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Abstract The numerical study of the wake of full scale slender devices such as aircraft wings and wind
turbine blades requires high-fidelity large eddy simulation tools. The broad spectrum of scales involved
entails the use of coarse-grain models for the devices. Actuator disk or line methods have been developed
for that purpose, and are to date the most employed in that context. These methods transfer the force
from the device to the fluid using 3-D mollification functions. A novel Immersed Lifting and Dragging
Line method is here presented, together with its implementation in a hybrid Vortex Particle-Mesh flow
solver. The line models the effect of blades or wings on the flow through the generation of vorticity, in a
Lagrangian manner. This has several advantages over the treatment inherent to actuator methods: the
absence of mollification in the spanwise direction and the relaxation of the classical Courant–Friedrichs–
Lewy condition contribute to keeping the accuracy and the efficiency at a high level. The method is
thoroughly verified against theory using results on various airfoils and wings. Finally, the efficiency of the
approach is illustrated with the simulation of the wake of an elliptical wing. The role of parasitic drag in
the development of wake instabilities is pointed out, by comparing configurations with none, moderate
and high profile drag. In the last case, the simulation captures the fine scales vortex dynamics and the
establishment of a turbulent wake over a length of 30 wing spans.

Keywords vortex particle-mesh method · wake · large eddy simulation · elliptical wing · lifting line ·
drag model

1 Introduction

Wake flows have known a constantly renewed interest over the last decades, ranging from the vortical wake
of aircraft and rotorcraft to the complex interactions between turbines in wind farms. The behavior of
wake structures, and their decay, is indeed capital for the prediction of the performances of aerodynamic
devices such as wings and blades, especially when they interact with a wake produced by another such5

device. It is therefore essential to develop tools able to characterize the generation of the fine vortical
structures shed by those devices, their rollup into vortices, their advection over large distances and their
subsequent instabilities and transition to turbulence, which all drive the trajectory and the demise of the
wake.
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As reported in recent reviews [1,14], high fidelity wake studies have recourse to Large Eddy Simu-10

lation (LES), due to the high Reynolds numbers involved. The aerodynamic devices are also commonly
accounted for through coarser models, as the high computational cost associated with wall-resolved sim-
ulations is incompatible with the need for simulating the unsteady wake over large distances.

In that respect, it was proposed to replace the effect of the device on the flow by a body force, such
as in the Actuator Line Method (ALM), presented e.g. in [40,18]. The forces, which are evaluated using15

local variables (mainly the velocity and the angle of attack) and a model for the airfoil aerodynamics, are
distributed along the blade center line. Because these forces need to be captured on the computational
grid, their support (i.e. the line) must be regularized so that each contribution to the forces spreads over
several computational cells. This regularization involves a kernel function which describes the spacial
extent of the distribution, and is referred to as ‘mollification’.20

The influences of the parameters of the kernel (usually, 3-D Gaussian) were investigated in [39,20,25].
The results were shown to be highly sensitive to mollification characteristics, as they affect the size and
the strength of the shed structures. Additionally, the spanwise smearing of the actual force distribution
was identified as the source of the largest errors, especially in the tip region, when compared to wall
resolved simulations. Guidelines were proposed to minimize these errors, and further developments led to25

the Advanced Actuator Line (AAL) method [9] and the Actuator Curve Embedding (ACE) technique [21].
Reducing (or completely removing) the mollification in the spanwise direction indeed greatly enhances
the tip behavior, as conceptually demonstrated in [3] by introducing kernels of various shapes and sizes
in the Prandtl Lifting Line theory.

Nevertheless, mollification cannot be completely removed in an ALM, and the accuracy is thus in-30

trinsically conditioned by the use of sufficiently fine grids, which allow for small size mollification kernels.
Recently, filtered ALMs were introduced in [26], and a similar concept of correction for tip smearing was
developed in [13,27]. By altering the local velocity measured on the line, the effect of the mollification can
be reduced. However, by doing so, the connection between the flow structures and the forces measured
on the line is lost: the signature of the line in the flow does not correspond to the force evaluated on the35

line.

In an attempt to work around some of these issues, we propose a novel Immersed Lifting and Dragging
Line (ILDL) model. The latter is quite similar to an ALM as regards the aerodynamics model; yet,
instead of distributing the forces on a grid, the ILDL readily takes care of the generation of the vorticity.
It is specifically designed to avoid the spanwise mollification of that vorticity; the method only requires40

smoothing in the direction perpendicular to the local flow velocity and to the spanwise direction.

The ILDL is based on the purely lifting line model already developed and used in [4,6,7] and [2] for the
high-fidelity simulation of wind turbine and rotorcraft wakes. It is here further enhanced to account for
the signature of the airfoil parasitic drag in the wake, in a way that ensures the consistency between the
forces computed on the line and those imparted to the fluid. It relies on a Vortex-Particle Mesh (VPM)45

flow solver which combines the advantages of a Vortex Particle method for the advection of the vorticity
under a Lagrangian framework, and the efficiency of a grid-based (Eulerian) method for computationally
intensive tasks. Advantageously, the inherently Lagrangian treatment of the vortex particles enables the
method to run at Courant–Friedrichs–Lewy (CFL) numbers sensibly higher than those typical of actuator
methods (imposed by the necessity of capturing the contribution of each cell to the integral of the source50

term in more than one time step). VPM methods also exploit the compactness of vorticity through the
use of the vorticity-velocity formulation of the Navier-Stokes equation, and offer interesting numerical
qualities of low dispersion and dissipation. Recent implementation of VPM methods can be found e.g. in
[44,5,35,28,24].

In this work, we present the ILDL and its implementation in the VPM framework. We first briefly55

recall the VPM method in Section 2, with a focus on the advances that enable scalable LES. Then, the
ILDL itself is detailed in Section 3, where we explain how the bound and shed vorticity is handled. The
rest of the paper is dedicated to show that the present numerical method is fully consistent with the PLL
theory (or eventually its mollified counterpart), and is capable of producing a genuine wake that correctly
captures the flow physics. In order to verify this statement, results of the simulations of 2-D airfoils and60

3-D wings are presented in Sections 4.1 and 4.2, and compared to those from theoretical models. The
consistency of the flow structures shed by the ILDL model is also assessed, in order to guarantee that
the correct force is applied on the fluid. Finally, as an application, the VPM method and the ILDL are
used in Section 5 to simulate the wake of an elliptical wing. Three simulations illustrate how the lift
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and drag-induced vortex structures influence the wake dynamics, for a wing with different parasitic drag65

settings. The paper is closed with some conclusions in Section 6.

2 The Vortex Particle-Mesh method

The Vortex Particle-Mesh (VPM) method is based on the velocity (u) - vorticity (ω = ∇∧u) formulation
of the Navier-Stokes equations for incompressible flow (∇ · u = 0):

Dω

Dt
= (ω · ∇) u + ν∇2ω +∇ ·TM (1)70

where D
Dt denotes the Lagrangian derivative, ν the kinematic viscosity, and TM the sub-grid scales (SGS)

stress tensor. The velocity field is u = U∞ + uω, where uω is recovered from the vorticity through the
Poisson equation

∇2uω = −∇ ∧ ω . (2)

The vorticity field is discretized by means of Lagrangian particles, each characterized by a position xp,75

a material volume Vp and a strength αp =
∫
Vp
ωdx. This Lagrangian framework provides low dispersion

and dissipation errors [12,45].

In order to maintain accuracy in time, one must however prevent particles to deplete some regions
of the flow or cluster in others. The particle set is hence periodically (every 5 time steps) replaced by a
new set on the cartesian mesh: this procedure is called remeshing [23,33,11]. It involves the use of high80

order interpolation [36], here the kernel M ′4 [30].

The hybrid character of the VPM method resides in the use of the mesh to improve the computational
efficiency. When needed, the particle quantities are interpolated onto the mesh and finite differences
permit the straightforward evaluation of the differential operators of the RHS of Eq. (1). The Poisson
problem of Eq. (2) is also solved on the mesh. This is achieved using the Fourier-based solver of [5,8],85

which exhibits a second-order convergence. The solver is here improved to cope with unbounded and
inflow/outflow directions, as detailed in Appendix C.. The results are then interpolated back at the
particle locations. The advection of the particles and the update of their strength is performed using a
third order Runge-Kutta time integration scheme.

In order to support LES, the regularized variational model in [19] is used, where the SGS model only90

acts on the “resolved small scales vorticity field” ωs,

TM = νSGS
(
∇ωs − (∇ωs)T

)
, (3)

where ωs is obtained using efficient iterative filtering, also performed using the mesh. The divergence of
TM is then obtained as

∇ ·TM = −∇ ∧ (νSGS∇∧ ωs) . (4)95

The eddy viscosity is evaluated as νSGS = C
(n)
r ∆2 (2S : S)1/2, where S is the strain rate of the velocity

field, ∆ is the mesh size h, and C
(n)
r is calibrated according to [10].

As such, the particle discretization of the vorticity field does not preserve its solenoidal character
(∇·ω 6= 0). Therefore, the vorticity field is periodically (every 20 time steps) reprojected onto a solenoidal
space [11,5]. This amounts to compute the correction ∇A, and add it to the current vorticity field which100

might have progressively lost its solenoidal property. The scalar field A is thus obtained from solving
∇2A = −∇ ·ω on the mesh, such that the corrected vorticity field ω+∇A is divergence free. In order to
avoid perturbations of the well-controlled bound and shed vorticity of the lifting and dragging line model
(as explained in the next section), the evaluation of ∇·ω is not performed in the region close to the line.
In this region though, the solenoidal property is ensured by the model itself.105

We refer to [5] for an extensive description of the Vortex Particle Mesh method and its implementation
on large parallel architectures, using the open-source PPM library [37].
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3 Immersed Lifting and Dragging Line (ILDL) method

We account for the generation of vorticity along the slender devices through a lifting line model inspired
from the Prandtl Lifting Line theory [34], which is here further extended to account for the airfoil parasitic110

drag. In this perspective, our approach is comparable to the technique used within the Vorticity Transport
Model [38] (even though the latter has no drag component), or to the Actuator Line Method. However, in
those methods, the additional source terms originating at the line are regularized over several grid points
and treated in a Eulerian fashion, thus constraining the allowable time step. That is precisely what the
present treatment aims to avoid, by working on the vorticity instead. We explicitly identify and describe115

the bound vorticity which remains attached to the device, and the shed vorticity due to both lift and
drag.

Notice that none of the above mentioned numerical models (including the present ILDL) are meant
to provide a detailed representation of the flow around an actual device; their objective is to introduce
the correct signature of the device in the wake.120

3.1 Lift and drag evaluations

Under the assumption of a high aspect ratio device (such as a blade or a wing), the flow around each
airfoil (i.e. each device section) is assumed essentially two-dimensional. We divide the device into spanwise
elements of size ∆z equal to the mesh size h. The ith element runs between [xbi ,xbi+1

], see Fig. 1. On
that element, we define the sectional lift and drag as L2Di

= L2Di êL and D2Di
= D2Di êD, and the125

circulation as Γ i = ΓiêΓ . We also define the local velocity u0i : the velocity “as measured on the line
element”. Then, U0i is the projection of that velocity on the sectional plane (by convention, we note
the velocities in the sectional plane using an uppercase character). Finally, we define the “local effective
upstream velocity”, Uei , i.e. the velocity used in the usual definition of the airfoil aerodynamic coefficients,

L2Di =
1

2
ρU2

ei ci Cl(αi, Rei), (5)130

D2Di =
1

2
ρU2

ei ci Cd(αi, Rei), (6)

where ci is the chord of the local airfoil and ρ is the fluid density. The lift and drag coefficients Cl, Cd
are retrieved from tabulated polar data, using the local effective angle of attack αi as defined in Fig. 1,
and Reynolds number Rei. It will be clearer in what follows that U0i 6= Uei when the model accounts
for parasitic drag. For the rest of this work, the index i will be omitted for the sake of lighter notation.135

In classical lifting line methods, the airfoil is modelled as the section of a bound vortex of local
circulation Γ . The bound vortex line runs through the aerodynamic center of each airfoil. In order to
add the contribution of the parasitic drag, the model is here enhanced using two trailing vortex sheets
(see Fig. 2a) which mimic a wake with a velocity deficit. These vortex sheets, of circulation per unit
length γ and −γ respectively, correspond to what is shed by a momentum sink located on the airfoil, or140

equivalently a vorticity dipole source. The spacing between the shed vortex sheets is d, and the dipole
strength is µ = γd. Assuming small drag, we will here consider that the vortex sheets remain essentially
parallel to each other in the near wake. In reality, the dipole sheets undergo a small expansion, becoming
more important when the drag increases.

The dipole width d is a parameter of the model. Ideally, it should scale with the thickness of the145

device; the grid size h will however most often not allow to choose such small values. Still, the correct
drag can be achieved using a larger d, as long as γ is set appropriately to γ = µ

d .

The closure of the model necessitates relations between the aerodynamic forces, and the quantities
Γ, µ. On the one hand, we use the Kutta-Joukowski theorem, as in [32], to relate the circulation to the
sectional lift,150

L2D(t) = ρU0(t) ∧ Γ (t) . (7)

On the other hand, the sectional drag force is equal to the flux of momentum imparted to the flow by
the vortex dipole source,

D2D(t) = ρU0(t)µ(t). (8)
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Fig. 1: Reference frame and velocities for the ith element of the line.

The latter equation is subject to a small error due to the small expansion of the dipole sheets, as will be155

discussed in Section 4 and Appendix B.

Quasi-steadiness was assumed in Eqs. (7) and (8), and also in the polar data, as used in Eqs. (5) and
(6). The developed model will thus be limited to aerodynamics with moderate unsteadiness. We note that
a dynamic stall model could be used to replace the static polar data, and account for highly unsteady
effects, as in [7,6,2].160

Finally, combining resp. Eq. (5) with Eq. (7), and Eq. (6) with Eq. (8), we obtain the expressions of
the circulation and of the dipole strength

Γ =
1

2

U2
e

U0
cCl , (9)

µ =
1

2

U2
e

U0
cCd . (10)

To summarize, at each time step of the numerical method and for every element of the ILDL, one first
obtains the local velocities. The techniques employed for the measurement of U0 and for the deduction
of Ue are discussed hereafter. Then, from the determination of the corresponding angles (as shown in
Fig. 2b) and of Re, the aerodynamic coefficients are retrieved from a look-up in the polar data. Eventually,
Eqs. (9) and (10) yield the circulation and the dipole strength.165

3.2 Measurement of the local velocity U0

The local velocity measurement has to account for the mollification of the vorticity. Indeed, as suggested
by [9], Eq. (7) holds provided that the proper velocity is considered.

It is shown by [3] that the most consistent evaluation of the velocity on the lifting line consists in
evaluating its “principal value”, obtained by integration of the velocity over the mollification region,170

in order to comply with the mollified formulation of the lifting line. This so-called “integral velocity
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(a) ILDL with a bound vortex at the quarter chord, and two shed vortex sheets. The correction velocity Ucorr is aligned
with the shedding direction, obtained using tracers xs.

ε

U0

Ue

U∞

α

cβ

αg

(b) In a steady uniform flow, a reference direction is given by the upstream flow velocity U∞. Then, for each section of
the device, we define the geometric angle of attack αg with respect to the airfoil chord; the downwash angle ε and the
local effective angle of attack α = αg − ε, using the local effective upstream velocity Ue ; and the angle β between the
local measured velocity and the reference direction.

Fig. 2: Schematic 2-D view of the lifting and dragging line model in steady conditions, and definitions
of the characteristic angles.

sampling” is here implemented using the position of the bound vortex particles xb,

U0i =
∑
j

wj U(xbi,j ), (11)

where U is the velocity field projected in the sectional plane. This is a marked departure from the popular
choice within the ALM, which consists in the simple evaluation of U at the center of the bound vortex175

(i.e., a “pointwise sampling”, U0i = U(xbi,0)), used e.g. in [39,20,25,26,27].

3.3 Reconstruction of the effective upstream velocity Ue

In the absence of parasitic drag, we have that Ue = U0 because the principal value of the velocity induced
by the bound vorticity is zero. However, precisely because of the velocity induced by the dipole vortex
sheets due to the drag, Ue will differ from U0. While the latter can be measured using Eq. (11), the180

effective upstream velocity Ue must be computed from U0 by injecting the theoretical dipole-induced
velocity. The model for the recovery of Ue is provided in Appendix A. A similar procedure was proposed
by [25] and [29] for actuator methods.

In practice, as depicted in Fig. 2, we use a vector correction, defining Ucorr, based on Eq. (24) and
applied to the bound vortex particles,185

Uei = U0i −Ucorri =
∑
j

wj
(
U(xbi,j )−Ud

σ(xbi,j )
)
. (12)
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|
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(b) Components of bound and shed vorticity with tracers xs

(c) Particle discretization of bound and shed
vorticity using one layer

!�l

(d) Discretizeation of bound and shed vorticity with mollification
across the thickness, using multiple layers

Fig. 3: Discretization of a device and its wake using vortex particles (lift contribution only).

3.4 Bound vorticity, shed vorticity and Lagrangian treatment

The key aspects of the Lagrangian treatment of the bound and shed vorticity are depicted in Figs. 3 and
4. These vorticities are computed and updated over the course of a time step, based upon the evaluation
of Eqs. (9) and (10).190

Regarding the lift, the bound vorticity corresponds to Γi(t), Fig. 3a. The shed vorticity has two
components, Fig. 3b. The first one is due to the spanwise gradient of circulation and is aligned along the
segment [xbi+1

,xsi+1 ] (an approximation of the streakline released over the time step). It has a strength,
Γi+1 − Γi , which depends on its release time, because of the time variation of the bound vorticity. That
structure needs to be complemented with a sheet of uniform transversal vorticity, and of circulation195

per unit length equal to 1
|xs

i+ 1
2

−xb
i+ 1

2

| (Γi(t+∆t)− Γi(t)): this ensures the solenoidal property on the

combined shed structures.

Regarding the drag, spanwise gradients of the vorticity in the two vortex sheets (Fig. 4a) will exist
due to the spatial variation of µ along the line, and it is hence required to close the vorticity loops with
vortex sheets normal to the main sheets, see Fig. 4b.200

The spatial arrangement of the shed vorticities in the near wake proceeds in a fashion similar to
the Unsteady Vortex Lattice Method [22, Section 13.12] but here accounts for a non-zero thickness of
the vortical structures. The bound vorticity and shed vortex sheets are indeed discretized by means of
particles, Figs. 3c and 4c. Recall that these vortex particles will be interpolated on the grid when one
needs to evaluate the grid based operations in the VPM solver. Therefore, in order to limit the effect of205
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(a) Shed vorticity construction with tracers xs

γi(t)− γi+1(t)

γi(t +∆t)− γi+1(t +∆t)

(b) Closure of shed vorticity

(c) Particle discretization of shed vorticity

ωσd

(d) Discretization of shed vorticity with mollification, us-
ing multiple layers

Fig. 4: Discretization of a device and its wake using vortex particles (drag contribution only).

the negative lobes of the high order interpolant M ′4, a 1-D mollification is explicitly introduced in the
thickness direction êth by using several layers of particles. Each layer j accounts for a fraction of the
vorticity, with a weight contributing to a partition of unity, see Figs. 3d and 4d. In practice, different
mollification parameters can be used for the lift-induced vorticity, σl, and for the drag-induced vorticity,
σd. The weights used per layer, wj , are reported in Table 1 as a function of σh .210

j -4 -3 -2 -1 0 1 2 3 4
σ
h

= 1 0.010 0.208 0.564 0.208 0.010
σ
h

= 2 0.005 0.030 0.104 0.220 0.282 0.220 0.104 0.030 0.005

Table 1: Weight per layer of particles wj used for the 1-D Gaussian mollification.

To guide the layout of all the particles, several flow tracers xsi,j are initialized at the origin of each
layer j (xbi,j ) and are advected by the flow over the course of the time step. These tracers allow the
construction of a 3-D lattice over which the shed particles are distributed.

Advantageously, this geometrical construction is recomputed whenever it is needed during a substep of
the time step, based on the updated position of the tracers. It therefore provides a proper representation215

of the current layout of the bound and shed vorticity. At the end of the time step, the shed vorticity is
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added to the bulk vorticity through a particle-to-particle interpolation (also using M ′4), and the tracers
are re-initialized for the next time step.

4 Validation of the Lifting and Dragging Line model

The VPM method with the ILDL is employed to simulate benchmark airfoils and wings, and the output220

quantities are compared to theoretical references. A list of the test cases considered in the rest of this
section is presented in Table 2. The simulation results presented in this section were all obtained using a
CFL number of U∞∆th = 1.

As a validation step, we check for the consistency of the model by verifying that the bound and shed
vorticity actually corresponds to the force evaluated by the ILDL at all times. To this end, the forces225

applied on the fluid are measured by means of a control volume (CV) analysis, and compared to the
performance of the ILDL, itself obtained from the integration of Eqs. (5) and (6). Formulas by [31] are
used to compute the resultant force using a CV (Ω), based on the vorticity and velocity fields,

F

ρ
=− 1

N − 1

d

dt

∫
Ω

x ∧ ω dx +

∫
Ω

u ∧ ω dx

− 1

N − 1

∮
∂Ω

[(x ∧ ω)(u · n̂)− (x ∧ u)(ω · n̂)] dx

+
1

N − 1

∮
∂Ω

x ∧ [n̂ ∧ (∇ ·T)] dx +

∮
∂Ω

n̂ ·T dx,

(13)

where N is the number of dimensions (2 for airfoils or 3 for wings) and T is the sum of the viscous stress230

tensor and the SGS stress tensor.

From a numerical perspective, it is worth noticing that the forces computed using Eq. (13) are prone
to oscillations coming from the discretization of the time derivative. In addition, the signatures of the
remeshing and the reprojection operations, which are necessary steps in the VPM method, will sometimes
be visible on the time evolution of F. Therefore, when we present the steady state force measurement235

hereunder, these are averaged over one reprojection period.

4.1 Airfoils

A first set of simulations is performed using the VPM method, with periodic boundary conditions in the
spanwise direction, thus simulating an airfoil section over a short spanwise extent. The line is placed at
the center of a computational domain of length 256h in the streamwise direction, and of height 128h.240

The chord c of the airfoil is such that c
h = 4.

Concerning the airfoil polar, the lift slope is generally assumed equal to 2π, and the drag coefficient
is supposed constant. The polar used in each case is also shown in Table 2.

Case Chord distribution AR airfoil polars
Airfoil A Cl = 2π α Cd = 0.0
Airfoil B Cl = 0.0 Cd = 0.1
Airfoil C Cl = 2π α Cd = 0.1
Wing D elliptical 10 Cl = 2π α Cd = 0.0
Wing E elliptical 10 Cl = 2π α Cd = 0.1
Wing F retangular 10 Cl = 2π α Cd = 0.1
Wing G linearly tapered 10 Cl = 2π α Cd = 0.1
Wing H elliptical 10 Cl = 2π α Cd = 0.025

Table 2: List of 2-D airfoils and 3-D wings under study. The Wing G is twisted so as to produce a
bell-shaped circulation distribution when CL = 1.
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σl/h ε Err(Cl) [%] Cd/C
th
l × 102

ILDL CV ILDL CV

(a) 1 0.15◦ -1.53 -1.53 0.26 0.26
(b) 2 0.14◦ -1.36 -1.37 0.24 0.24
(c) 1 0.08◦ -0.80 -0.80 0.14 0.14

−1.5 −1 −0.5 0

(a)

(b)

(c)

Err(Cl) [%]

Table 3: Error on the steady state lift, Err(Cl) =
Cl−Cthl
Cthl

, and drag coefficients developed by the ILDL

on Airfoil A, as evaluated by the ILDL model ( ) and as measured by the CV analysis ( ). Case (c)
was obtained using a domain twice longer.

4.1.1 Airfoil with lift only

First, we consider Airfoil A which models a purely lifting airfoil, at a geometric angle of attack (AoA)245

of αg = α1, such that Cthl (α1) = 2πα1 = 1.0. The lift and drag coefficients obtained in steady state
(Table 3) are compared to their theoretical counterparts.

Cases (a) and (b) explore the influence of the mollification on the ILDL, with ratios σl
h taken as 1 and

2 respectively. While an almost perfect agreement is reached between the ILDL and the CV evaluations,
a small discrepancy is observed with respect to the theoretical values. It is here due to the symmetries250

imposed by the inflow/outflow boundary conditions implemented in the Poisson solver for Eq. (2) (as
explained in Appendix C.): the “image vorticity field” induces a small spurious downwash velocity on the
line, thus reducing the AoA and tilting the lift vector by an angle ε, which also explains the occurence
of a small drag. We verify, with case (c), that the errors are indeed reduced by a factor of 2 when the
domain size is doubled in the streamwise direction.255

4.1.2 Airfoil with parasitic drag only

Tests of the ILDL are then performed on Airfoil B which has no lift and Cthd = 0.1. Even though this
value is one order of magnitude higher than the typical value of Cd for an airfoil at moderate AoA, our
drag model is still valid, as shown by the following results. We also assess the accuracy of the effective

upstream velocity reconstruction method, Eq. (12), for which we verify that
Cthd c

d is indeed at most equal260

to 0.1, as required (see Appendix A.).
The results with a contant ratio σd

h = 1 and increasing d are presented in Table 4. The effect of the
mollification is also tested with case (g), using σd

h = 2.
A small error is observed between the drag evaluated on the ILDL and the actual drag measured

using the CV. This error comes from the small expansion of the dipole, which is not accounted for in265

Eq. (8). As verified by the evaluation (not shown here) of each term in Eq. (13), the main contribution
to the drag is due to

∫
∂Ω

(x∧ω)(u · n̂) dS which is directly related to Eq. (8). Yet, a small contribution is
brought by

∫
Ω

(u∧ω) dΩ, due to the curvature and the mollification of the vortex sheets. For the singular
case considered in Appendix B.1, the latter integral scales as −µγ2 . The drag force actually injected in

σd
h

d
h

U0
U∞

Ue
U∞

Err(Cd) [%]

ILDL CV

(d) 1 4 0.97 1.00 -0.83 -1.93
(e) 1 6 0.98 1.00 -0.42 -1.18
(f) 1 10 0.99 1.00 -0.20 -0.31
(g) 2 10 0.99 1.00 -0.16 -0.65

−1.5 −1 −0.5 0

(d)

(e)

(f)

(g)

Err(Cd) [%]

Table 4: Steady state drag coefficients developed by the ILDL on Airfoil B, as evaluated by the ILDL
model ( ) and as measured by the CV analysis ( ), and numerical values of the corresponding error

Err(Cd) =
Cd−Cthd
Cthd

. Local evaluation of the velocity U0 and reconstructed effective upstream velocity Ue
.
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layout Ue
U∞

ε Err(Cl) [%] Err(Cd)[%]

ILDL CV ILDL CV

(h) I 0.99 0.03◦ -2.95 -5.01 -0.81 -5.12
(i) II 0.99 0.17◦ -3.76 -5.61 1.87 -0.99
(j) III 1.00 0.21◦ -2.64 -3.65 3.34 2.30

−6 −4 −2 0

(h)

(i)

(j)

Err(Cl) [%]

−4 −2 0 2 4

Err(Cd) [%]

Table 5: Steady state lift and drag coefficients developed by the ILDL on Airfoil C, as evaluated by
the ILDL model ( ) and as measured by the CV analysis ( ). Performance of the effective upstream
velocity reconstruction, in terms of norm and downwash angle.

the flow is therefore slightly smaller than that computed by the ILDL. It is also slightly affected by the270

mollification factor as demonstrated by case (g).

The remaining discrepancy between the ILDL evaluation and the theoretical value of Cthd can be
explained by the error on the upstream velocity reconstruction. As d/h increases with constant µ, the
circulation per unit length γ decreases and we observe that Ue

U∞
−→ 1. Overall, the relative error on the

drag remains below 1.5%.275

4.1.3 Airfoil with lift and parasitic drag

We finally consider Airfoil C which produces lift and drag. In that case, the upstream velocity recon-
struction should ideally yield a velocity vector Ue close to that observed on Airfoil A (i.e. without drag).

Various combinations of σl
h , σd

h and dh are chosen such that different levels of compactness of the
line discretization are achieved. The respective layouts of the particles in the thickness are presented in280

Fig. 5, and yield a total height of 5, 9 and 11 particles. The corresponding simulations results are shown
in Table 5.

dh

êth

I. σl
h

= 1, d
h

= 3, and 2 parti-
cles for each drag layer

d

êth

II. σl
h

= 1, σd
h

= 1, d
h

= 4

d

êth

III. σl
h

= 2, σd
h

= 1, d
h

= 6

Fig. 5: Three possible layouts of the particle layers in the thickness of the ILDL, with lift particles ( ),
and drag particles ( ). The color bars represent the weight.
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Fig. 6: Spanwise vorticity ωz and streamwise velocity Ux in case (i), with an acceleration above the
airfoil and a deceleration below, due to the bound vortex.

The magnitude of the effective upstream velocity is recovered within 1% error. The small spurious
downwash angle (which must be compared to the ε values of Table 3) depends on the particle layout. As
a result, in comparison with the theoretical values, the lift coefficient is reduced because of the slightly285

smaller effective AoA, and the drag is increased because the lift vector is slightly tilted backward.
The measurements using the CV and the evaluation by the ILDL also show a slight disagreement.

This is attributed to a combination of several effects. First, as explained in the previous section, the
curvature of the dipole sheets results in a smaller drag measured using the CV. Second, the ILDL models
lift and drag as if they were purely additive. In fact, the combination of those two leads to the occurence290

of some “drag-induced lift” which originates in the loss of symmetry in the streamwise velocity field and
its interaction with the drag-induced vorticity (as observed in Fig. 6). This interaction produces a lift
force that scales as −Γγ2 for the singular case, as shown in B.2.

In our simulations, the use of the most compact particle layout I leads to the largest inconsistency,
with 2% difference between the ILDL and CV evaluations of the lift, and 4% for those of the drag. Still,295

these levels remain quite acceptable, given the simplicity of the model. Besides, the asymmetry is reduced
with the increase of σl/h and σd/h, and so is the difference between the CV and ILDL evaluations. We
conclude that the ILDL model, together with its implementation in VPM, yield fairly accurate results in
such 2-D simulations.

4.2 Wings300

The focus is now set on wings of span b, without sweep or dihedral. They are placed at the center
of a computational domain of length 4b in the streamwise direction, and 2b in both of the transverse
unbounded directions.

Wings D and E are elliptical untwisted wings. Wing F is a rectangular untwisted wing. Wing G is
designed to produce a “bell-shaped” circulation distribution [43], which exhibits a zero slope at the tip,305

as opposed to the elliptical and rectangular wings. It is linearly tapered (with a ratio between the root
chord and the tip chord of 1

2 ) and it has a twist distribution computed such that the desired circulation
distribution is obtained at the design AoA (here equal to CL = 1).
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Again, the evaluations of the global lift and drag coefficients based on the ILDL and on the CV
approaches will be compared. In addition, the induced velocities, circulation distributions, and lift and310

drag coefficients will be compared to results from the classical Prandtl Lifting Line (PLL) theory, and to
those from the mollified PLL theory [3], recalled in the next section. Indeed, the mollified PLL provides
analytical results which account for the mollification, and hence constitutes a better theoretical reference
for the ILDL than its singular counterpart, for a given value of the mollification parameter σ. We also
notice that the mollified PLL converges to the singular PLL when σ → 0. Still, discrepancies between315

the mollified reference and the ILDL model may exist, on the one hand due to the absence of parasitic
drag and to the prescription of the wake geometry (i.e. the shed vortex sheet does not roll up) in the
PLL theory, and on the other hand, due to numerical errors in the ILDL.

4.2.1 Reference lifting line with mollification

The classical lifting line theory by [34] relates the circulation distribution Γ (z) over a slender lifting320

surface to the effective angle of attack α(z) = αg(z)− ε(z) (see Fig. 2b), where the downwash angle ε is
itself a function of the circulation distribution. Prandtl’s compatibility equation reads

Γ (z) =
1

2
a0 c(z)U∞ (αg(z)− ε(z)) , (14)

where ε is deduced from the Biot-Savart law which provides the velocity induced by the wake on the
lifting line.325

In the original theory, the line itself and the wake vortex sheet are singular, leading to a singular
vorticity field ωδ(x). The downwash angle on the line is thus

ε(z) =
1

U∞

1

4π

∫ b/2

−b/2

1

(z − z′)
dΓ

dz′
dz′. (15)

The mollified lifting line, as proposed in [3], considers the regularized versions of these fields. Given a
regularization function ξσ(x) where σ is a smoothing parameter, the mollified vorticity field is defined as330

the convolution ωσ(x) = ξσ(x)∗ωδ(x). The mollified velocity field uσ(x) is obtained from the Biot-Savart
law applied to ωσ. In those conditions, Eq. (14) remains valid provided that the downwash is replaced
by its mean (i.e. principal) value,

Γ (z) =
1

2
a0 c(z)U∞ (αg(z)− ε̄σ(z)) , (16)

where ε̄σ(z) = − 1
U∞

[
ξσ(x) ∗ (uσ(x) · êy)

]
x=y=0

results from the so-called “integral velocity sampling”.335

Advantageously, the effects of the mollification can be highlighted using this mathematical framework,
independently from any numerical method. As an example, the reference downwash and circulation
distributions for Wings D to G are shown in Fig. 7, as a function of ξ = − z

b/2 . Results are obtained using
the singular PLL theory, and using the mollified PLL theory with uniform smoothing in span. Compared
to the singular PLL, the mollified curves exhibit the same trend, except at the tip. Most notably, the340

1-D mollification seems better suited than the 3-D mollification to reproduce tip behaviors similar those
of the singular PLL. Especially at the tip of the rectangular wing, the 3-D mollified distribution is not
monotonous, which leads to the shedding of undesired opposite sign vorticity in the wake. This is due to
the additional spanwise smearing involved in the 3-D mollification.

Because it is based on mollification, the mollified PLL theory constitutes an attractive theoretical345

reference for the numerical methods with mollification. For instance, in the remainder of this study,
the distributions obtained with the ILDL model will be compared to those predicted by the mollified

PLL with a 1-D (vertical) Gaussian mollification kernel, ξσ(x) = δ(x)

(
1√
π σ
e−

y2

σ2

)
δ(z). Similarly, it is

worth mentioning that the ALM can also be compared to the mollified lifting line theory, when a 3-D
mollification kernel is used (thus involving smoothing in x and z as well). For the latter, and in line with350

our comment on Fig. 7, it is shown in [3] and in [26] that the spanwise contribution to the mollification
introduces a smearing of the Γ (z) distribution and, consequently, of the forces on the line. This is precisely
what the present ILDL method aims to avoid, and further motivates the choice of the 1-D mollification.
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Fig. 7: Distributions of circulation and downwash angle when using the classical (singular) PLL at CL = 1
( ); at the same AoA, when using the 1-D (vertical) mollified PLL ( ), and the 3-D mollified PLL
( ) with σ

b = 1.2
64 : Wing D or E (top), Wing F (center) and Wing G (bottom).

4.2.2 Wings with lift and induced drag

We now validate the ILDL model on an elliptical wing without parasitic drag (Wing D). The wing is not355

twisted: αg(z) = αg. We recall the theoretical results from the classical PLL (presented in Fig. 7): the
downwash angle ε is uniform across the span and equal to εell = 2

(AR+2)αg. The circulation is elliptical,

Γell(z) = Γ0

√
1− ξ2 with Γ0 = 2bU∞

πAR C
th
L . The wing lift coefficient is CthL = AR

(AR+2)2παg, and the induced

drag coefficient is CthDi = εellC
th
L =

C2
L

πAR .

The steady state results are obtained at the end of simulations where the AoA is linearly varied from360

αg = 0 to αg = α1 in a time corresponding to τ = U∞T
b = 1. The time evolution of the aerodynamic

coefficients is depicted in Fig. 8. The force evaluation of the ILDL and the forces measured on the CV
show good agreement, even during the transient, which illustrates the consistency of the approach. Notice
the small amplitude oscillations on the CV evaluation, that is due to the reprojection step of the VPM
method.365

In order to further validate the approach, two parametric explorations, are performed. For the first
one, the ratio σl/h is kept constant while increasing the spatial resolution, by reducing h/b. Table 6 shows
that the lift and drag evaluations converge roughly at first order to the values predicted by the classical
PLL, CthL (α1) = 1 and CthD (α1) = 0.0318. This is consistent with the typical behavior of penalization
and actuator methods where a singular forcing term has to be mollified. Locally, the ILDL downwash370

distribution (Fig. 9a) exhibits smaller values than the uniform distribution εell, which explains the slightly
higher CL and lower CD; but the error decreases as the mesh is refined. The circulation distribution
(Fig. 9b) reflects the same behavior with respect to the reference elliptical distribution Γell, with a
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h/b σl/h Err(CL) [%] Err(CD) [%]
ILDL CV ILDL CV

(k) 1/32 1 3.02 3.18 -12.50 -16.03
(l) 1/64 1 1.69 1.46 -7.71 -6.74

(m) 1/128 1 0.67 0.92 -4.04 -7.73

0 1 2 3

(k)

(l)

(m)

Err(CL) [%]

−15 −10 −5 0

Err(CD) [%]

Table 6: Steady state lift and drag coefficients developed by the ILDL on Wing D, as evaluated by the
model ( ) and as measured by the CV analysis ( ): parametric investigation with increasing resolution
and with σl/h = 1. The errors are measured relatively to the classical PLL results (CthL , C

th
D ).

maximum error at the tip. The difference never exceeds 6% though, and it rapidly decreases further from
the tip. The maximum difference would be much larger if a spanwise mollification was also present in the375

method.
Notice that the 3-D effects here overcome the influence of the symmetry imposed through the inflow-

outflow boundary condition, which was leading to a small error on the lift and drag coefficients in the
2-D simulations.

A close comparison of the coefficients recovered by the CV with those of the ILDL reveals small380

discrepancies, which here may be attributed to the shedding scheme described in Section 3. In fact,
before they are released in the bulk flow, the shed particles follow a straight line to a tracer, and thus
lack any curvature present in the actual streaklines. This local inconsistency introduces a perturbation
on the lift and drag signatures of the ILDL in the flow. Still, the obtained coefficients are relatively close,
which again confirms the consistency of the method.385

For the second parametric study, the ratio σl/b is kept constant while the mesh is refined, therefore
reproducing a mollified lifting line with increasing accuracy. We must here also account for the fact
that the ILDL is subjected to an additional smoothing caused by the high order interpolation used in

0

0.5

1

0 1 2 3 4 5
0

0.02

0.04

Fig. 8: Time evolution of the lift and drag coefficients developed by the ILDL on Wing D, case (l), as
evaluated by the model ( ) and as measured by the CV analysis ( ). For comparison, the steady
state values obtained using the classical PLL ( ) are also displayed.
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Fig. 9: Results of ILDL for an elliptical wing without parasitic drag (Wing D) for three mesh resolu-
tions and with constant σl/h = 1. The classical PLL prediction corresponds to an elliptical circulation
distribution Γell and a uniform downwash εell.
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Fig. 10: Results of ILDL for Wing D, for three mesh resolutions and with constant σl/b = 1/32. The
mollified PLL results, using an effective smoothing of 1.2σl/b, are also shown ( ).
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σl/b h/σl Err(CL) [%] Err(CD) [%]
ILDL CV ILDL CV

(n) 1/32 1 0.60 0.76 -2.46 -6.39
(o) 1/32 1/2 0.25 0.41 -1.49 -5.89
(p) 1/32 1/4 0.16 0.29 -1.25 -7.46

0 0.2 0.4 0.6

(n)

(o)

(p)

Err(CL) [%]

−8 −6 −4 −2 0

Err(CD) [%]

Table 7: Steady state lift and drag coefficients developed by the ILDL on Wing D, as evaluated by the
model ( ) and as measured by the CV analysis ( ): parametric investigation with fixed mollification
σl/b = 1/32 and with increasing resolution. The errors are measured relatively to the mollified PLL
results [3], with an effective smoothing of 1.2σl/b.

VPM. Indeed, the operation of transferring the shed particles generated on the lattice to the mesh entails
an intrinsic smoothing of the vorticity, which depends on the orientation of the lattice with respect390

to the grid. Empirically, we found that using an effective smoothing factor increased by 20% leads to
satisfactory agreement on the ILDL lift and drag coefficients (Table 7), as the theoretical mollified values,
obtained after solving Eq. (16), are CthLσ (α1) = 1.024 and CthDσ (α1) = 0.0285. The same conclusion can
be drawn from the circulation and downwash distributions (Fig. 10) at the root. The discrepancy further
increases in the tip region where spanwise velocities cause a shear-like distortion in the shed particles.395

Indeed, the “suction side” particles move slightly inboard, while the “pressure side” ones, outboard. The
resulting distorsion in the very-near-wake vorticity field contributes to a spanwise smearing of the induced
velocities. Besides, we capture the Gaussian smoothing with few particles (five in this case), which leads
to an additional error.

Overall, only small errors are produced, and the ILDL thus provides reliable results when there is no400

parasitic drag.

4.2.3 Wings with lift, induced drag and parasitic drag

The cases of Wings E, F and G are now considered; those combine lift, induced drag and parasitic drag.
Their lift and total drag coefficients obtained with the ILDL method are shown in Table 8. The chosen
AR = 10 is typical of aircraft wings, and corresponds to a mean aerodynamic chord c̄ = S

b such that405

h
c̄ = h

b
b
c̄ = 10

64 . This yields the ratio σl
c̄ ' 0.16, which can be compared to the smoothing factor of

σopt
l

c = 0.25 proposed in [25], and obtained by comparison with 2-D blade resolved simulations. The
accuracy of the ILDL method is thus expected to be similar to that of [25], likely with even sharper
spanwise distributions (again coming from the absence of spanwise smoothing in that direction).

Wing h/b layout CL CD
ILDL CV ∆ ILDL CV ∆

(q) E 1/64 I 0.986 0.970 +0.016 0.1228 0.1157 +0.0071
(r) F 1/64 I 0.994 0.981 +0.013 0.1212 0.1254 −0.0042
(s) G 1/64 I 0.957 0.961 −0.004 0.1345 0.1294 +0.0051

Table 8: Steady state lift and drag coefficients developed by the ILDL on wings E, F and G, using
d/h = 3, as evaluated by the ILDL model and as measured by the CV analysis.

As expected, small discrepancies are found between the aerodynamic coefficients estimated by the410

ILDL and those obtained from the CV analysis. All the previously mentioned factors explain their vari-
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Fig. 11: Contributions to the lift and drag coefficients from the various terms in Eq. (13), in case (q).
The terms involving T are here negligible.

ability across the three wings considered: the model error identified in Section 4.1.3, the error on the
reconstructed upstream velocity, and the recourse to a particle lattice in the very near wake.

The contributions of the various terms in the CV analysis are shown in Fig. 11 for Wing E. Initially,
the vorticity is contained in the CV and the force comes entirely from the time derivative term. In steady415

state, the lift is almost entirely recovered from the volume integral of u ∧ ω, which is directly related to
the Kutta-Joukowsky theorem. That term is also essentially associated with the induced drag. The two
boundary terms are almost perfectly cancelling each other for the lift, whereas they appear to be related
to the parasitic drag.

These last two comments are in line with the conclusions of [41], also noticing that the origin of each420

contribution to the force can’t be clearly identified from a wake analysis. The final formula for F proposed
in the same reference is compatible with the present control volume analysis when the steady state is
reached, even though the last four terms of Eq. (13) corresponds to a single term of total pressure deficit
in [41, eq.(2.45)].

Figure 12 assesses the quality of the recovered effective upstream velocity Ue, in comparison with the425

theoretical one obtained using the mollified lifting line theory [3]: the downwash angle ε of the recovered
Ue (Fig. 12a) is much closer to the theoretical angle than the angle β of the measured velocity U0. The
same can be observed regarding the magnitude of Ue (Fig. 12b). From a measured velocity with a deficit
of up to 10%, the upstream velocity is recovered well within 3% for all wings.

The circulation distribution is actually affected by the presence of the parasitic drag, as shown in430

Fig. 13a. However, it cannot be compared to the theoretical distribution as such. Indeed, Eq. (9) specifies
that the local lift of a lifting line is proportional to U0

U2
e
Γ , which is the only quantity that can be compared

between wings of same lift, with and without parasitic drag. Therefore, the properly scaled distributions
are presented in Fig. 13b, which shows that the ILDL successfully produces the expected distribution for
the three wings considered, with only minor discrepancies in the tip region.435

Additionally, we notice that the shape of the circulation distribution of the mollified results (mollified
PLL and ILDL) near the tip differs significantly from that obtained using the classical PLL. The largest
discrepancies are observed near the tip of the elliptical (E) and rectangular (F) wings, because of the
infinite slope behavior of the circulation distribution at the tip (provided by the classical PLL). The
differences are much attenuated for the bell-shaped wing (G), thanks to the zero slope at the tip.440

Finally, it is verified that the difference between the lift and drag obtained by the two independent
methods (CV and ILDL) indeed decreases when the absolute value of lift and drag are decreased. The
Wing H is placed at an AoA four times smaller than all previous tests, and the corresponding airfoil
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(a) Distribution of the measured velocity angle β (no symbol), and of the reconstructed downwash
angle ε (symbol). The downwash angle as obtained using the 1-D mollified PLL with effective
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respective circulation distribution obtained using the classical (singular) PLL.
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profile drag is also four times smaller. This is to show that the method does not induce any static error.
The low sensitivity of the results to the CFL number is also exemplified with results presented in Table 9.445

Notice that, if the wing was moving relatively to the mesh, one should use the relative velocity of the
wing to evaluate the CFL condition.

Wing CFL CL CD
ILDL CV ∆ ILDL CV ∆

(t) H 1 0.2533 0.2526 +0.0007 0.0269 0.0264 +0.0005
(u) H 4 0.2519 0.2510 +0.0009 0.0270 0.0268 +0.0002

Table 9: Steady state lift and drag coefficients developed by the ILDL on wings H, using h/b = 1/64,
layout I and d/h = 3, as evaluated by the ILDL model and as measured by the CV analysis.

In summary, even when the parasitic drag is included, the results of the ILDL are very much in
line with the mollified PLL results. Also, the consistency between the forces evaluated on the ILDL and
measured in the CV allows us to conclude that the vorticity structures in the wake are also faithfully450

generated and captured.

5 Application to the wake of an elliptical wing

The ILDL method implemented in the VPM solver is used to simulate the wake of an elliptical wing.
This investigation aims to emphasize the role of the drag-induced vortical wake structures in the process
of wake roll-up, and in the formation of a turbulent two vortex system (2-VS) in the far wake. For this455

purpose, the parasitic drag of the airfoil is set to three distinct values, leading to three high resolution
simulations, with h

b = 1
128 and σl

h = σd
h = 1 (layout II). The length of the simulation domains is extended

to Lx = 32b. In terms of computational usage, each simulation was run on 1536 CPUs for fifteen hours,
which corresponds to a physical time of 2Lx/U∞.

Fig. 14: Volume rendering of the magnitude of the vorticity shed in the wake of an elliptical wing at
CL = 1, respectively with no profile drag (top), a profile drag of Cd = 0.03 (center), and of Cd = 0.1
(bottom).
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The wake vorticity is visualized in Fig. 14 for each drag setting. The first one has no parasitic drag.460

For the second one, the profile drag is set to Cd = 0.03 such that the wing parasitic drag (CD0
) is close

to the measured induced drag. This configuration thus corresponds to a wing flying at its maximum lift
to drag ratio, as revealed by the polar of the wing CD = CD0

+ kC2
L, where the last term is the induced

drag. In the last configuration, the profile drag is articifially increased to Cd = 0.1.

During the wake roll-up, the vortex sheet is stretched by the tip vortices and this eventually leads to465

the formation of a 2-VS. When there is no parasitic drag, that process is very smooth leading to straight,
steady vortices. However, in the presence of profile drag, instabilities develop in the inboard region which
is characterized by the velocity deficit associated to the parasitic drag. The stronger the drag, the larger
the deficit and the quicker instabilities grow. Those also interact with the forming tip vortices. While
the vortex cores remain very coherent in the case of none to moderate profile drag, they are subject to470

short-wavelength instabilities in the last configuration. The rolling-up vorticity then undergoes helical
instabilities. Further downstream, the surrounding vorticity starts to generate small scale structures and
the whole system eventually transitions to a turbulent state. By then, the SGS model (which is sensitive
to the resolved small-scales vorticity field ωs, Eq. (4) ) has also become active.

The roll-up of the wakes is also shown in Fig. 15, using transverse slices at various locations down-475

stream of the wing. The mean (i.e. time averaged) axial vorticity field exhibits the remnant of the vortex
sheets at x

b = 5. At x
b = 25, the sheet is still visible for the case without drag, while it is more diffuse in

the cases with parasitic drag. This confirms that the drag-induced vorticity contributes to the mixing in
the wake.

In addition to vortex sheet instabilities during the roll-up, the drag is also responsible for a velocity480

deficit. In the near wake, it is observed all along the vortex structures, with a maximum at the center (the
drag force was indeed maximum at the center of the wing). Further downstream, the velocity deficit tends
to decrease, except in the vortex core where it increases, as the high velocity deficit regions have ben
entrained there. It will of course eventually decrease, but this is not captured in the present simulation
domain.485

To conclude, these simulations show that the wake dynamics are mostly governed by the lift-induced
components of the shed structures. However, the drag signature of the wing is responsible for additional
instabilities and interactions which render the flow far more complex and in turn, accelerate the transition
to turbulence in the wake, eventually leading to a fully developed turbulent 2-VS. The rate of the
transition is of course related to the total parasitic drag of the wing.490

6 Conclusions

In this article, the Immersed Lifting and Dragging Line (ILDL) method was introduced and shown to be
an accurate and efficient method for the large eddy simulation of wake flows. The present approach is
embedded in a hybrid Vortex Particle-Mesh (VPM) method. The ILDL computes the bound and shed
vorticity corresponding to the local forces (lift and parasitic drag) developed by the modeled aerodynamic495

device. This vorticity is introduced in the flow using vortex particles, thus in a Lagrangian manner. Most
importantly, the ILDL does not introduce an explicit mollification of the forces in the spanwise direction.
Only a mollification of the vorticity in the transverse direction is required to guarantee the good numerical
properties of the method. Furthermore, the Lagrangian framework allows for larger time steps than those
imposed the classical CFL condition inherent to Eulerian methods (typically of the order of four times500

larger), thus helping to speed up the simulations. Both arguments were illustrated here.

Indeed, the verification of the ILDL method in the VPM solver showed a very good agreement with
theory in the cases of airfoils and wings. In 3-D, the ILDL results were compared to those obtained using
the classical (i.e. singular) Prandtl Lifting Line theory, and exhibited a first order convergence when the
grid size was reduced. Additionally, the mollified Prandtl Lifting Line theory of [3] was used to verify505

that the influence of the vertical mollification was accurately captured in the present numerical imple-
mentation. In terms of circulation distribution, this mollification is responsible for a maximum relative
difference of 5% near the tip, as compared to the classical PLL results, in the case of the elliptical wing;
this difference rapidly decreases to roughly 1% further from the tip. Moreover, the obtained circulation
distribution matches very accurately the results of the mollified PLL theory [3]. Other types of wings510

were also tested, and the influence of their shape on the distribution near the tip was quantified. Besides,



24 D.-G. Caprace et. al.

-2 0 2 0.96 0.98 1 -2 0 2 0.96 0.98 1

-1

-0.5

0

0.5

1

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

Fig. 15: Mean streamwise vorticity (ω̄x) and velocity (Ūx) at x/b = 5 (left), and x/b = 25 (right), in the
wake of an elliptical wing with no profile drag (top), Cd = 0.03 (center) and Cd = 0.10 (bottom).
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the consistency between the forces computed by the ILDL method and the shed vorticity structures was
systematically demonstrated using a control volume approach.

In addition to guaranteeing an efficient evaluation of the circulation distribution and the corresponding
forces, the method is capable of tracking the associated vortical structures over very long distances. These515

qualities were illustrated through the simulation of the wake of an elliptical wing with three different
parasitic drag settings, capturing the roll-up process and the formation of a two-vortex system in the
far wake. Here, the drag induced vorticity structures were shown to be most important, accelerating the
development of instabilities, and thus the transition to a turbulent flow.

To conclude, as wake flows are entirely governed by vortex dynamics and instabilities, the combination520

of the VPM solver and ILDL method proves to constitute a powerful approach for their study, as it is
consistent with Prandtl theory, computationally efficient, and scalable to massively parallel frameworks.
Even though the Actuator Line Model will likely remain the preferred method for LES of wind turbine
wakes (one of the most researched topic in wake flows) in the near future, the authors believe that
the present methodology can be considered as an interesting and efficient alternative and that it will525

bring insightful results for comparison with that mainstream approach. In that respect, the VPM solver
with immersed lifting lines (no parasitic drag) has already demonstrated its great potential in several
engineering applications, both in the context of fundamental academic research and within industrial
research projects.

Appendix A. Reconstruction of the effective upstream velocity530

In the presence of parasitic drag, the effective upstream velocity Ue differs from the measured U0. We here obtain the
velocity induced by the dragging vortex sheets, which will be used as a correction velocity Ucorr to recover the effective
upstream velocity in the ILDL model: Ue = U0 − Ucorr.

First, we consider a 2-D steady, inviscid wake model with singular shed vortex sheets (Fig. 16) and an upstream
velocity Ue. With small drag forces such as those experienced on airfoils, we reasonably assume that these vortex sheets535

remain parallel. Using the Biot-Savart law, the velocity evaluated at the center O of the dipole is

U0 = Ue −
γ

2
= Ue −

µ

2d
. (17)

Using this expression to substitute µ in Eq. (10), we obtain

(
U0

Ue

)2

−
U0

Ue
+
Cd

4

c

d
= 0, (18)

which provides the velocity correction factor540

Ue

U0
=

2

1 +
√

1− Cd cd
. (19)

The factor Cd
c
d

plays an important role in this expression, and it is clear that it should be maintained well below unity
for the correction to be valid.

O

x

y

Ue U0

d
2

− d
2

+γ

−γ

Fig. 16: Dragging dipole model centered at O and of width d
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In the ILDL, the vortex sheets are regularized using a 1-D Gaussian regularization (of parameter σd) along y. The
drag induced mollified vorticity field is545

ωdσ(x, y) =
∂Vσ

∂x
−
∂Uσ

∂y

=
γ

√
π σd

H(x)

exp

−
(
y + d

2

)2

σd2

− exp

−
(
y − d

2

)2

σd2


 , (20)

where H(x) is the Heavyside step function. As ∂Vσ
∂x

is small, we obtain the horizontal velocity at x = 0 as

Udσ(0, y) = −
∫ y

−∞
ωσ(0, ζ)dζ = −

γ

4

[
erf

(
y + d

2

σd

)
− erf

(
y − d

2

σd

)]
, (21)550

In case of pointwise velocity sampling, the correction Ucorr is based on the evaluation of Udσ at y = 0, and

Ue = U0 − Udσ(0, 0) = U0 +
µ

2d
erf

(
d

2σd

)
, (22)

and we obtain, again using Eq. (10),
Ue

U0
=

2

1 +

√
1− Cd cd erf

(
d

2σd

) . (23)

This is consistent with Eq. (19) when σd → 0. We also make sure, in our simulations, that Cd
c
d

is well below unity.555

In the present work, we use the “integral velocity sampling” [3], i.e. the principal value obtained as U0 =
∫
ξσl (x)U(x)dx,

where ξσl is the kernel used for the mollification of the bound vorticity, ξσl (y) = 1√
π

1
σl

exp

(
− y

2

σ2
l

)
. Therefore, Udσ is

used to derive an integrated correction,

Ue =
1
√
π

∫ ∞
−∞

exp

(
−
y2

σ2
l

) (
U(0, y)− Udσ(0, y)

) dy
σl
. (24)

In practice, this integral is evaluated numerically using the weights wj of Table 1, where U is the velocity measured at560

the location of the bound vortex particles.
In general, U0 is not aligned with Ue; the correction velocity should be aligned with the local shedding direction as

shown in Fig. 2, and we use (24) in its vector form.

Appendix B. Errors related to the ILDL model assumptions

B.1 Error in drag evaluation, due to wake expansion565

The expansion of the wake is neglected in the derivation of Eq. (8). This assumption generates a small error which can
be quantified using Eq. (13).

Again, we use our simplified drag model made of two parallel singular vortex sheets (Fig. 16). As the vortex sheets
are horizontal, the vertical velocity V across them is non zero. Consequently, there is a contribution to drag from the
integral of U∧ω. This contribution can be assimilated to the error introduced by neglecting the expansion of the wake.570

The vertical velocity induced by the two vortex sheets is

V d(x, y) =
γ

2π

∫ ∞
0

 (x− x′)(
(x− x′)2 + (y − d

2
)2
) − (x− x′)(

(x− x′)2 + (y + d
2

)2
)
 dx′

= −
γ

4π
log

(
x2 + (y − d

2
)2

x2 + (y + d
2

)2

)
. (25)

The model error in drag thus amounts to575 ∫
U ∧ ω dx · êx = −

∫ ∞
0

V dγ dx =
γ2

2π

∫ ∞
0

log

(
x2

x2 + d2

)
dx = −

µγ

2
. (26)

This term is proportional to the square of µ, and it is therefore indeed negligible for small drags.
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B.2 Drag-induced lift

In the ILDL model, it is implicitly assumed that the effects of lift and drag can be added by linear superposition. In
fact, even with wake expansion neglected, an interaction exists, which can be quantified again using the simple model of580

Fig. 16, to which we add a singular bound vortex of circulation Γ at O (similarly to what is presented in Fig. 2a).
As can be seen from Eq. (13), the integral of U ∧ ω will have a non-zero contribution from the combination of the

axial velocity induced by the bound vortex and the circulation of the vortex sheets. The horizontal velocity induced by
the bound vortex is

U l(x, y) =
Γ

2π

y

(x2 + y2)
. (27)585

The interaction results in the appearance of some lift induced by drag,∫
U ∧ ω dx · êy = −2

∫ ∞
0

U l(x,
d

2
) γ dx = −

Γγ

π

∫ ∞
0

d
2(

x2 + ( d
2

)2
)dx = −

Γγ

2
. (28)

When the mollification of the bound vortex and of the shed vortex sheets is taken into account, one can show that
only a fraction of this term contributes to the drag-induced lift. The fraction depends on the values of σl

d
and σd

d
, and

it can be obtained numerically using the weights wi.

The drag-induced lift, as computed here, could thus be accounted for in the ILDL model by modifying Eq. (7).
However, in this work, it was decided to keep the model in its simplest form. The error associated to this simplification590

is quantified in the analysis of the validation results.

Appendix C. Fourier-based Poisson solver for domains with unbounded and
inflow/outflow directions

In this work, we rely on the Fourier-based solvers used by [5,8] in order to solve Eq. (2) for the velocity. This solver
handles a combination of periodic and unbounded directions through a Hockney-Eastwood approach [17] . We here595

extend that work to handle the unbounded directions together with the inflow and outflow conditions in the flow stream
direction. Following [8], we re-write Eq. (2) as

∇2
yzu +

∂2u

∂x2
= −∇ ∧ ω , (29)

where x is assumed to be the inflow/outflow direction and ∇2
yz is the Laplacian operator restricted to the y − z plane.

The Fourier-transform along x yields600

∇2
yzũ− k2

xũ = −∇̃ ∧ ω , (30)

where ũ(kx, y, z) stands for the x-transformed field. For a given kx mode, this is a two-dimensional Helmholtz equation
in an unbounded (y, z)-domain, which we can solve through the convolution with the Green’s function

G2D
i|kx|(y, z) =

{
1

2π
ln(
√
y2 + z2) if kx = 0 ,

1
2π
K0

(
|kx|

√
y2 + z2

)
otherwise ,

(31)

where K0 denotes the modified Bessel function of the second kind. These expressions are singular at (y, z) = (0, 0).605

This is here circumvented by replacing them with the corresponding cell-averaged value [8], but we could alternatively
use a mollified Helmholtz kernel [15,16,42]. The convolution itself can be carried out in Fourier space through the
domain-doubling approach of [17].

In such a context, the imposition of inflow/outflow conditions simply corresponds to a restriction of the Fourier
modes to be considered, depending on the symmetry conditions that needs to be enforced on each side of the domain.610

We assume the domain to go from 0 to Lx in x. Considering the velocity field, we wish to impose the following conditions
on the streamwise velocity: ux(0, y, z) = ux(Lx, y, z) = U∞. This corresponds to odd symmetry conditions on uω
at the inflow and at the outflow. These are completed with even symmetry conditions on the transverse components
∂uy
∂x

(0, y, z) = ∂uz
∂x

(0, y, z) = 0 and
∂uy
∂x

(Lx, y, z) = ∂uz
∂x

(Lx, y, z) = 0. The allowed modes thus have to be harmonics of
a base mode of period 2Lx with the proper phase615

ux = U∞ +
∑
i

sin

(
iπ

x

Lx

)
ũx

(
iπ

Lx
, y, z

)
, (32)

u(y,z) =
∑
i

cos

(
iπ

x

Lx

)
ũ(y,z)

(
iπ

Lx
, y, z

)
. (33)

The modes of the corresponding vorticity field are then

ωx =
∑
i

cos

(
iπ

x

Lx

)
ω̃x

(
iπ

Lx
, y, z

)
, (34)620

ω(y,z) =
∑
i

sin

(
iπ

x

Lx

)
ω̃(y,z)

(
iπ

Lx
, y, z

)
. (35)
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Notice that, in general, any combination of symmetry conditions is accessible and it leads to domains with a periodicity
of either 2 or 4 times Lx.

The practical implementation of this restriction is made straightforward through the use of Discrete Sine and Cosine625

transforms (DCT and DST) in our FFT-based solver. Advantageously, and unlike the domain-doubling technique for
the unbounded directions, this implementation does not lead to a twofold (or fourfold) increase in the unknowns as the
DCT/DST transforms are performed in the domain with its original Lx size.
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14. Hallock, J.N., Holzäpfel, F.: A review of recent wake vortex research for increasing airport capacity. Progress in

Aerospace Sciences 98, 27–36 (2018). DOI 10.1016/j.paerosci.2018.03.003
15. Hejlesen, M., Rasmussen, J., Chatelain, P., Walther, J.: A high order solver for the unbounded Poisson equation.

Journal of Computational Physics 252, 458–467 (2013). DOI 10.1016/j.jcp.2013.05.050670

16. Hejlesen, M.M., Winckelmans, G., Walther, J.H.: Non-singular green’s functions for the unbounded poisson equation
in one, two and three dimensions. Applied Mathematics Letters 89, 28–34 (2019). DOI 10.1016/j.aml.2018.09.012.

17. Hockney, R., Eastwood, J.: Computer Simulation using Particles. Taylor & Francis, Inc. Bristol, PA, USA (1988)
18. Ivanell, S., Sorensen, J.N., Mikkelsen, R., Henningson, D.: Analysis of Numerically Generated Wake Structures.

Wind Energy 12(1), 63–80 (2009). DOI 10.1002/we.285675

19. Jeanmart, H., Winckelmans, G.: Investigation of eddy-viscosity models modified using discrete filters: A simplified
regularized variational multiscale model and an enhanced field model. Physics of Fluids 19(5), 055110 (2007).
DOI 10.1063/1.2728935

20. Jha, P.K., Churchfield, M.J., Moriarty, P.J., Schmitz, S.: Guidelines for Volume Force Distributions Within Actuator
Line Modeling of Wind Turbines on Large-Eddy Simulation-Type Grids. Journal of Solar Energy Engineering 136(3),680

031003–031003 (2014)
21. Jha, P.K., Schmitz, S.: Actuator curve embedding – an advanced actuator line model. Journal of Fluid Mechanics

834 (2018). DOI 10.1017/jfm.2017.793
22. Katz, J., Plotkin, A.: Low-speed aerodynamics, vol. 13. Cambridge university press (2001)
23. Koumoutsakos, P.: Inviscid axisymmetrization of an elliptical vortex. Journal of Computational Physics 138(2),685

821–857 (1997). DOI 10.1006/jcph.1997.5749



An ILDL Model for the VPM Method 29

24. Lee, S.J.: Numerical Simulation of Vortex-Dominated Flows Using the Penalized VIC Method, pp. 151–182. InTech
(2017)

25. Mart́ınez-Tossas, L., Churchfield, M., Meneveau, C.: Optimal smoothing length scale for actuator line models of
wind turbine blades based on Gaussian body force distribution. Wind Energy (2017)690

26. Mart́ınez-Tossas, L.A., Meneveau, C.: Filtered lifting line theory and application to the actuator line model. Journal
of Fluid Mechanics 863, 269–292 (2019). DOI 10.1017/jfm.2018.994
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43. Tollmien, W., Schlichting, H., Görtler, H.: Über Tragflügel kleinsten induzierten Widerstandes. In: Ludwig Prandtl
Gesammelte Abhandlungen, pp. 556–561. Springer (1961)

44. Voutsinas, S.G.: Vortex methods in aeronautics: how to make things work. International Journal of Computational
Fluid Dynamics 20(1), 3–18 (2006). DOI 10.1080/10618560600566059

45. Winckelmans, G.S.: Encyclopedia of Computational Mechanics, chap. Vortex Methods, pp. 129–153. John Wiley &730

Sons, Ltd (2004). DOI 10.1002/0470091355.ecm055


	Introduction
	The Vortex Particle-Mesh method
	Immersed Lifting and Dragging Line (ILDL) method
	Validation of the Lifting and Dragging Line model
	Application to the wake of an elliptical wing
	Conclusions
	Reconstruction of the effective upstream velocity
	Errors related to the ILDL model assumptions
	Fourier-based Poisson solver for domains with unbounded and inflow/outflow directions

