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Abstract. Brezis and Mironescu have announced several years ago that
for a compact manifold N C R” and for real numbers 0 < s < 1
and 1 < p < oo the class C“(@m;N") of smooth maps on the cube
with values into N™ is dense with respect to the strong topology in
the Sobolev space W*P(Q™; N™) when the homotopy group 7|, (N™)
of order |sp| is trivial. The proof of this beautiful result is long and
rather involved. Under the additional assumption that N™ is | sp| simply
connected, we give a shorter and different proof of their result. Our
proof for sp > 1 is based on the existence of a retraction of R” onto N"
except for a small subset in the complement of N™ and on the Gagliardo-
Nirenberg interpolation inequality for maps in W% N L°°. In contrast,
the case sp < 1 relies on the density of step functions on cubes in W*P.
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1. Introduction

We address in this paper the problem of density of smooth maps in the
fractional Sobolev spaces W*P with values into manifolds. More precisely,
let 0 < s <1land 1 < p < 400, and let N™ be a compact manifold of
dimension n imbedded in the Euclidean space R”. The class of Sobolev maps
WeP(Q™; N™) on the unit m dimensional cube Q™ with values into N™ is
defined as the set of measurable maps u : Q™ — RY such that

u(z) € N* forae. .z e Q™
having finite Gagliardo seminorm |[13],

[ulws.pgm) = (/ Mx)_lll(y)rndl‘dy)l/p'

o=yl
Q™ Qm
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The following question arises naturally: does W*P(Q™; N™) coincide with
the closure of smooth maps Cm(@m; N™) with respect to the distance given
by
ds p(u,v) = |lu—v||Leom) + [ — v]wsrom)?
This is indeed the case when sp > m:

Proposition 1.1. If sp > m, then the family of smooth maps Cm(@m; N™) s
strongly dense in WSP(Q™; N™).

Here is the sketch of the argument: given u € W*P(Q™; N™), we con-
sider the convolution ¢, * u with a smooth kernel ¢.. If the range of ¢, * u,
which is a subset of R”, lies in a small tubular neighborhood of N™, then we
may project ¢, xu pointwisely into N™. We can always do this for e > 0 suffi-
ciently small as long as sp > m. Indeed, in this case W*P(Q"; R”) imbeds into
the space of functions of vanishing mean oscillation VMO(Q™;R"), whence
dist (¢e * u, N™) converges uniformly to 0 as e — 0 [11, Eq. (7)].

The counterpart of Proposition for WLP(Q™; N™) and p > m is due
to Schoen and Uhlenbeck [27]. The role played by VMO functions in this
problem was first observed by Brezis and Nirenberg [11].

In the subtler case sp < m, the answer to the density problem only
depends on the topology of the manifold N™:

Theorem 1. If sp < m, then C‘X’(@m; N™) is strongly dense in W*P(Q"™; N™)
if and only if w5, (N™) ~ {0}.

We denote by |sp| the integral part of sp and for every ¢ € N, m,(N™) is
the £th homotopy group of N™. The topological assumption 7, (N™) =~ {0}
means that every continuous map f : SL*?) — N™ on the | sp| dimensional
sphere is homotopic to a constant map. The necessity of this condition has
been known for some time [12, Theorem 3; 24, Theorem 4.4; [27, Section 4,
Example].

Brezis and Mironescu have announced this beautiful result in a personal
communication in April 2003 and up to now only a sketch of the proof is
available [23, pp. 205-206]. The analogue of Theorem for WP Sobolev maps
had been obtained by Bethuel in his seminal paper [2] (see also [16]). Partial
results for fractional Sobolev exponents s were known when the manifold N™
is a sphere with dimension n > sp [12] and also in the setting of trace spaces
with s = 1 — 3 [3,[14,25].

The proof of Theorem [I] is long and quite involved and we refer the
reader to the work in progress of Brezis and Mironescu for the detailed ar-
gument. In this paper we prove the reverse implication of Theorem [1|in the
case of |sp| simply connected manifolds N™. Under this assumption, we give
a shorter and different argument which leads to the following:

Theorem 2. If sp < m and if for every £ € {0,...,|sp|},
m(N") ~ {0},
then C>(Q™; N™) is strongly dense in W*P(Q™; N™).
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The |sp| simply connectedness assumption of the manifold N™ allows
us to focus on the target N™ by using a retraction of a large part of R” onto
N™. The proof under the weaker assumption |, (N") ~ {0} relies instead
on constructions in the domain Q™. In the same order of ideas, the |p| simply
connectedness condition has been used by Hajtasz [15] to give a simpler proof
of Bethuel’s density result for WP, In [8], we explain how Hajtasz’s strategy
can be implemented for every Sobolev exponent s > 1 using some pointwise
estimates involving the maximal function operator inspired from the work of
Maz'ya and Shaposhnikova [21].

In order to treat the case s < 1, we introduce here an additional ingredi-
ent based on the density of maps which are smooth except for a small set. The
case sp > 1 is covered by Proposition below which relies on a projection
argument due to Hardt and Lin [17] (Lemma below) and on analytical
estimates by Bourgain, Brezis and Mironescu [7]. The case sp < 1 is based
on the density of step functions on cubes (Proposition below) inspired by
the works of Escobedo [12] and Bourgain, Brezis and Mironescu [6].

Theorem [I] settles the question of strong density of smooth maps in
WeP(Q™; N™) for 0 < s < 1. In contrast, the problem of weak sequential
density of smooth maps in the case where strong density fails has not been
fully understood. As far as we know, the answer is negative for sp ¢ N — as
in the setting of W'? maps [2, Theorem 3] — and positive in W z2(S%; S!)
|26, Theorem 1.2]. Concerning more general manifolds, a first step would be
to prove that smooth maps are weakly sequentially dense in W*P(Q™; N™)
when N is |sp — 1| simply connected. This would be the counterpart of
Hajtasz’s weak density result for W? maps [15, Theorem 1 (b)].

2. Strong density for sp > 1

The proof of Theorem [2]for sp > 1 is based on two main ingredients: (1) when
the manifold N™ is | sp]| simply connected, smooth maps are strongly dense in
Wha(Q™; N™) for every 1 < ¢ < |sp]+1 and (2) locally Lipschitz continuous
maps outside a set of dimension m — |sp| — 1 are dense in WP (Q™; N™).

The proof of the first assertion can be found in [8,/15]. Before giving the
precise statement of the second assertion, we introduce for j € {0,...,m—2}
the class R;(Q™; N™) of maps u : Q" — N such that

(1) there exists a finite union of j dimensional submanifolds 7 C R™ such
that u is locally Lipschitz continuous in @m \T,
(i) for almost every z € Q" \ T,
C
D <7
|Du(z)| < dist (z,T)’
for some constant C > 0 depending on wu.

We observe that for every 1 < ¢ < m — j, R;(Q™; N") C Whe(Q™; N"),
whence by the Gagliardo-Nirenberg interpolation inequality [10;|22, Remark 1],
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for every 0 < s < 1,
Rj(Q™;N™) C W**(Q™; N").
In particular, R,—|sp -1 (Q™; N™) is a subset of W*P(Q™; N™).
Assertion (2) above can be stated as follows:

Proposition 2.1. If 1 < sp < m and N™ is |sp| — 1 simply connected, then
the class Ry, |sp|—1(Q™; N™) is strongly dense in W*P(Q™; N™).

The proof of Theorem [I] by Brezis and Mironescu is based on the fact
that R, |sp|—1(Q™; N™) is strongly dense in W*P(Q™; N™) for every com-
pact manifold N™. This is also known to be the case for every s € N, [2,/9].
In both cases, in order to approximate a map u € W*P(Q"™; N™), one first
constructs a map v € Ry—|sp|—1(Q™; N™) of the form v = u o ®, where
D : Q™ — Q™ is smooth outside a small subset of Q™. Our proof of proposi-
tion [2.1] is based on a different strategy. Indeed, we consider a map w of the
form W owu where ¥ : R — N™ is a retraction onto N™ which is well defined
and smooth outside a small subset of R¥. A similar method has been used
in the case where N is a sphere; see [4] for the space W' P(QLPI+1;Slrl)
and [7,126] for W2-2(Q2;S!). In that case, the retraction ¥ has the following
simple explicit expression: one first introduces the map m,(x) = \5i3| for
some point a € R”, |a| < 1. Then, one defines for z € R\ {a},

U(z) = (Malgr—1) " (ma(2))-
The map ¥ is smooth on R” \ {a}. The choice of the point a depends on the
map u to be approximated.

When the sphere is replaced by an [sp| — 1 simply connected submani-
fold N, the retraction ¥ cannot be described by a simple analytic formula.
Moreover, V¥ is only defined outside a finite union of planes, in contrast to
the case of a sphere where the singular set of the retraction was just a point.
This involves new technical difficulties; see Lemma [2.3] below.

We expect that Proposition 2.1 remain true for every non integer s > 1
by adapting the proof of the case 0 < s < 1. This would yield the first result
on the density of the class R, |s—1(Q™; N™) for non integer s > 1 and
manifolds N different from the sphere.

We temporarily assume Proposition and complete the proof of The-
orem

Proof of Theorem [ when sp > 1. By Proposition [2.1] we only need to prove
that any map u € Ry,—|sp)-1(Q™; N") can be approximated in the WP
norm by smooth maps.

Since u € WH4(Q™; N™) for every 1 < q < |sp] + 1, by the topologi-
cal assumption on the manifold N™ there exists a sequence of smooth maps
converging to u in WH4(Q™; N™). When sp > 1, we may take ¢ = sp and by
the Gagliardo-Nirenberg interpolation inequality [6, Lemma D.1] the same
sequence converges to u in W*P(Q™; N™). The Gagliardo-Nirenberg interpo-
lation inequality fails for ¢ = 1 in the sense that W1'N L is not continuously
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imbedded into W 5. When sp =1 we then take any fixed 1 < ¢ < 2 and by
the Gagliardo-Nirenberg interpolation inequality W19 is continuously imbed-
ded in W*P. This implies that the sequence converges to u in WP (Q™; N™)
as before. O

We now turn ourselves to the proof of Proposition The main geo-
metric ingredient asserts the existence of a retraction from a cube Q'; onto
N™ except for a small set [17, Lemma 6.1]:

Lemma 2.2. Let £ € {0,...,v—2}. If N™ is { simply connected and contained
in a cube Q% for some R > 0, then there exist a closed subset X C Q% \ N™
contained in a finite union of v — £ — 2 dimensional planes and a locally
Lipschitz retraction k : Q% \ X — N such that for v € Q% \ X,

C

D <
| Dre(z)] < dist (z, X)’

for some constant C > 0 depending on v and N™.

Proof. Let K be a triangulation of a polyhedral neighborhood K of N™ such
that N™ is a Lipschitz deformation retract of K*. In particular, K¥ and N"
are homotopically equivalent |18, p. 3] and there exists a Lipschitz retraction
h: K" — N™. We extend K as a triangulation of Q% that we denote by 7.
Since for every j € {0,...,¢},

mi(K") = mj(N") ~ {0},
there exists a Lipschitz retraction g : 7" UK"Y — K. Denoting by £ a dual
skeleton of 7 [28, Chapter 6], let f : (T” \ L”*Z’z) UKY - T*TUKY be a
locally Lipschitz retraction such that for every x € (TV \ L”’Z*Q) U K",
1

D <C—7F——.

IDf()] < dist(z, L¥—£=2)
The conclusion follows by taking

X:=L"*t2\K” and k:=hogof. O

The next lemma ensures that the approximation we construct in the
proof of Proposition @ belongs to a suitable class R;.

Lemma 2.3. Let Q@ C R™ be an open set, v € C®(Q;R”) and let A € N be
such that A\ < min{m,v}. If Y C R is a finite union of v — X dimensional
planes, then for almost every £ € R”,

(i) the set v=H(Y + &) is a finite union of smooth submanifolds of R™ of
dimension m — A,

(it) for every compact subset K C ) there exists a constant C' > 0 such that
for every x € K,

dist (z, v (Y + £)) < Cdist (v(z),Y +€).
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Proof. We first assume that Y is a single v— A dimensional plane and, without
loss of generality,

Y = {0} x RV (2.1)
with 0/ € R*. Let P : R* x R~ — R* be the orthogonal projection on the
A first coordinates. For every ¢ = (¢/,¢") € RN x RV~

Y &) =0T (Y +(£,07) = o7 (PTI{E}) = (Pov) T ({E)).
By Sard’s lemma, almost every ¢ € R? is a regular value of the map P o v.
We deduce in this case that v=*(Y + £) is an m — X smooth submanifold of
Q.

We pursue the proof of the estimate in (i7) by assuming that ¢ = 0and Y
is of the form (2.1) where every element of Y is a regular value of Powv. Given
a € § such that v(a) € Y, the linear transformation P o Dv(a) is surjective,
whence there exist § > 0 with Bj*(a) C Q and a smooth diffeomorphism

Y : By*(a) — R™ such that for every = € Bj"(a),
Powv(z) = P o Dv(a)[tp(z)]. (2.2)

This is a consequence of the Inverse function theorem. Indeed, let ; be
the orthogonal projection in R™ onto ker P o Dv(a) and let 19 = (P o
Dv(a)](ker PoDu(a)):) ' © P owv. Then, D(¢y + tp2)(a) = idgm, whence by
the Inverse function theorem the function 1) = 17 + 105 is a smooth diffeo-
morphism in a neighborhood of a and satisfies P ov = P o Dv(a) o %.

It follows from that dist (v(x),Y) = dist (Dv(a)(¥)(z)),Y). Denot-
ing by

V = (Do(a)~ (V).
we observe that for every y € Bf*(a), v(y) € Y if and only if ¥(y) € V. Since
¢ is a diffeomorphism, there exist C; > 0 such that for « € Bj*(a),
dist (z, v (Y) N BY*(a)) < Cy dist (¢(z), V N(BY(a))).

By the counterpart of (i¢) for linear transformations, there exists a constant
C5 > 0 such that for every z € R™,

dist (z, V) < Cydist (Dv(a)[z],Y);

this property can be proved using the linear bijection R o Dv(a)|y 1, where
R is the orthogonal projection onto YX. Thus, for every = € By*(a),

dist (¢ (x), V) < Cy dist (Dv(a)[t(x)],Y) = Cadist (v(z),Y).
To conclude the argument, take 0 < § < § such that for every = € Bé”(a),
dist (x, v~ (Y)) = dist (z, v~ (Y)) N BY*(a))

and
dist ($(2), V) = dist ($(2), V N (B (0))).
We deduce from the above that for x € By (a),

dist (z, v (Y)) < C1Cq dist (v(x),Y).
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Using a covering argument of K Nv~1(Y), the conclusion follows when Y is
a single v — A dimensional plane.

We now assume that Y is a finite union of ¥ — A dimensional planes
Yi,...,Y]. The first assertion is true for almost every £ € R”. Concerning the
second assertion, note that for every x € ) and for every £ € R”,

dist (z,v™ (Y +€) = _min _ dist (@,07 (¥i +))

and

dist (v(z),Y + &) = ie{I{linj} dist (v(2),Y; + €).

Let & € R”. If the estimate holds for every Y; with some constant C] > 0,
then for every z € K,

dist(a:,vil(YJrﬁ))S( max C’{) min _ dist (v(z),Y; + &)

i€{1,....5} i€{l,....5}
= C!) dist Y )
(,max | CF) dist (u(2),Y +0)
This concludes the proof of the lemma. ([

Given a domain Q C R™ and a measurable function u : Q@ — R, we
now estimate the convolution function ¢; * u and its derivative in terms of a
fractional derivative of u. More precisely, given 0 < s < 1 and 1 < p < +o0,
define for x € Q2 [22],

o) [ @) —u@l N
D <><Q i) dy) |

We assume that ¢ : R™ — R is a mollifier. In other words,
peCX(B"), ¢>0in B" and /gozl.
By
For every t > 0, define ¢, : R™ — R for h € R™ by
1 h
h) = — (7)
pe(h) = ool 5
Using the notation above we have the following:

Lemma 2.4. If u € WP(Q;R"), then for every t > 0 and for every x €
such that dist (z,00Q) > t,

(1) lpr * u(z) —u(x)| < Ct*D>Pu(x),

(i) |D(ps* u)(x)] < C't= =) D¥Pu(a),
for some constants C > 0 depending on ¢ and C' > 0 depending on Dy and
p.
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Proof. By Jensen’s inequality,

fpcrula) ~u@)l? < [ et — )~ u@)pP d

Rm

B g 0@ = h) = u(@)|?

= [empprrer 2 an,
Rm

Since ¢, is supported in B}, for every h € R™, ¢, (h)|h|™ TP < C1t*P. The
first inequality follows.
Next, since [p,, Dy =0,

1D % u)(@)] < / Dy (W) [u — ) — u(a)| dh.

R™

/|D(pt‘ S %1

Rm™

Since

by Jensen’s inequality,

Decrw@P < (2 [ IDahllute ~ )~ @) dn

Cg_l m-+s \u(a:—h) _u(x)|p
= [t an,

Rm™

Since for every h € R™, |Dyy(h)||h|™TsP < C5t*P~1, the second estimate
follows. O

If w e WoP(Q;RY) and k : R¥ — R¥ is Lipschitz continuous, then
kou € WP(Q;R”) and

[k 0 ulwsr () < [KlLip@e) [UWlwsr (o), (2.3)
where |k|pipmrv) denotes the best Lipschitz constant of k. The next lemma

gives the continuity of the composition operator u — & o u in W*P:

Lemma 2.5. Let 2 C R™ be a bounded open set and u € WP (Q; RY). For ev-
ery € > 0, there exists § > 0 such that if k : RY — RY is Lipschitz continuous,
v e WP(Q) and |[u — v||wermry) < 0, then

[k ou— kK ov|wsr@) < |KlLipwv)€.

By aresult of Marcus and Mizel |20, Theorem 1] in the scalar case v = 1,
the map u € WHP(Q;R) — kou € WHP(QR) is continuous. Lemma [2.5 has
been proved by Bourgain, Brezis and Mironescu [7, Claim (5.43)]. For the
convenience of the reader we present their proof, organized differently.
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Proof of Lemma 2.5 For u,v € W*P(Q;R”) and £ : R” — R”, define for
T,y €1,

|r(u(z)) = wv(@)) = wluly)) + Ky

o =y

I({E,y) =

b

so that

[kou—Kovwsrq) ://I(:E,y)d:rdy.
Q Q

Observe that

< go-1[R(u(@)) = KW(@))]” + |K(u(y)) - w(o(y))P

I(z,y) < L
<P UnlP [uz) = ”(z)f ;,,'fiii) — o)l
and that
I(z,y) < 2r! |k(u(x)) — K(U(Ti)f ;llj_iz(z)) — r(v(y)P
<2 fl o ui?_p;l o) = o)l
< ChlR[ e <|7|¢i$) ;Z(Ji)pl N lu(z) — vg(gx) ;#Ei)p%— v(y)| )

Given € > 0, let
Ave={(@y) € 2 x Q1 ul@) — (@) + uly) —v(y)]” = el —y|" .
Using the first upper bound of I(z,y) on the set (2xQ)\ A, . and the second

one on the set A, ., we get

[fkou—ro v}ﬁvsyp(ﬂ)

_ u(z) —u(y)P
< “|€ip(mv)<2p Le|Q)? +Cy //dedy+01[u—v]€v5,p(ﬂ)).

Since u € W*P(Q) and |A, | — 0 as v — u in W5P(Q), the conclusion
follows from the Dominated convergence theorem. O

Despite of the estimate (2.3)), when x is not affine there is no inequality
of the form

[kou—kovlwsrq) < ClelLipm)[u — vwar)-

In fact, the map u — k o u is not even uniformly continuous in WP, We
explain the argument when the domain is the unit cube Q™. For this purpose,
let € C°(Q™;R”) and denote by @ the periodic extension of ¢ to R™.
Define for j € N,,

vy(2) = @(ja)
and, for some fixed £ € R”,

uy () = @(j) + €.
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We observe that
luj — villwer@m) = lluj — vjllLe@m) = 2]

whereas

[’Q ouj; —K©o 'Uj]];[/s,p(Qm)

o s / |K(p(@) +€) = Klp(x)) = Klp(y) +€) + rle)]”
= j e |£17 _ y‘m+sp

dz dy.

When « is not affine, there exist &, 7,0 € R such that

K(T+ &) — K(T) # k(o +§) — k(o).
Taking ¢ € C°(Q™;R¥) for which both sets ¢~ !({o}) and ¢~ !({r}) have
positive measure, we have

//| z) +€) — w(p(2)) — K(p(y) +€) + wle(y)]”

o =

dxdy > 0.
Qm™Qm

As we let j tend to infinity in (2.4), we conclude that u — & o u is not

uniformly continuous in W*P,

Proof of Proposition[2.1 Let u € WP(Q™; N™). The restrictions to Q™ of
the maps u, € W*P(Q"5,; N") defined for x € Q7 5, by u,(z) = u(x/(1+
27)) converge strongly to u in W*P(Q™; N”) as v tends to 0. We can thus
assume from the beginning that u € W*?(Q7% 5,; N") for some vy > 0.

Let k: RV \ X — N™ be the locally Lipschitz retraction of Lemma
with ¢ = |sp] — 1; we may assume that v > £ 4 2. For every £ € R”, we
consider the map k¢ : R” \ (X +¢) — N defined by

re(x) = Kz = §).

Given a mollifier ¢ (see p. [7] above), the map k¢ o (p; * u) is locally
Lipschitz continuous in Q7" \ (¢ *u) (X +£&). Moreover, by the chain rule
and by the pointwise estimate satisfied by Dk,

[D(pt  u)|

dist (g *u, X + &)’

The set X is contained in a finite union of v— | sp| —1 dimensional planes
Y in R”. Applying Lemma[2.3|to v = ¢ xu € C(QT.,;R¥), we obtain that
for every 0 < t < v and for almost every & € R”, the set (¢; * u) (X + &) is
contained in a finite union of m — |sp| — 1 dimensional submanifolds,

T =(prxu) ' (Y +€).

By ([2.5) and the inclusion X C Y,

|Dlke o (1 % u)]| < Cu (2.5)

1 1

D < = '
[Plic e (e u)ll < Co g 579 = Campr ay 79
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By the second part of Lemma we conclude that for =z € @m \ (o1 *
u) " (Y +6),

1 C
| Dlke o (101 % w)](z)| < Cs dist (z, (pe* @)~ L(Y + €))  dist (;,T)'

In particular, for every 0 < ¢ < « and for almost every £ € R”, the map
ke o (¢ * u) belongs to Rmﬂsqu(Qm; N™).

We proceed using an idea from |7] for W22 maps with values into the
circle S'. Let

a= idist (X, N™),
let 8 : R” — R be a Lipschitz continuous function such that
(a) for dist (z, X) <2, 0(z) =1,
(b) for dist (z, X) > 3a, O(z) =0,
and let
Fe=(1-0)re and ke = Ore.

Since k¢ = K¢ on u(QﬂQw) C N™, we have by the triangle inequality,

||K’§ © (wt * u) - u’||Ws,p(Qm,)
< g o (@ x w)[wew(@my + IR 0 (pr % u) = Ke o ullwsw(m)
+ ||KJ§ ou — U/HWs,p(an). (2.6)

Since & is Lipschitz continuous on a neighborhood of N™ and k¢ou = k(u—§),
we have by continuity of the composition operator in W*? (Lemma [2.5)),

li — sogmy = 0. 2.7

lim e o = ullws @) (27)

By Lemma [2.5] as the maps k¢ are uniformly Lipschitz continuous and ¢; * u
converges to u in W*?(Q™),

lim|[|Rg o (1 * u) = Rg o ullwer@m) =0, (2.8)

uniformly with respect to &.
It remains to estimate the first term in the right hand side of (2.6)). This
is done in the following;:

Claim. For every 0 < t < 7,
[lsco s wliyugmac e [ @y
2 {lpvsuul>a)

We assume temporarily the claim, and complete the proof of Proposi-
tion Since D*Pu € LP(Q™) and p; * u converges to u in measure as ¢
tends to zero, by the claim we have

. p =
Hm /H@e © (e * w)llyys.p(gmy d€ = 0.
By
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By the Chebyshev inequality,

i
th_r}r(l) {f S B;n : ||@§O(<,0t*u)||€vs,p(Qm) > (/ ||ﬁ<0(<,0t*u)||€vs,p(Qm) d<> }’
By

=0.
Thus, for every 0 < t <, there exists £ € B such that }in(l) & =0 and
—
lim g, © (e * u)llwerm) = 0.
We conclude from (2.6)), (2.7) and (2.8) that
}gr(l) ||/<c§t o (py*xu) — u||W5,p(Qm) =0.
This gives the conclusion of Proposition [2.1 O
It remains to establish the claim:

Proof of the claim. Let 1 < ¢ < p < r be such that
1 1-

=% (2.9)
p r q

By the Gagliardo-Nirenberg interpolation inequality,

g0 (exu)llwer(@my < Callteo(rxu) 17 {gm) 5o (@rxt) iy, gm)- (210)

As N™ is compact, we observe that the functions r, o (¢ * u) are uniformly
bounded and supported on the set { dist (¢ * u, X) < 3a}. Moreover,

{dist(got *xu, X) < 3a} - {\(pt ku—u| > a}.
Thus,

1
=

|5 © (01 * w)|| Lr(gm) < C4l{|<pt*u—u| > a} (2.11)

Next, by the Leibniz rule and by ({2.5]),

Dl o (e x )| < (1D0Go0  w)llie (91 # )| + 1000 = w)] | Dise (91 # )] ) IDpr )]

1
dist (¢ *u,X+§)>D(<Pt *u)|.

§C’5<1+

Since the functions D(k, o (¢ *u)) are also supported in the set {lesxu—u| >
a}, we get

¢ o (o1 u)”(x]/[/l.q(Qm)

1
= Co / [1 " <1  dist (1 + u, X +§)"> Dl s U)H]'

{leeru—ulza}

For
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we have by Hoélder’s inequality and by Fubini’s theorem,

Jllsco (s )it g €
BU
sp

vi1—322
< ‘Ba|1 4 (/Héo(wt*u)lg/l/lwq(Qm) d€>

By
= C7< / / {1 " (1 * st (¢ * ugw),X +€)q> Dl * u)(x)q} dgdx) T

{letxu—u|>a} BY

We have

1 1
/ dist (¢ * u(z), X + £)* e = / dist (¢ * u(z) — X, €)?
B,

By
1
N / dist (%,6)7

B +ppru(x)

1
Sy/dm&X@ﬁdg

Br

dg

where R > 0 is such that for every x € Q™, Bl + ¢, *u(z) C BY%. Since X is
a closed subset of a finite union of v — [sp| — 1 dimensional planes, assuming
in addition that

q<|sp]+1,

then the last integral is finite. Thus,

Jisco orilugmasscs( [ p+Deoul)
By,

Uperu=—ul>a}

Inserting this estimate and (2.11) into (2.10), we deduce that

[ 1 (e By gmy 26
BV

sp
A-—s)p q

< Cg|{|<pt «u—u| > a}|

1+ [ D(gy » u)M)

{lerru—ulza}
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Since ¢ < p, by Holder’s inequality and by the identity (2.9) satisfied by the
exponents r, p and g,

[ 1 (0B gmy 26

By,
. s
< Crol{lptxu—ul >a}| / [1+|D(<pt*U)|p]> :
Upesu=ul>a}

By the Chebyshev inequality and by Lemma [2.4]

Gou-uzal <o [ fevu—up
{lprru—ul|>a}
< Cp1t°P / (D*Pu)P.
{lperu—ul|>a}
By Lemma [2.4] we also have

Cia
p
|D(p xu)|P < prEE

{let*u—u|>a} {lptxu—u|>a}

(D*Pu)P.

We conclude that

[ 5o (@oeinngma < Cuater +1) [ 0oy,
By {lperu=ul>a}

This proves the claim. O

3. Strong density for sp < 1

The proof of Theorem [2] when sp < 1 relies on the density of step functions
in W#P based on a Haar projection [6]. This analytical step is developped
in Propositions and below. Then, a standard tool from Differential
topology (Proposition allows us to reduce the problem to an approxi-
mation of a map with values in a convex set and this can be carried out by
convolution.

Given a function v € L'(Q™;RY), we consider the Haar projection
E;(v) : @™ — R defined almost everywhere on Q™. More precisely, de-
noting by KJ*; the standard cubication of Q™ in 29™m cubes of radius 277,
for every o € KJ"; the function E;(v) is constant in int o and for x € int o,

B0)a@) = 17 [ v

In particular, E;(v) is a step function.
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Proposition 3.1. Let v € LP(Q™;R"). Then, for every j € N,
1E; (0)llr@m) < l[vllze@m)
and the sequence (E;(v))jen, converges strongly to v in LP(Q™;R").

Proof. The estimate follows from Holder’s inequality. To prove the conver-
gence of the sequence (E;(v));en,, we write

1
I15,0) = olgm = > [o@) = / off da

m
U€K2_7 i

< //|v ) —v(y)|P dz dy.
v|0|

eK'm

Approximating v in LP(Q™; R") by a continuous function, we deduce that the
right-hand side converges to 0 as j tends to infinity. This gives the conclusion.
d

The counterpart of the previous proposition still holds in the case of
fractional Sobolev spaces W*P for sp < 1:

Proposition 3.2. Let v € WP(Q™;RY). If sp < 1, then for every j € N,
[Ej(v)}ws,p(Qm) S C[’U]Wsp(Qm)

for some constant C' > 0 depending on s, p and m. In addition, the sequence

(Ej(v))jen, converges strongly to v in W*P(Q™;RY).

The first part of the statement is due to Bourgain, Brezis and Mironescu
[6, Corollary A.1]. Their proof is based on a characterization of the fractional
Sobolev spaces W*? for sp < 1 due to Bourdaud [5] in terms of the Haar
basis. We present an alternative argument relying directly on the Gagliardo
seminorm. The main ingredient is the following:

Claim. If sp < 1, then for every o,p € K1,

< oo lolo
//|x7 y|mtep dx dy 05( P

§(o,p) =sup{|lz —y|:z € o and y € p}
and the constant C’ > 0 depends on m and sp.

where

Proof of the claim. For every (x,y) € o X p,
|z —y| > (0, p) — diam o — diam p = §(o,p) — 279 2/m.

If (o, p) > 27913\ /m, then 16(c, p) < |z —y| < (0, p) and the result follows
in this case. Since the indicator function of the unit cube xg= belongs to
WP (R™) for sp < 1, a scaling argument leads to the following estimate

1 // 1 .
dedy < 0127("’“}’).
ol |z — y|mtep
o p
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In turn, this implies the claim when 6(co, p) < 27773/m. O
Proof of Proposition[3.4. Let o,p € K3 ,. For z € 0 and y € p,

1B;(0)(z) — Byv) |—|g||p|//‘” )l ddj.

Thus, by Jensen’s inequality,

B,0)@) - B0 < |// DIF dz g,
We deduce that
[ [ B0 Bewr ., o / /‘U R~
|,T _ y‘m-‘rsp é‘ 0- P m+sp
o p
< Cl |U(aj) U( )‘ d d
< [ [ i
o p
(3.1)
The desired estimate follows from (3.1) by summation over dyadic cubes in
K.
92—
To prove the convergence in W*P we write for every A > 0,
(B (0) = 0By )
Ej( P P
<2p1/ | E@)P + o) — o)l
o =yl
L 2o
)\ersp /|E
where
Dy={(z,y) €Q™ x QM : |z —y[ <A}
By estimate (3.1)),
|Ej(v)(x) — Ej(v)(y)” / ()P
<C ———dxd
e LR e e
Dy o,p EK p
(o’><p)ﬁD>\75@
// )|p dzdy
e
D*_‘—Qz Jj+1
Hence

[Ej(v) ]We 2(Q™)
v(z) —o(y)l” 2°1Q™
<y // T dz dy + e /|Ej(v)

D,\+Q§m_7+1 Q™M
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By Proposition [3.1] the last integral tends to zero as j tends to infinity. Thus,

. [v(z) = v(y)|
limsup [E;(v “r(Qm) < Cy /7dxd .
j‘)OOp [ j( ) ]W (Q _ y|m+sp Yy
The conclusion follows by choosing A > 0 small enough. ]

In the proof of Theorem [2] we need the following property from Differ-
ential topology:

Proposition 3.3. Let N™ be a connected manifold. Then, for every finite subset
A in N7, there exists an open neighborhood of A in N™ which is diffeomorphic
to the Euclidean ball B™.

Proof. Let U C N™ be an open set which is diffeomorphic to the Euclidean
ball B™. There exists a diffeomorphism f : N™ — N™ mapping A into U
[19, Lemma 5.2.6]; in dimension n > 2 this follows from the multi-transitivity
in the group of diffeomorphism of N” [1, Lemma 2.1.10]. The set f~1(U) is
thus diffeomorphic to B™ and contains A. O

Proof of Theorem [ when sp < 1. Let u € W*P(Q™; N™) and let « > 0 be
such that the nearest point projection II into N™ is smooth on N™ + E:j.
Let b € N"™. For every j € Ny, we define u; : Q™ — R” for x € Q™ by

uj(z) = {E]‘(U)(x) if dist (E;(u)(z), N™) <
! b otherwise.

Then, (u;),en, is a sequence of step functions with values into N + BY. By
the triangle inequality,

lluj = wllwargm) < [1Ej(u) = wjllwer@m) + 1 Ej(w) = ullwergm)-  (32)
We need to estimate the first term in the right hand side of this inequality.

Since the range of F;(u) is contained in a fixed bounded set — for instance
the convex hull of N —, for every j € N,,

[1Ej(u) — UjHLP(Q*") = [|Ej(u) — b”LP({dist (Ej(u),N")>1})
< Cy|{x : dist (E; (u)(z), N™) > 1}
Since |Ej(u)(x) — u(z)| > ¢ on {z : dist (E;(u)(z), N™) > 1}, we get
1
1B (w) = ujllLe@my < Crl{z : |Ej(u)(z) — u(x)] = o}|7.
Thus, by the Chebyshev inequality,
Gy
1B (w) = wjllLe@my < — [1Ej(w) — ullLo(gm)- (3.3)
LP
We need a similar estimate for the Gagliardo seminorm W*?:
Claim. There exists C > 0 depending on s, p and m such that for every
JjeN,
[Ej(u) = ujlwenm) < C([Ej(u) = ulwer(gm) + [uwer(ay)),
where 4; = {z € Q™ : dist (E;(u)(z), N") > ¢}.
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Proof of the claim. First note that

E;(
Bj(0) ~ ulenigm =23 3 //' A2 ey

occA PEKT" N\A &

IE Ej(u)(y)[P
+ZZ // |x—y|m+9p dz dy,

ocEApEA

where
A= {a e K, - dist (B (u)(z), N") > ¢ for z € a}.

By (3.1), we have
E;(
ZZ //| |m_y|m+<sp)(y)| dzdy < Crfuliyen(a,)-

ocEApEA

We now estimate the term
_ |Ej(u)(x) — b|P
=y / - drdy.
oEApEK"’ \A &

Since the image of u is contained in N™ and N™ is bounded, there exists a
constant Cy > 0 such that for every j € N,

|Ej(u) = b] < Ca.
Since sp < 1, by the Claim following Proposition

<y Y //|x_y|m+gpdxdy

oA PEK \NA

IUHP\
<SG D ST

oc€A PEKT ; \A

/ 1B (w) — uf? > o).

/| »
N ey IO

TEAPEKI NA TN p

For every o € A,

Thus,

Since E;(u) = ﬁ fp u in p, for x € o we have by the triangle inequality,
1
1 Ej(u)(x) —u(z)] < 7l /|Ej(U)(I) —u(z) — Ej(u)(y) + u(y)| dy.
P

Thus, by Jensen’s inequality,

1B (u)(z) = u(z)[” < ﬁ p/|Ej(u)(:r) — u(z) = Ej(u)(y) + u(y)[” dy.
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We deduce that
<Gy oy [ [ ) - B )l

: oy
ceA p€K27j \A & )

and the claim follows. O

By the triangle inequality (3.2), by estimate (3.3)) and by the previous
claim, we have for every j € N,,

H’LLj — ’LLHWs,p(Qm) S C4||Ej(u) — ’LLHWs,p(Qm) + C[u]W~p(AJ)

Since (E;(u))jen, converges to u in measure and u(x) € N” for a.e. z €
Q™, the sequence (|4;|);en, converges to zero. Since u € W*P(Q™), by the
Dominated convergence theorem we get

A [ulweray) = 0.
Applying Proposition we deduce that (u;);en, converges strongly to w in
W*P(Q™;R¥). Since u;(Q™) C N"+B, , the sequence (ITou,);cy, converges
strongly to w in W*P(Q™; N™).

To conclude the proof of Theorem [2] we may then assume that « is a
step function. In this case, u(Q™) is a finite set of points in N™. By Proposi-
tion there exists an open neighborhood U of 4(Q™) in N™ and a smooth
diffeomorhism ® : U — B to the unit closed ball in R™. Since the set B"
is convex, there exists a sequence of smooth maps (v;);en in C“(@m;ﬁn)
which converges strongly to ® o u in Ws”’(Qm;En). Hence, the sequence
(@1 o v;)ien converges strongly to w in WP (Q™; N™). This completes the
proof of Theorem ] for sp < 1. O
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