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Abstract
We develop a finite-sample theory for estimating the coefficients and for the prediction of multiple stable
autoregressive processes that (i) share an unknown lag order but (ii) can differ in their individual sample
sizes. Our technique is based on penalisation similar to hierarchical, overlapping group-Lasso but requires a
new mathematical set-up to accommodate (i) and (ii). The set-up differs from existing work considerably,
for example, in that we estimate the common lag order directly from the data rather than using extrinsic
criteria. We prove that the estimated autoregressive processes enjoy stability, and we establish rates for both
the estimation and prediction error that can outmatch the known rates in our setting. Our insights on the lag
selection and the stability are also of interest for the case of individual autoregressive processes.
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1 INTRODUCTION

Today’s time-series data in areas such diverse as macroeconomics and finance, weather predictions, and brain imaging often
come in the form of a panel or multivariate vectors. Such data are, therefore, often high dimensional. The high dimensionality
motivates the search for underlying structures across the different dimensions of the data. A popular modeling framework in this
context is (parametric) vector autoregression (VAR). VAR assumes that the serial dependence is limited by a common maximal
lag-order for all components. However, as the number of component series is increased, VAR models have the known tendency
to become overparametrized.

To address this issue, regularized LASSO-type approaches for estimating the parameters in these models have been proposed
(Nardi & Rinaldo (2011)). These approaches tend to outmatch more traditional ones, which select a lag order through AIC, BIC,
or similar, assuming that a universal lag order applies to all components simultaneously. However, it was not until recently that
these Lasso-type approaches also incorporated the notion of lag structure and/or lag order selection. Recently, Nicholson et al.
(2020) embedded the selection of the lag structure into a convex regularizer. Their key modeling tool has been a group LASSO
with nested groups, which guarantees that the sparsity pattern of the lag coefficients honors the VAR’s ordered structure; for
more details on the literature on dimension reduction methods which address the VAR’s overparametrization problem we refer
to Section 2 of their work. However, importantly, Nicholson et al. (2020) focus on a single multivariate stable autoregressive
process and assume perfect information on the maximum lag. Besides, the question of whether the estimated model is stable or
stationary has not been addressed.

Another clear shortcoming is the fact that components of the observed multivariate time series need to be of the same length,
a constraint that is inherent to VAR-modelling. Time series of (very) different lengths regularly show up in a variety of fields.
One example is natural-language processing (NLP). Research in NLP has made tremendous progress on the machine-learning
front in recent years; for example, ever since appearance of the pioneering work of Vaswani et al. (2017), attention-based
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time-series models such as Transformers have generated a glut of research papers over the last few years (see, for example, Li et
al. (2019) and references therein). The inputs to these models are texts, which are treated as a time series consisting of individual
(embedded) words or language tokens. Naturally, these time series can be considered to be independent of each other, and they
can differ quite substantially in their lengths, but it is imaginable that at least similar types of text might have common lags.
While our linear models are still very far from complex network models such as Transformers, the example indicates the interest
in dealing with time series of different lengths. Another type of data where our framework is expected to be fruitful is panel
data. Panel data are common in medicine and psychology, where subjects are sometimes tracked over long periods of times. But
subjects may enter the study later or drop out early, meaning that different subjects can generate observations of different lengths.
One approach, especially popular in psychology (Bulteel et al., 2018, Page 743), to learning across different subjects are mixed
models, which comprise a general, cross-subject term alongside subject-specific terms. Our framework here is an alternative—or
rather a complement—to these types of models. Indeed, one could envision using our methodology for lag selection in mixed
models as well.

To make things concrete, this paper proposes a method to analyse multiple stable autoregressive processes of (potentially)
different lengths in the framework of regularized LASSO, where the regularization is achieved via an overlapping hierarchical
group-norm that induces sparsity at the group level. In doing this, we have adapted the use of hierarchical overlapping group-
LASSO, proposed in Mairal et al. (2011) — and recently put to use to deal with the single VAR case in Nicholson et al. (2020).
We show that, even in absence of any information on the maximum lag of the processes, the proposed framework estimates
the true lag and the coefficients of the AR model accurately when the number of samples is sufficient. Moreover, we are able
to prove that the model fitted with the AR coefficients returned by this proposed method is stable. As our results on statistical
guarantees are essentially of non-asymptotic nature, which is interesting even in the context of observing a single time series, we
first review the (sparse) literature on those non-asymptotic results in a time-series context.

Essentially, the very scarce literature dealing with algorithmic learning of single VAR-coefficients using LASSO-based
methods observes that, algorithmically, the method by Mairal et al. (2011) (and its computationally faster implementation using
a technique in Tseng (2008)) can be employed in learning vector autoregressive process via certain group-LASSO analysis, to
address — in the presence of prior information on the true unknown lag order — estimation of order L vector-autoregressive
models of dimension M, abbreviated VARM(L) in the sequel.

Our work can be seen as fitting a common (i.e. “diagonal vector”) autoregressive model to a multivariate time series of
dimension M and diagonal AR coefficient matrices, that is, a panel of M observed (univariate) “similar” time series — but of in
general not equal lengths nm, 1 ≤ m ≤ M. Our notion of similarity here resembles the idea behind factor models, namely, that
unobserved (and actually not modeled) “latent” phenomena (such as an intrinsic memory or lag mechanism of a common hidden
market indicator) proposes to use the the same lag order L for each of the (potentially different length) time series in the panel.
Notice that, because of multiple AR processes of unequal lengths, one can not ‘simply diagonalize’ the settings of the references
cited above to estimate the AR-coefficients.

We address the challenging question on how to choose, solely from the information available in the model for the observed
data, the common appropriate lag order L that allows us to phrase and solve our problem via a penalised LASSO approach. We
derive non-asymptotic bounds on the multivariate one-step ahead prediction error and estimate the collection of the autoregressive
coefficients β ··= (βm

1 , . . . ,βm
L )1≤m≤M under the paradigm of sparseness. Assuming that there is a common true unknown lag

order L0 that generated our M time series, our estimation pipeline is based on a modification of a hierarchical group LASSO
approach and uses the algorithm in Nicholson et al. (2020) — for fitting a common model — as a subroutine. We first determine
an appropriate (minimal) upper bound L ≥ L0 depending essentially on the sample size nmin of the shortest observed time
series component (and on M, of course) from a thorough analysis of the theoretical complexity of our group-LASSO based
approach. With this appropriate L, necessary to embed our autoregression problem into the framework of high-dimensional
multivariate regression, we transfer existing technology on LASSO estimation (with overlapping hierarchically constructed
groups) to our problem. We derive statistical guarantees for the estimators β̂, solution of our aforementioned learning algorithm,
and for the estimator L̂0 (essentially taken from the support of β̂). More specifically we deliver non-asymptotic bounds on the
multivariate one-step ahead prediction error, on the estimation error of β, on the false discoveries for the support of β, and quite
innovatively on the stability of the fitted model. For the latter, we show that the fitted autoregressive model of order L̂0 with
estimated coefficients β̂ fulfils the conditions of the true model for stability (via a more explicit concept of ε-stability that we
introduce to asses the difficulty of the statistical estimation problem).

In the following paragraphs, we are more explicit about the exact nature of our contributions motivated from the existing
limitations of the current approaches we found in the literature.
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Current limitations (L) and our contributions (C)

Some of the questions that are not sufficiently addressed in recent existing work on non-asymptotic time series analysis are as
follows.

L1 Via an application of Mairal et al. (2011), it is now known that an approach based on LASSO with overlapping groups can
determine the component-wise lag orders Lm of stable, high-dimensional vector autoregressive processes (including the
“cross-over” lag order Lij of the dependence of the i-th component on the j-th component of a VAR model). The relevant
formulation based on (dual) convex programming is computationally attractive and intriguing more generally, but it requires
a uniform upper-bound on the Lij’s as a parameter both in their theoretical bounds and in practice. The current literature either
ignores this issue altogether or sets those bounds based on model selection such as AIC or BIC or via Bayesian shrinkage,
whose suitability is unclear here. In fact, if an external lag selection method outputs an incorrect lag order, then deriving
statistical guarantees for the LASSO as formulated in equation (14) will be difficult or even impossible to achieve. Our
approach avoids this problem by integrating lag order selection within parameter estimation via the LASSO. Moreover, we
thereby avoid some potential loss of sample-efficiency that would occur if we used an external lag selection method such as
AIC or BIC, e.g., on sample-splitting. Finally, our method has the clear advantage to be more time efficient than one that
would carry out order selection via AIC/BIC for each of the M time series separately.

C1 We establish a suitable estimate of the lag order.
Our estimate of this lag order guarantees the following:

1. the smallness of the empirical prediction risk (see Theorem 3 and the discussion following the theorem),
2. a resulting tuning parameter that is not too large (see Corollary 2), and
3. the restricted eigenvalue property of the data matrix to hold (Proposition 2 and the Corollary 3 immediately after that).

In this sense, our estimated lag order is optimal for our setup.
L2 Real world applications often involve multiple univariate, decoupled time series of varying lengths — an example of such

occurrence is discussed in the introduction section. This would translate to VAR modeling with diagonal coefficient matrices.
However, purely transferring existing results from a VARM(L) modeling approach can be cumbersome in practice for
situations in which the number of available samples for each individual component time series is not the same: obviously
needing to chop off the samples in order to work with the minimal individual sample size could result in weaker theoretical
guarantees and practical performances (see below).

C2 Applying a hierarchical group norm enables us to derive prediction guarantees that depend on the average number of samples
per component (instead of the minimum number of samples per model, as would be the case had we translated naively
to a M-dimensional VAR model). More specifically, availability of perfect information on the true lag L0 and n1, · · · , nM

(respective) number of samples for the M individual components yields the following: the VARM(L) translation would result
in the following provable upper-bound on error (see Basu & Michailidis (2015)), stating that with high probability (i.e. with
a probability approaching 1 with increasing sample size)

||β̂ – β||2 = O

√ log(M2L0)
nminM

 , (1)

(with nmin := min1≤m≤M nm), whereas the error from the algorithm we describe is of the order (see equation (35) below)

||β̂ – β||2 = O

(√
log(ML0)

D

)
. (2)

Here D = T1 + · · · + TM is the total number of “postsamples” (Tm ··= nm – L0). To prove our new result hinging on the use of
the hierarchical group norm we need to go beyond the techniques of Basu & Michailidis (2015). Furthermore, our strategy
results in weaker dependency of the error on the behavior of the reverse characteristic polynomial on the unit disk, unlike
in the relevant VARM(L) model translation (compare with Basu & Michailidis (2015)). Our bound of the effective noise,
namely (see equation (24)),

P
[

2
D
N?(X>U) ≥ 3η

2
√

L

]
≤ δ
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requires a set of ‘post’-samples of cardinality

D ≥ 24σ2
maxε

–4

c0η
log

(
ML
δ

)
.

Here ε is the model parameter which controls the proximity of the underylying time series process to its region of non-
stability, as defined in equation (7), whereas σ2

max denotes the largest of the innovation variances σ2
m, m = 1, . . .M, of our M

autoregressive components. Moreover, the various remaining constants (δ, η, c0) are given in our Theorem 3.
This result represents a saving of a factor of order M which we achieve due to an appropriate application of a dual norm
bound, and it is not obvious to us if such a bound would follow naively from existing results for single VAR mentioned in the
references cited above.

L3 Recall that a (univariate) autoregressive process Xt = a1Xt–1 + · · · + aLXt–L + Ut is stable if the “reverse characteristics
polynomial” 1 – a1z – · · · – aLzL has no complex roots on the closed unit disk; it is known that stability implies stationarity
(see Section 2 below). But what about stability for fitted autoregressive models? While this question has an affirmative answer
in the special case of Yule-Walker estimation of the coefficients of a univariate autoregressive process (known however
to be less efficient), the question of stability or stationarity of the process reconstructed from the parameters estimated by
LASSO-based approaches does not seem to have been addressed in the literature. However, starting with a stable process to
have generated the input observations of these devised algorithms, it is reasonable to expect that the reconstructed process be
stable (and thus, multi-step predictions be reliable as well).

C3 We show, in Theorem 5, that the process reconstructed from the parameters returned by our algorithm is stable when the
samples available as input are generated by stable processes. As Basu & Michailidis (2015) showed, a measure of stability
for an autoregressive process is, equivalently, a boundedness criteria on the spectral density, and the boundedness in the
Fourier domain translates in a sense to ‘smoothness’ of the process in the temporal domain. Thus, as, intuitively, the stable
autoregressive processes form a ‘smooth’ subclass, it is desirable that any algorithm for learning the parameters of processes
from this smooth subclass should return estimators lying in this subclass; in this paper, this is ensured by Theorem 5. To the
best of our knowledge, this important aspect of time series estimation has been hitherto neglected in the literature.

It is important to mention here that the results in this paper demonstrate that our overlapping group-LASSO approach
yields a stable process when the underlying process is stable as well. The aim of the paper is not to choose the most optimal
tuning parameters or some absolute constants, but rather to show existence of these proposing reasonable candidates for such
parameters/constants.

Section 7, which contains most of the technical contents, finally highlights the fact that our proofs are far from simple
extensions of previous results; quite in contrast, the results hinge on technical insights that might be of interest beyond the
specifics of this paper.

Organization of the paper

The paper is organized as follows. In Section 2, we recall relevant definitions from existing literature, and we set notations.
In Section 3, (1) we specify the model and formulate the learning problem as a regularized group-LASSO with overlapping
group norm, where the data matrix is a block-diagonal matrix — each block of which consists of the data matrix that treats a
least-squares problem corresponding to the associated component time series; (2) we present the learning algorithm based on the
group-LASSO problem; and (3) a summary of all our theoretical results is given in Theorem 1, in a version where we condensed
a variety of explicit numerical constants that show up in the bounds for prediction error, consistency result for the autoregressive
coefficients’ estimators and on its support (i.e. the number of false discoveries). We also state a corollary on showing simplified
bounds in some special cases.

Section 4 contains the bulk of the technical contents, in particular, the proof of the statements of the main results which we
had already presented at the end of Section 3. This Section 4 is divided into four subsections: Subsection 4.1 presents an oracle
inequality bounding the one-step-ahead prediction error (Theorem 2), as well as a high-probability bound on the effective noise
of the model (Theorem 3). Subsection 4.2 starts with restricted eigenvalue bounds (Proposition 2) for the blocks of the data
matrix, and goes on to integrate the blockwise results to finally arrive at an estimate (Theorem 4) of the error in estimating the
AR-coefficients. Finally, combining the results from these subsections, stability of the estimated AR model (Theorem 5) has been
established in Subsection 4.3. All proofs of technical and auxiliary results are deferred to a series of subsections of Section 7.
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2 PRELIMINARIES

2.1 General notations

• Md(F) denotes the ring of d × d matrices with entries in the field F ∈ {R,C}, and for M ∈ Md(F), we write M> for the
transpose; if F = C, then M? denotes the conjugate transpose.

• D is the complex closed unit disk D ··= {z ∈ C : |z| ≤ 1}, and its boundary is ∂D ··= {z ∈ C : |z| = 1}.
• For any integer d > 0, if x ∈ Rd, then ||x||2 =

√
x>x, and Sd–1 ··= {x ∈ Rd : ||x||2 = 1}; in particular, under standard identification

C = R2, we have S1 = ∂D.
• For integer n > 0, we will denote the set {1, 2, · · · , n} by [n].
• For a vector β̂m = (β̂m,1, · · · , β̂m,L) and an integer 0 < L0 ≤ L, we write

β̂m(L0) ··= (β̂m,1, · · · , β̂m,L0
) . (3)

2.2 Some background on autoregressive processes

Notations: We use X, Y , Z, . . . to denote random variables, and X, Y, Z, . . . to denote random vectors. On the other hand, we
use a, b, c, . . . to denote real (or complex) constants, and a, b, c, . . . for vector-valued constants.

Definition 1 (Weak stationarity). A d-dimensional time series {Xt}t∈Z is said to be weakly stationary if the following holds:
a) E[||Xt ||22] <∞ for all t ∈ Z, b) E[Xt] = µ for all t ∈ Z, and c) E[XtX>t–h] = Γ(h) for all t, h ∈ Z.

Definition 2 (Strong stationarity). A d-dimensional time series {Xt}t∈Z is said to be strongly stationary if for each integer n > 0,
and all integers t1, · · · , tn, h, the distributions of the vectors (Xt1 , · · · , Xtn ) and (Xt1+h, · · · , Xtn+h) are identical.

Definition 3 (Autoregressive time series). A d-dimensional time series {Xt}t∈Z is autoregressive of lag L > 0 if there are d × d
matrices A1, · · · , AL such that

Xt = A1Xt–1 + · · · + ALXt–L + Ut . (4)

holds for all t ∈ Z, for some random white noise process {Ut}t∈Z.
Further, for z ∈ C, we write

Az ··= I – A1z – · · · – ALzL . (5)

Finally, we define L to denote an initially determined “ad-hoc" upper-bound on the true lag of the process in (4), and use L0 to
denote its true lag.

Associated to each d-dimensional lag-L autoregressive process {Xt}t∈Z — as in equation (4) — is the associated order-1
process Xt = AXt–1 + Ut, where

A ··=
(

A1→L, AL

IdL–d , 0

)
, Ut ··=

(
Ut

0

)
, (6)

and A1→L is the block matrix (A1 · · ·AL–1).

Definition 4 (Stability). A d-dimensional lag-L autoregressive process {Xt}t∈Z — as in equation (4) — is said to be stable if
det(I – Az) 6= 0 for |z| ≤ 1. Equivalently, the process is stable if det(Az) 6= 0 for |z| ≤ 1.

Definition 5 (Reverse characteristic polynomial). The polynomial det(Az) is called the reverse characteristic polynomial of the
process in equation 4.

We note the equality det(I – Az) = det(Az). In particular, the process in equation (4) is stable if and only if every eigenvalue
of A is inside the open unit disk.
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Definition 6 (ε-stability). A stable autoregressive process, as in equation (4), is said to be ε-stable for an ε ∈ (0, 1) if the
following holds:

ε ≤ min
|z|=1

| det(Az)| ≤ max
|z|=1

| det(Az)| ≤ ε–1 . (7)

Remark 1. By maximum modulus principle, this is equivalent to saying that

ε ≤ min
|z|≤1

| det(Az)| ≤ max
|z|≤1

| det(Az)| ≤ ε–1 .

The lower-bound here is a convenient quantification of the notion of stability, which demands that min|z|≤1 | det(Az)| > 0. Note
that we also require the upper bound to derive our statistical guarantees.

A well-known fact about autoregressive processes is the following: see (Lütkepohl, 2005, proposition 2.1) for details.

Lemma 1 (Stability implies weak stationarity). A stable autoregressive process is weakly stationary.

3 STATISTICAL MODEL AND ESTIMATOR

Now we present our statistical model, estimator and an algorithm to learn the parameters of the model from observed samples.

3.1 Statistical Model

Suppose that we observe time-samples generated by M univariate autoregressive process, for which we know a uniform
upper-bound L of the true lag-order. Then, we can aggregate these M univariate lag at most L autoregressive processes

X1
t = β1

1X1
t–1 + · · · + β1

LX1
t–L + U1

t ;
... (8)

XM
t = βM

1 XM
t–1 + · · · + βM

L XM
t–L + UM

t .

In this paper, we work under the simplified assumption that the true lag of all the M component processes is identical, namely,
L0, and that L ≥ L0 is generic; neither L0 nor L is known a priori. Additionally, we assume mean-zero, Gaussian white-
noise innovations; that is, for each m ∈ [M] the set {Um

t }t∈Z consists of independent mean-zero, univariate Gaussians with
coordinate-wise standard deviation σm ∈ (0,∞). Additionally, we assume that for each t ∈ Z, the noise variables U1

t , . . . , UM
t are

independent. We summarize the parameters of the model in a matrix Θ ∈ RM×L via Θml ··= βm
l to refer to groups of parameters

more easily later. Our goal is 1. to estimate the parameters of all models simultaneously; and 2. to assess the lag L0, which is
assumed to be the same over all M processes.

We make the following assumption on the absolute value of the smallest β-coefficient, which is widely known as β-min
assumption in the LASSO literature; see, for example, Bunea (2008). We note that this assumption will only be needed to
achieve the bound in Theorem 1 after λ-thresholding; in particular, when no thresholding is employed, the analysis in this paper
does not require the assumption.

Assumption 1 (β-min assumption). There is a constant cβ > 0 such that the true autoregressive coefficient vector β satisfies,
for all j = 1, . . . , L and m = 1, . . . , M,

βm
j 6= 0 ⇒ |βm

j | ≥ cβ . (9)

Broadly speaking, this assumption ensures that the non-zero coefficients can be detected in the first place.
We now set out to define a regularizer. Let nj denote the total number of samples from

Xj
t = βj

1Xj
t–1 + · · · + βj

LXj
t–L + Uj

t ,

and Tj ··= nj – L. The main idea is as follows. Suppose that L ≥ L0 is some integer, and for each t ∈ {–L + 1, . . . , 1, . . . , Tm} and
m ∈ {1, . . . , M}, we have an observation xm

t of Xm
t . Denote βm ··= (βm

1 , . . . ,βm
L )> for each m ∈ [M], and let β ··= (β>1 , . . . ,β>m )>.
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We define G1, . . . ,GL ⊂ SML ··= {1, 2, . . . , M}× {1, 2, . . . , L} by

Gl ··= {1, 2, . . . , M}×
{

l, l + 1 . . . , L
}

(10)

for all l ∈ {1, . . . , L}. The groups are nested: G1 ⊃ · · · ⊃ GL. Let βGl
∈ RM×(L–l+1) be the submatrix of Θ, consisting of columns

having index larger or equal to l. We set the group norm to be

||β||G ··=
L∑

l=1

√
M(L – l + 1) ||βGl

||F , (11)

where ||βGl
||F ··=

√√√√ M∑
m=1

L∑
j=l

|βm
j |2 .

is the Frobenius norm of βGl
. We will alternatively write N (β) for the group norm ||β||G , for the sake of notational ease.

The overall post-sample size is denoted
D ··= T1 + · · · + TM .

In order to estimate the coefficient vector β, we propose solving the following constrained convex program

minimize
1
D

M∑
m=1

Tm∑
t=1

(
xm

t – βm
1 xm

t–1 – · · · – βm
L xm

t–L

)2
+ λ||β||G , (12)

with an appropriate tuning parameter λ > 0. The objective function can be put in a concise form. For this, we define the vector
y ∈ RD, the matrix X ∈ RD×(ML), and the parameter β ∈ RML, as follows:

y ··= (x1
1, . . . , x1

T1
, x2

1, . . . , x2
T2

, · · · , xM
1 , . . . , xM

TM
)> ;

X ··=



x1
1–1, . . . , x1

1–L
...

x1
T1–1, . . . , x1

T1–L

x2
1–1, . . . , x2

1–L
...

x2
T2–1, . . . , x2

T2–L
. . .

xM
1–1, . . . , xM

1–L
...

xM
TM–1, . . . , xM

TM–L



; (13)

β ··= (β1
1 , . . . ,β1

L,β2
1 , . . . ,β2

L, · · · , · · · ,βM
1 , . . . ,βM

L )> .

It is immediate that
M∑

m=1

Tm∑
t=1

(
xm

t – βm
1 xm

t–1 – · · · – βm
L xm

t–L

)2
= ||y – Xβ||22 .

In conclusion, the above estimation program is equivalent to

β̂ ∈ argmin
β∈RML

{
1
D

||y – Xβ||22 + λ||β||G

}
. (14)

Hence, the estimator can be cast as a modified group-lasso estimator, which means that we can use established group-lasso
algorithms that allow for overlapping groups Mairal et al. (2011). In essence, the above estimator generalizes the elementwise
estimator HLagE in Nicholson et al. (2020) to multiple time series. Note that in strong contrast to ordinary LASSO estimators,
as well as any group-LASSO estimators with non-overlapping groups, our estimator enforces sparsity by setting coefficients as
follows: using as input only an upper-bound to the true-lag L0 — all coefficients indexed between L0 + 1 and L are set to zero
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whilst those with indices smaller or equal to L0 are not. This is precisely achieved by the penalty obtained via the nested groups
G1 ⊇ · · · ⊇ GL.

Example (Regularizer). We consider the case of two univariate lag (at most) three autoregressive processes; that is, M = 2 and
L = 3. The corresponding groups are the following:

G1 = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3)} ;

G2 = {(1, 2), (1, 3), (2, 2), (2, 3)} ;

G3 = {(1, 3), (2, 3)} .

Thus, the group norm of β ∈ R2×3 is

||β||G =
√

6
√

(β1
1 )2 + (β2

1 )2 + (β1
2 )2 + (β2

2 )2 + (β1
3 )2 + (β2

3 )2

+
√

4
√

(β1
2 )2 + (β2

2 )2 + (β1
3 )2 + (β2

3 )2

+
√

2
√

(β1
3 )2 + (β2

3 )2 .

Notice that, when the (regularized) LASSO sets a certain group (say the second group above) to 0, it automatically sets all the
following groups to 0 as well. More specifically, when the (regularized) LASSO sets βGl

to 0, then the hierarchical structure
Gl ⊇ Gl+1 ⊇ · · · means that for all r > 0, each coordinate of βGl+r

comes as a coordinate of βGl
, thus ensuring βGl+r

= 0 for each
r ≥ 0.

In what follows, we use the following notations. For m ∈ [M] and l ∈ [L], and t ≤ Tm, we write

U(m) ··= (Um
1 , · · · , Um

Tm
)> ;

X(m,l) ··= (Xm
1–l, . . . , Xm

Tm–l)
> ;

X(m)
t ··= (Xm

t–1, . . . , Xm
t–L) ;

X(m) ··= (X(m,1), . . . , X(m,L)) .

(15)

Moreover, we will write X(m)
<j to denote any of the variables Xm

j′ for j′ < j.

3.2 Estimation Pipeline

Learning autoregressive coefficients of multiple time series of potentially different lengths and identical true lag is more complex
than just the usual group-LASSO problem, where the groups form a partition of the index set. From a methodological perspective,
some immediate technical challenges are 1. deciding on what L should be taken in the formulation of (12), 2. how to disentangle
the dual of the group norm (in order to apply Hölder’s inequality to derive oracle prediction guarantees as in Subsection 4.1
below); from a practical perspective, the challenge lies in incorporating the varying number of samples into the convex problem.

We now give a high-level overview of our estimation pipeline (described below) that takes as input the multiple time series,
and forms the appropriate convex problem in the form of (14), and solves this convex problem via using the stochastic proximal
gradient method appeared in Nicholson et al. (2020) as a subroutine. In essence, the idea is to start looking into the data set to
first find the samples corresponding to the component which has the minimum number of samples (breaking ties arbitrarily).
We then use this component to find the initial input lag, L, as described in (40). In the next step, we solve the regularized
least-squares problem in (12) — where the penalty function is the group normN , discussed further below (see (11)). The rate of
convergence of the procedure is quadratic in number of computational steps as discussed in the work cited above.

The following statement is the main theorem on the theoretical properties of the output of the estimation pipeline given by
Algorithm 1. This theorem is essentially a summary of some of the results contained in Section 4, and will be discussed in
all detail in Subsections 4.2.2 and 4.3, as indicated below (note that in order to simplify notation we summarized a series of
constants in bounds arising from individual results developed in these subsections into some upper bounds). We also recall our
notation Tm = nm – L0, m = 1, . . . , M for the number of post-samples for the M individual components.
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Algorithm 1 AR Coefficient Estimation Pipeline
Input: samples from component stable processes, parameters A ≥ 1 and δ > 0.
Output: estimated lag L̂0, and estimated autoregression coefficient vector β̃.

1. Let nmin be the minimum number of samples from the components. Solve for L (see equation (40)):

nmin = L + 84 66Ae ε–8L log

(
ML
δ

)
.

2. Use the learning algorithm in Nicholson et al. (2020) as subroutine to solve the convex problem in (14) with L as above;
call the output β̂.

3. If βm = βm′ for all m, m′ ∈ [M] (equivalently, the component time series are from identical AR process), return
L̂0 ··= max{j : |(β̂1)j| > λ} and β̃ ··= (β̂

′
0, · · · , β̂

′
0), where (refer to equation (3) for notation)

β̂
′
0 ··=

1
M

M∑
m=1

β̂m(L̂0) ;

else, return

L̂0 ··= max{j : |β̂
m
j | > λ for some m ∈ [M]} ,

and β̃ ··= (β̂1(L̂0), · · · , β̂m(L̂0)) .

Theorem 1 (Main Theorem). Let A ≥ 1 and δ > 0 be two regularisation parameters, and let C] = max1≤m≤M Tm

min1≤m≤M Tm
. Apply

Algorithm 1 to samples from a given ε–stable process, with stability parameter ε from equation (7), to obtain β̂ as the output of
the group-LASSO in (14) above.

λ = 72(84Ae)
1
2σ2

maxC]
3
2 ε–8

√
L log

(ML
δ

)
DM

, (16)

with L ≥ L0 satisfying

nmin = L + 84 66Ae ε–8L log

(
ML
δ

)
.

Suppose that the β-min condition (9) holds with cβ = λ. If, with α ··= minm∈[M]
Tmσ

2
m

D , the total number D of post-samples
satisfies

D ≥ 31166 · (84Ae)C5
]ε

–22
(
σmax

σmin

)4

MaL2
0L3 log

(
ML
δ

)
log(2L) ,

and if further Tmin ≥ 84 66Ae ε–8L0 log L, then the following holds with high probability:

1. the estimation error is given by

||β̂ – β||2 ≤ 243 63 (84Ae)
1
2α–1LL0σ

2
maxC

3
2
] ε

–10

√
log
(ML
δ

)
D

;

2. if Sλ ··= {j : |β̂j| > λ}, then the number of false discoveries is bounded by the following inequality, first for a generic λ > 0:

|Sλ \ supp(β)| ≤ 729 63 (84Ae)
1
2α–1λ–1LL

3
2
0 σ

2
maxC

3
2
] ε

–10

√
log
(ML
δ

)
D

.

Moreover, with the choice of λ as in equation (16), this bound becomes

|Sλ \ supp(β)| ≤
81(ML)

1
2 L

3
2
0

8αε2 ; (17)



10 Lederer & von Sachs

3. the AR-models — fitted with coefficients β̂0 returned by the Algorithm 1 ("AR Coefficient Estimation Pipeline") — are
stable, with high probability (i.e. with probability at least as high as given by equation (36)).

Proof of Theorem 1. Subject to the stated β-min condition (9), this follows immediately from Theorem (4) in combination with
Theorem (5).

In order to give some more insights into the rates, in the following corollary, we treat the special case of equal sample sizes nm

(and, w.l.o.g., also equal innovation variances σ2
m) for each of the M components.

Corollary 1 (Simple Example). Let us, in the situation of Theorem 1, assume that n1 = n2 = . . . = nM =: n, and that
σ2

1 = σ2
2 = . . . = σ2

M =: σ2. Then,

1. for the estimation error,

||β̂ – β||2 ≤ 243 63 (84Ae)
1
2 MLL0ε

–10

√
log
(ML
δ

)
D

,

2. whereas for the number of false discoveries, again with the choice of λ as in equation (16), the bound becomes

|Sλ \ supp(β)| ≤
81M

3
2 L

1
2 L

3
2
0

8σ2ε2 ; (18)

Note also that the total number of postsamples D here simply equals M(n – L0), whereas the constants simplify to C] = 1 and
α = σ2/M. Importantly, the results essentially scale like 1/

√
D in the total number of samples D—rather than in the minimal

number of samples nmin. This confirms our contribution C2 mentioned at the beginning of the paper.
Now, in the even simpler case of M = 1, the total number of samples D and the minimal number of samples nmin coincide,

D = nmin, and our rates essentially coincide with those in Basu & Michailidis (2015). However, our contributions C1 and C3
are valid even in this case, deepening our theoretical understanding of individual time series.

In our Algorithm 1, it is necessary to consider two distinct stability parameters A ≥ 1 and δ, as it is not possible to integrate
them into a single parameter—due mainly to the different number of samples from the component processes in our set-up. The
role of δ is to specify the probability with which the results hold. Since we are in a statistical framework, with random noise, there
cannot be guarantees with absolute certainty. But equation (40) shows that our results reach probability one when the sample
sizes go to infinity, making approach a true extension of asymptotic considerations. Concerning the role of A, theoretically
speaking, the optimal choice is A = 1. In practice, however, the requirements might be slightly different: for example, researchers
might want to choose larger tuning parameters to obtain sparser solutions that have more explanatory power. To take this into
account, we allow for A ≥ 1, yielding some more flexibility in our theoretical results: indeed, our guarantees still hold (with
slightly less favorable constants) if the tuning parameter is chosen “a bit too large.”

Also, we separately mention the two cases (of βm’s being identical (or not) for all m) in order to specifically emphasize that in
the first case, our algorithm requires a smaller number of samples than in the later case (which allows savings of a factor of M in
the sample complexity).

Descent algorithms like the proximal gradient method used in the subroutine above might produce small non-zero valued
parameters as numerical artifacts. One could consider other types of algorithms instead, but the required number of computational
steps could be much higher. Moreover, those artifacts, and statistical false positives more generally, can also be controlled by
standard λ-thresholding as mentioned in the algorithm.

4 STATISTICAL GUARANTEES

This section contains the main theoretical results of this paper. We begin with deriving bounds for the one-step ahead prediction
error, first formulated by an oracle inequality (see Theorem 2), which depends on the tuning parameter λ of our least-squares
penalisation approach. Then we control this tuning parameter by controlling the effective noise of our Lasso-optimisation
problem. Both things together will finally yield more explicit rates of our one-step ahead prediction error. The second part of
this section treats control of the estimated autoregressive coefficients, including control of false discovery for their support
(Theorem 4). In the end we present our result on stability of the estimated AR-model (Theorem 5).
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To start with, we briefly recall the notion of the dual norm of our group-LASSO norm N defined above.
Our underlying space is RML. Observe that

β 7→ N (β) ··=
∑√

|Gl| · ||βGl
||2

is a norm for any G = {G1, · · · ,Gl} that covers [ML]. However, this norm is singular at any point where all the coordinates in
a group vanish. Moreover, in presence of a vanishing group, all the coordinates in all of the smaller-sized groups will vanish,
which is important in our analysis, since we will basically care about sparse solutions. Thus, we can not appeal to differential
techniques to get bounds on the norm, but rather need to appeal to the dual norm approach.

Definition 7 (Dual norm). For a norm N on RML, the dual norm N?(α) of α ∈ RML is the optimum solution of the following
convex program:

maximize 〈α,β〉
subject to N (β) ≤ 1 .

The dual norm is used to encapsulate the effective noise of LASSO. More explicitly, the dual norm shows up in the form
N?(X>U), called the effective noise of the LASSO in equation (14). Recall that the effective noise vector X>U can be thought of
as the “projection” of the noise vector U on the column space of X, and thus, N?(X>U) is a measure of the “true” noise present
in the data.

In Appendix 7.4, we obtain a generic bound on the dual norm, which will be used to obtain the statistical guarantees of this
paper.

4.1 Prediction Error

Here we now give the announced theoretical results on non-asymptotic bounds for the one-step ahead prediction error, first
formulated by an oracle inequality (see Theorem 2), then in the following subsection including control of the tuning parameter λ
by control of the effective noise of our Lasso-optimisation problem. This enables us to formulate concrete rates of the prediction
error. Note that this approach delivers an explicit way of how to select L (via equation (26), and subsequently (40)) the input
parameter for Step 2 of Algorithm 1 ("AR Coefficient Estimation Pipeline").

4.1.1 Oracle Prediction Error

The problem (14) has a solution because, given any specific realization of the time series (thus, effectively, fixing y and X) and
any λ > 0, the convex function

fλ (β) =
1
D

||y – Xβ||22 + λ||β||G (19)

is continuous, and
lim

||β||2→∞
fλ(β) =∞ .

This also shows that we can consider this as a convex program on a compact domain, because we should (at least in theory) be
able to restrict the domain of minimization to be an `2-ball of suitable radius, say Rr,X,y ∈ (0,∞). Let β̂ be a solution of this
convex program.

Now write the time series observations in the matrix form as X . We are interested in an estimate of the ’risk’, equivalently,
the in-sample, one-step-ahead mean squared forecast error E[||y – Xβ̂||22/D | X ]. In the derivations below, we follow a powerful
approach for its control, as appeared (for example) in (Lederer, 2021, Chapter 6), non-trivially adapted to the situation of
hierarchical groups as they appear in our model approach. We defer the proof to Subsection 7.1.

Theorem 2 (Prediction Guarantee). Suppose that λ ≥ 2
DN?(X>U), where N (α) =

∑L
l=1

√
|Gl| · ||α(≥l)||2. Write σ2 = D–1(T1σ

2
1 +

· · · + TMσ
2
M); then

1
D
E
[
||y – Xβ̂||22 | X

]
≤ σ2 + min

α∈RML

(
1
D

||X(β – α)||22 + 2λN (α)
)

,
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In particular, the following inequality holds:

E
[
||y – Xβ̂||22 | X

]
– E
[
||y – Xβ||22 | X

]
≤ min

α∈RML

(
||X(β – α)||22 + 2DλN (α)

)
.

If, moreover, λ ≥ 4
DN?(X>U), then

1
D
E
[
||y – Xβ̂||22 | X

]
≤ σ2 +

λ

2
min

{
3N (β – β̂), 3N (β) –N (β̂)

}
. (20)

Consequently,

1
D
E
[
||y – Xβ̂||22 | X

]
≤ σ2 + 2λ

L0∑
`=1

√
|G`| · ||β – β̂||G` . (21)

This result is in the form of standard oracle inequalities in high-dimensional statistics (Lederer (2021, Chapter 6)). It shows
that the estimator minimizes the one-step-ahead mean-squared forecast risk up to a complexity term that is linear in the tuning
parameter and the model complexity. Hence, the above bound yields an upper bound for the rate convergence once we can
control the tuning parameter λ via an upper bound on the effective noise.

To proceed, we need the following bound on the dual of the overlapping hierarchical group-norm N ; its proof appears in
Subsection 7.4.

Proposition 1 (L∞ norm bounds dual norm, general case). Suppose α ∈ RML, and

N (α) =
L∑

l=1

√
M(L – l + 1)||α(≥l)||2 ,

where ||α(≥l)||2 : =

√√√√ L∑
j=l

M∑
m=1

α2
(m–1)+j .

Then N?(α) ≤ L– 1
2 ||α||∞.

Thanks to Theorem 2 and Proposition 1, in order to find the smallest tuning parameter λ fulfilling λ ≥ 4N?(X>U)/D it
suffices to derive a high-probability upper-bound on D–1L– 1

2 ||X>U||∞ (which is precisely the bound on the dual norm of X>U).

4.1.2 Control of the Effective Noise for bounding the tuning parameter

We can prove the following high-probability bound on the tuning parameter (equivalently, on the effective noise). Again, its
proof appears in Subsection 7.2. Note that this is a major inequality, and while the arguments are well-known, we have applied
those arguments to the case where the sparsity enforcing regularizer is induced by the overlapping group norm.

Theorem 3 (Bound on the Effective Noise). Let C] ··= Tmax/Tmin. For any η > 0 satisfying

η ≥ 8C]σ2
max(1 + ε–2 + ε–4)

M
, (22)

and any δ > 0, if D = T1 + · · · + Tm satisfies

D ≥ 8σ2
max(1 + ε–2 + ε–4)

c0η
log

(
ML
δ

)
, (23)

then the following inequality holds:

P
[

2
D
N?(X>U) ≥ 3η

2
√

L

]
≤ δ . (24)

Here c0 > 0 is the absolute constant from the Gaussian concentration inequality (see Proposition 4).

The interpretation of the above result is that for the LASSO oracle inequality (Theorem 2) to hold with high probability, it is
sufficient to choose λ to be just as large as (3η)/(2

√
L), but it is not necessary to take it larger. Indeed, equation (24) shows that
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the probability that 2/DN?(XTU) is larger than 3η/2
√

L is small; thus, we may assume (2/D)N?(XTU) < 3η/2
√

L, to hold with
probability 1 – δ.

The above result bounds the tails of the effective noise. For any A ≥ 1, we will now set

η = C0
√

ACεC
3
2
] σ

2
max

√
L log

(ML
δ

)
DM

,

for some absolute constant C0 > 0 and parameter Cε > 0 that depends only on the stability parameter ε. More specifically,
defining ζ = 6–3ε4, this choice becomes

η = 8(84Ae)
1
2 ζ–1(1 + ε–2 + ε–4)C

3
2
] σ

2
max

√
L log

(ML
δ

)
DM

, (25)

which is obtained by plugging-in values of C0 and Cε — as in the proof of Lemma 2 below — into Equation (25); we do not
attempt to optimize these constants.

Lemma 2 (Data-dependent selection of L). There is an absolute constant C0 ∈ (0,∞) and a parameter Cε > 0 that depends
only on the stability parameter ε > 0 such that if η is as in (25) and

Tmin ≤ 84Aeζ–2L log

(
ML
δ

)
, (26)

then the inequality (22) holds.

This results shows that there is a suitable η for our theories to hold. The question of finding such an η in practice will need to be
discussed in more applied future work.

Proof. We set C0 ··= (12)3
√

84e, and
Cε ··= ε–4(1 + ε–2 + ε–4) .

Note that
C]Tmin = Tmax ≥

D
M

. (27)

Now, with η as in (25), the inequality (22) is ensured by the following sequence of inequalities:

(84Ae)
1
2 ζ–1

√
L log

(ML
δ

)
≥
√

Tmin

⇒ (84Ae)
1
2 ζ–1C

1
2
]

√
L log

(ML
δ

)
≥
√

D
M

⇒ 8(84Ae)
1
2 ζ–1(1 + ε–2 + ε–4)C

3
2
] σ

2
max

√
L log( ML

δ )
DM ≥ 8C]σ2

max(1 + ε–2 + ε–4)
M

.

Inequality (26) provides for the theoretical support of our choice of L in formulating the penalized least squares program in
(14). The explicit nature of the parameters in the proof above is crucial here, in order to satisfy both (22) and (23) above, as well
as remaining compatible with the requirements involving the restricted eigenvalue property (as in Corollary 3) below. Note that
the current LASSO-based literature often ignores combining the requirements coming from the oracle inequality type result
(Theorem 2) and the restricted eigenvalue type results (in Section 4.2.1).

Remark 2. (On choosing L via equation (26)) The use of such an upper-bound L conforms with the (by now) well-known restricted
isometry property of sub-sampled Gaussian matrices (that is, matrices whose entries are iid Gaussian) in the compressed-sensing
literature; for more details, see (for instance) (Candes & Tao, 2006, section 1.E) and the references therein.

For D as in (23), this gets us the following bound:

P

N?( 2
D

X>U
)

> 12(84Ae)
1
2 ζ–1σ2

maxC]
3
2 (1 + ε–2 + ε–4)

√
L log

(ML
δ

)
DM

 ≤ δ,
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In view of Theorem 3, we correspondingly set

λ = 24(84Ae)
1
2 ζ–1σ2

maxC]
3
2 (1 + ε–2 + ε–4)

√
L log

(ML
δ

)
DM

(28)

to force (20) to be true.

Remark 3. From the above, we note that λ decreases when any of M, D increases (as the function x–1 log x approaches 0 when
x→∞). This is intuitive since larger M requires that LASSO must not set too many coefficients to 0, and the larger D the better
is the non-regularized estimator as approximation of the true coefficients.

Together with Theorem 2, the above yields the following bound:

Corollary 2 (Concrete rates of Prediction Error). Suppose that

η = 8(84Ae)
1
2 ζ–1(1 + ε–2 + ε–4)C

3
2
] σ

2
max

√
L log

(ML
δ

)
DM

,

as set in equation (25) above, and

D ≥ 8σ2
max(1 + ε–2 + ε–4)

c0η
log

(
ML
δ

)
.

Then, the following inequality holds with probability at least 1 – δ:

E
[

1
D

||y – Xβ̂||22 | X
]

– σ2

≤ min
α∈RML

 1
D

||X(β – α)||22 +
24
ζ

(84Ae)
1
2σ2

maxC]
3
2 (1 + ε–2 + ε–4)

√
L log

(ML
δ

)
DM

N (α)

 .

4.2 Estimating error of parameters, false discoveries

We now deliver the treatment of assertions 1. and 2. on estimation error and support (via control of false discoveries) of our
Main Theorem 1. For this we need to cope with the Restricted Eigenvalue Property as it typically arises in LASSO analysis (see
Basu & Michailidis (2015)).

4.2.1 Control of the restricted eigenvalue property

Our prediction guarantees stated so far did not impose restrictions on the minimum number of samples from each component.
For estimation and stability guarantees, however, we need to demand a minimum number of those samples. In particular, we
will need the following proposition, on the restricted eigenvalue property of the Gram matrix X>X. The proof presented in
Subsection 7.3 is inspired by Basu & Michailidis (2015). Because of the non-uniform nature of the block dimensions of the
data matrix in (13), as well as the individual weights assigned to the components of the coefficient β, we can only hope for a
block-wise result as stated below.

The following proposition delivers a lower bound on the error-expression ||Xmvm||22 with vm the m–th component of β̂ – β.

Proposition 2 (Bound on the Restricted Eigenvalue). For any parameter δ > 0 and all vectors v = (v>1 , . . . , v>M)> ∈ (RL)M , the
following inequality holds with ζ ··= ε4

216 and sm even positive integers:

P
[
∀ m ∈ [M] inf

vm∈RL

(
||Xmvm||22 –

Tmσ
2
mε

2

2

(
||vm||22 –

2
sm

||vm||21

))
≥ 0
]

≥ 1 – 2
M∑

m=1

exp

(
–

Tm min{ζ, ζ2}
2

+ sm min{log L, log(21eL/sm)}
)

. (29)
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As mentioned above, a proof of Proposition 2 appears in Subsection 7.3.

Setting

sm ··= 2
⌊ Tmζ

2

8 log L

⌋
, (30)

we get the following immediate corollary to Proposition 2:

Corollary 3 (Bound on the Restricted Eigenvalue for specific sm). If

Tmin ≥ 84eζ–2 log L , (31)

where ζ = 6–3ε4, then the following holds:

P
[
∀m ∈ [M] inf

vm∈RL

(
||Xmvm||22 –

Tmσ
2
mε

2

2
||vm||22

(
1 –

8L log L
Tmζ2

))
≥ 0
]

≥ 1 – 2
M∑

m=1

e– Tmζ
2

4 . (32)

Proof. We use ||vm||21 ≤ L||vm||22 in Proposition 2.

4.2.2 Bounds on estimation error of the autoregressive coefficients, and false discovery

This section contains the bound on the error of estimation of the autoregressive coefficients, and the false discovery.
The following is a compact notation used in the proof of the theorem below (also in the proof of Theorem 2).

Definition 8 (Notation).

N≤L0 (v) ··=
L0∑
`=1

√
|G`| · ||v||G` . (33)

The theorem below bounds the `2-error in estimating the autoregressive coefficients β, as well as the size of the set of false
positives, using the penalized LASSO formulation as in (14).

Theorem 4 (Bounds on the Estimation Error and False Discovery). Let β̂ be the solution to the group-regularized LASSO in
(14) with λ as in Equation (28) above — namely,

λ = 24(84Ae)
1
2 ζ–1σ2

maxC]
3
2 (1 + ε–2 + ε–4)

√
L log

(ML
δ

)
DM

where ζ = 6–3ε4, which correspond to η as in Equation (25); if

α ··= min
m∈[M]

Tmσ
2
m

D
, (34)

and

D ≥ 8σ2
max(1 + ε–2 + ε–4)

c0η
log

(
ML
δ

)
,

then, for any parameter δ > 0, the inequality

||β̂ – β||2 ≤
81(84Ae)

1
2 LL0σ

2
maxC

3
2
] (1 + ε–2 + ε–4)

ζαε2

√
log
(ML
δ

)
D

(35)

holds with probability at least

(1 – δ)

(
1 – 2

M∑
m=1

L– Tm
4 log L

)
, (36)
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provided Tmin ≥ 84eAζ–2L0 log L with ζ = 6–3ε4.

Moreover, introducing the notation Sλ ··= {j : |β̂j| > λ}, then the number of false discoveries is bounded by the following
inequality holding with probability as in (36) above:

|Sλ \ supp(β)| ≤
243(84Ae)

1
2 LL

3
2
0 σ

2
maxC

3
2
] (1 + ε–2 + ε–4)

ζαε2λ

√
log
(ML
δ

)
D

. (37)

Remark 4. In the above, the term inside the square root decreases asymptotically, and the terms outside may change or stay fixed
(depending on how the number of samples for each component increases).

Proof of Theorem 4. For ease of notation, write
v ··= β̂ – β .

By Proposition 2 above (which can be applied since Tmin ≥ 84eζ–2 log L), one has

1
D

||Xv||22 ≥
1
D

M∑
m=1

||Xmvm||22

≥ ε2

2

M∑
m=1

σ2
mTm

D
||vm||22

(
1 –

8L log L
Tmζ2

)
>

4αε2

9
||v||22 .

To this, we now apply inequality (47), that is,

1
D

||X(β – β̂)||22 ≤ 3λN≤L0 (β – β̂) ,

which yields

||v||22 ≤
27λ
8αε2N≤L0 (v)

≤ 27λL0
√

ML
8αε2 ||v||2

⇒ ||v||2 ≤
27λL0

√
ML

8αε2 .

With the choice of λ as in equation (28), namely,

λ = 24(84Ae)
1
2 ζ–1σ2

maxC]
3
2 (1 + ε–2 + ε–4)

√
L log

(ML
δ

)
DM

,

it now follows that

||v||2 ≤
81(84Ae)

1
2 LL0σ

2
maxC

3
2
] (1 + ε–2 + ε–4)

ζαε2

√
log
(ML
δ

)
D

,
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as claimed. To get the bound on the false discovery, write S ··= supp(β); the bound on the false discovery can be obtained as
follows:

|Sλ \ S| =
∑

j∈[ML]\S

1|β̂j |>λ
(β̂)

=
∑

j∈[ML]\S

1|̂vj |>λ(v̂)

≤ 1
λ

∑
j∈[ML]\S

|v̂j|

by Remark 6 in Subsection 7.1 ≤ 3
λ

∑
j∈S

|v̂j|

≤ 3
√

L0

λ
||v̂||2

which yields the bound in (37) by inequality (35).

Remark 5. For the explicit choice of λ as in equation (28), namely,

λ = 24(84Ae)
1
2 ζ–1σ2

maxC]
3
2 (1 + ε–2 + ε–4)

√
L log

(ML
δ

)
DM

with ζ = 6–3ε4, the inequality (37) becomes

|Sλ \ supp(β)| ≤
81(ML)

1
2 L

3
2
0

8αε2 . (38)

4.3 Stability of the estimated AR model

We finally prove that the coefficients estimated as per the overlapping-group-LASSO in (14), with λ as in (28), lie in the
region for stability of univariate lag-L autoregressive processes, even when the number of post-samples is ‘not too large’. More
specifically, we have the following theorem.

Theorem 5 (Stability Guarantee). Let A ≥ 1 be a parameter and let β̂ be the output of the group-LASSO in (14) above, using D
post-samples, where

D ≥ 39 · (84Ae)C5
](1 + ε–2 + ε–4)2

(
σmax

σmin

)4

(ε3ζ)–2MaL2
0L3 log

(
ML
δ

)
log(2L) . (39)

If Tmin ≥ 84eAζ–2L0 log L, and L satisfies

nmin = L + 84Aeζ–2L log

(
ML
δ

)
, (40)

with ζ = 6–3ε4, then the AR-models — fitted with coefficients β̂0 returned by Algorithm 1 (“AR Coefficient Estimation Pipeline”)
— are stable, with probability as in (36) — in the following scenarios:

1. when all the time series are different realizations of a unique underlying stochastic process and

β̂0 ··=
1
M

M∑
m=1

β̂m ;

2. when all the time series are realizations of different underlying stochastic processes (equivalently, all the βm’s are different)
and β̂0 ··= β̂.
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The lower bound on Tmin aligns with the upper bound in Equation (26) as L ≥ L0. The stated value of nmin chooses the
smallest value of L to satisfy both the upper and lower bound on Tmin.

Proof of Theorem 5. 1. We start with the first case. The idea of the proof is as follows. All the component β̂m’s of β̂ are
approximations of the same underlying β0 ··= βm for all m ∈ [M]. Therefore, by the bound in Theorem 4 above and by
convexity of the square function, their mean must be `2-close to β0, with D = O(ML2

0L3 log(ML) log(2L)) many samples.
Moreover, the 0.5L–1ε perturbation of the coefficients preserves stability of the ε-stable process.

More explicitly, we have ∣∣∣∣∣∣∣∣
(

M∑
m=1

1
M
β̂m

)
– β0

∣∣∣∣∣∣∣∣2
2

=
∣∣∣∣∣∣∣∣ 1

M

M∑
m=1

(β̂m – βm)
∣∣∣∣∣∣∣∣2

2

convexity ⇒ ≤ 1
M

M∑
m=1

||β̂m – βm||22

=
1
M

||β̂ – β||22,

and by Theorem 4, this yields∣∣∣∣∣∣∣∣
(

M∑
m=1

1
M
β̂m

)
– β

∣∣∣∣∣∣∣∣
2

≤ 1√
M

||β̂ – β||2

≤
81(84Ae)

1
2 LL0σ

2
maxC

3
2
] (1 + ε–2 + ε–4)

ζαε2

√
log
(ML
δ

)
MD

(41)

with high probability. Note that

α = min
m∈[M]

Tmσ
2
m

D
≥ Tminσ

2
min

D
≥ Tminσ

2
min

MTmax
≥ σ2

min

MC]
. (42)

When

D ≥ 39 · (84Ae)C5
](1 + ε–2 + ε–4)2

(
σmax

σmin

)4

(ε3ζ)–2ML2
0L3 log

(
ML
δ

)
log(2L) ,

this yields ∣∣∣∣∣∣∣∣
(

M∑
m=1

1
M
β̂m

)
– β

∣∣∣∣∣∣∣∣
2

≤
81(84Ae)

1
2 LL0σ

2
maxC

3
2
] (1 + ε–2 + ε–4)

ζαε2

√
log
(ML
δ

)
MD

≤ εσ2
min√

3C]Mα

√
1

L log(2L)

(42) ⇒ <
ε√
3

√
1

L log(2L)
.

Since ε ∈ (0, 1), the stability follows by the triangle inequality. More explicitly, if β̂0 ··= M–1(β̂1 + · · · + β̂M), then for every
z ∈ D, we have :

|f β̂0
(z)| = |1 – β̂0 · (z, z2, · · · , zL)|

= |1 – β0 · (z, z2, · · · , zL) – (β̂0 – β0) · (z, z2, · · · , zL)|

≥ |fβ0
(z)| – ||β̂0 – β0||2 · ||(z, z2, · · · , zL)||2

> ε –
ε√
3

√
1

log(2L)

> 0 .
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Evidently, this shows that the autoregressive process with β̂0 coefficients is stable.

2. The arguments are similar in the second case. Since

D ≥ 39 · (84Ae)C5
](1 + ε–2 + ε–4)2

(
σmax

σmin

)4

(ε3ζ)–2M2L2
0L3 log

(
ML
δ

)
log(2L) ,

by Theorem 4, for any m ∈ [M] we have

||β̂m – βm||2 ≤ ||β̂ – β||2

≤
81(84Ae)

1
2 LL0σ

2
maxC

3
2
] (1 + ε–2 + ε–4)

ζαε2

√
log
(ML
δ

)
D

(42) ⇒ <
ε√
3

√
1

L log(2L)
.

As in the first case, this implies stability for each of the components.

5 ALGORITHMIC ASPECTS

In this section we briefly introduce the main gazette of our algorithm — namely, the proximal operator — to understand the
procedure of solving LASSO as was done in Nicholson et al. (2020). To sketch the outline of the standard procedure for solving
regularized LASSO penalized with an overlapping group-norm, we start with the following definition (see Mairal et al. (2011),
for example).

Definition 9 (Proximal operator). Given a normN on RML, and a tuning parameter λ, the associated proximal operator ProxN ,λ

is defined for every α ∈ RML as the optimum value of the following convex problem:

Prox
N ,λ

(α) ··= argmin
β

{
1
2

||β – α||22 + λN (β)
}

.

As established in Zhao et al. (2009), the proximal operator ProxN ,λ — for N as defined in (11) — is the composition

Prox
G1,λ
◦ · · · ◦ Prox

GL,λ

of the proximal operators for the individual groups and can be computed inductively — starting from ProxGL,λ, which is the well-
known soft-thresholding — in O(ML) computational steps. By (Combettes & Wajs, 2005, Proposition 3.1(iii)b), the solutions to
the regularized LASSO problem in (14) are precisely the fixed points of the operator

β 7–→ Prox
N ,λ

(
β +

2λ
D

X>(y – Xβ)
)

. (43)

Here we use an appropriate λ (as given in (28) above). As Nicholson et al. (2020) observed, the proximal operator can be
evaluated via duality. The proximal gradient method of Mairal et al. (2011) then finds the fixed point (which exists and is
unique by convexity of (14)) of this proximal operator. For pseudo-code of this procedure, see Nicholson et al. (2020), where an
accelerated version of the proximal descent method was employed for achieving quadratic convergence rate.

6 CONCLUSION

We have established a set-up (see equation (14) and the discussion preceding this equation) in which LASSO — regularized with
a hierarchical group norm — can be used to derive statistical guarantees in terms of the one-step ahead prediction error (Theorem
2) in the realms of multiple ε-stable (Definition (6)) univariate autoregressive processes of different lengths but identical true
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lag L0. The results presented here assume no prior knowledge of the true lag (or any upper-bound of the true lag); in fact, we
show that the sample size itself suggests a certain upper-bound L̂ of the true lag to be used for the group-LASSO. Given an
appropriately large sample size, this L̂ will indeed be an upper-bound of the true lag L0, hence producing, via thresholding, a
convenient estimator L̂0 of the true lag. Moreover, this L̂ will be of the order that is required for our theoretical guarantees to
hold. We proved that the group-LASSO formulated with a suitable tuning parameter λ estimates the AR coefficients with an
arbitrarily high degree of accuracy. We also showed the support of the estimated coefficient-set approximately matches the
support of the original parameters (Theorem 4). Finally, we proved that the fitted models with coefficients as estimated by
the group-LASSO are ε-stable (Theorem 5), a property that is known in the literature solely for Yule-Walker estimates of the
parameters of univariate autoregressive processes.

Open Questions and Future Directions

From a theoretical perspective, it will be interesting to investigate adaptations of the group-LASSO method to the case of
multiple decoupled AR processes with multivariate components. We expect that this will require, among others, (1) additional
techniques to deal with the group-norm, and (2) integrating the stability issues and the restricted eigenvalue issues; these will be
technically far more demanding in the multivariate components settings. On the practical front, the most important question is to
get a better hold on the tuning parameter λ (see equation (28)), which requires better constant/parameters than, for example,
those appearing in the proof of Lemma 2. A better strategic control on these will enable a more realistic initial estimate of L̂ —
to be used by the group-LASSO as an upper-bound on the true lag L0, and thereby producing a more efficient estimator L̂0.

A further question is to see if our approach can be extended to deal with multiple AR process of uneven lengths, where the
cross-sectional innovations are correlated. In the current state, an immediate obstruction is via the restricted eigenvalue property
of the data matrix — which would be much more difficult to analyze if the correlation has to be taken into account. Note that,
for multiple AR time series of equal length, we can follow the lag selection strategy here and embed the learning problem as a
diagonal VAR. Established work such as Basu & Michailidis (2015) will be applicable in deriving the statistical guarantees, and
Mairal et al. (2011)’s algorithm can be applied to learn the AR-coefficients. Treating the unequal length cases would however
require new ideas and techniques.

In a different track, it will be interesting to see if LASSO-based lag selection can be used to deal with other time series models,
such as factor models, non-linear high-dimensional time series - with dependence across coordinates, GARCH-type time series,
etc.
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7 TECHNICAL RESULTS

7.1 Proof of Theorem 2

Proof. Denote the data by X . Define the random vector U ∈ RD as follows:

U ··= (U1
1 , . . . , U1

T1
, U2

1 , . . . , U2
T2

, · · · , UM
1 , . . . , UM

TM
)> .
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We note the following series of inequalities, all of which follow from linearity of expectation: here, we write β for the true
coefficient vector of the model. One has

E
[
||y – Xβ̂||22 | X

]
= E

[
||y – Xβ||22 | X

]
+ E

[
||X(β – β̂)||22 | X

]
+2E

[
〈y – Xβ, Xβ – Xβ̂〉 | X

]
= E

[
||U||22 | X

]
+ E

[
||X(β – β̂)||22 | X

]
+2E

[
〈U, Xβ – Xβ̂〉 | X

]
= T1σ

2
1 + · · · + TMσ

2
M + E

[
||X(β – β̂)||22 | X

]
+ 2〈E [U | X] , Xβ – Xβ̂〉

= T1σ
2
1 + · · · + TMσ

2
M + ||X(β – β̂)||22 ,

where the last equality follows from E [U | X] = U, and U ⊥ (Xβ – Xβ̂). Therefore, we need to derive an estimate of the error
||X(β – β̂)||22. We notice that

||X(β – β̂)||22 =
M∑

m=1

Tm∑
t=1

(
L∑

l=1

(
β̂m

l – βm
l

)
xm

t–l

)2

,

where {βm
l } denotes the true-parameters of the models. Using the fact that β̂ is a minimizer of

1
D

||y – Xα||22 + λ
L∑

l=1

N (α),

over α ∈ RML, one derives

1
D ||y – Xβ̂||22 + λN (β̂) ≤ 1

D
||y – Xα||22 + λN (α)

⇒ 1
D ||X(β – β̂)||22 ≤ 1

D
||X(β – α)||22 +

2
D
〈U, X(β̂ – α)〉 + λN (α) – λN (β̂)

≤ 1
D

||X(β – α)||22 +
2
D
〈X>U, β̂ – α〉 + λN (α) – λN (β̂)

for all α ∈ RML. By the Cauchy-Schwarz inequality, this implies

1
D

||X(β – β̂)||22 ≤
1
D

||X(β – α)||22 +
2
D
N?(X>U)N (β̂ – α) + λ(N (α) –N (β̂))

≤ 1
D

||X(β – α)||22 + λN (β̂ – α) + λ(N (α) –N (β̂))

since λ ≥ 2
DN?(X>U). Finally, the triangle inequality N (β̂ – α) ≤ N (β̂) +N (α) establishes the first part of the theorem.

In the following, we will choose a slightly different threshold for the tuning parameter λ, as proposed in the statement of
theorem. Let v ··= β + β̂, and notice that the true lag L0 satisfies

L0 = max{` ∈ [L] : ||β||G` 6= 0} .
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We have

N (β) –N (β̂) = N (β) –N (β + v)

=
L0∑
`=1

√
|G`| · ||β||G` +

L∑
`=L0+1

√
|G`| · ||β||G`

–
L0∑
`=1

√
|G`| · ||β + v||G` –

L∑
`=L0+1

√
|G`| · ||β + v||G`

=
L0∑
`=1

√
|G`| · ||β||G` –

L0∑
`=1

√
|G`| · ||β + v||G` –

L∑
`=L0+1

√
|G`| · ||v||G`

≤
L0∑
`=1

√
|G`| · ||v||G` –

L∑
`=L0+1

√
|G`| · ||v||G` , (44)

where we have used that β = 0 for the sums with ` > L0. Note also that the last step in (44) is due to the triangle inequality:
||β + v||G` ≥ ||β||G` – ||v||G` . Suppose that λ ≥ 4

DN?(X>U). Using the fact that β̂ is a minimizer of the objective 1
D ||y – Xα||22 +λN (α),

over α ∈ RML, one derives

1
D ||y – Xβ̂||22 + λN (β̂) ≤ 1

D
||y – Xβ||22 + λN (β)

⇒ 1
D ||X(β – β̂)||22 ≤ 2

D
〈X>U, β̂ – β〉 + λN (β) – λN (β̂) .

By the Cauchy-Schwarz inequality, this implies

1
D

||X(β – β̂)||22 ≤
2
D
N?(X>U)N (β̂ – β) + λ(N (β) –N (β̂))

≤ λ

2
N (β̂ – β) + λ(N (β) –N (β̂)) because λ ≥ 4

D
N?(X>U)

≤ λ

2
min

{
3N (β – β̂), 3N (β) –N (β̂)

}
. (45)

The inequalities

0 ≤ 2
λD

||X(β – β̂)||22 ≤ N (β̂ – β) + 2(N (β) –N (β̂)) ,

and

N (β) –N (β̂) ≤
L0∑
`=1

√
|G`| · ||v||G` –

L∑
`=L0+1

√
|G`| · ||v||G`

yield the following:

0 ≤ N (β̂ – β) + 2(N (β) –N (β̂))

≤ N (v̂) + 2
L0∑
`=1

√
|G`| · ||v||G` – 2

L∑
`=L0+1

√
|G`| · ||v||G`

= 3
L0∑
`=1

√
|G`| · ||v||G` –

L∑
`=L0+1

√
|G`| · ||v||G` .

That is, we have

L∑
`=L0+1

√
|G`| · ||β – β̂||G` ≤ 3

L0∑
`=1

√
|G`| · ||β – β̂||G` . (46)
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By equation (45), we then have

1
D

||X(β – β̂)||22 ≤ 2λ
L0∑
`=1

√
|G`| · ||β – β̂||G` (47)

= 2λN≤L0 (β – β̂) .

Remark 6. If, instead of N , we take standard `2-norm in RML (which correspond to the largest group in N ), the argument
leading to (46) yields

L∑
`=L0+1

|β̂
m
` | =

L∑
`=L0+1

|βm
` – β̂

m
` |

≤ 3
L0∑
`=1

|βm
` – β̂

m
` | .

7.2 Proof of Theorem 3

Proof. Since Proposition 1 implies

N?
(

2
D

X>U
)
≤ 1√

L

∥∥∥∥ 2
D

X>U
∥∥∥∥
∞

=
1√
L

max
m∈[M]

max
l∈[L]

∣∣∣∣∣ 2
D

Tm∑
t=1

Um
t Xm

t–l

∣∣∣∣∣ ,

it suffices, by an union bound argument, to find high-probability upper bound of the inner-product (see equation (15) for
notations):

τm,l ··= 2〈Um, Xm,l〉 = 2

(
Tm∑
t=1

Um
t Xm

t–l

)
. (48)

We now present standard bounding techniques, as appeared in (a previous version of) Basu & Michailidis (2015), for example.
One has

τm,l =
∥∥U(m) + X(m,l)

∥∥2

2 –
∥∥U(m)∥∥2

2 –
∥∥X(m,l)

∥∥2
2 .

Hence, for any η > 0, an union bound argument, together with mutual independence of the Gaussian random variable Um
j and

the variables Xm
<j for each j ∈ [Tm], implies

P
[∣∣∣τm,l

D

∣∣∣ >
3
2
η

]
≤ P

[∣∣(U(m))>(U(m)) – Var(Um)
∣∣ >

D
2
η

]
+ P
[∣∣(X(m,l))>(X(m,l)) – Var(Xm)

∣∣ >
D
2
η

]
+ P

[∣∣(U(m) + X(m,l))>(U(m) + X(m,l)) – Var(Xm + Um)
∣∣ >

D
2
η

]
.

Here, Var(Y) denotes the trace of the covariance matrix of the random variable Y . We now estimate each summand separately,
starting with

pm,l,η ··= P
[∣∣(U(m))>(U(m)) – Var(U(m))

∣∣ >
D
2
η

]
.
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By the running assumptions, the vector U(m) is Tm-dimensional mean zero Gaussian having covariance matrix σ2
mITm ; by the

inequality in Proposition 4, one has

pm,l,η ≤ 2e
– c0Dη

8σ2
m

min{1, Dη
8σ2

mTm
}

. (49)

Next, we consider

qm,l,η ··= P
[∣∣(X(m,l))>(X(m,l)) – Var(X(m,l))

∣∣ >
D
2
η

]
.

Recall that the random vector X(m,l) is mean-zero Gaussian with covariance matrix Γ(m) mentioned in equation (61) below. One
has

Var(X(m,l)) = tr(Γ(m)) = TmE[(Xm
0 )2] .

From Lemma 5, one has ||Γ(m)||op ≤ ε–2σ2
m; thus, Proposition 4 yields

qm,l,η ≤ 2e
– c0Dη

8σ2
mε

–2 min{1, Dη
8σ2

mTmε–2 }
. (50)

Finally, we consider

rm,l,η ··= P
[∣∣(U(m) + X(m,l))>(U(m) + X(m,l)) – Var(Xm + Um)

∣∣ >
D
2
η

]
.

Note that U(m) + X(m,l) is a mean zero Gaussian with symmetric covariance matrix Γ̃(m), whose (t, s)-entry (for t ≥ s) is given by

Γ̃(m)
t,s ··= E[(Xm

t–l + Um
t )(Xm

s–l + Um
s )]

= E[(Xm
t–lX

m
s–l] + E[Xm

s–lU
m
t ] + E[Xm

t–lU
m
s ] + E[Um

t Um
s ]

= E[(Xm
t–lX

m
s–l] + E[Xm

t–lU
m
s ] + σ2

m1t=s .

Together with Lemma 6, this implies

||Γ̃(m)||op ≤ ε–2σ2
m + ε–4σ2

m + σ2
m

= σ2
m(1 + ε–2 + ε–4) ,

and by Proposition 4, we fetch

rm,l,η ≤ 2e
– c0Dη

8σ2
m (1+ε–2+ε–4)

min{1, Dη
8σ2

mTm(1+ε–2+ε–4)
}

. (51)

Now suppose that

η ≥ 8C]σ2
max(1 + ε–2 + ε–4)

M
;

then, the inequalities in (49), (50), and (51) are simplified as follows:

pm,l,η ≤ 2e
– c0Dη

8σ2
m ;

qm,l,η ≤ 2e
– c0Dη

8σ2
mε

–2 ,

rm,l,η ≤ 2e
– c0Dη

8σ2
m (1+ε–2+ε–4) .

(52)

Of these, the right hand side is the largest in the bottom-most inequality (52). Note that, the union bound implies

P
[
sup
m,l

∣∣∣τm,l

D

∣∣∣ >
3
2
η

]
≤
∑
m,l

P
[∣∣∣τm,l

D

∣∣∣ >
3
2
η

]
≤
∑
l∈[L]

∑
m∈[M]

P
[∣∣∣τm,l

D

∣∣∣ >
3
2
η

]
(52) ⇒ ≤ 6

∑
l∈[L]

∑
m∈[M]

e
– c0Dη

8σ2
m (1+ε–2+ε–4) .
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Thus, for any δ > 0, in order to have the inequality

P
[
N?
(

2
D

X>U
)

>
3η

2
√

L

]
≤ δ ,

it suffices to have
exp

(
–

c0Dη
8σm(1 + ε–2 + ε–4)

)
≤ δ

ML
(53)

for each m ∈ [M]. Equivalently, it suffices to have the following for each m ∈ [M]:

c0Dη
8σ2

m(1 + ε–2 + ε–4)
≥ log

(
ML
δ

)
equivalently, D ≥ 8σ2

m(1 + ε–2 + ε–4)
c0η

log

(
ML
δ

)
.

This is equivalent to

D ≥ 8σ2
max(1 + ε–2 + ε–4)

c0η
log

(
ML
δ

)
. (54)

It then follows from the argument above that

P
[

2
D
N?(X>U) ≥ 3η

2
√

L

]
≤ δ (55)

holds, provided

D ≥ 8σ2
max(1 + ε–2 + ε–4)

c0η
log

(
ML
δ

)
.

7.3 Proof of Proposition 2

We first observe what happens in the M = 1 case: this amounts to restricting X to the top left block

X1 ··=


x1

1–1 . . . x1
1–L

· . . . ·
· . . . ·

x1
T1–1 . . . x1

T1–L

 .

Lemma 3 (Blockwise concentration inequality). For any integer s1 > 0, write K(s1) ··= B0(s1) ∩ B1(1). Then

P
[

sup
v1∈K(s1)

∣∣v>1 (X>1 X1 – T1Γ(1))v1
∣∣ ≥ T2

1ζ1Λmax(ΣU1 )
2m(f )

]
≤ 2 exp

(
–

T1 min{ζ1, ζ2
1 }

2
+ s1 min{log L, log(21eL/s1)}

)
. (56)

Proof of Lemma 3. Let v1 ∈ RL be a fixed unit-normed vector. Then, u1 ··= X1v1 is a random mean-zero Gaussian vector in RT1 ,
with covariance matrix ΣX1

v1
··= E

[
X1v1v>1 X>1

]
. One has

(ΣX1
v1

)r,s =
L∑

j,l=1

E
[
X1

r–jv1,jv1,lX1
s–l

]
=

L∑
j,l=1

v1,jE
[
X1

r–jX
1
s–l

]
v1,l

= v>1 Γr,sv1 ,
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where Γr,s is the covariance of the vectors X(1)
r and X(1)

s . Note that

tr(ΣX1
v1

) = E
[
tr(X1v1v>1 X>1 )

]
= T1E

[
(X1v1)2

11

]
= T1v>1 Γ(1)v1 ,

where Γ(1) is the autocovariance matrix of {X1
t }. Moreover, one has by Lemma 5, the inequality

||ΣX1
v1

||op ≤
Λmax(ΣU1 )

m(f )
.

By the inequality in Proposition 4, one has

P
[∣∣uT

1 u1 – tr(ΣX1
v1

)
∣∣ ≥ 4T1ζ1||ΣX1

v1
||op
]
≤ 2e– T1

2 min{ζ1,ζ2
1 }

for any ζ1 > 0. In particular, this implies that for any fixed v1 ∈ RL, the inequality

P
[∣∣v>1 (X>1 X1 – T1Γ(1))v1

∣∣ ≥ 4T1ζ1Λmax(ΣU1 )
m(f )

]
≤ 2e– T1

2 min{ζ1,ζ2
1 } (57)

holds for any ζ1 > 0. Applying Lemma 7 with G ··= X>1 X1 – T1Γ(1), we conclude that

P
[

sup
v1∈K(s1)

∣∣v>1 (X>1 X1 – T1Γ(1))v1
∣∣ ≥ 4T1ζ1Λmax(ΣU1 )

m(f )

]
≤2 exp

(
–

T1 min{ζ1, ζ2
1 }

2
+ s1 min{log L, log(21eL/s1)}

)
(58)

holds for any integer s1 ≥ 1, and any ζ1 > 0.

Now we can give the proof of Proposition 2.

Proof. When s1 > 0 is even, it follows from Lemma 8 that

P

[
sup

v1∈RL

∣∣v1(X>1 X1 – T1Γ(1))v1
∣∣ ≤ 108T1ζ1Λmax(ΣU1 )

m(f )

(
||v1||22 +

2
s1

||v1||21

)]

≥ 1 – 2 exp

(
–

T1 min{ζ1, ζ2
1 }

2
+ s1 min{log L, log(21eL/s0)}

)
.

An application of Lemma 5 implies that for

δ ··= 2 exp

(
–

T1 min{ζ1, ζ2
1 }

2
+ s1 min{log L, log(21eL/s1)}

)
,

the conclusion of the following sequence of inequalities holds for all v1 ∈ RL with probability at least 1 – δ:

||X1v1||22 ≥ T1λmin(Γ(1))||v1||22 –
108T1ζ1Λmax(ΣU1 )

m(f )

(
||v1||22 +

2
s1

||v1||21

)
≥ T1Λmin(ΣU1 )

M(f )
||v1||22 –

108T1ζ1Λmax(ΣU1 )
m(f )

(
||v1||22 +

2
s1

||v1||21

)
= T1

(
Λmin(ΣU1 )
M(f1)

–
108ζ1Λmax(ΣU1 )

m(f1)

)
||v1||22 –

216T1ζ1Λmax(ΣU1 )
s1m(f1)

||v1||21 .

We specialize to the case of univariate ε-stable autoregressive time series, with ΣU1 = σ2
1 , and (by ε-stability)

ε2 ≤ m(f1) ≤M(f1) ≤ ε–2.
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Letting ζ1 ··= 6–3ε4, we obtain

P
[

inf
v1∈RL

(
||X1v1||22 –

T1

2
σ2

1ε
2
(

||v1||22 –
2
s1

||v1||21

))
≥ 0
]

≥ 1 – 2 exp

(
–

T1

2
ζ2

1 + s0 min{log L, log(21eL/s0)}
)

. (59)

Finally, we consider all the blocks of X>X; the deviation inequality above yields

P
[
∀m∈[M] inf

vm∈RL

(
||Xmvm||22 –

Tmσ
2ε2

2

(
||vm||22 –

2
sm

||vm||21

))
≥ 0
]

≥ 1 – 2
M∑

m=1

exp

(
–

Tmζ
2

2
+ sm min{log L, log(21eL/sm)}

)
. (60)

This proves Proposition 2.

7.4 More on Dual Norms

This section deals with the proof of Proposition 1 in Section 4.1.1, but first makes some preparatory insights on dual norms.
Since N?(0) = 0, we will assume, in the following computation of the dual norm, that α 6= 0. This ensures N?(α) > 0 too.

Note that N?(α) = N?(|α|), where |α| = (|α1|, · · · , |αL|); this is because N is invariant under arbitrary sign changes of the
coordinates of its argument. Thus, for N?(α) = α · β, we may assume (without loss of generality) that |α| = α and |β| = β.

The advantage of the hierarchical group normN (β) — in the setting of sparse recovery via regularized least square regression
— is that, while it sets any group of parameters to zero — because of the hierarchy in the group structure — all variables in
all groups that appear further down the order of hierarchy are set to zero automatically. Thus, these norms are well-suited for
determination of the true lag order in the context of autoregressive process.

In order to use this group norm in our analysis, we need to collect some basic facts on the norm. Note that the norm resembles
`1 at the group level, while within each group it is the `2 norm; from this, one might expect that the dual of the norm should
“resemble" the `∞-norm at the group level, and within a group it should be `2. We will prove that this intuition goes quite well,
in the sense that the actual dual norm can be upper-bounded by this mixed `∞,2 norm.

Lemma 4 (Dual norm is attained on the boundary).

N?(α) = max
N (β)=1

〈α,β〉 .

Proof of Lemma 4. Note that — by continuity of β 7→ 〈α,β〉, compactness of the subset Cβ ··= {β : N (β) ≤ 1}, and since
N?(α) 6= 0 — there is nonzero β0 ∈ Cβ such thatN?(α) = 〈α,β0〉. Suppose, if possible, that β0 satisfiesN (β0) < 1. In (0, +∞),
the function c 7→ N (cβ0) is strictly increasing (continuous) function; thus, there is c > 1 such that cN (β0) = N (cβ0) ≤ 1; one
has

max{〈α,β〉 : N (β) ≤ 1} ≥ 〈α, cβ0〉
= c · 〈α,β0〉
> 〈α,β0〉
= N?(α) ,

which is a contradiction.

In order to facilitate our computations of the dual norm in RML, we start with the special case of M = 1; after Proposition 3,
we will extend this to the general case. Now, we define

N 1(α) ··=
L∑

l=1

√√√√(L – l + 1)
L∑

j=l

α2
j .
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Let us write α≥j = (0,αj,αj+1, · · · ,αL) for j ∈ [L]. From now on, we assume that∏
j∈[L]

αj 6= 0 .

We have the following proposition.

Proposition 3 (L∞ norm bounds dual norm, M = 1 case). The following inequality holds for any α ∈ RL:

N 1
? (α) ≤ L– 1

2 ||α||∞ .

Proof of Proposition 3. We apply the elementary inequalities

(
√

L – l + 1||β≥l||2 –
√

L – l + 1|βl|)2 ≥ (L – l + 1)||β≥l||22 – (L – l + 1)|βl|2

= (L – l + 1)
∑
j>l

β2
j

=

√(L – l + 1)
∑
j>l

β2
j

2

Cauchy-Schwarz ⇒ ≥

∑
j>l

βj

2

,

to derive

N 1(β) =
L∑

l=1

√
L – l + 1||β≥l||2

≥
L∑

l=1

√L – l + 1|βl| +
∑
j>l

|βj|


=

L∑
l=1

(√
L – l + 1 + l – 1

)
|βl|

≥
√

L|βl| .

Since N 1
? (α) ≤ ||α||∞N 1(1), where 1 ∈ RL is the all-one vector, it suffices to show that N 1

? (1) ≤ L– 1
2 . Since

N 1
? (1) = max

N 1(β)=1

∑
j∈[L]

βj ,

and

1 = N 1(β) =
∑
j∈[L]

√
L – l + 1||β≥j||2

≥
√

L
∑
j∈[L]

|βj| ,

the claim follows.

With the above proposition dealing with the case M = 1, we can now derive the proof of Proposition 1 dealing with general M.

Proof of Proposition 1. Again, it suffices to show that N (α) ≤ L– 1
2 when α is the all-one vector.
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Now, N?(α) is the optimum value of the problem

maximize
∑

j∈[ML]

βj

subject to N (β) = 1 .

Write β(l) ··= (βl,βL+l, · · · ,β(M–1)L+l)> and xl ··=
√

M||β(l)||2 for l ∈ [L]; by Cauchy-Schwarz, we have

∑
j∈[ML]

βj ≤
L∑

l=1

xl .

Moreover, N (β) = N 1(x), where x ··= (x1, · · · , xL); thus, Proposition 1 follows from Proposition 3.

7.5 Some known results used in the proofs

The following tail bound on the norm of Gaussian random vectors is well-known; see (Vershynin, 2018, Theorem 6.2.1) for
details.

Proposition 4 (Wright-Hansen inequality). There is an absolute constant c0 > 0 such that the following statement holds. If
q ∼ N(0, Σ) in Rd, where Σ is symmetric positive definite, then the following holds for any τ > 0:

P
[

1
d

∣∣qTq – tr(Σ)
∣∣ ≥ 4τ ||Σ||op

]
≤ 2 exp

(
–c0d min{τ 2, τ}

)
.

We need to collect some information about the multiple autoregressive time series model. Let T ··= minm∈[M] Tm, and recall
that we have written D = T1 + · · · + TM . Let Γ(m,l) be the covariance matrix of the random vector X(m,l); this is a symmetric matrix,
and for any r, s ∈ {1 – l, . . . , Tm – l} with r ≤ s, the stationarity of the time series yields

Γ(m,l)
r,s = E[X(m,l)

r–l X(m,l)
s–l ] = E[Xm

0 Xm
s–r] . (61)

Thus, we can write Γ(m) ··= Γ(m,l) for the “auto-covariance" matrix.
Now, let further, for any two integers T > L > 0, T ,LΓ denote the T1L× T1L matrix, whose (r, s)-th block is the covariance of

the vectors (Xr–1, Xr–2, . . . , Xr–L) and (Xs–1, Xs–2, . . . , Xs–L).
The following lemma gives eigenvalue bounds of these block covariance matrices.

Lemma 5 (Eigenvalue bound for Toeplitz matrices). Let f (z) denote the reverse characteristic polynomial of a stable univariate
AR-process {Xt}. Let m(f ) = inf |z|≤1 |f (z)|2 and M(f ) = sup|z|≤1 |f (z)|2. The following inequality holds:

Λmin(Σε)
M(f )

≤ Λmin(T ,LΓ) ≤ Λmax(T ,LΓ) ≤ Λmax(Σε)
m(f )

.

Proof of Lemma 5. This is immediate from (Basu & Michailidis, 2015, Proposition 2.3) if we consider the stable dim-L VAR
process Yt ··= (Xt–1, . . . , Xt–L).

The following bound appeared as of (Basu & Michailidis, 2015, Proposition 2.4b).

Lemma 6 (Basu-Michailidis). Let ∆(m) denote the Tm-dimensional matrix with ∆(m)
t,s ··= E[Xm

t–lU
m
s ]. The following inequality

holds:
Λmax(∆(m)) ≤ Λmax(Σεm )M(fm)

m(f )
.

The following appeared as (Basu & Michailidis, 2015, Lemma F.2). Recall that ML(R) denotes the algebra of all L× L real
matrices, and SL–1 the unit sphere in RL.

Lemma 7 (Basu-Michailidis). Suppose that G ∈ML(R) is a random symmetric matrix for which the following inequality holds
for every u ∈ SL–1, T1 ∈ N, and η > 0:

P
[∣∣uTGu

∣∣ ≥ Cη
]
≤ 2 exp

(
–cT1 min{η, η2}

)
,
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where C, c > 0 are constants independent of η and u. Then the following inequality holds for any integer s0 > 0:

P
[

sup
||u||0≤s0, ||u||2≤1

∣∣uTGu
∣∣ ≥ Cη

]
≤ 2 exp

(
–cT1 min{η, η2} + s0 min{log L, log(21eL/s0)}

)
. (62)

The following result was obtained from (Loh & Wainwright, 2012, Lemma 12). Recall that, for any integer s0 > 0, we denote

K(s0) = {v ∈ RL : ||v||2 ≤ 1, ||v||0 ≤ s0} .

Lemma 8 (Loh-Wainwright). Suppose that G ∈ML(R) is a symmetric matrix for which the following holds:

sup
||u||0≤s0, ||u||2≤1

∣∣uTGu
∣∣ ≤ δ .

Then, the following inequality holds:

sup
u∈RL

∣∣uTGu
∣∣ ≤ 27δ

(
||u||22 +

2
s0

||u||21

)
. (63)
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