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Abstract

In this paper, we propose new accelerated methods for smooth Convex Optimiza-
tion, called Contracting Proximal Methods. At every step of these methods, we need to
minimize a contracted version of the objective function augmented by a regularization
term in the form of Bregman divergence. We provide global convergence analysis for a
general scheme admitting inexactness in solving the auxiliary subproblem. In the case
of using for this purpose high-order Tensor Methods, we demonstrate an acceleration
effect for both convex and uniformly convex composite objective function. Thus, our
construction explains acceleration for methods of any order starting from one. The aug-
mentation of the number of calls of oracle due to computing the contracted proximal
steps, is limited by the logarithmic factor in the worst-case complexity bound.
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1 Introduction

One of the classical iterative methods in theoretical optimization is the Proximal Point
Algorithm [I8]. This method, as applied to minimizing a convex function f : dom f —
R, consists of solving at each iteration the following subproblem:

zie = argmin{ap (@) + o —al?f, k20, (1.1)
x

where || - || is the standard Euclidean norm, and {a },>1 is a sequence of positive coeffi-
cients. In general, we can hope only to use an inexact solution of the subproblem (|1.1]
(see [0 21), 20] for the convergence analysis). An important observation is that the reg-
ularized objective in is strongly convexr. Therefore, we can hope that computing
an (inexact) proximal step is usually simpler than solving the initial problem.

For a function [ € & é’l (convex differentiable functions with Lipschitz continuous
gradients), we can set all values of the coefficients aj, equal to a positive constant. This
gives a global sublinear rate of convergence of the iterations in functional residual
of the order O(1/k). This rate is the same rate as that of the Gradient Method [15].

For the same class of functions, we can get a faster rate of convergence of the
order O(1/k?) using the Accelerated Gradient Method [I2]. This is the best possible
rate achievable for the first-order black-box optimization on .# i’l [11]. An accelerated
variant of the Proximal Point Algorithm with the optimal rate of convergence was
proposed in [7] (see also [19] [9] 8] for extensions and some applications).

In this paper, we present a new family of proximal-type algorithms for smooth con-
vex optimization called Contracting Proximal Methods, which includes an accelerated
algorithm from [7] as a particular case, and provides a systematic way for constructing
faster proximal accelerated methods for high-order optimization. Thus, for the class
of convex functions, which p-th derivative is Lipschitz continuous (p > 1), our new
methods achieve the O(1/kPT!)-rate of convergence for the outer proximal iterations,
while the inner subproblems can be efficiently solved up to desired accuracy by the
high-order Tensor Methods [16].

The main difference between Contracting Proximal Methods and the classical ap-
proach consists in employing the contracted objective function (which provides
the methods with their name) and the Bregman divergence (notation f4(x;y)) instead
of the usual Euclidean norm. The exact form of our method is very simple:

. +A
Vk+1 = arg?m{Aka(W) + @1(%;33)}
k>0. (1.2)
) -
T+l = LHIUZZLTAWC

1. . . . def
Thus, we use a sequence of auxiliary points {vy }x>0, and the scaling coefficients Ay, =

k
D izl i
Let us illustrate the basic idea behind this construction by the simplest Fuclidean
setting, when B4(x;y) = %HJE —y||?. We are going to ensure at each iteration k& > 0 the
following condition:

sleo — 2>+ Aef(z) > Slloe —z|? + Aef(zx), = € dom f. (1.3)



A direct consequence of (|1.3) is the global convergence bound

*”2

Flaw) - < el (1.4)

We can propagate inequality (1.3)) to the next iteration by a trivial observation:

sllzo — | + Aps f(2) sllzo = zl* + A f(2) + a1 f ()

> Slow —z|? + Apf(zk) + aps1 f(z)
+A _
> gllok = @lP + Ap f(PEETEE) = (@),

where the last inequality is due to convexity of the objective. Note that the first step
of Contracting Proximal Method ([1.2)) is defined exactly as follows:

Vgr1 = argminhyqi(x). (1.5)
z€k

Hence, by strong convexity of hii1(-), we finally justify that

hii1(®) > higr(visr) + Slloesr — 212 > Apgr f (@rs1) + 3o — 2|

Thus, for the Euclidean setting, iteration immediately results in the conver-
gence guarantee . However, we are still free in the choice of coefficients {a}r>1.
The only reason for bounding their growth consists in keeping the complexity of the
optimization problem on an acceptable Ievel For f € & Y1 the recommended
choice of ag41 corresponds to the quadratic equation [12]:

ap = plapi + Ag). (1.6)

It is easy to see, that this choice results in the optimal O(1/k?)-rate of convergence for
the method. On the other hand, it makes the condition number of the problem (|L.5))
equal to an absolute constant. Indeed, in view of the presence of the regularization
term, V2hy,1(x) = I. On the other hand,

A
VQhk+1(,fE) = T + Bt1 va(ak+1:C+Akxk) ( = ) of

A1 A1
Hence, we are able to solve the problem very efficiently by a usual Gradient
Method (see the details in Section [4).

It is remarkable that exactly the same reasoning justifies the accelerated versions
of all high-order Tensor Methods (p > 2). The only difference consists in the degree of
the proximal term, which must be compatible with the order of optimization scheme
used for solving the problem (|1.5)).

Our first-order Contracting Proximal Method for Euclidean setting (described above)
produces the same sequence of points as the accelerated Proximal Point Algorithm

IHence, these bounds should take into account the efficiency of the auxiliary minimization scheme used
for solving the problem ([1.5).



from [7]. However, now we can employ also the Bregman divergence, which sometimes
is more suitable to the topology of our function and ensures faster convergence.

The rest of the paper is organized as follows. Section [2] introduces notation used
throughout the paper and describes our problem of interest in the composite form. We
also give a definition of Bregman divergence and mention some of its properties.

In Section (3| we introduce a general Contracting Proximal Method (formulated as
Algorithm . We present its convergence analysis for a problem in composite form
and arbitrary Bregman divergence. We study both convex and strongly convex cases
under inexactness in proximal steps. Theorem [I| specifies how the parameters of the
algorithm and inner accuracy affect the convergence rate.

In Section [4) we discuss implementation of one iteration of our method, under as-
sumption that p-th derivative (p > 1) of the smooth part of the objective is Lipschitz
continuous. We present fully-defined optimization scheme (Algorithm , with incor-
porated steps of Tensor Method of a certain degree. Resulting algorithm achieves the
accelerated rate of convergence, with an additional logarithmic factor for the number
of total oracle calls. Final complexity estimate for this scheme is given by Theorems [3]
and [

2 Notation

In what follows, we denote by E a finite-dimensional real vector space and by E* its
dual space, which is a space of linear functions on E. The value of function s € E* at
point x € E is denoted by (s, z).

Let us fix some arbitrary (possibly non-Euclidean) norm || -|| on space E and define
the dual norm || - ||, on E* in the standard way:
def
Isll« = sup{(s, ) : [[n]| <1}.
hek

For a smooth function f, its gradient at point x is denoted by V f(z), and its
Hessian is V2f(z). Note that

Vf(x) € E* V2f(x)h € E*, z €dom f, h € E.

Higher derivatives are denoted as DP f(x)[-], which are p-linear symmetric forms on E,
and the norm is induced:

def .
|\DPf(z)]] = sup {Dpf(x)[hl,...,hp]: ||h,-||§1,z:1,...,p}.
hi,...,hp€EE

For convex but not necessary differentiable function v, we denote by 9y (z) C E*
its subdifferential at point x € dom 1.
Our goal is to solve the following composite minimization problem:

min {F(x) = f(x) + w(x)}, (2.1)

rz€dom F'

where f is several times differentiable on its open domain convex function, with some
reasonable assumptions on the growth of its derivatives (for example, that its p-th

3



derivative is Lipschitz continuous for some p > 1), and ¢ : E — RU {400} is a proper
closed convex function, which we assume to be simple, but possibly non-differentiable,
with dom ¢ C dom f. We also assume that solution «* € dom F' of problem does
exist, denoting F* = F'(z*).

Let us fix arbitrary differentiable strictly convex function d : dom ¢ — R, which we
call prox function. Then, we denote by B4(z;y) the corresponding Bregman divergence,

centered at x:
ef

d
Ba(z;y) = d(y) —d(z) — (Vd(z),y — x).
The main example, which naturally appears in Tensor Methods (see [16]) and which
we use in Section [4] is the following prox function.

Example 1
d@) = bylla— o,

for some p > 1. For Buclidean norm (when ||z|| = (Bz,z)'/? for a fized postive-definite

linear operator B = B* > 0) this prox function is uniformly convex of degree p+ 1 with
constant 2177 (see Lemma 5 in [3]), so it holds:

Ba(viz) > ZZ|v—z|P*, v,z €E. (2.2)

For more examples of available prox functions see [T}, [10].
The definition of Bregman divergence can be extended onto non-differentiable func-
tion 1 by specifying a particular subgradient ¢/(z) € 9y (z):

def

By, ¥ (x)iy) = Y(y) —¥(z) — (U(2),y — ).

However, we will use simpler notation 3y (z;y) if no ambiguity arise.
We say that function v is strongly convex with respect to d (see [22] [}, 10]) with
constant o4(¢) > 0, if it holds for all z,y € dom) and for all ¢'(x) € dy(x)

By(x, ¥ (x);y) = oa(¥)Balz;y). (2.3)

Inequality ({2.3]) always holds with o4(%) = 0 just by convexity. An interesting illustra-
tion of this concept is given by a regularized Taylor polynomial of degree 3 for convex
function (see [16]).

Example 2 Let f:dom f — R be convex, with Lipschitz continuous third derivative:
ID*f(y) = D*f(2)| < Lslly —=ll,  x,y € dom f.
Denote by Qs(f,x;y) its Taylor approximation of degree 3 around some fized point x:
def

D(f,zy) = fl@) +(Vf(@)y—2)+ 5 (V2 f(@)(ly —x),y — 2) + §D* f(2) [y — «]?,

and consider its regularization of degree 4, with some T > 1:
2

9(y) = WB(f,zy) + 2y —|*.

Then, for Euclidean norm, the function g(-) is strongly convexr with respect to the
following proz function (see Lemma 4 in [16]):

d(h) = 1(1=1)(V2f(x)h, h) + T8 )4,

4



Let us summarize some basic properties of Bregman divergence, which follow di-
rectly from its definition. For any pair fi, fo of convex functions and all x,y €
dom (f1 + f2) we have

5a1f1+a2f2(l‘§y) = alﬁﬁ (l‘,y) + a2/8f2(33;y), ai,az > 0. (2'4)

For any linear function ¢(x) = a + (g, z) we have

Be(z;y) = 0. (2.5)
Therefore, from (2.4)) and (2.5)) we conclude, that
Brlzsy) = Balx;y), (2.6)

when f(y) = B4(z;y) for some fixed z. Now, consider the following simple but general
construction, which we use in a core of our analysis. Let h be a regularized composite
objective:

hy) = 9(y) +av(y) +vBal(zy),  a,y 20,

where g and 9 are arbitrary closed convex functions, and ¢ is strongly convex with
respect to d with some constant o4(¢) > 0. Then we have, for every x,y € dom h and
every h'(z) € Oh(x)

h(y) — h(z) — (W (z),y —x) = Bulzy)

CUED 5, (i) + aBy(aiy) +valery)  (27)

> (aca() + ) Balz; y).

In particular, for the exact minimum 7" = argmin h(y), we have
yeE

hy) = WT)+ (aoa(¥) +7)Ba(T;y). (2.8)

3 Contracting Proximal Method

In our general scheme, we are going to maintain the following inequality, for every
x € dom and k > 0:

YoBa(xo;x) + ApF(x) > Ba(vk;x) + ApF(x) 4+ Ci(x), (3.1)

where {xj }r>0 and {vk }r>0 are sequences of points from dom ), { Ay }r>0 is a sequence
of increasing numbers:

def
agy1 = App1— A > 0, Ag = 0,
and {vx}r>0 is a sequences of nondecreasing proximal coefficients:

Vel = Yk Y% > 0.



We would prefer to have functions Cj(z) as big as possible. Thus, if it happens to be
Ci(z*) > 0 for all k£ > 1, then from (3.1) we have a convergence guarantee:

Fay) - Fr < 200alotD) >,

and the rate of convergence is determined by the growth of coefficients Ay towards
infinity. However, generally C(x) may have arbitrary sign.

Let us discus a simple possibility for propagating relation (3.1)) to the next iteration.
Y0Ba(zo; ) + Ap1F(2)
= yoBa(zo;x) + ApF () + app1 F(x)

(3.2)
(BN
H VeBa(vk; ©) + ApF(z1) + ap11F(z) + Cr(z)

> eBalvg; ) + Ak+1f<w> + agr19(x) + Apy(z) + C(z),

Akt

where the last inequality is due to convexity of f. Let us consider a contracted objective
with regularizer from the last step:

hyq1(x) o Ak+1f(w) + apr19 (%) + e Ba(vk; ). (3.3)

Apt1
This function is strongly convex with respect to d(-) with parameter
def
oa(hrs1) = ki1 = apr10a(¥) + k- (3.4)
If we are able to compute the exact minimum

T = argmin hk+1 (m), (35)
z€eE

then by (2.8) we see, that
hi1(2) + At (k)

> hit1(T) + Y1 84(Ts ) + Aptp(xp)

= A f (B + 0 (T) + B0 T) + Yot BalTi @) + A ()

Agg1

v

Ak-i—lF(W) + WBa(vi; T) + yrs18a(T ).
And it is natural to set vy, 1 =T and

dof  apyrvpsr+ApTs (3.6)

LTh41 At

Thus we would obtain guarantee ({3.1]) for the next step, with
Crr1(z) = Cp(@) + WBa(vr; vis1) = Soby 7%iBa(visvit1) > 0.

6



Now, instead of computing the exact minimum (3.5)), let us relax vg+1 € dom to
be a point with a small norm of subgradient:

IIs|l« < Ogt1, forsome s € Ohpii(vgst1). (3.7)

Note that condition (3.7]) can be easily verified algorithmically since in composite set-
ting we are able to compute points with small subgradient of hyy1 (see [16]).
Thus, we come to the following general scheme.

Algorithm 1: Contracting Proximal Method

Initialization. Choose xg € dom ), v5 > 0, set vg := xg, Ag := 0.
Iteration £ > 0.
1: Choose a1 > 0. Set A1 := A + agpyq-

2: Denote contracted objective with regularizer:

hit1(z) == Apa f (W) + ap1¢(x) + YBa(vi; ).

Apy1
3: Choose accuracy 01 > 0.

4: Find vy, € dom) such that s € Ohgyq(vis1) © 8]+ < Opya-

5: Set Ty 1= _“kﬂvzzli—“"“x’“.
6: Set Vi1 = Wi + Arr104(V).

At this moment, we need one additional assumption. It relates the dual norm || - ||
(used at step 4) with the Bregman divergence (Sy(v; ).

Assumption 1 For some p > 1, proz-function d(-) is uniformly convex of degree p+1
with parameter opy1(d) > 0:

Ba(v;z) > @Dy —glptl 4z €. (3.8)

Let us write down the convergence guarantees of the method.

Theorem 1 (Convergence of Contracting Proximal Method) Let Assumptz’on
hold. Then for Algorithm|1| at all iterations k > 0 we have:

k
A (F(x) — F*) + yBa(vi; o) + ;%ﬂd(vz’—l; vi) < Ry(p,9), (3.9)
where

1
def A —7 ’
Ri(p,0) = <(705d(xo;x )P+ + (%) P+ Zl,yl/((5p+1)> (3.10)



Proof:
First, let us ensure by induction in k > 0 the following inequality:

k
Ay (F(zg) — F()) + viBalve; x) + ; YiBa(vi—1; v;)
- (3.11)
S ’YOﬁd(xO;w) + §<8i7vi - x>7 T c domwa
i=1

where s; € Oh;(v;). It is obviously true for k¥ = 0. Let it hold for some k& > 0 and
consider the next. Note that (3.11]) is exactly (3.1]) with

k
Ce(z) = X [%ﬂd(vz’—l; vi) + (8i, T — Ui>]-

i=1

Therefore, we have
YoBa(zo; ) + Apy1F ()

62
> hpp1(z) + A (a) 4 Cr(x)

> g1 (Vkg1) + (Set1, @ — Vig1) + Vi1 Ba(vigrs @) + App () 4+ Cr(x)

A1 f(@ra1) + app1® (k1) + o1 Ba(Vrs1; ) + Aptp(ag) + Crpr ()

> Ap1 F(org1) + Y 1Ba(Vkg1; @) + Crya ().

This is (3.11)) for the next step.
Now, plugging x = x* into (3.11]) and taking into account nonnegativity of all terms

in the left-hand side, we get

k
YeBalvg; x*) < yoBalzo; ™) + . (85, v; — x*).
i=1
Now, we need to estimate the right-hand side from above. Using uniform convex-
ity (3.8), we conclude that, for every k > 0

k

W@ o gL < oBa(wos ) + 3 lsille - v — %]
=1

(3.12)

Lk )
< vPBalzo;x™) + D Gillvi— 2| = .
=1

In order to finish the proof, it is enough to bound from above the value ay, for which
we have the following recurrence:

_1 1
p+1 p+1 am
Yk Op+1(d) k-

(13.12))
ap = ap—1+ Ollug — x| < o1+ 6 (



1
Dividing both sides by oz”“ and using monotonicity of this sequence, we get

1 1
p+1 X1 p+1 p+1 p+1 p+1 p+1
A = ol/GFD + 0 (’Ykap+1(d)> S ot (’Ykop+1(d)> '

Finally, from the last inequality we obtain

g et
+1 ) ptt 5
ap < <a6’+1 + <o;i1(d))p Zl W(ﬁl)) ;
1= k3
which is the right-hand side of (3.9)). O

We see that accuracies 0y for subgradients of the subproblems appears in (3.10]) in

an additive form, weighted by the coefﬁments i T . They should be chosen in a way

making the right-hand side of ( small enough. Let us consider the simplest case,
when all §;, are the same.

Corollary 1 Let 6, = 6 > 0 for all k > 1. Assume that the coefficients Ay grow
sublinearly:

Ay > ckPtl k>, (3.13)

with some constant ¢ > 0. Then for every

_1 _1
o> (’Yoﬁd(cfio;w*)>l’+1 2% and 5§ < (ce )2p+ ('YOU;Ii(d)>p“ (3.14)

we have

Ri(p,8) < cAy. (3.15)

Consequently, by (3.9) we have F(zy) — F* < e.

Proof:
Indeed,
_p_ _p_
YoBa(zos™) \ p+1 " 0Ba(@osa™) \ P+ pp 324 cPFT
Ag — c — 2 0
and
b e e
pt+l P p+1 P p+1 P
(f’pﬂ(d)) koo, (voapmd)) ko (B13) (woop+1(d)) d
P Z 1/(p+1) < P = P
APFT i=17% APTT cP+1 pt1
e
p+1 p
< (v00p+1(d)) d " T
= D = .
ey 2
Summing up these two inequalities we obtain ([3.15). O



Corollary 2 Let 6, = > 0 for all k > 1. Let the coefficients Ay grow linearly:
A > Ajexp(w(k—1)), k>1, (3.16)

with some constant 0 < w < 1 and initial A1 > 0. Then for every

ko> 14 Llog (2lezutowiniy) (3.17)
and
(497w p Y09p+1(d) T 3.18
§ o< T o (22H0) (3.18)
we have
Rk(p,5) S EAk. (319)

Proof:
Indeed,
p _b
(’Yoﬁd(ivo;iv*)) p+1 326 YoBa(zo;z*) o 3i8 T
A - Aj exp (w(k—l)) - 2
Now, note that the following inequality holds for all > 0:
exp(z) > 1+ (3.20)
Therefore,
H1 GBI AP ex (—w(k—l)) Ex) AP (1+Lw(k—1)> p
Ak > 1 P 1 > 1 p+1 > LAIH_l (3 21)
3 Z 3 = 3 P14
And we obtain
o i e
+1 P +1 b +1 P
(G;H(d)) k 5 (’YOUZ;+1(d)) ko (Wo"z;Jrl(d)) p+16 (B.18) Epf-l
- > Taan S - < —~ < 5 -
= AP AP s

Estimates and show that the bound for the inner accuracy ¢ has a
reasonable dependency on the absolute accuracy € required for the initial problem .
Thus, in both cases, on step 4 of the algorithm we need to find a point vy with
subgradient s € Ohgi1(Vk+1):

i
lsll. < 0(=71) & fsl.” < O().

This is a reachable goal, especially for methods minimizing hy1(-) with a linear rate
of convergence.

In practice, it may be reasonable not to use very small inner accuracy on a first
stage, but to decrease it over the iterations. Then, the following simple choice of
{0} k>0 can work.

10



Corollary 3 Let us define 6y = 1= with fized absolute constants ¢ > 0 and s > 1.
Then,

k k +o00o
o= (14X F) <e(1+ [ %) = &
=1 =2

1
Therefore, we have

_p_ _1_ -
felp.0) = <(%5d(“j0””*))”1+<wf?fﬁ<o«z>)pﬂf—s) '

4 Application of Tensor Methods

In this section, let us incorporate the high-order Tensor methods [16] into Algorithm
for solving the corresponding inner subproblem . From now on, we restrict our
attention to Euclidean norms. Let us fix symmetric positive-definite linear operator
B :E — E* (notation B = B* > 0) and use the following norm for the primal space:
|z|| = (Bz,z)'/2, * € E. The norms for multilinear forms on E are induced in the
standard way (see Section [2).

Assumption 2 For fized p > 1, the p-th derivative of the smooth component of the
objective function is Lipschitz continuous:

|07 f(2) — DPFI < Ly(Hllz—yll, @,y domf, (4.1)
with some constant 0 < Ly(f) < +o0.
For this setup, we use the following simple prox function:
d(z) = x — zo|[PFL. (4.2)

Thus, the choice of prox function is strictly related to the preferable degree p > 1
of smoothness of function f.

Let us define the Taylor approximation €, (f,z;y) of function f around the point
x € dom f:

LH
p+1

O(foy) Y @)+ Zl LD f(a)ly — o

By Assumption [2], we are able to bound its accuracy in the following way: for all
x,y € dom f it holds

Lp(f) P
1) =zl < sl — el - (4.3)
1V56) - Wl < 2y o (1.4

Let us look at our regularized objective hyy1(-) which need to be minimized at
every step k > O:

ap+1T + Apx
hk+1(ﬂ7) = Apnf (W
def

def = ¢k+1 (I)
= gkt1(2)

> + ap19(x) + YiBalvi; ) -
- (4.5)

11



This is a sum of two convex functions: smooth component giy1, and possibly nons-
mooth but simple component ¢y1, which is strongly convex with respect to d.
Let us drop unnecessary indices and consider the subproblem in a general form:

min {h(:c) =g(z)+ qb(x)}, (4.6)

r€dom h

with ¢ having bounded Lipschitz constant for some p > 1: 0 < L,(g) < +00. Since we
assume the objective to be strongly convex with respect to d from (4.2)) with parameter
oq(h) > 0, for every z,y € domh and all h'(z) € Oh(x) we have:

W) —he) — W)y —a) > oulW)falesy) S B e (A7)

Bound (4.3) motivates us to define the following point:

def .
Tv(hsz) = argmin {Qp(g, z1y) + oy — P + ¢(y)} : (4.8)
ye

and consider the following iteration process:

ziv1 = Ta(h;z), t> 0. (4.9)

For p = 1, the point is used in the Composite Gradient Method [14]. For
p = 2, this is a step of Composite Cubic Newton [4, 5]. It can be shown that for
M > pL,(g) the auxiliary optimization problem in is convex for all p > 1 (see
Theorem 1 in [I6]). Therefore it can be efficiently solved by different techniques of
Convex Optimization and Linear Algebra (see also [17, [16]).

Let us mention some properties of point 7' = Tis(h; x). Its characteristic condition
is as follows:

(V(9,5:T) + SIT — 2| BT = 2),y = T) +6(y) > 6(T),  yedomo.

Therefore,

S(T) € V(2T )~ YT — P BT —z) € 94(T).

This inclusion justifies notation h'(7T') o Vyg(T)+ ¢'(T) € OnT).

In order to work with these objects, we use the following result (see Lemma 2 in [2]).

Lemma 1 Let 8> 1 and M = BL,(g). Then

1 p+1 p—1
! > (B%-1)72p
(W(T),z-T) = (m)p R @ @LT)%I' (4.10)
In particular, if B = p, then
| H pil
WD).x=T) > (Gedmm) MO (4.11)
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Next lemma describes the global behavior of method (4.9)).

Lemma 2 Let 8> 1 and M = BLy(g). Then for any z,y € dom h we have:

WTu(x)) < h(y) + EE2D |y — gptt, (4.12)
Proof:
Indeed,
MTu(x) = g(Tu(@)) + ¢(Thi(x))
E3)
< Q0,5 Tn (@) + AT (@) — 2P+ 6(Th ()
< Qg my) + Ghmlly — 2P+ o(y)
< o)+ 2Ly — 2l + 6(y)

Lp(
h(y) + TR |y — L.

Now, we are ready to prove a convergence result on the iteration process (4.9).

Theorem 2 (Convergence of Tensor Method) Let M = pL,(g). Then, for every
t >0 and y € dom h we have

/ B . plo (h)Ql—P %
|W (ze2)|l«" < exp (—t - min {1, [m] } : pﬁ1>

(4.13)
- (<p+1;!Lp<g>)i () — 1+ 22ty — 4.
Proof:
Let us consider the point z;11 = Ths(2¢). By -, we have
h(zen) < hly)+ =52y — =P+, (4.14)

for any y € dom h. Denote zj, def argming cp h(y), and consider y = z; + a(x}, — 2;) for
a € [0,1]. Then we have

M) =R )~ = a () — 1)+ @D g o
<1 —a+ aPHW) (h(z1) — b (4.15)

13



The minimum of the right-hand side is attained at

1
* . plog(h)2!=P ] p
a* = mln{l, [7@_&)%(9) } } .
Plugging it into (4.15]) gives

h(zep1) — h* < (1 - a*}ﬁ) - (h(z) — b*)

(4.16)
< exp (—a*[%) - (h(zt) — h*).
Therefore, for every ¢t > 0 we have
()
Bziin) = h* < exp (—ta” 5By ) - (hz1) = )
el *_D * 4 Lp(g) +1
< exp(—tamEy) - (hly) — b+ 2y — 2|+
for every y € dom h. It remains to use Lemma [I| and finish the proof:
h(zi41) —h* = h(ze41) — h(2t42)
> (W(2t42), 241 — 212)
BN it
> (nm)” WGl
O

Thus, we can see that, applying Tensor Method of degree p > 1 on step 4 of the
general Contracting Proximal Method (Algorithm, we obtain fast linear convergence
for the norms of subgradients. Hence, we can estimate the total number of inner steps
t;. at iteration & > 0 as follows.

Corollary 4 Let we minimize function hyy1(-) by iterations:
241 = Tu(hit132), >0,
using M = pL,(gr+1) and zo := vi. Then we have

1At (e )l < Okgas

for
V4 +1 l D
ty > 2—|—max{1, u’;—i}-p?-log (’W) , (4.17)
k+1
where
oA (DL (gen) )P def 1-p) 5 (4.18)
1= ) per1 = (we41277)7, :
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and

d f * * p *
Dpp1 = Ap(F(zx) = F) +wBalvrs ) + (%) Ba(ve; z¥)
(4.19)
Y p
< Rulp.9)- (H%(ﬁi) )
Proof:
By definition, for all x € dom v, we have
hi1(z) + At (k)
= Apaf (%) + ap19(2) + YBalvr; @) + Apt (k)
> Al (%) +wBa(vks ) = App F™
Therefore,
=l — Arp(ae) < —Apa F (4.20)

Then for y = z* e argmin,cp F'(y) we obtain
« L
P () = By + P2y — 2P+

L
= hup (@) = By + 2 — gyt

ak+1x*+Akmk

= Apaf (W) + akr19 (") = by + YeBa(vr; «*)

I Lp(iilcﬂ) llz* — kap-H

< P ARF (k) — Wy — k() + wBa(vr o) + 28 gr — o4

@) 2

< Ak(F(xk)—F*)Jr’Ykﬁd(vk;ﬂﬁ*)Jr%Hw*—Uk;||p+1 < Dy

It remains to use this bound together with (4.13)) and the following estimation of strong
convexity parameter:

(&x)
oi(hk+1) = Vet

0

By representation (4.5)), we have a simple relations between Lipschitz constants of
the derivatives for function gi11(-) and f(-):

p+1

Lp(gk+1) = ZIZHLp(f)a p=>1 (4.21)

k+1
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Therefore, we can control the condition number of our objective. Indeed, by (4.17)),
the main complexity factor in minimization process for hj1(+) is the ratio

1
Len (<p+1>Lp<gk+1>)i ( (P+1)2”1a§1113p(f)))>”‘

M1 Pl21 =Py Pl A} (ot Aktr0a(y

We are able to keep this ratio small by applying an appropriate growth strategy for
coefficients Ay.
Let us consider two cases: o4(¢) = 0 and o4(¢)) > 0.

1. o4(x) = 0. Let us choose ¢ = 2p,1(pf1!)7]?+2Lp(f) and ap = ¢(p + 1)k”. Then we

have

k k
A = clp+1) > > c(p+1) [aPdz = ckPT
=1 0

and we get
aﬁﬁ < c( 4 1)p+1 — p!' v (4 22)
a, = AP PTG )L, () ‘
Thus we obtain
1
b _ (2 penmn))? ) (4.23)
Pkt AT P70 - ’
2. 04(v) > 0. For k = 0 we pick a; = ¢(p+1) as in the previous case. Now consider
k> 1.
Denote
def . ! FEaY
w = min{ (Wq_%p_l) SR 3 (4.24)

and choose a4+ from the equation

k41 — k41
Agt1 ap41+Ag

=w & ap = w(l—w) 4.

Therefore

1
bt <a’;ﬁ .Lp(f)(p+1)2p1>p - (O )

Aii} ploq() ploa(y)

Thus, in both cases, at every upper-level step we need to perform a logarithmic
number of iterations of the inner method, multiplied by a small constant.
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We are ready to specify the whole optimization procedure.

Algorithm 2: Contracting Proximal Tensor Method

Initialization. Choose xg € dom F',| inner accuracy 0 > 0, 7o > 0.
Set vg := g, Ag := 0.

Fix d(z) := Iﬁ”x — zo|[PTY,

C =

1
! . oq(¥)p! =
QP_I(erplgl?""QLp(f)? W i= mln{ (W) , 5}.

Iteration k£ > O.
1: If k=0o0r w=0 Then
a1 :=c(p+ 1)(k+ 1)P.
Else
a1 = w(l —w) LA
2: Set Api1 = Ap + apy1.

3: Denote contracted objective with regularizer:

ge1(2) = A f (W»

Agt1
Orr1(7) = ap1¥(x) + Y Ba(vi; ),
hi1(x) = g1 (7) + Grsr (2).
4: Solve inner subproblem by Tensor Method up to accuracy 9:

aPtt
20 +— Vg, tk = 0, M = pr(f) A%ill

Do z, 41 = Tar(hig1, 21,)s tr i= 4+ 1 Until ||h (2, )]« < 0.

Vk41 = 2y,

ap11Vk+1+ARTy
Agqa )

6: Set Vi1 = Wi + Ar104(V).

5. Set w1 =

Let us present global complexity bounds for this method in convex and strongly
convex cases.

Theorem 3 (Convex Case) Let for a given ¢ > 0 , the inner accuracy § be fized as
follows:

e \peT
_ pe p Yo
0 = (Lp(f)> pIPTSYIEE

17



Then, in order to achieve F(xx) — F* < e it is enough to perform

ep!

K = \‘1 + 2% <2p1(P+1)p+2Lp(f)/5d(xo;x*)>P}”J (4.26)

iterations of Algorithm @ The total number of oracle calls Nk def Zszl ti is bounded
as

Ne < K- <3+P;110g(4(1+A}O)(p+1)in’)>. (4.27)
Proof:
Estimate (4.26) follows directly from (3.14])), by substituting the value
c = po
20 H(p+1)P 2Ly (f)
Now, let us prove (4.27)). By (4.17)), we have
¢ lhi1 D
te < 3+max {1, fom } 2L og (’“Z%{““)

ptL
d P

EBED 4 e log <vé/ "(1+751>Rk(p,a>>
J— p .

In order to finish the proof, we need to bound the value under the logarithm.
By the choice of aj, we have an upper bound for Ay:

k k1
A, = clp+1) X @ < clp+1) [ aPdz = c(k+1)PTL (4.28)
i=1 0
Therefore, for every 0 < k < K:
ptl
Rpd)  _ [ (0Baleom )T (2ot \ 7T, ) 7
pTT = 5 + > k
5P
prl
< <<70ﬁd(xogx*>)p% N ((p+2ozpl)zil K> ’
p+1
= (Lp(f)ﬁd(xo;x*)> P (et <<p+1>2p—1 ) )
ple Pyp% 70
0
ptl 1
<<(p-i—1)217 1)p+1(Kp+K)> P < 4(&)5[(?
Yo Y0

This completes the proof.
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Theorem 4 (Strongly Convex Case) Let 04(v)) > 0 and condition number w be
defined as in (4.24). Let for a given € > 0, the inner accuracy & be fixed as follows:

ple \p+l Yopw
0 = (Lp(f)) 2P(p+1)((p3-1)2+1)/(p+1)' (4.29)

Then, in order to achieve F(xg) — F* < ¢, it is enough to perform
K = [2+1f] (4.30)

iterations of Algorithm 3, where

r “ log(maX{(P+1)p Lp(f)ﬂd(l"o;33*)(17+1)p+12p+;17}).

wptl > ple

The total number of oracle calls N is bounded as follows:

Ng < K.<3+(1+(6a)p).(1+£)

(4.31)
1 pt2 2
| e - 2p“+pt+4
+ log (max{1, ()"} (14 55) - P2 >>
P

Proof:
At every iteration k > 1, we have Apy1 = (1—w) 14, > Apexp(w). At the same time,
we know that

w < i<l (4.32)

e

1
2
where e = exp(1). Since for all a € [0, 1] it holds

1- Lo > exp(—a),

e

(4.32)
taking o = w=% < 1 we obtain Appq < Ag exp(wi). Therefore we have, for all

e—1
k> 0:

Alexp(kw) < Apy < Alexp<kwe_%). (4.33)

N i 4. foll i ly f 4. 1 i h lue A1 =
ow, es'.tlmate (4.30) follows directly from (4.33]) and (3.17) by using the value A;

Pl
2= (p+1)PT Ly (f) "

(4.25)
By the choice of ax11, we have ﬁ’;—i < 1, and we need only to estimate the value
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under the logarithm in (4.17). For every 0 < k < K, we have:

4.25|),(4.19) 1
ly41Dps1 & pr+1RE(p,0) (1-"—%)
p+1 — pt+1

§ P § P

1 1

= (y0 + Ud(¢>Ak+1)525_1(1 + L)

Yo
P 1 p+1l
((woﬁdu:og:c*))zm 4 () k) v
11
< (otoa)Area)r2e (14 5)
P 1 %‘1
¥ 1 -1 —_—
(it sty
Let us estimate different terms in this expression separately.
1. By definition of w, we have

Y0

Therefore,

(4.34)),(4.33)
Y0+ 0a(V) Ak +1 < oq(P) A (%Ll)lp + exp (Kwefl>>

(14.30)
< 204(¢) A1 exp (Kw€f1>-

2. Substituting the value for §, we obtain

0Ba(xo;x* p% (4.29) Ly(f)Ba(zo;x* ﬁ 2P (p+1 ((p+1)241)/(p+1)
Wf = P ;

ple T
pud™

(.30) 29207 +p+1)/ (+1)
< ()72 exp(KwL)

= 1
T prI
1
puwnd™

3. Finally, using that exp(z) > x for all z > 0, we have

p+1 p
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Therefore,

s < ep(Kugty) - (24 - (144

5P
exp(Kwﬁ) 9 2p%+p+1 p+2 p—1 pTTl
: W((ﬁ-ﬁ-l) 2 ptl +(p+1)P+12P+1)
PwWY
1
1 P oa(P)ArL \ P
< exp(Kw<(eel)p+1>> . (ﬁ) ( L )
1 2(p+1)  2p%4p+d
. (14—%) (p+1) » 2 »
1
— doga(y)p! \ P
= exp (Kw<(e_el)p + 1>> . maX{L ((p—ii)Lﬁf)) p}
pt2 2p2+p+4
(14 5) - 2"
P P
and we obtain (4.31)). O

5 Numerical Examples

5.1 Quadratic function

Let us compare numerical performance of Contracting Proximal Method and the classi-
cal Proximal Point Algorithm (/1.1)) for unconstrained minimization of a convex quadratic
function:

flz) = %(Aa:,x) — (b, x), r e R",

with A = A* = 0. We also run the Gradient Method and the Accelerated Gradient
Method for this problem. A typical behaviour of the algorithms is shown on Figure
Contracting Proximal Method has the same iteration rate as that of the Accelerated
Gradient Method, but requires more gradient evaluations (matrix-vector products) per
iteration.

To compute every step of the proximal algorithms, we use the Gradient Method
with line search. We try different strategies for choosing inner accuracies d;, and end
up with a simple rule 6, = 1/k?, which provides a good balance in performance of outer
proximal iterations and the inner method (usually, it requires to do about 4 inner steps
per iteration).

Data was generated randomly, but the set of eigenvalues of the matrix was fixed
according to the sigmoid function, for some given a > 0

N = L , 1<i<n.
Lexp (527 (n+1-2i))
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Therefore it holds: A} = 1/(1 + exp(«)) and A, = 1/(1 + exp(—«)), so parameter « is
related to the condition number of the problem.

In Table [l we demonstrate the number of iterations and the total number of matrix-
vector products, which are required for the methods to solve the problem up toe = 10~
accuracy in functional residual.

#— Gradient Method #— Gradient Method
101 { = = Proximal Method 10! 4 = = Proximal Method
_ —e— Accelerated Gradient Method _ —e— Accelerated Gradient Method
g = Contracting Proximal Method g = Contracting Proximal Method
S 1071 o 1071
0 i
2 g
T 1073 ~m © 1073
-
c S [
o i TP ——— o
S 1075 4 S 1075 4
c c
=} =]
(= (=
1077 A 107 4
0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
iterations matrix-vector products

Figure 1: Convergence of first-order methods on quadratic function.

Gradient Proximal Accelerated Contracting

Method Method Gradient Method Proximal Method

n q iter mat-vec iter mat-vec iter mat-vec iter mat-vec
500 | 102 339 339 361 1044 115 229 74 137
10— 12158 12158 12842 36731 350 699 393 1104
10-6 96072 96072 99269 313795 854 1707 1081 3780
1000 | 10—2 338 338 359 1035 110 219 73 135
10—4 11884 11884 11912 56996 360 719 361 1014
10-6 77675 77675 80758 239508 755 1509 1117 3957

Table 1: Minimization of quadratic function, ¢ = Apin(A)/Amax(A).

We see that Contracting Proximal Method is always better than the usual Proximal
Algorithm. It requires about the same number of iteration as the Accelerated Gradient
Methods, but it needs to spend more oracle calls per iteration, which confirms the
theory.

5.2 Log-Sum-Exp

In the next example we compare performance of second-order methods for uncon-
strained minimization of the following objective

@) = (B (222)) sern

i=1
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where ;¢ > 0 is a parameter, while coefficients of the vectors {a;}"; and b are randomly
generated, and we set m = 6n.

We compare cubically regularized Newton method [I7] and its accelerated variant
from [13] with the Contracting Proximal Cubic Newton (Algorithm [2[ with p = 2)
for minimizing the objective up to ¢ = 10~® accuracy in functional residual. In these
algorithms we use the following Euclidean norm for the primal space: ||z|| = (Bz, z)/2,
with matrix B =Y /", a;al, and fix regularization parameter being equal 1.

7

The results are shown in Table

Cubic Newton Accelerated Contracting Proximal
Cubic Newton Cubic Newton
n o iter oracle iter oracle iter oracle
50 1 389 389 177 353 112 491
0.1 482 482 202 403 141 587
0.05 886 886 343 685 236 1129
100 1 834 834 308 615 189 849
0.1 1210 1210 377 753 232 1021
0.05 2598 2598 641 1281 397 1740

Table 2: Comparison of second-order methods on Log-Sum-Exp.

We see that Contracting Proximal Method outperforms the direct methods in the
number of iterations, but usually requires additional oracle calls for solving the sub-
problem.
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