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Abstract: In this study, we consider a model free control technique for a class of minimum phase
nonlinear systems with unknown dynamics. We propose a timescale transformation approach
that can be used to estimate the drift and the high frequency gain of the output dynamics
of nonlinear systems with a well defined relative degree. The proposed controller provides
an effective output regulation mechanism that avoids the need for direct disturbance model
estimation and high gain output feedback controllers. A simulation study is conducted to
demonstrate the effectiveness of the proposed approach.
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1. INTRODUCTION

Model-free controller design techniques have recently
emerged to address the control of highly uncertain systems
(Fliess and Join (2013), Hou and Jin (2013)). In situations
where the uncertain systems can be taken off-line for
experimentation, it is possible to consider the application
of learning techniques such as reinforcement learning (Fu
(1970), Sutton et al. (1992), Meyn (2022)). When off-line
operation is not possible, the required control system must
generate a suitable excitation of the control system to
guarantee that key elements of the system dynamics are
adequately estimated. Recent developments in the area of
data-driven control (De Persis and Tesi (2019), Tanaskovic
et al. (2017)) has formalized the excitation requirements
for the design of suitable data-driven control systems.

Adaptive control techniques (Krsti¢ et al. (1992), Jiang
and Praly (1998), Astolfi et al. (2008)) are suitable when
the system is known but subject to unknown paramet-
ric uncertainties. In the absence of exact model forms,
unknown process nonlinearities can be estimated using
a variety of basis functions. Learning strategies such as
Gaussian regression (Sanner and Slotine (1991), Liu et al.
(2018)) and deep learning (Lillicrap et al. (2015), Liu
and Theodorou (2019)) have been exploited in a num-
ber of applications to estimate unknown nonlinearities.
Neural network based techniques (e.g.,Ge et al. (2013),
Farrell (1998)) have been used extensively in the literature
to overcome the lack of knowledge of unknown process
nonlinearity. The main drawback of neural-network tech-
niques is the presence of an estimation bias that limits
the achievable performance of the resulting closed-loop
systems. While it is generally argued that this bias can be
minimized by increasing the number of basis functions, this
requires to increase the effective number of parameters in
the closed-loop system which imposes an unresolved issue
associated with the persistency of excitation conditions
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needed to provide an accurate estimation of the unknown
nonlinearities.

Extremum-seeking control has emerged as a suitable
model-free adaptive estimation that overcome the lack
of knowledge of system nonlinearities (Tan et al. (2006),
Krstic and Wang (2000)). While its main focus has been
the solution of real-time steady-state optimization prob-
lems, it has been proposed as an alternative to model-free
control techniques. Dual mode techniques have been pro-
posed for the design of control systems that can be used to
achieve stabilization of control systems to the unknown op-
timum of a measured function of interest. Many alternative
formulations of the dual mode approach have been pro-
posed in the literature including demodulation techniques
(Guay, 2016), Lie bracket averaging techniques (Guay and
Atta, 2018) and adaptive estimation techniques (Guay
and Burns, 2017). While these techniques can be used to
solve general classes of real-time optimization problems
for unknown dynamical systems, they are most focussed
on the estimation of directional derivative of a measured
output along the control vector field. The estimation of the
directional derivative along the drift vector fields is never
addressed explicitly. This can limit the ability to regulate
the output in the presence of exogenous variations that
affect the drift dynamics.

In this study, we propose a modulation based technique for
the estimation of the directional derivative of a measured
output along the drift vector field as well as its derivative
along the control vector field. The approach proposed is
to introduce a modulation in the form of a timescale
transformation. It is shown that the use of sinusoidal
variations in the timescale allows one to estimate drift
component of the unknown nonlinear dynamics. In this
manuscript, we show how this approach can be used
to implement feedback linearizing controller for a class
of minimum phase nonlinear systems as described in

(Freidovich and Khalil, 2008).
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The paper is structured as follows. The problem formula-
tion is given in Section 2. The proposed timescale trans-
formation approach is proposed in Section 3. A stability
analysis is presented in Section 4. Section 5 presents a brief
simulation study. Conclusions are given in Section 6.

2. PROBLEM FORMULATION

We consider a class of unknown nonlinear systems de-
scribed by the following dynamical system:

&= f(z) +g(z)u (1a)
y = h(z) (1b)

where x € R” are the state variables, u € R is the input
variable, and y € R is the measured output variable.
It is assumed that the function h : R™ — R is twice
continuously differentiable with respect to . In addition,
the vector valued functions f : R™ — R™ and ¢g : R” — R"
are assumed to be sufficiently smooth. The function A
is assumed to be unknown. The objective is to bring
the time-varying output function to zero using only the
measurement y. In addition, we require the following
assumptions.

In the following, we use the standard notation Lyh and
Lyh to denote the Lie (or directional) derivative of the
function h(z) in the direction of the vector fields f(x) and
g(x), respectively.

Assumption 1. The system (la) with output (1b) is such
that:

[Lghll > a (2)
for some positive constant a.

The assumption imposes a strong relative degree of one
for the nonlinear system. This allows one to rewrite the
nonlinear system in the Byrnes-Isidori normal form:

1 =¢(n,§)
§ =Lyh + Lyhu ()
y =¢.

where ¢ € R, n € R*71,

It is assumed that there is a steady-state trajectory 7ss
given as the solution of the dynamical system:

dn

d;s = Bo(nss, 0).
Furthermore, the steady-state solution, 7.s, evolves on a
compact set Q. € R?1,

We define the error variable 77 = 1 — nss with dynamics:

o
L= B+ s €) — BH(1ss,0). (4)

Assumption 2. There exists a radially unbounded positive
definite function V;(77) such that for all n € R"~!

v,
By PO+ 1155, €) = BY(1ss,0)) < —Ben |7
+ Byllillell

for positive constants a; and 7.
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3. PROPOSED APPROACH
3.1 Target Control System

The target control system consists of system (3) in closed-
loop with the state-feedback controller:

5 BLh+ K 2 vl .
g

This yields the following closed-loop system:

Wy =

p
L =B + s €) = BY(11s5,0)
g

= =—ke.

Let V(§) = 1¢2 and define the set Q¢ = {¢ € R [V(£) < ¢}
By Assumption 2, there exists a constant ¢y and a constant
o such that the set Q, = {n € R"™! |V, () < co + apc}
is positively invariant for the dynamical system (4). Let
Qe = Qe x Q.

Furthermore, it is assumed that the ideal state feedback
controller is bounded on the set .. That is, there exists
a constant M such that:

sup  [lwr(&,m)|| < M.

£€Qe ,meQ,
Under this ideal feedback, it can be shown that the closed-
loop system achieves converngences, 4.e., lim;_, . &(t) = 0,
for any initial condition in Q4 for d < c¢. The positive
constant d is chosen such that the saturated controller

) o)

operates in the linear range of the saturation function for
all (z,n) € Qq.

3.2 Timescale transformation

The proposed ideal state-feedback controller cannot be
implemented since the quantities Lyh and Lyh are un-
known. We propose a timescale transformation approach
to provide independent estimates of Lyh and Lgh.

The proposed control approach can be described as follows.
The rate of change of the output is given:

d
dii = th + Lghu.
Using standard extremum seeking control techniques,
many alternative methods can be employed to approx-
imate the unknown nonlinearity L,h by adding some
perturbation to the input. However, the drift component
L¢h cannot be estimated directly and independently. In
the following, we provide a strategy that can be used
to estimate the drift component Lyh using perturbation
based techniques and a timescale transformation.

Let us introduce the timescale v(7)dr = dt for some
strictly positive variable v(7) > 0. The dynamics can then
be written in the new timescale as:

4 =u(T)Lsh + v(r)Lghu.

dr
If one defines w(7) = v(7)u, we get the system:
d
dj =v(7)L¢h + Lyhw(r).
-



IFAC NOLCOS 2022
4-6 January, 2023. Canberra, Australia

The introduction of the new timescale introduces an ad-
ditional variable v(7) that can be used to excite the drift
component of the dynamics. The input variables v(7) and
w(7) can be used to allow for the independent estimation
of L¢h and Lgh.

First, we pose the following timescale transformation:

dt .

o= B+ Aj sin(wy7) (6)
where 8, Ay and w; are positive constants. The timescale
transformation 7 — ¢ is taken such ¢(0) = 0. The
transformation provides a diffeomorphism on the real
positive line if and only if § > A;.

We can then write the output dynamics as:

d
= = (B+ Avsin(@im))Lgh+ (8 + Ar sin(wi7)) Lyhu.
Defining the feedback transformation:

w
v 1+ 4 sin(w7)
B 7

(7
leads to output dynamics of the form:

d

% = (B + Ay sin(wiT))Lh + BL hw.
The estimation of Lyh requires the use of a dither signal
of the input w. The input is given by:

w = wy + Ag sin(waT)

where w;- is the input to be assigned, As and w» are positive
constants.

The estimation of Lyh and L,h are obtained using an
extremum seeking control approach using two filters. The
ideal filter for the estimation of Lsh can be written as
follows:

ds 2 dy

= wy <§2 i sin(waT) d7_>
where w; is a positive constant.

The use of the proposed timescale transformation allows
one to realize an estimate of Lh using the following ideal

filter:
& =—w (& — 28 sin(wlr)% )
dr Ay dr

These two filters are qualified as “ideal” since they are
driven by the rate of change of y rather than the output
measurement y. In general, the term Z—‘Z is replaced by an
estimate. One reliable approach is to use the following high
pass filter:

;LZ = —wpn +y(7)

v(1) = ~wjn + way(T).
This differentiator is such that the dynamics of the deriva-
tive estimate v(7) can be written as follows:

dv (7) dy
— = —wp|v(r) - = .
dr h dr

We can define the error signal o = v(7)— g—g with dynamics:
dv . d?y
% = —(.()h’l}(T) + p

This yields the following expressions for the estimates of
L¢h and Lgh:
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% = —wy (51 — i—ﬁl sin(w17)0(7) — 124—51 Sin(wlT)Zi)

d 2 2 d
% . (gz - sin(war)i(m) - sm(wmdf) .

(8)
As stated above, the ideal controller of the target system
requires the inverse of SLgh. In this study, we propose a
dynamic inversion of its estimate & given by:

% = —itleate - 1) o)

The proposed certainty equivalence controller takes the
general form:

wr = P(&r, €1, 8) = =& (&1 + KE). (10)
Remark 1. The dynamic inverse system (13) is susceptible
to instability. In general, convergence of &, to &5 ! requires
that 0 < £,(0)&2(0) < 1. That is, the initial condition
£,-(0) must be close to the inverse of the initial condition
£5(0). This can always be ensured by choosing the initial
conditions accordingly. In the developments below, it will
be assumed that the trajectories of (13) are such that the
inverse &, 1(t) exists for t > 0.

As in Freidovich and Khalil (2008), the controller (10)
must be implemented using a saturation function to avoid
any peaking arising from the estimates &1, £ and the
dynamic inverse &,.. The controller used in this study is
given by

1 -

wn = b8t 5706060.6) ). (11)

4. STABILITY ANALYSIS

In this section, we present an abridged analysis of the
resulting closed-loop system.

4.1 Averaged dynamics

We first compute the averaged system for the two filters
(8). This gives:
dé

= <§1 — Z—Bl sin(wy7) ((6 + Ay sin(wi7))Lsh

2
+ BLghw, + BLyhAs sin(wy)) - A—ﬂ sin(wlT)ﬁ)
1

and
d 2 .
% = —w; (52 — e sin(waT) ((ﬁ + A sin(wiT))Lh
+ SLghw, + SLghAs Sin(UJQT)) - Ai sin(ww)f;).
2

Let w be the lowest common multiplier of w; and ws. Let
wy and wo be chosen such that:

— 2r
% ; sin(wy0) sin(wq0o)do = 0.

One can then define the averaged dynamics as:
des ww [T

2
= <§f - A—Bl sin(w;0)

dr 2 Jo
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X ((ﬁ + A; sin(wio))Lsh®
+ BLgh%w, + BLyh% Ay sin(wga))

- Z—ﬁl sin(wy7)0 )do

and

des wiw 2
Tj: 9 ), <§2— 2sm(w20)

X ((6 + A; sin(wi0))Lh®

+ BLyh%w, + BLyh% Ay sin(wza)>

2
1 sin(wa )0 >dc7

2

This yields the following averaged dynamics:
S

pra wi(§Y — BL¢h?)
and

d a

O — e - L),

As a result, we obtain an averaged dynamical system that
provides filtered estimates of Lgh and Lgyh. It is important
to note that similar results could be achieved using Lie
bracket averaging techniques.

The averaged system’s dynamics can be expressed in the
new timescale as follows:

U 3o 4+, &) B0, 0)
& (12)
= =BLsh" + BLyh .

The averaged controller can be written in terms of the
averaged state variables using the dynamical inversion
algorithm:

d a
e )

and the controller
wy = —MSat(

We define the set
ST={"€eR, & R, eR|fw | < M}.

For any initial conditions in the set S, the controller
operates in the linear region of the saturation function.

(13)

S (g0 4 ke )) (14)

If one rewrites the output dynamics as follows:

EL (ot — &) + € + BLoh"us

one can conclude that, upon substitution of w¢ for states
in the set S°, one obtains:

% (e - g+

4.2 Stability of the Averaged Dynamics

(BLgh® — &2~ Hw? — ke®.

First, we consider the output dynamics subject to the
feedback (14) inside the saturation. (Note: in the following,
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we drop the superscript a. The quantities should be
understood as trajectories of the averaged closed-loop
system.) This yields:

& —(BLsh— &)+ (BLh— &, — ke,

We define the functions Lih = a1(7 + 1ss,&) and Lgh =
(17 + 1ss,&). We note that at the equilibirum (§,7) =
(0,0). The corresponding equilibrium expressions for Lzh
and Lgh are defined as:

thss = al(nss;0)7 Lghss = a2(775570)-

It follows that the equilibirum for the filters and the
dynamic inversion dynamics are &1,s = Lfhgs, {256 =
Lgyhss and &, 55 = Lyhg,

Next, we pose the Lyapunov function candidate, V3 =
3% + %(51 — BL¢h)? —&—'%(62 —HBLgh)Q. For all initial
conditions in 2., there exist positive constants Ly, Lo, L3
and L, such that: ’ 9o |l < Iy, aal < Lo, < Ls

Oan

¢
< Ly4. Furthermore, we have that [lw,|| < M.

and ‘ das

This leads to the following inequality:

%/_1 < k€% —wi(& — BLfh)? — wi(& — BLgh)?
+ €& — BLsh|| + ME]1E" — BLgA]

+ L1B(& — BLh)? + kL1 B||€1 — BLgh||€]|

+ LiMB|& = BLsh|[I€1 = BLGA||

+ B2 Lallé1 — BLsh||6(7 + nss, )|

+ Lapll&2 = BLgh|[I§1 — BLsh|| + kB Ls[|€2 — BLgA S|l
+ LyBM||&2 — BLGM) |16 — BLgh|
+ B2Lall&2 — BLGAI(7 + s, E)I-

If one considers the dynamic inverse algorithm gl?)) we
pose the Lyapunov function candidate: Vj,, = 5(5_1 —

(BLgh))*.

It can be shown that the rate of change of V,, satisfies
the inequality:

AVinw

- < —wi (&1 — BLgh)? + wil|& — BLGR||||& — BLGA|
+ Lsfll& " — BLghl||[é1 — BL#h||
+ BLsM | BLgh — &7|* + BkLs||BLgh — & ||€]
+ B2La|& " — BLGA|| |9 (7 + nss, ) |

Then, we define Vo = V; + Vj,,,,. By the uniform Lipschitz

property of the error 1 dynamics, there exist positive

constants Ly and L such that ||¢(n, §) —¢(n,0)|| < Ly ||€]|

and || o(7 +7755,§) ?(nss, &)l < Lss||7]]. In addition, we

note, that it is to show for any choice of £ > 0 and w; > 0,

there exists a value of 51 > 0 such that for all 0 < g < f31,

the rate of change of V5 satisfies the inequality:

dvs

7 < —ki€® — ka(& — BLph)? — k(2 — BLgh)?

— ka(&" = BLgh)? + 2Ly La||&1 — BLshl|[[€]

+ B2 LssLoll&r — BLsh| 17l + 8% LaLgll€2 — BLgAIIIE]
BLghII|I7]l + B2 LaLy|l&" — BLGR] €]

— BLgh| 7]l

+ BPLyLys &2 —

+ ﬂ2L4LSSH§r_1
for positive constants k1, ks, k3 and k4. Finally, we consider
the Lyapunov function candidate Vpr = V2 4 V;,. It can
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be shown that there exists Py such that for every § <
min[fy, Bo] = B*:

VT 1@~ ky(6y — BLyR) — Ky (6o — BL,h)?

dr
— ki(&t = BLyh)? — K5 |7)1?
for positive constants k1/, k5, k5, kj and kf.

The stability holds for every initial condition (77,&) € Qg4
and (&1,&2,&) € S® We identify elements of S with level
sets of the Lyapunov function V7 as follows. The feedback

(&1, &, &) is such that:
0] <I& — (BLgh) ™" (1€1] + KIEN) + [(BLgh) " [(1&1| + KIE])
<& — (BLgh) |1 — BLsh| + |& — (BLgh)[|BLyh]
+kl& — (BLgh)7H[€] + [(BLgh) ™ |1 — BLyh
+1(BLgh) "M (IBLshl + K[E]) = Br(&,m. &1, &2, &)
Thus, one can use the right hand side of the last in-
equality to show that there exists a level set of the Lya-

punov function Vi < Bz for which || < M by taking
Br(&,n,&1,8,&) < M. It is defined as follows:

Qr = {(7,€) € Qu, (&1,&) ER?* |V < Br}.
Furthermore, one can show that there exists a constant S
such that:

ddﬁ <—BoVr.
-
Thus, the equilibrium of the closed-loop averaged system is
exponentially stable in the 7 timescale for initial conditions
in the set Q.

Next, we use the Lyapunov function Vp to assess the
stability of the averaged system in the original timescale.
Using the analysis presented above, it follows that the rate
of change of Vp in the original timescale is such that:
dv;
—TL< _—ﬂq Vr
dt B+ Ap sin(wt)
The following upper bound is readily:
v,
T Bo Vi,
dt B+ A
As a result, one can conclude that the equilibrium point
of the averaged closed-loop system is exponentially stable
in the original timescale.

4.3 Stability of the closed-loop system

To establish the stability properties of our nominal system,
one can focus on the averaging of the filter equations for
&1(t) and &(t). The remainder of the analysis considers a
Lyapunov stability analysis of the closed-loop system.

To do so, we pose the Lyapunov function candidate Vi =
Vi + %172 where V was defined above. We also rewrite the
filter dynamics are follows:

% = —wl(fl — Bth—f— Ml(T) + Nl(T)’[))
and
% = —wl(fg — ﬁLgh + MQ(T) + NQ(T)'[J)

where Ny(7) = i—ﬁl sin(wy7), Na(7) = A% sin(waT),

2

__¥ sin(wyT)Lyh — B(2sin(wiT)? — 1)BLsh

Ml(T) A1
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2
- /TB sin(w7)Lgh(w, + Agsin(waT)),
1

and

2
My(r) =— i sin(we) (8 + A1 sin(w17))Lsh
2
2
- A—ﬂ sin(weT) Lyhw, — B(2sin(waT)? — 1)Lyh).
2
We note that M;(r) and Msy(7) are both uniformly
bounded on €,. Hence, there exist positive constants M;
and My such that | My (7)|| < My and | Ma(7)| < BMa.
(Note that the bound on Mas(7) utilizes the fact that
Ay = pB where p € (0,1)). Similarly, we have that
INy(7) < Z—ﬁl and ||Nao(7)]| < A%. Following the analysis
above, one can write:
dv;
< K — K[y — BLsh* — Kyllé — BLgh]?
— kall& = BLghII” — kgllall* + M (r)[lg — BL |
+ [ Ma(T)[[[[€2 = BLGAI[ + [|Nu(T)[[[[2][[|€2 — BLsR]|
d?y

+ IN2(O)llIB N2 = BLghll - 8”4+ 575

We define the set Q = Qp x {52 < Mv}. First, one can

diy < L on the set Q. As a result,

easily conclude that |-

one can write:

dV;
d—j < —K4 €% — Kh||& — BLyh|* — kh|éa — BLh|?

— kyll6 — BLGh|I® — kglll|* + BMy||& — BLgh||
_ 28
+ Mllé2 — BLgh| + Z-lIolll&r - BLs Rl

2 N .
+ EIIUHHEQ = BLgh|| — wro* + L17]-

This implies that there exist positive constants k5, k5, kY,
kg and M such that:

dV-
TTT < — k{1 €% — KY||& — BLsh|* — kY ||& — BLgh|?
2

_ . - L
—kyllEt = BLgh|? — ksl — kgt® + BM + o
6
Repeating as above, we can find a positive constant £
such that:
dVp , L2
— < = B\V; M+ —.
P BoVr + BM + i
Thus, we conclude that the equilibrium of the closed-
loop system is a practically stable equilibrium for initial
conditions in Q.

5. SIMULATION STUDY

We consider the following second order nonlinear system:

T = —x1 + 5&6%,

By =x1 + 20 — 5 — (2+21)u

y = x9 — 1 +sin(15¢)/2.

The objective is to stabilize the system and achieve regu-
lation of the measured output to y = 0. We implement
the proposed control system with the following tuning
parameters: 5 = 0.11, A; = 0.1, A = 1, w; = 550,
wo = 250, wyp = 2, wp, = 2000 and k = 5.
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The closed-loop trajectories of the state variables xq,
zo and the output y are shown in Figure 1. We note
that the resulting control system achieves regulation of
the output. The performance of the drift term, Ljh,
estimation is shown in Figure 2. The proposed technique
provide an adequate unstructured identification of this
unknown time-varying nonlinearity.

Fig. 1. Closed-loop trajectories of the system. The state
9 is shown in the upper plot, ;1 in the middle plot
and the output y, in the bottom plot.

BLh

Fig. 2. Estimation of the drift, SL¢h. The true value is
shown as the dashed (- -) red line and the estimate is
shown in blue.

6. CONCLUSION

This study proposes a new strategy for the estimation
of drift dynamics in unknown nonlinear dynamics. The
approach expresses the system in a new time scale that
introduces an artificial dither. The resulting timescale
dither can be used to provide an estimate of signals in the
output dynamics that do not depend on the inputs. This
approach is used to implement a state-feedback controller
that provides compensation of the drift dynamics.
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