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ACCELERATED REGULARIZED NEWTON METHODS FOR
MINIMIZING COMPOSITE CONVEX FUNCTIONS*

GEOVANI N. GRAPIGLIAT AND YURII NESTEROV#

Abstract. In this paper, we study accelerated regularized Newton methods for minimizing
objectives formed as a sum of two functions: one is convex and twice differentiable with Holder-
continuous Hessian, and the other is a simple closed convex function. For the case in which the
Holder parameter v € [0, 1] is known, we propose methods that take at most O(m) iterations

to reduce the functional residual below a given precision € > 0. For the general case, in which the v is
not known, we propose a universal method that ensures the same precision in at most O(m)

iterations without using v explicitly in the scheme.
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global complexity bounds
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1. Introduction.

1.1. Motivation. Following the worst-case complexity analysis presented in [11]
for a cubic regularization of the Newton method, several variants of this method have
been considered (see, for example, [1], [2], [4], [5], [7], [8]). Recently, in [6], regularized
Newton methods (RNMs) were proposed for unconstrained minimization of a twice-
differentiable function with Hélder-continuous Hessians. Some of these methods are
“universal” in the sense that they do not require prior knowledge of the Holder param-
eter v € [0, 1] for the Hessian. When the objective is convex, it was shown that these
schemes take at most O (61/(%“)) iterations to reduce the functional residual below
a given precision € > 0. These complexity results generalize the bound of O ()
iterations proved in [11] for the cubic regularization of Newton’s method, which is
applicable to functions with Lipschitz-continuous Hessians (v = 1). Generalizations
of these methods using high-order models were proposed in [3, 9].

As a natural step, in this paper we investigate the possibility of acceleration of
RNMs in the context of composite minimization [13]. That is, we suppose that the
objective is formed as a sum of two functions: one is a twice-differentiable convex
function with a Holder-continuous Hessian, and the other is a simple closed convex
function. For the case with known Holder parameter v € [0, 1], we propose methods
with worst-case complexity of O (Elﬂ%y)) iterations. These complexity results gen-
eralize the bound of O (61%) proved in [12] for the accelerated cubic regularization
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of Newton’s method with v = 1. For the general case, in which parameter v is not
known, we propose a universal method that ensures the same precision in at most
o (m) iterations. In [6], the complexity bounds obtained when v is known and
when v is not known are the same in terms of the dependence on e. Interestingly, our
acceleration technique does not provide the same matching: the complexity bound
obtained when v is known is slightly better than the complexity bound obtained when
v is not known. This justifies the presentation of schemes that deal separately with
these two scenarios.

1.2. Contents. The paper is organized as follows. In section 2, we define our
problem. In section 3, we present complexity results for the accelerated schemes that
require perfect knowledge of the Holder parameter. Finally, in section 4, we present
an accelerated universal second-order method and establish its complexity bound for
achieving a small residual in the function value.! At the end of the paper we also
include an appendix with auxiliary results and the main inequalities related to the
Holder continuity of the Hessians of the first term in our objective.

1.3. Notation and generalities. In what follows, we denote by E a finite-
dimensional real vector space, and by E* its dual space, composed of linear functions
on E. The value of function s € E* at point = € E is denoted by (s,z). Important
elements of the dual space are the gradients of a differentiable function f : [E — R:

Vf(x) e E*, z€E.
For operator A : E — E*, denote by A* its adjoint operator defined by the identity
(Az,y) = (A*y,z), x,y €E.

Thus, A* : E — E*. It is called self-adjoint if A = A*. Important examples of such
operators are Hessians of a twice-differentiable function f: E — R:

(V2f(z)u,v) = (V2f(z)v,u), x,u,v€EE.

Operator B : E — E* is positive definite if (Bx,z) > 0 for € E \ {0} (notation
B > 0; we use notation B > 0 if the above inequality is not strict). In what follows,
we fix some self-adjoint positive-definite operator B >~ 0 for defining Euclidean norms
in the primal and dual spaces:

le| = (Bx,a)V/2, @ € B, |s]. = (s, B~15)!/2, s € E*.

2. Problem statement. In this paper we consider methods for solving the
following composite minimization problem:

(2.1) min {f(x) = /(@) + o)}

€l
where f : E — R is a convex twice-differentiable function and ¢ : E — R U {400} is
a simple closed convex function. Our assumption on simplicity of ¢ means that all
subproblems appearing in our methods and involving this function are easily solvable.
We assume that there exists at least one optimal solution z* € E for problem (2.1).

ISections 3 and 4 are independent. Thus, the reader interested in the universal scheme and its

implementation details can go directly to section 4 right after reading section 2.
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Let us characterize the level of smoothness of function f in problem (2.1) by the
system of Holder constants

(2.2) Hy(v)= sup

x,y€dom ¢

{IIVQf(w) — V£ ()l

” l:m;«éy}70<u<1.
|z —yll

It follows from (2.2) and from an integral form of the mean-value theorem that
(2.3)

v — T 24v
fy) = fl@) = (Vf(x),y —x) - %<V2f(x)(y—x),y_x>‘ < Hr@)lly — =™

1+v)2+v)

and

Hy )y — 2]+

(24) IV4() = V(@) = V*F @)y — o)) < =220

Let Hf(v) < +oo for some v € [0,1]. Consider the following model of the objective

function f around some point x € E:
Qlzzy) = (&) +(VF @),y —2) + 5 (VS @)y — ).y — ),

Hlly — «|]**”

Myn(@sy) = Qsy) + 5775575

+©(y), y € dom,

where the parameter H > 0 is an estimate for the Holder constant Hy(v). Clearly, if
H > Hy(v), it follows from (2.3) that

(2.5) fly) < M, m(x;y), y € dom .

This observation suggests computation of the point

(2.6) Ton(2) = arg min Mg (23).

Note that point T' = T, (z) satisfies the following first-order optimality condition:

H||T — x||”

27) <Vf(x) + V()T @) +

B(T—x),y—T> +¢(y) > (1)

for all points y € dom ¢. If we denote

H||T — x|}

28)  go(T) = = (VI@)+ AT —a) 4 T

B(T — x)) ,
then by the above inequality we have

(=9¢(T),y =T) + 9(y) =2 p(T) Vy e dome.
Hence, g,(T) € 0¢(T). Moreover,

H||T — 2|

(2.9) V(@) + V@)1 —a)+ —

B(T —x)+ g,(T) = 0.

In what follows, we use Vf(T) = Vf(T) + g,(T) € df(T), with g, (T) given by (2.8).
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3. Numerical schemes for v known. In this section we consider minimization
schemes to solve problem (2.1) when the Holder parameter v is known. For example,
the solution of a system of linear inequalities can be formulated as an optimization
problem whose objective function is convex and has Holder-continuous Hessian with
known parameter v # 1 (see Example 1 in [6]). We also assume that the function
©(.) is uniformly convex of degree p = 2 + v and that its convexity parameter o, =
op(¢) > 0 is known.? Let us start with a generic framework. At the beginning of the
tth iteration one has an estimate x; for the solution of (2.1), an auxiliary vector v,
constant A; > 0, and an approximation M; > 0 for Hf(v). Then a new vector y, is
computed as a suitable convex combination of z; and v;:

(3.1) yr = (1 — o)y + vy

Constant a; plays a crucial role in the acceleration process and is defined as
(3.2) ap = at/(Ay + ay),

where the coefficient a; > 0 is computed from the equation

L, (1+2v0,A ,
(33) a?+ = %(At‘i’dt)lﬁ» .

We compute a trial point ;" by minimizing the regularized model around y;, that is,

(3.4) vl =T (y) = arg min My, (13 7).
r€dom ¢

If the descent condition

1

+
*

(35) et =at 2 (7)) IR

is satisfied, then z;" is accepted and we define z;,1 = z;". Otherwise, constant M; is

increased until the corresponding trial point x;" is accepted. We assume that there
exists M > 0 such that M; < M for all t. After obtaining z;,1, we set A;y1 = Ay +ay
and compute

(3.6) Uil = arg min . Yiv1(2),
where
(3.7) Vi1 (2) = V(@) + @ [f(@e41) + (V(@141), 2 — 241) + 0(2)] -

As we will see, function v,(-) is a proper lower approximation of a multiple of our
objective function A, f(-) augmented by the proximal term o (-). It aggregates all the
information on the objective accumulated after ¢ calls of the oracle. To initialize, we
set Ag = 0, vo = xo, and (z) = QJ%VHJU — x0||**Y for 2y € dom .

2Note that op = 0 implies only convexity of function ¢.
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Algorithm 1 Accelerated RNM for known parameter v.
Step 0. Choose xg € dom . Set vg = xg, Ag =0, and t := 0.
Step 1. Find 0 < M; < M, such that

- 24v

(33 @ity =ty (7)) IR,

where @ = T, ar, (y¢) with y; being defined by (3.1)(3.3).

Step 2. Set ;.1 = x; and A;;1 = A; + a4, with a; > 0 obtained from (3.3).
Step 3. Define ¢, 41(.) by (3.7) and compute v;41 by (3.6).

Step 4. Set t :=t¢ + 1 and go back to Step 1.

REMARK 3.1. At first, the particular definition of the elements in Algorithm 1
may seem very mysterious. In this regard, it is worth mentioning that Algorithm 1
is developed in the spirit of the estimating sequences technique [10]. This means that
our accelerated scheme aims to generate sequences {xi}o ., {At}ieg, and {¢:(.)}2,
in such a way that they satisfy the relations

(3.9) Apf(ze) < min ¢(z) vt 20
and
(3.10) V() < Aef(2) + llz — zo|*™ Va € E.

24v

Combining the above inequalities, it follows that

Apf(ae) < Af (%) + 2% — zol**",

2+v

and so

Flao) - fa) < 4 (g5 o = ol

Thus, the rate of growth of coefficients {A},-, defines the rate of convergence of the
method.

The next result establishes the relationship between the estimating functions
¢ (x) and the objective function f(x). It will be crucial in proving global complexity
rates for Algorithm 1.

LEMMA 3.2. For allt > 0,

(3.11) V() < Aef(2) + |z — x|t Vz € E.

1
(2+v)
Proof. Indeed, since Ay = 0 for all z € E, we have

1 ~ 1
Yo(r) = m”x —zo|*T = Aof () + m”x — x| **.

Thus, (3.11) is true for t = 0. Suppose that (3.11) is true for some ¢t > 0. Then (3.7)
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and convexity of f imply that, for all x € E,

Yi41(2) = Yi(2) + ar [f(@e41) + (VI (@141), 2 — De1) + @(2)]

< (@) + ac [f (@) + o(2)] = () + arf(2)

. T — |2 .
< Af(z) + ”(24‘03) +aif(z)
~ _ 2+v ~ _ 2+v
= (At a i) + 00 = A fo) + T
Thus, (3.11) is also true for ¢ + 1. 0

Now we are in a position to prove that the sequences in Algorithm 1 satisfy (3.9).
By combining (3.9) with (3.11) we obtain global complexity rates for Algorithm 1.

THEOREM 3.3. Assume that Hy(v) < 400 for some v € [0,1]. If sequence {z;},°
is generated by Algorithm 1 with 0 < My < M, then for all t > 0 we have

(3.12) Auf(w) < 97 = min gy (@),
Moreover,
1 1 1\ 352 >ty 2t )
oM [(2+u) (3) } (t—1) Vi>2 ifo, =0,
(3.13) Ay >
- 1 2(t71)
(sh) [1+ (3877 ¥t >0 if op > 0.
Consequently, we have
) ) 21\/[(4+2181_+1”)!11710H2+V vt > 2 ifo, =0
(3.14)  flw) —f" < g
2M ||z o[>+ op 7] 20 ,
) {H(m) } Vt>0 ifa, >0,

where f* = f(x*) and x* is an optimal solution to the problem.

Proof. Let us prove relation (3.12) by induction over ¢. Since Ay =0, for t =0 it
is evident that

Aof(zo) = 0 = min ¢p(x).

z€E

Assume that (3.12) is true for some ¢t > 0. Note that, for any x € E,

2+v
r — X
Zaz (@it1) + (V[ (@ig1), = Tig1) + ()] + %
t—1 ‘CL’ T ||2+1/
— 40
= ;ai [f(@is1) +{Vf(@it1), 2 — zig1)] + ZCMP Ty

1
|z — 2ol Wt > 1.
v
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Note that ¢;(z) is a linear function. Moreover, by Lemma 4 in [12], function A;p(z)+
ﬁ |z — 2o]|**” is uniformly convex of degree p = 2+ v with parameter 27" + 0, A;.
Thus, ¥;(x) is also a uniformly convex function of degree p = 2 + v with parameter
27% 4+ 0,A;. Therefore, Lemma A.2 in Appendix A and the induction assumption

imply that

(2_1, + O'pAt)

(@) 2 07 + S o
(3.15) A
- 22—V 4
> Apf(ze) + ((2+pr)t)||$ — v *.
Therefore,

Vi = xéggg(p {e(w) +ap [f(2441) + (VI (2e41), 0 — 20 41) + ()]}

R e
bl ) + (VS aren)se = sen) + ()] |
= i LG + Aol + I o e

T (@een) + (VF(@011), 2 — ween) + 9(a) }

Now, using the convexity and differentiability of f and the fact that g (wi41) €
Op(x¢11), we obtain

f(@e) > f(@eg1) + (VF(@e41), 26 — Do),

() > p(Tp41) + <9¢(It+1),$t — Tiq1),

and ¢(x) > @(x441) + (9p(T441), ¢ — Te41). Substituting these inequalities above, it
follows that

Yiy, > min {At+1f($t+1) + (Vf(@e41), Ay — Aypsr)

z€dom ¢

. 27V +0,A v
+a(Vf(@ig41), 2 — x41) + ((2+Vp)t>||$ - Ut||2+ }

Note that y; = (1 — ay)zy + vy = ﬁxt + A’:ilvt. Hence, Aixy = Air1yr — agvy,
and

Yiy > min {At+1f($t+1) + (VF(@es1), A1y — arvy — Aggsn)

zc€dom ¢
~ (2—V_|_0'pAt) 24 }
+ a(Vf(x ,T—T + |z - v,

t(Vf(41) t4+1) a1 0) | ¢
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Further, At+1xt+l = At$t+1 + AtTi41- HGHCG,

Y¢y = min {At+1f($t+1) + A1 (Vf(@eg1), v — Tega)

x&dom ¢

- 27V + o, A, v
+a(Vf(xir1),z —v) + Mﬂx — ug||*T }

(2+v)
~ . 1 1Jlru - ?1—7,,
> avafun)+ min {a (57) 7 1970

fa( o). = o)+ BB e,

where the last inequality is due to (3.5). Thus, to prove that (3.12) is true for ¢t + 1,
it is enough to show that

1 14%/ ~ 24v ~

A (g7 ) 19Tl + V.o - )
t

(3.16)

(271} + O'pAt)

24v
T —v >0
Crar R e

+

for all z € E. Using Lemma A.3 in Appendix A with p =2+ v, s = a;V f(x¢41), and
w=2""+0,A4;, we see that a sufficient condition for (3.16) is

1 1
1 \%7 20 (14w 1 T 2w 2y
A (7)) IV Tl > G20 ( ) IV,

2+v) \27 T 0,4,
that is,

1 141ru (1 + V) 1 141ru 24v
3.17 A > THv
(8.17) G (2Mt> ~(2+v) (2”+UpAt> G

which is equivalent to

1+v —v 1+v —v
@t < (2T oA gy (20N TR0 A ) i
= \14v 2M, t+1 14+ v 2M, '

Note that (%)HV =21v(1 - ﬁ)uu > 2”. Therefore, by (3.3) we have

, (1+270,A ,

1+v —v
2+V> (2 +UpAt) (At+at>1+y~

1+v 2M,

Thus (3.12) is true for ¢ + 1, completing the induction argument.
Let us now estimate the growth of the coefficients A;. Recall that, by assumption,

0< M, <M Vt>0.

Thus, if o, = 0, it follows from (3.3) that a;t" > 5+ (A; + ;). Hence,

1

1 e PR
(3.18) A1 — A =ar > (2]\4) AT

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Now, denoting B; = 2M A, for all ¢t > 0, it follows from (3.18) that
14v

Biy1 — By > B

Then, by Lemma A.4 in Appendix A, with a = éi—z, we have

14y 24V

1 PERY,
2+v
B, > (ﬁ) ( B ) (t—1)% vt > 2.

Blz+u +1

Note that Ay > ﬁ Thus, B; > 1 and consequently

Livq 24V
wa(s) ] e

Therefore, for all t > 2, A; > [(241-u) (3) = ]2+V(t —1)%tv,

On the other hand, if o), > 0, it follows from (3.3) that

B; >

(1+2%0,4,)

(Appr — A)*Y =a]t” > oM

(At + at)1+”.

Thus,
QVUpAtAtli{/ < Atlif(]‘ + QVUpAt) S QM(At_;,_l - At)2+u

2+v

2+v
=2M [AtJrl Af} |:At+1 + A7 }
34y 'L
<2 MAt+1 |:At+1 — 4 }
24v loo4p
Therefore, 0,4, % < o'pAtAt 1 <8M [At ', — AZ]7". Consequently,
UP 2'*%’ 2 2 %
(537) 7 A48 < Afa - 4

Hence, Ayy1 > A1+ (;—A‘})# ]2. Since A; > it follows that

_2M’

1 o 1 2(t—1)
> p \ Ztv
A2 <2M> {1+(8M) } ’
and so (3.13) holds.

Finally, by (3.12) and Lemma 3.2, for ¢t > 0, we have

™ — ol

Af(z) < of < Af(a®) +

24v

Hence, A;(f(z:) — f(z*)) < 2+V||1‘ — 20?7, and (3.14) follows immediately from
inequality (3.13). |

Algorithm 1 can be equipped with an implementable stopping criterion. Assume

that |z* — x0]|>T” < D and that the constant D is known. Denote

1
(2+v)

Zal (@ig1) H(Vf(@ig1), 2 — zig1) + 0(y)]
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and f, = yeigEl{A%ét(y) t @toplly = @ol** < D}. Then

Thus, if A% < ¢, then f(zt) - f(:zr*) < ¢, and we can use inequality

f(mt)*ftSG

as a stopping criterion.?

Note that the key point in Algorithm 1 is how to compute M; such that
(3.19) 0< M <M

for some constant M > 0 independent of ¢, and for which condition (3.5) is satisfied.
Let us look now at possible strategies for finding such values.

3.1. Constant Hy(v) is known. If we assume that H;(v) is known, then in
Algorithm 1 we can take

M=M= (1+v)Hsv) Vt>0.

Therefore, in view of the estimate (3.14), the corresponding scheme can find a J-

solution of problem (2.1) in at most (9(6_2%") iterations if o, = 0, and in at most
O(log(671)) if o > 0.

Note that for o, = 0, the computation of a; and A;4, in Algorithm 1 can be
simplified. Indeed, note that in this method (3.3) can be replaced by condition

1
24v 1+v
a < —A .
t= 2M, t+1

Denoting By = 2M,; A;, we can see that the latter inequality is equivalent to

Bt+1_Bt§Bt;+1% — 1- B < ( ! )HV«
By By
. Indeed, in this case

t )2+IJ

It is clear that this inequality is valid for B; = (QTJ

2+v 241rv
5, _ (1 Sl (L .
Biya t+1 t+1 B

Thus, we can take A; = 2]}& (QJ%V)Q—H/ and define a; = Apy1 — Aq.

Let us present now the corresponding version of Algorithm 1, which becomes a
generalization of scheme (4.8) in [12]; see Algorithm 2.

3We emphasize that the use of this stopping criterion depends strongly on the knowledge of a good

upper bound D. Of course, if one takes D very large, it is very likely that ﬁ\\w* —zo||?t¥ < D

will be satisfied. However, with such a choice, the running time of the algorithm will be long.
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Algorithm 2 Accelerated RNM with known Hy(v) and o, = 0.
Step 0. Choose xy € dom . Define ¢p(z) = QJ%V |2Hv.

M = (14 v)H;(v). Define A;, = ﬁ(}%)ﬂu for all k > 0, and set ¢ := 0.
Ay

At+1 (l’t — Ut).

|z — x| Set vo = z and

Step 1. Compute y; = v +
Step 2. Compute

zep1 = Tom(ys) = argierdngﬁw {f(yt) +(Vf(ye),x — yr)

(3.20) v
M|z — y|[**

1
+5 (VA W)@ = o) = ye) + (1+v)2+v)

+ go(:r)}.
Step 3. Set

VYir1(x) = Pu(@) + (App1 — Ar) [f(@e1) +(VF(@141), T — Ti41) + 0(2)]

and compute
Vgp1 = arg min Yy ().
xcdom ¢

Step 4. Set t :=t+ 1 and go back to Step 1.

3.2. Adaptive estimate of Hg(v). For real-life problems, usually we don’t
know the constant H;(r). In this case, we can consider the adaptive strategy shown
in Algorithm 3 for estimating the unknown constant Hy(v).

The next result gives convergence rates for Algorithm 3.

THEOREM 3.4. Assume that Hf(v) < +00. Then the scaling coefficients in Algo-
rithm 3 satisfy the condition

(3.21) 0 < 2itH, <2(1 4 v)max{H;(v),Ho}, t>0.

Consequently, (3.14) holds for M = 2(1+v)max{H;(v),Ho}. Furthermore, the total
number Ny of calls to the oracle* aftert iterations of Algorithm 3 is bounded as follows:

(14+v)max{H(v),Ho}
Hy .

(3.22) N, <2(t+1) + log,

Proof. Let us prove by induction that the scaling coefficients H; in Algorithm 3
satisfy H; < (14v)max {H¢(v), Ho} for all t > 0. Indeed, this is true for Hy. Assume
that this inequality holds for some t > 0. In view of Lemma A.6 in Appendix A, the
final value 2 H; cannot be bigger than 2(1 + v) max {H¢(v), Ho}, since otherwise we

should stop the line-search process earlier. Therefore,
Lo
Hiyq = 52 tHy < (1+v)max{H;(v),Ho},
completing the induction argument. Thus,

0<2%H, =2H;1 <2(1+v)max {H;(v), Ho},

4By calls to the oracle we mean the joint computation of f(z), Vf(z), and V2 f(z).
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Algorithm 3 Accelerated RNM with adaptive estimate of Hy(v).
Step 0. Choose zp € domp and Hy > 0. Define tg(z) =
v9 = Tg, Ag =0, and t := 0.

Step 1. Set ¢ := 0.
Step 1.1. Compute the coefficient a;; > 0 by solving the equation

H%Hx — z0|**Y. Set

(3.23) 2t - 1+ 2004

Fv o _ i A ; 1+u.
t,i 2(22Ht) ( ¢+ at, )

Step 1.2. Set ay; = Afﬁ’(jt - and compute

Yei = (1 — a i)y + g ivp.

Step 1.3. Compute

#F, = Tyom, (o) = arg min {f<yt,,»>+<Vf(yt,i>,x—yt,i>

zedom ¢
(3.24) | ,
1 oo _ _ V2 Hyllw =yl *t
+2<v f(ytﬂ«)(x yt,l)ax yt,l>+ (1—|—V)(2—|—I/) +(p(.’£) .
Step 1.4. If
(3.25) oo+ + B o iE
. Vo — xF) > NS
it~ at) = (5 ) IVFIE,

set ¢4 := ¢ and go to Step 2. Otherwise, set ¢ := ¢+ 1 and go back to Step 1.1.

Step 2. Set x441 = :Etfit, Yt = Ytips At = Gt 4,, and oq = a4 ;,. Define Ay = Ay + a4
and H;yq = 2% 1 H;.

Step 3. Set

(3.26) Pip1(x) = (@) + ar [f(@eg1) + (VI(@g1), @ — 2e41) + o(2)]

and compute

Vg1 = arg Iefggg ; Yiy1(z).

Step 4. Set t :=t+ 1 and go back to Step 1.

and, by Theorem 3.3, (3.14) holds with
M =2(1+v)max{H;(v),Ho}.

Finally, note that at each iteration the oracle is called i; + 1 times. Since iy — 1 =

log, Hﬁtl, we get upper bound (3.22) for the total number of calls of the oracle. 0O

REMARK 3.5. From Theorem 3.3 we see that Algorithm 3 has the same rates of
convergence as Algorithms 1 and 2, which use the exact value of the Hélder constant
Hy(v). However, by (3.22), Algorithm 3 needs on average twice the number of com-
putations of the oracle per iteration.
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4. Universal accelerated scheme. As we saw, Algorithms 1-3 require the
knowledge of the Holder parameter v. In this section we describe a universal scheme
that works for any v € [0, 1] without using it explicitly in the algorithm. The key to
this “universal property” is Lemma A.8 in Appendix A, which guarantees that even
when v # 1 we still can obtain a descent condition by using a cubic regularized model
for f. Regarding the estimating functions, now we shall start from

1
Yo(z) = g”x — zo|)*.
Given an accuracy € > 0, from Lemma A.5 in Appendix A we shall use the function
(4.1 R = max { [z =" fla) < fo") + e
2

Let us assume that R(e) < +o0o0. Denote v, (e) = [%} Ty (R(E))“%”.

Algorithm 4 Accelerated universal cubic RNM.
Step 0. Choose zo € dom ¢ and Hy > 0. Define o(z) = %|lz — zo||*. Set vy = o,
Ap=0,and t:=0.

Step 1. Set ¢ := 0.
Step 1.1. Compute the coefficient a;; > 0 by solving the equation
3

3 _ 2
(42) at,i = 4(22Ht) (At + am) .

Step 1.2. Set oy = A:i’;t - and compute

Yei = (1 — oy i)xe + o 0.

Step 1.3. Compute

oy =Tiip,(yei) = arg min {f(yt,z‘) F(Vf(Wei)sx — yes)

redom ¢
(4.3) ) ;
1 2'Hyl||lx — i
+§<V2f(yt,i)($ - yt,i)ax - yt,i> + M + so(x)}.
Step 1.4. If
7 4 3 ~ 3
4.4 +. ety > + |2
(4.4) et =50 2 (g ) VTR

set i; := 1 and go to Step 2. Otherwise, set i := i + 1 and go back to Step 1.1.

Step 2. Set x4 = x;-t, Yt = Yty At = Gt 4,, and oq = a4 4,. Define Ay = Ay + ay
and H;yq = 21 H;.

Step 3. Set

(4.5) Y1 (z) = (@) + ar [f(@e1) + (V(@e41), 2 — 211) + o(2)]
and compute

Vpy1 = arg l_efélgrrrll . Y1 ().

Step 4. Set t :=t+ 1 and go back to Step 1.
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To obtain convergence rates for Algorithm 4, we need the following corollary of
Lemma 3.2.

LEMMA 4.1. For allt > 0 and x € dom ¢, we have
~ 1
(46) i) < Af(@) + 5o wol*

Proof. Tt can be accomplished as in the proof of Lemma 3.2 with v = 1. ]

Now we can obtain global complexity rates for Algorithm 4 by adapting the proof
of Theorem 3.3.
THEOREM 4.2. Assume that Hy(v) < +oo for some v € [0,1]. Let the sequence

{xt}tT:O be generated by Algorithm 4 and suppose that fori =0,...,i; andt =0,...,T
we have

(4.7) ST 2w, (Ye)) — f(z*) > e
Then, fort=2,...,T, we have Hy < ~,(€) and

. c o 96max {7, (c), Ho} |lwo — z*|®
(4.8) flag) = fa7) < (t—1)3 :

Therefore,

1—v

12H(v)R(e) 2
(1+v)(2+v)e

A 1
3(1+v) <H0> 3
)
€

Proof. First, let us prove that the sequence {a:t}?zo is well defined. In view of
Lemma A.5, at any test point = of the algorithm the norm of the gradient is big
enough:

14
(49) T<1+ EH.’L‘O — z*|| max uér[%)fg]

~ €
\Y% > —.
Vi@l > 75
Thus, by Lemma A.8, the search procedure at each iteration of Algorithm 4 is finite. In
particular, we can guarantee that 2 H; < 2max {v,(¢), Hy}. Consequently, inequality
H; < max{v,(€), Hy} can be justified by induction.
Now, let us prove by induction that

(4.10) Apf(zy) <oy = xerggflwlbt(w)-

For t = 0 this is evident: Agf(x¢) = 0 = Mingedom, Po(x). Assume that (4.10) is
true for some t > 0. Note that, for any x € dom ¢, we have

t—1
V() = Zai [f(@it1) + (V[ (@it1), 7 — wip1) + ()] + %Hx 0k
i=0
— t(a) + 3o = ool

forallt =1,...,T. Note that £;(x) is a linear function. Moreover, by Lemma 4 in [12],

1 3 - . . _ . _ 1
sllz — x| is a uniformly convex function of degree p = 3 with parameter o, = 5.
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Thus, 9¥:(x) is also a uniformly convex function of degree p = 3 with parameter
op = % Therefore, Lemma A.2 and the induction assumption imply that

1 ~ 1
(4.11) V(@) 2 o7 + el — ol = Af ) + 2l — vl
Therefore,

VYig = Ierélggw{iﬁt(x) +ag [f(@e41) + (VI (@11), 0 — 2e41) + ()]}

~ 1
> min {ife0+ glo - ul?
+ar [f(zee1) + (V(@e41), 2 — 241) + o(2)] }
. 1 3
= auin {4uf(@) + Avplen) + Gl vl

o [f@e) + (Vo) @ — o) + 0(2)] }

Now, using the convexity and differentiability of f and the fact that g,(wi41) €
Op(xiy1), we obtain

flxe) = f(@is1) + (VE(@eg1), 2 — Togr)s

o(w1) > P(T141) + (9o (Te1), Tt — Tug1),
o(®) > (Te41) + (9o (Tr41), T — Tyy1).

Substituting these inequalities into the above relation, we get

Vi1 2 xefggrfrlw {At+1f($t+1) + (V@) Ay — Apaig)

~ 1
+a o) o) + e = ul’ .

Note that y; = (1 — ay)xs + aqvy = ﬁmt + ALZL ve. Hence Ayxy = App1y: — agvy and

pig > ze%lgggp {At-s-lf(xtﬂ) + (VF(@eg1), Arp1ye — agve — Agesr)

1
+ai(Vf(zeg1), o — 2e11) + 6||93 - Ut||3}-

Now, note that Ay 12411 = Aywy1 + ayziq1. Hence,

Vipr = melglci)gw {At+1f(fft+1) + A1 (VF(@eg1), v — 241)

1
+ar(Vf(zep1),r —ve) + 6||l“ - Ut||3}

2

3(2%Ht)> IV f(zepr)l2

> Ar1 f(zi41) + min {At+1 (
zedom ¢

~ 1
+ a9 an)a = o)+ gl =l
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where the last inequality is due to (4.4). Thus, to prove that (4.10) is true for ¢ + 1,
it is enough to show that for all x € E we have

1
2 NP oo s ; XA
(412) Ay (3(22*th)> IVF(@e )12+ au(Vf(@r41), 2 —ve) + Tt > 0.
Using Lemma A.3 with p = 3, s = a;Vf(241), and w = %, we see that a necessary
and sufficient condition for (4.10) is
1
2 2 3 22 8, - 3
A e \Y% 2> —a?||V 2.
t+1 (3(2“Ht)> IV (@e)ll2 2 —=ag [Vf(ze)]

That is, At+1(3(2i?Ht))2 > Mat , which is equivalent to aj < mAtH There-

fore, (4.10) is true for ¢ + 1 due to (4.2), completing our proof by induction.
Let us now estimate the growth of the coefficients A;. By (4.2) and the bound
2 Hy < 2max {v,(€), Ho}, we have

. 3, 3

) M S 00, Ho)
Consequently,
1
(4.13) Appr — A > ( 5 > i Atgﬂ.
8 max {7, (€), Ho}

2
Now, denoting B; = § max {v, (), Ho} Ay, it follows from (4.13) that Byy1— By > B},
for t > 0. As Ay = 0 we have By = 0, which in the previous inequality implies that
B; > 1. Then, by Lemma A.4, with a = 2/3, we have

;(;)gr(tl)g, t>1.

3 t=1° _ (t—1)3
Therefore, for all t > 2, we have A; > Smax(7, (. Ho] 108 588 max 7o (. FoT " Recall

that from Lemma 4.1 and (4.10) it follows that

B, >

r3 * PR 1 *
Af(ze) < 9p < Agf(a”) + §||x — zol|®.
Therefore, for ¢ > 2 we have

96 max {7, (e), Ho} ||zo — = ||3
-1y

(4.14) Flze) = fa") <

Finally, by (4.7) and (4.14) we have

; Flor) < 20max{o(e) Ho}llﬂ«“o—m [

Therefore,

_ 12Hp(v) T (1) T v Hy 13
_96max{{(1+y)(2+y)] <6) R(e)Tv, - }Hmo ™7,
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which implies (4.9). We can put inf there since the scheme of Algorithm 4 does not
depend on v. 0

REMARK 4.3. From Theorem 4.2 it follows that Algorithm 4 can find an e-solution
of problem (2.1) in at most O (m) iterations, which is slightly worse than the
bound of O (51/(++">> iterations obtained for Algorithms 1-3. This is a moderate price
to pay for the absence of perfect information about v.

COROLLARY 4.4. Let function f be uniformly convex of degree p with constant
op > 0. Then the number of iterations in Algorithm 4 is bounded as follows:

(4.15)
2 _ )
12Hf(V) ﬂ IETV s0+v) 1 % & 3
(1+v)(2+v) \op € "\ e

Proof. Indeed, in view of Lemma A.2, for any = € dom ¢ with f(:z:) - f(:z:*) <e
1

14
T<1+—|lzg—z*||max inf
3 ve0,1]

we have € > 22|z —a*||P. Therefore, in this case R(e) < (;—’;) ». It remains to use the
upper bound (4.9). d

Asin Algorithm 1, we can also consider a proper stopping criterion in Algorithm 4.
Denote

bly) = 3 0t [f (@) + (VF @ie)so = wie1) + 9(0)].

1=0

Assume that %Hx* — zo||*> < D and that constant D is known. Denote
f i *11 Ce(y) *1” - *Hg <
= min : T D;.
E= . t\Y 3 Y =
Then, as in section 2, we can see that

. 1 . D D
f(xt)Sthfot+Xt§f(x*)+E.

So, if A; > %, then f(xt) — f(x*) < ¢, and we can use inequality

flag) — fr < e
as a stopping criterion for Algorithm 4.

5. Conclusion. In this paper, we present accelerated versions of the regularized
Newton methods for solving convex composite minimization problems, where the
second part of the objective is a simple closed convex function. We assume that the
Hessian of the smooth part of the objective is Holder continuous. For the case in which
the the Holder parameter v € [0, 1] is known, we propose methods with worst-case
complexity of O (61/(%“)) iterations, generalizing the results in [12]. For the general
case, in which the v is not known, we propose a universal method which ensures the
same precision in at most O (52/[3(%)1) iterations.

Our problem setting includes, for example, piecewise linear norms used in regu-
larization techniques and also the indicator function of a closed convex set, making
our schemes suitable for several applications (see, for example, [10, 13]).

Appendix A. Auxiliary results. In our analysis, we use some properties of
uniformly convex functions.
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DEFINITION A.1. Function f : E — R is called uniformly convex of degree p > 2
if for some op = op(f) >0 and all z,y € E, § € 0, 1] we have

opf(1—0

F((L— 8z + 6y) < (1— 6)f(x) + 6/ (y) — \ly = 2.

The pair (p, op) is called the pair of parameters of the uniformly convex function
f. Note that adding such a function to an arbitrary convex function gives a uniformly
convex function with the same pair of parameters.

The next lemma gives a guarantee for the rate of growth of uniformly convex
function.

LEMMA A.2. Let ¢ : E = R be a uniformly convex function of degree p > 2.
Denote T = argmingedom ¢ V(). Then

D(y) > P(@) + %Hy —z|? Wyek,

where (p, 0,,) is the pair of parameters of function .
Proof. Given a € (0, 1], we have

(@) < P((1 = )T + ay)

opa(l — @)

<A —a)p(@) +a(y) - ly — z||”,
and so
_ op(l—a _
vo) 2 6() + 2Dy g
The conclusion follows by making o — 0. |

LEMMA A.3. For any h € E, s€ E*, p > 2, and w > 0, we have

1
-1 1\?» 1 P
(o + Zaie 2 =2 (27

Proof. See Lemma 2 in [12]. d

The next lemma gives us some lower bounds for the rate of the growth of a
sequence satisfying certain conditions. It is crucial for establishing the complexity
results for our accelerated schemes.

LEMMA A4. Leta € [0,1), and suppose that { B;},~ is a sequence of nonnegative
numbers with By > 0, t > 1, and B

Biy1— By > BY, Vt>0.

Then Bt > [(1 - O[)(B?i;il)a] 1/(1701)(15 o l)ﬁ fOT’ all t > 9.

Proof. Indeed, from the assumption on {B;} we have
By > (By + BRa)' e
Then, subtracting Btko‘ on both sides, we obtain

(A1) B} =B/ > (Bi+ B\, = B
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11—

Since 0 < 1 — o < 1, function g(u) = u'~* is concave on (0, +00). Therefore,
u T <o (1 —a)vT(u —v) Vu,v € (0, +00).

In particular, considering v = B; + BfY ; and u = B;, we get

By < (Bi+ Bi)' "+ (1 —a)(Bi + By) (= Bip)-

Hence,
(A.2) (Bi+ B1)' ™ = B} ~* > (1 —a)(By + B{y1) “Bf4.
Combining (A.1) and (A.2) we obtain
By = By > (1= a)(By + B1) “Biy.
Thus, since sequence {B;} is nondecreasing, it follows that
1 B 1 B

Blre _Bl-oyi > (1 _q)s — L > (] _q)a — L

(Buri = B 2 ( ) (B + BfY,) ( ) (Bry1 + B y)
(A.3) . . 1

=1l-a)r ———>(1—-a)* ———,
(=) e 2 (- e

where the last inequality follows from the fact that Byy1 > By > 0. Therefore,

1 1 B%ia :

Finally, it follows from (A.4) that, for all ¢ > 2

t—1

Bl—a @
B = Bl = B - B2 - 00 - o) (G )
=1 1

Bl=* Jay1i 1
and we conclude that By > [(1 — a)(ﬁ) } o (f—1)Ta. O
The next lemma gives us a lower bound on the size of subgradients of convex

functions.

LEMMA A.5. Let f be a closed convex function attaining its minimum at some
point * € dom f. Given € > 0, let

R(e) = max {llo—a"|| : f(@) < fla*) + ¢}

zcdom ¢

If R(€) < 400, then |§|l. > 75 for all j € Of () with f(z) > f(z) +e.

R
Proof. Indeed, let f(x) > f(z*) + €. Since

f(@) > f@™) +e> fa*),

it follows from the intermediate value theorem that there exists a € (0, 1] such that

flaz+(1-a)a®) = fa*) +c.
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Then, by the convexity of f, we obtain

fa®) +e< af(@) + (1 —a)f(z"),

which gives
On the other hand,

and so

Thus, if §j € 0f (z), it follows from the definition of subgradient, the Cauchy—Schwarz
inequality, and the above inequalities that

1gl<llz — 2" = f(z) — f(z*) = %Ilw*ﬁlk 0

The following result ensures a descent condition and forms the basis for our back-
tracking strategies in the schemes where v is known but Hy(v) is unknown.
LEMMA A.6. Let x4 =T, y(Z) for some T € domep. If H > (1+v)H;(v), then

1

. 1\ T+ . 290
<Vf(w+),f9:+>2( ) IV F )1

2H
Proof. Denote r = ||x4 — Z||. Then by (2.4) we have

Hf (V)2T2(1+”)

(A8)  IVfas) = V@) = V2@ s )2 < =L

On the other hand, by (2.9)

(A6) V(@) + V@) (@s —a) + ——1" By — ) + gylas) = 0.

1+v
Thus, combining (A.5) and (A.6), we get

Hf(V)Q,rZ(l—H/)

T+0)7 = IVf(zs) = V(@) = V(@) (24 — )|

2

1
- me) b gp(e) + o P Bl — )

*
2

~ 1

*

22014v)
(L+v)2

= |Vf(z)|2+ Hr"(Vf(zq), 24 — Z) +

2
(1+v)
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Hence,

1
201+ v)H

(1+v)
2HrY

(A7) (V(ze), @ —ay) > IV F ()12 + (H? = Hy(v)*)r**".
For v = 0, this inequality leads to the desired relation. Let us assume that v > 0.
Denote g = ||V f(z4)|« and A% =1 — (H’}EV))2 > ?1(?:/3/2) Consider the right-hand
side of inequality (A.7) as a function of r:

(1+v) , HA*XY
o1 4 T 2010

h(r) =

Let us find the optimal r, as a solution to the first-order optimality condition for

function h:
v(1+v)g>  (2+v)HA% Y

Hrltv 1+v

1
Thus, rit" = % 545 Consequently,

h(rs

~—

o [(A+v)g® | H2A%rLtY
C2H | Mty 14+v

, HA 2+v  H*A%(1+v)g v
(1+v)g +
(1+v)g v 1+v HA 2+ v
~ (I+v)gAr.  (1+v)gA [(1+V)g 'k
Vv2+v)  v(2+v) | HA YV 2+v
B (1+V)Q%A1'%V [(14—1/) kL
B v(2+v) H 2+ v
< (1—1—1/)91%Z {(1—&—1/) v T (V(Q—l—u))"’(li”)
T @2+ v) H \2+v (14 v)2
J 2
1+4+v 1+v 14+v v
:(1> = U LN (1) -3 0
The next lemma allows us to overestimate the objective function f by a model
with cubic regularization, when H and ||V f(x4)|| are sufficiently large. This provides

us with a basis for universal methods, i.e., methods that do not require the value of
the Holder parameter to be implemented.

J— T.*
- 2H

LEMMA A.7. Let v = Ty g (z) for some & € E and H > 0. If for some § > 0
and v € [0,1] we have

2

(A.8) Vi@l > and H> [afi%] o ((15)+

with constant C > 6, then

=|1—v CHf(V)
(A.9) lz4 =27 > A+ 2+0n)H

and, consequently,

(A.10) Flay) < My g(@,24).
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Proof. For v = 1 the statement is trivial. Assume that v € [0,1). Denote
r = ||x4 —Z||. Then the first inequality in (A.8) and inequalities (2.4) and (2.9) imply

that B
§ < VI (@)l = IVF(@4) + go (i)l
< ||Vf(ay) = VI@) = V(@) (s — 7).
HIVf(@) + V2 f(@) (21 — 2) + golz4) |«

1+v
< Hy(v)r —l—lHrQ:r [Hf( )+ SHr v}

14+v 2 1+ 2
For the purpose of reaching a contradiction, assume that Hr!'=™" < % Then
He(v) 1 Hy(v) ritv C
5 1+v f - — . H 14—
=T [1+u+2( e+ T 1 Bt sy
1+4v
MW (¢ CHv) 7%
1+v 22+v)) |A+v)2+v)H
i ) 1 (1)
ince C' > 6, we have 1+ 2(2+V) < 2+V Therefore, § < [W] (ﬁ) . This

contradicts the second inequality in (A.8). Therefore, (A.9) holds. Note that if H
satisfies the second inequality in (A.8), then H > Hy(v). Thus, combining (2.5) and
(A.9), we obtain (A.10):

Fles) < Qs + —H0 " S+ olas)

A+0)2+v
3
<Q(zyz4) + o

= Ml,H(va+)~

+ p(z4)

Using Lemma A.7, we can modify Lemma A.6 in the following way.

LEMMA A8. Let vy =Ty g (Z) for some T € E and H > 0. If for some § > 0
and v € [0,1] we have

2

et 2w s [ ) (1)

1+v)2+v) )
then
(A1) (Vi ),z —24) 2 s IVl

Proof. Denote r = |4 — Z||. Then, by Lemma A.7 (with C' = 12),

Hy(w)r'* _H o

(A1) Vi) - V@ - V@ - o)l < L < 2
On the other hand, as z = T} (%) we have
(A13) V@) + V@) (s )+ arBles 1) +gples) =0,
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Thus, combining (A.12) and (A.13), we get

H27’4

16 2 IVies) - V@) - V2 f(@) (s — 2)II2

2

— Vs +gpte0 + Frpes -2)
2

*

~[viwo + o, -2

*

- - 2.4
— IV Fe)l? + Hr(V (), oy — 7y + 22

Hence, (Vf(xy),Z —xy) > I’f[—i + 311{53’ where g = ||V f(24)]+. The minimum of the

right-hand side in the last inequality is attained at 72 = 34—1%. Thus,

2 2
z _ g 3Hr: 3 1

\V/ — > - 4 = -+ - = .

(Vf(@y), 2 —xq) > [Hrf 16 ] Txg {4 4} T+g ]
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