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Introduction

The birth of knot theory can be traced back up to the 18th century with the work
of A. T. Vandermonde and C. F. Gauss (see [72] for a nice exposition of the history
of knot theory). Knots attracted the interest of many physicists during the second
half of the 19th century, thanks to W. Thomson Lord Kelvin’s vortex theory of the
atoms. His idea was that atoms would be knotted vortices floating in aether. In
particular, he suggested that the topological nature of the knot would explain the
physical and chemical properties of the atom. Inspired by this hypothesis, P. G. Tait
started classifying knots in order to make a periodic table of the elements. He also
made some important conjectures involving knots. However, when Kelvin’s theory
became obsolete, the general interest for knot theory dropped. The apparent lack of
tools to address the problem of classifying knots at that time consequently impacted
any further progresses in that direction until the 20th century.

Alongside the development of topology, J. W. Alexander made an interesting
breakthrough during the 1920s with the discovery of the first polynomial knot invariant:
the Alexander polynomial [2]. The construction goes through an intricate topological
machinery applied to the knot complement. The topological nature of the construction,
while being truly beautiful, makes it also hard to handle and to generalize. Still, as
remarked by J. Conway [16], the Alexander polynomial can curiously be computed
using a very efficient combinatorial rule called skein relation. Anyhow, the lack of
connection to other fields seems to have put aside these discoveries for fifty years, until
the 80s when a second polynomial invariant was revealed. This one was fortuitously
discovered by V. Jones around 1984 [31] while he was investigating von Neumann
algebras. The invariant, called the Jones polynomial, is constructed by taking a trace
of a representation of the braid group on some finite-dimensional algebra related to
statistical physics. The polynomial can also be computed very efficiently by a skein
relation. Moreover, one of Tait’s conjectures about alternating knots was surprisingly
quickly proven using the Jones polynomial [34, 62, 87]. Soon after, E. Witten related
the Jones polynomial to quantum field theory [96]. These connections between link
invariants, representation theory and mathematical physics drastically changed the
status of knot theory at the eyes of both the community of mathematicians and the one
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of physicists. It is worth mentioning that both Jones and Witten obtained the Fields
Medal in 1990 for these results.

Quantum groups

In parallel with the discovery of the Jones polynomial, V. Drinfeld [20] and indepen-
dently M. Jimbo [30] introduced the notion of a quantum group. It is a 1-parameter
deformation of a semi-simple complex Lie algebra, or more generally, of a Kac–Moody
algebra. Concretely, each generator Hi of the Cartan part is replaced by a quantum
variant Ki � qHi , where q is the deformation variable. The notation qHi can be made
formal by interpreting q as a formal power series q � exppνq. Then, for example, the
main sl2 relation is replaced by its quantized version:

�
rE,F s �

�
EF � FE � H ù EF � FE �

K �K�1

q � q�1 . (1)

Quantum groups were first developed with the aim of constructing non-trivial
solutions to the Yang–Baxter equation:

pRb 1qp1bRqpRb 1q � p1bRqpRb 1qp1bRq, (2)

where R is an invertible morphism U bU Ñ U bU called the R-matrix, and U is the
quantum group. By non-trivial we mean R � R�1. Writing R and its inverse R�1 as
braid-like diagrams,

R ÞÑ R�1 ÞÑ

then the equations (2) and R�1R � 1 take the following suggestive form:

� �

Topologically, these correspond to the Reidemeister braid moves. Taking the non-
quantized version of Lie algebras yields a trivial R-matrix R � R�1, which loses all
the information about the depth of the braiding. This justifies the usefulness of going
to the quantum world for knot theory. Furthermore, quantum groups gained a broad
recognition with applications in representation theory, non-commutative geometry,
mathematical physics and low-dimensional topology. In particular, they yield a supply
of non-commutative, non-cocommutative (quasitriangular) Hopf algebras [52].

Partially inspired by Witten’s quantum field approach for the Jones polynomial [96],
N. Reshetikhin and V. Turaev [80] built a machinery that takes representations of ribbon
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Hopf algebras and link diagrams as input, and produces link invariants in the form of 1-
variable Laurent polynomials as output. In particular, by feeding it with the fundamental
representation of quantum sl2, the machinery gives back the Jones polynomial. This
resulted in the construction of a flood of infinitely many new polynomial link invariants
called quantum link invariants. But more than that, WRT’s machinery produces
invariants of 3-manifolds when fed with modular categories (e.g. representations of a
modular Hopf algebra, such as a quantum group with the deformation variable being a
root of unity), taking the form a 3D topological quantum field theory (TQFT) [95].

Categorification

The next major advancement in the theory of quantum link invariants was achieved
by the means of categorification. This notion was introduced by L. Crane and
I. Frenkel [18] while being motivated by physics [17]. In short, the philosophy behind
categorification is to lift classical objects to the level of categories, turning set elements
into objects, functions into functors, equalities into isomorphisms, and revealing a
whole new layer of structure achieving these isomorphisms.

In order to make this more concrete, let us explain some simple, but fundamental
examples. We start with a categorification of the semiring of natural numbers N. It is
given by the monoidal category k-vect of finite dimensional k-vector spaces. Indeed, if
we look at vector spaces up to isomorphism and forget the higher structure (i.e. the
morphisms), then the only remaining information is the dimension of the vector spaces,
which is a natural number. One calls this procedure decategorification, and one often
formalizes it as taking the Grothendieck (semi-)group. Moreover, the addition and
multiplication operations are categorified through direct sum and tensor product, since
they respectively sum and multiply the dimensions of the spaces:

dimpA`Bq � dimpAq � dimpBq, dimpAbBq � dimpAq � dimpBq.

Note that categorification is not unique: for instance, we could also categorify N by
the category of finite sets, and categorify addition and multiplication by coproduct and
cartesian product respectively.

Adding a bit of homological algebra to the recipe, one obtains a categorification of
the ring Z. In particular, we consider the homotopy category Kompk-vectq of bounded
complexes of finite dimensional vector spaces. In this context, decategorification ends
up being equivalent to computing the graded dimension of the complex:

gdimA
 :�
¸
i

p�1qi dimAi.
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Therefore, the subtraction operation is categorified in this context by the procedure of
taking a mapping cone:

gdim ConepA

f
ÝÑ B
q � gdimpB
q � gdimpA
q.

It is worth mentioning that while the addition and multiplication are canonical (taking
a direct sum and tensor product are universal procedures), the subtraction requires to
make a choice: the map f over which we take the mapping cone.

To illustrate how this construction is relevant to topology, it is common to consider
the map χ : Top Ñ Z that takes a finite CW-complex M P Top, and assigns to it its
(generalized) Euler characteristic χpMq. Then we consider the functor C� : Top Ñ
Kompk-vectq that yields the cellular chain complexes of M . We can interpret it as a
categorification of χ since there is a commutative diagram:

Kompk-vectq

Top Z

decategorification

χ

C�

where the decategorification arrow computes the graded dimension of the cellular
homology groups. While being a stronger invariant than Euler characteristic, taking
cellular homology is more importantly a functorial operation. This is one example of
what we mean by ‘categorification reveals a new layer of structure’. Thus, one of the
upshots of categorification is that it might lead to richer theories, as in this example.

Keeping this idea in mind, it is time to focus again on low-dimensional topology.
As explained in [39], alongside the combinatorially defined invariants of links and
3-manifolds given for example by the Alexander polynomial and WRT, there exists
a handful of geometrically defined invariants of 3- and 4-manifolds. We can cite
Floer homology of homology 3-spheres, Seiberg–Witten homology for 3-manifolds
and Donaldson–Seiberg–Witten invariants of 4-manifolds [19]. While invariants of
the first class can be algorithmically computed, the others can be incredibly hard
to calculate, requiring to consider each case independently. Curiously, the Euler
characteristic of Floer homology corresponds to the combinatiorally defined Casson
invariant [23], which is closely related to the Alexander polynomial and WRT. Similarly,
the Milnor torsion, algorithmically computable, can be related to Seiberg–Witten
through decategorification [59]. It appears that WRT quantum invariants also carry
nice integral properties, suggesting they could exist as Euler characteristic of some
homology theories. Inspired by these observations, Crane and Frenkel’s original
motivation was to look for a combinatorial categorification of WRT’s 3D TQFT, with
the extra layer of structure hypothetically turning the construction into a non-trivial



Introduction 5

4D TQFT. Hopefully, it would correspond somehow to one of the geometric invariants
already known, and help understand and compute it.

Since then, many progresses where made in several directions, with much too many
results to be all cited here. Still, we note the groundbreaking work of M. Khovanov,
who built a categorification of the Jones polynomial [39]. This means that the Jones
polynomial can be interpreted as a graded Euler characteristic of a graded homology
theory of links, where the deformation variable q is encoded by the grading. Khovanov
homology is both a stronger invariant than Jones’s one, and functorial [11]. Again, it
shows the upshot of going through categorification. Furthermore, Khovanov homol-
ogy detects 4D information [77], which is completely unseen at the polynomial level.
However, Khovanov homology was originally built by categorifying a construction
of the Jones polynomial different from WRT: Khovanov categorified the Kauffman
bracket [34]. Thus it still remains in the story to find a representation theoretic explana-
tion for the existence of Khovanov homology. For this, one would need a lifted version
of the (representations of) quantum groups. Before going any further in this direction,
let us mention that the Alexander polynomial has also been categorified. This was
done by P. Osvath and Z. Szabo [70] and independently by J. Rasmussen [78], using
Heegard–Floer homology of links.

Not long after the work of Khovanov, the first categorifications of representations
of (quantum) sl2 were built by J. Chuang and R. Rouquier [15] and independently
by Frenkel, Khovanov and C. Stroppel [24]. These categorifications take the form of
graded additive categories where the action of q is replaced by the grading shift functor,
and the action of the quantum group is replaced by (additive) endofunctors, respecting
the defining relations of the quantum group up to isomorphism. For example, the
relation

pEF � FEqvk �
K �K�1

q � q�1 vk �
qk � q�k

q � q�1 vk �

$''&''%
k�1°
ℓ�0

qk�1�2ℓvk, if k ¥ 0,

�k�1°
ℓ�0

�q�k�1�2ℓvk, if k ¤ 0,

is replaced by natural isomorphisms

EFIdk � FEIdk `
k�1à
ℓ�0

Idkxk � 1� 2ℓy, if k ¥ 0,

FEIdk � EFIdk `
�k�1à
ℓ�0

Idkx�k � 1� 2ℓy, if k ¤ 0,

(3)

where x�y is the grading shift functor, and Idk is the identity functor on the category
that contains the categorification of vk.
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The construction was extended to categorify all integrable representations of all
quantum Kac–Moody algebras [33, 42, 94]. Some integral versions of the quantum
groups themselves were categorified by A. Lauda [47] and Khovanov–Lauda [43],
and independently by Rouquier [82]. An impressive application of this theory is
given by the proof of Broué’s abelian defect group conjecture for symmetric groups
in the original paper of Chuang–Rouquier [15]. The connection between categorified
quantum groups and Khovanov homology can be realized in several ways (see for
examples [40] or [49]), with the work of B. Webster [94] giving a categorification of
WRT’s machinery for links. This produces homology theories for all WRT’s quantum
link invariants. For the case of 3-manifolds, WRT’s construction requires to work at root
of unity. To address this problem, Y. Qi and Khovanov developed a framework [41, 74],
inspired by homological algebra and representation theory of Hopf algebras, that
allows to categorify representations of quantum groups at root of unity [21, 38]. The
construction of a 4D TQFT is still an open problem today.

Higher representation theory

Categorification of representations of quantum groups led to the birth of higher rep-
resentation theory. This young field of mathematics sits at the intersection of repre-
sentation theory and (higher) category theory, and has deep connections to geometric
representation theory [93]. It has already found applications in low-dimensional topol-
ogy [94], combinatorics [22] and algebraic K-theory [15]. It can be approached from
different directions.

Classically, a representation of a group G is the datum of a k-vector space V and a
homomorphism GÑ GLpV q � EndkpV q. One can restate this using the language of
categories. Let BG be the delooping of G, that is the category with a single abstract
object � P BG and HomBGp�, �q :� G. Then a representation of G is a functor

BGÑ k-vect.

In order to categorify this picture, we first lift the category k-vect. For this we consider
the 2-category Link, where the objects are the k-linear categories, 1-morphisms being
(linear) functors, and 2-morphisms given by natural transformations. Then, a weak
categorical action of G on VP Link is the datum of a collection of endofunctors of V,
one for each generator of G, that respect the defining relations of G up to isomorphism.
In particular, they descend to an action of G on the decategorification V of V:

V

G V

decategorificationcat. action

action
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When G has the structure of an R-algebra, with all its structure constants in R, we
usually also require R to admit a categorification by a monoidal category R (like Z
above) and V to be a module category over R. This means that there is a bifunctor
R� V

◃
ÝÑ Vcompatible with the monoidal structure.

Yet, the definition of a weak categorical action is in general too loose, and we want
to fix the natural transformations realizing the isomorphisms of the defining relations.
This leads to the notion of a categorical action. A famous example of a categorical
action is given by the braid group on n strands that acts on the derived category of
modules over a polynomial ring in n variables [81]. The action is realized by tensoring
with complexes of Soergel bimodules [85]. This construction actually categorifies an
action of the braid group on the Hecke algebra.

As it turns out, fixing the higher structure allows sometimes to categorify BG itself,
giving a 2-category BG. In that situation, a categorical action of G gives rise to a
2-functor

BGÑ Link.

This leads to the idea of 2-representation theory, which is about looking at precise
2-categories and their 2-functors into Link. Often, the objects of a 2-representation
are given by categories of modules and 1-morphisms are functors of tensoring with
bimodules (or derived equivalents). Then the 2-morphisms can simply be described
by bimodule maps. A program to study 2-representations in a systematic approach
was started by V. Mazorchuk and V. Miemietz [57, 58]. They construct notions of
simple 2-representations and give a Jordan–Hölder-type theorem. They work especially
on problems of classifying 2-representations (see [56] for a survey on the subject).
However, it is worth mentioning that they only focus, until now, on the case of additive
categories having quite strong finiteness conditions, called finitary categories. This is
in some way the equivalent of studying representations of (finite dimensional) algebras
where all the structure constants are natural numbers.

The categorifications of the integral versions of quantum groups from [43, 47, 82]
yield examples of 2-categories U, and their categorified representations from [33, 42,
94] can be lifted to 2-representations of U. To sum up, we picture this as a diagram:

U V

U V

2-action

decategorificationcat. action

action

As already mentioned, geometry is often intimately related to higher representation
theory. More precisely, a non negligible amount of representations can be realized
via categories of sheaves on algebraic objects, which can then be lifted to the level
of categorical actions [93]. In particular, a fundamental role is played by the geom-
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etry of Grassmannian varieties (and other flag-like objects) in the construction of
2-representations of the categorified quantum groups. Indeed, it appears that they
control most of the higher structure of the construction. Concretely, from this geometry
one can obtain an algebra called the nilHecke algebra, that always acts on (some of)
the 2-hom spaces of any 2-representation of U. Actually, this nilHecke algebra can be
thought of as associated to sl2, and it admits generalizations to all types. These gen-
eralizations are called the KLR algebras for Khovanov–Lauda–Rouquier [42, 44, 82],
and are related to the geometry of quiver varieties [83]. The KLR algebras are the
main ingredients of the categorifications of the quantum groups and their integrable
representations. Moreover, Rouquier showed that given a categorical action of U on V,
with the Chevalley generators Ei, Fi of U acting by adjoint endofunctors of V, and
carrying an action of the KLR algebra on the space of natural transformations on the
compositions of Fi’s, then the categorification is essentially unique. In particular, he
showed that under these conditions the construction always lifts to a 2-representation
of U [82].

Summary of results

All the above-mentioned categorifications related to quantum groups share one common
feature: they only categorify representations that are locally finite-dimensional when
restricted to a simple root. This is forced by the additive nature of the categories used
in these constructions. Indeed, based on the results in [82], it can be shown that a
construction of a non-integrable weight representation is not possible within the usual
additive framework. Because of these restrictions, it was not commonly believed that a
categorification of such representations should exist.

In this thesis, we prove the opposite, and we make a step towards a categorification
of infinite-dimensional and non-integrable representations of quantum Kac–Moody
algebras. We start with the simplest case by proposing a categorification of the universal
Verma modules for quantum sl2, using homological algebra and infinite dimensional
dg-algebras. In particular, the defining relation (1) of the quantum group is categorified
through a quasi-isomorphism of mapping cones:

ConepFEÑ EFq
�
ÝÑ ConepQKÑ QK�1q, (4)

where Q is a categorification of 1
q�1�q .

Then we extend our construction to all (parabolic) Verma modules of quantum
Kac–Moody algebras. We would like to point out that categorified Verma modules are
not 2-representations of the 2-categories defined in [43, 47, 82]. In particular, they do
not fit into the finitary, additive framework of [57]. Still, they carry a similar looking
higher structure, suggesting the existence of a more general categorification of the
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quantum groups, in a homological algebra setting. Constructing such a categorification
is still an open problem, that might bring new perspectives for 2-representation theory.

Verma modules play a major role in the representation theory of quantum groups.
Indeed, any (cyclic) highest weight representation can be recovered as a quotient of
a Verma module. We recover this property at the categorical level by equipping our
categorification of Verma modules with a family of differentials. These induce derived
equivalences with all the categorified integrable modules of [33], giving a new insight
into these constructions.

Our construction relies on a dg-enhancement of the categorification of integrable
modules from [15, 24]. More precisely, they categorify the pN � 2kq-weight space
of the pN � 1q-dimensional irreducible module of sl2 by a category of modules over
the cohomology ring HpGNk q of the Grassmannian variety of k-planes in CN . The
two-steps flag variety GNk,k�1 of k-spaces in k � 1-spaces in CN admits forgetful
maps to GNk and GNk�1. This endows the cohomology HpGNk,k�1q with an HpGNk q-
HpGNk�1q-bimodule structure:

GNk,k�1

GNk GNk�1

ñ

HpGNk,k�1q

HpGNk q HpGNk�1q

In particular, it gives rise to two functors E : HpGNk�1q -mod Ñ HpGNk q -mod and
F : HpGNk q -mod Ñ HpGNk�1q -mod by tensoring with these bimodules. These
functors allow to jump from one categorified weight space to the other. It is shown
in [15, 24] that the pair E,Frespects the defining relations of sl2 up to isomorphism,
with the action of the Cartan generator K categorified by a degree shift. However, this
construction depends on the fact that all the weights that appear are integers. In that case,
the main sl2 relation (1) yields only rational fractions like pqN�2k�q2k�N q{pq�q�1q,
which can be simplified into finite polynomials qN�2k�1� qN�2k�3�� � �� q1�N�2k.
In particular, they categorify the commutator relations as direct sum decompositions
such as in (3).

We have observed that HpGNk q admits a finite free resolution over the cohomology
ring of Grassmannian varieties in the infinite space C8, giving rise to infinite dimen-
sional (graded) dg-algebras pΩk, dN q. Similarly, the functors induced by the two-steps
flag varieties lift to the dg-world. This means we can recover the categorification of in-
tegrable modules from [15, 24] using derived categories of dg-modules over pΩk, dN q.
One of the upshots of going to the dg-world is that (the dg-version of) the functors
E,F are now related to each other through a quasi-isomorphism of cones as in (4).
This gives a categorification of the relation (1) without needing the rational fraction
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to simplify. The simplification process can still be categorified as going through the
quasi-isomorphism pΩk, dN q

�
ÝÑ pHpGNk q, 0q. Finally, the categorification of the

Verma module appears naturally from this construction by annihilating the differential,
thus using (derived) categories of dg-modules over pΩk, 0q. Similarly, the categorified
parabolic Verma modules are obtained from a dg-enhancement of the KLR algebras
and of the functors used for the categorification of integrable modules in [33, 42, 94].

One technical difficulty in the categorification of Verma modules is that some
structure constants take the form of rational fractions like

λ� λ�1

q � q�1 ,

where λ, q are formal invertible variables. Therefore, we needed to develop a framework
for categorifying such rational fractions. The idea, which is not completely new (see
for example [1] or [46]), is to reinterpret the fraction as a formal Laurent series:

λ� λ�1

q � q�1 � qpλ�1 � λqp1� q2 � q4 � � � � q.

We can then categorify it by different means depending on the context: an infinite
coproduct, an infinite composition series, or an infinite iterated extension, all these
infinities being controlled in a certain way. Quotienting the usual Grothendieck group
by the relations induced by such infinite constructions leads to the notion of topological
Grothendieck group (with a similar flavor as in [1]). We explore these different
possibilities and give examples where the topological Grothendieck group can be
explicitly computed. In particular, we categorify the ring of formal Laurent series
Zppx1, . . . , xnqq (as constructed by A. Aparicio-Monforte and M. Kauers [4]). It takes
the form of a thick subcategory of the derived category of multigraded dg-modules
over the dg-algebra pk, 0q.

To return one more time to low-dimensional topology, we also showed in [64] how
to use parabolic Verma modules of quantum sln to construct the homfly-pt link polyno-
mial invariant [25, 73], inspired by the construction of H. Queffelec and A. Sartori [75].
Moreover, we showed that the construction can be lifted to the categorical setting using
our categorified Verma modules. It yields a triply-graded link homology equivalent to
Khovanov–Rozansky link homology [45].
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Plan of the thesis

• Chapter 1: we recall the basics about quantum groups and their representations,
with a special focus on the case of sl2.

• Chapter 2: we explain the classical notion of Grothendieck group which is essen-
tial to the understanding of categorification. Indeed, we use it as a definition of
decategorification. In particular we quickly (re-)explore the case of Grothendieck
groups appearing in additive, abelian and triangulated categories. We also re-
call the usual tools of homological algebra that we will need in the subsequent
chapters.

• Chapter 3: our contributions start here. We develop different notions of topologi-
cal Grothendieck groups and we categorify the ring of formal Laurent series.

• Chapter 4: it is the heart of the thesis. We construct a categorification of the
universal Verma module of sl2 using the geometry of Grassmannian varieties,
revisiting our paper [65]. In particular, we show how the construction arises
naturally from a dg-enhancement of the original construction of categorified
integrable modules from [15, 24]. This also immediately gives the existence of
the differentials that yield the derived equivalences with the categorifications
of integrable modules. We would like to point out that this approach is slightly
different than in the paper [65]. Indeed, in the reference, Ωk is obtained by taking
the Hochschild homology of the cohomology ring of Grassmannian varieties
in C8.

• Chapter 5: we give another construction for the categorification of the sl2-
Verma module by using a dg-enhanced version of the (cyclotomic) nilHecke
algebra. Moreover, we construct several bases of this dg-enhanced nilHecke
algebra, and explain how to derive it from an action of the symmetric group on a
supercommutative ring. We also explain how it is related to the geometry of the
Grassmannian varieties, and to the construction in Chapter 4. In particular,we
show that the two constructions of categorified Verma modules are equivalent,
but naturally categorify different bases. This is based on our second paper [66].

• Chapter 6: we extend the construction of the dg-enhanced nilHecke algebra to
all symmetrizable types, giving dg-enhanced KLR algebras. Then we use them
to categorify parabolic Verma modules of all quantum Kac–Moody algebras,
following our preprint [63].





Notations

We have gathered here some of the notations used in this document and give some
references for definitions.

• Conepfq or ConepX f
ÝÑ Y q is the mapping cone of f (Eq. (2.1)) ;

• DpA, dq is the derived category of pA, dq (§2.2.2) ;

• DcpA, dq is the compact derived category of pA, dq (§2.2.3) ;

• DlcpA, dq is the subcategory of DpA, dq generated by objects quasi-isomorphic
to c.b.l. compact modules (Definition 3.4.7) ;

• eipz1, . . . , znq is the i-th elementary symmetric polynomial (Definition 5.1.2) ;

• G0pCq is the abelian Grothendieck group (§2.1.2) ;

• G0pCq is the topological abelian Grothendieck group (Definition 3.3.2) ;

• hipz1, . . . , znq is the i-th complete homogeneous symmetric polynomial (Defi-
nition 5.1.2) ;

• krx1, . . . , xns is the k-algebra of polynomials ;

• kpx1, . . . , xnq is the k-algebra of rational fractions ;

• kppx1, . . . , xnqq is the k-algebra of formal Laurent series (§3.1) ;

• K`
0 pCq is the split Grothendieck group of C (§2.1.1) ;

• K∆
0 pCq is the triangulated Grothendieck group (§2.1.3) ;

• K∆
0 pCq is the topological triangulated Grothendieck group (Definition 3.4.4) ;

• MColim is the Milnor colimit (§3.4) ;

• N :� t0, 1, . . . u is the semiring of non-negative integers ;

• rnsq :� qn�q�n

q�q�1 � qn�1 � qn�3 � � � � � q1�n is the quantum integer (§1.1.1) ;

• RHOMp�,�q is the derived hom functor (§2.2.2) ;

• Sm is the symmetric group on m elements ;

• �bL � is the derived tensor product functor (§2.2.2) ;





Chapter 1

Quantum groups and their
representation theory

Quantum groups were introduced by Vladimir Drinfeld [20] and Michio Jimbo [30]
as a 1-variable deformation of (enveloping algebras of) classical, finite dimensional
Lie algebras, and, more generally, of Kac–Moody algebras. Our presentation is close
to [29] and [51], where the proofs of all the claims we make can be found. References
for classical results about (non-quantum, generalized) Verma modules are [55] and [28],
see [3] for the quantum case.

1.1 Quantum sl2

Classically, sl2 is the Lie algebra given by two by two matrices with trace zero. It is
generated by

e �

�
0 1
0 0

�
, f �

�
0 0
1 0

�
, h �

�
1 0
0 �1

�
.

Its enveloping algebra Upsl2q is the Q-algebra generated by elements e, f, h with Lie
bracket appearing as commutator. Thus, it admits a presentation by generators e, f, h
and relations

ef � fe � h, he � eph� 2q, hf � fph� 2q.

1.1.1 Quantum deformation

Taking a q-deformation of a k-algebra A is a procedure which consists in building a
new kpqq-algebra Aq on the ring of rational functions kpqq, such that taking the limit
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of q Ñ 1 gives back the initial algebra A in some sense. One easy example is given
by the quantum plane, which is a q-deformation of the polynomial ring krx, ys in two
variables. It is given by the kpqq-algebra generated by the symbols x and y with relation
yx � qxy. Simply putting q � 1 gives back krx, ys.

For Upsl2q, one achieves it by informally replacing the commutator relation ef �
fe � h by its quantized variant ef � fe � qh�q�h

q�q�1 . Since qh has no formal meaning,
we replace it by a new invertible generator K � qh.

Definition 1.1.1. Uqpsl2q is the unital, associative Qpqq-algebra generated by K,
K�1, E and F with relations

KE � q2EK, KK�1 � 1 � K�1K,

KF � q�2FK, EF � FE �
K �K�1

q � q�1 .

Remark 1.1.2. The procedure of replacing h byK can be made formal by working in a
slightly different context where we interpret q as a formal power series q � exppνq, and
thus K � exppνhq, as done originally by Drinfeld [20]. The operation of replacing q
by 1 is then simply given by setting ν � 0.

The quantum number rnsq P Zpqq is the q-deformation of the integer n P Z, and is
given by

rnsq :� qn � q�n

q � q�1 � q1�n � q3�n � � � � � qn�3 � qn�1.

Note that r0sq � 0 and r1sq � 1. Similarly, there are quantum versions of the factorial
and the binomial

rasq! :� rasq pra� 1sq!q ,
�
N

k

�
q

:� rN sq!
rksq!rN � ksq!

,

which can both be simplified into polynomials in Zrq, q�1s.

Symmetries

Quantum sl2 has multiple important symmetries, coming in the form of algebra
(anti)automorphisms. First, we consider the Q-linear involution ¯ given by q̄ � q�1.
Then we define a Qpqq-linear algebra anti-involution ρ : Uqpsl2q Ñ Uqpsl2q

op by
setting

ρpEq :� q�1K�1F, ρpF q :� q�1KE, ρpKq :� K. (1.1)
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We also define a Qpqq-antilinear anti-automorphism τ : Uqpsl2q Ñ Uqpsl2q
op by

τpEq :� q�1K�1F, τpF q :� q�1KE, τpKq :� K�1, (1.2)

and τpfuq � f̄ τpuq for f P Qpqq and u P Uqpsl2q.

1.1.2 Weight modules

Let M be an Uqpsl2q-module and let λ be an invertible scalar in the ground ring
R � Qpqq of M . Then we write

Mλ :� tv PM |Kv � λvu.

We have EMλ �Mq2λ and FMλ �Mq�2λ. We say that v PMλ is a weight vector
of weight λ. We say that M is a weight module if it decomposes as

M �
à
λPR�

Mλ.

A highest weight module is a cyclic module over Uqpsl2q bQpqq R, generated by
vλ P Mλ such that Evλ � 0. We call vλ a highest weight vector. It is a well-
known fact that any finite dimensional module is a weight module. If in addition it is
irreducible, then it is a highest weight module with λ � �qN for some N P N. When
K acts with positive eigenvalues on the module, then we say it is a type 1 module. We
restrict to this case in this thesis.

Shapovalov form

Let M be a highest weight module with highest weight vector vλ. One defines the
Shapovalov form

p�,�q : M �M Ñ R, (1.3)

as the unique R-bilinear form respecting:

• pvλ, vλq � 1 ;

• puv, v1q � pv, ρpuqv1q where ρ is defined in (1.1) ;

• fpv, v1q � pfv, v1q � pv, fv1q ;

for all v, v1 PM , u P Uqpsl2q and f P R.

Remark 1.1.3. SinceM is a highest weight module, the second item in the definition of
the Shapovalov form is equivalent to pFv, v1q � pv, ρpF qv1q and pKv, v1q � pv,Kv1q

for all v, v1 PM .
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Verma modules

The (standard) Borel subalgebra Uqpbq of Uqpsl2q is the algebra generated by E and
K. It corresponds with the quantum deformation of the subalgebra of sl2 given by
upper triangular matrices.

Definition 1.1.4. The Verma module of highest weight λ P R� over the ground ring
R � Qpqq is the induced module

Mpλq :� Uqpsl2q bUqpbq Rvλ,

where Evλ :� 0 and Kvλ :� λvλ.

The Verma module is an infinite dimensional highest weight module. It admits
an induced basis tvq�2kλukPN where vq�2kλ � F kvλ. Then the action of Uqpsl2q is
explicitly given by

Kvq�2kλ � q�2kλvq�2kλ,

Fvq�2kλ � vq�2pk�1qλ,

Evq�2kλ � rksq
q1�kλ� qk�1λ�1

q � q�1 vq�2pk�1qλ.

We picture Mpλq as

. . . vq�6λ vq�4λ vq�2λ vλ 0.
E E

F

K

E

F

K

E

F

K

F

0

K

(1.4)

From now on, we restrict to the case where λ is either a formal parameter that we
identify with qβ for a formal β, or λ � qN for some N P Z. In order to encompass
both cases, we write λ � qµ for µ P Z\tβu. Then we fix the ground ringR � Qpq, λq
if µ � β, or R � Qpqq if µ � N . We also introduce the notation

rµ� ksq :� qµ�k � q�µ�k

q � q�1 �
λqk � λ�1q�k

q � q�1 , (1.5)

which agrees with the definition of quantum integer when µ P Z.
Using these notations and plugging in coefficients in (1.4) we obtain

. . . vµ�6 vµ�4 vµ�2 vµ 0.
r4sqrµ�3sq r3sqrµ�2sq

1

qµ�6

r2sqrµ�1sq

1

qµ�4

r1sqrµsq

1

qµ�2

1

0

qµ

(1.6)
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Replacing F k by the divided powers

F pkq :� F k{rksq!,

we obtain another basis that we refer to as canonical basis. We write it tv1µ�2kukPN.
It is explicitly given by taking v1µ�2k � vµ�2k{rksq! P Mqµ�2k . With this basis, the
Verma module looks like

. . . v1µ�6 v1µ�4 v1µ�2 v1µ 0,

rµ�3sq rµ�2sq

r4sq

rµ�1sq

r3sq

rµsq

r2sq r1sq

0

(1.7)

where we omit the action of K since it is clear from the weights.

Whenever µ � β or µ � �N forN P N, thenMpλq is irreducible. In this case, the
Shapovalov form (1.3) is non-degenerate. Then, the dual canonical basis tvµ�2kukPN

is defined as the unique one satisfying

pv1µ�2j , v
µ�2iq � δij , (1.8)

for all i, j P N. The change of basis is explicitly given by

vµ�2k � qkpk�µq
rksq!

rµ� k � 1sqrµ� k � 2sq � � � rµsq
v1µ�2k. (1.9)

The action of quantum sl2 on this basis looks like

. . . vµ�6 vµ�4 vµ�2 vµ 0.

q7�µr4sq q5�µr3sq

qµ�7rµ�3sq

q3�µr2sq

qµ�5rµ�2sq

q1�µr1sq

qµ�3rµ�1sq qµ�1rµsq

0

(1.10)

Finite dimensional modules

Whenever µ � N P N, then (1.7) takes the form

. . . v�N�2 v�N . . . vN�2 vN 0.

r�1sq 0

rN�2sq

r1sq

rN�1sq

rN�1sq

rNsq

rNsq

r2sq r1sq

0

(1.11)
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Since Epv�N�2q � 0, MpqN q admits a submodule. This submodule is isomorphic to
Mpq�N�2q, and the quotient is a finite dimensional module

V pNq :�MpqN q{Mpq�N�2q, (1.12)

which is irreducible, and has dimension N � 1. The short exact sequence

0 ÑMpq�N�2q ÑMpqN q Ñ V pNq Ñ 0,

is known in the literature as the BGG resolution, for Bernstein–Gelfand–Gelfand. The
Shapovalov form restricts on V pNq and this restriction is non-degenerate. Thus we
have a dual canonical basis for V pNq, given by taking µ � N in (1.9) for k ¤ N .

Moreover, there is a surjective map

evN : Mpqβq�MpqN q,

given by evaluating β � N (or λ � qN ). Since any (type 1) irreducible, finite
dimensional Uqpsl2q-module is isomorphic to V pNq for some N , we can recover them
from the Verma module Mpqβq. Thus, we call it the universal Verma module.

1.2 Quantum groups

Kac–Moody algebras were independently introduced by Victor Kac [32] and Robert
Moody [60]. They take the form of combinatorially constructed Lie algebras that are
piecewise-defined as copies of finite dimensional, semisimple Lie algebras.

1.2.1 Quantum Kac–Moody algebras

A generalized Cartan matrix is a finite dimensional square matrix A � taijui,jPI P

Z|I|�|I| such that

• aii � 2 and aij ¤ 0 for all i � j P I ;

• aij � 0 ô aji � 0.

We say that A is symmetrizable if there exists a diagonal matrix D with positive entries
di P Z¡0 for all i P I , such that DA is symmetric. A Cartan datum consists of

• a symmetrizable generalized Cartan matrix A ;

• a free abelian group Y called the weight lattice ;

• a set of linearly independent elements Π � tαiuiPI � Y called simple roots ;

• a dual weight lattice Y _ :� HompY,Zq ;
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• a set of simple coroots Π_ � tα_i uiPI � Y _ ;

such that

• α_i pαjq � aij ;

• for each i P I there is a fundamental weight Λi P Y such that α_j pΛiq � δij for
all j P I .

The abelian subgroup X �
À

i Zαi � Y is called the root lattice. We also write
X� :�

À
i Nαi � X for the positive roots. Given a Cartan datum, since A is

symmetrizable with diaij � djaji, one can construct a symmetric bilinear form

p�|�q : Y � Y Ñ Z,

respecting

• pαi|αiq � 2di P t2, 4, . . . u ;

• pαi|αjq � diaij P t0,�1,�2, . . . u for all i � j ;

• α_i pyq � 2 pαi|yq
pαi|αiq

for all y P Y .

In the end, a Cartan datum is completely determined by pI,X, Y, p�|�qq.

Definition 1.2.1. The quantum Kac–Moody algebra Uqpgq associated to a Cartan
datum pI,X, Y, p�|�qq is the associative, unital Qpqq-algebra generated by the set
of elements Ei, Fi and Kγ for all i P I and γ P Y _, with relations for all i P I and
γ, γ1 P Y _:

K0 � 1, KγKγ1 � Kγ�γ1 ,

KγEi � qγpαiqEiKγ , KγFi � q�γpαiqFiKγ ,

One also imposes the sl2-commutator relation for all i, j P I:

EiFj � FjEi � δij
Ki �K�1

i

qi � q�1
i

, (1.13)

where qi � qdi and Ki � Kα_
i

.
Finally, there are the Serre relations for i � j P I:

¸
r�s�1�aij

p�1qr
�

1� aij

r

�
qi

EriEjE
s
i � 0, (1.14)

¸
r�s�1�aij

p�1qr
�

1� aij

r

�
qi

F ri FjF
s
i � 0. (1.15)
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Given a sequence i � i1 � � � im of elements in I , we write Fi :� Fi1 � � �Fim and
Ei :� Ei1 � � �Eim . We write SeqpIq for the set of such sequences. Any element of
Uqpgq decomposes as a sum of elements FiKγEj with i, j P SeqpIq.

The half quantum group U�
q pgq of Uqpgq is the subalgebra generated by the

elements tFiuiPI . As a Qpqq-vector space, it admits a basis given by a subset of
tFiuiPSeqpIq (we take only a subset because of the Serre relation (1.15)).

Example 1.2.2. Consider the Cartan datum given by the pn� 1q � pn� 1q matrix

A �

�������������

2 �1 0 0 0 . . . 0
�1 2 �1 0 0 . . . 0
0 �1 2 �1 0 . . . 0
...

. . .
. . .

. . .
. . .

. . .
...

0 0 0 �1 2 �1 0
0 0 0 0 �1 2 �1
0 0 0 0 0 �1 2

������������

,

with the set of roots tα1, . . . , αn�1u, the set of coroots tα_1 , . . . , α
_
n�1u, weight lattice

Y �
Àn�1

i�1 ZΛi with

αi �

$''&''%
2Λ1 � Λ2, if i � 1,

2Λi � Λi�1 � Λi�1, if 1   i   n� 1,

2Λn�1 � Λn�2, if i � n� 1,

and

pαi|αjq �

$''&''%
2, if i � j,

�1, if |i� j| � 1,

0, otherwise.

The quantum group associated to this Cartan datum is called Uqpslnq. Taking n � 2
gives back Definition 1.1.1. In general, Uqpslnq is a quantum deformation of the
enveloping algebra of n by n matrices with trace zero.

1.2.2 Weight modules

Again, there is a notion of weight spaces and weight modules. Let M be an Uqpgq-
module with ground ring R � Qpqq. Consider a Z-linear functional

λ : Y _ Ñ R�,
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where the group structure on R� is the product. For each such λ and y P Y , we call
pλ, yq-weight space the set

Mλ,y :� tv PM |Kγv � λpγqqγpyqv for all γ P Y _u.

We have EiMλ,y �Mλ,y�αi and FiMλ,y �Mλ,y�αi . Like before, a weight module
is a module that decomposes as a direct sum of its weight spaces, and it is a highest
weight module if it is generated by an element vλ PMλ,0 such that Eivλ � 0 for all
i P I . In that case, we call λ the highest weight and we have

M �
à
yPX�

Mλ,�y.

as R-module.

We say that a Uqpgq-module M is integrable if for each v PM there exists k " 0
such that Eki v � 0 and F ki v � 0 for all i P I . Any finite dimensional module is
integrable, and any integrable module is a weight module with λpΠ_q � Zrqs. In this
thesis, as for sl2, we consider only type 1 modules , that is λpΠ_q � Nrqs.

Let M be a highest weight module with highest weight vector vλ P Mλ,0. Then
we set λi � λpα_i q for each i P I . We are interested in λ such that each λi is either
λi � qni for some ni P Z or λi is formal. In that case, we write it λi � qβi .

Parabolic Verma modules

The (standard) Borel subalgebra Uqpbq of Uqpgq is generated by Kγ and Ei for all
γ P Y _ and i P I . A (standard) parabolic subalgebra of Uqpgq is a subalgebra that
contains Uqpbq. It is generated by Kγ , Ei and Fj for all γ P Y _, i P I and j P If for
some fixed subset If � I . The part given by Kγ , Ej and Fj for j P If is called the
Levi factor and written Uqpiq. The nilpotent radical Uqpnq is generated by Ei for all
i P Ir :� IzIf . There is a decomposition Uqppq � Uqpiq ` Uqpnq. Note that parabolic
subalgebras are in bijection with partitions I � If \ Ir.

Let Uqppq be a parabolic subalgebra determined by I � If \ Ir. For each i P If ,
we choose a weight ni P N. For each j P Ir we choose a weight λj P tqβj , qnju. We
write N � tniuiPIf

and Λ � tλjujPIr
. Let V pΛ, Nq be the unique (type 1) integrable,

irreducible representation of Uqpiq on the ground ring R � Qpq,Λq, and with highest
weight λ determined by

λpα_k q �

$&%qni , if k � i P If ,

λj , if k � j P Ir.

We extend it to a representation of Uqppq by setting UqpnqV pΛ, Nq � 0.
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Definition 1.2.3. The parabolic Verma module of highest weight pΛ, Nq associated to
Uqppq � Uqpgq is the induced module

MppΛ, Nq :� Uqpgq bUqppq V pΛ, Nq.

Whenever Uqppq � Uqpgq, then MppΛ, Nq is an infinite dimensional module.
Moreover, for all parabolic Verma modules, there is a Qpqq-linear surjection

U�
q pgq bQpqq R�MppΛ, Nq.

Example 1.2.4. If Uqppq � Uqpbq, then N � H, and V pΛ, Nq � Qppq,ΛqqvΛ is
1-dimensional, and such that

EivΛ � 0, KγvΛ �
¹
jPI

λ
γpΛjq
j vΛ.

In that case, we simply call it Verma module, and we write it MbpΛq. If λj � qβ is
formal for all j P Ir, then we call it the universal Verma module.

Example 1.2.5. If Uqppq � Uqpgq, then Λ � H and MppΛ, Nq � V pNq is an
integrable, irreducible Uqpgq representation.

Since q is a generic parameter (i.e. not a root of unity), we can apply Jantzen’s
criterion [28, Theorem 9.12], thanks to the results in [3]. From it, we obtain that
MppΛ, Nq is irreducible whenever λj R tqn|n P Nu for all j P Ir. If λj � qnj for
nj P N, then MppΛ, Nq contains a non-trivial, proper submodule, which is isomorphic
toMppΛnj

�nj�2, Nq for Λnj

�nj�2 given by exchanging qnj with q�nj�2 in Λ. Moreover,
the quotient

MppΛ, Nq
MppΛnj

�nj�2, Nq
�Mp�jpΛztqnju, N \ tnjuq

is isomorphic to the parabolic Verma module associated to the parabolic subalgebra
p� j given by adding j to If , that is generated by p and Fj .

Furthermore, whenever λj � qβj is formal, then there is a surjective map

evnj
: MppΛ, Nq�MppΛnj

βj
, Nq,

for all nj P Z, given by evaluating βj � nj .

These two facts together allow us to define a partial order on the parabolic Verma
modules. For this, we say that there is an arrow from MppΛ, Nq to Mp1pΛ1, N 1q if we
have an evaluation map evnj such that

evnj
pMppΛ, Nqq �Mp1pΛ1, N 1q,
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or if there is a short exact sequence

0 ÑMppΛnj

�nj�2, Nq ÑMppΛ, Nq ÑMp1pΛ1, N 1q Ñ 0.

Then we say that a parabolic Verma module M is bigger than another one M 1 if there
is a chain of arrows from M to M 1. In that case, there is an M2, which is either trivial
or a parabolic Verma module, and a short exact sequence

0 ÑM2 Ñ evpMq ÑM 1 Ñ 0,

where ev is a composition of evaluation maps evnj
. With this partial order, the

universal Verma module is a maximal element and each integrable, irreducible module
is a minimum. This also means that we can recover any parabolic Verma module from
the universal one.

Shapovalov form

Let ρ : Uqpgq Ñ Uqpgq
op be the Qpqq-linear algebra anti-involution given by

ρpEiq :� q�1
i K�1

i Fi, ρpFiq :� q�1
i KiEi, ρpKγq :� Kγ , (1.16)

for all i P I and γ P Y _. Let also τ : Uqpgq Ñ Uqpgq
op be the Qpqq-antilinear

anti-automorphism given by

τpEiq :� q�1
i K�1

i Fi, τpFiq :� q�1
i KiEi, τpKγq :� K�1

γ . (1.17)

Definition 1.2.6. The Shapovalov form

p�,�q : MppΛ, Nq �MppΛ, Nq Ñ Qpq,Λq,

is the unique bilinear form respecting

• pvΛ,N , vΛ,N q � 1, for vΛ,N the highest weight vector,

• puv, v1q � pv, ρpuqv1q where ρ is defined in (1.16),

• fpv, v1q � pfv, v1q � pv, fv1q,

for all v, v1 PMppΛ, Nq, u P Uqpgq and f P Qpq,Λq.

Basis

Since parabolic Verma modules are highest weight modules, they admit at least one
basis given by elements of the form FivΛ,N for i P SeqpIq, and where vΛ,N is
a highest weight vector. In particular, as R-modules they are all subquotients of
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U�
q pgq bQpqq R, meaning that these basis lives in a subset of tFivΛ,N |i P SeqpIqu

modded out by the Serre relations. We call such a basis an induced basis and write it
tvΛ,N � m0,m1, . . . u. Any element in such basis takes the form Fi � F br

ir
� � �F b1

i1

for some i1, . . . , ir P I and b1, . . . , br P N, with iℓ � iℓ�1. Replacing each F bi by the
divided power F pbq

i � F bi {prbsqi !q yields another basis tvΛ,N � m1
0,m

1
1, . . . u that we

refer as a canonical basis. Whenever MppΛ, Nq is irreducible, the Shapovalov form
(see Definition 1.2.6) is non-degenerate. Thus in this case, for each canonical basis
there is a dual canonical basis uniquely determined by

pm1
i,m

jq � δij .

Example in Uqpsl3q

We now consider Uqpgq � Uqpsl3q, which is generated by E1, E2, F1, F2 and Kγ . Its
universal Verma module Mbptqβ1 , qβ2uq looks like

M0

M�α1 M�α2

M�2α1 M�α1�α2 M�2α2

M�3α1 M�2α1�α2 M�α1�2α2 M�3α2

. . . . . . . . . . . . . . .

F1 F2

F1 F2 F1 F2

F1 F2 F1 F2 F1 F2

where the action of each Fi is non-zero. For example M�α1�2α2 is 2-dimensional
generated by F1F

2
2 vΛ,N and F 2

2F1vΛ,N . Taking the highest weight pβ1, 1q instead of
pβ1, β2q gives

M0

M�α1 M�α2

M�2α1 M�α1�α2 M�2α2

M�3α1 M�2α1�α2 M�α1�2α2 M�3α2

. . . . . . . . . . . . . . .

0

Note thatE2M�2α2 � 0. ThusMbptqβ1 , q1uq admits as submodule the Verma module
of highest weight pβ1 � 2,�3q. The quotient is isomorphic to the parabolic Verma
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module Mpptqβ1u, t1uq, for p generated by F2, E1, E2,Kγ . It looks like

M0

M�α1 M�α2

M�2α1 M�α1�α2 0

M�3α1 M�2α1�α2 M�α1�2α2

. . . . . . . . . 0

Note that M�α1�2α2 is now 1-dimensional generated by F1F
2
2 vΛ,N . In conclusion,

one can think of parabolic Verma module as a mild mix between integrable modules
and Verma modules, with the action of Fi, Ei being locally nilpotent for i P If , and
F kj being never 0 for all k ¥ 0 and j P Ir.





Chapter 2

Elements of categorification

The philosophy behind categorification is to interpret some mathematical objects as
‘shadows’ of higher structures, and to build these higher, richer objects. One of the
most common examples is the Euler characteristic, which can be thought of as a
shadow of the homology groups. In addition to being a stronger invariant of topological
spaces, homology groups most importantly reveal a whole new layer of structure
given by induced maps on homology. But of course, giving a precise definition of
categorification is not possible, unless we start by defining the reverse operation: that
is how we decategorify. And there exist several ways of doing it in the literature: Hall
algebras [84], categorical traces [8], Grothendieck groups... Then given an algebraic
object A, a category C and a fixed decategorification rCs of C, we say that C is a
categorification of A whenever rCs � A.

For quantum groups, and by consequence in this thesis, we use the notion of
Grothendieck group K0pCq, which itself declines in several constructions, depending
on the structure of the category Cwe want to decategorify.

Even given a way to decategorify and an object admitting a categorification, there
is not much chance to have an algorithm that allow us to recover this higher structure
(except for a very naive, uninteresting one). And there is no chance that the construction
is unique. Therefore, to cite Ben Webster, we would say that:

‘Categorification is an art, not a functor.’

2.1 Classical Grothendieck groups

The recipe for Grothendieck groups is always the same: we start with a pointed, small
category C admitting some structure that comes with a collection of distinguished
triples of objects xX,Y, Zy for some X,Y, Z P C. Moreover, these distinguished
triples should have nice properties (e.g. xX,Y, 0y and x0, X, Y y are distinguished
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triples whenever X � Y ). Then we construct the free abelian group F pCq :�À
XPCrXsZ over the set of objects of C, and we define the Grothendieck group as

K0pCq :� F pCq{T pCq,

where

T pCq :� trY s � rXs � rZs|xX,Y, Zy is a distinguished tripleu.

In particular, rXs � rY s whenever X � Y . Usually, having a distinguished triple
xX,Y, Zy means that Y is ‘built up’ from X and Z, and thus the Grothendieck group
extracts this information.

The Grothendieck group inherits other properties from the category. Indeed, sup-
pose we have two categories C and C1, both having distinguished triples, and a functor
F : CÑ C1 that preserves these triples. Then it induces a map

K0pCq
rF s
ÝÝÑ K0pC

1q.

From this, we can start playing around. If the category C has a monoidal structure and
the bifunctor

�b� : C� CÑ C

preserves distinguished triples, then the Grothendieck group comes with a ring structure

rXs.rY s :� rX b Y s.

Another example of interest for us is when Chas an auto-equivalence (i.e. is Z-graded)

x1y : CÑ C

preserving distinguished triples. We write x�1y � x1y�1 and in general xky � x1yk

for all k P Z. In that case, the Grothendieck group is a Zrq, q�1s-module with the
action of qk given by

qk � rXs � rXxkys.

2.1.1 Additive categories

The first example of a categories that comes with distinguished triples are the additive
categories, where there is a triple xX,Y, Zy whenever

Y � X ` Z.
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For this particular case, we call K`
0 pCq the split Grothendieck group of C.

Krull–Schmidt categories

Recall that a unital ring is a local ring if given any invertible finite sum of elements,
then one of its summand is invertible. A Krull–Schmidt category is an additive category
in which every object decomposes as a finite direct sum of objects having local endo-
morphism rings. The main property of such a category is that any objectX decomposes
as a finite direct sum of indecomposable objects (which agree with the objects having
local endomorphism rings). Moreover, this decomposition is essentially unique. From
this, we easily deduce the following classical result:

Proposition 2.1.1. Let Cbe a Krull–Schmidt category with its collection of pairwise
non-isomorphic indecomposable objects tXiuiPI . Then its split Grothendieck group is
a free Z-module

K`
0 pCq �

à
iPI

ZrXis.

Definition 2.1.2. A category C is strictly Z-graded if it possesses an auto-equivalence
x1y : CÑ C such that

Xxky � X

for all k P Zzt0u and non-zero object X P C. We say that a category is Z-graded
Krull–Schmidt if it is strictly Z-graded and Krull–Schmidt.

We call x1y the grading shift and we say two objects X and Y are distinct if
X � Y xky for all k P Z.

Proposition 2.1.3. Let C be a Z-graded Krull–Schmidt category with collection of
pairwise distinct indecomposable objects tXiuiPI . Then its split Grothendieck group
respects

K`
0 pCq �

à
iPI

Zrq, q�1srXis.

Example 2.1.4. Consider the category k -gmod of finite dimensional Z-graded k-
vector spaces, with degree preserving maps. It is a graded Krull–Schmidt category
with a unique indecomposable object, up to grading shift and isomorphism, given by k.
Thus its split Grothendieck group is

K`
0 pk -gmodq � Zrq, q�1s.

If we consider k -gmod with its monoidal structure given by tensor product over k, we
get a categorification of Zrq, q�1s as a ring.
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Remark 2.1.5. It is important to restrict to finite dimensional modules, and in general
we need to avoid categories with all (countably) infinite coproducts. Indeed, otherwise,
the Eilenberg swindle applies:º

iPN
X � X `

º
iPN

X ñ r
º
iPN

Xs � rXs � r
º
iPN

Xs,

implying that rXs � 0 for all X , and thus K0pCq � 0.

We would like to point out that a module category Cover pk -gmod,bkq is basically
a Z-graded, additive, k-linear category. The Z-action on C is induced by acting by
shifts of the unit object of pk -gmod,bkq. Then the monoidal action

k -gmod◃ CÑ C

descends to the Grothendieck groups

K`
0 pk -gmodq �K`

0 pCq
r◃s
ÝÝÑ K`

0 pCq

as the Zrq, q�1s-action onK`
0 pCq, after identifyingK`

0 pk -gmodq � Zrq, q�1s. What
is nice with this point of view is that the Zrq, q�1s-module structure of K`

0 pCq is not
just a coincidence, but comes from a categorical version of it.

Within this framework, we can already obtain a categorification of (the multipli-
cation by) the quantum number rnsq � qn�1 � qn�3 � � � � � q1�n P Zrq, q�1s as the
endofunctor

Àn
ℓ�0 Idxn� 1� 2ℓy.

Remark 2.1.6. Note that we do not truly gave a categorical interpretation of the
minus sign, which only comes as a formal consequence of the fact that we work with
abelian groups. Therefore, we should probably think of additive categories only as a
categorification of N-modules, and of k -gmod as a categorification of Nrq, q�1s.

2.1.2 Abelian categories

Another class of categories that have distinguished triples is given by abelian categories.
In that situation, a distinguished triple xX,Y, Zy is a short exact sequence

0 Ñ X ãÑ Y � Z Ñ 0.

This generalizes to Quillen exact categories [76]. Since abelian categories are also addi-
tive, we write G0pCq for the Grothendieck group obtained from short exact sequences,
so that we do not mistake it with the split Grothendieck group K`

0 pCq.
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Jordan–Hölder

If C is a finite length abelian category, then by the Jordan–Hölder theorem every object
admits an essentially unique finite composition series. Since in the Grothendieck group,
an object is equal to the sum of the composition factors of its composition series, we
get the following well-known result:

Proposition 2.1.7. Let Cbe a finite length category with collection of pairwise non-
isomorphic simple objects tSiuiPI . Then its Grothendieck group is

G0pCq �
à
iPI

ZrSis.

The result also holds in the graded case.

Proposition 2.1.8. Let C be a strictly Z-graded, finite length category with collection
of pairwise distinct simple objects tSiuiPI . Then its Grothendieck group is

G0pCq �
à
iPI

Zrq, q�1srSis.

Example 2.1.9. In k -gmod, there is a unique simple object up to grading shift and
isomorphism, given by k. Therefore

G0pk -gmodq � Zrq, q�1s.

In this particular case, it can be viewed also as a consequence of Example 2.1.4 since
every short exact sequence in k -gmod splits.

2.1.3 Triangulated categories

The third class of categories we are interested in is given by triangulated categories.
These kind of structures appear naturally, among others, when one looks at the structure
inherited on the homotopy or derived category of an abelian category. They were
developed by Verdier under the supervision of Grothendieck [90]. A triangulated
category is the datum of an additive category C, an automorphism r1s : CÑ C called
the translation functor and a class of distinguished triangles:

X Ñ Y Ñ Z Ñ Xr1s,

respecting some axioms (see below). We call Y an extension of X by Z. In particular
C comes equipped with a Z-action such that r1s � r�1s � Id � r�1s � r1s.

Remark 2.1.10. In opposite of, for example, abelian categories, an additive category
could admit multiple possible triangulated structures. It is because triangulated
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categories are a truncation of higher categories (e.g. stable p8, 1q-categories [50]). On
this higher level, the triangulated structure is unique. This is similar to the phenomenon
of categorification: when one goes one level lower, we loose information and thus a

‘shadow’ can have been projected from different objects.

Axiomatic

Here is the (redundant) list of axioms a triangulated category must respect [69]:

1. every diagram X Ñ Y Ñ Z Ñ Xr1s isomorphic to a distinguished triangle is
itself a distinguished triangle ;

2. the diagram X
IdXÝÝÑ X Ñ 0 Ñ Xr1s is a distinguished triangle ;

3. for each map X f
ÝÑ Y there is a mapping cone Conepfq fitting in a distinguished

triangle
X

f
ÝÑ Y Ñ Conepfq Ñ Xr1s,

4. a diagram X
f
ÝÑ Y

g
ÝÑ Z

h
ÝÑ Xr1s is a distinguished triangle if and only if

Y
g
ÝÑ Z

h
ÝÑ Xr1s �fr1s

ÝÝÝÝÑ Y r1s

is also a distinguished triangle ;

5. given a commutative diagram

X Y

X 1 Y 1

f

α β

f 1

and two distinguished triangles X f
ÝÑ Y

g
ÝÑ Z

h
ÝÑ Xr1s and X 1 f 1

ÝÑ Y 1 g1

ÝÑ

Z 1 h1
ÝÑ X 1r1s then there is a (non-unique) map Z γ

ÝÑ Z 1 such that the following
diagram commutes:

X Y Z Xr1s

X 1 Y 1 Z 1 X 1r1s

f

α

g

β

h

Dγ αr1s

f 1 g1 h1
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6. finally, there is a coherence axiom for taking extensions, called the octahedral
axiom, stating that if there are three distinguished triangles

X Y Y {X Xr1s,

Y Z Z{Y Y r1s,

X Z Z{X Xr1s,

f

g

g�f

then there is a distinguished triangle

Y {X Ñ Z{X Ñ Z{Y Ñ pY {Xqr1s,

such that the following diagram commutes:

X Z Z{Y pY {Xqr1s

Y Z{X Y r1s

Y {X Xr1s

Remark 2.1.11. One of the caveat of triangulated categories is that the construction of
the mapping cone (among other similar homotopical constructions) is not necessarily
(and often not) functorial. This is because as mentioned in Remark 2.1.10, triangulated
categories are somehow only the truncation of a higher structure. In this higher
structure, taking mapping cones becomes functorial. However, these higher structures
are in general much harder to handle, and thus we prefer to stick with triangulated
categories for computational purposes.

By definition, triangulated categories come with distinguished triples given by the
distinguished triangles. Hence, we get a triangulated Grothendieck group K∆

0 pCq.
One of the nice properties of the triangulated Grothendieck group is that the second
and fourth axioms of triangulated categories tells us that

X Ñ 0 Ñ Xr1s Ñ Xr1s

is a distinguished triangle. Therefore, in the triangulated Grothendieck group, we have

0 � rXs � rXr1ss,

meaning that the translation functor descends as the multiplication by �1. This means
that we get a categorical interpretation of the minus sign. Moreover, taking a mapping
cone X Ñ Y can be interpreted as a categorical way of subtracting X from Y .
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2.2 How to construct triangulated categories

As already mentioned, one way of producing triangulated structures is by looking at
homotopy categories or derived categories. In this thesis, we will only consider trian-
gulated categories obtained from dg-algebras. For this, we will mainly follow [35] (see
also [10]) and borrow some ideas and notations from [74] (mostly for categorification
purposes). A good survey for dg-categories is [36].

2.2.1 Dg-algebras

Definition 2.2.1. A dg-(k-)algebra pA, dq is a unital, Z-graded k-algebraA �
À

iPZAi

with a differential d : Ai Ñ Ai�1 of degree �1 such that d2 � 0 and

dpabq � dpaqb� p�1qdegpaqadpbq,

for all homogeneous elements a, b P A.

Remark 2.2.2. In opposite to [35], we consider differentials of degree �1 instead of
�1. Of course, all homological gradings can be switched, and one can take degree �1
instead. But then, the positive dg-algebras we will consider later on would correspond
with negative dg-algebras.

Definition 2.2.3. A (left) dg-module pM,dM q over a dg-algebra pA, dq is the datum
of a graded (left) A-module M �

À
iPZMi and a differential dM such that d2

M � 0
and

dM pa �mq � dApaq �m� p�1qdegpaqa � dM pmq,

for all homogeneous elements a P A and m PM . A morphism of dg-modules is a map
of graded modules that preserves the gradings and commutes with the differentials.
There are similar obvious definitions for right dg-modules and dg-bimodules.

Given a dg-algebra pA, dq we can construct its homology

HpA, dq :� ker d
im d

,

which is a graded algebra. Similarly we construct the homology HpM,dq of an
pA, dq-module, and it is a graded HpA, dq-module. As usual in homological algebra, a
morphism of dg-modules induces a morphism of graded modules in homology, and a
short exact sequence of dg-modules gives rise to a long exact sequence in homology.
Moreover, one says that a map f : X Ñ Y (of dg-modules or of dg-algebras) is a
quasi-isomorphism if it induces an isomorphism in homology f� : HpXq �

ÝÑ HpY q.
A dg-algebra is formal if it is quasi-isomorphic to its homology equipped with a trivial
differential.
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The category pA, dq -mod of (left) dg-modules over a dg-algebra pA, dq is a Z-
graded abelian category with r1s acting by:

• shifting the degree of all elements up by 1 ;

• switching the sign of the differential dMr1s :� �dM ;

• introducing a sign in the action r �mr1s :� p�1qdeg rpr �mqr1s.

Remark 2.2.4. If we consider right dg-modules instead, then the translation functor
does not change the sign in the action. In the case of dg-bimodules, it only twists the
left-action.

Let f : pX, dXq Ñ pY, dY q be a morphism of dg-modules. Then one constructs
the mapping cone of f as

Conepfq :� pXr1s ` Y, dCq, dC :�
�
�dX 0
f dY

�
. (2.1)

It is an pA, dq-module and it fits in a short exact sequence

0 Ñ Y ãÑ Conepfq� Xr1s Ñ 0.

2.2.2 Derived category

Given two dg-modules X,Y P pA, dq -mod, one constructs the graded enriched hom-
space as

HOMA -modpX,Y q :�
à
iPZ

HomA -modpX,Y risq.

It is a graded space with f : X Ñ Y ris having degree �i. It can upgraded to a dg-hom
space pHOMA -modpX,Y q, dq with differential given by

dpfq � dY � f � p�1qdegpfqf � dX .

Similarly, one define the tensor product of a right pA, dq-module X and a left pA, dq-
module Y as

X bpA,dq Y :� pX bA Y, dq,

where degpxbyq :� degpxq�degpyq and dpxbyq � dpxqby�p�1qdegpxqxbdpyq.

Then we consider the dg-category of pA, dq-modules, written pA, dq -dgmod,
where the objects are the same as in pA, dq -mod and the hom-spaces are the dg-hom
spaces

HompA,dq -dgmodpX,Y q :� pHOMA -modpX,Y q, dq.
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Note that it is not an abelian category. We also define Z0ppA, dq -dgmodq and
H0ppA, dq -dgmodq, which have again the same objects as pA, dq -mod but with hom-
spaces being

HomZ0ppA,dq -dgmodqpX,Y q :� kerpHomApX,Y r0sq
d
ÝÑ HomApX,Y r1sqq,

HomH0ppA,dq -dgmodqpX,Y q :� kerpHomApX,Y r0sq
d
ÝÑ HomApX,Y r1sqq

impHomApX,Y r�1sq d
ÝÑ HomApX,Y r0sqq

.

Note that Z0ppA, dq -dgmodq is naturally equivalent to pA, dq -mod.

One calls H0ppA, dq -dgmodq the homotopy category of pA, dq. It is a triangu-
lated category with translation functor given by r1s defined as in pA, dq -mod. The
distinguished triangles are isomorphic to triangles X Ñ Y Ñ Z Ñ Xr1s obtained
from short exact sequences X Ñ Y Ñ Z in Z0ppA, dq -dgmodq that split in A -mod
(the splitting maps allow to construct Z Ñ Xr1s). Mapping cones are constructed as
in (2.1).

The derived category DpA, dq of pA, dq -dgmod is given by localizing the homo-
topy category H0ppA, dq -dgmodq along quasi-isomorphisms (we recall that localizing
is the procedure of adding formal inverses to a specified class of maps). Therefore,
quasi-isomorphisms become isomorphisms in the derived category. It inherits a trian-
gulated structure from the homotopy category. The distinguished triangles are now
obtained from all short exact sequences in Z0ppA, dq -dgmodq (they do not need to
split as graded modules anymore).

It is in general a hard problem to compute the hom-spaces in the derived category,
except for a specific class of objects.

Definition 2.2.5. An pA, dq-module X is a relatively projective module if it is a direct
summand of a direct sum of shifted copies of free modules in pA, dq -mod.

Definition 2.2.6. An pA, dq-module Y satisfies property (P) if there is an exhaustive
filtration of pA, dq-modules

0 � F0 � F1 � F2 � � � � � Fr � Fr�1 � � � � � Y,

such that each Fr�1{Fr is isomorphic to a relatively projective module.

Definition 2.2.7. An pA, dq-direct summand of a property (P) module is called cofi-
brant.

A nice property of cofibrant modules is that their hom-spaces are much easier to
compute. Indeed for P cofibrant and any Y P pA, dq -mod, we have

HomDpA,dqpP, Y q � HomH0ppA,dq -dgmodqpP, Y q.
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Of course, HomH0ppA,dq -dgmodqpP, Y q can be computed as HompA,dq -modpP, Y q{ �

where f � g if there exists a morphism h : P Ñ Y r1s such that

f � g � dphq � dY � h� h � dP .

Another nice property of cofibrant modules is that taking tensor product with such
modules preserves quasi-isomorphisms:

X Y�
f

ñ P bpA,dq X P bpA,dq Y,�
1bf

for P cofibrant right pA, dq-module and X left pA, dq-module quasi-isomorphic to Y .

Fortunately, there are enough cofibrant modules thanks to following result:

Proposition 2.2.8 ([35, §3.1]). For any pA, dq-module X there is an pA, dq-module
satisfying property (P), denoted ppXq, with a surjective quasi-isomorphism

ppXq� X.

We call ppXq the bar resolution of X , and the assignment X Ñ ppXq is functorial.

This allows the construction of a derived hom functor for each X P pA, dq -mod as

RHOMp�, Xq : DpA, dq Ñ Dpk, 0q, RHOMpY,Xq :� pHOMpppY q, Xq, dq.

There is a similar definition for RHOMpX,�q with

RHOMpX,Y q � pHOMpppXq, Y q, dq.

In that case, if X carries the structure of an pA, dq-pB, dq-bimodule, then it can be
upgraded into a functor

RHOMpX,�q : DpA, dq Ñ DpB, dq.

Moreover, whenever X is cofibrant as pA, dq-module, then it is exact in the sense that
it preserves distinguished triangles (and commutes with the translation functors). The
derived hom-functor admits a left adjoint functor called derived tensor product functor

X bL
pB,dq � : DpB, dq Ñ DpA, dq, X bL

pB,dq Y :� X bpB,dq p pY q,

where p pY q is the bar resolution of Y in pB, dq -mod. It is an exact functor whenever
X is cofibrant as (right) pB, dq-module.
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2.2.3 Back to Grothendieck groups

In order to avoid the Eilenberg swindle (cf. Remark 2.1.5), we need to restrict to a
subcategory of the derived category. In this setting, as explained in [74] for example,
there is a special class of objects that play the role of finitely generated objects.

Definition 2.2.9. An objectX in a category with (infinite) coproducts is called compact
if for any family of objects tNiuiPI the natural mapº

iPI

HompM,Niq
�
ÝÑ HompM,

º
iPI

Niq

is an isomorphism.

The compact derived category is the full subcategory DcpA, dq � DpA, dq given
by objects quasi-isomorphic to compact objects. It is a triangulated (thanks to the
five lemma), idempotent complete subcategory of DpA, dq. Luckily, in the setting of
dg-categories, DpA, dq is compactly generated (see [67, 68, 79]) by the free module
pA, dq and all its shifts Arrs, r P Z. Equivalently, it is compactly generated by finitely
generated, relatively projective modules. Therefore, we can obtain all compact objects
as direct summands of finite iterated extensions of the compact generators. For this
reason, as in [74], we define the following:

Definition 2.2.10. A finite cell module is an pA, dq-module satisfying property (P) and
being finitely generated as A-module.

This means that finite cell modules are modules admitting finite filtrations in
pA, dq -mod where each composition factor is a finitely generated, relatively projective
module. Thus, finite cell modules are exactly the finite iterated extensions we were
looking for, and any compact object is isomorphic to a direct summand of a finite cell
module. We say that a collection tKiuiPI is a minimal compact generating set if

• the collection tKirnsuiPI,nPZ compactly generates C ;

• Ki cannot be obtain as an iterated extension of objects in tKjrnsujPIztiu,nPZ.

Note that the second condition implies in particular that Ki is distinct from Kj with
respect to r1s for all i � j. Then we have the following result:

Proposition 2.2.11. Let Cc be the compact subcategory of a compactly generated
triangulated category C with minimal compact generating set tKiuiPI . Then its
triangulated Grothendieck group respects

K∆
0 pC

cq �
à
iPI

ZrKis.
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Note that it is in general a non-trivial problem to determine if a set of compact
generators is a minimal compact generating one.

Example 2.2.12. The triangulated Grothendieck group of pk, 0q is given by

K∆
0 pD

cpk, 0qq � Z,

with minimal compact generating collection given by tpk, 0qu.

2.2.4 Homological toolbox

We explain some well-known tools that will reveal useful later to compute homology
of dg-modules.

Proposition 2.2.13. Let pA, dAq be a dg-algebra, pM,dM q be a right pA, dAq-module,
and pN, dN q a left one. If pM,dM q is formal and pN, dN q is cofibrant, then we have

H
�
pM,dM q bpA,dAq pN, dN q

�
� H

�
HpM,dM q bpA,dAq pN, dN q

�
.

Proof. Tensoring with a cofibrant dg-module preserves quasi-isomorphisms. �

The following notions were introduced by Moore [61], but we use the presentation
given in [88].

Definition 2.2.14 ([88, Definition 8.5]). Let pR, 0q be a ring R viewed as a dg-Z-
algebra concentrated in degree zero. An pR, 0q-module pQ, dQq is strongly projective
if HpQ, dQq and im dQ are both projective R-modules.

Lemma 2.2.15 ([91, Theorem 9.3.2]). Let pP, dP q be a strongly projective right pR, 0q-
module and pN, dN q any left pR, 0q-module, then

H
�
pP, dP q bpR,0q pN, dN q

�
� HpP, dP q bR HpN, dN q.

Definition 2.2.16 ([88, Definition 8.17]). Let pA, dAq be a dg-R-algebra. A left (resp.
right) pA, dAq-module pP, dP q is strongly projective if it is a dg-direct summand of
pA, dAq bpR,0q pQ, dQq (resp. pQ, dQq bpR,0q pA, dAq) for some strongly projective
pR, 0q-module pQ, dQq.

Proposition 2.2.17 ([88, Lemma 8.23]). If pP, dP q is a strongly projective right
pA, dAq-module and pN, dN q is any left pA, dAq-module, then

H
�
pP, dP q bpA,dAq pN, dN q

�
� HpP, dP q bHpA,dAq HpN, dN q.
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Note that if pP, dP q is a strongly projective pA, dAq-module, then HpP, dP q is
a projective HpA, dAq-module. Indeed, we can assume pP, dP q � pA, dAq bpR,0q

pQ, dQq, and we have

HpP, dP q � HpA, dAq bR HpQ, dQq.

SinceHpQ, dQq is a projectiveR-module, it is a direct summand of a freeR-module F .
ThereforeHpP, dP q is a direct summand ofHpA, dAqbRF , which is a freeHpA, dAq-
module.

Remark 2.2.18. Of course, in general, this result does not hold. As a counter ex-
ample we can take pA, dq � pQrx, ys, 0q and consider the dg-module pX, dXq given
by the mapping cone ConepQrx, ys x�y

ÝÝÝÑ Qrx, ysq. Then we obtain HpX, dXq �
Qrx, ys{px� yq but HppX, dXq bpA,dq pX, dXqq � Qrx, ys `Qrx, ysr1s.

We will also need the following result:

Proposition 2.2.19. [86, Lemma 09IZ] Let pM,dM q be a pZ, 0q-module. Let

� � �
f3ÝÑ pA2, d2q

f2ÝÑ pA1, d1q
f1ÝÑ pA0, d0q Ñ pM,dM q Ñ 0,

be an exact sequence, such that

� � � Ñ kerpd2q Ñ kerpd1q Ñ kerpd0q Ñ kerpdM q Ñ 0,

is exact as well. Then define the pZ, 0q-module pT, dT q by Th :�
À

pa�b�hqA
b
a

and dT pxq :� fapxq � p�1qadapxq for x P Aba and f0 � 0. There is a surjective
quasi-isomorphism

pT, dT q
�
ÝÑ pM,dM q,

induced by pA0, d0q� pM,dmq.

2.3 Multigradings

We say that a category C is Zn-(multi)graded if there is a collection of auto-equivalences
x1yi for 1 ¤ i ¤ n, strictly commuting with each others. If C is triangulated,
then we say it is a Zn- graded triangulated categories if x1yi strictly commutes
with the translation functor r1s for each i (making it a Zn�1-graded category), and
x1yi preserves distinguishes triangles. The Grothendieck groups of a Zn-graded
category is a Zrx�1

1 , . . . , x�1
n s-module. In order to simplify notations, we write a

shift in the Zn-multigrading as xg for g � pg1, . . . , gnq P Zn, or as monomial

https://stacks.math.columbia.edu/tag/09IZ
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xg1
1 � � �xgn

n P Zrx�1
1 , . . . , x�1

n s, so that we have

xgX :� xg1
1 � � �xgn

n X :� Xxg1y � � � xgny,

which is well defined since the shifts strictly commute with each others. We keep
the notation r1s for the shift in the homological grading. We say that C is strictly
Zn-graded if it is Zn graded and if

xgX � X

for all x P Znzt0u, and non-zero object X P C.

Remark 2.3.1. Note that a category admitting arbitrary coproducts cannot be strictly
Zn-graded.

A Zn-graded dg-structure is a structure that is both Zn-graded and dg, and with the
differential preserving the Zn-grading. In particular, a Zn-graded dg-algebra pA, dq
decomposes as vector space as a direct sum

A �
à

pg,hqPZn`Z
Ahg ,

with the multiplication and differential respecting

Ahg �A
h1

g1 Ñ Ah�h
1

g�g1 , Ahg
d
ÝÑ Ah�1

g .

Everything said in §2.1.3 generalizes to multigraded dg-structures. In this case, we
let pA, dq -mod to be the abelian category of Zn-graded dg-modules with maps that
preserve all gradings. Note that in this context the enriched graded hom-spaces are
given by

HOMA -modpX,Y q :�
à

ph,gqPZ`Zn

HomA -modpX,x
gY rhsq,

where a map f : X Ñ xgY rhs has degree p�h,�gq.

Example 2.3.2. We consider pk, 0q as a Zn-graded dg-algebra concentrated in degree
0. Then its derived category is Zn-graded triangulated. Its triangulated Grothendieck
group is given by

K∆
0 pD

cpk, 0qq � Zrx�1
1 , . . . , x�1

n s.





Chapter 3

Topological Grothendieck
groups

One limitation of the framework explained in Chapter 2 is that we always need to work
with finitely generated objects. Therefore we end up with Grothendieck groups that
are modules only over a polynomial ring Zrx�1

1 , . . . , x�1
n s. This is actually enough for

example for constructing categorifications of integrable modules of quantum groups,
as in [33]. This is because all coefficients appearing in (1.11) are quantum integers
(the situation is similar in other types), and thus can be interpreted as polynomials in
Zrq, q�1s.

However, if we look at the structure constants appearing in the universal Verma
module of Uqpsl2q, we see that we need to be able to categorify the rational fraction

λqk � λq�k

q � q�1 .

We already know thanks to §2.1.3 and §2.3 how to deal with the λ (we can simply
add an extra grading) and with the minus sign (we can use a triangulated structure).
However, we still need to figure out a way to interpret the fraction 1

q�q�1 . Luckily, it is
already common knowledge in categorification theory how one can solve this problem
(see for example [46]). The idea is to rewrite it as a formal Laurent series

1
q � q�1 � �q

1
1� q2 � �qp1� q2 � q4 � . . . q.

Then we can categorify the fraction using objects that are locally finite (i.e. finite in
each degree). In particular here, we can take an infinite coproduct

²
ℓ¥0 q

1�2ℓ Idr1s.
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The procedure of embedding Qpqq ãÑ Qppqqq � QJqKrq�1s can be made formal and
extended to Qpx1, . . . , xnq ãÑ Qppx1, . . . , xnqq using the work of Aparicio-Monforte
and Kauers [4]. Then we need to construct a bigger category than the compact derived
category, but not too big so that we do not end up with Eilenberg swindle-like situations
(see Remark 2.1.5). Finally, we need to slightly modify the notion of Grothendieck
group in order to introduce a topology on it, so that formal Laurent series converge.
We call these topological Grothendieck groups.

We proposed in [65, Appendix] a solution for Krull–Schmidt-like categories and
for Jordan–Hölder-like categories, in order to work with locally finite direct sums and
locally finite composition series respectively. Here, we develop a framework for the
dg-setting, taking inspiration from [1]. In the reference, they construct a topological
Grothendieck group of ‘locally finite’ derived categories of (nice enough) finite length
abelian categories. It was mainly made to accommodate with (infinite) projective
resolutions that appear in the categorification of the integrable Uqpgq-modules. Unfor-
tunately, it cannot be used directly for our case. Indeed, on one hand we need to directly
work in a dg-setting, and on the other hand the basic objects we will manipulate in
the next chapters are not finite (this is needed since the structure constants in a Verma
module are not necessarily finite).

This chapter is a bit more technical than the others and the reader can easily
skip it in a first reading. The most important things to retain here (for the rest of
the thesis) is that there exists a class of well-behaved Zn-graded dg-algebras pA, dq
(Definition 3.4.5). Moreover, these dg-algebras admit some subcategories DlcpA, dq of
their derived category DpA, dq having controlled infinite iterated extensions of objects
(Corollary 3.4.17). This allows us to compute their topological Grothendieck group
K∆

0 pD
lcpA, dqq (Definition 3.4.4). In that situation, the topological Grothendieck

group is over Zppx1, . . . , xnqq, and is generated either by the symbols of the projective
A-modules (Theorem 3.4.26) or the simple A-modules (Corollary 3.4.28).

3.1 Ring of formal Laurent series

We follow the description given in [4]. We choose an arbitrary additive total order  
on Zn. That is, a   b implies a� c   b� c, for every a, b, c P Zn.

Definition 3.1.1. A cone is a subset C � Rn such that

C � tα1v1 � � � � � αpvn|αi P R¥0u,

for some generating elements v1, . . . , vn P Zn. Moreover C is compatible with the
order   if 0   vi for all i P t1, . . . , nu.



3.1 Ring of formal Laurent series 47

Remark 3.1.2. An important fact to note here is that given a cone C compatible
with  , then we can write C X Zn � t0 � c0, c1, c2, . . . u with ci   ci�1 for all
i P N. In particular given an element z P C X Zn, then there is only finitely many
c   z in C X Zn.

Example 3.1.3. If n � 1, then there are only two possible orders:

• if 0   1, and there is only one (non-zero) compatible cone given by r0,8r,
• if 0   �1, and the only compatible cone is s � 8, 0s.

Let k be a unital, commutative ring. Recall that for k � pk1, . . . , knq P Zn we
write xk :� xk1

1 . . . xkn
n .

Let C � Rn be a cone compatible with   and define

kCJx1, . . . , xnK :�
# ¸

kPZn

akx
k|ak P k, ak � 0 if k R C

+
.

Proposition 3.1.4 ([4, Theorem 10]). The set kCJx1, . . . , xnK together with the point-
wise addition and usual multiplication forms a unital, commutative ring.
Moreover, for fpxq P kCJx1, . . . , xnK with fp0q � a0 P k� invertible, then there
exists f�1pxq P kCJx1, . . . , xnK such that fpxqf�1pxq � 1.

Definition 3.1.5 ([4, Definition 14]). We put

k Jx1, . . . , xnK :�
¤
C

kCJx1, . . . , xnK,

where the union is over all cones compatible with  . The ring of formal Laurent series
is

k ppx1, . . . , xnqq :�
¤

ePZn

xek Jx1, . . . , xnK.

Theorem 3.1.6 ([4, Theorem 15]). The set k ppx1, . . . , xnqq together with the usual
addition and multiplication forms a ring. Whenever k is a field, then k ppx1, . . . , xnqq

is a field.

When k is a field, there is a canonical inclusion kpx1, . . . , xnq ãÑ k ppx1, . . . , xnqq

which consists in first writing fpxq P kpx1, . . . , xnq as fpxq � gpxq{hpxq with
gpxq, hpxq P krx1, . . . , xns. Then we consider g̃pxq, h̃pxq given by the canonical
inclusion krx1, . . . , xns ãÑ k ppx1, . . . , xnqq, and finally we take g̃pxqh̃�1pxq.

Example 3.1.7. Again, if n � 1, we have two possible ways to construct kppxqq:

• if 0   1, then we get k ppxqq � kJxKrx�1s and 1
x�x�1 � �xp1� x2 � . . . q,

• if 0   �1, then k ppxqq � kJx�1Krxs and 1
x�x�1 � x�1p1� x�2 � . . . q.
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Example 3.1.8. Take n � 2, then there are six prdeers with which to construct
k ppx1, x2qq. In this case we abuse the notation and say, for example, that we choose
the order 0   x1   x2 for the order induced by the choice p0, 0q   p1, 0q   p0, 1q,
where we suppose p1, 0q corresponds to x1 and p0, 1q to x2. Then we get

1
1� x�2

1 x2
2
� p1� x�2

1 x2
2 � x�4

1 x4
2 � . . . q.

3.1.1 Topological structure on the ring of Laurent series

The ring of formal Laurent series k ppx1, . . . , xnqq comes with a natural topology,
which we refer as px1, . . . , xnq-adic topology. It is defined by using

tVe :� xek Jx1, . . . , xnK|e P Znu, (3.1)

as neighborhood basis of zero, extending so that k ppx1, . . . , xnqq becomes a topologi-
cal group under addition. Note that Ve � Vf whenever e ¡ f .

Remark 3.1.9. We would like to point out that the subgroup Ve is not an ideal of the
ring k ppx1, . . . , xnqq, and thus the px1, . . . , xnq-adic topology is not an adic topology
in the proper sense.

Proposition 3.1.10. The ring of formal Laurent series k ppx1, . . . , xnqq equipped with
the px1, . . . , xnq-adic topology is a Hausdorff topological ring. If k is a field, then
k ppx1, . . . , xnqq is a topological field.

Proof. We recall that a subset U � k ppx1, . . . , xnqq is open if and only if for each
fpxq P U there exists a neighborhood Ve such that fpxq � Ve � U . We only need to
show that the multiplication map is continuous. Therefore we want to show that

U :� tpfpxq, gpxqq|fpxqgpxq P Veu,

for any e P Zn fixed is open. We take any pfpxq, gpxqq P U . It means we can
find f and g such that fpxq P Vf and gpxq P Vg with f � g © e. Then we put
r � maxte, e� fu and s � maxte, e� gu so that

pfpxq, gpxqq � pVs, Vrq � U.

This shows k ppx1, . . . , xnqq is a topological ring.
Moreover, we clearly have£

ePZn

xek Jx1, . . . , xnK � t0u,

and thus, the px1, . . . , xnq-adic topology is Hausdorff.
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If k is a field, then we write U :� tfpxq|f�1pxq P Veu. We have fpxq P U if and
only if fpxq � xfhpxq for some hpxq such that hp0q � 0, and f ¨ �e. Then we
obtain

fpxq � Vf � U,

which concludes the proof. �

3.2 C.b.l. additive categories

We review and slightly improve the notions presented in [65, Appendix]. We fix an
arbitrary additive total order   on Zn.

Definition 3.2.1. Let tX1, . . . , Xmu be a finite collection of objects in a stricly Zn-
graded category. Then we consider a coproduct of the formº

gPZn

xgpX
`k1,g

1 ` � � � `X`km,g
m q,

with each kj,g P N. We call such coproducts locally finite. We call it c.b.l.f. (cone
bounded, locally finite) if in addition, there exists a cone C compatible with  , and
e P Zn such that we have kj,g � 0 whenever g � e R C.

One of the nice properties of c.b.l.f. coproducts is that taking a c.b.l.f. coproduct of
c.b.l.f. coproducts yields again a c.b.l.f. coproduct.

If C is a category admitting zero morphisms (e.g. a preadditive category) and
Yj

ıj
ÝÑ

²
i Yi is a coproduct in C, then we have unique maps pj :

²
i Yi Ñ Yj given

by universal property of the coproduct making the following diagram commutes

Yk
²
i Yi

Yj

ık

δjk
D!pj

(3.2)

for all j, k. Then by universal property of the product
±
i Homp�, Yiq

πj
ÝÑ Homp�, Yjq,

we get in turn a map r : Homp�,
²
i Yiq Ñ

±
i Homp�, Yiq making the diagram

Homp�,
²
i Yiq

±
i Homp�, Yiq Homp�, Yjq

D!r
pj��

πj

(3.3)

commute for all j.
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Definition 3.2.2. We say that a coproduct
²
i Yi in a category with zero morphisms is

a biproduct if the natural transformation

Homp�,
º
i

Yiq
r
ÝÑ

¹
i

Homp�, Yiq

is an isomorphism.

Proposition 3.2.3. Let C be a category admitting zero morphisms. If
²
i Yi is a

biproduct, then it is a product as well. Moreover, if pj :
²
i Yi Ñ Yj and ıj : Yi Ñ²

i Yi are the projection and injection maps respectively, then
±
jpıj � pjq � Id.

Proof. Let Z fiÝÑ Yi be a collection of arrows in C. Consider the maps pj :
²
i Yi Ñ

Yj as in (3.2), and the maps r : Homp�,
²
i Yiq

r
ÝÑ

±
i Homp�, Yiq and πj :±

i Homp�, Yiq Ñ Homp�, Yjq as in (3.3). Then we obtain pj � r
�1p

±
i fiq �

πjp
±
i fiq � fj , and by consequence we get a commutative diagram

Z

²
i Yi Yj .

r�1p
±
fiq

fj

pj

This means
²
i Yi is a product with projection maps given by pj . The second claim

follows by universal property of the product. �

Remark 3.2.4. The reciprocal of Proposition 3.2.3 is also true: if the maps pj turn a
coproduct

²
Yi into a product, then it is a biproduct. This follows directly from the

fact that in general Homp�,
±
iXiq �

±
i Homp�, Xiq.

Definition 3.2.5. An Ab-enriched, strictly Zn-graded category admitting all c.b.l.f.
coproducts is called c.b.l. additive if all its c.b.l.f. coproducts are biproducts. In that
case, we write c.b.l.f. coproducts with a

À
sign, and refer to them as c.b.l.f. direct

sums.

Because a c.b.l. additive category C admits c.b.l.f. direct sums, its Grothendieck
groupK0pCq is naturally a Zppx1, . . . , xnqq-module with the action of

°
gPC agx

e�g P

Zppx1, . . . , xnqq being ¸
gPC

agx
e�grXs :� r

à
gPC

xg�eX`ag s. (3.4)

Note that when we write g P C in this context, we implicitly suppose we are considering
g P C X Zn and C compatible with  . We will abuse of this notation whenever it is
clear from the context.
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Proposition 3.2.6. Let C be a c.b.l. additive category. Suppose M P C is isomorphic
to a c.b.l.f. direct sum

M �
à
gPC

xe�g
�
X
`k1,g

1 ` � � � `X`km,g
m

	
.

Then we have

rM s �
¸
gPC

xe�g pk1,grX1s � � � � � km,grXmsq ,

in K`
0 pCq.

Proof. Straightforward since by definition¸
gPC

xe�g pk1,grX1s � � � � � km,grXmsq � r
à
gPC

xe�g
�
X
`k1,g

1 ` � � � `X`km,g
m

	
s,

and isomorphisms become equalities in the Grothendieck group. �

3.2.1 C.b.l. Krull–Schmidt categories

We recall that an object S in a category C is compact (also called small in the literature)
if the natural map º

iPI

HompS, Yiq Ñ HompS,
º
iPI

Yiq

is an equivalence for all coproducts in C. In other words, every map f : S Ñ
²
iPI Yi

factors through
²
jPJ Yj for a finite subset J � I . A typical example is given by finitely

generated modules in a category of modules. We also recall that a ring R is called
local if for every finite sum that is invertible, then (at least) one of the summands is
invertible. An object with local endomorphism ring is indecomposable, since whenever
e is an idempotent, then either e or 1� e is the identity.

Definition 3.2.7. We say a that a c.b.l. additive category C is c.b.l. Krull–Schmidt
if every object decomposes into a c.b.l.f. direct sum of compact objects having local
endormophism rings.

Clearly, a c.b.l. Krull–Schmidt category is idempotent complete. Moreover, as
it turns out, the compactness condition allows us to mimic the classical proof (see
for example [92, Theorem 1]) of the Krull–Schmidt property in a Krull–Schmidt
category: that is every object decomposes into an essentially unique direct sum of
indecomposable objects. For this, we will need the following lemma:
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Lemma 3.2.8 ([6, Lemma 3.3]). Let A,B,C be objects in an additive category such
that

A`B A` C�

f�

�
��fAA fAB

fCA fCB

�
�


is an isomorphism. If A has a local endormorphism ring and fAA is invertible,
then B � C.

Recall that two objects X and Y are distinct if X � xgY for all g P Zn.

Theorem 3.2.9. Consider an isomorphism between c.b.l.f. direct sums in a c.b.l.
Krull–Schmidt category

à
gPZn

xg
�
X
`k1,g

1 ` � � � `X`km,g
m

	
�

à
gPZn

xg

�
Y
`k11,g

1 ` � � � ` Y
`k1

m1,g

m1



,

where each Xi, Xj (resp. Yi, Yj) are pairwise distinct indecomposable objects. Then
m � m1 and there is a permutation σ P Sm and elements gi P Zn such that Xi �

xgiYσpiq for all i P t1, 2, . . . ,mu, and ki,g � k1σpiq,g�gi
for all g P Zn.

Proof. Write M �
À

gPZn xg
�
X
`k1,g

1 ` � � � `X
`km,g
m

	
. We consider for k P

t1, . . . , k1i,gu,

fki,g : xgYi ãÑM, qki,g : M � xgYi,

the injection and projection for each copy of xgYi in xgY
`k1i,g

i , given by the universal
properties of the direct sum. We choose i0 P t1, . . . ,mu and g0 P Zn, and writeX0 for
one of the copies of xg0Xi0 in xg0X

`ki0,g0
i0

. We consider the corresponding injection
ı0 : X0 ãÑM and projection π0 : M � X0.

By Proposition 3.2.3, we have IdM �
±

pi,g,kq f
k
i,g � q

k
i,g and thus IdX0 �

π0

�±
pi,g,kq f

k
i,g � q

k
i,g

	
ı0. Since X0 is compact, the product restricts to a finite

sum

IdX0 � π0

�� ¸
pi,g,kq

fki,g � q
k
i,g

�
ı0.
Then because EndpX0q is a local ring, there is a triple pi1, g1, k1q such that x �

π0f1q1ı is invertible for f1 � fk1
i1,g1

and q1 � qk1
i1,g1

. We write Y1 � xg1Yi1 . We take
e � q1ı0x

�1π0f1 P EndpY1q, which is an idempotent and therefore 0 or IdY1 . Since e
factors through IdA0 , it cannot be zero. Thus, q1ı0x

�1 is an isomorphism with inverse
π0f1, such that X0 � Y1. Hence

Xi0 � xg1�g0Yi1 .
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Since i0 is arbitrary and everything is symmetric, we obtain m � m1. Then we use
Lemma 3.2.8 to cancel each xg0Xi0 with xg1Yi1 and conversely (we can do it by
induction since everything is locally finite), and thus ki0,g0 � k1i1,g1

. In conclusion,
we can define σpi0q � i1 and gi0 � g1 � g0. �

Remark 3.2.10. Note that if C is an Ab 5-category (see for example [71]), then
Theorem 3.2.9 follows from the Krull–Schmidt–Remak–Azumaya theorem [5], in which
case the indecomposable objects does not need to be compact and the direct sum can be
arbitrary. There exist in the literature different versions of such theorems, for different
contexts. However, we are interested in a quite particular case for which we did not
find any version that exactly matches our needs.

Corollary 3.2.11. A c.b.l. Krull–Schmidt category possesses the cancelation property:
for each triple A,B,C such that A`B � A` C then B � C.

From all of this, we easily obtain the following, which is a ‘c.b.l.f. version’ of
Proposition 2.1.3.

Proposition 3.2.12. Let C be a c.b.l. Krull–Schmidt category with collection of
pairwise distinct indecomposable objects tXiuiPI . Then its split Grothendieck group
respects

K`
0 pCq �

à
iPI

Zppx1, . . . , xnqqrXis.

Consider a c.b.l. Krull–Schmidt category Cwith collection of pairwise distinct
indecomposable objects tXiuiPI . We define

Ke :�
à
iPI

VerXis,

for each e P Zn and where Ve � Zppx1, . . . , xnqq is as in (3.1). Then we endow
K`

0 pCq with a topology by using tKeuePZn as basis of neighborhood of zero. We also
refer to this topology as the px1, . . . , xnq-adic topology. Note that the choice of Xi

does not matter for defining the topology.

Proposition 3.2.13. The split Grothendieck group K`
0 pCq of a c.b.l. Krull–Schmidt

category C endowed with the px1, . . . , xnq-adic topology is a Hausdorff topological
module over Zppx1, . . . , xnqq.

Proof. It follows from similar arguments as in the proof of Proposition 3.1.10. We
leave the details to the reader. �

We also obtain the following nice property:
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Proposition 3.2.14. Let F : CÑ C1 be a Zn-graded, additive functor between c.b.l.
Krull–Schmidt categories. Then it induces a continuous map

K`
0 pCq

rF s
ÝÝÑ K`

0 pC
1q.

Proof. Suppose we have in C a c.b.l.f. direct sum

M �
à
gPC

xg�eXgpMq,

where XgpMq � X
`k1,g

1 ` � � � `X
`km,g
m for tX1, . . . , Xmu distinct indecomposable

objects of C. Then for each f P C we have

M �

� à
0 g¨f

xg�eXgpMq

�
`

�à
g¡f

xg�eXgpMq

�
,

where g P C. Because F is additive and commutes with the grading shift, and because
there is only finitely many g P C such that 0   g ¨ f , we obtain

FM �

� à
0 g¨f

xg�eFXgpMq

�
` F

�à
g¡f

xg�eXgpMq

�
. (3.5)

We put F pM¡f q :� F
�À

g¡f x
g�eXgpMq

	
. Moreover, let tX 1

iuI be a complete
collection of distinct indecomposable objects of C1. Then we must have

FXj �
à

gPCj

xg�ejX 1
gpFXjq

for each j P t1, . . . ,mu. Similarly, FM and F pM¡f q decompose as c.b.l.f. direct
sums of elements in tX 1

iu. Then by cancellation property and working inductively on
the grading, since (3.5) holds for any f P C, we must have

FM �
à
gPC

xg�eFXgpMq.

In particular rFM s �
À

g©0 x
g�erFXgpMqs. �

An example with modules

Here k is a field. We say that a Zn-graded k-vector space M �
À

gPZn Mg is c.b.l.f.
dimensional if dimMg   8 for all g, and if there exists a cone CM compatible
with  , and e P Zn, such that Mg � 0 whenever g � e R CM . We call such CM
a grading cone of M and e is the minimal degree of M . Similarly, a Zn-graded
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R-module M is c.b.l.f. generated (cone bounded, locally finitely generated) if there is
a collection of homogeneous elements txiuiPI �M generating M �

°
iPI Rxi such

that dg :� #txi|degpxiq � gu   8 and dg � 0 whenever g � e R CM .

Let R be a c.b.l.f. dimensional, Zn-graded k-algebra. Consider the category
R -mod of Zn-graded R-modules with degree zero maps. Then let R -modlf be the
full subcategory of R -mod consisting of c.b.l.f. dimensional modules. Similarly,
R -pmodlfg is the full subcategory of c.b.l.f. generated, projective R-modules. There
are embeddings of categories:

R -pmodlfg � R -modlf � R -mod .

Remark 3.2.15. We would like to point out that R -pmodlfg is not abelian (it does not
have kernels), and thus does not fit in the framework of Azumaya [5], nor [92].

Proposition 3.2.16. Both R -pmodlfg and R -modlf are c.b.l. additive categories. In
addition, R -pmodlfg is c.b.l. Krull–Schmidt.

Proof. They clearly both have all c.b.l.f. coproducts. For the first claim, we can
suppose without loosing generality that we are in R -modlf . Let

M �
à

gPZn

xg
�
X
`k1,g

1 ` � � � `X`km,g
m

	
be a c.b.l.f. coproduct. We will show it is a biproduct in R -modlf (and actually even
in R -mod). Let Z be an object in R -modlf with arrows fi,g : Z Ñ xgX

`ki,g

i . If
the number of non-zero arrows is finite, then we are in the classical case of additive
categories and we are done. Therefore, we suppose that for each g there is g1 ¡ g and
i1 such that fi1,g1 � 0. Choose any homogeneous element z P Z. We claim that for
almost all pi, gq then fi,gpzq � 0. Indeed, suppose that it does not hold. Then for each
g we can find 0 � fi1,g1pzq P Xi1 with g1 ¡ g. But degpfi1,g1pzqq � degpzq�g1 which
is absurd since Xi1 is cone bounded. Therefore

±
pi,gq fi,g defines a map Z Ñ

²
i Yi,

and we get a bijection

HompZ,
º
i

Yiq
�
ÝÑ

¹
i

HompZ, Yiq.

Since Z is arbitrary, this concludes the proof of the first claim.

For the second claim, we only need to show that endomorphism rings of indecom-
posable modules are local. Let P � Re be an indecomposable projective module
given by projection with a primitive idempotent e. Then EndpP q � R0e is an inde-
composable, finite-dimensional R0-module. Take f P R0e. By Fitting’s lemma, f is
either e or 0, and therefore either f or f � e is invertible, implying that EndpP q is
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local. Moreover, since R0 is finite-dimensional, there is only finitely many distinct
indecomposable objects. �

Corollary 3.2.17. Let R be as above. We extract from the collection of primitive idem-
potents teiuiPI a sub-collection tejujPJ�I � teiuiPI of non-equivalent idempotents.
Then we obtain

K`
0 pR -pmodlfgq �

à
jPJ

Zppx1, . . . , xnqqrRejs.

Remark 3.2.18. In general, one can construct products in a category of graded
modules by taking the direct sum of the products degree-wise: let tMiuiPI be a
collection of Zn-graded R-modules then we can take¹

iPI

Mi :�
à

gPZn

¹
iPI

pMiqg.

If we take a c.b.l.f. product of c.b.l.f. modules, then each homogeneous part of the
product is a finite product. In particular, the product coincides with the coproduct.

3.3 Topological Grothendieck group

We continue to revisit the notions presented in [65, Appendix]. Let X be an object in
an abelian category C. We call N-filtration a sequence of sub-objects Xi ãÑ X for all
i P N such that Xi�1 ãÑ Xi and X0 � X . We write it as

� � � � Xr � Xr�1 � � � � � X1 � X0 � X.

Such a filtration is called Hausdorff if the inverse limit limÐÝiXi � 0. We say it has
simple quotients if all quotients Xi{Xi�1 are either trivial or simple. A Hausdorff,
N-filtration with simple quotients is called an N-composition series, and we refer to
the non-trivial quotient objects as composition factors.

Mimicking the definition of a c.b.l.f. coproduct in a Zn-graded category, there is an
obvious notion of c.b.l.f. filtration.

Definition 3.3.1. Let tS1, . . . , Smu be a finite collection of objects in a Zn-graded
abelian category C. Consider an N-filtration

� � � � Xr � Xr�1 � � � � � X1 � X0 � X,

such that each Xr{Xr�1 � xgSi for some i P t1, . . . ,mu and g P Zn. If κi,g :�
#tr P N|Xr{Xr�1 � xgSiu   8, then we say that the filtration is locally finite,
and we refer to κi,g as the degree g multiplicity of Si. We call such filtration a c.b.l.f.
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filtration if in addition, there exists a cone C compatible with  , and e P Zn such that
κi,g � 0 whenever g � e R C.

Let Cbe both a strictly Zn-graded abelian category and a c.b.l. additive category.
Its Grothendieck group G0pCq is a Zppx1, . . . , xnqq-module through (3.4) again. We
would like to find hypothesis that allow to equip it with a topology compatible with
the px1, . . . , xnq-adic topology of Zppx1, . . . , xnqq. However, even if we were able to
construct a compatible topology on G0pCq, it would (in general) not be Hausdorff
since we could have that M admits a Hausdorff c.b.l.f. filtration with quotient objects
being tS1, . . . , Smu and multiplicities κi,g P N but

rM s �
¸

gPZn

xg pκ1,grS1s � � � � � κm,grSmsq .

For this reason, we define a “topological” version of the Grothendieck group of C.

Definition 3.3.2. The topological Grothendieck group of C is

G0pCq :� G0pCq{JpCq,

where JpCq is generated by the elements

rM s �
¸

gPZn

xg pκ1,grS1s � � � � � κm,grSmsq ,

whenever M admits a Hausdorff c.b.l.f. filtration with quotient objects being elements
in tS1, . . . , Smu and multiplicities κi,g P N.

Like before, an exact, graded functor that preserves c.b.l.f. filtrations induces a map
on the topological Grothendieck groups.

3.3.1 C.b.l. Jordan–Hölder categories

Clearly, in general in an abelian category, we cannot hope to always have N-composition
series. Moreover, even if we have such infinite composition series, they do not have
to be essentially unique. We propose to look into one condition that ensures the
uniqueness of such filtrations.

Definition 3.3.3. We say that an object X in an abelian category C is stable for the
filtrations if for all pairs of N-composition series

0 � � � � � X1 � X0 � X,

0 � � � � � X 1
1 � X 1

0 � X,

then for each i P N there exists k P N such that X 1
k � Xi.
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Remark 3.3.4. It is important to note here that the condition compares only N-
composition series and not arbitrary Hausdorff N-filtrations. For example, as a
k-vector space, krx, ys is stable for the filtrations, but if we try to compare the filtra-
tions:

0 � � � � � x2krxs � xkrxs � krxs �krx, ys,

0 � � � � � y2krys � ykrys � krys �krx, ys,

they would not respect the condition. Of course, it is not a problem since krx, ys{krxs
is not simple.

We will now focus on proving the following theorem:

Theorem 3.3.5. Let X be an object stable for the filtrations. Suppose X admits two
locally finite, N-composition series

0 � � � � � X1 � X0 � X,

0 � � � � � X 1
1 � X 1

0 � X,

with respective multiplicities κi,g and κ1i,g, and pairwise distinct simple quotients
tS1, . . . , Smu and tS11, . . . , S

1
m1u. Then m � m1, and there exists a permutation

σ P Sm such that Si � xgiS1σpiq with gi P Zn. Moreover, κi,g � κσpiq,g�gi
.

Let us recall some results in abelian categories.

Lemma 3.3.6. Let M,N be sub-objects of X such that M �N � N . If both X{M
and X{N are simple, then

M{pM XNq � X{N.

Proof. It follows directly from the second isomorphism theorem together with the fact
that M �N � X . �

Lemma 3.3.7. Let M and N be sub-objects of some X such that N admits an N-
composition series

0 � � � � � N1 � N0 � N,

then
0 � � � � � N1 XM � N0 XM � N XM,

is an N-composition series ofNXM , with each composition factor being a composition
factor of the original filtration N
 on N , with multiplicities less or equal.
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Proof. For all r P N we have by the second isomorphism theorem

Nr XM

Nr�1 XM
�

Nr XM

Nr�1 X pNr XMq
�
Nr�1 � pNr XMq

Nr�1
.

If Nr XM � Nr�1 then the quotient is zero. Otherwise, we have Nr�1 � Nr�1 �

pNr XMq, thus Nr � Nr�1 � pNr XMq. Therefore

Nr XM

Nr�1 XM
� Nr{Nr�1,

concluding the proof. �

Proof of Theorem 3.3.5. We choose i P t1, . . . ,mu and g P Zn. The condition of
being locally finite implies that we can reach all Xj such that Xj{Xj�1 � xgSi in a
finite number of steps. Hence we can take a minimal sub-filtration

Xm � � � � � X1 � X0 � X,

containing all occurrences of xgSi. The idea is to prove by induction on m that
κ1i1,g1 ¥ κi,g for some i1 P t1, . . . ,m1u and g1 P Zn such that xgSi � xg1S1i1 . Then by
symmetry of the argument, we will obtain the equality, and we can define σpiq � i1

and gi � g1 � g.

Because X is stable for the filtrations, there exists t P N such that X 1
t � X1. We

can suppose t minimal so that X 1
t�1 � X1. We consider the filtration

0 � � � � � X 1
t�1 � X 1

t � X1XX
1
t�1 � � � � � X1XX

1
2 � X1XX

1
1 � X1XX

1
0 � X1.

(3.6)
We claim thatX 1

t�1{X
1
t � X{X1, and that the filtration (3.6) is a N-composition series

with composition factors

. . . , X 1
t{X

1
t�1, 0, X 1

t�2{X
1
t�1, . . . , X

1
1{X

1
2, X{X

1
1.

Therefore, it can be rewritten as

0 � � � � � X 1
t�1 � X1 XX 1

t�1 � � � � � X1 XX 1
2 � X1 XX 1

1 � X1.

We can then finish the proof by applying the same argument recursively, working with
the filtration above and

Xm � � � � � X2 � X1,

which is of length m� 1.
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We now prove our claim. First observe that if X1 X X 1
t�1 � X 1

t then X 1
t �

X1 XX 1
t�1 � X 1

t�1 are strict inclusions, implying that X 1
t�1{X

1
t is not simple, which

is absurd. Hence we get pX1 X X 1
t�1q{X

1
t � 0. We can suppose X1 � X 1

1, and
therefore by Lemma 3.3.6 we get

X1

X1 XX 1
1
�

X

X 1
1
.

Again, if X1 XX 1
1 � X 1

2 (if not, then t � 2 are we are finished), the lemma gives

X1 XX 1
1

X1 XX 1
2
�

X1 XX 1
1

pX1 XX 1
1q XX 1

2
�
X 1

1
X 1

2
.

Suppose that X 1
i�1{pX1 XX 1

i�1q � X{X1, which is simple. We have for i   t,

X 1
i

X1 XX 1
i

�
X 1
i�1

Xi XX 1
i�1

.

Then in particular, since X 1
t � X1 XX 1

t�1, we obtain

X 1
t�1
X 1
t

�
X

X1
.

Moreover, in general for i   t� 1 we get

X1 XX 1
i

X1 XX 1
i�1

�
X 1
i

X 1
i�1

.

This concludes the proof. �

Remark 3.3.8. As already mentioned, it is important to take an hypothesis like stable
for the filtration in order to obtain Theorem 3.3.5. As a counter example, we can
consider Z viewed as a module over itself. Then we consider a sequence of non-equal
prime numbers tp0, p1, p2, . . . u. We construct two Hausdorff filtrations

0 � � � � � � � � � p2r � � � p0Z � � � � � p4p2p0Z � p2p0Z � p0Z � Z,

0 � � � � � � � � � p2r�1 � � � p1Z � � � � � p5p3p1Z � p3p1Z � p1Z � Z.

Both filtrations have simple quotients, given by tZ{p2rZu and tZ{p2r�1Zu respectively,
and these are not equivalent. It is clear that p2r�1 � � � p1Z � p0Z for all r ¥ 0, and
thus Z is, as expected, not stable for the filtrations.

Definition 3.3.9. An object X admits a c.b.l.f. composition series if it admits an
N-composition series which is a c.b.l.f. filtration. An abelian category C being c.b.l.
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additive is called c.b.l. Jordan–Hölder if each object is stable for the filtrations and
admits a c.b.l.f. composition series.

As a direct consequence of Theorem 3.3.5 we obtain the following:

Corollary 3.3.10. The topological Grothendieck group of a c.b.l. Jordan–Hölder
category Cwith collection of pairwise distinct simple objects tSjujPJ respects

G0pCq �
à
jPJ

Zppx1, . . . , xnqqrSjs.

Moreover, under the hypothesis of Corollary 3.3.10, we endow G0pCq with an
px1, . . . , xnq-adic topology, turning it into a Hausdorff topological Zppx1, . . . , xnqq-
module, using

Ge :�
à
jPJ

VerSjs,

as neighborhood basis of zero. As before, we would like to say that a (graded) exact
functor induces a continuous map on the topological Grothendieck groups. For this,
we will add an hypothesis, similar to the definition of mixed abelian category (see for
example [7]).

Definition 3.3.11. We say that a c.b.l. Jordan–Hölder category is strongly c.b.l. Jordan–
Hölder if there is only a finite number of distinct simple objects tS1, . . . , Smu, and they
respect Ext1

CpSi, x
gSjq � 0 whenever g ¨ 0. We refer to these objects as primitive

simples.

We recall that Ext1
CpA,Bq counts the number of non-trivial extensions of A by B,

that is short exact sequences B Ñ E Ñ A, up to equivalence and where E � A`B.

Let C be a strongly c.b.l. Jordan–Hölder category with fixed set of primitive
simples tS1, . . . , Smu. Therefore any X P C admits a c.b.l.f. composition series with
composition factors given by the primitive simples. We call such a filtration a primitive
composition series. Moreover, each object X admits a unique maximal element
degpXq P Zn such that X admits a primitive composition series with multiplicities
κi,g�degpXq � 0 whenever g   0.

Proposition 3.3.12. Let Cbe a strongly c.b.l. Jordan–Hölder category. Let X be an
object in C, with primitive composition series contained in a cone C � tdegpXq �
c0, c1, c2, . . . u with ci   ci�1. Then X admits an ordered primitive composition
series

0 � � � � � X2 � X1 � X0 � X

where Xr{Xr�1 � xcr

�
S
`κ1,cr
1 ` � � � ` S

`κm,cr
m

	
is a finite direct sum of the prim-

itive simples shifted by cr. Moreover, this composition series is unique when C is
fixed.
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In order to prove this proposition, we will need the following lemma, which is
most-certainly a well-known result.

Lemma 3.3.13. A filtrationX3 � X2 � X1 withX1{X2 � A andX2{X3 � B gives
rise to a commutative diagram

X3 X2 B

X3 X1 E

A A

where each row and column are short exact sequences. Moreover, if the sequence
B Ñ E Ñ A splits, then there exists X 1

2 such that X3 � X 1
2 � X1, and X1{X

1
2 � B

and X 1
2{X3 � A.

Proof. Composing the map X1 � E with the splitting map E Ñ B yields an
epimorphism p : X1 � B. We put X 1

2 � ker p. Then the universal property of the
kernel induces a monomorphism X3 ãÑ ker p such that ker p{X3 � A. �

Proof of Proposition 3.3.12. We take a primitive composition series Y
 of X and con-
sider cr for some r ¥ 0. Since the filtration is c.b.l.f., we can extract a sub filtration of
Y
 containing all occurrences of the primitive simples in degree ¨ cr. Then, thanks
to Lemma 3.3.13 we can apply a bubble sorting algorithm to bring all of these prim-
itive simples to the beginning of the filtration, exchanging xgSi � Ys{Ys�1 with
xg1Si1 � Ys�1{Ys�2 whenever g1   g. Therefore we obtain a filtration

X¨cr
� X,

where X{X¨cr is finite length and contains all composition factors of degree ¨ cr.
We conclude by taking the filtration given by Xr :� X¨cr for each r P N. �

Proposition 3.3.14. Let F : CÑ C1 be a Zn-graded, exact functor between strongly
c.b.l. Jordan–Hölder categories. Then F induces a continuous map

G0pCq
rF s
ÝÝÑ G0pC

1q.

Sketch of proof. The proof is similar to the one of Proposition 3.2.14, but where we
truncate the ordered primitive composition series instead of the direct sum decompo-
sition. We also use the fact that if there is a short exact sequence M Ñ X Ñ X{M

then the multiplicities of the primitive composition factors of X are the sum of the
multiplicities in M plus the ones in X{M . �
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An example with modules

Consider as before a c.b.l.f. dimensional, Zn-graded k-algebra R, where k is a field.

Proposition 3.3.15. If R is positive, that is R �
À

g©0 Rg, and R0 is semi-simple,
then R -modlf is strongly c.b.l. Jordan–Hölder.

Proof. Since EndpRq � R0 is finite dimensional, there are only finitely many pro-
jective indecomposable modules tPi � ReiuiPI , given by primitive idempotents
tei P R0uiPI . Because R is positive, then R¡0 :�

À
g¡0 Rg is a c.b.l.f. dimensional

submodule of R, and R0 � R{R¡0 is finite-dimensional. Since R0 is semi-simple
and Si :� Pi{R¡0Pi is R0-indecomposable, Si is a finite-dimensional simple module.
Furthermore, any simple R-module is isomorphic (up to grading shift) to Si for some i.
Since R is positive, we have Ext1

RpSi, x
gSjq � 0 whenever g   0.

In addition, for any c.b.l.f. module M �
À

gPZn Mg and e P Zn then M©e :�À
g©e Mg is a submodule. In particular we get a short exact sequence

M¡e ãÑM©e �M©e{M¡e,

where M©e{M¡e is isomorphic to a finite direct sum of elements in tSiuiPI . We
obtain by the classical Jordan–Hölder theorem a finite filtration with simple quotients

M¡e �M0
e �M1

e � � � � �Mr�1
e �Mr

e �M©e.

Let CM � tdegpMq � c0   c1   c2   � � � u be a grading cone of M . Applying the
same reasoning on each ci with e � ci�1, we obtain by concatening all these filtrations
a c.b.l.f. composition series of M .

We now prove M is stable for the filtrations. Suppose we have two composition
series X
 and X 1


 of M . Suppose by contradiction that X 1
k � Xi for all k P N. Then

Xi � Xi �X 1
k. Moreover, we know that M{Xi is a finite dimensional k-vector space

and we get an infinite filtration

Xi � � � � � Xi �X 1
2 � Xi �X 1

1 � X.

As vector spaces we have X 1
j � X 1

j�1 `Hj for some Hj . We can find Hj � Xi for
arbitrary big j since X 1

k �
À

j¥kHk, and thus otherwise we would have X 1
k � Xi.

Then we write H̃j � Hj{Hj XXi and
À

j H̃j is infinite dimensional. Then we have
M � Xi `

À
j¥0 H̃j , which contradicts the fact that M{Xi is finite dimensional. �
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Corollary 3.3.16. LetR �
À

iPI Rei be as in Proposition 3.3.15 and take a collection
tejujPJ�I of non-equivalent idempotents. Then we have

G0pR -modlfq �
à
j

Zppx1, . . . , xnqqrSjs,

with Sj :� Rej{R¡0ej .

Since rPis can be written as fipxqrSis for some fipxq P ZCJx1, . . . , xnK with
fip0q � 1, we also have rSis � f�1

i pxqrPis. Therefore

G0pR -modlfq �
à
j

Zppx1, . . . , xnqqrPjs. (3.7)

However, with the current framework, this isomorphism is purely formal, and has no
categorical meaning (e.g. it involves minus signs). In the dg-setting, we will be able to
reinterpret it using the projective resolution of Si.

3.4 Triangulated topological Grothendieck group

In a Zn-graded triangulated category T, we define the notion of c.b.l.f. coproduct as
follows:

• take a a finite collection of objects tK1, . . . ,Kmu in T ;

• consider a coproduct of the form

º
gPZn

xgpK1,g ` � � � `Km,gq, with Ki,g �
ki,gà
j�1

Kirhi,j,gs,

where ki,g P N and hi,j,g P Z ;

• there exists a cone C compatible with  , and e P Zn such that for all j we have
kj,g � 0 whenever g � e R C ;

• there exists h P Z such that hi,j,g ¥ h for all i, j, g.

Remark 3.4.1. This definition ensures that if we forget the homological grading (i.e.
Z-grading coming from the translation functor), then a c.b.l.f. coproduct remains c.b.l.f.
for the Zn-grading. Moreover, the homological degree is bounded from below.

In this section, we will assume we work with a triangulated category C that is a
full subcategory of some triangulated category T� C admitting arbitrary (i.e. infinite)
coproducts. We also suppose that C is c.b.l. additive (for c.b.l.f. coproducts defined as
above).
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Following the terminology of [37], the Milnor colimit MColimr¥0pfrq of a collec-
tion of arrows tXr

frÝÑ Xr�1urPN in T is the mapping cone fitting inside the following
distinguished triangleº

rPN
Xr

1�f
ÝÝÝÑ
º
rPN

Xr Ñ MColimr¥0pfrq Ñ
º
rPN

Xrr1s,

where the left arrow is given by the infinite matrix

1� f
 :�

������
1 0 0 0 � � �

�f0 1 0 0 � � �

0 �f1 1 0 � � �
...

. . . . . . . . . . . .

�����


Remark 3.4.2. Sometimes the Milnor colimit is also called ‘homotopy colimit’ in the
literature (e.g. in [74]).

Given a collection of arrows tXr
frÝÑ Xr�1urPN in T and m ¡ 0, we obtain by

the axiom (5.) of triangulated category a commutative diagram

²m�1
r�0 Xr

²m
r�0 Xm Xr

²m�1
r�0 Xrr1s

²
rPNXr

²
rPNXr MColimr¥0pfrq

²
rPNXrr1s,

1�f


where the rows are distinguished triangles, and the two vertical arrows on the left
are canonical inclusions. For each r ¥ m, we write Xr{Xm for the mapping cone
ConepXm Ñ Xrq of the map fr�1 � � � � � fm. Then we get by the 3x3 lemma [54,
Lemma 2.6] a commutative diagram

Xm Xm 0 Xmr1s

Xr Xr�1 Xr�1{Xr Xrr1s

Xr{Xm Xr�1{Xm Xr�1{Xr Xr{Xmr1s

Xmr1s Xmr1s 0 Xmr2s,

fm
r

where each row and column is a distinguished triangle.
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In the end, we obtain a commutative diagram

²
r¡mXm

²
r¡mXm Xm

²
r¥0 Xrr1s

²
r¡mXr

²
r¡mXr MColimr¡mpfrq

²
r¡mXrr1s

²
r¡mXr{Xm

²
r¡mXr{Xm MColimr¡mpf

m
r q

²
r¡mXr{Xmr1s

²
r¡mXmr1s

²
r¡mXmr1s Xmr1s

²
r¥0 Xrr2s,

1�1


1�f


1�fm



where each row and columns is a distinguished triangle.

In particular, we have a distinguished triangle

Xm Ñ MColimr¥0pfrq Ñ MColimr¡mpf
m
r q Ñ Xmr1s,

and Xm is a finite iterated extension of Xr�1{Xr for r ¤ m:

X0 X1 X2 . . . Xm.

X1{X0 X2{X1 X3{X2 Xm{Xm�1

r1s r1s r1s r1s

As a consequence, in the triangulated Grothendieck group of Twe have

rXms � rX0s �
m�1̧

r�0
rXr�1{Xrs,

and thus, since MColimr¥0pfrq � MColimr¡mpfrq, we also get,

rMColimr¥0pfrqs � rMColimr¡mpf
m
r qs � rX0s �

m�1̧

r�0
rXr�1{Xrs,

for all m ¥ 0.

Definition 3.4.3. Let tK1, . . . ,Kmu be a finite collection of objects in C, and let
tErurPN be a family of direct sums of tK1, . . . ,Kmu such that

À
rPNEr is a c.b.l.f.

direct sum of tK1, . . . ,Kmu. Let tMrurPN be a collection of objects in CwithM0 � 0,
such that they fit in distinguished triangles

Mr
frÝÑMr�1 Ñ Er ÑMrr1s.
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Then we say that an object M P C such that M �T MColimr¥0pfrq in T is a c.b.l.f.
iterated extension of tK1, . . . ,Kmu. The sequence ti,g � thi,1,g, . . . , hi,ki,g,gu of
occurences of xgKirhi,j,gs as a direct summand in

À
rPNEr is called the degree g

multiplicity of Ki.

Definition 3.4.4. The topological triangulated Grothendieck group of C� T is given
by

K∆
0 pCq :� K∆

0 pCq{T pCq,

where T pCq is generated by elements

rM s �
¸

gPZn

xg prK1,gs � � � � � rKm,gsq , where rKi,gs �

ki,g¸
j�1

p�1qhi,j,g rKis,

whenever M is a c.b.l.f. iterated extension of tK1, . . . ,Kmu with Ki appearing with
degree g multiplicity ti,g � thi,1,g, . . . , hi,ki,g,gu.

To keep notations simple, we write rti,gs :�
°ki,g

j�1p�1qhi,j,g P Z, so that

rM s �
¸

gPZn

xg prt1,gsrK1s � � � � � rtm,gsrKmsq ,

in K∆
0 pCq.

3.4.1 Positive c.b.l.f. dg-algebras

For this section, we restrict to derived categories that appear from a particular class of
Zn-graded dg-k-algebras pA, dq, where A �

À
ph,gqPZ`Zn Ahg , and k is a field. Thus

we will consider c.b.l. additive subcategories of T :� DpA, dq.

Definition 3.4.5. We say that pA, dq is a positive c.b.l.f. dg-algebra if

1. A is positive for the homological degree: Ahg � 0 whenever h   0 ;

2. A is positive, c.b.l.f. dimensional for the Zn-grading:
À

hPNA
h
g is finite dimen-

sional for each g P Zn, and
°
ph,gq dimpAhgqxg P ZCA

Jx1, . . . , xnK for some
cone CA compatible with   ;

3. A0
0 is semi-simple as module over itself ;

4. Ah0 � 0 whenever h ¡ 0.

Similarly, we say that a dg-module is c.b.l.f. dimensional (resp. c.b.l.f. generated) if it
is c.b.l.f. dimensional (resp. c.b.l.f. generated) for the Zn-grading, and bounded from
below for the homological grading.
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We write A0 :� A0
0 and A¡0 :�

À
tph,gq|g¡0uA

h
g . Since dpA0q � 0, indecom-

posable relatively projective pA, dq-modules are in bijection with indecomposable
projective A-modules. Let tPi :� AeiuiPI be the finite set of indecomposable rela-
tively projective modules, up to shift. For a shifted copy P 1

i � xgPirhs of Pi we write
degxpP 1

i q :� g and deghpP 1
i q :� h. Note that degxpP 1

i q coincides with the minimal
Zn-degree of P 1

i .

Remark 3.4.6. We would like to point out that the condition Ah0 � 0 whenever h ¡ 0
ensures the graded Euler characteristic of each Pi is non-zero. Also, each Pi is
non-acyclic.

We see that A¡0ei is a sub-dg-module of Pi, since A1
0 � 0. Then, there is a

simple dg-module Si :� Pi{A¡0ei. We write deg�pS1iq :� deg�pP 1
i q whenever

S1i � P 1
i{A¡0P

1
i .

Definition 3.4.7. An pA, dq-module is called c.b.l.f. cell module if it satisfies prop-
erty (P) and if it is, as graded A-module, at the same time c.b.l.f. generated for the
Zn-grading and bounded from below for the homological grading.
A c.b.l. compact module is a direct summand of a c.b.l.f. cell module.

We write DlcpA, dq for the strictly full subcategory of DpA, dq generated by objects
(quasi-)isomorphic to c.b.l. compact modules. Our goal now will be to prove that any
object of DlcpA, dq is quasi-isomorphic to a c.b.l.f. cell module.

Proposition 3.4.8. Let pM,dM q be an pA, dq-module which is projective c.b.l.f. gen-
erated as A-module. Then pM,dM q is a c.b.l.f. cell module.

Proof. As A-module, pM,dM q decomposes as a c.b.l.f. direct sum of shifted elements
in tPiuiPI . The generators of M are contained in e� CM for some e P Zn and cone
CM � t0 � c0   c1   � � � u compatible with  . Moreover, the differential dM when
restricted to xgPirhs Ñ xg1Pjrh

1s can be non zero only if h ¡ h1 and g © g1. Then
we can construct Mr as the sub-dg-module of pM,dM q with underlying A-module
given by the direct sum of xgPirhs with g   e� cr. It yields an exhaustive filtration

0 �M0 �M1 �M2 � � � � �Mr �Mr�1 � � � � �M,

of pM,dM q such that Mr�1{Mr is, as A-module, a finite direct sum of xe�crPirhs.
Since the sum is finite, we can further refine the filtration by filtering on the homological
degree. �

Because any c.b.l.f. cell module admits as underlying graded module a projective
c.b.l.f. generated A-module, we also obtain the following result from the proof of
Proposition 3.4.8.
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Proposition 3.4.9. Let M be a property (P) module in DlcpA, dq, and CM � t0 �
c0   c1   c2   � � � u be a Zn-grading cone of M , and let e be the minimal Zn-degree
of M . There exists a filtration

0 � F0 � F1 � F2 � � � � � Fr � Fr�1 � � � � �M

such that Fr�1{Fr is isomorphic (as A-module) to a finite direct sum of indecompos-
able relatively projective tP 1

iu with degxpP 1
i q � cr � e. This filtration is unique in

pA, dq -mod whenever CM is fixed.

Example 3.4.10. In order to make things clearer, we will try to get an insight of the
typical look of a c.b.l.f. cell module M when there is only one extra grading (thus
n � 1), and only one indecomposable relatively projective module P0 of degree 0. We
suppose that P0 appears with minimal x-degree g P Zn and homological degree h P Z
in the filtration of M . Write P :� xgP0rhs. Then we can visualize M as:

...
...

...
...

`α2,0P r2s `α2,1xP r2s `α2,2x
2P r2s . . .

`α1,0P r1s `α1,1xP r1s `α1,2x
2P r1s . . .

`α0,0P `α0,1xP `α0,2x
2P . . .

where each αi,j P N. For j fixed, we have αk,j � 0 for k " 0. Note that for i
fixed, then we can have αi,j ¡ 0 for all j ¥ n0. A composition of arrows in the
diagram represents where the differential can be non zero. Then, the ordered filtration
of Proposition 3.4.9 takes bigger and bigger vertical slices of this diagram, starting
from the left. Since the differential only goes to bottom/left, it is easy to see from here
that these vertical slices are sub-dg modules. Moreover, because of αk,j � 0 for k " 0,
the quotient of a slice by another one is a finite direct sum of shifted copies of P (as
graded module).

The following lemma was inspired by [86, Lemma 09KN].

Lemma 3.4.11. Let pM,dM q be a c.b.l.f. dimensional pA, dq-module with grading
cone CM and minimal Zn-degree e, and let CA be a grading cone of pA, dq. There
exists a c.b.l.f. cell module pP, dP q with grading cone CA � CM such that:

1. there is an epimorphism π : pP, dP q Ñ pM,dM q in pA, dq -mod ;

https://stacks.math.columbia.edu/tag/09KN
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2. kerpdP q Ñ kerpdM q is surjective ;

3. degxpkerpπqq ¡ degxppM,dM qq or deghpkerpπqq ¡ deghppM,dM qq ;

4. dim kerpπqhe ¤
°
pa�b�hq dimMa

e dimAb0.

Proof. Take t P Z such that M �
À

tpg,hq|g©e_h¥tuM
h
g and M t

e � 0. We also have
kerpdM q �

À
tpg,hq|g©e_h¥tu kerpdM qhg .

For each pg, hq we can choose a k-basis tmj
g,hujPJg,h

of Mh
g such that there is

kj P I such that ekjm
j
g,h � mj

g,h. This is possible since given any basis tmju of
Mg,h then xekmjykPI,jPJg,h

is a generating family of Mg,h. Note that eim
j
g,h � 0

whenever i � kj . We choose a similar basis txjg,hujPKg for kerpdM qg,h.
Moreover, the kernel of the surjection A0ekj � A0ekjm

j
e,t �Me,tm

j
e,t must be

zero by semi-simplicity of A0. Therefore, it is an isomorphism. Then, since M t
e is

finitely generated, it is semi-simple over A0. Thus, we can extract a subset J 1e,t � Je,t

such that
À

jPJ 1e,t
A0ekj

mj
e,t � Me,t. We replace Je,t by J 1e,t for the remaining of

the proof. This will ensure that condition (3.) is respected.
We construct

P 1 :�
à

pg,hqPZn�Z
jPJg,h

Pkj
�mj

g,h,

where Pkj �m
j
g,h is the relatively projective module given by Pkj shifted in x-degree

so that degxpPkj
�mj

g,hq � degxpm
j
g,hq. We set

dP 1pa �m
j
g,hq :� dApaq �m

j
g,h � p�1qdeghpaqa � dM pm

j
g,hq,

for all a P Pkj . Then, since M is c.b.l.f. dimensional, by Proposition 3.4.8 pP 1, dP 1q is
a c.b.l.f. cell module. The obvious surjection P 1 � M gives point (1.). Point (4.) is
clearly respected by construction, and point (3.) comes from the fact that the surjection
restricts to an isomorphism pP 1qte �M t

e. In order to also respect point (2.) we add

P :� P 1 `
à

g¡e_h¡t

Pkj
� xjg,h,

with dP induced by dP 1 and dP pa � x
j
g,hq � dApaq � x

j
g,h. Then pP, dP q respects all

the requirements, concluding the proof. �

Theorem 3.4.12. Any c.b.l.f. dimensional pA, dq-module pM,dM q admits a quasi-
isomorphic cover by a c.b.l.f. cell module pP, dP q.

Proof. The proof is similar to the one of [86, Lemma 09KP]. We set pM0, dM0q :�
pM,dM q. Then we construct inductively for each i ¡ 0 short exact sequences

0 Ñ pMi, dMi
q Ñ pPi, dPi

q
πiÝÑ pMi�1, dMi�1q Ñ 0,

https://stacks.math.columbia.edu/tag/09KP
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with pMi, dMi
q :� kerpπiq, using Lemma 3.4.11. Thus we get a resolution

. . . P2 P1 P0 M 0.

kerpπ2q kerpπ1q kerpπ0q

π3

f3 f2

π2

f1

π1

π0

(3.8)

Then we put
P :�

à
i¥0

Pi,

with x-grading induced by Pi and homological grading given by Ph � `pa�b�hqP
b
a .

It is a c.b.l.f. generated projective A module thanks to points (3.) and (4.) from
Lemma 3.4.11, and the fact that Ah0 � 0 whenever h ¡ 0. We equip P with a
differential dP by setting

dP pxq � fapxq � p�1qadPa
pxq,

for each x P P ba . Therefore, thanks to Proposition 3.4.8, pP, dP q is a c.b.l.f. cell module,
coming with an epimorphism π̄ : pP, dP q Ñ pM,dM q induced by pM0, dM0q �

pM,dM q.

Moreover, point (2.) of Lemma 3.4.11 tells us that πi�1pker dPi�1q � kerpdPi
q X

kerpπiq. Thus we have an exact sequence

� � � Ñ kerpdP2q Ñ kerpdP1q Ñ kerpdP0q Ñ kerpdM q Ñ 0.

Then, using also the exactness of (3.8), we conclude by Proposition 2.2.19 that π̄ is a
quasi-isomorphism. �

Corollary 3.4.13. Any c.b.l. compact pA, dq-modules M is quasi-isomorphic to a
c.b.l.f. cell module.

Proof. Suppose P �M `N in DpA, dq with P being a c.b.l.f. cell module. Thus we
have a distinguished triangle

N Ñ P
πMÝÝÑM Ñ N r1s,

where πM lifts to a map of pA, dq-modules. There is a map ξM P HomDpA,dqpP, P q,
given by composing projection and then injection of M in P . Again, since P is
cofibrant, we can lift it to pA, dq -mod. In particular, M 1 :� impξM q is a sub-pA, dq-
module of P , and is quasi-isomorphic to M through the map impξM q ãÑ P

πMÝÝÑM .
Since P is c.b.l.f. dimensional, so is M 1. Therefore we can apply Theorem 3.4.12. �
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Lemma 3.4.14. Let
X

f
ÝÑ Y

g
ÝÑ Z

h
ÝÑ Xr1s

be a distinguished triangle in DpA, dq. If two out of three terms in {X,Y,Z} are c.b.l.f.
cell modules, then the third is quasi-isomorphic to a c.b.l.f. cell module.

Proof. We have three cases to consider:

• If X and Y are c.b.l.f. cell modules, then so is Z. Indeed, since X is cofibrant,
f lifts to a map of pA, dq-modules. Then, Z is quasi-isomorphic to the mapping
cone ConepX f

ÝÑ Y q. As A-module, the mapping cone decomposes as a direct
sum of two projective c.b.l.f. generated A-modules, and therefore is projective
c.b.l.f. generated itself. We conclude by applying Proposition 3.4.8.

• IfX and Z are c.b.l.f. cell modules, then so is Y : by rotating the triangle we have

a triangle Zr�1s �hr�1s
ÝÝÝÝÝÑ X

f
ÝÑ Y

Z
ÝÑ. Then we can apply the same argument

as before to show that Y is isomorphic to a c.b.l.f. cell module, since Zr�1s is
c.b.l.f. cell module whenever Z is.

• If Y and Z are c.b.l.f. cell modules, then so is X: we apply the same argument
as above to show that Xr1s is isomorphic to a c.b.l.f. cell module. Applying the
shift functor show that it is also the case for X .

This concludes the proof. �

Corollary 3.4.15. DlcpA, dq is a triangulated subcategory of DpA, dq.

Proof. It is a direct consequence of Lemma 3.4.14 and Corollary 3.4.13. �

Lemma 3.4.16. Let pM,dM q be a c.b.l.f. iterated extension of some c.b.l.f. cell
modules tpK1, d1q, . . . , pKm, dmqu where Ki appears with degree g multiplicity
ti,g � thi,1,g,...,hi,ki,g,g

u. Then pM,dM q is quasi-isomorphic to a c.b.l.f. cell module

pM 1, dM 1q, having
À

i,g x
g
Àki,g

s�0 Kirhi,j,gs as underlying graded A-module.

Proof. Let tK1, . . . ,Kmu be a finite set of c.b.l.f. cell modules, and
À

rPNEr be a
c.b.l.f. direct sum of elements in tK1, . . . ,Kmu. Consider a collection of iterated
extensions tMrurPN, M0 � 0, given by distinguished triangles

Mr
frÝÑMr�1 Ñ Er ÑMrr1s.

Take M :� MColimr¥0pfrq. We will prove that M is quasi-isomorphic to a c.b.l.f.
cell module. We can replace inductively each Mr by a quasi-isomorphic M 1

r�1 :�
ConepErr�1s ÑM 1

rq. The module M 1
r�1 decomposes as

M 1
r�1 � Er ` Er�1 ` . . . ` E0
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where the arrows represent the possible action of the differential on M 1
r�1. Thus we

have an inclusion M 1
r � M 1

r�1 as pA, dq-modules. Taking the direct limit of this
filtration in pA, dq -mod yields an pA, dq-module pM 1, dM 1q, which decomposes as
M 1 �

À
rPNEr as graded A-module, and which is quasi-isomorphic to pM,dM q.

Then M 1 decomposes as A-module as a c.b.l.f. direct sum of projective c.b.l.f. gener-
ated A-modules, and thus is projective c.b.l.f. generated itself. By Proposition 3.4.8,
pM 1, dM 1q is a c.b.l.f. cell module. �

Corollary 3.4.17. DlcpA, dq is equivalent to the full subcategory of DpA, dq given by
object quasi-isomorphic to c.b.l.f. iterated extensions of compact objects.

Proof. It is a direct consequence of Lemma 3.4.16 and Corollary 3.4.13. �

This result allows us to extend the definition of DlcpA, dq to any Zn-graded dg-
algebra, as being the triangulated subcategory of DpA, dq generated by c.b.l.f. iterated
extensions of compact objects in DpA, dq.

Corollary 3.4.18. Let f : pA, dq Ñ pB, d1q be a quasi-isomorphism between Zn-
graded dg-algebras. There is an equivalence of triangulated categories

DlcpA, dq � DlcpB, d1q.

Proof. It is a classical fact that a quasi-isomorphism induces an equivalence of derived
categories. The characterization of compact objects being categorical, we obtain an
equivalence between compact derived categories. The same goes for c.b.l. iterated
extensions. �

3.4.2 Back to Grothendieck groups

Our goal for this section is to introduce a topological Grothendieck group à la Achar–
Stroppel [1] for DlcpA, dq, and describe it. We will then show it coincides with our
notion of triangulated topological Grothendieck group.

Let M be a c.b.l.f. cell module. Given g P Zn, we pick a maximal r P Z in
Proposition 3.4.9 such that cr ¨ g. We write β¨gpMq :� Fr. Therefore, β¨gpMq

contains all copies of P 1
i in the filtration ofM with degxpP 1

i q ¨ g. Also, if we consider
the collection of maps tır : β¨crM Ñ β¨cr�1MurPN, we obtain

M � MColimr¥0pırq. (3.9)

We would like to extend β¨g to a functor β¨g : DlcpA, dq Ñ DlcpA, dq.

Lemma 3.4.19. Let f : X Ñ Y be a map between c.b.l.f. cell modules. Then we have
an induced map β¨gf : β¨gX Ñ β¨gY . This operation sends identity map to identity
map and preserves compositions.
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Proof. There is an induced map f0 : X Ñ Y of graded A-modules. In this context,
X and Y are both c.b.l.f. direct sums of tPiui. Since HompP 1

i , P
1
jq � 0 whenever

degxpP 1
i q   degxpP 1

jq, we can restrict the map to f̄0 : X¨g Ñ Y¨g, where X¨g

is the finite sub-direct sum of X given by all P 1
i with degxpP 1

i q ¨ g (and the same
for Y ). Therefore, we have that β¨gX � X¨g as graded A-modules. We take
β¨gf :� f̄0. �

Proposition 3.4.20. Let M P DlcpA, dq. If X and Y are two c.b.l.f. cell modules,
both quasi-isomorphic to M , then β¨xX � β¨xY .

Proof. Since X and Y are cofibrant and quasi-isomorphic, we get a commutative
diagram in pA, dq -mod

X Y

β¨xX β¨xY

f

β¨xf

ıX ıY

where f is a quasi-isomorphism, and both ıX and ıY are monomorphisms of pA, dq-
modules. We clearly have Conepβ¨xfq � β¨x Conepfq, and therefore we get a
commutative diagram

X Y Conepfq

β¨xX β¨xY β¨x Conepfq

f

β¨xf

ıX ıY ıC

Since Conepfq is both cofibrant and acyclic, it is contractible. Thus there exists
h : Conepfq Ñ Conepfqr1s such that d � h� h � d � IdConepfq. Then we get a map
β¨xh : β¨x Conepfq Ñ β¨x Conepfqr1s such that

ıC � pd � β¨xh� β¨xh � dq � pd � h� h � dq � ıC

� ıC .

Since ıC is a monomorphism, we obtain

d � β¨xh� β¨xh � d � Idβ¨x Conepfq .

In conclusion, β¨x Conepfq � Conepβ¨xfq is contractible, and β¨xf is a quasi-
isomorphism. �

Using Corollary 3.4.13, we extend β¨g to a well-defined functor

β¨g : DlcpA, dq Ñ DlcpA, dq.
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In addition, since β¨gpMq is a finitely generated graded A-module for each M P

DlcpA, dq, the functor factorizes through

βc¨g : DlcpA, dq Ñ DcpA, dq.

Proposition 3.4.21. The functors β¨g and βc¨g are exact.

Proof. They clearly commute with the translation functor. Let

X Ñ Y Ñ Z Ñ Xr1s

be a distinguished triangle in DlcpA, dq. Without loosing generality, we can replace
each object by a c.b.l.f. cell module. Consider the union of grading cones CX �CY �

tc0   c1   � � � u. Since the set tConepβ¨ci
X Ñ β¨ci

Y quiPN gives an ordered
filtration of ConepX Ñ Y q � Z, we have by Proposition 3.4.20 that

β¨gZ � β¨g ConepX Ñ Y q � Conepβ¨gX Ñ β¨gXq.

Therefore
β¨gX Ñ β¨gY Ñ β¨gZ Ñ β¨gXr1s

is a distinguished triangle. �

Mimicking the construction from [1], the Achar–Stroppel topological Grothendieck
group of DlcpA, dq is defined as

KAS
0 pDlcpA, dqq :� K∆

0 {TA,

where
TA :� tf P K∆

0 pD
lcpA, dqq|rβ¨gspfq � 0 for all g P Znu. (3.10)

It is also a Zppx1, . . . , xnqq-module. Thanks to (3.9), we know that if rβc¨gM s � 0
for all g, then rM s � 0 in K∆

0 pD
lf pA, dqq. Thus we obtain a surjective map of

Zppx1, . . . , xnqq-modules

KAS
0 pDlcpA, dqq� K∆

0 pD
lcpA, dqq.

Proposition 3.4.22. There is an isomorphism

KAS
0 pDlcpA, dqq � K∆

0 pD
lcpA, dqq.

Proof. The idea of the proof is that any relation in K∆
0 pD

lcpA, dqq can be rewritten as
relations involving only symbols of relatively projective modules Pi. Then the relation
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can be obtained from an ordered iterated extension of relatively projectives, and thus
holds in KAS

0 pDlcpA, dqq.

Let M be isomorphic to a c.b.l.f. iterated extension of tK1, . . . ,Kmu, such that

rM s �
¸

gPZn

xg prt1,gsrK1s � � � � � rtm,gsrKmssq � 0, (3.11)

in K∆
0 pD

lcpA, dqq. Since Ki is a c.b.l.f. cell module, it can be itself rewritten as a
c.b.l.f. iterated extension of indecomposable relatively projective modules tP1, . . . , Psu

such that
rKis �

¸
gPZn

xg
�
rti1,gsrP1s � � � � � rt

i
s,gsrPss

�
� 0,

in K∆
0 pD

lcpA, dqq. This also holds in KAS
0 pDlcpA, dqq since we can use Proposi-

tion 3.4.9 to reorder the filtration. Then (3.11) is equivalent to some equation

rM s �
¸

gPZn

xg
�
rt11,gsrP1s � � � � � rt

1
s,gsrPsss

�
� 0. (3.12)

Moreover, we obtain that M is isomorphic to a c.b.l.f. cell module with filtration
giving (3.12), by Lemma 3.4.16. We conclude by using again Proposition 3.4.9,
showing that (3.12) holds in KAS

0 pDlcpA, dqq, and therefore so does (3.11). �

For M a c.b.l.f. cell module, taking the quotient filtration on M{β¨gpMq shows
that it is also a c.b.l.f. cell module. Therefore we define the functor

β¡g : DlcpA, dq Ñ DlcpA, dq,

by setting β¡gpMq :�M{β¨gpMq. Then, we get a functorial distinguished triangle

β¨gM ÑM Ñ β¡gM Ñ β¨gM r1s.

Moreover, by similar arguments as in the proof of Proposition 3.4.21, we obtain that
β¡g is also exact. Note that β¨g � β¨g � β¨g. We write β¨g D

lcpA, dq for the
essential image of β¨g in DlcpA, dq. The same goes for β¡g .

Inspired by [1, Definition 2.3], we define the following:

Definition 3.4.23. Let pA, dAq and pB, dBq be c.b.l.f. positive dg-algebras. We say
that a functor F : DpA, dAq Ñ DpB, dBq that preserves c.b.l. compact modules and
commutes with the Zn-grading shifts has finite amplitude if there exists |F | P Zn such
that for all c.b.l.f. cell module M P DpA, dAq and g P Zn we have

Fβ¡gM � β¡g�|F |FM.
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Lemma 3.4.24. There is an isomorphism of abelian groups

K∆
0 pD

lcpA, dqq � K∆
0 pβ¨g D

lcpA, dqq `K∆
0 pβ¡g D

lcpA, dqq.

Proof. Straightforward as in proof of [1, Lemma 3.1]. �

Proposition 3.4.25. Let F : DpA, dAq Ñ DpB, dBq be an exact functor with finite
amplitude. There is an induced map

rF s : K∆
0 pA, dAq Ñ K∆

0 pB, dBq.

Proof. We will show that there is an induced map rF s : KAS
0 pA, dAq Ñ KAS

0 pB, dBq,
and use Proposition 3.4.22. By exactness we have a map

rF s : K∆
0 pA, dAq Ñ KAS

0 pB, dBq,

and thus we only need to prove F pTAq � TB , for TA as in (3.10).

Take f P TA and g P Zn. By Lemma 3.4.24 we obtain

f � rβ¨gsf � rβ¡gsf, rF sf � rβ¨g�|F |srF sf � rβ¡g�|F |srF sf.

We have rβ¨gsf � 0 and rβ¡g�|F |srF sf � rF srβ¡gsf . Therefore we deduce that
rF sf � rβ¡g�|F |srF sf and rβ¨g�|F |srF sf � 0. Since g is arbitrary, we conclude
that rF sf P TB . �

The functor β¡e : DlcpA, dq Ñ DlcpA, dq is exact with finite amplitude, thus we
have KAS

0 pβ¡eD
lcpA, dqq � KAS

0 pDlcpA, dqq. We endow KAS
0 pDlcpA, dqq with a

px1, . . . , xnq-adic topology using

T e :� KAS
0 pβ¡eD

lcpA, dqq,

as neighborhood basis of zero. Then it becomes a Hausforff topological Zppx1, . . . , xnqq-
module.

Theorem 3.4.26. There is an isomorphism

K∆
0 pD

lcpA, dqq �
à
iPI

Zppx1, . . . , xℓqqrPis,

where the sum is over all distinct, indecomposable relatively projective Pi.
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Proof. By construction, c.b.l.f. cell modules are spanned by the symbols of the tPiuiPI
in the Grothendieck group. Thus there is a surjectionà

iPI

Zppx1, . . . , xℓqqrPis� K∆
0 pD

lcpA, dqq.

For a c.b.l.f. cell moduleM and a shifted simple S1j we have that HOMpA,dq -modpM,S1jq

is a c.b.l.f. dimensional k-vector space. Therefore, as in [74, Corollary 10.12], for each
(non-acyclic) shifted simple S1j the derived hom-functor

RHOMp�, S1jq : DlcpA, dq Ñ Dlcpk, 0q

induces a map on the Grothendieck groups

rRHOMp�, S1jqs : K∆
0 pD

lcpA, dqq Ñ K∆
0 pD

lcpk, 0qq.

In particular, we have

RHOMpP 1
i , S

1
jq �

$&%EndpS1jq, if i � j and degpP 1
i q � degpS1jq,

0, otherwise.

Moreover, rEndpS1jqs � dimpEndpS1jqqrks in K∆
0 pD

lcpk, 0qq. For pk, 0q, we have
that Dlcpk, 0q corresponds with the category defined in [1, §2.4], slightly generalized
to encompass multigradings. Then our definition of topological Grothendieck group
matches with the one in the reference. By the results in [1] we get that K∆

0 pD
lcpk, 0qq

is the completion of K0pk -gmodq � Znrx�1
1 , . . . , x�1

n s in Zppx1, . . . , xℓqq. Therefore,
K∆

0 pD
lcpk, 0qq is the free Zppx1, . . . , xℓqq-module generated by rks. Then any relation

between the symbols rPis in K∆
0 pD

lcpA, dqq would imply that there is Z-torsion in
K∆

0 pD
lcpk, 0qq, which is a contradiction. �

Proposition 3.4.27. Let pM,dM q be a c.b.l.f. cell module admitting a Hausdorff c.b.l.f.
filtration

0 � � � � �M2 �M1 �M0 �M,

with quotient objects tX1, . . . , Xmu and degree pg, hq multiplicities κi,g,h for all i P I
and pg, hq P Zn � Z. Then we have

rM s �
¸
i,g,h

p�1qhxgrXis,

in K∆
0 pD

lcpA, dqq.
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Proof. We can suppose without loosing generality that each Xi is a simple module.
Let CM � t0 � c0   c1   � � � u be a Zn-grading cone for M and let e be the minimal
Zn-degree of M . Then we can construct an ordered filtration (for the x-degree)

0 � � � � � F2 � F1 � F0 �M

using Proposition 3.3.15 where eachFr�1{Fr is a finite iterated extension of xe�crXirhs

for different h P Z. Then M{Fr is a finite iterated extension in DlcpA, dq of Xi with
x-degree   cr � e. Thus we have

rM s � rFrs � rM{Frs � rFrs �
¸
i,h

g e�cr

p�1qhxgrXis.

Then we use Theorem 3.4.12 to replace Fr by a c.b.l.f. cell module containing copies
of Pi in x-degree © e� cr. Therefore,

rβ e�cr
M s �

¸
i,h

g e�cr

p�1qhxgrβ e�cr
Xis.

Since K∆
0 pD

lcpA, dqq is Hausdorff, this concludes the proof. �

Corollary 3.4.28. There is an isomorphism

K∆
0 pD

lcpA, dqq �
à
iPI

Zppx1, . . . , xℓqqrSis,

where the direct sum is over all distinct simple modules Si.

Proof. By Proposition 3.4.27, we have rPis � fipxqrSis for some series fipxq P
ZCJx1, . . . , xnK such that fip0q � 1. �

Remark 3.4.29. Note that any c.b.l.f. dimensional module admits an ordered c.b.l.f.
composition series by first filtering on the x-degree in increasing order, and then
refining the filtration by the homological degree in decreasing order.

We now suppose pA, dq does not necessarily respect point (4.) of Definition 3.4.5.

Lemma 3.4.30. Any primitive idempotent of HpA, dq comes from a primitive idempo-
tent of A through the projection

A0 Ñ A0{dpA
1
0q � HpA, dq0.

As a consequence, the set of indecomposable HpA, dq-modules is a truncation of the
set of indecomposable pA, dq-modules.
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Proof. Let e P HpA, dq0 be an indempotent. Thus e2 � e � dphq in A for some
h P A1

0. Since A has locally finite dimension, A0 is a finite length subalgebra of A. By
Fitting’s lemma, there exists k ¡ 0 such that

A0 � ker dphqk ` im dphqk.

Then, as in [74, Lemma 9.6], by Newton’s method [9, Theorem 1.7.3] we can find an
idempotent f of A such that f � e in HpA, dq. This proves the first claim.

The second claim follows from the first one and the fact that direct sum decomposi-
tions of A obtained from idempotents descend in the homology since dpAeq � dpAqe.
Also, the quotient by dpA1

0q could not identify orthogonal idempotents together. Indeed
if we have e1 � e2 � dphq then e2

1 � e1e2 � e1dphq and thus e1 � dpe1hq, meaning
that both e1 and e2 are killed in HpA, dq. �

Note that any indecomposable pA, dq-module that is killed in HpA, dq -mod in
Lemma 3.4.30 will be also killed in DpA, dq since it is acyclic. Indeed suppose we
have e � dphq for some idempotent e P A0 and h P A1

0. Then we get dpheq � e2 � e.
From this, we obtain the following:

Proposition 3.4.31. Let pA, dq be a Zn-graded dg-algebra respecting the points
(1.),(2.) and (3.) of Definition 3.4.5. If HpA, dq is a c.b.l.f. positive dg-algebra,
then there are isomorphisms

K∆
0 pD

lcpA, dqq � K∆
0 pD

lcpHpA, dq, 0qq � G0pHpA, dqq.

Let R be as in Proposition 3.3.15. Then, by going to DlcpR, 0q, we obtain a
categorical interpretation of (3.7), where the bar resolution of the simple Sj constructed
in Theorem 3.4.12 coincides with its projective resolution viewed as an pR, 0q-module.

Remark 3.4.32. We would like to point out that all results leading to Theorem 3.4.26
and its corollary generalize to the case where pA, dq is not necessarily positive for
the Zn-grading, but only c.b.l.f. for the Zn-grading and positive for the homological
grading up to adding some hypothesis: it is enough that A �

À
P 1
i where each P 1

i is
isomorphic (up to shift) to some relatively projective module Pi � Aei, and Pi respects
the points (1.), (2.) and (4.) of Definition 3.4.5. This ensures that HompP 1

j , Piq � 0
whenever degxpP 1

jq   degxpPiq or deghpP 1
jq   deghpPiq. It also allows to have

Theorem 3.4.12.



Chapter 4

Geometric categorification of
sl2 Verma modules

We construct a categorification of the universal Verma module Mpλq for quantum sl2,
using the geometry of the Grassmannian varieties, as done in [65]. We start by recalling
the categorification of the finite dimensional module V pNq of Frenkel–Khovanov–
Stroppel [24, §6], following the description in [47] (see also [15] for the non graded
case). We then explain how to dg-enhance this construction and use it to construct
a categorification of Mpλq. This approach is actually slightly different than the one
presented in [65], where we work with Hochschild homology and supermodules instead
of dg-enhancements and dg-modules.

Before delving into the details of the construction, what should we expect from a
categorification of a highest weight module ? It should be a Z-graded (or Z2-graded
if the highest weight is formal) k-linear category that decomposes as a direct sum
M �

À
λPR� Mλ, where each Mλ is the categorification of the λ-weight space.

Moreover it should come with exact functors

E : Mλ Ñ Mq2λ, F : Mλ Ñ Mq�2λ,

such that at least in the Grothendieck group we have

rEFsrXλs � rFEsrXλs �
λ� λ�1

q � q�1 rXλs, (4.1)

for each object Xλ P Mλ. We would call such a structure a weak categorification (of a
highest weight module). Of course, we would like that (4.1) is realized by a categorical
relation between E and F, and fix the natural transformations realizing this relation. In
that case, it would be a (strong) categorification of the highest weight module.
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4.1 Categorification of the finite dimensional modules

All coefficients appearing in (1.11) are positive quantum integers rksq for k P N, and
the commutator relation can be rewritten as

EFvN�2k � pFE � rN � 2ksqqvN�2k, if N � 2k ¥ 0,

FEvN�2k � pEF � r2k �N sqqvN�2k, if N � 2k ¤ 0,

where again all coefficients are positive. Therefore, one can expect to categorify the
sl2-commutator relation using a direct sum decomposition of functors. In particular
we look for a category VpNq �

ÀN
k�0 VN�2k where each category VN�2k is a

categorification the weight space V pNqN�2k. We look for endofunctors E,F of
VpNq such that

EFIdN�2k � FEIdN�2k `
N�2kà
ℓ�0

qN�2k�1�2ℓ IdN�2k, if N � 2k ¥ 0,

FEIdN�2k � EFIdN�2k `
2k�Nà
ℓ�0

q2k�N�1�2ℓ IdN�2k, if N � 2k ¤ 0,
(4.2)

where q denotes the shift the Z-grading, and IdN�2k is the identity functor on VN�2k.
In order to keep notations short, we introduce the following

`rksq p�q :�
k�1à
ℓ�0

q1�k�2ℓp�q.

4.1.1 Geometry of the Grassmannian varieties

We follow the presentation given in [47, §6], but classical references for this are [27,
Chapter 3] and [26, Chapter 10]. Let GNk :� tVk P CN |dimpVkq � ku be the
Grassmannian manifold of k-planes in CN . Its cohomology ring HpGNk q (over Q) is
generated by the Chern classes X1,k, . . . , Xk,k and Y1,k, . . . , YN�k,k, modded out by
the Whitney sum formula. Explicitly, we have

HpGNk q � QrX1,k, . . . , Xk,k, Y1,k, . . . , YN�k,ks{I
N
k ,

where INk is the ideal generated by all homogeneous terms in the equation

p1� tX1,k � t2X2,k � � � � � tkXk,kqp1� tY1,n � � � � � tN�kYN�k,kq � 1.

The cohomology ring is naturally Z-graded with

degpXi,kq � 2i, degpYi,kq � 2i.
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The same applies for the two-step flag variety

GNk,k�1 :� tVk � Vk�1 � CN |dimpVkq � k, dimpVk�1q � k � 1u,

with Chern classes X1,k, . . . , Xk,k, Y1,k�1, . . . , YN�k�1,k�1 and ξk�1, resulting in

HpGNk,k�1q � QrX1,k, . . . , Xk,k, ξk�1, Y1,k�1, . . . , YN�k�1,k�1s{I
N
k,k�1,

where INk,k�1 is given by

p1� tX1,k�� � �� t
kXk,kqp1� tξk�1qp1� tY1,k�1�� � �� t

N�k�1YN�k�1,k�1q � 1.

Since ξk�1 corresponds with the line bundle over Vk�1{Vk, we have degpξk�1q � 2.

The forgetful maps induce maps on cohomology

GNk,k�1

GNk GNk�1

ñ

HpGNk,k�1q

HpGNk q HpGNk�1q

ϕN
k

ψN
k�1 (4.3)

turning HpGNk,k�1q into an HpGNk q-HpG
N
k�1q-bimodule. The action is given by

ϕNk :

$&%Xi,k ÞÑ Xi,k,

Yi,k ÞÑ Yi,k�1 � ξk�1Yi�1,k�1,

ψNk�1 :

$&%Xi,k�1 ÞÑ Xi,k � ξk�1Xi�1,k,

Yi,k�1 ÞÑ Yi,k�1,

with the understanding that Y0,k :� X0,k :� 1 and Xk�1,k :� YN�k,k�1 :� 0. Since
everything is commutative, we can also turn HpGNk,k�1q into a HpGNk�1q-HpG

N
k q-

bimodule, which we write HpGNk�1,kq.

4.1.2 The categorification theorem

We reinterpret the results of [24] in the framework of §3.4, obtaining similar results
as in [1]. In this context, V pNq is constructed with ground ring Qppqqq � Qpqq, with
choice of additive order induced by q ¡ 0. We view HpGNk q as a positive, c.b.l.f.
dimensional, Z-graded dg-algebra concentrated in homological degree 0. We put

VpNq :�
Nà
k�0

VN�2k, VN�2k :� DlcpHpGNk q, 0q.
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The bimodule HpGNk,k�1q is biprojective (i.e. projective as a left module and
projective as a right module), and finitely generated as left and as right module. In
particular, there are decompositions

q�N�k�1HpGNk,k�1q � `rN�ksqHpG
N
k q, as HpGNk q-left-module, (4.4)

q�kHpGNk,k�1q � `rk�1sqHpG
N
k�1q, as HpGNk�1q-right-module. (4.5)

Therefore the functors

ENk : HpGNk�1q -mod Ñ HpGNk q -mod,

FNk : HpGNk q -mod Ñ HpGNk�1q -mod,

defined by

ENk p�q :� qk�1�NHpGNk,k�1q bHpGN
k�1q

p�q,

FNk p�q :� q�kHpGNk�1,kq bHpGN
k
q p�q.

are both exact and preserve c.b.l. compact modules. Moreover, one of the results
of [24] is that there are natural isomorphisms

ENk FNk � FNk�1E
N
k�1 `rN�2ksq Idk, if N � 2k ¥ 0,

FNk�1E
N
k�1 � ENk FNk `r2k�Nsq Idk, if N � 2k ¤ 0.

Then EN :�
ÀN

k�0 ENk and FN :�
ÀN

k�0 F
N
k are exact and preserve c.b.l. compact

modules. Therefore, they induce endofunctors on VpNq, which have finite amplitude.
Thus, the Grothendieck group of VpNq equipped with rEN s and rFN s is an Uqpsl2q
weight module.

The algebra HpGNk q admits a unique projective indecomposable module Pk :�
HpGNk q (up to shift and isomorphism), and a unique simple module

Sk :� Pk{HpG
N
k q¡0Pk � Q.

Then Theorem 3.4.26 and Corollary 3.4.28 tells us that we have

K∆
0 pVN�2kq � Zppqqq,

and is generated either by rPks or rSks.

An important property of this construction is that ENk and FNk are biadjoint (up to
a grading shift), meaning that ENk is both the right adjoint and the left adjoint of FNk .
This symmetry can be interpreted as a categorical version of the symmetry induced
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by ρ in (1.1). Indeed, the right adjoint of FNk descends in the Grothendieck group as
ρprFNk sq, and the same for ENk . Because of this, we write ρpFNk q for the shifted copy
of ENk that is right adjoint of FNk . More explicitly we put

ρpFNk q :� qN�2k�1ENk , ρpENk q :� q1�2k�NFNk .

SinceHpGNk q is commutative, any left moduleM can be viewed as right module M̄ .
Then, we define the bifunctor

p�,�q : VpNq bQ VpNq Ñ DlcpQ, 0q, pM,M 1q :� M̄ bL
p`kHpGN

k
qqM

1.

It respects for all M,M 1 P VpNq,

• pP0, P0q � pQ, 0q ;

• pFNk M,M 1q � pM,ρpFNk qNq and pENk M,M 1q � pM,ρpENk qM
1q ;

• `f pM,M 1q � p`fM,M 1q � pM,`fM
1q for any f P Zppqqq,

where we identify P0 � Q with its dg-version pP0, 0q. As a consequence, it descends
on K∆

0 pVq as the Shapovalov form (1.3). Moreover, we have

pPk, Sk1q �

$&%pQ, 0q, if k � k1,

0, otherwise,

which is a categorification of (1.8).

Theorem 4.1.1 ([24] revisited). The Grothendieck group K∆
0 pVpNqq is a Uqpsl2q-

weight module with action of E,F given by rEN s, rFN s. Moreover, there is an
isomorphism

K∆
0 pVpNqq bZ Q � V pNq,

sending rPks to the canonical basis element v1N�2k, and rSks to the dual canonical
basis element vN�2k.

4.2 Categorification of the Verma module

Because of the close relationship between integrable modules and Verma modules (1.12),
it is natural to construct a categorification ofMpλq using similar tools: that is the geom-
etry of the Grassmannian varieties. Moreover, since the weight spaces are indexed by
the dimension of the planes inside the Grassmannians, and the Verma module having
non-trivial weight space for arbitrarily low weight, it is also natural to consider the
Grassmannian of k-planes inside the infinite space C8.
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4.2.1 Geometry of the infinite Grassmannian varieties

The good news is that the cohomology ring of

G8
k :� tVk � C8|dimpVkq � ku,

is given by the inductive limit of HpGNk q for N Ñ8. More explicitly, it is generated
by the Chern classes X1,k, . . . , Xk,k and infinitely many Y1,k, . . . , Yi,k, . . . with de-
grees degpXi,kq � degpYi,kq � 2i, modded out again by the Whitney sum formula.
Explicitly, we obtain

HpG8
k q � QrX1,k, . . . , Xk,k, Y1,k, . . . , Yi,k, . . . s{I

8
k ,

where I8k is the ideal generated by the homogeneous components in t satisfying the
equation

p1�X1,kt� � � � �Xk,kt
kqp1� Y1,kt� � � � � Yi,kt

i � � � � q � 1.

From this equation, we derive the following recursive formulas

Y0,k � 1, Yi,k � �
i̧

ℓ�1
Xℓ,kYi�ℓ,k, (4.6)

where we put Xj,k :� 0 whenever j ¡ k. Therefore, HpG8
k q is isomorphic to the

graded polynomial ring

HpG8
k q � QrX1,k, . . . , Xk,ks, degpXi,kq � 2i.

There are similar results for the 2-steps flag variety

G8
k,k�1 :� tVk � Vk�1 � C8|dimpVkq � k, dimpVk�1q � k � 1u.

Its cohomology ring respects

HpG8
k,k�1q � QrX1,k, . . . , Xk,k, ξk�1, Y1,k�1, . . . , Yi,k�1, . . . s{I

8
k,k�1,

with degpXi,kq � degpYi,k�1q � 2 and degpξk�1q � 2, and where I8k,k�1 is given by

p1�X1,kt� � � � �Xk,kt
kqp1� ξk�1tqp1� Y1,k�1t� � � � � Yi,k�1t

i � � � � q � 1.

Again, we can rewrite recursively each Yi,k�1 in terms of Xi,k�1 and ξk�1, so that

HpG8
k,k�1q � QrX1,k, . . . , Xk,k, ξk�1s, degpXi,kq � 2i, degpξk�1q � 2.
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As for the finite case, the forgetful maps induce maps on the cohomology

G8
k,k�1

G8
k G8

k�1

ñ

HpG8
k,k�1q

HpG8
k q HpG8

k�1q

ϕk ψk�1

explicitly given by

ϕk :

$&%Xi,k ÞÑ Xi,k,

Yi,k ÞÑ Yi,k�1 � ξk�1Yi�1,k�1,

ψk�1 :

$&%Xi,k�1 ÞÑ Xi,k � ξk�1Xi�1,k,

Yi,k�1 ÞÑ Yi,k�1,

with the understanding that Y0,k :� X0,k :� 1 and Xk�1,k :� 0.

A quick verification shows that

HpG8
0,1q bHpG81 q HpG

8
1,0q � Qrξs,

so that if we try to define E0,F0 as tensoring with the bimodule HpG8
0,1q, we would

obtain E0F0 � `ℓPNq
2ℓ Id0. It decategorifies as

¸
ℓPN

q2ℓ � 1� q2 � q4 � � � � �
1

1� q2 .

Going to the dg-world and shifting the degree of Qrξs by qr1s, we obtain �qp1� q2 �

q4 � � � � q, which coincides with 1
q�q�1 . However, it still does not look quite like (4.1),

since there are no λ appearing in the equation.

4.2.2 Dg-enhancement

Up to shift, we want to categorify p1� λ2q{p1� q2q. Evaluating λ � qN yields

1� λ2

1� q2 �
1� q2N

1� q2 � 1� q2 � � � � � q2N�2.

We known the quantum polynomial 1� q2 � � � � � q2�2N is morally categorified by
Qrξs{pξN q, and the fraction 1{p1� q2q by Qrξs. Therefore, we would like to obtain
Qrξs{pξN q as a difference (i.e. mapping cone) of two copies of Qrξs, with one shifted
in q-degree 2N .
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The obvious projection

π : Qrξs� Qrξs{pξN q,

turns Qrξs{pξN q into a Qrξs-module. Then, it admits a free resolution

0 Ñ q2NQrξs ξN

ÝÝÑ Qrξs� Qrξs{pξN q Ñ 0.

The graded Euler characteristic of this resolution matches with p1� q2N qp1� q2q, so
that we think of it as a categorification of this fraction. From the free resolution, we
obtain a dg-algebra by taking the mapping cone

Conepq2NQrξs ξN

ÝÝÑ Qrξsq � pQrξs b
�
pωq, dN q,

with differential

dN : Qrξs b�
pωq Ñ Qrξs b
�
pωq,

$&%ξ ÞÑ 0,

ω ÞÑ ξN ,

such that
HpQrξs b

�
pωq, dN q � Qrξs{pξN q.

The last step consists in replacing the differential dN by a trivial one, and introducing a
λ-grading, so that we obtain a Z2-graded dg-algebra

pQrξs b
�
pωq, 0q,

with degqpξq � 2, degqpωq � 0 and degλpξq � 0, degλpωq � 2. Thus, its graded
dimension is p1� λ2q{p1� q2q. Because of (1.11), it is natural to look for a similar
pattern on §4.1.1 and §4.2.1.

Dg-enhancement of HpGNk q

The natural inclusion GNk Ñ G8
k induces a surjective map

πk : HpG8
k q� HpGNk q,

sending Xi,k P HpG
8
k q to Xi,k P HpG

N
k q (and the same for Yi,k).

Lemma 4.2.1. The kernel kerπk is generated by the collection of the k elements
YN�k�1,k, YN�k�2,k, . . . , YN .
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Proof. Clearly, kerπk is generated by the infinite collection of elements

tYN�k�1,k, YN�k�2,k, . . . , YN�k�i,k, . . . u.

Using (4.6), one can show by induction that if xYN�k�1,k, YN�k�2,k, . . . , YN y � 0,
then YN�ℓ,k � 0 for all ℓ ¡ 0. �

This means HpG8
k q{pYN�k�1,k, YN�k�2,k, . . . , YN q � HpGNk q. Furthermore,

the sequence YN�k�1,k, YN�k�2,k, . . . , YN is a regular sequence of HpG8
k q. Thus

we get a finite free resolution of HpGNk q as HpG8
k q-module

0 Ñ YN�k�1,kYN�k�2,k � � �YNHpG
8
k q Ñ � � �

� � � Ñ
kà
ℓ�1

YN�k�ℓHpG
8
k q Ñ HpG8

k q� HpGNk q Ñ 0.

Turning this into the dg-language, we obtain a Z-graded dg-algebra by taking iterated
mapping cones over YN�k�i, yielding

pHpG8
k q b

�
pω1,k, . . . , ωk,kq, dN q, (4.7)

with

dN pXi,kq :� 0, dN pωi,kq :� YN�i�1,k.

Since it is built from a free resolution of HpGNk q, we immediately obtain that its
homology is isomorphic to HpGNk q.

Setting the differential to zero and introducing a λ-grading, we obtain a Z2-graded
dg-algebra pΩk, 0q with

Ωk :� QrX1,k, . . . , Xk,ks b
�
pω1,k, . . . , ωk,kq

and Z2-degrees

degq,λpXi,jq :� p2i, 0q, degq,λpωi,kq :� p2� 2i, 2q,

and homological degrees

deghpXi,jq :� 0, deghpωi,kq :� 1.

We refer to the Z2-degrees pq, λq as quantum degrees. Then, we rewrite (4.7) as
pΩk, dN q, where we assume that the λ-grading is specialized to λ � qN .
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Playing the same game with G8
k,k�1 and GNk,k�1, we get

Ωk,k�1 :� QrX1,k, . . . , Xk,k, ξk�1s b
�
pω1,k�1, . . . , ωk�1,k�1q,

with

degq,λpXi,jq :� p2i, 0q, degq,λpξk�1q :� p2, 0q, degq,λpωi,kq :� p2� 2i, 2q,

deghpXi,jq :� 0, deghpξk�1q :� 0, deghpωi,kq :� 1.

It can be equipped with a differential dN defined by

dN pXi,kq :� 0, dN pξk�1q :� 0, dN pωi,k�1q :� YN�i�1,k�1. (4.8)

Proposition 4.2.2. The dg-algebras pΩk, dN q and pΩk,k�1, dN q are formal with ho-
mology

HpΩk, dN q � HpGNk q, HpΩk,k�1, dN q � HpGNk,k�1q,

and are acyclic whenever k ¡ N or k � 1 ¡ N respectively.

Proof. The homology of pΩk, dN q is computed above. Moreover, the obvious pro-
jection map pΩk, dN q � pHpGNk q, 0q is a quasi-isomorphism. If k ¡ N , then
dN pωN�1,kq � Y0,k � 1, implying HpΩk, dN q � 0. The proof is similar for
HpΩk,k�1, dN q. �

Bimodule structure of Ωk,k�1

The next step is to lift the maps ϕNk and ψNk�1 of (4.3) to dg-maps

pΩk,k�1, dN q

pΩk, dN q pΩk�1, dN q.

rϕN
k

rψN
k�1

The first observation we make is that the diagram

HpG8
k q HpG8

k,k�1q HpG8
k�1q

HpGNk q HpGNk,k�1q HpGNk�1q

ϕk

πk πk,k�1

ψk

πk�1

ϕN
k ψN

k

commutes.
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Thus we put as before

rϕNk pXi,kq :� Xi,k, rψNk�1pXi,k�1q :� Xi,k � ξk�1Xi�1,k.

Moreover, since ψk�1pYi,k�1q � Yi,k�1 and ϕkpYi,kq � Yi,k�1 � ξk�1Yi�1,k, we
define

rψNk�1pωi,k�1q :� ωi,k�1, rϕNk pωi,kq :� ωi,k�1 � ξk�1ωi�1,k�1,

so that

Ωk Ωk,k�1 Ωk�1

Ωk Ωk,k�1 Ωk�1,

dN

rϕN
k

dN dN

rψN
k�1

rϕN
k

rψN
k�1

commutes. Using this, we turn pΩk,k�1, dN q into a pΩk, dN q-pΩk�1, dN q-bimodule,
lifting the whole construction of §4.1.1 to the dg-world.

Finally, taking a trivial differential instead of dN , we still get maps

pΩk,k�1, 0q

pΩk, 0q pΩk�1, 0q,

rϕk
rψk�1

explicitly given by

rϕk :

$''&''%
Xi,k ÞÑ Xi,k,

Yi,k ÞÑ Yi,k�1 � ξk�1Yi�1,k�1,

ωi,k ÞÑ ωi,k�1 � ξk�1ωi�1,k�1,

(4.9)

rψk�1 :

$''&''%
Xi,k�1 ÞÑ Xi,k � ξk�1Xi�1,k,

Yi,k�1 ÞÑ Yi,k�1,

ωi,k�1 ÞÑ ωi,k�1.

(4.10)

They preserve the λ-grading, turning Ωk,k�1 into an Ωk-Ωk�1-bimodule.

4.3 Categorical action

We introduce the notation

`rβ�ksq p�q :�
à
ℓPN

�
q1�k�2ℓλ�1p�q ` q1�k�2ℓλp�qr1s

�
.
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It is a c.b.l.f. direct sum that decategorifies as rβ � ksq (see (1.5)).

Proposition 4.3.1. We have decompositions

q�kΩk,k�1 � `rk�1sq Ωk�1, as Ωk�1-module,

λ�1qk�1Ωk,k�1 � `rβ�ksq Ωk, as Ωk-module.

Proof. The first claim is a direct consequence of the fact that

q�kHpG8
k,k�1q � `rk�1sqHpG

8
k�1q,

for similar reasons as in (4.5), and the action of the exterior part of Ωk�1 on the exterior
part of Ωk,k�1 is the identity.

For the second claim, we first observe that

HpG8
k,k�1q � HpG8

k q bQrξk�1s.

Then we construct a surjective map��
pω1,k, . . . , ωk,kq bQrξk�1s
�
` λ2q2k��
pω1,k, . . . , ωk,kq bQrξk�1s

�
r1s

ÝÑ
��
pω1,k�1, . . . , ωk�1,k�1q bQrξk�1s

�
,

induced by rϕk � ωk�1,k�1 rϕk. By comparing the graded dimensions, we conclude
that it is in fact an isomorphism. Taking the grading shift in consideration finishes the
proof. �

We define

Mpλq :�
à
kPN

Mβ�2k, Mβ�2k :� DlcpΩk, 0q.

Using Proposition 4.3.1, we can already define functors

Fk : Ωk -mod Ñ Ωk�1 -mod, Fkp�q :� q�kΩk�1,k bΩk
p�q,

Ek : Ωk�1 -mod Ñ Ωk -mod, Ekp�q :� λ�1qk�1Ωk,k�1 bΩk�1 p�q.

By Proposition 4.3.1, we know they each have finite amplitude, preserve c.b.l. compact
modules and are exact. Thus E :� `k¥0Ek and F :� `k¥0Fk induce maps on
K∆

0 pMpλqq that agree with (1.7). Hence, we can already conclude that Mpλq is a
weak categorification of Mpλq. However, as mentioned before, we would like that Ek
and Fk are related through a categorical version of (4.1). We would also like to see
them related with a similar flavor as the biadjunction in 4.1.2.
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Remark 4.3.2. We cannot hope for Ek and Fk to form a biadjoint pair. Indeed, in that
case it would be possible to show that if E0 kill a highest weight space, then Fℓ kills a
lowest weight space for some ℓ, by the results in [82]. This would imply that we would
be categorifying a finite dimensional module and not a Verma module. Furthermore,
we should not hope to have an adjoint pair and a direct sum decomposition of the form

EkFk � Fk�1Ek�1 `rβ�2ks Id,

since it would imply that Fk and Ek are biadjoint by [13]. In conclusion, the best
case scenario would be that Ek and Fk form an adjoint pair, and EkFk is related to
Fk�1Ek�1 through a short exact sequence.

4.3.1 A short exact sequence

We have two goals for this section. The first one is to prove Ek and Fk form an adjoint
pair. The second one is to construct a short exact sequence

0 Ñ Fk�1Ek�1 ãÑ EkFk � `rβ�2ks IdΩk
Ñ 0.

In order to simplify notations, we will write Xi,k (resp Xi,k�1) for the image of
Xi,k (resp. Xi,k�1) in Ωk,k�1 through rϕk (resp. rψk�1). The same applies for all the
Y�,� and ω�,�. We also write bk for the tensor product over Ωk. Since we want to
relate EkFk to Fk�1Ek�1, we write

Ωkpk�1qk :� Ωk,k�1 bΩk�1 Ωk�1,k, Ωkpk�1qk :� Ωk,k�1 bΩk�1 Ωk�1,k.

Finally, we write Idk, Idk,k�1 and Idkpk�1qk for the identity maps on the different
bimodules Ωk,Ωk,k�1 and Ωkpk�1qk.

Lemma 4.3.3. In Ωk,k�1, the following identities

Xi,k �
i̧

ℓ�0
p�1qℓXi�ℓ,k�1ξ

ℓ
k�1, (4.11)

Yi,k�1 �
i̧

ℓ�0
p�1qℓYi�ℓ,kξℓk�1, (4.12)

ξik�1 � p�1qi
i̧

ℓ�0
Xℓ,kYi�ℓ,k�1, (4.13)

ωi,k�1 � p�1qk�1�iξk�1�i
k�1 ωk�1,k�1 �

k�i̧

ℓ�0
p�1qℓωi�ℓ,kξℓk�1, (4.14)

hold for all i ¥ 0.
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Proof. The four equations are obtained by induction using (4.9) and (4.10). We leave
the details to the reader. �

Lemma 4.3.4. In Ωkpk�1qk, the following identity holds

ķ

ℓ�0
p�1qkXℓ,k bk�1 ξ

k�ℓ
k�1 �

ķ

ℓ�0
p�1qℓξk�ℓk�1 bk�1 Xℓ,k.

Moreover, ξk�1 slides over this sum

ξk�1
� ķ

ℓ�0
p�1qkXℓ,k bk�1 ξ

k�ℓ
k�1

�
�

� ķ

ℓ�0
p�1qkXℓ,k bk�1 ξ

k�ℓ
k�1

�
ξk�1. (4.15)

Proof. This follows from [48, §3.2] since the part in homological degree zero of
Ωkpk�1qk is the cohomology of the two-step flag variety. �

As in [48], using Lemma 4.3.4, we construct an injective map of bimodules

ηk : Ωk ãÑ Ωkpk�1qk, 1 ÞÑ
ķ

ℓ�0
p�1qℓXℓ,k bk�1 ξ

k�ℓ
k�1,

of q-degree p2k, 0q. We also define the bimodule map

εk�1 : Ωkpk�1qk � Ωk, ξik bk�1 ξ
j
k ÞÑ p�1qi�j�k�1Yi�j�k�1,k,

of degree p2� 2k, 0q.

Proposition 4.3.5. We have

pεk bk�1 Idk�1,kq � pIdk�1,k bkηkq � Idk�1,k,

pIdk,k�1bk�1εkq � pηk bk Idk,k�1q � Idk,k�1 .

Proof. It follows from similar computations as in [48, Lemma 4.5]. �

As a direct consequence, we obtain the following theorem.

Proposition 4.3.6. The functor Fk is left adjoint to ρpFkq :� λq�2k�1Ek.

Therefore, we have already achieved one of our two goals. We can now focus on
constructing the short exact sequence. We put

Ωξk :� Ωk bQ Qrξs �
à
ℓPN

q2ℓΩk,

as Ωk-Ωk-bimodule.
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We write Yi,k�1 P Ωξk for the element recursively defined as

Y0,k�1 :� 0, Yi,k�1 :� �
i̧

ℓ�1
pXℓ,k � ξXℓ�1,kqYi�ℓ,k�1.

It corresponds with the element given by taking Yi,k�1 P HpG
8
k,k�1q and passing it

through the isomorphism of HpG8
k q-modules HpG8

k,k�1q � HpG8
k q bQrξs.

Proposition 4.3.7. The map of bimodules

ı : Ωξk ãÑ Ωkpk�1qk, xξp ÞÑ ηkpxqξ
p
k�1,

for x P Ωk and p P N admits a left inverse

π : Ωkpk�1qk � Ωξk,

$&%ξik�1 bk�1 ξ
j
k�1 ÞÑ p�1qi�j�kYi�j�k,k�1,

ξik�1 bk�1 ξ
j
k�1ωk�1,k�1 ÞÑ 0.

Proof. First we observe that ı is indeed a map of bimodules thanks to (4.15). Then, we
compute

pπ � ıqpξpq � π

�
ξpk�1

ķ

ℓ�0
p�1qℓξk�ℓk�1 bk�1 Xℓ,k

�

�
ķ

ℓ�0
p�1qpXℓ,kYi�ℓ,k�1

(4.13)
� ξp,

for all p ¥ 0. �

We define yet another bimodule map

µ : Ωkpk�1qk � Ωξkr1s,

$&%ξik�1 bk�1 ξ
j
k�1 ÞÑ 0,

ξik�1 bk�1 ξ
j
k�1ωk�1,k�1 ÞÑ p�1qi�jYi�j,k�1.

of degree p2k � 2,�2q. It is a map of bimodules since we recall that the translation
functor r1s twists the left action (see §2.2.1). Moreover, as in [48], we define the
nilCoxeter maps by setting

ΨÒ :Ωk,k�1 bk�1 Ωk�1,k�2 Ñ Ωk,k�1 bk�1 Ωk�1,k�2,

ξik�1 bk�1 ξ
j
k�2 ÞÑ

i�1̧

ℓ�0
ξi�j�1�ℓ
k�1 bk�1 ξ

ℓ
k�2 �

j�1̧

ℓ�0
ξi�j�1�ℓ
k�1 bk�1 ξ

ℓ
k�2,
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and

ΨÓ :Ωk�2,k�1 bk�1 Ωk�1,k Ñ Ωk�2,k�1 bk�1 Ωk�1,k,

ξik�2 bk�1 ξ
j
k�1 ÞÑ

j�1̧

ℓ�0
ξi�j�1�ℓ
k�2 bk�1 ξ

ℓ
k�1 �

i�1̧

ℓ�0
ξi�j�1�ℓ
k�2 bk�1 ξ

ℓ
k�1,

extending using the Ωk�2-module structure. They are both of degree p�2, 0q. We will
now prove they define maps of bimodules.

Lemma 4.3.8. For all i, j ¥ 0 and ÙP tÒ, Óu we have

ΨÙpξ
i�1 bk�1 ξ

jq �ΨÙpξ
i bk�1 ξ

jqξ � ξi bk�1 ξ
j ,

ξΨÙpξ
i bk�1 ξ

jq �ΨÙpξ
i bk�1 ξ

j�1q � ξi bk�1 ξ
j ,

(4.16)

and thus
ξΨÙpξ

i bk�1 ξ
jqξ � ΨÙpξ

i�1 bk�1 ξ
j�1q.

Proof. The proof is a straightforward computation, which is identical to what is done
in [48, Lemma 7.10]. �

Proposition 4.3.9. The maps ΨÒ and ΨÓ are both maps of Ωk-Ωk�2-bimodules.

Proof. We prove it for ΨÒ, the proof being similar for ΨÓ. By construction, it is a
map of Ωk�2-module, thus we only need to prove it is also an Ωk-module morphism.
Therefore, using (4.11), we compute

ΨÒpXt,kξ
i
k�1 bk�1 ξ

j
k�2q �

ţ

ℓ�0
p�1qℓΨÒpξ

i�ℓ
k�1 bk�1 ξ

j
k�2Xt�ℓ,k�1q

�
ţ

ℓ�0

t�ℓ̧

p�0
p�1qℓ�pΨÒpξ

i�ℓ
k�1 bk�1 ξ

j�p
k�2qXt�ℓ�p,k�2,

and

Xt,kΨÒpξ
i
k�1 bk�1 ξ

j
k�2q

�
ţ

ℓ�0
p�1qℓξℓk�1ΨÒpξ

i
k�1 bk�1 ξ

j
k�2qXt�ℓ,k�1

�
ţ

ℓ�0

t�ℓ̧

p�0
p�1qℓ�pξℓk�1ΨÒpξ

i
k�1 bk�1 ξ

j
k�2qξ

p
k�2Xt�ℓ�p,k�2,

which are the same for all i, j ¥ 0 and 0 ¤ t ¤ k, thanks to Lemma 4.3.8.
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Then we compute

ΨÒpωt,kξ
i
k�1 bk�1 ξ

j
k�2q

(4.9)
� ΨÒpξ

i
k�1 bk�1 ξ

j
k�2qωt,k�2 �ΨÒpξ

i
k�1 bk�1 ξ

j�1
k�2qωt�1,k�2

�ΨÒpξ
i�1
k�1 bk�1 ξ

j
k�2qωt�1,k�2 �ΨÒpξ

i�1
k�1 bk�1 ξ

j�1
k�2qωt�2,k�2

(4.16)
� ΨÒpξ

i
k�1 bk�1 ξ

j
k�2qωt,k�2 �ΨÒpξ

i
k�1 bk�1 ξ

j
k�2qξk�2ωt�1,k�2

ξk�1ΨÒpξ
i
k�1 bk�1 ξ

j
k�2qωt�1,k�2 � ξk�1ΨÒpξ

i
k�1 bk�1 ξ

j
k�2qξk�2ωt�2,k�2

(4.9)
� ωt,kΨÒpξ

i
k�1 bk�1 ξ

j
k�2q

which concludes the proof. �

Proposition 4.3.10. There is an injection of Ωk-Ωk-bimodules

u : Ωkpk�1qk ãÑ Ωkpk�1qk,

preserving all degrees and given by

u : � pεk�1 bk Idkpk�1qkq � pIdk,k�1bk�1ΨÒ bk�1 Idk�1,kq � pIdkpk�1qk bkηkq

� pIdkpk�1qk bkεk�1q � pIdk,k�1bk�1ΨÓ bk�1 Idk,k�1q � pηk bk Idkpk�1qkq.

Moreover, this map takes the form

upξik bk�1 ξ
j
kq � �ξjk�1 bk�1 ξ

i
k�1, (4.17)

for all i� j   k.

Proof. First we suppose that

u � pεk�1 bk Idkpk�1qkq � pIdk,k�1bk�1ΨÒ bk�1 Idk�1,kq � pIdkpk�1qk bkηkq.

We compute for i   k,

upξik bk�1 1q � �
¸

r�s�t�i

p�1qi�sYr,kξsk�1 bk�1 Xt,k.

Moreover, by applying (4.13) followed by (4.12) we obtain

1bk�1 ξ
i
k�1 � p�1qi

¸
r�s�t�i

p�1qsYr,kξsk�1 bk�1 Xt,k,

and thus upξik bk�1 1q � 1bk�1 ξ
i
k�1.
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Then, using again (4.13) and (4.11), we compute

ξik bk�1 ξ
j
k � p�1qj

¸
r�s�t�j

p�1qsXr,kξ
i�s
k bk�1 Yt,k,

upξik bk�1 ξ
j
kq � �p�1qj

¸
r�s�t�j

p�1qsXr,k bk�1 ξ
i�s
k�1Yt,k,

and also using (4.13) and (4.12), we get

ξjk�1 bk�1 ξ
i
k�1 � p�1qj

¸
r�s�t�j

p�1qsXr,k bk�1 ξ
i�s
k�1Yt,k.

This proves that upξik bk�1 ξ
j
kq � �ξjk�1 bk�1 ξ

i
k�1, for all i � j   k. Similar

computations do the trick for the case

u � pIdkpk�1qk bkεk�1q � pIdk,k�1bk�1ΨÓ bk�1 Idk,k�1q � pηk bk Idkpk�1qkq.

Then the injectivity follows from Proposition 4.3.1. �

Lemma 4.3.11. The bimodule Ωkpk�1qk is generated by
°k�1
ℓ�0 Ωkξℓk bk�1 Ωk.

Proof. By (4.13), we obtain that Ωk�1,k is generated by
°k�1
ℓ�0 xℓ,k�1Ωk. Thus sliding

xℓ,k�1 over the tensor product in Ωkpk�1qk , we get that Ωkpk�1qk is generated by
Ωk,k�1bk�1Ωk. By (4.11), Ωk,k�1 is generated by

°k�1
ℓ�0 Ωkξℓk. Putting these together

concludes the proof. �

Lemma 4.3.12. There is an equality of graded dimensions

gdim Ωkpk�1qk � gdim Ωkpk�1qk � pq2k � λ2q�2khq gdim Ωξk.

Proof. As left-Ωk-module, by Proposition 4.3.1, we have

Ωkpk�1qk �
à
ℓ¥0

Ωk,k�1 bk�1 ξ
ℓ
k ` Ωk,k�1 bk�1 ξ

ℓ
kωk,k

�
à
ℓ¥0

k�1à
r�0

Ωkξrk bk�1 ξ
ℓ
k ` Ωkξrk bk�1 ξ

ℓ
kωk,k.

Similarly we obtain

Ωkpk�1qk �
kà
r�0

Ωk,k�1 bk�1 ξ
r
k�1

�
kà
r�0

à
ℓ¥0

Ωkξℓk�1 bk�1 ξ
r
k�1 ` Ωkξℓk�1ωk�1,k�1 bk�1 ξ

r
k�1.
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Since degpξk�1ωi,k�1q � degpωi�1,kq, we obtain

gdim Ωkpk�1qk � gdim Ωkpk�1qk �

degpξkk�1q
¸
ℓ¥0

q2ℓ gdim Ωk � degpωk�1,k�1q
¸
ℓ¥0

q2ℓ gdim Ωk,

which concludes the proof. �

Theorem 4.3.13. There is a short exact sequence of Ωk-Ωk-bimodules

0 Ñ Ωkpk�1qk
u
ÝÑ Ωkpk�1qk

π`µ
ÝÝÝÑ q2kΩξk ` λ2q�2kΩξkr1s Ñ 0, (4.18)

with degree zero maps.

Proof. We have

pπ ` µq � upξℓk bk�1 1q � pπ ` µqp�1bk�1 ξ
ℓ
kq � 0

for 0 ¤ ℓ ¤ k � 1. Thus by Lemma 4.3.11, the composition pπ ` µq � u � 0 is zero.
Since we already know that u is injective and π and µ are surjective, the exactness
follows from a dimensional argument. Therefore we conclude the proof by using
Lemma 4.3.12. �

Corollary 4.3.14. There is a natural short exact sequence

0 Ñ Fk�1Ek�1 ãÑ EkFk � `rβ�2ks Idk Ñ 0.

By Toen’s results [89] (see also [36]), we can interpret the spaces of (quasi-)functors
between the categorified weight spaces Mβ�2k as (subcategories of) the categories of
dg-bimodules. In particular we obtain:

Corollary 4.3.15. There is a quasi-isomorphism

ConepFk�1Ek�1
u
ÝÑ EkFkq

�
ÝÑ `rβ�2ks Idk .

4.3.2 A long exact sequence

We write pΩkpk�1qk, dN q for the dg-bimodule pΩk,k�1, dN q bpΩk�1,dN q pΩk�1,k, dN q.
The same goes for pΩkpk�1qk, dN q and pΩξk, dN q.

Lemma 4.3.16. The map u : Ωkpk�1qk Ñ Ωkpk�1qk lifts to a map of dg-bimodules

u : pΩkpk�1qk, dN q Ñ pΩkpk�1qk, dN q.

Proof. All the following maps obvously lift to the dg-setting: εk, ηk and ΨÒ. �
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The next step is to lift the map π`µ. However, the map π alone does not commute
with dN . Thus we need to replace the direct sum in the cokernel of (4.18) by something
else (like a mapping cone), with the same underlying graded space. Therefore, we want
to compute

π � dN � µ�1pYi,k�1q � π � dN pp�1qiξik�1 bk�1 ωk�1,k�1q

(4.8)
� πpp�1qiξik�1 bk�1 YN�k,k�1q

(4.12)
�

N�ķ

ℓ�0
p�1qi�ℓπpξik�1 bk�1 ξ

ℓ
k�1qYN�k�ℓ,k

� p�1qk
N�ķ

ℓ�0
Yi�ℓ�k,k�1YN�k�ℓ,k,

where µ�1pYi,k�1q only means an arbitrary choice of inverse element. From this we
define the map

yN : Ωξk Ñ Ωξk, Yi,k�1 ÞÑ p�1qk
N�ķ

ℓ�0
Yi�ℓ�k,k�1YN�k�ℓ,k,

of q-degree 2pN � 2kq, and we consider the dg-bimodule given by the mapping cone

pq2kΩξk ` q2pN�kqΩξkr1s, dN q :� Conepq2N�2kpΩξk, dN q
yNÝÝÑ q2kpΩξk, dN qq.

Thus, we obtain the following lemma and theorem:

Lemma 4.3.17. The map π ` µ lifts to a map of dg-bimodules

pΩkpk�1qk, dN q Ñ pq2kΩξk ` q2pN�kqΩξkr1s, dN q.

Theorem 4.3.18. There is a short exact sequence of dg-bimodules

0 Ñ pΩkpk�1qk, dN q Ñ pΩkpk�1qk, dN q Ñ pq2kΩξk ` q2pN�kqΩξkr1s, dN q Ñ 0.

From the short exact sequence, we obtain by the snake lemma a long exact sequence

. . . H1pΩkpk�1qk, dN q H1pq2kΩξk ` q2pN�kqΩξkr1s, dN q

H0pΩkpk�1qk, dN q H0pΩkpk�1qk, dN q H0pq2kΩξk ` q2pN�kqΩξkr1s, dN q

0
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Our goal now is to compute the different homology spaces involved in this exact
sequence.

Proposition 4.3.19. We have

HpΩkpk�1qk, dN q � HpGNk,k�1q bHpGN
k�1q

HpGNk�1,kq,

HpΩkpk�1qk, dN q � HpGNk,k�1q bHpGN
k�1q

HpGNk�1,kq.

Proof. We want to apply Proposition 2.2.17 together with Proposition 4.2.2. Thus we
need to show that pΩk,k�1, dN q is a strongly projective pΩk�1, dN q-module, and that
pΩk,k�1, dN q is a strongly projective pΩk�1, dN q-module. From Proposition 4.3.1 we
deduce that pΩk,k�1, dN q decomposes as a mapping cone

pΩk,k�1, dN q � Cone
�
`ℓ¥0ξ

ℓ
kpΩk�1, dN q

YN�k�1,k
ÝÝÝÝÝÝÑ `ℓ¥0ξ

ℓ
kpΩk�1, dN q

�
.

By (4.12), we obtain a triangular change of basis, turning ξℓk into Yℓ,k, so that

pΩk,k�1, dN q � Cone
�
`ℓ¥0Yℓ,kpΩk�1, dN q

f
ÝÑ `ℓ¥0Yℓ,kpΩk�1, dN q

�
,

where fpYℓ,kq :� Yℓ�N�k�1,k. Therefore, identifying Yℓ,k with yℓ we obtain

pΩk,k�1, dN q � pQry, θs{pθ2q, dq bQ pΩk�1, dN q,

where dpyq :� 0 and dpθq :� yN�k�1, proving that pΩk,k�1, dN q is strongly projec-
tive. Then again from Proposition 4.3.1 we obtain

pΩk,k�1, dN q �
kà
ℓ�0

pΩk�1, dN q,

and thus pΩk,k�1, dN q is strongly projective, as pΩk�1, dN q-module. �

Proposition 4.3.20. We have

pq2kΩξk ` q2pN�kqΩξkr1s, dN q �

$&%`N�2k�1
ℓ�0 q2k�2ℓHpGNk q, if N � 2k ¥ 0,

`2k�N�1
ℓ�0 q2k�2ℓHpGNk qr1s, if N � 2k ¤ 0.

Proof. We observe that if N � 2k ¥ 0 then yN pξiq is a polynomial with dominant
monomial ξN�2k�i

k�1 (up to sign). If N � 2k ¤ 0, then dN pξiq � 0 for i   2k�N and
yN pY2k�N,k�1q � 1, and yN pξiq is polynomial with dominant monomial ξN�2k�i

k�1 for
i ¡ 2k �N . Putting all this together concludes the proof. �
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Plugging the results of Proposition 4.3.19 and Proposition 4.3.20 into the long exact
sequence we obtain an exact sequence

0 H1pq2kΩξk ` q2pN�kqΩξkr1s, dN q

H0pΩkpk�1qk, dN q H0pΩkpk�1qk, dN q H0pq2kΩξk ` q2pN�kqΩξkr1s, dN q

0

δN
k�1

If N � 2k ¥ 0, then it truncates to a short exact sequence

0 Ñ HpGNk,k�1q bHpGN
k�1q

HpGNk�1,kq Ñ HpGNk,k�1q bHpGN
k�1q

HpGNk�1,kq

Ñ `N�2k�1
ℓ�0 q2k�2ℓHpGNk q Ñ 0

which splits with splitting morphism induced by the lift of ı from Proposition 4.3.7. If
N � 2k ¤ 0, then we obtain a short exact sequence

0 Ñ `2k�N�1
ℓ�0 q2k�2ℓHpGNk q

δN
k�1
ÝÝÝÑ HpGNk,k�1q bHpGN

k�1q
HpGNk�1,kq

Ñ HpGNk,k�1q bHpGN
k�1q

HpGNk�1,kq Ñ 0.

To show that it also splits, for i   2k�N , we compute the connecting homomorphism

δNk�1pYi,k�1q � u�1pdN pµ
�1pYi,k�1qqq

� p�1qiu�1pdN pξ
i
k�1 bk�1 ωk�1,k�1qq

(4.8)
� p�1qiu�1pξik�1 bk�1 YN�k,k�1q

(4.12)
�

N�ķ

ℓ�0
p�1qi�ℓu�1pξik�1 bk�1 ξ

ℓ
k�1qYN�k�ℓ,k

(4.17)
� �

N�ķ

ℓ�0
p�1qi�ℓξℓk bk�1 ξ

i
kYN�k�ℓ,k.

Note that for i � 0, it yields exactly the same map as the counit of the second adjunction
in [47]. We already know it can not lift to a map of (dg-)bimodules. However, it admits
a left inverse that comes from the map of (dg-)bimodules

pδNk�1q
�1 : Ωkpk�1qk Ñ Ωξk, ξik bk�1 ξ

j
k ÞÑ p�1qN�k�1ξi�j�N�k.

In conclusion, we obtain two direct sum decompositions that match with the results
of [24] (as presented in §4.1.2).
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In addition, we recover the biadjunction by taking as unit the map induced by

Ωkpk�1qk Ñ Ωk,

$&%ξik�1 bk�1 ξ
j
k�1 ÞÑ p�1qi�j�N�kXi�j�N�k,k,

ξik�1 bk�1 ξ
j
k�1ωk�1,k�1 ÞÑ 0.

and as counit the restriction of δNk�1 to the summand i � 0.

Therefore we define

VΩpNq :�
Nà
k�0

VΩ
N�2k, VΩ

N�2k :� DlcpΩk, dN q,

and the functors

FNk : DlcpΩk, dN q Ñ DlcpΩk�1, dN q,

Fkp�q :� q�kpΩk�1,k, dN q b
L
pΩk,dN q p�q,

ENk : DlcpΩk�1, dN q Ñ DlcpΩk, dN q,

Ekp�q :� qk�1�N pΩk,k�1, dN q b
L
pΩk�1,dN q p�q.

They are biadjoint (up to degree shift) and respect

ENk FNk � FNk�1E
N
k�1 `rN�2ksq Idk, if N � 2k ¥ 0,

FNk�1E
N
k�1 � ENk FNk `r2k�Nsq Idk, if N � 2k ¤ 0.

4.4 The categorification theorems

We choose the additive order λ ¡ q ¡ 0 so that λq�2k
¡ 0 for all k P Z. We consider

the universal Verma module Mpλq with ground ring Qppq, λqq. Then pΩk, 0q is a
positive c.b.l.f. dg-algebra, with trivial differential. It admits a single (up to shift and
isomorphism) relatively projective module given by Ωk, and a single simple module
Sk :� Ωk{pΩkq¡0 � Q. Thus we have

K∆
0 pMβ�2kq � Zppq, λqq.

Since Ωk is (super)commutative, any left Ωk-module M can be viewed as a right
module M̄ by twisting the action

m � x :� p�1qdeghpmq deghpxqx �m
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for homogeneous m PM and x P Ωk. Then we define a bifunctor

p�,�q : Mpλq bQ Mpλq Ñ DlcpQ, 0q, pM,M 1q :� M̄ bL
`kΩk

M 1.

It respects for all M,M 1 P Mpλq,

• pΩ0,Ω0q � pQ, 0q ;

• pFkM,M 1q � pM,ρpFkqNq ;

• `f pM,M 1q � p`fM,M 1q � pM,`fM
1q for any f P Zppq, λqq.

Since Mpλq is generated by F kvλ for all k ¥ 0, this is enough to show that it descends
on K∆

0 pMpλqq as the Shapovalov form. We also have

pSk,Ωkq �

$&%pQ, 0q, if k � k1,

0, otherwise,

which again categorifies (1.8). Moreover, taking the c.b.l.f. composition series of Ωk
or the c.b.l.f. cell module replacement of Sk categorifies the change of basis (1.9).

Theorem 4.4.1. The Grothendieck group K∆
0 pMpλqq is a Uqpsl2q-weight module with

the action of E,F given by rEs, rFs. Moreover, there is an isomorphism

K∆
0 pMpλqq bZ Q �Mpλq

sending rpΩk, 0qs to the canonical basis element v1λ�2k, and rpSk, 0qs to the dual
canonical basis element vλ�2k.

Using the results of §4.3.2, we also obtain the following:

Theorem 4.4.2. The Grothendieck group K∆
0 pV

ΩpNqq is a Uqpsl2q-weight module
with the action of E,F given by rEN s, rFN s. Moreover, there is an isomorphism

K∆
0 pV

ΩpNqq bZ Q � V pNq

sending rpΩk, dN qs to the canonical basis element v1N�2k, and rpSk, dN qs to the dual
canonical basis element vN�2k.

Note that Theorem 4.1.1 can be reinterpreted as a consequence of Theorem 4.4.2
together with the equivalence of categories

DlcpΩk, dN q � DlcpHpGNk q, 0q,

induced by the quasi-isomorphism pΩk, dN q
�
ÝÑ pHpGNk q, 0q, and with the proof of

Proposition 4.3.19.



Chapter 5

Dg-enhanced nilHecke algebra

The most important features of a categorification lie in the higher structure. In terms
of categorical action, it means we should study the space of natural transformations
between the endofunctors realizing the action on the category. In particular for the case
of sl2, lies inside this higher structure an important ingredient: the nilHecke algebra. It
arises naturally over Q from the geometry of the flag varieties as

NHn � EndHpG8n qpHpG
8
0,1,...,nqq,

where
G8

0,1,...,n :� t0 � V0 � V1 � � � � � Vn � C8|dimVi � iu

is the full flag variety, and the action is induced by the forgetful map G8
0,1,...,n Ñ G8

n .

By a remarkable result [82], given a categorical action of sl2 on some category
V1 respecting (4.2) and categorifying the integrable module V pNq by adjoint functors
E,F, then asking that NHn acts on EndpFnq ensures that V1 is morally equivalent
to a category of modules over the cohomology rings of Grassmannians in CN . In
other words, the nilHecke algebra captures almost all the higher structure in the
categorification of V pNq.

5.1 NilHecke algebra

We fix k a unital commutative ring. The nilHecke algebra admits a presentation by
generators and relations (see for example [82, §3] where it appears under the name ‘nil
affine Hecke algebra’).
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Definition 5.1.1. The nilHecke algebra NHn is the Z-graded k-algebra generated by
τ1, τ2, . . . , τn�1 and x1, x2, . . . , xn with relations

τ2
i � 0, τiτi�1τi � τi�1τiτi�1,

τiτj � τjτi, xixj � xjxi, for |i� j| ¡ 1,

τixj � xjτi, for j � i, i� 1,

τixi � xi�1τi � 1, xiτi � τixi�1 � 1,

with degpτiq � �2 and degpxiq � 2.

5.1.1 From the symmetric group to the nilHecke algebra

Using an approach of Borel [12] (see also [27]), we describe the cohomology ring of
the flag varieties using symmetric polynomials. We consider the Z-graded polynomial
ring QN :� Qrz1, . . . , zN s with degpziq � 2. We also recall some classical definitions
of symmetric polynomials.

Definition 5.1.2. The i-th complete homogeneous symmetric polynomial in the vari-
ables z1, . . . , zN is

hipz1, . . . , zN q :�
¸

1¤j1¤j2¤���¤ji¤N

zj1zj2 � � � zji
.

The i-th elementary symmetric polynomial in the variables z1, . . . , zN is

eipz1, . . . , zN q :�
¸

1¤j1 j2 ��� ji¤N

zj1zj2 � � � zji ,

with e0pz1, . . . , zN q :� 1 and eipz1, . . . , zN q :� 0 for i ¡ N .

Complete homogeneous symmetric polynomials can be computed recursively as

hipz1, . . . , zN q �
i̧

ℓ�0
hi�ℓpz1, . . . , zN�1qz

ℓ
N .

Moreover, these polynomials respect the equation

i̧

ℓ�0
p�1qℓeℓpz1, . . . , zN qhi�ℓpz1, . . . , zN q � 0, (5.1)

for all i ¥ 0.

The polynomial ring QN comes with an action of the symmetric group SN by
permutation wpziq :� zwpiq for all w P SN . Let CN :� QN{pejpz1, . . . , zN qqj¡0
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denote the coinvariant algebra. It inherits an SN -action from QN by permutations.
Then we consider the ring of invariants CkN (resp. Ck,k�1

N ) for the action on CN given
by restriction to Sk�SN�k � SN (resp. to Sk�S1�N�k�1 � SN ). Clearly we have

CkN � Qre1pz1, . . . , zkq, . . . , ekpz1, . . . , zkq,

e1pzk�1, . . . , zN q, . . . , eN�kpzk�1, . . . , zN qs{J,

where J is the QN ideal generated by ejpz1, . . . , zN q for all j ¡ 0, and

Ck,k�1
N � Qre1pz1, . . . , zkq, . . . , ekpz1, . . . , zkq, zk�1

e1pzk�2, . . . , zN q, . . . , eN�k�1pzk�2, . . . , zN qs{J.

Then one can show that

eipzk�1, . . . , zN q � p�1qihipz1, . . . , zkq � J.

From this, one obtains an isomorphism HpGNk q � CkN by sending

Xi,k ÞÑ eipz1, . . . , zkq, Yi,k ÞÑ eipzk�1, . . . , zN q � p�1qihipz1, . . . , zkq, (5.2)

and an isomorphism HpGNk,k�1q � Ck,k�1
N with

Xi,k ÞÑ eipz1, . . . , zkq, ξk�1 ÞÑ zk�1, Yi,k�1 ÞÑ eipzk�2, . . . , zN q.

Moreover, the HpGNk q-HpG
N
k�1q-bimodule structure of HpGNk,k�1q is recovered by

letting CkN and Ck�1
N act by polynomial multiplication on Ck,�1

N , since

eipz1, . . . , zk�1q � eipz1, . . . , zkq � zk�1ei�1pz1, . . . , zkq,

hipz1, . . . , zkq � hipz1, . . . , zk�1q � zk�1hi�1pz1, . . . , zk�1q.

Taking the limit N Ñ8 ends up being equivalent to consider the ring of invariants
QSk

k and QSk�S1
k�1 , so that

HpG8
k q � QSk

k , HpG8
k,k�1q � QSk�S1

k�1 .

Thus the nilHecke algebra is isomorphic to

NHn � EndQSn
n
pQnq.
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From the perspective of Definition 5.1.1, this isomorphism is given by sending xi to
the multiplication by zi, and τi to the divided difference operator

Bi : Qn Ñ Qn, f ÞÑ
f � σipfq

zi � zi�1
,

where σi P Sn is the simple transposition pi, i� 1q. Note that the operator Bi decreases
the degree by 2.

5.1.2 Diagrammatic description

The symmetric group Sn admits a diagrammatic description by braid-like diagram on
n strands. The simple transposition σi P Sn is drawn as a crossing

σi �

1

. . .

i�1 i i�1 i�2

. . .

n

between the ith and pi � 1qth strands. Composition in Sn is then given by stacking
diagrams on top of each other. We read diagrams from bottom to top, so that the
composition w1w2 is given by putting the diagram of w1 on top of the one of w2. Then
the diagrams are subject to the local relations

� �

which correspond with the relations σiσi � 1 and σiσi�1σi � σi�1σiσi�1 in the
presentation by generators and relations of the symmetric group. We consider these
diagrams up to regular isotopy, which coincides with the relation σiσj � σjσi for
|i� j| ¡ 1.

Then we look at the subalgebra of EndQpQnq generated by action of σ1, . . . , σn�1,
together with multiplication on the left by z1, . . . , zn. It can also be described using
(Q-linear combinations of) braid-like diagrams, where we add a dot on the ith strand
for the multiplication by zi,

zi �

1

. . .

i�1 i i�1

. . .

n
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Again, distant permutations σizj � zjσi for j � i � 0, 1 are given by regular isotopy,
and we get σizj � zj�1σi and zjσi � σizj�1 as local relations

� �

Putting all these things together gives us a diagrammatic description of the above-
mentioned algebra.

Since the nilHecke algebra has a similar-looking presentation by generators and
relations, it naturally gives NHn a diagrammatic description, with braid-like diagram
on n strands.

Proposition 5.1.3. The nilHecke algebra NHn admits a presentation by k-linear
combinations of braid-like diagrams generated by

τi �

1

. . .

i�1 i i�1 i�2

. . .

n

xj �

1

. . .

i�1 i i�1

. . .

n

for 1 ¤ i ¤ n� 1, 1 ¤ j ¤ n, up to regular isotopy, and with local relations

� 0 � (5.3)

� � � � (5.4)

and Z-grading

degq

� �
� �2, degq

� �
� 2.

Recall the functors Fk of §4.3 given by tensoring with the bimodule Ωk�1,k. Also
recall the nilCoxeter map ΨÓ from §4.3.1.

Proposition 5.1.4. There is a injective map of algebras

NHn ãÑ EndpFk�n�1 � � �Fk�1Fkq
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for all k ¥ 0, explicitly given by

τi ÞÑ IdFk�n�1Fk�i�1 bΨÓ b IdFk�i�2���Fk
,

xj ÞÑ IdFk�n�1Fk�j
bξk�j�1 b IdFk�j�2���Fk

.

Proof. Thanks to Lemma 4.3.8, we can apply the exact same computations as in [48,
Lemma 4.10], which concludes the proof. �

When there is k dots on a strand, we usually draw it as a single dot with a label k
next to it. For example, we draw

� 3

We now describe some useful, classical relations in the nilHecke algebra.

Lemma 5.1.5. In NHn we have

k �
k

�
¸
r�s�
k�1

r s

k � k �
¸
r�s�
k�1

r s

for all k ¥ 0.

Proof. Both equations are obtained by using recursively (5.4). �

Lemma 5.1.6. In NHn we have

¸
r�s
�k

r s �
¸
r�s
�k

rs (5.5)

for all k ¥ 0.

Proof. It follows from Lemma 5.1.5. �

5.2 Cyclotomic quotient and categorification

The nilHecke algebra is given by using full flags in C8. Working in CN instead yields
the N -cyclotomic quotient [42, §3.4] of the nilHecke algebra:

NHN
n � EndHpGN

n qpHpG
N
1,2,...,nqq.
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The good news is that it also admits a nice diagrammatic description. As a matter of
facts, it can be described directly as a quotient of the nilHecke algebra

NHN
n :� NHn {px

N
1 q.

This means we kill all the diagrams that admit, at some height, N dots on their leftmost
strand

1

N

2

. . .

n

� 0. (5.6)

It yields a finite-dimensional algebra, and is zero whenever n ¡ N .

Furthermore, there is a Morita equivalence (i.e. an equivalence of categories of
representations) between NHN

n and HpGNn q. Therefore, one can construct a categorifi-
cation of the integrable Uqpsl2q-module V pNq with NHN

n . As a matter of fact, it gives
naturally a categorification of the induced basis (1.6). Since it will be useful later on,
we now proceed to quickly describe the categorical action of Uqpsl2q on NHN

n -mod.

5.2.1 Categorical action

There is an inclusion of algebras jn : NHN
n ãÑ NHN

n�1 that consists in adding a
vertical strand to the right of a diagram D P NHN

n ,

1 2 . . . n

D ÞÑ

1 2 . . . n

D

n�1

P NHN
n�1 .

From this map, we obtain induction and restriction functors on the categories of
modules

Indn�1
n : NHN

n -mod Ñ NHN
n�1 -mod,

Resn�1
n : NHN

n�1 -mod Ñ NHN
n -mod,

which form an adjoint pair. In terms of bimodules, we can describe them as

Indn�1
n p�q �

�
NHN

n�1
�
pnq

bNHN
n
�,

Resn�1
n p�q � pnq

�
NHN

n�1
�
bNHN

n�1
�,

where
�
NHN

n�1
�
pnq

(resp. pnq
�
NHN

n�1
�
) is given by looking at NHN

n�1 as an NHN
n�1-

NHN
n -bimodule (resp NHN

n -NHN
n�1-bimodule).
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We cite the following results, which can be found as a particular case of [33] for
example. We will also recover it as a consequence of our work later.

Proposition 5.2.1. The NHN
n -module

�
NHN

n�1
�
pnq

decomposes as a direct sum

�
NHN

n�1
�
pnq

�
N�n�1à
ℓ�0

nà
a�0

q2ℓ�2a NHN
n .

Therefore we define the exact functors

FNn :� Indn�1
n , ENn :� q2n�N Resn�1

n ,

such that in the Grothendieck group, rNHN
n s will descend to the induced basis element

vN�2n, with FNn and ENn giving the coefficients appearing in (1.6). They respect direct
sum decompositions similar the ones in §4.1.2.

Theorem 5.2.2. There are decompositions of bimodules

ENn FNn � FNn�1E
N
n�1 `rN�2nsq Idn if N � 2n ¥ 0,

FNn�1E
N
n�1 � ENn FNn `r2n�Nsq Idn if N � 2n ¤ 0.

Moreover, there is a biadjunction FNn % qN�2nENn and ENn % q2n�NFNn .

For a permutation w P Sn with minimal presentation w � σir � � �σi2σi1 , we write
τw :� τσir

� � � τσi2
τσi1

. It is well defined thanks to (5.3). Let ϑn denotes the longest
word in Sn, and define

en :� τϑnx
n�1
1 xn�2

2 � � �xn�1 P NHn . (5.7)

It is a well known fact that it is an idempotent of NHn (see for example [42, Sec-
tion 2.2]), and therefore also of NHN

n . Then, as in [42] we put

PNn :� NHN
n en,

which is the unique indecomposable projective module of NHN
n , up to shift and isomor-

phism. It is concentrated only in positive degrees. Moreover, there is a decomposition

NHN
n � `prnsq !qq

npn�1q{2PNn . (5.8)

We write P̃Nn :� qnpn�1q{2PNn , so that in the Grothendieck group rP̃Nn s will corre-
spond with the canonical basis element v1N�2n. In addition, PNn admits a unique simple
quotient

SNn :� PNn {Sym�pNHN
n q,
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where Sym�pNHN
n q is the subalgebra given by symmetric polynomials in the variables

x1, . . . , xn P NHN
n of non-zero degree. We also write S̃Nn :� qnpn�1q{2SNn .

We note that NHN
n equipped with a trivial differential does not form a positive c.b.l.f.

Z-graded dg-algebra, since it is not concentrated in positive q-degree. Fortunately
enough, it respects all the conditions of Remark 3.4.32 so that we can still apply the
results of §3.4. Thus we put

VNHpNq :�
Nà
n�0

VNH
N�2n, VNH

N�2n :� DlcpNHN
n , 0q.

We obtain that
K∆

0 pV
NH
N�2nq � Zppqqq,

is generated by either rNHN
n s, rP̃

N
n s or rS̃Nn s. We put EN :� `Nn�0E

N
n and FN :�

`Nn�0F
N
n . By Proposition 5.2.1 we know that FN and EN are exact, preserve c.b.l.

compact modules and are of finite amplitude. Thus K∆
0 pV

NHpNqq is an Uqpsl2q-
module, with action of E,F given by rEN s, rFN s.

We consider the map ψ : NHN
n Ñ

�
NHN

n

�op
that takes the mirror image of a

diagram along the horizontal axis. From it, given a left NHN
n -module M we obtain a

right NHN
n -module Mψ . Then, we define the bifunctor

p�,�q : VNHpNq bk VNHpNq Ñ Dlcpk, 0q, pM,M 1q :�Mψ bL
p`n NHN

n q
M 1.

It respects again all the requirement for a categorical version of the Shapovalov
form, and we obtain that S̃Nn is the dual of P̃Nn . Therefore, rS̃Nn s corresponds in
the Grothendieck group to the dual canonical basis element vN�2n. In conclusion, we
obtain the following theorem:

Theorem 5.2.3. The Grothendieck group K∆
0 pV

NHpNqq is an Uqpsl2q-module, with
action of E,F given by rEN s, rFN s. Moreover, there is an isomorphism

K∆
0 pV

NHpNqq bZ Q � V pNq,

sending rNHN
n s to the induced basis element vN�2n, rP̃Nn s to the canonical basis

element v1N�2n, and rS̃Nn s to the dual canonical basis element vN�2n.

5.3 Dg-enhancement

To go from the categorification of V pNq to a Verma module Mpλq, we constructed a
dg-enhancement of HpGNk q. We now do the same for NHN

n . Actually, we have three
equivalent ways to obtain a dg-enhancement of the cyclotomic nilHecke algebra, each
of them bringing their own advantages.
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5.3.1 Primitivating a quotient relation

The first approach is similar to what we did to go from HpGNk q to Ωk passing by
HpG8

k q, but where we replace HpGNk q with NHN
n and HpG8

k q with NHn. Since
NHN

n is obtained as a quotient of NHn by the cyclotomic relation (5.6), we introduce
a new generator

ω :�

1 2

. . .

n

in homological degree 1, that will play the role of a primitivation of (5.6).

Therefore, we consider the algebra pNHn �Qrωs, dN q, where NHn �Qrωs is the
free product of algebras, with differential

dN pxiq :� dN pτiq :� 0, dN pωq :� xN1 .

Clearly in homological degree zero we obtain H0pNHn �Qrωs, dN q � NHN
n . How-

ever, in non-zero homological degree, HpNHn �Qrωs, dN q also contains non-trivial
elements, since there is no relations between ω and the generators of NHn. For example

dN pωxi � xiωq � 0, ωxi � xiω R impdN q.

Therefore we need to introduce relations between ω and the generators of NHn. Intu-
itively the idea is to look for the relations that xN1 respects for all N ¥ 0 and lift them
to ω. We call this procedure a primitivization of the relation xN1 � 0. For example, we
obtain that ω must commute with all xi and τj for 1 ¤ i ¤ n and 2 ¤ j ¤ n� 1. Also
we must have ω2 � 0. A little bit less trivial is the relation

N
�

N
� 0.

which is obtained by applying Lemma 5.1.5 followed by (5.3). It implies that we need
to impose

:� 0.

As we will prove later, it appears that these are enough. Forgetting the differential and
introducing a λ-grading (as we did in §4.2.1), we get the algebra we were looking for.
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Definition 5.3.1. The dg-enhanced nilHecke algebraAn is the diagrammatic k-algebra
generated by

τi �

1

. . .

i�1 i i�1 i�2

. . .

n

xj �

1

. . .

j�1 j j�1

. . .

n

ω �

1 2

. . .

n

for 1 ¤ i ¤ n � 1, 1 ¤ j ¤ n, up to regular isotopy, and with the nilHecke
relations (5.3-5.4), and the new relations

� 0, � 0. (5.9)

It is Z2 � Z-graded with

degq,λ,h

� �
:� p�2, 0, 0q, degq,λ,h

� �
:� p2, 0, 0q,

degq,λ,h

� �
:� p0, 2, 1q.

We will prove the following proposition later on:

Proposition 5.3.2. The dg-algebra pAn, dN q is formal with homology

HpAn, dN q � NHN
n ,

for n ¤ N , and is acyclic whenever n ¡ N .

We also collect some results that will reveal to be useful.

Lemma 5.3.3. In An we have

� � �

Proof. We apply (5.4) on both sides. �
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Lemma 5.3.4. In An we have

� � 0. (5.10)

Proof. Using (5.4), we obtain

� �
(5.9)
� �

Similarly, we obtain

� �
(5.4)
� �

(5.9)
� �

Then by (5.5) we get

� � � �
(5.9)
� 0,

concluding the proof. �

5.3.2 From Ωk to An

A second approach consists in looking at the endomorphism algebra

A1n :� EndΩnpΩn,n�1 bn�1 � � � b2 Ω2,1 b1 Ω1,0q.

By Proposition 5.1.4, we already know that there is an inclusion NHn ãÑ A1n.

Proposition 5.3.5. We have

gdimA1n �
�
gdim NHn

��
gdim�
pω1,n, . . . , ωn,nq

�
.

Proof. From Proposition 4.3.5, we obtain

EndΩnpΩn,n�1 bn�1 � � � b2 Ω2,1 b1 Ω1,0q

� HomΩnpQ,Ω0,1 b1 � � � bn�1 Ωn�1,n bn Ωn,n�1 bn�1 � � � b1 Ω1,0q,

then we use (4.18) recursively to compute the graded dimension. �
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Living inside A1n also lies the multiplication map by ωi,k P Ωk,k�1 for all 1 ¤ k ¤

n and 1 ¤ i ¤ k. Since the elements ωi,n are linearly independent for all 1 ¤ i ¤ n

we obtain that A1n �
�
NHn �

Àn
k�1

�
pω1,k, . . . , ωk,kq

�
{ � where � is given by the

kernel of the map

NHn �
nà
k�1

�
pω1,k, . . . , ωk,kq� A1n, (5.11)

sending ωi,k to the multiplication by ωi,k P Ωk,k�1. In order to get a diagrammatic
description of A1n we use the nilHecke diagrams together with the new generator

ωi,k :�

1

. . .

k�1 k

k�i

k�1

. . .

n

that we refer as a floating dot with label k � i. We do not allow two floating dots to be
put at the same height. Moreover, they anticommute with each other,

a . . .
b
� �

a
. . . b

for all possible labels a, b. In particular, two floating dots with the same label in the
same region is zero

a

a
� 0.

Now it only remains to compute the kernel of the map (5.11). We obtain easily that
ωi,k commutes with τj for j � k, and commutes with xj for all j. This coincides
with the relations given by regular isotopy between floating dots and dots or distant
crossings. From (4.9) we get the local relation

a
�

a�1
�

a

where we interpret a floating dot in the leftmost region of a diagram as zero

a

1 2

. . .

n

:� 0 P A1n.

Since these relations make sense for any a ¥ 0, from now on we allow floating dots
with label a for all a P N.
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Proposition 5.3.6. The algebra A1n admits a diagrammatic presentation with genera-
tors given by the nilHecke elements

τi �

1

. . .

i�1 i i�1 i�2

. . .

n

xj �

1

. . .

j�1 j ij�1

. . .

n

for 1 ¤ i ¤ n� 1, 1 ¤ j ¤ n, and the floating dots

ωai �

1

. . .

i�1 i

a

i�1

. . .

n

for 1 ¤ i ¤ n and a ¥ 0, up to regular isotopy that preserves the relative height of the
floating dot, subject to the nilHecke relations (5.3-5.4), and the floating dots relations

a . . .
b
� �

a
. . . b (5.12)

a
�

a�1
�

a (5.13)

with Z2 � Z-grading

degq,λ,h

� �
:� p�2, 0, 0q, degq,λ,h

� �
:� p2, 0, 0q,

degq,λ,h

���
i

a

��
:� p2p1� i� aq, 2, 1q.

Lemma 5.3.7. In A1n we have

a
�

a
�

a

�
a

Proof. It follows directly from (5.13) and commutation of ωai�1 with τi. �
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Lemma 5.3.8. In A1n we have

a

a

� 0.

Proof. First we compute using Lemma 5.3.7

a �

a

�

a

�

a
(5.4)
� �

a (5.14)

Then we obtain

a

a

�
a

a
� 0,

which concludes the proof. �

To simplify notations, we do not write the label of a floating dot whenever it is zero

ωi :�

i

:�

i

0
� ω0

i

Moreover, we say that a floating dot placed directly at the right of the leftmost strand
and with label 0 is a tight floating dot

1 2

. . .

n

Proposition 5.3.9. The algebraA1n is generated by nilHecke elements and tight floating
dots.

Proof. First, we obtain that all floating dots can be brought to be next to the leftmost
strand by applying recursively

a (5.4)
�

a
�

a (5.14)
� a � a (5.15)
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Then, since a floating dot in the leftmost region is zero, we obtain for a floating dot
next to the leftmost strand

1

a
� p�1qa

1

a

by applying recursively (5.13). �

Lemma 5.3.10. There is an isomorphism of algebras

An
�
ÝÑ A1n,

preserving nilHecke element and sending ω to the tight floating dot ω1.

Proof. Lemma 5.3.8 shows the map is well-defined, and Proposition 5.3.9 gives the
surjectivity. For the injectivity, on can construct an inverse map by introducing elements
ϖa
i P An defined recursively from ω using a formula similar to (5.15) and verifying

that it respects all relations of ωai in A1n. We leave the details to the reader. �

Remark 5.3.11. Note that alternatively we can present A1n using only floating dots
with label 0 and imposing the relation

� � �

Then we recover the floating dots with label greater than zero by defining them recur-
sively using (5.13).

Using the isomorphism A1n
�
ÝÑ An, we can compute the value of dN for all floating

dots. Doing so, we obtain

dN pω
a
i q � p�1qN�a�i�1hN�a�i�1px1, . . . , xiq, (5.16)

which coincides with (4.8) and (5.2).

5.3.3 From symmetric group to An

The third way to obtain An is by ‘dg-enhancing’ the action of the symmetric group Sn
on Qn. For this we consider the Z2-graded ring

Q^
n :� Qrx1, . . . , xns bQ

�
pω1, . . . , ωnq,
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with degq,λpxiq � p2, 0q and degq,λpωiq � p2 � 2i, 2q. We think of ωi as a primi-
tivization of the relation

p�1qN�i�1hN�i�1px1, . . . , xiq � 0,

for all N P N. Therefore we compute

σiphN�j�1px1, . . . , xjqq

�

$&%hN�j�1px1, . . . , xjq � pxi�1 � xiqhN�jpx1, . . . , xj�1q, if i � j,

hN�j�1px1, . . . , xjq, if i � j.

for σi P Sn the simple transposition. From it, we deduce an Sn action on Q^
n .

Proposition 5.3.12. There is an action of Sn on Q^
n given by setting

σipxjq � xσipjq,

σipωjq � ωj � δi,jpxi � xi�1qωi�1,

and extending using σipfgq � σipfqσipgq for all f, g P Q^
n .

Proof. The proof is a straightfoward computation checking that σiσi�1σipωjq �

σi�1σiσi�1pωjq and σ2
i pωjq � ωj . We leave the details to the reader. �

Then we consider the divided difference operator on Q^
n

Bipfq :� f � σipfq

xi � xi�1
,

for all 1 ¤ i ¤ n� 1, and f P Q^
n .

Proposition 5.3.13. The action of Bi on Q^
n satisfies the Leibniz rule

Bipfgq � Bipfqg � σipfqBipgq,

for all f, g P Q^
n , and the relations

B2
i pfq � 0, BiBi�1Bipfq � Bi�1BiBi�1pfq,

Bipxifq � xi�1Bipfq � f, xiBipfq � Bipxi�1fq � f,

BiBjpfq � BjBipfq,
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for |i� j| ¡ 1, and

Bipωjfq � ωjBipfq,

Bippωi � xi�1ωi�1qfq � pωi � xi�1ωi�1qBipfq,

for i � j.

Proof. The proof consists in verifying that all relations hold. They all follow from
the fact that there is an action of the symmetric group and Bi is a divided difference
operator, implying that Bipfq � 0 whenever f is invariant for the Sn-action, and that
Bipfq is an invariant of the Sn-action for all f . We leave the details to the reader. �

Definition 5.3.14. We define A2n as the subalgebra of EndQpQ
^
n q generated by mul-

tiplication by xi, multiplication by ωi and by divided difference operator Bj for all
1 ¤ i ¤ n and 1 ¤ j ¤ n� 1.

Proposition 5.3.15. There is a surjective map of algebras

A1n � A2n

given by sending xi to multiplication by zi, ω0
i to multiplication by ωi, and τi to Bi.

Proof. It follows from Remark 5.3.11 and Proposition 5.3.13. �

We will prove later that the epimorphism of Proposition 5.3.15 is actually an
isomorphism.

5.3.4 Some basis for An

Recall that given w P Sn, we write τw :� τσir
� � � τσi1

P An where σir � � �σi1 � w is
a minimal presentation of w.

Proposition 5.3.16. The collection of elements

tpω0
1q
ℓ1 � � � pω0

nq
ℓnxk1

1 � � �xkn
n τw|ℓi P t0, 1u, ki P N, w P Snu, (5.17)

forms a basis of A1n � An.

Proof. We first show elements in (5.17) generate A1n. Using (5.13), we can bring all
floating dots to the right, then slide them to the top of the diagram and finally convert
them back to floating dots with label 0, using again (5.13). Then using (5.4), we can
bring all dots also to the top, doing an inductive argument on the number of crossings.
Therefore, it remains only diagrams with crossings at the bottom, then dots, and finally
floating dots. Since the crossing respects relations (5.3) similar to the symmetric group,
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we can apply a similar reduction algorithm to end up with crossings corresponding to
minimal presentation of element of Sn.

To show they are linearly independent elements, we use Proposition 5.3.15. It is
known that the action of the divided difference operators on the polynomial ring Qn
is faithful (see for example [53]). From it we get that different choices of w P Sn

gives linearly independent elements in A2n. Since the remaining part in (5.17) is only
multiplication by polynomials, we conclude the action is faithful, and thus (5.17) is a
basis. �

Corollary 5.3.17. The surjective map of Proposition 5.3.15 is an isomorphism.

From this basis, we construct another one which has all its floating dots concentrated
in the rightmost region.

Proposition 5.3.1. The collection of elements

tpω0
nq
ℓ1 � � � pωn�1

n qℓnxk1
1 � � �xkn

n τw|ℓi P t0, 1u, ki P N, w P Snu, (5.18)

forms a basis of An.

Proof. We have degpω0
i q � degpωn�in q. Therefore, we only need to show that each

ωi can be rewritten as a combination of dots and floating dots in the rightmost region.
This follows by applying (5.13) i times. Since the label of the floating dots increases
by at most 1 for each strand crossed, the maximal label involved is n� 1, obtained by
sliding ω1 � ω0

1 to the far right. This concludes the proof. �

From this basis, we obtain a proof of Proposition 5.3.2.

Proof of Proposition 5.3.2. We only need to show that HpAn, dN q is concentrated in
homological degree zero. By (5.16), we have

dN pω
a
nq � p�1qN�a�n�1hN�a�n�1px1, . . . , xnq,

for 0 ¤ a ¤ n � 1, which are in the center of NHn � An thanks to (5.5). It is a
well-known fact that there is an isomorphism between the center of NHn and HpG8

n q,
where p�1qN�a�n�1hN�a�n�1px1, . . . , xnq is identified with YN�a�n�1,n. Thus
dN pω

0
nq, . . . , dN pω

n�1
n q forms a regular sequence of the center ZpAnq, and we deduce

that HpAn, dN q is concentrated in homological degree zero. �

Tightened basis

We now describe yet another basis that will reveal to be important for categorification
purposes. It only involves floating dots that are tight. We say that a reduced expression
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σir � � �σi1 of w P Sn is left-adjusted if ir � � � � � i1 is minimal. Equivalently, it is
left-adjusted if and only if

min
tPt0,...,ru

σit � � �σi1pkq ¤ min
tPt0,...,ru

σjt
� � �σj1pkq,

for all k P t0, . . . , nu and all other reduced expression σjr
� � �σj1 � w. In this

condition, we write
minwpkq :� min

tPt0,...,ru
σit � � �σi1pkq.

Note that a left adjusted expression always exists and is unique up to distant permutation
( σiσj Ø σjσi for |i � j| ¡ 1), so that minwpkq is well-defined. In particular,
one can obtain a left-adjusted reduced expression for any permutation by taking its
representative in the coset decomposition

Sn �
n§
a�1

Sn�1σn�1 � � �σa, (5.19)

applied recursively. If we think of a reduced expression in terms of string diagrams,
then it is left-adjusted if all strings are pulled as far as possible to the left.

Example 5.3.18. The permutation p1 3 2 4q P S4 admits as left-adjusted reduced
expression the word σ1σ2σ1σ3σ2 which comes from the summand S2σ3σ2 in the first
step of the recursive decomposition (5.19). Note that σ1σ2σ3σ1σ2 is also left-adjusted
while σ2σ1σ2σ3σ2 and σ2σ1σ3σ2σ3 are not. In terms of string diagrams, we consider
as example the following reduced expression of the permutation w � p1 4 3 5 2q P S5 :

It is not left-adjusted since the 4th strand (read at the bottom) can be pulled to the left.
Hence we obtain the following left-adjusted minimal presentation:

Suppose σir � � �σi1 is a left-adjusted reduced expression of w. Then we can choose
for each k P t1, . . . , nu an index tk P t1, . . . , ru such that

σitk
� � �σi1pkq � minwpkq.
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Clearly this choice is not necessarily unique and we can have tk � tk1 for k � k1.
However, it defines a partial order   on the set t1, . . . , nu where k   k1 whenever
tk ¤ tk1 . We extend this order arbitrarily and we write  t for it. There is a bijective
map s : t1, . . . , nu Ñ t1, . . . , nu which sends k   k1 to spkq  t spk1q, so that
tspkq ¤ tspk1q. In terms of string diagrams, the map s tells us in which order the
strands attain their (chosen) leftmost position while reading from bottom to top. In
particular, spkq gives the starting point of the strand that attains its leftmost position in
kth position.

Example 5.3.19. Consider again the following left-adjusted string diagram:

Both the 1st and 3th strand attain their leftmost position at the bottom of the diagram,
thus we can choose sp1q � 1 and sp2q � 3. Then both the 2nd and 4th strand attain
their leftmost position, thus we can take sp3q � 4 and sp4q � 2. Finally, the 5th strand
attains its leftmost position and we put sp5q � 5.

For k P t1, . . . , n� 1u, we put

wk :� σitspkq
� � �σitspk�1q

,

where it is understood that tsp0q :� 0 and tspn�1q :� r. It defines a partition of the
reduced expression of σir � � �σi1 � w. Moreover, it is constructed so that

wk � � �w1pspkqq � minwpspkqq,

for all 1 ¤ k ¤ n.

Example 5.3.20. Consider again w � σ1σ2σ1σ3σ2 with i1 � 2, i2 � 3, i3 � 1, i4 �
2, i5 � 1. We can choose for example t1 � 0, t2 � 0, t3 � 3 and t4 � 5.Then we can
put sp1q � 1 (or 2), sp2q � 2 (or 1), sp3q � 3 and sp4q � 4, with w1 � 1, w2 � 1,
w3 � σ1σ3σ2 and w4 � σ1σ2.

Now we define the element θa :� τa�1 � � � τ1ωτ1 � � � τa�1, which gives

θa :�

a�1 na1 a�1

. . .

. . .

. . .

. . .

in terms of diagram. We call it a tightened floating dot.
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Lemma 5.3.21. Tightened floating dots anticommute with each others

θaθb � �θbθa, pθaq
2 � 0,

for all 1 ¤ a, b ¤ n.

Proof. We have θ1θ1 � 0 since ω1ω1 � 0, and θaθa � 0 by (5.3) for a ¡ 0. Also
thanks to (5.3), we obtain

ba

�

ba

(5.10)
� �

ba

which ends the proof. �

We write θ0
a :� θ and θ�1

a :� 1.

Theorem 5.3.22. The collection of elements 
xkn
n � � �xk1

1 τwn�1θℓn

minwpspnqq
τwn � � � θℓ2

minwpsp2qqτw2θℓ1
minwpsp1qqτw1 |

ki P N, ℓi P t0,�1u, w P Sn
( (5.20)

for each choices involved, forms a basis for An.

Proof. A quick verification shows that there is degree-preserving bijection between
the set (6.11) and the set (5.17), since degpωk�1q � degpτk � � � τ1ω1q. Therefore,
since (5.17) is already a basis, we only need to show that (6.11) generates An.

By the proof of Proposition 5.3.16 together with Proposition 5.3.9, we can assume
An is generated by diagrams where all the dots are concentrated at the top and all the
floating dots are tight. We claim that we can also assume there is at most one floating
dot at the immediate right of each strand. Indeed, suppose there are two tight floating
dots at the right of the same strand. Then we can apply a braid-isotopy using (5.3) to
bring it as most as possible to the left, until it is possibly blocked by other tight floating
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dots. We depict it by the following picture:

. . .

. . .

(5.3)
�

. . .

. . .

where the dashed strand in red represent the one we want to pull, and the boxes
represent elements in An. If there is no floating dot in-between, then it is zero by (5.9).
Otherwise, we apply (5.10) to jump the bottom floating dot over all the floating dots
in-between, until we have two floating dots in the same region at the top, and thus zero
again by (5.9). This proves the claim.

Finally, we observe that given a strand with a single tight floating dots, then we can
tighten it using (5.3), until we end up with a tightened floating dot. Since tightened
floating dots anticommute, this concludes the proof. �

In terms of diagrams, one can build all elements of (6.11) using the following
procedure:

• we take the string diagram corresponding with the minimal presentation of a
permutation w P Sn, and we make it left-adjusted by pulling all strands to the
left (without making new intersection) ;

• for each strand, we choose whether we want to add a floating dot or not ; if yes,
then we choose a position on the strand where it attains its left-most position
(with respect to the other strands), and add a tightened floating dot there: that is,
we pull the strand to the far left (making new intersections) and add a floating
dot at its immediate right ;

• for each strand, we choose a non-negative number of dots to add at the top.

Example 5.3.23. Consider the following left-adjusted reduced presentation

Then we can add for example a floating dot on the 1st and 4th strands,
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where we had to pull the 4th strand to the left in order to put a tight floating dot, the
1st one being already to the left. Finally, we add some dots at the top.

5.4 Categorical action

By [66, Proposition 2.44] we know that the center ZpAnq is isomorphic to Ωn. There-
fore, the results in [66, Corollary 2.32] tell us that An is Morita equivalent to Ωn. Thus,
An can also be used to construct a categorification of the Verma module Mpλq. We
describe this construction.

As in §5.2.1, there is an injection of algebras An ãÑ An�1, that consists in adding
a vertical strand to the right of a diagram D P An:

1 2 . . . n

D ÞÑ

1 2 . . . n

D

n�1

P An�1.

From this map, we obtain induction and restriction functors

Indn�1
n : An -mod Ñ An�1 -mod,

Resn�1
n : An�1 -mod Ñ An -mod,

which form an adjoint pair. Our goal is to prove they yield an exact sequence, similar
to the one of §4.3.1. We write bn for bAn and

Aξn :� An bQ Qrξs � `ℓ¥0q
2ℓAn.

We will prove the following theorem:

Theorem 5.4.1. There is a short exact sequence

0 Ñ q�2An bn�1 An Ñ An�1 Ñ Aξn ` q�4nλ2Aξnr1s Ñ 0

of An-An-bimodules, with degree-preserving maps.

Thus we define

Fn :� Indn�1
n , Fnp�q � An�1pAnq

bn �,

En :� q2nλ�1 Resn�1
n , Enp�q � q2nλ�1

pAnqAn�1 bn�1 �,

and we write Idn :� IdAn
.
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Corollary 5.4.2. There is a natural short exact sequence

0 Ñ Fn�1En�1 Ñ EnFn Ñ `rβ�2nsq Idn Ñ 0.

5.4.1 A short exact sequence

This section is dedicated to the proof of Theorem 5.4.1. Since we like pictures, we
introduce some other diagrammatic notations. Firstly, we draw An (viewed as An-An-
bimodule) as a box labeled by n

An �

. . .

. . .
n

and bn becomes stacking boxes on top of each other. Moreover, when An�1 is viewed
as a left An-module, as an right An-module or as an An-An-bimodule, we draw
respectively

. . .

n� 1 . . .
n� 1

. . .

. . .

n� 1

In order to prove Theorem 5.4.1, we need to first understand how An�1 decomposes as
module over An.

Lemma 5.4.3. As a left An-module, An�1 is free with decomposition given by

An�1 �
n�1à
a�1

à
ℓ¥0

An
�
τn � � � τax

ℓ
a `Anτn � � � τaθ

ℓ
a

�
,

where θℓa :� τa�1 � � � τ1ωx
ℓ
1τ1 � � � τa�1.

Using diagrams, we picture this decomposition as

. . .

n� 1 �
n�1à
a�1

à
ℓ¥0

. . .

. . .
n

a

ℓ

`

. . .

. . .
n

a

ℓ

Proof. Using the coset decomposition of Sn (5.19), we obtain left-adjusted minimal
presentations of permutations, that allow to construct a basis through Theorem 5.3.22.
From it, we obtain a decomposition

An�1 �
n�1à
a�1

à
ℓ¥0

Anx
ℓ
n�1τn � � � τa `Anx

ℓ
n�1τn � � � τaθa,
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which diagrammatically looks like

. . .

n� 1 �
n�1à
a�1

à
ℓ¥0

. . .

. . .
n

a

ℓ

`

. . .

. . .
n

a

ℓ

We then apply (5.4) to bring all dots to the desired position. It is a triangular change of
basis, concluding the proof. �

By symmetry along the horizontal axis, we obtain a similar decomposition of An�1

as right An-module. As expected (see Remark 4.3.2), the left and right decomposition
are not compatible, and therefore we do not have a decomposition as An-An-bimodule.
However, clearly the surjectionAn�1 � q2ℓAn that projects on the summandAnxℓn�1,
given by taking a � n� 1 in Lemma 5.4.3, is a (left-invertible) map of bimodules. In
addition, we also have the following less trivial result:

Lemma 5.4.4. Let πℓL : An�1 � q2ℓ�4nλ2Anr1s (resp. πℓR) be the projection map
on the summand Anθℓn�1 (resp. on θℓn�1An) in the left decomposition (resp. right
decomposition) of An�1 as An-module. We have

πℓLpyq � p�1qdeghpyqπℓRpyq

for all y P An�1.

Proof. We can suppose y � θℓn�1y
1 with y1 P An. We want to prove that y �

p�1qdeghpyqy1θℓn�1 � y0 for some y0 R Anθ
ℓ
n�1. For this, it is enough to show that

y1θn�1zy2 � p�1qdeghpzqy1zθn�1y2 � z0 where y1, y2 P An, z0 R Anθ
ℓ
n�1 and z is

any generator of An (i.e. crossing, dots or tight floating dot).
If z � τi is a crossing, then we obtain the desired property directly by (5.3). If

z � xi, then we compute

ℓ

i

(5.4)
� ℓ

i

�

i

ℓ � ℓ

i

(5.3)
� ℓ

i

�

i

ℓ
�

ℓ

i
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where the double strands represent multiple parallel strands (the number depending
on n and a). Note that it is implicity supposed that there is the element y1 at the top
of each of these diagram, and y2 at the bottom. Using Lemma 5.4.3, we can rewrite
the composition of the last two terms in the equation above with y2 as elements in
`na�1 `p¥0 An�1τnτn�1 � � � τax

p
a � Anθ

ℓ
n�1. Hence they form the term z0. Finally

if z � ω, we compute using Lemma 5.1.5

ℓ (5.9)
�

ℓ

(5.10)
� �

ℓ

� � ℓ �
¸
r�s�
ℓ�1

r s

Then for all r, s ¥ 0 we compute using Lemma 5.1.5 again

r s
�

r

s

Looking at these elements in the global picture yields

r

s

�

s

r

which is an element not contained in Anθℓn�1 for the same reasons as before. Thus,
they all form together the element z0, concluding the proof. �

We now have all the ingredients we need to prove Theorem 5.4.1.

Proof of Theorem 5.4.1. We first construct an injective map

u : An bn�1 An ãÑ An�1,

of An-An-bimodules, by setting (as in [33, Proposition 3.3] for cyclotomic nilHecke),

upxbn�1 yq :� xτny.

In terms of diagrams, it consists in adding a crossing at the right

. . .

n

. . .

n

. . .

u
ÞÝÝÑ

. . .

n

. . .

n

. . .
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Then we construct a surjective map

An�1 �
à
ℓ¥0

q2ℓAn ` q2ℓ�4nλ2Anr1s

by projecting onto the direct summands
À

ℓ¥0 x
ℓ
n�1An`Anθ

ℓ
n�1 of the decomposition

of An�1 as An-right-module. By Lemma 5.4.4 we know it is a map of An-An-
bimodules. Finally, exactness follows directly from Lemma 5.4.3, since

An bn�1 An � An bn�1
� nà
a�1

à
ℓ¥0

An�1τn�1 � � � τax
ℓ
a `An�1τn�1 � � � τaθ

ℓ
a

�
,

and thus

upAn bn�1 Anq �
nà
a�1

à
ℓ¥0

Anτnτn�1 � � � τax
ℓ
a `Anτnτn�1 � � � τaθ

ℓ
a,

concluding the proof. �

In terms of diagram, we like to view the short exact sequence of Theorem 5.4.1 as

. . .

m

. . .

m

. . .

ãÑ m� 1

. . .

. . .

�
à
ℓ¥0

ℓm

. . .

. . .

` ℓ m

. . .

. . .

where we think of the second summand in the cokernel not as the bimodule generated
by these diagrams, but rather as the quotient of An�1 corresponding to such diagrams.

Proposition 5.4.5. The functors Fn and En are exact and send (c.b.l.f. generated)
projective modules to (c.b.l.f. generated) projective modules.

Proof. This is an immediate consequence of Lemma 5.4.3. �

5.4.2 A long exact sequence

As in §4.3.2, we lift the short exact sequence to the dg-world of pAn, dN q. Clearly, the
injection u : An bn�1 An ãÑ An�1 lifts directly to a map of dg-bimodules. Then we
want to compute the projection of the element dN pθℓn�1q in Aξn.

Definition 5.4.6. The i-th double complete homogeneous symmetric polynomial in the
variables x1, . . . , xn is

hhipx1, . . . , xnq :�
¸

r�s�i

hrpx1, . . . , xnqhspx1, . . . , xnq.
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Note that we have

hhipx1, . . . , xnq �
¸

r�s�i

pr � 1qxr1hhspx2, . . . , xnq. (5.21)

We draw

hhipx1, . . . , xnq �:

1 2 n�1 n

. . .

. . .
hhi

Lemma 5.4.7. In An�1 we have

ℓ . . .

. . .

. . .

�
ņ

a�1

¸
r�s�t

�ℓ�2a�1

p�1qa�1
. . .

. . .

hht

a

s

r
. . . � p�1qn

¸
r�s

�ℓ�2n

. . .

. . .

hhr

n�1

s

Proof. The proof goes by an induction on n. It is trivial for n � 0, so we suppose it is
true for n� 1. We compute using Lemma 5.1.5

ℓ �
¸
r�s
�ℓ�1

sr �
¸
r�s
�ℓ�1

s

r
�

¸
r�s
�ℓ�1

¸
t�v
�s�1

r�t v

and the last double sum can be rewritten as

¸
r�s
�ℓ�1

¸
t�v
�q�1

r�t v �
¸
r�s
�ℓ�2

pr � 1q r s

which coincides with (5.21). Putting everything in the global picture, we get

ℓ . . .

. . .

. . .

�
¸
r�s
�ℓ�1

r
s

. . . �
¸
r�s
�ℓ�2

pr � 1q r s . . .

. . .

. . .

�
¸
r�s
�ℓ�1

s

r
. . . �

¸
r�s
�ℓ�2

pr � 1q r s . . .

. . .

. . .
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using (5.3), so that we conclude by using the induction hypothesis. �

Therefore we consider the mapping cone

pAξn ` q2N�4nAξnr1s, dN q :� Cone
�
q2N�4npAξn, dN q

yNÝÝÝÑ pAξn, dN q
�

with the An-An-bimodule map yN defined by

yN pξ
ℓq :� p�1qn

¸
r�s

�N�ℓ�2n

hhrpx1, . . . , xnqξ
s.

Proposition 5.4.8. There is a short exact sequence

0 Ñ pq�2An bn�1 An, dN q Ñ pAn�1, dN q Ñ pAξn ` q2N�4nAξnr1s, dN q Ñ 0

of pAn, dN q-pAn, dN q-bimodules.

Proof. It follows from Theorem 5.4.1 and Lemma 5.4.7. �

As before, we want to study what are the consequences of this short exact sequence
in homology.

Lemma 5.4.9 ([33, Lemma 4.18]). Let A be a ring and consider the polynomial
algebra Arts. Let pptq be a monic polynomial in t with coefficients in the center ZpAq.
Let M be an Arts-module such that pptqM � 0. If there is a short exact sequence

0 Ñ P1 Ñ P0 ÑM Ñ 0,

where P0 and P1 are both projective Arts-modules, then M is a projective A-module.

Proposition 5.4.10. As pAn, dN q-module pAn�1, dN q is strongly projective.

Proof. From the basis (5.18), we obtain a decomposition

An�1 �
n�1à
a�1

�
Aξnτn � � � τa `Aξnωn�1τn � � � τa

�
,

as left An-modules. We write ppξq :� dN pωn�1q where we replace xn�1 by ξ. Thus
we obtain

pAn�1, dN q � Cone
�
`n�1
a�1q

2N�2nAξnτn � � � τa
ppξq
ÝÝÑ `n�1

a�1A
ξ
nτn � � � τa

�
,

as pAn, dN q-modules. Moreover, we have An � An bNHn NHn, so that we can write

pAn�1, dN q � pAn, dN q bNHn
pQ, dQq,
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where

pQ, dQq :� Cone
�
`n�1
a�1q

2N�2n NHξ
n τn � � � τa

ppξq
ÝÝÑ `n�1

a�1 NHξ
n τn � � � τa

�
,

and NHξ
n :� NHnbQrξs. Clearly multiplication by ppξq is an injective map. More-

over, impdQq � `n�1
a�1q

2N�2n NHξ
n τn � � � τa is a projective NHn-module. Also, we

have ppξqHpQ, dQq � 0, so that by Lemma 5.4.9, HpQ, dQq is a projective NHn-
module. �

Note that in the proof of Proposition 5.4.10 lies also the proof of Proposition 5.2.1.

Proposition 5.4.11. There are isomorphisms

pAξn ` q2N�4nAξnr1s, dN q �

$&%`N�2n�1
i�0 q2i NHN

n , if N � 2n ¥ 0,

`2n�N�1
i�0 q2N�4n�2i NHN

n r1s, if 2n�N ¤ 0,

of graded NHN
n � HpAn, dN q-modules.

Proof. Recall we have

yN pξ
ℓq � p�1qN

¸
r�s�

N�ℓ�2n

hhrpx1, . . . , xnqξ
s.

IfN�2n ¥ 0, then yN pξℓq is a monic polynomial in ξ with leading monomial ξN�ℓ�2n

(up to sign). If N � 2n ¤ 0, then yN pξℓq � 0 for ℓ   N � ℓ� 2n, and it is a again a
monic polynomial for ℓ ¥ N � ℓ� 2n. In particular yN pξN�ℓ�2nq � p�1qN . �

Therefore the whole story of §4.3.2 repeats, where we obtain short exact sequences
by truncating the long exact sequence. Once again, one can show there are splitting
maps, and recover Theorem 5.2.2. We put

VApNq :�
à
n¥0

VA
N�2n, VA

N�2n :� DlcpAn, dN q,

and we define functors ENk and FNk as before. Note that VA
N�2n � 0 whenever n ¡ N ,

since in that case pAn, dN q is acyclic.

5.5 The categorification theorems

The algebra pAn, 0q is a c.b.l.f. Z2-graded dg-algebra. The NHn idempotent en
(see (5.7)) yields an idempotent of An through the injection NHn ãÑ An. Thus for the
same reasons, An admits a unique projective indecomposable module (up to shift and
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isomorphism) given by
Pn :� Anen.

This module is concentrated only in positive degrees, and pAn, 0q respects the criteria of
Remark 3.4.32. Moreover, by putting P̃n :� qnpn�1q{2Pn, we obtain a decomposition

An � `prnsq !qP̃n. (5.22)

There is an essentially unique simple module

Sn :� Pn{Sym�pAnq,

where Sym�pAnq is the subalgebra ofAn given by Sym�pNHnq together with ωan�1 P

An for all 0 ¤ a ¤ n. Then we put S̃n :� qnpn�1q{2Sn, and

MApλq :�
à
n¥0

MA
λ�2n, MA

λ�2n :� DlcpAn, 0q.

We have
K∆

0 pM
A
λ�2nq � Zppq, λqq, (5.23)

which is generated by either rAns, rP̃ns or rS̃ns.

The functors En and Fn are both exact, preserve c.b.l. compact objects and are of
finite amplitude thanks to Lemma 5.4.3. Therefore, E :� `n¥0En and F :� `n¥0Fn

descend as endomorphisms of K∆
0 pM

Apλqq � `n¥0K∆
0 pM

A
λ�2nq.

We define the map ψ : An Ñ An
op by taking mirror image along the horizontal

axis of diagrams in An. Then we consider the bifunctor

p�,�q : MApλq �MApλq Ñ Dlcpk, 0q, pM,M 1q :�Mψ bL
`nAn

M 1,

and we clearly have

pIndn�1
n M,M 1q � pM,Resn�1

n M 1q.

We deduce that this bifunctor is a lift of the Shapovalov form, making S̃n the dual
of P̃n.

Theorem 5.5.1. The Grothendieck group K∆
0 pM

Apλqq is a Uqpsl2q-weight module,
with the action of E,F given by rEs, rFs. Moreover there is an isomorphism

K∆
0 pM

Apλqq bZ Q �Mpλq,

sending rpAn, 0qs to the induced basis element vµ�2n, rpP̃n, 0qs to the canonical basis
element v1µ�2n, and rpS̃n, 0qs to the dual canonical basis element v1µ�2n.
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Proof. Both K∆
0 pM

Apλqq and Mpλq have the same dimension because of (5.23).
We have pAn, 0q � FnpA0, 0q, and Lemma 5.4.3 tells us that rEsrpAn, 0qs can be
rewritten as a sum of rpAn�1, 0qs with coefficients matching (1.6). This proves the
statement about the induced basis elements. For the canonical basis elements it follows
from (5.22). For dual canonical basis elements it comes from the fact that the bifunctor
p�,�q categorifies the Shapovalov form together with the fact that S̃n and P̃n are
dual. �

Introducing the differential dN , we keep the decomposition

pAn, dN q � `prnsq !qpP̃n, dN q,

and the duality between pP̃n, dN q and pS̃n, dN q (after introducing dN in the pairing
p�,�q). Then we get for the same reasons as for Theorem 5.5.1:

Theorem 5.5.2. The Grothendieck group K∆
0 pV

ApNqq is a Uqpsl2q-weight module,
with the action of E,F given by rEN s, rFN s. There is an isomorphism

K∆
0 pV

ApNqq bZ Q � V pNq,

sending rpAn, dN qs to the induced basis element vN�2n, rpP̃n, dN qs to the canonical
basis element v1N�2n, and rpS̃n, dN qs to the dual canonical basis element v1N�2n.

As already mentioned, we know by [66] that Ωn is Morita equivalent to An and
ZpAnq � Ωn (where ZpAnq is the supercenter with superdegree induced by the
homological one). Therefore there is an equivalence of categories

DlcpΩn, 0q
�
ÝÑ DlcpAn, 0q.

Moreover, as Ωn-module, we have an isomorphism P̃n � Ωn. Furthermore, the isomor-
phism ZpAnq � Ωn extends to pZpAnq, dN q � pΩn, dN q, and there is also a Morita
equivalence between NHN

n and HpGNn q with ZpNHN
n q � HpGNn q. These imply dg-

Morita equivalence between pΩn, dN q and pAn, dN q, and between pHpGNn q, 0q and
pNHN , 0q. Therefore we get equivalences of categories

DlcpΩn, dN q DlcpHpGNn q, 0q

DlcpAn, dN q DlcpNHN , 0q.

�

� �

�

Moreover, all these equivalences commute up to quasi-isomorphism with E and F,
and they commute with the action of NHk on Fk and on Ek. It is obvious for the
equivalences induced by quasi-isomorphism. For the (dg-)Morita equivalences, it
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comes from Proposition 4.3.1 and [66, Proposition 2.31]. The commutation with the
action of NHk comes from Lemma 5.3.10.



Chapter 6

Dg-enhanced KLR algebras

The nilHecke algebra, which is associated to sl2, admits a generalization to other
types. These algebras were introduced by Khovanov–Lauda in [42] and independently
by Rouquier in [82], and thus are refered to as KLR algebras. They also appear in
the literature as quiver Hecke algebras. We will follow the diagrammatic description
of [42].

For the whole chapter, we fix a Cartan datum pI,X, Y, p�|�qq (see §1.2.1), and
we put

dij :� �α_i pαjq P N.

For ν P X� we write
ν �

¸
iPI

νi � αi, νi P N,

and we also write |ν| :�
°
i νi, and Supppνq :� ti|νi � 0u.

We also fix a choice of scalars in a commutative, unital ring k as introduced in [83].
Following the conventions in [14], it consists of:

• tij P k� for all i, j P I ,

• stvij P k for i � j, 0 ¤ t   dij and 0 ¤ v   dji,

• ri P k� for all i P I ,

respecting

• tii � 1,

• tij � tji whenever dij � 0,

• stvij � svtji ,

• stvij � 0 whenever tpαi|αiq � vpαj |αjq � �2pαi|αjq.
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In addition, whenever t   0 or v   0, we put stvij :� 0. Thus we have spqij � 0
for p ¡ dij or q ¡ dji. We will also write sdij0

ij :� tij and s0dji

ij :� tji. Hence if
pαi|αjq � 0 we get s00

ij � s00
ji � tij � tji.

Definition 6.0.1. The Khovanov–Lauda–Rouquier (KLR) algebra Rpmq is the di-
agrammatic k-algebra on m strands, where the strands can be decorated by dots.
Moreover, we require each strand to be labeled by a simple root, written i P I , that
we write at the bottom. The multiplication must preserve the labeling (i.e. connecting
two strands with different labels gives zero). These diagrams are taken modulo the
following local relations:

i j

�

$'''''''&'''''''%

0 if i � j,

°
t,v
stvij

i

t

j

v if i � j,
(6.1)

for all i, j P I ,

i j

�

i j i j

�

i j

(6.2)

i i

�

i i

� ri

i i

,

i i

�

i i

� ri

i i

(6.3)

for all i � j P I ,

i kj

�

i kj

�

$'''''''''&'''''''''%

0 if i � k,

ri
°
t,v
stvij

°
u�ℓ�
t�1

j

v

i

u

i

ℓ otherwise,

(6.4)
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for all i, j, k P I . In addition, Rpmq is Z-graded by setting

degq

���
i j

��
:� �pαi|αjq, degq

���
i

��
:� pαi|αiq.

Remark 6.0.2. Note that for example in (6.1), the sum
°
t,v
stvij can be restricted to

the finite number of pairs t, v P N such that tpαi|αiq � vpαj |αjq � �2pαi|αjq.
Moreover, it contains at least two non-zero elements with invertible coefficients, given
by t � dij , v � 0 and t � 0, v � dji.

As proven in [42, 44] (see also [82]), these algebras categorify the half quantum
group U�

q pgq associated to pI,X, Y, p�|�qq, as a (twisted) bialgebra. The multiplica-
tion and comultiplication are categorified using respectively induction and restriction
functors, obtained by putting diagrams side by side.

For each non-negative integral highest weight N :� tni P N|i P Iu, there is a
N -cyclotomic quotient RN pmq of Rpmq given by modding out the two-sided ideal
generated by all diagrams of the form

i

ni

j

. . .

k

� 0.

As first conjectured in [42] and proved in [33] and independently in [94], these cyclo-
tomic quotients categorify the irreducible integrable Uqpgq-module of highest weight
N , where the action of Fi (resp. Ei) is given by induction (resp. restriction) along the
map Rpmq ãÑ Rpm� 1q that adds a vertical strand with label i at the right.

6.1 b-KLR algebra

Our first goal for the chapter is to construct a dg-enhancement of the cyclotomic KLR
algebras RN pmq, in the same spirit as in Chapter 5.

Definition 6.1.1. The b-KLR algebra Rbpmq is the diagrammatic k-algebra on m
strands, where the strands are labeled by I and can carry dots. Moreover, regions
in-between strands can be decorated by floating dots, which are labeled by a subscript
in I and a superscript in N. We consider these diagrams up to regular isotopy that
preserves the relative height of the floating dots, and modulo all the KLR relations (6.1
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– 6.4), in addition to the following relations:

� � �
a
i b

j

� �
� � �a

i

b
j

(6.5)

i

a
j

�

$''''''''&''''''''%
i

a � 1
i

�

i

a � 1
i

if i � j and a ¡ 0,

°
t,v
p�1qvstvij

i

ta � v

j
if i � j,

(6.6)

i j

a
j

�

i j

a
j
�
¸
t,v

stvij
¸
u�ℓ�
v�1

p�1qu

i

t

j

ℓa � u

j
if i � j,

(6.7)

Moreover, a floating dot in the left-most region is zero

a
i

j k

. . .

ℓ

� 0.

Given a diagram, we sometimes decorate a region with an element K :�
°
iPI ki �αi P

X�, where ki denotes the number of strands with label i at the left of the region. The
algebra Rb is Z1�|I|-graded (a q-grading and a λk-grading for each k P I) with

degq

���
i j

��
:� �pαi|αjq, degq

���
i

��
:� pαi|αiq,

degλk

���
i j

��
:� 0, degλk

���
i

��
:� 0,
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and

degq

�
a
i

K

�
:� p1� a� α_i pKq � kiqpαi|αiq,

degλk

�
a
i

K

�
:� 2δik.

This ends the definition of Rb.

6.1.1 Tightened basis

Before going any further, let us introduce some useful notation borrowed from [42].
First letRbpνq be the subalgebra ofRbpmq given by diagrams where there is exactly νi
strands labeled i, and this for each i P I . We also denote Seqpνq the set of all ordered
sequences i � i1i2 � � � im with ik P I and i appearing νi times in the sequence. The
symmetric group Sm acts on Seqpνq with a simple transposition σk P Sm acting on
i � i1i2 � � � im P Seqpνq by permuting ik and ik�1. Sometimes we abuse notation by
writing σK for σ|K| where K �

°
iPI ki � αi P X

�.

For i � i1i2 � � � im P Seqpνq, let 1i P Rbpνq be the idempotent given bym vertical
strands with labels i1, i2, . . . , im, that is

1i :�

i1 i2 im

� � �

By definition of the multiplication in Rbpmq, we have 1i1j � δij for all i, j P Seqpνq.
Hence there is a decomposition

Rbpνq �
à

i,jPSeqpνq
1jRbpνq1i,

as k-modules.

An action of Rb on a polynomial space

We construct a polynomial representation of Rb with a similar flavor as in [42, §2.3].
We fix ν P X� with |ν| � m. For each i P I we define

Qi :� krx1,i, . . . , xνi,is b
�
xω1,i, . . . , ωνi,iy.

We write QI :�
Â

iPI Qi, where b means the supertensor product in the sense that
ωℓ,iωℓ1,j � �ωℓ1,jωℓ,i for all i, j P I and xi,ℓ commutes with everything. Thus, QI is
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a supercommutative superring. Then we construct the ring

Qν :�
à

iPSeqpνq
QI1i,

where the elements 1i are central idempotents.

We first construct an action of the symmetric group Sm on Qν by letting the simple
transposition

σk : QI1i Ñ QI1ski,

act by sending

xp,i1i ÞÑ

$''''&''''%
xp�1,i1ski, if ik � ik�1 � i and p � #ts ¤ k|is � iu,

xp�1,i1ski, if ik � ik�1 � i and p � 1�#ts ¤ k|is � iu,

xp,i1ski, otherwise,

for i P I, p P t1, . . . , νiu and i � i1 . . . im, and sends

ωp,i1i ÞÑ

$'&'%
pωp,i � pxp,i � xp�1,iqωp�1,iq 1ski, if ik � ik�1 � i and

p � #ts ¤ k|is � iu,
ωp,i1ski, otherwise,

which we extend to Qν by setting σkpfgq :� σkpfqσkpgq for all f, g P Qν .

Proposition 6.1.2. The procedure described above yields a well-defined action of Sm

on Qν .

Proof. The proof follows from the same reasons as Proposition 5.3.12. �

Then, we define inductively the element ωap,j P QI for a P N as

ω0
p,j :� ωp,j , ωa�1

p,j :� ωap�1,j � xp,jω
a
p,j .

For K �
°
iPI ki � i P X

� such that ki ¤ νi, we define ωaj pKq P QI inductively as

ωaj pKq :�

$'''&'''%
0, if kj = 0,

ωakj ,j
, if ki � 0 for all i � j,°

t,v
p�1qtstvijxtki,i

ωa�vj pK � iq, otherwise,

where K � i is a shorthand for K � 1 � αi.

Lemma 6.1.3. The element ωaj pKq is well-defined.
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Proof. Take i � i1 � j P I such that ki ¡ 0 and ki1 ¡ 0. We can suppose by induction
that ωbjpK � i� i1q is well-defined for all b ¥ 0. Then we have¸

t,v

p�1qtstvijxtki,i

¸
t1,v1

p�1qt
1

st
1v1

i1j x
t1

ki1 ,i
1ωa�vj pK � i� i1q

�
¸
t1,v1

p�1qt
1

st
1v1

i1j x
t1

ki1 ,i
1

¸
t,v

p�1qtstvijxki,iω
a�v
j pK � i1 � iq,

for all i � i1 � j P I . This concludes the proof. �

It will be useful to give ωaj pKq a non-inductive expression. We write Kzj :�°
i�j ki � αii. For a given non-negative integer ni P N we define

εjni,i
pxki,i

q :�
¸

|Vi|�ni

�
ki¹
ℓ�1

svℓtℓ
ji xtℓℓ,i

�
P Pi, (6.8)

with the sum being over all partitions Vi : v1�� � ��vki
� vi such that pαi|αiq|vℓpαj |αjq

for each ℓ, and with tℓ :� �2pαi|αjq�vℓpαj |αjq
pαi|αiq

. This is a symmetric polynomial of
q-degree �2kipαi|αjq � vipαj |αjq whenever it is non zero. Clearly we can suppose
vℓ ¤ dji, and therefore we can also suppose that ni ¤ djiki. For n P N we define

εjvpxKq :�
¸

|V |�n

�¹
i�j

εjni,i
pxki,i

q

�
P PI , (6.9)

with the sum being over all partitions V :
°
i�j ni � n. Notice that εjvpxKq is a

polynomial of q-degree p�α_j pK
zjq � nqpαj |αjq.

Lemma 6.1.4. We have

ωaj pKq �

�α_j pK
zjq¸

n�0
p�1qnωa�nkj ,j

εjnpxKq P PI . (6.10)

Proof. A straightforward computation shows that the RHS of (6.10) respects the
recursive definition of ωaj pKq, which proves the equality. �

We now have all the tools we need to define an action of Rppνq on Pν . First we
choose an arbitrary orientation iÐ j or iÑ j for each pair of distinct i, j P I . Then
we let a P Rppνq1j act as zero on PI1i whenever j � i. Otherwise, we declare that

• the dot

i

K
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acts as multiplication by xki�1,i1i ;

• the floating dot

a
j

K

acts as multiplication by ωaj pKq1i ;

• the crossing

i j
K

acts as

f1i ÞÑ ri
f1i � sKpf1iq

xki,i � xki�1,i
, if i � j,

f1i ÞÑ

�¸
t,v

stvijx
t
ki,ix

v
kj�1,j

�
sKpf1iq, if iÑ j,

f1i ÞÑ sKpf1iq, if iÐ j.

Proposition 6.1.5. The rules above define an action of Rbpνq on Qν .

Proof. We have to check the validity of the KLR relations (6.1 – 6.4) and of the
relations involving floating dots (6.5 – 6.7), as well as the relations coming from regular
isotopies.

We start by proving the KLR relations. Clearly (6.1), (6.2) and (6.3) are satisfied.
The case i � k of (6.4) is also straightforward. For iÐ j and k � i we compute the
action of the LHS of (6.4) on f P Qν as

f ÞÑ
�¸
t,v

stvjiy
txv1

�
σ1B2σ1pfq � σ2B1

�¸
t,v

stvjiy
txv2σ2pfq

�
�

�¸
t,v

stvjiy
txv1

�f � σ1σ2σ1pfq

x1 � x2
�

�°
t,v s

tv
jiy

txv2
�
f �

�°
t,v s

tv
jiy

txv1
�
σ2σ1σ2pfq

x1 � x2

�
¸
t,v

stvjiy
tx
v
1f � xv2
x1 � x2

�
¸
t,v

stvjiy
t
¸
r�s�
v�1

xr1x
s
2,

where x1, x2 correspond with the xki,i, xki�1,i and y with xkj ,j . What remains coin-
cides with the RHS of (6.4). A similar computation applies for the case iÑ j.
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For the relations involving the floating dots, we remark that (6.5) follows from the
supercommutativity of Qν , and ωaj pKq respects (6.6) by construction. For relation
(6.7), we apply the action of the LHS on some f P Qν and we obtain

f ÞÑ
�¸
t,v

stvjiy
txv

�
ωaj pK � jqf,

and on the RHS we obtain

f ÞÑ
�
ωaj pK � i� jq �

¸
t,v

stvij
¸
u�ℓ�
v�1

p�1quωa�uj pKqxtyℓ
�
f

�
�¸
t,v

p�1qvstvijxtωa�vj pK � jq �
¸
t,v

stvij
¸
u�ℓ�
v�1

p�1quωa�uj pKqxtyℓ
�
f.

Then we compute

ωa�vj pK � jq �
� ¸
u�ℓ�
v�1

p�1qv�1�uyℓωa�uj pKq
�
� p�1qvyvωaj pK � jq,

which implies that the action of the RHS of (6.7) coincides with the one of the LHS.
The only non trivial relation coming from regular isotopies we need to verify

is given by the commutation of a floating dot and a crossing at its left. This is a
consequence of the fact that (6.8) is a symmetric polynomial, and divided difference
operators commute with symmetric functions. �

A generating set

As before, we say that a floating dot is tight if it is placed directly at the right of the
left-most strand, and has superscript 0. We can also suppose it has the same subscript
as the label of the strand at its left (otherwise it would slide to the left and be zero).

Lemma 6.1.6. The algebra Rbpνq is generated by KLR elements (i.e. dots and cross-
ings) and tight floating dots.

Proof. This follows by observing that (5.15) holds in Rbpνq when the label of both
strands match with the subscript of the floating dot. This fact, together with (6.7)
and (6.6) allows to bring all floating dots to the left. Then applying (6.6) recursively
allows to transform all floating dots with superscript bigger than zero into dots and
tight floating dots. �

As before, we write ω for a tight floating dot, τa for a crossing between the ath and
pa � 1qth strands (counting from left), and xa for a dot on the ath strand, where we
suppose the label of the strands given by the context, in the form of an idempotent 1i.



148 Dg-enhanced KLR algebras

We also define the tightened floating dot in Rbpmq as θa :� τa�1 � � � τ1ωτ1 � � � τa�1,
or diagrammatically

θa :� . . .

. . .

. . .

. . .

a

Also recall that we write θ0
a :� θa and θ�1

a :� 1.

Fix i, j P Seqpνq. Since they are both sequences of the same elements, there is a
subset jSi � Sm of permutations w P Sm such that ik � jwpkq for all k P t1, . . . ,mu.
Given such a permutation w P jSi, we can choose a left-adjusted reduced expression
(see 5.3.4). It comes again with a partition wm�1 � � �w2w1 � w and a bijection
s : t1, . . . ,mu Ñ t1, . . . ,mu, such that

wk � � �w1pspkqq � minwpspkqq,

for all 1 ¤ k ¤ m. Then, consider the collection of elements

jBi �
 
xkm
m � � �xk1

1 τwm�1θℓm

minwpspmqq
τwm � � � θℓ2

minwpsp2qqτw2θℓ1
minwpsp1qqτw1 |

ki P N, ℓi P t0,�1u, w P jSi

(
(6.11)

in 1jRbpmq1i.

Proposition 6.1.7. Elements in jBi generate 1jRbpmq1i as a k-vector space.

Proof. The proof is similar to the one of Theorem 5.3.22, relying on an induction
on the number of crossings. By Lemma 6.1.6, we can already suppose all floating
dots to be tight. Moreover, all braid isotopies hold up to adding terms with a lower
amount of crossings thanks to (6.1) and (6.4), and the same applies for sliding dots
using (6.3) and (6.2). Therefore we can apply all the arguments about the generating
part of Theorem 5.3.22, with the equations of Lemma 5.3.21 also holding up to adding
terms with less crossings. �

The basis theorem

Proposition 6.1.8. The action in Proposition 6.1.5 is faithful.

Proof. The proof is inspired by [83, Proposition 3.8] (see also [42, Theorem 2.5]
for a different approach). We claim that elements in jBi act as linearly independent
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endomorphisms on Pν . The action yields morphisms

PI1i Ñ PI1j ,

that we will consider as endomorphisms of PI .
First we extend the scalars to kpx1,i, . . . , xνi,iq in Pi for all i P I . We claim that

different choices of w P jSi and ℓi P t�1, 0u give linearly independent operators.
Notice that since i, j is fixed, w is only given by choices of permutations between
strands of the same label. Since crossings between strands with different labels act as
multiplication by a polynomial, we can ignore them as being multiplication by a scalar.
By Theorem 5.3.22, we know that different choices of permutations and tightened
floating dots for strands with label i act as linearly independent operators on Pi, hence
proving our claim. Finally taking into account the multiplication by the polynomial
given by the choice ki P N in the first place concludes the proof. �

Theorem 6.1.9. The k-module 1jRbpmq1i is free with basis jBi.

Proof. It follows from Proposition 6.1.7 and Proposition 6.1.8. �

6.2 Dg-enhancement

We fix a subset If � I and consider the associated parabolic subalgebra Uqppq �
Uqpgq (see §1.2.2). For each j P If , we also choose a weight nj P N, and write
N :� tnjujPIf

.

Definition 6.2.1. The p-KLR algebra Rppmq is given by forgetting the λj-degree for
each j P If in Rbpmq and taking the quotient by the relation

j

j i1

. . .

im�1

� 0,

for all j P If . The N -cyclotomic quotient RNp pmq of Rppmq is given by killing all
diagrams of the form

j

nj

i1

. . .

im�1

� 0,

for all j P If .

In particular, Rgpmq is the usual KLR algebra Rpmq (see Definition 6.0.1) where
there is no lambda grading and no floating dots. Its N -cyclotomic quotient RNg pmq is
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also the usual cyclotomic quotient of the KLR algebra. Taking If � H gives p � b

and we recover Definition 6.1.1.

We equip Rb with a homological Z-grading, denoted h, by setting

degh

���
i j

��
:� 0, degh

���
i

��
:� 0, degh

�
a
i

K

�
� 1,

for all i, j P I . Then we equip Rbpmq with a differential dN by setting

dN

���
i j

��
:� dN

���
i

��
:� 0,

and

dN

����� j

j i1

. . .

im�1

����
:�

$''''&''''%
0, if j R If ,

p�1qnj

j

nj

i1

. . .

im�1

, if j P If .

Thanks to Lemma 6.1.6 and extending by the Leibzniz rule, this is enough. From this,
we derive for j P Ir that

dN

�
a
j

K

�
� p�1qnj�kj�1�a

�α_j pK
zjq¸

r�0
hnj�a�kj�1�rpxkj ,jqε

j
rpxKq,

where xℓ,i is a dot on the ℓth strand with label i, and εjrpxKq is defined in (6.9). We
refer to the dg-algebra pRbpmq, dN q as dg-enhanced KLR algebra.

Proposition 6.2.2. If nj � νj � α_j pν
zjq   0, then pRbpνq, dN q is acyclic.

Proof. Taking a :� �pnj � νj �α
_
j pν

zjq� 1q and considering the floating dot placed
on the far right with subscript j and superscript a yields

dN

�
a
j

ν

�
� p�1qα

_
j pν

zjq.

Thus HpRbpνq, dN q � 0. �

Our goal for the rest of the section will be to prove the following:
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Theorem 6.2.3. The dg-algebra pRbpmq, dN q is formal with homology

HpRbpmq, dN q � RNp pmq.

6.2.1 Proof of Theorem 6.2.3

Denote 1pm,iq :�
°

jPIm 1ji, or diagrammatically

1pm,iq :�
¸

pj1,...,jmqPIm

j1 jm

� � �

i

.

It is an idempotent of Rbpm� 1q. We also define 1pν,iq :�
°

jPSeqpνq 1ji for ν P X�.
The algebra Rbpmq acts on 1pm,iqRbpm� 1q by first adding a vertical strand labeled i
at the right of D P Rbpmq and then multiplying on the left in Rbpm� 1q.

Lemma 6.2.4. As a leftRbpmq-module, 1pm,iqRbpm�1q1j is free with decomposition

m�1à
a�1

à
ℓ¥0

�
Rbpmq1pm,iqτm � � � τaxℓa1j `Rbpmq1pm,iqτm � � � τaθℓa1j

�
,

where θℓa :� τa�1 � � � τ1ωx
ℓ
1τ1 � � � τa�1.

Using the same diagrammatic notations as in §5.4.1, we draw this as

i. . .

m� 1
�

m�1à
a�1

à
ℓ¥0

���������

. . .

. . .
m

ℓ

i

a

`

. . .

. . .
m

ℓ

i

a

��������

where the label of the strands on the bottom is fixed by j.

Proof. The proof is similar to the one of Lemma 5.4.3, using Theorem 6.1.9. �

From now on, we will draw boxes with label ‘m, dN ’ to denote the dg-algebra
pRbpmq, dN q. Similarly, a box with labelHpmq denotes its homologyHpRbpmq, dN q.
Then, the decomposition in Lemma 6.2.4 directly lifts to a direct sum decomposition
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of dg-modules whenever i R If . Otherwise, for i P If , it lifts to a mapping cone

i. . .

m� 1, dN

� Cone

���������
m�1à
a�1

à
ℓ¥0

. . .

. . .
m, dN

ℓ

i

a

d̄NÝÝÑ
m�1à
a�1

à
ℓ¥0

. . .

. . .
m, dN

ℓ

i

a

��������

where the map d̄N is induced by the differential of pRbpm� 1q, dN q.

We will prove Theorem 6.2.3 using an induction on the number of strands m.
Therefore, we can assume pRbpmq, dN q to be formal. We obtain an exact sequence

m�1à
a�1

à
ℓ¥0

. . .

. . .
Hpmq

ℓ

i

a

d̄NÝÝÑ
m�1à
a�1

à
ℓ¥0

. . .

. . .
Hpmq

ℓ

i

a

ÝÑ
i. . .

Hpm�1q Ñ 0,

(6.12)

thanks to Proposition 2.2.13.

Proposition 6.2.5. The exact sequence (6.12) is a short exact sequence, with d̄N being
injective.

Then Theorem 6.2.3 is a direct consequence of Proposition 6.2.5. Therefore, we
now focus on proving this proposition. This is in fact similar to [33, Eq. (4.13)], with
morally only a change of basis, and thus we will follow the same ideas. We introduce
the equivalent of ga from the reference and draw it as an under crossing:

i j

:�

$'''''''&'''''''%
i j

if i � j,

ri

i i

� ri

i i

�

i i

2
�

i

2

i

� 2

i i

if i � j.
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In order to shorten our diagrams, we also introduce the convenient notation

i i

:�

i i

�

i i

It respects the relation

i i

�

i i

(6.13)

We also have that

i i

� ri

i i

�

i i

(6.14)

Lemma 6.2.6. ([33, Lemma 4.12]) The under crossing respects the following relations:

i j

�

i j i j

�

i j

i j k

�

i j k

for all i, j, k P I .

Still as in [33], in order to construct a nearly inverse for d̄N , we define the map

P :
m�1à
a�1

à
ℓ¥0

. . .

. . .
Hpmq

ℓ

i

a

ÝÑ
m�1à
a�1

à
ℓ¥0

. . .

. . .
Hpmq

ℓ

i

a

as multiplication on the left (or diagrammatically stacking above) with the element

rθm�1 :�

i

i
. . .

. . .

. . .
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Lemma 6.2.7. The map P defined above is a map of HpRbpmq, dN q-module.

Proof. Crossings and dots slide over the upper part of the pm� 1qth strand in rθm�1 at
the cost of adding diagrams with floating dots that are killed in HpRbpmq, dN q, and
then slide over the lower part thanks to Lemma 6.2.6. Tight floating dots with subscript
j R If also slide over rθm�1 thanks to (6.7). �

Lemma 6.2.8. The composition P �d̄N is given onHpRbpmq, dN qbm1pν,iqRbpm�1q
by multiplication by

r2νi
i

2νi�α
_
i pνq¸

p�0
xni�p
m�1 ε

i
ppxνq, (6.15)

where εippxνq is as in (6.9).

Proof. The proof is similar to [33, Theorem 4.15]. We have

. . .

. . .
Hpmq

ℓ

i

P�d̄NÞÝÝÝÝÑ

. . .

. . .
Hpmq

ℓ � ni

i

We prove by induction on the number of strands m that

. . .

ni

� r2νi
i

2νi�α
_
i pνq¸

p�0
xni�p
m�1 ε

i
ppxνq,

where�means equality up to adding elements killed in the quotientHpRbpmq, dN q �

RNp pmq. If m � 0, then it is trivial. Thus we suppose by induction that it holds for
m� 1. We fix the label of the strands on the diagram above as ij with j � j1 � � � jm P

Seqpνq, and we consider the different possible cases.

If jm � i, then the result follows by applying (6.1) with Lemma 6.2.6, and using
the induction hypothesis.

If jm � i, we first observe that

ii

� ri

i i

(6.16)
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Then we need to consider jm�1. If m � 1, we have by Lemma 5.1.5 that

ii

ni

� ri

i

ni

i

� ri

i

ni

i

� ri

i

ni

i

� ri

i

ni�1

i

� r2
i

i

ni

i

� r2
i

i i

ni

Moreover, we observe that

i i

ni
� 0,

which finishes the case m � 1. For jm�1 � i, we have

. . .

i ii

ni

� r2
i

i ii

ni

� ri

i ii

ni

using (6.16), (6.14) and Lemma 6.2.6. Using (6.13) followed by Lemma 6.2.6 and
(6.16) we obtain

r2
i

i ii

ni

� ri

i ii

ni

The upper part of the diagram slides to the top by (6.4) and becomes elements of
HpRbpmq, dN q,

� P

i
Hpmq

This means we can apply the induction hypothesis to get

ri

i ii

ni

� r3
i

i ii

ni
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Similarly, we have

ri

i ii

ni

� ri

i ii

ni

�

iii

ni

� r2
i

iii

ni

� r3
i

i ii

ni

Putting these two results together and using (6.3), we obtain

i ii

ni

. . . � r2
i

i ii

ni

. . .

which concludes this case.

For the final case jm�1 � j � i, we compute

j ii

� ri

i j i

� ri

iji

� r2
i

¸
t,v

stvij
¸
u�ℓ�
t�1

i

u

j

v

i

ℓ

using (6.4). Then we have for the first term, putting it in the global picture and using
the induction hypothesis (which again we can do because the upper crossing slide to
the top inside HpRbpmq, dN q) together with (6.1) we obtain

ri

iji

�

j ii

� r2
i

i j i

� r2
i

¸
t,v

stvij

i j

v

i

t

On the other hand, we have for all t, v that

¸
u�ℓ�
t�1

i

u

j

v

i

ℓ
�

i

t

j

v

i

�

i j

v

i

t
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Putting these results together with the case jm � i yields

j ii

ni

� r2
i

j ii

ni

which concludes the proof. �

Proof of Proposition 6.2.5. The polynomial (6.15) is monic (up to invertible scalar)
with leading terms xni�2νi�α

_
i pνq

m�1 . Therefore, multiplication by (6.15) yields an injec-
tive map. Thus Lemma 6.2.8 tells us that P � d̄N is injective, and so is d̄N . �

6.3 Categorical action

We write bm :� bRbpmq and

Rξi

b pνq :� Rbpνq b krξis �
à
ℓ¥0

q2
iRbpνq,

with degqpξiq � pαi|αiq.

We now generalize §5.4 to b-KLR algebras. For each i P I there is a (non-unital)
injection Rbpmq ãÑ Rbpm� 1q1pm,iq, given by adding a vertical strand with label i to
the right of a diagram D P Rbpmq:

j1 j2 . . . jm

D ÞÑ

j1 j2 . . . jm

D

i

From it we obtain induction and restriction functors

Indm�im : Rbpmq -mod Ñ Rbpm� 1q -mod,

Indm�im p�q � Rbpm� 1q1pm,iq bm �,

Resm�im : Rbpm� 1q -mod Ñ Rbpmq -mod,

Resm�im p�q � 1pm,iqRbpm� 1q bm�1 �.

which are adjoint.
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Theorem 6.3.1. There is a short exact sequence

0 Ñ q�2
i Rbpνq1pm�1,iq bm�1 1pm�1,iqRbpνq Ñ 1pν,iqRbpm� 1q1pν,iq

Ñ Rξi

b pνq ` λ2
i q
�2α_i pνq
i Rξi

b pνqr1s Ñ 0

of Rbpmq-Rbpmq-bimodules for all i P I . Moreover, there is an isomorphism

q�pαi|αjqRbpνq1pm�1,iq bm�1 1pm1,jqRbpνq � 1pν,jqRbpm� 1q1pν,iq

for all i � j P I .

Proof. The proof is similar to the one of Theorem 5.4.1. The monomorphism

uij : q�pαi|αjqRbpνq1pm�1,iq bm�1 1pm1,jqRbpνq ãÑ 1pν,jqRbpm� 1q1pν,iq (6.17)

is given by sending xbm�1 y to xτmy (i.e. adding a crossing). The epimorphism is
given by projection on the summands Rbpmq1pm,iqxℓm�1 and on Rbpmq1pm,iqθℓm�1
in the decomposition of Lemma 6.2.4 (when i � j and projection on 0 otherwise). For
the same reasons as in Lemma 5.4.4, this defines a bimodule map, the only difference
being that the Reidemeister III type-moves (i.e. (6.4)) used in the proof of Lemma 5.4.4
can add terms in the case of Rbpmq. However, these terms are killed in the quotient
1pν,jqRbpm � 1q1pν,iq{Rbpνq1pm�1,iq bm�1 1pm1,jqRbpνq. Finally, the exactness
follows from Lemma 6.2.4. �

We picture these facts as a short exact sequence of diagrams

j

i

. . .

m

. . .

m

. . .

ãÑ

i

j

m� 1

. . .

. . .

�
à
ℓ¥0

i

ℓ

j

m

. . .

. . .

`

i

ℓ

j

m

. . .

. . .

where the cokernel vanishes whenever i � j. Moreover, we call π the projection

π :

i

i

m� 1

. . .

. . .

�
à
ℓ¥0

i

ℓ

i

m

. . .

. . .
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We write Idν :� Rbpνq bm p�q and we define

Fi :�
à
m¥0

Indm�im , Ei :�
à
m¥0

à
|ν|�m

λ�1
i q

α_i pνq
i Resm�im Idν�i .

These are exact functors and preserves c.b.l.f. generated projective modules, thanks to
Lemma 6.2.4. Then we obtain:

Corollary 6.3.2. There is a natural short exact sequence

0 Ñ FiEi Idν Ñ EiFi Idν Ñ `rβi�α_i pνqsqi
Idν Ñ 0,

for all i P I and there is a natural isomorphism

FiEj � EjFi,

for all i � j P I .

Corollary 6.3.3. There is a quasi-isomorphism

ConepFiEi Idν Ñ EiFi Idνq
�
ÝÑ `rβi�α_i pνqsqi

Idν .

Proposition 6.3.4. For each i, j P I there is a natural isomorphism

tpdij�1q{2uà
a�0

�
dij � 1

2a

�
qi

F2a
i FjF

dij�1�2a
i �

tdij{2uà
a�0

�
dij � 1
2a� 1

�
qi

F2a�1
i FjF

dij�2a
i ,

and in particular for pαi|αjq � 0 we have FiFj1ν � FjFi1ν . By adjunction, the
same isomorphism exists for the Ei, Ej .

Proof. Similarly as in the case of the usual KLR algebras, it follows from (6.3) and (6.4)
(we can directly apply the proof of [44, Proposition 6]). �

6.3.1 Long exact sequence

We want to lift Theorem 6.3.1 to the dg-world of pRbpmq, dN q, and study the long
exact sequence that it induces. Therefore we define

yN :
à
ℓ¥0

i

ℓ m

. . .

. . .

Ñ
à
ℓ¥0

i

ℓm

. . .

. . .
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as the Rbpmq-Rbpmq-bimodule map given by

yN

���������
i

a . . .

. . .

. . .

��������

:� π

���������
i

ni � a . . .

. . .

. . .

��������

P
à
ℓ¥0

i

ℓm

. . .

. . .

whenever i P If , and yN � 0 for i R If . Then we define�
Rξi

b pνq`λ
2
i q
�2α_i pνq
i Rξi

b pνqr1s, dN
�

:� Cone
�
pλ2
i q
�2α_i pνq
i Rξi

b pνqr1s, dN q
ynÝÑ pRξi

b pνq, dN q
	
,

and

pRbpνq1pm�1,iq bm�1 1pm�1,iqRbpνq, dN q

:� pRbpνq1pm�1,iq, dN q bpRbpm�1q,dN q p1pm�1,iqRbpνq, dN q.

Proposition 6.3.5. There is a short exact sequence of dg-bimodules

0 Ñ q�2
i pRbpνq1pm�1,iq bm�1 1pm�1,iqRbpνq, dN q Ñ p1pν,iqRbpm� 1q1pν,iq, dN q

Ñ
�
Rξi

b pνq ` λ2
i q
�2α_i pνq
i Rξi

b pνqr1s, dN
�
Ñ 0

for all i P I . Moreover, there is an isomorphism

q�pαi|αjqpRbpνq1pm�1,iq bm�1 1pm1,jqRbpνq, dN q � p1pν,jqRbpm� 1q1pν,iq, dN q

for all i � j P I .

Proof. It is a straightforward consequence of Theorem 6.3.1. �

In order to understand the consequences of this short exact sequence in homology,
we need to compute the homology

H
�
Rξi

b pνq ` λ2
i q
�2α_i pνq
i Rξi

b pνqr1s, dN
�
,

for all i P If .
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Therefore, we want to compute the projection of the element

i

p . . .

. . .

. . .

π̄
�

à
ℓ¥0

i

ℓHpmq

. . .

. . .

for all p ¥ ni. Note that we project on the homology of pRbpmq, dN q. This will ease
some of the computations we need to do. We write π̄ when we take the composition of
π with the projection on the homology of pRbpmq, dN q. More precisely, π̄ is given by

π̄ :� 1b π :

i

i

Hpmq

m� 1

. . .

. . .

. . .

�
à
ℓ¥0

i

ℓ

i

Hpmq

m

. . .

. . .

. . .

Similarly, we write ȳN .

Lemma 6.3.6. If p ¥ 2νi, then

π

�������
i

p . . .

. . .

. . .

ν

������
 � ζ

i

p � α_i pνq. . . �
p�α_i pνq�1à

ℓ�0
i

ℓm

. . .

. . .

for some invertible element ζ P k�. If p   2νi, then

π

�������
i

p . . .

. . .

. . .

ν

������
 P
p�α_i pνqà
ℓ�0

i

ℓm

. . .

. . .

Proof. The proof is an induction on m. If m � 0, then it is trivial. Suppose the
statement holds for m � 1. We fix the labels of the strands as the bottom as j �

j1 � � � jm P Seqpνq. If j1 � i, then we apply the same computation as in Lemma 5.4.7
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to get

i i

p . . .

. . .

. . .

� ri
¸
r�s
�p�1

i

r

i

s
. . .

. . .

. . .

� r2
i

¸
r�s
�p�2

pr � 1q

i

r

i

s . . .

. . .

. . .

Then using (6.4) we have

ii

. . .

. . .

. . .

�

i i

. . .

. . .

. . .

�
¸
jk�i

stvijk

¸
t,v

¸
r�s�
t�1

i

r
v

jk i

s

so that, since s   dijk
, we obtain by induction hypothesis

π

��������
ii

. . .

. . .

. . .

�������
 P
p�α_i pνq�1à

ℓ�0

i
i

ℓm

. . .

. . .

Moreover, still by induction hypothesis, we have

¸
r�s
�p�3

pr � 2q π

�������
i

r�1

i

s . . .

. . .

. . .

������
P
p�α_i pνq�1à

ℓ�0

i
i

ℓm

. . .

. . .

Finally, if p ¥ 2νi, by induction hypothesis we get for s � p� 2,

π

�������
i i

s . . .

. . .

. . .

������
 � ζ 1

i
i

s � α_i pν � iq. . . �
s�α_i pν�iq�1à

ℓ�0

i
i

ℓm

. . .

. . .

which concludes the case by observing that s� α_i pν � iq � p� α_i pνq, and taking
ζ � r2

i ζ
1. If p   2νi, it is immediate by induction hypothesis.
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For the case j1 � j � i, we use (6.1) and then the induction hypothesis to get

π

��������
j i

p . . .

. . .

. . .

�������
 �
¸
t,v

stvij π

��������
j

v

i

t�p . . .

. . .

. . .

�������


� tij

j i

dij�p . . .

. . .

. . .

�
p�α_i pνq�1à

ℓ�0

j
i

ℓm

. . .

. . .

where we recall that sdij0
ij � tij . We conclude by applying the induction hypothesis,

observing that dij � p� α_i pν � jq � p� α_i pνq. �

Consider also the following result, which is similar to [33, Lemma 5.4].

Lemma 6.3.7. We have for k   k1 and t � k1 � k,

ȳN

��������
i

k1 . . .

. . .

. . .

�������
�
i

i

t

ȳN pξ
k
i q

. . .

. . .

�
t�1̧

ℓ�0

i
i

ℓHpmq

. . .

. . .

where

i
i

ȳN pξ
k
i q

. . .

. . .

� ȳN

��������
i

k . . .

. . .

. . .

�������

Proof. First we observe that

i

ni�k1 . . .

. . .

. . .

�

i

ni�k

t

. . .

. . .

. . .

P

i

i
Hpmq

m� 1

. . .

. . .

. . .

using (6.3) and (6.2), and the fact that ni dots on the left strand is annihilated in
HpRbpmq, dN q.
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Then using Lemma 6.2.4 we obtain

i

ni�k . . .

. . .

. . .

�

i
i

ψk

ϕk

. . .

. . .

. . .

�

i
i

ȳN pξ
k
i q

. . .

. . .

(6.18)

for some ϕk, ψk P Rbpmq. We conclude by observing that

i

t

i

ϕk

ψk

. . .

. . .

. . .

�

i

t

i

ϕk

ψk
. . .

. . .

. . .

� ri
¸
r�s
�t�1

i

r

i

s

ϕk

ψk
. . .

. . .

. . .

(6.19)

thanks to Lemma 5.1.5. �

Proposition 6.3.8. Putting ρi :� ni � α_i pνq, we have

ȳN

��������
i

k . . .

. . .

. . .

ν

�������
 � ζ

i
i

k�ρi. . . �
k�ρi�1à
ℓ�0

i
i

ℓHpmq

. . .

. . .

which is 0 whenever k � ρi   0, and where ζ P k�.

Proof. If ni ¥ 2νi, then the result follows from Lemma 6.3.6. Otherwise, we take
k1 � 2νi � ni and the result follows from Lemma 6.3.6 for k ¥ k1. Suppose k   k1

and put t � k1 � k. Then by Lemma 6.3.7 we obtain

ȳN

��������
i

k1 . . .

. . .

. . .

�������
 �

i
i

t

ȳN pξ
k
i q

. . .

. . .

�
t�1̧

ℓ�0

i
i

ℓHpmq

. . .

. . .

Therefore, we must have

i
i

t

ȳN pξ
k
i q

. . .

. . .

� ζ

i
i

k1�ρi. . . �
maxpk1�ρi,tq�1à

ℓ�0

i
i

ℓHpmq

. . .

. . .
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From this, we deduce

i
i

ȳN pξ
k
i q

. . .

. . .

� ζ

i
i

k�ρi. . . �
k�ρi�1à
ℓ�0

i
i

ℓHpmq

. . .

. . .

which concludes the proof. �

We now have all the tools we need to compute the homology of the cokernel of the
short exact sequence of Proposition 6.3.5.

Proposition 6.3.9. There is an isomorphism of RNp pνq-R
N
p pνq-bimodules

H
�
Rξi

b pνq ` λ2
i q
�2α_i pνq
i Rξi

b pνqr1s, dN
�

�

$&%
Àρi�1

ℓ�0 q2ℓ
i R

N
p pνq, if ρi ¥ 0,

λ2
i q
�2α_i pνq
i

À�ρi�1
ℓ�0 q2ℓ

i R
N
p pνqr1s, if ρi ¤ 0,

where ρi � ni � α_i pνq.

Proof. First suppose ρi ¥ 0. Then Proposition 6.3.8 tells us that ȳN pξki q is a monic
polynomial (up to invertible scalar) with leading terms ξk�ρi

i . This gives us the first
case. If ρi ¤ 0, then we have ȳN pξki q � 0 for k   �ρi. Moreover, ζ�1ȳN pξ

�ρi

i q � 1,
and in general ȳN pξki q is a monic polynomial with leading term ξk�ρi

i for k ¡ �ρi.
This concludes the proof. �

Our next goal is to show the following:

Proposition 6.3.10. The pRbpmq, dN q-module p1pm,iqRbpm � 1q, dN q is strongly
projective.

It is obvious for i R If by Lemma 6.2.4, and thus we can assume i P If . The idea
of the proof is similar to the one of Proposition 5.4.10. Thus, we first construct the
mapping cone

pQ,dQq :�

Cone
�m�1à
a�1

à
ℓ¥0

Rgpmq1pν,iqτm � � � τaθℓa
dQ
ÝÝÑ

m�1à
a�1

à
ℓ¥0

Rgpmq1pν,iqτm � � � τaxℓa
�
,

where we think of τm � � � τaθℓa as a formal symbol that represents a degree shift corre-
sponding with the degree of the element 1pν,iqτm � � � τaθℓa in Rbpm� 1q. The map dQ
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is given by first embedding Rgpmq into Rbpm� 1q through the diagrams

Rgpmq1pν,iqτm � � � τaθℓa ãÑ

. . .

. . .
m

ℓ

i

a

then applying dN of pRbpm � 1q, dN q, then decomposing the image in the left-
decomposition

Àm�1
a�1

À
ℓ¥0 Rbpmq1pm,iqτm � � � τaxℓa, and finally projecting unto the

part in homogical degree zero of Rbpmq, which is trivially isomorphic to Rgpmq.
Moreover, pRbpmq, dN q is a (right) module over pRg, 0q which act by gluing KLR
diagrams on the bottom. Then we have as pRbpmq, dN q-modules

pRbpm� 1q, dN q � pRbpmq, dN q bpRgpmq,0q pQ, dQq.

Therefore, we want to show that pQ, dQq is strongly projective as pRgpmq, 0q-module.
We write

Q1rξis :�
m�1à
a�1

à
ℓ¥0

Rgpmq1pν,iqτm � � � τaθℓa,

Q0rξis :�
m�1à
a�1

à
ℓ¥0

Rgpmq1pν,iqτm � � � τaxℓa,

where we identify ξi with xa in Q0, and ξℓi with xℓ1 in θℓa. Note that dQ is not krξis-
linear.

Lemma 6.3.11. The map
dQ : Q1rξis Ñ Q0rξis

defined above is injective.

Proof. Recall the map P of Lemma 6.2.7 given by multiplication with rθm�1. Since
floating dots are also annihilated in Rgpmq, it defines a map

P 1 : Q0rξis Ñ Q1rξis. (6.20)

We reconsider the proof of Lemma 6.2.8 to show that P 1 � dQ is injective. First, we
put an order on the summands of Q1rξis �

Àm�1
a�1

À
ℓ¥0 Rgpmq1pν,iqτm � � � τaθℓa by
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saying that

Rgpmq1pν,iqτm � � � τaθℓa   Rgpmq1pν,iqτm � � � τaθℓ
1

a ,

Rgpmq1pν,iqτm � � � τaθℓa   Rgpmq1pν,iqτm � � � τa1θℓ
2

a1 ,

for all a ¡ a1, ℓ   ℓ1, and for all ℓ2. In other words, if there are more crossings under
the floating dot, then the term is smaller. If there is the same amount of crossings, then
we consider the amount of dots at the left of the floating dot, and lesser dots meaning a
smaller term.

We claim that if Z P Rgpmq1pν,iqτm � � � τaθℓa then

P 1 � dQpZq � r2νi
i

2νi�α
_
i pνq¸

p�0
Zxni�p

m�1 ε
i
ppxνq �H,

where H   Zx
ℓ�ni�2νi�α

_
i pνq

m�1 . This implies that P 1 � dQ is in echelon form (with
pivot being invertible scalars), and thus is injective. By consequence, so is dQ.

In order to prove our claim, we need to tweak the proof of Lemma 6.2.8. We
need to keep track of the terms that are annihilated when working over the cyclotomic
quotient, and show these appear as lower terms in the order defined above. The case
jm � i remains the same. The case jm � i and m � 1 becomes

ii

p

� r2
i

i

p

i

� r2
i

i

p

i

� ri

i

p

i

� ri

i

p�1

i

where p � ni � ℓ. The first term is the leading term. The second term possesses less
dots on the left of the floating dot, and thus is smaller. If a � 0, then the last two terms
possesses one more crossing at the bottom of the floating dot, thus are smaller. If a � 1,
then they are annihilated by (6.1). Finally the two remaining cases jm�1 � i and jm�1

follows from the same arguments as in the proof of Lemma 6.2.8, with the lower terms
in the induction hypothesis only adding lower terms because:

ii

�

ii
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by (6.4), and,

i i

� 0,

by (6.4) and (6.1). This concludes the proof of the claim, and therefore of the proposi-
tion. �

Proof of Proposition 6.3.10. The proof is a revisit of the proof of Lemma 5.4.9 (which
can be found in [33, Lemma 4.18]) that applies for our particular case.

Recall the map P 1 from (6.20). We know that P 1 � dQ is given by multiplying by a
monic polynomial with leading term x

ni�2νi�α
_
i pνq

m�1 plus some remaining map giving
lower terms. In particular, it is injective and we have a short exact sequence

0 Ñ Q1rξis
P 1�dQ
ÝÝÝÝÑ Q1rξis Ñ CokerpP 1 � dQq Ñ 0.

Moreover, since P 1�dQ is in echelon form, it means that CokerpP 1�dQq is a projective
Rgpmq-module. Thus the sequence splits as Rgpmq-modules with splitting map σ :
Q1rξis Ñ Q1rξis, and we get σ � P 1 � dQ � IdQ1rξis. Then, the short exact sequence

0 Q1rξis Q0rξis HpQ, dQq, 0,
dQ

σ�P 1

obtained thanks to Lemma 6.3.11 splits with splitting map given by σ � P 1. Since
Q0rξis is a projective Rgpmq-module, so is HpQ, dQq. Finally, dQpQ1rξisq is also
projective since dQ is injective and Q1rξis is projective. �

6.3.2 Functors

We define for all i P I the functors

FNi p�q :�
à
m¥0

RNp pm� 1q1pm,iq bRN
p pmq

p�q,

ENi p�q :�
à
m¥0

à
|ν|�m

λ�1
i q

α_i pνq
i 1pν,iqRNp pm� 1q bRN

p pm�1q p�q,

where we interpret λi � qni whenever i P If . Thanks to Proposition 6.3.10, these are
exact and their derived counterpart preserve c.b.l. compact objects. Moreover, both
FNi Idν and ENi Idν are of finite amplitude.
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Theorem 6.3.12. For i R If there is a natural short exact sequence

0 Ñ FNi ENi Idν Ñ ENi FNi Idν Ñ `rβi�α_i pνqsqi
Idν Ñ 0, (6.21)

and for i P If there is a natural isomorphism

ENi FNi Idν � FNi ENi Idν `rni�α_i pνqsqi
Idν , if ni � α_i pνq ¥ 0,

FNi ENi Idν � ENi FNi Idν `rα_
i
pνq�nisqi

Idν , if ni � α_i pνq ¤ 0.
(6.22)

Moreover, there is a natural isomorphism

FNi ENj � ENj FNi , (6.23)

for i � j P I .

Proof. The short exact sequence (6.21) and the isomorphism (6.23) are immediate
consequences of Proposition 6.3.5 and Proposition 6.3.10. For the isomorphisms (6.22),
Proposition 6.3.5 and Proposition 6.3.10 gives us a long exact sequence of RNp pνq-
RNp pνq-bimodules. By Proposition 6.3.9 it truncates to a short exact sequence

0 Ñ FNi ENi Idν Ñ ENi FNi Idν Ñ `rρis Idν Ñ 0,

if ρi � ni � α_i pνq ¥ 0, and a short exact sequence

0 Ñ `r�ρis Idν Ñ FNi ENi Idν Ñ ENi FNi Idν Ñ 0,

if ρi � ni � α_i pνq ¤ 0. In the first case, we can identify

`rρis Idν � q1�ρi

i

ρi�1à
ℓ�0

i
i

ℓν

. . .

. . .

and the map ENi FNi Idν Ñ `rρisqi
Idν is induced by the projection π. Thus the

sequence obviously splits with the splitting map `rρisqi
Idν Ñ ENi FNi Idν , given by

the sum of maps RNp pνqξ
ℓ Ñ RNp pν � iq that add a vertical strand labeled i carrying ℓ

dots at the right of a diagram in RNp pνq. In the second case, we also identify

`r�ρisqi
Idν � q1�ρi

i

�ρi�1à
ℓ�0

i
i

ℓν

. . .

. . .
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Moreover the map `r�ρis Idν Ñ FNi ENi Idν is induced by the connecting homor-
phism δ. Using the notations of (6.18) it takes the form

δ

��������
i

i

k. . .

�������
� u�1
ij

��������
i

k . . .

. . .

. . .

�������
�
i

ϕk

ψk
. . .

where uij is the monomorphism defined in (6.17), and 0 ¤ k   �ρi. We also note
that (6.19) tells us that

i

ϕk�t

ψk�t
. . . �

i

t

ϕk

ψk
. . . (6.24)

Moreover since ȳN pξ
�ρi

i q � ζ and ȳN pξℓi q � 0 for ℓ   �ρi, we obtain by (6.19) again
that

i

ϕk

ψk
. . .

i

�

$&%�r�1
i ζ, if k � �ρi � 1,

0, if k   �ρi � 1.
(6.25)

As in [33, Proof of Theorem 5.2], we construct a map Φ : FNi ENi Idν Ñ `r�ρisqi
Idν

induced by the morphism of bimodules

Φ :

i

x

y

. . . ÞÑ
¸
r�s�
�ρi�1

i

r

i

s

x

y
. . .

. . .

. . .

for all x, y P RNp pνq.
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Then we compute

Φ � δ

��������
i

i

k. . .

�������

(6.24)
�

¸
r�s�
�ρi�1

i
i

s

ϕk�r

ψk�r
. . .

. . .

. . .

(6.25)
� �r�1

i ζ

i
i

k. . . �
�ρi�1¸
r��ρi�k

i
i

�ρi � 1 � r

ϕk�r

ψk�r
. . .

. . .

. . .

Therefore, Φ�δ is given by a triangular matrix with invertible elements on the diagonal,
and thus is an isomorphism. In particular, δ is left invertible, concluding the proof. �

Corollary 6.3.13. There is a quasi-isomorphism

ConepFNi ENi Idν Ñ ENi FNi Idνq
�
ÝÑ `rβi�α_i pνqsqi

Idν .

for i P Ir and a quasi-isomorphism

ConepFNi ENi Idν Ñ ENi FNi Idνq
�
ÝÑ `rni�α_i pνqsqi

Idν .

for i P If .

Corollary 6.3.14. For i P If , then 1νEi and Fi1ν are biadjoint (up to shift).

Proof. By the results in [13], we know the splitting map ENi FNi Idν Ñ FNi ENi Idν
of Theorem 6.3.12 together with the unit and counit of the adjunction Fi % Ei allow to
construct a unit and counit for the adjunction Ei % Fi. �

Proposition 6.3.15. For each i, j P I there is a natural isomorphism

tpdij�1q{2uà
a�0

�
dij � 1

2a

�
qi

pFNi q
2aFNj pF

N
i q

dij�1�2a

�
tdij{2uà
a�0

�
dij � 1
2a� 1

�
qi

pFNi q
2a�1FNj pF

N
i q

dij�2a.

By adjunction, the same isomorphism exists for the ENi , E
N
j .

Proof. This follows from Proposition 6.3.4. �
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6.3.3 A differential on RN
p

We fix a subset If � I 1f � I and consider the parabolic subalgebras Uqppq � Uqpp
1q �

Uqpgq. For each j P I 1f zIf we choose a weight n1j P N. For j P If we take
n1j :� nj P N , and we write N 1 :� tn1jujPI1f . Then we equip the cyclotomic p-
KLR algebra RNp pmq with a differential dNN 1 which is zero on dots and crossings
and

dNN 1

����� j

j i1

. . .

im�1

����
:�

$''''&''''%
0, if j R I 1f ,

p�1qnj

j

nj

i1

. . .

im�1

, if j P I 1f zIf .

Theorem 6.3.16. The dg-algebra pRNp pmq, d
N
N 1q is formal with homology

HpRNp pmq, d
N
N 1q � RN

1

p1 pmq.

Proof. We have RNp pmq � HpRbpmq, dN q and RN
1

p1 pmq � HpRbpmq, dN 1q by Theo-
rem 6.2.3. Moreover, dNN 1 can be lifted to Rbpmq. We split the homological grading of
Rbpmq in three: a first one that counts the amount of floating dots with subscript in If , a
second one for the floating dots with subscript in I 1f zIf , and a third one for IzI 1f that we
ignore for the moment. Then, we have that dNN 1 has degree p0,�1q and dN has degree
p�1, 0q, and they commute with each other. Thus we have a (bounded) double complex
pRb, dN , d

N
N 1q with total complex being pRb, dN 1q, since dN 1 � dN � dNN 1 . In partic-

ular, there is a spectral sequence from HpRNp pmq, d
N
N 1q to HpRb, dN 1q � RN

1

p1 pmq.
Now, Theorem 6.2.3 tells us that HpRb, dN q is concentrated in homological degree
zero (for the first homological grading). Thus, the spectral sequence converges at the
second page, and in particular HpRNp pmq, d

N
N 1q � RN

1

p1 pmq. �

We interpret this result as a categorical version of the fact that if there is an arrow
from a parabolic Verma module MppΛ, Nq to another one Mp1pΛ1, N 1q (see §1.2.2),
then there is a surjection MppΛ, Nq � Mp1pΛ1, N 1q. Indeed, in that case there is
a surjective quasi-isomorphism pRNp , dN 1q

�
ÝÑ pRN

1

p1 , 0q, inducing equivalences of
derived categories that commute up to quasi-isomorphism with the categorical actions
of Uqpgq.

6.4 The categorification theorems

We assume in this section that Rbpνq is a k-algebra over a field k. We also choose
an abritrary order   for constructing Zppq,Λqq such that 0   q   λi for all formal
λi � qβi P Λ. Every idempotent of Rbpνq is the image of an idempotent of the
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classical KLR algebra Rgpνq under the obvious inclusion Rgpνq ãÑ Rbpνq. Thanks
to [42, Section 2.5], we know all the idempotents of Rgpνq. As for NHn in (5.7), we
define the element

ei,n :� τϑnx
n�1
1 xn�2

2 � � �xn�11ii���i P Rgpnq.

Let Seqdpνq be the set of expressions ipm1q
1 i

pm2q
2 � � � i

pmrq
r for different r P N and

mℓ P N such that
°r
ℓ�1 mℓ � αiℓ � ν. For each i P Seqdpνq we define the idempotent

ei :� ei1,m1 b ei2,m2 b � � � b eir,mr
P Rgpνq,

where xb y means we put the diagram of a at the left of the one of y. Identifying ei

with its image in Rbpνq, as in [42], we define a projective left Rbpνq-module

Pi :� Rbpνqei,

Then we put

xiy :� �
ŗ

ℓ�1

mℓpmℓ � 1q
2 dia .

and we define P̃i :� q�xiyPi.
When writing . . . i . . . and . . . j . . . we mean we take two sequences i1ii2 and

i1ji2 in Seqdpνq that are the same everywhere except on i and j. From the decompo-
sition of the nilHecke algebra (5.8), we get an isomorphism of RNp -modules

P̃...im... � `prmsqi
!qP̃...ipmq....

Mimicking the arguments in [42, Proposition 2.13] and [44, Proposition 6] we get the
following:

Proposition 6.4.1. There are isomorphisms

tpdij�1q{2uà
a�0

P̃
...ip2aqjipdij�1�2aq...

�
tdij{2uà
a�0

P̃
...ip2a�1qjipdij�2aq...

for all i � j P I .

Equipping Rbpνq with dN induces a differential on pP̃i, dN q, and Proposition 6.4.1
holds for the dg-version. We put

MpΛ, Nq :�
à
m¥0

DlcpRbpmq, dN q

with the particular case MpΛq meaning N � H, and therefore dN � 0.
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Proposition 6.4.2. There is an isomorphism of Qppq,Λqq-modules

U�
q pgq bQpqq Qppq,Λqq � K0pMpΛqq bZ Q,

and a Qppq,Λqq-linear epimorphism

U�
q pgq bQpqq Qppq,Λqq� K0pMpΛ, Nqq bZ Q

sending F pm1q
i1

F
pm2q
i2

� � �F
pmrq
ir

to rpP̃i, dN qs for i � i
pm1q
1 i

pm2q
2 � � � i

pmrq
r .

Proof. Since projective modules of Rbpνq are in bijection with the ones of the classical
KLR algebra Rgpνq and respect the categorified Serre relations (see Proposition 6.4.1),
it is a direct consequence of the main results in [42, 44], together with Theorem 3.4.26.

�

Consider the subring P pνq of RNp pνq consisting of dots on vertical strands (without
floating dots). It admits an action of the symmetric group permuting the strands (with
labels) and dots on them (not to be confused with the action of Sm on Pν from §6.1.1).
We write Sympνq :� P pνqSm for the subring of invariants under this action. Since
Sympνq lies in the center of RNp pνq, any simple RNp pνq-module is annihilated by
Sym�pνq, where Sym�pνq consists of the elements in Sympνq with non-zero degree.
Then we define for each i P Seqdpνq the simple module

Si :� Pi{Sym�pνqPi,

wich is the unique simple quotient of Pi. We put S̃i :� q�xiySi. It lifts to a dg-version
pS̃i, dN q.

By Lemma 6.2.4 and Proposition 6.3.10, we know that Ei Idν and Fi Idν are exact,
and induce functors that preserve c.b.l. compact modules and are of finite ampli-
tude on the derived category DpRb, dN q. Then Theorem 6.2.3, Theorem 6.3.12 and
Proposition 6.3.15 tells us that K∆

0 pMpΛ, Nqq is a Uqpgq-weight module. By Propo-
sition 6.4.2, we know that K∆

0 pMpΛ, Nqq is cyclic as Uqpgq-module, with highest
weight generator given by the class of pRbp0q, dN q � pk, 0q. Thus K∆

0 pMpΛ, Nqq is
a highest weight module.

As before, let ψ : Rbpνq Ñ Rbpνq
op be the map that takes the mirror image of

diagrams along the horizontal axis, and put Mψ :� ψpMq. Then define the bifunctor

p�,�q : MpΛ, Nq �MpΛ, Nq Ñ Dlcpk, 0q pM,M 1q :�Mψ bL
pRb,dN qM

1.

Again, we have

• ppRbp0q, dN q, pRbp0q, dN qq � pk, 0q ;
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• pIndm�im M,M 1q � pM,Resm�im M 1q for all M,M 1 P MpΛ, Nq ;

• p`fM,M 1q � pM,`fM
1q � `f pM,M 1q for all f P Zppq,Λqq,

which implies that p�,�q is a categorification of the Shapovalov form. Moreover, it
turns S̃i into the dual of P̃i for each i P Seqdpνq.

Theorem 6.4.3. The Grothendieck group K∆
0 pMpΛ, Nqq is a Uqpgq-weight module,

with action of Ei, Fi given by rEis, rFis. Moreover, there is an isomorphism of Uqpgq-
modules

K∆
0 pMpΛ, Nqq bZ Q �MppΛ, Nq,

where Λ � tqβi |i P Iru contains only formal weights.

Proof. We already proved the first claim above. Clearly, for i P If , then rFis, rEis acts
as locally nilpotent operators. In particular, the Uqpiq-submodule of K∆

0 pMpΛ, Nqq
given by

Uqpiq bUqpgq rpRbp0q, dN qs

is an integrable module over the Levi factor Uqpiq. Since it is an integrable highest
weight module, it must be isomorphic to V pΛ, Nq (see [51]). Therefore, there is a
surjective Uqpgq-module morphism

γ : MppΛ, Nq� K∆
0 pMpΛ, Nqq bZ Q.

Since MppΛ, Nq is irreducible and γ is non-zero, it must be an isomorphism. �

Let mr � FivΛ,N be an induced basis element of MppΛ, Nq with i P Seqpνq.
Then the isomorphism of Theorem 6.4.3 identifies mr with the class rpRbpνq, dN q1is.
Similarly, let m1

s � FjvΛ,N for j P Seqdpνq be a canonical basis element, and let
ms be its dual in the dual canonical basis. Then the isomorphism identifies m1

s with
rpP̃j , dN qs and ms with rpS̃j , dN qs. Moreover, computing the c.b.l.f. composition
series of P̃i or taking the c.b.l.f. cell module replacement of S̃i gives a categorical
version of the change of basis between canonical and dual canonical basis.





Bibliography

[1] P. Achar and C. Stroppel. Completions of Grothendieck groups. Bull. Lond. Math.
Soc., 45(1):200–212, 2013.

[2] J. W. Alexander. Topological invariants of knots and links. Trans. Amer. Math.
Soc., 30(2):275–306, 1928.

[3] H. H. Andersen and V. Mazorchuk. Category O for quantum groups. J. Eur. Math.
Soc., 17(2):405–431, 2015.

[4] A. Aparicio-Monforte and M. Kauers. Formal Laurent series in several variables.
Expo. Math., 31(4):350–367, 2013.

[5] G. Azumaya. Corrections and supplementaries to my paper concerning Krull–
Remak–Schmidt’s theorem. Nagoya Math. J., 1:117–124, 1950.

[6] H. Bass. Algebraic K-theory. W. A. Benjamin, Inc., New York-Amsterdam,
1968.

[7] A. Beilinson, V. Ginzburg, and W. Soergel. Koszul duality patterns in representa-
tion theory. J. Amer. Math. Soc., 9(2):473–527, 1996.

[8] A. Beliakova, Z. Guliyev, K. Habiro, and A. D. Lauda. Trace as an alternative
decategorification functor. Acta Math. Vietnam., 39(4):425–480, 2014.

[9] D. J. Benson. Representations and cohomology. I, volume 30 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge,
1991.

[10] J. Bernstein and V. Lunts. Equivariant sheaves and functors, volume 1578 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1994.

[11] C. Blanchet. An oriented model for Khovanov homology. J. Knot Theory
Ramifications, 19(2):291–312, 2010.

[12] A. Borel. Sur la cohomologie des espaces fibrés principaux et des espaces
homogènes de groupes de lie compacts. Ann. Math., 57(2):115–207, 1963.



178 Bibliography

[13] J. Brundan. On the definition of Kac–Moody 2-category. Math. Ann., 364(1-
2):353–372, 2016.

[14] S. Cautis and A. Lauda. Implicit structure in 2-representations of quantum groups.
Selecta Math., 21(1):201–244, 2015.

[15] J. Chuang and R. Rouquier. Derived equivalences for symmetric groups and
sl2-categorification. Ann. of Math., 167(2):245–298, 2008.

[16] J. H. Conway. An enumeration of knots and links, and some of their algebraic
properties. Computational Problems in Abstract Algebra (Proc. Conf., Oxford,
1967), pages 329–358, 1970.

[17] L. Crane. Clock and category: is quantum gravity algebraic? J. Math. Phys.,
36(11):6180–6193, 1995.

[18] L. Crane and I. Frenkel. Four-dimensional topological quantum field theory, Hopf
categories, and the canonical bases. J. Math. Phys., 35(10):5136–5154, 1994.

[19] S. K. Donaldson. The Seiberg-Witten equations and 4-manifold topology. Bull.
Amer. Math. Soc., 33(1):45–70, 1996.

[20] V. G. Drinfel’d. Hopf algebras and the quantum Yang-Baxter equation (Russian).
Dokl. Akad. Nauk SSSR, 283(5):1060–1064, 1985.

[21] B. Elias and Y. Qi. A categorification of quantum slp2q at prime roots of unity,
2016.

[22] B. Elias and G. Williamson. The hodge theory of Soergel bimodules. Ann. of
Math. (2), 180(3):1089–1136, 2014.

[23] A. Floer. An instanton-invariant for 3-manifolds. Comm. Math. Phys., 118(2):215–
240, 1988.

[24] I. Frenkel, M. Khovanov, and C. Stroppel. A categorification of finite-dimensional
irreducible representations of quantum sl2 and their tensor products. Selecta
Math., 12(3-4):379–431, 2006.

[25] P. Freyd, D. Yetter, J. Hoste, and W. B. R. Lickorish. A new polynomial invariant
of knots and links. Bull. Amer. Math. Soc., 12(2):239–246, 1985.

[26] W. Fulton. Young tableaux, volume 35 of London Mathematical Society Student
Texts. Cambridge University Press, Cambridge.

[27] H. Hiller. Geometry of Coxeter groups, volume 54 of Research Notes in Mathe-
matics. Pitman (Advanced Publishing Program), Boston, Mass.-London, 1982.



Bibliography 179

[28] J. E. Humphreys. Representations of semisimple Lie algebras in the BGG category
O, volume 94 of Graduate Studies in Mathematics. American Mathematical
Society, Providence, 2008.

[29] J. C. Jantzen. Lectures on quantum groups, volume 6 of Graduate Studies in
Mathematics. American Mathematical Society, 1996.

[30] M. Jimbo. A q-difference analogue of upgq and the Yang-Baxter equation. Lett.
Math. Phys., 10(1):63–69, 1985.

[31] V. Jones. A polynomial invariant for knots via von Neumann algebra. Bull. Amer.
Math. Soc., 12:103–111.

[32] V. Kac. Infinite-dimensional Lie algebras. Cambridge University Press, Cam-
bridge, third edition edition, 1990.

[33] S.-J. Kang and M. Kashiwara. Categorification of highest weight modules via
Khovanov–Lauda–Rouquier algebras. Invent. Math., 190(3):699–742, 2012.

[34] L. Kauffman. State models and the Jones polynomial. Topology, 26(3):395–407,
1987.

[35] B. Keller. Deriving DG categories. Ann. Sci. École Norm. Sup., 27(1):63–102,
1994.

[36] B. Keller. On differential graded categories. 2006, math.KT/0601185.

[37] B. Keller and P. Nicolàs. Weight structures and simple dg modules for positive
dg algebras. Int. Math. Res. Not., (5):1028–1078, 2013.

[38] M. Khovanoiv and Y. Qi. An approach to categorification of some small quantum
groups. Quantum Topol., 6(2):185–311, 2015.

[39] M. Khovanov. A categorification of the Jones polynomial. Duke Math. J.,
101(3):359–426, 2000, 9908171.

[40] M. Khovanov. A functor-valued invariant of tangles. Algebr. Geom. Topol.,
2:665–741, 2002.

[41] M. Khovanov. Hopfological algebra and categorification at a root of unity: the
first steps. J. Knot Theory Ramifications, 25(3):26pp, 2016.

[42] M. Khovanov and A. D. Lauda. A diagrammatic approach to categorification of
quantum groups I. Represent. Theory, 13:309–347, 2009, 0803.4121.

[43] M. Khovanov and A. D. Lauda. A categorification of quantum slpnq. Quantum
Topol., 1(1):1–92, 2010.



180 Bibliography

[44] M. Khovanov and A. D. Lauda. A diagrammatic approach to categorification of
quantum groups ii. Trans. Amer. Math. Soc., 363(5):2685–2700, 2011.

[45] M. Khovanov and L. Rozansky. Matrix factorizations and link homology. ii.
Geom. Topol., 12(3):1387–1425, 2008.

[46] A. Lauda. An introduction to diagrammatic algebra and categorified quantum sl2.
Bull. Inst. Math. Acad. Sin., 7(2):165–270.

[47] A. Lauda. A categorification of quantum slp2q. Adv. Math., 225(6):3327–3424,
2010.

[48] A. Lauda. Categorified quantum slp2q and equivariant cohomology of iterated
flag varieties. Algebr. Represent. Theory, 14(2):253–282, 2011.

[49] A. Lauda, H. Queffelec, and D. E. V. Rose. Khovanov homology is a skew Howe
2-representation of categorified quantum slm. Algebr. Geom. Topol., 15(5):2517–
2608, 2015.

[50] J. Lurie. Stable Infinity Categories. 2006, math.CT/0608228.

[51] G. Lusztig. Introduction to quantum groups. Birkhäuser/Springer, 2010. Reprint
of the 1994 edition.

[52] S. Majid. A quantum groups primer, volume 292 of London Mathematical Society
Lecture Note Series. Cambridge University Press, Cambridge, 2002.

[53] L. Manivel. Symmetric functions, Schubert polynomials and degeneracy loci,
volume 6 of SMF/AMS Texts and Monographs. AMS, Providence, 2001.

[54] J. P. May. The additivity of traces in triangulated categories. Adv. Math., 163(1):34–
73, 2001.

[55] V. Mazorchuk. Generalized Verma modules, volume 8 of Mathematical Studies
Monograph Series. VNTL Publishers, 2000.

[56] V. Mazorchuk. Classification problems in 2-representation theory. São Paulo J.
Math. Sci., 11(1):1–22, 2017.

[57] V. Mazorchuk and V. Miemietz. Cell 2-representations of finitary 2-categories.
Compos. Math., 147(5):1519–1545, 2011.

[58] V. Mazorchuk and V. Miemietz. Transitive 2-representations of finitary 2-
categories. Trans. Amer. Math. Soc., 368(11):7623–7644, 2016.

[59] G. Meng and C. H. Taubes. SW = Milnor torsion. Math. Res. Lett., 3(5):661–674,
1996.



Bibliography 181

[60] R. V. Moody. A new class of Lie algebras. J. Algebra, 10:211–230, 1968.

[61] J. C. Moore. Algèbre homologique et homologie des espaces classifiants. Sémi-
naire Henri Cartan, 12(1):1–37, 1959-1960.

[62] K. Murasugi. Jones polynomials and classical conjectures in knot theory. Topol-
ogy, 26(2):187–194, 1987.

[63] G. Naisse and P. Vaz. 2-Verma modules. 2017, 1710.06293.

[64] G. Naisse and P. Vaz. 2-Verma modules and the Khovanov-Rozansky link
homologies. 2018, 1704.08485v2.

[65] G. Naisse and P. Vaz. An approach to categorification of Verma modules. Proc.
Lond. Math. Soc., 2018.

[66] G. Naisse and P. Vaz. On 2-Verma modules for quantum sl2. Selecta Math.,
24(4):3763–3821, 2018.

[67] A. Neeman. The connection between the K-theory localization theorem of
Thomason, Trobaugh and Yao and the smashing subcategories of Bousfield and
Ravenel. Ann. Sci. École Norm. Sup., 25(5):547–566, 1992.

[68] A. Neeman. The Grothendieck duality theorem via Bousfield’s techniques and
Brown representability. J. Amer. Math. Soc., 9(1):205–236, 1996.

[69] A. Neeman. Triangulated Categories, volume 213 of Annals of Mathematics
Studies. Princeton University Press, Princeton, 2001.

[70] P. Ozsváth and Z. Szabó. Holomorphic disks and knot invariants. Adv. Math.,
186(1):58–116, 2004.

[71] N. Popescu. Abelian categories with applications to rings and modules. Number 3.
Academic Press, London-New York, 1973.

[72] J. Przytycki. History of the knot theory from Vandermonde to Jones. In O. Hernán-
dez, L. Montejano, B. Rumbos, and A. Wawrzyńczyk, editors, XXIVth National
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