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Abstract

ARCH(o0) models nest a wide range of ARCH and GARCH models in-
cluding models with long memory in volatility. The existing literature on
such models is quite restrictive in terms of existence of moments. However,
the popular FIGARCH, one version of a long memory in volatility model,
does not have finite second moments and rarely satisfies the moment condi-
tions of the existing literature. This paper considerably weakens the moment
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for consistency and asymptotic normality of the quasi maximum likelihood
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1 Introduction

ARCH(o0) type models generalize the class of ARCH(p) models, introduced by En-
gle (1982), and GARCH(p, q) by Bollerslev (1986), to allow for a flexible form of
the decay of the coefficients in the volatility equation. In particular, it is possible
within the ARCH(0c0) model class to include a long memory effect in the squared
series of observations, which is often observed in financial returns. Examples of par-
simonious models having an ARCH(o0) representation with hyperbolic decay of the
coefficients are the FIGARCH model of Baillie et al (1996) and alternative versions
of fractional GARCH models introduced by Robinson (1991) and Ding and Granger
(1996). Davidson (2004) discusses the non-trivial moment and memory properties
of the FIGARCH model and proposes an extension, the hyperbolic GARCH (HY-
GARCH) model with a more natural transition from a short memory GARCH to
integrated GARCH (IGARCH). For a review of long memory ARCH type models,
see e.g. Tayefi and Ramanathan (2012) and Giraitis et al (2009).

Berkes et al (2003) show the existence and uniqueness of the ARCH(c0) repre-
sentation of a GARCH(p, ¢) model, and prove consistency and asymptotic normality
of the quasi maximum likelihood estimator under mild conditions. These processes
have short memory with exponentially decaying coefficients. Douc et al (2008)
provide sufficient conditions for the existence of a stationary causal solution of an
ARCH(o0) process, which allows coefficients to decay at a power-law and hence
includes the FIGARCH and fractional GARCH models. In the FIGARCH case,
this solution necessarily implies an infinite variance of the process, as shown by
Kazakevicius and Leipus (2002) and Kazakevicius and Leipus (2003).

Strong consistency and asymptotic normality of quasi-maximum likelihood esti-
mators (QMLE) in a general class of models including ARCH(o0) have been derived
by Bardet and Wintenberger (2009). However, they assume finite second moments
which excludes e.g. the FIGARCH model. Robinson and Zaffaroni (2006) relax this
restriction, albeit at the cost of having other, stronger conditions than Bardet and
Wintenberger (2009). The moment condition of Robinson and Zaffaroni (2006) is
E|zo|* < oo, where zg is the stationary solution of the model and p € (4/(2dy+3), 1),
where dy > 1/2 is the fractional decay parameter. Note that for dy close to 1/2, p
will be close to one, so that essentially a finite moment close to second order is re-
quired. This appears restrictive, as not all possible FIGARCH models are included,

depending on the fractional parameter dy.



In this paper, we show consistency and asymptotic normality of QMLE in a
general ARCH(o0) class of models with only a mild fractional moment condition,
and otherwise similar assumptions as in Robinson and Zaffaroni (2006). This extends
the applicability of the results to a much broader class of models, and in particular
includes all FIGARCH-type models, as we will show explicitly in a separate section.

Throughout the paper we use the following notation. The Euclidean norm of
a matrix or a vector X is denoted by |X| = /tr(X'X), and ||X||, = (E|X|")"/"
denotes the L" norm of a random matrix or vector X.

The remainder of the paper is organized as follows. The following section presents
the model, the assumption, and the main results. Section 3 shows that the FI-
GARCH model is a special case of our model framework and satisfies our assump-

tions. The last section concludes. Proofs are delegated to the appendix.

2 The model and main results

The ARCH(00) process comprises a wide class of models for conditional heteroscedas-

ticity in time series. Consider the model

Yt = h(l),{Qé't (1)
hot = oo + Z boYi-j (2)
j=1

where {g;} is a sequence of independent and identically distributed (i.i.d.) random
variables with E(g;) = 0, E(¢7) = 1, and

o0
oo >0, 1g; >0, wa < 0.
j=1
We shall assume that a strictly stationary solution to the model exists almost surely
(a.s.). We consider a parametric version, in which we know functions ,(6y) of a
p x 1 vector 6 such that, for j > 0, vo; = 1;(0). Let {y}{_; be a realization of the

stationary solution of (22). The process hg; is approximated by the process

t—1

he(00) = vo(B0) + > _ v;(00)y7; -

Jj=1



The Gaussian likelihood is often used in practice for estimation. Thus, the log

likelihood, multiplied by —2 and ignoring additive constants, takes the form

T
- 1 - - . 2 -
Lr(0) = 7> b l=1u(0) = Byg@) +log hu(6)
t=1 t

and the quasi maximum likelihood estimator (QMLE) is defined as 07 = arg mingee Lz (6).

The likelihood using the true, unobserved volatility process (23) is given by

2
Lr(0) = = th, I = h;y(te) + log h(0),

where

he(0) = o(0) + > 0(0)y;; -
j=1
We make the following assumptions.

(A1) The &; are ii.d. random variables with E(g;) = 0, and E(¢?) = 1, and
limy 0 AP (g2 < \) < oo for some a > 0.

(A2) 6y € ©, where © C R? is a compact set.

(A3) For all j > 0, infgee 1;(f) > 0 and supyee ¥;(0) < Kj~%! for some K > 0
and d € (0,1).

(A4) There exists a stationary and ergodic solution to (22)-(23) such that E(|y?]°) <

oo for some § > 0.

Assumption (Al) allows an asymmetric distribution of ;. The second part of
(A1) excludes the case where the distribution of &; has some mass concentrated
around zero, see Shinki and Zhang (2012) and Robinson and Zaffaroni (2006) for
similar assumptions. A sufficient condition is that the density function of &; is
bounded from above. Assumption (A2) is a standard assumption to show con-
sistency. Assumption (A3) is a memory condition implying that ¢g; = o(j ') as
Jj — oo. Assumption (A4) is needed to apply the ergodic theorem and the mar-
tingale difference central limit theorem for stationary processes to establish the
consistency and asymptotic normality of QMLE. Sufficient conditions for (A4) have

been given by Douc et al (2008).



Theorem 1 Under Assumptions (A1)-(A4), Oy — 0y almost surely.
To obtain asymptotic normality, we use the following additional assumptions.

(A5) E [6 + 1/10153]_1 S 1, Where B = inszo ﬁj and ﬁj = w07j+1<9)/1/10]’(9).

;) 1- 92y (0)
(A6) |22 < K07, |G

< K?/)j(9)1‘", i1, = 1,...p for all n > 0.

(A7) There does not exist A € R?, A # 0, such that N'%% = 0 a.s.
(A8) 6 is an interior point of ©.
(A9) E(e}) = k < cc.

For a given model, Assumption (A5) can easily be verified by numerical calcula-
tion, see the next section for an example. Assumption (A6) assumes continuous twice
differentiability of the coefficient functions, which is weaker than what is needed e.g.
in Theorem 2 of Robinson and Zaffaroni (2006). Similar to Assumption G of Robin-
son and Zaffaroni (2006), (A7) ensures that the asymptotic covariance matrix of the
estimator is positive definite. Again, we show in the next section that this condition
can be checked for a particular model. (A8) and (A9) are standard assumptions.

The next theorem establishes the asymptotic normality of the quasi-maximum

likelihood estimators. Define

SRR

Theorem 2 Under Assumptions (A1)-(A9),
VT (éT - 90) Sy N0, (v — )V,

The asymptotic covariance matrix can be estimated using the following estimators,

o1 a a?z;(éT)’
T £~ 0000

T
A~ 1 A ~ —-1/2 /45
T = 4 Rp = T ;521, &t = ht / (QT)yt'

Using standard arguments it is straightforward to show that Vf V'S Vvlandiy — K
in probability. Note that QMLE is consistent, but not efficient in the case of non-
Gaussian innovations. However, one could use it as a first step estimator, which in
a second step could be improved e.g. via a nonparametric estimation of the efficient

score function, see e.g. Drost and Klaassen (1997) for classical GARCH models.
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3 Example: FIGARCH

The ARCH(o0) specification of Section 2 is sufficiently general to nest many types
of long memory models, see e.g. Davidson (2004) for an overview. In the following
we discuss a popular example. Consider the FIGARCH model of Baillie et al (1996)
given by

yw = h'%e,, e ~iid N(0,1)
hy = w+w(L)yf (3)

P(L)=1- W(l — L)

where 0 < d < 1, L is the lag operator, a(L) = >>"_ a;L7, b(L) = 1 —>7_ b;L7.
The lag polynomials 1 —a(L) and b(L) are coprime, i.e. do not have common roots.
Furthermore, a; > 0, b; > 0 and b(z) # 0 for z < 1. For the fractional differencing

term, there is the well-known expansion

JZ I'(—=d)r(y —|— 1) )G+ 1"

We have the following low level assumptions. Note first that the normality
assumption of ; implies (Al) and (A9). There is a dy > 1/2 such that (A6)
holds, which is needed for the asymptotic normality of the QMLE. It is directly
satisfied for GARCH models. Furthermore, 6, is an interior point of the compact
set © such that (A8) holds. Theorem 3 of Conrad and Haag (2006) gives sufficient
conditions under which the first part of (A3) holds for the FIGARCH(p, d, ¢) model.
Stirling’s approximation indicates that the coefficients of the expansion of (1 — L)?
are bounded by Kj~%7!  so that the same holds for ¢;(f), and the second part of
(A3) follows. Assumption (A4) can be shown using the results of Douc et al (2008).
To check (A5), we set for simplicity a(L) = 0 and b(L) = 1, and simulated the
process 10,000 times for values d € (0,1) and Gaussian innovations ;. We found
that (A5) holds in these cases.! For Assumption (A6), using similar arguments
as Robinson and Zaffaroni (2006) for their fractional GARCH model, note that

O(2)/0d = —(1—a(2))/b(2)(1—2)¢In(1— z). The coefficient of 2/ in the expansion
of —(1 — 2)%In(1 — 2) is bounded by KIn(j);j=471 < Kj=@+D0=m < K=" for

LA GAUSS program to calculate the condition in (A5) is available from the authors upon

request.



any 77 > 0. Derivatives with respect to a; and b; are dominated, and the second
derivatives can be treated in a similar way. This shows (A6).
We now want to check (A7) for the general FIGARCH model given in (3). First,
define
6(L) = (1— LYB(L)™", (L) = b(L)""(1 - a(L)).

Let us take the derivative with respect to the model parameters,

Ohy
Ow
Ohy
9a,
Ohy
%,
aht
ad
We need to show that, for any A € RPFOH2 N0 — (0 = X\ = 0. Let A =
(A AN NG where A = (A], .. ., Ap)" corresponds to the derivative with re-
spect to a, and the remaining elements of \ are defined accordingly. We observe
that

,0h . : ! :
N2 = N4 Y O NLIG(L)y; + Y ML G(L)y(L)y; — Ay(L)(1 — L)*log(1 — L)y;
Jj=1

— 1
= Lo(L)y;
= L¢(L)y(L)y;

= —y(L)(1 — L)*log(1 — L)y?

00

j=1
=\ +7(L)y; =0

where m(L) = >, m L. It is clear that mo = 0, otherwise y? would be measurable
with respect to €2, for i > 1. Repeated application of this argument will show that
m; = 0 for all . Hence, 7(L) = 0 which implies that A* = 0. It remains to show

that 7(L) = 0 implies that A = 0. We have

p

0 = D NLO(L)+ 3 NLO(L)(L) = Ny(L)(1 — L) log(1 — L)

Jj=1
P

= Y MLe(L)+ Z N L ¢(L)y(L)

j=1
p q
= > NIBL)+ > MNLi(1—a(L) =0
j=1 j=1

The last equality follows since otherwise log(1 — L) is a fraction of finite degree lag

polynomials. The result follows since 1 —a(L) and b(L) are coprime. If 1 —a(z) has
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p roots [ay, ..., a,] we have that > 7, Xealb(a;)) =0, i=1,...,p, where b(a;) # 0

7
and A
al 0 -+ 0 g Al
0 a, --- 0 A g
o . Cl=0=] "] =0 (4)
0 0 - a | [N A

The matrix on the left hand side of (4) is invertible since a{ 2 0. Similarly, plugging
the roots of b(L) into the equation above we get that )\? =0j=1,...,q
To conclude, under suitable low-level conditions that are easy to check, (A1)-(A9)

hold for the FIGARCH model, which is therefore a special case of our framework.

4 Conclusions

We have derived the asymptotic theory of the quasi maximum likelihood estimator
of a general class of ARCH(co) models under weak assumptions. All assumptions
are low level in the sense that they can easily be checked for a given model. We
show that our framework includes the popular FIGARCH model as a special case.

A potential route for future research could be to investigate semiparametric
estimators of the model, based on first step QMLE, in the spirit of Drost and
Klaassen (1997). Such estimators use nonparametric estimates of the efficient score
function to construct a more efficient estimator of the model parameters in the
case of non-Gaussian innovations. Extending the results of Drost and Klaassen
(1997) for short memory GARCH to potentially long memory ARCH(co0) would be
a theoretical and practical challenge. Our paper contributes by delivering the theory
for the first step estimator under weak assumptions, which could help in developing

the theory of a semiparametric estimator.



Appendix

Let K be a generic constant whose values will be modified along the proofs. To
simplify notation we set hy = hy(0), hor = ht(6p), and

Ohy Ph, = Ohy : 0%hy
) hz]t = y Tt — ) hl]t =

00); 00,00, 00, 96,00,

Let VIi(0) = 257, Vi (0) = 22 and V21,(0) = 50, V21550(0) = 5542 denote

the first and second derivatives of ¢;(#) (and their elements), respectively. The same

o =

notation is used for £,(0) and its derivatives.
Lemma 1 Under Assumption (A1), the model (22)-(23) is uniquely identifiable.

Proof: Let hi(0) = 1o(0) + vy(L)y? and suppose that hi(0) = h;(6) a.s. for all

t. Then hy(6) — h(6p) = 0 = wo(0p) — vo(0) = [Ye(L) — e, (L)] y? a.s. for all
t. If Yy(L) # 1g,(L), the right hand side consists of some linear combination of

5f_j, 7 > 0, which has a nondegenerate distribution and, hence, is not constant.
Therefore, 1p(L) = 1y, (L) and 1o(6) = 1o (o). O

Lemma 2 Under Assumptions (A3),(A4), (A6), for some a € (1 —d,1) and r €
(0,29),

i) T=03° 0 supgeo ||he — hul|, = o(1)
i) T~ Zthl SUDpeo tht — BitHr = o(1) for alli
iii) T~ 32,y supgee ||hiji = hjell» = o(1) for alli, j

Proof:
i) Note that

hy — iLt = Z%Hy%j (5)
j=0
Hence,
T ~ T o
T supllhe —holl, < T supey(0)llyells
p—t 0cO =1 j—t 0cO
oo 4T
< KT’“Z Z sup ¢;(6)
=0 jor110€O©
co 4T
< KTUR
t=0 j=t+1



min(t + 1, T)(t + 1)~ @+

hE

IN

KT

~

=0

—1 o'}

KT (t+ 1)+ KTy " (t 4 1)~

t t=T

1 0o
< K7'-(etd / rldr + K (t 4 1)t
0

t=T
< KT'7etd), (6)

IA
] T
o

The first two inequalities result from (5), Assumption (A4) and the Minkowski
inequality, respectively. Assumption (A3) implies the third inequality. Similar
to Robinson and Zaffaroni (2006, p.1070), we use the fact that Z;.Jjﬂj_d_l <
Soroomin(t+ 1, T)(t 4+ 1)%! to obtain the next two inequalities. The last term

tends to zero as T' — 0.

desired results follow. O
Lemma 3 Under Assumptions (A1) and (A5),
. hot—r \
i) E(%) <1, forallr>1
i) E (31, €2,) " < K for all an > r, where a is given in (A1).

i) E (SUPee@ M) < K forall j >0

he(0)
Proof:
i) By (23), we get
hot—1 _ hot—1 _ hot—1
hot Yoo + D002 Yoiyr; Yoo + Yorhuaed g + Bhiy + D070 Yoyt — Bhia
_ ho1
Yoo(1 = B) + Yorhor—187_1 + Bhor—1 + 3252 Yoj¥ijo1 — B 51 Y0¥
_ hor-1
Yoo(1 — B) + Yorhe—1e7_y + Bhor—1 + Z;‘;l i1 (Yoj1 — Biboy)
hot—1 1
2 - 2 (7)
Yorhot—18i_1 + Bhot—1  Yorgiq + 5
and

hot—k _ hot—1 hot—2 hot—k < ﬁ 1 (8)
hot hot hot—1  hor—k—1

10



Hence, by Assumptions (A1) and (A5),

r k
. (h;):ok> - HEWOlEt{i +8)7" <1 9)
t i=1

ii) Let ¥; = & and X,, = Z;l:l Y;1i. By Assumption (A1) there exists some K > 0
and « > 0, for some sufficiently small A > 0, such that

Pr(X, < A) < Pr((, {Yies € A}) = Pr(Yes < )" < (KA®)"  (10)
Further, by the definition of expectation and integration by parts
E(X,) ™" = 7‘/ " P(X, < x)dx
0
[e%S) A
= r/ " P(X, < x)dx —H”/ T P(X, < x)da
A 0
A
< K+ r/ v Y K2®) " dx
0
A
< K+ K/ ey (11)
0

Note that the first term after the second equality is finite for all A > 0. The first
inequality follows using (10) for sufficiently small A > 0 and the integral is finite if
an > r.

i) Let ¢ = min;—; _p{infpeo ¥i(0)}. By Assumption (A3), ¢ > 0. For j > M,

7777

hot— i hot— J hot— —Jj hOtfj

he Yo+, P S ol T oSN hoek

(12)

Next, define m = argmin,—;__p{ho—}. It is clear that this variable is a well-
defined random variable. Also, let I(-) be the indicator function which equals one

if m = [ and zero otherwise. Now, by (12),

M

hor- <3 Dot i”: hor- (13)
¢Z hot- ZZZ 1€

hy i— 1h0t zgt i =1

From the ¢, inequahty for k> 1,

E <Sup Ot;j ) < KZE( v ) k (14)

6o SV €2 ho

11



Let &' = k(1 +§) where 0 > 0, applying the Holder inequality for each of the M

terms yields,

Since j > [, by (9),
hOt i ¥ s ’ I\
B () <T]Blmet,+ A7 < Elvuc,+ 870 <00 (10
0t— =1

If M > k'/d« the first term on the RHS of (15) is bounded as well by Lemma
3(ii). For j < M, we generalize Lemma 5 of Robinson and Zaffaroni (2006). We

have

oo
hot = Yoo + Yorhor—16} ; + Z Yoihor—ig}
i=2

< Yoo + ¢01h0t—15t2_1 + Khot—1 = oo + hOt—1(¢015t2_1 + K) (17)

Thus, hor—j/hor—j—1 < K(g7_;_1+1), and fori > 1, hos—j /hor—j—i < KH2:1 (7, ¢+ 1)

It follows that
-1
hot—; Zz L Wigs(0 )hOt*i*jE?—i—j
ht 06@ hOtfj

IN

~1
€2 . .
< f i ;
< {;&Zm Hmt]m)}
H = (51‘,—]'_ +1) 1
- " Zzli]\il 5t2_f_j {‘9691 1/}1"‘.7( )} <18)

The proof can be completed by applying the Holder inequality and Lemma 3(ii) as

above. O
Lemma 4 Under Assumptions (A1), (A5) and (A6), for allr >0
i) Esupgee <hit/ht>r < oo for all i

ii) Esupyeg <ﬁ¢jt/ht>r < oo foralli,j

12



Proof:
i) We have

hat = 1o + Z I;ij(g)y?—j
j=1

IN

IA
e Y et N e N

h;li [W’w( )W’ ( ) uﬂ/w)yff’;} . [z/}j(g)(ll/r/)yfﬁljl/r’)})

N
I
—

S 1/r o 1-1/r
<htlz|ww( )" %( )1 T?JtQ ]> (htlzz/zj(e)yf_j)
j=1

<

0 r/r’
e 1 (0)]7 4 (0) "y ]> (19)

Since r/r" < 1, by the ¢, inequality,

Z;.il &ij( )yi- j s ((Yieg o
- < gya-re (Vi
( d KZWU (%)

By Assumption (A6),

sup 1 (6)| "y ()17 < I spy (6) 777070 < RNl )

If € > 0 and > 0 are small enough, the term r/r’ — nr is arbitrarily close to 1,
which implies that a > 0. Hence,

oa ~i'9 2 r 24 r/r
E sup Z]_le( Jvi 4 < KZ] "““E sup <y ]) (21)
e hy = oco \ Ny
< KZ] "R sup (hOt J)T/T,]E(g ‘)r/rl < 00
o o pco \ T =

By the ¢, inequality, Assumption (A1) and since /1" < 1, we get E (gtz_j)r/ "<
KE (¢ ;) = K, and the result follows by Lemma 3(iii).

ii) The proof is similar to that of Lemma 4(i), hence it is omitted. O

13



Lemma 5 Under Assumptions (A3) and (A4),
i) T=VS21 supgee |l — li| = 0a.s.(1) for d > 0.
If additionally Assumption (AG6) holds, then
i) T—1/? Zle Supgeo | Vi (0) — Vi (0)| = op(1) ford> % and for all i.
iii) T~1 31 supgee |V20i0(8) — V21i5(0)| = op(1) for d > 0 and for all i, ;.

Proof:

i) First note that
T T T
~ 1 ~ 1 hy 1 yf yf
Ly — Ly =— I, —1)=—= n({=)—-= 24 22
T T T;(t t) T; n(ht) Tt:1 (ht ht ( )

Assumption (A2) implies that hy, hy > 11 > 0, and an application of the mean value
theorem leads to |h;t — byt < ¥72|hy — hy| and |loghy — logh| < w7 he — hel.

Because of

hi(0) = th(@) + ij+t(9)y3j,

it follows from (A3) and the Minkowski inequality that for some § > 0

Q:Mq

NI S
]~

sup|LT—f/T| < Sllp|lt—l~t|
6cO €0

-
I
R

< (14 ;) sup(hy — hy). (23)

0cO

o+
Il

1

From Assumptions (A3), (A4) and the Minkowski inequality we have that

supzw] 1—|—y

96@

< su »9 1+ |[y?
< jz_;eeg%( 1y2;11s)

< KY j7 <o
j=1
which, by Loeve (1977, p.121) is a.s. finite. Thus, by the Cesaro mean convergence

theorem (or the Toeplitz lemma), the right hand side of the second inequality in
(23) tends to zero a.s. as T — o0.

14



ii) By direct calculation,

o, y? 1 Ohy

Hence,

2 1 .
+{1—3ﬁ} N}hti
hu S L =y
{1- 24 L i -} (25)
i | Ty t t

By repeated applications of the Holder inequality, the Minkowski inequality and
Assumption (A4), we obtain

T
T_l/2 iug HVlzt — Vlzt
€

1 Oh
< T_1/2KZ{§UPHht B » ( H Ohy

hy 00

Ohy Ol
09; 06,

oo} =

The last equality follows from Lemma 2(ii) by setting a = 0.5 and d > 0.5. The
desired result follows from the Markov inequality.

iii) The proof uses similar arguments, hence it is omitted. O

Lemma 6 Under Assumptions (A1)-(A4),
i) liminfy_, infpen Zthl 1,(0) > Einfecp 1,(0), for any compact set N C O.
i) g seo = >0y 1i(60) = El,(65)
iir) E(l(00)) < E(l,(0)) with equality if and only if 6 = 0.
Proof:

i) For any compact set N' C © we have,

T T
.. . 1 .. 1 .
hTrri)g;f égf/T ;_1 I(0) > hgg.}fT ;_1 elgjf/ 1,(0) (27)

Further, note that El;(0) < oo is well-defined and belongs to R U {+o0} because
Elog™ hy(0) < max(0, —1In1g(0)) < oo. Hence, by Assumption (A4), we can apply

15



the ergodic theorem (see Billingsley (1995) p.284) to the stationary and ergodic
sequence {infyepr ()}, to obtain

T
. . . 1 .
it 77 S 000) 2 & (g 100 .

ii) Assumption (A4) and Jensen’s inequality imply that Elog hy, < 7 'log ERf, < oo
for some r > 0. Hence, E(,(6y)) < oo by Assumption (A4), and the desired results

follow from the ergodic theorem.

iii) Set x = hq:/h: and note that

E(1,(0)) — E(l,(6,)) = E {hh—it ~log (%) - 1} — E[z — log(z) — 1]

Since log(z) <z —1 for x > 0, with equality if and only if x = 1, the results follows

directly from Lemma 1. O

Lemma 7 Under Assumptions (A1)-(A9),

i) T2 Vi, (60) —p N(0,rJ) where J is a positive definite matriz, and
k=E(e) — 1.
i) If Op —p 0o, TV V20,(0,) —, —J

Proof:

i) From (24),
E{V1(60)|Fi1} = by hoE {1 =€} = 0

where Fy = o (ys, Y11, . ..). We also have
var {V1,(00)} = E{V1(60)VL(00)} =E (1 — £2)°E {hgfhmhgt} = k.

By applying the Cauchy-Schwarz inequality and Lemma 4(i) we can show that
the variance is finite. These results imply that {Vi,(6y), F;} is a stationary and
ergodic martingale difference sequence with finite variance which is positive definite
by using similar arguments used in Lemma 9 of RZ(2006). Thus, Theorem 23.1 of
Billingsley (1968) and the Cramér-Wold device imply that -2 37 V21,(6y) —p
N(0,KJ).

ii) The second derivative of the log likelihood function is given by
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2\ 7, 2 P
2li' _ 1_y_t ijt 2_t_ it! gt
Vil { he [ e " \Ch 12

hOtE? ilijt hOtEf hithjt
= l1—— 7 — 2 —1 2
{ e S e T 2 (29)

We note that E (V2/,(6y)) = —J and we can show by applying the Cauchy-Schwarz

and Minkowski inequalities that

E (sup |v? lm’) H | Jot hot 2
00 hy

@
ht

i
h

z]t

< o0

hOt 2
ht ©t

The last inequality follows from Lemma 4(11 From the ergodic theorem (see e.g.,
Billingsley (1995)),
Z V20,(0) — E (V21,(0))| —as. 0

sup
66

Hence, given ¢ > 0

T
1 9, F 9y x 1
in probability for T' sufficiently large. Since E (V?¢;(6)) is continuous,
~ 1
‘E (VQZijt((gT)) —E (V%Jt(ﬁg))’ < 56

since 7 — 6, in probability, and the desired result follows from an application of
the triangle inequality since € is arbitrary. O
Proof of Theorem 1:

We use similar arguments as in Theorem 5.3.1 of Straumann (2005, p.101) show-
ing strong consistency by contradiction. Suppose that almost sure convergence
of 67 to 6, does not hold, so that for some arbitrary v > 0, the compact set
F = {w € Qlimsup,_. ||0r — 6o|| > 7, 6r € O} has a positive probability.
Since the set N' = ©N{0: |0y — 0| > ~} is compact, there exists a non-null subset
F C F such that for every w € F, one can find in A a convergent subsequence
Or,(w) = 0 € N. By definition of the QMLE,

T; T;
R B P B
hggfi;lt(eo) > liminf inf i;w)
1 -
= hlrgg}f = Z 1(0r,) (30)



By Lemma 5(i), with probability one we have

T, T,
N e R (=S
hirgglf 7 ;1 l,(6h) > hirgclgf 7 ;1 1(0r,) (31)

The inequality above and Lemmas 6(i)-(ii) imply that with positive probability
El;(6p) > Einfpen l;(0). This result contradicts Lemma 6(iii) which states that in
the limit Ly (@) is uniquely minimized at 6. Since 7 > 0 is arbitrary, consistency

follows. O

Proof of Theorem 2: By using a mean-value expansion of Qp(fr) = thl L,(6r)

around 6, we have

T
0 = T2 Vi (br)
t=1

712 ;vit(eo) + (% ; v%(e})) VT (07 — 6,)

I s I~y
(TZV L(0r) — = v zt(eT))
+ (%Zv%(éﬂ + J) —J

t=1

T
772N " Vii(60) +
t=1

VT (67 — 6y) (32)

where 07 lies on the chord between éT and 0.

Lemmas 5(ii), 7(i), and the asymptotic equivalence lemma (see e.g. White (1994),
p.172) imply that % ZtT:l 8!7,5(6’0)/80 —p N(0,kJ) where J is a positive definite
matrix. Further, note that 6y — 6y almost surely by Theorem 1. Hence, Lemmas
5(iii) and 7(ii) imply that the first and second terms, inside the square brackets in
(32), converge in probability to zero. To complete the proof it suffices to solve (32)
with respect to v/T(r — 6) and apply Slutsky’s theorem. O
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