UNIVERSITE CATHOLIQUE DE
LOUVAIN

Ecole Polytechnique de Louvain
Institut de la Matiere Condensée et des

_ Nanosciences
Université

catholique
de Louvain

Charge Transfer Processes in Atomic Collisions
from First Principles

Dissertation présentée en vue de 'obtention du grade de
Docteur en Sciences de 1'Ingénieur
par
Guillermo Avendano-Franco

Membres du jury :

Prof. Xavier Gonze, promoteur
Prof. Pierre Defrance, président
Prof. Arnaud Delcorte

Prof. Miguel Marques

Prof. Bernard Piraux

Prof. Matthieu Verstraete

Aoit 2013






Dedicatoria:

A mi madre Martha Lucia

A mi padre Angel Guillermo

A mi hermano Marcelo

A minha esposa Viviane

A minha enteada Aline

A mi hijo Théo

Por la fortuna de tener una familia
a la cual dedicar una tesis.






Contents

1 Introduction 9
2 Motivation and Context 13
2.1 Imtroduction. . . . . . .. ... L L Lo 13
2.2 Applications . . . . . . ... 14
2.2.1 Secondary Ion Mass Spectrometry . . . ... ... ... 15

2.2.2 Ion Beam Therapy . . . .. .. .. ... ... ... ... 18

2.2.3  Astrochemistry . . . .. .. ... L L oL 19

2.2.4  Materials for Fusion and Generation IV Fission Reactors 22

2.3 Conclusions . . . . . . . . . e 24

3 Theoretical Background 25
3.1 Imtroduction . . . . . . . .. ... Lo e 25
3.2 Electronic Structure . . . . . .. ... .. 26
3.2.1 Hartree Approximation . . . . .. ... ... ... ... 27

3.2.2 Hartree-Fock Approximation . . . ... ... ... ... 28

3.2.3  Ground-State Density Functional Theory . .. ... .. 29

3.2.4  Hohenberg-Kohn Theorems . . . . .. ... ... .... 29

3.2.5 Kohn-Sham Scheme . . . ... ... ... ... ..... 32

3.2.6  Exchange-Correlation Functional . . . . .. .. ... .. 33

3.2.7 Norm-conserving Pseudopotentials . . . . . ... .. .. 34

3.3 Quantum Chemistry Methods (post-HF) . . . . ... ... ... 36
3.3.1 Configuration Interaction and Beyond . . . .. ... .. 36

3.3.2  Multiconfiguration Self-Consistent Field Method . . .. 39

3.4 Atomic Physics Concepts . . . . .. ... ... L. 39
3.4.1 Cross Sections . . . . . . ..o 40

3.4.2 Eikonal Approximation . .. ... ... ... ...... 42

3.5 Movement of Nuclei . . .. ... ... ... ... ....... 44
3.5.1 Classical Molecular Dynamics . . . . . . ... ... ... 44

5



3.5.2  Born-Oppenheimer Molecular Dynamics . . . . . .. ..
3.5.3 Ehrenfest Molecular Dynamics . . . ... ... ... ..
3.5.4 Car-Parrinello Molecular Dynamics . . . . . .. ... ..
3.6 Potential energy surfaces and surface hopping . . . . . .. ...
3.7 Time-Dependent Density Functional Theory . . . . . . . .. ..
3.7.1 Exchange-Correlation Potentials in TDDFT . . . . . ..
3.7.2  Propagation of KS-states . . .. ... .. ... .....
3.8 Conclusions . . . . . . . . ...

Atomic Charges and Charge-Exchange Ionization

4.1 Introduction . . . . . . .. ... ..

4.2 Atomic Charges . . . . . . . ... L
421 Mulliken . . . . ... oo
4.2.2 Bader Analysis . . . . .. .. .. ... ... .. ...
4.2.3 Hirshfeld Analysis . . . .. .. ... .. .
4.2.4 Voronoi Charge Analysis. . . . . ... ... ... . ...
4.2.5 Spatial Charge Analysis . . . . .. ... ... ... ...

4.3 Conclusions . . . . . . . . ..

First Applications

5.1 Introduction . . . . . . . . .. .. ... ...
5.2 Proton Impacting Helium . . . . . ... ... ... ... ....
5.3 Gold-Butane Collision . . . . . .. . ... .. ... .. .....
54 Conclusions . . . . . . . . . e e

Initial Conditions and the Velocity Phase Factor

6.1 Introduction . . . . . . .. ... ...
6.2 Velocity Phase Factor . . . . ... ... ... ... ... ...
6.3 Ome Moving Particle . . . . ... ... .. ... .. ..
6.4 Velocity Phase for non-Local Potentials . . . ... ... .. ..
6.5 Several Moving Particles . . . . . .. .. ... ... ... ...
6.6 Conclusions . . . . . . . . ...

Impact of Li"2 MeV on Cgg

7.1 Introduction . . . . . . . . . ... ..
7.2 Litat 2 MeV in Collision with a Single Carbon Atom . . . . .
7.3 Litat 2 MeV in Collision with Cgg . . . . . . . . . . . .. ...
7.4 Results and Discussion . . . . . . .. ... ... . ..
7.5 Independent Charge Transfer Model . . . . . ... .. .. ...
7.6 Conclusions . . . . . . . . . . e

Summary, Conclusions and Perspectives
8.1 Work in Progress . . . . . . . . . ... L
8.2 Perspectives . . . . . ... e

Appendices

A Implementation of Velocity Phase Factor in Octopus

59
99
61
61
62
63
64
64
66

67
67
67
74
78

101
102
104
106
108
110
113

115
116
117

119

121



Bibliography
Aknowledgments
Curriculum Vitae

Publications

133

135

139

141






Introduction

Wer Wissenschaft und Kunst besitzt,
Hat auch Religion;

Wer jene beiden nicht besitzt,

Der habe Religion.

He who has Science and has Art,
Religion, too, has he;

Who has not Science, has not Art,
Let him religious be!

Johann Wolfgang von Goethe
Zahmen Xenien IX (Gedichte aus
dem Nachlass).

Historically, the subject of collisions at atomic and subatomic levels devel-
oped as the backbone of Physics during the XXth century. The Rutherford
model came out from experiments with « particles in collision with thin films
of gold. All the theory of nuclei is the result of decades of experiments with
particles impacting nucleus and observe how those nuclei decay. Cosmic rays,
the higher energetic particles ever observed in nature, are detected due to the
secondary cascades produced when they collision with the atoms in our at-
mosphere. Those particles, with energies between 10° eV to 10%° eV, are in
most cases, higher in energy than anything that humans can produce today in
particle accelerators. The research in physics is undoubtedly attached to the
physics of collisions.

The XXth century was the century of quantum mechanics. Quantum me-
chanics was the language developed to formalize the understanding of a world
with rules so particular that books are still written today trying to popularize
the subject for the layman. During the first 30 years of the XXth century, hu-
manity finally reached an effective understanding of the basic laws that govern
our world at the atomic scale. The rest of the century is the bridge between
those fundamental laws and the complex interplay of those laws, fields and
particles to build up the macroscopic world at human scale.

At the atomic level, the pioneers in quantum mechanics discovered early the

9



10 Chapter 1. Introduction

central role played by electrons in the understanding of the microworld. Elec-
tronic structure is the key element to understand the behaviour of molecules
and materials. Electrons are responsible for keeping nuclei together; they are
responsible for declaring which molecules could be formed, why atoms crystal-
lize in a certain way and not in another. Electronic structure of matter is of
fundamental importance to understand the behaviour of the world not only at
the atomic level but also in our scale.

When quantum mechanics search for description of systems in equilibrium,
systems that do not change in time, it relies on the time-independent Schro-
dinger equation

EV =HU. (1.1)

Words like static, equilibrium, ground state comes to mind when such equa-
tion or derivations of such equation are used. For systems changing, out of equi-
librium, quantum mechanics relies on the time-dependent Schrédinger equation

L0 -
zhat\ll = HU. (1.2)

For systems in equilibrium or close to it, the time-independent Schrédinger
equation is the way of choice. The equation is presented as the problem of find-
ing the eigenvalues of the operator H. This kind of problems are typically solved
using the techniques developed in linear algebra and by using self-consistent
approaches.

Equilibrium is the exception rather than the rule in Nature. Quantum
non-equilibrium phenomena have been growing in importance but their theo-
retical understanding is still at a very early stage. From the statistical point of
view, we can distinguish two domains for systems out of equilibrium: Out of
equilibrium dissipative quantum systems and the process of thermalisation of
isolated quantum systems, evolving with unitary dynamics after an abrupt or
slow change in a parameter. For the latter, the theoretical approach is usually
determined by the strength of the perturbation. When deviation of equilib-
rium is small, the solution for the system can still be found by using response
functions. However, for a strong external potential, such approach fails and
non-linear effects are important. One way to account for non-linear effects is
the explicit propagation of the time-dependent Schrodinger equation. The state
of the system needs to be propagated in real time. This involves a different sort
of tools compared with those used for solving the time-independent problem.

The kind of problems that requires the solution of a time-dependent Schro-
dinger equation are wide in scope. They include problems involving time-de-
pendent electromagnetic fields, for example, intense and pulsed laser sources or
intense magnetic pulses. Even without the presence of external fields, there
are a whole set of phenomena that could be treated by a full solution of the
time-dependent Schrédinger equation. Problems like atomic and molecular
collisions, stopping or implantation of atoms in surfaces. In some cases, the
intensity of those event prevents us of treat them using adiabatic procedures.
The complete numerical solution of the time-dependent Schrédinger equation
is the way to go.
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For many years now, problems involving the movement of ions has been
the domain of several branches of science. From one side, classical molecular
dynamics, where effective force fields are used to determined the path that
atoms follow when they interact with each other. In this case, all the complexity
of the electronic structure remains hidden in phenomenological potentials. The
other side is atomic physics where atomic collisions are an area by itself. In
this case, the collisions are usually fast, not many atoms are involved and the
electronic states of the atoms involved are very precisely described.

More recently, molecular dynamics was enriched when the description of
electrons was included into the ionic movement. Those are the so-called ab-
initio molecular dynamics methods. The electrons are described using quan-
tum mechanical methods, such as Hartree-Fock or Density Functional Theory
(DFT). The ions follow classical trajectories dictated by the forces computed
by those electronic structure methods.

Among the methods in ab-initio molecular dynamics, only a subset is able
to describe electronic excitations or charge transfer. This thesis will focus on
one method in particular: time-dependent density functional theory (TDDFT).

Although classical molecular dynamics is able of modelling millions of par-
ticles, the entire electronic structure is missing and will never account for pro-
cesses such as ionization or electronic scattering. In the other side of spectrum,
there are methods such as those used in atomic physics, that describe correctly
and accurately the electronic dynamics. Those methods, even if highly accu-
rate are not able to overcome the exponential barrier that represents solving
the time-dependent Schrodinger equation for many interacting electrons. In
general, their scope remains limited to a very few atoms with no many elec-
trons.

The goal of the thesis is to study the dynamics of electrons during atomic
collisions using time-dependent density functional theory. New tools and tech-
niques need to be developed in order to be able to understand those processes.
Across the different chapters, the different tools will be presented as well as
their applicability and limitations. Some applications will be presented on
selected cases of interest.

The structure of this work is as follows: The first chapter will describe
the fields of application that could be enriched by first principles studies in
atomic collisions. The second chapter deals with the methods used in the
determination of electronic structure of atomic systems, the dynamics of the
atoms and the propagation of electrons coupled with the movement of those
atoms. This chapter is intended to explore, not only the method used in this
work but also its alternatives, presenting its advantages and limitations. The
third chapter is dedicated to develop the tools that allow to extract useful
information from the simulations. Special attention is put into explaining the
different approaches to solve the problem of associating charges to atoms in
dynamical circumstances like those that this work is focused into. One chapter
is dedicated to show how for relatively simple atomic collisions, TDDFT is able
to compute the single capture cross section with reasonable agreement with
experiments. The fifth chapter describes the proper initialization of projectiles
when some electronic state is attached to them. The concept of velocity phase
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factor is introduced in this chapter. The following chapters are focused on
specific applications. For the second application, the collision between a LiTion
and a Cgg molecule is studied. The last chapter presents the final conclusions,
works in progress and perspectives for future exploration.

The different examples are chosen to cover a wide range of physical con-
ditions. The simple cases with monoatomic projectile and target, are simple
enough to compare with experiments and higher levels of theory. Such is the
case with the proton - He collision and the carbon - Li in the sixth chapter.
More challenging is the problem with molecular targets, not only because the
configuration space is larger, there are more electrons involved and the avail-
ability of accurate experiments is more limited. Such is the case of the Lit-
Cgo collision and the collision between Au and Butane presented in the chapter
four. Finally we explore the interesting case of a collision between an atom
of Helium and a piece of graphene with the purpose of including the case of
collision with extended systems.

The specific goals of this work include the use of TDDFT to provide accu-
rate values for of charge exchange and ionization probabilities in atom-atom,
atom-molecule and atom-surface collisions. For atom-atom collisions, the typ-
ical measure is the capture, excitation or ionization cross sections. Impacting
molecules and clusters increase the configuration space significantly, for that
reason in this thesis only highly symmetric molecules are used as a target.
They reduce the configuration space and allow for a direct comparison with ex-
perimental results to be still feasible. The ultimate goal is to compute charge
transfer processes with large targets, far beyond the state of the art methods
used until now. For most of simulations with large targets, the results are more
qualitative than quantitative and they serve as a proof of concept for future
exploration in the area.



Motivation and Context

The universe is not required to be in
perfect harmony with human
ambition.

Carl Sagan

2.1 Introduction

The movement of atoms is a natural phenomena at the micro-scale level. Even
if artificially frozen close to the physical zero temperature, atoms are always
moving '. In general, atoms move at very high speeds compared with the
human experience. Take for example a carbon atom with a kinetic energy of
1 eV, a very typical energy for atomic systems, this atom is moving at 14436
km /hour. This speed is faster than any human machine ? and faster than the
speed of sound of around 1200 km/hour.

Since the Rutherford’s experiments [Rutherford, 1911], it has become clear
that most of the mass of an atom is concentrated in the nucleus. The electrons
are light entities with a large difference in mass respect to the nucleus. This
fact is a key element in all the methodologies that have been developed until
now to describe the movement of atoms in matter.

The combined effect of the central nucleus and the surrounding electrons can
be integrated to create an averaged potential that could be used to simulate the
dynamics of an ensemble of atoms [Allen and Tildesley, 1989; van Gunsteren
and Berendsen, 1990]. That is, indeed, the basis of one of the methods to
simulate atoms in movement called classical molecular dynamics (CMD). CMD
has been very successful to describe the dynamics of large ensembles of atoms
and is still used today.

1Zero-point motion
2Except for space probes, like: New Horizons (57,600 km/h) Voyager 1 (59,760 km/h) or
Helios 2 (252,792 km/h)

13
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The nucleus is very heavy compared with the electrons, and the energies of
nuclear photo excitation (typically MeV) are approximately six orders of mag-
nitude higher than energies of electronic photo-excitation (typically a few eV).
Those facts allow for methods that consider the nuclei as a point-like classical
particle and allow to disentangle the role of nuclear and electronics positions.
For the electrons, the natural theory is quantum mechanics. Methods to model
the movement of atoms and describing the quantum nature of electrons are
called ab-initio molecular dynamics (AIMD) [Kresse and Hafner, 1993; Marx
and Hutter, 2000, 2009].

In the perspective of dynamical processes, those methods were developed
historically from three sides. From one side are atomic physicists describing
as accurately as possible the evolution of the wavefunction of electrons that
interact with other atoms during atomic collisions. In experimental atomic
physics, they are able to compute not only the final charge of the particle but
also its state, the kinetic energies of the projectiles can be finely controlled and
also the angle of scattering can be measured. From the theoretical point of view,
the methods evolved to describe highly accurately the electronic structure.
However, in practice, those methods become limited in the amount of electrons
that can be present in the system under study. There are also studies with
small molecules, but the expectations with larger systems are severely limited
with our present computational capabilities.

From another side, chemistry developed methods to describe the move-
ment of atoms during molecular reactions. Those are called quantum chem-
istry methods [Levine, 2000; Jensen, 2007] and specialize in the description of
electrons attached to the nuclei. Compared with atomic physics the range of
energies is in general lower, also the kinetic energy of the interacting entities
has only statistical meaning. The focus in most cases is to determine reac-
tion paths of chemical interest. For theoreticians, it becomes natural, in those
cases, to expand the wavefunction in atom-centered basis sets. In many cases,
only the valence electrons are active in the processes and pseudopotentials were
developed to reduce the computational overload with larger molecules.

From a third side, solid-state physics developed alternatives to the explicit
description of the electronic wavefunction. Instead of wavefunctions the main
object of description is the electronic density [Martin, 2004]. Electrons are
usually more delocalized in crystals and the electronic density has the practical
advantage of being a real scalar field (in the mathematical sense). By contrast,
the wavefunction has values in the complex domain and its structure is far more
complex. The better known method belonging to this side is called Density
Functional Theory (DFT).

Now, a selection of applications will be presented. The common denomina-
tor of all those applications is that collisions of atoms are important and the
electronic structure description must be taken into account.

2.2 Applications

Lets us present four different areas of applied science and technology where
the study of atoms in collision has a practical interest. First, secondary ion
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mass spectrometry (SIMS), one of the most precise techniques to inquire the
composition of a given surface. Second, biomedical sciences, where ion beam
therapy has been developed as a promising alternative to radiotherapy in the
treatment of certain kinds of cancer. This technique is aimed to replace the high
energetic photons by accelerated atoms. The third area is in astrochemistry, our
quest to understand the origins of life in the cosmos is deeply connected with
the knowledge of the interstellar chemistry. In outer space atomic collisions
are as important as interaction with light. Finally, we describe a domain of
application where science is deeply connected with economics, geopolitics and
general human welfare: the energetic challenge. Two promising alternatives
for energy generation are being explored for medium and long term: Fourth
generation nuclear fission reactors and nuclear fusion reactors. In both cases,
atomic collisions has an important role, not only because the actual operation
of those systems involves atoms at important speeds but also because atomic
collision processes can be used to probe the state of those systems that typically
work at very high temperatures.

With this wide landscape, I expect to convince the reader that the area of
atomic collisions has a role to play in the development of future technologies
and a better understanding of our origin and place in the cosmos.

2.2.1 Secondary Ion Mass Spectrometry

Secondary ion mass spectrometry (SIMS) is an experimental technique devel-
oped to analyze the composition of surfaces and thin films. The principle of
operation is based on the idea that impacting with atoms or photons on a
surface will eventually release some atoms or molecules from the surface that
could be analysed by a mass spectrometer, and yield their composition [Gross,
2011].

SIMS is considered the most sensitive surface analysis tool and is able to
detect the presence of elements in a surface from parts per million to parts per
billion.

A SIMS instrument is composed of the following elements:

e A source of atoms (Ar, C, Cs, Ga, Au, Bi), molecules (Cgp), clusters
(Auygo) or photons (Laser). In the case of massive projectiles, those are
typically ionized in order to be accelerated and impact on the sample.

e A target sample, such as a surface or a thin film. The sample must be
solid and stable in vacuum conditions. *

e A system to transfer, redirect and collect the secondary ions. It is used to
extract the secondary ions out of the collision chamber toward the mass
analyzer.

3Liquid secondary ion mass spectrometry (LSIMS) is also an alternative. In such case,
sample compounds are dissolved in a liquid matrix such as glycerin then spread on a metallic
target plate. The plate is then bombarded by primary ions (ArT, Xet, CsT) accelerated to
2 ~ 30 kV and with a current density of 2 ~ 3nA/cm? or less.
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Figure 2.1: Simplified scheme of a SIMS device.

e A mass analyzer. It is used to differentiate the ionized secondary frag-
ments emitted by the collisions. For example a Time-of-flight detector
can be used to measure the mass-to-charge ratio of the fragments.

e An ion detection system to integrate the measures and provide the mag-
nitude of the secondary ion signal.

A simplified scheme of a SIMS equipment can be observed on figure 2.1. The
important point to stress here is that the particles ejected from the material
must be ionized in order to be observed by the mass spectrometer. One of the
methods used to obtain information about the composition of a surface is called
Time-of-flight mass spectrometry (TOFMS). The concept behind TOFMS was
called originally “Velocitron” by Cameron and Eggers in 1948 [Cameron and
D. F. Eggers, 1948]. The idea is to measure the mass-to-charge ratio of an
atom, molecule or cluster by measuring the time it takes this particle to travel
a known path in space. The potential energy of a charge particle in the presence
of an electric field is

B, = qU, (2.1)

where U is the potential difference, and ¢ is the charge of the particle. If
this potential energy is used to accelerate a particle until it reaches a certain
velocity:
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77’L'U2

qU = 5 (2.2)

the flight time can be expressed by computing the velocity of a particle that
travels a distance d in a time ¢t as v = d/t and solving for ¢

d m
t= \/ﬁ\/; (2.3)

As soon as the different parameters d and U are known, particles with dif-
ferent mass-to-charge ratios can be separated by their time of arrival to the
detector. The next step is to infer the mass by applying empirical assump-
tions on the charge state of the secondary ions. Otherwise, a single charge
monoatomic ion will be indistinguishable from a double ionized dimer.

As soon as the fragment can be ionized, all the stable elements in the
periodic table can be detected. As a SIMS system is designed to measure the
charge to mass ratio with extreme precision, it is able to discriminate isotopic
species to a precision between 0.5% to 0.05% [Gross, 2011]. Bi-dimensional
reconstruction of a surface can be produced and even 3D imaging reconstruction
by successive ablation of layers in the sample [Lamberti, 2005].

However, SIMS has some challenges, in particular the analysis of the yield
material is particularly elaborate as it collects not only single atoms but also
molecular fragments and clusters. The sputtering processes is not entirely
understood. In some cases, to obtain quantitative results, empirical models are
used to correct the findings from the machine. The sensitivity of a measure
in SIMS depends on an effective release of ionized material. The amount of
ionized material is a function of the kind of projectile, its kinetic energy, the
properties of the unknown surface and eventually the preparation of the sample.
Finally the sample must be compatible with high vacuum environment limiting
its applicability.

Many studies have been performed to solve the limitations of SIMS. One
of them is the sensitivity of the measure or limit of detection(LOD)[Gross,
2011]. Studies have shown that the amount of material ejected as ions can
be enhanced if a metallic deposition occurs on top of the target sample. This
procedure is called metal-assisted secondary ion mass spectrometry (MetA-
SIMS) [Delcorte et al., 2003] and has been object of research in the last years
[Delcorte et al., 2007; Restrepo et al., 2010; Restrepo and Delcorte, 2011] The
theoretical approaches until now have included classical molecular dynamics
[Solomko et al., 2004; Restrepo et al., 2010; Restrepo and Delcorte, 2011] and
using ground-state density functional theory to compute the ionization and
fragmentation potentials [Solomko et al., 20006]

A study of the time evolution of the electronic structure during a collisional
process can improve the knowledge of this phenomena and eventually help
improving the ionization in SIMS. In general, there are no general methods
to predict the spectra of ionization; those ionization processes involve a large
number of atoms in a wide range of energetic scales. The ultimate goal could
be to be able to simulate the electronic dynamics of atomic impacts on surfaces.
Compared with classical molecular dynamics it is unlikely that such simulations
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can be done in the near future. However, in the long term it is more likely that
such efforts can be achieved with methodologies such as TDDFT instead of
wavefunction based methods.

2.2.2 JTon Beam Therapy

Tonizing radiation has been used for more than 100 years to treat cancerous
tumours [Schwab, 2012; Slater, 2012]. This form of treatment works by de-
stroying the ability of cancerous cells to reproduce, by damaging their DNA
[Buffa, 2009]. In general, the DNA has several mechanisms of self correction,
the double strand allows the cell to repair one of the strands from the undam-
aged one. Even a double strand break can be repaired with a low but non-zero
probability of fidelity. However, if the damage is more intense, large sections
of the DNA become destroyed, making the repair mechanisms less and less
reliable. The DNA in general is a very robust system for storing information.
However, when the cell is under heavy ionizing radiation, the functional capac-
ities of the DNA could be damaged to a level that the replication of the cell
is not longer possible. The damage is not only caused by the primary ionizing
beam, but also by secondary ions and radicals emitted by the interaction of
ionizing radiation with the biological molecules. As the body is composed of an
important amount of water, the formation of hydroxyl radicals is one common
source of secondary DNA damage.

The radiotherapy is in general non selective; it damages normal cells as
much as the cancerous ones. For that reason, the usual procedure is having
several beams acting on the same location inside the body but entering from
different angles in order to concentrate the energy on the specific region where
the tumour is located.

For therapy with ionizing radiation, the most common kind of beam used
is electromagnetic radiation, typically x-rays. The problem with such kind of
radiation is that an important amount of energy is deposited on healthy tissue,
creating free radicals that damage cancerous cells as much as normal ones. The
amount of energy deposited by different sources of ionizing radiation is shown
on figure 2.2. As seen, soft x-rays deposit most of their energy on the first
centimetres with an exponential decrease due to scattered Compton electrons.
High energy photons have also a very wide profile crossing completely the body
and depositing the energy all along the way.

As an alternative, instead of photons, the ionizing beam can be replaced
by protons or heavier ions [Yajnik, 2013]. This kind of therapy is called Ion
Beam Therapy (IBT) [Slater, 2012] or Hadronic Beam Therapy (HBT) and it
is a promising alternative for certain kinds of cancerous tumours. The major
advantage of IBT is that the zone of ionization can be better targeted. That
is due to the fact that hadronic projectiles have a big peak of energy release
at a specific distance known as a Bragg Peak [Kraft, 2000; Currell, 2003]. The
main sources for hadronic beam therapy are protons, carbon and neon atoms
[Schardt et al., 2010].

In general, protons and heavier ions shown an increased depth-dose distribu-
tion compared with x-rays or other highly energetic photons. The mechanism
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of ionization is rather different for massive particles compared with photons.
They enter into the tissue with high speed, interact with the electrons with
a small cross section and quasi-elastic scattering, releasing only a fraction of
energy. With increasing depth, they start to release an increasing amount of
energy. Finally, for a specific depth they release a maximum, the Bragg maxi-
mum and suddenly the flux of particles is sharply cut.

The first to measure the profile of penetration of hadrons in a medium was
Sir William Henri Bragg. [Bragg and Kleeman, 1905] Forty years later, R.
Wilson realized the possibilities that the Bragg-peak could offer for radiation
therapy. His original paper deals with protons, but also discusses possibilities
with heavier projectiles like alpha particles and carbon ions [Wilson, 1946].
Ten years later, the first patient was treated with protons at the Lawrence
Berkeley National Laboratory in 1954. Studies with heavier ions took place in
the following decade, Helium in 1957 and Argon in 1975.

The advantage of heavier atoms is that in general the heavier the particle
the sharper the Bragg-peak is and better localization of the energy release can
be achieved. Another advantage is a lower lateral scattering also contributing
to a more focused area of irradiation. However the use of inert gases as source
present also its limitations. A treatment with Neon is about 3.6 times more
expensive than with protons, a factor that limits its applicability worldwide.
With the years the evidence shows that the better compromise between effective
ionization and collateral damage was offered by Helium ions [Slater, 2012] and
carbon ions [Amaldi and Braccini, 2011]

With this brief survey about ion beam therapy, I expect to convince the
reader about the role of a proper understanding of charge dynamics of ions
impacting organic molecules. Charge transfer impact processes are directly or
indirectly responsible for DNA damage. Those studies would benefit from a
method that could deal with the electronic structure of larger molecules under
atomic impact. Recent studies have been done in the ionization processes due
to fast ion-atom collisions, see [Belki¢, 2010] for an updated review of theories.
In the case of ion-molecule collisions, the methods used until now are limited
in most cases to very precise descriptions of atomic collisions with diatomic
molecules [Rozsélyi et al., 2010, 2011; Rozsélyi et al., 2012].

2.2.3 Astrochemistry

The chemical processes taking place in interstellar medium (ISM) are particu-
larly different from those in a planet like earth. The density is low, typically 10°
molecules per ecm?. In some regions of ISM, matter is primarily ionized with
densities as low as 10~ ions per ecm?. The interstellar medium is composed of
particles in gas phase (99% of mass) and dust.

From the gases in the ISM, 89% of the atoms are hydrogen, 9% are helium
and the last 2% is represented dominantly by carbon, nitrogen and oxygen as
seen on Fig. 2.3. The abundance of elements in the solar system has been mea-
sured [Cameron, 1973; Anders and Ebihara, 1982; Lodders, 2003] by analysis
of C1 chondrites. Li, Be and B are rare because they are poorly synthesized
during Big Bang nucleosynthesis and poorly created by stars. As a general
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Figure 2.2: Depth-dose distribution for several forms of ionizing radiation
Figure taken from [Kraft, 2000]. For photons, most of the energy is released
superficially. For massive particles as shown here for a carbon beam, a sharp
peak is created.
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Figure 2.3: Estimated abundances of the chemical elements in the Solar sys-
tem. Image taken from wikipedia with data taken from [Lodders, 2003] .

rule atoms with even atomic number are more abundant than their closest
odd species because the nuclear spin shells are completed. Iron-56 is particu-
larly common, since it is the most stable element that can easily be made by
stars. Elements heavier than iron are made in endothermic processes in large
stars, and their abundance in the universe (and on Earth) follows in general a
decreasing tendency.

The temperatures of the ISM range from less than 300 K to 10® K produced
by a supernovae. The classical model to explain this range of temperatures was
proposed by Field, Goldsmith and Habing in 1969 [Field et al., 1969] with the
addition of a 10 K hot phase [McKee and Ostriker, 1977].

This combination of properties, low densities, low temperatures and atomic
abundances, produces a very different physics and chemistry compared with
planetary gases.

The study of the interstellar medium is relevant in astrophysics for basically
two reasons [Maciel et al., 2013]. First, the physical processes that lead to the
creation of new stars are directly related to the behaviour of the clouds of dust
and gas that condense to create them. Second, astrochemical processes taking
place in those interstellar gases could have an influence in the emergence of
organic molecules and ultimately the creation of life in planets. From a long
futuristic view, the presence of those atoms in the space between stars could be
the alternative solution to the “cargo dilemma” of interstellar travel, ie, most
of the fuel needed to move an interstellar spacecraft is spent moving the fuel.

Focusing on the interstellar chemistry, it is important to stress here that
space gases and dust are composed by a very limited variety of atoms: H, He,
C, N and O. With He as an inert gas and H usually in molecular form, most of
the interstellar chemistry is dominated by the molecules that can be produced
from C, N and O [Winnewisser, 2011]. One typical molecule found in interstellar
space is carbon monoxide CO. This molecule is very stable to dissociation and
is so common that it is frequently used to trace the space for the presence
of molecular dust. Other molecules have been found, for example the radical
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OH [Wyrowski et al., 2010], water [Ziurys, 2006; Ossenkopf et al., 2010] and
even large molecules like anthracene CjgHyy [Iglesias-Groth et al., 2010] or
fullerenes [Foing and Ehrenfreund, 1994; Cami et al., 2010; Cami, 2012; Berne
et al., 2012; Garcfa-Herndndez et al., 2011] and possibly graphene fragments
[Garcfa-Herndndez et al., 2011]. In some cases molecules completely absent in
the natural chemistry of the earth are particularly abundant in the interstellar
space, such is the case of protonated molecular hydrogen H;‘ [Dalgarno, 2006].

The particular conditions of the space, very low temperature, low density
and processes taking place for long periods of time, opens challenges to re-
searchers following the chemical reactions that this environment provides. From
the physical point of view, one of the peculiarities of interstellar conditions is
that atomic collisions are as important as radiation as sources of dissociation
and ionization. In fact, molecules usually ionize due to interaction with cosmic
rays, creating ions that slowly attract nearby molecules in a process that spans
thousands of years.

Atomic collision processes in astrophysics has been studied for several decades
[Dalgarno, 1967]. More recently molecular collisions have been investigated us-
ing first-principles approaches [Stahl et al., 2001; Mada et al., 2007]. Recent
experiments with ions impacting polycyclic aromatic hydrocarbon (PAH) [Law-
icki et al., 2011] are waiting for a theoretical counterpart. For all of this, having
the possibility to simulate those processes could be a complementary tool to
the experiments that are done in laboratory.

2.2.4 Materials for Fusion and Generation IV Fission Re-
actors

Two promising alternatives for energy generation appear for the medium and
long term; Gen-IV fission reactors and fusion reactors.

First, Gen-IV reactors are conceived to improve nuclear safety, reduce pro-
liferation concerns, minimize nuclear waste or process the existing stocks of
such waste, maximize the fuel utilization and reduce the building and opera-
tional costs of such plants. Most of reactors in operation around the world are
generally considered second- or third-generation systems. Six technologies are
under development for Gen-IV nuclear reactors. Nominally thermal are Very-
high-temperature reactor (VHTR), Supercritical-water-cooled reactor (SCWR)
and Molten-salt reactor (MSR) Considered in the fast regime are: Gas-cooled
fast reactor (GFR), Sodium-cooled fast reactor (SFR) and Lead-cooled fast re-
actor (LFR) Those reactors works at more extreme conditions compared with
the commercially used pressurized water reactors (PWR).

Fusion reactors are a second alternative, they reproduce the conditions of
energy generation in stars. Fusion reactors are intended to produce a more
cleaner energy, reduce the lifetimes of the activated material and avoid the
problem of long life of actinides in fission reactors. Recently the Joint European
Torus (JET) succeeded to produced more power than the input power for a very
short time (0.5 s). The International Thermonuclear Experimental Reactor
(ITER) is under construction and it is designed to produced ten times more
power than the input put into the plasma. A production system is not expected
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Figure 2.4: Binding energy curve for common isotopes

in less than 40 years.

From the physical point of view, the connection between a fission reactor
and a fusion reactor is that the fission of a heavy nuclei or the fusion of a
very light nuclei are exotermic reactions. This means that they produce more
energy than the energy needed to induce the reaction. That can be understood
from the binding energy curve shown in 2.4. A typical fission of uranium 23U
will produce around 211 MeV of energy. A fusion reaction of deuterium and
tritium requires 3.5 MeV of input energy and releases 14.1 MeV, an exothermic
process that releases 10.6 MeV of thermal energy.

One of the big challenges in both Gen-IV and fusion reactors is on the ma-
terials required to build such reactors. In the case of fusion, the temperatures
are so high that the plasma needs to be confined magnetically. However, the
structure of the reactor is still under heavy stress due to fast atomic collisions.
For example the International Fusion Material Irradiation Facility (IFMIF),
planned to be completed around 2017, will test materials under heavy neutron
radiation. The high-energy neutrons will produce hydrogen and helium, in
various nuclear reactions, that tends to form bubbles at grain boundaries and
result in swelling, blistering or embrittlement of the materials used to confined
the reactor. That effect is also critical in some of the Gen-IV fission reactors.

The study of materials and surfaces under fast atomic impact could help
to design new materials that minimize those effects during the lifetime of the
reactor. Studies at IFMIF will concentrate on testing the long-term behavior of
materials under conditions similar to those expected at the inner wall of a fusion
reactor. Even if the main concern is on the effect of neutrons, atomic impacts
are also relevant when collisions on the surface induces atomic implantation
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changing the properties of the target material.

More recently, ion irradiation has emerge an important tool in the develop-
ment of materials for Gen IV reactor concepts [Was, 2007]. Some dynamical
effects have been understood thanks to the use of ion-irradiation experiments.
Among them we can mention, alloy stability under radiation and irradiation-
assisted stress corrosion cracking (IASCC) processes. Ion irradiation is not
meant to substitute neutron irradiation. Ions produce different initial recoil
spectra compare with neutrons. Being charged particles, ions have a much
larger cross sections for interaction with atoms. However, ion irradiation is
able to reproduce almost the same radiation induced segregation (RIS) as was
demonstrated for Cr in stainless steel [Was et al., 2002]. Another example is
heavy ion irradiation of a UMo-Al fuel clad couple. The experiment revealed
the formation of a single intermetallic compound, in agreement with neutron-
irradiation results [Palancher et al., 2009].

In the case of fusion reactors, the presence of Hydrogen and Helium in the
plasma edge is an important element to consider. The details of hydrogen dif-
fusion in the solid wall are a complex subject. For both metals and non-metals
the diffusing hydrogen and helium atoms can be trapped at lattice vacancies,
interstitials or other imperfections, modifying the structural properties of the
wall and limiting the lifetime of the entire structure. Another important effect
is sputtering, in particular physical sputtering. Sputtering is the removal of
atoms from the surface of a solid as a result of collisions with incident ions or
atoms. Those impurities make ignition more difficult to achieve when interact-
ing with the plasma. Among the atoms relevant in fusion reactor are beryllium,
carbon and tungsten. Determine sputtering yield and probabilities of ioniza-
tion are fundamental in the search for materials that reduce the sputtering
yield.

Another important point with fusion reactors is that the plasma is at such
high temperatures that no physical equipment can be used to probe the con-
ditions of the plasma. The use of fast Lithium atoms has been proposed to
measure the density of the plasma [Oliveira et al., 2004]. The interaction of
fast particles with the plasma helps to better understand the parameters that
govern the behavior of the plasma.

2.3 Conclusions

In this chapter were presented a selection of applications for atomic impacts
where the electronic structure plays a role. The key elements are the high
kinetic energy of the collisions, the fact that the target is composed of an
important number of atoms and that classical molecular dynamics is unable to
describe properly charge transfer processes.

In the next chapter will be presented the theoretical tools developed that
could be used to model such systems.
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Dicebat Bernardus Carnotensis nos
esse quasi nanos gigantium humeris
insidentes, ut possimus plura eis et
remotiora videre, non utique proprii
visus acumine, aut eminentia corporis,
sed quia in altum subvehimur et
extollimur magnitudine gigantea.

Bernard of Chartres used to say that
we are like dwarfs on the shoulders of
giants, so that we can see more than
they, and things at a greater distance,
not by virtue of any sharpness of
sight on our part, or any physical
distinction, but because we are carried
high and raised up by their giant size.

TIoannes Saresberiensis
Metalogicon

If T have seen further it is by standing
on the shoulders of Giants

Isaac Newton
Letter to Robert Hooke

3.1 Introduction

As was presented in the previous chapter, the electronic structure in charge
transfer processes is of prominent importance in several domains of applied
and fundamental science. However, solving the Schrédinger equation for a
system with many particles is a very challenging problem.

This chapter will present an overview of the different concepts normally used
to describe electronic structure. The focus is biased towards the examination
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of the evolution of electronic structure during atomic collisions. This thesis
is focused on a very specific level of theory for electronic structure (DFT).
However, this chapter will explore a broader set of concepts in higher and lower
levels of theory to get a better landscape of the field and a better understanding
of the advantages and limitations of the method of choice.

This chapter starts by describing the most emblematic methods to describe
a system of electrons, from independent particles to density functional the-
ory. After, some refined methods are presented that rely on orbital wave-
functions and used traditionally in quantum chemistry. In the next section,
we present some methods and concepts used predominantly in the domain of
atomic physics, where collisions and electronic structure are treated with out-
standing accuracy. Next, the attention is concentrated on the methods used to
describe the movement of atoms. Finally, time-dependent density functional
theory is presented in the context of time-dependent Hamiltonians due to the
movement of atoms.

3.2 Electronic Structure

In this section, we will focus the attention in the solution of the electronic
structure problem. We start considering the time-independent problem. The
time-dependent version will be treated in the context of the movement of atoms,
the core of this work.

The fundamental equation to be solved is the Schrodinger equation

HY = BV, (3.1)

where H is the Hamiltonian of the system, an operator in the Hilbert space,
whose eigenvalues provide the energy spectrum of a quantum system. The main
issue with an equation like Eq. 3.1 is the wavefunction ¥, an object defined in
a very large and complex space. For a many-electron system the dimension of
the Hilbert space increases to a point were even the computational storage of
such object is unfeasible. This is the main challenge when Eq. 3.1 must to be
solved for a realistic system composed by a significant amount of interacting
particles.

There are traditionally three paradigms developed when quantum mechan-
ics solve Eq. 3.1 for atomic systems. The first approach is to directly solve the
Eq. 3.1 using the wavefunction as the main object, and reduce the large di-
mensionallity of the problem by assuming approximations to the wavefunction
V. Those are the methods that we group under the tag of wavefunction-based
methods. A second paradigm was born almost at the same time as the quantum
mechanics was created, it is based on the electronic density as the main object.
The pioneers of this method are Thomas [Thomas, 1927] and Fermi [Fermi,
1927] their publication occur less than one year after the publication of Erwin
Schrodinger [Schrodinger, 1926]. This shift in focus from the wavefunction to
the density was extended a few years later by Dirac [Dirac, 1930] with contri-
butions by Majorana [Guerra and Robotti, 2005; Esposito, 2005]. The most
recent incarnation of the density-based method is the now widely used den-
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sity functional theory (DFT). A third paradigm are the so-called semiclassical
wavefunction methods. In this case, the idea of classical trajectory is preserved
but for each trajectory is given a phase that has no classical correspondence
and is responsible for the quantum effects. The WKB approximation and the
Eikonal approximation inherit the ideas from semiclassical approaches.

In this section, an overview is presented of the most relevant concepts in
electronic structure, with a particular bias towards the method of choice for
this work, DFT.

3.2.1 Hartree Approximation

The first solution that can be proposed in the paradigm of wavefunctions is to
completely factorize the wavefunction in terms of single-particle wavefunctions

Y({r}) = d(r)i(r) - P(rn). (3.2)
That factorization is justified if the Hamiltonian operator can be written as
the sum of the Hamiltonians acting on each particle

H=H, +Hy,+---+Hy. (3.3)

Even if the factorization reduces the dimensionality of the Hilbert space, this
naive solution is not respecting the basic symmetries of a set of identical quan-
tum particles. In the factorization proposed, the interchange of two electrons
produce the same quantum state, but in quantum mechanics the wavefunction
changes sign.

The Hartree approximation comes from ignoring this effect and assume that
the wavefunction is separable in products of single electron orbitals, each being
different from all others

U({r}) = d(r1)ip(ra) - P(rn). (34)
The potential in the Hamiltonian is replaced by an effective potential, the
so-called Hartree potential

N n(r’)
= dr’ .
VH(r) / |I‘—I‘/| r, (3 5)
where the density is defined as the sum of the densities of each orbital

n(r) =45 (0);(r). (36)

The wavefunctions are obtained from the solution of N Schrodinger equa-
tions time-independent

(27" 4 Ve Vi) 50) = o), (37

or time dependent

<—;v2 + Vear(r,t) + vH(r)> P;(r,t) = i%djj(r, t). (3.8)
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This method has important advantages compared with the solution of a fully
interacting Schrodinger equation. The price to pay is that important physics
is missing here. This basic idea, namely that we replace interacting particles
by non-interacting particles with an effective potential, is in the core of the
method of choice in this work (DFT) but solving its fundamental deficiencies.

3.2.2 Hartree-Fock Approximation

The problem with a simple factorization of the many-body wavefunction is
that such scheme is not respecting the symmetries of the wavefunctions. For
example, the interchange of two particles let the system unchanged, but the
actual wavefunction should have opposite sign.

V. Fock [Fock, 1930] and Slater [Slater, 1951] showed that the Hartree
formulation only respects the old version of the Pauli principle of exclusion, two
fermions can not have all the same quantum numbers, but the antisymmetry of
the wavefunctions of a system of fermions is not enforced. The solution to that
was to use a single Slater determinant Eq. 3.9 and keep the potential proposed
by Hartree.

Yi(r1)  ta(ri) - Yn(r1)
1 |¥i(r2)  ta(ra) -+ n(re)

Y= e
Yi(rn) a(ry) -0 Yn(ry)

where the single electron orbitals ¢ can be found as the solution of single
electron Schrédinger equation

(3.9)

(;VQ + V) bi(r) = z’dw(;t(r) . (3.10)

The solution of the many-body wavefunction has been replaced by the so-
lution of N single-electron Schrodinger equations. This is the basis of the
so-called Hartree-Fock method (HF).

This method has been very successful and has been extended to include
open shell systems by using the so-called Restricted open-shell HartreeFock
(ROHF) [Roothaan, 1960] and unrestricted HartreeFock (UHF) [Pople and
Nesbet, 1954].

In the case of ground-state calculations, HF uses the idea of self consistency
between the wavefunctions and the electronic density as shown in 3.1. In
fact, before DFT became popular, the Hartree-Fock method was called Self-
Congsistent Field method (SCF). Such denomination is now ambiguous because
DFT and other post-HF methods also rely on self consistency.

For many years, HF and the methods derived from it, called Post-HF have
been instrumental in the development of quantum chemistry. Even immedi-
ately after the formulation of DFT, post-HF methods were in general far more
accurate in molecules compared with DFT. Only when DFT used improved
exchange-correlation functionals, such as the generalized gradient approxima-
tion (GGA), the precision was competitive enough and the computational cost
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Figure 3.1: Diagram of the self consistent cycle in time-independent Hartree-
Fock

much affordable to replace HF and Post-HF as the method of choice for large
molecules and macromolecules.

The next section of this chapter will be dedicated to some of the most
prominent post-HF methods some of them effectively used in atomic collisions.

3.2.3 Ground-State Density Functional Theory

The big limitations of the Hartree-Fock approach are the neglect of the elec-
tronic correlation. The properties computed without taking into account the
correlation could largely deviate from experiments. Two-electron systems like
Helium are the prototypical case in atomic physics [Kestner and Sinanaglu,
1962], where the lack of correlation is crucial. Correlated electron materials
are the equivalent in condensed matter physics, those materials have exotic
properties because the assumption of separability of the wavefunction is fun-
damentally wrong.

Density functional theory (DFT) adopts an intermediate vision in the cor-
relation problem. The wavefunction is still separable as in the Hartree approx-
imation but the Hamiltonian includes correlation effects via a model local or
semilocal potential. In the next section we describe the foundations of DFT
and its fundamental approximations or limitations. As this work is based on
TDDFT, the ground state DFT is somehow the basement on top of which
the time-dependent version is built in, even if the theorems that support each
theory are different.

3.2.4 Hohenberg-Kohn Theorems

Hohenberg and Kohn published a paper in 1964 entitled “Inhomogeneous Elec-
tron Gas” [Hohenberg and Kohn, 1964], that offers a new vision in the problem
of solving the Schrédinger equation for systems with many electrons. The idea,
as usual, is to replace a problem with another. Substitute the complicated and
fully interacting electronic problem by replacing it by a much more tractable
one. The emphasis is displaced from the wavefunctions to the electronic density
n(r). This shift is indeed of an enormous advantage from the computational
point of view as the density is mathematically a scalar field in space.
Two theorems support this shift to the density
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Theorem 1. The ground state electronic density n(r) of a system of interact-
ing electrons uniquely determines the external potential Vo:(r) (up to a global
constant) in which the electrons are confined.

Theorem 2. An universal functional for the energy E[n(r)] can be defined
in terms of the electronic density n(r). The ground-state is obtained for the
function n(r) such that E[n(r)] assumes a minimal value.

We will follow here the pedagogical approach from Engel and Dreizler [En-
gel et al., 2011]. These theorems could be better understood with two maps
between three sets: the set V of all possible external potentials, excluding those
that differ by a constant.

V = {Veuxt | Vexr is multiplicative, |¥y) exists

and different by more than a constant v/, # Vest + ¢},

the set of ground state wavefunctions derivated from those potentials

G = {¥g| T is the ground state from one element
Vest € V excluding a global phase W # @i¢\1/0}

and the set of densities created from elements of G

N = {n(r)]|n(r) = (¥g|n|¥y) is the density

from one element U9 € G }.

The functions that connects the sets ¥V, G and A are surjective by construc-
tion (V — G and G — N), ie every element in the codomain has a correspond-
ing element in the domain. Those three sets and two maps are sketched in the
figure 3.2 The Hohenberg-Kohn theorem proves the bijective character of the
maps that connect those three sets, demonstrating at the end, that there is a
one-to-one relation between the potentials v.,; and the densities n(r).

There are several remarks to be done at this level. In a three dimensional
space Vegi(r) € F : {R® — R}, but the elements in G belong to a larger and
different domain ¥ € C3N and finally the densities are again scalars defined on
a 3D space n(r) € N : {R® — R}. By construction the elements in V exists if
the corresponding ¥, exists. The theorem does not mention the existence of a
potential for an arbitrary W.

Another important remark is done on the local character of the poten-
tial vez. This requirement excludes the important case of the standard type
of pseudopotentials used currently in DFT. There is, nevertheless, the corre-
sponding extension of the Hohenbert-Kohn theorem for non-local potentials
[Gilbert, 1975; Berrondo and Goscinski, 1975]. In general, non-local pseudopo-
tentials are used in the traditional approach once the HK theorem is justified
for the all-electron case.
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4 G

Figure 3.2: Relations between the three sets V, G and A and the two maps
that connect them. The dashed lines shows the relations that the Hohenberg-
Kohn theorem removes in order to prove the character injective of the functions
that connect the three sets.This presentation of the Hohenberg-Kohn theorem
comes from [Engel et al., 2011]
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As the relation between ¥y and n(r) is bijective, there is also an inverse
map that connects one element from N with one element of ¥[n] € G. As
all the observables from a quantum system are obtained from the information
in the wavefunction W, also those observables are formally functionals of the
density n(r).

The maps presented here and the outlined proof, relies strongly on the non-
degeneracy of the states ¥. A modified argument makes possible to prove the
Hohenberg-Kohn theorem in the case of degenerate states. In this situation,
two or more ground states ¢y, ) originate from the same potential Veg;.

3.2.5 Kohn-Sham Scheme

Once the Hohenberg-Kohn Theorem (or Runge-Gross theorem in the case of
TDDEFT, see later) is proved, the natural step is to construct the auxiliary
Kohn-Sham scheme.

The Hohenberg-Kohn theorem is formulated for wavefunctions in the set
G, those wavefunctions are in principle the interacting wavefunctions in the
complete Hilbert space.

The basic idea of Kohn and Sham [Kohn and Sham, 1965] is to replace the
interacting wavefunctions of N particles with a set of auxiliary equal number
N functions that reproduce the same density as the original interacting system.

The construction of a KS scheme is supported on the construction of a
auxiliary potential. The Kohn-Sham approach rewrite the energy functional in
the form:

EKS = TS [TL] —+ /drVGxt (r)n(r) + EHartroc [n] + EH + EXC [TL} (311)

where Ty is given as

1 N
52 il V2 [1hi) = E /d?’rlvwz (3.12)
=1

and the Hartree energy as an explicit function of the density

EHartree[n] - ;/ds d3 /n|(r)nE_|) (313)

the term Eip is the interaction between nuclei. All the many-body contributions
to the energy are condensed in the last term, known as the exchange-correlation
energy Exc.

The results in DFT are as good as Exc. As soon as Ex¢ is good enough
to describe the true exchange-correlation, the physical properties obtained by
using the Kohn-Sahm method are also close the ground-state properties of the
full-interacting electron system. That is the reason why an important effort
has been devoted since the beginning in providing reliable exchange-correlation
functionals that are able to capture as much as possible the physics behind the
exact functional.
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3.2.6 Exchange-Correlation Functional

Once separated the independent-particle kinetic energy and the Hartree term,
the remaining exchange-correlation functional is the next term to consider.
The different flavors is given by the choice of functional form for the exchange-
correlation energy. The functional is a unique functional, the only thing that is
known is that such functional is not simple. The different versions of exchange-
correlation functionals are ways to get a close approximation to the complete
functional. There are, however, a series of properties that the exact functional
must have, the approximate functionals only have a partial subset of properties.
This is the reason why the different exchange-correlation functionals are more
or less accurate depending of how important is each property for an specific
property.

It many cases the exchange-correlation F,. into two parts, the exchange
E, and the correlation E., even if only the combination of F, and E.. Both
functionals, are described in mathematical form using parameters. The pa-
rameters are set by enforcing the properties of the exact F,. or by fitting with
experimental data, higher levels of theory or a mix of all of them. Each of
the exchange and correlation energies are customary written as integrals of the
energy densities €, and €.

Eoeln] n)+ E.ln ] (3.14)

/drn Pen(] /drn r)ee([n], v) (3.15)

If for wave function-based methods, the quality of the correlation defines
the level of the theory, such hierarchy is not theoretically grounded for DFT
methods. The exchange and correlation functionals are in many cases empirical
in nature. J. P. Perdew suggest a certain ordering for the various E,.. The
DFT’s “Jacob’s ladder” classifies the .. based on the number and qualities of
the variables used to define each functional. Only in principle, we can expect
that a more elaborated functional be better, but in some cases lower steps in
the ladder fulfill better the properties and could be a more reasonable choice
than other higher level functionals.

In most of this work, the Local Density Approximation (LDA) is used.
LDA assume that the E,. could be computed assuming that the density is a
slowly varying function, and the values of F, and E. could be integrated from
contributions from locally uniform electron gas. The exchange energy is given
by the Dirac formula:

ELPA] = —C, / /3 (x)dr (3.16)

kbA — _ont? (3.17)

x

In the case where both spins are not equal, it is the sum of the both con-
tributions that should be raised to the 4/3 power. However, it is customary to
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use the Local Spin Density Approximation (LSDA) where each contribution is
independently raised to the 4/3 power.

BEDA) = i, [l 319

eLSPA = _913C, (ny? +n}/?) (3.19)

For the analytical form of the correlation energy the Perdew and Wang
(PW) [Perdew and Wang, 1992] is one of several parametrizations. LDA is an
exact method for an uniform electron gas. It is also a very good approximation
for systems close to that uniform gas, such as metals where a slowly varying
electron density is reasonably justified.

In the case of atomic and molecular systems is customary go one step up
in the Jacob’s ladder and consider the so called Generalized Gradient Approx-
imation (GGA). In GGA the first derivative of the density is included as a new
variable. Going further in the ladder, some functionals depend on higher order
derivatives of the electron density or depend on the orbital kinetic density 7.
There is an active research in the development of better functionals, for the
context of this work most of the simulations are done at the LDA level.

3.2.7 Norm-conserving Pseudopotentials

There are basically three reasons to introduce pseudopotentials in an ab-initio
calculation [Heine, 1970; Martin, 2004]: to reduce the number of electrons
treated explicitly, smooth the oscillatory behavior of the wavefunctions when
the distance to the nuclei is small and introduce partial relativistic corrections
when necessary.

In the physics community uses the term Pseudopotential (PP) to describe
the functions that model the core electrons. In the chemical community the
equivalent functions are usually called Effective Core Potentials (ECP).

The theoretical justification for the use of pseudopotentials is that the elec-
trons with lower principal quantum number are strongly localized and they
are more strongly attached to the nuclei. This spatial and energetic separa-
tion is the main argument to consider the electrons in the core as frozen; not
participating in any chemical reaction.

As the valence electrons are orthogonal to the core electrons, the core wave-
functions contain many nodes near the nucleus. The practical effect of the use
of pseudopotentials is to avoid such behavior for the core electrons. This has as
a consequence important savings in computational effort both in memory and
in time. In the case of wavefunctions expanded in plane waves, the reduction is
due to a decrease in the number of plane waves used as a basis for the expansion.
In the case of real-space grid discretization, the smoothness in the wavefunc-
tion allows one to use a more spaced grid with the advantage in memory and
computing time in a very similar way as the plane wave expansions.

A pseudopotential replaces the generic Coulomb potential —Z/|r — r.| felt
by the N electrons in the system by some alternative operator that includes
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the potential created by the nucleus and the Coulomb repulsion by those elec-
trons considered in the core. Using this procedure, the core electrons are not
described explicitly anymore and are effectively eliminated from the problem.

When a pseudopotential is created, a reference calculation is done consid-
ering all the electrons. Then, a pseudopotential is an analytic fit, created to
reproduce the same spectrum and wavefunctions as the original all electron
reference. A cut-off radius around each nuclei is chosen in such a way that
bound states will reproduce the wavefunctions outside of the sphere defined by
the cut-off radius. Inside the sphere the wavefunctions are smoothed.

Local and non-Local Pseudopotentials

The simplest approach for a pseudopotential, is a multiplicative function. The
first constraint is that far from the nucleus the potential should be Z;,, /|r|, Zion
is the atomic number of the nucleus, minus the number of electrons considered
in the core. The problem with this approach is that analytic fits are not flexible
enough. That is even more important for pseudopotentials of heavy atoms, but,
even for the first s and p atoms this multiplicative form is not sufficiently good.

The alternative is to add some non-locality using projector functions. The
projectors are created to ensure orthogonality between the valence states and
the core states. The usual form is

VNips = Viecal + Y i [) (4] (3.20)

where i spans in the core states. The wavefunctions ¢; and the coefficients
«; can be chosen to fit the valence eigenstates. Another way to describe the
projectors is using the spherical harmonics Y;™

\A/NLps = \A/local + Z 4 |)/lm> <)/lm| (321)

Kleinman and Bylander [Kleinman and Bylander, 1982] present a scheme
where the pseudopotentials could be put in a “separable form”, such that pro-
jections with basis functions could be calculated much easier. The drawback
is that this scheme produces in some cases spurious or ghost states, that are
lower in energy than physical states. This side-effect and the procedure for its
elimination was studied [Gonze et al., 1991].

Pseudopotential Parametrization

The most used type of norm-conserving pseudopotential was created by Troul-
lier and Martins [Troullier and Martins, 1991a]. They proposed an analytical
form for the projector functions following a method from Kerker [Kerker, 1980].

Another approach was proposed [Hartwigsen et al., 1998]. In this case, a
generalized form of pseudopotential is constructed with the advantage that the
expression is separable by construction. All the element until Rn were fitted.
Their method hast the advantage of being possible to use several projector func-
tions for each angular momentum. Another parametrization with this property
is [Teter, 1993]
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Pseudopotentials in Atomic Collisions

Special remarks have to be done with respect to the use of pseudopotentials in
the case of atomic collisions. First, with the kinetic energies explored in this
work, there is enough energy to excite even the lowest orbitals in the atoms.
Such effects of deep excitation are completely missing in our approach. The
use of pseudopotentials with less or no electrons frozen in the core limits their
applicability to larger systems.

Another important effect present in the context of collisions is related with
the cutoff radius of the pseudopotentials. Norm-conserving pseudopotentials
includes the condition that outside a certain radius r., the norm of each pseudo-
wavefunction should be identical to the results of an all-electron calculation for
the same level of theory. The figure 3.3 shows the pseudo potential and pseudo
wavefunctions for carbon. In general, norm-conserving pseudopotentials has
the tendency to have large r. to reduce the basis-set or the size of the mesh.
However, in the case of collisions, it is very often the case that atoms approach
to each other to distances shorter than the sum of their cutoff radius. The
spheres defined by those cutoff radius eventually overlap and this overlapping
could eventually create spurious effects.

3.3 Quantum Chemistry Methods (post-HF)

Historically the electronic study of atoms and molecules was developed by
refining the ideas from Hartree-Fock. The methods described in this section are
traditionally used in quantum chemistry and are contructed on top of Hartree-
Fock. For that reason, those methods are called Post-HF.

Those higher levels of theory has been developed in atomic physics or quan-
tum chemistry to compute excited states with a very high accuracy, albeit at
expense of being limited to systems with just a few electrons. This section will
discuss some of those higher levels of theory to get a glimpse about what is
beyond the method of choice for this work, TDDFT.

3.3.1 Configuration Interaction and Beyond

The Hatree-Fock method uses a single Slater determinant built from a com-
plete set of orbitals to describe the ground state of a system [Jensen, 2007]. For
excited states, a series of Slater determinants could be generated by replacing
an increasing number of occupied orbitals by an equivalent number of unoc-
cupied ones. Doing this and computing a linear combination of those Slater
determinants we finish with a series like:
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Figure 3.3: Norm-conserving pseudopotentials: Pseudo wavefunctions and
pseudo potentials for the 1s, 2s and 2p orbitals of carbon. The red lines shows
the wavefunctions and the blue lines shows the pseudopotentials. The light
gray region represent the sphere of radius r.. Outside of a cutoff radius the
three potentials converge and the wavefunctions becomes identical to an all
electron calculation. A zoom into the region close to r. shows as the potentials
for the different states converge to the Coulomb potential of an ion, beyond 7..
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This is the base of the so-called Configuration Interaction (CI) method.
The first term co®g is the Hartree-Fock wavefunction. The next term is a sum
with Slater determinants ®¢, it means that the ¢ occupied orbital is replaced
by the a unoccupied orbital. The next term involves terms like CIJ?}’ where two
orbitals are excited. Following sums involve triple and quadruple and more
excitations.

In CI, the excited states are constructed from Hartree-Fock orbitals and
they are also limited for the adequacy of such contruction.

An infinite summation like expressed in Eq. 3.22 is not possible to compute,
the first element to truncate is the limit of the orbitals that will be considered.
The order of the CI expression is done by the value of K — N. At zeroth-order
we have Hartree-Fock and only the ground state. The second possibility is to
truncate the number of excitations considered. The first double summation
includes only single excitations, the next one, double excitation and so on. If
the summation is not truncated, ie, we allow to excite the N electrons in the
system, we say that a Full CI is done.

The number of Slater determinants needed to compute n excited orbitals
for a system with N electrons and a total number of orbitals equal to K is

N\ /K —-N
Number of determinants = (n) ( " ), (3.23)

except for a very few number of electrons and a very limited amount of excited
states, the number of determinants to compute is cumbersome in most of cases.

Notice also that as usually formulated, CI is intended to be solved using
a linear variational method, creating a matrix representation of the Hamilto-
nian expanded in a basis of N-electron wavefunctions and solving the resulting
eigenvalue problem.
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3.3.2 Multiconfiguration Self-Consistent Field Method

The internal coefficients of the orbital ®; in the base used to create them are
fixed in CI. The Multiconfiguration Self-Consistent Field Method (MCSCF) not
only optimizes ¢; but also the coefficients for the one electron orbital ¢)[Jensen,
2007].

The intention of MCSCF is to reduce the size of the basis that represent the
one-electron orbitals. This method could be thought as a mix of the Hartree-
Fock method that optimizes the basis and configuration interaction that opti-
mizes the coefficients in the Slater determinants.

This method can be used to provide the alternative configurations needed
for methods such as MRCI, using MCSCEF results, a subset of the configurations
are used, those with high value in the expansion. As the MCSCF configurations
are already excited, the new configurations from MRCI contains elements with
higher level of excitation.

3.4 Atomic Physics Concepts

Atomic collisions is a major branch in the domain of atomic physics [Bransden
and Joachain, 2003]. Other areas could be the interaction of atoms with pho-
tons or electromagnetic fields. The methods have been used, for example, in
the case of electron impact [Morrison, 1983; Burke, 1993; Brunger and Buck-
man, 2002] and ion impact [Fainstein et al., 1988; Eichler, 1990; Bransden and
McDowell, 1992].

It is useful to classify atomic collisions in three domains, low, medium and
high energy. The classification is based on the comparison of the velocity of
the projectile vy with the typical Bohr velocity v, of the valence electron in
the target or even projectile. The low, intermediate and high-energy regions
are defined according to whether vy < ve, vy = ve Or vy > v, respectively. In
the low-energy region the movement of the electrons is higher than the relative
velocity of the nuclei. The adiabatic picture is appropriate, the electrons have
enough time to follow the formation of a bond between the atoms. Charge
transfer is the dominant process in this region. In the intermediate-energy
region a competition is established between the movement of ions and the
movement of electrons. We can imagine that when the relative movement of the
ions is close to the velocity of the valence electrons there is a large probability
for the electron to jump to another atom and follow its path. In most cases the
maximum capture cross section occurs for a kinetic energy where the velocity
of the nuclei is of the same order of magnitude as the velocity of the valence
electron v, in the target. In the high energy domain, but below the relativistic
regime, the probabilities of charge-exchange decrease rapidly (typically like
v 2 or vy '), One characteristic of this region is that the time of interaction
is small and the interaction between the atoms can be considered an small
perturbation. Contrary to the low-energy region, the dominant process in the
high-energy region is ionization and direct excitation [Bransden and McDowell,
1992].

As the focus of the area is to produce an accurate representation of the
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quantum phenomena, most of the experiments and theoretical developments
involve usually light atoms. Experimental studies had been done impacting
atoms on gases. The projectiles are usually ions because charging the particles
is the natural way to accelerate them by electrostatic fields.

The basic idea about how those experiments are done starts with ions ex-
tracted from ion sources. Those ions are accelerated using electrostatic fields
and focused using magnetic fields. In the next step, the ions are separated by
charge-to-mass ratio using for example a perpendicular uniform magnetic field.
The ions that follows the path are again filtered to remove neutrals. After
a sequence of manipulations, the ions enter in the chamber where the target
atoms are located. Once they interact with the target the state of the projectile
and/or target is measured.

One of the main purposes of those experiences is to determine the capture
cross sections in a certain range of energies. Typically the energies of such
experiments are in the order of keV.

As an example of the kind of experiences, it is worth to mention the work
of Aumayr and Winter [Aumayr and Winter, 1985] impacting light atoms on
Li and measuring single-capture cross section. In two papers DuBois [DuBois,
1985] and DuBois and Toburen [DuBois and Toburen, 1985] measure the cap-
ture cross section for Ht and He?" from Li, Na and Mg. In more recent years
the attention has been concentrated in consider heavier interacting particles
and more active electrons. It is worth to mention studies on fast ion-atom
collisions with two actively participating electrons [Belki¢ et al., 2008]. For
fast collisions, ionization is a major process; cross sections for single, double
ionization have been measured for Cgp being impacted by C, F and Si ions at
high energies [Kelkar et al., 2010].

We will focus in this section to provide some of the theoretical elements
used in the description of atomic collisions. Even if some of them will not be
used for the purposes of this work, they are important to contextualize the
theoretical efforts made in the past to understand atomic collision processes.

3.4.1 Cross Sections

The cross section is a very useful concept in scattering processes. We start with
a classical picture of the scattering process.

Consider a beam of classical particles impacting a target The projectiles
are monoenergetic and the target is in such low density gas or a thin film that
single collisions between projectile and target occurs. The projectile enters
with a well defined trajectory and it is scattered into a particlular direction
(6,0).

Suppose the interaction between particles has a limited range, and becomes
null beyond a distance a. The particles scattered are detected out of the range
of interaction. If the detector subtends a solid angle df) centered in the target
and with direction (6, ¢), a number of particles Nd{2 can be detected. This
number is proportional to the flux of projectiles.

A flux of particles is defined as the number of projectiles crossing per unit
time a unit surface that is perpendicular to the trajectory of the projectiles.
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The differential scattering cross section is defined as ratio between the number
of particles scattered into the direction (6, ¢) per unit of time, per unit solid
angle, divided by the incident flux
do N
— == (3.24)
aQ F
The total scattering cross-section oy,; is defined as the integral of the dif-
ferential cross-section over the complete sphere

Otot — / 7dQ (325)

_ /%d¢/ desme— (3.26)

A cross section has dimensions of area, in the limit case of macroscopic ob-
jects where the interaction of an object is negligible, the cross-section coincides
with the area of the object perpendicular to the incident beam.

There are several kinds of scattering. In the elastic scattering, the internal
energies of the incident and target particles do not change all across the inter-
action, and no further particles are created as a consequence. Many collisions,
and in particular, those relevant in this work are not elastic, the electrons of
both, projectile and target can be excited, electrons can escape or being trans-
ferred between atoms. In the case of collisions with molecules, those molecules
could fragment or reconfigure, the kind of processes that could take place in
non-elastic collisions is far more richer and complex.

In quantum mechanics the idea of a single classical trajectory is not longer
valid an we must to replace the picture of a beam composed of single particles
by a plane wave. We will describe briefly the scattering produced by a fixed
central force field. We start with the non-relativistic Schréodinger equation:

0 (r,t)
ot

As mention before, the detector is located far away, so the scattered wave-
function must be represented for a certain radial flow.

= [-V?+ V()] U(r,¢t) (3.27)

eikr

l:[Jscat(r) = f(kv 97 ¢)T (328)

The scattering amplitude f determines the number of particles scattered in

a particular direction. The number of particles being detected per unit of time
Ndf) is

NdQ = k|f(k,0,¢)2dQ (3.29)

And the differential cross-section is given by

=1k 0.0)P (3.30)
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The problem of describe the scattering amplitude in a convenient way deter-
mine several of the methods developed in the theory of quantum scattering. In
the case of a central potential, the scattering amplitude is no longer a function
of the azimuthal angle ¢ and the function f(k, ) can be expanded in series of
Legendre polynomials.

F(k,0) =" fi(k)Pi(cosh) (3.31)
=0

The wavefunction can be also expanded with Legendre polynomials and that
give us the so called method of partial waves. In practical cases the number
of those partial waves needed to well represent the scattering amplitude may
be large. Assuming a weak potential, or a high energy perturbative methods
can be used such as the scattering wavefunction can be expanded in the Born
series.

Po(r) = o¢k(r) = ek, (3.32)
0l) = o)+ [ Golkr U0 )ar'
0nle) = 6ule)+ [ Galkr, ¥ U us ()
where G is the Green’s function
Go(k,r,r') = _ 1 exp(ik|r —1') (3.33)

47 |r — 1’|

We obtain the Born series for the scattering amplitude using eq. 3.33 to
solve the integral representation for the scattering amplitude

F(k,6,0) = — 1 (6l U o) (3.34)

where U is proportional to the potential V' (r)

Both, the method of partial waves and the Born series are very classical
methods in atomic collisions, in particular when the central potential condition
is reasonable to assume.

3.4.2 Eikonal Approximation

The eikonal approximation has a very important place in scattering theory by
its connections with classical optics and semiclassical physics. The idea comes
from optics assuming that light travels in a straight line as a particle swarm.
This approximation is valid in optics, as soon as the obstacle is large compared
with the wavelength of the incident light. From the semi-classical point of
view, the method is justified as soon as the Broglie wavelength A = 27 /k is
small enough with respect to the size of the target, ie, the distance in which
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the potential varies appreciable. Another condition is that the impact energies
should be much larger than the typical strength of the potential.

The eikonal approximation was introduced in quantum scattering by Moliére
[Moliére, 1947] and expanded by Glauber [Glauber et al., 1959] in the context
of nuclear physics [Glauber and Matthiae, 1970; Kabat, 1992] and has been
ported to the domain of quantum field theory [Lévy and Sucher, 1969]

We will present the derivation from the Schrédinger equation, an alternative
derivation is possible from the Lippmann-Schwinger equation by linearizing
the Green’s function in momentum space. In the context of atomic collisions
we start by subtracting from the total Hamiltonian the kinetic energy of the
projectile (Non relativistic)

1 ~
H(r,R) = _EV% + Hint(r,R) (3.35)

Since the potential varies slowly on the length scale of the incident wave-
length, we can extract the free incident plane wave from the scattering wave-
function as a factor and expand the wavefunction in terms of the reduced mass

of the projectile y = N]y’fﬁt
p

W R) = M o R) o R) o R) | (3360

Applying this expansion on the Hamiltonian Eq. 3.35 and defining the
vector K such as |K|? = 2uE we obtain
iK - Ve = pHint) (3.37)
Assuming now that the projectile follows a classical rectilinear trajectory;
the equation for the trajectory can be expressed in terms of the vector of impact
parameter b where the closest encounter with the target is produced at time
t=0
R=b+vt,v-b=0 (3.38)

Now we can recast the term VR as a time derivative as

v 0

VR =5 3.39
R V|2 ot (3.39)
The Schrodinger equation Eq. 3.37 can be written
A 0
it — e | $(r,R) =0 (3.40)
Otr

This is the expression produced by the eikonal approximation. The eikonal
approximation has been used in the case of electron atom collisions, but also
is important in high energy ion-atom collisions [Belki¢ et al., 1979]. The
eikonal approximation can be also coupled to other levels of electronic struc-
ture. One example was shown by Micha et al [Micha and Runge, 1994] with
Time-dependent Hartree-Fock.
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3.5 Movement of Nuclei

In the previous sections we see how the electronic structure can be computed
with different levels of refinement. In this chapter we explore the methods
that allow to describe the movement of the nuclei and the electronic structure
dynamics created by this movement.

There are several options to deal with this problem. The first one could be to
completely ignore it and assume that the nuclei follows a rectilinear path. That
is the assumption done very often in atomic physics for high energy collisions,
the idea is to concentrate all the theoretical effort in the electronic structure.
The physical justifications for such approach requires that the collision is done
in gas phase as usual in atomic physics. With that requirement the projectile
collides at most with one molecule in the target before being detected. Another
condition is that the kinetic energy of the projectile is high enough so that the
angle of deflection is negligible or at least can be obtained without solving step
by step the kinematic state of the nuclei.

The opposite side of the spectrum is classical molecular dynamics that try
to avoid the hard problem of solving the electronic structure at each time,
and prefers to concentrate is efforts in the dynamics of the nuclei, assuming
that the potentials produced by the electronic structure can be precomputed
theoretically or tabulated experimentally.

In the middle between those extremes are the methods called ab-initio
molecular dynamics. For those methods, the electronic structure is as impor-
tant as the correct path followed by the nuclei and each aspect of the dynamics
needs to be calculated taking in account the other element. The methods used
in this work are based precisely in this assumption and the whole area will be
briefly explored.

3.5.1 Classical Molecular Dynamics

There are two basic ingredients in classical molecular dynamics (CMD). The
movement of atoms is determined by numerical integration of the Newton’s
equations of motion, and the potential generated by the electronic structure is
precomputed in advance and used without any further first-principles calcula-
tion.

In CMD the complexity of the electronic structure is removed replacing
the potential coming from the electronic structure by effective potentials or
force fields. Those effective potentials try to capture the electronic, ionic and
electron-ion interactions. Usually fixed, the potentials are function of the in-
teratomic distances at least.

The derivation of the equations for CMD starts from the time-dependent
Schrodinger equation

i%@(r, R;t) = H®(r, R; 1), (3.41)

where the vector r is the set of electronic coordinates, R are the nuclear coor-
dinates and the Hamiltonian can be described by
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H=-> ——V?+H(r,R) (3.42)

The classical molecular dynamics equations can be formally derivated as
presented in [Marx and Hutter, 2000] that follows the route of Tully presented
in some books [Berne et al., 1998; Thompson, 1998]. The starting point is to
assuming the complete separability of electronic and nuclear coordinates

t
O(r,R;t) ~ U(r;t)x(R;t) exp [z/ dt’ET(t')} (3.43)
to
Introducing this separation into the Schrodinger equation and elaborating
the Schrodinger equation associated to the nuclear coordinates, we can arrive
to the Newtonian equations of motion for the nuclear positions

M;R,(t) ~V; / dr¥*H, ¥ (3.44)

= —ViVE(R() (3.45)
and the electronic Schrodinger equation for the electrons will be

OV 1_,o
i = —Z:5%@+ane(r,R(t))\If<r7R,t)

= M.(r,R()¥(r,R;?) (3.46)

The main message is that the nuclei move according to classical mechanics
in an effective potential V.F that is created by averaging the electronic Hamilto-
nian H, over the electronic states. As the electronic structure is not computed
during the simulation our present level of technology allows to compute millions
of particles with large integration time. It is worth to mention than in CMD
the quality of the simulations is very dependent of the choice of potentials.

Consider for example the most prototypical potential, the Lennard-Jones
(LJ) [Jones, 1924]. The potential is defined as

[0 o
_ . [(gm)” 9 (T;n)ﬁ} (3.48)

where the parameters € and ¢ are adjusted with experimental data or ab-initio
calculations.

This potential is very simple, contains only two parameters and is a pair
potential, ie, the interactions are established between two atoms. Those advan-
tages are also its limitations. With only two parameters € and o, LJ potentials
can be tuned for two physical quantities, for example bond length and energy of
dissociation. Other physical properties can not be included and will typically

Vig
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fail. LJ is a pair potential, so it is insensitive to the number of bonds that
a particular atom creates or the coordination number in a crystal. For that
reason LJ in crystals will try to maximize the coordination, producing hexago-
nal close-packed structures. Those potentials are also weak in representing the
correct angles and dihedrals. In general, they are considered as appropriate for
modeling noble gases at reasonable low temperatures. The interaction in such
systems is dominated by van der Waals forces.

The main limitation of CMD in relation to the objective of this work is
the complete lack of electronic structure dynamics. Charge transfer processes
cannot be described at that level of theory.

3.5.2 Born-Oppenheimer Molecular Dynamics

An alternative to CMD consist in solving the electronic structure problem “on
the fly” assuming static positions for the nuclei each time that the electronic
structure is computed.

The physical justification for that comes from the mass disparity between
nuclei and electrons. Consider the ratio between the mass of a proton and
the mass of an electrons m,/m. ~ 1836. Adding to that the fact that the
number of neutrons increase with the number of protons the disparity between
the masses of nuclei and electrons becomes more and more evident.

This led Born and Oppenheimer [Born and Oppenheimer, 1927] to think
that in order to alleviate the complexity of the Schrodinger equation the dy-
namics of nuclei and electrons could be decoupled. It means that the full
many-body wavefunction for a set of electrons and nuclei could be separated
as

®po(r, R;t) = Pr(r)x(R;t). (3.49)

Assuming a single state for the nuclear wavefunction. Notice that the Born-
Oppenheimer eq. 3.49 separation differs from the CMD ansatz Eq. 3.43. The
electronic wavefunction is static in BO but formally present in Eq. 3.43 but
disappears in the mean field calculation.

The idea is that the coordinates of the nuclei Rj(j = 1---M) and the
coordinates of the electrons ri(i = 1--- N) have very different nature and the
electronic wavefunction ®g ) (r;) could simply depend parametrically of the
nuclear coordinates.

This disentanglement of the wavefunction makes possible also the separation
of the Hamiltonian into a Hamiltonian of the dynamics of electrons and nuclei
separated plus a term of interaction between the nuclear and electronic parts.
The Hamiltonian in those terms could be written in five terms

H=T.+Tn+Veee+Vaoe+ Vin (3.50)

The subscript n means that the term is referring tho the nuclear part and
the subscript e refers to the electronic part. The operator T describes the
kinetic energy and the V is the potential energy. For a system of N electrons
and M nucleus those five terms can be written as
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N
T. = —ZEVQ (3.51)
e 2 r; .
=1
M
T, = fzi 2 (3.52)
n pa 2m R;
) 1 N N
Ve . = 522(\“—5-\)—1 (3.53)
i=1 j=1
1 M M
Voen = §ZZZ¢ZJ-(\R1-7RJ4|)*1 (3.54)
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where m; is the mass of the ith nuclei in the system. Z; is the atomic number
of the ith nuclei. The factor % in Vo_, (or Vn_n) comes from the double
summation of the potential between the i and j electrons (or nuclei). The
positive sign in VC_G and Vn_n comes from the fact that the forces that they
produce are repulsive.

The next important step is the consideration that the movement of nuclei
is in general slow compared with the rapid movement of electrons. We can
consider that electrons evolve in a potential generated by nuclei. It does not
mean that the nuclei cannot move. It means that the dynamics of nuclei is of a
different nature compared with the dynamics of electrons, that could eventually
be treated classically. This procedure promotes Eq. 3.52 and Eq. 3.54 from
the quantum domain to the classical domain and we end with a electronic
Hamiltonian expressed as

Hery = Te + Veee + Vie (3.56)

With this the nuclear positions becomes parameters of the Schrodinger
equation that now reads as

H?R}\I}?R}(ri) = EER}Q?R}(ri)v (3.57)
where EER is the electronic energy of the system and {R} represent the para-
metric dependency on the M nuclear positions.

The complete expression can be reintroduced replacing the electronic terms
of the Hamiltonian by the electronic eigenvalues. The complete Schrodinger
equation including the nuclei can be written

(Tu + Eeqry) Wi(R) = Epory ¥i(R). (3.58)

This decoupling of nuclear and electronic dynamics greatly simplifies the
treatment of a set of many-body interacting particles, nuclei and electrons.
However the solution of Eq. 3.57 is still a challenging problem. The big barrier
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is created by the electron-electron interaction Ve_. that correlates the dynam-
ics of electrons. In the first section of this chapter, several approaches were
considered to solve the electronic structure of a set of interacting electrons.
Those approaches could be used to provide the electronic dynamics necessary
by BO.

3.5.3 Ehrenfest Molecular Dynamics

In Ehrenfest molecular dynamics (EMD) the classical limit for nuclei is pre-
served as in Eq. 3.45 but the Schrodinger equation for the electronic part is
preserved as Eq. 3.46 and not approximated as in CMD [Marx and Hutter,
2009].

Coupling the classical movement of nuclei with a quantum mechanical move-
ment of electrons implies to solve the set of equations

MR;(t) = -V, / dr@*H, ¥ (3.59)
i%‘f H (r, R(t))¥(r, R;t) (3.60)

The traditional dimensionality explosion with nuclear dimensions for the
computation of potential energy surfaces disappears when the time-dependent
Schrédinger equation is solved “on-the-fly”.

The nuclear forces are computed using the Hellmann-Feynman theorem in
order to compute

F, = -V, <\11’He

\1/> . (3.61)
By expanding the electronic wavefunction in terms of basis {Uy}

o0

U(r,Rit) = Y cx(t)Us(r,R) (3.62)
k=0
where the coefficients ¢ () are constrained by the relation

Sler0 =1 (3.63)
k

Using this expansion the equation Eq. 3.60 can be recast in terms of the
coefficients ¢y,

MR;(t) = =) |ex®)*ViEx — Y che( By — Epd}! (3.64)
k Kl
itk(t) = c(®)Br—iy  a(t)R.d}’ (3.65)
il

where the terms d¥! are given by

dM(R;(t) = / dr¥; v, ¥, (3.66)
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With those ¢ coefficients changing, the Ehrenfest dynamics allows for non-
adiabatic transitions between different electronic states still preserving the clas-
sical nuclear motion for the nucleus.

This is the most natural method to produce molecular dynamics in explicit
time-dependent methods such as Time-dependent Hartree-Fock (TDHF) or
Time-Dependent density functional theory (TDDFT).

An illustrative example is the case with only one electronic state, in this
case the Ehrenfest dynamics reduces to solve

M) = —vi<\1/0‘ﬁe \p0> (3.67)
0¥q -
90— fu 68
ot 0 (368)

where the electronic Hamiltonian H, is time-dependent via the nuclear move-
ment.

Ehrenfest molecular dynamics is the method of choice in this work, and
there are several number of reasons for that. Other methods like CMD and
BO can not account for charge transfer processes, first because the electronic
dynamics is completely missing (CMD) or computed for static atomic positions
(BO). The limitation as usual is the number of degrees of freedom in the system.
For TDDFT, Ehrenfest dynamics represents the natural alternative and it is
the method of choice for collision problems with large systems.

Recently, for large-scale problems an efficient algorithm has been developed
that automatically enforced orthogonalization of the Kohn-Sham orbitals, a
typical limitation in other AIMD. [Andrade et al., 2008; Andrade et al., 2009]

3.5.4 Car-Parrinello Molecular Dynamics

Car-Parrinello is somehow a departure from the other methods like CMD, BO
or EMD. Those methods can be formally presented stating from a certain
factorization of the full Schrédinger equation as in Eq. 3.43 (CMD), Eq. 3.49
(BO) or Eq. 3.60 (EMD) and simplified with a series of physical arguments.

Car-Parinello Molecular Dynamics (CPMD) [Car and Parrinello, 1985] com-
bines the good properties of EMD and BO using a radical new approach. In
Ehrenfest the big limitation is the time scale that is dominated by the electrons,
on the contrary in BO such limitation does not occur as the electronic structure
is computed on frozen nuclear positions. That implies that the full electronic
structure calculation must be done at each time step, something that is not
required in Ehrenfest. Car-Parrinello molecular dynamics takes advantage of
the smooth time-evolution of the electrons preserving the flow of the nuclear
positions.

Instead of having a mixed quantum/classical system as in BO or EMD,
CPMD recasts the problem in a purely classical envelope by proposing a clas-
sical Lagrangian for the set of nuclei and the classic-like electrons
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>+ constraints  (3.69)
~———

for orthogonality

Lcp = Z%MIR% Jrz% <1/)J‘ ¢j> - <‘Po’ﬂe
I J

potential energy

kinetic energy

Imposing as usual the minimal action principle for the action of this La-
grangian

ty
5S=0 [ Ldt=0 (3.70)

to

we arrive to the Euler-Lagrange equations of motion

d oL oL
T © R (3.71)
d oL oL
a6L _ oL 3.72
dt 9y, oY (3:72)

Applying the expression for £ on these equations we obtain the Car-Parrinello
set of equations of motion.

MRi(t) = _88R <‘I’°‘H > ag
ujiz};(t) = ~ a0 <\110’ H, > 81/1* ——{constraints}

where p; is some sort of fake mass for the orbital ),

The Car-Parrinello approach was groundbreaking since its publication. The
method however has some limitations, the most important being the lack of
a real electron dynamics. Also it is limited to account for strong electronic
correlations in systems. Despite the fact that the CPMD method has improved
in the last 25 years, the necessity to orthogonalize the electronic orbitals is a
limit to the applicability for large systems.

3.6 Potential energy surfaces and surface hop-
ping

Within the Born-Oppenheimer approximation the idea of potential energy sur-
faces (PES) is frequently mentioned. Using the nuclear positions as variables,
the total energy forms a hypersurface. In the simple case of two atoms, the po-
tential energy is a curve that resemble the traditional effective potentials used
in classical molecular dynamics. In principle to model a reaction a potential
energy surface must be created taking in account all the possible positions of
reactant and product molecules, and the number of variables makes this task
in practice unfeasible.
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In practice, the energy surface is interpolated using a certain number of
representative orientations, and the potential energy surface or projections of
it are interpolated numerically.

Several points of a PES are particularly important. The global minimum
correspond to the structure of the molecule in its ground state. The reaction
path is the set of points that goes from the initial to the final configuration.
Local minima are indications of reactive intermediates and saddle points are
transition states.

For the description of processes beyond the Born-Oppenheimer approxi-
mation, we can mention two alternatives [Drukker, 1999]. One was Ehrenfest
dynamics already described in the previous section. Using the idea of PES we
have the surface-hopping method [Tully, 1990].

In the surface hopping method, the system jumps between different states.
As the different states are in different levels of energy, the total energy is
preserved by adjusting the velocity of the particles accordingly. During the path
in the PES, a small gap between two states generally result in high transition
probabilities and most of the hops occur in the vicinity of surface crossings.

3.7 Time-Dependent Density Functional The-
ory

Time-dependent density functional theory (TDDFT) [Gross and Burke, 2006]
is an alternative to solve the time-dependent Schrodinger equation for a set of
interacting electrons and is the method of choice for this work. The basics of
the theory will be developed here.

TDDEFT can be seen as an extension of the ground state density functional
theory (GSDFT). However, the fundamental theorems [Runge and Gross, 1984]
are demonstrated in a quite different way even if the results appear analogous
to those of GSDFT. The fundamental theorem of TDDFT, called the Runge-
Gross theorem, is the analogous of the Hohemberg-Kohn (HK) theorem that
was shown for GSDFT.

Consider a wavefunction W(t), it represents the state of a system of N
particles. The time evolution of such system is given by the solution of the
Schrédinger equation :

(3.73)

This is a first-order differential equation whose solution at time t requires
the knowledge of an initial condition: the wavefunction W(0). The operator
H(t) is the Hamiltonian, this operator is usually separated in three terms:

I:I(t) =1 I‘) + \A/veact (I‘t) + W(I‘) (374)

(
The kinetic energy operator ri‘(r) is expressed for a set of N particles as:

N
T(r) = —% Z v? (3.75)
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The second term in the Hamiltonian is the external potential, that could
explicitly depend on time and is separable in IV terms, one for each particle in
the system:

ewt Z 'ert r7, (376)

The third term in the Hamiltonian W(r) is in general the Coulomb term,
this term is not explicitly dependent on time, is symmetric under the inter-
change of any two particles, and does not depend of a specific origin of coordi-
nates:

Z |r i (3.77)

As in GSDFT the focus is shifted from the wavefunction to the electronic
density, a time-dependent scalar field in the domain of R:

n(r,t) = (W ()| a(r) [T()) (3.78)

Differently from the Hohenberg-Kohn theorem, the Runge-Gross theorem
establishes the conditions under two densities n(r,t) and n'(r,t) evolves start-
ing from the same initial state ¥(¢ = 0). The theorem uses extensively the
current density given by

j(r,t) = N/d3r2---/d3rNs(\pv\1/*), (3.79)

where U = ¥(r,ry, -+ ,ry,t) and the integrand is the imaginary part of UV¥*.
The link between the density and the paramagnetic current density is given
by the continuity equation

on(r,t)
ot

For technical reasons revealed during the demonstration of the theorem, the
external potential needs to be Taylor expandable

=V -j(r,1). (3.80)

=1
Vet (T Zza Vet (£,) 1=ty (t — t0)F, (3.81)
k=0

this requirement is physically easy to satisfy as the fields change continuously.
However, the theorem excludes the academically important case of potentials
that are switched on instantaneously or changes in a step-like way.

Another important ingredient in the RG theorem is the condition under
which two potentials are physically different, it means, the conditions under
which the solution of the Schrédinger equation ¥(t) changes for more than a
global phase. Without demonstration here if two potentials ve,; and v, differ
by more than a time dependent function

exrt
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Vo (T, 1) # Vet (1, ) + &(t) for tg <t <t (3.82)

the solutions |¥(¢)) and |¥’(t)) will differ by more than a time dependent global
phase,

[W'(8)) # e N O |W(h) for tg <t <ty (3.83)

no matter if |2’(0)) = |¥(0)).

Now, we have all the ingredients to enunciate the Runge-Gross theorem.
From a given initial state |U(¢g)) there is an injective function (one to one)
between the set of all potentials that satisfy Eq. 3.81 and Eq. 3.82,

= 1
V= {'Ueact (rv t) | Vext (I‘, t) = Z Eafvea:t (I‘, t)‘t:to (t - tO)k;
k=0 "

Vet (T £) # Vear (v, 1) + 6(1) } (3.84)

and the set of associated time-dependent densities defined as Eq. 3.78,
solution of Eq. 3.73 with H defined as Eq. 3.74

N =An(r,t) | nlr,t) = (T@) Ar)[L?); (3.85)
ihdy [W(t)) = H(t) [¥(t)) (3.86)
H=T+ /d?’rvem(r, t)a(r) + W; (3.87)
Veat(r,t) € V} (3.88)

the injective function being valid for all the values of ¢ in the open (¢o,t1).

Some remarks are relevant. First, notice that the RG theorem talks about
an injective function, not a bijection, it means that the existence of a potential
for any given density is not guarantee. Second, notice that the RG theorem
is not pure density functional as the initial state |¥(¢g)) is required. the only
exception is when the system starts from the ground state; in such case the
HK theorem applies to the initial density and the RG theorem becomes a pure
density-functional method. This is indeed how TDDFT is used in most cases.

The demonstration is splitted in two parts mediated by the intervention
of the current density. In a first step the injective function is proved for the
current and in a second step the injection is extended to the density.

Once the Runge-Gross theorem is demonstrated, a similar Kohn-Sham
scheme can be proposed in a very similar way as is done in GS-DFT. Each
one of those Kohn-Sham orbitals obey a time-dependent Schrodinger equation

i 6901 (I‘, t)

ot
where Hyg(r, t) is the Kohn-Sham Hamiltonian defined by

= Hks(r, t)gi(r, 1) (3.89)

Hys(r,t) = —V; + vks[n](r, t). (3.90)
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The potential vkg[n](r, t) is usually expressed in as the sum three terms: the
external potential veyx;[n](r,t), the Coulomb interaction vy[n](r,t) and finally
the exchange-correlation potential vy.[n](r,t).

3.7.1 Exchange-Correlation Potentials in TDDFT

TDDFT inherits also from GS-DFT that the fundamental approximation comes
from the exchange-correlation potential vg.. v, collects all the terms due to
interaction between electrons beyond the Hartree term.

The exchange-correlation potential v, is a functional of the density, present
or past, but also could be dependent on the Kohn-Sham wavefunctions and in
principle from the many-body wavefunction. It is possible to produce v;. with
increasing complexity, starting from a pure density dependency to an v,. de-
pending in addition orbital dependency through the Kohn-Sham determinant.

The simplest v, starts assuming a instantaneous dependency on the density
[Kohn and Sham, 1965]. That potential is called local density approximation
(LDA) or in the case of systems with odd number of electrons local spin density
approximation (LSDA) In LDA one considers a system whose spin densities are
n,(r) and computes the energy of exchange and correlation as

B yne] = [ @ (o) B0 ) (3.91)

The potential v, is formally defined as the variational derivative with the
density

SELPA
Vae(r, ) = < 5 (3.92)

Kohn and Sham realize the basic limitation of a local density approximation.

“Of course, the simple methods which are here proposed in general involve
errors. These are of two general origins: a too rapid variation of density and
for finite systems, boundary effects.” [Kohn and Sham, 1965]

In spite of the warning, LDA has been remarkably successful and is the
method of choice when its limitations are not proved for a particular kind of
problems. This approximation has passed the test of time and it is still used
nowadays. One step forward in complexity but not necessarily in accuracy are
the semi-local functionals, in particular the generalized gradient approximation.
In GGA, in addition to a dependency on the density, there is also a dependency
on its gradient Vn,,

ESOM i) = [ drn() S9N my g, Vi, Tng) - (3.99)

The accuracy of semi-local functionals could be advanced with the inclusion
of higher order derivatives of the density. Alternative we can make the func-
tional to depend on the orbital kinetic energy density. As an example, recently
a general class of functionals was proposed; the so-called meta-GGAs [Perdew
et al., 1999],
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EmGGA [y ny] = / () mCOA (ny g, Vg, Vnp ) (3.94)

where 7,(r) = 3, |[V¢i|? denotes the orbital kinetic energy density.

All those functionals were designed for GS-DFT. They can be used also
for TDDFT, in that case, the temporal dependency is neglected. The physical
justification for that is that for slow varying systems, in the adiabatic approxi-
mation the exchange-correlation potential is instantaneous. For each functional
designed for GS-DFT there is an adiabatic version for TDDFT.

adiabatic

Yae [ny,nq](r,t) = ULJ?A,GGA,mGGA,..[

ny, nT] (I‘) |n(,:na (r,t) (395)

Several remarks can be done in respect to the use of adiabatic local or
semilocal functionals in the context of atomic collisions. First, during a col-
lision, the density changes radically not only in time, but also in space. The
theoretical justification for LDA is a small variation of density and the adia-
batic approximation is justified only if densities do not change much in time.
Both conditions are heavily broken during collisions, in particular for the range
of kinetic energies explored in this work.

During atomic collisions, one possible outcome could be the ejection of
electrons from the system. This condition is also problematic in TDDFT with
almost all the local and semilocal xc potentials. The problem is due to the
incorrect asymptotic behavior of the tail of the potential. For finite systems,
the exact xc potential decays as —1/r; but most of the functionals developed
for GS-DFT show an exponential decay asymptotically. There are two ways of
correcting for such deficiency, the use of a functional with the right behavior
such as the van Leeuwen & Baerends functional [van Leeuwen and Baerends,
1994], or going into more elaborated functionals such as exact exchange and de-
rive v, by a procedure called optimized effective potential (OEP) or optimized
potential method (OPM)

3.7.2 Propagation of KS-states

Once in possession of a Kohn-Sham scheme as an auxiliary system, the next
important step is the numerical integration of the set of Schrodinger equations.

Taking the time-dependent Schrodinger equation Eq. 3.73 and assuming
a time-independent Hamiltonian, the quantum wavefunction at time ¢ can be
found from the wavefunction at time 0 as:

U(r,t) = G(t,0)¥(r,0) (3.96)
For a time-independent Hamiltonian, the propagator is simply
G(t,0) = Mt (3.97)

The propagator for a time-dependent Hamiltonian is more elaborated
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U(r,t) = G(t,0)¥(r,0) (3.98)
T exp [z /0 dTﬂ(T)] W(r,0), (3.99)

where 7T express the time ordering of the exponential, ie

(o) — fj(;fn/otdn/;dm-/otdm

n=0

- XT [ﬁ(ﬁ)ﬁ(m) . .ﬁ(m)} (3.100)

Only in the case of a Hamiltonian that commutes with itself in the interval,
the time-ordering operation becomes trivial. The propagator G can be factored
by intermediate propagations in the full interval

N—1
G@t) = [] Gt + Ati, 1) (3.101)
i=0
This splitting of the propagator is motivated by two reasons. Assuming that
the time dependency is continuous in time and its derivative is also continuous.
During a very short time scale the Hamiltonian can be assumed constant. The
second reason is for a small At the argument in the exponential decreases. So,
the norm of the argument is also small.
Now, we can consider some of the symmetries present in the propagator G.
If the Hamiltonian is Hermitian, the propagator is unitary

Gl(t+ At t) = G (t + At, 1) (3.102)

The second symmetry is connected with the non existence of time arrow in
quantum mechanics. The time reversal symmetry.

Gl(t,t+ At) = G (t + At t) (3.103)

This condition is valid for all cases present in this thesis, where no magnetic
field are applied.

For the rest of the section, the discussion follows the lines of Castro et al.
[Castro et al., 2004], dividing the problem in two. First, the computational
alternatives to approximate numerically the exponential of a time-independent
operator. Second, the problem is concentrated in solutions for the quantum
propagator of a time-dependent Hamiltonian. The propagators for the time-
dependent Hamiltonian usually rely on the application of exp A(t) for several
values of ¢.

For the numerical exponential of an operator A the first approach could be
the direct use of a Taylor expansion

=3 Lan, (3.104)
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The Taylor approach for evaluating the exponential for a given A and a vector
v consist in truncating Eq. 3.104 to a certain order k

k
R 1 -
vy :EA"V. (3.105)
n=0

The method requires k matrix-vector multiplications and k£ — 2 matrix-
matrix multiplications to compute the iteratively a series of matrices of the
form {1, A A2 ... Ak}

An alternative is Chebychev polynomials instead of using the standard base
{1,A, A2 ... A¥}. The Chebychev polynomials of first kind are defined by the

recurrence relation

To(z) = 1 (3.106)
Ti(x) = = (3.107)
Thri(x) = 22T, (x) — Th-1(x). (3.108)

For A = —iHAt and a vector v
~ k ~
v m Y (2= Apo)(—1)"Tn (AT, (H)v, (3.109)
n=0

where J,, are the Bessel functions. This method requires also k matrix-vector
multiplications.

The next alternative consist in the use of a Krylov subspace expansion. The
order-r Krylov subspace generated by A and v is the linear subspace spanned
by the images of v under the first r powers of A (starting from AO=7 ), that
is,

ICT(A, v) = span {v, Av,A%v, ... ,Ar_lv} (3.110)

Using a Lanczos method an orthonormal base can be constructed {v;}7_;.
The basis is such that

AV, =V, H, + hyy1 00el (3.111)

where \7T and I:IT are r X r matrices. e, is the rth unit vector for C"
The exponential is approximated using the H,

Avav, exp(ﬁr)el (3.112)

All the three methods presented, are accurate enough for a sufficiently small
time-step. Castro and coworkers [Castro et al., 2004], test those method for
the propagation of s, p and d orbitals in equal number of atoms. Their results
are not conclusive on which method performs better. For the purpose of this
thesis, the Lanczos approach was used extensively.

Now, let us consider the problem of approximate the evolution operator

U(t+At, t). The biggest challenge is that most of the methods of approximation
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require the knowledge of the wavefunction and the Hamiltonian in some points
in the interval (t,¢ 4+ At). Several alternatives are considered: extrapolation,
self-consistency. As will be presented in a next chapter, the self-consistency
must be deactivated when velocity phase factors are applied.

For the propagators, Castro and coworkers present a series of methods:
Implicit midpoint rule (Crank-Nicholson), explicit midpoint rule, propagators
that enforce, exactly or approximately the time-reversal symmetry, methods
based on the splitting of the Hamiltonian and the so-called Magnus expansions.

For the purpose of this thesis, the method used ubiquitously was a time-
reversal symmetry based operator. This method is based on the observation
that quantum mechanics has no time arrow (except when magnetism is in-
cluded). So, propagating forward from t to ¢ + At should be the same as
propagating backward from ¢ + At to t should produce the same result. This
statement for a movement of At/2 produces the condition

exp (iA;ﬁ(t + At)) Y(t + At) = exp (ifﬁ(t)) Y(t) (3.113)
The expression for the propagator becomes
U(t + At,t) = exp (—ZAZtI:I(t + At)) exp <—2A2tI:I(t)> (3.114)

3.8 Conclusions

In this chapter, a wide number of methods, theories and techniques were pre-
sented, each of them trying to grasp a different level of the complexity involved
in the solution of a quantum system of several interacting particles.

For the electronic structure, the method of choice was time-dependent density
funtional theory. The reason for that choice comes from the need of an effi-
cient theory capable to scale to a large number of electrons and still be able to
describe reasonably well the electronic structure of the system. A method like
Hartree-Fock lacks completely the correlation, and Post-HF methods, such as
CI, becomes prohibitive when the number of electrons and atoms increase.

For the movement of nuclei, the kind of collisions that we are interested
to model are such that the velocity of the nuclei is comparable to or higher
than the average velocity of the valence electrons. Adiabatic approximations,
such as Born-Oppenheimer are not able to describe the transition of charge
from one atom to another during a collision. The method of choice in this
level was Ehrenfest molecular dynamics, with the added advantage that the
orthogonalization of the wavefunctions can be automatically included in the
algorithm, one of the bottlenecks of the other methods.

As in collisions we require explicit evolution of the time-dependent Schro-
dinger equation, TDDFT was the method of choice, using adiabatic LDA as the
exchange-correlation potential to start exploring the possibilities of the method
in high energy collisions.
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4.1 Introduction

Compared to classical molecular dynamics, the use of TDDFT to explore dy-
namical processes such as collisions, offers the possibility to describe the evo-
lution of the charge in the system. As a result of a collision, electrons can be
transferred from one atom to another or being ejected out of the system. Atoms
change their charge states and their interaction with other atoms also changes.
This kind of behaviour is not well modelled at all in classical molecular dy-
namics because the potentials used for each atom usually remains unchanged
during propagation.

In the specific case of TDDFT, a theory based on the electronic density,
the density and the KS wavefunctions need to be represented in space. Three
alternatives are commonly used to represent those entities: localized basis func-
tions, spatial grids and in the particular case of periodic systems, plane waves.
Each of these alternatives has its strengths and weaknesses, but the use of spa-
tial grids is privileged to represent phenomena were electrons could eventually
escape in open systems. That is done at the cost of using large grids that
extend far beyond the location of the atoms in order to avoid reflections with
the boundaries of the box; otherwise, absorbing boundary conditions could be
also used to avoid the reflections. For absorbing boundaries, there are tra-
ditionally two approaches: To use negative imaginary potentials [Neuhasuer
and Baer, 1989; Nakatsukasa and Yabana, 2001] or using a perfectly matched
layer [Zheng, 2007]. The former was used with sin? imaginary potential as the
absorbing boundary always was needed.

An important element is to decide how to analyse the repartition of charge
and how to associate a certain amount of charge to a particular atom. In order
to quantify the charge transfer between atoms, it is necessary to have a way
to count the amount of charge associated to each atom for a given distribution
of charge. The main problem in such an association is that atomic charges are
not observables from the point of view of quantum mechanics. They cannot be
measured and theoretically they are deduced from physical observables using

59
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a more or less arbitrary method. The method pretends to capture the idea
of ionicity for a set of molecules or surfaces. During the last decades, several
methods have appeared to model theoretically or experimentally the charge
associated to atoms. Wiberg and Rablen [Wiberg and Rablen, 1993] com-
puted the charge on atoms using seven different methods for a set of organic
molecules. One year after, Meister and Schwarz [Meister and Schwarz, 1994]
collected statistical data about 25 different methods to account for charges in
atoms, both theoretical and experimental. The authors concluded that even if
those models diverge in their values for different cases, they point to the same
physical concept from a statistical point of view. A single principal component
is responsible for most of the physics behind the different charge analysis.

In this chapter we will explore some of them, those that will be extensively
used in the next chapters. Ideally the method to account for charges should
have these properties:

(a) Should be simple and scale linearly with the number of atoms

(b) If the method relies on the wavefunctions, it should be independent of a
basis, otherwise we should convert the real space mesh into a basis repre-
sentation in order to get the associated charge. These kind of conversions
are in general non trivial.

(¢) Should not have arbitrary parameters

(d) It should be able to represent charges that are not attached to a particular
atom during the evolution.

Let us consider several methods found in the literature and discuss them in
light of the conditions mentioned above.

The problem of separating molecules in atoms is particularly important in
chemistry where such knowledge allows to quantify, for example, the strength
of a bond or how easy it is to remove charge from one particular atom in a
molecule. We can separate the different methods in several categories: wave-
function-based, density-based and spatial-based methods. The oldest method
to account for charges is probably the Mulliken population analysis [Mulliken,
1955¢,d,a,b], based on wavefunctions. In the density-based methods we can
distinguish the Bader analysis [Bader, 1990] and Hirshfeld analysis [Hirshfeld,
1977]. Those method rely strongly on the electronic density to split the charges
between the different atoms. For one example of purely geometric methods, we
can mention the Voronoi charge analysis [Guerra et al., 2004].

In scattering processes, we can use the fact that projectile and target start
and end separated in space. This fact induces us to consider also schemes
that rely preferentially on some sort of easy spatial separation and account for
the charges using that. For example we can split the space in fixed spheres
around each atom and integrate the charge inside. We can also split the charge
using slices perpendicular to the direction of propagation and use them also to
account for the charge.

The main advantage of those methods is that they allow to represent charges
that are not attached to a particular atom during the evolution. The spatial
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separation is probably the simplest way to quantify dynamically the amount
of charge of a distribution of atoms, but there is great arbitrariness on the
shape of the containers: slices, boxes, spheres and their sizes. Another issue is
when the atoms get closer to each other: those boxes will overlap and the total
charge is not longer the sum of the different boxes plus its complement. That
is not particularly important in scattering processes because what is measured
usually is the asymptotic state of the system.

On the other side of the spectrum, methods such as Bader analysis or
Hirshfeld analysis offers a far more elaborate way to account for the charge
associated to an atom. However, those methods were designed for static charge
configurations and are not able to represent charges being ejected out of the
system.

4.2 Atomic Charges

4.2.1 Mulliken

The Mulliken charge analysis [Mulliken, 1955¢,d,a,b] is probably the oldest
of all methods to separate the charge in atoms. The method is based on
wavefunctions and in particular expanded in atom centered basis functions of
the atoms constituting the system. For this reason, it is not very well suitable
for densities expressed in a mesh. We describe it here to have a full description
of methods developed in the last century but this method will not be used for
this thesis.

Consider a molecule whose many-body molecular wavefunction could be
separated in molecular orbitals ¢;(7). Those molecular orbitals can be ex-
panded in a basis of wavefunctions centered on the atoms of the molecule

M
%(F) = ZZCV¢V(F>7 (41)
T VET
where the sum over 7 runs over the M atoms of the molecule, and the parameter
v runs over the dimension of the basis where 1); is expanded and the orbitals
are centered on atom 7.
The total number of electrons could be expressed as:

No= 3w / dr|ops (r) [ (4.2)

occ

= Z Z ZnicVicHi/dr¢;t(r)¢u(r) (4.3)

T, VET,UES &

= > > Du.Su. (4.4)

TS VET,UES

occ

where D is the density matrix D, , = >,
S/J.,V = <¢p«| ¢V>

N Cyi i and S is the overlap
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The diagonal elements D,, ,.S,,,,, are the fractions of the charge that belongs
purely to one of the atom centered basis functions, and correspondingly the
charge belongs to the atom p. The non diagonal elements are symmetrically
split between the atoms v and pu. The Mulliken charge associated to the atom
7 in the orbital v:

1
Qu = DV,USV,V + 5 ;(Du”usl/,,u + DM,US,LL,U) (45)
nHv

The total Mulliken charge for one particular atom results of the addition of
all the contributions from the orbitals centered on the atom.

As was mentioned before, this scheme is not well adapted for densities and
wavefunctions expressed in spatial grids, because it implies to project the grid in
atom-centered basis with computational overhead. The use of Mulliken charges
has been questioned because the values not always converge with the size of
the atom-centered basis. Even more, Mulliken charges for static electronic
structures produce values of charge that are not correlated with the degree of
ionicity of specific atoms in molecules and the utility in periodic systems is also
limited.

4.2.2 Bader Analysis

Richard Bader [Bader, 1990] created a natural way to separate a molecule in
regions using its electronic density. Consider for example a bi-atomic molecule;
normally, in some place between the two atoms the density will reach a min-
imum and that is the natural place to split the charge in the system. Even
more, there is an entire plane, such that for points out of that plane, if the
gradient is followed, the path will end on one of the two atoms and no path
will cross the plane. That is called a “zero-flux” surface. For more complex
molecules or crystals the same idea is followed: discover the surface were the
density is a minimum perpendicular to the surface. Those surfaces split the
entire space in volumes and the charges can be computed using those volumes.

For an electronic density p(r), a zero-flux surface can be expressed as the
set of points in R3 such as:

Vp(rs) - n(rs) =0 (4.6)

where 7i(r) is an unitary vector perpendicular to the surface S(r) such that
re € S(r).

The procedure to construct the “zero-flux” surfaces starts by identifying
the critical points in the mesh. Critical points r. are characterized by the zero
value of the gradient in those points:

8p(rc) A 8p(rc) A 8p(rc) A
9 + 2y Uy + 5, U= 0. (4.7)

Those critical points could be maxima, minima, or saddle node points.
Typically, the position of nuclei would be at a maximum, but also critical
points could be in places where no nuclei is present, in the center of a bond

Vp(re) =
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for example. To further characterize those critical points an extra derivative is
necessary, the Hessian matrix

p(r)  %p(x) Ip(r)
Ox2 Oxdy O0x0z

3% p(r 3%p(r 8%p(r

Alre) = ayp[“():v) a;;g) 6;8(2) : (4.8)
®p(r)  %p(x) Ip(r)
920x 020y 022 r=r,

This matrix, being real and symmetric, can be diagonalized

9%p(r)

oz'? 9 0
Aro)=| 0o  ZE o0 , (4.9)
0 0 9%p(r)

2 —
0z T=rc

with its values characterizing the curvature of p in the critical point r..

The critical points that are maxima can be reached by following the gradient
of the density. The basin of each nuclei, ie. the set of points that goes to that
nuclei following the gradient, constitutes the Bader volume. The boundary of
those Bader volumes is the Bader surface, and has the property that no path of
gradient crosses the surface. That is the reason why they are called “zero-flux”
surfaces. Those surfaces naturally limit the volumes of each atom.

Typical implementations will search for critical points. They will interpo-
late the mesh and look for the Bader surface accurately. When the surfaces
are determined, numerical volume integration is performed to get the Bader
charges. That algorithm is particularly expensive, mainly because it involves
many interpolations in the grid and solving non-linear equations.

More recently, Henkelman and co-workers [Henkelman et al., 2006; Sanville
et al., 2007; Tang et al., 2009] developed an algorithm that implements Bader’s
idea for the electronic density in a grid. The algorithm avoids to determine
explicitly the Bader surfaces, instead of that, it searches for the basin of each
atom following a steepest ascent path. It follows the gradient of the density
jumping from a grid point to another grid point until it reaches the maximum.
Commonly the maximum will be the closest grid point to the position of one
nuclei. Identifying the grid point that goes to each nucleus, the grid points
could be grouped in sets of basin grid points. The Bader charges are found
by adding the density contributions of each grid point and interpolating in the
boundaries of the different basins

4.2.3 Hirshfeld Analysis

Another way to account for charges is the Hirshfeld charge analysis [Hirshfeld,
1977]. The Hirshfeld analysis uses previously computed radial density distri-
butions. That information is used to split the charge in a given point of space
using weights, determined from the sum of the overlapping (original) atomic
densities for all the atoms in the system. The figure 4.1 shows the values of
charge for the lightest elements in the periodic table. These all-electron density
data have been generated using the FHI98PP code [Fuchs and Scheffler, 1999,
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in the LDA (PW92 XC functional). The data could be found in the website of
the ABINIT software package (http://www.abinit.org).

Consider a differential volume dv located in the position of space r. The
radial density of an atom h;(r) is a function of the radius and the atomic species
i. The density n,(r) that belongs to the atom 7 in the position r with a local
density of n(r) is:

hT(|I‘ — I'TD
Z# hu(lr —rul)

The total charge associated to the atom 7 results in the integration of n.,(r)
in all the space,

n.(r) = n(r) (4.10)

Qr = /nT(r)d3r. (4.11)

The Hirshfeld charges offers an intuitive way to account for charges yielding
meaningful charges when comparing the degree of ionicity of bonds. Hirshfeld
charge analysis was created to account for static charges. In process such as
collisions, electrons could be ejected out of the molecule. Those charges will
always been associated to the atoms in the system. The use of Hirshfeld charge
analysis should be, for the purpose of this thesis, complemented with other
schemes to be able to identify the amount of ejected charges.

4.2.4 Voronoi Charge Analysis

The Voronoi charge analysis (VCA) [Guerra et al., 2004] method offers a simple
geometric partition of charges based on a natural partition of space. The origin
of the Voronoi method comes from the so-called Voronoi tessellation. The
position of the nuclei plays the role that in mathematics are the seeds for the
Voronoi diagram. The volume R, that belongs to an atom 7 is the set of points
in space that are closer to the atom 7 than any other atom ¢ # 7.

R, ={reR®||r—r | <|r—r] forall¢+#7} (4.12)

As an example the figure 4.2.4 shows a slice of the Voronoi tesselation for
a molecule of Anthracene.

The charge that belongs to the atom 7 is naturally the density integrated
in the volume R,. This method, as well as the Hirshfeld will always integrate
to the total charge in the system.

4.2.5 Spatial Charge Analysis

The traditional methods used to account for charges in general are unable to
describe charges that escape from the system. In scattering processes, the
analysis is focused in the asymptotic states of the system. In those cases, it
is natural to encapsulate the projectile and target in volumes. However, the
shape and size of those volumes remains arbitrary and could only be justified
by comparison with the other methods.
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Figure 4.1: Radial averaged distribution of charge for the lightest elements in
the periodic table.

Figure 4.2: Voronoi tesselation for a molecule of anthracene (CigHyy). Slice
in the plane of the molecule. Medium black dots represent the location of
carbon nuclei and small black dots are the positions of Hydrogen nuclei. As
the molecule is flat, the Voronoi volumes are found by simply projecting the
Voronoi tessellations perpendicular to the plane of the molecule.
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Storing the density for a full time-dependent trajectory, requires an impor-
tant amount of disk space. Instead of storing the entire density, integrated
quantities consume less space, are easier to write in disk and allow us to an-
alyze the charges using spatial separation analysis. Two integrated quantities
were implemented: integrating in planes perpendicular to the direction of prop-
agation, and radial integration on spheres centered on each of the nuclei in the
system.

Both schemes are useful to encapsulate charges close to the atoms. This
scheme will be used in the next chapter for a proton - He collision.

4.3 Conclusions

In this chapter, we have presented several methods to analyze charge reparti-
tion on a finite system. Hirshfeld, Bader and Voronoi are traditional methods
used in the literature for splitting the charge in atoms. However, those methods
integrate the charges in the whole space and they are unable to describe elec-
trons escaping from their original host atoms. Also the necessity of a simplified
scheme is imposed for the cases of many-electron systems. The solution was to
account for charges using geometrical volumes like slabs and spheres. Those
schemes will be extensively used all along the next chapters.
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5.1 Introduction

In this chapter are present the first applications of fast atomic collisions using
time-dependent density functional theory (TDDFT). For the first case, one HT
atom impacts a neutral helium atom. The system is simple enough and an
experimental results from several sources are available. For the second case, a
more challenging problem was addressed, the collision of an atom of gold with a
molecule of Butane. Those two problems show the possibilities for computing
charge transfer processes with reasonable accuracy. They also raise some of
the challenges that induce the creation of new tools. Those tools, in particular,
the velocity phase factor are not used here and will be the purpose of the next
chapter. This first applications of TDDFT in fast collisions were published
[Avendano-Franco et al., 2012].

5.2 Proton Impacting Helium

Our first case corresponds to the simulation of a collision between a proton and
a Helium atom. This is a well-studied problem in atomic physics [Keim et al.,
2005; Rudd et al., 1985; Belki¢, 1978; Belkié¢ et al., 1979; Mergel et al., 1997;
Hasan et al., 2006], for which a wealth of experimental data as well as results
from higher levels of theory are available.

For the simulation, a rectangular parallelepiped of 16.94 A along the direc-
tion of impact, and 10.58 A in the transversal directions is used. The simulation

67
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box is defined by its extremes:

(—8.47,-5.29, —5.29) and (8.47,5.29,5.29). Proton kinetic energies were ex-
plored between 16 keV and 1.2 MeV. The spacing between points in the mesh
is 0.1 Bohr (that is, 0.0529 A). The total number of points in the mesh is
321 x 201 x 201 = 12,968, 721 grid-points plus some extra points outside of the
boundary to properly compute spatial derivatives.

The Helium atom originally located along the major central axis of the
parallelepiped is impacted by a proton that starts in one of the faces of the box
with a certain kinetic energy and impact parameter. The starting coordinates
for the He target is (—4.2,0,0), and for the proton projectile is (—8.47,b,0),
where b is the impact parameter (the perpendicular distance between the path
of a projectile and the center of the target).

In scattering processes usually only the final product of the collision is
considered. First principles methods also allow to understand the dynamics
during the collision. With the aim to gain understanding of computational as
well as physical aspects, we monitor the dynamics of the electronic structure
during the entire evolution. However, the amount of data accumulated per
time step is quite large, and thus must be handled with care. To fix the idea,
the storage of electronic density for 12968721 grid points will require a binary
file of about 96 MB. Supposing a total of 25000 time steps, storing the data
each hundred steps will require 24 GB. Instead of storing such amount of data
for post-processing purposes only, we decided to introduce small modifications
to the Octopus source code to extract the relevant data in a less detailed way
during the execution, focusing on selected integrated quantities, described later.
Those modifications are only affecting the output of the density : the physics
and algorithms implemented in Octopus were not changed.

As the kinetic energy of the proton spans several orders of magnitude, the
time step needs to be properly adjusted for each value of kinetic energy. How-
ever, for low kinetic energies, the time step is fixed by electrons. The optimal
value was computed for the most energetic proton in such a way that the total
energy of the system be constant under a tolerance of 0.03 eV. The larger devi-
ations for the total energy occurs when the proton reaches the closest distance
with the He nucleus. After the time step was scaled proportionally for the dif-
ferent energies in such a way that the same number of time steps are needed to
move the proton the entire length of the simulation box. The number of time
steps required to move the proton from one side of the box to the opposite
one is around 30000. The simulation is stopped at 25000 time steps when the
proton is sufficiently far from the He nucleus and around 3 A far from the end
of the simulation box. At this point the electronic capture is complete.

As the proton follows its path, coming close to the Helium atom, the elec-
tronic structure of the latter is perturbed. Depending on the initial kinetic
energy of the projectile and its impact parameter, some charge is ejected out of
the Helium atom region, and either becomes attached to the proton projectile,
or is ejected in all directions of space, including backwards the direction of
impact.

In the TDDFT formalism for a two-electron spin-saturated system such as
the Helium atom, only one Kohn-Sham orbital is explicitly treated. Contrary
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Figure 5.1: Snapshots of the integrated planar charge density during a typical
proton - Helium collision. The impact parameter is 0.74 A, the initial kinetic
energy of the proton is 26.8 keV. The direction of propagation is «. The different
lines show the density integrated inside a disc of radius R (in A) in the y — 2
plane (or inside the full box) centered on a line that passes through the Helium
atom at rest. Small black dots are used to show the locations of the nuclei in
the direction z (see text).



70 Chapter 5. First Applications

to wavefunction-based methods, the knowledge of the final state of the system
does not allow a unambiguous interpretation of the final result in term of
probabilities of one- and two- electron transfer. However, the one-electron
transfer probability is much larger than the two-electron transfer probability,
and in the present context, we will assume that the charge density outside the
Helium region, is a direct image of the one-electron transfer process. This is
consistent with the results obtained in Refs. [Wang et al., 2011, 2012]

Fig. 5.1 presents several snapshots of the time evolution of the electronic
density inside the simulation box, for a typical collision. For the purpose of
visualisation, the electronic density is integrated in planes perpendicular to the
direction of propagation, inside discs of different radii in the y — z plane. One
notices that before the collision, the lines for radii larger or equal to R = 1.59 A
are undistinguishable from the line obtained in the whole plane, while the
spread between different radii increases steadily after the collision, meaning
that the electronic charge that is localized within 1.59 A before the collision, is
scattered and occupies the whole simulation box after the collision, as expected.

To measure the amount of charge being transferred to the proton, we inte-
grate the charge around the two nuclei after the scattering and when they are
sufficiently separated to measure a stable number of electrons to each of them.
In this simulation, the proton carries at the end about 0.4 electrons in a sphere
of 1 A of radius.

In order to examine the stability of the quantitative estimation of the charge
transfer, Fig. 5.2 presents the evolution of the integrated charge in slices of 2
A, centered on each atom. For completeness, we also present in this graph, the
integral of the charge density in the region of space with x lower than -1 (called
“Back-scattering slice” ), and with « larger than +1 (called “Forward-scattering
slice”).

At the beginning of the simulation, using a slice of 2 A for the Helium atom,
a charge 1.967 electrons is inside the “Helium slice”, the charge that spills out
of the slice represent the tail of the charge density, split in 0.018 electrons
for the “Back-scattering slice” and 0.015 electrons for the “Forward-scattering
slice”. It means that more than 98% of the charge is initially contained inside
the “Helium slice”. As the proton gets closer to the Helium, part of the charge
associated to the He is also associated to the proton, as the two slices overlap.
Finally, when the proton leaves the region of interaction, some charge follows
the proton, reducing the charge associated the Helium atom.

The charges associated to proton and He stabilizes around a well-defined
value. While the back-scattered charge is quite small, the difference between
forward-scattered charge and the charge centered on the proton, after the col-
lision, is non negligible, and calls for further analysis, especially with respect
to its angular dependence. Such analysis could be possible, for example by
calculating the photoelectron spectrum [Pohl et al., 2000; De Giovannini et al.,
2012]. Artefacts due to the reflecting nature of the simulation box must also
be analysed. At the end of the time simulation corresponding to Fig. 5.2, the
charge present in the “Back-scattering slice” is 0.023, the charge present in the
“Helium slice” is 1.504, the charge present in the “Forward-scattering slice” is
0.473, while the charge present in the “Proton slice” is 0.367.



5.2. Proton Impacting Helium 71

2.0
S
B,
S 1.5} T :
53 1
o ! i
£ . e
k= 1 G
o 1.0f . 5
< 1
[S] 1 7 K
3 1
T ]
8 ' > ~~--_---—-----—-_
k= ' R

& y
0 I-n'—.——rﬂ]f.'.F.l."'"w\‘.:, RN NLEE RN N ymimimimi®. i m i mim .
'8.0 0.1 0.2 0.3 0.4 0.5 0.6
Time [fs]

Figure 5.2: Amount of charge present in different regions of space during the
proton-He collision. Both atoms are allow to move and the simulation is done
in a reference where the He atom is initially at rest. The initial kinetic energy
and impact parameter are the same than the ones used in Fig. 5.1. Full line
(blue) : integrated charge in a slice with « between —5.2 and —3.2, that is,
between —1 and +1 A with respect to the Helium atom, defining the “Helium
slice”. Dotted line (red) : integrated charge with  higher than —3.2, that is,
in the “Forward-scattering slice”. Dash-dotted line (light blue) : integrated
charge with x lower than —3.2, that is, in the “Back-scattering slice”. Dashed
line (green) : integrated charge in a moving slice, with the difference in = with
respect to the proton being between —1 and +1, that is, in the “Proton slice”.
Note that this slice overlaps first with the “Back-scattering slice”, then with
the “Helium slice”, then with the “Forward-scattering slice”. Small dotted line
(blue), upper : Hirshfeld charge for the Helium nucleus. Small dotted line
(green), lower : Hirshfeld charge for the proton.
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Figure 5.3: Components of the planar average charge velocity (j/n) as a func-
tion of time, for the plane 2 = —0.5 A. The physical conditions shown here
are the same as Fig. 5.2; the vertical dashed red lines indicate the times of
the snapshots of Fig. 5.1. The velocity of the proton is also shown with a
horizontal line.

Fig. 5.2 also presented the Hirshfeld partitioning [Hirshfeld, 1977] of the
total charge, as a function of time. The Hirshfeld partitioning attributes the
charge at each point in space either to the Helium or to the proton, according to
a weight that is proportional to the radial densities of the neutral (ground-state)
Helium or Hydrogen atoms. The implementation of this partitioning is rather
easy. Although it completely neglects the possibility that a fraction of electronic
charge density might not be attributed to one of both atoms, it constitutes
a useful characterisation tool, that can be transposed easily to more complex
situations, as described in the next section [Meister and Schwarz, 1994]. For the
present proton-Helium case, after the collision, the Hydrogen Hirshfeld charge is
0.453, and the Helium Hirshfeld charge is 1.547. The Helium Hirshfeld charge
is slightly higher than the charge in the “Helium slice”. It seems to gather
most of the charge excluded from the “Back-scattering slice”. Analogously, the
proton Hirshfeld charge is larger than the “proton slice charge”, and smaller
than the charge in the “Forward-scattering slice”. In both cases, they stabilize
after the collision, and can be used to perform an analysis of the transfer of
charge.

As seen on Fig. 5.2, the amount of charge being transferred becomes stable
for a given value of initial kinetic energy and impact parameter. The under-
standing of the long-term evolution of the charge clearly identified to be in the
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Figure 5.4: Electronic charge capture for the proton-Helium collision, as func-
tion of the initial kinetic energies for several different impact parameters. The
charge depicted is the charge from the proton slice when the transfer is com-
pleted.
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Figure 5.5: Electronic capture cross section by proton in Helium. Experimental
results [Rudd et al., 1983] [Stier and Barnett, 1956] [Barnett and Reynolds,
1958] [Williams, 1967] [Welsh et al., 1967] are shown for comparison.
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He and H regions seems rather obvious, unlike the charge in other regions.

In Fig. 5.3, we examine one aspect of the behavior of the charge that
remains between the two nuclei. In this respect, we define the planar average
velocity as the integral of the local current divided by the local density in the
plane perpendicular to the x direction. This figure shows the planar average
velocity during the proton-He collision for a reference plane in the scattering
region at © = —0.5 A. As the proton approaches the He atom (t < 0.20 fs),
the charge oscillates at the reference plane, inducing oscillations in the charge
velocity. Immediately after the proton-He atom collision (z = —4.2 A t=021
fs) some charge crosses the reference plane, causing a sudden jump in the
charge velocity shown in Fig. 5.3. When the proton crosses the reference
plane, (t=0.35 fs) the charge crosses the plane with the same velocity as the
proton, as is evident in the plateau found around 0.35 fs. After the crossing
of the proton the velocity of the charge in the plane decreases exponentially.
Also some charge goes back to the Helium atom, visible as a negative value in
the current along y. The quantification of the amount of charge going in the
different channels (including e.g. electron scattering) has not been attempted.

Fig. 5.4 gathers the electronic charge transfer values, after collision, as
a function of the initial kinetic energy of the projectile, for several values of
the impact parameter. Assuming an exponential behaviour of the electronic
capture as a function of the impact parameter the capture cross section based on
the proton slice integrated charge density, can be computed as a function of the
initial kinetic energy of the projectile. The corresponding data are presented
in Fig. 5.5 There is a good agreement with the experimental data [Rudd et al.,
1983; Stier and Barnett, 1956; Barnett and Reynolds, 1958; Williams, 1967;
Welsh et al., 1967] in the energy range below 150 keV.

One can wonder why the agreement is quite good, although it is well-known
that TDDFT usually overestimates charge transfer. [Jamorski et al., 2002;
Dreuw and Head-Gordon, 2004] However, during collisions, the electronic trans-
fer occurs close to the nuclei, where the electronic density is high. The contri-
bution to the capture cross section is dominated by collisions with small impact
parameter. The known problem, actually related to the presence of region of
spaces weakly populated (exponential decay of the wavefunction) seems not to
be encountered here. Even the lack of a non-local exchange [Dreuw et al., 2003]
does not affect the capture cross section. We performed some additional cal-
culations, with the self-interaction correction present in Octopus. We observed
that differences in the final outcome of the simulation are negligible.

5.3 Gold-Butane Collision

The collision of an atom of gold and a molecule of butane includes some extra
challenges compared with the previous case. Instead of 2 electrons, now we have
a total of 113 electrons. By using pseudopotentials, the number of electrons
treated explicitly can be reduced to 37. The gold atom being spin-polarized,
we have to treat independently each spin channel. The total number of Kohn-
Sham spin-orbitals to be handled is thus 37.

As the butane molecule and the gold atom are bigger than the entities of
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Figure 5.6: Snapshots of the collision of a gold atom with a butane molecule.
The initial kinetic energy of the projectile is 23.9 keV.

the previous case, the simulation box needs also to be bigger: the box is 22 A
along the direction of collision and 10.5 A in the transversal directions. As the
projectile (Au) now contains electrons, its initial position must be inside of the
box.

In the proton-Helium case the mass ratio between projectile and target
was 1:4. With Au as projectile, the proportion is inverted to about 3:1. The
simulation presented in Fig. 5.6 shows an atom of gold, with initial kinetic
energy of 23.9 keV, impacting the bond region between two carbon atoms of
the butane molecule. We observe that the gold atom breaks the molecule
precisely on that bond, and continues its path without major deflection. Two
fragments are formed from the former butane : one CHjs ion (lower part of
each sub-figure) and one C3H; ion (upper part of each sub-figure). However,
the latter can be seen to decompose in a CHy entity (moving upwards), and a
CoHj; entity (nearly static).

This work is intended to simulate the kind of processes occurring in sec-
ondary ion mass spectrometry (SIMS). From a SIMS perspective, the frag-
mentations present in our simulations should be similar to those occurring in
organic polymers due to secondary collision of the atoms from a gold deposit
surface as is the case in Metal-assisted SIMS (MetA-SIMS). They should have
an important role in the ionization of those organic fragments, allowing them
to be identified when sputtered.
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Figure 5.7: Planar integrated charge density, during the simulation of an atom
of gold in collision with a butane molecule, corresponding to the six snapshots
of Fig. 5.6. Each spin channel (up and down) is plotted with different colors
(blue and green).

Following the same methodology than the one used to understand the case
of proton and He collision, the planar integrated density was computed along
the direction of impact. It is represented in Fig. 5.7. As for the proton-Helium
collision, such charge density representation allows to visualize the dynamic
evolution of the electronic clouds. The two clouds, initially well separated,
merge, and then separate, while a small component is present outside of the
two major regions.

For kinetic energies as high as in the case presented, and with similarly large
impact parameter, the fragments of the butane molecule acquire a relatively
small velocity, making easier to partition the charge. We also tested lower
kinetic energy cases. However, for some of these, the fragments have a velocity
close the one of the projectile. Measures of charge based on a one-dimensional
integrated partition of the space are not as effective. The partition of space
must be three-dimensional (as was done with cylinder for the proton-Helium
collision) to provide usable results.

In Fig. 5.8, the Hirshfeld analysis is carried out for each spin component.
It shows a well-defined realocation of the spins charges for the gold atom. As
the total amount of charge for each component remains constant, it means that
the spin rearrangement is done at the expense of the spin components of the
carbon and hydrogen atom. While the charge and spin on the gold atom quickly
stabilizes after the collision, on each fragment, the time-dependent Hirshfeld
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Figure 5.8: Evolution of the Hirshfeld charges, during the simulation of the
collision between an atom of gold and a butane molecule, with the same pa-
rameters as in Fig. 5.6. Each spin contribution is displayed independently
for each atom. The upper curves are for the spin up and spin down Hirshfeld
charges on the gold atom. The Carbon Hirshfeld charges start at a value of
about two (for both spin up and spin down, making four valence electrons for
each carbon atom as expected), and the Hydrogen Hirshfeld charges start at a
value of about one half (for both spin up and spin down, making one valence
electrons for each hydrogen atom as expected)

analysis shows some fluctuation between atoms, which is expected (even if
confined in a fragment, the electrons continue to oscillate, due to the Ehrenfest
dynamics). For a well-separated fragment, like the CHs going downwards on
Fig. 5.6, the stabilization is expected to be faster than for each atom separately.

The Hirshfeld analysis shows that the gold atom loses a charge of 0.477
electrons in the spin up channel, and gains a charge of 0.280 electrons in the
spin down channel, with a global loss of 0.197 electrons. The CHj3 fragment
charge change (U,D) is (+0.297, —0.135), for a global gain of 0.162 electrons,
the CHy fragment charge change (U,D) is (+0.134, —0.039), for a global gain of
0.095 electrons, the CyHp fragment charge change (U,D) is (40.047, —0.106),
for a global loss of 0.059 electrons.
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5.4 Conclusions

Those two examples shows the feasibility of computing charge transfer processes
in atomic and molecular collisions. They also raise some of the limitations. In
the case of the collision of proton with Helium, it was assumed that most of
the contribution for charge transfer comes from single electron processes. This
could be reasonably justified in this case, but the justification will be weaker
in the case of more highly ionized projectiles or target. In those cases, several
charge states are possible in the final state and a simple measure based on
the density will be not enough. It is important to clarify that the fractional
charges in the final configuration must be interpreted in a probabilistic sense.
In a experimental measure, a define charge state will be obtained.

Also for this case, the use of a proton as projectile avoids the use of a velocity
phase factor. For projectiles with electronic states described explicitly, the use
of a velocity phase is mandatory for the range of kinetic energies presented.
That will be the topic of the next chapter.

For the collision of gold with butane, the use of a phase becomes more
relevant. In this case, a small dipole moment in the direction of propagation
appears. The balance here is established between the high kinetic energy of 23
keV and the also heavy mass of the projectile, Au. As a result, an effective
velocity of 0.07au is low enough to avoid charge loss when the velocity phase
is missing. This problem also shows how for molecules the configuration space
increases significantly , even if the target is rather symmetric. Those elements
were instrumental in the selection of the problem for a next chapter, where a
collision of Litwith a Cgp molecule is considered.
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A TI, donaire alado, forma en vuelo,
Raudo volumen que la luz reanima
y en el movible espacio determina

la paralela sombra de su anhelo.

A ti, persecucién, miultiplo en celo,
circulo en fuga, aljaba y jabalina;
rebelién de lo extético y divina
dindmica arcangélica del cielo.

A ti, soplo contrario a lo imposible,
perpetua agilidad, tallo flexible,
sangre en tension, feliz musculatura.

La vida de la vida es promoverte.
Tu victoria, la muerte de la muerte.
A ti, libertador de la Pintura.

Al movimiento
Rafael Alberti

6.1 Introduction

As was shown in chapter 3, TDDFT is a pure density functional method only if
the system starts from the ground state. Otherwise, the Hamiltonian is also a
functional of the initial full many-body wavefunction and the initial Kohn-Sham
states. In practical cases, TDDFT operates as a pure density functional theory.
The ground state is computed as the initial state of the system. The evolution
is applied on the Kohn-Sham set of orbitals starting from that initial condition.
In the case of dynamical processes such as collisions, it is also natural to assume
that the particles that will interact start from their ground state. The target,
usually at rest, is assumed to be in the ground state and the projectile comes
from far away and impacts the target.

In practice, the two entities, target and projectile, start as far as the method
of choice allows. In this initial step, two issues appear that could induce im-
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portant effects in the outcome of a simulation. First, once the electronic wave-
function is computed for its ground state the proper kinetic energy should be
added to the electrons that belong to the moving particles. Second, in the case
of ion projectiles, if the ground state is computed for the ensemble of projectile
and target, the ground state could eventually result into a redistribution of the
charges, ie, neutralizing the projectile and ionizing the target. In such a case,
the ground state must be computed independently for target and projectile,
and reintegrated to start the propagation.

This chapter will focus on the first issue, the correct introduction of the
electronic kinetic energy for the electrons associated to moving particles. The
content of this chapter is part of a paper to be submitted soon.

6.2 Velocity Phase Factor

As was said, TDDFT starts from the GS because in such case the HK-theorem
guarantees that the potential is a pure density functional. The usual proce-
dure to evolve the Kohn-Sham scheme under TDDFT starts by computing the
ground state of the system and later evolving the set of Kohn-Sham states.
It is important at this point to realize that computing the ground state of a
moving particle is not equivalent to compute the ground state of same particle
at rest. Consider the state Uy (r,t) of a particle moving with velocity v, the
particle is under the influence of a potential V(r — vt). The time-dependent
Schrédinger equation can be written as

{—;VQ +V(r— vt)} Uy (r,t) = i%lllv(r, t). (6.1)

At t = 0, the solution ¥, (r,t = 0) is not equal to the solution of the static
problem

1 - 0
—=V2 4V (r)| Uo(r,t) = i~ To(r, 1), (6.2)
2 ot
however, as we plan to show, the solution to the dynamical problem can be
expressed from the solution of the static problem.
Consider the ground state of the static problem, factorized in space and
time

To(r,t) = Po(r) - e~ ot (6.3)

equation 6.3 solves the time-dependent Schréodinger equation

1 N ) 0 .
[—2V2 + V(r)] o(r) - e ol = iatbo(r) - e~ Eot, (6.4)
Applying the derivative in the right hand side and canceling the exponential
in both sides we arrive to the usual result that the spatial component ®¢(r) is
solution of the time-independent Schrodinger equation
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1 N
{—2v2 + V(r)] Bo(r) = EgPo(r). (6.5)
Now we show that the wavefunction

T, (r,t) = Og(r) - e vl . etvr (6.6)

is solution of the dynamical Schrodinger equation. This is a well know result
for non-relativistic particles [Lévy-Leblond, 1967]

—%Vz +V(r—vt)| Ty(r,t) = i

5 Uy (r,t). (6.7)

Developing the time derivative in the right hand side of 6.7:

9 . _
i—Uy(r,t) = i—®(r—vt) e vl .evr

ot

(6.8)

The left hand side of 6.7:

1 N 1 .
—§V2 +V(r— vt)] U, (r,t) = |:—2V2(I)0(I' —vt)-e™V’T

+V(r — vt)®o(r — vit) - VT | eV,

(6.9)

Cancelling e "*#+* from 6.8 and 6.9, substracting both terms and going into

the limit ¢t =0
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1 ) N )
0 = —7V2(I>0(r) eVt V(r)Po(r) - e

[zw

(I)O( ) iv-r

OL

1 2 . a 2 iv-r
= —3 lv Po(r) *QZ;%%@O(T) — v Po(r)-| €
+V(x)®o(r) l Zvo‘ara v| Bolr) -
VQ ) ’U2 . .
=~ Do(r) VT + S Po(r) €V 4+ V(1) Po(r) €T
7qu)0(r) . ezv r
VQ ’1)2 .
S v@} Do(r) — Byo(r).

The last relation is satisfied if E, = Eg + v?/2. As conclusion, the ground
state of a free moving particle is derivable from the ground state of the same
particle at rest introducing the phase e?V'*.

In the context of wavefunction based methods a similar issue appears. The
orbitals are expanded in a basis set centered on each of the nuclei. The so
called electron translation factors resemble the velocity phase factor, but they
are used all along the propagation instead of at the beginning as it is the case
here. The electron translation factors are relevant even in near-adiabatic col-
lisions and has been studied for several decades. Thorson and Delos [Thorson
and Delos, 1978] develop a method to treat the electron translation factors ap-
plicable to near-adiabatic collisions using switching functions and a geometric
approach to associate an electron to its closest nuclei. More recently Illescas
and Riera [Illescas and Riera, 1998] develop a method applicable in close cou-
pled expansions for the treatment of atomic collisions. Their method uses
classical trajectory MonteCarlo (CTMC) to predict the appropriate electronic
translation factors at intermediate distances.

In the context of this work, the velocity phase factor is only introduced
before the propagation takes place. Once the KS is propagated in time, the
TD Schréodinger equation is expected to follow naturally the orbitals with the
proper velocity phase. Now, we concentrate the attention in detail about the
application of the VPF for a single particle. After that we can consider the
case of more moving atoms, in particular, atomic collisions.

6.3 One Moving Particle

The velocity phase e?V'* for a single particle system is straightforward to ap-
ply, in particular for wavefunctions described on real space grids. Physically,
the correct Galilean transformation is applied to a wavefunction from a static
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framework into a moving one. When is the use of a velocity phase relevant? It
is obvious that for sufficiently low velocities this correction is also small, not
only because the phase is small but also because that is exactly the limit of the
Born-Oppenheimer approximation where ab-initio MD based on ground-state
DFT is theoretically justified.

The logical step now is to present arguments to define the meaning of the
expression “sufficiently low velocities”. The velocity phase factor will be now
studied for a particularly simple system to get some intuition about the limit
where such correction becomes relevant in problems involving collisions. We
concentrate our attention in two physical quantities that are easy to compute
and reveal the domain where the lack of a VPF shows its limitations. Consider
a single atom moving freely in space. If the initial state is indeed an eigenstate
of equation 6.7, the density should move unperturbed with the movement of
the nuclei. This means

n(r,t) =n(r+ vt —t),t) Vo (r,t,t). (6.10)

An approximate way to verify this condition is to measure the amount of charge
enclosed inside a sphere around the nuclei, the value must remain constant. A
second way is to verify that no dipole moment appears in any direction. When
the nuclei is propagated from a GS that is not the GS of the dynamic Schro-
dinger equation, ie, without the proper VPF, two phenomena can be expected;
a partial loss of charge left behind when the nuclei propagates forward or the
creation of an oscillating dipole when the charge is not spherically symmetric
due also to the propagation of the nuclei.

Consider the simplest case, an atom of Hydrogen moving freely. The atom of
Hydrogen is simulated in a big box of 24 Bohr along the direction of propagation
and 16 Bohr in the perpendicular directions. The ground state is computed as
usual and the particle is let to propagate a distance of 8 Bohr inside the box.
The hydrogen atom was propagated in a range of values of kinetic energy from
10 to 10° eV. Once the particle has advanced by 8 Bohr, the amount of charge
enclosed in a sphere of radius 4 Bohr is measured. The figure 6.1 shows the
charge loss in the sphere compared with the initial value. Physically no charge
should be lost in the process of propagation if the electronic wavefunction is
correctly started from the ground state in the framework where it is moving.
However, if the GS is computed in a different framework, the electrons have not
the right direction and speed and some charge will be left behind as a result.
That is exactly what is observed on figure 6.1: for kinetic energies larger than
1 keV an increasing amount of charge is left behind. When the VPF V'™
is introduced, the charge inside the sphere surrounding the moving proton is
preserved.

Propagating the nuclei without adding the phase generates an effect of
kicking the electronic structure. This effect is used for example in a different
context to compute the polarizability from real-time propagations. In that
case, instead of moving the nuclei, the wavefunction is kicked and propagated
with the nuclei at rest. Consider a system perturbed with a sudden short-time
electric pulse
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Figure 6.1: Hydrogen atom moving freely 8 Bohr in a large box. Up: Charge
loss after propagation. Down: Maximal value of the dipole in the x direction
for the entire propagation. The red line with right-oriented triangles shows the
results when the propagation is applied to the ground state of the atom at rest.
The blue line with left-oriented triangles shows a propagation for the same
distance but introducing the velocity phase factor to the initial wavefunction.
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B(t) = Eyd(t)z, (6.11)

in frequency space that is equivalent to perturb all the frequencies homo-
geneously.

E(w) = Eyz (6.12)

The dynamical polarizability can be obtained as the variation of the dipole
moment with respect to the intensity of the kick
0Z(w
ayz(w) = () (6.13)
Ey
The variation in the dipole moment is obtained from the time-dependent
density

87 (w) = / dt e“'§ Z(t) (6.14)

where §Z(t)

0Z(t) = /d3 rn(r,t)z — Zy (6.15)

Notice that the wavefunction kick has two effects according to the intensity
Ey. It produces in general an oscillating dipole moment but if the intensity is
high enough the system will also ionize in a similar way as the charge is lost
when the nuclei is propagated without the velocity phase factor.

Figure 6.1 shows the effect of the use of the VPF to preserve the correct
propagation of the KS orbitals. In the figure, the dipole moment in the direction
of propagation is measured inside a sphere of radius 4 Bohr. One collects the
magnitude of the dipole at each time-step, the maximal dipole is taken and
plotted as a function of the initial kinetic energy. The effect is visible for
kinetic energies starting from around 10 eV

Notice how those two artifacts emerge at different values of kinetic energy.
On figure 6.1 the loss of charge starts being evident for kinetic energies on the
order of keV; for the dipole, the effect is non-negligible even for kinetic energies
of a few eV. As a conclusion, the lack of this correction will cause the presence
of an artificial dipole oscillation starting from a few Ha to the kHa, while for
higher energies, the dominant effect is a loss of charge. It is expected that the
effect is driven by the actual velocity of the particle, so for heavy elements the
effect should be shifted in the range of energy.

6.4 Velocity Phase for non-Local Potentials

We can now consider the effect of the VPF for atoms with increasing number
of electrons. Notice that the application of the VPF is strictly correct if the
potential V(r) is local. That is in general not the case for most of the norm-
conserving pseudopotentials currently used. Take for example, the Kleinman
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and Bylander scheme [Kleinman and Bylander, 1982]. The potential for the
ion is written as:

‘wlma‘/l 5Vz¢m|
Vion = Vioc y 6.16
e+ 2 OV o) (6.16)

where Vj,. is an arbitrary local potential, v, are the pseudo-atom wavefunc-
tions, and 0V] is defined through

oV =VinL — Vioc, (6.17)

where Vi n1, is the [ angular momentum component of a non-local pseudopo-
tential. Writing the pseudopotential in this form allows the calculation to be
faster than the direct computation of

‘/ion = Z |)/l m> <}/lm‘ (618)

lm

The attention will be now concentrated on the effect of the application of
VPF when the potential is not completely local. Consider for example the
figure 6.2, the twelve lightest atoms in the periodic table were propagated a
distance of 10 Bohr inside a box of 30 x 20 x 20 Bohr. The difference in charge
inside a sphere of radius 4 Bohr is computed and plotted respect to the initial
value. Pseudopotentials were created using FHI98PP [Fuchs and Scheffler,
1999] following the Troullier-Martins scheme [Troullier and Martins, 1991b].

Notice how in most of cases the non-linear part of the pseudopotentials
causes charge loss during the propagation, with the notable exception of Li,
that is gaining charge, ie, the charge is concentrating inside the sphere close
to the nuclei. Also artifact dipoles are created during the propagation 6.3. In
order to compare the effect of the non-locality of the pseudopotentials, consider
the comparison with pseudopotentials from Hartwigsen, Goedecker and Hutter
[Hartwigsen et al., 1998] using semicore electrons when available. In that case
the pseudopotentials for atoms until Be are local and can be compared with
the previous FHI pseudopotentials.

When the pseudopotentials are purely local the artifact effect of the loss of
charge and dipoles disappear. That is visible in figures 6.4 and 6.5 showing the
maximal charge loss and maximal dipoles created by the propagation of each
atom a distance of 10 Bohr. The pseudopotentials for Be and Li are local when
all the electrons are included in the valence.

Notice that the non-locality of pseudopotentials, even using VPF, prevents
the zeroing of dipoles during the propagation that could eventually have im-
portant physical effects in the case of collisions.

Lets consider now how the equations 6.8 and 6.9 are modified by the intro-
duction of a non-local potential. The most general form for a potential V that
could include local and non-local contributions, can be written as an integral
operation of the form
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Figure 6.2: Charge loss when the velocity phase factor is applied for the 12
atoms in the periodic table. The propagation was computed for three values of
kinetic energy: 1kHa, 5kHa and 10kHa. Only the pseudopotentials for H and
He are local.
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Figure 6.3: Dipole in the direction of propagation when the velocity phase
factor is applied for the 12 atoms in the periodic table. The propagation was
computed for three values of kinetic energy: 1kHa, 5kHa and 10kHa.Only the
pseudopotentials for H and He are local.



6.4. Velocity Phase for non-Local Potentials 89

0.14 1000 Ha

0.12f ‘ ‘ o--e HGH neutral
0.10f e-e® HGH ion
3'82: ° e--e FHI neutral
0.04} 1
0.02r Y REREED o .. REE SR b
0.00 - o a e o R P Py & o 2

0.14 T

oo
B
o N
T
®
L

OO

oo

-
—

oo
oo
AN
T
bo
b.
b
B

10000 Ha

0.14

Relative maximal charge loss [%]
o
o
(o]
:
.

ocoo
oK
00 O N
[ ]

0.06 |
0.04f o @ ° g
0.02f ) ) L _ R |
0.00 e .. a’ - -’ . . AR EEEITEY NN SO |

H He Li Be B C N o F Ne Na Mg

Figure 6.4: Relative Maximal charge loss for an atom propagated 10 Bohr inside
a large box. The red dots correspond to pseudopotentials in the Troullier-
Martins scheme by the FHI. Blue and green correspond to pseudopotentials
in Hartwigsen-Goedecker-Hutter parametrization. for both neutral and single
ionized atoms respectively. The propagation was computed for three values
kinetic energy 1kHa, 5kHa and 10kHa.
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Figure 6.5: Absolute maximal dipole in the direction of propagation for an
atom propagated 10 Bohr inside a large box. The red dots correspond to
pseudopotentials in the Troullier-Martins scheme by the FHI. Blue and green
correspond to pseudopotentials in Hartwigsen-Goedecker-Hutter parametriza-
tion. for both neutral and single ionized atoms respectively. The propagation
was computed for three values of kinetic energy: 1kHa, 5kHa and 10kHa.
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<r‘ % ‘1/1> = /d3 r’ <r‘ % r’> {r'| )
= /d3 'V (e, v )y(r) (6.19)
This potential V (r,r’) is symmetric
V(r,v)=V (' r) (6.20)

A local potential can be written removing all the non-diagonal elements as
V(r,r')Loc = V(r)d(r —r’) (6.21)

We can say that a potential is local only if

(r

Replacing 6.19 in the Schrodinger equation 6.7 we get the integro-differential
Schrédinger equation

V|v) = Ve (6.22)

0

A (6.23)

- %VQ\IIV(r,t) + /d3 r'V(e, ')V, (r',t) =i

The left hand side develops identical as 6.8 resulting in

.0 , 0
zawv(r,t) = [zgvaam + E

Bo(r —vit) - VT . e BV

The right hand side is changed as:

1
—QVQ\IIV(I‘, t)+ /d3 Ve, o), () t) =
1 2 iv-r
—§V Do(r —vit) - e (6.24)
+/d3 r'V(r,v")Po(r' — vit) - ei”l etV

Cancelling et from 6.24 and 6.25, substracting both terms and going

into the limit ¢t =0
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’

Canceling the common factor e?V'7:

) V2 2 )
Butolr) et = |~ | dotr) e

+ / &'V (r,x')Bo(r') - V') (6.25)

We observe that the non-local pseudopotential should be modified by a
velocity phase eV ('=r) Ttisno longer possible to compute the dynamic ground
state by the simple introduction of the VPF to the static ground state. In what
follows, we will restrict ourselves to the local pseudopotential case.

6.5 Several Moving Particles

The application of the velocity phase eV’ is straightforward when there is only
one nucleus, and its electronic cloud. Nevertheless, our interest is focused in
processes where several particles interact. For example, two atoms in collision
or an atom impacting a big molecule or surface. In those cases, we have several
particles initially separated and with different states of movement.

To properly initialize a KS scheme in this case, the direct solution is to
apply the correct phase to the wavefunctions attached to the nuclei that are
moving. However, this solution requires the knowledge about which wavefunc-
tion is associated to which ion. Also, the application of different phases to the
wavefunction in a given place will break the orthogonality of the wavefunctions.
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Our approach is to develop a scheme that could be applied without specific
knowledge of the wavefunctions. Also, we require that the orthogonality is
preserved for the KS set and easily applicable to the case of atomic collisions
beyond the Born-Oppenheimer limit. The basic idea is to localize the effect
of the velocity phase according to the position of the moving atoms and limit
somehow their range in space.

Two basic strategies were considered to localize the effect of the phase, a
radial sigmoid around the atom or stabilize the value of the phase beyond a cer-
tain plane perpendicular to the direction of propagation. The first alternative
can be expressed for a system of M atoms as

M
O(r), = O(r)o [ [ e o) S, (6.26)
T=1

where S(r —r;) is a sigmoid introduced to limit the range of application of the
phase

S(r—r,)=1- (14 e r=rrl=reu)y=1, (6.27)

The equation 6.26 is correct if the spheres created in the nuclei centers r,
with radius r.,; are sufficiently distant one of each other.

The parameter a controls how steep is the change of the phase for a radius
of r.y:. Beyond this radius the phase decays to zero. The figure 6.6 shows how
the sigmoid limits the range of application of the velocity phase factor around
the position of the moving particle.

The application of this scheme effectively localizes the VPF around the
nuclei. However, it also produces a slope in the phase with opposite sign with
respect to the original phase. Physically it means that the electronic density
in the frontier of a sphere of radius r.,; is moving backwards with respect to
the direction inside the sphere. In this case, the solution is to make the radius
large enough to ensure that the minimal amount of charge is located in the
frontier to the sphere defined by 7.y;.

The second alternative is to freeze the phase beyond a plane in the forward
direction. The frozen phase approach could be written as:

M
O(r), = P(r)o H explivy - (r—r.)(1—H(@® (r—r;) —reut))
+i| Vo rews H(D - (r —17) — reut)] (6.28)

where H(0 - (r — r;) — 7cut) uses the Heaviside step function formally defined
as

Hiz) = /_ " 5(s)ds (6.29)

Again, this scheme is also restricted for non-overlapping VPF. This could
be important for example in poly-atomic projectiles, a case that we are not
considering here.
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Figure 6.6: The different plots show the effect of a sigmoid to localize the
velocity phase. The figure in the second row shows clearly the slopes in the
opposite direction when this scheme is used.
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Figure 6.7: Up: Plot of the phase v, - (r —r;)S(r — r,) with the sigmoid
introduced as a factor to limit the range of action of the phase around the
location of each moving atom. Down: The components real (cos) and imaginary
(sin) of the phase
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Figure 6.8: The different plots show the effect of the a Heaviside step function
introduce as a factor in the velocity phase

The Heaviside approach is based on the fact that any observable in quantum
mechanics is not sensible to a global phase in the wavefunction. It preserves
the continuity of the phase in the whole domain, but not the continuity on
the derivative. To solve the last issue, the Heaviside function could be also
replaced with a sigmoid and we call it a planar sigmoid. This alternative was
also implemented to compare with the sharp Heaviside version. The figure 6.8
shows how the phase is modified in the direction of propagation.

To see the reliability of each option, a test was done on a simple system,
an atom of He in collision with an Be'. In this case, both pseudopotentials
are local, namely Hartwigsen, Goedecker and Hutter [Hartwigsen et al., 1998]
pseudopotentials with semicore electrons for Be.

Consider an atom of He impacting a singly ionized Be. We test the collision
under two values of kinetic energy in the center of mass, 50 keV and 100 keV.
The impact parameter in both cases was fixed to 1 Bohr. For each initial
kinetic energy the same physical collision was computed under three different
frameworks: in the center of mass of the system, and putting at rest each atom
and moving the other. For each case we test the evolution with and without the
velocity phase factor including each of the three options considered above. As
the three frameworks represent the same physical collision they should produce
identical results for the charge transfer after the collision. As an example the
figure 6.10 shows the evolution of the planar integrated charges for a collision
simulated in the center of mass framework.
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Figure 6.9: Plot of the phase v, - (r —r,;) S(r — r;) with the Heaviside step
function introduced as a factor to limit the range of action of the phase a certain
distance beyond the location of each moving atom

Notice that the use of a VPF correctly reproduces the dynamics of the
electrons in the three frameworks. Also, it is important to remark that the
Hirshfeld analysis here is not able to account for the fact that both atoms are
losing charge after the collision. The values of charge loss are in general over-
estimated when the velocity phase is missing. The large size of the simulation
box and the particularly strong parameters used for this simulation enforces
the good behavior of all versions. In fact, it does not matter which scheme is
chosen to localize the phase, both of them agree in the amount of charge being
loss after the collision.

Fig. 6.11 shows the amount of charge lost by each atom after the collision.
In those cases, the charge is measured inside a sphere with radius of 4 Bohr.
Similarly, fig. 6.12 shows the Hirshfeld analysis for the same situation.

Notice how the lack of VPF has an important effect in the charge trans-
fer phenomena as well as in the Hirshfeld charge analysis. That difference is
produced by the charge loss in the onset of the propagation.

6.6 Conclusions

In this chapter, it was shown how the ground state in the correct framework
plays an important role when atoms are initially moving. It was also shown
that the velocity phase factor is exact only for local potentials and it will fail
in general for most of the norm-conserving pseudopotentials normally used.
Two physical quantities, the charge and the dipole moment computed inside
a sphere, were used to compare the correct preservation of the wavefunction
during the time propagation. For the case of several moving particles, in the
non-relativistic regime, two schemes were presented and shown that they cor-
rectly preserve the Galilean invariance during atomic collisions.
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Figure 6.10: Evolution of the planar integrated charges for a simulation of an
atom of He in collision with an atom of Be'. The simulation is done in the
center of mass of the system. The kinetic energy is 100 keV and integrated
charges for each spin channel are depicted for each snapshot.
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Figure 6.11: Charge loss after the collision of an atom of He and an ion of Be™.
The impact parameter is 1.0 Bohr. The simulation was computed for the same
equivalent kinetic energy, but simulating in three different frameworks, with
either the He atom or the Be atom at rest and a simulation with the center of
mass at rest. The kinetic energy in the center of mass is 50 keV for the figure
in top and 100 keV for the figure in the bottom
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Be'. The impact parameter is 1.0 Bohr. The simulation was computed for the
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center of mass at rest. The kinetic energy in the center of mass is 50 keV for
the figure in top and 100 keV for the figure in the bottom
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Los idealistas arguyen que las salas
hexagonales son una forma necesaria
del espacio absoluto o, por lo menos,
de nuestra intuicién del espacio.
Razonan que es inconcebible una sala
triangular o pentagonal. (Los misticos
pretenden que el éxtasis les revela una
cdmara circular con un gran libro
circular de lomo continuo, que da
toda la vuelta de las paredes; pero su
testimonio es sospechoso; sus
palabras, oscuras. Ese libro ciclico es
Dios.) Bésteme, por ahora, repetir el
dictamen clasico: La Biblioteca es
una esfera cuyo centro cabal es
cualquier hexagono, cuya
circunferencia es inaccesible.

The idealists argue that the hexagonal
rooms are a necessary form of
absolute space or, at least, of our
intuition of space. They reason that a
triangular or pentagonal room is
inconceivable. (The mystics claim
that their ecstasy reveals to them a
circular chamber containing a great
circular book, whose spine is
continuous and which follows the
complete circle of the walls; but their
testimony is suspect; their words,
obscure. This cyclical book is God.)
Let it suffice now for me to repeat the
classic dictum: The Library is a
sphere whose exact center is any one
of its hexagons and whose
circumference is inaccessible.

Jorge Luis Borges
(La biblioteca de Babel)
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7.1 Introduction

Fullerenes form a family of closed molecules composed entirely of carbon atoms.
The smallest most stable fullerene is the Cgo molecule known as Buckminster-
fullerene in honor of the architect Richard Buckminster Fuller, who popularized
such shapes for structural and architectonic purposes [Smalley et al., 1985].
There are also fullerenes with larger and smaller number of carbons. However,
these fullerenes are more unstable or produced with a lower probability, both,
naturally or artificially. Small fullerenes are produced in laboratory [Milani,
1996] for the synthesis of carbon clathrates [San-Miguel and Toulemonde, 2005].
Bigger fullerenes, ranging from Cry to Cgg, can be produced in several ways
including Cgg - Cgo collisions [Rohmund et al., 1996], laser irradiation [Hedén
et al., 2005] and atomic impact of highly ionized projectiles and high energies
[Zettergren et al., 2010].

Cgo fullerenes are made of 12 pentagons and 20 hexagons. Each carbon
atom is in the vertex of one pentagon and two hexagons. The Cgy molecule
has two bond lengths. On average, the bond length is 2.64 Bohr (1.4 A).

As the Cgo molecule is a truncated icosahedron, it is clear that they both
have the same symmetry group S which is isomorphic to A5 x S;. From S we
can extract a subgroup of rotational symmetries R. The point group symbols
for S and R are I, and I. The 12 pentagons form 6 pairs of opposite faces.
A rotation axis through the centres of two such faces is an axis of a 5-fold
rotation. The 20 hexagons of the fullerene Cgg form 10 pairs of opposite faces
through the centres of which each have an axis of a 3-fold rotation. This 3-fold
symmetry orientation will be used further on in this chapter.

Carbon fullerenes were first identified experimentally by Smalley and co-
workers [Smalley et al., 1985]. Their research aimed at reconstructing the
conditions under which carbon molecules are formed in interstellar space and
circumstellar shells. The characteristic signature of those molecules in interstel-
lar medium (ISM) has been detected recently [Foing and Ehrenfreund, 1994;
Cami et al., 2010; Cami, 2012; Berne et al., 2012; Garcia-Hernadndez et al.,
2011].

Theoretical predictions for the existence of such molecules, go back to 1970
by Eiji Osawa (Japan)[Osawa et al., 1993]. Also, independently, R. W. Henson
(USA) and in 1973 Prof Bochvar (USSR) studied theoretically their chemical
stability. All those works remained independent one of each other because they
were published in Japan for the first one, never accepted for publication for the
second and published in Russia only for the third.

Fullerenes are currently applied in cosmetics in anti-aging creams [Bakry
et al., 2007]. Since Cgp molecules have a high electron affinity, they are used
to absorb free radicals that are responsible for aging of the skin [Jensen et al.,
1996]. They are also candidates as mediators in photodynamic therapy [Mroz
et al., 2007]. The are commonly employed in organic photovoltaic (OPV) cells
as electron-acceptor pairs [Fendrich et al., 2006; Hong et al., 2007; Huang et al.,
2009; Dutton et al., 2010; Ren et al., 2012]. The synthesis of diamonds from
Cgo has been experimentally demonstrated [Bocquillon et al., 1993]. Amor-
phous diamond has been synthesize from Cgo [Hirai et al., 1994]. A fullerene
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derivative, the [6,6]-phenyl-Cg1l-butyric acid methyl ester (PCBM) is currently
as a candidate for organic solar cells [Bjorstrom et al., 2005]. Also they are
of fundamental importance in fundamental research. In astrochemistry of in-
terstellar medium, they are one of the exotic big carbon molecules formed in
the particular conditions of space [Ehrenfreund and Foing, 1995; Leach, 1995;
Sellgren, 2001; Cami, 2012; Garcia-Herndndez and Diaz-Luis, 2013].

Theoretically, the high level of symmetry (), to be composed of a sin-
gle species of atom and the availability of experimental results, has inspired a
wealth of works, from structure to electronic properties, including the dynam-
ical properties such as collisions in all sort of circumstances.

From the experimental point of view, fullerenes have been used as projectiles
as well as the target. In the first case, Cgp ions or neutrals are sent to collision
against targets composed of various gases [Caldwell et al., 1992]. A second
approach, is the use of atomic ions impacting a gaseous environment of Cgg
[Majima et al., 2002; Basir and Anderson, 1997; Rentenier, 2004]. Collisions of
protons on Cgg have been shown to induced single and double-electron capture
[Martin, 2004]. Tons of Cil fragment by emission of Cy [Chen et al., 2007;
Martin et al., 2008]. Cgp - Cgo collisions have been also experimentally explored
[Shen et al., 1995]. Fullerenes are often used in SIMS as projectiles [Weibel
et al., 2003; Klerk et al., 2010; Smith et al., 2011]

In all those cases, a rich set of phenomena can be present, such as: inelastic
collisions, electron capture, fragmentation, collective ionization and even multi-
fragmentation [Campbell, 2003]. All those effects are integrated experimentally,
making its understanding a challenge. Also, it calls for a theoretical approach
that could be able to discriminate the different effects under a very controlled
environment,.

In the case of ions as projectiles, two variants of projectiles are usually
considered in the literature. First, slow but highly charged ions. Using them,
it has been demonstrated that multiple-electron capture makes the Cgg unstable
and induces multi-fragmentation. The second variant is the use of single, double
or triple ionized fast projectiles. This is the variant that will be explored in
this chapter, using a single ionized lithium atom as projectile.

This study focuses on the interaction of a fast Lit impacting on a Cgo
molecule. For this, a bottom-up approach is proposed. First, we study the
collision of an atom of lithium at 2 MeV with a single atom of carbon. The
idea is to analyze for this two-nuclei system the probabilities of transfer of
charge and kinetic energy. Second, the impact LiT- Cgg is studied. Both cases
are studied in the framework of TDDFT and adiabatic LDA. Finally, the results
obtained for Cgq are correlated with those from the binary collision in order
to extract a simplified model of the processes of charge transfer in the large
system.
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7.2 LiTat 2 MeV in Collision with a Single Car-
bon Atom

Before entering into the study of the collision with Cgg, we start by considering
the dynamics of the interaction between an atom of lithium at 2 MeV and a
single carbon initially at rest. The purpose of this preliminary study is to obtain
an initial idea about how such impact could effectively introduce a change in
the state of charge for the carbon atom. In particular, we focus our attention
on the possible transfer of kinetic energy and eventually also, changes in the
charge state by charge transfer to the lithium or electron ejection from the
carbon atom.

Atomic collisions in the MeV range, raise important questions that should
be mentioned before any claim that could arise from our results.

At the most fundamental level, all moving charged particles produce mag-
netic fields. A more elaborate theory could include the Maxwell equations
correctly coupled with a TDDFT KS scheme.

In general, we are not considering atomic impacts with exactly zero impact
parameter or sufficiently small such that the interaction between nuclei goes
beyond the Coulomb interaction. The justification is that in practice the prob-
ability of such events is negligible for molecules such as a Cgy in gas phase, in
the typical conditions of the experiments. DFT assumes in general that nuclei
are point-like particles that interact only by a Coulomb potential.

The speed of light in atomic units is approximately 137; a lithium ion at 2
MeV has a velocity of approximately 3.43 au, which means that the velocity
of the projectile is 2.5% of the speed of light. At such velocity, relativistic
corrections could enter in consideration. However, the gain of mass is still
marginal.

At the level of TDDF'T, there are also theoretical considerations to expose.
TDDFT works based on a Kohn-Sham set of orbitals that interacts with each
other indirectly through an exchange-correlation functional. In our case, we
use the so called adiabatic LDA (ALDA), that is the natural extension of LDA
for time-dependent problems. The use of ALDA raises the traditional questions
about the reliability of a local exchange and correlation. In the case of ALDA,
the XC assumes that this functional operates only on the present values of
density. Such assumptions should be questioned for rapidly changed densities
during the small time compared with the electronic time scale on which that
the ion crosses their target.

In the practical level, there are also some limitations. The TDDFT code
used for this study makes use of norm-conserving pseudopotentials. Those
pseudopotentials are used with two purposes, to reduce the number of electrons
treated explicitly and to smooth the behavior of the potential close to the
nuclei. Otherwise, treating all the electrons explicitly will increase the number
of Kohn-Sham wavefunctions needed. The spacing of the mesh will need to
be reduced to describe the potential and the nodes in the wavefunctions of
the most internal states. All those elements increase significantly the effective
memory requirements and the computational time needed for the simulation.

At 2 MeV, the energy of the collision is high enough to excite the lowest
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Figure 7.1: Charge transfer to the Litafter the collision with a single carbon
atom. The kinetic energy of the projectile is 2 MeV. The charge is measure by
integrating the density on a sphere of 4.5 Bohr centered on the Li atom

levels of both target and projectile. The approach proposed is to freeze those
low-level states and phenomena such as Auger electrons are missing in the
present approach.

Also important, is the fact that those pseudopotentials smooth the potential
close to the nuclei until a certain radius where it matches with the all-electron
potential in the frontier of a sphere around each nuclei. The problem arises
when the collision is such that the distance between ions is small enough that
spheres of two atoms overlap. Also the finite size of the simulation box could
be a source of error, that is the reason why large boxes are used in for this
simulation. In this particular case absorbing boundaries were used using a
sin? imaginary potential to absorb the scattered electronic wavefunction. This
procedure is not a perfect absorbing boundary, due to this, a large simulation
box is still used.

For the simulation of a Li*- C collision, the impact parameter was varied
from 0.1 to 8 Bohr. The simulation box is a parallelepiped and its size was
adjusted such that both, projectile and target are distant 10 Bohr from any
border. The initial distance between the two atoms is 12 Bohr considering the
planes perpendicular to the propagation direction that contain the two atoms.

Due to the high kinetic energy of the projectile, the amount of kinetic energy
transferred to the carbon is lower than 1 meV. The projectile is deflected less
than 1073 rad for all the impact parameters. In the figure 7.1 the charge
transfer is plotted as a function of the impact parameter. The maximal value
of charge transfer to the carbon, saturates to 0.011 [e] in the limit of direct
impact.
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From the simulations with the binary collision, we can expect that a similar
behavior is present in the collision with the entire Cgg molecule. The projec-
tile, for example, should be deflected a negligible amount when it crosses the
molecule. After the impact, no significant movement of the target is expected.
The fragmentation, in the context of our simulations is not due to a direct
transfer of kinetic energy, but probably by instabilities when the Cgy becomes
ionized. However, the experimental results show that the fragmentation by ion-
ization is relevant only starting from a double ionization. Lets now to consider
the problem of the collision of Litwith the entire molecule of fullerene.

7.3 Litat 2 MeV in Collision with Cg

The Li*- Cg collision present some challenges compared with the binary col-
lision. The system contain a total of 362 electrons. This value is reduced to
240 by using norm-conserving pseudopotentials for carbon and lithium. The
system is treated without spin polarization. This also reduces the total number
of Kohn-Sham states to 120. The Li projectile has no KS orbital associated to
it.

The simulation box is a parallelepiped with 40 Bohr length along the direc-
tion of propagation and 36 Bohr on the directions perpendicular to the direction
of propagation. The direction of propagation of the projectile is parallel to the
x axis. The fullerene is positioned in such a way that the center of mass of the
Cgo molecule is located in (6,0,0) Bohr. For the pseudopotential used (FHI),
the Li projectile has no Kohn-Sham states associated to it, the = coordinate
for the initial conditions of the projectile can be located in the boundary of the
simulation box (x = 20 Bohr).

This geometrical configuration, ensures that the distance between the plane
of the projectile and the center of mass of the Cg target is 14 Bohr. As the
Cgo molecule has a typical radius of 6.7 Bohr, the projectile will be at least 7.3
Bohr far from the closest carbon in the initial step.

The Cgo fullerene is a very symmetric molecule. However, there are many
possible orientations for the impact of one atom on the molecule. For the
purpose of this work, we select two particular orientations, one completely
random orientation and the other along one of the symmetry axis of the Cgp.
For the second orientation, two hexagons are parallel and perpendicular to the
direction of propagation. This orientation is three-fold symmetric in the axis
of propagation. For each orientation of Cgy the ground state is computed by
DFT until the relative difference in the density in successive cycles is less than
1078.

For the non-symmetric orientation (Up on fig. 7.2), 189 initial conditions
were chosen. For the symmetric orientation (Down on fig. 7.2), 180 initial
conditions are present.

For each orientation and each initial position of the projectile, the LiTis
propagated until it crosses completely the Cgg. At the end of the simulation,
the plane perpendicular to the direction of propagation is x = —14. The
distance between this plane and the closest carbon atom is 13.3 Bohr. In all



7.3. Litat 2 MeV in Collision with Cgg

15

10

15

10

-10

-15

-15 -10 -5

NOf

-15 -10 -5

NOF

107

Figure 7.2: Initial conditions for the Li*. The locations of the carbon atoms
are projected in the background. The figure in the left side shows the system
in the scale of the simulation box considered of 36 Bohr each side. The figure
in the right side shows a closer view of the initial conditions. The gray circles
indicate the projections of the carbon atoms in the yz plane. The small green
dots are the randomly selected initial positions for the Li*projectile. Up: Non-
symmetric orientation. Down: Symmetric orientation
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the cases considered, the charge-transfer value is stable when the projectile
reaches the x = —14 plane.

The time step was fixed in 0.005 au and each initial condition was prop-
agated for 2000 iterations. The total energy is relatively stable all along the
simulation, with an average of 0.15 Ha of deviation from the initial total energy.

After each collision, the charge associated to the lithium was measured by
integrating it inside a sphere of radius 4 Bohr.

7.4 Results and Discussion

As was expected from the analysis with Litand C, the deflection of the projec-
tile is negligible: less than 1 mrad on average for all the initial conditions. It is
fair to assume that the projection of the initial condition on the perpendicular
plane is consistent with the actual trajectory of the projectile, not only out of
the cage, but also when it enters inside the molecule. With this assumption,
the charge transfer to the projectile can be mapped according with its initial
position in the plane yz.

The figure 7.3 shows the values of charge transfer interpolated on the plane
yz. For the interpolation, a 1000 x 1000 grid is produced in the range (—11,11)
in the plane yz. The values in the mesh are interpolated using a Clough-Tocher
piecewise cubic, continuously differentiable (C1), and approximately curvature-
minimizing polynomial surface [Alfeld, 1984].

The charge transfer process is lower through the holes in the fullerene. It is
significantly higher in the bonds and close to each carbon. The maximal charge
transfer is 0.016 e. This value is close to the maximal charge transfer obtained
in the single Li*- C collision (0.011 e).

We can assume that the charge transfer is mostly due to one electron being
transferred to the lithium. Using the interpolated values we can compute the
capture cross section. For the non-symmetric case the value is 5.4 x 10~7cm?,
while for the symmetric orientation is 5.2 x 10~17cm?. The values are smaller
than the geometrical cross section of around 1.9 x 10~ 16cm?, indicating that
most of the charge transfer is produced inside the cage as mentioned be-
fore. The values are considerably higher than the experimental results of
1.6 x 10~ '8cm? for the one electron transfer. In this case, we encounter the
known result that TDDFT usually overestimates charge transfer [Jamorski
et al., 2002; Dreuw and Head-Gordon, 2004]. Introducing self-interaction cor-
rection could help in this case. It also remains to be explored, if the lack of a
dynamical description of the 1s orbital, for the Li atom, is also responsible for
the overestimation. The 1s state for the lithium atom is frozen in the pseu-
dopotential not allowing for processes where the projectile becomes even more
ionized (LiT — Li**) and (Lit — Li3T).

In the experiments, a lithium could cross the Cgy without capture but
ionizing the Cgg molecule. This event has a significantly high cross section
(5 x 10'6cm?).

Apart from global quantities such as the cross section, some information
can be extracted from the individual impacts, and their dependency with the
configuration space. The different impacts can be grouped according to the
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Figure 7.3: Symmetric orientation: Charge transfer interpolated from the ran-
dom selected initial conditions for the Li*projectile. A cubic interpolation was
used (see text). The color indicates the amount of charge transfer for an pro-
jectile that is projected in that particular point in the yz plane. The values are
in fractions of the one electron charge. Up: Non-symmetric orientation. Down:
Symmetric orientation
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Figure 7.4: The different impacts grouped by the radius to the central axis of
the Cgg. The blue region are external collisions. The green collects most of the
internal collisions, with the exception of the very central red region where there
is a hole in the symmetrical orientation. The left side shows the non-symmetric
orientation, the right side the symmetric one.

radius with the central axis of the Cgg. In particular the collision that enter
in the cage can be differentiated from those that crosses out the molecule. For
both orientations the regions are shown in fig. 7.4

Using the colouring schema in 7.4 for the three regions, the charge transfer
to the projectile can be plotted as a function of the minimal perpendicular dis-
tance from any carbon atom to the trajectory of the Li projectile. From figure
7.5 is clear that collisions that enter in the cage has an enhanced probability of
capture charge compare with collisions that crosses outside of the cage even if
the distance to the closest carbon is small. That effect is even more evident for
the symmetric orientation where the impacts in the central hole capture much
more charge that close non-penetrating collisions.

7.5 Independent Charge Transfer Model

It is possible to correlate the results obtained for the Li™- Cgo collision with
the previous results for the Li*- C collision. Consider two ansatz for the charge
transfer process. It is clear from the figure 7.1 that most of the charge is trans-
ferred with the minimal impact parameter. It is logical to make a guess, that
most of the contribution to the charge being transferred to the lithium atom
comes from its encounter with the closest carbon atom during the collision.
The charge really transferred to the lithium can be compared with the one
atom contribution. The figures 7.6 shows those correlations for both the non-
symmetric and symmetric orientations. Some interesting observations arise.
As could be expected, assuming one atom contribution tends to systematically
underestimate the charge transfer. However, for external collisions (blue dots)
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Figure 7.5: Charge transfer in the LiT- Cgg collision as a function of the min-
imal perpendicular distance from any carbon atom to the trajectory of the Li
projectile. Up: Non-symmetric orientation. Down: Symmetric orientation.
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Figure 7.6: Correlation between the charge transfer in the Li*- Cgq and the
charge transfer by the closest atom in the Li*- C collision. Up: Non-symmetric
orientation. Down: Symmetric orientation.

this ansatz is closer to the actual transfer.

The second possible ansatz is somehow the complementary to the first one:
one assumes that the charge transfer is produced by individual contributions
from all the carbon atoms to the lithium, using the perpendicular distance
to the trajectory to account for the charge that is transferred. In this case,
the charge transfer is systematically overestimated for the three regions, but
with a remarkable alignment of most of the points. In particular, the external
collisions and the internal ones are aligned. The exception is constituted by
the central points in the symmetric orientation. Using the least square method
for the external collisions, the slope can be determined. The value of the slope
is 2.38 for the non-symmetric orientation and 2.54 for the symmetric one. The
good correlation of the data allow to present a simplified model for the charge
transfer in fullerene cages. The charge that is transferred can be computed
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Figure 7.7: Correlation between the charge transfer in the Li*- Cgq and the
sum of all the contributions to the charge transfer using the perpendicular
distance to the trajectory to determine the value from 7.1. Up: Non-symmetric
orientation. Down: Symmetric orientation.

using 7.1 weighted by a “screening factor”, the inverse of the slope, that is
dependent of the orientation of the molecule. The screening factor has its
origin in the bonds created between the carbon atoms in the Cgy molecule and
reduces the capture compared with an isolated atom.

7.6 Conclusions

In this chapter, we have presented simulations of fast ions impacting molecules.
The particular case treated, was a 2 MeV LiTion impacting on a Cgo molecule.
From all possible orientations for the Cgg molecule two were chosen: a random,
non-symmetrical and one molecule with two parallel hexagons perpendicular to
the trajectory. The simulations show an overestimation of the charge transfer
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compared with experimental results. Two simplified models were proposed
to analyze the charge transfer assuming independent contributions from the
carbon atoms in the cage. The correlations of those models show that charge
transfer processes can be understood by individual contributions screened by
a global factor that reduces the electron transfer.



Summary, Conclusions and Perspectives

A good scientist is a person with
original ideas. A good engineer is a
person who makes a design that
works with as few original ideas as
possible. There are no prima donnas
in engineering.

Freeman Dyson

Time-dependent density functional theory is an interesting method to de-
scribe exactly (in principle) the evolution of atomic particles in collision. The
electronic density offers an elegant alternative to the explicit solution of a
many-body quantum system. All the many-body effects are included in the
theory through the exchange-correlation potential. This exchange-correlation
potential, even if exact in its formulation, needs to be approximated. For time-
dependent problems considered in this thesis, this approximation is local in
both, time and space.

The main objective of this thesis was to explore the limits of the approxi-
mations done in TDDFT to describe charge transfer processes in fast atomic
collisions. In particular, the focus of the thesis was in the kind of problems
that are beyond the present capabilities of atomic physics wavefunction based
methods.

In chapter 2, we have presented some applications that motivate the study
of atoms impacting molecules, clusters or surfaces. It shows the relevance for
going beyond the atomic physics methods for dealing with such problems.

In chapter 3, a brief account of the methods was presented. We explored
some methods to describe the electronic structure and how to couple that with
the movement of atoms. Some attention was dedicated to the method of choice
for this work, time-dependent density functional theory.

There are several methods in the literature to account for charges in a
system. Those methods are not always well suited for dynamical processes.
The chapter 4 explores some of those methods, describing their limitations in
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atomic collisions.

In chapter 5, the first application was shown; the collision of a proton with
a Helium atom. The results show good agreement with several experiments
done for such systems.

When the static ground state of a system is used as the initial condition
for propagation in TDDFT, some artifacts appear. The chapter 6 presents the
velocity phase factor to correctly prepare the ground state of a moving particle
once the static ground state was computed. The method is exact only for local
potentials. The effect of the non-locality of the pseudopotentials is discussed
and the limits of our approach are presented.

In chapter 7.5, a more challenging problem was addressed; the impact of a
2 MeV Litwith a molecule of Cgg. The challenge comes from the large number
of atoms involved, and the large space of configurations of this system. The
results show that the collisions where the projectile enters in the Cgy cage can
be modeled by charge transfer contributions from all the atoms in the target,
weighted by a factor specific for the system and dependent of the orientation
of the target.

Apart from the applications shown in the last two chapters, we are exploring
the use of TDDFT on another challenging system.

8.1 Work in Progress

The big practical advantage of a collision at 2 MeV is that the speed of the
projectile is fast enough to produce results in a reasonable amount of compu-
tational time. There is, however, a large gap between the kind of collisions
that could be considered in the adiabatic regime and those fast collisions in the
MeV range.

One application in the intermediate regime is the perpendicular collision
of a neutral He atom with a surface of graphene. Graphene is a remarkable
material and its properties can be used in a whole new generation of nano
electronics.

The idea is the study of a collision of light atoms with a layer of graphene.
At 10 keV the projectile has enough energy to induce not only charge transfer
but also create topological defects that could induce changes in the transport
properties as was recently studied [Lherbier et al., 2011, 2012].

To study the problem we consider a piece of graphene containing 72 carbon
atoms. The figure 8.1 shows the atomic configuration of the piece of graphene.
Hydrogen atoms are attached to the boundaries.

The big advantage of this system is the significant reduction in the config-
uration space. Experimentally, the graphene sample can be aligned to be per-
pendicular to the direction of impact. The internal symmetries of the graphene
reduce the different initial conditions to the small triangle shown on 8.1. As the
He is represented with one state, the velocity phase factor is used to correctly
prepare the state that will be propagated.

There are two main limitations for this kind of systems: The computational
time necessary for the propagation and the fact that the simulation is not done
using periodic boundary conditions.
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Figure 8.1: Initial atomic configuration to study the collision of a He atom
with graphene. The gray circles represent the carbon atoms, the small red dots
represent the hydrogen atoms used to close the boundaries of the graphene.
The green circles represent the projections of the initial conditions for the He
atom.

8.2 Perspectives

This work opens several opportunities and challenges for further investigation.

At the most fundamental level, time-dependent density functional theory
will be always limited by the quality of the exchange-correlation potential. Fast
atomic collisions induce rapid changes in the density with time, and also with
important gradients of the density. The adiabatic LDA is used far beyond its
theoretical justification and the fact that it is able to show reasonable results is
remarkable. Further exploration, with better exchange-correlation potentials
could in principle provide better quantitative results in the future.

At the practical level, the use of real space mesh presents advantages com-
pared with localized basis sets, in particular the possibility to describe non-
bounded states that are poorly described with localize basis sets. However, the
size of the simulation box is a big limitation for the scalability of this kind of
simulations. Also the spacing of the mesh is particularly critical during the
collision. In the future this kind of simulation could be done more efficiently
using dynamical meshes or submeshes that move with the moving particles.
Also the use of non-uniform time steps can be better adapted during the close
interaction between projectile and target.
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Implementation of Velocity Phase Factor in
Octopus

The velocity phase factor (VPF) was implemented inside the routine td.F90
before the loop of the time-dependent propagation. At present, it only supports
the VPF for a purely local Hamiltonian. This condition is not checked and
remains for the user to be aware of such limitation. Also the moving particles
should be separated enough between them and the parameters that limits the
application of the phase should no overlap. This condition also is not checked
and it is for the final user to enforce such condition.

From the user point of view, three variables control the operation of the
velocity phase factor:

e VPF_VelocityPhaseFactor
e VPF_Radius
e VPF_Slope

The variable VPF_VelocityPhaseFactor controls if the VPF is used and
how it should operate. Its value is an integer from 0 to 3. The default value 0
means that the VPF is not applied. Identical effect is produced if the value is
different from 0 but the atoms described in the input file has not initial velocity.

A value equal to 1 means that a radial sigmoid is used. In this case the other
variables VPF_Radius and VPF_Slope are used to determine the extension and
sharpness of the sigmoid. This option implements the following expression

M
O(r), = B(r)y [ eV rrr) Semro), (A1)

T=1

where S(r — r,) is the sigmoid
Sr—r;)=1-(1+ e_o‘(lr_r*‘_”"‘))_l. (A.2)
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The value of r.,; is given by VPF_Radius and the value of a by VPF_Slope.
A value of VPF_VelocityPhaseFactor equal to 2 means a planar Heaviside
function.

M
o(r), = ®P(r)o H explive - (r—r ) (L =H@ - (r —r;) — Teut))
+Z.‘VT|Tcut H(ﬁ : (I‘ - rT) - Tcut)] (A3)

where the H(9 - (r — r;) — reyt) is the Heaviside step function

H(z) = [ " S(s)ds (A4)

In this case only VPF_Radius is used to set 7.,

The final value is 3, a planar sigmoid in the forward direction to the prop-
agation, where H (0 - (r —r;) — 7¢yt) is replaced by the sigmoid S(¢- (r —r;) —
reut). Again, the value of r.,; is given by VPF_Radius and the value of a by
VPF_Slope.
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\chapter{Implementation of Velocity Phase Factor in Octopus}

The velocity phase factor (VPF) was implemented inside the routine \texttt{td.F90} before the loop of the time-dependent propagation.
At present, it only supports the VPF for a purely local Hamiltonian.
This condition is not checked and remains for the user to be aware of such limitation.
Also the moving  particles should be separated enough between them and the parameters that limits the application of the phase should no overlap.
This condition also is not checked and it is for the final user to enforce such condition.

From the user point of view, three variables control the operation of the velocity phase factor:

\begin{itemize}
\item \verb1VPF_VelocityPhaseFactor1 
\item \verb1VPF_Radius1
\item \verb1VPF_Slope1
\end{itemize}

The variable \verb1VPF_VelocityPhaseFactor1 controls if the VPF is used and how it should operate.
Its value is an integer from 0 to 3.
The default value 0 means that the VPF is not applied.
Identical effect is produced if the value is different from 0 but the atoms described in the input file has not initial velocity.

A  value  equal to 1 means that a radial sigmoid is used.
In this case the other variables \verb1VPF_Radius1 and \verb1VPF_Slope1 are used to determine the extension and sharpness of the sigmoid.
This option implements the following expression

\begin{equation}
\Phi(\v{r})_v= \Phi(\v{r})_0 \prod_{\tau=1}^M e^{i \mathbf{v_{\tau}}\cdot\mathbf{ (\v{r}-\v{r}_\tau)} \;S(\v{r}-\v{r}_\tau)} ,
\end{equation}
where $S(\v{r}-\v{r}_\tau)$ is the sigmoid 

\begin{equation}
S(\v{r}-\v{r}_\tau)= 1 - (1 + e^{-\alpha (|\v{r}-\v{r}_\tau| - r_{cut})})^{-1}.
\end{equation}

The value of $r_{cut}$ is given by \verb1VPF_Radius1 and the value of $\alpha$ by \verb1VPF_Slope1.

A value of \verb1VPF_VelocityPhaseFactor1 equal to 2 means a planar Heaviside function.

\begin{eqnarray}\nonumber
\Phi(\v{r})_v&=& \Phi(\v{r})_0 \prod_{\tau=1}^M \exp \left[  i \mathbf{v_{\tau}}\cdot\mathbf{ (\v{r}-\v{r}_\tau)} \, (1 - H(\hat{v} \cdot (\v{r}-\v{r}_\tau) - r_{cut}) ) \right. \\
&& \left. + i |\mathbf{v_{\tau}}| r_{cut} \, H(\hat{v} \cdot (\v{r}-\v{r}_\tau) - r_{cut} )  \right]
\end{eqnarray}
where the $H( \hat{v} \cdot (\v{r}-\v{r}_\tau) - r_{cut})$ is the Heaviside step function

\begin{equation}
H(x) = \int_{-\infty}^x { \delta(s)} \, \mathrm{d}s
\end{equation}

In this case only \verb1VPF_Radius1 is used to set $r_{cut}$

The final value is 3, a planar sigmoid in the forward direction to the propagation, where $H(\hat{v} \cdot (\v{r}-\v{r}_\tau) - r_{cut} )$ is replaced by the sigmoid $S(\hat{v} \cdot (\v{r}-\v{r}_\tau) - r_{cut} )$.
Again, the value of $r_{cut}$ is given by \verb1VPF_Radius1 and the value of $\alpha$ by \verb1VPF_Slope1.




\chapter*{Abstract}
\addcontentsline{toc}{chapter}{Abstract}

Atomic collisions have been very important for the development of our present understanding of the composition and behavior of matter at the atomic level. They are also relevant in a wide range of applications; from physical chemistry to fusion reactors, from medical applications to fundamental research in astrophysics.

In this work we apply ab-initio methods to investigate the charge transfer processes when atoms enter in collision with other atoms and molecules. The focus of this work is concentrated in processes that due to their size are not amenable to the highly accurate methods used in atomic physics.
Calculations are based on real time propagation using time-dependent density functional theory (TDDFT) a theory that uses an auxiliary set of non-interacting electrons with an interacting density to describe the state of the electrons in the system.

In this work, the application of TDDFT is explored for atomic collisions in a set of problems of fundamental and practical interest.

First, we demonstrate that TDDFT can be applied successfully in the simple case of a collision of a H+ with a He atom, with good agreement with experimental results. Also we show the feasibility of simulate larger systems such as an atom of gold in collision with a butane molecule.

When the particles involved in the collision has a velocity, the static ground state of the electrons associated to moving nuclei is not the ground state of the same nuclei in movement. The proper initialization of the wavefunctions is an issue. We introduce a velocity phase factor to account for the Galilean transformation from the static electronic ground state to the dynamic framework of the collision. Several alternatives are proposed in the case of multiple moving particles and a special discussion is devoted for the case of non-local pseudopotentials.

A more challenging process was modeled, the collision of a 2 MeV Li+ impacting a C60 fullerene molecule. The configuration space of the problem was explored and the capture cross-section was computed and compared with experimental data available for such process.

Finally, we present conclusions and perspectives of TDDFT for future works. TDDFT is a promising alternative for computing charge transfer processes in atomic collisions.
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\chapter{Atomic Charges and Charge-Exchange Ionization}
\label{chap:Charge}
\section{Introduction}

% Reason to develop new tools
%TDDFT has been extensively in problems were atoms, molecules or crystals are under the influence of electromagnetic fields.
%The study of dynamical processes such as collisions are not so developed.
%This kind of area involves a different set of techniques and tools to explore it.
%n this chapter we consider a set of quantities relevant in studies of atomic collisions at the level of TDDFT.
%Also the the techniques used to appropriately simulate such kind of systems.
%\section{}

%From CMD to QMD
Compared to classical molecular dynamics, the use of TDDFT to explore dynamical processes such as collisions, offers the possibility to describe the evolution of the charge in the system.
As a result of a collision, electrons can be transferred from one atom to another or being ejected out of the system.
Atoms change their charge states and their interaction with other atoms also changes.
This kind of behaviour is not well modelled at all in classical molecular dynamics because the potentials used for each atom usually remains unchanged during propagation.

In the specific case of TDDFT, a theory based on the electronic density,
the density and the KS wavefunctions need to be represented in space.
Three alternatives are commonly used to represent those entities: localized basis functions, spatial grids and in the particular case of periodic systems, plane waves.
Each of these alternatives has its strengths and weaknesses, but the use of spatial grids is privileged to represent phenomena were electrons could eventually escape in open systems.
That is done at the cost of using large grids that extend far beyond the location of the atoms in order to avoid reflections with the boundaries of the box; otherwise, absorbing boundary conditions could be also used to avoid the reflections.
For absorbing boundaries, there are traditionally two approaches:
To use negative imaginary potentials \citep{Neuhasuer1989,Nakatsukasa2001} or using a perfectly matched layer \citep{Zheng2007}.
The former was used with $\sin^2$ imaginary potential as the absorbing boundary always was needed.
%\cmt{\MV}{Explained anywhere?}

An important element is to decide how to analyse the repartition of charge and how to associate a certain amount of charge to a particular atom.
In order to quantify the charge transfer between atoms, it is necessary to have a way to count the amount of charge associated to each atom for a given distribution of charge.
The main problem in such an association is that atomic charges are not observables from the point of view of quantum mechanics.
They cannot be measured and theoretically they are deduced from physical observables using a more or less arbitrary method.
The method pretends to capture the idea of \emph{ionicity} for a set of molecules or surfaces.
During the last decades, several methods have appeared to model theoretically or experimentally the charge associated to atoms.
Wiberg and Rablen \citep{Wiberg1993} computed the charge on atoms using seven different methods for a set of organic molecules.
One year after, Meister and Schwarz \citep{Meister1994} collected statistical data about 25 different methods to account for charges in atoms, both theoretical and experimental.
The authors concluded that even if those models diverge in their values for different cases, they point to the same physical concept from a statistical point of view.
A single principal component is responsible for most of the physics behind the different charge analysis.

In this chapter we will explore some of them, those that will be extensively used in the next chapters.
Ideally the method to account for charges should have these properties:

\begin{enumerate}
\item Should be simple and scale linearly with the number of atoms
\item If the method relies on the wavefunctions, it should be independent of a basis, otherwise we should convert the real space mesh into a basis representation in order to get the associated charge. These kind of conversions are in general non trivial.
\item Should not have arbitrary parameters
\item It should be able to represent charges that are not attached to a particular atom during the evolution.
\end{enumerate}

Let us consider several methods found in the literature and discuss them in light of the conditions mentioned above. 

The problem of separating molecules in atoms is particularly important in chemistry where such knowledge allows to quantify, for example, the strength of a bond or how easy it is to remove charge from one particular atom in a molecule.
We can separate the different methods in several categories: wave\-function-based, density-based and spatial-based methods.
The oldest method to account for charges is probably the Mulliken population analysis \citep{Mulliken1955a,Mulliken1955b,Mulliken1955c,Mulliken1955d}, based on wavefunctions.
In the density-based methods we can distinguish the Bader analysis \citep{Bader1990} and Hirshfeld analysis \citep{Hirshfeld1977}. 
Those method rely strongly on the electronic density to split the charges between the different atoms.
For one example of purely geometric methods, we can mention the Voronoi charge analysis \citep{Fonseca2004}.

In scattering processes, we can use the fact that projectile and target start and end separated in space.
This fact induces us to consider also schemes that rely preferentially on some sort of easy spatial separation and account for the charges using that.
For example we can split the space in fixed spheres around each atom and integrate the charge inside.
We can also split the charge using slices perpendicular to the direction of propagation and use them also to account for the charge.

The main advantage of those methods is that they allow to represent charges that are not attached to a particular atom during the evolution.
The spatial separation is probably the simplest way to quantify dynamically the amount of charge of a distribution of atoms,  but there is great arbitrariness on the shape of the containers: slices, boxes, spheres and their sizes. 
Another issue is when the atoms get closer to each other: those boxes will overlap and the total charge is not longer the sum of the different boxes plus its complement.
That is not particularly important in scattering processes because what is measured usually is the asymptotic state of the system.

On the other side of the spectrum, methods such as Bader analysis or Hirshfeld analysis offers a far more elaborate way to account for the charge associated to an atom.
However, those methods were designed for static charge configurations and are not able to represent charges being ejected out of the system.

%Let us now to make a description in more detail about every one of those techniques and after they will be test them for some simply systems.

\section{Atomic Charges}

\subsection{Mulliken}
The Mulliken charge analysis \citep{Mulliken1955a,Mulliken1955b,Mulliken1955c,Mulliken1955d} is probably the oldest of all methods to separate the charge in atoms.
The method is based on wavefunctions and in particular expanded in atom centered basis functions of the atoms constituting the system.
For this reason, it is not very well suitable for densities expressed in a mesh.
We describe it here to have a full description of methods developed in the last century but this method will not be used for this thesis.

Consider a molecule whose many-body molecular wavefunction could be separated in molecular orbitals $\psi_i(\vec{r})$.
Those molecular orbitals can be expanded in a basis of wavefunctions centered on the atoms of the molecule

\begin{equation}
\psi_i(\vec{r})= \sum_\tau^M \sum_{\nu \in \tau} c_{\nu} \phi_{\nu}(\vec{r}),
\end{equation}
where the sum over $\tau$ runs over the $M$ atoms of the molecule, and the parameter $\nu$ runs over the dimension of the basis where $\psi_i$ is expanded and the orbitals are centered on atom $\tau$.

The total number of electrons could be expressed as:

\begin{eqnarray}
N &=& \sum_i^{\mathrm{occ}} n_i \int d\v{r} |\psi_i(\v{r})|^2 \\
  &=& \sum_{\tau,\varsigma} \sum_{\nu \in \tau, \mu \in \varsigma} \sum_i^{\mathrm{occ}} n_i c_{\nu i} c_{\mu i} \int d\v{r} \phi_\mu(\v{r}) \phi_\nu (\v{r})\\
  &=& \sum_{\tau,\varsigma} \sum_{\nu \in \tau, \mu \in \varsigma} \v{D}_{\mu,\nu} S_{\mu,\nu} 
\end{eqnarray}
where $D$ is the density matrix $\v{D}_{\mu,\nu} = \sum_i^{\mathrm{occ}} n_i \, c_{\nu i} \, c_{\mu i}$  and $S$ is the overlap $S_{\mu,\nu} = \braket{\phi_\mu}{\phi_\nu}$

The diagonal elements $D_{\mu,\mu} S_{\mu,\mu}$ are the fractions of the charge that belongs purely to one of the atom centered basis functions, and correspondingly the charge belongs to the atom $\mu$.
The non diagonal elements are symmetrically split between the atoms $\nu$ and $\mu$.
The Mulliken charge associated to the atom $\tau$ in the orbital $\nu$:

\begin{equation}
Q_{\nu}=D_{\nu,\nu} S_{\nu,\nu} + \frac{1}{2} \sum_{\mu \neq \nu } (D_{\nu,\mu} S_{\nu,\mu} + D_{\mu,\nu} S_{\mu,\nu})
\end{equation}

The total Mulliken charge for one particular atom results of the addition of all the contributions from the orbitals centered on the atom.

As was mentioned before, this scheme is not well adapted for densities and wavefunctions expressed in spatial grids, because it implies to project the grid in atom-centered basis with computational overhead.
The use of Mulliken charges has been questioned because the values not always converge with the size of the atom-centered basis.
Even more, Mulliken charges for static electronic structures produce values of charge that are not correlated with the degree of ionicity of specific atoms in molecules and the utility in periodic systems is also limited.

\subsection{Bader Analysis}
Richard Bader \citep{Bader1990} created a natural way to separate a molecule in regions using its electronic density.
Consider for example a bi-atomic molecule; normally, in some place between the two atoms the density will reach a minimum and that is the natural place to split the charge in the system.
Even more, there is an entire plane, such that for points out of that plane, if the gradient is followed, the path will end on one of the two atoms and no path will cross the plane.
That is called a ``zero-flux'' surface.
For more complex molecules or crystals the same idea is followed: discover the surface were the density is a minimum perpendicular to the surface. 
Those surfaces split the entire space in volumes and the charges can be computed using those volumes.
 
For an electronic density $\rho(\v{r})$, a zero-flux surface can be expressed as the set of points in $\mathbb{R}^3$ such as:

\begin{equation}
\nabla \rho(\v{r_s}) \cdot \hat{n}(\v{r_s}) = 0
\end{equation}
where $\hat{n}(\v{r})$ is an unitary vector perpendicular to the surface $S(\v{r})$ such that $r_s \in S(\v{r})$.

The procedure to construct the ``zero-flux'' surfaces starts by identifying the critical points in the mesh.
Critical points $\v{r}_c$ are characterized by the zero value of the gradient in those points:

\begin{equation}
\nabla \rho(\v{r}_c) = \pd{\rho(\v{r}_c)}{x} \hat{u}_x + \pd{\rho(\v{r}_c)}{y} \hat{u}_y +\pd{\rho(\v{r}_c)}{z} \hat{u}_z=0.
\end{equation}

Those critical points could be maxima, minima, or saddle node points.
Typically, the position of nuclei would be at a maximum, but also critical points could be in places where no nuclei is present, in the center of a bond for example.
To further characterize those critical points an extra derivative is necessary, the Hessian matrix

\begin{equation}
A(\v{r}_c)=\left( \begin{array}{ccc}
\pdd{\rho(\v{r})}{x} & \pddd{\rho(\v{r})}{x}{y} & \pddd{\rho(\v{r})}{x}{z} \\ 
\pddd{\rho(\v{r})}{y}{x} & \pdd{\rho(\v{r})}{y} & \pddd{\rho(\v{r})}{y}{z} \\ 
\pddd{\rho(\v{r})}{z}{x} & \pddd{\rho(\v{r})}{z}{y} & \pdd{\rho(\v{r})}{z}
\end{array} \right)_{r=r_c}.
\end{equation}
This matrix, being real and symmetric, can be diagonalized 

\begin{equation}
\Lambda(\v{r}_c)=\left( \begin{array}{ccc}
\pdd{\rho(\v{r})}{x'} & 0 & 0 \\ 
0 & \pdd{\rho(\v{r})}{y'} & 0 \\ 
0 & 0 & \pdd{\rho(\v{r})}{z'}
\end{array} \right)_{r=r_c},
\end{equation}
with its values characterizing the curvature of $\rho$ in the critical point $\v{r}_c$.

%\cmt{\AD}{Add illustrations}

The critical points that are maxima can be reached by following the gradient of the density.
The basin of each nuclei, ie. the set of points that goes to that nuclei following the gradient, constitutes the Bader volume.
The boundary of those Bader volumes is the Bader surface, and has the property that no path of gradient crosses the surface.
That is the reason why they are called ``zero-flux'' surfaces.
Those surfaces naturally limit the volumes of each atom.

Typical implementations will search for critical points.
They will interpolate the mesh and look for the Bader surface accurately. 
When the surfaces are determined, numerical volume integration is performed to get the Bader charges.
That algorithm is particularly expensive, mainly because it involves many interpolations in the grid and solving non-linear equations.

More recently, Henkelman and co-workers \citep{Henkelman2006,Sanville2007,Tang2009} developed an algorithm that implements Bader's idea for the electronic density in a grid.
The algorithm avoids to determine explicitly the Bader surfaces, instead of that, it searches for the basin of each atom following a steepest ascent path.
It follows the gradient of the density jumping from a grid point to another grid point until it reaches the maximum.
Commonly the maximum will be the closest grid point to the position of one nuclei.
Identifying the grid point that goes to each nucleus, the grid points could be grouped in sets of basin grid points.
The Bader charges are found by adding the density contributions of each grid  point and interpolating in the boundaries of the different basins

\subsection{Hirshfeld Analysis}
Another way to account for charges is the Hirshfeld charge analysis \citep{Hirshfeld1977}.
The Hirshfeld analysis uses previously computed radial density distributions.
That information is used to split the charge in a given point of space
using weights, determined from the sum of the overlapping (original) atomic densities for all the atoms in the system.
The figure \ref{ToolsHirshfeld} shows the values of charge for the lightest elements in the periodic table.
These all-electron density data have been generated using the FHI98PP code \citep{Fuchs1999}, in the LDA (PW92 XC functional). 
The data could be found in the website of the ABINIT software package (http://www.abinit.org).

Consider a differential volume $dv$ located in the position of space $\v{r}$.
The radial density of an atom $h_i(r)$ is a function of the radius and the atomic species $i$.
The density $n_\tau(\v{r})$ that belongs to the atom $\tau$ in the position $\v{r}$ with a local density of $n(\v{r})$ is:

\begin{equation}
n_\tau(\v{r})= n(\v{r}) \frac{ h_\tau(|\v{r} - \v{r}_\tau|) }{ \sum_\mu h_\mu(|\v{r} - \v{r}_\mu|)}.
\end{equation}


The total charge associated to the atom $\tau$ results in the integration of $n_\tau(\v{r})$ in all the space,

\begin{equation}
Q_\tau= \int n_\tau(\v{r}) d^3 \v{r}.
\end{equation}

The Hirshfeld charges offers an intuitive way to account for charges yielding meaningful charges when comparing the degree of ionicity of bonds. 
Hirshfeld charge analysis was created to account for static charges.
In process such as collisions, electrons could be ejected out of the molecule.
Those charges will always been associated to the atoms in the system.
The use of Hirshfeld charge analysis should be, for the purpose of this thesis, complemented with other schemes to be able to identify the amount of ejected charges.

\subsection{Voronoi Charge Analysis} 
The Voronoi charge analysis (VCA) \citep{Fonseca2004} method offers a simple geometric partition of charges based on a natural partition of space.
The origin of the Voronoi method comes from the so-called Voronoi tessellation.
The position of the nuclei plays the role that in mathematics are the seeds for the Voronoi diagram.
The volume $R_\tau$ that belongs to an atom $\tau$ is the set of points in space that are closer to the atom $\tau$ than any other atom $\varsigma \ne \tau$.

\begin{equation}
R_\tau = \{\v{r} \in \mathbb{R}^3\,\, | \,\,|\v{r} - \v{r}_\tau| \leq |\v{r} - \v{r}_\varsigma|\,\, \text{for all}\,\, \varsigma\neq \tau\}.
\end{equation}

As an example the figure \ref{ToolsVoronoi} shows a slice of the Voronoi tesselation for a molecule of Anthracene.

\begin{figure}
\begin{center}
\includegraphics[width=0.8\textwidth]{../imagesTools/ToolsHirshfeld.pdf}
\end{center}
\caption{Radial averaged distribution of charge for the lightest elements in the periodic table.}
\label{ToolsHirshfeld}
\end{figure}

\begin{figure}
\begin{center}
\includegraphics[width=0.8\textwidth]{../imagesTools/ToolsVoronoi.pdf}
\caption{Voronoi tesselation for a molecule of anthracene ($\text{C}_{10}\text{H}_{14}$). Slice in the plane of the molecule.
Medium black dots represent the location of carbon nuclei and small black dots are the positions of Hydrogen nuclei. As the molecule is flat, the Voronoi volumes are found by simply projecting the Voronoi tessellations perpendicular to the plane of the molecule.}
\end{center}
\label{ToolsVoronoi}
\end{figure}

The charge that belongs to the atom $\tau$ is naturally the density integrated in the volume $R_\tau$.
This method, as well as the Hirshfeld will always integrate to the total charge in the system.

%As an example, we can compare the three different schemes for a simple molecule such as the anthracene. 
%The table \ref{ToolsTable} present the values of the charges using  Bader, Hirshfeld and Voronoi charge analysis.  
%
%\begin{table}
%\begin{center}
%\begin{tabular}{|c||c|c|c|}
%\hline 
%Atom & Bader & Hirshfeld & Voronoi \\ \hline 
%C1 & â�¢ & â�¢ & â�¢ \\ \hline 
%C2 & â�¢ & â�¢ & â�¢ \\ \hline 
%C3 & â�¢ & â�¢ & â�¢ \\ \hline 
%C4 & â�¢ & â�¢ & â�¢ \\ \hline 
%C5 & â�¢ & â�¢ & â�¢ \\ \hline 
%C6 & â�¢ & â�¢ & â�¢ \\ \hline 
%C7 & â�¢ & â�¢ & â�¢ \\ \hline 
%C8 & â�¢ & â�¢ & â�¢ \\ \hline 
%C9 & â�¢ & â�¢ & â�¢ \\ \hline 
%C10 & â�¢ & â�¢ & â�¢ \\ \hline 
%H1 & â�¢ & â�¢ & â�¢ \\ \hline 
%H2 & â�¢ & â�¢ & â�¢ \\ \hline 
%H3 & â�¢ & â�¢ & â�¢ \\ \hline 
%H4 & â�¢ & â�¢ & â�¢ \\ \hline 
%H5 & â�¢ & â�¢ & â�¢ \\ \hline 
%H6 & â�¢ & â�¢ & â�¢ \\ \hline 
%H7 & â�¢ & â�¢ & â�¢ \\ \hline 
%H8 & â�¢ & â�¢ & â�¢ \\ \hline 
%H9 & â�¢ & â�¢ & â�¢ \\ \hline 
%H10 & â�¢ & â�¢ & â�¢ \\ \hline 
%H11 & â�¢ & â�¢ & â�¢ \\ \hline 
%H12 & â�¢ & â�¢ & â�¢ \\ \hline 
%H13 & â�¢ & â�¢ & â�¢ \\ \hline 
%H14 & â�¢ & â�¢ & â�¢ \\ 
%\hline 
%\end{tabular} 
%\caption{â�¢}
%\label{ToolsTable}
%\end{center}
%\end{table}

%\cmt{\AD}{Pros e cons}
%\cmt{\MV}{More detail}

\subsection{Spatial Charge Analysis}
The traditional methods used to account for charges in general are unable to describe charges that escape from the system.
In scattering processes, the analysis is focused in the asymptotic states of the system.
In those cases, it is natural to encapsulate the projectile and target in volumes.
However, the shape and size of those volumes remains arbitrary and could only be justified by comparison with the other methods.

Storing the density for a full \TD trajectory, requires an important amount of disk space.
Instead of storing the entire density, integrated quantities consume less space, are easier to write in disk and allow us to analyze the charges using spatial separation analysis.
Two integrated quantities were implemented: integrating in planes perpendicular to the direction of propagation, and radial integration on spheres centered on each of the nuclei in the system.

Both schemes are useful to encapsulate charges close to the atoms.
This scheme will be used in the next chapter for a proton - He collision.

%As an example, consider the collision of a proton with an atom of Helium.
%The initial kinetic energy of the proton is 26.8 keV  and the impact parameter is 0.74 \AA{} , the direction of propagation is x.
%Using planar integrated charges we can represent the evolution of the charges along the direction of propagation as is shown on figure \ref{ToolsProtonHePlanar}.
%Notice that the use of planar integrated charges allow a clean representation of the charge initially located around the Helium atom.
%After the collision, some charge is detached from the Helium nuclei and follows the proton.
%The identification of that charge is again possible using slabs centered on each nuclei.
%The figure \ref{ToolsProtonHeSlabs} shows the charge analysis done using moving slabs attached to each atom.
%As the values of charge almost coincide with the charges using a Hirshfeld analysis, the electrons remains mostly attached to one of the atoms.
%A very small amount of charge is accounted in the complement of the slabs associated to the atoms.
%
%\begin{figure}
%\includegraphics[width=0.9\textwidth]{../imagesTools/ToolsProtonHePlanar.pdf}
%\caption{Snapshots of the integrated planar charge density during a proton - Helium collision.
%The initial kinetic energy of the proton is 26.8 keV and the impact parameter is 0.74 \AA{}, 
%The direction of propagation is $x$.
%The solid red line show the density integrated in the $y-z$ plane.
%Doted lines are also planar integrated but limited on a disc of radius $R$
%centered on a line that passes through the Helium atom at rest.
%Small black dots are used to show the locations of the nuclei in the direction $x$. }
%\label{ToolsProtonHePlanar}
%\end{figure}
%
%\begin{figure}
%\includegraphics[width=0.9\textwidth]{../imagesTools/ToolsProtonHeSlabs.pdf}
%\caption{Amount of charge counted using slabs during the proton-He collision.
%The initial kinetic energy and impact parameter are the same than the ones used in Fig. \ref{ToolsProtonHePlanar}.
%Full line (blue) : integrated charge in a slab with $x$ between $-5.2$ and $-3.2$, that is, between
%$-1$ and $+1$ \AA{} with respect to the Helium atom, defining the ``Helium slab''.
%Dotted line (red) : integrated charge with $x$ higher than $-3.2$, that is, in the ``Forward-scattering slab''.
%Dash-dotted line (light blue) : integrated charge with $x$ lower than $-3.2$, that is, in the ``Back-scattering slab''.
%Dashed line (green) : integrated charge in a moving slice, with the difference in $x$ with respect to
%the proton being between $-1$ and $+1$, that is, in the ``Proton slab''. Note that this slab overlaps first with the ``Back-scattering slab'', then with the ``Helium slab'', then with the ``Forward-scattering slab''.
%Small dotted line (blue), upper : Hirshfeld charge for the Helium nucleus.
%Small dotted line (green), lower : Hirshfeld charge for the proton.}
%\label{ToolsProtonHeSlabs}
%\end{figure}

\section{Conclusions}

In this chapter, we have presented several methods to analyze charge repartition on a finite system.
Hirshfeld, Bader and Voronoi are traditional methods used in the literature for splitting  the charge in atoms.
However, those methods integrate the charges in the whole space and they are unable to describe electrons escaping from their original host atoms.
Also the necessity of a simplified scheme is imposed for the cases of many-electron systems.
The solution was to account for charges using geometrical volumes like slabs and spheres.
Those schemes will be extensively used all along the next chapters.

%\cmt{\AD}{Justify choices}



\chapter{Summary, Conclusions and Perspectives}
\label{Conclusions}
\epigraph{A good scientist is a person with original ideas. A good engineer is a person who makes a design that works with as few original ideas as possible. There are no prima donnas in engineering.}{Freeman Dyson}

Time-dependent density functional theory is an interesting method to describe exactly (in principle) the evolution of atomic particles in collision.
The electronic density offers an elegant alternative to the explicit solution of a many-body quantum system.
All the many-body effects are included in the theory through the exchange-correlation potential.
This exchange-correlation potential, even if exact in its formulation, needs to be approximated.
For time-dependent problems considered in this thesis, this approximation is local in both, time and space.

The main objective of this thesis was to explore the limits of the approximations done in TDDFT to describe charge transfer processes in fast atomic collisions.
In particular, the focus of the thesis was in the kind of problems that are beyond the present capabilities of atomic physics wavefunction based methods.

In chapter \ref{chap:Motivation}, we have presented some applications that motivate the study of atoms impacting molecules, clusters or surfaces.
It shows the relevance for going beyond the atomic physics methods for dealing with such problems.

In chapter \ref{chap:Theoretical}, a brief account of the methods was presented.
We explored some methods to describe the electronic structure and how to couple that with the movement of atoms.
Some attention was dedicated to the method of choice for this work, time-dependent density functional theory.

There are several methods in the literature to account for charges in a system.
Those methods are not always well suited for dynamical processes.
The chapter \ref{chap:Charge} explores some of those methods, describing their limitations in atomic collisions.

In chapter \ref{chap:Single}, the first application was shown; the collision of a proton with a Helium atom.
The results show good agreement with several experiments done for such systems.

When the static ground state of a system is used as the initial condition for propagation in TDDFT, some artifacts appear.
The chapter \ref{chap:VPF} presents the velocity phase factor to correctly prepare the ground state of a moving particle once the static ground state was computed.
The method is exact only for local potentials.
The effect of the non-locality of the pseudopotentials is discussed and the limits of our approach are presented.

In chapter \ref{chap:Fullerene}, a more challenging problem was addressed; the impact of a 2 MeV \lip with a molecule of \c60.
The challenge comes from the large number of atoms involved, and the large space of configurations of this system.
The results show that the collisions where the projectile enters in the \c60 cage can be modeled by charge transfer contributions from all the atoms in the target, weighted by a factor specific for the system and dependent of the orientation of the target.

Apart from the applications shown in the last two chapters, we are exploring the use of TDDFT on another challenging system. 

\section{Work in Progress}

The big practical advantage of a collision at 2 MeV is that the speed of the projectile is fast enough to produce results in a reasonable amount of computational time.
There is, however, a large gap between the kind of collisions that could be considered in the adiabatic regime and those fast collisions in the MeV range.

One application in the intermediate regime is the perpendicular collision of a neutral He atom with a surface of graphene.
Graphene is a remarkable  material and its properties can be used in a whole new generation of nano electronics. 

The idea is the study of a collision of light atoms with a layer of graphene.
At 10 keV the projectile has enough energy to induce not only charge transfer but also create topological defects that could induce changes in the transport properties as was recently studied \citep{Lherbier2011,Lherbier2012}.

To study the problem we consider a piece of graphene containing 72 carbon atoms.
The figure \ref{fig:Graphene} shows the atomic configuration of the piece of graphene.
Hydrogen atoms are attached to the boundaries. 

\begin{figure}
\includegraphics[width=0.95\textwidth]{{../imagesGraphene/Projection-Graphene.INI}.pdf}
\caption{Initial atomic configuration to study the collision of a He atom with graphene. The gray circles represent the carbon atoms, the small red dots represent the hydrogen atoms used to close the boundaries of the graphene. The green circles represent the projections of the initial conditions for the He atom.}
\label{fig:Graphene}
\end{figure}

The big advantage of this system is the significant reduction in the configuration space.
Experimentally, the graphene sample can be aligned to be perpendicular to the direction of impact.
The internal symmetries of the graphene reduce the different initial conditions to the small triangle shown on \ref{fig:Graphene}.
As the He is represented with one state, the velocity phase factor is used to correctly prepare the state that will be propagated.

There are two main limitations for this kind of systems:
The computational time necessary for the propagation and the fact that the simulation is not done using periodic boundary conditions.

\section{Perspectives}

This work opens several opportunities and challenges for further investigation.

At the most fundamental level, time-dependent density functional theory will be always limited by the quality of the exchange-co\-rre\-la\-tion potential.
Fast atomic collisions induce rapid changes in the density with time, and also with important gradients of the density.
The adiabatic LDA is used far beyond its theoretical justification and the fact that it is able to show reasonable results is remarkable.
Further exploration, with better exchange-correlation potentials could in principle provide better quantitative results in the future.

At the practical level, the use of real space mesh presents advantages compared with localized basis sets, in particular the possibility to describe non-bounded states that are poorly described with localize basis sets.
However, the size of the simulation box is a big limitation for the scalability of this kind of simulations.
Also the spacing of the mesh is particularly critical during the collision.
In the future this kind of simulation could be done more efficiently using dynamical meshes or submeshes that move with the moving particles.
Also the use of non-uniform time steps can be better adapted during the close interaction between projectile and target.



\chapter{Impact of \lip 2 MeV on \c60}
\epigraph{Los idealistas arguyen que las salas hexagonales son una forma necesaria del espacio absoluto o, por lo menos, de nuestra intuici{\'o}n del espacio. Razonan que es inconcebible una sala triangular o pentagonal. (Los m{\'\i}sticos pretenden que el \'extasis les revela una c\'amara circular con un gran libro circular de lomo continuo, que da toda la vuelta de las paredes; pero su testimonio es sospechoso; sus palabras, oscuras. Ese libro c{\'\i}clico es Dios.) B\'asteme, por ahora, repetir el dictamen cl\'asico: La Biblioteca es una esfera cuyo centro cabal es cualquier hex\'agono, cuya circunferencia es inaccesible.\\
\medskip
\emph{The idealists argue that the hexagonal rooms are a necessary form of absolute space or, at least, of our intuition of space. They reason that a triangular or pentagonal room is inconceivable. (The mystics claim that their ecstasy reveals to them a circular chamber containing a great circular book, whose spine is continuous and which follows the complete circle of the walls; but their testimony is suspect; their words, obscure. This cyclical book is God.) Let it suffice now for me to repeat the classic dictum: The Library is a sphere whose exact center is any one of its hexagons and whose circumference is inaccessible.}
}{Jorge Luis Borges \\ \emph{(La biblioteca de Babel)}}

\section{Introduction}
% Generalities: about \c60; about impacts on \c60
Fullerenes form a family of closed molecules composed entirely of carbon atoms.
The smallest most stable fullerene is the \c60 molecule known as Buckminsterfullerene in honor of the architect Richard Buckminster Fuller, who popularized such shapes for structural and architectonic purposes \citep{Smalley1985}.
There are also fullerenes with larger and smaller number of carbons.
However, these fullerenes are more unstable or produced with a lower probability, both, naturally or artificially.
Small fullerenes are produced in laboratory \citep{Milani1996} for the synthesis of carbon clathrates \citep{Sanmiguel2005}.
Bigger fullerenes, ranging from $\text{C}_{70}$ to $\text{C}_{90}$, can be produced in several ways including \c60 - \c60 collisions \citep{Rohmund1996}, laser irradiation \citep{Heden2005} and atomic impact of highly ionized projectiles and high energies \citep{Zettergren2010}.

\c60 fullerenes are made of 12 pentagons and 20 hexagons. 
Each carbon atom is in the vertex of one pentagon and two hexagons. The \c60 molecule has two bond lengths.
On average, the bond length is 2.64 Bohr (1.4 \AA{}).

As the \c60 molecule is a truncated icosahedron, it is clear that they both have the same symmetry group $S$ which is isomorphic to $A_5 \times S_2$. 
From  $S$ we can extract a subgroup of rotational symmetries $R$.
The point group symbols for $S$ and $R$ are $I_h$ and $I$. The 12 pentagons form 6 pairs of opposite faces. A rotation axis through the centres of two such faces is an axis of a 5-fold rotation. 
The 20 hexagons of the fullerene \c60 form 10 pairs of opposite faces through the centres of which  each have an axis of a 3-fold rotation. 
This 3-fold symmetry orientation will be used further on in this chapter.

Carbon fullerenes were first identified experimentally by Smalley and co-workers \citep{Smalley1985}.
Their research aimed at reconstructing the conditions under which carbon molecules are formed in interstellar space and circumstellar shells.
The characteristic signature of those molecules in interstellar medium (ISM) has been detected recently \citep{Foing1994,Cami2010,Cami2012,Berne2012,Garcia2011}.
 
Theoretical predictions for the existence of such molecules, go back to 1970 by Eiji Osawa (Japan)\citep{Osawa1993}. Also, independently, R. W. Henson (USA) and in 1973 Prof Bochvar (USSR) studied theoretically their chemical stability. 
All those works remained independent one of each other because they were published in Japan for the first one, never accepted for publication for the second and published in Russia only for the third.

Fullerenes are currently applied in cosmetics in anti-aging creams \citep{Bakry2007}.
Since \c60 molecules have a high electron affinity, they are used to absorb free radicals that are responsible for aging of the skin \citep{Jensen1996}.
They are also candidates as mediators in photodynamic therapy \citep{Mroz2007}.
The are commonly employed in organic photovoltaic (OPV) cells as electron-acceptor pairs \citep{Fendrich2006,Hong2007,Huang2009,Dutton2010,Jun2012}.
The synthesis of diamonds from \c60 has been experimentally demonstrated \citep{Bocquillon1993}.
Amorphous diamond has been synthesize from \c60 \citep{Hirai1994}.
A fullerene derivative, the [6,6]-phenyl-C$_61$-butyric acid methyl ester (PCBM) is currently as a candidate for organic solar cells \citep{Bjorstrom2005}. 
Also they are of fundamental importance in fundamental research.
In astrochemistry of interstellar medium, they are one of the exotic big carbon molecules formed in the particular conditions of space \citep{Ehrenfreund1995,Leach1995,Sellgren2001,Cami2012,GarciaHernandez2013}.

%Theoretically, molecular dynamics simulations has been done to study the structural phase transitions of fullerene crystals \citep{Kikuchi2001}.
Theoretically, the high level of symmetry ($I_h$), to be composed of a single species of atom and the availability of experimental results, has inspired a wealth of works, from structure to electronic properties, including the dynamical properties such as collisions in all sort of circumstances.

%Experimental waysrsyn	
From the experimental point of view, fullerenes have been used as projectiles as well as the target.
In the first case, \c60 ions or neutrals are sent to collision against targets composed of various gases \citep{Caldwell1992}.
A second approach, is the use of atomic ions impacting a gaseous environment of \c60 \citep{Majima2002,Basir1997,Rentenier2004}.
Collisions of protons on \c60 have been shown to induced single and double-electron capture \citep{Martin2004}.
Ions of $\text{C}_{60}^{2+}$ fragment by emission of $\text{C}_2$ \citep{Chen2007,Martin2008}.
\c60 - \c60 collisions have been also experimentally explored \citep{Shen1995}.
Fullerenes are often used in SIMS as projectiles \citep{Weibel2003,Klerk2010,Smith2011}

In all those cases, a rich set of phenomena can be present, such as: inelastic collisions, electron capture, fragmentation, collective ionization and  even multi-fragmentation \citep{Campbell2003}.
All those effects are integrated experimentally, making its understanding a challenge.
Also, it calls for a theoretical approach that could be able to discriminate the different effects under a very controlled environment.

%Variants of ion collisions with \c60
In the case of ions as projectiles, two variants of projectiles are usually considered in the literature.
First, slow but highly charged ions. 
Using them, it has been demonstrated that multiple-electron capture makes the \c60 unstable and induces multi-fragmentation. 
The second variant is the use of single, double or triple ionized fast projectiles.
This is the variant that will be explored in this chapter, using a single ionized lithium atom as projectile.

%Plan of the work
This study focuses on the interaction of a fast \lip\; impacting on a \c60 molecule.
For this,  a bottom-up approach is proposed.
First, we study the collision of an atom of lithium at 2 MeV with a single atom of carbon.
The idea is to analyze for this two-nuclei system the probabilities of transfer of charge and kinetic energy.
Second, the impact \lip - \c60 is studied.
Both cases are studied in the framework of TDDFT and adiabatic LDA.
Finally, the results obtained for \c60 are correlated with those from the binary collision in order to extract a simplified model of the processes of charge transfer in the large system.

\section{\lip at 2 MeV in Collision with a Single Carbon Atom}
%Why we study this
Before entering into the study of the collision with \c60, we start by considering the dynamics of the interaction between an atom of lithium at 2 MeV and a single carbon initially at rest.
The purpose of this preliminary study is to obtain an initial idea about how such impact could effectively introduce a change in the state of charge for the carbon atom.
In particular, we focus our attention on the possible transfer of kinetic energy and eventually also, changes in the charge state by charge transfer to the lithium or electron ejection from the carbon atom.

%Theoretical considerations (fundamental)
Atomic collisions in the MeV range, raise important questions that should be mentioned before any claim that could arise from our results.

At the most fundamental level, all moving charged particles produce magnetic fields. 
A more elaborate theory could include the Maxwell equations correctly coupled with a TDDFT KS scheme. 

In general, we are not considering atomic impacts with exactly zero impact parameter or sufficiently small such that the interaction between nuclei goes beyond the Coulomb interaction.
The justification is that in practice the probability of such events is negligible for molecules such as a \c60 in gas phase, in the typical conditions of the experiments.
DFT assumes in general that nuclei are point-like particles that interact only by a Coulomb potential.

The speed of light in atomic units is approximately 137; a lithium ion at 2 MeV has a velocity of approximately 3.43 au, which means that the velocity of the projectile is 2.5\% of the speed of light.
At such velocity, relativistic corrections could enter in consideration.
However, the gain of mass is still marginal.

%Theoretical considerations (DFT related)
At the level of TDDFT, there are also theoretical considerations to expose.
TDDFT works based on a Kohn-Sham set of orbitals that interacts with each other indirectly through an exchange-correlation functional.
In our case, we use the so called adiabatic LDA (ALDA), that is the natural extension of LDA for time-dependent problems.
The use of ALDA raises the traditional questions about the reliability of a local exchange and correlation.
In the case of ALDA, the XC assumes that this functional operates only on the present values of density. 
Such assumptions should be questioned for rapidly changed densities during the small time compared with the electronic time scale on which that the ion crosses their target.

%Theoretical considerations (Practical)
In the practical level, there are also some limitations.
The TDDFT code used for this study makes use of norm-conserving pseudopotentials.
Those pseudopotentials are used with two purposes, to reduce the number of electrons treated explicitly and to smooth the behavior of the potential close to the nuclei.
Otherwise, treating all the electrons explicitly will increase the number of Kohn-Sham wavefunctions needed.
The spacing of the mesh will need to be reduced to describe the potential and the nodes in the wavefunctions of the most internal states.
All those elements increase significantly the effective memory requirements and the computational time needed for the simulation.

At 2 MeV, the energy of the collision is high enough to excite the lowest levels of both target and projectile.
The approach proposed is to freeze those low-level states and phenomena such as Auger electrons are missing in the present approach.

Also important, is the fact that those pseudopotentials smooth the potential close to the nuclei until a certain radius where it matches with the all-electron potential in the frontier of a sphere around each nuclei.
The problem arises when the collision is such that the distance between ions is small enough that spheres of two atoms overlap.
Also the finite size of the simulation box could be a source of error, that is the reason why large boxes are used in for this simulation.
In this particular case absorbing boundaries were used using a $\sin^2$ imaginary potential to absorb the scattered electronic wavefunction.
This procedure is not a perfect absorbing boundary, due to this, a large simulation box is still used.

%How we compute
For the simulation of a \lip - C collision, the impact parameter was varied from 0.1 to 8 Bohr.
The simulation box is a parallelepiped and its size was adjusted such that both, projectile and target are distant 10 Bohr from any border.
The initial distance between the two atoms is 12 Bohr considering the planes perpendicular to the propagation direction that contain the two atoms.

%Results
Due to the high kinetic energy of the projectile, the amount of kinetic energy transferred to the carbon is lower than 1 meV.
The projectile is deflected less than $10^{-3}$ rad for all the impact parameters.
In the figure \ref{CLiChargeTransfer} the charge transfer is plotted as a function of the impact parameter.
The maximal value of charge transfer to the carbon, saturates to 0.011 [e] in the limit of direct impact.

\begin{figure}
\includegraphics[width=0.9\textwidth]{../imagesC60/CLi_ChargeTransfer.pdf}
\caption{Charge transfer to the \lip after the collision with a single carbon atom.
The kinetic energy of the projectile is 2 MeV.
The charge is measure by integrating the density on a sphere of 4.5 Bohr centered on the Li atom}
\label{CLiChargeTransfer}
\end{figure}

%Conclusions
From the simulations with the binary collision, we can expect that a similar behavior is present in the collision with the entire \c60 molecule.
The projectile, for example, should be deflected a negligible amount when it crosses the molecule.
After the impact, no significant movement of the target is expected.
The fragmentation, in the context of our simulations is not due to a direct transfer of kinetic energy, but probably by instabilities when the \c60 becomes ionized.
However, the experimental results show that the fragmentation by ionization is relevant only starting from a double ionization.
Lets now to consider the problem of the collision of \lip with the entire molecule of fullerene.


\section{\lip at 2 MeV in Collision with \c60}

% How the simulation were done
The \lip - \c60 collision present some challenges compared with the binary collision. 
The system contain a total of 362 electrons.
This value is reduced to 240 by using norm-conserving pseudopotentials for carbon and lithium.
The system is treated without spin polarization.
This also reduces the total number of Kohn-Sham states to 120.
The Li projectile has no KS orbital associated to it.

The simulation box is a parallelepiped with 40 Bohr length along the direction of propagation and 36 Bohr on the directions perpendicular to the direction of propagation.
The direction of propagation of the projectile is parallel to the $x$ axis.
The fullerene is positioned in such a way that the center of mass of the \c60 molecule is located in $(6,0,0)$ Bohr.
For the pseudopotential used (FHI), the Li projectile has no Kohn-Sham states associated to it, the $x$ coordinate for the initial conditions of the projectile can be located in the boundary of the simulation box ($x=20$ Bohr).

This geometrical configuration, ensures that the distance between the plane of the projectile and the center of mass of the \c60 target is 14 Bohr.
As the \c60 molecule has a typical radius of 6.7 Bohr, the projectile will be at least 7.3 Bohr far from the closest carbon in the initial step.

\begin{figure}
\includegraphics[width=0.99\textwidth]{../imagesC60/C60_Projection8.pdf}

\includegraphics[width=0.99\textwidth]{../imagesC60/C60_Projection3.pdf}
\caption{Initial conditions for the \lip. The locations of the carbon atoms are projected in the background.
The figure in the left side shows the system in the scale of the simulation box considered of $36$ Bohr each side.
The figure in the right side shows a closer view of the initial conditions.
The gray circles indicate the projections of the carbon atoms in the $yz$ plane.
The small green dots are the randomly selected initial positions for the \lip projectile. Up: Non-symmetric orientation. Down: Symmetric orientation}
\label{C60projection}
\end{figure}

%Initial conditions
The \c60 fullerene is a very symmetric molecule.
However, there are many possible orientations for the impact of one atom on the molecule.
For the purpose of this work, we select two particular orientations, one completely random orientation and the other along one of the symmetry axis of the \c60.
For the second orientation, two hexagons are parallel and perpendicular to the direction of propagation.
This orientation is three-fold symmetric in the axis of propagation.
For each orientation of \c60 the ground state is computed by DFT until the relative difference in the density in successive cycles is less than $10^{-8}$.

For the non-symmetric orientation (Up on fig. \ref{C60projection}), 189 initial conditions were chosen.
For the symmetric orientation (Down on fig. \ref{C60projection}), 180 initial conditions are present.

For each orientation and each initial position of the projectile, the \lip is propagated until it crosses completely the \c60.
At the end of the simulation, the plane perpendicular to the direction of propagation is $x=-14$.
The distance between this plane and the closest carbon atom is 13.3 Bohr.
In all the cases considered, the charge-transfer value is stable when the projectile reaches the $x=-14$ plane.

The time step was fixed in 0.005 au and each initial condition was propagated for 2000 iterations.
The total energy is relatively stable all along the simulation, with an average of $0.15$ Ha of deviation from the initial total energy.

After each collision, the charge associated to the lithium was measured by integrating it inside a sphere of radius 4 Bohr.

\section{Results and Discussion}

As was expected from the analysis with \lip and C, the deflection of the projectile is negligible: less than 1 mrad on average for all the initial conditions.
It is fair to assume that the projection of the initial condition on the perpendicular plane is consistent with the actual trajectory of the projectile, not only out of the cage, but also when it enters inside the molecule.
With this assumption, the charge transfer to the projectile can be mapped according with its initial position in the plane $yz$.

The figure \ref{C60_Projection_chargeLi} shows the values of charge transfer interpolated on the plane $yz$.
For the interpolation, a $1000\times 1000$ grid is produced in the range $(-11,11)$ in the plane $yz$. The values in the mesh are interpolated using a Clough-Tocher piecewise cubic, continuously differentiable (C1), and approximately curvature-minimizing polynomial surface \citep{Alfeld1984}. 

\begin{figure}
\begin{center}
\includegraphics[width=0.8\textwidth]{../imagesC60/C60_Projection_chargeLi8.pdf}

\includegraphics[width=0.8\textwidth]{../imagesC60/C60_Projection_chargeLi3.pdf}
\end{center}
\caption{Symmetric orientation:  Charge transfer interpolated from the random selected initial conditions for the \lip projectile.
A cubic interpolation was used (see text). The color indicates the amount of charge transfer for an projectile that is projected in that particular point in the $yz$ plane.
The values are in fractions of the one electron charge.
Up: Non-symmetric orientation. Down: Symmetric orientation }
\label{C60_Projection_chargeLi}
\end{figure}

The charge transfer process is lower through the holes in the fullerene.
It is significantly higher in the bonds and close to each carbon.
The maximal charge transfer is $0.016$ e.
This value is close to the maximal charge transfer obtained in the single \lip - C collision ($0.011$ e).

We can assume that the charge transfer is mostly due to one electron being transferred to the lithium.
Using the interpolated values we can compute the capture cross section.
For the non-symmetric case the value is $5.4\times 10^{-17} \text{cm}^2$, while for the symmetric orientation is $5.2\times 10^{-17} \text{cm}^2$.
The values are smaller than the geometrical cross section of around $1.9\times 10^{-16} \text{cm}^2$, indicating that most of the charge transfer is produced inside the cage as mentioned before.
The values are considerably higher than the experimental results of $1.6\times 10^{-18} \text{cm}^2$ for the one electron transfer.
In this case, we encounter the known result that TDDFT usually overestimates charge transfer \citep{Jamorski2002,Drew2004}.
Introducing self-interaction correction could help in this case.
It also remains to be explored, if the lack of a dynamical description of the $1s$ orbital, for the Li atom, is also responsible for the overestimation.
The $1s$ state for the lithium  atom is frozen in the pseudopotential not allowing for processes where the projectile becomes even more ionized $(Li^+ \rightarrow Li^{2+})$ and $(Li^+\rightarrow Li^{3+})$.

In the experiments, a lithium could cross the \c60 without capture but ionizing the \c60 molecule.
This event has a significantly high cross section ($5\times10^{16} \text{cm}^2$).

Apart from global quantities such as the cross section, some information can be extracted from the individual impacts, and their dependency with the configuration space.
The different impacts can be grouped according to the radius with the central axis of the \c60.
In particular the collision that enter in the cage can be differentiated from those that crosses out the molecule.
For both orientations the regions are shown in fig. \ref{C60_Projection}

\begin{figure}
\includegraphics[width=0.48\textwidth]{../imagesC60/C60_Projection_regions8.pdf}
\includegraphics[width=0.48\textwidth]{../imagesC60/C60_Projection_regions3.pdf}
\caption{The different impacts grouped by the radius to the central axis of the \c60.
The blue region are external collisions. The green collects most of the internal collisions, with the exception of the very central red region where there is a hole in the symmetrical orientation.
The left side shows the non-symmetric orientation, the right side the symmetric one.}
\label{C60_Projection}
\end{figure}

Using the colouring schema in \ref{C60_Projection} for the three regions, the charge transfer to the projectile can be plotted as a function of the minimal perpendicular distance from any carbon atom to the trajectory of the Li projectile.
From figure \ref{C60_chargeLi_vs_dmin} is clear that collisions that enter in the cage has an enhanced probability of capture charge compare with collisions that crosses outside of the cage even if the distance to the closest carbon is small.
That effect is even more evident for the symmetric orientation where the impacts in the central hole capture much more charge that close non-penetrating collisions.

\begin{figure}
\includegraphics[width=0.98\textwidth]{../imagesC60/C60_chargeLi_vs_dmin8.pdf}

\includegraphics[width=0.98\textwidth]{../imagesC60/C60_chargeLi_vs_dmin3.pdf}
\caption{Charge transfer in the \lip - \c60 collision as a function of the minimal perpendicular distance from any carbon atom to the trajectory of the Li projectile. Up: Non-symmetric orientation. Down: Symmetric orientation.}
\label{C60_chargeLi_vs_dmin}
\end{figure}

\section{Independent Charge Transfer Model}

It is possible to correlate the results obtained for the \lip - \c60 collision with the previous results for the \lip - C collision. 
Consider two ansatz for the charge transfer process.
It is clear from the figure \ref{CLiChargeTransfer} that most of the charge is transferred with the minimal impact parameter.
It is logical to make a guess, that most of the contribution to the charge being transferred to the lithium atom comes from its encounter with the closest carbon atom during the collision.
The charge really transferred to the lithium can be compared with the one atom contribution.
The figures \ref{C60_one} shows those correlations for both the non-symmetric and symmetric orientations.
Some interesting observations arise.
As could be expected, assuming one atom contribution tends to systematically underestimate the charge transfer.
However, for external collisions (blue dots) this ansatz is closer to the actual transfer.

\begin{figure}
\includegraphics[width=0.49\textwidth]{../imagesC60/C60_CloseEncounter_one8.pdf}
\includegraphics[width=0.49\textwidth]{../imagesC60/C60_Projection_one8.pdf}
\vspace{1cm}

\includegraphics[width=0.49\textwidth]{../imagesC60/C60_CloseEncounter_one3.pdf}
\includegraphics[width=0.49\textwidth]{../imagesC60/C60_Projection_one3.pdf}
\caption{Correlation between the charge transfer in the \lip - \c60 and the charge transfer by the closest atom in the \lip - C collision. Up: Non-symmetric orientation. Down: Symmetric orientation.}
\label{C60_one}
\end{figure}

The second possible ansatz is somehow the complementary to the first one: one assumes that the charge transfer is produced by individual contributions from all the carbon atoms to the lithium, using the perpendicular distance to the trajectory to account for the charge that is transferred.
In this case, the charge transfer is systematically overestimated for the three regions, but with a remarkable alignment of most of the points.
In particular, the external collisions and the internal ones are aligned.
The exception is constituted by the central points in the symmetric orientation.
Using the least square method for the external collisions, the slope can be determined.
The value of the slope is 2.38 for the non-symmetric orientation and 2.54 for the symmetric one.
The good correlation of the data allow to present a simplified model for the charge transfer in fullerene cages.
The charge that is transferred can be computed using \ref{CLiChargeTransfer} weighted by a ``screening factor", the inverse of the slope, that is dependent of the orientation of the molecule.
The screening factor has its origin in the bonds created between the carbon atoms in the \c60 molecule and reduces the capture compared with an isolated atom.

\begin{figure}
\includegraphics[width=0.48\textwidth]{../imagesC60/C60_CloseEncounter_all8.pdf}
\includegraphics[width=0.48\textwidth]{../imagesC60/C60_Projection_all8.pdf}
\vspace{1cm}

\includegraphics[width=0.48\textwidth]{../imagesC60/C60_CloseEncounter_all3.pdf}
\includegraphics[width=0.48\textwidth]{../imagesC60/C60_Projection_all3.pdf}
\label{chap:Fullerene}
\caption{Correlation between the charge transfer in the \lip - \c60 and the sum of all the contributions to the charge transfer using the perpendicular distance to the trajectory to determine the value from \ref{CLiChargeTransfer}. 
Up: Non-symmetric orientation. Down: Symmetric orientation.}
\label{C60_all}
\end{figure}

\section{Conclusions}

In this chapter, we have presented simulations of fast ions impacting molecules.
The particular case treated, was a 2 MeV \lip ion impacting on a \c60 molecule.
From all possible orientations for the \c60 molecule two were chosen: a random, non-symmetrical and one molecule with two parallel hexagons perpendicular to the trajectory.
The simulations show an overestimation of the charge transfer compared with experimental results.
Two simplified models were proposed to analyze the charge transfer assuming independent contributions from the carbon atoms in the cage.
The correlations of those models show that charge transfer processes can be understood by individual contributions screened by a global factor that reduces the electron transfer.



\chapter{Orthogonal collision of He with Graphene}

% What is graphene and its importance
Graphene is a two-dimensional material composed by an hexagonal arrange of carbon atoms.
As a material, graphene have receive a growing attention of the scientific community during the last decade.
This attention has been motivated by the impressive set of properties that this material has shown until now.
Electronic properties such as a zero band gap, a very high electronic mobility and relativistic-like behaviour for the charge carriers.
Mechanical properties are also remarkable, very strong in plane, but flexible out of plane.
This set of physical properties, joined with the possibility of chemical manipulation, open the doors for applications in various fields of technological relevance now a days, energy storage, electronics, photo-electronics, coatings, etc.

% Why study graphene in general
From a theoretical perspective, graphene is also a good candidate for more fundamental scientific studies.
Composed only by carbon atoms, a relatively light atom, the two dimensional structure and the high symmetry due to hexagonal tessellation makes the graphene a good candidate to study theoretically.

%Defects on graphene
From the experimental point of view, a sufficiently large sample of graphene will contain a certain number of defects, in particular defects that are due to a breaking of symmetry of the regular structure of carbons.
The study of those defects have technological importance from the two sides.
From one side the presence of defects affects the properties compared with the pure and idealized graphene structure.
From the other side inducing specific defects is a way to control specific properties of the graphene, for example, opening the band gap or creating quantum confinement.

% What we will do
Recent works had been done with the objective of study the different ways in which the graphene properties are altered as consequence of a modification of its structure. % CITE THESIS OF XAVIER DECLERCK
In this chapter, the creation of vacancies by atomic impact is studied using a first principles approach.
In particular we study how atomic impacts create defects on graphene, the states of charge of the particles involved.

\section{Setup for the simulation}

%Physical idea
The simulation carry out was the impact of an atom of neutra Helium with kinetic energy of 10 KeV impacting perpendicularly on a single sheet of idealized graphene.
The target is a piece of graphene of 72 atoms, hydrogenated in the border.

% General Parameters
The simulation was done using the software package Octopus,  norm-conserving pseudopotentials where used for all the atoms involved. In particular the pseudopotential for the carbon atom contains internally the electrons from the shell $1s$ and $2s$. The pseudo-potentials for Hydrogen and Helium contains no electrons in the core.

The simulation box is a cube of 40 Bohr on each side, Octopus uses a real space discretization and the spacing of the points in the mesh is 0.25 Bohr. The piece of graphene is located in the center of the cube with its geometry properly relaxed to get a force of  ===VALUE=== between the atoms.

As was explained in a previous chapter the ground state of the target and projectile were computed separately.
Once the density was converged to ===VALUE=== the two entities are merged and the projectile is propagated.

The total number of electrons described expliciletly is ===VALUE===. As the number of electron is even the orbitals could be treated as non-polarized.
In that case the number of KS orbitals described is ===VALUE===

% GS Parameters
As the projectile (Helium), contains the explicit description of one orbital and the kinetic energy is 10 KeV.
The Velocity phase correction was introduced to correctly initialize the ground state of the orbital associated to the Helium atom.

Due to the symmetry of graphene and the restriction imposed of a perpendicular impact. The space of parameters is reduced to the triangle depicted in \ref{GrapheneProjection}.
Random locations were selected inside the triangle and the projectile is located initially at ===VALUE=== Bohr from the surface of graphene.

\begin{figure}
\includegraphics[width=0.9\textwidth]{../images/GrapheneProjection.pdf}
\caption{Initial conditions for the He. The locations of the carbon atoms are projected in the background.
The figure in the left side shows the system in the scale of the simulation box considered of $40$ Bohr each side.
The figure in the right side shows a closer view of the initial conditions.}
\label{GrapheneProjection}
\end{figure}


%TD Parameters

\section{Results and discussion}

A total of ===VALUE=== simulations were done with the helium atom located perpendicular to equal number of random positions inside the fundamental triangle.
The average charge associated to the Helium after the collision is ===VALUE===, using a Hirschfeld analysis to account for the charge.
One atom of carbon was ejected ===VALUE=== \% of the cases, with a charge of ===VALUE===

Values to review

- Kinetic energy
- Angle of scattering
- Movement of the carbons in the graphene

\section{Conclusions}
 



\chapter{Introduction}
\label{chap:Introduction}
\epigraph{Wer Wissenschaft und Kunst besitzt,\\
Hat auch Religion;\\
Wer jene beiden nicht besitzt,\\
Der habe Religion.\\
\medskip
\emph{He who has Science and has Art,\\
Religion, too, has he;\\
Who has not Science, has not Art,\\
Let him religious be!}}
{Johann Wolfgang von Goethe\\
\emph{Zahmen Xenien IX (Gedichte aus dem Nachlass).}}


%Collisions
Historically, the subject of collisions at atomic and subatomic levels developed as the backbone of Physics during the XXth century.
The Rutherford model came out from experiments with $\alpha$ particles in collision with thin films of gold.
All the theory of nuclei is the result of decades of experiments with particles impacting nucleus and observe how those nuclei decay.
Cosmic rays, the higher energetic particles ever observed in nature, are detected due to the secondary cascades produced when they collision with the atoms in our atmosphere.
Those particles, with energies between $10^9$ eV to $10^{20}$ eV, are in most cases, higher in energy than anything that humans can produce today in particle accelerators.
The research in physics is undoubtedly attached to the physics of collisions.

%Quantum Mechanics
The XXth century was the century of quantum mechanics.
Quantum mechanics was the language developed to formalize the understanding of a world with rules so particular that books are still written today trying to popularize the subject for the layman.
During the first 30 years of the XXth century, humanity finally reached an effective understanding of the basic laws that govern our world at the atomic scale.
The rest of the century is the bridge between those fundamental laws and the complex interplay of those laws, fields and particles to build up the macroscopic world at human scale.
 
%Electronic structure
At the atomic level, the pioneers in quantum mechanics discovered early the central role played by electrons in the understanding of the microworld.
Electronic structure is the key element to understand the behaviour of molecules and materials.
Electrons are responsible for keeping nuclei together; they are responsible for declaring which molecules could be formed, why atoms crystallize in a certain way and not in another.
Electronic structure of matter is of fundamental importance to understand the behaviour of the world not only at the atomic level but also in our scale.

%From static to dynamics
When quantum mechanics search for description of systems in equilibrium, systems that do not change in time, it relies on the time-independent \SE

\begin{equation}
E\Psi=\oper{H} \Psi.
\end{equation}

Words like static, equilibrium, ground state comes to mind when such equation or derivations of such equation are used.
For systems changing, out of equilibrium, quantum mechanics relies on the \TD \SE

\begin{equation}
i \hbar \frac{\partial}{\partial t}\Psi = \oper{H} \Psi.
\end{equation}

For systems in equilibrium or close to it, the \TI \SE is the way of choice.
The equation is presented as the problem of finding the eigenvalues of the operator $\oper{H}$.
This kind of problems are typically solved using the techniques developed in linear algebra and by using self-consistent approaches.

%\cmt{\MM}{Not true this is the definition of linear-response}
% From equilibrium to non-equilibrium
Equilibrium is the exception rather than the rule in Nature.
Quantum non-equilibrium phenomena have been growing in importance but their theoretical understanding is still at a very early stage.
From the statistical point of view, we can distinguish two domains for systems out of equilibrium:
Out of equilibrium dissipative quantum systems and the process of thermalisation of isolated quantum systems, evolving with unitary dynamics after an abrupt or slow change in a parameter.
For the latter, the theoretical approach is usually determined by the strength of the perturbation.
When deviation of equilibrium is small, the solution for the system can still be found by using response functions.
However, for a strong external potential, such approach fails and non-linear effects are important.
One way to account for non-linear effects is the explicit propagation of the \TD \Schro equation.
The state of the system needs to be propagated in real time.
This involves a different sort of tools compared with those used for solving the \TI problem.

%\cmt{\BP}{
The kind of problems that requires the solution of a \TD \SE are wide in scope.
They include problems involving \TD electromagnetic fields, for example, intense and pulsed laser sources or intense magnetic pulses.
Even without the presence of external fields, there are a whole set of phenomena that could be treated by a full solution of the time-dependent \Schro equation.
Problems like atomic and molecular collisions, stopping or implantation of atoms in surfaces.
In some cases, the intensity of those event prevents us of treat them using adiabatic procedures.
The complete numerical solution of the time-dependent \SE is the way to go.
%}

%Dynamics
For many years now, problems involving the movement of ions has been the domain of several branches of science.
From one side, classical molecular dynamics, where effective force fields are used to determined the path that atoms follow when they interact with each other.
In this case, all the complexity of the electronic structure remains hidden in phenomenological potentials.
The other side is atomic physics where atomic collisions are an area by itself.
In this case, the collisions are usually fast, not many atoms are involved and the electronic states of the atoms involved are very precisely described.

% Ab-inito MD
More recently, molecular dynamics was enriched when the description of electrons was included into the ionic movement.
Those are the so-called ab-initio molecular dynamics methods.
The electrons are described using quantum mechanical methods, such as Hartree-Fock or Density Functional Theory (DFT).
The ions follow classical trajectories dictated by the forces computed by those electronic structure methods.

% Dynamical Electronic Structure
Among the methods in ab-initio molecular dynamics, only a subset is able to describe electronic excitations or charge transfer.
This thesis will focus on one method in particular: time-dependent density functional theory (TDDFT).

Although classical molecular dynamics is able of modelling millions of particles, the entire electronic structure is missing and will never account for processes such as ionization or electronic scattering.
In the other side of spectrum, there are methods such as those used in atomic physics, that describe correctly and accurately the electronic dynamics.
Those methods, even if highly accurate are not able to overcome the exponential barrier that represents solving the \TD \SE for many interacting electrons.
In general, their scope remains limited to a very few atoms with no many electrons.

% The goal of the thesis
The goal of the thesis is to study the dynamics of electrons during atomic collisions using \TD density functional theory.
New tools and techniques need to be developed in order to be able to understand those processes.
Across the different chapters, the different tools will be presented as well as their applicability and limitations.
Some applications will be presented on selected cases of interest.

% Structure of the Thesis
The structure of this work is as follows:
The first chapter will describe the fields of application that could be enriched by first principles studies in atomic collisions. 
The second chapter deals with the methods used in the determination of electronic structure of atomic systems, the dynamics of the atoms and the propagation of electrons coupled with the movement of those atoms.
This chapter is intended to explore, not only the method used in this work but also its alternatives, presenting its advantages and limitations.
The third chapter is dedicated to develop the tools that allow to extract useful information from the simulations.
Special attention is put into explaining the different approaches to solve the problem of associating charges to atoms in dynamical circumstances like those that this work is focused into.
One chapter is dedicated to show how for relatively simple atomic collisions, TDDFT is able to compute the single capture cross section with reasonable agreement with experiments.
The fifth chapter describes the proper initialization of projectiles when some electronic state is attached to them.
The concept of velocity phase factor is introduced in this chapter.
The following chapters are focused on specific applications.
For the second application, the collision between a \lip ion and a \c60 molecule is studied.
The last chapter presents the final conclusions, works in progress and perspectives for future exploration.

The different examples are chosen to cover a wide range of physical conditions.
The simple cases with monoatomic projectile and target, are simple enough to compare with experiments and higher levels of theory.
Such is the case with the proton - He collision and the carbon - Li in the sixth chapter.
More challenging is the problem with molecular targets, not only because the configuration space is larger, there are more electrons involved and the availability of accurate experiments is more limited.
Such is the case of the \lip - \c60 collision and the collision between Au and Butane presented in the chapter four.
Finally we explore the interesting case of a collision between an atom of Helium and a piece of graphene with the purpose of including the case of collision with extended systems.

The specific goals of this work include the use of TDDFT to provide accurate values for of charge exchange and ionization probabilities in atom-atom, atom-molecule and atom-surface collisions.
For atom-atom collisions, the typical measure is the capture, excitation or ionization cross sections.
Impacting molecules and clusters increase the configuration space significantly, for that reason in this thesis only highly symmetric molecules are used as a target. 
They reduce the configuration space and allow for a direct comparison with experimental results to be still feasible.
The ultimate goal is to compute charge transfer processes with large targets, far beyond the state of the art methods used until now.
For most of simulations with large targets, the results are more qualitative than quantitative and they serve as a proof of concept for future exploration in the area.

%\cmt{\AD}{
%Justification
%Why those examples where chosen
%Specific goals
%How this departs from the present state of the art
%}


\chapter{Motivation and Context}
\label{chap:Motivation}
\epigraph{The universe is not required to be in perfect harmony with human ambition.}{Carl Sagan}

\section{Introduction}
The movement of atoms is a natural phenomena at the micro-scale level.
Even if artificially frozen close to the physical zero temperature, atoms are always moving \footnote{Zero-point motion}.
In general, atoms move at very high speeds compared with the human experience.
Take for example a carbon atom with a kinetic energy of 1 eV, a very typical energy for atomic systems, this atom is moving at 14436 km/hour. 
This speed is faster than any human machine \footnote{Except for space probes, like: New Horizons (57,600 km/h) Voyager 1 (59,760 km/h) or Helios 2 (252,792 km/h)} and faster than the speed of sound of around 1200 km/hour.
% vel=0.0018264836343914203 a.u.

Since the Rutherford's experiments \citep{Rutherford1911}, it has become clear that most of the mass of an atom is concentrated in the nucleus.
The electrons are light entities with a large difference in mass respect to the nucleus.
This fact is a key element in all the methodologies that have been developed until now to describe the movement of atoms in matter.

The combined effect of the central nucleus and the surrounding electrons can be integrated to create an averaged potential that could be used to simulate the dynamics of an ensemble of atoms \citep{Allen1989,Gunsteren1990}.
That is, indeed, the basis of one of the methods to simulate atoms in movement called classical molecular dynamics (CMD).
CMD has been very successful to describe the dynamics of large ensembles of atoms and is still used today.

The nucleus is very heavy compared with the electrons, and the energies of nuclear photo excitation (typically MeV) are approximately six orders of magnitude higher than energies of electronic photo-excitation (typically a few eV).
Those facts allow for methods that consider the nuclei as a point-like classical particle and allow to disentangle the role of nuclear and electronics positions.
For the electrons, the natural theory is quantum mechanics.
Methods to model the movement of atoms and describing the quantum nature of electrons are called ab-initio molecular dynamics (AIMD) \citep{Kresse1993,Marx2000,Marx2009}.

%\cmt{\MM}{
%Don´t understand this difference

In the perspective of dynamical processes, those methods were developed historically from three sides.
From one side are atomic physicists describing as accurately as possible the evolution of the wavefunction of electrons that interact with other atoms during atomic collisions.
In experimental atomic physics, they are able to compute not only the final charge of the particle but also its state, the kinetic energies of the projectiles can be finely controlled and also the angle of scattering can be measured. 
From the theoretical point of view, the methods evolved to describe highly accurately the electronic structure.
However, in practice, those methods become limited in the amount of electrons that can be present in the system under study.
There are also studies with small molecules, but the expectations with larger systems are severely limited with our present computational capabilities.

From another side, chemistry developed methods to describe the movement of atoms during molecular reactions.
Those are  called quantum chemistry methods \citep{Levine2000,Jensen2007} and specialize in the description of electrons attached to the nuclei.
Compared with atomic physics the range of energies is in general lower, also the kinetic energy of the interacting entities has only statistical meaning.
The focus in most cases is to determine reaction paths of chemical interest.
For theoreticians, it becomes natural, in those cases, to expand the wavefunction in atom-centered basis sets. 
In many cases, only the valence electrons are active in the processes and pseudopotentials were developed to reduce the computational overload with larger molecules.

From a third side, solid-state physics developed alternatives to the explicit description of the electronic wavefunction.
Instead of wavefunctions the main object of description is the electronic density \citep{Martin2004}.
Electrons are usually more delocalized in crystals and the electronic density has the practical advantage of being a real scalar field (in the mathematical sense).
By contrast, the wavefunction has values in the complex domain and its structure is far more complex.
The better known method belonging to this side is called Density Functional Theory (DFT).
%}

Now, a selection of applications will be presented. 
The common denominator of all those applications is that collisions of atoms are important and the electronic structure description must be taken into account.

\section{Applications}

Lets us present four different areas of applied science and technology where the study of atoms in collision has a practical interest.
First, secondary ion mass spectrometry (SIMS), one of the most precise techniques to inquire the composition of a given surface.
Second, biomedical sciences, where ion beam therapy has been developed as a promising alternative to radiotherapy in the treatment of certain kinds of cancer.
This technique is aimed to replace the high energetic photons by accelerated atoms.
The third area is in astrochemistry, our quest to understand the origins of life in the cosmos is deeply connected with the knowledge of the interstellar chemistry.
In outer space atomic collisions are as important as interaction with light. 
Finally, we describe a domain of application where science is deeply connected with economics, geopolitics and general human welfare: the energetic challenge.
Two promising alternatives for energy generation are being explored for medium and long term: Fourth generation nuclear fission reactors and nuclear fusion reactors. 
In both cases, atomic collisions has an important role, not only because the actual operation of those systems involves atoms at important speeds but also because atomic collision processes can be used to probe the state of those systems that typically work at very high temperatures.

With this wide landscape, I expect to convince the reader that the area of atomic collisions has a role to play in the development of future technologies and a better understanding of our origin and place in the cosmos.

\subsection{Secondary Ion Mass Spectrometry}

Secondary ion mass spectrometry (SIMS) is an experimental technique developed to analyze the composition of surfaces and thin films.
The principle of operation is based on the idea that impacting with atoms or photons on a surface will eventually release some atoms or molecules from the surface that could be analysed by a mass spectrometer, and yield their composition \citep{Gross2011}.

SIMS is considered the most sensitive surface analysis tool and is able to detect the presence of elements in a surface from parts per million to parts per billion.

A SIMS instrument is composed of the following elements:

\begin{itemize}
\item A source of atoms (Ar, C, Cs, Ga, Au, Bi), molecules (\c60), clusters ($\text{Au}_{400}$) or photons (Laser). In the case of massive projectiles, those are typically ionized in order to be accelerated and impact on the sample.
\item A target sample, such as a surface or a thin film. The sample must be solid and stable in vacuum conditions.
\footnote{Liquid secondary ion mass spectrometry (LSIMS) is also an alternative. In such case, sample compounds are dissolved in a liquid matrix such as glycerin then spread on a metallic target plate. The plate is then bombarded by primary ions (Ar$^+$, Xe$^+$, Cs$^+$) accelerated to 2 $\sim$ 30 kV and with a current density of $2 \sim 3 nA/cm^2$ or less.}
\item A system to transfer, redirect and collect the secondary ions. It is used to extract the secondary ions out of the collision chamber toward the mass analyzer.
\item A mass analyzer. It is used to differentiate the ionized secondary fragments emitted by the collisions. For example a Time-of-flight detector can be used to measure the mass-to-charge ratio of the fragments.
\item An ion detection system to integrate the measures and provide the magnitude of the secondary ion signal. 
\end{itemize}

\begin{figure}
\begin{center}
\includegraphics[width=0.99\textwidth]{../imagesMOT/SIMS.pdf}
\end{center}
\caption{
Simplified scheme of a SIMS device.}
\label{fig:SIMS}
\end{figure}

A simplified scheme of a SIMS equipment can be observed on figure \ref{fig:SIMS}.
The important point to stress here is that the particles ejected from the material must be ionized in order to be observed by the mass spectrometer.
One of the methods used to obtain information about the composition of a surface is called \emph{Time-of-flight mass spectrometry} (TOFMS).
The concept behind TOFMS was called originally ``Velocitron'' by Cameron and Eggers in 1948 \citep{Cameron1948}.
The idea is to measure the mass-to-charge ratio of an atom, molecule or cluster by measuring the time it takes this particle to travel a known path in space.
The potential energy of a charge particle in the presence of an electric field is

\begin{equation}
E_p=qU,
\end{equation}
where $U$ is the potential difference, and $q$ is the charge of the particle.
If this potential energy is used to accelerate a particle until it reaches a certain velocity:

\begin{equation}
qU=\frac{m v^2}{2},
\end{equation}
the flight time can be expressed by computing the velocity of a particle that travels a distance $d$ in a time $t$ as $v=d/t$ and solving for $t$

\begin{equation}
t=\frac{d}{\sqrt{2U}}\sqrt{\frac{m}{q}}.
\end{equation}

As soon as the different parameters $d$ and $U$ are known, particles with different mass-to-charge ratios can be separated by their time of arrival to the detector.
The next step is to infer the mass by applying empirical assumptions on the charge state of the secondary ions.
Otherwise, a single charge monoatomic ion will be indistinguishable from a double ionized dimer. 

As soon as the fragment can be ionized, all the stable elements in the periodic table can be detected.
As a SIMS system is designed to measure the charge to mass ratio with extreme precision, it is able to discriminate isotopic species to a precision between 0.5\% to 0.05\% \citep{Gross2011}.
Bi-dimensional reconstruction of a surface can be produced and even 3D imaging reconstruction by successive ablation of layers in the sample \citep{Lamberti2005}.

However, SIMS has some challenges, in particular the analysis of the yield material is particularly elaborate as it collects not only single atoms but also molecular fragments and clusters.
The sputtering processes is not entirely understood.
In some cases, to obtain quantitative results, empirical models are used to correct the findings from the machine.
The sensitivity of a measure in SIMS depends on an effective release of ionized material.
The amount of ionized material is a function of the kind of projectile, its kinetic energy, the properties of the unknown surface and eventually the preparation of the sample.
Finally the sample must be compatible with high vacuum environment limiting its applicability.

Many studies have been performed to solve the limitations of SIMS.
One of them is the sensitivity of the measure or limit of detection(LOD)\citep{Gross2011}.
Studies have shown that the amount of material ejected as ions can be enhanced if a metallic deposition occurs on top of the target sample.
This procedure is called metal-assisted secondary ion mass spectrometry (MetA-SIMS) \citep{Delcorte2003}
and has been object of research in the last years \citep{Delcorte2007,Restrepo2010,Restrepo2011} 
The theoretical approaches until now have included classical molecular dynamics \citep{Solomko2004,Restrepo2010,Restrepo2011} and using ground-state density functional theory to compute the ionization and fragmentation potentials \citep{Solomko2006}

A study of the time evolution of the electronic structure during a collisional process can improve the knowledge of this phenomena and eventually help improving the ionization in SIMS.
In general, there are no general methods to predict the spectra of ionization; those ionization processes involve a large number of atoms in a wide range of energetic scales.
The ultimate goal could be to be able to simulate the electronic dynamics of atomic impacts on surfaces.
Compared with classical molecular dynamics it is unlikely that such simulations can be done in the near future.
However, in the long term it is more likely that such efforts can be achieved with methodologies such as TDDFT instead of wavefunction based methods.

%\cmt{\AD}
%{Predict SIMS Spectra ionization probability not known}

\subsection{Ion Beam Therapy}

Ionizing radiation has been used for more than 100 years to treat cancerous tumours \citep{Schwab2012,Linz2012}.
This form of treatment works by destroying the ability of cancerous cells to reproduce, by damaging their DNA \citep{Buffa2009}.
In general, the DNA has several mechanisms of self correction, the double strand allows the cell to repair one of the strands from the undamaged one.
Even a double strand break can be repaired with a low but non-zero probability of fidelity.
However, if the damage is more intense, large sections of the DNA become destroyed, making the repair mechanisms less and less reliable.
The DNA in general is a very robust system for storing information. However, when the cell is under heavy ionizing radiation, the functional capacities of the DNA could be damaged to a level that the replication of the cell is not longer possible.
The damage is not only caused by the primary ionizing beam, but also by secondary ions and radicals emitted by the interaction of ionizing radiation with the biological molecules.
As the body is composed of an important amount of water, the formation of hydroxyl radicals is one common source of secondary DNA damage. 

The radiotherapy is in general non selective; it damages normal cells as much as the cancerous ones.
For that reason, the usual procedure is having several beams acting on the same location inside the body but entering from different angles in order to concentrate the energy on the specific region where the tumour is located.

For therapy with ionizing radiation, the most common kind of beam used is electromagnetic radiation, typically x-rays.
The problem with such kind of radiation is that an important amount of energy is deposited on healthy tissue, creating free radicals that damage cancerous cells as much as normal ones.
The amount of energy deposited by different sources of ionizing radiation is shown on figure \ref{fig:DoseDistribution}.
As seen, soft x-rays deposit most of their energy on the first centimetres with an exponential decrease due to scattered Compton electrons.
High energy photons have also a very wide profile crossing completely the body and depositing the energy all along the way.

As an alternative, instead of photons, the ionizing beam can be replaced by protons or heavier ions \citep{Yajnik2013}.
This kind of therapy is called \emph{Ion Beam Therapy} (IBT) \citep{Linz2012} or \emph{Hadronic Beam Therapy} (HBT) and it is a promising alternative for certain kinds of cancerous tumours.
The major advantage of IBT is that the zone of ionization can be better targeted.
That is due to the fact that hadronic projectiles have a big peak of energy release at a specific distance known as a Bragg Peak \citep{Kraft2000,Currell2003}.
The main sources for hadronic beam therapy are protons, carbon and neon atoms \citep{Schardt2010}.

In general, protons and heavier ions shown an increased depth-dose distribution compared with x-rays or other highly energetic photons.
The mechanism of ionization is rather different for massive particles compared with photons. 
They enter into the tissue with high speed, interact with the electrons with a small cross section and quasi-elastic scattering, releasing only a fraction of energy.
With increasing depth, they start to release an increasing amount of energy.
Finally, for a specific depth they release a maximum, the Bragg maximum and suddenly the flux of particles is sharply cut.

\begin{figure}
\begin{center}
\includegraphics[width=0.99\textwidth]{../imagesMOT/DepthDoseDistribution.pdf}
\end{center}
\caption{
Depth-dose distribution for several forms of ionizing radiation
Figure taken from \citep{Kraft2000}. For photons, most of the energy is released superficially. For massive particles as shown here for a carbon beam, a sharp peak is created.}
\label{fig:DoseDistribution}
\end{figure}

The first to measure the profile of penetration of hadrons in a medium was Sir William Henri Bragg.
\citep{Bragg1905}
Forty years later, R. Wilson realized the possibilities that the Bragg-peak could offer for radiation therapy.
His original paper deals with protons, but also discusses possibilities with heavier projectiles like alpha particles and carbon ions \citep{Wilson1946}.
Ten years later, the first patient was treated with protons at the Lawrence Berkeley National Laboratory in 1954.
Studies with heavier ions took place in the following decade, Helium in 1957 and Argon in 1975.

The advantage of heavier atoms is that in general the heavier the particle the sharper the Bragg-peak is and better localization of the energy release can be achieved.
Another advantage is a lower lateral scattering also contributing to a more focused area of irradiation.
However the use of inert gases as source present also its limitations.
A treatment with Neon is about 3.6 times more expensive than with protons, a factor that limits its applicability worldwide.
With the years the evidence shows that the better compromise between effective ionization and collateral damage was offered by Helium ions \citep{Linz2012} and carbon ions \citep{Amaldi2011} 

%This kind of treatment is recommended where the tumour is not responsive to conventional therapies or in cases where its depth involves a greater radiation doses to surrounding normal tissues.
%For example, skull base tumours, thoracoabdominal and lung cancer, ginecological tumours and prostatic cancer.
%
%Compared with proton radiation,  heavier ions present a extra advantage.
%In such collisions, nuclear fragmentation is also a secondary process.
%The nuclear fragments, being lighter compared with carbon induces an extra tail beyond the Bragg-peak.
%For example, a typical ion collision involves a neutron being released from the stable $^{12}\text{C}$, creating an unstable $^{11}\text{C}$ and $^{10}\text{C}$ that decays with a half life of around 20 minutes.
%The decay emits a positron that is annihilated by an electron emitting two $\gamma$ photons in opposite directions.
%Those photons can be detected by using the same principle used in positron emission tomography (PET).
%Using that effect, the precise location of the irradiation can be adjusted with a precision of two millimeters.
%This effect is not present when protons are used\citep{Weber2009}.
%
%In general, the use of carbon ions is advised compared with other hadronic sources.
%They produce clustering DNA damage close to the Bragg-peak but single DNA damage in the front tissues, this damage has better chances of being reparable, and the cell could survive.

With this brief survey about ion beam therapy, I expect to convince the reader about the role of a proper understanding of charge dynamics of ions impacting organic molecules.
Charge transfer impact processes are directly or indirectly responsible for DNA damage.
Those studies would benefit from a method that could deal with the electronic structure of larger molecules under atomic impact.
Recent studies have been done in the ionization processes due to fast ion-atom collisions, see \citep{Belkic2010} for an updated review of theories.
In the case of ion-molecule collisions, the methods used until now are limited in most cases to very precise descriptions of atomic collisions with diatomic molecules \citep{Rozsalyi2010,Rozsalyi2011,Rozsalyi2012}.

\subsection{Astrochemistry}

The chemical processes taking place in interstellar medium (ISM) are particularly different from those in a planet like earth.
The density is low, typically $10^6$ molecules per $cm^3$.
In some regions of ISM, matter is primarily ionized with densities as low as $10^{-4}$ ions per $cm^3$.
The interstellar medium is composed of particles in gas phase (99\% of mass) and dust.

From the gases in the ISM, 89\% of the atoms are hydrogen, 9\% are helium and the last 2\% is represented dominantly by carbon, nitrogen and oxygen as seen on Fig. \ref{fig:CosmicAbundance}.
The abundance of elements in the solar system has been measured \citep{Cameron1973,Anders1982,Lodders2003} by analysis of C1 chondrites.
Li, Be and B are rare because they are poorly synthesized during Big Bang nucleosynthesis and poorly created by stars. 
As a general rule atoms with even atomic number are more abundant than their closest odd species because the nuclear spin shells are completed.
Iron-56 is particularly common, since it is the most stable element that can easily be made by stars. Elements heavier than iron are made in endothermic processes in large stars, and their abundance in the universe (and on Earth) follows in general a decreasing tendency.

The temperatures of the ISM range from less than 300 K to $10^6$ K produced by a supernovae.
The classical model to explain this range of temperatures was proposed by Field, Goldsmith and Habing in 1969 \citep{Field1969} with the addition of a $10^6$ K hot phase \citep{McKee1977}.

This combination of properties, low densities, low temperatures and atomic abundances, produces a very different physics and chemistry compared with planetary gases.

The study of the interstellar medium is relevant in astrophysics for basically two reasons \citep{Maciel2013}.
First, the physical processes that lead to the creation of new stars are directly related to the behaviour of the clouds of dust and gas that condense to create them.
Second, astrochemical processes taking place in those interstellar gases could have an influence in the emergence of organic molecules and ultimately the creation of life in planets.
From a long futuristic view, the presence of those atoms in the space between stars could be the alternative solution to the ``cargo dilemma'' of interstellar travel, ie, most of the fuel needed to move an interstellar spacecraft is spent moving the fuel.


%%\cmt{Abundance of Elements}
%Since the pioneering works from Anders and Ebihara \citep{Anders1982} the cosmic abundances of the elements has been study.
%In the figure \ref{fig:CosmicAbundance} the abundances of the elements in the solar system.
%The main features of the plot are now well understood.
%There are between two and three orders of magnitude of extra abundance of H and He compare with heavier elements like C and O.
%Those elements where the result of primordial nucleosynthesis that took place during the first $10^3$ seconds of the universe. 
%The elements from C to Fe are mostly produce by stars during their lifetime.
%The particular low abundance of Li, Be, B is because the were not commonly produced by primordial nucleosynthesis and they are not often produced by stars.
%The characteristic zigzag in the abundance of elements is due to a more favorable to create closed shell nuclei pairing the nuclear spin of the protons.
%The peak for Fe is due to the stability of this element building up by alpha particle collisions and by  radioactive decay from Ni.
%Heavier than Fe are produced by stars at the end of its life in absorbing energy processes and from supernovae explosions
%
\begin{figure}
\includegraphics[width=0.99\textwidth]{../imagesMOT/SolarSystemAbundances.pdf}
\caption{
Estimated abundances of the chemical elements in the Solar system.
Image taken from wikipedia with data taken from \citep{Lodders2003} .}
\label{fig:CosmicAbundance}
\end{figure}
%%\url{http://commons.wikimedia.org/wiki/File\%3ASolarSystemAbundances.svg}

%\cmt{Five atoms to do chemistry}
Focusing on the interstellar chemistry, it is important to stress here that space gases and dust are composed by a very limited variety of atoms: H, He, C, N and O.
With He as an inert gas and H usually in molecular form, most of the interstellar chemistry is dominated by the molecules that can be produced from C, N and O \citep{Winnewisser2011}.
One typical molecule found in interstellar space is carbon monoxide CO.
This molecule is very stable to dissociation and is so common that it is frequently used to trace the space for the presence of molecular dust.
Other molecules have been found, for example the radical OH \citep{Wyrowski2010}, water \citep{Ziurys2006,Ossenkopf2010} and even large molecules like anthracene $\text{C}_{10}\text{H}_{14}$ \citep{Iglesias2010} or fullerenes \citep{Foing1994,Cami2010,Cami2012,Berne2012,Garcia2011} and possibly graphene fragments \citep{Garcia2011}.
In some cases molecules completely absent in the natural chemistry of the earth are particularly abundant in the interstellar space, such is the case of protonated molecular hydrogen $\text{H}_3^+$ \citep{Dalgarno2006}.

%\cmt{Why is important}
%The relevance of the study of the chemistry in outer space is because it provides clues to the formation of the basic blocks of life and could could provide arguments for an extraterrestrial origin of life.
The particular conditions of the space, very low temperature, low density and processes taking place for long periods of time, opens challenges to researchers following the chemical reactions that this environment provides.
From the physical point of view, one of the peculiarities of interstellar conditions is that atomic collisions are as important as radiation as sources of dissociation and ionization.
In fact, molecules usually ionize due to interaction with cosmic rays, creating ions that slowly attract nearby molecules in a process that spans thousands of years.

%\cmt{Collisions}
%Atomic collisions has been studied to better understand the processes that dynamizes molecular clouds in space.
Atomic collision processes in astrophysics has been studied for several decades \citep{Dalgarno1967}.
More recently molecular collisions have been investigated using first-principles approaches \citep{Stahl2001,Mada2007}.
Recent experiments with ions impacting polycyclic aromatic hydrocarbon (PAH) \citep{Lawicki2011} are waiting for a theoretical counterpart.
For all of this, having the possibility to simulate those processes could be a complementary tool to the experiments that are done in laboratory.

%This work is directed to explore the use of time-dependent density functional theory to better understand such kind of processes.

\subsection{Materials for Fusion and Generation IV Fission Reactors}

Two promising alternatives for energy generation appear for the medium and long term; Gen-IV fission reactors and fusion reactors.

First, Gen-IV reactors are conceived to improve nuclear safety, reduce proliferation concerns, minimize nuclear waste or process the existing stocks of such waste, maximize the fuel utilization and reduce the building and operational costs of such plants.
Most of reactors in operation around the world are generally considered second- or third-generation systems.
Six technologies are under development for Gen-IV nuclear reactors.
Nominally thermal are Very-high-temperature reactor (VHTR), Supercritical-water-cooled reactor (SCWR) and Molten-salt reactor (MSR)
Considered in the fast regime are:  Gas-cooled fast reactor (GFR), Sodium-cooled fast reactor (SFR) and Lead-cooled fast reactor (LFR)
Those reactors works at more extreme conditions compared with the commercially used pressurized water reactors (PWR).

Fusion reactors are a second alternative, they reproduce the conditions of energy generation in stars.
Fusion reactors are intended to produce a more cleaner energy, reduce the lifetimes of the activated material and avoid the problem of long life of actinides in fission reactors.
Recently the Joint European Torus (JET) succeeded to produced more power than the input power for a very short time (0.5 s).
The International Thermonuclear Experimental Reactor (ITER) is under construction and it is designed to produced ten times more power than the input put into the plasma.
A production system is not expected in less than 40 years.

From the physical point of view, the connection between a fission reactor and a fusion reactor is that the fission of a heavy nuclei or the fusion of a very light nuclei are exotermic reactions.
This means that they produce more energy than the energy needed to induce the reaction.
That can be understood from the binding energy curve shown in \ref{fig:BindingEnergyCurve}.
A typical fission of uranium $^{235}\text{U}$ will produce around 211 MeV of energy.
A fusion reaction of deuterium and tritium requires 3.5 MeV of input energy and releases 14.1 MeV, an exothermic process that releases 10.6 MeV of thermal energy.

\begin{figure}
\includegraphics[width=0.99\textwidth]{../imagesMOT/Binding_energy_curve_-_common_isotopes.pdf}
\caption{Binding energy curve for common isotopes}
\label{fig:BindingEnergyCurve}
\end{figure}

One of the big challenges in both Gen-IV and fusion reactors is on the materials required to build such reactors.
In the case of fusion, the temperatures are so high that the plasma needs to be confined magnetically.
However, the structure of the reactor is still under heavy stress due to fast atomic collisions.
For example the International Fusion Material Irradiation Facility (IFMIF), planned to be completed around 2017, will test materials under heavy neutron radiation.
The high-energy neutrons will produce hydrogen and helium, in various nuclear reactions, that tends to form bubbles at grain boundaries and result in swelling, blistering or embrittlement of the materials used to confined the reactor.
That effect is also critical in some of the Gen-IV fission reactors.

The study of materials and surfaces under fast atomic impact could help to design new materials that minimize those effects during the lifetime of the reactor.
Studies at IFMIF will concentrate on testing the long-term behavior of materials under conditions similar to those expected at the inner wall of a fusion reactor.
Even if the main concern is on the effect of neutrons, atomic impacts are also relevant when collisions on the surface induces atomic implantation changing the properties of the target material.

More recently, ion irradiation has emerge an important tool in the development of materials for Gen IV reactor concepts \citep{Was2007}. 
Some dynamical effects have been understood thanks to the use of ion-irradiation experiments. 
Among them we can mention, alloy stability under radiation and irradiation-assisted stress corrosion cracking (IASCC) processes.
Ion irradiation is not meant to substitute neutron irradiation.
Ions produce different initial recoil spectra compare with neutrons.
Being charged particles, ions have a much larger cross sections for interaction with atoms.
However, ion irradiation is able to reproduce almost the same radiation induced segregation (RIS) as was demonstrated for Cr in stainless steel \citep{Was2002}.
Another example is heavy ion irradiation of a UMo-Al fuel clad couple.
The experiment revealed the formation of a single intermetallic compound, in agreement with neutron-irradiation results \citep{Palancher2009}.

In the case of fusion reactors, the presence of Hydrogen and Helium in the plasma edge is an important element to consider.
The details of hydrogen diffusion in the solid wall are a complex subject. For both metals and non-metals the diffusing hydrogen and helium atoms can be trapped at lattice vacancies, interstitials or other imperfections, modifying the structural properties of the wall and limiting the lifetime of the entire structure.
Another important effect is sputtering, in particular physical sputtering.
Sputtering is the removal of atoms from the surface of a solid as a result of
collisions with incident ions or atoms.
Those impurities make ignition more difficult to achieve when interacting with the plasma.
Among the atoms relevant in fusion reactor are beryllium, carbon and
tungsten.
Determine sputtering yield and probabilities of ionization are fundamental in the search for materials that reduce the sputtering yield.

Another important point with fusion reactors is that the plasma is at such high temperatures that no physical equipment can be used to probe the conditions of the plasma.
The use of fast Lithium atoms has been  proposed to measure the density of the plasma \citep{Oliveira2004}.
The interaction of fast particles with the plasma helps to better understand the parameters that govern the behavior of the plasma.

%Even if the energy challenge is fundamentally a social problem rather than a technological one is undeniable that research must paved a way for an extension of the habitability of our planet.
%In 2000 Pasternak \citep{Pasternak2000} used data for the 60 most populous countries in the world to compare the correlation between electricity consumption and Human Developing Index (HDI).
%The conclusion was that to achieve an index of 0.9 (The scale of HDI is normalize to 1) 4000 kWh per capita of electricity is requiered (see figure \ref{fig:HDI_Electricity} ).

%\begin{figure}
%\includegraphics[width=0.9\textwidth]{../imagesMOT/HDI_ElectricityPerCapita.png}
%\caption{Correlation between the electricity consumption and the index of human development (HDI)
%Data from \citep{Pasternak2000} }
%\label{fig:HDI_Electricity}
%\end{figure}

%In order to provide 4000 kWh for each human being, apart from a depth change in our social and economical structures new sources of energy must be developed.
%There is no perfect, green and safe solution for the energy challenge \citep{Benka2002}.
%Fossil fuels (Coal and Oil) are heavy pollutant; fission reactors produce long live radioactive waste; wind generation is noisy, solar generation has half a day availability.
%
%Thermonuclear fusion is one prospective source with significant advantages compared with other sources of energy.
%An smaller carbon fingerprint compared with fossil fuel based generation.
%Even if the operation of a fusion produce important amounts of neutrons to make the core of the reactor radioactive a fusion reactor does not produce the long live fission products (LLFP) as conventional fission reactors does.
%However, the development of this technology is particularly slow and will not be available in the horizon 2050.
%
%This is a domain where charge exchange processes are relevant.
%These processes include excitation, ionization of atoms and molecules by electrons and low-energy charge exchange collisions of impurity ions with neutral atoms.
%
%
%\section{Fundamental level}
%
%\subsection{Limits for adiabatic conditions}
%
%\subsection{Defects created by atomic impact}
%
%\subsection{Atom implantation in surfaces}

\section{Conclusions}

In this chapter were presented a selection of applications for atomic impacts where the electronic structure plays a role.
The key elements are the high kinetic energy of the collisions, the fact that the target is composed of an important number of atoms and that classical molecular dynamics is unable to describe properly charge transfer processes.

In the next chapter will be presented the theoretical tools developed that could be used to model such systems.
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\section{Introduction}

In this chapter are present the first applications of fast atomic collisions using time-dependent density functional theory (TDDFT).
For the first case, one $\text{H}^+$ atom impacts a neutral helium atom.
The system is simple enough and an experimental results from several sources are available.
For the second case, a more challenging problem was addressed, the collision of an atom of gold with a molecule of Butane.
Those two problems show the possibilities for computing charge transfer processes with reasonable accuracy.
They also raise some of the challenges that induce the creation of new tools.
Those tools, in particular, the velocity phase factor are not used here and will be the purpose of the next chapter.
This first applications of TDDFT in fast collisions were published \citep{Avendano2012}.

\section{Proton Impacting Helium}
\label{Proton impacting Helium}
Our first case corresponds to the simulation of a collision between a proton and a Helium atom.
This is a well-studied problem in atomic physics
\citep{Keim2005,Rudd1985,Belkic1978,Belkic1979,Mergel1997,Hasan2006},
for which a wealth of experimental data as well as results from higher levels of theory are available.

%\cmt{\BP}{
For the simulation, a rectangular parallelepiped of 16.94 \AA{} along the direction of impact, and 10.58 \AA{} in the transversal directions is used. The simulation box is defined by its extremes:\newline
$(-8.47,-5.29,-5.29)$ and $(8.47,5.29,5.29)$.
Proton kinetic energies were explored between 16 keV and 1.2 MeV.
The spacing between points in the mesh is 0.1 Bohr (that is, 0.0529 \AA{}).
The total number of points in the mesh is $321 \times 201 \times 201=12,968,721$
grid-points plus some extra points outside of the boundary to properly compute spatial derivatives.
%}

The Helium atom originally located along the major central axis of the parallelepiped
is impacted by a proton that starts in one of the faces of the box with a certain kinetic energy and impact parameter.
The starting coordinates for the He target is $(-4.2,0,0)$, and for the proton projectile is $(-8.47,b,0)$,
where $b$ is the impact parameter (the perpendicular distance between the path of a projectile and the center of the target).
%[Definition of impact parameter sugested by Myrta]

%Technical description of evolution
%Description of the data storage procedure
In scattering processes usually only the final product of the collision is considered.
First principles methods also allow to understand the dynamics during the collision.
With the aim to gain understanding of computational as well as physical aspects, we monitor the dynamics
of the electronic structure during the entire evolution. However, the amount of data accumulated per time step
is quite large, and thus must be handled with care.
To fix the idea, the storage of electronic density for $12968721$ grid points will require a binary file of about 96 MB.
Supposing a total of 25000 time steps, storing the data each hundred steps will require 24 GB.
Instead of storing such amount of data for post-processing purposes only,
we decided to introduce small modifications to the Octopus source code to extract
the relevant data in a less detailed way during the execution,
focusing on selected integrated quantities, described later.
Those modifications are only affecting the output of the density :
the physics and algorithms implemented in Octopus were not changed.

%Technical details related to Time steps
As the kinetic energy of the proton spans several orders of magnitude, the time step
needs to be properly adjusted for each value of kinetic energy.
However, for low kinetic energies, the time step is fixed by electrons.
The optimal value was computed for the most energetic proton in such a way that the
total energy of the system be constant under a tolerance of 0.03 eV.
The larger deviations for the total energy occurs when the proton reaches the closest distance with the He nucleus.
After the time step was scaled proportionally for the different energies in such a way that the
same number of time steps are needed to move the proton the entire length of the simulation box.
The number of time steps required to move the proton from one side of the box to the opposite one is around 30000.
The simulation is stopped at 25000 time steps when the proton is sufficiently far from the He nucleus
and around 3 \AA{} far from the end of the simulation box.
At this point the electronic capture is complete.

\begin{figure*}
% Use the relevant command to insert your figure file.
% For example, with the graphicx package use
\begin{center}
\includegraphics[width=0.98\textwidth]{{../images/H,plus_He_00987_1.4_integrate}.pdf}
\end{center}
% figure caption is below the figure
\caption{Snapshots of the integrated planar charge density during a typical proton - Helium collision.
The impact parameter is 0.74 \AA{}, the initial kinetic energy of the proton is 26.8 keV.
The direction of propagation is $x$.
The different lines show the density integrated inside a disc of radius $R$ (in \AA{}) in the $y-z$ plane
(or inside the full box) centered on a line that passes through the Helium atom at rest.
Small black dots are used to show the locations of the nuclei in the direction $x$ (see text). }
\label{fig:1}       % Give a unique label
\end{figure*}

%Description of the Helium case
As the proton follows its path, coming close to the Helium atom, the electronic structure
of the latter is perturbed.
Depending on the initial kinetic energy of the projectile and its impact parameter,
some charge is ejected out of the Helium atom region, and either becomes attached to the
proton projectile, or is ejected in all directions of space, including backwards the direction of impact.

In the TDDFT formalism for a two-electron spin-saturated system such as the Helium atom,
only one Kohn-Sham orbital is explicitly treated. Contrary to wavefunction-based methods,
the knowledge of the final state of the system
does not allow a unambiguous interpretation of the final result in term of probabilities
of one- and two- electron transfer.
However, the one-electron transfer probability is much larger than the two-electron
transfer probability, and in the present context, we will assume that the charge density
outside the Helium region, is a direct image of the one-electron transfer process.
This is consistent with the results obtained in Refs. \citep{Wang2011a,Wang2012}

%Complete description of figure 1 (Planar integration: Linear density vs X axis for 8 snapshots)
Fig. \ref{fig:1} presents several snapshots of the time evolution of the electronic density
inside the simulation box, for a typical collision.
For the purpose of visualisation, the electronic density is integrated in planes perpendicular
to the direction of propagation, inside discs of different radii in the $y-z$ plane.
One notices that before the collision, the lines for radii larger or equal to $R=1.59$~\AA{}
are undistinguishable from the line obtained in the whole plane, while the spread between
different radii increases steadily after the collision, meaning that the electronic charge that is
localized within 1.59 \AA{} before the collision, is scattered and occupies the whole simulation
box after the collision, as expected.

To measure the amount of charge being transferred to the proton, we integrate the charge around the two nuclei after
the scattering and when they are sufficiently separated to measure a stable number of electrons to each of them.
In this simulation, the proton carries at the end about 0.4 electrons in a sphere of 1 \AA{} of radius.

\begin{figure}
% Use the relevant command to insert your figure file.
% For example, with the graphicx package use
\begin{center}
\includegraphics[width=0.95\textwidth]{{../images/H,plus_He_00987_1_4_region}.pdf}
\end{center}
% figure caption is below the figure
\caption{Amount of charge present in different regions of space during the proton-He collision.
Both atoms are allow to move and the simulation is done in a reference where the He atom is initially at rest.
The initial kinetic energy and impact parameter are the same than the ones used in Fig. \ref{fig:1}.
Full line (blue) : integrated charge in a slice with $x$ between $-5.2$ and $-3.2$, that is, between
$-1$ and $+1$ \AA{} with respect to the Helium atom, defining the ``Helium slice''.
Dotted line (red) : integrated charge with $x$ higher than $-3.2$, that is, in the ``Forward-scattering slice''.
Dash-dotted line (light blue) : integrated charge with $x$ lower than $-3.2$, that is, in the ``Back-scattering slice''.
Dashed line (green) : integrated charge in a moving slice, with the difference in $x$ with respect to
the proton being between $-1$ and $+1$, that is, in the ``Proton slice''. Note that this slice overlaps first
with the ``Back-scattering slice'', then with the ``Helium slice'', then with the ``Forward-scattering slice''.
Small dotted line (blue), upper : Hirshfeld charge for the Helium nucleus.
Small dotted line (green), lower : Hirshfeld charge for the proton.}
\label{fig:2}       % Give a unique label
\end{figure}

%Description of figure 2 (Regions: Number of electrons vs Time )
In order to examine the stability of the quantitative estimation of the charge transfer,
Fig. \ref{fig:2} presents the evolution of the integrated charge in slices of 2 \AA{}, centered on each atom.
For completeness, we also present in this graph, the integral of the charge density in the region of space
with $x$ lower than -1 (called ``Back-scattering slice''), and with $x$ larger than +1 (called
``Forward-scattering slice'').

At the beginning of the simulation,
using a slice of 2 \AA{} for the Helium atom,  a charge 1.967 electrons is inside the ``Helium slice'',
the charge that spills out of the slice represent the tail of the charge density,
split in 0.018 electrons for the ``Back-scattering slice'' and
0.015 electrons for the ``Forward-scattering slice''.
It means that more than 98\% of the charge is initially contained inside the ``Helium slice''.
As the proton gets closer to the Helium, part of the charge associated to the He is also associated to the proton,
as the two slices overlap.
Finally, when the proton leaves the region of interaction, some charge follows the proton,
reducing the charge associated the Helium atom.

The charges associated to proton and He stabilizes around a well-defined value.
While the back-scattered charge is quite small, the difference between forward-scattered charge and the charge centered on the proton, after the collision, is non negligible, and calls for further analysis, especially with respect to its angular dependence. 
Such analysis could be possible, for example by calculating the photoelectron spectrum \citep{Pohl2000,DeGiovannini2012}.
Artefacts due to the reflecting nature of the simulation
box must also be analysed.
At the end of the time simulation corresponding to Fig. \ref{fig:2},
the charge present in the ``Back-scattering slice'' is 0.023,
the charge present in the ``Helium slice'' is 1.504,
the charge present in the ``Forward-scattering slice'' is  0.473,
while the charge present in the ``Proton slice'' is 0.367.

Fig. \ref{fig:2} also presented the Hirshfeld partitioning \citep{Hirshfeld1977} of the total charge, as a function of time.
The Hirshfeld partitioning attributes the charge at each point in space either to the Helium or to the proton,
according to a weight that is proportional to the radial densities of the neutral (ground-state)
Helium or Hydrogen atoms.
The implementation of this partitioning is rather easy. Although it completely neglects the possibility
that a fraction of electronic charge density might not be attributed to one of both atoms, it constitutes
a useful characterisation tool, that can be transposed easily to more complex situations, as described
in the next section \citep{Meister1994}.
For the present proton-Helium case, after the collision,
the Hydrogen Hirshfeld charge is 0.453, and the Helium Hirshfeld charge is 1.547.
The Helium Hirshfeld charge is slightly higher than the charge in the ``Helium slice''. It seems to gather
most of the charge excluded from the ``Back-scattering slice''. Analogously,
the proton Hirshfeld charge is larger than the ``proton slice charge'', and smaller than
the charge in the ``Forward-scattering slice''. In both cases, they stabilize after the collision, and can be used
to perform an analysis of the transfer of charge.

%\cmt{\BP}{Several comments on figures}
\begin{figure}
% Use the relevant command to insert your figure file.
% For example, with the graphicx package use
\begin{center}
\includegraphics[width=0.8\textwidth]{../images/Current.pdf}
\end{center}
% figure caption is below the figure
\caption{Components of the planar average charge velocity ($j$/n) as a function of time, 
for the plane $x=-0.5$ \AA{}. The physical conditions
shown here are the same as  Fig. \ref{fig:2}; the vertical dashed red lines indicate the times of the snapshots of Fig. \ref{fig:1}.
The velocity of the proton is also shown with a horizontal line. }
\label{fig:3}       % Give a unique label
\end{figure}

\begin{figure}
% Use the relevant command to insert your figure file.
% For example, with the graphicx package use
\begin{center}
\includegraphics[width=0.9\textwidth]{{../images/ChargeTransfer.vs.KE}.pdf}
\end{center}
% figure caption is below the figure
\caption{Electronic charge capture for the proton-Helium collision, as function of the initial kinetic energies
for several different impact parameters. The charge depicted is the charge from the proton slice when the transfer is completed.}
\label{fig:4}       % Give a unique label
\end{figure}

\begin{figure}
% Use the relevant command to insert your figure file.
% For example, with the graphicx package use
\begin{center}
\includegraphics[width=0.9\textwidth]{../images/CaptureCrossSection.pdf}
\end{center}
% figure caption is below the figure
\caption{Electronic capture cross section by proton in Helium. Experimental
results \citep{Rudd1983} \citep{Stier1956} \citep{Barnett1958} 
\citep{Williams1967} \citep{Welsh1967} are shown for comparison.}
\label{fig:5}       % Give a unique label
\end{figure}

%Description of figure 3 (Charge transfer)
As seen on Fig. \ref{fig:2}, the amount of charge being transferred becomes stable
for a given value of initial kinetic energy and impact parameter.
The understanding of the 
long-term evolution of the charge clearly identified to be in the He and H regions seems rather obvious, 
unlike the charge in other regions.

In Fig. \ref{fig:3}, we examine one aspect of the behavior of the charge that remains between the two nuclei. 
In this respect, we define the planar average velocity as the integral of the local current divided by the local density 
in the plane perpendicular to the $x$ direction.
This figure shows the planar average velocity during the proton-He
collision for a reference plane in the scattering region at $x = -0.5$ \AA{}.
As the proton approaches the He atom ($t < 0.20$ fs), the charge oscillates
at the reference plane, inducing oscillations in the charge velocity.
Immediately after the proton-He atom collision ($x = -4.2$ \AA{}, $t=0.21$ fs)
some charge crosses the reference plane, causing a sudden jump in the
charge velocity shown in Fig. \ref{fig:3}. When the proton crosses the reference
plane, (t=0.35 fs) the charge crosses the plane with the same velocity as
the proton, as is evident in the plateau found around 0.35 fs.
After the crossing of the proton the velocity of the charge in the plane decreases exponentially.
Also some charge goes back to the Helium atom, visible as a negative value in the current along $y$.  
The quantification of the amount of charge going in the different channels (including e.g. electron scattering) has not been attempted.

Fig. \ref{fig:4} gathers the electronic charge transfer values, after collision,
as a function of the initial kinetic energy of the projectile, for several values of the impact parameter.
Assuming an exponential behaviour of the electronic capture as a function of the impact parameter
the capture cross section based on the proton slice integrated charge density,
can be computed as a function of the initial kinetic energy of the projectile.
The corresponding data are presented in Fig. \ref{fig:5}
There is a good agreement with the experimental data
\citep{Rudd1983,Stier1956,Barnett1958,Williams1967,Welsh1967}
in the energy range below 150 keV.

%\cmt{\MV}{What happens above 150 keV}
%\cmt{\PF}{Limite de validite du calcul}
%\cmt{\BP}{
One can wonder why the agreement is quite good, although it is well-known that TDDFT usually overestimates charge transfer. \citep{Jamorski2002,Drew2004}
%}
However, during collisions, the electronic transfer occurs close to the nuclei, 
where the electronic density is high. The contribution to the capture cross section 
is dominated by collisions with small impact parameter.
The known problem, actually related to the presence of region of spaces weakly populated
(exponential decay of the wavefunction) seems not to be encountered here.
Even the lack of a non-local exchange \citep{Drew2003} does not affect the capture cross section.
We performed some additional calculations, with the self-interaction correction present in Octopus. 
We observed that differences in the final outcome of the simulation are negligible.

\section{Gold-Butane Collision}
\label{Gold-Butane collision}
% Challenges related to the number of electrons
The collision of an atom of gold and a molecule of butane includes some extra challenges
compared with the previous case. Instead of 2 electrons, now we have a total of 113 electrons.
By using pseudopotentials, the number of electrons treated explicitly can be reduced to 37.
The gold atom being spin-polarized, we have to treat independently each spin channel.
The total number of Kohn-Sham spin-orbitals to be handled is thus 37.

%Challenges related to the simulation box
As the butane molecule and the gold atom are bigger than the entities of the previous case,
the simulation box needs also to be bigger:
the box is 22 \AA{} along the direction of collision and 10.5 \AA{} in the transversal directions.
As the projectile (Au) now contains electrons, its initial position must be inside of the box.

% Challenges related to the mass ratio
In the proton-Helium case the mass ratio between projectile and target was 1:4.
With Au as projectile, the proportion is inverted to about 3:1.
The simulation presented in Fig. \ref{fig:6}
shows an atom of gold, with initial kinetic energy of 23.9 keV, impacting the bond region between
two carbon atoms of the butane molecule.
We observe that the gold atom breaks the molecule precisely on that bond,
and continues its path without major deflection. Two fragments are formed from the former
butane : one $\mathrm{CH_3}$ ion (lower part of each sub-figure) and
one $\mathrm{C_3H_7}$ ion (upper part of each sub-figure).
However, the latter can be seen to decompose in a $\mathrm{CH_2}$ entity (moving upwards),
and a $\mathrm{C_2H_5}$ entity (nearly static).

This work is intended to simulate the kind of processes occurring in secondary ion mass spectrometry (SIMS).
From a SIMS perspective, the fragmentations present in our simulations should be similar to those occurring 
in organic polymers due to secondary collision of the atoms from a gold deposit surface as is the case in
Metal-assisted SIMS (MetA-SIMS). They should have an important role in the ionization of those organic fragments,
allowing them to be identified when sputtered.

\begin{figure}
% Use the relevant command to insert your figure file.
% For example, with the graphicx package use
\begin{center}
\includegraphics[width=0.86\textwidth]{../images/ButaneAu.pdf}
\end{center}
% figure caption is below the figure
\caption{Snapshots of the collision of a gold atom with a butane molecule.
The initial kinetic energy of the projectile is 23.9 keV.}
\label{fig:6}       % Give a unique label
\end{figure}

%The planar integrated density
Following the same methodology than the one used to understand the case of proton and He collision,
the planar integrated density was computed along the direction of impact.
It is represented in Fig. \ref{fig:7}.
As for the proton-Helium collision, such charge density representation allows to visualize
the dynamic evolution of the electronic clouds. The two clouds,
initially well separated, merge, and then separate, while a small component is present
outside of the two major regions.

For kinetic energies as high as in the case presented, and with similarly large impact parameter,
the fragments of the butane molecule acquire a relatively small velocity,
making easier to partition the charge.
We also tested lower kinetic energy cases.
However, for some of these, the fragments have a velocity close the one of the
projectile. Measures of charge based on a one-dimensional integrated partition of the space
are not as effective. The partition of space must be three-dimensional (as was done with cylinder
for the proton-Helium collision) to provide usable results.

\begin{figure}
% Use the relevant command to insert your figure file.
% For example, with the graphicx package use
\begin{center}
\includegraphics[width=0.86\textwidth]
{{../images/Collision-BondC4H10+Au.td.Mov=Au,Vel=0.070,Spa=0.2,Rad=9,dt=0.02}.pdf}
\end{center}
% figure caption is below the figure
\caption{Planar integrated charge density, during the simulation of an atom of gold
in collision with a butane molecule, corresponding to the six snapshots of Fig. \ref{fig:6}.
Each spin channel (up and down) is plotted with different colors (blue and green).}
\label{fig:7}       % Give a unique label
\end{figure}

%\cmt{\AD}{What is each color define}

In Fig. \ref{fig:8}, the Hirshfeld analysis is carried out for each spin component.
It shows a well-defined realocation of the spins charges for the gold atom.
As the total amount of charge for each component remains constant, it means that the spin rearrangement is done at the expense of the spin components of the carbon and hydrogen atom.
While the charge and spin on the gold atom quickly stabilizes after the collision,
on each fragment, the time-dependent Hirshfeld analysis shows some fluctuation between atoms,
which is expected (even if confined in a fragment, the electrons continue to oscillate, due to the Ehrenfest dynamics).
For a well-separated fragment, like the CH$_3$ going downwards on Fig. \ref{fig:6},
the stabilization is expected to be faster than for each atom separately.

%In Table \ref{tab:1}, we provide the position, velocity, and Hirshfeld charges (for each spin channel),
%for each atom, as well as for the C$_2$H$_5$, CH$_2$ and CH$_3$ fragments, at the beginning, and
%at the end of our simulation. Note that in Fig. \ref{fig:6} the $x$ axis
%runs diagonal in the perspective of the snapshots.
%Also, the butane molecule is not symmetric with respect to the impact axis.

The Hirshfeld analysis shows that the gold atom loses a charge of 0.477 electrons in the spin up channel,
and gains a charge of 0.280 electrons in the spin down channel, with a global loss of 0.197 electrons.
The CH$_3$ fragment charge change (U,D) is $(+0.297,-0.135)$, for a global gain of 0.162 electrons,
the CH$_2$ fragment charge change (U,D) is $(+0.134,-0.039)$, for a global gain of 0.095 electrons,
the C$_2$H$_5$ fragment charge change (U,D) is $(+0.047,-0.106)$, for a global loss of 0.059 electrons.

%\begin{table*}
%% table caption is above the table
%\caption{Initial and final conditions for the simulation of a collision between an
%atom of gold and a molecule of butane.
%The gold atom has an initial velocity of $1.53\; \mathrm{\AA{}} \cdot \mathrm{fs}^{-1}$
%in the positive $x$ direction, and the butane molecule is initially at rest, asymetrically.
%The Hirshfeld charge associated to each atom is decomposed into its up (U) and down (D) contribution.}
%\label{tab:1}       % Give a unique label
%% For LaTeX tables use
%{\small%
%\begin{tabular}{c | c c |  c c c  }
%%\hline\noalign{\smallskip}
%\hline
%Atom & \multicolumn{2}{c|}{Initial} & \multicolumn{3}{c}{Final} \\
%%\hline\noalign{\smallskip}
%\hline
%  & position & charge (U,D)  & position & velocity & charge (U,D) \\
% &  [\AA{}] & [a.u.]  &  [\AA{}] & [$\mathrm{\AA{}} \cdot \mathrm{fs}^{-1}$] & [a.u.] \\
%%\noalign{\smallskip}\hline\noalign{\smallskip}
%\hline
%\input{../images/table6C}
%%\noalign{\smallskip}\hline
%\hline
%\end{tabular}%
%}
%\end{table*}

\begin{figure}
%\cmt{\MV}{Illegible change presentation 2 graphs for spin up/down + labels for atoms}
% Use the relevant command to insert your figure file.
% For example, with the graphicx package use
\begin{center}
\includegraphics[width=0.99\textwidth]{{../images/HirsSpins0.07}.pdf}
\end{center}% figure caption is below the figure
\caption{Evolution of the Hirshfeld charges, during the simulation of the collision
between an atom of gold and a butane molecule, with the same parameters as in
Fig. \ref{fig:6}.
Each spin contribution is displayed independently for each atom.
The upper curves are for the spin up and spin down Hirshfeld charges on the gold atom.
The Carbon Hirshfeld charges start at a value of about two (for both spin up and spin down, making four valence electrons for each carbon atom as expected), and the Hydrogen Hirshfeld charges start at a value of about one half (for both spin up and spin down, making one valence electrons for each hydrogen atom as expected) }
\label{fig:8}       % Give a unique label
\end{figure}

\section{Conclusions}

Those two examples shows the feasibility of computing charge transfer processes in atomic and molecular collisions.
They also raise some of the limitations.
In the case of the collision of proton with Helium, it was assumed that most of the contribution for charge transfer comes from single electron processes.
This could be reasonably justified in this case, but the justification will be weaker in the case of more highly ionized projectiles or target.
In those cases, several charge states are possible in the final state and a simple measure based on the density will be not enough.
It is important to clarify that the fractional charges in the final configuration must be interpreted in a probabilistic sense.
In a experimental measure, a define charge state will be obtained.

Also for this case, the use of a proton as projectile avoids the use of a velocity phase factor.
For projectiles with electronic states described explicitly, the use of a velocity phase is mandatory for the range of kinetic energies presented. 
That will be the topic of the next chapter.

For the collision of gold with butane, the use of a phase becomes more relevant.
In this case, a small dipole moment in the direction of propagation appears.
The balance here is established between the high kinetic energy of 23 keV and the also heavy mass of the projectile, Au.
As a result, an effective velocity of $0.07 au$ is low enough to avoid charge loss when the velocity phase is missing.
This problem also shows how for molecules the configuration space increases significantly , even if the target is rather symmetric.
Those elements were instrumental in the selection of the problem for a next chapter, where a collision of \lip with a \c60 molecule is considered.



\chapter{Theoretical Background}
\label{chap:Theoretical}
\epigraph{Dicebat Bernardus Carnotensis nos esse quasi nanos gigantium humeris insidentes, ut possimus plura eis et remotiora videre, non utique proprii visus acumine, aut eminentia corporis, sed quia in altum subvehimur et extollimur magnitudine gigantea.\\
\medskip
\emph{Bernard of Chartres used to say that we are like dwarfs on the shoulders of giants, so that we can see more than they, and things at a greater distance, not by virtue of any sharpness of sight on our part, or any physical distinction, but because we are carried high and raised up by their giant size.}
}{Ioannes Saresberiensis\\ \emph{Metalogicon}}
\epigraph{If I have seen further it is by standing on the shoulders of Giants}{Isaac Newton\\ \emph{Letter to Robert Hooke}}

%\epigraph{A careful analysis of the process of observation in atomic physics has shown that the subatomic particles have no meaning as isolated entities, but can only be understood as interconnections between the preparation of an experiment and the subsequent measurement.}{Erwin \Schro }

\section{Introduction}

% Link to the previous chapter
As was presented in the previous chapter, the electronic structure in charge transfer processes is of prominent importance in several domains of applied and fundamental science. 
However, solving the \SE for a system with many particles is a very challenging problem. 

This chapter will present an overview of the different concepts normally used to describe electronic structure.
The focus is biased towards the examination of the evolution of electronic structure during atomic collisions.
This thesis is focused on a very specific level of theory for electronic structure (DFT).
However, this chapter will explore a broader set of concepts in higher and lower levels of theory to get a better landscape of the field and a better understanding of the advantages and limitations of the method of choice.

This chapter starts by describing the most emblematic methods to describe a system of electrons, from independent particles to density functional theory.
After, some refined methods are presented that rely on orbital wavefunctions and used traditionally in quantum chemistry.
In the next section, we present some methods and concepts used predominantly in the domain of atomic physics, where collisions and  electronic structure are treated with outstanding accuracy. 
Next, the attention is concentrated on the methods used to describe the movement of atoms.
Finally, time-dependent density functional theory is presented in the context of time-dependent Hamiltonians due to the movement of atoms.

\section{Electronic Structure}

In this section, we will focus the attention in the solution of the electronic structure problem.
We start considering the time-independent problem.
The time-dependent version will be treated in the context of the movement of atoms, the core of this work.

The fundamental equation to be solved is the \SE

\begin{equation}
\oper{H}\Psi=E\Psi,
\label{eq:TISE}
\end{equation}
where $\oper{H}$ is the Hamiltonian of the system, an operator in the Hilbert space, whose eigenvalues provide the energy spectrum of a quantum system.
The main issue with an equation like Eq. \ref{eq:TISE} is the wavefunction $\Psi$, an object defined in a very large and complex space. For a many-electron system the dimension of the Hilbert space increases to a point were even the computational storage of such object is unfeasible.
This is the main challenge when Eq. \ref{eq:TISE} must to be solved for a realistic system composed by a significant amount of interacting particles.

There are traditionally three paradigms developed when quantum mechanics solve Eq. \ref{eq:TISE} for atomic systems.
The first approach is to directly solve the Eq. \ref{eq:TISE} using the wavefunction as the main object, and reduce the large dimensionallity of the problem by assuming approximations to the wavefunction $\Psi$.
Those are the methods that we group under the tag of wavefunction-based methods.
A second paradigm was born almost at the same time as the quantum mechanics was created, it is based on the electronic density as the main object.
The pioneers of this method are Thomas \citep{Thomas1927} and Fermi 
\citep{Fermi1927} their publication occur less than one year after the publication of Erwin Schr\"odinger \citep{Schrodinger1926}.
This shift in focus from the wavefunction to the density was extended a few years later by Dirac \citep{Dirac1930} with contributions by Majorana \citep{Guerra2005,Esposito2005}.
The most recent incarnation of the density-based method is the now widely used density functional theory (DFT).
A third paradigm are the so-called semiclassical wavefunction methods.
In this case, the idea of classical trajectory is preserved but for each trajectory is given a phase that has no classical correspondence and is responsible for the quantum effects.
The WKB approximation and the Eikonal approximation inherit the ideas from semiclassical approaches.

In this section, an overview is presented of the most relevant concepts in electronic structure, with a particular bias towards the method of choice for this work, DFT.

\subsection{Hartree Approximation}

The first solution that can be proposed in the paradigm of wavefunctions is to completely factorize the wavefunction in terms of single-particle wavefunctions

\begin{equation}
\Psi(\{\v{r}\}) = \psi(\v{r}_1)\psi(\v{r}_2)\cdots \psi(\v{r}_N).
\end{equation}

That factorization is justified if the Hamiltonian operator can be written as the sum of the Hamiltonians acting on each particle

\begin{equation}
\oper{H}=\oper{H}_1+\oper{H}_2+\cdots+\oper{H}_N.
\end{equation}

Even if the factorization reduces the dimensionality of the Hilbert space, this naive solution is not respecting the basic symmetries of a set of identical quantum particles.
In the factorization proposed, the interchange of two electrons produce the same quantum state, but in quantum mechanics the wavefunction changes sign.

The Hartree approximation comes from ignoring this effect and assume that the wavefunction is separable in products of single electron orbitals, each being different from all others

\begin{equation}
\Psi(\{\v{r}\}) = \psi(\v{r}_1)\psi(\v{r}_2)\cdots \psi(\v{r}_N).
\end{equation}

The potential in the Hamiltonian is replaced by an effective potential, the so-called Hartree potential 

\begin{equation}
\oper{V}_{\text{H}}(\v{r})=\int \frac{n(\v{r}')}{|\v{r}-\v{r}'|} d\v{r}',
\end{equation}
where the density is defined as the sum of the densities of each orbital

\begin{equation}
n(\v{r})=\sum_j \psi_j^*(\v{r})\psi_j(\v{r}).
\end{equation}

The wavefunctions are obtained from the solution of $N$ \SEs time-independent

\begin{equation}
\left( -\frac{1}{2} \nabla^2 + \oper{V}_{ext} + \oper{V}_{H} \right) \psi_j(\v{r})= \epsilon_j\psi_j(\v{r}),
\end{equation}
or time dependent
\begin{equation}
\left( -\frac{1}{2} \nabla^2 + \oper{V}_{ext}(\v{r},t) + \oper{V}_{H}(\v{r}) \right) \psi_j(\v{r},t)= i \frac{d}{dt}\psi_j(\v{r},t).
\end{equation}

This method has important advantages compared with the solution of a fully interacting \Schro equation.
The price to pay is that important physics is missing here.
This basic idea, namely that we replace interacting particles by non-interacting particles with an effective potential, is in the core of the method of choice in this work  (DFT) but solving its fundamental deficiencies.

\subsection{Hartree-Fock Approximation}

The problem with a simple factorization of the many-body wavefunction is that such scheme is not respecting the symmetries of the wavefunctions. For example, the interchange of two particles let the system unchanged, but the actual wavefunction should have opposite sign.

V. Fock \citep{Fock1930} and Slater \citep{Slater1951} showed that the Hartree formulation only respects the old version of the Pauli principle of exclusion, two fermions can not have all the same quantum numbers, but the antisymmetry of the wavefunctions of a system of fermions is not enforced.
The solution to that was to use a single Slater determinant Eq. \ref{eq:slater} and keep the potential proposed by Hartree.

\begin{equation}
\Psi(\{\v{r}\}) =\frac{1}{\sqrt{N!}}
 \begin{vmatrix}
  \psi_1(\v{r}_1) & \psi_2(\v{r}_1) & \cdots & \psi_N(\v{r}_1) \\
  \psi_1(\v{r}_2) & \psi_2(\v{r}_2) & \cdots & \psi_N(\v{r}_2) \\
  \vdots  & \vdots  & \ddots & \vdots  \\
  \psi_1(\v{r}_N) & \psi_2(\v{r}_N) & \cdots & \psi_N(\v{r}_N)
 \end{vmatrix},
\label{eq:slater}
\end{equation}
where the single electron orbitals $\psi$ can be found as the solution of single electron \SE

\begin{equation}
\left(\frac{1}{2} \nabla^2 + V \right) \psi_i(\v{r}) = i\frac{d \psi_i(\v{r})}{dt}.
\end{equation}

The solution of the many-body wavefunction has been replaced by the solution of $N$ single-electron Schr{\"o}dinger equations. This is the basis of the so-called Hartree-Fock method (HF).

This method has been very successful and has been extended to include open shell systems by using the so-called Restricted open-shell Hartree–Fock (ROHF) \citep{Roothaan1960} and unrestricted Hartree–Fock (UHF) \citep{Pople1954}.

In the case of ground-state calculations, HF uses the idea of self consistency between the wavefunctions and the electronic density as shown in \ref{fig:SCF}. In fact, before DFT became popular, the Hartree-Fock method was called \textit{Self-Consistent Field method (SCF)}. Such denomination is now ambiguous because DFT and other post-HF methods also rely on self consistency.

\begin{figure}
\begin{center}
\centering
\large
\begin{tikzpicture}[descr/.style={fill=white,inner sep=2.5pt}]
  \node (n) {$n(\v{r})$};
  \node (V) [node distance=2cm,right of=n] {$\oper{V}(\v{r})$};
  \node (wf) [node distance=1cm,below of=n,below of=V,left of=V] {$\{\psi_i\}$};
  \draw[->, bend left] (n) to node {} (V);
  \draw[->, bend left] (V) to node [swap] {} (wf);
  \draw[->, bend left] (wf) to node [swap] {} (n);
\end{tikzpicture}
\end{center}
\caption{Diagram of the self consistent cycle in time-independent Hartree-Fock}
\label{fig:SCF}
\end{figure}

For many years, HF and the methods derived from it, called Post-HF have been instrumental in the development of quantum chemistry.
Even immediately after the formulation of DFT, post-HF methods were in general far more accurate in molecules compared with DFT.
Only when DFT used improved exchange-correlation functionals, such as the generalized gradient approximation (GGA), the precision was competitive enough and the computational cost much affordable to replace HF and Post-HF as the method of choice for large molecules and macromolecules.

The next section of this chapter will be dedicated to some of the most prominent post-HF methods some of them effectively used in atomic collisions.

\subsection{Ground-State Density Functional Theory}

%\cmt{\BP}{
The big limitations of the Hartree-Fock approach are the neglect of the electronic correlation.
The properties computed without taking into account the correlation could largely deviate from experiments.
Two-electron systems like Helium are the prototypical case in atomic physics \citep{Kestner1962}, where the lack of correlation is crucial.
Correlated electron materials are the equivalent in condensed matter physics, those materials have exotic properties because the assumption of separability of the wavefunction is fundamentally wrong.

Density functional theory (DFT) adopts an intermediate vision in the correlation problem.
The wavefunction is still separable as in the Hartree approximation but the Hamiltonian includes correlation effects via a model local or semilocal potential.
In the next section we describe the foundations of DFT and its fundamental approximations or limitations.
As this work is based on TDDFT, the ground state DFT is somehow the basement on top of which the time-dependent version is built in, even if the theorems that support each theory are different.
%}

\subsection{Hohenberg-Kohn Theorems}

Hohenberg and Kohn published a paper in 1964 entitled ``Inhomogeneous Electron Gas''\citep{Hohenberg1964}, that offers a new vision in the problem of solving the \SE for systems with many electrons.
The idea, as usual, is to replace a problem with another.
Substitute the complicated and fully interacting electronic problem by replacing it by a much more tractable one. 
The emphasis is displaced from the wavefunctions to the electronic density $n(\v{r})$.
This shift is indeed of an enormous advantage from the computational point of view as the density is mathematically a scalar field in space.

Two theorems support this shift to the density

\begin{theorem}
The ground state electronic density $n(\v{r})$ of a system of interacting electrons uniquely determines the external potential $V_{ext}(\v{r})$ (up to a global constant) in which the electrons are confined.
\end{theorem}

\begin{theorem}
An universal functional for the energy $E[n(\v{r})]$ can be defined in terms of the electronic density $n(\v{r})$. The ground-state is obtained for the function $n(\v{r})$ such that $E[n(\v{r})]$ assumes a minimal value.
\end{theorem}

We will follow here the pedagogical approach from Engel and Dreizler \citep{Engel2011}.
These theorems could be better understood with two maps between three sets: the set $\mathcal{V}$ of all possible external potentials, excluding those that differ by a constant. 

\begin{eqnarray*}
\mathcal{V} &=& \left\lbrace \nu_{ext}\; |\; \nu_{ext} \;\text{ is multiplicative}, \ket{\Psi_0} \text{exists} \right.\\
&& \left.  \text{ and different by more than a constant}\; \nu_{ext}' \neq \nu_{ext} + c \right\rbrace,
\end{eqnarray*}
the set of ground state wavefunctions derivated from those potentials

\begin{eqnarray*}
\mathcal{G} &=& \left\lbrace \Psi_{0}\; |\; \Psi_{0} \;\text{ is the ground state from one element} \right.\\
&& \left.  \nu_{ext} \in \mathcal{V}\; \text{excluding a global phase}\; \Psi_{0}' \neq e^{i\phi} \Psi_{0}  \right\rbrace
\end{eqnarray*}
and the set of densities created from elements of $\mathcal{G}$

\begin{eqnarray*}
\mathcal{N} &=& \left\lbrace n(\v{r})\; |\; n(\v{r})=\matrixel{\Psi_0}{\hat{n}}{\Psi_0} \;\text{ is the density } \right.\\
&& \left.  \text{ from one element}\; \Psi_0 \in \mathcal{G}\; \right\rbrace.
\end{eqnarray*}

The functions that connects the sets $\mathcal{V}$, $\mathcal{G}$ and $\mathcal{N}$ are surjective by construction  ($\mathcal{V}\twoheadrightarrow\mathcal{G}$ and $\mathcal{G}\twoheadrightarrow\mathcal{N}$), ie every element in the codomain has a corresponding element in the domain. 
Those three sets and two maps are sketched in the figure \ref{fig:HKtheorem}
The Hohenberg-Kohn theorem proves the bijective character of the maps that connect those three sets, demonstrating at the end, that there is a one-to-one relation between the potentials $\nu_{ext}$ and the densities $n(\v{r})$.

\begin{figure}

\begin{center}
\begin{tikzpicture}[line width=1pt,>=latex]
\sffamily
\node (nu1) {$\nu_1$};
\node[below=of nu1] (nu2) {$\nu_2$};
\node[below=of nu2] (nu3) {$\nu_3$};
\node[below=of nu3] (nu4) {$\nu_4$};

\node[right=2.5cm of nu1] (psi1) {$\Psi_{0,\nu_1}$};
\node[below= 0.5cm of psi1] (psi1a) {};
\node[below=of psi1a] (psi2) {$\overbrace{\Psi_{0,\nu_2} = \Psi_{0,\nu_3}}^{?} $};
\node[below=of psi2] (psi3) {$\Psi_{0,\nu_4}$};

\node[right=2.5cm of psi1] (n1) {$n_{0,\nu_1}$};
\node[below= 0.5cm of n1] (n1a) {};
\node[below=of n1a] (n2) {$\overbrace{ n_{0,\nu_3} = n_{0,\nu_4}}^{?} $};

\node[shape=ellipse,draw=myblue,minimum size=3cm,fit={(nu1) (nu4)}] {};
\node[shape=ellipse,draw=myblue,minimum size=3cm,fit={(psi1) (psi3)}] {};
\node[shape=ellipse,draw=myblue,minimum size=3cm,fit={(n1) (n2)}] {};

\node[below=1.5cm of nu4,font=\color{myblue}\Large\bfseries] {$\mathcal{V}$};
\node[below=1.5cm of psi3,font=\color{myblue}\Large\bfseries] {$\mathcal{G}$};
\node[below=1.5cm of n2,font=\color{myblue}\Large\bfseries] {$\mathcal{N}$};

\draw[->,myblue] (nu1) -- (psi1.190);
\draw[loosely dashed,->,myblue] (nu2) -- (psi2.190) node[pos=.5,sloped,above] {?};
\draw[->,myblue] (nu3) -- (psi2.190);
\draw[->,myblue] (nu4.20) -- (psi3.190);

\draw[->,myblue] (psi1) -- (n1.190);
\draw[->,myblue] (psi2) -- (n2.190);
\draw[loosely dashed,->,myblue] (psi3) -- (n2.190) node[pos=.5,sloped,above] {?};
\end{tikzpicture}
\end{center}
\caption{Relations between the three sets $\mathcal{V}$, $\mathcal{G}$ and $\mathcal{N}$ and the
two maps that connect them. The dashed lines shows the relations that the Hohenberg-Kohn theorem
removes in order to prove the character injective of the functions that connect the three sets.This presentation of the Hohenberg-Kohn theorem comes from \citep{Engel2011}} 
\label{fig:HKtheorem}
\end{figure}

There are several remarks to be done at this level.
In a three dimensional space $\nu_{ext}(\v{r}) \in F: \lbrace \mathbb{R}^3 \rightarrow \mathbb{R} \rbrace$, but the elements in $\mathcal{G}$ belong to a larger and different domain $\Psi \in \mathbb{C}^{3N} $ and finally the densities are again scalars defined on a 3D space $n(\v{r}) \in N: \lbrace \mathbb{R}^3 \rightarrow \mathbb{R} \rbrace$.
By construction the elements in $\mathcal{V}$ exists if the corresponding $\Psi_0$ exists.
The theorem does not mention the existence of a potential for an arbitrary $\Psi$.

Another important remark is done on the local character of the potential $\nu_{ext}$.
This requirement excludes the important case of the standard type of pseudopotentials used currently in DFT. 
There is, nevertheless, the corresponding extension of the Hohenbert-Kohn theorem for non-local potentials \citep{Gilbert1975,Berrondo1975}.
In general, non-local pseudopotentials are used in the traditional approach once the HK theorem is justified for the all-electron case.

As the relation between $\Psi_0$ and $n(\v{r})$ is bijective, there is also an inverse map that connects one element from $\mathcal{N}$ with one element of $\Psi[n] \in \mathcal{G}$.
As all the observables from a quantum system are obtained from the information in  the wavefunction $\Psi$, also those observables are formally functionals of the density $n(\v{r})$.

The maps presented here and the outlined proof, relies strongly on the non-degeneracy of the states $\Psi$. 
A modified argument makes possible to prove the Hohenberg-Kohn theorem in the case of degenerate states. 
In this situation, two or more ground states $\ket{\psi_{n,\nu_n}}$ originate from the same potential $\nu_{ext}$.


\subsection{Kohn-Sham Scheme}

Once the Hohenberg-Kohn Theorem (or Runge-Gross theorem in the case of TDDFT, see later) is proved, the natural step is to construct the auxiliary Kohn-Sham scheme.

The Hohenberg-Kohn theorem is formulated for wavefunctions in the set $\mathcal{G}$, those wavefunctions are in principle the interacting wavefunctions in the complete Hilbert space.

The basic idea of Kohn and Sham \citep{Kohn1965} is to replace the interacting wavefunctions of $N$ particles with a set of auxiliary equal number $N$ functions that reproduce the same density as the original interacting system.

The construction of a KS scheme is supported on the construction of a auxiliary potential.
The Kohn-Sham approach rewrite the energy functional in the form:

\begin{equation}
E_{KS}=T_s[n]+\int d\v{r} V_{\text{ext}}(\v{r})n(\v{r}) + E_{\text{Hartree}}[n] + E_{\text{II}} + E_{\text{XC}}[n] 
\end{equation} 
where $T_s$ is given as

\begin{equation}
T_s=-\frac{1}{2} \sum_{i=1}^{N} \matrixel{\psi_i}{\nabla^2}{\psi_i} = \frac{1}{2} \sum_{i=1}^{N} \int \mathrm{d}^3 r |\nabla \psi_i(\v{r})|^2 
\end{equation}
and the Hartree energy as an explicit function of the density
\begin{equation}
E_{\text{Hartree}}[n]=\frac{1}{2}\int \mathrm{d}^3 r \, \mathrm{d}^3 r' \frac{n(\v{r})n(\v{r}')}{|\v{r}-\v{r}'|}
\end{equation}
the term $E_{\text{II}}$ is the interaction between nuclei.
All the many-body contributions to the energy are condensed in the last term, known as the exchange-correlation energy $E_{\text{XC}}$.

The results in DFT are as good as $E_{\text{XC}}$. 
As soon as  $E_{\text{XC}}$ is good enough to describe the true exchange-correlation, the physical properties obtained by using the Kohn-Sahm method are also close the ground-state properties of the full-interacting electron system.
That is the reason why an important effort has been devoted since the beginning in providing reliable exchange-correlation functionals that are able to capture as much as possible the physics behind the exact functional.

\subsection{Exchange-Correlation Functional}

Once separated the independent-particle kinetic energy and the Hartree term, the remaining exchange-correlation functional is the next term to consider.
The different flavors is given by the choice of functional form for the exchange-correlation energy.
The functional is a unique functional, the only thing that is known is that such functional is not simple. 
The different versions of exchange-correlation functionals are  ways to get a close approximation to the complete functional.
There are, however, a series of properties that the exact functional must have, the approximate functionals only have a partial subset of properties.
This is the reason why the different exchange-correlation functionals are more or less accurate depending of how important is each property for an specific property.

It many cases the exchange-correlation $E_{xc}$ into two parts, the exchange $E_x$ and the correlation $E_c$, even if only the combination of $E_x$ and $E_c$.
Both functionals, are described in mathematical form using parameters.
The parameters are set by enforcing the properties of the exact $E_{xc}$ or by fitting with experimental data, higher levels of theory or a mix of all of them.
Each of the exchange and correlation energies are customary written as integrals of the energy densities $\epsilon_x$ and $\epsilon_c$.

\begin{eqnarray}
E_{xc}[n]&=&E_{x}[n]+E_{c}[n]\\
&=&\int \mathrm{d} \v{r} \, n(\v{r}) \epsilon_{\text{x}}([n],\v{r}) +\int \mathrm{d} \v{r} \, n(\v{r}) \epsilon_{\text{c}}([n],\v{r})
\end{eqnarray}

If for wave function-based methods, the quality of the correlation defines the level of the theory, such hierarchy is not theoretically grounded for DFT methods.
The exchange and correlation functionals are in many cases empirical in nature.
J. P. Perdew suggest a certain ordering for the various $E_{xc}$.
The DFT's ``Jacob's ladder'' classifies the $E_{xc}$ based on the number and qualities of the variables used to define each functional.
Only in principle, we can expect that a more elaborated functional be better, but in some cases lower steps in the ladder fulfill better the properties and could be a more reasonable choice than other higher level functionals.

In most of this work, the Local Density Approximation (LDA) is used.
LDA assume that the $E_{xc}$ could be computed assuming that the density is a slowly varying function, and the values of $E_x$ and $E_c$ could be integrated from contributions from locally uniform electron gas.
The exchange energy is given by the Dirac formula:

\begin{eqnarray}
E_x^{LDA}[n]&=&-C_x \int n^{4/3} (\v{r}) d\v{r}\\
\epsilon_x^{LDA}&=&-C_x n^{4/3}
\end{eqnarray}

In the case where both spins are not equal, it is the sum of the both contributions that should be raised to the $4/3$ power.
However, it is customary to use the Local Spin Density Approximation (LSDA) where each contribution is independently raised to the $4/3$ power.

\begin{eqnarray}
E_x^{LSDA}[n]&=&-2^{1/3} C_x \int (n_\uparrow^{4/3} + n_\uparrow^{4/3}) d\v{r}\\
\epsilon_x^{LSDA}&=&-2^{1/3} C_x (n_\uparrow^{4/3} + n_\downarrow^{4/3})
\end{eqnarray}

For the analytical form of the correlation energy the Perdew and Wang (PW) \citep{Perdew1992}  is one of several parametrizations.
LDA is an exact method for an uniform electron gas.
It is also a very good approximation for systems close to that uniform gas, such as metals where a slowly varying electron density is reasonably justified.

In the case of atomic and molecular systems is customary go one step up in the Jacob's  ladder and consider the so called Generalized Gradient Approximation (GGA).
In GGA the first derivative of the density is included as a new variable.
Going further in the ladder, some functionals depend on higher order derivatives of the electron density or depend on the orbital kinetic density $\tau$.
There is an active research in the development of better functionals, for the context of this work most of the simulations are done at the LDA level.

\subsection{Norm-conserving Pseudopotentials}

There are basically three reasons to introduce pseudopotentials in an ab-initio calculation \citep{Heine1970,Martin2004}: to reduce the number of electrons treated explicitly, smooth the oscillatory behavior of the wavefunctions when the distance to the nuclei is small and introduce partial relativistic corrections when necessary.

In the physics community uses the term Pseudopotential (PP) to describe the functions that model the core electrons.
In the chemical community the equivalent functions are usually called Effective Core Potentials (ECP).

%\cmt{\BP}{
The theoretical justification for the use of pseudopotentials is that the electrons with lower principal quantum number are strongly localized and they are more strongly attached to the nuclei.
This spatial and energetic separation is the main argument to consider the electrons in the core as frozen; not participating in any chemical reaction.
%}

As the valence electrons are orthogonal to the core electrons, the core wavefunctions contain many nodes near the nucleus.
The practical effect of the use of pseudopotentials is to avoid such behavior for the core electrons. 
This has as a consequence important savings in computational effort both in memory and in time.
In the case of wavefunctions expanded in plane waves, the reduction is due to a decrease in the number of plane waves used as a basis for the expansion.
In the case of real-space grid discretization, the smoothness in the wavefunction allows one to use a more spaced grid with the advantage in memory and computing time in a very similar way as the plane wave expansions.

A pseudopotential replaces the generic Coulomb potential $-Z/|\v{r}-\v{r}_\tau|$ felt by the $N$ electrons in the system by some alternative operator that includes the potential created by the nucleus and the Coulomb repulsion by those electrons considered in the core.
Using this procedure, the core electrons are not described explicitly anymore and are effectively eliminated from the problem.

When a pseudopotential is created, a reference calculation is done considering all the electrons.
Then, a pseudopotential is an analytic fit, created to reproduce the same spectrum and wavefunctions as the original all electron reference.
A cut-off radius around each nuclei is chosen in such a way that bound states will reproduce the wavefunctions outside of the sphere defined by the cut-off radius.
Inside the sphere the wavefunctions are smoothed.

\subsubsection{Local and non-Local Pseudopotentials}

The simplest approach  for a pseudopotential, is a multiplicative function.
The first constraint is that far from the nucleus the potential should be $Z_{ion}/|\v{r}|$, $Z_{ion}$ is the atomic number of the nucleus, minus the number of electrons considered in the core.
The problem with this approach is that analytic fits are not flexible enough.
That is even more important for pseudopotentials of heavy atoms, but, even for the first $s$ and $p$ atoms this multiplicative form is not sufficiently good.

The alternative is to add some non-locality using projector functions.
The projectors are created to ensure orthogonality between the  valence states and the core states.
The usual form is

\begin{equation}
\oper{V}_{NLps}=\oper{V}_{local} + \sum_i \alpha_i \ket{\psi_i}\bra{\psi_i}
\end{equation}
where $i$ spans in the core states.
The wavefunctions $\psi_i$ and the coefficients $\alpha_i$ can be chosen to fit the valence eigenstates.
Another way to describe the projectors is using the spherical harmonics $Y_l^m$

\begin{equation}
\oper{V}_{NLps}=\oper{V}_{local} + \sum_i \alpha_i \ket{Y_l^m}\bra{Y_l^m}
\end{equation}

Kleinman and Bylander \citep{Kleinman1982} present a scheme where the pseudopotentials could be put in a ``separable form", such that projections with basis functions could be calculated much easier.
The drawback is that this scheme produces in some cases spurious or ghost states, that are lower in energy than physical states.
This side-effect and the procedure for its elimination was studied \citep{Gonze1991}.

\subsubsection{Pseudopotential Parametrization}

The most used type of norm-conserving pseudopotential was created by Troullier and Martins \citep{Troullier1991}.
They proposed an analytical form for the projector functions following a method from Kerker \citep{Kerker1980}. 

Another approach was proposed \citep{Hartwigsen1998}.
In this case, a generalized form of pseudopotential is constructed with the advantage that the expression is separable by construction.
All the element until Rn were fitted.
Their method hast the advantage of being possible to use several projector functions for each angular momentum.
Another parametrization with this property is \citep{Teter1993}

\subsubsection{Pseudopotentials in Atomic Collisions}

Special remarks have to be done with respect to the use of pseudopotentials in the case of atomic collisions.
First, with the kinetic energies explored in this work, there is enough energy to excite even the lowest orbitals in the atoms.
Such effects of deep excitation are completely missing in our approach.
The use of pseudopotentials with less or no electrons frozen in the core limits their applicability to larger systems.

Another important effect present in the context of collisions is related with the cutoff radius of the pseudopotentials.
Norm-conserving pseudopotentials includes the condition that outside a certain radius $r_c$, the norm of each pseudo-wavefunction should be identical to the results of an all-electron calculation for the same level of theory.
The figure \ref{fig:Cfhi} shows the pseudo potential and pseudo wavefunctions for carbon.
In general, norm-conserving pseudopotentials has the tendency to have large $r_c$ to reduce the basis-set or the size of the mesh.
However, in the case of collisions, it is very often the case that atoms approach to each other to distances shorter than the sum of their cutoff radius.
The spheres defined by those cutoff radius eventually overlap and this overlapping could eventually create spurious effects.

\begin{figure}
\includegraphics[width=0.99\textwidth]{../imagesTheo/C_fhi.pdf}
\caption{Norm-conserving pseudopotentials: Pseudo wavefunctions and pseudo potentials for the $1s$, $2s$ and $2p$ orbitals of carbon. The red lines shows the wavefunctions and the blue lines shows the pseudopotentials. The light gray region represent the sphere of radius $r_c$. Outside of a cutoff radius the three potentials converge and the wavefunctions becomes identical to an all electron calculation. A zoom into the region close to $r_c$ shows as the potentials for the different states converge to the Coulomb potential of an ion, beyond $r_c$.}
\label{fig:Cfhi}
\end{figure}

\section{Quantum Chemistry Methods (post-HF)}

Historically the electronic study of atoms and molecules was developed by refining the ideas from Hartree-Fock. 
The methods described in this section are traditionally used in quantum chemistry and are contructed on top of Hartree-Fock. 
For that reason, those methods are called Post-HF.

Those higher levels of theory has been developed in atomic physics or quantum chemistry to compute excited states with a very high accuracy, albeit at expense of being limited to systems with just a few electrons.
This section will discuss some of those higher levels of theory to get a glimpse about what is beyond the method of choice for this work, TDDFT.

\subsection{Configuration Interaction and Beyond}
The Hatree-Fock method uses a single Slater determinant built from a complete set of orbitals to describe the ground state of a system \citep{Jensen2007}.
For excited states, a series of Slater determinants could be generated by replacing an increasing number of occupied orbitals by an equivalent number of unoccupied ones.
Doing this and computing a linear combination of those Slater determinants we finish with a series like:

\begin{eqnarray} \nonumber
\Psi &=& c_0 \Phi_0 + \underbrace{\sum_{i=1}^N \sum_{a=N+1}^K c_i^a\Phi_i^a}_{\text{single excitations (S)}} \\ \nonumber
&& + \underbrace{ \sum_{i>j=1}^N \sum_{a>b=N+1}^K c_{ij}^{ab}\Phi_{ij}^{ab}}_{\text{double excitations (D)}} \\ \nonumber
&& + \underbrace{\sum_{i>j>k=1}^N \sum_{a>b>c=N+1}^K c_{ijk}^{abc}\Phi_{ijk}^{abc}}_{\text{triple excitations (T)}} \\ \nonumber
&& + \underbrace{\sum_{i>j>k>l=1}^N \sum_{a>b>c>d=N+1}^K c_{ijkl}^{abcd}\Phi_{ijkl}^{abcd}}_{\text{quadruple excitations (Q)}} \\
&& + \cdots 
\label{eq:CI}
\end{eqnarray}

This is the base of the so-called Configuration Interaction (CI) method. 
The first term $c_0 \Phi_0$ is the Hartree-Fock wavefunction. 
The next term is a sum with Slater determinants $\Phi_i^a$, it means that the $i$ occupied orbital is replaced by the $a$ unoccupied orbital.
The next term involves terms like $\Phi_{ij}^{ab}$ where two orbitals are excited.
Following sums involve triple and quadruple and more excitations.

In CI, the excited states are constructed from Hartree-Fock orbitals and they are also limited for the adequacy of such contruction.

An infinite summation like expressed in Eq. \ref{eq:CI} is not possible to compute, the first element to truncate is the limit of the orbitals that will be considered. 
The order of the CI expression is done by the value of $K-N$.
At zeroth-order we have Hartree-Fock and only the ground state.
The second possibility is to truncate the number of excitations considered.
The first double summation includes only single excitations, the next one, double excitation and so on.
If the summation is not truncated, ie, we allow to excite the $N$ electrons in the system, we say that a Full CI is done.

The number of Slater determinants needed to compute n excited orbitals for a system with N electrons and a total number of orbitals equal to K is

\begin{equation}
\text{Number of determinants} = {N \choose n} {K-N \choose n},
\end{equation}
except for a very few number of electrons and a very limited amount of excited states, the number of determinants to compute is cumbersome in most of cases.

Notice also that as usually formulated, CI is intended to be solved using a linear variational method, creating a matrix representation of the Hamiltonian expanded in a basis of N-electron wavefunctions and solving the resulting eigenvalue problem.

%To better develop this procedure, the equation Eq. \ref{eq:CI} can be rewritten in a more compact form
%
%\begin{eqnarray}\nonumber
%\Psi &=& c_0 \Phi_0 + \sum_S c_S \Phi_S + \sum_D c_D \Phi_D + \sum_T c_T \Phi_T + \sum_Q c_Q \Phi_Q + \cdots \\
%&=& \sum_{i=0} c_i \Phi_i
%\label{eq:CIcompact}
%\end{eqnarray}
%
%With this expression the Hamiltonian could be expressed in matrix form for all the $\Phi_i$ Slater determinants.
%The solution is constrained by the normalization of the complete wavefunction $\Psi$.
%It could be achieved by using one Lagrange multiplier 
%
%\begin{equation}
%L=\matrixel{\Psi}{\oper{H}}{\Psi} - \lambda (\braket{\Psi}{\Psi} -1),
%\label{eq:CIlagrange}
%\end{equation}
%where the matrix elements of the Hamiltonian are
%\begin{eqnarray}\nonumber
%\matrixel{\Psi}{\oper{H}}{\Psi} &=& \sum_i \sum_j c_i c_j \matrixel{\Phi_i}{\oper{H}}{\Phi_j} \\
%&=& \sum_i c_i^2 E_i + \sum_i \sum_{i\neq j} c_i c_j \matrixel{\Phi_i}{\oper{H}}{\Phi_j},
%\label{eq:CIHamiltonianPsi}
%\end{eqnarray}
%and the normalization of $\Psi$ becomes
%\begin{eqnarray}
%\braket{\Psi}{\Psi} &=& \sum_i \sum_{j} c_i c_j \braket{\Phi_i}{\Phi_j} = \sum_i c_i^2,
%\label{eq:CInormalization}
%\end{eqnarray}
%the non-diagonal elements of the normalization condition Eq. \ref{eq:CInormalization} vanish due to the orthogonal nature of the Hartree-Fock basis used to contruct them, ie, $\braket{\Phi_i}{\Phi_j}=\delta_{ij}$.
%
%Now, lets compute the derivatives of equations Eq. \ref{eq:CIHamiltonianPsi} and Eq. \ref{eq:CInormalization}:
%
%\begin{equation}
%\pd{}{c_i} \matrixel{\Psi}{\oper{H}}{\Psi} = 2 c_i E_i + 2 \sum_{j} \matrixel{\Phi_i}{\oper{H}}{\Phi_j}
%\end{equation}
%
%\begin{equation}
%\pd{}{c_i} \braket{\Psi}{\Psi} = 2 c_i
%\end{equation}
%
%The solution to the Hamiltonian with the Lagrange multiplier $\lambda$ comes from finding the $c_i$ that extrema Eq. \ref{eq:CIlagrange}.
%
%\begin{eqnarray}\nonumber
%\pd{L}{c_i}= 2 c_i E_i + 2 \sum_{j\neq i} \matrixel{\Phi_i}{\oper{H}}{\Phi_j} - \lambda ( 2 c_i) = 0\\
%\sum_{j\neq i} \matrixel{\Phi_i}{\oper{H}}{\Phi_j} + c_i ( E_i - \lambda ) = 0
%\label{eq:CIpdLagrange}
%\end{eqnarray}
%
%There is one equation like Eq. \ref{eq:CIpdLagrange} for each coefficient $c_i$, so that the set of equations can be recast as a matrix equation
%
%\begin{equation}
%\mathbb{H} \mathbf{C}=E\mathbb{S} \mathbf{C},
%\end{equation}
%where $\mathbb{H}=\matrixel{\Phi_i}{\oper{H}}{\Phi_j}$ is the matrix of the hamiltonian in the base of all the Slater determinants considered, $\mathbf{C}$ is a diagonal matrix with the coeficients $c_i$, $E$ are the eigenvalues of the Hamiltonian $E_i$ and $\mathbb{S}=\braket{\Phi_i}{\Phi_j}$ is the overlap matrix.
%
%The matrix $\mathbb{H}$ is a particularly large matrix with entrance values requiring computation of Slater determinants.
%There are however constraints that limit the number of non-zero matrix elements resulting in a full CI matrix expressed as
%
%\begin{equation}
%\left(
%\begin{array}{ccccc}
%\matrixel{\Phi_0}{\oper{H}}{\Phi_0} & 0 & \matrixel{\Phi_0}{\oper{H}}{\Phi_D} & 0 & \cdots \\ 
%0 & \matrixel{\Phi_S}{\oper{H}}{\Phi_S} & \matrixel{\Phi_S}{\oper{H}}{\Phi_D} & \matrixel{\Phi_S}{\oper{H}}{\Phi_T} & \cdots \\ 
%\matrixel{\Phi_D}{\oper{H}}{\Phi_0} & \matrixel{\Phi_D}{\oper{H}}{\Phi_S} & \matrixel{\Phi_D}{\oper{H}}{\Phi_D} & \matrixel{\Phi_D}{\oper{H}}{\Phi_T} & \cdots \\ 
%0 & \matrixel{\Phi_T}{\oper{H}}{\Phi_S} & \matrixel{\Phi_T}{\oper{H}}{\Phi_D} & \matrixel{\Phi_T}{\oper{H}}{\Phi_T} & \cdots \\ 
%\vdots & \vdots & \vdots & \vdots & \ddots
%\end{array} \right).
%\end{equation}
%
%The algorithm to compute a CI calculation is as follows;
%
%\begin{itemize}
%\item Choose a one-electron basis set $\{\psi\}$.
%\item Solve the Hartree-Fock equations in the usual self-consistent way until end with one-electron orbitals $\{\phi\}$ as a linear combination of the basis $\{\psi\}$.
%\item Create the many-electron wavefunctions $\{\Phi\}$ as Slater determinants
%\item Express the full CI wavefunction $\Psi$ as a linear combination of $\{\Phi\}$ as in Eq. \ref{eq:CI} or Eq. \ref{eq:CIcompact}
%\item Solve the CI matrix $\mathbb{H} \mathbf{C}=E\mathbb{S} \mathbf{C}$, and get the coefficients $\{c\}$
%\end{itemize}
%
%One refinement in the CI scheme comes from considering more reference configurations beyond the initial Hartree-Fock $\Phi_0$.
%This is the origin of the Multireference Configuration interaction (MRCI).
%Instead of replace occupied orbitals with unoccupied HF orbitals, they are replaced by  configurations from another reference set.

\subsection{Multiconfiguration Self-Consistent Field Method}

%The CI method gives as a result, the coefficients $c_i$ of the expansion Eq. \ref{eq:CIcompact}.
The internal coefficients of the orbital $\Phi_i$ in the base used to create them are fixed in CI.
The Multiconfiguration Self-Consistent Field Method (MCSCF) not only optimizes $c_i$ but also the coefficients for the one electron orbital $\psi$\citep{Jensen2007}.

The intention of MCSCF is to reduce the size of the basis that represent the one-electron orbitals.
This method could be thought as a mix of the Hartree-Fock method that optimizes the basis and configuration interaction that optimizes the coefficients in the Slater determinants.

%\cmt{\BP}{
This method can be used to provide the alternative configurations needed for methods such as MRCI, using MCSCF results, a subset of the configurations are used, those with high value in the expansion. 
As the MCSCF configurations are already excited, the new configurations from MRCI contains elements with higher level of excitation.
%}

\section{Atomic Physics Concepts}

%\cmt{\AD}{
%Regimes of interaction
%State of the art
%}

Atomic collisions is a major branch in the domain of atomic physics \citep{Bransden2003}.
Other areas could be the interaction of atoms with photons or electromagnetic fields.
The methods have been used, for example, in the case of electron impact \citep{Morrison1983, Burke1993, Brunger2002} and ion impact \citep{Fainstein1988,Eichler1990,Bransden1992}.

It is useful to classify atomic collisions in three domains, low, medium and high energy.
The classification is based on the comparison of the velocity of the projectile $v_0$ with the typical Bohr velocity $v_e$ of the valence electron in the target or even projectile.
The low, intermediate and high-energy regions are defined according to whether $v_0 \ll v_e$, $v_0 \approx v_e$ or  $v_0 \gg v_e$ respectively.
In the low-energy region the movement of the electrons is higher than the relative velocity of the nuclei.
The adiabatic picture is appropriate, the electrons have enough time to follow the formation of a bond between the atoms.
Charge transfer is the dominant process in this region.
In the intermediate-energy region a competition is established between the movement of ions and the movement of electrons.
We can imagine that when the relative movement of the ions is close to the velocity of the valence electrons there is a large probability for the electron to jump to another atom and follow its path.
In most cases the maximum capture cross section occurs for a kinetic energy where the velocity of the nuclei is of the same order of magnitude as the velocity of the valence electron $v_e$ in the target.
In the high energy domain, but below the relativistic regime, the probabilities of charge-exchange decrease rapidly (typically like $v_0^{-12}$ or $v_0^{-11}$).
One characteristic of this region is that the time of interaction is small and the interaction between the atoms can be considered an small perturbation.
Contrary to the low-energy region, the dominant process in the high-energy region is ionization and direct excitation \citep{Bransden1992}.

As the focus of the area is to produce an accurate representation of the quantum phenomena, most of the experiments and theoretical developments involve usually light atoms.
Experimental studies had been done impacting atoms on gases.
The projectiles are usually ions because charging the particles is the natural way to accelerate them by electrostatic fields.

The basic idea about how those experiments are done starts with ions extracted from ion sources.
Those ions are accelerated using electrostatic fields and  focused using magnetic fields.
In the next step, the ions are separated by charge-to-mass ratio using for example a perpendicular uniform magnetic field.
The ions that follows the path are again filtered to remove neutrals.
After a sequence of manipulations, the ions enter in the chamber where the target atoms are located.
Once they interact with the target the state of the projectile and/or target is measured.

One of the main purposes of those experiences is to determine the capture cross sections in a certain range of energies.
Typically the energies of such experiments are in the order of keV.

As an example of the kind of experiences, it is worth to mention the work of Aumayr and Winter \citep{Aumayr1985} impacting light atoms on Li and measuring single-capture cross section.
In two papers DuBois \citep{DuBois1985a} and DuBois and Toburen \citep{DuBois1985b} measure the capture cross section for $\mathrm{H}^+$ and $\mathrm{He}^{2+}$ from Li, Na and Mg.
In more recent years the attention has been concentrated in consider heavier interacting particles and more active electrons.
It is worth to mention studies on fast ion-atom collisions with two actively participating electrons \citep{Belkic2008}.
For fast collisions, ionization is a major process; cross sections for single, double ionization have been measured for \c60 being impacted by C, F and Si ions at high energies \citep{Kelkar2010}.  

We will focus in this section to provide some of the theoretical elements used in the description of atomic collisions.
Even if some of them will not be used for the purposes of this work, they are important to contextualize the theoretical efforts made in the past to understand atomic collision processes.

\subsection{Cross Sections}

%\cmt{\PF}{Rewrite this Classical / Quantum}

The cross section is a very useful concept in scattering processes.
We start with a classical picture of the scattering process.

Consider a beam of classical particles impacting a target 
The projectiles are monoenergetic and the target is in such low density gas or a thin film that single collisions between projectile and target occurs.
The projectile enters with a well defined trajectory and it is scattered into a particlular direction $(\theta,\phi)$.

Suppose the interaction between particles has a limited range, and becomes null beyond a distance $a$.
The particles scattered are detected out of the range of interaction.
If the detector subtends a solid angle $d\Omega$ centered in the target and with direction $(\theta,\phi)$, a number of particles $N d\Omega$ can be detected.
This number is proportional to the flux of projectiles.

A flux of particles is defined as the number of projectiles crossing per unit time a unit surface that is perpendicular to the trajectory of the projectiles.
The differential scattering cross section is defined as ratio between the number of particles scattered into the direction $(\theta,\phi)$ per unit of time, per unit solid angle, divided by the incident flux

\begin{equation}
\frac{d\sigma}{d \Omega} = \frac{N}{F}
\end{equation}

The total scattering cross-section $\sigma_{tot}$ is defined as the integral of the differential cross-section over the complete sphere

\begin{eqnarray}
\sigma_{tot}&=&\int \frac{d\sigma}{d \Omega}  d\Omega \\
&=&\int_0^{2\pi} d\phi \int_0^\pi d\theta \sin\theta \frac{d\sigma}{d\Omega}
\end{eqnarray}

A cross section has dimensions of area, in the limit case of macroscopic objects where the interaction of an object is negligible, the cross-section coincides with the area of the object perpendicular to the incident beam.

There are several kinds of scattering.
In the elastic scattering, the internal energies of the incident and target particles do not change all across the interaction, and no further particles are created as a consequence.
Many collisions, and in particular, those relevant in this work are not elastic, the electrons of both, projectile and target can be excited, electrons can escape or being transferred between atoms.
In the case of collisions with molecules, those molecules could fragment or reconfigure, the kind of processes that could take place in non-elastic collisions is far more richer and complex.

In quantum mechanics the idea of a single classical trajectory is not longer valid an we must to replace the picture of a beam composed of single particles by a plane wave.
We will describe briefly the scattering produced by a fixed central force field.
We start with the non-relativistic \Schro equation:

\begin{equation}
\pd{\Psi(\v{r},t)}{t}=\left[-\nabla^2 + V(\v{r}) \right] \Psi(\v{r},t)
\end{equation}
 
As mention before, the detector is located far away, so the scattered wavefunction must be represented for a certain radial flow. 

\begin{equation}
\Psi_{scat}(\v{r})=f(k,\theta,\phi) \frac{e^{ikr}}{r}
\end{equation}

The scattering amplitude $f$ determines the number of particles scattered in a particular direction.
The number of particles being detected per unit of time $N d\Omega$ is

\begin{equation}
N d\Omega = k |f(k,\theta,\phi)|^2 d\Omega
\end{equation}

And the differential cross-section is given by

\begin{equation}
\frac{d\sigma}{d\Omega}=|f(k,\theta,\phi)|^2
\end{equation}

The problem of describe the scattering amplitude in a convenient way determine several of the methods developed in the theory of quantum scattering.
In the case of a central potential, the scattering amplitude is no longer a function of the azimuthal angle $\phi$ and the function $f(k,\theta)$ can be expanded in series of Legendre polynomials.

\begin{equation}
f(k,\theta)=\sum_{l=0}^\infty f_l(k) P_l(cos\theta)
\end{equation}

The wavefunction can be also expanded with Legendre polynomials and that give us the so called method of partial waves.
In practical cases the number of those partial waves needed to well represent the scattering amplitude may be large.
Assuming a weak potential, or a high energy perturbative methods can be used such as the scattering wavefunction can be expanded in the Born series.

\begin{eqnarray}
\psi_0(\v{r})&=&\phi_\v{k}(\v{r}) = e^{i\v{k}\cdot\v{r}},\\ \nonumber
\psi_1(\v{r})&=&\phi_\v{k}(\v{r}) + \int G_0(k,\v{r},\v{r}')U(\v{r}')\psi(\v{r}')d\v{r}',\\ \nonumber
&\vdots&\\ \nonumber
\psi_n(\v{r})&=&\phi_\v{k}(\v{r}) + \int G_0(k,\v{r},\v{r}')U(\v{r}')\psi_{n-1}(\v{r}')d\v{r}'
\label{eq:BornSeries}
\end{eqnarray}
where $G_0$ is the Green's function

\begin{equation}
G_0(k,\v{r},\v{r}')=-\frac{1}{4\pi} \frac{\exp(ik|\v{r}-\v{r}'|)}{|\v{r}-\v{r}'|}
\end{equation}

We obtain the Born series for the scattering amplitude using eq. \ref{eq:BornSeries} to solve the integral representation for the scattering amplitude

\begin{equation}
f(k,\theta,\phi)=-\frac{1}{4\pi} \matrixel{\phi_\v{k}}{U}{\psi}
\end{equation}
where $U$ is proportional to the potential $V(\v{r})$

Both, the method of partial waves and the Born series are very classical methods in atomic collisions, in particular when the central potential condition is reasonable to assume.

\subsection{Eikonal Approximation}

The eikonal approximation has a very important place in scattering theory by its connections with classical optics and semiclassical physics.
The idea comes from optics assuming that light travels in a straight line as a particle swarm.
This approximation is valid in optics, as soon as the obstacle is large compared with the wavelength of the incident light.
From the semi-classical point of view, the method is justified as soon as the Broglie wavelength $\lambda=2\pi/k$ is small enough with respect to the size of the target, ie, the distance in which the potential varies appreciable.
Another condition is that the impact energies should be much larger than the typical strength of the potential.

The eikonal approximation was introduced in quantum scattering by Moli{\'e}re \citep{Moliere1947} and expanded by Glauber \citep{Glauber1959} in the context of nuclear physics \citep{Glauber1970,Kabat1992} and has been ported to the domain of quantum field theory \citep{Levy1969}

We will present the derivation from the \Schro equation, an alternative derivation is possible from the Lippmann-Schwinger equation by linearizing the Green's function in momentum space.
In the context of atomic collisions we start by subtracting from the total Hamiltonian the kinetic energy
of the projectile (Non relativistic)

\begin{equation}
\oper{H}(\v{r},\v{R}) = - \frac{1}{2\mu} \nabla_{\v{R}}^2 + \oper{H}_{int}(\v{r},\v{R})
\label{eq:eikonalH}
\end{equation}

Since the potential varies slowly on the length scale of the incident wavelength, we can extract the free incident plane wave from the scattering wavefunction as a factor and expand the wavefunction in terms of the reduced mass of the projectile $\mu = \frac{M_p M_t}{M_p + M_t}$

\begin{equation}
\Psi(\v{r},\v{R})=e^{(i\v{K}\cdot \v{R})} \left[ \psi(\v{r},\v{R}) + \frac{1}{\mu} \psi^{(1)}(\v{r},\v{R}) + \frac{1}{\mu^2} \psi^{(2)}(\v{r},\v{R}) + \cdots \right]
\end{equation}

Applying this expansion on the Hamiltonian Eq. \ref{eq:eikonalH} and defining the vector $\v{K}$ such as $|\v{K}|^2 = 2\mu E$ we obtain

\begin{equation}
i\v{K}\cdot \nabla_\v{R} \psi = \mu \oper{H}_{int} \psi
\label{eq:eikonalSE}
\end{equation}

Assuming now that the projectile follows a classical rectilinear trajectory; the equation for the trajectory can be expressed in terms of the vector of impact parameter $\v{b}$ where the closest encounter with the target is produced at time $t=0$

\begin{equation}
\v{R}=\v{b} + \v{v}t, \v{v}\cdot \v{b} =0
\end{equation} 

Now we can recast the term $\nabla_\v{R}$ as a time derivative as

\begin{equation}
\nabla_\v{R} = \frac{\v{v}}{|\v{v}|^2} \pd{}{t},
\end{equation}

The \SE Eq. \ref{eq:eikonalSE} can be written 

\begin{equation}
\left[ \oper{H}_{int} - i\pd{}{t}_{\v{r}} \right] \psi (\v{r},\v{R}) = 0
\label{eq:eikonalFinal}
\end{equation}

%\cmt{\BP}{
This is the expression produced by the eikonal approximation.
The eikonal approximation has been used in the case of electron atom collisions, but also is important in high energy ion-atom collisions \citep{Belkic1979}.
The eikonal approximation can be also coupled to other levels of electronic structure.
One example was shown by Micha et al \citep{Micha1994} with Time-dependent Hartree-Fock.
%}

%\cmt{\MV}{Missing: Wavepackets and Surface Hopping}

\section{Movement of Nuclei}

In the previous sections we see how the electronic structure can be computed with different levels of refinement.
In this chapter we explore the methods that allow to describe the movement of the nuclei and the electronic structure dynamics created by this movement.

There are several options to deal with this problem.
The first one could be to completely ignore it and assume that the nuclei follows a rectilinear path.
That is the assumption done very often in atomic physics for high energy collisions, the idea is to concentrate all the theoretical effort in the electronic structure.
The physical justifications for such approach requires that the collision is done in gas phase as usual in atomic physics.
With that requirement the projectile collides at most with one molecule in the target before being detected.
Another condition is that the kinetic energy of the projectile is high enough so that the angle of deflection is negligible or at least can be obtained without solving step by step the kinematic state of the nuclei. 

The opposite side of the spectrum is classical molecular dynamics that try to avoid the hard problem of solving the electronic structure at each time, and  prefers to concentrate is efforts in the dynamics of the nuclei, assuming that the potentials produced by the electronic structure can be precomputed theoretically or tabulated experimentally.

In the middle between those extremes are the methods called ab-initio molecular dynamics.
For those methods, the electronic structure is as important as the correct path followed by the nuclei and each aspect of the dynamics needs to be calculated taking in account the other element.
The methods used in this work are based precisely in this assumption and the whole area will be briefly explored.

\subsection{Classical Molecular Dynamics}

There are two basic ingredients in classical molecular dynamics (CMD).
The movement of atoms is determined by numerical integration of the Newton's equations of motion, and the potential generated by the electronic structure is precomputed in advance and used without any further first-principles calculation.

In CMD the complexity of the electronic structure is removed replacing the potential coming from the electronic structure by \textit{effective potentials} or \textit{force fields}.
Those effective potentials try to capture the electronic, ionic and electron-ion interactions.
Usually fixed, the potentials are function of the interatomic distances at least.

The derivation of the equations for CMD starts from the time-dependent \SE 

\begin{equation}
i \pd{}{t} \Phi(\v{r},\v{R};t)=\oper{H} \Phi(\v{r},\v{R};t),
\end{equation}
where the vector $\v{r}$ is the set of electronic coordinates, $\v{R}$ are the nuclear coordinates and the Hamiltonian can be described by

\begin{equation}
\oper{H} = -\sum_i \frac{1}{2M_i} \nabla_i^2 + \oper{H}_e(\v{r},\v{R})
\end{equation}

The classical molecular dynamics equations can be formally derivated as presented in \citep{Marx2000} that follows the route of Tully presented in some books \citep{Berne1998,Thompson1998}.
The starting point is to assuming the complete separability of electronic and nuclear coordinates

\begin{equation}
\Phi(\v{r},\v{R};t)\approx \Psi(\v{r};t)\chi(\v{R};t) \exp \left[ i\int_{t_0}^{t} dt' \tilde{E}_r(t') \right]
\label{eq:CMD}
\end{equation}

Introducing this separation into the \SE and elaborating the \SE associated to the nuclear coordinates, we can arrive to the Newtonian equations of motion for the nuclear positions

\begin{eqnarray}
M_i \v{\ddot{R}}_i (t) 
&=& -\nabla_i \int \mathrm{d}\v{r} \Psi^* \oper{H}_e \Psi \\
&=& -\nabla_i V_e^E (\v{R}(t))
\label{eq:CMDnuclei}
\end{eqnarray}
and the electronic \SE for the electrons will be
\begin{eqnarray}\nonumber
i\pd{\Psi}{t}
&=& - \sum_i \frac{1}{2} \nabla^2_i \Psi + V_{n-e}(\v{r},\v{R}(t))\Psi(\v{r},\v{R};t) \\
&=& \oper{H}_e(\v{r},\v{R}(t)) \Psi(\v{r},\v{R};t)
\label{eq:CMDelectronic}
\end{eqnarray}

The main message is that the nuclei move according to classical mechanics in an effective potential $V_e^E$ that is created by averaging the electronic Hamiltonian $\oper{H}_e$
 over the electronic states.
As the electronic structure is not computed during the simulation our present level of technology allows to compute millions of particles with large integration time.
It is worth to mention than in CMD the quality of the simulations is very dependent of the choice of potentials.

Consider for example the most prototypical potential, the Lennard-Jones (LJ) \citep{Jones1924}.
The potential is defined as

\begin{eqnarray}
V_{LJ}&=& 4 \varepsilon \left[ \left( \frac {\sigma} {r} \right)^{12} - \left( \frac {\sigma} {r} \right)^6 \right]\\
&=& \varepsilon \left[\left( \frac {r_{m}} {r} \right)^{12} -  2 \left( \frac {r_{m}} {r} \right)^6 \right] 
\end{eqnarray}
where the parameters $\varepsilon$ and $\sigma$ are adjusted with experimental data or ab-initio calculations.

This potential is very simple, contains only two parameters and is a pair potential, ie, the interactions are established between two atoms.
Those advantages are also its limitations.
With only two parameters $\varepsilon$ and $\sigma$, LJ potentials can be tuned for two physical quantities, for example bond length and energy of dissociation.
Other physical properties can not be included and will typically fail.
LJ is a pair potential, so it is insensitive to the number of bonds that a particular atom creates or the coordination number in a crystal.
For that reason LJ in crystals will try to maximize the coordination, producing hexagonal close-packed structures. 
Those potentials are also weak in representing the correct angles and dihedrals.
In general, they are considered as appropriate for modeling noble gases at reasonable low temperatures.
The interaction in such systems is dominated by van der Waals forces.

The main limitation of CMD in relation to the objective of this work is the complete lack of electronic structure dynamics.
Charge transfer processes cannot be described at that level of theory.

\subsection{Born-Oppenheimer Molecular Dynamics}

An alternative to CMD consist in solving the electronic structure problem ``on the fly'' assuming static positions for the nuclei each time that the electronic structure is computed.

The physical justification for that comes from the mass disparity between nuclei and electrons.
Consider the ratio between the mass of a proton and the mass of an electrons $m_p/m_e\approx 1836$.
Adding to that the fact that the number of neutrons increase with the number of protons the disparity between the masses of nuclei and electrons becomes more and more evident.

This led Born and Oppenheimer \citep{Born1927a} to think that in order to alleviate the complexity of the \SE the dynamics of nuclei and electrons could be decoupled.
It means that the full many-body wavefunction for a set of electrons and nuclei could be separated as

\begin{equation}
\Phi_{\text{BO}} (\v{r},\v{R};t) = \tilde{\Phi}_{\v{R}}(\v{r}) \chi (\v{R};t).
\label{eq:BO}
\end{equation}

Assuming a single state for the nuclear wavefunction.
Notice that the Born-Oppenheimer eq. \ref{eq:BO} separation differs from the CMD ansatz Eq. \ref{eq:CMD}.
The electronic wavefunction is static in BO but formally present in Eq. \ref{eq:CMD} but disappears in the mean field calculation.

The idea is that the coordinates of the nuclei $\v{R_j} (j=1\cdots M)$ and the coordinates of the electrons  $\v{r_i} (i=1\cdots N)$ have very different nature and the electronic wavefunction $\Phi_{\{\v{R_j}\} }(\v{r_i})$ could simply depend parametrically of the nuclear coordinates.

This disentanglement of the wavefunction makes possible also the separation of the Hamiltonian into a Hamiltonian of the dynamics of electrons and nuclei separated plus a term of interaction between the nuclear and electronic parts.
The Hamiltonian in those terms could be written in five terms

\begin{equation}
\oper{H} = \oper{T}_e + \oper{T}_n + \oper{V}_{e-e} + \oper{V}_{n-e} + \oper{V}_{n-n}
\end{equation}

The subscript $n$ means that the term is referring tho the nuclear part and the subscript $e$ refers to the electronic part.
The operator $\oper{T}$ describes the kinetic energy and the $\oper{V}$ is the potential energy.  
For a system of N electrons and M nucleus those five terms can be written as

\begin{eqnarray}
\oper{T}_e &=& -\sum_{i=1}^{N} \frac{1}{2} \nabla_{\v{r}_i}^2 \\
\label{eq:Tn}
\oper{T}_n &=& -\sum_{i=1}^{M} \frac{1}{2 m_i} \nabla_{\v{R}_i}^2 \\
\oper{V}_{e-e} &=& \frac{1}{2} \sum_{i=1}^N \sum_{j=1}^N (|\v{r}_i - \v{r}_j|)^{-1}\\
\label{eq:Vnn}
\oper{V}_{n-n} &=& \frac{1}{2} \sum_{i=1}^M \sum_{j=1}^M Z_i Z_j (|\v{R}_i - \v{R}_j|)^{-1}\\
\oper{V}_{n-e} &=& -\sum_{i=1}^N \sum_{j=1}^M Z_j (|\v{r}_i - \v{R}_j|)^{-1}
\end{eqnarray}
where $m_i$ is the mass of the ith nuclei in the system.
$Z_i$ is the atomic number of the ith nuclei. 
The factor $\frac{1}{2}$ in $\oper{V}_{e-e}$ (or $\oper{V}_{n-n}$) comes from the double summation of the potential between the $i$ and $j$ electrons (or nuclei).
The positive sign in $\oper{V}_{e-e}$ and $\oper{V}_{n-n}$ comes from the fact that the forces that they produce are repulsive.

The next important step is the consideration that the movement of nuclei is in general slow compared with the rapid movement of electrons. 
We can consider that electrons evolve in a potential generated by nuclei. 
It does not mean that the nuclei cannot move.
It means that the dynamics of nuclei is of a different nature compared with the dynamics of electrons, that could eventually be treated classically.
This procedure promotes Eq. \ref{eq:Tn} and Eq. \ref{eq:Vnn} from the quantum domain to the classical domain and we end with a electronic Hamiltonian expressed as

\begin{equation}
\oper{H}_{e\{\v{R}\}} = \oper{T}_e + \oper{V}_{e-e} + \oper{V}_{n-e} 
\end{equation}

With this the nuclear positions becomes parameters of the \SE that now reads as

\begin{equation}
\oper{H}_{\{\v{R}\}}^e \Psi_{\{\v{R}\}}^e (\v{r}_i) = E_{\{\v{R}\}}^e \Psi_{\{\v{R}\}}^e (\v{r}_i),
\label{eq:electronicSE}
\end{equation}
where $E_{\{\v{R}\}}^e$ is the electronic energy of the system and $\{\v{R}\}$ represent the parametric dependency on the M nuclear positions.

The complete expression can be reintroduced replacing the electronic terms of the Hamiltonian by the electronic eigenvalues.
The complete \SE including the nuclei can be written

\begin{equation}
\left( \oper{T}_n + E_{e\{\v{R}\}} \right) \Psi_i(\v{R}) = E_{BO \{\v{R}\}}^{} \Psi_i(\v{R}).
\end{equation}

This decoupling of nuclear and electronic dynamics greatly simplifies the treatment of a set of many-body interacting particles, nuclei and electrons.
However the solution of Eq. \ref{eq:electronicSE} is still a challenging problem.
The big barrier is created by the electron-electron interaction $\oper{V}_{e-e}$ that correlates the dynamics of electrons.
In the first section of this chapter, several approaches were considered to solve the electronic structure of a set of interacting electrons.
Those approaches could be used to provide the electronic dynamics necessary by BO.

\subsection{Ehrenfest Molecular Dynamics}

In Ehrenfest molecular dynamics (EMD) the classical limit for nuclei is preserved as in Eq. \ref{eq:CMDnuclei} but the \SE for the electronic part is preserved as Eq. \ref{eq:CMDelectronic} and not approximated as in CMD \citep{Marx2009}.

Coupling the classical movement of nuclei with a quantum mechanical movement of electrons implies to solve the set of equations

\begin{eqnarray}
M_i \v{\ddot{R}}_i (t) 
&=& -\nabla_i \int \mathrm{d}\v{r} \Psi^* \oper{H}_e \Psi \\
i\pd{\Psi}{t}
&=& \oper{H}_e(\v{r},\v{R}(t)) \Psi(\v{r},\v{R};t)
\label{eq:Ehrenfest}
\end{eqnarray}

The traditional dimensionality explosion with nuclear dimensions for the computation of potential energy surfaces disappears when the time-dependent \SE is solved ``on-the-fly''.

The nuclear forces are computed using the Hellmann-Feynman theorem in order to compute

\begin{equation}
\v{F}_i=-\nabla_i \matrixel{\Psi}{\oper{H}_e}{\Psi}.
\end{equation}

By expanding the electronic wavefunction in terms of basis $\{\Psi_k\}$

\begin{equation}
\Psi(\v{r},\v{R};t)=\sum_{k=0}^{\infty} c_k(t)\Psi_k(\v{r},\v{R})
\end{equation}
where the coefficients $c_k(t)$ are constrained by the relation
\begin{equation}
\sum_k |c_k(t)|^2=1
\end{equation}

Using this expansion the equation Eq. \ref{eq:Ehrenfest} can be recast in terms of the coefficients $c_k$

\begin{eqnarray}
M_i \v{\ddot{R}}_i(t)&=&-\sum_k |c_k(t)|^2\nabla_i E_k - \sum_{k,l}c^*_k c_l (E_k - E_l) \v{d}_i^{kl}\\
i\dot{c}_k(t)&=&c_k(t)E_k
-i\sum_{i,l} c_l(t) \v{\dot{R}}_i \v{d}_i^{kl}
\end{eqnarray} 
where the terms $\v{d}_i^{kl}$ are given by
\begin{equation}
\v{d}_i^{kl}(\v{R}_i(t))=\int d\v{r} \Psi^*_k \nabla_i \Psi_l 
\end{equation}

%\cmt{\MV}{How to conect in DFT? multiple PES? General performance of Ehrenfest then...}

With those $c$ coefficients changing, the Ehrenfest dynamics allows for non-adiabatic transitions between different electronic states still preserving the classical nuclear motion for the nucleus.

This is the most natural method to produce molecular dynamics in explicit time-dependent methods such as Time-dependent Hartree-Fock (TDHF) or Time-Dependent density functional theory (TDDFT).

An illustrative example is the case with only one electronic state, in this case the Ehrenfest dynamics reduces to solve

\begin{eqnarray}
M_i \v{\ddot{R}}_i(t)&=&-\nabla_i \matrixel{\Psi_0}{\oper{H}_e}{\Psi_0}\\
i\pd{\Psi_0}{t}&=&\oper{H}_e\Psi_{0}
\end{eqnarray} 
where the electronic Hamiltonian $\oper{H}_e$ is time-dependent via the nuclear movement. 

Ehrenfest molecular dynamics is the method of choice in this work, and there are several number of reasons for that. 
%\cmt{\MV}{
Other methods like CMD and BO can not account for charge transfer processes, first because the electronic dynamics is completely missing (CMD) or computed for static atomic positions (BO).
%}
The limitation as usual is the number of degrees of freedom in the system.
For TDDFT, Ehrenfest dynamics represents the natural alternative and it is the method of choice for collision problems with large systems.

Recently, for large-scale problems an efficient algorithm has been developed that automatically enforced orthogonalization of the Kohn-Sham orbitals, a typical limitation in other AIMD. \citep{Andrade2008,Andrade2009}

\subsection{Car-Parrinello Molecular Dynamics}

Car-Parrinello is somehow a departure from the other methods like CMD, BO or EMD.
Those methods can be formally presented stating from a certain factorization of the full \SE as in Eq. \ref{eq:CMD} (CMD), Eq. \ref{eq:BO} (BO) or Eq. \ref{eq:Ehrenfest} (EMD) and simplified  with a series of physical arguments.

Car-Parinello Molecular Dynamics (CPMD) \citep{Carr1985} combines the good properties of EMD and BO using a radical new approach.
In Ehrenfest the big limitation is the time scale that is dominated by the electrons, on the contrary in BO such limitation does not occur as the electronic structure is computed on frozen nuclear positions.
That implies that the full electronic structure calculation must be done at each time step, something that is not required in Ehrenfest.
Car-Parrinello molecular dynamics takes advantage of the smooth time-evolution of the electrons  preserving the flow of the nuclear positions.

Instead of having a mixed quantum/classical system as in BO or EMD, CPMD recasts the problem in a purely classical envelope by proposing a classical Lagrangian for the set of nuclei and the classic-like electrons 

\begin{equation}
\mathcal{L}_{\text{CP}} = \underbrace{\sum_I \frac{1}{2} M_I \v{\dot{R}}^2_I + \sum_j \frac{1}{2} \braket{\dot{\psi_j}}{\psi_j}}_{\text{kinetic energy}} - \underbrace{\matrixel{\Psi_0}{\oper{H}_e}{\Psi_0}}_{\text{potential energy}} + \underbrace{constraints}_{\text{for orthogonality}}
\end{equation}

Imposing as usual the minimal action principle for the action of this Lagrangian

\begin{equation}
\delta S = \delta \int_{t_0}^{t_1} \mathcal{L} dt = 0
\end{equation}
we arrive to the Euler-Lagrange equations of motion

\begin{eqnarray}
\frac{\mathrm{d}}{\mathrm{d}t} \pd{\mathcal{L}}{\v{\dot{R}}_i}&=&\pd{\mathcal{L}}{\v{R}_i}\\
\frac{\mathrm{d}}{\mathrm{d}t} \pd{\mathcal{L}}{\v{\dot{\psi}}_j}&=&\pd{\mathcal{L}}{\v{\psi}_j}
\end{eqnarray}

Applying the expression for $\mathcal{L}$ on these equations we obtain the Car-Parrinello set of equations of motion.

\begin{eqnarray}\nonumber
M_i\v{\ddot{R}}_i(t) &=& - \pd{}{\v{R}_i} \matrixel{\Psi_0}{\oper{H}_e}{\Psi_0} + \pd{}{\v{R}_i} \{constraints \}\\ \nonumber
\mu_j\v{\ddot{\psi}}^*_j(t) &=& - \pd{}{\v{\psi}_j} \matrixel{\Psi_0}{\oper{H}_e}{\Psi_0} + \pd{}{\v{\psi}^*_j} \{constraints \}
\end{eqnarray}
where $\mu_j$ is some sort of fake mass for the orbital $\psi_j$

The Car-Parrinello approach was groundbreaking since its publication.
The method however has some limitations, the most important being the lack of a real electron dynamics.
Also it is limited to account for strong electronic correlations in systems. 
Despite the fact that the CPMD method has improved in the last 25 years, the necessity to orthogonalize the electronic orbitals is a limit to the applicability for large systems.

\section{Potential energy surfaces and surface hopping}

Within the Born-Oppenheimer approximation the idea of potential energy surfaces (PES) is frequently mentioned.
Using the nuclear positions as variables, the total energy forms a hypersurface.
In the simple case of two atoms, the potential energy is a curve that resemble the traditional effective potentials used in classical molecular dynamics.
In principle to model a reaction a potential energy surface must be created taking in account all the possible positions of reactant and product molecules, and the number of variables makes this task in practice unfeasible.

In practice, the energy surface is interpolated using a certain number of representative orientations, and the potential energy surface or projections of it are interpolated numerically.

Several points of a PES are particularly important.
The global minimum correspond to the structure of the molecule in its ground state.
The reaction path is the set of points that goes from the initial to the final configuration.
Local minima are indications of reactive intermediates and saddle points are transition states.

For the description of processes beyond the Born-Oppenheimer approximation, we can mention two alternatives \citep{Drukker1999}.
One was Ehrenfest dynamics already described in the previous section.
Using the idea of PES we have the surface-hopping method \citep{Tully1990}.

In the surface hopping method, the system jumps between different states.
As the different states are in different levels of energy, the total energy is preserved by adjusting the velocity of the particles accordingly.
During the path in the PES, a small gap between two states generally result in high transition probabilities and most of the hops occur in the vicinity of surface crossings.

\section{Time-Dependent Density Functional Theory}

Time-dependent density functional theory (TDDFT) \citep{Marques2006} is an alternative to solve the \TD \SE for a set of interacting electrons and is the method of choice for this work.
The basics of the theory will be developed here.

TDDFT can be seen as an extension of the ground state density functional theory (GSDFT).
However, the fundamental theorems \citep{Runge1984} are demonstrated in a quite different way even if the results appear analogous to those of GSDFT.
The fundamental theorem of TDDFT, called the Runge-Gross theorem, is the analogous of the Hohemberg-Kohn (HK) theorem that was shown for GSDFT.

Consider a wavefunction $\Psi(t)$, it represents the state of a system of $N$ particles.
The time evolution of such system is given by the solution of the \SE :

 \begin{equation}
 \oper{H}(t) \Psi(t) = i \pd{\Psi(t)}{t}
 \label{eq:tdse} 
 \end{equation}
 
 This is a first-order differential equation whose solution at time $t$ requires the knowledge of an initial condition: the wavefunction $\Psi(0)$.
 The operator $\oper{H}(t)$ is the Hamiltonian, this operator is usually separated in three terms:
 
 \begin{equation}
 \oper{H}(t)=\oper{T}(\mathbf{r})+\oper{V}_{ext}(\mathbf{r} t)+\oper{W}(\mathbf{r})
 \label{eq:hamiltonian} 
 \end{equation} 
 
 The kinetic energy operator $\oper{T}(\mathbf{r})$ is expressed for a set of $N$ particles as:
 
 \begin{equation}
 \oper{T}(\mathbf{r})=-\frac{1}{2}\sum_{i=1}^{N} \nabla_i^2
 \end{equation}
 
The second term in the Hamiltonian is the external potential, that could explicitly depend on time and is separable in $N$ terms, one for each particle in the system:

 \begin{equation}
 \oper{V}_{ext}(t)=\sum_{i=1}^N v_{ext}(\mathbf{r}_i t)
 \end{equation}
 
The third term in the Hamiltonian $\oper{W}(\mathbf{r})$ is in general the Coulomb term, this term is not explicitly dependent on time, is symmetric under the interchange of any two particles, and does not depend of a specific origin of coordinates:
 
 \begin{equation}
 \oper{W}(\mathbf{r})=\frac{1}{2} \sum_{i\neq j}^{N} \frac{1}{|\mathbf{r}_i-\mathbf{r}_j|}
 \end{equation}
 
 As in GSDFT the focus is shifted from the wavefunction to the electronic density, a time-dependent scalar field in the domain of $\mathbb{R}$:
 
 \begin{equation}
 n\RT= \matrixel{\Psi(t)}{\oper{n}(\mathbf{r})}{\Psi(t)}
 \label{eq:density}
 \end{equation}
 
Differently from the Hohenberg-Kohn theorem, the Runge-Gross theorem establishes the conditions under two densities $n\RT$ and $n'\RT$ evolves starting from the same initial state $\Psi(t=0)$.  The theorem uses extensively the current density given by

\begin{equation}
 \mathbf{j}\RT=N\int d^3r_2 \cdots \int d^3r_N \Im(\Psi  \nabla \Psi^* ),
 \end{equation} 
where $\Psi=\Psi(\mathbf{r},\mathbf{r}_2,\cdots,\mathbf{r}_N,t)$ and
the integrand is the imaginary part of $\Psi \nabla\Psi^*$. 
 
The link between the density and the paramagnetic current density is given by the continuity equation

\begin{equation}
\pd{n\RT}{t} = -\nabla \cdot \mathbf{j}\RT.
\end{equation}

For technical reasons revealed during the demonstration of the theorem, the external potential needs to be Taylor expandable

\begin{equation}
v_{ext}\RT = \sum_{k=0}^\infty \frac{1}{k!} \partial_t^k v_{ext}\RT |_{t=t_0} (t-t_0)^k,
\label{eq:cond1}
\end{equation}
this requirement is physically easy to satisfy as the fields change continuously.
However, the theorem excludes the academically important case of potentials that are switched on instantaneously or changes in a step-like way.

Another important ingredient in the RG theorem is the condition under which two potentials are physically different, it means, the conditions under which the solution of the \SE $\Psi(t)$ changes for more than a global phase. Without demonstration here if  two potentials $v_{ext}$ and $v'_{ext}$ differ by more than a time dependent function

\begin{equation}
v_{ext}' \RT \neq v_{ext} \RT + \dot{\alpha} (t) \; \mathrm{for} \; t_0 \leq t \leq t_1,
\label{eq:cond2}
\end{equation}
the solutions $\ket{\Psi(t)}$ and $\ket{\Psi'(t)}$ will differ by more than a time dependent global phase,

\begin{equation}
\ket{\Psi'(t)} \neq e^{-i N \alpha(t) / \hbar} \ket{\Psi(t)}\; \mathrm{for}\;  t_0 \leq t \leq t_1,
\end{equation}
no matter if $\ket{\Psi'(0)} = \ket{\Psi(0)}$.

Now, we have all the ingredients to enunciate the Runge-Gross theorem. From a given initial state $\ket{\Psi(t_0)}$ there is an injective function (one to one) between the set of all potentials that satisfy Eq. \ref{eq:cond1} and Eq. \ref{eq:cond2},

\begin{eqnarray}\nonumber
\mathcal{V} = \left\lbrace v_{ext}\RT \right. & | & v_{ext}\RT = \sum_{k=0}^\infty \frac{1}{k!} \partial_t^k v_{ext}\RT |_{t=t_0} (t-t_0)^k ; \\
&& \left. v_{ext}' \RT \neq v_{ext} \RT + \dot{\alpha} (t) \right\rbrace
\end{eqnarray}

and the set of associated time-dependent densities defined as Eq. \ref{eq:density}, solution of Eq. \ref{eq:tdse} with $\oper{H}$ defined as Eq. \ref{eq:hamiltonian}

\begin{eqnarray}
\mathcal{N} = \left\lbrace n\RT \right. &|& n\RT= \braket{\Psi(t)}{\hat{n}(\mathbf{r})|\Psi(t)} ;\\
&& i \hbar \partial_t \ket{\Psi(t)} = \oper{H} (t) \ket{\Psi(t)} \\
&& \oper{H} = \oper{T} + \int d^3 r v_{ext}\RT \hat{n}(\mathbf{r}) + \oper{W};\\
&& \left. v_{ext}\RT \in \mathcal{V} \right\rbrace
\end{eqnarray}
the injective function being valid for all the values of $t$ in the open $(t_0,t_1)$.

Some remarks are relevant. 
First, notice that the RG theorem talks about an injective function, not a bijection, it means that the existence of a potential for any given density is not guarantee. 
Second, notice that the RG theorem is not pure density functional as the initial state $\ket{\Psi(t_0)}$ is required. the only exception is when the system starts from the ground state; in such case the HK theorem applies to the initial density and the RG theorem becomes a pure density-functional method. 
This is indeed how TDDFT is used in most cases.

The demonstration is splitted in two parts mediated by the intervention of the current density. In a first step the injective function is proved for the current and in a second step the injection is extended to the density.

Once the Runge-Gross theorem is demonstrated,  a similar Kohn-Sham scheme can be proposed in a very similar way as is done in GS-DFT.
Each one of those Kohn-Sham orbitals obey a time-dependent \SE 

\begin{equation}
i \pd{\varphi_i(\v{r},t)}{t} = \oper{H}_{\mathrm{KS}}(\v{r},t) \varphi_i(\v{r},t)
\end{equation}
where $\oper{H}_{\mathrm{KS}}(\v{r},t)$ is the Kohn-Sham Hamiltonian defined by 

\begin{equation}
\oper{H}_{\mathrm{KS}}(\v{r},t)= - \frac{\nabla^2}{2} + \upsilon_{\mathrm{KS}}[n](\v{r},t).
\end{equation}

The potential $\upsilon_{\mathrm{KS}}[n](\v{r},t)$ is usually expressed in as the sum three terms: the external potential $\upsilon_{\mathrm{ext}}[n](\v{r},t)$, the Coulomb interaction $\upsilon_{\mathrm{J}}[n](\v{r},t) $ and finally the exchange-correlation potential $\upsilon_{\mathrm{xc}}[n](\v{r},t)$.

\subsection{Exchange-Correlation Potentials in TDDFT}
TDDFT inherits also from GS-DFT that the fundamental approximation comes from the exchange-correlation potential $\upsilon_{xc}$.
$\upsilon_{xc}$ collects all the terms due to interaction between electrons beyond the Hartree term.

The exchange-correlation potential $\upsilon_{xc}$ is a functional of the density, present or past, but also could be dependent on the Kohn-Sham wavefunctions and in principle from the many-body wavefunction.
It is possible to produce $\upsilon_{xc}$ with increasing complexity, starting from a pure density dependency to an $\upsilon_{xc}$ depending in addition orbital dependency through the Kohn-Sham determinant.

The simplest $\upsilon_{xc}$ starts assuming a instantaneous dependency on the density \citep{Kohn1965}.
That potential is called local density approximation (LDA) or in the case of systems with odd number of electrons local spin density approximation (LSDA)
In LDA one considers a system whose spin densities are $n_\sigma(\v{r})$ and computes the energy of exchange and correlation as

\begin{equation}
E_{xc}^{\mathrm{LDA}}[n_\downarrow,n_\uparrow] = \int d^3 r \, n(\v{r}) \, e_{xc}^{\mathrm{HEG}}(n_\downarrow,n_\uparrow)
\end{equation}

The potential $\upsilon_{xc}$ is formally defined as the variational derivative with the density

\begin{equation}
\upsilon_{xc}(\v{r},t)= \frac{\delta E_{xc}^{LDA} }{\delta n(\v{r},t)}
\end{equation}

%The LDA potential is completely local, it facilitates its implementation as the space can be efficiently separated in domains.
Kohn and Sham realize the basic limitation of a local density approximation.

\medskip
\textit{``Of course, the simple methods which are here proposed in general involve errors. These are of two general origins: a too rapid variation of density and for finite systems, boundary effects.'' 
\citep{Kohn1965}}
\medskip

In spite of the warning, LDA has been remarkably  successful and is the method of choice when its limitations are not proved for a particular kind of problems. 
This approximation has passed the test of time and it is still used nowadays. 
One step forward in complexity but not necessarily in accuracy are the semi-local functionals, in particular the generalized gradient approximation.
In GGA, in addition to a dependency on the density, there is also a dependency on its gradient $\nabla n_\sigma$,

\begin{equation}
E_{xc}^{\mathrm{GGA}}[n_\downarrow,n_\uparrow] = \int d^3 r \, n(\v{r}) \, e_{xc}^{\mathrm{GGA}}(n_\downarrow,n_\uparrow,\nabla n_\downarrow, \nabla n_\uparrow)
\end{equation}

The accuracy of semi-local functionals could be advanced with the inclusion of higher order derivatives of the density.
Alternative we can make the functional to depend on the orbital kinetic energy density.
As an example, recently a general class of functionals was proposed; the so-called meta-GGAs \citep{Perdew1999},

\begin{equation}
E_{xc}^{\mathrm{mGGA}}[n_\downarrow,n_\uparrow] = \int d^3 r \, n(\v{r}) \, e_{xc}^{\mathrm{mGGA}}(n_\downarrow,n_\uparrow,\nabla n_\downarrow, \nabla n_\uparrow, \tau_\downarrow, \tau_\uparrow)
\end{equation}
where $\tau_\sigma (\v{r}) = \sum_i |\nabla \phi_{i\sigma} |^2$ denotes the orbital kinetic energy density.

All those functionals were designed for GS-DFT.
They can be used also for TDDFT, in that case, the temporal dependency is neglected.
The physical justification for that is that for slow varying systems, in the adiabatic approximation the exchange-correlation potential is instantaneous. 
For each functional designed for GS-DFT there is an adiabatic version for TDDFT.

\begin{equation}
\upsilon_{xc}^{\mathrm{adiabatic}} [n_\downarrow,n_\uparrow] (\v{r},t)=\upsilon_{xc}^{\mathrm{LDA,GGA,mGGA,\cdots}} [n_\downarrow,n_\uparrow] (\v{r}) |_{n_\sigma=n_\sigma(\v{r},t)}
\end{equation}

%\cmt{\BP}{
Several remarks can be done in respect to the use of adiabatic local or semilocal functionals in the context of atomic collisions.
First, during a collision, the density changes radically not only in time, but also in space.
The theoretical justification for LDA is a small variation of density and the adiabatic approximation is justified only if densities do not change much in time.
Both conditions are heavily broken during collisions, in particular for the range of kinetic energies explored in this work.
%}

During atomic collisions, one possible outcome could be the ejection of electrons from the system.
This condition is also problematic in TDDFT with almost all the local and semilocal xc potentials.
The problem is due to the incorrect asymptotic behavior of the tail of the potential.
For finite systems, the exact xc potential decays as $-1/r$; but most of the functionals developed for GS-DFT show an exponential decay asymptotically.
There are two ways of correcting for such deficiency, the use of a functional with the right behavior such as the van Leeuwen \& Baerends functional \citep{Leeuwen1994}, or going into more elaborated functionals such as exact exchange and derive $\upsilon_{xc}$ by a procedure called optimized effective potential (OEP) or optimized potential method (OPM)

\subsection{Propagation of KS-states}

Once in possession of a Kohn-Sham scheme as an auxiliary system, the next important step is the numerical integration of the set of \Schro equations.

Taking the \TD \SE Eq. \ref{eq:tdse} and assuming a time-independent Hamiltonian, the quantum wavefunction at time $t$ can be found from the wavefunction at time 0 as:

\begin{equation}
\Psi(\v{r},t)=G(t,0) \Psi(\v{r},0)
\end{equation}

For a time-independent Hamiltonian, the propagator is simply

\begin{equation}
G(t,0)=e^{-i\oper{H}t}
\end{equation}

The propagator for a time-dependent Hamiltonian is more elaborated

\begin{eqnarray}
\Psi(\v{r},t)&=&\oper{G}(t,0) \Psi(\v{r},0)\\
&=& \mathcal{T} \exp\left[ -i\int_0^t d\tau \oper{H}(\tau)\right] \Psi(\v{r},0),
\end{eqnarray}
where $\mathcal{T}$ express the time ordering of the exponential, ie

\begin{eqnarray}\nonumber
\oper{G}(t,0) &=& \sum_{n=0}^{\infty} \frac{(-i)^n}{n!} \int_0^t d\tau_1 \int_0^t d\tau_2 \cdots \int_0^t d\tau_n\\ 
&=&\times \mathcal{T} \left[\oper{H}(\tau_1)\oper{H}(\tau_2) \cdots \oper{H}(\tau_3)\right]
\end{eqnarray}

Only in the case of a Hamiltonian that commutes with itself in the interval, the time-ordering operation becomes trivial.
The propagator $\oper{G}$ can be factored by intermediate propagations in the full interval

\begin{equation}
\oper{G}(t)=\prod_{i=0}^{N-1} G(t_i+\Delta t_i,t_i)
\end{equation}

This splitting of the propagator is motivated by two reasons.
Assuming that the time dependency is continuous in time and its derivative is also continuous. During a very short time scale the Hamiltonian can be assumed constant. The second reason is for a small $\Delta t$ the argument in the exponential decreases. So, the norm of the argument is also small.

Now, we can consider some of the symmetries present in the propagator $\oper{G}$.
If the Hamiltonian is Hermitian, the propagator is unitary

\begin{equation}
\oper{G}^{\dagger}(t+\Delta t,t)=\oper{G}^{-1}(t+\Delta t,t)
\end{equation}

The second symmetry is connected with the non existence of time arrow in quantum mechanics.
The time reversal symmetry.

\begin{equation}
\oper{G}^{\dagger}(t,t+\Delta t)=\oper{G}^{-1}(t+\Delta t,t)
\end{equation}

This condition is valid for all cases present in this thesis, where no magnetic field are applied.

For the rest of the section, the discussion follows the lines of Castro et al. \citep{Castro2004}, dividing the problem in two.
First, the computational alternatives to approximate numerically the exponential of a time-independent operator.
Second, the problem is concentrated in solutions for the quantum propagator of a time-dependent Hamiltonian.
The propagators for the time-dependent Hamiltonian usually rely on the application of $\exp{\oper{A}(t)}$ for several values of $t$.

For the numerical exponential of an operator $\oper{A}$ the first approach could be the direct use of a Taylor expansion 

\begin{equation}
e^{\oper{A}}=\sum_{n=0}^{\infty} \frac{1}{n!} \oper{A}^n.
\label{eq:Taylor}
\end{equation}
The Taylor approach for evaluating the exponential for a given $\oper{A}$ and a vector $v$ consist in truncating Eq. \ref{eq:Taylor} to a certain order $k$

\begin{equation}
e^{\oper{A}}\v{v} \approx \sum_{n=0}^{k} \frac{1}{n!} \oper{A}^n \v{v}.
\label{eq:Taylor2}
\end{equation}

The method requires $k$ matrix-vector multiplications and $k-2$ matrix-matrix multiplications to compute the iteratively a series of matrices of the form $\{1,\oper{A},\oper{A}^2,\cdots \oper{A}^k\}$.

An alternative is Chebychev polynomials instead of using the standard base  $\{1,\oper{A},\oper{A}^2,\cdots \oper{A}^k\}$.
The Chebychev polynomials of first kind are defined by the recurrence relation

\begin{eqnarray}
T_0(x) &=& 1 \\
T_1(x) &=& x \\
T_{n+1}(x) &=& 2xT_n(x) - T_{n-1}(x).
\end{eqnarray}

For $\oper{A}=-i\oper{H}\Delta t$ and a vector $\v{v}$
\begin{equation}
e^{\oper{A}}\v{v} \approx \sum_{n=0}^{k} (2-\Delta_{n0})(-1)^n J_n(\Delta t)T_n(\oper{H}) \v{v},
\label{eq:Chebychev}
\end{equation}
where $J_n$ are the Bessel functions.
This method requires also k matrix-vector multiplications.

The next alternative consist in the use of a Krylov subspace expansion.
The order-r Krylov subspace generated by $\oper{A}$ and $\v{v}$ is the linear subspace spanned by the images of $\v{v}$ under the first r powers of $\oper{A}$ (starting from $\oper{A}^0=I$), that is,

\begin{equation}
\mathcal{K}_r(\oper{A},\v{v}) = \operatorname{span} \, \{ \v{v}, \oper{A}\v{v}, \oper{A}^2\v{v}, \ldots, \oper{A}^{r-1}\v{v} \}
\end{equation}

Using a Lanczos method an orthonormal base can be constructed $\{v_i\}_{i=1}^{r}$.
The basis is such that

\begin{equation}
\oper{A}\oper{V}_r = \oper{V}_r\oper{H}_r + h_{r+1,r} v_r e_r^T
\end{equation}
where $\oper{V}_r$ and $\oper{H}_r$ are $r \times r$ matrices.
$e_r$ is the $r$th unit vector for $\mathbb{C}^r$

The exponential is approximated using the $\oper{H}_r$ 

\begin{equation}
e^{\oper{A}}\v{v} \approx  \oper{V}_r \exp(\oper{H}_r) e_1 
\label{eq:Lanczos}
\end{equation}

All the three methods presented, are accurate enough for a sufficiently small time-step. 
Castro and coworkers \citep{Castro2004}, test those method for the propagation of s, p and d orbitals in equal number of atoms. 
Their results are not conclusive on which method performs better.
For the purpose of this thesis, the Lanczos approach was used extensively.

Now, let us consider the problem of approximate the evolution operator
$\oper{U}(t+\Delta t,t)$.
The biggest challenge is that most of the methods of approximation require the knowledge of the wavefunction and the Hamiltonian in some points in the interval $(t,t+\Delta t)$. 
Several alternatives are considered: extrapolation, self-consistency.
As will be presented in a next chapter, the self-consistency must be deactivated when velocity phase factors are applied.

For the propagators, Castro and coworkers present a series of methods:
Implicit midpoint rule (Crank-Nicholson), explicit midpoint rule, propagators that enforce, exactly or approximately the time-reversal symmetry, methods based on the splitting of the Hamiltonian and the so-called Magnus expansions.

For the purpose of this thesis, the method used ubiquitously was a time-reversal symmetry based operator.
This method is based on the observation that quantum mechanics has no time arrow (except when magnetism is included). 
So, propagating forward from $t$ to $t+\Delta t$ should be the same as propagating backward from $t+\Delta t$ to $t$ should produce the same result.
This statement for a movement of $\Delta t /2 $ produces the condition

\begin{equation}
\exp\left( i\frac{\Delta t}{2} \oper{H}(t+\Delta t) \right) \psi(t+\Delta t) = 
\exp\left( -i\frac{\Delta t}{2} \oper{H}(t) \right) \psi(t) 
\end{equation}

The expression for the propagator becomes 

\begin{equation}
\oper{U}(t +\Delta t,t) = \exp\left( -i\frac{\Delta t}{2} \oper{H}(t+\Delta t) \right) \exp\left( -i\frac{\Delta t}{2} \oper{H}(t) \right) 
\end{equation}

%This is the method used for the thesis for the propagator.

\section{Conclusions}

In this chapter, a wide number of methods, theories and techniques were presented, each of them trying to grasp a different level of the complexity involved in the solution of a quantum system of several interacting particles.

For the electronic structure, the method of choice was \TD density funtional theory.
The reason for that choice comes from the need of an efficient theory capable to scale to a large number of electrons and still be able to describe reasonably well the electronic structure of the system.
A method like Hartree-Fock lacks completely the correlation, and Post-HF methods, such as CI, becomes prohibitive when the number of electrons and atoms increase.

For the movement of nuclei, the kind of collisions that we are interested to model are such that the velocity of the nuclei is comparable to or higher than the average velocity of the valence electrons.
Adiabatic approximations, such as Born-Oppenheimer are not able to describe the transition of charge from one atom to another during a collision.
The method of choice in this level was Ehrenfest molecular dynamics, with the added advantage that the orthogonalization of the wavefunctions can be automatically included in the algorithm, one of the bottlenecks of the other methods.

As in collisions we require explicit evolution of the \TD \Schro equation, TDDFT was the method of choice, using adiabatic LDA as the exchange-correlation potential to start exploring the possibilities of the method in high energy collisions.
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