Beyond frames: Semi-frames and reproducing pairs

J-P. ANTOINE? AND C. TRAPANIP

& Institut de Recherche en Mathématique et Physique, Université catholique de Louvain
B-1348 Louvain-la-Neuve, Belgium
E-mail address: jean-pierre.antoine@uclouvain.be
b Dipartimento di Matematica e Informatica, Universita di Palermo,
1-90123 Palermo, Italy
E-mail address: camillo.trapani@Qunipa.it

Abstract

Frames are nowadays a standard tool in many areas of mathematics, physics and engineering.
However, there are situations where it is difficult, even impossible, to design an appropriate
frame. Thus there is room for generalizations, obtained by relaxing the constraints. A first
case is that of semi-frames, in which one frame bound only is satisfied. Accordingly, on has
to distinguish between upper and lower semi-frames. We will summarize this construction.
Even more, one may get rid of both bounds, but then one needs two basic functions and one
is led to the notion of reproducing pair. It turns out that every reproducing pair generates
two Hilbert spaces, conjugate dual of each other. We will discuss in detail their construction
and provide a number of examples, both discrete and continuous. Next, we notice that, by
their very definition, the natural environment of a reproducing pair is a partial inner product
space (PIP-space) with an L? central Hilbert space. A first possibility is to work in a rigged
Hilbert space. Then, after describing the general construction, we will discuss two characteristic
examples, namely, we take for the piP-space a Hilbert scale or a lattice of LP spaces.

1 Introduction

Representing functions in terms of simple ones, preferably with a small number of them, is a recurrent
problem in analysis. It is particularly acute in signal and image processing, where transmission imposes
severe constraints. Such signals are usually taken as square integrable functions on some manifold, hence
they constitute a Hilbert space.

More generally, given a separable Hilbert space H, one seeks to expand an arbitrary element f € H
in a sequence of simple, basic elements (atoms) ¥ = (¢y), k € T, with T a countable index set:

F="ert, (1.1)

kel

where the sum converges in an adequate fashion (e.g. in norm or unconditionally) and the coefficients
¢k are (preferably) unique and easy to compute. There are several possibilities for obtaining that result.
Namely, we can require that ¥ be:

(i) an orthonormal basis: the coefficients are unique, namely, ¢, = (¢k|f), the convergence is uncondi-
tional;

(ii) a Riesz basis, i.e., ¥ = Ve, where V is bounded bijective operator; the coefficients are unique,
namely, ¢, = (¢r|f), where (¢1) is a unique Riesz basis dual to (Vey); the convergence is uncondi-
tional.
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These two notions solve the problem, but they are very rigid and often not very manageable, leading mostly
to infinite expansions. Thus frames were introduced for ensuring a better flexibility, originally in 1952 by
Duffin and Schaeffer [19] in the context of nonharmonic analysis. The notion was revived by Daubechies,
Grossmann and Meyer [17] in the early stages of wavelet theory and then became a very popular topic,
in particular in Gabor and wavelet analysis [14,16,18,23]. The reason is that a good frame in a Hilbert
space is almost as good as an orthonormal basis for expanding arbitrary elements (albeit non-uniquely)
and is often easier to construct. In order to put the present work in perspective, we recall that a sequence
U = () is a frame for a Hilbert space H if there exist constants 0 < m < M < oo (the frame bounds)
such that

mlfI7 <> Kl AP < MFIPV S € A (1.2)

kel

Actually frames are most often considered in the discrete case, for instance in signal processing [16].
However, continuous frames have also been studied and offer interesting mathematical problems. They
have been introduced originally by Ali, Gazeau and one of us [1,2] and also, independently, by Kaiser [24].
Since then, several papers dealt with various aspects of the concept, see for instance [13,20,21] or [26].
The next step towards numerical applications will be, of course, discretization, but this is not our purpose
in this article.

However, there may occur situations where it is impossible to satisfy both frame bounds at the same
time. Therefore, several generalizations of frames have been introduced. Semi-frames [8,9], for example,
are obtained when functions only satisfy one of the two frame bounds. It turns out that a large portion of
frame theory can be extended to this larger framework, in particular the notion of duality.

More recently, a new generalization of frames was introduced by Balazs and Speckbacher [29],
namely, reproducing pairs. Here, given a measure space (X, 1), one considers a couple of weakly measurable
functions (1, ¢), instead of a single mapping, and one studies the correlation between the two (a precise
definition is given below). This definition also includes the original definition of a continuous frame [1,2]
to which it reduces when ¥ = ¢. The increase of freedom in choosing the mappings ¢ and ¢, however,
leads to the problem of characterizing the range of the analysis operators, which in general need no more
be contained in L?(X, du), as in the frame case. Therefore, it is natural to extend the theory to the case
where the weakly measurable functions take their values in a partial inner product space (pPIp-space), for
instance, a rigged Hilbert space or a Hilbert scale.

The paper is organized as follows. In Section 2, we review the notions of frames and semi-frames
and recall their salient properties. In Section 3 we introduce reproducing pairs, in particular their duality
properties. Then, in Section 4, we discuss briefly the existence and uniqueness of reproducing partners.
In Section 6, we motivate the link between reproducing pairs and PIP-spaces, first a Rigged Hilbert space
(RHS) in Section 7, then a general PIP-space, more precisely a lattice of Banach spaces (LBS) or a lattice
of Hilbert spaces (LHS), in Section 8. Finally, in Sections 9 and 10, respectively, we examine two particular
cases, namely, a Hilbert scale and a lattice of LP spaces.

2 Preliminaries: Frames and semi-frames

2.1 Frames

Before proceeding, we list our definitions and conventions. The framework is a (separable) Hilbert space
‘H, with the inner product (-|-) linear in the first factor. Given an operator A on #H, we denote its
domain by D(A), its range by Ran (A4) and its kernel by Ker (4). GL(H) denotes the set of all invertible
bounded operators on H with bounded inverse. Throughout the paper, we will consider weakly measurable
functions ¢ : X — H, where (X, u) is a locally compact space with a Radon measure p, that is, (f|¢,) is
p—measurable for every f € H.

The weakly measurable function v is a continuous frame if there exist constants m > 0 and M < oo
(the frame bounds) such that

ml|f]* < / [(fla)* dp(a) <MIF*,V f € H. (2.1)
X
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Given the continuous frame 1, the analysis operator Cy, : H — L*(X, dp) is defined ! as

(Cuf)(@) = (flba), fEH, (2.2)

and the corresponding synthesis operator C7 : L?(X, du) — H as (the integral being understood in the
weak sense, as usual)

6 = /X £(@) by dpla), for € € LA(X, dp). (2.3)
We set Sy, := C},Cly, i.e.,
71508 = [ 171620 duo) (24
Thus the so-called frame or resolution operator Sy is self-adjoint, invertible, bounded with bounded inverse
S, 1, that is, Sy € GL(H).

In particular, if X is a discrete set with p being a counting measure, we recover the standard
definition (1.2) of a (discrete) frame [14,16,19].

An important concept in frame theory is that of duality. Given a frame ¥ = {4, }, one says that a
frame ® = {¢,} is dual to the frame {1, } if one has

(flg) = /X (f162) (Yalg) dua), V f.g € H. (2.5)

Then ¥ is dual to ® as well. The dual of a given frame ¥ is not unique in general, but one of them is
distinguished, namely, the canonical dual 1), := S~ 11,.

2.2 Semi-frames

In practice, there are situations where the notion of frame is too restrictive, in the sense that one cannot
satisfy both frame bounds simultaneously. Thus there is room for two natural generalizations, namely, we
say that a family U is an upper (resp. lower) semi-frame, if

(i) ¥ is total in H;

(ii) U satisfies the upper (resp. lower) frame inequality in (2.1).
Note that the lower frame inequality automatically implies that the family is total, i.e., (ii) = (i) for a
lower semi-frame.

Let first U be a (continuous) upper semi-frame, that is, there exists a constant 0 < M < oo such
that

o</X|<f|wz>|2 du(e) <MfI2, VT eH, f#0. (2.6)

In this case, ¥ is a total set in H, the operators Cy and Sy are bounded, Sy, is injective and self-adjoint.
Therefore Ran (Sy) is dense in H and S; !'is also self-adjoint. Thus, if ¥ is an upper semi-frame and not

a frame, Sy is bounded and S, ! is unbounded, as follows immediately from (2.6).

Note that, if a family ¥ verifies the upper frame bound only, the map = — 1, is often called a
Bessel mapping. More precisely, Bessel maps are those for which [y |(f]tz)* du(z) < co. By a standard
argument based on the closed graph theorem, one gets the inequality on the right of (2.6).

We notice that an upper semi-frame W is a frame if and only if there exists another upper semi-frame
® which is dual to U, in the sense of (2.5) [21].

Next, we say that a family ® = {¢,} is a lower semi-frame if it satisfies the lower frame condition,
that is, there exists a constant m > 0 such that

m £ < /X (el ) duz), VfeH. (2.7)

Clearly, (2.7) implies that the family & is total in H.

1 As usual, we identify a function f with its residue class in L2(X, du).



J-P. Antoine and C. Trapani

Following the terminology of Young [32] in the discrete case, we may call moment space of a measur-
able function ) the range of its analysis operator, Cy (). Then one may say that a measurable function
1) is Bessel or an upper semi-frame if its moment space is contained in L?(X, du). On the contrary, a
measurable function ¢ is a lower semi-frame if its moment space contains L?(X, dpu).

In the lower case, the definition of S4 must be changed, since Cy need not be densely defined, so
that C; may not be well-defined. Instead, following [8, Sec.2] one defines the analysis operator (2.2) on
the domain

D(Cy)={feH: /X [(Fléa)l? du(z) < oo},

which need not be dense. As for the synthesis operator, we put
D¢F:/ F(x) ¢, du(z), Fe L*(X, du), (2.8)
X

on the domain of all elements F for which the integral in (2.8) converges weakly in . Defining Sy := DyCly,
it is shown in [8, Sec.2] that S, is unbounded and S;l is bounded.

With these definitions, we obtain a nice duality property between upper and lower semi-frames.
In the discrete case, the role of upper, resp. lower semi-frame, is played by Bessel, resp. Riesz-Fischer
sequences [32]. A Riesz-Fischer sequence is a sequence for which, for every sequence {a,} € 2, there is
a solution of the equation (f|¢,) = a,. One knows that every total Riesz-Fischer sequence satisfies the
lower frame condition, which is equivalent to the existence of a Bessel sequence dual to it [15]. The same
result holds here.

Proposition 2.1 (i) Let ¥ = {u,} be an upper semi-frame, with upper frame bound M and let ® = {¢,}
be a total family dual to U. Then ® is a lower semi-frame, with lower frame bound M~1.

(ii) Conversely, if ® = {¢,} is a lower semi-frame, there exists an upper semi-frame U = {1} dual
to ®, that is, one has, in the weak sense,

f :/ (f16x) s du(x), ¥ f € D(Ca).
X

A proof may be found in [8, Lemma 2.5 and Proposition 2.6]. However, the latter is slightly incomplete.
Here is a corrected proof [30].

Proof of (ii) : The ‘if’ part is Lemma 2.5 of [8]. Let ® be a lower semi-frame. Then Ran (Cy) is a closed
subspace of L?(X, du), in virtue of the lower frame bound condition, and it is a reproducing kernel Hilbert
space (RKHS), since one has, for F' = Cyf € Ran (Cy),

|F (@) = [Cof (@) < If ¢l < VI/mlgall ICofll, = CallFll,,

where m is the lower frame bound of ®, i.e., the evaluation functional is bounded. Let P be the orthogonal
projection on Ran (Cy) and let {e,, }nen be an arbitrary orthonormal basis of L?(X, du).

Define a linear operator V : L2(X, du) — H by V = C;l on Ran (Cy), by V = 0 on Ran (Cy)*
and extending by linearity. Then V' is bounded, since C;l : Ran(Cy) — #H is bounded. Then, for all
feD(Cy), g €H, we have

(fl9) = (VCyuflg) = (CofIV"g)2 = (Co FIV* (D _(glen)en))a

neN
= (Cof1Y_Lglen)V7en)s = (Cof1D_(glea) PV en)s = (CofICug)2,
neN neN
where we have put ¢, := ), -y en(PV*ey)(x). It remains to show that 1, is well defined for every € X.

This is the case if and only if

D I(PV*en)(x)|? < o0, Va € X.
neN
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But this follows from the fact that {PV*e, }nen is a Bessel sequence in the RKHS Ran (Cy) [30]. One has
indeed, for any F' € Ran (Cy),

Y WFIPVen)s|* =Y [(VPFlen)s* = [VF|* < C|IF|3,
neN neN

since V is bounded and PF = F. O

In the same paper [8], concrete examples are presented, namely an upper semi-frame of affine
coherent states and a lower semi-frame of wavelets on the 2-sphere. We will come back to these examples
in Section 5.2.

In conclusion, if two semi-frames are in duality, either they are both frames, or else at least one of
them is a lower semi-frame.

3 Reproducing pairs

Quite recently, a new generalization of frames was introduced by Balazs and Speckbacher [29], namely,
reproducing pairs. Here, given a measure space (X, u), one considers a couple of weakly measurable
functions (¢, ¢), instead of a single mapping. The advantage is that no further conditions are imposed on
these functions, which results in an increased flexibility.

More precisely, the couple of weakly measurable functions (v, ¢) is called a reproducing pair if [10]

(a) The sesquilinear form

Qus(f.9) = /X (Flib2) (02]9) du(z) (3.1)

is well-defined and bounded on H x H, that is, |y 4(f, 9)| < c||f| |lg]|, for some ¢ > 0.
(b) The corresponding bounded (resolution) operator Sy 4 belongs to GL(H).

Under these hypotheses, one has

Soned = [ Af16a)62 dula), V5 € M (3.2)

the integral on the r.h.s. being defined in weak sense. If ©) = ¢, we recover the notion of continuous frame,
as introduced in [1,2], so that we have indeed a genuine generalization of the latter.

Notice that Sy, ¢ is in general neither positive, nor self-adjoint, since S}, , = Sy .. However, if (¢, ¢)
is a reproducing pair, then (v, STZ}Q@) is also a reproducing pair, for which the corresponding resolution
operator is the identity, that is, v and ¢ are in duality. Therefore, there is no restriction of generality to
assume that Sy = I [29]. The worst that can happen is to replace some norms by equivalent ones.

3.1 The Hilbert spaces generated by a reproducing pair

It has been shown in [10] that each weakly measurable function ¢ generates an intrinsic pre-Hilbert space
Vs (X, 1) and, moreover, a reproducing pair (¢, ¢) generates two Hilbert spaces, Vi, (X, ) and Vy (X, 1),
conjugate dual of each other with respect to the L?(X, u) inner product. Let us sketch that construction,
following closely [10]. Further generalizations will follow.

Given a weakly measurable function ¢, let us denote by V4(X, ) the space of all measurable
functions € : X — C such that the integral [ &(z)(¢z|g) du(x) exists for every g € H (in the sense
that £(¢.|g) € L*(X, du)) and defines a bounded conjugate linear functional on H, i.e., 3 ¢ > 0 such that

] [ €@)oslo) dutw)| < cllgl va e m (3.3)

Clearly, if (¢, ¢) is a reproducing pair, all functions £(z) = (f|1,) belong to Vy (X, u).
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By the Riesz lemma, we can define a linear map Ty : Vy(X, u) — H by the following weak relation

(Ty€lg) = /X £(2)(balg) du(z), VE € Vo(X, 1), g € H. (3.4)

Next, we define the vector space
V¢(Xa n) = V¢(Xa 1)/ Ker Ty

and equip it with the norm

I1€]glly := sup
lgll<1

/X £()(62lg) du(z)| = sup [(Tyélg)], (3.5)

lgll<1
where we have put [{]s = £ + Ker Ty for § € Vy(X, ). Clearly, V4(X, 1) is a normed space. However, the
norm ||| o is in fact Hilbertian, that is, it derives from an inner product, as can be seen as follows. First,

it turns out that the map Ty : Vi (X, 1) — H, Ty[€]s := Tp€ is a well-defined isometry of Vy(X, 1) into H.
Next, one may define on V,;(X, i) an inner product by setting

(€M) o) == (Tol€lo|Tslnls), [Elo, M€ V(X ),

and one shows that the norm defined by (-|-)(4) coincides with the norm | - [|4 defined in (3.5). One has
indeed

Iilall ) = [Telelo]| = 17l = sup I(Tuclo)| = il

Thus we may state:

Proposition 3.1 Let ¢ be a weakly measurable function. Then V4(X, u) is a pre-Hilbert space with respect
to the norm ||-[|, and the map Ty : Vo(X, p) — H, Ty[€ly = T€ is a well-defined isometry of Vy(X, )
mto H.

Let us denote by V4, (X, p)* the Hilbert dual space of V4 (X, i), that is, the set of continuous linear
functionals on V4, (X, p). The norm || - |4« of V4(X, p)* is defined, as usual, by

g+ = sup [F([¢]p)|, I € V(X p)"
€l lle<1

Now we define a conjugate linear map Cy4 : H — Vo (X, p)* by

(o) / £() (6 f) dp(z), f € H, (3.6)

which will take the role of the analysis operator Cy of Section 2. Notice that Cy is a linear map, whereas
C4 is conjugate linear. The discrepancy is explained in Remark 3.11 below.

Of course, (3.6) means that (Cyf)([(]g) = (Ty&lf) = <T¢,[§]¢\f>, for every f € H. Thus Cy = JA“(Z,
the adjoint map of f¢. By (3.3) it follows that C, is continuous . This implies that

H = [RanTy]™ & Ker Cy, (3.7)

where the first summand denotes the closure of Ran f¢. Hence C} = T 5= f¢, if Vi (X, ) is complete.
By modifying in an obvious way the definition given in Section 2, we say that ¢ is p-total if Ker Cy, =
{0}, that is RanTy = H.

Remark 3.2 Whenever no confusion may arise, we will omit the explicit indication of residues classes and
write simply, for instance, £ € V(X p) instead of [(]4 € Vi (X, p). Similarly, for the operator C4 introduced
n (3.6), we will often identify Cyf, f € H, with (¢,|f), as a shortcut to (Cy f)(&) = [y &(x)(da|f) du(x).

It is easy to see that Vi (X, u)[(:|-)(¢)] is complete, i.e., it is a Hilbert space if and only if ﬁb has
closed range [10].

As a consequence of (3.7) we get
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Corollary 3.3 The following statements hold.

(i) A weakly measurable function ¢ is p-total if and only if Ran fqb is dense in H.
(11) If Vo(X, ) is a Hilbert space, Ran f¢ is equal to H if and only if ¢ is u-total.

Now, things get simpler in the case of a reproducing pair. Namely,
Lemma 3.4 If (¢, ¢) is a reproducing pair, then Ran /T\(z, =H.

Proof. Since Sy 4 € GL(H), for every h € H, there exists a unique f € H such that Sy, 4f = h. But, by
(3.2), we get

(hlg) = /X (i) (bolg) dule), ¥ fog € H,

that is, h = f¢[C¢ flg, where the overbar denotes complex conjugation, as usual. O

Notice that, if (¢, ¢) is a reproducing pair, both functions are necessarily p-total.

3.2 Duality properties of the spaces V,(X, 1)
When the space V, (X, p1) is a Hilbert space, it is conjugate isomorphic to its dual, via the Riesz operator.

In addition, if (¢, ¢) is a reproducing pair, the dual of V, (X, i) can be identified with V,,(X, i) as we shall
prove below. We emphasize that the duality is taken with respect to the sesquilinear form

(€, = [ it anto) (38)
which coincides with the inner product of L?(X, u) whenever the latter makes sense.

Theorem 3.5 Let ¢ be a weakly measurable function. If F is a continuous linear functional on V(X 1),
then there exists a unique g € [My]", the closure of the range of Ty, such that

F((€ly) = /X £()(balg) da(z), VE € Vo(X, 1) (3.9)

and ||F||,. = |lg|l, where ||-||,. denotes the (dual) norm on Vi (X, p)*. Moreover, every g € H defines a

continuous linear functional F on Vi (X, p) with ||[F|| 4. < |lgll, by (3.9). In particular, if g € Ran f¢, then
1]l = llgll-

Proof. Let F' € V4 (X, p)*. Then, there exists ¢ > 0 such that
IF([Elo)] < clliélolly = clITogll, VE € Va(X, ).

Let My :={Tp€ : £ € Vy(X, 1)} = Ran ﬂ). Then Mg is a vector subspace of H, with closure [M]™
Let F be the linear functional defined on My by

F(Ty€) = F([€]y), € € Vs(X, ).

We notice that F is well-defined. Indeed, if Ty = Ty, then £ — &' € Ker Ty. Hence, [¢], = [¢']4 and
F([Els) = F([£']e)

Hence, F is a continuous linear functional on M. Thus there exists a unique g € [Mg] such that
F(T4€) = (Tollola) = [ €a)(02l9) duta)

and [|g]| = || F'[|
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In conclusion,

F(ily) = /X £(2)(02g) dulx), YE € Vo(X, ).

and [[F4. = llg]-
Moreover, every g € H obviously defines a continuous linear functional F' by (3.9) as |[F([¢]s)] <
lgll I[€lgll,- This inequality implies that [|F|,. < |lg[. In particular, if g € RanTy, then there exists

[€]s € Vo(X, 1), |€]lslls = 1, such that Ty[€]s = gllgl|~*. Hence F([€]s) = (Ts[¢lslg) = llgll- O

Corollary 3.6 Let ¢ be a p-total weakly measurable function, then Cy : H — Vu(X, p)* is a conjugate
linear isometric isomorphism.

Proof. C, is surjective by Theorem 3.5. As ¢ is p-total, it follows by Corollary 3.3 that Ran f(;g is dense
in H. Consequently, for f € H it follows that

= sup [(Tuélf)l=  sup gl =1l O

ICofllye = sup A
IE€]sll ,=1 llgll=1, g€Ran T,

€l l,=1

/ £(2)(6s1f) du(x)
X

Theorem 3.7 If (v, ¢) is a reproducing pair, then every continuous linear functional F on V(X p), i.e.,
F € Vy4(X,pu)*, can be represented as

F((€ly) = /X £(n(@) du(x), V(€] € Vo(X, p), (3.10)

with n € Vy(X, u). The residue class [n]y € Vy(X, p) is uniquely determined.

Proof. By Theorem 3.5, we have the representation

F() = /X £(2) (bslg) dpu(a).

It is easily seen that n(z) = (g|¢z) € Vi (X, ). Uniqueness is easy. O

The lesson of the previous statements is that the map
JiF e Ve(X,m)" = [nly € Vip(X, 1) (3.11)

is well-defined and conjugate linear. On the other hand, j(F) = j(F") implies easily F' = F’. Therefore
Vs(X, p)* can be identified with a closed subspace of Vi, (X, ) := {[¢]y : € € V(X ) }.

Let (1, ) be a reproducing pair. We want to prove that the spaces V,(X, u)* and Vi (X, 1) can be
identified. This is the first essential result of [10], to which we refer for a proof, see Lemmas 3.11 and 3.12.
Corresponding to f¢, we introduce the linear operator azluﬁ :H — Vu(X, p) by dz,,d,f = [Cy fle. We note
that ap@f = a¢7¢f’ implies f = f’, as can be seen easily.

Thus we state:

Theorem 3.8 If (v, ¢) is a reproducing pair, the map j defined in (3.11) is surjective. Hence Vy(X, p)* =~
Vi (X, p), where ~ denotes a bounded isomorphism and the norm ||-||,, is the dual norm of |-||,. Moreover,

Ran Cyglll-ll] = Vo (X )l - 6] and Ran Coy[|I1l,.) = Vis(X, m)[Il - [l

Proof. Let (1, ¢) be a reproducing pair. First one shows that Ran éw is closed in Vi (X, p)[||-[[ 4)-
Moreover, every [n]y € Vi (X, i) defines a continuous linear functional on the closed subspace Ran Ew¢[|| 1)

which implies that the map j is surjective. Next, it turns out that Ran CAHZW is dense in V(X it). Hence,
Ran Cy (|||l 4] and Vi (X, p)[|l - [|¢] coincide, and similarly for the other pair. O
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The first statement of the theorem implies that there exist 0 < m < M < oo such that
mIfl < |[Coof|, <MIFIL v e (3.12)

a relation that may have an independent interest. The inequalities (3.12) are, of course, very similar to
the ones defining a frame, viz. (1.2) or (2.1). Yet they are more general, since they are satisfied for any
reproducing pair, be it a frame or not.

By Theorems 3.7 and 3.8, it follows that, if (¢, ¢) is a reproducing pair, then for every n € Vi, (X, 1),
there exists g € H such that n = (¢.]g).

In conclusion, we may state

Theorem 3.9 If (v, ¢) is a reproducing pair, the spaces Vy(X, 1) and Viy(X, 1) are both Hilbert spaces,
conjugate dual of each other with respect to the sesquilinear form (3.8).

Corollary 3.10 If (v, ¢) is a reproducing pair and ¢ = ¢, then ¢ is a continuous frame and Vi (X, 1) is
a closed subspace of L?(X, ).

Proof. Since the duality takes place with respect to the L? inner product, Vi (X, i) is a subspace of

L?(X,p). The equality Ran 6’¢7¢ = Vy(X, 1) and the fact that 6,1,’1/, is bounded from below with respect
to the L2-norm, by (3.12), imply that it is closed. O

Remark 3.11 The operator Cy defined by (2.2) is linear, but the operator C4 given in (3.6) is conjugate
linear. However the latter maps H into Vi (X, p)*, which is identified with Vi, (X, p), thus C4 maps H
linearly into Vi (X, ).

Actually Theorem 3.9 has an inverse. Indeed:

Theorem 3.12 Let ¢ and 1 be weakly measurable and p-total. Then, the couple (1, d) is a reproducing
pair if and only if Vy(X, ) and V(X 1) are Hilbert spaces, conjugate dual of each other with respect to
the sesquilinear form (3.8).

Proof. The ‘if” part is Theorem 3.9. Let now V4 (X, u) and Vi, (X, u) be Hilbert spaces in conjugate
duality. Consider the sesquilinear form

Q. 9) = /X (Fli ) alg) dpu(z), fog € H.

By the definition of the norms ||| ;,[|-[|, and the duality condition, we have, for every f,g € H, the two
inequalities

Q6 (f )] < N1 Nolly 1911
Q6 (f 9 < N gle Nl NI

This means, the form € o is separately continuous, hence jointly continuous. Therefore there exists a
bounded operator Sy, 4 such that Q. 4(f, 9) = (Sy,¢f|g). First the operator Sy 4 is injective. Indeed, since

C = iz), we have

(Sy.0flg) = (CyflCsg) = (Cy o fICs9) = (TCy,sflg), Vf g € H.
Now ﬁﬁ is isometric and éw is injective, hence ﬁsdb@f = 0 implies f = 0. Next, Sy ¢ is also surjective,
by Corollary 3.3. Hence Sy 4 belongs to GL(H). O
In addition to Lemma 3.8, there is another characterization of the space Vi (X, pt), in terms of an

eigenvalue equation, based on the fact that <S; ;¢y|w$> is a reproducing kernel [29, Prop.3].

Proposition 3.13 Let (¢, ¢) be a reproducing pair. Let & € Vy (X, 1) and consider the eigenvalue equation

/X EW) (S35 0u0) dpu(y) = A(x). (3.13)

Then & € RanCy if and only if A =1, and § € KerTy, if and only if A = 0. Moreover, there are no other
eigenvalues.
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4 Existence and nonuniqueness of reproducing partners

Given a weakly measurable function v, it is not obvious that there exists another function ¢ such that
(1, @) is a reproducing pair. Here is a criterion towards the existence of a specific dual partner.

Theorem 4.1 Let ¢ be a weakly measurable function and e = {e, }nen an orthonormal basis of H. There
exists another measurable function ¢, such that (¢, ¢) is a reproducing pair if and only if RanTy = H and
there exists a family {&, }nen C V(X 1) such that

[nlo = [fglen]qg, YneN, and Z |€n(2)]? < 00, for a.e. v € X. (4.1)
neN

The proof of this theorem is quite technical and may be found in [10, Sec.4]. If ¢ is in fact a frame, then
the reproducing partner ¥ given by the proof of Theorem 4.1 is also a frame. However, in principle there
may exist another reproducing partner ¢ which is not Bessel, although we have no example so far.

Given the weakly measurable function ¢, the fact that (¢, ¢) is a reproducing pair does not determine
the function ¢ uniquely. Indeed we have :

Theorem 4.2 Let (¢, ¢) be a reproducing pair,. Then (0, ) is a reproducing pair if and only if 6 = A0y,
where A € GL(H) and [{f100(-))]¢ = [0, Vf € H,i.e., Coy6f =0,V f € H.

Proof. If § = Ay+0, as above, then Sp ¢ f = @(@wﬁégg,qs)f = ﬁb(aAw-,(ﬁf) = izsdp,;bA*f = Sy,0A"f,
hence Sy 4 = Sy s A* € GL(H).

Conversely, assume that (6,¢) is a reproducing pair. By Theorem 3.8, we have V4 (X,pu) =
RanCy/KerT, = RanCy/Ker Ty, i.e., for every f € H there exists g € H such that [Cofls = [Cygle.
Then, using successively the definition of Sy ¢, the relation above and the reproducing kernel (3.13), we
obtain

(F1500(S5L)" () = /X (F162) (62 (ST)"4.) dpa(x)
- /X (91a) (62151 ) dule) = (gl) = (18, ¥ f € H.

This means that, for all f € H, we have [Cyf]y = [Cayfle or, equivalently, 697(1, = GAW, where A :=
S¢79(SJ72)* € GL(H). Moreover, Cyf(z) = Cayf(x) + F(f,x) for a.e. © € X and every f € H, where
F(fv ) € KGFT¢, i‘e‘} F(f,CE) = <f|(0 - Aw)m> = <f|90r> 0

In addition, the existence of a reproducing partner to a given function ¢ is preserved if one replaces
Vs(X, p) by an isomorphic space V(X u). Indeed:

Corollary 4.3 Let ¢,¢" be weakly measurable functions and Vy(X, pu) ~ Vg (X, ), where ~ denotes a
bounded isomorphism. There exists 1 such that (1, ¢) is a reproducing pair if and only if there exists ¢’
such that (', ¢") is a reproducing pair.

Proof. Suppose that (¢, ¢) is a reproducing pair. Let j be the bounded isomorphism j : V4(X, pn) —
Vg (X, ). Then j* : Vi (X, p)* — Vou(X, u)* is also a bounded isomorphism. Since Cy is bounded by
(3.3), in order to verify that there exists ¢’ such that Sy 4 € GL(H), we only need to check that C’;,l

is bounded. For every f € H, there exists g € H such that Cyf = j*Cy g. Hence, g — C’;lj*0¢/g is
surjective and bounded. It is moreover injective since p-totality of ¢’ implies injectivity of Cy. Thus,
the bounded inverse theorem implies that (C;l j*Cy )~ ! and consequently C(;,l are bounded. Since the
statement is symmetric in (v, ¢) and (¢', ¢’), the converse implication holds as well. O

5 Examples of reproducing pairs

In this section, we present a few concrete examples of the construction of Section 3. More details may be
found in [10]. We begin with discrete examples, that is, X = N with the counting measure.

10
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5.1 Discrete examples
5.1.1 Orthonormal basis

Let e = {en}nen be an orthonormal basis, then e is a frame and V.(N) = V,(N) = ¢2(N). Indeed, for
&€ € V.(N), we have

<clgll = cl{gn}tnenll,z» Vg € H,

> aleals)| = | X &
neN

neN

where g, := (gle,). Hence, £ € (2(N)* = (?(N). Moreover, since KerT, = {0}, it follows that V.(N) =
Ve(N) and [-[l,2 = |-

5.1.2 Riesz basis

Now consider a Riesz basis r = {r,}nen. Then r, = Ae,, for some A € GL(H) [16]. Therefore V,.(N) =
V,.(N) = (?(N) as sets, but with equivalent (not necessary equal) norms, as can be seen easily. Hence r is
a frame.

5.1.3 Discrete upper and lower-semi frames

Let 6 = {0, }nen be a discrete frame, m = {my, }neny C C\{0} and define ¢ := {m,0, }nen. I {|mu|}nen €
co, then ¢ is an upper semi-frame and if {|m,,|~!},en € co, then ¢ is a lower semi-frame. Observe that in
both cases ¢ is not a frame.

It can easily be seen that V;(N) = My, (Vy(N)) = M, ,,,,(Ran Cp) as sets, where M,, is the multi-
plication operator defined by (M,&)n = mu&y. Moreover, |||, =< [z , where [[€]l,2 = 3, o [€nmnl®.
Also, Vu(N)* = My, (Vo(N)*) = M, (Vo(N)) = M, (Ran Cy) as sets.

Using Theorem 4.1, one may show that there exists ¢ such that (¢, ¢) is a reproducing pair [10]. A
natural choice of a reproducing partner is ¢ := {(1/7,)0, tnen as Sy = So € GL(H).

5.2 Continuous examples
5.2.1 Continuous frames

If ¢ is a continuous frame, Corollary 3.10 implies that V, (X, u) is a closed subspace of L?(X, u). Now,
since L?(X, 1) = Ran Cy @ Ker Dy, it follows that Vi (X, p)]||-]| ;] = Ran Cy|||-|| 1]

5.2.2 1D continuous wavelets

Let ¢, ¢ € L*(R, dz) and consider the continuous wavelet systems Op,a = Ty Dy¢, where, as usual, T,
denotes the translation operator and D, the dilation operator. If

[ i) < oo (5.1)
R |w]

then (v, ¢) is a reproducing pair for L*(R,dz) with Sy 4 = ¢y ¢l [23, Theorem 10.1], where
=~ L dw
o= [ D))
R ||

Actually the relation Sy ¢ = cy ¢l simply expresses the well-known orthogonality relations of wavelet
transforms. A similar result holds true for D-dimensional continuous wavelets [3] and, more generally, for
all coherent states associated to square integrable group representations [3, Chaps. 8 and 12].

For 1) = ¢, the cross-admissibility condition (5.1) reduces to the classical admissibility condition

o= | \a(w)ﬁm < . (5.2)
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Considering the obvious inequalities

TOONT dw 1/2 1/2
ool < [ BT < %)

we see that condition (5.1) is automatically satisfied whenever ¢ and ¢ are both admissible. However, it
is possible to choose a mother wavelet ¢ that does not satisfy the admissibility condition (5.2) and still
obtain a reproducing pair (¢, ¢). Consider for example the Gaussian window ¢(z) = e*”rz, then ¢4 = oo
which implies that ¢ is not a continuous wavelet frame. However, if one defines 1 € L?(R,dxz) in the
Fourier domain via t(w) = |w|d(w), it follows that 0 < ey = ||@lI3 < co. Hence (1, @) is a reproducing
pair. This example clearly shows the increasing flexibility obtained when replacing continuous frames by
reproducing pairs.

5.2.3 A continuous upper semi-frame: affine coherent states

In [8, Sec. 2.6] the following example of an upper semi-frame is investigated. Define H) = L2 (RF,rm=Ldr),
n € N, and the measure space (X, ) = (R, dz). Let 1) € H(™ and define the affine coherent state

Y (r) = e_i‘”'z/J(v")7 reRT.

Then 1 is admissible if sup,cp+ 5(r) = 1, where s(r) := 2rr" =y (r)|?, and [¢(r)| # 0, for a.e. 7 € RT.
The frame operator is given by the multiplication operator on H("

(S f)(r) = s(r)f(r),

and, more generally,
(S f)(r) = [s(r)]™ f(r), Ym € Z.
Hence S is bounded and S ! is unbounded.
The function @ enjoys the interesting property that we can characterize the space Vi (R, dz) and

its norm. First, we show that T4,{ = 51/), which in turn implies that 5 has to be glven by an almost
everywhere defined function which satisfies fw € H™. Hence ¢ € Vy (R, dz) provided fw € H(™ and then

lel, = [[€ |

When looking for a reproducing partner for i, we first ask whether there exists an affine coherent
state ¢(r) = e~ d(r), r € RT, ¢ € H™ such that (¢, $) forms a reproducing pair. The answer is
negative. Indeed, since ¢ is Bessel and not a frame, its dual ¢ is by necessity a lower semi-frame, whereas
an affine coherent state must be Bessel, but can never satisfy the lower frame bound. Hence, there is
no pair of affine coherent states forming a reproducing pair. This fact can also be proven by an explicit
calculation.

More generally, we may look for a reproducing partner which is not an affine coherent state. First
Cy is an isometry by Corollary 3.6, but Ran T v 7 H. Indeed, if we had Ran Td, = H, an arbitrary element

h € H™ = L2(R*,r*~1dr) could be written as h = wa = €¢ for some £ € Vy(R, dz). This applies,
in particular, to ¢ itself, which also belongs to #(™) . This in turn implies that there exists &, such that
&(r) =1 for a.e. r > 0. But there is no function that satisfies this condition (however the d-distribution
does the job).

This discussion has two major consequences. First, it shows that Vi (R, dz) is not a Hilbert space,
since it is not complete. Second, 1) has no reproducing partner at all.

5.2.4 Continuous wavelets on the sphere

Next we consider the continuous wavelet transform on the 2-sphere S? [3,5]. For a mother wavelet ¢ €
H = L?(S?, du), define the family of spherical wavelets

b0 = RoDao, where (0,a) € X := SO(3) x RT.

12
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Here, D, denotes the stereographic dilation operator and R, the unitary rotation on S?.

It has been shown in [5, Theorem 3.3] that the operator S, is diagonal in Fourier space (harmonic
analysis on the 2-sphere reduces to expansions in spherical harmonics Y}, 1 € Nym = —I,...,1), thus it is

a Fourier multiplier S/(,;f(l7 m) = s¢(l)f(l, m) with the symbol s, given by

872 = 2 da
= D —
soll)i= gyt 2 | 1pabumP L e opu

where @(l, m) = (Y,"|Dq¢) is the Fourier coefficient of Dg¢.

The result of the analysis is twofold. First, the wavelet ¢ € L?(S?, du) is admissible if and only
if there exists a constant ¢ > 0 such that s4(l) < ¢, VI € N, equivalently, if the frame operator Sy is
bounded. In addition, for any admissible axisymmetric wavelet ¢, there exists a constant d > 0 such that
d < s4(l) < c, V1 e N. Equivalently, S, and S;l are both bounded, i.e., the family of spherical wavelets
{@a,0: (0,a) € X =SO(3) xR } is a continuous frame. One notices, however, that the upper frame bound,
which is implied by the constant c, does depend on ¢, whereas the lower frame bound, which derives from
d, does not, it follows from the asymptotic behavior of the function ¥;™ for large .

However, it turns out [31] that the reconstruction formula converges if d < s4(I) < oo for all
I € {0} UN, and this implies that ¢ (which is not admissible) is in fact a lower semi-frame and Sy is
unbounded, but densely defined.

We may now apply Theorem 4.1 to investigate the ex1stence of a reproducmg partner for ¢. First,

we show that Ran T¢ = H. The operator M, defined by M¢f(l m) = se(1)” f(l m) is bounded and
constitutes a right inverse to Sg. Hence, for every f € H, it holds

f = SeMyf =Ty[CsMpy [l € RanT,.

Choosing & .m (0, a) == C¢(S(;1Ylm)(g, a) = (S;lYlmwg,a) as a representative of [fdjlYlm](z, yields for every
(0,a) E R x RT:

> D amle.a) Z DR [Cran (LA Z > lso) " dpallm)?

1=0 |m|<! 1=0 |m|<! 1=0 |m|<l
1 > n 2 1 2
< az Z |P0,a(l,m)|” = d [¢e,all” < o0.
1=0 |m|<I

Thus there exists (at least one) function 1 € L(S?, du) such that (¢, ¢) is a reproducing pair.

Moreover, as for the wavelets on R?, it is possible to choose another continuous wavelet system Vo,a
as reproducing partner if the symbol sy ¢, defined by

87‘(’2 o ——da
sp,p(l) = 2”12/0 Datp(l;m) Dag(l,m)—.

satisfies m < [sy 4(1)] <M for all I € {0} UN.

6 Interlude: Reproducing pairs and PIP-spaces

Let (¢, ¢) be a reproducing pair. By definition,

(Sp.oflg) = / (e (6olg) dule / Cy f(z) Cpg@) dpa(z) (6.1)

is well defined for all f,g € H (here we revert to the linear maps Cy,Cy defined in (2.2)). The r.h.s.
coincides with the sesquilinear form (3.8), that is, the L? inner product, but generalized, since in general
Cy f,Csg need not belong to L?(X, dpu).
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This fact clearly indicates that the analysis should be performed in the framework of a partial inner
product space (PIP-space) of measurable functions on X [6]. The question is, how to embed Ran (Cy) and
Ran (Cy) into the corresponding assaying subspaces. Next we have to determine how the Hilbert spaces
Vy and V, are related to the latter. Following [11], we will examine successively the cases of a rigged
Hilbert space (RHS) and a genuine PIP-space. Then we particularize the results to a Hilbert scale and to
a PIP-space of LP spaces. The motivation for the last case is the following. If, following [29], we make the
innocuous assumption that the map = + 1, is bounded, i.e., sup,¢ x |||, < ¢ for some ¢ > 0 (often
1%z |l;; = conmst., e.g. for wavelets or coherent states), then (Cyf)(z) = (f[te) € L=(X, du) so that a
PIP-space based on the lattice generated by the family {L?(X, du),1 < p < 0o, } may be a good solution.

7 Reproducing pairs and RHS

We begin with the simplest example of a PIP-space, namely, a rigged Hilbert space (RHS). Let indeed
D[t] € H C D*[t*] be a RHS, where D*[t*] denotes the space of continuous conjugate linear functionals
on D, equipped with the strong dual topology t*. We assume that D[t] is reflexive, so that ¢ and t*
coincide with the respective Mackey topologies [28]. Given a measure space (X, 1), we denote by (-,-) the
sesquilinear form expressing the duality between D* and D. As usual, we suppose that this sesquilinear
form extends the inner product of D (and ). This allows to build the triplet above.

Let z € X — 1, v € X — ¢, be weakly measurable functions from X into D*. Instead of (3.1),
we consider the sesquilinear form

0P ,(f.9) = /X (f e} (berg) dulz), fog € D. (7.1)

For short, we put QP := QD, and we assume that QP is jointly continuous on Dx D, that is , QP € B(D, D)
in the notation of [4, Sec.10.2]. Then the relation

(S0 0) = /X (e} ber 9) dp(z), ¥ f.g € D, (7.2)

tells us that the operator Sy ¢ belongs to £(D,D*), the space of all continuous linear maps from D into
D*.
7.1 A Hilbertian approach

We first assume that the sesquilinear form QP is well-defined and bounded on D x D in the topology of
H. Then QP extends to a bounded sesquilinear form on H x H, denoted by the same symbol.

The definition of the space Vy(X, 1) must be modified as follows. Instead of (3.3), we suppose that
the integral below exists and defines a conjugate linear functional on D, bounded in the topology of H,
i.e.,

] [ €@)29)auta)| < clal . ¥g < D. (7.3)

Then the functional extends to a bounded conjugate linear functional on H, since D is dense in H. Hence,
for every £ € V4(X, p), there exists a unique vector hy ¢ € H such that

/X §(@)(dz, g) du(z) = (hgclg), Vg €D.

Next, we define a linear map Ty : V4(X, ) — H by
Ty =hge €M, VE € V¢(X7 1) (7.4)

in the following weak sense

(Tytlg) = (hoclg) = /X £(2) (60 9) dulx), g € D€ € Vy(X, p).

14
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The rest proceeds as before. We consider the space Vi (X, ) = Vy(X, 1) /Ker Ty, with the norm
[€loll, = IT&ll, where, for § € Vi, (X, p), we have put [{]s = & + Ker T;,. Then Vi (X, 1) is a pre-Hilbert
space for that norm.

Assume, in addition, that the corresponding bounded operator Sy 4 is an element of GL(H). Then
(1, @) is a reproducing pair and Theorem 3.9 remains true, that is,

Theorem 7.1 If (¢, ¢) is a reproducing pair, the spaces Vy(X, 1) and Vi (X, p) are both Hilbert spaces,
conjugate dual of each other with respect to the sesquilinear form (3.8) or (3.10), namely,

(IElslinly) = (€}, = /Xf(w)mdu(x% VE € Vy(X, 1), n € Vy(X, ). (7.5)

Example 7.2 To give a trivial example, consider the Schwartz rigged Hilbert space S(R) C L?(R, dx) C
S*(R), (X,pn) = (R, dz), ¥.(t) = ¢.(t) = \/%e”t . Then Cyf = f, the Fourier transform, so that
(flo()) € L3(R, dx). In this case

0P ,(f.9) = / (e} barg) dz = (FIG) = (flg) V.9 € S(R),

and Vy (R, dz) = V4(R, dz) = L*(R, dz).

7.2 The general case

In the general case, we only assume that the form QP is jointly continuous on D x D, with no other regularity
requirement. In that case, the vector space V4 (X, 1) must be defined differently. Let the topology of D
be given by a directed family P of seminorms. Given a weakly measurable function ¢, we denote again
by Vi (X, ) the space of all measurable functions £ : X — C such that the integral [y £(z)(¢s,g) du(z)
exists for every ¢ € D and defines a continuous conjugate linear functional on D, that is, there exists a
constant ¢ > 0 and a seminorm p € B such that

] [ €@)2.9)auta

<cp(g), Vg €D.
This in turn determines a linear map Ty : Vy(X, ) — D> by the following relation

(Tyé.g) = /X £(2) (b0 9) du(x), VE € Vy(X, 1), g € D. (7.6)

Next, we define as before the vector space
V¢(X7 w) = V¢(X7 M)/Ker T,

and we put again [¢]s = £ + Ker T, for € € Vi (X, p).
Now we define the topology of V4 (X, i) by means of the strong dual topology t* of D, which we
recall is defined by the seminorms

[Fllg = sup [(Flg), F €D,
geQ

where Q runs over the family of bounded subsets of D[t]. As said above, the reflexivity of D entails that
t* is equal to the Mackey topology 7(D*, D). Define the following seminorm on Vi (X, u):

pa(léls) = sup (Tos, 9|, (7.7)

where Q is a bounded subset of D[t]. Then we may state

Lemma 7.3 The map f¢ s Ve(X,pn) = DX, f¢[§]¢ = Ty& is a well-defined linear map of Vu(X, 1) into
D* and, for every bounded subset Q of D[t], one has

Pa(lle) = ITséllo, V€ € V(X 1)
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The latter equality obviously implies the continuity of 7.

Next we investigate the dual Vy (X, 1)* of the space V4 (X, 1), that is, the set of continuous linear
functionals on Vi (X, ). We equip Vg (X, u)* with the strong dual topology, which is defined by the family
of seminorms

ar(F) == sup |F([]y)l,
[Ele€R

where R runs over the bounded subsets of V(X p).

Theorem 7.4 Assume that DIt] is a reflexive space and let ¢ be a weakly measurable function. If F is a
continuous linear functional on Vy(X, ), then there exists a unique g € D such that

F(€ly) = /X £(2)(der g) dulx), YE € Vy(X, 1) (7.8)

Moreover, every g € H defines a continuous linear functional F' on Vy(X, pn) with [|[F[[,. < |gl|, by (7.8).

The proof of this theorem follows closely that of Theorem 3.5, replacing Hilbertian norms by appropriate
seminorms and using the reflexivity of D. Details may be found in [11].

In the present context, the analysis operator Cy is defined in the usual way, given in (2.2). Then,
particularizing the discussion of Theorem 3.5 to the functional (-,Cyg), one can interpret the analysis
operator Cy as a continuous operator from D to Vy (X, 1)*. As in the case of frames or semi-frames, one
may characterize the synthesis operator in terms of the analysis operator.

Proposition 7.5 For a weakly measurable function ¢ , ﬁb C C. If, in addition, Vo (X, ) is reflexive,
then T\;‘ = Cy. Moreover, ¢ is p-total (i.e., Ker Cy = {0}) if and only if Ran T\¢ is dense in D*.

Proof. As Cp : D — Vu(X,p)* is a continuous operator, it has a continuous adjoint C(’; :
Vo(X, )™ — H [28, Sec.IV.7.4]. Let C’i = C’:{)qus(X,,u). Then C’g = faﬁ since, for every f € D,
[€lo € Vo (X, ),

(Cof . [€]s) = /X (f, 62)E@) dua) = (. Tyl€ls). (7.9)

If Vi, (X, p) is reflexive, we have, of course, Ci = Cd’; = ﬂ).

If ¢ is not p-total, then there exists f € D, f # 0 such that (Cyf)(z) = 0 for ae. =z € X.
Hence, f € (Ranﬂ,)l ={feD:(Ff)=0,VF ¢ Ranﬁb} by (7.9). Conversely, if ¢ is p-total, as
(Ran fqﬁ)l = Ker Cy = {0}, by the reflexivity of D and D*, it follows that Ran f¢ is dense in D*. |

In a way similar to what we have done above, we can define the space Vi (X, 1), its topology, the
residue classes [1]y, the operator Ty, etc, replacing ¢ by 1. Then, Vi, (X, 1) is a locally convex space.

Theorem 7.6 Assume that the form (7.1) is jointly continuous on D x D. Then, every continuous linear
functional F on Vg(X, p), i.e., F € Vg(X, u)*, can be represented as

F(le]y) = /X £()(@) du(z), V€] € Vo(X, p), (7.10)

with n € Vy(X, ). The residue class [n]y € Vy(X, 1) is uniquely determined.

Proof. By Theorem 7.4, we have the representation

F(¢) = /X £(@) (o 9) dpi(a).

It is easily seen that n(z) := (g, ¢z) € Vi (X, p).
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It remains to prove uniqueness. Suppose that

F©) = | €@ dufa).
Then
. €)@ ) duta) o
Now the function &(z) is arbitrary. Hence, taking in particular for (x) the functions (¢, f), f € D, we
get [nly = [n')y- O
The lesson of the previous statements is that the map

JiF e Ve(X, 1) = [n]y € Vy(X, ) (7.11)

is well-defined and conjugate linear. On the other hand, j(F') = j(F') implies easily F' = F'. Therefore
Vg (X, p)* can be identified with a closed subspace of Vi (X, p) 1= {[{]y : & € Vy(X, p)}, the conjugate
space of Vi (X, p).

Working in the framework of Hilbert spaces, as in Section 7.1, we proved in Theorem 3.9 that the
spaces Vi (X, u)* and Vi (X, ) can be identified. The conclusion was that if (¢, ¢) is a reproducing pair,
the spaces Vy(X, 1) and Vi, (X, n) are both Hilbert spaces, conjugate dual of each other with respect to
the sesquilinear form (3.10). And if ¢ and 1 are also u-total, then the converse statement holds true.

In the present situation, however, a result of this kind cannot be proved with techniques similar to
those of Section 3.2 , which are specific of Hilbert spaces. In particular, the condition (b), Sy 4 € GL(H),
which was essential in the proof of [10, Lemma 3.11], is now missing, and it is not clear by what regularity
condition it should replaced.

8 Reproducing pairs and genuine PIP-spaces

In this section, we will consider the case where our measurable functions take their values in a genuine
pip-space. However, for simplicity, we will restrict ourselves to a lattice of Banach spaces (LBS) or a lattice
of Hilbert spaces (LHS). For the convenience of the reader, we have summarized in the Appendix the basic
notions concerning LBSs and LHSs. Further information may be found in our monograph [6].

Let (X, u) be a locally compact, o-compact measure space. Let V; = {V,,,p € J} be a LBS or a
LHS of measurable functions on X. Thus the central Hilbert space is H := V, = L?(X, 1) and the spaces
V,, Vi are reflexive Banach spaces or Hilbert spaces, conjugate dual of each other with respect to the L2
inner product, as follows from (A.2). The partial inner product, which extends that of L?(X, ), is denoted
again by (). As usual we put V =3 _;V, and V# = Mpes Vp- Thus ¢ : X — V really means that
1 : X — V, for some p € J, since V is the algebraic inductive limit of {V,,p € J} [28] (see the Appendix).

Example 8.1 A typical example is the lattice generated by the Lebesgue spaces LP(R, dz), 1 < p < oo,
with % + % =1 [6]. We shall discuss it in detail in Section 10.

Two approaches are possible, depending whether the functions v, themselves belong to V' or rather the
scalar functions C'y, f. However, the first possibility is the exact generalization of the one used in the RHS
case in Section 7. Hence it does not exploit the PIP-space structure, only the RHS V# C H C V! Thus
we turn to the second strategy.

Let 9, ¢ be weakly measurable functions from X into H. In view of (6.1), (A.2) and the definition
of V, we assume that the following condition holds:

(p) Ip € Jsuch that Cyf = (f|e.) € V, and Cyg = (g|9.) € V5,V f, g € H.

Notice that, in Condition (p), the index p cannot depend on f,g. We need some uniformity, in the form
Cy(H) C V, and Cy(H) C V5 . This is fully in line with the philosophy of PIP-spaces: the building blocks
are the (assaying) subspaces V},, not individual vectors.
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Since Vj is the conjugate dual of V},, the relation

s(f.9) = [ (1) enlo) dunte). frg € H,
b'e
defines a sesquilinear form on H x H and one has

Qy.6(F, D < NCufll, 1Coglly V frg € H. (8.1)

If Qy 4 is bounded as a form on A x A (this is not automatic, see Proposition 8.2), there exists a bounded
operator Sy ¢ in H such that

/X (Fle)(62l9) du(e) = (Syofla), ¥ frg € H. (3.2)

Then (¢, ¢) is a reproducing pair if Sy o € GL(H).

Let us suppose that the spaces V,, have the following property:

(k) If &, — £ in V,, then, for every compact subset K C X, there exists a subsequence {¢X} of {¢,}
which converges to & almost everywhere in K.

We note that condition (k) is satisfied by the LP-spaces [27].

As seen before, Cy : H — V, in general. This means, given f € H, there exists p € J such that
Cypf = (fl.) € V,. We define

Dr(Cw) ={feH: Cd,f eV.h, red

In particular, D, (Cy) = H is equivalent to Cy(H) C V.

Proposition 8.2 Assume that (k) holds. Then
(i) Cy : D.(Cy) — V; is a closed linear map.
(i1) If, for some r € J, Cy(H) C V., then Cy : H — V,. is continuous.

Proof. (i) Let f, — f in H and {Cy f,} be Cauchy in V,.. Since V; is complete, there exists £ € V,. such
that ||Cy fn — &l — 0. By (k), for every compact subset K C X, there exists a subsequence { fX} of {f,.}
such that (Cy fX)(z) — &(z) a.e. in K. On the other hand, since f, — f in H, we get

(fnlte) = (fle), Vze X,

and the same holds true, of course, for { fX}. From this we conclude that &(z) = (f|t),) almost everywhere.
Thus, f € D, (Cy) and £ = Cy f.
(ii) As for the continuity of Cy : H — V,. it follows from (i) and the closed graph theorem. O
Combining Proposition 8.2(ii) with (8.1), we get

Corollary 8.3 Assume that (k) holds. If Cyy(H) C V), and Cy(H) C V5, the form Q is bounded on H X H,
that is, |Qp,6(f,9)| < cllfIl llg]l-

If Cy(H) C V,, we will assume that Cy : H — V. is continuous. According to Proposition 8.2, this
is automatic if condition (k) holds.

If Cy : H — V. continuously, then C7, : V= — H exists and it is continuous. By definition, if £ € V7,

(Cufle) = /X () @) da(z) = (] /X b €(x) du(a)), Y f € H. (3.3)

Thus,
C5e = /X Vo €() du(2).
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Assume now that for some p € J, Cy : H — V;, and Cy : H — V5 continuously. Then, CF : V), = H
so that C3Cy is a well-defined bounded operator in H. As before, we have

Cin = /Xn(x)% du(z), Y € Vp.
Hence,
C3Cuf = [ Uflia)ordula) = Suf, ¥FEH,

the last equality following also from (8.2) and Corollary 8.3. Of course, this does not yet imply that
Sy,6 € GL(H), thus we don’t know whether (1, ¢) is a reproducing pair.

According to (3.3), the pre-Hilbert space V4 (X, 1) consists of the measurable functions £ such that

\ | @ Ceg@) duta)

Since Cy : H — Vp, the integral is well defined for all { € V,,. This means, the inner product on the Lh.s.
is in fact the partial inner product of V, which coincides with the L? inner product whenever the latter
makes sense. Thus we may rewrite the relation (8.4) as

[(€1Csg)| < cllgll . Vg e H, £ €V,
where (-|-) denotes the partial inner product. Next, by (A.2), one has, for £ € V,,,g € H,

[{ElCoa)| < lI€ll, 1Coally < cliéll, llgll

where the last inequality follows from Proposition 8.2 or the assumption of continuity of Cy. Hence
€ € V(X, 1), so that V,, C V(X p).

As for the adjoint operator, we have C; : Vp, = H. Then we may write, for £ € V,,9 € H,
(€]Csg) = (Tp€lg), thus CF is the restriction from Vy(X, u) to V,, of the operator Ty, : Vy — H introduced
in Section 2, which reads now as

(Tyelg) = /X £()(02g) dulx), YE € Vg € H. (8.5)

<clgll, Vg eH. (8.4)

Thus CF C Tj.
From now on, the construction proceeds as in Section 7. The space Vy(X, 1) = Vo(X, 1) /Ker T,

with the norm ||[§}¢H¢ = ||[T4&||, is a pre-Hilbert space. Then Theorem 3.9 and the other results from
Section 3.2 remain true. In particular, we have:

Theorem 8.4 If (¢, ¢) is a reproducing pair, the spaces Vy(X, ) and Vi (X, p) are both Hilbert spaces,
conjugate dual of each other with respect to the sesquilinear form (3.8), namely,

€y, = /X £(@)n(@) dpu(z).

Note the form (3.8) coincides with the inner product of L?(X, 1) whenever the latter makes sense.

Let (1, ¢) is a reproducing pair. Assume again that Cy : H — V5 continuously, which me may write
Coyp 2 H — Vi/Ker Ty, where Cy 1 H — Vi (X, p) is the operator defined by Cy  f := [Cy fly, already
introduced in Section 3.2. In addition, by Theorem 3.8, one has RanCy s[[|-[l,] = Vo(X, )]l - [l¢] and

Ran Cg plll-ll ] = Vi (X, )l - ll)-
Putting everything together, we get

Corollary 8.5 Let (¢, ¢) be a reproducing pair. Then, if Cy : H — V,, and Cy : H — V5 continuously,
one has

Cop : H = Vis/Ker Ty = Vi (X, ) ~ Vi (X, )", (8.6)
Cw’(z, tH— V,,/Ker T¢ = V¢(X, /L) ~ VTp(X, /J,)*. (87)

In these relations, the equality sign means an isomorphism of vector spaces, whereas ~ denotes an isomor-
phism of Hilbert spaces.
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Proof. On one hand, we have Ran é¢w = Vi(X, 1). On the other hand, under the assumption Cy(H) C
V5, one has Vi C Vy (X, i), hence Vi/Ker Ty, = {£ + Ker Ty, £ € Vi5} C Vi (X, ). Thus we get Vi (X, 1) =
Vi/Ker T, as vector spaces. Similarly Vi (X, ) = V,,/Ker T. O

9 The case of a Hilbert triplet or a Hilbert scale

9.1 The general construction

We have derived in the previous section the relations V,, C V4(X, 1), V5 C Vi (X, 1), and their equivalent
ones (8.6)-(8.7). Then, since Vi, (X, u) and Vg(X, p) are both Hilbert spaces, it seems natural to take for
Vp, V5 Hilbert spaces as well, that is, take for V' a LHS. The simplest case is then a Hilbert chain, for
instance, the scale (A.4) {#H, k € Z} built on the powers of a self-adjoint operator A > I . This situation
is quite interesting, since in that case one may get results about spectral properties of symmetric operators
(in the sense of PIP-space operators) [6,12].

Thus, let (1, ¢) be a reproducing pair. For simplicity, we assume that Sy 4 = I, that is, ¥, ¢ are
dual to each other.

If ¢ and ¢ are both frames, there is nothing to say, since then Cy,(H),Cy(H) C L*(X,n) = Ho, S0
that there is no need for a Hilbert scale. Thus we assume that ¢ is an upper semi-frame and ¢ is a lower
semi-frame, dual to each other. It follows that Cy(H) C L?(X, u). Hence Condition (p) becomes: There
is an index k£ > 1 such that Cy : H — Hy and Cy : H — Hz continuously, thus Vj,, = Hy and V5 = Hy.
This means we are working in the Hilbert triplet

Vo =Hi CHo=L*(X,pn) CHr = V5. (9.1)

Next, according to Corollary 8.5, we have Vi, (X, ) = Hy/Ker Ty and Vi (X, u) = Hy/Ker Ty, as vector
spaces.

In addition, since ¢ is a lower semi-frame, we know that C, has closed range in L?(X, u) and is
injective [8, Lemma 2.1]. However its domain

D(Cy) = {feH: /X |(F162)P du(x) < oo}

need not be dense, it could be {0}. Thus C, maps its domain D(C}) onto a closed subspace of L*(X, ),
possibly trivial, and the whole of H into the larger space Hz.

9.2 Examples

As for concrete examples of such Hilbert scales, we might mention two. First the Sobolev spaces H*(R), k €
Z,in Ho = L?(R,dx), which is the scale generated by the powers of the positive self-adjoint operator A2

where A :=1— dd—;. The other one corresponds to the quantum harmonic oscillator, with Hamiltonian

Apse 1= 2 — 4’ The spectrum of Ay is {2n+1,n =10,1,2,...} and it gets diagonalized on the basis of

dxz? -
Hermite functions. It follows that AL, which maps every Hj, onto Hy_1, is a Hilbert-Schmidt operator.

Therefore, the end space of the scale D*(Agsc) = (), Hi, which is simply Schwartz’ space S of C>
functions of fast decrease, is a nuclear space.

Actually one may give an explicit example, using a Sobolev-type scale. Let Hx be a reproducing
kernel Hilbert space (RKHS) of (nice) functions on a measure space (X, i), with kernel function k., z € X,
that is, f(z) = (flks)k, Vf € Hi. The corresponding reproducing kernel is K(x,y) = ky(x) = (kylks) k-
Choose the weight function m(z) > 1, the analog of the weight (1 + |z|?) considered in the Sobolev case.
Define the Hilbert scale H;, | € Z, determined by the multiplication operator Af(z) = m(x)f(z), Vz € X.
Hence, for each [ > 1,

HZCH()EHKCHZ.

Then, for some n > 1, define the measurable functions ¢, = k,m™(x), ¢, = kym~"(x), so that Cy : Hxg —
Hn, Cp : Hrg — Hzm continuously, where H,, C Hx C Hg, and ¥, ¢ are dual of each other. One has indeed
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(9clg) = (kam”(2)|g) K = (kalgm™(z))x = g(z)m"(z) € Hm and (Ye|g)k = g(x) m™"(x) € Hp, which
implies duality. Thus (¢, ¢) is a reproducing pair with Sy o = I, ¢ is an upper semi-frame and ¢ a lower
semi-frame.

In this case, one can compute the operators Ty, T;, explicitly. The definition (8.5) reads as

(Tytlg) i = /X £(2){bolg) e d(x), VE € Harg € Hic,
- / £(x) (@) m(z) dp,
X

that is, (Tp€)(x) = &(x) m™(z) or T& = € m". However, since the weight m(z) > 1 is invertible, gm” runs
over the whole of Hz whenever g runs over Hy. Hence ¢ € Ker Ty, C H,, means that (Ty|g)x = 0, Vg €
Hy, which implies £ = 0, since the duality between H,, and Hz is separating. The same reasoning yields
Ker T, = {0}. Therefore V4(X, 1) ~ RanCy, = H,, and Vi (X, u) >~ RanCy = Hgz.

A more general situation may be derived from the discrete example of Section 6.1.3 of [10]. Take
a sequence of weights m := {|my|}nen € co,my, # 0, and consider the space €2, with norm |[[],. =
> nen |mné&nl?. Then we have the following triplet replacing (9.1)

0 CECL, (9.2)

Next, for each n € N, define v, = m,0,, where 6 is a frame or an orthonormal basis in ¢?. Then % is
an upper semi-frame. Moreover, ¢ := {(1/M,)0, }nen is a lower semi-frame, dual to ¢, thus (¢, ¢) is a
reproducing pair. Hence, by [10, Theorem 3.13] (see also Section 5.1.3), Vi, ~ Ran Cy = M ;,,,(Vo(N)) = 03,
and Vg ~ Ran Cy, = M,,(Vp(N)) = éf/m (here we take for granted that Ker T, = Ker Ty = {0}).

For making contact with the situation of (9.1), consider in ¢? the diagonal operator A := diag[n],n €
N (the number operator), that is (A£), = n&,,n € N, which is obviously self-adjoint and larger than 1.
Then Hy, = D(A*) with norm [[¢], = ||A*¢| = 2, where (r®)),, = n* (note that 1/7F) € ¢p). Hence
we have

Hk = gz(’“) C HO = €2 C HE = g%/r(k) 5 (93)

where (1/r®),, =n~*. In addition, as in the continuous case discussed above, the end space of the scale,
D> (A) := (", Hr, is simply Schwartz’s space s of fast decreasing sequences, with dual Dss(A) := U, Hr =
s’, the space of slowly increasing sequences. Here too, this construction shows that the space s is nuclear,
since every embedding A~! : Hp.1 — H;, is a Hilbert-Schmidt operator.

However, the construction described above yields a much more general family of examples, since the
weight sequences m are not ordered.

10 The case of LP spaces

Following the suggestion made at the end of Section 2, we present now several possibilities of taking Ran Cy,
in the context of the Lebesgue spaces LP(R, dz).

As it is well-known, these spaces don’t form a chain, since two of them are never comparable. We
have only

LP N LY C L?, for all s such that p < s <gq.
Take the lattice J generated by Z = {L?(R, dz),1 < p < oo}, with lattice operations [6, Sec.4.1.2]:
e [P N L% = LPN L% is a Banach space for the projective norm | f|lpng = | fllp + | fll4

e [PV [L9=1LP+ L?is a Banach space for the inductive norm
[ fllpvg = infp=gin {llglly + [|2llg; 9 € LP, h € L7}

e TFor 1 < p,q < oo, both spaces LP A L4 and LP V LY are reflexive and (LP A L9)* = LP v L9.
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Figure 1: (i) The three full chains (black); (ii) The pair L), L® for s in the second quadrant (blue); (iii)
The pair L), L) for ¢ in the first quadrant (blue) (from [11]).

Moreover, no additional spaces are obtained by iterating the lattice operations to any finite order. Thus we
obtain an involutive lattice and a LBS, denoted by V; with elements denoted generically by LB s = (p,q).

Following [6, Sec.4.1.2], we represent the space L("? by the point (1/p,1/q) of the unit square
J =10,1] x [0,1]. In this representation, the spaces LP are on the main diagonal, intersections LP N L4
above it and sums L? 4+ L9 below, the duality is [L(*]* = L®) where s = (p,q) and 5 = (p,7), that is,
symmetry with respect to L?. Hence, L®9 c L®-9) if (1/p,1/q) is on the left and/or above (1/p,1/q")
The extreme spaces are

VFi=L*nL" and V,=L"'+L>

Note that the space L' + L> has been considered by Gould [22]. For a full picture, see [6, Fig.4.1].

There are three possibilities for using the LP lattice for controlling reproducing pairs

(1) Exploit the full lattice J, that is, find (p, q) such that, Vf,g € H, Cy f # Csg in the PIP-space
V}, that iS, C¢f S L(p,q) and Cd)g c L(ﬁﬁ)'

2) Select in V, a self-dual Banach chain V., centered around L?, symbolically.
J 1

L L®c..cPc...cl® .. (10.1)

such that Cy f € L) and Cyg € L®) (or vice-versa). Here are three examples of such Banach chains. Of
course, in each case, one may also select a symmetric subset of the chain.

e The anti-diagonal chain : ¢ =p
L*nNL*c...clinlfc...cl?’c...cLU+L1=(L"NLY* c...Cc L' + L™,
e The horizontal chain q = 2 :

L*NL?’c...cL?c...c L'+ 1>
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e The vertical chain p =2 :
L’NnL'c...cl?*c...c L*+L>.

All three chains are presented in Figure 1. In each case, the full chain belongs to the second and fourth
quadrants (top left and bottom right). A typical point is then s = (p,q) with, 2 < p < 00,1 < ¢ < 2, so
that one has the situation depicted in (10.1), that is, the spaces L®) LG to which Cy f, resp. Cyg, belong,
are necessarily comparable to each other and to L2. In particular, one of them is necessarily contained in
L? (see Figure 1).

(3) Choose a dual pair in the first and third quadrant (:oop right, bottom left). A typical point is
then t = (p/,¢'), with 1 < p/, ¢’ < 2, so that the spaces L), L(¥) are never comparable to each other, nor
to L2.

Let us now add the boundedness condition already mentioned in Section 2, sup,cx [|%z|4 < ¢ and
SUp,ex ||0zlly < ¢ for some ¢,¢ > 0. Then Cyf(z) = (fltz) € L™(X, du) and Cyf(zx) = (f|oa) €
L>(X, du). Therefore, the third case reduces to the second one, since we have now (in the situation of
Figure 1). .

L*n®crenr?cr*nrc®. (10.2)
Note that none of these spaces is reflexive.

Following the pattern of Hilbert scales, we choose a (Gel’fand) triplet of Banach spaces. One could

have, for instance, a triplet of reflexive Banach spaces such as

L® cL?cL®, (10.3)

corresponding to a point s inside of the second quadrant, as shown in Figure 1. In this case, according to
(8.6) and (8.7), Vi = L) /Ker Ty, and Vs = L) /Ker T,.

On the contrary, if we choose a point ¢ in the second quadrant, case (3) above, it seems that no
triplet arises. However, if (1, ¢) is a nontrivial reproducing pair, with Sy, 4 = I, that is, ¥, ¢ are dual to
each other, one of them, say 1, is an upper semi-frame and then necessarily ¢ is a lower semi-frame (see
the remark at the end of Section 2.2). Therefore Cy(H) C L?(X, i), that is, case (3) cannot be realized.

In conclusion, the only acceptable solution is a triplet of the type (10.3), with s strictly inside of
the second quadrant, that is, s = (p,q) with, 2 <p < 00,1 < ¢ < 2.

A word of explanation is in order here, concerning the relations Vi = L® /KerTy, and Vy =
L(s)/Ker Ts. Both L®) and L®) are reflexive Banach spaces, with their usual norm, and so are the
quotients by Ty, resp. Tp. On the other hand, Vi (X, p)[|| - [|»] and V4 (X, p)[|| - ||l¢] are Hilbert spaces.
However, there is no contradiction, since the equality sign = denotes an isomorphism of vector spaces only,
without reference to any topology. Moreover, the two norms, Banach and Hilbert, cannot be comparable,
lest they are equivalent [25, Coroll. 1.6.8], which is impossible in the case of L?,p # 2. The same is true
for any LBS where the spaces V}, are not Hilbert spaces.

Although we don’t have an explicit example of a reproducing pair, we indicate a possible construction
towards one. Let () : R — L? be a measurable function such that <h|93(g1)> €LY, 1<q<2,VheL? and
let ) : R — L? be a measurable function such that (h|9£-2)> € L9,V h € L. Define ¢, := min(éb(gl)7 9&2)) =
9;&1) A 99(3) and ¢, := max(@;gcl), 9;2)) = 99(61) V 9;2) . Then we have ¥, < ¢, for almost all x € R, and

(Cyh)(x) = (hlpy) € LN LI, YV h € L?
(Cyh)(z) = (h|¢s) € L+ LT, Y h € L*

and we have indeed LIN L7 C L? C L9+ L9. It remains to guarantee that ¢ and ¢ are dual to each other,
that is,

[ ) endg)dnta) = [ Cot@) Cogladute) = (1la). ¥ frg < L2
X X
11 Concluding remarks

Starting with the well-known notion of frame, both discrete and continuous, we have introduced a first
natural generalization, namely, semi-frames, both upper and lower ones. The main result is that the two
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types are dual of each other. Indeed, if two semi-frames are in duality, either they are both frames, or else
at least one of them is a lower semi-frame. Take for example ¢ = {ne, }U{%ex}r and ¢ = {3e, }U{Eex}i
with e, an orthonormal basis, theni), ¢ are in duality and both are lower semi-frames but not Bessel [30].

Then the next step is to drop the restriction imposed by the frame bounds on the two measurable
functions in duality, and this leads to the notion of reproducing pair. We have seen that the latter is
quite rich. It generates a whole mathematical structure, which ultimately leads to a pair of Hilbert spaces,
conjugate dual to each other with respect to the L?(X, i) inner product. We have given several concrete
examples in Section 5. These, and additional ones, should allow one to better specify the best assumptions
to be made on the measurable functions or, more precisely, on the nature of the range of the analysis
operators Cy, Cy.

This is clearly seen in the definition (6.1), which immediately suggests to perform the analysis in
the context of PIP-spaces [6]. In particular, a natural choice is a scale, or simply a triplet, of Hilbert
spaces, the two extreme spaces being conjugate duals of each other with respect to the L?(X,u) inner
product. Another possibility consists of exploiting the lattice of all LP(R, dz) spaces, or a subset thereof,
in particular a (Gel’fand) triplet of Banach spaces. Some examples have been described above, but clearly
more work along these lines is in order.

Another interesting direction consists in considering a whole family G of p-total, weakly measurable
functions ¢ : X — H, instead of only one. To each ¢ € G we can associate the pre-Hilbert space
Vs (X, wll-ll4] and take its completion Vi (X, p)[[|[4]. If ¢ has a partner 1) € G such that (¢,¢) is a
reproducing pair, both spaces V(X 1) = ‘A/%(X7 wII[[l,) and Vi (X, p) = \//;,(X, w)[l[-[l ;] are Hilbert spaces,
conjugate dual to each other. In the general case, however, the question of completeness of Vi (X, p)||-| 4]
is open. Can one find conditions under which it holds? Also once might study the relationship between
different pre-Hilbert spaces V(X ). When is one contained in another one?

Appendix. Lattices of Banach or Hilbert spaces

For the convenience of the reader, we summarize in this Appendix the basic facts concerning PIP-spaces
and operators on them. However, we will restrict the discussion to the simpler case of a lattice of Banach
(LBS) or Hilbert spaces (LHS). Further information may be found in our monograph [6] or our review

paper [7].
Let thus J = {V},, p € I'} be a family of Hilbert spaces or reflexive Banach spaces, partially ordered
by inclusion. Then 7 generates an involutive lattice 7, indexed by J, through the operations (p,q,r € I):

. involution: V. < V&=VX, the conjugate dual of V,
. infimum: Vong = Vp AV =V,NYV,
.supremum:  Vpyg = V,VV, =V, + V.

It turns out that both V.4 and Vjy, are Hilbert spaces, resp. reflexive Banach spaces, under appropriate
norms (the so-called projective, resp. inductive norms). Assume that the following conditions are satisfied:
(i) Z contains a unique self-dual, Hilbert subspace V, = V5.

(ii) for every V. € Z, the norm || - ||z on V&= V,* is the conjugate of the norm || - ||, on V.

In addition to the family J = {V,,, r € J}, it is convenient to consider the two spaces V# and V defined

as
V=3V, V¥F=V, (A1)
qel qel

These two spaces themselves usually do not belong to Z. According to the general theory of PIP-spaces [6],
V is the algebraic inductive imit of the V}’s and V# is the projective limit of the Vi's .

We say that two vectors f,g € V are compatible if there exists r € J such that f € V,.,g € V&.
Then a partial inner product on V is a Hermitian form (-|-) defined exactly on compatible pairs of vectors.
In particular, the partial inner product (-|-) coincides with the inner product of V,, on the latter. A partial
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inner product space (PIP-space) is a vector space V equipped with a partial inner product. Clearly LBSs
and LHSs are particular cases of PIP-spaces.

We will assume that our pip-space (V,(-|-)) is nondegenerate, that is, (f|g) = 0 for all f € V#
implies g = 0. As a consequence, (V#,V) and every couple (V,., Vx), r € J, are a dual pair in the sense of
topological vector spaces [28]. In particular, the original norm topology on V. coincides with its Mackey
topology 7(V,., Vi), so that indeed its conjugate dual is (V;.)* = V5, Vr € J. Then, r < s implies V,. C Vj,
and the embedding operator Ej, : V,, — V, is continuous and has dense range. In particular, V# is dense
in every V.. In the sequel, we also assume the partial inner product to be positive definite, (f|f) > 0
whenever f # 0.

Then we have the familiar (Schwarz) inequality

eV, eV, implies ¢7eL'(X,0) and ] [ cwnaants) <lel ol (a2

A standard, albeit trivial, example is that of a rigged Hilbert space (RHS) ® C H C ®# (it is trivial
because the lattice Z contains only three elements).

Familiar concrete examples of PIP-spaces are sequence spaces, with V' = w the space of all complex
sequences z = (z,,), and spaces of locally integrable functions with V' = L} (R, dz), the space of Lebesgue
measurable functions, integrable over compact subsets.

Among LBSs, the simplest example is that of a chain of reflexive Banach spaces. The prototype is
the chain Z = {L? := LP([0,1];dx), 1 < p < oo} of Lebesgue spaces over the interval [0, 1].

L*c...clicLl c..cl*c..cL' cL®c..clLh (A.3)

where 1 < ¢ < r < 2 (of course, L* and L' are not reflexive). Here L9 and L7 are dual to each other
(1/g+1/g=1), and similarly L™, L" (1/r +1/F = 1).

As for a LHS, the simplest example is the Hilbert scale generated by a self-adjoint operator A > I
in a Hilbert space H,. Let H, be D(A™), the domain of A", equipped with the graph norm | f||, =
A" f|l, f € D(A™), for n € Nor n € RT, and Hz := H_,, = H,* (conjugate dual):

D*(A) i=(\Hn C... CHa CH1 CHy CHy CHy...CDx(A):=|JHn. (A.4)

Note that here the index n may be integer or real, the link between the two cases being established by
the spectral theorem for self-adjoint operators. Here again the inner product of Hg extends to each pair
Hy, H_pn, but on Dxs(A) it yields only a partial inner product. A standard example is the scale of Sobolev
spaces H*(R), s € Z, in Ho = L*(R, dx).
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