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Introduction

The birth of knot theory can be traced back up to the 18th century with the work
of A. T. Vandermonde and C. F. Gauss (see [72] for a nice exposition of the history
of knot theory). Knots attracted the interest of many physicists during the second
half of the 19th century, thanks to W. Thomson Lord Kelvin’s vortex theory of the
atoms. His idea was that atoms would be knotted vortices floating in aether. In
particular, he suggested that the topological nature of the knot would explain the
physical and chemical properties of the atom. Inspired by this hypothesis, P. G. Tait
started classifying knots in order to make a periodic table of the elements. He also
made some important conjectures involving knots. However, when Kelvin’s theory
became obsolete, the general interest for knot theory dropped. The apparent lack of
tools to address the problem of classifying knots at that time consequently impacted

any further progresses in that direction until the 20th century.

Alongside the development of topology, J. W. Alexander made an interesting
breakthrough during the 1920s with the discovery of the first polynomial knot invariant:
the Alexander polynomial [2]. The construction goes through an intricate topological
machinery applied to the knot complement. The topological nature of the construction,
while being truly beautiful, makes it also hard to handle and to generalize. Still, as
remarked by J. Conway [16], the Alexander polynomial can curiously be computed
using a very efficient combinatorial rule called skein relation. Anyhow, the lack of
connection to other fields seems to have put aside these discoveries for fifty years, until
the 80s when a second polynomial invariant was revealed. This one was fortuitously
discovered by V. Jones around 1984 [31] while he was investigating von Neumann
algebras. The invariant, called the Jones polynomial, is constructed by taking a trace
of a representation of the braid group on some finite-dimensional algebra related to
statistical physics. The polynomial can also be computed very efficiently by a skein
relation. Moreover, one of Tait’s conjectures about alternating knots was surprisingly
quickly proven using the Jones polynomial [34, 62, 87]. Soon after, E. Witten related
the Jones polynomial to quantum field theory [96]. These connections between link
invariants, representation theory and mathematical physics drastically changed the

status of knot theory at the eyes of both the community of mathematicians and the one
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of physicists. It is worth mentioning that both Jones and Witten obtained the Fields
Medal in 1990 for these results.

Quantum groups

In parallel with the discovery of the Jones polynomial, V. Drinfeld [20] and indepen-

dently M. Jimbo [30] introduced the notion of a quantum group. It is a 1-parameter

deformation of a semi-simple complex Lie algebra, or more generally, of a Kac-Moody

algebra. Concretely, each generator H; of the Cartan part is replaced by a quantum

variant K; = g™, where ¢ is the deformation variable. The notation ¢™* can be made

formal by interpreting ¢ as a formal power series ¢ = exp(v). Then, for example, the
main sl, relation is replaced by its quantized version:

K-K!
([E,F] z)EF—FEzH s EFF—-—FE=——. (1)
q9—q
Quantum groups were first developed with the aim of constructing non-trivial

solutions to the Yang—Baxter equation:
(ROD(I®R)(R®1)=(1®R)(RR1)(1QR), )

where R is an invertible morphism U @ U — U ® U called the R-matrix, and U is the
quantum group. By non-trivial we mean R # R~'. Writing R and its inverse R~ as
braid-like diagrams,

e ST

then the equations (2) and R~ R = 1 take the following suggestive form:

Topologically, these correspond to the Reidemeister braid moves. Taking the non-
quantized version of Lie algebras yields a trivial R-matrix R = R~!, which loses all
the information about the depth of the braiding. This justifies the usefulness of going
to the quantum world for knot theory. Furthermore, quantum groups gained a broad
recognition with applications in representation theory, non-commutative geometry,
mathematical physics and low-dimensional topology. In particular, they yield a supply
of non-commutative, non-cocommutative (quasitriangular) Hopf algebras [52].

Partially inspired by Witten’s quantum field approach for the Jones polynomial [96],
N. Reshetikhin and V. Turaev [80] built a machinery that takes representations of ribbon
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Hopf algebras and link diagrams as input, and produces link invariants in the form of 1-
variable Laurent polynomials as output. In particular, by feeding it with the fundamental
representation of quantum sly, the machinery gives back the Jones polynomial. This
resulted in the construction of a flood of infinitely many new polynomial link invariants
called quantum link invariants. But more than that, WRT’s machinery produces
invariants of 3-manifolds when fed with modular categories (e.g. representations of a
modular Hopf algebra, such as a quantum group with the deformation variable being a
root of unity), taking the form a 3D topological quantum field theory (TQFT) [95].

Categorification

The next major advancement in the theory of quantum link invariants was achieved
by the means of categorification. This notion was introduced by L. Crane and
I. Frenkel [18] while being motivated by physics [17]. In short, the philosophy behind
categorification is to lift classical objects to the level of categories, turning set elements
into objects, functions into functors, equalities into isomorphisms, and revealing a

whole new layer of structure achieving these isomorphisms.

In order to make this more concrete, let us explain some simple, but fundamental
examples. We start with a categorification of the semiring of natural numbers N. It is
given by the monoidal category k-vect of finite dimensional k-vector spaces. Indeed, if
we look at vector spaces up to isomorphism and forget the higher structure (i.e. the
morphisms), then the only remaining information is the dimension of the vector spaces,
which is a natural number. One calls this procedure decategorification, and one often
formalizes it as taking the Grothendieck (semi-)group. Moreover, the addition and
multiplication operations are categorified through direct sum and tensor product, since
they respectively sum and multiply the dimensions of the spaces:

dim(A ® B) = dim(A) + dim(B), dim(A® B) = dim(A) x dim(B).

Note that categorification is not unique: for instance, we could also categorify N by
the category of finite sets, and categorify addition and multiplication by coproduct and
cartesian product respectively.

Adding a bit of homological algebra to the recipe, one obtains a categorification of
the ring Z. In particular, we consider the homotopy category K om(k-vect) of bounded
complexes of finite dimensional vector spaces. In this context, decategorification ends
up being equivalent to computing the graded dimension of the complex:

gdim A, := Z(—l)i dim A;.

%
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Therefore, the subtraction operation is categorified in this context by the procedure of
taking a mapping cone:

gdim Cone(A., ER B,) = gdim(B,) — gdim(A.,).

It is worth mentioning that while the addition and multiplication are canonical (taking
a direct sum and tensor product are universal procedures), the subtraction requires to

make a choice: the map f over which we take the mapping cone.

To illustrate how this construction is relevant to topology, it is common to consider
the map x : Top — Z that takes a finite CW-complex M € Top, and assigns to it its
(generalized) Euler characteristic x (M ). Then we consider the functor Cy : Top —
Kom(k-vect) that yields the cellular chain complexes of M. We can interpret it as a
categorification of x since there is a commutative diagram:

Kom(k-vect)

|

O | decategorification
~

Top ———— Z

where the decategorification arrow computes the graded dimension of the cellular
homology groups. While being a stronger invariant than Euler characteristic, taking
cellular homology is more importantly a functorial operation. This is one example of
what we mean by ‘categorification reveals a new layer of structure’. Thus, one of the
upshots of categorification is that it might lead to richer theories, as in this example.

Keeping this idea in mind, it is time to focus again on low-dimensional topology.
As explained in [39], alongside the combinatorially defined invariants of links and
3-manifolds given for example by the Alexander polynomial and WRT, there exists
a handful of geometrically defined invariants of 3- and 4-manifolds. We can cite
Floer homology of homology 3-spheres, Seiberg—Witten homology for 3-manifolds
and Donaldson—Seiberg—Witten invariants of 4-manifolds [19]. While invariants of
the first class can be algorithmically computed, the others can be incredibly hard
to calculate, requiring to consider each case independently. Curiously, the Euler
characteristic of Floer homology corresponds to the combinatiorally defined Casson
invariant [23], which is closely related to the Alexander polynomial and WRT. Similarly,
the Milnor torsion, algorithmically computable, can be related to Seiberg—Witten
through decategorification [59]. It appears that WRT quantum invariants also carry
nice integral properties, suggesting they could exist as Euler characteristic of some
homology theories. Inspired by these observations, Crane and Frenkel’s original
motivation was to look for a combinatorial categorification of WRT’s 3D TQFT, with

the extra layer of structure hypothetically turning the construction into a non-trivial
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4D TQFT. Hopefully, it would correspond somehow to one of the geometric invariants
already known, and help understand and compute it.

Since then, many progresses where made in several directions, with much too many
results to be all cited here. Still, we note the groundbreaking work of M. Khovanov,
who built a categorification of the Jones polynomial [39]. This means that the Jones
polynomial can be interpreted as a graded Euler characteristic of a graded homology
theory of links, where the deformation variable ¢ is encoded by the grading. Khovanov
homology is both a stronger invariant than Jones’s one, and functorial [11]. Again, it
shows the upshot of going through categorification. Furthermore, Khovanov homol-
ogy detects 4D information [77], which is completely unseen at the polynomial level.
However, Khovanov homology was originally built by categorifying a construction
of the Jones polynomial different from WRT: Khovanov categorified the Kauffman
bracket [34]. Thus it still remains in the story to find a representation theoretic explana-
tion for the existence of Khovanov homology. For this, one would need a lifted version
of the (representations of) quantum groups. Before going any further in this direction,
let us mention that the Alexander polynomial has also been categorified. This was
done by P. Osvath and Z. Szabo [70] and independently by J. Rasmussen [78], using
Heegard-Floer homology of links.

Not long after the work of Khovanov, the first categorifications of representations
of (quantum) sl were built by J. Chuang and R. Rouquier [15] and independently
by Frenkel, Khovanov and C. Stroppel [24]. These categorifications take the form of
graded additive categories where the action of ¢ is replaced by the grading shift functor,
and the action of the quantum group is replaced by (additive) endofunctors, respecting

the defining relations of the quantum group up to isomorphism. For example, the

relation
kil k—1-2¢
- ifk>0
K- K1 k _ ,—k q Uk, e =0,
(EF — FE)vy, = =L Ly = {0,
q—q q—q Z _q—k—l—Qévk’ lfk $ O,
£=0
is replaced by natural isomorphisms
k—1
EF1d, = FE€Id, @ @ Idgk — 1 —20), if k>0,
o 3)
—k—1

FEId, = €F1d, ® P Idp(—k—1-20), ifk<0,
£=0

where (—) is the grading shift functor, and Idy, is the identity functor on the category

that contains the categorification of vy,.
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The construction was extended to categorify all integrable representations of all
quantum Kac—Moody algebras [33, 42, 94]. Some integral versions of the quantum
groups themselves were categorified by A. Lauda [47] and Khovanov-Lauda [43],
and independently by Rouquier [82]. An impressive application of this theory is
given by the proof of Broué’s abelian defect group conjecture for symmetric groups
in the original paper of Chuang—Rouquier [15]. The connection between categorified
quantum groups and Khovanov homology can be realized in several ways (see for
examples [40] or [49]), with the work of B. Webster [94] giving a categorification of
WRT’s machinery for links. This produces homology theories for all WRT’s quantum
link invariants. For the case of 3-manifolds, WRT’s construction requires to work at root
of unity. To address this problem, Y. Qi and Khovanov developed a framework [41, 74],
inspired by homological algebra and representation theory of Hopf algebras, that
allows to categorify representations of quantum groups at root of unity [21, 38]. The
construction of a 4D TQFT is still an open problem today.

Higher representation theory

Categorification of representations of quantum groups led to the birth of higher rep-
resentation theory. This young field of mathematics sits at the intersection of repre-
sentation theory and (higher) category theory, and has deep connections to geometric
representation theory [93]. It has already found applications in low-dimensional topol-
ogy [94], combinatorics [22] and algebraic K-theory [15]. It can be approached from
different directions.

Classically, a representation of a group G is the datum of a k-vector space V and a
homomorphism G — GL(V) c Endg (V). One can restate this using the language of
categories. Let BG be the delooping of G, that is the category with a single abstract
object x € BG and Hompg(*, *) := G. Then a representation of G is a functor

BG — k-vect.

In order to categorify this picture, we first lift the category k-vect. For this we consider
the 2-category £ing, where the objects are the k-linear categories, 1-morphisms being
(linear) functors, and 2-morphisms given by natural transformations. Then, a weak
categorical action of G on V" € Liny is the datum of a collection of endofunctors of ¥/,
one for each generator of G, that respect the defining relations of G up to isomorphism.

In particular, they descend to an action of G on the decategorification V' of ¥':

v

QO 1
22 . -
v | decategorification
!

G——V

action
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When G has the structure of an R-algebra, with all its structure constants in R, we
usually also require R to admit a categorification by a monoidal category % (like Z
above) and 7 to be a module category over R. This means that there is a bifunctor

RV SV compatible with the monoidal structure.

Yet, the definition of a weak categorical action is in general too loose, and we want
to fix the natural transformations realizing the isomorphisms of the defining relations.
This leads to the notion of a categorical action. A famous example of a categorical
action is given by the braid group on n strands that acts on the derived category of
modules over a polynomial ring in n variables [81]. The action is realized by tensoring
with complexes of Soergel bimodules [85]. This construction actually categorifies an
action of the braid group on the Hecke algebra.

As it turns out, fixing the higher structure allows sometimes to categorify BG itself,
giving a 2-category BG. In that situation, a categorical action of G gives rise to a
2-functor

BGE — Ling.

This leads to the idea of 2-representation theory, which is about looking at precise
2-categories and their 2-functors into £ing. Often, the objects of a 2-representation
are given by categories of modules and 1-morphisms are functors of tensoring with
bimodules (or derived equivalents). Then the 2-morphisms can simply be described
by bimodule maps. A program to study 2-representations in a systematic approach
was started by V. Mazorchuk and V. Miemietz [57, 58]. They construct notions of
simple 2-representations and give a Jordan—Holder-type theorem. They work especially
on problems of classifying 2-representations (see [56] for a survey on the subject).
However, it is worth mentioning that they only focus, until now, on the case of additive
categories having quite strong finiteness conditions, called finitary categories. This is
in some way the equivalent of studying representations of (finite dimensional) algebras

where all the structure constants are natural numbers.

The categorifications of the integral versions of quantum groups from [43, 47, 82]
yield examples of 2-categories U, and their categorified representations from [33, 42,
94] can be lifted to 2-representations of U. To sum up, we picture this as a diagram:

2-action 5
4>
(0N |
%c\@ g o
& | decategorification

As already mentioned, geometry is often intimately related to higher representation
theory. More precisely, a non negligible amount of representations can be realized
via categories of sheaves on algebraic objects, which can then be lifted to the level

of categorical actions [93]. In particular, a fundamental role is played by the geom-
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etry of Grassmannian varieties (and other flag-like objects) in the construction of
2-representations of the categorified quantum groups. Indeed, it appears that they
control most of the higher structure of the construction. Concretely, from this geometry
one can obtain an algebra called the nilHecke algebra, that always acts on (some of)
the 2-hom spaces of any 2-representation of U. Actually, this nilHecke algebra can be
thought of as associated to sl,, and it admits generalizations to all types. These gen-
eralizations are called the KLR algebras for Khovanov—Lauda—Rouquier [42, 44, 82],
and are related to the geometry of quiver varieties [83]. The KLR algebras are the
main ingredients of the categorifications of the quantum groups and their integrable
representations. Moreover, Rouquier showed that given a categorical action of U on ¥/,
with the Chevalley generators F;, F; of U acting by adjoint endofunctors of 7', and
carrying an action of the KLR algebra on the space of natural transformations on the
compositions of F;’s, then the categorification is essentially unique. In particular, he
showed that under these conditions the construction always lifts to a 2-representation
of U [82].

Summary of results

All the above-mentioned categorifications related to quantum groups share one common
feature: they only categorify representations that are locally finite-dimensional when
restricted to a simple root. This is forced by the additive nature of the categories used
in these constructions. Indeed, based on the results in [82], it can be shown that a
construction of a non-integrable weight representation is not possible within the usual
additive framework. Because of these restrictions, it was not commonly believed that a

categorification of such representations should exist.

In this thesis, we prove the opposite, and we make a step towards a categorification
of infinite-dimensional and non-integrable representations of quantum Kac—Moody
algebras. We start with the simplest case by proposing a categorification of the universal
Verma modules for quantum sls, using homological algebra and infinite dimensional
dg-algebras. In particular, the defining relation (1) of the quantum group is categorified

through a quasi-isomorphism of mapping cones:

Cone(F€ — €F) = Cone(QX — QK 1), “4)

1

where Q is a categorification of e,

Then we extend our construction to all (parabolic) Verma modules of quantum
Kac—Moody algebras. We would like to point out that categorified Verma modules are
not 2-representations of the 2-categories defined in [43, 47, 82]. In particular, they do
not fit into the finitary, additive framework of [57]. Still, they carry a similar looking
higher structure, suggesting the existence of a more general categorification of the
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quantum groups, in a homological algebra setting. Constructing such a categorification
is still an open problem, that might bring new perspectives for 2-representation theory.

Verma modules play a major role in the representation theory of quantum groups.
Indeed, any (cyclic) highest weight representation can be recovered as a quotient of
a Verma module. We recover this property at the categorical level by equipping our
categorification of Verma modules with a family of differentials. These induce derived
equivalences with all the categorified integrable modules of [33], giving a new insight

into these constructions.

Our construction relies on a dg-enhancement of the categorification of integrable
modules from [15, 24]. More precisely, they categorify the (N — 2k)-weight space
of the (N + 1)-dimensional irreducible module of s[5 by a category of modules over
the cohomology ring H(GL') of the Grassmannian variety of k-planes in CV. The
two-steps flag variety G,IX xt1 Of k-spaces in k + 1-spaces in CV admits forgetful
maps to G} and Gy, ;. This endows the cohomology H(Gﬁkﬂ) with an H(GY)-
H(GY, |)-bimodule structure:

ng+1 H(ngﬂ)

SN e S

Gl H(GY) H(GY)

In particular, it gives rise to two functors € : H(G2, ;) -mod — H(G}')-mod and
F : H(Gy)-mod — H(G7,,)-mod by tensoring with these bimodules. These
functors allow to jump from one categorified weight space to the other. It is shown
in [15, 24] that the pair €, F respects the defining relations of sls up to isomorphism,
with the action of the Cartan generator K categorified by a degree shift. However, this
construction depends on the fact that all the weights that appear are integers. In that case,
the main sly relation (1) yields only rational fractions like (¢~ =2k —¢?*=N) /(¢—q71),
which can be simplified into finite polynomials ¢’V =2F=1 4 ¢V =2k=3 ... 4 gl -N+2k,
In particular, they categorify the commutator relations as direct sum decompositions

such as in (3).

We have observed that H (G4 ) admits a finite free resolution over the cohomology
ring of Grassmannian varieties in the infinite space C*, giving rise to infinite dimen-
sional (graded) dg-algebras (2, d ). Similarly, the functors induced by the two-steps
flag varieties lift to the dg-world. This means we can recover the categorification of in-
tegrable modules from [15, 24] using derived categories of dg-modules over (2, dy).
One of the upshots of going to the dg-world is that (the dg-version of) the functors
€, F are now related to each other through a quasi-isomorphism of cones as in (4).

This gives a categorification of the relation (1) without needing the rational fraction
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to simplify. The simplification process can still be categorified as going through the
quasi-isomorphism (€, dx) — (H(GL),0). Finally, the categorification of the
Verma module appears naturally from this construction by annihilating the differential,
thus using (derived) categories of dg-modules over (€2, 0). Similarly, the categorified
parabolic Verma modules are obtained from a dg-enhancement of the KLR algebras
and of the functors used for the categorification of integrable modules in [33, 42, 94].

One technical difficulty in the categorification of Verma modules is that some
structure constants take the form of rational fractions like

A=At
q—q'’
where )\, ¢ are formal invertible variables. Therefore, we needed to develop a framework

for categorifying such rational fractions. The idea, which is not completely new (see
for example [1] or [46]), is to reinterpret the fraction as a formal Laurent series:

A=A"! -1 2, 4
—— =g\ =N +¢ +g +).
q9—q
We can then categorify it by different means depending on the context: an infinite
coproduct, an infinite composition series, or an infinite iterated extension, all these
infinities being controlled in a certain way. Quotienting the usual Grothendieck group
by the relations induced by such infinite constructions leads to the notion of fopological
Grothendieck group (with a similar flavor as in [1]). We explore these different
possibilities and give examples where the topological Grothendieck group can be
explicitly computed. In particular, we categorify the ring of formal Laurent series
Z(x1, ..., xy,)) (as constructed by A. Aparicio-Monforte and M. Kauers [4]). It takes
the form of a thick subcategory of the derived category of multigraded dg-modules
over the dg-algebra (k, 0).

To return one more time to low-dimensional topology, we also showed in [64] how
to use parabolic Verma modules of quantum sl,, to construct the homfly-pt link polyno-
mial invariant [25, 73], inspired by the construction of H. Queffelec and A. Sartori [75].
Moreover, we showed that the construction can be lifted to the categorical setting using
our categorified Verma modules. It yields a triply-graded link homology equivalent to
Khovanov—Rozansky link homology [45].
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Plan of the thesis

* Chapter 1: we recall the basics about quantum groups and their representations,

with a special focus on the case of sl5.

» Chapter 2: we explain the classical notion of Grothendieck group which is essen-
tial to the understanding of categorification. Indeed, we use it as a definition of
decategorification. In particular we quickly (re-)explore the case of Grothendieck
groups appearing in additive, abelian and triangulated categories. We also re-
call the usual tools of homological algebra that we will need in the subsequent

chapters.

 Chapter 3: our contributions start here. We develop different notions of topologi-

cal Grothendieck groups and we categorify the ring of formal Laurent series.

» Chapter 4: it is the heart of the thesis. We construct a categorification of the
universal Verma module of sls using the geometry of Grassmannian varieties,
revisiting our paper [65]. In particular, we show how the construction arises
naturally from a dg-enhancement of the original construction of categorified
integrable modules from [15, 24]. This also immediately gives the existence of
the differentials that yield the derived equivalences with the categorifications
of integrable modules. We would like to point out that this approach is slightly
different than in the paper [65]. Indeed, in the reference, €2} is obtained by taking
the Hochschild homology of the cohomology ring of Grassmannian varieties
in C*.

» Chapter 5: we give another construction for the categorification of the sly-
Verma module by using a dg-enhanced version of the (cyclotomic) nilHecke
algebra. Moreover, we construct several bases of this dg-enhanced nilHecke
algebra, and explain how to derive it from an action of the symmetric group on a
supercommutative ring. We also explain how it is related to the geometry of the
Grassmannian varieties, and to the construction in Chapter 4. In particular,we
show that the two constructions of categorified Verma modules are equivalent,

but naturally categorify different bases. This is based on our second paper [66].

» Chapter 6: we extend the construction of the dg-enhanced nilHecke algebra to
all symmetrizable types, giving dg-enhanced KLR algebras. Then we use them
to categorify parabolic Verma modules of all quantum Kac—Moody algebras,
following our preprint [63].






Notations

We have gathered here some of the notations used in this document and give some
references for definitions.

* Cone(f) or Cone(X ER Y') is the mapping cone of f (Eq. (2.1));

* P(A,d) is the derived category of (A, d) (§2.2.2) ;

* P°(A,d) is the compact derived category of (A, d) (§2.2.3) ;

» 9!°(A, d) is the subcategory of D (A, d) generated by objects quasi-isomorphic
to c.b.l. compact modules (Definition 3.4.7) ;

* ¢;(21,-..,2y) is the i-th elementary symmetric polynomial (Definition 5.1.2) ;

* (Go(6) is the abelian Grothendieck group (§2.1.2) ;

* G(96) is the topological abelian Grothendieck group (Definition 3.3.2) ;

* %i(21,-..,2y) is the i-th complete homogeneous symmetric polynomial (Defi-
nition 5.1.2) ;

e k[z1,...,z,] is the k-algebra of polynomials ;

e k(x1,...,x,) is the k-algebra of rational fractions ;

o k((x1,...,x,)) is the k-algebra of formal Laurent series (§3.1) ;

« K$(®) is the split Grothendieck group of 6 (§2.1.1) ;

+ K4 () is the triangulated Grothendieck group (§2.1.3) ;

* K OA(%) is the topological triangulated Grothendieck group (Definition 3.4.4) ;

e MColim is the Milnor colimit (§3.4) ;

* N:={0,1,...} is the semiring of non-negative integers ;

* [n]q:= % =q" 1 +¢" 3 +..- + ¢! " is the quantum integer (§1.1.1) ;

* RHOM(—, —) is the derived hom functor (§2.2.2) ;

» S™ is the symmetric group on m elements ;

o — ®Y — is the derived tensor product functor (§2.2.2) ;






Chapter 1

Quantum groups and their
representation theory

Quantum groups were introduced by Vladimir Drinfeld [20] and Michio Jimbo [30]
as a 1-variable deformation of (enveloping algebras of) classical, finite dimensional
Lie algebras, and, more generally, of Kac—Moody algebras. Our presentation is close
to [29] and [51], where the proofs of all the claims we make can be found. References
for classical results about (non-quantum, generalized) Verma modules are [55] and [28],
see [3] for the quantum case.

1.1 Quantum sl

Classically, sls is the Lie algebra given by two by two matrices with trace zero. It is
generated by

S B R B

Its enveloping algebra U (sl ) is the Q-algebra generated by elements e, f, h with Lie
bracket appearing as commutator. Thus, it admits a presentation by generators e, f, h

and relations
ef —fe=h, he = e(h +2), hf = f(h—2).

1.1.1 Quantum deformation

Taking a ¢-deformation of a k-algebra A is a procedure which consists in building a
new k(g)-algebra A, on the ring of rational functions k(g), such that taking the limit
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of ¢ — 1 gives back the initial algebra A in some sense. One easy example is given
by the quantum plane, which is a g-deformation of the polynomial ring k[, y] in two
variables. It is given by the k(q¢)-algebra generated by the symbols 2 and y with relation
yx = qury. Simply putting ¢ = 1 gives back k[z, y].

For U(sly), one achieves it by informally replacing the commutator relation e f —
qh —(]7h
q—q '
we replace it by a new invertible generator K ~ ¢".

fe = h by its quantized variant ef — fe = . Since ¢ has no formal meaning,

Definition 1.1.1. U,(sly) is the unital, associative Q(q)-algebra generated by K,
K~ E and F with relations

KE = ¢*EK, KK '=1=K'K,
K-K™!
KF = ¢ °FK, EF —FE = ——.
qa—q

Remark 1.1.2. The procedure of replacing h by K can be made formal by working in a
slightly different context where we interpret q as a formal power series ¢ = exp(v), and
thus K = exp(vh), as done originally by Drinfeld [20]. The operation of replacing q
by 1 is then simply given by setting v = 0.

The quantum number [n], € Z(q) is the g-deformation of the integer n € Z, and is
given by

_1"—a
R

=q1—n+q3—n+___+qn—3+qn 1'

Note that [0], = 0 and [1], = 1. Similarly, there are quantum versions of the factorial
and the binomial

o
T AN Y

which can both be simplified into polynomials in Z[q, ¢~ 1].

Symmetries

Quantum sl has multiple important symmetries, coming in the form of algebra
(anti)automorphisms. First, we consider the Q-linear involution ~ given by ¢ = ¢~ .
Then we define a Q(g)-linear algebra anti-involution p : Uy(sly) — U,(sl2)°" by

setting

p(E):=q 'K 'F, p(F):=q 'KE, p(K):

K. (1.1)
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We also define a Q(g)-antilinear anti-automorphism 7 : U, (sl2) — U,(sl2)°” by
7(E):=q 'K 'F, 7(F):=q 'KE, 7(K):= K1 (1.2)

and 7(fu) = f7(u) for f € Q(q) and u € U, (sly).

1.1.2 Weight modules

Let M be an U, (sly)-module and let A be an invertible scalar in the ground ring
R o Q(q) of M. Then we write

My :={ve M|Kv = \v}.

We have EM) < M2y and FMy © M,—»,. We say that v € M, is a weight vector
of weight \. We say that M is a weight module if it decomposes as

M =~ @ M.
AERX

A highest weight module is a cyclic module over U,(sl2) ®q(q) R, generated by
vx € M) such that Fvy = 0. We call vy a highest weight vector. It is a well-
known fact that any finite dimensional module is a weight module. If in addition it is
irreducible, then it is a highest weight module with A\ = +¢” for some N € N. When
K acts with positive eigenvalues on the module, then we say it is a type I module. We
restrict to this case in this thesis.

Shapovalov form

Let M be a highest weight module with highest weight vector v). One defines the
Shapovalov form
(==):MxM— R, (1.3)

as the unique R-bilinear form respecting:

(va,v2) =13
* (
s fv,0") = (fo,v') = (v, fv');

forall v,v" € M, u € Uy(slz) and f € R.

uv,v') = (v, p(u)v') where p is defined in (1.1) ;

Remark 1.1.3. Since M is a highest weight module, the second item in the definition of
the Shapovalov form is equivalent to (Fv,v") = (v, p(F)v') and (Kv,v") = (v, Kv')
forall v,v' € M.
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Verma modules

The (standard) Borel subalgebra U, (b) of U, (sl3) is the algebra generated by E and
K. It corresponds with the quantum deformation of the subalgebra of sls given by

upper triangular matrices.

Definition 1.1.4. The Verma module of highest weight A € R* over the ground ring
R o Q(q) is the induced module

M(A) == Uqy(sl2) ®u, (v) Roa,

where Evy, := 0 and Kv)y, := \v).

The Verma module is an infinite dimensional highest weight module. It admits
an induced basis {v,—2x}ren Where vy—2cy = F*vy. Then the action of Uy(sl>) is

explicitly given by

—2k
qu—%)\ =4q /\’Uq—zk)\,

quleg\ = Ug—2(k+1) ),

1-k k—=1y—1
¢ A= q"TA
qu—%)\ = [k]q q— q71 Vg—2(k=1) 5+

We picture M (\) as

Vg—6 Vg—4ax Vg—2x U\ 0. (1.4)

From now on, we restrict to the case where A is either a formal parameter that we
identify with ¢” for a formal 3, or A = ¢" for some N € Z. In order to encompass
both cases, we write A = ¢* for u € Z 11 {}. Then we fix the ground ring R = Q(q, A)
if u =0, 0or R=Q(q) if u = N. We also introduce the notation

q,u+k q—,u—k )\ -\ 1 —k

k = , 15
[+ kg = = (1.5)

which agrees with the definition of quantum integer when p € Z.
Using these notations and plugging in coefficients in (1.4) we obtain

[4]q[n—3]q [31q[n—2]4 [2]q[n—1]q [1]4[1]q 0
T T T /N P
’UM 6 U;J, 4 'Up, 2 0. (16)

TUT O UU

g"—o gt g2
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Replacing F* by the divided powers
F® .= FF /K],

we obtain another basis that we refer to as canonical basis. We write it {v],_o; }ren-
It is explicitly given by taking v, _o;. = v, —2x/[k]s! € Myu—2r. With this basis, the
Verma module looks like

[n—3]q [n—2]q [n—1]4 [1]q 0
4 , R , R , T, Ty
_ V-6 Vp—a Vp—2 - Y 0, .7
~_ ~— Y —
[41¢ [l [2]4 [t

where we omit the action of K since it is clear from the weights.

Whenever i = S or u = —N for N € N, then M () is irreducible. In this case, the
Shapovalov form (1.3) is non-degenerate. Then, the dual canonical basis {v" =¥} e

is defined as the unique one satisfying
(V) g5, V#72) = b5, (1.8)
for all 4, j € N. The change of basis is explicitly given by

p—=2k _ _k(k—p) [k]q' ’ 1.9
L s Y TR PR 17 P )

The action of quantum sl on this basis looks like

q 4], >+ [3], 7" [2], g 1], 0
T R 7 N LTy
’U“_G ,U;L—4 UM—Q P 0
a"""[p—3]q q" P [u—2], "3 [u—1lq 7" ulg
(1.10)
Finite dimensional modules
Whenever 1 = N € N, then (1.7) takes the form
[-1]q 0 [11q [N—-1]q [N]q 0
e T T e " mTey
. V_N—-2 V_N e UVN—-2 UN 0
N - — N PR
[V+2], [N+1], [Nq [2]q [1q
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Since E(v_n_3) = 0, M(¢") admits a submodule. This submodule is isomorphic to
M (g~N=2), and the quotient is a finite dimensional module

V(N) = M(q")/M(qa~"7?), (1.12)
which is irreducible, and has dimension N + 1. The short exact sequence
0— M(g V2 = M(¢") - V(N) =0,

is known in the literature as the BGG resolution, for Bernstein—-Gelfand—Gelfand. The
Shapovalov form restricts on V(N) and this restriction is non-degenerate. Thus we
have a dual canonical basis for V(N), given by taking u = N in (1.9) for k < N.

Moreover, there is a surjective map
evy : M(q”) — M(q"),

given by evaluating 3 = N (or A = ¢V). Since any (type 1) irreducible, finite
dimensional U (sl2)-module is isomorphic to V' (V) for some NN, we can recover them
from the Verma module M (¢?). Thus, we call it the universal Verma module.

1.2 Quantum groups

Kac—Moody algebras were independently introduced by Victor Kac [32] and Robert
Moody [60]. They take the form of combinatorially constructed Lie algebras that are

piecewise-defined as copies of finite dimensional, semisimple Lie algebras.

1.2.1 Quantum Kac-Moody algebras

A generalized Cartan matrix is a finite dimensional square matrix A = {a;;}; jer €
ZM>111 such that

*a; =2anda;; <Oforalli #jel;

b aijz()@aji:O.

We say that A is symmetrizable if there exists a diagonal matrix D with positive entries
d; € Z~q for all i € I, such that D A is symmetric. A Cartan datum consists of

 a symmetrizable generalized Cartan matrix A ;
* afree abelian group Y called the weight lattice ;
* aset of linearly independent elements IT = {«; },c; € Y called simple roots ;

* adual weight lattice Y := Hom(Y,Z) ;



1.2 Quantum groups 21

* aset of simple coroots IIV = {a) }ie1 €YV ;
such that

(o) = aij ;
» foreach i € [ there is a fundamental weight A; € Y such that o} (A;) = 0;; for
all j e I.

The abelian subgroup X = P, Za; < Y is called the root lattice. We also write
Xt = @,No; < X for the positive roots. Given a Cartan datum, since A is

symmetrizable with d;a;; = d;aj;, one can construct a symmetric bilinear form
(=]-): Y xY - Z,
respecting

o (ai|a) =2d; € {2,4,...};
® ai|aj) = diaij € {07 -1,-2,... } for all ¢ ?5] N
e aY(y) =229 forallye Y.

(ailai)

In the end, a Cartan datum is completely determined by (I, X,Y, (—|-)).

Definition 1.2.1. The quantum Kac-Moody algebra U, (g) associated to a Cartan
datum (I, X,Y,(—|-)) is the associative, unital Q(q)-algebra generated by the set
of elements E;, F; and K., for all i € I and v € YV, with relations for all © € I and
VY EYY:

Ky=1, K Ky =Ky,
K E; = qv(ai)Ein K. F; = q—"f(ai)Fin

One also imposes the sl,-commutator relation for all 7,5 € I:

K —K!
E;F; — FjE; = 6jj————5—, (1.13)
q;i — g,
where q¢; = q% and K; = Koy.
Finally, there are the Serre relations fori # j € I:
r 1- QAij T s
(-1 E'E;E; =0, (1.14)
r
r+s=1—a;; s

N1y ll _r‘“j] FIFjFf =0. (1.15)
q

r+s=1—a;; i
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Given a sequence ¢ = % ' - - iy, Of elements in I, we write F; := F; --- F; and
E‘i = l;'i1 .

U, (g) decomposes as a sum of elements F; K, E; with ¢, j € Seq(I).

. We write Seq([I) for the set of such sequences. Any element of

Tm

The half quantum group U; (g) of U,(g) is the subalgebra generated by the
elements {F;};c;. As a Q(g)-vector space, it admits a basis given by a subset of

{Fz’}ieseq( 1) (we take only a subset because of the Serre relation (1.15)).

Example 1.2.2. Consider the Cartan datum given by the (n — 1) x (n — 1) matrix

2 -1 0 0 0 0
-1 2 -1 0 0 0
o -1 2 -1 0 0
A= ;
0 0 o -1 2 -1 0
0 0 0 o -1 2 -1
0 0 0 0 0o -1 2
with the set of roots {a, . .., a1}, the set of coroots {ay , ..., ay_1}, weight lattice

Y = @12 ZA; with

21 — Ao, ifi=1,
;=20 — A1 — A1, fl<i<n-—1,
2N 1 — Ny, ifi=n—1,
and
2, fi=j,
(aila;) = § -1, ifli—jl=1,
0, otherwise.

The quantum group associated to this Cartan datum is called Uy(sl,,). Taking n = 2
gives back Definition 1.1.1. In general, U,(sl,) is a quantum deformation of the

enveloping algebra of n by n matrices with trace zero.

1.2.2 Weight modules

Again, there is a notion of weight spaces and weight modules. Let M be an U,(g)-
module with ground ring R © Q(q). Consider a Z-linear functional

A:YY - RX,
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where the group structure on R* is the product. For each such A and y € Y, we call
(A, y)-weight space the set

My, = {ve M|K,v=A\~)q"Wvforallye YV}.

We have E; M), © M) yta, and F; M)y , © My o, Like before, a weight module
is a module that decomposes as a direct sum of its weight spaces, and it is a highest
weight module if it is generated by an element vy € M) o such that E;vy = 0 for all
1 € I. In that case, we call A the highest weight and we have

M =~ @ M,\),y.

yeX+t

as R-module.

We say that a U, (g)-module M is integrable if for each v € M there exists k& » 0
such that EFv = 0 and Ffv = 0 for all i € I. Any finite dimensional module is
integrable, and any integrable module is a weight module with A(ITV) < Z[q]. In this
thesis, as for sly, we consider only type 1 modules , that is A(II) < N[g].

Let M be a highest weight module with highest weight vector vy € M) o. Then
we set \; = A(a) for each i € I. We are interested in A such that each ), is either

Ai = ¢ for some n; € Z or \; is formal. In that case, we write it A\; = qBi.

Parabolic Verma modules

The (standard) Borel subalgebra U,(b) of U,(g) is generated by K., and E; for all
v €Y and i € I. A (standard) parabolic subalgebra of U,(g) is a subalgebra that
contains U, (b). It is generated by K.,, E; and F); forally e YV, i€ I and j € Iy for
some fixed subset Iy < I. The part given by K, I; and F} for j € I; is called the
Levi factor and written U, (i). The nilpotent radical U,(n) is generated by E; for all
i € I := I\I;. There is a decomposition U, (p) = U, (i) ® U, (n). Note that parabolic
subalgebras are in bijection with partitions I = Iy 11 I,..

Let U, (p) be a parabolic subalgebra determined by I = I i I,.. For each i € I,
we choose a weight n; € N. For each j € I, we choose a weight \; € {q%,q"}. We
write N = {n;}ier, and A = {);}jer,. Let V((A, N) be the unique (type 1) integrable,
irreducible representation of Uy (i) on the ground ring R = Q(g, A), and with highest
weight A determined by

g, itk =iely,
N\, ifk=jel,.

We extend it to a representation of Uy (p) by setting U, (n)V (A, N) = 0.
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Definition 1.2.3. The parabolic Verma module of highest weight (A, N) associated to
Uy (p) < U,(g) is the induced module

MP(A,N) :=Uq(9) ®u,(p) V(A,N).

Whenever U,(p) & Uy(g), then MP(A, N) is an infinite dimensional module.

Moreover, for all parabolic Verma modules, there is a Q(g)-linear surjection
U; (9) ®qg(g) R -~ MP(A,N).

Example 1.2.4. If U,(p) = U,(b), then N = &, and V(A,N) = Q((g, A)vya is
1-dimensional, and such that

Evp =0, K op = H)\;(Aj)vA.
jel

In that case, we simply call it Verma module, and we write it M®(A). If \; = ¢° is

formal for all j € I, then we call it the universal Verma module.

Example 1.2.5. If U,(p) = U,(g), then A = & and MP(A,N) = V(N) is an

integrable, irreducible U,(g) representation.

Since ¢ is a generic parameter (i.e. not a root of unity), we can apply Jantzen’s
criterion [28, Theorem 9.12], thanks to the results in [3]. From it, we obtain that
MP(A, N) is irreducible whenever A; ¢ {¢"|n € N} forall j € I,. If \; = ¢ for
n; € N, then M P(A, N) contains a non-trivial, proper submodule, which is isomorphic
to MP(A™, 5, N)for A, _, given by exchanging ¢"7 with ¢~"~% in A. Moreover,

the quotient
MP(A,N)
MP(A™ N)

—nj—2’

= MPH(A\{g™ }, N u {n;})

is isomorphic to the parabolic Verma module associated to the parabolic subalgebra
p + j given by adding j to Iy, that is generated by p and F}.

Furthermore, whenever \; = qﬂf is formal, then there is a surjective map
evn; : MP(A,N) — Mp(Agj,N),

for all n; € Z, given by evaluating 3; = n;.

These two facts together allow us to define a partial order on the parabolic Verma
modules. For this, we say that there is an arrow from M? (A, N) to M (A/, N') if we
have an evaluation map ev,,; such that

evn, (MP(A, N)) = M¥ (A", N"),
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or if there is a short exact sequence

0— MP(A™

—nj—2’

N) — M*(A,N) —» M* (A, N") - 0.

Then we say that a parabolic Verma module M is bigger than another one M’ if there
is a chain of arrows from M to M'. In that case, there is an M”, which is either trivial
or a parabolic Verma module, and a short exact sequence

0> M"—ev(M)—> M -0,

where ev is a composition of evaluation maps ev, ;. With this partial order, the
universal Verma module is a maximal element and each integrable, irreducible module
is a minimum. This also means that we can recover any parabolic Verma module from

the universal one.

Shapovalov form

Let p : Uy(g) — U,(g)°" be the Q(g)-linear algebra anti-involution given by
p(E:) = q; 'K 'F, p(Fi) == q; KB, p(Ky) = Ky, (1.16)

foralli € I andy € YV. Letalso 7 : Uy(g) — U,(g)°" be the Q(g)-antilinear

anti-automorphism given by
(E;) = q, 'K; 'F;, 7(F) = q; 'K, E;, T(K,) == K;* (1.17)
Definition 1.2.6. The Shapovalov form
(= =)« MP(A,N) x MP(A,N) - Q(q, A),
is the unique bilinear form respecting

* (vA,Nn,VA,N) = 1, for vp N the highest weight vector,
o (uv,v') = (v, p(u)v") where p is defined in (1.16),
* f(v,v") = (fv,0v') = (v, fo)),

Sforallv,v' € MP(A,N),ue Uy(g) and f € Q(gq, A).

Basis

Since parabolic Verma modules are highest weight modules, they admit at least one
basis given by elements of the form Fyva n for ¢ € Seq([), and where vy y is

a highest weight vector. In particular, as R-modules they are all subquotients of
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U; (9) ®q(q) R, meaning that these basis lives in a subset of {F;va x| € Seq([)}
modded out by the Serre relations. We call such a basis an induced basis and write it
{va,n = mg,m1,...}. Any element in such basis takes the form F; = nyf . Fibl1
for some iy, ...,%. € [ and by, ..., b, € N, with ¢y # i,.1. Replacing each Fib by the
divided power F'” = F?/([b],.!) yields another basis {vs x = mi),m/, ...} that we
refer as a canonical basis. Whenever M (A, N) is irreducible, the Shapovalov form
(see Definition 1.2.6) is non-degenerate. Thus in this case, for each canonical basis
there is a dual canonical basis uniquely determined by

l4
'R

(mj,m?) = bi;.

Example in U, (s(3)

We now consider U, (g) = U, (sl3), which is generated by E1, Es, F, F5 and K. Its
universal Verma module M®({¢”*, ¢%2}) looks like

ot
NG N
bl M-za, bl M-a;-a; Fy ) M-za, Fy
I’ S ' S >
M—3a1 M—Zal—a2 M—a1—2az M—Baz
K ~ ~ ~ ~

where the action of each F; is non-zero. For example M_,, _2,, is 2-dimensional
generated by Fy Fjva y and F§ Fyva n. Taking the highest weight (31, 1) instead of
(B1, B2) gives

Moy
T
M*Oél —ao <~\\0
K ~ ' >N
M*QOzl —Q1— Q2 M*QC&Q
4 M ' ~ 'd ~
M—3(x1 M—2a1—a2 M—a1—2a2 M—Bag
LK L it g e

Note that E3 M_s,, = 0. Thus M*({g”*, ¢'}) admits as submodule the Verma module
of highest weight (51 + 2, —3). The quotient is isomorphic to the parabolic Verma
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module MP({g?1}, {1}), for p generated by Fs, E1, Es, K. It looks like

M,

e ’ ~
—Q1 — Q2
“ ~ s N
M72041 Mfoqfag 0
'4 M ' S
M—Sal M—Zal—ozg M—a1—2a2

N e W

Note that M_,, _24, is now 1-dimensional generated by F; FQQUA, ~. In conclusion,
one can think of parabolic Verma module as a mild mix between integrable modules
and Verma modules, with the action of F;, E; being locally nilpotent for ¢ € Iy, and
F} being never 0 for all k > 0 and j € I,.






Chapter 2
Elements of categorification

The philosophy behind categorification is to interpret some mathematical objects as
‘shadows’ of higher structures, and to build these higher, richer objects. One of the
most common examples is the Euler characteristic, which can be thought of as a
shadow of the homology groups. In addition to being a stronger invariant of topological
spaces, homology groups most importantly reveal a whole new layer of structure
given by induced maps on homology. But of course, giving a precise definition of
categorification is not possible, unless we start by defining the reverse operation: that
is how we decategorify. And there exist several ways of doing it in the literature: Hall
algebras [84], categorical traces [8], Grothendieck groups... Then given an algebraic
object A, a category € and a fixed decategorification [€] of €, we say that € is a
categorification of A whenever [€] = A.

For quantum groups, and by consequence in this thesis, we use the notion of
Grothendieck group K(6), which itself declines in several constructions, depending
on the structure of the category € we want to decategorify.

Even given a way to decategorify and an object admitting a categorification, there
is not much chance to have an algorithm that allow us to recover this higher structure
(except for a very naive, uninteresting one). And there is no chance that the construction

is unique. Therefore, to cite Ben Webster, we would say that:

‘Categorification is an art, not a functor.’

2.1 Classical Grothendieck groups

The recipe for Grothendieck groups is always the same: we start with a pointed, small
category ‘6 admitting some structure that comes with a collection of distinguished
triples of objects (X, Y, Z) for some X,Y, Z € 6. Moreover, these distinguished
triples should have nice properties (e.g. (X,Y,0) and {0, X,Y") are distinguished
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triples whenever X =~ Y). Then we construct the free abelian group F(®) :=
@ xeg[X]Z over the set of objects of €, and we define the Grothendieck group as

Ko(®) := F(8)/T(%®),
where
T(8) :={[Y] - [X] - [Z]KX,Y, Z) is a distinguished triple}.

In particular, [X] = [Y] whenever X = Y. Usually, having a distinguished triple
(X,Y, Z) means that Y is ‘built up’ from X and Z, and thus the Grothendieck group

extracts this information.

The Grothendieck group inherits other properties from the category. Indeed, sup-
pose we have two categories @ and €', both having distinguished triples, and a functor

F : € — €' that preserves these triples. Then it induces a map

Ko(6) s Ko(€).

From this, we can start playing around. If the category € has a monoidal structure and
the bifunctor
—®—: X6 >

preserves distinguished triples, then the Grothendieck group comes with a ring structure
[XL[Y]:=[X ®Y].
Another example of interest for us is when ‘6 has an auto-equivalence (i.e. is Z-graded)
(1):6—> 6

preserving distinguished triples. We write (—1) = {1)~! and in general (k) = (1)*
for all £ € Z. In that case, the Grothendieck group is a Z[q, ¢~*]-module with the
action of ¢* given by

¢ - [X] = [XB)].

2.1.1 Additive categories

The first example of a categories that comes with distinguished triples are the additive
categories, where there is a triple (X, Y, Z) whenever

Y>X®Z
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For this particular case, we call K(€) the split Grothendieck group of €.

Krull-Schmidt categories

Recall that a unital ring is a local ring if given any invertible finite sum of elements,
then one of its summand is invertible. A Krull-Schmidt category is an additive category
in which every object decomposes as a finite direct sum of objects having local endo-
morphism rings. The main property of such a category is that any object X decomposes
as a finite direct sum of indecomposable objects (which agree with the objects having
local endomorphism rings). Moreover, this decomposition is essentially unique. From
this, we easily deduce the following classical result:

Proposition 2.1.1. Let 6 be a Krull-Schmidt category with its collection of pairwise
non-isomorphic indecomposable objects {X;}ic1. Then its split Grothendieck group is

a free Z-module
K§(8) = PZ[X;].
iel
Definition 2.1.2. A category B is strictly Z-graded if it possesses an auto-equivalence
{1): 6 — B such that
X<ky £ X

Sor all k € Z\{0} and non-zero object X € 6. We say that a category is Z-graded
Krull-Schmidt if it is strictly Z-graded and Krull-Schmidt.

We call (1) the grading shift and we say two objects X and Y are distinct if
X #2Y(k)forall k € Z.

Proposition 2.1.3. Let € be a Z-graded Krull-Schmidt category with collection of
pairwise distinct indecomposable objects {X;}ier. Then its split Grothendieck group

respects
KQ(6) = DZ[a.q ][Xi].
iel
Example 2.1.4. Consider the category k-gmod of finite dimensional 7-graded k-
vector spaces, with degree preserving maps. It is a graded Krull-Schmidt category
with a unique indecomposable object, up to grading shift and isomorphism, given by k.

Thus its split Grothendieck group is
K®(k-gmod) = Z[g,q™"].

If we consider k -gmod with its monoidal structure given by tensor product over k, we

get a categorification of Z[q, ¢ '] as a ring.
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Remark 2.1.5. It is important to restrict to finite dimensional modules, and in general
we need to avoid categories with all (countably) infinite coproducts. Indeed, otherwise,

the Eilenberg swindle applies:

[[x=xo][x = X1 =1x1+ (] ] X,

€N €N €N €N

implying that [ X] = 0 for all X, and thus Ky(6) = 0.

We would like to point out that a module category 6 over (k -gmod, ®y ) is basically
a Z-graded, additive, k-linear category. The Z-action on 6 is induced by acting by
shifts of the unit object of (k-gmod, ®y). Then the monoidal action

k-gmod> 6 — 6

descends to the Grothendieck groups

K (k-gmod) x KP(6) 15 KP(6)
as the Z[q, ¢! ]-action on K§(8), after identifying K (k-gmod) = Z[q, ¢ ']. What
is nice with this point of view is that the Z[g, ¢~']-module structure of K$(6) is not
just a coincidence, but comes from a categorical version of it.

Within this framework, we can already obtain a categorification of (the multipli-
cation by) the quantum number [n], = ¢"~' +¢"3 + -+ + ¢* 7" € Z[q,q7 '] as the
endofunctor @,_, Id{n — 1 — 2¢).

Remark 2.1.6. Note that we do not truly gave a categorical interpretation of the
minus sign, which only comes as a formal consequence of the fact that we work with
abelian groups. Therefore, we should probably think of additive categories only as a
categorification of N-modules, and of k-gmod as a categorification of N[q, ¢~ 1].

2.1.2 Abelian categories

Another class of categories that have distinguished triples is given by abelian categories.
In that situation, a distinguished triple (X, Y, Z) is a short exact sequence

0->X—>Y —»27Z->0.

This generalizes to Quillen exact categories [76]. Since abelian categories are also addi-
tive, we write G (@) for the Grothendieck group obtained from short exact sequences,
so that we do not mistake it with the split Grothendieck group K ga (B).
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Jordan-Hoélder

If 6 is a finite length abelian category, then by the Jordan—Holder theorem every object
admits an essentially unique finite composition series. Since in the Grothendieck group,
an object is equal to the sum of the composition factors of its composition series, we
get the following well-known result:

Proposition 2.1.7. Let 6 be a finite length category with collection of pairwise non-
isomorphic simple objects {S;}icr. Then its Grothendieck group is

Go(6) = D Z[Si]-
i€l
The result also holds in the graded case.

Proposition 2.1.8. Let B be a strictly 7-graded, finite length category with collection
of pairwise distinct simple objects {S;}ic1. Then its Grothendieck group is

Go(8) = P Z[q, q '1[S;]-
el

Example 2.1.9. In k-gmod, there is a unique simple object up to grading shift and

isomorphism, given by k. Therefore
Go(k-gmod) = Z[g,q™'].

In this particular case, it can be viewed also as a consequence of Example 2.1.4 since

every short exact sequence in k-gmod splits.

2.1.3 Triangulated categories

The third class of categories we are interested in is given by triangulated categories.
These kind of structures appear naturally, among others, when one looks at the structure
inherited on the homotopy or derived category of an abelian category. They were
developed by Verdier under the supervision of Grothendieck [90]. A triangulated
category is the datum of an additive category €, an automorphism [1] : € — 6 called
the translation functor and a class of distinguished triangles:

X->Y > 27— X[1],

respecting some axioms (see below). We call Y an extension of X by Z. In particular
% comes equipped with a Z-action such that [1] o [-1] = Id = [—1] o [1].

Remark 2.1.10. In opposite of, for example, abelian categories, an additive category

could admit multiple possible triangulated structures. It is because triangulated
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categories are a truncation of higher categories (e.g. stable (00, 1)-categories [50]). On
this higher level, the triangulated structure is unique. This is similar to the phenomenon
of categorification: when one goes one level lower, we loose information and thus a

‘shadow’ can have been projected from different objects.

Axiomatic

Here is the (redundant) list of axioms a triangulated category must respect [69]:

1. every diagram X — Y — Z — X[1] isomorphic to a distinguished triangle is
itself a distinguished triangle ;

2. the diagram X A X 50— X[1] is a distinguished triangle ;

3. for each map X L, Y thereis a mapping cone Cone( f) fitting in a distinguished
triangle
X Ly = Cone(f) - X[1],
4. adiagram X Ly%zhx [1] is a distinguished triangle if and only if

h

Y %z 5 xp) 2, vy

is also a distinguished triangle ;

5. given a commutative diagram

x 1.y
= lp
f/

X —— Y

and two distinguished triangles X Ly szh X|[1] and X' Ly 5,
AN ¢ [1] then there is a (non-unique) map Z —» Z’ such that the following
diagram commutes:
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6. finally, there is a coherence axiom for taking extensions, called the octahedral
axiom, stating that if there are three distinguished triangles

x Ly —y/x — xq],

y 245 7 ZJ)Y Y 1],

x Xz s z/x — X[,
then there is a distinguished triangle
Y/X - Z/X - Z/Y - (Y/X)[1],

such that the following diagram commutes:

X Z Z)Y — 5 (Y/X)[1]
Y Z/X V1]

N N A

Y/X —— 5 X[1]

Remark 2.1.11. One of the caveat of triangulated categories is that the construction of
the mapping cone (among other similar homotopical constructions) is not necessarily
(and often not) functorial. This is because as mentioned in Remark 2.1.10, triangulated
categories are somehow only the truncation of a higher structure. In this higher
structure, taking mapping cones becomes functorial. However, these higher structures
are in general much harder to handle, and thus we prefer to stick with triangulated

categories for computational purposes.

By definition, triangulated categories come with distinguished triples given by the
distinguished triangles. Hence, we get a triangulated Grothendieck group K& (6).
One of the nice properties of the triangulated Grothendieck group is that the second

and fourth axioms of triangulated categories tells us that
X —-0—- X[1] - X[1]
is a distinguished triangle. Therefore, in the triangulated Grothendieck group, we have
0= [X]+ [X[1]],

meaning that the translation functor descends as the multiplication by —1. This means
that we get a categorical interpretation of the minus sign. Moreover, taking a mapping
cone X — Y can be interpreted as a categorical way of subtracting X from Y.
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2.2 How to construct triangulated categories

As already mentioned, one way of producing triangulated structures is by looking at
homotopy categories or derived categories. In this thesis, we will only consider trian-
gulated categories obtained from dg-algebras. For this, we will mainly follow [35] (see
also [10]) and borrow some ideas and notations from [74] (mostly for categorification
purposes). A good survey for dg-categories is [36].

2.2.1 Dg-algebras

Definition 2.2.1. A dg-(k-)algebra (A, d) is a unital, Z-graded k-algebra A = @),_, A;
with a differential d : A; — A;_1 of degree —1 such that d*> = 0 and

d(ab) = d(a)b + (—1)4e(@ad(b),

for all homogeneous elements a,b € A.

Remark 2.2.2. In opposite to [35], we consider differentials of degree —1 instead of
+1. Of course, all homological gradings can be switched, and one can take degree +1
instead. But then, the positive dg-algebras we will consider later on would correspond

with negative dg-algebras.

Definition 2.2.3. A (left) dg-module (M, dy) over a dg-algebra (A, d) is the datum
of a graded (left) A-module M = @,_, M; and a differential dn; such that d2, =0
and

dy(a-m) =da(a)-m + (=1)%8D g dy(m),

for all homogeneous elements a € A and m € M. A morphism of dg-modules is a map
of graded modules that preserves the gradings and commutes with the differentials.

There are similar obvious definitions for right dg-modules and dg-bimodules.
Given a dg-algebra (A, d) we can construct its homology

kerd
H(A,d) := md’
which is a graded algebra. Similarly we construct the homology H (M, d) of an
(A, d)-module, and it is a graded H (A, d)-module. As usual in homological algebra, a
morphism of dg-modules induces a morphism of graded modules in homology, and a
short exact sequence of dg-modules gives rise to a long exact sequence in homology.
Moreover, one says that a map f : X — Y (of dg-modules or of dg-algebras) is a
quasi-isomorphism if it induces an isomorphism in homology f, : H(X) = H(Y).
A dg-algebra is formal if it is quasi-isomorphic to its homology equipped with a trivial
differential.
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The category (A, d)-mod of (left) dg-modules over a dg-algebra (A, d) is a Z-
graded abelian category with [1] acting by:

* shifting the degree of all elements up by 1 ;
* switching the sign of the differential d ;1) := —das ;

» introducing a sign in the action r - m[1] := (—=1)9&"(r - m)[1].

Remark 2.2.4. If we consider right dg-modules instead, then the translation functor
does not change the sign in the action. In the case of dg-bimodules, it only twists the

left-action.

Let f : (X,dx) — (Y,dy) be a morphism of dg-modules. Then one constructs
the mapping cone of f as

Cone(f) := (X[1] @Y, d¢), do = (‘dx 0 > @2.1)
[ dy

It is an (A, d)-module and it fits in a short exact sequence

0 —Y — Cone(f) - X[1] — 0.

2.2.2 Derived category

Given two dg-modules X,Y € (A, d)-mod, one constructs the graded enriched hom-

space as
HOI\/IA_mOd(AX7 Y) = @ HOIHA_mOd(X, Y[’L])
ez
Itis a graded space with f : X — YTi] having degree —i. It can upgraded to a dg-hom
space (HOM 4 _moa(X,Y), d) with differential given by

d(f) =dy o f —(=1)%W) fody.

Similarly, one define the tensor product of a right (A, d)-module X and a left (A, d)-
module Y as

X ®(A,d) Y = (X ®A Kd),
where deg(z®y) := deg(z) +deg(y) and d(z®y) = d(z) @y + (—1)%e@) z@d(y).

Then we consider the dg-category of (A, d)-modules, written (A, d)-dgmod,
where the objects are the same as in (A, d) -mod and the hom-spaces are the dg-hom

spaces
Hom(A,d) -dgmod (X7 Y) = (HOMA -mod (X7 Y)7 d)
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Note that it is not an abelian category. We also define Z°((A, d)-dgmod) and
HO((A, d)-dgmod), which have again the same objects as (A, d) -mod but with hom-

spaces being

<, Homyu (X, Y[1])),

) )
ker(Hom 4 (X, Y[0]) % Hom (X, Y[1]))
im(Hom 4 (X, Y[—1]) 5 Hom (X, Y[0]))

HomZO((A,d) -dgmod) (X, Y) = ker(HomA (X7 Y[O]

HomHO((A,d) -dgmod) (Xa Y) =

Note that Z°((A, d) -dgmod) is naturally equivalent to (A, d)-mod.

One calls H°((A, d) -dgmod) the homotopy category of (A,d). It is a triangu-
lated category with translation functor given by [1] defined as in (A, d)-mod. The
distinguished triangles are isomorphic to triangles X — Y — Z — X[1] obtained
from short exact sequences X — Y — Z in Z'((4, d) -dgmod) that split in A-mod
(the splitting maps allow to construct Z — X[1]). Mapping cones are constructed as
in (2.1).

The derived category D(A, d) of (A, d) -dgmod is given by localizing the homo-
topy category H°((A, d) -dgmod) along quasi-isomorphisms (we recall that localizing
is the procedure of adding formal inverses to a specified class of maps). Therefore,
quasi-isomorphisms become isomorphisms in the derived category. It inherits a trian-
gulated structure from the homotopy category. The distinguished triangles are now
obtained from all short exact sequences in Z°((A, d) -dgmod) (they do not need to

split as graded modules anymore).

It is in general a hard problem to compute the hom-spaces in the derived category,

except for a specific class of objects.

Definition 2.2.5. An (A, d)-module X is a relatively projective module if it is a direct

summand of a direct sum of shifted copies of free modules in (A, d)-mod.

Definition 2.2.6. An (A, d)-module Y satisfies property (P) if there is an exhaustive
filtration of (A, d)-modules

O=Fckhckc---cF.cF4c-.-CY,

such that each F, 1 /F, is isomorphic to a relatively projective module.

Definition 2.2.7. An (A, d)-direct summand of a property (P) module is called cofi-
brant.

A nice property of cofibrant modules is that their hom-spaces are much easier to
compute. Indeed for P cofibrant and any Y € (A, d) -mod, we have

HOIn?Z)(A,d) (Pa Y) = HomHo((A,d) -dgmod) (P7 Y)
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Of course, Hom fo((4,d)-dgmod) (P, Y') can be computed as Hom 4 4)-moa (P, Y)/ ~
where f ~ ¢ if there exists a morphism % : P — Y[1] such that

f—g=d(h)=dy oh+hodp.

Another nice property of cofibrant modules is that taking tensor product with such
modules preserves quasi-isomorphisms:

1
X % Y = PQuaX % P®uaY,

for P cofibrant right (A, d)-module and X left (A, d)-module quasi-isomorphic to Y.

Fortunately, there are enough cofibrant modules thanks to following result:

Proposition 2.2.8 ([35, §3.11). For any (A, d)-module X there is an (A, d)-module
satisfying property (P), denoted p(X), with a surjective quasi-isomorphism

p(X) — X.

We call p(X) the bar resolution of X, and the assignment X — p(X) is functorial.

This allows the construction of a derived hom functor for each X € (A, d) -mod as
RHOM(—, X) : @(A,d) — D(k,0), RHOM(Y, X) := (HOM(p(Y), X), d).
There is a similar definition for RHOM(X, —) with
RHOM(X,Y) = (HOM(p(X),Y), d).

In that case, if X carries the structure of an (A, d)-(B, d)-bimodule, then it can be
upgraded into a functor

RHOM(X, —) : B(A,d) —» D(B, d).

Moreover, whenever X is cofibrant as (A, d)-module, then it is exact in the sense that
it preserves distinguished triangles (and commutes with the translation functors). The
derived hom-functor admits a left adjoint functor called derived tensor product functor

X ®(p.a) —  D(B,d) = B(A,d), X ®pagY =X®nsap (),

where p (V") is the bar resolution of Y in (B, d) -mod. It is an exact functor whenever
X is cofibrant as (right) (B, d)-module.
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2.2.3 Back to Grothendieck groups

In order to avoid the Eilenberg swindle (cf. Remark 2.1.5), we need to restrict to a
subcategory of the derived category. In this setting, as explained in [74] for example,
there is a special class of objects that play the role of finitely generated objects.

Definition 2.2.9. An object X in a category with (infinite) coproducts is called compact
if for any family of objects {N;};c1 the natural map

[ [Hom(M, N;) = Hom(M, ] [ Vo)

icl icl
is an isomorphism.

The compact derived category is the full subcategory D°(A,d) € D(A, d) given
by objects quasi-isomorphic to compact objects. It is a triangulated (thanks to the
five lemma), idempotent complete subcategory of @ (A, d). Luckily, in the setting of
dg-categories, D (A, d) is compactly generated (see [67, 68, 79]) by the free module
(A, d) and all its shifts A[r], r € Z. Equivalently, it is compactly generated by finitely
generated, relatively projective modules. Therefore, we can obtain all compact objects
as direct summands of finite iterated extensions of the compact generators. For this
reason, as in [74], we define the following:

Definition 2.2.10. A finite cell module is an (A, d)-module satisfying property (P) and
being finitely generated as A-module.

This means that finite cell modules are modules admitting finite filtrations in
(A, d) -mod where each composition factor is a finitely generated, relatively projective
module. Thus, finite cell modules are exactly the finite iterated extensions we were
looking for, and any compact object is isomorphic to a direct summand of a finite cell
module. We say that a collection { K };cs is a minimal compact generating set if

* the collection {K;[n]}icr nez compactly generates 6 ;

* K; cannot be obtain as an iterated extension of objects in { K;[1]}jen (i} nez-

Note that the second condition implies in particular that K is distinct from K; with
respect to [1] for all ¢ # j. Then we have the following result:

Proposition 2.2.11. Let 6¢ be the compact subcategory of a compactly generated
triangulated category € with minimal compact generating set {K,}ier. Then its

triangulated Grothendieck group respects

K§(6°) = PZ[K).

el
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Note that it is in general a non-trivial problem to determine if a set of compact

generators is a minimal compact generating one.
Example 2.2.12. The triangulated Grothendieck group of (k,0) is given by
K§H(2°(k,0)) = Z,

with minimal compact generating collection given by {(k, 0)}.

2.2.4 Homological toolbox

We explain some well-known tools that will reveal useful later to compute homology

of dg-modules.

Proposition 2.2.13. Let (A, d4) be a dg-algebra, (M, d ) be a right (A, d 4)-module,
and (N, dy) a left one. If (M, dyy) is formal and (N, dy) is cofibrant, then we have

H((M,dar) ®a,an) (N, dn)) = H(H(M,dar) ®a,an) (N, dn)).

Proof. Tensoring with a cofibrant dg-module preserves quasi-isomorphisms. ]

The following notions were introduced by Moore [61], but we use the presentation
given in [88].

Definition 2.2.14 ([88, Definition 8.5]). Ler (R,0) be a ring R viewed as a dg-Z-
algebra concentrated in degree zero. An (R, 0)-module (Q), dg) is strongly projective
if H(Q, dg) and im dg are both projective R-modules.

Lemma 2.2.15 ([91, Theorem 9.3.2]). Let (P, dp) be a strongly projective right (R, 0)-
module and (N, dy) any left (R, 0)-module, then

H((P7dp) ®(R,O) (N,dN)) = H(P,dp) Rr H(N, dN)

Definition 2.2.16 ([88, Definition 8.17]). Let (A, d4) be a dg-R-algebra. A left (resp.
right) (A, da)-module (P, dp) is strongly projective if it is a dg-direct summand of
(A,d4) ®r,0) (Q,dq) (resp. (Q,dq) ®(r,0) (A,da)) for some strongly projective
(R,0)-module (Q,dq).

Proposition 2.2.17 ([88, Lemma 8.23]). If (P,dp) is a strongly projective right
(A, da)-module and (N, dy) is any left (A, d 4)-module, then

H((P,dp) ®a,ds) (N dn)) = H(P,dp) ®p(a,a,) H(N,dn).
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Note that if (P, dp) is a strongly projective (A, d4)-module, then H(P,dp) is
a projective H (A, d4)-module. Indeed, we can assume (P,dp) = (A,da) ®(r,0)
(Q,dg), and we have

H(P,dp) = H(A,d») ®r H(Q,dg).

Since H(Q, dg) is a projective R-module, it is a direct summand of a free R-module F'.
Therefore H (P, dp) is a direct summand of H(A, d4)®g F, whichis a free H(A,d4)-

module.

Remark 2.2.18. Of course, in general, this result does not hold. As a counter ex-
ample we can take (A, d) = (Q[z,y],0) and consider the dg-module (X, dx) given
by the mapping cone Cone(Q[z,y] =% Q[x,y]). Then we obtain H(X,dx) =
Qlz,yl/(z — y) but H((X, dx) ®a,a) (X,dx)) = Q[z,y] ® Q[z, y][1].

We will also need the following result:
Proposition 2.2.19. [86, Lemma 09IZ] Let (M, dy) be a (Z,0)-module. Let
f3 f2 f1
o= (A, d2) > (A1, dy) - (Ao, do) = (M, dwn) — 0,
be an exact sequence, such that
- — ker(da) — ker(dy) — ker(dp) — ker(das) — 0,

is exact as well. Then define the (Z,0)-module (T,dr) by T" = @(a+b=h) Al
and dp(z) := fo(z) + (=1)%d, () for v € Ab and fo = 0. There is a surjective
quasi-isomorphism

(T, dr) = (M, dur),

induced by (Ag, do) — (M, d,).

2.3 Multigradings

We say that a category 6 is Z™-(multi)graded if there is a collection of auto-equivalences
{1); for 1 < i < n, strictly commuting with each others. If €6 is triangulated,
then we say it is a Z"- graded triangulated categories if {1); strictly commutes
with the translation functor [1] for each i (making it a Z"*!-graded category), and
{1); preserves distinguishes triangles. The Grothendieck groups of a Z™-graded

category is a Z[z7!, ..., zt!

rYn

]-module. In order to simplify notations, we write a
shift in the Z"™-multigrading as 29 for g = (¢1,...,9n) € Z™, or as monomial


https://stacks.math.columbia.edu/tag/09IZ
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+1

a2t oxgn e Z[aTt, ... ], so that we have

I X =i alr X = Xgy e {gn),

which is well defined since the shifts strictly commute with each others. We keep
the notation [1] for the shift in the homological grading. We say that €6 is strictly
Z"-graded if it is Z™ graded and if

29X 2 X

for all z € Z™\{0}, and non-zero object X € 6.

Remark 2.3.1. Note that a category admitting arbitrary coproducts cannot be strictly
Z"-graded.

A Z™-graded dg-structure is a structure that is both Z"-graded and dg, and with the
differential preserving the Z"-grading. In particular, a Z"-graded dg-algebra (A, d)

decomposes as vector space as a direct sum

~ h
A= @ A
(9,h)EZ"PL

with the multiplication and differential respecting

h . gk h+h' h d sh—1
Ag-Ag — Ao Ag = Ay .
Everything said in §2.1.3 generalizes to multigraded dg-structures. In this case, we
let (A, d)-mod to be the abelian category of Z"-graded dg-modules with maps that
preserve all gradings. Note that in this context the enriched graded hom-spaces are
given by

HOMA_mOd(X, Y) = (—D I‘IOI?(IA_mOd(XV7 ng[h]),
(h,g)EZDL"

where amap f : X — 29Y[h] has degree (—h, —g).

Example 2.3.2. We consider (k,0) as a Z"-graded dg-algebra concentrated in degree
0. Then its derived category is Z™-graded triangulated. Its triangulated Grothendieck
group is given by

K5 (2¢(k,0)) = Z[z}?, ...zt






Chapter 3

Topological Grothendieck
groups

One limitation of the framework explained in Chapter 2 is that we always need to work
with finitely generated objects. Therefore we end up with Grothendieck groups that

are modules only over a polynomial ring Z[xi—rl, ol

»rn

] This is actually enough for
example for constructing categorifications of integrable modules of quantum groups,
as in [33]. This is because all coefficients appearing in (1.11) are quantum integers

(the situation is similar in other types), and thus can be interpreted as polynomials in
Zlg.q7]-

However, if we look at the structure constants appearing in the universal Verma

module of Uy (sl>), we see that we need to be able to categorify the rational fraction

)\qk — )\q*k
qg—qt

We already know thanks to §2.1.3 and §2.3 how to deal with the )\ (we can simply

add an extra grading) and with the minus sign (we can use a triangulated structure).

However, we still need to figure out a way to interpret the fraction ﬁ Luckily, it is

already common knowledge in categorification theory how one can solve this problem
(see for example [46]). The idea is to rewrite it as a formal Laurent series

=—ql+q¢+q"+...).

Then we can categorify the fraction using objects that are locally finite (i.e. finite in
each degree). In particular here, we can take an infinite coproduct [ [, ¢* 2 Id[1].
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The procedure of embedding Q(¢) — Q((¢)) = Q[¢][¢*] can be made formal and
extended to Q(x1, ..., x,) — Q(x1,...,x,)) using the work of Aparicio-Monforte
and Kauers [4]. Then we need to construct a bigger category than the compact derived
category, but not too big so that we do not end up with Eilenberg swindle-like situations
(see Remark 2.1.5). Finally, we need to slightly modify the notion of Grothendieck
group in order to introduce a topology on it, so that formal Laurent series converge.
We call these topological Grothendieck groups.

We proposed in [65, Appendix] a solution for Krull-Schmidt-like categories and
for Jordan—-Holder-like categories, in order to work with locally finite direct sums and
locally finite composition series respectively. Here, we develop a framework for the
dg-setting, taking inspiration from [1]. In the reference, they construct a topological
Grothendieck group of ‘locally finite’ derived categories of (nice enough) finite length
abelian categories. It was mainly made to accommodate with (infinite) projective
resolutions that appear in the categorification of the integrable U, (g)-modules. Unfor-
tunately, it cannot be used directly for our case. Indeed, on one hand we need to directly
work in a dg-setting, and on the other hand the basic objects we will manipulate in
the next chapters are not finite (this is needed since the structure constants in a Verma

module are not necessarily finite).

This chapter is a bit more technical than the others and the reader can easily
skip it in a first reading. The most important things to retain here (for the rest of
the thesis) is that there exists a class of well-behaved Z"-graded dg-algebras (A, d)
(Definition 3.4.5). Moreover, these dg-algebras admit some subcategories 2'°(A, d) of
their derived category @ (A, d) having controlled infinite iterated extensions of objects
(Corollary 3.4.17). This allows us to compute their topological Grothendieck group
K5 (9'°(A,d)) (Definition 3.4.4). In that situation, the topological Grothendieck
group is over Z((x1, . .., Ty)), and is generated either by the symbols of the projective
A-modules (Theorem 3.4.26) or the simple A-modules (Corollary 3.4.28).

3.1 Ring of formal Laurent series

We follow the description given in [4]. We choose an arbitrary additive total order <

on Z™. That is, a < bimplies a + ¢ < b + ¢, for every a, b, c € Z".
Definition 3.1.1. A cone is a subset C < R"™ such that
C= {Ozl’Ul + -+ OépUn|Oéi € Rgo}y

for some generating elements vy, ...,v, € Z". Moreover C' is compatible with the
order < if 0 < v; forallie {1,...,n}.
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Remark 3.1.2. An important fact to note here is that given a cone C' compatible
with <, then we can write C n Z"™ = {0 = cg,¢1,Co, ...} with ¢; < ¢;41 for all
© € N. In particular given an element z € C n Z", then there is only finitely many
c<zinCnizm"

Example 3.1.3. [fn = 1, then there are only two possible orders:

* if 0 < 1, and there is only one (non-zero) compatible cone given by [0, ],

* if 0 < —1, and the only compatible cone is | — o0, 0].

Let k be a unital, commutative ring. Recall that for k = (k1,...,k,) € Z" we
write 2% = 2f* . xkn

Let C' = R”™ be a cone compatible with < and define

kelo, ..., an] = { > apatla ek ap = 0if k ¢ C’} .
keZ"

Proposition 3.1.4 ([4, Theorem 10]). The set ke [z, . .., x,] together with the point-

wise addition and usual multiplication forms a unital, commutative ring.

Moreover, for f(x) € kc[z1,...,zn] with f(0) = ag € k* invertible, then there

exists f~1(x) € ke[z1, ..., x,] such that f(x)f~!(z) = 1.

Definition 3.1.5 ([4, Definition 14]). We put

k<ﬂx1a"'axnﬂ = UkC[[xl,“';xn]]v
C

where the union is over all cones compatible with <. The ring of formal Laurent series
is
k<(z1,...,2pn)) := U 2k<fz1, ..., 2]

ecZn
Theorem 3.1.6 ([4, Theorem 15]). The set k. (x1, ..., x,)) together with the usual
addition and multiplication forms a ring. Whenever K is a field, then k- (x1, ..., %))
is a field.

When k is a field, there is a canonical inclusion k(z1, ..., z,) — k<(z1,...,2z,))
which consists in first writing f(x) € k(z1,...,z,) as f(x) = g(x)/h(x) with
g(x), h(z) € k[zy,...,x,]. Then we consider j(z), h(x) given by the canonical
inclusion k[z1, ..., 2,] = k<((z1,...,,)), and finally we take §(x)h " (x).

Example 3.1.7. Again, if n = 1, we have two possible ways to construct k((x)):

* if0 < 1, then we getk((x)) = k[z][z '] and —— = —x(1 + 2% +...),

o if0 < —1, thenk_((z) = k[z7'[z] and —= =2 "1+ 272 +...).

T—x
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Example 3.1.8. Take n = 2, then there are six prdeers with which to construct
k< (w1, x2)). In this case we abuse the notation and say, for example, that we choose
the order 0 < x1 < x4 for the order induced by the choice (0,0) < (1,0) < (0,1),
where we suppose (1,0) corresponds to x1 and (0, 1) to xo. Then we get

=1 +ao7%23 +a ey +..0).

—2 9
1—27"235

3.1.1 Topological structure on the ring of Laurent series

The ring of formal Laurent series k< ((x1,...,2,)) comes with a natural topology,
which we refer as (z1, . . ., x,)-adic topology. 1t is defined by using

{Ve := 2®k<[x1,...,z,]|le € Z™}, 3.1
as neighborhood basis of zero, extending so that k. («1, . .., z,)) becomes a topologi-

cal group under addition. Note that V, c V whenever e > f.

Remark 3.1.9. We would like to point out that the subgroup V is not an ideal of the
ring k< (1, ..., xy)), and thus the (x1, . .., x,)-adic topology is not an adic topology

in the proper sense.

Proposition 3.1.10. The ring of formal Laurent series k. (1, . .., zn)) equipped with
the (x1,...,xy,)-adic topology is a Hausdorff topological ring. If Kk is a field, then
k< ((x1,...,2,)) is a topological field.

Proof. We recall that a subset U < k_((x1,...,2,)) is open if and only if for each
f(x) € U there exists a neighborhood V, such that f(x) + V. € U. We only need to
show that the multiplication map is continuous. Therefore we want to show that

U:={(f(=),9(z))|f(®)g(z) € Ve,

for any e € Z" fixed is open. We take any (f(x),g(x)) € U. It means we can
find f and g such that f(x) € V¢ and g(x) € V4 with f + g > e. Then we put
r = max{e,e — f} and s = max{e, e — g} so that

(f(z), 9(x)) + (Vs, Vi) < U.

This shows k. (x1, ..., %)) is a topological ring.
Moreover, we clearly have

ﬂ x®k<[z1,...,xn] = {0},

eczZn

and thus, the (x4, . .., x,)-adic topology is Hausdorff.
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If k is a field, then we write U := {f(x)|f~*(x) € Ve}. We have f(x) € U if and
only if f(x) = 2fh(z) for some h(x) such that h(0) # 0, and f < —e. Then we
obtain

fle) + VU,

which concludes the proof. n

3.2 C.b.l. additive categories

We review and slightly improve the notions presented in [65, Appendix]. We fix an
arbitrary additive total order < on Z".

Definition 3.2.1. Ler {X1, ..., X,,} be a finite collection of objects in a stricly 7."-

graded category. Then we consider a coproduct of the form

[TeoxF e @ @ x§hmo),
gezZ™

with each kj g € N. We call such coproducts locally finite. We call it c.b.1.f. (cone
bounded, locally finite) if in addition, there exists a cone C' compatible with <, and

e € Z" such that we have k; g = 0 whenever g — e ¢ C.

One of the nice properties of c.b.l.f. coproducts is that taking a c.b.l.f. coproduct of
c.b.l.f. coproducts yields again a c.b.l.f. coproduct.

If € is a category admitting zero morphisms (e.g. a preadditive category) and
Y; -, [ [, Yi is a coproduct in €, then we have unique maps p; : [ [, Y; — Y given

by universal property of the coproduct making the following diagram commutes

Yy —— I1; Vi
5 ‘La!pj (3.2)
Y;

for all j, k. Then by universal property of the product | [, Hom(—, Y;) X%, Hom(—, Y;),
we get in turn a map 7 : Hom(—, [ [, ¥;) — [ [, Hom(—,Y;) making the diagram

I{ODJC—,IJi)Q)

i &) (3.3)

I, Hom(~ ;) —— Hom(—,Y;)

¥

commute for all j.
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Definition 3.2.2. We say that a coproduct | [, Y; in a category with zero morphisms is

a biproduct if the natural transformation
Hom(—, H Y;) 5 HHom(—, Y:)

is an isomorphism.

Proposition 3.2.3. Let 6 be a category admitting zero morphisms. If [ [,Y; is a
biproduct, then it is a product as well. Moreover, if p; : |[,Y; = Yj and1j : Y; —
L1, Yi are the projection and injection maps respectively, then | | ;(1; o p;) = Id.

Proof. Let Z ELN Y; be a collection of arrows in 6. Consider the maps p; : [ [, Y; —
Y; as in (3.2), and the maps r : Hom(—,[[,¥;) - [[,Hom(—,Y;) and 7; :
| [, Hom(—,Y;) — Hom(—,Y;) as in (3.3). Then we obtain p; o r (| [, fi) =

m;(][; fi) = f;, and by consequence we get a commutative diagram

z
urd)] \

This means [ [, Y; is a product with projection maps given by p;. The second claim

follows by universal property of the product. ]

Remark 3.2.4. The reciprocal of Proposition 3.2.3 is also true: if the maps p; turn a
coproduct | | Y; into a product, then it is a biproduct. This follows directly from the
fact that in general Hom(—, | [, X;) = [ [, Hom(—, X;).

Definition 3.2.5. An Ab-enriched, strictly Z"-graded category admitting all c.b.lf.
coproducts is called c.b.l. additive if all its c.b.l.f. coproducts are biproducts. In that
case, we write ¢.b.l.f. coproducts with a @ sign, and refer to them as c.b.1.f. direct

sums.

Because a c.b.l. additive category ‘6 admits c.b.L.f. direct sums, its Grothendieck
group Ko(6) is naturally a Z((1, . . ., ¥, ))-module with the action of 3 agw®*9 €
Z((1'1, s ,an)) being

D agaeTI[X] == [ 29X D). (3.4)
geC geC

Note that when we write g € C' in this context, we implicitly suppose we are considering
g € C n7Z" and C compatible with <. We will abuse of this notation whenever it is
clear from the context.
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Proposition 3.2.6. Let B be a c.b.l. additive category. Suppose M € 6 is isomorphic

to a c.b.Lf. direct sum

M= @t (XP @ @ XDrmo).
geC

Then we have

[M] = D7 049 (ky g[X1] + - + ki g[Xm]) .
geC

in K9 ().
Proof. Straightforward since by definition

O 29 (hr g[Xa] + - + ki g[ X)) = [D 279 (X7 @ @ X0 )],
geC gel

and isomorphisms become equalities in the Grothendieck group. ]

3.2.1 C.b.l. Krull-Schmidt categories

We recall that an object .S in a category 6 is compact (also called small in the literature)

if the natural map

H Hom(S,Y;) — Hom(S, H Y:)

iel iel
is an equivalence for all coproducts in €. In other words, every map f : S — [[,.; Vi
factors through [ | jes Y; forafinite subset J < I. A typical example is given by finitely
generated modules in a category of modules. We also recall that a ring R is called
local if for every finite sum that is invertible, then (at least) one of the summands is
invertible. An object with local endomorphism ring is indecomposable, since whenever
e is an idempotent, then either e or 1 — e is the identity.

Definition 3.2.7. We say a that a c.b.l. additive category 6 is c.b.l. Krull-Schmidt
if every object decomposes into a c.b.l.f. direct sum of compact objects having local

endormophism rings.

Clearly, a c.b.l. Krull-Schmidt category is idempotent complete. Moreover, as
it turns out, the compactness condition allows us to mimic the classical proof (see
for example [92, Theorem 1]) of the Krull-Schmidt property in a Krull-Schmidt
category: that is every object decomposes into an essentially unique direct sum of
indecomposable objects. For this, we will need the following lemma:
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Lemma 3.2.8 ([6, Lemma 3.3]). Let A, B, C be objects in an additive category such

that
fe faa fam
fca  fcB
—_—

A®B AC

is an isomorphism. If A has a local endormorphism ring and faa is invertible,
then B = C.

Recall that two objects X and Y are distinct it X % 29Y for all g € Z".

Theorem 3.2.9. Consider an isomorphism between c.b.l.f. direct sums in a c.b.l

Krull-Schmidt category

’ k’ ,
G_) x9 (X?Bkl,g @ @X%k7n,,g) ~ @ x9 (Yl@kl,g @ - @YS m ,Q> ,

geEL™ gez™

where each X;, X; (resp. Y;,Y;) are pairwise distinct indecomposable objects. Then
m = m’ and there is a permutation o € S™ and elements g, € Z" such that X; =
x9iY, ) forallie {1,2,...,m}, and k; g = kz"y(i)_ngg_ forall g € Z™.

Proof. Write M = (—Bgezn 9 <Xfak]’g @®--- @ngm’g). We consider for k €
{1,... K g}

fz»lfg:ngi<—>M, ql’fg:M—»ngi,
the injection and projection for each copy of z9Y; in 9 Yl@k""“" , given by the universal
properties of the direct sum. We choose ig € {1,...,m} and g, € Z", and write X for
one of the copies of 290 X in z90 Xff ¥10.90 We consider the corresponding injection
109 : Xo <> M and projection g : M — Xj.
By Proposition 3.2.3, we have Id); = H(i,g,k) fi’fg o qﬁg and thus Idx, =

o (H(Lg’k) fFgodf g) 19. Since X is compact, the product restricts to a finite
sum

Idx, = mo Z fi’fg oqﬁg 10-
(4,9.k)

Then because End(Xj) is a local ring, there is a triple (i1,g,, k1) such that x =
o f1q12 is invertible for f; = fikll,g1 and ¢; = qfll,gl. We write Y, = 291Y;, . We take
e = quor ‘mofi € End(Y7), which is an idempotent and therefore 0 or Idy, . Since e

factors through Id 4, it cannot be zero. Thus, ¢; w0zt

7o f1, such that Xy =~ Y7. Hence

is an isomorphism with inverse

)(m = $91790)§r
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Since i is arbitrary and everything is symmetric, we obtain m = m’. Then we use
Lemma 3.2.8 to cancel each z90X;, with z91Y;, and conversely (we can do it by
induction since everything is locally finite), and thus k;, g, = kj, g, - In conclusion,

we can define o(ig) = 71 and g;, = g; — go- u

Remark 3.2.10. Note that if 6 is an Ab5-category (see for example [71]), then
Theorem 3.2.9 follows from the Krull-Schmidt—Remak—Azumaya theorem [5], in which
case the indecomposable objects does not need to be compact and the direct sum can be
arbitrary. There exist in the literature different versions of such theorems, for different
contexts. However, we are interested in a quite particular case for which we did not

find any version that exactly matches our needs.

Corollary 3.2.11. A c.b.l. Krull-Schmidt category possesses the cancelation property:
for each triple A, B, C suchthat A®@ B =~ A® C then B = C.

From all of this, we easily obtain the following, which is a ‘c.b.l.f. version’ of
Proposition 2.1.3.

Proposition 3.2.12. Let 6 be a c.b.l. Krull-Schmidt category with collection of
pairwise distinct indecomposable objects {X; }ie1. Then its split Grothendieck group

respects
K?(CG) > @Z((xl, )X
iel
Consider a c.b.l. Krull-Schmidt category € with collection of pairwise distinct

indecomposable objects { X };c;. We define

Ke =@ Ve[X/],
i€l
for each e € Z" and where V., c Z((x1,...,x,)) is as in (3.1). Then we endow
K (®) with a topology by using { K }ecz~ as basis of neighborhood of zero. We also
refer to this topology as the (z1, ..., z,)-adic topology. Note that the choice of X;
does not matter for defining the topology.

Proposition 3.2.13. The split Grothendieck group K& (8) of a c.b.l. Krull-Schmidt
category 6 endowed with the (x1, . .., xy)-adic topology is a Hausdor{f topological

module over Z((x1, - . ., Tn)).

Proof. 1t follows from similar arguments as in the proof of Proposition 3.1.10. We
leave the details to the reader. |

We also obtain the following nice property:
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Proposition 3.2.14. Let F : 8 — 6’ be a Z"-graded, additive functor between c.b.l.

Krull-Schmidt categories. Then it induces a continuous map

[F]
KP(8) —> K(€).

Proof. Suppose we have in 6 a c.b.l.f. direct sum

M= @ 29Xy (M),
geC

where Xg (M) = Xleakl"" @@ XD for {X1,..., X} distinct indecomposable
objects of 6. Then for each f € C' we have

M =~ ( D x9+eXg(M)> ® (@ $g+eXg(M)> ;
0<g=<f g>f

where g € C. Because F is additive and commutes with the grading shift, and because
there is only finitely many g € C such that 0 < g < f, we obtain

FM = < P x9+eFXg(M)> OF (@ ac9+eXg(M)) . (3.5)

0<g=f g>f

We put FI(M.¢) := F <(—Dg>f x9+eXg(M)). Moreover, let { X/} be a complete
collection of distinct indecomposable objects of €’. Then we must have

FX; =~ @ 297 X (FX;)
gECj

for each j € {1,...,m}. Similarly, FM and F(M., ¢) decompose as c.b.L.f. direct
sums of elements in {X}. Then by cancellation property and working inductively on
the grading, since (3.5) holds for any f € C, we must have

FM = @ a9 FX4(M).
geC

In particular [FM] = @,,.o 29+ [F Xg(M)]. [ ]

An example with modules

Here k is a field. We say that a Z™-graded k-vector space M = P gezn Mg is c.D.Lf.
dimensional if dim My < oo for all g, and if there exists a cone C'y; compatible
with <, and e € Z", such that M, = 0 whenever g — e ¢ Cjs. We call such Cyy
a grading cone of M and e is the minimal degree of M. Similarly, a Z"-graded
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R-module M is c.b.Lf. generated (cone bounded, locally finitely generated) if there is

a collection of homogeneous elements {x; };c; € M generating M = >’._; Rz; such

iel
that dg := #{z;| deg(z;) = g} < o0 and dg = 0 whenever g — e ¢ Cy.

Let R be a c.b.l.f. dimensional, Z™-graded k-algebra. Consider the category
R-mod of Z™-graded R-modules with degree zero maps. Then let R-modjs be the
full subcategory of R-mod consisting of c.b.l.f. dimensional modules. Similarly,
R-pmodyg is the full subcategory of c.b.1.f. generated, projective R-modules. There
are embeddings of categories:

R-pmodjss € R-modys € R-mod.

Remark 3.2.15. We would like to point out that R-pmod ¢, is not abelian (it does not
have kernels), and thus does not fit in the framework of Azumaya [5], nor [92].

Proposition 3.2.16. Both R-pmodis, and R-modys are c.b.l. additive categories. In
addition, R-pmodyg is c.b.l. Krull-Schmidst.

Proof. They clearly both have all c.b.L.f. coproducts. For the first claim, we can

suppose without loosing generality that we are in R -modjs. Let

M= @ (xP0 @@ X T )

geZ™

be a c.b.Lf. coproduct. We will show it is a biproduct in R-modj¢ (and actually even
in R-mod). Let Z be an object in R-mody¢ with arrows f; 4 : 7 — ng?ki’g. If
the number of non-zero arrows is finite, then we are in the classical case of additive
categories and we are done. Therefore, we suppose that for each g there is g’ > g and
i’ such that f;; oo # 0. Choose any homogeneous element z € Z. We claim that for
almost all (¢, g) then f; 4(z) = 0. Indeed, suppose that it does not hold. Then for each
gwecanfind 0 # fir o(2) € X with g’ > g. But deg(fi g/(2)) = deg(z)—g’ which
is absurd since X is cone bounded. Therefore | | (i.9) fig definesamap Z — [ [, Y],
and we get a bijection

Hom(Z,[ [¥;) 5 [ [Hom(Z,Y)).

Since Z is arbitrary, this concludes the proof of the first claim.

For the second claim, we only need to show that endomorphism rings of indecom-
posable modules are local. Let P = Re be an indecomposable projective module
given by projection with a primitive idempotent e. Then End(P) = Rye is an inde-
composable, finite-dimensional Ry-module. Take f € Rye. By Fitting’s lemma, f is
either e or 0, and therefore either f or f — e is invertible, implying that End(P) is
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local. Moreover, since Ry is finite-dimensional, there is only finitely many distinct
indecomposable objects. |

Corollary 3.2.17. Let R be as above. We extract from the collection of primitive idem-
potents {e; }icr a sub-collection {e;}cicr C {€;}icr of non-equivalent idempotents.

Then we obtain

K9P (R-pmodys,) = @ Z(x1, ..., 2n)[Re;].
jeJ
Remark 3.2.18. In general, one can construct products in a category of graded
modules by taking the direct sum of the products degree-wise: let {M;}icr be a

collection of 7" -graded R-modules then we can take

[[Mi:= @ [[(Mi)g.

iel geL™ el

If we take a c.b.l.f. product of c.b.l.f. modules, then each homogeneous part of the

product is a finite product. In particular, the product coincides with the coproduct.

3.3 Topological Grothendieck group

We continue to revisit the notions presented in [65, Appendix]. Let X be an object in
an abelian category €. We call N-filtration a sequence of sub-objects X; — X for all
1 € Nsuch that X; 1 — X, and Xy = X. We write it as

e X,cX, 1o XjcXyg =X

Such a filtration is called Hausdorff if the inverse limit lim. X; = 0. We say it has
simple quotients if all quotients X, /X, are either trivial or simple. A Hausdorff,
N-filtration with simple quotients is called an N-composition series, and we refer to
the non-trivial quotient objects as composition factors.

Mimicking the definition of a c.b.1.f. coproduct in a Z"-graded category, there is an
obvious notion of c.b.Lf. filtration.

Definition 3.3.1. Let {S1,...,Sn} be a finite collection of objects in a Z™-graded
abelian category €. Consider an N-filtration

X, X, Xhj o Xy =X,

such that each X, /X1 = 295; for some i € {1,...,m} and g € Z". If k; g 1=
#{r e N|X,/X,11 = 295;} < o, then we say that the filtration is locally finite,
and we refer to K; g as the degree g multiplicity of S;. We call such filtration a c.b.1.f.
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filtration if in addition, there exists a cone C' compatible with <, and e € Z" such that

ki,g = 0 whenever g — e ¢ C.

Let 6 be both a strictly Z"-graded abelian category and a c.b.l. additive category.
Its Grothendieck group Go(6) is a Z((x1, . . ., ©,))-module through (3.4) again. We
would like to find hypothesis that allow to equip it with a topology compatible with
the (x1, ..., x,)-adic topology of Z((x1, ..., x,)). However, even if we were able to
construct a compatible topology on Go(6), it would (in general) not be Hausdorff
since we could have that M admits a Hausdorff c.b.Lf. filtration with quotient objects
being {S1, ..., Sy} and multiplicities x; g € N but

[M]# )] 29 (k1g[Si]+ - + Kmg[Sm]).
gez”

For this reason, we define a “topological” version of the Grothendieck group of 6.

Definition 3.3.2. The topological Grothendieck group of € is
Go(8) := Go(8)/J(6),
where J(8) is generated by the elements

[M] = 3 a® (k1g[S1]+ - + K g[Sm]),

geZ™

whenever M admits a Hausdorff c.b.lf. filtration with quotient objects being elements
in {S1,...,Sm} and multiplicities k; g € N.

Like before, an exact, graded functor that preserves c.b.Lf. filtrations induces a map
on the topological Grothendieck groups.

3.3.1 C.b.l. Jordan-Holder categories

Clearly, in general in an abelian category, we cannot hope to always have N-composition
series. Moreover, even if we have such infinite composition series, they do not have
to be essentially unique. We propose to look into one condition that ensures the
uniqueness of such filtrations.

Definition 3.3.3. We say that an object X in an abelian category 6 is stable for the

filtrations if for all pairs of N-composition series

Dc---cXycXy=X,
0c---cXjcX,=2X,

then for each i € N there exists k € N such that X, c X;.



58 Topological Grothendieck groups

Remark 3.3.4. It is important to note here that the condition compares only N-
composition series and not arbitrary Hausdorff N-filtrations. For example, as a
k-vector space, k[, y] is stable for the filtrations, but if we try to compare the filtra-
tions:

0c - ca?k[z]  ak[z] < k[z] ck[z, y],
0c---cy’k[y] < vkly] < k[y] <k[z, y],

they would not respect the condition. Of course, it is not a problem since k[x, y]/k[x]

is not simple.
We will now focus on proving the following theorem:

Theorem 3.3.5. Let X be an object stable for the filtrations. Suppose X admits two

locally finite, N-composition series

Oc---cXicXy=2X,
0c---cXjcX)=X,
!

ig’
{S1,...,Sm} and {S1,...,5...}. Then m = m/, and there exists a permutation

with respective multiplicities k; g and k; ,, and pairwise distinct simple quotients

o € 8™ such that S; = xgiS;(i) with g; € Z". Moreover, ki g = Kg(i) g+g,-
Let us recall some results in abelian categories.

Lemma 3.3.6. Let M, N be sub-objects of X such that M + N & N. If both X /M
and X /N are simple, then

M/(M A N) =~ X/N.

Proof. Tt follows directly from the second isomorphism theorem together with the fact
that M + N = X. |

Lemma 3.3.7. Let M and N be sub-objects of some X such that N admits an N-
composition series
0c---c Ny c Ny =N,

then
Oc---cNynMcNoenM=NnM,

is an N-composition series of N n M, with each composition factor being a composition

factor of the original filtration N, on N, with multiplicities less or equal.
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Proof. For all r € N we have by the second isomorphism theorem

NenM N, nM _Nep1 + (N0 M)

Nyy1nM =~ Nooyn (N, n M) Ny 41

If N, n M < N,4; then the quotient is zero. Otherwise, we have N,y 1 € N, +
(N, n M), thus N, = N, ;1 + (N, n M). Therefore

N, n M

e~ N,/Nyy1,
Nyy1n M [Nrs

concluding the proof. |

Proof of Theorem 3.3.5. We choose ¢ € {1,...,m} and g € Z". The condition of
being locally finite implies that we can reach all X; such that X; /X, = 29S5;ina
finite number of steps. Hence we can take a minimal sub-filtration

XmC-"CX1CXO=X,

containing all occurrences of £9.5;. The idea is to prove by induction on m that
K} g = Ki,g forsome i’ € {1,...,m/} and g’ € Z" such that 29 5; = 29'S!,. Then by
symmetry of the argument, we will obtain the equality, and we can define o (i) = ¢’

andg, =g’ ' —g.

Because X is stable for the filtrations, there exists ¢ € N such that X| c X;. We
can suppose ¢ minimal so that X; ; ¢ X;. We consider the filtration

0c-cX/,cX,cXinX{_ ,c---cXinX;cXi1nX] c XinX| = X;.

(3.6)
We claim that X ,/X{ = X /X, and that the filtration (3.6) is a N-composition series
with composition factors

...,X;/X£+1,O,X£_Q/th_1,...7X1/Xé,X/Xi.
Therefore, it can be rewritten as
0c---cX/,cXinX, ,c---cXinXycX;nX|cX.

We can then finish the proof by applying the same argument recursively, working with
the filtration above and
ch---cchXl,

which is of length m — 1.
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We now prove our claim. First observe that if X7 n X; ; # X then X] c
X1 n X[{_; € X,_, are strict inclusions, implying that X/ ;/X] is not simple, which
is absurd. Hence we get (X7 n X/ _;)/X{ = 0. We can suppose X; # Xi, and
therefore by Lemma 3.3.6 we get

XN X
X, n X, T XY

Again, if X1 n X1 # X/ (if not, then ¢ = 2 are we are finished), the lemma gives

XlﬁXi XlﬁXi NX{

XinX, (XinX)nX,~ Xy

Suppose that X/ /(X1 n X]_;) = X /X;, which is simple. We have for ¢ < ¢,

X XL
XinX T X;nX |

Then in particular, since X; = X; n X{_;, we obtain

X, X

~

X, T X,

Moreover, in general for ¢ < ¢t — 1 we get

XinX, _ X!
XinXi, o Xi

This concludes the proof. ]

Remark 3.3.8. As already mentioned, it is important to take an hypothesis like stable
for the filtration in order to obtain Theorem 3.3.5. As a counter example, we can
consider 7 viewed as a module over itself. Then we consider a sequence of non-equal
prime numbers {po, p1, P2, . . . }. We construct two Hausdorff filtrations

0Oc---c---Cpop - poZ C -+ C pypapol C papol C pol C Z,
Oc--c:Cpopy1- 1L C -+ Cpsp3sp1 e © p3sp1 L © p1 L < 2.

Both filtrations have simple quotients, given by {Z/p2,Z} and {Z[pay+17} respectively,
and these are not equivalent. It is clear that ps,11 - - - p17Z & poZ for all r = 0, and

thus 7 is, as expected, not stable for the filtrations.

Definition 3.3.9. An object X admits a c.b.l.f. composition series if it admits an
N-composition series which is a c.b.Lf. filtration. An abelian category € being c.b.l.
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additive is called c.b.l. Jordan—Holder if each object is stable for the filtrations and

admits a c.b.Lf. composition series.
As a direct consequence of Theorem 3.3.5 we obtain the following:

Corollary 3.3.10. The topological Grothendieck group of a c.b.l. Jordan—Holder

category € with collection of pairwise distinct simple objects {S;} jc.; respects

Go(6) = P Z(x1, ..., 2,)[S;]-
jeJ
Moreover, under the hypothesis of Corollary 3.3.10, we endow Go(€) with an
(1, -..,2y)-adic topology, turning it into a Hausdorff topological Z((x1, . . ., Zn))-

module, using
Ge := @VE[SJ-],
jedJ
as neighborhood basis of zero. As before, we would like to say that a (graded) exact
functor induces a continuous map on the topological Grothendieck groups. For this,
we will add an hypothesis, similar to the definition of mixed abelian category (see for
example [7]).

Definition 3.3.11. We say that a c.b.l. Jordan—Holder category is strongly c.b.l. Jordan—
Holder if there is only a finite number of distinct simple objects {S1, . .., Sy}, and they
respect Ext}g (Si,29S;) = 0 whenever g < 0. We refer to these objects as primitive

simples.

We recall that Ext%g (A, B) counts the number of non-trivial extensions of A by B,
that is short exact sequences B — E — A, up to equivalence and where £ % A @ B.

Let € be a strongly c.b.l. Jordan—Holder category with fixed set of primitive
simples {51, ..., S }. Therefore any X € € admits a c.b.l.f. composition series with
composition factors given by the primitive simples. We call such a filtration a primitive
composition series. Moreover, each object X admits a unique maximal element
deg(X) € Z™ such that X admits a primitive composition series with multiplicities

Ki,g+deg(x) = 0 whenever g < 0.

Proposition 3.3.12. Let 6 be a strongly c.b.l. Jordan—Holder category. Let X be an
object in B, with primitive composition series contained in a cone C = {deg(X) =
Cp,C1,Ca, ...} with ¢; < ¢iy1. Then X admits an ordered primitive composition
series

OC---CXQCX1CX0=X

where X, /X1 = x°r (S?m’“* @@ S%“m’“) is a finite direct sum of the prim-
itive simples shifted by c,.. Moreover, this composition series is unique when C' is
fixed.
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In order to prove this proposition, we will need the following lemma, which is
most-certainly a well-known result.

Lemma 3.3.13. A filtration X3 € Xo < X7 with X1 /X5 =~ Aand X5/X5 = B gives

rise to a commutative diagram

X3‘—>X24»B

D

Xg‘—>X14»E

o

A

where each row and column are short exact sequences. Moreover, if the sequence
B — E — A splits, then there exists X}, such that X3 ¢ X} c X5, and X1/X, = B
and X} /X3 = A.

Proof. Composing the map X; — E with the splitting map £ — B yields an
epimorphism p : X; — B. We put X} = ker p. Then the universal property of the
kernel induces a monomorphism X35 «— ker p such that ker p/ X35 =~ A. |

Proof of Proposition 3.3.12. We take a primitive composition series Y, of X and con-
sider ¢, for some r > 0. Since the filtration is c.b.l.f., we can extract a sub filtration of
Y, containing all occurrences of the primitive simples in degree < ¢,. Then, thanks
to Lemma 3.3.13 we can apply a bubble sorting algorithm to bring all of these prim-
itive simples to the beginning of the filtration, exchanging x95; = Y/Ys,1 with
29 S, =~ Ys+1/Ys12 whenever g’ < g. Therefore we obtain a filtration

Xﬁcr < X7

where X /X, is finite length and contains all composition factors of degree < c,.
We conclude by taking the filtration given by X, := X .., foreachr € N. |

Proposition 3.3.14. Let F' : € — 6’ be a Z"-graded, exact functor between strongly
c.b.l. Jordan—Holder categories. Then F induces a continuous map

Go(®) YL gy (e,

Sketch of proof. The proof is similar to the one of Proposition 3.2.14, but where we
truncate the ordered primitive composition series instead of the direct sum decompo-
sition. We also use the fact that if there is a short exact sequence M — X — X /M
then the multiplicities of the primitive composition factors of X are the sum of the
multiplicities in M plus the ones in X /M. |
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An example with modules

Consider as before a c.b.l.f. dimensional, Z"-graded k-algebra R, where k is a field.

Proposition 3.3.15. If R is positive, that is R = P
then R-modys is strongly c.b.l. Jordan—Holder.

g>0 L2g: and Ry is semi-simple,

Proof. Since End(R) = Ry is finite dimensional, there are only finitely many pro-
jective indecomposable modules {P; = Re;};cs, given by primitive idempotents

{ei € Ro}ier. Because R is positive, then R := @ . 4 Rq is a c.b.L.f. dimensional

g>0
submodule of R, and Ry = R/R. is finite-dimensional. Since Ry is semi-simple
and S; := P;/R.(P; is Rp-indecomposable, S; is a finite-dimensional simple module.
Furthermore, any simple R-module is isomorphic (up to grading shift) to .S; for some i.

Since R is positive, we have Extj(S;, 29.5;) = 0 whenever g < 0.

In addition, for any c.b.l.f. module M = C_BQEZ" Mg and e € Z" then My :=

@ g>e Mg is a submodule. In particular we get a short exact sequence
M, — MZe - MZe/M>e»

where Mye/M, . is isomorphic to a finite direct sum of elements in {S;};c;. We

obtain by the classical Jordan—Holder theorem a finite filtration with simple quotients
Mye=M2c Mlc.-.c MI™' ¢ Ml = Ms,.

Let Cpr = {deg(M) = cp < ¢1 < €2 < ---} be a grading cone of M. Applying the
same reasoning on each c¢; with e = ¢; 1, we obtain by concatening all these filtrations
a c.b.l.f. composition series of M.

We now prove M is stable for the filtrations. Suppose we have two composition
series X, and X, of M. Suppose by contradiction that X; ¢ X; for all £ € N. Then
X; & X, + XJ.. Moreover, we know that M /X; is a finite dimensional k-vector space
and we get an infinite filtration

X;crc X+ XX+ X X,

As vector spaces we have X = X7, @ H; for some H;. We can find H; ¢ X; for
arbitrary big j since X; = @, Hy, and thus otherwise we would have X} < X;.
Then we write H; = H;/H; n X; and (D, H; is infinite dimensional. Then we have
M=X,® (—B >0 H, which contradicts the fact that M /X is finite dimensional. W



64 Topological Grothendieck groups

Corollary 3.3.16. Let R =~ P, ,

{e;}jescr of non-equivalent idempotents. Then we have

Re; be as in Proposition 3.3.15 and take a collection

Go(R-mody) = @ Z((z1, ..., zn)[S5],

with Sj = Rej/R>0€j.

Since [P;] can be written as f;(x)[S;] for some f;(x) € Z¢c[x1,...,z,] with
£:(0) = 1, we also have [S;] = f; *(x)[P;]. Therefore

Go(R-mody) = @Z((xl, oo z)[Pr]- (3.7

However, with the current framework, this isomorphism is purely formal, and has no

categorical meaning (e.g. it involves minus signs). In the dg-setting, we will be able to
reinterpret it using the projective resolution of .S;.

3.4 Triangulated topological Grothendieck group

In a Z™-graded triangulated category I, we define the notion of c.b.L.f: coproduct as
follows:

* take a a finite collection of objects {K7,...,K,,} inJ ;

* consider a coproduct of the form

ki.g
[ (Kig® - @Kng),  with  K;g=@ Ki[hi;g),
gezn j=1

where k; g € Nand h; j g € Z ;
* there exists a cone C' compatible with <, and e € Z" such that for all j we have
kjg = 0 wheneverg —e ¢ C';

* there exists h € Z such that h; j g = h for all 7, j, g.

Remark 3.4.1. This definition ensures that if we forget the homological grading (i.e.
Z-grading coming from the translation functor), then a c.b.l.f. coproduct remains c.b.lf.

for the 7" -grading. Moreover, the homological degree is bounded from below.

In this section, we will assume we work with a triangulated category 6 that is a
full subcategory of some triangulated category J O ‘€ admitting arbitrary (i.e. infinite)
coproducts. We also suppose that 6 is c.b.l. additive (for c.b.l.f. coproducts defined as

above).
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Following the terminology of [37], the Milnor colimit MColim,>¢(f,) of a collec-
tion of arrows { X ELN X,41}ren in T is the mapping cone fitting inside the following
distinguished triangle

HXT /e HXT — MColim,»o(f,) — HXT[1]7

reN reN reN

where the left arrow is given by the infinite matrix

1 0 0 O

Remark 3.4.2. Sometimes the Milnor colimit is also called ‘homotopy colimit’ in the
literature (e.g. in [74]).

Given a collection of arrows {X,. Ir, X,11}reny in I and m > 0, we obtain by
the axiom (5.) of triangulated category a commutative diagram

15 X —— 11 Xom X 117y X [1]
oo Xo —2% 1] X» —— MColim,o(fr) —— | Loy Xo[1],

where the rows are distinguished triangles, and the two vertical arrows on the left
are canonical inclusions. For each r > m, we write X,./X,,, for the mapping cone
Cone(X,,, —» X,.) of the map f,_1 o--- o f,,. Then we get by the 3x3 lemma [54,
Lemma 2.6] a commutative diagram

where each row and column is a distinguished triangle.
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In the end, we obtain a commutative diagram

1-1,
]—[r>m Xm — ]—[T>m XTTL Xm Hr;O XT[l]

! ! !

11 X, EErLEN 11 X, —— MColim, ., (fr) —— [[,-,, Xr[1]

r>m

| | |

oo X/ X 5 L X0/ X — MColiyam (f7) — 11w Xp/X[1]

l l l

[Lom Xml[l] — [la Xmll] ——— Xo[1l] ——— 11,50 X+[2],

where each row and columns is a distinguished triangle.

In particular, we have a distinguished triangle
Xm — MColim,»o(f-) = MColim,~ ., (f*) = X.mn[1],

and X, is a finite iterated extension of X, 1/X, for r < m:

AN NS

X1/Xo Xo/ X1 X3/Xo Xm/Xm—1

As a consequence, in the triangulated Grothendieck group of J we have

m—

[ Z r+1/X

and thus, since MColim,»o(f,) = MColim,~,( f), we also get,

m—1
[MColim,0(f,)] = [MColimyn ()] + [Xo] + > [Xri1/X0],
r=0

forall m = 0.

Definition 3.4.3. Ler {K1,...,K,,} be a finite collection of objects in 6, and let
{E,}ren be a family of direct sums of {K1, ..., Ky} such that @, . Er is a c.b.Lf.
direct sum of {K1, ..., K }. Let { M, },en be a collection of objects in 6 with My = 0,
such that they fit in distinguished triangles

M, L% M, — E, — M[1].
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Then we say that an object M € 6 such that M ~g MColim,>o(f,) in T is a c.b.1.f.
iterated extension of {K7y,..., Ky, }. The sequence t; g = {hi1,g,...,hik, 5.} Of
occurences of x9K;[h; j | as a direct summand in @, .y E, is called the degree g
multiplicity of K.

Definition 3.4.4. The topological triangulated Grothendieck group of 8 — T is given
by
K{'(6) := K;'(8)/T(8),

where T'(B) is generated by elements

kug
[M] = > a9 ([Kigl+ -+ [Kmgl), where [Kigl= ) (=1)"io[K],
gezZ™ j=1

whenever M is a c.b.Lf. iterated extension of {K, ..., K} with K; appearing with
degree g multiplicity t; g = {hi1,g,..., Nk, 5.9}

To keep notations simple, we write [t; 4] := Z?’;’ﬁ(—l)hiv?‘g € Z, so that

[M] = D7 a9 ([t1g][Ki] + - + [tm,g[Km])
gezL™

in K5 ().

3.4.1 Positive c.b.Lf. dg-algebras

For this section, we restrict to derived categories that appear from a particular class of
Z"-graded dg-k-algebras (A, d), where A = (—B(h g)ez@In Al and k is a field. Thus

we will consider c.b.l. additive subcategories of T := (A, d).
Definition 3.4.5. We say that (A, d) is a positive c.b.L.f. dg-algebra if

1. A is positive for the homological degree: AZ = 0 whenever h < 0;

2. Ais positive, c.b.Lf. dimensional for the Z"*-grading: @),,cx Ag is finite dimen-
sional for each g € Z", and 3.}, o dim(AQ)29 € Zg, [x1, . .., x,] for some
cone C' 4 compatible with < ;

3. AY is semi-simple as module over itself ;

4. Ag = 0 whenever h > 0.

Similarly, we say that a dg-module is c.b.l.f. dimensional (resp. c.b.l.f. generated) if it
is c.b.Lf. dimensional (resp. c.b.l.f. generated) for the Z™-grading, and bounded from
below for the homological grading.
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We write Ag := AY and A, := @{(h,g)\g>o} AZ. Since d(Ag) = 0, indecom-
posable relatively projective (A, d)-modules are in bijection with indecomposable
projective A-modules. Let {P; := Ae;};es be the finite set of indecomposable rela-
tively projective modules, up to shift. For a shifted copy P/ = x9 P,[h] of P; we write
deg, (P/) := g and deg;,(P/) := h. Note that deg, (P}) coincides with the minimal
Z"-degree of P/.

Remark 3.4.6. We would like to point out that the condition A} = 0 whenever h > 0
ensures the graded Euler characteristic of each P; is non-zero. Also, each P; is

non-acyclic.

We see that A, ge; is a sub-dg-module of P;, since A} = 0. Then, there is a
simple dg-module S; := P;/A.¢e;. We write deg, (S}) := deg,(P/) whenever
S; = P//A. (P

Definition 3.4.7. An (A, d)-module is called c.b.1.f. cell module if it satisfies prop-
erty (P) and if it is, as graded A-module, at the same time c.b.lf. generated for the
Z"-grading and bounded from below for the homological grading.

A c.b.l. compact module is a direct summand of a c.b.l.f. cell module.

We write ©'¢( A, d) for the strictly full subcategory of & (A, d) generated by objects
(quasi-)isomorphic to c.b.l. compact modules. Our goal now will be to prove that any
object of D'°(A, d) is quasi-isomorphic to a c.b.L.f. cell module.

Proposition 3.4.8. Let (M, dyy) be an (A, d)-module which is projective c.b.l.f. gen-
erated as A-module. Then (M, d ) is a c.b.Lf. cell module.

Proof. As A-module, (M, dps) decomposes as a c.b.1.f. direct sum of shifted elements
in {P; };es. The generators of M are contained in e + C); for some e € Z™ and cone
Cy = {0 = ¢y < ¢1 < ---} compatible with <. Moreover, the differential dj; when
restricted to 29 P;[h] — ;vglP]- [A'] can be non zero only if A > A’ and g > g’. Then
we can construct M, as the sub-dg-module of (M, dy;) with underlying A-module
given by the direct sum of 29 P;[h] with g < e + ¢,. It yields an exhaustive filtration

O:MOCMlCMQC"'CMTCMT+1C---CM’

of (M, dyy) such that M,.,1/M,. is, as A-module, a finite direct sum of z¢+¢r P;[h].
Since the sum is finite, we can further refine the filtration by filtering on the homological
degree. |

Because any c.b.Lf. cell module admits as underlying graded module a projective
c.b.l.f. generated A-module, we also obtain the following result from the proof of
Proposition 3.4.8.
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Proposition 3.4.9. Let M be a property (P) module in 9'°(A, d), and Cp; = {0 =
cp < ¢y < ey < -} beal™grading cone of M, and let e be the minimal 7" -degree
of M. There exists a filtration

O=FycFiclkc---cF.cF.,ic---cM

such that F, 1/ F, is isomorphic (as A-module) to a finite direct sum of indecompos-
able relatively projective { P!} with deg,(P!) = ¢, + e. This filtration is unique in
(A, d)-mod whenever Cyy is fixed.

Example 3.4.10. In order to make things clearer, we will try to get an insight of the
typical look of a c.b.l.f. cell module M when there is only one extra grading (thus
n = 1), and only one indecomposable relatively projective module Py of degree 0. We
suppose that Py appears with minimal x-degree g € 7" and homological degree h € 7.
in the filtration of M. Write P := x9 Py[h]. Then we can visualize M as:

@as o P[2] @a, . 2 P[2] Doy, 22 P[2]
| W |
®ar o P[1] @a,, v P[1] ®ay 22 P[1]
| |
®aoo P ®ay, 2P ®ay 22 P

where each o;; € N. For j fixed, we have oy ; = 0 for k » 0. Note that for i
fixed, then we can have «; j > 0 for all j = ng. A composition of arrows in the
diagram represents where the differential can be non zero. Then, the ordered filtration
of Proposition 3.4.9 takes bigger and bigger vertical slices of this diagram, starting
from the left. Since the differential only goes to bottom/left, it is easy to see from here
that these vertical slices are sub-dg modules. Moreover, because of oy, ; = 0 for k » 0,
the quotient of a slice by another one is a finite direct sum of shifted copies of P (as
graded module).

The following lemma was inspired by [86, Lemma 09KN].

Lemma 3.4.11. Let (M,dys) be a c.b.lf. dimensional (A, d)-module with grading
cone C)yy and minimal Z™-degree e, and let C 4 be a grading cone of (A, d). There
exists a c.b.lf. cell module (P, dp) with grading cone C s + Cy such that:

1. there is an epimorphism 7 : (P,dp) — (M,dy;) in (A, d)-mod ;
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2. ker(dp) — ker(dpy) is surjective ;
3. degg (ker(m)) > degy (M, dar)) or deg, (ker(r)) > degy (M, dar)) ;
4. dim ker(m)" < 2(atbepy dim Mg dim A,

Proof. Taket € Z such that M = C"B{(g,h)\gzevh;t} M;L and M # 0. We also have
h

ker(dM) = C—B{(g,hﬂgzevhzt} kef(d]w)g. ]

For each (g, h) we can choose a k-basis {mjg’h}jng,h of M such that there is
k; € I such that ey, mJgJL = m;h. This is possible since given any basis {.mj} of
Mg, then {exm;)ker jes, , 1S @ generating family of Mg . Note that eim;,h =0
whenever i # k;. We choose a similar basis {z, , }jex, for kgr(dM)g’h. '

Moreover, the kernel of the surjection Agey,; — Aogey; m;t c Meﬂfm;t must be
zero by semi-simplicity of Ag. Therefore, it is an isomorphism. Then, since MY is
finitely generated, it is semi-simple over Agy. Thus, we can extract a subset Jé’t C Jey
such that Ei—)je];t Aoer, miﬁt =~ M, ;. We replace J.; by J, , for the remaining of
the proof. This will ensure that condition (3.) is respected.

We construct

P @ Pyoml,
(g,h)EL™ XL
jEJg,}L

where Py, - m; 5 1S the relatively projective module given by Py, shifted in x-degree

so that deg,, (Py, - my ;) = deg, (m;h). We set

+ (=1)3e8n D . dyp(m? L),

dp(a-m? )= da(a)-m’ ok

g,h g,h

for all @ € Py;. Then, since M is c.b.L.f. dimensional, by Proposition 3.4.8 (P, dp/) is
a c.b.L.f. cell module. The obvious surjection P’ — M gives point (1.). Point (4.) is
clearly respected by construction, and point (3.) comes from the fact that the surjection
restricts to an isomorphism (P’){, =~ M?. In order to also respect point (2.) we add

P=P® @ P, 2,

g>evh>t

with dp induced by dp and dp(a- 27 ) = da(a) - 2 ,. Then (P, dp) respects all
the requirements, concluding the proof. |

Theorem 3.4.12. Any c.b.lf. dimensional (A,d)-module (M,dy;) admits a quasi-
isomorphic cover by a c.b.Lf. cell module (P, dp).

Proof. The proof is similar to the one of [86, Lemma 09KP]. We set (M, dpy,) =
(M, dyps). Then we construct inductively for each 7 > 0 short exact sequences

0— (Mi’dfwi) - (BadR) = (Mi—lvdMi—l) - 0’
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with (M;, dps,) := ker(m;), using Lemma 3.4.11. Thus we get a resolution

Py % M —s 0.

\/\/\/ 69

ker (7o ker(71) ker(mp)

Then we put

P .= @Pi,

i20
with z-grading induced by P; and homological grading given by P" = D(atb= h)Pf.
It is a c.b.Lf. generated projective A module thanks to points (3.) and (4.) from
Lemma 3.4.11, and the fact that A} = 0 whenever h > 0. We equip P with a
differential dp by setting

dp(z) = fo(x) + (=1)%dp, (x),

for each x € P°. Therefore, thanks to Proposition 3.4.8, (P, dp) is a c.b.Lf. cell module,
coming with an epimorphism 7 : (P,dp) — (M, dys) induced by (Mo, dps,) —
(M, dyy).

Moreover, point (2.) of Lemma 3.4.11 tells us that m; (ker dp,, ,) = ker(dp,) N
ker(7r;). Thus we have an exact sequence

- — ker(dp,) — ker(dp,) — ker(dp,) — ker(dps) — 0.

Then, using also the exactness of (3.8), we conclude by Proposition 2.2.19 that 7 is a
quasi-isomorphism. |

Corollary 3.4.13. Any c.b.l. compact (A,d)-modules M is quasi-isomorphic to a
c.b.lf. cell module.

Proof. Suppose P =~ M @ N in @ (A, d) with P being a c.b.1.f. cell module. Thus we

have a distinguished triangle
N — P ™ M — N[1],

where y lifts to a map of (A, d)-modules. There is a map &5y € Homg(4 4y (P, P),
given by composing projection and then injection of M in P. Again, since P is
cofibrant, we can lift it to (A, d) -mod. In particular, M’ := im(&ys) is a sub-(A, d)-
module of P, and is quasi-isomorphic to M through the map im(&y;) < P =% M.
Since P is c.b.L.f. dimensional, so is M’. Therefore we can apply Theorem 3.4.12. H



72 Topological Grothendieck groups

Lemma 3.4.14. Let
xLv%z5hxn

be a distinguished triangle in D (A, d). If two out of three terms in {X,Y,Z} are c.b.Lf.

cell modules, then the third is quasi-isomorphic to a c.b.l.f. cell module.
Proof. We have three cases to consider:

e If X and Y are c.b.l.f. cell modules, then so is Z. Indeed, since X is cofibrant,
1 lifts to a map of (A, d)-modules. Then, Z is quasi-isomorphic to the mapping
cone Cone(X ER Y). As A-module, the mapping cone decomposes as a direct
sum of two projective c.b.1.f. generated A-modules, and therefore is projective

c.b.Lf. generated itself. We conclude by applying Proposition 3.4.8.
e If X and Z are c.b.1.f. cell modules, then so is Y: by rotating the triangle we have
. —h[-1]
atriangle Z[-1] ———

as before to show that Y is isomorphic to a c.b.L.f. cell module, since Z[—1] is

X L v % Then we can apply the same argument

c.b.l.f. cell module whenever Z is.

e If Y and Z are c.b.Lf. cell modules, then so is X: we apply the same argument
as above to show that X[1] is isomorphic to a c.b.L.f. cell module. Applying the
shift functor show that it is also the case for X.

This concludes the proof. u

Corollary 3.4.15. 9'°(A, d) is a triangulated subcategory of D (A, d).

Proof. 1t is a direct consequence of Lemma 3.4.14 and Corollary 3.4.13. ]

Lemma 3.4.16. Let (M,dy) be a c.b.lf. iterated extension of some c.b.lf. cell
modules {(K1,d1),...,(Km,dn)} where K; appears with degree g multiplicity
tig ={hitg...hir, o) Then (M, dur) is quasi-isomorphic to a c.b.Lf. cell module
(M',dwn), having @D, , v9 @fz“(’) K;[hi,j g] as underlying graded A-module.

Proof. Let {K,...,K,,} be a finite set of c.b.L.f. cell modules, and @, . E, be a

c.b.lf. direct sum of elements in {K1,..., K,,}. Consider a collection of iterated
extensions {M,},.en, Mo = 0, given by distinguished triangles

M, I, r+1 — B — M[1].

Take M := MColim,»¢(f,). We will prove that M is quasi-isomorphic to a c.b.Lf.
cell module. We can replace inductively each M, by a quasi-isomorphic M, :=
Cone(E,[—1] — M;). The module M, decomposes as
, 3 Yt —
r+1 = Er @ Erfl @ @ EO

Berse e
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where the arrows represent the possible action of the differential on M, ;. Thus we
have an inclusion M, < M, as (A,d)-modules. Taking the direct limit of this
filtration in (A, d)-mod yields an (A, d)-module (M, dp;), which decomposes as
M' = @, .y E: as graded A-module, and which is quasi-isomorphic to (M, das).
Then M’ decomposes as A-module as a c.b.L.f. direct sum of projective c.b.1.f. gener-
ated A-modules, and thus is projective c.b.l.f. generated itself. By Proposition 3.4.8,
(M’ dps) is a c.b.Lf. cell module. |

Corollary 3.4.17. D'¢(A, d) is equivalent to the full subcategory of D(A, d) given by

object quasi-isomorphic to c.b.Lf. iterated extensions of compact objects.

Proof. 1t is a direct consequence of Lemma 3.4.16 and Corollary 3.4.13. |

This result allows us to extend the definition of &'°(A, d) to any Z"-graded dg-
algebra, as being the triangulated subcategory of B (A, d) generated by c.b.Lf. iterated

extensions of compact objects in D (A, d).

Corollary 3.4.18. Let f : (A,d) — (B,d') be a quasi-isomorphism between 7" -

graded dg-algebras. There is an equivalence of triangulated categories
D'°(A,d) = DB, d).

Proof. It is a classical fact that a quasi-isomorphism induces an equivalence of derived
categories. The characterization of compact objects being categorical, we obtain an
equivalence between compact derived categories. The same goes for c.b.l. iterated
extensions. |

3.4.2 Back to Grothendieck groups

Our goal for this section is to introduce a topological Grothendieck group a la Achar—
Stroppel [1] for ©'¢(A, d), and describe it. We will then show it coincides with our
notion of triangulated topological Grothendieck group.

Let M be a c.b.L.f. cell module. Given g € Z", we pick a maximal » € Z in
Proposition 3.4.9 such that ¢, < g. We write S<4(M) := F,.. Therefore, B<g(M)
contains all copies of P/ in the filtration of M with deg, (P!) < g. Also, if we consider
the collection of maps {1, : f<c, M — B<c, ., M }ren, We obtain

M = MColim, =0 (z,.). 3.9)

We would like to extend B<g4 to a functor B4 : D(A,d) — D°(A, d).

Lemma 3.4.19. Let f : X — Y be a map between c.b.Lf. cell modules. Then we have
an induced map B<gf : f<gX — PB=<gY. This operation sends identity map to identity

map and preserves compositions.
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Proof. There is an induced map fy : X — Y of graded A-modules. In this context,
X and Y are both c.b.Lf. direct sums of {F;};. Since Hom(P/, P}) = 0 whenever
deg, (P]) < deg,(Pj), we can restrict the map to fo : X<g — Y<g, where X4
is the finite sub-direct sum of X given by all P/ with deg,(P/) < g (and the same
for Y). Therefore, we have that f<4X = X.4 as graded A-modules. We take

Bﬁgf = JFO' |

Proposition 3.4.20. Let M € 9'“(A,d). If X and Y are two c.b.Lf. cell modules,
both quasi-isomorphic to M, then f<z X = f<,Y.

Proof. Since X and Y are cofibrant and quasi-isomorphic, we get a commutative
diagram in (A, d) -mod

x 1 Ly

ij\ ly]\
where f is a quasi-isomorphism, and both :x and 2y are monomorphisms of (A, d)-

modules. We clearly have Cone(f«.f) =~ S, Cone(f), and therefore we get a

commutative diagram

X Y Cone(f)

S

B<aX W f<eY —— B< Cone(f)

Since Cone(f) is both cofibrant and acyclic, it is contractible. Thus there exists
h : Cone(f) — Cone(f)[1] such that d o h + h o d = Idgone(s)- Then we get a map
B<zh : P<z Cone(f) — S, Cone(f)[1] such that

1co(dofzzh+ f<zhod)=(doh+hod)oic

=1C-
Since 1¢ is a monomorphism, we obtain
do 6ﬁ1h + ﬁﬁzh od= IdﬁST Cone(f) -

In conclusion, f<, Cone(f) = Cone(fB<,f) is contractible, and S« f is a quasi-
isomorphism. |

Using Corollary 3.4.13, we extend <4 to a well-defined functor

B<g : DI(A,d) — D°(A, d).
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In addition, since S<g(M) is a finitely generated graded A-module for each M €
D'c(A, d), the functor factorizes through

Byt DI°(A,d) - D(A,d).
Proposition 3.4.21. The functors <4 and B< , are exact.
Proof. They clearly commute with the translation functor. Let
X->Y -7 X[1]

be a distinguished triangle in @'°( A, d). Without loosing generality, we can replace
each object by a c.b.1.f. cell module. Consider the union of grading cones C'x + Cy =
{eo < €1 < ---}. Since the set {Cone(B<e;, X — P<c;Y)}ien gives an ordered
filtration of Cone(X — Y') = Z, we have by Proposition 3.4.20 that

B<gZ = f<g Cone(X — Y) = Cone(f<g X — B<gX).

Therefore
B<gX — B<gY — P<gZ — BSQX[l]

is a distinguished triangle. |

Mimicking the construction from [1], the Achar—Stroppel topological Grothendieck
group of D'°(A, d) is defined as

K{5(D'°(A,d)) := K§/Ta,

where
Ta:={f e K§(D'(A,d))|[B<g](f) = 0 forall g € Z"}. (3.10)

Itis also a Z((x1, . .., zy))-module. Thanks to (3.9), we know that if [, M] = 0
for all g, then [M] = 0 in K5 (@' (A,d)). Thus we obtain a surjective map of
Z((x1,. .., 2y))-modules

K§®(2"(A,d)) — K§'(2'(A, d)).
Proposition 3.4.22. There is an isomorphism
K5 (2°(A,d) = K5 (2°(4, d)).

Proof. The idea of the proof is that any relation in K5 (®'(A, d)) can be rewritten as

relations involving only symbols of relatively projective modules P;. Then the relation
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can be obtained from an ordered iterated extension of relatively projectives, and thus
holds in K¢ ('°(A, d)).
Let M be isomorphic to a c.b.Lf. iterated extension of {K7, ..., K,,}, such that

[M]— > a9 ([trgl[Kil + -+ + [tmg][Km]]) =0, 311

gez™

in K5 (9'°(A,d)). Since K; is a c.b.L.f. cell module, it can be itself rewritten as a
c.b.Lf. iterated extension of indecomposable relatively projective modules { Py, . .., Ps}
such that

(K] = > 29 ([t gl[P1] + - + [t g][P]) =0,

gezZ™

in K5 (2!“(A,d)). This also holds in K45 (®'°(A,d)) since we can use Proposi-
tion 3.4.9 to reorder the filtration. Then (3.11) is equivalent to some equation

[M] = 3 a9 ([t g)[P] + - + [t g][P:]]) = 0. (3.12)

geZ™

Moreover, we obtain that M is isomorphic to a c¢.b.l.f. cell module with filtration
giving (3.12), by Lemma 3.4.16. We conclude by using again Proposition 3.4.9,
showing that (3.12) holds in K9 (2!¢(A, d)), and therefore so does (3.11). [ ]

For M a c.b.L.f. cell module, taking the quotient filtration on M /B4 (M) shows
that it is also a c.b.1.f. cell module. Therefore we define the functor

Brg: DA, d) — D'°(A,d),
by setting 8..g(M) := M /B<g(M). Then, we get a functorial distinguished triangle
BgM — M — B M — By MIL].

Moreover, by similar arguments as in the proof of Proposition 3.4.21, we obtain that
B.g is also exact. Note that B<g4 0 By = B<,. We write B<,D!¢(A,d) for the
essential image of 3«4 in D!¢(A, d). The same goes for s 4.

Inspired by [1, Definition 2.3], we define the following:
Definition 3.4.23. Ler (A,d4) and (B,dg) be c.b.Lf. positive dg-algebras. We say
that a functor F : D(A,da) — D(B, dp) that preserves c.b.l. compact modules and

commutes with the 7"-grading shifts has finite amplitude if there exists |F'| € Z™ such
that for all c.b.Lf. cell module M € D(A,d4) and g € 7" we have

Fﬁ>gM = ﬂ>g+\F\FM-
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Lemma 3.4.24. There is an isomorphism of abelian groups
K& (2'°(A,d)) =~ K§ (B<gD'(A,d)) @ K§ (B-gD'“(A, d)).

Proof. Straightforward as in proof of [1, Lemma 3.1]. ]

Proposition 3.4.25. Let F' : D(A,da) — D(B,dp) be an exact functor with finite

amplitude. There is an induced map
[F]: K§(A,da) — K5 (B,dg).

Proof. We will show that there is an induced map [F| : K39 (A,d4) — K{°(B, dp),
and use Proposition 3.4.22. By exactness we have a map

[F] : K()A(A7dx4) - Kaqs(BvdB)a

and thus we only need to prove F'(T4) < T, for T4 as in (3.10).
Take f € T4 and g € Z". By Lemma 3.4.24 we obtain

f=1P<glf +[P-glf; [F1f = [Bgrim[F1f + [Bsgim ][ F1S-

We have [B<4]f = 0 and [B. g4 p][F]f = [F][8>g]f. Therefore we deduce that
[F1f = [B>g+ 7 ][F]f and [B<g4 r][F]f = 0. Since g is arbitrary, we conclude
that [F|f € T;. [ |

The functor s : D°(A,d) — D'¢(A, d) is exact with finite amplitude, thus we
have K% (85 e D'°(A, d)) ¢ K5 (D'°(A, d)). We endow K{%(2'°(A,d)) with a

(z1,...,zn)-adic topology using
Te := K{(8-eD'"°(4,d)),

as neighborhood basis of zero. Then it becomes a Hausforff topological Z((x1, . . ., zy,))-
module.

Theorem 3.4.26. There is an isomorphism

K§(92"(A,d) = P L1, ..., 2)[P],

i€l

where the sum is over all distinct, indecomposable relatively projective P;.
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Proof. By construction, c.b.1.f. cell modules are spanned by the symbols of the { P, };cr
in the Grothendieck group. Thus there is a surjection

DZ(1, .. w)[P] — K (D'(A,d)).

el
Forac.b.Lf. cell module M and a shifted simple S’ we have that HOM (4 4)-moa (M, S%)
is a c.b.Lf. dimensional k-vector space. Therefore, as in [74, Corollary 10.12], for each
(non-acyclic) shifted simple S; the derived hom-functor

RHOM(—, S}) : (A, d) - D'(k,0)
induces a map on the Grothendieck groups
[RHOM(—, 57)] : K§'(2'(4,d)) — K§ (2" (k,0)).
In particular, we have

RHOM(P. §/) = End(S}), ifi=janddeg(P/) = deg(S}),

R J .
0, otherwise.

Moreover, [End(S})] = dim(End(5%))[k] in K& (2'°(k,0)). For (k,0), we have
that @'¢(k, 0) corresponds with the category defined in [1, §2.4], slightly generalized
to encompass multigradings. Then our definition of topological Grothendieck group
matches with the one in the reference. By the results in [1] we get that K5 ('(k, 0))
is the completion of Ko (k-gmod) = Z"[z1?,...,z%1]in Z((z1, ..., 2,)). Therefore,
K5 (D'(k,0)) is the free Z((1, . . ., ¢))-module generated by [k]. Then any relation
between the symbols [P;] in K5 (2!°(A, d)) would imply that there is Z-torsion in

K5 (92'“(k,0)), which is a contradiction. [ |

Proposition 3.4.27. Let (M, dys) be a c.b.Lf. cell module admitting a Hausdorff c.b.Lf.
filtration
OC---CMQCM]_CMQ:M,

with quotient objects {X1, ..., X} and degree (g, h) multiplicities k; g j, forall i € I
and (g, h) € Z™ x Z. Then we have

in K5 ('(A, d)).



3.4 Triangulated topological Grothendieck group 79

Proof. We can suppose without loosing generality that each X is a simple module.
Let Cpy = {0 = ¢y < ¢1 < - -} beaZ™grading cone for M and let e be the minimal

Z™-degree of M. Then we can construct an ordered filtration (for the x-degree)
0C"'CF2CF1CF()=M

using Proposition 3.3.15 where each F). 1 /F, is a finite iterated extension of ¢ X;[h]
for different h € Z. Then M /F, is a finite iterated extension in @'¢(A4, d) of X; with

z-degree < ¢, + e. Thus we have

[M] = [F] + [M/F] = [F] + Z (=1)"29[X].

Then we use Theorem 3.4.12 to replace F). by a c.b.Lf. cell module containing copies
of P; in z-degree > e + c¢,.. Therefore,

[B<e+cTM] = Z (_1)hxg[/8<e+cTXi]-
ih
g<e+tc,

Since K5 (2“(A, d)) is Hausdorff, this concludes the proof. [ |

Corollary 3.4.28. There is an isomorphism

K§(2"(A,d)) = DZ(x1, ..., ze)[Si],

iel
where the direct sum is over all distinct simple modules S;.

Proof. By Proposition 3.4.27, we have [P;] = f;(x)[S;] for some series f;(x) €
Zc[za, ..., xy] such that f;(0) = 1. m

Remark 3.4.29. Note that any c.b.l.f. dimensional module admits an ordered c.b.Lf.
composition series by first filtering on the x-degree in increasing order, and then

refining the filtration by the homological degree in decreasing order.
We now suppose (A, d) does not necessarily respect point (4.) of Definition 3.4.5.

Lemma 3.4.30. Any primitive idempotent of H(A, d) comes from a primitive idempo-
tent of A through the projection

A — Ao/d(Ag) = H(A,d)o.

As a consequence, the set of indecomposable H (A, d)-modules is a truncation of the

set of indecomposable (A, d)-modules.
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Proof. Let e € H(A,d)y be an indempotent. Thus e? — e = d(h) in A for some
h € A}. Since A has locally finite dimension, Ay is a finite length subalgebra of A. By

Fitting’s lemma, there exists k£ > 0 such that
Ag = kerd(h)* @imd(h)*.

Then, as in [74, Lemma 9.6], by Newton’s method [9, Theorem 1.7.3] we can find an
idempotent f of A such that f = e in H(A, d). This proves the first claim.

The second claim follows from the first one and the fact that direct sum decomposi-
tions of A obtained from idempotents descend in the homology since d(Ae) = d(A)e.
Also, the quotient by d(A}) could not identify orthogonal idempotents together. Indeed
if we have e; + e3 = d(h) then €2 + ejes = e1d(h) and thus e; = d(e;h), meaning
that both e; and e are killed in H(A, d). [ |

Note that any indecomposable (A, d)-module that is killed in H(A, d)-mod in
Lemma 3.4.30 will be also killed in D(A, d) since it is acyclic. Indeed suppose we
have e = d(h) for some idempotent e € Ay and h € A}. Then we get d(he) = €2 = e.

From this, we obtain the following:

Proposition 3.4.31. Let (A,d) be a Z"-graded dg-algebra respecting the points
(1.),(2.) and (3.) of Definition 3.4.5. If H(A,d) is a c.b.lf. positive dg-algebra,

then there are isomorphisms
K§(2'(4,d)) = K§ (2"(H(4,d),0)) = Go(H(4A,d)).

Let R be as in Proposition 3.3.15. Then, by going to 9!“(R,0), we obtain a
categorical interpretation of (3.7), where the bar resolution of the simple .S; constructed
in Theorem 3.4.12 coincides with its projective resolution viewed as an (R, 0)-module.

Remark 3.4.32. We would like to point out that all results leading to Theorem 3.4.26
and its corollary generalize to the case where (A, d) is not necessarily positive for
the Z"-grading, but only c.b.l.f. for the Z"-grading and positive for the homological
grading up to adding some hypothesis: it is enough that A = @ P/ where each P/ is
isomorphic (up to shift) to some relatively projective module P; = Ae;, and P; respects
the points (1.), (2.) and (4.) of Definition 3.4.5. This ensures that Horn(Pj(7 P)=0
whenever deg, (P}) < deg,(P;) or deg,(P}) < deg,(F;). It also allows to have
Theorem 3.4.12.



Chapter 4

Geometric categorification of
slo Verma modules

We construct a categorification of the universal Verma module M () for quantum sls,
using the geometry of the Grassmannian varieties, as done in [65]. We start by recalling
the categorification of the finite dimensional module V' (N) of Frenkel-Khovanov—
Stroppel [24, §6], following the description in [47] (see also [15] for the non graded
case). We then explain how to dg-enhance this construction and use it to construct
a categorification of M (). This approach is actually slightly different than the one
presented in [65], where we work with Hochschild homology and supermodules instead

of dg-enhancements and dg-modules.

Before delving into the details of the construction, what should we expect from a
categorification of a highest weight module ? It should be a Z-graded (or Z?-graded
if the highest weight is formal) k-linear category that decomposes as a direct sum
M = @,.px Mx, where each Ly is the categorification of the A-weight space.

Moreover it should come with exact functors
Cg:.ﬂ/LAH.ﬂq%v GJ:M)\—)M(I—2)\,

such that at least in the Grothendieck group we have
[EFIXN] = [FEIX] = - — = [0, .1

for each object X, € Jl,. We would call such a structure a weak categorification (of a
highest weight module). Of course, we would like that (4.1) is realized by a categorical
relation between € and %, and fix the natural transformations realizing this relation. In

that case, it would be a (strong) categorification of the highest weight module.
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4.1 Categorification of the finite dimensional modules

All coefficients appearing in (1.11) are positive quantum integers [k], for k € N, and
the commutator relation can be rewritten as

EFvn_o = (FE + [N — Qk]q)UN_Qk., if N — 2k
k

0,
FEvn_ ok = (EF + [2k’ — N]q)UN,Qk, if N -2 0

=
<

)

where again all coefficients are positive. Therefore, one can expect to categorify the
sly-commutator relation using a direct sum decomposition of functors. In particular
we look for a category V' (N) = @szo Vn_ar wWhere each category TV _of 1S a
categorification the weight space V(N)y_or. We look for endofunctors €, F of
% (N) such that

N -2k

EFIdy_op 2 FEIdn_0t ® @ ¢ F 1 Idy_ o, if N—2k >0,
£=0
2k—N

FEIdy_or = 6Fldy_or® P V1 Idy_oy, if N —2k <0,
£=0

4.2)

where ¢ denotes the shift the Z-grading, and Id _oy, is the identity functor on ¥y _o.

In order to keep notations short, we introduce the following
k=1
@, (-) = D ().
£=0

4.1.1 Geometry of the Grassmannian varieties

We follow the presentation given in [47, §6], but classical references for this are [27,
Chapter 3] and [26, Chapter 10]. Let GI := {V,, € CV|dim(Vy) = k} be the
Grassmannian manifold of k-planes in CV. Its cohomology ring H(GY') (over Q) is
generated by the Chern classes Xy ,..., Xy, and Yy i, ..., YN_k 1, modded out by
the Whitney sum formula. Explicitly, we have

H(GY) = Q[X1 ks Xioor Vi - s YN—iou /I
where [ ]ng is the ideal generated by all homogeneous terms in the equation
(T+tX1 g + 2 Xop 4+ + "X )L+ Y1 4+ -+ Y FYy g p) = 1.
The cohomology ring is naturally Z-graded with

deg(X; 1) = 21, deg(Y; ) = 2i.
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The same applies for the two-step flag variety
Gilrqr = {Vi © Vg1 € CV|dim (Vi) = k, dim(Viq1) = k + 1},
with Chern classes X1, ..., Xk ks Y1 k15 -+ YN—k—1,k+1 and &1, resulting in
H(G i) = QX 1k Xk Errts Ykt - o YNeobt k1 ]/ T 15
where [ ,]CV 441 18 given by
(It X g g+t X ) (At ) (A tY 1 jpr o+t P Y k1) = 1

Since 41 corresponds with the line bundle over Vj41/V}, we have deg(&x+1) = 2.

The forgetful maps induce maps on cohomology

R H(GY 41

G
VRN = *"ff/ Vi 43)
GY

Gl H(GY) H(GY)
turning H(GY into an H(GY)-H(GY . )-bimodule. The action is given b
g Ek+1 k E+1 g y

Xix = Xig,

Yie =Y +&+1Yim1 k41,

Xikvr = Xip + &1 Xio1 ks
N

(A
Yivt1 = Yigs1,

with the understanding that Yy , := X := 1 and Xy11 1 := Yy_p k41 := 0. Since
everything is commutative, we can also turn H(Gﬁk+1) into a H(GY, ,)-H(GY)-
bimodule, which we write H(G}, ; ).

4.1.2 The categorification theorem

We reinterpret the results of [24] in the framework of §3.4, obtaining similar results
as in [1]. In this context, V' (N) is constructed with ground ring Q((¢)) © Q(q), with
choice of additive order induced by ¢ > 0. We view H(GY) as a positive, c.b.Lf.
dimensional, Z-graded dg-algebra concentrated in homological degree 0. We put

N
V(N) := @OVN_%, VN -2k 1= %IC(H(GQ[)’O)'
k=0
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The bimodule H (G{CV w+1) is biprojective (i.e. projective as a left module and
projective as a right module), and finitely generated as left and as right module. In

particular, there are decompositions

¢ NTRUH(GY ) = Ovong, H(GY), as H(GY )-left-module, (4.4)
qikH(GkaH) ~ El—)[kJrl]qH(GfCVH), as H(Gp,)-right-module.  (4.5)

Therefore the functors

€Y : H(G}, ;) -mod — H(GY)-mod,

FY  H(GY)-mod — H(GE,;)-mod,
defined by

€ (=) = "N H(GY ) Oy (5),

k+1

F (=) = ¢ "H(GY1 1) ®r(ayy ()

are both exact and preserve c.b.l. compact modules. Moreover, one of the results

of [24] is that there are natural isomorphisms

)

CFy = F 6 Bv—ang, ds, if N — 2k
k

=0
F 8, = G F Bpn—ny, 1dk, if N — 2k <0

Then €V := D1 _, €N and FV := @, _, FV are exact and preserve c.b.l. compact
modules. Therefore, they induce endofunctors on ¥ (N'), which have finite amplitude.
Thus, the Grothendieck group of % () equipped with [€"] and [FV] is an U, (sl2)
weight module.

The algebra H (G{CV ) admits a unique projective indecomposable module Py, :=
H(GY) (up to shift and isomorphism), and a unique simple module

Sk = Pk/H(G{CV)>0Pk = Q
Then Theorem 3.4.26 and Corollary 3.4.28 tells us that we have
K§ (Un—ax) = Z((q),

and is generated either by [ Py] or [Sk].

An important property of this construction is that €} and F;" are biadjoint (up to
a grading shift), meaning that €7 is both the right adjoint and the left adjoint of F}" .

This symmetry can be interpreted as a categorical version of the symmetry induced



4.2 Categorification of the Verma module 85

by pin (1.1). Indeed, the right adjoint of ‘Fﬂiv descends in the Grothendieck group as
p([FN]), and the same for €Y. Because of this, we write p(F}) for the shifted copy

of € ,év that is right adjoint of ?i,iv . More explicitly we put
p(F) =gV, p(&) =" N E

Since H (GY) is commutative, any left module M can be viewed as right module M.
Then, we define the bifunctor

(= =) :V(N)Qq ¥ (N) > 2(Q,0), (M,M'):= M@L@H(Gm M’

It respects for all M, M’ € UV (N),

* (POaPO) = (@70)’
¢ (FNM, M) = (M, p(F)N) and (8 M, M) = (M, p(&})M")
* @p(M,M') = (@M, M) = (M, M') for any f € Z((q)).

where we identify Py = Q with its dg-version (P, 0). As a consequence, it descends
on K5 (%) as the Shapovalov form (1.3). Moreover, we have

(Q.0), ifk=k,

0, otherwise,

(Pr, Skr) =

which is a categorification of (1.8).

Theorem 4.1.1 ([24] revisited). The Grothendieck group K5 (U (N)) is a U,(sly)-
weight module with action of E, F given by [€N],[FN]. Moreover, there is an
isomorphism

Ky (V(N) @2 Q= V(N),

sending [Py] to the canonical basis element vy _,,, and [Sy] to the dual canonical

basis element v 2k,

4.2 Categorification of the Verma module

Because of the close relationship between integrable modules and Verma modules (1.12),
it is natural to construct a categorification of M () using similar tools: that is the geom-
etry of the Grassmannian varieties. Moreover, since the weight spaces are indexed by
the dimension of the planes inside the Grassmannians, and the Verma module having
non-trivial weight space for arbitrarily low weight, it is also natural to consider the

Grassmannian of k-planes inside the infinite space C*.
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4.2.1 Geometry of the infinite Grassmannian varieties

The good news is that the cohomology ring of
Gl = {V, c C*|dim(V}) = k},

is given by the inductive limit of H(G} ) for N — oo. More explicitly, it is generated
by the Chern classes X i, ..., Xy, and infinitely many Y; i, ..., Y; s, ... with de-
grees deg(X; ;) = deg(Y; x) = 2¢, modded out again by the Whitney sum formula.
Explicitly, we obtain

H(GZV) = Q[Xl,k> .. ;Xk,kzyl,lm .. .,Y;*’k, .. ]/1%7

where I;” is the ideal generated by the homogeneous components in ¢ satisfying the

equation
(L Xy gt 4o+ Xyt L+ Yyt 4+ + Yt +0) = 1.

From this equation, we derive the following recursive formulas

i
Yor =1, Yig ==Y XexYiok, (4.6)
=1

where we put X ;, := 0 whenever j > k. Therefore, H(G}’) is isomorphic to the

graded polynomial ring
H(Gy) = Q[X1 4,5 Xk i), deg(X; 1) = 2i.
There are similar results for the 2-steps flag variety
Gigs1 = {Vik € Vi1 € C*[dim(Vi) = k, dim(Viy1) = K+ 1}
Its cohomology ring respects
H(Gyri1) = Q[ X1k, Xoeor Skt Yikats -5 Yigkats - - /a1
with deg(X; ) = deg(Y; x+1) = 2 and deg(&x+1) = 2, and where I}, ; is given by
(L4 Xyt + -+ X o)1+ Epyrt)(L+ Yy gat + -+ Vigpat' +---) = 1.
Again, we can rewrite recursively each Y 41 in terms of X ;41 and &1, so that

H(Gy 1) = QX1 ks ooy Xy §in], deg(Xix) = 24, deg(§p41) = 2.



4.2 Categorification of the Verma module 87

As for the finite case, the forgetful maps induce maps on the cohomology

GY e H(G{ta)
SN e 2N
cy Gl H(GY) H(G, )
explicitly given by
Xix = Xik,
Pk

Yie = Yierr +&1Yio1 k41,

" Xikr1 = Xip + &1 Xiz1 ks
k+1 -

Yiter = Yirg,
with the understanding that Yj ;, := Xo 5 := 1 and X1 5 := 0.
A quick verification shows that
H(ngl) On () H(Gfo) = Q[¢],

so that if we try to define €y, F as tensoring with the bimodule H (G¢’; ), we would
obtain € Fy = Preng?t Idy. It decategorifies as

Zq2821+q2+q4+:1
¢eN — 4

Going to the dg-world and shifting the degree of Q[£] by ¢[1], we obtain —q(1 + ¢ +

1
a—q
since there are no \ appearing in the equation.

gt + - ), which coincides with —. However, it still does not look quite like (4.1),

4.2.2 Dg-enhancement

Up to shift, we want to categorify (1 — A\2)/(1 — ¢2). Evaluating \ = ¢* yields
p gority q g q’y

1—/\2_1—q2N
1—¢2 1—¢2

R

We known the quantum polynomial 1 + ¢ + - - - + ¢> 2" is morally categorified by
Q[£]/(£YN), and the fraction 1/(1 — ¢?) by Q[£]. Therefore, we would like to obtain
Q[£]/(£N) as a difference (i.e. mapping cone) of two copies of Q[¢], with one shifted
in g-degree 2N .
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The obvious projection

™ Q€] — Q[E]/(€Y),

turns Q[¢]/(£7) into a Q[¢]-module. Then, it admits a free resolution

0= ¥ Q[e] <5 Q[e] — QE/(EY) — 0.

The graded Euler characteristic of this resolution matches with (1 — ¢?V)(1 — ¢2), so
that we think of it as a categorification of this fraction. From the free resolution, we

obtain a dg-algebra by taking the mapping cone

Cone(¢*¥ Q[¢] £5 Q[E]) = (QLE] ® A* (W), dn),

with differential
dn : Q] ® A" (w) = Q] ®A* (w),

such that

H(QIEJ® A (w), dn) = QIEN/(EY).

The last step consists in replacing the differential dy by a trivial one, and introducing a
A-grading, so that we obtain a Z2-graded dg-algebra

(QIEI®A*(w),0),

with deg, (§) = 2, deg,(w) = 0 and deg, (§) = 0, deg,(w) = 2. Thus, its graded
dimension is (1 — A?)/(1 — ¢?). Because of (1.11), it is natural to look for a similar
pattern on §4.1.1 and §4.2.1.

Dg-enhancement of H(G1')

The natural inclusion GIY — G induces a surjective map
me : H(GY) - H(GY),

sending X; € H(G}°) to X; . € H(GY) (and the same for Y; ;).

Lemma 4.2.1. The kernel ker my, is generated by the collection of the k elements

YN—k+1,ks YN—Kk+2,ks- -+ YN-
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Proof. Clearly, ker 7y, is generated by the infinite collection of elements
{YN k410 YNkt 2,06+ o) YNZoihs - - -}

Using (4.6), one can show by induction that if (Ynx_r+14, YN—kt2,ks---, YNy = 0,
then Yy, = 0 forall £ > 0. |

This means H(GY )/ (YN—k+1,ks YN—k42,k:-- > YN) = H(GkN) Furthermore,
the sequence Yn_r+1.%, YN—kt2,k,-- -, Y is a regular sequence of H(GY}'). Thus
we get a finite free resolution of H(GY ) as H(G})-module

0 Yn_pt16YN—kt2k- YNH(GL) — ---

k
= @ YN H(GY) = H(GY) — H(GY) = 0.
=1

Turning this into the dg-language, we obtain a Z-graded dg-algebra by taking iterated

mapping cones over Yy _ .4, yielding
(HGE)® A (wiky - Wk k), dN ), 4.7
with
dn(X; ) =0, dn(wik) == YN _ig1 k-

Since it is built from a free resolution of H(GY'), we immediately obtain that its
homology is isomorphic to H(GY).

Setting the differential to zero and introducing a A-grading, we obtain a Z2-graded
dg-algebra (4, 0) with

Q= Q[ X1 ks, Xiok] DA (W1 ks -+ s W k)
and Z>-degrees
deg, \(Xi ;) := (24,0), deg, \(wi k) := (2 —2i,2),
and homological degrees
deg,,(Xi,;) =0, degy, (wi k) == 1.

We refer to the Z2?-degrees (q, \) as quantum degrees. Then, we rewrite (4.7) as
(Q, dn), where we assume that the \-grading is specialized to A = ¢
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Playing the same game with G;”, , ; and Gﬁ’kH, we get

Qerr1 = QX1 ks Xty Ebr1] @ AT (W1 k41, - -+ s Wht1,k41),

with
degq,)\(XiJ) = (27"0)7 degq,)\(gk+1) = (27O)a degq,)\(wl k) - (2 - 27/72)7
degy (Xi) = 0, degy (Ers1) =0, degy(win) i= 1.

It can be equipped with a differential d defined by
dy(Xix) =0, dn(€k+1) =0, AN (Wik+1) = YN i1 ki1 (4.8)

Proposition 4.2.2. The dg-algebras (2, dn) and (Q, j+1,dN) are formal with ho-
mology

H(Qy,dy) = H(GY), H(Qkr1,dn) = H(GRl ),
and are acyclic whenever k > N or k + 1 > N respectively.
Proof. The homology of (2, dy) is computed above. Moreover, the obvious pro-
jection map (Q,dy) — (H(GY),0) is a quasi-isomorphism. If & > N, then

dn(wni1,k) = Yo, = 1, implying H(Qy,dny) = 0. The proof is similar for
H(Q kr1,dN). u

Bimodule structure of ), 11

The next step is to lift the maps 3 and 17, '+ of (4.3) to dg-maps

(Qk+1,dn)
477,19\7/ (\w/ﬁ.l
(U, dn) (g1, dn)-

The first observation we make is that the diagram

H(GE) —2 H(GE) ) —2 H(GE,,)

J{T"k J{ﬂ'k,k+l lﬂk+1

H(Gév) T H(Gkaﬂ) W H(G;c\crl)

commutes.
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Thus we put as before

~N TN
Or (Xik) = Xi ks P (Xiks1) = X + &1 X1 k-
Moreover, since Y 1(Yirr1) = Yirr1 and op(Yir) = Yigr1r + Eer1Yio1k, We
define
~N o ~N o
¢k+1(wi,k+1) = Wik+1, P (wi,k) =Wik+1 + §k+1wz‘+1,k+1,
so that

~N
Pk 1l’k-+1
Qk — Qk,k-&-l — Qk-&-l

b b

Qe —= Qpr1 5 Letr,
Pl k41

commutes. Using this, we turn (Q x41,dn) into a (Q, dn)-(Qk+1, dn)-bimodule,
lifting the whole construction of §4.1.1 to the dg-world.

Finally, taking a trivial differential instead of d, we still get maps

(Q.x+1,0) N

2N

(an 0) (QkJrl? 0)7

explicitly given by

Xir = Xk,

GriyYir Y+ &YYok, (4.9)
Wik P Wikl T Ekr1Wit1 k1,
Xik+1 = Xip + &1 Xicig,

Vks1 4 Yierr = Yigy, (4.10)

Wi k+1 P> Wik+1-

They preserve the A-grading, turning 2, ;41 into an €22, 1-bimodule.

4.3 Categorical action

We introduce the notation

®[ﬂ+k]q(_) — @(q17k+2€)\71(_) @C]H_IH—%)\(—)[].]).
LeN
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It is a c.b.L.f. direct sum that decategorifies as [8 + k], (see (1.5)).
Proposition 4.3.1. We have decompositions

qika’k_,_l =~ @[kJrl]qQk_,_l, as Qy,+1-module,

AflquQk,kH = ®rs—x], as Q.-module.
Proof. The first claim is a direct consequence of the fact that
q_kH(G;f,k+1) = ®per1), H(GE1),

for similar reasons as in (4.5), and the action of the exterior part of {251 on the exterior
part of {0, ;.41 is the identity.
For the second claim, we first observe that

H(G jy1) = H(GY) ® Qlk41]-
Then we construct a surjective map

(/\° (Wi ks W) ® Q[§k+1]) ® N2 (/\.(wl,ka CWEE) ® Q[fkﬂ]) [1]
— (A" (Wikt1s > Wht1 k1) © Qért1]),

induced by @ + wr+1,5+1Pk. By comparing the graded dimensions, we conclude
that it is in fact an isomorphism. Taking the grading shift in consideration finishes the
proof. ]

We define

MN) = P Mps_ok, Mp_ap, := D, 0).
keN

Using Proposition 4.3.1, we can already define functors

F. 1 Q). -mod — Qk+1 —mod, gk(_) = q_ka'i‘Lk ®Qk (—),
Cgk : Qk+1 -IIlOd i Qk -mod, %k(_) = A_lqk-‘rle’kJrl ®Qk+1 (—)

By Proposition 4.3.1, we know they each have finite amplitude, preserve c.b.l. compact
modules and are exact. Thus € := @y>06r and F := @p>0Fy induce maps on
K5 (AL()N)) that agree with (1.7). Hence, we can already conclude that JL()) is a
weak categorification of M (). However, as mentioned before, we would like that €y,
and &y, are related through a categorical version of (4.1). We would also like to see

them related with a similar flavor as the biadjunction in 4.1.2.
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Remark 4.3.2. We cannot hope for €y, and Fy; to form a biadjoint pair. Indeed, in that
case it would be possible to show that if € kill a highest weight space, then Fy kills a
lowest weight space for some £, by the results in [82]. This would imply that we would
be categorifying a finite dimensional module and not a Verma module. Furthermore,

we should not hope to have an adjoint pair and a direct sum decomposition of the form
ErFr = Fr—16r—1 O[p—2r) 1d,

since it would imply that Fi and €y, are biadjoint by [13]. In conclusion, the best
case scenario would be that €y, and Fy, form an adjoint pair, and €. Fy, is related to

Fr—186x—1 through a short exact sequence.

4.3.1 A short exact sequence

We have two goals for this section. The first one is to prove €;, and F;, form an adjoint

pair. The second one is to construct a short exact sequence
0 — F_16p-1 = €:Fr — D[g_2k) [do, — 0.

In order to simplify notations, we will write X ;, (resp X; ;,+1) for the image of
Xk (resp. X k+1) in Qj 41 through @y, (resp. Jkﬂ). The same applies for all the
Yy and wy ,. We also write ®y, for the tensor product over 2. Since we want to

relate €, Fy, to Fi_16_1, we write

Qv k= Yok+1 Oy Q16 De—nyr = Le—1 Oy Pb—1,1-

Finally, we write Idy, Idy x+1 and Idk(kil) i for the identity maps on the different
bimodules Qp, Q r+1 and Qp(g+1)x-

Lemma 4.3.3. In Qy, 11, the following identities

i

Xik = 2 (=D Xi_tni18hy1s 4.11)
£=0
Yik+1 = Z(—l)eyz'%k&@p (4.12)
£=0
Ghor = (=)' Y] XewYicohsn, (4.13)
=0
) ) k—i
wiger = (DG T Ok ke + (- D) Wik abigns (4.14)
£=0

hold for all © = 0.
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Proof. The four equations are obtained by induction using (4.9) and (4.10). We leave
the details to the reader. ]

Lemma 4.3.4. In Q1 1)1, the following identity holds

k k
Z (—1)* Xk ®rr1 &1 = Z(—l)e Pt @1 Xoke
£=0

£=0

Moreover, &x11 slides over this sum

k k
Ek+1 (Z (=) X g @1 §74) = (Z (1) X0k ®rr1 &) 1. (4.15)
£=0 £=0
Proof. This follows from [48, §3.2] since the part in homological degree zero of
Qk(k+1)k 1s the cohomology of the two-step flag variety. |

As in [48], using Lemma 4.3.4, we construct an injective map of bimodules
k
Mt Qe = Dkt 1)k 1 Z(—l)eXz,k k414515
£=0

of g-degree (2k, 0). We also define the bimodule map

€k—1 ' Qr—1)p = Qs & ®r_1 fi — (—1)i+j_k+1n+g‘—k+17k,
of degree (2 — 2k, 0).
Proposition 4.3.5. We have

(ek ®k+1 Idks1,k) © (Idgs1,k ®kni) = Idg41,k,
(Idk k+1 ®r+1€k) © (Mg Ok Idk k41) = Idk ki1 -

Proof. 1t follows from similar computations as in [48, Lemma 4.5]. [ |
As a direct consequence, we obtain the following theorem.
Proposition 4.3.6. The functor Fy, is left adjoint to p(Fy,) := A\q~ 218,

Therefore, we have already achieved one of our two goals. We can now focus on

constructing the short exact sequence. We put

0f := 0, ® Q€] = @ ¥,

leN

as Q;-Q-bimodule.
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We write Y; 1,41 € Qi for the element recursively defined as
i
Yo k41 := 0, Yi kg1 := — Z (Xep +EXo—1k) Yico k41
=1
It corresponds with the element given by taking Y; y11 € H(GY K k1 1) and passing it

through the isomorphism of H (G|")-modules H (G}’ ,,) = H(GY) ® Q[¢].

Proposition 4.3.7. The map of bimodules

v Qi - Qk(k+1)k7 xfp = nk(m)ferla

for x € Q and p € N admits a left inverse

617;4_1 ®k}+1 §i+1 = (_1)l+j ky+j k,k+1,

. 13
T Qk(k+1)k -, i j
Ert1 k1 & Wht1,k+1 0.

Proof. First we observe that ¢ is indeed a map of bimodules thanks to (4.15). Then, we

compute
k
(moa)(§P)=m <§£+1 Z §k+1 k41 Xy k)
4 (4.13)
= > (1P XekYir ks £v,
£=0
forall p > 0. ]
We define yet another bimodule map
fliﬂ k41 fiﬂ — 0,

. 3
I Qk(k+1)k - Qk[l]a ) . L
$o1 k1 & Wkt ki = (1) Yok

of degree (2k + 2, —2). It is a map of bimodules since we recall that the translation
functor [1] twists the left action (see §2.2.1). Moreover, as in [48], we define the
nilCoxeter maps by setting

Ua Qe k1 kgt Qg 1,042 = Qi1 k1 Qho1 kr2,

i—1 j—1
i J i+j—1—4 v i+j—1—4 v
§k+1 ®k+1 fk+2 = Z fk+1 Ok+1 §k+2 - Z §k+1 Ok+1 fk+2’
=0 £=0



96 Geometric categorification of s, Verma modules

and
W) Qg2 k41 kgt Qig1 b = Qet2,k+1 Ort1 Qis1,k,
Jj—1 i—1
i j Y ) y) iti—1-—4 y)
Sk k1 gy — Z Ehro ®k+1 Epy1 — Z Shan k+1Epr1s
£=0 £=0

extending using the €0y 2-module structure. They are both of degree (—2,0). We will
now prove they define maps of bimodules.

Lemma 4.3.8. Foralli,j > 0and J€ {1, |} we have

Uy (€M @pi1 &) = Up(€' Qa1 &) =€ Qi1 &,

) ) ) ) ) . 4.16)
UL (E @py1 &) — V(€' ®pr1 1) = & @pi1 &,

and thus
U3 (E ®ry1 €)= Uy (& ®ppr €771,

Proof. The proof is a straightforward computation, which is identical to what is done
in [48, Lemma 7.10]. |

Proposition 4.3.9. The maps V41 and V| are both maps of Qj,-Q,1.2-bimodules.

Proof. We prove it for ¥4, the proof being similar for ¥;. By construction, it is a
map of 2 2-module, thus we only need to prove it is also an 2;-module morphism.
Therefore, using (4.11), we compute

Ur(Xp sy Ons1 Eluo) = (=D T4 (E @1 & o Ximt 41

Mw

o~
Il

0
t—~

z+p i+4 Jj+p
Z W (857 ®rr1 o) Xe—r—p,k+2;

Il
I M“

and
Xt,k\I’T(glicH Ok+1 €i+2)

= Z (1) €1 V1 (Ehpr Prr1 §i+2)Xt—€,k+1
= (=1)HPEL 1 T (Eh i Ot Ehya)Eb o Xttmp o2

which are the same for all 7, 7 > 0 and 0 < ¢ < k, thanks to Lemma 4.3.8.
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Then we compute

Uy (Wi khs1 Oh1 §i+2)

9 ' : ; 1
= U4 (Ehyy Orat Ehyo) ik + Up(Ehg Orat Elio)wist kra

o , L o
+ U (65 ®ha1 &y o)t sz + U (G ®rar § o) wr2 r2

4.16) , ; ; ;
=0 (€1 Orr1 Epo)Wikr2 + W (Ehpt Orrt & po)EhroWest ks

Err1 V1 (ks 1 ®nt1 Epo)wirt hr2 + Eor1 V(€1 Ora1 &b yo)Ehrowisn ksn

4.9) ] j
=wi kU1 (Efr1 k41 fi-s—z)

which concludes the proof. u

Proposition 4.3.10. There is an injection of Qy-Qx-bimodules

u: Qk(k—l)k - Qk(k+1)k,
preserving all degrees and given by

u: = (ep—1 Ok Idprriyr) © (Idg k-1 Or—1¥1 kg1 Idgy1,x) © (Idge—1)r Ornr)
= (Idkkg1yk Orer—1) © (Idg, k11 Or41¥y ®r—1 Idg x—1) © (& O Idp—1)x)-

Moreover, this map takes the form
(€l ®r—1 &) = =&t Ot Gy 4.17)
foralli+j < k.

Proof. First we suppose that

u = (er—1 ®r Idis1)r) © Tdp k1 @k 1Y Ory1 Idgy1,x) © (Idg(r—1)k @rm)-

We compute for i < k,

“(5}2 ®r-11)=— Z (_1)i_s rkEhr1 Okt Xtk

r+s+t=i

Moreover, by applying (4.13) followed by (4.12) we obtain

1 ®py1 &g = (1) Z (=1)°Ye x&k 11 Okr1 Xik,
r+s+t=i

and thus u(&f ®r—11) = 1 @41 &, 1
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Then, using again (4.13) and (4.11), we compute

G @18l = (1) Y (DX k&7 @kt Vi,
r+s+t=j
w( @1 ) = —(=11 37 (=1)"Xo @pe1 17 Yen,
r+s+t=j

and also using (4.13) and (4.12), we get

Gy ki1 S = (=17 D (—1)° Xk @1 §15 Vi
r+s+t=j

This proves that u(&l ®y, 1 &) = —&1, |, @41 &by y, forall i + j < k. Similar
computations do the trick for the case

u = (Idg(ry 1)k @rer—1) © (Idk,k+1 @r1¥ ) ®k—1 Idk k1) o (M @ Idg(r—1)x)-
Then the injectivity follows from Proposition 4.3.1. ]

Lemma 4.3.11. The bimodule $y,j,_1yy, is generated by Zf;& ngﬁ ®r_1 Q.

Proof. By (4.13), we obtain that {2;,_; j, is generated by Z;:Ol Z¢,5—182. Thus sliding
Ty -1 over the tensor product in Oy _1)x , we get that ;1) is generated by
Qi k-1 @k—1 Q. By (4.11), Q4 1,1 is generated by Zi:& ng,‘;. Putting these together
concludes the proof. |

Lemma 4.3.12. There is an equality of graded dimensions
gdim Qg4 1), — gdim Q1) = (qzk + /\zq_%h) gdim Qi
Proof. As left-Q);-module, by Proposition 4.3.1, we have

Qe = P Uepm1 Bkt & D Vi1 Or—1 Erwrk
>0
k-1

= P D Wi Br—1 &, ® Wy, r—1 Efwi k-
020 r=0
Similarly we obtain

k
~ T
Qrr1ye = D Qepr1 Orrr s
r=0

k
~ L l
= @D D U1 Brt1 it @ Ujos 1 Whp 1 k1 Orert g

r=0¢>0



4.3 Categorical action 99

Since deg(&k+1wik+1) = deg(w;_1.%), we obtain

gdim Qg4 1y, — gdim Qg 1)x =

deg(gll~§+1) Z ¢* gdim Q. + deg(wk+1,k+1) Z ¢** gdim Qy,
£20 £20

which concludes the proof. ]

Theorem 4.3.13. There is a short exact sequence of 2-.-bimodules
u ) —
0= sk — Qs 1)k —— ¢*F QL @ N5 [1] — 0, (4.18)

with degree zero maps.

Proof. We have
(m@p)ou(€ @-11) = (T p)(~1@-1&) =0

for 0 < ¢ < k — 1. Thus by Lemma 4.3.11, the composition (7 @ ) o u = 0 is zero.
Since we already know that u is injective and 7 and p are surjective, the exactness
follows from a dimensional argument. Therefore we conclude the proof by using
Lemma 4.3.12. u

Corollary 4.3.14. There is a natural short exact sequence
0= Fp16k_1 = EFr — Dg_ak) ldx — 0.

By Toen’s results [89] (see also [36]), we can interpret the spaces of (quasi-)functors
between the categorified weight spaces Jl3_o;, as (subcategories of) the categories of

dg-bimodules. In particular we obtain:

Corollary 4.3.15. There is a quasi-isomorphism
Cone(F—18k—1 — E1Fr) — D[s—ox] I .

4.3.2 A long exact sequence

We write (Q24k—1)k, dn) for the dg-bimodule (. x—1,dN) ®(ry_y,dn) (Rb—1,%;dN).
The same goes for (2 (x+1)x, dn) and (Qi, dy).

Lemma 4.3.16. The map u : Qp(x—1)r = Qp(r+1)x lifts to a map of dg-bimodules

(ks AN) = (kg 1)ps AN)-

Proof. All the following maps obvously lift to the dg-setting: €y, 75, and Wy. ]



100 Geometric categorification of s, Verma modules

The next step is to lift the map ™ @ p.. However, the map 7 alone does not commute
with dy. Thus we need to replace the direct sum in the cokernel of (4.18) by something
else (like a mapping cone), with the same underlying graded space. Therefore, we want
to compute

mody o M_l(YiJchl) = mo dN((_l)ifliHl ®r+1 wk+1,k+1)

4.8 )
2 m((—1) fk+1 ®k+1 YN—k,k-H)

N—k
“.12) ; ;
= Z (=1 (&h o1 ®rr1 Ebi1)YN Kk
=0

N—k

= (=¥ > Vit krs1 YNkt
(=0

where =1 (Y; +1) only means an arbitrary choice of inverse element. From this we
define the map

N—k

YN Qi — Q% Vi1 — (—1)F Z Yito—k k+1YN—k—t K,
=0

of g-degree 2(N — 2k), and we consider the dg-bimodule given by the mapping cone
(a5, @ N P[], dy) := Cone(¢*V 2 (0}, dn) > ¢*F (0, dn)).

Thus, we obtain the following lemma and theorem:

Lemma 4.3.17. The map m @ p lifts to a map of dg-bimodules
(Qe(hs1)ps dn) — (q%Qi @ QZ(ka)Qi[l]a dn).
Theorem 4.3.18. There is a short exact sequence of dg-bimodules
0= (- dv) = Qugernyis dn) = (¢ © VO[], dw) 0.
From the short exact sequence, we obtain by the snake lemma a long exact sequence

L H Qs dy) — H'(FQ; @ N RQG[1], dw)

HO Qo 1ypr dn) — HO(Qugpyps dv) — HO(¢2Q5 @ ¢? NP5 [1], dw)

T 2
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Our goal now is to compute the different homology spaces involved in this exact
sequence.

Proposition 4.3.19. We have

H(Qp(h-1yhs dn) = H(GRpo1) ®pey ) H(GT 1)
H( Qo1 dn) = H(GR gy 1) ®n(ay,,) H(GYy11)-

Proof. We want to apply Proposition 2.2.17 together with Proposition 4.2.2. Thus we
need to show that (Q, x_1,dn) is a strongly projective (Q_1, dn)-module, and that
(e k+1,dn) is a strongly projective (€211, dn)-module. From Proposition 4.3.1 we
deduce that (Q, 1, dn) decomposes as a mapping cone

Yo
(e p—1,dn) = Cone(@Drz0&h (-1, dn) —— 5 @rz0éh (U1, dn)).

By (4.12), we obtain a triangular change of basis, turning f,f, into Yy 1, so that

(Qe,k—1,dn) = Cone(®rz0Ye,k (-1, dn) ER D=0V, k(Q-1,dN)),
where (Y1) := Yo N—k+1.- Therefore, identifying Y7 , with y¢ we obtain

(Qk-1,dn) = (Q[y, 0]/(6%),d) @g (U—1,dn),

where d(y) := 0 and d() := yV~**1, proving that (€ ;—1, dn) is strongly projec-
tive. Then again from Proposition 4.3.1 we obtain
k
(Qekr1,dn) = P (Qes1,dn),
=0

and thus (2 x+1, dn) s strongly projective, as (2541, dy)-module. [ |

Proposition 4.3.20. We have

@ﬁ62k71q2k+2£H(Gi\/)’ lfN — 92k
SN T (G, i N -2k

’

(qszi (—BqQ(ka)Qi[l],dN) ~ =0
<0.
Proof. We observe that if N — 2k > 0 then yx (£?) is a polynomial with dominant
monomial &, **** (up to sign). If N' — 2k < 0, then d (%) = 0 for i < 2k — N and
yn(Yok—nk+1) = 1, and yn (£7) is polynomial with dominant monomial g,ivgl
1 > 2k — N. Putting all this together concludes the proof. |

2k+1 for
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Plugging the results of Proposition 4.3.19 and Proposition 4.3.20 into the long exact
sequence we obtain an exact sequence

0 ———— HY(¢* @ AN-M0O51],dn)

N
6%:—1

HO Qe 1yrs dn) — HO(Qugpiyns dy) — HO(q2Q5 @ ¢? NP5 [1], dw)

2

If N — 2k > 0, then it truncates to a short exact sequence

0— H(Gﬁk—ﬂ ®m @GN ) H(Gllcv—l,k) - H(Gllc\{k+1) Qmaw,,) H(Gllcv+1,k)

N ®éV:702k71q2k+2£H(GIICV) -0

which splits with splitting morphism induced by the lift of + from Proposition 4.3.7. If
N — 2k < 0, then we obtain a short exact sequence

A
0 - @ VP H(GY) =5 H(GY ) QH(@GN ) H(GY )
— H(G{iq) ®u(ay, ,) H(GYq4) = 0.
To show that it also splits, for 7 < 2k — IV, we compute the connecting homomorphism

S 1 (Yigs1) = u (dn(p ' (Vi)

= (=D (dn(&hoq Ot Wrt1k11))

48 S
@ (—=1)'u (&g ®ka1 Yn—khe1)
4.12) " . X
= (=) u (& ®rrr b)) YNk rk
/=
@i

0
7k . .

Z (=) ®p 1 ELYN k-

=0

Note that for ¢ = 0, it yields exactly the same map as the counit of the second adjunction
in [47]. We already know it can not lift to a map of (dg-)bimodules. However, it admits
a left inverse that comes from the map of (dg-)bimodules

(G- ) " ey — Qi, & @p1 5% s (—1)N RN R,

In conclusion, we obtain two direct sum decompositions that match with the results
of [24] (as presented in §4.1.2).
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In addition, we recover the biadjunction by taking as unit the map induced by

Ehr1 Orr1 &4y (=) N X Nk

U U TR i
Err1 Okt+1 §qWhr1,k+1 0.

and as counit the restriction of 5 _, to the summand i = 0.

Therefore we define
N
= @ OVJ\SIZ—%, Oy]\grz—% = @lc(Qka dn),
k=0

and the functors

DU, dy) = DDy, dn),

(
Fr(—) =q" (Qkﬂ Ky dN) ®I(Qk,dN) (=),
D' Qg1 dn) = D, dn),
(=) = ¢" N (Qpr1, dn) Oy, ) (—)-

They are biadjoint (up to degree shift) and respect

CFn = F 6 Ov_ang, 1ds, if N — 2k
Fi 16 = 6 FLY Bpr_ny, Idk, if N — 2k

4.4 The categorification theorems

We choose the additive order A > ¢ > 0 so that A\g=2* > 0 for all k& € Z. We consider
the universal Verma module M (\) with ground ring Q((g, A)). Then (Q4,0) is a
positive c.b.l.f. dg-algebra, with trivial differential. It admits a single (up to shift and
isomorphism) relatively projective module given by €2, and a single simple module
Sk = Qk/(Q) >0 = Q. Thus we have

K§ (Ms-21) = Z((g, \).

Since €2, is (super)commutative, any left 2;,-module M can be viewed as a right
module M by twisting the action

m- = (—1)desn(mdesi(@) gy
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for homogeneous m € M and x € €. Then we define a bifunctor
(=, =) M(N) ®g M(N) = D'°(Q,0), (M, M'):=M®g, o, M
It respects for all M, M’ € (),

* (QO,QO) = (@50) 5
* (FxM,M') = (M, p(F)N) ;
¢ @y(M, M') = (@4 M, M’) = (M, @y M") for any f € Z(g, \).

Since M () is generated by F'*v,, for all k > 0, this is enough to show that it descends
on K5 (M ()\)) as the Shapovalov form. We also have

(Q,0), ifk =k,

0, otherwise,

(Sk, Q) =

which again categorifies (1.8). Moreover, taking the c.b.l.f. composition series of €2
or the c.b.1.f. cell module replacement of S}, categorifies the change of basis (1.9).

Theorem 4.4.1. The Grothendieck group K5 (ML(N)) is a Uy (sly)-weight module with
the action of E, F' given by [€],[F]. Moreover, there is an isomorphism

K5(M(N) ®z Q= M(\)

sending [(Q,0)] to the canonical basis element v\ ., and [(Sk,0)] to the dual

canonical basis element v* 2k,

Using the results of §4.3.2, we also obtain the following:

Theorem 4.4.2. The Grothendieck group K& (V*(N)) is a U, (sly)-weight module
with the action of E, F given by [€™],[F]. Moreover, there is an isomorphism

K5 (TYN)) ®z Q= V(N)

sending [(Q, dn)] to the canonical basis element vy ., and [(Sg, dn)] to the dual

canonical basis element vV —2k,

Note that Theorem 4.1.1 can be reinterpreted as a consequence of Theorem 4.4.2
together with the equivalence of categories

D', dn) = D(H(GY),0),

induced by the quasi-isomorphism (Q, dy) — (H(GY),0), and with the proof of
Proposition 4.3.19.



Chapter 5
Dg-enhanced nilHecke algebra

The most important features of a categorification lie in the higher structure. In terms
of categorical action, it means we should study the space of natural transformations
between the endofunctors realizing the action on the category. In particular for the case
of sly, lies inside this higher structure an important ingredient: the nilHecke algebra. It
arises naturally over Q from the geometry of the flag varieties as

where
Girni={0=VocVic---CV, cC”|dimV; = i}

ey

is the full flag variety, and the action is induced by the forgetful map G¢'; _,, — G,/

By a remarkable result [82], given a categorical action of sl; on some category
/' respecting (4.2) and categorifying the integrable module V' (IN) by adjoint functors
€, F, then asking that NH,, acts on End(%") ensures that ¥’ is morally equivalent
to a category of modules over the cohomology rings of Grassmannians in CV. In
other words, the nilHecke algebra captures almost all the higher structure in the

categorification of V(IV).

5.1 NilHecke algebra

We fix k a unital commutative ring. The nilHecke algebra admits a presentation by
generators and relations (see for example [82, §3] where it appears under the name ‘nil
affine Hecke algebra’).
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Definition 5.1.1. The nilHecke algebra NH,, is the Z-graded k-algebra generated by

T, T2y vvyTno1 and x1,Ts, . .., T, With relations
72 =0, TiTit1Ti = Tig1TiTit1,
TiTj = T;jTi, TiTj = XTjTq, for |Z —j| > 1,
TiTj = T;Ti, forj #i,i+1,
Tl = Tip1Ti + 1, Ty = Ti%Tiy1 + 1,

with deg(;) = —2 and deg(z;) = 2.

5.1.1 From the symmetric group to the nilHecke algebra

Using an approach of Borel [12] (see also [27]), we describe the cohomology ring of
the flag varieties using symmetric polynomials. We consider the Z-graded polynomial
ring Qn := Q[z1, ..., zn] with deg(z;) = 2. We also recall some classical definitions

of symmetric polynomials.

Definition 5.1.2. The i-th complete homogeneous symmetric polynomial in the vari-

ables z1,...,zN is
fLi(Zh...,ZN) = Z Zj1 Ry T Ry
1<j1<jo < <G SN
The i-th elementary symmetric polynomial in the variables z1, ..., zn is
ei(21,...,2N) 1= Z Zj1Zja " Zjis
I<ji<ja<--<jisN
with €g(z1,...,2n) :=land €;(z1,...,25) := 0 fori > N.

Complete homogeneous symmetric polynomials can be computed recursively as

7
Rzt n) = O Rie(z, o 2no1) 2
=0

Moreover, these polynomials respect the equation

Z(—l)KEg(Zl,...,ZN)fLi_g(Zl,...,ZN) =O7 (51)
=0
forallz > 0.

The polynomial ring () comes with an action of the symmetric group Sy by
permutation w(z;) := z,(;) for all w € Sy. Let Cn := Qn/(ej(z1,...,2N))j>0
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denote the coinvariant algebra. It inherits an Sy-action from () by permutations.
Then we consider the ring of invariants C; (resp. C;f,’kﬂ) for the action on C' given
by restriction to S x Sy_x < Sy (resp. to S x S1 X ny_g—1 € Sn). Clearly we have

Cﬁ, = Qle1(z1y---52k), -y ek(z1,. -y 28),
el(zk-‘rlw"aZN),'~'7€N—k(zk+17"'aZN)]/Jv
where J is the Q v ideal generated by €;(21, ..., 2x) forall j > 0, and
C;ﬁ,’k"'l =~ Qler(z1,---328), -y ek(21, -y 2k), Zk+1
61(Zl€+27"'721\7)7"'761\/'—16—1(Zk+27"'aZ]\/')]/J'

Then one can show that

(—1)iﬁ,i(217 ey Zk;) + J.

6i('zchrh .. 'aZN)

From this, one obtains an isomorphism /7 (GQZ ) = C% by sending

Xi,kHei(zlv"‘7Zk)7 m,k'_)ei(zk+17"'7zN) (_1)iﬁ/i(217~"7’zk)7 (52)

. . Rkl
and an isomorphism H(GY, ;) = Cx""" with
Xig—ei(z1,...,2), kvl = Zht1, Yiker = €i(2Zet2, .-, 2N).

Moreover, the H(G}')-H(G}, ,)-bimodule structure of H(G}, ,,) is recovered by

letting C%; and C’,’ﬁﬁl act by polynomial multiplication on Cﬁ,"“, since

ei(21, - 2h41) = €i(21, .00y 20) + zprreio1(21,. 00, 21),

fri(z1, .- 26) = Ri21, o5 2eg1) — ZrgrPiica (21,05 Zhg1)-

Taking the limit N — oo ends up being equivalent to consider the ring of invariants
Q}* and Q3% %", so that

HGE) = @, H(GE ) = Q555

Thus the nilHecke algebra is isomorphic to

NH,, = End s, (Qn)-
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From the perspective of Definition 5.1.1, this isomorphism is given by sending x; to
the multiplication by z;, and 7; to the divided difference operator

f=oi(f)

b
Zi T Zi4+1

ai:Qn_)Qna f'_’

where o; € S, is the simple transposition (4,4 + 1). Note that the operator 0; decreases
the degree by 2.

5.1.2 Diagrammatic description

The symmetric group S,, admits a diagrammatic description by braid-like diagram on
n strands. The simple transposition o; € S;, is drawn as a crossing

<

1 =1 ¢ i+l 42 n

between the ith and (i + 1)th strands. Composition in S,, is then given by stacking
diagrams on top of each other. We read diagrams from bottom to top, so that the
composition wj ws is given by putting the diagram of w; on top of the one of wy. Then
the diagrams are subject to the local relations

S KR

which correspond with the relations o;0; = 1 and 0;0;110; = 0;410;0;41 in the
presentation by generators and relations of the symmetric group. We consider these
diagrams up to regular isotopy, which coincides with the relation ¢;0; = o;0; for
i —j| > 1.

Then we look at the subalgebra of Endg(@),,) generated by action of oy, ..., 051,
together with multiplication on the left by z1, ..., z,. It can also be described using
(Q-linear combinations of) braid-like diagrams, where we add a dot on the ith strand
for the multiplication by z;,
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Again, distant permutations o;z; = z;0; for j — i # 0,1 are given by regular isotopy,

and we get 0;2; = z;410; and z;0; = 0;2;41 as local relations

Putting all these things together gives us a diagrammatic description of the above-

mentioned algebra.

Since the nilHecke algebra has a similar-looking presentation by generators and
relations, it naturally gives NH,, a diagrammatic description, with braid-like diagram

on n strands.

Proposition 5.1.3. The nilHecke algebra NH,, admits a presentation by k-linear

combinations of braid-like diagrams generated by

1 i—1 4 e+l 42 n
xj = +
1 i—1 ¢ i+l n

forl <i<n—1,1<j < n, up to regular isotopy, and with local relations

§§=0
<4

and Z-grading

(<) ()

Recall the functors %, of §4.3 given by tensoring with the bimodule €241 1. Also

(5.3)

333
e

| 54

recall the nilCoxeter map ¥ from §4.3.1.

Proposition 5.1.4. There is a injective map of algebras

NHn —> End(ojk+n—l ot GJ:k+1oj'k)
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forall k = 0, explicitly given by

Ti > Id%k+7z—1gk+i+l ®\IJ¢ ® Id%k+z‘—2"'%k’7

Tj = Id%k+n7157'k+j ®§/€+j—1 ®Id9:k+j—2"‘%k :

Proof. Thanks to Lemma 4.3.8, we can apply the exact same computations as in [48,
Lemma 4.10], which concludes the proof. [ ]

When there is k dots on a strand, we usually draw it as a single dot with a label k&

-

We now describe some useful, classical relations in the nilHecke algebra.

next to it. For example, we draw

Lemma 5.1.5. In NH,, we have

ey
r+s=
k—1
forallk = 0.
Proof. Both equations are obtained by using recursively (5.4). |

Lemma 5.1.6. In NH,, we have

Drles = 0 IO (5.5)

r+s r+s
—k =k
forallk = 0.
Proof. Tt follows from Lemma 5.1.5. |

5.2 Cyclotomic quotient and categorification

The nilHecke algebra is given by using full flags in C**. Working in C*V instead yields
the N-cyclotomic quotient [42, §3.4] of the nilHecke algebra:

NHﬁf = EndH(GﬁY)(H(G{VZ,,n))
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The good news is that it also admits a nice diagrammatic description. As a matter of
facts, it can be described directly as a quotient of the nilHecke algebra

NHY := NH,, /(z]).
This means we kill all the diagrams that admit, at some height, N dots on their leftmost

i

1 2 n

strand

= 0. (5.6)

It yields a finite-dimensional algebra, and is zero whenever n > N.

Furthermore, there is a Morita equivalence (i.e. an equivalence of categories of
representations) between NHnN and H(GL'). Therefore, one can construct a categorifi-
cation of the integrable U, (sly)-module V (N) with NHL'. As a matter of fact, it gives
naturally a categorification of the induced basis (1.6). Since it will be useful later on,

we now proceed to quickly describe the categorical action of Uy (sl2) on NHﬁY -mod.

5.2.1 Categorical action

There is an inclusion of algebras j,, : NHnN — NHf:[ 41 that consists in adding a
vertical strand to the right of a diagram D € NHY,

D - D e NHY, .

1 2 - n 1 2 - n ntl

From this map, we obtain induction and restriction functors on the categories of

modules

Ind?*! : NH} -mod — NHJ, ; -mod,

Res!' "' : NHY,; -mod — NH} -mod,

which form an adjoint pair. In terms of bimodules, we can describe them as
Ind;; "' (=) = (NH1) ) ®Onay —

RGSZ+1(_) x>~ (n) (NHTZLV+1) ®NH£+1 —y

where (NH,];[H) () (resp. (n) (NH;VH)) is given by looking at NH,]YJrl as an NHnNH-
NHY -bimodule (resp NH) -NH}, ; -bimodule).
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We cite the following results, which can be found as a particular case of [33] for
example. We will also recover it as a consequence of our work later.

Proposition 5.2.1. The NH,JX -module (NHTIY +1) () decomposes as a direct sum

N—nm—1 n
N ~ 20—2a N
(NHn+1) (n) = @ @ q NH,; .
£=0 a=0
Therefore we define the exact functors

o N .__ n+1 N ._ 2n—N n+1
F, :=Ind, ", €, =¢q Res,, ",

such that in the Grothendieck group, [NHg ] will descend to the induced basis element
VN _2n, With F¥ and €V giving the coefficients appearing in (1.6). They respect direct
sum decompositions similar the ones in §4.1.2.

Theorem 5.2.2. There are decompositions of bimodules

EN T =F) 16 Bv_2n], 1dn if N —2n >0,
Fol 181 = €N Fy) @pn-n], 1dn ifN —2n<0.

Moreover; there is a biadjunction FY — ¢ "€ and €Y — >~ NFN.

For a permutation w € .S,, with minimal presentation w = o;_-- - 0;,0;,, we write
Tw = Toy, " Tou, oy, - It is well defined thanks to (5.3). Let 1J,, denotes the longest
word in S,,, and define

en 1= mnxrfflxgﬂ -+xp_1 € NH, . 5.7

It is a well known fact that it is an idempotent of NH,, (see for example [42, Sec-
tion 2.2]), and therefore also of NHSI . Then, as in [42] we put

N ._ N
P, :=NH, e,

which is the unique indecomposable projective module of NHQI , up to shift and isomor-

phism. It is concentrated only in positive degrees. Moreover, there is a decomposition

NHﬁ[ = @([n]q!)qn(nfl)/ZPTIL\/' (5.8)

We write PN := ¢™("=1/2PN 5o that in the Grothendieck group [PN] will corre-
spond with the canonical basis element vy, . In addition, P2 admits a unique simple

quotient
N
SN .= PN/Sym*(NHL),
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where Sym ™ (NHSZ ) is the subalgebra given by symmetric polynomials in the variables
z1,...,x, € NHY of non-zero degree. We also write S := ¢™(»=1/2gN,

We note that NHnN equipped with a trivial differential does not form a positive c.b.1.f.
Z-graded dg-algebra, since it is not concentrated in positive g-degree. Fortunately
enough, it respects all the conditions of Remark 3.4.32 so that we can still apply the
results of §3.4. Thus we put

N
TN(N) = P VR, Iy, = le(NHY 0).
n=0
‘We obtain that
K§(13",) = Z(q)),

is generated by either [NHY ], [PN] or [SN]. We put €V := ®@Y_,%Y and FV :=
®N_,F . By Proposition 5.2.1 we know that ¥V and €% are exact, preserve c.b.l.
compact modules and are of finite amplitude. Thus K5 (¥ NY(N)) is an U, (slo)-
module, with action of E, F given by [V ], [FV].

We consider the map 1 : NHY — (NHZY )Op that takes the mirror image of a
diagram along the horizontal axis. From it, given a left NHfALV -module M we obtain a
right NHﬁy -module MY. Then, we define the bifunctor

(= =) : VNE(N) @ VNH(N) - Dl(k,0), (M, M'):= MY @?@L NHY) M.
It respects again all the requirement for a categorical version of the Shapovalov
form, and we obtain that S is the dual of P. Therefore, [SX] corresponds in
the Grothendieck group to the dual canonical basis element vV =27 In conclusion, we

obtain the following theorem:

Theorem 5.2.3. The Grothendieck group K§ (U NU(N)) is an U, (sly)-module, with

action of E, F given by [€N], [FV]. Moreover, there is an isomorphism
K (7N(N)) @2 Q = V(N),

sending [NHY] to the induced basis element vy _oy, [PN] to the canonical basis

element vy, , and [SY] to the dual canonical basis element v =",

5.3 Dg-enhancement

To go from the categorification of V' (V) to a Verma module M (\), we constructed a
dg-enhancement of H(GZL'). We now do the same for NHf . Actually, we have three
equivalent ways to obtain a dg-enhancement of the cyclotomic nilHecke algebra, each

of them bringing their own advantages.
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5.3.1 Primitivating a quotient relation

The first approach is similar to what we did to go from H(GY) to Q. passing by
H(G?), but where we replace H(GL) with NH) and H(G7) with NH,,. Since
NHQI is obtained as a quotient of NH,, by the cyclotomic relation (5.6), we introduce

a new generator

1 2 n

in homological degree 1, that will play the role of a primitivation of (5.6).

Therefore, we consider the algebra (NH,, *Q[w], dn), where NH,, *Q[w] is the

free product of algebras, with differential
dy(x;) == dn() =0, dy(w) := 2.

Clearly in homological degree zero we obtain H(NH,, *Q[w], dy) = NH.'. How-
ever, in non-zero homological degree, H(NH,, *Q[w], dx) also contains non-trivial
elements, since there is no relations between w and the generators of NH,,. For example

dy(wx; — zw) =0, wx; — riw ¢ im(dy).

Therefore we need to introduce relations between w and the generators of NH,,. Intu-
itively the idea is to look for the relations that 27 respects for all N' > 0 and lift them
to w. We call this procedure a primitivization of the relation ¥ = 0. For example, we
obtain that w must commute with all z; and 7; for 1 < ¢ <nand2 < j < n—1. Also

we must have w? = 0. A little bit less trivial is the relation

N,

which is obtained by applying Lemma 5.1.5 followed by (5.3). It implies that we need
to impose

:= 0.
<P

As we will prove later, it appears that these are enough. Forgetting the differential and

introducing a A-grading (as we did in §4.2.1), we get the algebra we were looking for.
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Definition 5.3.1. The dg-enhanced nilHecke algebra A,, is the diagrammatic k-algebra

i+1 i+2 n

J+1

generated by
1 i—1 4
1 J=1 j
w = (@)
1 2 n

n

forl <1 < n—11< 7 < n, up to regular isotopy, and with the nilHecke

relations (5.3-5.4), and the new relations

It is 72 x Z-graded with

degq,)\,h (>< ) = (_2’ 0’ 0)7 degq,)\,h ( +> = (25 07 0)7

degq,)\,h (

o) :=(0,2,1).

We will prove the following proposition later on:

Proposition 5.3.2. The dg-algebra (A, dN) is formal with homology

CR I

CoD

H(A,,dy) = NHY,

forn < N, and is acyclic whenever n > N.

We also collect some results that will reveal to be useful.

Lemma 5.3.3. In A,, we have

Proof. We apply (5.4) on both sides.

(5.9)
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Lemma 5.3.4. In A,, we have

o)
;é + ioé = 0. (5.10)
o

Proof. Using (5.4), we obtain

HEEE

Similarly, we obtain

Then by (5.5) we get

concluding the proof. ]

5.3.2 From (), to A,

A second approach consists in looking at the endomorphism algebra
Al = Endg, (Qnn—1 Qn-1- ®2 Q21 ®1 N10).

By Proposition 5.1.4, we already know that there is an inclusion NH,, — A/ .

Proposition 5.3.5. We have
gdim A}, = (gdim NH,,) (gdim A* (w1 ,n; - - -, Wnn))-
Proof. From Proposition 4.3.5, we obtain

Endg, (2 n—1 ®n-1 - ®2 Q21 ®1 Q1 0)
=~ Homg, (Q, 20,1 ®1 -  ®n—1 Q1,0 ®n Qnn1 @no1 -+ ®1 Q1 0),

then we use (4.18) recursively to compute the graded dimension. ]
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Living inside A/, also lies the multiplication map by w; j, € Q x—1 forall 1 < k <
nand 1 <7 < k. Since the elements w; ,, are linearly independent forall 1 <7 <n
we obtain that A}, = (NH,, * @} _; A(wi,k,---,wkk))/ ~ where ~ is given by the

kernel of the map

NH,, * @ Awi ks - - s wip) = Al (5.11)
k=1
sending w; j to the multiplication by w; , € % 1. In order to get a diagrammatic
description of A/, we use the nilHecke diagrams together with the new generator

k—1
(0]

1 k—1 k k+1 n

that we refer as a floating dot with label k — i. We do not allow two floating dots to be
put at the same height. Moreover, they anticommute with each other,

g ob

for all possible labels a, b. In particular, two floating dots with the same label in the
same region is zero

= 0.

o
Now it only remains to compute the kernel of the map (5.11). We obtain easily that
w;,, commutes with 7; for j # k, and commutes with x; for all j. This coincides
with the relations given by regular isotopy between floating dots and dots or distant
crossings. From (4.9) we get the local relation

1
o+ +o“

a

o

where we interpret a floating dot in the leftmost region of a diagram as zero

a

(o) = OEA;.

Since these relations make sense for any a > 0, from now on we allow floating dots
with label a for all a € N.
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Proposition 5.3.6. The algebra A., admits a diagrammatic presentation with genera-

tors given by the nilHecke elements

1 i—1 4 i+l 42 n
LCj = +
1 j—=1 j ij+1 n

forl <i<n-—1,1<j < n, and the floating dots

a

o

1 1—1 1 i+1 n

for1 < i < nanda >0, up to regular isotopy that preserves the relative height of the
floating dot, subject to the nilHecke relations (5.3-5.4), and the floating dots relations

o _-_0°o (5.12)

o + +oa (5.13)

with 72 x Z-grading

deg, \ 1 <><> :=(-2,0,0), deg, \ 1 <+) :=(2,0,0),

a

degq’)Hh = (2(1 _'L'+a/),271).

Lemma 5.3.7. In A}, we have

e K e

Proof. It follows directly from (5.13) and commutation of wg'_; with 7;. |



5.3 Dg-enhancement 119

Lemma 5.3.8. In A/, we have

CD _,
<>

Proof. First we compute using Lemma 5.3.7

Oa a a
Then we obtain
a
2
O

which concludes the proof. ]

To simplify notations, we do not write the label of a floating dot whenever it is zero

Moreover, we say that a floating dot placed directly at the right of the leftmost strand
and with label O is a tight floating dot

o

Proposition 5.3.9. The algebra A, is generated by nilHecke elements and tight floating
dots.

Proof. First, we obtain that all floating dots can be brought to be next to the leftmost
strand by applying recursively

o ¥ >< o - >< o = - (5.15)
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Then, since a floating dot in the leftmost region is zero, we obtain for a floating dot
next to the leftmost strand

by applying recursively (5.13). |

Lemma 5.3.10. There is an isomorphism of algebras
A, = AL,

preserving nilHecke element and sending w to the tight floating dot ws.

Proof. Lemma 5.3.8 shows the map is well-defined, and Proposition 5.3.9 gives the
surjectivity. For the injectivity, on can construct an inverse map by introducing elements
w € A, defined recursively from w using a formula similar to (5.15) and veritying
that it respects all relations of w{ in A/,. We leave the details to the reader. |

Remark 5.3.11. Note that alternatively we can present A, using only floating dots
with label 0 and imposing the relation

S e e

Then we recover the floating dots with label greater than zero by defining them recur-
sively using (5.13).

Using the isomorphism A/, = A,,, we can compute the value of d  for all floating
dots. Doing so, we obtain

dy(wf) = (=D)N T T Ny iy (T, 3), (5.16)

which coincides with (4.8) and (5.2).

5.3.3 From symmetric group to A,

The third way to obtain A,, is by ‘dg-enhancing’ the action of the symmetric group S,
on Q,,. For this we consider the Z2-graded ring

Qn =Qlz1,..., 23] ® A*(w1,...,wn),
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with deg, ,(7;) = (2,0) and deg, ) (w;) = (2 — 2i,2). We think of w; as a primi-

tivization of the relation
(—1)N7i+1fLN_i+1(£L'1, ey CCI) = 0,

for all N € N. Therefore we compute

O'i(fLN_j+1(I1, . 71‘3‘))
) AN, ) + (@i — @) (2, x4), i =,
fI,N,jJrl(l‘l,...,l‘j), le?é]

for o; € S, the simple transposition. From it, we deduce an S, action on ).

Proposition 5.3.12. There is an action of Sy, on Q) given by setting

0i(%5) = To,(5),

oi(wj) = wj + 04 (@ — Tig1)wiy1,

and extending using o;(fg) = o;(f)oi(g) forall f,g€ Q.

Proof. The proof is a straightfoward computation checking that o;0,110;(w;) =

0i+10;0;4+1(w;) and o? (wj) = w;. We leave the details to the reader. [ |

Then we consider the divided difference operator on )

f—oi(f)

b
T — Ti41

0i(f) ==

foralll<i<n-—1and feQ;.

Proposition 5.3.13. The action of 0; on Q) satisfies the Leibniz rule

0i(fg) = 0i(f)g +oi(f)0i(9),

forall f,g € Q) and the relations

a7 (f) =0, 0i0i+10i(f) = 0i410i0i+1(f),
Oi(xif) = xig10i(f) + [, 2i0i(f) = Oi(wiz1 f) + f,
0;0;(f) = 9;0:(f),
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for|i—j| > 1, and

0i(w; f) = w;0i(f),
Oi((wi — wiy1wit1)f) = (Wi — Tip1wiv1)0i(f),
fori # j.

Proof. The proof consists in verifying that all relations hold. They all follow from
the fact that there is an action of the symmetric group and 0; is a divided difference
operator, implying that ¢;( f) = 0 whenever f is invariant for the .S,,-action, and that
0;(f) is an invariant of the S,,-action for all f. We leave the details to the reader. W

Definition 5.3.14. We define A! as the subalgebra of Endg(Q))) generated by mul-
tiplication by x;, multiplication by w; and by divided difference operator 0; for all
I1<i<nandl <j<n—1

Proposition 5.3.15. There is a surjective map of algebras
AI — AII
given by sending x; to multiplication by z;, w? to multiplication by w;, and T; to 0;.
Proof. 1t follows from Remark 5.3.11 and Proposition 5.3.13. |
We will prove later that the epimorphism of Proposition 5.3.15 is actually an

isomorphism.

5.3.4 Some basis for A,

Recall that given w € S,,, we write 7, := 7,5, - Toi, € A, where o, ---0;, = wis
a minimal presentation of w.

Proposition 5.3.16. The collection of elements
(W - (WO ahr ke 10 € {0,1), ks e Nyw e S, ), (5.17)

Sforms a basis of Al, = A,,.

Proof. We first show elements in (5.17) generate A],. Using (5.13), we can bring all
floating dots to the right, then slide them to the top of the diagram and finally convert
them back to floating dots with label 0, using again (5.13). Then using (5.4), we can
bring all dots also to the top, doing an inductive argument on the number of crossings.
Therefore, it remains only diagrams with crossings at the bottom, then dots, and finally

floating dots. Since the crossing respects relations (5.3) similar to the symmetric group,
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we can apply a similar reduction algorithm to end up with crossings corresponding to
minimal presentation of element of .S,,.

To show they are linearly independent elements, we use Proposition 5.3.15. It is
known that the action of the divided difference operators on the polynomial ring @,
is faithful (see for example [53]). From it we get that different choices of w € S,
gives linearly independent elements in A”. Since the remaining part in (5.17) is only
multiplication by polynomials, we conclude the action is faithful, and thus (5.17) is a
basis. |

Corollary 5.3.17. The surjective map of Proposition 5.3.15 is an isomorphism.

From this basis, we construct another one which has all its floating dots concentrated
in the rightmost region.

Proposition 5.3.1. The collection of elements

(WO - (whhy gk gk 10 € {0,1), ki e Nyw e S, ), (5.18)

n n
forms a basis of A4,,.

Proof. We have deg(w?) = deg(w?*). Therefore, we only need to show that each
w; can be rewritten as a combination of dots and floating dots in the rightmost region.
This follows by applying (5.13) ¢ times. Since the label of the floating dots increases
by at most 1 for each strand crossed, the maximal label involved is n — 1, obtained by
sliding wy = wY to the far right. This concludes the proof. |

From this basis, we obtain a proof of Proposition 5.3.2.

Proof of Proposition 5.3.2. 'We only need to show that H(A,,, dy) is concentrated in
homological degree zero. By (5.16), we have

dN(wZ) = (—1)N+ain+1ﬁN+a—n+1(-731’ s 7'73n)7

for 0 < a < n — 1, which are in the center of NH,, — A,, thanks to (5.5). Itis a
well-known fact that there is an isomorphism between the center of NH,, and H(GF),

where (—=1)N*te=" AN i (21, ..., @y,) is identified with Yy q—pn41,. Thus
dy(W2),...,dy(wl™ 1) forms a regular sequence of the center Z(A,, ), and we deduce
that H(A,,, dy) is concentrated in homological degree zero. ]
Tightened basis

We now describe yet another basis that will reveal to be important for categorification

purposes. It only involves floating dots that are tight. We say that a reduced expression
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04, 04, of w € S, is left-adjusted if i, + - -+ + i1 is minimal. Equivalently, it is
left-adjusted if and only if

min _o;,---0;, (k) < min o, ---0j, (),

te{0,...,r} te{0,...,r}
for all £ € {0,...,n} and all other reduced expression ¢;, ---0;, = w. In this
condition, we write
min, (k) := min oy, - -0y, (k).
te{0,.m}

Note that a left adjusted expression always exists and is unique up to distant permutation
(oi0; < ojo; for i — j| > 1), so that min, (k) is well-defined. In particular,
one can obtain a left-adjusted reduced expression for any permutation by taking its

representative in the coset decomposition
n
Sn = |_| Sn—lo'n—l *tt0a, (5.19)
a=1

applied recursively. If we think of a reduced expression in terms of string diagrams,
then it is left-adjusted if all strings are pulled as far as possible to the left.

Example 5.3.18. The permutation (1 3 2 4) € Sy admits as left-adjusted reduced
expression the word 0105010309 which comes from the summand So0305 in the first
step of the recursive decomposition (5.19). Note that 102030102 is also left-adjusted
while 0901020302 and 0201030203 are not. In terms of string diagrams, we consider
as example the following reduced expression of the permutation w = (1435 2) € S5 :

It is not left-adjusted since the 4th strand (read at the bottom) can be pulled to the lefft.

Hence we obtain the following left-adjusted minimal presentation:

Suppose o;_. - - - 05, is a left-adjusted reduced expression of w. Then we can choose
foreach k € {1,...,n} anindex t; € {1,...,r} such that

o, - -0;, (k) = min,, (k).
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Clearly this choice is not necessarily unique and we can have t;, = ¢y for k # k'
However, it defines a partial order < on the set {1,...,n} where k < k’ whenever
tr < tr. We extend this order arbitrarily and we write <; for it. There is a bijective
map s : {1,...,n} — {1,...,n} which sends & < k' to s(k) <; s(k’), so that
ts(k) < ts(ry- In terms of string diagrams, the map s tells us in which order the
strands attain their (chosen) leftmost position while reading from bottom to top. In
particular, s(k) gives the starting point of the strand that attains its leftmost position in
kth position.

Example 5.3.19. Consider again the following left-adjusted string diagram:

Both the 1st and 3th strand attain their leftmost position at the bottom of the diagram,
thus we can choose s(1) = 1 and s(2) = 3. Then both the 2nd and 4th strand attain
their leftmost position, thus we can take s(3) = 4 and s(4) = 2. Finally, the 5th strand

attains its leftmost position and we put s(5) = 5.
Forke {1,...,n+ 1}, we put

k.

we= O-its(k) o Jifs(k-,—m ’

where it is understood that ¢,y := 0 and ¢, 1) := r. It defines a partition of the

reduced expression of o, -+ - 0;, = w. Moreover, it is constructed so that

w” - w' (s(k)) = miny, (s(k)),

foralll1 <k < n.

Example 5.3.20. Consider again w = 0109010302 wWithi1 = 2,15 = 3,13 = 1,14 =
2,15 = 1. We can choose for example t1 = 0,15 = 0,t3 = 3 and t4 = 5.Then we can
put s(1) = 1 (or2), 5(2) = 2 (or 1), s(3) = 3 and s(4) = 4, with w* = 1,w? =1,

w3 = 010302 and 'lU4 = 0102.

Now we define the element 8, := 7,1 --- TqwTy - - - T4—1, Which gives

1 a—1 a a+1 n

in terms of diagram. We call it a tightened floating dot.
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Lemma 5.3.21. Tightened floating dots anticommute with each others
0uby = —O10a, (0a)* =0,
foralll < a,b<n.

Proof. We have 6,60, = 0 since wyw; = 0, and 6,0, = 0 by (5.3) for a > 0. Also
thanks to (5.3), we obtain

which ends the proof. ]

We write 00 := @ and 0, := 1.

Theorem 5.3.22. The collection of elements
En, k ‘y 1 ¢
{z71, e 17117w”+1ominw(s(n))%" T orﬁinu,(s(z))Twzazﬁinw(s(n)ﬂvl |

(5.20)
ki € N,4; € {0,—1},we S, }

for each choices involved, forms a basis for A,,.

Proof. A quick verification shows that there is degree-preserving bijection between
the set (6.11) and the set (5.17), since deg(wg4+1) = deg(7g - - - T1w1). Therefore,
since (5.17) is already a basis, we only need to show that (6.11) generates A,,.

By the proof of Proposition 5.3.16 together with Proposition 5.3.9, we can assume
A, is generated by diagrams where all the dots are concentrated at the top and all the
floating dots are tight. We claim that we can also assume there is at most one floating
dot at the immediate right of each strand. Indeed, suppose there are two tight floating
dots at the right of the same strand. Then we can apply a braid-isotopy using (5.3) to
bring it as most as possible to the left, until it is possibly blocked by other tight floating
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dots. We depict it by the following picture:

S~ | |

where the dashed strand in red represent the one we want to pull, and the boxes
represent elements in A,,. If there is no floating dot in-between, then it is zero by (5.9).
Otherwise, we apply (5.10) to jump the bottom floating dot over all the floating dots
in-between, until we have two floating dots in the same region at the top, and thus zero
again by (5.9). This proves the claim.

Finally, we observe that given a strand with a single tight floating dots, then we can
tighten it using (5.3), until we end up with a tightened floating dot. Since tightened
floating dots anticommute, this concludes the proof. |

In terms of diagrams, one can build all elements of (6.11) using the following
procedure:

* we take the string diagram corresponding with the minimal presentation of a
permutation w € .S,,, and we make it left-adjusted by pulling all strands to the
left (without making new intersection) ;

* for each strand, we choose whether we want to add a floating dot or not ; if yes,
then we choose a position on the strand where it attains its left-most position
(with respect to the other strands), and add a tightened floating dot there: that is,
we pull the strand to the far left (making new intersections) and add a floating
dot at its immediate right ;

» for each strand, we choose a non-negative number of dots to add at the top.

Example 5.3.23. Consider the following left-adjusted reduced presentation

Then we can add for example a floating dot on the 1st and 4th strands,

)‘
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where we had to pull the 4th strand to the left in order to put a tight floating dot, the
1st one being already to the left. Finally, we add some dots at the top.

5.4 Categorical action

By [66, Proposition 2.44] we know that the center Z(A,,) is isomorphic to §2,,. There-
fore, the results in [66, Corollary 2.32] tell us that A,, is Morita equivalent to €2,,. Thus,
A,, can also be used to construct a categorification of the Verma module M (\). We

describe this construction.

As in §5.2.1, there is an injection of algebras A,, — A,,.1, that consists in adding

a vertical strand to the right of a diagram D € A,,:

D = D € An+1.

1 2 - n 1 2 - n ntl

From this map, we obtain induction and restriction functors

IndZH : Ay, -mod — A, 1 -mod,

ReSZJrl : Apy1-mod — A, -mod,

which form an adjoint pair. Our goal is to prove they yield an exact sequence, similar
to the one of §4.3.1. We write ®,, for ® 4, and

A} 1= A ®g QIE] = =00 An.
We will prove the following theorem:
Theorem 5.4.1. There is a short exact sequence
0= ¢ %Ay ®n 1 Ap = Ansr = AL @ ¢ "N AS[1] - 0
of Ay-Ay-bimodules, with degree-preserving maps.
Thus we define

9n(_) = An-‘rl(An) ®n —,

n(_) = q2n)‘_1(An)An+l ®nt1 —

o8
3

I
<

4
>

L
=)
@
w0

s

+

s
o8

and we write Id,, := Idg4, .
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Corollary 5.4.2. There is a natural short exact sequence

0= F_ 16,1 > €. F, — @[572n]q Id,, — 0.

5.4.1 A short exact sequence

This section is dedicated to the proof of Theorem 5.4.1. Since we like pictures, we
introduce some other diagrammatic notations. Firstly, we draw A,, (viewed as A,-A,,-
bimodule) as a box labeled by n

and ®,, becomes stacking boxes on top of each other. Moreover, when A,, 1 is viewed
as a left A,,-module, as an right A,-module or as an A,-A,-bimodule, we draw

respectively

In order to prove Theorem 5.4.1, we need to first understand how A,, ;1 decomposes as
module over A,,.
Lemma 5.4.3. As a left A,,-module, A, 1 is free with decomposition given by
n+1
Apt1 = @ @ An(Tn T Tal’ﬁ @ AnTn - Taei)»
a=1620

where Gf; = Ta_1°" lex{ﬁ e Ta—1.

Using diagrams, we picture this decomposition as

Proof. Using the coset decomposition of S, (5.19), we obtain left-adjusted minimal
presentations of permutations, that allow to construct a basis through Theorem 5.3.22.
From it, we obtain a decomposition

n+1

~ 4 0
Apig = (—D @AnanTn T @ ATy 1 Th e Taba,

a=1/¢=0
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which diagrammatically looks like

+

n+1

n
~
a

1
D
1420

We then apply (5.4) to bring all dots to the desired position. It is a triangular change of

basis, concluding the proof. ]

By symmetry along the horizontal axis, we obtain a similar decomposition of A,, ;1
as right A,,-module. As expected (see Remark 4.3.2), the left and right decomposition
are not compatible, and therefore we do not have a decomposition as A,,-A,,-bimodule.
However, clearly the surjection A,, ;1 — ¢**A,, that projects on the summand A,, 2, 1
given by taking @ = n + 1 in Lemma 5.4.3, is a (left-invertible) map of bimodules. In
addition, we also have the following less trivial result:

Lemma 5.4.4. Let w5 : A1 — ¢**4"\2A,[1] (resp. %) be the projection map
on the summand A,0" | (resp. on 0%\ A,) in the left decomposition (resp. right

decomposition) of A, 1 as Ay,-module. We have

. (y) = (=))W (y)

forallye Ay,iq.

Proof. We can suppose y = 0%,y with y/ € A,. We want to prove that y =
(—1)deen(W)y/g | + yo for some yo ¢ A,0%, ;. For this, it is enough to show that
Y10n112y2 = (—1)3°8nEy1 20, 1ys + 20 Where y1,y2 € An, 20 ¢ An0%, and z is
any generator of A,, (i.e. crossing, dots or tight floating dot).

If z = 7; is a crossing, then we obtain the desired property directly by (5.3). If
z = x;, then we compute

@)’))Q)’ +£—£

7

i

i

pS RS
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where the double strands represent multiple parallel strands (the number depending
on n and a). Note that it is implicity supposed that there is the element y; at the top
of each of these diagram, and y5 at the bottom. Using Lemma 5.4.3, we can rewrite
the composition of the last two terms in the equation above with y, as elements in
@h—1 Bpz0 An—1TnTn-1-Te2h & Anﬁf; +1- Hence they form the term zy. Finally
if 2 = w, we compute using Lemma 5.1.5

(0] (0] o
V4 (5i9) (5;0) _ = — + Z
K Z el T O S
o o -1

Then for all r, s > 0 we compute using Lemma 5.1.5 again

o _SO
’f’oS_’f'O

Looking at these elements in the global picture yields

7‘0 'ro

which is an element not contained in A,,6% , | for the same reasons as before. Thus,
they all form together the element z, concluding the proof. |

We now have all the ingredients we need to prove Theorem 5.4.1.
Proof of Theorem 5.4.1. We first construct an injective map
u: Ay ®po1 Ap — Apqa,
of A,-A,-bimodules, by setting (as in [33, Proposition 3.3] for cyclotomic nilHecke),
w(r ®n_1Y) 1= TTyy.

In terms of diagrams, it consists in adding a crossing at the right
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Then we construct a surjective map

A”+1 _y @qﬂAn @q2Z74n>\2An[1]
20

by projecting onto the direct summands P, zt 1 An®AL0Y, ,, of the decomposition
of A, 1 as A,-right-module. By Lemma 5.4.4 we know it is a map of A,-A,-
bimodules. Finally, exactness follows directly from Lemma 5.4.3, since

n
~ 4 4
An ®n—1 An = An ®n—1 (@ @ An—lT’n—l o Tally (‘D An—lTn—l ot Taaa)a
a=1/¢=0

and thus

n
~ 4 4
U(An ®n—1 An) = @ 6‘) AnTnTn—l o Taly @ AnTnTn—l T Ta9a7

a=1/0=0
concluding the proof. |

In terms of diagram, we like to view the short exact sequence of Theorem 5.4.1 as

—~

[ X =l m+t |- D[ m

£=0

-

where we think of the second summand in the cokernel not as the bimodule generated
by these diagrams, but rather as the quotient of A,,, 1 corresponding to such diagrams.

Proposition 5.4.5. The functors F,, and €,, are exact and send (c.b.Lf. generated)
projective modules to (c.b.l.f. generated) projective modules.

Proof. This is an immediate consequence of Lemma 5.4.3. |

5.4.2 A long exact sequence

As in §4.3.2, we lift the short exact sequence to the dg-world of (A, dy). Clearly, the
injection v : A, ®,_1 A, — A, 1 lifts directly to a map of dg-bimodules. Then we
want to compute the projection of the element d (65 41)in AS.

Definition 5.4.6. The i-th double complete homogeneous symmetric polynomial in the

variables x1, ..., x, is

fbfbi($1,...7.’17n) = Z fbr(ml,...7$n)f1/5($1,...,EEn)-

r+s=1i
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Note that we have

hhi(zy,.. o) = Y (r+ Dalhhg(as, ... xn). (5.21)
r+s=1
We draw
toi(xy,. .., xn) =: b,

Lemma 5.4.7. In A, 1 we have

-3 %

a=1 r+s+t
={—2a+1

Proof. The proof goes by an induction on n. It is trivial for n = 0, so we suppose it is
true for n — 1. We compute using Lemma 5.1.5

Y/ — r S — r _ r+t v
o<t 2 g

=(—1 =0—1 =0—1 =s—
and the last double sum can be rewritten as

s nd bogeand ¢

r+s t+v r+s
={—1 =q-1 ={—-2

which coincides with (5.21). Putting everything in the global picture, we get

I
N
|

Il
{5
|
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using (5.3), so that we conclude by using the induction hypothesis. |

Therefore we consider the mapping cone
(A5, ®¢*" 1" AL[1], dw) = Cone(¢* 1" (A5, dn) = (A5, dw))
with the A,,-A,,-bimodule map yy defined by

yn () = (=1)" > Ahe(a, ... 2)E

r+s
=N+L—2n

Proposition 5.4.8. There is a short exact sequence
0— (q_QAn ®n—1An,dn) = (Apt1,dn) — (A% @ q2N_4nA7€z[1]> dn) — 0

of (An, dn)-(An, dn)-bimodules.
Proof. Tt follows from Theorem 5.4.1 and Lemma 5.4.7. |

As before, we want to study what are the consequences of this short exact sequence

in homology.

Lemma 5.4.9 ([33, Lemma 4.18]). Let A be a ring and consider the polynomial
algebra A[t]. Let p(t) be a monic polynomial in t with coefficients in the center Z(A).
Let M be an A[t]-module such that p(t)M = 0. If there is a short exact sequence

0->P > P —->M-—-0,

where Py and Py are both projective A[t]-modules, then M is a projective A-module.
Proposition 5.4.10. As (A,,,dn)-module (A, +1,dy) is strongly projective.
Proof. From the basis (5.18), we obtain a decomposition
n+1
Aps1 = @ (AfLTn Ty ®AS w1 T Ta),

a=1

as left A,,-modules. We write p(§) := dn(wn41) where we replace x,, 1 by £. Thus
we obtain

_ 3
(An+1, dN) = COHe(@ZI%qu 2nA§17—n * 1 Ta ol )’ @21_1114517_71 ot Ta)a

as (A4,, dx)-modules. Moreover, we have A,, = A,, ®vu, NH,, so that we can write

(An+17dN) = (ATHdN) ®NH,L (QadQ)7
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where

(Q,dg) := Cone((—BZilquN*Q" NHfL T " Ta o), (—BZLI NHfL T Ta),

and NHS := NH,, ®Q[¢]. Clearly multiplication by p(¢) is an injective map. More-
over, im(dg) = @"Z1¢*N 2" NHS 7, - - - 7, is a projective NH,,-module. Also, we
have p(§)H(Q,dg) = 0, so that by Lemma 5.4.9, H(Q, dg) is a projective NH,,-

module. [ |

Note that in the proof of Proposition 5.4.10 lies also the proof of Proposition 5.2.1.

Proposition 5.4.11. There are isomorphisms

Nl NHY if N —2n
(A @ N1 AL 1], dy) = { T=0 ~ T N /
@?ZaNflq2N—4n+21 NHiLV [1]7 if2n — N

of graded NHY ~ H(A,, dy)-modules.

n -

Proof. Recall we have

yn(€) = (=D D hh(r,.. ., w0)E0
If N—2n > 0, then yn (£¢) is a monic polynomial in € with leading monomial £V +¢—27
(up to sign). If N — 2n < 0, then yn () = 0 for £ < N 4 £ — 2n, and it is a again a
monic polynomial for £ > N + ¢ — 2n. In particular y (EVH727) = (=1)V. |

Therefore the whole story of §4.3.2 repeats, where we obtain short exact sequences
by truncating the long exact sequence. Once again, one can show there are splitting
maps, and recover Theorem 5.2.2. We put

cyA(‘]V) = @ cy]\l/4—2na cy]\‘lfq—Qn = g)blc(An’dN)a

n=0

and we define functors €% and F" as before. Note that V! , = 0 whenever n > N,
since in that case (A, dy) is acyclic.

5.5 The categorification theorems

The algebra (A,,,0) is a c.b.l.f. Z2?-graded dg-algebra. The NH,, idempotent e,,
(see (5.7)) yields an idempotent of A,, through the injection NH,, < A,,. Thus for the

same reasons, A,, admits a unique projective indecomposable module (up to shift and
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isomorphism) given by
P, = A,e,.

This module is concentrated only in positive degrees, and (A,,, 0) respects the criteria of

Remark 3.4.32. Moreover, by putting P, := ¢"("~1/2P, we obtain a decomposition
An = @y, P (5.22)
There is an essentially unique simple module
S 1= Pu/Sym* (A,),

where Sym™ (A,,) is the subalgebra of A,, given by Sym™ (NH,,) together with w?  ; €
A, for all 0 < a < n. Then we put S'n = q”("’l)/QSn, and

MAN) = P gy, M, = Dl(A,,0).
n=0
We have
K§ (M5,) = Z((q, ), (5.23)

which is generated by either [A,,], [P,] or [Sy].

The functors 6,, and F,, are both exact, preserve c.b.l. compact objects and are of
finite amplitude thanks to Lemma 5.4.3. Therefore, € := @,,>06,, and F := @, >0 F,
descend as endomorphisms of K5 (MA(N)) = @p=o K5 (M5 ).

We define the map ¢ : A,, — A,,°P by taking mirror image along the horizontal
axis of diagrams in A,,. Then we consider the bifunctor

(= =) () < A N) = Dk, 0), (M, M) = M @, 4, M',
and we clearly have
(Ind?* M, M') = (M, Res" ™" M").
We deduce that this bifunctor is a lift of the Shapovalov form, making S,, the dual
of ]5".
Theorem 5.5.1. The Grothendieck group K5 (M (N)) is a U, (sly)-weight module,
with the action of E, F given by [€],[F]. Moreover there is an isomorphism

K§ (M4 (V) @2 Q = M(N),

sending [(Ay,0)] to the induced basis element v,,—2y, [(P,,0)] to the canonical basis

element v’

1i—2ny and [(S,,,0)] to the dual canonical basis element Vo

ne
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Proof. Both K5 (t*()\)) and M ()) have the same dimension because of (5.23).
We have (A4,,0) = F"(Ap,0), and Lemma 5.4.3 tells us that [€][(A,,0)] can be
rewritten as a sum of [(A,_1,0)] with coefficients matching (1.6). This proves the
statement about the induced basis elements. For the canonical basis elements it follows
from (5.22). For dual canonical basis elements it comes from the fact that the bifunctor
(—, —) categorifies the Shapovalov form together with the fact that S, and P, are
dual. |

Introducing the differential d, we keep the decomposition
(An,dn) = B(pny,n(Po,dn),

and the duality between (Pn, dy) and (S’n, dy) (after introducing d in the pairing
(—, —)). Then we get for the same reasons as for Theorem 5.5.1:

Theorem 5.5.2. The Grothendieck group K5 (V4 (N)) is a U,(sly)-weight module,
with the action of E, F given by [8N],[F™]. There is an isomorphism

K§(T4(N)® Q= V(N),

sending [(An, dn)] to the induced basis element vy _op, [(pn, dn)] to the canonical
basis element v'y,_,, , and [(S,,, dy)] to the dual canonical basis element v ., .

As already mentioned, we know by [66] that (2,, is Morita equivalent to A,, and
Z(A,) = Q, (where Z(A,) is the supercenter with superdegree induced by the
homological one). Therefore there is an equivalence of categories

D0, 0) = D¢(A,,0).

Moreover, as {2,,-module, we have an isomorphism Pn =~ (Q,,. Furthermore, the isomor-
phism Z(A,) = Q, extends to (Z(A,),dn) = (2, dn), and there is also a Morita
equivalence between NH” and H(GY) with Z(NHY ) = H(GY). These imply dg-
Morita equivalence between (2,,, dx) and (A, dy), and between (H(G¥),0) and
(NHN ,0). Therefore we get equivalences of categories

D0, dn) —— DI(H(GN),0)
Pe(A,,dy) —=— DI(NHY,0).
Moreover, all these equivalences commute up to quasi-isomorphism with € and &,

and they commute with the action of NH;, on %* and on €*. It is obvious for the
equivalences induced by quasi-isomorphism. For the (dg-)Morita equivalences, it
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comes from Proposition 4.3.1 and [66, Proposition 2.31]. The commutation with the
action of NH;, comes from Lemma 5.3.10.



Chapter 6

Dg-enhanced KLR algebras

The nilHecke algebra, which is associated to sls, admits a generalization to other
types. These algebras were introduced by Khovanov-Lauda in [42] and independently
by Rouquier in [82], and thus are refered to as KLR algebras. They also appear in
the literature as quiver Hecke algebras. We will follow the diagrammatic description
of [42].

For the whole chapter, we fix a Cartan datum (I, X,Y, (—|—)) (see §1.2.1), and
we put
dij = —aiv(aj) e N.

For v € X T we write
V=Zl/i-o¢i, v; € N|

iel
and we also write |v| := Y, v;, and Supp(v) := {i|v; # 0}.

We also fix a choice of scalars in a commutative, unital ring k as introduced in [83].
Following the conventions in [14], it consists of:

e t;; ek foralli,jel,
« sifekfori#j,0<t<djand0 < v <dy,

e r;ek* foralliel,
respecting

* by =1,

* t;; = t;; whenever d;; = 0,
tv _ vt

i = Sji»

tv
ij

S

* st = 0 whenever t(a;|oy) + v(oyloy) # —2(a;ay).
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In addition, whenever ¢t < 0 or v < 0, we put sﬁj“ := 0. Thus we have squ =0
) o dy d;; .
for p > d;j or ¢ > dj;. We will also write Sij]o = t;; and s?jj := t;;. Hence if

(Oéi|04j) =0 we get 8?]0 = 899 = tij = tji.

Definition 6.0.1. The Khovanov-Lauda—Rouquier (KLR) algebra R(m) is the di-
agrammatic k-algebra on m strands, where the strands can be decorated by dots.
Moreover, we require each strand to be labeled by a simple root, written © € I, that
we write at the bottom. The multiplication must preserve the labeling (i.e. connecting
two strands with different labels gives zero). These diagrams are taken modulo the
following local relations:

( . .
0 ifi=j,
— ) 6.1)
siy ¢ 9 i,
t,v
foralli,jel,
[ J i J i j i J
>< B >< ! " | ’ X B X " " |
6.3)
foralli # j€el,
( 0 ifi # k,
_ = < B
DI EDINN R N t otherwise,
t,v ut+b=
i j k i ik t=1

(6.4)
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foralli,j k€ 1. In addition, R(m) is Z-graded by setting

deg, >< = —(ay]ey), deg, + = (a|ay).

) J 1

Remark 6.0.2. Note that for example in (6.1), the sum | 32) can be restricted to
t,v

the finite number of pairs t,v € N such that t(a;|a;) + v(ojla;) = —2(ou|oy).

Moreover, it contains at least two non-zero elements with invertible coefficients, given

byt=d;j,v=0andt=0,v = dj.

As proven in [42, 44] (see also [82]), these algebras categorify the half quantum
group U, (g) associated to (1, X, Y, (—|—)), as a (twisted) bialgebra. The multiplica-
tion and comultiplication are categorified using respectively induction and restriction

functors, obtained by putting diagrams side by side.

For each non-negative integral highest weight N := {n; € N|i € I}, there is a
N-cyclotomic quotient RY (m) of R(m) given by modding out the two-sided ideal
generated by all diagrams of the form

+m

i j k

As first conjectured in [42] and proved in [33] and independently in [94], these cyclo-
tomic quotients categorify the irreducible integrable U, (g)-module of highest weight
N, where the action of F; (resp. E;) is given by induction (resp. restriction) along the
map R(m) — R(m + 1) that adds a vertical strand with label 7 at the right.

6.1 b-KLR algebra

Our first goal for the chapter is to construct a dg-enhancement of the cyclotomic KLR
algebras R™ (m), in the same spirit as in Chapter 5.

Definition 6.1.1. The b-KLR algebra Ry(m) is the diagrammatic k-algebra on m
strands, where the strands are labeled by I and can carry dots. Moreover, regions
in-between strands can be decorated by floating dots, which are labeled by a subscript
in I and a superscript in N. We consider these diagrams up to regular isotopy that

preserves the relative height of the floating dots, and modulo all the KLR relations (6.1
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— 6.4), in addition to the following relations:

o .., -- o 6.5)
o. OC.L “ee j
J [

.
O?_l - +O?_1 ifi=janda >0,
o;‘ = 4 : jr (6.6)
: Y(=1)"sky Oj b +‘ ifi #j,
t,v
)

+ o .
@ = O? + )81 Z (-1 O;.L B X ¢ ifi # 7,
t,v u+2

i J i J i J

6.7)

Moreover, a floating dot in the left-most region is zero

o’ = 0.
(2
7 k 14
Given a diagram, we sometimes decorate a region with an element K := Y, k;i-c; €
X, where k; denotes the number of strands with label i at the left of the region. The

ASE

algebra Ry is -graded (a q-grading and a \i-grading for each k € I) with

deg, >< = —(alaj), deg, + = (o)),

{ i

deg,, >< =0, deg,, + =0,

.

~
.
~
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and

deg, < O? ) = (1+a— o] (K)+ ki) (ai|e),
K

a
deg,, ( . Oz > = 20,k

This ends the definition of Ry.

6.1.1 Tightened basis

Before going any further, let us introduce some useful notation borrowed from [42].
First let Ry (1) be the subalgebra of Ry, (m) given by diagrams where there is exactly v;
strands labeled 4, and this for each i € I. We also denote Seq(v) the set of all ordered
sequences ¢ = 1% - - - i,, With ¢, € I and ¢ appearing v; times in the sequence. The
symmetric group S,, acts on Seq(v) with a simple transposition oy, € S;,, acting on
1 = 4142 - iy, € Seq(v) by permuting 75 and 5 1. Sometimes we abuse notation by
ki-o; € XT.

For¢ = iyig - - im € Seq(v), let 1; € Ry (v) be the idempotent given by m vertical

writing o g for o where K = > .,

strands with labels i1, i, ..., i,,, that is

11':: |

v 2 im

By definition of the multiplication in Rp(m), we have 1;1; = §;; for all ¢, j € Seq(v).
Hence there is a decomposition

Re(v)= @ 1;Re(v)1s,

i.jeSeq(v)

as k-modules.

An action of R, on a polynomial space

We construct a polynomial representation of R, with a similar flavor as in [42, §2.3].
We fix v € X with |v| = m. For each i € I we define

Qi =Kk[z14, .., 20, | @A Wiy oo, Wy i

We write Q1 := (X),.; @i, Where ® means the supertensor product in the sense that
weiwe j = —wp jwye; forall ¢, j € I and x; o commutes with everything. Thus, Q7 is
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a supercommutative superring. Then we construct the ring

QV = @ Q[1i7

i€Seq(r)

where the elements 1; are central idempotents.

We first construct an action of the symmetric group S™ on @), by letting the simple
transposition

ok Qrli = Qrlg,q,
act by sending
Tpiiilegs, 1fip =ip1 =dandp = #{s < ki, = i},
Tpili > { wpot1ilspi, ifig =igr1 =iandp =1+ #{s < klis = i},
ZTpilsis otherwise,

forieI,pe{l,...,v;} and ¢ = ij ... 1%, and sends

(Wpyi + (Tpi — Tpr1,i)wWpriyi) Lsya,  if i = igq1 =7 and
wpil; — p = #{s < klis =i},

Wp,ilsyss otherwise,

which we extend to @, by setting o (fg) := ox(f)ok(g) forall f,ge Q,.

Proposition 6.1.2. The procedure described above yields a well-defined action of S™
on Q,.

Proof. The proof follows from the same reasons as Proposition 5.3.12. |

Then, we define inductively the element wz‘,@" ;€ Q@ fora e Nas

0 ._ +1._
Wp,j *= Wr.j> Wy = Wpo T Tp iy -
For K =%,/ ki-i€ X7 such that k; < v;, we define w$(K) € Qr inductively as
0, if k; =0,
a . L . .

w?(K) = Wi i if k; = 0foralli # j,
;(—1)‘53%@%#?”([{ —1), otherwise,
U

where K — i is a shorthand for K — 1 - «;.

Lemma 6.1.3. The element w}(K) is well-defined.
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Proof. Takei # i’ # j € I suchthat k; > 0 and k;; > 0. We can suppose by induction
that WY (K — i — i’) is well-defined for all b > 0. Then we have

¢

Z(—l)tSEJ”fEZi,i 2 (=) s, it (K — i =)

t’ v’
— Z t t,lekll,L/Z( 1)t8tv1'k 1wa+U(K—i1_i),
t,v
for all ¢ # ' # j € I. This concludes the proof. ]

It will be useful to give w?(K) a non-inductive expression. We write K\ :=

J
D ; ki - aii. For a given non-negative integer n; € N we define

5211@1@2 = Z <Hs”’t’x?z> P, (6.8)

|Vil=n; \£=1

with the sum being over all partitions V; : vy +- - -+, = v; such that (a;|ay ) |ve (o] r5)

—2(avi|oy)—ve(ajlay)
(aifoy

g-degree —2k;(ov;|a;) — vi(aj|a;) whenever it is non zero. Clearly we can suppose

. This is a symmetric polynomial of

for each ¢, and with ¢, :=

ve < dj;, and therefore we can also suppose that n; < dj;k;. For n € N we define

el AT Z <H5n iz, p ) € Py, (6.9)

[V|=n \t#j

with the sum being over all partitions V' : }}, . n; = n. Notice that el(xy) is a

polynomial of g-degree (—ay (KV) — n)(ajla;).
Lemma 6.1.4. We have

wi(K) = JZ ( 1)”w,‘j+”53 (zg) € Pr. (6.10)

Proof. A straightforward computation shows that the RHS of (6.10) respects the
recursive definition of w$ (K), which proves the equality. [ |

We now have all the tools we need to define an action of R, () on P,. First we
choose an arbitrary orientation ¢ «— j or ¢ — j for each pair of distinct ¢, j € I. Then
we leta € Rp(v)l ;j act as zero on Prl; whenever j # ¢. Otherwise, we declare that

“f

¢ the dot
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acts as multiplication by xy, 11,15 ;

* the floating dot

o
J
K

acts as multiplication by w$ (K)1; ;

o

i J

* the crossing

acts as

1; - 1; e
fli,_,rifs—K(f)7 ifi =j,
Tkii — Lhi+1,5

f]- = <Zsz]xk 1xk +1j> SK(fll)a 1f2_)jv

fli—= sk (f1s), ifi « j.

Proposition 6.1.5. The rules above define an action of Ry (V) on Q..

Proof. We have to check the validity of the KLR relations (6.1 — 6.4) and of the
relations involving floating dots (6.5 — 6.7), as well as the relations coming from regular
isotopies.

We start by proving the KLR relations. Clearly (6.1), (6.2) and (6.3) are satisfied.
The case ¢ # k of (6.4) is also straightforward. For ¢ < j and k = 7 we compute the
action of the LHS of (6.4) on f € @, as

f = Z Stqz)ytl'l 0'16201 - 0261 Z S 2yt$502
t t tv,,t
Zstvyfwv — 010201 (f) _ ( tv jlz)y 3312)),]0 ( tv Sjli]y 1‘11))0'20'10'2(f)
7 ! — T2 1 — X2

txlf t :
—Z#y Z%yZﬂ@
r+s=
v—1
where 1, T2 correspond with the g, ;, Tk, +1,; and y with zy, ;. What remains coin-
cides with the RHS of (6.4). A similar computation applies for the case i — j.
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For the relations involving the floating dots, we remark that (6.5) follows from the
supercommutativity of ),,, and wf(K ) respects (6.6) by construction. For relation
(6.7), we apply the action of the LHS on some f € (), and we obtain

fe Z styta)wd (K + ) f,
and on the RHS we obtain

fro (WHE +i+5)+ ) sl > (1) wiT(K)a'y") f

tv u+%%
v—
= (1) st U ) + Y s D (<1 e (K)ay) .
t,v t,v u+l=

v—1

Then we compute

WU ) = () (F1)P Tl () + (-1 (K + ),
u+l=
v—1
which implies that the action of the RHS of (6.7) coincides with the one of the LHS.
The only non trivial relation coming from regular isotopies we need to verify
is given by the commutation of a floating dot and a crossing at its left. This is a
consequence of the fact that (6.8) is a symmetric polynomial, and divided difference
operators commute with symmetric functions. |

A generating set

As before, we say that a floating dot is tight if it is placed directly at the right of the
left-most strand, and has superscript 0. We can also suppose it has the same subscript
as the label of the strand at its left (otherwise it would slide to the left and be zero).

Lemma 6.1.6. The algebra Ry(v) is generated by KLR elements (i.e. dots and cross-
ings) and tight floating dots.

Proof. This follows by observing that (5.15) holds in Ry () when the label of both
strands match with the subscript of the floating dot. This fact, together with (6.7)
and (6.6) allows to bring all floating dots to the left. Then applying (6.6) recursively
allows to transform all floating dots with superscript bigger than zero into dots and
tight floating dots. ]

As before, we write w for a tight floating dot, 7, for a crossing between the ath and
(a + 1)th strands (counting from left), and z, for a dot on the ath strand, where we

suppose the label of the strands given by the context, in the form of an idempotent 1;.
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We also define the tightened floating dot in Ry(m) as 6, := 741+  T1WT1*** Ta—1,
or diagrammatically

Also recall that we write 60 := 6, and 6,1 := 1.

Fix i, j € Seq(v). Since they are both sequences of the same elements, there is a
subset ;.53 < Sy, of permutations w € Sy, such that i, = j, ) forall k € {1,...,m}.
Given such a permutation w € ;S;, we can choose a left-adjusted reduced expression

m+1 2,1

(see 5.3.4). It comes again with a partition w --w?w" = w and a bijection

s:{1,...,m} — {1,...,m}, such that
wh - wl(s(k)) = min,, (s(k)),

for all 1 < k < m. Then, consider the collection of elements

o gt A

km K
iBi={x "'mllfw'”“emmw(s(m))Tw"’ ) minw(s(2))Tw26minw(s(l))rwl|

ki e N,¢; € {0,—1},w € ;S;}
6.11)

in 1;Ry(m)1;.
Proposition 6.1.7. Elements in ;B; generate 1; Ry (m)1; as a k-vector space.

Proof. The proof is similar to the one of Theorem 5.3.22, relying on an induction
on the number of crossings. By Lemma 6.1.6, we can already suppose all floating
dots to be tight. Moreover, all braid isotopies hold up to adding terms with a lower
amount of crossings thanks to (6.1) and (6.4), and the same applies for sliding dots
using (6.3) and (6.2). Therefore we can apply all the arguments about the generating
part of Theorem 5.3.22, with the equations of Lemma 5.3.21 also holding up to adding

terms with less crossings. |

The basis theorem

Proposition 6.1.8. The action in Proposition 6.1.5 is faithful.

Proof. The proof is inspired by [83, Proposition 3.8] (see also [42, Theorem 2.5]
for a different approach). We claim that elements in ; B; act as linearly independent
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endomorphisms on P,. The action yields morphisms
Pr1; — Prlj,

that we will consider as endomorphisms of P;.

First we extend the scalars to k(x1 4,...,,, ;) in P; for all i € I. We claim that
different choices of w € ;S; and ¢; € {—1,0} give linearly independent operators.
Notice that since ¢, j is fixed, w is only given by choices of permutations between
strands of the same label. Since crossings between strands with different labels act as
multiplication by a polynomial, we can ignore them as being multiplication by a scalar.
By Theorem 5.3.22, we know that different choices of permutations and tightened
floating dots for strands with label 7 act as linearly independent operators on F;, hence
proving our claim. Finally taking into account the multiplication by the polynomial
given by the choice k; € N in the first place concludes the proof. ]

Theorem 6.1.9. The k-module 1;Ry(m)1; is free with basis ; B;.

Proof. 1t follows from Proposition 6.1.7 and Proposition 6.1.8. ]

6.2 Dg-enhancement

We fix a subset I; < I and consider the associated parabolic subalgebra U,(p)
U,(g) (see §1.2.2). For each j € Iy, we also choose a weight n; € N, and write

N := {nj}jejf.

Definition 6.2.1. The p-KLR algebra R,(m) is given by forgetting the \;-degree for
each j € Iy in Ry(m) and taking the quotient by the relation

O.

=0,
J

i@ im_1
forall j € Iy. The N-cyclotomic quotient Rf,v(m) of Ry(m) is given by killing all

3

j il im—l

diagrams of the form

= 0,

forall j € I;.

In particular, Rg(m) is the usual KLR algebra R(m) (see Definition 6.0.1) where

there is no lambda grading and no floating dots. Its N-cyclotomic quotient Rév (m)is
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also the usual cyclotomic quotient of the KLR algebra. Taking Iy = & givesp = b
and we recover Definition 6.1.1.

We equip Ry with a homological Z-grading, denoted h, by setting

Oa
degh = 07 degh = Oa degh ( = 1’
K

i j i

for all 7, j € I. Then we equip Ry (m) with a differential dy by setting

dN >< = dN + = O,

i J i
and
0, ifj ¢ Iy,
dn o =4 (=)™ +”ﬂ' | , ifjels.
J oo im—1 j i1 im—1

Thanks to Lemma 6.1.6 and extending by the Leibzniz rule, this is enough. From this,
we derive for j € I, that

& —ay (KV) ‘
dN( K J ) = (‘Dnjfkﬁlm Z Fons+a—ky+147(Th; 5 )EN (T ),
r=0

where z ; is a dot on the /th strand with label i, and €/ (z ) is defined in (6.9). We
refer to the dg-algebra (Ry(m), dy) as dg-enhanced KLR algebra.

Proposition 6.2.2. Ifn; —v; —a; (vV) < 0, then (Ry(v), dy) is acyclic.

Proof. Taking a := —(n; —v; —af (vV) 4 1) and considering the floating dot placed
on the far right with subscript j and superscript a yields

a v (i
dN( % ) = (1) ).
14

Thus H(Rp(v),dn) = 0. |

Our goal for the rest of the section will be to prove the following:
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Theorem 6.2.3. The dg-algebra (Ry(m),dy) is formal with homology

H(Ry(m),dy) = R (m).

6.2.1 Proof of Theorem 6.2.3

Denote 1, ;) 1= Y erm 1ji, or diagrammatically

- 3

(J1seesdm )€™

Lim,i)

It is an idempotent of R (m + 1). We also define 1(,, ;) 1= > cqeq() Lyi forv e X

The algebra Ry (m) acts on 1(,, ;) Ry (m + 1) by first adding a vertical strand labeled
at the right of D € Ry(m) and then multiplying on the left in Ry (m + 1).

Lemma 6.2.4. As a left Ry (m)-module, 1, ; Ry (m+1)1; is free with decomposition

m+1
@ (—D(Rb (m)l(m,i)Tm T Tal'f;lj @® Rb(m)l(m,i)Tm Tt Taeﬁlj)v

a=1 ¢=0

where 02 = Ta_1cc lexfﬁ e Ta—1.

Using the same diagrammatic notations as in §5.4.1, we draw this as

where the label of the strands on the bottom is fixed by j.

Proof. The proof is similar to the one of Lemma 5.4.3, using Theorem 6.1.9. |

From now on, we will draw boxes with label ‘m,dy’ to denote the dg-algebra
(Rp(m), dy). Similarly, a box with label H(m) denotes its homology H (R (m), dy).
Then, the decomposition in Lemma 6.2.4 directly lifts to a direct sum decomposition
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of dg-modules whenever ¢ ¢ I¢. Otherwise, for i € Iy, it lifts to a mapping cone

where the map dy is induced by the differential of (R (m + 1), dy).

We will prove Theorem 6.2.3 using an induction on the number of strands m.
Therefore, we can assume (Rjp(m), dy) to be formal. We obtain an exact sequence

thanks to Proposition 2.2.13.

Proposition 6.2.5. The exact sequence (6.12) is a short exact sequence, with dy being

injective.

Then Theorem 6.2.3 is a direct consequence of Proposition 6.2.5. Therefore, we
now focus on proving this proposition. This is in fact similar to [33, Eq. (4.13)], with
morally only a change of basis, and thus we will follow the same ideas. We introduce
the equivalent of g, from the reference and draw it as an under crossing:

>< ifi # J,
Jo_ )t
(\'_<ri+} +_>2<_><2+2>< ifi=j.

-7
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In order to shorten our diagrams, we also introduce the convenient notation

1 ) 1 ) 1 )
It respects the relation
We also have that
% :r++ _ % (6.14)
4

Lemma 6.2.6. ([33, Lemma 4.12]) The under crossing respects the following relations:

SRR

foralli,j, kel

Still as in [33], in order to construct a nearly inverse for d, we define the map
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Lemma 6.2.7. The map P defined above is a map of H(Rg(m), dn)-module.

Proof. Crossings and dots slide over the upper part of the (m + 1)th strand in §m+1 at
the cost of adding diagrams with floating dots that are killed in H (Ry(m), dx ), and
then slide over the lower part thanks to Lemma 6.2.6. Tight floating dots with subscript
J ¢ I also slide over §m+1 thanks to (6.7). |

Lemma 6.2.8. The composition Pody is given on H(Ry(m), dn)®p,1 (v,i) e (m+1)
by multiplication by

2v;—a (V)

e > amitel(x,), (6.15)

p=0

where €,(z,) is as in (6.9).

Proof. The proof is similar to [33, Theorem 4.15]. We have

Pody
—_

We prove by induction on the number of strands m that

J }/ 2vi—ay (v)

=" ) mife (),

n; p=0

where = means equality up to adding elements killed in the quotient H (R (m), dn) =
Rév (m). If m = 0, then it is trivial. Thus we suppose by induction that it holds for
m — 1. We fix the label of the strands on the diagram above as ¢ with 3 = j1 -+ j, €
Seq(v), and we consider the different possible cases.

If 5, # 1, then the result follows by applying (6.1) with Lemma 6.2.6, and using
the induction hypothesis.

If j,, = 7, we first observe that

/ - -
Q —r; >< (6.16)
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Then we need to consider j,,,—1. If m = 1, we have by Lemma 5.1.5 that

/
=T n, >< —Ti n,; ><
nl . . . .

. . ) 7 1 )
(2 7
g ni+1 ) )
=n>< —n->< R L i
Moreover, we observe that
Psan =0
1 7

which finishes the case m = 1. For j,,_1 = ¢, we have

ng

~
~
~
~
.
~
~
~
~

using (6.16), (6.14) and Lemma 6.2.6. Using (6.13) followed by Lemma 6.2.6 and

(6.16) we obtain
=7 -]-J .
n;

The upper part of the diagram slides to the top by (6.4) and becomes elements of

H(Rb(m), dN),
= €
(0]

This means we can apply the induction hypothesis to get
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Similarly, we have

n; n;

Putting these two results together and using (6.3), we obtain
1) } / ) /

n; n;

which concludes this case.

For the final case j,,,—1 = j # ¢, we compute

{/

it i ]t i ]t Tt

using (6.4). Then we have for the first term, putting it in the global picture and using
the induction hypothesis (which again we can do because the upper crossing slide to
the top inside H (R (m), dn)) together with (6.1) we obtain

t—1
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Putting these results together with the case j,, # ¢ yields

1)) 1))

which concludes the proof. ]

Proof of Proposition 6.2.5. The polynomial (6.15) is monic (up to invertible scalar)

with leading terms 1,;:12 vized (v) . Therefore, multiplication by (6.15) yields an injec-
tive map. Thus Lemma 6.2.8 tells us that P o dy is injective, and so is d . |

6.3 Categorical action

We write ®, := ®r, (m) and

Ry (v) = Ry(v) ®K[&] = P ¢?Ro(v)
€20
with deg, (&) = (ila).
We now generalize §5.4 to b-KLR algebras. For each ¢ € I there is a (non-unital)
injection Ry(m) < Ry (m + 1)1, 5, given by adding a vertical strand with label 4 to
the right of a diagram D € Rg(m):

From it we obtain induction and restriction functors

Ind"** : Ry(m)-mod — Ry(m + 1) -mod,
Ind " (=) = Re(m + 1)1 (i) ®m —,
Res " : Ry(m + 1)-mod — Ry(m)-mod,
Res” (=) = Lim,iyRo(m + 1) @my1 —.

which are adjoint.
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Theorem 6.3.1. There is a short exact sequence

0= q; *Re ()1 (m—1,i) ®m—1 Lim—1,0Re(v) = Ly Re(m + 1)1,
— RS ()@ N2, MRS W)[1] - 0

2

of Rs(m)-Ry(m)-bimodules for all i € I. Moreover, there is an isomorphism
g~ @) Ry ()L in—1.4) ®m—1 Limy .5y Ro(¥) = 11y Ro(m + 1)1,

foralli # j¢€l.

Proof. The proof is similar to the one of Theorem 5.4.1. The monomorphism
Ugj q_(ailaj)Rb(V)l(m—l,i) Om-—1 1(m1,j)Rb(V) - 1(u,j)Rh (m + 1)1(u,71) (6.17)

is given by sending = ®,,_1 y to 7,y (i.e. adding a crossing). The epimorphism is
given by projection on the summands Ry (1)1, 55,1 and on Ry (m)1(m )05, 1
in the decomposition of Lemma 6.2.4 (when ¢ = j and projection on 0 otherwise). For
the same reasons as in Lemma 5.4.4, this defines a bimodule map, the only difference
being that the Reidemeister III type-moves (i.e. (6.4)) used in the proof of Lemma 5.4.4
can add terms in the case of Ry(m). However, these terms are killed in the quotient
Ly Re(m + 1)1 5 /Re (V)1 m—1,i) ®m—1 Lim, j)Re(v). Finally, the exactness
follows from Lemma 6.2.4. |

We picture these facts as a short exact sequence of diagrams
rJ J

il ] @[ m ¢ ofo]

£=0

i} 1

where the cokernel vanishes whenever 7 # j. Moreover, we call 7 the projection

T m+1 | H»@l m 14
£=0

-1 1
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We write Id,, := Rp (V) ®,, (—) and we define

F; = @ Indmﬂ, G = @ 6—) A;lqgiv(l/) ResZZHId,,_H-.

mz0 mz0 |v|=m

These are exact functors and preserves c.b.Lf. generated projective modules, thanks to

Lemma 6.2.4. Then we obtain:
Corollary 6.3.2. There is a natural short exact sequence

0—- %%, 1d, - 6;,%1d, — Dsi—ay ()], Id, — 0,
for all i € I and there is a natural isomorphism

Fi€; = 6,;F,

foralli # j€el.
Corollary 6.3.3. There is a quasi-isomorphism

Cone(F8;1d, — €,%; 1d,) = ®5,—ay ()], 1du -

Proposition 6.3.4. For each i, j € I there is a natural isomorphism

[(dij+1)/2] ldii i1 ld:;/2] ldij +1

Frog gt o
2a v B 2a + 1

qi

2a+1g; g dij—2a
E/;’L' gJ gz ’

a=0 a

a=0

and in particular for (o;|ce;) = 0 we have F;%;1, = F;%;1,. By adjunction, the

same isomorphism exists for the €;,€;.

Proof. Similarly as in the case of the usual KLR algebras, it follows from (6.3) and (6.4)
(we can directly apply the proof of [44, Proposition 6]). ]

6.3.1 Long exact sequence

We want to lift Theorem 6.3.1 to the dg-world of (Ry(m), dy), and study the long
exact sequence that it induces. Therefore we define

i
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as the Ry (m)-Rp(m)-bimodule map given by

£20

1 1

whenever i € I¢, and yn = 0 for i ¢ 7. Then we define

(RS (n)@r2¢; > YRS (1)[1], dw)

7

i= Cone (\g; "™ “RE ()[1], dw) 2 (R§ (v), dw))
and

(Rb(y)l(nL—l,i) ®Om-1 l(m—l,i)Rb(V)a dN)
= (Rb(y)l(m—l,i)7 dN) ®(Rb(m—1),dN) (1(m—1,i)Rb(V)a dN)

Proposition 6.3.5. There is a short exact sequence of dg-bimodules

0= q; 2(Re()L(m—1,0) ®m=1 Lim-1.0Re(v),dn) = (L Re(m + 1)1, 4, dn)
— (RS (v) ® X2q; > YRS ()[1],dn) — 0

for all i € I. Moreover, there is an isomorphism
q_(ai‘aj)(Rb (V)l(m—l,i) Om—1 ]-(ml,j)Rb(l/)» dN) = (1(u7j)Rb (m + ]-)]-(1/,1')7 dN)

foralli # j€l.

Proof. 1t is a straightforward consequence of Theorem 6.3.1. ]

In order to understand the consequences of this short exact sequence in homology,

we need to compute the homology
; —2a) (v .
H(RS (v) @ Mg, > RS (W)[1], dn),

forall: € Iy.
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Therefore, we want to compute the projection of the element

7

for all p > n;. Note that we project on the homology of (Rs(m), dy). This will ease
some of the computations we need to do. We write 7 when we take the composition of
7 with the projection on the homology of (R, (m), dy ). More precisely, 7 is given by

7

Similarly, we write 4.

Lemma 6.3.6. Ifp > 2v;, then

Proof. The proof is an induction on m. If m = 0, then it is trivial. Suppose the
statement holds for m — 1. We fix the labels of the strands as the bottom as j =
J1 -+ Jm € Seq(v). If j1 = i, then we apply the same computation as in Lemma 5.4.7
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to get

1 1 1 1 1 Jk 1

Z (r+2)=w

r+s
=p—3

1

which concludes the case by observing that s — o (v — i) = p — «)’ (v), and taking

¢ =7r2{'. If p < 2u;, it is immediate by induction hypothesis.
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For the case j; = j # i, we use (6.1) and then the induction hypothesis to get

1

where we recall that s;-i;j = t;;. We conclude by applying the induction hypothesis,
observing that d;; +p — o (v — j) = p — o (v). [

Consider also the following result, which is similar to [33, Lemma 5.4].

Lemma 6.3.7. We have for k < k' andt = k' — k,

where

Proof. First we observe that

nri—k, — n;+k

1

using (6.3) and (6.2), and the fact that n; dots on the left strand is annihilated in
H(Ry(m),dn).
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Then using Lemma 6.2.4 we obtain

n; +k

r+s
=t—1

thanks to Lemma 5.1.5.

Proposition 6.3.8. Putting p; := n; — o (v), we have

which is 0 whenever k + p; < 0, and where ( € k*.

Il
TN
-
J’_
S
_l’_
NS
ZEI
13

(6.18)

(6.19)

Proof. If n; > 2v;, then the result follows from Lemma 6.3.6. Otherwise, we take

k" = 2v; — n; and the result follows from Lemma 6.3.6 for k > k’. Suppose k < k'

and put t = k' — k. Then by Lemma 6.3.7 we obtain

Therefore, we must have

max(k'+p;,t)—1

K+p;: + (—D

1
o~
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From this, we deduce

which concludes the proof. ]

We now have all the tools we need to compute the homology of the cokernel of the
short exact sequence of Proposition 6.3.5.

Proposition 6.3.9. There is an isomorphism of R)) (v)-R) (v)-bimodules

H(RY (v) @ A2, > RS (v)[1], dw)

i—1 .
_ @ G RY ), if pi =
- <

—2a; (v —pi— .
X @ B RY (N if s
where p; = n; — o (V).

Proof. First suppose p; > 0. Then Proposition 6.3.8 tells us that 7 (£F) is a monic
k+pi
case. If p; < 0, then we have yn (£F) = 0 for k < —p;. Moreover, ( *yn (&, 7)) =1,
KEPfor k> —ps.

This concludes the proof. u

polynomial (up to invertible scalar) with leading terms & . This gives us the first

and in general 7 (£F) is a monic polynomial with leading term &

Our next goal is to show the following:

Proposition 6.3.10. The (Ry(m),dy)-module (1, ;yRe(m + 1),dn) is strongly

projective.

It is obvious for i ¢ Iy by Lemma 6.2.4, and thus we can assume % € I¢. The idea
of the proof is similar to the one of Proposition 5.4.10. Thus, we first construct the
mapping cone

(QadQ) =
m+1 d m+1
Cone( @ 6—) Rg(m)1(yi)Tm -+ Taﬁﬁ - €|—> @ Rg(m)1 (5 Tm - 'raxfl),
a=1 £=0 a=1 £=0

where we think of 7, - - - 7,0% as a formal symbol that represents a degree shift corre-
sponding with the degree of the element 1(,, ;)T - - 7.0% in Ry(m + 1). The map do



166 Dg-enhanced KLR algebras

is given by first embedding Ry(m) into Ry (m + 1) through the diagrams

then applying dn of (Re(m + 1),dy), then decomposing the image in the left-
decomposition (—B (—B =0 Bo (M) L iy T -+ - T.2%, and finally projecting unto the
part in homogical degree zero of Ry(m), which is trivially isomorphic to Rg(m).
Moreover, (Ry(m),dy) is a (right) module over (R4, 0) which act by gluing KLR
diagrams on the bottom. Then we have as (R (m), dy)-modules

(Re(m +1),dn) = (Re(m),dn) ®(r,(m),0) (Q,dq)-

Therefore, we want to show that (Q, dg) is strongly projective as (Rq(m), 0)-module.
We write

+
@ 6—) Ry(m)1 (5 Tm -+ Taﬂﬁ,
£20

4
@ 1(1/2 m """ Taly,
£20

3@
,_.H

Q
I I

where we identify &; with 7, in Qo, and & with ¢ in 6. Note that dg is not k[¢;]-

linear.

Lemma 6.3.11. The map
dq : Q1[&i] — Qol&:]

defined above is injective.

Proof. Recall the map P of Lemma 6.2.7 given by multiplication with §m+1. Since

floating dots are also annihilated in Ry(m), it defines a map

P’ Qol&i] = Q&) (6.20)

We reconsider the proof of Lemma 6.2.8 to show that P’ o d, is injective. First, we
put an order on the summands of Q1 [&;] = (—DmH @0 Ra(m)1y i) Tm - - 7.0% by
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saying that

Ry(m)1 (5 Tm -+ Taﬂﬁ < Rg(m)1(yi)Tim -+ Taﬂﬁ',

Rg (m)l(v,i)Tm ce Taeﬁ < Rg (m)l(u,i)Tm . Ta19£I,I7

forall a > o', £ < ¢, and for all £”. In other words, if there are more crossings under
the floating dot, then the term is smaller. If there is the same amount of crossings, then
we consider the amount of dots at the left of the floating dot, and lesser dots meaning a

smaller term.

We claim that if Z € Rg(m)1(,,)Tim - - - Ta05 then

2uv;—a (V)
Plodg(Z) =ri" ), Zapi{e,(z,)+H,
p=0

where H < Z :cf,jffww_a"'v ) This implies that P’ o dg is in echelon form (with

pivot being invertible scalars), and thus is injective. By consequence, so is dg.

In order to prove our claim, we need to tweak the proof of Lemma 6.2.8. We
need to keep track of the terms that are annihilated when working over the cyclotomic
quotient, and show these appear as lower terms in the order defined above. The case
Jm 7 ¢ remains the same. The case j,,, = ¢ and m = 1 becomes

P p +1
o)
:TZ'Q (o} —7"2-2 +7r; -7
p
P o

where p = n; + £. The first term is the leading term. The second term possesses less
dots on the left of the floating dot, and thus is smaller. If @ = 0, then the last two terms
possesses one more crossing at the bottom of the floating dot, thus are smaller. If a = 1,
then they are annihilated by (6.1). Finally the two remaining cases j,,—1 # ¢ and j;,—1
follows from the same arguments as in the proof of Lemma 6.2.8, with the lower terms
in the induction hypothesis only adding lower terms because:
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by (6.4), and,

by (6.4) and (6.1). This concludes the proof of the claim, and therefore of the proposi-
tion. ]

Proof of Proposition 6.3.10. The proof is a revisit of the proof of Lemma 5.4.9 (which
can be found in [33, Lemma 4.18]) that applies for our particular case.

Recall the map P’ from (6.20). We know that P’ o dg is given by multiplying by a
monic polynomial with leading term xf?;jff vimed () plus some remaining map giving
lower terms. In particular, it is injective and we have a short exact sequence

0 - Qu[6] 229, Qu[¢,] — Coker(P' o dg) — 0.
Moreover, since P’ ody is in echelon form, it means that Coker (P’ odg) is a projective
Rg4(m)-module. Thus the sequence splits as Rq(m)-modules with splitting map o :
Q1[&] — Q1[&:], and we get o o P’ o dg = Idg, [¢,]- Then, the short exact sequence

0 — Qul&] % Qol&] —— H(Q,dg), —— 0,

ooP’

obtained thanks to Lemma 6.3.11 splits with splitting map given by o o P’. Since
Qol&;] is a projective R,(m)-module, so is H(Q, dg). Finally, dg(Q1[&;]) is also

projective since dg is injective and Q1 [&;] is projective. ]

6.3.2 Functors

We define for all 7 € I the functors

gzN(_) = @ R)]JV(m + 1)1(m,z) ®Ré\r(m) (_)7

mz=0

()= @D D NG 1R (m+ 1) ®py i) (),

m=0 |v|=m

where we interpret A; = ¢"* whenever i € Iy. Thanks to Proposition 6.3.10, these are
exact and their derived counterpart preserve c.b.l. compact objects. Moreover, both
FN 1d, and € 1d, are of finite amplitude.
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Theorem 6.3.12. For i ¢ Iy there is a natural short exact sequence
0—F € 1d, - €VF" 1d, - ®,—ar (1,, Idv — 0, (6.21)

and for i € Iy there is a natural isomorphism

ENF1d, = FVEN 1d, @y —ar (v, 1dv,  ifni —ay (v) =0,
A (6.22)
FYeN1d, = €NFN 1d, @y (1)-n,,, 1dv,  ifni — ) (v) 0.
Moreover, there is a natural isomorphism
FVe) =eNF, (6.23)

fori#jel

Proof. The short exact sequence (6.21) and the isomorphism (6.23) are immediate
consequences of Proposition 6.3.5 and Proposition 6.3.10. For the isomorphisms (6.22),
Proposition 6.3.5 and Proposition 6.3.10 gives us a long exact sequence of Rév (v)-

R{j\’ (v)-bimodules. By Proposition 6.3.9 it truncates to a short exact sequence

0 FVeN1d, —» €VFV 1d, - @,,1d, — 0,
if p; = n; —a (v) = 0, and a short exact sequence

0— ®pld, - FNEN1d, — € FV 1d, — 0,

if p; = n; —a (v) < 0. In the first case, we can identify

pi—1

By, Id, = qz'lipi @
£=0

1

and the map €VFN 1d, — ®[p,],, 1dy is induced by the projection 7. Thus the
sequence obviously splits with the splitting map @, 1d, — ENFN 1d,, given by
the sum of maps Ri,v (v)€ef — ngv (v + 1) that add a vertical strand labeled i carrying ¢
dots at the right of a diagram in Rév (v). In the second case, we also identify

—pi—1

~ ltpi
D—pi1,, 1y = q; "7 ZED
=0 P

7
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Moreover the map ®[_,,1d, — FNEN1d, is induced by the connecting homor-
phism J. Using the notations of (6.18) it takes the form

-1
5 “ g
1

where u;; is the monomorphism defined in (6.17), and 0 < k < —p;. We also note
that (6.19) tells us that

Vi

Pk

Vi1t ) Vi )
- 6.24
n 'y (6.24)

Ph+t ) VK )

Moreover since g (§; ”*) = ¢ and g (&) = 0 for £ < —p;, we obtain by (6.19) again
that
—r7¢, ifk=—p— 1,

- (6.25)
0, ifk < —p; — 1.

1

As in [33, Proof of Theorem 5.2], we construct a map & : GJZ-N%ZN 1d, — DBl pila: 1d,

induced by the morphism of bimodules

for all z,y € RY (v).
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Then we compute

Pod “ k
7

(625) _

7’{14 k

Therefore, ® o d is given by a triangular matrix with invertible elements on the diagonal,
and thus is an isomorphism. In particular, § is left invertible, concluding the proof. W

Corollary 6.3.13. There is a quasi-isomorphism

Cone(F" € 1d, — €N F 1d,) = ®pg,—ar (w1, 1w -

for i € I, and a quasi-isomorphism
Cone(F\ €Y 1d, - €YF" 1d,) = ®n,—ay ()], 1dv -
forie Iy

Corollary 6.3.14. Fori € Iy, then 1,€; and F;1, are biadjoint (up to shift).

Proof. By the results in [13], we know the splitting map €Y FN 1d, — FVE€N1d,
of Theorem 6.3.12 together with the unit and counit of the adjunction &F; - é; allow to
construct a unit and counit for the adjunction €; 4 %;. |

Proposition 6.3.15. For each i, j € I there is a natural isomorphism

S

[(dij+1)/2] dii +1
| e
a=0 “ i

dis/2
~ 2l ldz‘j +1 (FN)2at1geN (N ydig—2a
= '3 7 [3 °

20 +1

a=0 qi

By adjunction, the same isomorphism exists for the €2, %JN .

Proof. This follows from Proposition 6.3.4. ]
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6.3.3 A differential on Rf,v

We fix a subset Iy < I}; < I and consider the parabolic subalgebras Uy (p) < Uy (p’) ©
!

Uy(g). For each j € I}\I; we choose a weight n}

€ N. For j € Iy we take

n’ = n; € N, and we write N := {n/, }jepf. Then we equip the cyclotomic p-
KLR algebra R{JV (m) with a differential d%, which is zero on dots and crossings
and

0, it ¢ Ij.
dan, oj | | =1 (1) +”i | , ifj e I\Iy.

] 11 m—1 i i1 Tm—1
Theorem 6.3.16. The dg-algebra (R{JV (m), dN,) is formal with homology
H(RY (m),dN.) = RY (m).

Proof. Wehave R (m) = H(Ry(m),dy) and Ré\f/(m) ~ H(Ry(m),dy) by Theo-
rem 6.2.3. Moreover, dY, can be lifted to Ry (m). We split the homological grading of
Ry (m) in three: a first one that counts the amount of floating dots with subscriptin I, a
second one for the floating dots with subscript in I\, and a third one for /\I’; that we
ignore for the moment. Then, we have that d¥, has degree (0, —1) and dy has degree
(—1,0), and they commute with each other. Thus we have a (bounded) double complex
(Re, dn, dY,) with total complex being (Ry, dn), since dy = dy + d¥,. In partic-
ular, there is a spectral sequence from H (R (m),dy,) to H(Ry,dn') = Rfj\,ﬂ(m).
Now, Theorem 6.2.3 tells us that H(Ry, dy) is concentrated in homological degree
zero (for the first homological grading). Thus, the spectral sequence converges at the
second page, and in particular H (RY (m),d¥,) = R} (m). [ |

We interpret this result as a categorical version of the fact that if there is an arrow
from a parabolic Verma module M* (A, N) to another one M* (A’, N') (see §1.2.2),
then there is a surjection MP(A, N) — M¥ (A’, N). Indeed, in that case there is
a surjective quasi-isomorphism (R;JJV Jdnt) = (R{J\,[I, 0), inducing equivalences of
derived categories that commute up to quasi-isomorphism with the categorical actions
of Uy(g).

6.4 The categorification theorems

We assume in this section that Ry (v) is a k-algebra over a field k. We also choose
an abritrary order < for constructing Z((q, A)) such that 0 < ¢ < \; for all formal
Ai = ¢% € A. Every idempotent of Ry(v) is the image of an idempotent of the
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classical KLR algebra Ry () under the obvious inclusion Ry(v) <> Rp(v). Thanks
to [42, Section 2.5], we know all the idempotents of Rg(u). As for NH,, in (5.7), we

define the element

o n—1,n—2
€in =Ty, Ty o v (Enfllii...i € Rg(n)

(m1) ;(m2) my)

Let Seqd(v) be the set of expressions 4; iy -+« i) for different r € N and

myg € N such that >,_, my - o;, = v. For each ¢ € Seqd(r) we define the idempotent
€ = €iymy @ Ciymy, @ @ €ipm, € RE(”)?

where = ® y means we put the diagram of a at the left of the one of y. Identifying e;
with its image in Ry (v), as in [42], we define a projective left Ry, (v)-module

P := Ry (v)es,

Then we put
.  mg(mg — 1)
(@y==) " di,.
(=1

and we define Pi = q’<">Pi.
When writing ...2... and ... 7 ... we mean we take two sequences %425 and
41712 in Seqd(v) that are the same everywhere except on ¢ and j. From the decompo-

sition of the nilHecke algebra (5.8), we get an isomorphism of R)JJV -modules

P im. = ®ml, P i .-

Mimicking the arguments in [42, Proposition 2.13] and [44, Proposition 6] we get the
following:

Proposition 6.4.1. There are isomorphisms

[(dij+1)/2] ldij /2]
@ RA.i(Qa)ji(d’U"'l*Q”)... = @ R..i(2a+1>ji<dif2“>...
a=0 a=0

foralli # j€el.

Equipping Ry (1) with d induces a differential on (P;, dy ), and Proposition 6.4.1
holds for the dg-version. We put

./ﬂ(A,N) = (—B %lc(Rb(m),dN)

m=0

with the particular case 4((A) meaning N = ¢, and therefore dy = 0.
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Proposition 6.4.2. There is an isomorphism of Q((q, A))-modules

Uy (9) ®q(q) Qllg, A)) = Ko(AL(A)) @2 Q,

and a Q((q, A))-linear epimorphism

Uy (9) ®q(q) Qlg, A) — Ko(M(A,N)) ®zQ

sending Fi(ml)Fi(JnZ) - Fi(:nT) t0 [(P;,dn)] fori = igml)i§m2) codlme),

1

Proof. Since projective modules of Ry (1) are in bijection with the ones of the classical
KLR algebra Rg(v) and respect the categorified Serre relations (see Proposition 6.4.1),
it is a direct consequence of the main results in [42, 44], together with Theorem 3.4.26.

]

Consider the subring P(v) of R (v) consisting of dots on vertical strands (without
floating dots). It admits an action of the symmetric group permuting the strands (with
labels) and dots on them (not to be confused with the action of .S,,, on P, from §6.1.1).
We write Sym(v) := P(v)% for the subring of invariants under this action. Since
Sym(v) lies in the center of R} (v), any simple R} (v)-module is annihilated by
Sym™ (v), where Sym™ (1) consists of the elements in Sym(v) with non-zero degree.
Then we define for each ¢ € Seqd(v) the simple module

S; := P;/Sym™ (v)P;

wich is the unique simple quotient of P;. We put S; := ¢—<® ;. It lifts to a dg-version
(Siydn).

By Lemma 6.2.4 and Proposition 6.3.10, we know that &, Id,, and %; Id, are exact,
and induce functors that preserve c.b.l. compact modules and are of finite ampli-
tude on the derived category @ (Rp, dx ). Then Theorem 6.2.3, Theorem 6.3.12 and
Proposition 6.3.15 tells us that K5 (M (A, N)) is a U, (g)-weight module. By Propo-
sition 6.4.2, we know that K& (ML(A, N)) is cyclic as U, (g)-module, with highest
weight generator given by the class of (R (0), dy) = (k,0). Thus K5 (M(A, N)) is
a highest weight module.

As before, let 1 : Ry(v) — Rp(v)°" be the map that takes the mirror image of
diagrams along the horizontal axis, and put M := (M ). Then define the bifunctor

(=, =) : (A, N) x M(A,N) - D(k,0) (M, M'):= MY Ry dn) M-

Again, we have

* ((Ro(0),dn), (Ro(0),dn)) = (k,0) ;



6.4 The categorification theorems 175

o (Ind™" M, M') = (M, Res”™ M’) for all M, M’ € (A, N) ;
. (@fM, M/) = (]\47 (—BfMI) = @f(M, M/) for all f € Z((q, A)),

which implies that (—, —) is a categorification of the Shapovalov form. Moreover, it
turns S; into the dual of P; for each i € Seqd(v).

Theorem 6.4.3. The Grothendieck group K& (M (A, N)) is a U,(g)-weight module,
with action of E;, F; given by [€;], [F;]. Moreover, there is an isomorphism of U,(g)-
modules

K§(M(A,N)) @z Q = MP(A,N),

where A = {¢%i

i € I,.} contains only formal weights.

Proof. We already proved the first claim above. Clearly, for ¢ € I, then [F;], [€;] acts
as locally nilpotent operators. In particular, the U, (i)-submodule of K5 (M (A, N))
given by

Ua(§) ®u, g) [(Re(0). dn)]

is an integrable module over the Levi factor U, (i). Since it is an integrable highest
weight module, it must be isomorphic to V(A, N) (see [51]). Therefore, there is a

surjective Uy, (g)-module morphism
7: MP(A,N) > Kg (M(A, N)) @2 Q.

Since M¥(A, N) is irreducible and +y is non-zero, it must be an isomorphism. |

Let m, = F;va n be an induced basis element of M? (A, N) with ¢ € Seq(v).
Then the isomorphism of Theorem 6.4.3 identifies m, with the class [(Rs(v), dn)15].
Similarly, let m,, = Fjva n for j € Seqd(v) be a canonical basis element, and let
m?® be its dual in the dual canonical basis. Then the isomorphism identifies m/, with
[(P;,dn)] and m® with [(S;,dy)]. Moreover, computing the c.b.l.f. composition
series of P; or taking the c.b.Lf. cell module replacement of S; gives a categorical
version of the change of basis between canonical and dual canonical basis.
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