
Chapter 1Mesos
opi
 Transport"We all agree that your theory is 
razybut it is not 
razy enough to be true."Niels Bohr (to a young physi
ist)1.1 Introdu
tion1.1.1 Length s
alesThe word `Mesos
opi
' is derived from the greek words `mesos', meaning`middle', or `intermediate', and `skopein', meaning `to look'. Literally, meso-s
opi
 physi
s looks at systems intermediate between the ma
ros
opi
 ob-je
ts that we are familiar with, and the mi
ros
opi
 world of individualatoms and mole
ules. Obviously, this de�nition is vague. In some sense, itre
e
ts the fuzziness of the dis
ipline boundaries: its rami�
ations overlapwith many other well-established areas in physi
s. A
tually, the `mesos
opi
system' 
on
ept must be de�ned in dire
t relation with the spe
i�
 physi
alproperties (opti
al, me
hani
al, magneti
, . . . ) that are examined. As an ex-ample, if we fo
us on the ele
tri
al 
ondu
tivity of a system, the mesos
opi
regime is rea
hed when the ma
ros
opi
 des
ription of its 
ondu
tivity is nolonger valid. New phenomena, whi
h are masked in ma
ros
opi
 samples,be
ome important, and require new theories for the predi
tion of their fea-tures. Statisti
s 
an not be avoided, as these new mesos
opi
 phenomenaare visible in samples with a mu
h too large number of parti
les to allow for1



2 CHAPTER 1. MESOSCOPIC TRANSPORTa treatment using �rst-prin
iples methods.1More pre
isely, ma
ros
opi
 laws of 
ondu
tivity break down when thesystem size be
omes 
omparable to two 
hara
teristi
 length s
ales: themean free path l� and the phase 
oheren
e length L�.2 Mathemati
al deriva-tions and formal de�nitions of l� and L� 
an be found in many mesos
opi
physi
s textbooks (su
h as Datta [45℄). l� and L� are asso
iated to the 
or-responding times
ales �� and ��. In this introdu
tory se
tion, we will simplylean on intuitive 
on
epts to explain the physi
s behind these length- andtime-s
ales:� l�-��: irregularities in 
rystals lead to s
attering of the ele
tron waves.S
attering events 
an be de�ned as `elasti
', when the ele
tron keepsits original energy (e.g., a 
ollision with a displa
ed atom in the 
rystallatti
e), or `inelasti
' when energy is ex
hanged during the s
atteringevent. The average times between elasti
 and inelasti
 
ollisions are�e (or �0) and �i, respe
tively. Both ele
tron-phonon and ele
tron-ele
tron intera
tions 
ontribute to limit �i. The 
orresponding lengths
ales are le = vF �e and li = vF �i, where vF is the Fermi velo
ity. Themomentum relaxation time �� is the 
hara
teristi
 time governing therandomization of the momentum. It is dire
tly related to the ele
tronmobility � through the relation � = ��e=m� (where m� is the ele
-tron e�e
tive mass, and e is the ele
tron 
harge). Fig. 1.1 shows thetemperature (T ) dependen
e of � in our samples. � is limited at hightemperature (above � 50� 70 K in our 
ase), by large-angle ele
tron-phonon (inelasti
) s
attering. At low temperature, it saturates as islimited by elasti
 
ollisions (ele
tron-ele
tron intera
tions do not in
u-en
e �� and l�). The ele
tron mean free path is de�ned as l� = vF ��.If all the dimensions of a sample are smaller than l�, transport is inthe ballisti
 regime: ele
trons `boun
e' against the walls of the sampleso that the shape of the sample has a strong in
uen
e on ele
tron tra-je
tories. The usual analogy for this regime is the billiard table, wherebilliard balls move along straight lines between spe
ular re
e
tions atthe edges of the table.� ��-L�: L� and �� are dire
tly related to the wave nature of ele
trons.Indeed, �� 
hara
terizes the phase randomization. This means that,1This is not only due to limited 
omputing 
apabilities, but also to a la
k of informa-tions about initial 
onditions.2Additional length s
ales will appear throughout this thesis, but l� and L� are themain ones.
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Figure 1.1: Temperature dependen
e of the ele
tron mobility in wafers Aand C.for a set of ele
trons with an initial average phase �, the evolution of �with time is an exponential de
ay, and �� is the 
hara
teristi
 time ofthis de
ay. In disordered systems, L� is asso
iated to the time �� usingthe relation L� =pD��, where D is the di�usion 
oeÆ
ient.3 Elasti
s
attering does not a�e
t phase 
oheren
e, in opposition to s
atteringby phonons, or ele
tron-ele
tron intera
tions (whi
h is the dominantintera
tion at very low temperature).4 In real systems, L� 
an be verydi�erent from l�. L� and �� are mu
h more diÆ
ult to evaluate thanl� and �� in many 
ases. If the dimensions of a sample are smaller thanL�, signatures of ele
tron interferen
es appear in its 
ondu
tan
e andin the other transport properties. Experimentally, these signatures areoften 
onsidered as the hallmark of the mesos
opi
 transport regime.L� and l� 
an have very di�erent values depending on the materialsand the temperature. Moreover, one, two or the three sample dimensions
an be made (almost) arbitrarily small thanks to advan
es in pro
essingte
hniques, so that many possibilities 
an be explored. It is worth fo
usingon two parti
ular mesos
opi
 systems: (1) disordered metals where �F <l� < ax; ay; az < L� (where �F is the Fermi wavelength, and ax;y;z are the3D = v2F �=d, where vF is the Fermi velo
ity, � is a s
attering time and d is thedimensionality.4Note, however, that all inelasti
 
ollisions do not 
ause phase randomization, whi
hmeans that �� is not ne
essarily equal to �i.



4 CHAPTER 1. MESOSCOPIC TRANSPORTtypi
al dimensions of the system along the three prin
ipal dire
tions) and(2) ballisti
 devi
es, where az . �F < ax; ay < l� < L�.The transport properties of these two types of mesos
opi
 systems showdeviations from 
lassi
al predi
tions for ma
ros
opi
 systems. At �rst, de-viations 
an be 
aused by ele
tron interferen
e e�e
ts, whi
h are most ofthe time averaged out in ma
ros
opi
 samples. Histori
ally, the main `meso-s
opi
 interferen
e e�e
ts' (Aharonov-Bohm os
illations, Weak (Anti) Lo
al-ization, Universal Condu
tan
e Flu
tuations) introdu
ed in se
tion 1.1.5,were experimentally demonstrated in disordered systems. Several yearslater, equivalent e�e
ts were eviden
ed in ballisti
 systems. However, themi
ros
opi
 des
ription of interferen
e e�e
ts is di�erent in disordered andballisti
 systems, as shown in se
tion 1.2.Additional 
orre
tions to the 
ondu
tivity 
an emerge in ballisti
 sys-tems subje
t to a magneti
 �eld, due to `fo
using' traje
tories between themeasurement probes. Su
h fo
using e�e
ts 
an be observed in relativelylarge samples: they were dis
overed in massive bismuth samples more than30 years ago [147, 148, 90℄. The phenomenology of ele
tron fo
using e�e
tsis introdu
ed in se
tion 1.1.3.1.1.2 Ballisti
 systems: building blo
ks
Location of the 2DEG

Fermi level

Conduction

band (bottom)

depth

E
n
e
rg

y

1st subband

2nd subband

Material A Material B

+ + + ++Figure 1.2: Condu
tion band pro�le in a typi
al semi
ondutor heterostru
-ture. The bold line is the bottom of the 
ondu
tion band as a fun
tion of thedistan
e from the surfa
e of the heterostru
ture. The dashed line indi
atesthe Fermi level. (see also Ref. [47℄)Two-dimensional ele
tron gases (2DEGs) are among the most popularmesos
opi
 systems and their basi
 properties are very well do
umented



1.1. INTRODUCTION 5in many referen
e books (we refer, e.g., to Ref. [47℄). They form at het-erointerfa
es in layered or `sandwi
h' semi
ondu
tor stru
tures. Fig. 1.2represents the energy diagram of the bottom of the 
ondu
tion band ina typi
al heterostru
ture, as a fun
tion of the distan
e from the surfa
e.There is a triangular-shaped well in this diagram at the interfa
e betweenthe two materials, originating from the large di�eren
e between their bandgaps and the alignment of the Fermi levels in the two materials. Ele
tronsfrom nearby impurities are transfered to the well where they form a thin
ondu
ting layer (the 2DEG), leaving the 
harged impurities behind them(symbolized by the `+' on Fig. 1.2). Extremely high ele
tron mobilities 
anbe rea
hed in 2DEGs, thanks to the spatial separation between the 2DEGand the impurities whi
h 
an a
t as s
attering 
enters, and to the very lowlevel of defe
t in MBE-grown heterostru
tures. The 
on�nement of the ele
-tron system to a very thin plane implies that ele
trons are distributed on adis
rete number of energy levels, or subbands. In the 
ase of Fig. 1.2, onlythe lowest subband is populated.
InP substrate

InAlAs

InGaAs

InAlAs

δ-doping

InAlAs

InP substrate

InAlAs

InGaAs

InAlAs

InAlAs

-V -V(a) (b) (c)
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Figure 1.3: Two te
hniques to obtain a lateral 
on�nement of a 2DEG (inbla
k). (a) The et
hing te
hnique (lateral view). (b) Top view (SEM mi
ro-graph) of an et
hed quantum dot (dark areas are et
hed). (
) the top gatete
hnique, side view (gates are in light gray, on top of the stru
ture).Beside the exploration of the ri
h properties of 2DEGs, semi
ondu
torheterostru
tures also made possible the investigation of the properties of one-



6 CHAPTER 1. MESOSCOPIC TRANSPORTand zero-dimensional ele
tron systems. Two main te
hniques were used tofurther 
on�ne the ele
tron gas. The �rst one is illustrated in Fig. 1.3(a),and simply 
onsists in removing a part of the material, so that the 2DEGis 
on�ned in the remaining part. At the sides of the 
on�ned stru
ture,ele
trons are repelled due to surfa
e 
harges (the depletion length is thesize of this zone). The se
ond te
hnique [Fig. 1.3(
)℄ makes use of metal(S
hottky) 
onta
ts, deposited on top of the heterostru
ture. A negativevoltage is applied on the top gates in order to deplete the 2DEG underneath.The dimensions of the remaining 2DEG island 
an be tuned by varying theapplied voltage. This is illustrated in Fig. 1.4, showing the 
ondu
tan
e G ofa narrow 
onstri
tion (quantum point 
onta
t, or QPC) formed in a 2DEGas a fun
tion of the gate voltage V [152℄.5 The 
ondu
tan
e shows plateausat integer multiples of 2e2=h, whi
h re
e
ts the gradual depopulation ofquantum 
hannels as the width of the 
onstri
tion de
reases.
Figure 1.4: Condu
tan
e of a point 
onta
t as a fun
tion of the gate volt-age. The inset shows a top view of the gates on top of the AlGaAs/GaAsheterostru
ture. [From van Wees et al. [152℄℄5In this 
ase, the 
riti
al length s
ale is the ele
tron Fermi wavelength �F . When thethermal energy kT , where k is Boltzmann 
onstant, and the level broadening � = ~=�(where � is a s
attering time) are `suÆ
iently' small (i.e., smaller than the separationbetween energy levels in the 
onstri
tion), the energy level quantization strongly a�e
tsthe sample properties.



1.1. INTRODUCTION 72DEGs and QPCs are the main building blo
ks of the ballisti
 quantumdots (QDs) studied in 
hapter 3,6 and of the 
ross jun
tions investigatedin 
hapter 5. Fig. 1.3(b) shows a top-view of a quantum dot de�ned bythe et
hing te
hnique: it 
onsists of an ele
tron island separated from theele
tron reservoirs by two QPCs. The size of the dot is inferior to l�, so thatit is in the ballisti
 regime. The dot is open, i.e. the QPCs 
arry at leastone quantum mode.7In the island, ele
trons are distributed on a limited number of energylevels,8 with an average spa
ing between the levels given by :� = 2�~2m�A; (1.1)where A is the QD area and m� is the ele
tron e�e
tive mass. Importantly,we dedu
e from Eq. (1.1) that the average level spa
ing is larger in smallQDs fabri
ated from materials with a small m�.Another important parameter 
hara
terizing a QD is the average timespent by ele
trons inside the 
avity, the `dwell time' �d. If traje
tories in-side the QD boun
e many times before it es
apes (no dire
t traje
toriesbetween the entran
e and exit QPC), and are 
haoti
, general argumentsbased on ergodi
 theory 
an be used to evaluate �d, leading to the followingestimation:9 �d = 2�~�N ; (1.2)where N is the total number of quantum 
hannels in the QPCs (i.e. thesum of the number of modes in the QPCs). When the above-mentionnedhypothesis are not ful�lled, Eq. (1.2) is only a rough approximation. Alter-native expressions were derived by several authors for parti
ular `non-ideal'geometries (see e.g. Jensen [95℄).1.1.3 Fo
using e�e
tsIn the ballisti
 regime, a magneti
 �eld 
an be used to `fo
us' ele
trons (orholes) between an inje
ting 
onta
t and a 
olle
ting 
onta
t. A s
heme of atypi
al fo
using experiment is shown in Fig. 1.5(a), and 
onsists of a sample6The Bi QD investigated in 
hapter 4, are not formed from semi
ondu
tor heterostru
-tures. However, we will see that it 
an be 
onsidered as zero-dimensional.7In `
losed' dots, the QPCs are tunneling barriers for ele
trons.8Con�nement in the QPCs is one-dimensional, and zero-dimensional in the quantumdot. For more informations, see Ref. [47℄.9The estimation is based on the ratio of the area of the s
attering domain to theele
tron 
ux through the QPCs [95℄.



8 CHAPTER 1. MESOSCOPIC TRANSPORTwith two 
onta
ts, labeled E and C, separated by a distan
e L. Current isinje
ted in the sample at the 
onta
t E and the potential di�eren
e between
onta
t C and another referen
e point on the sample (far fromC) is measuredas a fun
tion of the magneti
 �eld B. The magneti
 �eld is applied in theplane of the sample surfa
e, perpendi
ular to the line joining E and C.
I

V

B

E C

Sample

(a) (b)

(c)

Figure 1.5: (a) Typi
al geometry for a fo
using experiment. (b) Colle
torvoltage as a fun
tion of the magneti
 �eld (in units of B0), in a Bi samplewith the trigonal axis perpendi
ular to the surfa
e (T = 1:1 K). (data fromRef. [90℄). (
) Comparison of the measured magnetoresistan
e (top tra
e)of a triangular quantum dot and the result of a 
lassi
al simulation of theresistan
e in the same geometry (from Ref. [106℄).The magneti
 �eld 
auses a 
urvature of the 
harged parti
les traje
to-ries, so that ele
trons (and holes) move along a 
ir
le, with a radius (
alled`
y
lotron radius') given, in the 
ase of a 2DEG, by:r
 = ~p2�nseB ; (1.3)



1.1. INTRODUCTION 9where ns is the surfa
e ele
tron density in the 2DEG.10 When the 
ondition2r
 = L is rea
hed (
orresponding to a magneti
 �eld B0), ele
trons in-je
ted in E are transmitted dire
tly to the 
olle
tor, provided that they arenot s
attered (i.e. transport is ballisti
 over the length of the traje
tory).At B = B0, a spike is observed in the 
olle
tor voltage due to this e�e
t. ForB = 2B0, ele
tron follow traje
tories with one re
e
tion along the devi
eedge. If this re
e
tion is spe
ular, ele
trons are brought to the 
olle
tor,
ausing another spike in the 
olle
tor voltage. Similarly, traje
tories withn boun
es are asso
iated with spikes at B = nB0, as shown on Fig. 1.5(a).Note that in Bi samples, spikes, or `
ommensurability os
illations' asso
i-ated with ele
trons and holes 
an be observed using this te
hnique, but theyappear for opposite signs of the magneti
 �eld, sin
e the 
harges of theseparti
les are opposed. The above analysis, stri
tly valid in the 
ase of ele
-trons inje
ted perpendi
ularly to the line E-C, still applies to the general
ase of an ele
tron beam with an angular divergen
e.11Commensurability e�e
ts with a similar origin were eviden
ed in manydi�erent ballisti
 systems, in
luding open quantum dots. Fig. 1.5(
) showsthe result of Linke et al. [106℄, asso
iating maxima in the magnetoresis-tan
e of triangular quantum dots to 
lassi
al fo
using ele
tron orbits insidethe QDs, very similar to the orbits on Fig. 1.5(a). Traje
tories implying are
e
tion of the ele
tron to its origin point 
onta
t dominate the magne-toresistan
e in this 
ase.The temperature dependen
e of the fo
using peaks in InGaAs-based2DEGs was studied in Ref. [73℄. Fo
using peaks were found to remain at hightemperature (above 100 K) in these systems. Experimentally, the amplitudeAp of the peaks has been reported to vary exponentially with the ratio of thedistan
e L between the probes (or, equivalently, with the traje
tory lengthLe) and a typi
al `fo
using mean free path' Lf [151, 75, 73, 72℄:Ap = A0 exp��LeLf � (1.4)where A0 is a 
onstant. This form was obtained by varying L [75℄. Asfar as we know, there is no published theoreti
al justi�
ation for this form.10The assumption of a 
ir
ular ele
tron motion in a magneti
 �eld is not totally 
orre
t inreal materials: a
tually, they move along orbits of 
onstant energy on the Fermi surfa
e;these traje
tories are determined by the interse
tion of the Fermi surfa
e with a planeperpendi
ular to the dire
tion of the magneti
 �eld. As an example, in the 
ase of bismuth,this 
orresponds to ellipses (the Fermi surfa
e for ele
trons and holes in Bi is shown onFig. 2.8).11Support for this, and additional ba
kground informations on transverse fo
using 
anbe found in the review by Tsoi et al. [148℄.



10 CHAPTER 1. MESOSCOPIC TRANSPORTHowever, intuitively, this exponential de
ay seems logi
al, as the probabilityfor an ele
tron to keep its initial momentum between the entran
e and exit ofthe system (a 
avity for example) de
reases exponentially with the relevants
attering time in the Boltzmann formalism.Strikingly, the amplitude Ap was also found to vary at low temperature,in a range where l� is temperature-independent. Based on this observationand Eq. (1.4), it is natural to 
onsider that Lf is di�erent from l�, and thatLf depends on the temperature even if l� is temperature-independent. Thedi�eren
e between the T -dependen
e of Lf and l� at low-T was attributedto a di�erent sensitivity to small-angle s
attering [75, 73, 72℄. The mean freepath l� is less a�e
ted by this type of s
attering be
ause the 
ontributionof ea
h s
attering event in the redu
tion of l� is weighted by (1 � 
os(�)),where � is the s
attering angle. Fo
using phenomena, on the 
ontrary, areperturbated by small-angle s
attering, and these s
attering events are rel-atively more important at low temperature, sin
e phonons have smallermomenta. In summary, both l� and Lf depend on elasti
 s
attering andele
tron-phonon s
attering. However, as Lf is more sensitive to small angles
attering, one has Lf < l� [75℄.1.1.4 ChaosOne of the reasons for the interest in transport through ballisti
 
avitiesstems from the fa
t that they o�er the possibility to study experimentallythe predi
tions of the `quantum 
haos' theory. In 
lassi
al dynami
s, 
haoti
behavior is de�ned as an exponential sensitivity to initial 
onditions, whi
htherefore makes any predi
tion on the system's evolution almost impossible.Playing a 
lassi
al pinball game in a ma
ros
opi
 billiard, it is quite easy fora skilled player to predi
t the traje
tory of the ball, taking into a

ount theinitial 
onditions of the shot, and also to repeat several time the same shot.In a stadium-shaped billiard, however, this is mu
h more diÆ
ult to a
hieve,be
ause very small 
hanges in the initial 
onditions dramati
ally 
hange theball's traje
tory. In 
lassi
al systems, these simple arguments show that theshape of the billiard fully determines whether the ball will move in a 
haoti
or a regular way.What happens if the billiard is s
aled down and the billiard balls arerepla
ed by ele
trons, as in ballisti
 quantum dots fabri
ated from 2DEGs? Strangely, even in quantum dots whose shape is 
lassi
ally 
haoti
, bothnumeri
al 
al
ulations [4℄ and re
ent experiments with a s
anning probe [44℄provided eviden
es that `s
ars' of some parti
ular periodi
 
lassi
al orbitsdominate transport. These s
ars manifest themselves as highly stru
tured



1.1. INTRODUCTION 11`s
arred' ele
tron wavefun
tions. This implies that statisti
al predi
tionsbased on an ergodi
 hypothesis12 may fail in the 
ase of quantum systemswhose 
lassi
al analog is 
haoti
. It also means that the most 
ommonsituation in quantum dots is a mixed (
haoti
 and regular) phase spa
e.Classi
ally 
haoti
 and regular 
avities have di�erent distributions ofes
ape times � , traje
tory lengths L and e�e
tive areas �.13 In the 
aseof 
haoti
 dynami
s, the distributions are exponential, ea
h governed by asingle parameter [92, 91, 95℄:P (�) / exp(�
�); P (L) / exp(�

lL); P (�) / exp(��
lj�j); (1.5)where 

l = 
=v, 
 is the es
ape rate from the 
avity (inverse of the typi
ales
ape time), v is the velo
ity of the parti
les and �
l is the inverse of atypi
al e�e
tive area en
losed by a traje
tory. On the 
ontrary, in regular
avities, the distributions of � , L and � are power laws. 
 is determinedby the di�eren
e between the mean Lyapunov exponent � (
hara
terizingthe exponential rate at whi
h traje
tories near the stable periodi
 orbitsdiverge from them), and the rate at whi
h 
haoti
 es
aping traje
toriesare folded ba
k into the s
attering region (the Kolmogorov-Sinai entropyhKS = �d [95℄, where d is the fra
tal dimension of the `repeller', i.e. the setof unstable periodi
 orbits)[91, 95℄: 
 = �(1� d).1.1.5 Quantum interferometry in ballisti
 systems(phenomenologi
al approa
h)Aharonov-Bohm os
illationsAharonov-Bohm (AB) os
illations 
an be viewed as the ar
hetype of thequantum interferen
e e�e
t. Although AB os
illations are not investigatedin this thesis, a simpli�ed explanation of this e�e
t is a very illustrativeintrodu
tion to the other manifestations of the wave nature of ele
trons inthe transport properties of mesos
opi
 samples. Consider the interferometershown in Fig. 1.6(a), 
onstituted by a ring with two openings, fabri
ated in asemi
ondu
tor heterostru
ture hosting a 2DEG. Ele
trons enter in the ringfrom the 
onta
t at the left, divide into partial waves ea
h going around anarm of the ring, re
ombine and interfere on the right, before leaving through12This hypothesis means that ele
trons `visit every possible pla
es in the 
avity' (thisis obviously a very informal de�nition).13As s
attering traje
tories are open, the en
losed area is repla
ed by an e�e
tive area,de�ned from a path integral on the ve
tor potential. For a traje
tory s, path Cs with aperpendi
ular magneti
 �eld B with a ve
tor potential A, one has �s = 2�B RCs Adr.



12 CHAPTER 1. MESOSCOPIC TRANSPORTthe right 
onta
t. A magneti
 �eld B is applied to the ring. The ve
torpotential A asso
iated with B indu
es a 
hange in the phase of ele
trons.The phases a

umulated by ele
trons going through the upper and lowerarm (�1 and �2, respe
tively) due (only) to the presen
e of the magneti
�eld are given by the integrals over the ele
tron paths :�1 = e~ Zupper pathsAdl; and �2 = e~ Zlower pathsAdl: (1.6)The di�eren
e in phase is given by �� = �1 � �2 = 2�e�=h (where �is the magneti
 
ux). Interferen
e of ele
tron partial waves at the rightjun
tion, governed by ��, will be 
onstru
tive when � is a multiple ofh=e and destru
tive halfway between. As a 
onsequen
e, the transmissionof ele
trons from the left to the right lead (and therefore the 
ondu
tan
eor resistan
e of the sample) will periodi
ally os
illate as a fun
tion of themagneti
 �eld, as shown on Fig. 1.6(b).
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Φ

(a) (b)

Φ

(c)Figure 1.6: (a) SEM mi
rograph of a quantum ring patterned from an In-GaAs/InAlAs heterojun
tion (wafer C). Dark regions have been et
hed. Inwhite: s
hemati
 path of ele
tron partial waves transmitted through the de-vi
e, giving rise to h=e os
illations. (b) Resistan
e R vs magneti
 �eld B at1.7 K in the quantum ring shown in (a). (
) In bla
k and white: s
hemati
paths of two ele
tron partial waves, giving rise to h=2e os
illations.Ele
tron partial waves, instead of being transmitted through the ring,
an also travel along the whole ring before interfering at the jun
tion near



1.1. INTRODUCTION 13the in
oming lead (as illustrated in Fig. 1.6(
)). Su
h traje
tories are time-reversed traje
tories. Compared to the half-ring traje
tories dis
ussed above,these traje
tories en
lose twi
e as mu
h magneti
 
ux, whi
h implies thatthe maxima of the transmission will o

ur for � = nh=2e (n integer). The as-so
iated h=2e resistan
e os
illations are known as Al'tshuler-Aronov-Spivak(AAS) os
illations [9, 10℄. h=e and h=2e e�e
ts di�er by their behaviour atB = 0. Indeed, if there is a small di�eren
e between the length of the twoarms of the ring, it may happen that �� is not a multiple of 2� at B = 0. Inthis 
ase, the h=e e�e
t does not lead to a maximum transmission (minimumresistan
e) at B = 0. However, the AAS e�e
t is not a�e
ted by the geo-metri
al asymmetry, and hen
e always leads to a maximum ba
ks
attering(maximum resistan
e) at B = 0.Ballisti
 transport is not a ne
essary 
ondition for the observation ofthese e�e
ts. Histori
ally, they were �rst eviden
ed in disordered systems:
ylindri
al metal �lms for h=2e os
illations [136℄, and individual Au rings forh=e os
illations [155℄. The only 
ondition required to observe the AB or AASos
illations is that L� is longer than the minimum path length L throughthe ring. More pre
isely, the amplitude of the os
illations is proportional toexp(�L=L�).Universal Condu
tan
e Flu
tuationsThe shape of the devi
e shown in Fig. 1.7(a) is very similar to that ofthe quantum ring dis
ussed above, ex
ept for the 
entral part: there is nos
atterer at the 
enter of the devi
e. As a 
onsequen
e, there is a mu
hlarger set of possible `
lassi
al paths' for ele
tron partial waves between thetwo openings of the devi
e. A di�erent phase is a

umulated for ea
h path.In a semi
lassi
al approa
h (see se
tion 1.2.3) it is 
ustomary to isolate pairsof paths, as illustrated in Fig. 1.7(a). Ea
h pair will generate interferen
esleading to os
illations in the magneto
ondu
tan
e with a parti
ular period(spe
i�
 to ea
h pair). In the magneto
ondu
tan
e (G vs B) of the sample,the sum of all the parti
ular os
illations with di�erent period will sum up,yielding a 
omplex pattern of `aperiodi
', but reprodu
ible, 
ondu
tan
e
u
tuations shown in Fig. 1.7(b). In quantum dots, 
u
tuations not onlyshow up as a response to 
hanges in magneti
 �eld, but 
an also be generatedby 
hanges of the shape of the 
avity, or of the Fermi energy [21, 97℄.In quantum dots, these 
u
tuations are 
alled Universal Condu
tan
eFlu
tuations (UCFs), be
ause their amplitude is universal, i.e. independentof the system size and shape, provided that the underlying 
lassi
al dynami
sis 
haoti
 (see se
tion 1.1.4). It is worth re
alling that the `generi
' situation
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Figure 1.7: (a) SEMmi
rograph of a quantum billiard (sample B1) patternedfrom an InGaAs/InAlAs heterojun
tion. Dark regions have been et
hed.In bla
k and white: s
hemati
 paths of ele
tron partial waves transmittedthrough the devi
e, giving rise to Universal Condu
tan
e Flu
tuations. (b)Condu
tan
e G vs B at 0.3 K in sample B1, showing UCFs. The inset showsG vs B at very low B.in quantum dots is a mixed regular-
haoti
 phase spa
e, with a power-lawes
ape from the 
avity. In this 
ase theory predi
ts that the 
u
tuations of
ondu
tan
e are statisti
ally self-similar, so that they are 
hara
terized bya fra
tal dimension [98℄. This was experimentally 
on�rmed soon after thetheory was published [146, 134, 145, 133, 119℄.The term UCFs was �rst used for 
ondu
tan
e 
u
tuations observed inlarge disordered systems. In these systems, the 
ontribution of a very largenumber of randomly s
attered phase 
oherent loops ensemble averages toprodu
e 
ondu
tan
e 
u
tuations that are always of the order of e2=h inamplitude in the limit T ! 0, irrespe
tive of the degree of disorder of thesample [103℄. The spe
i�
 mi
ros
opi
 details of the sample determines thespe
i�
 pattern of 
u
tuations but not their mean amplitude. While theme
hanism giving rise to the 
u
tuations is similar in quantum dots, thereis a di�eren
e: a smaller number of phase 
oherent loops 
ontribute to thee�e
t, and the 
u
tuations do not have a `universal' mean amplitude of� e2=h (see se
tion 1.2.4). Therefore, the term `UCFs' is somewhat abusivein the 
ase of quantum dots, but, to maintain 
onsisten
y with 
ommon



1.1. INTRODUCTION 15usage, we will use it for QDs in the following.14Both for disordered and ballisti
 devi
es, statisti
al methods are neededto des
ribe UCFs properties. Indeed, the details of an individual measure-ment for a given set of experimental parameters are too 
ompli
ated to bepredi
ted. The 
al
ulation details are somewhat di�erent in disordered andballisti
 systems, due to the di�erent nature of s
attering in both 
ases (seese
tion 1.2).Weak Lo
alizationAs in quantum rings, some pairs of traje
tories within billiards lead to a
oherent ba
ks
attering of ele
trons. An example of su
h a pair of traje
-tories is shown in Fig. 1.8(a). The bla
k and white paths a

umulate thesame phase shift and therefore interfere 
onstru
tively at their origin. Thedi�eren
e with the quantum ring situation lies in the larger number of su
hpairs in a billiard. The e�e
t of the magneti
 �eld on ea
h of these pairs is tobreak the time reversal symmetry : the paired paths a

umulate a di�erentphase, so that ba
ks
attering is no longer 
oherent. As a 
onsequen
e, oneobserves a minimum of 
ondu
tan
e (maximum of resistan
e) at B = 0, oneof the signatures of the Weak Lo
alization (WL) e�e
t.15Su
h a WL minimum 
an be observed in Fig. 1.7. However, in thissample, the e�e
t is mixed with UCFs, and both WL and UCFs have asimilar amplitude. In billards whose shape 
an be 
ontrolled by ele
trostati
gates, it is possible to separate the WL feature from UCFs in G vs B. Theidea is to measure G vs B for several values of voltage Vg applied to a shape-distorting gate. The pattern of UCFs will be di�erent for ea
h value of Vg,but the WL feature will remain the same in ea
h 
urve. Therefore, averagingover a suÆ
ient number of su
h 
urves will leave only the WL 
orre
tion toG vs B, as illustrated in Fig. 1.8(b-
).Due to the �nite 
oheren
e length in realisti
 samples at nonzero temper-ature, 
oheren
e is broken for the longest pairs of paths, whi
h redu
es theWL e�e
t, as well as the UCFs amplitude (we will see below that some otherUCFs properties are a�e
ted by the limited 
oheren
e). This sensitivity toL� (or ��) makes WL and UCFs two very useful tools to evaluate L� and�� and their evolution with temperature, both in ballisti
 and disordered14There is a similar problem for the Weak Lo
alization e�e
t dis
ussed hereafter.15The weak lo
alization 
on
ept is not restri
ted to the `small world' of mesos
opi
systems. As an example, weak lo
alization was re
ently eviden
ed for seismi
 waves in anatural environment [101℄.
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Figure 1.8: (a) SEM mi
rograph of sample B1, with s
hemati
 paths of twoele
tron partial waves (bla
k and white), leading to 
oherent ba
ks
attering.(b) SEM mi
rograph of a quantum billiard de�ned by metal gates (lightgray) on top of an AlGaAs/GaAs heterostru
ture. (
) Thin 
urves : G vsB in the 
avity shown in (b), for di�erent values of Vg. The bold 
urve is ashape-averaged G vs B [(b) and (
) from Ref. [83℄℄.



1.1. INTRODUCTION 17systems.16Spin and Spin-Orbit 
oupling e�e
tsBeside its phase and 
harge, an ele
tron also 
arries a spin. Re
ently, therehas been a rising interest in the 
ontrol of the spin degree of freedom inmesos
opi
 system, initially motivated by the possible realization of `spintransistors' and spin �lters [46℄.17 An important ingredient in the 
ontrol ofthe spin is the spin-orbit (SO) 
oupling. The SO intera
tion is a relativisti
e�e
t, arising when an ele
tron is moving in an e�e
tive ele
tri
 �eld. Thisele
tri
 �eld has di�erent 
ontributions. One of these 
ontributions, the`Dresselhaus term' in the Hamiltonian of the system [49℄, originates fromthe asymmetry of the 
rystal stru
tures (e.g. in the zin
-blend stru
ture ofIII-V 
ompounds, su
h as GaAs). In heterostru
tures, the la
k of inversionsymmetry is enhan
ed at interfa
es, whi
h is the sour
e of an ele
tri
 �eldperpendi
ular to the heterostru
ture interfa
e 
ontributing to the SO e�e
t,as eviden
ed by Rashba [33, 131℄. Moreover, heavy atoms usually have astrong 
ontribution to the SO e�e
t.18 As a result of the presen
e of theseSO terms in the hamiltonian, spin-up and spin-down energy levels are split(lifted spin degenera
y).Both UCFs and the weak lo
alization e�e
t 
an be modi�ed in the 
ase ofstrong SO 
oupling. Folk and 
oworkers re
ently un
overed the �rst eviden
efor a modi�
ation of the UCFs amplitude related to spin e�e
ts in openballisti
 quantum dots fabri
ated from AlGaAs/GaAs heterostru
tures [55℄.They showed that the amplitude of UCFs is redu
ed by a fa
tor of 1.9-5.5 inthe presen
e of a strong in-plane magneti
 �eld (measurements performedin our group on similar samples revealed a redu
tion fa
tor in the range� 3-10 [68℄). This observation was explained in terms of Zeeman splittingand enhan
ed SO intera
tion at high B [70℄, ea
h 
ontribution redu
ing theUCFs amplitude by a fa
tor of 2 with respe
t to UCFs amplitude at low B.Conventionally, SO 
oupling manifests itself in G vs B 
urves aroundB = 0, in the form of a small positive 
orre
tion to G suppressed by a mag-neti
 �eld: the weak antilo
alization (WAL) e�e
t (the 
ounterpart of weak16Note that, in disordered systems, the observation of the WL e�e
t does not requirethat the size of the system is inferior to L�. However, in general, the e�e
t is enhan
edin low-dimensional systems.17In su
h devi
es, the 
urrent is modulated by a spin pre
ession due to the spin-orbit
oupling.18The strength of the SO 
oupling is approximately proportional to Z4, where Z is theatomi
 number. A detailed investigation of the dependen
e of SO 
oupling on Z 
an befound, e.g., in Ref. [60℄.
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alization). Naturally, one 
an wonder why weak lo
alization is modi�edinto weak antilo
alization in the presen
e of spin-orbit 
oupling. This wasintuitively explained by Bergmann [20℄19 in the 
ontext of disordered thinmetal �lms. An ele
tron has its spin rotated during ea
h s
attering event inthe presen
e of SO 
oupling. Starting from a spin state s, two 
omplemen-tary s
attering series will result in two di�erent �nal rotated spin s0 = Trsand s00 = T�1r s (Tr being a `rotation operator'). It 
an be shown that if s0 ands00 are related by a spin rotation of 2�, the interferen
e of the 
omplementaryele
tron wavefun
tions is destru
tive. Theory shows that su
h destru
tiveinterferen
es predominates when SO 
oupling is strong, leading to the op-posite of the ba
ks
attering e�e
t observed in the absen
e of spin rotation.Similar to the WL e�e
t, this `forward s
attering' e�e
t is destroyed in thepresen
e of a magneti
 �eld, so that a maximum is observed at B = 0 in the
ase of strong SO 
oupling. The theory of weak antilo
alization in disor-dered systems was established by Hikami, Larkin and Nagaoka [77℄. FittingG vs B around B = 0 with this theory allows to extra
t a new length s
ale,Lso, 
orresponding to the spin-orbit s
attering length. Note that this lengthand the asso
iated time �so (Lso = pD�so) are temperature independent.While the `ballisti
 weak lo
alization' was observed in quantum dots inthe early 90s, `ballisti
 weak antilo
alization' was not observed until veryre
ently. The e�e
t was �rst experimentally demonstrated in GaAs/AlGaAsquantum dots by Zumbuhl and 
oworkers [158℄, 
losely followed by our ob-servation of weak antilo
alization in a quasi-ballisti
 Bi quantum dot [69℄(
fr. 
hapter 4). Most importantly, in GaAs/AlGaAs quantum dots, WAL
an be 
ontrolled by an external gate voltage and is suppressed in dots witha lateral size inferior to LSO , as re
ently observed [158℄.1.2 Cal
ulation tools1.2.1 Disordered and ballisti
 systemsIn disordered metals, ele
trons are s
attered by defe
ts of atomi
 dimen-sions, and propagate in a semi
lassi
al way between s
attering events. Thequantum interferen
e e�e
ts in su
h systems were treated within the frame-work of perturbation theory for the disorder, with the 
ondu
tivity obtainedas a 
urrent-
urrent 
orrelation fun
tion (Kubo formula) [20, 102℄. One ofthe most important su

esses in this �eld is the very general Hikami for-19This arti
le is also the referen
e for an intuitive explanation of weak lo
alization indisordered systems.



1.2. CALCULATION TOOLS 19mula [77℄ [Eq. (4.6) in se
tion 4.6℄, expressing both the temperature andmagneti
 �eld dependen
e of the low-B 
ondu
tan
e of low-dimensional dis-ordered metals, taking into a

ount all the s
attering me
hanisms, and itsremarkable experimental 
on�rmation in many di�erent systems.The theoreti
al treatment of quantum transport in ballisti
 systems re-quires spe
i�
 
al
ulation tools, slightly di�erent from those used in disor-dered systems. Indeed, 
lassi
al traje
tories solely depend on the geometry,and the notion of impurity average does not have any sense: it must be re-pla
ed by an average over the shape or the energy. Furthermore, s
atteringevents do not have a random out
ome as in the di�usive 
ase. Therefore,existing tools had to be adapted, or new methods had to be 
reated to un-derstand the statisti
al features of the quantum interferen
e phenomena inballisti
 samples.The purpose of this se
tion is to summarize the approa
h of two ofthese tools, the semi
lassi
al (SC) approa
h and the random matrix theory(RMT), without omitting the assumptions of the underlying models. Mostof the data in 
hapters 3 and 4 were analyzed using the results of these the-ories. Some other models exist, su
h as the supersymmetri
 approa
h [52℄,whose predi
tions are in agreement with the results of the SC theory andthe RMT, for the properties of interest in this work. Here, we will keep theformal (mathemati
al) aspe
ts at the lowest possible level, sin
e this thesisis primarily experimental. We will also emphasize the main results obtainedusing the di�erent theoreti
al approa
hes, and examine some of their 
on-sequen
es. A pedagogi
al presentation of the semi
lassi
al method and itsappli
ations is given by Jalabert in Ref. [91℄ and the RMT was reviewed byBeenakker in [19℄. Alhassid [6℄ presents the main statisti
al methods andtheir appli
ations with an emphasis on 
losed quantum dots.1.2.2 S
attering formalismIn the Landauer-B�uttiker approa
h [30, 45, 91℄, a typi
al open quantum dotsample in the phase 
oherent and ballisti
 regime is represented as shownin Fig. 1.9. The whole sample is 
omposed of three main elements: ele
tronreservoirs, leads, and the 
avity itself. Physi
ally, the two ele
tron reservoirsare the measuring devi
es, and are 
hara
terized by 
hemi
al potential �1and �2 (whi
h are not a�e
ted by in
oming or outgoing ele
trons), with�1 � �2 = eV . The leads, 
onne
ting the 
avity to the reservoirs, 
anbe approximated as having a �nite width W in the y dire
tion and beingin�nite in the x dire
tion, so that a �nite number of 
hannels propagate intothem. The eigenstates in the leads are the produ
t of the wavefun
tions



20 CHAPTER 1. MESOSCOPIC TRANSPORT�a = p2=W sin(�ay=W ) (a integer) and plane waves of the type e�ikaxwith waveve
tors ka satisfying � = [(a�=W )2 + k2a℄~2=(2m�). There are Mtransverse momenta satisfying the latter relation with k2a > 0, and thereforea total of 2M propagating 
hannels (in
oming and outgoing lead states).
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Figure 1.9: S
heme of a 
oherent 
ondu
tor related by leads to ele
tronreservoirs. The 
oherent part of the devi
e is 
hara
terized by the S-matrix,relating the in
oming mode amplitudes ai to the outgoing amplitudes bi.Ele
trons in
oming from the leads are s
attered inside the 
avity. In-
oming and outgoing mode amplitudes are related by a 2M �2M s
atteringmatrix (or S-matrix) 
omposed by M �M re
e
tion and transmission ma-tri
es r and t (r0 and t0) :20 S =  r t0t r0!: (1.7)Transmission and re
e
tion 
oeÆ
ients (Tba and Rba) are obtained fromindividual elements of the re
e
tion and transmission matri
es (tba; rba; t0baand r0ba): Tba = jtbaj2 and Rba = jrbaj2. The total transmission T = �a;bTbaand re
e
tion R = �a;bRba 
oeÆ
ients obey T+ R = N and T = T0, R = R0due to unitarity of the S-matrix. S-matri
es 
an be 
ombined in the 
ase of
omplex or large samples (see Ref. [45℄), whi
h makes this formalism very
onvenient and 
exible. The 
riti
al point, however, is the evaluation of the20r and r0 
orrespond to re
e
tion from the left lead ba
k to itself and from the rightlead ba
k to itself, respe
tively; t and t0 represent respe
tively transmission from the leftto the right lead and 
onversely.



1.2. CALCULATION TOOLS 21individual matrix elements. This 
an be a
hieved using an integration overGreen fun
tions (Eq. (4) in ref. [92℄).21Assuming that �1 > �2, ele
trons with an energy in the interval [�1; �2℄are inje
ted into right-going states from the left reservoir, but no ele
tronsin this energy range are inje
ted from the right reservoir. Therefore, the net
urrent I is proportional to the number of states in the interval [�1; �2℄ :I = 2e NXa=1 vadnad� eV NXb=1 Tba = 2e2h V NXa;b=1Tba; (1.8)where N is the number of modes at the energy �1 and the one-dimensionaldensity of states dnad� = 1=hva. The 
ondu
tan
e is therefore G = I=V =(2e2=h)T. The s
attering formalism is a very 
onvenient and useful way toexpress physi
al quantities in terms of transmission or re
e
tion 
oeÆ
ients.1.2.3 Semi
lassi
al theoryThe semi
lassi
al approa
h is a powerful tool to relate the 
lassi
al andquantum properties of ballisti
 systems. In this framework, the Green fun
-tion, 
riti
al for the evaluation of the 
oeÆ
ients of the s
attering matrix, isapproximated as a sum where ea
h term 
orresponds to a traje
tory s [91℄.Ea
h term of the sum is also weighted by a stability prefa
tor (dependingon the in
oming and outgoing angles), and 
ontributes to a phase given bythe 
lassi
al `a
tion integral' Ss = RCs p dq (where Cs is a path). Assumingthat the dynami
s inside the 
avity is 
lassi
ally 
haoti
, the elements ofthe transmission and re
e
tion matri
es are also expressed as a sum overisolated traje
tories (Eq. (5) in Ref. [92℄), and the transmission 
oeÆ
ientsare given by sums over pairs of traje
tories.Using these new expressions for re
e
tion and transmission 
oeÆ
ients,it is then possible to predi
t statisti
al properties of the magneto
ondu
-tan
e features dis
ussed in se
tion 1.1.5. Of parti
ular interest for us is themagneti
 �eld 
orrelation fun
tion C(�B) = hÆG(B + �B)ÆG(B)i, whi
h
an be expressed as a fun
tion of the transmission 
oeÆ
ients. Suitableassumptions about the sum over paths (e.g., the sum is repla
ed by an inte-gration over inje
tion angles, whi
h have an exponential distribution) allow21The Green fun
tion is a very useful tool whenever a response R is related to anex
itation X by a di�erential operator Dop : DopR = X. The Green fun
tion is de�nedas G = D�1op so that R = D�1op X = GX. It has an exa
t expression in the leads, whi
h
an be used as a starting point for a re
ursive evaluation in the 
avity. More details onthe evaluation of this fun
tion and its use in mesos
opi
 physi
s 
an be found in [45℄. Therelation between tab and the Green fun
tions is given by Eq. (2.8) in Ref. [91℄.



22 CHAPTER 1. MESOSCOPIC TRANSPORTto obtain the following expression [92℄:C(�B) = C(0)[1 + (�B=�
l�0)2℄2 ; (1.9)where ��1
l is the rms area en
losed by traje
tories inside the 
avity, and�0 is the 
ux quantum. The 
orresponding power spe
trum SG (Fouriertransform of the 
orrelation fun
tion) as a fun
tion of the frequen
y f , inT�1, is : SG(f) = SG(0)[1 + 2��
l�0f ℄ e�2��
l�0f : (1.10)Another important result of the semi
lassi
al approa
h 
on
erns theweak lo
alization 
orre
tion to the average 
ondu
tan
e, whose lineshapeis predi
ted to be lorentzian [16℄:22hG(B)i = hG(B)iB 6=0 � ÆG1 + (2B=�
l�0)2 ; (1.11)where ÆG is the amplitude of the weak lo
alization dip. The 
hara
teristi
�eld required to break the weak lo
alization e�e
t is therefore �
l�0. Weemphasize that the results (1.9), (1.10) and (1.11) are valid provided thatthe 
lassi
al dynami
s inside the 
avity is 
haoti
 in the sense explained inse
tion 1.1.4. In the 
ase of a regular dot shape, or non-ergodi
 traje
tories,these results 
an be altered, as shown experimentally by Chang et al. [34℄:while a lorentzian shape was found for the WL feature in 
haoti
 quan-tum dots, as predi
ted by the semi
lassi
al theory, a triangular shape wasobserved in non-
haoti
 
avities. The predi
tions for the power spe
trum[Eq. (1.10)℄ was su

essfully 
he
ked experimentally by Mar
us and 
ollab-orators [112℄. An enhan
ement of the high-f spe
tral 
ontent was observedin integrable 
avities.1.2.4 Random Matrix TheoryRandom Matrix Theory (RMT) was originally introdu
ed in the 50's to de-s
ribe the 
u
tuation properties of the neutron resonan
es in the 
ompoundnu
lei. RMT is justi�ed when there is a la
k of knowledge about the exa
tHamiltonian of a system, as in mesos
opi
 systems (due to the too largenumber of parameters involved). Within the RMT, two approa
hes 
an befollowed [6℄: (i) the Hamiltonian approa
h, where the Hamiltonian of thesystem is assumed to be `random', but belongs to one of the three `Gaussian'22Based on similar arguments as above, using the expression of re
e
tion 
oeÆ
ients



1.2. CALCULATION TOOLS 23ensembles of matri
es obeying the parti
ular time-spa
e symmetries of theproblem; (ii) the S-matrix approa
h, where the S-matrix [Eq. (1.7)℄ itselfis assumed to be random, but belongs to a 
ertain ensemble of matri
es(Dyson's 
ir
ular ensembles). In the latter 
ase, when time-reversal sym-metry is broken (i.e. when B 6= 0), the appropriate ensemble is the CUE(
ir
ular unitary ensemble, � = 2); when B = 0 the ensemble is the COE(
ir
ular orthogonal ensemble, � = 1) and in the 
ase of a strong spin-orbits
attering and B = 0, the ensemble is the symple
ti
 ensemble (� = 4).Support for using these random matri
es to des
ribe s
attering in quantum
haoti
 systems was given by Bl�umel and Smilansky in Ref. [24℄.RMT was �rst applied in the 
ontext of ballisti
 open quantum dotsby Baranger and Mello [17℄, and by Jalabert, Pi
hard and Beenakker [94℄.Assuming that M is the number of modes in ea
h lead,23 they found theexpression for the average 
ondu
tan
e and the varian
e of UCFs for � = 1(B = 0): hGi = 2M2M + 1 e2h ; (1.12)var(G) = 4M(M + 1)2(2M + 1)2(2M + 3) e2h ; (1.13)and for � = 2 : hGi =M e2h ; (1.14)var(G) = M24M2 � 1 e2h : (1.15)Eq. (1.14) implies that the number of modes 
an be inferred from hGiwhen time-reversal symmetry is broken. The weak lo
alization 
orre
tion isthe di�eren
e between hGi for � = 2 and � = 1. Moreover, the RMT alsoallows to 
ompute the full distribution of 
ondu
tan
e P (G) (see [94, 17℄).Phase (de)
oheren
e is not in
luded in the above expressions. WithinRMT, de
oheren
e 
an be taken into a

ount using the voltage probe modelof B�uttikker [30, 31℄: a third `�
titious' voltage probe is atta
hed to thequantum dot with a voltage adjusted to keep a null 
urrent in the lead. Ele
-trons es
ape from the dot through this voltage probe at a rate �� = 1=�� andare reinje
ted into the quantum dot without phase memory. The e�e
tive23Note that in 
hapters 3 and 4, we often speak about the total number of modes N inboth QPCs, i.e. N = 2M .



24 CHAPTER 1. MESOSCOPIC TRANSPORTnumber of modes in the lead is N� = 2�~=���. This model was applied to
ondu
tan
e 
u
tuations in open quantum dots by Baranger and Mello [18℄and by Brouwer and Beenakker [25℄. The weak lo
alization 
orre
tion 
anbe approximated by the following formula in the 
ase of large M :hÆGi ' M2M +N� e2h (1.16)and the varian
e (� = 2):var(G) ' M2(p4M2 � 1 +N�)2 : (1.17)Eq. (1.16) and (1.17) therefore des
ribe the redu
tion in amplitude of theWL e�e
t and of UCFs, due to �nite 
oheren
e time. The drawba
k of thismodel is to 
on
entrate the loss of phase 
oheren
e at the QPC between thequantum dot and the �
titious voltage probe. This was 
orre
ted to a

ountfor dephasing o

uring within the whole dot by Brouwer and Beenakker [26,27℄ (distributed �-lead model).Furthermore, at T 6= 0, ele
trons are spread out in energy (thermalsmearing). The 
ondu
tan
e is therefore obtained by averaging over energy,with a weighting given by the Fermi enveloppe (�f 0(E), the derivative ofthe Fermi fun
tion with respe
t to the energy E) [83℄:G = � Z f 0(E)G(E)dE: (1.18)The weak lo
alization e�e
t is not a�e
ted by thermal averaging. Therefore,Eq. (1.16) 
an be used for a dire
t 
onversion of the measured hÆGi into ��.This pro
edure was used to extra
t �� in GaAs/AlGaAs quantum dots byHuibers et al. [86℄.On the other hand, thermal smearing has an e�e
t on the varian
e ofthe 
ondu
tan
e. It must therefore be evaluated by integrating over the
ondu
tan
e 
orrelator, as detailed in se
tion 3.4.1, ex
ept for � � kT .In the latter 
ase, the integration 
an be well approximated by a simplerexpression (see Ref. [83℄).The RMT theory of quantum transport has also been re�ned to in
ludethe e�e
t of non-ideal leads. Generalized formulas for the WL 
orre
tion andthe varian
e of UCFs in the 
ase of leads with a transmission probability0 6 �n 6 1 for ea
h mode n in the leads were derived in Ref. [26℄ (see alsose
tion 4.5).



1.2. CALCULATION TOOLS 25The range of appli
ation of RMT in low-dimensionnal systems was veryre
ently extended to a

ount for spin-dependent phenomena, in
luding thee�e
t of a spin-orbit 
oupling and a spin-degenera
y-lifting magneti
 �eld inthe plane of the quantum dot. Spe
i�
ally, Cremers and 
oworkers treatedthe 
ase of ele
trons in a quantum well formed in a zin
-blend type semi-
ondu
tor, with a Rashba and a Dresselhaus term in the Hamiltonian [42℄.In this 
ase, the very general expressions Eq. (21) and (29) in this referen
egive the zero-�eld 
orre
tion to the 
ondu
tan
e and the 
ondu
tan
e 
or-relator, respe
tively. As above, a numeri
al integration of the 
ondu
tan
e
orrelator weighted by a produ
t of Fermi enveloppes allows to evaluate thevarian
e of UCFs.At the end of this se
tion, it is worth re
alling some assumptions of theRMT in the framework of ballisti
 quantum dots : (i) most RMT formulasare valid only for large M ; (ii) the 
lassi
al dynami
s of parti
les insidethe 
avity must be 
haoti
; (iii) the ergodi
 time24 should be larger than thedwell time �d. Nevertheless, even in quantum dots with a small total numberof modes, �� 
ould be su

essfully determined from RMT methods [86℄.Moreover, as noted above, it is not straightforward to assess the 
haoti
or integrable 
hara
ter of a quantum dot: the generi
 situation is a mixedphase spa
e, with partially 
haoti
 and regular behavior.In addition to the initial 
onstraints (i-iii), several authors pointed outparti
ular situations leading to 
orre
tions to the 
onventional RMT. Alvesand Lewenkopf re
ently demonstrated that in the 
ase of large �� (N� � 1),there is an ambiguity in the method to extra
t �� from the weak lo
aliza-tion e�e
t, leading to an underestimation of �� [11℄. The ambiguity 
omesfrom the large sensitivity of the extra
ted �� to the transmission throughthe QPCs (even for an almost perfe
t transmission). Moreover, the roleof an additional times
ale, the Ehrenfest time �E has been the subje
t ofintense resear
h in the last few years [5, 3, 89, 149℄. �E = ��1ln(L=�F )is the time ne
essary to spread an ele
tron wavepa
ket of size �F to thelinear system size L. Cal
ulations show that RMT predi
tions must be 
or-re
ted by a fa
tor exp(��E=��) for the WL 
orre
tion and exp(�2�E=��)for var(G) [149℄.24For a quantum dot with a size L, Fermi velo
ity vF , and mean free path l�, theergodi
 time is the time of di�usion through the dot �erg = L2=vF l� (for ballisti
 dots,�erg � L=vF ). In pra
ti
e, in 
haoti
 quantum dots, the other relevant time s
ales arelarger than �erg.
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e time in mesos
opi
 systems1.3.1 Introdu
tion: me
hanismsA large part of this thesis (
hapters 3 and 4) is devoted to the 
arrier 
o-heren
e time �� in ballisti
 quantum dots. In order to put our results inperspe
tive, we review in this se
tion the main experimental results 
on-
erning the 
oheren
e time in some mesos
opi
 systems. Theories explain-ing the me
hanisms of ele
tron de
oheren
e are also dis
ussed. A moreexhaustive pi
ture of experimental and theoreti
al studies on ele
tron de
o-heren
e in mesos
opi
 stru
tures 
an be found in the re
ent review by Linand Bird [104℄.We start by brie
y re
alling the main me
hanisms a�e
ting the ele
tronphase 
oheren
e:� Ele
tron-phonon (e-ph) s
attering. This me
hanism dominates overall the other de
oheren
e pro
esses at high temperature, but is lessimportant at low temperature. Experiments in 2DEGs revealed arate 1=��;e�ph / T 3 for the loss of phase 
oheren
e by e-ph s
atter-ing [120℄. Theory for disordered mesos
opi
 systems also predi
ts avery strong temperature dependen
e (T 4 in three-dimensional disor-dered systems [132℄).� Large-energy-transfer ele
tron-ele
tron s
attering. Su
h 
ollisions arestrongly inelasti
 (a single su
h 
ollision is suÆ
ient to destroy phasememory), so that the s
attering time asso
iated to this me
hanism isoften termed `inelasti
 ele
tron-ele
tron s
attering time' �ee. Physi-
ally, �ee 
orresponds to the times
ale ne
essary to relax the ex
essenergy of an ex
ited ele
tron by means of ele
tron-ele
tron intera
-tions [104℄. In three dimensions (without disorder), the 
orrespondings
attering rate is 1�ee = (kBT )2~EF [13℄. In two-dimensional disorderedsystems, Fukuyama and Abrahams found [59℄:1�ee = �2 kBT 2~EF ln EFkBT : (1.19)� Small-energy-transfer e-e s
attering. Altshuler et al. [8℄ pointed outthat the phase destru
tion 
an also o

ur without relaxation of an ex-
ess energy, but rather through small energy transfer pro
esses, arisingfrom 
u
tuation in the ba
kground ele
tromagneti
 �eld generated bythe ele
tron bath. This pro
ess is known as Nyquist s
attering and



1.3. COHERENCE TIME IN MESOSCOPIC SYSTEMS 27the temperature dependen
e of the s
attering rate is :1�N = kT2�~ �Fl� ln�l��F (1.20)in the 
ase of a two-dimensional disordered system.� Some other me
hanisms were re
ently invoked, mainly to explain thelow-temperature saturation of ��, su
h as intera
tion with two-levelsystems (TLS), or extrinsi
 e�e
ts su
h as ele
tromagneti
 noise sour
esor hot-ele
tron e�e
ts (we refer to [104℄ and referen
es therein for moreinformation).
(a) Bi films

2D: T
-1

3D: T
-2

damaged CNT

1D

Figure 1.10: (a) �� vs T in damaged 
arbon nanotubes. The gray lines arethe experimental data, whi
h 
luster around �� / T�2=3 and T�1, dependingon the irradiation and the nanotube 
hirality (From Ref. [12℄); (b) �� vs Tin evaporated Bi �lms with various thi
knesses, indi
ated on the graph,showing the transition from a 2D to a 3D situation (From [104℄).In general, the total 
oheren
e time �� 
an be obtained using Matthiessen'srule (see e.g. Ref. [38, 50℄):1�� = 1��;e�ph + 1�ee + 1�N + : : : (1.21)Importantly, the temperature dependen
e of ea
h s
attering rate dependson the dimensionality of the sample (e.g. 1�N / T 2=3 in 1D samples). As



28 CHAPTER 1. MESOSCOPIC TRANSPORTan example, �� vs T in 1D, 2D and 3D systems is shown on Fig. 1.10(a)and (b). The temperature dependen
e of the measured �� 
an therefore beused as an indi
ator of the dimensionality of the sample. Note that manyauthors report dis
repan
ies between the experimental �� vs T data and thequantitative predi
tions of the dephasing models (see e.g. ref. [50, 125℄).However, in most 
ases, the experimental temperature dependen
e (morespe
i�
ally the exponent p in �� / T�p) is in agreement with the theoreti
alvalue.1.3.2 Dephasing in semi
ondu
tor quantum dotsAs theory and experiments in 1D, 2D and 3D eviden
ed a dimensionality-dependen
e of �� vs T , it is natural to wonder about the behaviour of �� vsT in zero-dimensional systems, i.e. quantum dots, and in parti
ular in theballisti
 regime. Up to our knowledge, there has been only few theoreti
alpredi
tions for this spe
i�
 
ase so far. Sivan, Imry and Aronov [138℄ ob-tained a rate ��1� / T 2 due to ele
tron-ele
tron s
attering in a disorderedquantum dot. Takane [143℄ studied the 
ase of a ballisti
 
haoti
 quantumdot with large leads (with a width W satisfying �F � W )25 and obtained arate ��1� = 
(�F=W )(kBT=~), 
 being of the order of unity, for dephasing byCoulomb ele
tron-ele
tron intera
tions. In the 
ase of a di�usive 
avity, healso predi
ted a 
rossover from ��1� / T to ��1� / T 2 below a temperatureT
ross = �0=kB, where �0 is the lowest eigenvalue of a di�usion equation
hara
terizing the system [144℄.The la
k of a �rmly established theory did not slow down the experi-mental work [113, 41, 23, 86, 84, 130, 119℄. In GaAs/AlGaAs open QDs,26Huibers and 
oworkers [86, 84℄ measured the following dependen
e for the
oheren
e time27: �� / T�p with 1 < p < 2, as shown on Fig. 1.11(a). Theyinterpreted this observation to an interplay of both e-e s
attering me
ha-nisms des
ribed above (Nyquist and large-energy-transfer me
hanisms). Thetemperature dependen
e of ��1� was found to be only qualitatively 
onsistentwith the theoreti
al expression established for disordered two-dimensionnal25Note that this 
ondition is almost never respe
ted in quantum dots, where the 
on-du
tan
e of leads are quanti�ed.26All the experiments on dephasing in open ballisti
 quantum dots have been performedon GaAs/AlGaAs quantum dots.27They measured the temperature dependen
e of the shape-averaged weak lo
alizationpeak [Eq. (1.16)℄, and obtained 
onsistent results using methods based on the powerspe
trum of the 
u
tuations and the width of the WL peak.



1.3. COHERENCE TIME IN MESOSCOPIC SYSTEMS 29(2D) ele
tron systems [59, 8, 38, 86℄:1�� = 1�ee + 1�N = �2 kT 2~EF lnEFkT + kT2�~ �Fl� ln�l��F : (1.22)However, a quantitative agreement with experimental data was only foundfor an arbitrary value of l�, one order of magnitude smaller than l� measuredin the 2DEG. Most other experimental reports on GaAs/AlGaAs are inoverall agreement with the results of Huibers (�� / T�p with 1 < p < 2).In a parti
ular 
ases [130℄, a weaker dependen
e �� / T�2=3 was found, but
ould be related to additional 
oheren
e me
hanisms o

uring in the leads.1.3.3 Low-temperature saturation of ��Ele
tron de
oheren
e in mesos
opi
 systems re
ently generated a large in-terest and many 
ontroversies [104℄. At the 
enter of the debate is thesaturation of the ele
tron 
oheren
e time �� at low T observed in a widevariety of systems, as shown on Fig. 1.11(b) [121℄. Conventionally, it is ex-pe
ted that the dephasing time should rea
h an in�nite value in the presen
eof only ele
tron-phonon and ele
tron-ele
tron s
attering. A non-diverging�� as T ! 0 would have important impli
ations on the validity of the Fermi-liquid pi
ture in the zero-temperature limit [154℄, and on the explanation ofthe anomalously large persistent 
urrent in mesos
opi
 rings [100℄.In metal �lms and nanowires, there is a strong 
ontroversy on whetherthe observed saturation of �� 
an be attributed to the presen
e of dilutemagneti
 impurities [121, 128, 129, 122℄. In the framework of the Hikamitheory [77℄, magneti
 impurities indu
e spin-spin s
attering events, whi
h
an lead to a redu
tion of the quantum interferen
e e�e
ts. These e�e
tsare governed by a temperature-independent spin-spin s
attering time �s.Several works argue in favor of su
h a magneti
 origin (see [129℄ and ref-eren
es therein). Measurements performed on Ag and Au wires revealed adependen
e of the saturation behavior on the sour
e material purity (i.e. apurposedly in
orporated amount of magneti
 impurities indu
es a satura-tion, while samples made from the highest purity materials do not show asaturation). In Cu wires, however, saturation was found systemati
. Mea-surements of the Aharonov Bohm e�e
t in Cu rings showed that �� in
reaseswith B on a �eld s
ale proportional to the temperature,28 indi
ating thatdilute impurities are responsible for the observed saturation. In the 
ase of28At high magneti
 �eld, the authors of ref. [129℄ assume that spin-
ip 
ollisions arefrozen out.
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(a)

(b)

Figure 1.11: (a) �� vs Tel (temperature of the ele
troni
 system). Linesshow T�1el and T�2el dependen
ies. Insets show mi
rographs of the sampleswith their parameters, and Tel vs T [From Ref. [84℄℄; (b) low temperaturesaturation of �� vs T in various low-dimensional systems [From Ref. [121℄℄.
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opper, impurities are thought to originate from the systemati
 presen
e ofan oxyde layer.However, a signi�
ant number of arguments go against this interpreta-tion. In parti
ular, the re
ent work of Mohanty and 
oworkers showed that asaturation of �� 
ould be observed in magneti
 �elds large enough to polar-ize any magneti
 impurity spin [122℄. The debate on the possible magneti
origin of the low temperature saturation of �� is therefore not 
losed yet.Beside the magneti
 origin, there are several other suggestions regardingthe sour
e of the anomalous dephasing. Natelson et al. have studied thesaturation of �� vs T in AuPd wires di�ering only by their geometry. Thethinnest wires showed a behavior 
onsistent with the standard Nyquist s
at-tering in 1D systems, but a weaker temperature dependen
e was observedin wider wires, 
ontrary to the expe
ted stronger T�1 variation, suggestingthat the geometry plays an important role in the saturation behavior. A linkbetween the saturated dephasing time ��;sat and disorder was also found byLin and Kao [105℄ in three dimensional poly
rystalline �lms : ��;sat / D��with � � 1 (D is the di�usion 
onstant).Compared to metal stru
tures, MBE-grown semi
ondu
tor heterostru
-tures have a mu
h lower level of defe
ts and are essentially free of any mag-neti
 impurities, whi
h makes them ideal 
andidates for the investigation ofthe intrinsi
 de
oheren
e at very low T . Surprisingly, open quantum dots(QDs) fabri
ated from high mobility GaAs heterostru
tures also revealed asaturation of �� at low T [41, 23, 84, 130, 119℄ (the saturation is visible onFig. 1.11(a), below � 100 mK). In these experiments, the onset of saturationwas found in the range 80 mK < Tonset < 900 mK. As in the 
ase of metalnanostru
tures, the extrinsi
 vs intrinsi
 nature of the saturation has beenheavily dis
ussed. On one hand, ending a long debate, 
areful experimentsby Huibers et al. showed that the saturation is not 
aused by unintentionalirradiation that would raise the ele
tron temperature [84℄. On the otherhand, the in
uen
e of the QD mean energy-level spa
ing � on Tonset wasquestioned. In some 
ases it was found that � � kTonset [23, 119℄, butsigni�
ant dis
repan
ies with this relation were obtained in other experi-ments [130, 41, 84℄ and will be 
on�rmed in this thesis. Surprisingly, in the
ase of open QDs, the a
tual value of the 
oheren
e time in the saturatedregime ��;sat, while obviously fundamental to this problem, has attra
tedmu
h less attention.
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lusionIn this 
hapter, we have introdu
ed the main ingredients needed to under-stand the physi
s of mesos
opi
 systems (in parti
ular, of quantum dots),and the 
ontext of our investigations, presented in 
hapters 3 and 4. We willmainly deal with the various 
hara
teristi
 times and lengths de�ned in theintrodu
tory se
tion of this 
hapter. Ea
h of them re
e
ts the in
uen
e of aparti
ular type of intera
tions on the ele
tron transport properties. We willevaluate their relative importan
e in our samples, and try to shed light onunsolved issues introdu
ed in the last part of this 
hapter. For that purpose,the dis
ussion initiated about the results of the semi
lassi
al and randommatrix theory will be somewhat extended and `adapted' to the pe
uliaritiesof our quantum dots.




