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We establish large sample approximations for an arbitray number of bilinear
forms of the sample variance-covariance matrix of a high-dimensional vector
time series using ¢1-bounded weighting vectors. Estimation of the asymptotic
covariance structure is also discussed. The results hold true without any con-
straint on the dimension, the number of forms and the sample size or their
ratios. Concrete and potential applications are widespread and cover high-
dimensional data science problems such as projections onto sparse principal
components or more general spanning sets as frequently considered, e.g. in
classification and dictionary learning. As two specific applications of our re-
sults, we study in greater detail the asymptotics of the trace functional and
shrinkage estimation of the covariance matrices. In shrinkage estimation, it
turns out that the asymptotics differs for weighting vectors bounded away
from orthogonaliy and nearly orthogonal ones in the sense that their inner
product converges to 0.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 60F17; secondary 62E20 .
KEYWORDS: Brownian motion, Linear process, Long memory, Strong ap-
proximation, Quadratic form, Trace.

1. INTRODUCTION

A large number of procedures studied to analyze high—dimensional vector time series of
dimension d,, depending on the sample size n relies on projections, e.g. by projecting the
observed random vector onto a spanning set of a lower dimensional subspace of dimension
L,,. Examples include sparse principal component analysis, see e.g. [20], in order to reduce
dimensionality of data, sparse portfolio replication and index tracking as studied by [4], or
dictionary learning, see [1], where one aims at representing input data by a sparse linear
combination of the elements of a dictionary, frequently obtained as the union of several bases
and/or historical data. R

When studying projections, it is natural to study the associated bilinear form v/ 3, wy,,
Vi, Wy, € R representing the dependence structure in terms of the projections’ covariances.
Here and throughout the paper X, is the (uncentered) sample variance—covariance matrix.
In order to conduct inference, large sample distributional approximations are needed. For a
vector time series model given by correlated linear processes, we established in [17] a strong
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2 A. STELAND, R. VON SACHS

approximation by a Brownian motion for a single quadratic form, provided the weighting
vectors are uniformly bounded in the £;-norm. It turned out that the result does not require
any condition on the ratio of the dimension and the sample size, contrary to many asymptotic
results in highdimensional statistics and probability.

In the present article, we study the more general case of an increasing number of quadratic
forms as arising when projecting onto a sequence of subspaces whose dimension converges to
oo. Noting that the analysis of autocovariances of a stationary linear time series appears as a
special case of our approach, there are a few recent results related to our work: [23] established
a central limit theorem for a finite number of autocovariances, whereas in [22] the case of long
memory series has been studied. [8] has studied the asymptotic theory for detecting a change
in mean of a vector time series with growing dimension.

To treat the case of an increasing number of bilinear forms, we consider two related but
different frameworks: The first framework uses a sequence of Euclidean spaces R% equipped
with the usual Euclidean norm. The second framework embeds those spaces in the sequence
space {5 equipped with the fo—morm. It is shown that, in both frameworks, an increasing
number of, say L,, quadratic forms can be approximated by Brownian motions without any
constraints on L, d, and n apart from n — oo. One of our main results asserts that, for the
assumed time series models, one can define, on a new probability space, equivalent versions
and a Gaussian process G, taking values in C([0,1], R*"), such that

sup

te[0,1] Vnln j=1

( ()7 (5 $ @M\ _
Vi) (B nt) — EX ) )Wy ) —Gn(t)| = op(1),

as n — 0o, almost surely (a.s.), without any constraints on L, d,.

We believe that those results have many applications in diverse areas, as indicated above.
In this paper we study in some detail two direct applications: The first application considers
the trace operator, which equals the trace matrix norm || e || when applied to covariance
matrices. We show that the trace of the sample covariance matrix, appropriately centered,
can be approximated by a Brownian motion, a.s. on a new probability space, which also
establishes the convergence rate

HﬁnHtT - HEgn”tT = OP(nil/an)-

The second application elaborated in this paper is shrinkage estimation of a covariance
matrix as studied in depth for i.i.d. sequences of high—dimensional random vectors as well
as dependent vector time series, see by [12], [13] and [16] amongst others. In order to reg-
ularize the sample variance-covariance matrix, the shrinkage estimator considers a convex
combination with a well-defined target that usually corresponds to a simple regular model.
We consider the identity target, i.e. a multiple of the identity matrix I,, of dimension d,. To
the best of our knowledge, large sample approximations for those estimators have not yet
been studied. We show that, uniformly in the shrinkage weight for the convex combination,
a bilinear form given by the shrinkage estimator can be approximated by a Gaussian process
when it is centered at the shrunken true covariance matrix using the same shrinkage weight.
By uniformity, the result also holds for the widely used estimator of the optimal shrinkage
weight. For this estimated optimal weight the convergence rate under quite general conditions
is known. It turns out that, when comparing the matrices in terms of a natural pseudodis-
tance induced by bilinear forms, the convergence rate carries over from the optimal weight’s
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estimator. We also compare the shrinkage estimator using the estimated optimal weight with
an oracle estimator using the unknown optimal weight. Last, we study the case of nearly (i.e.
asymptotically) orthogonal vectors. As a consequence of the Kabatjanskii-Levenstein bound,
see [18], this property allows to place much more unit vectors on the unit sphere. It turns
out that for nearly orthogonal vectors the nonparametric part dominates in large samples,
contrary to the situation for vectors bounded away from orthogonality.

The high-dimensional time series model of the paper is as follows. At time n, n € N, we
observe a d = d,, dimensional mean zero vector time series

Y= W o yWy s 1 <i<n,

ni ni

whose coordinates are causal linear processes,
o

(1.1) YTElV) ZZC%)Q_J’, iGNo,VZI,...,dn,
=0

where {¢;} are independent mean zero error terms with E(e;) = 0 for all k, possibly not
identically distributed, with finite moments of the order 4+ § for some ¢ > 0. The coefficients
(v)

Cp; may depend on n and are therefore also allowed to depend on the dimension d,,. We
impose the following growth condition.

)

Assumption (A): The coefficients ¢, ; of the linear processes (1.1) satisfy

()2 —3/2—0
(1.2)  sup max ey |7 <7

neN 1<v<dn

for some 0 < 6 < 1/2.

It is well known that Assumption (A) covers common classes of weakly dependent time
series such as ARMA (p, ¢)-models as well as a wide range of long memory processes. We refer
to [17] for a discussion.

Define the (centered) bilinear form

(1.3) Qn(Vi, wWp) = \/ﬁvib(in —3,)Wn, Vi, Wy, € R

where

~ 1 &
(1.4) %, = - ZYm»Y;u. and X, =FEX,.
=1

The class of proper (sequences of) weighting vectors,
Wp = (wnla"'awndn)/v n=>1,

studied throughout the paper is the set W of those sequences {w, : n > 1}, w,, € R%, n > 1,
which have uniformly bounded ¢;-norm in the sense that

dn
(1.5)  sup||wpllgy = supz |wny| < o0.
neN neN

l1-weighting vectors naturally arise in various applications such as sparse principal component
analysis as, see e.g. [20], or sparse financial portfolio selection as studied by [4]. For a more
detailed discussion we refer to [17].
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The rest of the paper is organized as follows. In Section 2, we introduce the partial sums
and partial sum processes associated to an increasing number of bilinear forms and establish
the strong and weak approximation theorems for those bilinear forms. The application to
the trace functional is discussed in Section 3. The large sample approximations for shrinkage
estimators of covariance matrices are studied in depth in Section 4.

2. LARGE SAMPLE APPROXIMATIONS FOR HIGH-DIMENSIONAL BILINEAR FORMS
2.1. Definitions and review

Let us define the matrix—valued partial sums

k
=1

1<v,p<dn

k
i=1

1<v,p<dn

for n,k > 1, and put
(23)  Dup(Vi, Wn) = Vo (Znk — Zop)Wn,  n k> 1,

for two sequences of weighting vectors {v,}, {w,} € W. The associated cadlag processes will
be denoted by

(2.4)

Dy, (t; v, Wn) = n_l/QDn,Lntj (Vin, Wn) = V;Ln_l/z(f}n,tntj *En,LntJ YW, tel0,1],n > 1.
Especially, we have
(25)  Du(1) = Du(1;Va, Wa) = Vi /n(Sy — Zp)wn,n > 1,
with 2, = B, = L5 B(Y,Yo)

For some sequence of standard Brownian motions, {By(t) : t € [0,00)}, n > 1, and any
constant N > 0 we can introduce the rescaled version {N~Y2By(tN) : s € [0,1]} called the

[0,1]-version of B,,. In [17] the following result on the asymptotics of a single bilinear form
for a uniformly bounded ¢;-projections is shown:

THEOREM 2.1 Suppose Yy, 1 < i < n, n > 1, is a vector time series according to
model (1.1) that satisfies Assumption (A). Let v, and w, be weighting vectors with uni-
formly bounded ¢1—norm in the sense of (1.5). Then, for each n € N, there exists equiva-
lent versions of Dyui(Vn, Wy) and Dy (t;vp, wy), t > 0, again denoted by Dyp(vn, wy) and
D, (t; vy, Wy), and a standard Brownian motion {W,(t) : t > 0}, which depends on (vy, W),
i.e. Wi (t) = Wy (t; vy, W), both defined on some probability space (Qy,, Fp, Py), such that for
some A > 0 and a constant C),

(2.6) | Dot (Vi, W) — Qi (Vi Wi )W (2) ] < Ctt/ >, for all t >0 a.s.,
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where oy, (Vi, Wy) is defined in (A.7). If Co,n= = o(1), as n,t — oo, this implies the strong
approximation

(2.7) sup | Dy (t; vy, Wy) — apn(Va, wp) Wy (Int] /n)| = o(1), a.s.,
tel0,1]

as n — oo, for the [0, 1]-version of W,, as well as the CLT
(2.8) 1 Dn(1; Vi, W) — an(Vi, Wn) Wi (1)] = o(1), a.s.,
as n — 00, i.e. Dy(1) is asymptotically N'(0,a?2).

A multivariate version for L € N bilinear forms, which approximates
. “\L
(Datos v W)
]:

by a L-dimensional Brownian motion, has been shown in [17, Th. 4.2]. This result allows to
consider the dependence structure which arises when mapping Y, = Y, onto the subspace

Pr = span{wﬁlj) :7=1,...,L} spanned by L weighting vectors,
wew, j=1,...,L
We have the canonical mapping, called projection (onto Pr,) in the sequel,

(290 Y,—~P,Y, P,=wl . why

n

(1) (L)

which represents the orthogonal projection onto Pr, if wy’,..., Wy ’ are orthonormal. The
associated variance-covariance matrix is

Cov (P, Y,) = <COV w9vY, why, >1<j ep T (wg)’Enw,(f)

>1§mk§L'

If the wflj )’s are eigenvectors of 3,,, then Cov (P,,Y},) is a diagonal matrix. But that property
is lost for more general spanning vectors. Given the sample Y,1,..., Y, of d,-dimensional
random vectors, the canonical nonparametric statistical estimators of 3, and Cov (P,Y,)
are 3, as defined in (1.4) and

Cov (P, Y,) = (Wg)linw,&kv .
1<5,k<L

The entries of Cov (P, Y,) consist of bilinear forms as studied in Theorem 2.1, and for fixed
L its multivariate extension suffices to study the dependence structure of the projection onto
Pr. This no longer holds, if L is allowed to grow as the sample size increases, i.e. when
studying the case L = L, — 00, as n — oo. Indeed, the treatment of that high—dimensional
situation is much more involved. As we shall see, it requires a different scaling and a more
involved mathematical framework: The strong approximations we establish in this paper take
place in the Euclidean space RY» of growing dimension and the infinite-dimensional Hilbert
space {5, respectively.
Thus, to go beyond the case of a finite number of bilinear forms we now consider
Qn(v), wl)) = v,(lj)’flnw(j), j=1,...,Ly,

n
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where ({véj)}g’il, {ng)}?il) eEWxW,j=1,...,Ly, are Ly, pairs of uniformly ¢;-bounded
sequences of weighting vectors and L, may tend to infinity as n — oo. We are interested in
the joint asymptotics of the centered and scaled versions of the corresponding statistics (2.5)
given by

(210) Dpj = L;Y?D,(1,v0, W), j=1,..., Ly,
and the associated sequential cadlag processes

(211)  Dyj(t) = L;V?D, (t; v, wl)), tel0,1], j=1,...,Ly,

cf. (2.4). The additional factor L, 1/2 anticipates the right scaling to obtain a large sample
approximation.

Further, we are interested in studying weighted averages where averaging takes place over
all L, forms and all sample sizes n € N. Let A\, be the weight for sample size n and p,
the Weight for the pth quadratic form associated to a pair of sequences of weighting vectors
{V Wn :n>1}forp=1,...,L,, n > 1. Define for k > 1

212 DU N = 3 A 30 o (St — S w2,

n,m=1 p=1o0=1

where

(213)  Bpmr =Y Yui Y,
i<k

(214) Sk = E(Snmi),
for n,m > 1. Notice the relations
innk = f}nka inn =n,

between (1.4), (2.1) and (2.13). Dk({(v,(f),wgl ))}) depends on all weights {Um,,w%’f,), Ans p
1<v<dy1<p<Lyn>1} butis measurable w.r.t Gy = 0(Yy; : n € Nyi < k). Now, for
any sample size M we may consider the associated cadlag process associated to (2.12)

(215)  Du(t{(vi, W) = M2Dp ({(vi?, wi)}), ¢ e [o,1].

n

2.2. Preliminaries

Before proceeding, recall the following facts on the Hilbert space ¢2 and strong approxima-
tions in Hilbert spaces. The space {5 of sequences f = (f;); with Zj f]2 < oo is a separable
Hilbert space when equipped with the inner product (f,g) = >_; f;g;, f = (f;)j.9 = (9;); €
ly, and the induced norm || f|ls = \/(f, f)-

Sufficient conditions for a strong approximation of partial sums of dependent random
elements taking values in a separable Hilbert space require the control of the associated
conditional covariance operator. Denote the underlying probability space by (€2, F, P). Let
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(X;); be a random element defined on (2, F, P) taking values in ¢y with E||X||%2 =

X = (X;
> E(XJZ) < 00. The covariance operator Cx : f3 — {3 associated to X is defined by

Cx(f) = E[(f,X)X] = ijE(Xij) , o =)l

k

To any o-field A we may associate the conditional covariance operator of X given A,

(2.16)  Cx(flA) = E[(f, X)X|Al = | Y HEXGXRA) | . f=(f); € Lla
J k

Covariance operators are symmetric positive linear operators with operator norm

(217)  |ICx(elA) = sup  [(Cx(f), f)lle.-
fela:][flle,=1

For further properties and discussion see [3].

A strong invariance principle in ¢ deals with the a.s. approximation of partial sums of
fo—valued random elements by a Brownian motion in £s. Recall that a random element B =
{B(t) : t € [0,1]} with values in C([0, 1], ¢2) is called Brownian motion in /s, if

(i) B(O) =0¢€ lo,

(ii) for all 0 < t; < -+ < t, < 1 the increments B(t;+1) — B(ti), i = 1,...,n — 1, are

independent and
(iii) for all 0 < s,t < 1 the increment B(t) — B(s) is Gaussian with mean 0 and covariance
operator min(s, t)K for some nonnegative linear and self-adjoint operator K on ¢35 such
that Y 2, (Ke;, e;) < oo, where {e;} is some orthonormal system for £5.
If K = Cx for some random element X, B is the Brownian motion generated by X. The
definition for a general separable Hilbert space is analogous.

A strong invariance principle or strong approximation for a sequence (i, (s,... of random
elements taking values in an arbitrary separable Hilbert space H with inner product (e,e)
and induced norm | e | asserts that they can be redefined on a rich enough probability space
such that there exists a Brownian motion B with values in H and covariance operator C¢
such that, a.s.,

(218) > ¢ - B(t)| < ct'P,
J<t
for constants A > 0 and ¢ < oo, if the dimension of H is finite, and,

(219) |¢ — B(1)| = o(y/tlog{log ),

J<t

as t — oo, a.s., if H is infinite dimensional.
Throughout the paper we write, for two arrays {a, ,/} and {b, ,} of real numbers,

n/ ’

Apt gy L bpy oy, if there exists a constant ¢ such that a, < cbyy py for all n/, m'.
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2.3. Large sample approrimations

We aim at showing a strong approximation for the D([0, 1]; ¢)-valued processes

D, = (Dnj)fﬁp n =1,

where the coordinate processes D,,; are given by

1

D)= i
n

Dy, ) (v, W), te0,1], n>1,

n

with an(v,(lj),w(j)) = vg)’(ink — Enk)wg) for j=1,...,L,, n > 1, cf. (2.3) and (2.10).
The above processes can be expressed as partial sums.

LEMMA 2.1  We have the representation

k
(220) D=3 &",
i=1

fork=1,...,n,n>1, leading to
[nt

J
S teln>1,
=1

(2.21)  Dy(t) = \/:Tn

where the random elements fgn) are defined in (2.37).

To introduce the conditional covariance operators associated to D,,, denote the filtration
Fm =0(ei i <m), m € Z, and define

CU(f|Fo) = E[(f, Da(1)Du(1) | Fol,  f € Llo,n>1.
Let us also introduce the unconditional covariance operator
C(n)(f) = E[(f, Zn)Zn), [ €Ly,

where Z,, = (an)f;ll, n > 1, with random variables Z,;, 1 < j < L,, satisfying E(Z,;) =0
and

E(Zn]an) = Lglﬂg(% k)a
for j,k=1,...,L,. Here

(2.22)  B2(j,k) = B2(vY), W) v{F) wik))

n n

are the quantities introduced in (A.9), the asymptotic covariance parameters of the bilinear
forms corresponding to the pairs (vg), wﬁi)) and (V,(Zk)7 w;k)), 1<j,k<Ly.
The following technical but crucial result establishes the convergence of C(™) (e8| Fy) —C(™ ()

in the operator semi—norm in expectation and provides us with a convergence rate.
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THEOREM 2.2 Suppose (vg),wg)) j=1,..., Ly, have uniformly bounded ¢1-norms,

sup max rnax{Hv Hgl, ||w ])||g1} < C < oo,
n>11<j<Ln

for some constant C'. Let

m/+n’

Z fk ) m/7n/217n217
k=m/+1

2.23) S
( ) n',m \/T

with fk n) defined by (2.37). Define

O (1 Fmr) = EI(f, S0 )80 | Fond),

for f € . Then

B|Cy (ol Fn) = C (@) " ()7,
where || ® || denotes the operator norm defined in (2.17).

We are now in a position to formulate the first main result on the large sample approxi-
mations of L, bilinear forms when L,, converges to infinity, in terms of the ¢1— as well as the
fo—mnorm. The results holds true under the weak assumption that the weighting vectors have
uniformly bounded ¢; norm.

THEOREM 2.3 Let Yy, 1 < i < n, be a vector time series following model (1. 1) and sat-

isfying Assumption (A). Suppose that ({vél)}j‘;l,{wgl)}g‘;l), ({V(L" 124 {wn ”)}g 1) €
W x W, n > 1, have uniformly bounded £1-norm, i.e.

sup max max{[[v{|,, W, } < C,
n>11<j<Ln

for some constant C' < co. Then all processes can be redefined on a rich enough probability
space, such that there exists, for each n, a Brownian motion of dimension L,

Bu(t) = Bu(t: {(vi),w) : 1< j < Ln}), 20,
with coordinates By(t)j, j =1,..., Ly, and covariance function given by
(224)  B(Bu(s);Bn(t)x) = min(s, )Ly, ' 57 (7. k),
for 1 <4,k <L, and s,t > 0, such that the following assertions hold true.

(i) In the Buclidean space RF" we have the strong approzimation

(2.25) || L,"/* Dy — By HRLn— SN - Bt < Ot

RLn

a.s, for constants Cp, < oo and A, > 0, where X\, depends only on L,, § and 6.
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Provided
(2.26)  Cpn = o(1),

as n — 00, the following assertions hold.
(ii) With respect to the {a—norm we have

L ) [
— n
sup D,.i(t) — B, <> =o(1
tewjzl ;(t) ) (1)

as n — oo, for the [0, 1]-version By, of By,.
(iii) With respect to the £1-norm we have

D, (t) — By, <WJ>J

)=o),

sup

1 &
te(0,1] vV Ly, JZ;

as n — oo, for the [0,1]-version By, of By, and with respect to the maximum norm

sup max |Dp;(t) — By <WJ)] =o(1),

t€[0,1] I<Ln n

as n — 00.

() Let {\, : n € N} and {y, : p € N} be {1-weights. Then there exist constants A > 0
and C < 0o and a({An}52, {Hp} 52 {(v,(f),wgp)) mop=1) = 0, such that for equivalent
versions and a standard Brownian motion B on [0,00), defined on a new probability

space,

227) DA, WD) = alDn i, b, AV, Wi}, ) B < CF2,

a.s., for all t > 0. Further, for any sample size M

(2.28)
Sup Da (5 { (v, Wi —a({n o, (o Yoo AV, W) 3 oo, ) B ()] < CM,
€ )

a.s., for the [0,1]-version By of B.

REMARK 2.1 The Brownian motions can be constructed such that

(2.29)  sup

n n
t€[0,1] n

B <LntJ) L 0y (w0, wiy i, (W;VO‘),w(ﬁ)‘ — o(1),
. n
J

asn — 00, a.s., if (2.26) holds, where Wn(o;vg),w(j)) is as in Theorem 2.1, for j = 1,..., Ly.

Due to assertion (iv) of the above theorem we may conjecture that (2.26) holds, cf. the
discussion in [17], but we have neither a proof nor a counterexample. The following result
studies the relevant processes in the infinite-dimensional space /2 and yields an approximation
in probability taking into account the additional factor loglog(n).
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THEOREM 2.4 Suppose that the assumptions of Theorem 2.8 hold. In the Hilbert space £s we
have the strong approximation

= o(y/tlog(logt)),

(2.30)  ||L, 2Dyt — Bu(t)le, =

t
oL - B
k=1

Lo

as t — 0o, a.s. There exists a sequence {6, : n > 1} C N such that with N = [nloglog(n)]

k
1 n 5 k
VNL, ;5 b (N)

n — oo, for the [0,1]-version By(t) = N~Y2B,(tN). In other words,

(2.31)  max

= 1
Sn<k<n or(1);

12

n k — k
(2.32) Smax ”NDn <n> — By (N) ., =op(1),
or equivalently
n — [ |nt]
(2.33) sup —D,(t) — Bnxy <> =op(1),
ongpy 1V N N lle,
as n — oo.

The above result eliminates the condition (2.26), but we have no detailed information about
the sequence 9,,.

2.4. Proofs

PROOF OF LEMMA 2.1: We argue as in the proof of Theorem 2.1 given in [17], where it was
shown that the partial sum (2.3) associated to a single bilinear form Q(v,,w,) attains the
representation

(234)  Dug(Vi, wa) = 3 &7 (v, W)
i<k

with Gaussian random variables

with coeflicients

dn dn
(2.36) CS;) = Z v,jcsll;), 07(;;) = Zw,,c,(;;),

v=1 v=1
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for j > 0 and n > 1. For L,, pairs of weighting vectors (v,(lj),wg)), j=1,...,L,, we consider

the corresponding partial sum process where the summands are the L,-dimensional vectors

Ln . A N
@31 €=(g"0) " &0 =0 W, =1 L,
for ¢ = 1,2,..., which we, however, also interpret as random elements taking values in /5.
This completes the proof. Q.E.D.

[15, Th. 1] asserts that (2.18) and (2.19), respectively, hold, if the following conditions for
the scaled partial sums S, (m') = (n/)~ /2 Zzn:/jgﬁ;l Cr, k,m/,n' >0, are satisfied:
(I) sup;>; E|¢;|*™° < oo for some § > 0.
(IT) For some € >0

E|E(Su(m)| Fu)| "< (')
(III) There exists a covariance operator C' such that the conditional covariance operators
Cn’(ﬂ}-m/) = E[(f> Sn/(m/))sn/(m/)|}—m’)a J €H,

converge in the operator semi-norm || e || to C(f) in expectation with rate (n’)~%, i.e.

’

E|[Cy (o Fp) = C(o)]| "< ()7,

for some 6 > 0.

As shown by [5], the strong invariance principle (2.19) also holds true for strictly stationary
sequences taking values in a separable Hilbert space, which possess a finite moment of order 2+
§’, 8" > 0, and are strong mixing with mixing coefficients satisfying a(k) = O(k_(1+5)(1+2/5/)),
for some € > 0. The above conditions are, however, more convenient when studying linear
processes. [21] has studied strong invariance principles for a univariate nonlinear time series
using the physical dependence measure, which is easy to verify for linear processes. Extensions
to vector-valued time series (of fixed dimension) have been provided by [14]. We rely on the
conditions of [15], since they allow to study time series of growing dimension and taking values
in the infinite-dimensional space #2 in a relatively straightforward way.

As a preparation for the proof of Theorem 2.2, we need the following lemma dealing with
the uniform convergence of unconditional and conditional covariances of the approximating
martingales defined by

(238) Mp)=3 { for ()(ek = o}) + e Y f},’g%u)ek_l} )
k=0 =1

where for brevity 7?)(1/) = A}@)(v%y),w,({’)), Li=0,1,2,...,v=1,...,dp,.

5

LEMMA 2.2 Under Assumption (A) and if E(e}) =0 for all k

(2.39)
sup | sup (B, (1) = M () (M0, () = My () | Fow] = ' B[ || << (),
n> <v,u Ly
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which implies

(2.40) sup sup (n')”09 supE[(M()

m/+n/
n>1ln'm'>1 1<v

(V) = MU ()] Fr] < 00,
a.s. Further,

(2.41)

(n) " sup sup [E(ME, () = MDD @) (MDD, (1) = MO (1) = 0 Buv, )| << ()7,

’ /
n>11<vp —+n m m/+n
which implies

(2.42) sup sup (n')" "D sup E[(Mé1 )+n (v) — M@(V))Q] < 00,
n>1n/m'>1 1<v

ProOOF: A direct calculation leads to

Cora(v, 1) = BI(MS), () = M ) (M), (1) = MU (1)) | Fo]

m'+n m/+n/
— 0 o)+ C2 (v, )+ ) (v, ),

where

m/+n’
4
Mn’/N Z foo W) (v — %),
k=m'+1
m/4+n’ k— m—|—1~( N()
n
Mn’/:“ Z Z fz, (m)oioi i,
k=m/+1 =
m/+n’

n 2
Oy (v, 1) =) jij o (Woier—i€r—r,

k=m/+11I'=k—m'

for m’,n’ > 0. First notice that

1 9 n’,m’ _
sup sup |[C4) (v, ) + Cp (v, 1) — /B, )| € ()17,
n>11<v,u

see (A.10). Therefore, (2.39) follows if we show that

sup £/ 1-6,

n>1 1<y

sup [CD) (v, u)\] L)

Recall that ¢; = supy>; E(e) < oo and assume w.l.o.g. ¢z = 1 in what follows. The Cauchy—
Schwarz inequality yields

(")) (v, )

IN
S|~
]

IA
P
3\‘H

3
Jr
3\
Nk
=
o
S
Ry
i
~
[\
3\‘H
h
]2
=
o
=
ol
~
[V
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Using || - |le;, < - |le, and Jensen’s inequality, we obtain

1 m/+n’ 00 ~() 2 1 m’+n’ 00 N() 1/2
n 2 ( 2. I (V)|6k_l) n/ ( > o (V)]‘leiz)

< | =
k=m/+1 \l=k—m/' \ k=m/+1 \l=k—m/
1 m/+n/ () 1/2
£n) V4.4
< o ( Z suplf; o (V)] e
k=m/+1 \I=k—m/ 1SV

where the upper bound does not depend on v. Hence,

m/+n/ )

_ 3 1 n
Esuwp |(n) O v < B = S0 Y suplfiy (n))el
Iy LR A

m/+n/

Z Z supflo 4%kt

km+llkm

Using |£3) ()] = O(Ivi |6 [IvY”[le,1=3/4-8/2), uniformly in n, supjsy v, < oo and the ele-

mentary fact that > ;= e Sk 272 = O((n') =), (2.39) follows. The above argu-
ments also imply that

!

n',m
sup E(n') | Can (v, p)| < 1,
n>1

which in turn implies (2.40). To verify (2.41) one first conditions on F,,,; and then argues simi-
larly in order to estimate ECJ(\j)n(V, 1). Observe that with cz4 = max{supy>;(c7)%, sup>; V¢ supg>1 o2}

B) O, (o) < eni LS Z(sup r)

k=m’+1 1=0

m/+n’
< cu Z Z <SUP \fzo |>

k m/+1 1=0

using || - ||, < || - |le, and Jensen’s inequality, which verifies (2.41) and in turn (2.42). Q.E.D.

Introduce for m’,n’ > 1 and each coordinate 1 < v < L,, the partial sums DT(:,L)m ,(vg’)ng’)) =

Zm’+n’ f(n( v W)

i1 & (v, wy ") and denote the appropriately scaled versions by

. n/7m/ \/m ) 9 - )
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for 1 < v < L,,. The corresponding martingale approximations are given by

() @) ) () () o ()
n My (v W) = Mo (v W)
(2.44) MU, (v) = =" N . omn/ > 1.

We need to study the approximation error,

(n) _ pn) (n)
RY (v)=T,") (v)—M" (v), n,m >1.
The next result improves upon [Lemma 2|[11] by showing that, firstly, the error is of order
(n")~% in terms of the L;-norm when conditioning on the past, and, secondly, that the result

is uniform over /;—bounded weighting vectors.

LEMMA 2.3  We have

3 L7t n)7°.
1

sup B (R, (1) | Fo

1<v
ProOF: Consider, as in [11], the decomposition
R () = QU (0) + P () + O, (),

where

n'—1n/—i—1

1
(245) Q’E:’L,)m V \/ﬁ Z Z lH—l 7%1 —n’—il{lzo} — 6m’+n’—i€m’+n’—l)7
1
(2.46) P,(J?n, T Z fl (v fz i1 (W) (€my—i€mr—ig — G?n/,ll{z:o}),
VL i=0 1=0
n'—1 oo
(247) 0% (v) = Z I, it ) s

Py(;tln, (v) is the projection of Rg,l’)m, (v) onto the subspace spanned by {e,e,—071(,_g : —00 <
r,s < m'} and therefore F,,,~measurable. Hence with e, ;; = €p/—i€m/—i—j — 031/711 {1=0}

o 2
Lo B (RS, ) | For ) = ( S >ﬁ’;in,+l<u>>emf,i,l)

=0 =0
oo 00 2
< (ZZ\JZ%( V) = F i (v >\|em,,i,zr>
=1 [=0
= Z (fl(»?}rl( ) - ﬁﬁnwl(”))%%@/,i,z
i=1 =0
<supasup S S (A @) = fit ()

=0 {=0
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a.s., such that due to (A.4)

/nl

EsupE((P(i1 /(1/))2|]:m/> << L)Y as.

)
n',m
1<v

Q(T,L)m,(y) is the projection of ng)m,(y) onto the subspace spanned by {e.es — 071,y :

n

m’ < r,s < m'+n'} and thus independent from F,,/, such that F ((Q@ (v))? |.7-"m/> =

n’,m’

EQW ()2 << supysy w(Lan) L 0 SIS (FT ()2 << (), uniformly in 1 < .

n',m

Last, by Fatou
(Lan)E ((o@ ()| Fo)

< lim Z Z k ZZ+1 fk i Z+1< )Em’—l-n’—kfm’—i—n’—k’E(em’+n’—i€m’+n’—i’)

N—oo
1,¢/=0 k,k'=n’'
n'—1
<Sup0’k hm Z Z |A£TL)Z ’L-‘r]. fk/f’L Z+1( )Em/+n/_k6m/+n/—k:/|
k=1 i=0 k,k'=n
n'—1 N ~ )
n 2 2
<swpof lim 37| S0 (0 ORI O i
k>1 N—oo
=0 k,k'=n’
n'—1 N
“(n)

2 2 2
< sup O lim k zz+1 m’+n’—k

N—
k=1 OOzOkn

a.s., where we estimated the ¢;—norm by the fo—norm. Hence,

n'—1 oo
Esup E ((Og}?m,(y)f |]—"m/) < (L,n/) " 'sup(o}) Z Zsup fl ¥
1<v k>1 o o 1<y
m<,<n L;Ll(nl)fe’
by virtue of (A.6). This completes the proof. Q.E.D.

PROOF OF THEOREM 2.2: For a sequence of conditional covariance operators C,(e|A) =
El(e, Xp)Xn | Al with X;, = (X,,5);, E(Xn) = 0, n > 1, say, we have convergence in the
operator semi-norm, defined as ||T'|| = supy, =1 [(f, Tf)| for an operator T acting on f2,
to some unconditional covariance operator C(e) = FEl[(e,2)Z], Z = (Z;);, E(Z) = 0, in
expectation, if

E sup |(f,Cu(flA)=C(f)|=E sup Z [ifrlE(Xnj Xk A) — E(Z; )]
feba:| fll=1 felall =115 k=1

converges to 0, as n — oo. Define the ¢3—valued random elements

M, = (M,(L’?) ,(u))oo , T = (T‘T‘Zn/(y)fi

m
’ v=1
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where T;;LG/(y) =0 and Mffzn,(l/) = Tffgn,(y), for v > L;,. Recall that

)

P (f1Fm) = B[S, TSNS | Fl, ] € b,
and let
0 o (FIFm) = EI(f. M M) | Fol,  f € b,

be the conditional covariance operator associated to the martingale approximations. Obvi-
ously,

SUPEHC | Fnr) — C(n)(°)H S Ewm + VYo

n’ m’(
where
Er = sup E|IC) (8 o) = Cob (0| Fo)I,
n>1

Uy e = 5Up E[Cot s (8] Frr) — € ()]

n>1
We shall estimate both terms separately. To simplify notation, let
Cra(w, ) = B (T3, (T8, (1) | For )
Crtn(vy 1) = B (M, )M, (1) | For )

for 1 < v, u < L. To estimate =, ,,,, we shall show that |Cry, (v, 1) —Coapn (v, 1) is O(L; 1 (n')~9/2),
uniformly in n, v, u. By an application of the Cauchy-Schwarz inequality, we have

E sup [Crp(v, 1) — Crn (v, )|

1<v,u
=B sup B (T, ()T, ()| Fo ) = B (MU, )M, ()| Fo )
1<v,u
< 8 sup 8 (I10,0) = M, 0T 00| 7
1<v,u m
+ E sup E<\M,§7m,( T () = M50 \’f >
1<v,u
where
E sup E(\Tn) (V) M(n) HTn) || Fn )
1<v,u
< Esup \/E ((Tgl)m/(V) - M,(fzn/(l/))z |Fm’> \/SUP E|T,§7)m/(’/)’2
1<v ’ ’ 1<v '
n<7£n L;l(n/)fa/Q,
since Tﬁ% () is independent from F,, and the decomposition qujfln,(,u) = Mgzn, (1) +

(Tgt)m,(u — MW /(1)) leads to sup,,>; sup;<, E\Téffzn,(l/ﬂ? < o0, by virtue of (2.42) and

n/,m
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Lemma 2.3. Further,

< ¢E (00 = M 021 For )y [ (1M, 0 e

n';m' _
< Lnl(n/) 9/2,

WIIT, (1) = M (0] | o)

n’,m/

by (2.40) and Lemma 2.3. uniformly in v, u =1, ..., L,. Consequently,

wm' —0/2
sup L, E' sup ’CTn(Vvu) _CMTL(VMLL” < (n)

n>1 1<v,u
. . . L 1/2 L 2 1/2 .
Hence, using the inequality > ", |f,| < Ly (Zyl1 V) , we obtain

an/,m/sSggEuc,il (o1 Fmr) — Cot s (o] For) |

L?’L L’!L

= supE sup ZZfou Vu)

n2l  fiflleg=1|,= 1 p=1

< sup E sup |C’T C’,],W sup ZZ\fufu

n>1  1<vp Fillfllea=10=1 p=1

" L )P (Z!f \) & )y,

By Lemma 2.2 and the scaling of the martingale approximations, Myzn,(u), 1<v< Ly, by
the factor (L,n')~1/2,

sup L, max || E[M M M) (W) F] = L B2 i), < ()"
nzl 1< ,,U,
Therefore

\I’n m/ = SupE”C ( |‘F ) C( )(.)”

<supE sup szl’fﬂ CM L, 152(%#))

n>1 | flley<t | =] oo

<suwpE sup sup [CD)—L,'B2(v, ) <Z|fy>

n>1 | fllgy=11<0,p

n’m’
& supL;'(n)™? sup L, ny & (n)~".
n>1 Iflley=1 =1

Q.E.D.
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PROOF OF THEOREM 2.3: By virtue of Lemma 2.1, Equation (2.20), we have the represen-
tations

D=3 (670) " D)= 2= ¥ (670),

k<t k< |nt] =

and therefore we check conditions (I) — (III) of [15] discussed above for (; = L? (n), cf.
(2.37). The summands can be seen as attaining values in the Euclidean space R " of finite (but
increasing in n) dimension L,, or as random elements taking values in the infinite dimensional
Hilbert space #s.

To show (I) observe that by the C,—inequality, for each 1 < j < L,,,

EIEM ()2 < B([ Yok (V) Yop (W) + BV (vO) Yoo (WD) )20
< BBV, (V) Yo (W) 20

< 23+5\/E\Ynk(vg))\“%\/E\Ynk(wfzj))\“%.

Repeating the arguments of [11, p. 343], we obtain for ¢’ € (0,2) with xy = ¢’/2

E|Ynk( )‘44-6 < sup E|€k’|4+§ Z‘ v])| (2+x)

=0
+ sup E(ezl){supE 62/)} c 2{ c }
o (e} S (S}
uniformly in & > 1. But sup; ; ]cné | < Hv H[l sup1<y ]cné | and sup; <, |cn€ | < (l\/l) 3/4-0/2
due to Assumption (A), imply sup;<; > 2, |c |2 < oo and, in turn, 372, | n"g 220 < oo,

Noting that the above bounds hold uniformly in k£ and n, we obtain

( )|2+5

supsup max E]{ < 0.

n>1k>1 1<J<Ln

By virtue of Jensen’s inequality, we may now conclude that

14+6/2
E|lL; 2|3 = Z[»s(")( )’ <L, 12% )P < oo,
=1 J=1
which establishes (I).
Introduce the partial sums
m/+n’
(2.48) ST — Z €M >
k m/+1

Condition (II) can be shown as follows. Denote the coordinates of 87(17)771' by Sr(z,l)m, (j) and

notice that they are given by SfL, e (3) = 205 ;Ln”_H _1/25 (7). Denote the corresponding

martingale approximations by M, () , and MT(L, Zn,( j), respectively, and let Rgf)m, = SS,L)m,

n’,m
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MS}ZW be the remainder with coordinates Rg:f)m, (4), 1 < j < Ly, cf. the preparations above.
)| Fwr) = (R ()|Fo), 1 < G < L.

n',m’

Clearly, the martingale property implies F (ST(;,L)m,
Lemma 2.3 asserts that

sup L,E |sup E ((Rgf?m,(j))?‘fm/)] "<’2n (n/)_(’,

n>1 1<j

such that two applications of Jensen’s inequality lead to

(n) (n) s 2
sup | B8, | Foe)], < sup 2.7 BB, () Far)]
g (n)
n 2 ,
<supy D B (B, 00 | Fur )|
< sup \ L.,E Sllélj)E ((Rfﬁ,)m/(jW Ifmf)]
n/<21/ (n')~9/2,

which shows (II). Condition (III) follows from Theorem 2.2.

Consequently, we may conclude that we may redefine all processes on a rich enough prob-
ability space where a Brownian motion By, (t) = (B,(t);); with covariance operator C", i.e.
with covariances E(By(t);Bn(t)r) = L, 82(j, k), exists, such that for constants ), > 0 and
C, <o

1L Y2 Dy (Vi Wi ) — Bu(t)||gin < Cptt/? 0, for all ¢ > 0,
a.s.. Therefore

sup || Dn(t) = Bu(lnt)/n)|[gen < Con™7,
t€[0,1]

a.s., for the [0, 1]-version B,, of B,,, which implies assertions (i) and (ii).

To show (iii) recall that the vector 1-norm of R¥» can be bounded by L, Y 2|| . HR%{H such
that
Ly B B
> Duj(t) = Bu ([0t /n); | < Li*Du(t) = Bal[nt/n)le, = o(Ly/?),
j=1

as n — 0o, a.s. Further, using |z;[ < />, ZC?, we have

sup D (t; v, wi) = Bu(|nt]/n);| < sup || Du(t) = Bu([nt]/n)lle, = o(1),

t€[0,1] " t€[0,1]

asn — oo, a.s., for j=1,...,L,.
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It remains to prove (iv). We may argue as in [17] to obtain

Vﬁzp)/(inmk - znmk)wgg) = Z[(V;p)lYni)(Wg)/Ymi) - E((V%p)/Ym)(ng)lYmi))]

i<k
= 3 V) Vi () = BV (v0) Vi (i)
i<k
where
oo dn ( ) o dn »
j=0v=1 =0 pu=1
forp=1,...,Lyand 0 =1,..., Ly, n,m > 1. Therefore, for k > 1, we obtain the represen-
tation

Dp({(vi, wif)})
=D 3> Adattohto[Yui (V) Yoni(wi?)) = E(Y i (Vi) Y i(wi)))

i<k n,m p,c
=Y Mil{ehYal{d;}) — EVi({e;HYil{d )]
i<k

for the linear processes Y;({c;}) = >_72, cjei—j and Y;({d;}) = D272, djei—; with coefficients

ZA S Sl iz

n=1 p=1 v=1
o0 Ly dn,
DR 7 K AR
n=1 p=1 v=1
Hence the result follows from [11]. Q.E.D.

PrROOF OF REMARK 2.1: By Theorem 2.1, we may and will assume that, on the same prob-
ability space,

Du(t; v W) = an (v, wiP YW (|nt] /n: v, wid))| = o(1),

as n — oo, for L, standard Brownian motions W, (|nt]/n; vy ),W,(l)) by virtue of Theo-
rem 2.1. But then, since Dy,;(t) = Ly, 1/2Dn(t; vy W,(f)),

sup | By ([nt] /n); — L' Pan (v, wi )W ([nt] /n; v, wi))

n

t€(0,1]

< sup [By([nt]/n); — Dn;(t)]
t€(0,1]

+ sup L, 2D, (t;vP, W) = an(vi), Wi YW (|nt] /n;viP), wid))|
te(0,1]

= o(1),

for each j =1,..., Ly, which verifies the remark. Q.E.D.
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PROOF OF THEOREM 2.4: Observe that the conditions (I)-(III) of [15, Theorem 1] hold in
the Hilbert space {5 as well, since for any x € R% the Euclidean vector norm coincides with
the £o—norm. Therefore, we obtain the a.s. strong approximation

7:1/251‘(71) — Bu(k)|| = enx/kloglogk,

Lo

as k — oo, for sequences e, = o(1), k — oo, a.s., n > 1. Put N = [nloglogn]. Let 7, | 0 be
given. Then for each n € N we may find §,, € N such that P(maxs, <x €nir > €) < 1. Hence
maxs, <i’ €nky = op(1), as n — co. Now we may conclude that for §,, <k <n

S22 B (k)

< max Enk'V N,
On <K’

such that
1§ (n)
— ) L2 — Bu(k)| = op(l
SIS, U [ P Bl = o)
as n — oo, which verifies (2.31)—(2.33). Q.E.D.

3. ASYMPTOTICS FOR THE TRACE NORM

The trace plays an important role in multivariate analysis and also arises when studying
shrinkage estimation. Before providing the large sample approximation by a Brownian motion,
we shall briefly review its relation to several matrix norms.

3.1. The trace and related matriz norms

There are various matrix norms that can be used to measure the size of (covariance) ma-
trices. Here we shall use the trace norm defined as the ¢1-norm of the eigenvalues \;(A) of a
dn-dimensional matrix A,

1A = [h(A

Also notice that the trace norm is a linear mapping on the subspace of non-negative definite
matrices and satisfies ||A||; = tr(A) for any covariance matrix A. It induces the Frobenius
norm via ||A]|% = tr(AA’). Further, it is worth mentioning that the trace norm is also related
to the Frobenius norm via the fact

IAY2)% = ZA = [|Afler-

In this way, our results formulated in terms of (scaled) trace norms can be interpreted in
terms of (scaled) squared Frobenius norms of square roots, too.

There is a third interesting direct link to another family of norms, namely the Schatten-p
norms [|Al|sp, p > 0, of a n x m matrix A of rank r, which is defined as the £,-norm of its
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(non-negative) singular values o1(A) > --- > 0,(A) > 0,41(A) = --- = 0,(A) = 0, ie. of
the eigenvalues of |A| = (AA")1/2 ie.

A5, =D oi(A)P.

The Schatten-1 norm ||Al/s; is also called nuclear norm. Since S, =AAif A=Y,/
such that \;(2,) = 0;(Vn/+v/n)?, we have the identity

”in”tr = Z)‘z(in) = ”yn/\/m

2
5,2-

between the trace norm of the sample covariance matrix and the Schatten-2 norm of the
scaled data matrix.

For a sequence {A,} of matrices of growing dimension d,, x d,, it makes sense to attach a
scalar weight depending on the dimension to a given norm, such that simple matrices such as
the identity matrix receive bounded norms. Having in mind that the squared Frobenius norm
of A,, is the trace of A, A/ | it is natural to attach a scalar weight f(d,) to the trace operator
leading to the scalar weight f(d,)'/? for the Frobenius norm. As proposed by [13], one may
select f(d,) such that tr(A*)f(d,) = 1 for some simple benchmark matrix A* such as the
d,~dimensional identity matrix I,,. Since tr(Iy,) = d,, we choose f(d,) = d,;* and therefore
define the scaled trace operator by

dn
tr*(A) = d," Y Ai(A)
i=1

for a square matrix A = (a;;);; of dimension d,, x d,,. The scaled trace operator induces the
scaled trace norm

1AlG = dy || Aller

for a square matrix A, which is given by ||A||}. = d,'tr(A) for a covariance matrix and
averages the (modulus) of the eigenvalues, and the scaled Frobenius matriz norm given by

(31)  A[F =t"(AA) = d;'[|A|Z.

3.2. Trace asymptotics

Let us now turn to the trace asymptotics. If the dimension is fixed, it is well known that the
eigenvalues of a sample covariance matrix, and thus their sum as well, have convergence rate
Op(n~Y?) and are asymptotically normal, see [9] and [10]. For the high-dimensional case,
the situation is more involved. The sample covariance matrix is not consistent w.r.t. to the
Frobenius norm, even in the presence of a dimension reducing factor model, see Remark 3.1.

The following result provides a large sample normal approximation for the scaled trace
norm of f)n for arbitrarily growing dimension d,, when properly normalized. The result also
shows that the trace norm has convergence rate

}”inHtr - HEnHtT‘ = OP(nil/an%

as n — oQ.
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Introduce for ¢ € [0, 1]

| o]
(32) S ZYm e Zalt) = B(Sa(1)),

and notice that

3, =%,(1) and X%, =32,(1).
We are interested in studying the scaled trace norm process
(33)  Ta® = Vi (IZ.0l — 15.0)5),  tel].

THEOREM 3.1 Let Yp;, i@ = 1,...,n, be a vector time series following model (1.1) and
satisfying Assumption (A). If (2.26) holds, then under the construction of Theorem 2.3,

To(t) I/QZB (Int) /)| = o(1),

as n — 00, a.s. Here B, denotes the [0,1]-version of the Brownian motion B, arising in

Theorem 2.3, when choosing the d, pairs (vﬁi),wff)) = (ej,ej), j = 1,...,dn, where e;

denotes the jth unit vector, and satisfies properties (ii) and (iii) of Theorem 2.3.

Suppose that, in addition to the assumptions of Theorem 3.1, Y,1,..., Yy, is strictly
stationary. Since the weighting vectors used in Theorem 3.1 are the first d,, unit vectors, the
covariance of By, (1); and B, (1);, which is associated to the asymptotic covariance of Dy;(1);

and Dy;(1);, is given by d;,182(i, j) where 52(i,j) = B2(ei, e ej,€j), i,j = 1,...,dy, cf.
(A.9). We have the asymptotic representations

B2(i,5) = Cov (ﬁe;(ﬁn - 3,)e;, \/ﬁe’l(ﬁn — En)ej) +o(1)

— Cov (171 kf:[(y,f,i f Z ) o(1)
B ()2 = o?) (V37 = o2) + ().
Therefore, we may express 32(i, j) as a long-run variance parameter,

(34)  Bi(i,j) = +2Z V()

where

(35)  (r) = Cov (G2 (GE)?),  T=0,n-1,
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is the lag 7 cross—covariance of the series {(Yn(,?)2 : k> 0} and {(Yn(,z))2 k> 0}, 4,5 =
1,...,d,. Those cross-covariances can be estimated by

569) (7 iZYk (&) = Fin ()][V2£(e5) = fin(3)]
k=1

with i, (i) = n~1 Py Y,f(ei), where Yi(e;) = €Y, for k=1,...,n,1=1,...,d,,n > 1.
The associated estimator for 82(i, j) is then given by

Bali, ) = A (0) +2 3 w7 (7).

T=1

where m = m,, is a sequence of lag truncation constants and {w,,} a sequence of window
weights typically defined by a kernel function w (e.g. a Bartlett kernel) via wy,; = w(7/by,),
for some bandwidth parameter b = b,,.

By Theorem 3.1,

Var (To(1)) = 07y +0(1), 0y, = Z Cov (B Bn(L)k),
jk‘ 1

a.s., and, using the canonical estimator

an asymptotic confidence interval with nominal coverage probability 1 — «, a € (0,1), for
I3, ||7 is given by

IZ0ll;, £ @71 (1 = @/2)Bir,p-

LEMMA 3.1  Assume wpyr — 1 asm — oo, for all T € Z, and 0 < wpr < W < 00, for some
constant W, for all m > 1, 7 € Z. Further, suppose that sz) w ), v € N, satisfy the decay

condition

_C

sup |c§»'/)\ < (jv1)~(1+9)

1<v
for some § > 0, and e are i.i.d. with E(e§) < oco. If m = m,, — oo with m?/n = o(1), as
n — oo, then

lim E72 —n2|=0 and hm E\antr —o2,.l=0.
n—oo ’

REMARK 3.1 [t is worth comparing our result with the following result obtained by [6] for a
dimension-reducing factor model: Suppose that the generic random vector Y, = (Y1,...,Yq,)
satisfies a factor model

Y,=B,f+e€
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with K = K(d,) < d, observable factors £ = (f1,...,fx)', errors € = (e1,...,€q4,) and
a d, X K factor loading matriz B,. Then the sample covariance matriz of an i.i.d. sample
(Y1,£1),...,(Yn, £,) has the convergence rate Op(n~='?d, K),

||§n = llr = OP(n_1/2dnK)>

if E||Yy||%, max; E(f}) and max; E(e}) are bounded, see [6, Theorem 1]. This means, com-

pared to the rate for fired dimension, the Frobenius norm is inflated by the factor d, K.

3.3. Proofs

PrOOF OF THEOREM 3.1: Clearly, ﬁk(l) is p.s.d. for all k¥ € N and thus gn(t) =In Jﬁth
as well. The fact that tr(A) = >, e/ Ae; leads to

dn

B0l = 1Z0(®)ller = tr(Ba (1)) = tr(Z (1) = D 5(En(t) — Zu(t))ey.

j=1

Let D,, = (Dnj)?ll with D,,;(t) = dﬁlﬂDn(t; ej,e;) for j =1,...,d,. We shall apply Theo-
rem 2.3 with L, = d,,. Since | o ||}, = d;,'tr(e), we have

dn
Tt) = 2= 3 Dult)
noi—1

Now we can conclude that the process

Ea(t) = V(I Za (@) = 1Zu(®)]]7,) Zd V2B (|nt] /n);

satisfies, when redefined on a new probability space,

3

d
Ea(t)] = —= |3 (Dus(t) — Bulnt)/n);)

J=1

Z |Dyj(t) — Bu(|nt]/n);|

g

= 0(1)7
as n — 00, a.s., by Theorem 2.3 (iv). Q.E.D.
PrROOF OF LEMMA 3.1: The proof follows easily from [17, Theorem 4.4]. Q.E.D.

4. SHRINKAGE ESTIMATION

Shrinkage is a well-established approach to regularize the sample variance—covariance matrix
and we shall review in Section 4.1 the results obtained for high—dimensional settings. When
shrinking towards the identity matrix in terms of a convex combination with the sample
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variance—covariance matrix, the optimal weight depends on the trace of the true variance—
covariance matrix, which can be estimated canonically by the trace of the sample variance—
covariance matrix. As a consequence, we can apply the results obtained in the previous section
to obtain large sample approximations for shrinkage variance—covariance matrix estimators.
Recall that the approximations deal with the norm of the difference between partial sums and
a Brownian motion, both attaining values in a vector space. In order to compare covariance
matrices, we shall work with the following pseudometric: Define

(41) An<An7 B,; v, Wn) = |V;1(An - Bn)“’n’v

for (sequences of) matrices A,, and B,, of dimension d,, x d,,. Indeed, for fixed v,,, w;, the map-
ping (A,,B,) — A, (A,,B,) = A, (A, By v, Wy) is symmetric, non-negative, semidefinite
(i.e. A, = B,, implies A,,(A,,,B,,) = 0) and satisfies the triangle inequality. Hence, (4.1) de-
fines a pseudometric on the space of (d, x d,)—dimensional matrices, for each n.

We establish three main results: For regular weighting vectors v,,w, that are bounded
away from orthogonality we establish a large sample approximation, which holds uniformly
in the shrinkage weight and therefore also when using the common estimator for the optimal
weight. Further, we compare the shrinkage estimator using the estimated optimal weight
with an oracle estimator using the unknown optimal weight. In both cases, it turns out that
the convergence rate of the estimated optimal shrinkage weight carries over to the shrinkage
covariance estimator.

Lastly, we study the case of orthogonal and nearly orthogonal vectors. The latter case
is of particular interest, since then one may place more unit vectors on the unit sphere
corresponding to overcomplete bases as studied in areas such as dictionary learning.

4.1. Shrinkage of covariance matriz estimators

The results of the previous chapters show that, under general conditions, inference relying on
£1-bounded inner products of high-dimensional series can be based on the sample covariance
matrix, even if d,, > n such that f]n is singular. However, from a statistical point of view, the
use of this classical estimator is not recommended in such situations of high dimensionality:
important criteria such as its mean-squared error or its condition number (defined to be the
ratio of the largest to the smallest eigenvalue) deteriorate, and it is advisable to regularise
3%, in order to improve its performance, both asymptotically and for finite sample sizes, with
respect to these criteria. Obviously a particular interest lies in maximum-likelihood based
approaches using an invertible estimator of X, (as, e.g. in the semi-parametric approach
of [7] on shrinkage estimation in multivariate hidden Markov models). One well-established
possibility to regularise 3, without needing to impose any structural assumptions on X,
in particular avoiding sparsity, is the following approach of shrinkage: ([13], [16]) consider a
shrinkage estimator defined by a linear (or convex) combination of X,, with a well-conditioned
"target” matrix T,

(42) 2 =SW,)=(1-Wn)E, + W, T, ,

where W,, are the ”shrinkage weights” of this convex combination, to be chosen in an optimal
way to minimise the mean-square error between 3. and 3, (see below). The role of the target
T,, is, similar to ridge regression, to reduce a potentially large condition number of the high-
dimensional variance-covariance matrix 3, by adding a highly regular ("well conditioned”)
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matrix. A popular choice for the target is to take a multiple of the d,,—dimensional identity
matrix I, i.e.

(4.3)  Tp=pin I,

with p, = i tr 32, in order to respect the scale of both matrices in the convex combination
(4.2). This choice of the target reduces the dispersion of the eigenvalues of X, around its
7grand mean” pu, = ﬁtr 3., as large eigenvalues are pulled down towards g, and small
eigenvalues are lifted up to p,, (and in particular lifted up away from zero). Although a bias is
introduced in estimating 3, by 37 compared to 3, , the gain in variance reduction, in par-
ticular in high-dimensions, helps to considerably reduce the mean-square error in estimating
3.

In order to develop the correct asymptotic framework of the behaviour of large covariance
matrices, the authors of [13] propose to use the scaled Frobenius norm given by (3.1) to
measure the distance between two matrices of asymptotically growing dimension d,, to be
used also and in particular to define the mean-square error between X7 and X, to become
the expected normalised Frobenius loss E[||25 — X, [|%2].

Furthermore, with this scaling,

1

Mn = % tr(zn)

is the appropriate choice of the factor in front of the identity matrix I,, in the definition of
the target T, in equation (4.3).
In practice u, needs to be estimated from the trace of 3, i.e. by

. 1, &

Similarly, the theoretical shrinkage weight 0 < W, < 1 need to be replaced by its sample
analog W,,. Thus, the fully data-driven expression for the shrinkage estimator of 3 writes as
follows:

35 (W) = (1= W80 + Wlinln,

which shrinks the sample covariance matrix towards the (estimated) shrinkage target i, Iy,. It
remains to optimally choose the shrinkage weights W, (and its data-driven analogue Wn) with
the purpose of balancing between a good fit and good regularisation. For this a prominent
possibility is indeed to choose the shrinkage weights W, such that the mean-squared error
(MSE) between X7 and ¥,,, is minimised:

W, = argming, o1 E[l|Z5(Wa) — ZallF]

which leads to the MSE-optimally shrunken matrix 37 = 35 (W). A closed form solution
([13] or [16], Proposition 1) can be derived as
— E[Hzn — EnH??]

El||pnln — X0l 7]

*
n

This choice leads to the interesting property that
BlIZ;, - |7 < E[IZ, - ZallF?
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showing the actual relative gain of the shrunken estimator compared to the classical un-
shrunken sample covariance, in terms of the mean-squared error. Moreover, it can be shown
that this property continues to hold even if one replaces the in practice yet unknown optimal
weights W) by an estimator /I/T?;f which is constructed by replacing the population quantities
in numerator and denominator of W* by sample analogs. Whereas the denominator can be
essentially estimated by ||z, 1, — f]n”}?, it is slightly less straightforward to estimate the nu-
merator E[||S, — 3,||%: one possibility suggested by [16], and further developed by [17] for
our set-up, is based on the estimation of the long-run variance «,, of f]n
Note that

d
S o 1 | )y D10
Bl —SllF = — > Var(VaZa(i,5)). Buling) = - Y ¥IVE - B
™ ig=1 k=1

where, under stationarity, for 1 <1,j < d,,
o (i.§) = Var (VnZn(i,j)) = TP (0) +2 ) _(n—n)I{(r)
T=1

with Fg’j)(T) = Cov (Yé,?Yéi), erili+TY7fJ2+T), 7=0,...,n—1,n>1. A consistent estimator

of the optimal weights W’ can now be obtained as follows. Let

N 1 w— i i —~ .. i j ~ (s
DD () = = S VD = Fulio )] A Yier = Rl )]
t=1

where K, (i,j) = %E?:l Yn(z)Y,Eg ), 1 <1i,j < d,. Then, similar as in the previous section, the

long-run variances o2 (i, j) can be estimated by
7206.9) = T0) 423w T ()
T=1

1 <1i,j <d,. Consistency of a more general version has been shown in [17, Equation (4.22)],
under similar assumptions as stated in Lemma 3.1, for d,, — 0o, as n — 0o. We are led to the
estimator

T (ndy,)~! doi<ij<dn o2 (i,5)

H//ann - fznH*F2

n

for W} also studied in depth in [16]. A rate of consistency in an asymptotic framework with
growing dimensionality d,, can be achieved again following [16] for the specific shrinkage target
tinly, also considered in [7]. Let 0 < v < 2 be such that d 7 /n — 0 (i.e. the larger v, the
faster is d,, allowed to grow with n), and that, as n — oo,

A dy — Zn|[2 = ¢> 0.
Recalling that u,, = d,, ' tr(3,,), we observe that v measures the closeness of the target to the
true covariance matrix 3,. Then [16] (Theorem 1) and ([7] (Theorem 1) show that
n

2—
dn !

(4.4)

Wi — Wi =op(1) .
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In order to apply the results of the previous sections onto the fully data-driven shrinkage
estimator X7 (W), one needs to study the convergence of the estimated shrinkage weight
normalised by n'/2 as will become clear from the proof of Theorem 4.1 to be stated below.

We already observe here that (4.4) implies

(4.5) a2 Wr— Wi = op(1),

if d*=27/n = O(1). Thus, for 7 close to 2, the dimension d,, may even grow faster than n.

4.2. Asymptotics for regular projections

Our interest is now in deriving the asymptotics for bilinear forms based on the shrinkage
estimator of the covariance matrix. We can and will assume that the uniformly ¢;—bounded
weighting vectors v,, and w,, are fo—normed. It turns out that, due to the shrinkage target,
the inner product v) wy,, i.e. the angle between the vectors v,, and wy,, appears in the ap-
proximating Brownian functional. The inner product is bounded but may converge to 0, as n
tends to co. The latter case requires special treatment and will be studied separately. We shall
call a pair (v, wy,,) of projections regular, if it has uniformly bounded ¢;—norm and satisfies

(4.6)  viw,>c>0, for all n,

for some constant c, i.e., if it is, in addition, bounded away from orthogonality.
Let 0 < W < 1 be an arbitrary shrinkage weight and consider the associated shrinkage
estimator

S

(W) =1 -W)E, + Wi,I,.

Notice that EZ(W) estimates the unobservable shrunken variance matrix
so(W) =1 —=W)E, + Wtr(Z,)d, ' L.

Define for 0 < W <1

(A7) Au(W) = Vavi, (S (W) = 23 (W) w.

We shall apply the trace asymptotics obtained in Theorem 3.1, i.e.
dn

V(S @)l = IZalli(6) = d V2>~ Bu((nt]/n); + o(1),
j=1

as n — 00, a.s. The variance of the approximating linear functional of the d,—dimensional
Brownian motion is given by

d d
1 Z” = = 1 Z" -
ij=1 i g=1

where 32(i, j) are long-run-variance parameters, see (3.4). Since, typically, long-run-variance
parameters have positive limits, it is natural to assume that

(4.8) inf o7, > o2 > 0.
n>1 "
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THEOREM 4.1  Let (vy, wy,) be a reqular pair of projections. Under the assumptions of Theo-
rem 3.1 and condition (4.8) there exists on a new probability space, which carries an equivalent
version of the vector time series, a Brownian motion By (t) = (Bn(t)j)?go on [0,1], such that

(4.9) sup [An (W) — Bo(W)| = o(1),
0<W<1

asn — 0o, a.s., where
dn
(4.10)  Bu(W) = (1= W)Bn(1)o + Wvjwnd, > > Bn(1);,
j=1
The covariance structure of By(t) is given by
Var (By(1)o) = (dn+1) "0} (v, Wn),  Cov(Br(1)o, Bu(1)i) = (dn+1) 7" 7 (Vi Wi, €1, €),
fori=1,...,d,, and
Cov(Bn(1)i, Bn(1);) = (dn +1)7' 851, ),

for 1 <i,5 < d,. Especially, for any deterministic or random sequence of shrinkage weights
W, we have the large sample approximation for the corresponding shrinkage estimator

Vvl (, (W) — B50(Wo)) Wi — Ba(Wy)| = o(1),
asn — 00, a.S..
Notice that

—W)2 viw,)?
Var(Bn(W)):sz2(Vn,Wn)+W n )> > B, 9)

,j=1

“(
dn(dy, + 1

1= W)W, wy,
( ) Z/Bg,(vnawn)ej7ej) +0(1)7

Vdn(d, + 1) =

as n — oo. Hence, under assumption (4.6), the variance of the approximating Wiener process
adressing the nonparametric part of the shrinkage estimator is of the order O(d,, '), whereas
the variance of the term approximating the target is of the order O(1). This is due to the fact
that we need a (d,, + 1)-dimensional Brownian motion (from which d,, coordinates are used
to approximate the estimated target). This requires to scale all coordinates (d,, + 1)_1/ 2 cf.
Theorem 2.3.

The following theorem resolves that issue by approximating the shrinkage estimator by
two Brownian motions, one in dimension 1 for the nonparametric part and one in dimension
d, for the target. Those Brownian motions are constructed separately, such that, a priori,
nothing can be said about their exact covariance structure. It turns out, however, that the
covariances converge properly. We shall see that for this alternative construction the terms of
the resulting variance-covariance decomposition are of the same order.

+2
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THEOREM 4.2 Let (vp, Wy) be a regular pair of projections. Suppose that the underlying
probability space (2, F, P) is rich enough to carry, in addition to the vector time series {Y ; :
1 <i<mn,n>1}, auniform random variable Uy. Then there exist, on (Q, F, P), a univariate
Brownian motion {B,,(t)o : t € [0,1]} with mean zero and

!/

Cov(Bl,(s)0, By(t)o) = min(s, t)a;; (va; W),

for s,t € 10,1], and a mean zero Brownian motion {(E:L(t)j);lll 1t €1[0,1]} in dimension d,
with covariance function

Cov (B, (), By, (t);) = min(s, t)d, 52 (4, 5),

for s,t €10,1] and 1 <'i,5 < d,, such that
Vv (Sn(W) = 5, (W) wi — Ba(W)| = o(1),

as n — 00, a.s., with B,(W) = (1 — W)B, (1) + I/vawndﬁl/2 Z;lll E;(l)j. Further,

(111)  max |Cov (B (10, Br(1);) — dy /2B (Vi W ej,05) = o(1),

as n — oQ.

Observe that

an

W2 (vl wy)
Var (B (1)) = (1 — W)202 (v, W) + 0 —n¥n)” § g2 )
t,j=1
1 — W)WV w, &
4ol c)ln S B2 (Vay Wasej,€5) + o(1),

Jj=1

as n — 00, a.s., where all three terms are O(1).

The above result shows that the nonparametric part, namely the sample covariance matrix
f]n, as well as the shrinkage target fi,I,, contribute to the asymptotics. In this sense, shrinking
with respect to the chosen scaled norms provides us with a large sample approximation that
mimics the finite sample situation.

4.3. Comparisons with oracle estimators

Recall that an oracle estimator is an estimator that depends on quantities unknown to us
such as the optimal shrinkage weight W. Of course, it is of interest to study the distance
between the shrinkage estimator 22@; ) with estimated optimal weight and the associated
oracle using W;*. In particular, the question arises how the rate of convergence (4.4) affects
the difference between the fully data adaptive estimator and an oracle.

The next theorem compares the shrinkage estimator ﬁi = 22 (W\;) that uses the estimated
optimal shrinkage weight W;L‘ and the oracle estimator

S, (W) = (1— W), + W finIn,
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which shrinks the sample covariance matrix towards the target using the optimal shrinkage
weight W, in terms of the pseudometric A, (e, ®;v,, w,) and thus considers the quantity

a8

An(Z5 (W), 2 (W5 v, W) = V3 (3 (W) = (W))W .

n

The following result shows that even now the rate of convergence is equal to the rate of
convergence of the estimator W;.

THEOREM 4.3  Under the assumptions of Theorem 4.1 and the construction described there
we have, on the new probability space,

An(E0 (W), S0 (WE); Vi, W)
dn
= Wy — W] (0(1) +O(Bp(1)on )+ 0 <n1/2dn1/2 ZBn(l)i> - 0(n1/2)7>
=1

as n — 00, a.S..

The next result investigates the difference between the shrinkage estimator and the oracle
type estimator

(W) = (1= W), + Wytr(En)d, I

using the oracle shrinkage weight and assuming knowledge of X,,, in terms of the pseudo-
distance

A (Z0 (W), T30 (WiE); Vi, W) = V4 [0, (W) — 50 (W) Wi

THEOREM 4.4  Under the assumptions of Theorem 4.1 and the construction described there
we have, on the new probability space,

A (Z0 (W), T30 (WiE); Vi, W) = 0 V2B, (WE) + (W) — W;)O(1) + o(n~/?),
as n — o090, a.s..

The above result is remarkable in that it shows that it is optimal in the sense that
s o
A (X, (W), 25 ,(W)); vy, wy,) inherits the rate of convergence from the estimator W) of
the optimal shrinkage weight W}, cf. (4.4).

4.4. Nearly orthogonal projections

Let vg), i=1,..., Ly, be unit vectors in R% on which we may project Y,, e.g. in order
to determine the best approximating direction. Recall that the true covariance between two
projections v Y, and v Y, is

Cov (v'Y,, vy ,) = vi's, v,
and the corresponding shrinkage estimator is

Cov vy, vi'y,) = v$f>’§:,i(W;)v$3>.
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Clearly, those covariances vanish for i # j, if the vg ) are chosen as eigenvectors of EZ(W;:), as
in a classical principal component analysis (PCA) applied to the shrinkage covariance matrix
estimator. But when analyzing high—dimensional data it is common to rely on procedures
such as sparse PCA, see [19], which yield sparse principal components. Then analyzing the

covariances of the projections v,(f ) Y, is of interest.
It O, = {v,(nf) :1 < j < L,} is an orthogonal system and L, < d,, then O spans a
L,,~dimensional subspace of R%. Of course, there are at most L,, orthogonal vectors, i.e. L,

cannot be larger than d,,. However, if one relaxes the orthogonality condition
vy 0) = . i ],

then one can place much more unit vectors in the Euclidean space R% in such a way that their
pairwise angles are small. Indeed, [18] provides an elegant proof of the following Kabatjanskii-
Levenstein bound.

THEOREM 4.5 (CHEAP VERSION OF THE KABATJANSKII-LEVENSTEIN BOUND, TAO 2013).
Let X1, ...,%Xm be unit vectors in R%™ such that Ixix;| < Aalﬁl/2 for some 1/2 < A < %\/dn.

CA? .
Then we have m < (adz") for some universal constant C'.

Theorem 4.5 motivates to study the case of nearly orthogonal weighting vectors, defined as
a pair (vp, wp) € W x W satisfying

(4.12)  viw, =o(1), n — oo,
Now the asymptotics of the shrinkage estimator is as follows:

THEOREM 4.6 Let v, and w, be unit vectors satisfying the nearly orthogonal condition
(4.12) and suppose that the conditions of Theorem 4.1 hold. Then

S

Vv (S5 (W) = Zo (W))W — Bu(W)| = op(1),
asn — 0o, a.s., where
dn
By(W) = (1= W)Bn(L)o + Wvi,wad, /2 " By(1):.
i=1

Observe that for asymptotically orthogonal weighting vectors the term Wv/ w,,d;, 1/2 ngl B,(1);
corresponding to the (parametric) shrinkage target is op(1) and thus vanishes asymptotically.
In this situation, the nonparametric part dominates in large samples.

4.5. Proofs

PROOF OF THEOREM 4.1: First notice that (4.6) ensures that the second term in (4.10)
does not converge to 0 in probability, since (v,,w,) is a regular projection and condition

(4.8) ensures that the Gaussian random variable V,, = dp '/ Z?Zl By(1); is not op(1), since

1I;fl P(|V,] > 9) > H;f1 P(|Vy/otrn| > 0/a) >0



INFERENCE FOR THE TRACE 35

for any § > 0. Hence Wv!,w,,)V,, = op(1) iff. v/, w,, = o(1), which is excluded by (4.6).

We argue similarly as in the proof of Theorem 3.1: Put D,, = (Dnj)?lo with Dpo(t) =
L;1/2Dn(t; Vi, Wp) and Dy;(t) = LT_Ll/QDn(t,ej,ej), j=1,...,d,, where L, = d,, + 1. Since
the weighting vectors are uniformly ¢;-bounded, Theorem 2.3 yields, on a new probability
space where a process equivalent to D, can be defined and will be denoted again by D,,, the
existence of a Brownian motion {(B,(t))%, : t > 0} as characterized in Theorem 4.1, such

5=0

that

VAV, Eaw, — v Sawn) — Ba(1)o| = o(1),
and

A~ dn —
V([ Zalliy = 1Zallf) = di 2D~ Ba(1)i] = o(1),
i=1

asn — 00, a.s. Using these results, fi, = ||Z,[|i-d;;* and the fact that [v,wy| < [[Valle, [|Walle, =

O(1), we have for any 0 < W <1

Vv (1= W)(Z, — Zn)wy — (1= W)B,(1)o

dn
+ WV, (120l = [1Zalli)wa = Wy wad, /2y " Ba(1);
i=1

< (1—W)|Vavh(E, — Zp)wn — Ba(1)o]

dn
+ W‘\/ﬁVLWn(HSnHZ} —IZall5) = viowad, /2> Ba(1)i
i=1

< (1= W)|Vnv},(Bn — Za)wy — Bu(1)ol

+ W|V%Wn|

dn
VIZ, Il = 1Zallf) = d 2 Y Ba(1)s
=1

= o(1),
as n — 00, a.s., which shows (4.9). Q.E.D.

PROOF OF THEOREM 4.2: By Theorem 2.1 there exist, on a new probability space (', 7', P'),
an equivalent process {?m c1 > 1} 4 {Y,; : ¢ > 1} and a Brownian motion {En(t)o it €
[0,1]} on [0, 1], such that

(4'13) t:hl)pl] |\/'7lv;z(§n(t) - En(t))wn - Bn(t)0| = O(l),

as n — oo, P’-a.s., where f]n(t) =n! EZ@QJ ?m?,’“ By Billingsley’s lemma, [2, Section 21,

Lemma 2], there exists a Brownian motion {B,,(t)o : t € [0,1]} 4 {B.(t)o : t €[0,1]} defined
on the original probability space (€2, F, P), such that

(4.14) Vv (En(t) — Sn(t))Wn — By, (t)o| = o(1),
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as n — 0o, a.s. (apply [2, Sec. 21, Lemma 2] with v = ﬁ(\/ﬁvgl(i ( ) — En(o))wn,én(o)o)
and o = /nv!, (Z,(e) — Ty (e))w,, to conclude the existence of 7 = (o)o, a function of o
and Uy, such that (4.14) holds).

Further, by Theorem 3.1, there exist, on a new probability space (Q”, F”, P"), an equivalent
vector time series {Y,; : i > 1} 4 {Y,; : 4> 1}, and a Brownian motion {(En(t)j);lll 't e
[0,1]} on [0,1] in dimension d,, characterized as in the theorem, such that

(4.15)  |[ValZa @)l = 1B @)1F) = di 72D~ Ba(1)] = o(1),

=1

as n — oo, P"-a.s., where X,,(t) = n~! ZW Y,;Y!.. Again, an application of Billingsley’s
dn

lemma shows the existence of a Brownian motion {(B n(t)j)‘;;l :t e [0,1]} £ {(En(t)j)jzl :

t €[0,1]}, such that

(4.16) | VallZa @)l — 1Za ()l — 1/223 j| = o(1),

as n — 00, a.s., i.e. on the original probability space.
A priori, we have no information on the exact second order structure of the two Brownian
motions, but P;L(l)j is close to the associated process Dy;(t) = T(no)( ), cf. (2.43), and to

n

the corresponding martingale approximation M L(ZZJ ’O(j) defined in (2.44), which allows us
!/

to study the convergence of the covariances Cov (E;L(l)o,g;b(l)j) =< E;(l)o,gn(l)j >,
j=1,...,d,. First observe that

_ (n) y pa—
(|5, (1); = Mg (7l = of1),

see [11, Lemma 2], [17], and Lemma 2.2, because of (4.13) and since (E;l(t)j);l;l satisfies
SUPye(o,1] Z?n1 |§/ (t); — Dnj(t)]* = o(1), as n — oo, a.s., see Theorem 2.3 (ii). Also notice
that ||§ (1)jllz, and ||Mn0( )L, are O(1), uniformly in j > 0. Now use the decomposition
<XY>,=<X Y >, +<X )Y -Y >, ,+<X-XY >,
for X,Y, X", Y’ € Ly to conclude that
C )0, BL,(1);)) =< M%) (0), M) M (0), Bl (1); — MY (j
OV( ( )07 ( ).7)) < n,O( ) nO(]) > Ly + <M O( ) n( ).7 n,O(]) > Ly
+ < B (1o = M9(0), M) () > 1o,

where the last two terms are o(1), uniformly in j. E.g.,

max | < B, (Lo— Mg (0), M () > 1. | < sup B (Lo = MG O0)]| |5 () 2, = o(1),
<j<dn 1<j

as n — oo. Combining these estimates with Lemma 2.2 yields

max[Cov (B}, (L)o, B,(1);) — Cov (M{3(0), MM ()] < dyy* + o(1),
>)X0n
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which establishes (4.11), since the covariances of the approximating martingales equal d;, 1/2 B2(Vi, Wi, €5, €5)+

o(1), as n — oo; the factor dn'/? is due to the additional scaling of D,;(t) to approximate dy,
bilinear forms by Theorem 2.3. Q.E.D.

PROOF OF THEOREM 4.3: Recall that, since ¥,, = C,AC/, and (1.2), the elements of X,
are uniformly bounded (in n), such that |v/, 3, wy,| < |[vy|le||Wnlle, = O(1). This in turn
implies that Amax(Xn) = O(1) and

(4.17)  tr(Z,)d,t = 0(1).
Put
(4.18)  Ru(Wy, Wy) = v, g (W )wa — vi, i (W) wh,
and notice that
Ry (W W) = (W — WAV, Spwy, + (W — Wtr(Sn)d, v wh.
Using (4.17) we obtain the bound
(4.19)  Rn(Wy, Wy) = (W — W)O(1).
Observe that

S (W) = S0 (W) = (W = WS, + (W = Wi)(E,)d, I,

n n n

is equal to the difference
20(Wi) = Zio(Wi) = (Wyy = W) B+ (W = W) te(S)d, I

when replacing 3, by f)n We have

S, (W) — S0 (W)

= (W = WO, + (W) — W)tr(S,)d, ' L,
F (W =W (0 = ) + (W = W) (te() — tr(Z0))d, M,

Using (4.19), we therefore obtain for the associated bilinear form

Vi(Ea(W) = S (W) w
= R, (W}, W)
(W = W3S = S)wn + (W) = WViwa (Sl — 12l
= (W; = w)o()
(W = W) (Bu(on ™2 4 o(n™'1?))

dn
+ (W — W) (n” 24,2 " Bu(1)i + o(n Y 2)) VW,

=1

as n — 00, a.s.. Q.E.D.
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PROOF OF THEOREM 4.4: Recall that A, (W) = /nv/,(Z, (W) — so(W))wy,. We have
Vi (E, (W) = Sa(W)w
= Vi (Z,(Wy) — Zno (W))W + vi, (B0 (W) — X5 (Wi))w
=0 PAL (W) + Ra(Wy, W)
where again Rn(W:{, W) = (W:{ — W)O(1). Further, using
VAvi(S, (W) = B30 (W) wn = B, (W) + o(1),
a.s., we arrive at
Vi (3, (W) = S (W) w
= n Y2 A, (W) + R, (W, W)
= 0 2B, (Wy) + o(1)) + O(Wy; = W),
as n — 00, a.s., which completes the proof. Q.E.D.

PROOF OF THEOREM 4.6: Let A, (W) be defined as in (4.7). Arguing as in the proof of
Theorem 4.1, we obtain

A (W) = B,(W)| < (1 — W)|\/ﬁvé(in - 3p)wp — O‘n(vnawn)ﬁn(l)d

+W

dn
Viwa (| Zallf = [1Zalli) = viwad, /2> " Ba(1)
=1

The first summand is o(1), a.s., by Theorem 2.1. Under assumption (4.12), the second term
can be bounded by

dn
Ry = [viwn V([ Zallf, = 1Znllf) = viwn Y Ba(1)
i=1
dn
= Wi wal[Va(|Zall;, = [1Zall5) — 2> Ba(1)
i=1
= o(1),
as n — 00, a.s., which completes the proof. Q.E.D.
APPENDIX A: NOTATION AND FORMULAS
We denote

o = B(&),m = B(&)-

The approximating martingales used to obtain the strong approximations require to control
the following quantities. For the reader’s convenience, we reproduce them here from [17] as
well as some related formulas and results. Let

(A.1) fOZ fO] Vi, Wp) Z Uywuc -“ ) j=0,1,...,
v,p=1
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dn,
(A.2) fé?) = fl%l)(vn,wn) = Z vywu[cg.y)cyi)l + c( 2 Eljr)l] 1=1,2,...; j=0,1,...,
v,u=1
and
(A.3) fZ) f“ Vi, Wn) wa Z Z vywye l+c()§_3l] l,i=0,1,....
Jj=t v,u=1

LEMMA AND DEFINITION A.1  Suppose that vy, W, have uniformly bounded ¢1-norm in the
sense of equation (1.5). Then Assumption (A) implies

(A4) sup Z Z fl;:)_n,)z <Cn)?, foralln' =1,2,...,

neN

(A.5) supz Z T+k 0) C(n" )7, foralln' =1,2,...,

neN 1 =0

(A.6) sup Z Z(fl(z))Q < C’(n/)lfg, foralln' =1,2,...,
neNi T %0

and there exist

(A7) ai = ai(vn,wn) >0, n>1,
such that
n' n' j—1
—0
(A8)  (F0) D (omitg = Tpeg) + D D (F10) 2020 40204 — a2 < C()' 7,
j=1 j=11=1

for alln',m' =0,1,---.
Further, if vy, Wy, Vi, Wy, 1 > 1, have uniformly bounded ¢1-norms, then there exist

(A.9) 5721 = 52(anwnavmv~vn), n =1,
with
n' n' j—1
(A.l()) f(g,%) (Vnywn)fg:)) (vmvvn) Z('Ym’+j m +g + Z Z .]?(n)l,o VmWn f}z)l,o(vnvﬁ’n)agn’—i-jagn’-i-l
j=1 j=11=1
_ n’,m/ B
- n//BEL(VNJ Wn, Vn, Wn) << (n/)l 0
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