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Phonon-limited carrier mobilities
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lattice (phonon) scattering

ionized impurity scattering

alloy scattering

defects scattering



Berryology @ Ivo Souza

Using Ivo’s notation from Tuesday:

jα = −e
∫
k

ṙaf(ε)

= −e
∫
k

[ va︸︷︷︸
band

+ (e/~)ΩabEb︸ ︷︷ ︸
anomalous

+ . . . ][f0 + τevcEcf
′
0 + . . . ]

= C + σabEb + σabcEbEc + . . .

σab = −e2τ

∫
k

vavbf
′
0 −

e2

~

∫
k

Ωabf0 Linear Ohmic + Hall

In system with TR symmetry:
∫
k

Ωabf0 = 0
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Linearized Boltzmann transport equation
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Drift mobility: µd
αβ =

−1

Vucnc

∑
n

∫
d3k

ΩBZ
vαnk∂Eβfnk

∂Eβfnk =evβnk
∂f0

nk

∂εnk
τnk +

2πτnk
~

∑
mν

∫
d3q

ΩBZ
|gmnν(k,q)|2

×
[
(nqν + 1− f0

nk)δ(εnk − εmk+q + ~ωqν)

+ (nqν + f0
nk)δ(εnk − εmk+q − ~ωqν)

]
∂Eβfmk+q

where

τ−1
nk ≡

2π

~
∑
mν

∫
d3q

ΩBZ
|gmnν(k,q)|2

[
(nqν + 1− f0

mk+q)

× δ(εnk − εmk+q − ~ωqν) + (nqν + f0
mk+q)δ(εnk − εmk+q + ~ωqν)

]

iterative bte = .true.



Linearized Boltzmann transport equation
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µd
αβ =

−1

Vucnc

∑
n

∫
d3k

ΩBZ
vαnk∂Eβfnk

∂Eβfnk =evβnk
∂f0

nk

∂εnk
τnk

Self-energy relaxation time
approximation (SERTA)

Drift mobility



Linearized Boltzmann transport equation
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F. Macheda and N. Bonini, Phys. Rev. B 98, 201201R (2018)
SP et al., Rep. Prog. Phys. 83, 036501 (2020)

SP et al., Phys. Rev. Research 3, 043022 (2021)

µHall
αβ (B̂) =

∑
γ

µdrift
αγ rγβ(B̂)

rαβ(B̂)≡ lim
B→0

∑
δε

[ µdrift
αδ ]−1µδε(B)[ µdrift

εβ ]−1

|B|

µαβ(Bγ) =
−1

Sucnc

∑
n

∫
d3k

SBZ
vnkα

[
∂Eβfnk(Bγ)−∂Eβfnk

]
µdrift
αβ =

−1

Sucnc

∑
n

∫
d3k

SBZ
vnkα ∂Eβfnk

→ We need the out-of-equilibrium carrier population



Linearized Boltzmann transport equation
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F. Macheda and N. Bonini, Phys. Rev. B 98, 201201R (2018)
SP et al., Rep. Prog. Phys. 83, 036501 (2020)

SP et al., Phys. Rev. Research 3, 043022 (2021)

[
1− e

~
τnk(vnk ×B) · ∇k

]
∂Eβfnk(B) = evnkβ

∂f0
nk

∂εnk
τnk

+
2π τnk

~
∑
mν

∫
d3q

SBZ
|gmnν(k,q)|2

[
(nqν + 1− f0

nk)δ(εnk − εmk+q + ~ωqν)

+ (nqν + f0
nk)δ(εnk − εmk+q − ~ωqν)

]
∂Eβfmk+q(B),

where the scattering rate is

τ−1
nk ≡

2π

~
∑
mν

∫
d3q

ΩBZ
|gmnν(k,q)|2

[
(nqν + 1− f0

mk+q)

× δ(εnk − εmk+q − ~ωqν) + (nqν + f0
mk+q)δ(εnk − εmk+q + ~ωqν)

]

bfieldz = 1.0d-10



Electron-phonon Wannier (EPW)

EPW relies on MLWF to interpolate electron-phonon matrix elements.
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SP et al., Comput. Phys. Commun. 209, 116 (2016)



Electron-phonon Wannier (EPW)

EPW relies on MLWF to interpolate electron-phonon matrix elements.
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SP et al., Comput. Phys. Commun. 209, 116 (2016)



Dynamical quadrupoles: Si
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C. Verdi and F. Giustino, Phys. Rev. Lett. 119, 176401 (2015)
G. Brunin et al., Phys. Rev. Lett. 125, 136601 (2020)

gmnν(k,q) =gSmnν(k,q) + gLmnν(k,q)

gLmnν(k,q) =gL,Dmnν(k,q) + gL,Qmnν(k,q) + gL,Omnν(k,q) + · · ·

gLmnν(k,q) =
∑
κα

[
~

2NMκων(q)

] 1
2 4πe2e−

|q|2

4Λ2

Ω
∑

δδ′ qδε
∞
δδ′qδ′

× e−iq·τκ
[∑

β

iqβZκαβ +
∑
γ

qβqγ
2

Qκαβγ

]
eκαν(q)

〈Ψmk+q| eiq·r[1 + iqαv
Hxc,Eα(r)] |Ψnk〉 .

lpolar = .true.

If quadrupole.fmt file is present in the directory



Dynamical quadrupoles: Si
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G. Brunin et al., PRL 125, 136601 (2020)
V. A. Jhalani et al., PRL 125, 136602 (2020)

|g
=
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=
1

,n
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1
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How to converge transport calculations + tips

Treat electron and hole separately
Choose the smallest fsthick window as possible

− eE · 1

~
∂fnk
∂k

=
2π

~
∑
m,ν

∫
d3q

ΩBZ
|gmnν(k,q)|2

×
[
fnk(1− fmk+q)δ(εnk − εmk+q + ~ωqν)nqν

+ fnk(1− fmk+q)δ(εnk − εmk+q − ~ωqν)(nqν+1)

− (1− fnk)fmk+qδ(εmk+q − εnk + ~ωqν)nqν

− (1− fnk)fmk+qδ(εmk+q − εnk − ~ωqν)(nqν+1)
]
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etf mem = 3

mp mesh k = .true.



How to converge transport calculations + tips

Choose a small enough B-field (bfieldz = 1.0d-10) for Hall factor
vme = ’dipole’ should be more stable than vme = ’wannier’

Use degaussw = 0.0 for adaptive broadening
Use the same k-point and q-point coarse grid (more efficient)
Converge coarse k/q grids.
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How to converge transport calculations + tips

Converge fine k/q grids and Hall factor (extrapolate).

0.8

1.0

1.2

e
le

ct
ro

n
 H

a
ll 

fa
ct

o
r

1500

1600

1700

1800

1900

0.7

0.8

0.9

1.0

1.1

1.2

1.3

1.4

1300

1400

1500

1600

6 k

10 k

14 k

18 k

0.7

0.8

0.9

1.0

1.1

1.2

1.3

1600

1800

2000

2200

2400

0.8

0.9

1.0

1.1

1.2

1.3

1.4

400

500

600

700

0.4

0.6

0.8

1.0

1.2

1.4

1.6

200

300

400

0.8

0.9

1.0

1.1

400

600

800

1000

1200

0.9

1.0

1.1

1.2

1.3

1.4

1.5

300

400

500

600

0.8

0.9

1.0

1.1

1.2

1.3

1.4

1.5

200

300

400

0.9

1.0

1.1

1.2

1.3

1.4

1.5

30

40

50

60

0.5

0.7

0.9

0.6

1.1

h
o
le

 H
a
ll 

fa
ct

o
r

2000

2200

2400

2600

0.2

0.4

0.6

0.8

1.0

550

600

650

700

0.4

0.8

1.2

1.6

2.0

2.4

300

400

500

600

0.3

0.5

0.7

150

160

170

180

0.4

0.6

0.8

1.0

90

95

100

105

1
60

1
80

1
100

1
150

1
300

1
800

1/q = 1/k fine grids 

0.4

0.6

0.8

1.0

1.2

1.4

1
120

1
200

1
400

200

250

300

1
60

1
80

1
100

1
150

1
300

1
800

1/q = 1/k fine grids 

0.4

0.6

0.8

1.0

1.2

1
120

1
200

1
400

150

200

250

300

350

1
60

1
80

1
100

1
150

1
300

1
800

1/q = 1/k fine grids 

0.9

1.1

1.3

1.5

1.7

1.9

1
120

1
200

1
400

150

200

250

1
60

1
80

1
100

1
150

1
300

1
800

1/q = 1/k fine grids 

0.9

1.1

1.3

1.5

1.7

1.9

2.1

1
120

1
200

1
400

450

500

550

600

1
60

1
80

1
100

1
150

1
300

1
800

1/q = 1/k fine grids 

0.7

0.8

0.9

1.0

1.1

1
120

1
200

1
400

2

3

4

5

6

0.8

0.9

1.0

1.1

1.2

1.3

1.4

e
le

ct
ro

n
 m

o
b
ili

ty
 (

cm
2
/V

s)
e
le

ct
ro

n
 m

o
b
ili

ty
 (

cm
2
/V

s)
h
o
le

 m
o
b
ili

ty
 (

cm
2
/V

s)
h
o
le

 m
o
b
ili

ty
 (

cm
2
/V

s)

8 k

12 k

h
o
le

 H
a
ll 

fa
ct

o
r

e
le

ct
ro

n
 H

a
ll 

fa
ct

o
r

16 k

r SERTA

r BTE
SERTA

BTE

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

AlPDiamond Silicon 3C-SiCGaAs

(k) (l) (o)(m)

(p)

(n)

(q) (s)(r) (t)

AlAs AlSb SrOGaP c-BN

www.samuelponce.com electron-phonon May 20, 2022 11 / 18



Results

Some results of drift and Hall mobility on 10 simple bulk semiconductors

Do we reproduce experimental mobility ?
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The Hall factor is not 1 !
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Experimental comparison
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Spectral decomposition: dominant scattering
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Conclusions

General framework for drift and Hall mobility based on the BTE

Quantified the role of various approximations

Local velocity approximation
Neglect of quadrupoles
SOC for hole
Self energy relaxation time approximation

Hall factor is temperature dependent and between 0.7 to 2.0 at RT
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Temperature dependence mobility
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Drude overestimates BTE mobility
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Dominant scattering mode
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Strongest approximations
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• Local velocity approximation
• Neglect of quadrupoles
• SOC for hole mobility
• Self energy relaxation time approximation
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