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Chapter 1

Introduction

This thesis deals with scheduling problems. A standard definition of schedul-
ing is the allocation of scarce resources to tasks. Usually one does not need
just any allocation but the best one, according to some specified criterion.
Today, in almost any scope of people’s activity, one can find processes related
to scheduling. We now give several examples of such processes.

• In a school, one needs to assign teachers as well as allocate rooms to
lessons. The teacher assigned to a lesson should be qualified to conduct
it. Also the room allocated to a lesson should be large enough to admit
the group of pupils taking this lesson.

• In an airline company, the crews must be allocated to the flights car-
ried out by the company. Of course, each flight needs suitable pilots,
stewards, etc.

• The operating system in a computer is required to allocate the active
processes to the processor on a timesharing basis. Also each process
should receive enough memory.

• In a factory, a set of parts should be cut on various machines. Each
machine cuts different parts with different speeds and can process only
one part at a time. One needs to assign parts to machines and determine
the order in which parts are cut on each machine. Additionally, the work
should be finished as soon as possible.

The last example falls into the class of machine scheduling problems. In
these problems one works with a specific kind of resources — machines. Each
machine is available from time zero onwards and has capacity 1, i.e. can
perform only one task at a time. Tasks are called jobs in machine scheduling.
In principle, each job can be divided into several operations. However, in this
thesis, we consider only cases in which every job consists of one operation.
We also limit our attention to the case of non-preemptive jobs. Once the
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execution of a non-preemptive job is started on a certain machine, it cannot
be interrupted until the whole job has been processed.

In this thesis, we consider two one-machine and two multi-machine schedul-
ing problems. We propose different approaches to solve these problems to op-
timality. The main “ingredient” we use is Integer Programming (IP). As IP
itself is not very efficient in solving machine scheduling problems, we combine
it with other methods through decomposition of the problems. These meth-
ods include Constraint Programming techniques and specialized scheduling
algorithms.

In the following sections, we briefly introduce the machine scheduling the-
ory, Integer Programming with the accent on decomposition methods we use,
Constraint Programming techniques for machine scheduling. We conclude
this chapter with the outline of the thesis.

1.1 Machine Scheduling

In machine scheduling, each job j from the given set N = {1, . . . , n} is char-
acterized by certain parameters. The main parameter is a positive processing
time pj , i.e. the length of the job. Additionally, job j can have the following
parameters.

• Release date rj , the time when the job becomes available for processing.

• Due date dj , the time by which ideally the job should be completed.

• Deadline d̄j , the time by which the job must be completed.

• Weight wj , the value of the job.

The processing time and the weight of a job can vary depending on the ma-
chine the job is processed on. For a set J of jobs we will denote

rJ = min
j∈J

rj , pJ =
∑

j∈J

pj , dJ = max
j∈J

dj , d̄J = max
j∈J

d̄j .

In any machine scheduling problem, the aim is to find a schedule which is
optimal according to some criterion. Before addressing criteria, let us present
some notation. The starting time of job j is denoted by Sj , and its completion
time is denoted by Cj . The lateness Lj of job j is the difference between its
completion time and its due date: Lj = Cj − dj . The tardiness Tj of job j
is the positive part of its lateness: Tj = max{0, Cj − dj}. Job j is late if its
completion time exceeds its due date, otherwise job j is on-time. The sign of
the lateness of job j is denoted by Uj , Uj = 1 if j is late and Uj = 0 if j is
on-time.

The classical criteria in machine scheduling are:

• Cmax — minimizing the maximum completion time (makespan),
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• Lmax — minimizing the maximum lateness,

• ∑
(wj)Cj — minimizing the (weighted) sum of completion times,

• ∑
(wj)Tj — minimizing the total (weighted) tardiness,

• ∑
(wj)Uj — minimizing the (weighted) sum of late jobs.

Note that all the classical criteria are regular, i.e. they are nondecreasing with
respect to the completion times of jobs. A regular optimality criteria allows
us to consider only early schedules. In an early schedule, the processing of
every job on any machine starts as early as possible: either at the completion
time of the previous job assigned to this machine or at the release date of
the job. Obviously, for any non-early schedule there exists an early schedule
which is not worse according to a regular criteria. In the thesis, all schedules
are assumed to be early.

A nice property of an early schedule is that it can be uniquely represented
by an assignment of jobs to machines and permutations of the jobs assigned to
the same machine. For one-machine problems, we will not distinguish between
a permutation of jobs in N and the corresponding early schedule. As Π(N)
we denote the set of all the schedules containing all the jobs in set N .

Due to Graham et al. [38], there exists an established notation for machine
scheduling problems. In this notation, problems are specified in terms of the
three-field classification α | β | γ.

• α specifies the number and the type of machines available. α = 1 means
that one machine is present. α = P signifies that several identical
machines are available, i.e. the processing time of a job does not depend
on the machine the job is processed on. α = R means that we have
several unrelated machines, i.e. the processing time of a job is different
depending on which machine the job is processed.

• β describes additional constraints of the problem. For example, rj re-
veals the presence of different release dates for jobs; pj = p tells that
the processing times of all the jobs are equal; prec signifies the presence
of precedence relation between some jobs.

• γ represents the optimality criterion of the problem.

For example, the notation 1 | rj |
∑

wjTj specifies the problem in which
only one machine is available, jobs have different release dates, the criterion
is minimizing the weighted total tardiness. Note that the objective function∑

wjTj assumes the presence of weights and due dates for the jobs.
Note that fields α and β can have values different from those given above,

and also γ is not limited to classical criteria. We have not presented other
values and criteria as the corresponding problems are not covered in the thesis.

One of the main research directions in machine scheduling is determining
the complexity of problems. Complexity results for scheduling problems are
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collected by Brucker and Knust [18]. As it can be seen from these results, a
majority of machine scheduling problems are NP-hard. However, one needs
to tackle such problems in practice. There exist three main approaches to
solve NP-hard scheduling problems.

• Approximation algorithms. These are polynomial algorithms producing
approximate solutions whose quality can be estimated a priori. One
estimates the deviation of the approximate solution from the optimal
one either on average or in the worst case. This deviation is called
the error. An error can be relative (the ratio between the values of
approximate and optimal solutions) of absolute (the difference between
these values). An algorithm is ρ-approximation if it always produces
a solution whose relative error does not exceed ρ. For some NP-hard
problems, there exists a PTAS (polynomial time approximation scheme).
For any fixed ε > 0, a PTAS allows one to build an 1+ ε-approximation
polynomial algorithm. For an NP-hard problem for which a PTAS does
not exist, an important question is establishing the minimum value ρ
such that there exists a ρ-approximation polynomial algorithm for this
problem.

• Heuristic algorithms. These algorithms produce heuristic solutions and
do not give any estimates of their quality. The main advantage of these
algorithms is that they allow one to obtain a good solution quite fast.
Although, an evident drawback is impossibility to determine how good
is this solution. The most extended class of such algorithms are so-called
“local search” or metaheuristic algorithms.

• Enumeration algorithms. These algorithms are not polynomial. They
are aimed to produce an optimal solution of the problems. However, one
cannot guarantee that such a solution will be found in a certain time. If
an optimal solution is not found, an enumeration algorithm can usually
give some solution and estimate its quality. The main drawback of such
algorithms is that it is impossible to estimate a priory the quality of the
solution obtained within a certain running time. The most extended
class of enumeration algorithms are branch-and-bound algorithms.

For some NP-hard machine scheduling problems, there exist very effi-
cient enumeration algorithms, for example the algorithm by Carlier [20]
for the problem 1 | rj | Lmax and the algorithm by Szwarc et al. [81] for
the problem 1 || ∑Tj .

In the thesis, we will concentrate on devising enumeration algorithms for
certain machine scheduling problems.

For details about machine scheduling and scheduling in general, the reader
can refer to books by Brucker [17] and Leung [56].
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1.2 Integer Programming

Integer Programming is a method to formulate and solve many combinatorial
optimization problems including machine scheduling problems. Mixed Integer
Program (MIP) stands for a problem of minimizing or maximizing a linear ob-
jective function of many variables subject to linear constraints and integrality
restrictions on a part of variables. A MIP can be formally written as:

min cx + hy, (1.1)
Ax + Gy ≤ b, (1.2)
x ≥ 0, y ≥ 0, x is integer, (1.3)

where c is an n-dimensional vector, h is an q-dimensional vector, b is an
m-dimensional vector, A is an m by n matrix, G is an m by q matrix, x
is an n-dimensional vector of variables, and y is an q-dimensional vector of
variables.

Example 1.1. We formulate the scheduling problem R | dj = d | ∑
wjUj

as a MIP. Given the set of jobs N = {1, . . . , n} and the set of machines
M = {1, . . . , m}, we introduce binary variables xi

j , i ∈ M, j ∈ N . Variable xi
j

takes value 1 if job j is assigned to machine i, otherwise xi
j = 0. Let pi

j be
the processing time of job j on machine i. Taking into account the fact that
late jobs can be executed arbitrarily late without increasing the cost, we do
not assign late jobs to any machine. Using this observation, we can write the
following formulation.

min
∑

j∈N

wj ·
(

1−
∑

i∈M

xi
j

)
(1.4)

∑

i∈M

xi
j ≤ 1, j ∈ N, (1.5)

∑

j∈N

pi
jx

i
j ≤ d, i ∈ M, (1.6)

xi
j ∈ {0, 1}, i ∈ M, j ∈ N. (1.7)

The objective function (1.4) represents the criterion
∑

wjUj . The constraints
(1.5) ensure that each job is assigned to at most one machine. The constraints
(1.6) guarantee that every assigned job is on-time, i.e., for each machine i ∈
M , the sum of processing times of jobs assigned to i does not exceed the
common due date d.

The usual way to solve MIP problems in practice is by branch-and-bound.
As it can be seen from the name, this method relies on branching and bound-
ing. Branching represents the idea of dividing a problem into a series of
easier/smaller problems. Once all the easier problems are solved, we can use
the information obtained to find the solution of the original problem.
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A typical way to branch when solving a MIP problem is to reduce the set
of possible values for variables which we want to be integer. For example, one
can divide a MIP problem with an integer variable x into two subproblems
by adding constraint x ≤ k into the first subproblem and constraint x ≥
k + 1 into the second one, where k is an integer. Once we have divided the
problem into easier subproblems, we solve each subproblem and choose the
best solution. When the set of possible values of each integer variable is finite,
we can perform complete enumeration. For this, the problem is divided into
all possible subproblems in which each integer variable is fixed to some value.
Such subproblems have only continuous variables and can be solved by Linear
Programming methods. Unfortunately, complete enumeration is not suitable
for any problem of practical size. The huge number of subproblems makes
this approach impossible.

To avoid complete enumeration, the number of subproblems to be solved
needs to be reduced. For this, we evaluate whether a group of subproblems is
worth considering or not. One way to do it is by bounding, i.e. by computing
a lower bound (for a minimization problem) on the value of the best solution
of a group of subproblems. If the lower bound is greater than or equal to
the value of the best solution known, then the group of subproblems can be
excluded from consideration, as no subproblem from the group can have a
better solution value. When solving a MIP by branch-and-bound, the lower
bound is computed by solving the Linear Programming (LP) relaxation of
the subproblem. The LP relaxation is the problem obtained by removing the
integrality constraints on the variables.

Obviously, the bigger the lower bound is, the better. In order to improve
the bound, one can add constraints called cutting planes to the formulation.
Cutting planes (cuts) are inequalities that are redundant for the MIP but
not redundant for its LP relaxation. Therefore adding cuts does not change
the solution of the MIP but can improve the lower bounds. The branch-and-
bound method which uses cuts is also called branch-and-cut.

We now give a description of the branch-and-cut method (for a minimiza-
tion problem). The method maintains an enumeration tree in which all the
subproblems are stored. Each subproblem is associated with a node in the
tree. Nodes with subproblems which haven’t been considered are called ac-
tive nodes. The tree is initialized with the original MIP. Then an iterative
procedure is applied. Each iteration has the following steps.

1. Node selection. An active node is chosen and removed from the list
of active nodes. This choice has an impact on the performance of the
method, so it should be made wisely. Unfortunately, there is no univer-
sally best rule for node selection.

2. Bounding. The LP relaxation of the current subproblem (associated
with the current node) is solved. If the relaxation is infeasible then the
iteration is terminated (this situation is called pruning by infeasibility).
Otherwise, if the value of the solution of the relaxation is greater than
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or equal to the value of the best known solution, then the iteration is
terminated (pruning by bound). Otherwise, if in the LP solution all the
integer variables take integer values, then the solution is feasible for the
original MIP and better than the best known solution. In this case the
best known solution is updated and the iteration is terminated (pruning
by optimality).

3. Cut generation. Here we search for constraints that are violated by the
solution of the relaxation but satisfied by any integer solution of the
current subproblem. If such constraints are found, they are added to
the subproblem formulation and one returns to step 2.

4. Variable selection. At this step, some variables which need to be inte-
ger are fractional in the solution of the relaxation. One such variable,
say x, is chosen. This is another choice which has an influence on the
performance of the method.

5. Branching. Suppose that the selected variable x has value x̄ in the solu-
tion of the relaxation. It is known that x̄ is fractional. Two descendant
nodes of the current node are added to the tree and to the list of ac-
tive nodes. With the first node the current subproblem with additional
constraint x ≤ bx̄c is associated. With the second node the current
subproblem with additional constraint x ≥ dx̄e is associated. Here bx̄c
and dx̄e define, respectively, rounding down and rounding up of x to the
nearest integer.

The reader can find more information about formulating and solving Mixed
Integer Problems in the books by Bertsimas and Weismantel [13], Schri-
jver [76], Wolsey [87]. There are several Mixed Integer Programming soft-
ware systems now available for solving MIPs using branch-and-bound and
branch-and-cut. These systems allow one to concentrate on modelling and
algorithmic issues, rather than implementation. For details, see the work by
Atamturk and Savelsbergh [5].

1.3 Dantzig-Wolfe Decomposition

Just like most combinatorial problems, different scheduling problems have a
particular structure. This structure can be exploited in order to speed up
the solution of problems. For example, in certain multi-machine scheduling
problems, once jobs have been assigned to machines, each machine can be
considered separately. This means that algorithms for the corresponding one-
machine problem can be applied.

One way to exploit structure is by decomposition of the problem. In
1960, Dantzig and Wolfe [29] have proposed an approach to decompose Linear
Programs. Later on, it has been extended to MIPs [10, 71, 84]. We now
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present this approach. Then we illustrate Dantzig-Wolfe decomposition on a
MIP formulation of a scheduling problem.

Consider the formulation (1.1)-(1.3) and divide the constraints (1.2) into
two sets:

min cx + hy, (1.8)
A(1)x + G(1)y ≤ b(1), (1.9)
A(2)x + G(2)y ≤ b(2), (1.10)
x ∈ Zn

+, y ≥ 0, (1.11)

where A(1) ∈ Rm1×n, G(1) ∈ Rm1×q, b(1) ∈ Rm1
, A(2) ∈ Rm2×n, G(2) ∈

Rm2×q, b(2) ∈ Rm2
. Suppose that set

X =
{

(x, y) ∈ Zn
+ × Rq

+ : A(2)x + G(2)y ≤ b(2)
}

is bounded and non-empty. Let {(xt, yt)}, t ∈ T , be the set of extreme points
of conv(X). Then we can represent set X in the following way:

X =

{
(x, y) ∈ Zn

+ × Rq
+ : (x, y) =

∑

t∈T

λt(xt, yt),
∑

t∈T

λt = 1, λt ≥ 0 ∀t ∈ T

}
.

Now substituting for x and y in the problem (1.8)-(1.11) leads to an equivalent
Master Problem:

min
∑

t∈T

(ctxt + htyt)λt,

∑

t∈T

(A(1)xt + G(1)yt)λt ≤ b(1),

∑

t∈T

λt = 1, λt ≥ 0, t ∈ T,

∑

t∈T

xtλt ∈ Zq
+.

A difficulty arises when we want to solve the master problem by branch-
and-bound. It is impractical to solve the LP relaxation of the master prob-
lem directly due to the huge number of variables. Instead, a modification of
the simplex algorithm is applied — the column generation procedure. This
procedure works with a subset of variables (columns) and generates missing
variables only when they are needed. On each iteration of the column gen-
eration algorithm, the LP relaxation of the master problem with a restricted
number of columns is solved. Let λ̄ ∈ R|T |+ and (ν, µ) ∈ Rm1×R be an optimal
primal solution and the corresponding optimal dual solution of this restricted
linear program. Linear programming theory tells us that the relaxation of the
master problem is solved if the reduced cost

(ct − νA(1))xt + (ht − νG(1))yt − µ
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for each variable λt, t ∈ T , is nonnegative. To check whether all the variables
λt have nonnegative reduced costs, the pricing problem

v(ν, µ) = min (c− νA(1))x + (h− νG(1))y − µ

A(2)x + G(2)y ≤ b(2),

x ∈ Zn
+, y ≥ 0.

is solved. Let (xt′ , yt′) be an optimal solution of the pricing problem. If
v(ν, µ) ≥ 0, then λ̄ is an optimal solution for the LP relaxation of the master
problem. Otherwise, the reduced cost of variable λt′ is negative. In this case,
λt′ is added to the restricted LP relaxation, and the next iteration begins.

If the solution of the LP relaxation of the master problem is not integer,
branching is performed as in branch-and-bound. Combining column genera-
tion and branching results in the branch-and-price method.

There are two cases, in which Dantzig-Wolfe decomposition of a MIP can
be advantageous. First, when the pricing problem breaks up into a set of
independent problems which can be solved separately. Secondly, when the
pricing problem can be solved efficiently by a specialized method.

Example 1.1. (continued) We now reformulate the problem R | dj = d |∑
wjUj using Dantzig-Wolfe decomposition of the formulation (1.4)-(1.7).

We consider the constraints (1.5) as the constraints (1.9), and the constraints
(1.6) — as the constraints (1.10). Then

X =



x ∈ {0, 1}m×n :

∑

j∈N

pi
jx

i
j ≤ d, i ∈ M



 .

Here we can exploit the structure of the problem and decompose set X into
sets Xi, i ∈ M , where Xi = {xi ∈ {0, 1}n :

∑
j∈N pi

jx
i
j ≤ d}. For each

element xit ∈ Xi, t ∈ T i, we introduce a variable λi
t. In our case, λi

t = 1 if
the subset {j ∈ N : xit

j = 1} of jobs is assigned to machine i. Using variables
λ we reformulate the problem as follows.

min
∑

j∈N

wj ·
(

1−
∑

i∈M

∑

t∈T i

xit
j λi

t

)

∑

i∈M

∑

t∈T i

xit
j λi

t ≤ 1, j ∈ N, (νj)

∑

t∈T i

λi
t ≤ 1, i ∈ M, (µi)

λi
t ∈ {0, 1}, i ∈ M, t ∈ T i.

The LP relaxation of this formulation is solved by the column generation
procedure. Let (ν, µ) ∈ Rn × Rm be an optimal dual solution of the LP
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relaxation with restricted number of columns, on some iteration. To check if
there are variables of the reformulation with a negative reduced cost, we need
to solve the pricing problem. The reduced cost of variable λi

t, t ∈ T i, i ∈ M , is
equal to

∑
j∈N (−wj − νj)xit

j −µi. The pricing problem here decomposes into
m subproblems, one for each machine i ∈ M . The subproblem for machine
i checks if there are variables λi

t, associated with machine i, with a negative
reduced cost, i.e. if vi(ν, µi) < 0, where

vi(ν, µi) = min





∑

j∈N

(−wj − νj)xi
j − µi :

∑

i∈N

pi
jx

i
j ≤ d, xi ∈ {0, 1}n



 .

Each subproblem is a knapsack problem which is NP-hard in the ordinary
sense. However, there exist algorithms which are very fast in practice. [45].

1.4 Generic Benders Decomposition

In this section we present another decomposition approach for solving MIPs.
Consider an optimization problem formulated as

min cx + hy + vz, (1.12)
A(1)x + G(1)y ≤ b(1), (1.13)
A(2)x + G(2)y + V z ≤ b(2), (1.14)
x ∈ Zn

+, y ∈ Rq
+, z ∈ Z ⊆ Rs, (1.15)

where V ∈ Rm2×s, z is an s-dimensional vector of variables. Let Y be the set
of points (x, y) ∈ Zn

+ × Rq
+ for which one can find z ∈ Z such that (x, y, z) is

a feasible solution of the problem (1.12)-(1.15). Formally,

(x, y) ∈ Y ⊆ Zn
+ × Rq

+ ⇔
∃z ∈ Z : A(1)x + G(1)y ≤ b(1), A(2)x + G(2)y + V z ≤ b(2).

We also define the function

φ(x, y) = min
{

vz : V z ≤ b(2) −A(2)x−G(2)y, z ∈ Z
}

, (x, y) ∈ Y.

Then the problem (1.12)-(1.15) can be reformulated as

min {cx + hy + η : η = φ(x, y), (x, y) ∈ Y } . (1.16)

Let {gk(x, y)}k∈K be a finite set of linear functions which are lower bounds
on the function φ(x, y) such that

∀(x, y) ∈ Y :

{
∀k ∈ K : gk(x, y) ≤ φ(x, y),

∃k′ ∈ K : gk′(x, y) = φ(x, y),
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and let {fl(x, y)}l∈L be a finite set of linear functions defining the set Y :

Y = {fl(x, y) ≤ 0, l ∈ L}.
In the cases encountered in the thesis, Z is either a polyhedron or a discrete
set, so we can guarantee that the sets K and L of functions gk(x, y) and fl(x, y)
exist and they are finite. The problem (1.16) can be further reformulated as
a MIP

min cx + hy + η, (1.17)
A(1)x + G(1)y ≤ b(1), (1.18)
gk(x, y) ≤ η, k ∈ K, (1.19)
fl(x, y) ≤ 0, l ∈ L, (1.20)
x ∈ Zn

+, y ∈ Rq
+. (1.21)

The problem (1.17)-(1.21) is solved by a modification of the branch-and-
bound method. The modification is motivated by the huge number of con-
straints (1.19) and (1.20). Only a part of them is included in the formulation
in the beginning. Other constraints are added only when they are needed.
We now give a description of the modified branch-and-bound method.

• Subsets K1 ⊆ K and L1 ⊆ L of constraints are found. K1 and L1 can
be empty.

• The master problem

min
{
(1.17) : gk(x, y) ≤ η, k ∈ K1, fl(x, y) ≤ 0, l ∈ L1, (1.21)

}
(1.22)

is solved by branch-and-bound (branch-and-cut).

• During the solution of the master problem, whenever an integer solution
(x̄, ȳ, η̄) ∈ Zn

+ ×Rq
+ ×R is found at some node of the enumeration tree,

we need to check if point (x̄, ȳ) is really in Y and whether η̄ = φ(x̄, ȳ).
We do this in the following way.

– By solving the slave problem

min
{

vz : V z ≤ b(2) −A(2)x̄−G(2)ȳ, z ∈ Z
}

.

the value φ(x̄, ȳ) is found. Let z̄ be the solution of the slave prob-
lem.

– If the slave problem is infeasible, then (x̄, ȳ) 6∈ Y . This means
that some of the constraints (1.20) are violated. Then a constraint
fl′(x, y) ≤ 0, l′ ∈ L, is found such that fl′(x̄, ȳ) > 0. This con-
straint is added to the master problem as an infeasibility cut, and
the current node of the master problem’s enumeration tree is re-
solved. Note that the cut is global, i.e. valid throughout the tree.
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– If the slave problem is feasible and η̄ = vz̄, the solution (x̄, ȳ, η̄) is
feasible for the problem (1.17)-(1.21), as

η̄ = vz̄ = φ(x̄, ȳ) ≥ gk(x̄, ȳ), ∀k ∈ K.

In this case, (x̄, ȳ, z̄) is the best known solution for the original
problem (1.12)-(1.15). This solution is stored, and the current
node of the master problem’s enumeration tree is pruned.

– If the slave problem is feasible and η̄ < vz̄, the solution (x̄, ȳ, η̄) is
not feasible for the problem (1.17)-(1.21), as

∃k′ ∈ K : gk′(x̄, ȳ) = φ(x̄, ȳ) = vz̄ > η̄.

Then the constraint gk′(x, y) ≤ η is added to the master problem
as an optimality cut, and the current node of the master problem’s
enumeration tree is resolved. This cut is also global.

The method presented has one difficulty. There is no universal algorithm
for generating optimality and infeasibility cuts. One has to derive such an
algorithm for every particular problem or a class of problems. However, for
some special cases, it is known how to generate cuts algorithmically.

When the set Z can be described by linear constraints, i.e. the slave
problem is a Linear Problem, this approach reduces to the classical Benders
decomposition [12]. In this case, the slave problems are solved by the simplex
method, and cuts are generated using the dual information.

The case, in which the master is a pure Binary Problem and v = 0, has
been considered by Jain and Grossmann [41] (related work is done in [25]).
Here the slave problem is a feasibility problem. The infeasibility cut for a
binary solution x̄ of the master problem is

∑

i: x̄i=1

(1− xi) +
∑

i: x̄i=0

xi ≥ 1. (1.23)

The cut (1.23) has received the name “no-good” cut in the literature, as it
cuts off only one infeasible solution, and it is rather weak. The modified
branch-and-bound method presented above for the case in which v = 0 has
received the name branch-and-check by Thorsteinsson [82].

Further generalizations of the classical Benders decomposition are consid-
ered by Hooker and Ottosson [44] and by Sen and Sherali [77]. The former
paper deals with the case when the both master and slave problems are pure
Binary Problems. In the latter paper the authors have studied the case when
the both master and slave problems are arbitrary MIPs.

1.5 Constraint Programming

Constraint Programming (CP) is a method for formulating and solving com-
binatorial problems. The main difference between this method and Integer
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Programming is that CP concentrates in the first place on the feasibility of a
solution to a problem, whereas IP — on the optimality.

When the CP method is applied, the problem is formulated as a Constraint
Satisfaction Problem (CSP) or a series of CSPs. A CSP consists of

• a finite set of variables xj , j ∈ N = {1, . . . , n},
• domains Dj (sets of possible values) of variables, j ∈ N ,

• a finite set of constraints (x1, . . . , xn) ∈ ∆i, i ∈ M, over the set of
variables,

and can be formally written as

find xj , j ∈ N, (1.24)
(x1, . . . , xn) ∈ ∆i, i ∈ M, (1.25)
xj ∈ Dj , j ∈ N. (1.26)

Each constraint (1.25) specifies combinations of values allowed for the vari-
ables. For each variable, we need to find (or assign) a value from its domain,
such that all the constraints are satisfied. The solution of a CSP is an appro-
priate assignment of values to variables.

To solve a CSP, we also perform enumeration. Unlike bounding in branch-
and-bound, here we use constraint propagation to reduce the enumeration.
Constraint propagation can be described as the use of the problem’s con-
straints in an active way to reduce the domains of variables. A basic tech-
nique to do constraint propagation is maintaining arc-consistency [86]. A
constraint is said to be “arc-consistent” if for every variable j ∈ N and every
value vj ∈ Dj , there exist values for other variables from their domains such
that the constraint is satisfied. Formally, the constraint propagation tech-
nique, which maintains arc-consistency for constraint (x1, . . . , xn) ∈ ∆ can be
described as follows.

∀j ∈ N, ∀vj ∈ Dj :{
(v1, . . . , vj−1, vj+1, . . . , vn) ∈ D1 × . . .×Dj−1 ×Dj+1 × . . .×Dn :

(v1, . . . , vn) ∈ ∆
}

= ∅ ⇒ Dj := Dj \ {vj}.

For numerical CSPs, the domains of variables often are represented by in-
tervals [lb(xj), ub(xj)], ∀j ∈ N . Here lb(xj) and ub(xj) are, respectively,
the smallest and the largest values variable xj can take. A usual way to
propagate constraints in numeric CSPs, is maintaining arc-B-consistency [57],
i.e. arc-consistency restricted to the bounds of the domains. Formally, the
constraint propagation technique, which maintains arc-B-consistency for con-
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straint (x1, . . . , xn) ∈ ∆, can be described as follows.

∀j ∈ N :(
vj = max

{
vj ∈ Dj : ∃vi ∈ Di, i ∈ N \ {j}, (v1, . . . , vn) ∈ ∆

}
> lb(xj) or

vj = min
{

vj ∈ Dj : ∃vi ∈ Di, i ∈ N \ {j}, (v1, . . . , vn) ∈ ∆
}

< ub(xj)
)
⇒

Dj := [vj , vj ].

Algorithms that perform constraint propagation are called filtering algorithms.

Example 1.2. To give an idea of the notion of constraint propagation, we
consider a small problem:

find
{

x, y ∈ Z : y < x, x < 5, y ≥ 4, x ∈ (−∞, 5), y ∈ [4, +∞)
}

.

Using constraint y < x, the domain of variable x can be reduced to x ∈ (4, 5),
x ∈ Z, which is empty. A contradiction is detected, thus the problem has no
solution.

An important aspect of Constraint Programming is the locality princi-
ple. This principle says that the propagation of each constraint should be
performed independently of other constraints of the problem. Observance
of this principle leads to the design of separate filtering algorithms for each
constraint. Therefore, it is possible to build and solve a new CP model of a
problem using separate “bricks” (constraints with their filtering algorithms)
without inventing a new algorithm. Some algorithms significantly improve
the propagation by considering a set of constraints from a global point of
view. Such an algorithm and the corresponding set of constraints form a
global constraint.

Usually filtering algorithms alone are not sufficient to solve a CSP, i.e.
they cannot either reduce the domains of variables to singletons or detect
a contradiction. When this happens, branching is applied, as in branch-
and-bound. We now outline the method for solving constraint satisfaction
problems. It also works with an enumeration tree initialized with the original
CSP. Each iteration has the following steps.

1. Node selection. If there are no active nodes, the original problem has no
solution, and the algorithm is terminated. Otherwise, an active node is
chosen and removed from the list of open nodes.

2. Constraint propagation. Filtering algorithms for the constraints of the
problem are executed one after another. If, as a result, the domain of
some variable becomes empty, the current subproblem has no solution,
and the iteration is terminated. Otherwise, if all the domains become
singletons, a solution is found, and the algorithm is terminated. Other-
wise, if there were some domain reductions, the constraint propagation
step is repeated.
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3. Variable selection. At this step, there exist variables whose domains are
not singletons. One such variable is chosen, say xj .

4. Branching. There are two main ways to branch in CP. First, domain
Dj of variable xj is divided into two domains D′

j and D′′
j . Then two

descendant nodes are created, which inherit the current subproblem
with one exception: at one node variable xj changes its domain to D′

j ,
at another node to D′′

j . Alternatively, when domain Dj is finite, it can
be divided into singletons. In this case, the number of descendant nodes
equals the number of values in Dj .

As you can see, the enumeration in Constraint Programming resembles
the enumeration in Integer Programming. We now briefly compare these
two methods in this respect. In both IP and CP, node the node and variable
selection strategies play an important role in the efficiency of the enumeration.
The branching is also similar in some sense. When branching, we limit the
possible set of values for a variable either explicitly or by adding constraints
to the problem. The main difference is the way the enumeration is reduced.
In CP, it is done using constraint propagation, whereas in IP, bounding and
cut generation are applied.

Now we show how to formulate the feasibility variant of a one-machine
non-preemptive scheduling problem as a CSP. The feasibility problem is the
following. Set N = {1, . . . , n} of jobs should be processed on a machine which
can handle one job at a time. Each job j ∈ N has a processing time pj , a
release dates rj and a deadline d̄j . The aim is to find a feasible schedule of
jobs in N , i.e. a schedule in which job execution is not interrupted and release
dates and deadlines of jobs are respected.

For each job j ∈ N we introduce variable startj . It represents the starting
time of job j. Domain Dj of variable startj is an interval defined by the
parameters of job j: Dj = [rj , d̄j − pj ] (see Figure 1.1). Domains represent
the constraint that jobs should be processed (started and completed) within
their time windows [rj , d̄j ].

Dj pj

R ª
d̄j

rj ¡¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡
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¡
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Figure 1.1: Job j and domain Dj of variable startj

The model also contains one global constraint called disjunctive. This
constraint guarantees that the machine processes at most one job at a time
and there is no preemptions in job processing. disjunctive is represented
by simple constraints in the following way

(starti + pi ≤ startj) ∨ (startj + pj ≤ starti) , ∀i, j ∈ N.
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Now we can give the CP formulation of the problem:

find startj , j ∈ N,

disjunctive(start1, . . . , startn, p1, . . . , pn),
startj ∈ [rj , d̄j − pj ], j ∈ N.

For the constraint disjunctive, several filtering techniques exist in the
literature, see [7] for a review. As an example we now consider the “Edge-
Finding” filtering technique, mainly because it is used later in the thesis.

“Edge-Finding” filtering algorithms reduce the domains of variables start
(i.e. time windows of jobs) by deducing implicit precedence relations between
jobs. Consider a job k ∈ N and a subset Ω ⊆ N \{k} of jobs. If the difference
between the earliest time when jobs in Ω ∪ {k} can be started and the latest
time when jobs in Ω can be completed is strictly less than the total processing
time of jobs in Ω ∪ {k}, then job k should be processed last among the jobs
in Ω ∪ {k}. Otherwise, the job processed last among jobs in Ω would be
completed after its deadline. As job k should be processed after all the jobs
in Ω, its release date can be adjusted to the earliest time moment when all
the jobs in Ω can be completed. Formally, the rule for adjusting release dates
using the “Edge-Finding” technique can be written as

∀Ω ∈ N, ∀k ∈ N \ Ω : d̄Ω − rΩ∪{k} < pΩ + pk ⇒ Ω → k ⇒
startk ≥ max

∅6=Ω′⊆Ω
{rΩ′ + pΩ′} ⇒ rk := max

∅6=Ω′⊆Ω
{rΩ′ + pΩ′}, (1.27)

where “→” means “precedes”. The rule for adjusting deadlines is symmetrical:

∀Ω ∈ N, ∀k ∈ N \ Ω : d̄Ω∪{k} − rΩ < pΩ + pk ⇒ k → Ω ⇒
startk ≤ max

∅6=Ω′⊆Ω
{d̄Ω′ − pΩ′} − pk ⇒ d̄k := max

∅6=Ω′⊆Ω
{d̄Ω′ − pΩ′}. (1.28)

There are a priori O(n·2n) pairs (k, Ω) to consider. But there exist algorithms
that perform all the time window adjustments (1.28) and (1.27) in O(n2)
time [7].

More information about applying Constraint Programming to scheduling
problems can be found in the book by Baptiste et al. [7].

As we have seen, both Constraint Programming and Integer Programming
are intended to solve combinatorial problems. And they have complemen-
tary strengths in the following sense. IP is usually better suited for solving
problems in which the coefficients of variables in the objective function vary
considerably. On the other side, CP is typically the choice when solving prob-
lems with complicated constraints. When we have a problem which has both
these characteristics, such as some scheduling problems, it natural to use the
strengths of both methods. Thus, we need so-called hybrid methods which
combine CP and IP. For a review of different hybrid methods, the reader can
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refer to [42]. One approach for combining IP and CP is the (hybrid) branch-
and-check method. In this method, IP is used to solve the master problem,
and CP is applied to solve the slave feasibility problems.

However, in the thesis, we do not use CP explicitly. Typically, CP gives
only a limited information about the problem under resolution. For a fea-
sibility problem, the answer of a CP algorithm is either “feasible” or “not
feasible”. There is no answer why a problem is infeasible. But such in-
formation is very useful to speed up a hybrid method, and particularly a
branch-and-check algorithm. Therefore, on the one hand, we use ideas from
CP, such as “Edge-Finding” technique. On the other hand, we do not stick
to the usual CP framework, and try to retrieve the information about the
reasons of infeasibility.

1.6 Outline of the Thesis

The aim in this thesis is to develop efficient algorithms to solve some strongly
NP-hard scheduling problems to optimality using a combination of ideas from
IP, CP and scheduling theory. The main “ingredient” of our approaches is
Integer Programming. Usually, a pure IP approach is not very efficient when
solving machine scheduling problems. However, our intuition suggests that it
should be used as a part of an algorithm when the objective function is “so-
phisticated”. And decomposition methods become crucial for this approach.

The main idea on which a large part of our results is based is to separate
the optimality and feasibility components of the problem and let different
methods tackle these components. Then IP is “responsible” for optimization,
whereas specific combinatorial algorithms, which heavily use the structure of
the problem, either generate feasible solutions and send them to IP, or check
the feasibility of solutions provided by IP.

In Chapter 2 of the thesis we consider the problem 1 | rj |
∑

wjUj , the one-
machine scheduling problem with unequal release dates and the objective of
minimizing the sum of the weights of the late jobs. The problem is formulated
as a MIP and decomposed using the generic Benders scheme. Then it is solved
by branch-and-check.

We propose several problem-specific improvements of the general method.
First, the master problem is amended by the addition of constraints which
form a relaxation of the scheduling problem. These additional constraints do
not have a big impact on the time to solve the master problem but greatly
decrease the number of infeasible solutions produced by it. Secondly, the
standard “no-good” infeasibility cuts are replaced by stronger cuts. This
change significantly decreases the number of cuts needed to solve the problem.
Two families of stronger cut are developed and algorithms are designed to
generate these cuts. Computational experiments indicate that our algorithm
is highly competitive with other approaches available in the literature for
solving this scheduling problem.
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A large part of Chapter 3 is devoted to the multi-machine assignment
scheduling problem (MMASP), a generalization of the problem 1 | rj |

∑
wjUj .

Several unrelated machines are available to process a set of jobs. In contrast
to the one-machine problem, each job does not have a cost, but has a profit
which is obtained only if the job is completed on-time. The profit and pro-
cessing time of each job depend on the machine on which this job is processed.
The aim is to maximize the overall profit.

Our branch-and-check algorithm for the one-machine scheduling problem
is extended to the MMASP. The extension is relatively simple and basically
consists in adding assignment inequalities to the master problem. Addition-
ally, we propose another approach for solving the MMASP based on Dantzig-
Wolfe decomposition. A decomposed MIP formulation is solved using the
column generation-based branch-and-price method. In the column generation
algorithm, the pricing problem is exactly the problem 1 | rj |

∑
wjUj which

is solved using the branch-and-check algorithm from Chapter 2. The branch-
and-price algorithm proposed for the MMASP outperforms the branch-and-
check algorithm and other approaches in the literature.

At the end of Chapter 3, we adopt the algorithms proposed for solving the
MMASP to the problem R | rj | Lmax. Finally, we consider the special case
of these two multi-machine problems, when machines are identical. Ways to
exploit symmetry are discussed.

In Chapter 4, we address the problem 1 || ∑
wjTj . This problem is one

of the most challenging one-machine problems and it has received a lot of at-
tention in the literature over the last 40 years. For this problem, we propose
an original compact MIP formulation based on a special partition of the time
horizon into intervals. Each interval has a permutation of jobs associated with
it. Jobs completed in the same interval are required to be processed according
to the permutation associated with this interval, i.e the number of schedules
we consider is reduced. The partition is carried out in such a way that this
reduced set of schedules contains an optimal one. The MIP formulation pro-
posed is then compared numerically with other MIP formulations available in
the literature.

Next, a Danzig-Wolfe decomposition of our MIP is considered. We show
that, while solving the LP relaxation of the restricted master problem by
column generation, the pricing problem can be solved in a pseudopolynomial
time by dynamic programming. Ways to strengthen the LP relaxation of the
restricted master using cuts are also discussed.

We evaluate numerically the quality of lower bounds obtained by solving
the LP relaxation of the master problem. There is a good trade-off between
the quality of lower bounds and the time needed to obtain them.

In Chapter 5, we draw some conclusions and discuss possible directions to
extend the research presented in the thesis.
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Chapter 2

Minimizing the sum of the
weights of the late jobs on
a single machine

In this chapter we consider the scheduling problem of minimizing the weighted
number of late jobs on a single machine (1 | rj |

∑
wjUj). A branch-and-check

algorithm is proposed to solve this problem to optimality.
In Section 2.1, we introduce the problem and review the literature. A

MIP formulation of the problem is given in Section 2.2. We decompose this
formulation by following the generic Benders scheme presented in Section 1.4.
Then, a relaxation of the formulation is proposed. We use the constraints
of this relaxation to initialize the master problem. In Section 2.3, we turn
to solving the feasibility slave problem and generating cuts. Two families of
infeasibility cuts are suggested, which are stronger than standard “no-good”
cuts. First, a modification of the algorithm by Carlier [20] is developed to
solve the slave problem and derive a strengthened “no-good” cut, when the
slave problem does not have a feasible solution. Secondly, we show how to
generate cuts by using the “Edge-Finding” constraint propagation technique.
Section 2.4 discusses different variants of the branch-and-check algorithm pro-
posed. Finally in Section 2.5, we test our algorithm on a set of instances with
up to 140 jobs. Also, a comparison is made with the approach by Péridy at
al. [63] which is, to our knowledge, the best one reported in the literature.

The results presented in this chapter have been published in [72, 73].

2.1 Introduction

In this chapter, we study the scheduling problem 1 | rj |
∑

wjUj . A set of
jobs N = {1, . . . , n} has to be processed on a single machine. Only one job
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can be processed at a time and preemptions are not allowed. Each job j ∈ N
has a release date rj , a processing time pj , a due date dj and a weight wj .
The objective is to minimize the weighted number of late jobs, i.e. to find
a schedule π ∈ Π(N), for which the sum of the weights of the late jobs is
minimized. In the scheduling literature, this criteria is usually called “the
weighted number of late jobs”.

The problem is NP-hard in the strong sense even when all weights are the
same (1 | rj |

∑
Uj), as shown by Lenstra et al. [55]. The special case of the

problem without release dates (1 || ∑wjUj) isNP-hard in the ordinary sense.
A pseudopolynomial algorithm for this case has been proposed by Lawler and
Moore [53]. Later Lawler et al. [54] developed a pseudopolynomial algorithm
for the case with a fixed number of identical machines (Pm || ∑wjUj).

Some special cases of the problem can be solved in polynomial time.
Moore [60] showed that the case without release dates and identical weights
(1 || ∑

Uj) can be solved in O(n log n). The polynomiality of the case with
release dates and identical weights when release and due dates are ordered
in the same way (ri < rj ⇒ di ≤ dj) has been proven by Kise et al. [47].
Also an O(n log n) algorithm for this case is given by Lawler in [52]. Another
polynomial algorithm by Lawler [50] solves the weighted case without release
times when processing times and due dates are ordered in the opposite way.

For the 1 | rj |
∑

Uj problem Baptiste et al. [9] provided an exact al-
gorithm that solves 99% of the test instances with 100 jobs and 80% of the
instances with 160 jobs in one hour.

Recently several approaches to solve the general case with release dates
and weights 1 | rj |

∑
wjUj have appeared in the literature. Baptiste et al. [8]

proposed a Constraint Programming-based approach, which can be also ap-
plied when there are several identical parallel machines (P | rj |

∑
wjUj). An

algorithm which solves a Lagrangean relaxation of an original MIP formula-
tion in order to obtain upper and lower bounds for the problem was suggested
by Dauzère-Pérès and Sevaux [30]. A branch-and-bound algorithm was pro-
posed by Péridy, Pinson and Rivreau [63]. It uses a Lagrangean relaxation of
the time-indexed MIP formulation to compute lower bounds. This algorithm
appears to be the most efficient algorithm available to solve the problem to
optimality. It has been tested on a set of instances with up to 100 jobs. To
tackle larger instances, some genetic algorithms were proposed by Sevaux and
Dauzère-Pérès [79]. In this chapter, we present an exact branch-and-check
algorithm which improves on the results of Péridy et al.

2.2 Formulation and Decomposition

As we have already seen in Example 1.1, problems with the criterion
∑

(wj)Uj

have the important property that late jobs can be processed arbitrarily late
without increasing the cost. This observation allows us to schedule only on-
time jobs and leave late jobs unscheduled. Late jobs can be processed in any
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order after all the on-time jobs.
We now give a standard MIP formulation of the problem. This formulation

appeared previously in [41, 16] in a multi-machine context. Binary variable
xj , j ∈ N , takes value 1 if job j is scheduled on-time, and otherwise xj = 0.
Sequencing binary variable δij , i, j ∈ N , takes value 1 if both jobs i and j
are on-time and i precedes j, and otherwise δij = 0. Assume without lost of
generality that pj ≤ dj − rj ∀j ∈ N . Continuous variable sj , j ∈ N , equals
the starting time of job j if j is on-time. If j is late, sj takes an arbitrary
value from interval [rj , dj−pj ]. The standard formulation (SM) for our single
machine problem is as follows.

(SM)

min
∑

j∈N

wj · (1− xj) (2.1)

sj ≥ si + pi − U(1− δij), i, j ∈ N, i 6= j, (2.2)
sj ≥ rj , j ∈ N, (2.3)
sj + pj ≤ dj , j ∈ N, (2.4)
δij + δji ≤ xj , i, j ∈ N, i 6= j, (2.5)
δij + δji ≥ xi + xj − 1, i, j ∈ N, i < j, (2.6)
x ∈ {0, 1}n, δij ∈ {0, 1}n×n. (2.7)

Let ∆(r, p, d) denote the feasible region (2.2)-(2.7) for variables (x, δ, s). Note
that the objective function is equivalent to

max
∑

j∈N

wjxj .

The constraints (2.2) ensure that job i precedes job j if δij = 1. Here U is a
big value and can be, for example, instantiated as the difference between the
maximum due date and the minimum release date. Note that, in this case, if
δij = 0, we have

si + pi − sj ≤ U = dmax − rmin ⇒

⇒
{

si ≤ dmax − rmin + sj − pi, which is dominated by si ≤ di − pi,
sj ≥ si + pi − dmax + rmin, which is dominated by sj ≥ rj ,

and (2.2) is dominated by constraints (2.3) and (2.4).
Constraints (2.3) and (2.4) force the on-time jobs to be processed inside

their time windows. The constraints (2.5) and (2.6) relate the variables x and
δ: the first group ensures that both sequencing variables δij and δji take value
zero if job j is late; the second group guarantees that if jobs i and j are both
on-time, then one must be processed before the other.

It was shown in [41] that the formulation (SM) cannot be solved efficiently
by the standard branch-and-bound method. Instead, we propose to decom-
pose and solve this MIP using the generic Benders approach. In the master
problem, we leave the variables x that determine which jobs are on-time and
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which jobs are late. The variables δ and s specifying a feasible schedule for
on-time jobs are moved to the slave problem. As both δ and s do not have co-
efficients in the objective function, the slave problem is a feasibility problem.
Thus, the decomposed MIP can be solved by branch-and-check.

The first step of a branch-and-check algorithm is the initialization of the
master problem with a set of constraints fl(x) ≤ 0, l ∈ L1. As can be seen
from Section 1.4, these constraints should form a relaxation of the feasible
region ∆(r, p, d) in the space of the variables x. Set L1 can be empty but,
as has been pointed out in [16, 82], a well selected initial relaxation usually
plays an important role in the efficiency of the approach.

Now we present families of valid inequalities for ∆(r, p, d). We will use
some of these inequalities to form the required relaxation.

A first obvious observation is that the sum of the processing times of all
on-time jobs cannot exceed the difference between the maximum due date dN

and the minimum release date rN , i.e. the length of the interval [rN , dN ].
Thus, the inequality ∑

j∈N

pjxj ≤ dN − rN (2.8)

is valid for ∆(r, p, d). The next proposition generalizes the valid inequality
(2.8) to any interval.

Proposition 2.1. Consider an interval [r′, d′], 0 ≤ r′ < d′. Let Q[r′,d′]
be the set of jobs that must be processed inside [r′, d′] if there are on-time:
Q[r′,d′] = {j ∈ N : rj ≥ r′, dj ≤ d′}. Then the inequality

∑

j∈Q[r′,d′]

pjxj ≤ d′ − r′ (2.9)

is valid for ∆(r, p, d).

Remark. Note that the formulation

min
∑

j∈N

wj · (1− xj)

∑

l∈Q[ri,dj ]

plxl ≤ dj − ri, i, j ∈ N, ri < dj ,

x ∈ {0, 1}n.

is correct for the preemptive problem 1 | pmtn, rj |
∑

wjUj , which is NP-hard
in the ordinary sense. This observation follows from the result of Carlier [21]
which says that there exists a feasible preemptive schedule if and only if for
all i, j ∈ N , ri < dj , the sum of the processing times of the jobs in Q[ri,dj ] is
less than or equal to dj − ri.

The constraint (2.9) can be strengthened by taking into account not only
the jobs that should be processed completely within an interval, but also the
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jobs that should be at least partly processed. Let χ+ denote the positive part
of the value χ: χ+ = max{χ, 0}. For a job j ∈ N , let αj(r′) = (r′ − rj)+

and βj(d′) = (dj − d′)+. Then, if job j is on-time, it should be processed in
interval [r′, d′] at least during the time

εj(r′, d′) = min
{

d′ − r′,
(
pj − αj(r′)

)+

,
(
pj − βj(d′)

)+
}

.

α3(r′)

β2(d′)

r1
Á

p1
]r′ d′

-

-

-

-

r2

d1

d2p2

d3

1

2

3

4

-5

r3 p3

r5 d5

p5

Figure 2.1: An illustration of jobs that should be at least partly processed in
interval [r′, d′].

To give some intuition to the to the reader, in Figure 2.1, we illustrate
a time interval [r′, d′] and the jobs that should be at least partly processed
in it. For each job j ∈ N its time window [rj , dj ] is shown as a rectangle.
The length of the black area corresponds to the part of processing time pj

which should be processed within the interval [r′, d′] when job j is on-time.
The length of the hatched area corresponds to the part of the processing time
which can be executed outside the interval. For example, in the Figure 2.1,
α1(r′) = β1(d′) = α4(r′) = β4(d′) = 0 and ε1(r′, d′) = p1, ε4(r′, d′) = p4.
Then, at most β2(d′) units of processing time of job 2 can be executed outside
the interval, and ε2(r′, d′) = p2 − β2(d′). Again at most the part α3(r′) of
length of job 3 can be executed outside the interval, and ε3(r′, d′) = p3−α3(d′).
Then, whenever job 5 starts, it should occupy whole interval if job 5 is on-time,
therefore ε5(r′, d′) = d′ − r′.

The sum
∑

j∈N εj(r′, d′) should not exceed the length of the interval. We
prove it formally in the next proposition.
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Proposition 2.2. Consider an interval [r′, d′], 0 ≤ r′ < d′. Then the in-
equality ∑

j∈N

εj(r′, d′) · xj ≤ d′ − r′ (2.10)

is valid for ∆(r, p, d).

Proof. For each job j ∈ N , we show that at least the amount εj(r′, d′) of its
total processing time pj must lie inside the interval [r′, d′].

If rj ≥ r′ or αj(r′) = 0, the maximum amount that can be processed after
d′ is (dj − d′)+ = max{αj(r′), βj(d′)}. Hence the minimum processing time
within the interval is (pj −max{αj(r′), βj(d′)})+ = min{(pj −αj(r′))+, (pj −
βj(d′))+} ≤ d′ − rj ≤ d′ − r′, because we assume that pj ≤ dj − rj . The case
when dj ≤ d′ or βj(d′) = 0 is similar.

Otherwise the interval [r′, d′] lies strictly within the interval [rj , dj ], or
equivalently αj(r′) > 0 and βj(d′) > 0. Suppose that βj(d′) ≥ αj(r′). Then if
pj−βj(d′) < d′−r′, the maximum amount of processing time of j that can lie
outside the interval is βj(d′). Thus the minimum processing time within the
interval is pj − βj(d′) = pj −max{αj(r′), βj(d′)} = min{(pj − αj(r′))+, (pj −
βj(d′))+}. Alternatively, if pj − βj(d′) ≥ d′ − r′, job j occupies the whole
interval and uses d′ − r′ of the processing time.

Note that the inequalities (2.10) comply with the concept of energetic
reasoning [35, 58] used in Constraint Programming. Adding these inequalities
to a MIP model corresponds to performing energetic tests in CP, as in [7].
We now define the set X (r, p, d) of points which satisfy the constraints (2.10)
for all possible intervals:

X (r, p, d) = {x ∈ {0, 1}n : ε(r′, d′) · x ≤ d′ − r′, ∀r′ ≥ 0,∀d′ > r′} .

From Constraint Programming theory, it is known that performing the en-
ergetic tests for all possible intervals is equivalent to performing the energetic
tests for a certain subset of intervals, whereas the remaining inequalities are
dominated. In the next proposition, we formalize this property in the context
of inequalities (2.10). First, let us define the sets O1, O2, O(t), t ∈ R:

O1 = {rj}j∈N ∪ {dj − pj}j∈N ∪ {rj + pj}j∈N ,

O2 = {dj}j∈N ∪ {ri + pi}j∈N ∪ {di + pi}j∈N ,

O(t) = {rj + dj − t}j∈N .

Proposition 2.3.
{

ε(r′, d′) · x ≤ d′ − r′, ∀r′ ≥ 0, ∀d′ > r′,
x ∈ Rn

+.

=





ε(r′, d′) · x ≤ d′ − r′, ∀r′ ∈ O1,∀d′ ∈ O2,
ε(r′, d′) · x ≤ d′ − r′, ∀r′ ∈ O1,∀d′ ∈ O(r′),
ε(r′, d′) · x ≤ d′ − r′, ∀d′ ∈ O2, ∀r′ ∈ O(d′),
x ∈ Rn

+.
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Proof. This proposition is equivalent to Proposition 19 in [7].

We can take X (r, p, d) as a relaxation of ∆(r, p, d) in the branch-and-
check algorithm. However, preliminary numerical experiments showed that it
is computationally advantageous to use only a subset of the constraints which
form X (r, p, d). Thus, as a relaxation of ∆(r, p, d), we take the set

X̄ (r, p, d) = {x ∈ {0, 1}n : ε(ri, dj) · x ≤ dj − ri, ∀i, j ∈ N, ri < dj} .

We now outline the basic branch-and-check algorithm for the problem
1 | rj |

∑
wjUj . The formulation (SM) can be rewritten in a compact form.

max wx

s.t. x ∈ X̄ (r, p, d),
(x, δ, s) ∈ ∆(r, p, d).

The master MIP
max{wx : x ∈ X̄ (r, p, d)}

is solved using the branch-and-cut method. Whenever an integer solution x̄
is found at some node of the enumeration tree, the slave feasibility problem

find{δ, s : (x̄, δ, s) ∈ ∆(r, p, d)} (2.11)

is solved to check if there is a feasible schedule containing all the jobs in the
set J̄ = {j ∈ N : x̄j = 1}. If (2.11) does not have a solution, an infeasibility
cut is generated.

The slave problem can be solved by Constraint Programming after refor-
mulating it as

find sj , j ∈ J̄ ,

disjunctive({sj}j∈J̄ , {pj}j∈J̄),
sj ∈ [rj , dj − pj ], j ∈ J̄ .

For this problem, the infeasibility cut for this case suggested in the litera-
ture [41, 16] is the cut: ∑

j∈J̄

xi ≤| J̄ | −1. (2.12)

This approach for solving the slave problem and generating cuts is not very
efficient, as the cut (2.12) is not much better than the “no-good” cut (1.23).
A very large number of cuts is needed to solve instances with more than 50
jobs, and therefore the basic branch-and-check algorithm presented does not
terminate within a reasonable amount of time. In the following sections we
present methods to generate stronger infeasibility cuts, which may help to
solve bigger instances faster.
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2.3 Generation of Infeasibility Cuts

In this section, we discuss ways to improve the basic branch-and-check algo-
rithm given in Section 2.2. We propose alternative algorithms to check the
solution of the master and to generate infeasibility cuts. In subsection 2.3.1, a
modification of the Carlier algorithm [20] is suggested to check the feasibility
of an integer solution of the master problem and to generate strengthened
cuts of the type (2.12). In subsection 2.3.2, we present propagation-based in-
equalities that are a generalization of the interval inequalities (2.10). In sub-
section 2.3.3, a separation algorithm for a subclass of the propagation-based
inequalities is proposed, i.e. an algorithm that checks whether an inequality
in this family exists which is violated by a solution of the master MIP.

2.3.1 Modified Carlier Algorithm

In this subsection, we work with the set J̄ of jobs obtained from an integer
solution x̄ of the master MIP. To check the feasibility of J̄ , we solve a more
general problem.

We first introduce some notation. Consider a set Q of jobs. We call
a schedule π ∈ Π(Q) feasible with respect to constant L′ if the maximum
lateness of π is less than or equal to L′, i.e., Lmax(π) ≤ L′. Set Q of jobs
is feasible with respect to L′ if and only if there exists a feasible schedule
π ∈ Π(Q).

Obviously, all jobs in the set Q can be scheduled on-time only if there
exists a schedule π ∈ Π(Q) with nonpositive maximum lateness. Therefore,
for a given vector x̄, the slave problem has a solution if and only if the set
J̄ = {j ∈ N : x̄j = 1} of jobs is feasible with respect to the value 0. Feasibility
of the set J̄ can be verified by solving the problem of minimizing the maximum
lateness with release dates on a single machine 1 | rj | Lmax, i.e., by finding a
schedule π∗ ∈ Π(J̄) that minimizes the maximum lateness L∗max and checking
if L∗max ≤ 0. To solve such a problem we can use, for example, the algorithm
of Carlier [20] which is not polynomial but performs well in practice. Then,
if the set J̄ is infeasible, the cut (2.12) is added to the master problem.

To strengthen the cuts (2.12), we use the following idea. In many cases,
in which the set J̄ of jobs is infeasible, there exists a subset Q ⊂ J̄ which is
also infeasible. If it is possible to find such a subset Q, the cut

∑

j∈Q

xj ≤| Q | −1 (2.13)

is stronger than the cut (2.12). The inequality (2.13) is stronger, because, if a
solution x̄ violates (2.13), it also violates (2.12) but not vice versa, as Q ⊂ J̄ .

The strongest cut of the type (2.13) is based on the smallest possible
infeasible subset Q of jobs. However, finding a minimum, or even a minimal
infeasible subset of jobs seems to be a very difficult problem. Even checking
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feasibility is NP-hard in the strong sense. In addition only a limited time
can be spent on finding an infeasible set Q of jobs since this computation is a
subroutine which can be called many times. We therefore turn to a heuristic
approach which tries to minimize the number of jobs in Q.

We suggest a modification of the Carlier algorithm [20] for solving the
following one-machine feasibility problem. Given a set N of jobs with release
dates, processing times, due dates and a constant L′, we need to find a feasible
schedule π∗ ∈ Π(N), or, else, an infeasible subset Q ⊆ N of jobs.

The algorithm is of the branch-and-bound type. Triples of job parameters
{r(ϕ)

j , pj , d
(ϕ)
j }, j ∈ N , are associated with each node ϕ of the search tree.

Release dates and due dates of jobs can differ from one node to another. The
parameters for the top node are given by the initial data.

At each node of the search tree, the Schrage schedule [75] πσ is constructed
using the following procedure. Jobs are scheduled one by one. Suppose the
jobs from the subset N ′ ⊆ N are already placed in the first | N ′ | positions of
the schedule. Let CN ′ = maxj∈N ′ Cj(πσ) be the maximum completion time
of these jobs. In the next position in πσ a job is placed that is unscheduled,
available (with release date less or equal to CN ′) and with the smallest due
date. If there are no available jobs, a job with the smallest due date from the
set of unscheduled jobs with the smallest release date is placed next in the
schedule. If the Schrage schedule is feasible, the algorithm is stopped and the
set N is feasible.

The next theorem establishes some properties of infeasible Schrage sched-
ules. The branching rule is based on these properties. The theorem uses the
following lemma from [20].

Lemma 2.4. For any subset N ′ ⊆ N ,

h(N ′) = min
j∈N ′

rj +
∑

j∈N ′
pj −max

j∈N ′
dj = rN ′ + pN ′ − dN ′

is a lower bound on the maximum lateness of any schedule π ∈ Π(N).

This lower bound is also used in the algorithm itself.
Theorem 2.5 is a modified version of the main theorem in [20]. The mod-

ification is caused by the presence of the constant L′ and, as a consequence,
the different choice of job a (see Theorem 2.5). In the theorem, jobs are
renumbered in the order in which they are sequenced in the Schrage schedule.
The two cases considered in the theorem are illustrated in Figures 2.2 and 2.3.
Remember that Sj(π) and Lj(π) are, respectively, the starting time and the
lateness of job j ∈ N in schedule π.

Theorem 2.5. Suppose that the Schrage schedule πσ ∈ Π(N) is infeasible
with respect to constant L′ and b is the smallest integer such that Lb(πσ) > L′.
Let a be the largest integer such that a ≤ b and

Sa(πσ)− min
a≤j≤b

rj < Lb(πσ)− L′. (2.14)
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Let Q = {a, . . . , b}, then:

1. if there is no job c ∈ Q with dc > db then the set Q of jobs is infeasible
with respect to constant L′;

2. otherwise, let c be the last job in Q with dc > db, and J = {c+1, . . . , b}.
Then, if there exists a feasible schedule π′ ∈ Π(N), then, in π′, job c is
processed either before all the jobs in J or after.

-πσ

a

db = max
j∈Q

dj

b

¾¾
min
j∈Q

rj

-¾ -¾
µ I

Sa − rQ Lb − L′

Q

Sa − rQ < Lb − L′

Figure 2.2: The infeasible Schrage schedule: case 1.

Proof. 1. Observe that there is no idle time between jobs from set Q in
schedule πσ. If there was idle time, this would imply the existence of job
a′, a′ > a, which is scheduled immediately after the idle time in πσ and
satisfies condition (2.14), because the following would hold: Sa′(πσ) = ra′ =
minj∈{a′,...,b} rj (by the rules of constructing the Schrage schedule πσ). This
would contradict the condition that a is the largest such number. Notice, that
job a always exists, since the first job in schedule πσ satisfies (2.14).

So
Lb(πσ) = Sa(πσ) +

∑

j∈Q

pj − db. (2.15)

Since there is no job c ∈ Q, such that dc > db, then db = maxj∈Q dj . Using
this fact and condition (2.14), (2.15) gives:

min
j∈Q

rj +
∑

j∈Q

pj −max
j∈Q

dj > L′. (2.16)

By Lemma 2.4 the left-hand side of (2.16) is a lower bound on the maximum
lateness for any schedule in Π(Q). It follows that there is no schedule π′ ∈
Π(Q), such that Lmax(π′) ≤ L′, and therefore Q is infeasible with respect to
L′.

2. Since c ∈ Q is the last job in Q with dc > db, db = maxj∈J dj .
Since there is no idle time between jobs from Q in schedule πσ, Lb(πσ) =
Sc(πσ)+ pc +

∑
j∈J pj − db. Notice that Sc(πσ) < minj∈J rj . Otherwise a job

from J would be scheduled instead of job c in the Schrage schedule πσ (as
dc > db = maxj∈J dj). If schedule π′ ∈ Π(N) is feasible and we schedule job
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Figure 2.3: The infeasible Schrage schedule: case 2.

c inside J in π′, the lateness of job k ∈ J ⊂ N , if scheduled last among jobs
in J ∪ {c}, is

Lk(π′) ≥ min
j∈J

rj + pc +
∑

j∈J

pj − dk ≥ Lb(πσ) > L′ (2.17)

since dk ≤ maxj∈J dj ≤ db. (2.17) contradicts the condition that
maxj∈N Lj(π′) ≤ L′. Therefore, in a feasible schedule π′, job c is processed
either before all the jobs in J or after.

Theorem 2.5 shows that if, at a node of the search tree the Schrage schedule
is infeasible and case 2 of Theorem 2.5 holds, two child nodes can be created.
At the first node, job c is processed after all jobs in J , and at the second
node, job c is processed before all jobs in J . Notice that, because of the way
the Schrage schedule is constructed, it suffices to change the due date of job
c to rc = rJ + pJ in the former case and to change the release date of job c
to dc = db − pJ in the latter case.

Note that this branching rule guarantees that the algorithm terminates.
Each time we branch, at least one precedence relation is added to both the
child nodes. As there can be at most n(n − 1)/2 precedence relations, the
depth of the enumeration tree is at most n(n− 1)/2. Therefore, the number
of nodes is finite.

If case 1 of Theorem 2.5 holds, we have an infeasible subset Q of jobs.
In this case, the parent node receives set Q from the current node, and the
latter is pruned. Let us now consider a node of the search tree which is not
a leaf node, i.e. a node at which case 1 of Theorem 2.5 holds. From its child
nodes it receives two infeasible subsets of jobs. The following Theorem 2.6
shows how an infeasible subset of jobs is obtained for a non-leaf node. In the
theorem, we assume that the constant L′ is given.

Theorem 2.6. Consider a node ϕ in the search tree of the algorithm. Suppose
that the case 2 of Theorem 2.5 holds true. If Qa ⊂ N is an infeasible subset
of jobs at the child node ϕa where c is scheduled before all the jobs in J , and
Qb ⊂ N is an infeasible subset of jobs at the child node ϕb where c is scheduled
after all the jobs in J , then:
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1. if c 6∈ Qa then Qa is infeasible at the node ϕ;

2. if c 6∈ Qb then Qb is infeasible at the node ϕ;

3. if c ∈ Qa and c ∈ Qb then Q = J ∪Qa ∪Qb is infeasible at the node ϕ.

Proof. 1. If c 6∈ Qa, then the parameters of the jobs in Qa are the same at
nodes ϕ and ϕa. Since at the node ϕa set Qa is infeasible, it is also infeasible
at the node ϕ.

2. The proof is similar to case 1.
3. The proof is by contradiction. Let π ∈ Π(Q) be a feasible schedule.

Since c ∈ Q and J ⊂ Q, there are three possible ways of scheduling job c in π.
First, c can be scheduled before J in π, but in this case Qa ⊂ Q is infeasible.
Second, c can be scheduled after J in π, but in this case subset Qb ⊂ Q is
infeasible. Therefore, c should be scheduled inside J in π, but this contradicts
case 2 of Theorem 2.5. Thus, there is no feasible schedule π ∈ Π(Q) and the
set Q of jobs is infeasible at the node ϕ.

Remark. Suppose that a node ϕ of the search tree received subset Qa from
its first child node ϕa and c 6∈ Qa. Then it is not necessary to explore the
other child node ϕb, since by Theorem 2.6, it is already known that Qa, and
thus N , is infeasible at the node ϕ.

From the last two theorems it follows that, if the set N of jobs is infeasible,
at all nodes of the search tree, we are able to determine an infeasible subset of
jobs. Therefore, the top node gives an infeasible subset of jobs for the given
instance.

The proposed algorithm uses a backtrack search strategy and can be im-
plemented recursively. To find lower bounds, Lemma 2.4 is used. Notice that,
if h(Q) > L′, then Q is infeasible with respect to constant L′. The modified
Carlier algorithm is presented in Algorithm 2.1. It returns either a feasible
schedule π∗, or an infeasible subset Q′ of jobs.

Example 2.1. We now apply the modified Carlier algorithm to a 9-job in-
stance. The parameters of the jobs are shown in Table 2.1. Constant L′ is
equal to 0. For each node ϕ we show an illustration of the Schrage schedule
πσ. Job numbers are indicated inside rectangles-jobs. For each job j, the two
numbers shown above the job rectangle indicate its current release date r

(ϕ)
j

and its current due date d
(ϕ)
j . Numbers shown below are the completion times

Cj(πσ) of the jobs.

Node 1. -1 2 3 5 6 7 8 94

0 2 5 6 9 12 14 19 22 26

0,4 3,51,8 6,11 7,22 11,17 12,18 19,23 16,30

c J

Q

πσ

Top node. c = 2 and J = {3}. The first child node 2 has r
(2)
2 = 4.
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Algorithm 2.1 The modified Carlier algorithm
1: MOD CARLIER(N, Q′);
2: return Q′.

3: procedure MOD CARLIER(N,Q′)
4: construct the Schrage schedule πσ ∈ Π(N);
5: renumber jobs in the order they are sequenced in πσ;
6: if maxj∈N Lj(πσ) ≤ L′ then
7: return πσ; end algorithm;
8: end if
9: find the smallest number b such that Lb(πσ) > L′;

10: find the largest number a, such that a < b and
Sa(πσ)−minj∈Q rj < Lb(πσ)− L′, where Q = {a, . . . , b};

11: if there is no job c ∈ Q with dc > db then
12: Q′ := Q;
13: else
14: find the largest number c ∈ Q with dc > db; J := {c + 1, . . . , b};
15: if h(J) = rJ + pJ − db > L′ then
16: Q′ := J ;
17: else if h(J ∪ {c}) = rc + pc + pJ − dc > L′ then
18: Q′ := J ∪ {c};
19: else
20: call MOD CARLIER(N, Qa), where rc = rJ + pJ ;
21: if c ∈ Qa then
22: call MOD CARLIER(N, Qb), where dc = db − pJ ;
23: end if
24: if c 6∈ Qa then
25: Q′ := Qa;
26: else if c 6∈ Qb then
27: Q′ := Qb;
28: else
29: Q′ := J ∪Qa ∪Qb;
30: end if
31: end if
32: end if
33: return Q′

34: end procedure

j 1 2 3 4 5 6 7 8 9
rj 0 1 3 6 7 11 12 19 16
pj 2 3 1 3 3 2 5 3 4
dj 4 8 5 11 22 17 18 23 30

Table 2.1: The data for the 9-job example instance
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Node 2. -1

0 2

0,4 3,5
πσ6 7 8 94

6,11 11,17 12,18 19,23 16,30
3 2

4 7 10 13 15 20 23 27

Q

Jc

5
7,224,8

c = 5, J = {6, 7}. The first child node 3 has r
(3)
5 = 18. The second child node

4 has d
(4)
5 = 11.

Node 3. -1

0 2

0,4 3,5
πσ4

6,11
3 2

4 7 10 13

4,8
6 7

11,17 12,18
9

16,30
5

18,22

18 21 24

19,23
8

2811

Q

Since the Schrage schedule at node 3 does not have job c (Theorem 2.5, case
1), node 3 returns to node 2 Q′ := Q = {5, 8}.

Node 4. -1

0 2

0,4 3,5
πσ6 7 8 94

6,11 11,17 12,18 19,23 16,30
3 2

4 7 10 13 15 20 23 27

5
7,114,8

Q

Since the Schrage schedule at node 4 does not have job c, node 4 returns to
node 2 Q′ := Q = {4, 5}.

Node 2 receives set Qa = {5, 8} from node 3, and it receives set Qb = {4, 5}
from node 4. Since c = 5 ∈ Qa and c = 5 ∈ Qb, node 2 returns to the top
node 1 set Q′ := J ∪Qa ∪Qb = {4, . . . , 8}.

The top node receives from node 2 set Qa = {4, . . . , 8}. Since c 6∈ Qa,
the second child node is not explored. The top node returns set Q′ := Qa =
{4, . . . , 8}, therefore this set is infeasible for our example instance. In this
case set Q′ is also a minimal infeasible subset. In other words, removing any
job from Q′ makes it feasible. The search tree of the algorithm is depicted in
Figure 2.4.

2.3.2 Propagation-Based Cuts

In this section, we present an alternative method for generating infeasibility
cuts. The inequalities that form the relaxation X̄ (r, p, d) can be generalized in
the following manner. These inequalities ε(ri, dj) · x ≤ dj − ri are associated
with pairs of release and due dates (ri, dj), i, j ∈ N . By the propagation of
the constraint disjunctive, we can tighten the time windows of jobs and
obtain new values of the release and due dates. Note that the time windows
can be tightened only when some other jobs are scheduled on-time. The idea
is to use the constraints associated with the new values of the release and due
dates. We will call these constraints propagation-based.

We now consider the case when the release date rk of some job k can be
increased to rΩ

k by propagation if all the jobs in some set Ω are scheduled
on-time. For instance, this can be done using the rule (1.27). The case
of decreasing the due date dk is completely symmetric and is not presented
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Figure 2.4: The search tree of the algorithm for the example 9-job instance

here. Also we do not consider the case when both release and due dates can
be adjusted.

An example of a propagation-based inequality is illustrated in Figure 2.5.
This inequality is associated with a set Ω ⊆ N of jobs and two jobs k ∈ N \Ω
and j ∈ N . In the figure, αl(rΩ

k ) = (rΩ
k − rl)+ and βl(dj) = (dl−dj)+. Again,

the length of the black area corresponds to the part of the processing time pl

which must be processed within the interval [rΩ
k , dj ] when job l and all jobs

in Ω are on-time. The length of the hatched area corresponds to the part
of processing time which can be executed outside the interval. When all the
jobs in the set Ω are processed on-time, the total length of the filled areas of
on-time jobs should not exceed the length of the interval.

Proposition 2.7 presents and justifies the propagation-based inequalities.
Let al(E) be the coefficient of variable xl, l ∈ N , in inequality E in the left-
hand side and let b(E) be the value of the right-hand side. Then inequality
E can be written as ∑

l∈N

al(E)xl ≤ b(E).

Let also Ax(E) be the value of the left-hand side in inequality E for solution
x, i.e.,

Ax(E) =
∑

l∈N

al(E)xl.

Proposition 2.7. Consider a subset Ω ⊂ N of jobs and a job k ∈ N \ Ω
such that, if all the jobs in Ω are on-time, then k cannot start before rΩ

k > rk.
Then, for each job j ∈ N \ Ω satisfying dj > rΩ

k , the inequality
∑

l∈N\Ω\{k}
εl(rΩ

k , dj) · xl + (pk − βk(dj))+xk ≤
dj − rΩ

k + (rΩ
k − rk)(| Ω | − ∑

o∈Ω

xo)
(2.18)
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Figure 2.5: A propagation-based inequality

is valid for ∆(r, p, d).

Proof. Consider the inequality E of type (2.18) for set Ω, job k and some job
j ∈ N \ Ω satisfying dj > rΩ

k .
Consider a feasible schedule with

∑
o∈Ω xo ≤| Ω | −1. Let E′ be the

inequality (2.10) associated with the interval [rk, dj ]. Inequality E′ is valid
by Proposition 2.2, thus

∑
l∈N al(E′)xl ≤ b(E′) for any feasible solution x.

To prove this case we show that b(E′) ≤ b(E) and al(E) ≤ al(E′), ∀l ∈ N .
We have b(E) ≥ dj − rk = b(E′). From rΩ

k ≥ rk, it follows that αl(rΩ
k ) ≥

αl(rk) and al(E) ≤ al(E′), ∀l ∈ N\Ω\{k}. Then, al(E) = 0 ≤ al(E′), ∀l ∈ Ω.
Finally, ak(E) = ak(E′), as εk(rk, dj) = (pk − βk(dj))+, and al(E) ≤ al(E′),
∀l ∈ N .

Suppose now that
∑

o∈Ω xo =| Ω |. Then the release date of job k can be
set to rΩ

k . Let E′′ be the inequality (2.10) associated with interval [rΩ
k , dj ].

The idea of the proof is the same as in the previous case.
We have b(E) = b(E′′) and al(E) = al(E′′) ∀l ∈ N \Ω. Then al(E) = 0 ≤

al(E′′) ∀l ∈ Ω. Again, al(E) ≤ al(E′′) ∀l ∈ N .

Since the number of inequalities (2.18) can be exponential, we cannot
include them all in the master problem. We propose to use these constraints as
infeasibility cuts. Given an integer solution x̄, the aim is to find an inequality
(2.18), which is violated by x̄. In other words, a separation algorithm is
needed.

A straightforward idea for the separation algorithm for a given integer
solution x̄ is the following. We use a filtering algorithm, which performs
adjustments of release dates of the jobs. Whenever the propagation algorithm
adjusts the release date of some job k ∈ N due to the presence of some set
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Ω ⊂ N , we check whether x̄ violates an inequality (2.18) associated with the
set Ω, job k and some job j ∈ N \ Ω. There are O(n) inequalities which
have to be verified, since we need to consider all jobs in N \ Ω. Verification
of each inequality consists of O(n) operations. As a result, the checking
procedure has total complexity O(n2). Since the complexity of the most
common filtering algorithms for the constraint disjunctive is O(n2) [7], the
proposed straightforward separation algorithm has complexity O(n4).

2.3.3 Separation Algorithm for Edge-Finding-Based Cuts

We now introduce Edge-Finding-based inequalities. They form a subclass of
the propagation-based inequalities. A constraint (2.18) is Edge-Finding-based
if the propagation is carried out using the Edge-Finding technique. If the
given integer solution x̄ satisfies all the constraints which form the relaxation
X̄ (r, p, d), it is possible to separate x̄ with respect to the Edge-Finding-based
inequalities in O(n3) time.

Here we present in detail the separation algorithm for the Edge-Finding-
based inequalities. This separation algorithm is based on the filtering algo-
rithm in [7, p.24], which adjusts release dates according to the Edge-Finding
rule (1.27). The variant of the separation algorithm based on the adjustment
of due dates is completely symmetric and is not covered here.

Assume that x̄ satisfies constraints
∑

j∈N

ε(ri, dj) · x ≤ dj − ri, ∀i, j ∈ N, ri < dj , (2.19)

which form the relaxation X̄ (r, p, d). The following three propositions describe
cases when, if x̄ violates an Edge-Finding-based inequality, then it must vi-
olate at least one inequality (2.19). Therefore, given the assumption, these
three cases can be excluded from consideration.

Remember that J̄ = {j ∈ N : x̄j = 1}. Proposition 2.8 shows that, if an
Edge-Finding-based inequality E is violated by x̄, E can be associated only
with a set Ω ⊂ J̄ .

Proposition 2.8. If a vector x̄ ∈ {0, 1}n violates the Edge-Finding-based
inequality E associated with Ω ⊂ N , k, j ∈ N \Ω, and there exists a job l ∈ Ω
such that x̄l = 0, then x̄ also violates at least one inequality (2.19).

Proof. Let E′ be the inequality of type (2.19) that is associated with the
interval [rk, dj ]. Since E is violated by x̄, we have Ax̄(E) > b(E). To prove
the proposition we show that the right-hand side of inequality E is greater
than or equal to the right-hand side of inequality E′, and that the left-hand
side of E is less then or equal to the left-hand side of inequality E′.

We have
∑

o∈Ω x̄o ≤| Ω | −1, thus b(E) ≥ dj − rk = b(E′). From rΩ
k >

rk, it follows that αl(rΩ
k ) ≥ αl(rk) and al(E) ≤ al(E′) ∀l ∈ N \ Ω \ {k}.

Then al(E) = 0 ≤ al(E′) ∀l ∈ Ω. Finally, ak(E) = ak(E′), and Ax̄(E) ≤
Ax̄(E′).
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Proposition 2.9 shows that if an Edge-Finding-based inequality E is vio-
lated by x̄, it must be associated with jobs k, j ∈ N \Ω, such that dj > dk−pk.

Proposition 2.9. If a vector x̄ ∈ {0, 1}n violates the Edge-Finding-based
inequality E associated with Ω ⊂ N , k, j ∈ N \ Ω, and dj ≤ dk − pk, then x̄
also violates at least one inequality (2.19).

Proof. If
∑

o∈Ω x̄o <| Ω |, the proof follows from Proposition 2.8. Let∑
o∈Ω x̄o = | Ω |. We consider three cases illustrated in Figures 2.6-2.8.

k
rk rΩ

k
dj

-
dkri

-

-

i

j

¾ -b(E)

¾ -b(E′)

Figure 2.6: Proposition 2.9, case 1

1. There exists a job i ∈ N \ Ω, with ri < rΩ
k , ri + pi > rΩ

k , di ≤ dj , and
x̄i = 1. Let E′ be the inequality of type (2.19) associated with the interval
[ri, dj ]. We have b(E′) = b(E) + (rΩ

k − ri). To prove case 1 we show that
Ax̄(E′) is bigger than Ax̄(E) by at least rΩ

k − ri.
From ri < rΩ

k , it follows that αi(rk) ≤ αl(rΩ
k ) and al(E) ≤ al(E′) ∀l ∈ N \

Ω\{k}. Then ak(E) = 0 = ak(E′), since dj ≤ dk−pk, and al(E) = 0 ≤ al(E′)
∀l ∈ Ω. Moreover, from di ≤ dj , it follows that ai(E) = pi − (rΩ

k − ri) and
ai(E′) = pi. Therefore, ai(E)−ai(E′) = rΩ

k −ri and Ax̄(E′)−Ax̄(E) ≥ rΩ
k −ri.

-

-

-

k
rk rΩ

k
dj

-

i

j

¾ -
¾ -b(E′′)

b(E)

rm

m

dk

Figure 2.7: Proposition 2.9, case 2

2. Case 1 does not hold and there exists at most one job i ∈ N \ Ω, with
ri < rΩ

k , ri + pi > rΩ
k , di − pi < dj < di, and x̄i = 1. Let m ∈ N \ Ω be the

job with smallest release date, such that rm ≥ rΩ
k , rm < dj , am(E) > 0, and

x̄m = 1. Such a job should exist, otherwise E would not be violated by x̄,
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since at most one job i with x̄i = 1 would have nonzero coefficient in E (and
no coefficient can be bigger than b(E)). Let E′′ be the inequality of type (2.19)
associated with the interval [rm, dj ]. We have b(E′′) = b(E)− (rm − rΩ

k ). To
prove case 2 we show that Ax̄(E′′) is smaller than Ax̄(E) by at most rm− rΩ

k .
We have rl + pl < rΩ

k or rl ≥ rm for all jobs in N except at most one job
i, thus al(E′′) = al(E) ∀j ∈ N \ {i}. From αi(rm) − αi(rΩ

k ) = rm − rΩ
k , it

follows that ai(E′′)− ai(E) ≤ rm − rΩ
k and Ax̄(E′′)−Ax̄(E) ≤ rm − rΩ

k .

-

-

-

k
rk rΩ

k
dj

-

i1

j

¾ -

dkr′ d′

¾ -b(E∗)

b(E)

i2

Figure 2.8: Proposition 2.9, case 3

3. Case 1 does not hold and there exist at least two jobs i1, i2 ∈ N \ Ω,
with rit < rΩ

k , rit + pit > rΩ
k , dit − pit < dj , and x̄it = 1 for t = 1, 2. As case

1 does not hold, we have di1 > dj and di2 > dj . Without loss of generality let
d′ = di1 ≤ di2 and r′ = max{ri1 , ri2}. Let E∗ be the inequality of type (2.19),
associated with the interval [r′, d′]. We have b(E∗) = b(E)+(rΩ

k −r′)+(d′−dj).
To prove case 3 we will show that Ax̄(E∗) is bigger than Ax̄(E) by at least
(rΩ

k − r′) + (d′ − dj).
From r′ < rΩ

k and dj < d′, it follows that al(E∗) ≥ al(E) ∀l ∈ N .
First let r′ = ri2 . Then βi1(di1) = 0, αi1(r

Ω
k ) − αi1(ri2) = rΩ

k − r′, and
ai1(E

∗) − ai1(E) ≥ rΩ
k − r′. Also, βi2(di2) = 0, βi2(dj) − βi2(di1) = d′ − dj ,

and ai2(E
∗)− ai2(E) ≥ d′ − dj .

Now let r′ = ri1 . Then ai1(E
∗) = pi1 and ai1(E

∗) − ai1(E) = max{rΩ
k −

r′, d′ − dj}. Also, αi2(r
Ω
k ) − αi2(ri1) = rΩ

k − r′, βi2(dj) − βi2(di1) = d′ − dj .
Thus ai2(E

∗)− ai2(E) ≥ min{rΩ
k − r′, d′− dj}. Therefore Ax̄(E∗)−Ax̄(E) ≥

(rΩ
k − r′) + (d′ − dj).

Let eQ = rQ +pQ, for any set Q of jobs. Proposition 2.10 shows that if an
Edge-Finding-based inequality E violates x̄, then E can be associated only
with jobs k, j ∈ N \ Ω, such that there is no subset J ′ ⊆ J̄ such that dJ ′ ≤
max{dj , dk}, eJ ′ ≥ rΩ

k , rJ′ ≤ rk, and eJ′′ ≤ eJ′ , ∀J ′′ ⊂ J ′. Proposition 2.10
is illustrated in Figure 2.9.

Proposition 2.10. If a vector x̄ ∈ {0, 1}n violates the Edge-Finding-based
inequality E associated with Ω ⊂ N , k, j ∈ N \ Ω, and there exists a subset
J ′ ⊆ J̄ such that dJ ′ ≤ max{dj , dk}, eJ ′ ≥ rΩ

k , rJ′ ≤ rk, and eJ′′ ≤ eJ′ ,
∀J ′′ ⊂ J ′, then x̄ violates at least one inequality (2.19).
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Figure 2.9: Proposition 2.10

Proof. If
∑

o∈Ω x̄o <| Ω |, the proof follows from Proposition 2.8. Let∑
o∈Ω x̄o = | Ω |. Suppose dj > dk − pk, since otherwise the proof follows

from Proposition 2.9. Let d′ = max{dk, dj}.
Let E′ be the inequality of type (2.19), associated with the interval [rJ ′ , d

′].
We have b(E′) = b(E) + (rΩ

k − rJ′) + (d′ − dj). To prove the proposition we
show that Ax̄(E′) is bigger than Ax̄(E) by at least rΩ

k − rJ ′ + (d′ − dj).
From d′ ≥ dJ′ it follows that al(E) ≤ (pl − αl(rΩ

k ))+, al(E′) = pl ∀l ∈ J ′.
Also, ak(E′)− ak(E) = d′ − dj . Then, from al(E) ≤ al(E′) ∀l ∈ N , we have
Ax̄(E′)−Ax̄(E) ≥ pJ′−

∑
l∈J ′(pl−αl(rΩ

k ))+ +(d′−dj). Therefore, it suffices
to show that ∑

l∈J ′
(pl − αl(rΩ

k ))+ ≤ pJ ′ − (rΩ
k − rJ ′). (2.20)

The proof is by contradiction. Let J ′′ = {l ∈ J ′ : pl − αl(rΩ
k ) ≥ 0} and

rl′ = rJ′′ . Assume that (2.20) does not hold. Then

eJ ′ = rJ ′ + pJ ′ <
∑

l∈J ′′
(pl − αl(rΩ

k )) + rΩ
k = pl′ − (rΩ

k − rl′)+ + rΩ
k +

∑

l∈J′′\{l′}
(pl − (rΩ

k − rl′)+) ≤ rl′ + pl′ +
∑

l∈J′′\{l′}
pl = rJ′′ + pJ′′ = eJ ′′ ,

contradicting the assumption of the proposition.

The separation algorithm for Edge-Finding based inequalities is presented
in Algorithm 2.2. Remember that x̄ satisfies all the constraints (2.19). For
the algorithm we assume that the input set J̄ = {j ∈ N : x̄j = 1} of jobs is
ordered by nondecreasing release dates.

Note first that to check the condition (1.27) for every possible set Ω of
jobs, it suffices to check only sets Ω[ri,dl] = {j ∈ J̄ : rj ≥ ri, dj ≤ dl} for all
i, l ∈ J̄ , ri ≤ dl.

In the l-th outer iteration we consider two subsets Ω≤ = {i ∈ J̄ : di ≤ dl}
and Ω> = {i ∈ J̄ : di > dl}. Let C = maxΩ′⊆Ω≤{rΩ′ + pΩ′}. Set Ω will be
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Algorithm 2.2 The separation algorithm for Edge-Finding-based inequalities
1: for l := 1 to | J̄ | do
2: Ω≤ := {i ∈ J̄ : di ≤ dl};
3: Ω> := {i ∈ J̄ : di > dl};
4: P := pΩ≤ ; C := maxΩ′⊆Ω≤{rΩ′ + pΩ′};
5: αi(C) := (C − ri)+ ∀i ∈ Ω>;
6: d̄ := {}; d̄ ← {di; d′i = di −max{pi, αi(C)}; d′′i := di − pi} ∀i ∈ Ω>;
7: sort d̄; H := −∞;
8: for k := 1 to | J̄ | do
9: if dk ≤ dl then

10: if H < rk + P then
11: h := k; H := rk + P ;
12: end if
13: P := P − pk

14: else
15: if (rk + pk + P > dl or H + pk > dl) and H < C then
16: if rk + pk + P > dl then
17: Ω := {k + 1, . . . , n} ∩ Ω≤;
18: else
19: Ω := {h, . . . , n} ∩ Ω≤;
20: end if
21: set d′k to dk in d̄; sort d̄;
22: CHECK(Ω, k, C, α(C), d̄)
23: set d′k to dk −max{pk, αk(C)} in d̄; sort d̄;
24: end if
25: end if
26: end for
27: end for
28:

29: procedure CHECK(Ω, k, C, α(C), d̄)
30: z := 0; s :=

∑
i∈Ω>\{k} (pi − αi(C)) + pk; i is the maximum index in d̄;

31: while i > 1 and d̄i > dk − pk do
32: if s > d̄i − C then
33: x̄ violates the Edge-Finding-based inequality associated with set Ω

and jobs k, j, dj = d̄i; end algorithm;
34: end if
35: i := i− 1; s := s− z · (d̄i+1 − d̄i);
36: if d̄i is some d′j then
37: z := z + 1;
38: else if d̄i is some d′′j then
39: z := z − 1;
40: end if
41: end while
42: end procedure
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sought among the sets Ω≤,i = {j ∈ Ω≤ : rj ≥ ri} = Ω[ri,dl], ∀i ∈ N , i.e for
each job k ∈ Ω> and each i ∈ Ω≤, we will check whether

dΩ − rΩ∪{k} < pΩ + pk, where Ω = Ω≤,i. (2.21)

By the Edge-Finding rule (1.27), if (2.21) holds, then we can adjust the release
date of job k to rΩ

k = maxΩ′⊂Ω{rΩ′ +pΩ′}. Note that rΩ
k cannot be more than

C, because Ω ⊆ Ω≤.
We will show now that, if (2.21) holds and x̄ violates the inequality of

type (2.18) associated with pair (Ω≤,i, k), then rΩ
k = C, i.e. rΩ

k = C does not
depend on k. This means that rΩ

k can be computed outside the inner loop,
which decreases the complexity of the separation algorithm. Note that the
value of C can be computed in linear time by considering sets Ω≤,i for all
i ∈ Ω≤.

In the beginning of the k-th iteration of the inner loop in line 15, if dk > dl,
we have:

P = pΩ≤,k
, H = max

Ω≤,k⊆Ω′⊆Ω≤
{rΩ′ + pΩ′} = max

i: i<k
{ri + pΩ≤,i

}.

Let the maximum be achieved when i = h, i.e. H = rh + pΩ≤,h
= eΩ≤,h

.
Suppose that (2.21) holds and H = C. Remember that rΩ

k ≤ C. Let J ′ =
Ω≤,h, then dJ′ < dk, eJ ′ = H = C ≥ rΩ

k , rJ ′ = rh ≤ rk (as h < k),
eJ′′ ≤ eJ ′ = C for all J ′′ ⊂ J ′ (as J ′′ ⊂ Ω≤). Therefore by Proposition 2.10,
x̄ should violate at least one inequality (2.19) — contradiction. Hence, if
(2.21) holds, then H < C.

In line 15, we check the condition (2.21) that is equivalent to rk + pk +
P > dl for Ω = Ω≤,k and to H + pk > dl for Ω = Ω≤,h. If one of these
two inequalities holds, we obtain the set Ω in lines 17 (Ω := Ω≤,k) or 19
(Ω := Ω≤,h). Let Ω≤,i = arg maxΩ′⊆Ω≤{eΩ′}. As H < C, we have i > k and
Ω≤,i ⊆ Ω≤,k ⊆ Ω≤,h. Therefore, in both cases rΩ

k = C. See an illustration in
Figure 2.10.

Having the pair (Ω, k), we need to check if there exists a violated Edge-
Finding-based inequality associated with Ω, k and some job j ∈ N . Now we
show how to do this in linear time.

We know before the inner loop in lines 8-26 that, if the “Edge-Finding”
condition holds, then rΩ

k = C, ∀k ∈ Ω>. Thus, in any violated Edge-Finding-
based inequality E, ai(E) = 0 for all i ∈ Ω≤ as C − ri > pi. Then, before the
inner loop we know the values of αi(rΩ

k ) for all i ∈ Ω>, i 6= k. These values
are stored in line 5 as αi(C).

Let E′ be the Edge-Finding-based inequality associated with Ω, some fixed
job k and job j ∈ Ω>, dj = dΩ> . Then ai(E′) = (pi−αi(C))+, ∀i ∈ Ω> \{k}.
In line 30, we set s := Ax̄(E′). If the right border dj of the interval [C, dΩ> ]
is decreased, the coefficient of a variable xi, i 6= k, remains the same as long
as αi(C) ≥ βi(dj), i.e. while dj ≥ d′i := di−max{pi, α

′
i}. Then the coefficient

decreases until it becomes equal to zero when dj = d′′i := di − pi. For the
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Figure 2.10: Illustration for the separation algorithm

variable xk, d′k = dk. In line 6, for each job i ∈ Ω> all three values {di, d
′
i, d

′′
i }

are added to array d̄ and d̄ is sorted. In line 21, when job k is known, we
change the value of d′k and sort d̄. Notice that in this case sorting takes only
linear time, as only one value in d̄ has been changed. In line 23, d̄ is put into
the initial state.

Using array d̄, the procedure CHECK can check whether there exists a
violated inequality in linear time. It just decreases the right border of the
interval and adjusts appropriately the sum s of coefficients of variables from
Ω>. If for some right border dj , the sum s is greater than the length of the
interval [C, dj ] then the desired inequality is found.

As the complexity of the procedure CHECK is O(n), the overall complexity
of the separation algorithm is O(n3).

2.4 Branch-and-Check Algorithm

In this subsection we discuss several variants of our branch-and-check algo-
rithm for the problem 1 | rj | ∑

wjUj . To recall the framework of the
branch-and-check method, a flow chart is presented in Figure 2.11. We have
contributed to this method on its two main stages, the initialization stage and
the cut generation stage. In each variant of our branch-and-check algorithm,
cuts are generated differently.

Remember that we have three ways to generate infeasibility cuts. The
first usual approach consists in using standard cuts (2.12). To generate these
cuts we only need the information whether solution x̄ is feasible or not. In
the experiments, to check feasibility, the instance of the problem 1 | rj | Lmax

with jobs in J̄ was solved by Carlier algorithm [20]. We denote this standard
approach “bas” (basic).

The second approach was suggested in subsection 2.3.1. Here we generate
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°END

no more
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Figure 2.11: The flow chart of the branch-and-check method

the cuts (2.13) using the modified Carlier algorithm. Unfortunately, this
algorithm is sometimes time consuming. Therefore, in the experiments, the
search tree is truncated after 1000 nodes. The second approach is denoted as
“str” (strengthened cuts).

The third approach was discussed in subsection 2.3.2. Here Edge-Finding-
based inequalities are used as infeasibility cuts. To generate them, we apply
the separation algorithm proposed in subsection 2.3.3. We denote this ap-
proach as “ef” (Edge-Finding-based cuts).

Notice that the separation algorithm does not tell us anything about the
feasibility of a solution, if a violated Edge-Finding-based inequality is not
found. Also, the modified Carlier algorithm cannot determine whether a
solution is feasible or not, if it is interrupted after reaching the node limit.
Therefore, in all variants of the algorithm we use the first approach to test
infeasibility when the other approaches are unsuccessful.

We consider the following five variants of the cuts generation stage in the
branch-and-check algorithm: “bas”, “str+bas”, “ef+str+bas”, “ef+bas”,
“str+ef+bas”. Flow charts for these variants are presented in Figure 2.12. For
example, the last variant “str+ef+bas” signifies that first the modified Carlier
algorithm is applied; then if it is interrupted, we use the separation algorithm;
finally, if the latter cannot find a violated Edge-Finding-based inequality, the
usual Carlier algorithm is used.
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Figure 2.12: Variants of the cuts generation stage in the branch-and-check
algorithm

2.5 Numerical Experiments

In this section we report on the results of a computational study of the pro-
posed branch-and-check algorithm. We experiment with the five variants of
the algorithm presented in Section 2.4.

For the experiments we used three test sets. The first test set contains the
instances from [8]. The data for these instances was derived based on four
parameters:

• processing times were uniformly generated in the interval [pmin, pmax];

• weights were uniformly generated in the interval [1, wmax];

• release dates were generated from the normal distribution with param-
eters (0, σ) (negative values generated are discarded), where σ depends
on the load of the machine (the higher is load, the smaller is σ), see [8]
for more details; the load equals the ratio of the sum of all processing
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times and the difference between the maximum due date and minimum
release date dN − rN ;

• margins (mj = dj − rj − pj) were uniformly generated in the interval
[0,mmax].

The values of the parameters were selected from each of the following values:

(pmin, pmax) (0,100), (25,75)
mmax 50, 200, 350, 500, 650
load 1.0, 1.6, 2.2
wmax 1, 10, 100.

For each quadruple of the parameters and for each n ∈ {10, 20, . . . , 100},
there is one instance in the test set. In total there are 90 instances for each
dimension. We denote this test set by “b”. Instances from it with particular
dimension n are denoted by “bn”.

The second test set is the instances from [30]. For these instances process-
ing times were uniformly generated in the interval [0, 100]. Given the number
of jobs n, the remaining data is derived according to three parameters:

• weights were uniformly generated in the interval [1, wmax];

• release dates were uniformly generated in the interval [0, K1n];

• due dates were uniformly generated in the interval [rj+pj , rj+pj+K2n].

The parameters used were:

wmax 10, 99
K1 1, 5, 10, 20
K2 1, 5, 10, 20.

For each triple of the parameters and for each n ∈ {20, 40, . . . , 140}, there
are ten instances in the test set. In total there are 320 instances for each
dimension. We denote this test set by “s”. Instances from it with particular
dimension n are denoted by “sn”.

The third set of instances have been generated in a similar manner to that
of the second test set. The only difference is that the weights are dependent on
the processing times. Each wj , j ∈ N , was generated uniformly in the interval
[max{1, pj−δ}, min{99, pj +δ}], where δ denotes a degree of dependence. We
used two values for the parameter δ: 10 and 25. For the parameters K1 and
K2 the same values 1, 5, 10, 20 as in the previous case were used. For each
triple of parameters and for each n ∈ {80, 100, 120} there are ten instances in
the test set. In total there are 160 instances for each dimension and each value
of δ. We denote this test set by “d”. Instances with particular dimension n
and δ are denoted by “dδ-n”.

In the experiments, we were interested in the following statistics.
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P1h — the percentage of instances solved to optimality in one hour.

All other statistics were evaluated only for the instances that were solved
within the time limit.

Tav, Tmax — average and maximum time, needed to solve an instance to
optimality (in seconds).

Nav, Cav — average number of nodes and infeasibility cuts in the IP search
tree.

PMCEav - average efficiency of the modified Carlier algorithm, i.e. the
average percentage difference between the cardinality of the input set J̄
of jobs and the cardinality of the infeasible subset Q ⊆ J̄ found by the
algorithm:

PMCE =
| J̄ | − | Q |

| J̄ | · 100%.

We took into account only the cases when the modified Carlier algorithm
found an infeasible subset within the node limit.

PMCL — percentage of cases in which the modified Carlier algorithm
reached the node limit.

Computational experiments have been carried out on a computer with a
2 GHz Pentium IV processor and 512 Mb RAM. The algorithm have been
implemented in the Mosel modelling and optimization language [26] with
XPress-MP (version 15.20) as the IP solver.

“bas” “ef+bas”
Test P1h Tav P1h Tav

s40 99.7% 2.5 100% 0.9
s60 98.8% 16.6 99.7% 6.0
s80 95.3% 50.3 98.8% 15.2
s100 - - 99.4% 88.5
b40 100% 0.8 100% 0.8
b50 98.9% 5.5 100% 3.0
b60 96.7% 38.5 98.9% 5.9
b70 94.4% 79.4 98.9% 27.7
b80 97.8% 91.1 98.9% 25.9
b90 87.8% 137.2 96.7% 41.5

Table 2.2: Results for the first two variants of the algorithm

In Tables 2.2 and 2.3 we present results for the five variants of the algo-
rithm. “-” means, that the corresponding experiment has not been performed.
We did not test the variant “str+ef+bas” for the instances “b” because, when
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“ef+str+bas” “str+bas” “str+ef+bas”
Test P1h Tav P1h Tav P1h Tav

s40 100% 0.6 100% 0.6 100% 0.6
s60 100% 3.3 100% 3.5 100% 3.4
s80 100% 15.3 100% 15.4 100% 11.8
s100 99.7% 46.0 99.7% 28.6 100% 33.0
s120 97.8% 132.4 99.7% 115.7 99.7% 109.0
s140 92.5% 127.2 95.9% 189.8 96.3% 183.6
b40 100% 0.6 100% 0.5 - -
b50 100% 1.7 100% 1.5 - -
b60 100% 3.3 100% 3.5 - -
b70 100% 7.0 100% 6.7 - -
b80 100% 14.5 100% 49.4 - -
b90 98.9% 36.8 98.9% 26.3 - -
b100 100% 104.2 100% 91.6 - -

Table 2.3: Results for the last three variants of the algorithm

solving these instances by the variant “str+bas”, the modified Carlier algo-
rithm very rarely reached the node limit. This fact implies that we have
the same results for the “str+ef+bas” variant. Taking this observation into
account, we conclude that the variant “str+ef+bas” is the best on average
for the test instances “s” and “b”. The only exception is one of the “b80”
instances, which is solved much faster by the “ef+str+bas” variant. Because
of this instance, the average statistics for the test set “b80” and the variants
“str+bas” and “str+ef+bas” are worse.

If we consider the efficiency of the cuts (2.13) and Edge-Finding-based
inequalities (2.18) separately, then from the results in Tables 2.2 it follows
that the former are more efficient.

Algorithm from [63] Algorithm “str+ef+bas”
Test P1h Tav Tmax P1h Tav Tmax

b50 100% 15.3 118 100% 1.5 46
b60 100% 49.4 602 100% 3.5 48
b70 100% 97.0 2693 100% 6.7 117
b80 100% 140.6 3081 100% 49.4 3318
b90 93.3% 203.4 2375 98.9% 26.3 311
b100 93.3% 378.8 3568 100% 91.6 1512
s40 100% 8.3 147 100% 0.6 7
s60 99.7% 67.6 1982 100% 3.4 264
s80 98.1% 218.6 2237 100% 11.8 514
s100 94.1% 551.2 3548 100% 33.0 1110

Table 2.4: Comparison of the results
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In the next experiment, we compared the results obtained with the best
variant “str+ef+bas” of our algorithm with the results of the algorithm pre-
sented in the paper by Péridy et al. [63]. The authors of this paper have
kindly supplied us with the code of their algorithm. Both algorithms have
been tested on the instances “s” and “b” with up to 100 jobs. Note that
exactly the same instances were used for both algorithms. The results pre-
sented in Table 2.4 reveal that our algorithm outperforms the one from [63].
Note that the latter is the best, to our knowledge, algorithm for the problem
1 | rj |

∑
wjUj available in the literature.

“bas” “str+ef+bas”
Test Nav Cav Nav Cav PMCEav PMCL
b50 396.6 85.6 219.9 10.8 42.9% 0.3%
b60 768.0 184.5 345.8 13.8 46.7% 2.7%
b70 1307.1 273.9 527.5 16.2 57.6% 0.1%
b80 1917.9 252.6 1840.3 85.1 42.1% 0.2%
b90 2358.6 274.4 1300.7 20.3 51.6% 0.4%
b100 - - 3657.9 60.8 51.5% 0.1%
s40 188.0 30.5 85.3 4.1 34.9% 0.1%
s60 400.1 80.7 267.5 10.3 42.0% 1.0%
s80 1019.3 159.5 501.0 16.3 39.1% 2.2%
s100 - - 849.8 12.0 48.9% 1.6%
s120 - - 1907.0 17.3 44.3% 11.7%
s140 - - 2580.0 21.7 42.2% 9.3%

Table 2.5: Impact of stronger cuts

In Table 2.5 we present additional parameters for the variants “bas” and
“str+ef+bas” of the algorithm. It appears that in comparison with “bas”, the
average number of nodes in “str+ef+bas” is significantly lower. Moreover, on
average the number of the strengthened cuts (2.13) generated in “str+ef+bas”
is an order of magnitude less, than the number of the cuts (2.12) used in “bas”.
So the efficiency of the stronger cuts proposed here is quite high. Statistics
for the parameter PMCEav partly explain this efficiency. The strengthened
cuts are based on infeasible subsets of jobs where the cardinality is less by 40-
50% on average than the cardinality of the initial infeasible sets, on which the
standard cuts are based. Notice that the algorithm to derive the strengthened
cuts is sufficiently fast, difficulties occur only with the biggest “s” instances,
for which the algorithm did not terminate before the node limit in about 10%
of the cases. In these cases sometimes we can still add generalized tightening
inequalities in the variant “str+ef+bas” in contrast to the variant “str+bas”,
where only the standard cuts (2.12) are generated. This seems to be the
reason why the former variant is superior to the latter.

Results for the test set “d” are shown in Table 2.6. As expected, instances
in which the weights and processing times are dependent are harder to solve.
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Test P1h Tav Nav Cav

s80 100% 11.8 501.0 16.3
s100 100% 33.0 849.8 12.0
s120 99.7% 109.0 1907.0 17.3
d25-80 99.4% 38.7 2055.6 36.6
d25-100 96.3% 162.8 4728.1 29.3
d25-120 92.5% 163.0 3486.6 44.9
d10-80 96.9% 64.6 3675.5 47.6
d10-100 95.0% 187.2 6045.8 69.8
d10-120 86.9% 186.2 4327.7 59.0

Table 2.6: Results for the “dependent” instances

The stronger the dependence, the smaller the percentage of instances solved
within the time limit.

Finally, we divided the sets of test instances “s” into subsets, depending on
parameter K2. The larger this parameter is, the larger is the average margin
between due date dj and the earliest completion time rj + pj of jobs. Larger
margins give larger average time windows of jobs. Looking at the results in
Table 2.7, the efficiency of the algorithm appears to be highly dependent on
the type of instances. The instances with the small time windows are harder
to solve. Many more nodes and cuts are needed to solve such instances.
However on the other hand, PMCEav statistics are about two times larger
than for other instances. This means that the modified Carlier algorithm is
particularly efficient for this type of instances. Moreover, this algorithm never
reaches the node limit. So the stronger cuts are especially useful for instances
with small time windows.
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Test P1h Tav Nav Cav PMCEav PMCL
K2 = 1 (the smallest average time window)

s140 90.0% 654.7 9237.8 61.7 70.7% 0.0%
s120 100% 342.0 6135.1 40.9 71.5% 0.0%
s100 100% 86.0 2372.4 27.4 72.8% 0.0%
s80 100% 12.9 513.6 12.4 72.1% 0.0%
s60 100% 2.3 104.5 4.4 69.3% 0.0%

K2 = 5
s140 97.5% 77.5 1026.5 21.1 22.8% 23.0%
s120 98.8% 48.7 842.5 20.6 25.1% 21.2%
s100 100% 16.0 540.1 11.4 36.3% 2.1%
s80 100% 17.4 1040.1 37.6 39.3% 0.0%
s60 100% 3.0 322.1 13.8 36.0% 0.1%

K2 = 10
s140 97.5% 18.3 338.8 3.8 25.9% 6.3%
s120 100% 22.6 414.9 6.2 15.3% 17.6%
s100 100% 10.4 321.5 8.2 18.4% 3.1%
s80 100% 7.0 295.1 11.4 19.6% 1.1%
s60 100% 5.2 467.5 16.9 47.3% 0.6%

K2 = 20 (the largest average time window)
s140 100% 24.0 288.0 3.9 14.4% 5.3%
s120 100% 21.8 222.4 1.8 15.6% 3.7%
s100 100% 19.6 165.1 1.1 22.9% 7.6%
s80 100% 10.1 155.4 3.8 12.0% 24.3%
s60 100% 3.4 176.1 6.0 27.5% 4.5%

Table 2.7: Results for subsets of the test instances with different time windows
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Chapter 3

Multi-machine problems

In this chapter, we consider two multi-machine scheduling problems with re-
lease dates. The first problem is the multi-machine assignment scheduling
problem, and the second one is the problem of minimizing the maximum
tardiness on unrelated machines (R | rj | Tmax).

We present the first problem and review the related literature in Sec-
tion 3.1. In Section 3.2, we formulate this problem as a MIP. The MIP formu-
lation is decomposed according to the generic Benders approach. Branch-and-
check algorithms are derived for the problem in Section 3.3. In Section 3.4,
we apply another approach for solving the problem — Dantzing-Wolfe de-
composition. Then branch-and-price algorithms which are based on this de-
composition are presented. In Section 3.5, we modify the branch-and-check
and branch-and-price algorithms to solve the problem R | rj | Tmax. Sec-
tion 3.6 presents ways to exploit the symmetry in the proposed algorithms
in the case when machines are identical. Finally in Section 3.7, the results
of the numerical experiments with the different algorithms are presented and
discussed.

Part of the results presented in this chapter have been published in [73].

3.1 Multi-Machine Assignment Scheduling Prob-
lem

Now we introduce the multi-machine assignment scheduling problem
(MMASP). A set N = {1, . . . , n} of jobs have to be processed on a set M =
{1, . . . , m} of machines. Any job can be processed on any machine, each
machine can process only one job at a time, and preemptions are not allowed.
Each job j ∈ N has a release date rj and a due date dj . If job j ∈ N is
assigned to machine k ∈ M , the processing time of j equals pk

j . If job j is
assigned to machine k and j is on-time, it generates a profit wk

j . The objective
is to find a schedule which maximizes the total profit.
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The MMASP is a generalization of the scheduling problem R | rj |
∑

wjUj .
The difference is that the profit of an on-time job in the MMASP depends on
the machine the job is processed on, whereas in the latter problem the profit
does not depend on the machine. Introduction of the machine-dependent
profit may seem to be unrealistic, but it makes sense for the following prob-
lem which can be reformulated as the MMASP.

Again, a set N of non-preemptive jobs have to be processed on a set
M of machines which can handle only one job at a time. Each job j ∈ N
has a release date rj and a deadline d̄j . Job j also has machine-dependent
processing times pk

j , k ∈ M and costs ck
j . The objective is to process all

the jobs within their time windows and minimize the total processing cost.
We can reformulate this problem as the MMASP by changing deadlines to
due dates (dj := d̄j , j ∈ N) and converting costs to profits in the following
manner:

wk
j := C − ck

j , j ∈ N, i ∈ M, where C =
∑

j∈N

max
k∈M

ck
j + 1.

Such a choice of C guarantees that the profit of any schedule in which all
jobs are on-time is larger than the profit of any schedule in which at least
one job is late. Therefore, if there exists a feasible schedule for the problem
of minimizing total cost, any optimal schedule of the MMASP is also feasible
and optimal for the problem of minimizing total cost as all jobs are processed
on-time and maximum total profit corresponds to minimum cost.

In the literature, the MMASP has been used to illustrate the effective-
ness of IP/CP hybrid methods. Jain and Grossmann [41] have suggested an
iterative version of the generic Benders decomposition approach. In their al-
gorithm, the master problem is solved by branch-and bound, and the solution
is checked for feasibility by CP. If the solution is infeasible, a cut of the type
(2.12) is generated and added to the master which is solved again from the
scratch. Later, a more efficient branch-and-check algorithm has been pro-
posed by Thorsteinsson [82]. To our knowledge, the best results so far have
been obtained by Bockmayr and Pisaruk [16]. The main difference between
their algorithm and that of Thorsteinsson is that they check not only integer
solutions of the master problem but also fractional ones for feasibility. In this
chapter, we improve on the results of Bockmayr and Pisaruk by following two
directions. First, we modify the branch-and-check algorithm of Thorsteinsson
by adding constraints to the master problem formulation. These constraints
are similar to those that form the relaxation X̄ (r, p, d) proposed in Section 2.2.
Secondly, we reformulate the problem and devise branch-and-price algorithms
to solve it.
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3.2 MIP Formulations

In this section, we give a MIP formulation of the problem. This formulation
appeared previously in [41, 16]. Assignment binary variable xk

j , j ∈ N , k ∈ M ,
takes value 1 if job j is processed on-time on machine k, and otherwise xk

j = 0.
Sequencing binary variable δij , i, j ∈ N , takes value 1 if both jobs i and j
are processed on-time on the same machine and i precedes j, and otherwise
δij = 0. Continuous variable sj , j ∈ N , equals the start time of job j if j is
on-time. Continuous variable ej , j ∈ N , equals the completion time of job j
if j is on-time. If job j is late, sj and ej take any values from interval [rj , dj ].
Using variables x, δ, s and e, we can write the formulation of (MM).

(MM)

max
∑

k∈M

∑

j∈N

wk
j xk

j (3.1)

s.t.
∑

k∈M

xk
j = 1, ∀j ∈ N, (3.2)

∑

j∈N

pk
j xk

j ≤ max
j∈N

dj −min
j∈N

rj , ∀k ∈ M, (3.3)

sj +
∑

k∈M

pk
j xk

j − ej = 0, ∀j ∈ N, (3.4)

sj ≥ ei − U(1− δij), ∀i, j ∈ N, i 6= j, (3.5)
rj ≤ sj , ∀j ∈ N, (3.6)
dj ≥ ej , ∀j ∈ N, (3.7)
δij + δji ≤ 1, ∀i, j ∈ N, i < j, (3.8)
δij + δji ≥ xk

i + xk
j − 1, ∀i, j ∈ N, i < j,

∀k ∈ M, (3.9)
xk

i + xl
j + δij + δji ≤ 2, ∀i, j ∈ N, i < j,

∀k, l ∈ M, k 6= l, (3.10)
xk

j ∈ {0, 1}m×n, δij ∈ {0, 1}. (3.11)

Here the equalities (3.2) enforce the assignment of each job to exactly one
machine. The inequalities (3.3) state that the total processing time of all the
jobs that are assigned to machine m should be less than the difference between
the latest due date and the earliest release date. These inequalities are similar
to inequalities (2.8) which are valid for the single machine formulation (SM).
The constraints (3.4) relate the start and completion times. The sequencing
constraints (3.5) ensure that processing of job j begins after processing of
job i if δij = 1. Here U is a big value and can be, for example, instantiated
as the difference between the maximum due date and the minimum release
date. In the same manner, as for the formulation (SM), one can show that,
if δij = 0, constraints (3.5) are dominated by the constraints (3.6) and (3.7),
which enforce the release dates and due dates. The constraints (3.8) insure
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that only one of two jobs i, j is processed before the other. The constraints
(3.9) and (3.10) relate x and δ variables: the first group ensures that if jobs
i and j are assigned to machine k, then one must be processed before the
other; the second group guarantees that the sequencing variables δij and δji

are both zero if jobs i and j are assigned to different machines.
The formulation (MM) can be strengthened by adding valid inequalities

in a similar way as it has been done for the formulation (SM) in Section 2.2.
Let Θ(r, p, d) denotes the feasible region (3.4)-(3.11) for variables (x, δ, s, e).
Remember that, for a job j ∈ N , αj(r′) = (r′ − rj)+ and βj(d′) = (dj − d′)+.
Let

εk
j (r′, d′) = min

{
d′ − r′,

(
pk

j − αj(r′)
)+

,
(
pk

j − βj(d′)
)+

}
.

By the same reasoning as for the constraints (2.10), the following statement
is true. If job j ∈ N is processed on-time on machine k ∈ M , it should be
processed in interval [r′, d′] at least during the time εk

j (r′, d′). So, we get the
following proposition.

Proposition 3.1. Consider an interval [r′, d′], 0 ≤ r′ < d′, and a machine
k ∈ M . Then the inequality

∑

j∈N

εk
j (r′, d′) · xk

j ≤ d′ − r′ (3.12)

is valid for Θ(r, p, d).

Let X̄ k(r, pk, d) denotes the feasible region defined by the set of the con-
straints (3.12) for machine k ∈ M and for all intervals [r′, d′] based on the
release and due dates of jobs, i.e. r′ = ri, d′ = dj , i, j ∈ N :

X̄ k(r, pk, d) =
{
xk ∈ {0, 1}n : εk(ri, dj) · xk ≤ dj − ri, ∀i, j ∈ N, ri < dj

}
.

Now we can write the formulation (MMS) which is a strengthening of
formulation (MM).

(MMS)

max
∑

k∈M

∑

j∈N

wk
j xk

j (3.13)

s.t.
∑

k∈M

xk
j = 1, ∀j ∈ N, (3.14)

xk ∈ X̄ k(r, pk, d), ∀k ∈ M, (3.15)
(x, δ, s, e) ∈ Θ(r, p, d). (3.16)

The formulations (MM) and (MMS) can be solved by the standard MIP
branch-and-cut method. However, it is more efficient to decompose and solve
them using a branch-and-check algorithms which are similar to the one pro-
posed for the problem 1 | rj |

∑
wjUj in Chapter 2. Such algorithms are

presented in the next section.
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3.3 Branch-and-Check Algorithms

We now decompose the formulation (MM) by following the generic Benders
decomposition scheme. The master problem is

max
∑

k∈M

∑

j∈N

wk
j xk

j (3.17)

s.t.
∑

k∈M

xk
j = 1, ∀j ∈ N, (3.18)

xk ∈ X̄ k(r, pk, d), ∀k ∈ M. (3.19)

Let x̄ be an integer solution at a node of the master and J̄k = {j ∈ N : x̄k
j =

1}, k ∈ M . Then the feasibility slave problem can be decomposed into m
subproblems, one for each machine. The subproblem for machine k ∈ M is
formulated as

find sj , j ∈ J̄k

s.t disjunctive
({sj}j∈J̄k , {pk

j }j∈J̄k

)
,

sj ∈ [rj , dj − pk
j ], j ∈ J̄k.

For each machine k ∈ M , we check the feasibility of the master problem
solution x̄k in a similar way as in the “str+ef+bas” variant of the branch-and-
check algorithm presented in Section 2.4. First, the modified Carlier algorithm
is executed. If an infeasible set of jobs Qk ⊆ J̄k is found, the cut

∑

j∈Qk

xk
j ≤| Qk | −1

is generated. Otherwise, if in the modified Carlier algorithm, the node limit is
reached, the separation algorithm for the Edge-Finding-based cuts is applied.
If such a cut is not found, the Carlier algorithm is executed and the cut

∑

j∈J̄k

xk
j ≤| J̄k | −1 (3.20)

is generated when x̄k is infeasible. If x̄k is feasible for all machines k ∈ M , it
is stored and the solution of the master problem is continued.

We call the branch-and-check algorithm presented just above as BCh-
MMS. We call another branch-and-check algorithm as BCh-MM. In the
latter the constraints (3.19) are replaced by the constraints (3.3) and the slave
subproblems are solved by Constraint Programming. If solution x̄k, k ∈ M ,
is infeasible, the cut (3.20) is generated. Note that the algorithm BCh-MM
resembles the algorithm proposed by Bockmayr and Pisaruk [16]. The only
difference is that, in the latter algorithm, infeasibility cuts are generated for
both integer and fractional solutions.
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3.4 Branch-and-Price Algorithms

Given the structure of MMASP, it is very natural to think of a column-
generation approach. The use of Dantzig-Wolfe decomposition to solve multi-
machine scheduling problems is not new. For example, this approach was
used by Chen and Powell [24] in tackling a problem similar to MMASP, but
with identical release dates.

We now reformulate the MMASP. Let Ωk denote the set of all feasible
partial schedules on machine k ∈ M . Let wω be the total profit of partial
schedule ω ∈ Ωk, k ∈ M . For each job j ∈ N , let ajω = 1 if partial schedule
ω contains job j, and otherwise ajω = 0. Binary variable λω, ω ∈ Ωk, k ∈ M ,
takes value 1 if partial schedule ω is included in the solution. Now we can
formulate the MMASP as the master problem (MP).

(MP)

max
∑

k∈M

∑

ω∈Ωk

wωλω (3.21)

s.t.
∑

k∈M

∑

ω∈Ωk

ajωλω ≤ 1, ∀j ∈ N, (3.22)

∑

ω∈Ωk

λω ≤ 1, ∀k ∈ M, (3.23)

λω ∈ {0, 1}, ∀ω ∈ Ωk, ∀k ∈ M. (3.24)

The constraints (3.22) specify that each job belongs to at most one partial
schedule and the constraints (3.23) guarantee that each machine is occupied
by at most one partial schedule.

In the formulation (MP), the number of variables is exponential. There-
fore, to solve the LP relaxation of the master, the column generation procedure
is applied. Remember that we iterate between a solution of the LP restriction
(RMP) of the master problem involving only a subset of the columns, and
a solution of the pricing problem. In our case, the pricing problem breaks
up into m subproblems, one for each machine. Let (θ, µ) ∈ Rn+m be an
optimal dual solution of the LP relaxation of (RMP). To check if there are
variables with a positive reduced cost which are not included to (RMP), we
solve the pricing problem. The reduced cost of variable λω, ω ∈ Ωk, is equal to∑

j∈N (wk
j −θj)ajω−µk. The pricing problem decomposes into m subproblems

(SPk), one for each machine k ∈ M :

(SPk)
max

∑

j∈N

(wk
j − θj)xj − µk (3.25)

s.t. (x, δ, s) ∈ ∆(r, pk, d). (3.26)

It is easy to see that each pricing subproblem is exactly the one-machine
problem 1 | rj |

∑
wjUj . It can be solved using the branch-and-check algo-

rithms presented in Chapter 2 as well as by the standard MIP branch-and-cut
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method.
As the LP solution of (MP) may not be integer, it is necessary to embed

the solution of the LP relaxation of (MP) within a branch-and-bound tree,
giving a branch-and-price algorithm. We now discuss branching strategies for
such an algorithm. Note that branching on the variables λ is not usually the
right choice as this produces an unbalanced search tree and complicates the
pricing problem at the nodes inside the tree. Instead, we propose to branch
on the variables x of the formulation (MM). By definition, the relation of the
variables x of the formulation (MM) and the variables λ of the formulation
(MP) is

xk
j =

∑

ω∈Ωk

ajωλω, ∀j ∈ N, ∀k ∈ M. (3.27)

The next proposition shows that it is possible to branch on the the vari-
ables x. The result is probably known, but we include it for completeness.

Proposition 3.2. Let λ̄ be an LP solution of the formulation (MP) and x̄ be
the corresponding solution of the formulation (MM). Then x̄ is fractional if
and only if λ̄ is fractional.

Proof. From (3.27) it follows that if λ̄ is integer then x̄ is integer. Now, to
prove the proposition, we show by contradiction that if λ̄ is fractional then x̄
is fractional.

Suppose that λ̄ is fractional and x̄ is integer. Consider the partial schedule
ω′ ∈ Ωk′ with the smallest number of jobs among partial schedules in Ωk′ for
which the corresponding variable is fractional: 0 < λω′ < 1. Consider a job i′

which belongs to partial schedule ω′, i.e. ai′ω′ = 1. By (3.27) and λω′ > 0 we
have x̄k′

i′ > 0, and by integrality of x̄, x̄k′
i′ = 1. Define Ω′ = {ω ∈ Ωk′ : λ̄ω >

0, ai′ω = 1}. Partial schedule ω belongs to Ω′ if ω is processed on machine k′,
contains job i′ and participates in the solution (λ̄ω > 0).

As ω′ ∈ Ω′, λ̄ω′ < 1 and
∑

ω∈Ω′ λ̄ω = x̄k′
i′ = 1, set Ω′ contains another

partial schedule ω′′. ω′ and ω′′ do not coincide and ω′′ contains at least as
many jobs as ω′. Therefore there exists a job i′′ which belongs to ω′′ and does
not belong to ω′. Similar to Ω′ we define Ω′′ = {ω ∈ Ωk′ : λ̄ω > 0, ai′′ω = 1}.
Again we have

∑
ω∈Ω′′ λ̄ω = x̄k′

i′′ = 1.
As Ω′ ∪ Ω′′ ⊆ Ωk′ and ω 6∈ Ω′′,

∑

ω∈Ωk′
λ̄ω ≥

∑

ω∈Ω′∪Ω′′
λ̄ω ≥

∑

ω∈Ω′′
λ̄ω + λ̄ω′ = 1 + λ̄ω′ > 1,

but this contradicts the constraint (3.23) for k = k′. Therefore, if λ̄ is frac-
tional, then x̄ is fractional.

So, when the LP solution of the formulation (MP) is fractional, there
exists a variable xk′

j′ which also fractional. To branch, we set xk′
j′ = 1 at the

first descendant node and we set xk′
j′ = 0 at the second one. This means
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that, at the first node, all partial schedules or columns for machine k′ must
contain job j′ and, at the second node, they must not contain j′. Such
constraints can be easily satisfied when solving the pricing subproblems. For
the branching variable selection, we use a standard “most-fractional-variable”
strategy, choosing to branch on the variable which value is the closest to 0.5.
The node selection strategy used is best bound.

Suppose that a variable xk′
j′ is chosen for branching at some node of the

branch-and-price enumeration tree. Then two descendant nodes are created,
one with the additional constraint xk′

j′ = 1 and the other with xk′
j′ = 0. The

(RMP) at the descendant nodes is then initialized by taking those columns of
the parent node that satisfy the additional constraint.

After generating and solving (RMP) by LP at each node, we then solve
(RMP) with its present set of columns as an IP, with the integrality constraints
(3.24). Typically this restricted IP can be solved fairly rapidly, and provides
a good feasible solution without going deep into the search tree. In addition,
if the optimal value of this restricted IP is the integer round-up of the optimal
value of (RMP), the node can be immediately pruned.

Depending on how the pricing subproblems are solved, we consider three
variants of the branch-and-price algorithm proposed here. In the first variant
BP-SM, we solve the formulations (SPk), k ∈ M , using the standard MIP
branch-and-cut method. In the second variant BP-SMS, each formulation
(SPk), k ∈ M , is amended by constraints xk ∈ X̄ k(r, pk, d) and solved again
by the standard MIP branch-and-cut method. The last variant BP-BCh
uses the variant “str+ef+bas” of the branch-and-check algorithm presented
in Section 2.4 to solve the pricing subproblems.

3.5 Minimizing the Maximum Tardiness on Un-
related Machines

First, we define the problem. A set N = {1, . . . , n} of non-preemptive jobs
have to be processed on a set M = {1, . . . , m} of machines which can handle
only one job at a time. Each job j ∈ N has a release date rj and a due date
dj . If job j ∈ N is assigned to machine k ∈ M , the processing time of j
equals pk

j . The objective is find a schedule which minimizes the maximum
tardiness Tmax = maxj∈N{Cj − dj , 0}. In the standard scheduling notation,
the problem is denoted as R | rj | Tmax.

Note that the criterion Tmax is equivalent to the criterion Lmax. For a
schedule π, if Lmax(π) ≥ 0 then, by definition, Tmax(π) = Lmax(π). To
guarantee the condition Lmax(π) ≥ 0 for any schedule, it suffices to decrease
the due dates of all jobs by the value LB, where LB is a lower bound on
the minimum maximum lateness. Decreasing the due dates of all jobs by an
identical constant increases the lateness of any schedule by the same constant
and does not change the set of optimal schedules of the problem.
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Multi-machine scheduling problems with the maximum lateness criteria
have not received as much attention in the literature as their one-machine
analogue, the problem 1 | rj | Lmax. Some work has been done for the
problem P | rj | Lmax with identical machines. Studies of lower bounds
for this problem have been performed by Haouari and Gharbi [39, 40] and by
Vandevelde et al. [83]. Exact branch-and-bound methods have been suggested
by Carlier [22] and Gharbi and Haouari [37]. Lancia [48] has proposed an exact
algorithm for the problem with two unrelated machines. To the best of our
knowledge, the problem R | rj | Lmax with an arbitrary number of unrelated
machines has not been studied in the literature.

In this section we will modify the algorithms we proposed for the MMASP
for solving the maximum tardiness problem. Subsection 3.5.1 deals with the
branch-and-check algorithm and subsection 3.5.2 concerns the branch-and-
price algorithm.

3.5.1 Branch-and-Check Algorithm

We begin by modifying the formulation (MM) to the formulation (MMT)
for the problem R | rj | Tmax. Continuous variable t equals the maximum
tardiness of the schedule.

(MMT)

min t (3.28)

s.t.
∑

k∈M

xk
j = 1, ∀j ∈ N, (3.29)

ej − dj ≤ t, ∀j ∈ N, (3.30)
(3.4)− (3.6), (3.8)− (3.11), (3.31)
t ≥ 0. (3.32)

Here the constraints (3.30) guarantee that the tardiness of any job does not
exceed the maximum tardiness. Let Θ>(r, p, d) denotes the feasible region
(3.30)-(3.32) for variables (x, δ, s, e, t). Note that, for a fixed t′ ≥ 0, Θ>(r, p, d)
is equivalent to Θ(r, p, d + t′).

The formulation (MMT) can be strengthened by adding modified con-
straints (3.12), as it is shown in the next proposition.

Proposition 3.3. Consider an interval [r′, d′], 0 ≤ r′ < d′, and a machine
k ∈ M . Then the inequality

∑

j∈N

εk
j (r′, d′) · xk

j ≤ d′ + t− r′ (3.33)

is valid for Θ>(r, p, d).

Proof. We fix variable t to an arbitrary value t′ ≥ 0. By Proposition 3.1,
inequality εk(r′, d′+t′)xk ≤ d′+t′−r′ is valid for Θ(r, p, d+t′). As εk

j (r′, d′) ≤
εk
j (r′, d′ + t′), ∀j ∈ N , inequality εk(r′, d′)xk ≤ d′ + t′ − r′ is also valid for
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Θ(r, p, d + t′). Therefore the inequality (3.33) is valid for Θ>(r, p, d) for any
value t′ ≥ 0.

Remark. When we do not have the constraint t ≥ 0, i.e. when we consider
the problem R | rj | Lmax, the constraint (3.33) is not valid any more, as
inequality εk(r′, d′) ≤ εk(r′, d′ + t′) does not hold true for t′ < 0.

We now give an outline of the branch-and-check algorithm for the problem.
Let

X̄ k
t (r, pk, d) =
˘
(xk, t) ∈ {0, 1}n × R+ : εk(ri, dj)x

k ≤ dj + t− ri, ∀i, j ∈ N, ri < dj

¯
.

Then the master problem is

min t

s.t.
∑

k∈M

xk
j = 1, ∀j ∈ N,

(xk, t) ∈ X̄ k
t (r, pk, d), ∀k ∈ M.

Let (x̄, t̄) is an integer solution of the master at some node of the search tree
and J̄k = {j ∈ N : x̄k

j = 1}, k ∈ M . Again, the feasibility slave problem can
be decomposed into m subproblems. The subproblem for machine k ∈ M is
formulated as

find sj , j ∈ J̄k

s.t disjunctive
({sj}j∈J̄k , {pk

j }j∈J̄k

)
,

sj ∈ [rj , dj + t̄− pk
j ], j ∈ J̄k.

To solve it, we solve the problem 1 | rj | Lmax for set J̄k of jobs with initial
due dates using the Carlier algorithm. Let L∗k be the value of an optimal
solution. If L∗k > t̄ then the solution of the master is infeasible and we should
generate an infeasibility cut. For this, we use the modified Carlier algorithm
for set J̄k of jobs and the constant L′ = L∗k − 1. As there is no schedule with
the maximum lateness L∗k − 1, we obtain an infeasible set of jobs Qk ⊆ J̄k

and the infeasibility cut is

t ≥ L∗k −
∑

j∈Qk

(1− xk
j ) · (L∗k − t̄). (3.34)

It is easy to see that such an infeasibility cut is valid. If all the jobs in set
Qk are assigned to machine k then (3.34) reduces to t ≥ L∗k which is valid
as, by the modified Carlier algorithm, any schedule of jobs in Qk cannot have
maximum tardiness equal to or less than L∗k−1. If at least one job in Qk is not
assigned to machine k, we have constraint t ≥ t′, where t′ is the right-hand
side of (3.34) and t′ ≤ t̄. This constraint is valid as t̄ is a lower bound on the
optimal maximum tardiness.
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If the modified Carlier algorithm reaches the node limit, we interrupt it
and set Qk = J̄k in the cut (3.34). If x̄k is feasible for all machines k ∈ M , it
is stored and the the solution of the master problem is continued.

3.5.2 Branch-and-Price Algorithm

We now apply Dantzig-Wolfe reformulation to (MMT). Let Ωk denote the set
of all partial schedules on machine k ∈ M . Let tω be the maximum tardiness
of partial schedule ω ∈ Ωk, k ∈ M . Again, ajω = 1 if job j ∈ N belongs to
partial schedule ω, and λω is a binary variable, ω ∈ Ωk, k ∈ M . Continuous
variable tmax represents the maximum tardiness. The master problem is the
following.

(MPT)

min tmax (3.35)

s.t.
∑

k∈M

∑

ω∈Ωk

ajωλω = 1, ∀j ∈ N, (3.36)

∑

ω∈Ωk

tωλω ≤ tmax, ∀k ∈ M, (3.37)

∑

ω∈Ωk

λω ≤ 1, ∀k ∈ M, (3.38)

λω ∈ {0, 1}, ∀ω ∈ Ωk, ∀k ∈ M. (3.39)

The constraints (3.37) specify that the tardiness of each partial schedule does
not exceed the maximum tardiness.

Let (θ, ν, µ) ∈ Rn+m+m be an optimal dual solution of the LP relax-
ation of (MPT). Then the reduced cost of variable λω, ω ∈ Ωk, is equal to
−∑

j∈N θjajω − νktω − µk. To check if there are variables with a negative
reduced cost, we need to solve the pricing problem, which decomposes here
into m subproblems (SPTk), one for each machine k ∈ M :

(SPTk)
min −

∑

j∈N

θjxj − νkt− µk (3.40)

s.t. (x, δ, s, t) ∈ ∆>(r, pk, d), (3.41)

where ∆>(r, pk, d) denotes the feasible region ∆(r, pk, d) in which constraints
sj + pk

j ≤ dj , j ∈ N , are replaced by constraints sj + pk
j ≤ dj + t, j ∈ N .

In (SPTk), binary variables x determine a values of the column with the
minimum reduced cost. Each pricing subproblem can be denoted as 1 | rj |∑

wjUj + w0Tmax. It can be solved using the branch-and-check algorithm
presented in subsection 3.5.1.

When the LP solution of (MP) is not integer, we branch on the variables
x, as in the branch-and-price algorithm for the MMASP in Section 3.4. The
node selection strategy and the branching variable strategy are also the same.
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3.6 The Case with Identical Machines

In this section, we turn to a special case of the MMASP and the problem
P | rj | Tmax. In this case the machines are identical. This means that
processing times and profits of any job are now the same regardless of the
machine on which the job is processed. So, we have pk

j = pj , wk
j = wj , j ∈ N ,

k ∈ M .
In subsection 3.6.1, we will discuss how to use the symmetry to decrease the

solving time in the branch-and-check algorithms. Subsection 3.6.2 describes
how to break symmetry in Dantzig-Wolfe reformulations.

3.6.1 Symmetry Breaking in Branch-and-Check

It can be noticed that, if the machines are identical, the formulations (MM)
and (MMT) have many symmetric solutions. Consider a solution of one of
these formulations. Let ωk, k ∈ M , be the partial schedule of jobs processed
on machine k in this solution. Consider now a permutation of machines
τ = (τ1, . . . , τm). The modified solution in which each partial schedule ωk is
processed on machine τk is feasible, as the processing times of jobs do not
change, and has the same objective value as the initial solution, as the profits
of jobs (the maximum tardiness of partial schedules) do not change. As the
number of all permutations is m!, there are m! solutions in each symmetry
group.

In order to consider only one solution in each symmetry group, we propose
to use a modified branching procedure when solving the master problem in
the branch-and-check algorithm. Note that a general branching procedure for
MIPs with large symmetry group has been proposed by Margot [59]. We now
present a modified branching procedure, which is equivalent to the Margot’s
approach for the case with identical machines. This procedure is simpler and
easy to understand and implement.

At a node of the search tree, we call a variable xk
j , j ∈ N , k ∈ M , fixed if

it has been set to 1 or 0 by the branching decision at some ascendant node.
Let Mϕ

f be the set of “empty” machines at node ϕ, i.e. for which there are
no variables fixed to 1. The modified branching procedure consists in the
following. Suppose, at some node ϕ of the search tree, variable xk′

j is chosen
to branch on. As usual, we set xk′

j to 1 at the first child node ϕ1 (and we
set variables xk

j , k ∈ M , k 6= k′, to zero, as
∑

k∈M xk
j ≤ 1). We set also

Mϕ1
f := Mϕ

f \ {k}. Setting variables at the second child node ϕ2 can change.
If k′ is in Mf , we set all the variables xk

j , k ∈ Mf , related to job j and
machines in Mf to zero. In the words, if we have tried to assign job j to some
“empty” machine, it is useless to assign j to another “empty” machine, as all
the machines are identical. If k′ 6∈ Mf , as usual, we set xk′

j to 0 at the second
child node. We set also Mϕ2

f := Mϕ
f . The modified branching procedure is

given formally in Algorithm 3.1. Example of application of this procedure is
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Figure 3.1: Application of the modified branching procedure for an instance
with 3 machines

shown in Figure 3.1.

Algorithm 3.1 The modified branching procedure for breaking the symmetry
1: Mϕ

f is calculated at the parent node (Mϕ
f := M if it is the top node)

2: choose a variable xk′
j to branch on;

3: at the first child node ϕ1, set xk′
j = 1, xk

j = 0, ∀k ∈ M , k 6= k′;
4: Mϕ1

f := Mf \ {k}.
5: if k′ ∈ Mf then
6: at the second child node, set xk

j = 0, ∀k ∈ Mf ;
7: else
8: at the second child node, set xk′

j = 0;
9: end if

10: Mϕ2
f := Mf .

In the following two propositions, we prove that, when the modified branch-
ing is applied, we obtain an optimal solution of the formulations (MM) and
(MMT) and consider at most one solution in each symmetry group.

Proposition 3.4. Suppose all the machines k ∈ M are identical. Then the
modified branching procedure given in Algorithm 3.1 does not prune all the
optimal solutions of the formulations (MM) and (MMT).

Proof. First, let k′ 6∈ Mf . Then the modified branching does not differ from
the usual branching.

To prove the proposition in the case where k′ ∈ Mf , we prove that if there
is an optimal solution x̃ pruned in Algorithm 3.1, there is also an optimal
solution situated in the subtree rooted at the first child node. This case
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Figure 3.2: Illustration for the Proposition 3.4

is illustrated in Figure 3.2. There, dashed lines denote branching decisions
which are considered when the usual branching is applied and not considered
when the modified branching procedure is applied. x̃ can be pruned only
if x̃k′′

j = 1, k′′ ∈ Mf , k′′ 6= k′. Let ω̃k be the partial schedule processed
on machine k ∈ M in solution x̃. Consider the solution x̄ in which partial
schedule ω̃k′ is processed on machine k′′, ω̃k′′ is processed on k′, and each
partial schedule ω̃k, k ∈ M , k 6= k′, k 6= k′′, is processed on machine k. As
the machines k′ and k′′ are identical, solution x̄ has the same objective value
as x̃ and also optimal.

As neither variables xk′
i nor variables xk′′

i , i ∈ N , are fixed to 1 at the
current node, solution x̄ is situated in the subtree rooted at the first child
node.

Proposition 3.5. If the modified branching is applied, then at most one so-
lution of the formulations (MM) and (MMT) is considered in each symmetry
group.

Proof. We will show that, for any pair of solutions in the same symmetry
group, at least one solution is pruned. This will prove the proposition.

Consider any full enumeration tree and two solutions x̄ and x̃ which are
in the same symmetry group. Let ϕ be the node in the tree such that x̄ is
situated in the subtree rooted at the first child node of ϕ, and x̃ is situated in
the subtree rooted at the second child node of ϕ. Without loss of generality
suppose that the first branching decision is xk′

j = 1, i.e. job j is processed

70



on machine k′ in x̄. Let j be processed on machine k′′ in x̃. We know that
k′ 6= k′′. Then, as x̄ and x̃ are in the same symmetry group, a job processed
is on machine k′ in x̄ if and only if it is processed on machine k′′ in x̃.

There are no variables xk′
i or xk′′

i , i ∈ N , fixed to 1 at node ϕ, as otherwise
x̄ and x̃ would not be in the same symmetry group (we would have x̄k′

i = x̃k′
i =

1 or x̄k′′
i = x̃k′′

i = 1 for some i ∈ N). Then, both k and k′ are in Mf at node ϕ.
Therefore, the second branching decision includes xk′′

j = 0, and the solution
x̃ is pruned.

Remark. The same idea also works for the case in which we have different
families of identical machines. It suffices to slightly adjust Algorithm 3.1. In
this case, we find set Mf and check condition k′ ∈ Mf for each family of
machines.

3.6.2 Symmetry Breaking in Branch-and-Price

In this subsection, we will show how to modify the Dantzig-Wolfe reformula-
tion (MP) to break the symmetry. The case with the formulation (MPT) is
analogous.

As the machines are identical, we will not distinguish between the sets of
partial schedules Ωk, k ∈ M . Now we have one set Ω of all feasible partial
schedules. The master formulation (MP) is then becomes

(MPP)

max
∑

ω∈Ω

wωλω (3.42)

s.t.
∑

ω∈Ω

ajωλω ≤ 1, ∀j ∈ N, (3.43)

∑

ω∈Ω

λω ≤ m, (3.44)

λω ∈ {0, 1}, ∀ω ∈ Ω. (3.45)

The constraint (3.44) says that we can choose at most m partial schedules, as
there are m machines available.

Let (θ, µ) ∈ Rn×R be an optimal dual solution of the (MPP). The pricing
problem here is

max
{ ∑

j∈N

(wj − θj)xj − µ : (x, δ, s) ∈ ∆(r, p, d)
}

.

We can derive the same branch-and-price algorithm for the formulation
(MPP) as the for the formulation (MP). However, one component of this
algorithm should be modified, as we do not have the relation (3.27) between
variables x and λ anymore. So, the branching strategy must be changed.

Notice that the master (MPP) takes the form of a set partitioning prob-
lem. For such problems, a branching scheme was developed by Ryan and
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Foster [71]. They showed that, for any fractional solution λ̄, there exists a
pair of items (i, j) (in our case, jobs) such that λ̄ can be separated using the
disjunction

∑
ω:aiω=ajω=1

λω ≤ 0 or
∑

ω:aiω=ajω=1

λω ≥ 1.

These constraints can be directly implemented in the pricing problem of
the descendant nodes. At the first child node, as no column that have both
xi = 1 and xj = 1 can be used, we add constraint xi + xj ≤ 1 to the pricing
problem. At the second child node, as jobs i and j are entirely covered by
columns ω ∈ Ω with aiω = ajω = 1, the pricing problem is augmented by
constraint xi = xj .

Adding linear constraints to the pricing problem does not change the solu-
tion method for it, as the pricing problem is solved using the branch-and-check
or branch-and-cut method. Note that a generic branching scheme which does
not change the structure of the pricing problem in branch-and-price algo-
rithms, has been suggested by Vanderbeck [85]. In this scheme, one uses the
same algorithm for solving the pricing problem both at the root node and
inside the search tree. However, at a node inside the search tree, the pricing
algorithm can be called several times.

3.7 Numerical Experiments

In this section we present results of numerical experiments for the algorithms
proposed above in Chapter 3. For reminder, the formulations for the branch-
and-cut and branch-and-check algorithms are shown in Table 3.1, and the
formulations for the pricing problem of the different branch-and-cut algo-
rithms are shown in Table 3.2. All experiments were carried out on a PC
with a Pentium 4 2GHz processor and 512 Mb RAM. The algorithms were
implemented in the Mosel modelling and optimization language [26], using
XPress-MP (version 14.21) as the MIP solver, and CHIP version 5.4.3 as the
CP solver. It should be emphasized that both implementations are completely
written in Mosel, and neither has been optimized in any way.

In subsection 3.7.1, results for seven algorithm for the MMASP are shown.
Subsection 3.7.2 presents results for two algorithms for the problem R | rj |
Tmax.

3.7.1 The MMASP

The first nine instances of the MMASP problem are taken from [16]. The
names of these instances are of the form “m− n[γ]”, where m is the number
of machines, n is the number of jobs, and γ denotes a character to distinguish
instances of the same size. Note that these instances are with the total cost
objective which needs to be minimized. A way to convert these instances to
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MM MMS

max wx

s.t.
∑

k∈M xk
j = 1, ∀j ∈ N,

(x, δ, s, e) ∈ Θ(r, p, d).

max wx

s.t.
∑

k∈M xk
j = 1, ∀j ∈ N,

xk ∈ X̄ k(r, pk, d), ∀k ∈ M,

(x, δ, s, e) ∈ Θ(r, p, d).

BCh-MM BCh-MMS

max wx

s.t.
∑

k∈M xk
j = 1, ∀j ∈ N,

infeasibility cuts

x ∈ {0, 1}n×m.

max wx

s.t.
∑

k∈M xk
j = 1, ∀j ∈ N,

xk ∈ X̄ k(r, pk, d), ∀k ∈ M,

infeasibility cuts

x ∈ {0, 1}n×m.

Table 3.1: Formulations for different algorithms to solve the MMASP

BP-SM BP-SMS BP-BCh

max wx

s.t. (x, δ, s) ∈ ∆(r, p, d).

max wx

s.t. x ∈ X̄ (r, p, d),

(x, δ, s) ∈ ∆(r, p, d).

max wx

s.t. x ∈ X̄ (r, p, d),

infeasibility cuts

x ∈ {0, 1}n.

Table 3.2: Formulations for the pricing problem in different branch-and-price
algorithms to solve the MMASP

the MMASP instances was shown in Section 3.1. The time limit to solve these
instances was set to 1 hour.

In the experiments, for each instance, we were interested in the following
statistics.

Obj — The value of the best solution found.

LB — The value of the best lower bound found.

Time — The solution time in seconds.

LP (XLP ) — The value of the LP relaxation bound (after adding standard
XPress-MP cuts). For the branch-and-check and the branch-and-price
algorithms, this bound is given by the solution of the LP relaxation of
the master problem at the top node.

Nds — The number of nodes generated in the search tree.
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Test Obj LB Time XLP Obj LB Time XLP

MM MMS

3-12a 101 101.0 65.0 98.0 101 101.0 6.8 99.6
3-12b 104 104.0 61.1 99.1 104 104.0 0.5 104.0
5-15a 115 115.0 388.6 113.0 115 115.0 16.6 114.4
5-15b 129 129.0 277.3 121.0 129 129.0 3.2 128.9
5-20a 1591 156.0 >1h 156.0 158 158.0 83.6 157.6
5-20b 1431 135.6 >1h 135.1 139 139.0 1066.5 137.4
6-24 2381 224.0 >1h 223.7 227 227.0 2405.5 226.3
7-30 - 2 205.6 >1h 205.5 - 2 211.4 >1h 210.8
8-34 - 2 242.6 >1h 242.6 - 2 249.9 >1h 249.9

Test BCh-MM BCh-MMS

3-12a 101 101.0 0.3 97.9 101 101.0 0.4 99.9
3-12b 104 104.0 2.3 98.4 104 104.0 0.3 104.0
5-15a 115 115.0 0.4 112.7 115 115.0 0.6 114.5
5-15b 129 129.0 4.3 121.1 129 129.0 0.6 129.0
5-20a 158 158.0 6.1 154.9 158 158.0 1.3 157.7
5-20b 139 139.0 287.7 134.3 139 139.0 2.7 137.6
6-24 2271 225.1 >1h 222.7 227 227.0 3.7 226.3
7-30 2151 207.7 >1h 203.6 213 215.0 16.7 211.0
8-34 2531 243.6 >1h 241.6 2521 250.9 >1h 250.1

1 Optimality of the solution is not proven
2 A feasible solution is not found

Table 3.3: Branch-and-cut and branch-and-check algorithms for the MMASP

Cts — The number of infeasibility cuts generated in the branch-and-check
algorithm.

Its - The total number of iterations in the branch-and-price algorithm.

Results for the first group of instances are shown in Table 3.3 and Ta-
ble 3.4. The algorithms MM and MMS consist in just solving the formu-
lations (MM) and (MMS) by the MIP solver. Experimental results showed
that the scheduling constraints (x, δ, s, e) ∈ Θ(r, p, d) do not improve the LP
bound at all, whereas the constraints xk ∈ X̄ k(r, pk, d), k ∈ M , improve the
LP bound significantly. So, in the results obtained, the LP values (which are
not reported in Table 3.3) satisfy

LPBCh−MM = LPMM ≤ LPMMS

and that
LPBCh−MM ≤ LPBCh−MMS = LPMMS.
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BP-SM BP-SMS BP-BCh

Test Obj LB Time Obj Time Obj Time LP

3-12a 101 ∗ 36.9 101 8.3 101 2.6 100.5
3-12b 104 ∗ 51.7 104 17.5 104 2.3 104.0
5-15a 115 ∗ 32.9 115 20.2 115 5.3 114.5
5-15b 129 ∗ 52.7 129 17.1 129 5.3 129.0
5-20a 158 ∗ 245.5 158 61.8 158 11.2 157.8
5-20b 139 ∗ 475.5 139 83.4 139 18.2 138.5
6-24 2321 226.5 >1h 227 794.5 227 36.8 226.5
7-30 -3 - >1h 213 444.0 213 57.8 212.2
8-34 -3 - >1h 252 2857.2 252 90.9 251.3

1 Optimality of the solution is not proven
3 The LP relaxation of the master is not solved

Table 3.4: Branch-and-price algorithms

Remember that the formulation (MMS) differs from (MM) only by the pres-
ence of inequalities (3.15). Therefore LPMMS cannot be less than LPMM, and
LPBCh−MMS cannot be less than LPBCh−MM. Note that the XLP values
behave similarly as they are typically less than one more than the LP values.

The best earlier results that we know of are those of Bockmayr and Pis-
aruk [16]. The algorithm BCh-MM is essentially the algorithm that they
proposed. Our results for this algorithm resemble theirs in that they man-
aged to solve the first six instances, but could not solve the last three within
one hour.

We observe that the LP bound obtained by column generation in the
branch-and-price algorithms (Table 3.4) is always better than the LP bounds
from the direct MIP formulations (Table 3.3). As expected, column generation
LP bounds are very tight. In addition, solving the restricted master problem
as an IP at each node produces very good integer solutions quickly, as seen
by the very small number of tree nodes (see Table 3.5).

It can be seen that that the algorithms MM and BP-SM have difficulties
when solving both small and larger instances and they are not competitive
with the others. Algorithms MMS and BCh-MM can solve small instances
quite fast but run into trouble when solving larger instances. The reasons
are the large size of the formulation for the former and the large number of
infeasibility cuts generated for the latter.

It can be seen that the algorithm BCh-MMS is the fastest to solve all the
instances except the biggest one “8-34”. Algorithms BP-SMS and BP-BCh
are the only two which solved all the instances within the time limit. The
latter is much faster than the former. Overall, the algorithms BCh-MMS
and BP-BCh with the strengthened MIP formulation clearly dominate the
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others.
To compare these two algorithms further, we then generated some larger

instances. For each instance with m machines and n = ηm jobs, some param-
eters are first defined randomly and uniformly: bmck ∈ [6, 12] (base machine
cost), bmtk ∈ [bmck − 2, bmck + 2] (base machine processing time), k ∈ M ,
bjcj ∈ [6, 12] (base job cost), bjtj ∈ [bjcj − 2, bjcj + 2] (base job processing
time), j ∈ N . Costs and processing times of jobs are distributed uniformly
in the following intervals: ck

j ∈ [round(bmck/2+ bjcj/2)− 3, round(bmck/2+
bjcj/2) + 3], pk

j ∈ [round(bmtk/2 + bjtj/2)− 3, round(bmtk/2 + bjtj/2) + 3],
k ∈ M , j ∈ N . Then release dates and deadlines are generated with uniform
distributions in the following intervals: rj ∈ [0, 10], d′j ∈ [β − 10, β + 10],
dj = max{d′j , rj + maxk∈M{pk

j }}, j ∈ N , where β =
∑

k∈M,j∈N (pk
j ) θ

m2 . Here
θ is the “freedom” parameter; smaller θ means tighter deadlines. All the data
generated are integer.

We generated five instances for each triple of parameters: (m, η, θ), where
m ∈ {7, 8, 9}, η ∈ {3, 4, 5, 6}, and θ ∈ {0.5, 0.6, 0.8, 1}. In Table 3.5, we
present results for only those instances, which have at least one feasible solu-
tion (all the jobs can be scheduled inside their time windows) and for which the
solution by the algorithm BCh-MMS took more than 100 seconds. Names
of all the instances from the second group have the form “m − n − θ − κ”,
where κ denotes the κ-th instance with the same parameters “m − n − θ”.
Details are given for the nine instances from the first set, as well as the 25
newly generated instances.

We observe that, among 25 new instances, 7 instances are not solved by the
branch-and-check algorithm, whereas the branch-and-price algorithm solved
all the instances. Moreover, only 4 instances from 25 were solved faster by the
algorithm BCh-MMS. We can conclude that the branch-and-price algorithm
is more efficient than the branch-and-check algorithm for the larger instances.

Note, that the number of infeasibility cuts generated in the branch-and-
check algorithm is quite small. So the quality of the relaxation (3.15) is good in
the sense that the master problem (MP) produces a small number of infeasible
integer solutions. The main difficulty with the branch-and-check algorithm
seems to be the master problem (MP) itself. It cannot be efficiently solved
by a state-of-the-art MIP solver. One of the possible directions to overcome
this difficulty could be deriving new families of cuts which cut off fractional
solutions.

3.7.2 The Maximum Tardiness Problem

The instances of the problem R | rj | Tmax were obtained by converting the
MMASP instances from the first test set. In order to insure positiveness of the
optimal value of the maximum tardiness the due dates of jobs were reduced
by 10 (for the instance “6-24”, by 15). The time limit to solve these instances
was set to 10 minutes.
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Branch-and-check Branch-and-price

Test Obj Time Nds Cts XLP Obj Time Nds Its LP

3-12a 101 0.4 61 0 99.9 101 2.6 1 26 100.5
3-12b 104 0.3 1 0 104.0 104 2.3 1 21 104.0
5-15a 115 0.6 62 0 114.5 115 5.3 3 32 114.5
5-15b 129 0.6 1 0 129.0 129 5.3 3 35 129.0
5-20a 158 1.3 77 0 157.7 158 11.2 3 51 157.8
5-20b 139 2.7 392 8 137.5 139 18.2 5 45 138.5
6-24 227 3.7 416 0 226.3 227 36.8 2 44 226.5
7-30 213 16.7 516 10 211.0 213 57.8 6 83 212.2
8-34 2521 >1h 221168 0 250.1 252 90.9 10 76 251.3

250.9

7-35-0.6-1 270 507.8 28930 10 261.3 270 214.5 19 163 266.3
7-35-0.6-2 236 227.1 16462 10 231.8 236 79.9 8 79 234.4
7-35-0.6-5 3061 >1h 213424 5 294.9 306 154.8 13 107 302.1

303.8
8-32-0.6-3 278 107.3 5230 3 269.1 278 38.2 3 41 276.3
8-32-0.6-4 277 500.5 28350 0 267.9 277 168.8 37 176 273.4
8-32-0.6-5 243 915.0 47335 9 235.6 243 73.8 9 68 240.4
8-40-0.6-1 282 145.3 5491 16 279.7 282 47.6 1 42 282.0
8-40-0.6-2 3541 >1h 95637 23 330.3 344 166.7 1 53 343.4

340.1
8-40-0.6-3 288 1964.8 84367 13 280.4 288 295.4 17 136 286.3
8-40-0.8-1 271 182.5 6442 12 268.5 271 130.8 8 90 270.4
8-48-0.6-1 3731 >1h 51822 2 356.7 363 596.5 20 185 361.2

359.9
8-48-0.6-4 391 1078.8 25267 2 386.1 391 554.3 13 166 389.9
8-48-0.6-5 441 343.5 7687 2 432.5 441 354.0 9 121 438.7
8-48-0.8-3 322 164.0 3808 0 320.5 322 336.6 12 150 321.4
9-36-0.6-4 312 1290.0 43844 2 299.9 312 195.6 19 120 306.1
9-36-0.6-5 248 214.1 6943 7 243.1 248 91.1 6 62 247.0
9-36-0.8-1 228 125.5 5062 4 225.3 228 183.6 21 140 226.6
9-45-0.6-2 3451 >1h 55214 15 329.4 339 364.2 15 123 336.7

335.5
9-54-0.5-3 -2 >1h 35219 0 481.7 504 677.3 11 147 496.4

495.1
9-54-0.6-1 435 861.4 11803 0 430.5 435 781.6 11 121 432.9
9-54-0.6-2 452 676.4 8466 2 446.9 452 241.8 1 60 452.0
9-54-0.6-3 -2 >1h 32069 1 410.4 425 1553.2 33 253 420.1

417.1
9-54-0.6-4 -2 >1h 28387 0 435.3 445 1952.8 57 436 440.8

440.9
9-54-0.6-5 437 643.0 11406 1 431.9 437 952.8 14 164 435.9
9-54-0.8-4 405 1313.0 17652 1 402.7 405 1193.7 11 147 403.7

1 Optimality of the solution is not proven, the best bound is just underneath
2 A feasible solution is not found, the best bound is just underneath

Table 3.5: The algorithms BCh-MMS and BP-BCh for the MMASP :
further comparison
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Test Obj. LB Time Nds Cts XLP

3-12a 7 7.00 0.17 106 0 7.00
3-12b 10 10.00 0.28 157 0 9.00
5-15a 1 1.00 0.44 92 6 1.00
5-15b 7 7.00 4.38 2855 36 3.00
5-20a 4 4.00 5.38 1875 2 3.00
5-20b 5 5.00 16.63 4977 11 4.00
6-24 21 1.00 >300 108800 3 1.00
7-30 81 6.00 >300 15600 34 6.00
8-34 71 6.00 >300 15300 1 6.00
1 Optimality of the solution is not proven

Table 3.6: Branch-and-check algorithm for the problem R | rj | Tmax

The results for the branch-and-check algorithm are presented in Table 3.6,
and for the branch-and-price algorithm — in Table 3.7. Note that the values
LB and XLP for the branch-and-check algorithm are integer as the variable
t was set to be integer.

Test Obj LB Time Nds Its XLP

3-12a 7 7.00 8.40 6 71 6.41
3-12b 10 10.00 45.41 55 379 8.79
5-15a 1 1.00 6.63 1 38 0.27
5-15b 71 4.25 >300 215 934 4.22
5-20a 41 2.74 >300 117 990 2.60
5-20b 5 5.00 23.20 1 71 4.14
6-24 2 2.00 245.58 17 131 1.16
7-30 101 6.03 >300 24 269 5.97
8-34 141 5.48 >300 7 115 5.48
1 Optimality of the solution is not proven

Table 3.7: Branch-and-price algorithm for the problem R | rj | Tmax

Overall, the branch-and-check algorithm performs better, as it solved more
instances to optimality. However, it did not solve the instance “6-24”, whereas
the branch-and-price algorithm did. However the latter did not solve more
instances and the gap between the best found solution and the best found
lower bound is higher in general.

It seems that the branch-and-price algorithm “loses” relative to the branch-
and-check algorithm here because the former did not keep the high quality
of LP bounds it has when solving the MMASP. Moreover, the LP bound
progresses slowly during the tree search. This results sometimes in the large
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number of nodes needed to solve the problem, as in the case with the instances
“5-15b” and “5-20a”. Another observation is that the column generation pro-
cedure needs more iterations to converge. Therefore, the time for solving one
node increases for the maximum tardiness problem in comparison with the
MMASP.

In the branch-and-check algorithm, more infeasibility cuts are generated
when solving the maximum tardiness problem than the MMASP. This is due
to the fact that the valid inequalities (3.33) are not as strong as (3.12). The
larger is the value of variable t, the less strong are the valid inequalities. But
still the number of cuts generated is not large for the test instances. The main
difficulty with the branch-and-check algorithm is still the quality of the LP
relaxation of the master.

Finally, it should be noted that, to the best of our knowledge, these two
algorithms are the first approaches proposed in the literature for the problem
R | rj | Tmax.
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Chapter 4

Minimizing the total
weighted tardiness on a
single machine

In this chapter we consider the scheduling problem of minimizing the total
weighted tardiness on a single machine (1 || ∑wjTj). New MIP formulations
are proposed for this problem. We will analyze the quality of lower bounds
which can be obtained by solving the LP relaxation of the proposed for-
mulations. Branch-and-cut and branch-and-price algorithms based on these
formulations will be also presented.

In Section 4.1, we define the problem and present a short review of the
related literature. A time-indexed formulation for the problem is presented
in Section 4.2. We will dwell on the drawback of this formulation and ways
to overcome it. In Section 4.3, appropriate partitions of the time horizon into
intervals are introduced. An algorithm to obtain such a partition is suggested.
We make use of this partition in Section 4.4 and propose the interval-indexed
MIP formulation for the problem. In Section 4.5, the Dantzig-Wolfe interval-
indexed reformulation is presented. We consider a column generation algo-
rithm to solve the LP relaxation of this reformulation. Ways to strengthen
the Dantzig-Wolfe reformulation and the Branch-and-Price algorithm are also
discussed. In Section 4.6, the results of the numerical study of the MIP for-
mulations proposed are presented.

4.1 Introduction

In this chapter, we study the scheduling problem 1 || ∑
wjTj . A set of jobs

N = {1, . . . , n} has to be processed on a single machine. Only one job can
be processed at a time and preemptions are not allowed. Each job j ∈ N has
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a processing time pj , a due date dj and a weight wj . We suppose that all
the processing times and all the due dates are integer. The objective is to
minimize the total weighted tardiness, i.e. to find a schedule π ∈ Π(N), for
which the value

∑
j∈N wjTj(π) if minimized.

The problem is NP-hard in the strong sense as shown by Lenstra et al. [55]
and Lawler [51]. In the same paper, Lawler proposed a pseudopolynomial
algorithm for the problem 1 || ∑Tj without weights. The latter problem was
proved to be NP-hard in the ordinary sense by Du and Leung [31].

The problem to minimize the total weighted tardiness is very well studied
due to its theoretical as well as practical interest. Several works have been
devoted to dominance rules which help to reduce the search space when solving
the problem to optimality. The best known dominance rules were proposed
by Emmons [34] for the problem 1 || ∑Tj and were extended to the case with
weights by Rinnooy Kan et al. [69]. Other dominance rules appeared in the
works by Akturk and Yildirim [4] and Rachamadugu [70].

Branch-and-bound algorithms for the problem were proposed in the works
by Rinnooy Kan et al. [69], Picard and Queyranne [64], Potts and Van Wassen-
hove [66], Babu et al. [6], Bigras et al. [14], Pan and Shi [62]. The last three
algorithms are based on the time-indexed formulation of the single machine
scheduling problems. We will review this formulation in the next section. It
seems that currently the best algorithms to solve optimally 50-job instances
are those by Potts and Van Wassenhove and Babu et al. The algorithm of
Pan and Shi is the only one which is able to solve all the 100-job instances
from the standard test set (available from the OR-Library [11]).

To solve larger instances, local search heuristics were proposed by Crauwels
et al. [28] and Congram et al. [27]. Surveys on the single machine problems
with the total weighted tardiness criterion can be found in [1, 78].

4.2 Time-indexed formulation

One of the ways to formulate a single-machine scheduling problem as a MIP
is to use a so-called “time-indexed” formulation. We now give the standard
time-indexed formulation for the single-machine problem with an arbitrary
cost function. We assume that all the processing times of jobs are integers.
Let T be the length of the time horizon, i.e. the maximum possible completion
time of a job in any schedule. Binary variable xjt, j ∈ N , t ∈ [1, T ], takes
value 1 if job j is started at time moment t, and otherwise xjt = 0. Let
cjt be the cost of scheduling job j at time moment t. Then, the standard
time-indexed formulation (TI) is as follows
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(TI)

min
T∑

t=1

cjtxjt (4.1)

s.t.

T−pj+1∑
t=1

xjt = 1, j ∈ N, (4.2)

∑

j∈N

t∑

s=max{1,t−pj+1}
xjs ≤ 1, t ∈ [1, T ], (4.3)

xjt ∈ {0, 1}, j ∈ N, t ∈ [1, T ]. (4.4)

The constraints (4.2) state that each job starts exactly once. The con-
straints (4.3) guarantee that, at each time moment, only one job is processed.
The problem 1 || ∑

wjTj can be modelled using the formulation (TI) by
setting cjt = wj ·max{t + pj − 1− dj , 0}.

The time-indexed formulation is known for more than 40 years. It was
used, for example, in the works by Bowman [19], Pritsker et al. [67], Redwine
and Wismer [68]. The polyhedral study of this formulation was conducted
by Dyer and Wolsey [32], Sousa and Wolsey [80], Akker et al. [2]. The main
advantage of this formulation is that, by solving its LP relaxation, one can
obtain a very strong lower bound on the optimal solution value. Another
obvious advantage is the possibility to model single-machine non-preemptive
problem with any objective function. Unfortunately, the formulation (TI) has
one big drawback. For practical instances with a large number of jobs and
large processing times, the size of the formulation becomes so large that it is
difficult to solve even its LP relaxation in a reasonable time.

To overcome this difficulty, van den Akker et al. [3] proposed to solve a
Dantig-Wolfe reformulation (DWTI) of (TI) instead of formulation (TI) itself.
They showed that, for instances with large processing times, the LP relaxation
of (DWTI) can be solved much faster than the LP relaxation of (TI). However,
instances with more than 30 jobs remained intractable.

Bigras et al. [14] extended the applicability of the Dantzing-Wolfe refor-
mulation of (TI) by decomposing the time horizon into several intervals. They
showed that this allows one to significantly decrease the solution time for the
LP relaxation of (DWTI). Although the quality of the lower bounds decreases
after the decomposition, they still remain quite tight.

Babu et al. [6] applied Lagrangian decomposition to the formulation (TI).
They introduced duplicate binary variables yjt, j ∈ N , t ∈ [1, T ], and replaced
the constraints (4.3) by the following set of constraints
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t∑

s=max{1,t−pj+1}
xjs = yjt, j ∈ N, t ∈ [1, T ], (4.5)

∑

j∈N

yjt ≤ 1, t ∈ [1, T ], (4.6)

T∑
t=1

yjt = pj , j ∈ N. (4.7)

The variables yjt can be viewed as the number of units of job j ∈ N
processed at time moment t ∈ [1, T ]. To obtain a Lagrangian relaxation, the
authors relaxed the constraints (4.5). Babu et al. claimed that, by solving
this Lagrangian relaxation, for the total weighted tardiness problem, one can
obtain lower bounds of a better quality and in an order of magnitude less time
than by solving the LP relaxation of (TI). A better quality of lower bounds is
achieved by using the structure of the total weighted tardiness problem when
solving the Lagrangian relaxation. For instance, one can forbid to schedule
a job just after another one, if after interchanging of these jobs, the cost
decreases. Our experiments showed that indeed the Lagrangian relaxation
lower bound is better than the time-indexed LP relaxation lower bound for
some instances. However, in our experiments, the former lower bound was
worse on average than the latter one (see Table 4.6).

The use of formulation (TI) is even more problematic when one tries to
solve one-machine scheduling problems to optimality. In this case, it is neces-
sary to solve the LP relaxation of (TI) at each node of the search tree. Pan and
Shi [62] proposed a method in which the LP relaxation of the time-indexed
formulation has to be solved only at the top node. At other nodes of the tree,
to obtain a lower bound, one needs to find a solution of the LP relaxation
of the transportation formulation by Lawler [49] which can be solved much
faster. The difference in quality between the lower bounds obtained by solv-
ing the LP relaxation of (TI) and lower bounds obtained using the method
of Pan and Shi increases while going deep into the search tree. Nevertheless,
this method allows them to solve to optimality difficult 100-jobs instances of
the problem 1 || ∑wjTj .

In this chapter, we will decompose the time horizon into intervals and
use the structure of the total weighted tardiness problem to modify the time-
indexed formulation. This modification allows us to obtain lower bounds for
the problem with a good trade-off between the time needed to compute them
and their quality.

There are differences between our approach and the approach of Bigras et
al. [14]. In the latter, the time horizon is partitioned into a certain number of
intervals uniformly, whereas we use the structure of the problem to partition
the time horizon in a special way. Another difference is that, in our approach,
the number of intervals cannot be determined a priory, whereas in the the
approach of Bigras et al., one can specify the number of intervals.
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4.3 Appropriate partitions of the time horizon

The approach we develop here is based on the idea of defining a small number
of intervals such that, given which jobs are completed in which intervals, we
know their optimal ordering. This will allow us to develop a MIP formulation
in which the binary variables represent the assignment of jobs to intervals.
The major advantage of this technique is that the resulting MIP, in which
time-indexed variables are replaced by interval-indexed variables, is small and
its LP relaxation can be solved fast.

We will show how it is possible to define

i) a set M of “appropriate” intervals {I1, . . . , Im},
ii) permutations σu, one for each interval u ∈ M , such that if jobs in a set

Q are completed within interval Iu, σu tells us the order in which they
should be processed.

Once these are defined, an assignment of jobs to intervals corresponds to a
schedule, and there is an assignment of jobs which corresponds to an optimal
schedule.

Example 4.1. We now show an example of the correspondence between an
assignment of jobs to intervals and a schedule. We are given 5 jobs. Suppose
we defined the partition of the time horizon into 3 intervals {I1, I2, I3} and
the set σ of permutations of jobs, σ = {σ1, σ2, σ3}, σ1 = (3, 5, 4, 1, 2), σ2 =
(5, 3, 1, 2, 4), σ3 = (3, 5, 1, 4, 2). Let jobs 1 and 4 be assigned to interval I1

and jobs 2, 3 and 5 be assigned to interval I3. This assignment and the
corresponding schedule are depicted in Figure 4.1.

-

P0

4 1 3 5 2

2

5

3

4

1 no jobs

? ÀN j?

Interval I1: Interval I2: Interval I3:
σ1 = (3, 5, 4, 1, 2) σ2 = (5, 3, 1, 2, 4) σ3 = (3, 5, 1, 4, 2)

e1 e2 e3e0

¾ -¾ -¾ -
I1 I2 I3

Figure 4.1: Assignment of jobs to intervals and the corresponding schedule

We now make the presentation more formal.

85



As the total weighted tardiness is a regular criterion and all jobs are avail-
able at the time moment zero, we have the following property. Let P be the
sum of all processing times: P =

∑
j∈N pj .

Proposition 4.1. There exists an optimal schedule π without idle times and
the completion time of the last job in π equals P .

From now on we assume that the jobs are indexed by nondecreasing due
dates. Consider a partition D(e), e ∈ Rm

+ , of the time horizon into a set M
of intervals. D(e) = {I1, . . . , Im}, where Iu = [eu−1 + 1, eu] with e0 = 0 and
em = P .

Definition 4.1. Partition D(e) is based on due dates if every due date dj ,
j ∈ N , equals some eu, u ∈ M , i.e. {d1, . . . , dn} ⊆ {eu}u∈M .

We say that job j is assigned to interval Iu in schedule π if it is completed
in this interval: Cj(π) ∈ Iu. Job j is on-time in interval Iu if dj ≥ eu, and j is
late in Iu if dj ≤ eu−1. Let Qu(π) be the set of jobs completed in interval Iu

in schedule π. Note that, if D(e) is a partition based on due dates, job j ∈ N
is either on-time or late in interval Iu, u ∈ M .

With m =| M |, we define a set σ = {σ1, . . . , σm} of m permutations of
{1, 2, . . . , n}.
Definition 4.2. Given a partition D(e) = {I1, . . . , Im}, σ is an appropriate
set of permutations for D(e) if there exists an optimal schedule π∗ in which,
for any interval Iu, u ∈ M , and any two jobs i, j ∈ Qu(π), job i is sequenced
before job j when σu(i) < σu(j).

We now give examples of partitions and appropriate sets of permutations
for them.

Example 4.2. Consider the problem 1 || ∑
wjCj , a special case of 1 ||∑

wjTj (dj = 0, ∀j ∈ N). In this case, there is one single interval I1 =
[1, P ] and the permutation σ1 = {j1, . . . , jn} corresponding to Smith’s rule
(pjk−1/wjk−1 ≤ pjk

/wjk
, 1 < k ≤ n) is appropriate for I1.

Example 4.3. Consider the problem 1 | pj = p | ∑
wjTj in which all pro-

cessing times are equal to p. For a partition based on due dates, the following
set of permutations σ is appropriate. In σu, u ∈ M , we put first late jobs
in Iu ordered according to Smith’s rule, then we put on-time jobs in Iu in
any order. We now show that there is an optimal schedule in which jobs are
processed according to σ. Consider an optimal schedule π. For each u ∈ M ,
we put jobs in Qu(π) according to σu by necessary interchanges of adjacent
jobs. As all processing times are equal, every job is now completed within the
same interval as before interchanges. Therefore, after interchanges, late jobs
remain late and on-time jobs remain on-time, and the cost of the schedule
does not increase.
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Example 4.4. Consider the partition D(e) = {Iu = [u, u]}u∈{1,2,...,P} for the
problem 1 || ∑ wjTj . Any set {σ1, σ2, . . . , σP } of permutations is appropriate
for this partition, as at most one job can be assigned to an interval.

It is possible to obtain an appropriate set of permutations for any partition
of the time horizon. One just needs to take an optimal schedule π∗ and put
jobs in all permutations according to the order in which they are processed
in π∗. But this approach is meaningless as we need to solve the problem first.
Here we are interested in partitions for which it is possible to compute an
appropriate set of permutations efficiently.

Definition 4.3. A partition D(e) is appropriate if it is possible to compute
an appropriate set of permutations for it in a polynomial time.

Now we will show how one can obtain an appropriate partition of the
time horizon into a relatively small number of intervals. From now on we
concentrate on partitions which are based on due dates. Let σ̄ be a set of
permutations for such a partition. We say that σ̄ satisfies the WSPT+LPT
rule (Weighted Shortest Processing Time + Longest Processing Time) if, in
every permutation σ̄u, u ∈ M , first there are late jobs in Iu ordered according
to Smith’s rule and then there are on-time jobs Iu ordered according to LPT
rule. Additionally, late jobs in Iu with the same WSPT ratio are also ordered
according to LPT rule. Formally, σ̄ satisfies WSPT+LPT rule if the following
conditions hold for each pair of jobs i, j ∈ N and each u ∈ M .

• If job i is late in Iu and job j is on-time in Iu then σ̄u(i) < σ̄u(j).

• If jobs i and j are both on-time in Iu and pi > pj then σ̄u(i) < σ̄u(j).

• If jobs i and j are both late in Iu and pi/wi < pj/wj then σ̄u(i) < σ̄u(j).

• If jobs i and j are both late in Iu and pi/wi = pj/wj and pi > pj then
σ̄u(i) < σ̄u(j).

Intuitively, a set of permutations satisfying the WSPT+LPT rule should
be appropriate for a partition based on due dates. But, in the next example,
we show that this is not true.

Example 4.5. Consider the 3-job instance shown in Table 4.1 and the par-
tition D(e), e = 5, 9, 16. There is only one optimal schedule π∗ = (2, 1, 3), see
Figure 4.2. In π∗, all the jobs are completed in interval I3 = [10, 16], but the
permutation σ̄3 satisfying the WSPT+LPT rule is (1, 3, 2).

Actually, a set of permutations σ̄ satisfying the WSPT+LPT rule is “al-
most” appropriate. “Almost” means that there is always an optimal schedule
in which, for each u ∈ M , all the jobs completed in Iu, except for maybe one
job f , are processed according to σ̄u. This exception can occur only if job f
is late in Iu and is completed first in Iu.
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j 1 2 3
pj 4 10 2
dj 9 5 9
wj 2 3 0.8

Table 4.1: The data for Example 4.5

-

e0 e1 e2 e3

0 9 165
312

Figure 4.2: A partition based on due dates and the optimal schedule for
Example 4.5

The next lemma proves that a set of permutations satisfying the
WSPT+LPT rule is “almost” appropriate and gives conditions when the ex-
ception described above occurs. We denote Cij(π) = max{Ci(π), Cj(π)}.
Lemma 4.2. Let D(e) be a partition based on due dates and σ̄ be a set of
permutations for D(e) satisfying the WSPT+LPT rule. Then there exists an
optimal schedule π such that, for each u ∈ M ,

• either jobs in Qu(π) are processed according to σ̄u,

• or there are two late jobs f, s ∈ Qu(π) processed first and second among
jobs in Qu(π) such that pf/wf ≥ ps/ws,

Cs(π) ≤ ds +
pswf

ws
(4.8)

and jobs in Qu(π) \ {f} are processed according to σ̄u.

Proof. Let π be an optimal schedule and, suppose that for some interval
u ∈ M , jobs in Qu(π) are not processed according to the conditions of this
lemma. We now reschedule jobs in Qu(π) according to the conditions of the
lemma while keeping π optimal.

First, let subset Qo include all the on-time jobs in Qu(π). All jobs in Qo

are processed last among jobs in Qu(π). Otherwise, by putting a job in Qo

after a late job in Qu(π), we would decrease the cost of π which is impossible
as π is optimal. We can reschedule jobs in Qo according to permutation σ̄u

without increasing the cost.
We now consider two cases.

1. If there is at most one late job in Qu(π) or, for two late jobs f, s ∈ Qu(π)
processed first and second in Iu, we have pf/wf < ps/ws or (4.8) is false,
then let subset Ql include all the late jobs in Qu(π).
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Qu(π)

Ql
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2. Otherwise, let subset Ql include all the late jobs in Qu(π) \ {f}. Note
that, in this case, we have pf/wf ≥ ps/ws and (4.8) is true.

-f s

Ql Qo

Qu(π)

π

¾
ds + pswf

ws
pf

wf
≥ ps

ws

eu−1 eu

Consider a pair of neighboring jobs i, j ∈ Ql, pi/wi < pj/wj . Now we
prove by contradiction that i precedes j in π. Suppose that j precedes i in π.
Consider schedule πij obtained from π by interchanging i and j. We compare
the costs of π and πij .

∑

k∈N

wkTk(πij)−
∑

k∈N

wkTk(π) =

wiTi(πij) + wjTj(πij)− wiTi(π)− wjTj(π) =
wi ·max{Cij(πij)− pj − di, 0}+ wj(Cij(πij)− dj)−
wi(Cij(π)− di)− wj(Cij(π)− pi − dj) =
wi ·max{Cij(πij)− pj − di, 0} − wi(Cij(π)− di) + wjpi (4.9)

as Cij(πij) = Cij(π), i, j are both late in π and j is late in πij . If Cij(πij)−
pj − di ≥ 0 then

(4.9) = −wipj + wjpi < 0. (4.10)

Otherwise Cij(πij) − pj − di < 0. Then job i is on-time in πij and i 6∈
Qu(πij). This can happen only when jobs j, i are processed first and second
in Iu in π, and we are in case 1. Therefore, (4.8) is false, i.e. Cij(π) >
di + (piwj)/wi, and

(4.9) = −wiCij(π) + widi + wjpi < −widi − piwj + widi + wjpi = 0, (4.11)

We have obtained that the cost of πij is smaller than the cost of π. This
contradicts the optimality of π. So, we have proved that i precedes j in π.

We have shown that the order of jobs in Ql can differ from permutation
σ̄u only for neighboring jobs i, j ∈ Ql, such that pi/wi = pj/wj . In this case,
we can interchange these jobs without increasing the cost.
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After necessary interchanges of jobs, we have rescheduled jobs in Qo ∪Ql

according to permutation σ̄u. Note that, if we interchange jobs, the longer
job is always put before the shorter one, as interchanged jobs are ordered
according to LPT rule in σ̄u. Therefore, jobs in Qu(π) remain assigned to
interval Iu.

Case 1. Here Qu(π) = Qo∪Ql. Therefore, jobs in Qu(π) are now processed
according to σ̄u, and the rescheduling is done.

Case 2. Here Qo ∪ Ql = Qu(π) \ {f}. Therefore, jobs in Qu(π) \ {f}
are processed according to σ̄u. Let job s′ be processed second among jobs in
Qu(π). We know that pf/wf ≥ ps′/ws′ . If (4.8) is true for f and s′, then
the rescheduling is done. Otherwise, we have moved to case 1 and, as it has
been shown above, there is a possibility to convert schedule π into an optimal
schedule as desired.

So, for each interval u ∈ M , it is possible to reschedule jobs in Qu(π)
according to the condition of the lemma while keeping jobs assigned to Iu.
Repeated interval by interval, it is possible to convert π into another optimal
schedule satisfying the conditions of the lemma.

Using Lemma 4.2, in the next theorem, we will determine partitions for
which is it possible to easily derive an appropriate set of permutations from
a set satisfying the WSPT+LPT rule.

Theorem 4.3. A partition D(e) based on due dates is appropriate if, for each
u ∈ M and each pair of jobs (i, j) ∈ N with pi/wi ≤ pj/wj, at least one of
the following two conditions is true.

eu ≤ eu−1 + pj , (4.12)

eu−1 ≥ di +
⌈

wjpi

wi

⌉
− pi. (4.13)

Proof. Let σ̄ be a set of permutations for D(e), and σ̄ satisfies the WSPT+LPT
rule. For each u ∈ M , we convert permutation σ̄u into σu by moving all “long”
jobs j ∈ N , satisfying (4.12), to the beginning of the permutation:

σ̄u = (i1, . . . , j1, . . . , jk, . . . , in) → (j1, . . . , jk, i1, . . . , in) = σu.

Obviously, σ can be obtained in polynomial time. To prove the theorem, it
remains to show that σ is appropriate for partition D(e).

Let π be an optimal schedule satisfying the conditions of Lemma 4.2. Such
a schedule exists, as D(e) is a partition based on due dates and σ̄ satisfies the
WSPT+LPT rule. We will now show that, for all u ∈ M , jobs in Qu(π) are
processed according to permutation σu. This will conclude the proof.

Consider an interval u ∈ M . We have two cases. In the first case, jobs
in Qu(π) are processed according to permutation σ̄u. There can be only one
job j in Qu(π) satisfying (4.12). Such a job j is processed first among jobs
in Qu(π), because it is started before the beginning of interval Iu. Therefore,
jobs in Qu(π) are processed also according to permutation σu.
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In the second case, jobs in Qu(π) are not processed according to permu-
tation σ̄u. Therefore, by Lemma 4.2, there are two late jobs f, s ∈ Qu(π)
processed first and second in Iu such that pf/wf ≥ ps/ws and (4.8) is true.
Then (4.13) is false for the pair of jobs (s, f). Otherwise, we would have

Cs(π)− ps

(4.8)

≤ ds +
wfps

ws
− ps ≤ ds +

⌈
wfps

ws

⌉
− ps

(4.13)

≤ eu−1,

which would mean that f 6∈ Qu(π). As (4.13) is false for pair of jobs (s, t),
(4.12) should be true for job f . For all jobs in Qu(π) \ {f}, (4.12) is false, as
they are not processed first in Qu(π). So, job f precedes all jobs in Qu(π)\{f}
in σu. By Lemma 4.2, jobs in Qu(π) \ {f} are processed according to σ̄u, and
therefore according to σu. We can conclude that jobs in Qu(π) are processed
according to permutation σu.

We now present an algorithm for finding an appropriate partition which
satisfies the conditions of Theorem 4.3 and has the smallest number of inter-
vals. The idea of the algorithm is the following. First, we take the partition
based on due dates with the smallest number of intervals. Then, by further
dividing some intervals, this partition is converted to the partition satisfying
the conditions of Theorem 4.3 with the smallest number of intervals.

In the first stage of the algorithm, we obtain the partition based on due
dates that has the smallest number of intervals. This partition D(e) is unique.
In D(e), each value eu, u ∈ M , corresponds to a due date: {eu}u∈M =
{dj}j∈N,dj≤P .

We say that a pair of jobs (i, j) ∈ N with pi/wi ≤ pj/wj , is special for
interval Iu, u ∈ M , if both conditions (4.12) and (4.13) are false. A partition
satisfying the conditions of Theorem 4.3 does not have special pairs for any
interval.

In the second stage of the algorithm, we further partition some intervals.
To give an idea on how we do that, suppose first that there is only one special
pair (i, j) for Iu. Let

Hij =
[
di +

⌈
wjpi

wi

⌉
− pi, eu−1 + pj

]
= [hl

ij , h
r
ij ].

In order to “get rid of” the special pair, interval Iu is divided into intervals
I
(1)
u = [eu−1, t1] and I

(2)
u = [t1 + 1, eu], where t1 ∈ Hij . Then we have

t1 ≤ eu−1 + pj , t1 ≥ hl
ij , and pair (i, j) is not special neither for I

(1)
u nor for

I
(2)
u .

We now consider the general case, in which interval Iu has a set B of
special pairs of jobs (ib, jb), b ∈ B. Then we search for a partition of Iu into a
set K = {1, . . . , k} of intervals I

(v)
u = [tv−1 +1, tv], v ∈ K, t0 = eu−1, tk = eu.

New intervals should not have special pairs of jobs, i.e. we should have

tv ≤ tv−1 + pjb
or tv−1 ≥ hl

ibjb
, ∀v ∈ K, ∀b ∈ B,
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i.e. for each special pair (ib, jb), interval Hibjb
should contain at least one point

tv, v ∈ K. Moreover, we need to minimize the number k of new intervals.
In Figure 4.3, we depict an example of an optimal partition of interval Iu

which has 6 special pairs of jobs. Notice that, after determining t1, intervals
Hi2j2 , Hi3j3 , Hi5j5 and Hi6j6 uncovered by t1 increase by t1 − eu−1.

- t
t0 = eu−1 t3 = eu

Hi4j4

Hi1j1

Hi2j2

Hi5j5

t1

Hi3j3

Hi6j6

t2

Figure 4.3: A partition of Iu minimizing k (k = 3)

An algorithm which partitions an interval containing special pairs of jobs
and minimizes k is quite simple. We start with the empty set B′ of covered
intervals Hibjb

. In each iteration k, we choose the interval Hib′ jb′ , b′ ∈ B \B′,
with the smallest right border and set tk = hr

ib′ jb′
. Then we add intervals

covered by tk to set B′. Next, right borders of intervals in b ∈ B \ B′ are
increased by tk−tk−1, and we pass to the next iteration. We continue until set
B \B′ becomes empty. This algorithm is formally presented in Algorithm 4.1.

Proposition 4.4. Algorithm 4.1 is correct.

Proof. Consider the interval Hib′ jb′ with the smallest right border hr
ib′ jb′

. One
of the time moments t′ should be contained in interval Hib′ jb′ . Then the
optimal number of time moments equals the sum of one and the optimal
number of time moments of the subproblem having set B \ B′ of intervals,
where B′ is the set of intervals containing t′. To prove the proposition it
suffices to show that, if t′ = hr

ib′ jb′
, the optimal solution of the subproblem is

minimum among the subproblems for all possible t′ ∈ Hib′ jb′ . This is easy to
see, as for such t′, the cardinality of set B \ B′ is minimum, and intervals in
B \ B′ contain the corresponding intervals in subproblems for other possible
values of t′.

This algorithm is an extension of the algorithm by Finke et al. [36] for the
minimum clique cover problem on an interval graph. In an interval graph, each
vertex represents an interval. Two vertices are adjacent if the corresponding
intervals intersect. A clique in a graph is a set of pairwise adjacent vertices.
In an interval graph, every time moment t corresponds to a clique, i.e. a set
of intervals which contain t. In the minimum clique cover problem, one needs
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Algorithm 4.1 Algorithm for partitioning interval Iu which have set B of
special pairs of jobs (ib, jb), b ∈ B

1: B′ := ∅; t0 := eu−1; k := 0
2: for all b ∈ B do
3: hr

ibjb
:= t0 + pjb

4: hl
ibjb

:= dib
+

⌈
wjb

pib

wib

⌉
− pib

;
5: end for
6: while B′ 6= B do
7: b′ := arg minb∈B′\B{hr

ibjb
}

8: k := k + 1; tk := hr
ib′ jb′

9: for all b ∈ B′ \B do
10: if tk ∈ [hl

ibjb
, hr

ibjb
] then

11: B′ := B′ ∪ {b}
12: else
13: hr

ibjb
:= hr

ibjb
+ tk − tk−1

14: end if
15: end for
16: end while

to find the minimum number of cliques such that every vertex is contained in
at least one clique. In an interval graph, this is equivalent to the problem to
find the minimum number of time moments such that every interval contains
at least one. Our problem to partition an interval with special pairs of jobs is
a generalization of the latter problem in the sense that, when a time moment
is chosen, some intervals increase.

The formal procedure for obtaining an appropriate partition of the time
horizon is presented in Algorithm 4.2. As the input parameter this procedure
has the set N of jobs. Note that the number of intervals obtained by the
procedure does not exceed n2/2 + n, i.e. the sum of all the pairs of jobs and
the maximum number of different due dates.

j 1 2 3 4
pj 3 13 4 8
dj 10 10 6 25
wj 2 8 4 10

Table 4.2: The data for Example 4.6

Example 4.6. Consider the 4-job instance, shown in Table 4.2. The partition
based on the due dates with the smallest number of intervals is D′(e) where
e = {6, 10, 25, 28}. Intervals I1, I2, I4 do not have special pairs. Interval I3 has
one special pair (1, 2), as H1,2 = [19, 23] ⊂ [11, 25] = I3 (see Figure 4.4). By
dividing interval I3 into two intervals I

(1)
3 = [11, 23] and I

(2)
2 = [24, 25], we ob-
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Algorithm 4.2 The procedure Find Appropriate Division(N)
1: d̄0 := e0 := 0; P :=

∑
j∈N pj ; m := 0; dn+1 := P

2: for j := 1 to n + 1 do
3: d̄j := min{dj , P}
4: if d̄j > d̄j−1 then
5: m := m + 1; em := d̄j

6: end if
7: end for
8: u := 1
9: while u ≤ m do

10: B := ∅; k := 1
11: for all (i, j) ∈ N do
12: if Hij ⊆ [eu−1 + 1, eu − 1] then
13: B := B ∪ {Hij}
14: end if
15: end for
16: if B 6= ∅ then
17: run Algorithm 4.1 and obtain (t1, . . . , tk)
18: m := m + k − 1
19: for v := m downto u do
20: ev := ev−k+1

21: end for
22: for v := 1 downto k − 1 do
23: ev+u−1 := tv
24: end for
25: end if
26: u := u + k
27: end while
28: return {eu}, u ∈ 1, . . . , m.

tain division D(e) where e = {6, 10, 23, 25, 28}. The set σ̄ of permutations sat-
isfying the WSPT+LPT rule is the following. σ̄1 = (4, 3, 2, 1), σ̄2 = (3, 2, 4, 1),
σ̄3 = (3, 1, 2, 4), σ̄4 = (3, 1, 2, 4), σ̄5 = (4, 3, 1, 2). Now an appropriate
set σ of permutations is built according to Theorem 4.3: σ1 = (4, 2, 3, 1),
σ2 = (2, 4, 3, 1), σ3 = (3, 1, 2, 4), σ4 = (3, 1, 2, 4), σ5 = (4, 3, 1, 2).

4.4 Interval-indexed MIP formulation

In the previous section, we have shown how to obtain an appropriate partition
of the time horizon. Here we present a MIP formulation which is based on
such a partition. The main decision variables are assignment variables. They
determine to which interval each job is assigned. Using this assignment and an
appropriate set of permutations, the corresponding schedule is constructed.
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Figure 4.4: A partition based on due dates for Example 4.6

Note that an assignment can be infeasible, for instance, when the sum of
processing times of jobs assigned to the first u intervals exceeds eu. From the
definition of an appropriate set of permutations we know that there exists an
optimal schedule which corresponds to an assignment.

Consider a partition D(e) = {I1, . . . , Im} based on due dates and an ap-
propriate set σ of permutations for it. Let Bu

j and Au
j , j ∈ N , u ∈ M , be the

sets of jobs which come, respectively, before and after job j in permutation
σu. We also denote τu

j as the minimum tardiness of job j if it is assigned to
interval u:

τu
j =

{
eu−1 + 1− dj , j is late in Iu,
0, j is on-time in Iu.

(4.14)

The assignment binary variable zu
j , j ∈ N , u ∈ M , takes value 1 if job j is

completed in interval Iu or earlier, and otherwise zu
j = 0. For each j ∈ N , we

set z0
j = 0 and zm

j = 1. The integer variable T̃j , j ∈ N , denotes the difference
between the tardiness Tj of job j and the value τu

j , where u is the index of
the interval to which job j is assigned. Note that, when job j is assigned to
interval Iu, we have zu

j − zu−1
j = 1. Therefore,

T̃j = Tj −
∑

u∈M

τu
j (zu

j − zu−1
j ). (4.15)

We now give the interval-indexed formulation.

(IIF)

min
∑

j∈N

wj ·
(

T̃j +
∑

u∈M

τu
j (zu

j − zu−1
j )

)
(4.16)

s.t.
∑

j∈N

pjz
u
j ≤ eu, ∀u ∈ M, (4.17)

zu−1
j ≤ zu

j , ∀j ∈ N, ∀u ∈ M, (4.18)

T̃j ≥ pjz
u
j +

∑

i∈Au
j

piz
u−1
i +

∑

i∈Bu
j

piz
u
i − (eu−1 + 1)−

(1− zu
j + zu−1

j ) ·min{eu − eu−1 − 1,
∑

i∈Bu
j

pj − 1},

∀j ∈ N, ∀u ∈ M, dj ≤ eu−1, (4.19)
zu
j ∈ {0, 1}, ∀j ∈ N, ∀u ∈ M, (4.20)

T̃j ∈ Z+, ∀j ∈ N. (4.21)
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The objective function (4.16) follows from (4.15). The constraints (4.17)
guarantee that schedule is feasible, i.e. the sum of the processing times of
jobs assigned to the first u intervals is not more than eu, the total length
of these intervals. The inequalities (4.18) ensure that the values taken by
z are consistent with the meaning of these variable. The constraints (4.19)
relate variables z and T̃ . Note that these constraints are defined only when
dj ≤ eu−1, in other words, when job j is late in interval Iu. In Proposition 4.5,
the validity of these constraints is proved.

We have also tried an analogous formulation where the binary variables
xu

j (job j is assigned to interval Iu or not) instead of variables yu
j , but the

formulation (IIF) was much more efficient.
We now make some definitions. Let set Bj , j ∈ N , include job j and jobs

which precede j in the schedule corresponding to the solution. Let also Tu
j be

the value of the right-hand side of the constraint (4.19) for given j and u.

Proposition 4.5. If the set σ of permutations is appropriate then the for-
mulation (IIF) is correct.

Proof. To prove the proposition, for each j ∈ N and for each u ∈ M such
that jobs j is late in Iu, we show the following.

1. If job j is assigned to interval Iu, then Tu
j =

∑
i∈Bj

pi − (eu−1 + 1).

2. If job j is not assigned to interval Iu, then Tu
j ≤ 0.

This would imply (4.15) and the validity of the constraints (4.19).

Case 1. Suppose job j is assigned to interval Iu. Then zu
j − zu−1

j = 1 and

Tu
j = pjz

u
j +

∑

i∈Au
j

piz
u−1
i +

∑

i∈Bu
j

piz
u
i − (eu−1 + 1) =

=
∑

i∈N

piz
u−1
i +

∑

i∈Bu
j ∪{j}

pi · (zu
i − zu−1

i )− (eu−1 + 1) =

=
∑

i∈Bj

pi − (eu−1 + 1). (4.22)

Case 2. Suppose job j is not assigned to interval Iu. Then zu
j − zu−1

j = 0 and

Tu
j = pjz

u
j +

∑

i∈Au
j

piz
u−1
i +

∑

i∈Bu
j

piz
u
i −min{eu,

∑

i∈Bu
j

pj + eu−1}.

If eu <
∑

i∈Bu
j

pj + eu−1 then

Tu
j ≤

∑

i∈N

piz
u
i − eu

(4.17)

≤ 0,
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otherwise

Tu
j = pjz

u
j +

∑

i∈Au
j

piz
u−1
i +

∑

i∈Bu
j

piz
u
i −

∑

i∈Bu
j

pj − eu−1 ≤

≤
∑

i∈Au
j ∪{j}

piz
u−1
i − eu−1

(4.17)

≤ 0.

Now we mention some ways to tighten the formulation (IIF). First, global
precedence relations can be determined using dominance rules. If job i pre-
cedes job j in an optimal schedule (i → j) then the following inequalities can
be added:

zu
i ≥ zu

j , ∀u ∈ M. (4.23)

Then, sometimes we can reduce the domains of the jobs. Remember that
domain Dj of job j ∈ N is the set of possible values for the completion time of
j, initially Dj = [pj , P ]. Domains can be reduced based on dominance rules.
Let Bj and Aj be the sets of jobs that should be processed before and after
job j by dominance rules. Then job j cannot be started before all the jobs in
Bj are finished and should be completed before all the jobs in Aj are started:

Dj := Dj

∖




pj ,

∑

i∈Bj

pi + pj − 1


 ⋃


P −

∑

i∈Aj

pi + 1, P





 .

Constraint propagation can also be used to reduce domains of jobs.
Using the domains of jobs, we can add the following constraints:

zu
j − zu−1

j = 0, Iu ∩Dj = ∅, j ∈ N,u ∈ M,

zu
j − zu−1

j = 1, Dj ⊆ Iu, j ∈ N, u ∈ M.
(4.24)

Note that dominance rules should be used carefully, as some of them may
be inconsistent with the set σ of permutations used for building the formu-
lation proposed here. In other worlds, there might be no optimal schedule
where jobs are processed according to σ and, at the same time, satisfying the
dominance rules.

However, dominance rules can be safely used to restrict the set of intervals
to which a job can be assigned. In other words, if a complete interval is
dominated, it can be excluded from the domain of a job, but a part of an
interval cannot be eliminated from the domain. Then there exists an optimal
schedule where jobs are processed according to σ and within their domains.
We show this now.

Let σ be an appropriate set of permutations obtained according to The-
orem 4.3. Suppose there is an optimal schedule π which satisfies dominance
rules and jobs in Qu(π), u ∈ M , are not processed according to σu. Under
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the agreement, interval Iu is completely included in the domain of each job in
Qu(π). As in Lemma 4.2, it is possible to reschedule jobs in Qu(π) according
to the condition of this lemma without increasing the cost while keeping jobs
assigned to Iu, i.e. keeping jobs within their domains. By Theorem 4.3, jobs
in Qu(π) are now processed according to σu.

For example, it is safe to use the constraints (4.23) and (4.24), as they
operate only with whole intervals and not with their parts.

Consider now a vector v = (v1, . . . , vn) of interval indices, vj ∈ {0, 1, . . . ,
m}, j ∈ N . For a schedule π ∈ Π(N), let Gv(π) be the set of jobs such that
j ∈ Gv(π) if and only if j is assigned to one of the first vj intervals in π.
Let also nv be the maximum number of jobs in all sets Gv(π), π ∈ Π(N).
Formally,

Gv(π) = {j ∈ N : Cj(π) ≤ evj
} and nv = max

π∈Π(N)
| Gv(π) | .

nv can be found by solving an instance of the problem 1 || ∑Uj in O(n log n)
time [60], in which we set dj = evj , j ∈ N . Using the numbers nv, v ∈
{0, 1, . . . , m}n, we can derive the following valid inequalities:

∑

j∈N

z
vj

j ≤ nv.

4.5 Non-compact formulation

The quality of the lower bounds produced by the LP relaxation of (IIF) does
not allow one to solve the interval-indexed formulation by branch-and-cut.

In this section, we give another MIP formulation of the problem. The
LP relaxation of this formulation produces lower bounds of a better quality.
Consider again a partition D(e) based on due dates and an appropriate set σ
of permutations for D(e).

Let the set Ωu, u ∈ M , include all partial schedules starting not later
than eu−1 where jobs are completed in interval Iu and processed according
to permutation σu. Each set Ωu, u ∈ M \ {m}, also includes empty partial
schedules, i.e. the schedules containing no jobs. For each job j ∈ N , ajω = 1
if partial schedule ω contains job j, otherwise ajω = 0 . Let cω, ω ∈ Ωu,
be the nonnegative difference between eu−1 and the starting time of ω. Let
wω, ω ∈ Ωu, be the total cost of ω: wω =

∑
j∈N ajωwjTj(ω). The sum of

processing times of all jobs included in ω we denote pω: pω =
∑

j∈N ajωpj .
In Figure 4.5 an example of constructing a full schedule from partial sched-

ules is depicted. The time horizon is partitioned into 4 intervals. Partial
schedule ω1 = (4) belongs to set Ω1, ω2 = (3, 1) belongs to Ω2, empty partial
schedule ω3 belongs to Ω3, ω4 = (5, 2) belongs to Ω4. c values of the partial
schedules are also shown.
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Figure 4.5: Full schedule and its partial schedules

The binary variable λω equals 1 if the solution includes partial schedule ω,
and otherwise λω = 0. Using these variables, the problem can be formulated
as the following master problem.

(IIMP)

min
∑

u∈M

∑

ω∈Ωu

wωλω (4.25)

s.t.
∑

u∈M

∑

ω∈Ωu

ajωλω = 1, ∀j ∈ N, (4.26)

eu−1 −
∑

ω∈Ωu

cωλω +
∑

ω∈Ωu

pωλω = eu −
∑

ω∈Ωu+1

cωλω,

1 ≤ u < m, (4.27)∑

ω∈Ωu

λω = 1, ∀u ∈ M (4.28)

∑

ω∈Ωu

ajωλω ∈ {0, 1}, ∀j ∈ N, ∀u ∈ M. (4.29)

The constraints (4.26) specify that each job is contained in exactly one
partial schedule. The constraints (4.27) guarantee that the difference between
the starting times of partial schedules of intervals Iu+1 and Iu equals to the
sum of processing times of jobs in the partial schedule of Iu. In other words,
a partial schedule should start at the time moment when the previous partial
schedule is completed. Finally, the constraints (4.28) state that only one
partial schedule should be selected for each interval. Note that cω = 0, ω ∈ Ω1,
as a full schedule should start at the time moment 0.

As shown in Section 1.3, the LP relaxation (LPMP) of formulation (IIMP)
can be solved by column generation. Remember that jobs in each partial
schedule are assigned to the same interval. Therefore, the pricing problem
here decomposes into subproblems for each interval.
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4.5.1 Solving the pricing problem

When solving (LPMP) by column generation, we deal with the LP relaxation
(LPRMP) of the master problem (IIMP) with a restricted set of columns. Let
(θ, η, µ) ∈ Rn+m+m denote optimal dual solution of (LPRMP). The reduced
cost of variable λω, ω ∈ Ωu, is

∑

j: ajω=1

wjTj(ω)−
∑

j∈N

θjajω − ηu(pω − cω)− ηu−1cω − µu.

To check if there are columns with a negative reduced cost, we need to solve
the pricing problem which decomposes here into m subproblems, one for each
interval Iu, u ∈ M .

Now we formulate the pricing subproblem (PSu) which finds a partial
schedule ω ∈ Ωu with the minimum reduced cost. Binary variable xj takes
value 1 if job j ∈ N is included in the partial schedule (ajω = 1), and otherwise
xj = 0. Continuous variable c equals cω, i.e. the difference between the end
of interval Iu−1 and the starting time of the partial schedule. Integer variable
T̃j , j ∈ N , equals Tj(ω) − τu

j if ajω = 1. If ajω = 1 then T̃j = 0. Note that
Tj(ω) = T̃j + τu

j xj and pω =
∑

j∈N pjxj . Now we can formulate the following
MIP.

(PSu)

min
∑

j∈N

(wjτ
u
j − θj − pjηu)xj +

∑

j∈N

wj T̃j + (ηu − ηu−1)c (4.30)

s.t. T̃j ≥ −c +
∑

i∈Bu
j

pixi + pjxj − (1− xj) · (eu − eu−1 − 1),

∀j ∈ N, dj ≤ eu−1, (4.31)

−c +
∑

j∈N

pjxj ≤ eu − eu−1, (4.32)

−c +
∑

i∈Bu
j ∪{j}

pixi ≥ 1, ∀j ∈ N, (4.33)

c ≥ 0, (4.34)
xj ∈ {0, 1}, ∀j ∈ N, (4.35)

T̃j ∈ Z+, ∀j ∈ N.. (4.36)

The constraints (4.31) correspond to the constraints (4.19). The con-
straints (4.32) and (4.33) guarantee that all jobs in the partial schedule are
completed in interval Iu. When solving the subproblems, we do not consider
empty partial schedules. These schedules are included in the initial set of
columns of (LPRMP).

We show now that the problem (PSu) always has an optimal solution which
corresponds to a special kind of partial schedules which we call “shifted”.

Definition 4.4. A partial schedule ω ∈ Ωu, u ∈ M , is left-shifted, if cω equals
the processing time p

[1]
ω of the first job in ω minus 1. A partial schedule ω is
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right-shifted if
cω = max{pω − (eu − eu−1), 0}.

The meaning of such partial schedules is that if we “shift” to the right a
right-shifted schedule or to the left a left-shifted one, then the partial schedule
obtained does not belong to Ωu any more. Examples of shifted and non-shifted
schedules are depicted in Figure 4.6.

-

-

-

-

¾ -

¾ -
cω = p̄ω − (eu − eu−1)

cω = p1
ω − 1

cω = 0
j1 j2

j1 j2 j3

j1 j2 j3

j1 j2 j3

eu−1 eu

right-shifted schedule, type 1

right-shifted schedule, type 2 (λ1)

left-shifted schedule (λ2)

non-shifted schedule ( 1
2λ1 + 1

2λ2)

Figure 4.6: Shifted and non-shifted partial schedules

Proposition 4.6. There exists an optimal either left-shifted or right-shifted
partial schedule for subproblem (PSu), u ∈ M .

Proof. Let (x∗, c∗, T̃ ∗) be an optimal solution (PSu). We now fix variables x
to x∗. Then the objective (4.30) reduces to

∑
j∈N wj T̃j + (ηu − ηu−1)c. The

domain of c, or the set of possible values of c, is now an interval, given by
the constraints (4.32), (4.33) and (4.34). As the objective function is linear,
it reaches its minimum on one of extreme values of the domain of c, as it is
shown in Figure 4.7. It is easy to check that these extreme values correspond
to shifted partial schedules.

So, when solving the formulation (LPRMP) by column generation, we deal
only with columns which correspond to shifted partial schedules. Any partial
schedule ω ∈ Ωu, u ∈ M , can be obtained as a linear combination of columns
of (LPRMP). Let ωl ∈ Ωu and ωr ∈ Ωu be the left-shifted and right-shifted
schedules which include the same set of jobs as the schedule ω. Then, for
some α ∈ [0, 1], we have

wω = αwωl
+ (1− α)wωr ,

cω = αcωl
+ (1− α)cωr .
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Figure 4.7: Two cases of the minimization of the objective (4.30) when the
variables x are fixed

The formulation (PSu), u ∈ M , can be solved using the standard branch-
and-cut method. However, it is possible to use the structure of the pricing
subproblem and solve it more efficiently by dynamic programming. If job
j ∈ N is included in the partial schedule and completed at time moment
t ∈ Iu, then j contributes the cost Cu

jt to the objective (4.30), where

Cu
jt = wj ·max{t− dj , 0} − θj − pjηu + (ηu − ηu−1) ·max{eu−1 − t + pj , 0}.

The contribution of the variable c is included in the cost of job j ∈ N when
j is the first in the partial schedule, i.e. when t − pj ≤ eu−1. In this case
c = eu−1− t+pj and the last term in the formula for Cu

jt equals (ηu−ηu−1)c.
When job j is not the first, the last term equals zero.

Let Zu
j (t) be the minimum reduced cost for partial schedules in Ωu con-

taining jobs in Bu
j ∪ {j} and terminating at time moment t ∈ Iu. Let also bj

be the predecessor of job j ∈ N in permutation σu. If Bu
j = ∅ then bj = 0. We

set Zu
0 (t) := ∞, u ∈ M , t ∈ Iu. As we know that jobs in the partial sched-

ule are processed according to permutation σu, we can build the following
recursion:

Zu
j (t) =





min{Zu
bj

(t), Zu
bj

(t− pj) + Cu
jt}, t− pj ≥ eu−1 + 1,

min{Zu
bj

(t), Cu
jt}, t− pj ≤ eu−1.

(4.37)

Then the value of optimal solution of (PSu) is

Zu
j∗(t

∗) = min
j∈N,t∈Iu

Zu
j (t).

By working backwards, starting from (j∗, t∗), we can retrieve the optimal
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values of the variables x and c. It is easy to see that the total time for solving
all pricing subproblems by dynamic programming is O(nP ).

Note that additional constraints which state that a job should or should
not be completed in interval u ∈ M can be respected easily when solving (PSu)
by dynamic programming. One just needs to suitably modify the recursion
(4.37).

4.5.2 Strengthening the formulation

In this subsection, we present three ways to strengthen the formulation (IIMP).
Namely, we will use dominance rules, reduced costs and cutting planes.

As shown in Section 4.4, dominance rules for the problem 1 || ∑wjTj can
be used to reduce the domains of jobs. If an interval Iu, u ∈ M , is excluded
completely from the domain of a job j ∈ N , we can add the constraint stating
that j should not be completed in Iu. Such a constraint is not included explic-
itly to (IIMP). It is taken into account when we solve the pricing subproblem
(PSu).

Similar constraints can be added based on reduced costs. Suppose the
solution of the LP relaxation of (IIMP) is LB and UB is an upper bound on
the optimal solution of the problem. For each job j ∈ N and each interval Iu,
u ∈ M , we solve the pricing subproblem (PSu) with the additional constraint
xj = 1 forcing j to be assigned to Iu. Let ζ be the value of an optimal solution
of this subproblem. If LB + ζ ≥ UB then there is no solution in which j is
assigned to Iu with a value less than UB. Therefore, we can add the constraint
stating that j should not be completed in Iu. Again, this constraint is taken
into account only when we solve the pricing subproblem (PSu).

A standard way to strengthen a MIP formulation is to use valid inequalities
in the form of cutting planes. We now show how to generate cover cuts for
the formulation (IIMP). We will convert cover inequalities for the formulation
(IIMP) into cover inequalities for (IIMP). The relation between the variables
λ of (IIMP) and the variables z of (IIF) is the following:

zu
j =

∑

1≤v≤u

∑

ω∈Ωv,ajω=1

λω. (4.38)

Set Cu of jobs, u ∈ N , is a cover for the first u intervals if
∑

j∈Cu
pj > eu.

Note that all jobs in Cu cannot be assigned to first u intervals. Then, for a
cover Cu, the inequality ∑

j∈Cu

zu
j ≤| Cu | −1, (4.39)

is valid for (IIF). The cover inequality (4.39) has the equivalent inequality for
the variables λ: ∑

j∈Cu

∑

1≤v≤u

∑

ω∈Ωv,ajω=1

λω ≤| Cu | −1. (4.40)
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The inequality (4.40) is valid for the formulation (IIMP).
Now we present a separation algorithm for inequalities (4.40). Consider

a solution λ∗ of the formulation (IIMP). We transform λ∗ into z∗ ∈ Rn×m

using the formula (4.38). To separate the cover inequalities (4.39), we solve
the following problem [87]:

ζ = min





∑

j∈N

(1− zu∗
j )yj :

∑

j∈N

pjyj ≥ eu + 1, y ∈ {0, 1}n



 (4.41)

If ζ < 1 then Cu = {j : y∗j = 1} is a cover, and the inequality (4.40) for this
cover violates λ∗.

Valid inequalities can be tightened using a so-called lifting procedure. To
lift cover inequalities, a heuristic from [61] is used. Let αj be the coefficient
of variable zu

j , j ∈ N , in a cover inequality for cover Cu. We define also
Lα = {j ∈ N : αj > 0}. The coefficient βi of variable zu

i , i ∈ N \ Lα, which
we add to this inequality, equals | Cu | −1− ζi, where

ζi = max





∑

j∈Lα

αjyj :
∑

j∈Lα

pjyj ≤ eu − pi, y ∈ {0, 1}|Lα|



 . (4.42)

Note that the problem (4.42) can be solved in polynomial time by dynamic
programming, as coefficients αj , j ∈ N , are integer and αj <| Cu |≤ n.

Similarly to cover inequalities, we will now define reverse cover inequalities.
Set RCu of jobs, u ∈ N , is a reverse cover for the last m− u intervals if

∑

j∈RCu

pj ≥ P − eu − max
j∈RCu

pj .

All jobs in RCu cannot be be assigned to the last m− u intervals, as at least
one job in RCu would be completed in interval Iu or earlier. Therefore, for a
reverse cover RCu, the inequality

∑

j∈RCu

(1− zu
j ) ≤| RCu | −1, (4.43)

is valid for (IIF). The reverse cover inequality (4.43) has the equivalent in-
equality for the variables λ:

∑

j∈RCu

∑

u<v≤m

∑

ω∈Ωv,
ajω=1

λω ≤| RCu | −1. (4.44)

Now we present a separation algorithm for inequalities (4.44). Consider
a solution λ∗ of the formulation (IIMP) such that the corresponding solution
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z∗ is fractional. The separation problem for the reverse cover inequalities can
be formulated in the following way:

ζ = min





∑

j∈N

zu∗
j yj :

∑

j∈N

pjyj ≥ P − eu + max
j∈N,
yj=1

{pj}, y ∈ {0, 1}n





. (4.45)

Again, if ζ < 1 then RCu = {j ∈ N : y∗j = 1} is a reverse cover. Note that,
to get the solution of the problem (4.45), we can solve n following knapsack
problems, one for each k ∈ N ,

ζ(k) = min





∑

j 6=k,

pj≤pk

zu∗
j yj + zu∗

k :
∑

j∈N,

pj≤pk

pjyj ≥ P − eu, y ∈ {0, 1}n





, (4.46)

and put ζ = mink∈N ζ(k).
To lift reverse cover inequalities, a similar heuristic to that for cover in-

equalities is used. Let αu
j is the coefficient of variable zu

j in a reverse cover
inequality based on reverse cover RCu, Lα = {j ∈ N : αj > 0}. The coef-
ficient βi of variable zu

i , i ∈ N \ Lα, which we add to this inequality, equals
| RCu | −1− ζi, where

ζi = max

8
><
>:
X

j∈Lα

αjyj :
X

j∈Lα

pjyj ≤ P − eu − 1− pi + max
j∈N,

yj=1

{pj , pi}, y ∈ {0, 1}n

9
>=
>;

.

The solution to the latter problem can be found by solving several knapsack
problems, one for each k ∈ Lα,

ζ
(k)
i = max

∑

j∈Lα,

pj≤pk

αjyj + αk

s.t.
∑

j∈Lα,

pj≤pk

pjyj ≤ P − eu − 1− pi + max{pk, pi},

y ∈ {0, 1}|Lα|,

and putting ζi = maxk∈Lα ζ
(k)
i .

Note that adding cover or reverse cover inequalities to the formulation
(IIMP) does not change the structure of the pricing subproblems. One should
just change appropriately the coefficients for variables xj , j ∈ N , in (4.30)
by taking into account optimal values for dual variables associates with cover
inequalities added.

Numerical experiments showed that it is advantageous to include both
variables z and λ in the formulation (IIMP) along with the constraints (4.38).
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In this case, when we add cuts (4.39) and (4.43) over variables z, the solution
time for the column+cut generation algorithm is less than in the case, in
which only λ variables are used and the cuts (4.40) and (4.44) are generated.

4.5.3 Implementation issues

The first question arising, when one wants to implement a column generation
algorithm, is the generation of the initial set of columns. Here this initial set is
based on a heuristic solution represented by schedule π′. Note that jobs in π′

should be processed according to the set σ of permutations. For each interval
Iu, u ∈ M , such that Q

(
uπ′) 6= ∅, we generate one or two columns. The first

column corresponds to right-shifted partial schedule ωr ∈ Ωu containing all
jobs in Q

(
uπ′). The second column corresponds to left-shifted partial schedule

ωl ∈ Ωu containing the same set of jobs. Only one column is generated for
intervals I1 and Im, as sets Ω1 and Ωm contain only right-shifted partial
schedules. Additionally, for each interval Iu, u ∈ M \ {m}, we generate
columns which correspond to empty partial schedules ω′l, ω

′
r ∈ Ωu. For this,

we set wω′l = wω′r := 0, ajω′l = ajω′r := 0, ∀j ∈ N , cω′r := 0 , cω′l := eu−1.
Now we discuss some ways to speed up the column generation algorithm.

As has been shown before, in each iteration, we need to solve m subproblems.
So, for each interval Iu, u ∈ M , we obtain a column in Ωu with the minimum
reduced cost. Then, all such columns with a negative reduced cost can be
added to the master problem formulation, not just the best one.

Then, we know that the set of all columns of the formulation (IIMP) can
be restricted to the set of columns corresponding to shifted partial schedules.
When such a column ω ∈ Ωu is added to the master problem formulation, we
can add also its “pair”, i.e. the column ω′ ∈ Ωu containing the same set of
jobs as ω, but “shifted” to the other side.

4.5.4 Branch-and-Price algorithm

Consider the solution λ∗ of the LP relaxation of the formulation (IIMP). λ∗

can be converted to z∗ using the formula (4.38). If z∗ is integer then the
problem is solved. Remember that the optimal schedule found is represented
by a set of partial schedules. Any partial schedule is a linear combination
of the corresponding left-shifted and right-shifted schedules. The variables λ
represent only shifted partial schedules. Therefore, λ∗ can be fractional, even
when z∗ is integer.

When z∗ is fractional, the problem is still unsolved and the value of the
optimal solution of (LPMP) is a lower bound. In this case, one needs to branch
in order to solve the problem. We branch on a job j ∈ N , for which vector z∗j
is fractional. Let Iu, u ∈ M , be an interval such that zu

j is fractional. Then,
at the first descendant node, we impose the condition zu

j = 1 meaning that
job j should be completed not later than eu. At the second descendant node,
we we impose the condition zu

j = 0 meaning that job j should be completed
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not earlier than eu + 1. As it has been discussed before, these conditions do
not need to be included explicitly in the formulation (IIMP). They just state
that a certain job cannot be assigned to certain intervals. Thus, this job is not
taken into account when solving the pricing subproblems for these intervals.
To speed up the resolution of the formulation (LPMP) at the descendant
nodes, we can pass there the columns satisfying the branching conditions.

At each node of the search tree, a heuristic feasible solution can be obtained
if z∗ is fractional. For this we use the notion of an α−point [74]. The α−point,
of job j ∈ N , 0 < αj ≤ 1, is defined to be the first interval u(αj) ∈ M , in
which an αj fraction of job j has been completed, according to z∗:

u(αj) = min{u ∈ M : zu∗
j ≥ αj}.

The heuristic schedule is obtained by ordering the jobs according to their
α−points. If two jobs i, j ∈ N have the same α−point, they are scheduled
according to permutation σv, where v = u(αi) = u(αj).

In our implementation, at each node of the search tree, 20 heuristic sched-
ules are built, and the best one is chosen. The first 10 schedules πi, i ∈
{1, . . . , 10}, are obtained using αj = 1/i, j ∈ N . To build a schedule from
the last ten, the values αj , j ∈ N , are chosen randomly. The cost of the best
heuristic schedule gives us an upper bound.

4.6 Numerical experiments

In this section, we present results of an experimental study of the formulations
(IIF) and (IIMP). We have experimentally compared the formulation (IIF)
with other compact MIP formulations of the problem. We have also tested
the quality of lower bounds obtained by solving the LP relaxation of the
formulation (IIMP). Preliminary results for the Branch-and-Price algorithm
are also presented.

We have run the experiments on a set of test instances with the number
of jobs varying from 10 to 50. These instances are generated as follows. For
each job j ∈ N , an integer processing time pj , an integer weight wj , and an
integer due date dj are generated following uniform distributions in [1,100],
[1,10] and [P · (1−TF −RDD/2), P · (1−TF +RDD/2)], respectively. Here
TF is a Tardiness Factor and RDD is the Range of Due Dates. TF and RDD
take their values in {0.2, 0.4, 0.6, 0.8, 1}. Five problems are generated for each
combination of TF and RDD parameters. In total, we have 125 problems for
each number n of jobs. We have generated the instances for n = {10, 20, 30}.
The instances for n = {40, 50} were taken from OR-Library [11].

The experiments have been carried out on a computer with a 2 GHz Pen-
tium IV processor and 512 Mb RAM.
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4.6.1 Comparison of compact MIP formulations

We have experimentally compared next MIP formulations for the problem
1 || ∑

wjTj : the interval-indexed formulation (IIF), the sparse time-indexed
formulation, the linear ordering formulation, and the “positional” formulation.
The last two formulation have not been yet presented, and we will do so now.
These formulations are pretty standard and appeared, for example, in [46].

We now present the sparse reformulation of the time-indexed formulation
(TI). This reformulation is due to Pan and Shi [62]. Remember that binary
variable xjt, j ∈ N , t ∈ [1, P ], takes value 1 if job j is started at time moment
t, and otherwise xjt = 0. A series of row transformations to constraints (4.3)
of (TI) is applied. The equation for t = 1 is left unchanged. For t = 2, . . . , P ,
we multiply both sides of the equation for t− 1 by -1 and then add it to the
equation for t. This gives us the following sparse reformulation.

(TIS)

min
P∑

t=1

max{0, t + pj − 1− dj}xjt (4.47)

s.t.

P−pj+1∑
t=1

xjt = 1, j ∈ N, (4.48)

∑

j∈N

xj1 = 1, (4.49)

∑

j∈N

xjt −
∑

j∈N : pj<t

xj,t−pj = 0, t ∈ [2, P ], (4.50)

xjt ∈ {0, 1}, j ∈ N, t ∈ [1, P ]. (4.51)

Here the constraints (4.50) mean that, if a job is started at a time moment
t ∈ [2, P ], then another job j should start at time moment t − pj . The
matrix of the formulation (TIS) is significantly less dense that the matrix
of the formulation (TI). Therefore, (TIS) can be solved much faster by MIP
solvers. Note that this formulation is not fully compact, as it contains a
pseudopolynomial number of variables and constraints.

We now turn to the linear ordering formulation. Binary variable δij , i, j ∈
N , takes value 1 if job i precedes job j, and otherwise δij = 0. Continuous
variable Tj , j ∈ N , represents the tardiness of job j. Now we can write the
linear ordering formulation.
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(LO)

min
∑

j∈N

wjTj (4.52)

s.t. δij + δji ≤ 1, i, j ∈ N, i < j, (4.53)
δij + δjk + δki ≤ 2, i, j, k ∈ N, i 6= j 6= k, (4.54)

Tj ≥
∑

i∈N,i 6=j

piδij + pj − dj , j ∈ N, (4.55)

Tj ≥ 0, j ∈ N, (4.56)
δij ∈ {0, 1}, i, j ∈ N, i 6= j. (4.57)

The constraints (4.53) state that, for every pair of jobs, one should precede
the other. The constraints (4.54) guarantee that, for every triple of jobs
i, j, k ∈ N , if i precedes j and j precedes k then i should precede k. The
constraints (4.55) relate the variables δ and T .

Now we present the “positional” formulation. Assignment binary variable
xk

j , j, k ∈ N takes value 1 if job j is assigned to position k in the schedule.
Continuous variable γk, k ∈ N , equals to the completion time of the job at
position k. Continuous variables Tj , j ∈ N , represents the tardiness of the
job j. Then the formulation is

(POS)

min
∑

j∈N

wjTj (4.58)

s.t.
∑

j∈N

xk
j = 1, k ∈ N, (4.59)

∑

k∈N

xk
j = 1, j ∈ N, (4.60)

γk = γk−1 +
∑

j∈N

pjx
k
j , k ∈ N \ {1}, (4.61)

γ1 =
∑

j∈N

pjx
1
j , (4.62)

Tj ≥ γk − U · (1− xk
j )− dj , j, k ∈ N, (4.63)

Tj ≥ 0, j ∈ N, (4.64)
xk

i ∈ {0, 1}, i, k ∈ N. (4.65)

The assignment constraints (4.59) and (4.60) state that a job can occupy
exactly one position in the schedule, and a position can be occupied by exactly
one job. The constraints (4.61) and (4.62) compute positional completion
times. The constraints (4.55) relate the variables x, γ and T .

We have used the Xpress-MP MIP solver version 15.20 to solve the formu-
lations (IIF), (TI), (LO), and (POS) by branch-and-cut. We have put a time
limit of 10 minutes when solving the test instances. For all formulations, we
have used the Emmons dominance rules in the preprocessing stage.
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(POS) (TIS) (LO) (IIF)

n P10m Tav P10m Tav P10m Tav P10m Tav

10 96.8% 29.4 100% 0.3 100% 0.1 100% 0.1
20 29.6% 50.7 99.2% 23.3 98.4% 2.2 100% 1.7
30 21.0% 7.7 80.0% 120.5 88.0% 30.9 82.4% 30.8
40 17.6% 0.2 51.2% 450.6 65.6% 37.9 64.8% 34.0
50 - - 31.2% 272.1 47.2% 84.6 57.6% 56.5

Table 4.3: Comparison of four MIP formulations for the problem

In the experiments, for each number n of jobs, we were interested in the
following statistics.

P10m — percentage of instances solved to optimality within 10 minutes.

Tav — average time in seconds needed to solve an instance to optimality
(only for instances solved to optimality).

Ndav — average number of nodes in the search tree (only for instances solved
to optimality).

Gap — average integrality gap, i.e. the average difference between the best
found solution and the best found lower bound, percentage wise the best
found solution (only for instances which were not solved to optimality
and for which at least one feasible solution was found).

XLP — average difference between the optimal solution and the lower bound
at the top node of the search tree after generating standard cuts, per-
centage wise the optimal solution (only for instances for which the LP
relaxation was solved within the time limit).

The comparison results are presented in Table 4.3. As it can be seen, the
formulations (LO) and (IIF) clearly outperform the others. It is also worth
noticing that the formulation (TI) has the smallest XLP ratio, but the size
of the formulation does not allow to use it even for small instances.

In Table 4.4, we present detailed results for the formulations (LO) and
(IIF). The formulation (LO) is better when solving 30-jobs instances, as it
can solve more instances within the time limit. However, the formulations
(LO) and (IIF) have solved almost the same number of 40-jobs instances.
Moreover, the formulation (IIF) has solved more 50-jobs instances. We also
notice that the interval-indexed formulation is much tighter than the linear
ordering formulation. The statistics XLP is more than 3 times smaller for
(IIF) than for (LO). Also, the average integrality gap is much better for
instances unsolved by (IIF) than for instances unsolved by (LO).

The formulation (LO) has O(n3) constraints. When the dimension of the
problem increases, the size of this formulation quickly grows and becomes very
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(LO)

n P10m Tav Ndav XLP Gap

10 100% 0.1 10.2 8.8% 0.0%
20 98.4% 2.2 323.1 18.9% 22.0%
30 88.0% 30.9 2380.5 23.0% 25.1%
40 65.6% 37.9 1038.7 23.6% 30.6%
50 47.2% 84.6 554.9 23.7% 30.5%

(IIF)

n P10m Tav Ndav XLP Gap

10 100% 0.1 14.1 4.7% 0.0%
20 100% 1.7 338.3 6.8% 0.0%
30 82.4% 30.8 5245.8 6.8% 3.0%
40 64.8% 34.0 2320.0 7.0% 3.6%
50 57.6% 56.5 2654.8 7.2% 3.9%

Table 4.4: Further comparison of the formulations (LO) and (IIF)

large. Therefore, the effectiveness of (LO) drops rapidly with the increase
of the dimension. Results of Khowala et al. [46] show that, for larger n,
the formulation (LO) becomes less and less efficient and “loses” even to the
formulation (POS).

Theoretically, the formulation (IIF) also has O(n3) constraints, as an ap-
propriate partition generated by Algorithm 4.2 has O(n2) intervals. However,
in the experiments, the number of intervals was below 2n for all test instances.
So, in practice, the size of the formulation (IIF) is O(n2). This suggests that,
for larger dimensions, the size of (IIF) will remain reasonable, and the interval-
indexed formulation will remain the best among four formulations considered
here. However, note that the length of the time horizon has a big impact
of the formulation (TI). When this length is small, the formulation (TI) is
usually the best choice.

4.6.2 Non-compact formulation

In this subsection, we experimentally test the LP relaxation (LPMP) of the
formulation (IIMP). We have used the Mosel modelling and programming
language version 1.7 to implement the column generation algorithm. Note
that the subroutines to solve the pricing problem by dynamic programming
and the cut separation problem have been coded in the Microsoft Visual
C++ environment version 6.0. To implement the cut separation algorithm,
the code of the ExpKnap algorithm by Pisinger [65] was used. In the column
generation algorithm, to solve the LP relaxation (LPRMP) of the restricted
master problem, the XPress-MP MIP solver version 15.20 has been used.
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In the experiments, for each number n of jobs, we were interested in the
following statistics.

TCG
av — average time in seconds needed to solve (LPMP).

Tav — average time in seconds needed to solve (LPMP) and generate all
violated cover and reverse cover cuts.

Clav - average number of columns generated.

Itav - average number of iterations in the column generation algorithm.

Ctav - average number of cuts generated.

Inav - average number of intervals.

LBCG - - average difference between the column generation lower bound and
the optimal solution, percentage wise the value of the optimal solution.

LB - average difference between the column+cut generation lower bound and
the optimal solution, percentage wise the value of the optimal solution.

n Tav TCG
av Clav Itav Ctav Inav LB LBCG

10 0.1 0.1 82.4 8.8 3.0 10.0 2.35% 4.02%
20 0.3 0.2 280.1 18.2 11.2 19.2 2.45% 3.89%
30 0.9 0.5 578.1 25.5 21.8 28.7 1.81% 2.86%
40 2.0 1.3 958.1 33.0 28.5 38.2 2.15% 3.05%
50 4.0 2.6 1436.8 41.0 38.9 47.6 1.50% 2.36%

Table 4.5: Results for the column generation algorithm

Results are presented in Table 4.5. As it can be seen, the LP relaxation
(LPMP) can be solved relatively fast using the column generation algorithm.
A useful observation is that the average number of iterations and the average
number of cuts grow linearly when the number of jobs increases, i.e. the
algorithm scales well. This explains the fact that the average time grows
quite slowly.

Another important observation concerns the lower bounds. The cover and
reverse cover cuts help significantly to decrease the average gap between the
lower bound and the optimal solution. Moreover, the cut generation takes
less time than the column generation. We conclude that it is worth to use
cuts for this formulation.

We now compare our column+cut generation lower bound with the lower
bound produced by the LP relaxation of the formulation (TIS) and the lower
bound obtained by Babu et al. [6] using the Lagrangean relaxation of the
time-indexed formulation. We have received the code of Babu et al. and have
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run it on the same computer. To solve the LP relaxation of the formulation
(TIS), we have used the Xpress-MP LP solver version 16.10 with the default
settings. The comparison between three lower bounds is shown in Table 4.6.

LP relaxation of (TIS) Babu et al. [6] Our bound

n Bound Time Bound Time Bound Time

40 0.67% 278.7 0.75% 26.3 2.15% 2.0
50 0.73% 570.6 0.82% 49.1 1.50% 4.0

Table 4.6: Comparison of three lower bounds for the problem 1 || ∑ wjTj

Our experiments showed that the Lagrangean relaxation lower bound is
slightly worse than the lower bound of the LP relaxation of (TIS). But the
former lower bound can be computed much faster. On the other hand, the
Lagrangean relaxation lower bound is better than our lower bound. However,
the calculation of our lower bound takes an order of magnitude less time.

We conclude that our column+cut generation lower bound has a good
trade-off between the quality and the time needed to obtain it.
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Chapter 5

Conclusions

We now review the main results presented in the thesis and discuss some
directions and perspectives for future research.

In Chapter 2 we considered one of the classical one-machine non-preemptive
scheduling problems, minimizing the weighted number of late jobs on a single
machine with presence of different release dates. This problem can be seen
as a selection of a feasible set of jobs with the maximum total weight. The
feasibility of a set is determined by a possibility to schedule jobs in this set on
a single machine without preemption and without violation of release and due
dates. To solve this problem to optimality, we proposed a Branch-and-Check
algorithm which is based on the Benders decomposition of a Mixed Integer
Programming formulation. This decomposition breaks the problem into two
natural stages, choosing a set of jobs and checking its feasibility. The first
stage is tackled by Integer Programming, and in the second stage, we use
specialized combinatorial scheduling algorithms and CP. The cooperation be-
tween two stages is carried out via infeasibility cuts which are generated in
the second stage and used in the first stage.

The idea of such a decomposition of a scheduling problem is not new.
It has been already suggested in the context of multi-machine problems, for
example in [41, 16]. Our contribution to this approach consists in two ingre-
dients. First, we suggested additional tightening knapsack-type inequalities
for the MIP formulation of the first stage of the problem, namely choosing a
set of jobs. Adding these inequalities allows us to significantly decrease the
number of infeasible sets of jobs chosen in the first stage. Thus, the number
of infeasibility cuts produced in the second stage also decreases leading to a
smaller solution time for the whole algorithm.

Secondly, we proposed new algorithms for generating infeasibility cuts.
The usual approach is to generate so-called “no-good” cuts which mean that
all the jobs in an infeasible set cannot be chosen at the same time. Our
first algorithm is based on the idea that, when a set of jobs is infeasible,
it is possible usually to find a strict subset of this set of jobs that is also
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infeasible. In this case, it is possible to generate the “no-good” cut for a
subset of jobs rather that for the whole set. Such a strengthened “no-good”
cut can replace many standard “no-good” cuts thus significantly decreasing
the solution time. The idea for our second algorithm came from Constraint
Programming, particulary from the “Edge-Finding” technique used in CP.
This technique allows to find special pairs (Q, k), where Q is a set of jobs and
k is a job. When jobs in Q ∪ {k} are processed on a single machine without
preemption and without violation of release and due dates, the interval in
which job k can be processed is restricted. Using such pairs (Q, k), it is
possible to add additional tightening inequalities to the MIP formulation of
the first stage of the problem. We use these inequalities as infeasibility cuts,
because their number can be exponential.

The resulting Branch-and-Check algorithm which uses the two ingredients
described above was able to solve all the standard test instances with up to
100 jobs within one hour on a computer with a 2 GHz processor and 512 Mb of
RAM. We have also carried out a numerical comparison of this algorithm with
another algorithm recently proposed in the literature. This comparison on a
set of standard test instances showed the superiority of the Branch-and-Check
algorithm.

An important open question that arises when analyzing the decomposition
scheme on which the proposed Branch-and-Check algorithm is based concerns
“no-good” infeasibility cuts. Is it possible to devise a practically reasonable
algorithm which, given an infeasible set of jobs, is able to find a minimal infea-
sible subset of this set? Such a subset of jobs would allow us to generate the
strongest inclusion wise “no-good” cut. A straightforward algorithm consists
in taking away jobs from the given set one by one and checking each time
whether the set becomes feasible or not. If it becomes feasible, we put the
job back to the set. Such an approach requires solving a series of feasibility
problems whose number equals the cardinality of the set of jobs. When this
set is reasonably large, this straightforward approach is unlikely to perform
well in practice.

In the Branch-and-Check algorithm proposed we did not use dominance
rules for the problem. It is interesting to see the impact of these rules on the
efficiency of the algorithm. Particulary, those rules might be useful, which
can be expressed only with x variables. For instance, such a rule is “if job j
is processed on-time then job i should be processed on-time”.

Another research direction could be to look for other types of infeasibility
cuts and tightening inequalities for the MIP formulation of the first stage of
the problem. However, our opinion is that the most important line of research
would be to study applicability of the decomposition scheme presented above
to practical problems. In this context, the results in the next chapter of the
thesis seem to be interesting.

In Chapter 3, we studied two multi-machine non-preemptive scheduling
problems. The first one is the multi-machine assignment scheduling problem

116



and the second one is the problem of minimizing the maximum tardiness on
unrelated machines. For both problems we proposed Branch-and-Check and
Branch-and-Price algorithms.

The first multi-machine problem is a generalization of the one-machine
problem considered in Chapter 2. For this multi-machine problem we propose
a Branch-and-Check algorithm based on a similar decomposition scheme. The
difference is that, in the first stage, we choose not just a set of jobs but an
assignment of jobs to machines. In the second stage, for each machine, we
check the feasibility of the set of jobs assigned to the machine. The MIP
formulation for the first stage is amplified by the assignment constraints. The
infeasibility cuts used are the same as in the one-machine case.

The alternative approach we proposed to solve the multi-machine assign-
ment scheduling problem was the Dantzing-Wolfe reformulation. In it, each
binary variable corresponds to a partial schedule on a certain machine. The
Linear Programming relaxation of the Dantzing-Wolfe reformulation is solved
by column generation. The pricing problem here decomposes into one-machine
problems, one for each machine. Every one-machine problem is exactly the
problem considered in Chapter 2. Thus, the Branch-and-Check algorithm
for the one-machine problem can be used for solving the pricing problem. A
Branch-and-Price algorithm for solving the Dantzing-Wolfe reformulation was
finally presented.

A numerical comparison between our Branch-and-Check and Branch-and-
Price algorithms and other algorithms existent in the literature was carried
out on sets of publically available and newly generated instances. The Branch-
and-Price algorithm solved all the test instances with up to 9 machines and
54 jobs. It was the best among the algorithms tested.

Then, our Branch-and-Check and Branch-and-Price algorithms were mod-
ified to tackle the problem to minimize the maximum tardiness on unrelated
machines. The results of the experimental research for these modified al-
gorithms were not so successful as in the case with the first multi-machine
problem. However, to our knowledge, these two modified algorithm are the
first approaches proposed for the the problem to minimize the maximum tar-
diness on unrelated machines.

Finally, in the chapter devoted to the multi-machine problems, we con-
sidered a special case, in which machines are identical. Methods to break
symmetry were suggested for both algorithms. For the Branch-and-Check
algorithm, we proposed an alternative branching strategy which allows us to
consider only one solution in each symmetry group. For the Branch-and-
Check algorithm, we showed how to reformulate the master problem in order
to remove the symmetry. Also, branching strategies were discussed which are
suitable for the non-symmetric reformulation.

Although the proposed algorithms are quite efficient in solving the multi-
machine problems studied, there is still room for improvement. For the
Branch-and-Check algorithms, the “bottleneck” is the IP formulation for the
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first stage of the problem, the assignment of jobs to machines. This for-
mulation includes the assignment constraints as well as knapsack constraints
(additional tightening inequalities). This relates it to the Generalized As-
signment Problem [23] which is quite hard to solve by state-of-the-art MIP
solvers. Thus, an effort should be made to decrease the solution time for
the first stage of the problem. One of approaches for this could be to de-
rive families of valid inequalities which can be used as cuts when solving the
MIP formulation. Another approach could be using dominance rules for the
corresponding scheduling problem.

Again, an important question is the possibility of extending the proposed
algorithms in order to solve practical problems. One practical generalization
of the multi-machine problems studied here is the so-called cumulative case,
in which machines can have capacities different from 1. In this case, machines
act as resources, and jobs can require only a part of the machine to be pro-
cessed on. This means that a machine can process several jobs in parallel.
Algorithms which use the decomposition scheme similar to ours have been
recently proposed in the literature for such problems, see for example a work
by Hooker [43]. In these algorithms, the interaction between the assignment
part of the problem and feasibility checking is carried out using standard
“no-good” cuts. Thus, extending our algorithms for generating strengthened
“no-good” cuts for the cumulative case would be of value.

In Chapter 4 we considered another classical non-preemptive one-machine
scheduling problem, minimizing the total weighted tardiness. This important
problem has been being studied in literature for more than 30 years. We
contributed to the study by proposing two new MIP formulations for it.

The starting point of our study was the time-indexed MIP formulation.
In it, each binary variable determines whether a job is completed at a certain
time moment or not. It is known that the LP relaxation for this formula-
tion provides tight lower bounds for the problem. However, the size of this
formulation is big which limits a lot its applicability in practice.

To overcome the drawback of the time-indexed formulation, we proposed
to partition the time horizon into a relatively small number of intervals and
replace the time-indexed variables by interval-indexed variables which deter-
mine whether a job is completed in a certain interval or not. The partition is
carried out in such a way that, given a set of jobs completed in the same inter-
val, we know their optimal ordering. Such a partition was called appropriate.
We proposed an algorithm for finding an appropriate partition of the time
horizon into intervals. The number of intervals is guaranteed to be O(n2),
but in practice, this number was always less than 2n, where n is the number
of jobs.

Using an appropriate partition of the time horizon, we presented the
interval-indexed formulation for the problem. A numerical comparison be-
tween this formulation and other compact MIP formulations for the problem
was carried out on a set of standard test instances. Experiments showed that
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the proposed formulation has the smallest integrality gap, and it is the best
compact MIP formulation to use for instances when the number of jobs is
equal to 50 and more.

Then, we proposed a Dantzig-Wolfe interval-indexed reformulation of the
problem. In it, each binary variable represents a partial schedule containing
jobs completed in the same interval. The column generation algorithm for
solving the LP relaxation of this reformulation was considered. We showed
that the pricing problem can be solved by dynamic programming in pseu-
dopolynomial time. Ways to improve the Dantzig-Wolfe reformulation using
dominance rules and cover cuts were studied. Experimental research showed
that the LP relaxation of the reformulation can be solved quite fast and gen-
erates fairly good lower bounds on the optimal solution of the problem.

We believe that future investigation is needed for both the time-indexed
and the interval-indexed formulations and their LP relaxations. The interval-
indexed relaxation can be solved much faster but it loses a lot to the time-
indexed relaxation in terms of the quality of lower bounds. The impact of the
number of intervals on the solution time and the the quality of lower bounds
is not well studied here. Such a study can help in determining in how many
intervals it is best to partition the time horizon.

A natural direction for the future research concerns the Branch-and-Price
algorithm which can be built on the basis of the Dantzig-Wolfe interval-
indexed reformulation proposed. It is interesting to compare such an algo-
rithm with other column generation-based approaches [3, 14] for solving the
problem. In [14], Bigras et al. have also exploited the idea of a partition of
the time horizon into intervals. There, the partition does not use the struc-
ture of the problem. However, the uniform partition the authors use helps to
speed up the column generation algorithm by allowing the decomposition of
the pricing problem. We think it is worth to study the relation between the
approach of Bigras et al. and our approach. By taking the best components
from the both algorithms, it may be possible to improve their efficiency.
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Programs. Ph.D. thesis, Faculté des Sciences Appliquées, Université
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