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Chapter 1

General introduction

This thesis is the reflection of my researches in mathematical sciences.
As a PhD. student at the Université catholique de Louvain, I worked
on different topics in the vast field of analysis and calculus of variations.
The main part of my researches is about the use of equimeasurability
notions in the study of solutions of the lake equations.

The lake equation is a physical model describing the motion of vortices
in a two dimensional basin of varying topography. In the absence of
viscosity, equimeasurability appears as a preliminary conservation law
on the vortex: the vortex is transported along the flow, and transforms
itself during the motion by “rearrangement” of itself. In comparison with
the 2D Euler’s equations, the varying topography induces a different
constraint: rearrangements should be understood with respect to a
different measure.

The above mentioned work is presented in the second part of this
thesis. We present there three chapters, focused on the study of singular
single vortex or vortex pairs, in a steady or dynamical context. Each of
the chapters reflects a paper submitted or published.

I have chosen to dedicate the first part of this text to two other prob-
lems I have been working, namely: Markov process of symmetrizations;
and a characterization of mass convergence via range convergence for
vector valued measures. Those problems give the opportunity to softly
introduce measure theoretic concepts. Each of those chapters reflects a

paper that has been published or submitted.
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Chap. 1:
General introduction

Partt 1: Part 2:
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Figure 1.1: Chapter dependencies

The reader should be aware that the chapter ordering does not follow
the real timeline of the thesis project. We have sketched below the

natural timeline.
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2018-03 X Chap 3, Vector measures
. 2019-04
\ >
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2015-01 ! 2019-03

Chap 5, Steady vortices
2017-11

Figure 1.2: Timeline and approximate production dates
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Figure 1.3: A Steiner symmetrization with respect to the vertical direction
in the plane

1.1 Advances around symmetrizations

Steiner symmetrizations are geometric transformations of shapes and
functions that were first introduced by Steiner [49] in order to give a proof
of the famous isoperimetric problem. The idea of Steiner symmetrization

is to follow the next algorithm:

1. Choose a direction u;

2. Slice the initial shape X in the perpendicular direction u™;
3. Compact the slice as a single segment of same length, centered on

the line directed by u.

The resulting shape X" is symmetric with respect to u and, because of
the Fubini’s theorem for the integral, has same area. In fact, Steiner
proved that the perimeter of the resulting shape is smaller than the initial
one. The process is shown in figure 1.3

Figure 1.4 illustrates what happens when we keep symmetrizing the
shape X along different directions w1, uo, us, us. As the reader may see,
the resulting shape X%1%2%3%4 ig more spherical than the initial one and
an easy guess would be that, the more we symmetrize, more spherical
the shape becomes. This phenomenon is the starting point of our work

on successive symmetrizations taken at random.
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Figure 1.4: Successive symmetrizations (from left to right, then next
line) of an initial shape (top left) in the plane. Successive directions are
vertical, horizontal, of angle 7/4, then 37 /4. The result (bottom middle)
tends to be spherical.
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1.1.1 Previously known results

Symmetrizations are operations that transform a shape to another one
of same measure. In this respect, symmetrizations are a special kind of a
more general family of transformations: rearrangements. The initial shape
X and its symmetrized X“ have that in common that they share the same
measure: they are equimeasurable. Symmetrizations are also expected
to bring symmetries, which make them useful in solving variational
problems.

A natural question that have been asked is to give conditions for
successive symmetrizations to converge to a ball. The transformation
that maps a set X to the ball X* of same radius (centered on the
origin) is usually referred to as the spherical nonincreasing rearrangement.
Steiner symmetrizations are rich enough to approximate the spherical
non increasing rearrangement (see for example [9; 34, proof of theorem
3.7]), and in fact, the process is robust enough to allow universal choices
of symmetrizations [53], and even random choices of successive directions.
The field of random successive symmetrizations really began with the
following result of Mani-Levitska [36]:

Known result (Mani-Levitska [36]). Giving a random process (Sp,)neN
uniformly distributed in the sphere, and composed of independent random
variables, any sequence of the form (K°152+57), . with K compact and
convex, converges almost-surely to K* in the sense of the Hausdorff

distance.

Mani-Levitska’s result was the starting point of various improve-
ments [5, 11,21, 53-55], concerning the assumptions on K (convexity
is not necessary), mode of convergence (the Hausdorff distance and K
compact may be replaced without any down- or upgrading the result by A
measurable and the L!-distance), uniform distribution may be replaced
by any distribution leaving sufficiently many choices (in the plane, a
support of two points may already be sufficient), depending or not on

n € N. Hence a typical statement of the form:

Known result (Burchard & Fortier[11]). Assume that (fn)nen is a

sequence of probability measures on the sphere, that leaves “sufficiently
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many choices of directions” and that does not degenerate too quickly.
Giving a random process (S, )nen made of independent random variables,
and S,, ~ fip,, any sequence of the form (A5152:+57), .y with A measurable,

converges almost-surely to A* in the sense of L'-convergence.

1.1.2 New contributions

Our main concern in the study of random sequences of symmetrizations
was the improvement of the “independence assumption”. Indeed, inde-
pendence of the process is an important assumption in the previously
known results in the literature. We have shown that a Markov process of
directions is a sufficient assumption to obtain an almost-sure convergence
result.

A Markov process on the sphere S is a random process driven by a

transition function (see [52])
P:SxAB(S)—[0,1]:(s,A) — Ps(A),

representing the probability Ps(A) that the process enters a set A know-
ing it is already in state s. Similarly, the iterated transition function
PF(A; x ... x A}) represents the probability for the process to enter
successively in states Aq, ..., Ag, knowing it starts from state s. In con-
trast with processes made up of independent and identically distributed
variables, successive Steiner symmetrizations that form a Markov process

are mutually correlated. We have obtained the following new result:

New result. Let (S,)nen be a time-homogeneous Markov process of
Steiner symmetrizations with initial distribution p. If there exists a limit

direction u* such that

1. (Recurrence) the process comes back near u* almost-surely infinitely

often,

2. (Discrimination) starting from point u*, we can reach any relevant

symmetrization almost-surely in a finite number of steps,

3. (Continuity) for every n € N and for every open sets Oy, ..., Oy,
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the map
se€S— PO x...xOp)

is lower semi-continuous at u*,

then for every Lebesgue measurable set X of finite measure, the sequence
(X Sl"'sn)neN converges to X*, almost-surely. In particular, the sequence

is almost surely universal.

The recurrence and discrimination conditions taken together offer the
knowledge of a point u* that acts as an attraction state, and from which
sufficiently many directions are available in finite time. The continuity
condition makes the link between the two.

In some sense, our result explains that successive symmetrizations
are expected to be robust enough so that even if the process acts with
finite memory against it, convergence to a ball should always occur with
probability 1.

A corollary of the above result concerned sequences of deterministic

choices. We were able to prove the following new result:

New result. Assume that ¢ : S — S is a continuous function from the

circle to itself, with the property that the orbit

{"(u*) = (po...0¢)(u*) :n € N}

is dense in the circle, for some starting point «*. Then any sequence of

successive Steiner symmetrizations (X" (*")), cn converges to X*.

This result extends the particular case of the Kronecher sequence [4,
Section 5]

p(e) = 97 o is an irrational multiple of

to more general continuous functions.

We finally point out that the results exposed in this introduction are
not confined in the study of Steiner symmetrizations. In fact, we were also
able to approximate the spherical nonincreasing rearrangement via cap
symmetrizations, polarizations; or Steiner and cap symmetrizations by

polarizations. All this results are presented in details in part 1, chapter 2.
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1.2 Advances around vector measures

Mass convergence of vector measures often appears in calculus of varia-
tion [22,26] as an in-between notion between strong and weak convergence

of measures.

To illustrate the concept, let us consider an elementary yet funda-
mental example. Assume we are given in a sequence (p)nen in R,
converging to some point z € R: nh_)rglo r, = x. We are interested in the
convergence of the sequence of Dirac masses

lim §,, = 0,.
n—o0

Weak convergence means that, for every continuous function with compact
support ¢ € C.(R, 0, 1]), we have

lim [ ¢(y)dds, (y) = /R ¢(y)ddz(y).

n—oo R

In the case of Dirac masses, this reduces to

lim o(zn) = ¢(2),

n—o0

which holds by continuity of . In comparison, strong convergence means

that
lim sup / o(y)d(6z, — d2)(y) = 0;
n—oo L,DECc(R) R
lel<1

or equivalently, talking with measure-theoretic notations:
lim |0, — dz|= 0.
n—oo

Strict convergence (or mass convergence) is an in-between notion, as it

reads:

i s [ e, = s [ o))
0 veC.(R) JR p€C:(R) JR
lo|<1 lpl<1
or equivalently:

lim |6, |= [0z].
n—00
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It is readily checked that the mass of a finite combination of N Dirac
masses with coefficients 1 or —1, always equals N. This is due to the
fact that we have sufficiently many continuous functions to find one
with exact value 1 or —1 at each point mass, with sign according to the
coefficient sign. In particular, we cannot hope for strong convergence,
since

|0z, — 0| = 25

although we certainly have strict convergence. A contrario, we loose

mass convergence if we consider the sequence of Dirac combinations

fin, = Oz, — Oz,

with lim z, = 0. In this case, the mass of u, equals 2, but the mass of
n— oo

the weak limit (which is the null measure) is 0. For real values measures,

things stays quite easy, as mass convergence roughly appears when the

limit points are colliding.

The situation is more dramatic in higher dimensions, where the choice
of the norm used in the mass definition alters the conclusion of mass
convergence, even in the case of a colliding pair. Changing the norm
in RY does not alter the topology of the space (hence the set of test
continuous functions), but it changes its geometry. Two famous examples

of norms in the plane are given by the euclidean norm
[z|2= V/(21)* + (22)?,
and the Manhattan norm
|zl = [z1[+]z2].

To see that the choice of geometry affects mass convergence, consider for

all n € N the vector valued measure

1 0
n= N omt | )6 im
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The weak limit (uy,)neN is easily computed as

With respect to the euclidean norm, the mass of u, is computed as
lnll2= [(1,0)|2+[(0,1)|2= 2,

while the mass of u is computed as ||u||2= +/2. Considering the euclidean
norm, we should say that (u,),en does not convergence, in the sense of
mass convergence, to . Note that the mass of p is strictly smaller to the
mass of p,, which sounds legit in term of mass collision. Let us compare

this result with the choice of the Manhattan norm. We compute
ln 1= 1(L,0)[1+[(0, 1) 1= 2,

while ||4][1= 2. Hence, with respect to the Manhattan norm, the sequence

(tn)nenN converges strictly to p.

A similar behavior occurs in the field of functions of bounded varia-

tions, if one considers the sequence

Up 1 [0,1] X [0,1] = R : uy(x) = ((2) (1)> T+ %X(TLI’Q) <(1)> ,

where x(¢) = 1 — |t — 1| on [0, 1], and repeats periodically. This is a
standard laminar construction as one can found in [19, Section 2], for

example. The sequence (u,)nenN is weakly* converging to

u:[0,1] x [0,1] = R :u(z) = <§ ?) x,

but the derivatives keep oscillating between

o) = 03]

on equimeasurable subspaces of the cube, so that ||Duy|2= 2 = || Dul|2.
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Nevertheless, if we equip R?*? with the Frobenius norm we have
|| Dul|pe= Tr(Du*Du) =5,

while || Duy,||m=1+ V2 for all n € N.

1.2.1 Previously known results

A first important result is due to Reshetnyak [42] and Delladio [23] (see

also [47]), who have proved the following statement:

Known result (Reshetnyak [42]). Assume that (u,)nen is a sequence
of vector valued measures weakly converging to some vector measure .

If we have
li =
i g = ]l
with respect to the mass induced by a strictly convex norm, then mass

convergence occurs for any other choice of norm.

The above result naturally rises the question to know if it is possible
to encode mass convergence via a purely topological notion. To do so, we
propose to consider the notion of range of a vector measure [25,35,43],

defined as the closed convex hull of the algebraic range
{n(4) - Aex}.
When the measures are valued in R, we have [20, Appendix C]
range(p) = [—p~ (X), (X))
where pt, 4~ form the Hahn-Jordan decomposition of i, while
|1l (X) = p™(X) + 5~ (X),

so that for any widely converging sequence of vector measures, the
convergence of the range is equivalent with mass convergence.
Our choice is motivated by the following characterization of the mass,

due to Rodriguez-Piazza:
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Known result (Rodriguez-Piazza [43]). Let u, v be two vector measures

with bounded ranges in R", such that

range(u) = range(v).
Then we have ||u||= ||v||, for any choice of norm on R™.

The above mentioned result shows that somehow, the range of a vector
measure characterizes its mass. In this perspective, the choice of the
range as a relevant topological object to characterize mass convergence is
natural, and it also leads to the following question: can we hope for some

monotony property of the mass with respect to inclusion of the ranges?

1.2.2 New contributions

A first result we prove is an extension of Reshetnyak theorem:

New result. Let (up)nen be a sequence of vector valued measured,
weakly converging to some i, and with bounded ranges. If the sequence of
ranges (range(fin)),,cn converges to range(y) in the sense of the Hausdorff

distance between compact and convex sets, then
Tim a1 (1]

for any choice of norm on RY. Furthermore, the converse implication

holds if, and only if, the chosen norm is strictly convex.

The above result shows that strict convexity is required for range
convergence, and encoded mass convergence (for strictly convex norms)
with a purely topological object that does not depend on the geometry
of the space. It also explains why the Manhattan norm lead to mass
convergence although the masses were colliding: the Manhattan norm
is not strictly convex, and therefore cannot catch all the information
concerning the ranges (and mass collision). A contrario, the Euclidean

norm is strictly convex, and catches the information of mass collision.

When the chosen norm on the target space RY is euclidean, we are

able to prove a monotony result for the mass:
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New result. Let u, v be two vector measures of bounded ranges, such
that
range(u) C range(v).

If the norm ||-|| on RY derives from a scalar product, then we have

el <1

with equality if and only if the ranges coincide.

The requirement that the norm derives from a scalar product comes
with the technique we have used to solve the above problem. In fact, we

have proved a representation formula of the form

lull= /3 ()| dor(u),

for some measure o on the sphere S of RY, and where |(j|u)| denotes the
mass of the projected measure with the endowed scalar product. Such
representation formula holds for euclidean norms, and more generally, its
validity is linked with the zonoid property of the unit ball in RY [6,18].
We mention that in dimension 2, RY = R?, such formula always holds
and in this case, we have brought a interesting geometric interpretation

of the mass:

New result. Assume that yx is a vector measure valued in R2. For any

choice of norm, we have

1
§||M|: Perimeter(range(u)),

where the perimeter is computed with respect to the distance induced

by the chosen norm ||-||.

Convergence of the perimeters is sufficient to prove convergence of
the convex sets in the sense of Hausdorff; and the monotony result may
be derived from an isoperimetric inequality (seen also [48]).

A detailed presentation of the above results is exposed in part 1, chap-
ter 3.
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1.3 Advances around singular vortex in lakes

In this introduction, we present the lake problem in its potential vorticity
formulation, as it is one of the formulations that is common to our three
chapters, chapters 4, 5, 6 in part 2.

A lake D C R? is a bounded planar domain, endowed with a depth
function b : D — [0,00) [16,27,40]. In general, one may think of b as
being a smooth function at least continuously differentiable.

The velocity u in the lake satisfies the incompressibility equation
V- (bu) =0,
and the time-evolution equation
ou+ (u-V)u=—Vh,

where h is the water elevation from position at rest. In general, one drops
the dependence in h by taking the curl of the above time-dependent

equation, which leads, after some algebra, to

¢ ¢

Oy = V= =0
tr—i—u VF ,

where ¢ = b~ curl(u) is the potential vorticity associated with u,

F:/l)gb(x)dx:/l)curl(u):éDuOT

is the total circulation of the velocity. It is a conserved quantity of the
motion (because ( is transported along the flow, and the incompressibility
condition on u makes the weighted measure b(z)dx the invariant measure
of the system).

Giving a potential vorticity (, it is always possible to reconstruct the

velocity u by mean of some operator K, in such a way that

u= %VLKg = %(@Kg, —01K¢).

The scalar field K ( is referred to as the stream function of the problem.

We have been interested in answering a simple yet challenging question
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concerning the lake equation: is it possible to mathematically justify
the existence of singular vortices, and to foresee their evolution in the
lake? The link with measure theory is done through our wish to solve the
above problem by relying on the transport equation for ¢, which may be
interpreted by stating that ((¢) at time ¢ is linked with the initial value
¢(0) by the fact that there are b(x)dz-rearrangements of each other:

/ b(x)dx = / b(x)dz.
{<()>A} {C(0)>A}

This conservation law allows us to get profit from the rich structure
of rearrangements, but the expert reader should keep in mind that we
cannot expect any of the usual symmetrization techniques to be useful

here, because the topography b need not satisfy symmetry properties.

1.3.1 Previously known results

It is known that weak solutions of lake equations exist globally [29,31,33,
38, 39]; these solutions are unique [7,31,38] and as smooth as the data
permits it [29,32,39].

When b = 1, the lake equation reduces to the well-known two-
dimensional Euler’s equation. It is known since the works of Helmholtz,
Kirchhoff and Routh, that the two-dimension Euler’s equation have sin-
gular vortex-point solutions whose vorticity is a linear combination of
Dirac deltas. The position of those vortices are described through a
dynamical system whose Hamiltonian is the Kirchhoff-Routh stream
function [28, §5; 30, Zwanzigste Vorlesung, §2-3; 45, §23]. Marchioro
and Pulvirenti have proved that the singular vortex-point solutions are
in fact the limits of solutions of the planar Euler equations whose initial
data’s vorticity concentrates into Dirac masses [37]. Such constructions
of singular point-vortices are usually referred to as desingularization

methods.

Much less is known concerning point-vortices in the lake equation.
Richardson has formally derived the following concentration law for a

system of concentrated vortices (see also [10,17,41]):
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Known result (Richardson [44, (5.1)]). If z. : [0,00) — D describes

the position of an isolated vortex obeying the lake equation with total

circulation I'¢, concentrating in a region of width ¢ > 0, then the function

z should satisfy the following ordinary ordinary differential equation:
F2

elt) = o ln% (V5 Inb) (e ().

Richardson’s law tells us that point-vortices should follow isobath
curves. This behavior is different from the typical behavior of point-
vortices in the Euler’s equations, where the motion of a point-vortex is
driven by the whole geometry of the domain D.

Unfortunately, Richardson’s work did not provide a proof that an
initially concentrated vortex remains indeed concentrated. In fact, the
techniques used by Richardson is more about matching asymptotics. We

would like to give a more robust justification of the law of evolution.

It should be noted that those questions have received an answer in the
particular case of stationary solutions, where the point-vortex is proved
to locate on the point of maximal depth. Existence of such solutions
were studied by Van Schaftingen and de Valeriola [24] and were already
known in the flat Euler case [3,14,46,50,51]:

Known result (de Valeriola, Van Schaftingen [24]). There exists a
family of solutions ({¢)e>0 of the lake equation, obtained by an energy
maximation principle, weakly converging to a point-vortex located on a

point of maximal depth.

The techniques used to prove the above was to solve an energy
maximization on the stream function ¢ = K, with an a priori constrained

of the form
¢=F(y),

for some prescribed increasing function F. According to Arnold’s in-
terpretation [1,2] of the transport equation, maximizer should follow
such a relation, and one may wonder if it is possible to construct steady
solutions by solving an energy maximization problem on a class of re-

arrangements of the vorticity ( directly, without imposing the shape of



Introduction 25

F and working with a maximization problem in the space of ¥. Such
approach was successfully implemented for the Euler’s equations and for
Euler’s rings [12,13,15], where it brought results that were robust enough
to handle the cases of non smooth lakes. It is natural to hope that such

approach may be used successfully as well for the lake equation.

1.3.2 New contributions

In this introduction, we will focus on the particular solutions prepared
from an initial state as follows. We fix a nonnegative function f € C°(R?)
such that [g. f = 1, a sequence of positive numbers (¢, )pen converging
to 0, x9p € R? and a sequence (I'y)nen such that for every n € N
B(zg,en) C D, we set for each x € D

b(z)Cn(0,2) = an(x_xo). (1.3.1)

€n

Thus (,(0) appears to be a rescaled version of the same model positive

function f. It can be computed that
/ ((0, 2)b(x)dz = Ty,
D
and the following weak convergence holds:
1
—(n(0) = G0
¢ (0) (0)

New result. Assume that the depth function b is constant on each
component of 9D and non vanishing, and assume that we are given a

family of classical solutions of the lake equations

{Cn:TLEN},

prepared from the initial conditions ¢, (0, -) of definition (1.3.1). For any
s € R, we have weakly

. 1 I'ys

where E,, is the (conserved) energy of the system, and z : [0,00) — D is
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the unique solution of the Cauchy problem

o'(s) = —(VHb~ 1) (a(s)),
z(0) = xo.

The energy FE,, of the system is classically defined as

1 1
E, = 2/D|un\2b(x)dx = 2/DC"KC" b(x)dz.

This result actually shows two improvements of Richardson’s work.
First, it proves that the vortex remains shrunk as time evolves, which
was a serious gap in Richardson’s analysis. Secondly, it shows that
there exists a typical time-scale for the observation of the singular vortex
motion. It may be computed that the energy is estimated as

r,2 1

En(O) ~ E In :,

so that the time-scale factor is estimated at first order by

Ty 1

E, ~ Ty, log é
The blow-up of this factor depends on the blow-up of the total circulation
I';, compared to the logarithmic divergence.

For steady vortices, we are able to perform the analysis further, by

proving the following result:
New result. Let fT, f~ be two positive functions of integral 1, and let
¢, ¢ be constructed from fT, f~ as in definition (1.3.1), with

I'=+, I =(1-77; I >0,

and distinct points zj # z,. Let R. be the family of all b(z)dz-
rearrangements of (- — (. There exists a maximizer (;ta — (e of the
energy over R; and every maximizer of R, is a stationary solution of

the lake equation that shrinks to a vortex pair:

lim ¢, = 6,+, lm (. =0, ;
EHOC*’E T €ﬁOC*,a )
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with *, 2~ are both maximizers of b.

This result is interesting because it shows that the maximization
problem on classes of rearrangements is rich enough to construct solutions.
It also makes echo with Arnold’s interpretation of the transport equations.
As expected, the above result will actually hold for a wide class of non
smooth lakes, allowing vanishing conditions on b, and robust enough to
take into account a Coriolis term.

Note that, a contrario with the Euler equation, the limit vortex pair
may collide if the lake has only one point of maximal depth, in which
case both parts of the singular-vortex are attracted to the same point.
The energy maximization principle, however, ensures that the rate of
convergence is sufficiently small.

When the lake has more than one point of maximal depth, the pair

never collide, and we can give further estimates:

New result. In the assumption above, if b admits at least two maximiz-
ers in D, then we always have 7 # 2~ and the pair (z+,z~) maximizes
a function H that reduces to the Kirchoff-Routh function arising from
the Euler’s equations.

Moreover, the asymptotic shape of the vortices is a disk, and if the
maximization class R is enlarged to a ball of L°°, then the optimal choice

for the vortices are vortex patches.

This result improves the asymptotic sketch of an optimal pair in the
energy maximization problem. The function H that drives the location
of the maximal pair is not easily computed with an explicit formula,
but this statement fills a gap between the lake model and the Euler’s
two-dimensional equations: at second order, the lake equation is sensitive

to the geometry of 0D.

As mentionned above, the energy maximization principle is robust
enough to take into account a Coriolis force acting on the system. We
have used such artifact to construct the following solution of the lake
model, formed by a singular rotating vortex pair in a rotation-invariant

lake:
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v

v v

Figure 1.5: Illustration of the deviation of a optimal vortex pair in a
rotating disk. The radii from 0 to 1 are represented. At rest, v = 0, the
pair are on the same level curve. If v is increased (or decreased), the
vortex parts tends to separated from this curve, according to the disk

direction of rotation.
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New result. If §,+) — d,-(4) is a rotating vortex pair in a disk D with
radial depth function b(z) = b(|z|?), obtained by a desingularization

process of maximizers of the energy in their reference frame, rotating at

angular speed 87v for v € (—1,1), then |z (¢)|> maximizes the function
r€[0,1] = ¢t (r)=0b(r) — ;/ b(s)ds,
0

while |27 (¢)|* maximizes

rel0,1]— o (r)=0b(r)+ Y /OT b(s)ds.

On figure (1.5), we have sketched a situation for a radially symmetric
lake and a radial depth function b parametrized through the distance r
to the center of the disk.

The position 27 (t) of the positive vortex core is marked down by a
circle, while the position 27 (t) of the negative one is marked down by a
square.

When the rotation speed of the disk equals 0, the two cores tend to
be localized near a point of maximal depth. Note that in our example,
the two pairs will not collide; but in cases where the lake admits a unique
point of maximal depth, collision occurs asymptotically. In chapter 6 we
prove that the collision rate is small with respect to the concentration
rate.

As the pair rotates with speed 87v, the positive part of the pair gets
delocalized, and so gets the negative part. The direction of the deviation
depends on the sign of v, that is: depends on the orientation of the
rotation. If v > 0, then the positive part is attracted to the center of the

lake, while the negative part gets pushed away from the center.
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Chapter 2

Approximation of
successive symmetrizations

by Markov processes

The following chapter reflects a paper that was published in the
Indiana University Mathematics Journal.

Collaborator: Jean Van Schaftingen.

2.1 Introduction and main results

2.1.1 Approximation by Steiner symmetrizations

Steiner symmetrizations are measure-preserving transformations of sets
that bring symmetry with respect to one direction u € Pdel in the
Euclidean space [1]. The resulting set X* is symmetric with respect to
the direction u. It was observed in the study of the classical isoperimetric
inequality that any Borel measurable set X C R? which is left invariant
under all Steiner symmetrizations must be an Euclidean ball centered on
the origin [17].

A natural question is whether the spherical nonincreasing rearrange-
ment, which associates to each Borel measurable set X the unique
Euclidean ball X* centered on 0 and with the same measure as X, can

be approximated by Steiner symmetrizations, that is whether there ex-

37
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ists a sequence (u,)nen such that the sequence of successive Steiner
symmetrizations (X"1%"), oy converges somehow to the spherical non-
increasing rearrangement X *. Such results have been obtained in order
to prove various properties of symmetrizations [5; 11, proof of theorem
3.7]. The approximation procedure seems quite robust, and this brings
the question whether random sequences of symmetrizations approximate

symmetrizations.

Independent random symmetrizations of sets and functions were
studied in various settings [7,8,12,20,23], and rates of convergence were
recently discovered [7, Corollary 5.4, Proposition 6.2; 8, Theorem 3]. A
typical result for the convergence of independent Steiner symmetrizations

is:

Theorem 2.1.1. Let (Sp)nen be a sequence of independent and -

identically distributed sequence of Steiner symmetrizations. We have
p({u € P m(XAX™) > 0}) > 0, (2.1.1)

for every Lebesque measurable set X C R? of finite measure with
m(XAX*) > 0, if and only if, for every Lebesque measurable set X C R?
of finite measure, the sequence of successive Steiner symmetrizations

(Xsl"'S")neN converges almost-surely in measure to X*.

In this chapter we investigate the approximation by time-homogeneous
Markov processes. A stochastic process (S, )nen valued in a topological
space . is a time-homogeneous Markov process if there exists a transition
function

P x B(F) = [0,1]: (s, A) = Py(A),

satisfying some measurability conditions (see [13] or section 2.2.4 in this
text), and such that if, for every n € N, and for every Borel measurable
set A € A(.7), we have almost-surely

P{Sn+1 S A|Sl, .. ,Sn} = PSn(A)

The iterated kernels P* are then defined to satisfy ([13] or section 2.2.4
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in this text)
P& (A x ... x Ag) =P{Spi1 € A1,..., Spik € AklS1, ..., Sn},

almost-surely for all n, k € N and all Borel measurable sets Aq,..., Ag €
P(7). In contrast with processes made up of independent and identically
distributed variables, successive Steiner symmetrizations that form a
Markov process are mutually correlated, and there are known examples [3,
7,24] of deterministic sequences for which convergence does not occur.

We obtain the following result for Steiner symmetrizations:

Theorem 2.1.2. Let (Sy)nen be a time-homogeneous Markov process
of Steiner symmetrizations with initial distribution . If there exists
5, € P;lgl such that

(i) (Recurrence) for every nonempty open set s, € O C P&t we have

P((Sp)nen enters O infinitely many often) = 1,

.. L d—
(ii) (Continuity) for every n € N and for every open set O C (PR Dyn,
the map
s € P s PMO)

18 lower semi-continuous at Sy,

(iii) (Discrimination) for every Lebesgue measurable set X C R? of
finite measure, with m(XAX*) > 0, the process of Steiner sym-

metrizations starting at s, reaches in finite time the set {u € Pdel :
m(XAX"™) > 0}, that is:

SO PI((PEH" x {uePE i m(XAXY) > 0}) > 0;
neN

then for every Lebesgque measurable set X C R® of finite measure, the

sequence (XS1...Sn)n€N converges in measure to X*, almost-surely.

The discrimination condition (iii) in theorem 2.1.2 is similar to con-
dition (2.1.1) in theorem 2.1.1, and they are equivalent for independent

sequences of random symmetrizations. A necessary condition for the
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conclusion of theorem 2.1.2 to hold is that for each Lebesgue measurable
set X of finite measure and with m(XAX*) > 0, we should have

> P{m(XAX) > 0}) > 0. (2.1.2)
neN

By Fubini’s theorem, for each X, condition (2.1.2) implies that condi-
tion (iii) holds for some s € PdR_l, but s may depends on X and n.
Therefore, condition (2.1.2) is close, but not equivalent, to condition (iii)
in theorem 2.1.2. The initial distribution p of the process is only involved
in the recurrence condition (i): the recurrent point s, is assumed to
be deterministic, so that its existence does not simply follows from the
compactness of the projective plane Pil{_l. The continuity condition in
theorem 2.1.2 is stronger than the usual weak-Feller continuity at sy,
but still weaker than the usual strong Feller-continuity everywhere (see
also [13] for definitions, and proposition 2.2.14 and discussion below for
details). The recurrence condition (i) and continuity condition (ii) ensure
together that the asymptotic behaviour of the process is closed to an
independent process with distribution P, .

In the proof of theorems 2.1.1 and 2.1.2, we do not study directly
the distance between sets, in order to prove the convergence. We rather
measure the convergence with an asymmetry, which is a functional of
the form

A(X) = / L (2.1.3)
1+ |z|?
X
The asymmetry function strictly decreases along Steiner symmetrizations
of X, and reaches a minimum at X*. The idea of using such a function
to measure the asymmetry of sets is a standard technique in the field of

symmetrizations (see for example [2,7,22,23]).

2.1.2 Other symmetrizations

The spherical nonincreasing rearrangement has been approximated by
other symmetrizations, such as cap symmetrizations [15] and polariza-
tions [1,6,20,21,24]. Other symmetrizations such as the cap symmetriza-

tion [16] and discrete symmetrizations [14] have also been approximated
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in the deterministic case in order to prove isoperimetric theorems.

Theorem 2.1.2 fails for the approximation of the spherical nonincreas-
ing rearrangement by successive cap symmetrizations or polarizations.
Polarizations and cap symmetrizations can be thought of as elements
in S9! x [0, 400) (see also section 2.3.1 for accurate definitions). In
fact, any cap symmetrization is characterized by a affine half line passing
through the origin 0 € R, which yields S~ x [0, 4-00) as parametriza-
tion space. Although cap symmetrizations from S?1 x (0, 400) — those
cap symmetrizations whose half line has edge different of 0 — strictly
decrease the asymmetry (2.1.3) of non spherical sets, cap symmetriza-
tions from S9! x {0} may act as isometries. Such symmetrization could
conspire to a non convergent behaviour. On the other hand, they could
also be necessary in the realization of the process (see section 2.3.4 for
more details).

In order to prevent bad behaviour without just throwing away cap
symmetrizations from S9! x {0}, we strengthen the discrimination

condition (iii) from theorem 2.1.2. This leads us to the following theorem:

Theorem 2.1.3. Let (Sp)nen be a time-homogeneous Markov process
of cap symmetrizations (resp. polarizations) with initial distribution p.
If there exists s, € S9™1 x [0, +00) such that

(i) (Recurrence) for every nonempty open set 5, € O C S¥1x [0, +00),

we have

P((Sn)nen enters O infinitely many often) = 1,

(ii) (Continuity) for every n € N and for every open set © C (S9! x
[0,400))", the map

d—1 n
se Py~ — P (O)
1s lower semi-continuous at S,

iii) (Discrimination) for every Lebesque measurable set X C R4 o
(ii) ( ) | Y g

finite measure, we have
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> PE((S77 x (0, +00) )"

neN
x {u e 8971 x [0, +00) : m(XAXY) > 0}) > 0,

then for every Lebesgque measurable set X C R® of finite measure, the

sequence (XSI---Sn)nGN converges in measure to X*, almost-surely.

While conditions (i) and (ii) in theorem 2.1.2 and theorem 2.1.3
are similar, the discrimination condition (iii) takes into account the
bad symmetrizations from S9! x {0}. Condition (iii) means that the
process starting at s, reaches in finite time, any set of the form {u €
Pl m(XAXY) > 0} without passing through S4' x {0}. In the
case of independent and identically distributed cap symmetrizations and
polarizations, condition (2.1.1) tells us that the boundary set S9! x
{0} is not allowed to support the measure p; thus the discrimination

condition (iii) in theorem 2.1.3 reduces to (2.1.1).

2.1.3 Organization of the chapter

In order to emphasize the main properties of symmetrizations that we use,
we work in section 2.2 with an abstract notion of symmetrizations that
covers Steiner and cap symmetrizations, and polarizations. We draw the
reader attention to the fact that the abstract framework we work with, is
mainly aimed to strip the proofs of non pertinent particularities. Without
any assumptions on the process (Sy)neN, not even the Markov property,
we prove an abstract criterion to test the convergence, proposition 2.2.7
(section 2.2.2). The strategy here is a summability trick used by Burchard
and Fortier [7]. This abstract criterion is then particularized in two
directions. We first deduce an abstract version of 2.1.1. A second
particularization is a general result about Markov processes, from which
we derive theorems 2.1.2 and 2.1.3. We finally give several more explicit
examples and results. A particular attention is drawn to a new example
for cap symmetrizations, where the boundary S4~! x {0} is needed for
the universal convergence and, thus, can not be simply removed from

the parameter space for the cap symmetrizations and polarizations.
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2.2 Abstract convergence result

2.2.1 Abstract symmetrizations

We fix a metric space (£, d) and a nonexpansive projector % in (2", d),
that is a map [X € 2" — X* € Z7] such that, for all X,Y € 27, we
have d(X*,Y*) < d(X,Y) and X** = X*. We introduce the following

abstract setting for symmetrizations.

Definition 2.2.1. A symmetrization space is a nonempty set . of maps
(X € 2 — X% € 27| endowed with a metrizable topology with countable

basis, such that
(a) (Continuity) the map [(X,s) € 2" x . — X*] is continuous,
(b) (Idempotence) for every X € 27, X* = X*,
(¢) (Nonexpansiveness) for all X, Y € 27, d(X*,Y?®) < d(X,Y).

The elements of 2~ are called objects, and elements of . are called

symmetrizations.

In view of the nonexpansiveness (c), the continuity (a) can be deduced
from the apparently weaker assumption that, for every X € £, the map
[s € . — X*] is continuous.

Definition 2.2.2. We say that a symmetrization space . is x-compatible
if

(a) for every s € ., for every X € 2, we have X** = X* = X*

(b) for every X € 27, if X = X°® for every s € ./, then X = X*.

Definition 2.2.3. Let .% be a symmetrization space. A function A :
Z — R is an asymmetry on . if A is continuous and if for every s € .%,
for every X € 27, we have A(X?®) < A(X). An asymmetry function A is
said to be a strict asymmetry on . when for every X € 2, for every
s € .7, the equality A(X®) = A(X) implies X*® = X.

Definition 2.2.4. Let . be a symmetrization space and A be an
asymmetry function on .. We say that A is x-compatible if for every
X € 2 satisfying A(X) < A(X™), we have X = X*.
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If a symmetrization space . on (Z2,d) is x-compatible, then the
function

A2 5 R:AKX) = d(X, X*)

always defines a *-compatible asymmetry function on .. However,
this asymmetry function might not be the best choice in convergence
theory. Another direct consequence of the definitions is that every strict
asymmetry function on a x-compatible symmetrization space .7, is itself
*-compatible.

The next proposition characterizes the convergence in 2~ of iterated

symmetrizations in terms of the asymmetry.

Proposition 2.2.5. Let .7 be a symmetrization space, A be an asym-
metry function on ., (Sn)neN be a sequence in . and X € Z'. If ./
and A are x-compatible, then

lim inf d(X*, X*1~57) = 0

n—-+o00

if and only if, the set {X*'°" : m € N} has compact closure in & and

liminf A(X%1%") = A(X™).

n—-+0o

Proof. The “only if” part is a consequence of the continuity of A, and
the fact that the closure of a convergence sequence is always compact.
For the converse, assume that the set {X*15» : n € N} has compact
closure, and that

lim inf A(X%1%7) = A(X™).

n——+o0o
Since the asymmetry function decreases along symmetrizations, the
sequence (A(X®1%n)), N converges to A(X*). By compactness assump-
tion, there exists a subsequence (X' ) N that converges to some
Y € Z'. By continuity of A, we have
AX*) = lim A(X" %) = A(Y).

k—+o0

The *-compatibility of . then implies

A(X*,Y*) = lim d(X*, X*0m*) = d(X*, X*) =0,

k——+o0
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so that X* = Y* and A(Y*) = A(Y). Since A is x-compatible, we
deduce that Y = X™*. Since this is true for each accumulation point of
the sequence (X51°n), N, by compactness, this sequence converges to
X~ O

2.2.2 Abstract result for random symmetrizations

From now on, we fix a probability space (€2, .o/, P) and (S, )neNn & se-
quence of measurable maps from (2, %) to ., which is assumed to be a
symmetrization space, endowed with its Borel o-algebra %Z(.). For ev-
ery n € N, we write JF,, the sub-c-algebra of &7 induced by {S1,...,5.},
and F the smallest sub-o-algebra of 7 that contains |J,cn Fn. If N is
a stopping time adapted to (Sy,)neN, its induced filtration is denoted by
Fn. Throughout the text, we write P(-) (resp. E) probabilities (resp. ex-
pectations), and E{:|-} conditional expectations.

The next technical lemma allows to reduce the randomness by tak-
ing the infimum; it follows from the classical properties of conditional

expectation.

Lemma 2.2.6. Let . be a symmetrization space and B C F be a
o-algebra. Let be X € 2, and set

X7 = {X*% in e N, sy,...,5, €S}

If f: X7 x.7 — R is continuous and bounded, and if & : (Q,B) = X7
and S : (Q, F) — 7 are measurable, then we have for every U € 2,
almost-surely on &~1(U),

ELf(®,5)|B} > inf E{f(Y;5)|B}.

Proof. Without loss of generality, we can assume that f is positive. The
topological space X x .7 is second-countable. Therefore it is not
difficult to prove that, since f is bounded and continuous on X x .7,
for all probability measure p on B(X” x .#), there exists a decreasing
sequence (fp)nen of simple functions, converging p-almost-everywhere
to f, and whose level sets are finite unions of disjoint Borel rectangles.

We apply this approximation scheme with the conjoint distribution u
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of the random vector (&, S). Let (f,)nen be the corresponding approxi-
mation sequence. According to standard properties of the conditional
expectation [4, Theorem 34.3], we have for every n € N, almost-surely
on &~ 1(U),

E{/n(®,5)|B} = inf E{fu(Y,S5)[B}.

It now follows from the monotone convergence theorem for the conditional
expectation that, almost-surely on &~1(U),
E = inf E{f,(®&, > inf inf E{f,(Y,
{F(6.9)B} = inf E{f(6,5)B} > inf inf E{f(Y, 5)|B}

S . .
> inf inf B{f(Y,5)|B} = inf E{f(Y,5)[B}. O

We are now ready to prove the main result about general stochastic

processes of symmetrizations, which need not be Markov processes.

Proposition 2.2.7 (Convergence by divergence). Let . be a sym-
metrization space and A be an asymmetry function on ., such that .
and A are both x-compatible. Let be X € 2. If the set

Xy:{Xsl'“S” :n€N,si,...,sp € S}

has compact closure in (2 ,d), and if there exists an increasing and
almost-surely finite sequence of stopping times (Ny)nen adapted to the

process (Sp)neN, such that we have almost-surely for all € > 0

S inf {E{A(Y) —A(YN G )| Fy )

neN
Y e X7, AY) > A(X*) + g} — too, (22.1)

then the sequence (X151, en converges almost-surely to X*.

The proof is based on a summability trick found by Burchard and
Fortier [7].

Proof. If X = X*, there is nothing to prove. Otherwise, by x-compatibi-
lity of A, there exists e > 0 such that A(X) > A(X*) +¢e. For m € N,
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we write almost-surely

A(X) — A(X™) = A(X) — AXS1SM1) 1 A(X T Nonen ) — A(X)

S1...SN

+ ) T AX TSN ) - AX

NE

(n+1))
1

A(X 5183 ) — A(X TN )

Y
(= -

n=1

X6 - (A(X 5153y = A(X TN )),

NE

I
N

n

where, for every n € N, we have defined the set
= {A(X515Nn) > A(X*) + ¢} € Fy,.

(Here the symbol x denotes indicator functions of sets.) Taking the

expectation on both sides, we compute
AR) = AXT) 2 ) Blxoy - (AKX ) — A(X7 N )
Z X@e ]E{.A XS1 SNn) _ A(XSlmSN("Jrl))’an})'

According to lemma 2.2.6, and writing X7 = {Y € X7 : A(Y) >
A(X*) + e}, we get

A(X) — AX ZE(X@s inf E{A(Y)

n—1 vexy

- A(YSN"“'“SMU>|an}>

—IE(ZX@s inf E{A(Y)

YeX; X7

- A(YSN”“'"S%U>mvn}) |

Letting m € N tend to +00, the monotone convergence theorem ensures
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A(X) = A(X") > E( S xer inf E{AY)

7
neN Yex:

— AQy e ) |an}> |
Therefore, we have almost-surely

3 Xer inf E{A(Y) — A(Y ¥ S ) By ) < oo,
neN Yexs

According to identity (2.2.1) and the monotonicity of A along symmetriza-
tions, the sequence (xes )nen reaches 0 almost-surely after finitely many
steps, so that we have almost-surely

lim A(X519) < A(X*) +e.

n—oo

Now, considering only rational ¢ > 0, we deduce that the sequence
(A(XS15)), cN converges almost-surely to A(X*). By proposition 2.2.5,

the sequence (X919, . converges almost-surely to X*. O

2.2.3 Convergence of independent processes

In the context of processes made up from independent and identically
distributed symmetrizations, we obtain an abstract result from which

theorem 2.1.1 directly follows.

Theorem 2.2.8. Let . be a x-compatible symmetrization space. Let
(Sn)nenN be a sequence of independent and p-identically distributed vari-
ables. If, for every X € Z°, the set

X‘y:{Xsl”'S” :n€N,sy,...,s, € S}

has compact closure in (Z,d), then the following conditions are equiva-

lent:

i) for every X € &, the sequence (X51-5n),cn converges almost-
Y q € 9
surely to X*,

(ii) for every X € X with X # X*, we have u({s € ¥ : X # X°}) >
0.
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Proof. Let us first assume that, for every X € 2" with X # X*, we have
u{se s : X #X°}) >0.
We apply proposition 2.2.7 with the x-compatible asymmetry
A: 2 —-R: AX)=d(X,X").

We consider the increasing sequence of deterministic stopping times
(Np)neN = (n)nen. Let be X € 27 with d(X, X*) > ¢ > 0 (otherwise

there is nothing to prove) and set
X7 ={Y e X7 :d(Y,X*) > ¢}
Proposition 2.2.7 shows that it is sufficient to prove

inf [ d(Y,Y*) = d(Y*,Y*)u(ds) > 0.
YEX;:S’

By continuity of A and compactness of X, it suffices to prove that for
all Y € X7, we have

/ d(Y,Y*) — d(Y*,Y*)pu(ds) > 0.
7

Let us fix Y € XZ. By assumption, there exists some § > 0 such that
p({s e d(Y,Y*) >6}) > 0.
Therefore, we have

/ d(Y,Y*) = d(Y*,Y*)u(ds) > du({s € & : d(Y,Y*) > 8}) > 0.
5

This concludes the first part of the alternative.

For the converse, assume that for every X € %27, the sequence

(X S19n), on converges almost-surely to X*. Assume by contradiction
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that there exists X € 27, X # X*, such that
p{se S : X #AX°}H)=0

or, equivalently,

P{weQ: X = X51@y) =1,
Then the sequence (X Sl"'S")neN is almost-surely constant and equals

X, hence X = X* by assumption on (Sy,)neN- O

2.2.4 Markov processes

In order to deal with Markov processes, we recall some classical termi-
nology about transition functions. In a metrizable topological space .

with countable basis, a transition function on . is a function
P:xAB(L)—[0,1]: (s, A) — Ps(A)
such that
(a) for every s € ., the function
Ps: B(7)— (0,1 : A Py(A)

is a probability measure,

(b) for every Borel measurable and bounded function f : . — R, the

function

Pf:ﬂ%[o,l]:SHPSf:/f(y)Ps(dy)
5

is (bounded and) Borel measurable.

For every n € N and every rectangle 4; x...x A,, € A()", the iterated

kernel P" is

P"(A1 x...xA,) = R:

s*—)/--o/(ﬁXAi(si)>Psn_1(dsn)--~ Py, (ds2) Py(ds1)  (2.2.2)
7 =1

o
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We recall [13, Chapter 3] that the stochastic process (Sy)neN is a time-
homogeneous Markov process on . if there exists a transition function
P on . such that for all n,k € N with k > 1, for every Borel set
Al x ... x Ay € F we have (almost-surely)

E{XA1><...><Ak (Sn—f—l, ey Sn+k)‘}_n} = Pgn (A1 X ... X Ak). (2.2.3)

Since we deal with discrete time processes, this equality extends to
stopping times. Furthermore, identities (2.2.2) and (2.2.3) directly extend
to bounded and continuous functions f : .#" — R, following the same

approximation scheme of lemma 2.2.6.

Proposition 2.2.9. Let . be a x-compatible symmetrization space such
that for every X € 2, the set

Xy:{Xsl”‘S" :n €N,s1,...,8, € S}

has compact closure in (2 ,d). Let A be a x-compatible asymmetry
function on .. Assume that there exists T7) € B(.7) such that A is
strict on . \I(‘y). If there exists s, € .7 such that

(i) (Recurrence) for every nonempty open set s, € O C ., we have

P((Sn)nen enters O infinitely many often) = 1,

(ii) (Continuity) for every n € N, for every bounded and continuous

function f: " — R, the function P"f is continuous at s,

(iii) (Discrimination) for every X € 2 with X # X*, we have

S PM((ANIV)Ex{se s X £ X)) >0,
neN

then for every X € 2, the sequence (X515n),cn converges almost-
surely to X*.

Proof. We apply proposition 2.2.7. Let us consider a sequence (O, )neN
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of nonempty open sets in . decreasing to the limit point s,, that is

ﬂ On = {54}
neN
We define the stopping time N; = min{k € N : Sy € O;}, and for every
n € N,
Npy1=min{k e N: k> N, +n,S; € Opi1}.

By recurrence assumption (i), the sequence (N, )nen is a sequence of
stopping times which is almost-surely finite and satisfies almost-surely
SN, € O, and Ny41— N, > n. Fix w € 2 such that the previous relations
hold, and write (sp)nen = (SN, (W))nen and £, = Nyy1(w) — Ny (w) for
every n € N. The sequence (sy)neN converges to s,. Fix X € %
with A(X) > A(X™) + ¢ (otherwise there is nothing to prove). By

proposition 2.2.7, we only need to show
1nf / A(Y) — A(Y 14 Pen (du,...,duy,) :
nEN
Y e X7, A(Y) > A(X*) + g} — 400, (2.2.4)

By compactness of X2, for every n € N, there exists Y;, € X7 such
that

inf / A(Y) — Ay r-4n) Pt (duy, .. ., dug,)
YeXy

/A V') Pl (duy, - ., dug,)

Since X7 is compact, there exists a subsequence (Y}, )ren that converges

to some Y € XZ. Without loss of generality, we can assume

UL Ul

4 Zn
/ AYy,,) — A(Yn, ) Ps,. (dua, ..., duy, )
an

ces Zn 7 1

/nk
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It is now sufficient to check that

> / A(Y) = A" ) P (duy, . dug,, ) = oo,

REN i,

By the continuity assumption (ii), for all £ € N, there exists a smaller

integer jr € N such that for all j > ji,

e KTL
‘ / A ul ufnk ) st k (du:l, e 7du£nk)
lnk

/ A(Y) = A(Y™ ) P (duy, ., dug, )| <

T
Define m1 = min{ny : nx > j1}, and by recurrence
M1 = min{ny, : ng > max{my + 1, jry1, 7(k41)} -

By construction, (mg)gen is a subsequence of (ng)nen such that my > ji
for all k£ € N. Since the asymmetry decreases along symmetrizations, we

have for every k € N

/ A ul...uzmk ) Pgmk (dul, . ,duzmk)

7t

> /A(Y)A(Y“1 Yok ) Py (dug, -, dug, ) 2%
yenk

> [ Ay = A P ) - o

Sk

In the previous line, we have used the fact that ¢, > n, > k by

construction. If we prove the strict inequality

sup/A A(Y“r-4n) PP (duy, . .., duy,) > 0, (2.2.5)
nEN
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then by comparison of series, condition (2.2.4) would then hold. Let us
thus prove (2.2.5), where Y € 2" satisfies Y # Y*. By the discrimination

assumption (iii), there exists n € N such that
Pr((L\IV) L x{se S\TV) Y £Y5}) > 0.

Since A is strict on .7\ "), there exists § > 0 such that P! (H) > 0,
with
= (L\IN Lt x {se. s A(Y) > A(Y®) + 6}

Let us assume by contradiction that we have

/A A(YS1-5m) PP (dsy, ... ds,) = 0.

There exists a set £ € (/") of P;'-measure 1 such that, for every
(s1,...,8n) € E, we have A(Y') = A(Y*1-+*»). For (s1,...,$,) € E, with
s1 ¢ T, we have A(Y) = A(Y*') and, since A is a strict asymmetry
function on . \ Z0*), we have Y = Y*!, so that we also have A(Y) =
A(Y*2). By recurrence, we have Y = Y% i =1,...,n — 1, for every
($1,...,5n) € E with s; ¢ Z7) for each i € {1,...,n — 1}. We now have

0_/A A(YS-50) PP (dsy, ..., dsy)
/A A(Y*") PP (dsy, ..., ds,) > 0P (H) > 0,
HNE

which is the desired contradiction. This proves

sup /.A A(Y 550 P (dsy, ..., ds,) > 0,
nEN

and (2.2.5) holds. O

In practice, the proof of the existence of a recurrent point s, requires
some additional work. We recall a notion of stability that is useful for

locally compact symmetrization spaces.

Definition 2.2.10 ([13, Section 9.2]). Let . be a locally compact
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metrizable topological space with countable basis, and (S, ),en @ Markov

process on .. The process (Sy,)nen is said to be nonevanescent if

P(3K C .7 : K compact, (Sy)nen enters K infinitely many often) = 1.

The topological assumptions on . ensure that the above definition makes

sense.

Proposition 2.2.11 ([13, Theorem 9.1.3]). Let . be a metrizable topo-
logical space with countable basis, and (Sp)nen be a Markov process on
. For every A € B(Y), the sequence (infren Pgﬂ((&” \ A)F))nen

converges almost-surely to the indicator function of the set

U N {5k ¢ A}

neN k>n

Proof. We fix a Borel measurable set A € #(.), and we consider the

function
H:.7w—[0,1]: H(s) =1 —kiglgPs’“((y\A)’“).
We write, for every n € N,
Q= J{Si1 e A} e F,
i>n

and

QOO = ﬂ U {Si—i-l € A}.

meN i>m

For every n € N, the Markov property ensures that almost-surely

H(S,) = E{xq,|Fn}. Moreover, we also have for each m <n

E{Xﬂm’fn} < H(Sn) < E{XQmLFn}'

For a fixed m € N, the martingale convergence theorem ensures that
the left side converges almost-surely to E{xq_ |F} = xq.,, and that the
right side converges almost-surely to E{xq,.|F} = xq,, as n — +oc.
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Therefore, we have

X0o, < liminf H(S,) <limsup H(S,) < xq,.,
n—r+oo n—+o0o

almost-surely for every m € N. Letting m € N tends to +oo, we have

almost-surely

lim inf PE ((S\A)F)=1— lim H(S,)=1-xo.. U

n——+oo keN n——+o00

Corollary 2.2.12. Let . be a x-compatible and locally compact sym-

metrization space such that for every X € 2, the set
X7 = {X5t5nin e N,sy,...,8, €S}

has compact closure in (2 ,d). Let A be a x-compatible asymmetry
function on .. Assume that there ezists ) C .7 such that A is strict
on S \NIV). Let P:.7 x B(.7) — [0,1] be a transition function, and
(Sn)neN be a time-homogeneous Markov process with transition function

P. If
(i) (Stability) the process (Sp)neN is nonevanescent and ) is closed,

(ii) (Continuity) for all n € N, for every bounded and continuous
function f:. ™ — R, the function P"f is continuous,

(iii) (Discrimination) for every s € .7, for every nonempty open set
0cCY,
> (AT % 0) >0

neN

then for every X € 2, the sequence (X515n),cn converges almost-
surely to X*.

Proof. Let us fix s, € .. According to proposition 2.2.9, it is sufficient

to check that for every nonempty open set O C . containing s,, we have
P({(Sn)nen enters O infinitely many often}) = 1.

We thus fix a nonempty open set O C .¥ that contains s,, and we define
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the function
H:¥ —[0,1]: H(s) zl—kinlgPSk((y\(’))k).
€

By proposition 2.2.11, we have almost-surely lim,,_, 4~ H(S,) = xa..,

where

Qoo = ﬂ U {Si+1 € O} = {(Sn)nen enters O infinitely many often}.

meN >m

Assume by contradiction that there exists s € . with H(s) = 0, that is:
for every k € N, we have P¥( (.7 \ O)F) = 1. Since there exists n € N
such that P?( (.7 \Z))"=1 x ©) > 0, it follows that

0 < PH((L NIV x0)n(#\0)") = PI'(B) =0,

S

which is a contradiction. This proves that the function H is strictly
positive. Using Urysohn’s lemma, the function H is also lower semi-
continuous as supremum of semi-continuous functions. Therefore, for all
compact set K C ., the function H attains a strictly positive minimal
value on K, which has to equal 1. Hence, we have proven the essential

inclusion
{(Sn)nen enters K infinitely many often} C Q.

Since there exists a countable basis of nonempty open sets with compact

closure for ., the nonevanescence of (S, )neN ensures
P({(Sn)nen enters O infinitely many often}) = 1. O

In view of examples, we prove that a strong Feller transition function

P always satisfy our continuity assumption for {P™ : n € N}.

Definition 2.2.13. Let .¥ be a topological space. A transition function
P on .¥ is strong Feller continuous at s, if, for every bounded and Borel
measurable function f :.# — R, the map [s € . — P;f] is continuous
at Sy.

Proposition 2.2.14 ([13, Proposition 6.1.1]). Let . be a metrizable
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topological space with countable basis, 5, € & and P a transition function
on . If P is strong Feller continuous at s, then for every n € N, for
every bounded and continuous function f : ™ — N, the function P"f

15 continuous at Sy.
Proof. If f:. " — R is bounded and continuous, the function
9: = Rig(x)=Pf(-,x)

is bounded and Borel measurable. The measurability follows from the

monotone class theorem. Since there holds

Py = / 9(x) Pu(da),
B

it suffices to prove that for every bounded and Borel measurable function
g: — R, Pg is continuous at s,. Let M > 0 be a bound for g, and
define h; = g + M. Then h; is Borel measurable, positive and bounded.
There exists an increasing sequence (¢, )nen of simple functions that
converges to hy, and such that the level sets of ¢, are disjoint Borel
measurable sets. By linearity, the functions P¢,, are continuous at s,
for every n € N. Since the sequence (P¢,)neN increases to Phy by
the monotone convergence theorem, the function Phj is lower semi-
continuous, and so is Pg. The same conclusions hold for the function
ho = —g+ M, so that Phs is lower semi-continuous, and thus Pg is also

upper semi-continuous. ]

The converse of proposition 2.2.14 is false in general. Consider for
example a continuous map ¢ : . — . which is not trivial, and the

transition function
P: 7 x B(S) = [0,1] : Ps(A) = dg(s)(A).
The iterated kernels are given by the formula
P =F(g(s),...,0"(s)).

The functions P™f are continuous whenever f is itself continuous and
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bounded, but the strong Feller continuity may fail in general.

2.3 Examples

In this section, we give examples for various symmetrizations as Steiner
and cap symmetrizations and polarizations. We first recall standard
definitions, and then we give examples of application of our abstract
method.

2.3.1 Various symmetrizations

We write % the k-dimensional Hausdorff measure in R?. We work
within the metric space (My(R%),d;) of equivalence classes of Borel
measurable subsets of R? with finite 7% measure, endowed with the

A% -metric. The space R is equipped with its usual metric.

Spherical nonincreasing rearrangement. The simplest symmetriza-

tion transform sets into balls.

Definition 2.3.1. Let A € #(R?) be a Borel measurable set. The
spherical nonincreasing rearrangement of A is the open ball A* centered
on the origin 0, that satisfies #4(A*) = #4(A).

The induced map on the quotient space ./\/lu(Rd) is denoted by .
The fact that x is an involution is direct. For the nonexpansiveness, one
can simply observe that since x is measure-preserving and monotone, we

directly have for all A, B € B(R%)

HYA*AB*) = #UA*\ B*) + #4(B*\ A%)
< AU A\ (BN A)Y) + 4B\ (AN B)*)
= HVUA*) + #UB*) — 20%((B N A)*)
= YA+ #UB) - 24BN A) = #(AAB).

Steiner symmetrizations. Let be u € PdR_1 and (u) be its linear span.

We write ul the orthogonal complement subspace in R?. For every
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€L

x € u—, we write the section

Al = AN (@ + ().

Definition 2.3.2. Given u € PdR_1 and a Borel measurable set A €

A(RY), the Steiner symmetrization of A with respect to u is the unique
A" € Z(R%) such that

— for every x € ut, A%[, is an open ball of (z + (u)),
— for every z € ut, A" [, 1s centered on O,
— for every x € ut, H(AV],) = HL(A],).

The induced maps on the quotient My(RY) are the usual Steiner
symmetrizations. The set S of Steiner symmetrizations being in one-to-
one correspondence with P%{l, we equip it with the induced topology
of PdR_l, so that S is a metrizable and compact topological space with

countable basis.

Polarizations. Fix é € S% ! and » > 0. The corresponding affine

half-subspace is defined by
H" ={zeR¥:z-¢é<r}.

There is a unique nontrivial reflection 0" of R? that leaves the boundary

of H®" invariant.

Definition 2.3.3. Given é € Sdil, r > 0 and a Borel measurable set
A € B(R?), the polarization of A is defined as the unique A" € Z(R%)

satisfying the following axioms:
— if x € H®", then = € A®" if, and only if, x € H®" U g®" (H®"),
— if x ¢ H®", then x € A®" if, and only if, z € H®" N o®" (H®).

The induced maps on the quotient Mﬁ(Rd) are the usual polarizations.
The set H of polarizations is in one-to-one correspondence with %=1 x
[0, 400). We equip it with the induced topology of S x [0, 400),
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so that H is a metrizable and locally compact topological space with

countable basis. Through this identification, we define the closed subset
700 = 591 % {0}.

It corresponds to affine half-subspaces that contains 0 in their usual

boundary.

Cap symmetrizations. Fix ¢ € S 1 and r > 0. For ¢t > 0, define the

spherical section of a set A C R as

Al, = ANOB(ré,t).

Definition 2.3.4. Given r > 0 and a Borel measurable set A € Z(R%),
the cap symmetrization of A with respect to (¢,r) is the unique A®" €
#(R%) that satisfies the following axiom:

— for every t > 0, A®"[, is an open ball of B(ré,t),
— for every x € ut, A®"], is centered on (r — t)é
— for every t > 0, I L(AST],) = #IL(AL).

The induced maps on the quotient M;(R?) form the usual set of
cap symmetrizations. The set £ of cap symmetrizations being in one-to-
one correspondence with %1 x [0, +00), we equip it with the induced
topology of S4~1 x [0, +00), so that £ is a metrizable and locally compact

topological space with countable basis. We define the closed subset
75 = 51 {0},

It corresponds to cap symmetrizations with respect to half-lines whose

initial points are the origin 0.

Common properties of the examples of symmetrizations. Steiner
symmetrizations, cap symmetrizations and polarizations enjoy important
common properties, which we recall in the next proposition. The following

result being classical in the field of symmetrizations, we omit the proof.
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Proposition 2.3.5. The sets S,H and L acting on (My(R%),d1) are
*-compatible symmetrization spaces and for every X € Mﬁ(Rd), the sets

XS = {X*1% :n e N,sy,...,8, € S},
XM =[x n e N,sy,...,8, € H},
X~ = {X%%nin e Nysy, ..., 8, € L}

have compact closure in (My(R?),d1). The function

A M (Rd)—>R+-A(X)_/ L
: # : X

1+ |z|?
X

is a *-compatible asymmetry function on S, on H and on L. Moreover,
A is a strict asymmetry function on S, on H\ I and on £\ T,

The previous proposition is straightforward for polarizations [6;
7, Polarization identity]. The compactness property follows from the
Kolmogorov-Riesz compactness theorem. Once one has the result for
polarizations, one can extend it to Steiner and cap symmetrizations by

an approximation argument [22].

2.3.2 Markov Steiner symmetrizations

In view of the discussion above, we can prove directly theorem 2.1.2.

Proof of theorem 2.1.2. The function

A'M(Rd)—>R+-A(X)—/ =*

1+ |z|?
X

is a strict asymmetry function on S, according to proposition 2.3.5. The
fact that the continuity condition (ii) in theorem 2.1.2 is equivalent to
the continuity condition (ii) of proposition 2.2.9 is a consequence of
Urysohn’s lemma. We can apply proposition 2.2.9 to get the desired
result. O

Example 2.3.6 (Random walk in Pclf{_l). We fix » > 0 and we write
o for the Haar measure on PdR_l. The map [e € PdR_1 — o(B(e,r))] is
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constant. We fix e € PdR_1 and we define the transition function

dz)
P:PElx 2(PEY) = 00,1] : Py(A) = / L.
R ( R ) [ ] S( ) XA(I’) U(B(@,T‘))
B(s,r)
The transition function P is strong Feller continuous everywhere on PdR_l.
According to proposition 2.2.14, the family {P"™ : n € N} enjoys the
usual continuity assumption at every point. We also have, for every

nonempty open set O C PdR_1 and for every s € Pil{_l,

d—1\n—
S PHPEHI x0) >0.
neN
This last inequality can be proven by noting that, for every n € N, for
every s € Pcllgl, the probability measure

HY : Py ') = [0,1]: HI(A) = PI((PR )" x A),

has W as support. Since P%{l is compact, any Markov process
on Pdel is nonevanescent. Corollary 2.2.12 ensures that any time-
homogeneous Markov process (Sy,)nen with transition function P satis-
fies that for every X € Mﬁ(Rd), the sequence (X5150), N converges

almost-surely to X*.

Proposition 2.3.7 (Deterministic Steiner symmetrizations). Let ¢ :

P;lgl — Pdel be a continuous map and s € Pdel such that

{¢"(s) :mn e N} = P%{_l.

For every X € My(RY), the sequence (X®#)+"()), N converges in

measure to X*.

Proof. Let us define for all n € N, S, = ¢"(S). The sequence (Sp)neN
is a time-homogeneous Markov process on PdR_l. The iterated kernels

are given for every n € N by the formula

Pif = f(o(s),....9"(s)).

The recurrence condition (i) and the discrimination condition (iii) of
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proposition 2.2.9 both follow from the assumption that the orbit of s
under ¢ is dense in P%_l. Since ¢ is continuous, the continuity condition
(i) is satisfied whenever f is continuous and bounded. We can thus apply

proposition 2.2.9 with limit point s, = s. The proof is done. O

The previous proposition can be thought of as a generalization
of [2, Theorem 5.1], where the authors studied Kronecker sequence of de-
terministic Steiner symmetrizations of the form ( (cos(na),sin(n)) Jnen,
with a/7 irrational. Their analysis is based on the convergence in shape.
Our result can be applied for other deterministic sequence, and has
straightforward generalizations for cap symmetrizations and polariza-

tions.

Counterexample 2.3.8. The continuity condition (ii) in theorem 2.1.2
is necessary. Let us consider a sequence (ay)peNn in PdR_1 such that
a; # o for i # j, and such that the set {o, : n € N} is dense in P%{l.
We define the transition function on PdR_1 through

P _{ N it s = a, for some n € N,
=

day otherwise

If (Sp)nen is a time-homogeneous Markov process associated with the
transition function P, then almost-surely S, = «, for every n € N.
Hence, it is a straightforward computation to check that the hypothesis
of theorem 2.1.2 are satisfied with s, = a1, except that we miss the
continuity property. Actually, in general, there exists X € M;y(R?) such
that (X519, N fails to convergence to X* almost-surely [3,24].

In this example, note that one could endow P%_l with the discrete
topology. The continuity assumption is then trivial, but the recurrence
condition forces the process to have a finite cycle. This is the situation of

iterated Steiner symmetrizations using a finite number of directions [10].

2.3.3 Markov cap symmetrizations and polarizations on
(0, 400)

Proof of theorem 2.1.3. Since we identify £ and H with S9! x [0, +00),
let us recall that Z(5) = §4-1 x {0} = Z(*). We consider the usual
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asymmetry function

2
x
A:Mﬁ(Rd)—>R+:A(X):/1_’i_}x‘2 dx.
X

It is a *-compatible asymmetry function on £ and H which is strict on
the subsets £\ Z) and H \ Z™) (proposition 2.3.5). In these settings,

the result follows from proposition 2.2.9. O

For polarizations, the following elementary result shows that the
nonevanescence assumption in corollary 2.2.12 is actually required for
the sequence to approximate the spherical nonincreasing rearrangement.

This property fails in general for cap symmetrizations.

Proposition 2.3.9. Let (sp)nen be a sequence of polarizations written
for everyn € N as s, = (én,7n) with e, € ST and r, € [0,4+00). If
liminf, oo > 0, then there exists X € Mﬁ(Rd) of finite measure

such that the sequence (X*1*m), N does not converge.

Proof. The condition lim inf,,_, o, 7, > 0 shows that there exists N € N
such that, for every n > N, we have r, > §, for some § > 0. We define

r = min{d,min{r; : i € {1,...,N — 1},r; > 0}},
and X € M;(R?) the (equivalent class of the) annulus
X = B(0,r)\ B(0,r/2).

Then clearly X # X*. For n € N, two cases may occur. If r,, > r, then X
is contained in the half-space (é,,7y), and thus X = X @) If 5 < 7,
then we must have by construction r, = 0. Since X is radially symmetric,
we have X = X(:0) 5o that X remains fixed by all polarizations of the
set {s, : n € N}. O

Example 2.3.10 (Brownian motion on (0,400)). Let (Z,)nen be a

sequence of independent and identically distributed variables on (0, 400)
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with density function p, and define for every n € N

Wi =12,
WnJrl = 4n+41 - Wh.

Let (Up)nen be a sequence of independent and identically distributed

variables on S9! with distribution p. We assume that

supp(p) X supp(p) = S x (0, +00)

/ sp(s)ds = 1.

(0,400)

and

The transition function of the time-homogeneous Markov process

(Wn)nGN is given by

P i B((0,400)) x (0, 400) = [0,1] : Po(A) = / ya(sz)p(s) ds.
(0,400)

For every continuous and bounded function f : (0,+00) — R, we have

Pof = / f(@s)p(s) ds,
( )

0,+00

which is continuous with respect to the parameter = € (0,+00). By
assumption on the support of p, every nonempty open set of (0, +00)
is reachable with positive probability from every point x € (0, +00), in
one step. We now study the nonevanescence of (W,,),en. It remains to
prove that the process ((Uy,, Wy))nen is nonevanescent. Since S%~! is
compact, it suffices to shows that (W), )nen is nonevanescent in (0, +00).
We proceed by following the classical drift criterion [13, chapters 8, 9].

By assumption, we have
/ sPy(ds) ==z / sp(s)ds = x.
(0,4-00) (0,400)

We write
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E ={3K C . : K compact,
(Whn)nen enters K infinitely many often} € F.

Assume by contradiction that P(E) < 1, and let K C (0,+00) be a
compact set. Then there exists k£ € N such that 0 < P({Vi > k: W; ¢
K} \ E). Denoting by p the initial distribution of the process, the

distribution of Wy, is given by the measure

uP* . B(7) = [0,1] : pP*(A) = /Pf(yk_l x A) p(ds).
5%

Hence, the new process (G)nen defined for every n € N by G, =
Wiak—1 is a time-homogeneous Markov process with transition function

P, and initial distribution pP*. The random variable
T =min{n e N: G, € K},

is adapted to the filtration (F,4x_1)nen and it satisfies {T' = 400} =
{Vi > k: W; ¢ K}. We use the martingale convergence theorem [4,
Theorem 35.5] to show that the set ({I' = +o0} \ E) € F has null
P-measure [13, Proposition 9.4.1]. To see this, observe that the stochastic

process (M, )nen defined for every n € N by
M, = GnX{TZn}w

is a positive martingale with respect to the filtration (F,1x_1)neN, by
construction of ¢. By the martingale convergence theorem, it converges
P-almost-surely to some F-measurable random variable M, which is

P-almost-surely finite. Therefore, we have P-almost-surely
X{T=+o00} Moo = X{T=+00} ngl—lr-loo Whtk—1,

so that {T" = +oo} \ £ has null P-measure, which contradicts the
construction of k € N. Therefore, the process (W, ),eN is nonevanescent,
and so is ((Up, Wp))nen. We deduce from corollary 2.2.12 that for
every X € Mﬁ(Rd), the sequence of successive cap symmetrizations

Ul,Wl)n-(Uann))

(resp. polarizations) (X neN converges in measure to X*.
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2.3.4 Example for cap symmetrizations on [0, +00)

The previous examples concern random walks on S?~1 or S%=1 x (0, +00),
viewed as symmetrization spaces equipped with a strict asymmetry
function. In this section, we present a new example of cap symmetrization

space £! C £. This new symmetrization space satisfies that the subset
LE\TW) e LF

is not a symmetrization space. In other words, our example occurs in
a subset £f where the nonstrict symmetrization of Z(£) are needed for
the convergence. To our knowledge, such symmetrization spaces are
unknown from the literature. We will see that it is possible to construct
a continuous and nonevanescent time-homogeneous Markov process in £
such that the universal convergence fails. This will illustrate the necessity

of the discrimination condition (iii) in proposition 2.2.9.

As a preparation for the results of this paragraph, we first recall a
known model [13] of random walk in [0, +00). Although the assumptions
in the following lemma can be weakened, we keep them as simple as

possible to make the analysis easy.

Lemma 2.3.11 (Brownian motion on [0, +00)). Let (Z,)neN be a se-
quence of independent and identically distributed variables on R with

density function p, and define for every n € N

Wi AP
Whpt1 = max{W, + Z,,11,0}.

If supp(p) = R and if there exists 6 > 0 such that

/ sp(s)ds <0 < [infé] 0,

)

(0,400)

then (Wy)neN is nonevanescent time-homogeneous Markov process with

strong Feller continuous transition function P such that for every s €
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[0,4+00), for every nonempty open set O C [0, +00), we have

> PI(0,400)" !t x 0) > 0.
neN
Proof. The process (W, )nen is a Markov process, whose transition func-

tion is given by

P B([0,+00)) x [0,+00) = [0,1] :
Py(A) =T(A\{0} — s) + I'((—o00, —s] )do(A).

Here I' stands for the Lebesgue measure on R weighted by p. The
continuity of translations [25, Lemma 4.3.8] and the dominated conver-
gence theorem that P is strong Feller continuous. The nonevanscence of
(Wh)nen is known [13, Proposition 9.4.5, Theorem 9.4.1] and the proof
is similar to the proof given for the brownian motion on (0, +00). We
omit the details.

Let us prove that for every s € [0, +00), for every nonempty open set
O C [0,400), we have

> PI(0,400)" !t x 0) > 0.

neN
First observe that it is sufficient to prove the claim for every nonempty
open set of (0,+00). By assumption on p, there exists C' > 0 such that

for every Borel measurable set A C [0, +00),

/p(x) dz > C/X[—&,é] dz.
A

A

Therefore, by comparison of series, we can assume without loss of gen-
erality that the distribution I' is the uniform distribution on the inter-
val [—6,0]. A straightforward computation then shows that for every
s € [0,4+00) and for every n € N, the measure

HT : B((0,+00)) — [0, 1] : HI'(A) = PL((0, +00)" " x A)

s

has support [max{0,s — nd}, s + nd], which concludes the proof. O
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Definition 2.3.12. Fix é € S%~!. The truncated cap symmetrization
space L£f C L is defined from {—1,1} x [0, +00) through the action

(1,7) +— the cap symmetrization (é,r)
(—1,7) — the cap symmetrization (—é,0).

Observe that £ posses two connected components, one of them being

{—1} x [0, 4+00) whose elements act the same way on M;(R?).

Proposition 2.3.13. The symmetrization space L' acting on the space
(My(R%),d) as in definition 2.5.12, is x-compatible.

Proof. The algebraic relation s o x = x = x 0 s is valid for every s € L,
so it is true in £f. Let A € %(R?) be a Borel measurable set such
that #%(ASAA) = 0 for every s € LF. Assume by contradiction that
AU A*AA) > 0. Consider the Borel measurable set

B = A(*é,O) (é,0) ]

Since A = B in My(R?), we clearly have B* = A*, ##¢(B*AB) > 0 and
AU B*AB) = 0 for every s € L*. Moreover, the set BN 9B(0,t) equals
0 or 9B(0,t), for every ¢t > 0, by construction of cap symmetrizations
and by assumption on A. Since #4(B) = #(B*), the sets B\ B*
and B* \ B share the same positive Hausdorff measure. There exists
z1 = (é,r1) € B*\ B and x3 = (é,72) € B\ B*, with 1,72 > 0, and such

that for every r > 0, we have

A B(z1,r)N(B*\B)) >0, % B(zxs,r)N(B\B*))>0.

r1+r9
2

But then we get s#4(B( JAB) > 0, which contradicts the construc-
tion of B. Therefore, we should have /#¢(BAB*) = 0. O

Example 2.3.14 (Random walk on £f). Consider a random walk

(Wn)nen on [0, +00) constructed as in lemma 2.3.11. We write
K :]0,+00) x B([0,400)) — [0,1]

the transition function of (W,,),en. Consider a Markov process (Uy,)nen

on {—1,1}, independent of (W,,)nen, and whose transition function D
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has the form
H;(A) = Biogin (A) + (1 = Bi)d—in (A),
where 1, 5-1 € (0,1). The product process ((Uy, Wp,))nen is a Markov

process on {—1,1} x [0,4+00), which satisfies the following conditions:

— the transition function P of the product process satisfies
P (A) = Hi({1}) K (77 (A)) + Hi({-1}) K. (7~ (4)),

where 77 (A), 7 (A) € B([0,+00)) are the unique Borel measur-
able sets that satisfies

AN {_1} X [07+OO) = {_1} x 7w (A),
and
AN{1} x [0,4+00) = {1} x 71 (A).
— P is strong Feller continuous and for every nonempty open set

O C{-1,1} x [0, +00), we have for every (i,r) € {—1,1} x [0, 4+00)

> P (({=1,1} x (0,400)" ! x 0) > 0.
neN

— the process ((Un, Wy))neN is nonevanescent, since so is (W, )neN.

According to corollary 2.2.12, for every X € Mﬁ(Rd), the sequence
of successive symmetrizations (X (Ulvwl)'“(U"’W”))neN converges almost-

surely in measure to X*.

Counterexample 2.3.15 (Convergence failure for Markov process on
£%). We illustrate the necessity of the discrimination condition (iii) in

proposition 2.2.9. We define the transition function

P: L% B(LY) — [0,1]
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through the formula

1
Pler(A) = 5(0e © p+0_¢ ® 0)(A),

1
Per)(A) = 5(57(2 ® pi+ 6 @ do)(A).

where p : B([0,+00)) — [0,1] is a strictly positive distribution. For

example, one could choose p given by a half normal distribution

1(A) = \/Z/e—f dz.
A

The continuity and discrimination properties are easily checked. The
definition of P forces the process to go on the boundary before to jump
on the other half of £f. Considering half-disks

Dt = {(z1,22) € R*: 2+ 2% < 1,29 > 0},
D™ ={(21,22) € R*: 21° + 2° < 1,25 < 0},

it is a straightforward computation to see that the sequences of successive
cap symmetrizations ((D1)519) cn and ((D7)519), N alternate

between D' and D™, and the almost-sure convergence does not occur.
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Chapter 3

Range and mass
convergence for vector

measures

The following chapter reflects a paper that was submitted,
available at arXiv:1904.05684.
Collaborator: Jean Van Schaftingen.

3.1 Introduction

A vector measure p maps some Y—measurable subsets of a space X to
vectors in a linear space V' [1, Chapter 1; 8; 13]. Vector measures appear
naturally in calculus of variations and in geometric measure theory, as
derivatives of functions of bounded variation (BV) [6] and as currents of
finite mass [10]. In these contexts, it is natural to work with sequences
of finite Radon measures and to study their convergence.

The wide convergence of a sequence (p,)nen of finite vector measures
to some finite vector measure p is defined by the condition that for every

compactly supported continuous test function ¢ € C.(X,R), one has

lim gpdun:/ pduy.
X X

n—0o0

The strict convergence, which requires the total variation to converge
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also, is an important concept that brings one back into a setting similar
to tight sequences of probability measures.
The total variation of a vector measure p is defined in terms of a

seminorm |-|y on V' by

|ulv(X) £ Sup{ B

EecP

P is a finite Y—measurable partition of X }

For real-valued signed Radon measures, V = R and the mass depends
only, up to a constant positive multiple, on the vector structure of the
space V. This is not any more the case when V is a finite-dimensional
vector space of dimension greater than 1 (dimV > 1). The norms on
the space V are all equivalent, but induce total variations whose values
are not connected mutually beyond the bounds given by equivalence of
seminorms.

This lack of connection between various total variations is the starting
question of the present work. Reshetnyak [16] and Delladio [7] have
proved that strict convergence with respect to a strictly convex norm
is a sufficient assumption to obtain strict convergence with respect to
any another norm on V (see also [21] for the mass with respect to a
Euclidean norm).

In order to characterize strict convergence through a topological
object, independent of a choice of norm, we propose to describe strict

convergence with the range of a vector measure u, which is defined as !

rg 11 (X) 2 conv {u(A) : A€ X}
In particular, when V = R, we have

g (X) = [ (), 1 (), (3.1.1)

!Classically, the range of a vector measure is defined [8] as the closure of the set
{p(A) : A C X is ¥—measurable}. This definition coincides with ours as soon as p
has no atoms [8, Corollary 9.5; 14]. Our notion has the advantage of being always a
convex set and is natural in view of the link between range and the total variation
[18, Theorem 3].




3.1. Introduction T

where = p* 4+ p~, with u™ >0, = <0, and ' and g~ are mutually
singular, so that for any widely converging sequence of vector measures,
the convergence of the range is equivalent with the convergence of the
mass [5, Appendix CJ.

In general, the range of a vector measure characterizes uniquely the
total variation of a measure [18]. This result is stable under convergence

as the range convergence implies in general the mass convergence:

Theorem 3.1.1. Let X be a locally compact separable metric space
endowed with its Borel o-algebra B(X), let V be a finite-dimensional
space and let |-y be a seminorm on V. If (pn)nen is a sequence of Borel
vector measures from X to V that converges widely to some vector Borel
measure p, and if the sequence of ranges (rg pin (X))nen converges to
rg i (X) in Hausdorff distance, then

. [pn|v (X) = |plv (X).
n—o0

The assumption on the convergence is described in terms of Hausdorff
distance; this choice is in practice inconsequential: since the space V is
finite-dimensional, the Hausdorff convergence of compact convex sets is
equivalent to the Kuratowski convergence and to the convergence of the
support functions [20, Corollaries 3A and P4.A] (see also [15]).

The converse statement of theorem 3.1.1 does not hold in general. In
fact, the strict convexity of the norm appears as a necessary condition to

have range convergence:

Proposition 3.1.2. If the locally compact separable metric space X
is not discrete and if the seminorm ||y is not strictly conver, then
there exists a sequence (i )nen of Borel vector measures from X to V
converging widely to some vector measure p such that (|pn|v(X))nen

converges to |uly (X) but (rg pn (X))nen is constant and different from
rg 1 (X).

We prove that strict convexity is in fact a necessary and sufficient
condition for the equivalence between range convergence and mass con-

vergence:
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Theorem 3.1.3. Let X be a locally compact separable metric space and
(Vi |-lv) be a finite-dimensional Euclidean space. If the norm ||y is
strictly conver and if (pin)nen 18 a sequence of Borel vector measures

from X to 'V that converges widely to some vector measure p, then
lim 1g pin (X) = rgp(X)
n—oo

if and only if
Jim [y (X)) = |l (X).

The above result completely characterizes the strict convergence in
terms of range convergence. In comparison to mass convergence, the
definition of the rank depends on V only as a topological vector space,
and does not require any specific choice of norm.

The proof of theorem 3.1.3 follows a more general approach due to

Reshetnyak [16], relying on layerwise decomposition technique.

Theorem 3.1.3 shows that mass convergence implies range convergence
in a strictly convex setting. It is also known [18] that equality of the
range implies equality of the variation. This leads to the question
whether the mass of a measure depends monotonically on its range,
that is, whether the inclusion of sets rgv (X) C rg 1 (X) does imply the
inequality vy (X) < |puly (X).

In the case where the norm |-|y is Euclidean, we prove such a relation:

Theorem 3.1.4. Assume that V is a finite-dimensional vector space,
equipped with a semi-norm |-|y. If either dimV < 2 or |-|y is Euclidean,
then if % is a o—algebra on X and the vector measures v, : 22 — V
satisfy

rgv (X) Crgp(X),

then
v (X) < [plv(X).

If moreover the norm ||y is strictly convex, equality in the above conclu-

ston occurs if and only if the ranges are equal.

In higher dimensions, we do not know if such relation still holds.
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Open problem 1. If dim V > 3 and if V is endowed with an arbitrary
(respectively strictly convex) norm, is the mass (respectively strictly)

monotone with respect to range inclusion?

Our approach to prove theorem 3.1.4 when V' is a Euclidean space

directly derives from the a representation formula

foly = /S [, 0)|dor(m) (3.1.2)

for some suitable multiple of the uniform measure o on the unit sphere

S of V*. We will prove that (3.1.2) implies the representation formula

Theorem 3.1.5. Assume that V is a finite-dimensional vector space,
equipped with a Euclidean norm |-|y, then for every o—algebra ¥ on X,

every vector measure [ : % — V and every A € X,

v (A) = /S |7, 0)[(A) dor ().

The representation formula (3.1.2) means that the norm is an L!-
norm in the sense of Choquet [4, Paragraph 41], and that the unit ball
of the dual norm is a zonoid [2, Theorem 2.1; 4]. In the two-dimensional
case, any centrally symmetric convex set is a zonoid [2, Theorem 5.4;
4] and, in fact, any norm has a similar representation for some positive
even measure o this implies a counterpart of theorem 3.1.5 for any
two-dimensional norm. The latter characterization of zonoids fails in
higher dimensions: for example the *° norm whose whose dual ¢! ball is
hyperoctahedron, which is not a zonoid.

In dimension 2, one has similar representation for any choice of
norm, and strict convexity translates by density of the support for the

representing measure o.

When the vector space V is two-dimensional, we improve the geo-
metric interplay between range convergence and mass convergence, by

drawing the following link:

Theorem 3.1.6. Assume that V is a two-dimensional vector space,

equipped with a seminorm |-|y. If ¥ is a o—algebra on X and if p: ¥ —V
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is a vector measure, then
|ulv (X) = § Pery (rg p(X)).

Here Pery (rg 1 (X)) is the perimeter of the closed convex set rg p (X),
computed with respect to the seminorm |-|y,. When the target space V/
is equipped with a strictly convex norm, the perimeter becomes strictly
monotone and theorem 3.1.3 may be derived from theorem 3.1.6. This
kind of isoperimetric inequalities for convex sets were also investigated
in [12]. Theorem 3.1.6 is the extension of the one-dimensional formula
|u|(X) = diamrg pu (X) that follows from (3.1.1).

For the two-dimensional case, theorem 3.1.3 may be derived also from

the integral representation (3.1.2).

3.2 Total variation and range

3.2.1 Vector measures

We assume that X is a space endowed with a og—algebra ¥ and that the
space V is a finite-dimensional vector space on the real numbers. The
space V* is the algebraic dual of V' and (n,v) = n(v) denotes the duality
product defined by the action of the linear form n € V* on the vector
veV.

A vector measure p: ¥ — V is a countably additive function; when
V = R it is a (finite) signed measure. A vector measure p induces

definitions of integrals

/fd,ueV and /(g, dp) € R.
A A

for all ¥—measurable and bounded functions f: X - Rand g: X — V*
and sets A € 3. These integrals satisfy for every ¥ € ¥ and n € V*,

[ xpdu=panE)  and [ e do = GoaAnE),
A A

and the usual additivity, linearity and dominated convergence properties.
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3.2.2 Total variation

The total variation of a vector measure is defined as follows (see [1,
Definition 1.4 (b)]).

Definition 3.2.1. Let X be a o-algebra on X. The total variation of a
vector measure p : X — X with respect to a seminorm ||y is the function
|pe|v: 2 — [0, 4+00] defined for each set A € ¥ by

lulv (A)
m
Lsupq > |w(En)lyv B, En €5, B, Ep C A
n=1 and the sets F1,..., E,are pairwise disjoint }

The total variation enjoys properties that make of it a finite measure
[1, Theorem 1.6].

Proposition 3.2.2 (Finiteness). Let ¥ be a o—algebra on X and let
X —V obe a vector measure. For every A € ¥, |uly(A) < +oo.

Proposition 3.2.3 (Monotonicity). Let ¥ be a o—algebra on X, let
w2 =V be a vector measure and let A, B € .. If AC B, then

v (A) € |ulv(B).

Proposition 3.2.4 (Countable additivity). Let ¥ be a o—algebra on X
and let p : ¥ — V be a vector measure. For every sequence (Ap)nen of

disjoint sets in 3,

1V (Unen An) = D _lulv (An).

neN

We also have some algebraic properties:

Proposition 3.2.5 (Triangle inequality). Let ¥ be a o—algebra on X
and let p,v : X — V be vector measures. For every A € 33,

[+ vlv(A) < [ulv(A) + [ulv(A).
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Proposition 3.2.6 (Homogeneity). Let ¥ be a o—algebra on X and let
WX =V be a vector measure. For every A € R and every A € 3,

[Aulv (A) = [Allplv (A).

It follows from the previous properties that if the function f: X — R

is bounded and X—measurable, then

‘/Afduvﬁ/Alfldlulv-

If X is a locally compact separable metric space, we endow it with

its Borel o-algebra #(X). This topological setting on X is common
when thinking of Cyp(X)* as the space of finite measures on X, every
finite measure being Radon measures because X is second-countable and
metric. In particular, whatever the choice of the norm |-|y on V, the

variation measure ||y is a Radon measure.

Proposition 3.2.7. Let X be a locally compact separable metric space.
If w: B(A) — V is a vector measure and if A C X is open, then

() =sun { [ ) s 0 € A and ol <1},

Here
V'E{n eV |nlyr < +oo},

where V* is the algebraic dual space of the vector space V' and
Inly: = sup {{n,v) : veV and v|y <1} (3.2.1)

Equivalently, n € V' if and only if for every v € V, |v]y = 0 implies
(n,v) = 0. By the Hahn—Banach theorem for seminorms (see for example
[3, Theorem 1.1]), one has

lvlv =sup{(n,v) : n € V' and |v| < 1}. (3.2.2)

Since V and V' are finite-dimensional, the suprema in (3.2.1) and (3.2.2)
are achieved in view of the Weierstrass extreme value theorem.

The proof of proposition 3.2.7 is a transposition of the proof when V'
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is Euclidean and X is separable [1, Proposition 1.47].

Proof of proposition 3.2.7. Let E1,..., E, € %(X) be disjoint subsets
of A and, in view of (3.2.2), let n1,...,nm,m € V/ be linear forms such that
for every i € {1,...,m} |[nily» =1 and (n;, u(E;)) = |w(E;)|v. Since p is
a vector measure, |u|y is a finite measure (propositions 3.2.2 and 3.2.4)
and thus by Lusin’s theorem there exists a function ¢ € C'(4, V') such
that |uly({z € A : P(x) # >0 mxe,(2)}) < e. Without loss of
generality we can assume that [¢]y < 1. Since the set A is o—compact
and in view Urysohn’s lemma for locally compact spaces [19, lemma
2.12], there exists a sequence of functions (6;);en in Cc(A4, [0, 1]) that
converges everywhere to 1 in the set A. Therefore, by multiplying v
by 6; for j € N large enough, we can assume that ¢ € C.(A,V’) and
||y < 1 everywhere in A. We then have

;mwn)v— /A W, du)| < elulv ().

This implies thus that

Sl € { [ < v e Ca vy and o < 1}.

Conversely, if ¢ € C.(A, V') and |[¢|y» < 1 on A, then there exist
an integer m € N, forms n1,...,n, € V' and pairwise disjoint sets
Ey,...,E, € $(A) such that for each n € {1,...,m}, |n,|y» <1 and
E, C A and such that if ¢ = Y " | 7aXE,, one has |[g —¢ly < €

everywhere on A. We then have

’/A<9, dp) — /A<¢, d,u)‘ < eluly(4)

and by definition 3.2.1

/A gldp =3t i(Ba)) < S (Bl < lulv(4). O
n=1 n=1

From now on, X will be assumed to be a locally compact separable

metric space endowed with its Borel o-algebra 3 = #(X).
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3.2.3 Range

The range of a measure has a definition that has some analogies with

the total variation.

Definition 3.2.8. The range of the vector measure p: ¥ — V on a set
A € X is the set

rgp(A) £ conv{u(E): E€Yand EC A} C V.

Here, conv H denotes the closed convex hull of a set H C V. The
range defined by definition 3.2.8 only depends on the structure of V as a
topological vector space.

If p= Zle vi0z;, with x1, ..., 2, € X distinct points, then defini-
tion 3.2.8 gives for every A € 2.

d
rgp(A) = {Zti’vi :0<t; < XA(%)}

i=1

If X c RY is a Borel-measurable set and if 4 2 wL”Y, where w : X — V

is a Borel-measurable function, then

rgu(A) = {/X fwdlY : f: X — R is Borel measurable

andOﬁfSXAinX}.

It follows immediately from the definition 3.2.8 that the set rg u (A)
is a closed convex subset of the space V' and that 0 € rg u (A). Moreover,
rg i1 (A) = {0} if and only if p = 0.

Since for every E € ¥ such that E C A, u(A\ E) = u(A) — u(E),
we have rg pu (A) = p(A) —rgu (A), that is, the set rg u (A) is symmetric
with respect to the vector u(A4)/2 € V.

In a finite-dimensional space V, the range is always bounded (see

proposition 3.2.2).

Proposition 3.2.9. Let X be a o—algebra on X. If u: % — V is a
vector measure, then for every A € X, the set rg u (A) is bounded.
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This property fails in general if the domain is not a o-algebra [8,

Example 8, Proposition 11].

Proof of proposition 3.2.9. Since V is finite-dimensional, there exist vec-
tors vy,...,vq € V and linear forms 71,...,174 € V' such that d = dim V'
and for every i,j € {1,...,d}, (n;,vj) = 0;;, where ¢;; denotes Kronecker’s
delta. In particular, we have for everyv € V, v = 25:1 v;(n;, v), and thus,
for every set £ € X, u(E) = Z‘ij:l vipi(E), where p;(E) = (n;, u(E)).
For every i € {1,...,d}, the set function y; is a finite signed measure
and thus by the Hahn-Jordan decomposition theorem it can be de-
composed as p; = uj + p; , where ,u;r > 0, p; < 0 are finite Borel

measures [5, Appendix C]. Hence

rgu(A) C {Z v« forevery i € {1,...,d}, p; (A) <7 < uj(A)},
i=1

and thus the set rg p (A) is bounded. O

The range is monotone with respect to the set, as was the total

variation (proposition 3.2.3).

Proposition 3.2.10 (Monotonicity). Let X be a o—algebra on X, let
w3 =V be a vector measure and let A,B € ¥. If A C B, then

rgpu(A) Crgp(B).
Proof. This follows directly from definition 3.2.8. O

Finally the range has a countable additivity property as the total

variation (proposition 3.2.4).

Proposition 3.2.11 (Countable additivity). Let ¥ be a o—algebra on
X, let p: X — V be a vector measure and let (An)nen be a sequence of
disjoint sets in 3. Then

rgp (UnEN A”) = ZnEN rgu (A”)

Here ) 181 (Ay) denotes the set of finite sums of elements in the
sets rg u (Ay).
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Since the range is compact (proposition 3.2.9), proposition 3.2.11

implies that if Ay,..., Ax € ¥ are disjoint, we have

rg 11 (Uf,;l An) =Y g (An).

If we drop in proposition 3.2.11 the assumption that the sets (Ay)nen

are disjoint we obtain

rg u (UnGN An) c ZnEN rg (An)

Proof of proposition 3.2.11. We first assume that v € ) _yrgu (An).
Then there exists k € N and vy, ..., v such that for each n € {0,... k},
vp, € rgp(4,) and v = Z?:o vp. By definition of the range, for every

n €{0,...,k}, v, = limy_,o v¢, where
vt € conv {(E): E€Y and E C A} C V.

Hence we have by additivity of the measure,

k n
vﬁﬁzvaEconv{u(E):EeZandEC UA”}
n=0 =0

and, by closedness of the range, v € rg i (UneN An). We have thus proved
that >, cnre e (An) C rgp (Unen An). Since the range is a closed set
by definition, we deduce that } _yrgp(A,) Crgpu (UneN An)
Conversely, we observe that if £ C (J,cy An, then by countable
additivity of the measure p, we have u(E) = > yu(E N A,) €

> nen T8 1 (Ay). It then follows that rg p (U,en An) € D pen 8 1 (An).
O

The range operation is also compatible with the linear structure of
vector measures. First it is sublinear with respect to the sum of measures,

as was the total variation proposition 3.2.5.

Proposition 3.2.12 (Triangle inequality). Let ¥ be a o—algebra on X
and let v : X — V be a vector measure. For every A € 3,

rg (s + 1) (A) C rg o (A) + rgw (A).
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The range is not linear. Indeed, in general one has rg(u — u) (A) =
{0} # rgp (A) +rg(—p) (A).

Proof of proposition 3.2.12. One has for every E € ¥ such that ¥ C A,
wE) € rgu(A) + rgrv (A). Since the range is convex and bounded
(proposition 3.2.9), the set rg u (A) + rgv (A) is closed and convex and

the conclusion follows. O

The range operation is also stable under linear mappings in the target.

Proposition 3.2.13 (Composition with linear maps). Let ¥ be a o—
algebra on X, let VW be finite-dimensional spaces and let p: X — V be

a vector measure. For every T € Lin(V, W),
rg(T o p) (X) =T (rg p (X)).
In particular, if A € R and A € X, we have
rg(Ap) (A) = Argp(4), (3.2.3)

which is the counterpart of proposition 3.2.6.

Proof of proposition 3.2.13. If E € ¥ and if E C A, then we have (T o
w)(E) =T(u(E)). It follows then that

conv {Tou(F) : E€ ¥ and E C A})
=T(conv ({u(F) : E€ X and E C A})

We observe now that if the set H C V is convex and bounded, then by

continuity and compactness in the finite-dimensional space V', T(H) =
T(H). O

The topological structure on the space X can be used to characterize

the range by duality on test functions.

Proposition 3.2.14. If X is a locally compact separable metric space
and if pu: B(X) — V is a vector Borel measure and if the set A C X s

open, then

rg p(A) = {/Awdu Do € Ce(A, [0, 1])}-
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Proposition 3.2.14 is the counterpart of proposition 3.2.7 for the

range.

Proof of proposition 3.2.14. Let E € $(X). Since p is a vector measure,
|pelv (X) is a finite measure (propositions 3.2.2 and 3.2.4) and thus by
Lusin’s theorem there exists a function ¢ € C(X) such that |u|y({z €
X : p(x) # xe(r)}) <e). Since the set A is open and o—compact, we
can assume without loss of generality that ¢ € C.(A4,][0,1]). We then

have

< ellv (A).

n(E) — /X pdu

This implies thus that

u(E) € {{p, ) : p € Ce(X,[0,1]) .

Conversely, if ¢ € C.(A), there exists a Borel-measurable function

f A —[0,1] that takes only finitely may values and such that |f — ¢| < e

on A. We then have
’/ fdu—/ sodu‘ <elplv
A A

/fduEConv{u(E) : Fe #(X)and EC X},
A

and

so that by definition 3.2.8

/Anpduerg,u(A). O

3.2.4 Links between the range and the total variation

In the one-dimensional case, there is a straightforward relationship be-

tween the range and the mass.

Proposition 3.2.15. Assume that dim(V) = 1. If p: X — V is a

vector measure and A € X, then

lulv(A) = diam(rg 1 (A)).
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Proof. Without loss of generality, we can assume that V = R. Let
p = pt+p~ be the Hahn—Jordan decomposition (see e.g. [5, Appendix C])
into measures ™ > 0 and = < 0. One has then

[ul(A) = p*(A) — = (A)
and
rg u(A) = [~ (A), u* (4)],
and the conclusion follows. O

In higher dimensions, the mass and the range are still related by a

quantitative bound.

Proposition 3.2.16 (Comparison between total variation and range).
Let (V,|-|lv) be a seminormed space. There exists a constant C > 0
such that for every X—algebra on the space X and every vector measure

w:X =V oand every A € X3, we have

rg 11 (A) C By (0, [u]v (4))

and
lulv(A) < Csup{jv|v : v €rgpu(A)}

Diestel and Uhl have a similar statement for the semivariation of a

vector measure in a Banach space [8, Proposition I.1.11].

Proof of proposition 3.2.16. For the first part of the proposition, by def-
inition 3.2.1, for every set E € ¥ such that £ C A we have

[(E)lv < [(E)lv + [u(A\ E)lv < |ulv(A),

and the assertion follows from definition 3.2.8.
For the second part, let n1,...,7ng be a basis of V'. By (3.2.2), there

exists a constant C7 > 0 such that for every v € V,

d
ol < C1 Y [{mi, 0)].
=1
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It follows then that if the sets E1,..., Ey, € 3 are pairwise disjoint and if
FEy,...,Ey C A, we have

and using proposition 3.2.15 we infer

l
ST IuE)y < Cosup{[oly : v € rgpu(A)}. =
n=1

Proposition 3.2.16 implies the continuity of the range with respect to

the seminorm induced by the total variation.

Proposition 3.2.17. If u,v: ¥ =V and A € X, then

de(rgv (A) rgp(A)) < |v — plv(A4).

Here dg(rgv (A),rgpn(A)) denotes the Hausdorff distance between
non-empty compact subsets of V: if K1, Ko C V are non-empty compact

sets,

de(K1, Ky) = inf{e >0 : K1 C Ko+ B(0,¢) and Ko C K7 + B(0,¢)}.

Proposition 3.2.17 implies in particular that if the sequence (fip,)neN
converges in total variation to u on A, then the associated sequence of

ranges (rg iy (A))nen converges to rg u (X) in Hausdorff distance.

Proof of proposition 3.2.17. By the triangle inequality for the range
(proposition 3.2.12), we have

rgv (X) Crg(v —p) (X) +rgp(X).

By proposition 3.2.16, we have

rg(v — p) (X) € By (0, [v — plv).

We conclude then that

rgv (X) € By (0, |v — plv) +rg p (X).
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By symmetry, we also have

rgp(X) € By (0, [v — plv) +rgv (X)),

and the conclusion follows from the definition of Hausdorff distance. [

A second property is the fact that the range determines univocally
the image: if two measures share the same range on a set A, then their

total variation on that set coincides [18].

Proposition 3.2.18 (Rodriguez-Piazza). Let p,v : ¥ — V' be vector
measures. If rg pu (X) =rgv(X), then |uly(X) = |v|v(X).

The next lemma highlights the key property used by Rodriguez-Piazza
to prove proposition 3.2.18. It is an adaptation, in terms of total masses,
of a representation principle for the norm by finite combination of positive

values of linear functionals [18, Lemma 2].

Lemma 3.2.19. Let |-|y be a seminorm on V. For each £ > 0, there
exists M, ...,0m € V' and a1, ...,ap € {—1,1} such that, for every

Y—algebra on the space X and every vector measure u: X — V', we have

< elulv(A).

v (A) = ail (mi, )] (A)
=1

The proof follows the strategy of [18, Theorem 3].

Proof of lemma 3.2.19. Fix € > 0. There exist forms ny,...,n,m € V’
and ai,...,am € {—1,1} such that for each v € V, we have

<elvly

m
[oly =D ail (i, )|
i=1

(see [2, Theorem 2.8; 4, p. 53; 17, Lemma 1].) Let § > 0. By definition
of total mass there exists a finite partition P, C X of A such that

ST By = |ulv(A) - 6.

EePx
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and for every i € {1,...,m}, there exists a finite partition P; C ¥ of A
such that

ST i n(E))] = iy ) (A) = 5.

EeP;
If we now take P to be a common refinement the partitions of the

partitions Py, P1, ..., Pm, we have
S By = |ulv(A) =6
EeP

and

S iy 1(E)) = ey )] (A) — 6.

EeP
It follows then that

ulv (A Zaz! Mis
+Z|a¢|

=1

A <ed B+

EeP

S (B~ lulv ()

EeP

S [ ()|~ Km,m(A)’

Eep
< elply (A ( +Z|a@)

Since § > 0 is arbitrary, the conclusion follows. O

Rodriguez-Piazza’s proposition 3.2.18 can be deduced immediately

from lemma 3.2.19.

Proof of proposition 3.2.18. Let € > 0 and let then ny,...,n,, € V' and
al,...,am € {—1,1} be given by lemma 3.2.19. Sincerg pu (A) =rgv (A),

we have for every i € {1,...,m}, in view of proposition 3.2.15,

[(ni, 1) [(A) = diam(rg(n;, pr) (A)) = diam(rg(ni, v) (A)) = [{ni; v)[(A),

and therefore by lemma 3.2.19,

vy (A) = lplv (A)] < e (jvlv(A) + [ulv(A));

since € > 0 is arbitrary, the conclusion follows. O
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3.2.5 Wide convergence

The notion of wide convergence of measures is classically defined by

testing the measure against compactly supported functions.

Definition 3.2.20. Let X be a locally compact separable metric space.
A sequence of vector measures (i )nen from X to V' converges widely to
some vector measure p whenever for every ¢ € C.(X),

lim godun:/ pdu.
X X

n—oo

The wide convergence is compatible with the linear structure of V. If
T € Lin(V, W) and if the sequence (py,)nen converges widely to p, then
(T o pin)nen converges widely to T o p.

A classical result is the lower semicontinuity of the mass under weak

convergence.

Proposition 3.2.21. Let X be a locally compact separable metric space
and let (V,|-|y) be a seminormed finite-dimensional space. If (fn)nen s
a sequence of vector measures from X to V widely converging to some

vector measure i : B(X) =V, then
k() < Timin [ (X).
n—oo

Proof. Let ¢ € Co(X,V’) and assume that ||y < 1 everywhere in X.
By proposition 3.2.7 for every n € N,

/ (¥, dpn) < |unlv,
X
and thus, in view of definition 3.2.20
J ) =t [ () < it
We conclude by proposition 3.2.7. ]

In order to have an analogue for the range, we define the Kuratoswki

lower limit of a sequence of set.
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Definition 3.2.22. The Kuratowski lower limit of a sequence (C),)nen
of subsets of V' is defined as

liminf C,, £ { lim z, : the sequence (z,),cn converges in V/

and for every n € N, x,, € Cn}.

By a diagonal argument, the Kuratowski lower limit lim inf,, o, C,, is
always a closed set. Moreover, if C), is convex for every n € N, then the
Kuratowski lower limit lim inf,,_,, C}, is convex. Similarly, if for every

n €N, 0e Cy, then 0 € liminf,,_, C,.

Proposition 3.2.23 (Weak lower-semi continuity of the range). If
(tn)nen s a sequence of vector measures from X to V that converges

widely to some vector measure i : B(X) =V, then
rg 1 (X) C liminf rg py, (X).
n—oo

Moreover, for every e > 0, if n € N is large enough

rg i (X) Crgun (X) + B(0,¢).

In general, the inclusion is strict. Indeed if the space X is not discrete
and V' # {0}, there exists a point x € X and a sequence (z,)nen in
X \ {z} converging to z. If v € V'\ {0}, the sequence (vd; — vIz, )nen
converges widely to 0, but the range of any of its terms is [—v, v] while

the range of the limit is 0, so that the inclusion is strict.
Proof of proposition 3.2.23. For every ¢ € C.(X, |0, 1]), we observe that

for every n € N, in view of proposition 3.2.14

lim [ @du, €18, (X)
X

n—o0

Hence in view of definitions 3.2.20 and 3.2.22, we have
/ pdp = lim / edpy, € liminfrg u, (X).
X n—oo X n—oo

Since the Kuratowski lower limit liminf, o rgpu, (X) is closed and

convex, the conclusion follows from proposition 3.2.14.
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For the additional assertion, let & > 0. Since the set rgu (X) is
compact, there exists a finite set F' C rg u (X) such that

rgu(X) C F+ B(0,¢/2). (3.2.4)

Since the set F' is finite, by the first part of the proof, when n € N is
large enough
F Crgpy (X)+ B(0,e/2) (3.2.5)

and thus by (3.2.4) and (3.2.5) we have

rg 11 (X) Crgpn (X) + B(0,¢). (3.2.6)
O

3.3 Convergence of the total variation and of

the range

We consider in this section the relationship, for widely converging se-
quences between convergence of the range and convergence of the total

variation.

3.3.1 Range convergence implies mass convergence

If a sequence of vector measures converges widely and if its ranges

converge, then its total variations converge.

Proof of theorem 3.1.1. We fix € € (0,1) and we let n1,...,nm, € V' and
at, ...,y € R be given by lemma 3.2.19, so that

(1= &)lpnlv(X)

< (L) v (X) + DLl (s )| v (X) = il (miy ) [y (X))
i=1
We observe that for every n € N and every i € {1,...,m},

|diam((n;, rg pn (X)) — diam({m;, rg pin (X)))|
< 2milyr dy (rg pin (X) ,rg 1 (X)).
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By proposition 3.2.21 and by proposition 3.2.15, we have, as n — oo,

(i ) v (X) = diam((n;, rg pn (X))
— diam((n;, rg pu (X)) = [{mi, 1) |v (X).

If e < 1, it follows that

. 1+4¢
lim sup|pn|v (X) < 7—|ulv (X).
n—00 — &
The conclusion follows by letting & — 0. O

3.3.2 One-dimensional case

When dimV = 1, the convergence of the range is equivalent to the

convergence of the total variation.

Proposition 3.3.1. Let X be a locally compact separable metric space
and let V' be a one-dimensional space. Let (jip)nen be sequence from X

to V' converging widely to some vector measure p. If
lim supl | (X) < |u](X),
n—oo

then the sequence (rgpin (X)), cn converges to rgu(X) in Hausdorff

distance.

Proof. Let € > 0. By proposition 3.2.23, if n € N is large enough, we

have

rgpu (X) Crgpn (X) + B(0, ). (3.3.1)

It follows then that

rg pin (X) € rg pu (X)
+ B(0, (¢ + diam(rg pn, (X)) — diam(rgp (X))),) . (3.3.2)

The conclusion follows from (3.3.1) and (3.3.2) since € > 0 is arbitrary.
O

A corollary of the one dimensional case described above in proposi-

tion 3.3.1 is the following equivalence criterion for range convergence, in
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terms of masses of projection measures:

Corollary 3.3.2. Let (pun)nen be a sequence of vector measures. The
sequence (g tin (X))nen converges to rg p (X) in Hausdorff distance if,
and only if, for everyn € V',

lim sup| (1, i) [(X) < [ (1, ) [(X).

n—o0

Proof. Let € > 0. For every n € V', the sequence ({1, i) )nen of signed
measures converges widely to the signed measure (1, ). By proposi-

tion 3.3.1, we have then

Jim diy (vg(nis pin) (X) 1805, 1) (X)) = 0. (3.3.3)
Since the set rg pu (X) C V is compact and convex, there exist n1, ..., 0, €

V' and § > 0 such that
rgu(X)C{veV: foreachi e {1,...,m}, (n;,v) <1}  (3.3.4)

and

{veV : foreachiec{l,...,m} (mj,v) <1+0}
Crgu(X)+ B(0,9). (3.3.5)

In particular, if n € N is large enough, we have by proposition 3.2.13 and
by (3.3.3) and (3.3.4),

sup (1, 18 pin (X)) = suprg (n;, pin) (X) < 149,

and thus by (3.3.5)

rg fin (X) € rgpu (X) + B(0, ). (3.3.6)

We conclude the first implication by combining the inclusion (3.3.6)
with proposition 3.2.23. The converse claim of the proposition follows
from the fact that range convergence always implies mass convergence,

and

[(n,rg 1 (X)) = [l
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where V is the vector space V endowed with the degenerate norm
|zl = [(z,m) |- O

3.3.3 Higher-dimensional case

In this section, we prove an equivalence result between convergence of
the range and convergence of the total mass, when the mass is taken
with respect to any strictly convex norm.

A seminorm |-|y is strictly convex whenever if the vectors v,w € V

are linearly independent, then
‘U + w|V < ’U|V + ’w|v.

As claimed in proposition 3.1.2 stated in the introduction, strict
convexity of the norm is necessary to enforce the convergence of ranges.
The proof of proposition 3.1.2 we propose is based on an straightforward

counter-example involving Dirac masses:

Proof of proposition 3.1.2. Since by our assumption the seminorm ||y
is not strictly convex, there exist two linearly independent vectors v, w €
V' \ {0} such that |v+w|y = |v|y + |w|]y. Since the space X is not
discrete, there exists a point z € X and a sequence of points (z,)nen
in X \ {z} that converges to x. We define for each n € N, the vector
measure

Lhn X + w by, .
The sequence (i, )nen then widely converges to the measure p = (v+w) d,
and we have for each n € N

v (X) = v+ wly = |vly + |wlv = [pn]v (X).

On the other hand the range of rg u, (X) = conv {0, v, w,v + w} while
rg 1 (X) = conv {0,v + w} corresponds to the diagonal of the parallel-
ogram rg((X) py,). Since the vectors v and w are linearly independent,

the sequence of ranges does not converge. O

In particular, by proposition 3.1.2 and proposition 3.3.1 there exists
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a linear map 7' : V' — R such that the sequence (|T" o 1, |(2))nen does
not converge to |1 o u|(€2). That is, in contrast with wide convergence
and with convergence of ranges, the convergence of total variations is

not invariant under linear changes of variables.

Theorem 3.3.3. Assume that X is a locally compact separable metric
space, and let (fin)neN be a sequence of vector measures weakly converging
to some vector measure p. If ||y is a strictly convex norm on V such
that

tim [jaaly (X) = |1y (),

n—o0
then the sequence of ranges (rg iy (X))nen converges to rg p (X) in Haus-
dorff distance.

The proof follows lines of thought from the work of Reshetnyak [16,
Theorem 3], Since the approach requires some tools from measure theory,
we repeat the proof with explanations on how the tools are used, and we
chain the argument with corollary 3.3.2 to obtain Hausdorff convergence

of the ranges.

Proof of theorem 3.3.3. For all n € N, let x,, be the indicator mea-

sure [16] of |u|y, defined as the unique measure
Xyt B(X xS) —[0,400)
acting on any continuous function ¢ € C(X x §,R) as

/XXS ol e) dxule,€) = /X ¢(x’ d(lizrv (x)) dlplv ().

Since we are working with vector measures, and because the ranges

and the masses remain uniformly bounded for n € N, we may pass to
subsequences and assume without loss of generality that the sequence
(Xun )nen weakly converges to some measure p. As in [16, Theorem 3],
we are going to prove that the limit p actually equals x,,, the indicator
function of |u|y. To that purpose, we use [16, Theorem 1] to obtain a
layerwise decomposition (w, A) of the indicator measure p [16], in the
sense that w : X — [0, +00) is a positive measure and A : X — M(ZA(S))
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is a function such that for every ¢ € C(X x §),

/Xxs</7(x,e)dp(v,e)Z/X/Scp(x,e)d)\(x,e)dw(x)‘

Moreover, for this layerwise decomposition, the function

z € X — u(zx) :/Sed)\(x,e)

is #(X )-measurable and for every A € Z(X),

[ﬁuym@yxéépﬁwﬂmm@—ﬂmy (3.3.7)

The existence of such decomposition with relation (3.3.7) only uses the
weak convergence assumption p, — . By convexity of the norm, we

have
\mmngdM@agx (3.3.8)

Those inequality follow from [16, Theorem 1], where it is proved that
Az, S) =1 for w-almost-all x € X. Integrating left sides of the above

inequality (3.3.8) with respect to the measure w also yields

@y ds) < [ [ axwedste) = [ dptaee)

and by construction of p:

| o) =t [ v, (e =t () = July (X).
XxS n—oo

n—0o0 X xS

Thus
/X (@) dw(@) < luly.

For A € #(X) an arbitrary Borel set, we observe that

du /
—d =u(A) = udw.
/A g dle= ) = |

Considering the Radon-Nikodym derivatives of ||y and w with respect
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to the measure o = (|u|y+w), we obtain

/ dp dulv daz/u e do
A dlply d(w+ |ulv) A dwlplv)

and since the set A € $B(X) is arbitrary, we obtain

dw __dw d|plv
d(w+ [plv)  dlply dw+ |plv)

(3.3.9)

(|pe|y+w)-almost-everywhere on X. Using the fact that w and |u|y are
positive measures, we take norms on both sides of (3.3.9) and we integrate

both sides with respect to o to obtain

u(x)|y dw(zx /‘ (x)
e dlulv

and equality holds in the inequality (3.3.8): we have |u(x)|y = 1 for

dlulv(l‘) = |ulv(X)

w-almost-all z € X. In particular, w = ||y and u = dﬁff on X.

The strict convexity of the norm ||y, may be used to observe that in

fact, A(x,-) is a Dirac mass at u(z), for |u|y-almost-all z € X. Indeed,
this follows from the fact that
/|e[v dA(z,e)

/ed)\xe
S

which is possible if and only if A(z, ) is a multiple of a Dirac mass. The

concentration point should thus be u(x), and the multiple is 1.

Now we fix an arbitrary direction € §. Considering again Radon-

Nikodym derivatives, it is straightforward to check the identity

X) = [ [(Gr @] dv(a).
/ (), )| dw(z).

Using the fact that A(zx,-) is a Dirac mass at u(z), the inner absolute

or equivalently

value commutes the integral to give
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J |wt@) ) asta) = [ [ temldre.e) dota)

=/ (evn)] dp(z, e).
XxS

Now we always have

ol (X) = [ [(Grl=@m)] diatvi@) = [ el duo.e)

and therefore, by definition of p, we obtain

Jim ) () = eI ().

Since this holds for all n € S, we obtain Hausdorff convergence of the

range, by corollary 3.3.2. O

Theorem 3.1.1 and theorem 3.3.3 imply immediately theorem 3.1.3.

3.4 Zonal representation of masses

In this section, we develop a geometric approach to manage the rela-
tion between range convergence and mass convergence. Although the
geometric approach will give much less results when dim(V) > 3, it
provides an interesting geometric point of view of the relation between
mass convergence and strict convergence when dim(V) = 2.

3.4.1 Zonal representation formula

We will show that seminorms having a zonal representation have an

associated mass that has an integral representation.
Definition 3.4.1. A locally finite non-negative Borel measure
o: BV = [0,4+x]

is a zonal representation of a seminorm |-,y whenever

| v dotn) < o
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and for every v € V,

ol = [ .0}l dato).

As an example, we can consider the standard Euclidean norm in R?

and the uniform measure v on the unit circle S C R?, giving

[ elapte) =22 [Ficosoyian = i 2
31}76 P6—27T 0 —Uzﬁ,
and the zonal representation holds with o = Fp.

More generally, every Euclidean norm admits a zonal representation.

Theorem 3.4.2 (Representation of Euclidean norms). If |-|y is a Eu-

clidean semi-norm on V', then it admits a zonal representation.

Proof. Up to a linear isometry and an orthogonal projection, we can
assume that V = R? and |-|y = ||2 is the standard Euclidean norm.

Then we have
lols = a / (0, )| do(e),
S

where o is the uniform surface measure on the Euclidean sphere S, and
a = a(d) > 0 is a normalization constant. The above identity directly
follows from the fact that the uniform surface measure is the unique (up
to multiplication constants) Borel measure on S that is stable under

isometries of RY. O

A norm |-]y has a zonal representation if and only if the associated
unit ball in V* is a zonoid, which can be defined as the ranges of vector
measure [2, Theorem 2.1; 4].

If V is a two-dimensional space, every norm has a zonal represen-
tation in the sense of definition 3.4.1 ([2, Theorem 5.4; 4, 41.2]). This
follows from the fact that, in the plane R?, every symmetric compact
convex set may be approximated by a symmetric convex polygon with is
automatically a zonotope in R2.

For example, the usual Euclidean norm is represented by the uniform
measure on the dual sphere S of V' since the uniform measure is the

only (up to multiplicative constants) invariant measure under rotations
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and thus, balls induced by its associated norm are Fuclidean balls. This
argument is also valid in higher dimensions.

Another example is given by the £!-norm on R? defined for v € R? by

d
vl £ v,
i=1

which can be represented with o = 2?21 0n;» where n;(v1,...,vq) = v;.

In higher dimensions dim V' > 3, there are some norms that do not

have a zonal representation. If v = (v1,...,v4) € R? then
|V|oo = max{|v1],...,|vq|}

has no zonal representation of the form definition 3.4.1 by any positive
measure o. Indeed, if such measure o existed, then its dual ball, which
is the ¢'-ball, should be a zonotope. However, the 1-ball is a hyperoc-
tahedron, which has some 2—dimensional that are triangles, and is thus
not a zonotope [2, Theorem 3.3].

The above example is not related with the fact that the ¢! and ¢>
norms are not strictly convex. In fact, there are also strictly convex

norms that are do not have a zonal representation definition 3.4.1. Indeed,
log 3

log % ’
and for every p > 2 it is known that the p—norm does not have a zonal

in R3, the pnorm does not have a zonal representation, if p >

representation is the dimension is large enough [2, (32); 23, Proposition
2].

Remark 3.4.3. If ¢/ : (V') — [0,+00) is a measure such that for
every Borel cone C € B(V'), o/(C) = o(C), then for every v € V,

[ Joldo'o = [ [mo)laoto

and for every vector measure p: 3 — V,

(n, )| (A)do’(n) = /V,|<17,M>I(A) do(n).

|
V/
In particular, the measure ¢ satisfying the assumption of lemma 3.4.4 is

not unique; a canonical representative can be given by requiring sigma
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to be an even measure supported on the unit sphere of V.

The existence of zonal representation of the norm in V' automatically
implies a similar representation formula for the mass. It may be seen as
an alternative way of representing the mass, without relying on layerwise

decompositions.

Lemma 3.4.4 (Representation of the mass). If o : Z(V') — R is a
zonal representation of |-|y, then for every o—algebra ¥ on X, every

vector measure p: 3 — V and every A € 3,

v (4) = [ [60.101(4) o).

Proof. If Ey, ..., E, € X are disjoints subsets of A, we have

Z!u rv—/Zm, Mot < [ [n)l(4)doto)

and thus by the definition of total variation of a vector measure (defini-
tion 3.2.1)

v (A / (1, 1)) (A) dor(1). (3.4.1)

Conversely, in view of remark 3.4.3 we can assume that the measure
o is supported in a compact set K C V' \ {0}. In particular ¢ is a finite
measure. Let € > 0, there exists n1,...,n, € K such that

m
K c | By(m,e).
=1

In particular, if n € By/(n;,¢) and E € ¥, we have
[[{n, )| (E) = [, i) | (E)] < elulv (E). (3.4.2)
We decompose K = Ule K;, with Ky,...,K; € (V') pairwise disjoint

and K; C By/(n;,¢). We have then by (3.4.2)

d
/V/Kn,m\( Zo (s, 1) | (A) 4 €0 (K) |y (A).  (3.4.3)
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Since (n;, p) is a signed measure, by the Hahn—Jordan decomposition
theorem and a common refinement, there exists a partition F1,..., E,, €
¥ of A such that for each i € {1,...,¢},

m

iy i) (A) = [(mi, 1) (E)- (3.4.4)

n=1

We obtain thus by (3.4.2) again combined with (3.4.3) and (3.4.4)

<Z/U% Wl do(n) + 2o (K) (Il (4 +va 2).

By our assumption on the seminorm this implies in turn by our assump-
tion and by additivity of the total mass (proposition 3.2.4) and by the
definition of total variation (definition 3.2.1) that

AWW( <Zm )y + 20(K) v (A)
< Jplv (A) + 2e0(K)|plv (A).
We conclude by letting € — 0 that
/V/|<77»M>|(A) do(n) < |ulv(A4). (3.4.5)

The conclusion then follows from (3.4.1) and (3.4.5). O

3.4.2 Application to monotonicity and convergence

When V is equipped with an Euclidean norm the monotony of the mass
with respect to range inclusion, theorem 3.1.4 stated in the introduction,

is a direct consequence of the zonal representation, lemma 3.4.4.

Because of the particular structure of two-dimensional vector spaces,

the proof we give also holds for any norm on V' whenever dim V' = 2.
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Proof of theorem 3.1.4. Given two vector measures pu, v such that
rg pu (X) Crgv (X),
we clear have, for all n € S:

(n,rg p (X)) C (n,rgv (X)).

Since the range commutes with linear maps, we directly obtain, for all
nes:
rg(n, 1) (X) C rg(n,v) (X).

Since the measures (n, ) and (n,v) are real-valued, we obtain

[(n, 1< [(n, V)],

for all n € §. Since V is Euclidean or dimV = 2, this implies,
by lemma 3.4.4, |u|v(X) < |v]y(X). If the norm is strictly convex,
then the inequality is strict. O

Relying on the integral and perimeter formulae obtained above, we
also propose an alternative proof of theorem 3.1.3.

We first draw a link between the support of a zonal representation
and strict convexity. The above characterization will turn out to be

particularly efficient in dimension 2.

Definition 3.4.5. A zonal representation o : B(V') — [0,+00] of a
seminorm |-|y is non-degenerate whenever for every non-empty double
cone C C V,o(C) > 0.

We recall that the set C' C V' is an open cone whenever for every
A€ R\ {0} and z €, \C = C.

In dimension 2, the non-degeneracy of the zonal representation is
equivalent to strict convexity. This will turn out to be false in higher

dimensions.

Proposition 3.4.6. Let V be a finite-dimensional space. Assume that o
is a zonal representation of the seminorm |-|y. The norm |-|y is strictly

convex if and only if for every linearly independent vectors v,w € V,



108 Range and mass convergence for vector measures

there exists n € supp(c) such that (n,v) and (n,w) do not have the same
sigmn.
In particular, if V is a 2-dimensional vector space, then the norm is

strictly convex if, and only if, o is non-degenerate.

Proof of proposition 3.4.6. We observe that for every n € V/ and v € V,

we have

[{n, ) + (n,w)| = |(n, 0)| + [{n, w),

with equality if and only if the numbers (n,v) and (n,w) have the same
sign. We have

o uly = [ 1n.0) + )l do(o
> [ s+ | [ wldotn) =[oly + fulv,
% v

with equality if and only if (n,v) and (n, w) have the same sign for every
n € supp o, since the map z € V' — (1, z) is continuous.

In particular, if o is a non-degenerate zonal representation, then the
norm ||y is strictly convex. In the two-dimensional case dimV = 2, the
separation condition of proposition 3.4.6 on the support conversely implies
the density condition on the support. Indeed, for every n € V' and every
d > 0, there exists v,w € V such that if n € V" and (/,v) <0 < (/,w),
then |n — 7'y <94. O

Density of the support for a zonal representation of a strictly convex
norm in higher dimensions dim V' > 3 fails in general. As an example,
one can consider V = R3 and the measure o = Ogy + 0z .+ 0.y, Where
0,y is the uniform measure on the circle orthogonal to the y-axis; and
similarly for o, . and o ,. Then the support supp(c) is far from being

dense in S, but the induced norm

1ol dotn) = Vo4 e + Vot + it + Vo +
S
is strictly convex.

We know give another proof of theorem 3.1.3 by mean of zonal integral
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representation. We restrict ourselves to the case of Euclidean norms in

the case dim V' > 3, and strictly convex norms in the case dimV = 2.

Second proof of theorem 8.1.3, by zonal representation. As the converse
statement holds in all generality, we shall only need to prove that mass
convergence implies convergence of the range.

For every n € V', the sequence ((n, in))nen converges widely to
({n, uy) and by proposition 3.2.21, we have

lim inf| (), pn) |(X) = [(n, )] (X). (3.4.6)

n—o0

Since ||y is a Euclidean norm, there exists a constant £ > 0 such that

for every v € V,
ol = [ 0] dn (3.47)

where S is the unit sphere in V' ~ V’. By lemma 3.4.4 and by our

assumption, we have

n—oo

lim sup /S (1, ) |(X) iy < /3 | (X)dy. (3.48)

For every n1,m2 € V' and n € N, we have

[1(n2, 1) |(X) = [, ) (X < i = v i [y (X (3.4.9)

By (3.4.6), (3.4.8) and (3.4.9), we deduce that for every n € Sy, we

have
Jim [(, 1) [ (X) = [, )| (X). (3.4.10)

By homogeneity, this still holds for every n € V/ and the conclusion
follows then from corollary 3.3.2. O

3.5 Perimeter representation of masses

3.5.1 Perimeter formula

So far, we have used zonal representation of norms in spaces of dimension 2
to approach the problem of mass convergence from a geometric point of

view. In particular, we were able to characterize strict convexity of the
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norm through density of the support for the measure representing the
norm.

We now give further geometric insight of the problem, by interpreting
the total mass of a vector valued measure as the perimeter of its range
(up to some multiplicative constant).

We first define the perimeter of a polygon in a two-dimensional space.

Definition 3.5.1. If dimV =2 and P C V if P is a polygon of vertices

v1,...,0p, we define its perimeter as

y4
PerV(P) é Z‘Uf — Vyp—1|V,
=1

with the convention that vy = vy.

This notion of perimeter is analogous to the notion of perimeter in
crystalline variational problems [9,11,22,24].
The perimeter of convex polygons is monotone with respect to set

inclusion.

Lemma 3.5.2. If dimV = 2 and P; C P>, C V are convex polygons,
then
PerV(Pl) S Perv(Pg).

Proof. Let H C V be a half-plane such that P, C H and OH contains
one side of dP;. Then by the triangle inequality for the seminorm
Pery (H N Py) < Pery (H). By repeating this process on each edge of the

polygon P;, we reach the conclusion. O

Lemma 3.5.2 suggests to extend the definition of perimeter to convex

sets as the least upper bound of the perimeter of polygonal subsets.
Definition 3.5.3. If C C V is convex, we set
Pery (C) £ sup {Pery (P) : P C C is a convex polygon}.

In view of lemma 3.5.2, lemma 3.5.2 and definition 3.5.3 coincide for

polygons.
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The monotonicity property of lemma 3.5.2 can be transferred to
arbitrary subsets and the equality cases can be characterized for strictly
convex norms.

Proposition 3.5.4. If C; C Cy CV are compact convex sets, then

Pery (C1) < Pery (Co),

If ||v is a strictly convex norm and if equality holds, then C; = Cs.

Proof. The inequality follows from lemma 3.5.2 and definition 3.5.3.

For the equality case, we assume by contradiction that C7 C Cy There
exists v € Cy \ C1. Let H C V be a half-plane such that v ¢ H and
Cy C H. In particular, for every wy,ws € C, we have since ||y is a

strictly convex norm,
wy —wily < |we —vly + v —wily.
We define
n £ inf{jwy — v|y + |[v —w1|y — |wy —w1|y @ wi,wy € C1}.

Since the set C; is compact and convex, we have n > 0. If P, C C is
a polygon, then the polygon P» defined as the convex hull of P, and v
satisfies P, C Cy and

Pery () > Pery (P1) + 1.
By taking the supremum, it follows from definition 3.5.3 that
Pery (Cq) > Pery (C1) + 1 > Pery (Ch). O
We establish theorem 3.1.6 which states that
|uly (X) = 5 Per(rg u (X))

This formula together with lemma 3.4.4 yield a Cauchy—Crofton-like
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integral formula for the perimeter: for any compact convex set C C V:

Pery (C) = 2/Sdiam<77,C') do(n). (3.5.1)

The proof of theorem 3.1.6 is based on the following property of
polygons.

Lemma 3.5.5. Let V be a two-dimensional vector space and |-|v be a

seminorm on V. For every m € N and vy,...,vy € V, one has

> Jvnly = § Pery ([0, v1] + -+ + [0, v5n)).

n=1

Lemma 3.5.5 implies in particular immediately that theorem 3.1.6

holds when g has finite support.

Proof of lemma 3.5.5. We proceed by induction. The identity is trivial

if m = 0. The induction step follows from the observation that

%Perv([o,vl] T+t [Ovvarl]) = %Perv([ovvl] +eeet [Ovvm]) + |Um+1|V'
]

Proof of theorem 3.1.6. If Eq, ..., By, € X are disjoint subsets of A, then

we have
> |u(En)lv = §Pery ([0, u(B)] + -+ + [0, u(En))).-
n=1

Since [0, u(E1)] +-- -+ 1[0, u(Ey)] C rgp(A), it follows from the definition
of total variation (definition 3.2.1) that

|ulv(A) < 5 Pery (rg 1o (4)). (3.5.2)

Conversely, if P C rgu (A) is a polygon, there exist sets F1, ..., Fj €
Y such that Fy, ..., Fx, C A, u(Fy),. .., u(Fy) are the vertices of P. Hence
there exists disjoint sets E1, ..., E,, € ¥ such that P C [0, u(Eq)] + -+ +
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[0, u(Ep,)]. Tt follows thus by definition 3.5.3 that

L Pery (P) < L Pery ([0, u(E)] + - + [0, s Em)]) = Y_|1(En)lv (A).
n=1

(3.5.3)
Hence by definition of total variation (definition 3.2.1),
3 Pery (P) < [ulv(4)
and thus by definition of perimeter (definition 3.5.3)
L Pery (g1 (4)) < [uly(A). (3.5.4)

The conclusion comes from the combination of (3.5.2) and (3.5.4). [

3.5.2 Application to monotonicity and convergence

Theorem 3.1.6 gives a proof of the monotonicity of the range with respect

to the mass.

Second proof of theorem 8.1.4 when dimV = 2. We apply theorem 3.1.6
and proposition 3.5.4. ]

As a final result, we give a proof of theorem 3.1.3 in the two-

dimensional case, based on the perimeter formula, theorem 3.1.6.

Third proof of theorem 3.1.3 via perimeter formula. Given a compact

and convex set C' C V', we define the function y¢ : V — [0, 4+00) by
ve(v) £ Pery (conv (C + {v})). (3.5.5)

We observe that, by the triangle inequality and the definitions, for every
U1, V2 S V,
e (v2) —ve(v)] < 2[ve —vily (3.5.6)

and that if 0 € C,
vy < ve(v). (3.5.7)
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Let € > 0. By the Weierstrass extreme value theorem and, since ||y

is a strictly convex norm, by proposition 3.5.4 we have
6 2 inf{ygux)(v) : dist(v,rgp (X)) > e} — Pery (rgpu (X)) > 0.

By (3.5.5) and definition 3.5.3 for every v € V, there exists a polygon
P, C rgpt(X) such that

o
1P, (V) 2 Yeg u(x) (V) = -

Thus if |v" —v|y < %, we have by (3.5.6)

4]

VP, (U/) > 'Yrgu(X)('Ul) )

and thus if yp, (v') < Pery (rgu (X)) + %, then v/ € rgu (X) + B(0,¢).
In view of (3.5.7), by a compactness argument, there exists a poly-
gon P C rgu(X) such that if yp(v) < Pery(rgu (X)) + g, then v €
rg 1 (X) 4+ B(0,¢). By proposition 3.2.23 and definition 3.2.22, there
exists a sequence of polygons (P,),cn whose vertices converge to those
of P and such that for every n € N, P, C rgu, (X). For every v € V,
we have lim,,_, vp, (v) = vp(v), and thus in view of (3.5.6), for n € N
large enough, if v € V satisfies vp, (v) < Pery(rgp (X)) + £, then

vergu(X)+ B(0,e).

Assume now that v € rgpu, (X). One has then conv P, 4+ {v} C
rg iy (X), and thus if n € N is large enough, we have

5
7P, (v) < Pery (un) < Pery (u) + 7.

By construction of P, this implies that v € rg u (X) + B(0,¢) and thus

rg pn (X) C rgp (X) + B(0, ). (3.5.8)

The conclusion then follows from (3.5.8) and proposition 3.2.23. [
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Chapter 4

Vortex motion for the lake

equations

The following chapter reflects a paper that was submitted,
available at arXiv:1901.01717.
Collaborator: Jean Van Schaftingen.

4.1 Introduction

The lake equations model an incompressible inviscid flow of a fluid in a
lake whose velocity varies on distances whose scale is large compared to
the depth (shallow water) and is small compared to the speed of gravity
waves (its Froude number is small: Fr < 1) [8, (1.1)]. Mathematically, the
lake is represented by its projection of its volume on a horizontal planar
open set D C R? and by a positive depth function b : D — (0, +00); the
velocity field u : R x D — R? and the surface height h : R x D — R are

governed by the system of equations

V-(bu):() on R x D,
du+(u-V)3u=—-Vh onRx D, (4.1.1)
u-v=_0 on R x 0D,

where v denotes the outgoing normal vector at the boundary 9D of

the domain. The equations (4.1.1) express respectively the conservation

119
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of mass, the conservation of momentum and the impermeability of the
boundary 90D. In particular when the depth b is constant, the lake
equations (4.1.1) reduce to the two-dimensional Euler equations of inviscid
incompressible flows. The lake equations (4.1.1) can be derived formally
from the three-dimensional Euler equations [8] and have been justified
mathematically in the periodic case [42]. They appear in the mean-field
limit for the Gross—Pitaevskii equation, which is the Schrédinger flow
for the Ginzburg-Landau energy, under forcing and pinning [19]. Weak
solutions of the Cauchy problem for the lake equations (4.1.1) exist
globally [24, 31, 33,40, 41]; these solutions are unique [5,31,40] and as
smooth as the data permits it ([24,32,41] and section B below).

The vorticity w = V x u of a flow governed by the lake equations
(4.1.1) obeys the vorticity equation

O+ bu v(%) ~0 inD. (4.1.2)

For the planar Euler equation, corresponding to constant depth b, the
vorticity equation (4.1.2) has been known since the works of Helmholtz,
Kirchhoff and Routh to have singular vortex-point solutions whose vor-
ticity is a linear combination of Dirac deltas whose position is governed
by a dynamical system whose Hamiltonian is the Kirchhoff-Routh stream
function [23, §5; 28, Zwanzigste Vorlesung, §2-3; 46, §23]. These vortex
point solutions are merely distributional solutions of the Euler equations;
since the works of Scheffer and Shirelman [47-49], the latter are known
to exhibit unphysical behaviors in general. In a seminal work, Marchioro
and Pulvirenti have proved mathematically that the singular vortex-point
solutions are in fact the limits of solutions of the planar Euler equations

whose initial data’s vorticity concentrates into Dirac masses [37].

For the lake equations (4.1.1), Richardson computed by formal
matched asymptotics that the position ¢ : R — D of a vortex of vorticity
I' and its typical radius € should evolve according to the law [45, (5.1)]

Q) ~ — T (V) (q(r), (4.1.3)

where V+Inb = (92Inb,—0;Inb). A similar law was derived from
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axisymmetric Euler flow and verified exzperimentally for vortex dipoles
moving towards a planar sloping beach [9,43] and was tested numerically
on barred beaches [6] in order to understand the rip currents which
represent a hazard to swimmers. As a consequence of the law (4.1.3),
vortex points should follow at the leading order the level sets of the
bathymetry b. In comparison with the planar Euler equation, the velocity
of a vortex depends on its radius and the dominant term is local: it
interacts at the leading order neither with the boundary nor with vortices
that remain at a positive distance. These formal, experimental and
numerical results raise the question whether the evolution law (4.1.3) is
mathematically the limiting behaviour of families of solutions to the lake

equations (4.1.1).

In the stationary case for the lake equations, where the velocity u
does not depend on the time ¢ (4.1.1), there exist families of stationary
solutions concentrated at a point of maximal depth or at a point where
the irrotational flow generated by a boundary condition of order ln%
balances the diverging motion of (4.1.3) [14-16] (seel also chapters 5, 6).
(Corresponding results were already known for the planar Euler equations
[3,7,50-52].) This approach also yields a rotating singular vortex pair in
a rotation-invariant lake [14] (see chapter 5).

When D = (0,400) x R and b(r, z) = r, the lake equations (4.1.1)
is in fact the axisymmetric three-dimensional Euler equation. A single
vortex ring is known formally to evolve according to (4.1.3) since the
work of Helmholtz and Kelvin [23, §6 and letter from Thompson|, which
is a particular case of Da Rios law of evolution of three-dimensional
vortices by a binormal curvature flow rescaled by a factor ln% (Da Rios
law [12,44], see [1, §2.1] for a derivation in modern formalism). Benedetto,
Caglioti and Marchioro have proved that axisymmetric flows whose initial
vorticity concentrates on a vortex ring satisfy asympotically this law [2].
For arbitrary filaments, Jerrard and Seis have proved the asymptotic
binormal curvature flow under some hypotheses on the solution of the

three-dimensional equation [25].

In order to state our main result describing flows whose initial vorticity

is concentrating by their bathymetry, we rely on two conserved integral
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quantities of the flow: the vortezr circulation of the flow at time ¢t € R

Nwééw@, (4.1.4)

and the kinetic energy at time ¢t € R,

E() 2 ;/D|u(t)\2b, (4.1.5)

which are independent of the time ¢ € R when u is a classical solution of
the lake equation.

Our main result characterizes the asymptotic behavior of solutions

when the vorticity of the initial data shrinks to a Dirac mass:

Theorem 4.1.1. Let D C R? be a bounded domain of class C? and
b e C%(D,(0,4+00)). Assume that b is constant on each component of
aD. If

(a) (U, h"),~0 € CHR x D,R?) x C(R x D) is a family of classical

solutions to the lake equations (4.1.1),
(b) w™(0) > 0 everywhere in D,
(¢) F=w™ — 84, narrowly as measures,
87E™(0 .
(d) w™(0) < T™exp Wﬂ("()o) everywhere in D,
then for every s € R,
n|2

q(s) and |1;n

a(s)

1 n(F”(O)s ) s

" \BEn(0)” (Pn(O)S ) =0

Y E™(0)’

narrowly as measures, where q : R — D 1is the unique solution of the

Cauchy problem

{Q/(S) = (V' ) (g(s)) s€R,
q(0) = qo.

The narrow convergence means explicitly that we assume that for
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every test function ¢ € C(D):

N T
lim / w"p = ¢(qo);
D

n—oo [ '

and we conclude that for every test function ¢ € C(D) and every s € R:

1 n (Tn(0)s B
T}EE‘OW/D“’ <En(0) ¢ = ela(s))-
The narrow convergence of the energy density is similar to the result
obtained by Davila, del Pino, Musso and Wei [13].

Since the lake equations (4.1.1) admit classical solutions, examples of
solutions satisfying the assumptions of theorem 4.1.1 are given by rescaling
an initial boundary data. Given a nonnegative function f € C°(R?) such
that fRQ f =1, a sequence of positive numbers (¢"),ecn converging to 0,
qo € R? and a sequence (I'"),,cy such that for every n € N B(qo,€") C D,
we set for each x € D

W(0,2) 2 (S50,

and it can be computed that as n — oo

r) =1, 20 = L 0L L oa), ano) = (14 o)),

47 en

and thus, by theorem 4.1.1,

1 4
ﬁwn (F” 17:5” ’ > = Og(s),

narrowly as measures on D, where the motion of ¢ is governed by
Richardson’s law (4.1.3).

The assumption that the depth b is constant on each component of
the boundary implies that the solution ¢ of the Cauchy problem obtained
in the conclusion of theorem 4.1.1 remains inside the domain D and
is thus global; the assumption plays an important role in our method,
but we have no reason to believe that it should be necessary for the

convergence to hold on a time interval in which there is no collision with
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the boundary.

The assumption that the domain D is simply-connected yields a
slightly simpler statement; it will be removed in the sequel under an
additional condition that the circulations are controlled by the vortex
circulation (see theorem 4.5.4 below). Similarly, our proof also covers
weak solutions of the lake equations in the vortex formulation.

When the depth b is a constant function, theorem 4.1.1 implies
that the vortex is stationary at the time scale I'(0)/E™(0); this does
contradict the classical planar vortex motion which occurs at a time scale
of 1/T"(0), which is much larger in the regime E™(0)/I"(0)? — +oc.

The description of the motion of vortices in theorem 4.1.1 can be

formally written as

1)~ 2 (V43 (a(0). (4.1.6)

An advantage of the formulation (4.1.6) is that the typical radius e of the
vortex, which is not necessarily preserved or even well-defined a priori

along the flow, is replaced by a conserved quantity.

A first step in the proof of theorem 4.1.1, is to prove that the vorticity
of the solution u,(t) at any time ¢t € R concentrates as n — +oo. In
contrast to other works for the planar Euler equations [38] or cylindrically
symmetric Euler equations in the space [2,38] in which the geometry of
the vorticity region is constrained through its diameter or area, we rely

on a typical length scale

A 47TEn(t)
pn(t) = exp ( N W)

which is defined in terms of integral quantities related to the flow: the
energy I, (t) defined in (4.1.5), the circulation I'j,(¢) defined in (4.1.4)
and the total vorticity Q,(t) defined by

Q) 2 /D w(t)b. (4.1.7)

The first two are conserved by the evolution of the lake equations, and
Q,(t) > (infp b) 'y (¢) so that p,(t) — 0 uniformly as n — +o0.
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In order to show that the vorticity effectively concentrates on balls of
radius of the order p,(t), we rely on the assumption (d) of theorem 4.1.1
and on the fact that although the total vorticity £2,,(¢) is not conserved,
it has variations of the order I';, on time-scales of the order T',,/Ey;
the proof of this statement relies on the constancy of the depth b on

connected components of the boundary 0D (see proposition 4.5.3).
The strategy to obtain the equation of motion of the vortex, is to

study the center of vorticity

1

qn(t) = F/ x wy(t, x) da.
nJD

A formal derivation argument gives the formula

1 \VA
0 Dsz/Jn(t)wn(t);

Gn(t) ~

a suitable study of the asymptotics of the vorticity w, (t) and of the stream
function 1, (t) shows that the right-hand side behaves asymptotically
as —(V+b~ 1 E,(t)/T,(t). Unfortunately the derivation formula for g,
would require the identity to be constant on the boundary 0D; we bypass
this technical obstacle by considering a modified version of the center of
vorticity which is close to the center of vorticity thanks to concentration

estimates and some repulsion properties of the boundary.

The sequel of the present work is organized as follows. In section 4.2,
we precise the notion of weak solution of the lake equations in the vorticity
formulation that we are using in the present work and we explain how
the velocity can be reconstructed from the vorticity and the circulation
around the boundary components and why the circulation I' and energy
E are preserved for weak solutions. In section 4.3, we expand the velocity
construction formula in terms of the depth b and the Green function Gp
for the classical Dirichlet problem on D at a level of precision required by
the proof of our main result. These asymptotics are used in section 4.4 to
obtain various concentration estimates on the vorticity. In section 4.5, we
prove our main asymptotic result, after having obtained an asymptotic

representation of derivatives of quantities and of the total vorticity €.
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Theorem 4.1.1, as a first result on the asymptotic behavior of vortices
for the lake equations raises several open problems for future research
that are presented in section 4.6.

In a first appendix, we state some variants of classical results for
transport equations [17] for velocities preserving the density b. The
second appendix is devoted to a classical derivation of regularity results
for the lake equations (4.1.1); this implies in particular that the classical
solutions of the lake equations (4.1.1) appearing in theorem 4.1.1 exist

for any smooth initial data.

4.2 The lake model

4.2.1 Weak vortex formulation of the lake equation

A lake is represented by its projection on a bounded domain D C R? of
the horizontal plane endowed and a depth function b : D — (0, +00). We

assume that the domain D can be written as
m
D =D\ |J 1L
i=1

where the set Dy C R? is simply-connected and its boundary is of class C?
and the islands Iy,..., I, C Dy are disjoint simply-connected compact
sets whose boundary is of class C2. We assume that b € C%(D, (0, +00)).
In particular, the depth b remains bounded away from 0 on the domain
D.

A weak solution of the vorticity formulation of the lake equations

will satisfy weakly the following system

(

V.(bu)=0 in[0,400) x D,
u-v=0 on0,+00) x 9D,
dw+V-(uw) =0 in [0,400) x D,
Vxu=w in[0,+00) X D,
w(0,) =wp on D.

More precisely, it will fulfill the following definition (see [24, Definition
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2.2; 31, Definition 1.2]):

Definition 4.2.1. Given an initial pair (wp,up) with wg € L*>(D,R)
and ug € L>(D,R?) that satisfies weakly

V'(bu()):() in D,
u-vr=0 onadD,
VXu=wy in D,
a pair (w,u) € L®([0,+00) x D,R) x L>([0, +00), L?(D,R?)) is a weak

solution of the lake equations in the vorticity formulation with initial

condition (wp, ug) whenever

(i) for every test function ¢ € C1(]0,+00) x D), one has

+0o0
/ /bu'ch—O,
0 D

(ii) for every test function ¢ € CL([0,4+00) x D) such that for every
t € [0,+00), ¢ltyxp, = 0 and for every i € {1,...,m}, ¥|yxar, 18

constant, one has

/O+OO/D(U'VLSO—W%0)Z/OJFOO/D(UO'VLSO—WOSO),

(iii) for every test function ¢ € C}([0, +00) x D), one has

/Dwocp(O,-)+/()+M/L)w(8tap+u-V<p):O.

A pair (w,u) € L®°(R x D,R) x L®(R, L?(D,R?)) is a weak solution
of the vorticity formulation of the lake equations with initial condition
(wo,up) whenever the functions ¢ € [0,4+00) — (w(t),u(t)) and ¢ €
[0,400) — (—w(—t),—u(—t)) are both weak solution to the vorticity

formulation with initial condition (wg, ug).

Here and in the sequel, 7 denotes the unit tangent vector to the
boundary D chosen so that det(v,7) = 1. The set C1([0,+00) x D)
is the set of maps ¢ € C1([0,+00) x D) such that there exists T > 0
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such that ¢ = 0 in (T, 4+o00) x D; C([0,4+00) x D) is the set of maps
@ € C([0,400) x D) such that there exists 7' > 0 and a compact set
K C D such that ¢ =0 1in ([0,400) x D)\ ([0,T] x K).

Compared to [31, Definition 1.2], definition 4.2.1 considers less test
functions in (iii) — this will not matter eventually (see proposition 4.2.7
below) — and incorporates the conservation of circulation around the
components of the boundary. Indeed, it follows from (ii) in definition 4.2.1
that the circulation I';(¢) along 0I; at time ¢t can be defined by

ri(t)é/D(u(t)-vL@—w(t)@),

for any function ¢ € C'(D) such that ¢ = 1 on 9I; and for each
je{l,...,m}\ {i}, ¢ =0 on 91; (see also [31, (2.12)]). In view of (ii)
in definition 4.2.1, we have I';(t) = T';(0) for almost every t € R.

The surface height A does not appear in the weak formulation of
definition 4.2.1, in accordance with the fact that Vh can be recovered in
(4.1.1) from u.

The lake equations have at least one global weak solution in the
vorticity formulation [5, Theorem 2.2 ii); 31, Lemma 2.11 & Theorem
1.3; 33, Theorem 1]; this solution is unique [5, Theorem 2.2 iii); 31, §2.3;
40, Theorem 1.1]. If moreover wy € C**(D), one has w € C**([-T,T] x
D), u € CH([~T,T] x D,R?) and u € L>®([-T,T],C¥*12(D,R?))
([24, Theorem 4.1] and proposition B.1 below).

An alternative to definition 4.2.1 is the notion of weak solution for
the velocity formulation [31, Proposition 2.13], based on (4.1.1). Under

regularity assumptions on the domain §2, the depth function b and on the

initial data (wp, ug), both notions are equivalent [31, Proposition A.1].

4.2.2 Velocity reconstruction

Given a vorticity w € L'(D) and circulations I'y,...,I',, the velocity

reconstruction problem consists in finding a vector field u : D — R? such
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that
in D,
on 0D,

Vxu=w inD, (4.2.1)

yﬁ u:I‘i for i € {1,...,m},
or, b

weakly. That is, for every test function ¢ € C*(D),

/bu-V«sz,
D

and for every ¢ € C*(D) such that ¢|gp, = 0 and ¢|s;, = \; € R,

/D( Lo —wy) ZF)\

The system (4.2.1) corresponds thus for a fixed time ¢ to the continuity
equation (i) and the definition of vorticity (ii) in definition 4.2.1.

In view of the divergence-free condition V - (bu) = 0 in D and of
the boundary condition u-v = 0 on 9D, the solution can be written
as u = (V+)/b, where ¢ : D — R is a scalar stream function of the
velocity field u and the function 1 satisfies the elliptic problem

~V-(07'VY) =w in D,
w =0 on 8D0,
1 is constant on JI; for each i € {1,...,m}, (4.2.2)
/ bilaﬂzri for each i € {1,...,m}.
\ oI; ov

Since the ansatz u = (V1) /b only defines the stream function /b up
to an additive constant, the boundary condition on 0Dy fixes the choice

of a particular stream function.

The problem (4.2.2) can be handled by first solving the corresponding
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classical Dirichlet problem:

-V (b1 =w in
{ v (eTvY) b (4.2.3)

=0 ondD.

Since the function b is smooth and bounded from above and from below

on D, one has the classical result:

Proposition 4.2.2. For every p € (1,4+00), there exists a linear contin-
uous operator Gy : LP(D) — W?2P(D,R?) such that for every w € LP(D),
the function Gplw] is a weak solution of the problem (4.2.3).

Proof. See for example [21, theorem 9.15]. O

We now describe the solution to (4.2.2) in terms of (4.2.3) (see [33, §3]
in the case of the planar Euler equations where b is constant, see [29, §6;
35; 50, (45)]).

Proposition 4.2.3. For every i € {1,...,m}, there exists a unique
function 1; € C*(D) that solves (4.2.2) withw =0,T; =1 and T; =0
when i # j.

Proof. For every i € {1,...,m}, let ¢; € C?(D) be a classical solution
to the Dirichlet problem

(4.2.4)

-V (b7'Vg;)) =0 in D,
;i = 6;5 on 0l for each j € {1,...,m},

where 6;; is the Kronecker delta, that is, §;; = 1 whenever ¢ = j and
0;; = 0 otherwise. Since the functions ¢1,..., ¢, are by construction
linearly independent and since the domain D is connected, the matrix
(Dij)1<i,j<m defined by

DUé/;V%év” (4.2.5)

is positive-definite and thus invertible. Let (D%l)lgmgm denote the

inverse of this matrix. For every i € {1,...,m}, we define the function
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v D—R by
m
2> Di'es
j=1

The function ; satisfies the equation —V - b~1V; = 0, the boundary
condition 9; = 0 on 9Dy and 1); is constant on each 9I;. Finally, we

compute, in view of the boundary conditions satisfied by ¢; and the
definition of ;:

1 0y, ©j Opp
/6[j b ov Z /D b ov

Proposition 4.2.4. For every p € (1,400), there exists a linear contin-
uous operator Ky, : LP(D) — W?2P(D) such that for every w € LP(D), the
function Kp|w] satisfies problem (4.2.2) weakly with Ty =--- =T, =0.

Moreover, there exists a smooth function Q, € C*(D x D RQ) such that

for each w € LP(D),
+ [ @t dy

Proof of proposition 4.2.4. We define the function Qp : D x D — R for
every x,y € D by

ZSOZ DZ] (pj )
4,j=1

where the functions ¢; and the matrix Digl were defined in (4.2.4) and
(4.2.5) in the proof of proposition 4.2.3, and for each w € LP(D)

+prwmw®

By linearity, we have —V - (b71V,[w]) = =V - (b71VG,[w]) = w, Kpw] =
Gplw] = 0 on 0Dy and that ICp[w] is constant on each component of the
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_ chi'Vgo-/

1 J

= wp; — g D: / wpe=0. O
/D Py it Jp b D

We deduce from propositions 4.2.3 and 4.2.4 that for every w € LP(D)
and every I'y, ..., T, € R, the solution ¢ : D — R to the problem (4.2.2)
is given for each = € D by

boundary. Finally, we have for each i € {1,...,m},
1 0K [w] 1 9Gy[w “ 1 dyp;
b0 :/ba Z /b%a] o
oI, v oD v fym aD v Jp

¥(x) = Kylw](z) + ) Titpi(w)
i=1

4 /D Qur) o)y + 3T (o)

(4.2.6)

The associated velocity field u : D — R? is then given for each € D by
(see also [31, Lemma 2.6; 33, Lemma 5])

u(z) = VK [w] +Zr V()

. (4.2.7)

= ViG] / VEQu(z,y) wly) dy + Y TiViei(),
=1

where we adopt the convention that V- only acts on the first two-
dimensional variable of the function Q.

We conclude this section by showing how the kinetic energy defined
by (4.1.5) at a fixed time can be computed in terms of the vorticity and

the circulations.

Proposition 4.2.5. If w € LP(D) for some p > 1, then u € L*(D,R?)

and
1
= 2/ ol

:/w/Cb +ZF/M@+ZFF/ Vi ij

ij=1 DxD
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Proof. In view of the representation formula for the velocity field (4.2.7),
we have, by integration by parts and by definition of ICp|w] in proposi-
tion 4.2.4

VK] + Yo TiV|?
b

:/wm +§:F/wm+§:FF/‘ w“v%.uz&

DxD

O]

4.2.3 Additional regularity of weak solutions

We apply the previous results to the regularity of stream functions of

weak solutions (see [5, Theorem 1 i)]):

Proposition 4.2.6. If (w,u) € L*°(R x D,R) x L®(R, L*(D,R?)) is a
weak solution to the vortex formulation of the lake equations, then for

every p € [1,+00), we have
u € L=([0, 4+00), WHP(D))

and
Kylw] € WH2°(]0, +00) x D,R).

Proof. We first observe that by proposition 4.2.4, for almost every t €

[0, 4+00), we have

| KolwOllw2rp) < Crllw(®)llr(p)
< Collw(t)|| LDy < CollwllLos(0,400)x D) (4:2.9)

In particular, by taking p > 2, we have by the supercritical Sobolev
embedding theorem that Kpw] € L>([0, +00), W1 (D)). Next, we have
in view of the definition of K, for every ¢ € CL([0, +00) x D),

/+OO/ Kolw(t)] Orp(t) /+OO/ t) O KCo[ip(t)].
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We also have for every t € [0, +00) by (4.2.7)

/w@mww%mmnz/w@v%wm»vmwm]
D D

and thus for every t € [0, 4+00)

+oo
/ Kplw(t)] Orep( )‘

[ o) Kifoto)
D
< Calle(®lt o) | Iol0)

This implies thus by definition 4.2.1 that 0:Cp[w] € L*°([0,+00) x D, R).
We conclude then that Cylw] € W ([1, +00) x D). O

The regularity that we have obtained so far implies that in fact the
spatial boundary conditions on the test functions in definition 4.2.1 (iii)

can be completely relaxed.

Proposition 4.2.7. If a pair (w,u) with w € L*([0,4+00) x D,R) and
u € L>2([0,+00), L?(D,R?)) is a weak solution of the vorticity formu-
lation of the lake equations with initial conditions wy € L*(D) and
ug € L>®(D,R?), then for every test function ¢ € CL([0,+00) x D), one

has oo
/wggo / / 8tg0+ll VQD)—O

Proof. This follows from proposition 4.2.6, definition 4.2.1 (iii) and propo-
sition A.1. O

4.2.4 Transport of the potential vorticity

The vorticity equation (4.1.2) can be rewritten as
dw+ V- (buw) =0 (4.2.10)

and implies that the vortex circulation I'(¢) defined by (4.1.4) of classical
solutions of the lake equations (4.1.1) is conserved. The next proposi-
tion shows that this is still the case for weak solutions of the vorticity

formulation of the lake equations (definition 4.2.1).
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Proposition 4.2.8. If (w,u) € L*(R x D,R) x L¥(R, L*(D,R?)) is
a weak solution to the vortex formulation of the lake equations, then
w € O(R, LY (D)) and for every t € R,

M0 = [ wl) = [ w=T0.

Proof. We follow [31, §2.3]. We observe that for every ¢t € R, u(t) €
WD) and thus if ¢ € C1(]0,400) x D), we have

loc

/0+<>0/D‘g(8ts0+v.(us0))+/D“g]¢(o,.)

+o0 .
:/ / w(0f +u-Ve) +/ wo 2(0,) _ 0. (4.2.11)
0 D D b

By proposition 4.2.6, proposition A.2 is applicable to fo = wy/b and gives

the conclusion. O

4.2.5 Conservation of energy

We now consider the total kinetic energy defined by (4.1.5). For classical

solutions, one can show that the energy equation
o () + v (pull) = —v. (bun) (4.2.12)

holds, and consequently, since bu - v = 0 on the boundary, we have
conservation of the total kinetic energy for classical solutions. The total
kinetic energy still remains constant for weak solutions of the vortex

formulation of the lake equations (definition 4.2.1).

Proposition 4.2.9 (Conservation of energy). If (w,u) € L*°(RxD,R)x
L>(R, L?(D,R?)) is a weak solution to the vortex formulation of the lake

equations, then for almost every t € R,

The proof of proposition 4.2.9 relies on the following derivation

formula.
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Lemma 4.2.10. Given a weak solution of the vortex formulation of the
lake equations (w,u) € L°°([0,+00) x D,R) x L*([0, +00), L?(D,R?)),
we have for every 6 € C([0, +0)),

;/OOO </Dw(t) ICb[w(t)]>6'(t) at

:_9(20) /D wo Kyleo] — /0 h < /D w(®) Othb[w](t)> o) dt. (4.2.13)

Proof. For every h € (0,+00), we have by a change of variable

3 [ ([ et 2 =00 o
_1 /()*‘”( /D w(t = h) Kplw(t = h)] - (t)/cb[w@)]) o(t)

2 h

1 h
=5/ (/Dw(t)le[w(t)]>9(t)dt. (4.2.14)

By Lebesgue’s dominated convergence theorem, we have

i [ [ ity afto)) = g
:;/Om </Dw(t)ICb[w(t)]>0’(t)dt. (4.2.15)

Since w € C([0, +o0), L'(D)) by proposition 4.2.8, we also have

h
im | < /D w(t)lde(t)])H(t)dt:; /D wo Kylwol0(0).  (4.2.16)

h—0

For every t € [0, +00), since

/ w(t) Kpluo(t — h)] = / wlt — ) Kpluo()],
D D

we have

[t = it - 1) - () Kofu(t)
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_ié@@_m+w@xmwa—mwmumm%

and thus by the weak convergence of difference quotients to the weak

derivative and by proposition 4.2.8, we obtain

g [ ([ SR

h—>02 0 h

_ /O OO( /D w(t)(‘)tlcb[w](t)>9(t)dt. (4.2.17)

The conclusion follows from (4.2.14), (4.2.15), (4.2.16) and (4.2.17). O

Proof of proposition 4.2.9. Consider a function § € C°([0,+0o0)). We

have to prove that

E(0)6(0) + /OOO 0'(t)E(t)dt = 0.

We rely on the energy formula of proposition 4.2.5. We first have by
lemma 4.2.10,

[ oo
:“>/mmwm /m/ 1) 8, L]0 (1),

since by Leibniz’s rule 9,(Kp[w]0)(t) = 9 (Kplw])(£)0(t) + Kp[w(t)]0'(2).
By definition of weak solution of the lake equations in the vorticity

formulation (definition 4.2.1 (iii)), we have then

+oo
% /0 /D () Kplw(8)] 0 (¢) dt

+oo
=5 | oKl - /0 [ wout) - Voo, (@219

and, for every i € {1,...,m},

[~ s
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— _6(0) /D wo s — /0 o /D w(t)u(t) - V(1) O(t) dt. (4.2.19)

This implies thus, by combining proposition 4.2.5 with the identities
(4.2.18) and (4.2.19) and the velocity reconstruction formula (4.2.7), that

0

E(0)6(0) + / T OB dt = /0 o ( /D w(t)u(t) - u(t)L)e(t) dt = 0.
J

4.3 Velocity reconstruction expansion

In the sequel, we will need to understand the behavior of the operator Ky
appearing in the construction in proposition 4.2.4 of the stream function
satisfying (4.2.2). In view of proposition 4.2.4, this can be done through
the study of the operator G associated to the solution of the Dirichlet

problem (4.2.3), whose existence was given in proposition 4.2.2.

4.3.1 Construction of the Green function

We represent the Green function of the Dirichlet problem (4.2.3) as a
perturbation of the Green operator of the classical Laplacian on the same

domain with Dirichlet boundary conditions.

Proposition 4.3.1. There erists a function S, € C%'(D x D) such that
for every w € LP(D) and every x € D,

Gle@) = [ (Gole.p) V)b + Shlzn) wlo) .

Here Gp : Dx D — R is the Green function of the Laplacian —A with
Dirichlet boundary conditions on the boundary 0D, that is, if f € LP(Q)
and if

mmzéﬁmwmww

then

—Au=f in D,
v=0 ondD.
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In particular, proposition 4.3.1 implies that the weighted Dirichlet
problem (4.2.3) has a Green function G : D x D — R defined for each
x,y € D with x # y by

Gy(z,y) £ Gp(x,y)\/b(x)b(y) + Sp(x,y),

and thus the stream function problem (4.2.2) also has a Green function
in view of proposition 4.2.4.

The proof of proposition 4.3.1 will rely on the fundamental esti-
mate, which is a classical consequence of the maximum principle for the

Laplacian operator —A.

Proposition 4.3.2. For every x,y € D

1 i D
0 < Gp(z,y) < —ln%().
2m e =y

Proof of proposition 4.3.1. For each y € D, let Sy(-,y) € Wol’2(D) be the
unique weak solution to

=V (479 84(9)) = ~Gol) V) (A2) in D,

Sb('ay) :O on 8D

Since b € C%(D, (0, +00)), by classical elliptic regularity estimates (see for
example [21, theorem 9.15]), for every y € D we have Sy(-,y) € W2P(D)
for every p € (1,+00) and

16 W) lw2p(py < CLllGD (- Y)l e (D)- (4.3.1)

By proposition 4.3.2, we have

1

diam D\ P P
Gp(,y)| e S(/ In dz> < (.
1GoC9)llzr) B(O,diam(D))< |2| ) ?

It follows in particular by the classical Sobolev embedding theorem and
by (4.3.1) that

sup [|VSy (-, y) || oo (p) < +o0.
yeD
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Finally, we observe that if wy,ws € LP(D), we have

/ 1G] — / Gz, y) w1 (2) waly) V/b(@) b(g) d dy
D DxD
_ / w Gofun] — // Gz, y) wa(@) wi(y) v/b() b(y) dz dy
D DxD

and therefore

//DXD Sp(, y) wi (z) wa(y) dz dy
- //DXD Sp(,y) wa () wi (y) de dy.

It follows that for every z,y € D, Sy(x,y) = Sp(y,x), and thus the

function S is Lipschitz-continuous on D x D. ]

As a consequence of proposition 4.3.1, the velocity field u admits the

integral representation

Proposition 4.3.3. There exists a Lipschitz-continuous function Ry €
C%Y(D x D) such that for every w € LP(D), one has

Kylo] (2) = /D (G (. y) V@) b() + Rolx, ) w(y) dy.

Proof of proposition 4.3.3. This follows from proposition 4.2.4 and propo-
sition 4.3.1 with S, = Ry + Qp. O

4.3.2 Estimate on the Green function

We will also need a version of proposition 4.3.2 which is sharper close to

the boundary.

Proposition 4.3.4. There exists a constant C such that for every x,y €
D,

1 ; D) di D
Gp(z,y) < 4ln<1 n Cdlst(x,a ) dist(y, 0 ))
0

|z —yl?

Proof. This can be obtained by observing that for the unit disk D? c R?,
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one has for each z,y € D? such that x # v,

1—|a/*)(1 - W))

|z —y?

1
Gpe(z,y) = Eln (1 + (

and by applying conformal mapping techniques as in the proof of propo-
sition 4.3.7. ]

4.3.3 Gradient estimates of Green function of the Lapla-

cian

Our goal now is to obtain estimates on the derivative of the Green

function Gp. A first classical estimate is available [4].

Proposition 4.3.5. There exists a constant C such that for every x,y €

D, one has

C
lz —y|

IVGp(z,y)| <

We will need a more refined directional information about the Green
function of the Laplacian, we first observe that in view of the definition

of the regular part Hp : D x D — R for x,y € D such that x # y as

s BN
HD(xuy) - GD(-T,y) 2t In |$*y|’ (432)
we have for every x,y € D such that = # y
VGp(z,y) + VGp(y,z) = VHp(z,y) + VHp(y, ). (4.3.3)

Here above, VG p denotes the gradient of Gp(z,y) with respect to its

first variable.
In view of the regularity properties of the regular part of the Green

function, we get

Proposition 4.3.6 (Interior symmetric gradient estimate). For every
0 >0, there exist C' > 0 such that if dist(z, dD)+dist(y, D) +|z—y| > 6,

\VGp(z,y) + VGp(y,z)| < C.



142 Vortex motion for the lake equations

Proof. This follows from (4.3.3) and the smoothness of the regular Hp
part of the Green function defined in (4.3.2). O

We now investigate what the estimate of proposition 4.3.6 becomes
near the boundary dD. We start by observing the Green function of the
Laplacian on the half-plane R2 = {a: = (21, 22) € R? | 29 > O}, which is
given for each = = (x1,x2),y = (y1,y2) € D by

_ 1 4$2y2

The gradient of this function with respect to its first variable, is then

given by

1
(lz = y|* + dzays

r—y
VGR?‘_ (xvy) = T ) ((anQ) - 29529272)

|z — |
One computes then that

(0,22 + y2)
(|lz — y|? + dxoy2)

VGRi (z,y) + VGRi (y,z) = - (4.3.4)
A notable feature of (4.3.4) is the vanishing of the tangential component.

We are going to extends formula (4.3.4) to any bounded domain,
simply or non simply connected. To do this, we are going to show
that (4.3.4) holds in a disk. From there, we are going to show that we can
conformally transform Dy to a disk, and find back similar estimates near
0Dy, that is: near the boundary of D that does not correspond to islands.
The estimate would also hold in near every connected component of 9D,

after transformation via a conformal map of the form z € C\ {0} — 1/z.

Proposition 4.3.7. If 6 > 0, there exists a constant C > 0 such that if
dist(x,0D) 4 dist(y, dD) + |x — y| < 9§, then

VGD(x, y) + VGD(y, JU)

B x — Pyp(x) +y — Pap(y) <
7(|lz — y|? + 4 dist(z, D) dist(y,0D)) | —
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Proof. We start by observing the Green function of the Laplacian on the
disk D? C R?, which is defined for each %, € D? by

(1121 - §|2)>

1z —g[?

1
Gp2(2,9) = - In (1 +

The gradient of this function, for fixed § € D?, is then given by

L -1 - -
VG]D)2(5U>Z/) = 271,(@ — :lj‘Q + (1 — ‘55,2)(1 _ ’5‘2) (x(l - ‘y|2)
-9 —z?),. .
e )

and thus we have

VG’ID)2 (:Eag) + VG’]D)2 (gv‘%) = -

We observe that

(112~ 1g*) = @~ [z~ g (2 - (1 —|2]) (2 - 1~ 17])

and

B(1 - g1*) +g(1 —|2%)

— G- — ) (i Ly L
= @ =3l = ) +2(2 - o+ - )

|Z]

+O0(Jz =y + (1 = [2))* + (1 - [g])?).

It thus follows that when |z —y|? 4+ (1 — |Z|)? + (1 — |§|)? is small enough,

vG(]D)Q ('i'7 g) + VG]D)2 (g7 ‘i.) - < Cl'

(4.3.5)
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By the classical Riemann mapping theorem (see for example [30,
theorems 4.0.1 and 5.2.1]), there exists a map ® € C?(Dy, D?) which is a
diffeomorphism up to the boundary and which is conformal map. For
each i € {1,...,m}, we have ®([;) N oD? = .

We define all z,y € D:
Gp(z,y) £ Gpa(2(x), 2(y)).
We comptte
VGp(,y) = (DP(x))*[VGp2(®(z), D(y))),

and thus

VéD(x,y) + Vép(y,x)
= (D®(2))"[VGp2(®(2), 2(y)) + VGp2(2(y), 2(2))]

+ (D2(y) — DO(z))" [VGp2(2(y), ©())].

We observe that when |z — y| 4 dist(x, 0Dg) + dist(y, 0Dg) — 0, we have

() — |®Ex§| D®(x)[x — Pyp(z)] + O(dist(z, dD)?),
B(1) ~ g} = DBy - Paolu)] + Olist(y: 0D + |z — o),
9(a) — B(y)? = D@ — yI? + Ol — ol
_ dist(z,0D) .

(1= 12()) = pgiy +Odista, 9DY),
dist(y, 9D)

1—1|® = dist D)? —yl?
(1= 2)) = Tpgr + Ol(disty, 0D+l —y?),
from which we deduce that

(D®(2))"[VGp2(®(x), (y)) + VG2 (2(y), B(x))]

r— Pyp(z) +y — Pop(y)

- < . «J.
(| — y|2 + 4 dist(x, D) dist(y, dD)) | = Cy. (4.3.6)
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We also have immediately
[(D®(y) — DP(x))*[VGp2(®(y), B(2))]| < Cs. (4.3.7)

Now we draw the link between the transport G and the Green’s function
Gp we target.

Since the map ® is conformal, the function Gpz(-,y) is harmonic in
D?\{y} and there exists § > 0 such that if dist(y, 9Dg) < J, then (-, y) =
Gp(-,y) — Gp(-,y) is bounded uniformly in a neighborhood of Ui, L
this implies that for every z,y € D such that dist(x,0D)+dist(y,0D) < 6,
we have

IVO(z,y)| < Cy. (4.3.8)

The conclusion in when dist(z,0Dg) + dist(y,dDg) + |z — y| <
follows by combining the estimates (4.3.6), (4.3.7) and (4.3.8). The other
components Iy,..., I, of the boundary can be reduced to this case by a

suitable adaptation of the conformal mapping z € C\ {0} — 1/z. O

4.4 Vortex estimates

In this section we derive several estimates on the vorticity that govern

the concentration of the vorticity.

In order to control the shape of the vortex, we will recurrently rely
on the Lorentz norm [36] of a vorticity w : D — R which will be defined

as

A 1 4
oAy, 2 = Sup{/u@ (ln m)er (z)de

|’ : R* = R and for every A >0 ,

Hz € D | |w(z)| > N} = {z € R? | |/ (z)] > /\}]}. (4.4.1)

We use the Lebesgue measure in the definition, despite the fact that the
flow transports the measure with density b of the potential vorticity w/b.
By the Hardy—Littlewood rearrangement inequality (see for example

[34, theorem 3.4]), the supremum in (4.4.1) is actually reached by the
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radially symmetric nonincreasing rearrangement w* of w, whose superlevel

sets are balls centered on O.

4.4.1 Stream function estimate

We first show how the Lorentz norm can be used to obtain a bound on

the stream function.

Proposition 4.4.1 (Boundedness of the stream function). There ezists
a constant C > 0 that depends only on D and b, such that for every

nonnegative function w € LP(Q) and every p > 0, we have

1 1
oo <—/ Imn—FF
IKslelllim) < 5= | o ) b
(supp b) p?[|w(p-) A,
P 4t +C/ w.
2 D

Proof. By writing the function Ky[w] in terms of integral kernels of

proposition 4.3.3, we have for each x € D,

0 < Kyl /GD 2. 9) w(y) by) dy+/ Ry(a,y) w(y) dy

+ [ Goleytn) (Vite) - Vo))Vt

The function Rj is uniformly bounded, by proposition 4.3.3. Moreover,

using the direct estimate of proposition 4.3.2, we obtain for every = € D

dlamD
/DGD(x,y) y) b( dy_%/ T—— (y) b(y) dy.

Since for every z,y € R? such that = # v,

diam D diam D ( P )
n =In +(In———
el max(p, |z — y|) ly — |

we have then for every z € D,

Kyl () < = /D 'Ly b(y)dy

T 27 max(p, [z — y|)
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b) p? L
2 x+pz€D ’z’ + b

for some constant C' > 0 that depends only on D and b. The conclusion

now follows from the definition of the Lorentz norm (4.4.1). O]

4.4.2 Energy concentration estimate

The following proposition gives estimates on the kinetic energy outside a
ball.

Proposition 4.4.2. There exists a constant C' > 0 that depends only on
D and b, such that for every nonnegative function w € LP(§) and every

R>r>p>0, we have

/ mQSCOmml/ w
D\B(a,R) P JD\B(a,r)

1
2 2 2
IR 2ol T+ ITI?). (442

Proof. We define the function ¢ £ Kplw] + 2310 Tith;.
By proposition 4.4.1, we have for every x € Q \ B(a, R) and since
T2 p,

1 1
¢o(x) < —1In / wb
( ) 2 R—r B(a,r)

1.1
—In-— b 2 . T
+2Wnﬁéwmmw+cﬂpM@”wa+””)

1 1
<AEGy(|T)1 In — ?[lw(p- r
<r2 o [ (o)l IT)

(4.4.3)

We have by the representation formula for the velocity field (4.2.7), as in
(4.2.8) in the proof of proposition 4.2.5,

/ ng/ [ul?
D\B(a,R) d1((0N)
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:1/ V’Cb VK] - Vo ZFF / Vi - V4 V%. (4.4.4)
2 Jg=1(0.) 1(0,0)

4,j=1

We have then,

1/ VEp[w] - Vo 1 [ VKy[w] - Vmax(¢,\)
2 Jo=1((0.0) b 2 Jo b

= ;/ (,‘)rnax(qﬁ7 /\) < W2|)\ (4.4.5)
Q

On the other hand, we have

Z il / M < 5|72 (4.4.6)

i,7=1

The conclusion follows from the combination of (4.4.4), (4.4.5),(4.4.3)
and (4.4.6). O

4.4.3 Vortex concentration

The next estimate shows that there is a characteristic radius p defined
in terms of conserved quantities such that if the Lorentz norm at the
scale p remains bounded, then the vorticity is concentrated in a region

of radius comparable to p.

Proposition 4.4.3 (Concentration estimate). There ezists a constant
C > 0 that depends only on D, b, such that for all R > 1, we have

. C T
1nf/ w < <p2 w(p)l|A + )
a€D J D\ B(a,Rp) In(R) oM. |

where

p = exp ( — m) (4.4.7)

Here and in the sequel, we use the notation
m
I = 1)+ Y _Tl. (4.4.8)
i=1

The proof of proposition 4.4.3, follows ideas introduced by Turking-
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ton [53] and Turkington & Friedmann [20] for the Euler equations. It
was also used in chapters 5 and 6 in the study of steady solutions of the

lake equations by energy maximization [14, 15].

Proof of proposition 4.4.3. We define the set
1
Aé{xeD|¢(m)2/¢w}, (4.4.9)
I'Jp

in terms of the stream function 1 2 Kylw] + 2%, Tith;. We observe that
by definition of the vortex circulation I' in (4.1.4), the set A is not empty.

By proposition 4.3.3 and proposition 4.3.2, since by assumption the

function b is Lipschitz-continuous, we have for every x € D,

Kol () < = / diam D B dy + / Ry(,9) w(y) dy

27 lz—y|

1.1 1 p
< —1In-— b+ — 1 b(y)d C1|T"
<ot [ wh oo n‘x_y,uz(y) (y) dy + C1IT),

and thus by definition of ¢ and of ||T'|| in (4.4.8),

1.1 1 P
< —In-— In —— Tl. (441
v@) < 5ot [ wie g [ L)) v o (1410

On the other hand, setting p to the value given by (4.4.7), we obtain
for each x € A, in view of proposition 4.2.5 and the definition of the set
A by (4.4.9)

W) > 2 Z /ww@ Z” /wz vy,

=1 (4.4.11)
ln/wb—C'3||FH2.
2r - pJp T

The combination of (4.4.10) and (4.4.11), shows that for each z € A,

1 |z —y| T
In w(y)b(y)dy < Cy )
27 Jp p (v) b(y) IN

v

(4.4.12)
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In order to conclude, we start from the inequality

infpb / | — v
In(R w(y)dy < — In —= w(y) b(y) dy.
) 4 D\B(z,Rp) ) 4T ) D\B(x,Rp) p .
We also observe that
: In 2 wo(y) b(y) dy
- Yy
A7 JpnB@.Rre) 1T — Y
2 1
< bl | (1) Wiz + p2) dz
41 D ’Z‘ +
< Cs () ngy, e (44.14)

in view of the definition of the Lorentz norm (4.4.1). Therefore, if x € A,
in view of (4.4.12), (4.4.13) and (4.4.14), we have for some constant
Cs > 0 and for each z € A and R > 1:

Cs ( HF!F)
WS P lw(p)agn., . + . 0
/D\Bu,Rp) In(R) L CRL LI IT|

4.4.4 Boundary repulsion

The next estimate shows that the vorticity w cannot be concentrated too

much in a neighborhood of the boundary when p is small.

Proposition 4.4.4. One has

diam D 9 HFH2
< . —Q .
/Dw(x) hl(l i dist(:n,aD)> dv=€ <p oo Mg, + T

Proof. By the energy identity of proposition 4.2.5, the decomposition

of the Green function of proposition 4.3.3 and the upper bound on the

Green function of the Laplacian of proposition 4.3.4, we have

o~ I Ty
> =52 [ vuvy,

3,j=1

1 m
Ez/wle+ Fi/¢iw—|—
2/, blw] ; i

<I+Ci|T)?, (4.4.15)
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where

1 N dist(x, 0D) dist(y, 0D)
= SWDZ/D 1 <1—|—C2 |:z—y|2 )
w(y) v b(x) b(y) dz dy

The first term on the right-hand side of I can be bounded by

2 . .
< 82 // 1n<p2+02p dist(z, 9D) dist(y, 8D)) w(x) w(y) dz dy
7

|z —y?

DxD
Ini
+47rp//Dwa(f”)w(y) b(x)b(y) dzdy (4.4.16)

The integral of the first term on the right-hand side of (4.4.16) can be
bounded by the Cauchy—Schwarz inequality, as

[ w@ e Vot b dsdy

DxD 1
(// x)dzdy <D ) b(y )d;z:dy)2

DxD

=QT. (4.4.17)

We split the second integral of the right-hand side of (4.4.16) in two
regions, depending on whether |z—y| < p. For the first one we have, since
the domain D is bounded and in view of the definition of the Lorentz
norm in (4.4.1)

// 1n<p2+02p2 dist(z, 0D) dist(y,@D))w(x)w(y) dedy

|z —y|?
(z,y)eDxD
‘$_y|§p Cgp
w(z)w(y)drdy
// Hle =yl
(z,y)eDxD
lz—y|<p

< Ca (Pllw(p)ag, » + T I
(4.4.18)
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for the second part we have

// I <p2 Lo p*dist(z,0D) dist(y,aD)> () wly) de dy

|z —yl?

(z,y)eDxD
lz—y|>p

< In(p? + Oy dist(z, D) dist(y, D)) w(x) w(y) dz dy

<2 // In(p + \/Cy dist(z, dD)) w(z) w(y) dz dy + Cs|T'|?
DxD

s |r|/ In(p + /Cy dist(z, D)) w(x) dz + CgT 2. (4.4.19)
D

The conclusion then follows from the combination of (4.4.15), (4.4.16),
(4.4.17), (4.4.18) and (4.4.19). O

4.4.5 Center of vorticity

We define now the center of vorticity

1
q F/wa(x)dm

and we prove that concentration occurs in fact around the center of

lI>

vorticity, as a consequence of proposition 4.4.3.

Proposition 4.4.5 (Concentration around the center of vorticity). There
exists constants C,C" > 0 such that, for all R > 1, we have

¢ ([, |2
i (P + 1),

with p defined in (4.4.7) and

w <

/D\B(q,p* (pR))

Vol <p2||w(p')||/\(1n)+,1 i ”FH2>

pulin B) = Ro 4, ) T e

Proof. Let R > 1 be any number. By proposition 4.4.3, there exists a
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constant C; (independent on R > 1) and some point a € D such that

/ < O <p2,w(p.)”A n ”FH2> (4.4.20)
D\B(a,Rp)  (R) (n) 4.1 IT|
We now compute
1
Rp / diam D
< = w) 4+ "
2
G (P Hw(’o')HA(ln)Jﬁl |71
<
= In(R) < T + REWA

for some other constant Co > 0 independent of R > 1 and on w. The
conclusion follows from (4.4.21) and (4.4.20). O

As a consequence of proposition 4.4.4 we estimate the distance be-

tween the center of vorticity ¢ to the boundary 0D.

Proposition 4.4.6 (Confinement of the center of vorticity). There exists
a constant C > 0 such that for all R > 1,

2
Pl (o)A, r||? 1 !
C( - Ml 4 HFHQ diam D Thr) = L
T T (1 + FeaDy o mn)

where p.(R, p) is defined in proposition 4.4.5.

Proof of proposition 4.4.6. By proposition 4.4.5, we have

C
w < !

, ||r||2>
PNw(P ) Ag . 1 T . 4.4.22
/[ . m(R)( (), + (4.4.22)

On the other hand by proposition 4.4.4, we have

/ w
B(q,p«(R,p))

< 1 / ()1 <1 N diam D ) d
= diam D wiT)m T dist(wan) | ¢*
ln(l T dist(qﬁD)+p+p*(R,p)) b p+ dist(z,0D)
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T 2
(I + 1w (o) llag, )

diam D :
ln(l T dist(q,al?l)afpw*(R,p))

(4.4.23)

The conclusion follows from (4.4.22), (4.4.23) and the definition of I" in
(4.1.4). O

4.4.6 Transport of Lorentz norms

The Lorentz norm that was defined in (4.4.1) and that appeared in all the
concentration estimates of this section, is invariant under transformations
that preserve the measure of level sets of w, but by (4.1.2) the flow under
the lake equations (4.1.1) preserves the measure with density b of level
sets of w/b instead. The next proposition shows that the Lorentz norms

can be kept into control.

Proposition 4.4.7 (Transport of Lorentz norm). Let w,w’: D — R. If
for every A > 0,

/ b(z)dz = / b(x) dz,
w(x)>b(x) w'(x)>b(x)

then
supp b

2
Mgy, < (525) ol o

The proof of proposition 4.4.7 is based on the following geometrical

computation of the Lorentz norm.

Lemma 4.4.8. For every w : R? = R, we have

||wHA(ln)+,1 =

oo ry/[{lw[>A}/7 1
277/ / r(ln 7) dr dA.
0 0 T/ +

Proof. By the Hardy-Littlewood rearrangement inequality, we have

[ (o), = [ (i), o

where |w|* : R? — R is a radial function such that for every s > 0,
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Hz € R? | |w|*(x) > A\}| = [{z € R? | |w|(x) > A}|. We compute then

1 oo
/ <ln) lw|*(x dx—/ / <1n> dz dA
Rz \ |7l wl*@>a \ |2l

+00 VI{lw[*>A} /7 1
—277/ / r(lnf) dr
0 0 r/+

+oo  py/HIw|>AY/7 1
:271'/ / r(ln7> dr. O
0 0 r/+

Proof of proposition 4.4.7. We have for every A > 0, by assumption

!{Iw|>A}|</ b= = b < alflwl > A/aj],

{lew’l/b>N/M} M J{|wl/b>x/M}

where m = infp b, M = supp b and o = M /m.

By lemma 4.4.8, we have now

+oo  ry/I{lw[>A}/7 1
leHA(ln) = 277/ / r(ln7> drdA
* 0 0 +

r

too SN al/T g
< zw/ / r(ln f) dr dA
+

r

+oo A/ {|lw|>N} /7 1
_ 2 / /
=« 27r/ / ( \FT) dr’ dA
+oo e/ {|w|>N} /7
< a? 27r/ / r! <ln %) dr’ dN. O
r' /) +

Finally we estimate the behavior of the Lorentz norm under rescaling

on the domain.

Proposition 4.4.9. If o € (0,40) and w : D — R, then

1
(@) a0 < =5 (1llaguy, 1 + 0 2)elwlzs )-
Proof. We have, by lemma 4.4.8,

s VWM em) 4
/ / r(ln 7) dr d\
+

Jeo(0 )y, . = 27 -
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and by a change of variable:

2t /<><>/\/{|w|>/\}/7r /( 1
T
0

[ Ay, 1 = 5 In W)err’ A,

From this, we conclude

on s (oo (VNI g
ot aen, . < 25([ ] #(m) arax

+/OOO/O |{|W|>A}/ﬂr’<lni)+dr’d)\>

and the conclusion follows. O

4.5 Asympotics evolution of vortices

4.5.1 Asymptotic representation of derivatives

In order to study the evolution of vortices, we will need to differentiate

| wtom,

where n € C1(D) is a given spatial test function.

several quantities of the form

Proposition 4.5.1. If (w,u) € L®°(R x D) x L>(R, L?(D)) is a weak
solution to the vorticity formulation lake equation and if n € C1(D), then
the function t € R — wa(t)n is weakly differentiable and for almost
every t € R,

d
I REOLE /D w(t)u(t) - Vi

dt
B V (Kpw(t)]) o ,
= _/Dw(t) — X V- ;1 Fl/Dw(t) Vi x V.

Proof. Given 6 € C1([0,+0o0)), we apply proposition 4.2.7 to the test



4.5. Asympotics evolution of vortices 157

function 61 and we obtain

9(0)/Dwon+ /0+00/Dw(t)(9’(t)n+0(t) u(t) - V) dt = 0.

The second identity follows then from (4.2.7). O

Under the additional assumption that the function 7 is constant on
each component of the boundary 0D, we obtain a representation in which
the gradient of the stream function is replaced by the gradient the depth

function.

Proposition 4.5.2. Ifn € C?(D) is constant on each component of 0D,
then there exists a constant C' > 0 such that for every w € L*°(D),

1 b
/ ww x Vn — / wICb[w]V— x V| < C|T'|2.
D b 2 J/p b2

Proof of proposition 4.5.2. By proposition 4.3.3, we have the following

identity:
V(KCy[w]) 1 Vb
/ow x Vn — Q/leCb[w]b2 x Vn
=[] o) x Vuta)wta) o)1 2 aay

DxD

+ // van(z‘)w(x)w(y)dxdy. (4.5.1)
DxD

For the second term on the right-hand side of (4.5.1), we have by the

boundedness properties of the derivatives of the function Ry,

Jl VIED) eyt z) it ) dedy | < TP (152
DxD

We now estimate the first term on the right-hand side of (4.5.1). By

symmetry, we have
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[\ 60000 x Tt iyt

DxD

DxD

+ VGp(y,x) x

For every z,y € D, we have

V(=)
b(z) b(y)

= (VGp(=z,y) + VGp(y,z)) x

VGD(:E7Z/) X +VGD(ya$) X

ot (-5

By proposition 4.3.5, since by assumption V7 and b are both Lipschitz-

). (4.5.4)

continuous, we have

Vinly) _ Vin(z)
st < (S8

Since the function 7 is constant on the boundary, its gradient V7 is

>‘ < O (4.5.5)

asymptotically parallel to the normal near the boundary, and thus by

proposition 4.3.6 and (4.3.7), we have

](VGD(x,y) +VGp(y, 7)) % <y (4.5.6)

By combining (4.5.3), (4.5.4), (4.5.6) and (4.5.5), we deduce that

// i (VGp(x,y) x Vn(@)) w(z)w(y) dedy | < Cy TP,

DxD
(4.5.7)

The conclusion follows from the combination of the identity (4.5.1) with
the inequalities (4.5.2) and (4.5.7) O
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4.5.2 Asymptotic conservation of the total vorticity

For the lake equations (4.1.1), the total vorticity, defined by (4.1.7) is
not conserved in general. Indeed, by proposition 4.5.1, one has for almost

every t € R
Qt) = /D w(t)u(t) - Vb,

and there is no reason for the right-hand side to vanish. On the other
hand Richardson’s formal law (4.1.3) suggests that vorticity should follow
level lines of the depth and thus one can hope the total vorticity to be
asymptotically preserved. The following result gives a bound on the

variation of the total vorticity during the motion.

Proposition 4.5.3 (Asymptotic conservation of the total vorticity). If
the function b € C?(D) is constant on each connected component of the
boundary, then there exists a constant C' > 0 that depends only on D and
b, such that if (w,u) € L®(R x D) x L¥(R, L*(D)) is a weak solution
to the vorticity formulation lake equation then we have for almost every
teR:

(t) — 9(0)] < O] [T 1.

The conclusion of proposition 4.5.3 can be rewritten as

) —20)] _ ,ITlIC) B
o - E

in the regime where % — 400, the above estimate may be interpreted
as stating that at the time scale I'/ E' the variations of the total vorticity

are much smaller than the total circulation.

Proof of proposition 4.5.3. By proposition 4.5.1 with n = b, the function
Q) is weakly differentiable and for almost every t € R,

a) :_/DV(Kb[w(;)D x Vb w(t)—zri/DWibXwa(t)' (4.5.8)
=1

Since we have assumed the bathymetry function b to be constant on the

boundary, we apply proposition 4.5.2 with 7 = b and we obtain, since
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Vb x Vb = 0,

’/ v(lcb[w(;)]) X wa@)‘ < |12 (4.5.9)
D

By the boundedness properties of the gradients of b and 1; and by
definition of ||I'||] in (4.4.8), we also have

ST /D AL P
=1

By (4.5.8), (4.5.9) and (4.5.10) we deduce in view of proposition 4.5.1
that for almost every t € R,

< O [T (4.5.10)

|2(t)] < C3 [T |IT])-

The conclusion then follows by integration. O

4.5.3 Evolution of a singular vortex

We are now in position to state and prove the main result of the present

work.

Theorem 4.5.4 (Evolution of the vortex core). Let D C R? be a bounded
domain of class C% and b € C%(D, (0,+00)). Assume that b is constant
on each component of 0D. If

(a) (U")n>0 is family of weak solutions to the lake equations (4.1.1),
(b) w™(0) > 0 almost everywhere on D,

(c¢) there exists qo € D such that for every n € C(Q),

lim — /D nw™(0) = n(qo),

n—oo [ '

1

(d) SUp 1(™)?w™(0, 2" ) Ay, 2 < +00 where p" = exp(—pigm).»
]_“n
(e) sup I < +o0,

neN |Fn’
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and let gx : R — D be the unique solution to the Cauchy problem

G«(s) = —VJ‘<%> (gs(s)) if s €R,

2+(0) = qo,

then one has, for every n € CY(D), uniformly in s € R over compact

subsets,

. 1 n

lim / 06" (Tns/ ) = 1(q.(5))
D

and

n—oo BT

lim EL /D 7 02 (Tns/ Bn) = 0(ga(s)).

Theorem 4.5.4 implies immediately theorem 4.1.1. Indeed, it suffices
to observe that by (4.4.1) the Lorentz norm is controlled by the L
norm and that (e) is trivially satisfied since when D is simply connected,
m = 0 and ||T'|| = |I'| by definition in (4.4.8).

Proof of theorem 4.5.4. We first note that by proposition 4.3.3, and
(4.3.2) and by proposition 4.2.5, we have for every § > 0 such that
B((JQ, (5) C l)7

2
1 1
—In— bw™(0
dm 20 ( B(q0,9) ( )>

1 1
< —1In b(xz)b(y)w" (0, 2)w™(0,y) dy dx
L e VR (0,20 0.0)

1
<: / wKyl] + CHI|T™ > < B™(0) + Col|T™ |2
D

so that by the assumptions (c) and (e), for every § > 0 small enough we

have
.. E™ 1 1
lim inf > —1In—
n—oo (IM)2 = 4mx 2§
and thus
. E™
nh_{go )2 = +o0. (4.5.11)

By definition of p"(¢) in (4.4.7), we observe that for each n € N and
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t €R,
At E" Ar B" )

"0 =2~ gugg) < P (- ey )
pi(t) = exp r~Qn(t)/) — P IT"|2 supp b
and thus by (4.5.11), we have p"™ — 0 uniformly on R as n — oc.
Moreover, we have by definition of p"(¢) and by proposition 4.5.3 for
every n € N and ¢t € R,

p" (1) ‘ _ AmET QM) - Q(0)] _ Cs EM1]
T on0) Qi) - In

By proposition 4.4.9 and then proposition 4.4.7, this implies that for
every n € Nand t € R

P02 1 0V Ay
< (02 ("t 0 (0) Y ngyy, o + CoBIH]))

< Cip" (0% (1" (0, " (0)) Iy, + E"I1]) )
B
]

<G| (14 25, (@512)
in view of our assumption (e). Since p™(¢) uniformly converges to 0 as
n — oo, one can choose R™(t) £ 1/./p"(t) for sufficiently large n € N
in proposition 4.4.6. For every S > 0, there exists then § > 0 such
that if n € N is large enough and if E"|t|/T™ < S, then ¢"(t) € D and
dist(¢™(t),0D) > 4.

Let n € C*°(R?) be a positive function bounded by 1, such that
n(z) = 0 if dist(z,0D) < §/3 and n(x) = 1 if dist(x,dD) > 26/3. We
define the truncated center of vorticity ¢ : R — R? by setting for t € R

and n € N,
1
O / n(x) 2w (¢, 2) da.
r/,

We observe that for every n large enough, p(t)(R"(t), p"(t)) < § and

Wl

/ w" < / w"(t,x) dx.
dist(z,0D)<8 D\B (q(t),p:é(t)(R"(t)m”(t)))
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By proposition 4.4.5, we obtain

o 1 n
-0l < [ o (t,7) do
D\B(g(t).p2 (1) (R™(1).0"(1)))
06 2 Hwn(t’ pn(t)')HA(ln)+,1
(¢ 1).
= In(R(2)) (@ I +1)

(4.5.13)
By (4.5.12) and by the choice of R"™(t) it follows that (¢"(I'" - /E,,) —
q"(I'™ - /E,))nen converges uniformly to 0 over [—S, 5].

By proposition 4.5.1, we have for almost every t € R,
m

1 wh . Loy
Wt)zlﬂl?z(/Dv Kl )] Ve w"<f>+ZF?/DV . e wn(t)>

=1

where the vector field ¢ € C°(D,R?) is defined for each x € D by

¢(x) = xn(z). In view of proposition 4.5.2, we have

1.
R B L O Y= RCERE)

Now we observe that since Vb is Lipschitz-continuous and since
&(x) = x if dist(z,0D) > 6, we have for every = € D and y such that
dist(y,0D) > 4,

Vib(e)- Ve(r)  VEb(y)
e T St
and thus
V4o - V¢ VA (D)) » n
'/D( s TN o <t>]\

)
scs( / |m—q"<t>|rw”<t,x>dx) 1Kol (8) e (). (45.15)

We have by a direct bound

/ & — ()] W (t, 2)| da
DNB(qn(t),p (t) (R (t),p™(t)))
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< Co pHO(R (1), 0" (1) T (4.5.16)

and by proposition 4.4.5,

/ o — ()] W (t, 2)| da
D\B(q™(t),p2 (t)(R™(t),p"(1)))
Cho

< gy OO 1" (O agy o T I0)- - (45.17)

Thus we have by (4.5.15), (4.5.16), (4.5.17) and by proposition 4.4.1,

/ (Tb e Vbif;izg)”)w%) il o)

er <(p::<t><R"<t>,p"<t>>) |

1 n 2 n n n
) (p (7wt p" () ) agy, o +IT \)) (4.5.18)
Summarizing (4.5.14) and (4.5.18) we conclude that

—-q (F S/E )_ bn((jn(F”S/En))Q

o — 0,

uniformly over s € [-5, S].

This implies in turn that ¢"(I'™-/E™) converges uniformly on compact
subsets of R to g.. Finally, we conclude that ¢"(I'"™- /E™) — ¢, uniformly
over compact subsets of R. By (4.5.17) the narrow convergence of

vorticity measures follows.

The convergence of energy density measures then follows from propo-
sition 4.4.2. O
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4.6 Open problems

The present work has given a first description of the asymptotic vortex
dynamics for the lake equations (4.1.1). The setting in which we have
been working does not cover the whole spectrum of physically relevant
situations and suggests for future research some problems that we could
not tackle with the techniques that we have developped here.

A first problem would be to determine whether theorem 4.5.4 holds
when shore of the lake is a beach rather than a cliff, that is when b goes

smoothly to 0 on the boundary.

Open problem 1. Does a single vortex follow asymptotically the level
lines of the depth b when infp b= 07

Whereas in our proof the assumption that infp b > 0 plays a role
in the construction of the Green function and in keeping control on the
Lorentz norm, stationary results cover the case of where the depth b
behaves like a power of the distance function close to the boundary [14;
15; 16, §3] (seel also chapters 5, 6).

Open problem 2. Does a single vortex follow asymptotically the level

lines of the depth b when the domain is unbounded?

The boundedness of the domain and of b is used mainly in the
construction and estimates on the Green functions.

The probably most accessible case would be when D = R? and b is
constant outside a compact set; an interesting result would cover the
case where D = [0,+00) x R, with b(r,z) = r, corresponding to the
construction of vortex rings for the three-dimensional Euler equations
(see [2]).

The solution of open problem 2 would also show that the evolution
of clifford tori in the binormal curvature flow [27].

Another problem would be the case of non-constant boundary values
of b.

Open problem 3. Does a single vortex follow asymptotically the level

lines of the depth b when b is not constant on the boundary?
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Currently, the constancy plays a crucial role in the proof and the
application of proposition 4.5.2.

An issue with this setting is that the limiting equation would suggest
vortices exiting the domain in finite time. This would not be consistent
with the conservation of circulation. A possible solution to this paradox
is that the interaction with the boundary at very short range perturbs
strongly the asymptotics and makes the law of movement invalid.

When the lake has a flat bottom, that is when b is constant on some
region, our results do not give an interesting description of the movement
of the vortices, that occurs on a larger time scale. In analogy with the
planar Fuler equation, which corresponds to the case where b is constant
on the whole domain, we expect this movement to occur at a time-scale
of the order 1/T".

Open problem 4. Describe the movement of a single vortex in a flat

region of the lake at time scales of the order 1/T".

We expect this to be described by some sort of Green function
adapted to the problem. A similar second-order asymptotic description
was already given for stationnary vortex pairs [15] (see chapter 6). One
question is whether the movement depends only on the shape of the set
on which b is flat or whether it depends fully on b and on D. The first
scenario would be consistent with results for an analogous Ginzburg—
Landau problem with discontinuous pinning [18].

Finally, it would be natural to consider the problem where the vorticity

concentrates in several regions.

Open problem 5. Do solutions whose initial vorticity concentrates at

several points have these vortex patches following level lines of b7

This situation is not accessible to our proofs because we characterize
the size of the vortex region by some global integral quantities.

An issue raised by this problem would be possible collision of vortices
moving on the same line. They would probably interact at a small scale
and produce potentially a vortex pair whose movement might be governed
by a different equation and might have a different characteristic timescale.

A similar related problem would be the description of vortex pairs.
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A Weak solutions of the transport equation

A first interesting fact is that for a transport equation with no flux through
the boundary, it is equivalent to test the equation against compactly
supported smooth functions or functions that are smooth up to the

boundary.

Proposition A.1. Assume that u € L°(WHY(D)) and thatu-v =0
on 0D in the sense of traces. If fo € L>°(D) and f € L*>([0,400) x D)
satisfy for every ¢ € CL([0,+00) x D) the identity

/0+OO/Df(3t<P+U'V90)+/Df0<P(0a'):0,

then the identity holds for every o € C([0,4+00) x D).

Proof. We consider a map 6 € C'((0,400)) such that # = 0 on (0, 1)
and 6(t) = 1 on [1,4+00) and we define for each n € N, the function
Xn : D — R for each z € D by xn(x) £ 0(ndist(z,0D)). By the
smoothness assumption on D, y,, € C}(D). Since u-v = 0 in the sense

of traces, we have for every T € [0, +00),

T T
//\wwmsc&/ / IV,
0 D 0

zeD
dist(x,0D) <%

and thus by Lebesgue’s dominated convergence theorem,

T
lim / / lu-Vxn| =0. (A.1)

For each ¢ € CL(]0,+00) x D) and every n € N, we take @ €

C1([0,+oc) x D) as test function, and we obtain by assumption

/()+Oo/lyxnf(at(p+u’v@)+/DX”f090(0a‘):—/OJrOO/Dgofu-vxn;

the conclusion follows by letting n — oo, and using (A.1). O

The flow u can be integrated following DiPerna and P.-L. Lions [17]

in order to provide solutions to the corresponding transport problem.
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Proposition A.2. Let b € C1(D,(0,+0c0)) and assume that the velocity
field satisfies u € L ([0, +00), WH(D) N L>®(D)). If u-v =0 in the
sense of traces and if V - (bu) =0 in D almost everywhere, then there
is a unique Borel-measurable function X : [0,4+00) X [0,4+00) X D — D,

such that

(i) the map (s,t) € [0,4+00)? = X(s,t,) is continuous for the conver-

gence m measure,

(ii) for every r,s,t € [0,+00) and almost every © € D, one has
X(s,t,x) = X(s,r,X(r,t,x)),

(i11) for every function fo € L*°(D) and every s,t € [0,400), one has
| st (st )bl de= [ foo) e
D D
(iv) for almost every x € D,

X(s,t,x) == —/ u(r, X (s,r,x))dr.

Moreover, for every fo € L®(D), foo X(0,-) is the unique function
f € L>=([0,+00) x D) that satisfies for every o € CL([0,+o00) x D),

/0+°°/Df(8t<p+u-ch)+/Df0gp(07.):0

and f € C([0,+00), L}(D)).

As a corollary of the above representation formula, the potential
vorticity w(t)/b at any time ¢ > 0 is a rearrangement of the initial
potential vorticity wg/b, in the sense of the weighted Lebesgue measure
dp(z) = b(z) dx.

Note that, a priori, the statements only make sense when the func-
tion fp is Borel measurable; the proposition implies then that X(s,t,-)
preserves Lebesgue null sets and thus allows one to extend the statement

to Lebesgue-measurable functions.
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Proof of proposition A.2. We first observe that V-u = u-V(Inb) almost
everywhere on D and thus V- u € L*°(D). The existence and the
properties (i), (ii) and (iv) of X follow from the DiPerna—Lions theory
[17, Theorem III.2], as does the characterization of solutions to the
transport equations and the continuity of the latter [17, Corollary II.2].
By proposition A.1, the transport equation holds for each test function
¢ € CL([0,+00) x D).

Given fy € L°°(D) as an initial data, we observe that the func-
tion f : [0,400) x D — R defined for each (¢,z) € [0,4+00) x D
by f(t,x) £ fo(X(t,0,7)) satisfies the transport equation. By tak-
ing ¢ € CL([0,+00) x D) defined for each t,z € [0,4+00) x D) by
o(t,x) £ b(x)0(t), with § € CL((0,+00)) as test function we have

/0+°°0'(t)</Df0(X(t,0,.))b> dt+9(o)/Df0b

-/ +°°( [ 1x(0.) V- pu)ar=o. (a2

since V- (bu(t)) = 0 almost everywhere in D for almost every ¢ € [0, 400)

and the conclusion follows. O

B Regularity of solutions with smooth initial
data

We prove that when the initial vorticity is smooth enough, then weak
solutions of the vorticity formulation of the lake equations have some

regularity.

Proposition B.1. Assume that k € N and o € (0,1), that D is of
class C**1 and that b € (C? N C**+12) (D). If wy € C**(D,R) and if
(w,u) € L*([0,+00) x D,R) x L*=([0, +00), L2(D,R?)) is a weak solution
to the vortex formulation of the lake equations, then for every T > 0, w €

Ck([0,T) x D) and u € L>([0,T], C*+12(D,R?))NC**([0,T] x D, R?).

When k = 0, proposition B.1 is due to Huang [24, Theorem 4.1].
Our proof follows the same strategy as proofs of the regularity of

solutions of the planar Euler equations [39, §2.4] (see also [26, §3.1]).
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The first tool that we use is the fact that the velocity field generated
by a bounded vorticity field satisfies a bound known as quasi-Lipschitz
bound [26, Lemma 1.4; 39, Lemma 3.1] or logarithmically Lipschitz [22].

Lemma B.2. There exists a constant C' > 0 such that for every w €

L>*(Q) and every x,y € D, one has

2diam D

VK [w](z) — VK [w](y)| < Cly — z|In y—a]

Proof. By proposition 4.3.3, we have
VK |w / VGp(z,z)w(z) \/b(z)b(z)dz

—i—;/DGD(x,z)w(z) ZE;;Vb(x)dz—i—/DVRb(x,z)w(z)dz. (B.1)

_ /D VGp(z, 2) w(z) /b bz) d

< Gy |wllzee(py ly — 2| In

2 diam(D)
ly — |

(B.2)

(see [39, Lemma 2.3.1 and Appendix 2.3]). Next, we have

b(z)
'/D Gp(y,z)w(z) @ Vb(y)dz

- / Gp(z,2)w(z) 28%@)@'

_Wb Vb ’/GDZL‘Z(,U )| v/b(2)dz
|Vb(z |
+C’2\/@/D|Gp(y,z)—GD(x,z)Hw |v/b(z)dz. (B.3)

We compute now by proposition 4.3.5,
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[ 160(w.2) - Gp(a,2) s
D
1
S/ /\VGD((I—s)m—l—sy,zﬂ\y—x\dzdt
o Jp

1
Csly — x|
: dzds < Cyly — x| (B4
_/0 /[)‘(1—3)$_|_Sy_z‘ zds < 4‘:1/ .@’ ( )

By (B.3) and (B.4), we deduce, since the derivative of Vb is bounded,
that the gap

b(z)
'/D Gpl(y, z)w(z) @ Vb(y)dz

b(z)
_/DGD(QU’Z)(U(Z) b(x)Vb(x)dZ’ (B.5)

is bounded by

Cs ||wll oo (D) ly — |-
In order to control the variation of VRy(-, z), we recall that by the proof
of proposition 4.3.3, R, = Sy, + @y for some function @, € C?(D x D)
defined in proposition 4.2.4 and for some function S, constructed in the
proof of proposition 4.3.1 in such a way that for each z € D, the function
Sy(-,y) € WO1 (D) is the unique solution of the elliptic problem

V- (7S 2)) =~ 2) V) (A LY b,

7)
Sp(-,2) =0 on dD.

Hence, in order to conclude the proof, it is sufficient to focus on the
Sp-term. We recall that for all z € D the function S, admits the integral

representation

Si@.2) = ~VBG) [ Gulnn)Golw.2) (A2 ) )y

and moreover, Sy, is continuous and symmetric on D x D (proposi-
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tion 4.3.1). Therefore, we have for all x,z € D:

Sp(z,2) = Sp(z,7) = —/b( / Gy(y, 2)Gp(y, )(A\}I;

or equivalently, using the symmetry of the Green’s function Gp:

Si@.2) == [ Gulw.2) (VB Gl () (A=) () o

In particular, a direct application of Fubini’s theorem shows that, for

)(y) dy,

almost-every z € D, we have

/ </ szy b)” (\[GD( )>(x)dz)dy. (B.6)

Since the LP-norms of Green’s functions are uniformly bounded on as y

varies in D [54], we may apply estimates (B.2) and (B.5) to obtain

'/Dvsb(x’z)w(z)dz/DVSb(ﬂJ,z)w(z)dZ

2diam(D
< Gl Iy o n 252202
and therefore
'/ VRy(x,z)w(z) dz—/ VRy(x,z)w(z)dz
D D
2diam(D
< Ol by — a0 200) g )
ly — |

The conclusion follows from (B.1), (B.2), (B.5) and (B.7). O

The next tool is Gronwall type estimate for a logarithmic perturbation

of linear growth.

Lemma B.3. Let A,B,C € [0,400), A < C and let f be a continuous
function from [0,400) to (0,C), that is: f € C([0,+00),(0,C)). If for
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every t € [0, +00),

£t SA+B/O f<s>1njfs)ds,

then for every t € [0, 400),
f(t) < Cexp(— In %e_Bt)

Proof. We observe that if the function u € C1(R, (0, +C)) satisfies for
every t € I the equation

u'(t) = Bu(t)In o

u(t)’
then
— —Bt C
u(t) = Cexp(—e "'In m).
and the conclusion follows then by comparison. O

We finally rely on the next classical regularity property of Lagrangian

flows.

Lemma B.4. If u € C*¥71([0,+) x D,R?) N C([0,+c), C*(D,R?))
and if the function X € C*([0,+o0),C(D, D)) satisfies

0 X(t,x) =u(t,X(t,x)) ifte[0,+0) and x € D,
X(0,2) == ifx €D,

then X € C*([0,+00) x D). If moreover u € C*~1([0, +00) x D,R?) N
L]0, +00), C**(D,R?)), then X € C*(]0,4+00) x D).

Proof. The first part is classical (see for example [10, §1.7]). For the
second part, we first have by the first part X € C*(R x D, D) and
thus by the chain rule for Hélder continuous functions (see for example
[11, Theorem 16.31]) 8; X € C*~1*(R x D, D).

Next we observe that for every T'> 0 and ¢ € [0, T], we have
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t
< [ DA P0G IDEX (s.0)] = D (X (5, [DEX (s,2)] s
t
+Cily—al < Ca [ 1DEX(5,9) ~ DX (s,)| ds + Caly -
0
and it follows then from the classical Gronwall inequality that

Proof of proposition B.1. By proposition 4.2.6, proposition A.2 is appli-
cable to fo = wp/b and implies that for every ¢ € R,

w(t,z) = b()?ii)ﬂf)) wo(X (¢, ).

By proposition A.2 and lemma B.2, we have for every x,y € D,

(X (ty) = X(t o) <y — 2|+ Ch ((HonLoo(D)

¢ 2diam D
+ || /X(s,y)—X s,z)|1In ds |.
A S (S (o]
It follows then by lemma B.3, that

[ X(t,y) — X(¢, o)

_ 2diam D ly — x| \exp(=Cst)
< — C3t1 _— ) = (7) .
—CZeXp< ac =) = Ol S dam D

This implies thus that

|y _ JJ‘ >aexp(—03t)

lw(t,y) —w(t,z)] < Cs5 (m

By the representation formula for the velocity (4.2.7) and classical regular-
ity estimates [21, Theorem 6.8], it follows then that we have the inclusion
u € ([0, +00), CH(D)). By classical regularity theory of the Lagrangian
flow, this implies that X € C([0,4+oc) x D, D) and thus by composition
w € 0%([0,T] x D). By regularity estimates [21, Theorem 6.8] we have
then u € L*°([0, 7], CH*(D)) and u € C%*([0,T] x D).
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We assume now that u € L>([0, T], C*~(D))nC*=12(]0,T] x D) and
that wy € C*(D). By regularity of the Lagrangian flow (lemma B.4), we
have X € C*%(D) and thus w € C*%([0,T] x D). By classical regularity
estimates, this implies that u € L>([0,T], C**1(D)) n C*([0,T] x
D). O
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Chapter 5

Desingularization of a
steady vortex pair in the

lake equation

The following chapter reflects a paper that was submitted,
available at arXiv:1711.06497.

5.1 Introduction

Statement of the problem

The lake equations arise from the incompressible 3D Euler equations in
a regime where the typical velocity magnitude is small in comparison to
the magnitude of gravity waves (small Froude number regime Fr < 1,
see also [10]). Mathematically, a lake can be modeled as a planar open
set D C R? together with a positive depth function b. The velocity field
v:R x D — R? and the pressure field p : R x D — R are governed by

the system of equations

div(bv) =0 on R x D,
o+ (v-Vv+ folt =—-Vp onR x D,
bv-n=v on R x 9D.

179



180 Desingularization of a steady vortex pair in the lake equation

Here 7 : 0D — R? is the unit outward normal to 9D, (vi,v2)" =
(—vg,v1), f : D — R is a Coriolis parameter, and v : dD — R is a
penetration condition. When the depth function is constant, b = 1, the
system reduces to the incompressible 2D Euler equations. The velocity
field v in the lake model may be understood as the horizontal velocity of
a column water, whose total mass may vary according to the depth of the
lake [10]. Global well-posedness of the lake equations has been studied
by Levermore & Oliver & Titi [17], Lacave & Nguyen & Pausader [18],
Munteanu [23], Huang & Chaocheng [14].

The problem we study in this article is the asymptotic behavior of
steady velocity fields that are constructed as maximizers of the kinetic

energy
1 2
E(ve) = 3 D|v€| dp, dp=bdm,

where dm is the Lebesgue measure in the plane R?; in the regime where
the vorticity in the lake vanishes: du({vortex exists}) — 0 as ¢ — 0.
Before formulating more precisely this problem, let us give some more

motivation.

Let first consider the easier case where the Coriolis force is null:
f = 0; and the topography does not vary: b = 1. Introducing the
vorticity w = curl(v) (and up to prescribe circulation conditions on 9D),
one may think of v as v = curl ! (w), which allows one to think off the

energy as a function of w only:

Moreover, taking the curl of the evolution equation (second equation in

the lake system), we get the transport equation
0w + (v|Vw)=0.

These observations were the starting point for Arnold [1] and Benjamin [3]
to suggest that any steady solution of the 2D Euler equations should be
a critical point of the energy under the following constraint: if w solves
the steady transport equation: (curl™!(w)|Vw)gz = 0; then for every

function D : R — Diff 4., (D) valued in the set of dm-measure preserving
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diffeomorphisms of D with D(0) = Idp, the energy functional
E:R—>R:E():=EwoD; ")

has a critical point at ¢ = 0. On the other hand, any vortex constructed

aswy =wo D ! satisfies the infinite number of constraints:
dm({w; > A}) = dm(w > A}), VAeER.

We say that such a field w; is a dm-rearrangement of w. The notion
of rearrangement is a relaxed condition in comparison to the identity
wp=woD, ! since the regularity of the transformation D becomes out
of concern. From this motivation, the following energy maximization
principle has been extensively investigated by Arnold [1], Benjamin [3]
and Burton [7-9]: Find a mazimizer of the energy E restricted on the set
of all dm-rearrangements of a given profile function w*. The asymptotic
of maximizers as dm({w. # 0}) = €2,¢ — 0, has been studied by
Turkington [27-29], Turkington & Friedman [13], and Elcrat & Miller [30]
when w, is non sign changing: we > 0. The authors have shown that the
family of maximizers {w, : € > 0} tends to a Dirac mass as ¢ — 0, and
the concentration point is chosen according to the geometry of 9D (see
also [19,20,22,29] for similar results for the time-dependent problem,

and [11,26] for similar results based on other approaches).

The situation appears to be different in the lake model, when b
is not constant. In fact, Richardson [25] has shown that the motion
of a singular non sign changing vortex is led by the depth function b,
independently (at leading order) of the geometry of D. More precisely,
Richardson’s formula states that the motion of the center of mass Z, of
a non sign changing potential vortex (. with du({¢ > 0}) = €2, follows

the evolution law

d

1 1
Z2(t) = 5-VB(Z.(1)) log =S, + O(S.),

with S, = / C.du. Note that an application of b~!curl on the lake
D
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evolution equation yields the new transport equation
8t( + (U|VC)=Oa

where ¢ = b~!(curl(v) — f) is the potential vortex field associated with
the velocity v, where the external contribution f has been removed.
Following the lines of thought of Arnold and Benjamin, we expect a vari-
ational principle of the following form: Steady solutions with prescribed
constraints on the du-measure of their super level sets, can be constructed

by mazimization of the energy.

Formal statement and results

A measurable function ¢ : D — R may be decomposed in a positive part
(¢), and a negative part (¢)_, both measurable. Let us fix a distribution

function

D :RT — [0, du(D)]

normalized as

D(t)dt =1,
R+

and such that there exists p > 1 with

/ PD(t) dt < +oo.
R+

We also fix 7 € [0,1]. We say that a family of measurable functions
{Cc : € > 0} satisfies the constraint (D) if, for all € > 0, we have

62 62
All(6), =2 = 50 (52 og ),

€2 2\ 1 (D)
du({(C)— = A}) = 5D(5(1_7_) log 6>,

where § = sup D()), so that we always have du({({); > 0}) < €* and
A>0

du({(¢)_ > 0}) < €2 Tt is also easy to check that (. € LP(D, du) and

1—171

]
[ an= Ty ma [ @) dn= 1T

€ €
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The above growth factor log % is motivated by Richardson’s formula. The

energy E. we maximize is given by

BO =5 [ (R¢+¥)Cdn

where flow is the flow that induces the Coriolis vorticity f: thus
curl(b~'V+W) = bf; and RC is the flow that induces the “internal vortic-
ity™: curl(b='V+R¢) = b¢. We prove the following theorem:

Theorem 5.1.1. Assume that D C R? is a (simply connected) bounded
domain of class C! and assume that b € C’(E)OW;)’COO(D) with infp b > 0,
or b= ¢* for some a > 0 and ¢ a reqularization of the distance at the
boundary OD. Let ¥ € C(D)N Wl})’coo(D). There exists A\g > 0 depending
only on 7,V and b such that, for all A € (0, ), there exists a family
{¢c € LP(D, dp) : € > 0} of steady solutions for the lake equations,
obtained by maximization of the energy E over the class of all functions
that satisfy constraint (D).

Furthermore, if T > 0, the only possible accumulation points of
{(C)y : € > 0} as € — 0, in the sense of convergence of probability

measures on D, are Dirac masses 4« with

Tb(x*) )
AU (2%) = — 4+ AU
1 TARE) S%p<{4ﬁ+ },
and if T < 1, the only possible accumulation points of {(¢c)_ : € > 0}
as € = 0, in the sense of convergence of probability measures on D, are

Dirac masses 0, with

(1 —7)b(2x)

47 T

nwte = {572 o),

We briefly mention that theorem 5.1.1 will actually be proved for
non necessarily simply connected domains, provided coherent circulation
conditions are prescribed. Also, theorem 5.1.1 will be proved under
slightly more general regularity assumptions on D and b, and covers two
situations encountered in the literature: the case of a non vanishing depth
function b [14,17], and the case of a degenerated depth function that

vanishes as a polynomial of some regularized distance at the boundary [4,
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18]. Although theorem 5.1.1 is stated for regular domains, we will be in
position to deal with irregular domains as well.

In the case of a non perturbed lake (¥ = 0), our energy maximizers
look like singular vortex pairs as ¢ — 0, both located near a point of
maximal depth b. If we add some small perturbation AW, the two parts
of the pairs separate from each others, according to ¥. The condition

that the vortex strength

1
log L

€

/DCeduz(%—l)

vanishes as (log %)71

is expected from Richardson’s law. In the lake
equations, this scale length is the typical scale length for the dynamic of
the vortex to become physically relevant.

Taking advantage of radial symmetries, theorem 5.1.1 may be used

to prove the following time-dependent result:

Theorem 5.1.2. Assume that D = B(0,1) and b € C(D) N Wllo’coo(D),
b(z) = b(|x|?), is a radial function with infpb > 0, or b = ¢~ for some
a >0 and ¢ a reqularization of the distance at the boundary 0B(0,1).
There exists vg > 0 depending only on T € [0,1] such that, for all
v e (0,1y), there exists a family of curves {(. € C(R, LP(D, du)) : ¢ > 0}
solving the time-dependent lake equations with the additional property
that for each t € R; and the vortex ((t) at time t is obtained from (.(0)
by a rotation of clockwise angle vt, and satisfies constraint (D).
Furthermore, if 7 > 0, the only possible accumulation points of
{(Cc(0)),. : € > 0} as € — 0, in the sense of convergence of probability

measures on D, are Dirac masses 4« with

Tb(x*) v 2 B Tb(z) v 21
e 2/0 b(s) ds_ilelg T 2/0 b(s)ds ¢,

and if T < 1, the only possible accumulation points of {((.)_ : € > 0}

as € = 0, in the sense of convergence of probability measures on D, are

Dirac masses 6., with

*|2

(1”)[’(””*)+”/0x b(s)d5:sup{(1_7_)b(z)+y/0|2|2 b(s)ds}.

4 2 €D 4 2
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Method and insights of the proof

The condition div(bv) = 0 together with curl(v) = b{ motivates to
construct v as v = b~ V14 with 9 such that

—div(b’lvw) — (.

This is an elliptic equation which may be solved on D, provided circulation
conditions are prescribed. The function framework for this equation is
discussed in the first section. We prove that the solution 1 constructed
above depends on ( through an operator K. In appendix, we prove an

integral expansion

ﬁC(ﬂ?)—/DGD(w,y)C(y) du(y)+/DF(x7y)C(y) du(y),

where Gp is the Green’s function for —A in D with Dirichlet boundary
conditions, and F': D x D — R is a bounded and continuous function.
Such Green’s function expansion is not known for degenerate elliptic
equations (see [15,21,32] for existence of Green’s function and related
estimates in the case where b is non degenerated). We prove this expansion
by regularity theory [31], under suitable assumptions on both D and b.
We cover the case of non regular domains D with b € C(D) N WI}JCOO(D)
satisfying infp b > 0, or b satisfying the ad hoc condition

inf  lim sup{ ! \Vb(x)2} < +0o0;
qE[el[,arg;v) dop) L (0g(x))?  b(x) 7

)

or in other words: there exists 8 € [0,2), ¢ > 1 and a neighborhood U of
0D such that, for all z € U:

1 |Vb(e)?
G@)P  blo) - C

for some C' > 0. Here §, is the mean distance at the boundary of D of or-

der ¢, as defined in [2]; and it is well defined even for non regular domains.
In comparison with [23], we do not rely on a Muckenhoupt condition.
In a second section, we recall some preliminaries in rearrangements the-

ory, and we use the work of Burton [6-9] to construct maximizers of



186 Desingularization of a steady vortex pair in the lake equation

the energy that are also solutions of the lake equations. In section 3,
we exploit our integral representation to study asymptotic properties
of energy maximizers as the vortex profile vanishes. The strategies of
proof is to compare the maximal energy with the energy produces by
very symmetric competitors, as one would do for the Euler equations.
However, since the relevant measure is du(z) = b(x)dz, we have to
face some technical difficulties. We manage to prove a generalization of

theorem 5.1.1. The proof of theorem 5.1.2 is done in section 4.

5.2 The stream function

5.2.1 Lakes

By a lake we mean a couple (D,b) where D C R? is a bounded open
set and b € C(D) is a non negative continuous function. We ask the

following additional conditions:

_ m

1. D= Dqg\ U C; for a bounded connected open set Dy C R? and
i=0

disjoint compact simply connected subsets C; C Dy, with the

convention that Cog = 0Dy;

2. for all i = 0,...,m, we have either cap(C;) > 0, or b admits a Dini

continuous extension by 0 on D U C;;
3. for all compact subset K C D, we have infx b > 0.

In the above definition, each 0C; represents a shore. We allow C; to be the
boundary of a closed connected compact set (in which case we represent
an island), C; a (non closed) curve, but we also allow C; to be reduced to
a point shore, provided the depth function b is sufficiently regular in a
neighborhood of C;.

5.2.2 Basic functional framework

In this section we introduce a functional framework for the stream

function. We write W12(D) the standard Sobolev space of square
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integrable functions on D whose distributional derivatives exist as square

integrable functions on D, endowed with its usual scalar product

(D)o = /D o dm + /D (V6| V)ge dm.

Here dm denotes the Lebesgue measure on D. We denote by H the set of
those functions ¢ € WH2(D) such that b=1|V¢|?€ L1(D, dm), endowed

with the scalar product

(619 = (Sl + /D (VoI S0

Since b is assumed to be positive on compact subsets of D, we have the

set inclusion C1(D) C H. We denote by Hy = CL(D) the closure of
CH(D) in H.

Proposition 5.2.1. The quadratic form

(6:0) € Ho s @lihy = [ (VoI -

defines a scalar product on Hy whose induced norm is equivalent to the

norm induced by H.

Proof. The fact that it defines a scalar product is straightforward. For

the equivalence between the norms, one first observe that
2 2
16112, < NI 81l
for all ¢ € Hg. For a converse inequality, one may write
61> 500+ 5o [ V6 dm.
°T 2 * 2(suppb) Jp

Since D is a bounded set, we may apply the standard Poincaré’s inequality

to obtain some constant C; > 0 such that

cy /D Vo dm > 6|2,
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and thus we have

18113, > Co(llol17, +0l5i12) = Calldl15- O

5.2.3 Circulations
In this section we show how we are going to solve a problem of the form
—div(b—lw) — 0,

C
yﬁ (b IV )Re = ¢ (©)
aC;

Here above, the real numbers cy,...,c, € R are fixed, and 7; denotes
the tangent vector field associated with C; with clockwise orientation for
1 =1,...,m, counterclockwise orientation for Cy; in other words: 7, = ﬁf
where 7); is the unit normal vector field outward to the boundary of 0D;,

and (vi,v9)T = (—wo,v1). Each quantity
§£ (b~'V 97 )Rz
oC;

represents the circulation of the velocity field b='V+¢ along 0C;. The

first equation
curl(b‘legb) - —div(b‘1V¢) —0

means that the curl of the vector field b~V is null, that is, no vortex
is produced by this velocity field. Observe that from the circulation

conditions we obtain
Z;}f (b VL o|m)ge = Z/ (b IV o= g2
i=0 7 9Ci i=0 i

= —/M(b‘chﬁln)Rz = /D—div<b‘1w5),

where 7 is the unit normal outward vector on D, and n; its restriction

on JC;. For problem (C), this leads to the consistency condition

gci = /D curl(b_1VL<b> dm = 0.
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Since we work in an a priori rough setting (the normal vector 7; may
not be defined), we understand problem (C) in the weak sense. Let us
assume that, for all i = 0, ..., m, we have constructed a function v; € ‘H
that solves

~div(b71V4;) =0,

Wy = 60;; on 9C;,Vj €{0,...,m}.

(T)

Here 9;; denotes the Kronecher’s symbol. Then we would have
6= [ 67Volme = [ (b Vol
ac; oD

- —/l)div(wjbIVgZ)),

and therefore, if ¢ € H is a solution of problem (C), we have

dm

== [ (V9o T

It is therefore natural to look for a solution ¢ € H of problem (C) as a

¢ = Z a1,
i=0

where the coefficients ay, ..., @, € R should be chosen in such a way
that

linear combination

m d
= Zo‘i/D(WﬂWi)R? Tm for all j € {0,...,m}.
1=0

Such a family v, .. ., ¥, would thus be useful to construct weak solutions
of the circulation problem. However, one should take into account
that D may be irregular, so that the notion of trace needed to define
U1, .- ., ¥m, may be hard to define. In this section, we begin by proving
that problem (T) admits a unique solution in a certain weak sense, and
this solution is bounded. Once we have proved the existence of the
functions 1, . . ., ¥, we focus on the existence of a solution for our weak

formulation of problem (C).

Proposition 5.2.2. Foralli € {0,...,m}, there exists a unique function
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v; € H that satisfies

dm

/ (V| Vo)re =0, forall p € Hy,
D b

and such that there exists a sequence (¢n)nen of functions from C*(D)
converging in H to ;; with ¢, = d;; on a neighborhood of 9C;, for all
j €{0,...,m}. Moreover, the solution 1; satisfies 0 < 1p; <1 on D.

This kind of existence result is standard [17, Lemma 4] and it is
usually proved by using Schauder’s theory. Here we propose an original
proof based on purely functional analysis methods, that may be applied

for non regular domains.
Proof. Let us consider the set

T; = {¢ € CY(D) : ¢ = §;; on a neighborhood of 9C;,
for all j € {0,...,m}}.
We are going to work in the quotient space H = H /~, where ~ is the
equivalence relation

dm

b1~ by = /Drwl—@)r? My

The equivalence class of a function ¢ € H is simply denoted by [¢]. The

quotient H is then endowed with the well-defined scalar product

(61]l[da)r = /D (Vér [Voo)gs 0.

We claim that the set
I = {[¢] : ¢ € Ty}

is a complete and convex subset of H. The set I'; itself is convex, and so
is its closure I'; in H. Thus II; is convex as well. For the completeness,
the key point is to observe that the equivalence class [¢] of some ¢ € Hg
only contains ¢. Hence the equivalence class of some [¢] with ¢ € T; only
contains ¢. Hence completeness of 11; is consequence of completeness of

Ho. According to the convex projection theorem [5, Theorem 5.2], there
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exists a unique 1; € T; such that [¢;] € II; is the projection of [0] € H
onto II;. For all t € R and for all ¢ € Hy, we have ; + tp € I'; and in

particular, we must have

Il + tollIF > NIl

which also reads as

dm t dm
\H/WV¢2+2 (V| Vihi)gz —— > 0.
D b it Jp b

Letting ¢t — 0 yields the identity

dm
[ (Felveds 57 =0,
D

for all ¢ € Hp.

Finally, the inequalities 0 < 4; < 1 are proved by an adaptation of
weak maximum principle techniques [31, Theorem 8.1]. Let us illustrate
this by proving 1; < 1. The lower bound ; > 0 will be proved using
similar arguments. By construction of v;, the positive part (¢; — 1) n
belongs to Hg. In particular, we have

_ 1 (0 — dm _ gy dm
0= [ VeV -1 )m G = [ w1,

Thus V (1); — 1), = 0 on D. This is possible only if (¢; — 1), =0 on D,
and thus ¢; < 1. O

Now we turn to the existence of solution of problem (C). We recall

that by a weak solution of problem (C), we mean a linear combination

m
b=,
i=0
with ag,...,a;, € R such that

“ dm
—Cj :ZZ;QZ/ID(V¢J|V¢Z)R2 b .

We require a first lemma:



192 Desingularization of a steady vortex pair in the lake equation

Lemma 5.2.3. A linear combination
m
b= it
i=0

with ag, . .., ay € R belongs to Ho if, and only if, we have a; = 0 for all

1=0,...,m. In particular,

This lemma strongly uses the regularity assumptions on b near a

point shore.

Proof. 1If we have o; = 0 for all i € {0,...,m}, then the linear combina-
tion is null and belongs to Ho. From this it is easy to see that 1—>"" v
belongs to Ho by construction, and therefore >~ 4; = 1. For the
converse, let us assume that Y ;" a;1); belongs to Ho. By construction
of each v; and by definition of H, there exists a sequence (p;,)nen Of
smooth functions ¢, € C'(D) and ¢,, = a; on a neighborhood of C;; and
the sequence (¢, )nen converges in H to 0. Up to a substraction by «p,
we have found a sequence (pn)nen of CL(D) converging in H to —ayp.
By completeness of Wo1 ’2(R2) we have ap = 0 and the convergence also
occurs in VVO1 ’2(R2). Up to passing to a subsequence, we may assume that
the convergence occurs quasi-everywhere on R? [33, Section 7.2]. Let
i € {0,...,m} be such that cap(C;) > 0. Then we must have o; = —av.
Assume that there exists ¢ € {0,...,m} such that cap(C;) = 0. Since C;
is connected and has null capacity, Pélya-Szegd’s inequality [33, Theo-
rem 8.3.14] implies that C; = {p;}. By assumption, the depth function
b may be extended by 0 on D U {p;}, and the extension (still denoted
b) is Dini continuous at p;. In particular, we have for all ¢ € C*(R?)

supported in D:

x dm(x)

o (pi)l= ’/D(VWC)‘ !p:—x|2)R2 b(x)

(o) (s )
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There exists a constant C;(b,p;) > 0 such that for all ¢ € C'(R?)

supported in D, we have

1
dm\ 2
el 6 ( [ 1vel S2) < Calllhe

Applying this inequality on the sequence (¢p,)nen yields

|ovi|= nglfookﬂn(m”: —ag = 0.

Theorem 5.2.4. The symmetric matriz A € RUTDXm+) defined by

dm
A = [ (Vv
D
has kernel spanned by (1,...,1) € R™*! and non negative eigenvalues.
In particular, for any choice cy, ..., cyn € R such that
m
S e
i=0

there ezists a unique weak solution ¢ € H for problem (C) of the form

¢ =21 it

Proof. According to lemma 5.2.3, we already know that (1,...,1) belongs
to the kernel Ker(A) of A. Let (o, . . ., @) be another element of Ker(.A).

We compute

/D ‘Vgai%

where the MT denotes the transpose of M. In particular, the linear

2 d
Tm = (ao,...,am)A(ao,...,am)T =0,

combination Y 5 a;1); is a constant function. According to lemma 5.2.3,
we have ag = a; for all i € {0,...,m}, and thus Ker(A) is spanned

by (1,...,1). Now if A € R is an eigenvalue of A, with eigenvector
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a = (ag,...,Qn), the same computation shows that

0< /D\vzzgaiwi

and thus A > 0. Finally, since A is symmetric, its range is the orthogonal

2
T = Naf,

space of its kernel in R %! and the restriction of A to its range defines

a linear isomorphism. The conclusion follows. O

5.2.4 Construction of the stream function

In this section, we show how to construct a stream function ¢ € ‘H that

solves
fdiv(b*qu) —w,
yﬁ (b VY TR = iy
aC;
for given circulations cg, . .., ¢, that satisfy
m
Z ci = / wdm.
i=0 D

The function w is the physical vortex associated to the velocity field
b='V14. As mentioned in the introduction, it will be suitable to work
with the potential vortex ¢ = b~ 'w instead, so we change our notations

and we solve in H:

—div(b—lw) — b,
515 (bilvllﬂTi)Rz = ;.

i

(P)

The functional space of interest for the vortex data ( is the Lebesgue
space LP(D, du), where p > 1 and the measure du(z) = b(x)dm(z) is
the invariant measure associated to the lake (D,b). Observe that since b

is a bounded function, we automatically have (b() € LP(D, dm).

Let us explain in what sense we understand the weak form of the
problem (P). Assume that ¢ € H solves the above problem, and let
¢ € CH(D) be a smooth test function. By the divergence theorem we
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have formally, if ¢ is a solution of problem (P):

/D 6Cdp=— /D odiv(bV) dm = /D (V[T 6)ge

Since we have continuous embeddings

dm

(A, [ll2e) = (WE2(D), [ llw.2)
< (L¥(D, dm), |-l ) = (L¥ (D, ) 1l ),
m ©

a weak formulation of the elliptic equation in problem (P) would read as

/D oCdu = (Y|p)y,, forall ¢ € Hy.

Let us now turn to the interpretation of the circulation conditions. As in

the previous section, we compute for all j € {0,...,m}, at least formally:
;== [ 01 Vul-m)ee == [ (w70l
C; oD
_ _/ div(z/;jb*lvw),
D

dm

o+ [ wicdin= [ (Voo G

Accordingly, we propose the following weak formulation of problem (P).

so that

Definition 5.2.5. A function i) € H is a weak solution of problem (P)
if Y = u+ H(C) for u € Hp such that

(ul )y = /D oCdu, for all ¢ € Ho,

and

H(Q) = it — )
=0

for ag, ..., an € R such that oy = 0 and for all j € {0,...,m}:

ot [ =3 o [ (V0190 G
1=0
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Theorem 5.2.6. Given ¢ € LP(D, du) for p > 1 and prescribed circula-

tions cy, ..., cn € R with
m
Sa= [ can
i=0 D
there exists a unique linear combination
() =D it — ) €A,
=1

where 1; is given by proposition 5.2.2; and a unique K(¢) € Ho, such
that the combined flow R(¢) 4+ $H(¢) € H solves problem (P) in the sense
of definition 5.2.5.

Proof. Let us consider the functional

1
®:Ho >R g0l [ aCan

The functional @ is strictly convex, hence it admits at most one minimizer.
The existence of the minimizer follows from the lower semi-continuity of

the norm and the compact embedding
(Ho, [[ll25) = (L7 (D ), [l o )-
1

We define K(¢) as the unique minimizer of ®. From this variational

principle we conclude that

m@wmzémw,mw¢mm

According to theorem 5.2.4, the required coefficients oy, ..., a,, € R are

uniquely determined if we impose ag = 0. We define
Q) = ailhi — ci).
i=1

Now by construction of the static flows ¢; for i = 0, ..., m, the function
R(C) + H(¢) € H is a weak solution of problem (P) in the sense of

definition 5.2.5. The uniqueness follows from lemma 5.2.3. O
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The choice of ag in our definition of weak solution is motivated by

the following result:

Corollary 5.2.7 (Energy equivalence). For all ( € LP(D, du), we have

[ 5@+ nencan= [ 1980+ 91z T
D D

Below are listed basic properties of the stream function.

Corollary 5.2.8 (Symmetry). For all (1,(2 € LP(D, du), we have

/D GR(G) du = /D GR(G) dp

and similarly

/ 1H(G) du = / &HG) da
D D

Corollary 5.2.9 (Linearity). For all (1,(2 € LP(D, du) and for all
a € R, we have

R+ alz) = R(G1) + ak(C2).

Corollary 5.2.10 (Positivity). For all ( € LP(D, du) with ¢ > 0, we
have K(¢) > 0.

Corollary 5.2.11 (Boundedness). There exists constants C,C’ > 0 such
that For all ¢ € LP(D, du) with ¢ > 0, we have

IR(ONHo< ClIChre,

and

19O In= Il

Proposition 5.2.12. If a sequence ((n)nen of LP(D, du) functions is
bounded in LP(D, du) and weakly converges to some ( € LP(D, du),
then the sequences (R((n))nen and ($(Cn))nen both converge strongly,
respectively to R(C) in Ho and $H(C) in H.

Proof. We first prove the claim for the operator . Since we have a
compact embedding (Ho, ||-||lx,) < (L¥ (D, dpu), [[[[ ), it is sufficient
d

u
to prove that every accumulation point of the sequence (R((,))nen in
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the sense of strong topology of L” (D, du) equals £(¢), and that the
convergence also occurs in (Ho, ||-[|l,). Let then u € LP' (D, du) be
an accumulation point of (8(¢y))nen in LP (D, du). There exists a
subsequence (8&(Cp, ))ken converging in LP' (D, du) to u € LP' (D, du). Tn
particular, for all test function ¢ € C}(D), we have

/D gudp= lim /D PR(Cny,) dp
= Jin_ [ 806 du= [ s)cdu= [ os(0)dn
D D

k—+oc0 D

Therefore v = K(¢) in LP(D, du), that is, almost-everywhere on D. On

the other hand, we also have

18(0) — R(C) 2= /D CRC) dpi+ /D CrpR(Cny) dpt — 2 /D (o 8(O) d.

The right side converges to 0, and therefore (8((n,))ken converges
strongly in (Ho, ||-||2,) to the function K(().

Let us now prove the similar statement for the operator §. By
construction, the coefficients ay, . .., a;, given by theorem 5.2.4 depends

on the vortex function ¢ only through the perturbed circulations

—or+ [ vicdn

In particular, weak convergence of the sequence ((,)necn implies strong
convergence in R of each perturbed circulations, and so strong convergence
in R of each coefficient «j. Therefore the sequence (((p))nen strongly
converges in ‘H to some v € ‘H and by uniqueness, we must have the
identity u = $((). O

5.2.5 Continuous lakes

Let us write Gp : D x D — R the Green’s function for the Laplace’s
operator —A with Dirichlet’s boundary conditions on 0D. We extend Gp
by 0 on D x D. The following lemma ensures that this extension makes
sense, at least in the sense of weak convergence in every VVO1 (D), q €
(1,2):
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Lemma 5.2.13. The function [y € D — Gp(-,y)| is continuous in the

sense of weak convergence in Wol’q(D), for any q € (1,2).

Proof. Let ¢ € (1,2) be fixed. The fact that Gp(-,y) is uniformly
bounded in WO1 (D) as y varies in D follows from standard argument.
Let (yn)nen be a sequence of points in D converging to some y € D.
The sequence (Gp(-,yn))peny admits at least one accumulation point
g€ VVO1 (D) in the sense of weak convergence in W& (D). We are done
if we prove g = Gp(+,y), since the weak convergence on a bounded set
defines a metrizable topology. Let L : VVO1 (D) — R be any non null
continuous linear functional, where the norm of VVO1 (D) is understood
as the gradient norm in L9(D). According to James’ representation
theorem|33, Proposition 5.2.3], there exists a (unique) u € WO1 (D) such
that HUHWOI,q: 1 and

L) = [l gy | (FoITu)se [Vt

jufs!
=||L
IEl gy [ (V017

)R2-

Now it is readily checked that there exists a sequence (¢p)nen of CH(D)

17L
functions converging in W, %' (D) to |u|97!, so that

n—-+00

L(Gpl9) =) = T Ll [ (T(Gl) = 0)[Tin)se =0

In the last line we have used the definition of the Green’s function together
with the definition of the weak limit g. This shows that every element
of (Wy(D))* vanishes on Gp(-,y) — g. This forces Gp(-,y) = g, and
therefore the sequence (Gp(-,yn)),cn converges weakly to Gp(-,y). O

As a matter of fact, we mention that the uniform boundedness argu-
ment for the Green’s function that we rely on in the previous lemma may
be proved through at least three different approaches: through regularity
and a duality argument in the spirit of [21] where the characterization of
the dual of L>°(D) as a set of finitely additive measures; from complex
analysis through the Riemann conformal mapping theorem; or from direct

measure geometric like argument [32]. We do not enter into details.
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Definition 5.2.14. A lake (D,b) is said to be continuous if
1. the function b € C(D) admits weak derivatives,

2. there exists ¢ > 2 such that function

b2
yED»—>/ <|V|> dm

is bounded on D,

3. for all y, € D, we have

14
: V|2 2
lim /!g(-,y)—g(-,y*)lf <‘ | ) dm = 0.
Y=Y« J D b

Note that the fact that b is positive on compact subsets implies that
be I/Vl(ljf(D), for some ¢ > 2. In particular we must have C%%(K) for

all compact subsets K € D, and for some o > 0 depending on K. The

main theorem we are going to use on continuous lakes is the following;:

Theorem 5.2.15. Let (D,b) be a continuous lake. There exists a bounded
measurable function R : D x D — R such that, for all ( € LP(D, du),

p > 1, we have almost-everywhere

/ G (e, y)C(y) duly) + /D Rz, 9)C(y) du(y).

Furthermore, we have R(-,y) € Ho for all y € D, with for all p € Hy:

[ @RIV == [ @otanvives G

In particular, there exists a bounded measurable function F': D x D — R
such that

AC(2) + HC( / Gp(z,y)¢(y) duly) + /D F(z,y) ((y) du(y).

The proof of theorem 5.2.15 is based on standard ideas from regularity
theory. The so-constructed function R is measurable on the product

space D x D, which will allow us to manipulate it through Fubini’s
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theorem. In fact, we can prove that R is continuous on D x D, but
this extra assumption will not be used in the text. The details on the
construction of R are done in the appendix of this chapter. Note that
the existence and boundedness of the function F' simply follows from the

one of R and the construction of $(.

Below we give examples of continuous lakes (D, b).

Example 5.2.16. If b € W1°(D) with infpb > 0, then (D,b) is a
continuous lake. Here we rely on the property that Gp(-,y) converges
weakly in VVO1 (D) to Gp(+,yx) as y converges to y,; then we use Rellich-
Kondrashov’s theorem to obtain strong convergence in LP(D, dm) for all
p € [1,+00).

Example 5.2.17. If § : D — R is a regularization of the distance at the
boundary, then any function b : D — R that satisfies
{ 1 |Vb(z)?

5P bla) }<+°"

lim sup

6(z)—0
for some small exponent 3 € [0, 2), yields to a continuous lake (D, b). This
follows from the Hardy’s inequality for regular domains D. This family
of examples covers the cases of b = §%, for sufficiently well behaving
a € CY(D). Indeed we have

b 2
|Vb| ~ 0%log 6|?|Va|>+6°2a| V5|2
Ifinfp a > 0, then a—2 > —2 uniformly on D, and the Hardy’s inequality
may be applied. If, for example, a = 6P for some p > 1, then we would

have
[Vb|?

b
and again 6 — 2 + p > —1 uniformly on D. Observe that the special
case (D,b) with D = B(0,1) and b(xz) = 1 — |z|, does not satisfy the A

Muckenhoupt condition.

~ 56P+2(p71)’10g5’2+561’72+p’v5|2

Example 5.2.18. Let us consider D = [—1,1]2\ {(0,y) : y < 0} the

square of side length 2 centered on 0, without one half inner vertical
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median. On this set we consider the function
b:D — RT :b(xy,20) = |Z1[+Z2X {2,501

So the lake (D, b) has a line shore. We compute

|Vb(x1,1:2)|2 < 2
b(z1,22) T [@1+T2X (a0}

By linearity of the integral, we do not lose in generality in splitting D

into three disjoints parts:

Dy = {(1'1,1172) eD: ]a:1|< 1,0 <29 < 1},
Dy :={(z1,22) € D: (z1 > 1,29 > 0) or (x2 > 1)},
D3 := {(x1,22) € D : 29 < 0}.

On Dy the function b~1|Vb|? is uniformly bounded, so one may rely on
the first example to control the contribution from Dy. On D; we always

have

|Vb(x1,12)|? < 2
bla,z2) 7 Vaf+af
and therefore it belongs to L9(D;) for all ¢ € [1,2). The conclusion on Dy
then follows as in the previous example. For the last part, an elementary

computation shows that for all (z1,z9) € D3, we have

\Vb(aﬁl,xg)\Q

< <ot
b(l‘l,xg)

2
o1 = dy (@, @)’
where dj, is the mean distance at the boundary 9D of order p > 1, defined
for all x € D by

(dp(@) ™" = 2( /P 2 (p(l)) da<u>) g

where Py denotes the 2-dimensional projective plane endowed with its
Haar measure do, and p,(x) is the least distance at = to the boundary in
the direction v [2, Chapter 3]. One may then use the Hardy’s inequality

on general domains [2, Theorem 3.3.2] to obtain the conclusion on Ds.
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5.3 Maximization of the energy

Let us consider an energy functional of the form

B: (D, i) = BB = 5 [ (R+9)Q)du+ [ 9

The flow ¥ € H is independent of the vortex . The assumption ¥ € ‘H
is of physical importance, since it means that the associated velocity

b~'VW brings a finite contribution to the kinetic energy of the system.

5.3.1 Rearrangement of functions

Let ¢ € LP(D, du) be a given function. We recall that by a du-
rearrangement of ¢, we mean a function ¢ € LP (D, du) such that, for all
A € R, we have

du({¢ > A}) = du({C > A}).

This defines an equivalence relation on LP(D, du). The set of all du-
rearrangements of a given function ¢ € LP(D, du) will be denoted by
Rearg((). Observe that for ¢ € LP(D, du) and £ € Rearg(¢), we have
(€), € Rearg((¢), ) and similarly (£)_ € Rearg((¢)_). It then follows
from the Cavalieri’s principle (see also [24]) that for all ¢ € Rearg(¢), we

(meﬁéz<émw@a

for any ¢ € [1,400). In particular, for p € (1, +00), the set Rearg(() is

have

closed with respect to the strong topology of LP(D, du), and relatively
compact with respect to the weak topology.

The following proposition provides a way to construct “well behaving”
rearrangements. The proof is standard in symmetrization theory, but we

recall it for completeness.

Proposition 5.3.1. For all x € D, there exists a function
zf-: LY(D, dp) — LY(D, dp)

such that for all positive function ¢ € L*(D, du) we have
1. z4C € Rearg(C);
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2. the superlevel sets of xf( are balls in D centered on x.
Proof. For all A € R, we define
)\ = sup {r >0: du(DNB(z,r)) < du({¢ > )\})}
We have ry, <r), as soon as A\; > A2. We then define the function
¢ : D — RT : 2#l(y) =sup{A €R:y € DN B(x,ry)}.
If then follows from the definition of (z#¢) that for all A € R:

{28¢ > A} =Dn B(x,siggrs) = DN Bz, ry).

On the other hand, we have

du(D N B(xz,ry)) = du({¢ = A}),

and therefore x4( is a du-rearrangement of ( whose superlevel sets are

balls centered on z. O

Proposition 5.3.2. The energy functional F is strictly convex and for
all ¢ € LP(D, dp), the function (R4 9)(C) + ¥ belongs to the subgradient
of E at point (.

Proof. The third contribution
¢ e LP(D, du) +—>/ (¢ dp
D
is linear, hence convex. The first contribution
» 1 1 9
Ce LD dp) = 5 | RO du=FI) 1B,
is strictly convex. It remains to prove that the second contribution
» 1
¢ € LD, dp) = 5 DCﬁ(C)du

is convex. Let (1,2 € LP(D, du) and ¢t € [0,1]. A computation shows
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that, if { = (4 — (o, we have

/DC@(C) d/J, = Z%Oéi /DC(% - Ci) dM = (Oé(], .. .,Oém)A(Oé(), cee 7am)T7

where A is the matrix constructed in theorem 5.2.4. According to
theorem 5.2.4, the matrix A has non negative eigenvalues, and therefore

the above quantity is non negative as well. In particular, we have

: /D (tG + (1= DG)H(G + (1 - )G) dp

1 1
< t2/ GH(C)dp+ (1 —t)2/ (29 (¢2) dp.
D D
For the last claim, we have to prove that, for all ¢ € L? (D, du), we have

E() — B(¢) > /D (€ — O(R(O) +H(O) + ) d.

By linearity, it is sufficient to check that

| ds+)Qan= [ ca+)Oan=2 [ -0+ m)(Q) e
Here we have used the fact that the eigenvalues of A are non negative. [J

In this section we show that E admits a maximizer over Rearg((),

and that such maximizer leads to solution of the steady lake equations.

Proposition 5.3.3. Let ¢ € LP(D, du), p > 1. The restriction of the
energy E on Rearg(() admits at least one mazimizer C. IfCue Ll (D,R?)
is defined by

uw=b"'VH(RQO) +5(0) + v),

then for all ¢ € CX(D), we have

[ @uiv6)s an=o.
D

The proof strongly relies on an existence theorem due to Burton [7,
Theorem A], which has been proved in the case of sign changing vortices

by an adaptation of the bathtub principle [16].
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Proof. By [7, Theorem A], there exists a maximizer ¢ € Rearg(¢) of E

over Rearg((), and a non decreasing function G : R — R such that

(= G(ﬁ(f) +9(0) + \If)

Let us write for short ¢ = R(¢) + H(¢) + ¥, and assume that
('Y € L, (D, R?).
We define, for all n € N:
G],, R —= R :[G], (t) = min {n, max {G(t), —n}}.

For all n € N, the function [G],, is non decreasing and bounded. We

define similarly the truncation at & € N of the function 1, so that:

[V, € H, V¥l = Xqui<iy V-

The function
t

F : [=n,+00) 5 R : /_ 6], (5)ds

is Lipschitz continuous. The function F}, ; o [¢/], then belongs to W12(D)
with

V(Enk o []y) = ([Gl, o [¥]) V[Pl -
As a result, it follows from the divergence theorem that for all ¢ € C}(D),

we have

[ (74 Wlel90)ss (16, o [9],) dm =
For all n € N we have
(v WIV)e (1G], o [],)] < |[(T40IVo)e ],

and the latter belongs to L'(D, ) by Holder’s inequality. On the other

hand, we have almost-everywhere on D:

lim (V* [¥] (2)|Vé(@)re [Gl,, ([¢] (2))

k—+o00
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= (VH(2)|Vo(x))rz [G], (¥(2)),

because Vi) = 0 almost-everywhere on a set of the form {¢) = a}. Since
(G is monotone, the set of discontinuities of G is at most countable, hence
we miss at most a countable union of negligible sets in D. According to

the Lebesgue’s dominated convergence theorem, we obtain

/D (V| V) dm =0,

which is equivalent to the conclusion. ]

5.4 Asymptotic behavior of maximizers

In this section, we turn our attention to the asymptotic behavior of a

maximizing family {(. € LP(D, du) : € > 0} with related energies
B0 =5 [ ¢8O+ (O au+ [ Avcan

We assume that the vortex profiles obey the identities
o= [ @dn a-ns= [ ) au

for some 7 € [0, 1] and S¢ > 0. We make the following ( dp-rearrangement

invariant) extra assumption:

_1 1
{||(C€)+”L%u62(l p) H(CE)fHL{’jHEZ(l p)}
&0 + < +o0.

>0 T8, (1—-71)8

0
(Here above, the convention — = 0 is used.) This extra condition
is motivated by the fact that any family that satisfies constraint (D)

(page 182) as in the introduction also satisfies the above control condition.

More precisely, if we are given a distribution function

D :R* — [0, du(D)]
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normalized as

D(t)dt =1,
R+

and such that there exists p > 1 with
/ PD(t)dt < +oo,
R+

and if we define, for all € > 0, a reference profile (. such that

(@), 2 =50(5 wet).

w((() 2w =50(5 25 et ),

where § = sup D(\), then using the axiom of choice a family of maximizers
A>0
{¢c : € > 0} as above always exists. In other words, the condition we

impose on the LP(D, du)-norms is satisfied by every family constructed

by some scaling process.

The circulations cc, . . ., Ce;m € R that come into play in the definition

of operator ). are assumed to depend on € > 0 through
Ce;i = CZ'(2T — 1)56

for cg,...,cm € R independent of € > 0, and

We also assume that we have A\ > 0 with

. Ae
im T = L
0 S, log <

On the lake (D, b) we make the assumption that (D,b) is continuous,
in the sense of definition 5.2.14. We also make the following assumption
that the external flow V¥ is continuous on D, and sufficiently small so
that:
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1. there exists ¢ > 0 such that, for all sufficiently small € > 0, if 7 > 0:

‘1 { A\ | V| }< T
Dp (supp b)Sclog L J — 2 &

and if 7 < 1:

{ AT\ || } (1—-7)

sup -0 < <.

D\ (supp b)Sclog ¢ 2

If 7 > 0 (resp. 7 < 1), then the above conditions ensure that the function

— b Ae
¢:D_>R:¢($):T4(7;E)+Sloglgj(qj)

(resp. b/(4m) — ¢) never reaches a maximal value on a shore, that is: on
some point x, where b(x,) = 0. This qualitative information will be
used several times, but we will also require the quantitative estimate
to show that the positive and the negative parts of the vortex remain
concentrated.

Finally, we write d{(x)
LP(D, dy), and d0 = 0.

= ﬁ dy for all non null function ¢ €
Ly,

5.4.1 Leading partial flows

The leading partial flows induced by some ¢ € LP(D, du) are defined for
all z € D by

7 @) =2 [ 1og Y (00, () o) + A ),

and

b() /D log T2y 0y ) — A(z),

T = —7
¢ @) 47 |z — y|
Proposition 5.4.1. Let

1
2

diam(D)

GD(:E7y) = ]a:—y|

1Og - H(l', y)

be the Green’s function for the Laplace’s operator —A on D with Dirichlet
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boundary conditions, let F' be given as in theorem 5.2.15. Then we have
for all ¢ € LP(D, du) and for all € > 0:

B0 =S, [ Tra@, +a-ns. [ T
+ ;//[)XD (F(x,y) — b(x)H(z,y)) ((x)¢(y) dp @ du(z,y)
_ //D y b(z) +b(y) ., diam(D) O (@) (O)- () du @ dp(a,).

4m |z — |

In particular, there exists a constant C > 0 such that
B <78, [ T, +1-ns. [ Toa_+ s,
D D

The proof is straightforward from the fact that (D,b) is a continuous
lake, by using theorem 5.2.15. and the properties of H, R, $, and the
positivity of & We omit it.

Proposition 5.4.2. There exists a constant C' > 0 such that for all
e > 0 and for all ¢ € Rearg((.):

b(x) 1
+ < T -
T (2) < i log 656 + A ¥(x) + CTS8C
and ) . )
T (@) < A=b@) o Ls aw(z) + C1 - 1)S..
4 €

Proof. In both cases, it is sufficient to control the quantity

diam(D)
/D log S (G, dn

by a suitable upper bound. Define

2(1-3) 2(1-1)

M = sup
e>0

7S, + (1-1)8

so that

sup
>0

_1
1) Nl 2079
S” < 7M < +00.

In the above condition, one may replace (. by any of its du-rearrangement,
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because dy-rearrangements preserve every L4(D, dyu)-norms, q € [1, +0o0].

From this we compute, for all ¢ € Rearg(():

/log <), ()du(y)é/ <log ‘ ) Q) (v) du(y)

|z —y| |z — yl

<), g, (supt)? ( [ (e rxim)i dm<y>)
(/B(O,e) <10g |?j|>i dm(y)) p
<Oz, (supb)? ( /B " (lg’yl|>+ dm(y>>

Using the definition of M, there exists a constant C; > 0 such that

3=

< ||(C)+||Lgu(8%pb)

/log \xiy, Q)4 (W) duly) < C1S..

The conclusion now follows from the definitions of 7’;r and 7'{. O

The following lemma will be used several times in the text.

Lemma 5.4.3. Let x1,79 € D be such that b(x1) > 0 and b(xs) > 0,
and let Uy, Us C D be open sets containing respectively x1 and xo. There
exists approzimation families {x! € Uy : € > 0} and {2? € Uy : € > 0}
such that

lim d(z1,z}) =0, lim d(x2, 2?) = 0,

e—0 € e—0

and the following conditions hold for sufficiently small € > 0:

e there exists r1 > 0 such that €2 < du (B(:):i,rm));

there exists ro > 0 such that €2 < du (B(:n?,me));

o B(z',r1€) CUy and B(x?,r9¢) C Us;

d(B(:E ,T1€), 8D) g1 and d( (22, 7€), 6D) >

=
..

o
0 |

d(B(Z’l,T’lé),B<$2,T'2€)> > bgl

T-
€
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We omit the proof of lemma 5.4.3, which may be done by geometric
arguments. Note that since we do not claim anything on the regularity of
OD at points z1 and 79, the rate of convergence of the families {z! : ¢ > 0}

and {22 : € > 0} to their respective limit is not explicitly known.

Proposition 5.4.4. For all € > 0 sufficiently small, there exists O, <0
with liH(l) O, = 0 and such that there holds
€E—

Proof. Define the function

7b(2)

¢:D—R:¢(z) = pp

+ U(z2).

The function ¢ reaches a maximal value at some point z; € {b > 0},
and the function ﬁ — ¢ reaches a maximal value at some point xo €
{b > 0}. There exists n1,n2 > such that the sets U; = {b > 1} and
Uy = {b > 12} contain respectively x1 and x3. Let {z! € U; : ¢ > 0} and
{22 €Uy : ¢ > 0} be given by lemma 5.4.3, and r1,72 > 0 the associated
radii. For all € > 0 sufficiently small, we compare the maximal energy
with the energy produced by symmetrized pairs x4((.) 4 and 224(¢) _.
For sufficiently small € > 0, the function & = (z1#(¢), — 224(¢)_) is a

dy-rearrangement of (., and
{wet(C)y > 0} C Blag,re),  {224(¢)_ > 0} € BlaZ, rze).

Now we compute the energy E. produced by the above competitor &

using proposition 5.4.1:

B = [ Thyeo, ot dnt [ Toy, o) d
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+ % // (F(x,y) — b(x)H(z,)) & (2)é(y) dp @ dpu(z,y)

DxD

= [ Mg B k) (256 dne ),

lz —y]
DxD

We recall that F'is bounded, and H is symmetric, positive, continuous

and satisfies
diam(D)

1
< — .

Because the diameter of {:ciﬁ((e)Jr > 0} is smaller than rie, we have

b(x) diam(D) .
//DXD 4 log |z — y| xeﬁ(CE)erEﬁ(Cﬁ)Jr dpdp
b

1 1 2
> - — — .
> 78, 10g c /D An xeﬂ((ﬁ)-{- d:u CISe

for some constant C7 > 0. Similarly, there exists Co > 0 such that

/I o) 1o (D) o) 24(6) dudu
pxp 4 |

%oy

> (1- T)Selogl/
€

D

b
= 224(C)_ dp — C5S82.

By construction (lemma 5.4.3), we also have

1
log

Y

d(B(wi,rle),B(ajg,me» >

a =

so that there exists Cy > 0 with

b(x) diam(D)
//DXD 47 log |z — y| xiﬁ((ﬁ)er?ﬁ(Cﬁ)f dpdp

< 7(1 = 7)C4S? (1 + log log 1) :
€

Recalling the conditions (lemma 5.4.3) that

1
log

1
log

d(B(azi,rle),E)D) > , d(B(x?,rge),aD) >

)

a =
=
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the upper bound for H and the boundedness of R, we obtain
E6($iﬁ(C6)+ - iﬂfﬁ(Ce)_) >T + Ty 4+ T;,
with

1 Tb
Ty = Sclog 6/ iﬁ(ce)-k dp + /D $iﬁ(<€)+)‘e\1’dﬂ’

— X
D47T

1y =sctogy [ ST ) du- [ auc) rwan

and )
T3 = —C4S? (1 + loglog >
€

From this we conclude that

M@@pﬁmuz&mimeH &@}

B(zlrie) | 4 S, log %
1 (1—7)b Ae
1—7)8%log - f — U
+(1=7)S OgeB(i?,m){ 4r S.logl }

1
— Cy8? (1 + loglog ) .
€
By definition of the family {(. : ¢ > 0}, we have

Ec(&) = Eﬁ(xiﬁ(CE)-k - x?ﬁ(Cﬁ)_) < E( (Ce)+ —(C)_) = Ee(Ce),

and therefore we have

1 Tb A
2 . €
log — f — LG
Se log € (T B(alslgl,rle) {47r + Se log% }

) (I—7)b Ae
1-— f — L
+1-7) B2 rao) { 4 Sclog 1

1
< E(¢e) + C4<1 + loglog E)

We define the error term

1 +loglog *
@E:TE1+(1—T)E2—C4ﬂ,

log %
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where

E inf 7o + Ae v su o + Ae v
= in — — —
"7 Balno | 47 Sclogl » |47 " S.logl

and

1— ¢ 1—7)b Ae
By— mf U0 A gl JO-Tb =2
B(z2,rq¢) 4 S log = D 47 S log <
By definition, we directly have O, < 0, and
1 7b A
S?log - — <V
€ 0g6<78%p{47r+8610gi }

(I—7)b Ae
1-— — v
+ ( T) S%p { An S. log %

1
S EG(CE) - 96562 10g g

Finally, the uniform continuity of b and ¥ on the compact set D, shows
that we have lim ©, = 0. O
e—0

In this section we show that the main part of the vortex core is located
in an area of the domain D where the leading partial flows are large.
The truncation process was already used by Turkington in the context

of time-dependent solutions of the Euler equations [29] (see also [27,28]).

Corollary 5.4.5. Let {©. € R : € > 0} be a family of real numbers
satisfying the claim of proposition 5.4.4. There exists a constant C > 0
such that for all kK > 0, we have

TSe d (Ce)Jr S 1 4771-685 <®e + C) .

D\Dr K Supp log 1

with

3 b 1
DF = {xGD:T+(a:) 2/ 7'<+d(C€)+—/<abuPD logSe};
e p o 47 €
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and similarly

1 4w c
1—-7)S8, d(()_ < - S| Oc+ —7 |-
RIS B

with

K i _ supp b 1
U/ _{xED"]Ze(x)E/DTCEd(CE)—_R y logeSE}.

Proof. 1t is sufficient to prove the claim for ’7: and 7 > 0. By assumption,

we have for all sufficiently small € > 0:
1 7b A
S?log - — <V
€ 0g6<7'8%p{4ﬂ_+8610gi }

B (I-7)b A
+(1-17) s%p { - Silog 1 v

1
S EG(CE) - 96862 log ;

According to proposition 5.4.1, there exists C; > 0 such that

B <7S. [ T, + (1 -nS. [ T4+ a2,

From this we conclude the inequality

1 b A
S?1og — — SR
€ Oge<7—s%p{47r+8€10gi }

(I—=7)b Ae
1— — U
+(1=7) s%p { 4 Sclog %

<rs, /D T d (G, + (118, /D o).

1
— 0.5 1og -+ C,S%.

On the other hand, an application of proposition 5.4.2 for TC: yields
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1 b Ae
S? log T sup — + TV
Se log =

1
<78, / T d(C)y — OS2 log -+ CyS2.
D

An application of proposition 5.4.2 for 72: yields in turn

1 b A
T < S log - — S— O3S..
TCe = Oges%p{47r+8510gi }+ 3
On D we thus have

1
ST — 78 / T d(¢)y < OS2 log -+ C4S?.
D

Now we compute

+ _ Tt
/| \D§< [ 7 a, Tce)d@fu
=/D? (’rg—/]ﬂjd<<e>+>d<ce>+

Using the definition of D we obtain

1 4rm Cy
Se d(¢e), < — Se| O O]
T D\Ds (C)+ K supp b ( * log 1 )

5.4.2 Concentration of the truncated vortices

In this section we prove that most of the vortex is located in two small
balls: one containing the positive part of the pair, and the other the

negative part of the pair.

Theorem 5.4.6. Let {O, : € > 0} be a family of real numbers as in
proposition 5.4.4, and let

Dgz{xep T (e /72 (¢, S“pD logi&}
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and

b 1
Us = {:z: eD:T () > / 7o d(G) — P2 1o sg}.
€ D € 6
There exists o,k > 0 such that for all sufficiently small e > 0,
diam(D~F) < €7

and
diam(U[") < €°.

Proof. Tt is sufficient to prove the claim for ((c), and 7 > 0. Recall that
we always assume that there exists ¢ > 0 such that, for all sufficiently

small € > 0:

sup{ AT\ || } <T_¢

p |(suppd)Sclogif —2 7

In particular, there exists s,0,7 € (0,1) close to 1 and & > 0 close to 0
such that for all sufficiently small € > 0:

(1—7)2 { AT\ |V | } ST
1=+ (1 —n)—— + K+ <
( Jr+ ({1 =m) T " s%p (supp b)Se log% 2

Let {©, € R: € > 0} be a family of real numbers as in proposition 5.4.4.
Let C > 0 and D} be given as in corollary 5.4.5. First pick points
x*,y* € D such that

rha*) 641 7h
A 5 "W ux

and b(y,) > 0, y* # z* and

ir Slogl " 2 "1 4r  Slogl

Such points exist by continuity. Let us compute the energy produced by
the competitor (, = 7*4(Ce) 4 — y*8(¢e) _. For sufficiently small € > 0, the
function ¢ belongs to Rearg((.) because y* # x*. Thus for sufficiently

small € > 0 we have

Ee(x*ﬁ(ge)+ — Y 8(C) ) < Ec(Ce)-
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According to proposition 5.4.1 and proposition 5.4.2, we then have

EG(CG) < TS&/D’Tde(gG)-i-

(I-7)b A
4m S log%

1
+(1-7) logestup{ \I’} + 0182
D

On the other hand, because z* # y* with d(z*,0D) > 0 and d(y*,0D) >
0, there exists Cs > 0 such that for all sufficiently small € > 0, we have

1/6 b AU
756210%6( T(SLED )_SUP{S 1| |1}>
D eOge

(1-7)b AV }
47 Selog%

< Ee(z*4(C), — v 4(¢) ) + CaS2.

1
+(1- 7')552 log — nsup {
€ D

From this we conclude that, for all sufficiently small € > 0:

1 (d7(suppd) Ae
’ td(¢)., > 18?1 Db ]
s [ T, = rston s (TR s f el

€ Sﬁlog%
1 (1—7)b A
—1)(1 — 7)S%log - — || b — C3S?
L ST b-as

Recalling the definition of D! in corollary 5.4.5, we have for all z € Df:

ST (x) > 7'862 log 1 (67(supr) — sup{ Ae : \W\})
€ Selog =

Ce 47T D

1 (1—=7)b Ae
—1)(1—1)8%1log - — ]
# =11 = )52l Laup { LT - e o
1
—C4Sf—78310gffssupl)b.
€ 47

Now by definition of TC—:’ we have

b diam(D
Tjuﬁgfmif /;bg;_2RKQ+(mduw)+s§H}JWH,
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and therefore, for all x € D! and sufficiently small € > 0:

supp b €
r2525UPD /D log (), )

A el
5—1 b 2\ | U
ZTSEZIOg} (0 — )7(supp b) Cup | !1}>
€ 47 D S logg
1 (1—7)b A
2 €
— —_ log = s _ U
=11 = )52l paup { LT - e
1 suppd

— 058% —78%log - &
€ 4

Regrouping terms, we obtain

7283/ log —— d (¢,
> _pS? — S2log + ((1 SO (1)1 — )2+ m>
€

1 87\
—TSZlogsup{ " 1|\If|}
€ p | (suppb)Sclog

€

Since 7 > 0, we obtain in particular

rS, /D log [ 4G, )

N2
> —CrS, —SeIOgi<(1 R H)

1 87 e
_Selogsup{ T 1|\I/|}
€ p ((suppb)Sclog ¢

Using the fact that

(1—7)2 { 87\ } ST
1-90)7+(1-— —— + K+ \\)j < —,
( T+ (=) T Y (supp b)Se log 1 7 2

€

we obtain the strict lower bound

€ ST 1
1 d (¢ —CsS,. — =8, log -.
TS/Dog|$_y| (Ce)y (y) > —Cs 5 Selog -

Fix R > 1. Then using the same computation than the one in the proof

of proposition 5.4.2, we infer the existence of some constant Cy > 0 such
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that, for all x € D:

€
lo d (¢ < (.
L ey 46 ) <O

Injecting this upper bound in the above computation, we obtain for all
x € DF and for all R > 1:

€ ST 1
78, log — d({). (y) > —C10Sc — —Sclog —.
D\B(z,Re) 1T =Yl )+ ) 0 2 €

Thus for all R > 1 and for all x € D, we have

CnSe + 58S log 1
TS, d((). (y) < £
D\ B(z,Re) ( )+ ( ) lOg(R)

Choose R = ¢ °. Then we have for all x € D¥

€

and for all sufficiently
small € > 0:

1
TSE d (€€)+ (y) < 5 TSE‘
D\ B(z,Re)

1-s

& we now observe that if d(x1,x2) > Re = €' ~%,

€

Choosing x1,x2 € D

then we would have

7Se < TS d (Ce)_;,_ (y) + 78 d (Cﬁ)—l- (y) <78,
D\B(x1,Re) D\ B(z2,Re)

which would be a contradiction. Thus any two point x,x2 in D! satisfy

d(z1,72) < €75, The claim now follows from corollary 5.4.5. O

From the following result, one may conclude theorem 5.1.1, page 183:

Theorem 5.4.7. If 7 > 0, then every accumulation points as € — 0 of
the family of probability measures { d ((c), : € > 0}, is the sense of vague

convergence of measures, is a Dirac mass 6y« with

Tb(x*) Tb
U(z*) = — 4+ U5,
P (x¥) s%p{ P }

Similarly, if T < 1, then every accumulation points as € — 0 of the

family of probability measures {d ((.)_ : € > 0}, in the sense of vague



222 Desingularization of a steady vortex pair in the lake equation

convergence of measures, is a Dirac mass 6., with

(1 —7)b(xy) (I—7)b
ir _\Il(x*):S%p{ 4 _\I’}’

Proof. Tt is sufficient to prove the claim for the positive parts ((.), with
7 > 0. According to proposition 5.4.4, there exists {O, : ¢ > 0} such
that, for sufficiently small € > 0:

1 Tb A
S%log - — < U
¢ Oge<7—s%p{47r+8610gi }

_ (I_T)b_ )\e
e T

1
< Ee(¢) — 66552 log —.
€

According to theorem 5.4.6, there exists o,k > 0 such that for all
sufficiently small € > 0, there exists a ball B} = B(z.,€¢?) with x. € D

and such that
1 4r C
)dp < — S| .+ —].
/B+(C)+ 'u_KZSIlpr ( +log1>

€ €

Let #* € D be an accumulation point for {z, : € > 0} as ¢ — 0, and
(€n)nen the corresponding sequence, decreasing to 0. For all ¢ € C(D),
we have from the construction of x.:

=0.

lim
n——+o0o

o(a*) - /D pd (&),

Therefore the sequence of probability measures ( (Cc, ), ),y converges in
the sense of vague convergence to §,«. Now for the last part of the claim,

we apply proposition 5.4.2 and the Green’s function expansion to obtain

E.(C) < 78. /D (Tb og %se + )\G\If) d(¢),

47
(I-7)b A
47 log %SE

1
—i—(l—T)SflogEsup{ \I’} + 0182
D
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This gives the inequality

b Ae b Ae 1 Cs
i vl [ (22 ) d(), <= (10]+—2).
S%p{47r+8610gi } /D <47T+S€10g1 ) (C)s < T(‘ +log1>

€

Letting € — 0 and relying on compactness of D and continuity of b and
U, we obtain

b b
sup{;r—i—\li}:lim D(Z+xy)d(¢e)+. 0

D e—0 7

5.5 Construction of a rotating singular pair

In this section we apply theorem 5.4.7 to construct a rotating singular
pair in a lake (B(0,1),b) invariant under rotations. On D = B(0,1)
we will consider a continuous radial depth function b : D — R with
the property that (D, b) is continuous. Our computations may also be
done in the case where D is an annulus, the only required change to
bring would be the introduction of prescribed circulations on the inner

boundary.

Let us fix a distribution function
D:RT — [0, du(D)]
normalized as

D(t)dt =1,
R+

and such that there exists p > 1 with

/ #D(t) dt < +oo.
R+

We also fix 7 € [0,1]. We say that a family of measurable functions
{Cc : € > 0} satisfies the constraints (D)

62 62
ll(6), = 3 = 50 (5 o),

62 62
All(6) = M) = 5D (52 e )
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where 6 = sup D()). An adaptation of the proof of proposition 5.3.1
A>0
shows that such family always exists. A straightforward computation

also shows that such a family satisfies

p{C) >0h) <e® ul{(¢)- >0}) <€,

T 1—7
/1) (C€)+ d:U’ = @7 /D (CE)_ du - log% )

€

and finally

1 _1
sup{logegﬂ p’(u<c€>+||Lgu+u<<€>_||Lz;)} e

e>0

We are thus in position to apply theorem 5.4.7. Exploiting the symmetry
of the domain, we construct a rotating vortex pair around the origin

(0,0):

Theorem 5.5.1 (Theorem 5.1.2, p. 184). Assume that D = B(0,1) and
be C(D)N Wli’coo(D) is a radial function: b(z) = b(|x|?), such that (D, b)
15 a continuous lake.

There exists vy > 0 depending only on 7 € [0,1] such that, for
all v € [0,1y), there exists a family {((,u.) € C(R,LP(D, du)) x
C(R, L*(D, dp)) : € > 0} that solves the weak form of

div(bue) =0
curl(ue) = bl
OrCe + (ue‘VCE)RQ =0;

the family {Cc : € > 0} satisfies constraint (D), and for each t € R, the
potential vortex ((t) at time t is obtained from (.(0) by a rotation of
clockwise angle vt.

Furthermore, if T > 0, the only possible accumulation points of
{(Cc(0)), : € > 0} as € = 0, in the sense of convergence of probability

measures on D, are Dirac masses 0.~ with

Th(x*) v [ Th(z) v l#I°
- = b(s)ds = - = b(s)d
a5 [ e as,
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and if T < 1, the only possible accumulation points of {(¢)_ : € > 0}
as € = 0, in the sense of convergence of probability measures on D, are

Dirac masses 6., with

(1= 7b(a) | v /Ox*“ oy as = sup { L0 2 /0'2'2 o) s

a7 2 2€D a7 2

Since the boundary of D = B(0,1) is connected, the operator V$) is

null, so that a weak formulation of the time-dependent evolution equation
Gt + (ut| V)2 = 0

reads as

| [ atettncmana+ [ [ (0L 8@o)Tet D Gamar =0,

for all o € CL(R x D).

Proof of theorem 5.5.1. Define for all z € B(0,1):

v [l=?
U(z) = 2/0 b(s)ds,

with v € R such that

min{7, (1 —7)}
4 ’

v]<

In particular, this implies that

{(47r|\1/| } _ min{r,1-7}

supp b) 2

sup
D

For all € > 0, consider the energy
1 1
Ec: LP(D, dp) - R:E(C) = 2/ Cﬁ(du—k&loge/ U dpy.
D D

According to theorem 5.4.7, there exists a family {(. : € > 0} of solutions
of the steady lake equation with Coriolis external flow ¥, that maximizes

E. over their set of own dy-rearrangements. Thus for all ¢ € C}(D), we
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have
/;Q{VLUKg+@MV¢dem::Q

or also, using the definition of W:
/ C(VERC — vatb(z)|Vé)ge dm = 0.
D

For all € > 0 and for all ¢t € R, let us define 5E(t) = (. o Ry, where R,, is
the notation of angle « in the plane R2. We have ¢, € C(R, Rearg((,)),
for all € > 0. Furthermore, we have 8(.(t) = 8. o Ry,. A change of

variables in space shows that

/ / (VERE(8) (@) Vot )z Colt, ) dm(z) dt
- / / (VERC(2)|Valp(t, ) o RpH)(@))ge G dm(z) dt
RJD
- / / (| ((t, ) o RiH) (2))ge Ce() du(z) dt.
RJD

Another change of variable in space and an integration by parts in time

also give

Aéﬁﬂmm“@@@MZ//@@@@@Rmmm@
v [ | G@)atValoo R dtdula),

Hence we have
//&WMQWMMW
RJD
/ / (VERC () (2)|[Veo(t, z))ge Ce(t, x) dm(x) dt = 0,

for all test function ¢ € C1(R x D) and for all € > 0. O

A Green’s function expansion

In this section we prove our Green’s function expansion, theorem 5.2.15;

that is: we would like to prove that the operator 8 admits the integral
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representation

A(x) = b(z) /D G (2, y)C(y) du(y) + /D R(z,1)C(y) du(y)

for some R : D x D — R bounded and measurable, and Gp the Green’s
function for the Laplace’s operator —A on D with Dirichlet boundary
conditions.

Before doing the proof, let us sketch the general idea. For fixed y € D,

consider the ansatz
¢ :D = R: g z) = b(x)Gp(x,y).
Then we have at a formal level
Vg =bVGp(,y) +Gp(-y) Vb,
and therefore
—div(b—lvgﬁ) — —AGp(y) — div(GD(-,y)b—1Vb)
=5, - div(GD(-, y)b—1Vb).
It is then natural to look for R(-,y) € H¢ such that
—div<b*1VR(-,y)) - div(GD(-,y)b’1Vb>,

whose weak form is

dm dm
| (TREIVoe S == [ (Got.a)Vivom G Vet

Proposition A.1. Let (D,b) be a continuous lake. For all y € D, there
exists a unique function R(-,y) € Ho such that

dm dm
[ @R G == [ Got.nTvem G voeH

Moreover, the function R: D x D — R : (z,y) — R(x,y) is measurable
and bounded on D x D.

We mimic the proof of [31, Theorem 8.8].
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Proof. We recall that since (D,b) is continuous, by definition 5.2.14,

there exists ¢ > 2 such that function

b2
yED»—)/ <|V|> dm

is bounded on D, and for all y, € D, we have

£
. Vb2 2
1 ) =gl (] dm = 0.
g [ o) -t (55) " am=o
2\ & 3
ansup{/ GD(-,y)K(Nb’ >2 dm} .
yeD D b

From the Hélder’s inequality, since D is bounded by assumption that
(D,b) is a lake, we have

2
| oty 2 Y

for some C > 0, and therefore the linear functional

First define

2

g Cl’%a

d
oty - [ (Golap TV T
D

is continuous on Hg. According to Riesz’s representation theorem, there

exists a unique function R(+,y) € Hp in Hg such that

dm

d
| (TREIVeke S == [ (@ota)Vivom G Ve,

and ||R(,y)||%,< Cik. Let us now prove that R(-,y) is bounded inde-
pendently of y € D. For all § > 1 and for all N > &, define the auxiliary

functions
F:RY - R: F(t) = max {N, "},

and (e}
G:R%R:G(t):/ " E () ds,
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so that for all t € R, we have

G'(t) = xi=ulF'(t)*= XN () g242(6-1

Thus G is derivable with bounded derivative, and G(t) = 0 for all ¢t < k.
Define the positive function v = max{R(:,y),x}. Then the function
G o u belongs to Hgy with

V(G ou) = Vu (G'ou) = X(r(.y)>x} VR(-y) (G’ ow).

From this it follows that

dm dm

/[)(VuV(Gou))R2 : :—/D(GD( PV (C ow) S

Since (Vu|V(G o u))ge = |[V(Fou)|? is positive, one may apply Schwartz’

and Young’s inequalities to get

2
<4/G 2|Vb| (G' o u)dm.

Recalling that u > k > 0 by construction, we have

/ (Vul V(G o w)ge
D

IVbI
/D(VUW(GOU) _E2/G )? [ul*(G" 0 u) dm,
or also, in terms of the auxiliary function F":

2
/|V(Fou)|2 d;n /G 2|Vb| |u(F" o u)|* dm
D

By Holder’s inequality

2\ 5 ?
/|V(Fou)|2 — < </ Gp(, <Wb‘> dm>[]|u(F’ou)||22e.
D b L272

dm

By construction of x, we have

dm
/ VFowl? 2 < lu(F ow)|? a0 -
D b LY

dm

Since b is bounded and D is bounded, one may use Holder’s inequality
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and Sobolev’s inequality (because F ou € VVO1 2(D)) to show that there

exists some constant Cy > 0 such that
[Foull , 20 < Collu(F ou)| .
L -2 L272
dm dm
Using the definition of F' and letting N — +o00, we obtain for all § > 1:
B B
ull| 5 20 < BCou”]| 2.
091 2 2, BCal)

One may now use the technique of iteration of norms to prove that there

exists some constant C3 > 0 such that

[[ul| L < CsHUHL%S Ca(k + [IR( 9)ll2o) < Csh

dm

This implies, by construction of u, that |[R(-,y)|< max{1l, Cs}x. Observe
that by symmetry of the absolute value, this estimate also hold for
—R(-,y), so that

IRC, )l %(/DGD(-,yV('Vf'Q)g o)

for all y € D. Because the lake (D, b) is continuous, the function

R:DxD—=R:(z,y) — R(z,7v)

is uniformly bounded. Furthermore, for fixed y € D, the function
[z € D+ R(x,y)] is measurable (by construction) and for fixed z € D,
the function [y € D — R(z,y)] is continuous. Indeed, by linearity of the
elliptic equation and according to the above estimate, we have for all

points y,y* € D:

‘R(‘Tvy) - R('I"ay*” < SUB |R(Zay) - R(Z7y*)|
zE

< C7</D\GD('7y) - GD('ay*)|E(Nbb’2>gdm>;,

which goes to 0 as y — y*. In particular, the function R is measurable
on D x D. O
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Remark A.2. Let ¢ € C}(D) and consider the solution of the problem
—div(b™'Vy) = —div(eb~ VD).

Then using standard regularity theory [31, Theorem 8.22], one can prove
that the solution %, of this problem is continuous. In particular, if we

let ¢ goes to Gp(-,y) for some fixed y € D, in such a way that

Vb2 :
(f1e-cotmn (- b’) an)’ 50, oo Goln),

then we obtain that 1, — R(-,y) uniformly, and the function R(:,y)
is continuous on D. Now using the uniform continuity of the function
R(z,-), for fixed x € D, we obtain the continuity of the function R on
the product D x D.

We are now ready to prove theorem 5.2.15, which we recall now:

Theorem (Theorem 5.2.15, page 200). Let (D,b) be a continuous lake.
There exists a bounded measurable function R : D x D — R such that,
for all ¢ € LP(D, du), p > 1, we have almost-everywhere

/ G (e, 9)C(y) duly) + /D R(z, y)C(y) duly).

Furthermore, we have R(-,y) € Ho for all y € D, with for all p € Ho:

| (VRCpIVo G == [ (Gol.) VT T

Proof. Let R be as given by proposition A.1. Then R is bounded and
measurable. Without loss of generality, one may assume that ¢ € L*°(D).
Define

$:D >R /pry y) dpu(y),

The function ¢ belongs to WO’ (D) N L>(D). Let ¢ € CH(D), and let
(¢n)nen be a sequence of CL(D) functions converging in Wol’z(D) and

uniformly to the function ). We have

/wanchdm:—/D(Vb)wncpdm—/Dbtpvwndm,
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and letting n — +o00 yields the chain rule formula
V(b)) = bV + V.

On the other hand, for all y € D, the function

R(.le + (t7 O)??/) — R('x:y)

lim sup r
_ t—0
€D VoR(wy) = | R(z + (0,1),y) — R(z, y)
lim sup
t—0 t

almost-everywhere equals VR(+,y) [12, Theorem 2, section 4.9.2]. Hence
the function (z,y) — VzR(z,y) is Lebesgue-integrable on the product
D x D (endowed with the Lebesgue’s measure), by Tonelli’s theorem and

proposition A.1. From this it follows that the ansatz function

6:D - R: ¢(z) = b(z)d(z) + / R(z,1)C(y) du(y)

D

is weakly differentiable with weak gradient given by

bV + Vb + /D V.R(z, 9)C(y) duy).

Now we compute from the definitions

[ Voo G = [ e,

so that ¢ € W12(D) is a weak solution for the same problem as £(¢). It
remains to prove that ¢ belongs to Hy. First, let us prove that it belongs

to H. Since it already belongs to W12(D), it remains to observe that

)

in integrable on D. The last term is integrable, according to proposi-

!V¢\2 Vol

/Vny y) du(y)

(brwr%\amz

tion A.1. The first term is integrable, by definition of 1. The second term
is integrable, according to Hoélder’s inequality and because (D,b) is a
continuous lake. Therefore ¢ € H. Let us now prove that by € H belongs

to Ho. Taking back our sequence (¢, )nen, we use Holder’s inequality
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to observe that the sequence (byy)nen converges to by in H. Since it
belongs to Hg, we have by € Hg. Now ¢ belongs to Hg. To see this, let
us exploit the Hilbert structure of 4 and consider a function u € (Hg)*
in the orthogonal space of Hy C H. Then we have, because R(-,y) € Ho

and by Fubini’s theorem:

(dlu)n = /D (R 9) w3 C(y) dply) =0,

so that ¢ € ((Ho)1)' = Ho. This yields ¢ = &(¢) whenever ¢ € L>®(D).
Now both £ and the integral representation for ¢ are stable under limits
in LP(D, du), hence the conclusion. O
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Chapter 6

Asymptotic of steady
vortex pair in the lake

equation

The following chapter reflects a paper that will be published in
SIAM Journal on Mathematical Analysis.

6.1 Introduction

The aim of this chapter is to bring new results in the study of the
asymptotic behavior of steady vortex pairs in the lake equations. The

steady lake equations in their velocity-pressure formulation read as [6]

div(bu) = 0, on D C R27
(u-V)u=Vp, onD,
§£ (ulmi)rz = ¢;, Vi€ {0,....,m},

where Cy,...,Cy are the connected components of 0D and c; is the
circulation along C;. The function b : D — R™ is referred as the depth
function. Let ¢ = b~ 'curl(u) be the potential vortex field and £ be the

237
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stream function defined as the solution of the elliptic problem:

—div (b—lv,ﬁc) — b,
55 (b VAR g2 = ¢, Vi€ {0,...,m}.
C;

The velocity field w is linked to the stream function by mean of the
identity v := b~V R(, while the potential vortex satisfies the transport
equation

¢+ (u|V()re = 0.

This suggests that the measure g is the relevant invariant measure for
the problem. In fact, it is known that steady weak solutions of the
lake problem may be obtained by energy maximization over the set of
all u-rearrangements of some given potential vortex (see chapter 5 [20],
and see [3-5] for similar questions for the 3D Euler equations with axis-
symmetry). To state it in a more concrete fashion, let us consider a given
distribution function
D :RT — [0, u(D)]

such that

/RJrD(/\)d/\:l

and, for some p > 1,
/ AP D(A\)dA < +oo.
R+

We are interested in potential vortex fields (. that satisfy the distributional

conditions

€2

(62 = 505 ).

P P (6.1.1)
(6= 0 =5 (57505 )

1—17

where § = sup D(A), 7 € [0,1] and S¢ > 0. In these settings, the positive
A>0
part ((c), and the negative part ((c)_ of the vortex would satisfy

p{C)y >0 <, u({(¢)- >0} <€,
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and we would also have the vortex-strength prescriptions

/ (<€)+ dpu =78, / () dp=(1—71)8.
D D

The following result is the starting point of our analysis:

Theorem (1) ([20, Theorem 3.1]). Let (D,b) be a lake with D C R?
bounded and of class C', and b € C'(D) with infpb > 0, or b = ¢
with o > 0 and ¢ a reqularization of the distance at the boundary. Let
{Cc € LP(D,pn) : € > 0} be a family of solutions of the steady lake
equations obtained by energy mazximization over constraint (6.1.1).

The accumulation points of { (Cc), : € > 0} and {(¢)_ : € > 0} are

Dirac masses both centered around a point of maximal depth.

In order to prove theorem (), we used the following integral kernel

representation of the stream function [20]:

b(:c)/DlOg diam(D)

C(w)duly) + / F(z,4)¢(y) duy),

D

where the function F' is a correction function depending on b and the
circulation conditions. Relying on the integral kernel expansion of the
stream function, the vortex pair was proved to be of the form (. =

CeXD. + CeXp\D. > Where (. xp, tends to a singular vortex pair in the limit

1
/ Cedp~ Se -
D\D. log =

€

€ — 0, while

We recall that the leading term in the energy E.({.) grows like
2 1
H'RCGHOO CGdluNSe Ing,
D €

while the relevant second order terms are of order S2. Thus, if one wants
to obtain a more accurate picture of the asymptotic behavior of the pair
by going beyond the leading term, one should try to obtain estimates for
the SZ-order terms.

Unfortunately, such estimates were hard to derive with the purely
integral comparison techniques previously used. Indeed, we could naively

try to compare the optimal energy E¢((c) with the energy of some nearly
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spherical competitor (Ccxp, )*+Cex D\D. obtained by some symmetrization
technique. Although such a competitor would be suitable for estimations,

the error we commit is estimated as

2
EE(CE) _Ee(g:) S HRQLHOO /D\DCdMN (/DCdM> NS?

Since the error of such a comparison process could not be estimated of
lower order than 82, and because the second order relevant terms in
the energy expansion E(¢.) are of order S?, the analysis could not be

performed further.

Statement of the results

In view of the above discussion, a natural strategy is to improve the
concentration result obtained in chapter 5 [20]. This is the first step of
the chapter:

Theorem 6.1.1. In the settings of theorem (%), there exists ¢ € (0,1]
such that

diam({(Cc) , > 0}) -

lim sup 00,
e—0 €
and i 0
ram({((c)_ >
lim sup (1) ) < +o0
e—0 €

In comparison with theorem (), theorem 6.1.1 claims that concentra-
tion occurs essentially in two large balls of decreasing radius. With this

result, we are able to study the second order behavior of the vortex pair:

Theorem 6.1.2. In the settings of theorem (T), let F': Dx D — R be the
function defined in the Green’s function expansion, and let G : Dx D — R
be the function defined by

b(x) + b(y) 1 diam(D)

G = .
(2, y) ST p—

Assume that b admits at least two mazimizers X,Y in D such that

liminf d({(G), >0}, X) =0,  liminfd({(G)_ > 0},Y)=0.
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Then (X,Y) minimizes the function

(x,y) € Dx D+ |7(1 —7)G(z,y)
— T F(z,x) — (1= 7)°F(y,y) + 7(1 = 7)(F(z,y) + F(y,z))

over the set (D N {b=suppb}) x (DN {b=suppb}).

Note that when b = 1, every point in D is a point of maximal depth.
Moreover, when b = 1, we have Vb = 0 and the correction function F
in our Green’s function expansion turns out to be the Kirchoff-Routh
function, which rules the motion of singular vortex pairs in the 2D Fuler
equations [12,13]. Although the function R may be hard to compute in
the general setting of a lake (D, b), theorem 6.1.2 fills a conceptual gap
between the lake model and the 2D Euler equations.

We are also in position to investigate the asymptotic shape of the
optimal vortices. Relying on tools from standard potential theory and
on an asymptotic version of the Riesz-Sobolev rearrangement inequality,

we prove the following result:

Theorem 6.1.3. In the setting of theorem (), and if D satisfies an
interior cone condition, then there exist translations {T, : R> — R?} such
that every accumulation point as € — 0, in the sense of convergence in

measure, of the rescaled positive parts

{nge (C)y (eT) i e> o}

is a radially symmetric function. Similarly, there exist translations

{T! : R? — R?} such that every accumulation point as € — 0, in the

sense of convergence in measure, of the rescaled negative parts

{H (C)_(eT!): e>o}

s a radially symmetric function.

A final topic we would like to focus on is a relaxed maximization
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problem, where the distribution function D is not known a priori but
L*-constraints are provided. As a consequence of the previous results,

we will be able to prove the following:

Theorem 6.1.4. Let I'c be the set of functions defined by

:{g;og(g) < e 28,0 < (0) < e 21— 1)Se;

/(C du—rSe,/ 1—7)5}

Every energy E. maximizer (. over I'c is necessarily of the form

Ce = G_QTSEX{CE>O} o 6_2(1 B T>8€X{Ce<0}

and

,U/({Ce 7é 0}) < 52

Furthermore, the sets {(c > 0} and {(c < 0} are asymptotically close to
balls.

A similar problem was studied by Turkington [16] and Turking-

ton & Friedmann [9], with the maximization class

r,— {g 0<C< 6235;/ngﬂzfsg}.

Relying on potential theory techniques and symmetrization arguments,
the authors managed to prove that maximizers should be a vortex patch
and, actually, a ball. Although these techniques are available only in a
limit regime, we prove a similar optimal-distribution result, relying on

the convex structures of rearrangements.

Organization of the chapter

We begin by recalling the framework we are going to work in. Results
are mainly cited from chapter 5 [20].

In a second section, we prove theorem 6.1.1 relying on the differ-
ential structure of the problem, following ideas of Turkington [16] and
Elcrat & Miller [18].
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The third section is devoted to the study of repulsion effects acting on
the vortex pairs. We prove that the vortex pairs cannot come close to each
others too quickly, and their distance to the boundary 0D remains small
in comparison to relevant asymptotic orders. We also prove theorem 6.1.2.
The techniques of proof are purely integral comparison arguments, based
on a variant of the Sobolev-Riesz rearrangement inequality and our
integral kernel expansion of the stream function.

In the fourth section, we study the family of rescaled vortices and
we prove that every accumulation point of the rescaled versions, in the
sense of convergence in measure, is a symmetric function. This section is
based on a previous work of Burchard & Guo [2].

The last section is devoted to the relaxed maximization problem. We

rely on the convex structure of sets of rearrangements, already studied
by Ryff [14,15] and Burton [3-5].

6.2 Framework

In this section we recall the framework used in chapter 5 [20] for the
energy maximization problem, and we recall properties of maximizing
vortex pairs. We say that two measurable functions f,g: D — R are

p-rearrangements of each other if, for all A € R, we have

n({f = A}) = p{g = A}).

Here, the measure du(x) = b(z) dz is the Lebesgue measure weighted
by the depth function b of the lake. We recall that the depth function
b € Uyso C(D) is assumed to be Hélder continuous up to the boundary,

and positive on compact subsets of D. On D we assume that there exist

disjoint connected compact sets Cy,...,Cp, such that
m
D=Do\JC
i=0

with Dy a bounded open connected satisfying Dy = int(Dy), Co = 9Dy.

We are going to consider (measurable) potential vortices (. parame-
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trized by € > 0 through
p({¢ #0}) =€,
and satisfying the integral identities
[ an=rs. [ ) du=-ns.

where S¢ > 0 and 7 € (0,1). As in chapter 5 [20], we also make the
assumption that there exists p > 1 such that

_1 _1
mghMgmfﬂ+m;th“zﬂ .
T8, (1—7)8 '

sup (6.2.1)

e>0
The limit cases 7 = 0 and 7 = 1 are also possible, although they demand
more cautions. These limit cases represent the cases of a single non
sign changing vortex. Observe that by construction, vortices constructed
according to (6.1.1) also satisfy LP(D, u) constraint (6.2.1).

The stream function associated with some potential vortex (. is the

solution of the elliptic equation

—div(b~1Vy) = b(,

6.2.2
55 (O VBT )Re = ci(27 — 1)S., (6:2.2)
where cg, ..., Cp, are real numbers such that, in view of Kelvin’s theorem,
m
e
i=0

As proved in chapter 5 [20], this elliptic problem (6.2.2) has a unique

solution in some Sobolev space. Indeed, let us define the vector space
H={few(D):v7'|VsPe L'(D)},

which we endow with the scalar product

dz + (f[g) w2
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The pair (H, (:|-)) is a Hilbert space, whose elements induce a finite

“lake-energy”

/ bV l2)? dpt < oo,
D

Since b is positive on compact sets, the collection %, of those functions
in C*(D) that are constant on a neighborhood of D, belongs to H. We
write Ho the closure of C1(D) in H, and we denote by H x H the bilinear

rule

(f,9) € H = (fl9)w, = /D (vf(xg(%q(x))w dz.

Since D is bounded, one may rely on the standard Poincaré inequality
to see that the latter defines an equivalent scalar product on Hy. When-
ever the lake (D,b) enjoys sufficient regularity properties, the elliptic
problem (6.2.2) admits a weak solution of the form [20]

P(x) = b(x)/DlogMC(y)du(y)Jr/ F(z,y)C(y) du(y), (6.2.3)

27 |z —yl D

where the function F': D x D — R is defined for all z,y € D by

m

F(,y) = R(w,y)—b)Hlw,5)+ D (i) o) [A 5(0) — cslogjcm]

=0

and the functions R, H, A and )y, ..., %,, are defined as follows:

e the function H is defined for all x,y € D by

1 diam(D)
H — — Jog MY
(z,y) = 5 log T p(z,y),

where Gp is the Green’s function associated to the Laplace’s oper-

ator —A in D with Dirichlet boundary conditions;

e for all y € D, the function R(-,y) belongs to Hg and for all ¢ € Hy,

we have

| (TREIVo G = [ Gota)ViTem 5

the function
y €D R,y
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admits a uniformly continuous extension to D, and the function
(z,y) € D x D — R(z,y)

is measurable.

e for all i € {0,...,m}, the function ¢; € L>(D) N C(D) N %, is the
limit in H of functions in €. that equal d;; on a neighborhood of
Cj, with ¢;; the Kronecher symbol; and ; is bounded by 1 and

satisfies
(¥ile)m, =0,  for all p € Hy.
e the functions vy, ..., ¥, are linearly independent, we have
?c = 7'[0 @ Vec(@/m, o 7wm>7
and
m
> vi=1
i=0
on D. Moreover, the operator
m
A {(vg,...,vm) e R™HL . Zvi = 0} — {(O,al,...,am)},
i=0

is a linear isomorphism.

The existence of such an integral representation (6.2.3) for the stream
function ¢ is proved in the appendix of chapter 5, provided the lake
(D, b) is regular enough.

Definition 6.2.1. A lake (D, b) is said to be continuous if the operator
R admits the integral representation (6.2.3), with F' as above.

The first great family of continuous lakes may be obtained under

the nondegeneracy condition i%f b > 0. In the case where D is of class

C' and b does not degenerate, the lake (D, b) is continuous as soon as

b € WH>°(D). The crucial point here is that we also have b € |J C%%(D),
a>0

by Sobolev’s embedding theorems. The C! regularity of the boundary

may be relaxed as soon as b remains Holder continuous globally on D.
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Another great family of continuous lakes is obtained when the depth
function b degenerates as b = ¢%, where ¢ is the distance at the boundary
OD. This situation leads to a continuous lake for C? domains. Again,
for less regular domains, one should consider instead regularization of
the distance function [11], or even integral versions of the distance at the

boundary [1].

Finally, mixed degeneracy conditions are also possible. For more de-

tails and detailed examples of continuous lakes, we refer to chapter 5 [20].

The energy E. for a smooth lake takes the equivalent form

B = [ bontos ) G010 dudutann)

+//DXDF(x,y) Ce(z)Ce(y) dpdp(z,y).

6.3 Improvement of leading order asymptotic

We introduce two important quantities, referred as the first order flows.

The first order flows associated with a vortex ¢ € LP(D, u) are defined as

7 @) = 22 [ 10g T (), ) auty),

47 |z — y|

and

Te () =

bla) [ 10 diam(D) () du(y).

4 |z — y|
For ¢ € LP(D, i), the positive first order flow 72+ induced by ( satisfies

supp b . diam(D _1
P02 tog TUE) [ (Q). dt O,

2 €

T (@) <
Indeed, we have since (¢)_ is positive

€

[ e 5 0 ant < [ (1os - 5) (©, 6anty

< Qe ( /| <1og ‘m_y)+ du(y)>l_;7
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and a change of variable now yields

/1og C(©), ) duly)

|z =y
2 1 = T
< Os)|(¢ p e/ <log > dy )
2”( )Jr"L#( BO,1) ’y‘

Combining the above a priori estimate with the control condition (6.2.1),

we conclude the following upper estimates for the first order flows:

Lemma 6.3.1. There exists a constant C' > 0 such that for all € > 0
and for all ¢ € Rearg(.), we have for all x € D

Tsupp b

—=S.lo 7+C'S
2

THa) <

and

(1—7)suppb

72._ () < S, log1 + CS..
€

Next we have the following concentration theorem:

Theorem (}) ([20, Corollary 3.1, Theorem 3.1, Theorem 3.2]). Let (D, b)
be a regular lake. Let {(. € LP(D,p) : € > 0} be a family of solutions of
the steady lake equations obtained by energy maximization over their set
of p-rearrangements, with constrained (6.2.1).

There exist k > 0, ¢ € (0,1] and a family {©, : € > 0} with 1% O,
such that for all € > 0 sufficiently small, the sets

K supp b
D€:{$€D37Ej($)2/D7Zrd(Ce)+— D_S. log e}

and

Ur {xeDfQ /T d(¢)_ SuprSl }

have diameter smaller than €, and

1 4r¢ C
li .o dp< ————S8. |6, + —
maw [ @), s o (0 10
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and
47

1
limsup/ (C)_dpu < = Se <@e + C’1>
e—0 JD\Ur K supp b log =

€

Furthermore, given X, € DF and Y. € U for all € > 0 sufficiently small,
we have
gl_r:% b(X,) = s%pb = lg]% b(Ye).

For any positive measurable function f, the notation df used in

theorem (f) indicates the set function defined for all measurable sets

ACD as )
A= ——r
VA= 11 JRRL

if f is nonvanishing; and identically null otherwise.

6.3.1 Essential concentration result

Proposition 6.3.1. There exists ¢ > 0 such that, for all sufficiently
small € > 0, and for all X € {(Cc), > 0}, for all Ye € {(¢c)_ > 0}, we

have
/ a(G), =0
D\ B(Xe,e%)

/ d(¢)_ =0
D\B(Ye,c)

The proof is an adaptation of techniques due to Turkington [16,17]

and

(see also Elcrat & Miller [18] for a similar problem). Our situation is very
similar but the computations turn out to be a bit more involved due to
the presence of islands in the lake (D may not be simply connected) and

because the vortex changes sign.

Proof. Fix € > 0. We prove the claim for the positive part ({), only.
The claim for the negative part follows by symmetry. According to
theorem (), there exist x > 0 and ¢ > 0 such that for all sufficiently
small € > 0, the diameter of the set

Dr {xeD 7'Jr /T+ Ce SUPD Slogl}
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is smaller than €. Furthermore, we have

1 4r C
€ d < - 'Se @e )
/D\Dg» (G dun < K supp b ( i logi)

for some family of numbers {©, : ¢ > 0} with liH(l] O, = 0. We are going
€E—r

to prove that the latter estimate may be improved as

[ du=o
D\Dx

Let us first decompose the stream function i associated with (. through

the elliptic problem (6.2.2), as the sum
=R+ Dl D= af(i —c).
i=0

Since (. is a maximizer of the strictly convex functional E, over Rearg((,),
it is also a maximizer over the weak closure Rearg({.) , by weak conti-
nuity of E. (see chapter 5 [20, Section 2]). Since the latter compact set
is also convex in LP(D, ) [3, Theorem 6], it is straightforward to check

that (. is the only maximizer of the linear functional

L LD, R L(O) = [ (R+9(C) ¢

D

over the set Rearg((.). Indeed, observe that (8 + $¢)(¢c) belongs to the
subgradient of E. at point (., so that by definition of the subgradient at
¢ we have, for all ( € LP(D, p):

Ee(g) - EE(CE) > L(C - CE)

Taking ¢ € Rearg((.) and X\ € (0,1), we define (, = A\{+ (1 —\){.. Hence

we have

Ee(CA) - EE(CE) > L(C)\ - Ce)

By linearity of L and strict convexity of E., we have

AE(C) + (1 = NEc(Ce) = Ec(Ce) > AL(C) + (1 = A)L(¢e) — L(<e),
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Since the weak closure Rearg((e)w is convex [3, Theorem 6], we obtain

0 > EE(C) - EE(CC) > L(C) - L(Ce)a

and (. strictly maximizes L over its set of u-rearrangements Rearg(().

In particular [3, Theorem 5], there exists - > 0 such that

{R(C) +9e(Ce) > 78} € {¢ > 0} C{R(C) + He(C) =7 1

Let ¢ = (R(Ce) 4+ 9c(Ce) — ), Tt is direct to prove that
¢:¢ﬁ+z (ﬁe;i_’)/:—)_i_wiv
=0

for some ¢* € Ho and for

m
Be;i = Q5 — E Qe;5Cj.
J=0

Now we observe that

[ VoIV 5= [ VoV + ocm 5

_ [ " (4t N dw
/D¢ Cedﬂ"i_j;)(ﬂe,j Ve )+ /D(Vﬁe(Ce)!V%)R b .

By construction of aey, ..., tem, we have for all j € {0,...,m}:
dx i
/ (Vo|VP)pe — = / ¢Cedp — Z (Besj — yj)Jr cj(2r —1)S.. (6.3.1)
D b D =

This may also be written as

d
[ VoIV 5= [ @ (5ea—), )i dn

m

+(2T—1)Se<(/36;0_75+)+_ (652j_7j)+cj>'

Jj=0

Observe that u = ¢ — (B0 — 7). belongs to W,7*(Dy). In particular, if
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p € (1,2), one may choose ¢ > 2 such that ¢* =2¢(2—q) =p' =p/(p—1),
so that by Sobolev’s inequality in W,"?(Dy), we obtain

[l o (py < lull Lo pgy < CrllVullLapy)

1
= C1||Vullpa(py< Cop({u > 0}) 7" [|[Vull3,,

where in the last step we have used Holder’s inequality starting from
the weighted Lebesgue’s space L¥(D,b~'(z)dx). The same estimate
holds whenever p > 2, because the control condition (6.5.4) holds with p
replaced by ¢ € (1, p|, by Holder’s inequality. From this we conclude that

/D uCedp < S, [ullg.

Hence we infer the estimate

dx dx :
[ (V6ive < c&( | (V6190)s b)

+CSE< (66;0 _7:_)_1_ - Z (Bﬂj _Py;'_)+cj>’
=0

J

from which we deduce that

( | ©elvos: ‘i"”)
D

S, + \/ 282 + 4CSE< (Beo =€) o = Xm0 (Bej =) Ca')
<
= 2

(6.3.2)

Although v may be of great order in comparison with S, the particular

structure of the above estimate allows us to write, for all € > 0 sufficiently

( / (Vo |Vé)pe df) < O48..
D

Injecting this estimate into (6.3.1), and using the definition of ¢, we

small:
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obtain
2 R
C5S2 > /D (RC +9eC) (C) du—; /D (C)y d
— e + o .
j§:0 (/BEJ /ye )+ CJ /; CE dlu 2 0

According to lemma 6.3.1, we have
m

VTS + 27’—1862 Bej — e
7=0

/(Ce) d# C6S2< 11+@>10g1.
og €

As € — 0, the right-hand side blows up as S? Iog% by the concentration
result in theorem (7). This forces us to have v >  max Be;i for all e > 0
1Sm

sufficiently small. For all sufficiently small € > 0, we thus have

/T+ (Co)s C7S< ! —|—@>log1.
g €

For all z € {{. > 0}, we obtain by definition of v
+ + 1 1
R () + HeCe(x) > Ve = 72 d (C6)+ — 88, — T+ O, | log —.
D °f log < €

Using the fact that the Green’s function Gp is a positive function, and
the uniform bounds on R and the flows )y, ..., %, we conclude the

lower estimate, for all sufficiently small € > 0 and for all z € {{, > 0}:

/ T+ d(Ce)y — KSe log -
In particular, we have

{(C)y >0} = {¢ > 0} € {RC¢ + 9 >} € Dy,

which proves the claim for the positive part of the vortex. ]
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6.4 Repulsion effects

An important feature in the theory of standard symmetrization is the
use of radial competitors together with geometric inequalities. In this
direction, we are going to prove a variant of the well-known Riesz-
Sobolev rearrangement inequality. One should pay attention that we do
not work with the Lebesgue measure, but with the weighted measure
wu(z) = b(x) dzx. This measure may not behave nicely with respect to
geometric transformations. Rather than assuming geometric conditions
on b, we propose an asymptotic variant of the Riesz-Sobolev inequality.
This will be sufficient for our purposes.

We first require the following standard lemma:

Proposition 6.4.1. For all x € D, there exists a function
zf-: LY(D, ) = LY(D, p)
such that for all positive functions ¢ € L'(D, ) we have

1. z#¢ € Rearg(C);

2. the superlevel sets of xf¢ are balls (in D) centered on x.

Furthermore, for all x € D and for all positive functions (1, (s € LY (D, p),

we have

2861 — 28l < (1€ — Callry-

Proof. The first part of the claim was proved in chapter 5 [20, Proposi-
tion 2.1] and it is a standard construction in the field of symmetrizations.
For the second claim, let z € D and (1, € LY (D, ). Fix A € R*. By
construction, the sets {zf§(; > A} and {xf§(2 > A} are balls centered on z.

Without loss of generality, assume that

p({xi¢ > A}) < p({z4de > A}),

so that {z#¢; > A} C {z#¢a > A}. One then estimates through a direct

computation

p({z8G = APA{ziG 2 AY) < p({G = ATA{G > A}).
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The conclusion for the L' (D, u)-norms follows from Cavalieri’s principle.
O

Proposition 6.4.2 (Asymptotic Riesz-Sobolev rearrangement inequal-
ity). Let R > 0 and for all e > 0, let X* € D be such that n(B(X}, R)) >

€2 with B(i)?fR) b > 0. There exists C' > 0 such that, for all sufficiently

small € > 0 and for all X € {(¢.), > 0}, we have
diam(D)
J] o TR A, 4@ )
DxD

b(X)
b(X?)

Y|

+ C (wn(diom({X71(C) 4 > O}) +wn(diam({(C), > 01))-

diam(D
<[] 1o S axa(c, dXEHG (o) + log
DxD

Proof. Let us fix € > 0, and write for short X* = X[, ( = (¢.), and
¢* = X*(¢e) 4, 0 = diam({¢ > 0}) and 6* = diam({¢* > 0}). Assuming
e > 0 sufficiently small, we may assume that diam({¢ > 0}) < R and

inf b> 6 supb, inf b> 6" supb,
{¢>0} D {¢*>0} D
for 9,0* > 0. Let X € {({.), > 0}. Let us write for short r = b(X)
’ * b(X*)

and
¢:R* 5 R?: ¢(x) = X* +r(z — X).

Finally define the following auxiliary functions: (2 is the Lebesgue
nonincreasing Lebesgue rearrangement of ¢ around the point X, and
€ =(20¢ . From the definition it follows that every super level set of
¢ is a ball centered on X™*, with

m({¢ > t}) = r’m({¢ > t}),

where m denotes the usual Lebesgue measure. From this estimate we
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have

‘;’;(9) -u({C > 1)),

b m({E > ) —u({¢ = 1)) <
Pp

o

Similarly, one may also compute

b m((c = ) — e = h) < 22 uqe = ).

~ d*suppb

According to the standard Riesz-Sobolev rearrangement inequality [7,10]

and using the change of variable formula, we have

JJ e ety

R2xR2 3/|

< [ (wety) C@maey

R2xR2

This yields

7,—1 *
b(X)? // log T ¢(2)¢(y) d(z,y)

[z — Yy
R2xR2

<o [ (1o ‘x"_*y‘)fm)g(y)d(w,y). (6.4.1)

R2xR2
On the other hand, we also have

I (o) o mandney

R2 xR2

= // log |$9*y| C(2)¢(y) dpdp(z, y),

R2 xR2

and the difference
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HX)? //(log,x_m) (@)€(5) d(a.)
R2xR?
// <log|x—y|> (2)¢" (y) dudue,y)

R2ZxR2

equals the double integral

[, (0@ = bl (@)
/ <10g v ) (b(X*)E(w) + b(y)C*(3)) d(z. ).
R2

‘l'_y’ +

Let us estimate
/ B(X)E() — blz)C* ()] da
R2

< / BXH)|CH () — ()| d + / IB(X*) = b(a)] ¢*(x) da
R2

R2

<o) [ mlie 2 a2 ) at+a@) [
RQ

For the second term, we have
T8,
*(z)d =<
/ o) € 5y 5 [ C@anta) = 5 o

]RQ

For the first term, we have

b(X™)m({C* = t}A{E > t}) = ‘b(X*)m({C* > t}) = o(X")m({¢ > t})
<< Wb(e*) + wb(e) )M({C>t})

~ \0*suppb Idsuppb

Integrating over t € [0, +00) yields

ey [ e 2 0atez ipar s (0L L 0,

0*suppb  Idsupp
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Therefore we have

[ b - sl < (20004 O,
RQ

0*suppb  dsuppbd

Using the fact that * is of order €, we obtain some positive constant
C1(0,6*,b) > 0 such that

b(X*)lg[/R <log |;1:9—* ] > . E(x)é(y) d(z,y)

- log,x_ C(2)¢* () dpdpla, )

R2 xR2

e (wb(e*) + wb(e))sg.

Injecting the previous estimate into (6.4.1) yields

) //R (1o =) ctactaten
R // o8 Iwg—yl

R2xR2

(z)¢*(y) dpdp(z, y)

e (wb(e*) + wb(e))sf.

Since b is Holder continuous and (. concentrates on points of maximal

depth, this may be rewritten as

| o "0 )C(y) dudu(e,y)

R2xR2 |:E—
- [ e @ ) dudntey)

R2xR2

< Oy (wb(é?*) + %(9))362,

and therefore

J[ 1o Gom(D) ()¢ (y) dpdu(e, y)

SR
R2ZxR2
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< // log |f(_D;| ¢*(2)¢" (y) dpdu(z, y)

R2 xR2

+ 728% log bb((;é)) + Cy (wb(Q*) + wb(e))sf. O

6.4.1 A priori estimate for repulsion

The aim of this section is to prove the following a priori estimates for

the repulsion of the pair.

Proposition 6.4.3. Let X € D be a mazimizer of b, and assume that
D satisfies an interior cone condition at X. There exist constants
C1,Co,Cs5 > 0 and exponents vy1,Y2,v3 > 0 such that, for all sufficiently

small € > 0, we have

Y1
(@), > 0.00) 2 &1 (g )

(G- > 0),00) = Ca )

73
A6, >0, (6) > ) =Gy )

The cone condition we impose may be relaxed by a more general
cusp-like condition, but we think that this improvement does not bring

a better understanding of the general behavior.

Lemma 6.4.4 ([9, Lemma 2.2)). Let U = interior(D). For all x,y € D,

we have

1 o diam(D)
27 *® max {|z — y|, d(z,dD), d(y, D)}

o diam(D)
& o — y[+2max {d(z, o), d(y, o)}’

1
> H > —

Proof. The upper bound for H follows from the fact that the Green’s
function Gp is positive, and from the weak maximum principle for H.

Since H is a symmetric function (because so is the Green’s function Gp),
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we may assume without loss of generality that
d(z,0U) < d(y,U).

Let B(z,7) be a ball in R?\ D, and consider the function

~ 2 — ~
Gp:R*\y, z+7r v =2) —R:Gp(w) = ilog
ly — z[? m

This function is harmonic on R? \ {y, 2 + } It is also null on

\y ZIQ
0B(z,r), and it is nonnegative on dD. To see this, one may compute, for

2(y—
allw € R?\ {y, 2 + T|y(gz|§)}:

|y 2 lw — 2P4r? = 2(w — 2) - (y — 2)
!w — 2Py —2P2w—2) - (y—2)

4nGp(w) = log

which vanishes if |w — z|=r; and on dD we have |w — z|> r and thus
g(w) > 0. Tt follows from the weak maximum principle that for all w € D,
we have Gp(w,y) < Gp(w). In particular we obtain

H(w,y)Z;log - diam(D)
" Pl —2) - e
| dlam(D)y 2|
=518 r2 z
2T (a: . z) . |y(gzP)
! diam(D)@
=—1Io
2 g( )+\yzlzr(72)‘
ly—z Y
1 diam(D) =21
Z 5108 z|+r )
217 |z — |+ |y — 2]

where in the last line we have used the triangular inequality. Now using
the fact that y ¢ B(z,r), we have

1 diam(D)
> log .
2r 7 o —yl+2(y — 2[-r)

H(z,y) >
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This inequality is true for all balls B(z,7) C R?\ D, so that

diam(D)
H 1 .
(z,9) = or 08 |z — y|+2d(y, OU)
As mentioned above, the conclusion follows by symmetry. O

Proof of proposition 6.4.3. For all € > 0, let X, € {({c),. > 0} and
Y. € {(¢)_ > 0}. Since b is assumed to be Hélder continuous on D, let
a > 0 be such that b € C%*(D). Let us also define U = interior(D), and
consider two families of points {X} : € > 0} and {Y* : € > 0} such that
there exists a constant C' > 0 such that for all sufficiently small € > 0,
we have

L caxan < —S

C(log )= (log 1)
and the same estimates hold for both d(Y>,dU) and d(X},Y>). Such
families exist, because there exists a point X in D that maximizes b and
D satisfies an interior cone condition at X. For all sufficiently small
€ > 0, the function

56 = Xeﬁ((eh- - Yeﬁ((&)_

is a p-rearrangement of (., and in particular we have Eg(g:e) < Ee(¢e)-
We are now going to estimate the above energies. Using the integral
kernel representation(6.2.3), page 245, and relying on the boundedness
of R and the boundary flows 1y, ..., %, we first expand

Ec(¢e) §/ (Ce)s 7Z+d/i+/ (Ce)_ T d
/ () (2) (Co), (9)b(2)H(z, ) dpdu(z, )

DxD
/ (€ (@) (G ()b(@)H(z, y) dprdpa(z, )
DxD
/ (), (@) (G () (bx) + b)) Gz, y) dpdpu(z, y) + C1S?,

DxD

Relying on the Riesz-Sobolev rearrangement inequality, proposition 6.4.2,
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we also have

[, Trans [ =802 (G) T au

By construction of the family {X} : € > 0}, we have for sufficiently small
€ >0 and for all z € {((1) > 0}:
+

<SLD1pb> —b(x) < Cy (d(X:,@U))a <

From this we conclude, for all sufficiently small € > 0:

+ % + 2
/D(Ce)+ 725 dp < /D (CE>+7EE dp + CySE.

Similarly, we have

/D(Ce)_’deué/D(ée)_’ré:dﬂ+c553.

This yields the estimate

Ec(¢e) < / (c) T dp+ /D (56)_756—@

ﬂcg ()4 ()b(x)H(z,y) dudu(z, y)

DxD
/ (¢ (2) (C)_ (w)b(x)H(z, y) dpd(z, )
DxD
/ () (@) (G () (bx) + ()G (. y) A du(z, y) + CoS2.

DxD
(6.4.2)

Now we estimate the energy E((C.) from below. We first expand E.(¢.)
using the integral kernel representation(6.2.3), page 245,

RG> [ (6), T [ (6) 7 an

_ // <§e>+(:r) <§e)+(y)b(x)H(x,y)deu(%y)

DxD
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- // (§6>_ () (Ee)_ (y)b(x)H(z, y) dp dp(z, y)

DxD

- ] (@), @ (&) _ w0 + )Gl dudutey) - €2

DxD

Since H is a positive function, we also have

RG> [ (6), T [ (6) 7 an

N // (g) @ (5) . W)b(@)H(z,y) dudp(,y)

DxD
- (@)@ (&)t dndute.y
DxD
- // (5e>+(fv) (56)_@)&»(95)24; YY) 1og d;zri(j) dpdu(z,y)—CsS?.

DxD

By constructions of {X? : € > 0} and {Y* : ¢ > 0} together with

lemma 6.4.4, we have, for all sufficiently small € > 0:

/ Ce 6 y)b(fv)H(l‘, y) dpdp(z, y)
DxD

b
< SupD

1
7282 1oglog — 4 CyS?,
€

and similarly

J] (&) @ (&) _wreHe.ndudut.)

DxD
1
< 2Pp b(l — 7)282%loglog = + C1pS?
2o €
and
> . b(x) +b(y) , diam(D)
JJ @), (&) 00 T duapte.
DxD
b 1
< SZPD (2r(1 — 7))S%loglog - + C11S82.
Ta €
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From these estimates we conclude that for all sufficiently small € > 0, we

have

Ec(Ce) 2 /D (&), 77t / (&) 77 an-=22 52 log log%—Cqu :

+ Ge 2mo
(6.4.3)
Combining estimates (6.4.2) and (6.4.3) yields
/ (G4 () (Ce)y ()b(x)H(z, y) dpdp(z,y)
DxD
/ (G)- (=) (¢)_ (w)b(x)H(z,y) dps dp(z. )
DxD
+ ] € @ € )bla) + b)) ley) dudute.v)

DxD

b 1
< MPDY G2 100 l0g — + (4382
2o €

Let k € (0,1). Taking advantage of the positivity of both Gp and
its regular part H, we have for all ¢ > 0 sufficiently small, since (.

concentrates on points of maximal depth:

// (Ce) (@) (Ce)y (W) H(z,y) dudp(z,y)

DxD

// (€ (@) (G)_ (W) (z,y) dudu(z,y)

DxD

+2/ (Ce)y (%) (Ce)— ()G p(z,y) dpdpu(z, y)
DxD

< S?loglog - + C14S2%. (6.4.4)
2o €

Estimate (6.4.4) gives us a bound for each of the three remaining terms.
Using lemma 6.4.4 and the positivity of Gp and its regular part H, we
first obtain for all sufficiently small € > O:

1 2 —
<

2 o2 K o2 1
1 log log —
T8¢ Ogd(XE,aD) s S log og6
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and

2 — 1
(1—17)28?1og 3 5862 loglog —.
« €

1
<
(Ye,0D) —
This proves that, for sufficiently small € > 0 depending on x € (0,1), we

have:

L\ e |\ maGom?
d(X67 8D) Z Cl5 1 ) d(}/ea 8D) 2 Clﬁ 1 .
log = log =

€ €

The constants here may depend on k, 7, ,b and D, but are independent
of € > 0. Now to conclude the proof, one observes that we still have,

from estimate (6.4.4) and the positivity of H:
K 1 2
CE C€ ( )GD(I’, y) du d,LL(IE, y) < %Se log 10g E+017Se )
which may be rewritten as

diam(D) .
/ (C)y (@) (Ce)— (y) 1o Cp— dpdp(z, y)
DxD

<2/ (Ce)y (@) (Ce)— (y)H(z, y) dpdpu(z, y)

DxD

Ko 1 2
+ 786 log log - + C18S¢.

Using lemma 6.4.4 and the previous estimates on the distance at the

boundary, we obtain for sufficiently small € > 0:

1
max{d(Y,dD),d(X.,dD)}
2

- 2
——S%logl
+2(1_7_) S ogog

S?log q < S8%log

(Xe, Ye)

and the latter is smaller than

2—K 1 1
1 H(min{'rQ,(lf-r)Q}+2T(17-r))
862 log (Clg ( log > ,
€
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for some constant Ci9 > 0. We thus have obtained the estimate

2—k

1 Ko (m‘m{7—2’1(1_7.)2}+27(11_7))
d(Xf’ }/6) Z 020 1 . ]
log <

6.4.2 Accurate localization rule

In this section we prove an accurate localization rule when b admits two
or more maximizers inside D. In such a situation, we prove that the
vortex pair always separates, and never reaches the boundary 0D. We
are not going to use the result of this section in the remaining part of
the text. Rather, we present the results because we think they illustrate
an interesting link to the localization of vortex pairs for the 2D Euler

equations.

Lemma 6.4.5. Assume that b admits at least two mazximizers X*,Y™*

in D. Then we have
liminf d({¢c # 0},0D) > 0,
e—0

and

liminf d({(¢:), > 0} {(¢)— > 0) >0.

Proof. Let us consider, for sufficiently small € > 0, the function

C: = X*ﬁ(<6)+ - Y*ﬁ(ge)s

The function (7 is a p-rearrangement of (., and in particular we must have
Ec(¢}) < E¢(¢). Now one should consider the same estimates as those
used in the proof of proposition 6.4.3. The log log% term from (6.4.3)
would reduce to a constant error term, and the conclusion would directly
follow. O

Proposition 6.4.6. Let F : D x D — R be the function defined by

m

F(x,y) = —b(a:)H(x,y) + Z<¢z(x) - c’i) [Ail[wj(?” - Cj]()gjgm i

=0

+ R(x,y),
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and let G : D x D be the function defined by

b(x) 4 b(y)
] .
2m % e =y

G(z,y) =
Assume that b admits at least two mazimizers X,Y in D such that

liminf d({(¢:); >0}, X) =0,  liminfd({(¢)_ >0},Y) =0.

e—0

Then (X,Y) minimizes the function

(z,y) € D x D+ |7(1 —7)G(x,y)
—7°F(2,x) = (1= 7)*F(y,y) + 7(1 = 7)(F(2,y) + F(y, z))
over the set (D N{b=suppb}) x (DN {b=suppb}).

It would be interesting to derive an analogue for proposition 6.4.6
in the situation where the maximizers of b are not necessarily inside D.

Since we always have
24+ (1-— 7)2 >27(1—1),

we would expect that the pair first tries to remain far from 90D before
trying to be separated. However, a close inspection of the proofs shows
that the precise modulus of continuity of b comes into play. We think
that further analysis of the auxiliary function R would be needed to

answer that question.

Proof of proposition 6.4.6. Let X* ) Y* € D be two different maximizes

of b over D. We consider € > 0 so small that the function

C: - X*ﬁ(CE)Jr - Y*ﬂ(ce)f

is a p-rearrangement of (.. In particular we have E.(¢}) < Ec(¢.). We

are going to expand these energies. Let us write in all generality

Ee(g:)sz(g:)+T§du+/D(<:)”diu
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e @i+ [P e,

where F' and G are defined as in the statement, and recall that since (D, b)

is a continuous lake, the function F' is continuous on D x D. Because
both {¢} : € > 0} and {( : € > 0} concentrate, we have

|
hg%lfS?//Dpr CCedpdp
=’ F(X,X)+ (1 -7)°FY,Y) = (1 = 7)(F(X.Y) + F(Y, X)),
while
lim inf // F ¢ dpdp
e—0 862 DxD €€
= 2 F(X*, X*)+(1-7))F(Y*, Y*)—r(1—7)(F(X*, Y*)+F(Y*, X*)).

On the other hand, because X* and Y* are exact maximizers of b, we
may apply Riesz-Sobolev rearrangement inequality, proposition 6.4.2, to
see that there exists ©, > 0 with lir% O, = 0, and such that

€E—

B = (supb) [ (€07 T et (supt) [ (G071
[ @) + b Gole ) (€, (@)(€)- (0) dudin(a )

* * 9

" //DxD F(z,y)¢¢ (2)¢ (y) dudu(z, y) + OS¢,

This yields the inequality

s [ 6@ - || Facauy
<g ) @@ ai-g [ Fecudire.

This latter inequality holds for all couple of points (X*,Y*) € D x D
with X* # Y™ and both X*, Y* maximize b. Letting ¢ — 0 and applying

Fatou’s lemma on the left hand side, we obtain the desired conclusion. [
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6.5 Asymptotic shape

In this section we prove that the vortex pair asymptotically looks like
two symmetric functions. We base our analysis on results obtained by
Burchard & Guo [2, Lemma 3.2] on the asymptotic shape of asymptotic

maximizers of singular integrals. More precisely, our goal is to prove that

imsup {E(6) - B¢} = .

e—0

for some radially symmetric p-rearrangement ¢ of the energy maximizer
(e Then we exploit this information to obtain convergence in shape of

the rescaled maximizers.

6.5.1 Preliminary study of oscillations

The aim of this paragraph is to prove the following asymptotic limit

estimate:
Proposition 6.5.1. For all X. € {(¢), > 0}, let ¢} = X#(¢e) . —(C)_-
We have

e—0

lim inf { //DxDF(w, Y)Ce()Ce(y) dp dp(z, y)

G (6 @) (@) W dndutey
DxD

| P ) duduy)
DxD

G @) @) w,y)} o

The following a priori estimate from elliptic regularity theory is useful:

Proposition 6.5.2 ([19, Theorem 8.22]). Let U C D be such that
infy b > 0. Let f1, fo € LYU, dz) for some q > 2, and yp € WU be
such that, for all p € CL(U), we have

dz
b(z)

/ (Vi) | Vepla))ge o = / (F1(2), o)) [ Vip(z)) de.
u u
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For all v, > 0, there exist 0 > 0 and a constant C' > 0 such that for all
e > 0 and for all y € U with d(y,dD) > (log 1)7, we have

sup {1oa) = w1} < 0 (IWllo 1 2llue )

TEB(y,e°)

Since we already know that the maximizing vortex pair (. concentrates
on a point of maximal depth, we may apply proposition 6.5.2 to control
the oscillation of each R,, on the vortices core. Also, proposition 6.5.2
for b =1 yields an estimate for the regular part of the Green’s function

H. Finally, we also recall that the function (see chapter 5 [20])
y €D = [RC, )l

is continuous on D, since (D, b) is a continuous lake by assumption. The
vortex ((c), and (¢c)_ both concentrate with diameter of a priori order €,
while their distance from each other and from the boundary 9D is of some
order not smaller than (log %)7 From these a priori results and a direct
application of proposition 6.5.2, one can easily deduce proposition 6.5.1.

We skip the proof.

6.5.2 Scaling process and energy convergence

We fix a family of points {X. € {({c), > 0} : € > 0}, and we recall that

{(C) > 0} € B(X, €),

for some ¢ > 0 independent of € > 0. Our analysis is made for the
positive part of the vortex pair, but similar results hold for the negative

part as well.

Given a positive and measurable function f : D — RT with finite

p-integral, we define its scaled version as the function

sf:R? - RV :sf(x) flex + X,).

_ €
[ fdu
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The rescaled version of the measure p is dsu defined as

/ o) dspi(z) = © / g(e™ (z — X)) dp().
R2 €JD

By construction, we have

/ sfdspy=1,
R?
while )
171l 5e2C)
L

Observe that the scaling process depends on € > 0 and on X, although

we do not explicitly mention this dependence in our notations.

Lemma 6.5.3. Let f. = 5((), and f& = s(XA4(¢) ). We have

. 1 " N
oy { //}H log =1 fE@)f (W) d(z,y)

_// 1Og%fs(@“)fe(y)d(ﬂfay) = 0.
R2xR2 [T =Y

Proof. According to proposition 6.5.1 together with the energy maximiza-
tion principle and the Riesz-Sobolev rearrangement inequality, proposi-

tion 6.4.2, one directly has the asymptotic behavior

e—0

- tog BmP) () (2) (¢), ) dudu(w,w} 0.
DxD

diam(D
lim { I XDlogm(gj,)xemu(mxea(cﬁ)gw djidp(. )

|z — |

Since (C), and X §(¢c) . are p-rearrangements of each other, we also get

e—0

lim { //DXD log ﬁ Xeﬁ((6)+(x)Xeﬁ(Ce)+(y) dl’l’ d:u(xv y)

_ // log % (Ce)+ (z) (C6)+ (y) dpdp(z,y) p = 0.
pxp T =Yl
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The scaling process yields to

: 1 * *
lim { //szuv log P JE@) fE(y) dspdsp(z, y)

- // log % fe(@) fo(y) dspdspu(z,y) ¢ = 0.
R2 xR2 ’.%' y|

Now observe that the diameter of {f. > 0} is of order ¢!, while the
diameter of { f* > 0} is of order 1. Hence, since b € C%%(D) is uniformly
bounded on {{ > 0}, independently of € > 0 sufficiently small, we obtain

: 1 * *
1{}% { //R2><R2 log W fE@) fE(y) d(z, y)

_// log%fs(x)fe(y)d(w,y) = 0.
R2xR2 [T =Y

O]

6.5.3 Criterion for convergence

We require the following sufficient criterion to prove convergence in
measure of a sequence of functions. The distribution of a positive and

measurable function f: D — R is defined by
D[f]: R" = R U{+oo} : D[f] (t) = p({f > t}).

Lemma 6.5.4 (Criterion for convergence in measure). Let (fn)nen be
a family of measurable, positive and real valued functions, and f be a

measurable positive and real valued function. We assume that

D[f](0) < +o0 and lim D[f](M)=0.

If the sequence (D|[fn]),cn converges pointwisely to D[f], and if for

w-almost-all every t > 0, we have

Jim pu({fn > }A{f > t}) =0,
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then (fn)nen converges in pi-measure to f.

This result is standard, but we have not found it in the literature.

Proof. Let us fix s > 0. If there exists x € {f, > f + s}, choose
M = M(z,s) > 0 such that f(z) < M. For all ¢ > 0, we define

A ={fa>1t+s/21\{f >t}

and we compute

M f(x) fr(z)—3
/ (@) dt = / (@) di + / o (@) dt
0 0 f(z)

and therefore

2 M
X{fn>f4s}(T) < /O X{fn>t+s/ 20\ (> (@) dt + X503 (7).

S

The last inequality extends for all x € D and for all M > 0. It also holds
if {fn, > f+ s} is the empty set. By symmetry, we prove similarly that
for all s > 0, for all M > 0 and for all x € D:

) M
X{f2futs} (@) < < /0 X{f>tts/2M\ o>t} (T) AT+ X (g, 5003 (7).

Since we have

{fn > t4s/20\{F >t} U{f > t+5/20\{fu >t} S{f > 1} A{fn > 1},

we obtain

9 M
X{|fu—flzs}(T) < 3/0 X{F>t3A{fustr () At 4+ Xponry () + X fo 503 ()

In particular, one concludes by Tonelli’s theorem that for all s > 0 and
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for all M > 0, we have

9 M
pllfa= 12 < 2 [l > AL > )t (s > M1Y)

+ p({fn > M}).

As a corollary of our assumptions, we have

limsup p({fn, > 0}) < +o0,

n—-+00

and thus one may apply the Lebesgue dominated convergence theorem

and the condition lim D [f] (M) = 0 to obtain the conclusion. O
M—+o00

Remark 6.5.5. The condition is actually an equivalent condition, but

we are not going to use the counterpart in this text.

6.5.4 Asymptotic shape

Lemma 6.5.6. Let f. = 5((.), and let us denote by f2 the symmetric
radially nonincreasing Lebesgue-rearrangement of f. centered on 0. We

have

liminf{//Rz . log 1 feA(m)feA(y) d(z,y)

e—0 | — y|

- // log % fe(@) fe(y) d(z,y) p = 0.
R2 xR2 |z — y|

Proof. Let ff = s(Xcf(¢c),). For all € > 0 sufficiently small, the func-
tions f* and f2 are both supported in some ball B(0, R) with R > 0
independent of € > 0. Furthermore, they belong to LP(B(0, R), dx). By

the scaling process, it is straightforward to see that

e—0

lim {m({x € B(0O,R) : fX(x) > t})
- m({x € B(0O,R) : fA(z) > t})} —0,

where m denotes the usual Lebesgue measure. According to lemma 6.5.4,
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we conclude that a function g is an accumulation point in the sense of
convergence in Lebesgue measure for the family {f2 : e > 0} if, and
only if, it is also an accumulation point in the sense of convergence in
Lebesgue measure for the family {f* : e > 0}.

According to Helly’s selection principle, the family {f2 : e > 0}
admits at least one accumulation point (in the sense of convergence
in Lebesgue measure) g € LP(B(0, R), dz) that is symmetric radially
nonincreasing. Up to taking a new subsequence, and because the set
{f2 : € > 0} is bounded in LP(B(0, R), dz), one may assume that the
convergence occurs weakly in LP(B(0, R), dz). To avoid heavy notations,
we assume that fsA — ¢ weakly and in convergence in Lebesgue measure
as € — 0. We deduce that f& — g weakly and in convergence in Lebesgue

measure as € — 0. Let us write, for all u € LP(R?, dz),

1
—log*u:R2—>]R:—log*u(y):/ u(zx) log dz.

R2 |$*M

We have —log* u € WP(B(0, R)) whenever u € LP(R?, dx) [19, Theo-
rem 9.9]. Relying on Rellich-Kondrashov theorem, and up to taking a

subsequence, we may abuse notation and assume that
— log * feA — —logx g
weakly in W1P(B(0, R)) and strongly in LP(B(0, R), dx); and
—logx* f— —logx g
weakly in W1P(B(0, R)) and strongly in LP(B(0, R), dx). The conclusion

now follows directly by a strong-weak convergence argument. O

Using a theory developed by Buchard & Guo [2, Lemma 3.2], one

may now assert the following optimal shape theorem:

Theorem 6.5.7. Every accumulation point of the family {s(Cc), : € > 0}
in the sense of Lebesque measure in R? may be written as f* o T, where
T is a translation in R? and f* is a radially nonincreasing function.

In particular, there exist R > 0 independent of € > 0, and a family
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{Xc € D:e> 0}, such that

1
lim / (), d } =0.
e—0 { TSE D\ B(Xc,Re) ( )+ a

We skip the proof of this result, since it is a direct copy of the proof

of [2, Lemma 3.2]. Since we are working with the Newtonian potential
kernel K, the proof applies in LP(R?, dx) instead of L?(R?, dx).

6.6 Application to a relaxed maximization prob-

lem

In this last section, we apply the result previously obtained for a more
common problem that already appeared in the work of Turkington [9, 16,
17] for non sign changing vortex. Let us consider the following energy

maximization problem: Maximize the energy E. over the class

Fez{f:DaR:]f\geZSg,

/ (f)y du= TSE,/ (f)_dp=(1- 7)56}.
D D

This class is physically motivated by the fact that the integral constraints
are constraints on the vortex strength, while the L*°(D) constraint is
natural, since the vortex is a kinematic quantity. Without too much
effort, we show that the results we have previously obtained may be

applied to this problem.

Theorem 6.6.1. There exists at least one mazimizer of F. over the class

I'c. Moreover, every mazimizer f* is a function of the form
fE= G_QSE(XAj - XA;)
with AF N AZ = 0 two distinct measurable sets such that

WA = 7€, (A7) = (1- 1),

€
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and there exist X. € AY, Y. € A7, such that

€’

WA AB(X, RYT O))

- w(AZ AB(Ye, R\/1 —T¢))
2

=0, li

lim
e—0 62

e—0 €

where R~1 = /7 supp b.

Proof. The existence part follow from usual functional analysis techniques.
More precisely, the class I'c is weakly compact in LP(D, u), for every
p > 1, while the energy E. is weakly continuous on bounded set in
LP(D, ), for every p > 1. The last assumptions of the theorem directly
follows from our preliminary work. All that remains to be proved is that

every maximizer f* of E¢ over I'¢ is of the form

f*=€e2S(xa — xB)

for some measurable disjoint sets A, B C D. By symmetry, it is sufficient

to prove that we have (f*), = € 2S.xa. We define the measure j, as

pe(A) = p(AN{f* = 0}),

for all measurable sets A C D. We define also the energy

and the new class
fez{f:0§f§e_256:{f>0}ﬂ{f*<0}:®,/ fd,uE:TSE}.
D

Then clearly every function f € I'. induces a function f — (f*)_ € I, so
that

Ec(f) = Ec(f = (f)_) <E(f*) = E((f*),)-
Therefore, the function (f*) € I, is a maximizer of E, on T..

Furthermore, one observes that a function f belongs to I, if, and

/ fdue =78
D

only if we have
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and the additional property that, for all ¢ > 0:
¢ t
[ s < [ e Sixurgls) ds
0 0

where fFe € L>°(R™) denotes the nondecreasing p-rearrangement of f

in the positive half line R™. In other words, we have the set identity
r.= {feL‘”(D):Oéf,{f>0}£D\{f*<0},

/ fdpe=78,9t>0: /t fre(s)ds < /t € SX (0,0 (5) dS}-
D 0 0
Since we also have
8= [ (), e £ Sl > 0,
there exists at least one measurable set A. C D\ {f* < 0} such that
w(Ae) = 7é.

In particular, we have (e 2Scy 4, )" = 6_2SEX[0’T€)7 the function e 2S x4,

belongs to T, and we have
I.= {feLOO(D):ngge286,{f>0}gD\{f*<0},

¢ t
/ fdpe =78,Vt>0: / fre(s)ds < / (€72Sx 4" (s) ds}.
D 0 0

The class T equals the weak closure in LP(D, pi¢) of the indicator func-

tion e 2S.x 4, [8,14,15]. Since E, is a strictly convex functional, every

maximizer of Ee over the convex set f€ = Rearg(e2S.x AG)W must be an
extreme point of this set. On the other hand, the set of extreme points
of Rearg(e*ZSGXAE)W is the set Rearg(e 2S.xa.) [8,14,15]. From this it

follows that (f*), is a pe-rearrangement of € 2S.x 4, . O
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