NONPARAMETRIC STATISTICAL
ANALYSIS OF PRODUCTION

Mastromarco, C., Simar, L. and P.W. Wilson

REPRINT | 2020/ 05

: 251
B UCLouvain LDV

ISBA ‘ Louvain Institute of D:
Modeling in econom



Nonparametric Statistical Analysis of
Production

CAMILLA MASTROMARCO LEOPOLD SIMAR PaurL W. WILSON*

March 2018

Abstract

A rich literature on the analysis of efficiency in production has developed since pi-
oneering work of Tjalling Koopmans and George Debreu in the 1950s. This literature
includes work by researchers in economics, econometrics, management science, opera-
tions research, mathematical statistics and other fields. The focus in this survey is on
nonparametric approaches for estimation and inference, with particular emphasis on in-
ference since nothing can be learned from estimation without inference. The statistical
problem amounts to estimating the support of a multivariate random variable, subject
to some shape constraints, in multiple dimensions. New results that enable inference
about mean efficiency as well as tests of convexity, returns to scale, differences in mean
efficiency and the separability condition described by Simar and Wilson (2007) are
discussed. The well-known curse of dimensionality presents additional challenges, but
recent work indicates that reducing dimensionality using eigensystem techniques may
improve estimation accuracy. Remaining challenges and open issues are also discussed.
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1 Introduction

Benchmarking performance is a common endeavor. In sports, individual athletes as well as
teams of athletes strive to win by performing better than their opponents and to set new
records for performance. In medicine, physicians and researchers strive to find treatments
that enhance or extend patients’ lives better than existing treatments. In education, schools
attempt to enhance students’ prospects for success at the next level or in the workplace.
In manufacturing, firms attempt to convert inputs (e.g., land, labor, capital, materials or
energy) into outputs (e.g., goods or services) as “efficiently” (i.e., with as little waste) as
possible.

This chapter provides an up-to-date survey of statistical tools and results that are avail-
able to applied researchers using nonparametric, deterministic estimators to evaluate pro-
ducers’ performances.! Previous surveys (e.g., Simar and Wilson, 2008 and 2013) give sum-
maries of results that allow researchers to estimate and make inference about the efficiency
of individual producers. In the review that follows, we describe new results that permit (i)
inferences about mean efficiency (both conditional and unconditional), (ii) tests of convex-
ity versus non-convexity of production sets, (iii) tests of constant versus variable returns to
scale, (iv) tests of the “separability condition” described by Simar and Wilson (2007) re-
quired for second-stage regressions of efficiency estimates on some explanatory variables and
(v) dimension reduction to circumvent the slow convergence rates of nonparametric efficiency
estimators. We also show how conditional efficiency estimators can be used when panel data
are available to model and detect changes over time.

A rich economic theory of efficiency in production has developed from the pioneering
work of Debreu (1951) and Koopmans (1951). Farrell (1957) made the first attempt to esti-
mate a measure of efficiency from observed data on production, but the statistical properties
of his estimator were developed much later. Researchers working in economics, economet-

rics, management science, operations research, mathematical statistics, and other fields have

! By using “deterministic” to describe these estimators, we follow the language of the literature. The
deterministic estimators do not admit a two-sided noise term, in contrast to the literature on efficiency
estimation in the context of parametric, stochastic frontier models. Nonetheless, efficiency must be estimated
since, as discussed below, it cannot be observed directly. Even if the researcher has available observations
on all existing firms in an industry, he should consider that a clever entrepreneur might establish a new firm
that out-performs all of the existing firms. Truth cannot be learned from data.



contributed to what has by now become a large literature on efficiency of production.?

Measurement of performance (i.e., efficiency) requires a benchmark. A commonly-used
benchmark is the efficient production frontier, defined in the relevant input-output space
as the locus of the maximal attainable level of outputs corresponding to given levels of
inputs.® As discussed below, it is also possible to measure efficiency against other benchmarks
provided by features that lie “close” to the efficient production frontier. In either case, these
benchmarks are unobservable and must be estimated. As such, statistical inference is needed
before anything can be learned from data. In turn, a statistical model is needed, as without
one inference is not possible as the theoretical results of Bahadur and Savage (1956) make
clear.

In the survey that unfolds below, Section 2 presents economic and statistical assumptions
that comprise a statistical model in which inference about technical efficiency is possible.
Section 3 discusses nonparametric estimators of efficiency. Both cases mentioned above are
considered, i.e., where either the efficiency frontier or a feature near the efficient frontier
is used as a benchmark. Section 4 introduces “environmental” variables that are neither
inputs nor outputs, but which may nonetheless affect production. This requires a new
statistical model, which is introduced in Section 4.1 as well as new estimators which are
discussed in Section 4.2. Section 5 reviews recent developments providing central limit
theorems for mean efficiency when sample means of nonparametric efficiency estimators are
used to estimate mean efficiency. Section 6 shows how one can test hypotheses about the
structure of the efficient production frontier. Section 7 discusses strategies for increasing
accuracy in estimation of efficiency by reducing dimensionality. Section 9 discusses recent

developments in dynamic settings, and Section 10 provides conclusions.

Ll

2 On 24 January 2018, a search on Google Scholar using the keywords “efficiency,
and “outputs” returned approximately 2,590,000 results.

3 Alternatively, if prices of inputs are available, one can consider a cost frontier defined by the minimal
cost of producing various levels of outputs. Or if prices of outputs are available, one can consider a revenue
frontier defined by the maximal revenue obtained from using various levels of inputs. If both prices of inputs
and outputs are available, one can consider a profit frontier. All of these possibilities relate to allocative
efficiency.

production,” “inputs”



2 Theory of Production

2.1 Economic Model

Standard economic theory of the firm (e.g., Koopmans, 1951, Debreu, 1951 or Varian, 1978)

describes production in terms of a production set
U = {(z,y) € RE" | 2 can produce y} (2.1)

where z € RY denote a vector of p input quantities and let y € R%, denote a vector of
q output quantities. The production set consists of the set of physically (or technically)
attainable combinations (x,y). For purposes of comparing the performances of producers,

the technology (i.e., the efficient boundary of W) given by
V= {(z,y) € V| (Bz,7y) ¢ WV O € (0,1) and (z,\y) ¢ ¥V A € (1,00)} (2.2)

is a relevant benchmark.* Firms that are technically efficient operate in the set U2, while
those that are technically inefficient operate in the set W\ W95
The following economic assumptions are standard in microeconomic theory of the firm

(e.g., Shephard, 1970, Fare, 1988).
Assumption 2.1. ¥ s closed.

Assumption 2.2. Both inputs and outputs are freely disposable: if (x,y) € V, then for any
(@', y') such that 2’ >z and y' <y, («',y') € V.

Assumption 2.3. All production requires use of some inputs: (x,y) ¢ V if x = 0 and

y>0,y#0.

Closedness of the attainable set W is a mild technical condition, avoiding mathematical
problems for infinite production plans. Assumption 2.2 is sometimes called strong dispos-

ability and amounts to an assumption of monotonicity of the technology. This property also

4 In the literature, producers are often referred to as “decision-making units” reflecting the fact that
depending on the setting, producers might be firms, government agencies, branches of firms, countries,
individuals, or other agents or entities. From this point onward, we will use “firms,” which is shorter than
“decision-making units,” to refer to producers without loss of generality or understanding.

5 Standard microeconomic theory of the firm (e.g., Varian, 1978) suggests that inefficient firms are driven
out of competitive markets. However, the same theory makes no statement about how long this might take.
Even in perfectly competitive markets, it is reasonable to believe that inefficient firms exist.

3



implies the technical possibility of wasting resources, i.e., the possibility of increasing input
levels without producing more output, or the possibility of producing less output without
reducing levels. Assumption 2.3 means that some amount of input is required to produce
any output, i.e., there are no “free lunches.”

The Debreu-Farrell (Debreu, 1951 and Farrell, 1957) input measure of technical efficiency

for a given point (z,y) € RE™ is given by
O(z,y | V) =inf{0 | (x,y) € V}. (2.3)

Note that this measure is defined for some points in ]Rﬁ’:’q not necessarily in ¥ (i.e., points
for which a solution exists in (2.3)). Given an output level y, and an input mix (a direction)

given by the vector z, the corresponding efficient level of input is given by
2(y) = 0(z,y | V)z,, (2.4)

which is the projection of (z,y) onto the efficient boundary ¥?, along the ray = orthogonal
to the vector y.

In general, for (z,y) € ¥, O(x,y | V) gives the feasible proportionate reduction of inputs
that a unit located at (x,y) could undertake to become technically efficient. By construction,
forall (z,y) € W, 0(z,y | V) € (0,1]; (z,y) is technically efficient if and only if 0(x,y | ¥) = 1.
This measure is the reciprocal of the Shephard (1970) input distance function.

Similarly, in the output direction, the Debreu-Farrell output measure of technical effi-
ciency is given by

A,y [ V) =sup{A [ (z,\y) € U} (2.5)

for (z,y) € RE™. Analogous to the input-oriented case described above, A(z,y | ¥) gives
the feasible proportionate increase in outputs for a unit operating at (z,y) € ¥ that would
achieve technical efficiency. By construction, for all (z,y) € ¥, A(z,y | ¥) € [1,00) and
(x,y) is technically efficient if and only if A(z,y | ¥) = 1.

The output efficiency measure A(z,y | V) is the reciprocal of the Shephard (1970) output
distance function. The efficient level of output, for the input level x and for the direction of

the output vector determined by v, is given by

y'(2) = Ma,y | V)y. (2.6)

4



Other distance measures have been proposed in the economic literature, including hyper-

bolic distance
Y(,y | ¥) =sup{y>0](yv 'z, yy) € U} (2.7)

due to Fare et al. (1985) (see also Fére and Grosskopf, 2004), where input and output
quantities are adjusted simultaneously to reach the boundary along an hyperbolic path.
Note y(z,y | ¥) = 1 if and only if (z,y) belongs to the efficient boundary ¥9. Under

constant returns to scale (CRS) it is straightforward to show that
Y@y | ¥) = 0(z,y [ )72 = A,y [ 9)12 (28)

However, no general relationship between the hyperbolic measure and either the input or
the output oriented measures hold if the technology does not exhibit CRS everywhere.

Chambers et al. (1998) proposed the directional measure
d(x,y | dy,dy, V) =sup{d | (v — ddy,y + dd,) € U}, (2.9)

which measures the distance from a point (x,y) to the frontier in the given direction d =
(—dz, dy), where d,, € RY and d, € R%. This measure is flexible in the sense that some values
of the direction vector can be set to zero. A value §(z,y | d;,d,, ¥) = 0 indicates an efficient
point lying on the boundary of W. Note that as a special case, the Farrell-Debreu radial
distances can be recovered; e.g. if d = (—z,0) then 6(z,y | dy,d,,¥) =1 —60(z,y | ¥)*
or if d = (0,y) then d(z,y | dy,dy, V) = A(z,y | ¥) — 1. Another interesting feature is
that directional distances are additive measures, hence they permit negative values of x and
y (e.g., in finance, an output y may be the return of a fund, which can be, and often is,

negative).®

Many choices of the direction vector are possible (e.g., a common one for all
firms, or a specific direction for each firm; see Fére et al., 2008 for discussion), although care
should be taken to ensure that the chosen direction vector maintains invariance with respect
to units of measurement for input and output quantities.

All of the efficiency measures introduced above characterize the efficient boundary by

measuring distance from a known, fixed point (x,%) to the unobserved boundary 9. The

% The measure in (2.9) differs from the “additive” measure (z,y | ) = sup{(i,,d,+iydy | (x—ds,y+dy) €
U} estimated by Charnes et al. (1985), where 4,, i, denote (p x 1) and (g x 1) vectors of ones. Charnes et al.
(1985) present only an estimator, and do not define the object that is estimated. Moreover, the additive
measure is not in general invariant to units of measurement.

5



only difference among the measures in (2.3)-(2.9) is in the direction in which distance is
measured. Consequently, the remainder of this chapter will focus on the output direction,

with references given as appropriate for details on the other directions.

2.2 Statistical Model

The economic model described above introduces a number of concepts, in particular the
production set W and the various measures of efficiency, that are unobservable and must
be estimated from data, i.e., from a sample S,, = {(X;,Y;)}"; of n observed input-output
pairs. Nonparametric estimators of the efficiency estimators introduced in Section 2.1 are
based either on the free-disposal hull (FDH), the convex hull or the conical hull of the
sample observations. These estimators are referred to below as FDH, VRS-DEA (where
“VRS” denotes variable returns to scale and “DEA” denotes data envelopment analysis)
and CRS-DEA estimators, and are discussed explicitly later in Section 3.

Before describing the estimators it is important to note that the theoretical results of
Bahadur and Savage (1956) make clear the need for a statistical model. Such a model
is defined here through the assumptions that follow, in conjunction with the assumptions
discussed above. The assumptions given here correspond to those in Kneip et al. (2015b).7
The assumptions are stronger than those used by Kneip et al. (1998), Kneip et al. (2008),
Park et al. (2000) and Park et al. (2010) to establish consistency, rates of convergence and
limiting distributions for FDH and DEA estimators, but are needed to establish results on

moments of the estimators.

Assumption 2.4. (i) The sample observations S, = {(X;,Y;)}", are realizations of in-
dependent, identically distributed (iid) random variables (X,Y") with joint density f and
compact support D C V; and (ii) f is continuously differentiable on D.

The compact set D is introduced in Assumption 2.4 for technical reasons and is used in
proofs of consistency of DEA and FDH estimators; essentially, the assumption rules out use

of infinite quantities of one or more inputs.
Assumption 2.5. (i) D* := {(z,A\(z,y | V)y) | (z,y) € D} C D; (ii) D* is compact; and
(i11) f(x,Nx,y | ¥V)y) >0 for all (x,y) € D.

7 Kneip et al. (2015b) work in the input orientation. Here, assumptions are stated for the output
orientation where appropriate or relevant.




Assumption 2.5(i) ensures that the projection of any firm in D onto the frontier in the
output direction also is contained in D, and part (ii) means that the set of such projections
is both closed and bounded. Part (iii) of the assumption ensures that the density f(x,y) is
positive along the frontier where firms in D are projected, and together with Assumption
2.4 this precludes a probability mass along the frontier. Consequently, observation of a firm
with no inefficiency is an event with zero measure; i.e., any given firm almost surely operates

in the interior of W.
Assumption 2.6. \(x,y | V) is three times continuously differentiable on D.

Assumption 2.6 amounts to an assumption of smoothness of the frontier. Kneip et al.
(2015b) require only two-times differentiability to establish the limiting distribution of the
VRS-DEA estimator, but more smoothness is required to establish moments of the estimator.

In the case of the FDH estimator, Assumption 2.6 can be replaced by the following.

Assumption 2.7. (i) AN(z,y | V) is twice continuously differentiable on D; and (ii) all the
first-order partial derivatives of AN(z,y | V) with respect to x and y are nonzero at any point
(x,y) € D.

Note that the free disposability assumed in Assumption 2.2 implies that A(z,y | )
is monotone, increasing in  and monotone, decreasing in y. Assumption 2.7 additionally
requires that the frontier is strictly monotone and does not possess constant segments (which
would be the case, for example, if outputs are discrete as opposed to continuous, as in the
case of ships produced by shipyards). Finally, part (i) of Assumption 2.7 is weaker than
Assumption 2.6; here the frontier is required to be smooth, but not as smooth as required
by Assumption 2.6.%

For the VRS-DEA estimator, the following assumption is needed.

Assumption 2.8. D is almost strictly convex; i.e., for any (z,v), (z,y) € D with (II%H’ y) #

(150, the set {(z*,y") | (2",y") = (2,9) + a((@,§) — (2,y)) for some 0 < a < 1} is a
subset of the interior of D.

Assumption 2.8 replaces the assumption of strict convexity of W used in Kneip et al.

(2008) to establish the limiting distribution of the VRS-DEA estimator. Together with

8 Assumption 2.7 is slightly stronger, but much simpler than assumptions AII-AIII in Park et al. (2000).
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Assumption 2.5, Assumption 2.8 ensures that the frontier U9 is convex in the region where
observations are projected onto W by A(x,y | ¥). Note, however, that convexity may be
a dubious assumption in some situations. For example, see Bogetoft (1996), Bogetoft et al.
(2000), Briec et al. (2004)) and Apon et al. (2015). Convexity is not needed when FDH
estimators are used, and in Section 6.1 a statistical test of the assumption is discussed.

For the case of the CRS-DEA estimator, Assumption 2.8 must be replaced by the fol-

lowing condition.

Assumption 2.9. (i) For any (z,y) € ¥V and any a € [0,00), (az,ay) € V; (i) the
support D C W of f is such that for any (z,y), (T.y) € D with (57, ) # (%,%),
the set {(z*,y*) | («*,y*) = (z,y) + a((z,y) — (x,y)) for some 0 < o < 1} is a subset of the
interior of D; and (iii) (x,y) & D for any (z,y) € RE x R? with y' = 0, where y' denotes

the first element of the vector y.

The conditions on the structure of ¥ (and D) given in Assumptions 2.8 and 2.9 are
incompatible. It is not possible that both assumptions hold simultaneously. Assumption
2.9(i) implies that the technology W9 is characterized by globally CRS. Under Assumption
2.9(4), ¥ is equivalent to its convex cone, denoted by V(V¥). Otherwise, ¥ C V(V¥) and
(provided Assumptions 2.5 and 2.8 hold) ¥ is said to be characterized by VRS.

Assumptions 2.4-2.6 are similar to assumptions needed by Kneip et al. (2008) to estab-
lish the limiting distribution of the VRS-DEA estimator, except that there and as noted
above, the efficiency measure is only required to be twice continuously differentiable. Here,
the addition of Assumption 2.8 (or Assumption 2.9 in the CRS case) and the additional
smoothness of A(z,y | ¥) in Assumption 2.6 are needed to establish results beyond those

obtained in Kneip et al. (2008).

2.3 An Alternative Probabilistic Framework

The description of the DGP in Section 2.2 is traditional. However, the DGP can also be
described in terms that allow a probabilistic interpretation of the Debreu-Farrell efficiency
scores, providing a new way of describing the nonparametric FDH and DEA estimators.
This new formulation is useful for introducing extensions of the FDH and DEA estimators

described above, and for linking frontier estimation to extreme value theory as explained by



Daouia et al. (2010). The presentation here draws on that of Daraio and Simar (2005), who
extend the ideas of Cazals et al. (2002).

The stochastic part of the DGP introduced in Section 2.2 through the probability density
function f(x,y) is completely described by the distribution function

Hxy(z,y) =Pr(X <z,Y >y). (2.10)

This is not a standard distribution function since the cumulative form is used for the inputs
x while the survival form is used for the outputs y. However, Hxy (x,y) is well-defined and
gives the probability that a unit operating at input, output levels (z,y) is dominated, i.e.,
that another unit produces at least as much output while using no more of any input than
the unit operating at (z,y). The distribution function is monotone, non-decreasing in = and
monotone non-increasing in y. In addition, the support of the distribution function Hyy (-, )

is the attainable set V; i.e.,
Hxy(z,y) =0V (z,y) ¢ V. (2.11)

The joint probability Hxy (z,y) can be decomposed using Bayes’ rule to obtain

Hxy(z,y) =Pr(X <z |Y > y)Pr(Y > y) (2.12)
—Fypy (ely) —5y (1)

=Pr(Y 2y | X <) Pr(X <), (2.13)
—Sy|x (4]a) —Fx(x)

where Sy (y) = Pr(Y > y) denotes the survivor function of Y, Syx(y | z) = Pr(Y > vy |
X < z) denotes the conditional survivor function of Y, and the conditional distribution
and survivor functions are assumed to exist whenever used (i.e., when needed, Sy (y) > 0
and Fx(z) > 0). The frontier ¥? can be defined in terms of the conditional distributions
defined by (2.12) and (2.13) since the support of H(z,y) is the attainable set. This permits
definition of some alternative concepts of efficiency.

For the output-oriented case, assuming F'x(z) > 0, define
X(m,y | Hxy) = sup{A | Sy|x(Ay [ z) > 0}

= sup{\ | Hxy(z, \y) > 0}. (2.14)

The output efficiency score X(:c, y | Hxy) gives the proportionate increase in outputs required

for the same unit to have zero probability of being dominated by a randomly chosen unit,

9



holding input levels fixed. Note that in a multivariate framework, the radial nature of the
Debreu-Farrell measures is preserved. Similar definitions are possible in the input, hyperbolic
and directional orientations; see Simar and Wilson (2013) for details and references.

From the properties of the distribution function Hxy (x,y), it is clear that the new effi-
ciency score defined in (2.14) has some sensible properties. First, X(x, y | Hxy) is monotone,
non-decreasing in x and monotone, non-increasing in y. Second, and most importantly, under
Assumption 2.2 it is trivial to show that A(z,y | Hxy) = Aa,y | ¥). Therefore, whenever
Assumption 2.2 holds, the probabilistic formulation presented here provides an alternative

characterization of the traditional Debreu-Farrell efficiency scores.

2.4 Partial Frontiers

As will be seen below in Section 3, estimators of the various efficiency measures introduced
above are sensitive to outliers and are plagued by slow convergence rates that depend on
(p+ q), i.e., the number of inputs and outputs. One approach to avoid these problems is to
measure efficiency relative to some benchmark other than the full frontier ¥°. The notion
of partial frontiers described below provides useful, alternative benchmarks against which
producers’ performances can be measured. The main idea is to replace the full frontier with
a model feature that lies “close” to the full frontier. Using estimates of distance to a partial
frontier, one can rank firms in terms of their efficiency just as one can do when measuring
distance to the full frontier.

The density of inputs and outputs introduced in Assumption 2.4 and the corresponding
distribution function in (2.10) permit definition of other benchmarks (in addition to ¥?) for
evaluating producers’ performances. Two classes of partial frontiers have been proposed: (i)
order-m frontiers, where m can be viewed as a trimming parameter, and (ii) order-a quantile
frontiers, analogous to traditional quantile functions but adapted to the frontier problem.
As will be seen below in Sections 3.3 and 3.4, estimation based on the concept of partial
frontiers offers some advantages over estimation based on the full frontier ¥?. In particular,
partial frontiers are less sensitive to outliers in the data, avoided and root-n convergence
rates are achieved by estimators based on partial frontier concepts.

Suppose input levels x in the interior of the support of X is given, and consider m iid

random variables Y;, © = 1, ..., m drawn from the conditional g-variate distribution function

10



Fyix(y|z)=1—=S8yx(y|x) =Pr(Y <y| X <z). Define the random set

m

Up(z) = J{@9) e Ry | T <2,V <7} (2.15)

i=1
Then the random set W,,(y) is the free disposal hull of m randomly-chosen firms that use
no more than x levels of the p inputs. For any y and the given x, the Debreu-Farrell output

efficiency score relative to the set W,,(z) is simply
Az, y | Up(x)) = sup{A | (x,\y) € ¥,,(z)} (2.16)

after substitution of W,,(x) for ¥ in (2.5). Of course, the efficiency score A(z,y | U,,(z))
is random, since the set ¥,,(z) is random. For a given realization of the m values Y;, a

realization of A(z,y | ¥,,(z)) is determined by

(Y
A,y | W () = max {jgll’l‘{r.lﬁp (?) } (2.17)

where superscript j indexes elements of the g-vectors y and Y;. Then for any y € R%, the

(expected) order-m output efficiency measure is defined for all  in the interior of the support
of X by
An(@,y | Hxy) =EAn(z,y | Un(2)) | X < 2)

:/OOO [1— (1= Syx(uy | z)"] du

Az,y[)
=Az,y | V) —/0 (1= Syx(uy | )™ du (2.18)

provided the expectation exists. Clearly,

The order-m output efficiency score provides a benchmark for the unit operating at
(x,y) relative to the expected maximum output among m peers drawn randomly from the
population of units that use no more than x levels of inputs. This efficiency measure in turn
defines an order-m output efficient frontier. For any (z,y) € ¥, the expected maximum level
of outputs of order-m for a unit using input level x and for an output mix determined by

the vector y is given by
Y (@) = Na,y | Un(2)) y. (2.20)

11



The expected output efficient frontier of order m (i.e., the output order-m efficient frontier)

is defined by
VI = {(7,9) | T = 2. T = yAalz,y), (z.y) € T}. (2.21)

By contrast, recall that the full frontier W9 is defined (at input level x) by (2.6).

Extension to the input oriented case is straightforward; see Cazals et al. (2002) for details.
Extension to hyperbolic and directional distances is somewhat more complicated due to the
nature of the order-m concept in the multivariate framework, and requires some additional
work. Results are given by Wilson (2011) for the hyperbolic case, and by Simar and Vanhems
(2012) for directional cases.

The central idea behind order-m estimation is to substitute a feature “close” to the
frontier W? for the frontier itself. Introduction of the distribution function Hxy (z,y) invites
a similar, alternative approach based on quantiles. As noted above, the quantity m in order-
m frontier estimation serves as a trimming parameter which determines the percentage of
points that will lie above the order-m frontier. The idea underlying order-a quantile frontiers
is to reverse this causation, and choose the proportion of the data lying above the partial
frontier directly.

Quantile estimation in regression contexts is an old idea. In the framework of production
frontiers, using the probabilistic formulation of the DGP developed in Section 2.3, it is
straightforward to adapt the order-m ideas to order-a quantile estimation. These ideas are
developed for the univariate case in the input and output orientations by Aragon et al.
(2005) and extended to the multivariate setting by Daouia and Simar (2007). Wheelock and
Wilson (2008) extended the ideas to the hyperbolic orientation, and Simar and Vanhems
(2012) extended the ideas to directional measures.

Consider again the output oriented case. For all x such that Fx(x) > 0 and for a € (0, 1],
the output a-quantile efficiency score for the unit operating at (x,y) € W is defined by

Aa(z,y | Hxy) = sup{\ | Sy|x(A\y | ) > 1 —a}. (2.22)

To illustrate this measure, suppose that A,(x,y) = 1. Then the unit operating at (z,y) € ¥
is said to be output efficient at the level (cvx 100)-percent, meaning that the unit is dominated
with probability (1 — «) by firms using no more than x level of inputs. More generally, if

Ao(T,y)(<,>)1, the firm at (z,y) can (decrease, increase) its output to A, (x,y)y to become
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output-efficient at level (« x 100)-percent, i.e., to be dominated by firms using weakly less
input (than the level ) with probability (1 — «).

The concept of order-a output efficiency allows definition of the corresponding efficient
frontier at the level (a x 100)-percent. For a given (z,y), the order-a output efficiency level

of outputs is given by

y2(x) = Aalz,y | Hxy)y. (2.23)

By construction, a unit operating at the point (z,y%(z)) € ¥ has a probability
Hxy(z,92(x)) = (1 — a)Fx(z) < 1 — a of being dominated. Analogous to WU 49 (x)
can be evaluated for all possible x to trace out an order-a output frontier, denoted by woeut,

It is straightforward to show that Ao (z,y | Hxy) converges monotonically to the Debreu-

Farrell output efficiency measure; i.e.,
lim Ao(2,y | Hxy) = A2,y | ¥) (2.24)

where “1” denotes monotonic convergence from below. Moreover, for all (z,y) € U, (z,y) &
9, there exists an « € (0, 1] such that A\,(z,y | Hyy) = 1, where a« = 1 — Sy|x(y | ).

From the preceding discussion it is clear that both the output order-m and output order-
« partial frontiers must lie weakly below the full frontier. Consequently, both A, (z,y |
Hxy(z,y)) and A\, (z,y | Hxy(x,y)) must be weakly less than A(z,y | ¥). Conceivably,
Am(z,y | Hxy(z,y)) or Ay (x,y | Hxy(x,y)) could be less than one, indicating that (z,y)
lies above the corresponding partial frontier. This is natural since by construction, the partial
frontiers (provided av < 1 or m is finite) lie in the interior of ¥. As noted above, partial
frontiers provide alternative benchmarks against which efficiency can be measured, with the
advantage that the partial frontiers can be estimated with root-n convergence rate and with
less sensitivity to outliers than estimates based on full frontiers.

Similar ideas have been developed for other directions. For the input orientation, see
Daouia and Simar (2007). Wheelock and Wilson (2008) extend the ideas of Daouia and
Simar (2007) to the hyperbolic direction, while Simar and Vanhems (2012) extend these
ideas to the directional case.

It is important to note that all of the concepts discussed so far describe unobservable

features of the statistical model. Consequently, efficiency must be estimated, and then
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inference must be made before anything can be learned about efficiency. The preceding
discussion makes clear that more than one benchmark is available by which efficiency can
be measured, e.g., the full frontier ¥, or the order-m or order-a partial frontiers. In any
case, these are not observed and must be estimated. The next section discusses various

nonparametric estimators of efficiency.

3 Nonparametric Estimation of Efficiency

3.1 Free Disposal Hull Estimators

The FDH estimator
Uppn = | {(@y) eRY 2> X, y <V}, (3.1)
(X4,Y:)€ESn
of W proposed by Deprins et al. (1984) relies on free disposability assumed in Assumption 2.2,
and does not require convexity of W. The FDH estimator defined in (3.1) is simply the free
disposal hull of the observed sample S,,, and amounts to the union of n southeast-orthants
with vertices (X;,Y;), where n is the number of input-output pairs in S,,.
A nonparametric estimator of output efficiency for a given point (x,y) € RT‘] is obtained

by replacing the true production set ¥ in (2.5) with the estimator Uppn, vielding
Ao (2, y | Sn) = sup{A | (z, \y) € Wppy}. (3.2)
This can be computed quickly and easily by first identifying the set
D(z,y) ={i | (Xi,Y;) € Sp, Xi <, Vi >y} (3.3)

of indices of observations (X;,Y;) that dominate (z,y) and then computing

i€D(wy) J=L,mg \ yJ

~ Y7
Arpu(z,y | Sp) = max  min L. (3.4)

Determining the set D(z,y) requires only some partial sorting and some simple logical com-
parisons. Consequently, the estimator /):FDH(.%', y | S,) can be computed quickly and easily.
Efficient output levels for given input levels z and a given output mix (direction) described

by the vector y are estimated by

7 () = Aeou(z,y | Su)y. (3.5)
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By construction, (I\JFDH C ¥, and so \/I\IFDH is a downward, inward-biased estimator of W,
and 7°(x) is an downward-biased estimator of y?(x) defined in (2.6). Consequently, the level
of technical efficiency is under-stated by Appy (z,y | Sn).

The plug-in principle used above can be used to define an FDH estimator of the input-
oriented efficiency measure in (2.3). Wilson (2011) extends this to the hyperbolic case, and
Simar and Vanhems (2012) extend the idea to the directional case.

Results from Park et al. (2000) and Daouia et al. (2017) for the input-oriented case extend

to the output oriented case described here. In particular,
nt/ (P+a) (XFDH(x, y|Sn)— Az, y | \Il)) £, Weibull(gtyy, p+ q) (3.6)

where i, is a constant that depends on the DGP; see Park et al. (2000) for details. Wilson
(2011) and Simar and Vanhems (2012) establish similar results for the hyperbolic and di-
rectional cases. Regardless of the direction, the various FDH efficiency estimators converge
at rate n'/®*9_ For (p + q) > 2, the FDH estimators converge slower than the parametric

root-n rate.

3.2 Data Envelopment Analysis Estimators

Although DEA estimators were first used by Farrell (1957) to measure technical efficiency
for a set of observed firms, the idea did not gain widespread notice until Charnes et al.
(1978) appeared. Charnes et al. used the convex cone (rather than the convex hull) of
\TIFDH to estimate W, which would be appropriate only if returns to scale are everywhere
constant. Later, Banker et al. (1984) used the convex hull of \T'FDH to estimate W, thus
allowing variable returns to scale.” Here, “DEA” refers to both of these approaches, as well
as other approaches that involve definition of a convex set enveloping the FDH estimator
\TIFDH to estimate W.

The most general DEA estimator of the attainable set U is simply the convex hull of

\IIFDH; 1.e.,

Uyrs = {(2,y) eRP* |y < Yw, 2> Xw, ilw=1, we R} (3.7)

9 Confusingly, both Charnes et al. (1978) and Banker et al. (1984) refer to their estimators as “models”
instead of “estimators.” The approach of both is a-statistical, but the careful reader will remember that
truth cannot be learned from data.
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where X = [X; ..., X,] and Y = [Y; ...,Y,] are (p x n) and (¢ x n) matrices (respec-
tively) whose columns are the input-output combinations in S, w is an (n x 1) vector of
weights, and i,, is an (n X 1) vector of ones. Alternatively, the conical hull of the FDH esti-
mator, (I\JCRS, used by Charnes et al. (1978), is obtained by dropping the constraint i,w = 1
in (3.7); i.e.,

Ueps = {(z,9) ERY |y <Yw, 2> Xw, we R" }. (3.8)

As with the FDH estimators, DEA estimators of the efficiency scores 0(z,y | V), \(z,y |

V) y(z,y | V), and §(z,y | w,v,¥) defined in (2.3), (2.5), (2.7), and (2.9) can be obtained

using the plug-in method by replacing the true, but unknown, production set ¥ with one

of the estimators \TIVRS or (I\ICRS. In the output orientation, replacing ¥ with \TJVRS in (2.5)
yields

Mrs(@,y | Sp) = sup {)\ | (2, \y) € \TJVRS} : (3.9)

which can be computed by solving the linear program
Ars(2,y | Sn) = MM <Yw, 2> Xw, ilw=1, weR}}. (3.10)

The CRS estimator Acgs(z,y | S,) is obtained by dropping the constraint i’ w = 1 on the
right-hand side of (3.10). Technically efficient levels of outputs can be estimated by plugging
either the VRS or CRS version of the DEA efficiency estimator into (2.6). For example, under
VRS, in the output orientation the technically efficient level of inputs for a given level of
inputs x is estimated by /):VRS(x, y|Sn)y.

These ideas extend naturally to the input orientation as well as to the directional case.
In both cases, the resulting estimators based on either \TJVRS or \/I\JCRS can be written as linear
programs. In the hyperbolic case, Ycrs(x,y | S,) can be computed as the square root of
/)\\CRS(:E,y | Sn) due to (2.8) in situations where Assumption 2.9(i) is maintained. Other-
wise, Wilson (2011) provides a numerical method for computing the hyperbolic estimator
Avrs(z,y | Sp) based on \T/VRS.

Both the FDH and DEA estimators are biased by construction since \T/FDH - \TIVRS (@GRS
Moreover, \TJVRS - \TJCRS. Under Assumption 2.9(i), \TICRS C U, otherwise, {I\ICRS will not
be a statistically consistent estimator of W. Of course, if ¥ is not convex, then ‘T’\/Rs will

also be inconsistent. These relations further imply that XFDH(ZU, Yyl Sy < /XVRs([B, y|Sn) <
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Az, y | ) and Avrs(z,y | Sp) < Acrs(z,y | Su). Similar relations hold for estimators of the
input, hyperbolic and directional efficiency measures.

Kneip et al. (1998) derive the rate of convergence of the input-oriented DEA estimator,
while Kneip et al. (2008) derive its limiting distribution. These results extend to the output
orientation after straightforward (though perhaps tedious) changes in notation to establish

that for (x,y) € ¥, and conditions satisfied by the assumptions listed in Section 2,

n2/(p+q+1) (XVRS(xa Yy ’ Sn) - )\(l’, Yy | \Ij)) i> Qxy,VRS(') (311)

as n — 0o where @)y, vrs(-) is a regular, non-degenerate distribution with parameters de-
pending on the characteristics of the DGP and on (x,y). Wilson (2011) establishes similar
results for the hyperbolic orientation, and Simar et al. (2012) extend these results to the
directional case. The convergence rate remains the same in both cases. Under similar as-

sumptions but with the addition of CRS in Assumption 2.9, Park et al. (2010) establish

n?/(p+q) <XCRS(x>y ‘ Sn) - )‘('Tay | \Ij)) i> Q:cy,CRS(') (312)

for (xz,y) € U as n — oo, where @,y crs() is another regular, non-degenerate distribution
with parameters depending on the characteristics of the DGP and on (z,y) but different
from Quy1(-). Interestingly, results from Kneip et al. (2016) for the input-oriented case can
be extended to the output orientation (again, after straightforward but tedious changes in
notation) to establish that under Assumption 2.9 and appropriate regularity conditions (see

Kneip et al., 2016 for details),
/)\\VRS(xa yl8n) —AMz,y| V) = OP(”_Q/(erq)) (3.13)

Thus, under CRS, the VRS-DEA estimator attains the faster rate of the CRS-DEA estimator.
The FDH estimator, however, keeps the same convergence rate n'/®+9 regardless of returns
to scale or whether W is convex.

Kneip et al. (2015b) provide results on the moments of both FDH and DEA estimators
as discussed below in Section 5. Limiting distributions of the FDH efficiency estimators
have a Weibull form, but with parameters that are difficult to estimate. that are difficult to
estimate. The limiting distributions of the DEA estimators do not have a closed form. Hence

in either case, inference on individual efficiency scores requires bootstrap techniques. In the
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DEA case, Kneip et al. (2008) provide theoretical results for both a smoothed bootstrap and
for subsampling, while Kneip et al. (2011) and Simar and Wilson (2011b) provide details

and methods for practical implementation. Subsampling can also be used for inference in

the FDH case; see Jeong and Simar (2006) and Simar and Wilson (2011b).

3.3 Order-m Estimators

In Sections 3.1 and 3.2, the plug-in approach was used to define estimators of the output
efficiency measure defined in (2.5) based on the full frontier. A similar approach is used
here to define an estimator of A, (z,y | Hxy) defined in (2.18). The empirical analog of the
distribution function Hxy (z,y) defined in (2.11) is

n

~ 1

Hyynlzy) = =S 1(X: < 2,Y; > ), 3.14

Wrale) = L D1 S 2 ) (3.14)

where 1(-) is the indicator function (i.e., 1(A) = 1 if A; otherwise, 1(A) = 0). Note that at
any point (z,y) € RPH, H xvn(2,y) gives the proportion of sample observations in S,, with

values X; < x and Y; > y; in other words, H xvn(x,y) gives the proportion of points in the

sample S,, that (weakly) dominate (z,y). In addition,

~

e~ Hxyn(z,y)
Syixay | @) = =———= (3.15)
Hxyn(z,0)

is the empirical analog of the conditional survivor function Sy x(y | z) defined in (2.13).
Substitution of (3.15) into the second line of (2.18) yields a nonparametric estimator of

Am(2,y | Hxy), namely
Mm@,y | Hxyn) = / [1—(1—§Y,n(uyyx))m] du. (3.16)
0

The integral in (3.16) is univariate and can be evaluated using numerical integration methods
such as Gaussian quadrature. Alternatively, the estimator can be computed using Monte
Carlo methods as described by Cazals et al. (2002). For a firm operating at (x,y) € P, an

estimate of its expected maximum output level of order-m is given by
Tn(@) = A,y | Hxva) (3.17)
Ym T T, Y | Hxyn)Y, .

analogous to (2.20).
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Cazals et al. (2002) show that for finite m, A, (z,y | ]TIXYM) is asymptotically normal

with root-n convergence rate; i.e.,

Vit (Mm@ | Hxva) = Ml y)) == N(0,0%(x.9) (3.18)

asm — 0o. An expression for the variance term o2, is given by Cazals et al. (2002). Although
the convergence rate does not depend on the dimensionality (i.e., on p + ¢), the variance
increases with p 4+ ¢ when the sample size n is held fixed. It is not hard to find examples
where most if not all observations in a sample lie above the order-m frontier unless m is very
large.

Cazals et al. (2002) discuss the input oriented analog of the estimator in (3.16). Wilson
(2011) extends these ideas to the hyperbolic case, and Simar and Vanhems (2012) extend
the ideas to directional distances. In each case, the estimators achieve strong consistency
with root-n rate of convergence and asymptotic normality when m is finite. In addition, as
m — 00, Ap(x,y) = Mz, y | V) and A\, (2, y | ﬁXYn) — XFDH(x,ySn). If m=m(n) — oo

at rate nlognFx(x) as n — oo,
n [)\mm(x,y | ITIXY,H) — ANz, y | \I/)] £y Weibull (41, 4, p + q) as n — oo. (3.19)

As m = m(n) — oo, the estimator A\, ,(x,y | ]TIXy,n) shares the same properties as the FDH
estimator. But, in finite samples, it will be more robust to outliers and extreme values since

it will not envelop all the observations in the sample.

3.4 Order-a Estimators

Here also the plug-in principle can be used to obtain nonparametric order-a efficiency es-
timators. A nonparametric estimator of the output a-quantile efficiency score defined in
(2.22) is obtained by replacing the conditional survival function in (2.22) with its empirical

analog introduced above in Section 3.3, yielding
Ao,y | ]/'\IXY’H) = sup{\ | §Y‘X7n()\y | z) > 1— a}. (3.20)

The order-« efficiency estimator in (3.20) is easy to compute using the algorithm given

by Daouia and Simar (2007). Define

Yk
Vi= min —, (3.21)

k=1,...,q Y
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t=1, ..., n,and let n, = nﬁX(I) > 0 where ﬁX(x) is the p-variate empirical distribution
function of the input quantities, i.e., the empirical analog of Fx(x) defined by (2.13). For
1=1, ..., ng, let ygg.) denote the jth order statistic of the observations ); such that X; < x,
so that y(xl) < ygg) <...< ygvnz). Then

A

an = {y(m“”“ i omg € Nt (3.22)

yaanz I+1) otherwise,

where |an, | denotes the integer part of an, and N, is the set of strictly positive integers.
The input-oriented estimator is obtained similarly; see Daouia and Simar (2007) for
details. The ideas are extended to the hyperbolic case by Wheelock and Wilson (2008),
who also present a numerical procedure for computing the estimator that is faster than the
method based on sorting by a factor of about 70. The directional case is treated by Simar
and Vanhems (2012).
Regardless of the direction that is chosen, provided a < 1, the order-a estimators converge

completely; e.g., in the output orientation,
Aan(T,y | Hxyn) — Mal(7,9), (3.23)

where —— denotes complete convergence. Complete convergence, introduced by Hsu and
Robbins (1947), implies and is a stronger form of convergence than almost-sure convergence.
A sequence of random variables {(,}>°; converges completely to a random variable ¢, de-
noted by ¢, — ¢, if lim, 00 Z?Zl Pr(|¢; — (| > €) < 0oV e > 0. The complete convergence
in (3.23) implies

lim ZPI <|)\a,j(m,y | ]TIXy’n) — Az, y)| > e) < 00 (3.24)

for all ¢ > 0. In addition, for @ < 1, the order-a estimator is asymptotically normally

distributed, with root-n convergence rate:
VtAan(@,y | Hyya) — Aa(z, 1)) == N(0,0%(2,y)), asn — oo. (3.25)

An expression is for the variance term o2 (z,y) is given by Daouia and Simar (2007). Note,
however, that similar to the order-m estimator, as @ — 1 the order-a estimator A\, ,(z,y |

H xvn) shares the properties of the FDH estimator.
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3.5 Making Inference About Efficiency of a Firm

The root-n rate of convergence of the order-m and order-a estimators is unusual among
nonparametric estimators. Asymptotic normality of the partial efficiency estimators facil-
itates inference and allows estimation of confidence intervals using an asymptotic normal
approximation. In the case of the order-m estimator, Cazals et al. (2002) describe a simple
plug-in method for estimating the variance parameter o2 (z,y) that appears in (3.18). A
similar approach can be used to estimate the variance term o2 (z,y) that appears in (3.25).
In either case, due to the asymptotic normality of the order-m and order-« estimators, the
variance terms can also be estimated using a standard, naive bootstrap where observations
are resampled uniformly, with replacement to create bootstrap samples of size n.

When either FDH or DEA estimators are used, making inference is more problematic.
Although the limiting distributions of the FDH and DEA estimators have been derived,
they are complicated. The limiting distribution of the FDH estimator is a Weibull, but its
parameter depends on unknown model features (e.g., curvature of the true, unobserved fron-
tier) that are difficult to estimate. In the DEA case, the limiting distributions do not have
closed-form expressions. The only practical approach is to make inference using bootstrap
methods. However, it is well-known (e.g., see Bickel and Freedman, 1981) that an ordinary,
naive bootstrap does not provide valid inference when estimating a support boundary (or
distance to the support boundary). Simar and Wilson, 2011a provide a pedagogical expla-
nation of the problem. Unfortunately, this fact is not recognized in some of the frontier
literature as indicated by the discussion in Simar and Wilson (1999a, 1999b).

Simar and Wilson (1998) propose a smooth bootstrap to replace the inconsistent naive
bootstrap when FDH or DEA estimators are used. Simar and Wilson implement the
smoothed bootstrap in a simple model under the assumption that the distribution of the
inefficiencies along the chosen direction (input rays or output rays) is homogeneous in the
input-output space. Hence the smoothing operates only on the estimation of the univariate
density of the efficiencies, making the problem much easier to handle. Simar and Wil-
son (2000) extend this idea to a more general heterogeneous case where the distribution of
efficiency is allowed to vary over W. This requires more complication than the original proce-
dure, and involves the estimation of a smoothed density of (X,Y’) with unknown support in

a (p + q)-dimensional space. No theoretical justification was given for either approach, but

21



results from intensive Monte-Carlo experiments described in both papers suggest that these
bootstrap procedures give reasonable approximations for correcting the bias of the efficiency
estimates and for building individual confidence intervals for the efficiency of any fixed point
(z,9).

Kneip et al. (2008) describe two bootstrap techniques and prove that both provide consis-
tent, valid inference. The first is a double-smooth bootstrap where in addition to smoothing
the empirical distribution of the data, the support of ¥ is estimated by a smoothed version
of the VRS-DEA estimator. The second is a subsampling bootstrap.

The double-smooth bootstrap developed by Kneip et al. (2008) involves numerical diffi-
culties making it difficult to implement and computationally demanding. Kneip et al. (2011)
provide a simplified, consistent, and computationally-efficient version of the double-smooth
bootstrap. The idea is rather simple. It is well-known that the naive bootstrap does not
work, but it does not work only because of points in a neighborhood of the boundary. The
idea behind the simplified Kneip et al. (2011) method is to draw naively among observations
which are “far” from the frontier and draw the remaining points from a uniform distribution
with support “near” the frontier. This neighborhood of the frontier is tuned by a smoothing
parameter that can be selected by a simple “rule of thumb.” For obtaining consistency, the
VRS-DEA frontier estimate must be smoothed, and here a second bandwidth parameter is
selected by cross-validation methods.

The subsampling approach is much easier to implement, since a bootstrap sample SZ,
where n = n? for some vy € (0, 1), is obtained by drawing (either with or without replacement)
n pairs (X;,Y;) from the original sample S,,. Kneip et al. (2008) prove consistency of this
subsampling bootstrap, but do not provide suggestions for how a value for 7 might be
selected in practice. Their simulation results indicate that performance of the subsampling
bootstrap in terms of achieved coverages of estimated confidence intervals is quite sensitive
to the choice of n. Jeong and Simar (2006) prove that subsampling provides a consistent
approximation of the sampling distribution of the FDH efficiency estimator, but here again,
no practical advice is offered on how to select an appropriate subsample size.

Using results from Politis et al. (2001) and Bickel and Sakov (2008), Simar and Wilson
(2011a) provide a data-driven algorithm for selecting an appropriate value of the subsample

size n, for both the FDH and DEA cases. The idea is to compute the object of interest (e.g.,
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bounds of a confidence interval, or bias estimate) for various values of n on some selected
grid. Then the value of n where the results show the smallest volatility is selected. This
volatility can be computed for each value of n in the grid by computing, for example, the
standard deviation between the 3 or 5 values found for the adjacent values of n. Simar and
Wilson (2011a) investigate the performance of their method (in terms of achieved coverages
of individual confidence intervals for efficiency scores) by intensive Monte-Carlo experiments,
for both FDH and DEA estimators. The results indicate that the method works well for
moderate sample sizes similar to those faced in practice, providing reasonable approximations
of the sampling distribution of the estimators. The method has been implemented in the

FEAR software package described by Wilson (2008).

4 Environmental Factors

4.1 A Statistical Model with Environmental Variables

The statistical model presented in Section 2 include only input quantities and output quan-
tities represented by random variables X € R and Y € R%, respectively. But in some
situations, the production process may be affected by influences beyond inputs and outputs.
For example, firms may face different regulatory environments. In the US hospital indus-
try, hospital type or ownership (i.e., for-profit, non-profit, state and local government, or
federal government) may influence incentives, objectives, or other features that might affect
production. Similarly, in banking and insurance, private, public, or mutual ownership might
influence production. In agricultural studies, rainfall might be regarded as something other
than an input, exogenous to farmers’ choices. Below, we refer to such factors—that are
neither inputs nor outputs—as environmental factors, and formalize a statistical model of
the production process along the lines of the probability framework of Cazals et al. (2002)
and Daraio et al. (2018).

Let Z € R" denote a vector of variables describing environmental factors faced by pro-
ducers, with random variables (X, Y, Z) defined on an appropriate probability space. Let
fxvz(z,y,z) denote the joint density of (X,Y,Z) which has support P C RY x R% x R".

This joint density can always be decomposed as

fxvz(,y,2) = fxviz(e,y | 2)f2(2). (4.1)
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Let
U* ={(X,Y) | X can produce Y when Z = z} (4.2)

be the set of feasible combinations of inputs and outputs for a firm facing environmental
conditions Z = z. Then W* is the conditional support of fxy|z(z,y | 2), i.e., the support of
(z,y) given Z = z. Let Z denote the support of fz(z).

There are several ways in which the environmental variables in Z might affect the pro-
duction process. First, the environmental variables might affect only the inefficiency process
through the density fxy|z(z,y | 2), thereby affecting the probability for a firm to be within
some neighborhood of the frontier. Second, the environmental variables might operate only
through W*  thereby determining the support of (X,Y’) but not the level of inefficiency. In
other words, the environmental variables might affect production possibilities, but not the
level of inefficiency. A third possibility is that the variables in Z affect both the level of
inefficiency as well as the support of (X,Y).

Let

vt = o (4.3)

z€Z
By construction, ¥* C ¥+ C RY™ V 2z € Z. Then one and only one of the following

conditions must be satisfied.
Assumption 4.1. (Separability Condition): W* = Ut for all z € Z.
Assumption 4.2. (Non Separability Assumption): W= % VT for some z € Z.

Assumptions 4.1 and 4.2 are mutually exclusive and collectively exhaustive. Assumption 4.1
is referred to as the “separability” condition by Simar and Wilson (2007).
Under Assumption 4.1 it is clear that the joint support P of (X,Y, Z) can be factorized
as
P=U"xZ, (4.4)

and U is equivalent to ¥ defined by (2.1).1° However, U™ = U if and only if Assumption

4.1 holds. Alternatively, under Assumption 4.2, ¥ is not well-defined since in this case

10 Assumption 4.1 is referred to as the “separability condition” by Simar and Wilson (2007) because of
(4.4), i.e., since the support of (X,Y,Z) can be written as the Cartesian product of the production set
U+ = ¥ and the support of Z when Assumption 4.1 holds.
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whether X can produce Y depends necessarily depends upon Z. Under Assumption 4.2,
Ut remains well-defined but contains pairs (X,Y") that are not feasible. Moreover, under
Assumption 4.2, Ut does not describe any useful feature of the model and has no useful
economic interpretation.

Under Assumption 4.1, one can perform a two-stage analysis where the environmental
variables in Z are ignored in the first stage and efficiency is estimated by one of the un-
conditional estimators /):FDH(x,y | Sn), /):VRS(x,y | Sn), or XCRS(x,y | S;). Then the set of
resulting efficiency estimates can be regressed in a second-stage on the environmental vari-
ables Z using a truncated regression model as explained by Simar and Wilson (2007). Note,
however, that conventional inference (e.g., using estimates of variance obtained by invert-
ing the negative Hessian of the log-likelihood for the truncated regression) is invalid in the
second-stage regression. Simar and Wilson (2007) propose a bootstrap method for making
inference in the second stage; see Simar and Wilson (2011b) and Kneip et al. (2015b) for
additional discussion regarding inference-making in the second stage regression.

Alternatively, if efficiency is estimated in a first stage using one of the wunconditional
efficiency estimators and then the resulting efficiency estimates are regressed on elements
of Z, then neither the first-stage estimates nor the second-stage estimates estimate any
useful or meaningful model feature if Assumption 4.2 holds instead of Assumption 4.1. Since
Assumption 4.1 is a rather restrictive assumption, care should be taken. Simar and Wilson
(2007) note that Assumption 4.1 should be tested against the alternative hypothesis given
by Assumption 4.2, but such a test has only recently been provided by Daraio et al. (2018).
The test is discussed below in Section 6.4.

Since ¥ is not well-defined under Assumption 4.2, the efficiency measures defined in (2.3),
(2.5), (2.7) and (2.9) are also not well-defined. Whenever Assumption 4.2 holds, notions of

conditional efficiency are needed. In the output orientation, the conditional measure
Aoy | =) =sup{A > 0| (z, \y) € U7} (4.5)

introduced by Cazals et al. (2002) and Daraio and Simar (2005) gives a measure of distance
to the appropriate, relevant boundary (i.e., the boundary of W# that is attainable by firms
operating under conditions described by z).

As in Section 2.3, the conditional efficiency measure in (4.5) can be described in prob-

abilistic terms. The conditional density fxyz(z,y | 2) in (4.1) implies a corresponding
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distribution function
Hxyiz(x,y|2z)=Pr(X <z, Y >y | Z=2), (4.6)

giving the probability of finding a firm dominating the production unit operating at the level
(x,y) and facing environmental conditions z. Then analogous to the reasoning in Section

2.3, the conditional efficiency score can be written as
Mz, y | z) =sup{A >0 | Hxyz(z, \y | 2) > 0}. (4.7)

Let h denote a vector of bandwidths of length r corresponding to elements of Z and z.
In order to define a statistical model that incorporates environmental variables, consider an

h-neighborhood of z € Z such that |Z — z| < h and define the conditional attainable set

given by
U>" = {(X,Y) | X can produce Y, when |Z — z| < h}
= {(z,y) e R} H;L(Y|Z(xay | z) >0}
= {(x,y) € Ri—i—q | f)h(Y\Z('v ' | Z) > 0} (48)
where
H;L(Y‘Z(:I:,y]z):Pr(XSx,YZy|z—h§Z§z+h) (4.9)

gives the probability of finding a firm dominating the production unit operating at the level
(x,y) and facing environmental conditions Z in an h-neighborhood of z. The corresponding
conditional density of (X,Y) given |Z — z| < h, denoted by f)}éYl 4(+,+ | 2), is implicitly
defined by

H}Y‘Z(x,y | 2) = / / fgy‘z(u,v | Z € [z — h,z+ h]) dv du. (4.10)
—o Jy
Clearly, U = U|5_Z|Sh U?. Following Jeong et al. (2010), define for a given h

N,y | 2) = sup{A > 0 | (z, \y) € T>"}
=sup {A >0 | H}wz(x,/\y | z) > 0}. (4.11)
The idea behind estimating efficiency conditionally on Z = z is to let the bandwidth h

tend to 0 as n — oo. The idea is motivated by smoothing methods similar to those used
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in nonparametric regression problems, but adapted to frontier estimation. Some additional,
new assumptions are needed to complete the statistical model.
The next three assumptions are conditional analogs of Assumptions 2.1-2.3 appearing

above in Section 2.1.
Assumption 4.3. For all z € Z, U* and ¥*" are closed.

Assumption 4.4. For all z € Z, both inputs and outputs are strongly disposable; i.e., for
any z € Z, x> x and 0 <y <y, if (x,y) € V* then (z,y) € V* and (z,y) € V*. Similarly,
if (z,y) € " then (T,y) € ¥*" and (x,7) € V",

Assumption 4.5. For all z € Z, ifx =0 and y > 0, y # 0 then (i) (x,y) & V* and (i)
(z,y) & T>".

Assumption 4.4 corresponds to Assumption 1F in Jeong et al. (2010), and amounts to a
regularity condition on the conditional attainable sets justifying the use of the localized
versions of the FDH and DEA estimators. The assumption imposes weak monotonicity on
the frontier in the space of inputs and outputs for a given z € Z, and is standard in micro-
economic theory of the firm. Assumption 4.5 is the conditional analog of Assumption 2.3
and rules out free lunches.

The next assumption concerns the regularity of the density of Z and of the conditional
density of (X,Y) given Z = z, as a function of z in particular near the efficient boundary of

U* (see Assumptions 3 and 5 in Jeong et al., 2010).

Assumption 4.6. Z has a continuous density fz(-) such that for all z € Z f;(z) is bounded
away from zero. Moreover the conditional density fxy|z(-,- | 2) is continuous in z and is

strictly positive in a neighborhood of the frontier of W=,

Assumption 4.7. For all (z,y) in the support of (X,Y), N'(x,y | 2) — Mz,y | 2) = O(h)

as h — 0.

Assumption 4.7 amounts to an assumption of continuity of A(-, - | z) as a function of z, and
is analogous to Assumption 2 of Jeong et al. (2010).
The remaining assumptions impose regularity conditions on the data-generating process.

The first assumption appears as Assumption 4 in Jeong et al. (2010).
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Assumption 4.8. (i) The sample observations X, = {(X;,Y;, Z;)}, are realizations of
itd random wvariables (X,Y,Z) with joint density fxyz(-,-,-); and (i1) the joint density
fxyz () of (X,Y,Z) is continuous on its support.

The next assumptions are needed to establish results for the moments of the conditional
FDH and DEA estimators described in Section 4.2. The assumptions here are conditional
analogs of Assumptions 3.1-3.4 and 3.6 (respectively) in Kneip et al. (2015b). Assumption
4.9, part (iii) and Assumption 4.10, part(iii) appear as Assumption 5 in Jeong et al. (2010).

Assumption 4.9. For all z € Z, (i) the conditional density fxyz(-,- | z) of (X,Y) | Z =z
exists and has support D* C V*; (i) fxy|z(-,- | 2) is continuously differentiable on D?; and

(11i) f)}éYlZ("' | z) converges to fxy|z(-,- | z) as h — 0.

Assumption 4.10. (i) D** := {(z,\(z,y | 2)y) | (x,y) € D*} C D*; (it) D** is compact;
and (i) fxyiz(x,Mx,y | 2)y| 2) >0 for all (z,y) € D.

Assumption 4.11. For any z € Z, XN(x,y | ) is three times continuously differentiable with

respect to x and y on D*.

Assumption 4.12. For all z € Z, (i) ANz, y | z) is twice continuously differentiable on D?;
and (ii) all the first-order partial derivatives of A(z,y | z) with respect to x and y are nonzero

at any point (x,y) € D*.

Assumption 4.13. For any z € Z, D? is almost strictly convez; i.e., for any (z,y), (Z,y) €
D= with (17.v) # (157.7) the set {(@",y") | (+"9") = (2.9) + a((&5) Jor some a € (0,1))

1s a subset of the interior of D?.

Assumption 4.14. For any z € Z, (i) for any (z,y) € ¥* and any a € [0,0), (azx,ay) €
U= (ii) the support D* C W* of fxy |z is such that for any (v,y), (z,y) € D* with (”5;—”, ﬁ) +
(%, ”—%H), the set {(x*,y*) | (x*,y*) = (z,y) + a((Z,9) — (z,y)) for some 0 < a < 1} is a
subset of the interior of D?; and (iii) (x,y) ¢ D* for any (x,y) € RL x R? with y* = 0,

where y' denotes the first element of the vector y.

When the conditional FDH estimator is used, Assumption 4.12 is needed; when the condi-

tional DEA estimator is used, this is replaced by the stronger Assumption 4.11.
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Note that Assumptions 4.3—4.5 and 4.8-4.14 for the model with environmental variables
are analogs of Assumptions 2.1-2.3 and 2.4-2.9 for the the model without environmental
variables. The set of Assumptions 4.8-4.14 are stronger than set of assumptions required by
Jeong et al. (2010) to prove consistency and to derive the limiting distribution for conditional
efficiency estimators. The stronger assumptions given here are needed by Daraio et al.
(2018) to obtain results on moments of the conditional efficiency estimators as well as the
central limit theorem (CLT) results discussed below in Section 5.2. Daraio et al. (2018)
do not consider the conditional version of the CRS-DEA estimator, and hence do not use
Assumption 4.14 that appears above. However, the results obtained by Daraio et al. (2018)
for the conditional version of the VRS-DEA estimator that are outlined below in Section 4.2
can be extended to the CRS case while replacing Assumption 4.13 with Assumption 4.14.
In addition, note that under the separability condition in Assumption 4.1, the assumptions
here reduce to the corresponding assumptions in Kneip et al. (2015b) due to the discussion

in Section 2.

4.2 Non-parametric Conditional Efficiency Estimators

As in previous cases, the plug-in approach is useful for defining estimators of the conditional
efficiency score given in (4.5) and (4.7).

For the conditional efficiency score A(x,y | 2), a smoothed estimator of Hxyz(x,y | 2) is
needed to plug into (4.7), which requires a the vector h of bandwidths for Z. The conditional
distribution function Hxy|z(z,y | z) can be replaced by the estimator
2 I(Xi < 2,Y; > y)Kn(Z; — 2)

SRz
where Kj,(-) = (hy ... h,) 'K ((Z; — 2)/h) and the division between vectors is understood

ﬁXY|Z(=T7y | 2) = (4.12)

to be component-wise. As explained in the literature (e.g., see Daraio and Simar, 2007b),
the kernel function K (-) must have bounded support (e.g., the Epanechnikov kernel). This

provides the output-oriented, conditional FDH estimator

~ Y7
A , LX) = i - , 4.13
ron (2, Y | 2, Ay) hax (f{}l{l,p (yj )) (4.13)
where
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is the set of indices for observations with Z in an h-neighborhood of z and for which output
levels X; are weakly less than .

Alternatively, where one is willing to assume that the conditional attainable sets are
convex, Daraio and Simar (2007b) suggest the conditional VRS-DEA estimator of A\(x,y | 2)
given by

XVRS(x,y | 2, X,) = max {)\ >0 Ay < Z w;Y;, T > Z w; X,

WLy e tn i€Ta(2,h) €T (2,h)
for some w; > 0 such that Z w; = 1} (4.15)
iEIQ(Z,h)
where
To(z,h)={i|z2—h < Z; < z+h} (4.16)

is the set of indices for observations with Z in an h-neighborhood of z. Note that the
conditional estimators in (4.13) and (4.15) are just localized version of the unconditional
FDH and VRS-DEA efficiency estimators given in (3.4) and (3.10), where the degree of
localization is controlled by the bandwidths in h. The conditional version of CRS-DEA
estimator XCRS(:my | Sn) is obtained by dropping the constraint Zieb(z’h) w; = 1in (4.15)
and is denoted by Acrs(x,y | 2z, &,). Bandwidths can be optimized by least-squares cross
validation; see Daraio et al. (2018) for discussion of practical aspects.

Jeong et al. (2010) show that the conditional version of the FDH and VRS-DEA efficiency
estimators share properties similar to their unconditional counterparts whenever the elements
of Z are continuous. The sample size n is replaced by the effective sample size used to build
the estimates, which is of order nh; ... h,, which we denote as nj,. To simplify the notation,
and without loss of generality, we hereafter assume that all of the bandwidths h; = h are

the same, so that n, = nh”. For a fixed point (x,y) in the interior of W* as n — oo,

ni (M | 2%) = Mz,y 12)) =5 Quyi() (4.17)

where again @,,.(-) is a regular, non-degenerate limiting distribution analogous to the cor-
responding one for the unconditional case. The main argument in Jeong et al. (2010) relies
on on the property that there are enough points in a neighborhood of 2z, which is obtained

with the additional assumption that fz(z) is bounded away from zero at z and that if the
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bandwidth is going to zero, it should not go too fast (see Jeong et al., 2010, Proposition 1;
if h — 0, h should be of order n™" with n < r=1).

The conditional efficiency scores have also their robust versions; see Cazals et al. (2002)
and Daraio and Simar (2007b) for the order-m version, and Daouia and Simar (2007) for
the order-a analog. Also, conditional measures have been extended to hyperbolic distances
in Wheelock and Wilson (2008), and to hyperbolic distances by Simar and Vanhems (2012).

Badin et al. (2012, 2014) suggest useful tools for analyzing the impact of Z on the pro-
duction process, by exploiting the comparison between the conditional and unconditional
measures. These tools (graphical and nonparametric regressions) allow one to disentangle
the impact of Z on any potential shift of the frontier or potential shift of the inefficiency dis-
tributions. Daraio and Simar (2014) provide also a bootstrap test for testing the significance
of environmental factors on the conditional efficiency scores. These tools have been used in
macroeconomics to gauge the effect of foreign direct investment and time on “catching-up”
by developing countries; see Mastromarco and Simar (2015).

Florens et al. (2014) propose an alternative approach for estimating conditional effi-
ciency scores that avoids explicit estimation of a nonstandard conditional distribution (e.g.,
Fxv,z(z | y,2)). The approach is less sensitive to the curse of the dimensionality described
above. It is based on very flexible nonparametric location-scale regression models for pre-
whitening the inputs and the outputs to eliminate their dependence on Z. This allows one
to define “pure” inputs and outputs, and hence a “pure” measure of efficiency. The method
permits returning in a second stage to the original units and evaluating the conditional ef-
ficiency scores, but without explicitly estimating a conditional distribution function. The
paper proposes also a bootstrap procedure for testing the validity of the location-scale hy-
pothesis. The usefulness of the approach is illustrated using data on commercial banks to
analyze the effects of banks’ size and diversity of the services offered on the production
process, and on the resulting efficiency distribution.

As a final remark, note that if Assumption 4.1 holds, so that the variables in Z have no
effect on the frontier, then Assumptions 4.3-4.11 can be shown to be equivalent to the cor-
responding conditions in Assumptions 2.1-2.9. As a practical matter, whenever Assumption
4.1 holds, least squares cross-validation will result in bandwidths large enough so that the

sets of indices Z;(z, h) and Zy(z, h) includes all integers 1, 2, ..., n. In this case, the vari-

31



ables in Z do not affect the frontier and the conditional efficiency estimators are equivalent

to the corresponding unconditional estimators.

5 Central Limit Theorems for Mean Efficiency

5.1 Mean Unconditional Efficiency

CLT results are among the most fundamental, important results in statistics and econo-
metrics; see Spanos (1999) for detailed discussion of their historical development and their
importance in inference-making. CLTs are needed for making inference about population

means. In the frontier context, one might want to make inference about
pr = EAX,Y [ V)
— [ Moy | 91 dody. (5.1
D

If M(X;,Y: | ¥) were observed for each (X;,Y;) € S,, then p could be estimated by the
sample mean
o= AMX,Y; | ). (5.2)
i=1
Then under mild conditions, the Lindeberg-Feller CLT establishes the limiting distribution

of A\, i.e.,
Vi (R — ) 5 N (0,03) (5.3)
provided
oy = VAR (A\(X,Y | ¥))
= /D(A(x,y | 0) = )’ f(z,y) dx dy (5.4)
is finite. If the A\(X;,Y; | ¥) were observed for i =1, ..., n, one could use (5.3) to estimate

confidence intervals for u, in the usual way, relying on asymptotic approximation for finite
samples. But of course the A\(X;,Y; | ¥) are not observed, and must be estimated. Kneip
et al. (2015b) show that the bias of the FDH and DEA estimators makes inference about gy

problematic.!!

11 Kneip et al. (2015b) focus on the input orientation, but all of their results extend to the output
orientation after straightforward (but perhaps tedious) changes in notation. The discussion here is in terms
of the output orientation.
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Kneip et al. (2015b) establish results for the moments of FDH and DEA estimators under

appropriate assumptions given in Section 2!? These results are summarized by writing
E (MX, Y| 8,) = A(X;, ) = Cn ™" + Ry, (5.5)
where R, . = o (n™"),

E(@@;n|&y—xxngf)zom%y (5.6)
and
[COV (XX, Y; | 8) = A(Xs i), A3, Y5 | 80) = AKX, ) [ =0 () (5.7)

for alli,j € {1, ..., n}, i # j. Here, we suppress the labels “VRS,” “CRS,” or “FDH” on
. The values of the constant C , the rate x, and the remainder term R, ,, depend on which

estimator is used. In particular,

e under VRS with the VRS-DEA estimator, xk =
where ay = (p+q+4)/(p+q+1);

and R, , = O(n=3/2(logn)™),

(p+q+1

e under CRS with either the VRS-DEA or CRS-DEA estimator, Kk =
O(n=3%/%(logn)*?) where oy = (p + ¢ +3)/(p + q); and

2 —
m and Rn’,ﬁ =

e under only the free disposability assumption (but not necessarily CRS or convexity)

with the FDH estimator, xk =
2)/(p+q).

(p—}rq) and R, , = O(n **(logn)*3), where a3 = (p + q +

Note that in each case, R, , = o(n™").

The result in (5.7) is somewhat surprising. It is well-known that FDH and DEA estimates
are correlated, due to the fact that typically the estimated efficiency of several, perhaps many
observations depends on a small number of observations lying on the estimated frontier;

, perturbing an observation lying on the estimated frontier is likely to affect estimated
efficiency for other observations. The result in (5.7) however indicates that this effect is

negligible.

12 Throughout this section, assumptions common to VRS-DEA, CRS-DEA, and FDH estimators include
Assumptions 2.1-2.3 and Assumptions 2.4 and 2.5. For the VRS-DEA estimator under VRS, “appropriate
assumptions” include the common assumptions as well as Assumptions 2.6 and 2.8. For the CRS-DEA
estimator, “appropriate assumptions” consist of the common assumptions and Assumption 2.9. For the
FDH estimator, “appropriate assumptions” consist of the common assumptions and Assumption 2.7.

33



The Cn™" term in (5.5) reflects the bias of the nonparametric efficiency estimators, and

its interplay with the o (n™") expression in (5.6) creates problems for inference. Let

Z (X3, Y | Sn). (5.8)

Theorem 4.1 of Kneip et al. (2015b) establishes that 11, is a consistent estimator of x under
the appropriate set of assumptions, but has bias of order Cn™". The theorem also establishes
that

Vit (i — pa = O = Ry ) 55 N(0,03). (5.9)

If K > 1/2, the bias term in (5.9) is dominated by the factor y/n and thus can be ignored; in
this case, standard, conventional methods based on the Lindeberg-Feller CLT can be used to
estimate confidence intervals for py. Otherwise, the bias is constant if kK = 1/2, or explodes if
k < 1/2. Note that k > 1/2 if and only if p+¢ < 2 in the VRS case, or if and only if p+¢q < 3
in the CRS case. In the FDH case, this occurs only in the univariate case with p=1,¢=10
or p =0, ¢ = 1. Replacing the scale factor y/n in (5.9) with n?, with v < x < 1/2, is not a
viable option. Although doing so would make the bias disappear as n — oo, it would also
cause the variance to converge to zero whenever x < 1/2, making inference using the result
in (5.9) impossible.

It is well-known that the nonparametric DEA and FDH estimators suffer from the curse
of dimensionality, meaning that convergence rates become slower as (p + ¢) increases. For
purposes of estimating mean efficiency, the results of Kneip et al. (2015b) indicate the curse
is even worse than before, with the “explosion” of bias coming at much smaller numbers of
dimensions than found in many applied studies.

In general, whenever x < 1/2, the results of Kneip et al. (2015b) make clear that con-
ventional CLTs cannot be used to make inference about the mean p,. The problem of
controlling both bias and variance, for general number of dimensions (p + ¢), can be ad-
dressed by using a different estimator of the population mean u) and in addition rescaling
the estimator of uy by an appropriate factor different from /n when x < 1/2. Consider
the factor n, = [n*| < n, where |a] denotes the integer part of a (note that this covers

the limiting case of Kk = 1/2). Then assume the observations in the sample S,, are randomly
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ordered, and consider the latent estimator

A =Y MXGL YD), (5.10)

i=1

Of course, A, is unobserved, but it can be estimated by

T, =n " iX(Xi, Y; | S,), (5.11)
i=1
where the notation /):(Xi, Y; | §,) serves to remind the reader that the individual efficiency
estimates are computed from the full sample of n observations, while the sample mean is
over n,, < n such estimates. Here again, one can use either the VRS, CRS or FDH version
of the estimator.

Theorem 4.2 of Kneip et al. (2015b) establishes that when x < 1/2,
0 (Fin, — pir — Cn™" — Ry ) — N(0,03) (5.12)

as n — 00. Since /N ([, — () has a limiting distribution with unknown mean due to
the bias term Cn™", bootstrap approaches could be used to estimate the bias and hence
to estimate confidence intervals for py. The variance could also be estimated by the same

bootstrap, or by the consistent estimator
LN 2
=0 D (MNX Vi S) — i) (5.13)
i=1

Subsampling along the lines of Simar and Wilson (2011a) could also be used to make consis-
tent inference about u,. However, the estimator in (5.11) uses only a subset of the original
n observations; unless n is extraordinarily large, taking subsamples among a subset of n,
observations will likely leave too little information to provide useful inference.
Alternatively, Kneip et al. (2015b) demonstrate that the bias term C'n~" can be estimated
using a generalized jackknife estimator (e.g., see Gray and Schucany, 1972, Definition 2.1).
Assume again that the observations (X;,Y;) are randomly ordered. Let Sfll/)z denote the set
of the first n/2 observations in S, and let 8752/)2 denote the set of remaining observations

from §,,. Let
e (1 ~(2
Hnjz = (ufl/)z + uﬁ/)z) /2 (5.14)
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Kneip et al. (2015b) show that

En,n = (QK - 1)71 (/7:1/2 - ﬁn)
= Cn"+ Ry, + 0, (n7'/?) (5.15)

provides an estimator of the bias term Cn™".

Of course, for n even there are (7;;2) possible splits of the sample S,. As noted by
Kneip et al. (2016), the variation in B, can be reduced by repeating the above steps
K< (n72) times, shuffling the observations before each split of S,,, and then averaging the
bias estimates. This yields a generalized jackknife estimate

K
En,n == Kil Z E.‘i,n,ka (516>
k=1

where E,w,k represents the value computed from (5.15) using the kth sample split.
Theorem 4.3 of Kneip et al. (2015b) establishes that under appropriate assumptions, for
k > 2/5 for the VRS and CRS cases or k > 1/3 for the FDH case,

Jn <ﬁn — Bum— 1r + RM) £y N(0,02). (5.17)

as n — oo.

It is important to note that (5.17) is not valid for x smaller that the bounds given
in the theorem. This is due to the fact that for a particular definition of R, , (i.e., in
either the VRS/CRS or FDH cases), values of x smaller than the boundary value cause
the remainder term, multiplied by /n, to diverge toward infinity. Interestingly, the normal
approximation in (5.17) can be used with either the VRS-DEA or CRS-DEA estimators
under the assumption of CRS if and only if p + ¢ < 5; with the DEA-VRS estimator under
convexity (but not CRS) if and only if p + ¢ < 4; and with the FDH estimator assuming
only free disposability (but not necessarily convexity nor CRS) if and only if p + ¢ < 3. For

these cases, an asymptotically correct (1 — a) confidence interval for p, is given by

[ﬁn — Bun £ 21_a2Brn /\/ﬁ} , (5.18)

where z1_q /7 is the corresponding quantile of the standard normal distribution and Oxn 18

given by (5.13).
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In cases where k is smaller than the bounds required by (5.17), the idea of estimating
1y by a sample mean of n, efficiency estimates as discussed above can be used with the
bias estimate in 5.15, leading to Theorem 4.4 of Kneip et al. (2015b); i.e., under appropriate

assumptions,

~

n” (ﬁnm — Bn—pir + RW> £y N(0,02). (5.19)
as n — 0.

Equation 5.19 permits construction of consistent confidence intervals for ) by replacing
the unknown o3 by its consistent estimator 73 ,,. An asymptotically correct 1 —a confidence
interval for pu, is given by

fin. — Brn % 21-0/28m /n“] , (5.20)
where z;_, /5 is the corresponding quantile of the standard normal distribution. Here, the
normal approximation can be used directly; bootstrap methods are not necessary.

Note that when x < 1/2, the center of the confidence interval in (5.20) is determined by
a random choice of n, = n?* < n elements X(XZ-, Y; | ). This may be seen as arbitrary, but
any confidence interval for u, may be seen arbitrary in practice since asymmetric confidence
intervals can be constructed by using different quantiles to establish the endpoints. The main
point, however, is always to achieve a high level of coverage without making the confidence
interval too wide to be informative.

Again for k < 1/2, the arbitrariness of choosing a particular subsample of size n, in
(5.20) can be eliminated by averaging the center of the interval in (5.20) over all possible
draws (without replacement) of subsamples of size n,. Of course, this yields an interval
centered on [i,, i.e.,

fin — Brn & 21-0/20m /n“] . (5.21)
The only difference between the intervals (5.20) and (5.21) is the centering value. Both inter-
vals are equally informative, because they possess exactly the same length, (221_4/20xn/n").
The interval (5.21) should be more accurate (i.e., should have higher coverage) because i,
is a better estimator of uy (i.e., has less mean-square error) than fi, . If x < 1/2, then
n, < n, and hence the interval in (5.21) contains the true value p, with probability greater
than 1 — «, since by the results above, it is clear that the coverage of the interval in (5.21)
converges to 1 as n — oo. This is confirmed by the Monte Carlo evidence presented by

Kneip et al. (2015b).
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In cases with sufficiently small dimensions, either (5.17) or (5.19) can be used to provide
different asymptotically valid confidence intervals for . For the VRS-DEA and CRS-DEA
estimators, this is possible whenever x = 2/5 and so n,, < n. The interval (5.18) uses the
scaling v/n and neglects, in (5.17), a term /nR, . = O(n~/10), whereas the interval (5.20)
uses the scaling n*, neglecting in (5.19) a term n*R, . = O(n~'/%). We thus may expect a
better approximation by using the interval (5.20). The same is true for the FDH case when
k = 1/3, where the interval (5.18) neglects terms of order O(n~'/%) whereas the error when
using (5.20) is only of order O(n~'/3). These remarks are also confirmed by the Monte Carlo
evidence reported by Kneip et al. (2015b).

5.2 Mean Conditional Efficiency

Daraio et al. (2018) extend the results of Kneip et al. (2015b) presented above in Section 5
to means of conditional efficiencies. Extension to the conditional case is complicated by the
presence of the bandwidth h, which impacts convergence rates. Comparing (3.6) and (3.11)
with the result in (4.17), it is apparent that the bandwidths in the conditional estimators
reduce convergence rates from n* for the unconditional estimators to nf = n/"+1) for the
conditional estimators. Moreover, Theorem 4.1 of Daraio et al. (2018) establishes that under
Assumptions 4.3—4.6, and in addition Assumption 4.12 for the FDH case or Assumptions
4.11 and 4.13 (referred to as “appropriate conditions” throughout the remainder of this

subsection), as n — oo,
E (NX0Y; | Zi ) = N(X0 Vi | Z0)) = Conp™ + R (5.22)
where R, » = 0 (n,"),
E ((RXZ-,YZ- | Zi, X)) = AM(X, Y | Zﬁ)g) = o(n,"), (5.23)
and

[elo)Y (X(Xi,Y,» | Zi, X)) — NM(X0, Y3 | Z3), NXG, Y5 | 25, X) — A(XG, Y5 Zj)) | =o(n,;")

(5.24)
for all 7,7 € {1, ..., n}, i # j. In addition, for the conditional VRS-DEA esti-
mator, Re,, . = O(n;?"ﬁ/2 log ny,)*') while for the conditional FDH estimator R.,, , =
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O(n; **(logny)®?). Note that incorporation of bandwidths in the conditional estimators

reduces the order of the bias from C'n" to Ccnj.

Let .
fn=n""Y NX, Y| ) (5.25)
=1
and .
fiem =1 NXL Y | 2, X) (5.26)
=1

denote sample means of unconditional and conditional efficiency estimators. The efficiency
estimators in (5.25) and (5.26) could be either FDH or VRS-DEA estimators; differences

between the two are noted below when relevant. Next, define

W= E (VXY | 2)) = //\h(x,y | ) fev (2, y, 2) de dy dz (5.27)
P
and
02" = VAR (N'(X,Y | Z)) = / (Ni(z,y | 2) — i) Fxvzl(a,y 2) dudydz, (5.28)
P

where P is defined just before (4.1). These are the localized analogs of p and o?. Next, let
Fon =0 ' D00 MN(X;,Y; | Z;). Although 7., is not observed, by the Lindeberg-Feller CLT

\/ﬁ(ﬁ\/:T; re) e, N(0,1) (5.29)

under mild conditions.
Daraio et al. (2018) show that there can be no CLT for means of conditional efficiency
estimators analogous to the result in (5.9) or Theorem 4.1 of Kneip et al. (2015b). There

2 can be used with means of conditional

are no cases where standard CLTs with rate n'/
efficiency estimators, unless Z is irrelevant with respect to the support of (X,Y’), i.e., unless
Assumption 4.1 holds. Given a sample of size n, there can be no CLT for means of conditional
efficiency estimators based on a sample mean of all of the n conditional efficiency estimates.
Daraio et al. (2018) consider a random subsample &) from X, of size nj, where for

simplicity we use the optimal rates for the bandwidths so that n;, = O(n!/**+1)). Define
Fem, = nih Z (X, Ys | Z), (5.30)

(Xa,Y5,Zi)e Xy,
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- 1 ~
lem, = - > MXLYi ] Z, &) (5.31)
(X3,Ys,Zs)e Xy,

and let fi.,, = E(lcn,). Note that the estimators on the right-hand side (RHS) of (5.31)
are computed relative to the full sample A&,,, but the summation is over elements of the
sub-sample X7 .

Theorem 4.2 of Daraio et al. (2018) establishes that

. - c
V1 (e, — 1 — Ceny™ — Repy ) / o =5 N(0,1), (5.32)

and in addition establishes that \/a?T is consistently estimated by
52 = Y MKV | 20 ) — ] (5.33)
i=1
The result in (5.32) provides a CLT for means of conditional efficiency estimators, but the
convergence rate is \/ny, as opposed to \/n, and the result is of practical use only if x > 1/2.
If kK = 1/2, the bias term C.n, " does not vanish. If x < 1/2, the bias term explodes as
n — oQ.

Similar to Kneip et al. (2015b), Daraio et al. (2018) propose a generalized jackknife
estimator of the bias term C.n,”. Assume the observations in X, are randomly ordered.
Let Xé}; denote the set of the first n/2 observations from X,,, and let XT(L% denote the set of
remaining n/2 observations from &,,. Note that if n is odd, Xé}é can contain the first [n/2]
observations and Xé% can contain remaining n — [n/2] observations from A,,. The fact that
XT% contains one more observation than XT% makes no difference asymptotically. Next, for

J € {1, 2} define

P=m/270 > NXLY | Zi, X)), (5.34)
(X0,Y;, Z0)ex),
Now define
ﬁz,n/Q = (ﬂ}:,n/Q + ﬁz,nm) /2- (535)
Then
By = (27 =17 (A2 — Flen) (5.36)

is an estimator of the leading bias term C,n, " in (5.32). Averaging over K < (7[;2) splits of

the sample X, as before yields the generalized jackknife estimator
K
Bt =K 'Y B, . (5.37)
k=1
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where Egnhk represents the value computed from (5.36) using the kth sample split.
Theorem 4.3 of Daraio et al. (2018) establishes that under appropriate conditions, with
k=1/(p+¢q) > 1/3 in the FDH case or k =2/(p+ ¢+ 1) > 2/5 in the VRS-DEA case,

-~ h D *
V' 'k <:U’C,nh - M — Bm,nh - Rc,nh,n

as n — oo. Alternatively, Theorem 4.4 of Daraio et al. (2018) establishes that under appro-

) £, N0, 1) (5.38)

priate conditions, whenever k < 1/2,

-~ h De *
v,k (/Lc,nh,,@ - K — Bn,nh - Rc,nh,l-i

as n — o0o. The results in (5.38) and (5.39) provide CLT's for means of conditional efficiencies

) £, N(0,1), (5.39)

covering all values of x, and can be used to estimate confidence intervals or for testing

Assumption 4.1 versus Assumption 4.2 as described below in Section 6.4.

6 Hypothesis Testing

6.1 Testing Convexity versus Non-Convexity

In situations where one might want to test convexity of ¥ versus non-convexity, typically
a single iid sample S,, = {(X;,Y;}; of n input-output pairs is available. Under the null
hypothesis of convexity, both the FDH and VRS-DEA estimators are consistent, but under
the alternative, only the FDH estimator is consistent. It might be tempting to compute the

sample means

ﬁ%llgs,n =n! ZXVRS (X3, Y; | Sn) (6.1)
i=1
and
ﬁ%lll)lHn =n"! Z AFpH (X3, Y: | Sn) (6.2)
(Xi,Yi)ESn

using the full set of observations in S,, and use this with (6.1) to construct a test statistic

based on the difference fipy ,, — fiviks,,- By construction, Avrs(X;, Y | S,) > Nepu (X, Vi |

S,) > 1 and therefore [iVgg,, — fpby, > 0. Under the null, Zgfy , — fivks,, is expected to

be “small,” while under the alternative the difference is expected to be “large.”
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Unfortunately, such an approach is doomed to failure. Using the output-oriented analog
of Theorem 4.1 of Kneip et al. (2015b) and reasoning similar to that of Kneip et al. (2016,
Section 3.2), it can be shown that n® (XVRS(Xi, Y| Sn) — /):FDH(Xi, Y | Sn)> converges under
the null to a degenerate distribution for any power a < 1/2 of n; i.e., the asymptotic variance
of the statistic is zero, and the density of the statistic converges to a Dirac delta function at
zero under the null, rendering inference impossible.

Kneip et al. (2016) solve this problem by randomly splitting the sample S,, into two
mutually exclusive, collectively exhaustive parts Sy, and S, such that Sy, N Sa,, =0
and &1, US2,, = S,. Recall that the FDH estimator converges at rate nt/®+9) while the
VRS-DEA estimator converges at rate n? ®t¢+t1) under VRS or at rate n?®*+9 under CRS.
Kneip et al. (2016) suggest exploiting this difference by setting n/ @) = gnl/®t? 4nq
n1 + ny = n for a given sample size n, where [ is a constant, and then solving for n; and
no. There is no closed-form solution, but it is easy to find a numerical solution by writing

— Bip2@ra/etat) — . the root of this equation is bounded between 0 and n/2,

n—mn
and can be found by simple bisection. Letting n; equal the integer part of the solution
and setting ny = n — n; gives the desired subsample sizes with ny > ny. Using the larger
subsample S ,,, to compute the FDH estimates and the smaller subsample & ,,, to compute
the VRS-DEA estimates allocates observations from the original sample S, efficiently in the
sense that more observations are used to mitigate the slower convergence rate of the FDH
estimator. Simulation results provided by Kneip et al. (2016) suggest that the choice of value
for § matters less as sample size n increases, and that setting § = 1 gives reasonable results

across various values of n and (p + ¢).

Once the original sample has been split, the sample means

fiVRS = 17 Z Aves (X5, Yi | Stny) (6.3)

(X4,Y1)€S1,nq

and
JEDHn =15 Y Aot (X5, Vi | Sons) (6.4)

(X'L:Y'i)ESZnQ

can be computed. In addition, the sample variances

- 2
OVRS;y = M2 Z [)\VRS(Xi; Yi | Sony) — ,uVRS,ng] : (6.5)
(Xiuyvi)GSZ,nQ

42



and
2

TEDHn, = M2 Z |:/>:FDH(X1" Yi | Sony) — HrDHp, | - (6.6)

(Xi,Y;:)ES2,ny

can also be computed. Now let k; = 2/(p+q+1) and k2 = 1/(p+¢q). Then the corresponding
bias estimates EVRSMM and I§FDH7,€2,”2 can also be computed from the two parts of the full
sample, which requires further splitting both of the two parts S ,,, and Ss,, along the lines
discussed above in Section 5.1.

The rate of the FDH estimator is slower than the rate of the VRS-DEA estimator, and
hence the rate of the FDH estimator dominates. Kneip et al. (2016) show that for (p+¢) < 3,
the test statistic

R (//’ZVRS,TH - ,ZZFDH,TLQ) - (B\VRS,/ﬂ,nl - B\FDH,RQ,HQ) r
_ £ N(0,1) (6.7)

T
vV ;M )

ni n2

can be used to test the null hypothesis of convexity for U versus the alternative hypothesis
that ¥ is not convex.

Alternatively, if (p + ¢) > 3, the sample means must be computed using subsets of S ,,,
and Sy ,,,. For £ € {1,2}, let k = ko = 1/(p+ q) and for ¢ € {1, 2} let ng, = [nj"| so that
nex < ng for K < 1/2. Let Stn,,. be a random subset of ny,; input-output pairs from Sy, .

Then let

JVRS ny . = nl_,ll.g Z Avrs(Xi, Y | Siny) (6.8)
(X0 Y)ES]
and
IEFDH,TLQ,K = n;,ﬁ Z Arpu (X5, Y | 32,n2), (6.9)
(Xi,Y1)€83 ,

noting that the summations in (6.8) and (6.9) are over subsets of the observations used to
compute the efficiency estimates under the summation signs.

Then by Theorem 4.4 of Kneip et al. (2015b), for (p + q) > 3,

(PJVRS,nl,R - MFDH,ng,N) - (BVRS,m,nl - BFDH,@,ng) r
Top = - - — N(O, 1) (6.10)
9VRS,ny + 9FDH,nqy
N1,k n2 k

under the null hypothesis of convexity for U. Note that 7, differs from 73, both in terms

of the number of efficiency estimates used in the sample means as well as the divisors of the

variance terms under the square-root sign.
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Depending on whether (p+¢) < 3 or (p+¢) > 3, either 7y, or 75, can be used to test the
null hypothesis of constant returns to scale, with critical values obtained from the standard
normal distribution. In particular, for j € {1,2}, the null hypothesis of convexity of ¥ is
rejected if p =1 — ®(7;,,) is less than a suitably small value, e.g., .1, .05, or .01.

6.2 Testing Constant versus Variable Returns to Scale

Kneip et al. (2016) use the CLT results of Kneip et al. (2015b) discussed above in Section
5.1 to develop a test of CRS versus VRS for the technology ¥?. A key result is that under
CRS, the VRS-DEA estimator attains same convergence rate n*)®+% as the CRS estimator
as established by Theorem 3.1 of Kneip et al. (2016).

Under the null hypothesis of CRS, both the VRS-DEA and CRS-DEA estimators of
A(X,Y) are consistent, but under the alternative, only the VRS-DEA estimator is consistent.

Consider the sample means given by (6.1) and

n
ficRs,, =n"" ZXCRS (X3, Yi | Sn) (6.11)
i=1

computed using all of the n observations in §,,. Under the null, one would expect ﬁ%‘}{sm -
[i¥ks,, to be “small,” while under the alternative [iifg ,, — A\ks,, is expected to be “large.”
However, as shown by Kneip et al. (2016), a test statistic using the difference in the sample
means given by (6.1)-(6.11) will have a degenerate distribution under the null since the
asymptotic variance of (ﬁ%ﬁ%sn - ﬂ%‘ﬁsn) is zero, similar to the case of testing convexity
versus non-convexity discussed above in Section 6.1. Consequently, sub-sampling methods

are needed here just as they were in Section 6.1.
In order to obtain non-degenerate test statistics, randomly split the sample into two
samples Sy ,,, San, such that S, USs,, =S, and Sy, NSap, = 0, where ny = |n/2] and

ny = n — ny. Next, let

fcrsm, =13 Y Acrs(Xi, Y | Sany)- (6.12)

(X4,Yi)ES2,ny

and
2

a-\%RS,nQ = 77,2_1 Z |:/\CRS(X1'7 }/; | 82,712) - ZZCRS,TLQ ) (613)
(X4,Yi)ES2,n,

and recall (6.3) and (6.5) from the discussion in Section 6.1.
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The (partial) sample Sy, can be used to compute an estimate ECRS’HM of bias for the
CRS estimator by splitting Ss ,,, into two parts along the lines discussed above. Then under
the null hypothesis of constant returns to scale, Kneip et al. (2016) demonstrate that

. (II‘/ZCRS,TLQ - ﬁVRS,nl) - <§CRS,H,H2 - BVRS,H,H1> r
T = £ N(0,1) (6.14)

= =
g oz
\/ VRS,nq CRS,nqy

ni n2

provided (p + q) < 5.
Alternatively, if (p + ¢) > 5, the sample means must be computed using subsets of the
available observations. For £ € {1,2} and §;,,, defined as in Section 6.1, let

ﬁCRS,nz,n = nz_}e Z /)\\CRS(XzHY; | Sons)- (6.15)

(Xi,Yi)€S5 )

and recall the definition of fiygsyn,, in (6.8). Here again, the summation in (6.15) is over
a random subset of the observations used to compute the efficiency estimates under the
summation sign. Again under the null hypothesis of constant returns to scale, by Theorem
4.4 of Kneip et al. (2015b), and Theorem 3.1 of Kneip et al. (2016),

(ﬁCRs,ng,n - ﬁVRS,nLN) - (ECRS,R,ng - EVRS,n,m) c
— N(0,1) (6.16)

~

Tan =
G2 G2
VRS,nq _|_ CRS,no
N1,k N2k

for (p +¢) > 5. Similar to the comparison between 75, and 7y, in Section 6.1, 7,,, differs

from 73, both in terms of the number of efficiency estimates used to compute the sample
means in the numerator as well as the divisors of the variance terms under the square-root
sign in the denominator.

Depending on the value of (p + ¢), either 73, or 7;, can be used to test the null hy-
pothesis of constant returns to scale, with critical values obtained from the standard normal
distribution. In particular, for j € {3, 4}, the null hypothesis of constant returns to scale is

rejected if p =1 — ®(7},,) is less than, say, .1, .05, or .01.
6.3 Testing for Differences in Mean Efficiency Across Groups of

Producers

Testing for differences in mean efficiency across two groups was suggested—but not

implemented—in the application of Charnes et al. (1981), who considered two groups of
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schools, one receiving a treatment effect and the other not receiving the treatment. There
are many situations where such a test might be useful. For example, one might test whether
mean efficiency among for-profit producers is greater than mean efficiency of non-profit pro-
ducers in studies of hospitals, banks and credit unions, or perhaps other industries. One
might similarly be interested in comparing average performance of publicly-traded versus
privately-held firms, or in regional differences that might reflect variation in state-level reg-
ulation or other industry features. However, the discussion above in Section 5 makes clear
that standard CLT results are not useful in general when considering means of nonparametric
efficiency estimates.

Consider two group of firms G and G5 of sizes ny and ny. Suppose the researcher wishes
to test whether py, = E(AMX,Y) | (X,Y) € Gy) and po\ = E(AX,Y) | (X,Y) € Gq) are
equal against the alternative that Group 1 has greater mean efficiency. More formally, one
might test the null hypothesis Hy: 11 » = po,) versus the alternative hypothesis Hy: p ) >
t2.x. One could also conduct a test with a two-sided alternative; such a test would of course
follow a procedure similar to the one outlined here for a one-sided test.

The test discussed here makes no restriction on whether firms in the two groups face the
same frontier, i.e., whether they operate in the same production set. Kneip et al. (2016,
Section 3.1.2) discuss a version of the test where under the null firms in the two groups face
the same frontier. Readers can consult Kneip et al. (2016) for details on the alternative form
of the test.

Suppose iid samples Sy ,,, = {(X;,Y;)}2, and Ss,, = {(X;, Y;)}12, of input-output pairs
from groups 1 and 2 (respectively) are available. In addition, assume these samples are
independent of each other. The test here is simpler than the tests of convexity versus non-
convexity and constant versus variable returns to scale since two independent samples are
available initially. The two samples yield independent estimators

A =0t D> ANXLY | Si) (6.17)
(X1,Y;)ES1,n,
and
o =130 > ANXLY | Sony) (6.18)

(Xivl/i)ESQ,nQ

of p1x and pg, respectively; the conditioning indicates the sample used to compute the

efficiency estimates under the summation signs. As in Sections 6.1 and 6.2, the subscripts
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on :\\() have been dropped; either the FDH, VRS-DEA, or CRS-DEA estimators with corre-
sponding convergence rates n® could be used, although the same estimator would be used for
both groups. Theorem 4.1 of Kneip et al. (2015b) establishes (under appropriate regularity
conditions; see Section 5.1 for details) consistency and other properties of these estimators.
The same theorem, however, makes clear that standard, conventional central limit theorems
can be used to make inference about the population means p; y and ps only when the
dimensionality (p+ ¢) is small enough so that £ > 1/2 due to the bias of the estimators fiy ,,
and fig p,

As discussed earlier in Section 5, the Lindeberg-Feller and other central limit theorems
fail when FDH, VRS-DEA, or CRS-DEA estimators are averaged as in (6.17)—(6.18) due to
the fact that while averaging drives the variance to zero, it does not diminish the bias. From
Kneip et al. (2015b) and the discussion in Section 5.1, it can be seen that unless (p + q)
is very small, scaling sample means such as (6.17)—(6.18) by a power of the sample size to
stabilize the bias results in a degenerate statistic with the variance converging to zero. On
the other hand, scaling if the power of the sample size is chosen to stabilize the variance, the
bias explodes. Hence the bias must be estimated and dealt with.

For each of the two groups ¢ € {1, 2}, a bias estimate ég,,{m can be obtained as described
earlier in Section 5.1. Then using using VRS-DEA estimators with p 4+ ¢ < 4 (or CRS-DEA
estimators with p + ¢ < 5, or FDH estimators with p 4+ ¢ < 3), the test statistic

(,al,nl - ﬁZ,ng) - (Bl,n,nl - BZ,n,ng) - (,Ul,)\ - ﬂ2,)\) r

?5,711,712 = = = — N(O, 1), (619)
Ly 2no
ni no

can be used to test the null hypothesis of equivalent mean efficiency for groups 1 and 2
provided n;/ny — ¢ > 0 as nj,ny — 00, where ¢ is a constant. The variance estimates
appearing in the denominator of 75 ,,, », are given by

e

~ 2
(/J'\an = nﬁ_l Z |:)\(X@,i7 er,i ‘ S@,nz) — Hemy, L> 0’3 (620)

i=1
for £ € {1,2}; and all values of (p + q).

In situations where p 4+ ¢ > 4 with VRS-DEA estimators (or p + ¢ > 5 with CRS-DEA
estimators, or p + ¢ > 3 with FDH estimators), means based on sub-samples must be used.

For ¢ € {1,2}, let ng, = [n7"]; then ny, < ny for K < 1/2. Let S;,, be a random subset of
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Ny, input-output pairs from Sy ,,. Then let

oo, =gt > MXei, Yei) | Semy) (6.21)

(X¢,i,Ye,4)€ES]

4ng
noting that while the summation is over only the input-output pairs in SZW’H, the efficiency
estimates under the summation sign are computed using all of the input-output pairs in
Stn,-

Kneip et al. (2016) obtain a similar test statistic for use in situations where p + g > 4
with VRS-DEA estimators, p + ¢ > 5 with CRS-DEA estimators, or p + ¢ > 3 with FDH
estimators. In particular,

. (,Zzl,nl’,i - ﬁ2,n27,€) - (B\l,/{,nl - §2,n,n2) - (,Ul,)\ - HZ,)\) r
T6.n1 im0 = L4 N(0,1),  (6.22)

=2 =2
Ul,nl 02,n2

N1,k N2k

again provided ny /ne — ¢ > 0 as ny, ng — 0o. Note that the same estimates for the variances
and biases are used in (6.22) as in (6.19). The only difference between (6.19) and (6.22) is
in the number of observations used to compute the sample means and in the quantities that
divide the variance terms under the square-root sign in the denominator.

Kneip et al. (2016) note that the results in (6.19) and (6.22) hold for any values of
p1n and po . Hence, if one tests Hp: p1qn = po\ versus an alternative hypothesis such
as Hy: pyy > po or perhaps Hy: pyy # pio, the (asymptotic) distribution of the test
statistic will be known under the null and up to pyx, e under the alternative hypothesis.
Consequently, given two independent samples, one can either (i) compute under the null (so
that (p11x — p2,x) = 0) T5,01ms OF T6,n1,.me,. &S appropriate, and compare the resulting value
against a critical value from the N(0, 1) distribution, or (ii) use (6.19) and (6.22) to estimate
a confidence interval for (pu1) — p2,x). If the estimated interval does not include 0, one would
reject the null; otherwise, one would fail to reject the null. Furthermore, the outcome will be
the same under either approach; i.e., for a given test size, both approaches will either reject
or fail to reject the null. It clearly follows that for a given departure from the null, the tests
will reject the null with probability tending to one as ni,ny — 00, and hence the tests are

consistent.
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6.4 Testing Separability

Daraio et al. (2018) develop a test of separability (Assumption 4.1) versus the alternative
of non-separability (Assumption 4.2) using the CLT results for both unconditional and con-
ditional efficiencies discussed above in Section 5. The idea for building a test statistic is
to compare the conditional and unconditional efficiency scores using relevant statistics that
are functions of X(XZ-,Y; | Sn) and /):(X,-,Y; | Z;,S,) for i = 1, ..., n. Note that under
Assumption 4.1, A(X,Y) = A(X,Y | Z) with probability one, even if Z may influence the
distribution of the inefficiencies inside the attainable set, and the two estimators converge
to the same object. But under Assumption 4.2, the conditional attainable sets W* are differ-
ent and the two estimators converge to different objects. Moreover, under Assumption 4.2,
AMX,Y) > MX,Y | Z) with strict inequality holding for some (X,Y, Z) € P.

In order to implement the test of separability, randomly split the sample S,, into two
independent, parts Sy, San, such that ny = [n/2]|, no =n —ny, Sin, US2m, = Su, and
Sin, N S2m, = 0. The ny observations in S, are used for the unconditional estimates,
while the ny observations in S, ,,, are used for the conditional estimates.!3

After splitting the sample, compute the estimators

Iy =0yt Y MXL Y | Si) (6.23)
(X4,Y:)€S1,nq
and
femy, =T > NX3, Y | Zi, Somy),s (6.24)
(Xi’Yi’Zi)ESg»"Q h

where as above in Section 5, S5, in (6.24), is a random subsample from S ,, of size

na p

na,, = min(ng, noh”). Consistent estimators of the variances are given in the two independent

13 Kneip et al. (2016) proposed splitting the sample unevenly to account for the difference in the con-
vergence rates between the (unconditional) DEA and FDH estimators used in their convexity test, giving
more observations to the subsample used to compute FDH estimates than to the subsample used to compute
DEA estimates. Recall that the unconditional efficiency estimators converge at rate n", while the condi-
tional efficiency estimators converge at rate nj. The optimal bandwidths are of order n=r/ (41 oiving a
rate of n*/("*+1) for the conditional efficiency estimators. Using the logic of Kneip et al. (2016), the full
sample S, can be split so that the estimators in the two subsamples achieve the same rate of convergence
by setting nf = ng/(mﬂ). This gives ny = n;/(mﬂ). Values of ni, ny are obtained by finding the root 7
in n—n—n"0*Y =0 and setting no = |n0] and ny = n — ny. However, this will often result in too few
observations in the first subsample to obtain meaningful results. For example, if p = ¢ =7 =1 and n = 200,
following the reasoning above would lead to n; = 22 and ny = 178.
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samples by 2
87211 = nl_l Z (X(Xw Y; | Sl,n1) - ﬁn1> (625)

(X4,Y:)€S1,nq
and

~2.h 1 < - 2
o2 =nyt Y <)\(Xi, Yi | Zi, Somy) — un> (6.26)

(X4,Y3,2;) €S2 n,
(respectively), where the full (sub)samples are used to estimate the variances.

The estimators of bias for a single split of each subsample for the unconditional and
conditional cases are given by Emm for the unconditional case and Eg’nm for the conditional
case as described in Sections 5.1 and 5.2, respectively.

For values of (p+¢) such that x > 1/3 in the FDH case or £ > 2/5 when DEA estimators
are used, the CLT results in (5.17) and (5.38) can be used to construct an asymptotically
normal test statistic for testing the null hypothesis of separability. Since the bias-corrected
sample means are independent due to splitting the original sample into independent parts,
and since two sequences of independent variables each with normal limiting distributions
have a joint bivariate normal limiting distribution with independent marginals, if follows

that for the values of (p + ¢) given above

~

(ﬁm - ﬁc,nz,h) - (Blﬁm - Bg,nz,h) L
Trm = — N(O, 1) (6.27)
a2, n Gorny
ni n2 n

under the null. Alternatively, for k < 1/2, similar reasoning and using the CLT results in

(5.19) and (5.39) leads to

(ﬁan - ﬁc,nz,h,,@) - (Blﬂ,nl - ICi7TL27h) C
Tom = £ N(0,1) (6.28)
52 82,]1
ny c,ng
LAWS n2 h,k

under the null, where ny ,, = |n3*] with fi,, . = nj E(Xi,Yi)GS:;M /):(Xi, Yi|Sn), and S s
a random subsample of size n; , taken from S, (see Kneip et al., 2015b for details). For the
conditional part, we have similarly and as described in the preceding section, ng j , = Ln%"h ,
With fen, . = Mo p Z(Xi,Yi,Zi)eS;QM /)\\(Xi, Yi | Z;,Sn,) where ;| is a random subsample

of size ngp . from S,,.
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Given a random sample S,,, one can compute values 77, or 7y, depending on the value
of (p + ¢). The null should be rejected whenever 1 — ®(77,,) or 1 — ®(7g,,) is less than the
desired test size, e.g., .1, .05, or .01, where ®(-) denotes the standard normal distribution

function.

6.5 Computational Considerations

Each of the tests described in Sections 6.1, 6.2 and 6.4 require randomly splitting the original
sample of size n into two parts in order to compute sample means that are independent of
each other. In addition, these tests as well as the test in Section 6.3 require splitting the
two parts randomly in order to obtain bias estimates. At several points in the preceding
discussion, observations are assumed to be randomly ordered. In practice, however, data are
often not randomly ordered when they are first obtained. Data may be sorted by firms’ size
or by some other criteria, perhaps one not represented by a variable or variables included in
the researcher’s data.

Observations can be randomly ordered by applying the modified Fisher-Yates shuffle
(Fisher and Yates, 1948) described by Durstenfeld (1964). The generalized jackknife esti-
mates of bias involve randomly splitting groups of observations many times and then averag-
ing, and the random splitting can be accomplished by shuffling the observations before each
split. One should expect little difference in the final bias estimates between two researchers
who initialize their random number generators with different seeds. However, the tests of
convexity, CRS, and separability require an initial split of a single sample into two parts.
Conceivably, the tests may provide different results depending on how the sample is split,
making if difficult to replicate results. To avoid this problem, Daraio et al. (2018) provide
an algorithm for splitting the initial sample in a random but repeatable way. The algo-
rithm ensures that Two researchers working independently with the same data will obtain
the same results, even if the two researchers receive the data with different orderings of the

observations. See Daraio et al. (2018) for additional details.
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7 Dimension Reduction

The discussion in Sections 3.1 an 3.2 makes clear that under appropriate regularity conditions
the FDH, VRS-DEA, and CRS-DEA estimators converge at rate n® where k = 1/(p + q),
2/(p+q+1) and 2/(p+ q) (respectively). In all three cases, the convergence rates become
slower—and hence estimation error increases for a fixed sample size n—as the dimensionality
(p+ q) increases. This inverse relationship between dimensionality and convergence rates of
estimators is well-known in nonparametric statistics and econometrics, and is often called
the “curse of dimensionality” after Bellman (1957). In the case of FDH and DEA estimators,
increasing dimensionality (p + ¢) also affects bias, as seen in Section 5. It is perhaps less-
well appreciated, but nonetheless true that dimensionality also affects the variance of partial
frontier estimators such as the order-m estimators and the order-a estimators discussed in
Sections 3.3 and 3.4.

Holding sample size n constant, increasing the number of inputs or the number of outputs
necessarily results in a greater proportion of the sample observations lying on FDH or DEA
estimates of the frontier, i.e., more observations with efficiency estimates equal to one. Ap-
plied researchers using FDH or DEA estimators have long been aware of this phenomenon.
A number of ad hoc “rules of thumb” for lower bounds on the sample size n in problems with
p inputs and g outputs are proposed in the literature to address the problem. For example,
Bowlin (1987), Golany and Roll (1989), Vassiloglou and Giokas (1990) and Homburg (2001)
propose n > 2(p + ¢q). Banker et al. (1989), Bowlin (1998), Friedman and Sinuany-Stern
(1998) and Raab and Lichty (2002) suggest n > 3(p + ¢). Boussofiane et al. (1991) offer
n > pq, and Dyson et al. (2001) recommend n > 2pg. Cooper et al. (2000), Cooper et al.
(2004) and Zervopoulos et al. (2012) advise n > max(pq, 3(p+ ¢q)). No theoretical justifica-
tion is given for any of these rules. Wilson (2018) provides evidence that the sample sizes
suggested by these rules are too small to provide meaningful estimates of technical efficiency.

Wilson (2018) provides three diagnostics that can be used to warn researchers of situ-
ations where the number of inputs and outputs is excessive for a given sample size. The
first diagnostic, the effective parametric sample size, is based on evaluating the number of
observations m required in a parametric estimation problem (with the usual parametric con-

vergence rate, m'/?) to obtain estimation error of the same order that one would obtain with
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n observations in a nonparametric problem with convergence rate n". Recall that for FDH,
VRS-DEA or CRS-DEA estimators, K = 1/(p+¢q), 2/(p+q+1) or 2/(p+ ¢). To illustrate,
note that Charnes et al. (1981) use the CRS-DEA estimator to examine n = 70 schools that
use p = 5 inputs to produce ¢ = 3 outputs. Simple calculations indicate that Charnes et al.
achieve estimation error of the same order that one would attain with only 8 observations in
a parametric problem. Using the VRS-DEA or FDH estimator with the Charnes et al. (1981)
would result in estimation error of the same order that one would obtain in a parametric
problem with 7 or 3 observations, respectively. One would likely be suspicious of estimates
from a parametric problem with 8 or fewer observations, and one should be suspicious here,
too. The ad hoc rules listed above suggest from 15 to 30 observations for the Charnes et al.
(1981) application, which is less than half the number of observations used in their study.

With the CRS-DEA estimator, Charnes et al. (1981) obtain 19 efficiency estimates equal
to 1. The VRS-DEA and FDH estimators yield 27 and 64 estimates equal to 1, respectively.

Recalling that the FDH, VRS-DEA, and CRS-DEA estimators are progressively more
restrictive, it is apparent that much of the inefficiency reported by Charnes et al. is due
to their assumption of CRS. Under the assumptions of the statistical model (e.g., under
Assumptions 2.4 and 2.5), there is not probability mass along the frontier, and hence there
is zero probability of obtaining a firm with no inefficiency. The second diagnostic suggested
by Wilson (2018) involves considering the number of observations that yield FDH efficiency
estimates equal to 1. If this number is more than 25-50 percent of the sample size, then
dimensionality may be excessive.

The third diagnostic proposed by Wilson (2018) is related to the method for reducing
the dimensionality proposed by Mouchart and Simar (2002) and Daraio and Simar (2007a,
pp. 148-150). As in Section 3.2, let X and Y denote the (p x n) and (¢ X n) matrices of
observed, input and output vectors in the sample §,, and suppose the rows of X and Y have
been standardized by dividing each element in each row by the standard deviation of the
values in each row. This affects neither the efficiency measure defined in (2.3) nor its DEA
and FDH estimators, which are invariant to units of measurement. Now consider the (p x p)

and (¢ X ¢) moment matrices X X’ and YY’'. The moment matrices are by construction

14 Here, efficiency estimates are obtained using the full sample of 70 observations. Charnes et al. split
their sample into two groups according to whether schools participated in a social experiment known as
“Program Follow Through.” These data are analyzed further below in Section 8.
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square, symmetric, and positive definite. Let A1, ..., Ay denote the eigenvalues of X X'
arranged in decreasing order, and let A, denote the (p X p) matrix whose jth column contains
the eigenvector corresponding to A;;. Define

>\x1
p—)\"

j=1 "\zj

R, = (7.1)

and use the eigenvalues of YY" to similarly define R,. Let A, denote the (¢ X ¢) matrix
whose jth column contains the eigenvector corresponding to A

of YY'.

It is well known that R, and R, provide measures of how close the corresponding moment

vj» the jth largest eigenvalue

matrices are to rank-one, regardless of the joint distributions of inputs and outputs. For
example, if R,=0.9, then the first principal component X A,; (where A, is the first column
of A,) contains 90 percent of the independent linear information contained in the p columns
of X. One might reasonably replace the p inputs with this principal component, thereby
reducing dimensionality from (p + ¢) to (1 + ¢). If, in addition, R, = 0.9, then the first
principal component Y'A,; (where A,; is the first column of A,) contains 90 percent of
the independent linear information contained in the ¢ columns of Y. As with inputs, one
might reasonably replace the ¢ outputs with this principle component, further reducing
dimensionality of the problem to 2. Simulation results provided by Wilson (2018) suggest
that in many cases, expected estimation error will be reduced when dimensionality is reduced
from (p+q) to 2. Fare and Lovell (1988) show that any aggregation of inputs our outputs will
distort the true radial efficiency if the technology is not homothetic, but in experiments #1
and #2 of Wilson (2018), the technology is not homothetic but any distortion is outweighed
by the reduction in estimation error resulting from dimension reduction in many cases. See
Wilson (2018) for specific guidelines.

Adler and Golany (2001, 2007) propose an alternative method for reducing dimensional-
ity. In their approach, correlation matrices of either inputs or outputs (but not both) are
decomposed using eigensystem techniques. When estimating efficiency in the output orien-
tation, the dimensionality of the inputs can be reduced, or when estimating efficiency in the
input direction, the dimensionality of the outputs can be reduced. The Adler and Golany
method cannot be used when the hyperbolic efficiency measure is estimated, and can only be

used with directional efficiency in special cases. The approach of Wilson (2018) can be used
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in all cases. Moreover, it is well known, and is confirmed by the simulation results provided
by Wilson (2018), that correlation is not a particularly meaningful measure of association
when data are not multivariate normally distributed, as is often the case with production
data. For purposes of estimating radial efficiency efficiency measures such as those defined
in (2.3), (2.5) and (2.7), the issues is not whether the data are linearly related or how they
are dispersed around a central point (as measured by central moments and correlation coef-
ficients based on central moments), but rather how similar are the rays from the origin to

each datum in RTQ (as measured by the raw moments used by Wilson, 2018).

8 An Empirical Illustration

In this section we illustrate some of the methods described in previous sections using the
“Program Follow Through” data examined by Charnes et al. (1981). All of the computations
described in this section are made using the R programming language and the FEAR software
library described by Wilson (2008).

Charnes et al. (1981) give (in their Tables 1-4) observations on p = 5 inputs and ¢ = 3
outputs for n = 70 schools. The first n; = 49 of these schools participated in the social
experiment known as Program Follow Through, while the remaining n, = 21 schools did
not. In their Table 5, Charnes et al. report input-oriented CRS-DEA estimates (rounded
to two decimal places) for the two groups of schools obtained by separating the schools into
two groups depending on their participation in Program Follow Through and estimating
efficiency for each group independent of the other group.

The implicit assumption of CRS by Charnes et al. (1981) is a strong assumption. Table 1
shows CRS-DEA, VRS-DEA, and FDH estimates of input-oriented efficiency for the Charnes
et al. (1981) data. The observation numbers in the first column correspond to those listed by
Charnes et al. in their tables; schools represented by observations numbers 1-49 participated
in Program Follow Through, while the schools corresponding to observation numbers 50—
70 did not. The estimates shown in Table 1 reveal that the results are sensitive to what
is assumed. In particular, the CRS-DEA estimates are quite different from the VRS-DEA
estimates, which in turn are quite different from the FDH estimates. From the earlier
discussion in Sections 3.1 and 3.2, it is clear that both the VRS-DEA and FDH estimators

remain consistent under constant returns to scale. It is equally clear that among the three
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estimators, the CRS-DEA estimator is the most restrictive. The results shown in Table 1 cast
some doubt on the assumption of constant returns to scale and perhaps also the assumption
of a convex production set.

In addition to the sensitivity of the results in Table 1 with respect to whether the CRS-
DEA, VRS-DEA or FDH estimator is used, the results reveal a more immediate problem.
Among the CRS-DEA estimates shown in Table 1, 25—more than one third of the sample—
are equal to one, while 33 of the VRS-DEA estimates equal one and 65 of the FDH estimates
are equal to one. As discussed above in Section 7 and by Wilson (2018) this is indicative
of too many dimensions for the given number of observations. Moreover, even with the
assumption of constant returns to scale, the convergence rate of the CRS-DEA estimator
used by Charnes et al. (1981) is n'/4. As discussed in Section 7 and Wilson (2018), this
results in an effective parametric sample size of 8. Moreover, an eigensystem analysis on the
full data yields R, = 94.923 and R, = 99.042. The discussion in Section 7 and in Wilson
(2018) makes clear the need for dimension reduction. The simulation results obtained by
Wilson (2018) suggest that mean-square error is likely reduced when the 8 outputs are
combined into a single principal component and the 3 outputs are combined into a single
principal component using eigenvectors of the moment matrices of the inputs and outputs
as described by Wilson (2018).

Table 1 also shows (input-oriented) order-a efficiency estimates (with v = 0.95) and
order-m efficiency estimates (with m = 115, chosen to give the number of observations above
the order-m partial frontier similar to the number of observations lying above the order-«
frontier). Note that only 3 observations lie below the estimated order-« frontier, and only 4
observations lie below the estimated order-m frontier (indicated by estimates less than 1).
This provides further evidence that the number of dimensions is too large for the available
amount of data.

Table 2 shows the eigenvectors corresponding to the largest eigenvalues for the moment
matrices of inputs and outputs as discussed in Section 7. The first column of 2 gives the
eigenvectors as well as values of R, and R, computed from the full sample with 70 ob-
servations. The second column gives similar information computed from observations 1-49
corresponding to the Program Follow Through participants, while the third column gives

similar information computed from observations 50-70 for schools that did not participate
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Table 1: Efficiency Estimates for Charnes et al. (1081) Data

Obs. CRS-DEA VRS-DEA FDH Order-aa Order-m

1 1.0000 1.0000 1.0000  1.0000 1.0000

2 0.9017 0.9121 1.0000  1.0000 1.0000

3 0.9883 1.0000 1.0000  1.0000 1.0000

4 0.9024 0.9035 0.9511  1.0000 0.9523

) 1.0000 1.0000 1.0000  1.7488 1.0283

6 0.9069 0.9456 1.0000  1.2500 1.0125

7 0.8924 0.8929 1.0000  1.1399 1.0018

8 0.9148 0.9192 1.0000  1.0000 1.0000

9 0.8711 0.8877 1.0000  1.0000 1.0000
10 1.0000 1.0000 1.0000  1.0000 1.0000
11 0.9819 1.0000 1.0000  1.0000 1.0000
12 0.9744 1.0000 1.0000  1.0000 1.0000
13 0.8600 0.8630 0.9866  0.9866 0.9866
14 0.9840 1.0000 1.0000  1.9429 1.0449
15 1.0000 1.0000 1.0000  3.8089 1.0343
16 0.9503 0.9507 1.0000  1.0000 1.0000
17 1.0000 1.0000 1.0000  1.7107 1.0126
18 1.0000 1.0000 1.0000  1.0000 1.0000
19 0.9501 0.9577 1.0000  1.0000 1.0000
20 1.0000 1.0000 1.0000  1.0000 1.0000
21 1.0000 1.0000 1.0000  1.0000 1.0000
22 1.0000 1.0000 1.0000  1.2081 1.0009
23 0.9630 0.9771 1.0000  1.0000 1.0000
24 1.0000 1.0000 1.0000  1.4075 1.0000
25 0.9764 0.9864 1.0000  1.1242 1.0006
26 0.9371 0.9425 1.0000  1.0000 1.0000
27 1.0000 1.0000 1.0000  1.0000 1.0000
28 0.9443 0.9903 1.0000  1.3333 1.0025
29 0.8417 0.9325 1.0000  1.3748 1.0155
30 0.9025 0.9119 1.0000  1.3093 1.0059
31 0.8392 0.8520 0.9915  1.0000 0.9918
32 0.9070 1.0000 1.0000  1.7778 1.0363
33 0.9402 0.9578 1.0000  1.0000 1.0000
34 0.8521 0.8645 1.0000  1.0000 1.0000
35 1.0000 1.0000 1.0000  1.0000 1.0000
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Table 1: Efficiency Estimates for Charnes et al. (1081) Data (continued)

Obs. CRS-DEA VRS-DEA FDH Order-aa Order-m

36 0.8032 0.8033 1.0000  1.0064 1.0007
37 0.8614 0.8692 1.0000  1.0000 1.0000
38 0.9485 1.0000 1.0000  2.0205 1.0363
39 0.9352 0.9438 1.0000  1.0000 1.0000
40 1.0000 1.0000 1.0000  1.4633 1.0016
41 0.9468 0.9526 1.0000  1.1545 1.0000
42 0.9474 0.9531 1.0000  1.3333 1.0025
43 0.8708 0.8752 1.0000  1.0000 1.0000
44 1.0000 1.0000 1.0000  1.0000 1.0000
45 0.8916 1.0000 1.0000  2.0000 1.0471
46 0.9087 0.9283 1.0000  1.0000 1.0000
47 1.0000 1.0000 1.0000  1.0000 1.0000
48 1.0000 1.0000 1.0000  2.2037 1.0305
49 1.0000 1.0000 1.0000  2.2885 1.0172
20 0.9575 0.9587 1.0000  1.0000 1.0000
51 0.9205 0.9277 1.0000  1.0000 1.0000
52 1.0000 1.0000 1.0000  1.0000 1.0000
23 0.8768 0.8970 0.9872  0.9872 0.9872
54 1.0000 1.0000 1.0000  1.0000 1.0000
95 1.0000 1.0000 1.0000  1.0000 1.0000
o6 1.0000 1.0000 1.0000  1.0000 1.0000
57 0.9260 0.9269 1.0000  1.0000 1.0000
o8 1.0000 1.0000 1.0000  1.0000 1.0000
59 0.9223 1.0000 1.0000  1.0000 1.0000
60 0.9815 0.9981 1.0000  1.0000 1.0000
61 0.8818 0.9012 1.0000  1.0000 1.0000
62 1.0000 1.0000 1.0000  1.0000 1.0030
63 0.9611 0.9634 1.0000  1.0000 1.0000
64 0.9168 0.9373 1.0000  1.0000 1.0000
65 0.9775 0.9775 1.0000  1.0000 1.0000
66 0.9259 0.9412 0.9761  0.9761 0.9761
67 0.9271 0.9492 1.0000  1.0000 1.0000
68 1.0000 1.0000 1.0000  1.0000 1.0000
69 1.0000 1.0000 1.0000  1.0000 1.0000
70 0.9475 0.9640 1.0000  1.0000 1.0000
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in Program Follow Through. The results are similar across the three columns of Table 2, and
so it appears reasonable to use the eigenvectors computed from the full sample to compute
principal components. Doing so for both inputs and outputs reduces dimensionality from 8

to 2.

Table 2: Eigenvectors of Input and Output Moment Matrices

(1) (2) (3)

Ay 03829 0.3855  0.3799
0.4662  0.4538  0.4493
0.4700  0.4479  0.4541
0.4661 0.4635 0.4394
0.4450 0.4796  0.5046

R, 94.9235 96.6599 93.4648

Ay 05602 0.5702  0.5647
0.5593  0.5771  0.5548
0.6110 0.5846  0.6110

R, 99.0422 99.1462 99.3443

The first principal components of inputs and outputs based on moment matrices as
described above are plotted in Figure 1. The plot in Figure 1 reveals two dissimilar obser-
vations. The observation lying in the upper right corner of the plot is observation number
59, and the observation lying at (105.93, 118.93) is observation number 44. Both of these
observations are flagged by Wilson (1993, 1995) and Simar (2003) as outliers. Note that
the transformation from the original (p + ¢)-dimensional space of inputs and outputs to
the 2-dimensional space of first principal components amounts to an affine function. It is
well-known that the image of a convex set under an affine function is also convex, and that
the affine transformation preserves extreme points (e.g., see Boyd and Vandenberghe, 2004).
Therefore the method for dimension reduction discussed in Section 7 and Wilson (2018) has
an additional benefit. Reducing dimensionality to only 2 dimensions permits simple scatter
plots of the transformed data, which can reveal outliers in the data that are more difficult

to detect in higher dimensions.
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Figure 1: Charnes et al. (1981) Data after Principal Components Transformation
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Applying the CRS-DEA, VRS-DEA, FDH, order-a and order-m estimators to the trans-
formed data yields the results shown in Tables 3-4. The estimates in Table 3 are obtained by
applying the estimators separately on the two groups of observations (i.e., those participating
in Program Follow Through, corresponding to observations 1-49, and those not participating,
corresponding to observations 50-70). The estimates in Table 4 are obtained from the full
sample, ignoring program participation. In both Tables 3-4 the partial efficiency estimates
are computed with a = 0.95 and m = 115 as in Table 1.

As an illustration, consider the results for observation no. 5 in Table 3. The CRS-DEA
and VRS-DEA estimates suggest that this school could produce the same level of outputs
using only 69.91 percent or 98.65 percent of its observed levels of inputs, respectively. The
FDH estimate indicates that school no. 5 is on the estimated frontier, and by itself does not
suggest that input levels could be reduced without reducing output levels. At the same time,
however, the FDH estimate, as well as the CRS-DEA and VRS-DEA estimates, are biased
upward toward 1. The order-m estimate, by contrast, suggests that school no. 5 would have
to increase its input usage by 1.06 percent in order to meet the estimated expected input
usage among 115 randomly chosen schools producing at least as much output as school no. 5.
Similarly, the order-a estimate suggests that school no. 5 would have to increase its input
usage by 26.70 percent while holding output levels fixed in order to have a probability of 0.05
of being dominated by a school producing more output while using less input that school
no. 5. In the input orientation, the partial efficiency estimators are necessarily weakly greater
than the FDH estimates. After reducing dimensionality to only two dimensions, the partial
efficiency estimators have the same convergence rate (i.e., n'/?) as the FDH estimators, but
the partial efficiency estimates remain less sensitive to outliers than the FDH estimates.

Comparing results across the five columns in either Table 3 or Table 4 reveals substantial
differences between estimates obtained with different estimators. This raises the question of
whether constant returns to scale (assumed by Charnes et al.) is an appropriate assumption
supported by the data, or whether even convexity of the production set is an appropriate
assumption. In addition, comparing estimates in Table 3 with corresponding estimates in
Table 4 reveals some large differences, but not in all cases. This raises the question of
whether the two groups of schools have the same mean efficiency or whether they face the

same frontier. Charnes et al. allow for different frontiers, but if the schools face the same
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frontier, using the full sample for estimation would reduce estimation error. Rather than
making arbitrary assumptions, the statistical results described in earlier sections can be used
to let the data speak to what is appropriate.

In order to address the question of whether the two groups of schools face the same
frontier, we apply the test of separability developed by Daraio et al. (2018) using the reduced-
dimensional, transformed data. Note that here, the “environmental” variable is binary; i.e.,
schools either participate in Program Follow Through or they do not. Hence no bandwidths
are needed; instead, we follow the method outlined in Daraio et al. (2018, separate Appendix
C) and using the difference-in-means test described by Kneip et al. (2016). To employ the
test, we first randomly sort the observations using the randomization algorithm appearing
in Daraio et al. (2018, separate Appendix D). We then divide the observations into two
sub-samples, taking the first 35 randomly sorted observations as group 1, and the remaining
observations as group 2. Using the observations in group 1, we estimate efficiency using the
input-oriented FDH estimator and compute the sample mean (0.8948) and sample variance
(0.01424) of these estimates. We then estimate the bias (0.2540) of this sample mean using
the generalized jackknife method described by Daraio et al. (2018).

For the 35 observations in group 2, we have 23 observations on schools participating in
Program Follow Through (group 2a), and 12 observations not participating (group 2b). We
again use the FDH estimator to estimate input-oriented efficiency, but we apply the estimator
as well as the generalized jackknife independently on the two sub-groups (2a and 2b). We
then compute the sample mean (across 35 observations in group 2) of the efficiency estimates
(0.9170), the sample variance (0.01408) and the bias correction (0.2011) as described by
Daraio et al. (2018, separate Appendix C). This yields a value of 2.6278 for the test statistic
given by the input-oriented analog of (6.19), and hence the p-value is 0.004298.'> Hence the
null hypothesis of separability is soundly rejected by the data. The data provide evidence
suggesting that Program Follow Through schools face a different frontier than the non-
Program Follow Through schools.

We use the FDH estimator to test separability since the FDH estimator does not require

an assumption of convexity, which has not yet been tested. Given that separability is rejected,

15 The test is a one-sided test, since by construction the mean of the input-oriented efficiency estimates for
group 1 is less than the similar mean for group 2 under departures from the null hypothesis of separability.
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Table 3: Efficiency Estimates from Transformed Data, Split Sample

Obs. CRS-DEA VRS-DEA FDH Order-a Order-m

1 0.7830 0.8332 1.0000  1.0000 1.0000
2 0.6975 0.7037 0.7804  0.7821 0.7804
3 0.8212 0.8351 0.9466  0.9466 0.9466
4 0.5882 0.6285 0.6642 0.7934 0.6705
) 0.6991 0.9865 1.0000  1.2670 1.0106
6 0.7664 0.8357 0.9485  1.0000 0.9502
7 0.5560 0.5892 0.7035  0.8026 0.7075
8 0.5876 0.5927 0.6564  0.6578 0.6564
9 0.6478 0.6550 0.7449  0.7466 0.7450
10 0.8031 0.8425 1.0000  1.0000 1.0000
11 0.7765 0.7923 0.8753  0.8753 0.8753
12 0.9082 0.9300 0.9988  0.9988 0.9988
13 0.6426 0.6483 0.7203  0.7219 0.7203
14 0.7434 0.8748 0.8869  1.0000 0.8939
15 0.8987 0.9652 1.0000  1.0540 1.0013
16 0.6882 0.7022 0.7753  0.7753 0.7753
17 0.9038 0.9631 1.0000  1.1945 1.0066
18 0.9048 0.9119 1.0000  1.0000 1.0000
19 0.7281 0.7556 0.9912  0.9912 0.9912
20 1.0000 1.0000 1.0000  1.0000 1.0000
21 0.9499 0.9788 1.0000  1.0000 1.0000
22 0.9248 0.9622 1.0000  1.1408 1.0037
23 0.7470 0.7792 0.9752  0.9752 0.9752
24 0.9657 0.9872 1.0000  1.2599 1.0041
25 0.7320 0.7483 0.9544  0.9565 0.9544
26 0.7275 0.7379 0.8523  0.8523 0.8523
27 0.9016 0.9020 0.9070  0.9070 0.9070
28 0.7217 0.7513 0.7846  0.8950 0.7860
29 0.5767 0.8218 0.8395  1.0000 0.8469
30 0.6342 0.6902 0.7749  0.8167 0.7775
31 0.5660 0.6156 0.6884  0.7255 0.6899
32 0.6149 1.0000 1.0000  1.3282 1.0120
33 0.6992 0.7314 0.8925  0.8925 0.8925
34 0.6849 0.6931 0.8146  0.8146 0.8146
35 0.6809 0.7052 0.9412  0.9412 0.9412

63



Table 3: Efficiency Estimates from Transformed Data, Split Sample (continued)

Obs. CRS-DEA VRS-DEA FDH Order-a Order-m

36 0.5122 0.5617 0.6583  0.6940 0.6606
37 0.7000 0.7447 0.9137  1.0000 0.9153
38 0.8601 1.0000 1.0000  1.5371 1.0115
39 0.7344 0.7350 0.7422  0.7422 0.7422
40 0.7668 0.7927 0.8894  1.0000 0.8913
41 0.6860 0.6975 0.8429  0.8449 0.8430
42 0.7554 0.7829 0.8983  1.0000 0.8992
43 0.6502 0.6582 0.7593  0.7610 0.7593
44 0.9147 1.0000 1.0000  1.0000 1.0000
45 0.7882 0.9108 1.0000  1.4389 1.0223
46 0.6171 0.6299 0.6937  0.6937 0.6937
47 0.7679 0.7691 0.7839  0.7839 0.7843
48 0.7646 0.9111 0.9365 1.0544 0.9389
49 0.7276 0.7880 0.8605  0.9070 0.8629
20 0.6235 0.7428 0.8968  0.8968 0.8968
51 0.6003 0.6483 0.9650  0.9650 0.9650
52 0.8149 1.0000 1.0000  1.0000 1.0000
93 0.6071 0.6104 0.6413  0.6413 0.6413
54 0.7412 0.9461 1.0000  1.0000 1.0000
55 0.8248 0.8744 1.0000  1.0000 1.0000
26 0.6846 0.7058 0.9021  0.9021 0.9021
57 0.6398 0.6962 1.0000  1.0000 1.0000
o8 1.0000 1.0000 1.0000  1.0000 1.0000
29 0.7205 1.0000 1.0000  1.0000 1.0000
60 0.6700 0.6901 0.8763  0.8763 0.8763
61 0.5146 0.6481 0.6481  0.8531 0.6489
62 0.7948 0.8934 1.0000  1.0000 1.0019
63 0.6240 0.6645 1.0000  1.0000 1.0000
64 0.5508 0.5703 0.7119  0.7119 0.7119
65 0.6509 0.6979 1.0000  1.0000 1.0000
66 0.4744 0.4791 0.5232  0.5232 0.5232
67 0.5809 0.6384 1.0000  1.0000 1.0000
68 0.6137 0.6706 1.0000  1.0000 1.0000
69 0.8511 1.0000 1.0000  1.0000 1.0000
70 0.6157 0.6453 0.9193  0.9193 0.9193
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Table 4: Efficiency Estimates from Transformed Data, Full Sample

Obs. CRS-DEA VRS-DEA FDH Order-a Order-m

1 0.6733 0.8277 0.9555  0.9555 0.9555

2 0.5997 0.6640 0.7804  0.7821 0.7808

3 0.7061 0.8202 0.9466  0.9466 0.9466
4 0.5057 0.5181 0.6328 0.7934 0.6368

) 0.6011 0.7695 0.7695  1.1865 0.8049

6 0.6590 0.6876 0.9485  0.9997 0.9496

7 0.4780 0.4861 0.5611  0.7893 0.5697

8 0.5053 0.5596 0.6564  0.6578 0.6564

9 0.5570 0.6124 0.7449  0.7466 0.7449
10 0.6905 0.8341 1.0000  1.0000 1.0000
11 0.6677 0.7788 0.8753  0.8753 0.8753
12 0.7809 0.9151 0.9988  0.9988 0.9988
13 0.5525 0.6114 0.7203  0.7219 0.7203
14 0.6392 0.7102 0.8869  1.2083 0.9043
15 0.7728 0.7953 1.0000  1.0540 1.0016
16 0.5917 0.6903 0.7753  0.7753 0.7753
17 0.7771 0.7942 0.9527  1.1945 0.9561
18 0.7780 0.8639 1.0000  1.0023 1.0000
19 0.6261 0.7459 0.8079  0.8079 0.8079
20 0.8598 0.9778 1.0000  1.0000 1.0000
21 0.8168 0.9646 1.0000  1.0000 1.0000
22 0.7951 0.7954 0.7975  1.1219 0.8057
23 0.6423 0.7704 0.7949  0.7949 0.7949
24 0.8303 0.8808 1.0000  1.2599 1.0106
25 0.6294 0.6679 0.9544  0.9565 0.9547
26 0.6255 0.7243 0.8523  0.8523 0.8523
27 0.7753 0.8305 0.9070  1.0000 0.9079
28 0.6205 0.6210 0.6257  0.8802 0.6311
29 0.4958 0.6460 0.6460  0.9961 0.6734
30 0.5453 0.5680 0.7749  0.8167 0.7755
31 0.4867 0.5066 0.6884  0.7255 0.6894
32 0.5287 0.8614 0.8614 1.1338 0.8823
33 0.6012 0.7235 0.8925  0.8925 0.8925
34 0.5889 0.6799 0.8146  0.8146 0.8146
35 0.5855 0.6958 0.7672  0.7672 0.7672
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Table 4: Efficiency Estimates from Transformed Data, Full Sample (continued)

Obs. CRS-DEA VRS-DEA FDH Order-a Order-m
36 0.4404 0.4619 0.6583  0.6938 0.6589

37 0.6019 0.6142 0.7287  1.0000 0.7362
38 0.7395 0.8178 1.0000  1.4118 1.0334
39 0.6314 0.7164 0.7422  0.8183 0.7422
40 0.6593 0.6738 0.8746  0.8894 0.8761
41 0.5898 0.6368 0.8429  0.8449 0.8430
42 0.6495 0.6578 0.8834  0.8983 0.8851
43 0.5591 0.6121 0.7593  0.7610 0.7593
44 0.7865 1.0000 1.0000  1.0000 1.0000
45 0.6778 0.7452 1.0000  1.3175 1.0344

46 0.5306 0.6193 0.6937  0.6937 0.6937
47 0.6603 0.7475 0.7839  0.8642 0.7850
48 0.6574 0.7341 0.9365  1.0559 0.9469
49 0.6256 0.6488 0.8605  0.9070 0.8615
50 0.6235 0.7291 0.8073  0.8073 0.8073
51 0.6003 0.6483 0.9650  1.0507 0.9709
52 0.8149 0.9787 1.0000  1.0000 1.0000

93 0.6071 0.6104 0.6413  0.9021 0.6485
54 0.7412 0.9169 1.0000  1.0000 1.0000
25 0.8248 0.8687 1.0000  1.0168 1.0008
26 0.6846 0.7058 0.8984  0.9469 0.8993
57 0.6398 0.6897 0.9197  0.9217 0.9205
o8 1.0000 1.0000 1.0000  1.4067 1.0133
29 0.7205 1.0000 1.0000  1.0000 1.0000
60 0.6700 0.6901 0.8728  0.9199 0.8736
61 0.5146 0.6481 0.6481  1.0000 0.6789
62 0.7948 0.8934 1.0000  1.3189 1.0327
63 0.6240 0.6645 1.0000  1.0404 1.0050
64 0.5508 0.5681 0.7119  0.7239 0.7125
65 0.6509 0.6979 1.0000  1.1282 1.0113
66 0.4744 0.4791 0.5232  0.7359 0.5296

67 0.5809 0.6318 0.8088  0.8107 0.8089
68 0.6137 0.6640 0.8706  0.8726 0.8706
69 0.8511 1.0000 1.0000  1.6466 1.0481
70 0.6157 0.6453 0.9155  0.9650 0.9164
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we next apply the convexity test of Kneip et al. (2016) separately and independently on the 49
participating schools and the 21 non-participating schools, again using the two-dimensional,
transformed data. For the participating and non-participating schools we obtain values
3.4667 and -0.6576 (respectively) of the test statistic given in (6.7). The corresponding p-
values are 0.0003 and 0.7446, and hence we firmly reject convexity of the production set for
participating schools, but we fail to reject convexity for the non-participating schools.

Next, for the non-participating schools, we test constant returns to scale against the
alternative hypothesis of variable returns to scale using the method of Kneip et al. (2016).
Since convexity is rejected for the Program Follow Through schools, there is no reason to
test constant returns to scale. As with the other tests, we also work here again with the two-
dimensional, transformed data. We obtain the value —1.7399 for the input-oriented analog
of the test statistic in (6.14), with a corresponding p value of 0.9591. Hence we do not reject
constant returns to scale for the non-participating schools.

Taken together, the results of the tests here suggest that efficiency should be esti-
mated separately and independently for the group of participating and the group of non-
participating schools. In addition, the results indicate that the FDH estimator should be
used to estimate efficiency for the participating schools. On the other hand, we do not find
evidence to suggest that the CRS-DEA estimator is inappropriate for the non-participating

schools.

9 Nonparametric Panel Data Frontier

9.1 Basic Ideas: Conditioning on Time

One possible approach, developed in Mastromarco and Simar (2015) in a macroeconomic
setup, is to extend the basic ideas of Cazals et al. (2002) and Daraio and Simar (2005),
described in Section 4, to a dynamic framework to allow introduction of a time dimension.

Consider a generic input vector X € RY, a generic output vector ¥ € RY and denote
by Z € R? the generic vector of environmental variables. Mastromarco and Simar (2015)
consider the time T as a conditioning variable and define for each time period t, ¥;, the
attainable set at time t as the set of combinations of inputs and outputs feasible at time ¢.

v, C R’:rq is the support of (X,Y’) at time ¢, whose distribution is completely determined
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by
Hyy(z,y) = Prob(X <2,V >y|T =1), (9.1)

which is the probability of being dominated for a production plan (z,y) at time ¢. Finally,
when considering the presence of additional external factors Z, the attainable set is defined

In this framework, assuming free disposability of inputs and outputs, the conditional
output oriented Farrell-Debreu technical efficiency of a production plan (z,y) € V7, at time

t facing conditions z, is defined in (4.5)—(4.7) as

M (z,ylz) = sup{X|(z,\y) € U]} = sup {\|Hy x5 (z, \y|z) > 0}
— sup{\[SY £l 2) > 0). 93)

where Sy /(yl|v,2) = Prob(Y > y|X < 2,7 =2, T =1)."°

Suppose we have a sample X, , = {(Xy, Yy, Zit) };2) ;- comprised of panel data for n
firms observed over s periods. Then the unconditional and conditional attainable sets can
be estimated. Assuming that the true attainable sets are convex and under free disposability
of inputs and outputs, (similar to Daraio and Simar, 2007b), the DEA estimators at time ¢

and facing the condition Z = z is given by

beac = {(@,y) ERUXRY Jy< Y 3V, o> Y 4X;7>0, Y =1}
JET (2,t) JET (2,t) JET (2,t)
(9.4)

where J (z,t) ={j=(i,v) | 2 —h, < Ziy, <24+ h;t —hy <v <t+h;} and h, and h; are
bandwidths of appropriate size selected by data-driven methods. The set J(z,t) describes
the localizing procedure to estimate the conditional DEA estimates, and determines the
observations in a neighborhood of (z,t) that will be used to compute the local DEA estimate.
Here, only the variables (¢, z) require smoothing and appropriate bandwidths, see Section
4.2 above for details and Daraio et al. (2018) for discussion of practical aspects of bandwidth

selection.

16 For efficiency measures, we only focus the presentation on the output orientation, the same could be
done for any other orientation (input, hyperbolic, directional distance) (see, Daraio and Simar, 2007a; Badin
et al., 2010, 2012; Wilson, 2011; Simar and Vanhems, 2012; and Simar et al., 2012).
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The estimator of the output conditional efficiency measure at time ¢ is then obtained
by substituting (1\/73 pay for U7 in (9.3). In practice, an estimate is computed by solving the

linear program

Apeas (,y | 2)=sup{ A [ Ay < D Vx> > ym;,y=0, Y y=1
JET (2,t) JET (2,t) JET (2,t)
(9.5)

If the convexity of the sets W7 is questionable, it is better to use the FDH approach
described in Section 4.2 relying only on the free disposability of the inputs and outputs. It

particularizes here as follows
Vipm: = {(7,y) € RE X RY [y <Y}, 2> Xj, j € I(z,1)} (9.6)

where Z(z,t) ={j=(G,v)|z2—h, < Zj, <z4+ht—h<v<t+hnNX, <z}  The

conditional output FDH estimator turns out to be simply defined as, see (4.13),

~ _ Y/
oo = e (in (1)), o

The statistical properties of these nonparametric estimators are well known as discussed
in Section 4.2. To summarize, these estimators are consistent and converge to some non-
degenerate limiting distributions to be approximated by bootstrap techniques. As discussed
earlier, the rates of convergence become slower with increasing numbers of inputs and out-
puts, illustrating the curse of dimensionally. The situation is even jeopardized if the dimen-
sion of Z increases.

Having these estimators and to bring some insights on the effect of Z and T on the
efficiency scores, Mastromarco and Simar (2015) analyze, in a second stage, the average
behavior of \(X,Y | Z) at period ¢t and conditionally on Z = z. The regression aims
to analyze the behavior of £ (Xt(X, Y| Z= z)), where )\, is either the DEA or the FDH
estimators defined above, as a function of z and ¢. For this purpose they suggest to estimate
the flexible nonparametric location-scale regression model

~

M(Xit, Yir | Zit) = p(Zig, t) + 0(Zig, t)es (9.8)

where E(eit|Zit,t) = 0 and VAR(éit]Zl-t,t) = 1. This model captures both the location
p(z,t) = E(A\(Xuy, Ya|Zu = 2)) and the scale effect 02(z,t) = VAR(M(Xy, Y| Zu = 2)).
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The nonparametric function u(z,t) are usually estimated by local linear techniques and
02(z,t) by local constant techniques on the squares of the residuals obtained when estimating
w(z,t) (see Mastromarco and Simar (2015) for details).

As a byproduct of the analysis, the scaled residual error term for a given particular
production plan (X;, Yi, Z;) at time ¢ is computed as

o M (X, Yo | Zig) — pp(Zig, t)
! 0 (Zit, 1) .

(9.9)

This unexplained part of the conditional efficiency measure (called “pure efficiency” in Badin
et al., 2012), cleanses efficiency scores from external effects (here, time 7" and Z). The
pure efficiency measure provides then a better indicator by which to assess the economic
performance of production units over time and allows the ranking of production units facing
different environmental factors at different time periods.

Mastromarco and Simar (2015) apply these panel techniques in a macroeconomic setup,
where they use a dataset of 44 countries (26 OECD countries and 18 developing countries)
over 1970-2007. In their macroeconomic cross-country framework, where countries are pro-
ducers of output (i.e., GDP) given inputs (capital, labor; see Mastromarco and Simar, 2015
for a detailed description of the data) and technology, inefficiency can be identified as the
distance of the individual production from the frontier estimated by the maximum output of
the reference country regarded as the empirical counterpart of an optimal boundary of the
production set. Inefficiencies generally reflect a sluggish adoption of new technologies, and
thus efficiency improvement will represent productivity catch-up via technology diffusion.

Mastromarco and Simar (2015) explore the channels under which FDI fosters productiv-
ity by disentangling the impact of this factor on the production process and its components:
impact on the attainable production set (inputoutput space) and the impact on the dis-
tribution of efficiencies. In particular they want to clarify the effect of time and foreign
direct investment (FDI) on the catching-up process which is related to productivity gains
and so to productive efficiency of the countries. They review the literature in the field (both
parametric and non-parametric).

The second stage regression described above cleanses efficiency scores from external effects
(time and FDI), and this enables Mastromarco and Simar (2015) to eliminate the common

time factor effect, as economic cycles, in a very flexible and robust way (the location-scale

70



model). Their pure efficiency measure provides a better indicator to assess the economic
performance of production units over time and in their macroeconomic framework the “pure
efficiency” represents a new measure of the Solow residual. They conclude that both time
and FDI plays a role in the catching-up process, clarifying from an empirical point of view
some theoretical debate on these issues.

Note that the approach developed in this section could also have been applied with robust
versions of the DEA or FDH estimators by using rather the partial frontiers, the order-m
and the order-a frontiers derived in Section 2.4. This is particularly useful if the cloud of
data points contains extreme data points or outliers which may hide the true relationship

between the variables, see e.g. the discussion in Section 5.4 in Daraio and Simar (2007a).

9.2 Cross-Section Dependence in Panel Data Frontier Analysis

When analyzing a panel of data, we might also expect some cross-sectional dependence
between the units, this is particularly true for macroeconomic data but also for a panel of data
on firms in a country, etc. In a macroeconomic setup, Mastromarco and Simar (2018) propose
a flexible, nonparametric, two-step approach to take into account cross section dependence
due to common factors attributable to global shocks to the economy. It easy to extend
the approach for microeconomic data. They use again conditional measures where now
they condition not only to external environmental factors (Z) but also to some estimates
of a “common time factor” that is supposed to capture the correlation among the units.
By conditioning on the latter, they eliminate the effect of these factors on the production
process and so mitigate the problem of cross section dependence. To define this common time
factor, they follow the approach Pesaran (2006) and Bai (2009), where it is shown that an
unobserved common time factor, &, can be consistently proxied by cross-sectional averages
of inputs and the outputs at least asymptotically, as n,s — oo, and s/n — K where K is a
finite positive (> 0) constant. So the idea is to consider F; = (t, X+, Yy) as a proxy for the
unobserved nonlinear and complex common trending patterns.'”

So, at this stage we have now a sample of observations {(Xy, Yi, Zi, Ft)}?jl,tzl‘ For

estimating the conditional measures, Mastromarco and Simar (2018) follow the approach

17 Here, we use the standard notation where a dot in a subscript signifies an average over the corresponding
index.
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suggested by Florens et al. (2014) which so far has been developed for univariate Y, but
the multivariate case should not create any theoretical issues. This approach avoids direct
estimation of the conditional survival function Sy|x zr (y | z,2, ft). As observed by Flo-
rens et al., the procedure reduces the impact of the curse of dimensionality (through the
conditioning variables Z, F;) and requires smoothing in these variables in the center of the
data cloud instead of smoothing at the frontier where data are typically sparse and estima-
tors are more sensitive to outliers. Moreover, the inclusion of time factor Fy = (¢, X4, Yy)
enables elimination of the common time factor effect in a flexible, nonparametric location-
scale model. The statistical properties of the resulting frontier estimators are established by
Florens et al. (2014).
Assume the data are generated by the nonparametric location-scale regression model

{ X = pa(Zit, Fy) + 00(Zit, Fi)ewin

: 9.10
Yie = py(Zie, Fr) + 0y(Zit, Fr)ey it ( |

where p,, 0, and €, each have p components and, for ease of notation, the product of vectors is
component-wise. So the first equation in (9.10) represents p relations, one for each component
of X. We assume that each element of ¢, and ¢, have mean zero and standard deviation
equal to 1. The model also assumes that (e¢,,e,) is independent of (Z, F;). This model
allows the capture for any (z, f;) and for each input 7 = 1,...,p and for the output, the
locations u(mj)(z, f) =E(XYD|Z=zF="/), p(zf) =EX|Z=zF =f) and the
scale effects ag(gj)’Z(z,ft) = VAR (XY|Z =z, F, = f,), 07(2,t) = VAR(Y|Z = 2, F, = f) of
the environmental and common factors on the production plans. Here again, for a vector a,
al) denotes its j-th component.

The production frontier can be estimated in two stages as proposed by Florens et al.
(2014). In the first stage, the location functions p(z;, fi) in (9.10) are estimated by lo-
cal linear methods. Then the variance functions (2, f;) are estimated by regressing the
squares of the residuals obtained from the first local linear regression on (z, f;). For the vari-
ance functions, a local constant estimators is used to avoid negative values of the estimated
variances.

The first-stage estimation yields the residuals

o Xu—ulZa F)
7 02 (Zit, I)

(9.11)
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and R
s = Yii —Ny(ZmFt)
ot oy(Zu, F,)

where for ease of notation, a ratio of two vectors is understood to be component-wise. These

(9.12)

residuals amount to whitened inputs and output obtained by eliminating the influence of
the external and other environmental variables as common factors. To validate the location-
scale model, Florens et al. (2014) propose a bootstrap based testing procedure to test the
independence between (€, 1, €,.+) and (Z;;, F}), i.e. the independence of whitened inputs and
output from the external and global effects.

Note that here, for finite sample the independence between (e,,¢,) and of (Z, F}) is not

VAR(Eyyit

verified in finite samples, as, e.g. COV (Y4, e,4) = 0,COV (e, ey4t) = 0y ), but since

the latter converge to zero as n — 0o, this does not contradict the asymptotic independence
assumed by the model.

In the second stage, a production frontier is estimated for the whitened output and inputs
given by (9.11) and (9.12). Hence for each observation (i,t) a measure of “pure” efficiency
is obtained. This approach accommodates both time and cross-sectional dependence and
yields more reliable estimates of efficiency.'® Moreover, as observed by Florens et al. (2014),
by cleaning the dependence of external factors in the first stage, the curse of dimensionality
due to the dimension of the external variables is avoided when estimating the production
frontier. Smoothing over time accounts for the panel structure of the data as well as the

correlation over time of observed units.

The attainable set of pure inputs and output (e,,¢,) is defined by
U, = {(es,e,) €RPV| He, . (es,¢,) > 0} (9.13)

where H. . (e, e,) = Pr(e; < e;,ey > e,). The nonparametric FDH estimator is obtained
by using the empirical analog ﬁaw,ay(ex, ey) of H. . (es,e,) and the the observed residuals
defined in (9.11) and (9.12). As shown in Florens et al. (2014), replacing the unobserved
(€2, €y) by their empirical counterparts (€,, ,) does not change the usual statistical properties
of frontier estimators. Consequently, both consistency for the full-frontier FDH estimator and

V/n-consistency and asymptotic normality for the robust order-m frontiers follow. Florens

18 To some extent, the first step permits controlling for endogeneity due to reverse causation between
production process of inputs and output and the external variables (Z, Fy).

73



et al. (2014) conjecture that if the functions p, and o, for ¢ = z,y, are smooth enough,
the conditional FDH estimator keeps its usual nonparametric rate of convergence i.e. here,
nl/(p+1)

A “pure” measure of efficiency can be obtained by measuring the distance of a particular
point (g4, €y4) to the efficient frontier. Since the pure inputs and output are centered
on zero, they may have negative values, requiring use of directional distance defined for a

particular unit (e, e,) by
d(eq, ey; dy, dy) = sup{v|He, ¢, (€x — vds, €y + vdy) > 0}, (9.14)

where d, € R} and d, € R, are the chosen direction. In Mastromarco and Simar (2018) an
output orientation is chosen by specifying d, = 0 and d, = 1. When only some elements of
d, are zero, see Daraio and Simar (2014) for details on practical computation.

In the output orientation and in the case of univariate output, the optimal production

frontier can be described at any value of the pure input e, € RP by the function

¢(ey) = sup{ey|He, ¢, (€, €y) > 0}, (9.15)

so that the distance to the frontier of a point (e,, e,), in the output direction is given directly
by d(es, €,;0,1) = ¢(e;) — e,. Then, for each unit in the sample X, s, the “pure” efficiency

estimator is obtained through
5(§$7it’ é\yvit; 0, 1) = @(gx,zt> - é\y,ita (916)

where @(+) is the FDH estimator of the pure efficient frontier in the output direction. The

latter is obtained as

ples) = sup{ey][/-\l'ezysy(ex,ey) >0}

. o 1
(iDlE e} P (6.17)

Similar expressions can be derived for the order-m efficiency estimator. The order-m
frontier at an input value e,, is the expected value of the maximum of the outputs of m
units drawn at random in the population of units such that ¢, ;; < e,. The nonparametric

estimator is obtained by the empirical analog

Pmles) = Emax (ey1, -, eymt)] (9.18)
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where the €, ;; are drawn from the empirical conditional survival function §£y‘ o (eylErit < ex).
This can be computed by Monte-Carlo approximation or by solving a univariate integral
using numerical methods (for practical details see Simar and Vanhems, 2012).

Note that it is possible to recover the conditional frontier in the original units, both for
the full frontier and for the order-m one. As shown in Florens et al. (2014), it is directly

obtained at any values of (z, z, f;) as

T(I7 Z, ft) = Sup{y|SY|X,Z,Ft (y|$> z, ft) > 0}
— iyl £ + olen)oy (5 ). (919

which can be estimated by

T(Xits Zie, Jr) = by(Zins [o) + P(Eit)0y(Zi, o). (9:20)

As shown in Mastromarco and Simar (2018) this is equivalent to

T(Xits Zit, ft) = Yie + 0(Eits Eyit; 0, 1)0y (Zit, [1), (9.21)
which has the nice interpretation that gap, in original units, between an observation (X, Y;;)
facing the conditions (Z;, f;) and the efficient frontier is given by the corresponding “pure”
efficiency measure rescaled by the local standard deviation 7,(Z;, fi). In the same spirit,

the conditional output oriented Farrell efficiency estimate in original units is given by

3 T XZ 7Zi )
M X, Yit| Zin, fr) = (t#tft) (9.22)
it

Note that there were no need to estimate the conditional survival function Sy|x, 2, (y|z, 2, f;)
to obtain this result. Similar results are described in Mastromarco and Simar (2018) or order-
m robust frontiers.

Mastromarco and Simar (2018) have applied the approach in the analysis of the pro-
ductivity performance of 26 OECD countries and 18 developing countries considering the
spillover effects of global shocks and business cycles due to increasing globalization and inter-
connection among countries. So far all studies analyzing effect of common external factors
on productivity of countries have been on the stream of parametric modeling which suf-
fers of misspecification problem due to unknown data generation process in applied studies.

The frontier model used by Mastromarco and Simar (2018) enables investigation of whether
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the effect of environmental/global variables on productivity occurs via technology change
or efficiency. Mastromarco and Simar (2018) quantify the impact of environmental/global
factors on efficiency levels and make inferences about the contributions of these variables in
affecting efficiency. Specifically, Mastromarco and Simar (2018) assess the impact of FDI on
the production process for small, medium and large countries. They intend to redress an
important policy issue of whether the protection-oriented policy will hamper the production
efficiency through limiting FDI by explicitly analyzing the relationship between efficiency
and openness factor FDI dependent on size of country.

Mastromarco and Simar (2018) show that, especially for medium and big countries,
FDI appears to play an important role in accelerating the technological change (shifts in
the frontier) but with a decreasing effect at large values of FDI. This result confirms the
theoretical hypothesis that FDI leads to increase in productivity by spurring competition
(Glass and Saggi, 1998). Moreover their findings reveal that knowledge embodied in FDI is
transferred for technology externalities (shift of the frontier) (Cohen and Levinthal, 1989),
supporting the evidence highlighting that lowering trade barriers have exerted a significantly
positive effects on productivity (e.g., Borensztein et al., 1998 and Cameron et al., 2005).

In a further development in the panel data context, Mastromarco and Simar (2017)
address the problem of endogeneity due to latent heterogeneity. They analyze the influence of
human capital (measured as average years of education in the population) on the production
process of a country by extending the instrumental nonparametric approach proposed by
Simar et al. (2016). The latent factor which is identified is the part of human capital
independent of the life expectancy in the countries. it appears that this latent factor can
be empirically interpreted as innovation, quality of the institutions and the difference in

property rights systems among countries (see Mastromarco and Simar, 2017 for details).

10 Summary and Conclusions

Benchmarking production performance is a fascinating, but difficult field because of the
nonstandard and challenging statistical and econometric problems that are involved. Non-
parametric methods for efficiency estimation bring together a wide variety of mathematical
tools from mathematical statistics, econometrics, computer science, and operations research.

As this survey indicates, a lot of progress has been made in recent years in establishing
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statistical theory for efficiency estimators. The development of new CLTs for both uncon-
ditional and conditional efficiency estimators opens the door to testing hypotheses about
the structure of production models and their evolution over time. The extension of existing
results to panel data similarly opens new doors to handle dynamic situations. These and
other issues continue to be addressed by the authors of this survey as well as others.
Although we have focused on the nonparametric, deterministic framework, other possi-
bilities falling somewhere between this framework and the framework of fully parametric,
stochastic frontiers. For example, Fan et al. (1996) propose semi-parametric estimation of
a stochastic frontier. Kumbhakar et al. (2004) propose a local likelihood approach that re-
quires distributional assumptions for the noise and efficiency processes, but does not require
functional-form assumptions for the frontier. Parameters of the noise and efficiency distribu-
tions are estimated locally, and hence the method is almost fully nonparametric. In a similar
vein, Simar et al. (2014) use moment-based methods to avoid specification of the efficiency
process, and also avoid specifying the distribution of (the symmetric) noise process. Their
method has the additional advantage that from a computational viewpoint, it is much easier
to implement than the method of Kumbhakar et al. (2004). Simar and Zelenyuk (2011)
discuss stochastic version of the FDH and DEA estimators. Kneip et al. (2015a) allow for
measurement error, while Florens et al. (2018) allow for symmetric noise with unknown vari-
ance in a nonparametric framework. In yet another direction, Kuosmanen and Kortelainen
(2012) introduce shape constraints in a semi-parametric framework for frontier estimation,
but so far all the stochastic parts of the model are fully parametric. All of these create new

issues and new directions for future research.

7



References

Adler, N. and B. Golany (2001), Evaluation of deregulated airline networks using data en-
velopment analysis combined with principal component analysis with an application
to western europe, European Jouranl of Operational Research 132, 260-273.

— (2007), PCA-DEA: Reducing the curse of dimensionality, in J. Zhu and W. D. Cook,
eds., Modeling Data Irregularities and Structural Complezities in Data Envelopment
Analysis, New York: Springer Science+Business Media, LLC, pp. 139-154.

Apon, A. W., L. B. Ngo, M. E. Payne, and P. W. Wilson (2015), Assessing the effect
of high performance computing capabilities on academic research output, Empirical
Economics 48, 283-312.

Aragon, Y., A. Daouia, and C. Thomas-Agnan (2005), Nonparametric frontier estimation:
A conditional quantile-based approach, Econometric Theory 21, 358-389.

Bahadur, R. R. and L. J. Savage (1956), The nonexistence of certain statistical procedures
in nonparametric problems, The Annals of Mathematical Statistics 27, 1115-1122.

Bai, J. (2009), Panel data models with interactive fixed effects, Econometrica 77, 1229-1279.

Banker, R., A. Charnes, W. W. Cooper, J. Swarts, and D. A. Thomas (1989), An intro-
duction to data envelopment analysis with some of its models and uses, Research in
Governmental and Nonprofit Accounting 5, 125-165.

Banker, R. D., A. Charnes, and W. W. Cooper (1984), Some models for estimating technical
and scale inefficiencies in data envelopment analysis, Management Science 30, 1078~
1092.

Bellman, R. E. (1957), Dynamic Programming, Princeton, NJ: Princeton University Press.

Bickel, P. J. and D. A. Freedman (1981), Some asymptotic theory for the bootstrap, Annals
of Statistics 9, 1196-1217.

Bickel, P. J. and A. Sakov (2008), On the choice of m in the m out of n bootstrap and
confidence bounds for extrema, Statistica Sinica 18, 967-985.

Bogetoft, P. (1996), DEA on relaxed convexity assumptions, Managment Science 42, 457—
465.

Bogetoft, P., J. M. Tama, and J. Tind (2000), Convex input and output projections of
nonconvex production possibility sets, Management Science 46, 858-869.

Borensztein, E., J. D. Gregorio, and L.-W. Lee (1998), How does foreign direct investment
affect economic growth?, Journal of International Economics 45, 115-135.

Boussofiane, A.; R. G. Dyson, and E. Thanassoulis (1991), Applied data envelopment anal-
ysis, European Journal of Operational Research 52, 1-15.

Bowlin, W. F. (1987), Evaluating the efficiency of US Air Force real-property maintenance
activities, Journal of the Operational Research Society 38, 127-135.

— (1998), Measuring performance: An introduction to data envelopment analysis (DEA),
Journal of Applied Behavior Analysis 15, 3-27.

78



Boyd, S. and L. Vandenberghe (2004), Convex Optimization, New York: Cambridge Univer-
sity Press.

Briec, W., K. Kerstens, and P. Van den Eeckaut (2004), Non-convex technologies and cost
functions: definitions, duality, and nonparametric tests of convextiy, Journal of Eco-
nomaics 81, 155—-192.

Badin, L., C. Daraio, and L. Simar (2010), Optimal bandwidth selection for conditional effi-
ciency measures: A data-driven approach, Furopean Journal of Operational Research
201, 633-664.

— (2012), How to measure the impact of environmental factors in a nonparametric produc-
tion model, European Journal of Operational Research 223, 818-833.

— (2014), Explaining inefficiency in nonparametric production models: The state of the art,
Annals of Operations Research 214, 5-30.

Cameron, G., J. Proudman, and S. Redding (2005), Technological convergence, R & D, trade
and productivity growth, Furopean Economic Review 49, 775-807.

Cazals, C., J. P. Florens, and L. Simar (2002), Nonparametric frontier estimation: A robust
approach, Journal of Fconometrics 106, 1-25.

Chambers, R. G., Y. Chung, and R. Fare (1998), Profit, directional distance functions, and
nerlovian efficiency, Journal of Optimization Theory and Applications 98, 351-364.

Charnes, A., W. W. Cooper, B. Golany, L. Seiford, and J. Stutz (1985), Foundations of data
envelopment analysis for Pareto-Koopmans efficient empirical productions functions,
Journal of Econometrics 30, 91-107.

Charnes, A., W. W. Cooper, and E. Rhodes (1978), Measuring the efficiency of decision
making units, Furopean Journal of Operational Research 2, 429-444.

— (1981), Evaluating program and managerial efficiency: An application of data envelop-
ment analysis to program follow through, Management Science 27, 668-697.

Cohen, W. and D. Levinthal (1989), Innovation and learning: two faces of R & D, Economics
Journal 107, 139-149.

Cooper, W. W., S. Li, L. M. Seiford, and J. Zhu (2004), Sensitivity analysis in DEA, in
W. W. Cooper, L. M. Seiford, and J. Zhu, eds., Handbook on Data Envelopment
Analysis, chapter 3, New York: Kluwer Academic Publishers, Inc., pp. 75-98.

Cooper, W. W., L. M. Seiford, and K. Tone (2000), Data Envelopment Analysis: A Compre-
hensive Text with Models, Applications, References and DEA-Solver Software, Boston,
MA: Kluwer Academic Publishers.

Daouia, A., J. P. Florens, and L. Simar (2010), Frontier estimation and extreme value theory,
Bernoulli 16, 1039-1063.

Daouia, A. and L. Simar (2007), Nonparametric efficiency analysis: A multivariate condi-
tional quantile approach, Journal of Econometrics 140, 375-400.

Daouia, A., L. Simar, and P. W. Wilson (2017), Measuring firm performance using nonpara-
metric quantile-type distances, Econometric Reviews 36, 156—-181.

79



Daraio, C. and L. Simar (2005), Introducing environmental variables in nonparametric fron-
tier models: A probabilistic approach, Journal of Productivity Analysis 24, 93—-121.

— (2007a), Advanced Robust and Nonparametric Methods in Efficiency Analysis, New York:
Springer Science+Business Media, LLC.

— (2007b), Conditional nonparametric frontier models for convex and nonconvex technolo-
gies: a unifying approach, Journal of Productivity Analysis 28, 13-32.

— (2014), Directional distances and their robust versions: Computational and testing issues,
FEuropean Journal of Operational Research 237, 358-369.

Daraio, C., L. Simar, and P. W. Wilson (2018), Nonparametric estimation of efficiency
in the presence of environmental variables, FEconometrics Journal In press, doi:
10.1111/ectj.12103.

Debreu, G. (1951), The coefficient of resource utilization, Econometrica 19, 273-292.

Deprins, D., L. Simar, and H. Tulkens (1984), Measuring labor inefficiency in post offices,
in M. M. P. Pestieau and H. Tulkens, eds., The Performance of Public Enterprises:
Concepts and Measurements, Amsterdam: North-Holland, pp. 243-267.

Durstenfeld, R. (1964), Algorithm 235: Random permutation, Commaunications of the ACM
7, 420.

Dyson, R. G., R. Allen, A. S. Camanho, V. V. Podinovski, C. S. Sarrico, and E. A. Shale
(2001), Pitfalls and protocalls in DEA, European Journal of Operational Research 132,
245-259.

Fan, Y., Q. Li, and A. Weersink (1996), Semiparametric estimation of stochastic production
frontier models, Journal of Business and Economic Statistics 14, 460—468.

Fére, R. (1988), Fundamentals of Production Theory, Berlin: Springer-Verlag,.

Fére, R. and S. Grosskopf (2004), Efficiency and Productivity: New Directions, Boston, MA:
Kluwer Academic Publishers.

Fére, R., S. Grosskopf, and C. A. K. Lovell (1985), The Measurement of Efficiency of Pro-
duction, Boston: Kluwer-Nijhoftf Publishing.

Fare, R., S. Grosskopf, and D. Margaritis (2008), Productivity and efficiency: Malmquist
and more, in H. Fried, C. A. K. Lovell, and S. Schmidt, eds., The Measurement of
Productive Efficiency, chapter 5, Oxford: Oxford University Press, 2nd edition, pp.
522-621.

Fare, R. and C. A. K. Lovell (1988), Aggregation and efficiency.

Farrell, M. J. (1957), The measurement of productive efficiency, Journal of the Royal Statis-
tical Society A 120, 253-281.

Fisher, R. A. and F. Yates (1948), Statistical Tables for Biological, Agricultural and Medical
Research, London: Oliver and Boyd, 3rd edition.

Florens, J. P., L. Simar, and I. Van Keilegom (2014), Frontier estimation in nonparametric
location-scale models, Journal of Econometrics 178, 456-470.

80



— (2018), Stochastic frontier estimation with symmetric error. Discussion paper #2018/xx,
Institut de Statistique Biostatistique et Sciences Actuarielles, Université Catholique
de Louvain, Louvain-la-Neuve, Belgium.

Friedman, L. and Z. Sinuany-Stern (1998), Combining ranking scales and selecting vari-
ables in the DEA context: The case of industrial branches, Computers and Operations
Research 25, 781-791.

Glass, A. J. and K. Saggi (1998), International technological transfer and technology gap,
Journal of Development Economics 55, 369-398.

Golany, B. and Y. Roll (1989), An application procedure for DEA, Omega 17, 237-250.

Gray, H. L. and R. R. Schucany (1972), The Generalized Jackknife Statistic, New York:
Marcel Decker, Inc.

Homburg, C. (2001), Using data envelopement analysis to benchmark activities, Interna-
tional Journal of Production Economics 73, 51-58.

Hsu, P. L. and H. Robbins (1947), Complete convergence and the law of large numbers,
Proceedings of the National Academy of Sciences of the United States of America 33,
25-31.

Jeong, S. O., B. U. Park, and L. Simar (2010), Nonparametric conditional efficiency mea-
sures: asymptotic properties, Annals of Operations Research 173, 105-122.

Jeong, S. O. and L. Simar (2006), Linearly interpolated FDH efficiency score for nonconvex
frontiers, Journal of Multivariate Analysis 97, 2141-2161.

Kneip, A., B. Park, and L. Simar (1998), A note on the convergence of nonparametric DEA
efficiency measures, Fconometric Theory 14, 783-793.

Kneip, A., L. Simar, and I. Van Keilegom (2015a), Frontier estimation in the presence of
measurement error with unknown variance, Journal of Econometrics 184, 379-393.

Kneip, A., L. Simar, and P. W. Wilson (2008), Asymptotics and consistent bootstraps for
DEA estimators in non-parametric frontier models, FEconometric Theory 24, 1663—

1697.

— (2011), A computationally efficient, consistent bootstrap for inference with non-
parametric DEA estimators, Computational Economics 38, 483-515.

— (2015b), When bias kills the variance: Central limit theorems for DEA and FDH efficiency
scores, Fconometric Theory 31, 394-422.

— (2016), Testing hypotheses in nonparametric models of production, Journal of Business
and Economic Statistics 34, 435-456.

Koopmans, T. C. (1951), An analysis of production as an efficient combination of activities,
in T. C. Koopmans, ed., Activity Analysis of Production and Allocation, New York:
John-Wiley and Sons, Inc., pp. 33-97. Cowles Commission for Research in Economics,
Monograph 13.

81



Kumbhakar, S. C., B. U. Park, L. Simar, and E. G. Tsionas (2004), Nonparametric stochastic
frontiers: A local likelihood approach. Discussion paper #0417, Institut de Statistique,
Université Catholique de Louvain, Louvain-la-Neuve, Belgium.

Kuosmanen, T. and M. Kortelainen (2012), Stochastic non-smooth envelopment of data:
Semi-parametric frontier estimation subject to shape constraints, Journal of Produc-
tivity Analysis 38, 11-28.

Mastromarco, C. and L. Simar (2015), Effect of FDI and time on catching up: New insights

from a conditional nonparametric frontier analysis, Journal of Applied Econometrics
30, 826-847.

— (2017), Cross-section dependence and latent heterogeneity to evaluate the impact of
human capital on country performance. Discussion paper #2017/30, Institut de
Statistique, Biostatistique et Sciences Actuarielles, Université Catholique de Louvain,
Louvain-la-Neuve, Belgium.

— (2018), Globalization and productivity: A robust nonparametric world frontier analysis,
Economic Modelling 69, 134-149.

Mouchart, M. and L. Simar (2002), Efficiency analysis of air controllers: First insights.
Consulting report #0202, Institut de Statistique, Université Catholique de Louvain,
Belgium.

Park, B. U., S.-O. Jeong, and L. Simar (2010), Asymptotic distribution of conical-hull esti-
mators of directional edges, Annals of Statistics 38, 1320-1340.

Park, B. U., L. Simar, and C. Weiner (2000), FDH efficiency scores from a stochastic point
of view, Fconometric Theory 16, 855-877.

Pesaran, M. H. (2006), Estimation and inference in large heterogeneous panels with a mul-
tifactor error structure, Fconometrica 74, 967-1012.

Politis, D. N., J. P. Romano, and M. Wolf (2001), On the asymptotic theory of subsampling,
Statistica Sinica 11, 1105-1124.

Raab, R. and R. Lichty (2002), Identifying sub-areas that comprise a greater metropolitan
area: the criterion of country relative efficiency, Journal of Regional Science 42, 579~
594.

Shephard, R. W. (1970), Theory of Cost and Production Functions, Princeton: Princeton
University Press.

Simar, L. (2003), Detecting outliers in frontier models: A simple approach, Journal of Pro-
ductivity Analysis 20, 391-424.

Simar, L., I. Van Keilegom, and V. Zelenyuk (2014), Nonparametric least squares methods
for stochastic frontier models, Journal of Productivity Analysis 47, 189-204.

Simar, L. and A. Vanhems (2012), Probabilistic characterization of directional distances and
their robust versions, Journal of Econometrics 166, 342—-354.

Simar, L., A. Vanhems, and I. Van Keilegom (2016), Unobserved heterogeneity and endo-
geneity in nonparametric frontier estimation, Journal of Econometrics 190, 360-373.

82



Simar, L., A. Vanhems, and P. W. Wilson (2012), Statistical inference for dea estimators of
directional distances, Furopean Journal of Operational Research 220, 853—-864.

Simar, L. and P. W. Wilson (1998), Sensitivity analysis of efficiency scores: How to bootstrap
in nonparametric frontier models, Management Science 44, 49-61.

— (1999a), Some problems with the Ferrier/Hirschberg bootstrap idea, Journal of Produc-
tivity Analysis 11, 67-80.

— (1999b), Of course we can bootstrap DEA scores! But does it mean anything? Logic
trumps wishful thinking, Journal of Productivity Analysis 11, 93-97.

— (2000), A general methodology for bootstrapping in non-parametric frontier models, Jour-
nal of Applied Statistics 27, 779-802.

— (2007), Estimation and inference in two-stage, semi-parametric models of productive
efficiency, Journal of Econometrics 136, 31-64.

— (2008), Statistical inference in nonparametric frontier models: Recent developments and
perspectives, in H. O. Fried, C. A. K. Lovell, and S. S. Schmidt, eds., The Measurement
of Productive Efficiency, chapter 4, Oxford: Oxford University Press, 2nd edition, pp.
421-521.

— (2011a), Inference by the m out of n bootstrap in nonparametric frontier models, Journal
of Productivity Analysis 36, 33-53.

— (2011b), Two-Stage DEA: Caveat emptor, Journal of Productivity Analysis 36, 205-218.

— (2013), Estimation and inference in nonparametric frontier models: Recent developments
and perspectives, Foundations and Trends in Econometrics 5, 183-337.

Simar, L. and V. Zelenyuk (2011), Stochastic FDH/DEA estimators for frontier analysis,
Journal of Productivity Analysis 36, 1-20.

Spanos, A. (1999), Probability Theory and Statistical Inference: Econometric Modeling with
Observational Data, Cambridge: Cambridge University Press.

Varian, H. R. (1978), Microeconomic Analysis, New York: W. W. Norton & Co.

Vassiloglou, M. and D. Giokas (1990), A study of the relative efficiency of bank branches: an
application of data envelopment analysis, Journal of the Operational Research Society
41, 591-597.

Wheelock, D. C. and P. W. Wilson (2008), Non-parametric, unconditional quantile estima-
tion for efficiency analysis with an application to Federal Reserve check processing
operations, Journal of Econometrics 145, 209-225.

Wilson, P. W. (1993), Detecting outliers in deterministic nonparametric frontier models with
multiple outputs, Journal of Business and Economic Statistics 11, 319-323.

— (1995), Detecting influential observations in data envelopment analysis, Journal of Pro-
ductivity Analysis 6, 27-45.

— (2008), FEAR: A software package for frontier efficiency analysis with R, Socio-Economic
Planning Sciences 42, 247-254.

83



— (2011), Asymptotic properties of some non-parametric hyperbolic efficiency estimators, in
I. Van Keilegom and P. W. Wilson, eds., Exploring Research Frontiers in Contemporary
Statistics and FEconometrics, Berlin: Springer-Verlag, pp. 115-150.

— (2018), Dimension reduction in nonparametric models of production, European Journal

of Operational Research 267, 349-367.

Zervopoulos, P. D.; F. Vargas, and G. Cheng (2012), Reconceptualizing the DEA bootstrap
for improved estimations in the presence of small samples, in R. Banker, A. Emrouzne-
jad, A. L. M. Lopes, and M. R. de Almeida, eds., Data Envelopment Analysis: Theory
and Applications, chapter 27, Brazil: Proceedings of the 10th International Conference
on DEA, pp. 226-232.

84



	Introduction
	Theory of Production
	Economic Model
	Statistical Model
	An Alternative Probabilistic Framework
	Partial Frontiers

	Nonparametric Estimation of Efficiency
	Free Disposal Hull Estimators
	Data Envelopment Analysis Estimators
	Order-m Estimators
	Order- Estimators
	Making Inference About Efficiency of a Firm

	Environmental Factors
	A Statistical Model with Environmental Variables
	Non-parametric Conditional Efficiency Estimators

	Central Limit Theorems for Mean Efficiency
	Mean Unconditional Efficiency
	Mean Conditional Efficiency

	Hypothesis Testing
	Testing Convexity versus Non-Convexity
	Testing Constant versus Variable Returns to Scale
	Testing for Differences in Mean Efficiency Across Groups of Producers
	Testing Separability
	Computational Considerations

	Dimension Reduction
	An Empirical Illustration
	Nonparametric Panel Data Frontier
	Basic Ideas: Conditioning on Time
	Cross-Section Dependence in Panel Data Frontier Analysis

	Summary and Conclusions

