THE PRECISE REPRESENTATIVE FOR THE GRADIENT OF THE RIESZ POTENTIAL
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ABSTRACT. Given a finite nonnegative Borel measure m in R?, we identify the Lebesgue set
L(Vs) C R? of the vector-valued function
— r—y
Vi) = [ dm)
for any order 0 < s < d. We prove that a € £(V5s) if and only if the integral above has a principal

value at a and
m(B
L m(Br(a))
r—0 rs
In that case, the precise representative of Vs at a coincides with the principal value of the integral.

=0.

We also study the existence of Lebesgue points for the Cauchy integral of the intrinsic probability
measure associated with planar Cantor sets, which leads to challenging new questions.

1. INTRODUCTION

Given 0 < s < d and a finite nonnegative Borel measure m in R¢, we consider in R? the
vector-valued function

V() ::/]R &dm(y) (1.1)

o=y
that is well-defined for every point x in the set
domV, = {xGRd :/ M < oo}
re |7 —yl*

The domain dom V; is rather large as its complement R¢ \ dom V is negligible with respect to
the Lebesgue measure. Indeed, as a consequence of Fubini’s theorem one has

/Rd </Rd m)czﬁ dz < oo.

A finer analysis shows that the Hausdorff dimension of R?\ dom V; is actually not greater that
s; see Theorem 1 in Chapter 4 of [1].

Up to multiplicative constants, V; is the gradient of the Riesz potential of order s — 1 and,
in particular, V;_, is the gradient of the Newtonian potential

d
/ ﬂ for z € R?
Ra |z —y|1=2

generated by a distribution of mass described by m. Hence, for every function u € Li (R?)
such that

—Au =m in the sense of distributions in RY, (1.2)

by Weyl’s lemma on weakly harmonic functions it follows that

Vu=cVy_1+® almost everywhere in RY,
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where @ : R — R is the gradient of a harmonic function and ¢ € R is a nonzero constant that
depends on d. As a result, a reasonable pointwise definition of Vu for any solution of (1.2) can
be obtained from a good understanding of V;_.

More generally, we are interested in the existence of the precise representative of V; at a
given point a € R?%. We recall that the precise representative in this case is a vector a € R? that
satisfies

lim IV, —al =0, (1.3)
r—0 Bv- (a)

where the symbol f stands for the average integral with respect to the d-dimensional Lebesgue
measure and B, (a) for the ball of radius r centered at a. When such an « exists, we say that a
is a Lebesgue point of V; and we denote

V,(a) := a.

It follows from the fundamental property (1.3) that

Vi(a) = 1i :

VS(a) Tl_r}r%) BT(G’) ‘/S
As a consequence of the classical Lebesgue Differentiation Theorem, f/;(a) exists for almost
every a € R? with respect to the Lebesgue measure and

V.=V, almost everywhere in R%,

When the function one is dealing with has better properties, like being in some Sobolev
space, the exceptional set £ (that is, the complement of the set £ of Lebesgue points) is typically
smaller than merely having zero Lebesgue measure; see e.g. Section 4.8 in [5] and Chapter 8 in
[10]. It is then natural to expect that the same property holds for the exceptional set £(V) of
the potential V.

This note stems from the recent work [2] by the first and third authors concerning capac-
itary differentiability of the Newtonian potential; see also [16]. In analogy with [2], we show
that existence of a principal value for the integral, combined with a density property of m at a,
allows one to decide whether a is a Lebesgue point of V.

Before stating our result, we recall that the principal value of V; at a is

. a—vy
p.v.Vi(a) :== lim ——— dm(y)
s e—0 R4\ B, (a) |a—y|5+1
whenever this limit exists. We relate the question of existence of a principal value for V; with

that of a precise representative in the following

Theorem 1.1. A point a € R? is a Lebesgue point of Vy if and only if the principal value of V; exists

at a and
Lo m(By(a)
r—0 rs

=0. (1.4)
Omne then has

o~

VS(G’) = p.v. Vs(a)-

We prove Theorem 1.1 in Sections 2 and 3. That every a € dom V; is a Lebesgue point of V;
and V,(a) = V;(a) can be seen independently from Theorem 1.1 by observing that, for every

r>0and y € R withy # a,
][ dz Cds
S 3
By(a) [T —yl* ~ la—yl*




and then
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Cd s T 1
dz < 272 fory £a.

][Br(a) la —y

An application of Fubini’s Theorem and the Dominated Convergence Theorem now gives

f |u—mwns/(f
B,.(a) R4 B,(a)

As dom Vj is contained in the set of Lebesgue points of V;, we get

r—Yy a—y
o=yl Ja— gl

T—y a—y
o=yl Ja— gl

dx) dm(y) -0 asr—0.

dimy, (£(V4)) < dimg (R?\ dom Vi) < s. (15)

To obtain a more precise quantification of the size of £(V,), we observe that, by Theo-
rem 1.1, failure of having Lebesgue points may occur either when the principal value of V;

m(B,(a
lim sup m(Br(a)
r—0 re
The latter condition holds on a set of points a with at most o-finite Hausdorff measure #°.

does not exist at a or

> 0.

The question of existence of principal values is more subtle and has been investigated by
Mattila and the third author [8]. The answer involves a capacity «, that is defined on every
compact subset £ C R as

is(E) = sup u(R?),
where the supremum is computed over all finite nonnegative Borel measures ; supported in
E such that

(@) p(A) = 0 for every Borel set A C R? with o-finite H* measure,
(b) the maximal Riesz transform R} is a bounded operator from L?(y) into itself with

IR (f)llr2guy < [Ifllz2q  forevery f € (L' N L?)(p),

where

R (fp)(x) := sup

e>0

z—y
Ad\B - Wf(y) dﬂ(y) fOI' eVery S Rd.

As a consequence of [8] and using a straightforward adaptation of the argument in [2], we
show that

Theorem 1.2. For every compact subset E C E(V), one has k5(E) = 0.

Other properties of x, for any 0 < s < d are presented in Section 4, where we also prove
Theorem 1.2 and explain why the latter implies (1.5). A variant of x; was introduced by Prat
in [11], where the author obtains analogous estimates for the Hausdorff dimension of sets of
zero capacity via comparison between capacity and Hausdorff content.

A deep result by Ruiz de Villa and Tolsa [13] ensures that r,_1 is equivalent to the C-
harmonic capacity. Using this interpretation, the fact that k4_1(£) = 0 means that every
C* function in R? that is harmonic in R? \ E must be harmonic in the entire space R%. In
dimension d = 2, it follows from work by Tolsa [14] that the C''-harmonic capacity is equiva-
lent to the classical continuous analytic capacity. We then deduce from Theorem 1.2 for s = 1
that

Corollary 1.3. For every finite complex Borel measure v in C, the exceptional set for Lebesgue points
of the Cauchy integral of v, defined by convolution as

Cw)(z) = /<c dv(w) for almost every z € C,

Z—Ww
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has zero continuous analytic capacity.

The preceding corollary is sharp in the sense that there exists a compact set of zero contin-
uous analytic capacity that is exactly the exceptional set of the Cauchy integral of some finite
measure. For instance, take as E the corner quarters planar Cantor set, which has positive and
finite one dimensional Hausdorff measure m. Then, the Cauchy integral C'(m) is continuous
in the complement of £ and each point of E is an exceptional point of C'(m) because (1.4) is
not satisfied; see Proposition 5.2. It would be interesting to know whether the same property
holds for every compact set with zero continuous analytic capacity:

Open problem 1.4. Given a compact set £ C C with zero continuous analytic capacity, does
there exist a finite measure v such that the set of non-Lebesgue points of C(v) coincides with
E?

In Sections 5 and 6, we show that, for Cantor sets £ C C satisfying (1.4) with s = 1 and
equipped with their intrinsic probability measure j;, the Cauchy integral C'(1) always has some
Lebesgue point in E; see Theorem 5.4. Hence, these sets £ cannot be identified as the excep-
tional set of C'(u) for such measures 1, but we do not rule out the existence of another measure
v with the desired property.

2. PROOF OF THE REVERSE IMPLICATION OF THEOREM 1.1

We first need a couple of estimates related to V.

Lemma 2.1. For every a € R? and every r > 0,

]{Br(a) (/Bh(a) |jnj<31) dz<C W’

for some constant C > 0 depending on d.

Proof. By Fubini’s theorem,

][ (/ dm(y)s> dz = / (][ 7d2 S) dm(y).
B,(a) \J Ba,(a) |z —yl Ba,(a) \J B,(a) |z —yl

For every y € RY,
][ dz ][ dz C
S =~
B (a) |2 = Yl* B(a) |2 —al® 7*

which gives the conclusion. O

Lemma 2.2. For every a € R and every r > 0,

][BT(a) <~/Rd\32r(a)

for some constant C' > 0 depending on d.

> m(Bi(a))

27

[z =yl Ja -y

Proof. To simplify the notation, we may assume that a = 0. For y € R?\ By,.(0) and z € B,.(0),
by the Mean Value Theorem there exists 0 < 6 < 1 such that

z—y y
|z —y[stt [yl

01|Z‘ CQT’
<
T 0z — gyt T fylst
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We thus have

]ér(o) (/]Rd\B2r(O)

=Y Y
dm(y ) dz
|z —y|st1 " JylstT (v)

<Curf ( / d"”ggyf)dz:cﬂ / dmiy)
B,-(0) \JR\ By,.(0) |yl R4\ Bs,.(0) |y

Using Cavalieri’s principle, see e.g. Corollary 2.2.34 in [17], one gets

dm(y) _ * m(By(0))
/Rd\Bgr(O) ly[s+1 (s U/zr tet2 a

and the lemma follows. 0

To handle the limit as r — 0 of the right-hand side in the estimate in Lemma 2.2, we need
an elementary fact from Real Analysis:

Lemma 2.3. Let h : (0,00) — R be a bounded measurable function. If thn% h(t) = 0, then, for every
—
B >0,

Proof. Given € > 0, take § > 0 such that |h(t)| < e forevery 0 < ¢ < ¢. For 0 < r < §, we then

have s
> h(t) Floerl Al
/T t1+5dt‘§ /T "!‘/5 ‘SB(TB-‘F 55 )
Therefore,
. > h(t) €
hrrnjgprﬁ/r e dt| < 5
Since this inequality holds for every € > 0, the limit equals zero. O

Proof of Theorem 1.1. “<=". We assume that the principal value p.v. V;(a) exists and the limit
(1.4) holds. For almost every z € R,

v - [ “‘ydm@‘

0\ By, () @ — Y|

Y a—y
/ s+1 dm(y) - / s+1 dm(y)‘
R4\ By, (a) |z — vl R4\ B, (a) la —yl

')
dm(y)].
~/B’2T(a) |z —y|stt

<

+

Hence,

]éT(a)

a—-y
Vi(z —/ ———dm(y ‘dz
( ) R\ By () |a_y|s+1 ( )

<A,
B,(a) R4\ Ba,-(a)

z—y a—y
g ) ~ g 4 o

+][ (/ dm(y)s> dz.
B, (a) B, (a) |Z - y|
We then have by Lemmas 2.1 and 2.2,

z) — e~y m ; . * m(By(a)) m(Bgr(a))>
][BT@ e /Rd\Bh(a) a (y)‘d = Cl( /2 gz A /3 :
1)
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Denoting by « the principal value of V; at a, we get

][B,(a)H/;(Z) B a| dz
e (T /°° m(Bi(a) &\ m(Bzr(a))> )
2r rs

ts+2

a—y
—=—dm(y) — «f.
/]Rd\Bzr(a) la — y[s+

As r — 0, the last term converges to zero by definition of principal value. The quantity in
parentheses also converges to zero from the assumption on the measure m, as we can apply
Lemma 2.3 with 8 = 1 and h(t) = m(B(a))/t* for t > 0. O

3. PROOF OF THE DIRECT IMPLICATION OF THEOREM 1.1

We begin with the following estimate:

Proposition 3.1. Let 0 < s < d — 1. For every o € R? and every r > 0,
B,
m(B@) ¢ Vs —al,
r Ba,(a)

for some constant C' > 0 depending on d.

Proof. We may assume that ¢ = 0. We take the inner product of V;(z) with z/|z| and inte-
grate over the ball B, (0) for any » > 0. By integrability of the function (z,y) — 1/|z — y|°
with respect to the product measure H? ® m in Bs,(0) x R? we can interchange the order of

integration:
x r—y x
Vs(z) - — da = / </ _— . — da:) dm(y). (3.1)
/BQT(O) |z| R \J B, (0) [T =yl |z
By the integration formula in polar coordinates,
2r
T —y x T —y x
— —dr= / </ —_— da(x)) dp, (3.2)
/Bg,,.(o) |z =yt |z 0 oB,(0) [T —yl*tt |z
where o denotes the surface measure on the sphere 0B, (0).
We claim that
x—y x s
do(z) > €p" " Ixp,0) (1), (3.3)

oB,(0) |z —yl5tt [z
for some € > 0 independent of p and y. To this end, note that

T —y 1 1
= Vyg(z) whereg(z):=— oDyt

When s < d — 1, it follows from the Divergence Theorem in B,(0) that
dx

-y T
7-—da(x):/ Ag:(d—s—l)/ _dz
/aBp(o) lz =yl |zl B,(0) B,(0) [z —yl**!

which implies (3.3). When s = d — 1, the function g is harmonic in R? \ {y}. An application of

|z —y[**

P

the Divergence Theorem on B,(0) \ B, (y) with n — 0 yields

-y oz HI1(0B,(0) ify € B,(0),
/ . Sdo(x) =
28, (0) [T — Yl || 0 ify & B,(0),

which also gives (3.3) and completes the proof of the claim.
Combining (3.2) and (3.3), we get

r—y T D
T o da >
/Bwun [z — gyt o] =T XBO (¥),
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which by (3.1) then gives

/ Vs(x) - L e > cri™*m(B,(0)).
B2,-(0) |9§"

Since x/|z| has zero average, we can subtract any constant vector « in the integrand in the
left-hand side without changing the value of the integral. The conclusion readily follows since
a/|z| is a unit vector. O

When s > d — 1, one has

d -
(S+1—d)/ 71.@4_1 ify & B,(0),

/ r—y T do(z) = RA\B,(0) 1T — Y[
oB,(0) |7 —yl*Tt || d—s—1 @ if y € B,(0).
( ) B,(0) [z —yl*t! /(0)

In particular, these values have opposite signs, in contrast with the previous proof. We prove
in that case the following counterpart of Proposition 3.1 that is enough for our purposes:

Proposition 3.2. Let d — 1 < s < d. For every a € R% and every r > 0,

B oo apae [ Mloaly)
rs By (a) RI\ B, (a) [T — 245

for some constant C' > 0 depending on s and d.

As the vector-field (x — a)/|x — a| does not seem to be a convenient choice to test V in this
range of s, we rely on a different one that is provided by

Lemma 3.3. Let d — 1 < s < d. For every ¢ € C2°(R?), there exists a summable smooth vector-field
U R? — R such that [, ¥ =0,

o(r) = / — 7Y y(y)dy forevery z € RY,
R

a o —yl+t
and
O// d
|\I/(1')| < W foreveryl' c R ,

or some constant C"" > 0 depending on s, d and .
4 g

The existence of ¥ is well-known and can be obtained as a simple exercise using the Fourier
transform and the identity

Tz = ¢ A
= Y egae Y
for a constant ¢ € C\ {0}; see e.g. Section 4 in [4]. For the convenience of the reader, we explain
below that one can take ¥ : R — R? directly given by

/ v
U(z) = c /R ) u_;ﬁdyzs_l dy, (3.4)

with ¢ € R\ {0}. Observe that the integral above is well-defined for s > d — 1.

Proof of Lemma 3.3. That ¥ in (3.4) satisfies the desired integral relation with ¢ follows from an
explicit computation of the convolution between the homogeneous functions z/|z|* and 1/]2]7 ;
see Lemma 15.10 and Exercise 15.4 in [10] for dimensions d > 2 and d = 1, respectively. We
also note that ¥ is bounded and smooth. Using that fRd Vi = 0, one writes

1 1
] =c Vv - dy.
(x)=c¢ /Rd Sﬁ(y)(|x_y|2d_5_1 |x2d—s—1> Y
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Take R > 0 such that supp ¢ C Bg(0). For z € R%\ Byr(0), an application of the Mean Value

Theorem gives
Cy
dy < —
< (f1ve) g

@< [ V)

Br(0)

The estimate of |¥(x)| in R¢ then follows from the boundedness of W. In particular, ¥ is sum-
mable for s < d and one then verifies that fRd ¥ = 0. O

1
|o — y[2d—s—1  |g[2d—s—1

Proof of Proposition 3.2. We may assume that a = 0. Fix a nonnegative function ¢ € C2°(R?)
such that ¢ > 1in B;(0) and let ¥ : R? — R be the vector-field given by Lemma 3.3. For
r > 0, one has by scaling that

— ) = 7.\IJT d f cR )
W(T) /Rd |z — y|s+! (y)dy forevery x

where U, (z) := - ¥(%). Since ¢ > 1 on B;(0) and m is a nonnegative measure, we have

(B 0) < [ o(E)ant) = [ ([ o v d) ano)

Then, by Fubini’s theorem,

m(B,(0)) < 7/ Vv, 0.

Rd
Since [y, ¥, = 0, for every o € R? we get

m@@mf/

Rd

(VS*O‘)'\IIT S/ |Vvsfa‘|\:[jr| (35)
R4

The pointwise estimate satisfied by ¥ gives

1 T 1 rd
|‘I’r(33)| = rd—s ‘I’(;)’ <O (TTSXBT(O)(CU) + WXW\BT(O) (35)) (3.6)
The conclusion follows by inserting (3.6) in (3.5). O

To handle the additional term that appears in Proposition 3.2, compared to Proposition 3.1,
we need the following

Lemma 3.4. If f € L'(RY) is such that

lim f=0,
r—0 Br(a)

then, for every 8 > 0,
lim ” / % dx = 0.
r—0 R4\ B, (a) |z — al

Proof. We first prove that, for every r > 0,

W g0 [ Fldp—22 f, 3.7)
/]Rd\Br(a) |z — a|d+F Lopts B,(a) % B, )

for some constants C, Cy > 0. Indeed, by the integration formula in polar coordinates,

M@ [ f(x) [ (d
/Rd\BT(a) |z — a|*+h dr = /r (-/6Bp(a) |z — a|®+h da(m)) de= /" pi+h <dP /Bp(a) f) d-

One then gets (3.7) by integration by parts. To conclude, it suffices to apply Lemma 2.3 with
h(t) = th(a) ffort > 0. O
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Proof of Theorem 1.1. “==". Let a be a Lebesgue point of V;. We first show that the limit (1.4)
holds. To this end, denote by « the precise representative of V, at a. When 0 < s < d —1, we
deduce from Proposition 3.1 that

B, .
1imsupM§Chm Vs —a| =0,
r—s0 rs r—0 Bay(a)

which implies (1.4). When d — 1 < s < d, we apply Proposition 3.2. In this case, Lemma 3.4
with f = |V, — a| and 8 = d — s handles the additional term in the estimate as » — 0 and we

get (1.4) as before.
We next recall that
a = lim V.
r—0 B,,,(a)
Moreover, by estimate (2.1) in the proof of Theorem 1.1, we have
- (B B,
][ V. — a?iﬂdm(y)’ SC1<T/ m(siga))dt+m( QS(a)))
By.(a) RI\ Bay (a) @ — Yl DY r

As r — 0, using (1.4) we deduce from Lemma 2.3 that the right-hand side converges to zero
and then

. . a—y
a = lim Vs = lim ———dm(y).
=0 /B (a) 70 Jpa\ By, () l@ — y[*T!
Thus, by definition, « is the principal value of V; at a. [l

4. THE CAPACITY ks AND PROOF OF THEOREM 1.2

We begin by showing that «, is subadditive:

Proposition 4.1. For all compact subsets E1, By C R¢,
Fas(El @] Eg) < FCS(El) + K,S(EQ).

The capacity &, is equivalent to another one that was known to be semi-additive, that is,
the estimate above is verified with a constant C' > 1; see p. 3643 in [13] and Section 2 in [12].

Before proving the proposition, we start with the following observation: If ;i is a Borel
measure in R that is admissible in the definition of x(E) and if F' C E is a compact subset,
then, for any Borel subset A C F, the Borel measure ;| 4 defined by

ula(B) = u(AN B)

is admissible for x4(F). Indeed, it suffices to verify the L? boundedness of the maximal Riesz
transform. Since R is bounded in L?(p1), we can estimate

[ muloP anla < [ R GuamPans [ 1paPdu= [ 152l
R4 R4 R4 R4
which justifies our assertion.

Proof of Proposition 4.1. Let ;1 be a nonnegative Borel measure supported in F; UE; that satisfies
(a) and (b) in the definition of k, for this set. By the computation above, the measure y| g, is
admissible for x,(FE1) and p| g,\ g, is admissible for x,(E>). Thus,

PRY) = p(Br U Bs) = p(B1) + (B2 \ En) < ks(B1) + ks (B2)
and it suffices to take the supremum with respect to p. a

It follows readily from (a) in the definition of x, that ks(E) = 0 for every compact set E
with H*(F) < oo. Dimension s is critical for x, :
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Proposition 4.2. If E C R? is compact and ks(E) = 0, then dimy (E) < s.

Proof. 1t suffices to prove that if E C R? is a compact set with #!(E) > 0 for some ¢ > s, then
ks(E) > 0. By Frostman’s lemma, there exists a nontrivial finite nonnegative Borel measure u
supported by E such that

w(B,(z)) < 7' forevery z € R and r > 0. 4.1)

Hence, u < C1HY_, where H!_ is the Hausdorff content of dimension ¢. For every set A C R4
with o-finite H* measure, we have H’_(A) = 0. Then, u(A) = 0 and the first requirement in
the definition of x4(E) is satisfied.
Next, for every f € (L' N L?)(u) and every = € RY,
. fy
R < [ 0

a |z —yl*

dp(y).
Then, by Young’s inequality,

d
IR ()2 < ( /. gf?) T

[, [~ B0,
PE 0 rst1

Since p is finite and satisfies (4.1) with exponent ¢ > s,

/0°° (B (0) 4 /01 "ot /1°° pRY

Ts+1 Ts+1 Ts+1

By Cavalieri’s principle,

Therefore,

IR (f )Lz < Collfllzzq,
which implies that ;/C5 is a nontrivial admissible measure in the definition of x,(E). In par-
ticular, ks (F) > 0. O

The proof of Theorem 1.2 relies on Theorem 1.6 of [8] concerning the existence of prin-
cipal values for the Riesz transform. We recall that from [8] one knows that, for every finite
nonnegative Borel measure  in R? such that

(B (z))

. _ ; d
}1_% e =0 for p-almostevery x € R (4.2)
and
IR (Fi)llL2uy < Cllfllzz(n forevery f e (L' N L?)(n), (4.3)
the principal value of
r—y
_ 44
o [ dut) @4

exists yi-almost everywhere.
We observe that in the statement of Theorem 1.6 in [8] one also assumes

w(B,(z)) < C'r*  forevery z € R and r > 0,

but such a property is a consequence of the uniform boundedness of the Riesz transform given
by (4.3) and the fact that, by (4.2), the measure p cannot charge points; see Proposition 1.4 in
Part IIT of [3].

We also need a standard property from Measure Theory:

Proposition 4.3. If 11 is a finite nonnegative Borel measure in R such that u(A) = 0 for every Borel
set A C RY with o-finite H* measure, then (4.2) holds.
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Proof. Since i does not charge sets with finite * measure, by Proposition 3.2 in [9] for every
¢ > 0 one finds a compact set K C R? with u(R?\ K) < ¢ such that, for every ¢ > 0, there
exists 6 > 0 with
| (Br(x)) < cr® foreveryxr € R?and 0 < r < 4.
Thus,
L (B (@)
r—0 rs

On the other hand, by the Besicovitch Differentiation Theorem,
Ll (B(@)
r=0  u(Byr())

Combining (4.5) and (4.6), one gets the limit in (4.2) for y-almost every z € K. Since u(R4\K) <

e and € > 0 is arbitrary, the conclusion follows. O

=0 foreveryr € R% (4.5)

=1 for p-almostevery z € K. (4.6)

Proof of Theorem 1.2. Let p be a finite nonnegative Borel measure that is admissible for x4(E),
where E is any compact subset of £(V;). By Theorem 1.1, we can write this setas £ = E; U Es,
where

E, = {x ek: limsupM > O}
ré

r—0 '
and

Ey :={x € E : p.v.V,(z) does not exist}.
On one hand, since FE; is o-finite for 7° and p does not charge those sets, 1(E;) = 0. On the
other hand, from Proposition 4.3 above and Theorem 1.6 in [8] we know that the principal
value of V; exists p-almost everywhere in R?. Hence, j1(E;) = 0. We thus have

p(RY) = p(E) < p(Br) + p(E) =0,
for every measure y that is admissible for «5(E). Therefore, r5(E) = 0. O

As a final observation, (1.5) can also be deduced as a consequence of Theorem 1.2. Indeed,
if we had dim&(V,) > s, then for any s < ¢ < dim &(V;) one could find a compact subset
F C £(Vs) such that H!(F) > 0; see Theorem 8.13 in [7]. Such a property would then contradict
Proposition 4.2 above.

5. PLANAR CANTOR SETS AND THE CAUCHY INTEGRAL

We investigate in this section the existence of principal values of the Cauchy integral for the
intrinsic probability measure on Cantor sets in R? which we identify with the complex plane
C. We first review the definition of the Cantor sets we shall be dealing with. Take a sequence
A = (Ap)nen, With 0 < X, < 1/2 for every n, where N, = N\ {0}. Start with the square
So = [0, 1]? with sides parallel to the coordinate axes and side length o := 1. Take 4 squares
of side length ¢, := \; inside S, with sides parallel to the coordinate axes, each containing a
vertex of Sy. Repeat the operation in each of the 4 squares obtained with A, as the compression
factor. We then obtain 16 squares of side length o5 := A1 A2. Repeating inductively the process
we get at the nth generation 4" squares of side length

Op = )\1)‘n

Denote these squares by S, , with @ € {1,2,...,4"}. The Cantor set associated with the se-
quence A is

o
E(A) =) U % (5.1)
n=1a=1
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The intrinsic probability measure p on E(A) that we consider has the property
1(Sn,a) =1/4"  for every n and a.

Example 5.1. When \,, = 1/4 for every n, E(A) is called the Garnett-Ivanov set. In this case, the
intrinsic measure p is a positive multiple of the one-dimensional Hausdorff measure on E(A).
This is the simplest example of a compact set having positive length but zero analytic capacity.
Another interesting family of Cantor sets F(A) arises setting, for a given 0 < § < oo and for
every n sufficiently large,

A, = 1(1 ¥ é). (5.2)

4 n

In this case, one has o, ~ n?/4™.

When the intrinsic measure p has zero linear density, that is

M = L —+0 asn — oo,
On 4",
assumption (1.4) of Theorem 1.1 with s = 1 is satisfied by u. Hence, a € E(A) is a Lebesgue
point of C(u) if and only if C(x) has a principal value at a. Using the result concerning p-

almost everywhere existence of principal values from [8], one has the following

Proposition 5.1. If

S|
nz::l o <% (5.3)

then C(u) has a principal value for p-almost every point in E(A).

Proof. By Theorem 1 in [6], assumption (5.3) is equivalent to the fact that £(A) has positive
analytic capacity, which is also equivalent to L?(u) boundedness of C(u). The conclusion then
readily follows from Theorem 1.6 in [8]. O

Since the Garnett-Ivanov set E(A) has positive linear density, by Theorem 1.1 the Cauchy
integral C'(1) has no Lebesgue points on E(A). In fact, failure of Theorem 1.1 in this case is
twofold and also concerns the non-existence of principal values of C'(u) on E(A):

Proposition 5.2. If E(A) is the Garnett-Ivanov set, then C () does not have a principal value at any
point of E(A).

Proof. Leta € E(A) and let Q,, denote the unique square of generation n that contains a. One
has E(A) \ B 3,4 (a) = E(A) \ @n. Hence, if the principal value of the Cauchy integral exists
at a, then we get that the limit
d
lim uiz)
n— 00 E(A\Qn zZ—a

also exists. In particular,
du(z
lim p#z)
n—oo Qn\QnJrl z—a

Making a dilation of factor 4" = 1/0,, followed by an appropriate translation we transform

=0.

@, into the initial square Sy , the point a is mapped to a point b, in E(A), and @Q,,+1 is mapped
into the square (), of first generation that contains b,,. Thus, since u(Q,) = o, = 1/4",

/ du(z) _ 1 / du(z) _ / dp(z)
Qn\Qn+1 zZ—Q 4nO'n S(]\@l Z—bn 50\651 Z—bn
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To reach a contradiction, we only have to check that this last integral is bounded away from 0.
It is more convenient to look at the conjugate kernel, since

1 z—by,

Z_bn B |Z_bn|2'

Let us assume for simplicity that Q,, . is the upper-right square inside Q,,. Then, Q; has the
same relative position inside Sy. One verifies geometrically in this case that if @ := (-1, -1),
then the half-space {z €ER?: (2 —by,,d) > 0} contains Sp \ @ 1, where the angle brackets mean
scalar product in the plane. Therefore, by linearity of the integral,

</SO\@1 de(;i@ >4§>0,

for some 6 > 0 independent of n. A similar argument holds when @+ is any other square

of generation n + 1 in @, , by choosing i accordingly. We then deduce that £(A) has no point
where C(u) has a principal value. O

When (5.3) fails, one has the following property concerning the non-existence of principal
values of C(u) on E(A):

Proposition 5.3. If

oo

1
> o =% (5.4)

n=1

then C(u) does not have a principal value for p-almost every point in E(A).

Proof. We rely on a strong result of Tolsa [15, Section 8.15], who proved in a much more general
context that the set
P(A) :={z € E(A) : p.v.C(p)(2) exists } (5.5)

is the union of a set of zero i measure and a sequence of subsets F; in E(A) such that 41| , has

I g < s6

where R(z, w, ¢) is the radius of the circle through z, w and ¢ ; when two of these point coincide,
R(z,w, () = oc.
Foreachl € N, leta € E(A) be a point of density of F; for u with respect to squares, that is
lim @@ N F)
r=0 u(@r(a))
Here, Q)-(a) denotes the square centred at a with side length 2r. The set of points of density

finite Menger curvature, that is

coincides, modulo a set of vanishing 1 measure, with the set of points a satisfying

(AR )
lim —————= =1, (5.7)
n—oo (@)
where @), is the square of generation n that contains a. This follows by considering the maxi-

mal dyadic function

1 1
M(f)a) = sup—5 /Q Wfldp for f e L)

Indeed, one first shows that this maximal function satisfies a weak type inequality, from which
the argument can then be completed in the standard way.

Inside @,,, let us take two squares of generation n + 1 different from Q,,+1, say Sp+1.1
and S,11,2. For every n € Ny := {n € N : \, < 1/3}, the sets Qp41, Snt1,1 and Sy 41,2 are
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uniformly away from each other relatively to o, , that is, if w and ¢ are two points belonging
to distinct sets, then

lw—¢| > on(1—2\,) > gn
We then have for eachn € Ny,
R(a,w,() ~ 0, foreveryw € Sp41,1and ¢ € Spi1.2.

As the sets S, 1 ; are pairwise disjoint for j € {1,2}, for every n € N; we can estimate

dpu(w dp(w) du(¢)
/F2 R2 a w C Z /n+1 1NE, /n+1,2ﬁFz RQ(a,w,C)

>0y Z p(Snt1,1 N F)p(Snt1,2 ﬁFl)_

2
On

(5.8)

neNy
Let us assume that a satisfies (5.7). Then, there exists N € N such that for n > N and
je{1,2},

1 1 1
1(Sn+1,; N FL) > §/l(Sn+1,j) YT R
It thus follows from (5.8) that
Cy 1
> - —_— 5.9
/F2 R2(a,w C 43 (470 )2 (59)
neNy
n>N

A simple computation shows that

1 1
- < = ).
> oy < 3 o)
n€N\N; neN;
From (5.4), we then deduce that the series in (5.9) diverges, whence so does the integral in the

left-hand side. Since this holds for p-almost all density point a of F; , we deduce from (5.6) that
w(Fy) = 0 for every l. Therefore, u(P(A)) = 0. O

When A is given by (5.2) for n large, one has that (5.4) holds provided that 5 < 1/2 and
then C'(11) does not have a principal value for y-almost every point in E(A). We prove never-
theless in the next section that, when E(A) has linear density zero, C'(¢) has a principal value
somewhere in E(A):

Theorem 5.4. Let A be such that > |\, — Apt1] < 0. If the sequence (4™ 0, )nen is nondecreasing
n=1

and
lim 4"¢, = oo, (5.10)

n—o0
then there exists a € E(A) such that C(u) has a principal value at a. Equivalently, there exists a
Lebesgue point of C(u) in E(A).

Observe that (4", ),en is nondecreasing if and only if \,, > 1/4 for every n € N,.. We recall
that a point in the Cantor set E(A) is uniquely determined by a decreasing sequence of squares
Qn, where @, is the square of generation n that contains the point. The point a that we use in
Theorem 5.4 is obtained by requiring that it belongs to the upper-right square (position I) of
first generation, the lower-left square (position III) of second generation and so on, alternating
positions I and III at each generation. We call a the alternating point of E(A). Itis chosen so that
maximal cancellation is achieved in the computation of the principal value of C(u) at a. We
are indebted to P. Mattila for the suggestion of considering such a point.
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Theorem 5.4 provides one with a general condition which ensures that P(A) given by (5.5)
is non-empty. A challenging problem is

Open problem 5.5. Given a sequence A satisfying (5.10), estimate the Hausdorff dimension of
the set P(A).

As Theorem 5.4 concerns the intrinsic measure p, another interesting question is

Open problem 5.6. Does there exist a compactly supported positive Borel measure v in C with

i Y(Br(a)

=0 foreveryaecC
r—0 r

and such that C'(v) does not have a principal value at any point of supp v ? In case the answer
is affirmative, then supp v would coincide with the set of non-Lebesgue points of C(v).
6. PROOF OF THEOREM 5.4

We proceed by assuming that there exists § > 0 such that
1
A < 3~ 0 foreveryn € N,. (6.1)

Since the sequence A converges and \,, < 1/2 for every n, when (6.1) fails one must have
An — 1/2. This case can be easily handled by a separate argument, with a stronger conclusion,
and will be briefly explained at the end of the section.

Given a € E(A), to prove the existence of

lim du(z). (6.2)
r—0 C\B,(a) zZ—a
it suffices to prove that the following limit exists:
lim du(z) 6.3)

n—00 C\Qn zZ—a ’

where @), is the square of generation n that contains a. To see this, one can argue as follows:
Given r > 0, let n be the largest nonnegative integer such that B,.(a) N E(A) C @Q,,. We then

write
C\Bp(a) # — @ c\Q, 0 Qn\Br(a) # — 0
Note that
d n 1
[ pe) p@) 1 1 o5
Qu\By(a) |2 — | r 25 4ng,

Indeed, as there exists z € (B,(a) N E(A)) \ Qn+1, using (6.1) we have
r>|z—a|l >0, — 20011 = 0n(1 —2Xp41) > 200,.

Since the right-hand side of (6.5) converges to zero as n — oo, we have from (6.4) that the
existence of the limit (6.3) implies that of (6.2).

We investigate the existence of (6.3) using the Cauchy criterion. By additivity of the inte-
gral, for every m > n > 1 we may write

m—1
1(2)
/Qn\Qm £—-a Z /J\Qy+1 z—a ©0

We now focus on the integrals in the right-hand side:




16 JULIA CUF{, AUGUSTO C. PONCE, AND JOAN VERDERA

Lemma 6.1. Let a be the alternating point of E(A). Then, for every j € N,,

/ du(z) _ (—1)j/ dpi; (2)
Qi\Qj+1 Z @ Yo Qo\Qu1,; # 45

where a; is the alternuting point of the Cantor set E(K ) associated with the shifted sequence K
(Njt1sNjg2,--1), Ql j 1s the square of generation 1 with side length \; 1 that contains a; in the
construction of E(A;) and Ji; is the intrinsic probability measure associated with E(A;).

Proof. We translate the squares @); and @11 using the map z — z — b; , where b; is the lower
left-hand vertex of ); and then rescale the resulting sets with z +— z/0;. As a result Q;,
with side length o}, is transformed to the unit square ). The combination of both maps
transforms the measure x in Q; to the rescaled measure i;/47 in Q. When j is even, the point
a is mapped to @; since ;11 and Q1. ; are both squares with relative position I inside @; and
Qo, respectively. We then get

/ du(z) 1 / dji;(z)
Q\Qi 2= 0 Hoj Jong,, 7 a5

In contrast, when j is odd, Q; 1 is a square with position IIl inside @, , while Q; ; has position

Iin Q. Thus, a is mapped to another point @; in E(/NX]) that arises using the reverted positions
III, I IIL, I, . .. We have in this case

[ w1 G
Q\Qj1 # @ 4J0j Qo\Q1,; # 45

where Q 1,; is the square of generation 1 in @)y with side-length A;; at position III. Using the
reflection R : z — (1 + i) — z around the center (1 + ¢)/2 of Qo, we have R(Q; ) = Q j and
R(@;) = @,. Since Ji; is invariant under R by symmetry of E(A;), by a change of variable in

the integral we then get

/ dp;(2) :/ dp; (w) :/ dp; (w)
Q\Gr; 2705 Jong,, U+ —w—a;  Jong,, & —w’

which gives the conclusion when j is odd. O

We assume henceforth that a is the alternating point of £(A). By (6.6) and Lemma 6.1, we

m—1
[ DY 67)
Q )

have

where

_ (=1 :
AJ = 4J0- and I] = B -~ =
J Qo\Q1,; # 4

Observe that the sequence (I;)jen, is bounded. Indeed, the squares of generation 1 in the
construction of E(A ;) are away from each other by a distance of at least 1 — 2\, ; > 26. Thus,

=1 —2X41 25

IN

6.8)

Using Abel’s summation method, we write the sum in (6.7) as follows

/Q du(z) _ Z (ZAk> (I; — L) + (:éAk>Im1. (6.9)

n\Qm Z—a j=n
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By assumption, the sequence ((—1)"4;) pen 1S non-increasing. From a property of alternate

sums,
J
1
< (=" A < (-1D)"A, = .
05 (1" Y A (41" = g
It then follows from (6.8) and (6.9) that
du(z) 1 =2 1
< I —I; — . 6.10
‘/Qn\Qm z—a 4"Un(z| ! j+1|+25 (610

j=n

Lemma 6.2. For every j € N, we have

o
=L <C > %P\l = Aig1l-
I=j+1
Proof. Without loss of generality we may assume that j = 0, in which case Ao =Aand Q 1,0 =
Q1. Given k € N,, we recall that Sy, with o € {1,... ,4F} are the squares of side length
o), of generation k that are used in the construction of E(A). We may label them so that, for
a€{l,...,3-4F"1} the squares Sy , cover E(A) \ Q;. Denote the center of Si , by ¢ 4. Since
the measure fig =  is supported by E(A) and (Sk,) = 1/4* for every «, by additivity of the
integral we have

3_4k71

WLES!
du(z) ° / 1 1 1 1

In = = ( — )d — .

’ /Qo\Ql —a (,;1 Ska 2T A Cha— 0 HE 4k (XZ Cka —Q

=1

Since the distance between S, o, and @ is larger than 1 — 2); > 24, applying the Mean Value
Theorem for every z € Sy,
‘ 1 1

‘ S Cl|2_ck,a‘ S CZJka
zZ—a Ck,a — Q

where the constants involved depend on 6. Since A, < 1/2 for every k, we have that o, < 1/ 2k
and then
k—1
1% 1

1 T4k
4 — Cha— @
a=1

3.4k—1

L 1 —1 Caoyp Co
<2 - du(z) < 3-4F1. =2 < = (611
B a=1 /»;'k,a ‘ z—a Ck,a — a‘ 'LL(Z) - 4k — 2k ( )

Analogously, let us denote by S, the squares of side length o} := A2 Ag11 of generation
k that are used in the construction of E(A,) and by ¢, their centers. We label these squares
so that Sy, and S} , have the same relative position inside Qo for every a € {1,... ,4%}. In

particular, if (o) ken, is the sequence of integers such that a € Sy, o, for every k € N, then
Ch,ap, — @ and c?ka — ai. (6.12)

Using the counterpart of (6.11) for the shifted sequence A1, by the triangle inequality we get

138 1 C
Ip—L| < — - ~‘ z
o= Il < 4k O; Chya — @ Cp, — 1 +2k*1

By the Mean Value Theorem, for every a € {1,...,3- 4k—1 I3

1 1 ~
— - ——| < Cs(lora — ol + la—al).
Cha =0 Chpo— 1
Thus,
C 3.4%—1 C
3 ~ 2
llo — | < na Z |Ck,a*02,a|+03\a*al|+2k7_1- (6.13)

a=1
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Claim. For every k € N, and every a € {1,...,4"},
"1
|Chia = Chal < 4\62 g\)\l = Ayl (6.14)
=1

Proof of the Claim. We first show that each coordinate of ¢, is a polynomial of the form

PiaAyoo 03 ) = Bo+Bi A+ B didag + -+ B A Ay, (6.15)
where 3; € {0,—1,1} for every j € {0,1,...,k — 1} and B, € {—1/2,1/2}. Let us focus for
example on the first component. The first coordinate of ¢; , is of the form

11 1 1 1
S (1-N)=-+-TF =
5 2( A1) 5E5F 5N

so the conclusion holds for k = 1. We now take any k > 1, a point ¢, 11 o and the square S}, 5 of
generation k that contains it, including three other centers of generation k + 1. Then, assuming
that the first component x;, of ¢ 5 is of the form (6.15), the first coordinate of cj1 4 is then
given by

1 1 1
$ki§(0k—0k+1)=ﬂ0+51>\1+ﬁ2/\1/\2+"'+(/Bki§)>\1"'>\k:F§>\1"'/\k+1,

which also has the form (6.15) for k£ + 1 as we wanted to show.

The coefficients of the polynomials P . associated with the components of ¢, depend
solely on k and a. Hence, the components of c; , are given by the same polynomials, but
evaluated at ()2, ..., Ag41). For example, if 25, and ). denote one of their components, then

zp — 2 = Pra(M, oo s M) — Poa(A2, .00, Akgr)
= B1(A1 — A2) + Ba( M Ao — Aads) + -+ Br(A - A — Ao -+ Aga)
= B1(A1 = A2) + Bada(Ar — Az) + -+ 4 BrAa - A(A1 = Apy).

Using the triangle inequality and the fact that A; < 1/2 for each j, we get

|Ck,a — C;C,a| < \/§(|)\1 = Xo| F A2 A = Az o Aoz A A — )\k+1|)

k
1
j=1

J
Using that [A; — A\j11] < Y- [N — Ai41] and interchanging the order of summation, the claim
=1

follows. O

Applying estimate (6.14) with the sequence of integers (ax)ren. that satisfies (6.12) and
letting k — oo, we deduce that

oo
~ 1
o — 1| <4V2 E §|/\l = At
=1

By the Claim and (6.13) we thus have, for every k > 1,

o0

1 Cs
[lo — Ih] < 0425\& = Ai1] + Sh1-
=1

Letting k — oo, the lemma follows. O
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Combining (6.10) and Lemma 6.2, for every m > n > 1 we get

du(z) Cs = o 1 1
it ) Bl R B Ay
’/W\Qm z—a| 4nO'n Z Z ol—j |)\l Al+1| + 25

j=nl=j+1
Interchanging the order of summation, we deduce that

dp(z) Cs 00 1
‘/QH\Q,,L z—a |~ 4"0, Z RY |+ 2%

l=n+1
o)
Recalling that > |A\; — A41]| < 0o, we then have
=1

‘ / dp(z)
Qu\Qm # @

Since 4"0,, — oo as n — 00, we conclude that the limit in (6.3) exists and then the Cauchy

<

=m foreverym >n > N.
On

integral of 1 has a principal value at a.

To complete the proof, it remains to consider the case where (6.1) fails, which implies that
An — 1/2 as n — oco. The argument here does not require the monotonicity of A. Indeed, from
the convergence of A to 1/2, for every 1 < s < 2 there exists a constant C7 > 0 such that

w(Br(a)) < C7r® foreverya € Candr > 0.

Given any a € C, by Cavalieri’s principle one then gets

[ [T B,

|z —al r2

Hence, the principal value of C(y) exists everywhere. O
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