 with N, 1, the number of horizontal

weight of a tiling is then equal to w
dominoes. The partition function for the Aztec diamond of order n is
given by

Zy =Y w2 (5.45)

tilings

The domino tilings of the Aztec diamond of order n are in bijection with
the n-uples of NILP [66,165], where the extremities of the paths are fixed
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on the lower left and lower right boundaries, as shown on Figure 5.8.
We choose the coordinate system for which the center of the diamond
is at (0, %) and such that the starting and ending points of the paths
have coordinates p; = (—i,4 —n) and ¢; = (j,j —n), fori,j =1,...,n.
The paths themselves are made of three elementary steps: (1,1), (1,—1)
and (2, 0) carried respectively by the blue, yellow and red dominoes (the
lowest path from p; to ¢; cannot contain a down step). To get the correct
weight, we give the diagonal steps (1,1) and (1, —1) a weight 1, and the
level step (2,0) a weight w (there is an equal number of red dominoes,
carrying a level step, and green dominoes, which carry no step at all).
The LGV lemma 1.2.1 gives

min(4,7) . .
AT E S (RN BT

The LU decomposition of the semi-infinite matrix (A; ;)i j>o0 is

L= (1) G20 vy=aroi(l) G<p G

The semi-infinite LU decomposition directly yields that of any principal
submatrix, by restriction; it also turns out to be crucial for the compu-
tation of general refined partition functions.

The calculation of Z,, is now easy,

n

i) =[] Uii = @ +w)ntD/2, (5.48)
=0

Zn= det (U

0<i,j<n

)

Before proceeding to the verification of the factorization formula (5.43),
we briefly discuss the scaling limit.

The scaling limit is obtained by dividing all distances by n and taking the
limit n going to infinity. The Aztec diamond goes to a square centered
at the origin and rotated by 45°, partly shown in Figure 5.9. For generic
w, the arctic curve is an ellipse, with equation [7]

332

1
2
- 5.49
i Al wrw (5.49)

The interior of the ellipse, namely the temperate region, is represented
in Figure 5.9 as the shaded area.
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The 2m-refinements we consider consist in imposing constraints on the
m uppermost paths. For convenience, we choose to keep n unconstrained
paths, so that the normalizing partition is always the same, and equal to
Zy. Different refinements can be considered, depending on the starting
and ending points of the extra paths. The ensuing calculations in the
scaling limit are not very sensitive to the actual choice, but the lattice
calculations are. A natural choice is to constrain the m paths to take
their first step not equal to (1, 1) at prescribed positions along the upper
left boundary, and likewise to constrain them to have their last step not
equal to (1,—1) at some other positions along the upper right boundary,
in a similar way as in Figure 2.4. Equivalently, we can actually move the
starting and ending points from their original positions to new locations
by inserting monomers at appropriate positions.

A simplifying choice turns out to let the m paths start and end on the
lines which form the continuations of the lower left and right bound-
aries of the diamond. More precisely, for two growing sequences 0 <
rn <...<rpand 0 < s1 < ... < Sy, the jth path starts from the
point (—1 — 7;,7;) and ends at (1 + s5,5;), after the rescaling of the
coordinates by n, as shown in Figure 5.9. Thus, the extra path with
label 1 is the innermost, that with label m the outermost. The refined
partition function, corresponding to the n 4+ m paths, will be denoted
by Zntm(nri,nra,...|nsy,nsa,...).

This second way of defining the refinements is not really different from
the first one. In the scaling limit, the paths starting at (—1 — rj,7;)
and ending at (1 + s;,s;) will enter and exit the domain at certain
points, making contact with the first refinements. Fixing one set of
points or the other is merely a change of variables. The only difference
is the contributions coming from the straight portions located outside
the domain, which can easily be taken into account.

Let us first consider the case of a single extra path, with starting and
ending points P; and P; specified by a pair (r,s). For r and s large
enough, the straight line from P; to P does not cross the arctic ellipse.
From the discussion of the previous section, it follows that in the scaling
limit, the shape of the extra path is almost surely the straight line.
This case is illustrated by the blue line in Figure 5.9. When r and/or
s decrease, the straight line will at some point cross the arctic ellipse.
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Figure 5.9: Graphical representation of a 2-refinement for the Aztec diamond.
An extra path is added, starting from the left boundary and ending on the
right boundary. In the scaling limit, the random path collapses almost surely
on a trajectory that looks like the blue straight line or the red curve, depending
on the initial and final positions.

Then the path follows almost surely a trajectory like that represented in
red in Figure 5.9, which avoids the temperate region by minimizing the
length from P; to Py. The factorization conjecture predicts the following
limit,
o1 Zpa(nrins) e [FT df*
§(8) = i dog =HZEER = 1= [ dria(()

(5.50)
for the appropriate function L, given by (5.6), and where f* is com-

putable in terms of r, s and looks like the blue or the red trajectory. In
the second case, the knowledge of the arctic curve is required to compute
S(r, s) explicitly.

In case we add m paths, and depending on the values of the pairs (7, s;),
paths will either be straight lines or follow portions of arctic curve, in
the scaling limit. Any path above a straight one must also be straight.
Each of them has an associated action given by S[f/] = S(rj,s;), and
the following limit should hold,

Zntm(NT1, ..y nrp|ns1, ... NSy

lim —1lo
nso 8 Zn (5.51)

= S(rl,sl) + S(T‘Q,SQ) + ...+ S(Tm,sm).
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5.4.1 The 2-refined entropy function

The function S(r, s) appears as the entropy associated to a single path,
or as the action S[f*] computed along the maximizing trajectory. To
compute it, there only remains to have an explicit formula for f*(x).

We first consider the case when r and s are small enough so that the
trajectory f* touches the arctic curve. It is then composed of two line
segments with slopes ¢1(r) and t2(s) and of a portion of arctic curve
between the two tangency points (z1(r), h(z1(r))) and (22(s), h(z2(s))),
with h(x) the arctic curve, see Figure 5.9. It is not hard to show that

—r?(1+w
b (r) = le(%(:;l ﬁw), 21(r) =—wh () (Fw) A+ 0t (), (5.52)
while ta(s) = —t1(s) and x2(s) = —z1(s) are obtained by symmetry.

When r and/or s get larger, the portion of arctic curve spanned by f*

decreases, until it is reduced to a single point when t; = to, implying
1

Ttw"

cases illustrated in Figure 5.9.

rs = This condition is therefore the borderline between the two

When rs < ﬁ, the action takes a surprisingly simple form,

2

S[f*] =($1+1+7’)L2(t1)+/ dx LQ(h,<$))+(1+S—.T2)L2(t2) (5 53)

=LA+7r)—L(r)+ LA +s)— L(s) +log(1 + w),

where we again used L(x) = xlog(x). In case rs > ﬁ, the trajectory
is a straight line of slope 537", so that the integral giving S[f] is
straightforward.
We thus obtain
s—r
S(r,s) = ke L2(7‘+s+2>’ s>
L(r+1) + £(s+1) — £(r) — £(s) + log(14w), s < k.
(5.54)

Let us already note that the factorization is satisfied in the case r =
s = 0. Indeed, Z,,11(0|0) = Z,+; is the large n limit of the partition
function of the Aztec diamond of order n + 1, and the conjecture (5.51)
reads

. 1 Zn+1
nh_)n(r)lo - log 7 - S5(0,0) =log(1l + w). (5.55)
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The identity is satisfied in view of Z,, = (14-w)™"*+1/2_ The same readily
holds for the 2m-refined partition function Z,,1,,,(0,...,0[0,...,0).

We now proceed to verify the factorization conjecture for a general 2m-
refinement, starting with the case m = 1.

5.4.2 Lattice 2-refined partition functions

In terms of paths, the lattice 2-refined partition function is defined from
the paths configurations of the Aztec diamond of order n to which we add
one extra path, with starting and ending points p,.+x = (—n — k, k) and
Gn+e = (n+L,0) for k, ¢ > 1. The corresponding partition function, which
we denote by Z,,11(k|¢), is the weighted sum of all configurations of n+1
non-intersecting paths starting from {p1, p2, ..., Pn, Pnir} and ending at
{q1,92, - -, Gn, qn+¢}. In the scaling limit, when k, ¢ are proportional to
n, the lattice and continuous variables are related by k£ = rn and ¢ = sn.

O C T T T T T T T T T O C T T T T 1 [T

. 1 T h o
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Figure 5.10: Graphical representation of how to add an extra path, with fixed
starting and ending points, to the standard set of n paths for an Aztec diamond
of order n (n = 6 here). The yellow cells represent the monomers.

In terms of tilings, the way an extra path can be added is depicted in
Figure 5.10. Before adding the extra path, the Aztec diamond of order
n is embedded in a larger quadrant by placing one layer of monomers
along the left boundary and one along the right boundary, and filling the
region above the diamond with green dominoes. This makes sure that
the extended domain contains no more paths than the original Aztec
diamond. Instead of considering the infinite quadrant just discussed,
an alternative is to cut it off horizontally at a large enough height.
Dominoes in the extension are then deterministically frozen and are
all green ones. The location of the horizontal boundary is chosen to be
high above the path to be added, so that no path can touch it. Once the
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extension is realized, one removes one monomer on the left and one on
the right, at the required positions; a new path, in blue in Figure 5.10,
is then automatically created.

According to the LGV formula, the 2-refined partition function is given
by the following determinant of rank n + 2,

A; i, 7,<n,

An—l—k,‘? Z:n+17]<na
Znr(k[6)= _det [Ai;(K|0)], Ai;j(k|6)= S .
OSijsntl A’i,Tl—I—€7 <N, J :TL+1,
An—l—k,n—l—(a i,j:n—i—l.
(5.56)

Defining the following combination of the L and U matrix entries given

n (5.47), »
min(k,¢

Z Lkt Untjnes (5.57)
=1

one can verify, by using the semi-infinite LU decomposition of A, that
the LU decomposition of A(k|¢) = L(k|¢)U(k|¢) is given by

Li,jv Zgnngn—i_]-a UZ], Z<n+17j<n7
L%](kw): Ln+k,j7 Z:7’L+1,]<n, Ul](k;w) ’Ln+f7 ZgnaJ:n—’—l’
1, 1=7=n++1, g, 1=j5=n+1.
(5.58)
From this, we readily obtain
Znwr(kll) =g det [Uis(klO)] =g det [Uis), (5.59)

and therefore

Z9" (k|0)= M Z_]E w)™+ <" * k) (” * E) (5.60)

Zn, n+7j7/\n+7

In order to make contact with the function S(r, s), we set k = rn, £ = sn,
and perform a saddle point analysis of the previous sum, for which we
may assume k < £ by symmetry in k, £. Keeping the exponential terms
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only, we find

g~ /0 d€ exp {nF(&; T, s)} ~ exp {nF({*; T, 3)},

F(&rs)=L(r+1) — L(r—&) + (r = s) + (§+1) log(1+w)— 2L(E+1),
(5.61)

where &* is the location of the maximum of F(&;r,s) in the integra-
tion domain (if unique). The function F' is strictly concave over the
entire domain [0,r], and its derivatives at the endpoints are equal to
9eF(0;7,s) = log [rs(1 + w)| and d¢F(r;r,s) = —oo. The extremum
condition d¢F' = 0 yields the quadratic equation

(" +1)° = (1+w)(r—&)(s—&). (5.62)

Let us first assume rs(1 4+ w) < 1. Since 0¢F'(0;7,s) < 0, the concavity
of F implies that it is strictly decreasing on [0,7]. Its maximum on the
domain is therefore at £€* = 0, with the value

F(&rs)=L(r+1)—L(r)+L(s+1)—L(s)+log(1+w), (5.63)
exactly equal to S(r,s).

When 7s(14w) > 1, the derivative of F' at £ = 0 being strictly positive,
there is a unique maximum in the interior of [0, r]. Because the product
of the two roots of (5.62) is equal to (rs(1 +w) — 1) /w, hence positive,
one is in [0, 7] and the other is strictly larger than r. Thus, the location
of the maximum of F' in [0, 7] is at the smallest of the two roots,

&= % 2+(r+s)(1+w)—\/[2+(r+s)(1+w)]2 +4w[1—rs(1+w)}].

(5.64)
Using the quadratic equation satisfied by £*, the maximal value of F
can be written as

F(&*r s)= (7‘+1)10g 5
(r—€) (=€) (r+1)(s=)7}

)— —\S—T) 10 —_—
ey TersyN B S ey
(5.65)

s+1
— &

+ (s+1) log

—(r+s+2)log

This last expression can be identified with the function S(r, s), namely

(r+s+2) Lo (t) = — (r+5+2) log 2o (t)—(s—7) log ya(t), t = % (5.66)



5.4. MULTIREFINEMENTS FOR AZTEC DIAMONDS 167

provided the arguments of the logarithms match. The two functions
x9(t) and yo(t), are the only positive solutions of two algebraic equations,
which read in this case,

wy+ o twet =1, ay— =1+ wa?). (5.67)
Y Yy

The equality of (5.65) and (5.66) is thus verified if one can show that
the following two functions,

=) =€)z ) (s =€z
X = (r—i—l)(s—i—l)]’ Y_[(r—g*)(s—l—l) ’

satisfy the same algebraic equations, which is completely straightforward

(5.68)

by using the quadratic equation satisfied by £*.
We have shown that

1 Z
lim flogM:F

n—oo N Zn,

(&5rys) = S(r,s), (5.69)

and confirmed the factorization conjecture for the 2-refined case.

5.4.3 Lattice multirefined partition functions

For the general multirefined case, we include m additional paths to
the n paths forming the standard Aztec diamonds of order n, with
m = O(1). Following the conventions used before, we set the start-
ing points to {p1,p2,- -, PnsPntkys---sPntk, and the ending points
to {q1,92, -, Gn, Gnttys - - - s Ante,, b for two strictly increasing sequences
1<k <...<kpandl </l <...<¥,. The corresponding parti-
tion function is denoted by Z,+m(k1,...,knll1,...,¢y) or the shorter
Zn+m(E|E)

It is given by the determinant of the (n + 1+ m) x (n + 1 4 m) matrix

Aij i,j <n,
I A . Z =n + a7 ] < n7
A; j(kl6)= kg , , J 1<a,b<m. (5.70)
Ai,n-i—fb i<n,j=n+b,

Aptkonte, t=n+a,j=n+Db,



168 CHAPTER 5. VARIATIONAL APPROACH

—

Let us write the LU decomposition of A(k|¢) in the following form,

L 0
M

u v

= = LU LV

MU MV +lu

—

L(k|0)=

e
!
N—"

, A(K|

, (5.71)

u

where L, U decompose the principal submatrix (A; j)o<i j<n, [, u are mx
m lower and upper triangular blocks, and M and V are rectangular,
m X (n+1) and (n+ 1) x m respectively.

It is not difficult to see that M and V are given by
Ma,j:Ln—l—ka,ja ‘/;,b:Ui,n+€b7 lga,bém, ng,jgn (572)

One verifies for instance, for j < n,

(MU)aj = InikeiUsj =Y LntkoiUig = Anikegr  (5.73)

=0 120

and likewise for LV. From this, we find that

Jap = (W ap = Antronie, (k10 = (MV)ap

min(ka,éb) (574)
= Z Ln—i—ka,n—i-j Un-l—j,n-‘rfb’ I<a,b<m,
j=1

is the matrix generalization of the quantity we called g in the previous
subsection. We thus obtain,

—

ZoonlMlD _ qor (A 0al) = At () (570)
a formula that is surprisingly reminiscent of an LGV determinant (it is
not really an LGV determinant since the numbers g, are not weighted
sums over paths). Incidentally, and since all the entries of L and U are
integers for w = 1 (or any positive integer), the formula shows that in
this case, all ratios Z,,m(k|€)/Z, are integers, something that was not
a priori obvious.

In the scaling limit, we set k, = ron and ¢, = spn, and using the results
of the 2-refined case for the asymptotic value of g, namely,

1
Ya,b = fa,b exp{nS(T‘a, Sb)}a 11_}111 E log fa,b =0, (576)
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we have,

Zntm(nry, ... nrp|nsy, ..

1) ey (g enSn). (50

Zn 1<a,b<m

Expanding the determinant as a sum over the symmetric group .S,,, we
obtain

lim 2 log Zntm(nry, ... nrp|nsy, ..., nsm)
n—o0 N Zn, (5_78)
< max {S(ri, spy) + -4 S(rms Sn(m)) }-

In case the maximum is attained for more than one permutation, subtle
cancellations could occur amongst the factors f,, resulting in a strict
inequality, although this is not to be expected. We will show that (1)
the identity permutation is always amongst the permutations for which
the maximum is reached, though it is in general not the only one, and
(2) that no cancellations occur if, for those a such that r,s, > lJ%w,
there is no equality between two 7, or between two s,. The proofs of
both claims rely on the property that the difference S(r, s) — S(r,s’), for
any s > s, is an increasing function of r; the proof is given in Appendix

C.

For the statement (1), we first consider m = 2. In this case, since
ro = 11, We have indeed,

[S(Tl, 81) + S(Tg, 82)] — [S(T‘l, 82) + S(TQ, 81)]
= [S(’I“Q, 52) — S(’I“Q, 51)] — [S(’I“l, 82) — S(Tl, 51)] } 0.

For general m, we proceed by recurrence, assuming that the identity

(5.79)

permutation in S,,_1 yields a maximum. Let w € S, be a permutation
such that 7(m) # m (otherwise we are done). Then

m

[S(Tav Sa) - S(Tav Sﬂ'(d))]

= S(Tma Sm) _S(Tm? Sw(m))] - [S(Tﬂ'_l(m)a Sm) _S(Tﬂ'_l(m)a Sﬂ_l(m))] +...

]

WV

[S(T'ﬂ.fl(m) , Sm) - S(Tﬂfl(m), Sw(m))] — [S(Tﬂfl(m), Sm) — S(T’ﬂ.fl(m), Sﬂfl(m))} +...

= [S(Trl(m)v Sﬁ—l(m)) _S(rﬂ*—l(m)a Sfr(m))] + Z [S(ra; $a) =S (14, Srr(a))]
a#m,m—1(m)
m—1
= Z [S(Ta, Sa) - S(’l“a, Sfr(a))] 2 0, (580)

a=1
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where 7 € S,;,—1 is the permutation acting on {1,2,...,m — 1} as

(a) = {W(a) for a # 7= (m),

n(m) for a =7"(m).

(5.81)

As the claim is true for m = 2, it holds for every m.

Let mg be such that r1s1 < ... < 7rpySmg < ﬁ < Trmo+1Smo+1 < -+ <
TmSm. For the point (2), we first characterize, under the assumptions
stated (no two r and no two s with labels strictly larger than mg are
equal), the permutations for which the maximum is attained, namely
those m such that

ZS(Tavsﬂ(a)) = ZS(TQaSa)- (582)
a=1 a=1

We note that the group S),, of permutations of the labels a < my satisfy
this identity since S(r,s) has the form o(r) 4+ o(s) for such pairs (r, s).
We prove that (5.82) is satisfied for no other permutation.

Let 7 be such a non-trivial permutation, so that there exists a label b
with w(b) # b such that either b > mg or w(b) > mg, or both. Without
loss of generality, we may assume that b > mo and also s, > sz,
Tp > To-1(). In this case, we repeat the chain of (in)equalities in (5.80)
in which we replace, in the second line, the label m by b. However, on
the third line, we obtain a strict inequality since with the conditions we
have just stated, the difference S(ry, sp) — S(rp, 8()) is strictly larger
than S(r -1, 86) — S(rr-1(), Sx(v)), as shown in Appendix C.

Coming back to the determinant (5.77), we see that the terms having
the same exponential rate in n are given by

Zpam(nre, ... nrm|nsi, ..., nsy)
Zn
m
~ no(rq)+no(sp) |: nS(ra,sa)i|
gt Vave ) % ) 1;[+1 Jaae (5.83)
=mo
n m
= et (fup) < | TT Joa] xexp {n 32 S0 s0) .
a=mo+1 a=1

From the definition (5.76), none of the coefficient f,, vanishes. The
determinant does not vanish either because the partition function for
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the mg extra paths alone is proportional to it,

Zntmo (N7, « ooy Mg |NST, ooy NS )
Zn

(5.84)
= det (fa,b e”s(r“’sb)) =

L et 1<det fab exp{ ZS Tas Sa) }

Under the assumptions we made, namely r, # r, and s, # sp for a,b >
mo + 1, we have thus proved that the upper bound is (5.78) is reached.
The completely general situation corresponds to the existence of subsets
T; of labels larger than my yielding identical r-values or s-values. Using
the same arguments as above, we can extend the proof provided the
subsets T; are disjoint. Whether the T; subsets are disjoint or not, the
permutations satisfying (5.82) can be determined explicitly. However,
when the T are not disjoint®, these permutations do not form a direct
product of permutations subgroups (they do not even form a group), and
therefore do not build full subdeterminants (as the group Sy, above did).
The above arguments then fail. But as these special cases are limits of
cases for which our proof works, the result presumably holds for them
as well, by continuity.

To summarize, we have shown that the following equality generically
holds,

lim L log Znsm(nry, ... nrpm|nsy, ..., nspy)
n—oco n Zn (5.85)
=S(r1,81) + S(r2,82) + ... + S(rm, sm),

thereby proving the general conjecture in the case of Aztec diamonds.

5.5 Multirefinements for alternating sign ma-
trices

In this section, we show that the factorization conjecture appears to
apply to osculating paths, i.e. non-crossing paths that may have kissing

5The simplest situation of that type involves three doublets (r1,s1), (72, s2) and
(r3,s3) with 7 = ro and s = s3, corresponding to 71 = {1,2} and 7> = {2,3}. In
this case, the permutations which satisfy (5.82) are 71(1,2,3) = (2,1, 3), m2(1,2,3) =
(1,3,2) and the identity. They do not form a subgroup of Ss.
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points. We will verify it in the case of multirefined enumerations of ASM.
Exact lattice results are harder to obtain than for the Aztec diamond
case and the known formulae quickly become fairly complicated as the
degree of refinement increases.

An ASM of size n is an n x n matrix with entries m; ; taking values 1,
0, and —1 in such a way that the 1 and —1 entries alternate in every
column and every row and such that all row and column sums are equal
to 1 (first and last non-zero entries are 1’s). We will denote by ASM,,
the set of ASM of order n, and mainly consider the uniform distribution
on ASM,,.

A matrix in ASM,, can be represented bijectively as a set of n non-
crossing lattice paths drawn on an n x n grid. The presence of a 1 or a
—1 in the matrix at position (7, j) means that the site (i, 5) is visited by
one and only one of the n paths, which in addition makes at that site one
of the two turns shown on Figure 5.11-middle. These fix completely the
rest of the n paths, required to connect the n vertices of the last column
and those on the last row without crossing each other, although they
are allowed to touch (they can share sites but not edges). If we see the
entries of the last column as entrance points and those on the last row as
exit points, then, in the (7, j) plane, the paths are made of the elementary
steps (1,0) and (0, —1). These elementary steps are respectively called
“right” and “down”, when viewed in the reference frame of Figure 5.11-
right, were we look at the matrix with the ¢-axis horizontal and the
j-axis vertical. This model is equivalent to the 6V model with DWBC
and weights a = b=c=1 (A = % and t = 1), see Figure 5.11-right
where yet another equivalent osculating path description was used.

The path representation allows to apply the tangent method but pre-
vents the use of the LGV lemma to compute the partition function, as
the paths in general are not non-intersecting. The expression for the
partition function for ASM,, is,

n—1 .
B (3]—1—1)!2
A"—JEID 1)) EO &)

As in the case of the Aztec diamond, the simplicity of the partition

(5.86)

function calls for an elementary proof and as for the Aztec diamond,
it remains elusive. The original proof of (5.86) provided in [166] was
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Figure 5.11: Left: Example of ASM of order n = 7. Middle: Rule used in the
construction the corresponding osculating paths, by which the 1 and —1 are
replaced by some portions of paths. Right: The osculating path are obtained
by completing the remaining portions in a way to obtain n paths that start
from the right boundary and arrive at the bottom boundary without crossing.
In the scaling limit, a portion of the outermost path, in red, condenses onto a
portion of arctic curve.

very far from being elementary, see the book of Bressoud [167] for an
historical account. The integrability machinery provides a substantially
shorter proof [168].

In the scaling limit, ASM exhibit an arctic curve which separates the
central region where the three entries 0, —1 and +1 are present with
non-zero densities, from four disconnected regions around the corners,
which are filled with 0’s with probability 1, see Figure 5.12. The exact
shape of the arctic curve was first conjectured in [13] and rigorously
computed in [21]. In the coordinate system used in Figure 5.12, in which
x and y are the continuous counterparts of the row and column labels,
the north-west portion of the arctic curve satisfies the conic equation
x(1—2)+y(l—vy)+zy = %, for 0 < z,y < %, from which the upper
branch is selected,

h(:v):%(l—kx— 3z(2 — x)), Oéxé%. (5.87)

The other three portions can be deduced from mirror symmetry with
respect to the horizontal and the vertical central axes. In what follows,
we focus on the north-west portion. Other portions may also be studied
by using other path descriptions.

An easy property of ASM is that they all have a single 1 (thus no —1)
on the first and last rows and columns. For large and generic ASM,
each of these 1’s are almost surely located in the scaling neighbourhood
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of the middle point of their row or column. In the discrete setting,
this means that the uppermost path takes its first step rightwards, i.e.
(1,0), around the position (i,j) = (1, %) and its last step downwards

n
2
zig-zag trajectory around the arctic curve. In the scaling limit and in the

around the position (Z,2); in between these two positions it follows a

reference frame of Figure 5.12, the uppermost path starts from (0,1),

1
’ 2
finally moves horizontally to reach the point (1,0).

joins the point (0, %) vertically, follows the arctic curve till (1,0), and

Two-refined partition functions can then be defined by considering ASM
with a 1 at fixed positions on the first row and first column, mq; = 1
and my; = 1, with k,£ < 5. For these, the uppermost path leaves the
first row at position (1, k), and enters the first column at position (¢, 1).
In the scaling limit, depending on the values of k = rn and ¢ = sn, the
uppermost path will follow a straight line from (0,7) to (s,0), or will
follow a portion of the arctic curve, as illustrated in Figure 5.12. The
unrefined case is recovered for r = s = %

If we denote by A,,+1(k|¢) the number of such 2-refined ASM of order
n + 1, the factorization conjecture implies,

1 An+1(rn]sn / f* 1

= lim —1 L <1<y,

S(r, s) Jim -~ log ——F—— A dz , 0<r,s 5
(5.88)

where f* is the trajectory followed by the uppermost path in the scaling
limit: it goes from f*(0) =1 to f*(1) = 0 by passing through f*(0) =
r, f*(s) = 0 and minimizes the distance without ever crossing the arctic
curve. The relevant function L is the one that pertains to the paths
used for the ASM.

For multirefined partition functions, we would consider the number
Apim(k1y .o ke, ..., €y) of ASM such that in the scaling limit, their
j-th uppermost path leaves the top boundary at (0,7;) and reaches
the left boundary at (s;,0), with 0 < r; < rp < ... < 7y < % and
0<s1<s9<...<5, < % Then a formula similar to (5.51) is con-
jectured to hold, where the actions S(r;, s;) for the individual paths are
simply added.
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2
N B

Figure 5.12: Left: Arctic curve of an ASM with the disordered region shaded
in grey. Right: Magnification of the north-west quadrant. There are two

T

different possibilities for the maximizing trajectory f*: either it touches or it
does not touch the arctic curve, depending on the sign of 2r+2s—rs—1.

5.5.1 The 2-refined ASM entropy function

The paths that make up the correspondence with ASM are composed
of two elementary steps (1,0) and (0,—1), both with weight 1. The
appropriate Lagrangean function can be inferred from L;(t) given in
(5.5),

L(t) = (1 —1t)log(l —t) +tlog|t|, t <0. (5.89)

It satisfies L(0) = 0 and lim;—,_ L(t) = 0.

To compute the function S(r,s), we first note that the horizontal and
vertical portions of f* do not contribute to the integral since L(0) =
L(—o0) = 0 as we have just noted. If r and s are close enough to
%, the trajectory f* is rectilinear from (0,7) to a first tangency point
(z1(r), h(z1(r))), then follows the arctic curve till a second tangency
point (z2(s), h(za(s))), where it tangentially leaves the arctic curve and
moves rectilinearly to the endpoint (s,0). Fixing r and s, one finds, for
tl' = h/(CEl’),

r(2—r) 1-2t 1-2s 125
tlzi , T1=1— 27752:7 al‘2:1 ok
1—2r 2¢/1—t1+¢ 5(2—3) 2/T—ty+12

(5.90)
where t1 < ty are both negative. As r and s decrease, the slopes t1 and to
respectively increases and decreases, until they become equal, implying
also that x1 = z9. If r, s decrease even further, the trajectory f* is a
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single straight line going from (0,7) to (s,0). The borderline between
the two cases corresponds to t1(r) = ta(s), or 2r + 2s — rs = 1, which,
in the (r,s)-plane, is a concave curve slightly above the antidiagonal
2r +2s=1.

When r, s are such that ¢;(r) < ta(s), we have

T

S(r,s)=S[f"] :le(tl)—i—/ deL(h/(a:)) +(s—x2)L(t2), (5.91)

2
which, like the similar calculation in the Aztec diamonds, reduces to a
simple symmetric function of r,s. For t1(r) > ta(s), f* is a straight line
so that the integral is straightforward.

The final results read, for 0 < r, s < %,

L(r+s)—L(r)—L(s), 2r4+2s—rs<1,
S(r8)=93 L(1+r)—L(r) + LE2—7)—L(1—7) (5.92)
Hr — s) — L(3), 2r+2s—rs=>1.

As a first simple check, we consider the unrefined partition functions for
ASM of order n + 1 and order n. Since the unrefined case corresponds
tor=s= %, the factorization implies

: 1 Ant1 . 1 AHH(%%) 11 27
lim — log A - nhﬁngo Elog — i - S(3,3) =log 15, (5.93)
where we have used the second form in (5.92). From (5.86), the exact
ratio is equal to A, 41/A4, = (3";1)/(21?), and is asymptotic to (%)n, in
agreement with the previous value.

Another limiting case is when the refined matrices in ASM,,;1 have
m1,1 = 1, in such a way that this 1 is shared between the first row and
the first column. It corresponds to k = ¢ =1, and r = s = 0 in the
scaling limit. As the number of such refined matrices in ASM,, ;1 is equal
to the unrefined matrices in ASM,,, the ratio A,41(1|1)/A, is exactly
equal to 1, implying S(0,0) = 0. This is also the value obtained from
the first form of (5.92).
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5.5.2 Refined alternating sign matrices

In this section, we study a selection of multirefined enumerations of
ASM. A quite extended literature exists on the subject, see for instance
[169]. The results recalled here are collected in [170].

The simplest case is that of the 1-refined enumeration of ASM, by which
one counts the number A,,(k|—) of matrices in ASM,, having their unique
1 in the first row at position k, without any condition on the unique 1
in the first column. The result is surprisingly simple [171]

An<k|—>=<”ﬁ]2)(2”‘ — 1) H Grl e

It follows that the effective contribution of the uppermost path is given
by
A 1(k|—) (n+k—l) (2n—k+1)
Z9 (k| -) = = =0 n 5.95
i E ) = S a6

n

1 one readily obtains

from which, upon setting k = rn with r < 3,

lim E log Z9" (rn|—) = L(147) — L(r) +L(2—r) — L(1-r) — L(2). (5.96)
n—oo N
As no condition on the rescaled position s = ¢/n of the unique 1 in the
first column implies s = % almost surely, the previous limit is equal to
limy, 00 = log Z9"(rn|%), expected to be equal to the function S(r, )
computed in (5.92), which it is.

There are two other refinements of ASM which are related to the 1-
refined partition functions we have just discussed. The first one is the
so-called Top-Bottom 2-refined enumeration ATB(k,%’), which is the
number of matrices in ASM,, with their unique 1 in the top and bottom
rows respectively in columns k and k’. Strictly speaking, one cannot
handle it within a single path description. However, because the two re-
finements concern regions of the domain which are far away, one would
expect that they are weakly correlated, in such way that the following
factorization would hold,

Ao (b K) Ak k) Ay (K)  Anpa(k) An (F)
A, AB (K) A, Anr Ap

(5.97)
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In the scaling limit, and for k = rn and k' = r'n with 7,7’ < 3, it leads
to two independent 1-refined contributions,
.1 ATE Po(rn,r'n) 1 ;1

The exact evaluation of AIB(k, k') was carried out in [172,173], and
rewritten in [170] but the result does not easily lend itself to an asymp-
totic analysis. The previous equality can nonetheless be checked numer-
ically for large n. The comparison is presented in the left panel of Figure
5.13, which shows a good agreement”.

S(r, )+ 807, 5) — Llog HEGmI §(ry 1) 4 §(ry, §) — L log Aetalpnrn)

0.06
0.03 0.5 0.05
0.4
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0.02
0.3 0.03
&
0.01 0.2 0.02
o1 0.01
0.00 :
0.00
°43
-0.01 -0.01

Figure 5.13: Verification of the factorization conjecture for two 2-refined enu-
meration of ASM, using exact lattice results. Left: Top-Bottom refinement,
with n = 400. Right: Top-Top refinement, with n = 200.

The second refinement is called Top-Top, and is based on the fact that
there is a unique pair of column labels, k1 < kg, such that mq g, +ma i, =
mi g, +ma g, = 1 [174]. Let us denote by AT, (k1, k2) the corresponding
refined partition function. In terms of osculating paths, it means that
the most upper path makes its first or second step rightwards at column
k1, and that the second most upper path makes its first step rightwards
at column ky. For large n, the partition function A, +2(k:1, ky) can be
assimilated to Ayyo(k1,ka|—, —) defined earlier. For k1 = rin and ko =

"We have used the exact expressions from [170], after correcting a typo in their
equation (1.3), where the first term on the right-hand side should read A,_1;—;
instead of An ;j—;.
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ron with r1 < r9 < %, the factorization conjecture predicts the same
result as for the Top-Bottom case,

lim L 1o Ant2(r1mr2n) Apya(rin, ran|—, —)
e An no A, (5.99)

= S(Tl, %) + S(?"Q, %)

The known determinations of A}T,(ki,k2) [175,176] do not allow to
easily extract its asymptotics, so that we again relied on numerical eval-
uations. The right panel of Figure 5.13 confirms the validity of this
identity.

Another interesting 2-refinement corresponds to the enumeration of ASM,,
with prescribed positions of the unique 1 in the first row and first col-
umn, a case also referred to as Top-Left [170]. If m;, =1 and my; =1
for 1 < k,f < 7, it exactly corresponds to the refined partition func-
tion A, (k|¢). The factorization conjecture would then imply that the
limit limy, o0 2 log Ayi1(rnjsn) /Ay is given by S(r, s) in (5.92), with a
different behaviour below or above the curve 2r + 2s —rs = 1.

1 log n+1 rn|sn n+1(rn|sn 0.05

1 - log

0.5 0.5
0.04

0.4 0.4
0.03

03 0.3
w 0.02

0.2
02 0.01
0.1 0.00

°%

0.0 -0.01

Figure 5.14: Numerical verification of the factorization conjecture for the
Top-Left refinement of ASM for n = 200. Left: Exact estimation of
%log %ﬁnlsn). Right: Difference with the predicted value S(r,s) of the ex-
ponential growth rate, obtained from the factorization conjecture. Corrections
below or above 2r + 2s — rs = 1 (dashed curve) appear to be different.
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The exact value of A, (k|¢) was computed in [173], but again in a form
that does not allow for an asymptotic estimate. A numerical verification
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is presented in Figure 5.14, which confirms the previous limit. Compli-
cated exact formulae for 3- and 4-refinements exist in the form of gen-
erating functions [170], but their numerical evaluation is impractical for
large n.

We have carried out similar checks on classes of ASM with symme-
tries, in particular the 1-refined partition functions Ay (2m + 1,k) and
Anr(2m, k), counting respectively the vertically symmetric alternating
sign matrices (VSASM) of order 2m + 1 with a 1 at position & < m on
the second row (see Figure 5.11-left for an instance of VSASM), and the
half-turn symmetric alternating sign matrices (HTSASM) of order 2m
with a unique 1 on the first row in column k. Their exact expressions
are both given in [177], from which the asymptotic behaviour can be
determined analytically. In the case of VSASM, the arctic curve is the
same [22] as for ordinary ASM and it is also expected to be the case for
HTSASM. In both cases, using the ASM arctic curve we check that the
factorization conjecture is fulfilled.

In addition to the above checks of the factorization conjecture, many
numerical checks, not reported here, based on the 1-refinements con-
sidered in [14,15], have been successfully carried out for the six-vertex
model, in the D and AF phases (and for values of A up to 0.998). These
checks support the validity of the factorization conjecture, even in the
attractive case mentioned above. The only numerical part in these ver-
ifications is the evaluation of fairly complicated integrals (that involve
theta functions in the AF case). In the D regime, it should in principle
be possible to evaluate these integrals explicitly since a closed form for-
mula for the asymptotics of the one-point function was recently found
in [30].

5.6 The tangent method revisited

This last section takes advantage of the factorization property to refor-
mulate the tangent method in a simpler way. The core of the tangent
method is to use a 1-refined partition function to compute a family of
straight lines tangent to the arctic curve, which is in turn determined
from it. In its usual form, information is extracted from the 1-refinement
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by moving the starting point of the outermost path from its original lo-
cation to another point in an extension of the domain. The equation
of the corresponding tangent line is then obtained by computing the
likeliest entry point in the original domain, usually through the saddle
point method. Here we show how the factorization conjecture allows
to compute the family of tangent lines directly from the 1-refinements,
thereby avoiding the calculation of the likeliest entry point and the sad-
dle point analysis. It has the advantage of being directly applicable to
any l-refinement including those that do not call for an extension of the
original domain.

We consider the generic situation shown in Figure 5.15, in which one
intends to determine the portion of the arctic curve y = h(z) between
two contact points, C1 and Cy. The white region below the arctic curve
is supposed to be void of paths. The 1-refinement consists in moving
the starting of the most external path from C to the point (0,7). The
new external path will then look like the red curve, which comprises
a straight segment hitting the arctic curve tangentially at (x*, h(z*)),
with a slope t* = h/(z*), before following the arctic curve towards Cs.
Varying r from 0 to C yields a family of tangents to the arctic curve,
which can be retrieved by solving the system of equations

d

y=t'x+r, . [t*az + r] =0, (5.100)
r

where t* = t*(r) is viewed as a function of r. The problem is to compute

the function t*(r).

Denoting respectively by Z,11(nr) and Z,, the l-refined and unrefined
partition functions, we consider the effective contribution in the scal-
ing limit of the outermost red path f* as given in terms of the action
associated to f*,

S(r)= lim L log M:/Ocﬁm(df*) :x*L(t*)—l—/f2de(h’(m)).

dz
(5.101)
In this equation, the function S(r) is seen as an input, obtained from
independent lattice calculations, and L is the Lagrangean associated to
the particular lattice paths under consideration.
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Figure 5.15: Typical configuration of a 1-refined calculation, shown in the
scaling limit. A path starts from the point of coordinates (0,r) and ends at the
contact point Cs. The path is first a straight segment, which joins the arctic
curve tangentially, at (z*, h(x*)), and follows it till Cy. The arctic curve is
functionally given by h(z).

To determine ¢*(r), we differentiate (5.101) with respect to r,

dS(r) d , y dz*
=2*—L({t") =L (t")h'(z* .
dr v dr (#7) = 2" L(#") (") dr

(5.102)

Since the point (z*, h(z*)) belongs to the tangent to the arctic curve at
x*, given by y = t*z 4 r, it follows that

d
r=h(z*) - t's* = d; = —h'(z*)z". (5.103)
From this, we readily obtain
dS(T) _ (4% * _ n—1 dS(T)
ST =L))o #() = (1) (— T)’ (5.104)

provided the function L'(t) is invertible. For the models formulated in
terms of paths made of elementary steps that are weighted indepen-
dently of each other, we proved that the function L is strictly concave
in Subsection 5.1.1. Moreover, one has —L'(t) = logy(t) for a positive
and strictly increasing function y(t), see (5.21). This class of models
includes the Aztec diamond and ASM, but not the general six-vertex
model which assigns each elementary step a weight that depends on
the following step. Nevertheless, the explicit calculation of L(t) for the
general six-vertex model shows that is also strictly concave, see [160].
So assuming the expected strict concavity of L, it follows that L'(t) is
invertible since it is then strictly decreasing on its domain.
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Let us illustrate the above procedure for ASM. The function S(r), for
0<r< %, is given explicitly in (5.96), and —L'(¢t) = logy(t) = log 1%;
(t <0). The condition (5.104) is simple and easily solved,
1—r? 11—t r(2—r)
r(2—r) pCR— (r) 2r—1

The two conditions (5.100) yield the parametric form of the arctic curve

(5.105)

in a straightforward way,

—1)2 2
R Lkl M. (e

1
2(1 —r+1r2)’ 2(1 —r+1r2)’ (5-106)

N

Eliminating r, we recover the ellipse of equation z(1—x)+y(1—y)+ay =
1, found in [13].
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Conclusion

In this thesis, we have studied a geometrical technique allowing to com-
pute the shape of large random objects, solely using some of their com-
binatorial properties. In Chapters 2 and 4, we have used the tangent
method to compute arctic curves, respectively in particular instances
of tiling models and vertex models. The fluctuations around a generic
point of such curves have been numerically investigated in Chapter 3.
The understanding of the tangent method and its natural consequences
have been discussed in a variational framework in Chapter 5.

In Chapter 1, we have motivated the study of the arctic curve phe-
nomenon and showed a hint of its appearance in tiling models, namely
the dependence of the free energy per site on the boundary conditions.
We have also introduced technical tools for enumerating tilings and pro-
vided an heuristics to understand the arctic phenomenon in terms of
non-crossing lattice paths.

The tangent method has been applied to two different tiling models in
Chapter 2. The first one is a tiling of a rectangoloid domain. Despite
the freedom in its definition (we are free to choose an arbitrary defect
distribution on one boundary), the partition function has a closed form:
the Gelfand-Tsetlin formula. The second one is a domino tiling model
on a cone, which may be seen as a generalization of descending plane
partitions. While the first model is especially well suited for the appli-
cation of the tangent method, it is a bit more involved for the second
model, due to the lack of a closed form formula for the partition func-
tion, which is only given in terms of a determinant. Due to a seemingly
coincidental connection with the twenty-vertex model, itself related to
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the six-vertex model, the asymptotics required by the tangent method
can still be evaluated.

A numerical analysis has been instigated in Chapter 3. We have reviewed
basic aspects of a general method to simulate statistical models, which
has been extensively used to illustrate this thesis. In the particular
case of domino tilings of the Aztec diamond, there exists an extremely
efficient algorithm called the shuffling algorithm. It has been used to
numerically study fluctuations around the uppermost point of the arctic
curve of this model. Consequences and limitations of a theorem due to
Johansson have been investigated. We have verified a conjecture that
naturally extends Johansson’s result and found universal distributions
that originated from random matrix theory.

In Chapter 4, the tangent method has been applied to two different
vertex models. In both cases, we have accessed one-refined partition
functions via an almost homogeneous limit of inhomogeneous partitions
function of those models. Firstly, we have studied the six-vertex model
with partial domain wall boundary conditions at the free-fermion point.
The second model was the twenty-vertex model with domain wall bound-
ary conditions of type 2, in the disordered regime. The Yang-Baxter
relation reduced the computation of the one-refined partition function
of this model to that of the six-vertex with domain wall boundary con-
ditions.

A variational approach has been used in Chapter 5 to shed some light
on the assumptions of the tangent method. We have shown that the
strict concavity of a certain Lagrangean function L implies that a single
path constrained to stay in a fixed domain is almost surely the shortest
path between its starting and ending points, in the scaling limit. We
have proposed a factorization conjecture for models which have a for-
mulation in terms of non-crossing paths. The conjecture states that, in
the scaling limit, the contribution of the few most external paths to the
partition function factorizes from that of the bulk paths, responsible for
the formation of the arctic curve. Moreover, the contribution of each
external path is given by the action associated with L, and can be made
fully explicit when the arctic curve is known. The factorization has been
verified in full generality for tilings of Aztec diamonds, and for certain
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refinements of alternating sign matrices. In addition to providing a re-
markably simple, efficient and explicit way to obtain the asymptotics of
multirefined partition functions, the factorization conjecture has been
used to provide a novel version of the tangent method that does not rely
on an extension of the original domain.

Outlook

There are two main directions in which the results presented in this thesis
could naturally be extended. The first one is the study of arctic curves
in other models and the second is the pursuit of the numerical analysis
of fluctuations in models that show the limit shape phenomenon.

The arctic curve of the six-vertex model with partial domain wall bound-
ary conditions, at A = 0 and ¢t = 1, has been determined in Subsection
4.1.4. Tt was shown to be a real algebraic curve of degree 6, with two
symmetric lobes: one is contained in the n x s domain, the other is sym-
metrically reflected through the upper boundary, see Figure 5.16 after
a 90° rotation. The full curve, with its two lobes, should be the arctic
curve of a double copy of the same six-vertex model on the extended
n X 2s domain, whose n X s upper part is completed by imposing ver-
tical symmetry, whereby horizontal occupied edges are exchanged with
empty ones when reflected, while vertical edges remain unchanged after
reflection. Relaxing this symmetry is not expected to change the arctic
curve but defines a new model. This new model can in turn be put
in correspondence with a particular case of domino tilings of a double
Aztec rectangle defined in [178] using the explicit construction used in
Figure 4.3. In the notation of [178], this domain corresponds to k = 1,
mi1=8—1,n1 =n—1, me = s and no = n. The combinatorics of the
model is tractable [178] and its refined enumeration is currently under
investigation by Jean-Francois de Kemmeter®. Notice that the double
Aztec diamonds studied in [179] look very similar, but differ by the posi-
tion of the starting and ending points, leading to a completely different
arctic phenomenon.

8Since the completion of this thesis, we have worked out this refined enumeration
and have shown that the arctic curve is exactly as conjectured.
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The relation between a model and its symmetrized version (the sym-
metry being imposed on configurations) raises several questions. It ap-
pears that when the model itself is symmetric (boundary conditions
and weights), imposing this symmetry on configurations does not affect
the arctic curve. Despite its intuitive nature, proving that this state-
ment holds in general is not immediate. For tiling models with reflec-
tion symmetry, an idea would be to use general results such as Ciucu’s
factorization theorem [44] to show that the application of the tangent
method to the symmetric and non-symmetric model yields the same re-
sult. Another interesting problem would be to study the arctic curve
appearing when invariance under a given transformation is imposed on
configurations of a model whose weights are not symmetric under this
transformation.

Figure 5.16: Domino tiling of a double Aztec rectangle for n = 1000 and
s = 750. Simulations were performed using a generalization of the shuffling
algorithm [86]. The black curve is the analytic continuation of (4.38), which is
an algebraic curve of degree six. Courtesy of Jean-Francois de Kemmeter.

The computation of the arctic curve of the twenty-vertex model with
domain wall boundary conditions of type 2 calls for natural generaliza-
tions. Clearly, the parametrization (4.44) for the twenty weights of the
model covers only a small subset of the allowed values. In particular, the
restriction to real values of 1 confines the associated six-vertex model
into its disordered phase. The result (4.56) derived in [14] describing
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the asymptotics of the one-point function Hy,(c) was generalized in [15]
for the anti-ferroelectric regime. It should therefore be possible to ex-
tend our results to this regime, namely, in the parametrization (4.44),
to the case of imaginary values of , A and p. The expressions of [15] in-
volve elliptic functions and this extension might in practice lead to quite
involved calculations. For convenience, we also restricted ourselves to
symmetric weights under arrow reversal. This symmetry guarantees that
the arctic curve is symmetric under 180° rotation. Contrary to the case
of the six-vertex model with fixed boundary conditions, this restriction
is an effective one and non-symmetric weights may lead to more general
arctic curves without the 180° rotation symmetry, a situation yet to be
explored. Another direction of exploration concerns other domain-wall-
like boundary conditions such as that recently considered in [30]. The
principal difficulty in such an endeavour is computing the asymptotics of
the one-refined partition function of the six-vertex model obtained after
performing the unravelling. Finally, a number of non-intersecting path
problems were solved in a more general g-deformed framework, which
consists in introducing an extra path weight ¢ involving the area A
below the path. In particular, the tangent method was applied suc-
cessfully to some of these models [25,27] to obtain the corresponding
g-deformed arctic curve and we may wonder whether this generalization
can be carried out for vertex models.

The numerical study of the fluctuations in domino tilings of the Aztec
diamond around (0, %) only scratched the surface of a rich subject.
Certain aspects of the fluctuations around other generic points of the
arctic curve were studied in [85]. If we zoom on non-generic points,
other universal statistics appear, like around cusps [180], contact points
with the domain boundary [114] or points of contact between two por-
tions of arctic curve [179]. These various statistics should appear in the
double aztec rectangle mentioned above, where the last case is achieved
when s ~ n. A generalization of the shuffling algorithm [86] allows to
efficiently generate such tilings. Generating a large enough collection
should be possible, hence enabling an analysis in the same spirit as that
of Chapter 3. The same algorithm could also be used to understand
the fluctuations in a tangent method set-up, which might exhibit the
same statistics as those appearing in [181]. In addition to the statistics
around the arctic curve, other fluctuations prove to be interesting. The
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domino statistics in the temperate regions are believed to be described
by some inhomogeneous field theory [56], see also [113] and [182] for
other manifestations of the temperate region statistics. Finally, the nu-
merical study of fluctuations of non-free-fermionic models (or even non-
integrable ones) would be interesting. It would provide a valuable test
for the universality of the various aforementioned statistics, for which
exact results are rare and limited to very specific weights [183].



Appendix A

Shuffling algorithm

This appendix is based on a seminar given by Antoine Doeraene at
KULeuven in June 2018. Its aim is to provide a simple understanding of
the shuffling algorithm introduced by Propp and Kuperberg in [63]. The
algorithm generates a random tiling of the Aztec diamond with uniform
distribution, as defined in Section 1.2. It has many advantages over a
Markov chain approach: it automatically stops, it is particularly fast
and it is guaranteed to exactly produce the uniform distribution, under
the assumption that the computer’s pseudo-random number generator
is perfect.

A.1 Description of the algorithm

Instead of formulating the algorithm in terms of domino tilings of the
Aztec diamond of order n, it will be more convenient to describe it in
terms of perfect matching of its dual graph G,, see Figure A.l-left. A
perfect matching is a set of edges that cover every vertex of the graph
once. Let M, be the set of perfect matchings M of G, which are clearly
in bijection with domino tilings of the Aztec diamond, see Figure A.1-
middle. Amongst the square faces of the dual graph, we distinguish the
active faces, that will play a crucial role in the algorithm. By definition,
the faces on the boundary are active and the active faces alternate in a
chess board manner, see Figure A.1-right.
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Figure A.1: Left: Dual graph (dashed lines) whose vertices (bullets) are at the
center of the unit squares (in grey) that compose the Aztec diamond of order
n = 3. Middle: Bijection between tilings of the Aztec diamond and perfect
matchings of its dual graph. Right: The hatched squares are the active faces
of the dual graph.

There are only two possible perfect matchings of GGy. The first step of
the shuffling algorithm is to choose one of them with equal probability.
In each subsequent step, a perfect matching of G4 is generated from
one of G,. Each step is a random mapping o, : M,, — My 1, that we
now describe.

It starts by embedding M € M,, into Gy+1, by placing it at the center
of the dual graph of order n+ 1, causing a shift of the active faces in M.
Then, the rules Ry, Rs and Rj3 represented on Figure A.2 are applied
once to each active face. The rules Ry and Rs are purely deterministic
and respectively correspond, in the domino tilings picture, to the trans-
lation of dominoes (in a direction that depends on which edge of their
active face they lie) and the removal of a pair of dominoes which would
otherwise collide if they were to be translated as in Rq. The rule Rj
is the only probabilistic one and can be seen as the creation of blocks
of two aligned dominoes, the two possible orientations being produced
with probability p = % Figure A.3 shows a possible outcome when the
above procedure is applied to a perfect matching of Go. Applying the
rules R;1-R3 on all active faces produces a perfect matching of M1, as
proved in the following section. Notice that the rules may be applied
independently on all active faces. In practice, this allows for an efficient

implementation.
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Figure A.2: Rules used (once) on each active faces, for each iteration of the
shuffling algorithm. Notice that we only represented one of the four possibilities
for the rule Ry, the other being obtained by 90° rotations.
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Figure A.3: Possible outcome of oy : My — M3 for a given M € M. Dimers
that are newly created via the rule R3 are shown in red.

A.2 Proof

We now show that the shuffling algorithm works as announced, namely
that it outputs a perfect matching M € M,, with a probability P(M €

M,) = IJ\/llnI' There are three points to verify:

1. The rules transform a perfect matching in M, into one in M.
2. Any M’ € M,,11 can be produced from a M € M,.

3. The perfect matchings are generated uniformly.

We shall verify them separately.

1. Production of perfect matchings. For a fixed M € M,,, we call
{on(M)} the set of all the possible outputs M’ = ,,(M), obtained by
using the rule described above on M. We must check that {o, (M)} C
My 11. To do so we need to verify that each vertex v of G, 41 is tied to
exactly one edge after the map. We treat two cases separately, depending
on the position of v.
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If v is not on the boundary of G,y (i.e one of the 4(n + 1) exterior
vertices of coordinate number 2), then it must be adjacent to two active
faces fi1 and fo. Directly after the embedding of M, there must be
exactly one vertex tied to v in one of these two faces, say fi. Due to the
rules Ry and Rg, any M’ € {0,(M)} will have no edge in f; covering
v. However, due to Ry and R3, v will be covered by an edge of M’ in
fa2. So after the mapping v is covered by only one edge.

On the other hand, if v is on the boundary of G, 41, then no link is
adjacent to it after the embedding. However, according to R; and Rs
one adjacent link will be occupied after the mapping.

We have shown that if M is a perfect matching of G,, then M’ €
{on(M)} is a perfect matching of G, 4. Since the algorithm starts from
one of the two possible perfect matchings of (G1, it iteratively produces
perfect matchings on dual graphs of increasing sizes Go,

G37"' 7G?’L'

2. Pseudo-surjectivity of 0,. To understand why any M’ € M,
can be generated by applying o, on some M € M, we consider the
pseudo-inverse map o, ! : M,11 — M,. For M' € M,1, a possible
outcome M = o, 1(M') is by definition obtained by first applying the
same rules Ri-R3 on M’ and then restricting the result on the (smaller)
dual graph G,.

Such a restriction is always possible: after applying R;-R3 on M’, one
obtains a perfect matching of G, embedded in G,,+1. Indeed, for every
vertex v that is not on the boundary of G,11, the previous argument
implies that v is still covered by only one link after applying Ri-Rs. If v
is on the boundary of G, 1, it is occupied before application of Ri-Rs,
since M’ € M, 41. Then, due to R; and Rs, v becomes unoccupied. So
one can restrict the result to G,, and obtain M € M,,.

By inspecting the rules Ri-Rs3, it is not hard to see that there is a non-
zero probability to recover M’ by applying o, on M = o, }(M’). This
property explains why we called o,,;! a pseudo-inverse. It also proves
that o, is pseudo-surjective, namely it has a non-zero probability of
producing any M’ € M,,11, as required
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3. Uniform distribution. We call P,,(M) the probability of obtain-
ing a perfect matching M € M, after the successive operations of o,
j=1,---,n—1. We want to prove that P,(M) does not depend on
M € M,. Gathering the results of the previous points this implies
that the shuffling algorithm produces any M € M, with probability
P,(M) = P, = 1/|M,]|, hence proving the claim.

The proof that P,(M) = P, is done by induction on n. For n =1 we
generate the two possible configurations of G; with probability p = %,
which is indeed the uniform distribution.

We now suppose that P,_;(M) is uniform. Then we have

PiM)= > P a(MO)PM*=M)=P,q Y  PM* >M),
Meefo, L (M)} Meefo, L (M)}

(A.1)
with P(M* — M) the transition probability from M* to M by applying
0n—1. The sum over the possible pre-images M* € {o,1,(M)} is non-
empty due to the pseudo-surjection. It remains to prove that, despite
the fact that each term of the last sum of (A.1) depends on M, the
overall sum does not. Let us respectively denote by #FAF(M) and
#EAF(M) the number of full and empty active faces in M. We show
that the sum does not depend on M in three steps:

(a) YM* € {01 (M)}, P(M* = M) = 1/2#FAFM),
(b) {1y (M)}] = 2#BAFM),

(c) #EAF(M) — #FAF (M) is independent of M.

We prove every point separately:

(a) The only random part of the construction comes from Rz, which

generates the full active faces in M, for which a coin flip was done.
Hence, P(M* - M) = 1/2#FAF(M),

(b) All the possible M* € {o,*,(M)} can only differ by their full non-
active faces, which become full active faces when embedded. Since there
are two possibilities for every full non-active face of M*, and since each
one of them transform into an empty active face of M via Ry, we get

[{om (M)} = 2#BAFA),



196 APPENDIX A. SHUFFLING ALGORITHM

(¢) Since every M € M,, and My € M, are related by a finite sequence
of flips (as explained in Section 1.2), we only need to prove that a single
flip doesn’t change #EAF(M) — #FAF(M). If the flip occurs on an
active face, the number of full active faces remains the same and so does
the number of empty ones. If it occurs in a non-active face f, we check
the different possible cases one by one. By definition, f cannot be on
the boundary and must be surrounded by active faces. An example of

flip is:
4 o8
I II - I :I
HFAF = 2, HFAF = 1,
HEAF =1 HEAF =0

The other cases are similar. The proof is hence complete.

The partition function as a side product. By making the previous
computation slightly more explicit, we readily find the partition function
Zn = P71 = |M,| = 2n(+1/2,

Proof. The proof is by induction. It is true for n = 1. Suppose it
is true for n — 1. We wish to evaluate a bit more explicitly (A.1).
Since #EAF(M) — #FAF (M) does not depend on M, we can chose a
particular perfect matching to evaluate it. For M}, whose edges are all
horizontal, there are no empty active faces, and the only full active faces
are the one in the horizontal line in the middle of GG,,. Hence, we have

_ HEAF(Mp)—#FAF(My) _ 20 1
P,=P, 2 h h (A.2)

T oon(n—1)/2 © 9n(n+1)/2°

What we just presented as a side product was actually the original pur-
pose of the shuffling algorithm, which was invented solely for enumer-
ating domino tilings of the Aztec diamond [63,65]. It is only later that
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it was implemented by Sameera Iyengar, an undergraduate student of
Propp, whose simulations hinted toward the existence of the arctic phe-
nomenon [65]. It was also by an analysis of the behaviour of the shuffling
algorithm that the arctic circle theorem was established [31,65].

A generalization of the shuffling algorithm allows to generate domino
tilings of the Aztec diamond, with position-dependent weighting [86].
In particular, these weights can vanish. Hence, the algorithm allows to
generate tilings on other domains, provided that they can be embedded
in an Aztec diamond in such a way that its complement can be tiled
as well. Antoine Doeraene implemented this algorithm for several such
domains; it can be run on the website https://sites.uclouvain.be/
aztecdiamond/.


https://sites.uclouvain.be/aztecdiamond/
https://sites.uclouvain.be/aztecdiamond/
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Appendix B

Technicalities: 6V model
with pDWBC

In this appendix, we gather some technicalities in the computation of
the arctic curve of the 6V model with pDWBC at A = 0 and ¢ = 1.
The core issue is the evaluation of sums involving factorials. There are
several ways to deal with these sums. We will use two of them in this
appendix. The first one exploits generating function and is based on
lemmata 1.2.3 (generating function of binomials) and 1.2.2 (product of
generating functions), in the spirit of what is done in [22]. The sec-
ond approach is an automatic way of verifying such identity, based on
Zeilberger’s algorithm [184].

B.1 Homogeneous limit

In [145], they show that in the free-fermion case (A = 0), the partition
function of the vertically inhomogeneous 6V model with pDWBC is

Zn,s(tla"' 7t8) :H = H 1+tltj det [fl(t])]a

4e.
e 1—-1¢ I<i<j<s (1 — titj)(tj — ti) 1<i,j<s

(B.1)

where the inhomogeneous weights are a; =1, t; = b; and ¢; = (/1 + t?
and
filty) =t =" (B.2)
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Let us show how to take the homogeneous limit ¢; — ¢t = 1. When we
successively take the limits t; — 1, to — 1, t3 — 1, etc. the prefactor

develops poles of odd orders 1jt1 , (171t2)3 , (1713)5 , etc.. We will show that
these poles are exactly matched by zeros of equal orders, coming from
the dominant contribution in the determinant once the corresponding
column is Taylor expanded

(2)
At = 60+ 1006 -0+ e e @)

where
(i—1)! (n+s—1)!

(M) (1) — _
i (1)_(i—1—m)! nts—i—m) (B.4)

The (unusual) cancellation of zeros of even order stems from the identity

fMa 1 nts—m—1-k\ ")
ml 2 ; <_1)k+1< k ) (m —k)! (B.5)

that holds when m is even. This relation follows from

S ) ()]

m
Z n+s m
Pt (1+x)

[(1 + :L,)n—i—s—i _ (1 + :L,)i—l] ‘xmsz
ok (B.6)

- [(1 + i)im 1+ x)nismiﬂ]

or{()-(72)

that is valid for any m. When m is even, the relation can be used get
(B.5).

€T m

Identity (B.5) states that any fi(m)(l) with even m is a linear combina-
tion (with coefficient that do not depend on i) of fi(é)(l) with £ < m
odd. When m is odd however, since fi(m)(l) is a polynomial in 4 of order
m, it cannot be written as a linear combination of fi(z)(l) with ¢ < m.
Using these properties, it is now easy to evaluate the homogeneous limit
and one gets

SRR ' o SR S (2j-1)
Zuslhyeee ) = 2P [ gy den 227 0) )
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B.2 Proof of the LU decomposition

The matrix we want to decompose has matrix elements (s < n are
positive integers)
(s —1)! (n+i—1)!

= - 1<ij<s (B8
T sr1—i—2j)!  (nti-2j) bi<s (B8

The lower triangular matrix L has been conjectured as well as its inverse,
which is given by

1 i (1—1) (n—s+2i—D(n—s+j—1)
Ly =07 <j—1> h—stitj-Dimn-sti—n &9

The proof of the conjecture reduces to show that U = L~!'B is upper
triangular. To do this, one introduce the following matrix

B 5 : (n—s+k-1)!
Vz-j(s>—;<—1> B GV TG T ]

(s — k)! (n+k—1)! i

(s+1—k—25)! (n+k—25)10

related to U by U;; = —UyVij where Uy = —(i— I [[75 (n41—s).
So, proving that U is upper triangular is the same as proving that V'
is upper triangular; moreover one would like to show that the diagonal
elements of V' are all equal to —1, as this would confirm the conjectured

diagonal values of U.

That V' is upper triangular will be proved by recurrence: if V(sp) and
V(so+1) are upper triangular for some sg, then V(s) is upper triangular
for all s > sg. This is done by using recurrence relations generated
by Zeilberger’s algorithm. As these can be sometimes hard to verify
explicitly, this is a kind of black box proof. A nice feature of Zeilberger’s
algorithm is that it can generate recurrence relations for Vj;(s) with
respect to any of the parameters, here i, j, s and n.

Our first recurrence relation reads
(5—2)(n—s+1)Vi;(s)
—(—2ij—in+3is—3i—2jn+2js—2j+2ns—n—2s>+3s—1) Vi;(s—1)
+(s—1—i)(2i+n—s+1)V;j(s—2) =0, (B.11)
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which is valid for ¢+ < s — 1 and j > 1. To understand the range of
validity of this recurrence, we may observe that the above definition of
Vij(s) makes sense for all values of ¢, j in Z (though the infinite matrix
V(s) obtained this way is neither 0 for any j < 7 nor equal to —1 for
i = j). The recurrence (B.11) is more generally valid for all ¢, j € Z (and
s a positive integer) with however a non-zero (and explicit) function of
1,7,8,n on the r.h.s. in case the two inequalities on ¢ and j are not
satisfied (an example of such a inhomogeneous recurrence relation is
given below in (B.13)).

Assuming that V(s —2) and V(s — 1) are upper triangular, the relation
(B.11) for 1 < i < s — 1, readily shows that the strictly lower part of
V(s) vanishes identically, except perhaps on the its last row (i = s) and
its 3-th column (since the coefficient of V;;(s) vanishes when 2j = s).

Let us first handle the last row by proving that V; ;(s) = 0 for all
1<j<s—1and s >2 (we will then be done if s is odd). To do this,
we combine the following exact evaluation (from Mathematica),

n!

Vo) = S

(B.12)

with the following first-order recurrence on j,
225 — 2 — 1)(s — j — 1) Vi (s)
—(s=2j—-1)(s—2j)(n+s—2j)(n+s—2j—1)V,,(s) (B.13)

(2j—1)n! (82 —2jn—8js+6j+ns—n+s*—2s+1)

B (1-24)! (s—1)! (n+s—1)! , JEL.
For j = 0, it simplifies to
n!
2(2s=1)(s=D)Vaa ()=s(s=1) (nbs) (mts—)Vao(8) =~y
(B.14)

Provided s is at least 2 (there is nothing to prove if s = 1), it shows, using
(B.12), that V; 1(s) = 0. Feeding this value in (B.13) for 1 < j < s —2,
and noting that the r.h.s. vanishes, we find V; j(s) =0for 1 <j <s—1.

To finish the proof, it remains to show that the lower triangular part of
the s-th column of V(2s) vanishes. By the previous argument on the
last row, we know that Vs 4(25) = 0. That single value would be enough
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if the recurrence over i of V; 4(2s) was first order. Unfortunately, that
recurrence is second order (see below), so that we need the second value
as = Vas—1,5(2s), which itself can be computed by recurrence over s.
Indeed, one finds that it satisfies the first-order following relation,

(n—2s)(n—2s—1)(2s — 1) asy1 = (25 + 1) as, s>1. (B.15)

For s = 2, we check that ay = V32(4) = 0 (that’s easy !), from which it

follows that as = Vas-1,5(25) =0 for s =2,3,... up to s = 3.

We are ready to examine the recurrence over i of V; (2s),
i(1+40)(2s—i—1)(2+i4+n—2s)(2+2i+n—2s)(3+2i+n—2s) Vijz 5(25)
— (8i®+8i*n—32i*s+20i*+in* —20ins+11in+40is> — 52is+18i

—2n?s+n®+12ns® —16ns+5n— 165>+ 325> —245+6) Vi 5(25)
—2(25—2i—1)(s—i) Vi s(25) =0, i< 2s—1. (B.16)

Starting the recurrence from our known results Vag 5(2s) = Vas-15(2s) =
0 and setting successively ¢ = 2s — 2, 2s —3,... down to i = s+ 1 yields
the result, namely Vi1 5(2s) = Viyo5(25) = ... = Vag 5(25) = 0. Thus,
the lower triangular part of the s-th column of V' (2s) is zero.

By similar arguments, one can also check the diagonal elements Vj;(s) =
—1, for 1 < i < s. One first uses second-order recurrence relations on s to
prove that Vi1(s) = Vaa(s) = —1 for every s > 2. Then one establishes
another second-order recurrence on i for Vj;(s), which, despite being
frighteningly complicated, shows unambiguously that Vj;(s) = —1 for
all 1 <7 < s. Details available on request.

Other strictly upper elements of V', hence of U, can be computed by
these recurrence methods, but their pattern appears to be more difficult
to grasp. To illustrate this, we just give the results for the elements of
V that are on the first diagonal above the main one. These are found
to be equal to

Viit1(s) = —%(41'3—4i2n—4i2s+6i2+in2+2ins (B.17)

— 3in—1—i52—5is+2i+n2—n+s2—s),

for 1 < i < s—1. For all s,n I have considered, the matrices V were
found to be integer-valued.

We also conjecture the entries of the L matrix.
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Conjecture B.2.1. The matriz L has entries

i—1
—1 —s—142i\ ¢ n—s—1+1+i
Lij_<z )(n s —l—z)l—[n s—1+1+i fori>j.  (BAS)

j—1) \n—s—1+2j paie} n—s—1+1+j

and L; ; = 0 otherwise.

B.3 Computation of alternating sums in U,

We now show how to get rid of the alternating sign in (4.27). We rewrite

S )| (AR R

as Uy = (—1)* (") (U — 1), with

51
Y e [E

and

T () Naverers @

o s—p/\n+s—p
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and treat both terms separately. We start by U

s

1
1 Z (1 z)n—s-‘rl

p*l

(1—i—z)”+5_1

(1497

p—
257P #

M

(14+(1+&)z) st

25P

2Pl

1. \n—s+1
ot 1—{—2)” s

s—1 1

— (1+Z)n—s+1

(1+ 2+ 28)" Tt

(1+(14&)z) st

zs—p—1

2P

hS]

(1 + z)n_s+1 zs—1
el (B.22)
=2 (" . )(zs>l<1+z>25—2—l
=0 2s—1
s—1
=Y (" T et s

_
LI

S—

2s—2-1
n+s—1\ ; 2s—=2-1\ ,,
() ()

m=0

(e

|
(]

~

-1

flb
;-AO

~
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Similarly for Uy

Uz = Z (1) (Z: ﬁ) (Z I j :;) (L+&mP

1+§n+s IZ n —

B (1+Z+§)n+s—1
(1+Z)n—8+1

251
n+s—1

_ Z <”+5 ) (1 4 2) 2D keh
o n+s—1 (s1)k ok fanay n+s—1 1 k
Z < > (142)*Fehy 3 < . >(1+z) ey

k=251 o
L nts—1 2(s—1)—k\ 4 . S fnts—1\ (k—s
(M)A e ()5
k=0 k=251
(B.23)

Hence, at the end of the day we get

L V0 S G [ Gy

k=2s—1



Appendix C

Entropy function of the
Aztec diamond

This short appendix is devoted to the proof of the property, used in
Section 5.4, that for the function S(r, s) in (5.54), the difference S(r, s) —

S(r,s’) is increasing in r for any fixed s > ', and strictly increasing

if rs > IJ%U As the function S(r,s) has a different functional form

according to the value of rs, we distinguish three separate cases.

For rs’ < rs < S(r,s) is equal to o(r) + o(s), with

1

14+w?

1 1

o(x) = (x+1)log (z + 1)—xlog:n—|—§log(1 + w), o' (z) =log vl
x

(C.1)

It follows that S(r,s) — S(r,s") = o(s) — o(s’) is constant in 7.

1

TTw < 7S, we have

/
For rs’ <

B N B i __s—r
S(r,s)=S(r,s") = (r+s+2)L(t)—o(r)—o(s'), t Trsr2 (C.2)
By using that L(t) = —logz(t) — tlogy(t) and the fact that L'(t) =

—log y(t), we obtain that the derivative with respect to r simplifies to

d N T‘y(t)
I [S(r,s) = S(r,s")] =1log D)) (C.3)

The explicit forms of the functions z(¢) and y(t) show that the argument

of the logarithm is strictly larger than 1 for r > m (it is exactly 1
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for r = and tends to 1, from above, when r — +00). Therefore,

1
s(14w)
the difference S(r,s) — S(r, s') is strictly increasing.

In the last case, namely for H%w < rs’ < rs, we have

s —r

— "N= 2)L(t)— "12)L( =~ (C4
S(r,5)=S(r,s") = (r+s+2)L(t)—(r+s"4+2)L(t'), t RO (C.4)
The calculation of the previous paragraph readily yields
d y(t) z(t')
—1|S —S(r, )| =log 45—~ > 0. C.5
ar 809) = St D] =loe oy oy > o

The inequality follows from the ratio y(t)/x(t) being itself a strictly
increasing function on its open domain | — 1, 1],

dy) _ y®)z@) —yt)z'(t)
dt z(t) 22(t)

y'(t)
x(t)

The fact that s’ < s implies the strict inequality ¢’ < t between the two

=(1+1) > 0. (C.6)

slopes concludes the argument and shows that S(r, s) —S(r, ') is strictly
increasing in r.



Appendix D

Enumeration of
vertex-weighted paths

We wish to compute Y n, 1) (n411,0) = Yin,L)—(n+11,0) (81, B2, B3) namely
the partition function of a weighted path with elementary steps (1,0),
(1,—1) and (0,—1) going from (n,L) to (n + M,0). The weights are
attributed to every visited vertex, and are inherited from the corre-
sponding 20V model. The parameters (1, S and 3 denote suitably
chosen weights for the first node of the path. Note that the empty space
around the path also receives a weight wy per empty vertex. Factor-
ing those weights, the remaining weight is w;/wy per vertex visited by
the path, for which the local configuration corresponds to a vertex with
weight w; in Figure 4.7. To compute Y, 1) (n+n,0), We use a transfer
matriz technique. We introduce the 3 x 3 matrix T with the following

entries:

Mo e
? + \? ﬂ 1 wlu Wl wau
T = 9 ‘\ \'\ & = — | wouv w3uv wsuv
S PR “

wqv wsv weU

Multiplication by 7" on the left amounts to adding one extra step to
paths, with the suitable 20V model normalized weights w;/wp and some
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extra weights u, uv,v per horizontal, diagonal and vertical step respec-
tively so as to keep track of the global vertical and horizontal shifts. The
generating function of the partition functions Y, r)—n+n,0) then reads

Bru
Y(u,v) = Z uLvMy(n,L)%(n—f—M,O) =1+(1,0,0) I-T)"" | Bouv
L.M>0 Bsv

The final state (1,0,0) corresponds to a vertical final step, as in the
geometry of Figure 4.14-right. As for the initial state (31u, Souv, B3v)?,
it includes the special § weights for the starting point depending on its
local environment in the geometry at hand. In practice, the details of
what happens at the extremities are irrelevant as they do not affect the
large n asymptotics, as shown below. The quantity ) (u,v) is a rational
fraction Y(u,v) = g(u,v)/A(u,v) where g(u,v) is a polynomial which
implicitly depends on the § weights and

Au,v) = det(T—T) = 1 — aqu — v — azuv — aqu’v — asuv? — agu?v?

with
w1 we wows + wz — W1We
o] = —, Qg = —, a3 = 2 )
wo wo wy
w% — W13 wg — WeW3
g = 72 y oy = 9 9 (D]‘)
Wo Wo

_ 2wowyws + wiwews — wgwi — wlwg — (/JGOJ%

Qg =

W
The large n,L = {n, M = mn asymptotics of YV, 1)—(ntnr,0) are gov-
erned by A(u,v) only. Indeed, for large L, M  n:

B du dv
y(n,L)—>(n+M,0) T 2irult! 9iproM+1

du dv
S T Zippi 19 )

E (a1u + agv + aguv + aguv 4+ asuv? + a6u2v2)p

Y(u,v)

Q

p>0
B du dv
N Qirul+l 21771)M+1g(u’ v)
6
roap P+ Py+ P3s+ Py + Ps + P, .
ZuLUM Z <1+ 2+ I3+ Iy + 5+ 6)1—[0‘?‘
L. M’ Py,Py,...,Pg>0 P1>P27P37P47P57P6 i1

Py +P3+2Py+P5+2Pg=L'
Py+P3+Py+2P5+2Pg=M'
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For large n, the integral selects values of L' and M’ that differ from
L and M by finite amounts bounded by the degree of the polynomial
g(u,v). Taking L' = ¢n+ O(1) and M’ = mn + O(1), we obtain the
leading behaviour for large P; = np;:

1
Vinnt)=(n(14m),0) = / dpsdpadpsdps " 5P PP,
0
where

S(£> m:p3>p47p5ap6)
= ({+m—p3—2ps—2p5—3pe)log({+m—p3—2ps—2ps5 —3ps)

0 ps—2ps—ps—2
(fp32p4p52p6)10g( Do SPa—Po pe)

)
m—p3—pas—2ps —2p ° P
D —pa—2ps— 26 ,
— (m—p3—pa—2ps—2pg)log < ) — ) pilog ((;) :
i=3 !

a2

(D.2)
A saddle point estimate then allows to write

Vinnt)sn+m),0) = e 5EM,

where S(¢,m) is equal to S(¢,m,ps, p4, ps,ps) taken at the value of ps,
P4, ps and pg which maximizes this latter quantity. The above expression
can be adapted to a situation where the «; fori € I C {3,---,6} vanish.
In this case, the recipe consists in simply dropping all the terms with
indices 7 € I.
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Appendix E

Almost homogeneous
unravelling

The aim of this appendix is to prove the general relations (4.52) and
(4.53) relating the restricted refined partition functions

n n
Z, ()= Z. Nz =) 2z, ! (E.1)
L=1 L=1
to the refined partition function

Zn(0) = Znpo" " (E.2)
L=1

The relation (4.52) may be obtained by attaching a different spectral
parameter w@ (instead of w) to the last column j = n. By unravelling
the configurations of the 20V model with DWBC2 to a configuration
of the 6V model on the sub-lattice 1, we have the relation, depicted in

Figure E.1:
zn[e]:(‘szj)" (Zim) Znlf] . (E.3)

Here we shall use a different notation with brackets (as in Z,[0]) to in-

dicate that we deal with a model where the last column has a modified
spectral parameter wf. It should not be confused with the notation with
parentheses (as in Z, (o)) where all the column spectral parameters are
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ANANA WA WA
NNNN
AN
NN
ANNNN
POT A Tal

1,01

(am‘H‘ b/q 0] c° ‘H)

ar[1]77 by [1]7 7 aq[1

Figure E.1: The unravelling of Figure 4.12 in the presence of a spectral param-
eter wf in the last column that modifies the weights for the n vertices within
the red box. In practice, only the weights of sub-lattices 1 and 3 are modified
(since those of sub-lattice 2 do not involve the modified spectral parameter).
Z;m in the cyan box (labelled 3),
unmodified weight as[f] = as in the pink box (labelled 2) and, after the same
renormalization as in Figure 4.12 to go from (a1, b1,¢1) to (a,b,c), modified
weights (a x alf] p o bl oy o [9]) in the purple box labelled 1. This leads to

a1 [1] b [1] c1[1]
the relation (E.3).

Vertices have modified weight as[f] = ag x
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left equal to w but where we deal with the refined partition function
defined above keeping track of the position where the uppermost path
hits the right boundary. The notation a;[0] (respectively b;[0] and ¢;[0]),
i = 1,2,3, also refers to the weights' obtained via the general formula
(4.41) with w — wé. Let us now discuss precisely the connection be-
tween the two objects Z,[0] and Z,(0): by decomposing Z,[0] according
to the position L where the uppermost path hits the right boundary, we

have
s b0\ 0] [ar[)] "
Zn0] = LZ::IZWL (1;1[1]) 61[1] (allm >
_ (@l alal) g~ (B4)
_ <a1[1]> Cl[l]al[g] Lz:;Zn,L( [9})
=Zn(o[0])
with
i o) = 2lfleal] (E.5)
b1 ld] |

Similarly, decomposing Z,,[] according to the position L where the up-
permost path hits the right boundary and to whether the step before
the hitting point was horizontal or diagonal, we have

=L (@l walf) fwol] " F
20 =2 2 () o )
o (l) T walf] (wolt]\"
*2 2 (mu) wall] <w§m) (E5)
_ (ol \" [ walOlwo1] - wal0lwo[l]
-(2m) <w4[11wow] Zn D+ o) 2 W“)’
with
o=t [Olwo[1] _ ba[Blag(0]bs(0]a1 [1]az[1]as[1] _ b1[0]bs[0]a [1]as[1]
w1[1 wo [0] bl [1](@[1][)3[1](11[9}6@[9]@3[9] bl[l]bg[l]a1[9 a3[9]
(E.7)
Usin
’ colt] _ afblaslOlosle] _ anlaslo) s

Ldo[l] N al[l]ag[l]ag[l] al[l]ag[l]

! As before, when dealing with the 6V model, we use vertex weights normalized to

(a,b,c) as in (4.46). The change w — w@ then affects the vertex weights in the last

0 b1]0 0
column, equal to (a x Zim,b X bﬂl}’c X zim)
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since a9 is not changed by the replacement w — wf, we obtain from
(E.3)

(azag)n Zn(al0)) = Z,(710]) + g(a]6]) 2, (7]0]) (E.9)

+1/3
with
o(ol0]) = c1[1]ar[0] wo[flwo[l]  c1[1]ax[6] (b1]0]az[b]cs(0]) (a1 [1]az(1]as(1])
c1[flar[1] we[l]wo[0]  e1[flar[1] (b1[1]az[1]es[1])(a1[0]az]f]as(0])
_ Cl[l]bl [0]63[9]6@,[1]
01[0]b1[1]03[1]a3[0] .

(E.10)

Note the absence of prefactor in front of Z_ (7[0]) in (E.9), due to the
identity

c1[1]a1[0] walf]wo[1] _ c1[1]a110] c1]0]az[0as[0)ar[1]az[1]as[1] 1
c1[f)ar (1] walwol0]  er[flaa[1] er[1]az[1]as[1]a1[0]az(0]as(0) ® '11)

In particular, if we wish to impose a strict proportionality relation be-

tween Z,(7[0]) and Z,(c[0]), i.e. impose g(o[f]) = 1, we must impose

wo |0 wal@ k
w;h} = Wﬂl} for all e, Le. u= A\ — 57]

The relation between 7 and ¢ and that between g and o are obtained

by eliminating 6. We obtain

o sin(A—n) sin(%) — sin(A+n) sin(HﬁT“) sin()*hq’2

=2

= Uasin()\—n) sin()‘_g_”) — sin(A+1n) Sin(7A_52"_“) sin()‘_gﬁ”) ’
(0) o sin(2n) sin (2201)
g) = ?

g osin(A—n) sin(/\_g;u)—sm()\‘i‘n) sin(%)

which confirms (4.52) and (4.53), when combined with (E.9).
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