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We have seen that computer programming is an art,
because it applies accumulated knowledge to the world,

because it requires skill and ingenuity, and especially
because it produces objects of beauty.

— Donald E. Knuth, 1974
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1
I N T R O D U C T I O N

Whenever light propagates in the vacuum or in the air and it meets a dif-
ferent material, several processes may take place at the surface as well
as in the bulk, as illustrated in Fig. 1. Reflection and transmission are
well-known surface phenomena observed in daily life. The transmitted
portion of the light propagates into the bulk region and leads to addi-
tional phenomena such as absorption and scattering processes. These
latter processes are due to the presence of inhomogeneities: in addition
to defects, light may also be scattered due to elementary excitations such
as vibrations of the material. Inelastic scattering of light by the quanta
of vibrations (phonons) is called either Brillouin or Raman scattering de-
pending whether the phonon is acoustic or not. Raman scattering is the
main subject of this thesis.

Figure 1: Schematic representation of the different processes involved in light-
matter interactions [1].

However, the process of Raman scattering involves interaction with
these excitations and therefore is much less intense than elastic scatter-
ing, i.e. when the energy is conserved. A schematic representation of a
typical Raman experiment is displayed in Fig. 2. Monochromatic light
produced by a laser impinges on the sample and the (small) fraction of
inelastically scattered light is extracted and amplified with optical de-
vices. The signal is then sent to a computer for the final analysis that
produces a Raman spectrum, where the intensity of light is measured
with respect to the different scattered frequencies.

1
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-1000 -500 500 10000
Raman shift

Stokes
Anti

-
Stokes

Figure 2: Schematic representation of the Raman spectroscopy. 1

In Raman spectroscopy, the modification of frequency and intensity of
a laser light, inelastically scattered by a material or nanostructure, allows
one to collect a rich set of information on the system. This is especially
true when the frequency of the incoming light is varied [1, 2].

This relatively low-cost experimental technique is very mature, and
used routinely in numerous laboratories worldwide. In most systems,
the energy loss is due to the creation of phonons. Raman spectroscopy
is therefore widely used to characterize materials by means of their vi-
brational fingerprint.

Indeed, the position of the features in the Raman spectrum is di-
rectly related to the phonon energies. Different possible scattering pro-
cesses can contribute, depending on the system and on the sensitivity
of the experimental setup. The first-order contribution, in which only
one phonon is emitted, provides direct information on vibrations with
very low crystalline momentum, due to momentum conservation. By
contrast, higher-order Raman processes exhibit features coming from
the entire Brillouin Zone (BZ). They are more complex and also more
difficult to interpret.

The spectrum gives more information than only the position of the
peaks (or features of the spectrum). Actually, the intensities are induced
by the coupling of the different particles in the material (phonons, elec-
trons, holes ...) with the light. The intensities therefore depend on the
material but also on the frequency of the incident light. The dependence

1 Figure extracted from https://www3.nd.edu/~kamatlab/facilities_spectroscopy.

html

https://www3.nd.edu/~kamatlab/facilities_spectroscopy.html
https://www3.nd.edu/~kamatlab/facilities_spectroscopy.html
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of the Raman Intensity (RI) on the frequency of the incident light is well-
known. It is, for example, used to amplify the Raman response, resulting
in the appearance of a resonance phenomenon when the frequency of
the exciting light is close to electronic transitions of the investigated sys-
tem [2]. A simplified view of the process is presented in Fig. 3, in the
case of isolated levels. Starting from the ground state level E0, the incom-
ing light of frequency ν1 brings the system to a virtual level. Then, the
systems goes back to a level differing from the initial level by a quan-
tum of vibration with frequency νvib. When the light frequency used
for the experiment changes, the initial and final states stay the same but
the position of the virtual level is modified. At some point, the virtual
level may cross the position of a real excited state of the material E1. In
this case, a resonance phenomenon appears and the intensity increases
significantly. For condensed matter materials, this pictures is more com-
plex as energy levels are not discrete anymore and form energy bands
in the case of a crystal. The resonance appears when the frequency of
the incoming light comes close to an electronic resonance (e.g. excitonic
absorption peak).

3 3

Figure 3: Illustration of the Raman process as the frequency of the light
changes.

In such a case, the absolute RI can change by several orders of magni-
tude, and relative changes between different mode contributions might
be observed. Usual experiments take advantage of these resonant con-
ditions to enhance the Raman signal but frequency-dependent Raman
spectroscopy can also be used to extract information on electronic and
vibrational properties. Unfortunately the second technique is rarely used
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in experiments because results are difficult to discuss without a micro-
scopic description of the different processes [3].

In order to interpret experimental results, the use of first-principles
techniques comes naturally to one’s mind. These techniques are based
on the fundamental equations of quantum mechanics and do not require
any external parameters. As a consequence, ab initio simulations facili-
tate the interpretation of experimental results and can be used to predict
the behavior of materials under conditions that are difficult to achieve
experimentally.

The application of first-principles techniques to the calculation of Ra-
man intensities is not entirely new. In what follows, we provide a brief
historical overview of the techniques and methods that have been used
so far to study Raman spectra from first principles.

The RI is related to the derivative of the macroscopic dielectric func-
tion with respect to collective atomic displacements [3]. Different first-
principle formalisms have been proposed for the computation of the
dielectric function. These formalisms often trade computational speed
for predictive power, or vice versa. In the present thesis, a method that
provides an accurate description of the dielectric properties of material
was chosen in order to establish the importance of different physical
effects, and in particular, excitonic effects.

Within the static limit (i.e. for vanishing light frequency), the dielec-
tric response can be computed with Density-Functional Theory (DFT) [4–
6] followed by Density-Functional Perturbation Theory (DFPT) [7–9]. Al-
though DFT is plagued by the well-known band gap problem [6], its
prediction of the static dielectric tensor is reasonably accurate (to within
5-10%) except when the gap is very small.2 Subsequent computation of
the derivative of the dielectric tensor with respect to an atomic displace-
ment can be performed by using either finite differences [12] in a Frozen
phonon (FP) approach or the 2n+ 1 theorem of perturbation theory [13–
15]. Such methodology has been applied in numerous studies [16, 17].
As an example, more than four hundred Raman spectra are provided in
the WURM database [18, 19].

The FP approach can be generalized to study frequency-dependent di-
electric functions. A general methodology for describing multi-phonon
scattering processes up to arbitrary order has been proposed by Knoll
and Draxl [20], but its application had been long restricted to the
ab initio calculations of first-order resonant Raman scattering, in the

2 A true semiconductor might be described as a metal by DFT e.g. with usual local or
semi-local functionals [10, 11]
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Independent-Particle Approximation (IPA), without excitonic effects,
e.g. in various superconducting materials [21–23] and ladder com-
pounds [24–26]. It should be stressed, however, that dielectric prop-
erties computed within DFT become less reliable when the excitation
frequency is comparable to the gap. Not only does the proximity of
the resonance increase the need to rely on an accurate band gap, but
excitonic effects also drastically modify the optical properties of most
semiconductors [1]. The role of excitons in first-order and second-order
frequency-dependent Raman spectra of materials had been emphasized
in earlier theoretical or semi-empirical studies, based on sum-over-states
approaches [1, 3, 27, 28]. The agreement with experiments obtained in
these pioneering works is not completely satisfactory with deviations
that, in some cases, reach almost one order of magnitude.

The Many-Body Perturbation Theory (MBPT) can be used to correct
the inaccuracies of DFT in first-principles calculations of dielectric prop-
erties. The band-gap correction is usually treated within the GW ap-
proximation, while the Bethe-Salpeter Equation (BSE) is the method of
choice to introduce excitonic effects [29, 30]. To our knowledge, the BSE

has not yet been used to compute RI of solids. This formalism has been
applied since 1998 [31] for the first-principles computation of the optical
spectra of semiconductors and insulators. Even if its application to sim-
ple materials is reasonably frequent nowadays, the calculation of optical
properties of complex materials with more than two dozen of atoms in
the unit cells is still challenging (see e.g. the work of Kresse et al. [32]
and Rinke et al. [33]) and is still an active field of research, with different
algorithmic improvements [34–37].

Excitonic effects can also be addressed within the framework of time-
dependent density functional theory [30, 38–40]. This approach, which
is computationally cheaper, allows one to include excitonic effects, with
an accuracy that depends on the choice of the exchange-correlation ker-
nel. Recent studies reported interesting agreement with experiment for
the macroscopic dielectric function (see e.g. Ref. [41]). This route is not
pursued in the present study. Instead, we rely on the best theoretical
approach available today to compute the frequency-dependent RI, and
examine its predictive power in comparison with experimental data.

Experimentally, the second-order part of the Raman spectrum is of-
ten used to characterize low-dimensional or layered materials, such as
e.g. graphene [42] or graphite [43], and more recently also transition-
metal dichalcogenides [44–48]. The few existing first-principles studies
relied on the IPA [49, 50], in which the formation of excitons is neglected.
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As these low-dimensional materials exhibit very well-defined and spe-
cific spectral features [51], their second-order Raman spectra can still
be interpreted quite easily, at least concerning the location of the peaks.
However, for many applications, bulk materials form the vast majority
of relevant materials. Their Raman spectra contain a larger number of
features, and are thus difficult to decipher.

On top of all these previous developments, a first objective of this the-
sis is the evaluation of accurate frequency-dependent Raman intensities
for first and second-order scattering processes. A general methodology,
based on the evaluation of multiple dielectric function, i.e. FP technique,
will allow including excitonic effects at the level of the BSE.

Up to this point, temperature effects have not been discussed yet. In
the materials, the atoms are not frozen but are vibrating around their
equilibrium positions. Even at 0K, the atoms move because of the zero-
point motion. As temperature increases, the vibrations of the atoms are
more and more activated. In our materials, the inclusion of temperature
has two main effects: a modification of the lattice parameters induced
by thermal expansion and a change of electronic properties via electron-
vibration coupling. The former effect arises from the anharmonic shape
of the potential felt by the atoms. In this work, we will mainly assume
this effect is small with respect to the latter3. Indeed, in our calculations,
the potential will be approximated as quadratic. As a second effect of
temperature, the vibrations can influence the electronic properties of the
materials. As an example, the band gap of a semiconductor materials
usually shrinks with increasing temperature. Actually, the entire band
structure changes at 0K and at any temperature if electron-vibrations
interactions are taken into account. As a consequence, optical properties
are also modified by these vibrations and in particular resonance Raman
conditions may change.

A large effort has been devoted to the calculation of temperature de-
pendence of the band structure from first principles. Allen, Heine, and
Cardona have developed a theory [52–54] to compute the Zero-Point
Renormalization (ZPR) as well as the temperature dependence of elec-
tronic eigenenergies. The so-called Allen Heine Cardona (AHC) theory
originates from the diagrammatic method of many-body perturbation
theory. It has been applied in several recent contributions in the field,
including the computation of temperature-dependence of the optical

3 For example, for silicon at room temperature, the change of the direct gap with tempera-
ture induced by the thermal expansion is −0.3× 10−4 eV/K while the total temperature
coefficient is −2.2× 10−4 eV/K [52].
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properties [55], the computation of the surprisingly large ZPR of the dia-
mond bandgap [56, 57], the demonstration of large non-rigid ion correc-
tions for molecules [58], the inclusion of dynamical effects beyond the
adiabatic approximation [59–61], the study of the anharmonic electron-
phonon contribution to the indirect bandgap of diamond [62], and the
inclusion of electronic many-body effects (in the GW approximation) in
the ZPR of diamond [63], noticing a large increase of the renormalization
with respect to DFT. Also, the confusion in the theoretical understanding
of the relationship between molecular dynamics, FP, and AHC as well
as the inaccuracies in first-principles software implementations of AHC

have been largely eliminated in two recent publications [57, 64].
In this thesis, we want to pursue this effort and include tempera-

ture dependence of the band structure for optical properties, to obtain
a temperature-dependent dielectric function. As a second objective of
this thesis, we aim at describing temperature effects on the resonance
Raman.

The thesis is structured as follows. Chap. 2 reviews the ab initio cal-
culations of optical properties. It presents numerical techniques which
allow to decrease their computational load. Chap. 3 details the method-
ology that we have developed to compute first-principles frequency-
dependent Raman intensities. This methodology is then applied to sil-
icon at the first and second-order and validated by comparison with
experimental measurements. In Chap. 4, we study zinc-blende materi-
als that require additional caution because of the polarity of the vibra-
tions that can couple with the light. We also study 2D Transition Metal
Dichalcogenides (TMD), WS2 and WSe2 and show the importance of ex-
citonic effects in the resonance effects to reproduce the differences be-
tween the two materials. The temperature effects are studied in Chap. 5.
We first review the calculation of temperature-dependent band structure.
We apply it for calculating temperature-dependent optical properties at
the BSE level and finally for resonance RI of silicon. Finally, we study
a more complex material, BiFeO3 (BFO) in Chap. 6. Recent experimen-
tal measurements are described and a complete ab initio study is per-
formed starting from ground state properties towards resonant RI and
temperature-dependent band structure.





2
A B I N I T I O S I M U L AT I O N O F O P T I C A L P R O P E RT I E S

The simulation of optical properties from first principles can be done at
several approximation levels ranging from computationally very cheap
but not very accurate towards highly expensive and accurate techniques.

In this chapter, we briefly introduce the main ingredients that will be
used extensively in the rest of the thesis.

The final goal is the simulation of the dielectric function, which is
the main quantity of interest for optical properties. As a first step, the
ground state of the material must be computed, giving access to the
wavefunctions and the eigenenergies of the system, as described in
Sec. 2.2.1. We then move to optical properties, that can be evaluated eas-
ily at the independent-particle level, as illustrated in Sec. 2.2.2. If more
accurate dielectric functions are needed, the MBPT includes many-body
effects, as described in Sec. 2.3. Usually, the calculations within the BSE

framework are quite expensive and we therefore developed an interpo-
lation technique to speed up the convergence of such calculations. An
article describing this methodology has been published and is presented
in Sec. 2.4.

2.1 introduction

A macroscopic polarization P(t) is induced by an applied electric field
at several orders

P(t) =
∫
dt ′χ(1)(t, t ′)E(t ′) +

∫
dt ′dt ′′χ(2)(t, t ′, t ′′)E(t ′)E(t ′′) + ...

(1)

From that expression one can define the first-order susceptibility χ(1),
the second-order susceptibility χ(2) and so forth. By Fourier transform-
ing, and using the invariance under time translations, the frequency-
domain expression for the polarization becomes

P(ω) = χ(1)(ω)E(ω)

+

∫ ∫
dω ′dω ′′δ(ω−ω ′ −ω ′′)χ(2)(−ω,ω ′,ω ′′)E(ω ′)E(ω ′′)

+ ... (2)
9
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In linear optics, we consider only the first-order response. The dis-
placement field D is then obtained from

D(ω) = E(ω) + 4πP(ω) = εM(ω)E(ω), (3)

where the well-known macroscopic dielectric tensor is defined by

εM(ω) = 1+ 4πχ(ω). (4)

The second-order susceptibility plays a major role for non-linear op-
tics, applied for example to frequency doubling. It also plays a role in
Raman intensities in the case of polar optical phonons. This will be ex-
plained in Sec. 3.2.

In the remaining of this chapter, we focus on the computation of linear
optical properties from first principles.

2.2 basic ingredients

In this section, we present a very brief reminder of the main ingredients
that will be needed afterwards, mainly electronic states in terms of their
energies and the wavefunctions, and the dielectric function.

2.2.1 Electronic energies and wavefunctions

According to the basic principles of quantum mechanics, in the adiabatic
approximation, the physical properties of a system of N electrons in an
external potential Vext (such as typically induced by the nuclei) can be
obtained by solving the Schrödinger equation∑

i

(
−
1

2
∇2i + Vext(ri)

)
+
∑
i<j

1

|ri − rj|

Ψn(x1, x2, . . . , xN)

= Eeln Ψn(x1, x2, . . . , xN) (5)

where i is an index running over the electrons,
∑
i<j

1
|ri−rj|

is the interac-
tion potential, xi are the coordinate of the electrons (i.e. space and spin),
and Eeln is the total electronic energy of the eigenstate n. Atomic units
are used throughout this work ( h = me = e =

4π
ε0

= 1).
However, Eq. (5) cannot be solved exactly except for systems with very

few electrons. For this reason, we are going to reformulate the problem
in terms of the density in the framework of DFT. For a complete review
of DFT, we refer the reader to Ref. [6]. DFT allows one to replace this
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very difficult problem in terms of the density of the system thanks to
the Hohenberg-Kohn theorems [4].

Thanks to these two theorems, all the physical properties of the ground
state can be expressed in terms of the ground state density n that mini-
mizes the energy functional

E[n] = Ts[n] +

∫
n(r)Vext(r) +

1

2

∫
n(r1)n(r2)
|r1 − r2|

dr1dr2 + Exc[n], (6)

where Ts[n] is the kinetic energy of the system and Exc[n] is the exchange-
correlation functional.

In the formulation of DFT proposed by Kohn and Sham [5] in 1965, the
minimization of the energy functional is replaced by a set of equations
for a fictitious set of non-interacting electrons whose density equals the
one of the interacting system. The wavefunctions of the non-interacting
system are obtained by solving the set of self-consistent equations(

−
1

2
∇2 + VKS(r)

)
ψi(r) = εiψi(r), (7)

for the effective potential

VKS(r) = Vext(r) +
∫
n(r1)
|r1 − r|

dr1 + vxc[n](r), (8)

where vxc[n](r) =
∂Exc[n]
∂n(r) .

The theory presented above is exact in principle, however, the func-
tionals Exc and therefore vxc are not exactly known and must be ap-
proximated. Most of the results presented in this work are obtained with
the so-called Local Density Approximation (LDA) where Exc[n] is simply
given by the exchange-correlation energy of the homogeneous electron
gas [5].

As all this work focuses on periodic systems, we index the electronic
states with nkσ with n being a band index, k the BZ vector and σ the
spin index. Spin indices are generally omitted as we mainly deal with
non-spin polarized systems.

From DFT, a set of Kohn-Sham wavefunctions and the corresponding
eigenenergies {ψnk, εnk} are therefore available. It is important to stress,
however, that the Kohn-Sham energies do not have a direct physical
meaning: they are just auxiliary tools used to obtain the ground-state
density of the interacting system of electrons. Nevertheless, the eigenen-
ergies obtained within LDA provide a good starting point for band dis-
persions in many solids. However, it usually fails to provide good band
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gaps, this problem being well-known as the band-gap failure of DFT.
There is an exact relation connecting the true fundamental gap Eg to the
exact Kohn-Sham gap

Eg = EKSg +∆xc, (9)

where ∆xc is a term that originates from the discontinuity in vxc upon
addition of a particle [65–67]. Functionals such as LDA usually underes-
timate the gap, with relative errors that can be as high as 100% [29].

In order to compute excited states properties, including many-body
effects consistently, one can rely on MBPT. Quantities of interest are spec-
troscopic quantities such as photoemission and inverse photoemission
spectra, optical spectra as well as Raman spectra, as we will see in
Chap. 3. In this framework, the quasiparticle amplitudes ψQP

i and the
quasiparticle energies εQP

i are computed by solving the following non-
linear equation(

−
1

2
∇2 + Vext(r) + VH(r)

)
ψQP
i (r)

+

∫
dr ′Σ(r, r ′;ω = εQP

i )ψQP
i (r ′) = εQP

i ψ
QP
i (r), (10)

with Vext(r) the electrostatic potential of the ions and VH(r) the Hartree
potential originating from the electronic density n(r). In Eq. (10), Σ(r, r ′;ω)

is the self-energy, that, in the so-called GW approximation, is given by

Σ(r, r ′;ω) =
i

2π

∫
dω ′G(r, r ′,ω+ω ′)W(r, r ′,ω ′) (11)

where G is the Green’s function, that defines the probability amplitude
for the propagation of an added or removed electron in a many-body
system [68] and W the screened Coulomb interaction [30]

W(r, r ′) =
∫
dr ′′ε−1(r, r ′′)v(r ′′ − r ′), (12)

with ε−1(r, r ′) the inverse microscopic dielectric function and v(r) the
Coulomb potential,

v(r) =
1

|r|
. (13)

It can be shown that G obeys to the Dyson equation [68]

G(r, r ′,ω) =G0(r, r ′,ω)+∫ ∫
G0(r, r ′′,ω)Σ(r ′′, r ′′′,ω)G(r ′′′, r ′,ω)dr ′′dr ′′′, (14)
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where G0 is the independent-particle Green’s function. G0 can be com-
puted explicitly in terms of the single-particle wavefunctions.

Several levels of self-consistency can be used to evaluate (12), depend-
ing whether self-consistency is applied on G, on W or both. In this work,
we only use G0W0 applied on the starting point provided by DFT wave-
functions and energies.

Quasiparticle band gaps show a much better agreement with exper-
imental measurements than their DFT counterparts. The main effect of
the quasiparticle corrections is an opening of the band gap between va-
lence and conduction states. The scissor operator can be used as a cheap
alternative to mimic the gap opening induced by GW. It assumes the
corrections to be given by a simple rigid shift of the entire conduction
bands.

2.2.2 Independent-particle dielectric function

For a monochromatic light with frequency ω, a photon of energy E =
 hω is impinging on the material. This energy can be used to excite elec-
trons from the valence band to the conduction band for specific energies.
The probability amplitude of such a transition from the valence (v) to
the conduction (c) band at a particular wavevector (k) is obtained from
the so-called oscillator matrix elements〈

Ψck+q
∣∣eiq.r∣∣Ψvk

〉
, (15)

where q is the wavevector of the light.
As we are working with light in the visible range, the momentum of

photon can be neglected in comparison to typical wavevectors in the BZ.
In this long-wavelength limit (q→ 0), the oscillator matrix elements can
be approximated by the dipole momentum matrix elements〈

Ψck+q
∣∣eiq.r∣∣Ψvk

〉 q→0
≈ iq. 〈Ψck |r|Ψvk〉 . (16)

The direct calculation of such matrix elements is problematic in the
case of solids as the expression Eq. (16) is ill-defined when Born Von-
Karman periodic conditions are enforced. For this reason, the dipole
matrix elements can be obtained in two different ways. The first pos-
sibility is to use the commutator of the Hamiltonian with the position
operator

〈Ψck |r|Ψvk〉 =
〈Ψck |[H, r]|Ψvk〉
εck − εvk

, (17)
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leading to a well-defined matrix element that can be used since the com-
mutator between the Hamiltonian and the position operator can be eval-
uated numerically [69].

The other way to evaluate Eq. (16) is the use of the derivative with
respect to wavevector. These derivatives are available using DFPT. These
two techniques are used throughout this work.

For independent particles, the Fermi-Golden Rule approach leads to
the IPA formula for the dielectric function

ε(ω, q̂) = 1− lim
q→0

4π

q2

∑
vck

[∣∣〈Ψck+q
∣∣eiq.r

∣∣Ψvk
〉∣∣2

εck+q − εvk −ω− iη
+

∣∣〈Ψck+q
∣∣eiq.r

∣∣Ψvk
〉∣∣2

εck+q − εvk +ω+ iη

]
,

(18)

where q̂ is a unitary vector along the q direction, q is the norm of q,
and where resonant (valence to conduction transitions, with positive en-
ergies) and anti-resonant transitions (conduction to valence transitions,
with negative energies) have been taken into account.

It should be noted that the long-wavelength limit may lead to different
values along different q directions. The direction can be factorized out
in the dipole limit, to give

ε(ω, q̂) =
qT ε̂q
qTq

(19)

where ε̂ is the dielectric tensor.
In this paragraph, we have considered the optical properties for inde-

pendent particles. In the next section, we discuss how many-body effects
change the picture.

2.3 bethe-salpeter equation

The computation of the macroscopic dielectric susceptibility χ(ω) fol-
lows the standard procedure used in ab initio MBPT. Two steps are needed:
the computation of the quasiparticle energies, followed by the computa-
tion of the dielectric response of the material.

In the second part of the calculation, we include excitonic effects by
working with the BSE.

As already mentioned in the previous section, DFT aims to describe
ground state properties but it is not supposed to reproduce the polariz-
ability of the many-body system. In fact, the IPA for the dielectric func-
tion does not usually lead to a good agreement with experiments. A
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rigorous description of optical properties requires more advanced the-
ories that are able to take into account time dependence and screening
effects. MBPT provides a framework for the description of such effects
since it is able to describe at the many-body level the (screened) interac-
tion between the excited particle (electron) and the remaining electrons
(hole). The GW approximation gives a reasonable value for charged ex-
citations [29] but the description of optical properties (neutral excitation
energies) is quite unsatisfactory. The BSE allows for the description of
an interacting electron-hole pair, giving rise to the so-called excitonic
effects. These three levels of theory are schematized in Fig. 4.

Figure 4: Schematic representation of the effect of the different approximations
(DFT, GW, and BSE) on the band structure and on optical proper-
ties [70].

2.3.1 Bethe-Salpeter Equation formalism

In what follows, we summarize the most important equations of the
BSE formalism, our discussion closely follows the presentation done in
Ref. [30].
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We start by introducing a generalized four-point polarizability1

L(1, 2; 3, 4) from which the macroscopic dielectric function is obtained
according to

εM(ω) = 1− lim
q→0

v(q)
∫
drdr ′e−iq.(r−r ′)L(r, r, r ′, r ′;ω). (20)

It is possible to show that L satisfies the integral equation

L(1, 2, 3, 4) =L0(1, 2, 3, 4)+∫
d(5678)L0(1, 2, 5, 6)K(5, 6, 7, 8)L(7, 8, 3, 4), (21)

which involves the four-point generalization of the independent-particle
polarizability, L0

L0(1, 2, 3, 4) = iG0(1, 3)G0(4, 2) (22)

from the non-interacting Green’s functions G0.
The kernel K is given by

K(1, 2, 3, 4) = δ(1, 2)δ(3, 4)v̄(1, 3) − δ(1, 3)δ(2, 4)W(1, 2) (23)

where W is the screened interaction, and v̄ is the modified Coulomb
potential

v̄(q) =

{
v(q) if q 6= 0
0 if q = 0.

(24)

The integral equation (21) is solved by expanding the four-point func-
tions in the so-called transition space (products of two Kohn-Sham or-
bitals) according to

F(1, 2, 3, 4) =
∑

(n1n2)(n3n4)

F(n1n2)(n3n4)ψ
†
n1

(1)ψn2(2)ψn3(3)ψ
†
n4

(4) (25)

where n is a short-hand notation for band index, k-point and spin.
In transition space, L0 is represented by the diagonal matrix

L0(n1n2)(n3n4)(ω) =
(fn2 − fn1)

(εn2 − εn1 −ω)
δn1n3δn2n4 , (26)

1 To simplify the notation, space-time coordinates (r1, t1) are denoted with a natural
number (1). Integrals like

∫
d1 represents integration over time and space:

∫
dr1
∫
dt1
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and this property considerably simplifies the solution of the integral
equation in (21). After some tedious algebra,2 one obtains the following
expression for the matrix elements of the four-point polarizability L

L(n1n2)(n3n4)(ω) = [Heff −ω]−1(n1n2)(n3n4)
(fn4 − fn3), (27)

where Heff can be interpreted as an effective two-particle Hamiltonian
describing the interaction between electron and hole.

In the transition space, the BSE Hamiltonian has the following block
form

Heff =

 |v ′c ′k ′〉 |c ′v ′k ′〉
〈vck| R C

〈cvk| −C∗ −R∗

 (28)

where v, c and k denotes the valence band index, the conduction band
index and the wavevector respectively.

The resonant sub-block R is Hermitian, and the coupling term C is
symmetric. Due to the coupling sub-blocks that connect resonant and
anti-resonant transitions, the Bethe-Salpeter Hamiltonian is not Hermi-
tian, although it has real eigenvalues. This complicates the solution of
the problem, although iterative algorithms already exist, as in Ref. [36].
In crystalline systems, however, the matrix elements of C are usually
much smaller than the matrix elements of R [31, 34, 71]. For this rea-
son, the matrix elements of C are usually neglected when solving the
Bethe-Salpeter problem in extended systems, leading to the so-called
Tamm-Dancoff approximation (TDA) [72]. One should note that even if
this approximation works very well for optical absorption it may fail
for other properties such as EELS [73]. As we are mainly interested in
optical absorption, this approximation is used in the rest of this work.

The matrix elements of the resonant block are given by

R(vck),(v ′c ′k ′) = H
diag
(vck),(v ′c ′k ′) +H

exch,R
(vck),(v ′c ′k ′) +H

coul,R
(vck),(v ′c ′k ′) (29)

where

H
diag
(vck),(v ′c ′k ′) = (εck − εvk)δvv ′δcc ′δkk ′ (30)

Hexch,R
(vck),(v ′c ′k ′) = 2

〈
vck |v̄| v ′c ′k

〉
= 2

∫ ∫
ψvk(r)ψ∗ck(r)v̄(r − r ′)ψ∗v ′k ′(r

′)ψc ′k ′(r ′)dr ′dr

(31)

2 The derivation assumes a spin-unpolarized insulator. See [30] for a derivation of the
result.
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Hcoul,R(vck),(v ′c ′k ′)

= −
〈
vck |W| v ′c ′k ′

〉
= −

∫ ∫
ψvk(r)ψ∗v ′k ′(r)W(r, r ′,ω = 0)ψ∗ck(r

′)ψc ′k ′(r ′)dr ′dr. (32)

For the derivation of Eqs. (20) to (32), we refer to Ref. [30].
With local-field effects included, the macroscopic dielectric function

can be obtained from an average of the microscopic dielectric function
ε(q + G, q + G ′,ω) as

εM(q,ω) =
1

ε−1(q + G, q + G ′,ω)|G=G ′=0
(33)

where ε−1(q + G, q + G ′,ω) is the inverse microscopic dielectric func-
tion.

If no local-field effects were included, the macroscopic dielectric func-
tion would simply be obtained as ε(q, q,ω).

The inclusion of the v̄(q) term in the Hamiltonian H is a mathematical
trick used to include local-field effects in the final result for the dielectric
function [30, 69].

The macroscopic dielectric susceptibility χM(ω) and dielectric func-
tion εM(ω) are then obtained from

εM(q,ω) =1+ 4πχM(ω)

=1− lim
q→0

v(q)
〈
P(q)

∣∣((ω+ iη) −H)−1F
∣∣P(q)〉 (34)

where η is a broadening factor, F allows one to take the occupation num-
bers into account

F =

 |v ′c ′k ′〉 |c ′v ′k ′〉
|vck〉 1 0

|cvk〉 0 −1

 (35)

and

P(q)(n1n2) =
〈
n2
∣∣eiq.r∣∣n1〉 , (36)

are the so-called oscillator matrix elements. In the rest of this work, as we
are interested in the macroscopic function, the M index will be omitted.

The Random-Phase Approximation (RPA) is a simplification of the BSE

approach in which the Coulomb term (32) is neglected. The IPA can be
obtained by neglecting also the exchange term (31). Therefore, in the IPA,
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the BSE Hamiltonian H is diagonal, and the spectrum is obtained directly
as a simple sum over transitions between valence and conduction bands,
weighted by the proper oscillator matrix elements. In such an IPA, no
excitonic effects are present. The importance of the excitonic effects on
the optical spectrum is well-known, with prominent peaks being created
below the band gaps in most wide-gap insulators or semiconductors,
and the spectral weight being redistributed.

The wavefunctions and eigenenergies are usually obtained from a
standard Kohn-Sham calculation [4, 5] and a scissor operator may be
employed to avoid GW calculations. For BSE applications, it is com-
mon to compute the direct term with a screened interaction obtained
at the single particle level [74, 75]. Alternatively, one can employ the
much cheaper model dielectric function proposed by Cappellini et al. in
Ref. [76].

2.3.2 Solution of the Bethe-Salpeter Equation

The solution of the Bethe-Salpeter equation is a two-step process. First,
the matrix elements of the Hamiltonian are computed from Eqs. (30)-
(32). Then, the macroscopic dielectric function is derived using Eq. (34).

Two different approaches are commonly used nowadays: direct di-
agonalization and Lanczos algorithms following the seminal work of
Haydock [77]. The Lanczos approach was employed for the first time to
solve the BSE by Benedict et al. [78, 79]. It is based on the construction
of a chain of vectors obtained by performing simple matrix-vector oper-
ations. By using Krylov subspaces, it is possible to express Eq. (34) in
terms of a continued fraction formula.

The Lanczos algorithm can be summarized as follows. We start by
setting

b1 = 0 (37)

|ψ1〉 =
|P(q)〉
‖ |P(q)〉 ‖

. (38)

Then the algorithm iterates with i starting at 1

ai = 〈ψi |H|ψi〉 (39)

bi+1 = ‖H |ψi〉− ai |ψi〉− bi |ψi−1〉 ‖ (40)

|ψi+1〉 =
H |ψi〉− ai |ψi〉− bi |ψi−1〉

bi+1
. (41)
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The frequency dependence of the dielectric function is computed effi-
ciently in terms of the continued fraction

εM(ω) = 1− lim
q→0

v(q)
‖P(q)‖2

(ω+ iη) − a1 −
b22

(ω+iη)−a2−
b2
3
···

(42)

and the iteration is stopped when εM(ω) is converged for each fre-
quency.

The construction of the Krylov chain Eqs. (39-41) requires only the ap-
plication of the Hamiltonian on different wavefunctions or, in linear al-
gebra language, simple matrix-vector products. The computational cost
scales as O(mN2) with m the number of iterations of the Lanczos al-
gorithm and N the dimension of the matrix. In our approach, the BSE

Hamiltonian is expressed in the electron-hole basis thus N = NvNcNk
where Nv is the number of valence bands, Nc the number of conduction
bands and Nk the number of points in the BZ.

The number of iterationsm needed to converge εM(ω) is much smaller
than the size of the Hamiltonian and almost independent of the size of
the system. As a consequence, Lanczos methods are much more effi-
cient than direct diagonalization techniques that scale as O(N3). Unfor-
tunately, unlike diagonalization methods, the Lanczos approach does
not give direct access to the exciton levels and the corresponding two-
body or electron-hole wavefunctions.

The computation of the BSE matrix elements and the storage of the
Hamiltonian represent the most CPU-intensive and memory demand-
ing parts. For example, a converged computation of the dielectric func-
tion of bulk silicon requires few bands (3-4 valence bands, 4-6 con-
duction bands) but numerous wavevectors in the BZ (from 14×14×14

to 40×40×40, depending on the accuracy required) which means that
the calculation involves ca. 103 to 104 wavevectors. This gives, for se-
quential computers, from days to years of computation, and in terms
of memory, matrices of size ranging from 32928×32928 (ca. 16 GB) to
1536000×1536000 (ca. 34 TB). Such a huge amount of memory and the
corresponding computation time render BSE calculations challenging even
on modern supercomputers. These issues are even more severe when BSE

results are used to perform resonant Raman scattering calculations that,
as illustrated later in Sec. 3.4, require an extremely dense BZ sampling.

In order to solve these issues, we have worked on numerical tech-
niques to interpolate BSE matrix elements. As a first step, we have been
working on the design and the implementation of these numerical tech-
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niques. We started with a simple model as a proof of concept, develop-
ing some code in Matlab to tests different approaches (these Matlab tests
and developments have been presented in Ref. [80]). Finally, these pro-
totypes have been implemented and tested in the Abinit software. The
main results of these studies are presented in the next section.

2.4 speeding up calculations at the bethe-salpeter level

Independently of the approximations used, the precise description of
the dielectric properties usually requires numerous wavevectors to sam-
ple the BZ. Indeed, each wavevector of the BZ gives contributions at dif-
ferent transition energies and small changes in the mesh density can
induce oscillations in the dielectric properties [81]. The construction of
the BSE Hamiltonian requires the computation of matrix elements con-
necting different points in the wavevector mesh. This computation is
the most time-consuming part of the BSE flow and its cost renders well-
converged results difficult to achieve. The extraction of the macroscopic
dielectric function from the inversion of the Hamiltonian matrix con-
stitutes the last step of the BSE flow. In this section, we are using the
Lanczos-Haydock solver already presented in Sec. 2.3.

Since 1998, different numerical methods have been proposed to help
to reduce the computational cost. Rohlfing and Louie (RL) [34] proposed
a double-grid technique where the kernel is interpolated starting from
a homogeneous coarse mesh. This approach is used, for example, in
the BerkeleyGW code [82]. Another technique by Fuchs et al. [83], uses
an inhomogeneous mesh and refines the sampling to extract specific in-
formation for bound excitons. The large Hamiltonian matrices obtained
with these methods are then treated either by direct diagonalization or
with the Lanczos algorithm. Alternatively, one can perform the average
of optical properties obtained using several independent shifted coarse
grids, as introduced by Paier et al. [35] and, later, by ourselves in the
study of frequency-dependent Raman spectroscopy. More detail about
this technique is available in Sec. 3.4.

A completely different approach to the BSE problem has been pro-
posed recently by Kammerländer et al. [84]. The authors focus on a sin-
gle frequency and avoid the setup of the entire matrix and the direct
diagonalization by using an iterative technique that takes advantage of
a double grid to solve the Dyson equation.

In the present section, we propose a new method that combines the
RL interpolation with the Lanczos-Haydock algorithm without requiring
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the storage of the full matrix. We also generalize the RL approach to in-
clude multi-linear interpolation, and we reformulate the algorithm to
render it more scalable and less memory demanding. We present differ-
ent levels of interpolation, with different computational loads.

This section is organized as follows. Sec. 2.4.1 presents the interpola-
tion methodology while the technical details of the implementation are
discussed in Sec. 2.4.2. Finally, in Sec. 2.4.3, we apply our technique with
different interpolation levels to three different crystalline systems: bulk
silicon, gallium arsenide and lithium fluoride. We conclude with a com-
parison between our method and the averaging techniques proposed by
Paier et al. [35] and ourselves (see Sec. 3.4 for a detailed description), and
the work of Kammerländer et al. [84].

These two bottlenecks can be reduced by using the technique pre-
sented in the next section.

2.4.1 Presentation of the interpolation technique

The interpolation scheme that we propose is based on two meshes of
wavevectors in the BZ (double-grid technique). Later, we will distinguish
different levels of interpolation, all based on this double-grid technique.

To facilitate the discussion, we introduce the following notation. The
coarse mesh contains Ñk homogeneous wavevectors, denoted as k̃. The
dense mesh contains Nk = Ñk ×Ndiv homogeneous wavevectors ob-
tained by refining the coarse mesh. The refinement in each direction is
achieved by defining equally spaced ni points in the i-th direction. The
wavevectors of the coarse mesh are given by

k̃(i1,i2,i3) = i1k̂1 + i2k̂2 + i3k̂3, (43)

where ij are integer coordinates and k̂j are the basis vectors of the coarse
mesh.

The dense wavevectors have fractional coordinates

k(i1,i2,i3),(j1,j2,j3) = (i1 +
j1
n1

)k̂1 + (i2 +
j2
n2

)k̂2 + (i3 +
j3
n3

)k̂3 (44)

where n1, n2 and n3 are the number of divisions along the basis vectors
while 0 6 ji 6 (ni − 1). For the sake of simplicity, we assume the same
number of divisions, n1 = n2 = n3 = ndiv, along the three directions
and therefore Ndiv = n3div.
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The neighborhood of a dense point, N(k), is defined as the set of the
eight wavevectors of the coarse mesh around k. The reduced coordinates
of this set of points are given by

N(k(i1,i2,i3),(j1,j2,j3)) =
{

k̃lmn(i1,i2,i3),(j1,j2,j3)

}
with l,m,n = 0, 1 (45)

where k̃lmn is the lmnth-neighbor of k in the coarse mesh

k̃lmn(i1,i2,i3),(j1,j2,j3) = k̃(i1+l,i2+m,i3+n). (46)

The dense set of a coarse point, S(k̃), is defined as

S(k̃(i1,i2,i3)) =
{

k(i1,i2,i3),(j1,j2,j3)
}
∀(j1, j2, j3). (47)

Using these definitions, we can derive the following important relation∑
k

∑
k̃∈N(k)

f(k, k̃) =
∑
k̃ ′

∑
k∈S(k̃ ′)

∑
k̃∈N(k)

f(k, k̃)

=
∑
k̃ ′

∑
k∈S(k̃ ′)

∑
k̃∈N(k̃ ′)

f(k, k̃)

=
∑
k̃ ′

∑
k̃∈N(k̃ ′)

∑
k∈S(k̃ ′)

f(k, k̃) (48)

where Eq. (45) has been used. This property will be used afterwards to
perform the interpolation of data defined on the coarse mesh.

As discussed in the previous section, the Lanczos algorithm is based
on matrix-vector products. In our method, we perform these operations
on-the-fly to avoid the storage of the BSE Hamiltonian in memory. The
matrix elements of the kernel are interpolated while performing the
matrix-vector operations. As discussed in more detail in the next para-
graphs, different levels of interpolation can be employed in this part of
the algorithm.

Since the periodic parts of the Bloch states at a given wavevector form
a complete basis set, any wavefunction on the dense mesh can be ex-
pressed as [34]

|unk〉 =
∑
n ′

dn
′k̃
nk |un ′k̃〉 (49)

where

dn
′k̃
nk =

〈
un ′k̃ |unk〉 . (50)
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In the transition basis set, the electron-hole wavefunction Ψ(r, r ′) is
given by a linear combination of products of single-particle orbitals ac-
cording to

Ψ(r, r ′) =
∑
vck

Avckφvck(r, r ′) (51)

where

φvck(r, r ′) = e−ik.ru∗vk(r)e
ik.r ′uck(r ′) = eik.(r ′−r)Uvck(r, r ′). (52)

One basis function on the dense mesh can then be expanded in terms
of the wavefunctions located on a coarse point by means of

|Uvck〉 =
∑
n1n2

(dn1k̃
vk )∗dn2k̃

ck |Un1n2k̃〉 . (53)

The method developed by Rohlfing and Louie in Ref. [34] uses a single
reference point k̃ to expand the kernel according to

Kivck,v ′c ′k ′ =
∑
n1n2

dn1k̃
vk (dn2k̃

ck )∗
∑
n3n4

(dn3k̃ ′
v ′k ′ )

∗dn4k̃ ′
c ′k ′ Kn1n2k̃,n3n4k̃ ′

(54)

and we generalize their approach by including eight coarse points in the
expansion of the wavefunctions

|Uvck〉 =
∑

k̃∈N(k)

f(k, k̃)
∑
n1n2

(dn1k̃
vk )∗dn2k̃

ck |Un1n2k̃〉 , (55)

where f(k, k̃) are interpolation prefactors. The RL interpolation scheme
is a special case of Eq. (55) in which f(k, k̃) = 1 for a chosen neighbor
and 0 for all the other ones.

In order to accelerate the convergence of the expansion, we perform a
trilinear interpolation of the coefficients. In this case, the prefactors are
given by

f(k, k̃) = 0 if k̃ 6∈ N(k)

f(k, k̃lmn) = flmnk(i1 ,i2 ,i3),(j1 ,j2 ,j3)
= flj1f

m
j2
fnj3 (56)

with

flj =


1−

j

ndiv
if l = 0

j

ndiv
if l = 1.

(57)
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Using Eq. (55), one obtains the following expression for the interpo-
lated matrix elements

Kivck,v ′c ′k ′ =
∑

k̃∈N(k)

f(k, k̃)
∑
n1n2

dn1,k̃
vk (dn2k̃

ck )∗
∑

k̃ ′∈N(k ′)

f(k ′, k̃ ′)

∑
n3n4

(dn3k̃ ′
v ′k ′ )

∗dn4k̃ ′
c ′k ′ Kn1n2k̃,n3n4k̃ ′ . (58)

By using the overlaps of the periodic parts of the wavefunctions, we
are thus able to include correctly their phases and these phases will
cancel out with the oscillator matrix elements P(q) computed with the
wavefunctions on the dense mesh.

It should be stressed, however, that the matrix elements of the Coulomb
interaction diverge when q = k−k ′ → 0. Following Ref. [34], we rewrite
the matrix elements as

Kvck,v ′c ′k ′ =
avck,v ′c ′k ′

q2
+
bvck,v ′c ′k ′

q
+ cvck,v ′c ′k ′ (59)

and we note that an accurate interpolation technique should try to re-
produce the divergent behavior as much as possible.

The different schemes we have implemented to treat the divergence
are discussed in more detail in the next section.

2.4.2 Combining Lanczos algorithm with interpolation

As previously discussed, the dimension of the matrix on the coarse mesh
is Ncoarse = NcNvÑk, while the dimension of the matrix on the dense
mesh is Ndense = NcNvNk = NcNvÑkNdiv. The calculation of the
matrix elements of the Hamiltonian as well as the Lanczos algorithm
scale as O(N2). The numerical complexity of the standard BSE solution
on the coarse mesh is thus

O(N2cN
2
vÑ
2
k) (60)

while the complete solution on the dense mesh scales as

O(N2cN
2
vÑ
2
kN

2
div). (61)

To fix the ideas, supposing a halving of the coarse mesh for the three
directions giving the dense mesh,Ndiv = 8 andN2div = 64, which points
out the significant burden of using the dense meshes. If Ñk is kept con-
stant, and Ndiv is increased, the use of the dense mesh is even more
unfavorable.
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The most memory-demanding part is the storage of the Hamiltonian
which scales quadratically with the size of the Hamiltonian. The interpo-
lation technique given in Eq. (58) can be implemented in two different
ways. The interpolated matrix elements can be stored in memory and
then used as a standard matrix for the Lanczos technique. This is the ap-
proach followed by RL in [34]. It is worth noting, however, that although
the RL method allows one to avoid the explicit computation of the matrix
elements on the dense mesh, the numerical complexity and the memory
requirements of the approach are still the ones of a standard BSE.

Alternatively, one can reformulate the equations so that the interpo-
lation is done on-the-fly without allocating extra memory for the dense
Hamiltonian. This is the central result of this section. As the Lanczos
technique requires only matrix-vector multiplications, the full-matrix
vector multiplication with the Hamiltonian can be written as

φ
(n+1)
vck =

∑
v ′c ′k ′

Hivck,v ′c ′k ′φ
(n)
v ′c ′k ′ (62)

=(εck − εvk)φ
(n)
vck +

∑
v ′c ′k ′

Kivck,v ′c ′k ′φ
(n)
v ′c ′k ′ (63)

that can be evaluated with O(NcNvÑkNdiv) scaling. The matrix-vector
product with the kernel becomes

svck =
∑
v ′c ′k ′

Kivck,v ′c ′k ′pv ′c ′k ′ (64)

=
∑

k̃∈N(k)

f(k, k̃)
∑
n1n2

dn1,k̃
vk (dn2k̃

ck )∗

∑
k̃ ′′

∑
k̃ ′∈N(k̃ ′′)

∑
n3n4

Kn1n2k̃,n3n4k̃ ′

∑
k ′∈S(k̃ ′′)

f(k ′, k̃ ′)
∑
v ′c ′

(dn3k̃ ′
v ′k ′ )

∗dn4k̃ ′
c ′k ′ pv ′c ′k ′ (65)

and can be computed in three steps using

quvw
n3n4k̃ ′′ =

∑
k ′∈S(k̃ ′′)

f(k ′, k̃ ′)
∑
v ′c ′

(dn3k̃ ′
v ′k ′ )

∗dn4k̃ ′
c ′k ′ pv ′c ′k ′ with k̃ ′ = k̃ ′′uvw

(66)

rn1n2k̃ =
∑
k̃ ′′

∑
uvw

∑
n3n4

Kn1n2k̃,n3n4(k̃ ′′uvw)q
uvw
n3n4k̃ ′′ (67)

svck =
∑

k̃∈N(k)

f(k, k̃)
∑
n1n2

dn1,k̃
vk (dn2k̃

ck )∗rn1n2k̃. (68)
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p q r s

Ki

fdd∗ fdd∗Kc

Figure 5: Schema illustrating the interpolated matrix-vector product. Small cir-
cles represent coarse mesh data while big circles correspond to dense

mesh data. fdd∗ refers to the f(k, k̃)dn1,k̃
vk (dn2k̃ck )∗ prefactors of Eq. (66)

and Eq. (68). Kc is the application of the coarse kernel on the coarse
vector q that gives r in Eq. (67).

A schematic representation of the algorithm is given in Fig. 5. The
application of the interpolated Hamiltonian is equivalent to averaging
dense vector (p) on a coarse vector (q), then applying the coarse Hamil-
tonian (r) and finally rebuilding the full vector information on the dense
mesh (s).

The numerical complexity of Eq. (66), (67) and (68) is
O(N2cN

2
vÑkNdiv), O(N2cN

2
vÑ
2
k), and O(N2cN

2
vÑkNdiv) respectively

instead of the O(N2cN
2
vÑ
2
kN

2
div) scaling of a BSE run done on the

same dense mesh without interpolation. This first approach is called
“Method 1” (M1) in the rest of this section.

As stated at the end of Sec. 2.4.1, a better treatment of the divergence
is expected to improve the accuracy of the interpolation. Considering
Eq. (59), one can interpolate the coefficients and then divide the inter-
polated quantities by the q computed on the dense mesh. The draw-
back of this approach, however, is that it requires the computation of
the whole matrix since the fast algorithm developed in Eq. (65) is not
applicable thus resulting in O(N2cN

2
vÑ
2
kN

2
div) scaling. This approach is

called “Method 2” (M2) in the rest of this section.
The last method (“Method 3”, M3) has been developed as a trade-off

between accuracy and numerical complexity. In this case, the divergent
behavior is reproduced only in a small region along the diagonal with a
width that can be adjusted by the user (see Fig. 6). This approximation
allows us to employ the fast interpolation of Eq. (65) for the full matrix.
The computational cost needed to treat the divergence is negligible pro-
vided that the width is small with respect to the number of points on
the coarse mesh. Under this assumption, the overall complexity of M3 is
O(N2cN

2
vÑkN

2
div).
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B

B

B

C

C
A : Linear (M1)
B : Divergence treatment (M2)
C : Periodic images

Coarse points

Figure 6: Regions of the Hamiltonian where the interpolation is applied in
“Method 3”, for a width w = 1.0.

We define the width w relatively to the smallest distance between two
points in the coarse grid d. Then, all (k,k ′) pairs in the dense mesh so
that ||k− k ′|| > w× d are treated with Method 1 and for the other pairs,
the coefficients of Eq. (59) are interpolated and used together with the
dense q to treat the divergence.

2.4.3 Comparison of the interpolation schemes

In this section, the different interpolation schemes are tested and com-
pared in detail. Our method has been implemented in the open source
ABINIT code [85–87] and is available in version 8. First, three different
prototype systems, silicon, gallium arsenide and lithium fluoride, are
studied and the accuracy of the three schemes discussed in the previous
section is studied in detail. Then, a non-physical test case with very low
convergence parameters is used to analyze how the computational cost
scales with the total number of points employed to sample the BZ.

2.4.3.1 Accuracy on test cases

Silicon and gallium arsenide have relatively high dielectric constant (10.9
for GaAs and 12 for Si [1]) and therefore Mott-Wannier-like excitons
with small binding energies (4-5 meV for GaAs [1, 88] and 15 meV for
Si [89]). LiF, on the other hand, has a relatively small dielectric constant
of 1.9 [88], yielding a weak screened interaction and therefore Frenkel-
like excitons (i.e. with strong excitonic effects) with binding energy on
the order of 3 eV [78, 88, 90, 91]. We decided to use these prototype semi-
conductors because, as discussed in [37], their BSE matrices have very
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different behavior in k-space and it is important to understand how our
interpolation scheme performs in two different scenarios.

Si and GaAs have been simulated using cut-off energies of 16 Ha for
the wavefunctions and 4 Ha for the dielectric matrix, while for LiF, a
cut-off energy of 50 Ha has been employed for the wavefunctions and
4 Ha for the dielectric matrix. In all case, three valence bands and four
conduction bands were included in the electron-hole basis set. Lanczos
chain iterations were stopped when the full dielectric spectrum reached
a maximum relative difference of 1% both on the real part and the imag-
inary part. The model dielectric function of Ref. [76] has been used to
avoid the computation of the inverse dielectric matrix, with the param-
eter ε∞ set to 12, 10 and 2 for Si, GaAs and LiF respectively. A scissor
shift is applied on top of the LDA Kohn-Sham eigenvalues to mimic the
effect of the GW approximation (0.8 eV for Si and GaAs, 5.7 eV for LiF).
The broadening factor (see Eq. (34)) is η = 0.1 eV.

Results with two coarse grids of 4× 4× 4 and 8× 8× 8, interpolated
to 8× 8× 8 and 16× 16× 16, respectively, are presented in Fig. 7, 8 and 9

for silicon, gallium arsenide and lithium fluoride respectively. The three
main peak positions and maximum amplitudes extracted from these re-
sults are presented in Tab. 1, 2 and 3. All the calculations are done with
BZ meshes shifted by (0.011, 0.021, 0.031) in order to improve the accu-
racy of the sampling.

By comparing the interpolation schemes with 8 neighbors (8NB) and
standard BSE computations done on the dense mesh, we observe that
M1 (8NB) tends to shift the entire spectrum by a small energy and
the excitonic binding energy is therefore underestimated. M2 (8NB) and
M3 (8NB) give similar results for Si and GaAs that are almost on top of
the computation done on the dense mesh. The case of lithium fluoride
is more complicated to interpret. In this system, indeed, M1 (8NB) gives
inaccurate results for the position of the first exciton (0.2 eV of error for
a 8× 8× 8 coarse mesh). M2 (8NB) performs better than M1 (8NB) al-
though the error in the position of the first peak is still on the order of
0.12 eV. M3 (8NB) gives the best results: the excitonic binding energy is
reproduced with 0.05 eV error and also the behavior at higher frequency
is correctly reproduced. It should be stressed, however, that this agree-
ment is somehow fortuitous and related to the particular value of the
width w used for the treatment of the divergence. Fig. 10 shows the op-
tical spectra of LiF computed with M3 and different values of w. Our
results indicate that the value of the width used in M3 has a significant
impact on the position of the first peak of LiF. Therefore, some sort of
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Figure 7: Comparison between the absorption spectra of silicon obtained with
the standard (non-interpolated) BSE solution and with the six levels of
interpolation developed in this section. (1NB) refers to the 1-neighbor
Rohlfing and Louie technique, whose results are presented in the left
column. (8NB) refers to the multilinear technique with 8 neighbors
presented in this section, whose results are presented in the right
column. “Avg.” refers to the multiple-shift technique. The results pre-
sented in the upper row correspond to the interpolation from the
4x4x4 grid to the 8x8x8 grid, while the lower row corresponds to the
interpolation from the 8x8x8 grid to the 16x16x16 grid.
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Figure 8: Comparison between the absorption spectra of gallium arsenide ob-
tained with the standard (non-interpolated) BSE solution and with the
six levels of interpolation developed in this section. (1NB) refers to the
1-neighbor Rohlfing and Louie technique, whose results are presented
in the left column. (8NB) refers to the multilinear technique with 8

neighbors presented in this section, whose results are presented in
the right column. “Avg.” refers to the multiple-shift technique. The re-
sults presented in the upper row correspond to the interpolation from
the 4x4x4 grid to the 8x8x8 grid, while the lower row corresponds to
the interpolation from the 8x8x8 grid to the 16x16x16 grid.
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Figure 9: Comparison between the absorption spectra of lithium fluoride ob-
tained with the standard (non-interpolated) BSE solution and with the
six levels of interpolation developed in this section. (1NB) refers to the
1-neighbor Rohlfing and Louie technique, whose results are presented
in the left column. (8NB) refers to the multilinear technique with 8

neighbors presented in this section, whose results are presented in
the right column. “Avg.” refers to the multiple-shift technique. The re-
sults presented in the upper row correspond to the interpolation from
the 4x4x4 grid to the 8x8x8 grid, while the lower row corresponds to
the interpolation from the 8x8x8 grid to the 16x16x16 grid.
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Method Peak I Peak II Peak III

Pos. (eV) Max. Pos. (eV) Max. Pos. (eV) Max.

4x4x4 3.19 126.03 4.19 74.53 5.13 17.26

4x4x4 + M1(8NB) 3.46 41.69 4.23 63.32 5.34 13.47

4x4x4 + M2(8NB) 3.35 41.44 4.10 64.31 5.22 14.28

4x4x4 + M3(8NB) 3.35 43.17 4.11 64.50 5.22 14.06

4x4x4 + M1(1NB) 3.44 44.02 4.21 60.66 5.33 14.68

4x4x4 + M2(1NB) 3.36 41.90 4.12 62.59 5.25 13.93

4x4x4 + M3(1NB) 3.36 43.50 4.13 62.93 5.25 13.81

4x4x4 + Avg. 3.23 38.71 3.99 50.97 5.15 16.38

8x8x8 3.37 41.25 4.14 60.74 5.24 13.60

8x8x8 + M1(8NB) 3.55 38.13 4.28 50.99 5.25 14.71

8x8x8 + M2(8NB) 3.51 36.81 4.24 51.58 5.19 15.02

8x8x8 + M3(8NB) 3.51 37.71 4.23 51.56 5.19 14.83

8x8x8 + M1(1NB) 3.55 38.72 4.27 51.00 5.21 14.29

8x8x8 + M2(1NB) 3.51 36.62 4.24 51.05 5.19 14.80

8x8x8 + M3(1NB) 3.51 37.59 4.23 50.98 5.18 14.66

8x8x8 + Avg. 3.58 36.49 4.21 48.34 5.17 14.43

16x16x16 3.50 38.37 4.23 50.80 5.19 14.57

Table 1: Peak position (Pos.) and maximum amplitude (Max.) of the three main
peaks of the absorption spectra of silicon represented in Fig. 7. See the
caption of the figure for a complete description of the notations.
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Method Peak I Peak II Peak III

Pos. (eV) Max. Pos. (eV) Max. Pos. (eV) Max.

4x4x4 1.70 31.67 2.62 104.08 4.34 72.43

4x4x4 + M1(8NB) 1.93 4.75 2.86 37.60 4.52 35.65

4x4x4 + M2(8NB) 1.82 4.62 2.73 36.39 4.37 33.79

4x4x4 + M3(8NB) 1.82 4.67 2.73 37.17 4.36 33.52

4x4x4 + M1(1NB) 1.93 4.85 2.83 37.79 4.48 31.67

4x4x4 + M2(1NB) 1.82 4.62 2.74 36.08 4.39 33.57

4x4x4 + M3(1NB) 1.82 4.67 2.74 36.85 4.39 33.27

4x4x4 + Avg. 1.70 4.53 2.60 33.93 4.28 30.57

8x8x8 1.82 4.57 2.74 36.16 4.40 34.45

8x8x8 + M1(8NB) 2.04 2.95 3.00 25.08 4.47 38.08

8x8x8 + M2(8NB) 2.00 2.83 2.95 24.66 4.42 38.14

8x8x8 + M3(8NB) 2.00 2.87 2.94 25.00 4.41 38.12

8x8x8 + M1(1NB) 2.03 3.12 2.99 25.92 4.45 37.36

8x8x8 + M2(1NB) 1.98 2.88 2.95 25.06 4.42 38.02

8x8x8 + M3(1NB) 1.98 2.91 2.94 25.40 4.41 37.77

8x8x8 + Avg. 1.91 2.69 2.91 23.32 4.38 35.58

16x16x16 1.98 2.95 2.93 25.84 4.41 37.74

Table 2: Peak position (Pos.) and maximum amplitude (Max.) of the three main
peaks of the absorption spectra of gallium arsenide represented in
Fig. 8. See the caption of the figure for a complete description of the
notations.
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Method Peak I Peak II Peak III

Pos. (eV) Max. Pos. (eV) Max. Pos. (eV) Max.

4x4x4 11.77 15.52 12.96 7.15 14.22 2.02

4x4x4 + M1(8NB) 12.67 15.02 14.06 2.23 14.61 1.49

4x4x4 + M2(8NB) 12.24 13.77 13.37 2.11 13.83 3.37

4x4x4 + M3(8NB) 12.08 14.92 13.35 1.80 13.82 2.61

4x4x4 + M1(1NB) 12.12 15.88 13.27 1.47 13.72 1.81

4x4x4 + M2(1NB) 12.10 16.82 13.37 1.95 13.79 3.07

4x4x4 + M3(1NB) 11.91 17.91 13.35 1.57 13.78 2.34

4x4x4 + Avg. 11.97 11.71 12.96 1.32 13.43 2.21

8x8x8 12.0 18.4 13.35 1.85 13.77 2.62

8x8x8 + M1(8NB) 12.20 18.00 13.88 3.04 14.21 1.75

8x8x8 + M2(8NB) 12.12 16.52 13.56 3.46 14.00 1.72

8x8x8 + M3(8NB) 11.95 17.80 13.54 3.05 14.00 1.51

8x8x8 + M1(1NB) 12.02 18.06 13.52 2.68 13.72 1.81

8x8x8 + M2(1NB) 12.07 17.16 13.54 3.53 13.99 1.65

8x8x8 + M3(1NB) 11.90 18.31 13.51 3.34 13.86 1.47

8x8x8 + Avg. 11.98 18.39 13.47 2.23 13.77 1.62

16x16x16 11.99 18.49 13.52 3.22 13.99 1.51

Table 3: Peak position (Pos.) and maximum amplitude (Max.) of the three main
peaks of the absorption spectra of lithium fluoride represented in Fig. 9.
See the caption of the figure for a complete description of the notations.
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Figure 10: Optical absorption spectrum of LiF obtained with different values of
the width w used for the treatment of the divergence in “Method 3”.

convergence study is needed for M3 in order to find values of w giving
a good compromise between accuracy and efficiency.

If we compare the method using one neighbor (1NB) and the eight
neighbors (8NB), we observe that the original Rohlfing and Louie inter-
polation (1NB) gives results for GaAs and Si whose quality is compara-
ble to the multilinear interpolation and even better results for the special
case of LiF. This is somehow puzzling and our current understanding is
as follows. As already mentioned in the previous paragraph, the descrip-
tion of the divergent behavior along the diagonal of the Hamiltonian for
LiF is extremely important to get a correct binding energy. In practice,
the number of bands used in Eq. (49) must be truncated and therefore
the expansion is not exact. Furthermore, in the expansion, we neglect
possible contributions to valence (conduction) states coming from the
conduction (valence) manifold in Eq. (53). This approximation is also
used in Ref. [34]. Some terms are therefore neglected and they lead to
some loss of information when building the interpolated matrix element
from multiple neighbors.

Our results indicate that, although the multilinear interpolation was
expected to give more accurate results, the practical implementation and
the numerical approximations tend to favor a “simple” 1-neighbor inter-
polation. This interpolation gives sufficient accuracy at a lower computa-
tional cost as summations over 1 neighbor are cheaper than summations
over 8 neighbors.

For the sake of completeness, we have also compared our methods
with the multiple-shift technique introduced in Ref. [35, 81], described in
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more detail in Sec. 3.4 and also used recently in Ref. [37]. Different coarse
grids are obtained by shifting an initial homogeneous mesh so that the
full set of points forms a much denser sampling. An approximate dielec-
tric function is then obtained by averaging the results obtained on the
coarse grids. As can be seen in Fig. 7, 8 and 9, this technique tends to
smooth the spectrum and the amplitude of the peaks is underestimated.
As stated in Ref. [37], due to the localized character of the exciton in
LiF, a small number of points in the coarse grids is enough to converge
the peak position but the correct description of the fine details of the
spectrum requires more accurate methods. The methods developed in
the present section are more accurate than this technique and are signifi-
cantly cheaper as they do not require multiple expensive calculations of
BSE Hamiltonians.

As far as the computational efficiency is concerned, one should notice
that the time required to produce an interpolated spectrum for LiF in se-
quential with the above-mentioned parameters is respectively 22200 sec
for M1 (8NB), 120000 sec for M2 (8NB), 3000 sec for M1 (1NB) and
80000 sec for M2 (1NB). As a reference, the time needed to compute the
matrix elements of the BSE Hamiltonian on the coarse mesh is around
15000 sec and around 1× 106 sec for the dense mesh. To sum up, M1

leads to a gain of two orders of magnitude in terms of CPU time while
the high-accuracy M2 gives a speedup of one order of magnitude. The
memory required by M1 is of the same order as the one needed for a
calculation on the coarse mesh whereas M2 is much more memory de-
manding since the whole dense matrix must be stored.

The technique based on multiple shifts, on the other hand, requires 8

calculations of a coarse Hamiltonian. These calculations are independent
and can be executed in parallel but the final results cannot reach the
same frequency resolution as the ones obtained with a fast interpolation
on a dense k-mesh.

2.4.3.2 Numerical scaling of the interpolation technique

In order to assess the numerical scaling of our implementation, we have
performed several benchmarks for silicon with unconverged parameters.
A cut-off energy of 4 Ha has been used for the wavefunctions and 2 Ha
for the dielectric function. Only one valence and one conduction band
are included in the Bethe-Salpeter kernel. This allowed us to increase the
number of wavevectors of the dense grid to more than 100000 wavevec-
tors in the BZ.
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Matmul Hinterp

M1 O(Ñ2k + ÑkNdiv) -

M2 O(Ñ2kN
2
div) O(Ñ2kN

2
div)

M3 O(ÑkN
2
div + Ñ

2
k)[*] O(ÑkN

2
div)

Table 4: Theoretical scalings of the routines used in the three methods described
in the text. [*] Scaling of an optimal implementation that takes advan-
tage of sparse matrices. The scaling becomes O(Ñ2kN

2
div) if the method

is solved with dense matrices.

For the three different methods, we have analyzed the time spent in
the most important routines. Different benchmarks have been performed
by changing the initial coarse grid as well as the final dense mesh of
Ñk ×Ndiv wavevectors. The most CPU-critical sections are Hinterp for
the calculation of the interpolated matrix elements and Matmul for the
matrix-vector multiplications needed for the Lanczos method. The theo-
retical scaling is given in Tab. 4 while the results of the tests are reported
in Fig. 11. Several interesting observations on the major trends can be de-
rived from the benchmarks. If we look at the interpolated matrix-vector
product (Matmul), we observe that M1 is very efficient as it scales with
the square of the size of the coarse mesh. On the other hand, both M2

and M3 are less performant. Finally, the time spent by M3 in the routine
Hinterp (interpolation of matrix elements) is much smaller than the one
spent by M2 at dense meshes.

2.4.3.3 Comparison with the Kammerlander double-grid technique

In this section, we compare our method with the technique proposed by
Kammerlander in Ref. [84]. In this approach, the polarizability L(ω) is
expressed in the transition space according to

Lvck,v ′c ′k ′(ω) =
∑
v ′′c ′′k ′′

(1− L0(ω)K)−1vck,v ′′c ′′k ′′L
0
v ′′c ′′k ′′,v ′c ′k ′(ω),

(69)

where the RPA polarizability L0(ω) is given by

L0vck,v ′c ′k ′(ω) =
fck − fvk

εck − εvk −ω− iη
δcc ′δvv ′δk,k ′ . (70)
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Figure 11: Measured scaling for the three interpolation methods as a function
of the number of points N.
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In order to avoid the direct inversion of the large matrix, an iterative
scheme is used for the computation of

Lvck,v ′c ′k ′(ω) =
∑
m

∑
v ′′c ′′k ′′

[
L0(ω)K

]m
vck,v ′′c ′′k ′′ L

0
v ′′c ′′k ′′,v ′c ′k ′(ω).

(71)

The BSE is solved for every frequency iteratively and a double grid
technique is used to reduce the number of k-points for which the kernel
must be computed explicitly. The RPA polarizability is averaged on a
dense mesh yielding

L0vck,v ′c ′k ′(ω) =
1

Nnb

∑
k̄∈N(k)

fck̄ − fvk̄
εck̄ − εvk̄ −ω− iη

δcc ′δvv ′δk,k ′ , (72)

where the k̄ are taken from the set N(k) of Nnb dense points located
around k.

Finally, the averaged values are used in the iterative BSE solver [see
Eq. (71)]. This approach has the advantage that the wavefunctions on
the dense mesh are not needed but the divergence is not accurately re-
produced. The scaling of the Kammerlander technique is linear with the
number of frequencies and quadratic with the number of points in the
coarse mesh. On the contrary, our technique is able to describe the fre-
quency dependence with a computational cost that does not depend on
the number of frequency points, since, as discussed in Sec. 2.3, εM(ω)

is evaluated with Eq. (42) whose cost is negligible.

2.4.3.4 Wavefunction interpolation

In this section, we assume that the entire set of wavefunctions on the
dense set of points is available. For the systems investigated in this study,
the calculation of wavefunctions starting from an already converged den-
sity is not the most computationally demanding part. Moreover, only
wavefunctions in the transition basis set are required, that is a small
fraction of the set of bands required for the screening, for example.

However, for some more complex systems, one might take advan-
tage of interpolation techniques to obtain the wavefunctions on denser
meshes. In the work of Kammerlander [84] presented in the previous
section, Wannier functions were used to obtain eigenenergies on these
dense meshes. Recently, Gilmore et al. [92] have used optimized basis
functions described in the work of Shirley [93] to compute wavefunc-
tions on a dense mesh. These different techniques could be easily inter-
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faced with our technique to compute the overlap matrix elements, that
can afterwards be used in the interpolation of the BSE Hamiltonian.

2.4.4 Summary of the interpolation techniques

We have presented a fast and memory-efficient technique that combines
the interpolation of the Bethe-Salpeter matrix elements with the Lanczos
algorithm. The treatment of the matrix elements is similar in spirit to the
Rohlfing and Louie approach but we avoid the storage and the diagonal-
ization of large matrices. Three possible approaches for the treatment of
the Coulomb singularity have been presented and discussed in detail.

The effectiveness of the method has been analyzed through calcula-
tions of optical spectral in Si, GaAs and LiF. According to our tests, the
multilinear interpolation of the wavefunctions does not perform better
than simple constant interpolation, already proposed by Rohlfing and
Louie (although used by them only for the set up of the Hamiltonian on
the dense mesh).

In conclusion of this section, we suggest using Method 1 for a quick
qualitative analysis of optical spectra e.g. for a high-throughput screen-
ing to rapidly identify possible candidates. Method 3 with the on-the-
fly interpolation is the recommended approach for BSE calculations re-
quiring dense k-meshes since it is significantly faster than M2 and the
Coulomb divergence is taken into account. The downside is that one has
to check the convergence with the width w, but we believe this is a small
price to pay, especially when compared with the significant speedup that
can be achieved.

The algorithmic improvements presented in this thesis will facilitate
BSE calculations in complex systems and will also significantly ease the
ab initio study of piezoreflectance, thermoreflectance and RI in systems
with excitonic effects.

2.5 conclusions

In this chapter, we have briefly reminded the main ingredients needed
for ab initio calculations of optical materials in solids. We first started
from the ground state ingredients (wavefunctions and eigenenergies).
Then we moved to the independent-particle pictures and we discussed
in detail the BSE formalism. As these calculations are usually cumber-
some, we also discussed one way to improve the convergence rate using
an interpolation technique in reciprocal space. In the forthcoming chap-
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ter, we will discuss how to compute Raman intensities, a more advanced
property, related to derivatives of the dielectric function.



3
R A M A N S P E C T R U M C A L C U L AT I O N S F R O M F I R S T
P R I N C I P L E S

Raman scattering has been known for a long time, since the discovery
by C.V. Raman and K.S. Krishnan in 1922, that received the Nobel Prize
in 1930.

As we will see in the forthcoming sections, the Raman intensity is
linked to a modification of the dielectric function induced by atomic dis-
placements. Therefore, a way to compute these intensities goes through
the evaluation of the dielectric properties. Models have been used exten-
sively for such an evaluation. The bond-polarizability model determines
the total polarizability of the system as a sum over polarizabilities as-
sociated to each bonds [2, 94]. The parameters of the different models
are then obtained from fits with respect to experimental measurements.
Empirical pseudopotentials [95] and tight-binding [96] approaches have
also been used to evaluate the susceptibility and its derivative. How-
ever, these approaches still require external parameters and this raises
concerns about their transferability and their predictive power.

Ab initio calculations, on the other hand, are not affected by these seri-
ous limitations. Phonon band structures have been evaluated for a long
time using ab initio techniques. Raman intensities have been computed
by a mix of ab initio techniques for the phonon eigenvalue problem with
polarizability models for the intensities, as e.g. in the work of Windl [97].

Concerning ab initio Raman intensities, the pioneer work of Baroni
and Resta [12] shows how to compute Raman tensors from a FP ap-
proach, i.e. numerically evaluating the derivative by freezing the phonon
displacements.

As the Raman susceptibility can be extracted from third-order deriva-
tive of the total energy, DFPT expressions, introduced by Veithen [14],
allow for a direct evaluation.

Unfortunately, these works have been mostly done in the DFT-LDA

framework and in the static limit, therefore valid only for laser frequency
very small compared to electronic transitions.

Evaluation of frequency-dependent Raman intensities has been pro-
posed already in [98, 99] for Ge and Si, based on fitting procedures,
deformation potentials and derivatives of the dielectric function with

43
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respect to frequencies, evaluated experimentally. Alternatively, models
for critical points are also available for such resonant behaviors, as pre-
sented in more detail in [1].

However, the combination of ab initio methods with resonant condi-
tions has remained a challenge. Actually, in these conditions, DFT might
not be enough for an accurate description of optical properties, as al-
ready discussed in the previous chapter, and therefore a priori not for
Raman intensities. In 2000, Weber and Merlin [2], said “However, it is
unlikely that a practical ab initio theory of Raman intensities will be de-
veloped in the near future for measurements in this regime. An accurate
description of the electronic structure (including the conduction bands)
becomes critically important, and this requires computer-intensive meth-
ods beyond the LDA.” We believe that we provide a general methodology
for calculations in resonant regimes, that should allow ab initio calcula-
tions of frequency-dependent RI of a broad range of materials in the
future.

In this section, we present this general methodology. We first remind
the definition of phonons in Sec. 3.1 and of Raman intensities in Sec. 3.2.
We then explain the methodology based on FP approach in Sec. 3.3. Fi-
nally, we apply this methodology to the case of silicon for first-order
scattering and second-order scattering in Sec. 3.4 and 3.5. The content of
Sec. 3.4 has already been published in Ref. [81].

3.1 dynamical properties

In this thesis, we consider Raman scattering by phonons. Before being
able to define Raman intensities, we therefore briefly remind the main
equations of interest for the phonon eigenvalue problem.

The phonon frequencies ωm are obtained by solving the eigenvalue
problem associated with the matrix of inter-atomic force constants C̃∑

κ ′,β

C̃κα,κ ′βU
m
κ ′β =Mκω

2
mU

m
κα. (73)

From the mass-scaled quantities

ξκα =
√
MκU

m
κα (74)

Dκα,κ ′γ =
1√
Mκ

Cκα,κ ′γ
1√
Mκ ′

, (75)
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the dynamical equation is readily obtained as∑
κα

Dκα,κ ′γξ
m
κα = ω2mξ

m
κ ′γ. (76)

We apply the following orthonormalization on the eigenvectors∑
κα

(ξmκα)
∗ ξnκα = δmn (77)∑

κα

Mκ (U
m
κα)
∗Unκα = δmn. (78)

We define Qm(q) as the normal coordinate of the mode m at point q.
The displacement of atom κ, in direction α in lth cell for this mode m is
then given by

Ul,mκα (q) = Qm(q)Umκα(q)e
iq.Rl . (79)

The wavevector q gives a measure of the wavelength of the vibration
mode. In polar materials, when the wavevector q → 0, a macroscopic
electric field is generated for optical modes. This field leads to a splitting
between the longitudinal and the transverse optical modes, the so-called
LO-TO splitting. In the limit q → 0, one needs therefore to introduce
correctly the macroscopic electric field. The matrix C̃ can be expressed
as a non-analytic and analytic part

C̃κα,κ ′β(q→ 0) = C̃ANκα,κ ′β(q = 0) + C̃NAκα,κ ′β(q→ 0), (80)

where the non-analytic part is given by

C̃NAκα,κ ′β(q→ 0) =
4π

Ω0

(∑
γ qγZ

∗
κ,γα

)(∑
γ ′ qγ ′Z

∗
κ ′,γ ′β

)
∑
αβ qαε

∞
αβqβ

, (81)

with Z∗κ,γα the Born effective charge

Z∗κ,γα = Ω0
∂Pγ

∂Rκα
=
∂Fκα

∂Eγ
(82)

where Ω0 is the unit cell volume, Pγ is the polarization by unit cell
along direction γ, Rκα is a collective periodic displacement of atoms κ
in direction α, Fκα is the force acting on atom κ in direction α, Eγ is
an electric field along direction γ. As one can observe from Eq. (81), the
non-analytic term is dependent on the direction of q.
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Mathematically, the problem of finding the LO eigenvalues and
eigendisplacements can be rewritten as an eigenvalue problem in the
basis of the TO eigendisplacements∑

n

Am ′,nWm,n = ω2m(q→ 0)Wm,m ′ , (83)

where Wm,n are the basis expansion coefficients of the mth LO eigendis-
placement Umκα =

∑
nWm,nŨ

n
κα with respect to the zero-wavevector

displacements Ũ, and Am ′,n is the coupling matrix

Am ′,n = ω̃2m ′δm ′,n

+
4π

Ω0

(∑
γ qγ

∑
κα Z

∗
κ,γα(Ũ

m ′
κα)
∗
)(∑

γ ′ qγ ′
∑
κ ′β Z

∗
κ ′,γ ′βŨ

n
κ ′β

)
∑
αβ qαε

∞
αβqβ

,

(84)

with ω̃m the frequency of the mth TO mode.
If the eigendisplacements of LO are the same as the TO modes, as is

the case for zinc-blende materials such as SiC or GaAs (see Chap. 4), and
if we define mode-oscillator strength Smα,β as

Smαβ =

(∑
κα ′

Z∗κ,αα ′ (U
m
κα ′(q = 0))∗

)∑
κ ′β ′

Z∗κ ′,ββ ′U
m
κ ′β ′(q = 0)

 ,

(85)

then we obtain the link between LO and TO modes

ω2m(q→ 0) = ω2m(q = 0) +
4π

Ω0

∑
αβ qαS

m
αβqβ∑

αβ qαε
∞
αβqβ

. (86)

However, in general LO and TO eigendisplacements are not the same
and a complete diagonalization of the dynamical matrix or of Eq. (84)
is required along the different directions of the long-wavelength limit.
This is the case, for example, for BiFeO3, as discussed in Chap. 6.

A last quantity of interest is the mode-effective charge Z∗m,α, which is
a vector, defined as

Z∗m,α =

∑
κα ′ Z

∗
κ,αα ′U

m
κα ′∑

κα ′
(
Umκα ′

)∗
Umκα ′

. (87)

Now that we know how to solve the phonon eigenvalue problem and
obtain phonon frequencies and displacements, we move in the next sec-
tion to Raman intensities.
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3.2 raman intensities from derivatives of the dielectric

function

3.2.1 Generalities

The complete field-theoretic expression for the Raman susceptibility and
intensities is presented in Ref. [1]. In this thesis, we have chosen to work
in the adiabatic approximations of such expressions, i.e. letting the elec-
trons respond immediately to the vibrations. In that case, it is possible to
show that the full theoretical expression is equivalent to the derivative
of the dielectric function with respect to phonon displacements.

Mathematically, this is translated as

ωm � |ωL −ωgap + iη| , (88)

where ωL is the laser frequency, ωgap the frequency corresponding to
the direct band gap, ωm is the phonon frequency, and η the lifetime
broadening of the gap. A complete derivation of the equivalence be-
tween the Feynman diagrammatic approach [1] and the derivative of
the susceptibility is presented in App. A in the case of independent par-
ticles for first-order Raman intensities.

In this section, we show how to compute Raman intensities from
derivatives of the dielectric function in the adiabatic approximation.

The Raman scattering efficiency S induced by a transition from the
initial state |i〉 to a final state |f〉 is [20, 21]

Si→fαβ = Ω0
(ωL −ω)4

c4(4π)2
([
δεi→fαβ

])2
, (89)

where
[
δεi→fαβ

]
is the fluctuation of the dielectric function induced by a

transition from i to f, ωL is the laser frequency, c the speed of light, ω
is the Raman shift, and α,β are Cartesian coordinates indices.

For finite displacements of the atoms, the dielectric function can be
Taylor-expanded around the equilibrium position

εωL(Q
1, ...) = ε0ωL +

∑
m,q

∂εωL
∂Qm(q)

Qm(q)

+
1

2

∑
m1q1,m2q2

∂2εωL
∂Qm1(q1)∂Qm2(q2)

Qm1(q1)Qm2(q2)

+ · · · (90)
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where ε0ωL is the equilibrium dielectric function.
At this stage, one needs to remember that because of momentum con-

servation, the sum of the wavevectors of all phonon modes implied in
the process is negligible with respect to the size of the BZ. Therefore, at
each order,

∑
i qi = 0. For first-order derivatives, only Γ -point phonons

will therefore contribute, while at second-order, all phonons pairs with
q1 = −q2 will contribute.

The Raman spectrum can be built by combining the efficiency with the
possible selection rules for frequencies. The scattering efficiency reads
then [20]

Sαβ(ω) =Ω0
(ωL −ω)4

c4(4π)2

∑
n

∑
m,m(2),...,m(n)

∑
µ e

−
Eµ
kT
∑
ν

([
δε
αβ
µ→ν

](n))2
δγ(ω−ωµν)

Z(m,...m(n))
,

(91)

with n the summation index over the process orders,m, ...,m(n) are used
to denote the modes indices depending on the order, δγ(ω) a broadened
Dirac-delta function1 with a broadening parameter γ, Zm the partition
function

Z(m,...m(n)) =
∑
µ

e
−
Eµ(m, ...m(n))

kT (92)

and where the expansion of the dielectric function Eq. (90) has been used
along with the separation of the electronic part (which stays the same
before and after the process) and the phononic part, going from phonon
eigenstate µ to eigenstate ν

[
δεαβµ→ν

](1)
(m) =

dεαβ

dQm(Γ)

〈
ν
∣∣Q̂m(Γ)

∣∣µ〉 (93)[
δεαβµ→ν

](2)
(m1,m2, q) =

1

2

d2εαβ

dQm1(q)dQm2(−q)
〈
ν
∣∣Q̂m1(q)Q̂m2(−q)

∣∣µ〉 . (94)

1 In this work, we use Lorentian functions
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In these expressions, the derivatives with respect toQm are defined from
the collective atomic displacements (Rκα(q)) derivatives as follows:

dεαβ

dQm(Γ)
,
∑
κα

dεαβ

dRκα(Γ)
Umκα(Γ) (95)

d2εαβ

dQm1(q)dQm2(q)
,
∑
κακ ′β

d2εαβ

dRκα(q)dRκ ′β(−q)
Um1
κα (q)U

m2

κ ′β(−q).

(96)

3.2.2 Phonon matrix elements in the harmonic approximation

The Raman efficiency presented in Eq. (91) requires the evaluation of the
derivatives of the dielectric function combined with matrix elements in
the phonon space. In this section, we show how to simplify the phononic
matrix elements when assuming the potential to be quadratic, neglecting
all higher-order terms. 2

3.2.2.1 First-order Raman efficiency

In the case of first-order Raman scattering, the complete expression
Eq. (91) simplifies to [20]

Sαβ(ω) =Ω0
(ωL −ω)4

c4(4π)2

∑
m

1

Zm

∑
µ

e−
Emµ
kT

∑
ν

(
dεαβ

dQm(Γ)

〈
ν
∣∣Q̂m(Γ)

∣∣µ〉)2 δγ(ω−ωmµν). (97)

In the harmonic approximation, it is possible to show [100] that

Emµ =(µ+
1

2
)ωm (98)(〈

ν
∣∣Q̂∣∣µ〉)2 = 1

2ωm
(µ+ 1)δν,µ+1 +

1

2ωm
(µ)δν,µ−1 (99)

ωµν =ωmδν,µ+1 −ωmδν,µ−1, (100)

2 We refer the reader to Ref. [20, 21] for the treatment of anharmonicities.
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so that the general equation becomes, since we only consider Stokes
scattering (ν = µ+ 1)

Sαβ(ω) =Ω0
(ωL −ω)4

c4(4π)2

∑
m

1

2ωm(
dεαβ

dQm

)2
δγ(ω−ωm)

∑
µ e

−(µ+ 1
2 )
ωm
kT (µ+ 1)∑

µ e
−(µ+ 1

2 )
ωm
kT

(101)

and because higher-order terms are neglected.
The right part can be rewritten, using αm = ωm

kT as∑
µ e

−(µ+ 1
2 )αm(µ+ 1)∑

µ e
−(µ+ 1

2 )αm
=

e−αm

(1−e−αm)2
+ 1
1−e−αm

1
1−e−αm

= nm(T) + 1 (102)

with the phonon occupation factor defined as

nm(T) =
1

e
ωm
kT − 1

. (103)

Therefore, the final expression for first-order Stokes scattering is

Sαβ(ω) = Ω0
(ωL −ω)4

c4(4π)2

∑
m

1

2ωm

(
dεαβ

dQm

)2
δγ(ω−ωm)(nm(T) + 1), (104)

where the nm(T) + 1 factor plays a weighting role. From the knowledge
of the phonon frequencies and displacements, only derivatives of the
dielectric functions are left unknown.

At this stage, we can attribute to each mode a Raman susceptibility
tensor αm(ωL) for the phonon m

αmij (ωL) =
√
Ω0

1

4π

∑
τβ

∂εij(ωL)

∂Rτβ
Umτβ. (105)

The scattering efficiency of the phonon of frequency ωm for a photon
of frequency ωL is therefore defined as [14]

Sm =
(ωL −ωm)4

c4
|eo.αm(ωL).ei|2

nm + 1

2ωm
, (106)

where eo and ei are the outgoing and in-going polarization of the light.
For more details about the derivation of Eq. (106), we refer the reader

to Refs. [14] and [99].
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3.2.2.2 Second-order Raman efficiency

Similarly as for first-order phonon terms, second-order phonon terms
can also be analytically evaluated.

Indeed, 2D harmonic phononic systems are fully separable and the
total wavefunction can be written as a product of two wavefunctions

χm1,m2
µ (Qm1 ,Qm2) = χm1

µ1
(Qm1)× χm2

µ2
(Qm2), (107)

both obtained as solutions of 1D problem. The energy of this state is
written

Em1,m2
µ = Em1

µ1
+ Em2

µ2
= (µ1 +

1

2
)ωm1

+ (µ2 +
1

2
)ωm2

, (108)

so the index µ is in fact a “2D-index” (µ1,µ2).
The matrix elements with two different phonons can then be com-

puted according to〈
(ν1,ν2)

∣∣Q̂1Q̂2∣∣ (µ1,µ2)
〉
=
〈
ν1
∣∣Q̂1∣∣µ1〉 〈ν2 ∣∣Q̂2∣∣µ2〉 . (109)

The scattering efficiency at second-order is written as

Sαβ(ω) =Ω0
(ωL −ω)4

(4π)2c4
1

Nq

∑
q

∑
m1,m2

1

Z(m1,m2)

∑
µ

e
−
E
(m1,m2)
µ

kT
∑
ν

δγ(ω−ωµν)

(
1

2

d2εαβ

dQm1(q)dQm2(−q)
〈
ν
∣∣Q̂m1(q)Q̂m2(−q)

∣∣µ〉)2 ,

(110)

where the integral over the wavevectors has been replaced by a summa-
tion over Nq points of the BZ.

Using the harmonicity of the phononic potential, µ = (µ1,µ2) and
ν = (ν1,ν2), Z(m1,m2) = Zm1Zm2 , we get, for two-Stokes processes [3]

Sαβ(ω) =Ω0
(ωL −ω)4

(4π)2c4
1

Nq

∑
q

∑
m1,m2(

1

2

d2εαβ

dQm1(q)dQm2(−q)

)2
1

4ωm1
(q)ωm2

(−q){
(nm1q(T) + 1)(nm2q(T) + 1)δγ(ω− (ωm1

(q) +ωm2
(q)))

}
.

(111)
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Again in this expression, only Bose-Einstein occupation factors and
phonon frequencies appear, leaving the only unknown quantities to be
the derivatives of the dielectric functions.

3.3 frozen-phonon approach

Up to now, we have shown the general expressions to compute first and
second-order Raman spectra, and their simplification in the harmonic
case.

In this framework, the electronic part, related to the derivatives of the
dielectric function, remains the last unknown quantity.

These derivatives can be computed numerically in the so-called FP

method, using the results obtained with distorted geometries in which
the atoms are displaced by a small amount along the phonon eigenvec-
tor.

In this section, we detail how to compute first and second-order Ra-
man scattering using this method.

3.3.1 First-order Raman scattering

The first step is a computation of the solution of the phonon eigenvalue
problem, usually done using DFPT techniques. From the phonon frequen-
cies, the phonon matrix elements can be evaluated as shown in Sec. 3.2.2.

Then, the dielectric function is computed for several finite displace-
ments along the phonon eigenmodes, and these results are combined
to extract the derivatives, via a fitting procedure or via finite difference
formulae. This can also be done along Cartesian atomic displacements
since

∂εαβ(ωL)

∂Qm
=
∑
κα

∂εαβ(ωL)

∂Rκγ
Umκγ. (112)

Finally, we apply directly Eq. (104) that has been derived for the first-
order case.

A last remark about first-order scattering must be raised. The deriva-
tive in (105) is a total derivative of the dielectric function. For TO modes,
there is no electric field and so it is directly the partial derivative:

dχ
(1)
ij (ωL)

dRκα
(TO) =

∂χ
(1)
ij (ωL)

∂Rκα

∣∣∣∣∣∣
E=0

, (113)
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where the susceptibility has been used instead of the dielectric function

εij = 1+ 4πχij. (114)

In polar materials, the phonon can induce a macroscopic field (LO
phonon), which first changes the phonon frequency and displacements
(see section 3.1) but also modifies the intensity

dχ
(1)
ij (ωL)

dRκα
(LO) =

∂χ
(1)
ij (ωL)

∂Rκα

∣∣∣∣∣∣
E=0

+
∑
β

∂χ
(1)
ij (ωL)

∂Eβ

∂Eβ

∂Rκα
. (115)

From the definition of Born effective charge and the electric field in-
duced by a phonon of wavevector q, one gets [101]

∂Eβ

∂Rκα
= −

4π

Ω0
qβ

∑
γ Z
∗
κ,γαqγ∑

γγ ′ qγε
∞
γγ ′qγ ′

. (116)

Since
∂χ

(1)
ij (ω)

∂Ek
= 2χ

(2)
ijk(−ω,ω, 0),

dχ
(1)
ij (ωL)

dRκα
(LO) =

dχ
(1)
ij (ωL)

dRκα
(TO)

−
8π

Ω0

(∑
β qβχ

(2)
ijβ(−ωL,ωL, 0)

)(∑
γ Z
∗
κ,γαqγ

)
∑
γγ ′ qγε

∞
γγ ′qγ ′

.

(117)

We therefore obtain in Eq. (113) and (117) a complete expression that
allows the calculation of TO and LO with the frequency-dependence
included.

The second-order susceptibility χ(2)ijk(−ω,ω, 0) can be computed in the
IPA with a sum-over-states approach from the knowledge of position op-
erator matrix elements. We reproduce the expressions in App. B where
we also show the link between the electro-optic tensor and the Linear
Electro-Optic (LEO) susceptibility.

3.3.2 Second-order Raman scattering

Similarly to first-order Raman, the only missing part in second-order RI

is the second-order derivative of the dielectric function for each pair of
mode

d2εαβ

dQm1(q)dQm2(−q)
. (118)
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In order to obtain this derivative for each q-point, a finite difference-
FP approach can be used. We therefore compute ε on several distorted
geometries as follows. For the selected q wavevectors, a supercell, com-
patible with q is generated: the axes of this supercell

{
R ′j
}

fulfills the

constraint eiqR ′j = 1, which means that q is a reciprocal vector of the su-
percell. The atoms of the supercell are then displaced with real displace-
ments defined from the phonon eigendisplacements and phase factors

uκαl ,
1

2

[
Uκα(q)eiqRl +Uκα(−q)e−iqRl

]
(119)

vκαl ,
−i

2

[
Uκα(q)eiqRl −Uκα(−q)e−iqRl

]
. (120)

The supercell is chosen in such a way that q is a reciprocal lattice vector
of the supercell, k+q points are folded back to k points of the supercell.

3.3.3 Approximations to second-order Raman scattering

We now detail why, even for a small system like silicon, the calculations
of second-order Raman intensities, if done using simply brute force, are
extremely demanding. First, for any wavevector, the summations over
the Nmodes phonon modes in Eq. (111) require Nmodes ×Nmodes eval-
uations of the derivative. If the dielectric tensor is evaluated on a grid
of 5× 5 pairs of displacements, in order to get the second-order deriva-
tives, this amounts to 25× 62 = 900 evaluations of the dielectric tensor
for silicon. This shows the large number of evaluations of the dielectric
function required for adequate extraction of the numerical derivatives.
These numerous calculations must be repeated for each wavevector in
the BZ. In contrast, for first-order calculations, the number of evalua-
tions for the only zone-center wavevector amounts to 5 evaluations for
each mode, thus 5× 6 = 30 3 evaluations of the dielectric function to
reach the final Raman spectrum of silicon.

It should also be noted that, unlike first-order spectra, second-order
resonant Raman scattering requires the use of supercells commensurate
with the wavevectors, and the computational cost increases quickly with
the size of the supercell. Indeed, the number of bands included in the
calculations scales linearly with the number of atoms. In the case of IPA,
the number of electronic transitions scales linearly with the product of

3 This number can be even reduced to only 5 by using symmetry arguments: acoustic
modes do not contribute and the three other modes are degenerate.
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the number of valence and conduction bands and linearly with the num-
ber of k-points. Taking into account the folding of bands in the case of
supercell, and the computational cost required for the dipole matrix ele-
ments, the overall scaling is roughly cubic with the size of the supercell.
In BSE, however, the kernel introduces coupling between transitions, and
the number of matrix elements in the transition basis set scales with the
square of the product of the number of valence and conduction bands,
and with the square of the number of k-points. Because of the reduction
of the number of k-points with larger supercells, the number of matrix
elements therefore increases with the square of the size of the supercell.
Since the evaluation of the screened Coulomb matrix elements requires
a double sum over planewaves, we conclude that the ratio between a
BSE run for a supercell and the one for a unit cell increases as the fourth
power of the number of replicas in the supercell. Finally, as we observe
in Sec. 3.4, the derivatives of the dielectric function are highly sensitive
to the sampling of the BZ, leading to very demanding calculations in the
case of BSE.

Even if the FP methodology requires a large amount of evaluations
of dielectric functions, we have succeeded to apply the technique to
three-dimensional materials by using approximations and numerical
techniques that are presented in the following paragraphs. Results on
first-order and second-order Raman scattering of silicon are then pre-
sented in Sec. 3.4 and 3.5 respectively.

3.3.3.1 Overtones approximation in second-order Raman scattering

Overtones in the second-order Raman spectrum are obtained by combin-
ing twice the same phonon modes, so explicitly, terms withm1 = m2 = m∑

q

d2εαβ

dQm(q)dQm(−q)
. (121)

To compute overtones derivatives, one therefore only needs one-
dimensional derivatives, along the same phonon displacement. To com-
pute general second-order derivatives with respect to two different
modes one needs two-dimensional derivatives. This is also true in the
presence of degeneracies, where two-dimensional derivatives are also
required, even for overtones, as shown in Sec. 3.3.3.3. In this thesis, the
second-order derivatives are extracted by using a set of 5 points along
each phonon displacement. This means that 5 points are used for over-
tones derivatives and 25 evaluations of the dielectric function are re-
quired for each derivatives for different modes.
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In Eq. (111) this approximation corresponds to neglecting all terms
where ωm1

6= ωm2
and leads to the following expression

Sαβ(ω,ωL, T) = Ω0
(ωL −ω)4

(4π)2c4
1

Nq

∑
q

∑
m{[

1

2

∂2εαβ(ωL)

∂Qm(q)∂Qm(−q)

]2
1

4ωm(q)ωm(−q)
[nmq(T) + 1]

2

δγ(ω− 2ωm(q))

}
. (122)

In this framework, the corresponding overtone density of states be-
comes

1

Nq

∑
q

∑
m

δγ(ω− 2ωm(q)), (123)

that is the one-phonon density of states scaled by a factor two in the fre-
quency range. From a group-theoretical point of view, derivatives with
respect to twice the same phonon mode will always be active and con-
tribute to the fully symmetric component of the spectrum [3].

3.3.3.2 Smallest supercell generation

Frozen-phonon calculations of the dielectric function with finite q-point
phonon requires the generation of supercells. In order to decrease the
computational cost as much as possible, an automatic generation of the
smallest supercell has been developed in the Abipy framework4.

The R and the G matrix contain the real space R and reciprocal space
vectors G column-wise and are defined such as

RTG = 2π. (124)

The phase factor associated with the phonon displacement is eiq·R
l
.

We need to find three new axis Rsc1 , Rsc2 and Rsc3 such as eiq·R
sc
j = 1.

The components of the Rscj axis should be integer number in real space
coordinates

Rscj = R lj = R


l1j

l2j

l3j

 . (125)

4 The Abipy framework contains a set of tools for generating ABINIT input files, au-
tomatic management of the calculations and post-processing tools. It is available on
http://github.com/gmatteo/abipy

http://github.com/gmatteo/abipy
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We define a matrix M, called scaling matrix such as

M =

l
1
1 l12 l13

l21 l22 l23

l31 l32 l33

 . (126)

This matrix will be used to generate the supercell and the displaced
atoms.

The components of the q point are given in terms of the reciprocal
space coordinates

q = G qc = G

q
1

q2

q3

 , (127)

so that the phase factor is given by

eiq·R
sc
j = eiq

T
cG

T
R lj = e2πiq

T
c lj = 1⇒ qTc lj = integer. (128)

In order to get the smallest supercell, i.e. looking for three integer lj
vectors so the supercell is the smallest possible, we use the technique
available in the Exciting code [102].

First, the smallest non-zero Rsc1 is determined, such as qTc l1 = integer.
Then, we find the smallest non-zero Rsc2 , non-parallel to Rsc1 and such
as qTc l2 = integer. And finally, we compute the smallest Rsc3 which is
non-coplanar with both Rsc1 and Rsc2 and such as qTc l3 = integer.

3.3.3.3 Phonon mode degeneracies

Since some modes are degenerate, we need to find some way to present
results that are invariant upon the choice of particular eigenvectors of
the dynamical matrix.

A quantity such as

IDκα,κ ′β =
∑
m∈D

(Umκα)
∗Umκ ′β (129)

where D is the degenerate subspace, is invariant upon the gauge choice.
For first-order Raman, the Raman efficiency is proportional to

S ∝

[∑
κα

∂εαβ

∂Rκα(q)
Um1
κα (q)

]2
, (130)



58 raman spectrum calculations from first principles

that gives an invariant quantity when summed over the degenerate
phonons

∑
m∈D

[∑
κα

∂εαβ

∂Rκα(q)
Umκα(q)

]2
. (131)

For second-order Raman, the intensity is linked to

S ∝

 ∑
κα,κ ′β ′

∂2εαβ

∂Rκα(q)∂Rκ ′β(−q)
Um1
κα (q)U

m2

κ ′β(−q)

2 (132)

which leads an invariant term by summing over the degeneracies of both
modes [103]

∑
m∈D,m ′∈D ′

 ∑
κα,κ ′β ′

∂2εαβ

∂Rκα(q)∂Rκ ′β(−q)
Umκα(q)U

m ′

κ ′β(−q)

2 . (133)

However, in the overtone approximations, summing with m ′ = m

does not provide an invariant quantity since

∑
m∈D

 ∑
κα,κ ′β ′

∂2εαβ

∂Rκα(q)∂Rκ ′β(−q)
Umκα(q)U

m
κ ′β(−q)

2 (134)

is not invariant (we miss the contributions from two different modes that
are degenerate). Therefore, for highly-symmetric k-points, we need still
to compute two-dimensional derivatives between different degenerate
states.

3.3.3.4 Integration over the Brillouin Zone

The integral over q-points is discretized as a sum over the q-points. A
convergence study is therefore required, increasing the number of q-
points. However, since increasing the density of q-points increases the
size of supercells used for the FP, we want to keep the number of q-
points as low as possible.

For the FP approach, commensurate q-points with the lattice must be
used, that means that we should be able to get Eq. (128) fulfilled for
some integer l values. This forbids the use of random q points.

In order to reduce the amount of q-points, symmetries for q-points
are used: it is possible to relate the second-order derivatives from one
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q-point to another symmetric q-point using symmetry operations. There-
fore, we can compute only the irreducible set of q-points and then use
symmetries to rebuild entire information on the Raman tensors. More
technical detail is available in App. C.

3.3.3.5 “Double-Grid” technique

The expression for second-order Raman intensities have been derived in
a previous paragraph, leading to

Sαβ(ω) =Ω0
(ωL −ω)4

(4π)2c4
1

Nq

∑
q

∑
m1,m2(

1

2

d2εαβ

dQm1(q)dQm2(−q)

)2
1

4ωm1
(q)ωm2

(−q)

(nm1q(T) + 1)(nm2q(T) + 1)δγ(ω− (ωm1
(q) +ωm2

(q))).
(135)

We can rewrite the summation of the q-points as a summation over a
coarse grid of Nq,c qc wavevectors, and then for each qc, a summation
of the Nq,d dense wavevectors around qc, denoted qd. If the derivatives
change smoothly in the q-space, they can be factorized out of the sum-
mation on the dense grid

Sαβ(ω) =Ω0
(ωL −ω)4

(4π)2c4
1

Nq,c

∑
qc

∑
m1,m2

(
1

2

d2εαβ

dQm1(qc)dQm2(−qc)

)2
1

Nq,d

∑
qd

1

4ωm1
(qd)ωm2

(−qd)

(nm1qd(T) + 1)(nm2qd(T) + 1)

δγ(ω− (ωm1
(qd) +ωm2

(qd))), (136)

where the sum over dense wavevectors qd is done only in the neighbor-
hood of qc.

Since the computation of phonon frequencies on a dense mesh can
be obtained from interpolation techniques based on Inter-atomic Force
Constants [8], the sum over q-points in the dense mesh is not a big
problem.
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So the proposed approach is the following. For a given qc, compute

Pm1m2
(qc,ω) =

1

Nq,d

∑
qd

1

4ωm1
(qd)ωm2

(−qd)

(nm1qd(T) + 1)(nm2qd(T) + 1)δγ(ω− (ωm1
(qd) +ωm2

(qd)),
(137)

and then

Sαβ(ω) =Ω0
(ωL −ω)4

(4π)2c4
1

Nq,c

∑
qc

∑
m1,m2(

1

2

d2εαβ

dQm1(qc)dQm2(−qc)

)2
Pm1m2

(qc,ω). (138)

One should note that Eq. (137) presents the same singularities and
therefore behaves similarly as the two-phonon density of states if the
frequencies and the occupation factors are taken for qc instead of qd.

3.4 first-order raman of silicon

3.4.1 Introduction

The theoretical basis needed for the computation of the frequency-
dependent RI has already been described previously in this chapter. We
chose to study silicon, for which the experimental frequency-dependent
enhancement factor is particularly strong. The available data cover the
frequency range between 1.8 eV and 3.8 eV [104], and the experimental
value of the direct gap is at 3.4 eV. Due to the high symmetry of sili-
con, there is only one Raman-active phonon mode, whose eigenvector is
determined by symmetry.

The numerical procedure applied for the calculations of RI of silicon
is presented in Sec. 3.4.2. In Sec. 3.4.3, the problem associated with the
slow convergence of the results with respect to the sampling of the BZ is
analyzed. Sec. 3.4.4 presents the theoretical results, including excitonic
effects. Finally, in Sec. 3.4.5, theoretical and experimental results for the
silicon Raman intensity are compared.
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3.4.2 Numerical procedure

Calculations are performed using ABINIT [86, 87]. The pseudopotential
used to simulate the silicon atom is of the Troullier-Martins type and has
been generated with the LDA parametrization proposed by Teter [105].

The DFT-LDA calculations are performed with a 4 times shifted 4x4x4

Monkhorst-Pack grid to sample the BZ [106], and a plane-wave basis set
kinetic energy cut-off of 16 Ha. The theoretical lattice cell for silicon is
10.20 Bohr, which gives an error of 0.6 % with respect to the experimental
results (10.26 Bohr) [107]. Using this theoretical lattice constant, the DFT-
LDA indirect gap is 0.45 eV, while the direct gap is 2.52 eV.

Quasi-particle corrections are computed within the so-called one-shot
GW or G0W0 approximation [29]. We use a cut-off energy of 8 Ha for the
screening and 16 Ha for the self-energy matrix elements. An extrapolar
energy of 3 Ha is used to reduce the number of bands needed to con-
verge to 100 bands [108]. The computed GW corrections give a direct gap
of 3.20 eV. These results are comparable to other GW results [109, 110]
and in good agreement with the experimental band gap of 3.4 eV [111].
During the computation of the BSE optical spectrum, the opening of the
gap is simulated by a rigid scissor [112] with a value of 0.65 eV to repro-
duce the theoretical GW gap unless stated otherwise.

Convergence of the Bethe-Salpeter computations with respect to the
BZ sampling is particularly difficult, and is discussed in the next section.
The cut-off energies are 16 Ha for the wavefunctions and 3 Ha for the
screening. The transition space used to solve the BSE includes from the
second to the ninth band. A broadening factor of 0.1 eV is used for the
dielectric function.

The adiabatic approximation (see Sec. 3.2) that is used extensively in
this work is justified in the case of silicon since the lifetime broadening
(≈ 0.1 eV) is larger than the phonon frequency ≈ 0.065 eV [99].

In this adiabatic approximation, two-band as well as three-band contri-
butions to the resonant Raman are included, the latter coming from the
matrix element changes due to changes in the wavefunctions produced
by phonon-induced admixture of the two bands under consideration
with a third band [98].

In order to compute derivatives with the displacements, we add h×√
2/2 to the x-position of the first atom and −h×

√
2/2 to the x-position

of the other atom, for different values of h. The derivative is obtained
by computing χyz(ω) for h = 0.01 and h = 0 in the convergence studies
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and is obtained by computing χyz(ω) for h = 0.01 and h = −0.01 for
the final result.

We have analyzed the behavior of the G0W0 scissor shift, as a func-
tion of the frozen phonon amplitude. Because the Raman amplitude
corresponds to a first-order derivative with respect to atomic displace-
ment, see Eq. (105), we only have to consider the linear response. For
non-degenerate eigenstates, due to the high symmetry of the crystals,
such derivative of the scissor shift with respect to atomic positions van-
ishes. For degenerate eigenenergies, linear variations of eigenenergies
are present, but the mean variation vanishes over the set of degenerate
states. Hence, the modification of the G0W0 corrections with respect to
atomic displacement does not have any effect on the Raman intensity of
silicon, within the present formalism. Of course, this is a very specific
situation. For the analysis of most other materials, the variation of the
eigenenergies at linear order will have to be taken into account.

As told in Eq. (19), the values of the dielectric functions may differ
along different directions q. We want to extract the tensor components
from the long-wavelength limits calculations. Because of the symmetry
of the tensor, the values of ε̂ for each pair of Cartesian coordinates may
be obtained by computing the macroscopic dielectric function for 6 dif-
ferent directions q. The directions used in the calculations are (0,1,1),
(1,0,1), (1,1,0), (1,0,0), (0,1,0) and (0,0,1).

The macroscopic dielectric function (Eq. (34)) is computed using the
iterative Haydock technique [77]. The algorithm is terminated when a
relative error of 1%, for the real and the imaginary part of ε, is achieved
for each frequency in the frequency range under investigation.

3.4.3 Sampling of the Brillouin zone

As already mentioned in Sec. 2.4, achieving converged results with re-
spect to the sampling of the BZ is a very difficult issue. In particular, we
will show in this section that grids that are appropriate for obtaining a
converged macroscopic dielectric function in the whole frequency range
are not sufficiently dense for derivatives, such as the RI, at least in the
resonance region.

In order to accelerate the convergence of BSE spectra, shifted homo-
geneous meshes are traditionally used. A symmetry-breaking shift al-
lows one to sample more non-equivalent points and therefore leads to
a more representative sampling of the band dispersion: with respect to
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non-shifted meshes, its presence lowers the computational load for an
equivalent convergence criterion.

To ease the discussion, we introduce specific notations. The meshes are
characterized by the number of divisions along each axis of the primi-
tive cell in reciprocal space, namely n1, n2 and n3. For a crystalline cubic
structure these three numbers are taken as equal (n1 = n2 = n3 = nk).
The total number of points inside this mesh is therefore Nk = n1n2n3 =

n3k. All the points of the mesh are shifted by a certain vector character-
ized by three real numbers si between -0.5 and 0.5, s = (s1, s2, s3). This
shift is such that the point (s1/n1, s2/n2, s3/n3) belongs to the shifted
mesh. We use the notation (n1 ×n2 ×n3|s) to refer to such a mesh.

Fig. 12 presents the macroscopic dielectric function (from BSE) for
different grids with increasing number of wavevectors, while Fig. 13

presents the corresponding RI, both with excitonic contributions (BSE),
and without excitonic contributions (IPA). These grids, of size Nk, are
shifted by the vector s = (0.11, 0.21, 0.31) in reciprocal space along a
non-symmetric direction.

As seen in Fig. 12, for the computation of the macroscopic dielectric
function, the oscillations present in the (10 × 10 × 10|s) case are pro-
gressively damped when the density of the mesh is increased and a
(16× 16× 16|s) grid gives converged results.

However, from Fig. 13, we observe that the convergence is much more
difficult for the square of the Raman susceptibility, in the region beyond
3.2 eV (which corresponds to the optical gap). Important features still
change going from (16× 16× 16|s) to (18× 18× 18|s). Interestingly, such
a difficult convergence is present both with and without excitonic con-
tributions, as exemplified by the upper and lower parts of Fig. 13.

With the method of shifted grids, convergence is not achievable be-
yond 3.2 eV, given our computational resources. Indeed, the scaling of
the method with respect to the sampling of the BZ is O(N2k), with Nk the
total number of k-points in the full BZ. With Nk=183, the convergence is
not yet reached.

By contrast, convergence is much better below the gap value. In the
next paragraphs, we first perform an analysis of the convergence for
such frequencies, then turn to the higher-frequency part of the spectrum,
for which we use a multiple-shift technique.

3.4.3.1 The convergence below the band gap

In order to have a quantitative understanding of the convergence in the
low-energy part, we use a Taylor expansion and give coefficients similar



64 raman spectrum calculations from first principles

2 2.5 3 3.5 4 4.5 5

-20

-10

0

10

20

30

40

50

Energy (eV)

101418 16

Dielectric response

Figure 12: Convergence of ε(ω) (BSE) with respect to a traditional homogeneous
sampling of the BZ. A shift s in a non-symmetric direction is used
(see text). The number indicated is nk and the grid is therefore (nk×
nk × nk|s). The imaginary part is given in blue color while the real
part is in orange-red. The full line corresponds to the finest grid that
we have used, with nk=18. Oscillations appear for energies larger
than 3.2 eV, but are damped with increasing nk.
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Figure 13: Convergence of |α|2 with respect to a traditional homogeneous sam-
pling of the BZ for (a) BSE and (b) IPA. A shift along a non-symmetric
direction is used (see text). The number indicated is nk and the grid
is therefore (nk ×nk ×nk|s). The convergence is difficult to achieve
for energies larger than 3.2 eV.
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nk 12 14 16 18

ε0 1.3276 10+1 1.3259 10+1 1.3256 10+1 1.3256 10+1

Cε2 7.7792 10−1 7.7571 10−1 7.7527 10−1 7.7543 10−1

Cε4 5.2340 10−2 5.2084 10−2 5.2020 10−2 5.2030 10−2

Cε6 5.8317 10−3 5.7806 10−3 5.7638 10−3 5.7605 10−3

α0 2.5167 10−2 2.4464 10−2 2.4159 10−2 2.4027 10−2

Cα2 4.8710 10−3 4.7337 10−3 4.6719 10−3 4.6460 10−3

Cα4 5.7303 10−4 5.5503 10−4 5.4689 10−4 5.4347 10−4

Cα6 1.2462 10−4 1.1894 10−4 1.1618 10−4 1.1491 10−4

Table 5: Cauchy coefficients for ε and for α within the BSE framework (see Eqs.
(139) and (140)). The grids used are (nk ×nk ×nk|s).

to the so-called Cauchy coefficients for the macroscopic dielectric func-
tion [113]. Since the function is even with respect to the frequency, we
can expand the absolute value of the Raman tensor and the real part of
the dielectric function with even powers of the frequency

α(ω) = α0 +C
α
2ω

2 +Cα4ω
4 +Cα6ω

6 (139)

<ε(ω) = ε0 +C
ε
2ω

2 +Cε4ω
4 +Cε6ω

6. (140)

The coefficients can be obtained by a least-square fitting of the finite
difference results until 1.5 eV (see Tab. 5).

The results of the fit obtained with this technique are presented in
Fig. 14. The range of validity of this fit goes beyond 2 eV. A fitting above
2 eV leads to an oscillatory behaviour in the very low energy range: the
four-term expansion in Eq. (139) and (140) is not accurate enough to
describe the higher-energy part.

Cauchy coefficients are already well-converged for the 143 grid (within
a few percent for the first and second ones). However, such a fit does not
correctly describe the resonance close to the gap energy.

3.4.3.2 The convergence above the band gap

As mentioned earlier, we analyze the convergence of the RI in both the
BSE case (Fig. 13 (a)) and in the IPA approximation (Fig. 13 (b)). Both IPA

and BSE present similar difficulties to converge the final results. Hence,
we can conclude that the convergence issue is not primarily due to the
building up of the excitons that arises from the off-diagonal couplings,
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Figure 14: Comparison between the absolute value of the Raman tensor ob-
tained from the BSE and IPA, and their Cauchy polynomial fits in the
low-frequency part of the spectrum. Coefficients have been obtained
by fitting the data up to 1.5 eV for a uniformly shifted 18x18x18

k-point grid.

but is already present at the independent-particle level. Why the con-
vergence rate in the case of Raman susceptibility is smaller than in the
macroscopic dielectric function can be understood as follows. The imag-
inary part of the dielectric function, for a given wavevector grid, is made
of numerous broadened Dirac delta contributions, each of which corre-
sponds to one transition from a valence band to a conduction band

= (χ(ω)) =
∑
i

fiδη(ω−∆Ei). (141)

In order for such spectrum to look smooth, the broadening should be
comparable to the typical spacing between delta functions. By contrast,
the frequency-dependent RI is obtained by differentiating the dielectric
function. Hence, the RI evolution corresponds to the superposition of nu-
merous derivatives of broadened delta functions, whose oscillatory char-
acter are much stronger than the broadened Dirac functions

=

(
∂χ(ω)

∂τ

) (
if ∂fi∂τ is small

)
⇒

∑
i

fi
∂∆Ei
∂τ

δ ′η(ω−∆Ei). (142)

This is reflected at the level of the RI. A graphical representation of this
effect is presented in Fig. 15 where a model system with three possible
transitions is used to represent the dielectric function and its derivative.
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Figure 15: Model representation of a fictitious imaginary part of the susceptibil-
ity = (χ(ω)) and its derivative with respect to an external parameter
τ. (a) and (c) Imaginary part of the susceptibility with a numerical
broadening of η = 0.2 and η = 0.6 respectively. (b) and (d) Imag-
inary part of the derivative of the susceptibility with a numerical
broadening of η = 0.2 and η = 0.6 respectively.

Having identified the problem, we use another strategy for sampling
the BZ, that largely reduces the computational burden and memory
requirements. This technique has already been briefly introduced in
Sec. 2.4, and used for comparison with other interpolation techniques.
Here we give a more formal description of the technique using the above-
mentioned notations.

We perform a set of BSE calculations, indexed by the label i, each with
the same number of points in the BZ forming a “coarse" grid, differing
by their shift si

{k}i = (nk ×nk ×nk|si). (143)
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Figure 16: Schematic representation of the sampling of the BZ by a multiple-
shifts technique in 2D, with nk = 4 and ndiv = 2 (see text for no-
tations). One BSE computation is done on each grid (represented by
four different colors in this picture). The final result is obtained by
averaging the n2div = 4 different computations.

The shifts si are chosen in order to obtain an homogeneous sampling
of the subspace between the coarse points

{si} = (ndiv ×ndiv ×ndiv|h), (144)

where ndiv is the number of subdivisions in each direction and h =

(1/2, 1/2, 1/2). A 2D schematic representation is illustrated in Fig. 16.
With this technique, the macroscopic dielectric function is obtained by

averaging the different results computed on the “coarse” grids

εav(ω) =
1

n3div

∑
i

ε(ω| {k}i), (145)

where ε(ω| {k}i) is the macroscopic dielectric function obtained for the
“coarse” computation with the grid {k}i, Eq. (143).

Fig. 17 presents the results obtained with different coarse mesh sam-
plings (different nk), averaging over 64 calculations (ndiv = 4 is kept
constant). Of course, when nk becomes very large, the Raman spectrum
must tend to the same spectrum as without this multiple-shift technique.
But the computational effort is largely reduced. Indeed, the residual fluc-
tuation when going from nk = 14 to nk = 16 can be seen to be rather
small already. In the IPA case, nk = 16with ndiv = 4 corresponds exactly
to a (64× 64× 64|(1/2, 1/2, 1/2)) uniform grid, that would be intractable
in the BSE case. It is worth stressing that in the current method, we can
take advantage of symmetries to reduce the number of “coarse" grid cal-
culations, since some meshes are equivalent. For example, the number
of required computations with ndiv = 4 falls down to 20 for the case
where an atom is displaced and to 10 for the equilibrium position.
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Figure 17: Convergence of |α|2 with respect to the sampling of the Brillouin
zone obtained with the multiple-shift technique. The number indi-
cates nk for the “coarse” sampling of the Brillouin zone in each di-
rection. 64 points are sampled in the subspace between the coarse
points.

3.4.4 Analysis of the theoretical results

In this section, we analyze in more details the importance of excitonic ef-
fects on the Raman spectrum. A comparison between BSE and IPA results
is reported in Fig. 18. Note how the excitonic effects amplify the RI by
more than an order of magnitude in the band gap region. Much smaller
amplifications are observed for low frequencies.

Since the integral of the imaginary part of the dielectric susceptibility
is related to the plasmon frequency ωp (the so-called f-sum rule) [114]∫∞

0

ω ={εij(ω)}dω =
1

2
πω2pδij, (146)

and since ωp does not depend on atomic positions, the integral of the
imaginary part of the Raman susceptibility vanishes∫∞

0

ω ={αij(ω)}dω = 0. (147)

Fig. 19 confirms that this relation is satisfied. On the basis of Eq. (147),
we can see that the difference between the BSE and IPA results for the RI

is due to the lowering of the energy, and the amplification of the main
peak of the imaginary part of the Raman susceptibility.
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Figure 18: Comparison of the frequency evolution of |α|2 (in atomic units) with
Bethe-Salpeter and IPA formalisms. The inset shows the ratio be-
tween the two curves. The ratio goes up to 10 at the level of the
direct band gap (3.2 eV).

In the approximation for which the atomic displacement induces a
global rigid shift of all the conduction bands with respect to all valence
bands, with energy ∆ε = εck − εvk (or, alternatively, if one transition
dominates), the derivative with respect to an atomic displacement is
related to the derivative with respect to frequency by

∂χ

∂τ

∣∣∣∣
ω

≈ ∂χ

∂∆ε

∣∣∣∣
ω

∂∆ε

∂τ
= −

∂χ

∂ω

∣∣∣∣
ω

∂∆ε

∂τ
. (148)

This relation shows that the amplitude of the Raman effect will follow
the variation of the band structure with the atomic displacement [2].

As represented in Fig. 19, this approximation is only valid at the onset
of absorption. In this range of energies, the curves are qualitatively on
top of each other. This shows that the transition corresponding to the
energy gap dominates in this range of energies. For higher energies,
however, this approximation is not valid since each band can contribute
differently from other bands in the Raman susceptibility.
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Figure 19: Comparison of the imaginary part of the Raman susceptibility and
of the derivative of the susceptibility with respect to frequency for
the BSE and for the IPA. These computations are achieved with the
multiple-shift technique for nk = 16 and ndiv = 4.

3.4.5 Comparison with experimental data

Fig. 20 shows the ab initio results for the Raman susceptibility of sil-
icon, and compares these results with the experimental data obtained
by Compaan and Trodahl [104], who measured RI as a function of the
frequency in silicon. In this figure, the theoretical results are obtained
with a scissor value of 0.85 eV that reproduces the experimental gap at
0K (3.4 eV) instead of 0.65 eV, which reproduces the theoretical GW gap
(3.2 eV).

In zinc-blende materials, we also define the Raman polarizability a by

a =
√
µΩ0α (149)

where µ is the reduced mass (in the case of silicon, µ = MSi/2).
In terms of absolute value, the polarizability aBSE = 19.75 Å2 ob-

tained at 1.1 eV compares reasonably well with the experimental data of
23± 4 Å2. The IPA value, aIPA = 15.87 Å2, is further away from the ex-
perimental value. This confirms the need to correctly describe excitonic
effects even for energies well below the gap.

We can distinguish three different regions with different behaviour:
the low-energy (pre-resonance) region, from 2 eV to 3.2 eV, the band-gap
region from 3.2 eV to 3.5 eV and the higher-energy region beyond 3.5 eV.

The Bethe-Salpeter method allows reproduction of the experimental
amplification of the Raman susceptibility with the frequency. Agreement
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Figure 20: Comparison of the theoretical and experimental Raman susceptibil-
ity of silicon. The experimental gap is reproduced by choosing a
scissor value of 0.85 eV. A rigid energy shift of -0.1 eV is applied to
results called “BSE (a)” in order to obtain “BSE (b)”. The vertical val-
ues are given in arbitrary units in Ref. [104]. Therefore, these data
are fitted to BSE and to IPA by means of a multiplicative factor fixed
to pass through the first experimental point.

using this method is significantly better than the agreement obtained by
IPA. In the band-gap region, however, there is a discrepancy between the
theoretical and the experimental maximal Raman susceptibility. The BSE

maximum is nevertheless still closer to the experimental maximum than
the IPA maximum. Moreover, it is important to note that the BSE theo-
retical results obtained in this work are valid only at low temperature,
whereas the experimental data are measured at 300 K. The effect of the
temperature on the absorption spectrum is illustrated in Fig. 21 where
the first absorption peak at 10K is brought to lower energies at 297K,
in agreement with the gap narrowing. On the basis of this observation,
we can expect an improvement in the agreement if temperature effects
are included in the ab initio calculations. As a first approximation, the
effect of temperature on the gap energy can be mimicked by a rigid
shift of the RI curve towards lower energies, as shown in Fig. 20 for data
called “BSE (b)”. With this correction, the agreement is highly improved
in the low-energy part of the Raman susceptibility. The amplification
factor and post-resonance are however not significantly improved. We
attribute the disagreement to the different approximations we have per-
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formed so far, in particular within the BSE framework and the adiabatic
approximation.
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Figure 21: Theoretical (BSE) and experimental absorption spectrum of silicon
for 10 K and for 297 K from Ref. [115].

Our ab initio approach is not able to describe the higher-energy region
as well as the lower-energy region. Without the temperature correction,
the BSE theoretical results underestimate the evolution of intensities in
the pre-resonance region. The inclusion of temperature leads to a partial
improvement in the overall agreement, except for the post-resonance re-
gion. The slope of decrease in the post-resonance region is in agreement
with the experimental slope while the intensity value is underestimated.

The present approach relies on several approximations, whose roles
still need to be analyzed. We have neglected, among others, the phonon
frequency in the adiabatic approach, the quadratic response with respect
to atomic displacements, the self-consistency with the GW approxima-
tion, the non-Hermitian coupling within BSE, the frequency dependence
of the BSE hamiltonian, and indirect transitions. Calculations including
all these effects would require computational resources unavailable to us
at present. In addition, apart from a rigid shift of the results in energy,
temperature effects induced by phonons have been mostly neglected
(the experimental data have been obtained at room temperature). We
will analyze these effects later in this thesis, in Chap. 5.

Despite all these effects, in all regions, the BSE results are in better
agreement with experimental data than the IPA results. This clearly indi-
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cates the importance of excitonic effects for an accurate ab initio descrip-
tion of Raman spectra.

Note also that silicon might possess specific characteristics that induce
the good agreement here observed with the present method and associ-
ated approximations. Such a good agreement might not be observed for
materials with different characteristics, like a lower crystalline symme-
try, the presence of stronger spin-orbit coupling, the presence of some
ionicity, the presence of multiple types of atoms, etc ...

3.4.6 Summary

A technique for the ab initio study of the resonant RI has been proposed,
and applied to silicon. The technique relies on finite differences of the
macroscopic dielectric function evaluated for distorted geometries, and
includes excitonic effects by solving the Bethe-Salpeter equation. We
found that convergence of the Raman spectrum with respect to the num-
ber of wavevectors used to sample the BZ is problematic. To tackle this
problem, we described a multiple-shift averaging process that signifi-
cantly improves convergence while keeping computational effort at a
reasonable level.

The Bethe-Salpeter results are in better agreement with experimental
results than those results obtained without excitonic effects (IPA). For
laser energies in the band-gap region or lower, the agreement is excel-
lent if one takes into account the small rigid shift that is needed to align
the first peak of the theoretical dielectric absorption, as well as the ex-
perimental shift for the same temperature as the Raman spectrum. The
agreement is still not perfect however in the high-energy region. This
may be attributed to many effects, to be examined in future works.

Temperature effects will be analyzed later in Chap. 5, where, in par-
ticular, frequency-dependent Raman intensities of silicon are computed
taking into account temperature-dependent band structure.

3.5 second-order raman of silicon

First-order Raman scattering, in which only one phonon is emitted or
absorbed, yields information on vibrations with very low crystalline
momentum, due to the negligible momentum of light. Extracting infor-
mation on phonon frequencies from the first-order spectrum is straight-
forward, as clear selection rules govern the appearance or extinction of
usually well-isolated peaks. In contrast, second-order Raman processes
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exhibit features coming from different crystalline momenta, potentially
from the entire BZ, with the only constraint of negligible momentum of
the phonon pairs involved in the two-phonon process. They are more
complex and, hence, more difficult to interpret.

The resonance phenomenon appears independently of the number of
emitted phonons, and thus, also for second-order Raman scattering. A
prototypical example of resonant second-order Raman spectra is pre-
sented in Fig. 22. It shows the experimental frequency-dependent Ra-
man spectra of silicon between 900 and 1050 cm−1, as measured by
Renucci and coworkers [99]. The spectra are characterized by signifi-
cant variations in intensity depending on the frequency of the incoming
light, even for frequencies corresponding to energies smaller than the
direct gap of 3.2 eV. Such resonance effects are allowed in second-order
Raman processes, due to indirect transitions between electronic states
that are caused by phonons of finite wavevector. Hence, it is clear that
multi-phonon processes beyond first order are crucial. Below, we will
show that all the features can be well interpreted by our first-principles
theoretical approach.
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Figure 22: Experimental (left, taken from Ref. [99]) and theoretical (right)
second-order Raman spectra of silicon, between 900 and 1050 cm−1,
for different excitation energies between 1.17 eV and 3.41 eV, nor-
malized to their maximal values. For clarity, the curves are shifted
with respect to each other (the lowest excitation energy at the bot-
tom). Theoretical results have been obtained in the IPA and in the BSE

formalism.

As described in the previous sections, we have recently included ex-
citonic effects from first principles in first-order resonant Raman scat-
tering. Excitonic effects were clearly observed in the absolute intensity
enhancement, and proved crucial to obtain good agreement with exper-
imental data.
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In this section, we address the even more challenging computation
of second-order resonant Raman scattering, including exciton-phonon
coupling. Even by today standards, the computational load is quite
formidable. We compute the ingredients using state-of-the-art methodol-
ogy (DFPT and BSE), while also showing the adequacy of the simplifying
“overtone” approximation. Applying it to the case of Si, we not only re-
produce the above described experimental data, but give insight into the
origin of the spectral features, and explore the role of excitonic effects
on the Raman intensities.

3.5.1 Results

We first describe the normalized intensities for Raman shifts in the 900-
1100 cm−1 range. Such results are presented in the right panel of Fig. 22.
On both levels of theory, IPA and BSE, the evolution of the intensity of
the Raman shift with increasing light frequency (or photon excitation
energy) follows very closely the experimental data. While most of the
spectral weight is localized around 950 cm−1 for the lowest excitation
energy of 1.17 eV, the shoulder below 1000 cm−1 is getting more pro-
nounced with increasing excitation energy and starts to dominate above
2.4 eV. A third peak around 1030 cm−1 that is hardly visible in the bot-
tom curves, is particularly pronounced only for the highest excitation
energy of 3.41 eV. In excellent agreement with experiment, its intensity
is nearly the same as the peak at 950 cm−1, and somewhat lower than
the one at 980 cm−1.

Second, we examine the integrated intensities. Fig. 23 shows a com-
parison between the IPA and the BSE absolute intensity, divided by
(ωL −ωR)

4,5 integrated over the range between 900 and 1100 cm−1, as a
function of the excitation energy. Even if in this range of frequencies the
relative intensities computed in the two formalisms are very similar as
shown in Fig. 22, their absolute intensities differ by a factor 5 for excita-
tion energies around 3 eV, as exhibited in the inset of the Fig. 23. Clearly,
excitonic effects are important, which will be analyzed in the Discussion
section.

The Raman spectrum in a broader range of Raman shifts is also ob-
tained. In addition to the enhancement of the absolute intensity, similar

5 The (ωL −ωR)
4 factor is present also in the Raman spectrum of reference wide-band

gap materials, like CaF2, to which the comparison is made in order to establish the
absolute intensity. Hence, it can be discarded. Other factors are expected to be constant
in wide band-gap materials.
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Figure 23: Integrated intensities of BSE and IPA spectra over Raman shifts rang-
ing from 900 cm−1 to 1050 cm−1, as a function of the excitation
energy  hωL. The (ωL −ωR)

4 prefactor, see Eq. (111) has not been
included, and the spectrum has been renormalized with respect to
the value at  hωL = 1.0 eV. Note the logarithmic scale of the intensity.
The inset shows the ratio between integrated intensities obtained by
the IPA and the BSE.

to the one shown in Fig. 23, Fig. 24 shows that the use of the BSE, that
is, the inclusion of exciton-phonon coupling, results in a pronounced
intensity increase in the part of the Raman spectrum between 600 and
900 cm−1, especially for excitation energies between 2 and 3 eV. This
additional excitonic effect will also be discussed later.

In order to compute these results, we have made the approximation
that the second-order contribution to Raman spectrum is dominated by
the emission of two phonons that are connected by time-reversal symme-
try: same frequency, and time-reversed collective eigendisplacement and
momentum. From a group-theoretical point of view, derivatives with
respect to such phonon pairs will always be active and contribute to
the fully symmetric component of the spectrum [3]. However, group-
theoretical arguments do not insure the vanishing of other contributions
for arbitrary phonon wavevectors. While this approximation is justified
a posteriori by the agreement show in Fig. 22, it has been nevertheless
possible to theoretically examine its validity, in the specific case of van-
ishing excitation energy. We tested this approximation by computing the
second-order derivatives of the dielectric constant obtained within DFPT,
where the electric field is used as a perturbation [8]. In this approach, the
excitation energy vanishes, but unlike in the IPA, the local-field effects are
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Figure 24: Second-order Raman spectra calculated within the IPA (top) and the
BSE (bottom) for several excitation energies  hωL. Each spectrum is
normalized with respect to its highest value, as in Fig. 22.

taken into account, which makes its level of sophistication intermediate
between IPA and BSE. Fig. 25 shows the dominance of the derivatives by
the overtone pair of modes (by around one order of magnitude with re-
spect to other contributions in the worst case), which fully justifies our
approach. This “overtone” approximation was a crucial step in making
the BSE computation tractable, and such be able to treat excitonic effects.
The validity of the “overtone” approximation is thus another significant
result of our work.

3.5.2 Discussion

Our first-principles theory can provide insight into the origin of the fea-
tures seen in Fig. 22, and then can shed light on the underlying physics,
especially the role of excitonic effects. As a reminder, the intensity S is
given by Eq. (122). The tensorial nature of S (α and β referring to the
polarization of incoming and outgoing light) will not play an important
role in our discussion. Apart from prefactors, the Raman intensity is
essentially obtained by summing contributions from all phonons, char-
acterized by their momentum q and branch index m. Such contributions
are products of the change of the dielectric response ε due to each phonon
and its time-reversed homolog, by a function that depends only on the
phonon frequency ωm(q) and a Dirac-delta, that expresses the conserva-
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Figure 25: Raman spectrum obtained by differentiating the dielectric constant
(at  hωL = 0) obtained within density-functional perturbation theory.
“Full” means that the emission of all possible phonon pairs are con-
sidered in the calculation, while for the “overtone” graph, only the
emission of time-reversed phonon pairs are taken into account.

tion of energy. More detail on the evaluation of the intensity is provided
in Sec. 3.5.3, such as the description of dielectric response calculations,
with or without excitonic effects.

In Eq. (122), the Dirac-delta function, integrand of the two-phonon
density of states

g2DOS(ωR) =
1

Nq

∑
mq

δ(ωR − 2ωm(q)) (150)

is actually weighted by a function of the phonon mode and excitation
energy. One can expect such weighting factor to be a reasonably smooth
function of the wavevector q. By contrast, the Dirac-delta function of
Eq. (150) needs to be properly integrated throughout the BZ. It induces
van Hove singularities, that dominate the overall shape of the spectrum.

The second-order Raman scattering intensity can thus be decomposed
into contributions coming from different points of the BZ. This is shown
in Fig. 26, where the evolution of the diagonal component of the IPA Ra-
man spectrum with respect to the excitation energy is depicted for eight
characteristic wavevectors in the BZ. In this framework, ‘optical’ transi-
tions between different electronic wavevectors, i.e., between k and k+ q
with non-zero q are forbidden in the equilibrium structure. The phonon
vibrations, however, may change some of these transitions from forbid-
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den to allowed, giving rise to non-zero momentum matrix elements,
thus leading to finite second-order derivatives of the dielectric function
with respect to the phonon displacement. As a reference, the electronic
and phononic band structures are shown in Fig. 27, along with the one-
phonon density of states (related to the two-phonon density of state
given in Eq. (150), by a simple scaling of the phonon frequency axis).
As shown in Fig. 27 (b), at the X point, the highest phonon frequency
is about 470 cm−1, twice this value being 940 cm−1; the electronic res-
onance energy is 1.24 eV. At the L point, twice the highest phonon fre-
quency is slightly larger around 1000 cm−1, with a resonance at 2.14 eV.
Likewise, for the Γ point, the corresponding values are 1040 cm−1 and
3.2 eV. From a careful inspection of Fig. 26, we can conclude that the
peak structures in Fig. 22 are related to these resonances. To highlight
their behavior as a function of the excitation energy, we plot in Fig. 28

the second derivatives of the dielectric function at various points of the
BZ. At the X point, it shows a clear maximum at the energy of the indi-
rect band gap. The four curves related to the L point do not peak at their
resonance frequency, but increase with excitation energy, with a reduced
rate above 2 eV. The curve at Γ grows unabated even beyond 3.0 eV. From
such different characteristics, one can also conclude that the two-phonon
density of states alone is not sufficient to describe second-order Raman
spectra in general, and even more so in resonance condition.

To assess the impact of excitonic effects, we have performed the corre-
sponding calculations with the derivatives of the dielectric function for
phonon wavevectors Γ , X, and L obtained by solving the BSE. A compar-
ison with the IPA results is given in Fig. 29, where we emphasize the
logarithmic scale of the vertical axis. The corresponding Raman spectra
obtained for several excitation energies are presented in Fig. 24. As a gen-
eral trend, the ratio between the BSE and IPA intensities (highlighted in
the inset) increases with the excitation energy, exhibiting a maximum at
the direct band gap. This effect is similar to the first-order enhancement
effect reported in Ref. [81]. A very strong excitonic effect can be observed
between 2 and 3 eV for the third and fourth mode of the L point, as de-
picted in Fig. 29 for the latter. It can be explained by the presence of
bound exciton states (inside the gap) with finite momentum [116] that
become visible at second order due to the presence of finite-momentum
phonons. The ratio between BSE and IPA results dramatically increases
in this energy range due to the changed onset of the second-order re-
sponse. The other L-point modes, around 100 and 500 cm−1, do not
exhibit strong coupling with excitons. Overall, exciton-phonon coupling
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Figure 26: Diagonal component of the second-order Raman spectrum obtained
in the IPA (blue lines), and its wavevector decomposition for four
different excitation energies  hωL: 1.58 eV, 1.96 eV, 2.33 eV and 2.80

eV. Eight q wavevectors are considered, in reduced coordinates:
Γ = (0, 0, 0), L = (1/2, 1/2, 1/2), X = (1/2, 1/2, 0), W = (1/4, 1/2, 3/4),
(1) = (1/4, 1/4, 0), (2) = (1/2, 1/4, 0), (3) = (−1/4, 1/4, 0), (4) =

(1/4, 1/4, 1/4). The two-phonon density of states is also represented
for sake of comparison (red lines).
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Figure 27: (a) Electronic Kohn-Sham band structure of silicon, with a scissor
shift of 0.65 eV for the conduction bands. Possible direct transitions
at Γ and indirect transitions from Γ to X and from Γ to L are indicated
by the green, red, and blue arrows, respectively. (b) Phonon band
structure and (c) phonon density of states.

results in a pronounced intensity increase in the part of the Raman spec-
trum which is dominated by L modes, for excitation energies between
2 and 3 eV and Raman shifts between 600 and 900 cm−1 (Fig. 24). This
result is a central outcome of the present work.

For the other modes, indirect transitions appear less important for the
resonance behavior than direct transitions. For example, in the regions
around 1000 and 1200 cm−1, all the intensities increase with energy with
a similar rate. Since the relative intensities are well reproduced within
the IPA, this explains why the IPA spectra in this range are in already
quite good agreement with experiment (see Fig. 22 for a comparison
between IPA and BSE in this range). On the other hand, an accurate de-
scription of absolute intensities requires the inclusion of excitonic effects
as they lead to changes of one order of magnitude for excitation energies
of around 3 eV, as already shown in Fig. 23.
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while “qm+n” represents the sum of the corresponding derivatives
of the degenerate branchesm and n at this point. The electronic tran-
sition thresholds for X (1.24 eV) and L (2.14 eV) are also indicated.

3.5.3 Methods

The methodology we use in this section for second-order Raman scatter-
ing is presented in Sec. 3.3.2. The different approximations and numer-
ical techniques detailed in Sec. 3.3.3 are used to decrease the computa-
tional load.

The corresponding grid parameters are now described, as well as
other computational details. We use the ABINIT package [86, 87], with
Troullier-Martin pseudopotentials.6 Relaxed cell parameters of 10.20 Bohr
are used with cut-off values for the wavefunctions of 8 Hartree. The DFPT

phonons displacements and frequencies are interpolated from a coarse
Γ -centered phonon grid of 8× 8× 8 to a non-shifted 70× 70× 70mesh, to
obtain the phonon density of states, following Ref. [8], while a 4-times
shifted 8× 8× 8 sampling is used for the electrons.

6 Available from the ABINIT package, http://www.abinit.org

http://www.abinit.org
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Figure 29: Second derivatives of the dielectric function with respect to the exci-
tation energy for the highest-energy modes at Γ , X and L as well as
the fourth mode at the L point. The inset shows the ratio between
the BSE and the IPA results.

When simulated in the IPA (without local-fields effects) [117, 118],
the dielectric function is evaluated for different supercells correspond-
ing to a non-shifted 4 × 4 × 4 phonon wavevector grid (containing 64

wavevectors), while for the electronic states, the equivalent of a centered
24× 24× 24 grid for the primitive cell is used. In the supercell case, the
BZ is folded, and the integration grid adapted accordingly. The conver-
gence has been checked on the final Raman spectrum with respect to a
4-times shifted 2× 2× 2 centered phonon wavevector grid (containing
32 wavevectors). A scissor operator of 0.65 eV is applied on top of the
Kohn-Sham eigenvalues to mimic the opening of the gap by GW.

In order to assess the importance of excitonic effects, we have per-
formed BSE calculations of the derivatives of the dielectric function for
phonons with Γ , X and L wavevectors (corresponding to a 2× 2× 2 Γ -
centered grid). Dielectric functions obtained on 12 × 12 × 12 wavevec-
tors in the BZ have been averaged following the technique described in
Ref. [81] to reach samplings equivalent to 24× 24× 24. 3 valence bands
and 6 conduction bands were used for the primitive cells, their numbers
being increased proportionally with the number of atoms in the super-
cells. The model dielectric function described in Ref. [76] with ε∞ = 12

has been used to calculate the screening matrix elements. A cut-off en-
ergy of 4 Ha is used to describe the screening matrix in reciprocal space.



3.6 conclusions 85

In order to present a Raman spectrum obtained with a sufficient num-
ber of phonon frequencies, we have interpolated the ratio between BSE

and IPA intensities towards a non-shifted 4× 4× 4 k-point grid with a
trilinear interpolation in reduced coordinates and used these ratios to
correct the IPA intensities.

3.5.4 Summary

Thanks to the methodology presented in this chapter, that combines
frozen-phonon supercell calculations of dielectric functions and their
derivatives with phonon spectra from density-functional perturbation
theory, we have been able to compute frequency-dependent second-order
Raman spectra. We have applied our approach to the computation of
the second-order Raman intensities of silicon for a series of excitation
energies. We not only reach excellent agreement with measured spectra
[99] but provide insight into the resonance behavior through analysis in
terms of electronic structure and contributions from phonons at different
points of the BZ. Excitonic effects turn out to be crucial to determine abso-
lute Raman intensities as already found for the first-order scattering [81].
Moreover, we have shown that strong excitonic effects may also appear
selectively for some vibrational modes of different phonon wavevectors,
modifying the relative intensities of different peaks. Our approach leads
to a deeper understanding of the physics involved in second-order Ra-
man processes and facilitates the interpretation of experimental results.
While in this section we have focused on silicon—a simple but prototyp-
ical material—our methodology is generally applicable to a broad range
of materials.

3.6 conclusions

In this chapter, we have presented the formalism and the methodology
we propose for the evaluation of frequency-dependent Raman intensi-
ties. We have started by recalling the phonon eigenvalue problem to
be solved and then we have presented the equations to evaluate Ra-
man intensities at first and second-order. After discussions on the prac-
tical implementations relying on the frozen-phonon method and the
harmonic approximations, the approach is validated for first-order and
second-order Raman spectra of silicon. In both cases, excitonic effects are
shown to be crucial for absolute intensities. Even if relative changes in
second-order Raman spectra are globally well-described within IPA, we
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have additionally shown specific exciton-phonon coupling for particular
phonon modes.

In the next chapter, this methodology is applied to different materials.



4
F R E Q U E N C Y- D E P E N D E N T R A M A N I N T E N S I T I E S O F
S E L E C T E D S E M I C O N D U C T O R S

In the previous chapters, we have detailed how to compute optical prop-
erties and Raman intensities from the derivatives of the dielectric func-
tion. In this chapter, we apply these methodologies to the Raman in-
tensities of two different classes of materials. In Sec. 4.1, we consider
zinc-blende structures, similar to silicon, but with two different atoms
per unit cell. Sec. 4.2 presents a different case study: 2D monolayer
transition-metal dichalcogenides. The content of Sec. 4.2 has been pub-
lished as Ref. [48].

4.1 raman scattering of zinc-blende polar materials

In this section, we study the Raman intensities in cubic silicon carbide
(SiC) and gallium arsenide (GaAs) in the zinc-blende structure.

Both SiC and GaAs are polar materials and, as a consequence, the
coupling with the electric field generated by the LO phonon modes must
be taken into account.

The numerical parameters used for the computations are presented in
Sec. 4.1.3. An additional note on LO intensities is presented in Sec. 4.1.4.

4.1.1 SiC

Silicon carbide is composed of silicon and carbon atoms with very strong
covalent bonds. It is therefore very hard and strong. It is used daily as an
abrasive and resists very well to high temperatures. Electroluminescence
was discovered for this material by Round in 1907 [119] but it has been
superseded later by gallium nitride because of its higher efficiency.

Our theoretical lattice parameter of 8.14 Bohr can be compared with
other ab initio parameter ranging from 8.14 Bohr [120] to 8.21 Bohr [121,
122] and with the experimental measurement of 8.24 Bohr [123].

In terms of vibrational properties, the calculated TO frequency of SiC
is 798 cm−1 and the LO one is 979 cm−1. This is in reasonable agreement
with other ab initio calculations as 779.2 cm−1 / 952.8 cm−1 [121] and
in excellent agreement with experimental measurements of 794.2 cm−1 /

87
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Figure 30: GW band structure of SiC obtained on a 8× 8× 8 k-point sampling,
cut-off energies of 30 Ha for the wavefunctions and 8 Ha for the
screening. A set of 150 bands has been used to compute the screening
part. The GW corrections have been interpolated in energy space for
the band structure plot.

972.7 cm−1 obtained in Ref. [124]. The Born effective charges are 2.73 and
−2.73 for Si and C respectively. The dielectric tensor is diagonal and has
a value ε∞ = 6.83 and ε0 = 10.29 when computed with DFPT (without
including any scissor shift). This can be compared with ab initio values
of ε∞ = 7.02 and ε0 = 10.49 [125] and experimental values of ε∞ = 6.52
and ε0 = 9.72 [126].

Our GW band structure for SiC, presented in Fig. 30, is in good agree-
ment with previous results published in Ref. [127]. The indirect gap of
2.26 eV is much smaller than the direct gap of 5.7 eV. These values com-
pare reasonably well with the experimental values of 2.42 eV [128] and
6 eV [129].

The Bethe-Salpeter macroscopic dielectric function of SiC, presented
in Fig. 31, is in good agreement with BSE spectra available in Ref. [39].
The dielectric constant, within BSE, is ε∞ = 7.2. This value, which is
too high compared to experiments, can be induced by the scissor-shift
approximation or the model dielectric function (see Sec. 4.1.3 for more
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detail). A full BSE calculation on top of GW corrected energies with an
explicit RPA screening calculation may lead to a better description of this
value.

The TO intensities are obtained via finite differences of the BSE dielec-
tric function following the same approach used for silicon. The evolu-
tion of the square of the Raman tensor |α|2 as a function of the laser
frequency is presented in Fig. 32, using different grids of k-points with
the multiple-shift technique described in Sec. 3.4. In this material, the Ra-
man enhancement profile shows three peaks at 5.3 eV, 7.4 eV and 8.9 eV.
The first peak is a bit below the direct gap at X, the other correspond to
other direct transitions like the Γ − Γ transition for the second peak and
the second direct gap at X for the third peak.

For a complete picture of the Raman spectrum, one needs to sum
two contributions: the derivative of the dielectric function with respect
to atomic displacements (TO intensities) and the LEO susceptibilities for
the contribution due to the electric field of polar modes (only for LO
intensities).

Second Harmonic Generation (SHG) and LEO susceptibilities are shown
in Fig. 33. As expected, the SHG shows an onset from energies located at
half of the direct gap, which is why it allows for frequency-doubling ap-
plications. The LEO susceptibility increases only starting from the direct
gap.

Combining the results shown in Figs. 32 and 33, we obtain the evo-
lution of the LO and the TO peaks for light propagating in the [111]
direction with respect to the laser frequency displayed in Fig. 34. In this
figure, we also compare with experimental measurements obtained by
Ref. [130].

The behavior with respect to the laser frequency at the level of BSE

agrees very well with experimental measurements. The remaining small
deviation might be due to the IPA formalism used for the LEO that lacks
of excitonic effects. However, at the level of IPA, because of the smaller
derivatives of the dielectric function, the LO term dominates and yields
bad agreement with experiments. This can be observed in Fig. 35, where
the LO atomic derivatives are decomposed following Eq. (117). This
clearly shows the importance of excitonic effects in the Raman inten-
sities of SiC.

There are experimental measurements for frequencies well below the
electronic transitions. After these transitions, we observe an enhance-
ment of the ILO/ITO ratio, due to the LEO term.
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Figure 34: Intensities for TO and LO Raman peaks of SiC for parallel configu-
ration, with light propagating in the [111] direction in the BSE and
IPA framework. The intensity is obtained with formula (105). Upper
panel: absolute intensities of TO (solid lines) and LO (dashed lines)
modes. Lower panel: ratio of LO and TO intensities in BSE and IPA

and comparison with experiments (points) obtained by Ref. [130].
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4.1.2 GaAs

Gallium Arsenide is a well-known material, used for its opto-electronic
properties because of its direct band gap. In this section, we are going to
analyze the resonance effect on the Raman spectrum of GaAs.

The relaxed lattice parameter of GaAs is 10.58 Bohr [122, 131], that
gives a Kohn-Sham direct band gap of 0.49 eV. This gap has to be com-
pared with the experimental band gap of 1.519 eV at 0K [132] (1.429 eV
at room temperature [133]).

As Spin-orbit coupling (SOC) is not available in the current version of
ABINIT for BSE calculations, we have chosen to work without SOC for
all this study. Effect of SOC on the dynamical properties and the lattice
parameters is rather small, as observed in App. D. It should be noted
that the split-off energy is nevertheless neglected.

Within DFPT, the TO frequency of GaAs is 269 cm−1 and the LO fre-
quency is 286 cm−1, in reasonable agreement with other ab initio re-
sults (270.65 cm−1/289.55 cm−1) [134] and experimental measurements
(267.3 cm−1/285.0 cm−1) [135]. The Born effective charge (BEC) of GaAs
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are 2.06 and −2.06 for Ga and As respectively. The dielectric tensor is
diagonal and has a value ε∞ = 13.95 and ε0 = 15.76 predicted by DFPT,
to be compared with 12.302 and 14.08 [134], also in poor agreement with
experimental measurements of 10.89 and 12.9 [136].

Starting from the BSE dielectric function (see Fig. 8, Sec. 2.4), we can
compute the resonant RI. The BSE dielectric constant ε∞ is 12.0 for a
10 × 10 × 10 multiple-shifted k-point grid, showing the importance of
excitonic effect to obtain good agreement of the dielectric constant ε∞
measured in experiments. The evolution of the RI with respect to the
laser frequency is presented in Fig. 36. The experimental measurements
of the enhancement is also reproduced in Fig. 36b. The main effect is
in agreement with measurements, showing two main resonance peaks
below 1.5 eV and 3.0 eV. The secondary peak at 1.8 eV, corresponding to
the energy E0 +∆, with ∆ the split-off energy, is not reproduced in our
calculations as SOC is not included. The difference between BSE and IPA

in Fig. 36b is mainly due from the shift in the position of the peaks, as
the intensities are renormalized so that the minimum is one. We believe
the agreement of IPA results with experimental measurements for the
first peak is quite fortuitious as SOC is not included in the calculations
and the evolution of the intensities at higher laser frequencies is in any
case worse than BSE. As in the case of silicon, temperature effects are
not included in our calculations, while experimental measurements are
corrected by shifting photon energies as referred to room temperature in
Ref. [137]. Therefore, further investigation with temperature effects and
SOC would be required to improve the agreement with experiments.

The LEO susceptibility is presented in Fig. 37 along with SHG calcu-
lations. They are in very good agreement with low-frequency data pre-
sented in Ref. [138]. Note that because of the double poles at transition
energies in the LEO expressions (see App. B), the frequency dependence
of the susceptibility oscillates a lot and is very sensitive to the BZ sam-
pling.

In the same spirit as for SiC, we have computed the TO and LO in-
tensities for GaAs including BSE and IPA derivatives for the TO intensity
and LEO susceptibilities computed in the IPA. The results are shown in
Fig. 38. Note that the convergence is very difficult for energies higher
than 1.5 eV. Nevertheless, the trend is clear: as in the case of SiC, the
LO intensity tends to decrease with increasing excitation energy, up to
the first direct transitions where it shows a large increase. In the case of
GaAs, however, excitonic effects are less marked for the relative intensi-
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Figure 36: (a) Convergence of the RI |α|2 for the TO phonon of GaAs in BSE with
respect to the BZ sampling for a coarse grid sampling of 10x10x10

points used with different multiple shifts sub-grids with ndiv =4 or
10. (b) Comparison of our results (BSE and IPA) with experimental
measurements (Exp) extracted from Ref. [137]. The curves are nor-
malized such as the minimum of the intensity is set to one.
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Figure 37: SHG and LEO susceptibilities of GaAs. The number refers to the nu-
merical broadening (in eV) used to shift the poles in the denomina-
tor.

ties. Indeed, the shape of the curve is quite similar for BSE and IPA apart
from a shift in the energy range.

4.1.3 Numerical parameters

4.1.3.1 SiC

The DFPT calculations on SiC have been performed with a cut-off en-
ergy of 32 Ha and a four-times shifted 6× 6× 6 k-point grid with FHI
pseudopotentials.1

In order to mimic the GW gap opening on top of the LDA gap of
1.36 eV in our optical properties calculations, we have used a scissor
shift of 0.9 eV, toward the indirect band gap of 2.26 eV. The direct gap in
our calculations is therefore 5.5 eV.

The BSE dielectric function has been obtained using the multiple-shift
technique presented in Sec. 3.4, with 3 valence bands and 6 conduction
bands. The model dielectric function presented in Ref. [76] has been
used to model the screening with a dielectric parameter of 6.5.

The SHG and the LEO susceptibilities have been computed in the IPA for
SiC. The same parameters as for DFPT have been used along with the scis-
sor shift approximation, 24 bands, and a four-times shifted 32× 32× 32
k-point grid.

1 Only last shell s2 and p2 electrons are considered as valence electrons for Si and C.
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Figure 38: Intensities for TO and LO peaks of Raman spectrum of GaAs for
parallel configuration, with light propagating in the [111] direction.
The intensity is obtained with formula (105). Upper panel: absolute
intensities of TO (solid lines) and LO (dashed lines) modes. Lower
panel: ratio of LO and TO intensities in BSE and IPA.
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4.1.3.2 GaAs

A study of the effect of pseudopotentials on the lattice parameters, dy-
namical properties and electronic band structure of GaAs is presented
in App. D. From this study, we have chosen to work with ONCVPSP
pseudopotentials with LDA functional.2 A cut-off energy of 42 Ha and a
8× 8× 8 k-point grid have been used to simulate the properties of this
material.

BSE calculations have been performed with a scissor shift of 1.0 eV, that
yields a direct band gap of 1.49 eV. 3 valence bands and 6 conduction
bands are included in the BSE transition basis set. The model dielectric
function with a dielectric constant of 10 has been used.

The second-order susceptibilities have been evaluated with 40 bands
on a four-times shifted 24×24×24 k-point grid. This grid still leads to
oscillations especially for the LEO susceptibility. A numerical broadening
of 0.2 eV has been used to obtain smoother data for Raman intensities.

4.1.4 Note on LO intensities

Before ending this section, one needs to discuss experimental measure-
ment of LO intensities.

Starting from a Frölich Hamiltonian, as done in Ref. [139], the electron-
phonon matrix elements that play a role in the quantum-mechanical for-
mulation of the intensities of LO modes are composed of two terms [139]〈

j
∣∣Heph∣∣ l〉 = CF [〈j ∣∣∣∣q.p

|q|

∣∣∣∣ l〉 (1− δjl) +
δjl

|q|

]
(151)

where CF is the Frölich constant, determined from the LO frequency and
dielectric constants. The first term is giving rise to the electro-optic term
already presented in Sec. 3.2. The second term actually tends to 0 in the
dipole limit and should be therefore “forbidden”.

In practice, however, Raman measurements are done with very small
but finite value of wavevectors of phonons. The second term therefore
never disappears totally. This term is strongly resonant for particular crit-
ical points of the band structure and can even lead to higher scattering
rates than electro-optic or TO intensities, very close to resonance [139].
These terms are unfortunately not captured by our methodology. This
prevents direct comparison of our results with LO vs TO intensities pro-
duced by Trommer [137] at the vicinity of the gaps.

2 Semi-core electrons are included for Ga and As, i.e. 3d104s2 and 4p electrons are con-
sidered as valence electrons
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Nevertheless, as these terms are only important very close to critical
points, we believe our approach is sound for the whole range of fre-
quency except very close to resonances, where the adiabatic approach is
anyway not valid anymore [139].

4.2 exciton-phonon coupling in 2d materials : the case of

dichalcogenides

The field of two-dimensional (2D) materials has grown incredibly fast
due to the fascinating and outstanding physical properties of these atom-
thick layers. In particular, 2D TMD have been placed at the center of the
stage along with graphene, MoS2 being the most representative proto-
type [140]. Furthermore, monolayers of semiconducting TMD are very
attractive for the development of novel applications in optics, optoelec-
tronics, and magneto-optoelectronics [141–143]. However, before any of
these far-reaching applications can be unambiguously targeted, proper
characterization and clear understanding of their properties, particu-
larly of the coupling between different physical phenomena (e.g., elec-
tronic and optical, optical and vibrational, or the three of them), must
be achieved.

Concerning the electronic structure of these systems, monolayered
WS2 and WSe2 exhibit a direct band gap at the corners of the BZ (k-
points K and K ′) [144]. This is in contrast with their bulk counterpart,
where the smallest gap is indirect between k-points K and Λ (K-M) [144,
145]. Another unique aspect of the electronic structure of this material is
the significant SOC that lifts the degeneracy at the K and K ′ points, thus
leading to a large splitting of the valence band of ca. 400 and 450 meV
for WS2 and WSe2, respectively [144].

The weak dielectric screening of the Coulomb interaction is responsi-
ble for a strong exciton binding energy and, therefore, excitonic states
dominate the absorption spectrum of these systems [146, 147]. For WS2,
the absorption spectra is characterized by three excitonic states com-
monly labeled as XA, XB, and XC with absorption peaks at ca. 2.0, 2.4,
and 2.8 eV, respectively [146–148]. The XA and XB peaks are associated
with the first (1s) excitation of the direct band transition at K with their
difference in energy (|E(XA) − E(XB)|) directly related to the SOC split-
ting. XC is often attributed to practically degenerate transitions near Γ .
Recent measurements of the electronic gap yield exciton binding ener-
gies of 0.7 eV for the XA and XB and 1.3 eV for XC [149]. Concerning the
binding energy for XA and XB, some controversy can be found in the
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literature, and an alternative value of 0.32 eV has been reported [146].
In addition, higher orders in the excitonic Rydberg series of XA and XB

have been identified in differential reflection experiments, with the most
prominent higher order excitation of XA (XA(2s)) located at 2.18 eV [146,
148]. Qualitatively, WSe2 monolayers are very similar with values of ca.
1.7, 2.1, and 2.4 eV for the XA, XB, and XC, respectively [147, 150]. Higher
order 2s excitations have been found at 1.8 and 2.3 eV for XA(2s) and
XB(2s) excitons, respectively [150].

Monolayered 2H-TMD of WS2 and WSe2 form 2D crystals with a
sandwich-like structure composed of three triangular sublattices, where
the metal sits in one sublattice between the chalcogens forming two op-
posed tetrahedrons arranged in such a way that they all form a hexag-
onal network when viewed from the top (see Fig. 39). Both systems be-
long to the same symmetry point group, D

3h, and exhibit a total of nine
phonon branches. Three zone-center modes (q = 0) are Raman active
and belong to the A ′1, E ′, and E ′′ representations [151]. However, in the
back-scattering geometry where the incident light direction is perpen-
dicular to the basal plane only two Raman active first order bands are
observed, labeled A ′1 and E ′ bands. Along with the first-order Raman ac-
tive modes, a number of features have been identified in the spectrum of
WS2 and WSe2 which are associated with second-order processes, such
as combinations or overtones of phonons with finite wavevectors (q 6= 0)
usually located at the corners and edges of the BZ. These second-order
features were already observed in bulk TMD [152] but only recently a
detailed explanation of their origin was proposed for monolayer WS2
and MoS2 [145, 153].

Raman spectroscopy was shown to play a key role in the identification
of 2D materials; for example, it can be used to distinguish and identify
the number of layers in graphene and TMD [44, 155–157]. Moreover, as
mentioned, TMD containing Mo or W and S or Se display a direct to
indirect band gap transition when going from the monolayer towards
the bulk [158], thus affecting the resonant Raman conditions [44, 45,
145, 159–161]. However, the analysis of the Raman and resonant Ra-
man response of these materials offers more information that needs
to be understood, because light scattering due to phonons reveals ev-
idence about the interplay between electronic, optical and vibrational
properties. Resonant Raman spectroscopy has been proven to provide
evidence concerning exciton-phonon coupling [161], SOC [162] or life-
time of the excitonic states [160], among others. The resonant Raman
spectra of bulk TMD (2H-MoS2, WS2, WSe2, and MoSe2) have been stud-
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Figure 39: Top view (upper panel) and side view (lower panel) of the atomic
structures of WX2 (X = S or Se). The blue and yellow balls represent
W atoms and S/Se atoms, respectively. Reproduced from Ref. [154]

ied in the past [163–165]. For bulk MoS2 and WS2, it was observed that
the Resonant Excitation Profile (REP), that is, RI versus excitation energy,
behaves differently for the out-of-plane and in-plane modes (A1g and
E12g, respectively) because only the A1g band resonates at all energies
corresponding to the excitonic states. Such behavior is indicative of a
symmetry dependence of the exciton-phonon coupling that governs the
REP. More recently, resonant Raman studies of WSe2 and MoS2 systems
with different number of layers have been performed and can be found
in the literature [45, 160].

In this section, we compare the resonant Raman response of single
layered WS2 and WSe2, using up to 25 excitation energies in the visible
range, and we observe quite different and intriguing behavior for each
material. For singlelayered WS2, the main first and second-order Raman
features (E ′, A ′1, 2LA(M)) are enhanced for laser energies corresponding
to the first optical excitations (XA, XB and XC). In contrast, the behavior
of singlelayered WSe2 is found to be more complex. On the one hand,
the REP of first and second-order modes differs and on the other hand,
the normal Raman modes, E ′, A ′1, show no Raman enhancement in the
energy region of the first optical excitations. Such a difference has not
been previously reported, and in this work we further investigate it with
the aid of state-of-the-art first-principles calculations at two different
levels, starting with density functional theory (DFT) and then by solving
the Bethe-Salpeter equation (BSE) for the excitonic states.
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Fig. 40 shows the Raman spectrum of WS2 and WSe2 monolayers
measured with the 488 nm excitation wavelength.

Figure 40: Raman spectra of monolayered WS2 and WSe2 (dots). The spectra
are measured with the 488.0 nm excitation wavelength. Fitting of
the spectra is shown by a solid gray line. First and second-order
Raman contributions are depicted by red and blue Lorentzian fitting
functions, respectively.

The two first-order modes of the Raman spectrum, E ′ and A ′1, are
present for singlelayered WS2 around 356 and 418 cm−1 but for sin-
glelayered WSe2 they are degenerate in frequency, appearing around
250 cm−1 [166]. For both materials, additional second-order Raman con-
tributions can be observed, and the most prominent one is ascribed to
the 2LA(M) band, originated from a second-order double resonant pro-
cess involving two longitudinal acoustic (LA) phonons close to the M
point of the BZ [44]. However, when using different excitation lines (see
Fig. 41) it is observed (especially in WSe2) that the 2LA band is formed
by more than one contribution, very close in frequency.

The origin of these 2LA Raman features was recently reported for
MoS2, and authors assigned these contributions to LA phonons at and in
between the K and M points of the BZ [167]. In order to obtain the band
intensities, the 2LA Raman of WS2 and WSe2 is arbitrarily fitted to one
and two Lorentzian functions, respectively. For WS2, this band appears
at slightly lower frequency than the E ′ mode; for WSe2, the 2LA contri-
butions are observed at higher frequencies, around 260 and 263 cm−1.
Fig. 41 plots selected Raman spectra of monolayered WS2 and WSe2
recorded with excitation wavelengths within the visible range. The rela-
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Figure 41: Selected Raman spectra of monolayered WS2 and WSe2 samples reg-
istered with different excitation wavelengths. The spectra intensity
is arbitrarily set to improve the clarity of the results. The laser wave-
length (indicated by the color of the spectra) is shown on the right.

tive intensities of the first and second-order contributions dramatically
change with the excitation energy. A resonant Raman process occurs
when the energy of the incident or the scattered photon matches the
energy of an optical transition. As already mentioned, the TMD exhibit
excitonic band gaps in the visible range. Therefore, when the incident
and scattered photons are in resonance with excitonic transitions, the Ra-
man scattering intensity increases abruptly. For the analysis of such reso-
nant processes, the spectra in Fig. 41 are fitted with a sum of Lorentzian
functions (see Supporting Information in App. E). The intensities of the
Raman peaks of WS2 and WSe2 were normalized with the intensity of
the Si Raman peak of the substrate at 521 cm−1, considering its excita-
tion energy dependence [168], already discussed in Sec. 3.4. There is a
correction in the relative intensities of the TMD and Si peaks due to mul-
tiple optical interferences in the SiO2 layer. However, as discussed by
Carvalho et al. for MoS2 samples [160], this correction is not significant
and does not affect our main results and conclusions. In Fig. 42 and 43,
we present the REP for WS2 and WSe2 monolayers, respectively.

The REP of the A ′1, E ′, and 2LA Raman bands of monolayered WS2
(Fig. 42) show three maxima of Raman intensity enhancement, which
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Figure 42: Resonant excitation profiles of the Raman bands A ′1, E ′, and 2LA of
monolayered WS2. Each of the REP shows three enhancements at ca.
2.0, 2.4, and 2.7 eV, corresponding to XA, XB, and XC exciton ener-
gies, respectively. The intensity of the Raman enhancement at these
exciton energies differs for each Raman contribution, as previously
observed for MoS2 [160].

is in good agreement with previous optical absorption results also per-
formed in monolayers [169]. Two enhancements appear around 2.0 and
2.4 eV, corresponding to XA and XB excitonic states. In addition, a third
enhancement is observed at ca. 2.7 eV, and it is caused by the resonance
with the XC absorption. An interesting behavior is observed when com-
paring the REP of the first-order modes: while the E ′ band shows a REP

with two peaks (at XA and XB energies) of similar intensity, the REP of
the A ′1 band displays a peak corresponding to the XA exciton five times
higher than that of the XB. Such behavior reveals a symmetry breaking
between the XA and XB exciton-phonon interaction, caused by a non-
trivial interaction between the spin, electronic, and vibrational degrees
of freedom. The analysis of the REP of WSe2 is slightly more complex
than that of WS2. Within the excitation range studied in this work, the
Raman spectrum should show enhancements at ca. 2.1 and 2.4 eV cor-
responding to XB and XC, respectively (note that the XA exciton is out
of the energy range considered in this work). Surprisingly, in Fig. 43

we observe that only the 2LA band behaves as expected, showing the
mentioned enhancements.

In contrast, the first-order Raman bands only exhibit a single inten-
sity enhancement around 2.42 eV, associated with the XC transition. This
peak in the WSe2 REP at 2.42 eV has been previously associated with the
XB (2s) transition at 2.3 eV [45]. However, in view of the low quantum
efficiency observed for this 2s transition as revealed from its low inten-
sity in optical reflectivity spectra [150], such an alternative interpretation
can be ruled out. Similar studies were performed in WSe2 samples with
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Figure 43: Resonant excitation profiles of the first-order Raman bands (A ′1 + E ′)
and of the second-order 2LA band of monolayered WSe2. For the
first-order vibrational modes, the REP present a single enhancement
at ca. 2.4 eV, corresponding to XC. The 2LA band REP shows two
enhancements at ca. 2.1 and 2.4 eV, which are in resonance with the
XB and XC exciton energies. Two main contributions to the 2LA band
are separated in the fitting procedure; (b) shows the REP of the 2LA
contribution at 260 cm−1, see Supporting Information in App. E for
the REP of the 2LA contribution at 263 cm−1.

more than one layer [45]. For thicker samples, the same intriguing behav-
ior was observed: the absence of enhancement associated with XB tran-
sition. Moreover, resonant Raman spectra were recorded in the near IR
excitation range (XA transition) but the Raman signal was negligible for
all the WSe2 samples, single to trilayered and bulk. The differences ob-
served between the REP of WS2 and WSe2 are rather unexpected. There
is no a priori reason for these systems to behave differently because
the two crystal and electronic structures are quite similar. Moreover, the
different REP showed by the first and second-order modes of WSe2 is
puzzling. In order to address such intriguing behaviors, theoretical cal-
culations using DFT were performed, followed by solving the BSE for
the excitonic states, as presented in the following section. In the sim-
plest picture, the REP should follow the absorption spectrum, because
as more light is absorbed, more phonons are excited. In this sense, the
computation of the Fermi-Golden Rule (FGR) based on DFT and assum-
ing the matrix elements to be constant would be the first approach. The
advantage of this approach is that SOC is included, and that second-order
Raman processes are considered [158]. More details concerning this ap-
proach are found in the App. E, and the theoretical REP of the 2LA band
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of both materials is presented, see Fig. 71. However, as observed in the
appendix, this computation method does not offer a good account for
the difference between both materials. Thus, the discrepancy must come
from the coupling between radiation, electrons, and phonons (i.e., the
coupling matrices). Instead, we have considered the Raman signal as the
result of the change of polarizability in the scattering crystal subject to
vibrations. Thus, we have computed the REP from the derivative of the
dielectric function (ε) within the BSE approximation to account for the
excitonic properties of these materials. Recall that the dielectric function
describes the response to an external excitation with energy (ω) con-
sidering all the excitonic states (Eλ) and their oscillator strengths (fλ); it
contains all the information regarding the optical properties. The expres-
sion of the dielectric function and its first-order derivative with respect
to a phonon displacement (x) are given respectively by

ε(ω) =
∑
λ

fλ(x)
ω− Eλ(x) − iγ

(152)

∣∣∣∣∂ε∂x
(ω)

∣∣∣∣2 =
∣∣∣∣∣∑
λ

{
fλ(x)E ′λ(x)

(ω− Eλ(x) − iγ)2
+

f ′λ(x)
ω− Eλ(x) − iγ

}∣∣∣∣∣
2

. (153)

The advantage of computing the REP from BSE is that the interaction
matrix elements are derived from first-principles with the caveat of los-
ing the description of the SOC [169]. Because the objective is to address
the difference in the Raman response of these very similar materials, we
focus on the behavior of XA and XC as a function of the characteristic dis-
placement of the A ′1 phonon mode, via finite differences. The calculation
of second-order RI requires the evaluation of second-order derivatives of
the dielectric function with respect to phonon displacements on a dense
q-point grid. These calculations within the BSE framework are to-date be-
yond our computational resources and we therefore restrict our analysis
to the first-order Raman bands in the following paragraphs.
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(a)

(b)

Figure 44: Experimental resonant excitation profiles for the first-order Raman
bands of monolayered (a) WS2 and (b) WSe2. Dashed black lines
represent the REP obtained by means of first-principles DFT-based
BSE calculations, as the derivative with respect to displacement of
the dielectric function for the A ′1 mode. Solid colored lines represent
the fitting of the experimental data (dots) according to Eq. (153).

Dashed lines in Fig. 44 show the response of ε to A ′1 displacements
for WS2 and WSe2. The intensity is normalized to XC and weighted
with respect to the Si REP, computed in Sec. 3.4 in order to simulate
the experimental conditions. We can observe that the BSE calculations
of dε/dx reveal an enhancement corresponding to the XA exciton for
WS2 whereas almost no enhancement is present in WSe2 at the men-
tioned analogous excitonic energy. According to this finding, a similar
behavior is expected for exciton XB, which would match the experimen-
tal observations. From inspection of Eq. (153), an insight on the origin of
the difference between the two materials can be obtained. The values of
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A ′1 mode E ′ mode

BSE fit fit

WS2

XA 173.69 0.71 0.28

XB - 0.36 0.30

XC -549.87 -1.00 -1.17

WSe2
XA 161.83

XC -1591.24 -1.00*

Table 6: fλE ′λ values computed either from finite differences of the dielectric
function with excitonic effects (BSE) or fitted from the experimental
data using the square of the first term of Eq. (153). The values are
normalized with respect to the XC peak of the A1 mode. *This value
corresponds to fλE ′λ(A

′
1 + E

′).

Eλ and fλ are obtained from the diagonalization of the excitonic Hamil-
tonian and consequently the derivatives E ′λ and f ′λ are calculated for
each excitation state individually using finite differences. Therefore, the
first term of Eq. (153) will hold the most important contribution to the
REP due to the squared Lorentzian function, thus being fλE ′λ the most
significant factor.

The values of this product, fλE ′λ, are summarized in Tab. 6 under the
BSE column. It is interesting to note that the sign of the product is due
to the fact that E ′XA

> 0 and E ′XC
< 0 for the two materials. In addition,

the calculated fλE ′λ at the XC energy is one order of magnitude larger
than that at XA in WSe2, while it is only ca. 3 times larger in WS2. The
difference between the two materials is even more important once the
intensities are considered, as they are proportional to the square of the
derivatives (see Supporting Information in App. E for further details).
This analysis reveals that the differences in the REP of WS2 and WSe2
has its origin in the different matrix elements fλE ′λ (note that fλ was
already found to be different for WS2 and WSe2) [148]. The ratio of
fλE
′
λ between the XC and XA differs for both materials explaining the

unobserved enhancement of the RI for the first-order modes of WSe2 at
XA/B energies. Following this model, the experimental data have been
fitted to a function of the square of the first term of Eq. (153). The fitted
values are normalized to the XC peak of the A ′1 mode for comparison
with the BSE calculations. Here, we considered the bare excitonic states
(i.e., without the effect of the substrate) within an energy window of
0.05 eV around the maximum values of fλ associated with XA and XC.
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Note that the sign of fλE ′λ has little impact in the fitting procedure. How-
ever, it has been kept to conserve the physical difference in the response
at the diverse excitation energies. The data collected in Tab. 6 under
the fit columns shows qualitative agreement in the tendency of the ra-
tio between the XC and XA with respect to the BSE calculations for the
A ′1 mode. The E ′ mode values, also normalized to XC of the A ′1 mode,
reflect the different relative coupling with the XC exciton as described
recently for MoS2 [160]. The resulting fitted curves are displayed (solid
lines) in Fig. 44 and compared with experimental results. The plotted
values are normalized to the Si REP. While the WSe2 data provide lit-
tle information (due to the unobserved enhancements), the WS2 fitted
values reported in Tab. 6 provide an idea of the relative exciton-phonon-
(spin) interaction for the different phonon and exciton modes, because
fλE
′
λ contains the most relevant information on the matrix elements of

these interactions contributing to the Raman REP.
In conclusion, in this work we studied the resonance Raman response

of WS2 and WSe2 monolayers, both experimentally by using up to 25

laser lines in the visible range and theoretically by using state-of-the-
art first-principles calculations at two different levels, DFT and BSE for
the excitonic states. Concerning monolayered WS2, the experimental Ra-
man REP exhibits an asymmetric response for XA and XB. Interestingly,
the Raman REP of the first-order modes of WSe2 does not display the
expected enhancement at the XA and XB exciton energies, which is in
contrast with WS2. Despite WS2 and WSe2 being nearly the same, they
show a different exciton-phonon interaction, which leads to a different
ratio of fλE ′λ between XA and XC excitons, explaining the different REP

shown by both materials. The results presented here unveil unexpected
physical phenomena of WS2 and WSe2 monolayers, which are related
to the interactions between the optical, magnetic, and vibrational prop-
erties of two-dimensional TMDs, and are relevant for potential applica-
tions. Our study should motivate further experimental and theoretical
advancement for the understanding of the physics of two-dimensional
materials in which the weak screening plays a very important role to
couple different degrees of freedom (spin, optic, electronic).

4.3 conclusions

In this chapter, we have applied the formalism presented in Chap. 2

and 3 to different materials: zinc-blende prototypes and transition-metal
dichalcogenides. In the former case, we have more precisely studied



110 frequency-dependent raman intensities of semiconductors

the Raman enhancement of the TO and the LO intensities. Excitonic
effects have been shown to be important for the precise description of
their Raman intensities. In the latter case, Raman intensities have been
computed from first principles to improve our understanding of mea-
sured enhancement profiles in these 2D materials. The strength of the
exciton-phonon coupling has been extracted and yields different Raman
enhancement profiles for two a priori similar materials.

Up to now, the atoms were considered to be fixed at their equilibrium
position. However, in reality, the atoms move and temperature effects
may play a role on the band structure and on the Raman intensities.
This effect will be examined in the next chapter.



5
T E M P E R AT U R E - D E P E N D E N T O P T I C A L P R O P E RT I E S

All the calculations presented so far have been performed assuming that
the atoms are located at their crystallographic positions thus neglect-
ing temperature effects. However, a more realistic theoretical description
should take into account the atomic vibrations that lead to temperature-
dependent electronic properties through the electron-phonon coupling.
In this chapter, we first present (Sec. 5.1) how to take the atomic mo-
tion into account for the temperature dependence of the electronic band
structure, via the Allen-Heine Cardona theory. We then extend the
framework to the calculation of temperature-dependent optical proper-
ties, starting with the IPA and then moving to the BSE in Sec. 5.2. Fi-
nally, we discuss how to connect the two approaches to calculate FP RI

with temperature-dependent optical properties to obtain temperature-
dependent Raman intensities in Sec. 5.3.

5.1 computation of the temperature dependence of the

band structure

In this section, we summarize the main results that we have published
in the two articles available as Ref. [64, 170].

In the harmonic approximation, the phonon modes are decoupled
from each other. We can therefore express the temperature dependence
of the eigenenergies εn(T) as the thermal average

εn(T) , 〈ε̃n[zU]〉 (T) (154)

=

3N∑
m

1

Zm

∑
sm

e
−(sm+1/2)ωm

kBT∫
χ∗m,sm(z)ε̃n[zUm,κ]χm,sm(z)dz. (155)

In the previous expression, zU denotes generically a displacement
from the equilibrium atomic positions with N the number of atoms, T
the temperature, sm the integer occupation of phonon mode m, Zm =∑
sm
e

−(sm+1/2)ωm
kBT the mode-partition function, kB the Boltzmann’s con-

111
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stant, χm,sm(z) the phonon eigenfunctions, z associated with a phonon
mode and where bold symbols like Um,κ denote Cartesian vectors.

After some algebra [64], one can show that the temperature depen-
dence of the eigenenergy εn(T) is

εn(T) = ε̃n[0] +∆εn(T) (156)

with

∆εn(T) =

3N∑
m

∂εn

∂nm

(
nm(T) +

1

2

)
, (157)

where nm(T) is the Bose-Einstein occupation function, that vanishes at
zero temperature.

Eqs. (156) and (157) show that the zero-temperature value εn(0) dif-
fers from the frozen-atom value ε̃n[0] by the so-called zero-point motion
renormalization.

Using Eq. (155), it is possible to show that the change of the eigenen-
ergies with phonon occupation can also be rewritten as the change of
phonon energy with respect to electron occupation

∂εn

∂nm
=

1

2ωm

d2

dz2
ε̃n[zUm,κ]

∣∣∣
z=0

=
1

2ωm

∑
κα
κ ′γ

U∗m,κ ′γ
∂2εn

∂Rκα∂Rκ ′γ
Um,κα =

∂ωm

∂fn
.

(158)

This important result allows expressing ∂εn
∂nm

in terms of derivatives of
the eigenenergies with respect to phonon eigendisplacements. In what
follows, we show how to compute these terms with DFPT.

Starting from

εn = 〈Ψn| Ĥ |Ψn〉 , (159)

the first step is to differentiate and use the Hellmann-Feynman theorem.
This yields, at equilibrium geometry,

∂εn

∂Rκα
=
〈
Ψ
(0)
n

∣∣∣ ∂Ĥ
Rκα

∣∣∣Ψ(0)
n

〉
. (160)

Eq. (160) can be differentiated a second time, with respect to another
atomic displacement. An equivalent result is obtained by exchanging
the two atomic displacements. The two terms are combined together to
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yield an expression that is real and explicitly symmetric with respect to
the indices κα and κ ′γ

∂2εn

∂Rκα∂Rκ ′γ
=
〈
Ψ
(0)
n

∣∣∣ ∂2Ĥ

∂RκαRκ ′γ

∣∣∣Ψ(0)
n

〉
+

1

2

[(〈 ∂Ψn
∂Rκα

∣∣∣ ∂Ĥ
∂Rκ ′γ

∣∣∣Ψ(0)
n

〉
+ (κα)↔ (κ ′γ)

)
+ (c.c.)

]
, (161)

where (κα) ↔ (κ ′γ) stands for the previous term in which the indices
κα and κ ′γ have been exchanged, and (c.c.) stands for the complex con-
jugate of the previous term.

The contribution from the second-order derivative of the Hamiltonian,
∂2Ĥ

∂RκαRκ ′γ
, gives the Debye-Waller (DW) term. The other bracketed term

originates from the first-order modifications of the wavefunction and
corresponds to the Fan term when considered in MBPT.

To split this expression in a Fan and a Debye-Waller contribution, the
extension of Eq. (161) to periodic systems is substituted so that

∂εnk

∂nmq
=

1

2ωm(q)

∑
κα
κ ′γ

U∗m,κ ′γ(q)Um,κα(q)

{〈
u
(0)
nk

∣∣∣ ∂2Ĥk,k

∂Rκα(−q)∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
+
1

2

((〈 ∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
+ (κα) ↔ (κ ′γ)

)
+ (c.c.)

)}
, (162)

where Ĥk,k is defined through the following convention

Hk,k ′ = e
−ik·rHe−ik

′·r ′ . (163)

This allows us to introduce the following notation for the DW and
Fan contributions related to band n and wavevector k (we neglect the
n and k indices in the left-hand side, which should not be confusing in
the present context)

Dκα
κ ′γ

(q) ,
〈
u
(0)
nk

∣∣∣ ∂2Ĥk,k

∂Rκα(−q)∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
(164)

Fκα
κ ′γ

(q) ,
1

2

[(〈 ∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
+(κα)↔ (κ ′γ)

)
+ (c.c.)

]
.

(165)
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The change of eigenenergy due to a specific phonon mode, Eq. (162),
thus becomes

∂εnk

∂nmq
,
∂εFAN
nk

∂nmq
+
∂εDW
nk

∂nmq
(166)

with the Fan contribution given by

∂εFAN
nk

∂nmq
,

1

2ωm(q)

∑
κα
κ ′γ

Fκα
κ ′γ

(q)U∗m,κ ′γ(q)Um,κα(q), (167)

and the Debye-Waller contribution given by

∂εDW
nk

∂nmq
,

1

2ωm(q)

∑
κα
κ ′γ

Dκα
κ ′γ

(q)U∗m,κ ′γ(q)Um,κα(q). (168)

Up to this point, the formalism is exact. However, the equations (164)
or (168) require the matrix elements of the second-order Hamiltonian,
that are not available in today implementations of DFPT. We therefore
want to use simple approximations. The translational invariance prop-
erty can be written as

∑
β

δβ
∑
κ ′′

∂2εnk

∂Rκ ′α(Γ)∂Rκ ′′β(Γ)
[{Rlκ}] =0 ∀ δβ ∈ R

⇒
∑
κ ′′

∂2εnk

∂Rκ ′α(Γ)∂Rκ ′′β(Γ)
[{Rlκ}] =0. (169)

If we consider rigid-ion Hamiltonian, where potentials are created in-
dependently by the nuclei, the following properties can be shown for
the DW contributions

Dri
κα
κ ′γ

(q) = Dri
κα
κ ′γ

(Γ)δκ,κ ′ . (170)

Using these properties allows rewriting DW in terms of first-order
derivatives of the Hamiltonian

∂εDWRIA
nk
∂nmq

=
−1

4ωm(q)

∑
κα
κ ′γ

Fκα
κ ′γ

(Γ)

(
U∗m,κγ(q)Um,κα(q) +U∗m,κ ′γ(q)Um,κ ′α(q)

)
. (171)
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Applying these properties to any Hamiltonian is called the rigid-ion
approximation. Within this approximation, the change of electronic en-
ergies reads

∂εRIA
nk

∂nmq
=
∂εFAN
nk

∂nmq
+
∂εDWRIA
nk
∂nmq

. (172)

This simplified formula makes the calculations easier to perform, since
only first-order derivatives of the DFT Hamiltonian have to be computed.

All Fan-like contributions can be derived from DFPT, as explained in
the Appendix of [64]. In practice, in the AHC theory as formulated by
Giustino et al. [56], Fκα

κ ′γ
(q) is obtained using Eq. (165) and

〈 ∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
=

∞∑ ′

n ′=1〈
u
(0)
nk

∣∣∣ ∂Ĥk,k
∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k
∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
ε
(0)
nk − ε

(0)
n ′k+q

, (173)

where the infinite sum over bands is truncated in numerical calculations,
while the prime after the sum symbol indicates that the terms with a
vanishing denominator (such a situation always occurs at q = Γ when
n = n ′) have to be excluded.

In the resulting expression, one needs to sum over numerous empty
bands since the first-order wavefunction is expressed in the sum-over-
states form. As shown by Sternheimer [171], the summation over highly
energetic bands can be replaced by the solution of a linear equation. This
equation can then be solved iteratively with the same techniques as the
ones of the DFPT approach used to calculate phonon eigenvectors and
eigenenergies [7, 9, 85, 172]. The resulting expression for the first-order
wavefunction is detailed in the Appendix of Ref. [64] and leads to an
alternative form of Eq. (173), proposed in Ref. [58]

〈 ∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
=

M∑ ′

n ′=1

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k
∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k
∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
ε
(0)
nk − ε

(0)
n ′k+q

+
〈
P̂ck+q

∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
. (174)
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This formulation is independent of the value of M, which is usu-
ally taken to be slightly larger than the number of bands for which the
electron-phonon renormalization is sought. It removes the cumbersome
sum over states, and results in a significant speed up of the calcula-
tions [58] as well as the elimination of the convergence study on the
truncation of the number of empty states.

The expression for the temperature-dependent renormalization within
the adiabatic and rigid-ion approximation finally reads

∆ε
(adiabatic,RIA)
nk (T) = <

1

Nq

∑
q

3N∑
m

(
nmq(T) +

1

2

) 1

4ωm(q)

∑
κα
κ ′γ

{(([ M∑ ′

n ′=1

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k
∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k
∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
ε
(0)
nk − ε

(0)
n ′k+q + iδ

+
〈
P̂ck+q

∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉]
+ (κα)↔ (κ ′γ)

)
+ (c.c.)

)
U∗m,κ ′γ(q)Um,κα(q)

−
1

2

(([ M∑ ′

n ′=1

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k
∂Rκα(Γ)

∣∣∣u(0)n ′k〉〈u(0)n ′k∣∣∣ ∂Ĥk,k
∂Rκ ′γ(Γ)

∣∣∣u(0)nk

〉
ε
(0)
nk − ε

(0)
n ′k + iδ

+
〈
P̂ck

∂unk

∂Rκα(Γ)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(Γ)

∣∣∣u(0)nk

〉]
+ (κα)↔ (κ ′γ)

)
+ (c.c.)

)
(
U∗m,κγ(q)Um,κα(q) +U∗m,κ ′γ(q)Um,κ ′α(q)

)}
, (175)

where a small imaginary component iδ is usually introduced in the AHC

equation to avoid singularities in the denominators. For example, in the
case of diamond, several authors have used an δ value of 100 meV to
account for the finite lifetimes of the electronic states [56, 57, 63, 173].

In 1978, Allen generalized his earlier work [53], derived within the
standard Rayleigh-Schrödinger perturbation theory, using MBPT to in-
clude finite phonon frequencies [174]. These techniques describe exci-
tations in terms of spectral functions [60, 175], where quasiparticules
cannot always be unambiguously identified with the associated well de-
fined eigenenergies. We will refer to this technique as the dynamical
AHC theory, to stress the inclusion of dynamical effects beyond the Born-
Oppenheimer approximation. We obtain the following equation, which
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contains the electron-phonon matrix elements already calculated for the
adiabatic renormalization

∆ε
(dynamic,RIA)
nk (T ,ω) = <

1

Nq

∑
q

3N∑
m

1

4ωm(q)

∑
κα
κ ′γ{(([ M∑

n ′=1

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k

∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
1

2

(
nmq(T) + fn ′k+q

ω− ε
(0)
n ′k+q +ωm(q) + iη+ iδ

+
nmq(T) + 1− fn ′k+q

ω− ε
(0)
n ′k+q −ωm(q) + iη+ iδ

)

+
〈
Pck+q

∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉(
nmq(T) +

1

2

)]
+ (κα)↔ (κ ′γ)

)
+ (c.c.)

)
U∗m,κ ′γ(q)Um,κα(q)

−
1

2

(([ M∑
n ′=1

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k
∂Rκα(Γ)

∣∣∣u(0)n ′k〉〈u(0)n ′k∣∣∣ ∂Ĥk,k
∂Rκ ′γ(Γ)

∣∣∣u(0)nk

〉
ε
(0)
nk − ε

(0)
n ′k + iδ

+
〈
Pck

∂unk

∂Rκα(Γ)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(Γ)

∣∣∣u(0)nk

〉]
+ (κα)↔ (κ ′γ)

)
+ (c.c.)

)
(
nmq(T) +

1

2

)(
U∗m,κγ(q)Um,κα(q) +U∗m,κ ′γ(q)Um,κ ′α(q)

)}
,

(176)

where fnk is the electronic occupation of the wavevector k at band n, iη
is the mathematical (as opposed to the numerical nature of iδ) infinites-
imal shift of the poles ε(0)n ′k+q −ωm(q) to the lower part of the complex
plane, which is required to enforce causality in MBPT, and where (c.c.)
stands for the complex conjugate of the previous term, except for iη,
whose sign must not be changed in the complex conjugation.1 It should
also be noted that a convergence study on M is required in Eq. (176)
for the Fan term since the Sternheimer solution neglects the phonon
frequency ωm(q) while the sum over the active space does not.

In this work, following Allen [174], rather than obtaining the full spec-
tral function to describe the electronic excitation, we suppose that their

1 Please note that in Ref. [170], a mistake was present in the DW term: the denominator
was ω− ε

(0)
n′k + iδ instead of ε(0)nk − ε

(0)
n′k + iδ, whereas the DW is a static and not a

dynamic term.
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description in terms of quasiparticles is still valid and evaluate the asso-
ciated eigenenergies by correcting the DFT eigenvalues to first-order in
perturbation theory, taking the self-energy evaluated at ω = ε

(0)
nk as the

perturbation. Complex eigenenergies are obtained within this general-
ization, that we refer to as the non-adiabatic AHC theory [174, 176]

∆ε
(non-adiabatic,RIA)
nk (T) = ∆ε

(dynamic,RIA)
nk (T ,ω = ε

(0)
nk ). (177)

The phonon-induced lifetime broadening 1/τnk is the imaginary part
of Eq. (176) with ω = ε

(0)
nk and iδ = 0 (i.e. 1/τnk stems from the infinites-

imal shift iη introduced by MBPT)

1

2τ
(non-adiabatic,RIA)
nk

=
π

Nq

∑
q

3N∑
m

1

8ωm(q)

∑
κα
κ ′γ

U∗m,κ ′γ(q)Um,κα(q)
M∑ ′

n ′=1

([
[〈
u
(0)
nk

∣∣∣ ∂Ĥk,k

∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉]
+ (κα)↔ (κ ′γ)

]
+ (c.c.)

)
((
nmq(T) + fn ′k+q

)
δ(ε

(0)
nk − ε

(0)
n ′k+q +ωm(q))+(

nmq(T) + 1− fn ′k+q
)
δ(ε

(0)
nk − ε

(0)
n ′k+q −ωm(q))

)
, (178)

where δ is the Dirac delta (replaced by a Lorentzian of finite width in
the practical implementation).

The phonon-induced lifetime broadening in the adiabatic limit
(ωm(q) << ε(0)nk − ε

(0)
n ′k+q) is

1

2τ
(adiabatic,RIA)
nk

=
π

Nq

∑
q

3N∑
m

1

4ωm(q)

(
nmq(T) +

1

2

)
∑
κα
κ ′γ

M∑ ′

n ′=1

([[〈
u
(0)
nk

∣∣∣ ∂Ĥk,k

∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉
〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉]
+ (κα)↔ (κ ′γ)

]
+ (c.c.)

)
δ(ε

(0)
nk − ε

(0)
n ′k+q)U

∗
m,κ ′γ(q)Um,κα(q). (179)
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The adiabatic and non-adiabatic renormalizations, Eqs. (175) and (177),
as well as the adiabatic lifetime Eq. (179) have been implemented in
the ABINIT software (v7.11). We compute renormalizations in the non-
adiabatic approximation for silicon in Sec. 5.2 and 5.3 and for BiFeO3 in
Sec. 6.6.

5.2 optical properties with temperature-dependent band

structure

In the previous section, we have shown how to compute the complex
temperature-dependent energies

εnk(T) = ε
0
nk +∆εnk(T), (180)

where ∆εnk(T) is a complex function of the temperature.
In this section, we start from these energies to obtain temperature-

dependent optical properties at the level of independent particles in
Sec. 5.2.1 and then for BSE in Sec. 5.2.3

5.2.1 Independent-Particle Approximation

The independent-particle approximation of the dielectric tensor writes
down

ε̂(ω) = 1+ 4π
∑
nn ′k

(fnk − fn ′k)
〈nk |r|n ′k〉 〈n ′k |r|nk〉
ω− (εnk − εn ′k) − iη

(181)

where an artificial broadening η is generally introduced.
If we consider the temperature dependence to induce only changes at

the level of eigenenergies, the temperature-dependent generalization of
Eq. (181) reads

ε̂(ω, T) =1+ 4π
∑
nn ′k

(fnk − fn ′k) 〈nk |r|n ′k〉 〈n ′k |r|nk〉
ω− (ε0nk − ε0n ′k) − (∆εnk(T) −∆εn ′k(T)) − iη

. (182)

Actually, no artificial broadening is required anymore since the finite
lifetime is already described in the temperature-dependent eigenener-
gies, so in the calculations we can use η→ 0. Still, the use of very dense
k-point grids at low temperature may be required because of the possi-
bly low broadening. In practice, a very small broadening is still used to
avoid numerical instabilities.
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5.2.2 Interpolation

As computing the renormalization ∆εnk on a dense grid of k-points is
cumbersome, we present in this section a simple interpolation technique
to reduce the computational load.

We start by assuming ∆εnk is known on a coarse mesh of points k̃.
We then perform a zeroth-order interpolation of the electron-phonon
correction to the energies. This means that for every dense point k in a
small volume V(k̃) around a coarse point, the following approximated
expression is used

εnk(T) = ε
0
nk +∆εnk(T) ≈ ε0nk +∆εnk̃(T) ∀k ∈ V(k̃). (183)

The results are then symmetrized in k-point space by averaging the
results over all symmetry-equivalent k-points.

In order to validate the effectiveness of the interpolation technique,
we have interpolated temperature-dependent energies obtained on a
6× 6× 6 k-point grid towards a 10× 10× 10 k-point grid. These values
are obtained using a 40× 40× 40 q-point grid and a broadening value
of η = 0.1 eV. The results of our test are summarized in Fig. 45.

We observe that the interpolated results (see Fig. 45c) allow reaching a
resolution in energy space that is comparable with the one obtained with
the 10× 10× 10 k-mesh but with a considerably reduced computational
cost. For the ten first bands, the interquartile space goes from 5 meV to
12 meV which is reasonable as the starting grid is coarse (6× 6× 6). The
average and the median of the error stay close from 0 meV for this set of
bands, with a maximal deviation of 5 meV.

5.2.3 Bethe-Salpeter Equation at finite temperature

Experiments performed at different temperatures clearly show a broad-
ening of the optical spectra due to the finite lifetime of the excitations
that usually decreases with temperature.

Standard BSE calculations, on the other hand, are usually performed
at T=0K with atoms fixed at their crystallographic positions. In this con-
text, the finite lifetime is introduced as an ad-hoc broadening η whose
value is usually determined in order to improve the agreement with the
experimental curves.

In 2008, A. Marini [55] solved the BSE including coupling with the lat-
tice and therefore temperature effects. In this work, the electron-phonon
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Figure 45: Electron-phonon renormalization with respect to frozen-atom
eigenenergies on different k-point grids and interpolation technique
following Eq. (183) at T=0K. The different colors correspond to the
different band indices. (a) and (b): Ab initio results calculated on
6× 6× 6 and 10× 10× 10 k-point grids. (c) Interpolated results from
the coarse 6× 6× 6 grid to the dense 10× 10× 10 grid. (d) Box plots
representing the scattering of the error between the interpolated and
the ab initio results on the 10× 10× 10 results. The white dots repre-
sent the position of the average. The other lines follow the standard
boxplot representation.
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interaction renormalizes the diagonal part of the BSE Hamiltonian ac-
cording to:

Hvck,v ′c ′k ′(T) = H
FA
vck,v ′c ′k ′ + [∆εck(T) −∆εvk(T)] δvv ′δcc ′δkk ′ ,

(184)

where HFA is the “frozen-atom” expression for the BSE Hamiltonian in-
troduced in Sec. 2.3.

The diagonalization of Eq. (184) gives complex excitonic eigenenergies
and therefore finite (temperature-dependent) lifetimes, and therefore re-
quires a much more careful treatment than the usual BSE. Indeed the ma-
trix is not hermitian anymore and more advanced numerical techniques
are needed to tackle the problem.

In our ABINIT implementation, we employ the iterative Bi-Lanczos
algorithm to avoid the direct diagonalization of Eq. (184). More detail
about the diagonalization of the temperature-dependent BSE equation
and this algorithm are presented in App. F.

The next paragraph presents the application of our Bi-Lanczos method
to the study of the optical spectrum of silicon including electron-phonon
and temperature effects.

5.2.4 Temperature-dependent optical spectrum of silicon

In order to validate the implementation of temperature-dependent BSE in
ABINIT we have performed calculations of the optical properties of sili-
con at different temperatures. A summary of the results are presented in
Fig. 46. We observe the expected general trend: the gap is reduced with
respect to bare DFT because of the zero-point motion renormalization.
As temperature increases, the broadening increases and smoothens the
curve while the absorption onset red-shifts. For the sake of comparison,
we also reproduce in Fig. 46 the dielectric function obtained with the
same k-point sampling but using a constant broadening value of 0.1 eV.
We see that this “ad-hoc” broadening value allows for reproducing the
shape of the optical spectrum for room temperature calculation and this
explains its broad usage for BSE calculations. However, a more complete
picture of temperature effects on the results requires more advanced
techniques such as the one we present in this chapter. These results are
in agreement with the pioneering study of Ref. [55] and experimental
measurements, as illustrated in Fig. 47. The position of the peaks is well
reproduced as well as the global broadening factor. However, some dis-
crepancy can be observed at the level of the broadening in particular
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Figure 46: Imaginary part of the temperature-dependent dielectric function ob-
tained (a) on 12x12x12 k-point grid with 2x2x2 multiple shifts and (b)
16x16x16 k-point grid with 4x4x4 multiple shifts with the technique
already presented in Sec. 3.4. DFT (0.1) is the frozen-atoms results
with a numerical broadening of 0.1 eV.

for the second peak of the absorption spectrum. This may be related to
a different treatment used in the Yambo code for the computation of
the imaginary part of the electron-phonon renormalization, that is very
sensitive to the numerical details and the integration methods. Further
validation of the fine details of the spectra may therefore be pursued in
a future work.

To speed up the convergence of the results in Fig. 46, the dielec-
tric function is averaged using multiple shifts as already presented in
Sec. 3.4. We have tested convergence with respect to the size of the coarse
mesh grid from 12× 12× 12 to 16× 16× 16 grids and for multiple shifts
with ndiv = 2 and 4. The convergence of the dielectric function with
the BZ sampling is mostly delicate for the low temperature range as the
broadening is very small. However, for larger temperatures, the results
are well converged. The other simulations parameters are the same as
the ones used for first-order Raman scattering in Sec. 3.4.
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Figure 47: Comparison of the imaginary part of the dielectric function obtained
in the present work (red and cyan curves) with Ref. [55] (“Marini”,
blue curves), and experimental measurements (“Exp”, green curves)
[115].

5.3 temperature-dependent raman spectrum

In addition to the explicit temperature dependence of the occupation
factor (see Sec. 3.2), the RI also change with temperature through the
derivative of the dielectric function. Once the temperature-dependent
RPA or BSE dielectric function can be obtained for any displaced geome-
try, the RI are available at different temperatures from the FP approach
already used in Sec. 3.4.

The BSE results obtained with the 4×4×4-times shifted 16×16×16 grids
are compared in Fig. 48 with experimental measurements at 4 different
temperatures obtained by Compaan et al. [104].

In this figure, we observe a very nice agreement of our results with
experimental measurements. Indeed, the trend is well reproduced. As
expected, the gap shrinks with increasing temperature, shifting the max-
imum of the resonance towards lower frequencies. At the same time, the
broadening induced by electron-phonon coupling increases, broadening
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the entire REP. One should note that the curves are normalized with the
experimental value available at 2.2 eV. This means that the position of
the entire curve is highly sensitive to the measured intensity at this point.
This may explain the small disagreement of the room temperature curve
with experimental measurements, since all the experimental values after
2.3 eV have larger intensities than our results.

The silicon temperature-dependent renormalization of the band struc-
ture has been computed on a 10×10×10 k-point grid. They have been
interpolated towards the k-point grids used for the optical properties,
i.e. different shifted 16×16×16 grids. In these results, the change of the
temperature renormalization with the atomic displacements is neglected,
in the same way we have neglected the change of the scissor with the
displacement in Sec. 3.4.
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Figure 48: Temperature and wavelength-dependence of the RI of silicon at five
temperatures within the BSE framework and comparison with experi-
mental measurements (Exp) of Ref. [104]. The intensities are normal-
ized with the experimental measurement available at 2.2 eV.

5.4 conclusions

In this chapter, we have used the Allen-Heine Cardona theory to de-
scribe from first principles the temperature-dependent effects due to
electron-phonon coupling. We have started from temperature-dependent
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band structures and then moved to optical properties in the IPA and the
BSE formalisms. Finally, we have established a connection between the
formalism developed in Chap. 3 and in the previous sections to calculate
temperature-dependent frequency-dependent Raman spectra for silicon
and we obtain a good agreement with experimental measurements.



6
C H A R A C T E R I Z AT I O N O F B I F E O 3 F R O M R A M A N
S P E C T R O S C O P Y: L A S E R F R E Q U E N C Y A N D
T E M P E R AT U R E E F F E C T S

6.1 bifeo3 , a reference multiferroic material

Multiferroic materials (i.e. materials possessing more than one ferroic
order) represent an important field of research in condensed matter
physics. They allow for combined (anti)ferro-magnetism, (anti)ferro-
electricity and ferro-elasticity [177–179]. One noticeable example is
BiFeO3 (BFO), which is anti-ferromagnetic, ferroelastic and ferroelectric
at room temperature. The interaction of multiferroic materials with light
has been the subject of intensive research. The coupling of the ferroelec-
tricity with photosensitive properties is called “photoferroelectricity”.
Most of the recent work in this field has focused on perovskites ABO3 ,
and in particular on BFO for its above-bandgap photovoltages [180], tip-
enhanced photovoltaic effects [181] and the important role of domain
walls in the photovoltaic properties [182, 183]. BFO also shows a notice-
able temperature dependence of the gap that shrinks from around 2.7
eV [184–188] at ambient temperature to 1.3 eV at 1200 K [189].

Even if the structural parameters of BFO have been known for a long
time (see e.g. Ref. [190, 191]), the first-principles simulations of this mate-
rial are quite recent. Wang’s pioneering studies [192, 193] were followed
by those of Ederer [194, 195] and Neaton et al. [196]. These studies re-
produced experimental lattice parameters, band structures and sponta-
neous polarizations using the LDA+U methodology. Experimental mea-
surements of Raman features of BFO have been performed starting from
the work of Haumont [197] in bulk material and Singh [198] for thin
films, which have been followed by other experimental studies of the
phonon properties [199–204]. From a theoretical point of view, the work
of Hermet [205] reported zone-center phonon frequencies and Raman
intensities and has been followed by others to advance the lattice dy-
namics picture [206–211].

In this chapter, we want to pursue this large effort and further analyze
lattice dynamics and Raman intensities of BFO in resonance conditions.
In particular, in Sec. 6.2, we start by presenting the recent frequency-
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dependent and temperature-dependent Raman measurements published
in Ref. [212], that we would like to understand thanks to the techniques
described in this thesis. However, the proper interpretation of the results
requires to be extremely careful in view of the dependence on the sample
orientation, dependence with respect to temperature and wavelength of
the laser light. In this chapter, we therefore lead a complete study from
first principles of the material, starting from the lattice parameters and
the band structure in Sec. 6.3, and moving through the phonon charac-
terization in Sec. 6.4. We finally compute Raman intensities in Sec. 6.5
and study temperature dependence of the band structure in Sec. 6.6 and
Sec. 6.7.

6.2 experimental measurements

In a recent experimental work lead by M. Weber in collaboration with
us [212], we have employed Raman scattering spectroscopy techniques
to characterize the light-material interaction in BFO. The inelastic scatter-
ing of the photons impinging on the material, indeed, provides useful
information about the coupling between light, electrons and vibrations.
In particular, resonance Raman scattering reveals strong changes in the
spectrum when the energy of the photon matches one of the excitation
energies of the material. In the case of BFO, the measurements revealed
two interesting aspects: strong Raman changes when varying the light
frequency and a surprising completely different picture for first and
second-order Raman scattering when varying the temperature. These
experimental findings raise several questions concerning the coupling
of the different Raman modes with light as well as the temperature de-
pendence of the electronic band structure. The content of this section has
been published as Ref. [212].

In a first step, we have investigated BFO single crystals oriented along
the [001] pseudocubic direction (see Sec. 6.3 for more details about the
structure) at room temperature with twelve different excitation wave-
lengths ranging from 442 nm to 785 nm.

Great care was taken in order to exclude any spurious effect related
to crystal orientation, laser polarization, or oblique modes [213], i.e., the
orientation of the analyzed domain with respect to the direction of prop-
agation, and polarization of the laser was carefully checked in all cases.
Fig. 49 (a) shows the normalized Raman spectra, which are well defined
with sharp bands, especially at lower wave numbers, and with Raman
frequencies in agreement with reported literature data (typically mea-
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Figure 49: a) Raman spectra of BFO for different excitation wavelengths ranging
from 458 nm to 647 nm. b) and c) Zoom into two low- and high-
wavenumber regions. d) Second order Raman spectra for several ex-
citation wavelengths at ambient condition.

sured with red or green exciting lasers) [199, 201, 204, 213]. The most
prominent feature of the spectra is that the relative intensity of the dif-
ferent Raman bands greatly depends on the wavelength used. Fig. 49 (b)
and (c) make this more apparent by magnification of two narrow spec-
tral regions: for example, the band at 230 cm−1 is very strong at 442

nm but hardly observable at 785 nm; similar changes are observed for
almost all modes when carefully considering the full series. The inten-
sity of the second-order Raman spectrum, visible as broad bands in the
1000-1400 cm−1 range [see Fig. 49 (d)], also depends on the exciting
wavelength in agreement with previous reports [202].
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Figure 50: (a) Band gap values of BFO versus temperature taken from Ref. [189],
together with the energies of the 532 nm, 633 nm and 785 nm
laser lines. (b)-(d) Temperature-dependent Raman spectra in the low-
frequency region for the 532 nm, 633 nm and 785 nm laser lines. The
regions in blue highlight two bands that show a significant change
in their intensity ratio when crossing resonance (see Fig. 49 (b)). (e)
Evolution of the intensity ratio of the highlighted bands with temper-
ature, compared to the evolution with excitation energy at ambient
temperature.

Because changes of the band gaps imply changes in the Raman res-
onance conditions, as already mentioned in Chap. 5, resonant Raman
spectroscopy can now be used to track its temperature evolution, with
the objective to elucidate the intriguing shrinking of the optical gap at
high temperatures. This principle is illustrated in Fig. 50 (a), where the
band gap values determined by Palai et al. [189] are displayed together
with the energies of three selected laser lines used in this study. Strong
changes in the resonance conditions are expected when the laser energy
is close to the reported band gap, which should be reflected in the inten-
sity and the shape of the Raman signature.
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Figs. 50(b)-(d) shows the low-frequency part of the first-order Raman
spectra for temperatures ranging from 93 K to 773 K and for laser exci-
tation wavelengths 532 nm, 633 nm, and 785 nm, i.e., for energies that
coincide with the reported band gap at different temperatures. In all
cases, the temperature evolution of the Raman spectra follows a typical
behavior characterized by thermal broadening and a generalized low-
frequency shift of all bands with increasing temperature. The intensity
ratios between modes do not change significantly compared to the in-
tensity ratio changes observed for different excitation wavelengths (see
Fig. 49). This is quantified in Fig. 50(e) that shows the evolution of the
intensity ratio for the two highlighted vibrational bands as an example.
This ratio does not show any sign of the dramatic increase that charac-
terizes the resonant regime that would be expected at high temperatures
when the laser energy meets the reported optical band gap. This leads to
the at first sight surprising conclusion that the resonance conditions at
a given wavelength do not change with temperature. Considering that
only direct electronic transitions can be involved in first-order Raman
resonances, we come to the following conclusions: (i) the temperature
evolution of the optical band gap cannot be related to a shrinking of a
direct electronic band gap and (ii) the electronic levels underlying the
resonance Raman effect under illumination with 442 nm (assigned to
direct electronic transitions) and 532 nm (oxygen vacancies) are nearly
temperature independent.

After the first-order part, we have scrutinized the second-order Ra-
man spectra. Figs. 51 (a) and 51 (b) present the temperature evolution
of the second-order Raman spectra for excitation of 532 nm and 633 nm.
The figures show a strong qualitative change in the intensity signature,
which is particularly apparent when comparing the relative intensities of
the broad peaks at 1010 and 1260 cm−1 under excitation by the 633 nm
laser line. The band at 1010 cm−1 is strongly reduced at higher temper-
atures and the shape of the spectrum gradually becomes similar to the
spectrum obtained for 532 nm laser at ambient temperature, albeit with
differences due to different thermal broadenings. Conversely, the 532 nm
laser line spectra at low temperature revealed a small but distinct band
at 1010 cm−1 [indicated by the arrow in Figs. 51 (a) and 51 (b)]. These
qualitative changes were accompanied by a change in the overall inten-
sity, which we quantify by the ratio between the integrated intensity
(I2) of the second-order spectrum divided by the intensity of the first-
order spectrum (I1). For both excitation wavelengths, I2/I1 exhibited a
maximum in their temperature dependence. The observed maxima at
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Figure 51: (a) and (b) Temperature-dependent second-order Raman spectra
of BFO under excitation of 633 nm and 532 nm laser light. c)
Temperature-dependent ratio of the integrated intensities of the sec-
ond (I2) to first order (I1) Raman scattering spectra.

573 K for 633 nm and at 223 K for 532 nm follows the temperature
dependence of the reported optical band gap [189]. These changes in
shape and intensity of the second-order Raman signature contrasts with
the temperature-independent shape of the first-order spectrum. Because
any strong change in the energies of direct electronic transitions was
ruled out, the observed maxima of the ratio I2/I1 can be related to a
temperature evolution of the indirect gap.

Putting together our experimental observations therefore leads to the
conclusion that the shrinking of the optical band gap is related to a
temperature evolution of an electronic band gap with indirect character.
This supports the view that BFO is an indirect semiconductor, at least
above room temperature. On the other hand, the energies of direct elec-
tronic transitions show no temperature dependence, which implies in
turn nontrivial temperature modifications of the electronic band struc-



6.3 ground state properties 133

ture. Even though only hypotheses can be formulated at this stage for
the details of this temperature dependence, we note that the hypothesis
of a strong electron-phonon coupling inducing an important renormal-
ization of the electronic levels is consistent with the fact that the highest
valence band originates predominantly from the oxygen p states. The
low relative mass of the oxygen atom then leads naturally to compara-
tively large nuclear displacements in the corresponding phonon modes,
and hence the largest temperature dependence of the bands with strong
oxygen character. Starting from valence and conduction bands consid-
ered as nearly flat [189, 214], an increased curvature of the bands at
high temperature can explain the different behavior of the direct and
indirect gaps. Further work will be needed in order to confirm this pic-
ture, including both calculations at finite temperatures and experiments
to follow carefully the optical absorption with temperature and probe
directly electronic levels. More generally, resonant Raman scattering ap-
pears as a powerful tool to follow electronic excitations up to relatively
high temperatures, in a way that should be applicable beyond BFO to a
broad range of materials showing absorption in the visible range, and
thereby to contribute to the understanding of electronic structures in
photoferroelectrics.

In view of these experimental results, we want to use the tools we
have presented in the first chapters and apply them to the case of BFO.
In particular, the strong changes of RI with respect to laser frequencies
may be analyzed with the FP technique presented in Chap. 3. We also
want to analyze the temperature dependence of the band structure with
the help of theory developed in Chap. 5. The next sections detail these
theoretical studies.

6.3 ground state properties

The R3c phase of BFO is obtained by combining two pseudo-cubic cells
and tilting the oxygen octahedra.

In Fig. 52, the rhombohedral and the pseudo-cubic cells are shown as
well as the polar axis [111]. In practice, the rhombohedral unit cell has
been used with the polar axis along the z-Cartesian direction. The cell is
defined with the angle α and the length of the rhombohedral axes a. The
internal degrees of freedom are the distances between Fe and Bi, and the
position of one oxygen atom. In all the simulations, BFO is enforced to
stay in the G-type anti-ferromagnetic configuration.
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Figure 52: Crystal structure of BFO, showing the rhombohedral unit cell (thick
black lines) and the pseudo-cubic cell (thin gray lines) [215]

At the ground state level, calculations have been performed using
pseudopotentials generated by P. Hermet [205] (called NC pseudopoten-
tials in this chapter) and also JTH PAW pseudopotentials [216] (called
PAW pseudopotentials in this chapter) to be able to include correlation
effects within the LDA+U method. Indeed, for materials with rare-earth
atoms or transition metals, such as Fe, the LDA functional tends to de-
localize the electrons and cannot reproduce the interactions between
the localized 3d electrons correctly. Adding a on-site Hubbard-like term
on those orbitals (the U term) improves the description of the on-site
Coulomb repulsion for localized states [217]. As for norm-conserving
pseudopotentials, LDA+U is not implemented in ABINIT, we use the
PAW approach (called LDA+U/PAW), based on the method described
in Ref. [218]. In this study, the influence of the U strength on the band
structure and on the phonon properties is analyzed. For that purpose,
values of Ueff = U− J =0, 2, 3, 3.8 and 5 eV are chosen for the Fe atoms.
In this study, J = 0.1×U.

For NC pseudopotentials, a cut-off energy of 50 Ha has been used
with a 6× 6× 6 k-point grid shifted along the (1/2, 1/2, 1/2) direction.
For PAW pseudopotentials, a cut-off energy of 35 Ha and of 55 Ha for the
double grid have been used with the same 6× 6× 6 k-point sampling.

The cell parameters are available in Tab. 7. The values are in good
agreement with other simulations [196, 205] and experimental data, with
less than 2% discrepancy at Ueff = 3.8 eV and less than 2.5% without
U on the lattice parameters. For the internal degrees of freedom, the
relative error is less than 0.5%. For BFO, the hybrid functionals tend to
improve the lattice parameter with respect to experiments, as shown in
Ref. [208].
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LDA/NC LDA+U/PAW

Ueff - 0 2 3 3.8 5

a 5.4955 5.4596 5.5135 5.5238 5.5295 5.5360

α 60.1482 60.2620 59.8306 59.7501 59.7104 59.6708

zFe 0.2310 0.2300 0.2268 0.2260 0.2255 0.2249

xO 0.5415 0.5409 0.5397 0.5396 0.5396 0.5397

yO 0.9457 0.9419 0.9402 0.9401 0.9402 0.9402

zO 0.3990 0.3973 0.3948 0.3949 0.3951 0.3955

(a)

LDA+U [196] Hybrids [208] Exp. [191]

a 5.52 5.61 5.63

α 59.84 59.37 59.35

zFe 0.227 0.219 0.221

xO 0.542 0.511 0.538

yO 0.943 0.926 0.933

zO 0.397 0.406 0.395

(b)

Table 7: Unit cell of BFO : lattice parameters, a rhombohedral axis length
(Angstrom), α rhombohedral angle (degrees). The Wyckoff positions 2a
and 6b are Bi(0,0,0), Fe(zFe, zFe, zFe), and O(xO, yO, zO) in reduced co-
ordinates with respect to rhombohedral axes. (a) Results for LDA/NC
and LDA+U/PAW obtained with different values of Ueff. (b) Com-
parison with the theoretical work of Ref. [196] with U = 4 eV, the
hybrids calculation of Ref. [208] and the experimental measurements
of Ref. [191]

As far as the electronic properties are concerned, the inclusion of the
U term leads to an opening of the indirect gap from 0.5 eV to 2 eV
at U = 3.8 eV, as reported in Fig. 53 and in Tab. 8. Consequently, the
electronic dielectric function ε∞ decreases from 20 to 8. These values
are consistent with the calculations of Ref. [209], in which the authors
report values of 7.54 and 6.892 for the xx and the zz components of the
dielectric tensor respectively, with a value of U = 6 eV. The value of U
also affects the position of the valence band maximum that is located
between Γ and Z for U less than 2 eV and between F and Γ for U larger
than 2 eV.
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The comparison of the band structure obtained within LDA+U/PAW
and with hybrid functionals has been published in Ref. [208]. The band
structure is very similar between LDA+U and hybrids apart from the
opening of the band gap from around 2 eV in LDA+U (Ueff = 3.8) to 3

eV for hybrids.
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(f) LDA+U/PAW, Ueff = 5

Figure 53: Electronic band structure of BFO obtained using the LDA/NC and
LDA+U/PAW formalisms.
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LDA/NC LDA+U/PAW

Ueff - 0 2 3 3.8 5

Eg (eV) 0.75 0.48 1.48 1.81 2.02 2.30

ε∞xx = ε∞yy 15.13 20.42 10.29 9.13 8.54 7.93

ε∞zz 12.60 17.23 8.79 7.97 7.56 7.15

ε0xx = ε0yy 51.61 58.26 52.04 50.84 49.98 48.89

ε0zz 30.22 34.51 28.97 28.79 28.63 28.30

Z∗E(TO1) -2.577 -3.084 -3.855 -4.130 -4.304 -4.505

Z∗E(TO2) -5.500 -5.634 -5.697 -5.645 -5.596 -5.523

Z∗E(TO3) 0.875 1.134 2.094 2.746 2.660 2.393

Z∗E(TO4) 2.378 2.395 4.885 -1.013 5.832 6.018

Z∗E(TO5) 7.991 7.289 6.091 7.214 5.155 4.876

Z∗E(TO6) 1.315 2.057 1.108 0.883 0.750 0.592

Z∗E(TO7) 0.253 -0.291 0.539 0.520 0.494 0.452

Z∗E(TO8) 2.117 2.260 1.761 1.621 1.523 1.403

Z∗E(TO9) 3.208 3.248 3.220 3.177 3.147 3.106

Z∗A1(TO1) -3.809 -4.003 -4.116 -4.231 -4.323 -4.446

Z∗A1(TO2) 3.285 2.976 3.655 3.818 3.868 3.837

Z∗A1(TO3) 6.340 6.248 6.075 5.914 5.804 5.690

Z∗A1(TO4) 2.080 1.895 2.208 2.306 2.365 2.429

Table 8: Comparison of band gaps, dielectric tensors and mode effective
charges of BFO for the LDA/NC and LDA+U/PAW with different val-
ues of Ueff.

6.4 study of the lattice dynamics

In this system, the 30 phonon modes at q = Γ can be classified as

9E(x)⊕ 9E(y)⊕ 4A1 ⊕ 5A2 ⊕ 3 acoustic. (185)

The phonon eigenvalue problem requires careful inclusion of non-
analytic terms, as described in Sec. 3.1. In particular, the non-analytic
part of the dynamical matrix introduces some mixing between A1 and
E modes when the wavevector q of the photon is not along a high sym-
metry direction.
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When the light propagates in the z direction, the A1 mode is purely
longitudinal and the E modes transverse optic. When the light propa-
gates in the xy plane, the E degeneracy is lifted into E(TO) and E(LO).
When the light propagates with an angle φwith respect to the z-axis, the
situation is intermediate, with a mixing of A1 and one of the E-mode,
giving rise to the so-called oblique modes [213].

These effects can be computed easily by changing the q in the non-
analytic term contributing to the dynamical matrix. As already discussed
in Sec. 3.1, this term is directly linked with the BEC. The theoretical BEC

of BFO are presented in Tab. 9. We observe a good agreement with the
results reported in Ref. [196] with values of 4.37, 3.49 and -2.61 for Bi,
Fe and O respectively obtained along the z direction in the LDA+U for-
malism with U = 2 eV, while our values are smaller than those obtained
with GGA in Ref. [219] and in agreement with Ref. [220] (with a value
of U = 6 eV). This may be explained if GGA tends to increase the value
and U tends to decrease the values.

In all the cases, large deviations from the nominal charges (3, 3 and -2
for Bi, Fe and O respectively) are observed. Moreover, the non-diagonal
components of oxygen atoms show covalent bonding between Fe and O.
However, the inclusion of U does not have an important effect on the
BEC charges of Bi and O, and has an impact of about 10% on the BEC of
Fe, on which the U correction is applied.

From these BEC, the mode effective charges can also be computed and
are presented in Tab. 8. In these tables, the charges are combined with
the phonon displacements. The change in the mode effective charge ob-
served for Ueff = 3 eV for E(TO3), E(TO4) and E(TO5) can be explained
by a mixing of the eigendisplacements of these particular modes. In-
deed, Fig. 54a shows the overlaps between the modes obtained within
LDA+U/PAW withUeff = 3 eV and within LDA/NC. The E(TO4) mode
obtained within LDA+U/PAW is composed of a mix of 45%, 35% and
20% of E(TO3), E(TO4) and E(TO5) modes obtained in LDA/NC. A simi-
lar picture can be drawn for modes E(TO3) and E(TO5). This explains the
non-monotonic trend obtained for these three mode effective charges as
U is increased. Once the BEC and the mode effective charges are known,
the dependence of the phonon frequencies with respect to the φ angle
is easily obtained (the numerical results are summarized in Fig. 55).

At the level of the vibrational properties, the inclusion of U has a ma-
jor effect on the high-frequency modes that increase for example from
546 cm−1 to 602 cm−1, improving the agreement with experiments. It
also tends to decrease the lowest frequency part at e.g. 100 cm−1. The
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xx yy zz xy xz yx yz zx zy

LDA/NC

Fe 4.565 4.565 3.432 -0.385 -0.000 0.385 -0.000 -0.000 0.000

Bi 5.134 5.134 4.321 -0.044 0.000 0.044 -0.000 0.000 -0.000

O -3.147 -3.319 -2.584 -0.260 0.425 -0.531 -0.491 0.342 -0.403

LDA+U/PAW, Ueff = 0 eV

Fe 4.434 4.434 3.262 -0.406 -0.000 0.406 -0.000 -0.000 0.000

Bi 5.124 5.124 4.285 -0.075 -0.000 0.075 -0.000 -0.000 0.000

O -3.185 -3.187 -2.515 -0.231 0.482 -0.590 -0.440 0.370 -0.349

LDA+U/PAW, Ueff = 2 eV

Fe 4.362 4.362 3.525 -0.259 -0.000 0.259 -0.000 -0.000 0.000

Bi 5.073 5.073 4.331 0.079 -0.000 -0.079 0.000 -0.000 -0.000

O -3.043 -3.247 -2.619 -0.261 0.468 -0.485 -0.535 0.433 -0.417

LDA+U/PAW, Ueff = 3 eV

Fe 4.241 4.241 3.550 -0.223 -0.000 0.223 -0.000 -0.000 0.000

Bi 5.042 5.042 4.344 0.137 -0.000 -0.137 0.000 -0.000 -0.000

O -3.015 -3.174 -2.631 -0.238 0.469 -0.450 -0.535 0.449 -0.412

LDA+U/PAW, Ueff = 3.8 eV

Fe 4.142 4.142 3.545 -0.206 0.000 0.206 0.000 -0.000 0.000

Bi 5.021 5.021 4.352 0.177 0.000 -0.177 -0.000 -0.000 -0.000

O -2.999 -3.110 -2.632 -0.218 0.472 -0.427 -0.525 0.462 -0.399

LDA+U/PAW, Ueff = 5 eV

Fe 4.002 4.002 3.513 -0.193 -0.000 0.193 -0.000 -0.000 0.000

Bi 4.994 4.994 4.363 0.228 -0.000 -0.228 0.000 -0.000 -0.000

O -2.981 -3.017 -2.625 -0.189 0.480 -0.397 -0.503 0.480 -0.375

Table 9: Cartesian components of the BEC of BFO for LDA/NC and
LDA+U/PAW calculations with different values of Ueff parameters.

phonon dispersion obtained with different values of Ueff is presented
in Fig. 56. A comparison of the TO and LO frequencies is presented in
Tab. 10 along with calculations performed with hybrids functionals in
Ref. [208] and experimental measurements of Ref. [213]. We observe that
the hybrid calculations overestimate the phonon frequencies and do not
improve much the LDA+U results at the level of phonon frequencies. In
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complement, the value of oblique modes for a light polarization aligned
along a pseudocubic axis are presented in Tab. 11 along with a compar-
ison with the frequencies extracted from the measurements presented
in Sec. 6.2 and Ref. [212]. In these tables, we observe a general improve-
ment of the phonon frequencies as U is included in the calculations, even
for LO frequencies and oblique modes.

The inclusion of U also changes the relative order of the phonon
modes, as can be seen in Fig. 54b, where we show the overlaps be-
tween the modes computed with LDA/NC and with LDA+U/PAW with
Ueff = 3.8 eV. Changes in the order of the phonon frequencies occur in
the region between 200 and 300 cm−1, the region in which mixing of the
modes is also present. All the other modes show almost 100% overlap
between LDA+U/PAW and LDA/NC. As a conclusion, the introduction
ofU at the level of phonons mainly modifies the phonon frequencies and
changes the displacements of the modes with frequencies between 200

and 300 cm−1.
As an additional analysis, we compare the decomposition of the

eigendisplacements with respect to the three atomic types in the unit
cells. The decomposition of the TO modes obtained with LDA/NC and
LDA+U/PAW is presented in Fig. 57. As already observed previously,
most of the changes appear for frequencies between 200 and 300 cm−1.
This behavior is somehow expected because these modes mainly consist
of vibrations of Fe and O.
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Figure 54: Overlaps between the phonon eigenvectors of BFO obtained with
LDA/NC and with LDA+U/PAW. (a) Ueff = 3 eV and (b) Ueff =

3.8 eV.
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Figure 55: Comparison of the phonon frequencies of BFO at q→ 0 with respect
to the q-direction with (a) LDA/NC, (b) LDA+U/PAW with Ueff =
3.8 eV, and (c) Raman experimental measurements of Ref. [213]. The
A2 modes (denoted by ∗) are represented in (a) and (b) but have no
experimental counterpart since they are not Raman active.
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Figure 56: Comparison of the phonon frequencies of BFO at q→ 0 with respect
to the q-direction for different values of Ueff (in eV). The symmetry
of the modes is indicated when Ueff = 5 eV : the labels on the right
indicate either X−Y if the symmetry is X at φ = 0◦ and Y at φ = 90◦,
or A2 modes (with no dispersion). All the other modes are E-E for
oblique modes or E(TO) for TO modes (no dispersion).
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Symmetry LDA/NC LDA+U/PAW Hybrids [208] Exp [213]

E(TO1) 102 91 79 74

E(TO2) 152 146 150 132

E(TO3) 237 251 256 240

E(TO4) 263 276 279 265

E(TO5) 275 280 289 278

E(TO6) 335 328 363 351

E(TO7) 379 373 394 374

E(TO8) 408 446 480 441

E(TO9) 509 530 549 523

E(LO1) 104 98 - 81

E(LO2) 175 179 - 175

E(LO3) 237 255 - 242

E(LO4) 264 279 - 276

E(LO5) 332 328 - 346

E(LO6) 378 372 - 368

E(LO7) 385 423 - 430

E(LO8) 435 469 - 468

E(LO9) 546 602 - 616

A1(TO1) 167 164 171 149

A1(TO2) 266 259 217 223

A1(TO3) 320 308 343 310

A1(TO4) 517 536 603 557

A1(LO1) 180 185 - 178

A1(LO2) 278 274 - 229

A1(LO3) 427 463 - 502

A1(LO4) 534 583 - 591

A2(TO1) 109 111 124 -

A2(TO2) 260 283 277 -

A2(TO3) 308 308 309 -

A2(TO4) 445 453 485 -

A2(TO5) 577 648 709 -

Table 10: Comparison of pure LO and TO mode frequencies (in cm−1) of BFO in
LDA/NC and LDA+U/PAW, theoretical values obtained with hybrid
functionals in Ref. [208] and experimental measurements in Ref. [213].



6.4 study of the lattice dynamics 145

LDA/NC LDA+U/PAW Weber [212] Dispersion path

102 91 75 E(TO1)

103 96 80 E(TO1)-E(LO1)

152 146 136 E(TO2)

162 158 145 E(TO2)-A1(TO1)

177 182 175 A1(LO1)-E(LO2)

267 262 225 A1(LO2)-A1(TO2) (†)

237 251 241 E(TO3)

237 253 241 E(TO3)-E(LO3)

263 276 265 E(TO4)

264 279 278 E(TO4)-E(LO4)

275 280 278 E(TO5)

308 300 295 E(TO5)-A1(TO3) (†)

334 328 350 E(TO6)-E(LO5)

335 328 350 E(TO6)

378 372 373 E(TO7)-E(LO6)

379 373 373 E(TO7)

392 429 435 E(TO8)-E(LO7)

408 446 441 (*) E(TO8)

434 468 473 A1(LO3)-E(LO8)

509 530 523 E(TO9)

516 535 542 E(TO9)-A1(TO4)

541 596 609 A1(LO4)-E(LO9)

Table 11: Comparison of the Raman-active phonons frequencies of BFO for 6×
6 × 6 k-point mesh with the wavevector q aligned along a pseudo-
cubic direction. The dispersion path indicates whether it is a pure
E(TO) mode, or the symmetry of pure LO and TO frequencies the
mode is linked to (see Fig. 55 and 56). The phonons are ordered with
respect to experimental measurements. LDA/NC and LDA+U/PAW
values are assigned based on the experimental dispersion of Ref. [213].
(*) The mode at 441 cm−1 in Ref. [213] has a very weak intensity in
Ref. [212]. (†) In LDA/NC, the 267 cm−1 mode comes from E(TO5)-
A1(TO2) while the 308 cm−1 mode comes from A1(LO2)-A1(TO3).
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Figure 57: Decomposition of the eigenvectors of BFO on the three atom types
with LDA/NC (a) and LDA+U/PAW with Ueff = 3.8 eV (b). (c): For
each mode (sorted by symmetry), comparison of the decompositions
with LDA/NC (left) and with LDA+U/PAW (right).

We can also observe that the dispersion obtained for the branch asso-
ciated to the A1(LO3) mode lying around 460 cm−1 differs from the one
observed experimentally (see Fig. 55). Starting from the LDA+U result,
we now try to clarify the role played by the BEC in this dispersion. The
objective is first pursued by increasing the absolute value of BEC for the
O and Fe atoms on the diagonal of the matrix. Alternatively, it is possible
to increase the maximum eigenvalue of O atoms and then recompute the
different contributions so that the charge neutrality sum rule is fulfilled.
The different dispersions are compared in Fig. 58. These tests reveal that
the dispersion of the A1 mode corresponds directly to the charge trans-
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fer between oxygen and iron, that is not perfectly reproduced in LDA nor
in LDA+U. This might be due to the inability of LDA+U to give accurate
BEC of oxygen atoms.
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Figure 58: Phonon frequencies of BFO at q → 0 with respect to the q-direction
obtained by modifying the BEC of O and Fe atoms by hand. (a)
LDA+U/PAW without modification. (b) Transfer of 1/3 charge units
from each O to Fe atoms on the diagonal. (c) Transfer of 1 charge
units from the lowest eigenvalue of each O to all the atoms by charge
neutrality. (d) Experimental measurements [213]. The A2 modes (de-
noted by ∗) are represented in (a), (b), and (c) but have no experi-
mental counterpart since they are not Raman active.

As far as the phonon band structures are concerned, as already com-
puted from Ref. [210], the phonon frequencies agree well with exper-
imental measurements except for the lowest optical E(TO) mode, as
shown by our previous comparisons. The phonon band structures are
shown in Fig. 59 with the entire range of frequencies. The inclusion of
U in the calculations induces an increase of the phonon spread that has
already been discussed at the Γ point and also some changes in the
crossing of modes around the F modes, in the region of 200-300 cm−1.
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Nevertheless, the global shape of the phonon band structure remains
almost the same between these two results.
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Figure 59: Phonon band structure of BFO obtained with LDA/NC and with
LDA+U/PAW (Ueff = 3.8 eV) along the Γ − P − F − Γ path, as in
Ref. [220].
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6.5 raman intensities

Out of the modes, only E and A1 are Raman active. Using the previously
defined Cartesian axes, the Raman tensors of these modes can be written
as

E(X) =

c . d

. −c .

d . .

 ,E(Y) =

 . −c .

−c . d

. d .

 (186)

A1(Z) =

a . .

. a .

. . b

 . (187)

Along the pseudo-cubic direction in x− z direction, the Raman tensors
of the E(TO) and Oblique modes (Obl) become

E(TO) =

 . −c .

−c . d

. d .

 ,Obl =

a . b

. c .

b . d

 . (188)

In order to take into account the direction of propagation of the light,
as well as polarization rules, the following general procedure is fol-
lowed:

1. Diagonalize the dynamical matrix along a particular q direction,
getting phonon frequencies and eigendisplacements.

2. Compute the derivatives of the dielectric function along Cartesian
directions or along axes of the unit cell.

3. Combine the partial derivatives with the LO contribution.

4. Combine the total derivatives with the eigendisplacements to get
the Raman tensors.

5. Use polarization vectors to select the correct Raman components.

6.5.1 Static limit for Raman intensities

For negligible laser frequencies, the Raman tensor obtained along the
Cartesian axis has already been studied by Hermet et al. [205]. Only
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specific directions were reproduced in this work, that is Z(XY)Z̄ and
X(ZZ)Y,1 exhibiting E(TO) and A1(TO) modes respectively.

In the parallel polarization configuration, i.e. Z(XX)Z, however, A1
modes are active as well and this gives rise to additional peaks in the
spectrum, as shown in Figs. 60 (a) and (c).

From FP calculations of the derivatives on top of LDA+U/PAW DFPT

evaluations of the dielectric function, we are also able to produce Raman
spectrum in the static regime. The results are shown in Figs. 60 (b) and
(d). In the perpendicular configuration, the Raman spectra are very sim-
ilar to the LDA/NC case apart from the relative intensities of the three
last peaks. In the parallel configurations, more changes are observed be-
tween LDA/NC and LDA+U/PAW at the level of relative intensities,
even if an assignment of the peaks is still possible.

Figs. 60 (e) and (f) compare the Raman spectrum obtained in the
parallel polarization for a crystal oriented along the pseudocubic direc-
tion. Here, the picture is completely different between LDA/NC and
LDA+U/PAW results, in particular low-energy modes are much more
Raman intense. Globally, this leads to a much better agreement with off-
resonance Raman measurements done at 647 nm reproduced in Fig. 49.

As shown previously, the phonon displacements in the LDA/NC and
the LDA+U/PAW formalism are close to each other and therefore the
difference between Raman intensities in the two formalisms must come
from the derivatives of the dielectric functions where the U parameter
plays an important role.

Nevertheless, only the static limit of the Raman intensities are avail-
able in this framework. In the next section, we study resonance effects
on Raman intensities.

1 In this thesis, the so-called Porto notation is used to describe the experimental setup
of Raman scattering: a(bc)d means that the incoming light propagates along a and is
polarized along b while the outgoing light propagates along d and is polarized along c.
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Figure 60: Low frequency Raman spectrum of BFO with LDA/NC and
LDA+U/PAW (Ueff = 3.8eV). (a) and (b): Z(XY)Z polarization. (c)
and (d): Z(XX)Z polarization. (e) and (f): Parallel polarization with a
crystal oriented along one pseudocubic axis.
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6.5.2 Frequency-dependent Raman intensities

As already introduced in Sec. 3.2 and in Chap. 4, we use the FP approach
to compute TO Raman intensities and then add the LO contributions.

In Fig. 61 and Fig. 62, we show the dependence of the Raman intensity
with respect to the laser frequency for the Z(XY)Z and the pseudo-cubic
direction. In the former case, no LO modes are active and therefore only
pure FP terms contribute.

We observe strong changes of the relative intensities in the spectrum,
mainly located in the frequency regions around 250 cm−1 and around
400 cm−1. This already shows that resonance effects are drastically im-
portant for the BFO material. Whenever LO terms are included, other
changes of relative effects appear as well.

These changes of relative intensities occur because the phonon modes
influence differently the dielectric function, leading to different reso-
nance profiles for the modes, and therefore changes in the Raman in-
tensities.
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Figure 61: Frequency-dependent Raman intensities of BFO combining inten-
sities computed in IPA and phonons in LDA/NC formalism. (a)
Z(XY)Z polarized spectrum and (b) parallel configuration along the
pseudocubic direction.

A further analysis of the resonance processes is shown in Fig. 63 in the
LDA+U/PAW formalism, where the individual resonance enhancement
factor of the modes is shown with respect to the excitation energy. As
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Figure 62: Frequency-dependent Raman intensities of BFO combining deriva-
tives computed in IPA and phonons frequencies in the LDA+U/PAW
formalism with Ueff = 3.8 eV. (a) Z(XY)Z polarized spectrum and
(b) parallel configuration along the pseudocubic direction.

observed in Fig. 62, the mode at 146 cm−1 increase quicker than the
91 cm−1 mode. We also observe that the mode at 328 cm−1 increases
quicker than the other modes, this is why it appears in our theoretical
spectra for higher excitation energies. Some modes also decrease as, for
example, the mode located at 446 cm−1 that decreases till 2.7 eV, well
visible on Fig. 62.

This behavior can be analyzed with the help of eigenvector decompo-
sitions on the different atoms: as a very global trend, oxygen-dominated
modes tend to increase with frequency, while iron-related modes tend
to stay constant or even decrease in intensity till 2.7 eV. After 2.7 eV,
the iron-related modes tend to increase much faster, in contrast to pre-
resonance regime.

A similar behavior is observed for oblique modes. Some modes in-
crease significantly right at resonance, like 262, 300 and 535 cm−1, while,
other modes tend to stay constant in intensity or even decrease, like the
158 and 182 cm−1 phonon modes.

Experimentally, the 262 cm−1 phonon mode is measured at 225 cm−1

and resonates as well. Around 530 cm−1, the theoretical mode does not
change much, but the mode at 535 cm−1 resonates strongly, that repro-
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duces the experimental change of relative intensities in the regime be-
tween 523 and 542 cm−1.
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Figure 63: Evolution of the intensity (without the (ωL −ω0)
4 prefactor) of the

dominating modes in the Z(XY)Z and along the pseudocubic config-
uration with respect to the excitation energy in LDA+U/PAW with
Ueff = 3.8 eV.

A grid of 8× 8× 8 has been used with a 2× 2× 2 sub-sampling grid
of shifts (see Sec. 3.4 for more details on the methodology) for the TO
intensities while the “static” DFPT value obtained with LDA/NC for χ(2)

has been used for LO intensities. Indeed, in ABINIT, the non-linear prop-
erties cannot be computed with LDA+U/PAW at present.

In these studies, it is important to note that a scissor shift (0.6 eV for
LDA+U/PAW and 2.1 eV for LDA/NC pseudopotentials) has been used
to mimic the GW opening of the direct band gap towards the experimen-
tal band gap of 2.8 eV. We also assume that this scissor shift as well as the
value of the U parameter do not change by displacing the atoms along
the phonon displacements. The validation of these assumptions would
require computing the GW renormalization with frozen displacements
and ab initio values for U, which is beyond the scope of this study.

This completes our discussion of the resonant Raman intensities in
BFO. In the next section, we study the renormalization of the electronic
band structure due to temperature and electron-phonon coupling.

6.6 temperature dependence of the band structure

Using the implementation of the formalism presented in Sec. 5.1, we
now study the temperature dependence of the band structure of BFO.
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The electronic bands are shown in Fig. 64, the width of each band
is proportional to the linewidth (inverse of lifetime) introduced by the
electron-phonon coupling.

These results are obtained using the non-adiabatic AHC formalism pre-
sented in Chap. 5. The ab initio results obtained with 6× 6× 6 q-point
grids on a set of k-point along symmetrically-equivalent paths have been
combined and interpolated using splines to produce the band structures
in Fig. 64. Due to a technical limitation of the present implementation,
we work with LDA/NC in this section.
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Figure 64: Band structure of BFO with electron-phonon renormalization in-
cluded at T = 0 K, T = 500 K and T = 900 K. The black lines rep-
resent DFT eigenvalues, the dashed lines represent the renormalized
eigenenergies and the dashed regions show the linewidth of the
electron-phonon renormalization.

A careful analysis of Fig. 64 reveals that the highest occupied bands
(mainly formed by oxygen orbitals) are strongly affected by the temper-
ature while Fe-dominated bands show a less pronounced dependence.
This effect might be related to the mass of the atoms, the lighter the
mass the easier the motion of the atoms and the larger coupling between
electronic and nuclei properties.

One should also note that the temperature dependence is highly dis-
persive, as the Z−Z direct gap tends to reduce with temperature while
the Γ − Γ value tends to increase. This is clearly shown in Fig. 65, while
Tab. 12 reports band gap, renormalization and high-temperature coef-
ficients of several gaps. On that figure, one also observes that F∗, the
minimum the second group of conduction bands at around 1.8 eV, is
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also affected by temperature dependence leading to a big change in the
indirect band gap Z− F∗ and a very small temperature dependence of
the direct gap F− F∗.

0 100 200 300 400 500 600 700 800 900
0.0

0.5

1.0

1.5

2.0

2.5

Z - Z (dir)

0.4 Z - Z (ind)

Γ - Γ

F-F*

Z-F*

Temperature (K)

G
a
p

(e
V

)

Figure 65: Temperature dependence of different gaps of the BFO band structure:
Z− Z (direct gap), 0.4Z− Z (indirect gap), Γ − Γ , F− F∗ and Z− F∗

where F∗ refers to the band minimum at F of the second group of
conduction bands at around 1.8 eV in Fig. 64.

Gap DFT (eV) ZPR (eV) dGap/dTT→∞ (meV/K)

Z−Z (dir) 0.760 -0.12 -0.39

0.4Z−Z (ind) 0.728 -0.11 -0.38

Γ − Γ 1.437 0.04 0.22

Z− F∗ 1.858 -0.12 -0.44

F− F∗ 2.32 0.01 0.11

Table 12: Value of the BFO DFT band gap, the zero-point motion renormalization
and slope of the renormalization with the temperature for the direct
band gap at Γ , the fundamental indirect band gap and the direct band
gap at Z− Z. Note that values for the renormalization are converged
with an error of less than 10%.

Although the electron-phonon renormalization of the electronic states
will consequently significantly change the ab initio Raman spectra, the
theoretical prediction of temperature effects is still in disagreement with
experiment at that stage.

Indeed, changes in the direct gap of BFO should lead to changes in the
resonant conditions for first-order intensities which are not visible in the
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experimental data. There are different possible explanations for the dis-
agreement between theory and experiment. First, the band structure and
the electron-phonon matrix elements used here are obtained in the LDA

framework and important features of BFO are not captured by this ap-
proximation. It is reasonable to expect that these inaccuracies are some-
how amplified when we compute the electron-phonon renormalization
that is very sensitive to the quality of the input data. Increasing the U
parameters indeed reveals a decrease of the distance between the first
and the second group of conduction bands. The Z− F∗ gap may then
become the fundamental indirect band gap of the material as tempera-
ture increases, showing different temperature-dependent effects. Second,
a complete comprehension of the temperature-dependence of RI of BFO

would require the combination of temperature-dependent eigenenergies
with optical activities, as proposed in Chap. 5. Several effects are not
taken into account in our calculations. A first effect which is not consid-
ered in this study is the strong spin-phonon coupling that may induce
lattice variations due to magnetic ordering in the sample [221, 222]. As
another example, anharmonic effects are neglected is this framework:
the dependence of the lattice parameter and the internal degrees of free-
dom of the BiFeO3 unit cell with temperature may play an important
role on the band gap of the material. Indeed, strong changes in the band
structure are observed between the R3c structure considered in this the-
sis and the high temperature cubic phase, stable after 1200 K [189, 223,
224]. The inclusion of such effects could reduce the disagreement be-
tween theory and experiment, as discussed in the next section.

6.7 dependence of the band structure on internal param-
eters

In the previous section, we have observed strong electron-phonon renor-
malization of the band structure. However, this renormalization alone
is not able to explain the measured temperature dependence of the gap
neither the temperature dependence of the Raman intensities. As a re-
minder, in Sec. 6.2, we deduced from Raman intensities measurements
that the direct transitions are not affected much by temperature. How-
ever, the indirect transitions undergo a strong temperature dependence.

In order to assess the importance of changes in the band structure
induced by thermal expansion and the motion of the ions in the unit
cell, we show, in Fig. 66, the band gaps obtained at the experimental lat-
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tice parameters and internal degrees of freedom measured by Fischer et
al. [225] for different temperatures.
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Figure 66: Dependence of the different band gaps of BFO on temperature with
experimental lattice parameters and internal coordinates of ions as
measured by Ref. [225]. The VBM is 0.4 Z for LDA/NC and 0.5 F
for LDA+U/PAW. F∗ refers to the band minimum at F of the second
group of conduction band.
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Figure 67: (a) Band structure at relaxed lattice parameters and (b) tempera-
ture dependence of gaps of BFO obtained with LDA+U/PAW and
Ueff = 8 eV. Temperature-dependent lattice parameters and internal
coordinates of the ions are extracted from Ref. [225]. The VBM is
0.5 F.

From these results, we observe that, additionally to the electron-phonon
coupling, anharmonicities in the potentials lead to changes in the band
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structure. The direct band gap show little variations while the Z − F∗

gap shows a shrinking of about -0.2 meV/K.
Nevertheless, with LDA/NC or LDA+U/PAW with a Ueff = 3.8 eV,

the experimental measurements are still not matched.
In Fig. 67, we further investigate these effects with additional results

for a value of Ueff = 8 eV, evaluated following the same procedure
with experimental parameters at different temperatures. For such a high
value of U, the two groups of conduction bands cross each other, as
shown in Fig. 67a. The so-called F∗ conduction band becomes the con-
duction band minimum F. As temperature increases, the anharmonici-
ties induce a large modification in the F conduction band (the Z− F gap
has a temperature coefficient of about -0.2 meV/K). This modification
must be added to the AHC renormalization of about -0.44 meV/K evalu-
ated within LDA/NC for the Z− F∗ gap. This correction must be com-
pared to the experimental temperature dependence that is more than
-1 meV/K (see Fig. 50(a)). However, the direct band gap Z − Z stays
around 2.95 eV for the entire range of temperature considered in these
calculations.

This goes in the direction of important changes in the band structure
induced by temperature. The direct and indirect band gap show differ-
ent profiles in BFO and this may explain the changes in second-order
Raman intensities observed in Sec. 6.2, while first-order Raman intensi-
ties show few resonance effects with temperature.

However, the electron-phonon renormalization cannot be calculated
with the current versions of ABINIT with LDA+U/PAW and even fur-
ther studies with more advanced frameworks such as DMFT or hybrids
functionals may be required to pursue an accurate analysis of this phe-
nomenon.

6.8 conclusions

In this chapter, we have applied the methodology of computing reso-
nance Raman intensities to the complex material BiFeO3. We observe
that already at the ground state level, or for lattice dynamics, LDA is not
sufficient to get a nice agreement with experiments. LDA+U is able to
capture some additional correlation physics missing in LDA, as shown
for lattice dynamics where a much better agreement with experiments is
observed. We have therefore computed the frequency-dependent Raman
spectrum in the LDA as well as for LDA+U and the inclusion of U also
improves the agreement of results with experiments. However, the agree-
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ment is still not completely satisfactory and we believe that this is due
to the approximations we have relied on, particularly the description of
the band structure and the optical properties at the independent-particle
levels. Finally, temperature-dependent band structures calculations have
been performed and have shown strong electron-phonon renormaliza-
tion with heavy dependence of the band and on the wavevector. We also
show that anharmonicities and in particular temperature-dependent unit
cell parameters and internal degrees of freedoms are important to get a
complete picture of temperature-dependent band structures. As a sum-
mary, the approach developed in this thesis allows us to explain some
effects observed experimentally, such as the strong relative intensities
change in the spectrum. Further investigations with more accurate for-
malisms might be required to obtain a better agreement for this material.



7
C O N C L U S I O N S A N D P E R S P E C T I V E S

Simulations of Raman and optical spectra require accurate and reliable
techniques not only for reproducing experimental measurements but
also for predicting properties of new materials. Standard techniques for
Raman simulations based on DFPT or frozen-phonon are usually per-
formed neglecting the laser frequency. They also lack a description of ex-
citonic and temperature effects. Based on a methodology for computing
frequency-dependent (resonant) Raman intensities, we have achieved
two main objectives in this thesis: assessing the importance of excitonic
effects in Raman intensities and including temperature effects at dif-
ferent levels from the band structure to the Raman intensities going
through the optical properties.

To reach these two main goals, Chap. 2 summarized the underlying
theories for optical properties calculations, namely the calculations of
band structures from DFT, followed by the two main approximations
used in this work: the independent-particle approximation (cheap but
inaccurate) and the BSE, giving good results but at a much higher com-
putational cost. An important part of this chapter discussed the very
slow convergence of the optical properties with respect to the sampling
of the Brillouin zone. Numerical techniques designed to circumvent this
issue have also been presented.

In Chap. 3, we described a complete methodology for the calculation
of first and second-order Raman intensities. This methodology is based
on FP evaluations of the dielectric function and is completely general. It
does not depend on a specific implementation or approximations used
for the dielectric function. We then applied and validated this methodol-
ogy to the prototypical case of silicon, for which the results with the BSE

showed the importance of the inclusion of excitonic effects for comput-
ing absolute intensities. We also observed strong exciton-phonon cou-
pling for particular phonons.

Chap. 4 showed the application of the methodology to two different
classes of materials, the zinc-blende SiC and GaAs and 2D TMD: WS2
and WSe2. In the former case, the two polar materials required addi-
tional treatment of the electric field-light coupling for longitudinal op-
tical (LO) modes. Excitonic effects were also found to be important to

161
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reproduce the Raman intensities of these materials, improving the re-
sults with respect to the independent-particle approximation. In the lat-
ter case, WS2 and WSe2, while being similar materials, show different
frequency-dependent Raman behavior. Employing the above-mentioned
methodology on these TMD allowed us to explain part of the difference
as a result of the strength of the exciton-phonon coupling.

Temperature dependence effects have been introduced in Chap. 5,
where the Allen-Heine-Cardona formalism was briefly summarized. This
formalism was subsequently used to compute the temperature-dependent
dielectric function of silicon and finally temperature-dependent Raman
intensities of silicon with success with respect to experimental measure-
ments.

Finally, the last Chap. 6 was devoted to the study of Bismuth Fer-
rite (BFO). This material shows strong frequency dependence of the
Raman intensities but an atypical temperature dependence. We ob-
served that DFT has difficulties to reproduce accurately the lattice dy-
namics so we studied the influence of correlation with the help of the
LDA+U. The inclusion of U in the calculations improved the Raman in-
tensities compared with experiments. The theoretical frequency depen-
dence of BFO presents strong changes in the relative intensities, giving
a consistent picture with experiments. Finally, this chapter also showed
that temperature-dependent band structure obtained at the level of the
AHC theory has difficulties to reproduce experiments. We observed that
temperature-induced changes in the lattice parameters and internal de-
grees of freedom improves the agreement with experiments. Further
analysis of such effects are required in a future work.

We believe this thesis improves our current knowledge of Raman in-
tensities in general, but it definitely does not close the study of Raman
intensities from first principles. Further studies may be of two kinds: ap-
plication of these methodologies to a much broader set of materials and
developments of new tools or new theories to ease the calculations.

On the one hand, we show results on a limited set of materials. It
would be very important to enlarge the set of materials and show whether
the conclusions we draw for silicon or simple materials are transferable
to other materials as well. In particular, we have observed the impor-
tance of excitonic effects at the level of quantitative simulation of abso-
lute Raman intensities for silicon. We have also shown the role of exci-
tonic effects for TO and LO absolute and relative intensities in the case
of SiC. Globally, in most of the cases, the independent-particle frame-
work allowed us to get a cheap, first insight about the resonance phe-
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nomenon, while excitonic effects improved the quantitative description
with respect to experiments. In this work, we focused on very simple
cases with one symmetry-allowed Raman peak (and its LO counterpart).
We think that further work should be done to evaluate the importance
of excitonic effects when different modes are present in the first-order
Raman spectra, in particular for the study of their relative intensities.

The methodology developed here for Raman intensities is very gen-
eral and can be applied to any material, as soon as the dielectric func-
tion is available. Scripts have been written on top of the Abipy-Pymatgen
framework and should be transferred in the main Abipy infrastructure
to allow for direct application to other materials. As soon as the method-
ology is validated, a much broader application of the techniques may
be considered. Databases of materials properties start to emerge these
last years, such as the Materials Project and the NoMaD repository for
instance. A database containing hundreds of theoretical spectra already
exists within the WURM project at the level of DFPT. A long-term goal
would be to allow for automatic calculations of resonant Raman intensi-
ties to improve these databases, with more accurate and more complete
data. Other properties that are linked to derivatives of the dielectric func-
tion may also be considered, such as the piezoreflectance, for instance.
In general, high-throughput calculation of optical properties or more ad-
vanced properties such as Raman spectra will certainly be of importance
in the nextcoming years.

Nevertheless, as we have seen throughout this thesis, different levels
of approximations are available. The choice among them will be driven
by the level of accuracy and the computer resources we are able to afford,
but may also depend on the material classes. As an example, for BiFeO3,
we observe that accurate Raman intensity would require additional lev-
els of approximations that go beyond standard functionals (LDA,GGA)
or DFT, such as hybrid functionals or DMFT. This should improve the
accuracy for systems where standard DFT shows severe limitations. An-
other part that can be improved in terms of accuracy is the description
of coupling of light with polar vibrational modes, that has remained at
the level of independent particles in this thesis and that could be de-
veloped to include excitonic effects. Of course, improving accuracy of
the calculations has to be considered with respect to available computer
power. Trade-offs are usually required between accuracy and computer
resources limitations. However, numerical techniques may help at this
level. As an example, we have shown difficult convergence studies with
respect to the sampling of the Brillouin Zone. In that respect, we have
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developed interpolation techniques in the reciprocal space to improve
the speed of these convergences. After all, if computer resources con-
tinue their increase, most limiting cases for current research will become
tractable in the future. This also involves improvement of the implemen-
tations of our current ab initio codes at the level of efficiency and paral-
lelism on large computing centers.

On the other hand, the frozen-phonon calculations require a huge
amount of evaluations of the dielectric functions, already for small sys-
tems (see for example the second-order Raman calculations for silicon
in Sec. 3.5). Even if the calculations are possible for small systems nowa-
days thanks to automation frameworks and large clusters, the direct ap-
plication of such calculations to larger systems will require additional
development work. A possible approach is the combination of DFPT cal-
culations with optical properties (i.e. BSE for excitonic effects, or TDDFT).
This should reduce a lot the computational load as the derivatives would
be evaluated directly and would not require additional numerical post-
processing. We believe this is one way to go for new developments in
this field.

As a final word, this work has not been done alone. It started from
the huge effort done by scientists in the past and still working for future
developments. During this work, we have had the chance to collaborate
with many people in UCLouvain, in Luxembourg, in Berlin, or even fur-
ther in the world. These collaborations are usually based on theoretical
and experimental sides. We strongly believe that these kinds of collabo-
rations help a lot to the development of sciences and that it is the way
to improve our current knowledge of the world, via collaborations with
the world.
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A
L I N K B E T W E E N F E Y N M A N D I A G R A M M AT I C
A P P R O A C H A N D D E R I VAT I V E S O F T H E D I E L E C T R I C
F U N C T I O N

In Sec. 3.2, we present Raman intensities obtained from derivatives of the
dielectric function. In this appendix, we show that it is indeed a good
approximation of the perturbation expansion of quantum mechanics [1,
139] when the phonon frequencies are negligible.

We restrict ourselves to first-order Raman intensities in the independent-
particles pictures.

In that framework, the dielectric function

χ(ω) =
∑
σ=±1

∑
c,v

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉

(εck − εvk) − σ(ω+ iδ+)
, (189)

can easily be differenciated to yield

α(ω) =
∂χ

∂τ
=
∑
σ=±1

∑
c,v

〈
∂vk
∂τ

∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
(εck − εvk) − σ(ω+ iδ+)

+
∑
σ=±1

∑
c,v

〈
vk
∣∣∣∣r∣∣∣∣∂ck∂τ

〉〈
ck
∣∣∣∣r∣∣∣∣vk〉

(εck − εvk) − σ(ω+ iδ+)

+
∑
σ=±1

∑
c,v

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈∂ck∂τ

∣∣∣∣r∣∣∣∣vk〉
(εck − εvk) − σ(ω+ iδ+)

+
∑
σ=±1

∑
cv

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣∂vk∂τ

〉
(εck − εvk) − σ(ω+ iδ+)

−
∑
σ=±1

∑
cv

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉

((εck − εvk) − σ(ω+ iδ+))2
∂(εck − εvk)

∂τ
.

(190)
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The derivative of the eigenvalue
∂εbk

∂τ
, entering the previous equation

can be obtained by using the definition

εbk =

〈
bk
∣∣∣∣H∣∣∣∣bk

〉
, (191)

where H is the Hamiltonian and the Hellman-Feynman theorem

∂εbk

∂τ
=

〈
bk
∣∣∣∣∂H∂τ

∣∣∣∣bk
〉
+

〈
∂bk
∂τ

∣∣∣∣H∣∣∣∣bk
〉
+

〈
bk
∣∣∣∣H∣∣∣∣∂bk

∂τ

〉
(192)

=

〈
bk
∣∣∣∣∂H∂τ

∣∣∣∣bk
〉
+ εbk

(
〈∂bk
∂τ

|bk〉+ 〈bk|
∂bk
∂τ
〉
)

(193)

=

〈
bk
∣∣∣∣∂H∂τ

∣∣∣∣bk
〉

. (194)

and
∂H

∂τ
= H ′e−ion.

We can compute the derivative of the wavefunction
∂bk
∂τ

. Starting from
Schrödinger equation:

H |bk〉 = εbk |bk〉 (195)

and plug-in the Taylor expansions

H =H0 + τ
∂H

∂τ
(196)

εbk =ε0bk + τ
∂εbk

∂τ
+ · · · (197)

|bk〉 = |bk0〉+ τ |∂bk
∂τ
〉+ · · · , (198)

we get

H0 |bk0〉+ τ
(
H0 |

∂bk
∂τ
〉+ ∂H

∂τ
|bk0〉

)
+ · · · (199)

= ε0bk |bk0〉+ τ
(
∂εbk

∂τ
|bk0〉+ ε0bk |

∂bk
∂τ
〉
)
+ · · · (200)

The Sternheimer equation at first-order reads(
H0 − ε

0
bk
)
|
∂bk
∂τ
〉 = −

(
∂H

∂τ
−
∂εbk

∂τ

)
|bk0〉 . (201)

Taking the product with a state b ′ non-degenerate with b, and skip-
ping the 0 index yields

(εb ′k − εbk) 〈b ′k|
∂bk
∂τ
〉 = −

〈
b ′k
∣∣∣∣∂H∂τ

∣∣∣∣bk
〉

. (202)
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Finally, using the closure relation, we obtain (choice of gauge)

|
∂bk
∂τ
〉 = −

′∑
b ′ 6=b

|b ′k〉

〈
b ′k
∣∣∣∣∂H∂τ

∣∣∣∣bk
〉

εb ′k − εbk
. (203)

where the summation is done only for εb ′k 6= εbk.
Inserting Eq. (203) into Eq. (190) yields

α(ω) =
∂χ

∂τ
= −

∑
σ=±1

∑
vc,n ′ 6=v

〈
vk
∣∣∣∣∂H∂τ

∣∣∣∣n ′k〉〈n ′k∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εn ′k − εvk)

−
∑
σ=±1

∑
vc,n ′ 6=c

〈
vk
∣∣∣∣r∣∣∣∣n ′k〉〈n ′k∣∣∣∣∂H∂τ

∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εn ′k − εck)

−
∑
σ=±1

∑
vc,n ′ 6=c

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣∂H∂τ

∣∣∣∣n ′k〉〈n ′k∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εn ′k − εck)

−
∑
σ=±1

∑
vc,n ′ 6=v

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣n ′k〉〈n ′k∣∣∣∣∂H∂τ

∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εn ′k − εvk)

−
∑
σ=±1

∑
vc

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉

((εck − εvk) − σ(ω+ iδ+))2

(〈
vk
∣∣∣∣∂H∂τ

∣∣∣∣vk〉) .

(204)
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Separating the indices n ′ in terms of valence and conduction bands
gives

α(ω) =
∂χ

∂τ
= −

∑
σ=±1

∑
vc,v ′ 6=v

〈
vk
∣∣∣∣∂H∂τ

∣∣∣∣v ′k〉〈v ′k∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εv ′k − εvk)

(205)

−
∑
σ=±1

∑
vc,c ′

〈
vk
∣∣∣∣∂H∂τ

∣∣∣∣c ′k〉〈c ′k∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εc ′k − εvk)

−
∑
σ=±1

∑
vc,v ′

〈
vk
∣∣∣∣r∣∣∣∣v ′k〉〈v ′k∣∣∣∣∂H∂τ

∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εv ′k − εck)

−
∑
σ=±1

∑
vc,c ′ 6=c

〈
vk
∣∣∣∣r∣∣∣∣c ′k〉〈c ′k∣∣∣∣∂H∂τ

∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εc ′k − εck)

(206)

−
∑
σ=±1

∑
vc,v ′

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣∂H∂τ

∣∣∣∣v ′k〉〈v ′k∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εv ′k − εck)

−
∑
σ=±1

∑
vc,c ′ 6=c

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣∂H∂τ

∣∣∣∣c ′k〉〈c ′k∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εc ′k − εck)

(207)

−
∑
σ=±1

∑
vc,v ′ 6=v

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣v ′k〉〈v ′k∣∣∣∣∂H∂τ

∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εv ′k − εvk)

(208)

−
∑
σ=±1

∑
vc,c ′

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣c ′k〉〈c ′k∣∣∣∣∂H∂τ

∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εc ′k − εvk)

−
∑
σ=±1

∑
vc

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉

((εck − εvk) − σ(ω+ iδ+))2

(〈
ck
∣∣∣∣∂H∂τ

∣∣∣∣ck〉)
(209)

+
∑
σ=±1

∑
vc

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉

((εck − εvk) − σ(ω+ iδ+))2

(〈
vk
∣∣∣∣∂H∂τ

∣∣∣∣vk〉) .

(210)
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These formulae can be simplified with a bit of algebra[
1

(εc ′k − εvk) − σ(ω+ iδ+)
−

1

(εck − εvk) − σ(ω+ iδ+)

](
1

εck − εc ′k

)
(211)

=
1

(εc ′k − εvk) − σ(ω+ iδ+)
× 1

(εck − εvk) − σ(ω+ iδ+)

(212)

Combining different terms of the previous equations gives

(206) + (207) + (209) =

−
∑
σ=±1

∑
vc ′c

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣∂H∂τ

∣∣∣∣c ′k〉〈c ′k∣∣∣∣r∣∣∣∣vk〉
((εc ′k − εvk) − σ(ω+ iδ+)) ((εck − εvk) − σ(ω+ iδ+))

(213)

(205) + (208) + (210) =

∑
σ=±1

∑
vcv ′

〈
vk
∣∣∣∣∂H∂τ

∣∣∣∣v ′k〉〈v ′k∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) ((εck − εv ′k) − σ(ω+ iδ+))

.

(214)
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The final result for the derivative reads then

α(ω) =
∂χ

∂τ

=
∑
σ=±1

∑
vcv ′

〈
vk
∣∣∣∣∂H∂τ

∣∣∣∣v ′k〉〈v ′k∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) ((εck − εv ′k) − σ(ω+ iδ+))

−
∑
σ=±1

∑
vc ′c

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣∂H∂τ

∣∣∣∣c ′k〉〈c ′k∣∣∣∣r∣∣∣∣vk〉
((εc ′k − εvk) − σ(ω+ iδ+)) ((εck − εvk) − σ(ω+ iδ+))

−
∑
σ=±1

∑
vc,c ′

〈
vk
∣∣∣∣∂H∂τ

∣∣∣∣c ′k〉〈c ′k∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εc ′k − εvk)

−
∑
σ=±1

∑
vc,v ′

〈
vk
∣∣∣∣r∣∣∣∣v ′k〉〈v ′k∣∣∣∣∂H∂τ

∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εv ′k − εck)

−
∑
σ=±1

∑
vc,v ′

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣∂H∂τ

∣∣∣∣v ′k〉〈v ′k∣∣∣∣r∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εv ′k − εck)

−
∑
σ=±1

∑
vc,c ′

〈
vk
∣∣∣∣r∣∣∣∣ck〉〈ck∣∣∣∣r∣∣∣∣c ′k〉〈c ′k∣∣∣∣∂H∂τ

∣∣∣∣vk〉
((εck − εvk) − σ(ω+ iδ+)) (εc ′k − εvk)

. (215)
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In comparison, the many-body formulation of Raman gives the fol-
lowing expression [1, 139]

α(ω) =
∂χ

∂τ
= δ(ωi −ωs −ω0)∑

n,n ′

〈
i
∣∣He−ion∣∣n〉〈n∣∣HeR(ωs)∣∣n ′〉〈n ′∣∣HeR(ωi)∣∣i〉
(−ω0 − (εn − εi)) (−ω0 −ωs − (εn ′ − εi))

+

〈
i
∣∣He−ion∣∣n〉〈n∣∣HeR(ωi)∣∣n ′〉〈n ′∣∣HeR(ωs)∣∣i〉
(−ω0 − (εn − εi)) (−ω0 +ωi − (εn ′ − εi))

+

〈
i
∣∣HeR(ωi)∣∣n〉〈n∣∣HeR(ωs)∣∣n ′〉〈n ′∣∣He−ion∣∣i〉
(ωi − (εn − εi)) (ωi −ωs − (εn ′ − εi))

+

〈
i
∣∣HeR(ωs)∣∣n〉〈n∣∣HeR(ωi)∣∣n ′〉〈n ′∣∣He−ion∣∣i〉
(−ωs − (εn − εi)) (−ωs +ωi − (εn ′ − εi))

+

〈
i
∣∣HeR(ωi)∣∣n〉〈n∣∣He−ion∣∣n ′〉〈n ′∣∣HeR(ωs)∣∣i〉
(ωi − (εn − εi)) (ωi −ω0 − (εn ′ − εi))

+

〈
i
∣∣HeR(ωs)∣∣n〉〈n∣∣He−ion∣∣n ′〉〈n ′∣∣HeR(ωi)∣∣i〉
(−ωs − (εn − εi)) (−ωs −ω0 − (εn ′ − εi))

, (216)
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which gives, using second-quantized operators forms, in the indepen-
dent particle framework

α(ω) =
∂χ

∂τ
= δ(ωi −ωs −ω0)∑

vcc ′k

〈
v
∣∣He−ion∣∣c〉〈c∣∣HeR(ωs)∣∣c ′〉〈c ′∣∣HeR(ωi)∣∣v〉
(ω0 + (εc − εv)) (ω0 +ωs + (εc ′ − εv))

+
∑
vcv ′k

〈
v
∣∣He−ion∣∣c〉〈v∣∣HeR(ωs)∣∣v ′〉〈c∣∣HeR(ωi)∣∣v ′〉
(ω0 + (εc − ε ′v)) (ω0 +ωs + (εc − εv))

+
∑
vcc ′k

〈
v
∣∣He−ion∣∣c〉〈c∣∣HeR(ωi)∣∣c ′〉〈c ′∣∣HeR(ωs)∣∣v〉
(−ω0 − (εc − εv)) (−ω0 +ωi − (εc ′ − εv))

+
∑
vcv ′k

〈
v
∣∣He−ion∣∣c〉〈v∣∣HeR(ωi)∣∣v ′〉〈c∣∣HeR(ωs)∣∣v ′〉
(−ω0 − (εc − ε ′v)) (−ω0 +ωi − (εc − εv))

+
∑
vcc ′k

〈
v
∣∣HeR(ωi)∣∣c〉〈c∣∣HeR(ωs)∣∣c ′〉〈c ′∣∣He−ion∣∣v〉
(ωi − (εc − εv)) (ωi −ωs − (εc ′ − εv))

+
∑
vcv ′k

〈
v
∣∣HeR(ωi)∣∣c〉〈v∣∣HeR(ωs)∣∣v ′〉〈c∣∣He−ion∣∣v ′〉
(ωi − (εc − ε ′v)) (ωi −ωs − (εc − εv))

+
∑
vcc ′k

〈
v
∣∣HeR(ωs)∣∣c〉〈c∣∣HeR(ωi)∣∣c ′〉〈c ′∣∣He−ion∣∣v〉
(−ωs − (εc − εv)) (−ωs +ωi − (εc ′ − εv))

+
∑
vcv ′k

〈
v
∣∣HeR(ωs)∣∣c〉〈v∣∣HeR(ωi)∣∣v ′〉〈c∣∣He−ion∣∣v ′〉
(−ωs − (εc − ε ′v)) (−ωs +ωi − (εc − εv))

+
∑
vcc ′k

〈
v
∣∣HeR(ωi)∣∣c〉〈c∣∣He−ion∣∣c ′〉〈c ′∣∣HeR(ωs)∣∣v〉
(ωi − (εc − εv)) (ωi −ω0 − (εc ′ − εv))

+
∑
vcv ′k

〈
v
∣∣HeR(ωi)∣∣c〉〈v∣∣He−ion∣∣v ′〉〈c∣∣HeR(ωs)∣∣v ′〉
(ωi − (εc − ε ′v)) (ωi −ω0 − (εc − εv))

+
∑
vcc ′k

〈
v
∣∣HeR(ωs)∣∣c〉〈c∣∣He−ion∣∣c ′〉〈c ′∣∣HeR(ωi)∣∣v〉
(−ωs − (εc − εv)) (−ωs −ω0 − (εc ′ − εv))

+
∑
vcv ′k

〈
v
∣∣HeR(ωs)∣∣c〉〈v∣∣He−ion∣∣v ′〉〈c∣∣HeR(ωi)∣∣v ′〉
(−ωs − (εc − ε ′v)) (−ωs −ω0 − (εc − εv))

. (217)

We can observe that the derivative Eq. (215) and the many-body ap-
proach Eq. (217) are equivalent if ω0 ≈ 0 and consequently ωi = ωs =

ω.
As a final word about this derivation, the expressions available in

Eq. (215) could be evaluated numerically directly with respect to the
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frequency. Indeed, all the ingredients are available from DFT (eigenener-
gies) and DFPT (optical transition matrix elements and electron-phonon
matrix elements). A preliminary analysis of these expressions would be
required before practical implementation, in particular concerning terms
with optical transition matrix elements between equivalent bands.





B
S E C O N D - O R D E R S U S C E P T I B I L I T Y I N T H E
I N D E P E N D E N T- PA RT I C L E A P P R O X I M AT I O N

As we have seen in Sec. 3.2, Raman intensities calculations for polar
phonons require the knowledge of second-order susceptibilities. In this
section, we show how to compute these terms in the independent-particle
picture.

Starting from the knowledge of the matrix elements of the momen-
tum operator, Sipe, Ghahramani and Hughes developed expressions
for the second-order susceptibility tensor [138, 226]. These expressions
have been developed and rewritten by other authors [117, 227]. More
recently, Tancogne-Dejean derived again the expressions and presented
non-linear properties for simple materials and then to surfaces [228],
stressing the importance of anti-resonant terms in the susceptibilities.

As already mentioned, the ingredients required are the band energies
ωm(k), frequency differences ωmn = ωm −ωn, occupation numbers
fm(k), occupation differences fmn = fm − fn, and the matrix elements
of the position operator, obtained from the momentum matrix element
when ωnm 6= 0

ranm(k) :=
vanm(k)
iωnm

, (218)

where a,b, c are labels for Cartesian coordinates, vanm(k) = m−1
e panm(k),

pnm is the momentum matrix element, and me is the electron mass.
Diagonal matrix elements of the position operator are set to 0.

The momentum matrix elements can be obtained from the commuta-
tor 1

i h [r,H] or via the derivative with respect to the wavevector. Only the
latter option is available in the current “optic” plugin of ABINIT.

From these basic quantities, we define

∆cmn =vcmm − vcnn (219)

rbmn;c =−
rbmn∆

c
mn + rcmn∆

b
mn

ωmn
− i
∑
p

ωmpr
b
mpr

c
pn −ωpnr

c
mpr

b
pn

ωmn

(220)[
rbmn
ωmn

]
;c
=
rbmn;c

ωmn
− rbmn

∆cmn
ω2mn

. (221)

177
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The second-order susceptibility can then be written in the form

χabc(−ωβ −ωγ,ωβ,ωγ) = χabcII (−ωβ −ωγ,ωβ,ωγ)

+ ηabcII (−ωβ −ωγ,ωβ,ωγ)

+
i

ωβ +ωγ)
σabcII (−ωβ −ωγ,ωβ,ωγ)

(222)

where the first term is a purely interband contribution, the second term
arises from the change of linear response from intraband motions and
the third term comes from the modification of intraband motion by the
polarization associated with interband motion [138, 226].

Expressions are available for second-harmonic generation (SHG), i.e.
χ(2)(−2ω,ω,ω), 1

χabcII (−2ω,ω,ω) =
∑
nml

∫
dk
4π3

ranm{rbmlr
c
ln}

(ωln −ωml){
2fnm

(ωmn − 2ω)
+

fml
(ωml −ω)

+
fln

(ωln −ω)

}
(223)

ηabcII (−2ω,ω,ω) =

∫
dk
4π3

∑
nml

ωmnr
a
nm{rbmlr

c
ln}{

fnl

ω2ln(ωln −ω)
−

flm

ω2ml(ωml −ω)

}
− 8i
∑
nm

fnmr
a
nm

ω2mn(ωmn − 2ω)
{∆bmnr

c
mn}

+ 2
∑
nml

fnmr
a
nm{rbmlr

c
ln}(ωml −ωln)

ω2mn(ωmn − 2ω)

(224)
i

2ω
σabcII (−2ω,ω,ω) =

i

2

∫
dk
4π3∑

nml

fnm

ω2mn(ωmn −ω)

[ωnlr
a
lm{rbmnr

c
nl}−ωlmr

a
nl{r

b
lmr

c
mn}]

+
∑
nm

fnmr
a
nm{∆bmnr

c
nm}

ω2mn(ωmn −ω)
, (225)

1 Please note that Ref. [138] wrongly includes a term ∆anm{rbmnr
c
nm} in σ which is zero

by time-reversal symmetry as shown in Ref. [226].
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and for linear electro-optic (LEO) coefficient, i.e. χ(2)(−ω,ω, 0)

χabcII (−ω,ω, 0) =
1

2

∑
nml

∫
dk
4π3

fnm

(ωmn −ω)

[
ranmr

c
mlr

b
ln

ωlm
+
ranmr

b
mlr

c
ln

ωln

]
+

[
fnlr

a
nmr

c
mlr

b
ln

(ωln −ω)ωml
+
fmlr

a
nmr

b
mlr

c
ln

(ωml −ω)ωln

]
(226)

ηabcII (−ω,ω, 0) =
i

2

∑
nm

∫
dk
4π3

fnmr
a
nm

(ωmn −ω)

[
rcmn
ωmn

]
;c

+

(
fnm

2(ωmn −ω)2
(ranmr

b
nm;c − r

a
nm;cr

b
mn)

)
(227)

i

ω
σabcII (−ω,ω, 0) =

i

2

∫
dk
4π3

1

2

∑
nm

fnm∆
a
nm

ω2mn(ωmn −ω)
(rbnmr

c
mn − rcnmr

b
mn)

−
∑
nm

fnm

ωmn(ωmn −ω)
rcnm;ar

b
mn. (228)

These expressions have been implemented in the ABINIT software
and they are available in the “optic” plugin of version 8.

As commonly done in the literature, we rewrite the SHG in terms of
the d tensor according to

χ
(2)
αβγ(−2ω,ω,ω) = 2dαβγ(ω). (229)

In LEO effect, we define the electro-optic tensor r defined between the
change of inverse dielectric tensor and the electric field

∆(ε−1αβ) = rαβγEγ. (230)

The electro-optic tensor is composed of three terms in the Born-
Oppenheimer approximation: the electronic (rel), ionic (rion) and piezo-
electric part (rpiezo). Here, we briefly summarize these contributions.
For more details and derivations, we refer the reader to Ref. [14].

The electronic part of the LEO coefficient (clamped coefficient) can be
linked to χ(2), following the expression

relαβγ = −8π
∑
α ′β ′

(ε−1αα ′)χ
(2)
α ′β ′γ(ε

−1
β ′β), (231)
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which can be rewritten along the principal axis as

relijγ = −
8π

n2in
2
j

χ
(2)
ijγ. (232)

From now on, we only use principal axis conventions for ij indices in
this section.

The electric field induces displacements of ions that, in turn, change
the dielectric function. The ionic part of the electro-optic coefficients
comes from this effect and is therefore related to the Raman suscepti-
bilities α and the Born effective charge

rionijγ = −
4π√

Ω0n
2
in
2
j

∑
m

αmij pm,γ

ω2m
, (233)

where pm,γ is the mode polarity

pm,γ =
∑
κα

Z∗κ,γαU
m
κα. (234)

The ion and electronic part of the electro-optic tensor form the clamped
electro-optic tensor

r
η
ijγ = relijγ + r

ion
ijγ . (235)

The last contribution to the electro-optic tensor is related to the con-
verse piezoelectric effect. The electric field can induce a strain inside the
crystal, through the piezo-electric strain coefficients (dγνµ)

ηνµ =
∑
γ

dγνµEγ, (236)

and the change of the inverse dielectric tensor with the strain is given
by the elasto-optic coefficients pαβνµ, so that

r
piezo
αβγ =

∑
µν

pαβµνdγµν. (237)

The total unclamped electro-optic coefficient is therefore

rijγ = rηijγ +
∑
νµ

pijνµdγνµ. (238)

The three contribution arise in different frequency ranges, depend-
ing whether the crystal is allowed to relax or not (MHz regime), and
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whether optical phonons vibrations are allowed (THz regime). This al-
lows for selective experimental measurements, below the MHz regime
for unclamped coefficient, in the MHz-GHz regime for clamped coeffi-
cients and in the near-infrared for electronic contributions. In our cal-
culations, we focus on the electronic part of the electro-optic coefficient,
that we call LEO coefficient for χ(2)(−ω,ω, 0). The LEO coefficients are
of importance for the longitudinal-optical phonons intensities in Raman
spectroscopy, as discussed in Sec 3.2. They are used in Chap. 4 to com-
pute ab initio Raman intensities of SiC and GaAs.





C
U S E O F S Y M M E T R I E S I N F R O Z E N - P H O N O N R A M A N
C A L C U L AT I O N S

In this appendix, we detail how to use symmetry operations to reduce
the number of calculations required for first-order but mainly for second-
order Raman intensities.

In order to do so, we introduce new notations. The phonon mode m
can be written as a pair of two indices σλ(σ) where σ stands for the
different mode frequencies and λ is an index looping on all the degen-
erate modes of the σ mode. For the sake of simplicity, we skip the σ
dependence of λ in the equations. We also introduce the notations

εαβ(q,σλ) =
∂εαβ

∂Qσλ(q)
(239)

εαβ(q,σλ,σ ′λ ′) =
∂2εαβ

∂Qσλ(q)∂Qσ ′λ ′(−q)
. (240)

From a direct generalization of Ref. [229], we can express the deriva-
tive at one q-point with respect to another one, if they are related by
symmetry operation S

εαβ(Sq,σλ) =
∑
γ,ξ

SγαSξβ
∑
λ1

τσλ1λ(q;S)εγξ(q,σλ1) (241)

εαβ(Sq,σλ,σ ′λ ′) =
∑
γ,ξ

SγαSξβ
∑
λ1λ2

τσλ1λ(q;S)τσ
′

λ2λ ′
(q;S)εγξ(q,σλ1,σ ′λ2), (242)

where τσλλ ′(q;S) are unitary matrices linking degenerate eigendisplace-
ments of the same branch σ when the symmetry operation S is applied
on the system.

Since these matrices are unitary, the following relation can be applied∑
λ ′′

τ
(σ)
λλ ′′τ

∗(σ)
λ ′λ ′′ = δλλ ′ . (243)

Now we can show how the invariants behave when applying a sym-
metry operation.
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For first order, the invariant at Sq is

I
(σ),αβ
1 (Sq) =

∑
λ

∣∣εαβ(Sq,σλ)
∣∣2 , (244)

by substituting Eq. (241) into (244), we get

I
(σ),αβ
1 (Sq) =

∑
λ1

∣∣∣∣∣∣
∑
γ,ξ

SγαSξβε
γξ(q,σλ1)

∣∣∣∣∣∣
2

. (245)

For second-order Raman, the invariant is

I
(σ,σ ′),αβ
2 (Sq) =

∑
λλ ′

∣∣εαβ(Sq,σλ,σ ′λ ′)
∣∣2 . (246)

Using the same approach, substituting (242) in (246)

I
(σ,σ ′),αβ
2 (Sq) =

∑
λ1λ2

∣∣∣∣∣∣
∑
γ,ξ

SγαSξβε
γξ(q,σλ1,σ ′λ2)

∣∣∣∣∣∣
2

. (247)

For first-order Raman the invariant I1 has to be evaluated at Γ only, so
we can apply the equation (245) to symmetrize the tensor

Ĩ1
αβ

(ω) =
∑
σ

C(σ,ω)
1

Nsym

∑
S

∑
λ1

∣∣∣∣∣∣
∑
γ,ξ

SγαSξβε
γξ(Γ ,σλ1)

∣∣∣∣∣∣
2

δ(ω−ωσ), (248)

where C(σ,ω) contains the phonons frequencies, Bose-Einstein occupa-
tion factors, laser frequencies and physical constants.

For second-order Raman, we have to integrate over the whole BZ, but
we can reduce the computational cost by restricting the q-points to the
irreducible BZ part of the Full BZ

Ĩ2
αβ

(ω) =
∑
σ,σ ′

C(σ,σ ′,ω)

BZ∑
q

I
(σ,σ ′),αβ
2 (q)δ(ω− (ωσ +ωσ

′
))

(249)

=
∑
σ,σ ′

C(σ,σ ′,ω)

IBZ∑
q̃

w(q)
1

Nsym

∑
S

∑
λ1λ2∣∣∣∣∣∣

∑
γ,ξ

SγαSξβε
γξ(q,σλ1,σ ′λ2)

∣∣∣∣∣∣
2

δ(ω− (ωσ +ωσ
′
)),

(250)
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where S(q) is the star of q and w(q) is the weight of q.





D
G A A S S T U D Y W I T H D I F F E R E N T
P S E U D O P O T E N T I A L S

Gallium Arsenide has been studied in Chap. 4 for the frequency-
dependent LO and TO RI.

In Tab. 13, we report lattice parameters, dielectric properties, lattice
dynamics and band structure obtained with different pseudopotentials.

The Trouiller-Martins pseudopotentials1 contain only valence states
with 4s2 4p1 configuration and 4s2 4p3 electronic configurations for Ga
and As respectively. Cut-off energy of 15 Ha and 4-times shifted 6× 6× 6
are sufficient to converge dielectric properties.

The so-called ONCVPSP pseudopotentials have been generated us-
ing the ONCVPSP package [230] and validated within the PseudoDojo
framework [231]. The electronic configuration of Ga and As contain the
semi-core electrons and are therefore 3d10 4s2 4p1 and 3d10 4s2 4p3 re-
spectively. For all the flavours of ONCVPSP pseudopotentials used in
this work (LDA or PBE, scalar-relativistic or fully-relativistic pseudopo-
tentials), a cut-off energy of 42 Ha has been used with a 4-times shifted
8× 8× 8 k-point grid, necessary to converge dielectric properties.

For FHI pseudopotentials, the same cut-off energy of 42 Ha as well as
a 4-times shifted 8× 8× 8 kpoint-grid has been used. The Ga pseudopo-
tentials contains semi-core electrons (3d10 4s2 4p1) while As has only 5

electrons in the valence states (4s2 4p3).
From these results, we observe that TM pseudopotentials are badly

describing the system. Indeed, the relaxed band structure has an indirect
band gap and the experimental lattice parameters gives very bad lattice
dynamics.

The other LDA pseudopotentials (either FHI or ONCVPSP-LDA) are
in much better agreement with experiments, leading to less than 1% of
relative error on lattice parameters and very good phonon frequencies.
This is in agreement with the all-electron calculation of 10.61 Bohr with
LDA functional [232].

The PBE-GGA functional for ONCVPSP pseudopotentials is leading
to an overestimation of less than 2% of error, consistently with all-electron

1 Available from the abinit package.
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calculations of 10.88 Bohr with PBE functional [232]. This results in a less
accurate description of phonon properties.

In all the cases, the band gap of the material is small in DFT, ranging
from 0.15 to 0.5 eV (without considering TM). The split-off energy in-
duced by SOC is consistently described as 0.34 eV for all the ONCVPSP
pseudopotentials.
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Table 13: Comparison of lattice parameters (a), dielectric properties (ε∞ and
ε0), lattice dynamics (ωTO, ωLO and Z∗) and band structure (direct
gap Eg and split-off energy ∆ if SOC is included) of GaAs.





E
A D D I T I O N A L I N F O R M AT I O N O N
T R A N S I T I O N - M E TA L D I C H A L C O G E N I D E S

In this appendix, we present some technical details linked with the mea-
surements and the calculations of Raman intensities of WS2 and WSe2
monolayers presented in Sec. 4.2. This section has been published in
Supporting Information of Ref. [48].

e.1 methods

e.1.1 Sample Preparation

Monolayered WS2 samples synthesis is extensively described else-
where. [235] Briefly, the sample consists of CVD grown triangular is-
lands obtained by a two-step approach of thermal evaporation of tung-
sten trioxide (WO3) onto Si/SiO2 wafers followed by sulfurization at
800
◦. The islands present single crystal domains of about 30 µm2 in area

with a high degree of crystallinity. Within a single island, we can distin-
guish (by atomic force microscopy, AFM) the existence of two regions,
the monolayer margins and the nucleation center composed by few lay-
ered WS2. The size of the nucleation center composed of few layers of
material varies from one island to others. For this study, a triangular is-
land with a nucleation center smaller than 4µm2 was selected in order
to ensure that the Raman characterization corresponded exclusively to
the monolayer region. The monolayered WSe2 sample was obtained by
mechanical exfoliation of WSe2 crystals produced using the chemical
vapor transport method with iodine as transport agent. The thickness of
the studied flake was analyzed by AFM, which confirmed the existence
of a single layer sample (0.8 nm height) with an area larger than 40µm2.

The micro-Raman measurements were performed in both triple
monochromator spectrometers, DILOR XY and Horiba T64000. Differ-
ent laser sources (Ar/Kr, Ti/sapphire, and a dye laser with Rhodamine
6G and DCM) were used in order to excite the sample in a wide en-
ergy range from 457.9 to 670.0 nm. A back scattering geometry at room
temperature was used and the laser power was kept below 0.6 mW to
avoid sample damage. The accumulation times varied depending on the
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excitation energy, ranging from 1 to 20 min. The laser spot diameter is
about 2µm using the 100× objective, which ensures sampling regions
more than 20 times smaller than the flake areas.

e.1.2 Calculation details

The FGR approximation was computed from first-principles calculations
using the full-potential DFT package EXCITING [102] in which the wave
functions are expanded in terms of linearized augmented plane-waves.
The generalized gradient approximation for the exchange correlation
was used, and the σL̇ term was added to the Hamiltonian in order to
describe the spin−orbit coupling. A dense 48 × 48 × 1 point grid and a
scissor operator to reproduce the optical gap were used. For the calcu-
lation of the optical properties, a pseudopotential plane-wave approach
(ABINIT code [86]) was preferred because of the guarantee of a com-
plete basis set, which is particularly important and difficult to converge
for optical properties. The caveat, however, is the lack of SOC implemen-
tation for the optical properties. Within this approximation, the mono-
layer systems were simulated in a box with a 50 Å separation between
images in the perpendicular direction to the plane. A dense 32 × 32 × 1

k-point grid and 300 bands were used to compute the screening, and a
broadening of 0.05 and 0.07 Ha were used to reproduce the experimen-
tal measurements. For the finite difference calculations, displacements
with amplitudes of 0.01 and 0.005 Å were considered and were verified
to be in the linear regime. The fitting procedure presented in Tab. 14

was carried out as follows: the experimental data was first normalized
and subsequently multiplied by the Si REP [81] to get the bare intensities;
then, such normalized data were fitted to a function taking into account
the square of the first element of Eq. (153) and finally renormalizing to
the XC peak of the A ′1 band.

e.1.3 Fitting of the Raman spectra

The Raman spectra of TMD were fitted to a sum of Lorentzian functions
as shown in Fig. 68 and 69.

ws2 In the spectral range from 300 to 450 cm−1 , we include three
Lorentzian functions corresponding to the A ′1 , E ′ and 2LA bands. As
observed in Fig. 68, for excitation wavelengths above 488.0 nm we in-
clude an additional feature around 335 cm−1 which is described as the
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Figure 68: Selected Raman spectra of monolayered WS2 (dots) registered with
different excitation wavelengths. The Lorentzian fitting functions are
shown by gray solid lines; the global fitting is shown by the colored
solid line (corresponding to the excitation wavelength).

combination band between the LA and TA phonons at the M point of
the Brillouin zone [157].

wse2 In the Raman spectra of WSe2 , shown in Fig. 69, the A ′1 and
E ′ bands are accidentally degenerate. Moreover, on the lower frequency
side of the E ′ band we can observe an additional band corresponding
to the E(M) phonon. Finally, the 2LA band of WSe2 is fitted to two
Lorentzian functions.

In Fig. 70 we show the REP of both 2LA contributions (260 and
263 cm−1). The REPs show enhancements around 2.1 and 2.4 eV, cor-
responding to XB and XC exciton. Despite both bands are enhanced at
the same excitation energies, slight differences are observed in the inten-
sity ratio XB /XC, similar to what is observed for the normal bands, E ′

and A ′1.
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Figure 69: Selected Raman spectra of monolayered WSe2 (dots) registered with
different excitation wavelengths. The Lorentzian fitting functions are
shown by gray solid lines; the global fitting is shown by the colored
solid line (corresponding to the excitation wavelength).

e.2 additional calculations

e.2.1 Fermi Golden Rule Approximation

With the FGR approximation we obtained information about the 2LA
band for both materials by computing from first principles the band
structure. Briefly, DFT+SOC electronic and phonon band structures are
used to estimate the RI as a function of the laser energy, by taking into
account the possible transitions via the FGR approximation. This approx-
imation considers that the matrix elements related to radiation-electron,
electron-phonon interactions and their combination with spin are con-
stant.

The results are shown in Fig. 71 and they demonstrate a reasonable
agreement with experimental data; the REP of the 2LA band is well re-
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Figure 70: Experimental resonant excitation profiles of the 2LA contributions
of WSe2. The REPs of both 2LA contributions show two enhance-
ments at ca. 2.1 and 2.4 eV, in resonance with the XB and XC exciton
energies.

produced for both cases, WS2 and WSe2, showing the enhancement as-
sociated with the optical excitations. For the first-order Raman modes
we observe that, in the case of WS2, the FGR calculations reproduce the
observed enhancements at the transitions XA, XB and XC . However, note
that the intensity of the Raman enhancement profile shown by the A ′1
band is different to that of the E ′ band and both of them also differ from
the calculated profile of Fig. 71. More interesting is the case of WSe2
where the FGR calculations do not exhibit the lack of enhancement for
the XA and XB transitions, observed experimentally for the first-order
Raman bands. Such discrepancies cannot be captured when considering
constant matrix elements. Finally, we observe that above 2.4 eV the ex-
perimental data display a peak, while the simulation keeps going up.
The reason for this discrepancy is that for the LA mode we have used
the M points; the FGR with constant matrix elements was obtained as the
sum

1

NkNqNcNvNαNβ

∑
k,q,c,v,α,β

1

(ωL − E
c
k + E

v
k −ω

α
−q −ω

β
q − iγ2 )

× 1

(ωL − E
c
k+q + E

v
k −ω

α
−q − i

γ
2 )(ωL − E

c
k + E

v
k − i

γ
2 )

. (251)

Here, we have considered q-points with energy close to half the ob-
served energy with a tolerance of ±5 cm−1. Given the weight of the
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Figure 71: Comparative theoretical and experimental REP for the 2LA band. Ex-
perimental REP for the 2LA band in monolayered WS2 and WSe2
(dots) and the corresponding Fermi Golden rule calculations based
on DFT considering SOC (solid lines). For both materials, the experi-
mental Raman enhancement energies of the 2LA band are theoreti-
cally predicted.

q-points of high symmetry, this amounts to the same as considering the
M point only. The sum goes for the two highest conduction bands and
the four lowest conduction bands. Since in this model there are no many
body effects, after the two peaks corresponding to the direct transitions
at the K point, there will be the continuum in which all the available
states sum. Thus, at higher energies the intensity keeps going up and
the model breaks down.

e.2.2 Bethe-Salpeter Equation

The intensity of the Raman scattered signal is proportional to the change
of the dielectric function (ε) with respect to vibrations (see Eq. (152)
in the main manuscript). In practice, the BSE is solved in order to ob-
tain ε which takes into account electron-hole interactions that correctly
describe the excitonic states, which as mentioned above, dominate the
optical properties of these systems. For technical reasons (see Methods,
Sec. E.1), the approximation presented in this work is based on the sin-
gle particle picture and SOC is neglected. In Tab. 14, we summarize the
BSE approximation parameters.

Note that when looking at the oscillator strength only, the materials
seem quite similar with fλ(XA) < fλ(XC) in both cases. However, the
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WS2 WSe2
XA XC XA XC

E ′λ 2.57 -0.92 2.07 -3.21

fλ 67.66 594.63 78.32 529.24

f ′λ -53.41 7017.50 -53.69 -5781.51

fλE
′
λ 173.69 -549.87 161.83 -1591.24

Table 14: Details of the BSE-computed oscillator strength, binding energies and
their corresponding derivatives for WS2 and WSe2.

derivative of the exciton binding energy with respect to the displace-
ment for the two materials is different: |E ′(XA)| > |E ′(XC)| for WS2, while
|E ′(XA)| < |E ′(XC)| in WSe2. One could then say that in the case of WS2,
the ratio in the change in exciton binding energy “levels up” the contri-
bution of the two excitations to the REP, while in the case of WSe2, the
ratio increases the contribution of the two excitations to the REP. This is
very clear when plotting the calculated REP intensity without renormal-
ization with respect to the Si REP, Fig. 72.

Figure 72: REP calculated from first principles as the derivative with respect to
displacements of the BSE-computed dielectric function.

Therefore, we could say that the difference of the two materials comes
from

|E ′
XA
λ /E ′

XC
λ |WS2 > |E ′

XA
λ /E ′

XC
λ |WSe2 (252)

resulting in REP

|fλE
′XA
λ /fλE

′XC
λ |2WS2 >> |fλE

′XA
λ /fλE

′XC
λ |2WSe2 . (253)
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Since the change in exciton binding energy is not measurable, we de-
cided to use fE ′ as the effective coupling term.



F
N U M E R I C A L T E C H N I Q U E S F O R
T E M P E R AT U R E - D E P E N D E N T B E T H E - S A L P E T E R
H A M I LT O N I A N

This section aims at describing algorithms to obtain the dielectric func-
tion ε(ω) for general complex matrix H

ε(ω) = 1− 4π〈P|(H−ωI)−1|P〉. (254)

f.1 direct diagonalization

For a general matrix H, two sets of eigenvectors exist: the left y and right
x eigenvectors, such as

Hx = λx (255)

y†H = y†λ, (256)

where λ are the eigenvalues that are the same in left and right eigen-
problems1

We can write these relations with matrices X and Y containing the
eigenvectors as columns and D containing eigenvalues on the diagonal

HX = XD (257)

Y†H = DY†. (258)

One can choose X and Y such as Y†X is the identity matrix,2 so

X = (Y†)−1. (259)

We can therefore expand the matrix H as

H =
∑
i

xiλiy
†
i . (260)

1 The notation for left eigenvectors differs from the one commonly used in which y ap-
pears without star.

2 Other normalizations are possible depending on the algorithm used to diagonalize the
Hamiltonian.
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The dielectric function (254) can therefore be rewritten as

ε(ω) = 1− 4π
∑
i

〈P|xi〉(λi −ω)−1〈yi|P〉. (261)

In the case of hermitian matrices, the left and right eigenvectors are
equal (X = Y) and the expression (261) becomes

ε(ω) = 1− 4π
∑
i

〈P|xi〉(λi −ω)−1〈xi|P〉. (262)

f.2 bi-lanczos algorithm

The goal of the Bi-Lanczos algorithm is to create two sets of vectors that
are bi-orthogonal. We note these two sets of vectors {ψn} and {ψ̃n}. These
sets of vectors belong to Krylov spaces made of H and H† application
on ψ0 and ψ̃0 respectively:

ψn ∈ Kn :=span(ψ0,Hψ0, ...,Hnψ0) (263)

ψ̃n ∈ Ln :=span(ψ̃0,H†ψ̃0, ..., (H†)nψ̃0). (264)

The bi-orthogonality translates to

〈ψ̃m|ψn〉 =

{
0 if m 6= n

δn 6= 0 if m = n
. (265)

We immediately see that if H is hermitian, ψn = ψ̃n and both sets of
vectors are equal and form a basis.

As Kn and Ln can be written from the set of vectors

Kn = span(ψ0,ψ1, ...,ψn) (266)

Ln = span(ψ̃0, ψ̃1, ..., ψ̃n) (267)

one directly notices that

ψn ⊥ Ln−1 (268)

ψ̃n ⊥ Kn−1. (269)

Building the nth vector of the chain can be done as

ψnτn,n−1 = Hψn−1 − τn−1,n−1ψn−1 − ... − τ0,n−1ψ0 (270)

ψ̃nτ
c
n,n−1 = H

†ψ̃n−1 − τn−1,n−1ψ̃n−1 − ... − τ0,n−1ψ̃0 (271)
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by choosing the values of τk,n−1 to get the orthogonality fulfilled. The
value of τn,n−1 = γn−1 is arbitrary and changes the normalization of
the vectors.

The matrices X, Y, T , Tc and the diagonal matrixD are now introduced
to ease the writing

Xnm = [ψm]n (272)

Ynm = [ψ̃m]n (273)

Tnm = τn,m (274)

Tcnm = τcn,m (275)

Dnm = δnδn,m. (276)

One can immediately see that T and Tc are upper Hessenberg matri-
ces, by definition.

In matrix notation, the bi-orthogonality property (265) becomes

Y†X = D (277)

whereas the iteration procedure Eqs. (270) and (271) become

HX = XT +ψnτn,n−1e
T
n (278)

H†Y = YTc + ψ̃nτ
c
n,n−1e

T
n, (279)

where eTn is the nth row of the identity matrix.
From Eqs. (268) and (269), one has

Y†HX = DT (280)

X†H†Y = D†Tc (281)

and therefore

DT = (Tc)†D. (282)

As T is upper Hessenberg and (Tc)† is lower Hessenberg, these two
matrices must be tridiagonal:

T =



α0 β0

γ0 α1 β1

γ1
. . .

βn−2

γn−2 αn−1


(283)
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and

Tc =



αc0 βc0

γc0 αc1 βc1

γc1
. . .

βcn−2

γcn−2 αcn−1


. (284)

From Eq. (282), one gets the following relations

αn = (αcn)
∗ (285)

βnδn = (γcn)
∗δn+1 (286)

(βcn)
∗δn = γnδn+1. (287)

Different choices are possible to fulfill these relations among which

βn = (γcn)
∗ (288)

γn = (βcn)
∗ (289)

allows to have all δn = 1 (if 〈ψ̃0|ψ0〉 = 1) and Tc = T†.
The iteration procedure Eqs. (270) and (271) can now be rewritten as

Hψn = ψn+1γn +αnψn +βn−1ψn−1 (290)

H†ψ̃n = ψ̃n+1(βn)
∗ + (αn)

∗ψ̃n + (γn)
∗ψ̃n−1, (291)

from which the coefficients can be fixed by projecting Eq. (290) on ψ̃n−1,
ψ̃n and ψ̃n−1 to get

βn−1 = ψ̃
†
n−1Hψn (292)

αn = ψ̃†nHψn (293)

γn = ψ̃†n+1Hψn. (294)
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The Bi-Lanczos algorithm is explicited in Code 1.

Data : ψ0 and ψ̃0 such as ψ̃0
†
ψ0 = 1, β−1 = 0

Result : ψi and ψ̃i the bi-orthogonal vectors sets, αi, βi and γi the
tridiagonal representation of H in the basis.

for n = 0, 1, ... do
αn = ψ̃†nHψn
t = Hψn −αnψn −βn−1ψn−1
t̃ = H†ψ̃n − (αn)

∗ψ̃n − (γn−1)
∗ψ̃n−1

δ̃ = t̃†t

if δ̃ = 0 then
STOP ! (breakdown !)

else
Choose γn and βn such as:
γn(βn)

∗ = δ̃

ψn+1 = t/γn;
ψ̃n+1 = t̃/(βn)

∗ ;
end

end
Algorithm 1 : Bi-Lanczos algorithm

f.3 continued fraction formula

The dielectric function is obtained from the inverse of H−ωI. We can
define the Green’s function operator matrix elements Gij as

Gij = 〈ψ̃i|(H−ωI)−1|ψj〉 = (T −ωI)−1ij , (295)

and therefore the dielectric function is expressed in terms of G00.
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If we express T −ωI as a UDL product, with U an upper-diagonal
matrix, D a diagonal matrix and L a lower-diagonal, we get

T −ωI =



α0 −ω β0

γ0 α1 −ω β1

γ1
. . .

βn−2

γn−2 αn−1 −ω


(296)

=


1 u0 0 ...

0 1 u1 0 ...

...
. . .

... 0 1




d0 0 ...

0 d1 0 ...

...
. . .

... dn−1




1 0 0 ...

l0 1 0 ...

... l1 1
. . .

... 1

 .

(297)

Solving Eq. (297) gives rise to the following equations

ui =
βi
di+1

(298)

li =
γi
di+1

(299)

dn−1 =αn−1 −ω (300)

di =αi −ω− uilidi+1 = αi −ω−
βiγi
di+1

. (301)

Using the UDL decomposition, one has access to the matrix elements
of the Green matrix elements, as

(T −ωI)ijGj0 = δi0, (302)

one gets

G00 =
1

d0
(303)

Gi+10 =−
γi
di+1

Gi0. (304)

The dielectric function (254) can then be obtained from the continued
fraction formula

〈ψ0|(H−ωI)−1|ψ0〉 =
1

α0 −ω− β0γ0

α1−ω−
β1γ1
...

. (305)
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In case of a hermitian matrix H, we observe that α is real and γ = β∗

therefore t̃ = t and ψ̃n = ψ∗n. The X and Y matrices are equal, Tc = T

and takes the hermitian tri-diagonal form

T =



α0 β0

β∗0 α1 β1

β∗1
. . .

βn−2

β∗n−2 αn−1.


(306)

The dielectric function (254) therefore becomes

〈ψ0|(H−ωI)−1|ψ0〉 =
1

α0 −ω−
β20

α1−ω−
β2
1
...

, (307)

and the algorithm becomes the simple Lanczos algorithm described in
Code 2.

Data : ψ0 such as ||ψ0||
2 = 1, β−1 = 0

Result : ψi is an orthogonal vectors set, αi, βi the tridiagonal
representation of H in the basis.

for n = 0, 1, ... do
αn = ψ†nHψn
t = Hψn −αnψn −βn−1ψn−1
δ = ||t||2

if δ = 0 then
STOP ! (breakdown !)

else
βn =

√
δ

ψn+1 = t/γn ;
end

end
Algorithm 2 : Lanczos algorithm
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