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Abstract

Compared to classical spatially separated multiple antenna system, cross-polarized co-located antenna
systems are an interesting way to reduce equipment size while reducing the inter-antenna correlation.
In this paper the spectrum sensing of a Cognitive Radio (CR) system taking advantage of polarization
diversity under Rayleigh fading is investigated and compared to an equivalent system using spatial
diversity. This analysis is based on a theoretical formulation applied to a real-world scenario. For
this purpose, an outdoor-to-indoor measurement campaign at a frequency of 3.5 GHz is realized,
where an indoor secondary user senses the signals received from an outdoor primary base station.
The signals received in each antenna are first combined and then applied to an energy detector. The
theoretical expressions are simulated in the measurement context. The detection probability behavior
as a function of distance between the Primary Transmitter (PTx) and the Secondary Terminal (STE)
and the inter-antenna correlation effect on the sensing performance are studied.
Keywords: Cognitive Radio, Polarization, Sensing, Energy detector, MIMO

1. Introduction

In recent years, the demand for radio-frequency
spectrum is increasing as the interest of consumers
in high data rate wireless services is growing. How-
ever, with most of the spectrum being already al-
located by governmental regulators, it is becom-
ing extremely hard to find vacant bands to de-
ploy new services [1]. On the other hand, based
on FCC report [2], many portions of the allocated
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frequency bands are not used for significant peri-
ods of time.

Cognitive Radios (CR) are proposed as an in-
teresting way to more efficiently use the frequency
resources [3, 4]. A CR network is deployed on the
same frequency band allocated to an existing pri-
mary network without interfering with it. A CR
Secondary User (SU) finds the frequency bands
which are not utilized by Primary Users (PU) and
communicate on them. In order to satisfy the pri-
mordial non-interfering condition, the SU must be
able to detect reliably and quickly the presence of
a PU in a frequency band [5]. Different spectrum
sensing techniques have been proposed so far in
the literature [1, 6]. Among them, Energy Detec-
tion (ED) has been widely applied since it does
not require any a priori information about the pri-
mary signal and has much lower complexity [7, 8].

However in practice, spectrum sensing is con-
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siderably deteriorated by the fading nature of wire-
less channels so that a PU could be completely
hidden from a SU. Multi-antenna sensing has been
proposed as an interesting way to reduce chan-
nel fading effects by introducing spatial diversity
into the spectrum sensing scheme. Several pre-
vious works have already treated the application
of energy detector on a multiple antenna system
[9–15]. It has been found that the poor sensing
performances of a single antenna system are con-
siderably improved by the use of spatial diver-
sity at the Secondary Terminal (STE). However,
there are two limiting issues in the use of spatial
diversity which could be resolved by the use of
co-located cross-polarized MIMO antennas at the
STE.

First of all it is shown in [11] that in corre-
lated channels the sensing performance of a multi-
antenna CR system using spatial diversity is de-
graded; hence, to benefit from diversity, a large
inter-antenna spacing is required to lower the inter-
antenna correlation, which tends to increase the
terminal size. The use of three perpendicularly
polarized co-located antennas on the other hand,
would let the STE be almost as compact as a
single antenna system while enjoying the bene-
fits of diversity by the low inter-antenna correla-
tion which exists between cross-polarized anten-
nas [16–18].

Secondly, the polarization of the transmitted
primary wave is randomized owing to the different
interactions with the surrounding environment so
that the signal received at the STE is composed
of many waves with different polarizations. This
polarization variability is not exploited in the spa-
tial diversity case, and depending on the primary
transmitted polarization and the orientation of
the STE, the sensing performance could be de-
teriorated. This issue could be solved by the use
of three perpendicularly polarized antennas which
receive all incident polarizations.

In the absence of major results in this field,
this paper investigates the sensing performance
of a CR system using a tri-polarized antenna at
the STE and in a real-world scenario. This anal-
ysis is based on an outdoor-to-indoor measure-
ment campaign, where the secondary network is

deployed indoor and senses the signals received
from an outdoor primary base-station.

Based on the results obtained from this mea-
surement campaign and a theoretical formulation
described later in this paper, the sensing perfor-
mance of an energy detector applied to a three-
polarized antenna where each antenna experiences
different uncorrelated Rayleigh fading is studied
and compared to the spatial diversity case where
the STE is made of three co-polar separated an-
tennas. The detection probability behavior as a
function of distance between PTx and STE and
the inter-antenna correlation effect on the sensing
performance are studied.

The paper is organized as follow: In section II
the problem of primary signal detection in a tri-
polarized reception scenario is formulated. Sec-
tion III presents analytical formulations in a de-
terministic channel scenario. Section IV treats
the case of Rayleigh fading channel. The measure-
ment campaign is presented in section V. Section
VI presents the results obtained from the simula-
tion of the theoretical expressions in the measure-
ments context. Section VII concludes this paper.

2. Problem formulation

We consider a CR receiver made of M anten-
nas (with M = 3 for the particular case of three
cross-polarized antennas). Considering a signal
bandwidth W and an observation time T over
which signal samples are collected (chosen so that
the time-bandwidth product TW be an integer),
the goal is to determine whether a signal is present
(hypothesis H1) or not (hypothesis H0).

Under H1, the primary transmitted signal s(t)
is received at the ith CR receiver antenna over
channel hi and additive zero mean white Gaus-
sian noise ni(t). The signal s(t) is assumed to be
unknown deterministic signal. The received sig-
nal ri(t) at the ith receive antenna is then obtained
under the two hypotheses by:{

H1 : ri(t) = his(t) + ni(t)
H0 : ri(t) = ni(t)

(1)

In the unrealistic scenario where the received
signals on each antenna are uncorrelated, by com-
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bining the signals received on each antenna by
an appropriate combining technique, the chan-
nel fading effects could be reduced and the sens-
ing performance is thus improved. In this pa-
per, two combining methods are considered. First
the Maximum Ratio Combining (MRC) method
is presented since it maximizes the sensing per-
formance [19] and the SNR at the output of the
combiner, ρoutput [20]:

ρoutput =
M∑
i=1

ρi (2)

where ρi is the SNR on branch i.
However, this optimal combining method re-

quires the knowledge of the CSI from primary
base station at the secondary terminal. Since in
a realistic CR scenario the secondary user is not
aware of the CSI from the primary base station,
this method is only given as an optimal combin-
ing method for the sake of comparison with a sec-
ond method, the Square Law Combining (SLC)
method, where the knowledge of CSI from the pri-
mary base station is not required.

A modified energy detector is considered in
order to differentiate the two hypothesis H0 and
H1. With this detector the decision is based on
the normalized quantity E=2Er/N0 where Er is
the Band-Pass(BP) representation of the energy
of the signal denoted y(t) at the combiner output
and N0 is the one-sided noise PSD

E = 2
N0

∫ T

0
y2(t)dt = 1

N0W

N∑
i=1

yi
2 (3)

where yi denotes the samples obtained by sam-
pling y(t) at the Nyquist frequency 2W and N=
2TW is the total number of samples.

A signal will be considered as detected in the
bandwidthW and during the observation time T ,
if the resulting modified energy at the combiner
output is higher than a fixed threshold. Consid-
ering a detection threshold, η, the probability of
detection, Pd, and the probability of false alarm,
PFA, are defined by :

Pd = P [E > η|H1] (4)

PFA = P [E > η|H0] (5)

In the following analysis, the case of a deter-
ministic channel hi between the primary trans-
mitter and the ith CR receiver is first investi-
gated. Then, the case of a Rayleigh fading chan-
nel is studied where two diversity cases will be
considered: Multipolar and Multi-antenna unipo-
lar cases. In the multi-antenna unipolar reception
scenario, all the sub channels experience the same
Rayleigh fading process with the same Rayleigh
distribution parameter σh:

|hi| ∼ Rayleigh(σh) (6)

On the other hand, in the multi-polar recep-
tion scenario, each subchannel hi experiences a
different Rayleigh fading process with a different
Rayleigh distribution parameter σhi,

|hi| ∼ Rayleigh(σhi) (7)

due to the cross-polar discriminations (XPD)
which exists between the three polarizations. The
XPD denotes the amount of leakage from one po-
larization to another caused by the channel. This
leads to different path-loss pattern for each polar-
ization. A measurement campaign was realized in
an outdoor-to-indoor scenario in order to charac-
terize the path-loss as a fonction of distance for
each of the three receive polarizations. This mea-
surement campaign is described later in this pa-
per.

In the following, analytical expressions of Pd
and PFA are given for MRC and SLC techniques
and in a general case where each subchannel expe-
riences a different Rayleigh fading process. In this
context, this analytical development has already
been made in [14] for the SLC technique but is
new for the MRC technique which is given only
for the sake of comparison as an optimal combin-
ing method. Then, the application of the analyt-
ical expressions in a real-world scenario is given,
based on a measurement campaign.

3. Deterministic channel

Let’s first consider a deterministic channel hi
between the PTx and each of the CR antennas.
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3.1. MRC
Under the null hypothesis H0 the combined

signal y(t) at the combiner output is given by:

y(t) =
M∑
i=1

h∗ini(t) (8)

where h∗i is the complex conjugate of the chan-
nel hi

Equation (3) gives:

E = 1
N0W

N∑
k=1

y2
k = 1

N0W

N∑
k=1

(
M∑
i=1

h∗inik

)2

(9)

This can be rewritten as:

E = α2
h

∑N
k=1

(∑M
i=1 h

∗
inik

)2

N0Wαh2 = α2
hE
′ (10)

where α2
h = ∑M

i=1 |hi|2.
Considering iid nik with distributionN(0, N0W )

+ jN(0, N0W ), the variable∑m
i=1 h

∗
inik ∼N(0, N0W

α2
h) + jN(0, N0Wα2

h). As a result, E ′ follows a
Chi-square distribution with 2N degrees of free-
dom (χ2

2N) .The cumulative distribution function
(cdf) of E is then given by :

cdfE(y) = cdfE′( y
α2
h

) = γ(N, y/2α2
h)

Γ(N) (11)

where γ(.., ..) is the lower incomplete gamma
function and Γ(..) denotes the Gamma function
[21].

The probability of false-alarm is then given by:

PFA = P [E > η|H0] = 1− P [E < η|H0]

= 1− cdfE(η) = 1− γ(N, η/2α2
h)

Γ(N)

= Γ(N)− γ(N, η/2α2
h)

Γ(N) = Γ(N, η/2α2
h)

Γ(N) (12)

where Γ(.., ..) is the upper incomplete gamma func-
tion [21].

Under the hypothesis H1 :

y(t) =
M∑
i=1

h∗i ri(t) =
M∑
i=1

h∗i (his(t) + n(t))

(13)

E = 1
N0W

N∑
k=1

y2
k = 1

N0W

N∑
k=1

(
M∑
i=1
|hi|2sk + h∗inik

)2

(14)

This can be rewritten as:

E = α2
h

∑N
k=1

(∑M
i=1 |hi|2sk + h∗inik

)2

α2
hN0W

= α2
hE
′′

(15)

Considering iid nik with distributionN(0, N0W )+
jN(0, N0W ), E” follows a non central chi square
distribution with 2N degrees of freedom and the
non centrality parameter λ = 2∑M

i=1 ρi = 2ρoutput
(E ′′ ∼ χ2

2N(2ρoutput)
The probability of detection is then obtained

by :

Pd = P (E > η|H1) = P (α2
hE
′′ > η|H1) (16)

= P (E ′′ > η

α2
h

|H1)

Using [22], we can obtain the following closed-
form expression:

Pd = QN(
√

2ρoutput,
√
η

α2
h

) (17)

where QN(., .) is the generalized Marcum Q
function [23].

3.2. SLC
Using the SLC method, the combined signal

y(t) at the combiner output is given by:

y(t) =

√√√√ M∑
i=1

r2
i (t) (18)

Using the same approach than the one used
above in the MRC case, as has been done in [14],
the analytical expressions of Pd and PFA for the
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SLC method and in a deterministic channel sce-
nario are given by :

PFA = Γ(NM, η/2)
Γ(NM) (19)

Pd = QNM(
√

2ρoutput,
√
η) (20)

4. Rayleigh fading channel

The mean probability of detection Pd for cor-
related Rayleigh fading channels is obtained by
averaging the probability of detection for deter-
ministic channels (20) and (17) over the pdf of
ρoutput referred to as f(ρoutput):

Pd =
∫ ∞

0
Pd(ρoutput)f(ρoutput)dρoutput (21)

It is shown in Appendixe 1, how we obtain
the analytical expressions of the pdf of ρoutput for
correlated channels and in a multi-polar reception
scenario. The final result of this development is
given in the following.

The pdf of ρoutput for correlated Rayleigh fad-
ing channels is given by:

f(ρ) = 1
γ

[ eZ1ρ

(Z1 − Z2)(Z1 − Z3)

+ eZ2ρ

(Z2 − Z3)(Z2 − Z1) + eZ3ρ

(Z3 − Z1)(Z3 − Z2) ]

(22)
where ρij is the complex correlation coefficient

between the ith and jth antenna. and Z1, Z2 and
Z3 are the poles of 1

(Z3+β
γ
Z2+α

γ
Z+ 1

γ
)
and :

α = ρ1 + ρ2 + ρ3

β = ρ1ρ2 − |ρ12|2 ρ1ρ2 + ρ1ρ3 − |ρ13|2 ρ1ρ3 +
ρ2ρ3 − |ρ23|2 ρ2ρ3

γ = ρ1ρ2ρ3 − |ρ12|2 ρ1ρ2ρ3 − |ρ13|2 ρ1ρ2ρ3 −
|ρ23|2 ρ1ρ2ρ3 + ρ12ρ23ρ

∗
13ρ1ρ2ρ3 + ρ13ρ

∗
12ρ
∗
23ρ1ρ2ρ3

where ρi is the mean SNR received on the ith
antenna.

5. Experimental setup

A measurement campaign has been realized in
order to simulate the theoretical results obtained
in the previous sections. The principal aim of
these measurements was to obtain in a practical
case, the mean received power and SNR of the
three polarizations at the receive antennas, for dif-
ferent distances between the primary transmitter
and the secondary terminal.

5.1. Measurement scenario
An Outdoor-to-Indoor scenario was considered

where an indoor cognitive radio terminal senses
the signals from an outdoor primary transmit-
ter. The measurement site was the third floor of
Building U at Solbosch campus of Brussels Uni-
versity. The transmitter was fixed on the rooftop
of a neighboring building (Building L), at a total
height of 15 m and was directed toward the mea-
surement site (Figure. 1). A brick wall blocked
the LOS direction. The measurements were per-
formed in a total of 78 positions, located in seven
successive rooms. The rooms were separated by
brick walls and closed wooden doors. The dis-
tance between the transmitter and the measure-
ment points was in the range of 30 to 80 meters.

In order to obtain the mean power values of
each of the three received polarizations, at each
measurement position, a total of 64 spatially sep-
arated measurements were taken in an 8× 8 grid.
The spacing between grid points was λ/2 (4 cm).
At each grid point, 5 snapshots of the received
signal were sampled and averaged to increase the
SNR.

5.2. Measurement equipment
The measurement was performed using a Vec-

tor Signal Generator (Rohde & Schwarz SMATE200A
VSG) at the transmitter side and a Signal Ana-
lyzer (Rohde & Schwarz FSG SA) at the receiver
side. The Tx chain was composed of the VSG and
a unipolar directional antenna with one vertical
and one horizontal polarization. The Rx antenna
was a tri-polarized antenna, made of three co-
located perpendicular omnidirectional antennas.
The three receive antennas were fixed on an auto-
matic positioner to create a virtual planar array,
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Figure 1: Measurement setup

and were selected one after another by means of a
switch. They were connected to the Signal Ana-
lyzer through a 25 dB low-noise amplifier. A CW
signal at the frequency of 3.5 GHz was transmit-
ted and the corresponding frequency response was
recorded at the receiver side. The antenna input
power was 19 dBm.

6. Results

By fitting the mean power values of the sub-
channels obtained by averaging the 64 received
power values in the 8× 8 grid, a path-loss model
was established for each of these sub-channels. An
exemple of a path-loss model obtained from the
measurements is given in figure. 2. An overview
of the different path-loss equations is given in Ta-
ble. 1. The theoretical expressions found in the
previous sections are simulated using these path-
loss models. The simulations were made using
a pre-specified probability of false alarm PFA =
0.01 and a fixed value of the time bandwidth prod-

uct TW=5 (N=10). The noise variance N0W was
fixed to -70dBm.

Figure 2: Path loss fitting for TXH - RXV

Table 1: Path-loss equations1

TXV RXV P (dB) = −76.51Log (D(m)) + 44.59
TXV RXH1 P (dB) = −71.89Log (D(m)) + 32.05
TXV RXH2 P (dB) = −66.29Log (D(m)) + 22.87
TXH RXV P (dB) = −83.78Log (D(m)) + 53.09
TXH RXH1 P (dB) = −87.97Log (D(m)) + 65.35
TXH RXH2 P (dB) = −77.40Log (D(m)) + 46.12

6.1. Polarization and space diversity for uncorre-
lated channels

The probability of detection versus both the
distance between the PTx and the STE, and the
SNR at the receive horizontal antenna (RXH1)
is shown for different diversity cases in figure. 3.
The sensing performance of the single-antenna case,
the polarization diversity case and the space di-
versity case (M=3) are compared with each other.
The probability of detection is obtained by nu-
merically integrating (21) for different distances.

1TXH RXV denotes the link between the horizontally
polarized antenna at the transmitter and the vertically
polarized antenna at the receiver. RXH1 and RXH2 stand
for the two horizontally polarized antenna at the receiver.
P denotes the received power in dB scale. D denotes the
distance in meter between the transmitter and the receiver

6



The threshold η is numerically obtained for each
distance to meet the false-alarm probability con-
straint.

As shown in this figure, in a single antenna
case, the orientation of the secondary CR antenna
has a significant negative impact on the detection
performance when it differs with the orientation
of the primary transmitter antenna. In a prac-
tical case where the orientation of the STE does
not stay the same all the time, the sensing per-
formance could then be significantly deteriorated.
As shown in this figure, the use of diversity consid-
erably improves the sensing performance. By con-
sidering a minimum acceptable detection proba-
bility of 0.95, the use of diversity increases the
range of acceptable sensing up to 18 meters. The
minimum acceptable SNR is reduced up to 14 dB.

Figure 3: Multi-antenna Multi-polar and single antenna
comparison for TXH and M=3

As expected, the best performances are ob-
tained by the MRC method. However this op-
timal method requires the knowledge of the pri-
mary to secondary CSI which is not practical in a
realistic CR scenario. The detection performances
are slightly decreased by using the SLC method
where the knowledge of the primary to secondary
CSI is not anymore required. For exemple for the
multi-polar reception scenario, the SLC method
increases the minimum acceptable SNR by less
than 2 dB and decreases the range of acceptable
sensing by less than 3 meters.

For the same combining method, the best per-
formance is obtained when using three separated
receive antennas with the same orientation as the
orientation of the PTx. The performance of the
tri-polarized sensing lies between the spatial di-
versity cases with co and cross-orientation between
PTx and STE. At lower SNR and in case of cross
orientation between the PTx and the STE, the
sensing performance of a CR system using spatial
diversity could even become worse than a single
antenna system having the same orientation than
the PTx. In a practical case, where the orienta-
tion of the secondary terminal does not stay the
same all the time, the use of a tri-polarized an-
tenna scheme at the secondary terminal is a good
trade-off of performance.

Also as shown in figure. 4, in a practical case
where the orientation of the PTx is unknown, the
use of a tri-polarized antenna scheme at the sec-
ondary terminal is a good trade-off of performance
compared to the spatial diversity case, since all
the receive polarizations are taken into account.
In addition, by using the multi-polarized sensing,
we can considerably improve the sensing perfor-
mance while having a compact antenna system.

Figure 4: Multi-antenna and Multi-polar performance
when the TX orientation is unknown (M=3)

6.2. Inter-antenna correlation effect on Pd
For the multi-polarized sensing case, based on

the results obtained in [24], a normal distribution
with mean 0.36 and standard deviation of 0.19 is
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considered for the amplitude of the inter-antenna
correlation. Based on the same paper, the phase
of the inter-antenna correlation parameters is con-
sidered to be uniformly distributed. Figure. 5
shows that, as expected, by increasing the am-
plitude of correlation between the antennas, the
sensing performances are deteriorated but even
with a high inter-antenna correlation, the perfor-
mances of tri-polarized sensing remains consider-
ably better than single antenna sensing.

Figure 5: Inter-antenna correlation effect on the tri-
polarized sensing and comparison with the single antenna
case

7. Conclusion

In this paper the performance of multi-polarized
spectrum sensing based on energy detection was
studied and compared to a multi-antenna co-polar
system. A theoretical formulation was made and
applied to a real-world scenario, based on an out-
door to indoor measurement campaign. The de-
tection probability versus the distance between
the PTx and the STE was analyzed for the dif-
ferent cases. It was shown that the poor sens-
ing performance of a single antenna system could
be significantly improved by the use of polariza-
tion and spatial diversity. It has been found that
in a multi-paths environment, the performance
of spectrum sensing by spatial diversity could be
deteriorated depending on the matching between
the orientation of the PTx and the STE. In a
practical case where the orientation of the STE

is not the same all the time and the orientation of
the PTx is not known by the secondary user, the
spectrum sensing by polarization diversity scheme
takes into account all the received polarizations
and is thus a good compromise of performance.
Moreover while space diversity scheme requires
large spacing between antennas, the use of co-
located tri-polarized antennas, let the STE to be
almost as compact as a single antenna system
while having a significant better performance. As
expected, the inter-antenna correlation was found
to have a negative impact on the sensing perfor-
mance. However, even with high inter-antenna
correlation, the performance of tri-polarized sens-
ing remains considerably better than the single
antenna case.

APPENDIX 1

The analytical expressions of the pdf of ρoutput
for correlated channels and in a multi-polar sce-
nario using MRC and energy detector are derived
by using the process used in [25]. The Laplace
transform of f(ρoutput) is first deduced by:

F (Z) = L (f(ρoutput))

=
∫ ∞

0
f(ρoutput)e−Zρoutputdρoutput = |I + ZL|−1

(23)
where I is the identity matrix and:

L =

 ρ1 ρ∗12
√
ρ1ρ2 ρ∗13

√
ρ1ρ3

ρ12
√
ρ1ρ2 ρ2 ρ∗23

√
ρ2ρ3

ρ13
√
ρ1ρ3 ρ23

√
ρ2ρ3 ρ3

 (24)

where ρij is the complex correlation coefficient
between the ith and jth antenna.

The f(ρoutput) is then obtained by the inverse
Laplace transform of F(Z):

f(ρoutput) = L −1(F (Z)) = 1
2πj

∮
eZSF (Z)dZ

(25)
by developing |I + ZL|−1, the following ex-

pression is obtained :
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|I + ZL|−1 = 1
1 + αZ + βZ2 + γZ3

= 1
γ(Z3 + β

γ
Z2 + α

γ
Z + 1

γ
)

(26)

where :

α = ρ1 + ρ2 + ρ3

β = ρ1ρ2 − |ρ12|2 ρ1ρ2 + ρ1ρ3 − |ρ13|2 ρ1ρ3 +
ρ2ρ3 − |ρ23|2 ρ2ρ3

γ = ρ1ρ2ρ3 − |ρ12|2 ρ1ρ2ρ3 − |ρ13|2 ρ1ρ2ρ3 −
|ρ23|2 ρ1ρ2ρ3 + ρ12ρ23ρ

∗
13ρ1ρ2ρ3 + ρ13ρ

∗
12ρ
∗
23ρ1ρ2ρ3

Let Z1,Z2 and Z3 be the three poles of
1

(Z3+β
γ
Z2+α

γ
Z+ 1

γ
)
:

F (Z) = |I + ZL|−1 = 1
γ(Z3 + β

γ
Z2 + α

γ
Z + 1

γ
)

= 1
γ(Z − Z1)(Z − Z2)(Z − Z3)

(27)
The inverse Laplace transform of F(Z) is then

obtained by :

f(ρoutput) = L−1(F (Z)) = 1
γ

[ eZ1ρ

(Z1 − Z2)(Z1 − Z3)+

eZ2ρ

(Z2 − Z3)(Z2 − Z1) + eZ3ρ

(Z3 − Z1)(Z3 − Z2) ]

(28)
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