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Abstract—In this paper, we address the safety verification
problem of switched linear dynamical systems under arbitrary
switching via barrier functions. OQur approach is based on
a notion of path-complete barrier functions, which utilizes a
collection of barrier functions associated with a directed labeled
graph that can encode all the possible switching sequences. We
show that path-complete barrier functions effectively generalize
notions of common and multiple barrier functions studied in
existing literature, and can potentially provide less conservative
conditions for safety verification. W e d emonstrate t hat, for
switched linear systems, the inequalities imposed via path-
complete barrier functions can be easily encoded into simple
linear matrix inequalities under some assumptions on the
regions of interest and appropriately chosen templates for the
barrier functions. We also study the relationship between path-
complete barrier functions and common barrier functions, and
show that for any path-complete graph with an admissible path-
complete barrier function, one can derive a suitable (possibly
non-smooth) common barrier function by utilizing the path-
complete barrier function. Finally, we utilize several examples
to illustrate the effectiveness of our approach, and briefly
discuss the challenges that lay foundations for future research.

I. INTRODUCTION

The ubiquity of safety-critical systems in engineering appli-
cations has significantly e levated t he i mportance o f safety
verification i n the fi eld of sy stems th eory. Th e sa fety veri-
fication problemis to rigorously certify that all t he system
trajectories avoid visiting some unsafe or undesirable con-
figurations. W hile t he p roblem i s g enerally h ard t o solve
for complex dynamical systems, barrier functions [1,2] have
recently shown great promise in providing an efficient mech-
anism for safety certification. S pecifically, barrier functions
are real-valued functions that serve as a barrier between
reachable and unsafe regions by giving higher values to the
unsafe states compared to the initial states. They guarantee
that their values decrease along the system trajectories,
thereby avoiding entry into unsafe states. Hence, the safety
verification p roblem i s r educed t o fi nding su itable barrier
functions. Many physical systems can be described by hybrid
or switched dynamics [3] and their analysis presents several
theoretical challenges [4, 5] that contribute to the complexity
of the safety verification problem. Barrier function-based ap-
proaches for safety verification have previously been adapted
to such systems. Related results include safety verification

of switched systems with common barrier functions [6,7],
safety and stability verification via multiple barrier functions
and Lyapunov functions for switched systems [8], safety
verification of hybrid systems via multiple barrier func-
tions [1] and exponential barrier functions [9], and safety
verification of state and time-dependent hybrid systems [10].
Moreover, control barrier functions have also been used for
the verification and synthesis of switched stochastic control
systems [11, 12] and stochastic hybrid systems [13, 14].

Contributions. Inspired by path-complete Lyapunov func-
tions in the context of stability analysis [15]-[20], we intro-
duce a graph-theoretical methodology via path-complete bar-
rier functions (PCBFs) for the safety verification of switched
dynamical systems under arbitrary switching. Specifically,
a path-complete graph is utilized to encode the arbitrary
switching sequences occurring in the switched system. Con-
sequently, PCBFs may be defined as a collection of barrier
functions, wherein each node in the graph corresponds
to a distinct barrier function. Moreover, the edges within
the graph enable the encoding of various barrier function
inequalities, ensuring safety not only within the operating
modes but also during the transition between these modes.

Our framework builds upon common barrier functions
(CoBFs) and multiple barrier functions (MBFs) utilized in
the aforementioned literature [1, 6, 7]. Particularly, the path-
complete framework for safety verification unifies and gen-
eralizes both CoBFs and MBFs. It provides less conservative
conditions for safety, depending on the choice of the path-
complete graph, which is in general non-unique. We illustrate
the effectiveness of our approach by showing via examples
that for some systems, one may be able to find PCBFs corre-
sponding to suitable graphs even when CoBFs or MBFs of a
given template do not exist. We also illustrate the connections
between PCBFs and CoBFs by showing that for any path-
complete graph and its corresponding PCBF, one can extract
a (possibly non-smooth) CoBF as a min-max combination
of the distinct pieces of the path-complete barrier function.
Finally, we briefly demonstrate the challenges associated
with our framework and discuss the possible future research
to expand the scope of our approach.

Note that although our path-complete framework for safety
may be applied to general switched nonlinear systems, we
limit our focus to switched linear systems for ease of expo-
sition. Particularly, by restricting ourselves to linear systems
and quadratic barrier functions, we are able to search for
suitable (path-complete) barrier functions by utilizing simple
linear matrix inequalities.
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II. PRELIMINARIES
A. Notations

We denote the set of real numbers and non-negative integers
by R and N, respectively. Moreover, we use appropriate
subscripts to refer to a subset of R and N, respectively, e.g.
N>, denotes the set of positive integers. R™ denotes a real
space of dimension n and R™*" denotes a real space of
dimension m X n. We represent the set of all continuous
functions with domain R" and co-domain R as C(R™,R).
For a matrix A € R™*"™, the inequality A > 0 (resp <) is
element-wise, whereas the inequality A > 0 (resp. <) means
that A is positive (resp. negative) semi-definite. Similarly, a
strict inequality implies positive (resp. negative) definiteness.
Moreover, AT denotes the transpose of A.

B. Problem Definition

In this work, we consider discrete-time switched linear
dynamical systems of the form
Yi=a(t+1) = Ay (x(t)), (IL.1)

where z(t) € X CR", and o(t) € {1,...,M}, M € N>
VvVt € N, denote the state and the switching mode of the
system such that each mode corresponds to a set of M
matrices {Aq,...,Ap}. We call o = (0(0),0(1),...) a
switching sequence. Given an initial state 2:(0) = x, and
a switching sequence o = (0(0),0(1),...), we denote
by Xz0.0 = (20, 2(1),2(2),...) the infinite state sequence
generated by applying the dynamics corresponding to A (s
at each step ¢. The aim of this paper is to verify safety proper-
ties of the system X under arbitrary switching sequences, i.e.,
to ensure that the system 3 starting from a given initial set
does not reach an unsafe region, for any possible switching
sequence o. This can be formally defined as follows.

Problem 2.1: Given a switched linear dynamical system X
as in (IL.1) with M switching modes, an initial set Xy C X,
an unsafe set X,, C X, verify that the state sequences x;, o
for any xg € Xy and any o do not reach X, for all time ¢,
ie, x(t) ¢ X,,Vt € N.

C. Barrier Functions for Safety

Barrier functions [2] are an effective tool for safety analysis.
They are real-valued functions B : X — R defined over the
state set X such that the level set B = 0 acts as a barrier
between the reachable and the unsafe regions. For switched
dynamical systems, one generally utilizes a common barrier
function to guarantee safety for all operating modes o €
{1,..., M}, as well as at switching instants. We now provide
the following definition, adopted from [6, Theorem 1].

Definition 2.2: Consider the switched dynamical system
> as in (II.1) and the initial and unsafe sets given by
Xo, Xy C X, respectively. Then, B : X — R is a common
barrier function (CoBF) for ¥ if the following conditions
hold for all o € {1,...,M}:

B(z) <0, vV € X, (IL.2)
B(z) > 0, Vr € X, (I1.3)
B(A,z) < B(z), Vze X. (IL4)

It is easy to see that due to conditions (I1.2) and (IL.4),

one can ensure that B(z) < 0, V¢t € N, guaranteeing that
3. never reaches the unsafe regions where condition (II.3)
holds. As a result, the safety verification problem is reduced
to finding suitable CoBFs as in Definition (2.2). For linear
switched systems, one can reduce this search to a set of
linear matrix inequalities (LMIs) by considering quadratic
CoBFs, and assuming that the sets of interest can be outer-
approximated by quadratic inequalities.

Assumption 2.3: For a system as in (II.1), the initial set
Xo € X and unsafe set X,, C X are represented by
quadratic inequalities, i.e., there exist symmetric matrices S
and S,, such that

.

m So m >0, Ve Xo, (IL5)
.

‘f S, [“”f >0, Vze X, (IL6)

Remark 2.4:  In general, Sy, and S, can appear as
decision variables so that one can optimize the outer-
approximation of the sets X, and X,, respectively, to
minimize the conservatism of the barrier function conditions.
Sets such as hyper-rectangles, polytopes, and ellipsoids can
be outer-approximated by (I.5)-(I.6). For example, initial
set as a hyper-rectangle defined by Xo = {& € R" |
2 < x < wm,} satisfies inequality (IL.5) with Sy =

—2A Az + zy)

(x;+2,)TA melTAxu
and non-negative. For additional information, see [21].

Under Assumption 2.3, the conditions (II.2)-(I[.4) can be
reduced to the following LMIs [22].

Proposition 2.5: Consider a switched dynamical system
> as in (IL.1) and the initial and unsafe sets are given by
Xo, Xy C X, respectively. Suppose that Assumption 2.3
holds with matrices Sy, and S, respectively. Then, B(z) =

i

, where A € R™*" is diagonal

1 1
inite matrix P if there exist some g, v, > 0 such that the
following conditions hold for all o € {1,...,M}:

} is a quadratic CoBF for some symmetric indef-

P+ Sy <0 (IL7)
P — 7,8, =0 (IL8)
T
A, 0 A, 0
P—'7 1l Py =0 (IL9)

Remark 2.6: Note that conditions (I.2) and (II.3) are
equivalent to conditions (I1.7) and (II.8), respectively, and can
be proved using S-procedure [22]. However, the equivalence
between conditions (II.4) and (I1.9) does not hold due to the
fact that condition (I1.9) is more conservative than (I1.4) (i.e.,
the decrease condition is checked for all x € R™ instead
of the state set X). While S-procedure may be used also
for (I.4), we choose not to do so for ease of computations.

Remark 2.7: From Remark 2.4, it is understood that
matrices Sp,S, may appear as decision variables in
equations (II.7)-(IL.8), especially when considering non-
ellipsoidal sets of interest such as hyper-rectangles, poly-
topes, etc. This leads to bilinearity of the conditions. How-
ever, without loss of generality, one may simply consider
Y0, V. = 1, as these variables can be encoded by scaling the



matrices Sy and .S, respectively.

Remark that even for simple switched linear systems, it
may not be trivial to find the existence of quadratic barrier
functions with the above linear matrix inequalities, even
if there exists some barrier function. This is because of
the conservatism of conditions in Definition 2.2, where one
function B needs to act as a quadratic barrier function for all
the modes of the system. One could utilize complex parame-
terizations of barrier functions (e.g., polynomial functions of
a higher degree), but this comes at a greater computational
cost, (e.g., using sum-of-squares (SOS) programming [23]).
Another alternative would be to utilize multiple barrier
functions (MBFs), where one barrier function is assigned
per mode, and safety guarantees are obtained by (i) ensuring
mode safety by allowing the barrier function of a given
mode to decrease along its dynamics, and (ii) ensuring safe
switching by allowing the barrier function of one mode to
decrease with respect to the other during switching. We now
define MBFs, adapted from [1, Theorem 2].

Definition 2.8: Consider a switched dynamical system X
as in (I.1) and the initial and unsafe sets Xy, X, C X,
respectively. Then a collection of barrier functions B, : X —
R is a multiple barrier function (MBF) for X under arbitrary
switching sequences o if the following conditions hold for
all 0,0’ € {1,...,M}:

B, (z) <0, Vz € Xo, (IL10)
B, (z) > 0, Vo € X,, d1.11)
Bo(Apz) < By(z), VreX. (IL.12)

Similar to CoBFs, one can encode quadratic MBFs as a
set of linear matrix inequalities with A/ unknown matrices
P;,ie{l,..., M}, under Assumption 2.3. While MBFs are
less conservative than CoBFs, it is not clear if utilizing MBFs
with one barrier function assigned to each mode is the least
conservative formulation for analyzing safety of switched
stochastic systems. To answer this question, we unify and
generalize the MBF framework via PCBFs, a framework
under which MBFs are represented by a class of directed
and labeled graphs known as path-complete graphs.

D. Path-Complete Graphs

Consider a directed graph G = (V,€), where V is the
set of vertices with cardinality |V| and £ is the set of
edges (v,0,v") € &, where v,v' € V, and the label o €
{1,..., M} denotes the possible modes for X as in (IL.1).
We call an infinite sequence 7 = (v!,0q,v?,...) a path of G
if (v%, 0;,v""1) € € for all i € N>1. A truncated finite path
is then obtained as 7, = (v!,0q,02,..., 08" op 1, 0F),
k € N>o, where (v¥,0;,v" ") € £ foralli € {1,...,k—1}.
We now define the notion of path-complete graphs [15]
which encodes the set of all possible switching sequences
of a dynamical system X.

Definition 2.9: A graph G = (V,€) is path-complete
if for any £k € Nsp, and for any sequence o =
(01,09,...,06-1), 05 € {1,..., M}, there exists a path
= (vt o020 o1, vF) in G, e, for all i €
{1,...,k — 1}, we have (v, 0;,0'!) € £.
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Fig. 1: Path-complete graph G; corresponding to a system
with 2 modes. The graph represents a valid PCBF with 2
barrier functions and 4 inequalities represented by the 4
edges.

One can see an illustration of a path-complete graph for
a system with ¢ € {1,2} in Figure 1. Note that in this
particular example, removal of any edge of the graph makes
the graph not path-complete. Furthermore, note that for a
given set of M switching modes, path-complete graph is
not unique. For instance, switching the direction of edges
corresponding to (v1, 2, v2) and (va, 1,v1) in Figure 1 would
still render the graph path-complete. Moreover, one can have
path-complete graphs with more than M nodes for the same
system. We now introduce (co)-complete graphs, which form
a subset of path-complete graphs [16].

Definition 2.10: A graph G = (V,€) is complete' if for
all v € V, and all o € {1,..., M}, there exists at least
one edge (v,0,v’) € £. Graph G is co-complete if for all
v € V,and all o € {1,..., M}, there exists at least one
edge (v,0,v') € &.

It can be readily seen that graph G; in Figure 1 is complete.
Similarly, the graph Gs3 in Figure 3 is co-complete.

III. PATH-COMPLETE BARRIER FUNCTIONS

In this section, we unify and generalize the notion of CoBFs
and MBFs presented in Section II-C and introduce path-
complete barrier functions. Note that the result presented
in this section is inspired from the notion of path-complete
Lyapunov functions first introduced in [15]. We first present
a collection of barrier functions in a vector form, i.e., B :
X — RY for some N € N >1, where each element B; of B
is a barrier function B; = X — R.

Definition 3.1: Consider a switched dynamical system X
as in (I.1) and let Xy, X,, € X be the initial and unsafe
sets, respectively. Moreover, let G be a path-complete graph
defined over M modes. A path-complete barrier function
(PCBF) for ¥ and G, is given by B : X — RIVI, where for
all (v,0,v") € &:

B(z) <0, Vr € Xo, (II1.1)
B(x) > 0, Vo € X, (I11.2)
By (As(z)) < By(x), Vo e X. (1IL.3)

Theorem 3.2: For a given switched dynamical system
3 and a path-complete graph G defined over M modes,
suppose there exists a PCBF B : X — RV with respect
to initial and unsafe sets Xy, X,, C X, respectively, that
satisfies conditions (III.1)-(II[.3). Then, ¥ is safe, i.e., for any
sequence X, o starting from xg € X, under any switching
sequence o, one has x,, »(t) ¢ X,,Vt € N.

Proof. The proof is established by contradiction. Assume

I'This terminology is borrowed from automata theory and should not be
confused with the notion of completeness used in graph theory.



there exists a PCBF B corresponding to G satisfying con-
ditions (III.1)-(I1.3). Moreover, suppose that the system is
unsafe, i.e., there exists a state sequence X, » for some xg €
Xo and some o = (0(0),0(1),...) such that x,, ,(t) €
Xy, for some ¢t € N. Consider a path-complete graph G
over M modes, such that the switching sequence o up to
time ¢ generates the path m; = (v(0),0(0),v(1),...,v(t —
1),0(t — 1),v(t)), where v(i) € V, i € {1,...,t} is the
node reached in G at time ¢. Then from condition (III.1),
By (o) < 0, Yu(0) € V. Moreover, due to the definition
of path-complete graph G, and from condition (IIL.3), we
can generate the sequence o for which we get B, ;) (z(t)) =
By)(As—1yr(t—1)) < Byp—1)(Asp—2yz(t—2)) < ... <
Byy(wo) < 0. This contradicts condition (III.2), whic
requires that for all v(t) € V, B, ()(x(t)) > 0. So the system
must be safe. [ ]
Remark 3.3: Proposition 2.5 may be readily extended
to PCBFs. Here, one considers |V| functions B,(x) =

1 1
ormulated for each matrix P, in order to satisfy condi-
tions (III.1)-(I1.3), as
Py + 70050 20, (I1L.4)

Py — yuwSu = 0, (I11.5)
where Yoy, Yuv > 0, for all v € V. Then, for each edge
(v,0,v") € £, one ensures the satisfaction of the LMI

th
A, 0 A, 0
PUL 0 1] Pv/L 0 1] (I1L6)

Remark 3.4: While quadratic CoBFs require to solve 3
LMI constraints consisting of at most 3n + 1 decision vari-
ables, quadratic PCBFs require to solve 2|V|+|€| constraints
consisting of |V|(3n + 1) decision variables, where |V| and
|€| denote the number of nodes and edges of the graph G,
respectively. Clearly, the computational complexity of our
framework increases linearly with the size of the graph.

PCBFs unify both CoBFs and MBFs. To see this, consider
path-complete graphs G1, G, and G3 as shown in Figures 1-
3. All of these graphs correspond to ¥ with M = 2. Using
Go, one is able to encode a single barrier function that
satisfies conditions (II.2)-(I1.4), thus defining common barrier
functions. Similarly, G; encodes conditions (II.10)-(II.12),
thus defining multiple barrier functions. By choosing other
suitable path-complete graphs for a given system 3, such as
Gs, one may be able to achieve potentially less conservative
conditions via (III.1)-(I11.3), thus allowing more flexibility in
finding suitable barrier functions.

An important question that naturally arises from the above
formulation is whether there are further connections between
path-complete barrier functions and common barrier func-
tions. Specifically, one could ask whether one can deduce
a (possibly non-smooth) common barrier function as in
Definition 2.2 for a PCBF corresponding to any arbitrary
graph. This is straightforward in the case of path-complete
graphs with only one node, like G; in Figure 1. In this case,
the associated common barrier function is equivalent to the
path-complete barrier function. However, in other cases, this

3
‘m P, H v € V. Then, conditions (IL7)-(IL8) are

= 0.

(D

Fig. 2: Graph G for a system with 2 modes. The graph repre-
sents the inequalities imposed by common barrier functions.
) G—
1

2

Fig. 3: Graph Gs for a system with 2 modes. The graph
is co-complete and represents a valid PCBF with 2 barrier
functions and 4 inequalities represented by the 4 edges.
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connection is not trivial. We now address this question by
utilizing some classical tools from automata theory.

IV. EXTRACTING COBFs FRoOM PCBFs

In this section, we show that one can obtain a (possibly non-
smooth) common barrier function as in Definition 2.2 from
a path-complete graph and its corresponding path-complete
barrier function. To do so, we exploit the structure of path-
complete graph and make use of the so-called observer
graph [24] that is obtained from path-complete graphs as
in Definition 2.9.

Definition 4.1: For a path-complete graph G = (V, £), the
observer graph G, = (V,,&,) is defined such that V, C 2V,
i.e., each node of G, is a subset of V, and is constructed as
follows:

1) Initialize with Vy = {V}, &, = @.

2) Set S := @. For each pair (V,0) € V x {1,...,M}:

a) Compute V' := |, {0V | (v,0,0") € E}.
b) If V! # @, set & = EU{(V,0,V")}, and S :=
Syv'.
3) If S C V,, then terminate and obtain G,. Else, set V, =
V,J S, and return to step 2.

We now present the following proposition which we will
later use in conjunction with the observer graph to show
the main result of this section. The result is inspired from
the connections between path-complete Lyapunov functions
and common Lyapunov functions for the stability of linear
switched systems [16].

Proposition 4.2: Consider a switched system ¥ and a cor-
responding path-complete graph G = (V, £) over M modes.
Suppose that there exists a PCBF B for ¥ corresponding to
G. Consider two non-empty subsets V.V’ C V and a fixed
mode o € {1,..., M}. Then, the following results hold:

o If Vo e V30 € V' with (v,0,v") € &, then

nin, By (As(x)) < min B,(z), VxeX. IV.)

o If Vo' € V' v € V with (v,0,v

) € &, then
X X B ’ 4 < m XB/
v’eav' v(Ao(2)) < veav (),

Ve X. (IV.2)

Proof. Consider a system X, graph G and a mode o €
{1,...,M}. Since B is a PCBF, and for all v € V, there
exists some v’ € V' with (v,0,v’) € &, it must be from
condition (IIL.3) that for all v € V, © € X, By (4oz) <
B, (x) holds. From this, we get B,/ (A,z) < minycy B, (),



Vz € X. Since this inequality must hold for at least one
v’ € V', we can replace the left hand side of the inequality
with a minimum over v’ € V', to obtain (IV.1). The proof
of (IV.2) follows similarly. |
We now present the main result for constructing CoBFs from
any given path-complete graph and its corresponding PCBF.

Theorem 4.3: Consider a switched dynamical system X
with Xy, X,, C X as the initial and unsafe sets, respectively.
Consider an appropriate path-complete graph G = (V, )
for ¥, and its corresponding observer graph G, = (V,,&,).
Suppose that B : X — RIVl is a PCBF with respect to ¥
and G. Then, the function

) .

B'(z) = Join (I&&&(Bv(x)),
is a CoBF for .
Proof. Consider a system X and a corresponding path-
complete graph G = (V,€) and its corresponding observer
graph G, = (V,, &,). We first show that B’ satisfies condi-
tions (I1.2)-(I1.3). By construction of Gy, any node in V, is
a set of nodes in V. Since B is a PCBF corresponding to G,
from (IIL.1), for all v € V we have that Yz € X, B, (z) < 0.
As a result, for any subset V' C V, max,cy B, (z) < 0,Vz €
Xo. Similarly, by applying a minimum over nodes V' € V),
we get Vo € Xo,B’(z) < 0, thus satisfying condition (IL.2).
Satisfaction of condition (II.3) follows similarly.

We now show the satisfaction of condition (I1.4). By
construction of G, via Definition 4.1, there exists an edge
(V,o,V') in G, if and only if for any v’ € V’, there exists
some v € V such that (v, 0,v’) € £. Therefore, (IV.2) holds,
and as a result we have for all (V,0,V’) € &,:

max B, (A, (x)) < maxB,(z),Vz € X.
VeV’ VeV

Iv.3)

Now consider By () = max,cy B,(z), for all V C V.
Then, we get for all (V,0,V’) € &,:

By (Ay(x)) < By (z), ¥z € X,
implying that these functions satisfy inequalities (III.3) en-
coded in G,.

Now, we claim that the observer graph G, of any path-
complete graph G is complete. To show this, we prove the
contrapositive statement, i.e., if G, is not complete, then G,
is not path-complete. Since G, is not complete, there must
exist for some V' € V, and some label o* € {1,..., M},
no edges (V,0*,V') € &,. By construction, G, has directed
paths from the node V € V, to the node V, so there must
exist some sequence (o1,...,0)) following which one can
reach V. Moreover, V consists of the set of nodes that can
be reached by following the sequence (o1,...,0%) in G.
Now, since (V,o*, V') ¢ &,, it must be that there exists
no sequence (o1,...,0%,0") that can be encoded in G, so
G is not path-complete. This proves the original statement,
and thus G, must be complete.

Finally, since G, is complete, for any o € {1,...,M}
and for any V € V, there exists V' € V, such that
(V,o,V') € &,. By using Proposition 4.2, we can show
that minvau Bv(Agl‘) < HlinVevo Bv(.ﬁ), Vr € X, and
Vo € {1,..., M}, satisfying condition (Il.4). This implies
that B'(x) of (IV.3) is a CoBF for X. [ |

Corollary 4.4: Consider a switched dynamical system X

with Xy, X,, € X as the initial and unsafe sets, respectively.
Let G = (V, £) be a path-complete graph, and B : X — RV
be the corresponding PCBF. Then,
o If G is complete, then B'(x) = min,ey B,(x) is a
common barrier function for X.
o If G is co-complete, then B’(z) = max,cy B,(z) is a
common barrier function for X.

V. DISCUSSION ON THE COMPARISON OF PCBFs

The aforementioned discussion makes it evident that employ-
ing PCBFs in switched systems might offer greater flexibility
in validating safety specifications, as they might present
less conservative safety conditions compared to CoBFs and
MBFs. The PCBF framework generally provides two degrees
of freedom in computing appropriate PCBFs for a system.
Firstly, one must choose a suitable path-complete graph.
Secondly, an appropriate parameterization (or template) for
control barrier functions must be selected, along with em-
ploying suitable search tools for computing PCBFs. It is
widely understood that selecting a larger function template
provides greater flexibility in the search for PCBFs. Never-
theless, the impact of chosen path-complete graphs on the
conservatism of safety verification remains unexplored, and
we defer this investigation to future work.

VI. EXAMPLES

As our first example, we consider a 2D switched linear
system X; with states @ = [x1;x2], operating on two
modes 0 = 11,2}, given by the system matrices A; =

0.7 077 0.7 0.77 .
[_0.49 0.84 and Ay = {_0.49 0.56]' We consider the

state set X = R2, the initial set Xo = {z1, 72 | 27 + 23 <
16}, and the unsafe set X, = {z1,22 | 2% + 2% > 36}.
Note that here, the sets of interest are ellipsoidal, and
can be represented as quadratic inequalities in (IL.5)-(IL.5)

-1 0 0 1 0 0
with Sy = 0 -1 O0|,and S, = |0 1 o |,
0 0 16 0 0 —36

respectively. To verify safety using PCBFs, we consider the
graphs G1-Gs from Figures 1-3, respectively. We fix the
PCBFs Bg, : X — RIYil to be quadratic for each graph
G; with ¢ = {1,2,3}, and search for the functions using
linear matrix inequalities presented in Remark 3.3. We see
that the system does not admit any PCBF corresponding
to Go, which represents the graph corresponding to CoBE.
As a result, it does not admit any quadratic CoBF as in
Definition 2.2. However, we were able to find a PCBF
corresponding to both Gy (graph corresponding to MBF) and
Gs, thus providing safety guarantees for the system even in
the absence of a quadratic CoBF. Figure 4 illustrates the
PCBF corresponding to G;. One can see in the figure the
zero level sets of the pieces B,, and B,, corresponding to
nodes v; and vs in Gy, respectively. Since G; is a complete
graph, the corresponding (non-smooth) CoBF is obtained via
Corollary 4.4 by B’ = min(B,,, B,,).

As our second example, we consider a 2D system Y5 oper-

ating on two modes o = {1,2} with A; = ! [008 _8'1]



Fig. 4: llustration of PCBF corresponding to G; for system
>31. The blue region indicates the set Xy whereas the red
region indicates the set X,,. The O level sets of the pieces
of the PCBF B,, and B,, corresponding to nodes v; and
ve in Gy are labeled accordingly. The plot also shows
some sample trajectories starting from X, under arbitrary
switching sequence2s, indicating that the system is safe.

N
o
1

Fig. 5: Graph G4 corresponding to a system with 2 modes of
operation. The graph represents a valid PCBF with 2 barrier
functions and 4 inequalities corresponding to 4 edges.

-1 06?15 8;1 , where o = 0.577. Consider
the state set X = [—10,10]?, initial set X, = [0,4]? and
unsafe set X,, = [5,10]2. To represent the hyper-rectangular
sets, we utilize Remark 2.4 and characterize corresponding
matrices Sp and S,, as decision variables. We fix the tem-
plate of the barrier functions to be quadratic, but fail to
find PCBFs corresponding to graphs Gi-Gs in Figures 1-
3, respectively. However, by considering the path-complete
graph G, in Figure 5, we were able to find a suitable PCBF
that guarantees that s remains safe with respect to Xy and
X, This example clearly shows that the choice of the graph
influences the obtained safety verification guarantees, and
as a result, illustrates the need for a comparison framework
for understanding the conservatism between different path-
complete graphs. Note that the optimization problems (corre-
sponding to conditions (II1.4)-(II.6)) were solved by using
YALMIP [25] with SeDuMi [26] as the underlying semi-
definite programming solver on a Linux operating system
with 32 GB RAM and AMD Ryzen 7 Pro processor.
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