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ABSTRACT. Given a finite nonnegative Borel measure m in Rd, we identify the Lebesgue set
L(Vs) ⊂ Rd of the vector-valued function

Vs(x) =

ˆ
Rd

x− y

|x− y|s+1
dm(y),

for any order 0 < s < d. We prove that a ∈ L(Vs) if and only if the integral above has a principal
value at a and

lim
r→0

m(Br(a))

rs
= 0.

In that case, the precise representative of Vs at a coincides with the principal value of the integral.
We also study the existence of Lebesgue points for the Cauchy integral of the intrinsic probability
measure associated with planar Cantor sets, which leads to challenging new questions.

1. INTRODUCTION

Given 0 < s < d and a finite nonnegative Borel measure m in Rd, we consider in Rd the
vector-valued function

Vs(x) :=

ˆ
Rd

x− y
|x− y|s+1

dm(y) (1.1)

that is well-defined for every point x in the set

domVs :=

{
x ∈ Rd :

ˆ
Rd

dm(y)

|x− y|s
<∞

}
.

The domain domVs is rather large as its complement Rd \ domVs is negligible with respect to
the Lebesgue measure. Indeed, as a consequence of Fubini’s theorem one has

ˆ
Rd

(ˆ
Rd

dm(y)

|x− y|s

)
e−|x|

2

dx <∞.

A finer analysis shows that the Hausdorff dimension of Rd \domVs is actually not greater that
s ; see Theorem 1 in Chapter 4 of [1].

Up to multiplicative constants, Vs is the gradient of the Riesz potential of order s− 1 and,
in particular, Vd−1 is the gradient of the Newtonian potential

ˆ
Rd

dm(y)

|x− y|d−2
for x ∈ Rd

generated by a distribution of mass described by m. Hence, for every function u ∈ L1
loc(Rd)

such that

−∆u = m in the sense of distributions in Rd, (1.2)

by Weyl’s lemma on weakly harmonic functions it follows that

∇u = cVd−1 + Φ almost everywhere in Rd,
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where Φ : Rd → Rd is the gradient of a harmonic function and c ∈ R is a nonzero constant that
depends on d. As a result, a reasonable pointwise definition of∇u for any solution of (1.2) can
be obtained from a good understanding of Vd−1.

More generally, we are interested in the existence of the precise representative of Vs at a
given point a ∈ Rd. We recall that the precise representative in this case is a vector α ∈ Rd that
satisfies

lim
r→0

 
Br(a)

|Vs − α| = 0, (1.3)

where the symbol
ffl

stands for the average integral with respect to the d-dimensional Lebesgue
measure and Br(a) for the ball of radius r centered at a. When such an α exists, we say that a
is a Lebesgue point of Vs and we denote

V̂s(a) := α.

It follows from the fundamental property (1.3) that

V̂s(a) = lim
r→0

 
Br(a)

Vs.

As a consequence of the classical Lebesgue Differentiation Theorem, V̂s(a) exists for almost
every a ∈ Rd with respect to the Lebesgue measure and

V̂s = Vs almost everywhere in Rd.

When the function one is dealing with has better properties, like being in some Sobolev
space, the exceptional set E (that is, the complement of the setL of Lebesgue points) is typically
smaller than merely having zero Lebesgue measure; see e.g. Section 4.8 in [5] and Chapter 8 in
[10]. It is then natural to expect that the same property holds for the exceptional set E(Vs) of
the potential Vs.

This note stems from the recent work [2] by the first and third authors concerning capac-
itary differentiability of the Newtonian potential; see also [16]. In analogy with [2], we show
that existence of a principal value for the integral, combined with a density property of m at a,
allows one to decide whether a is a Lebesgue point of Vs.

Before stating our result, we recall that the principal value of Vs at a is

p.v. Vs(a) := lim
ε→0

ˆ
Rd\Bε(a)

a− y
|a− y|s+1

dm(y)

whenever this limit exists. We relate the question of existence of a principal value for Vs with
that of a precise representative in the following

Theorem 1.1. A point a ∈ Rd is a Lebesgue point of Vs if and only if the principal value of Vs exists
at a and

lim
r→0

m(Br(a))

rs
= 0. (1.4)

One then has

V̂s(a) = p.v. Vs(a).

We prove Theorem 1.1 in Sections 2 and 3. That every a ∈ domVs is a Lebesgue point of Vs
and V̂s(a) = Vs(a) can be seen independently from Theorem 1.1 by observing that, for every
r > 0 and y ∈ Rd with y 6= a,  

Br(a)

dx

|x− y|s
≤ Cd,s
|a− y|s
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and then  
Br(a)

∣∣∣∣ x− y
|x− y|s+1

− a− y
|a− y|s+1

∣∣∣∣dx ≤ Cd,s + 1

|a− y|s
for y 6= a.

An application of Fubini’s Theorem and the Dominated Convergence Theorem now gives 
Br(a)

|Vs − Vs(a)| ≤
ˆ
Rd

( 
Br(a)

∣∣∣∣ x− y
|x− y|s+1

− a− y
|a− y|s+1

∣∣∣∣ dx)dm(y)→ 0 as r → 0.

As domVs is contained in the set of Lebesgue points of Vs, we get

dimH (E(Vs)) ≤ dimH (Rd \ domVs) ≤ s. (1.5)

To obtain a more precise quantification of the size of E(Vs), we observe that, by Theo-
rem 1.1, failure of having Lebesgue points may occur either when the principal value of Vs
does not exist at a or

lim sup
r→0

m(Br(a))

rs
> 0.

The latter condition holds on a set of points a with at most σ-finite Hausdorff measureHs.
The question of existence of principal values is more subtle and has been investigated by

Mattila and the third author [8]. The answer involves a capacity κs that is defined on every
compact subset E ⊂ Rd as

κs(E) = supµ(Rd),

where the supremum is computed over all finite nonnegative Borel measures µ supported in
E such that

(a) µ(A) = 0 for every Borel set A ⊂ Rd with σ-finiteHs measure,
(b) the maximal Riesz transform R∗s is a bounded operator from L2(µ) into itself with

‖R∗s(fµ)‖L2(µ) ≤ ‖f‖L2(µ) for every f ∈ (L1 ∩ L2)(µ),

where

R∗s(fµ)(x) := sup
ε>0

∣∣∣∣ˆ
Rd\Bε(x)

x− y
|x− y|s+1

f(y) dµ(y)

∣∣∣∣ for every x ∈ Rd.

As a consequence of [8] and using a straightforward adaptation of the argument in [2], we
show that

Theorem 1.2. For every compact subset E ⊂ E(Vs), one has κs(E) = 0.

Other properties of κs for any 0 < s < d are presented in Section 4, where we also prove
Theorem 1.2 and explain why the latter implies (1.5). A variant of κs was introduced by Prat
in [11], where the author obtains analogous estimates for the Hausdorff dimension of sets of
zero capacity via comparison between capacity and Hausdorff content.

A deep result by Ruiz de Villa and Tolsa [13] ensures that κd−1 is equivalent to the C1-
harmonic capacity. Using this interpretation, the fact that κd−1(E) = 0 means that every
C1 function in Rd that is harmonic in Rd \ E must be harmonic in the entire space Rd. In
dimension d = 2, it follows from work by Tolsa [14] that the C1-harmonic capacity is equiva-
lent to the classical continuous analytic capacity. We then deduce from Theorem 1.2 for s = 1

that

Corollary 1.3. For every finite complex Borel measure ν in C, the exceptional set for Lebesgue points
of the Cauchy integral of ν, defined by convolution as

C(ν)(z) =

ˆ
C

dν(w)

z − w
for almost every z ∈ C,
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has zero continuous analytic capacity.

The preceding corollary is sharp in the sense that there exists a compact set of zero contin-
uous analytic capacity that is exactly the exceptional set of the Cauchy integral of some finite
measure. For instance, take as E the corner quarters planar Cantor set, which has positive and
finite one dimensional Hausdorff measure m. Then, the Cauchy integral C(m) is continuous
in the complement of E and each point of E is an exceptional point of C(m) because (1.4) is
not satisfied; see Proposition 5.2. It would be interesting to know whether the same property
holds for every compact set with zero continuous analytic capacity:

Open problem 1.4. Given a compact set E ⊂ C with zero continuous analytic capacity, does
there exist a finite measure ν such that the set of non-Lebesgue points of C(ν) coincides with
E ?

In Sections 5 and 6, we show that, for Cantor sets E ⊂ C satisfying (1.4) with s = 1 and
equipped with their intrinsic probability measure µ, the Cauchy integralC(µ) always has some
Lebesgue point in E ; see Theorem 5.4. Hence, these sets E cannot be identified as the excep-
tional set of C(µ) for such measures µ, but we do not rule out the existence of another measure
ν with the desired property.

2. PROOF OF THE REVERSE IMPLICATION OF THEOREM 1.1

We first need a couple of estimates related to Vs.

Lemma 2.1. For every a ∈ Rd and every r > 0,
 
Br(a)

(ˆ
B2r(a)

dm(y)

|z − y|s

)
dz ≤ C m(B2r(a))

rs
,

for some constant C > 0 depending on d.

Proof. By Fubini’s theorem,
 
Br(a)

(ˆ
B2r(a)

dm(y)

|z − y|s

)
dz =

ˆ
B2r(a)

( 
Br(a)

dz

|z − y|s

)
dm(y).

For every y ∈ Rd,  
Br(a)

dz

|z − y|s
≤
 
Br(a)

dz

|z − a|s
=
C

rs
,

which gives the conclusion. �

Lemma 2.2. For every a ∈ Rd and every r > 0,
 
Br(a)

(ˆ
Rd\B2r(a)

∣∣∣∣ z − y
|z − y|s+1

− a− y
|a− y|s+1

∣∣∣∣ dm(y)

)
dz ≤ C ′r

ˆ ∞
2r

m(Bt(a))

ts+2
dt,

for some constant C ′ > 0 depending on d.

Proof. To simplify the notation, we may assume that a = 0. For y ∈ Rd \B2r(0) and z ∈ Br(0),
by the Mean Value Theorem there exists 0 ≤ θ ≤ 1 such that∣∣∣∣ z − y

|z − y|s+1
+

y

|y|s+1

∣∣∣∣ ≤ C1|z|
|θz − y|s+1

≤ C2r

|y|s+1
.
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We thus have
 
Br(0)

(ˆ
Rd\B2r(0)

∣∣∣∣ z − y
|z − y|s+1

+
y

|y|s+1

∣∣∣∣dm(y)

)
dz

≤ C2r

 
Br(0)

(ˆ
Rd\B2r(0)

dm(y)

|y|s+1

)
dz = C2r

ˆ
Rd\B2r(0)

dm(y)

|y|s+1
.

Using Cavalieri’s principle, see e.g. Corollary 2.2.34 in [17], one getsˆ
Rd\B2r(0)

dm(y)

|y|s+1
= (s+ 1)

ˆ ∞
2r

m(Bt(0))

ts+2
dt

and the lemma follows. �

To handle the limit as r → 0 of the right-hand side in the estimate in Lemma 2.2, we need
an elementary fact from Real Analysis:

Lemma 2.3. Let h : (0,∞) → R be a bounded measurable function. If lim
t→0

h(t) = 0, then, for every
β > 0,

lim
r→0

rβ
ˆ ∞
r

h(t)

t1+β
dt = 0.

Proof. Given ε > 0, take δ > 0 such that |h(t)| ≤ ε for every 0 < t ≤ δ. For 0 < r < δ, we then
have ∣∣∣∣ˆ ∞

r

h(t)

t1+β
dt

∣∣∣∣ ≤ ∣∣∣∣ˆ δ

r

∣∣∣∣+

∣∣∣∣ˆ ∞
δ

∣∣∣∣ ≤ ε

β

( 1

rβ
+
‖h‖L∞
δβ

)
.

Therefore,

lim sup
r→0

rβ
∣∣∣∣ˆ ∞
r

h(t)

t1+β
dt

∣∣∣∣ ≤ ε

β
.

Since this inequality holds for every ε > 0, the limit equals zero. �

Proof of Theorem 1.1. “⇐=”. We assume that the principal value p.v. Vs(a) exists and the limit
(1.4) holds. For almost every z ∈ Rd,∣∣∣∣Vs(z)− ˆ

Rd\B2r(a)

a− y
|a− y|s+1

dm(y)

∣∣∣∣
≤
∣∣∣∣ˆ

Rd\B2r(a)

z − y
|z − y|s+1

dm(y)−
ˆ
Rd\B2r(a)

a− y
|a− y|s+1

dm(y)

∣∣∣∣
+

∣∣∣∣ˆ
B2r(a)

z − y
|z − y|s+1

dm(y)

∣∣∣∣.
Hence,

 
Br(a)

∣∣∣∣Vs(z)− ˆ
Rd\B2r(a)

a− y
|a− y|s+1

dm(y)

∣∣∣∣dz
≤
 
Br(a)

(ˆ
Rd\B2r(a)

∣∣∣∣ z − y
|z − y|s+1

dm(y)− a− y
|a− y|s+1

∣∣∣∣ dm(y)

)
dz

+

 
Br(a)

(ˆ
B2r(a)

dm(y)

|z − y|s

)
dz.

We then have by Lemmas 2.1 and 2.2,
 
Br(a)

∣∣∣∣Vs(z) − ˆ
Rd\B2r(a)

a− y
|a− y|s+1

dm(y)

∣∣∣∣ dz ≤ C1

(
r

ˆ ∞
2r

m(Bt(a))

ts+2
dt +

m(B2r(a))

rs

)
.

(2.1)
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Denoting by α the principal value of Vs at a, we get
 
Br(a)

|Vs(z)− α|dz

≤ C1

(
r

ˆ ∞
2r

m(Bt(a))

ts+2
dt+

m(B2r(a))

rs

)
+

∣∣∣∣ˆ
Rd\B2r(a)

a− y
|a− y|s+1

dm(y)− α
∣∣∣∣.

As r → 0, the last term converges to zero by definition of principal value. The quantity in
parentheses also converges to zero from the assumption on the measure m, as we can apply
Lemma 2.3 with β = 1 and h(t) = m(Bt(a))/ts for t > 0. �

3. PROOF OF THE DIRECT IMPLICATION OF THEOREM 1.1

We begin with the following estimate:

Proposition 3.1. Let 0 < s ≤ d− 1. For every α ∈ Rd and every r > 0,

m(Br(a))

rs
≤ C

 
B2r(a)

|Vs − α|,

for some constant C > 0 depending on d.

Proof. We may assume that a = 0. We take the inner product of Vs(x) with x/|x| and inte-
grate over the ball B2r(0) for any r > 0. By integrability of the function (x, y) 7→ 1/|x− y|s

with respect to the product measure Hd ⊗m in B2r(0) × Rd we can interchange the order of
integration: ˆ

B2r(0)

Vs(x) · x
|x|

dx =

ˆ
Rd

(ˆ
B2r(0)

x− y
|x− y|s+1

· x
|x|

dx

)
dm(y). (3.1)

By the integration formula in polar coordinates,ˆ
B2r(0)

x− y
|x− y|s+1

· x
|x|

dx =

ˆ 2r

0

(ˆ
∂Bρ(0)

x− y
|x− y|s+1

· x
|x|

dσ(x)

)
dρ, (3.2)

where σ denotes the surface measure on the sphere ∂Bρ(0).
We claim that ˆ

∂Bρ(0)

x− y
|x− y|s+1

· x
|x|

dσ(x) ≥ ε ρd−s−1χBρ(0)(y), (3.3)

for some ε > 0 independent of ρ and y. To this end, note that

x− y
|x− y|s+1

= ∇g(x) where g(x) := − 1

(s− 1)

1

|x− y|s−1
.

When s < d− 1, it follows from the Divergence Theorem in Bρ(0) thatˆ
∂Bρ(0)

x− y
|x− y|s+1

· x
|x|

dσ(x) =

ˆ
Bρ(0)

∆g = (d− s− 1)

ˆ
Bρ(0)

dx

|x− y|s+1
,

which implies (3.3). When s = d− 1, the function g is harmonic in Rd \ {y}. An application of
the Divergence Theorem on Bρ(0) \Bη(y) with η → 0 yields

ˆ
∂Bρ(0)

x− y
|x− y|s+1

· x
|x|

dσ(x) =

Hd−1(∂B1(0)) if y ∈ Bρ(0),

0 if y 6∈ Bρ(0),

which also gives (3.3) and completes the proof of the claim.
Combining (3.2) and (3.3), we getˆ

B2r(0)

x− y
|x− y|s+1

· x
|x|

dx ≥ c rd−sχBr(0)(y),
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which by (3.1) then gives ˆ
B2r(0)

Vs(x) · x
|x|

dx ≥ c rd−sm(Br(0)).

Since x/|x| has zero average, we can subtract any constant vector α in the integrand in the
left-hand side without changing the value of the integral. The conclusion readily follows since
x/|x| is a unit vector. �

When s > d− 1, one has

ˆ
∂Bρ(0)

x− y
|x− y|s+1

· x
|x|

dσ(x) =


(s+ 1− d)

ˆ
Rd\Bρ(0)

dx

|x− y|s+1
if y 6∈ Bρ(0),

(d− s− 1)

ˆ
Bρ(0)

dx

|x− y|s+1
if y ∈ Bρ(0).

In particular, these values have opposite signs, in contrast with the previous proof. We prove
in that case the following counterpart of Proposition 3.1 that is enough for our purposes:

Proposition 3.2. Let d− 1 < s < d. For every α ∈ Rd and every r > 0,

m(Br(a))

rs
≤ C ′

( 
Br(a)

|Vs − α|+ rd−s
ˆ
Rd\Br(a)

|Vs(x)− α|
|x− a|2d−s

dx

)
,

for some constant C ′ > 0 depending on s and d.

As the vector-field (x− a)/|x− a| does not seem to be a convenient choice to test Vs in this
range of s, we rely on a different one that is provided by

Lemma 3.3. Let d− 1 < s < d. For every ϕ ∈ C∞c (Rd), there exists a summable smooth vector-field
Ψ : Rd → Rd such that

´
Rd Ψ = 0,

ϕ(x) =

ˆ
Rd

x− y
|x− y|s+1

·Ψ(y) dy for every x ∈ Rd,

and

|Ψ(x)| ≤ C ′′

(1 + |x|)2d−s for every x ∈ Rd,

for some constant C ′′ > 0 depending on s, d and ϕ.

The existence of Ψ is well-known and can be obtained as a simple exercise using the Fourier
transform and the identity

ϕ̂ =
ẑ

|z|s+1
· Ψ̂ = c

ξ

|ξ|d−s+1
· Ψ̂

for a constant c ∈ C\{0}; see e.g. Section 4 in [4]. For the convenience of the reader, we explain
below that one can take Ψ : Rd → Rd directly given by

Ψ(x) = c′
ˆ
Rd

∇ϕ(y)

|x− y|2d−s−1
dy, (3.4)

with c′ ∈ R \ {0}. Observe that the integral above is well-defined for s > d− 1.

Proof of Lemma 3.3. That Ψ in (3.4) satisfies the desired integral relation with ϕ follows from an
explicit computation of the convolution between the homogeneous functions z/|z|` and 1/|z|j ;
see Lemma 15.10 and Exercise 15.4 in [10] for dimensions d ≥ 2 and d = 1, respectively. We
also note that Ψ is bounded and smooth. Using that

´
Rd ∇ϕ = 0, one writes

Ψ(x) = c′
ˆ
Rd
∇ϕ(y)

(
1

|x− y|2d−s−1
− 1

|x|2d−s−1

)
dy.
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Take R > 0 such that suppϕ ⊂ BR(0). For x ∈ Rd \ B2R(0), an application of the Mean Value
Theorem gives

|Ψ(x)| ≤
ˆ
BR(0)

|∇ϕ(y)|
∣∣∣∣ 1

|x− y|2d−s−1
− 1

|x|2d−s−1

∣∣∣∣dy ≤ (ˆ
Rd
|∇ϕ|

)
C1

|x|2d−s
.

The estimate of |Ψ(x)| in Rd then follows from the boundedness of Ψ. In particular, Ψ is sum-
mable for s < d and one then verifies that

´
Rd Ψ = 0. �

Proof of Proposition 3.2. We may assume that a = 0. Fix a nonnegative function ϕ ∈ C∞c (Rd)
such that ϕ ≥ 1 in B1(0) and let Ψ : Rd → Rd be the vector-field given by Lemma 3.3. For
r > 0, one has by scaling that

ϕ
(x
r

)
=

ˆ
Rd

x− y
|x− y|s+1

·Ψr(y) dy for every x ∈ Rd,

where Ψr(x) := 1
rd−s

Ψ(xr ). Since ϕ ≥ 1 on B1(0) and m is a nonnegative measure, we have

m(Br(0)) ≤
ˆ
Rd
ϕ
(x
r

)
dm(x) =

ˆ
Rd

(ˆ
Rd

x− y
|x− y|s+1

·Ψr(y) dy

)
dm(x).

Then, by Fubini’s theorem,

m(Br(0)) ≤ −
ˆ
Rd
Vs ·Ψr .

Since
´
Rd Ψr = 0, for every α ∈ Rd we get

m(Br(0)) ≤ −
ˆ
Rd

(Vs − α) ·Ψr ≤
ˆ
Rd
|Vs − α||Ψr|. (3.5)

The pointwise estimate satisfied by Ψ gives

|Ψr(x)| = 1

rd−s

∣∣∣Ψ(x
r

)∣∣∣ ≤ C1

( 1

rd−s
χBr(0)(x) +

rd

|x|2d−s
χRd\Br(0)(x)

)
. (3.6)

The conclusion follows by inserting (3.6) in (3.5). �

To handle the additional term that appears in Proposition 3.2, compared to Proposition 3.1,
we need the following

Lemma 3.4. If f ∈ L1(Rd) is such that

lim
r→0

 
Br(a)

f = 0,

then, for every β > 0,

lim
r→0

rβ
ˆ
Rd\Br(a)

f(x)

|x− a|d+β
dx = 0.

Proof. We first prove that, for every r > 0,
ˆ
Rd\Br(a)

f(x)

|x− a|d+β
dx = C1

ˆ ∞
r

1

ρ1+β

( 
Bρ(a)

f

)
dρ− C2

rβ

 
Br(a)

f, (3.7)

for some constants C1, C2 > 0. Indeed, by the integration formula in polar coordinates,
ˆ
Rd\Br(a)

f(x)

|x− a|d+β
dx =

ˆ ∞
r

(ˆ
∂Bρ(a)

f(x)

|x− a|d+β
dσ(x)

)
dρ =

ˆ ∞
r

1

ρd+β

(
d

dρ

ˆ
Bρ(a)

f

)
dρ.

One then gets (3.7) by integration by parts. To conclude, it suffices to apply Lemma 2.3 with
h(t) =

ffl
Bt(a)

f for t > 0. �
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Proof of Theorem 1.1. “=⇒”. Let a be a Lebesgue point of Vs. We first show that the limit (1.4)
holds. To this end, denote by α the precise representative of Vs at a. When 0 < s ≤ d − 1, we
deduce from Proposition 3.1 that

lim sup
r→0

m(Br(a))

rs
≤ C lim

r→0

 
B2r(a)

|Vs − α| = 0,

which implies (1.4). When d − 1 < s < d , we apply Proposition 3.2. In this case, Lemma 3.4
with f = |Vs − α| and β = d − s handles the additional term in the estimate as r → 0 and we
get (1.4) as before.

We next recall that

α = lim
r→0

 
Br(a)

Vs.

Moreover, by estimate (2.1) in the proof of Theorem 1.1, we have∣∣∣∣ 
Br(a)

Vs −
ˆ
Rd\B2r(a)

a− y
|a− y|s+1

dm(y)

∣∣∣∣ ≤ C1

(
r

ˆ ∞
2r

m(Bt(a))

ts+2
dt+

m(B2r(a))

rs

)
.

As r → 0, using (1.4) we deduce from Lemma 2.3 that the right-hand side converges to zero
and then

α = lim
r→0

 
Br(a)

Vs = lim
r→0

ˆ
Rd\B2r(a)

a− y
|a− y|s+1

dm(y).

Thus, by definition, α is the principal value of Vs at a. �

4. THE CAPACITY κs AND PROOF OF THEOREM 1.2

We begin by showing that κs is subadditive:

Proposition 4.1. For all compact subsets E1, E2 ⊂ Rd,

κs(E1 ∪ E2) ≤ κs(E1) + κs(E2).

The capacity κs is equivalent to another one that was known to be semi-additive, that is,
the estimate above is verified with a constant C ≥ 1; see p. 3643 in [13] and Section 2 in [12].

Before proving the proposition, we start with the following observation: If µ is a Borel
measure in Rd that is admissible in the definition of κs(E) and if F ⊂ E is a compact subset,
then, for any Borel subset A ⊂ F , the Borel measure µbA defined by

µbA(B) = µ(A ∩B)

is admissible for κs(F ). Indeed, it suffices to verify the L2 boundedness of the maximal Riesz
transform. Since R∗s is bounded in L2(µ), we can estimateˆ

Rd
|R∗s(fµbA)|2 dµbA ≤

ˆ
Rd
|R∗s(fχAµ)|2 dµ ≤

ˆ
Rd
|fχA|2 dµ =

ˆ
Rd
|f |2 dµbA,

which justifies our assertion.

Proof of Proposition 4.1. Let µ be a nonnegative Borel measure supported inE1∪E2 that satisfies
(a) and (b) in the definition of κs for this set. By the computation above, the measure µbE1 is
admissible for κs(E1) and µbE2\E1

is admissible for κs(E2). Thus,

µ(Rd) = µ(E1 ∪ E2) = µ(E1) + µ(E2 \ E1) ≤ κs(E1) + κs(E2)

and it suffices to take the supremum with respect to µ. �

It follows readily from (a) in the definition of κs that κs(E) = 0 for every compact set E
withHs(E) <∞. Dimension s is critical for κs :
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Proposition 4.2. If E ⊂ Rd is compact and κs(E) = 0, then dimH (E) ≤ s.

Proof. It suffices to prove that if E ⊂ Rd is a compact set with Ht(E) > 0 for some t > s, then
κs(E) > 0. By Frostman’s lemma, there exists a nontrivial finite nonnegative Borel measure µ
supported by E such that

µ(Br(x)) ≤ rt for every x ∈ Rd and r > 0. (4.1)

Hence, µ ≤ C1Ht∞ , where Ht∞ is the Hausdorff content of dimension t. For every set A ⊂ Rd

with σ-finite Hs measure, we have Ht∞(A) = 0. Then, µ(A) = 0 and the first requirement in
the definition of κs(E) is satisfied.

Next, for every f ∈ (L1 ∩ L2)(µ) and every x ∈ Rd,

|R∗s(fµ)(x)| ≤
ˆ
Rd

|f(y)|
|x− y|s

dµ(y).

Then, by Young’s inequality,

‖R∗s(fµ)‖L2(µ) ≤
(ˆ

Rd

dµ(z)

|z|s

)
‖f‖L2(µ).

By Cavalieri’s principle, ˆ
Rd

dµ(z)

|z|s
= s

ˆ ∞
0

µ(Br(0))

rs+1
dr.

Since µ is finite and satisfies (4.1) with exponent t > s,ˆ ∞
0

µ(Br(0))

rs+1
dr ≤

ˆ 1

0

rt

rs+1
dr +

ˆ ∞
1

µ(Rd)
rs+1

dr <∞.

Therefore,
‖R∗s(fµ)‖L2(µ) ≤ C2‖f‖L2(µ),

which implies that µ/C2 is a nontrivial admissible measure in the definition of κs(E). In par-
ticular, κs(E) > 0. �

The proof of Theorem 1.2 relies on Theorem 1.6 of [8] concerning the existence of prin-
cipal values for the Riesz transform. We recall that from [8] one knows that, for every finite
nonnegative Borel measure µ in Rd such that

lim
r→0

µ(Br(x))

rs
= 0 for µ-almost every x ∈ Rd (4.2)

and
‖R∗s(fµ)‖L2(µ) ≤ C‖f‖L2(µ) for every f ∈ (L1 ∩ L2)(µ), (4.3)

the principal value of

x 7−→
ˆ
Rd

x− y
|x− y|s+1

dµ(y) (4.4)

exists µ-almost everywhere.
We observe that in the statement of Theorem 1.6 in [8] one also assumes

µ(Br(x)) ≤ C ′rs for every x ∈ Rd and r > 0,

but such a property is a consequence of the uniform boundedness of the Riesz transform given
by (4.3) and the fact that, by (4.2), the measure µ cannot charge points; see Proposition 1.4 in
Part III of [3].

We also need a standard property from Measure Theory:

Proposition 4.3. If µ is a finite nonnegative Borel measure in Rd such that µ(A) = 0 for every Borel
set A ⊂ Rd with σ-finiteHs measure, then (4.2) holds.



THE PRECISE REPRESENTATIVE FOR THE GRADIENT OF THE RIESZ POTENTIAL 11

Proof. Since µ does not charge sets with finite Hs measure, by Proposition 3.2 in [9] for every
ε > 0 one finds a compact set K ⊂ Rd with µ(Rd \ K) ≤ ε such that, for every c > 0, there
exists δ > 0 with

µbK(Br(x)) ≤ crs for every x ∈ Rd and 0 < r ≤ δ.

Thus,

lim
r→0

µbK(Br(x))

rs
= 0 for every x ∈ Rd. (4.5)

On the other hand, by the Besicovitch Differentiation Theorem,

lim
r→0

µbK(Br(x))

µ(Br(x))
= 1 for µ-almost every x ∈ K. (4.6)

Combining (4.5) and (4.6), one gets the limit in (4.2) for µ-almost every x ∈ K. Since µ(Rd\K) ≤
ε and ε > 0 is arbitrary, the conclusion follows. �

Proof of Theorem 1.2. Let µ be a finite nonnegative Borel measure that is admissible for κs(E),
where E is any compact subset of E(Vs). By Theorem 1.1, we can write this set as E = E1 ∪E2,
where

E1 :=

{
x ∈ E : lim sup

r→0

µ(Br(x))

rs
> 0

}
and

E2 :=
{
x ∈ E : p.v. Vs(x) does not exist

}
.

On one hand, since E1 is σ-finite for Hs and µ does not charge those sets, µ(E1) = 0. On the
other hand, from Proposition 4.3 above and Theorem 1.6 in [8] we know that the principal
value of Vs exists µ-almost everywhere in Rd. Hence, µ(E2) = 0. We thus have

µ(Rd) = µ(E) ≤ µ(E1) + µ(E2) = 0,

for every measure µ that is admissible for κs(E). Therefore, κs(E) = 0. �

As a final observation, (1.5) can also be deduced as a consequence of Theorem 1.2. Indeed,
if we had dim E(Vs) > s, then for any s < t < dim E(Vs) one could find a compact subset
F ⊂ E(Vs) such thatHt(F ) > 0; see Theorem 8.13 in [7]. Such a property would then contradict
Proposition 4.2 above.

5. PLANAR CANTOR SETS AND THE CAUCHY INTEGRAL

We investigate in this section the existence of principal values of the Cauchy integral for the
intrinsic probability measure on Cantor sets in R2 which we identify with the complex plane
C. We first review the definition of the Cantor sets we shall be dealing with. Take a sequence
Λ = (λn)n∈N∗ with 0 < λn < 1/2 for every n, where N∗ = N \ {0}. Start with the square
S0 = [0, 1]2 with sides parallel to the coordinate axes and side length σ0 := 1. Take 4 squares
of side length σ1 := λ1 inside S0 with sides parallel to the coordinate axes, each containing a
vertex of S0. Repeat the operation in each of the 4 squares obtained with λ2 as the compression
factor. We then obtain 16 squares of side length σ2 := λ1λ2. Repeating inductively the process
we get at the nth generation 4n squares of side length

σn := λ1 · · ·λn.

Denote these squares by Sn,α with α ∈ {1, 2, . . . , 4n}. The Cantor set associated with the se-
quence Λ is

E(Λ) :=

∞⋂
n=1

4n⋃
α=1

Sn,α. (5.1)
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The intrinsic probability measure µ on E(Λ) that we consider has the property

µ(Sn,α) = 1/4n for every n and α.

Example 5.1. When λn = 1/4 for every n,E(Λ) is called the Garnett-Ivanov set. In this case, the
intrinsic measure µ is a positive multiple of the one-dimensional Hausdorff measure on E(Λ).
This is the simplest example of a compact set having positive length but zero analytic capacity.
Another interesting family of Cantor sets E(Λ) arises setting, for a given 0 < β < ∞ and for
every n sufficiently large,

λn =
1

4

(
1 +

β

n

)
. (5.2)

In this case, one has σn ∼ nβ/4n.

When the intrinsic measure µ has zero linear density, that is

µ(Sn,α)

σn
=

1

4nσn
→ 0 as n→∞,

assumption (1.4) of Theorem 1.1 with s = 1 is satisfied by µ. Hence, a ∈ E(Λ) is a Lebesgue
point of C(µ) if and only if C(µ) has a principal value at a. Using the result concerning µ-
almost everywhere existence of principal values from [8], one has the following

Proposition 5.1. If
∞∑
n=1

1

(4nσn)2
<∞, (5.3)

then C(µ) has a principal value for µ-almost every point in E(Λ).

Proof. By Theorem 1 in [6], assumption (5.3) is equivalent to the fact that E(Λ) has positive
analytic capacity, which is also equivalent to L2(µ) boundedness of C(µ). The conclusion then
readily follows from Theorem 1.6 in [8]. �

Since the Garnett-Ivanov set E(Λ) has positive linear density, by Theorem 1.1 the Cauchy
integral C(µ) has no Lebesgue points on E(Λ). In fact, failure of Theorem 1.1 in this case is
twofold and also concerns the non-existence of principal values of C(µ) on E(Λ):

Proposition 5.2. If E(Λ) is the Garnett-Ivanov set, then C(µ) does not have a principal value at any
point of E(Λ).

Proof. Let a ∈ E(Λ) and let Qn denote the unique square of generation n that contains a. One
has E(Λ) \ B√2/4n(a) = E(Λ) \Qn. Hence, if the principal value of the Cauchy integral exists
at a, then we get that the limit

lim
n→∞

ˆ
E(Λ)\Qn

dµ(z)

z − a
also exists. In particular,

lim
n→∞

ˆ
Qn\Qn+1

dµ(z)

z − a
= 0.

Making a dilation of factor 4n = 1/σn followed by an appropriate translation we transform
Qn into the initial square S0 , the point a is mapped to a point bn in E(Λ), and Qn+1 is mapped
into the square Q̃1 of first generation that contains bn. Thus, since µ(Qn) = σn = 1/4n,

ˆ
Qn\Qn+1

dµ(z)

z − a
=

1

4nσn

ˆ
S0\Q̃1

dµ(z)

z − bn
=

ˆ
S0\Q̃1

dµ(z)

z − bn
.
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To reach a contradiction, we only have to check that this last integral is bounded away from 0.
It is more convenient to look at the conjugate kernel, since

1

z − bn
=

z − bn
|z − bn|2

.

Let us assume for simplicity thatQn+1 is the upper-right square insideQn. Then, Q̃1 has the
same relative position inside S0. One verifies geometrically in this case that if ~u := (−1,−1),
then the half-space

{
z ∈ R2 : 〈z − bn, ~u〉 > 0

}
contains S0 \ Q̃1, where the angle brackets mean

scalar product in the plane. Therefore, by linearity of the integral,〈ˆ
S0\Q̃1

dµ(z)

z − bn
, ~u
〉
≥ δ > 0,

for some δ > 0 independent of n. A similar argument holds when Qn+1 is any other square
of generation n+ 1 in Qn , by choosing ~u accordingly. We then deduce that E(Λ) has no point
where C(µ) has a principal value. �

When (5.3) fails, one has the following property concerning the non-existence of principal
values of C(µ) on E(Λ):

Proposition 5.3. If
∞∑
n=1

1

(4nσn)2
=∞, (5.4)

then C(µ) does not have a principal value for µ-almost every point in E(Λ).

Proof. We rely on a strong result of Tolsa [15, Section 8.15], who proved in a much more general
context that the set

P (Λ) :=
{
z ∈ E(Λ) : p.v. C(µ)(z) exists

}
(5.5)

is the union of a set of zero µ measure and a sequence of subsets Fl in E(Λ) such that µbFl has
finite Menger curvature, that is ˚

F 3
l

dµ(z) dµ(w) dµ(ζ)

R2(z, w, ζ)
<∞, (5.6)

whereR(z, w, ζ) is the radius of the circle through z,w and ζ ; when two of these point coincide,
R(z, w, ζ) =∞.

For each l ∈ N, let a ∈ E(Λ) be a point of density of Fl for µ with respect to squares, that is

lim
r→0

µ(Qr(a) ∩ Fl)
µ(Qr(a))

= 1.

Here, Qr(a) denotes the square centred at a with side length 2r. The set of points of density
coincides, modulo a set of vanishing µ measure, with the set of points a satisfying

lim
n→∞

µ(Qn ∩ Fl)
µ(Qn)

= 1, (5.7)

where Qn is the square of generation n that contains a. This follows by considering the maxi-
mal dyadic function

M(f)(a) = sup
n

1

µ(Qn)

ˆ
Qn

|f |dµ for f ∈ L1(µ).

Indeed, one first shows that this maximal function satisfies a weak type inequality, from which
the argument can then be completed in the standard way.

Inside Qn , let us take two squares of generation n + 1 different from Qn+1 , say Sn+1,1

and Sn+1,2. For every n ∈ N1 :=
{
n ∈ N : λn ≤ 1/3

}
, the sets Qn+1 , Sn+1,1 and Sn+1,2 are
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uniformly away from each other relatively to σn , that is, if w and ζ are two points belonging
to distinct sets, then

|w − ζ| ≥ σn(1− 2λn) ≥ σn
3
.

We then have for each n ∈ N1 ,

R(a,w, ζ) ∼ σn for every w ∈ Sn+1,1 and ζ ∈ Sn+1,2.

As the sets Sn+1,j are pairwise disjoint for j ∈ {1, 2}, for every n ∈ N1 we can estimate¨
F 2
l

dµ(w) dµ(ζ)

R2(a,w, ζ)
≥
∑
n∈N1

ˆ
Sn+1,1∩Fl

ˆ
Sn+1,2∩Fl

dµ(w) dµ(ζ)

R2(a,w, ζ)

≥ C1

∑
n∈N1

µ(Sn+1,1 ∩ Fl)µ(Sn+1,2 ∩ Fl)
σ2
n

.

(5.8)

Let us assume that a satisfies (5.7). Then, there exists N ∈ N such that for n ≥ N and
j ∈ {1, 2},

µ(Sn+1,j ∩ Fl) ≥
1

2
µ(Sn+1,j) =

1

2

1

4n+1
.

It thus follows from (5.8) that¨
F 2
l

dµ(w) dµ(ζ)

R2(a,w, ζ)
≥ C1

43

∑
n∈N1
n≥N

1

(4nσn)2
. (5.9)

A simple computation shows that∑
n∈N\N1

1

(4nσn)2
≤ 3

(
1 +

∑
n∈N1

1

(4nσn)2

)
.

From (5.4), we then deduce that the series in (5.9) diverges, whence so does the integral in the
left-hand side. Since this holds for µ-almost all density point a of Fl , we deduce from (5.6) that
µ(Fl) = 0 for every l. Therefore, µ(P (Λ)) = 0. �

When Λ is given by (5.2) for n large, one has that (5.4) holds provided that β ≤ 1/2 and
then C(µ) does not have a principal value for µ-almost every point in E(Λ). We prove never-
theless in the next section that, when E(Λ) has linear density zero, C(µ) has a principal value
somewhere in E(Λ):

Theorem 5.4. Let Λ be such that
∞∑
n=1
|λn − λn+1| < ∞. If the sequence (4nσn)n∈N is nondecreasing

and
lim
n→∞

4nσn =∞, (5.10)

then there exists a ∈ E(Λ) such that C(µ) has a principal value at a. Equivalently, there exists a
Lebesgue point of C(µ) in E(Λ).

Observe that (4nσn)n∈N is nondecreasing if and only if λn ≥ 1/4 for every n ∈ N∗. We recall
that a point in the Cantor setE(Λ) is uniquely determined by a decreasing sequence of squares
Qn, where Qn is the square of generation n that contains the point. The point a that we use in
Theorem 5.4 is obtained by requiring that it belongs to the upper-right square (position I) of
first generation, the lower-left square (position III) of second generation and so on, alternating
positions I and III at each generation. We call a the alternating point of E(Λ). It is chosen so that
maximal cancellation is achieved in the computation of the principal value of C(µ) at a. We
are indebted to P. Mattila for the suggestion of considering such a point.
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Theorem 5.4 provides one with a general condition which ensures that P (Λ) given by (5.5)
is non-empty. A challenging problem is

Open problem 5.5. Given a sequence Λ satisfying (5.10), estimate the Hausdorff dimension of
the set P (Λ).

As Theorem 5.4 concerns the intrinsic measure µ, another interesting question is

Open problem 5.6. Does there exist a compactly supported positive Borel measure ν in C with

lim
r→0

ν(Br(a))

r
= 0 for every a ∈ C

and such that C(ν) does not have a principal value at any point of supp ν ? In case the answer
is affirmative, then supp ν would coincide with the set of non-Lebesgue points of C(ν).

6. PROOF OF THEOREM 5.4

We proceed by assuming that there exists δ > 0 such that

λn ≤
1

2
− δ for every n ∈ N∗. (6.1)

Since the sequence Λ converges and λn < 1/2 for every n, when (6.1) fails one must have
λn → 1/2. This case can be easily handled by a separate argument, with a stronger conclusion,
and will be briefly explained at the end of the section.

Given a ∈ E(Λ), to prove the existence of

lim
r→0

ˆ
C\Br(a)

dµ(z)

z − a
, (6.2)

it suffices to prove that the following limit exists:

lim
n→∞

ˆ
C\Qn

dµ(z)

z − a
, (6.3)

where Qn is the square of generation n that contains a. To see this, one can argue as follows:
Given r > 0, let n be the largest nonnegative integer such that Br(a) ∩ E(Λ) ⊂ Qn. We then
write ˆ

C\Br(a)

dµ(z)

z − a
=

ˆ
C\Qn

dµ(z)

z − a
+

ˆ
Qn\Br(a)

dµ(z)

z − a
. (6.4)

Note that ˆ
Qn\Br(a)

dµ(z)

|z − a|
≤ µ(Qn)

r
≤ 1

2δ

1

4nσn
. (6.5)

Indeed, as there exists x ∈ (Br(a) ∩ E(Λ)) \Qn+1 , using (6.1) we have

r ≥ |x− a| ≥ σn − 2σn+1 = σn(1− 2λn+1) ≥ 2δσn.

Since the right-hand side of (6.5) converges to zero as n → ∞, we have from (6.4) that the
existence of the limit (6.3) implies that of (6.2).

We investigate the existence of (6.3) using the Cauchy criterion. By additivity of the inte-
gral, for every m > n ≥ 1 we may write

ˆ
Qn\Qm

dµ(z)

z − a
=

m−1∑
j=n

ˆ
Qj\Qj+1

dµ(z)

z − a
. (6.6)

We now focus on the integrals in the right-hand side:
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Lemma 6.1. Let a be the alternating point of E(Λ). Then, for every j ∈ N∗,
ˆ
Qj\Qj+1

dµ(z)

z − a
=

(−1)j

4jσj

ˆ
Q0\Q̃1,j

dµ̃j(z)

z − ãj
,

where ãj is the alternating point of the Cantor set E(Λ̃j) associated with the shifted sequence Λ̃j =

(λj+1, λj+2, . . .), Q̃1,j is the square of generation 1 with side length λj+1 that contains ãj in the
construction of E(Λ̃j) and µ̃j is the intrinsic probability measure associated with E(Λ̃j).

Proof. We translate the squares Qj and Qj+1 using the map z 7→ z − bj , where bj is the lower
left-hand vertex of Qj and then rescale the resulting sets with z 7→ z/σj . As a result Qj ,
with side length σj , is transformed to the unit square Q0. The combination of both maps
transforms the measure µ in Qj to the rescaled measure µ̃j/4j in Q0. When j is even, the point
a is mapped to ãj since Qj+1 and Q̃1,j are both squares with relative position I inside Qj and
Q0, respectively. We then get

ˆ
Qj\Qj+1

dµ(z)

z − a
=

1

4jσj

ˆ
Q0\Q̃1,j

dµ̃j(z)

z − ãj
.

In contrast, when j is odd, Qj+1 is a square with position III inside Qj , while Q̃1,j has position
I in Q0. Thus, a is mapped to another point âj in E(Λ̃j) that arises using the reverted positions
III, I, III, I, . . . We have in this caseˆ

Qj\Qj+1

dµ(z)

z − a
=

1

4jσj

ˆ
Q0\Q̂1,j

dµ̃j(z)

z − âj
,

where Q̂1,j is the square of generation 1 in Q0 with side-length λj+1 at position III. Using the
reflection R : z 7→ (1 + i) − z around the center (1 + i)/2 of Q0 , we have R(Q̂1,j) = Q̃1,j and
R(âj) = ãj . Since µ̃j is invariant under R by symmetry of E(Λ̃j), by a change of variable in
the integral we then get

ˆ
Q0\Q̂1,j

dµ̃j(z)

z − âj
=

ˆ
Q0\Q̃1,j

dµ̃j(w)

(1 + i)− w − âj
=

ˆ
Q0\Q̃1,j

dµ̃j(w)

ãj − w
,

which gives the conclusion when j is odd. �

We assume henceforth that a is the alternating point of E(Λ). By (6.6) and Lemma 6.1, we
have ˆ

Qn\Qm

dµ(z)

z − a
=

m−1∑
j=n

AjIj , (6.7)

where

Aj :=
(−1)j

4jσj
and Ij :=

ˆ
Q0\Q̃1,j

dµ̃j(z)

z − ãj
.

Observe that the sequence (Ij)j∈N∗ is bounded. Indeed, the squares of generation 1 in the
construction of E(Λ̃j) are away from each other by a distance of at least 1− 2λj+1 ≥ 2δ. Thus,

|Ij | ≤
µ̃j(Q0)

1− 2λj+1
≤ 1

2δ
. (6.8)

Using Abel’s summation method, we write the sum in (6.7) as follows

ˆ
Qn\Qm

dµ(z)

z − a
=

m−2∑
j=n

( j∑
k=n

Ak

)
(Ij − Ij+1) +

(m−1∑
k=n

Ak

)
Im−1. (6.9)
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By assumption, the sequence
(
(−1)kAk

)
k∈N is non-increasing. From a property of alternate

sums,

0 ≤ (−1)n
j∑

k=n

Ak ≤ (−1)nAn =
1

4nσn
.

It then follows from (6.8) and (6.9) that∣∣∣∣ˆ
Qn\Qm

dµ(z)

z − a

∣∣∣∣ ≤ 1

4nσn

(m−2∑
j=n

|Ij − Ij+1|+
1

2δ

)
. (6.10)

Lemma 6.2. For every j ∈ N, we have

|Ij − Ij+1| ≤ C
∞∑

l=j+1

1

2l−j
|λl − λl+1|.

Proof. Without loss of generality we may assume that j = 0, in which case Λ̃0 = Λ and Q̃1,0 =

Q1. Given k ∈ N∗, we recall that Sk,α with α ∈ {1, . . . , 4k} are the squares of side length
σk of generation k that are used in the construction of E(Λ). We may label them so that, for
α ∈ {1, . . . , 3 · 4k−1}, the squares Sk,α cover E(Λ) \Q1. Denote the center of Sk,α by ck,α. Since
the measure µ̃0 = µ is supported by E(Λ) and µ(Sk,α) = 1/4k for every α, by additivity of the
integral we have

I0 =

ˆ
Q0\Q1

dµ(z)

z − a
=

3·4k−1∑
α=1

ˆ
Sk,α

( 1

z − a
− 1

ck,α − a

)
dµ(z) +

1

4k

3·4k−1∑
α=1

1

ck,α − a
.

Since the distance between Sk,α and Q1 is larger than 1 − 2λ1 ≥ 2δ, applying the Mean Value
Theorem for every z ∈ Sk,α ,∣∣∣ 1

z − a
− 1

ck,α − a

∣∣∣ ≤ C1|z − ck,α| ≤ C2 σk ,

where the constants involved depend on δ. Since λk ≤ 1/2 for every k, we have that σk ≤ 1/2k

and then∣∣∣∣I0 − 1

4k

3·4k−1∑
α=1

1

ck,α − a

∣∣∣∣ ≤ 3·4k−1∑
α=1

ˆ
Sk,α

∣∣∣ 1

z − a
− 1

ck,α − a

∣∣∣dµ(z) ≤ 3 · 4k−1 · C2 σk
4k

≤ C2

2k
. (6.11)

Analogously, let us denote by S′k,α the squares of side length σ′k := λ2 · · ·λk+1 of generation
k that are used in the construction of E(Λ̃1) and by c′k,α their centers. We label these squares
so that Sk,α and S′k,α have the same relative position inside Q0 for every α ∈ {1, . . . , 4k}. In
particular, if (αk)k∈N∗ is the sequence of integers such that a ∈ Sk,αk for every k ∈ N∗ , then

ck,αk → a and c′k,αk → ã1. (6.12)

Using the counterpart of (6.11) for the shifted sequence Λ̃1, by the triangle inequality we get

|I0 − I1| ≤
1

4k

3·4k−1∑
α=1

∣∣∣ 1

ck,α − a
− 1

c′k,α − ã1

∣∣∣+
C2

2k−1
.

By the Mean Value Theorem, for every α ∈ {1, . . . , 3 · 4k−1},∣∣∣ 1

ck,α − a
− 1

c′k,α − ã1

∣∣∣ ≤ C3

(
|ck,α − c′k,α|+ |a− ã1|

)
.

Thus,

|I0 − I1| ≤
C3

4k

3·4k−1∑
α=1

|ck,α − c′k,α|+ C3|a− ã1|+
C2

2k−1
. (6.13)
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Claim. For every k ∈ N∗ and every α ∈ {1, . . . , 4k},

|ck,α − c′k,α| ≤ 4
√

2

k∑
l=1

1

2l
|λl − λl+1|. (6.14)

Proof of the Claim. We first show that each coordinate of ck,α is a polynomial of the form

Pk,α(λ1, . . . , λk) = β0 + β1 λ1 + β2 λ1λ2 + · · ·+ βk λ1 · · ·λk, (6.15)

where βj ∈ {0,−1, 1} for every j ∈ {0, 1, . . . , k − 1} and βk ∈ {−1/2, 1/2}. Let us focus for
example on the first component. The first coordinate of c1,α is of the form

1

2
± 1

2
(1− λ1) =

1

2
± 1

2
∓ 1

2
λ1.

so the conclusion holds for k = 1. We now take any k ≥ 1, a point ck+1,α and the square Sk,α̃ of
generation k that contains it, including three other centers of generation k+ 1. Then, assuming
that the first component xk of ck,α̃ is of the form (6.15), the first coordinate of ck+1,α is then
given by

xk ±
1

2
(σk − σk+1) = β0 + β1 λ1 + β2 λ1λ2 + · · ·+

(
βk ±

1

2

)
λ1 · · ·λk ∓

1

2
λ1 · · ·λk+1,

which also has the form (6.15) for k + 1 as we wanted to show.
The coefficients of the polynomials Pk,α associated with the components of ck,α depend

solely on k and α. Hence, the components of c′k,α are given by the same polynomials, but
evaluated at (λ2, . . . , λk+1). For example, if xk and x′k denote one of their components, then

xk − x′k = Pk,α(λ1, . . . , λk)− Pk,α(λ2, . . . , λk+1)

= β1(λ1 − λ2) + β2(λ1λ2 − λ2λ3) + · · ·+ βk(λ1 · · ·λk − λ2 · · ·λk+1)

= β1(λ1 − λ2) + β2λ2(λ1 − λ3) + · · ·+ βkλ2 · · ·λk(λ1 − λk+1).

Using the triangle inequality and the fact that λj ≤ 1/2 for each j, we get

|ck,α − c′k,α| ≤
√

2
(
|λ1 − λ2|+ λ2|λ1 − λ3|+ · · ·+ λ2λ3 · · ·λk|λ1 − λk+1|

)
≤ 2
√

2

k∑
j=1

1

2j
|λ1 − λj+1|.

Using that |λ1 − λj+1| ≤
j∑
l=1

|λl − λl+1| and interchanging the order of summation, the claim

follows. �

Applying estimate (6.14) with the sequence of integers (αk)k∈N∗ that satisfies (6.12) and
letting k →∞, we deduce that

|a− ã1| ≤ 4
√

2

∞∑
l=1

1

2l
|λl − λl+1|.

By the Claim and (6.13) we thus have, for every k ≥ 1,

|I0 − I1| ≤ C4

∞∑
l=1

1

2l
|λl − λl+1|+

C2

2k−1
.

Letting k →∞, the lemma follows. �
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Combining (6.10) and Lemma 6.2, for every m > n ≥ 1 we get∣∣∣∣ˆ
Qn\Qm

dµ(z)

z − a

∣∣∣∣ ≤ C5

4nσn

( ∞∑
j=n

∞∑
l=j+1

1

2l−j
|λl − λl+1|+

1

2δ

)
.

Interchanging the order of summation, we deduce that∣∣∣∣ˆ
Qn\Qm

dµ(z)

z − a

∣∣∣∣ ≤ C5

4nσn

( ∞∑
l=n+1

|λl − λl+1|+
1

2δ

)
.

Recalling that
∞∑
l=1

|λl − λl+1| <∞, we then have∣∣∣∣ˆ
Qn\Qm

dµ(z)

z − a

∣∣∣∣ ≤ C6

4nσn
for every m > n ≥ N .

Since 4nσn → ∞ as n → ∞, we conclude that the limit in (6.3) exists and then the Cauchy
integral of µ has a principal value at a.

To complete the proof, it remains to consider the case where (6.1) fails, which implies that
λn → 1/2 as n→∞. The argument here does not require the monotonicity of Λ. Indeed, from
the convergence of Λ to 1/2, for every 1 < s < 2 there exists a constant C7 > 0 such that

µ(Br(a)) ≤ C7 r
s for every a ∈ C and r > 0.

Given any a ∈ C, by Cavalieri’s principle one then getsˆ
C

dµ(z)

|z − a|
=

ˆ ∞
0

µ(Br(a))

r2
dr <∞.

Hence, the principal value of C(µ) exists everywhere. �

ACKNOWLEDGEMENTS

The authors would like to thank L. Grafakos and P. Mattila for an interesting correspon-
dence. J. Cufí acknowledges partial support from grant 2017SGR358 (Generalitat de Catalunya)
and J. Verdera from grants 2017SGR395 (Generalitat de Catalunya), MTM2016–75390 and PID2020-
112881GB-I00 (Ministerio de Educación y Ciencia). A. C. Ponce is grateful for the invitation,
hospitality and support of the Departament de Matemàtiques of the Universitat Autònoma de
Barcelona. He also acknowledges support of the Fonds de la Recherche scientifique (F.R.S.–
FNRS) from grant J.0020.18.

REFERENCES

[1] L. Carleson, Selected problems on exceptional sets, Van Nostrand Mathematical Studies, No. 13, Van Nostrand,
Princeton, NJ, 1967. ↑1

[2] J. Cufí and J. Verdera, Differentiability properties of Riesz potentials of finite measures and non-doubling Calderón-
Zygmund theory, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 18 (2018), no. 3, 1081–1123. ↑2, 3

[3] G. David, Wavelets and singular integrals on curves and surfaces, Lecture Notes in Mathematics, vol. 1465, Springer-
Verlag, Berlin, 1991. ↑10

[4] V. Eiderman, F. Nazarov, and A. Volberg, The s-Riesz transform of an s-dimensional measure in R2 is unbounded for
1 < s < 2, J. Anal. Math. 122 (2014), 1–23. ↑7

[5] L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions, Revised edition, Textbooks in Mathe-
matics, CRC Press, Boca Raton, FL, 2015. ↑2

[6] J. Mateu, X. Tolsa, and J. Verdera, The planar Cantor sets of zero analytic capacity and the local T (b) theorem, J. Amer.
Math. Soc. 16 (2003), 19–28. ↑12

[7] P. Mattila, Geometry of sets and measures in Euclidean spaces: Fractals and rectifiability, Cambridge Studies in Ad-
vanced Mathematics, vol. 44, Cambridge University Press, Cambridge, 1995. ↑11



20 JULIÀ CUFÍ, AUGUSTO C. PONCE, AND JOAN VERDERA

[8] P. Mattila and J. Verdera, Convergence of singular integrals with general measures, J. Eur. Math. Soc. (JEMS) 11 (2009),
no. 2, 257–271. ↑3, 10, 11, 12

[9] A. C. Ponce, Singularities of the divergence of continuous vector fields and uniform Hausdorff estimates, Indiana Univ.
Math. J. 62 (2013), no. 4, 1055–1074. ↑11

[10] , Elliptic PDEs, measures and capacities: From the Poisson equation to nonlinear Thomas-Fermi problems, EMS
Tracts in Mathematics, vol. 23, European Mathematical Society (EMS), Zürich, 2016. ↑2, 7

[11] L. Prat, Potential theory of signed Riesz kernels: capacity and Hausdorff measure, Int. Math. Res. Not. 19 (2004), 937–981.
↑3

[12] , On the semiadditivity of the capacities associated with signed vector valued Riesz kernels, Trans. Amer. Math.
Soc. 364 (2012), no. 11, 5673–5691. ↑9

[13] A. Ruiz de Villa and X. Tolsa, Characterization and semiadditivity of the C1-harmonic capacity, Trans. Amer. Math.
Soc. 362 (2010), no. 7, 3641–3675. ↑3, 9

[14] X. Tolsa, The semiadditivity of continuous analytic capacity and the inner boundary conjecture, Amer. J. Math. 126 (2004),
no. 3, 523–567. ↑3

[15] , Analytic capacity, the Cauchy transform, and non-homogeneous Calderón-Zygmund theory, Progress in Math-
ematics, Birkhäuser/Springer, New York, 2014. ↑13

[16] J. Verdera, Capacitary differentiability of potentials of finite Radon measures, Ark. Mat. 57 (2019), 437–450. ↑2
[17] M. Willem, Functional analysis: Fundamentals and applications, Cornerstones, Birkhäuser/Springer, New York, 2013.

↑5

JULIÀ CUFÍ

UNIVERSITAT AUTÒNOMA DE BARCELONA

DEPARTAMENT DE MATEMÀTIQUES

08193 BELLATERRA, BARCELONA, CATALONIA

Email address: jcufi@mat.uab.cat

AUGUSTO C. PONCE

UNIVERSITÉ CATHOLIQUE DE LOUVAIN

INSTITUT DE RECHERCHE EN MATHÉMATIQUE ET PHYSIQUE

CHEMIN DU CYCLOTRON 2, L7.01.02
1348 LOUVAIN-LA-NEUVE, BELGIUM

Email address: Augusto.Ponce@uclouvain.be

JOAN VERDERA

UNIVERSITAT AUTÒNOMA DE BARCELONA

DEPARTAMENT DE MATEMÀTIQUES

AND

CENTRE DE RECERCA MATEMÀTICA

08193 BELLATERRA, BARCELONA, CATALONIA

Email address: jvm@mat.uab.cat


