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Abstract

This article explores the capacity of self-organizing maps (SOMs) for analysing
non-life insurance data. Contrary to feed forward neural networks, also called per-
ceptron, a SOM does not need any a priori information on the relevancy of variables.
During the learning procedure, the SOM algorithm selects the most relevant combina-
tion of explanatory variables and reduces by this way the collinearity bias. However,
the speci�c features of insurance data require adapting the classic SOM framework
to manage categorical variables and the low frequency of claims. This work proposes
several extensions of SOMs in order to study the claims frequency of a portfolio of
motorcycle insurances. Results are next compared to these computed with variants of
the k-mean clustering algorithm.

Keywords : Neural network, self organizing map, non-life insurance, claims fre-
quency, regression models, k-means algorithm

1 Introduction

Among neural models, the Multilayer Perceptron (see e.g. Hertz et al. (1991) ) is one of
the most popular. This model is an extension of the Rosenblatt's perceptron (1958) and is
inspired by the functioning of neural cells constituting animal brains. This model admits
both quantitative and categorical variables as inputs and is e�cient to perform classi�-
cation or non linear regression analysis. Prior to year 2010, neural networks were mainly
applied to evaluate insurer's credit risk or fraud detection. E.g. Brockett et al. (1994)
and (2006) train a multilayer perceptron to detect insurer insolvency. Whereas Viane et al.
(2002) compare classi�cation techniques for detection of expert automobile insurance fraud.

The use of neural networks in actuarial sciences is relatively recent. Ogunnaike and Si
(2017) use a feed-forward neural network to predict insurance claim severity losses. Sak-
thivel and Rajitha (2017) compare the performance of Poisson regression models with
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neural networks to forecast the claims number. Wüthrich and Buser (2017) provide an ex-
cellent overview of the usefulness of these methods for actuaries. In life insurance, Hainaut
(2017) proposes a perceptron-based model to forecast future mortality.

The perceptron is a method with supervised learning. It means that we have to a pri-
ori identify the most relevant variables and to know the desired outputs for combinations
of these variables. For example, forecasting the frequency of car accidents with a per-
ceptron requires an a priori segmentation of some explanatory variables like the driver's
age into categories, in a similar manner to Generalized Linear Models (see e.g. Ohlsson
and Johansson (2010)). The misspeci�cation of these categories can induce a large bias
in the forecast. On the other hand, the presence of collinearity between covariates a�ects
the accuracy of the prediction. In this situation, the coe�cient estimates of the multiple
regression may change erratically in response to small changes in the model or the data.
Self-organizing maps o�er an elegant solution to segment explanatory variables and to de-
tect dependence among covariates.

Self-organizing maps are arti�cial neural networks that do not ask any a priori information
on the relevancy of variables. For this reason, they belong to the family of unsupervised
algorithms. This method developed by Kohonen (1982) aims to analyze the original in-
formation by simplifying the amount of rough data, computing some basic features, and
giving visual representation. More precisely, SOMs produce a low dimensional (typically
two-dimensional), discretized representation of the input space of the training samples,
called a map, and is therefore a method to perform reduction of dimensions. As per-
ceptrons, SOMs are used for fraud detection (Brockett et al., 1998) or failure prediction
(Huysmans et al. 2006).

This article contributes to the literature both from an empirical and methodological points
of view. At the best of our knowledge, self organizing maps have not been applied yet to
study non-life insurance data. The features of insurance data are: a low frequency of
claims, a high number of policyholders and a mix of quantitative and categorical variables.
These distinctive characteristics require to adapt the Kohonen's algorithm in several direc-
tions. First, we propose in section 2 a Bayesian extension of SOMs in order to regress the
claims frequency on quantitative explanatory variables. Without recourse to a Bayesian
assumption, it is not possible to obtain a reliable estimate of claims frequencies. Mainly
because in this case the empirical frequency is null for many sub-groups of policyholders
due to the low number of claims. We compare results to these obtained with a Bayesian
version of the k-means algorithm. Second, the original Kohonen's algorithm was designed
to study quantitative variables. In sections 3 and 4, we propose a SOM to study categorical
variables. In a similar manner to multiple correspondence analysis, we de�ne a χ2 distance
between combinations of categories. This approach, based on the article of Cottrel et al.
(2004) allows us to regroup categorical variables and to detect dominant features in the
portfolio of contracts. Finally, the theory introduced in later sections serves us to develop
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a SOM and a k-means algorithm for regressing claims frequency on quantitative and cat-
egorical variables. Empirical results reveal that this type of SOM is a powerful tool for
segmenting policyholders.

2 The self-organizing maps (SOM)

Self-organizing maps o�er an elegant solution to segment explanatory variables and to de-
tect dependence among covariates. Initially, Kohonen (1982) developed SOMs for analysing
quantitative variables. In the �rst subsection, we present this algorithm and apply it to
an insurance data set to regroup policyholders with respect to quantitative variables. In
section 2.2, we show how SOMs may be adapted in order to regress the claims frequency
on quantitative variables in a Bayesian framework.

Figure 1: Illustration of the grid of neurons. The data is sent to all neurons and the best
matching neuron is the only one to be activated. The best matching neuron has the closest
codebook to data among all neurons.

2.1 The SOM for quantitative variables

In this section, features of insurance policies are exclusively quantitative variables. The
number of insurance policies is denoted by n. Each of these policies is described by p
real-valued variables. The data are arranged in a table X with n rows and p columns. The
rows of table X are denoted by xi = Xi,. and are the inputs of the SOM algorithm.

As illustrated in �gure 1, the map is represented by a two-dimensional grid, with l by
l nodes or neurons, indexed by u = 1, ..., l2 . This grid is described by a l2 × 2 matrix C.
C contains the coordinates of nodes in R2. In this article, the domain on which is de�ned
the grid is the unit square [0, 1] × [0, 1]. Neurons are equally spaced on this pavement.
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In order to de�ne the neighbourhood of a neuron in this grid, we introduce a topological
distance between neurons. Here, we use the Euclidian distance between lines u and v of
the matrix C: ‖Cu,. − Cv,.‖2.

Algorithm 1 Kohonen's algorithm for quantitative variables.

Initialization :

Randomly attribute codebooks ω1(0),..., ωl2(0).
Main procedure :

For e = 0 to maximum epoch, emax
For i = 1 to n

1) Find the node u matching at best the features of the ith policy

u = BMN(i) = arg min
u
d(xi,ωu(e)) . (1)

This node is the BMN (best matching node).
2) Update codebooks in the neighbourhood of the BMN
by pulling them closer in Rp to the input vector:

ωv(e+ 1) = ωv(e) + θ(u, v, e) ε(e) (xi − ωv(e)) (2)

for v = 1, ..., l2 and where

ε(e) = ε0

(
emax − e
emax

)
, (3)

θ(u, v, e) = θ0 exp

(
−
(
‖Cu,. − Cv,;‖2

)2
2σ(e)2

)
, (4)

σ(e) = σ0

(
1.2 emax − e

emax

)
. (5)

End loop on policies, i
3) Calculation of the total distance dtotal between policies and BMNs:

dtotal =
n∑
i=1

∥∥ωBMN(i) − xi
∥∥

2
.

End loop on epochs, e

We associate to each node a codebook denoted by ωu = {ωu1 , ..., ωup} that is an Rp vector
of weights for u = 1, ..., l2. We pursue a double objective. First, we wish to associate a
node of the grid to each insurance policy and partition the portfolio in l2 clusters. Second,
we want to determine codebook vectors ωu for u = 1, ..., l2 containing the average pro�le
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of policies assigned to node u. The vector ωu may be seen as the center of gravity in
Rd of policies associated to the uth neuron. The de�nition of this barycenter requires the
de�nition of a distance between the uth node and the ith insurance policy, whose respective
positions in Rp are identi�ed by ωu and xi. In the case of quantitative variables, we use
the Euclidian distance:

d(xi,ωu) = ‖ωu − xi‖2 u = 1, .., l2 i = 1, ..., n

=

√√√√ p∑
k=1

(
ωuk − xi,k

)2
.

Remark that the neural map admits a double representation. One is on a pavement
[0, 1] × [0, 1] and positions of neurons are �xed. The other one is in Rd where the po-
sitions of nodes are determined by the p-vectors ωu for u = 1, ..., l2. Kohonen (1982)
proposed a procedure to construct this map that is recalled in Algorithm 1. The algorithm
scans the portfolio and �nds for each policy the neuron with the closest codebook to its
features. This neuron is called the best matching node (BMN). After this step, weights
of neurons in the neighbourhood of this BMN are updated in the direction of the policy
features. The size of the update is proportional to the epoch of the algorithm and to the
distance between the BMN and updated neurons. Notice that functions ε(e) and σ(e) in
equations (3) and (5) may be replaced by any other decreasing functions of the epoch, e.
The total distance dtotal is the error of classi�cation if we use the feature ωBMN(i) for the

ith policy, instead of the real one xi. This distance is monitored to check the convergence
of the algorithm. When it does not vary anymore, the learning of the neural net is �nished.

The speed of convergence of the Kohonen's algorithm depends on initial weights ωu(0).
They should be chosen in order to re�ect as much as possible the largest set of features of
policies1. The convergence also depends on parameters, ε0, θ0 and σ0 of equations (3), (4)
and (5). If they are too high, weights of neurons oscillate during the �rst iterations. If ε0,
θ0 and σ0 are too small, modi�cations of the codebook are not enough signi�cant. In both
case, the number of epochs must be increased to achieve convergence.

To illustrate this section, we apply the Kohonen algorithm to data from the Swedish insur-
ance company Wasa, before its fusion with Länsförsäkringar Alliance in 1999. The data
set is available on the companion website of the book of Ohlsson and Johansson (2010) and
contains information about motorcycles insurances over the period 1994-1998. Each policy
is described by quantitative and categorical variables. The quantitative variables are the
insured's age and the age of his vehicle. The categorical variables are: the policyholder's
gender, the geographic zone and the category of the vehicle. The category of the vehicle is
based on the ratio power in KW ×100 / vehicle weight in kg + 75, rounded to the nearest
integer. The database also reports the number of claims, the total claim costs and the

1In our approach, codebooks are randomly chosen. An alternative consists to use the initialization
procedure of the k-means algorithm, presented in Section 2.2.
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duration of the contract for each policies. Table 1 summarizes the information provided
by categorical variables.

Rating factors Class Class description

Gender M Male
K Female

Geographic area 1 Central and semi-central parts of
Sweden's three largest cities

2 Suburbs plus middle-sized cities
3 Lesser towns, except those in 5 or 7
4 small towns and countryside
5 Northen towns
6 Northen countryside

Vehicle class 7 Gotland (Sweden's largest island)
1 EV ratio -5
2 EV ratio 6-8
3 EV ratio 9-12
4 EV ratio 13-15
5 EV ratio 16-19
6 EV ratio 20-24
7 EV ratio 25-

Table 1: Rating factors of motorcycle insurances. Source: Ohlsson and Johansson (2010).

The database counts n =62436 policies after removing contracts with a null duration.
In this section, we focus on two quantitative variables: the owner's age and age of the
vehicle. Before running the Kohonen's algorithm we scale the variables in order to convert
their domain on the pavement [0, 1] × [0, 1]. The columns of the matrix X respectively
contain the rescaled ages of owners and vehicles as follows

xi,1 =
Age ith policyholder

Max(Age)
, xi,2 =

V ehicle Age ith policy

Max(V ehicleAge)
. (6)

We build a map of the portfolio that regroups policyholders according to these two criteria.
The number of epochs is emax = 100 and the grid of neurons count 9 elements (l = 9). The
initial codebooks are chosen in order to regularly cover the [0, 1] × [0, 1] pavement. The
parameters of equations (3), (4) and (5) for the update of codebooks are: ε0 = 0.01, θ0 = 1
and σ0 = 0.10. These values have been chosen by trials and errors in order to ensure a
quick convergence.
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Figure 2: Kohonen's map of the portfolio, with 9 neurons. The segmenting variables are
the owner's and vehicle ages. Each policy is represented by a dot. Black dots point out
the position of neurons. The colors identify the area of in�uence of neurons.
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Figure 3: The left graph shows the number of policies assigned to each neuron. The right
graph plots the evolution of the average distance dtotal

n over iterations.

Figure 2 shows the Kohonen's map in the space of variables in which policies are
identi�ed by a dot. Each colored area represents a group of policies centered around a
neuron (black dots). The right graph of Figure 3 reports the evolution of the distance dtotal

n
between policies and BMN codebooks. This distance is nearly stable and the convergence
is achieved after 60 iterations. The right graph of this �gure shows the number of policies
associated to each neurons. Two neurons are coupled to less than 3% of policies. The others
are associated to clusters of policies representative of 7% to 17% of the total portfolio. Table
2 reports the codebooks of neurons. ωu1×max(Age) and ωu1×max(V eh.Age) for u = 1 to
9 are respectively the average owner's and vehicle ages of the uth subset of policies. An
analysis of the average frequency of claims per cluster reveals that this frequency tends
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to decrease with the owner's age. However, the pooling of policies is based only on ages
of policyholders and vehicles, not on claims frequency. In the next section, we modify
the Kohonen's algorithm in order to delimit subsets of policies with homogeneous claims
frequencies.

Neuron ωu1× ωu2× λ̄u % of the
u max(Age) max(V eh.Age) population

1 25.77 4.96 0.0413 14.96

2 27.32 15.34 0.0154 14.39

3 35.27 40.41 0.0052 2.86

4 41.36 16.85 0.0038 15.21

5 43.22 4.77 0.0096 13.59

6 51.81 16.58 0.0034 16.43

7 54.06 4.43 0.0086 12.63

8 56.66 44.60 0 2.14

9 64.78 12.77 0.0058 7.79

Table 2: This table reports the codebooks of neurons, the average frequency of claims for
clusters of policies associated to each neuron, and cluster relative sizes.

2.2 Comparison of SOM and k-means clustering

Self-organizing maps produce similar results to the method of k-means clustering. The
codebook of a neuron in a SOM contains the coordinates of the center of gravity of a
cluster of policies. In the method of k-means, the codebook of a neuron is called a centroid
but must be interpreted in the same way. The main di�erence lies in the procedure for
estimating these codebooks. The purpose of SOM and k-means methods is to partition
a cloud of n points in Rp into k = l × l clusters. In this section, we brie�y remind the
k-means algorithm. In this approach, the coordinates of the uth centroid is contained in a
vector cu = (cu1 , . . . , c

u
p) for u = 1, ..., k. For a given distance d(., .) and a set of k centroids,

we de�ne the clusters or classes of data Su for u = 1, ..., k as follows:

Su = {xi : d(xi, cu) ≤ d(xi, cj) ∀j ∈ {1, ..., k}} u = 1, ..., k . (7)

Here, d(., .) is the Euclidian distance but other distances can be considered. The center of
gravity of Su is a p vector gu =

(
gu1 , . . . , g

u
p

)
such that

gu =
1

|Su|
∑

xi∈Su

xi .

The center of gravity of the full dataset is denoted by g = 1
n

∑n
i=1 xi. We de�ne the global

inertia by

IX =
1

n

n∑
i=1

d (xi, g)2 ,
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and the inertia Iu of a cluster Su by

Iu =
∑

xi∈Su

1

|Su|
d (xi, gu)2 u = 1, ..., k.

The interclass inertia Ic is the inertia of the cloud of centers of gravity:

Ic =

k∑
u=1

|Su|
n
d (gu, g)2 ,

whereas the intraclass inertia Ia is the sum of clusters inertiae, weighted by their size:

Ia =

k∑
u=1

|Su|
n
Iu

=
1

n

k∑
u=1

∑
xi∈Su

d (xi, gu)2 .

Figure 4: Illustration of the partition of a dataset with the k-means algorithm.

According to the König-Huyghens theorem, the total inertia is the sum of the intraclass
and interclass inertiae: IX = Ic+Ia. An usual criterion of classi�cation consists to seek for
a partition of X minimizing the intraclass inertia Ia in order to have homogeneous clusters
on average. This is equivalent to determine the partition maximizing the interclass inertia,
Ic.
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Algorithm 2 Lloyd's algorithm for k-means clustering.

Initialization:

Randomly set up initial positions of centroids c1(0),...,ck(0).
Main procedure:

For e = 0 to maximum epoch, emax
Assignment step:

For i = 1 to n
1) Assign xi to a cluster Su(e) where u ∈ {1, ..., k}

Su(e) = {xi : d(xi, cu(e)) ≤ d(xi, cj(e)) ∀j ∈ {1, ..., k}} .

End loop on policies, i.
Update step:

For u = 1 to k
2) Calculate the new centroids cu(e+ 1) of Su(e) as follows

cu(e+ 1) =
1

|Su(e)|
∑

xi∈Su(e)

xi .

End loop on centroids, u.
3) Calculation of the total distance dtotal between observations and closest
centroids:

dtotal =

k∑
u=1

∑
xi∈Su(e)

d(xi, cu(e+ 1)) .

End loop on epochs e

This problem is computationally di�cult (NP-hard). However, there exist e�cient
heuristic procedures converging quickly to a local optimum. The most common method
uses an iterative re�nement technique called the k-means or Lloyd's method (1957) which
is detailed in Algorithm 2. Given an initial set of k random centroids c1(0),...,ck(0), we
construct a partition {S1(0), . . . , Sk(0)} of the dataset according to the rule in equation
(7). This partition is a set of convex polyhedrons delimited by median hyperplans of cen-
troids as illustrated in Figure 4. Next, we replace the k random centroids by the k centers
of gravity (cu(1))u=1:k = (gu(0))u=1:k of these classes and we iterate till convergence. At
each iteration, we can prove that the intraclass inertia is reduced.

The Lloyd's algorithm proceeds by alternating between two steps. In the assignment
step of the eth iteration, we associate each observation xi to a cluster Su(e) whose centroid
cu(e) has the least distance, d(xi, cu(e)). This is intuitively the nearest centroid to each
observation. In the update step, we calculate the new means gu(e) to be the centroids
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cu(e+ 1) of observations in new clusters2. The algorithm converges when the assignments
no longer change. There is no guarantee that a global optimum is found using this algo-
rithm. The k-means++ algorithm of Arthur and Vassilvitskii (2007) uses an heuristic to
�nd centroid seeds for k-means clustering. The procedure to initialize the k-means heuris-
tic is detailed in Algorithm 3. It improves the running time of the Lloyd's algorithm, and
the quality of the �nal solution. It can also be used for initializing codebooks of SOM
algorithms presented in this article.

Algorithm 3 Initialization of centroids for the k-means algorithm.

Initialization :

Select an observation uniformly at random from the data set, X. The chosen observation
is the �rst centroid, and is denoted c1(0).
Main procedure:

For j = 2 to k
For i = 1 to n

1) Calculate the distance d(xi, cj−1(0)) from xi to cj−1(0).
End loop on policies, i

2) Select the next centroid, cj(0) at random from X with probability

d2(xi, cj−1(0))∑n
i=1 d

2(xi, cj−1(0))
i = 1, ..., n.

End loop on k

Neuron cu1× cu2× λ̄u % of the
u max(Age) max(V eh.Age) population

1 25.53 5.29 0.0404 15.70

2 28.18 15.65 0.0140 14.71

3 35.31 40.19 0.0052 2.91

4 43.01 16.65 0.0040 17.87

5 43.67 4.55 0.0092 14.47

6 53.49 16.47 0.0033 14.38

7 54.75 4.42 0.0091 11.51

8 56.62 44.63 0 2.14

9 65.97 12.44 0.0055 6.31

Table 3: This table reports the positions of centroids, the average frequency of claims for
clusters of policies associated to each centroids, and cluster relative sizes.

2A variant of this algorithm consists to recompute immediately the new position of centroids after
assignment of each records of the dataset.
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Table 3 reports the results of the Lloyd's algorithm applied to the dataset X of rescaled
owner's and vehicle ages. A comparison with �gures of Table 2 reveals the similarity of
neural codebooks and centroids positions. However, in terms of total distance, the SOM
slightly outperforms the k-means algorithm. After 100 iterations, we obtain a total distance
of dtotal =3331.5 for the SOM whereas the total distance for the k-means algorithm is equal
to dtotal =3338.5.

2.3 A Bayesian regressive SOM with quantitative variables

In this section, we aim to assign policies to groups in which we observe relatively homo-
geneous claims frequencies. The SOM plays then two roles. Firstly, it segments policies
based on their features. Secondly, it explains the claims frequency as a function of these
characteristics. For this reason, the SOM is said regressive. For the moment, policies
are exclusively described by quantitative variables stored in a table X with n rows and p
columns. The the number of claims is denoted by (Ni)i=1,...n and durations of the contract
are (νi)i=1,...n. By nature, the number of claims Ni is null for most of policies (693 claims
for 62 436 policies). The neural map is a l × l array of neurons with a matrix C that
contains the coordinates of nodes in R2. The codebook of the uth neurons is still denoted
by ωu = {ωu1 , ..., ωup}.

We wish to construct a map of the portfolio in which policies are bundled into groups
identi�ed by a neuron. We denote by Ωu=1,...,l2 the cluster of insurance contracts as-
signed to the uth neuron. We assume that the number of claims caused by a policy in
Ωu is distributed according to a Poisson law of parameter λu. If the total exposure is
νΩu =

∑
i∈Ωu νi, the distribution of the total number of claims in Ωu, noted N

Ωu is given
by

P
(
NΩu = m

)
=

(
λuν

Ωu
)m

m!
e−λuν

Ωu
.

The log-likelihood estimator of λu is then equal to:

λ̄u =
NΩu

νΩu
=

∑
i∈Ωu Ni∑
i∈Ωu νi

.

The homogeneity of claims frequencies inside a subset Ωu is measured by the realized
standard deviation of NΩu :

dΩu(λ̄u) =

√∑
i∈Ωu

(
Ni − λ̄uνi

)2
,

and the distance between the realized frequency of the ith policy and average frequency
for the subgroup Ωu is given by

dΩu(i, λ̄u) =

√(
Ni − λ̄uνi

)2
.
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A �rst idea could be using this standard deviation to de�ne a new distance between the
ith policy and the uth, as follows:

d(xi,ωu, λ̄u) := ‖ωu − xi‖2 + β dΩu(i, λ̄u) u = 1, ..., l2 i = 1, ..., n

=

√√√√ p∑
k=1

(
ωuk − xi,k

)2
+ β

√(
Ni − λ̄uνi

)2
(8)

where β is a weight adjusting the regressive feature of the map with respect to its segmen-
tation function. This distance could be used in equation (1) of the �rst step of Kohonen's
algorithm. Whereas λ̄u would be updated at the end of each iteration, in the third step
of Algorithm 1. However, this approach is not satisfactory when applied to the insurance
data. Given that the database counts only 693 claims for 62 436 policies, the algorithm
tends to discriminate the portfolio into two subsets: one regrouping policies with no claim
and the other one gathering policies with one or more claims. To remedy to this issue, we
propose a Bayesian approach.

We consider a Gamma random variable Θ ∼ Γ(γ, γ) and assume that conditionally to
Θ, the r.v. NΩ1 , ..., NΩN are independent with conditional distributions:

Nu|Θ ∼ Poi
(
λuΘνΩu

)
u = 1, ..., l2 (9)

where λu > 0 and γ are the prior frequency of claims and a dispersion parameter. The
choice of λu and γ is discussed at the end of this section. Under the Bayesian assumption,
the coe�cient of variation of the expected frequency is then γ 1

γ2 = 1
γ . We have the follow-

ing standard result:

Proposition 2.1. The posterior expected frequency on Ωu given observations NΩu is given

by

E
(
λuΘ|NΩu

)
= αuλ̄u + (1− αu)λu , (10)

where λ̄u = NΩu

νΩu
=

∑
i∈Ωu Ni∑
i∈Ωu νi

and with credibility weights

αu =
νΩuλu

γ + νΩuλu
∈ (0, 1) . (11)

for u = 1, ..., l2.

13



Proof : Using the Bayes rule, the probability density function of Θ|NΩu is rewritten as

fΘ(ϑ |NΩu = n) =
fΘ(ϑ)P (NΩu = n|Θ = ϑ)

P (NΩu = n)
.

=

γγ

Γ(γ)ϑ
γ−1e−γϑe−λuϑν

Ωu (λuϑνΩu)
n

n!∫ γγ

Γ(γ)ϑ
γ−1e−γϑe−λuϑνΩu (λuϑνΩu )n

n! dϑ

∝ ϑγ+ne−(γ+λuνΩu )ϑ

where ∝ is the proportional operator. fΘ(ϑ |NΩu) is the density of a Gamma distribution
with the updated parameters:

γ′ = γ +NΩu ,

β′ = γ + λuν
Ωu .

As λ̄u = NΩu

νΩu
=

∑
i∈Ωu Ni∑
i∈Ωu νi

then

E
(
λuΘ|NΩu

)
= λuE

(
Θ|NΩu

)
= λu

γ +NΩu

γ + λuνΩu

= λu
γ

γ + λuνΩu
+

λuν
Ωu

γ + λuνΩu

NΩu

νΩu

= (1− αu)λu + αuλ̄u .

�

For a given prior frequency λu and dispersion parameter γ, the posterior mean E
(
λuΘ|NΩu

)
,

is an estimator of the expected frequency on Ωu. Contrary to the empirical intensity λ̄u,
this posterior is always strictly positive. However in practice, the prior λu is unknown. For
this reason, we opt for an empirical version of the credibility estimator (9):

E
(
λuΘ|NΩu

)
= αuλ̄u + (1− αu) λ̄ , (12)

where λ̄u = NΩu

νΩu
and λ̄ =

∑l2

u=1N
Ωu∑l2

u=1 ν
Ωu

is the global average claims frequency. Whereas we

choose credibility weights equal to

αu =
νΩu λ̄

γ + νΩu λ̄
.

A similar assumption is done in the R package �rpart� for Poisson regression trees. In the
Bayesian framework, the homogeneity of claims frequency inside a subset Ωu is measured
by the realized standard deviation of NΩu , calculated with the credibility estimator:

dΩu(λ̄u) =

√∑
i∈Ωu

(Ni − E (λuΘ|NΩu) νi)
2 ,
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and the distance between the realized frequency of the ith policy and the posterior expected
frequency for the subgroup Ωu is given by

dΩu(i, λ̄u) =

√
(Ni − E (λuΘ|NΩu) νi)

2 ,

whereas the distance between the ith policy and the uth neuron in the Kohonen's algorithm
becomes:

d(xi,ωu, λ̄u) := ‖ωu − xi‖2 + β dΩu(i, λ̄u) u = 1, ..., l2 i = 1, ..., n

=

√√√√ p∑
k=1

(
ωuk − xi,k

)2
+ β

√
(Ni − E (λuΘ|NΩu) νi)

2 (13)

where β is a weight adjusting the regressive feature of the map with respect to its segmen-
tation capacity. Algorithm 4 summarizes the steps of the Bayesian regressive SOM. We
run the Algorithm 4 with 9 neurons. The weight β in the de�nition of the distance (13) is
set to 10. The credibility factor γ is �xed to 4. The convergence is achieved in less than
100 iterations.

Neuron ωu1× ωu2× E
(
λuΘ|NΩu

)
% of the

u max(Age) max(V eh.Age) population

1 26.64 4.41 0.0019 13.89

2 26.96 15.27 0.0005 15.97

3 34.51 8.02 0.7178 0.91

4 40.50 6.53 0.1204 0.26

5 41.70 16.63 0.0003 18.13

6 45.58 44.35 0.0016 4.15

7 47.59 4.43 0.0002 20.56

8 53.27 16.68 0.003 16.65

9 60.60 9.23 0.0007 9.48

Table 4: This table reports the codebooks of neurons, credibility estimators of claims
frequencies and relative sizes of clusters.

Table 4 provides detailed information about codebooks and estimated claims frequen-
cies. Two neurons associated to younger insured cover 30% of the portfolio. Neurons 3
and 4 gather less 1.3% of policies and the frequency of claims associated to these risks is
particularly high (71% and 12%) due to the lack of contracts in these clusters. A way to
smooth frequencies of claims consists to increase the credibility parameters γ and/or to
decrease the weight β. A comparison of Figures 5 and 3 allows us to visualize the impact
of the Bayesian metric on the segmentation. For example, the owners of a motorcycle older
than 30 years are assigned to the 6th neuron in Table 4. Whereas a segmentation only
based on owner's and vehicle ages divides this group into two clusters (neurons 3 and 8 in
Table 2).
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Algorithm 4 Bayesian regression Kohonen's algorithm for quantitative variables.

Initialization :

Randomly attribute codebooks ω1(0),..., ωl2(0).
Set λ̄u(0) = λ̄ .

Main procedure :

For e = 0 to maximum epoch, emax
For i = 1 to n

1) Find the BMN (best matching node) u matching the ith policy

u = arg min
u
d(xi,ωu, λ̄u) .

2) Update Ωu(e) and codebooks in the BMN neighborhood:

ωv(e+ 1) = ωv(e) + θ(u, v, e) ε(e) (xi − ωv(e))

for v = 1, ..., l2, with

ε(e) = ε0

(
emax − e
emax

)
,

θ(u, v, e) = θ0 exp

(
−

(‖Cu − Cv‖2)2

2σ(e)2

)
,

σ(e) = σ0

(
1.2 emax − e

emax

)
.

End loop on policies, i

3) Update of λ̄u(e+ 1) =
∑
i∈Ωu(e) Ni∑
i∈Ωu(e) νi

and αu(e+ 1) = νΩu(e)λ̄
γ+νΩu(e)λ̄

.

4) Calculation of the total distance dtotal between policies and BMNs:

dtotal =

n∑
i=1

∥∥ωBMN(i)(e+ 1)− xi
∥∥

2
+ β dΩBMN(i)

(i, λ̄BMN(i)(e+ 1))

End loop on epochs, e
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Figure 5: Regression Kohonen's map of the portfolio, with 9 neurons. The segmentation
variables are the owner's age and age of the vehicle. Each policy is represented by a dot.
Black dots point out the position of neurons. The colors identify the area of in�uence of
neurons.

The total distance dtotal measures the quality of the regression and of the portfolio
segmentation, based on the distance in equation (13). If we aim at evaluating the goodness
of �t, we may be tempted to calculate the deviance. However, using a Bayesian estimator
perturbs the interpretation of this measure. The deviance is the di�erence between the
log-likelihood of a model with as many parameters than observations and the �tted model.
The model counting as many parameters than observations is called the saturated model.
The log-likelihood of this model, denoted by lsaturated, is computed with parameters set to
empirical frequency. The saturated model has no predictive power but provides the best �t
from a pure statistical point of view given that it has the highest attainable log-likelihood.
If we denote by l the log-likelihood for our data, the deviance D∗ is de�ned as likelihood
ratio test (LRT) of the model under consideration against the saturated model:

D∗ = 2
(
lsaturated − l

)
.

If λ̂i is the estimate of the claims frequency for the ith policy forecast by the SOM, the
probability of observing m claims over a period νi is equal to

P (Ni = m) =

(
λ̂iν

i
)m

m!
e−λ̂iν

i
.

The contribution of the ith policy to the log-likelihood l is then equal to

Ni log
(
λ̂iν

i
)
− λ̂iνi −Ni! .
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In the saturated model, this contribution is given by{
Ni log

(
Ni
νi
νi
)
− Ni

νi
νi −Ni! if Ni ≥ 1

0 else if
.

The marginal deviance for the ith policy is then equal to{
2Ni

(
νi
Ni
λ̂i − log λ̂iνi

Ni
− 1
)

if Ni ≥ 1

2νiλ̂i if Ni = 0
.

The total deviance is the sum of marginal contributions

D∗ = 2

n∑
i=1

Ni

(
νi
Ni
λ̂i −

(
log

λ̂iνi
Ni

+ 1

)
I{Ni≥1}

)
.

The deviance is used in statistics to compare the predictive capacity of models �tted by log-
likelihood maximization. This measure is however not fully adapted to compare regressive
self-organizing maps in a Bayesian set-up. This point is emphasized by Table 5 that reports
deviances and average distances between policies and best matching neurons, for di�erent
values of β and credibility weights γ. As revealed by Table 5, increasing the number of
neurons (and then of clusters) reduces the average distance but raises the deviance. This
counter-intuitive result is the direct consequence of using credibility weights that ensure
the positivity of estimated frequencies. To understand this, let us consider an extreme
case in which we have as many neurons than data and when β is small. In this case, each
neuron is associated to a single policy and the frequency estimate is

E (λiΘ|Ni) = αiλ̄i + (1− αi) λ̄ ,

where λ̄i = Ni
νi

and λ̄ =
∑N
i=1 Ni∑N
i=1 νi

. Given that the average intensity is low, λ̄ = 0.0106, the

weight αi =
(

1 + γ
νiλ̄

)−1
tends to zero and E (λiΘ|Ni) ≈ λ̄. This model has the same

log-likelihood as the one obtained with a Poisson model with a single parameter. This
model, called the null model, has the lowest log-likelihood and the highest deviance. Then,
re�ning the segmentation does not necessary improve the deviance if we use a credibility
estimator for frequencies. This point was underlined by Wüthrich and Buser (2017) who
observe the same phenomenon for regression trees. On page 83, they mention that replac-
ing the maximum likelihood estimator (MLE) by the empirical credibility estimator has
the advantage that the resulting frequency estimators are always strictly positive. The
disadvantage is that errors measured by the deviance may increase by adding more splits
(which turns out to re�ne the segmentation). This is because only the MLE minimizes the
corresponding deviance statistics and maximizes the log-likelihood function, respectively.
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Neuron γ β D∗ dtotal

l2

4 4 10 659 10344
9 4 10 679 7829
16 4 10 694 7078

4 10 10 1097 11051
9 10 10 1252 8988
16 10 10 1167 8567

4 10 1 2160 6368
9 10 1 2347 4169
16 10 1 2519 3363

9 0 0 6087 3331

GLM 6214

Null model 6648

Table 5: This table reports deviances and average distances between policies and best
matching neurons, for di�erent values of β and credibility weights γ. We also provide the
deviance of a non-regressive SOM, of a GLM model and the null model.

Estimated claims frequencies obtained with a credibility weight γ = 4 and reported
in table 4, vary a lot. Increasing the credibility parameters γ and/or to decreasing the
weight β allows to smooth these frequencies. However, �gures of table 5 show that this
smoothing deteriorates the deviance. To get an idea to which extend large deviances are
admissible, we �t a generalized linear model (GLM) to our dataset. GLM is a standard
approach widely used by insurers to assess their risk. We regress the claims frequency
with respect to six categories of owner's age: (28;31], (31;35], (35;44], (44;51], (51;61] and
(61;100]. We �t a Poisson model with a logarithmic link function. The residual deviance
for this model climbs to 6214, which is quite high compared to deviances obtained with
a regressive SOM. This con�rms that regressive SOMs have comparable performances to
GLM. Except that it is a non-parametric and non supervised approach.

In theory, it is possible to perform cross validation. In practice, we face several di�-
culties when we implement this method. Firstly, the number of claims being small (693
claims for 62436 contracts), some bootstrapped data samples do not contain any claims.
Secondly, the cross validation is computationally time consuming.

2.4 Comparison of Bayesian SOM and k-means clustering method

this section compares the Bayesian regressive SOM to a Bayesian version of the k-means
algorithm. We use the same notations as in subsection 2.2. We partition the dataset X
of n records in Rp into k clusters. The coordinates of the uth centroid are contained in a
vector cu = (cu1 , . . . , c

u
p) and Su is the cluster of policies associated to cu for u = 1, ..., k. As

for the Bayesian SOM, we replace the Euclidian distance d(xi, cu) in the Lloyd's algorithm
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by

d(xi, cu, λ̄u) := ‖cu − xi‖2 + β

√
(Ni − E (λuΘ|NSu) νi)

2 ,

where β ∈ R+. NSu and νSu are respectively the number of claims and the total exposure
for the uth cluster. E

(
λuΘ|NSu

)
is the estimate of the claims frequency for Su where Θ

is distributed as a Γ(γ, γ) random variable. As in Subsection 2.3 λ̄u = NSu∑
xi∈Su

νi
and the

observed empirical estimator of E
(
λuΘ|NSu

)
is

E
(
λuΘ|NSu

)
= αuλ̄u + (1− αu)λ̄ ,

where αu = νSu λ̄
γ+νSu λ̄

. Algorithm 5 details a variant of the k-means algorithm including the

same Bayesian regressive feature than the SOM.

Algorithm 5 adapted Lloyd's algorithm for Bayesian regression.

Initialization:

Initialize positions of centroids c1(0),...,ck(0) with Algorithm 3.
Set λ̄u(0) = λ̄ for u = 1, ..., k.

Main procedure:

For e = 0 to maximum epoch, emax
Assignment step:

For i = 1 to n
1) Assign xi to a cluster Su(e) where u ∈ {1, ..., k}

Su(e) = {xi : d(xi, cu(e), λ̄u(e)) ≤ d(xi, cj(e), λ̄j(e)) ∀j ∈ {1, ..., k}}

End loop on policies, i.
Update step:

For u = 1 to k
2) Calculate the new centroids cu(e+ 1) of Su(e) as follows

cu(e+ 1) =
1

|Su(e)|
∑

xi∈Su(e)

xi

3) Update of λ̄u(e+ 1) =

∑
xi∈Su(e)Ni∑
xi∈Su(e) νi

and αu = νSu(e)λ̄
γ+νSu(e)λ̄

.

End loop on centroids, u
4) Calculation of the total distance dtotal between policies and centroids:

dtotal =

k∑
u=1

∑
xi∈Su(e)

d(xi, cu(e+ 1), λ̄u(e+ 1))

End loop on epochs e.
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Table 6 reports the deviances and distances obtained after 100 iterations of the adapted
Lloyd's algorithm for Bayesian regression. We use the same con�gurations as for the SOMs.
In terms of distance, the SOM and K-mean algorithms achieve similar performance. Table
7 presents the coordinates of centroids and the Bayesian claims frequency per cluster.
These results are computed with β = 10, γ = 4 and 9 clusters. A comparison of centroid
positions with neural codebooks in Table 4 con�rms that both algorithms gather insurance
policies in a very similar way.

K-means γ β D∗ dtotal

k

4 4 10 660 10333
9 4 10 659 7979
16 4 10 708 7038

4 10 10 1097 11050
9 10 10 1121 9010
16 10 10 1179 8500

4 10 1 2131 6430
9 10 1 2366 4190
16 10 1 2500 3364

9 0 0 6095 3338

Table 6: This table reports deviances and average distances between policies and centroids,
for di�erent values of β and credibility weights γ.

Centroid c1
u× c2

u× E
(
λuΘ|NSu

)
% of the

u max(Age) max(V eh.Age) population

1 25.94 5.70 0.0007 17.35

2 29.50 16.68 0.0005 15.63

3 34.48 8.01 0.7166 0.91

4 40.14 7.18 0.1213 0.30

5 45.94 44.38 0.0016 4.13

6 46.07 16.90 0.0002 24.33

7 47.45 4.60 0.0002 21.08

8 58.76 2.06 0.0164 1.03

9 60.98 12.62 0.0004 15.24

Table 7: This table reports the positions of centroids, the Bayesian estimator of frequency
of claims for clusters of policies associated to centroids, and sub-population relative sizes.
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3 Analysis of qualitative variables with a SOM

Many features of insurance policies are described by categorical variables that cannot be
handled with a classic SOM. In this section, we modify the Kohonen algorithm in order
to analyze a dataset that exclusively contains this type of variables. We �rst propose a
procedure to study the dependencies between variables. In section 5, this method is com-
bined with the Bayesian SOM to regress claims frequency on quantitative and categorical
variables.

First, we introduce the structure of data to which the algorithm is applied. The num-
ber of insurance policies is still denoted by n. Each of these policies is described by K
variables which have mk binary modalities for k = 1, ...,K. By binary, we mean that the
modality j of the kth variable is identi�ed by an indicator variable equal to zero or one.
The total number of modalities is the sum of mk: m =

∑K
k=1mk. In further develop-

ments, we enumerate modalities from 1 to m. The information about the portfolio may be
summarized by a n ×m matrix D = (di,j)i=1...n,j=1...m. If the i

th policy presents the jth

modality then di,j = 1 and di,j = 0 otherwise.

For example, let us assume that a policy is described by the gender (M=male or F=Female)
of the policyholder and by a geographic area (U=urban, S=suburban or C=countryside).
The number of variables and modalities are respectively K = 2, m1 = 2 and m2 = 3. If
the �rst and second policyholders are respectively a man living in a city and a woman
living in the countryside, the two �rst lines of the matrix D are presented in table 8.

Gender Area

Policy M F U S C

1 1 0 1 0 0

2 0 1 0 0 1
...

...
...

...
...

...

Table 8: Example of a disjunctive table for K = 2 variables with respectively m1 = 2,
m2 = 3 modalities.

The table D is called a disjunctive table. In order to study the dependence between
the modalities, we need to calculate the numbers ni,j of individuals sharing modalities i
and j, for i, j = 1, ...,m. The m ×m matrix B = (ni,j)i,j=1,...,M is a contingency table,
called the Burt matrix containing this information. The Burt matrix is directly related to
the disjunctive table as follows:

B = D>D .

This symmetric matrix is composed of K ×K blocks Bk,l for k, l = 1, ...,K. A block Bk,l
is the contingency table that crosses the variables k and l. Table 9 shows the Burt matrix
for the matrix D presented in Table 8. By construction, the sum of elements of a block
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Bk,l is equal to the total number of policies, n. The sum of ni,j of the same row i is equal
to

ni,. =
∑

j=1,...,m

ni,j = K ni,i .

The Burt matrix being symmetric, we directly infer that

n.,j =
∑

i=1,...,m

ni,j = K nj,j .

Furthermore, blocks Bk,k for k = 1, ...,K are diagonal matrix, whose diagonal entries are
the numbers of policies who respectively present the modalities 1, ...,mk, for the variable
k . In our example, we have that n1,1 + n2,2 = n and n3,3 + n4,4 + n5,5 = n. n1,1 and
n2,2 count the total number of men and women in the portfolio. Whereas n3,3, n4,4 and
n5,5 counts the number of policyholders living respectively in a urban, sub-urban or rural
environment.

Gender Area
M F U S C

Gender
M n1,1 0 n1,3 n1,4 n1,5

F 0 n2,2 n2,3 n2,4 n2,5

Area
U n3,1 n3,2 n3,3 0 0
S n4,1 n4,2 0 n4,4 0
C n5,1 n5,2 0 0 n5,5

Table 9: Burt matrix for the disjunctive Table 8.

The self-organizing map requires the de�nition of a distance between categorical vari-
ables. This point is discussed in the next section.

4 A χ2 distance for categorical variables

Multiple correspondence Analysis (MCA) was initially developed by Burt (1950) and en-
hanced by Benzécri (1973), Greenacre (1984) and Lebart et al.(1984). This technique
evaluates the level of dependence between categorical variables with a χ2 distance. We
�rst present this distance in the case of two variables and extend it later to the multivariate
case.

4.1 The bivariate case

Let us �rst consider the case of two categorical variables, K = 2, with m1 and m2 modal-
ities. The classical MCA studies relative frequencies of crossed modalities. The table of
frequency F = (fi,j)i,j is a m1 ×m2 matrix de�ned as follows:

fi,j =
ni,j
n

i = 1, ...,m1 , j = 1, ...,m2 .
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The marginal frequencies are equal to

fi,. =

m2∑
j=1

fi,j =
ni,.
n

i = 1, ...,m1 ,

f.,j =

m1∑
i

fi,j =
n.,j
n

j = 1, ...,m2 .

If variables are independent, the expected number of policies with modalities i and j, is
equal to ñi,j =

ni,. n.,j
n . In this case, standardized residuals χi,j =

ni,j−ñi,j√
ñi,j

should beN(0, 1)

random variables. If the two variables are independent, then the following statistics (called
the inertia):

χ2 =

m1∑
i=1

m2∑
j=1

(ni,j − ñi,j)2

ñi,j

= n

m1∑
i=1

m2∑
j=1

(fi,j − fi,.f.,j)2

fi,.f.,j

= n

m1∑
i=1

m2∑
j=1

f2
i,j

fi,.f.,j
− 1

 ,

is a chi-square random variable with (m1 − 1) (m2 − 1) degrees of freedom. This justi�es
to measure the distance between the modalities i and i′ of the �rst variable by

χ2
(
i, i′
)

=

m2∑
j=1

1

f.,j

(
fi,j
fi,.
−
fi′,j
fi′,.

)2

, (14)

=

m2∑
j=1

n

n.,j

(
ni,j
ni,.
−
ni′,j
ni′,.

)2

.

χ2(i, i
′
) is the distance between the rows i and i

′
of the matrix of frequency F . It may

be checked that the dispersion of rows around their barycenter is equal to the inertia.
Similarly, the chi-square distance between the modalities j and j′ of the second variable is
de�ned by

χ2
(
j, j′
)

=

m1∑
i=1

1

fi,.

(
fi,j
f.,j
−
fi,j′

f.,j′

)2

(15)

=

m1∑
i=1

n

ni,.

(
ni,j
n.,j
−
ni,j′

n.,j′

)2

.
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This measures the distance between columns of the matrix F . In the SOM algorithm, we
prefer to evaluate distances between rows and columns with the Euclidian distance. It is
then convenient to replace the frequencies fi,j by weighted values fWi,j :

fWi,j :=
fi,j√
fi,. f.,j

=
ni,j√
ni,. n.,j

i = 1, ...,m1 j = 1, ...,m2 . (16)

The distances between rows (i, i′) and columns (j, j′) simplify as follows:

χ2
(
i, i′
)

=

m2∑
j=1

(
fWi,j − fWi′,j

)2
.

χ2
(
j, j′
)

=

m1∑
i=1

(
fWi,j − fWi,j′

)2
.

Finally, notice that the matrix FW =
(
fWi,j

)
i=1,...,m1,j=1,...,m2

is symmetric by construction.

4.2 The multivariate case

In this section, we extend the notion of χ2 distance between categorical variables to the
multivariate case (K > 2). Remember that the Burt table, B = (ni,j)i,j=1,...,m, is a
contingency table. This symmetric matrix is composed of K ×K blocks Bk,l. Bk,l is itself
the contingency table crossing variables k and l. It is then natural to extend the de�nition
of distance (14) between rows i and i′ of the Burt matrix as follows:

χ2
(
i, i′
)

=
m∑
j=1

n

n.,j

(
ni,j
ni,.
−
ni′,j
ni′,.

)2

i, i′ ∈ {1, ...,m}.

Similarly, the chi-square distance between columns j and j′ of the Burt matrix is de�ned
by

χ2
(
j, j′
)

=

m∑
i=1

n

ni,.

(
ni,j
n.,j
−
ni,j′

n.,j′

)2

j, j′ ∈ {1, ...,m}.

As we prefer to evaluate distances with the Euclidian distance, the elements of the Burt
matrix ni,j are replaced by weighted values nWi,j :

nWi,j :=
ni,j√
ni,. n.,j

i, j = 1, ...,m . (17)

Given that the sums ni,. = K ni,i and n.,j = K nj,j , we have that .

nWi,j :=
ni,j

K
√
ni,i nj,j

i, j = 1, ...,m . (18)
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If C is the diagonal matrix C = diag

(
n
− 1

2
11 ..n

− 1
2

mm

)
then the weighted Burt matrix is

denoted by BW :

BW =
1

K
C BC .

The distances between rows (i, i′) and columns (j, j′) of the Burt matrix becomes:

χ2
(
i, i′
)

=

m2∑
j=1

(
nWi,j − nWi′,j

)2
,

χ2
(
j, j′
)

=

m1∑
i=1

(
nWi,j − nWi,j′

)2
.

4.3 Application to insurance data

Each modality of categorical variables is represented by a line of the weighted Burt matrix.
A line of this matrix de�nes a point in a space with m dimensions. The level of dependence
between modalities i and j is measured by the Euclidian distance between two points with
coordinates contained in the ith and jthlines of BW . Therefore, we apply the Kohonen's
algorithm 1 directly to the weighted Burt matrix in order to study the relations between
categorical variables. We consider the categorical variables described in table 1 to which
we add a new categorical variable representative of the owner's age. We consider three
modalities for the owner's age, that are constructed according to the rule reported in Table
10.

Discretized Age categories

Modality Value

Young Owners Age< 35 years old

Mature 35 years old ≤ Owners Age< 55 years old

Old 55 years old ≤ Owners Age

Table 10: Table of modalities for the categorical variable representative of the owner's age.

We �t a 4×4 SOM to the matrix BW . The number of epochs is set to emax = 1000. The
initial codebooks are equal to randomly drawn lines of BW . The parameters of equations
(3), (4) and (5) for the update of codebooks are: ε0 = 0.01, θ0 = 1 and σ0 = 0.10. The
network is trained after 850 iterations and 6 neurons are not assigned to any modality.
One neuron is coupled to 4 modalities and two neurons each regroup 3 modalities. Details
about the pooling of modalities are provided in Table 11. This reveals that the recurrent
insured pro�le is a mature man living in the countryside and owning a vehicle of class
3. We also learn that a majority of young insureds lives in small cities whereas insured
women are living in a urban environment and drive a motorcycle of class 4. The older
policyholders drives a vehicle of class 2 whereas people living in northern cities or Gotland
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mainly own a powerful motorcycle (class 7). This analysis reveals that SOMs detect the
most common associations of modalities. With this information, we can draw a composite
drawing of the average policy.

Neuron u Modalities Marginal Neuron u Modalities Marginal
frequency frequency

1 Mature 0.006 9 Class 5 0.011
Men 0.011 10 Suburban 0.016

Countryside 0.006 12 North. village 0.006
Class 3 0.008 13 Old 0.005

2 Young 0.027 13 Class 2 0.014
Small city 0.010 15 Class 6 0.020

4 Women 0.009 16 North. city 0.006
Urban 0.029 16 Gotland 0.004
Class 4 0.008 16 Class 7 0.018

7 Class 1 0.009

Table 11: Groups of modalities per neuron. We also report the average claims frequencies
for each of these modalities.

Number of K-means Number of SOM
Centroids dtotal Neurons dtotal

2 17.25 4 15.80
4 16.63 9 11.30
6 16.01 16 10.16
8 14.89
10 15.57
12 15.47
14 16.04
16 16.73

Table 12: Total distances dtotal between policies-centroids and policies-codebooks of best
matching neurons.

In Subsections 2.2 and 2.3, we emphasize that SOM and K-means algorithm achieve
similar performances at least when the number of data per contract is small (in our case,
the owner and vehicle ages) and when the dataset is large (62 436 policies). Here, the
pooling of categorical variables is done by analyzing a small dataset with a comparatively
high number of modalities per data. In our case study, the Burt Matrix BW counts only
19 observations and the same number of modalities by construction. Table 12 reveals that
in this particular context, the K-means algorithm converges to a local minimum in term
of total distance. The SOM �nds a better solution whatever the con�guration. Contrary
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to the SOM, the K-means algorithm even becomes unstable when the number of centroids
increase.

Algorithm 6 Bayesian Regression Kohonen's algorithm for quantitative and categorical
variables.
Initialization :

Randomly attribute codebooks qu(0) and ωu(0) , u = 1, ..., l2.

Set λ̄u = λ̄ =
∑l2

u=1N
Ωu∑l2

u=1 ν
Ωu

.

Main procedure :

For e = 0 to maximum epoch, emax
For i = 1 to n

1) Find the BMN u matching the ith policy

u = arg min
u
d(xi, Di,., qu,ωu, λ̄u) .

2) Update codebooks the neighborhood of the BMN

qv(e+ 1) = qv(e) + θ(u, v, e) ε(e) (xi − qv(e))

ωv(e+ 1) = ωv(e) + θ(u, v, e) ε(e)
(
Di,.B

W /K − ωv(e)
)

where

ε(e) = ε0

(
emax − e
emax

)
,

θ(u, v, e) = θ0 exp

(
−

(‖Cu − Cv‖2)2

2σ(e)2

)
,

σ(e) = σ0

(
1.2 emax − e

emax

)
.

End loop on policies, i.
3) Calculation of the distance dtotal between policies and BMNs:

dtotal =
n∑
i=1

∥∥∥qBMN(i) − xi

∥∥∥
2

+ β1

∥∥ωBMN(i) −Di,.B
W /K

∥∥
2

+ β2 dΩBMN(i)
(i, λ̄BMN(i))

4) Update of λ̄u =
∑
i∈Ωu Ni∑
i∈Ωu νi

for u = 1, ..., l2.

End loop on epochs, e.

28



5 A regressive SOM with quantitative and categorical vari-
ables

In this section, we exploit information contained in categorical and quantitative variables
for regressing claims frequencies. The n policies are described by p quantitative and K
categorical variables. The categorical variables have mk binary modalities for k = 1, ...,K.
The total number of modalities is denoted m =

∑K
k=1mk. The information about the

portfolio is summarized by the m × m weighted Burt matrix BW . Whereas the feature
of each policies are reported in the n×m disjunctive table D. The quantitative variables
stored in a table X with n rows and l columns. The neural map is a l× l array of neurons
with a matrix C that contains the coordinates of nodes in [0, 1]×[0, 1]. Neurons are equally
spaced on this pavement. The codebook of the uth neurons is now composed of a p−vector

qu =
(
qu1 , ..., q

u
p

)
for quantitative variables and of a m-vector

ωu = (ωu1 , ..., ω
u
m)

for qualitative variables. The distance between the quantitative variables of the ith policy
and the neuron is measured by the 2 norm : ‖qu − xi‖2. The modalities of categorical
variables are represented by points in a space with m dimensions and their coordinates are
contained in weighted Burt matrix. It is then natural to measure the distance between the
modalities of the ith policy and the neuron by the following norm:∥∥ωu −Di,.B

W /K
∥∥

2
, (19)

where Di,. is the i
th line of the disjunctive table. The quantity (19) is the distance between

the neuron represented by a point of coordinates Wu in Rm and the barycenter Di,.B
W /K

of the cloud of points corresponding to modalities characterizing the ith policy. As in
previous section we denote by Ωu=1,...,l2 the set of insurance contracts assigned to the uth

neuron. The credibility estimator of the expected number of claims caused by a policy in
Ωu is equal to:

E
(
λuΘ|NΩu

)
= αuλ̄u + (1− αu) λ̄ ,

where λ̄u = NΩu

νΩu
and λ̄ =

∑l2

u=1 N
Ωu∑l2

u=1 ν
Ωu

is the global average claims frequency. The credibility

weights are proportional to the total exposure in Ωu:

αu =
νΩu λ̄

γ + νΩu λ̄
u = 1, ..., l2 .

The homogeneity of claims frequency inside a subset Ωu is measured by the realized stan-
dard deviation of NΩu :

dΩu(λ̄u) =

√∑
i∈Ωu

(Ni − E (λuΘ|NΩu) νi)
2
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and the distance between the realized frequency of the ith policy and expected posterior
distribution for the subgroup Ωu is given by

dΩu(i, λ̄u) =

√
(Ni − E (λuΘ|NΩu) νi)

2 .

We use this standard deviation to de�ne a new metric to measure the distance between
the ith policy and the uth neuron:

d(xi, Di,., qu,ωu, λ̄u) := ‖qu − xi‖2 + β1

∥∥ωu −Di,.B
W /K

∥∥
2

(20)

+ β2 dΩu(i, λ̄u) u = 1, ..., l2 i = 1, ..., n

where β1 and β2 are weights adjusting the regressive feature of the map with respect to its
segmentation function. Algorithm 6 presents the procedure to build the Bayesian regressive
SOM with this distance. Notice that the initialization step can be done with Algorithm 3
if the convergence is too slow.
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Figure 6: The left graph shows the number of policies assigned to each neuron. The right
graph plots the evolution of the average distance 1

nd
total over iterations.

5.1 Application to insurance data

We �t a 5×5 regression SOM to our insurance data set. We consider the three categorical
variables described in table 1 and the two quantitative variables: owner's age and vehicle
age. Quantitative variables are scaled on the interval [0, 1] as done in equations (6). We
perform 3000 iterations for 9 up to 25 neurons. Parameters for the update of codebooks
are: ε0 = 0.01, θ0 = 1 and σ0 = 0.10. The weights β1 and β2 involved in the de�nition of
the distance (20) are set to one. In order to smooth the claims frequencies for di�erent type
of policies, we choose a credibility parameter γ = 10. The left plot of Figure 6 presents
the distribution of policies in the neural grid. The neuron regrouping the highest number
of policies (8.2% of the dataset), regroups mainly mature men, living in the countryside
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and driving a class 3 vehicle. In Section 2.3, this set of features was identi�ed as dominant
in the portfolio. The right graph of Figure 6 shows the evolution of the average distance
between the features of a policy and the codebooks of the best matching neuron ( 1

nd
total).

Convergence is achieved after 2000 iterations.

Number of Deviance dtotal

neurons

9 5865 29028

16 6161 25237

25 6256 18024

Table 13: Deviances and total distances computed with the SOM for 9, 16 and 25 neurons.

As mentioned in sub-section 2.3, the deviance is not necessary adapted to compare
regressive self-organizing maps in a Bayesian set-up. This point is con�rmed in Table 13:
segmenting the portfolio does not improve the deviance due to the use of Bayesian esti-
mator for claims frequencies. We compare the performance the SOM to GLM by �tting
a Poisson model, with a logarithmic link function. We use as covariates: the gender, the
area, the class of the vehicle, six categories of owner's age ((28;31], (31;35], (35;44], (44;51],
(51;61] and (61;100] ) and two categories of vehicle age ( (0;10] , (10;100] ). The deviances
for the GLM and null models are respectively equal to 5775 and 6648. In term of deviances,
the SOM provides a less good �t than a GLM. However this conclusion must be nuanced
given that SOMs are totally unsupervised and non parametric methods. The deviance of
SOM may also be adjusted by modifying the credibility parameter γ. Furthermore, as
shown in sub-section 2.3, a model with a small deviance does not necessary provides a
satisfactory segmentation of the portfolio.

The most interesting information for an insurer is reported in Table 14 that presents the
dominant modalities associated to each neuron. The jth modality of the kth qualitative
variable is dominant for the uth neuron if it minimizes the distance between the codebook
ωu and the lines of BW corresponding to the mk categories of the k

th variable:

j = arg min
v∈{1,..,mk}

∥∥∥ωu −BW∑k−1
d=1 md+v ,.

∥∥∥
2
. (21)

For quantitative variables, the average owner's and vehicle ages of contracts assigned to the
uth neuron are respectively equal to qu1 ×max(Age) and qu2 ×max(V eh.Age). Among the
dominant pro�les, we retrieve categories (Men, Countryside, Class 3), (Men, Countryside,
Class 4) and (Men, Urban, Class 4). Policies assigned to these three neurons represents
respectively 8.2%, 6.39% and 6.12% of the population. Only �ve neurons are associated
to women. The reason is that the population of female drivers is under-represented in the
portfolio (9843 women on 62 436 contracts).
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u Gender Area Type Age Veh. Freq. Real % of
Age Freq pop.

1 Men Ctryside Class3 23.87 8.26 0.0421 0.066 3.37
2 Women Suburban Class3 27.32 11.31 0.0123 0.0135 3.43
3 Men Smlcity Class6 38.94 9.76 0.0161 0.0194 2.38
4 Men Ctryside Class6 40.51 10.33 0.0106 0.0106 4.25
5 Women Ctryside Class5 40.65 13.11 0.0063 0.0038 3.27
6 Men Suburban Class5 41.56 11.04 0.0167 0.0199 2.97
7 Men Urban Class4 41.62 10.4 0.0226 0.0267 6.12
8 Men Smlcity Class5 42.42 11.98 0.0125 0.0133 3.34
9 Men Suburban Class4 42.58 11.27 0.0124 0.0134 3.05
10 Men Urban Class3 42.62 10.23 0.0211 0.0254 3.89
11 Men Ctryside Class5 43.01 12.03 0.0059 0.0052 5.88
12 Women Ctryside Class3 43.22 9.78 0.0076 0.0065 4.62
13 Men Northcity Class3 43.7 10.95 0.0075 0.0053 2.93
14 Men Ctryside Class4 43.87 12.71 0.0057 0.0049 6.39
15 Men Suburban Class6 44.04 10.22 0.0216 0.027 3.79
16 Men Suburban Class3 44.73 10.81 0.0091 0.0086 4.58
17 Men Smlcity Class4 44.88 11.24 0.0093 0.0089 4.59
18 Men Ctryside Class2 44.89 14.67 0.0101 0.0099 3.19
19 Men Smlcity Class3 45.04 11.07 0.0068 0.0057 4.86
20 Men Ctryside Class1 45.41 23.9 0.007 0.0054 4.17
21 Men Ctryside Class3 45.47 12.49 0.0038 0.0031 8.2
22 Women Ctryside Class6 45.67 10.12 0.0159 0.0237 1.42
23 Men Smlcity Class1 46.55 38.12 0.0058 0.0023 2.68
24 Women Smlcity Class5 47.41 11.29 0.0081 0.0058 2.37
25 Men Northvlge Class3 47.69 12.53 0.0059 0.0038 4.26

Table 14: This table reports the dominant features for each neurons, estimated claims
frequency and percentages of the insured population assigned to each neuron.

5.2 Comparison with the K-means algorithm

We use the same notations as in Subsection 2.4. We partition the dataset X of n records
with p quantitative and K categorical variables, into k clusters. The information about
categories is summarized by the m×m weighted Burt matrix BW and features of policies
are reported in the n × m disjunctive table D. The quantitative variables stored in a
table X with n rows and l columns. As in the SOM algorithm, the coordinates of the uth

centroid of quantitative variables are contained in a p-vector cu = (cu1 , . . . , c
u
p) and in a

m-vector vu = (vu1 , . . . , v
u
m) for qualitative variables. Su is the cluster of policies associated

to (cu,vu) for u = 1, ..., k.
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Algorithm 7 adapted Lloyd's algorithm for Bayesian regression with quantitative and
categorical variables.

Initialization:

Initialize centroids c1(0),...,ck(0) and v1(0),...,vk(0) with Algorithm 3.
Set λ̄u(0) = λ̄ for u = 1, ..., k.

Main procedure:

For e = 0 to maximum epoch, emax
Assignment step:

For i = 1 to n
1) Assign xi to a cluster Su(e) where u ∈ {1, ..., k}

Su(e) = {(xi, Di,;) : d(xi, Di,;, cu(e),vu(e), λ̄u(e))

≤ d(xi, Di,;, cj(e),vj(e), λ̄j(e)) ∀j ∈ {1, ..., k}}

End loop on policies, i.
Update step:

For u = 1 to k
2) Calculate the new centroids cu(e+ 1) and vu(e+ 1)

cu(e+ 1) =
1

|Su(e)|
∑

xi.∈Su(e)

xi

vu(e+ 1) =
1

|Su(e)|
∑

Di,.∈Su(e)

Di,.B
W /K

3) Update λ̄u(e+ 1) =

∑
xi∈Su(e) Ni∑
xi∈Su(e) νi

and αu = νSu(e)λ̄
γ+νSu(e)λ̄

.

End loop on centroids, u
4) Calculation of the total distance dtotal :

dtotal =
k∑

u=1

∑
xi∈Su(e)

d(xi, Di,., cu(e+ 1),vu(e+ 1), λ̄j(e+ 1))

End loop on epochs e.

We replace the distance d(xi, cu, λ̄u) in the Bayesian version of the Lloyd's algorithm
by

d(xi, Di,., cu,vu, λ̄u) := ‖cu − xi‖2 + β1

∥∥vu −Di,.B
W /K

∥∥
2

+ β2

√
(Ni − E (λuΘ|NSu) νi)

2 ,

where β1, β2 ∈ R+ are parameters tuning the regressive feature of the map. NSu and
νSu are respectively the number of claims and the total exposure for the uth cluster.
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E
(
λuΘ|NSu

)
is the Bayesian estimate of the claims frequency for Su as de�ned in sub-

section 2.4. Algorithm 7 details the variant of the k-means algorithm including the same
features than the SOM.

u Gender Area Type Age Veh. Freq. Real % of
Age Freq pop.

1 Men Ctryside Class4 24.91 7.88 0.0371 0.0572 3.1
2 Men Suburban Class6 27.75 9.41 0.0181 0.0699 2
3 Women Ctryside Class3 28.83 11.48 0.0091 0.0108 6.5
4 Men Ctryside Class3 31.75 13.22 0.0093 0.0068 3.4
5 Men Urban Class5 38.93 10.49 0.0371 0.038 1.83
6 Men Smlcity Class6 38.94 9.72 0.0067 0.0193 2.39
7 Men Ctryside Class6 40.53 10.31 0.0125 0.0106 4.25
8 Men Smlcity Class5 42.41 11.96 0.0074 0.0133 3.31
9 Men Suburban Class4 42.61 11.26 0.0147 0.0135 3.04
10 Men Ctryside Class5 43.02 12.04 0.0238 0.0052 5.88
11 Men Smlcity Class4 43.26 11.62 0.0097 0.0086 3.69
12 Men Ctryside Class5 43.44 12.61 0.0073 0.0088 1.88
13 Men Ctryside Class4 43.88 12.69 0.0057 0.0049 6.39
14 Men Urban Class3 43.99 10.43 0.0065 0.02 6.79
15 Men Suburban Class5 44.07 10.8 0.0059 0.0169 4.51
16 Men Suburban Class1 44.26 40.16 0.0078 0.0068 1.88
17 Men Suburban Class3 44.72 10.81 0.0028 0.0086 4.58
18 Men Ctryside Class2 44.73 14.73 0.0124 0.0104 3.19
19 Men Smlcity Class3 45.19 10.87 0.0161 0.0055 5.51
20 Men Ctryside Class1 45.37 23.88 0.0152 0.0058 4.17
21 Men Smlcity Class1 46.77 19.25 0.0105 0.0052 2.87
22 Men Northvlge Class3 47.35 11.95 0.0079 0.0039 2.7
23 Women Ctryside Class3 48.43 10.39 0.0088 0.0071 8.47
24 Men Suburban Class6 49.49 10.13 0.0106 0.0173 2.59
25 Men Ctryside Class3 55.1 12.03 0.0108 0.0017 5.08

Table 15: This table reports the dominant features for each centroids, estimated claims
frequency and percentages of the insured population assigned to each centroids.

Table 15 that presents the dominant modalities associated to 25 centroids, calculated
with equation (21) in which ωu is replaced by vu. Compared to dominant features identi�ed
by the SOM in Table 14, we retrieve similar clusters. E.g. both algorithm have neurons
or centroids with dominant features corresponding to a male driver of class 4 vehicles and
living in the countryside. However we observe small discrepancies between forecasts of
claims frequencies for similar dominant pro�les.
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Number of Deviance dtotal

centroids

9 5848 29204

16 6082 24150

25 6216 18772

Table 16: Deviances and total distances computed by the k-means algorithm with 9, 16
and 25 centroids.

Table 16 reports the deviances and total distances obtained with the k-means algorithm
for 9, 16 and 25 centroids. A comparison with Table 13 reveals that SOMs converge to
solutions with a lower total distance than the k-means algorithm when we partition the
dataset in 9 or 25 clusters. Whereas the k-means algorithm slightly outperforms the SOM in
the con�guration with 16 centroids. We also observe that the k-means algorithm converges
to a solution in less than 100 iterations while the SOM needs around 2000 iterations. The
SOM seems more robust than k-means but is more time consuming.

5.3 Regression with the SOM

The SOM does not only segment the portfolio, it also allows for regressing the claims
frequency on explanatory variables. We create a matrix X �lled with owner's and vehi-
cle ages of policies for which we want to assess the claims frequency. Next, we construct
the disjunctive table D containing the qualitative modalities of these policies. Finally, we
identify the best matching neuron and report the claims frequency of this cluster. We
plot in �gure 7 forecast claims frequencies for di�erent risk pro�les and owner's ages. The
vehicle age is constant and set to one year.

We draw several interesting conclusions from Figure 5. Men living in a urban environ-
ment have a higher probability of accident with a class 3 motorcycle than men living in
the countryside driving the same vehicle. The claims frequency for men from northern
villages is higher up to 28 years old. Contrary to men, female drivers living in a city and
in the countryside share the same claims frequency for ages above 33 years. Female drivers
of a class 3 motorcycle in the countryside have a higher probability of reporting a claim
than men of the same area. More surprising, women older than 18 years, driving the most
powerful vehicle (class 7) have a smaller claims frequency than class 3 drivers. However,
these results must be nuanced given that women are under-represented in the portfolio
(15.76% of the data set). Male drivers of a class 7 motorcycle in the countryside have a
higher claims frequency than class 3 drivers but the frequency falls above 35 years old.
On average, we also expect less claims for persons living in a small city than insureds in
a suburban environment. Finally, female drivers of a powerful vehicle cause less accident
than male drivers, in the countryside. For men, this frequency falls around 35 years old
whereas for women, the claims frequency falls around 19 years old. These results con�rm
that SOM may be use for segmenting policyholders and forecasting the claims frequency.
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Figure 7: Regressed claims frequencies for di�erent pro�les of insured.

6 Conclusions

We demonstrate the usefulness of self-organizing maps for analysing insurance data. Self-
organizing maps are unsupervised algorithms and do not need any a priori knowledge about
the dependence structure between explanatory variables. Therefore they are useful for
detecting collinearity and to design modalities of covariates feeding a multilayer perceptron
or a generalized linear model. We present four variants of the Kohonen's algorithm and
compare them to modi�ed k-means procedures. The �rst one allows to pool policyholders
based on quantitative explanatory variables. The second algorithm allows regressing the
claims frequency on quantitative variables. Due to the low frequency of claims, we propose
a Bayesian model to avoid a null probability of claims occurrence for some categories of
insureds. With this model, the deviance, which is a traditional measure of the goodness
of �t, is not necessary reduced when segmentation increases due to credibility weights.
The k-means algorithm produces similar results to SOMs. The third algorithm studies
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the dependence between categorical variables. It uses a χ2 distance similar to the one
used in a multiple correspondence analysis. This e�cient procedure detects dominant
variables in the portfolio. The k-means algorithm clearly under-performs compared to
SOMs. The fourth procedure both segments policyholders and regresses claims frequency
on quantitative and categorical variables. This approach helps to understand the geography
of risks by assigning to a dominant pro�le of insureds to each neuron of the SOM. SOM
seems to perform better than the k-means algorithm but is more computationally time
consuming.
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