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Introduction

Liquidity is a fundamental property of a well-functioning market and lack of lig-
uidity is generally at the heart of many financial crises and disasters, such as the
financial crisis of 2007-2008 and the LTCM crisis of 1998. Simply stated, liquidity
refers to the efficiency or ease with which an asset or security can be sold in finan-
cial markets without affecting its market price. More specifically, liquidity can be
thought of as an exogenous measure of the added costs per transaction associated
with asset trading, either from transaction costs or market impact. The primary
source of illiquidity therefore comes from exogenous transaction costs such as bro-
kerage fees, order-processing costs, or transaction taxes. Every time a security is
traded, the buyer and/or seller indeed incurs a transaction cost. The second main
source of illiquidity then comes from market impact, which reflects the impact of
order flow on price — the discount that a seller concedes or the premium that a buyer
pays when executing a market order — and which results from demand pressure and
inventory costs. Demand pressure arises because not all agents are present in the
market at all times, which means that if an agent needs to sell (or buy) a security
quickly, then the natural buyers (or sellers) may not be immediately available. As a
result, the seller may sell to a market maker who buys in anticipation of being able
to later lay off the position. The market maker, being exposed to the risk of price
changes while he holds the asset in inventory, must be compensated for this risk —
a compensation that imposes an (inventory) cost on the seller. For standard-size
transactions, the price impact is the bid—ask spread, whereas larger excess demand
induces a greater impact on prices, reflecting a likely action of informed traders
as explained in Easley and O’hara (1987). Because market makers cannot distin-
guish between order flow that is generated by informed traders and that generated
by liquidity (noise) traders, they set prices that are an increasing function of the
imbalance in the order flow which may indicate informed trading, see Kyle (1985).
This creates a positive relationship between the order flow (or transaction volume)
and price change, precisely referred in the literature to as price/market impact.

Liquidity is always tied to the temporal granularity at which it is analyzed. In
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mathematical finance, when modeling the price of an asset, we indeed typically
distinguish between at least three different time scales corresponding to the level
of granularity at which the trades and their liquidity are studied in the market:
high-frequency (fraction of seconds), intermediate or intraday time scale (between
seconds and hours) and low-frequency (from days to years for very large time
scales). These three temporalities and their connections are the subject of the
three parts constituting this thesis.

At the high-frequency level, high-frequency price models aim at reproducing some
statistical observations made on market data such as the autocorrelation in the
signs of trades, the market liquidity, the volatility clustering effect, the high-
frequency resilience of the price, as well as the discrete nature of time trade arrivals
and of price variation. At very high frequencies, one then has to describe the limit
order book (LOB) dynamics, or a part of it. Such models have been proposed by
Abergel and Jedidi (2013), Cont and De Larrard (2013), Gareche et al. (2013),
Huang et al. (2015), Da Fonseca and Zaatour (2014) and especially in Bacry and
Muzy (2014) with a tick-by-tick price model ruled by Hawkes processes, which de-
scribes jointly the order flow and the price dynamics and which reproduces numer-
ous empirical properties of high-frequency markets. Moreover, these high-frequency
price models also aim at obtaining low-frequency asymptotics that are consistent
with continuous diffusions. Asymptotic and low-frequency behaviour of such mod-
els have indeed been recently investigated by Bacry and Muzy (2014) and Jaisson
and Rosenbaum (2016). In particular, we are especially interested in the rough be-
havior of volatility as it is shown in El Euch et al. (2018) that this rough volatility
can be explained from the microscopic high-frequency interactions between agents.
El Euch et al. (2018) indeed build a tick-by-tick price model encoding the micro-
scopic stylized facts of market liquidity in the context of high frequency trading,
using unstable Hawkes processes. By studying the asymptotic behavior of this mi-
croscopic price dynamic in the long run, they obtain in the low-frequency limit a
rough version of the Heston model. The first part of the thesis is more empirical
and therefore aims at studying rough volatility (and in particular the rough Heston
model) as it arises from the modeling of market liquidity at high-frequency. We
hence first expand in Chapter 1 these rough volatility models at larger time scales
by pricing long-term life insurance contracts, thereby contributing to bridging the
gap between high-frequency liquidity modeling and asset pricing at very large time
scales. We then consider in Chapter 2 the rough Heston model (and more generally
affine Volterra processes) in the context of portfolio insurance strategies.

On the other end, when dealing with low frequencies, the price can often be well
approximated by a diffusive process. Ever since the advent of the Black and Scholes
(1973) option pricing formula, the study of asset modeling based on diffusive pro-
cesses has become a central preoccupation for both academics and practitioners,
see the review of Musiela and Rutkowski (2006) or Bergomi (2015). Additionally,



various econometric models in discrete time have also been explored in the liter-
ature to directly model the illiquidity process of these assets at such lower time
scales, see Gokay et al. (2011), Brennan et al. (2013) or Amihud (2015). Inspired
by both these diffusive and econometric models, the second part of this thesis
demonstrates how the illiquidity process associated with such low-frequency ob-
servations of market prices can be modeled directly using diffusions and fractional
processes. In the third chapter, we indeed introduce a new approach for modeling
the illiquidity process of thinly-traded assets using an inverse subordinator. This
implies focusing on subdiffusions rather than diffusive processes to represent the
price of illiquid assets in financial markets. Our focus then shifts in the fourth
chapter to the Amihud illiquidity measure, which is widely used for measuring the
illiquidity process of stocks and indices on a daily time scale. Again, we directly
model this Amihud measure of illiquidity using a mean-reverting jump diffusion,
with the jumps following a new fractional Hawkes process.

In between the high-frequency and low-frequency models, the third part of the
thesis investigates price impact models that consider an intraday intermediate (or
mesoscopic) time scale, somewhere between seconds and hours. They focus on
describing the price/market impact of transactions, one of the primary sources of
market illiquidity arising from the net order flow imbalance, as discussed above.
Their goal is to be more tractable than high-frequency models and to bring quan-
titative results on practical issues such as optimal liquidation strategies. Optimal
liquidation indeed refers to the situation in which a trader plans to sell (or buy) a
large number of units of a risky asset before a predetermined time horizon. Since
the size of the order is large, this trader may find it more optimal to work the order
in several smaller slices to minimize her impact on prices by trading during times of
higher liquidity and taking advantage of the resilience of the supply and demand of
the asset. On the other hand, delaying the orders for too long increases the exposure
to other market risks. The goal is hence to find the right balance between liquidity
risk (i.e. the price/market impact) from trading quicker and the other market risks
from taking longer to complete all trades. We refer to Cartea et al. (2015) and
Gokay et al. (2011) for a more thorough introduction on the subject. Chapter 5
hence proposes a new jump-dependent price impact model with a stochastic lig-
uidity factor, aiming at best reproducing the empirical effects of market orders on
liquidity and transaction prices. We then address the associated optimal execution
problem for the liquidating agent based on this novel price impact model. Finally,
we develop in Chapter 6 a new deep-learning algorithm for solving complex high-
dimensional stochastic optimal control problems in continuous-time. Specifically,
we focus in this chapter on optimal liquidation problems without explicit solution
involving a large number of co-integrated assets.



4 Introduction

Outline of the thesis

The three parts of the thesis contain six chapters which are self-contained research
articles that can be read independently from each other. The outline of the disser-
tation is as follows.

I. Rough volatility modeling: Chapters 1 and 2

Rough volatility has been first introduced in Gatheral et al. (2018) with the Rough
Fractional Stochastic Volatility (RFSV) model, which is based on a fractional
Ornstein-Uhlenbeck process with a Hurst index below 1/2, in contrast to the long-
memory fractional Ornstein-Uhlenbeck model of Comte and Renault (1998) with
Hurst index above 1/2. The RFSV model has been shown to be remarkably con-
sistent with financial time series of past volatility data as well as with the observed
implied volatility surface. However, due to the need of Monte-Carlo simulations,
this RFSV does not provide rapidly option prices, nor an effective calibration pro-
cedure. Two tractable implementations were then derived from the RFSV with the
rBergomi model of Bayer et al. (2016) and the rough Heston model of El Euch et al.
(2019). As explained in the general introduction, El Euch et al. (2018) demonstrate
how this rough Heston model arises as the low-frequency limit from the modeling of
market liquidity at high-frequency. We hence contribute with Chapter 1 to bridg-
ing this gap between high-frequency market liquidity and long-term asset /insurance
pricing. This first empirical chapter indeed shows how to expand these two rough
volatility models (and more generally any forward-variance models) at larger time
scales, analyzes their implications for the pricing of long-term life insurance con-
tracts and explains why they provide a more accurate fair value of such long-term
contacts. In particular, we highlight and study the long-term properties of these
two rough volatility models and compare them with standard stochastic volatility
models, such as the Heston and Bates models. For the rough Heston model, we
manage to build a highly consistent calibration and pricing methodology based on a
stable and arbitrage-free regime for the volatility at large maturity. This ensures a
reasonable behavior of the model in the long run. Regarding the rBergomi model,
we show that it does not exhibit a realistic long-term volatility with extremely
large swings at large time scales and that it is not fast enough for calibration pur-
poses, in contrast to the rough Heston model which is highly tractable. Therefore,
compared to standard stochastic volatility models, the rough Heston model effi-
ciently provides a more accurate fair value of long-term life insurance contracts
embedding path-dependent options while being highly consistent with historical
and risk-neutral data.

Chapter 2 then studies in the context of portfolio insurance the class of affine
Volterra processes which encompasses this rough Heston model (as well as the
classical Heston model). The aim of this chapter is hence to revisit and generalize



the constant proportion portfolio insurance (CPPI) under affine Volterra processes.
Indeed, existing simulation-based methods for CPPI do not apply easily to this
class of processes. We instead propose an approach based on the characteristic
function of the log-cushion which appears to be more consistent, stable and par-
ticularly efficient in the case of affine Volterra processes, compared with existing
simulation techniques. Using such approach, we describe in this chapter several
properties of CPPI which naturally result from the form of the log-cushion’s char-
acteristic function under affine Volterra processes. This allows to consider more
realistic dynamics for the underlying risky asset in the context of CPPI and hence
build portfolio strategies that are more consistent with financial data. In par-
ticular, we are especially interested in the rough Heston model as it arises from
the high-frequency modeling of market liquidity, and we provide a new estimation
procedure for its parameters based on the Particle Monte-Carlo Markov Chain
(PMCMC) algorithm. Finally, the last part of the chapter investigates gap risk
in discrete-time CPPI, which arises from the liquidity constraints and the transac-
tion costs discussed in the introduction. Therefore, in Chapter 2, we aim to study
more accurately the true properties of the CPPI strategy and to better manage
the (liquidity) risk associated with it.

II. Illiquidity modeling with fractional processes: Chapters 3 and 4

Our focus then shifts in the second part of the thesis to directly modeling the
illiquidity process associated with low-frequency observations of asset prices using
fractional processes. Chapter 3 begins by investigating small capitalization stocks,
which tend to exhibit motionless periods in their share price corresponding to a
lack of liquidity associated with these illiquid assets. This occurs when a stock
stops being exchanged by the investors during several days, weeks or months. Sub-
diffusions (or fractional diffusions) appear as good candidates for modeling the
price of such illiquid financial assets since they are obtained from subordination,
where a standard diffusion is time-changed by an inverse subordinator representing
the illiquidity process of the associated stock price. Existing subdiffusive models
of asset prices are indeed able to capture the motionless periods in the quotes of
thinly-traded assets. However, they fail at reproducing simultaneously the jumps
and the time-varying random volatility observed in their sample paths. The aim of
this chapter is hence to propose a new model of subdiffusive asset prices reproducing
the main characteristics exhibited in illiquid markets. This is done by considering a
stochastic volatility jump model, time-changed by an inverse subordinator driving
the (il)liquidity process of the related asset. We then derive the forward fractional
partial differential equations (PDE) governing the probability density function of
the introduced model and we prove that it leads to an arbitrage-free and incom-
plete market under a suitable change of measure. By proposing a new procedure
for estimating the model parameters and using a series expansion for solving nu-
merically the obtained fractional PDE, we are able to price various European-type
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derivatives on illiquid assets and to depart from the common Markovian valuation
setup. This way, we show that the introduced subdiffusive stochastic volatility
jump model yields consistent and reliable results in illiquid markets for thinly-
traded assets.

We again consider in Chapter 4 a fractional process for directly modeling the
illiquidity process associated with asset prices at low-frequency but focus instead
on the Amihud illiquidity measure. Indeed, the Amihud illiquidity measure has
proved to be very popular in the economic and financial literature for measuring
the illiquidity process of stocks and indices at the daily time scale. None of the ex-
isting discrete-time illiquidity models are however adapted for reproducing peaks of
illiquidity with long-memory, for risk management and for pricing liquidity-related
derivatives. This Chapter 4 therefore proposes a new continuous-time paradigm
for modeling illiquidity via a novel fractional Hawkes process in which the intensity
process is ruled by a modified Mittag-Leffler excitation function. By considering a
mean-reverting jump diffusion for the (log-)Amihud measure with jumps following
this modified fractional Hawkes process, we then manage to effectively reproduce
the observed peaks of illiquidity in financial markets while introducing long-memory
and tractability in the model. This model can then be extended in a multivari-
ate setting so as to study the contagion of up-and-down illiquidity shocks between
multiple financial assets. Finally, by deriving the characteristic function satisfied
by the Amihud measure in this model, we provide in the last part of the chapter
an efficient way to perform risk management on illiquidity with the distribution,
moments and risk measures of this Amihud measure. These two Chapters 3 and 4
hence introduce new tools based on fractional processes for a better management
of the illiquidity risk in financial markets at the low-frequency level.

III. Optimal control in finance: Chapters 5 and 6

At last, the third part of the thesis delves into stochastic optimal control in finance.
We specifically focus on optimal liquidation problems as they are built upon price
impact models and thus consider liquidity modeling from an intermediate (intra-
day) time scale. Chapter 5 then proposes a new framework of optimal liquidation
strategies for a trader seeking to liquidate his large inventory based on a jump-
dependent price impact model with propagator. This new jump-dependent price
impact model best reproduces the empirical direct and indirect effects of market or-
ders on the transaction price by introducing a stochastic liquidity factor in the form
of a trade-driven intensity process. Moreover, different choices of propagators are
proposed and their implications in terms of temporary, permanent and transient
impacts on the transaction price are discussed. For each choice of such kernels,
we formulate the most relevant optimal liquidation problem faced by the trader,
derive explicitly the related Hamilton-Jacobi-Bellman equation and solve it numer-
ically. Moreover, we demonstrate how our price impact model can be extended to



incorporate the use of limit orders by the liquidating trader. Therefore, in this
Chapter 5, we aim to propose an alternative, realistic and flexible description of
the order book’s dynamics and its liquidity, thereby contributing to bridging the
gap between high-frequency liquidity modeling and optimal execution problems at
intraday time scales.

Several of the optimal liquidation strategies discussed in the previous chapter how-
ever lead to a high-dimensional optimal control which does not admit an explicit
representation. In this case, most of the recent literature on deep learning for
solving high-dimensional partial differential equations do not apply, see e.g. Han
et al. (2018) or Beck et al. (2021). This Chapter 6 therefore introduces the GPI-
PINN algorithm, a novel numerical scheme for solving continuous-time stochastic
optimal control problems in high dimensions when the optimal control does not
admit an explicit solution. Combining Physics-Informed Neural Networks with an
Actor-Critic structure based on the Generalized Policy Iteration technique, this
successive deep learning algorithm employs two separate neural networks to ap-
proximate both the value function and the multidimensional optimal control. This
way, the GPI-PINN algorithm manages to achieve a global approximation of the
optimal solution across all time and space, which can be evaluated online rapidly.
The optimality and convergence of the scheme are demonstrated theoretically and
its accuracy and efficacy are shown empirically based on two numerical examples.
In particular, we generalize the standard Almgren and Chriss (2001) model arising
from optimal liquidation by allowing for a price impact model with fully non-linear
temporary and permanent impact functions and by considering a multidimensional
setting with numerous co-integrated assets. This indeed leads to a high-dimensional
implicit optimal control problem that can be effectively handled by our GPI-PINN
algorithm.

Published material

Chapter 1 is based on the paper Dupret et al. (2023), published in the European
Actuarial Journal, and extends the results of the Master’s thesis Dupret and Bar-
barin (2020). Chapter 2 is derived from Dupret and Hainaut (2021), published
in the International Journal of Theoretical and Applied Finance. Chapter 3 is
based on Dupret and Hainaut (2023c), published in Quantitative Finance. Chap-
ters 4 and 5 can be found in Dupret and Hainaut (2023a) and Dupret and Hainaut
(2023b) and have been submitted to Mathematics and Financial Economics and to
the Journal of Economic Dynamics and Control, respectively. Chapter 6 is still a
work in progress.
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CHAPTER 1

Impact of rough stochastic volatility models on
long-term life insurance pricing

The Rough Fractional Stochastic Volatility (RFSV) model of Gatheral et al. (2018)
is remarkably consistent with both financial time series of past volatility and with
the observed implied volatility surface. Two tractable implementations are de-
rived from the RFSV with the rBergomi model of Bayer et al. (2016) and the
rough Heston model of El Euch et al. (2019). We show practically in this chapter
how to expand these two rough volatility models (and more generally any forward
variance models) at larger time scales, we analyze their implications for the pric-
ing of long-term life insurance contracts and we explain why they provide a more
accurate fair value of such long-term contacts. In particular, we highlight and
study the long-term properties of these two rough volatility models and compare
them with standard stochastic volatility models, such as the Heston and Bates
models. For the rough Heston model, we manage to build a highly consistent
calibration and pricing methodology based on a stable regime for the volatility
at large maturity, which ensures a reasonable behavior of the model in the long
run. Regarding the rBergomi model, we show that it does not exhibit a realistic
long-term volatility with extremely large swings at large time scales and that it is
not fast enough for calibration purposes, unlike the highly tractable rough Heston
model. Therefore, compared to standard stochastic volatility models, the rough
Heston efficiently provides a more accurate fair value of long-term life insurance
contracts embedding path-dependent options while being highly consistent with
historical and risk-neutral data. As it is shown in El Euch et al. (2018) that the
rough Heston model arises as the low-frequency limit from the modeling of market
liquidity at high-frequency, we also contribute with Chapter 1 to bridging the gap
between high-frequency liquidity modeling and long-term asset/insurance pricing.

Dupret, J. L., Barbarin, J., & Hainaut, D. (2023). Impact of
rough stochastic volatility models on long-term life insurance
pricing. Furopean Actuarial Journal, 13(1), 235-275.
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1.1 Introduction

Standard stochastic volatility (SV) models such as the well-known Heston or Bates
models have been introduced long ago to address the shortcomings of the celebrated
model of Black & Scholes. However, such models are still limited and cannot repro-
duce some important empirical facts of the historical volatility and of the observed
implied volatility surface.

In their seminal paper, Gatheral et al. (2018) propose a model called "Rough Frac-
tional Stochastic Volatility" (RFSV) where the log-volatility process is modeled
in terms of a fractional Brownian motion. More precisely, a fractional Ornstein-
Uhlenbeck process is used with H < 1/2, in contrast with the "Fractional Stochas-
tic Volatility” model (FSV) previously introduced by Comte and Renault (1998),
where the Hurst index satisfies H > 1/2. Gatheral et al. (2018) find a highly con-
sistent model with empirical estimates of the volatility time series. Moreover, the
RFSV volatility process is stationary, which ensures reasonableness of the model
in the long run. However, due to the need of Monte-Carlo simulations, this RFSV
model does not provide rapidly option prices, nor an effective calibration proce-
dure. More tractable pricing models such as the rBergomi of Bayer et al. (2016)
or the rough Heston of El Euch et al. (2019) were then derived from the RFSV
model to improve the efficiency of model calibration and option pricing. These
two models appear to be extremely good at fitting the implied volatility surface
while still reproducing the empirical properties of the historical volatility due to
their rough sample paths. This first chapter shows practically how to expand these
two rough-type models (and more generally any forward variance models) at larger
time scales in order to price long-term life insurance contracts and explains why
they provide a more accurate value of such contracts.

First, we will show that the stationary property of the volatility in the RFSV
model will be lost when considering the rBergomi and rough Heston models. De-
spite this non-stationary property, we will manage to build for the rough Heston
model a stable regime for the volatility in the long-run so as to price consistently
long-term life insurance claims. On the contrary, for the rBergomi model, we will
show that the generated volatility at large time scales will not be realistic and will
tend to exhibit extremely large swings. Moreover, since these long-term properties
of the rough Heston and rBergomi models depend heavily on the forward variance
curve, we will show how to extrapolate the values of this curve beyond the ob-
served maturities. In particular, we will derive a methodology based on a SSVI
parametrization of the volatility surface which allows the forward variance curve
to be consistent with the absence of static arbitrage and to be stable for large
maturities. We will then verify practically these long-term properties by valuating
an equity-linked endowment embedding a cliquet option (using four different mod-
els: Heston, Bates, rBergomi and rough Heston). This will allow to highlight the
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added-value of using rough-volatility models (and especially the rough Heston) for
pricing such long-term life insurance contracts.

The main contribution of this chapter is therefore to propose a calibration and
a pricing methodology for long-term life insurance contracts using rough volatility
models. We also contribute with this work to highlight and study the divergent
long-term properties between rough volatility models and standard SV models.
This way, we will be able to explain why these rough volatility models provide a
more consistent and accurate fair value of such long-term claims. We will indeed
find a significantly different fair value of our equity-linked endowment with models
incorporating rough volatility, especially at large time scales with the rough Heston
model. In fact, we will see that this rough Heston model exhibits the best long-
term properties while being highly tractable. This chapter also aims to compare
these models in terms of fit with the observed European option prices and implied
volatility surface, which will confirm the high robustness of rough volatility models
(and especially of the rough Heston model).

1.2 Life insurance contract

Our aim is thus to price the following equity-linked endowment using rough volatil-
ity models and compare them with standard SV models, such as the Heston and
Bates models. We thus consider an insurance contract that provides a lump sum
payment at maturity 7 in case of survival, or a payment at the time of death if it
occurs before T'. We first denote by 7y the random residual lifetime of the policy-
holder at time ¢ = 0. We suppose an equity-linked case, where payment amounts
depend on the market value of a reference fund F; and where an amount Fy is
invested in it at ¢ = 0. We then introduce a yearly minimal guarantee k, for the
policyholder and a maximal yearly return x,, that this policyholder can earn on
the fund. The survival benefit is then given by Fr 1,,>7 and the death benefit by
F., 1, <7, where F; is given by a series of guarantees (cliquet option) for ¢ € [0, 17,

2 s
F, = F H Km . 1 u — 1) :e"9
t Ollmln{e ,max{ +7r<Su_1 ),e }}

X min {e’“m(t_M) ; max{l + <St — 1) ; e”g(t_m)}} . (1.2.1)
Sty

In the equation above, S = (S;);>0 is the price process of each fund unit defined
on a filtration (F;);>¢. The cliquet above implicitly assumes yearly resettlements.
Moreover, the rate 7 identifies the portion of yearly return recognized to the poli-
cyholder with = € (0, 1].

In this life insurance claim, we will model mortality using the following assump-
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tions. We first introduce the non-homogeneous Poisson process N = (N;);>o de-
fined on the filtered probability space (2,3, (Gi)i>0,P) by Ny := 1,,«, and which
is equal to zero as long as the individual is alive and jumps to one at death. We
then assume independence between the mortality process N and the price process
S. The intensity of N, is given by the deterministic Makeham force of mortality
pz(t) = ¢+ ab®*t for a policyholder aged x at time ¢ = 0. Hence, her survival
probability at time T, being alive at t = 0, is equal to

T
Pe = P(N7 = 0] Gp) = exp (/0 p (1) du) )

We now introduce the main characteristics of the RFSV model from Gatheral et al.
(2018) and then derive two tractable models from it, the rBergomi and the rough
Heston models, that will help us to give a more consistent and accurate market
value to this insurance contract.

1.3 Key features of the RFSV model

Gatheral et al. (2018) build the Rough Fractional Stochastic Volatility model
(RFSV) with the following SDE under the real-world measure P :

dSt = pStdt —+ O'tStth 5 (131)
dlog(oy) = M6 — log(ay))dt + vdBH (1.3.2)

where p is a drift term, W a standard Brownian motion and B¥ is a fractional
Brownian motion (fBm) with Hurst exponent H. W and B are in general cor-
related through the constant correlation p between W and the Brownian motion
driving the Mandelbrot and Van Ness (1968) representation of B. Recall that the
sample paths of B¥ are Hélder-continuous of order 3 for any 8 < H. Similarly,
sample paths of BF are almost surely nowhere Holder-continuous of order 3 for
any B > H. Therefore, the larger the Hurst exponent H, the smoother the sample
paths and the lower the H, the rougher they are. More precisely, when H < 1/2,
the sample paths of the fBm are called rough. Since log(o;) is driven in equation
(1.3.2) by such a fBm, the sample paths of (log(c¢))¢>0 are also Hélder-continuous
of order 3 for any 3 < H and exhibit the same regularity behavior as B*.

Given that equation (1.3.2) models the log-volatility as a fractional Ornstein-
Uhlenbeck (fOU) process, we refer to Cheridito et al. (2003) for the derivation
of its stationary solution. One important property of the RFSV is that the volatil-
ity process (oy):>0 itself generated by this model is again stationary, which ensures
reasonableness of the model at large time scales when pricing long-term claims on
the underlying. The cornerstone of Gatheral et al. (2018) is to impose the Hurst
exponent H of the fBm B¥ to be in (O, %) and a very long reversion time scale
with A <« 1/T. Such conditions aim to generate rough sample paths and to intro-
duce short-range dependence for the volatility process, as explained by Gatheral
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et al. (2018). Their findings are extremely consistent at any time scales with em-
pirical statistical properties of the observed volatility time series, as confirmed in
Bennedsen et al. (2016). Firstly, Gatheral et al. (2018) show, for A <« 1/T and
0 < H < 1, that the log-volatility process (logo):>0 behaves locally as a fBm.
Indeed, as A — 0, they prove that the log-volatility is close to the fBm B under
the RFSV model (1.3.2). Therefore, this model approximately reproduces the well-
known scaling property of the fBm, see Karatzas and Shreve (1998). This scaling
property is clearly verified empirically for the discrete historical log-volatility pro-
cess and allows us to estimate the Hurst index H of the observed volatility process.
Many studies (see Bennedsen et al. (2016)) consistently find H ~ 0.1, which con-
firms the rough property of the historical volatility, i.e. a Hurst exponent H < 1/2.
Secondly, neither the autocovariance function cov(oiia,o:) of the volatility pro-
cess in the RFSV model nor the empirical counterpart of cov(oiia,ot) decay as a
power law (cf. Figure 12 on p. 941 in Gatheral et al. (2018) with A > 0). There-
fore, these authors claim that historical volatility data are in accordance with the
RFSV model, on the contrary to long memory models such as the FSV model of
Comte and Renault (1998).

Finally, the RFSV model is not only consistent with empirical statistical prop-
erties of the volatility time series but also with the observed implied volatility
surface. Indeed, standard stochastic volatility models such as the Hull and White
and Heston models do not provide a good fit of the volatility surface (especially
for short expirations). Particularly, these models generate a term structure of at-
the-money (ATM) volatility skew! under a risk-neutral measure P* that does not
match the observed one for small time to maturity 7 = T — . Instead, empirical
studies show that this observed term structure of ATM skew is well approximated
by power-law functions of the form 1 (7) ~ 77~1/2 with 0 < H < 1/2, which can
be generated by stochastic volatility models where the log-volatility is driven by
fBm with values of the Hurst exponent in (0,1/2). The explosion of the volatility
skew as 7 — 0 can therefore be modeled using fBm without introducing jumps in
our model, as we will confirm in Section 1.5.

Although empirically and theoretically grounded, the RFSV does not allow to
rapidly valuate option prices and therefore to calibrate effectively a pricing model.
Indeed, we need Monte-Carlo simulations which are fairly slow, especially for cali-
bration. Therefore, we now show how to adapt the RFSV to obtain more tractable
models that can be used to price long-term claims on the underlying. We first
analyze in more detail a simple case of the RFSV model when A = 0, called the
rBergomi model, built upon a forward variance curve. Secondly, we study an ex-
tension of the classical Heston model incorporating a rough fractional volatility
process. This rough Heston model has the nice property of generating a realistic

'Recall that the term structure of ATM volatility skew is defined by o(r) :=
\(%6;7””(16, T)|k=0 where k is the log strike k := log S¢/K and where 7 =T — t.
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long-term behavior for the volatility process and of having a characteristic function
of the log-stock price in quasi-closed form.

1.3.1 rBergomi model

First, let us denote V,, = o2 the instantaneous variance at time u and the forward
variance curve (also called variance swap curve) & (u) = E[V,|F], v > t. We can
easily recover V; from & (u) as Vi = limy ¢ & (u). Following Bergomi and Guyon
(2012), forward variance models are models that can be written as a function of
this curve & (u).

From Bayer et al. (2016), the rBergomi model is obtained from the RFSV model
by setting A = 0 in the log-volatility dynamic (1.3.2). Under this assumption and
from the Mandelbrot & Van Ness representation of the fBm, Bayer et al. (2016)
show that the instantaneous variance V,, at time u in the rBergomi model can be
rewritten under the physical measure P as

Vo = WA exp (W) — 38 [l ] ) = EF AL (i)

where Wy (u) := V2H [ (u—s)" ~1/24W, is a square-integrable continuous mar-
tingale with W a standard Brownian motion under P such that (W, W}t = pt.
We also define the stochastic exponential £ := exp (® — 1/2E[|®|?]) with ® a

zero-mean Gaussian process. Finally, we define n := 2v Cy/~2H where Cy :=

T(H+1/2) TC—2H)"
istic change of measure?), Bayer et al. (2016) finally find for the variance process
in the rBergomi model

\/ 2HLG/22H)  Under an equivalent risk-neutral measure P* (with a determin-

g\ 1/2-H s

Vi, = EY [V,| Fi] exp {n\/ﬁ/u ﬁdﬁ/* — %2(u — t)zH} . (1.3.3)
= E” [Vl € (niV; (u)

where W* is a standard Brownian motion under P* and where EF" [Vu|Fi] is the
forward variance curve & (u) observed on the market. In equation (1.3.3), it is
important to note the presence at ¢ = 0 of a Riemann-Liouville fBm fou Cy (u —
$)H=1/2 g * as defined in Chen et al. (2011), with a Hurst index H that induces the
rough behavior of the variance process V. In particular, its paths are (H —e)-Holder
continuous (g > 0), as classical fBm. Moreover, since EF [V, |F;] # EF" [V,|V{], this
model is non-Markovian with respect to the current variance state V;. Nevertheless,
given the state vector &(u), which can in principle be computed from observed

2dWy = dW; 4 A(s)ds, where A(s) is a deterministic function of s.
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option prices (cf. section 1.4.3), the dynamics of the model are well-determined.
Finally, the pricing model to be simulated under P* from initial time 0 is

S = Soe™'E < / t VVa dW;) :
0
Vi= () € (nW5 (1) = E7 IR € (n W5 (1)) (1.3.4)

where W} = th* +4/1—p? WtJ"* and W+* a Brownian motion under P*, inde-
pendent from W*. We can hence model the leverage effect in the rBergomi model
with p < 0. It is important to note that the assumption A = 0 prevents us from
having a stationary model for the volatility and variance processes. The long-term
behavior of the rBergomi model will be discussed more thoroughly in Section 1.3.3.

1.3.2 Rough Heston

First, a reminder of the standard Heston model is given in Gatheral (2011) for
interested readers. Bergomi and Guyon (2012) show that this Heston model can
be written in terms of the forward variance curve & (u) (see Appendix 1.B.3) by

déi(u) = ve DV dWE (1.3.5)

Furthermore, from the classical Mandelbrot and Van Ness (1968) representation of
the fBm, we clearly see that the kernel (u—s)~1/2 plays a central role in the rough
dynamic of the fBm with H < 1/2. Indeed, as said above, one can show that the
Riemann-Liouville fBm [ Cy (u — ) ~1/2 dW* has Hélder regularity H — ¢ for
any € > 0. Therefore, in order to allow for a rough behavior of the variance process
in a Heston-type model, El Euch and Rosenbaum (2019) naturally introduce the
kernel (u—s)~1/2 in the risk-neutral stochastic differential equation of the Heston
model with Cy = 1/T'(H + 1/2), leading to the following (generalized) rough
Heston model under P* for «w > ¢ :

A vt (s) — Vs v u NATA .
Vi, =V d AW
T ), (-7 T TE 1 1/2) / (u—syz=r s

(1.3.6)
where 6(-) is assumed to be continuous, F;-measurable and represents a time-
dependent mean reversion level. When H = 1/2, one can verify that we indeed
recover the classical Heston model. It can also be shown that the trajectories of
the volatility itself are almost surely Holder-continuous of order H —¢, for any € > 0.

Moreover, El Euch and Rosenbaum (2018) and El Euch et al. (2019) show that
A0t(+) can be directly inferred from the forward variance curve observed at time ¢
on the market & (u), u > t. By doing so, they can rewrite the model (1.3.6) in the
asymptotic setting A — 0 by

Bu=blo+ F(Hil/z)/tu(“8>“/ YA (13.7)
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Since the forward variance curve &y(u) at time ¢t = 0 is observed (or at least can be
retrieved) from the market, we only have three parameters left to estimate : H, v
and p. Reduction of parameters for the rough Heston is of utmost importance for
improving the efficiency of the calibration methodology. Moreover, the fact that we
consider A = 0 implies that the average long-term behavior of the variance process
in the rough Heston will be ruled by the forward variance curve &(¢) and not by
the mean-reversion parameters A and 6°(-) anymore (see Section 1.3.3 for more
details). We also note that the limit v — ¢ of the rough Heston does not make
sense. This reflects the fact that this model (as the rBergomi) is not Markovian
with respect to the current variance state V;. However, it is directly visible from
equation (1.3.7) that the rough Heston is Markovian in the forward variance curve
&:(u). Finally, the rough Heston can also be expressed in the forward variance form
as

déi(u) = m(u — t)H_l/Q\/‘Zth*,

which is highly similar to (1.3.5), with the presence of a Riemann-Liouville kernel
in addition.

Furthermore, from Gatheral and Keller-Ressel (2019), we have that the Heston
and rough Heston forward variance models are said to be affine (see also Chapter
2). In both cases, they show that the characteristic function of the log-asset price
X7 =log St at time ¢ can be written as

T
®4(a,T) = E [e"*7|F;] = exp (ia (Xi+r(T—1)+ /t &(s)g(T —s,a)ds |,

(1.3.8)
where g(-,a) : R — R_ is the unique global continuous solution of a convolution
Riccati equation, see Gatheral and Keller-Ressel (2019). In the classical Heston
model, they find that

g(t,a) = Oh(t,a) + Ah(t,a),

where h(-,a) : Ry — R_ is the unique C'-function solving the Riccati ODE
1 1
Och(t,a) = —ia(a +1i) — (A —iapv)h(t,a) + §V2h(t,a)2, h(0,a) =0. (1.3.9)

In the rough Heston model with A = 0, we have this time that h(-,a) is the unique
continuous solution of the following fractional Riccati equation

1 1
g(t,a) = D*h(t,a) = —ia(a +1) +iaprh(t,a) + §V2h(t, a)?, I'"*h(0,a) =0,
(1.3.10)
with D® the Rieman-Liouville fractional derivative of order o = H +1/2 and I'~°
the Rieman-Liouville fractional integral of order 1 — «, see Appendix 2.A in Chap-
ter 2. This equation is exactly the same as in the classical Heston model (with
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zero-mean reversion) but with the time derivative replaced by a fractional deriva-
tive that makes the model rough.

We thus have a quasi-closed formula for the characteristic function in the rough
Heston model since it is given by the simple expression (1.3.8). Contrary to the
classical Heston case, the drawback is that there is no explicit solution to (1.3.10).
However, this fractional Riccati equation can be solved numerically quasi instan-
taneously using the method described in Gatheral and Radoicié¢ (2019), built upon
the combination of a short-time and an asymptotic expansion of the solution h(t, a).
As shown in Gatheral and Radoi¢i¢ (2019), this method is particularly fast, sim-
ple and accurate to compute the approximate solution of the fractional Riccati
equation (1.3.10). We refer to Section 5 of Gatheral and Radoi¢i¢ (2019) for a
more thorough discussion on the quality and convergence of their approximation
for h(a,t). Then, European option prices may be obtained efficiently from the
characteristic function (1.3.8) using standard Fourier techniques such as the Carr
and Madan (1999) formula. Finally, this fractional Riccati ODE also allows to
study portfolio insurance strategies, as developed in the next chapter.

1.3.3 Long-term behavior of rBergomi and rough Heston
models

As shown in Chen et al. (2011) (see also Section 1.C.2), the Riemann-Liouville
fBm in equation (1.3.4) for the rBergomi and in equation (1.3.7) for the rough He-
ston is a non-stationary process with non-stationary increments, which thus also
makes the variance process of both models non-stationary. Hence, we need to ver-
ify whether the variance process exhibits a reasonable long-term behavior in the
rBergomi and rough Heston models since we do not have this stationary property
anymore as we have in the RFSV model with A # 0, which ensures reasonable
and stable properties on the long-run for the RFSV variance process, see Gatheral
et al. (2018). More precisely, we have to make sure that this variance process (and
particularly its two first conditional moments) do not explode for large maturities.

First, as shown in Coutin and Pontier (2007) and in Abi Jaber and El Euch
(2019), the Riemann-Liouville fBm can be represented as an infinite superposi-
tion of Ornstein-Uhlenbeck processes with different mean reversion speeds. Hence,
even if A = 0, Abi Jaber (2019) shows that there is an inherent mean reversion
feature around the forward variance curve in rough volatility models coming from
the Riemann-Liouville fBm. This mean-reversion property combined with an ap-
propriate behavior of the long-end of the forward variance curve may thus allow
for a sufficiently well behaved variance process at large maturity in rough volatility
models, as we will see. For both the rough Heston and the rBergomi models, the
fact that we consider A = 0 implies that the average long-term behavior of the
variance process will be ruled by the forward variance curve £y(t) and not anymore
by the mean-reversion parameters A\ and 6'(-) of equation (1.3.6) for the rough
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Heston, nor by the parameters A and € of equation (1.3.2) for the rBergomi. In-
deed, this simply comes from the fact that the conditional mean of the variance
process is now given by EF [Vu|Fi] = &(uw). Hence, we will discuss in Section 1.4.3
how to build such forward variance curves with non-exploding long-term behavior.
However, long-term behavior of the variance process in both models is not solely
driven by the form of this forward variance curve since this curve only controls the
average value of the variance process. The non-stationary Riemann-Liouville fBm
has also a strong impact on the conditional variance of the variance process given
by VP [V, |F], as explained in Appendix 1.C.2. Indeed, this quantity V¥ [V, |F}]
increases exponentially with u in the rBergomi model and hence tends to exhibit
extreme values for large maturities (see Figure 1.C.1). For the rough Heston model,
the rate of increase of this quantity is much slower and hence, we do not observe
this exponential growth of V¥ [V, |F;] for the considered maturities, as again de-
picted on Figure 1.C.1. The generated variance sample paths at large time scales
are thus more reasonable and less volatile in the rough Heston while they exhibit
extremely large swings for the rBergomi. This behavior will have an impact on the
price of long-term life insurance claims, as we will see in the last section of this
chapter.

1.4 Calibration

In this section, we will show how to build a consistent calibration methodology.
We will then compare four models (Heston, Bates, rBergomi and rough Heston) in
terms of fit of the observed European option prices and implied volatility surface
for the CAC 40 index. We will mainly focus on the long-term behavior of such
models and we will then use these calibrated models to price our equity-linked
endowment embedding the cliquet option (1.2.1).

As in Gatheral et al. (2018), we first provide a statistical estimation of the RFSV
parameters based on historical data for the CAC 40 index from January 2004 to
July 2020 (obtained from the Oxford-Man Institute). Using the scaling property
of Gatheral et al. (2018) to estimate the smoothness of the volatility process for
the CAC 40, we find an estimated value H = 0.13. The historical estimate of v is
also derived from this scaling property and is equal to 7 = 0.31.

The aim of the calibration method is to find, for each model, the model parameters
that match derivative model prices as best as possible with the observed market
prices of vanilla derivatives in the market. It then boils down to an optimization
problem where we have to find the minimum distance between model prices/model-
based implied volatility and market prices/market implied volatility. In this first
chapter, we choose to minimize the distance between model-based implied volatil-
ity ;""" and market implied volatility o™ of the 4" derivative (j = 1,...,N)
since it leads to more stable results. Finally, we introduce the weighted Root Mean
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Square Error as the loss function, which is defined as

N
RMSE = | 3% (o7 —5mr)", (1.4.1)
=1

where w; = m, i.e. the weight is the inverse of the bid-ask spread, ex-

pressed in terms of implied volatility. This way, we give more importance to obser-
vations with small bid-ask spread. Indeed, if an option is liquid, then its bid-ask
spread is supposed to be small and its price/implied volatility is more accurate.
Mathematically, it boils down to find the optimal set ©* € RP of the p model
parameters such that

* . imp Aimp

0* = argm@m/j (", 5"P(9)),

where L is the RMSE loss function. Finally, we highlight the fact that the results of
the optimization methodology can be highly dependent on the initial parameters.
Even for the Heston model, there is no consensus among researchers on whether
the objective function for the calibration is convex or not, as explained in Cui et al.
(2017). In any case, to overcome this problem of guessing the initial parameters, we
use a global optimizer® combined with a local optimizer (the standard nlminb func-
tion in R). Indeed, global optimizers can find a solution on their own even without
any initial guess while local optimizer need a suitable starting point. Therefore, we
use the approach described in Mrazek et al. (2016) which takes the final parameters
provided by the global optimizer as initial values for the local optimization. This
combination of global and local optimizers allows to refine the final parameters of
the calibration and minimize the loss function. However, even with this technique,
we will see that the rBergomi model still appears to be highly unstable due to the
need of Monte-Carlo simulations for this model.

1.4.1 Market data

We first choose as starting date t = 0, the 6! of July 2020. The maturity of vanilla
options as well as the risk-free term structure will be defined with respect to this
date.

Firstly, the risk-free rates used for pricing purposes are derived from the observed
swap term structure. The technique for constructing this swap term structure di-
vides the curve into two term buckets. The short end of the swap term structure
is built using interbank deposit rates. We will here consider EURIBOR rates from
one day to 12 months. The long end of the risk-free interest rate curve (maturity
above 1 year) will be based on the European swap term structure available from

3More precisely here, the Simulated Annealing (SA) algorithm of Van Laarhoven and Aarts
(1987) with the package GenSA in R.
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the EIOPA for the month of July*. Table 1.C.1 in Appendix provides a summary
of the risk-free rates used between 0 and 20 years. The dividend yield is chosen to
be 1% but this assumption does not have a significant impact on the results and
conclusions of this chapter.

Secondly, we have that the price Sy at time 0 of the CAC40 index is equal to
5028.56 €. As mentioned above, we also need market prices of European options
on the CACA40 in order to calibrate later our model since these are the most traded
financial instrument in the equity world. Indeed, there are no liquid long-term
products traded on the market on which we can calibrate our models for large
maturities. The best we can hope so as to be the most market consistent is there-
fore to reproduce as best as possible the observed implied volatility surface (and
hence the prices of European options) and then extrapolate the obtained trend for
large maturities. In particular, we will see two methods below in Section 1.4.3 for
obtaining the values of the forward variance curve beyond the available maturities.
From Bloomberg, we thus gather a database that includes 366 European options
with the option bid price and the option ask price for different strikes and ma-
turities. The true market price is here considered as the mid value between the
bid price and the ask price, which is a common assumption. Using the one-to-one
relationship between market prices and implied volatility from the Black and Sc-
holes formula, we can build a database with the bid, ask and mid implied volatility
for each strike and maturity. We then apply the following common filters as in
Moyaert and Petitjean (2011) and select the following options :

- Out-of-the-money options : Since out-of-the-money options are more ac-
tively traded than in-the-money options (as a protection), the quotes on
out-of-the-money options are usually more reliable.

- The bid-ask spread (on the option prices) is less than 5%. Otherwise, we
consider that there is no sufficient liquidity to take the option into account.

- Maturity : We reject options with maturity equal to 0.9 year due to data
quality issue for this particular maturity.

We have a final database of 145 OTM options for which we can observe the strike,
the maturity, the bid, ask and mid implied volatility. We now turn to the specific
calibration method for each model. Indeed, even if the general methodology is the
same, the way we price our European options will vary depending on the model.

1.4.2 Heston and Bates models

We have at disposal for these two models a closed-form expression for their char-
acteristic function, as reviewed in Gatheral (2011). Then, for a given maturity,

4Further information on risk-free rates computation can be found at : https://www.eiopa.
europa.eu/tools-and-data/risk-free-interest-rate-term-structures_en
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the Carr-Madan formula generates prices of European options for a whole range
of strikes in one run very fast using Fourier inversion. By calling many times this
pricing algorithm on the available maturities in the data, we can thus find the
optimal parameters of each model.

- Heston :

A reminder of the standard Heston model is given in Gatheral (2011). The set of
initial parameters obtained from the Simulated Annealing algorithm is given by
(0.2898, 2.9176, 0.0966, 1.4703, -0.7010). Using the local optimizer nlminb in R,
we then find a minimal RMSE of 0.11694 with the following final parameter values
o*:

0.28992 | 2.91760 | 0.09664 | 1.47027 | -0.7010

We see that we have a high speed of mean reversion \* and a high level of the vol-
of-var parameter v* which implies large swings in the variance process. We also
obtain a large negative correlation between the stock process and the variance pro-
cess, which is consistent with the leverage effect. Finally, the mean reversion level
0* towards which the variance will converge is 9.66% (which represents a volatility
of 31,09%). It is no wonder to obtain this high level of volatility as well as vol-of-
var parameter given the state of the economy due to the COVID-19 outbreak in
July 2020. Finally, the Heston model with the parameters obtained above leads to
Figure 1.1 when compared to market prices of European options on the CAC 40.
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Figure 1.1: Comparison of Heston option prices in red crosses vs. market option prices
in black dots (CAC 40).

The calibration of the forward-variance specification of the Heston model, as de-
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scribed in Bergomi and Guyon (2012) and Buehler (2006), is provided in Appendix
1.B.3. This Appendix will allow to compare more thoroughly the Heston model
with rough volatility models which are also based on this forward variance curve.

- Bates :

For a reminder of the Bates (or SVJ) model, we refer to Gatheral (2011). The
set of initial parameters obtained from the SA global optimizer is given by (0.27,
0.62, 0.12, 1.24, -0.66, -0.10, 0.11, 0.82). Using our local optimizer, we then find a
minimal RMSE of 0.08465 with the following final parameter values ©*:
op | A | o | v | p | owg | oo | N

0.2589 | 0.1555 | 0.2709 | 1.1593 | -0.6640 | -0.1004 | 0.1072 | 0.9080

Firstly, the RMSE is substantially lower than the one obtained with the Heston
model, which means that the Bates model provides a better fit of the observed
European option prices. The mean-reversion speed A* and the volatility of variance
parameters v* are also lower, which implies that the swings in the variance process
are less pronounced than in the Heston model. Moreover, we now observe jumps in
the price process that are on average negative since e’ +93/2 _ 1 < 0. The annual
frequency of these jumps is equal to 90.8%. Finally, we observe that the long-run
variance 6* is higher than in the Heston model. This Bates models leads to Figure
1.2 when compared to the observed market prices. The fit is clearly better than
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Figure 1.2: Comparison of Bates option prices in red crosses vs. market option prices in
black dots (CAC 40).

in the Heston model as said above. More precisely, we see that this improvement
comes from the better fit of OTM call options with large maturities when using the
Bates model. However, we also observe on Figure 1.2 that option prices with the
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third largest maturity (T' = 0.45) are still significantly out-of-market. Note that
the presence of jumps makes the calibration of the forward-variance specification
of the Bates model really difficult and time-consuming. Indeed, the characteristic
function of the Bates model cannot be written as an integral of & (s) as in the
Heston and rough Heston case with equation (1.3.8) since the Bates model is not
an affine forward variance model due to its jump term, see Gatheral and Keller-
Ressel (2019). We will thus not consider the forward-variance specification of the
Bates model in this chapter.

1.4.3 Rough Heston calibration

As explained above, we have a quasi-closed form for the characteristic function
®,(a,T) of the log-price Xp under the rough Heston model (1.3.7). We can then
apply exactly the same calibration technique as for the Heston and Bates models
described in the previous section. However, recall that the rough Heston is not
Markovian in the current variance state V; but Markovian in the (forward) variance
swap curve & (u). Hence, the rough Heston’s characteristic function depends on this
variance swap curve. In practice however, the variance swap curve &y(u) at time
t = 0 is not obtained directly from the financial markets. Indeed, it is hard to obtain
high-quality variance swap data since variance swaps are OTC contracts. We thus
choose to proxy the value of a variance swap of maturity 7" by the value of a log-
contract (also of maturity 7'), as described e.g. in Chapter 11 of Gatheral (2011).
Therefore, even if variance swaps are OTC contracts, we can obtain variance swap
prices directly from the observed European options which are heavily traded on
the market. This way, we can consider in this context that the variance swap
quotes derived from our European options are reliable. The first method to obtain
the initial variance swap curve is therefore to calibrate it based on our dataset
of observed option prices for the CAC 40. We hence obtain in Figure 1.3 the
following market variance swap curve, denoted &T’”(t), between 0 and 1.2 years
when interpolated between the observed maturities in black circles.
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Figure 1.3: Initial market forward variance curve £J'**(t) between 0 and 1.2 years.
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However, we only have European options with observed maturities until 1.2 years.
In order to price long-term claims on the underlying, we need to extrapolate the
values of &% (t) beyond 1.2 years and hence, we need to consider a term-structure
parametrization of £F***(¢). Since the forward variance curve is estimated from
the data and is not an output of the model, the average long-time behavior of the
variance process is embedded in this forward variance curve parametrization (see
Section 1.3.3). Indeed, recall that the forward variance curve controls the average
value of the variance process V since &y(t) := EF" [V;|Fo]. The long-end of this curve
will thus have a strong impact on the behavior of the model for large maturities and
we hence need to avoid parametrizations generating explosive or unrealistic forward
variance curves. Otherwise, the variance process (and hence also the price process)
will tend to explode when the maturity increases. The easiest way to achieve this is
to impose a constant long-term value for the initial forward variance curve £ (¢).
Therefore, it is reasonable to choose a parametrization with asymptotic line such
that

. mkt _
tllglo £y (t) = cst.

This assumption allows the variance process of the rough Heston to be in a stable
regime for large maturities. A classical choice for such parametrization is the
Gompertz function

TEL(t) = e (1.4.2)
where z; is the asymptote, zo sets the displacement along the x-axis (here, the time
to maturity) and z3 sets the growth rate. Fitting the Gompertz function to the
observed forward variance curve, we find :

z1 = 0.03954 zg = —0.7992 z3 = 0.5672

Therefore, the asymptotic level of the volatility is given by 1/0.03954 = 19.88%. Fi-
nally, combining the curve obtained in Figure 1.3 with the Gompertz fit for ¢ > 1.2,
we obtain the initial market forward variance curve £J***(¢) in Figure 1.4. We can
observe that we enter a stable regime as of the 6" year.

Yet, we are aware that calibrating such Gompertz function based on only 6 different
maturity points can seem dubious. Indeed, estimating an asymptotic value for the
forward variance from the information carried out by short-maturity option data
does not provide a lot of confidence in our results. Moreover, this way of build-
ing and extrapolating the forward variance curve does not ensure to avoid static
arbitrage. Therefore, we now show how to tackle both of these issues. A better al-
ternative to estimate the forward variance curve is to fit the SSVI parametrization
from Gatheral and Jacquier (2014) of the observed implied volatility surface and
compute the forward variance curve associated with this parametrization. A brief
reminder of such arbitrage-free SSVI parametrization is given in Appendix 1.A.
The advantage of this procedure is to ensure that the estimated forward variance
curve is consistent with the absence of calendar spread and butterfly arbitrages.
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Figure 1.4: Initial market forward variance curve 56"“(15) until ¢ = 20 years.

Furthermore, the extrapolation of the forward variance curve does not require to
specify a particular function for this curve anymore since its extrapolation beyond
1.2 years in the SSVI parametrization only relies on an arbitrage-free argument, as
explained again in Appendix 1.A. We therefore do not need anymore to determine
a long-term value of & () based solely on short-term maturity data. We obtain this
way the following SSVI forward variance curve £5°V (t) depicted on Figure 1.5. We
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Figure 1.5: Initial SSVI forward variance curve & until ¢ = 80 years. Black circles

are the variance swap values for the available maturities.

see that this forward variance curve ¢5°V!(t) tends to approximately exhibit the
same shape as the market forward variance curve between 0 and 80 years. More-
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over, the SSVI forward variance curve appears to be stable and does not explode
for large maturities, which also ensures a stable regime and a reasonable average
behavior of the rough Heston model in the long term.

The last alternative we consider is to use a constant forward variance curve de-
noted £5°¢(t). We decide to fix arbitrarily £5%(¢) = &7'**(0) = 0.0925, V¢ € [0, T].
Note that this constant level is very close to the long-term mean 6* obtained in the
Heston calibration (= 0.0966). This parametrization for the forward variance curve
will hence allow for a more thorough comparison of rough volatility models with

cst

the latter. Calibration and pricing results with £5%(¢) are given in Appendix 1.B.1.

The SSVI forward variance curve being arbitrage-free, more reliable and more
consistent, we now perform the calibration of the rough Heston model based on
£5°VI(t). Results for the market and the constant forward variance curves are
given in Appendix 1.B. Using the Carr-Madan formula and the numerical approxi-
mation of Gatheral and Radoi¢i¢ (2019) for the fractional Riccati equation (1.3.10),
we obtain in a first step the following set of initial parameters from the SA global
optimizer : (0.1702, 0.6241, -0.6724). Using our local optimizer, we then find a
minimal RMSE of 0.08457 with the following (same) final parameter values ©*:
H* ‘ U* ‘ p*
0.1703 | 0.6241 | -0.6725

Based on the RMSE, we then have a slightly better fit than with the Bates model.
It is impressive knowing that the rough Heston model in the asymptotic setting
A — 0 has only 3 effective parameters to estimate while the Bates model has 8
parameters | We will also analyze in Section 1.5 which of the models best fits the
behavior of the implied volatility surface (and particularly the term structure of
ATM skews). Moreover, it is important to note that the Hurst index H* obtained
via the risk-neutral calibration method is consistent with the Hurst index obtained
via statistical estimation (under the real-world measure) equal to 0.13. Yet, we have
a higher v* than the one estimated based on the historical time series (= 0.31) due
to the market price of risk included in the risk-neutral valuation. Finally, we obtain
a leverage effect of the same order as in the Heston and Bates models. Figure 1.6
depicts the fit of the rough Heston options prices compared with the observed
market prices of European options.

1.4.4 rBergomi Calibration

The calibration of this model departs significantly from the three models described
above. Indeed, no characteristic function is available in (quasi-)closed form. We
then rely on Monte-Carlo simulations with the Hybrid scheme of Bennedsen et al.
(2017), as applied in McCrickerd and Pakkanen (2018), to calibrate the parameters
p, n and H of the rBergomi model under P*. More precisely, since the Riemann-
Liouville fBm is a special case of Brownian Semistationary (BSS) processes, we
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Figure 1.6: Comparison of rough Heston option prices vs. market option prices (CAC 40)

follow the papers of Bennedsen et al. (2017) and of McCrickerd and Pakkanen
(2018) in order to improve the efficiency of simulations in the rBergomi model.
Note that the initial forward variance curve is exactly the same as the one derived
in the calibration of the rough Heston model. Hence, we again use &5 (t) in this
section.

We find a RMSE of 0.08631 with the initial set of parameters equal to (0.15,
1.67, -0.92). This leads to the following final values ©*:
0.1515 | 1.6803 | -0.9275

First, the RMSE is slightly higher compared with the rough Heston and Bates
models but lower than the Heston model. We see that the calibrated Hurst ex-
ponent H* is lower than the one found in the rough Heston model and closer
to the historical estimate (= 0.13). Based on a n* = 1.6803, we find the corre-
sponding v* = n*v/2H*/(2Cy) = 0.9969. Therefore, the volatility of variance
parameter v* clearly needs to be much higher than the historical & to better fit the
European option data (again due to the volatility of variance risk premium). The
anti-correlation between the stock process and the variance process is stronger than
the p* derived from the rough Heston. Moreover, it is important to add that these
results are quite unstable from simulation to simulation. The hybrid scheme is
indeed not yet fast enough to provide a reliable calibration method, at least in our
implementation. We used m = 1,000,000 and At =t —tx—1 = T/n with n = 400
and the optimization was done in more than 5 hours with these parameters. We
need to increase m and decrease At to obtain more precise and stable results but
it then requires far more computing time and memory, which is not suitable and
tractable in practice. We then obtain Figure 1.7 where we can see that the OTM
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puts are substantially off-market with this model. Finally, recall that the SSVI
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Figure 1.7: Comparison of rBergomi option prices vs. market option prices (CAC 40)

parametrization of the forward variance curve ensures that in the long term we
have on average a stable and non-exploding variance process in the rBergomi and
rough Heston models, as shown in Figure 1.5. Nevertheless, the presence of the
non-stationary Riemann-Liouville fBm in both models also impacts the long-term
behavior of the variance process. More precisely, if we now compare the conditional
variance of the variance process VI [V, |F;], we obtain an increasing quantity in
u with divergent properties between the two models as shown and explained with
Figure 1.C.1 in Appendix 1.C.2 and with the corresponding equations (1.C.1) and
(1.C.2). Clearly, the exponential growth of V" [V,,|F;] in the rBergomi model does
not allow for a reasonable behavior of the variance process in the long term with
the calibrated parameters above. The same extreme behavior is obtained using the
parameters of the rBergomi model found in the initial paper of Bayer et al. (2016)
and in Bayer et al. (2019, b). On the contrary, the conditional variance V¥ [V, |F]
in the rough Heston exhibits an almost constant behavior for large times to matu-
rity and is hence more appropriate for long-term pricing. This stable regime of the
rough Heston model is also obtained using standard parameters such as in El Euch
et al. (2019). The impact of the quantity V¥ [V,|F;] on the price of life insurance
claims for large maturities u will be analyzed more thoroughly in the last section.

1.5 Volatility surface fit

We now compare the Heston, Bates, rough Heston and rBergomi models in terms
of implied volatility surface fit. More precisely, we will look at the fit of the term
structure of ATM volatility skew 1 (7) and confirm that rough volatility models
provide a better fit.
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From our market option prices database, we can build the term structure of ATM

volatility skew 9(7). First, recall that ¢ (1) := ‘%&imp(ﬂ k‘)‘ with k being the

log-strike and 7 =T — t the time to maturity. We can approximate it by

~ 60" (1, k +6) — 60" (k=
¢(T)= 0 ( )250 ( )

k=0

for small enough § and for each available time to maturity 7. We then obtain in
Figure 1.8 the term structure of ATM volatility skew for our data at time ¢ = 0.
The red dots are the estimated ATM skews for each of the available maturities.
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Figure 1.8: Red dots are the ATM volatility skews 12(7') estimated for the available ma-
turities. The power-law fit is superimposed in blue

We clearly see that we obtain a term structure of ATM volatility skew which is
consistent with the power-law function. Indeed, the blue line is the power-law fit
to the data, obtained by the following linear regression

logy(r) = —alogT.

We find & = 0.4546. From Section 1.3, we know that (1) ~ 7#~1/2 holds for the
RFSV model. Hence, we have that I:IATM = 1/2—& = 0.0452, which is lower than
the Hurst exponent estimated with historical data (but again rough). However, we
do not have a lot of different maturities in our option data set, which prevents us
from having a consistent estimator H a7 using this power-law fit. Therefore, we
will mainly focus our analysis on the shape of the ATM skew term structure and
on whether our different models are able to approximate this blue line rather than
on the exact fit.
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1.5.1 Comparison of the fit

We now compare the empirical term structure of ATM volatility skews with the
term structures derived from each model. We first analyze the fit of the standard
Heston and Bates model thanks to Figure 1.9. The blue line is again the power-law
fit of the observed ATM skews (with & = 0.4546). The green dots are the ATM
skews QZ(T) derived from the different models for the available maturities. For the
Heston model, we clearly observe that it does not allow to capture the high values
of ATM skews for short maturities and hence, it cannot reproduce the power-law
shape of ¥ (7). This was indeed one of the issues of this model that we rose in
Section 1.3. For 7 > 0.20, we can however note that the Heston fit approximates
quite well the empirical blue line. Concerning the Bates model, the presence of
jumps only provides a slightly better fit of the ATM skews (1) compared with the
Heston model. Indeed, the Bates model is still not able to capture the explosion
of the ATM skews for very short time to maturity. This is due to the fact that
the parameter A; controlling the frequency of jumps is only of 0.91 and that the
average size of the jumps is also rather low. A higher value of A; or of |u;| would
allow to better capture this explosion phenomenon for 7 — 0.
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Figure 1.9: Empirical fit (blue line) vs. Heston and Bates fit (green dots) of ¢(7), CAC
40 index.

We now analyze the fit of the rough Heston and the rBergomi models since we said
that rough volatility models should be able to better capture the high curvature
of (1) for small time to maturity thanks to the rough behavior of their volatility
process. We obtain the following Figure 1.10. We clearly see that the green dots
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of both figures (i.e. the rough Heston and rBergomi fit for available maturities)
exhibit the same shape as the blue line and can therefore be fitted by a power-law
function of the form 77-1/2. If we had at disposal even shorter maturities, the
rough Heston and rBergomi models would likely better capture the explosion of
(1) for 7 — 0. We can finally conclude that rough volatility models are more
consistent with the observed term structure of ATM volatility skew than standard
SV models.
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Figure 1.10: Empirical fit (blue line) vs. rough Heston and rBergomi fit (green dots) of
(1), CAC 40 index.

1.6 Simulation and discretization methodology

In order to price the above equity-linked life insurance contract, we first need to
explain how we can discretize and simulate sample paths of the price process and
the variance process under our different models. These simulation schemes will
also be useful in Chapter 2.

- Heston :

Once the Heston model has been calibrated and the optimal parameters og, A, 6, v
and p have been found, we can use a Monte Carlo approach to simulate the sample
paths of the Heston model under P*. We first simulate the stock price process and
the variance process by generating correlated A/(0,1) random numbers e5 and ey
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(with correlation p). The relationship between eg and ey can be written as

/
eV, = PESt, TV 1—p? €t »

where €g, and ¢} are independent A'(0,1) random variables. Using an Euler
discretization scheme for the price process and the variance process, we have

Siror = S, (1 + At + Vi VAL 657“) : (1.6.1)
Vieer = Vi, + A = Vi, ) At + v/ Vi N At ey, (1.6.2)

for i =0,...,n — 1, with t) = 0 and ¢,, = T, where n is the number of time steps
and At = T'/n, for a given maturity 7. We then simulate m sample paths of
this stock price process and of this variance process. Now that we have the full
path of (S, )i=o,... »n for each m, we can price path-dependent options, such as the
cliquet option (1.2.1). In practice, the variance can become negative under a simu-
lation because of the discretization. We then use the full truncation scheme of Lord
et al. (2010) to tackle this problem since it overcomes other Euler fixes (absorption,
relfection, etc.) and quasi-second order schemes (Milstein scheme, Ninomiya and
Victoir (2008) scheme, etc.) in terms of positive bias. The full truncation scheme
therefore better reproduces the true properties of the CIR process. This simulation
methodology gives us the following Figure 1.11, depicting one sample path of the
variance process under the standard Heston model over 10 years. We can clearly
see the effect of the high volatility of variance (vol-of-var) parameter v with large
swings in the variance process.
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Figure 1.11: One sample path of the variance process under the standard Heston model

- Bates :
We again use the Euler scheme with a full truncation fix for the variance process
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as in the Heston model. However, the discretization scheme of the price process is
replaced by

St = St (1 1AL+ Vi VALegy, + (Vi = 1) AN, ), (1.6.3)
where Y; ~ Log N (uj,0%) and AN;, ~ Poi(AAt).

- Rough Heston :

The discretized price process is exactly the same as in the Heston model with
(1.6.1). However, due to the non-Markovian nature of the variance process under
the rough Heston, an Euler discretization scheme for simulating V; is very slow and
does not allow to use the full truncation fix in order to deal with negative variance.
A more time-efficient simulation scheme for the rough Heston can be found instead
in Abi Jaber (2019) with a lifted version of the Heston model. This lifted Heston
model appears to be a multi-factor approximation of the rough Heston model built
as an infinite superposition of square-root (CIR) processes with the same dynamic
but mean reverting at different speeds (cf. Section 1.3.3). Such infinite-dimensional
Markovian representation of the limiting rough variance process provides an ap-
pealing trade-off between flexibility and tractability, as explained in Abi Jaber
(2019). In practice, only few factors are sufficient which drastically speeds up the
simulation procedure compared to an Euler discretization scheme. Moreover, this
representation in terms of square-root processes allows to use the full truncation fix
of Lord et al. (2010) described above in order to avoid negative variance and to bet-
ter reproduce the true properties of the variance process. For simulating our rough
Heston model, we take the suggested values of the lifted Heston model defined in
Abi Jaber (2019): % = 20 factors and r99 = 2.5. The function gfi(¢) of this lifted
Heston model is chosen so as to match the forward variance curve &(t) and the
speed of mean-reversion \ is again set to 0 since mean reversion at different speeds
is inherent in the lifted Heston model. This parametrization allows to recover the
rough Heston model (1.3.7) with its 3 effective parameters. One sample path of
the variance process over 10 years under our calibrated rough Heston model with
SSVI forward variance curve is plotted in Figure 1.12. We clearly see the rough
behavior of the variance process compared to the sample paths of the Bates and
Heston models. We also have that the vol-of-var parameter v is quite high, leading
to large movements in the variance process.

- rBergomi :
The price process is again given by (1.6.1). However, the variance process is now
simply given by

Vi, = &o(ti)€ (77 Wg(ti)) ;

where we use the SSVI forward variance curve for &y(t;) (= EP" [V4,]) and the hybrid
scheme of McCrickerd and Pakkanen (2018) and Bennedsen et al. (2017) for the
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Figure 1.12: One sample path of the variance process under the rough Heston model

simulation of V~V{f (ti), ¢ = 0,..,n. The way the variance process is defined in
(1.3.4) under the rBergomi model prevents us by definition from having negative
variance. You can also find in Figure 1.13, one simulated sample path of the
rBergomi variance process using this Hybrid scheme.
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Figure 1.13: One sample path of the variance process under the rBergomi model

Due to the huge vol-of-var parameter 7, the variance paths tend to explode and
exceed 100%. The generated sample paths with the rBergomi are therefore not
realistic. Furthermore, if we compute the sample variance corresponding to V¥~ V4],
we would obtain the exact same shape as in Figure 1.C.1, which confirms the
extreme variability of the rBergomi variance process for large maturities. The
roughness of the variance process is again clearly visible in Figure 1.13.
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1.7 Conclusion of the fit

From the empirical analyses of the implied volatility surface, we can conclude that
rough volatility models with the rough Heston and the rBergomi clearly outper-
form standard SV models in terms of goodness of fit of the observed term structure
of ATM volatility skews. Therefore, with the lowest RMSE (0.0846) and a good
fit of the implied volatility surface, we conclude that the rough Heston model is
the best of the considered models at reproducing the observed risk-neutral data.
Secondly, since the rough Heston exhibits a rough variance process (with a H
close to the historical estimate), this model can also better reproduce at any time
scales numerous statistical properties of the historical volatility process. Therefore,
the fact that this model exhibits rough volatility and hence better reproduces the
empirical properties of the historical volatility will lead to a better pricing of insur-
ance contracts at large time scales. More precisely, the parameter H (and A = 0)
controlling the roughness/memory of the variance process has a direct impact on
long-term life insurance contracts since the generated sample paths of the fund’s
underlying price process S will strongly vary in function of this index H (as shown
below in Section 1.8 and Appendix 1.B). In fact, the larger the maturity, the more
important will be the effect of the roughness of the variance process on the fair
value of such contracts. Moreover, as shown in Section 1.4.3, we can build at large
time scales a stable regime for the variance process in the rough Heston, which
ensures a reasonable long-term behavior of the model. Combined with the fact
that the SSVI forward variance curve &5V (t) is consistent with the absence of
arbitrage at any time scales, we will obtain in the next section a very reliable and
consistent methodology for pricing long-term life insurance contracts. Finally, the
rough Heston is also particularly tractable (only three parameters to calibrate, a
characteristic function available in quasi-closed form and a time-efficient simulation
scheme), which is very important in practice for fast calibration and option pricing.

Concerning the rBergomi model, even with calibrated parameters, it provides a
slightly higher RMSE than the rough Heston model and hence a less good fit of
the observed option prices (at least in our implementation with the SSVI forward
variance curve). Secondly, the rBergomi does not provide realistic variance sample
paths in the long run due to the huge level of the vol-of-var parameter and an
exponentially increasing quantity V¥ [V.|F], leading to extreme values for large
maturities. Furthermore, this model is fairly slow in terms of running time, which
appears problematic for calibration and option pricing. To quote El Euch et al.
(2019): "Even with the introduction of the efficient hybrid scheme of Bennedsen
et al. (2017), practical implementation [of the rBergomi model] has proved to be
difficult”. One solution to improve the stability and efficiency of this pricing model
is to use asymptotics such as in Fukasawa (2017), in Forde and Zhang (2017) or
Bayer et al. (2019, a). Finally, Bayer et al. (2019, b) propose a neural network ap-
proach to calibrate more accurately the rBergomi and to approximate the implied
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volatility surface. We will however not deepen these methods in this chapter.

Finally, this SSVI extrapolation of the forward variance curve allows a more consis-
tent risk-neutral valuation of the financial part of life insurance contracts, compared
with standard calibration methods in finance. Usually, classical models such as the
B&S or stochastic volatility models are calibrated based on the observed short-term
option quotes on the market (or equivalently on short-term implied volatilities).
From these calibrated parameters, we can then use standard option pricers (such
as FFT pricers or analytical formulae) for obtaining the price of long-term financial
derivatives. However, the generated implied volatility surface at large maturities
from these models is known to be not realistic (see Gatheral (2011) or Figure 3.7.3 in
Chapter 3). Moreover, this way of extrapolating option prices at large maturities
does not prevent any static arbitrage. By using instead this SSVI parametriza-
tion/extrapolation of the observed (short-term) implied volatility surface and then
computing the associated forward variance curve, we can extrapolate this curve
in an arbitrage free way while ensuring good properties of the associated variance
process, as seen above. Since this procedure reduces the number of parameters to
estimate (only 3 in the rough Heston), it is also much more tractable and more
accurate, compared with standard calibration methods (see Section 1.4-1.5).

1.8 Life insurance contract valuation

Although all models are well calibrated and hence vanilla options have approxi-
mately the same prices under all models, exotic option prices can differ dramat-
ically. It is important to point out that vanilla options determine the marginal
distribution (at maturity T of the option), not the process. Indeed, the underlying
fine-grain properties of the process have an important impact on path-dependent
option prices. We now highlight the impact of exotic price ranges between our four
calibrated models by valuating our endowment life insurance contract described in
Section 1.2. This way, we also emphasize the impact of rough volatility models on
long-term insurance contracts and compare more thoroughly the rBergomi model
(1.3.4) and the rough Heston (1.3.7) in terms of long-term properties. For further
reference on equity-linked endowment valuation, we refer to Bacinello et al. (2010).

1.8.1 Valuation
By the first Fundamental Theorem of Asset Pricing, the fair value at time 0 of the

cash-flow F} in (1.2.1) is given by its discounted expected value under a risk-neutral
measure P*. However, this cash flow also depends on the path of the Poisson process
N, unknown at time 0. We thus take the following expectation conditionally to Gy
to obtain the fair value of our equity-linked endowment contract with maturity 7'

.

T
FVo=E |(1—Np)e "TEY [Fr | Fo] +/ e T EY [F, | Fol AN,
0
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The processes N and S being independent, we obtain that

T
FVo = 1pa eirT EP* [FT] + / et ]EP* [Ft] tPx Ha (t) dt.
0

We now want to price this insurance contract with the four models we calibrated
above (Heston, Bates, rBergomi and rough Heston). We can then use a Monte-
Carlo approach to simulate their price process S (and variance process V') and take
the average of the paid benefit under each simulation j = 1,...m in order to derive
the expectation under P*, i.e. :

m n n i—1
FV = ;; (e_””th]-]l {;} AN, ; = 0}+;e‘”iANti,an,j]1 {;ANW = 0}) :
where the underlying price process in F; is defined by the risk-neutral pricing equa-
tion of each model. The discretization of their price process and variance process
is given as in the previous Section 1.6. Moreover, the use of a Poisson process
above makes it easy to add the mortality effect in the simulations to compute F'Vj.
Indeed, for each simulation j = 1,...,m, we generate n = T//At = 5/0.001 = 5000
Poisson random variables ANy, ; with parameter A = p,(t;) At for i =0, ...,n. For
the first ¢ where AN, ; = 1, we compute a death benefit F}, ; and if AN, ; =0
for all i, we compute a survival benefit F}, ;.

We consider the following contracts :
- A female policyholder aged x = 50 or x = 65 at time ¢ = 0.
- We use the Belgian life table F'R for the Makeham force of mortality fi, ().
- The initial amount Fj invested in the fund equals 10 000 €.

- The policyholder pays a unique premium P at time t = 0. Note that we
could have imposed in the following that 'V, = P = Fy = 10 000 € so as
to make the contract fair and then determine the corresponding xg, Ky, or ™
in (1.2.1) that verifies this condition. However, since we aim to compare the
contract’s value F'Vy between models, we prefer to fix arbitrary values for g,
Kkm and 7 and then derive the corresponding value of the contract.

- We then assume the following parameters when valuating the contract :

Table 1.1: Parameters of the equity-linked endowments.

N° of contract | Gender | Initial age | k4 Km | 7™ | Maturity T

1) Female 50 0.01 | 0.2 | 0.8 5

2) Female 50 0.01 | 0.2 | 0.8 10

3) Female 50 0.01 | 0.2 | 04 10

4) Female 50 0.01 | 0.4 | 0.8 10
)

t

Female 65 0.01 | 0.2 | 0.8 15
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We then obtain in Table 1.2 the fair values of the endowments with our different
models® using Monte-Carlo simulations with m = 200000 and working with the
SSVI forward variance curve £5°V1(t) for the rBergomi and rough Heston models.

Table 1.2: Fair value of the endowment contracts with &5V ().

N° of contract Heston Bates rBergomi | rough Heston
1) 14017.18 € | 13442.93 € | 12365,27 € 12363.09 €
2) 19353.14 € | 17649.19 € | 14893.48 € 14130.58 €
3) 14980.08 € | 14291.13 € | 12916.11 € 12755.05 €
4) 20853.01 € | 19079.05 € | 15412.74 € 15070.89 €
5) 24909.56 € | 21770.53 € | 16846.11 € 15425.45 €

We can compare Table 1.2 with the following Table 1.3 computed using the con-
stant forward variance curve &5 (¢) = 0.0925.

Table 1.3: Fair value of the endowment contracts with £5°(¢).

N° of contract Heston Bates rBergomi | rough Heston
1) 14017.18 € | 13442.93 € | 12527.35 € 12836.3 €
2) 19353.14 € | 17649.19 € | 15492.96 € 15430.33 €
3) 14980.08 € | 14291.13 € | 13261.24 € 13 386.86 €
4) 20853.01 € | 19079.05 € | 16294.61 € 16762.31 €
5) 24909.56 € | 21770.53 € | 17925.66 € 17513.7 €

We first see that the Heston model leads to a higher price than the Bates model in
both tables. Indeed, even if the long-term mean variance 8* is higher in the Bates
model, the negative average jumps combined with a lower initial variance V;* and a
lower speed of mean reversion A* lead to a lower price in the Bates model. Secondly,
we have that rough-type models have a lower price than standard SV models. This
can be partly explained in Table 1.2 by the long-term variance (equal on average
in rough models to &5V (t)), which is lower than the long-term mean #* in the
Heston (= 0.097) and Bates model (= 0.271), as depicted on Figure 1.5. How-
ever, if we analyze Table 1.3 with £5%(¢) = 0.0925, we still have lower prices for
rough volatility models even if the average long-term variance is this time compa-
rable. This remaining difference can thus be explained by the rough properties of
the variance process, and in particular the very long reversion time scale in rough
volatility models (A — 0). Moreover, we can see in Table 1.2 that the rBergomi
model tends to have a higher fair value than the rough Heston due to the extreme
values of V" [V;|Fy] for large ¢ and the lower Hurst index H. This is especially true
at long time scales and when the participation rate 7 is high. Finally, comparing

5Note that we consider here the standard version of the Heston model. Similar results are
given in Appendix 1.B.3 with the forward-variance specification of this Heston model.
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the different contracts, we clearly see that the larger the maturity, the higher is
the difference between rough volatility models and standard SV models. This will
be confirmed with Table 1.5 below. Moreover, when the participation rate 7w de-
creases, the fair value of the contract is logically lower since the policyholder earn
a lower portion of the yearly returns. This lower 7 also leads to less pronounced
differences between rough and standard SV models since their divergent sample
paths properties play a lesser role. We observe the same effect when the maximal
yearly return k,, increases, with higher differences in fair value between rough and
standard SV models due to their divergent sample paths.

Since we said that the rough Heston model is the most consistent with risk-neutral
data while enjoying the best long-term properties, we retain the fourth column of
Table 1.2 as being the contracts’ prices which are the most market-consistent. We
confirm these effects with the two following tables, displaying the fair value F'Vj
in function of the minimum yearly guaranteed rate k, and the maturity of the
contract T'. These two tables are computed using the SSVI forward variance curve
but similar tables derived from £5*t(¢) and from &J***(t) can be found in Appendix
1.B with Tables 1.B.1 and 1.B.2 and Tables 1.B.3 and 1.B.4, respectively. These
tables in Appendix 1.B are also consistent with the following analyses.

Table 1.4: Fair value F'V; for various k, with maturity 7 = 10 and with &5V ().

T =10 Heston Bates rBergomi rough Heston
kg =0.5% | 18931.16 € | 17255.14 € | 1449443 € | 13696.86 €
ke =1% | 19353.14 € | 17649.19 € | 14893.48 € | 14130.58 €
kg =2% | 20262.77 € | 18498.54 € | 15795.31 € | 15130.80 €
ko =5% | 23644.91 € | 21649.22 € | 1941847 € | 19072.87 €

We observe the highest differences between rough and standard SV models when k&,
tends to be small. Indeed, in this case, the minimum yearly guarantee is exercised
less often and therefore the yearly returns, which are highly influenced by the
sample paths, play a more important role. This thus leads to stronger differences
in fair value between models with divergent sample path properties.

Table 1.5: Fair value FV; for various maturities T with kg = 1% and with &5V (¢).

kg =1% Heston Bates rBergomi rough Heston
T=5 14017.18 € | 1344293 € | 12365.27 € | 12363.09 €
T=10 | 19353.14 € | 17649.19 € | 14893.48 € | 14130.58 €
T =20 | 3561891 € | 29613.34 € | 20126.21 € | 17677.04 €

The differences in fair value between models are also the most exacerbated when
the maturity of the contract is large. The impact of the sample paths properties of
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each model is indeed stronger at longer time scales. In particular, the differences in
the long-term behavior of the variance process are exacerbated when the maturity is
large, as explained in the previous sections and in Appendix 1.C.2. Combined with
the fact that rough volatility models better reproduce the statistical properties
of the historical volatility thanks to their memory properties, this confirms the
importance and the added value of using rough volatility models at large time
scales, and especially the rough Heston model. Particularly, the importance of
the Hurst index (controlling the roughness and memory of the variance process)
is emphasized in Appendix 1.B when comparing the fair values obtained with the
different forward variance curves and with the forward-variance specification of the
Heston model. We indeed show that this Hurst index has a huge impact on the
contracts’ fair values, especially for large maturities. We finally want to highlight
that the numbers given in the tables above can slightly change for each run of
simulations but are quite stable with our chosen m, equal to 200 000.

1.9 Conclusion

Rough fractional stochastic volatility models are excellent candidates for reproduc-
ing important stylized facts of the past volatility time series and for providing a
consistent implied volatility surface with the observed one. In this first empiri-
cal chapter, we explore more closely two tractable implementations of the RFSV
model, the rBergomi and the rough Heston models. We show how to expand these
two rough volatility models at larger time scales, we analyze their implications for
the pricing of long-term life insurance claims and we explain why they provide a
more accurate fair value of such long-term contracts. In particular, we study the
long-term properties of these two rough volatility models and compare them with
two standard SV models (the Heston and Bates models).

Among these four models, we conclude that the rough Heston is the most consistent
with historical and risk-neutral data while enjoying the best long-term properties.
Indeed, this rough Heston model with H ~ 0.15 tends to outperform standard SV
models in terms of calibration with a better fit of the implied volatility surface
and allows to better reproduce the statistical properties of the observed historical
volatility, especially at long time scales. We also retain the rough Heston model
as a highly tractable implementation of rough volatility models with only three
parameters to estimate and a characteristic function available in quasi-closed form,
which is not the case of the rBergomi model. Combined with the Carr-Madan
formula, the calibration and pricing of European options with the rough Heston
model is hence extremely fast and accurate. Moreover, we manage to build at large
time scales a stable regime for the variance process in the rough Heston based on a
SSVI parametrization of the forward variance curve. This way, we obtain a model
with a reasonable long-term behavior for its variance process while being consistent
with the absence of static arbitrage. This rough Heston is thus able to overcome
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the extreme and exponentially increasing variability of the rBergomi variance pro-
cess. Using the pricing methodology introduced in this chapter, a more accurate
fair value of long-term equity-linked life insurance contracts is then obtained in
comparison with the rBergomi and standard SV models. This is especially true
at large maturity where the good properties of the rough Heston model have a
stronger impact. More precisely, we obtain with the rough Heston model a fair
value significantly lower than in standard SV models due to the long-reversion
time scale of volatility. This highlights the added-value of using this rough Heston
model when pricing long-term life insurance contracts.

Note that we do not claim in this chatper that the historical volatility is rough
but we simply show that rough volatility models (and in particular the rough Hes-
ton) with Hurst index below 1/2 best fit the observed option quotes in the market
and the associated volatility surface (see Section 1.4 and 1.5). In fact, to quote
Cont (2007): "The econometric debate on the short range or long range nature of
dependence in volatility still goes on (and may probably never be resolved)”. And
Gatheral et al. (2018) pursue: "In our view, the question as to whether the volatility
time series exhibits long memory (in a technical sense) or not is not a very useful
or fruitful one.”

As future work, we should re-calibrate all the models considered in this first chapter
on other market data of European options. Choosing an other index/stock with
a larger set of available maturities and at another point in time should help us to
confirm and validate the results derived with our methodology. Moreover, more
advanced mortality models could be considered such as in Hainaut and Devolder
(2008) or in Cairns et al. (2008). Finally, the methodology introduced in this paper
based on a SSVI interpolation and extrapolation of the observed forward variance
curve could be applied to any pricing model in forward variance form. A more
thorough comparison study of life insurance pricing should hence be carried out
based on this approach.
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1.A SSVI forward variance curve

The surface SVI (SSVI) introduced in Gatheral and Jacquier (2014) provides a
tractable arbitrage-free parametrization of the implied volatility surface. SSVI is
based on a simple closed-form representation of this volatility surface, which al-
lows an extremely efficient calibration of this parametrization to observed implied
volatility data. For a more detailed survey on such surface SVI, we refer to Gatheral
and Jacquier (2014). We simply recall here that SSVI parametrizes the total im-
plied variance (usually denoted w(k, 6;)) in terms of the log-strike k, of the ATM
total variance 0; := o7, (0,t)t (which is assumed to be read on the market), of a
constant leverage parameter p and of a curvature function ¢(6;). We will consider
the widely-used power-law curve for ¢(-),

n
R E—
o) = e

since it allows a SSVI volatility surface completely free of static arbitrage (no cal-
endar spread and butterfly arbitrages) provided that v € (0,1/2] and n(1+|p|) < 2.
This function also allows to be consistent with the power-law shape of the observed
term structure of ATM volatility skew (see Section 1.5).

We then use the algorithm described in Section 5.2 of Gatheral and Jacquier (2014)
with our power-law SSVI in order to calibrate the parameters (p,7,v) to implied
volatility data while avoiding static arbitrage. The optimal parameters p*,n* and
~* are equal respectively to (-0.6842, 1.1536, 0.3410) in such a way that the non-
arbitrage conditions above are verified. With these parameters, we obtain Figure
1.A.1 below depicting the excellent fit of the power-law SSVI parametrization to
observed implied volatility data. We observe that the quality of the fit is almost
perfect. There is only a slight deviation from the data for the shortest maturity
T = 0.027. The associated forward variance curve to this SSVI parametrization
is then given by Figure 1.A.2 and is again obtained as in Gatheral (2011) by ap-
proximating the value of a variance swap with the value of a log-contract of the
same maturity, built this time upon the SSVI parametrization of the volatility sur-
face. Note that this SSVI forward variance curve is interpolated between observed
maturities such as to ensure the absence of arbitrage in the interpolated volatil-
ity surface, following the methodology described in Section 5.3 of Gatheral and
Jacquier (2014).

The objective now is to extrapolate in an arbitrage-free way the SVI surface be-
yond the last available maturity 7' = 1.2. As explained again in Section 5.3 of
Gatheral and Jacquier (2014), we first need a monotonic increasing extrapolation
of §; which is asymptotically linear in time. Based on Figure 1.A.3 below depicting
the values of 6, for the observed maturities, we clearly see that a simple linear re-
gression appears to provide the best fit (while being of course asymptotically linear
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Figure 1.A.1: Blue dots are the observed mid implied volatilities, the orange solid line is

the power-law SSVT fit.
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in time). Let ¢, be the last available maturity in the data. According to Gatheral
and Jacquier (2014), the total implied variance for ¢ > t,, can now be extrapolated
by

w(k, Ht) = w(k, 9tn) + Gt — gtn 5

while remaining free of static arbitrage (see Theorem 4.3 in Gatheral and Jacquier
(2014)). Finally, the forward variance curve is again retrieved for ¢ > t,, from the
extrapolated values w(k, 6;) by valuating log-contracts. The extrapolated forward
variance curve based on this power-law SSVI parametrization is depicted in Figure
1.5, see Section 1.4.3.
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Figure 1.A.3: Red dots are values of 6; for the available maturities, the red line is the
linear fit.

1.B Calibration and valuation based on other for-
ward variance curves

1.B.1 Constant forward variance curve

Rough Heston :

Using the constant forward variance curve £§%¢(¢t) = 0.0925, we obtain in a first
step the following set of initial parameters from the SA global optimizer : (0.1235,
0.6383, -0.6415). Using our local optimizer, we then find a minimal RMSE of
0.11097 with the following (same) final parameter values ©*:

H* ‘ ¥ ‘ p*
0.1235 | 0.6383 | -0.6415




1.B. Calibration and valuation based on other forward variance curves 47

The fit is thus poorer than with the initial SSVI forward variance curve 55V (t).
The vol-of-var parameter v* and the anti-correlation p* are close to values obtained
previously with £5°V1(¢) but the Hurst index H* is now lower and closer to the
historical estimate (= 0.13).

rBergomi :

Using £5°¢(t) = 0.0925, we find a RMSE of 0.0851 with the initial set of parameters
(0.12, 1.55, -0.90). This leads to the following final parameter values ©*:
0.1231 | 1.8636

| »
-0.8951

Hence, we obtain a slightly better fit than with the rBergomi based on the SSVI
forward variance curve (and almost as good as the SSVI rough Heston). However,
we have an even higher vol-of-var parameter compared with the SSVI forward
variance curve

V¥ =n*N2H*/(2Cy) = 1.137

This huge level v* again leads to unrealistic sample paths. We also obtain a lower
Hurst index H*. Moreover, we still have a stability issue when calibrating this
rBergomi model with a high variability of the results in function of the chosen
number of paths and steps (here, m = 1000000 and n = 300 for the calibration).

Furthermore, the two Tables 1.B.1 and 1.B.2 display the fair value F'V} in function
of the minimum yearly guaranteed rate k£, and the maturity of the contract T

Table 1.B.1: FV; for various k, with maturity 7= 10 and £55(¢)

T =10 rBergomi rough Heston
kg =0.5% | 15086.55 € | 15041.99 €
kg =1% | 15492.96 € | 15430.33 €
kg =2% | 16403.19 € | 16334.91 €
kg =5% | 20015.25 € | 20048.91 €

Table 1.B.2: FV; for various maturities T with k, = 1% and £5°(¢)

kg =1% rBergomi rough Heston
T=5 12527.35 € | 12836.30 €
T =10 | 1549296 € | 15430.33 €
T =20 | 22079.51 € | 2112448 €

If we compare these two tables with Tables 1.4 and 1.5 derived from the SSVI
forward variance curve, we see that the obtained fair values are significantly higher
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when using the constant forward variance curve £5%(¢). For the rough Heston, we
said above that the main difference in terms of calibration is the lower Hurst index
and the higher long-term mean of V' when considering £5%(¢) instead of &5V (t),
leading to a higher fair value of the contracts. Indeed, the lower the Hurst index,
the higher the fair value. Moreover, we observe that the differences in fair val-
ues when considering the two forward variance curves are the most exacerbated
at large time scales. This comparison hence emphasizes the importance of taking
the roughness/memory property of the variance process into account, especially for
large maturities. Finally, we again have in Table 1.B.2 with £§%(¢) that the rBer-
gomi model leads to higher fair values than the rough Heston at large maturities
due to the explosion of V¥ [V;|Fy] (despite the higher »* and the lower p* in the
calibration).

1.B.2 Market forward variance curve

Rough Heston :

Using the market forward variance curve £J'**(t), we obtain in a first step the
following set of initial parameters from the SA global optimizer : (0.1206, 0.4131,
-0.8015). We then obtain with our local optimizer a minimal RMSE of 0.09235
with the following (same) final parameter values ©*:

H* ‘ U* ‘ p*
0.1206 | 0.4131 | -0.8015

The fit is thus poorer compared with the fit derived from the SSVI forward vari-
ance curve but better than when using £5°¢(¢). The Hurst index is again lower and
very close to the historical estimate. We also observe that the volatility of variance
parameter v* is lower compared to the SSVI parametrization and we obtain this

time a stronger anti-correlation p*.
rBergomi :

We find a RMSE of 0.1479 with the initial set of parameters equal to (0.1, 1.45,
-0.99). This leads to the following final values ©*:
0.1357 | 1.4614 | -0.9967

The quality of the fit is clearly poorer compared with &5V (¢) and £5%(t). The
vol of var parameter is this time lower and more reasonable. We indeed have
v* =n*2H*/(2Cyg) = 0.8804. We again obtain a lower Hurst index compared
with the SSVI forward variance curve.
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Table 1.B.3: Fair value F'V; for various k, with maturity 7 = 10 and £7¢(¢)

T =10 rBergomi rough Heston
kg =10.5% | 1451848 € | 13817.37 €
kg =1% | 14909.54 € | 14228.54 €
kg =2% | 15785.42 € | 15196.15 €
kg =5% | 19301.23 € | 19075.75 €

Table 1.B.4: Fair value FV; for various maturities 7' with kg = 1% and £5***(t)

ke =1%s rBergomi rough Heston
T=5 12291.17 € | 12371,10 €
T=10 14909.54 € | 1422854 €
T =20 20639.81 € | 18293.85 €

Since the market forward variance curve lies below the SSVI forward variance curve
for the considered maturities (see Figures 1.4-1.5), we would expect a lower fair
value of our contract using &7**(¢) instead of ¢5°V!(t). However, for both the
rough Heston and the rBergomi, the lower Hurst index H leads to an increase of
the contract’s prices and hence, it compensates for the lower average values of V.
This is why we observe very similar fair values when using the two forward variance
curves (cf. Tables 1.B.3 and 1.B.4 vs. Tables 1.4 and 1.5). For large maturities or
small values of x4, we see that we even obtain a higher fair value when using the
market forward variance curve £5'*'(¢). Again, this comes from the fact that the
sample paths properties are exacerbated when the maturity is large or when the
minimal guarantee x4 is low. This comparison also shows that the Hurst index H
(and hence the roughness/memory property of the variance process) has a strong
impact on the fair value of insurance contracts, especially at large time scales. This
emphasizes once again the importance of using rough volatility models.

1.B.3 Forward Heston model

In order to provide a better comparison with rough volatility models, we finally
introduce the forward-variance specification of the Heston model. From Gatheral
and Keller-Ressel (2019), we have that the Heston model is an affine forward vari-
ance model, as explained in Section 1.3.2. Hence, the characteristic function of the
log-asset price X; = log S} seen from time 0 under the Heston model can be written
as previously by (1.3.8) where we use the SSVI forward variance curve &5V (t)
and where we need to solve the Riccati ODE (1.3.9). Using well-known numerical
methods to solve this Riccati ODE and applying the Carr-Madan formula with the
characteristic function above, it is quite simple to calibrate and find the optimal
parameters (\*, p*,v*) based on the observed European options and based on the
SSVI forward variance cure 5%V (t). We find a RMSE of 0.1182 with the following
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optimal parameters :

¥ ‘ U* ‘ p*
3.02522 | 1.42928 | -0.71762

The RMSE and the final parameters of this forward-variance specification of the
Heston model are highly similar to the ones derived above in Section 1.4.2 for the
classical specification of the Heston model. However, for pricing our life-insurance
contract, we still need to calibrate the mean-reversion level  and the initial vari-
ance level V4. The constant parameter 6 is not flexible enough to deal with a
given forward variance curve and we therefore need to consider an extension of the
Heston model where we allow the mean-reversion level 6(¢) to be time-dependent.
In order to fit the market and recover the SSVI forward variance curve, Buehler
(2006) show that we must set

46510

b(t) = 20

+&59VI(t) and Vo = £55V1(0).

This indeed allows to also have EF" [V;|Fo] = £55V(t) in this model. We then ob-
tain the following Tables 1.B.5 and 1.B.6 giving the fair value F'Vj of the contracts
above under the forward-variance specification of the Heston model.

Table 1.B.5: F'V; for various k, with maturity 7 = 10 and £5°V(¢).

T=10 Heston fwd Heston rBergomi rough Heston
kg =05% | 18931.16 € | 17370.17 € | 1449443 € | 13696.86 €
ke =1% | 19353.14 € | 17750.09 € | 14893.48 € | 14130.58 €
kg =2% | 20262.77 € | 18581.37 € | 15795.31 € | 15130.80 €
ko =5% | 23644.91 € | 21790.04 € | 19418.47 € | 19072.87 €

Table 1.B.6: FV; for various maturities 7' with kg = 1% and &5V (¢).

ke =1% Heston fwd Heston rBergomi rough Heston
T=5 14017.18 € | 13442.93 € | 12365.27 € | 12363.09 €
T =10 | 19353.14 € | 17750.09 € | 14893.48 € | 14130.58 €
T =20 | 35618.91 € | 28928.57 € | 20126.21 € | 17677.04 €

We clearly see that the forward-variance specification of the Heston model pro-
vides lower fair values compared with the standard Heston model due to the lower
mean-reversion level. The mean-reversion function 6(¢) indeed lies below the value
0* = 0.0967 of the standard Heston model at any time scales. We again see that
this forward-variance Heston model provides a higher fair value than rough volatil-
ity models even if their average long-term variance is this time comparable since
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EP" [Vi|Fo] = €55V (t) in each model. This once again emphasizes that the rough
property of the variance process induced by the index H* and A — 0 has a strong
impact on the obtained fair values of long-term life insurance contracts.

1.C Figures

1.C.1 Risk-free rates

Table 1.C.1: European risk-free interest rates between 0 and 20 years.

\ Maturity \ Rate \ Maturity \ Rate

Overnight | -0.55486 % 8 years -0.26535 %
7 days -0.52686 % 9 years | -0.23026 %

1 month -0.494 % 10 years | -0.19118 %
2 months | -0.44157 % 11 years | -0.15312 %
3 months | -0.43514 % | 12 years | -0.11707 %
6 months | -0.35386 % 13 years | -0.08303 %
1 year -0.36767 % | 14 years | -0.07203 %
2 years -0.38775 % 15 years | -0.02600 %
3 years -0.39076 % 16 years -0.00200 %
4 years -0.37771 % 17 years 0.00099 %
5 years -0.35563 % 18 years 0.0020 %
6 years -0.33054 % 19 years 0.01100 %
7 years | -0.29945 % | 20 years | 0.03599 %

1.C.2 Conditional variance process

The rBergomi variance process is conditionally log-normal and we can prove that
V' [V Fi] = & (u)? (exp (n*(u — t)QH) -1). (1.C.1)

Hence, this quantity increases exponentially with u, leading to extreme swings
and variability in the rBergomi variance process for large maturities. We see that
V" [V, | Fi] also depends on the forward variance curve, but since this curve is stable
for large maturity (see Figure 1.5 and 1.4), it does not contribute to the exponential
growth of VP [V, | F].

For the rough Heston, using It6 isometry and conditional log-normality, we find
2

T ), T s,

Since the forward variance curve is almost constant for large maturities, we make
the assumption that this curve is fixed to a constant K so as to obtain the following

VP [V | F] = (1.C.2)
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approximation at t =0 :

K 1?2 oH
[D(H +1/2)]° 2H B

VE [V | Fo ~

This approximation allows to see that the rate of increase of the quantity V¥ [V, | Fo]
is approximately u*#, which leads to a slowly increasing behavior as confirmed on
Figure 1.C.1. Using the SSVI forward variance curve £5°V7(u) in equation (1.C.1)
with = 1.6803 and H = 0.1515 and using again &5V (u) with v = 0.6241 and

H = 0.1703 in equation (1.C.2), we obtain the following figure Figure 1.C.1 at
t=0.
—— rBergomi
---- rough Heston
2

Time (in years)

Figure 1.C.1: Comparison of V¥ [V,|Fo] in function of u between the rough Heston and
the rBergomi models.

Finally, note that we indeed have lim,_, o VF [V..|F:] = 400 in both models, which
confirms the non-stationary property of the rBergomi and rough Heston’s variance
processes, see Chen et al. (2011).



CHAPTER 2

Portfolio insurance under rough volatility and
Volterra processes

Affine Volterra processes have gained increasing interest in recent years. In par-
ticular, this class of processes generalizes the classical Heston model and the more
recent rough Heston model introduced in Chapter 1. The aim of this chapter is
hence to revisit and generalize the constant proportion portfolio insurance (CPPI)
under affine Volterra processes. Indeed, existing simulation-based methods for
CPPI do not apply easily to this class of processes. We instead propose an ap-
proach based on the characteristic function of the log-cushion which appears to
be more consistent, stable and particularly efficient in the case of affine Volterra
processes compared with the existing simulation techniques. Using such approach,
we describe in this chapter several properties of CPPI which naturally result from
the form of the log-cushion’s characteristic function under affine Volterra processes.
This allows to consider more realistic dynamics for the underlying risky asset in
the context of CPPI and hence build portfolio strategies that are more consistent
with financial data. In particular, we address the case of the rough Heston model,
known to be extremely consistent with past data of volatility as shown in Chap-
ter 1, and provide a new estimation procedure for its parameters based on the
PMCMC algorithm. Finally, the last part of the chapter investigates gap risk in
discrete-time CPPI, which arises from liquidity constraints and transaction costs.
Therefore, we manage in this chapter to study more accurately the true properties
of such CPPI strategy and to better handle the (illiquidity) risk associated with it.

Dupret, J. L., & Hainaut, D. (2021). Portfolio insurance under
rough volatility and Volterra processes. International Journal of
Theoretical and Applied Finance, 24(06n07), 2150036.
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2.1 Introduction

The constant proportion portfolio insurance (CPPI) is a dynamic strategy of invest-
ment that yields a super-linear participation in future asset returns while retaining
a security guarantee on a part of the invested capital (called the floor). Under the
assumption of frictionless trading, this strategy therefore protects a portfolio of
stocks against the downside risk but still allows for an upside potential. Basically,
the CPPI method consists in maintaining the risk exposure equal to a constant
multiple of the excess of wealth over a floor. The CPPI was introduced for a
portfolio of bonds by Perold and Sharpe (1988) and revisited by Black and Jones
(1987) for equities. A first stream of literature extensively studies the theoretical
properties of continuous-time CPPI strategies. A comparison of OBPI (option-
based portfolio insurance) and CPPI is provided in Bertrand and Prigent (2001)
under the classical Black and Scholes (B&S) framework and under the assump-
tion of frictionless trading. This first set of research also deals with the effects of
jump processes, stochastic volatility models, regime switching models and gap risk
on the CPPI method, see Cont and Tankov (2009), Prigent and Bertrand (2003),
Hainaut (2011), Balder et al. (2009) and references therein. The second stream of
literature focuses on solving an optimization problem that arises when we assume
investors maximize their end-of-period expected utility. In this setting, the opti-
mality of the CPPI strategy depends on the risk profile of the investor, which has
been thoroughly studied in Kingston (1989), Grossman and Vila (1992), Branger
et al. (2010), Bertrand and Prigent (2019). Finally, the third stream tries to iden-
tify problems with the design of CPPI strategies and then proposes modifications
to mitigate them. We refer to Pain and Rand (2008) for a summary of the different
variations of CPPI proposed in the literature.

Our contribution lies within the framework of the first stream of literature. In
this chapter, we derive a methodology based on the characteristic function of the
log-cushion, which enables to derive and study the properties of continuous-time
CPPI with frictionless trading under the very general class of affine Volterra pro-
cesses, as defined in Abi Jaber et al. (2019). In fact, we show that the characteristic
function of the log-cushion for affine Volterra processes is obtained in quasi-closed
form, which then allows to easily and efficiently compute the moments, the density
as well as several risk-measures for the CPPI value at maturity. Our approach is
therefore not restricted to the study of CPPI properties under a particular model
as already done in the literature but extends directly and easily to a wide class of
models, allowing to take into account different market behaviors and more realistic
dynamics for the underlying risky asset in the context of CPPI. Moreover, using
the log-cushion’s characteristic function instead of the existing simulation-based
techniques allows to derive far more rapidly and more accurately the desired port-
folio properties.
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In particular, we will focus our analysis on CPPI properties under the rough Heston
model, which is an important member among the class of affine Volterra processes
(based on a power-law kernel), enjoying growing popularity among practitioners
and academicians. Indeed, the rough Heston model of El Euch and Rosenbaum
(2019) is a highly tractable implementation of rough volatility models which has
been shown to be remarkably consistent with financial time series data, as initially
explained in Gatheral et al. (2018). The rough Heston model therefore allows to
better assess the true properties of the CPPI strategy compared with other dy-
namics for the underlying asset. More precisely, we will demonstrate that thanks
to its rough variance process, the rough Heston model will lead to a more accurate
assessment of the risk of the CPPI strategy by providing a better modeling of the
left tail of the portfolio distribution. Indeed, as explained in Paulot and Lacroze
(2009), this left tail must be computed with great precision since it plays an im-
portant role in the riskiness of such CPPI strategy. However, the non-Markovian
nature of the variance process under the rough Heston model requires to deviate
from the classical stochastic volatility approach for CPPI described in Prigent and
Bertrand (2003) and to work with the characteristic function of the log-cushion
instead. Moreover, the analysis of CPPI properties (performance, density and risk
measures) will be carried out for the classical Heston model as well, which also
belongs to the class of affine Volterra processes and for which well-established sim-
ulation techniques exist. Finally, we will compare the obtained results with the
B&S model, which has already been extensively studied in the context of CPPIL.
In the last practical part of the chapter, we will show how to introduce gap risk
and transaction costs in such CPPI strategy based on affine Volterra processes and
hence go beyond the assumption of frictionless/continuous trading.

At last, we contribute with this work to provide a full econometric estimation
of the rough Heston’s parameters based on the time series of observed log-returns
using the Particle Monte-Carlo Markov Chain algorithm. So far, this rough Heston
model has only been calibrated in the literature based on the risk-neutral option
quotes observed on the market and we now propose a new estimation procedure for
deriving these parameters directly and efficiently under the real-world probability
measure, which is required in the case of portfolio insurance strategies. This way,
we will also show that the rough Heston model provides a better statistical fit of
past log-return data compared with the Heston and B&S models.

2.2 Model setup under rough volatility

As mentioned above, the CPPI strategy consists in maintaining the risk exposure
equal to a constant multiple m of the excess of wealth over a floor F. This way,
the value of the portfolio P = (P,);>¢ is above the floor F' at any time ¢ in the
considered period of time [0,7]. The value of the floor thus gives the dynamical
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insured amount and is assumed to evolve at a constant interest rate r following
dFt = Fﬂ’dt .

Note that a more complex dynamic could be chosen for modeling the interest rates
but this choice does not impact the conclusions of our work. Obviously, the initial
floor F is less than the initial portfolio value Py and is equal to Fy = e "G,
where G is the guaranteed amount at maturity. The difference Py — Fj is called
the cushion, denoted by Cy. Its value C; at any time t € [0, 7] is given by

Ct:Pt—Ft.

Now let us denote the exposure E;, which is the total amount invested in the risky
asset S;. The standard CPPI method consists of letting Fy = mC; where m is
the constant multiple. In order to have a convex payoff in the underlying, we im-
pose m > 1. From Bertrand and Prigent (2016), we have that m is an exogenous
parameter chosen by the portfolio manager. A first alternative is to choose m as
the inverse of the maximal negative daily return anticipated by the fund manager.
For example, if the manager expects that the worst daily return will be —25% over
[0,7], then the upper bound on the multiple m such that the value of the fund
P, remains above the floor F; for all time ¢ € [0,7] is given by 4. A more accu-
rate alternative is to choose m according to the occurrence probabilities of extreme
events in the risky asset, such as described in Bertrand and Prigent (2016). We will
apply their methodology in Section 2.6 to provide an upper bound of the multiple
m based on a dataset of S&P500 daily log-returns.

Moreover, we consider in this chapter a continuous-time CPPI strategy and we
assume in a first step continuous/frictionless trading over the whole investment
horizon [0,T]. In the last section 2.8, we will then briefly discuss the possible ways
of taking into account gap risk, illiquidity constraints and transaction costs by re-
stricting trading on a discrete time grid.

We also assume in the sequel that the risky asset S = (S¢):>0 is a diffusion process
such that

dS, = S, (udt +/V: th) , (2.2.1)

where W is a standard Brownian motion defined on a probability space (2, F,P)
with a right-continuous filtration (F;);>0. The cornerstone of this section is to con-
sider that the variance process V' = (V});>0 exhibits a rough behavior. Indeed, in
their groundbreaking paper, Gatheral et al. (2018) show that for a very wide range
of assets, historical volatility time series exhibit a behavior that is much rougher
than that of a Brownian motion (as implied by standard stochastic volatility mod-
els). More precisely, they emphasize that volatility dynamics based on fractional
Brownian motions with a Hurst exponent in (07 %) are extremely consistent with
the historical volatility process of major indices. Such condition on the Hurst index
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aims to generate rough sample paths and to introduce short-range dependence in
the volatility process, as explained in Chapter 1. On the contrary to long-memory
volatility models (H > 1/2), this rough behavior of volatility allows to perfectly
reproduce at any time scales a lot of statistical properties of the past volatility
time series, as confirmed in many other studies such as Bennedsen et al. (2016).
Furthermore, Gatheral et al. (2018) find that classical statistical procedures aiming
at detecting volatility persistence tend to conclude the presence of long memory
in data generated from their rough volatility model. This allows these authors to
explain and understand why long memory of volatility has been widely accepted
as a stylized fact until now. This recent change of paradigm towards rough volatil-
ity, both by academicians and practitioners, allows to study more accurately the
true properties of CPPI strategies. Indeed, such comparisons with other portfolio
insurance techniques have been mainly limited so far to the B&S case or to classi-
cal stochastic volatility models based on Brownian motions. We will show in this
chapter the impact of taking into account rough volatility on CPPI properties by
considering the rough Heston model of El Euch and Rosenbaum (2018) and we will
explain why it provides a better modeling of the risk associated with the CPPI
strategy. This rough Heston model is in fact an extension of the the classical He-
ston model where El Euch and Rosenbaum (2018) introduce the power-law kernel
(t—u)®~1/2 in the Heston variance process V in order to allow for a rough behavior
of V in a Heston-type model. They hence find the following variance process' for
the rough Heston model under P :

1 LXO-V) v ¢ VW —
Vi = Vi d W,
' 0+F(H+1/2)/0 G- /> H U+F(H+1/2)/0 (—w)i/ZH

(2.2.2)
where A is the speed of mean reversion of the variance process towards the level 6
and where v is the volatility of variance parameter. W is again a standard Brown-
ian motion defined on (€2, F,P) such that (W, W), = pt with a constant correlation
p. When H = 1/2, we can verify that we indeed recover the classical Heston model.
It can be shown that the trajectories of the variance itself under the rough Heston
are almost surely Holder-continuous of order H — ¢, for any € > 0, leading to a
rough behavior of the variance process with short-range memory when H < 1/2
and smoother trajectories with long-range dependence when H > 1/2. These au-
thors also provide in El Euch and Rosenbaum (2019) a microstructure foundation
of such model as arising from the high-frequency modeling of market liquidity.

We define in this chapter the forward variance curve &(t) := EF[V;|F,], t > s.
We can easily recover V; from &s(t) as Vi = limy_,; &(t). Following Bergomi and
Guyon (2012), forward variance models are models that can be written as a func-
tion of this curve &(¢). As shown in El Euch and Rosenbaum (2018), this is the
case of the rough Heston model (2.2.2). More precisely, we have the following

INote that compared to equation (1.3.6) in Chapter 1, the rough Heston model is given here
under the physical measure P and with a constant mean-reversion level 6.
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forward variance curve dynamic for the rough Heston model under P :
dEo(t) = vt — 8)* " B a(—A(t — 8)*)\/ Vs dW, , (2.2.3)
where o = H +1/2 and E, g(z) the generalized Mittag-Leffler function defined by

ZFakJrﬂ

k=0

Let now n5(t) = \/Vs k(t — s) where k(t — ) = v(t — 8)* ' Eq.o(=A(t — 5)%), we
can then rewrite (2.2.3) as .

dés(t) = ns(t)dWs . (2.2.4)
This writing will be useful in the sequel to ease notations. Note that 7,(t) satisfies
the Assumption 2.1. of Gatheral and Keller-Ressel (2019), as shown in the proof
of Appendix 2.B, and that (¢ — s) is a decreasing Lo-kernel, which is necessary in
the following of the chapter to define the characteristic function of the log-cushion.
Moreover, we can easily show that the initial forward variance curve at time s = 0
in the rough Heston model satisfies

St)=Vo+(0—-W) % /0 k(s)ds. (2.2.5)

2.3 CPPI in the rough Heston model

Under the assumption of frictionless trading for CPPI, we can first consider the
stochastic volatility case of Prigent and Bertrand (2003) where the variance V; of
the underlying risky asset S; in (2.2.1) is stochastic. They first show that the
cushion value at any time ¢ € [0,7] is

1 t t
Cy _Coexp{(r—l—m(,u—r))t—2m2/ Vs ds—|—m/ \/VstVS}. (2.3.1)
0 0

Then, from the relation

1 t t
St =S5 exp {m (ut — 5/ Vs ds) er/ V Vs dWS} , (2.3.2)
0 0

Prigent and Bertrand (2003) find that
Cy=S"ay, (233)

with ay = (Co/SE) exp{Bi t} and B, = —(m—1)r—1 (m? —m) %fot Vs ds. Finally,
since the CPPI fund is the sum of the cushion and the floor, we get that P, =
Fy + S["ay . On the contrary to the B&S framework, we no longer have that oy is
a constant but instead a random variable. Moreover, the portfolio value P; now
depends on the whole path of the variance process fg Vids and hence, the short-

memory of the rough Heston’s variance process with H < 1/2 will have a strong
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impact on P;. However, expressions (2.3.2) and (2.3.3) will not be useful in our
case, i.e. when the variance process exhibits a rough behavior as in equation (2.2.2).
Indeed, as explained in Chapter 1, the rough Heston model is non-Markovian with
respect to the current variance state Vy, which makes the quantity fg Vs ds hard to
compute and to obtain from Monte-Carlo simulations and even from more advanced
numerical schemes such as the Hybrid scheme of Bennedsen et al. (2017). However,
we can show that the rough Heston model is Markovian in the forward variance
curve &5(t). Indeed, given the state vector &,(t), the dynamics of the model are well-
determined. Hence, we will now capitalize on this Markov property with respect
to &s(t) in order to compute more precisely and efficiently the value of the CPPI
portfolio at any time ¢t € [0,T]. Denoting X; = logC}, it is useful to rewrite
equation (2.3.1) as

1
dXt:(rer(,ufr))dtf§m2tht+m\/‘7tth:(TJFm(N*T))dtWLdth

where )
dY; = —§m2tht+m\/Vt dW;. (2.3.4)

We now want to obtain the characteristic function of the forward variance model
(Y,§), i.e. of the process Y together with the family of processes (€;(t));>s. From
Theorem 2.6. of Gatheral and Keller-Ressel (2019) and from the dynamic of £,(t)
given in equation (2.2.4), we have that that our forward variance model (Y;¢)
has an affine cumulant-generating function (CGF) in the sense that its CGF for
0 < s < T is of the form

log E [e“(YT*YS)

-7:.9] = /STg(T —r,u)és(r)dr, (2.3.5)

for all Re(u) € [0,1] (or u = iz, z € R) and where g(-,u) is R_-valued and continu-
ous on [0, 7] for all T'> 0 and Re(u) € [0, 1]. This leads to the following theorem.

Theorem 2.1. The function g(-,u) : Ry — R_ is the unique global continuous
solution of the fractional Riccati equation® :

g(t,u) = Ry (mU/O r(t —1)g(r, U)d?"> = Ry (m,u, (kxg)(t,u)),  (2.3.6)

where ) )
R,(m,u,w) = §m2(u2 —u) + mpuw + §w2 . (2.3.7)

Proof. See Appendix 2.B. O

2The convolution operator * between two functions f, g is defined as : (f * g)(t) := fg flt—
r)g(r)dr.
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We now show how to determine the function g(-,u) for the CPPI under the rough
Heston model (2.2.2). First let’s denote

1 i _
Y(t,u) = ;(ﬁ*g)(t, u) = / (t—8)* T By 0 (At — ) g(s,u)ds .
0
Thanks to Lemma A.2 of El Euch and Rosenbaum (2019), we find
DYp(t,u) + Ap(t,u) = g(t,u).

Then, using relations (2.3.6) and (2.3.7) with the fact that (kxg)(t,u) = v (t,u),
we obtain

DY(t,u) = %m2(u2 —u) + (mpuv — X) Y(t,u) + %UQ Y(t,u)?. (2.3.8)

Finally, from the affine CGF (2.3.5) with u = iz (# € R), we obtain the follow-
ing characteristic function of (Y, &) in forward-variance form for the rough Heston
model, conditionally on the initial state (Y, &s) :

OY(T,z)=E[e"*7|Y,, &) =exp {izYs —l—/T(Daz/J(T —riz)+ (T —r, iz))gs(r)dr} .
(2.3.9)

From equation (2.2.5) and Appendix 2.A on fractional calculus, we can easily
rewrite the initial characteristic function of (Y, &) at time s =0 as

T —a
O (T,2) = B[] Y0, Vo] = exp § i2Yp +/ W(T —r,iz) AH—&—L dry .
0 (1 —a)

(2.3.10)

The characteristic function of the log-cushion in forward variance form (X, ¢) at
time s = 0 for the rough Heston model directly follows from (2.3.10) :

(T, 2) =E [e*¥7| X0, Vo] = exp {zz (Xo+ (r+m(p—r))T) (2.3.11)

+ /OTw(T —ryiz) <)\9 + %) dr}.

The key issue we tackle in this chapter is to propose the most appropriate dynamic
of the underlying risky asset under P using statistical methods on financial data
such as to obtain the true properties of CPPI strategies. We are therefore interested
in the dynamic of the portfolio under the real probability measure P and we hence
need to estimate the parameters (o, i, A, 8, v, p) based on the observed time series
of log-returns. Moreover, having a characteristic function in quasi-closed form for
the log-cushion value Xp thanks to equation (2.3.11), we can obtain easily and
efficiently several risk measures for Cr such as the VaR and TVaR, as well as its
moments of all orders. This will be discussed in the following sections.
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2.4 Estimation of the rough Heston model

We first choose as starting date s = 0, the 315" of July 2021. Since we decide
throughout this chapter to consider a fixed investment horizon of T' = 1 year for the
CPPI strategy, we use the U.S. swap rate for this maturity equal to r = 0.2546%.
Then, in order to estimate the parameters of our model, we consider daily time
series of log-returns from January 2017 to July 2021 for the S&P500 making a total
of 1141 data points. In the literature so far, calibration of the rough Heston model
has been exclusively done based on risk neutral option quotes such as in El Euch
et al. (2019) or in Chapter 1. We now introduce a new approach providing a full
econometric estimation of the rough Heston’s parameters under the real probability
measure P, which is based on the Particle Markov Chain Monte Carlo (PMCMC)
procedure of Andrieu et al. (2010). This algorithm is built from a sequential Monte-
Carlo filter that we now describe.

2.4.1 Filtering

This section introduces the filtering technique that is used to determine the most
likely evolution of the hidden variance process V. There is a considerable literature
on the development of simulation-based methods to perform filtering of nonlinear
Gaussian models. Leading contributions are reviewed in Doucet et al. (2001). We
consider in particular the Bayesian bootstrap filter of Gordon et al. (1993), which
is a Sequential Importance Resampling (SIR) filter in which the transition prior
probability distribution is taken as importance function. This Bayesian bootstrap
filter will be combined in the sequel with a Monte-Carlo Markov Chain to estimate
the parameters of the rough Heston model but for the moment, we assume that
its parameters are known. We consider a sample of discrete observations of log-
returns R; = In S”f where A is the time step between two observations. The
sample is denoted by r = {r1,re,..., 7, } where n = T/A. We denote v; and r; the
realizations of V; = V;, and R; = Ry, for j = 1,...,n with ¢, =T The dynamic
of log-returns is approached by applying It6’s Lemma on equation (2.2.1) and then
discretizing the obtained equation, which gives

V.
Rj+1 = (,LL — 2]) A+ \/‘/j AWj+1 .

The increment AW, can be rewritten as AW; = /1 — p? Ale + pAWjQ7 where
AW} ~ N(0, \/A) and independent from AW? ~ N(0, \/A). Therefore, we have

V,
Rj+1 = <M - 2]> A+ V 1- p2 V VYJ AVleJrl + PV ‘/J AWJ'ZJrl . (2'4'1)
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The variance process (2.2.2) is discretized in the same manner by

J -1 J -1
(tjp1 —tg)” (tjp1 —tg)” 2
‘/j+1 = Vb + kgzo T)\ (9 — Vk) A+ kEZO TU'\/ Vk AWkJrl .

(2.4.2)
In practice, we prefer using the much more time-efficient simulation scheme of
Abi Jaber (2019) for discretizing (V;);j=1,..n. This author managed to build the
rough variance process as superposition of infinitely many factors sharing the same
Brownian motion but mean-reverting at different speeds. Limiting the number of
factors allows to speed up the simulation scheme while still ensuring a extremely
good proximity with the true original variance process, see Section 1.6 in Chapter
1. We denote the set of parameters ¥ = (o, i, A, 0, v, p) and as mentioned above,
it is assumed to be known for the moment. The particle filter estimates the most
likely sample paths of the variance process. We denote by Awf— the realizations
of AW]-2. The information on the realizations V; = v; and AW]»2 = Aw? is stored
in a particle, i.e. a vector denoted p; = (vk, Aw,%)k:m.. Contrary to classical
stochastic volatility models, we now have to keep track of the whole sample path of
the variance process and of the related Brownian increments in the particles from
k =1 to j due to the non-Markovian nature of the rough Heston model.

The visible information (log-returns) up to time ¢; is stored in a vector ri.; =
{r1,...,r;} and the density of the observation f(r; |p;), conditionally to the infor-
mation in the particle, is a Gaussian probability density function. More precisely,
if we denote by ¢(-) the pdf of a A(0,1), we have from equation (2.4.1) that

rj = (u—=25) A = p i1 A} (2.43)
RN . 4.

On the other hand, the transition density f(pj4+1|p;) is simulated based on equa-
tion (2.4.2). The initial pdf of pg is denoted f(pog). Then, using Bayesian ar-
guments, one can show that the posterior distribution of p; conditionally to the
available information at ¢; is equal to

f(rilpy)

f(Tij)=¢<

Fpylris) = S £(rj1pi) f (s |71:5-1)dp; i Iri-a), (24.4)
where we predict
fpjlriz-1) :/f(pj | pj—1)f(Pj—1|7T155-1) dpj—1 . (2.4.5)

The calculation of f(p;|71.;) can then be performed in three steps, according to Al-
gorithm 1 in Appendix 2.C. First, in the prediction step, we approach f(p; |r1.;-1)
by simulations, based on (2.4.5). In practice, the integral in (2.4.5) is replaced
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by a Monte-Carlo simulation of N particles, denoted p;i) fori=1,...,N. In the
correction step, the density f(p;|71.;) is computed via equation (2.4.4) and is re-

placed in simulations by the discrete probablhty of occurrence denoted B( for the
particle ¢ = 1,..., N. We hence have that B(l (pj 2 |r1:5), as given by equation
(2.C.1). In the thlrd step, we perform a resamphng with replacement and with
probabilities ﬂj(»z), i =1,...,N, in order to keep track of the most likely sample
paths of the variance process. Finally, the filtered variance process for the period
j is computed as

N
Vi =E(V; | r1,) = Y o\,
=1

whereas the log-likelihood of the whole sample path is approached before resam-
pling by the sum

n n n N 1 )
(7 19) =30 051ri0) =S ([ 0510 @slrs)ds) =3 (_Z e |p§”>> .

(2.4.6)

2.4.2 Econometric estimation

We have so far considered that the set of parameters ¢ is known, which is not
the case in practice. An inherent problem of particle filters is that the estimate
of the likelihood is not a smooth function of the parameters. Practically, model
calibration by maximizing the log-likelihood (e.g. with gradient descent) is then
uncertain. We here prefer using the PMCMC procedure which has been shown by
Andrieu et al. (2010) and Johannes and Polson (2010) to be highly efficient for
such financial estimation of stochastic volatility models. We now denote the set
of unknown parameters by © = («, u, A, 0, v, p). We here again adopt a Bayesian
approach and © is a multivariate random variable with realizations ¥} and with state
space X. The parameters posterior distribution, based on the observed sample

r={ry,...,rn}is
f 7 ( ) (r |19))d19” (2.4.7)

where f(9) and f(r|¥) denotes respectively the parameter prior distribution and
the likelihood of the data. The density f(9]|r) is built by the PMCMC method.
It generates samples from f(¢|r) by creating a Markov chain with the same dis-
tribution as the parameters’ posterior one. Once the Markov chain has reached
stationarity after a transient phase, called burn-in period, samples from the pos-
terior distribution are simulated. Standard MCMC algorithm requires a pointwise
estimate of f(r|d), which is not available in our model. Instead, f(r|¥) is ap-
proached by its estimate (2.4.6), yield by the particle filter of the previous section.

f@|r) =

The construction of the Markov chain consists of two steps, repeated iteratively for
k=1,..., K. At the beginning of the (k + 1)" iteration, we propose a candidate
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parameter ¥ from a proposal distribution q(19/ | 91.) given the previous state of the
Markov chain, ¥;. The proposal distribution must have a support that covers the
target distribution. In the second step, we determine if we update the state 9.
For this purpose, the acceptance probability of the Metropolis-Hasting algorithm
described in Appendix 2.C (see Algorithm 2), is computed as follows

"9 — min J L0 T) 4k |9
P Bi) = {wwwwmﬁ} (248

This determines the probability that we assign the candidate parameter as the next
state of the Markov chain, ¥ — Jk+1. Intuitively, if we disregard the influence of
the proposal distribution ¢(+, ), a candidate is accepted if it increases the posterior
likelihood f(9" |7) > f(9x|r). The presence of g(-,-) in (2.4.8) allows a small de-
crease in the posterior likelihood, such as to explore the space of parameters x.

In numerical applications, the transition distribution ¢(¢’ |9;) is assumed Gaus-
sian, ¥ ~ N(9, 09 I,,) with I, the identity matrix. As this distribution is sym-
metric, we have q(Jy |9 ) = ¢(¢ |9%) and the acceptance probability simplifies to

WWMWH}

F(r9g) f(Or)

The resulting samples of parameters U1, (K iterations after a burn-in period)
serves next to build the empirical distribution of f(¢|r), which is obtained by

p(ﬁl, %) = min {

1 K
HUDES-DILAGE
k=1

where dyg, (9) are the Dirac atoms located at ¥ = 9, with equal weights. The
estimate of parameters with respect to the posterior distribution is then

. 1 & 1 &
@:E(®|r):/xf(19|r)19dz9%K};/X&gk(ﬁ)ﬂdﬁ:K;ﬁk. (2.4.9)

We now use the PMCMC algorithm to calibrate the set of parameters © = («, u, A,
0,v,p) of the rough Heston model (2.2.2). The standard deviation oy of the tran-
sition distribution is set to oy = (0.01%,0.01%,0.1%,0.01%,0.01%, 0.1%). Even
if the procedure converges theoretically to parameter estimates, it is advisable to
provide realistic initial parameters to improve the speed of convergence. There-
fore, we impose 99 = (0.7,0.05,0.3,0.04,0.2, —0.7). The filter runs with N = 1000
particles and we perform K = 20000 iterations of the PMCMC procedure. Table
2.4.1 reports the rough Heston estimates with a burn-in period of 18 000 iterations.
The obtained log-likelihood (2.4.6) with these parameters is equal to 3693.66.
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Table 2.4.1: Parameter estimates of the rough Heston model for the S&P500 index and
standard error (std. err.) of these estimates.

A~ ~ ~ ~

a n A 0 v P
Estimators PMCMC | 0.8504 | 0.1446 | 0.2434 | 0.2122 | 0.3528 | -0.5536
PMCMC std. err. 0.0128 | 0.0191 | 0.1272 | 0.0239 | 0.0183 | 0.0359

We observe that the estimate of the speed of mean-reversion A is quite volatile
with a high standard error. The other parameter estimates are more reliable. The
advantage of our method based on a maximum likelihood estimator (MLE) for
estimating « is the nice properties associated with such MLE. It is consistent,
asymptotically unbiased and of minimal variance whereas the method of moments
proposed by Gatheral et al. (2018) only exhibits consistency. Our estimator of «
is hence more accurate. However, the method of moments of these authors based
on the g—variation of the log-volatility can be used to confirm that the roughness
index of the simulated rough Heston volatility with the MLE of Table 2.4.1 is con-
sistent with the observed regularity of the past volatility time series. Using the
methodology of these authors to estimate the smoothness of the S&P past volatil-
ity between January 2017 and July 2021, we find an estimated value of the Hurst
index H = 0.2324. We then simulate sample paths of our variance process V under
the rough Heston model with o = 0.8504 and T = 4.5 years (time length between
January 2017 and July 2021), which gives T x 252 = 1142 daily time steps. Based
on these simulated sample paths, we find via the method of moments that the reg-
ularity of the corresponding volatility process is on average equal to H = 0.2505,
which is highly consistent with the value estimated based on the observed time
series of volatility between 2017 and 2021.

2.5 Other models

In order to compare the rough Heston model with other models such as the Heston
or B&S models in terms of CPPI properties, we need to derive the characteristic
function of the log-cushion in these models. We show in this section that such
log-cushion’s characteristic function can be well defined analytically under affine
Volterra processes and we can hence generalize the above results for this larger
class of processes.

2.5.1 Heston model

First, the Heston model under the real probability measure P is given by

dSt = St,LLdt+St '\/‘/tth7 (251)
dVy = A0 — Vi) dt + vA/V, dW, . (2.5.2)
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The two Brownian motions W, W are defined as above on (Q, F,P). We have that
Vo = o2 is the initial variance, 6 is the long-run variance of V', A denotes the speed
of mean-reversion and v is the volatility of variance parameter. From Bergomi and
Guyon (2012) and Section 1.B.3, we know that the Heston model can be rewritten
as a forward variance model with an affine CGF of the form of equation (2.3.5).
Furthermore, based on Ezxample 2.10. of Gatheral and Keller-Ressel (2019) and
from Theorem 2.1, we obtain directly that the characteristic function of the log-
cushion in the Heston model under P is

(T, 2) = E [e*¥7| Xo, Vo] = exp {zz (Xo+ (r+m(p—7))T)

T
+Wou(T,iz) + )\0/ P(r, iz)dr} , (2.5.3)

0

and where (-, iz) solves a (non-fractional) Riccati equation

% (t,iz) = —%mz(z2 +1i2) + (mizpv — N)Y(t, iz) + %Qw(t, iz)%. (2.5.4)

Note that this Riccati equation is consistent with the classical ODEs initially de-
rived for the Heston model, such as in Gatheral (2011) (with m = 1). We also
see that the fractional derivative of the rough Heston (which conveys the short
memory to the model with H < 1/2) is replaced by a classical time derivative in
the Riccati equation.

We again apply the PMCMC procedure above with the particle filter of Section
2.4.1 in order to estimate the parameters of the Heston model. The discretized
variance process (2.4.2) now becomes under the Heston model

Vigr = Vi + MO = V) A+ v /V; AWZ, (2.5.5)

leading to the particle p; = (v;, ijz) so that the process (p;);=1,...n is a Markov
chain (note that we do not need anymore to keep track of the whole sample path
from k =1 to j as in the rough Heston case). The set of unknown parameters be-
comes O = (u, A\, 0, v, p) since we do not have to estimate the roughness parameter
a, equal to 1 in the Heston model. We use the same standard deviation oy and ini-
tial parameters 9 as in the rough Heston model (but removing the a-component).
Finally, we again run the filter with N = 1000 particles and K = 20000 iterations
and we obtain the following Table 2.5.1 with a log-likelihood equal to 3498.03. We
first note a lower log-likelihood compared with the rough Heston model. This sig-
nificant difference of log-likelihood confirms that the rough Heston model provides
a better fit of the S&P log-returns from a statistical point of view. The average
rate of return p and the anti-correlation p are comparable between the two models.
The mean reversion level 8 is now lower compared to the rough Heston model while
the speed of mean reversion A is much higher. We again obtain a high standard
error for the speed of mean-reversion level \ whereas the other estimates are more
reliable.
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Table 2.5.1: Parameter estimates of the Heston model for the S&P500 index and standard
error of these estimates.

B ) 9 5 5
Estimators PMCMC | 0.1392 | 0.9256 | 0.1435 | 0.4831 | -0.5506
PMCMC std. err. 0.0324 | 0.2656 | 0.0532 | 0.0106 | 0.0631

2.5.2 Affine Volterra processes

The methodology described above for deriving the characteristic function of the
rough Heston and Heston models can be extended to the more general class of
affine Volterra processes. This class of processes is defined in Abi Jaber et al.
(2019) by a d-dimensional stochastic convolution equation of the form

Zy = Zy+ /Ot Kz (t — s)b(Zs)ds + /Ot Kyz(t —s8)o(Zs)dWs, (2.5.6)

where W is a d-dimensional P-Brownian motion, where K5 is a convolution kernel
such that Ky € L? (R,,R?9) and where the coefficients b and o satisfy the

loc

regularity and integrability conditions studied in Abi Jaber et al. (2019). This
class of processes is called affine since the coefficient a(z) = o(2)o(2)" (with o(2)
positive semidefinite) and the coefficient b(z) are both affine of the form

a(z) = A% 4 2 A - 4 24AY
b(z) =00 + 2 bt 4 -+ zgb?,

for d-dimensional symmetric matrices A* and column vectors b*. We next introduce
the d x d matrix

B=(" - bV,

and for any row vector u € C%, we define the row vector
A(u) = (uAluT, e 7uAduT) . (2.5.7)
We then recall from the log-cushion dynamic (2.3.4) that

1 t t
Y, =Y, — 5m2 Vids+m | /V,dW,. (2.5.8)
0 0

Moreover, we now consider that the variance process V follows the general (one-
dimensional) convolution equation given by

Vt—Vo—i—/tK(t—s)(ﬂ+sz)ds+/0tK(t—s) (wW&Z)dWS, (2.5.9)
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again with a constant correlation p such that (W, W}t = pt, with 8,b,a,a € R and
a convolution kernel K € L? (R, R) such that :

loc

K is strictly positive and completely monotone. There is v € (0,2] such that

TE@)?dt = O(Y) and [(K(t+h) — K(1)%dt = O(h") for T < 0. (2.5.10)
0 0

Hence, we take d = 2 and consider the two-dimensional process Z = (Y ,V)T.
In order to have an affine Volterra process Z compatible with the given equation
(2.5.8) of Y, we need to impose the coefficient a(z) of Z to be of the form

0 0 0 0 m?  mpa

0 _ 1_ 2 _ 1%

Oo@O wo(@0) () e
This amounts to set & = 0 in the variance process 2.5.9. Otherwise, there does not
exist a positive semidefinite matrix o(z) which is such that a(z) = o(2)o(2)" is
affine. The coefficients b(z) and the kernel of the two-dimensional affine Volterra
process Z are given by

b0 = (2) B= (8 _bé) Ky = (é I%) . (2.5.12)

We clearly see that the Heston model described in Section 2.5.1 can be retrieved
by setting the kernel K = 1 and the coefficients a = v, § = A and b = —\ in
the variance process. For the rough Heston model, we need to impose a power
law kernel K(t) = t*1/T'(a) for the variance process instead, which is known
to satisfy the condition (2.5.10). We now derive from Abi Jaber et al. (2019) the
characteristic function of the log-cushion under the two-dimensional affine Volterra
process Z for general coefficients a, 8,b and for general convolution kernel K.

Theorem 2.2. Let Z = (Y, V)T be a solution of (2.5.6) with Kz € L?(R;,R?*2),
where we assume that K satisfies (2.5.10) and where A(-) is given by (2.5.7). Let
u = (u1,us) € C* with Reu; € [0,1] and Re us < 0 and assume that ¢ =
(1, ¥2)" € L? ([0, T],C?) solves the Riccati-Volterra equation

Y =uKz+ (wB + ;A(q,z;)) *xKyz. (2.5.13)

Using the form of Kz and of the coefficients b(z) and a(z) given by (2.5.11) and
(2.5.12), we obtain

1 =, (2.5.14)
Yo = up K + K xRy (1), (2.5.15)

where we define

2
Ru(Y) = 3m? (6 — 1) + b+ mibrpa)s + S03  and Ra(v) = B
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Then, the Fourier-Laplace transform of Zr is given by

Ele"“?7] = e?MHx(T)VoturYo (2.5.16)
where
;o d , o d
@ :£¢:R¢(¢2)7 X :£X:R\IJ(1/J)»
and
#(0) =0, x(0) = u2

Proof. Cfr Appendix 2.D.

However, we are especially interested in the characteristic function of the log-
cushion X which can be obtained from the dynamic of Y using equation (2.3.4).
Therefore, we now study the following affine Volterra process Z = (X,V)T and ob-
tain the next Corollary 2.3 with the same assumptions as in the previous theorem.

Corollary 2.3. The Fourier-Laplace transform of the the log-cushion X7 at ma-
turity T associated with the affine Volterra process Z is given by

X (T, up) = E[e¥7] = MM Votur (Xo+(rtm(p—r)T) (2.5.17)

wzth (ﬁ and X de’ined by

where Re(P2) and Ry (@) are defined as in Theorem 2.2 and with initial conditions
given by

¢(0) =0, x(0) =0.
The process ¢ = (Y1, ¥2) " € L*([0,T],C?) is now the solution of the following
Riccati-Volterra equation

Y1 =ur, (2.5.18)
1

2
o = KxRy(¥) = K % <2m2(uf —uy) + (b+ muyipa)e + c;w§> . (2.5.19)

Proof. Cfr Appendix 2.E.

It is important to note that we only consider here the unconditional character-
istic function of affine Volterra processes at time s = 0. Indeed, Theorem 2.2 and
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Corollary 2.3 do not hold anymore at a later time s since we cannot write the con-
ditional characteristic function E[e**X7|F,] as a linear function of ¢(-) and x().
Based on this Corollary 2.3, we can easily recover the characteristic function of
the log-cushion under the Heston model, which is given by equations (2.5.3) and
(2.5.4) and under the rough Heston model, given by (2.3.11) and (2.3.8). It suffices
to take u; = iz,a = v, f = A0 and b = —\ with K = 1 as convolution kernel in the
Heston model and K (t) = t*~!/T'(«) in the rough Heston model. Moreover, from
Ackermann et al. (2020), we note that we could extend the results above by con-
sidering a time-dependent mean-reversion level 6(¢) instead of the constant 6, and
hence work with the generalized rough Heston model of El Euch and Rosenbaum
(2019) as in Chapter 1, equation (1.3.6).

We finally conclude that the class of Volterra processes tends to be suitable for
building CPPI strategies that are analytically tractable through their characteris-
tic function. Such affine Volterra processes allow to easily derive CPPI properties
under various market conditions. Indeed, recent empirical studies suggest that the
memory properties of market fears are unstable and change over time, leading to
fluctuating behavior of financial markets as argued by Caporale et al. (2018). Fol-
lowing Cadoni et al. (2017), roughness is also associated with risks in pension fund
portfolios where such CPPI strategies are often used. Affine Volterra processes can
also be useful for studying CPPI strategies based on underlying assets related to
the commodity market, see Benth et al. (2020) or Alfeus et al. (2024).

2.5.3 Black and Scholes model

Finally, for the sake of comparison with what has already been done in the litera-
ture, we analyze the characteristic function of the log-cushion in the B&S model.
In this B&S model, we have that the log-cushion dynamic can be rewritten, in a
similar way as in equation (2.3.4), by

1
dX; = (r+m(p—r))dt — §m202 dt + modW,. (2.5.20)

Hence, it directly follows that the characteristic function of the log-cushion is given
by

o (1.2) = B[] o] = exp fiz (X7 + mlu = 1))

1
- §m2(22 +iz)o? T} . (2.5.21)

There are no latent variables in this model which implies that we do not need
to use a particle filter and that we can directly apply the Metropolis-Hasting
algorithm with unknown parameters ® = (u,0). Since the log-returns follow
R; ~ N ((p—0?/2)A,0%A) for j = 1,...,n, the log-likelihood of the sample
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is now directly obtained by

Sy (s (- 5)a)
202A

In f(r|9) = ,g In(2702A) — In

Again with K = 20000 iterations, we find a log-likelihood of 3380.25 and the
following parameter estimates.

Table 2.5.2: Parameter estimates of the B&S model for the S&P500 index (01/2017-
06/2021) and standard error of these estimates.

i o
Estimators PMCMC | 0.1099 | 0.1988
PMCMC std. err. 0.0657 | 0.0042

The log-likelihood is the lowest of the analyzed models, leading to the poorest
statistical fit. We obtain a very precise estimator of the volatility o, which is lower
compared to the mean volatility levels derived in the two previous models. The
mean rate of return y is also lower in the B&S model and has a quite high standard
error.

2.5.4 (Fractional) Riccati equations

In order to obtain the characteristic function of the log-cushion in the rough Heston
model, we need to solve the fractional Riccati equation (2.3.8). Based on Momani
and Shawagfeh (2006), we use an Adomian decomposition method combined with
Padé approximants to obtain numerically the solution of such fractional Riccati
equations. This method is highly effective and stable in order to capture the es-
sential behavior of the solution (¢, u) in the fractional Riccati case and provides
solutions that are consistent with the numerical scheme described in the classi-
cal paper of Diethelm et al. (2002) for finding solutions of fractional differential
equations. For the Heston model, we need to solve the ordinary Riccati equation
(2.5.4). No analytical solution can be found to this first-order nonlinear ODE and
we hence also resort to the Adomnian method of Momani and Shawagfeh (2006)
with a = 1 to derive numerically the solution (¢, u).

We now show how to compute the moments of different orders for the portfolio
value Pr = Cp + Fr at maturity. We mainly consider the Heston and rough
Heston models, which are two important members of our class of affine Volterra
processes Z. We also compare these results to the B&S framework for the log-
cushion dynamic.
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2.6 Moments

From the characteristic function of the log-cushion, the moments of order k of the
cushion Cr can be directly obtained by imposing iz = k. Indeed, we have

O3 (T, —ki) = E[e" 7] = E[e*er] = E[C}]. (2.6.1)
Based on the estimated parameters (2.5.1) of the Heston and (2.4.1) of the rough
Heston, it can be shown for k < 4 using Theorem 3 of Gerhold et al. (2019) that
sup{t > 0 : E[e***] < 0o} = oo and hence, that the first four moments of the
cushion are finite for any time horizon. We consider here the situation at time
s = 0 where the initial amount in the fund Py = 100 and where the guaranteed
amount G(= Fr) at maturity T'= 1 is 95. We find that Fy = 95¢~" = 94.77 and
hence that Cy = Py — Fy = 5.23.

For the multiple m, applying the extreme value approach of Bertrand and Pri-
gent (2016), we are able to provide an empirical upper bound of m based on our
dataset of past log-returns for the S&P500. Considering a management period
of 1 month (21 days, n = 12) and a risk tolerance £ of 0.5%, we find empir-
ically an upper bound m < 4.1117 such that the shortfall probability satisfies
PSE .= P[3j€[l,n]: Cy, <0] < € by following the methodology of these au-
thors. We therefore choose a value m = 4 satisfying this upper bound such that
the worst daily return anticipated by the fund manager over the investment hori-
zon is 25%. Using the models introduced above, we are able to find the k" order
moment of the cushion value Cr and we hence obtain the following Table 2.6.1 de-
scribing the expectation, standard deviation, skewness and kurtosis of the portfolio
value Pr at maturity, using the relation E[P¥] = E[(Cr + Fr)"].

Table 2.6.1: Comparison of the first four moments of Pr based on the characteristic
function of the log-cushion under each of the three estimated models.

Expectation | Std. dev. | Relative Skew. | Relative Kurt.
B&S 103.0599 7.5695 3.6458 33.5037
Heston 104.0626 8.1671 2.7833 55.3041
Rough Heston 104.2598 6.2334 2.1259 68.7292

First, we have logically that the expected value of the fund is lower in the B&S
model due to the lower rate of return p. We also see that standard deviation and
skewness are lower in the rough Heston model due to the much lower speed of
mean reversion \. However, the main difference comes from the 4t moment which
is higher in the rough Heston case and lower in the B&S model. These differences
can be explained by the absence of leverage effect in the B&S model and by the
roughness property of the variance process under the rough Heston case, as we will
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see below with Table 2.6.2. Note that moments of the fund obtained via simula-
tions such as in Prigent and Bertrand (2003) are consistent with the values derived
from our method based on the characteristic function of the log-cushion. Moreover,
the methodology derived in this Chapter 2 overcomes the instability and slowness
of these simulations and allows to accurately and efficiently obtain the moments of
the fund value Pr.

Finally, we want to emphasize the impact of rough volatility on the portfolio’s
moments. We therefore impose for the rough Heston model the same parameters
w, A, 0, v, p as in the Heston model (see Table 2.5.1) and we consider for the rough-
ness index « a value of 0.75. For the B&S model, we also take p = 0.1392 as in
the Heston model and ¢ equal to the average Heston volatility % fOTIE [\/‘75] ds =
0.2156. Using these comparable parameters, we obtain the following Table 2.6.2.

Table 2.6.2: Comparison of the first four moments of Pr based on the characteristic
function of the log-cushion under each of the three models with comparable parameters.

Expectation | Std. dev. | Relative Skew. | Relative Kurt.
B&S 104.0626 9.5189 4.3010 48.4466
Heston 104.0626 8.1671 2.7833 55.3041
Rough Heston 104.0626 8.1870 2.7220 116.7027

First, we have that the B&S model provides a standard deviation and a skewness
that are higher than in the other models. This is due to the negative correlation
p of the Heston and rough Heston models which decreases their moment values.
Therefore, since the B&S model does not take into account the leverage effect, it
tends to overestimate the moments of the fund Pr. Concerning the kurtosis, the
absence of heavy tails in the B&S model compensates for the absence of leverage
effect and we hence obtain a lower 4" moment than with the two other models.
Next, the main difference between the Heston and rough Heston models comes
from the 4" moment, with a much higher kurtosis in the rough Heston case. The
roughness of the volatility hence strongly impacts the tail of the portfolio distri-
bution and the occurrence probability of extreme events affecting the CPPI value.
Indeed, as explained in Paulot and Lacroze (2009), CPPI is very sensitive to tail
events and its value distribution mainly depends on the mean volatility and on the
left tail of the underlying distribution. Hence, this rough behavior of the underly-
ing’s volatility is crucial and must be taken into account in order to better model
the tails of the CPPI distribution and assess the true CPPI properties.

In a similar way as for the calculation of the moments of the portfolio value Pr,
we now show that we can derive efficiently and consistently several risk measures
as well as the density of Pr based on the characteristic function of the log-cushion.
These results will be obtained both with the true estimated parameters of each
model, as well as with the comparable parameters based on the Heston model as
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in Table 2.6.2.

2.7 Risk Measure and probability density

Based on Dhaene et al. (2006), we define the Value-at-Risk (VaR) in this chapter as
the e-quantile of the portfolio value at the chosen maturity 7. This risk measure is
used to appraise the shortfall risk and despite that it is not a coherent risk measure
(see Artzner et al. (1999)), the Value-at-Risk still remains an essential tool for asset
allocation. If ¢ € (0,1) is the minimum probability level accepted by the investor,
then the VaR is defined as the shortfall level, ¢, such that

VaR.(Pr):=inf{g e R|P(Pr <q)>e}=inf{g e R|P(Cr < q— Fr) > ¢}

= inf{qg e R|P(Xy <log(q— Fr)) > ¢}
(2.7.1)

where X1 = log Cr. If we then denote the probability density function of X7 by
fr(-), we then have

log(quoerT)
VaR.(Pr) = inf {q eR ‘ / fr(x)de > 5} . (2.7.2)

Another common measure of risk is the Tail Value-at-Risk (TVaR), which is the
expected shortfall level if the portfolio value breaches VaR.(Pr), defined as

TVaRE(PT) = E[PT|PT S VCLRE(PT)]
=E|[Cr + Foe™ | Cr < VaR.(Pr) — Fye'"]
=E[eX" | X1 <log(VaR.(Pr) — Foe'™)] + Foe'™ (2.7.3)

since we are interested for this chapter in the left-tail of the portfolio distribution.
Equation (2.7.3) can also be rewritten in terms of the pdf fr(-) as follows

1 flog(VaRe(Pr)—Foe'™)
/ e® fr(x) de + Foe'™ . (2.7.4)

TVaR.(Pr) = -
€ — 00

The TVaR is a coherent risk measure, also called expected shortfall and can iden-

tically be defined as the conditional tail expectation when applied to continuous

random variables.

The probability distribution of the log-cushion X7 (conditionally to X, and Vj)
under the above models is not analytically determined (except for the B&S model).
However, its characteristic function ®F (T, z), which is also the Fourier Transform
of its density, has a quasi-closed form under these models. By inverting numerically
the characteristic function of X, it is hence possible to determine its density of
probability and to compute numerically the VaR and TVaR by equations (2.7.2)
and (2.7.4). This numerical scheme, adapted from Hainaut (2011), relies on the
Fast Fourier Transform (FFT) algorithm and is detailed in Appendix 2.F.
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2.7.1 Application

2.7.1.1 Comparable parameters

The log-cushion density obtained numerically from the FFT algorithm (see Ap-
pendix 2.F) is first plotted below in Figure 2.7.1 for each of the studied models
based on the Heston parameters (as used in Table 2.6.2). The number of steps
involved in the FFT algorithm is set to M = 2048.
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Figure 2.7.1: Density of the log-cushion X at maturity 7" = 1 for the three models with
comparable parameters and m = 4.

We first observe that the log-cushion is normally distributed under the B&S model,
which explains the shape of the blue curve in Figure 2.7.1. Compared with the
other models, we see that the probability density function of the B&S log-cushion
is shifted to the right with more weight attributed to high values of the log-cushion.
We also see that log-cushion values are more dispersed around the mean in the B&S
model. This explains the higher volatility of the portfolio value P in Table 2.6.2.

The density functions of the log-cushion under the Heston and rough Heston mod-
els are extremely similar. Both are negatively-skewed with fat left tails. First, this
negative skewness of the log-cushion explains why the skewness of the portfolio
value Pr in Table 2.6.2 is lower than in the B&S model when taking the exponen-
tial of the distribution (but still positive since the effect of the exponential function
on the skewness overcomes the negative skewness of the log-cushion). Secondly, the
fatter left tail observed for the black and red curves below is the reason why we
obtain a higher kurtosis in Table 2.6.2, compared with the B&S model. Finally,
based again on Table 2.6.2, we also observe that this is logical to obtain very sim-
ilar densities between the Heston and rough Heston models since the three first
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moments are extremely close to each other. Only the kurtosis differs between these
two models, which is indeed confirmed on Figure 2.7.1 with a fatter left tail for the
rough Heston in red compared with the Heston curve in black. A higher multiplier
value m would have emphasized these effects.

Based on the probability density function of the log-cushion, we can now derive its
quantiles and hence use formula (2.F.3) to compute the VaR of the portfolio value
Pr. We then obtain the following Table 2.7.1 describing five percentiles of interest
for Pr (mainly describing the left tail of the distribution) with m = 4.

Table 2.7.1: Comparison of VaR.(Pr) for different levels ¢ between models (comparable
parameters) at T' = 1.

0.5% 1% 5% 25% 50%
B&S 95.6766 | 95.8388 | 96.5130 | 98.4903 | 101.2466
Heston 95.0566 | 95.1140 | 95.5953 | 98.2514 | 102.1060
Rough Heston | 95.0272 | 95.0674 | 95.4746 | 98.0959 | 101.9930

This Table 2.7.1 confirms and details Figure 2.7.1 of the log-cushion density. The
rough Heston model tends to have the lowest values for small percentiles (and hence
be the most risky) since it has the fattest left tail, closely followed by the Heston
model. We also clearly see that the B&S model exhibits the highest values for
small quantiles, which is again explained by its lower kurtosis. The trend reverses
for higher quantiles such as the median ¢ = 50%, where we obtain larger values
for the Heston and rough Heston models compared with the B&S model. We now
turn to the TVaR of the portfolio value Pr which is defined by formula (2.7.4),
and we obtain the following Table 2.7.2 for all our models with m = 4.

Table 2.7.2: Comparison of TVaR.(Pr) at levels 0.5%, 1%, 5% and 25% between models
(comparable parameters) for T' = 1.

0.5% 1% 5% 25%
B&S 95.5316 | 95.6478 | 96.1108 | 97.2603
Heston 95.0284 | 95.0569 | 95.2950 | 96.5821
Rough Heston | 95.0120 | 95.0310 | 95.2182 | 96.4484

By definition, we have that the TVaR is below the VaR at corresponding levels.
Again, we confirm that the rough Heston model has the fattest left tail and is
the most risky with significant probability attributed to very small values of Pr,
while the B&S portfolio value exhibits the highest TVaR for small percentile levels.
Finally, it can again be confirmed that the values of VaR and TVaR derived in
Table 2.7.1 and Table 2.7.2 are consistent and close to the values obtained from
simulations. However, simulation-based methods (Monte-Carlo, Hybrid scheme,
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etc.) are way more slow and less stable than working directly with the characteristic
function of the log-cushion, especially for the rough Heston model due to the non-
Markovian nature of its variance process.

2.7.1.2 True estimated parameters

We now derive the log-cushion density (Figure 2.7.2) as well as the VaR and TVaR
of the portfolio value Pr (Tables 2.7.3 and 2.7.4), based on the original parameters
of each model given in Table 2.6.1 since these parameters are those of true interest.
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Figure 2.7.2: Density of the log-cushion X at maturity 7' = 1 for each model with the
true estimated parameters and m = 4.

Table 2.7.3: Comparison of VaR.(Pr) at levels 0.5%, 1%, 5%, 256% and 50% between the
three models with the true estimated parameters and 7' = 1.

0.5% 1% 5% 25% 50%
B&S 95.7578 | 95.9212 | 96.5856 | 98.4303 | 100.8681
Heston 95.0566 | 95.1140 | 95.5953 | 98.2514 | 102.1060
Rough Heston | 95.1368 | 95.2596 | 96.1420 | 99.7313 | 103.4551

Despite having the highest kurtosis in Table 2.6.1, the rough Heston model with
the true estimated parameters is less risky than the Heston model with higher risk
measures in the rough Heston (VaR, TVaR) for small quantiles. Indeed, this can
be explained by the fact that the rough Heston model has a substantially lower
standard deviation and skewness in Table 2.6.1 compared with the Heston model,
which also impacts the riskiness and gap risk of the CPPI strategy (as we will see in
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Table 2.7.4: Comparison of TVaR.(Pr) at levels 0.5%, 1%, 5% and 25% between models
with the true estimated parameters and T = 1.

0.5% 1% 5% 25%
B&S 95.6096 | 95.7222 | 96.1842 | 97.2726
Heston 95.0284 | 95.0569 | 95.2950 | 96.5821
Rough Heston | 95.0699 | 95.1320 | 95.5921 | 97.6052

the next section). The impact of the kurtosis on these two models can however be
seen in Tables 2.7.3 and 2.7.4 with lower differences between risk measures at small
levels (0.5%, 1%, 5%) and higher differences at larger levels (25%, 50%). Figure
2.7.2 confirms these findings.

2.8 Discrete-time CPPI

Since we have assumed continuous trading on the whole investment horizon [0, T,
we cannot take into account the gap risk, i.e. the risk of violating the floor protec-
tion. We can indeed observe in Table 2.7.1 that the final value of the portfolio Pr
is systematically above the guarantee G = 95, even for very small quantiles. This
gap risk is however caused by liquidity constraints (see the Introduction) as well
as steep drops in the risky asset occurring before the fund manager can rebalance
the portfolio and it therefore needs to be managed. Such gap risk is discussed
thoroughly in Cont and Tankov (2009) and in Bertrand and Prigent (2016). Nev-
ertheless, both liquidity constraints and gap risk can be modeled in the setup of
Balder et al. (2009) where the price dynamic of the risky asset S is again described
by a continuous-time stochastic process but where trading is now restricted to
discrete times. In their framework, they consider the sequence 7" of equidistant
refinements of the interval [0,T], i.e. 7" = {t§ =0 <t} <...<t'_, <tn=T}.
This sequence represents the effective trading times and as above, we consider a
management period of one month so that n = 12 (since T' = 1). Following Balder
et al. (2009), the self-financing condition of the CPPI portfolio implies the following
recursive relation for the cushion C' with k=1,...,n—1:

Syn
Cir (m gt = (m— 1)eTT/"> if Cip >0
Ct;cl GTT/n if Ctz <0

Cpn = (2.8.1)

Balder et al. (2009) consider that the dynamic of the price S simply follows a
geometric Brownian motion and hence, they manage to derive closed-form for-
mula for the shortfall probability P*¥ = P(3k € [1,n] : Cyp < 0), for the
expected shortfall ESF = E[—Cin |3k € [1,n] : Cpn < 0] and for the gap risk
GPR = E [—C’m 1{3k€[1,n]:Ctk SO}]' In order to handle and compute these gap
risk measures associated with our Heston and rough Heston models, we need to
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simulate the price process in (2.8.1) under both models since no closed-form for-
mula exist for P9, ESF and GPR in such cases. We use the same simulation
techniques as described in Chapter 1, Section 1.6. For the rough Heston, we hence
again consider the time-efficient simulation scheme of Abi Jaber (2019) based on
a lifted version of the Heston model, which works well in practice. We first obtain
Table 2.8.1 with the comparable parameter estimates derived in Table 2.6.2.

Table 2.8.1: Shortfall probability, Expected shortfall and Gap risk for the three models
with comparable parameters.

pPSF ESF Gap risk
B&S 1.08 x 107° | 0.24237 | 2.62 x 10~©
Heston 0.0228 0.5100 0.0116
Rough Heston 0.0438 0.8125 0.0356

We clearly see that the rough Heston model provides the highest risk measures
due to its fatter left tail. The B&S CPPI strongly underestimates the gap risk and
gives measures way below the two other models. Moreover, we have the following
Table 2.8.2 giving these different risk measures based on the true estimated param-
eters.

Table 2.8.2: Shortfall probability, Expected shortfall and Gap risk for the three models
with m = 4 and the true estimated parameters.

pSF ESF Gap risk
B&S 1.65 x 107% [ 0.1990 | 3.28 x 10~ 7
Heston 0.0228 0.5100 0.0116
Rough Heston 0.0053 0.4373 0.0025

What is fundamental to note is that the rough Heston model with the true esti-
mated parameters provides a shortfall probability in accordance with the empir-
ical one associated with a multiple m = 4. Indeed, recall from Section 2.6 that
the estimated shortfall probability € based on the empirical log-return data with
m = 4.1117 is equal to 0.5%. Hence, we see that the B&S model strongly under-
estimates the shortfall probability of the CPPI strategy while the Heston model
overestimates it and tends to be too risky. The fact that the rough Heston model
manages to remarkably reproduce such empirical shortfall probability means that
rough volatility models indeed better reproduce tail events and are more consistent
with the gap risk derived from empirical log-return data. This again confirms the
importance of taking into account the roughness of volatility when considering and
assessing CPPI strategies. Note that the client of a CPPI fund may be insured
against this gap risk in such a way that he can recover from the bank the loss
made if the fund breaks the floor. In this case, the share of a CPPI fund is a
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financial product with an optional component, i.e. the sum of a self-financing port-
folio corresponding to the uninsured CPPI strategy and a put option with payoff
—Cr1l (ke n]: 0 <0} Practically, our methodology allows to better assess these

gap and liquidity risks since it provides a better modeling of the tails of the CPPI
distribution and since it is more consistent with financial data. Clients and prac-
titioners can hence better hedge against these risks. Moreover, transaction costs
could also be taken into consideration with this discrete setting, see Balder et al.
(2009).

2.9 Conclusion

This chapter proposes to derive and study the properties of CPPI strategies based
on the characteristic function of the log-cushion. The class of affine Volterra pro-
cesses appears to be particularly adapted for building such CPPI strategies in fric-
tionless markets since their log-cushion’s characteristic function is given in quasi-
closed form and can be evaluated rapidly using numerical schemes. This method
hence generalizes the results previously established in the literature for a large class
of models, especially when the variance process associated with the risky asset is
non-Markovian in the current variance state. Through the choice of the coefficients
a and b as well as the convolution kernel K of affine Volterra processes, various and
more realistic dynamics can be envisaged for the underlying risky asset on which is
defined the CPPI strategy. In particular, we investigate the CPPI strategy under
rough volatility with the rough Heston model (using a power law kernel K') since
this model is known for being extremely consistent with time series of historical
volatility. We then show how to obtain effectively very accurate results from the
characteristic function of the log-cushion, such as the moments, density, several
risk measures as well as some gap risk measures for the portfolio value Py. More-
over, the Heston model, which also belongs to the class of affine Volterra processes
(with an identity kernel), is further studied in this chapter and we again get re-
sults in a more effective and accurate way using the characteristic function of the
log-cushion, compared with classical simulation-based methods. For the sake of
comparison, this characteristic function is also given under the simple B&S frame-
work.

These three models are estimated directly under the real probability measure based
on the PMCMC procedure of Andrieu et al. (2010) from a dataset of S&P500 daily
log-returns. In particular, this PMCMC algorithm is adapted to the rough Heston
case so as to take into account the non-Markovianity of its variance process. This
allows to deviate from the existing calibration procedures for the rough Heston
model, exclusively based on risk-neutral data, and to provide a better statistical fit
of the past time series of log-returns. From this econometric estimation of the con-
sidered models, we emphasize the importance of taking into account the roughness



2.9. Conclusion 81

of volatility for providing a better modeling of the left tail of the CPPI distribution.
This roughness property of volatility has indeed a strong impact on the kurtosis of
the CPPI distribution and since the CPPI strategy is very sensitive to tail events,
we show that the rough Heston model enables to study more accurately the true
properties of the portfolio value at maturity. These effects are confirmed with the
analysis of the log-cushion density under each model as well as with the study
of several risk measures such as the VaR and TVaR. Finally, in a more practical
way, we show that the rough Heston best models the gap risk associated with the
CPPI strategy. It therefore provides a better protection of the guaranteed amount
at maturity for the client and allows the issuer to build a more accurate hedging
strategy.
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2.A Fractional Calculus

We define the fractional integral of order r € (0,1) of a function f as

Irf(t):ﬁ/o (t— s)" " f(s) ds,

whenever the integral exists, and its fractional derivative of order r € (0,1) as

1 d

D10 = gy L = @) ds,

whenever it exists. If we take the power-law kernel K (t) = t"~1/I'(r), the fractional
integral and derivative are given by the following convolution operator

PR =KD @), DU = S ().

2.B  Proof of Theorem 2.1

The proof closely follows the one of Gatheral and Keller-Ressel (2019) and expands
their results in the context of CPPI. Let
T
Gs = (g% &)s(T,u) = / g(T —r,u)és(r)dr, (2.B.1)
M = exp (uYs + Gs) . (2.B.2)

Hence, it directly comes from (2.3.5) that M is a martingale. It is also shown in
Gatheral and Keller-Ressel (2019) that G can be rewritten as an Ito process of the
form

T s s
G.= [ ot —rwaiar— [ o —raidr+ [ n@uaw,. (283)

where .
hs(T,u) = (g*n)s(T,u) = / g(T — r,u)ns(r)dr.

This equation 2.B.3 for G is obtained using the stochastic Fubini theorem which
requires the Assumption 2.1 of Gatheral and Keller-Ressel (2019) imposing the
two following conditions on 7(-) :

(a) For dt ® dP-almost all (¢,w), it hold that t — ns(s+t,w) is non-negative and
decreasing on (0,7).
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(b) For any T > 0, the following integrability condition holds almost surely :

/OT </OT 773(7")2d3) - dr < co.

In particular, these conditions are satisfied in the rough Heston model with n,(¢) =
\VVsk(t — s), as defined in (2.2.4). We now expand their results and show that
the CGF is still affine when considering the following dynamic for Y (see equation
(2.3.4)) :

1
dYy = —§m2 Vs ds +mn/Vy dWs .
Then, applying It6’s lemma to M, = exp(uY; + G5), we have that

dM,

A (dWy terms)

1 1
+ (2m2(u2 —u)Vs — g(T — s,u)Vs + mup~/Vy hs(T,u) + 5hs(T, u)2) ds .

Since we know from Section 2.2 that ns(T) = /Vs k(T — s), we find the following
simplification for (T, u) :

T—s
ho(Tu) = (g% m)s(Tsu) = W/ o(T — 5 = ryu)s(r)dr = \/Va (g % 5)(T — 5)..

Therefore, if we define

1 1
R,(m,u,w) = §m2(u2 —u) + mpuw + iwz , (2.B.4)
we find that
M,
T (dWy terms) 4+ (R, (m,u, (gx &)(T —s)) — g(T — s,u)) Vs ds.

In order to have that M is a local martingale, we need to cancel the terms in ds
and we hence find the following expression for g(-, u),

g(t,u) = R, (m,u, (g% k)(t,u)) = R, (m,u,/O Kt —1)g(r, u)dr) ,  (2.B.5)

Finally, following Gatheral and Keller-Ressel (2019), one can show that M is a true
martingale and then, expression 2.B.5 enables to compute the CGF of the forward
variance model (Y, §) using

T
logE [eWT*Ys) ]-'S] :/ 9(T — r,w)és(r)dr . (2.B.6)

O
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2.C Algorithms

Algorithm 1 Particle filtering of the rough Heston model.

Initial step : draw N values of v(()z) for + = 1,..., N from the initial distribution
f(vo), which is assumed to be uniform U .36

Main procedure :
for j =1tondo

Prediction step : _
Draw a sample Awi(l) from a A (0, \/E), i=1,...,N.
Update v](-i) using the relation :

o a0+ 3 O (0 o) e T G D sy

Correction step :
The particle py) = (vk ,Awi( )) ~has a probability of occurrence
J

Flry[9$)
i £ 1)

B = (2.C.1)

where

v 2(i
(H >A P V= 1ij()

«/1—p21/v](-1)1\/g

Fry 1) = o

Resampling step : _
Resample with replacement N particles with importance weights ﬂ](Z).

The initial importance weights are then set to ;7 = 1/N.
end for
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Algorithm 2 Metropolis Hastings algorithm.
Main procedure :
for k=1to K do
Simulate ¥ ~ q(¢ |9)
Take

g ¥ with probability p(dy,9")
S ¥ with probability 1 — p(dy, ")

where p(9y, 19/) is the acceptance probability

(00 = min{ £ |7) q(9 |19')71}

F@r|r) q(9" | V)

end for

2.D Proof of Theorem 2.2

For an investment horizon T, we define M, = eVt, with U, given by

Uy = o(T — ) + x(T)Vi — /0 X (T — 8)Vads + /0 (T — $)dLy + 0(T - 8)Ys

t t
= (T —t) + x(T)Vp — / X(T = s)Vids + / o(T — 8)dLs + w1 Yy, (2.D.1)
0 0

since ¥1 = uq due to the form (2.5.14) and where dL; = (8 + bV;) ds+ (O + a\/VS) dﬁ\/s
as in Section 2.5.2 to ensure that the process Z = (Y, V)T is an affine Volterra
process. Using Itd’s lemma on M; = eV*, we have

O /(T 1)~ X (T — )Vt 4 9T 1)(B+ W)t + (T — 120V, di
t
1

+ imQ(u% —u)Vedt + ppo(T — 1) (0 + a\/Vt) uyma/ Vi dt + (dW; terms) ,

which gives

dAJZt = (= (T — )+ R (@ha(T — £)))dt+ (=X (T — ) + R (T — 1)) Veddt-+(dW, terms),

where from Theorem 2.2

Ra(¥2) = Bi2,
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and

1 2

Ru(v) = 5m* (7 = ¢1) + (b+ mibrpa)ys + %ug
2

- %mQ(U% —ur) + (b+ muspa)ys + 3

Hence for M to be a local martingale on [0, T], we find that ¢ = Rg (1)) and that
X' = R (¥). Imposing that ¢(0) = 0 and x(0) = us and using the definition of Uy
as well as the form (2.5.15) of v, it is straightforward to show that

Ur = d)(O) + X(O)VT +u1Yr = uVp +uq Yr (2D2)

Since we assume that K satisfies (2.5.10) and that u € C? with Re u; € [0,1] and
Re uy < 0, the Riccati-Volterra equation (2.5.15) has a unique global solution )9
and M is a true martingale, as shown in Theorem 7.1. of Abi Jaber et al. (2019).

Hence, since M is a true martingale, we have with u = (u1, uz) and Z = (Y, V)"

that
]E[GUZT} _ E[6u2VT+u1YT] _ ]E[MT] =My = €¢(T)+X(T)Vo+ulyo )

2.E Proof of Corollary 2.3

We build the exact same proof as in Theorem 2.2 based on the same assumption
on K except that we now impose us = 0 such that x(0) = 0. Hence, the terminal
value Ur of the process U defined by (2.D.1) is now

UT = (25(0) + X(O)VT + U1YT = U1YT .
Since M is still a true martingale when uy = 0, we have that
E[e"27] = E[e"¥7] = E[eU] = E[My] = My = e/D+xDVisuti,
and the solution ) now becomes

/(/)1 =Uuy,

Yo = K*Ry(v). (2.E.1)
Finally, recall from (2.3.4) that the dynamic of the log-cushion is denoted X; and
is given by

dXy=(r+m(p—r))dt+dY;.
Hence, the Fourier-Laplace transform of the affine Volterra process Z = (X, V)T
with us = 0 becomes
]E[euéT} _ E[eulXT] — €¢(T)+X(T)Vo+u1(X0+(T+m(#*7”))t) .

And finally the characteristic function of the log-cushion ® (7, z) under the general
affine Volterra process Z is obtained by replacing u; by iz, z € R. O
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2.F Fast Fourier Transform

We present here the approach used to determine numerically the density of prob-
ability of the log-cushion X7, which then allows to obtain the VaR and TVaR of
the portfolio value Pr for each model. First, the characteristic function of X,
denoted ®F (T, z), is by definition the Fourier Transform of the density fr(z) of
XT :

+o0
OF(T, 2) = E[e*XT] = / e fr(x) da .

—00

Since we know the characteristic function of Xy for the B&S, Heston and rough
Heston models, we can derive the density function fr(x) using the Fourier inversion
theorem which states that

| , 1 [t ,
fr(z) / S5 (T, 2)e *%dz = f/ OF(T, 2)e * dz, (2.F.1)
0

27 J_ o T

where the second equality results from the symmetry of the integrand. Next,
we illustrate how to derive the density function fr(x) from equation (2.F.1) via
the Fast Fourier Transform (FFT). FFT is an efficient algorithm for computing
the following transformation of a vector (a,, m=1,...,M —1) into a vector
(Bm, m=1,...,M — 1), where M is typically a power of 2 :

= 2mi
/Bm = Z exp (_M]m> Qg
§=0
This method is quicker than computing the discretization of the integral (2.F.1)
since the FFT algorithm computes in only O(mlogm) operations (rather than
O(m?)). The first step of the FFT consists in discretizing the integral (2.F.1). We
denote Az the step of discretization and M the number of steps. The discretization
mesh is defined by
[5) = (jAz]0<j < M1},

We then need to define a mesh of discretization for the density values fr(z), spaced
by Az and counting the same number M of elements as {z;}. The mesh of the
density is then

{Zm} ={—Tmin + MAZ|0<m <M —1},

where Zmin = 222 and with the following condition on the steps of discretizations
AzAz = 22 Therefore, we can reformulate (2.F.1) into the following form

1 +oo x ] 1M—1 x ]
)=~ OX(T, 2)e mdy = = S X (T, 2;)e%%m Az
friea) == [ O (@ 2)e = ds = 3T BT )0 A

™ °
j=0
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and hence obtain

M—
Z —1i Mjm ZZJZL’mln (I)X (T Z])AZ . (2F2)
H/—/ =0 e
Bm &

This way, we can apply the FFT with o; = %% %min OX(T, zj)Az in order to obtain
the output vector 8,, = 7 fr(x,,) form =0,..., M —1. Finally, once we estimated
the density via the FFT, we can easily derive the e-quantile of X7 denoted z..
Using equation (2.7.1), we find that the VaR at level € of the portfolio value Pr at
maturity is equal to

VGRE(PT) = e%* + FT . <2F3)
The TVaR at level € of Pr can then be computed by discretizing (2.7.4) :

1
TVaR.(Pr) = = > e fr(zm) Az + Foe'™ . (2.F.4)
© T T <log(VaRe (Pr)—FoerT)



Part 11

IlIiquidity modeling with
fractional processes






CHAPTER 3

A subdiffusive stochastic volatility jump model

We start the second part of the thesis by modeling the illiquidity process associated
with low-frequency observations of asset prices using subdiffusions (or fractional dif-
fusions). Indeed, subdiffusions appear as good candidates for modeling the price
of illiquid assets in financial markets since they are obtained from subordination,
where a standard diffusion is time-changed by an inverse subordinator representing
the illiquidity process of the associated asset price. Existing subdiffusive models of
asset prices are then able to capture the motionless periods in the quotes of thinly-
traded assets. However, they fail at reproducing simultaneously the jumps and the
time-varying random volatility observed in the price of these assets. The aim of
this work is hence to propose a new model of subdiffusive asset prices reproducing
the main characteristics exhibited in illiquid markets. This is done by considering
a stochastic volatility jump model, time-changed by an inverse subordinator. We
derive the forward fractional PDEs governing the probability density function of
the introduced model and we prove that it leads to an arbitrage-free and incom-
plete market under a suitable change of measure. By proposing a new procedure
for estimating the model parameters and using a series expansion for solving nu-
merically the obtained fractional PDE, we are able to price various European-type
derivatives on illiquid assets and to depart from the common Markovian valuation
setup. This way, we show that the introduced subdiffusive stochastic volatility
jump model yields consistent and reliable results in illiquid markets.

Dupret, J. L., & Hainaut, D. (2023). A subdiffusive stochastic
volatility jump model. Quantitative Finance, 23(6), 979-1002.

3.1 Introduction

Small capitalization stocks tend to exhibit motionless periods in their share price
corresponding to a lack of liquidity associated with these assets. This occurs when a
stock stops being exchanged by the investors during several days, weeks or months.
This feature is also common in emerging markets in which the number of partici-
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pants, and thus the number of transactions, is rather low. Such periods of constant
values can be observed on the upper plot of Figure 3.1.1, which depicts the price of
Quadpack Industries (ALQP), a small capitalization listed in the Eurolist Group
C. As Brownian motions and infinite activity Lévy processes move infinitely of-
ten in any given time interval, they are not suitable for modeling these periods of
illiquidity in financial markets. A similar behavior is however observed in physi-
cal systems exhibiting subdiffusion, a well-known and established phenomenon in
statistical physics. The usual models of subdiffusion are developed in terms of
fractional Fokker—Planck equations (FFPE) which were first derived in Metzler
and Klafter (2000) from continuous-time random walks (CTRW) with heavy-tailed
waiting times/trapping events. These FFPE hence provide an appropriate proce-
dure for describing transport dynamics with trapping periods in complex systems,
such as heavy particles’” movements in Metzler and Klafter (2004). Subdiffusive
dynamics can also be obtained from subordination, where a standard diffusion
process is time-changed by the so-called inverse subordinator, as in Magdziarz
(2009b). Therefore, the observed motionless periods without trades in financial
markets can be considered as the equivalent in physical systems of the trapping
events during which the subdiffusive particles get immobilized. This explains why
tick-by-tick CTRW and their related FFPE have been heavily used in finance and
econophysics as early as the 2000s (see Mainardi et al. (2000), Scalas et al. (2000),
Bouchaud et al. (2003) or Scalas (2006)) and this justifies their ability to describe
the dynamic of asset prices in illiquid markets. Fundamental theoretical results on
subdiffusions and their probabilistic properties are provided by Meerschaert and
Scheffler (2004), Jurlewicz et al. (2012) and Meerschaert and Scheffler (2008).

From this similitude between particles transport and illiquid asset dynamic, the
class of subdiffusive Lévy processes was introduced as models of asset prices in
thinly-traded markets. This class contains anomalous diffusions where the CTRW
limiting diffusion consists of a Lévy process time-changed by an independent inverse-
stable subordinator. Several instances of these models have already been investi-
gated in the literature. In terms of the generating FFPE, such a class has been stud-
ied in Cartea and del Castillo-Negrete (2007). The particular case where the parent
Lévy process is a compound Poisson process was introduced in Cartea and Meyer-
Brandis (2010); the Brownian motion case has been investigated in Magdziarz
(2009a) where it is shown that the considered model is arbitrage-free but incom-
plete, and where the corresponding subdiffusive Black & Scholes (B&S) formula for
the fair price of European options is obtained. A general treatment when the driv-
ing noise is a generic Lévy process has been recently provided in Torricelli (2020)
and in Jacquier and Torricelli (2020), along with general Fourier option pricing
techniques for Lévy-type subdiffusions. Moreover, the classical models of Mainardi
et al. (2000) and Scalas et al. (2000) also admit a representation of the subdiffusive
Lévy form. This class of models is strongly supported by the econometric analysis
of Dufour and Engle (2000), and confirmed in numerous empirical studies later on.
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The evidence is that trading activity is negatively correlated with price impact and
with the volatility of the asset price: the fewer the trades (longer duration) the
more sluggish the price innovation, the lower the price impact and the lower the
volatility, while a higher trading intensity (short duration) is coupled with high
price impact, high volume and high volatility.

A second stream of literature introduces subdiffusive models of asset prices based
on fractional Brownian motions (fBm). Indeed, Gu et al. (2012), Guo and Yuan
(2014), Wang et al. (2012) and Shokrollahi et al. (2016) propose an extension of the
subdiffusive B&S model of Magdziarz (2009a) by introducing asset dynamics based
on subdiffusive fBm. They managed to build a pricing equation for European calls
under various assumptions. However, since fBm are neither Markov processes nor
semi-martingales, it has been shown in Cheridito (2003) that fBm models admit
arbitrage in frictionless markets. This hence forces these authors to consider mod-
ified dynamics inspired from fBm (cf. Shokrollahi et al. (2016) or Guo and Yuan
(2014) with mixed fBm) or to impose proportional transaction costs in a discrete
setting, as in Gu et al. (2012).

We then aim in this work at enlarging the above class of Lévy subdiffusions by
considering a subdiffusive model that conjugates both stochastic volatility and
jumps so as to reproduce the main characteristics observed for low-liquidity stocks
in financial markets. Indeed, we first observe that these thinly-traded stocks sys-
tematically exhibit jumps in the sample path of their price process. This can be
interpreted by the the arrival of news in the market which suddenly change the an-
ticipations of investors and make them trade the stock again. These jumps in price
can clearly be seen on Figure 3.1.1 for the share of ALQP, which exhibits similar
sample paths as the majority of small capitalizations (see e.g. stocks listed in the
Eurolist Group C). Secondly, there are no existing subdiffusive models driven by
a stochastic exogenous volatility process that can be fitted to the market so as to
reproduce the clustering and leverage effects occurring in practice in the volatility
data time series, as observed e.g. in the second plot of Figure 3.1.1 representing the
annualized historical volatility of ALQP. Enlarging the class of Lévy subdiffusions
by introducing a subdiffusive stochastic volatility model with jumps in the price
process will hence enable to take these two aspects into account simultaneously in
illiquid markets while also reproducing the well-known volatility clustering effect
and the observed heavy tails of the return distribution. Finally, in the context of
the classical B&S model, it is well known that time changing Brownian motions by
a non-Markov subordinator (such as the first hitting time of a Lévy subordinator,
see e.g. Stanislavsky (2003) or Meerschaert and Scalas (2006)) allows to introduce
the empirically observed long-memory effect in stock returns, as investigated in
Ding et al. (1993). The chosen subordinator in Stanislavsky (2003) is an a-stable
process so that the memory effects are characterized by only one parameter (the «
parameter). We therefore consider in this Chapter 3 a mean-reverting stochastic
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volatility model with price jumps, time-changed by an inverse subordinator. We
will show that this so-called subdiffusive stochastic volatility jump (SSVJ) model is
indeed arbitrage-free, that it generates realistic sample paths incorporating periods
of constant values and that it allows to reproduce the true dynamic of asset prices
in illiquid markets.
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Figure 3.1.1: The upper plot depicts the stock price of ALQP over a 5-year period. The
bottom plot represents the annualized historical volatility of ALQP computed using a
monthly time window.

As the approach we propose in this chapter focuses on low-frequency observations
of illiquid asset prices, we neglect the bid-ask spread observed in practice. This
is however not the only possibility to deal with illiquidity in asset price modeling.
One may think of a high-frequency trading approach, see Chapter 5. Such an ap-
proach would consist in explaining the illiquidity of assets by either the absence of
buy or sell orders in the market, or by the existence of a large bid-ask spread in the
limit order book, see Cartea et al. (2015) or Bacry and Muzy (2014). A possible
way to introduce illiquidity in such a high-frequency approach could be to time-
change the arrival of orders by an inverse subordinator. Another idea would be to
directly fit this SSVJ model to high-frequency data where jumps would represent
the occurrence of (buy/sell) market orders, the constant parts of the process would
model the periods without trades and the diffusion part would state for the noise.
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The contributions of this chapter are multiple. We first show how to price fi-
nancial derivatives under the SSVJ model by deriving new FFPE that allow to
describe the behavior of this newly introduced model. We generalize these forward
fractional equations to a whole class of Lévy subordinators (with no drift) and we
show that they are also valid if seen from a later time after inception, conditionally
to some information available at that time. This is achieved by proposing a new
estimation procedure that allows to depart from the common Markovian valuation
setup. We next define a change of measure and from it, we show that we can
obtain a risk-neutral measure QQ for our model, leading to an arbitrage-free and
incomplete market. Based on this risk-neutral measure and on the FFPE satisfied
by the SSVJ model, we are able to price various European-type financial products
(at inception and at any subsequent times). However, even if subdiffusions appear
as good candidates for modeling illiquidity, option pricing and risk management
in this framework remain a challenging task. We therefore show in the practical
part of the chapter based on a a-stable subordinator how to solve numerically via
a series expansion the FFPE driving the (Fourier-Laplace transform of) the bi-
variate probability density of the subdiffusive log-stock price and its time-changed
variance process. Finally, we contribute with this chapter to provide a full econo-
metric estimation of the subdiffusive SVJ parameters based on the time series of
observed log-returns using the Particle Monte-Carlo Markov Chain algorithm. So
far, only the parameter driving the motionless periods of illiquid asset prices has
been estimated in Janczura and Wylomariska (2009) and we therefore propose a
new procedure for evaluating simultaneously all of the model parameters.

3.2 A Fokker-Planck equation for jump-diffusion
models

We start by deriving the classical Fokker-Planck equations (FPE) satisfied by the
SVJ model in the non-subdiffusive case. From these FPE, we will manage in the
sequel of this chapter to build their fractional counterpart so as to describe the
behavior of the subdiffusive SVJ model. We hence consider in a first step the
following classical jump-diffusion model' under the physical measure P :

dA;

= pdt+ VVedWyy + (¢ — 1) dNy, (3.2.1)
‘-

AV =k (y—=Vo)dt + o/ Vi dWay, (3.2.2)
where A;- = limg_,; A is the left limit of the price process (so as to ensure the

predictability of the integrand). Here and in the rest of the article, W; (j =1,2),
are two correlated Brownian motions defined on (Q, F4,F4:= (F),5,,P) such
that Cov[Wy, Wa¢] = pt. We define N = (Ny),~, as a Poisson process with

1 A; denotes in this chapter the asset price at time ¢ since St is used for the inverse subordi-
nator. The Heston parameters k, v, o are also adapted compared with Chapters 1 and 2.



96 Chapter 3. A Subdiffusive SV.J model

intensity parameter A; > 0 (i.e. E¥ [N;] = Ast) and which is independent from W,
and Ws. The random variable J with probability density function (pdf) f;(-) and
support in R describes the magnitude of the jump when it occurs and is assumed
to be fé“—measurable. Finally, we need to impose EF[e?/] < oo such as to have
the desired (square-integrable) martingale property of the discounted price process
(e7" Ay)¢>0 under the risk-neutral version of the SVJ model, see Propositions 8.8
and 9.8 of Tankov (2003). Note that all the results in the sequel of this chapter
could be extended using a more general square integrable Lévy process in the jump
diffusion (3.2.1). Applying It6’s Lemma for semimartingales (Proposition 8.19 of
Tankov (2003)) since equation (3.2.1) is the Dolean-Dades exponential of a Lévy
process, we find the following dynamic for the log-price X; := In Ay,

1
dX, = (,L - 214) dt +/Vi dWy, + JdN, . (3.2.3)

Hence, the specification of the SVJ model implies that the jump size of the log-price
process Xy — X, is equal to the random variable J, when a jump occurs. Let us
write p(t, z,v|s, x5, vs) the conditional bivariate pdf of (X, Vi | X = xs, Vs = vs).
This function is such that

82

p(t,x, v, Ts,vs) i= 6x8vP<Xt <x,Vi<wv|Xs=a5, Vs =vs). (3.2.4)

This pdf is solution of a forward partial differential equation (PDE) as derived
e.g. in Bates (1996) and follows directly from the standard theory of infinitesimal
generator for jump diffusions (and more generally affine diffusions). More precisely,
the conditional bivariate pdf p(t, x,v|s, zs,vs) at time t > s of the pair (X, V4) is
solution of the following Fokker-Planck equation (FPE) :

gpttol) == [ (= 5o ) st )] = L= pteao] ]

L e 4 2L [epttae] )]+ 2o povp(ta] -]

5552 P2 v 552 L7 VPt 2,0 Segy POUPE 7,0

+/\J/p(t,I7‘]‘,’1}")f‘](j)dj*)\(]p(t,l‘,’[w') (325)
R

with initial condition p(s,z,v | s,2s,vs) = 0{g—z, v=v,}, Where 0.y is the Dirac
measure located at z. This FPE is hard to solve due to the initial condition involv-
ing a Dirac measure. Numerical methods for computing such forward PDE indeed
fail to be reliable since the initial condition cannot be evaluated properly. We hence
focus on the forward PDE of the Fourier-Laplace transform of the density, which
is way simpler than equation (3.2.5) and which will allow to obtain more stable
numerical results since its initial condition does not rely on a Dirac delta anymore.

Summarizing Dragulescu and Yakovenko (2002), let us first denote by ¢(¢, z1,v |
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S, &s,vs) the Fourier transform with respect to x of the conditional bivariate pdf
p(t,x,v | s, xs,vs) of the pair (X¢, V). This Fourier transform is defined as follows
with z;1 € R :

oo
o(t, 21,0 | 8,5, 05) := / e p(t,x,v | 8,25, 05) d

— 00

and we thus have that the inverse Fourier transform is given by

[
p(t,x, v | S, Ts, vs) = \/7277'(‘/ e ¢(ta 21, | vasvvs) le . (326)

Inserting (3.2.6) into (3.2.5) and simplifying the known information {X; = x4, Vs =
vs} by {-}, we have

%¢(t,zl7v|~) = —% [6(y —v) @(t, z1,v|- )]+ As (fj(zl) —1) ot z1,v|)
0_2 82

b (- t0) —iorn 2o - T L om0l 327)
5V Tz (p =g ipoz1 g0 = S o5V sz, (3.2

where ]’”;(21) is the Fourier transform of f;(-). The equation (3.2.7) is simpler than
(3.2.5) because the number of variables has been reduced to two, v and ¢, whereas
z1 only plays the role of parameter. Finally, since v is positive and since (3.2.7)
is linear in v and quadratic in a%v it can then be simplified by taking the Laplace
transform over v :

“+oo
o(t, 21,22 | 8,5, V) :/ e 2Yh(t, 21,0 | 8,x5,0s) dv. (3.2.8)
0
We therefore retrieve the following well-known result in the theory of jump diffu-

sions. The Fourier-Laplace transform ¢(t, 21,22 | -) of the joint pdf p(¢,z,v|-) in
the SVJ model is solution of the following classical forward PDE

g¢(t,21722 |-)=— (H’Y«Zz +izip— Ay <fJ(Zl) — 1)) ot z1,22])

ot
0
) 8722¢)(t, 214,22 | . ) 5 (329)

2,2 2 _ .
0°z5 &2y —im

2 2

+ <22(/<; +ipozy) —

with initial condition ¢(s, 21,20 | 8,7s,v5) = e ¥*1%:722%s and boundary condi-
tion ¢(t,0,0 | s,x5,vs) = 1. This first-order partial differential equation is solved
analytically in Drigulescu and Yakovenko (2002). Their analytical expression is
however not useful in the subdiffusive case, as we will see in Section 3.4.

3.3 Subordinators

Subordinators are R*-valued stochastic processes, denoted U = (Uy),~., with non-
decreasing sample paths and starting from Uy = 0. Let U be defined on the prob-
ability space (Q,FY,P). One of their most important probabilistic applications
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is their use as stochastic clock for time-changed processes. Moreover, we consider
Lévy subordinators for which increments are independent and homogeneously dis-
tributed. Interested readers may refer to Applebaum (2009) for an introduction to
such Lévy subordinators. We then have from the Lévy-Khintchine formula that
the Laplace transform of Lévy subordinators has the following form

EP (e AVr) = et/ (3.3.1)

where f(A) = bA + [;° (1 —e?*)v(dz) and b > 0. The function v(:) is a non-
negative measure on (0, 00), known as the Lévy measure and satisfying the require-
ment [ (2 A 1)v(dz) < oo. The inverse of a subordinator is a process denoted by
S = (5¢),>( and defined by

Sy :=inf{r >0:U; >t} . (3.3.2)

This is the first passage time of U above the level ¢t. This inverted Lévy sub-
ordinator is in general no longer a Lévy process. However, S is still positive and
non-decreasing and hence, it has all the required properties to be used as a stochas-
tic clock. Moreover, S is an almost surely (a.s.) locally bounded family of stopping
times, diverging a.s. to infinity for large times, which is desirable in order to be a
realistic random clock (and more precisely a time change, as defined in Chapter
10 of Jacod (1979)). We only consider in the sequel of this chapter a.s. strictly
increasing subordinators U with infinite activity fooo v(dz) = oo since in this case,
the inverse subordinator S is a.s. continuous?. Moreover, by construction, the
inverted process S may be constant over some intervals of time. Therefore, any
process subordinated by S tends to exhibit motionless periods. The probability
density functions of U; and S; are respectively denoted by py(7,t) = %]P’(UT <t)
and g(t,7) = ZP(S; < 7). By definition, we have that P(S; > s) = P(U, < t).
In order to use our SSVJ model for risk management and hedging as well as to
price financial derivatives after their inception, we need to establish the features
of Sy — S, conditionally to the available information up to time s. Most of the
literature focuses on the properties of S seen from time 0, when Uy = Sy = 0.
In an actuarial context with a-stable subordinators, Hainaut (2021) extends these
properties when the process S is considered from a later time s. However, S; is by
nature non-Markovian and its natural filtration up to time s < t is not sufficient to
draw any conclusion about Sy —Ss. We hence need to adjunct additional informa-
tion about the subordinator that is inverted. It is shown in this paper that most of
the properties available at time 0 admit an extension at later time s if the available
information is the value of S and Ug,, where Ug is known in Bertoin (1999) as the
first-passage process. We can now easily extend the results of Hainaut (2021) when
considering general subordinators of the form (3.3.1). First, let us denote the nat-

ural filtration of S by FS = (.Fts)t>0, the natural filtration of U by FU = (.7-"tU)tZO

2This assumption can be relaxed by considering lazy clocks as subordinator U since it keeps
the martingale (and hence semimartingale) property of the time-changed process needed in the
following sections, see Profeta and Vrins (2019). This should be studied in further research.
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and the natural filtration of (S, Ug) by F$V°s = (.7:,5S’U°S)t>0, which are assumed
to be independent from FA. It is clear from the definition (3.3.2) and from Jacod
(1979) that S; is a stopping-time for any ¢ > 0 with respect to the filtration FY
and we can hence introduce the following stopped sigma-algebra

Fe ={AeFL An{S;<u}eF] forall uz>0},
where F = \/t20 FY. We then have the following proposition.
Proposition 3.1. (i) For allt >0, F C F§ and FoUes — Fy.

(i) The bivariate process (S,Us) is a Markov process with respect to its natural

filtration FSU°S,
(i1i) Lett >0 and x1 > 0. Then,
{Us, ZIl}{Q fo <t

{Sy=S8,1 ifar >t

Proof. (i) and (i7) are standard and can be found in e.g. Meerschaert and Straka
(2014) or Scalas and Toaldo (2021). The proof of (iii) is relegated in Appendix
3.D. O

The implications of this proposition are of utmost importance. The Markov prop-
erty of (ii) is key to obtain all the following results of this section by conditioning
only on the last values of S, Ug, at time s < ¢, instead on the whole sigma-algebra
FSUS e,

P(S, € A| FSUS) =P(S, € A| S,,Us.),

for A € Bg+, t > 5. However, property (i) implies that (S, Us) is not F%-adapted
and that we are conditioning on values that are unobserved at time s. Indeed, from
(74i) we have that Ug, > s. Moreover, with ¢ > s , we either have Ug, > t, leading
trivially from (i#) to the relationship Ss = Sy, or have Ug, < t, leading to an
absolutely continuous framework as we will see with the main result of Section 3.4.
Hence, we see that at time s, it is unknown whether it will be Ug, <t or Ug, >t
and whether we will work in the absolutely continuous framework or in the frozen
one. This issue is addressed in Section 3.6 through the estimation procedure which
allows to retrieve the pair (S5, Ug,) from the observed illiquid data up to time s.

As just mentioned, if Us, = v > ¢t > s > 0, the clock is stopped between s
and t and we get trivially P(S; — Ss < 7| Ss = w,Usg, =u) =1 for all 7 > 0. We
therefore consider in the sequel of this section only the non-frozen case Ug, = u < t.
We have for 0 < s < u < t that the cdf of S; — S is related to the cdf of U; through
the relation

P(S;—Ss <7|Ss=w,Us, =u) =P(Ury >t | Ss =w,Us, =u)
=PU, >t—u).



100 Chapter 3. A Subdiffusive SV.J model

We next find that the conditional pdf of S; — S5, denoted by g(¢t,7 | s,w,u) for
t >wu > s >0, is the derivative of this last expression with respect to 7 :

o671 ,w,0) = B(S, — S S 7| Sy = w,Us, =w) = — 5 B(Ur <t~ )
0

t—u
:_EA pu (T, x)dx.

The Laplace transform of ¢(¢,7 | s,w,u) with respect to time ¢, denoted g(A, 7 |
s, w,u), is therefore equal to

0o t—u
g T | s,wu) = —%/ e_’\t/ pu (T, z) dzdt. (3.3.3)
u 0

The subordinator U being strictly positive, its density is null on R~ and integrating
by parts gives

~ 8 1 —Au o~ /\ —Au—T1
AT 5w u) =~ (e & pU(r,A)> = %e Au=rf) (3.3.4)

since from equation (3.3.1), we have py (7, A) = EF(e7207) = e=7/(V),

We now introduce the Dzerbayshan-Caputo (D-C) derivative. First, a Bernstein
function is a function f : (0,00) — R of class C*° such that f(xz) > 0 for all x > 0
and for which (—1)¥f®)(z) <0, Vo > 0, k € N. A Bernstein function admits a
similar representation as the Laplace exponent of a Lévy subordinator with Uy = a,

oo
flx)=a+bx+ / (1—e**)v(dz), (3.3.5)
0
where a,b > 0 (see Schilling et al. (2010) for the other representations of Bernstein
functions). As above, v is a non-negative Lévy measure on (0,00). The triplet

(a,b,v) is the Lévy triplet of the Bernstein function. We then denote by 7(s)ds
the Lévy tail measure defined in Chapter 1 of Bertoin (1999) by

5(s)ds = (a + / h u(dz)> ds. (3.3.6)

Observe from Section 2 of Toaldo (2015) that ¥ is a right-continuous and non-
increasing function for which

1 oS
/ v(s)ds < oo and / v(dz) < oo, ¥s>0. (3.3.7)
0 s

Let us consider f a Bernstein function, and its Lévy tail measure 7(s)ds that is
absolutely continuous on (0,00). Let also a function h € AC([u, +0)), that is the
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set of absolutely continuous function on [u, +00). The generalized D-C derivative
of h according to the Bernstein function f is then defined as in Toaldo (2015) by

t—u
IPLtolp () o= b%h(t) + /0 %h(t —s)p(s)ds, t€ [u,+00). (3.3.8)

This integral is well defined if |h(t)|]< Me*! for some Ao, M > 0. From now
on, we will only consider subordinators with Lévy triplet (0,0, ) associated with
Bernstein functions of the form f(z fo (1 — e~*#*)v(dz) and Lévy tail measures

v(s)ds = [ v(dz)ds. This results from the following lemma, which is an extension
of Lemma 2.5 of Toaldo (2015), where the generalized D-C derivative is here defined
instead on [u, +00) with 4 > 0, implying the condition a = b = 0.

Lemma 3.1. Let th(u’Jroo)h(t), t > u > 0 be defined as in equation (3.3.8), where
f is a Bernstein function with Lévy triplet (0,0, v) and a Lévy tail measure v(s)ds =
f:o v(dz)ds. Then the Laplace transform L of the generalized D-C derivative of h
according to f is given by
L f’D(">+°°)h _ 7 _ @ —Au
/DT hn) |0) = VRN = e hw), RO > Ao (33.9)

Proof. Taking b = 0 in the D-C derivative (3.3.8) with ¢ > u, we find using
Fubini’s theorem

t—u
E[fD(“+°°)h / / thfs Vo (s) dsdt

/ A / 82 D(t — z) dzdt
/ / Lo(t — 2) dtdz
/ AZ/Ooo M o(t) dt'dz

7/u azh( 2 e BN dz

where () is the Laplace transform of the Lévy tail measure (3.3.6). Fubini’s theo-
rem is justified by the absolute continuity of h and the relations (3.3.7). Integrating
by parts, we find

£[fD§“’+°°)h(t)] A = [h(2) B e +B()A / e h(z) dz



102 Chapter 3. A Subdiffusive SV.J model

Now, taking the Laplace transform of the Lévy tail measure (3.3.6) with a = 0, we
have
~ o o 1 [ A
v(A) :/ e_AS/ v(dz)ds = f/ (1—e*)v(ds) = M, (3.3.10)
0 s A 0 A
where f(\) is the Bernstein function given in (3.3.5) with Lévy triplet (0,0, v), see

Section 1.2 of Bertoin (1999). Hence, we find 7(\) = f(\)/A, which finally leads
to (3.3.9). O

We will therefore only study in the sequel of the chapter strictly increasing pure-
jump subordinators starting at Uy = 0 with no drift and infinite activity. Neverthe-
less, this class of subordinators encompasses most of the subordinators of interest
for modeling financial illiquidity such as a-stable and Gamma subordinators.

We now extend the forward PDE (3.2.5)-(3.2.9) satisfied by the probability density
p(t,z,v|-) and its Fourier-Laplace transform ¢(¢, 21,22 |-) in a subdiffusive con-
text. We show in this subdiffusive setting that they also obey a forward PDE but
with respect to a D-C derivative instead of a classical derivative.

3.4 A Fokker-Planck equation for the subdiffusive
SVJ (SSVJ) model

In the fractional setting of the SSVJ model, the dynamic of the subdiffusive asset
price Ag (time-changed by an independent inverse subordinator S) is given under
the physical measure P by

dA
I Se wdSy ++/Vs, dWy s, + (eJ — 1) dNg, , (3.4.1)
5,-
dVs, = k(v — Vs,)dS; + 04/Vs, dWa g, . (3.4.2)
with left limit ASr = lim,_,; As,. We will explain in Section 3.5 how an equivalent

risk-neutral measure Q can built from P using a time-changed Radon-Nikodym
derivative. We first recall that the natural filtration of the asset price process
A = (Ay), in equation (3.2.1) is denoted F# and is independent from the natural
filtration 'S of the inverse Lévy subordinator S. We then define the augmented
filtration FAY := FAVFY. Since S, is a FU-stopping time for all ¢t > 0, it is also a
FAU_stopping time. Therefore, we can introduce the filtration FA° defined as the
time-changed filtration FA4°9 := (fs’i’U)Do, which coincides with the natural filtra-
tion F4:5U°S = 4 v F9U°S ysing (i) of Proposition 3.1. Since the process A is a
FAU_semimartingale (here a Doleans-Dades exponential) and since S = (S;)¢>0 is
an a.s. finite and continuous F*4-V-time change, then from Corollary 10.12 of Jacod
(1979), the time-changed process As = (Ag,),>, is also a FA°%_semimartingale,
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which justifies the use of the Ité6 Lemma for semimartingales in the sequel®. Hence,
we see that the filtration of the asset price Ag can be chosen to be FA4°%, Finally,
from Proposition 3.1 (i7) and from Meerschaert and Straka (2014), we have directly
that (Ag,Us) is a Markov process with respect to F4°%, which justifies in what
follows the conditioning only on the values (As.,Us.) at time s and not on the
whole sigma-algebra FA°5.

We also emphasize that it appears logical to subordinate both the price process and
the variance process by the same inverse subordinator S; since when the price pro-
cess is frozen, the variance process does not matter anymore and can be considered
as being fixed during these periods of illiquidity. As in the classical SVJ model,
taking the time-changed log-price Xg, :=In Ag, instead of Ag, will allow to dras-
tically simplify the FFPE we will have to solve. In the subdiffusive case, we obtain
the following dynamic for the log-price via the It6’s Lemma for semimartingales
applied to In(Ag,) :

1
dXSt = (/J, — 2V5t> dSy + \/Vst dWl,St + JdNSt . (3.4.3)

The bivariate pdf of (Xg,, Vs, ), conditionally to {Ss = w, Us, = u, Xg, = x5, Vs, =
Vs }, is denoted by ps(t,z,v | s, w,u,xs,vs) and defined for ¢ > s by

ps(t7 x?’U |S7w7u7 xs?’Us)
82
= %P(th <z, Vs, <v|Ss=w,Us, =u,Xs, =4, Vs, =v5),
This bivariate pdf is the solution of a forward fractional PDE as stated in the next
proposition.

Proposition 3.2. For 0 < s < u < t, the bivariate pdf ps of (Xs,,Vs,), condi-
tionally to {Ss = w, Us, = u, Xg, = x5,Vs, = vs}, is solution of the following
fractional Fokker-Planck equation (FFPE) :

w400 0 1 d
fw’*GAumm»z—m7w—meuwwwﬂ—&JmW—wmuww-ﬂ
92 102, 92
+§@[vps(t,x,v|~)]+§w[g vps(t,m7v|~)]+m[pUUPS(t7$,U|-)]

+A,4pauzfxv«vxﬁ@fA”wwxw«> (3.4.4)

with the initial condition ps(u,x,v | 8,w,u, Ts,Vs) = d{p—s, v=v,}. For all timest
such that 0 < s <t < w, then ps(t,x,v | 8, w, U, Ts,Vs) = Ofa—z,, v=0v,}-

3Similar argument can be used for Vg, . We refer to Kobayashi (2011) for a more thorough discussion
on stochastic calculus for integrals driven by a time-changed semimartingale (since S is a.s. continuous
in our context, any process is synchronized with S so that Lemma 2.3 of the above paper applies).
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Proof. When ¢ < u, we have from Proposition 3.1 (¢ii) that S; = S, and hence
ps(t,z,v | 8,w,u,2s,05) = Ofg—p, v=v,}- We now treat the case ¢t > u in the
sequel of this proof. To lighten developments, we momentarily adopt the nota-
tions ps (t,z,v|-) := ps (t,z,v | s,w,u,z5,v5) and g(t,7|-) = g(t,7 | s, w,u). As
g(t,7|-) is the pdf of Sy — S5 | S5, Ug, and from the independence between (X, V;)
and S;, we infer for 0 < s < u < t that

ps(t,z,v|-) :/ p(w+T,2,0|w zs,vs) g(t,7|-)dr. (3.4.5)
0

Notice that since the SVJ model (3.2.1)-(3.2.2) is Markovian,
p(w+ 72,0 | w,z5,05) = p(1,2,0 | 0,25, 05) - (3.4.6)

Using Fubini’s theorem (the integrand in (3.4.8) being non-negative and the Lebesgue
measure o-finite), the Laplace transform of pg(¢, x,v |-) with respect to time ¢t > u
is thus given by

oo

ﬁS(A,(ﬂ,’U ‘ ) = / eiAtpS(tﬁrvv | : ) dt (347)

u

= / / p(r,z,v ] 0,24,v5) efktg(t,T |-)drdt (3.4.8)
u 0

— [ prz 0w )30 T ] dr.
0

where G(A,7|-) = [~ e Mg(t, 7| )dt is the Laplace transform of g(¢,7|-) with

u
respect to time ¢. Since this transform is given by equation (3.3.4), ps(A, z,v|-) is

equal to

55()‘"1‘71] ‘ ) = @B_Au/ p(T,J},’U | Oaxsavs) e_Tf(A)dT
0

— %(37)‘" P(fFN),z,v]-), (3.4.9)

~

where p(\, z,v |- ) denotes the Laplace transform of p(¢,x,v | 0, x5, vs) with respect
to time ¢ and with Laplace exponent A. Let us remark that (3.4.9) is true for any
Feller process X with transition law p. Applying the Laplace transform on both
side of the PDE (3.2.5), we deduce that p(A,z,v|-) is also solution of

~ 0 1 .
)\p()\7ZE,U|')_p(O,$,’l} | 0,.TS,U5) ™ |:(,LL— *U)p()\,x,’l)")

ox 2
0 N 102 1 02 N
- %[’i(’Y—U)P(NSE»N')]+§@[UP()\7$,U\')]+§w [o*vp(\, z,v])]

2

+ gy Lo B0 )]+ [ DO =401 Lo0)d = A Ph o] ).
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As we have from (3.4.9) that pg(A, z,v]|-) = @e*)‘“;ﬁ(f()\), x,v), replacing A by
f(A) leads to

f()\)ﬁ(f()\),:r,v | ) 7]7(0,13,’1) |07x371)3) = 0 |:(1u - %’U) ﬁ(f()‘)7x7v ‘ )

- Ox
0 N 19> . 1o N
L= ) B 0| ] 5 s R, 2,0 ] ] 5 s [ B ), 7,0 )]
0? ~ - . N ~
+ 5egy PoUPf(A) 2,0 ]-)] +/\J/p(f(/\),w =gl ) fa(G)di = X p(f(N),z,v]-).
xOv R
Multiplying this last equation by @e"\“ and using equation (3.4.9), we find
f()\)ﬁs()‘7mav ‘ ) - @67>\up(0,]},’0 |03x57v5) = _% [(M - %U)ﬁs()\,ﬂf,v")
) N 10% 10 N
~ 5 [ (v —v)ps(N 20| )] + 3922 [vDs(A z,v|- )]+ 3552 [*vps(N 2, v])]
2
+ g oo Bs o[+ [ Ds(hva =01 LGV = A Ds(hao]).

(3.4.10)

This left-hand term is the Laplace transform £ of the generalized D-C derivative of
ps(t,z,v|-) associated with a Bernstein function f and triplet (0,0,v), as stated
in Lemma 3.1. Indeed, since p(0,z,v | 0,zs,vs) = ps(u,z,v|-), we apply Lemma
3.1 and find

u,+oo ~ A _
L [th( i+ )ps(t,aﬁ,v |- )] N =fN)ps(A\,z,v|-) —p(0,z,v | 0, 24,vs) %e A
which is precisely the left-hand side of equation (3.4.10). Therefore, applying in-
verse Laplace transform on both sides of equation (3.4.10), we obtain the announced
result (3.4.4) and hence prove Proposition 3.2. O

In the same way as for the non-fractional case in Section 3.2, we can obtain a for-
ward PDE for the Fourier-Laplace transform of the fractional density pg(¢,z,v|-)
for the pair (Xg,, Vs, ), which will be a lot easier to solve and whose initial condition
does not rely on a Dirac measure. However, before deriving this forward PDE in
the bivariate case, it is easier to first analyze the Fourier-Laplace transform of the
triplet (Xg,, Vs,, St — Ss), which is defined by

¢S(t721722a23 | S, W, u, xsavs) (3411)
= BF (em X Vs (S5 | 5 — w0, Ug, = u, Xs, =70, V, = 0,
and which satisfies the following proposition.

Proposition 3.3. For0 < s < u < t, the Fourier-Laplace transform ¢s(t, z1, z2, 23 |
S, W, U, Ts,Vs) of the conditional joint pdf of (Xs,,Vs,, St—Ss) satisfies the following
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fractional forward PDE
th(u’+oo)¢s(t7 21, 22,23 | 1) = —23s(t, 21, 22, 23 | +) (3.4.12)
—(/WZQ +izip— Ay (fj(Zl) — 1))@55(7,‘, 21,29,23])

2.2 2 _
) 0°z5  zf—izn\ O

_ — t, 23| -
+< zo(k +ipoz) 5 T3 )6z2¢s( 21,22, 23| +)
with initial condition ¢g(u, 21, 29, 23 | 8, W, U, Ts,vs) = e~ 12722V and boundary
condition ¢g(t,0,0,0 | s,w,u,xs,vs) = 1. For all times t such that 0 < s <t < u,

then ¢g(t, 21, 22,23 | 8, W, U, Tg,vs) = e~ F1Ts=220s

Proof. The initial and boundary conditions are straightforward given the defi-
nition (3.4.11) of ¢s(t, 21, 22,23 |- ). In order to derive equation (3.4.12), we start
by looking at the conditional joint pdf pg of the triplet (Xg,,Vs,, St — Ss) for
0<s<u<t:

ps(t?l‘7v77- | S7w) u7$5?vs) :: (3-4.13)
83
O0xOvOT

From the definition of the conditional pdf pg(¢, x,v, 7 | - ) and from equations (3.4.5)-
(3.4.6), we have

P(Xg, <z,Vs, <0,5;— S <78 =w,Us, =u,Xg, = x5, Vg, =vs)

ps(t, z,v, T | S, W, U, Ts, US) = p(Ta z,v | 07 s, US) g(tﬂ T ‘ S, w, u) . (3414)
From equations (3.3.4) - (3.4.14) and simplifying the notation of the known values
{s,w,u,zs,vs} by {-}, it follows that

oo
ﬁsu,m,mm:/ M p(t z,0,7]- ) dt
u
oo

:p(ﬂx,v | 0,(E5,'US)/ e_Atg(t,T ‘ s,w,u) dt

_ f()\A) e—)\ue—‘rf()\)

We then obtain for the Laplace transform of ¢g :

p(T,x,U | 07 Ts, Us) .

¢ (A, 21,202,238 | -)

+oo  ptoo pdoo ptoo
/ / / / e M—iziw—z2v—237 ps(t,z,v,7|-) dtdedvdr
0 0

“+oo ptoo p+o0
= 7)\ / / / 71zlz 2U=23T —7f(N) (7- z,v | 0 xb,Ué)ddedT

“+o0
= f()\/\) _A“/ e_T(Z3+f(A))¢(T, 21,22 | 0,25,v5) dT (3.4.15)
0
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where ¢(7, 21,22 | 0,25,v5) = fooo ffooo e~ e (1 g v | 0,24, vs)dzdv. Next,

integrating by parts and renaming 7 by ¢ yields

b5 (N, 21, 22,7 ) (3.4.16)
e Tt 2
= T i 0 0 sy Us T ar ta ’ 07 Sasdt'
O e 0a e [ ot 0.2 vt
Proposition (3.2.9) gives the expression of 2 ¢(t, 21,22 | 0,2,,v;) so as to obtain
+oo Kl
/ et (1, 21, 2 | 0, 224, v )dE = (3.4.17)
0 ot
+o0 ~
/ e~ Hzstf(N) [ _ (5722 +izip— Ay (fJ(Zl) — 1)) Bt 21, 20| -)
0
2,2 2 _ . 9
+ (22(11 +ipozy) — 0222 + 212121> 8—22¢(t,21,22 |- )]dt.

From this last expression and equation (3.4.15), we find for equation (3.4.16) :

(234 f(\) ds(A, 21,20, 23 | - ) = @
_ (5722 +izip— Ay (fJ(Z1) — 1)) 55()\,21,22,23 )

2,2 2 _ .
0°z5 2 —1in

2 2

e_ku(b((l 21, %2 ‘ 07 Ts, vs)

: 9 ~
+ (zz(nJrszzl) — ) 67@¢S(A721722;Z3 [-).

Rearranging the previous equation, we have
~ A
FBs (021,20, ) — L)

= (mZz +izip— Ay (f.](zl) - 1)) bs(\, 21,22, 23] )

eiAu ¢(0a21722 | 071'5,115) = 7’2355()\721322723 | )

0222 22 —in

2 2

+ (—ZQ(H +ipoz) — ) %qﬁs()\, z1,%2,23|+). (3.4.18)
The left-hand side of equation (3.4.18) is the Laplace transform of the general-
ized D-C derivative of ¢g(t, 21, 22,23 ), as given in Lemma 3.1. We have indeed
that ¢s(u, 21, 22,23 | 8,w,u,xs,vs) = e~ 1% =22% which is equal to ¢(0, 21,22 |
0,75,vs) = e *1%:=22%s  Applying the inverse Laplace transform on both sides
leads to the announced result. O

From the previous Proposition 3.3, we can also directly infer the fractional for-
ward PDE satisfied by the Fourier-Laplace transform of the pair (Xg,, Vs,), which
is defined by

¢S(ta21722 | S,’LU,U,Q?S,US) (3419)

= EF [eﬂleSt*”VSf | Ss =w,Ug, =u,Xg, =x5,Vs, = vs] .
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For 0 < s < w < t, the Fourier-Laplace transform ¢g(t, 21, 22 | 8, w, u, s, vs) of the
conditional pdf of (Xg,, Vs,) satisfies the following fractional forward PDE :

IDMH) g (t, 2, 29|+ ) = — (ng +izip— Ay (fJ(Zﬁ - 1)) ¢s(t,z1,22]")

o222 22 —izn\ 0
—— | =—¢s(t . 3.4.20
285 Dostannl), G420

+ (—Zg(li +ipoz) —

with initial condition ¢g(u, 21,22 | 8, w,u,xs,vs) = e~ #1%722% and boundary
condition ¢g(t,0,0]|s,w,u,xs,vs) = 1. For all times ¢ such that 0 < s < t < wu,
then ¢s(t, 21,22 | S, w, u, Ts,vs) = e~ F1T 72205,

3.5 Change of measure

We have defined our SSVJ model (3.4.1)-(3.4.2) directly under the physical mea-
sure P. Since we want to price European options in illiquid market using this SSVJ
model, we now propose a change of measure so as to evaluate our model under an
equivalent risk-neutral measure Q. We also show in this section that this SSVJ
model is arbitrage-free and leads to an incomplete market. Recall that the subdif-
fusive asset price process Ag is defined on the filtration F4°%. Under Q, we assume
in a first step that the stock and variance processes are solutions of the following
time-changed stochastic differential equations

dA

I 5S¢ = rdt — nAymydS; + MdWi@St + (e’ - 1)ngt (3.5.1)
S,— ’

dVs, = % (3 = Vs,) dS; + 0+/Vs, AWy, (3.5.2)

where W](gs (j = 1,2) are time-changed Brownian motions defined on (Q, FAS, Q)
such that Cov[WSSt ,W;stt] = pS;. We can therefore rewrite Wgst = pWSSt +
V1= p? W?,Su where Wj(_D g is also a time-changed Brownian motion under Q,
independent of WSS. Moreover, we denote the F;'°%-measurable random variable
Ve = ¢/* — 1 and its pdf f;(,z() under the risk-neutral measure QQ such that
EQ[eMQ} < o0o. We further write m; = ]E@[e‘]Q — 1] = EQ[Y?] and we have that
Ng is a time-changed Q-Poisson process with intensity nA;S. Finally, the risk-free

rate r is given by the risk-free bond, whose value at time ¢ is equal to B; = e"*. We
will show in what follows the necessity of imposing » = 0 in the dynamic (3.5.1).

We now show how to build a change of measure such that the SSV.J model (3.4.1)-
(3.4.2) under the physical measure P in Section 3.4 is equivalent to the above
risk-neutral dynamics (3.5.1)-(3.5.2) of this model under Q (with » = 0). Let
us first define ¢(-,7n) := In (nfg()/fgli()) where n € R*. We consider two F4-
adapted and predictable processes, denoted (02,¢),~, and (61 ¢),~,- We next define
the time-changed process Zg as follows
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St

1[5
Zs, == exp <— 5/ (05, +07 ,)ds— 02,5 AWy, (3.5.3)
0 0

P
St

St
- elas deP;s + Z w(YkP7 7]) - (77 - 1))‘J‘St) )
0 k=1

We first show that the process (3.5.3) is well defined since we consider an a.s.
strictly increasing Lévy subordinator U and based on Chapter 10 of Jacod (1979).
Indeed, from previous sections, we have that S = (S;),-, is a FA-U_time change
with a.s. continuous paths. Hence, any process (and thus in particular W3, WE
and N¥) is synchronized with S, see Kobayashi (2011). Therefore, since the (non
time-changed) stochastic exponential Z; exists and is well-defined by Proposition
9.8 of Tankov (2003), the time-changed integral Zgs, given by (3.5.3) also exists
and is well-defined by Proposition 10.21 of Jacod (1979). Moreover, as argued in
Section 3.4, since Z is a F4V-semimartingale and S a finite F4-Y-time change,
Zg is then a FA°%_semimartingale and hence, it admits an equivalent infinitesimal
representation by Itd’s Lemma for semimartingale with Y? := e’/ o1

dZs, = —Zs, (02,5, AWy 5, + 01,5, AW g,)
~ Zs,_ (0= DAsdS; + Zs,_ (/070 —1)anNg, . (3.54)

3.5.1 Change of measure for the classical SVJ model

We now consider in a first step the non time-changed process Z corresponding to
(3.5.3) and we show how a true martingale for Z can be achieved. As in Heston
(1993), we first need to impose the additional restriction

02+ = 02/ V; (3.5.5)

where 6 is a constant called the market price of volatility risk. A necessary (clas-
sical) condition for an equivalent martingale measure to exist is then given by

= amy = Vi (p0a/Vi V1= 2014)) (3.5.6)

which ensures that discounted stock prices (e7"A;),s, are local martingales (see
equation (3.3) in Wong and Heyde (2006)). Hence, we have for the second market
price of risk process

1 p—r+nAmy
0,¢+= — plar/V; | . 3.5.7
1.t m < \/Vt [4% t) ( )

Let us define the measure @ via the Radon-Nikdoym derivative Z; = 49

i . For

Fit
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an equivalent martingale measure @ to exist for Ay, it is required for the process
Z to be a true martingale (which is not clear per se due to the unbounded nature
of V). Since EF[e2/ P} < 00, it is sufficient to verify the martingale property of the
corresponding Heston model (without jumps). Hence, we have from Theorem 3.5
of Wong and Heyde (2006) that Z is a true martingale corresponding to the market
price of volatility risk defined by (3.5.5) provided that —x /o < 03 < oo. It is further
shown that the discounted stock price (e " A;);>0 is a @—martingale provided that
Kk + 020 > op and hence that Q is an equivalent (risk-neutral) martingale measure
for A; leading to an arbitrage-free market.

3.5.2 Change of measure for the SSVJ model

We now turn to the time-changed process Zg. Recall that by the First Funda-
mental Theorem of Asset Pricing, the market model defined by (2, F4°% P) and
asset prices Ag is arbitrage-free if and only if there exists a probability measure
Q equivalent to P such that discounted asset prices are martingales with respect
to Q, called the equivalent martingale or risk-neutral measure. It is important to
note here that discounting must be done using the risk-free asset B, L= e but
cannot be achieved using the subdiffusive discount factor Bgﬁl = e "% leading
to a discounted price process given by (e ""Ag,),~,. Indeed, Bg, is asset-specific,
while there must be only one risk-free security for each market. Moreover, it is an
economic reality that the interest rates accumulate each period in a bank account
and hence that the value of the discount factor must change at any time ¢, ruling
out the use of a discount process exhibiting plateaus. A necessary condition similar
as equation (3.5.6) for an equivalent martingale measure Q to exist in the subdif-
fusive case (3.5.1) is given directly by applying Itd’s lemma for semimartingales to
eirtASt :

(u +nAgmyg —/Vs, (pﬁm/Vst +4/1—p? GL,St)> dS; —rdt =0, (3.5.8)

which ensures that the discounted subdiffusive stock price (e™"Ag, ), is a local
martingale. This explains the necessity to impose r = 0 since the measures dt
and dS; are not equivalent as stochastic processes with respect to P (dt and dS;
being indeed measures on R whose densities are processes which are not pathwise
equivalent for fixed w € Q, see Proposition 1.8 of Bertoin (1999)).

Since Z; = % | FA is a Radon-Nikodym derivative defining an equivalent martingale

measure Q for A; in Section 3.5.1, we can use Theorem 2 of Torricelli (2020) and
Proposition 6.1 of Jacquier and Torricelli (2020) with » = 0. We then have that
Zg, is also a Radon-Nikodym derivative defining another equivalent martingale
measure Q for Ag, on F4°% such that Zg, = %| racs. The next proposition states
the dynamic of the Brownian motions and the jufnp process under this equivalent
(martingale) risk-neutral measure Q.
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Proposition 3.4. Under the risk-neutral measure Q defined by the Radon-Nikodym
derivative (3.5.4),

1. Wgst = ngst—i—fost 0> s ds and W?’St = WE’St—I—fOSt 6.1 s ds are time-changed
Brownian motions with 82, and 6, ; of the form (3.5.5) and (3.5.7), respec-
tively.

2. The process Y‘@NgQ s a point process with an intensity equal to n\;S and the
pdf of jump is f3(-) such that EQ[YY] = m,.

Proof. The proof of this proposition is relegated in Appendix 3.A.

Assuming no interest rate in the subdiffusive market as in Magdziarz (2009a) im-
plies that the interest rate accrual is ignored in our model (which is valid for
short-term maturities). Another alternative would have been to add directly an
absolutely continuous drift rdt in the physical specification (3.4.1) of the SSVJ
model, as done e.g. in Cartea and Meyer-Brandis (2010), Jacquier and Torricelli
(2020) or Torricelli (2020). Note that the market in the SSVJ model is incomplete:
the risk-neutral measure Q is indeed not unique and is related to our choice of
dynamics for 6, and 6, ;. For the chosen pair (62,6, ;) given by (3.5.5) and
(3.5.7), the dynamics of Ag, and Vg, under Q obey respectively the equations

— —nAgmy S+ Vs, (pdWis, +/T=p?awl g ) +Y2ng

0,V
Vs, = K (7 - IR i S _ Vgt> Sy + 01/ Vs, AWy, .

We thus obtain that the subdiffusive variance dynamic has the same functional
structure under Q as under the physical measure in (3.4.1) :

dAs,

Do = mAmsdsi+ Vs, dWs, +YONG | (3.5.9)
dVs, = K (7 — Vs,) dS; + 0/ Vs, dWiks, | (3.5.10)

where K and 7 are the risk-neutral speed and level of mean reversion given by

Ky

%:H+920', :);:m

(3.5.11)
Notice that since 3 > —K/o, the mean reversion level ¥ is non-negative under
Q. We see that we indeed retrieve the same risk-neutral dynamic as supposed in
equations (3.5.1)-(3.5.2) with r = 0. Therefore, the change of measure defined by
the time-changed Radon-Nikodym derivative (3.5.3) along with the specification
(3.5.5)-(3.5.7) allows to work both with the physical and risk-neutral dynamics of
the SSVJ model provided that we apply the change of parameters (3.5.11).
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3.6 An estimation procedure

In order to estimate the parameters of our model, we consider the daily time series
of log-returns from April 2016 to November 2021 for the ALQP stock price, making
a total of 1428 data points. Indeed, having no option quotes available in illiquid
markets, we are forced to use these log-return data. To the best of our knowledge,
such econometric estimation of the parameters of subdiffusive models under the
physical probability measure PP is new. We here consider the Particle Markov Chain
Monte Carlo (PMCMC) procedure of Andrieu et al. (2010), which is built from the
sequential Monte-Carlo filter described in Chapter 2. We therefore work with the
physical dynamics (3.4.1)-(3.4.2) of our SSVJ model. Moreover, we need to specify
the exact form of the subordinator U and to define the jump size distribution J* as
well as the counting process N¥ (denoted from now on J and N, respectively). We
take here an a-stable process for U, which is well a pure-jump subordinator with
no drift satisfying Lemma 3.1 with f(A) = A®. This particular type of subordinator
has indeed already been successfully implemented in finance, see e.g. Hurst et al.
(1999), Carr and Wu (2003) or Cartea and Howison (2009). As in the classical
Bates model, we assume J to be normally distributed J ~ A(us,0%) and N to
be a Poisson process with Ny ~ Poi(A;t) for all ¢ > 0. The following estimation
procedure can of course be extended easily with other kinds of subordinators (e.g.
Gamma subordinator) and with other square integrable (Lévy) jump processes.

3.6.1 Filtering

This section introduces the filtering technique that is used to determine the most
likely hidden evolution of the inverse subordinator S, the first-passage process Ug,
the variance process Vs and the counting process Ng, which are indeed not ob-
served on financial markets (as the only available information are the log-returns).
We consider as in Chapter 2 the Bayesian bootstrap filter of Gordon et al. (1993),
which is a Sequential Importance Resampling (SIR) filter in which the transition
prior probability distribution is taken as importance function. This Bayesian boot-
strap filter will be combined in the sequel with a Monte-Carlo Markov Chain to
estimate the parameters of the SSVJ model but for the moment, we assume that
its parameters are known. We consider a discrete sample of log-return observa-
tions Xg, and a time step At between two observations. The sample is denoted by
x ={x1,a,...,2,} where n = T/At (replacing the sample vector r in Algorithm

1). We denote s;, uj, v; and x; the realizations of S; = S, U, = Ust Vs, = Vst ,
and Xg, = Xg, for j =1,...,n with t, =T. We also denote AS = S - 521
and ANg, ~ Poz()\JAS ), Wlth their respective realizations As; and An;. The
dynamic of the subdiffusive log-returns is approached by applying It6’s Lemma for
semimartingales on equation (3.4.1) and then discretizing the obtained equation,
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which gives

Vs,
Xs, = (u - 52—> AS;+py[Vs,_, AWy 5 ++/1—p?, Vs, AW 5 +JANG,

(3.6.1)
where AW;SJ_ ~ N(0,4/AS;), independent from AWESJ, ~ N(0,4/AS;). The
variance process (3.4.2) is discretized in the same manner by

Vs, = Vs, + 5 (7= Vs, ,) AS; + 04 /Vs, , AWy g, . (3.6.2)

The dynamic of S; is tuned by the parameter a and following Magdziarz (2009b),
we can simulate efficiently the sample paths of the discretized version of the inverse
a-stable subordinator \S; with

S; = (min{k € N| Ugar > jAL} — 1)At. (3.6.3)

The a-stable subordinator U; = Uz, (j = 1,...,n) is again simulated based on
Magdziarz (2009b) using the Euler method and then summing up the increments.
We then denote the set of known parameters ¢ = (a, u, k,7, 0, p, by, 05, Ay). The
particle filter estimates the most likely sample paths of the hidden inverse sub-
ordinator, first-passage, variance and jump processes based on the observed log-
returns. First, the information on the realizations AS; = As;, Us;, = u;, Vs, = vy,
ANg; = An; and AW%P;Sj = Awy ; is stored in a particle, i.e. a vector denoted
p; = (Asj,u;,v5, Anj, Aws ;). The visible information (log-returns) up to time
t; is also stored in a vector z1.; = {z1,...,2;} and the density of the observa-
tion f(x;|p;), conditionally to the information in the particle, is then a Gaussian
probability density function. More precisely, we have from equation (3.6.1) that

f(xzj1pj) = N(prj, 0% ;) where

v

My j = (M — j2_1) Asj + PA/Vj-1 Awg,j + Anj ny,

and 5

Oy

=01 p)?vj_1 Asj+ Anjo3.

On the other hand, the transition density f(pj4+1|p;) is simulated based on equa-
tion (3.6.2), (3.6.3) and on the fact that An; ~ Poi(A;As;). Then, using Bayesian
arguments, one can show that the posterior distribution of p; conditionally to the
available information on log-returns at ¢; is equal to

_ f(zj]ps)
J f(x1pi) f(pj|w15-1)dp;

f(pjlz1;) fwjl@1j-1), (3.6.4)

where we predict

f(pjlz1-1) =/f(pj |pj—1)f(Pj-1l21,5-1) dpj-1. (3.6.5)
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Algorithm 3 Particle filtering of the SSV.J model.

Initial step : draw N values of véi) for i =1,...,N from the initial distribution f(vo),
which is assumed to be uniform Ujo o.36]-
Main procedure :
for j =1tondo
Prediction step :
Simulate N times s ) and u( ") based on (3.6.3) and compute As vi -5

Draw a sample AwQ’} from a N (0, q/Asg-”), i=1,...,N.

Update v;i) using the relation :

vj(.l) = 7(1)1 + K (fy - v;lll) Asy) +o q/vj(.l) Awéf;

Draw N times Any) from a Poi(\s Asy)).
Correction step :
The particle pg. (As( RN (l) An< 2 Aw2 ) has a probability of occurrence

g oY
B = f(w |7) — (3.6.6)
Yicin f(@s |p )
where @ )
f(z; \p ) =N (r, s 2 Ori) s (3.6.7)
with

(%)

vit1 (i) ©)
prg =\ =5 As$ 4 pyfol?) Awd + An g,

and . ) _
or;=(1-p)? UEZ—)l Asy) + An;l) o

Calculate the effective sample size, Ness(7) :
Ness(j Z (/3“)) . (3.6.8)

Resampling step :
If Nesp(5) < Negf,up = 0.5N :

Resample with replacement N particles py) with importance weights ﬂj(-i).

The new importance weights are then set to ,By’Q) =%
If Neys(j) > Neggup = 0.5N :

No resampling. The new importance weights Bj(.m) are kept as ,Bjm

The filtered time scale, first-passage and variance processes at period j are final-
ly computed as the sum of particles weighted by their probability of occurrence:
N N

5 B8 ) = DA, O B ) = 3
=1
‘7Sj VS | z1. ] Z z)ﬂ(z ,2)

end for
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Based on the Bayesian bootstrap filter of Gordon et al. (1993), we have that the
computation of f(p;|x1.;) can be performed in three steps according to Algorithm
3. First, in the prediction step, we approach f(p;|z1.,-1) by simulations, based
on relation (3.6.5). In practice, the integral in (3.6.5) is replaced by a Monte-Carlo
simulation of N particles, denoted p; @) for j = 1,..., N. In the correction step, the
density f(p;|z1:;) is computed via equation (3.6.4) and is replaced in simulations

by the discrete probability of occurrence denoted ﬂj(-i) for the particlei =1,..., N.
We hence have that ﬂ]@ = ]P’(pgi) | z1.5), as given by equation (3.6.6). Also note in

equation (3.6.7) that if As;l) = 0, the pdf f(z; |p§-l)) is a Dirac measure located
at x; (replaced in practice by a Gaussian pdf with very small variance). In the
third step, we perform a resampling with replacement and with probabilities BJ(-Z),
1=1,..., N, in order to keep track of the most likely sample paths of the different
hidden processes. For this resampling step, we first need to calculate an estimate of
the effective sample size N.sr(j) with equation (3.6.8), as in Doucet et al. (2001).
The effective sample size may be equal (or close) to N when the observed process is
frozen during a long period of time. In this case, the resampling selects exclusively
particles with As = 0 which causes degeneracy of the algorithm and which may
lead to an over- representation of the same particles after a few iterations. To avoid
this, we skip the resampling step if Neys is above Nesy.p (typically chosen close to
0.5N). When a resampling is done, the importance sampling weights are then set
to 1/N. The filtered time scale and first-passage process for the period j are finally
computed as the sum of particles weighted by their probability of occurrence

N N
:S‘; = ]EP(Sj |z1.5) = ng.i)ﬁj(i’z) and ﬁsj = ]EP(Usj |z1.,5) = Zugi)ﬂj(.i’m ,
= = (3.6.9)
where ﬁj(-m) = 1/N in case of resampling and ﬂj(-m) = BJ(Z) if no resampling is
performed. Similarly, the filtered variance process for the period j is computed
as ‘75]. = E¥(Vg, |21,5) = Zfil v§i)ﬂ§i’2), where 5?’2) is defined as in (3.6.9).
Following Doucet et al. (2001), the log-likelihood of the whole sample path is
approached before resampling by the sum

In f(x|9) = Zlnf zjlwi-1) Zln (/f z|p;) f(pjlz;— 1)dp]>
Z (Zf ;| p\) 8" 2’>. (3.6.10)

To illustrate this section on filtering, we simulate via (3.6.1),(3.6.2),(3.6.3) a sample
path of Ag, (and hence also of S, Vg,, Ng, and Ug,). Under the assumption that
a=038, 1=005 =08, y=0.15 ¢ =0.9,

(3.6.11)
= 70.6, Hy = *0.2, oj = 0.3, /\J = 0.9,
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we consider 1260 observations of Ag, over five years of trading (time step At = 51-).
The particle filter runs with 10000 particles. Figure 3.6.1 compares the simulated
sample paths of S; and Vg, to their filtered estimate obtained solely from the
simulated values of Ag, via Algorithm 3. This confirms the ability of the filter
to estimate the hidden sample paths of the stochastic clock and the subordinated

variance process based exclusively on the observed log-returns of the illiquid asset.

N - s - VIS()
— Filtered S(t) & 4 — Fiered V(S(1)

time t fimet

Figure 3.6.1: The figure depicts in red dotted line the simulated inverse subordinator S
(left plot) and variance process Vs (right plot) based on parameters (3.6.11), compared
with their filtered estimate in blue obtained from the path of Ag via Algorithm 3.

This Algorithm 3 is also used to estimate the first-passage process Ug from the
illiquid asset price, as depicted in Figure 3.6.2. We can see that at price moves,
the estimation is perfect since in this case Us, = t;. However, when the price is
frozen at time t;, Us, is equal to the last time ¢;; > t; at which the price is frozen
and for which S;; = S;, which is of course an unobserved event at time t; (see
Section 3.3 on filtrations). Our estimation procedure provides in this case the best
estimate of Us; based on the estimated values of (Sp,S1,...,S;) up to time ;.
More precisely, Algorithm 3 computes from equation (3.6.9) the average behavior
of Us, knowing all the values of S; up to time t; as we need the information on
the length of time already spent by the process S (and hence by Ag) in the frozen
state since its last move. Indeed, recall that Ug is non-Markovian (Ug is in fact not
FS-adapted) and hence, we have EF[Usg, | So,...,S;] # EF[Us,|S;]. We can then
clearly see on Figure 3.6.2 that the exact behavior of Us; (j = 1,...,n) cannot
be reproduced by the estimation procedure (again due to its unobserved nature at
time ¢;) but the best that can be achieved when the price is frozen is to compute

its average behavior conditionally on the estimation of S’E ey 3}, as depicted on
the plot. This is why, we tend to underestimate Ug during long motionless peri-
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w - — US:
---- Filtered Ug,

time t

Figure 3.6.2: In red, simulated sample path of the first-passage process Ug based on the
parameters (3.6.11) and its filtered estimate Us in blue dotted line.

ods and to overestimate it for short motionless periods. Moreover, we clearly see
in Figures 3.6.2 and 3.B.1 that the estimation of Ug; is not constant even when
S; is frozen, which results from the fact that information about Ug accumulate
through time since the estimation procedure takes into account the information
on the (increasing) length of time since the last move of S. These behaviors are
confirmed in Appendix 3.B with a second simulated sample path of Ag using the
same parameters (3.6.11). This estimation procedure hence allows to consider a
more general setting than Theorem 3 of Cartea and Meyer-Brandis (2010) in which
valuation can only be effected at the exact times of price moves.

This filtering technique based on a bootstrap SIR filter has already been successfully
implemented in finance as in Johannes and Polson (2010), see also Chapter 2 of this
thesis. Other filters exist for filtering SVJ models, such as the Auxiliary Particle
Filtering (APF) of Johannes et al. (2009). However, for the Bayesian estimation of
SVJ models, Jacobs and Liu (2018) find that the APF yields more variable likeli-
hood evaluations and is therefore less suitable than the Bayesian bootstrap filter.

3.6.2 Econometric estimation

We have so far considered that the set of parameters ¢ is known, which is not
the case in practice. An inherent problem of particle filters is that the estimate
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of the likelihood is not a smooth function of parameters. Practically, calibrating
the model by maximizing the log-likelihood (e.g. with gradient descent) is then
uncertain. We here prefer using the PMCMC procedure which has been shown
by Johannes and Polson (2010) to be highly efficient for such financial estimation
of stochastic volatility models. We now denote the set of unknown parameters by
© = (o, 4y Ky Y, 0, p, by, 07, A7). We here again adopt a Bayesian approach and ©
is a multivariate random variable with realizations ¥ and with state space Y. The
parameters posterior distribution, based on the observed sample = {1, -, z,}

is
_ f@O)f(]d)

NI

where f(¥) and f(z|9) denote respectively the parameter prior distribution and

the likelihood of the data approached by the estimate (3.6.10). The density f( | z)

is built by the PMCMC method, as described previously in Section 2.4.2 and
Algorithm 2 (and replacing r with x).

CIED)

(3.6.12)

We first apply this PMCMC algorithm on the simulated sample path Ag, above
to see if we can obtain a consistent estimation of the true parameters (3.6.11)
used to generated this sample path. The standard deviation oy of the transition
distribution is set to

oy = (0.1%,0.5%,0.6%,0.1%,0.6%, 0.5%, 0.2%, 0.1%, 0.2%)

Even if the procedure converges theoretically to parameter estimates, it is advis-
able to provide realistic initial parameters to improve the speed of convergence.
Therefore, we impose ¥¢ = (0.7,0.01,0.2,0.1,0.1,—0.2,0,0.1,0.7). The filter runs
with N = 10000 particles and we perform K = 1000 iterations of the PMCMC
procedure. We hence obtain Table 3.6.1 with a burn-in period of 500 iterations.

Table 3.6.1: Parameter estimates of the SSVJ model based on the simulated sample path
of As, from the parameters (3.6.11). The second line of the table gives the standard error
of these estimates.

& it R 3 G p iy Gy AJ
PMCMC estimates 0.782 0.051 0.495 0.194 0.862 —0.531 —0.283 0.282 1.087
PMCMC std. err. 0.041 0.017 0.173 0.040 0.077 0.115 0.029 0.018 0.044

The estimated parameters of Table 3.6.1 are quite close to the true ones (3.6.11),
except for k which is typically known to have a higher standard deviation in such
SVJ models and hence to be harder to estimate from the PMCMC procedure (see
e.g. Table 2.5.1 in Chapter 2). Moreover, the obtained log-likelihood (3.6.10) is here
equal to 15141.73, which is very close to the one derived with the true parameters
equal to 15142.12. This confirms the overall good quality of the fit when using this
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PMCMC procedure with a Bayesian bootstrap filter.

We now use the PMCMC algorithm to estimate the set of parameters © of the
SSVJ model (3.4.1)-(3.4.2), based on the observed time series of log-returns for
the ALQP stock price between April 2016 and November 2021. The same settings
(09,00, N, K) as in the above simulated example are again used in Algorithm 3,
leading to Table 3.6.2 with the estimated parameters for ALQP as well as their
associated standard error, and with a log-likelihood (3.6.10) equal to 25059.34.
Note that the log-likelihood obtained for the ALQP stock price with the standard
SVJ model is equal to 5035.17, which proves that the SSVJ model is a much more
consistent and accurate model in illiquid markets.

Table 3.6.2: Parameter estimates of the SSVJ model for the ALQP stock price and
standard error of these estimates.

a B R 7 & p fis 57 X
PMCMC estimates 0.581 —0.021 0.237 0.050 0.309 —0.806 —0.056 0.037 0.947
PMCMC std. err. 0.013 0.019 0.127 0.024 0.018 0.066 0.021 0.031 0.076

We see that we have a quite low value of & coming from the fact that we observe
relatively long periods of constant values in the quotes of the ALQP stock price
in Figure 3.1.1. We also have a negative mean return with on average negative
jumps. The estimated values related to the variance process are quite standard
with a long-term volatility of 4/0.05 = 22.3% and with a significant leverage effect
since p = —0.81 < 0. Finally, note that the conditions of Section 3.5.1 for an
equivalent martingale measure to exist are verified with 6, = 0.

3.7 Risk management and option pricing

Recall that the estimation procedure was performed using an a-stable subordinator
U. The Lévy triplet of U satisfies in this case Lemma 3.1 since it is given by (0,0, v)

where v(dz) = i) —&_. The Lévy tail measure then satisfies

—a—1 —a

_ < az s
V(s)dS—ds/s F(l—a)dz_ F(1_04)61ls.

The D-C derivative of h(t) becomes in this case the Caputo fractional derivative,
denoted , D*h(t). Indeed, if we perform the change of variable s’ = ¢t — s, we infer
via equation (3.3.8) that

t—u o t o
R — i — . N — _ / /
/0 3th(t s)v(s)ds ’ 3s’h(s Yo (t—s")ds,
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and we thus obtain the following Caputo fractional derivative as defined in Ishteva
et al. (2005) :

1 bR (s)
IDMH ) B(t) =  Dh(t) == / ds . 3.7.1
In the case of the a-stable subordinator, the general fractional forward PDE (3.4.20)
satisfied by the Fourier-Laplace transform of the pdf pg(¢,z,v|-) associated with
the bivariate process (Xg, Vs) hence becomes the following fractional Caputo PDE
fort >u>s>0:

WDty |) = = (v +izp— s (Falz) 1)) ds(t, 21, 22,21 )

2.2 2 _ .

) oz 27 — iz 0

+ [ —22(k +ipoz1) — 2 4 4 L) = ps(t, 21, 22, 23 ), (3.7.2)
2 2 822

with the same initial condition ¢g(u, 21, 29 | - ) = e~ 1% =%2% and boundary condi-

tion ¢5(¢,0,0|-) = 1. Since we consider a Gaussian density for modeling the jump

size J in our setting, we obtain the following Fourier transform

Fie = [ ey = e iR ene gy = e

J\<1 - ’ J 0_\/% .
We now propose a numerical method for solving the fractional Caputo PDE (3.7.2).
Since for risk management in Section 3.7.1 and option pricing in Section 3.7.2
(second alternative), we are only interested in approximating the Fourier-Laplace
transform ¢g(t, 21,22 |-) at zo = 0, our numerical method is based on a series
expansion of ¢g(t, 21,22 |-) in the neighborhood of zo = 0. This approximation is
standard in physics for non-fractional PDE; see e.g. Bildik et al. (2006). Moreover,
we know from the generalized Taylor’s formula of Odibat and Shawagfeh (2007)
that any C* function I(¢, z) with respect to time ¢ may be expressed as the infinite

sum . &
Z(t,z)—zr(k;ml(ai) l(t,z)] (t —to)*™ | (3.7.3)

k=0 t=to

We understand ( 8t<’) as the k** order Caputo derivative (i.e. applying k times the
Caputo derivative). We refer to equation (3.19) of Odibat and Shawagfeh (2007)
where the exact expression for the radius of convergence R of the generalized Taylor
series (3.7.3) is given. Moreover, if we assume [(,z) is the product of two C*
functions f(t) and g(z), a Taylor’s development of g(z) around z; leads to the
following expansion for I(t, z)

S))) PR ,WH i [(i)kf(t)] [a;i(ff)]z:z(,(t_t‘))m )

k=0 h=0 t=to

= ZZwa(k,h) (t — o)™ (z — 20)" | (3.7.4)

k=0 h=0
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ka+h
where (wa(k, ), oo = F(ki+1)% [£mazhl(tﬂz)]t . . We here use the no-
=to,2=20

Grath o k "

otk (aw) 9zh
but the reader must keep in mind that (a%) =+ 8‘2% in the case of the Ca-
puto derivative. Then, for a fixed value of z;, the Fourier-Laplace transform
¢s(t,z1,22]-) is a function of zo with ¢ > u. We rewrite here this transform
¢s(t,z1,2]|-) to emphasize that we consider it as a function of z = z5 and we can

then approximate® ¢s(t, 21, 2 |-) by the following expansion around z = 0 :

tation

oo oo

sty 21,2 |8, w,u, Ts,v5) & Z Zwa(k, h) x 2" (t — u)**, (3.7.5)
k=0 h=0

where the weights in this sum are obtained as above for h > 0 by

aka-i—h

1
« k7h - t7 b b 9 b S S . 3‘7'6
(ko) = Fr s | g st 215 s v>]t_w_0 (3.7.6)

The weights are then computed recursively thanks to the following proposition.

Proposition 3.5. The differential weights (3.7.6) verify the following relations

1 [ Ot 9%¢s(t 21, 2] ) _I(k+Va+1) (k+1,h)
L(ka + 1)l [othedzn ot tmusmo  Dlkat1) 75007
(3.7.7)
1 [ gkath b5l | )] (k,h—1) (3.7.8)
Zst,Zl,Z' = Wqu(Kk, N — YN
F(ka + 1)h' _atkaazh t=u,z=0
1 - aka+h a(z)s(t 2 Z|)]
’ ) 21, = (h+Dwa(k,h+1) (3.7.9)
T(ka+ 1)hl | Othedzh 0z t=u,2=0
1 [ Fth 9ot 21 ZI')]
«a z - = hwoz(kﬂ h) (3710)
F(kOé + 1)]1' _atk 3zh 0z t=u,z=0
1 [ oFeth L 00s(t, 21 Z')]
A ) 215 = (h— 1) wa(k,h —1) (3.7.11)
F(kOé + 1)h' _8t’“ azh 0z t=u,z=0

4The approximation (3.7.5) is exact if ¢5(t,21,2|-) is the product of one function of ¢ and
one function of z.
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Proof. Equations (3.7.7) and (3.7.9) directly follow from the definition of the dif-
ferential weights. The relation (3.7.8) is a straightforward result from the following
equality with z =0 :

gkath oha+h—1 gha+h
WZ¢S(tazlaZ |-) = hW¢S(t721az |-)+ ZW¢S(t721aZ ),

whereas equation (3.7.10) comes from

aka+h 8¢s(t, 21,72 | . ) aka+h aka+h+1

= h t . -
dtkag Lt 0z Otkapzh os(t21,2]-) + * Dtkag o+l

¢S(tazlaz|')a

and equation (3.7.11) from

Pt 0ps(t,on,2] ) rerth-t
3tkaazh22 92 = h(h — 1)Wq5s(t72172| -)
ko+h , GFathil
+2hzatkaazh¢s(t’zl’z|.) +z WQSS@’ZLZ")'

O

The next proposition hence provides an approximation of the Fourier-Laplace trans-
form ¢g(t, z1,2|-) by truncating the asymptotic expansion (3.7.5).

Proposition 3.6. The Fourier-Laplace transform of the bivariate process (Xs,, Vs, )
att >wu>s >0 is approzimated around z = 0 by the following truncated sum

K H
ds(t, 21,2 |8, w,u, s, vs) A2 Z Zwa(k,h) x 2" (t — u)F, (3.7.12)
k=0 h=0

where the differential weights wq (k, h) verify the following recursive equation for
h >0

T((k + 1o+ 1)

(ko £ 1) wo(k+1,h) = —kywa(k,h — 1) (3.7.13)

- (izlu — A (fJ(zl) - 1)) wea(k, h) — (k +ipoz1) hwe(k, h)

o? (23 —iz)

— 5 (h=Dwalk,h=1) + (h+ 1) —wa(k, h +1).
For h =0, the weights are obtained via
Tlha 1y Welb+1,00=- (320 = 2o (Frtzn) = 1)) walh,0) + 2w (1)
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The initial condition on the weights for initializing the recursion is given by

’ 1
we (0, h) = e_m‘"”sﬁ(—vs)h.

Proof. To establish the recursion (3.7.13) for h > 0, we apply the differential
operator

1 |: akaJrh ]
F(ka+1)h' 6tkaazh t=u,z:07

on the forward Caputo PDE (3.7.2). Next, for h = 0, we first notice from approx-
imation (3.7.12) that

K H

K
¢s(t,z1,0]+) ZZwakh)XOh(t—u) Zwa(k,O)x(t—u)o‘k.
k=0

k=0 h=0

Therefore, we see from equation (3.7.3) that the weight in the case h = 0 is given
by
we(k,0) = 1 akagb(tz 0]-) (3.7.14)
al\lv,y - F(ka+1) 8tka S\ <1, . <.

t=u

Then, similarly as in Proposition 3.5, we find the following relation

1 ok 0¢s(t, 21,0]+)
D(ka+1) | Otk 0z i

= wa(kv ]-) >

and applying the operator I‘(k;+1) [68;;0] on the following Caputo PDE with
t=u

zZ2 —0,
uDa¢S(t721aO ‘ ) =
— (izlu — )\J (f](zl) - 1)) ¢S(t72170 ‘ )+

leads to the announced result. Finally, since

22 — iz
2

0
@¢S(t,21,0|')7

K H

os(u,z1,2]|) Zzwakh x 2ok = ZwQOh

k=0 h=0

and since

1

oo
bs(u, 21,2 |+ ) = e F1TT = g in1 s Z ﬁ
h=0

we find we (0, h) = =% L (—v,)" for the initial weight of the recursion. O
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3.7.1 Risk management

We first use the series expansion of the Fourier-Laplace transform derived in Propo-
sition 3.6 to compute the moments of the subdiffusive stock price Ag, at matu-
rity T (provided that they exist), as well as some risk measures related to Ag,.
under the SSVJ model. The existence of the first four unconditional central mo-
ments of Ag, at some maturity T is detailed in Appendix 3.C. The probability
distribution of the subdiffusive asset price Ag, can then be obtained easily via
its Fourier representation. By inverting ¢g(T,21,0|-), it is indeed possible to
determine the density of probability ps(T,z|-) = fRJr ps(T,z,v|-)dv of the log-
returns Xg, and then compute numerically the moments of order k of the subd-
iffusive asset price via E [A’gT | ] = s ek ps(T, x| -) dx, as well as the related
Value-at-Risk (VaR) and Tail Value-at-Risk (TVaR). More precisely, we consider
here the financial portfolio Y consisting of one long position in the subdiffusive
stock up to the initial selling price, i.e. Ys, = Ag, — Ap. Following Artzner
et al. (1999), we define in this chapter® the VaR at level € of this portfolio as
VaR. (Ys,) :=inf{qg € R | P(Ys, + ¢ < 0) < e}, which is the smallest amount of
capital which, if added to Yg, and invested in the risk-free asset, keeps the probabil-
ity of a negative outcome (loss) below the level €. Similarly, the TVaR at level ¢ for
this long position is defined by TVaR. (Ys,) := EF [~Ys, | Ys, < —VaR. (Ys,)],
which is the expected loss given that this loss exceeds the VaR at level . For
assessing the risk of a long position, we are typically interested in small values of
e (0.5%, 1%). The inversion of the Fourier transform is then usually performed
accurately and fast using a Discrete Fast Fourier Transform (DFFT) algorithm,
estimated from the PMCMC algorithm in Table 3.6.2, we obtain in Table 3.7.1 the
moments and related risk measures of the ALQP share price Ag,., from s = 0 with
T = 0.5 years and with Ay = 24.8 (x9 = In24.8). Notice from Appendix 3.C that
the first four unconditional moments of Ag,. are finite for = 0.5. A comparison
with the classical SVJ model based on the same parameters (and o = 1) is also
performed and the density of Ag,. is depicted under the two models in Figure 3.7.1.

Table 3.7.1: The first columns give the first four central moments of As, under the
classical SVJ model and the SSVJ model. The four last columns give the Value-at-Risk
and Tail Value-at-Risk of the related portfolio Ys, at levels € = 0.5% and 1%.

Expect. Variance Skew. Kurt. VaRg 5% VaRy TVaRg 59 TVaR;q

SvJ 24.543 7.256 —0.317 | 4.039 8.513 7.554 9.770 8.935

SSvJ 24.401 11.566 —0.187 7.637 12.264 10.189 15.490 13.296

5This definition did not make sense for Chapter 2 as the CPPI portfolio P could not be below
the (non-negative) floor F'.
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Figure 3.7.1: Density of the ALQP stock price (As,) at T = 0.5 with s = 0 and z9 =
In(24.8) under the classical SVJ model (black line) and the SSVJ model (blue line).

We clearly see from Table 3.7.1 and Figure 3.7.1 that the SSVJ model leads to a
higher variability of Ag, and to fatter left and right tails, making this model more
risky. This is confirmed by the VaR and TVaR at levels 0.5% and 1% for Yg,..

3.7.2 Pricing

We now illustrate how to use our SSVJ model for pricing options in illiquid markets.
More precisely, we start by showing how to price a European call with maturity
T and strike K, whose value at time s under the risk-neutral SSVJ model (3.5.9)-
(3.5.10) is given by

Cs(T,K,Ss,Us,, As,, Vs,) =E¢ [efT(Tfs) (Asy — K)+‘ Sss US,UAS,UVSS]
—[EQ [eiT(T*S) (eXST — K)J S, Uss,exss , Vss] ,

with Xg, = InAg,. In our context, conditionally to the information about the
stochastic clock Ss = w, the first-passage Ug, = u, the stock value Ag, = e”s and
the variance Vg, = v,, we can write

Cs(T, K, w,u, zg,vs) = EQ [(eXST —K)+‘Ss =w,Us, =u,Xg, =z, Vs, = vs].
(3.7.15)

since we consider a zero risk-free rate » = 0 in this chapter. Using the conditional
pdf of Xg,, denoted by ps(t,z | s,w,u,xs,vs) = fooops(t,:ﬁ,v | s,w,u,zs,vs)dv,
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we can rewrite the price at time s of the European call by

o

Cs(T, K, w,u,xs,vs) = / (" = K),_ ps(T,x | s,w,u,vs,v,)dx. (3.7.16)

—00

From this point, we can price numerically this European call using several methods.
The most direct one is based on classical Monte-Carlo simulations. However, these
simulations are computer-intensive and we hence rather consider the two following
alternatives.

- First Alternative :
From the independence between S and X, we can use equation (3.4.8) to rewrite

the price (3.7.16) by

C’S(T,K,w,u,xs,vs):/ / (" = K), p(r,2|0,25,vs) g(T, 7 | 5,w,u) dz dr
= / C(r,K,xs,vs) g(T,7 | s,w,u)dr, (3.7.17)
0

where C(1, K, x4,vs) is the call price with maturity 7 under the risk-neutral dy-
namic of the classical SVJ model with » = 0, which is given by

C(T,K,IES,’US) :EQ [(AT - K)+|A0 = ewsvvb = ’US]'

This European call under the SV.J model is traditionally computed in a very efficient
way using Fourier methods, as in Gatheral (2011). This method works well when
the conditional density g(T, 7 |- ) of the inverse subordinator can be obtained easily,
which is the case with the a-stable subordinator U. Indeed, we have from Hainaut
(2021) that the probability density function of Sp — S, conditionally to S5 = w
and Ug, = u, can be represented as an infinite sum

1 & s I'(ak + 1)sin(rka) ¢!
g(T,7 | 5,w,u) = — ; o Tyt (3.7.18)

However, when the conditional density g(T, 7 |-) is hard to derive, we rather use a
second alternative.

- Second Alternative :

We now consider the call price (3.7.16) as a function of the log-strike k := In K so
as to use the methodology of Carr and Madan (1999). Since this function is not
integrable, its Fourier transform is not defined. However, if we fix € > 1, then the
function

Cs(k) — ckRQ [(eXST — 6k)+‘55 = ”UJ,USS = ’u,,)(gS = ’JZS,VSS = US] R
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is square integrable and its Fourier transform exists. We denote it by ¢s(w) :=

I jooj e~ “Fcg(k)dk. Using Fubini’s theorem for non-negative functions with Lebesgue
measure, we then have

cs(w) = / eIk OG(T, e w, u, x4, vs) dk

o0 ) +oo
= / 6(571‘0)]@/ (e® — M) ps(T, x| -) dedk
k

— 00

+oo xT ) x )
_ / ps(T, T ‘ ) (ew / e(efzw)kdk _ / 6(szw+1)kdk> dx

_ r 1 /+00 ple—iwt1)z ps(T,z|-)dz
e—iw e—iw+1/) /) o ’

1
= T 1):,0|-).
62+5—i(2w5+w)—w2¢s( wt e+ 1D)i0])

We can now invert the Fourier transform ¢g(w) to obtain the subdiffusive call price

OS(T7 ek7 w, U, Ts, Us) =

—ck Foo T 1)z .
: / gk ps@w+ (e +1)i,00-) o - (3.7.19)
0

7r €2+ e —i(2we + w) — w?

The Fourier-Laplace transform ¢g(T,w + (¢ 4+ 1)i,0]-) at zo = 0 is evaluated
using the approximation of Proposition 3.6 with the risk-neutral dynamics (3.5.9)-
(3.5.10) (and hence with —nA;m; instead of p and K,¥ instead of k,7). The
inversion of this transform in (3.7.19) is then performed efficiently using again a
DFFT algorithm. Note that we implicitly assume here and in Section 3.7.1 on risk
management that the truncation error of Proposition 3.6 is stable with respect to
Fourier inversion. This should be rigorously verified in further research.

Contrary to risk management, pricing is done under the risk-neutral measure Q and
we therefore need to find the corresponding parameters & and 4 under Q using the
relation (3.5.11). Since there are no option data available in illiquid markets, there
is no risk-neutral measure available from which we can estimate the market price
of volatility risk 6 as well as the parameter 7 controlling the jump size distribution
under Q. Hence, we simply cannot derive the set of risk-neutral parameters based
on available data. The best we can do is to use the observed log-return data under
P and either assume a minimal change of measure by setting 6o = 0 and n = 1
(leading to the same set of parameters) or obtain 65 and 7 based on standard values
in the equity market (e.g. 2 = —1/0 as in Bollerslev et al. (2011)) or from a similar
heavily-traded asset. For the sake of simplicity, we choose here the first option by
considering the minimal change of measure 65 = 0, n = 1. Moreover, since both of
the above alternatives (3.7.17) and (3.7.19) for pricing European calls lead to the
same values, we use the first method based on the conditional density g(T,7]-),
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which is more direct in the case of the a-stable subordinator. We then compare
for different maturities T the call price Cs(T, K, 0,0, xq, vo) under the SSVJ model
with the call price C(T, K, xg,vo) under the classical SVJ model (both at time
s =0). We also fix K = e = 24.8 such as to obtain the following ATM (at-the-
money) term structure of option prices in Figure 3.7.2, which is also represented
in terms of implied volatilities in Figure 3.7.3.
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Figure 3.7.2: ATM European call prices on the ALQP stock under the classical SVJ model
(black) and the SSVJ model (blue) for various maturities (with K = 24.8).
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Figure 3.7.3: ATM term structure of implied volatilities of the ALQP stock price under
the classical SVJ model (black) and the SSVJ model (blue) (with K = 24.8).
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We clearly see an increased concavity of the curve of call prices under the subd-
iffusive model. Indeed, the lower the «, the more concave is this curve. Hence,
considering the SSVJ model leads to higher call prices for small maturities (<1
year) and to lower prices for larger maturities (>1 year), compared to the classical
SVJ model. Finally, we obtain a more realistic power-law shaped ATM term struc-
ture of implied volatilities when considering the SSVJ model (which is consistent
with the empirical observations of Chapter 1, Section 1.5) while the SVJ model
leads to a flatter ATM term structure. Hence, we see that the subdiffusive SVJ
model deviates from the classical SVJ model in terms of option prices and implied
volatilities, especially at short maturities.

3.8 Conclusion

This Chapter 3 proposes a new procedure for modeling illiquidity in financial mar-
kets. More precisely, we introduce the subdiffusive stochastic volatility jump model
as a model of illiquid asset prices. It is built from the classical SVJ model that
we time-change by an inverse subordinator S;, controlling the periods of constant
values in the asset price and the long-memory property of the log-returns. This
SSVJ model allows to reproduce the motionless periods observed in the price of
thinly-traded assets as well as the well-known volatility clustering and jump ef-
fects. The generated sample paths of this model are therefore clearly more in line
with the observed prices in emerging markets and of small capitalization stocks, as
depicted in Figure 3.1.1. As usual models of subdiffusions are developed in terms
of FFPE, we show how to derive the FFPE satisfied by the conditional bivariate
pdf of the time-changed log-stock price and its variance process, seen from time s.
However, the Fourier-Laplace transform (3.4.19) of this pdf also admits a repre-
sentation in terms of forward fractional PDE, which is far more easy to solve and
on which we hence focus throughout the chapter. These fractional PDE are valid
for a whole class of subordinators with no drift (encompassing e.g. the a-stable or
Gamma subordinators) due to the fractional D-C derivative allowing for a lot of
flexibility. Importantly, they can also be used at any subsequent time s > 0 thanks
to our estimation procedure (and in particular the estimation of Ug,) that allows
to depart from the common Markovian valuation setup. We also show that this
model admits a risk-neutral measure Q, leading to an arbitrage-free and incom-
plete market. The SSVJ model is hence suitable for pricing various European-type
financial products and leads to a more realistic term structure of option prices (and
implied volatilities), compared with the classical SVJ model.

However, even if subdiffusions appear as good candidates for modeling illiquid-
ity, options pricing in this framework remains a challenging task for two reasons.
First, having no option quotes available in illiquid markets, we are forced to use
the observed log-return data in order to estimate the parameters of our model.
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We hence provide an econometric estimation of the model parameters based on
the PMCMC procedure (with the Bayesian bootstrap filter). This method works
well in our subdiffusive case and gives reliable results. Secondly, for option pricing
and risk management, we have to solve numerically the forward fractional PDE
(3.4.20) satisfied by the Fourier-Laplace transform ¢g. We use the series expan-
sion of Proposition 3.6 since this approximation is the most adapted for solving
our fractional PDE at zo = 0. A DFFT algorithm is finally applied to find the
corresponding pdf associated with the obtained solution of the Fourier-Laplace
transform ¢g and hence price options on subdiffusive assets. Note that throughout
the practical part of the chapter, we have considered an a-stable process as sub-
ordinator and a compound Poisson process with Gaussian jump size for the jump
process. However, since equation (3.4.20) is quite general, many other subordina-
tors and (square integrable Lévy) jumps processes could be considered so as to fit
the subdiffusive market as best as possible.

Finally, our estimation methodology allows to go beyond the simple setting in
which valuation is restricted at the exact times of price moves. However, the SSVJ
model requires the estimation of Ug which cannot be perfect at any time. Indeed,
when the price is frozen at time ¢, the exact behavior of Ug, cannot be obtained
and therefore, its estimate is based on its average behavior conditionally on the
estimation of S up to time ¢t. Moreover, a second limitation of the SSVJ model
concerns the application of our numerical scheme (Proposition 3.6) for option pric-
ing and risk management. It is required for the truncation error of the generalized
Taylor formula (3.7.12) to be stable with respect to Fourier inversion. As it goes
beyond the scope of this chapter, this should be the subject of further research
in computational mathematics. Finally, the zero risk-free rate and the minimal
change of measure (62 = 0, n = 1) reduce to some extent the generality of our
results.
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3.A Proof of Proposition 3.4

1. Let us denote by V the subfiltration of F4 carrying exclusively information
about the jump process and G; := Fg'° v F¥ v Vs,. Using nested expectations,
the mgf of W;Q:)st under the equivalent measure Q is given by

s
E@{ewwgst ]-‘6403} = EP{Zstewwg,St+“ Jo't 02,5 ds

]_—6405}
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Since the Brownian motion W5 is independent from the filtrations V and F°, we
have that
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To pass from the second to the last line, we use the fact that

e~ J0t ((O2,0=w)"+0% ) ds— [ (02,0 —w) AW, [ 0. . W], | S

is a stochastic exponential and hence a true martingale thanks the chosen form
(3.5.5) and (3.5.7) of the processes 63, and 0, ;, with A > —k/o (see Theorem 3.5
of Wong and Heyde (2006) and its derivation). We recognize the mgf of a Brownian
motion, time-changed by S;. Since

P
eZkaf (Vi .m)—(n—1AsS: | FS

is a martingale, nesting expectations leads to

P

: N )
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Therefore, we conclude that Wé@St = W; s, T fost 02 s ds is a time-changed Brow-
nian motion under Q. Using a similar argument, we also have that W?,St =
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WjP:’St + fost 0, sds is a time-changed Brownian motion under Q.

2. The second part of the proof concerning the jump process is identical to the
one of Hainaut and Leonenko (2021), Proposition 5.1. O

3.B Second simulated example

Based on the parameters (3.6.11), a second sample path of Ag, (and hence of S,
Vs,, Ng, and Ug,) is simulated for ¢ € [0,5]. The processes S and Ug are then
estimated via our filtering technique based uniquely on the simulated values of
Ag such as to confirm the accuracy of the estimation procedure as well as the
conclusions of Section 3.6.1. We obtain the following figure 3.B.1.

w—_s‘ . L QN

-~ Fitered S, ---- Fillered Ug,

timet timet

Figure 3.B.1: In red, second simulated sample path of the inverse subordinator S (left
plot) and its related first-passage process Us (right plot), compared with their filtered
estimate in blue dotted line obtained via Algorithm 3.

3.C Existence of SSVJ moments

We here verify that the first four central moments of Ag, under the SSVJ model are
finite. First, based on equation 3.4.8, we can rewrite the unconditional moments



3.D. Proof of Proposition 3.1 (iii). 133

at maturity T as

EF[A% ] = /OOO 9(T,7)EF[AF] dr (3.C.1)

where EF[A%] is the unconditional central moment of order k of the classical SVJ
model. Since all the moments of the jump process (e’ — 1)N exist when J is
Gaussian, it amounts to check for each k that the moments in the classical Heston
case are finite for 7 > 0, as in Friz and Ressel (2010). We first define the moment

explosion as
T.(k) :==sup{t >0: EP[Af] < oo},

and hence, EF[A¥] will be finite for 7 < T%.(k) and infinite for 7 > T\ (k). We say
that no moment explosion occurs if T} (k) = .

e For k = 1, it is well known that Ti(k) = oo due the martingale property of
(A4)i>0 and hence that EF[A,] < oo for each 7 > 0. From equation (3.C.1) and
since g is bounded, we finally have that E¥[Ag,.] is finite for any 7' > 0.

e For k = 2,3,4, using Proposition 3.1 of Andersen and Piterbarg (2007) with
the estimated set of parameters in Table 3.6.2, we find that T, = oo (since
D > 0,a < 0). Therefore, from (3.C.1), this again leads to the fact that EF[ A% ]
is finite for k = 1,2,3 and for any 7" > 0.

3.D Proof of Proposition 3.1 (iii).

By the definition (3.3.2) of Sy and the definition of the infimum, there is a ran-
dom sequence 7,, € {7 >0:U, >t} such that 7, | S;. By right continuity of
(Ur);>¢, we have lim,_, o U;, = Us,. Since U, > t for all n, we also have
limy, 400 Ur, = Us, > t. Hence, the case x1 >t is obvious since Ug, >t P-a.s.

Secondly, let 1 >t and w € {S;, > S;}. Then, there exists S¢ € (S;(w), S, (w))
such that Us, (w) = & < x1. It follows that Ug, () (w) < Us, (w) = § < 1 and thus
{Us, = 21} N {Sz, > Si} = 0. Since (Su), is nondecreasing, we have
{Us, = 21} = {Us, =2 21} N {8, > Si}
= ({Us, 2 w1} 0 {Sz, > Si}) U ({Us, = 21} N {5, = S5i})
= {USt > xl} N {le = St}

so that {Ug, > x1} C {S, = St}. For the converse inclusion, let w € {S,, = S;}.
Since Ug, > t P-a.s. from above, it implies that 21 < Uswl(w)(w). Since Uswl(w)(w) =
Us, (w)(w), we conclude that w € {Us, > x1}.






CHAPTER 4

A fractional Hawkes process for illiquidity modeling

In Chapter 4, we again consider a fractional process to directly model the illiquidity
process associated with low-frequency observations of asset prices but this time, we
shift our focus to the Amihud illiquidity measure. Indeed, the Amihud illiquidity
measure has proved to be very popular in the economic and financial literature
for measuring the illiquidity process of stocks and indices at daily time scales.
None of the existing discrete-time illiquidity models in the literature are however
adapted for reproducing peaks of illiquidity with long-memory, for risk management
and for pricing liquidity-related derivatives. This Chapter 4 therefore proposes
a new continuous-time paradigm for modeling illiquidity via a novel fractional
Hawkes process in which the intensity process is ruled by a modified Mittag-Leffler
excitation function. By considering a mean-reverting jump-diffusion model for
the (log-)Amihud measure where jumps follow this modified fractional Hawkes
process, we then manage to effectively reproduce the observed peaks of illiquidity
in financial markets while introducing long-memory and tractability in the model.
We can therefore use this model to perform risk management on illiquidity as well
as to price illiquidity derivatives on the Amihud measure. In the continuity of
Chapter 3, this chapter hence provides new tools for a better management of the
illiquidity risk in financial markets.

Dupret, J. L., & Hainaut, D. A Fractional Hawkes
Process for Illiquidity Modeling. Awvailable at SSRN:
hitp://dx.dos.org/10.2139/ssrn.4162342.
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4.1 Introduction

Hawkes processes appear as good candidates for modeling the arrival of financial
random events exhibiting a self-exciting behavior. They have been heavily used in
finance for modeling e.g. the occurrence of trades at high frequency in Bacry and
Muzy (2014), Bacry et al. (2015), Hardiman et al. (2013) and Cayé and Muhle-
Karbe (2016); the firm defaults in a credit risk portfolio in Da Fonseca and Zaatour
(2014) and Errais et al. (2010); or the jumps of asset prices in financial markets in
Ait-Sahalia et al. (2015), Ait-Sahalia and Hurd (2016), Hawkes (2022) and Hainaut
and Goutte (2019). The self-exciting behavior of Hawkes processes is characterized
by the so-called excitation kernel, which is a decreasing function that provides the
contribution of past jumps to the instantaneous probability of future jumps’ occur-
rence. Several functions have been proposed in the literature as excitation kernel.
The most common one is the exponential kernel, which enables a tractable and
analytical treatment of Hawkes processes and hence provides explicit formulae for
the moments, autocorrelation function and characteristic function of the number
of jumps, see Ait-Sahalia et al. (2015), Da Fonseca and Zaatour (2014) or Errais
et al. (2010). However, this exponential kernel cannot take into account the long-
range dependence of past events on the number of jumps, which is typical in many
financial applications such as in Bacry et al. (2015) for high-frequency trading, see
also Hainaut (2022) for a review. Therefore, another widely-used excitation kernel
proposed in the literature is the power-law one, as it allows for a slower decay
compared to the exponential kernel and can thus better reproduce the observed
long-term effects/memory in the number of jumps. This power-law kernel has also
been extensively used in high-frequency modeling where the order flow is known
to exhibit long-range dependence, as investigated in Bacry et al. (2012), Bacry
et al. (2015), Hardiman et al. (2013). However, unlike the exponential kernel, the
Hawkes process with power-law excitation function does not admit an analytical
characteristic function of the number of jumps and thus lacks of tractability for
many financial applications: valuation and risk management of portfolio credit
derivatives as in Errais et al. (2010), option pricing for self-exciting jump diffusion
models as in Hawkes (2022) or bond pricing under a self-exciting Hawkes dynamic
for the short rate process as in Hainaut (2016). Hence, several authors have tried to
fill this gap by introducing Hawkes models based on fractional dynamics. Hainaut
(2020) proposes a fractional Hawkes process defined by a subdiffusive dynamic for
the intensity process while Njike Leunga (2022) and Chen et al. (2021) consider
respectively the Mittag-Leffler function and the derivative of the Mittag-Leffler
function as excitation kernel. In the first part of this work, we hence review these
fractional Hawkes processes and show that none of them are perfectly suited for
the modeling of financial and economic events with long-range dependence. We
then introduce a new fractional Hawkes process based on a modified Mittag-Leffler
kernel that yields a tractable characteristic function while exhibiting long-memory.
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We study its properties and show that this new fractional Hawkes process is the
best suited for financial applications with long-range dependence, especially when
the characteristic function of the number of jumps is required. Indeed, following
Béuerle and Desmettre (2020), we show how to rewrite our fractional Hawkes pro-
cess with modified Mittag-Leffler kernel as a superposition of an infinite number
of Markov processes. Discretizing the obtained representation, a semi-closed form
solution is derived for the conditional transform of the number of jumps.

From the theoretical results developed in the first part of the chapter, we pro-
vide some practical applications of this modified fractional Hawkes process in the
context of illiquidity modeling and show that it outperforms existing self-exciting
models in terms of goodness of fit with observed illiquidity data in the market.
Several econometric indicators have indeed been proposed for measuring the illig-
uidity process of stocks and indices using daily (or weekly) frequency data, see
Goyenko et al. (2009) for a review. We here focus on the Amihud illiquidity mea-
sure as introduced in Amihud (2002), which has proved to be very popular in the
empirical literature and to influence the cross-sectional asset returns through the
so-called illiquidity premium, see the review of Amihud (2015). This premium
arises due to investors taking into consideration illiquidity costs and pricing them
into their expected returns so as to compensate for this market impact, see the gen-
eral Introduction. Numerous econometric models in discrete time have then been
proposed for modeling this Amihud measure, as in Amihud (2015), Brennan et al.
(2013) or more recently Hafner et al. (2022). In this work, we shift of paradigm
and consider a continuous-time process instead. More precisely, we model the (log-
)JAmihud measure as a mean-reverting jump diffusion where the jumps follow a
fractional Hawkes process ruled by the modified Mittag-Leffler excitation function
introduced in the first part of the chapter. This continuous-time approach helps
us to obtain the characteristic function satisfied by the Amihud measure in quasi-
closed form, leading to a time-efficient and accurate numerical computation of the
moments, density and risk measures of the Amihud illiquidity measure. There-
fore, this model enables time-efficient and exact risk management on illiquidity
as well as to price financial instruments related to the Amihud measure!. This
way, we provide market participants with new tools to better manage and assess
their risk of liquidity, to reduce their exposition to this risk and to express views
on future liquidity conditions. Moreover, incorporating fractional Hawkes jumps
in the model allows us to reproduce the observed peaks of illiquidity in financial
markets and to show that these peaks effectively exhibit long-memory. Finally,
by considering a multivariate setting for our fractional Hawkes process, we can
study the contagion between the up and down shocks of this Amihud measure.
This multivariate setting can also be adapted such as to simultaneously model the
illiquidity process of multiple indices in financial markets as well as their contagion.

1We refer to the original paper Dupret and Hainaut (2023a) for the introduction and pricing
of liquidity-related derivatives, which are not included in this thesis for readability purposes.
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The goal of Chapter 4 is therefore fourfold. We first introduce a new fractional
Hawkes process with a modified Mittag-Lefller kernel and show that it exhibits
better properties for the modeling of economic and financial events with long-
range dependence, compared with the existing Hawkes models. We then propose
a new paradigm based on a continuous-time process for studying the illiquidity of
financial assets via the Amihud illiquidity measure. More precisely, working with
a mean-reverting jump model for the log-Amihud measure with jumps following
this modified fractional Hawkes process allows to easily reproduce the observed
peaks of illiquidity in financial markets while introducing long-range dependence
and tractability in the model. In a third step, we show via a Peaks Over Thresh-
old procedure with likelihood maximization how to estimate the parameters of our
mean-reverting fractional Hawkes model. By deriving the characteristic function
satisfied by the Amihud measure in this model, we finally show in the last section
of this chapter how to perform risk management on illiquidity by providing an effi-
cient way to compute the distribution, moments and risk measures of the Amihud
measure. We hence provide with this chapter new tools for a better understanding,
management and assessment of the liquidity risk in financial markets.

4.2 Hawkes processes

The Hawkes process is a self-exciting point process introduced in Hawkes (1971).
More precisely, it models a sequence of arrivals of some type over time such as
earthquakes, gang violence, trade orders, price jumps or firm defaults. Each ar-
rival excites the process in the sense that the chance of a subsequent arrival is
increased for some time period after the initial event. As such, it is a non-Markov
extension of the Poisson process.

We fix a complete probability space (2, F,P) with right-continuous and complete
filtration F = (F;),~,, on which are defined a nonexplosive counting process N
given by N; := Zj>z]l{r,-§t} and a point process L given by

L= O0jl{r<y, (4.2.1)

jz1

where the jump sizes O; € F;, are i.i.d. random variables and where (7;);>1 is a
sequence of positive stopping times corresponding to the arrivals of jumps. These
jumps represent market events such as peaks of illiquidity, defaults in a portfolio
of firms or the occurrence of a trade. In a Hawkes setting, the processes N and
L are directly specified through a conditional arrival rate or intensity A as well as
a distribution v on (0,00) for the jump size O (assumed to be strictly positive in
this chapter). We suppose that the jump transform fooo e dv(o) exists, is finite
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for complex ¢ and admits a finite derivative fooo 0e%°dv(o). The intensity then
describes the conditional mean arrival rate of the Hawkes process and is assumed
to follow a strictly positive stochastic process such that

. E[Nyn|F] - N, t
A | Fi = lim [ t*”'h ) t:)\o(t)—k/ nf(t —u)dL, (4.2.2)
0
=X +n Y ft—7)0;
jiTi<t

where n > 0 and where Ao(t) is the positive background intensity function, de-
scribing the arrival of events triggered by a deterministic exogenous source. The
function f : RT — RT, called the self-excitation kernel of the process, is a de-
creasing function that provides the contribution to the intensity A; of a jump that
occurred at a previous time u < t. Hence, each event increases the intensity by
nlimy, .o+ f(h)O, which then decays according to the excitation function ¢ := nf
until the next event occurs to push it up again?. This excitation kernel ¢ is de-
creasing so that more recent events have higher influence on the current intensity
compared to events having occurred further away in the past. Note that in the
self-excitation setting considered in this chapter, jumps of the Hawkes process al-
ways increase its intensity. Including negative impacts of jumps on the intensity \;
is possible by replacing n in (4.2.2) with fA,, where 7 € R. This ensures to keep
a non-negative intensity but at the cost of lessened tractability, see Da Fonseca
and Malevergne (2021). From Bacry et al. (2015), we then have that the two-
dimensional process J = (L, N) T is a Hawkes process provided that the excitation
kernel ¢ satisfies the following definition.

Definition 4.1. I. Positive : ¢(t) > 0 Vi.
II. Causal : ¢(t) =0 for t < 0.
III. L'-integrable : [ ¢(s)ds < co.

From equation (4.2.2), we clearly have that the higher the jump size O, the higher
the effect of the jump on the intensity. Moreover, the intensity A governs the com-
mon event time of N and L. However, while the jumps of the counting process N
are unit-sized, the jumps of the point process L are drawn from the distribution v.
Finally, it is shown in Errais et al. (2010) that N — fo Asds is a local martingale
relative to F and P.

As explained in Bacry et al. (2015), the L' norm of ¢ (denoted ||| |1:= [;~ ¢(s) ds =
7| f]|1) can be interpreted as a branching ratio, i.e. the number of events generated
by any parent event. Moreover, ||¢||; provides a direct measure of the fraction of

2This notation in terms of 7 and f will allow to emphasize the separate role from the clustering
parameter n and the kernel f on the Hawkes process’ properties, see Proposition 4.1.
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endogenously triggered events within the whole population of events and is thus
a measure of market reflexivity. Finally, even though a Hawkes process ruled by
(4.2.2) is well-defined for any choice of kernel ¢ satisfying the three conditions of
Definition 4.1, a stationary Hawkes process can be characterized as follows. The
counting process N has asymptotically stationary increments and the intensity A is
asymptotically stationary if the kernel ¢ satisfies E(O)||¢|l1< 1. In the multivari-
ate extension of the Hawkes process that will be introduced in Section 4.3.4, the
L' norm required for this stationary condition is replaced by the spectral radius,
as explained in Bacry et al. (2015).

This setting is largely used in the financial literature to model the arrival of trade
orders at high-frequency as the counting process N and the associated microstruc-
ture price as the loss process L (where O; then denotes the order size of the j*
trade), see the review of Bacry et al. (2015). Similarly, firm defaults in a portfolio of
credit risk can be modeled by the counting process N and the loss-given default by
the random variable O, as in Errais et al. (2010) or Da Fonseca and Zaatour (2014).
Finally, jumps in asset prices can also be studied using these Hawkes processes, see
Ait-Sahalia et al. (2015), Hawkes (2022), Njike Leunga and Hainaut (2024). We
now introduce a new fractional Hawkes process based on a modified Mittag-Lefller
kernel. We will study this kernel throughout the chapter and compare it with
standard choices of the excitation kernel f proposed in the literature.

4.2.1 The modified Mittag-Leffler fractional Hawkes process

This new fractional Hawkes process is based on the following excitation kernel,
defined as the difference of a Mittag-Leffler (ML) function and its derivative, namely

10 = 20 - B _ gy L 0), vena) >0, (129

where E,(z) == > " Wnﬂ)

Yol Wnﬂg) the two-parameter ML function, both evaluated at z = t7. This
kernel (4.2.3) with v € [1,2] is called the modified Mittag-Leffler (mML) kernel.
From the expansion 18.1(22) in Bateman (1953), we can also easily derive the

following asymptotics for our mML kernel (4.2.3) :

is the one-parameter ML function and E, 5(z) =

_t gt +
1 ) exp[ F(v)]’ t— 0",
__tr
r'(l1—v)’

5 (1) ~ (4.2.4)

t — o0.

Therefore, we have that our newly introduced mML kernel interpolates between a
stretched exponential for small times and a power-law with index v € [1, 2] for large
times. This kernel thus handles in an unified way the properties of the exponential
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and power-law kernels (see Section 4.2.2 and Figure 4.2.1 below), providing both
tractability and long-memory to the Hawkes process. This will hence lead to a
better modeling and fine tuning of the short and long-term properties of the Hawkes
process, as we will see in what follows. The intensity of the mML fractional Hawkes
process is then defined in the following way

t t
At = )\0+/ [yt —u)a (A —)\u)du—i—/ fy(t —u)ndL,, (4.2.5)
0 0

where the background intensity function in (4.2.2) is chosen to be Ao(t) = Mg +
f(f f4(t —u) o (Moo — Ay) du, where Ao > 0 the intensity at initial time 0 and A >
0 a fixed parameter controlling the long-run average intensity. Proposition 4.3
will show the existence and non-negativity of the intensity satisfying (4.2.5). The
remainder of this section presents the most popular choices of decay function f
discussed in the literature and compares them with the mML kernel (4.2.3). In
particular, a numerical comparison is provided in Figure 4.2.1, which highlights the
benefits of the mML kernel for the financial and economic modeling of events with
long-term effects. The exact mathematical and statistical properties of the mML
kernel (4.2.3) and of the mML Hawkes process (4.2.5) are then thoroughly studied
in Section 4.3. In Section 4.4 and 4.5, we apply this new fractional Hawkes process
for modeling (il)liquidity and we show that the short and long-term properties
derived in Section 4.3 are perfectly suited compared with other excitation kernels
for reproducing and studying the peaks of the (log-)Amihud illiquidity measure.

4.2.2 Standard Hawkes processes
We first review the two most frequent choices of decay function in the literature :

- Exponential kernel :

falt) = t>0,a>0, (4.2.6)

where « is the rate at which the impact of an event decays over time and where
the L! norm ||¢||; is equal to /. More precisely, a widely-used intensity process
similar as our choice (4.2.5) with A\g, \oc > 0, is

t
At = oo e N0 — Aoo) +7 / e~t=wqr, (4.2.7)
0
t t
=)\ + / falt —u) a (Ao — Ag) du + n/ falt —u)dL,, (4.2.8)
0 0

which can be rewritten by differentiating the previous equation as
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As for the mML Hawkes intensity (4.2.5), the process A does not blow up because
the drift becomes negative whenever the intensity is above Ao, > 0 and prevents
any explosion. The point process J = (L, N) is not Markov since it depends upon
A but the pair X = (A, J)7 is well Markov in the state space D = R} x (Ry x N).
Therefore, the infinitesimal generator of X, denoted L, is the operator acting on a
sufficiently regular function f : D — R with continuous partial derivative 9f/OA
such that

E:[f(Xiqn)] — f(x)

cite) =, ML
where E[-] = E[- | F] and X; = = = (A, (Lt, N;))". For the Hawkes process
(4.2.7), we can write
of
Lf(z) =a(ro — A)ﬁ(x) +AE[f(A+n0, L+0O, N +1) — f(x)]

:a()\oo—/\)g{\(x)—l-/\/ooo (f(A+mno, L+0, N+1)— f(x))v(do).

Hence, Da Fonseca and Zaatour (2014) obtain the following Dynkin’s formula for
this Hawkes process with h > 0

t+h
By [f(Xegn)] = f(Xe) + By l/t Lf(Xu) du] : (4.2.10)

Furthermore, since the process X = (), J) T is a Markov process, we can express for
u = (ux,ur,uy) € C® and t < T its conditional transform [, [e“'XT] as f(t,T, Xy),
where f is a complex-valued function f on [0,7] x D. Since f must satisfy the
following PIDE
0

0= 8—{(t,T,x)+£f(t,T,x), (4.2.11)
with boundary condition f(T,T, Xr) = e* X7 = eprArturlrtunNr ' we have from
Errais et al. (2010) that the point process X = (A, J)T = (A, L, N)" is affine and
that its conditional transform is given by

E; [e“ 7] = exp (a(t,T) + b(t, )\ +u' - Jy),

where v/ = (ur,uyn) € C? and the coefficient functions a(¢,T) := a(u/,t,T) and
b(t,T) :=b(u',t,T) satisfy the following Riccatti ODEs

ob(t,T)
ot

Oa(t,T)
ot

=abt,T)+1-6 (77 b(t,T) +u - (170)T) eu’,(o,l)T,

= —aob(t, T),
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with boundary conditions a(T,T) = 0, b(T,T) = uy and where 6(-) is the jump
transform

egyzéwe@dm@,ge@.

This exponential kernel is used e.g. in Errais et al. (2010) in the context of port-
folio credit risk, where the correlation of firm defaults is the main concern. Such
specification of the Hawkes process allows the valuation of derivatives on debt port-
folio in a highly tractable way thanks to the existence of closed-form formulae for
its moments and characteristic function. However, in this framework of exponen-
tial excitation kernel, the autocovariance of the intensity decays exponentially with
time. This feature is not adapted for modeling real phenomena that exhibit a long-
term memory of past events such as trade occurrence, default events or illiquidity
peaks (as we will see in Section 4.4). For example, it has been shown empirically
in Hardiman et al. (2013) and in Bacry et al. (2012) that the exponential kernel is
not the best suited for reproducing the occurrence of trades at high-frequency, sug-
gesting a long memory nature of self-excitation phenomena at the microstructure
level of price dynamics.

- Power-law kernel :

faq(t) = ﬁ>

This kernel makes the pair (A, J) non-Markov and we hence cannot rely on the
above theory of infinitesimal generators to write the characteristic function of
(M, J), see Bacry et al. (2015). In the case of portfolio credit derivatives, this
prevents from valuating efficiently these contracts as done in Errais et al. (2010)
with the exponential kernel (4.2.6) above. Similarly, this characteristic function is
required for efficient risk management and option pricing! in the context of liquid-
ity modeling, as we will see in Section 4.4-4.5. Other applications requiring this
characteristic function include the pricing of options for self-exciting jump-diffusion
models (see Ait-Sahalia et al. (2015)) or the pricing of bonds under Hawkes dynam-
ics (see Hainaut (2016)). Nevertheless, the main benefit of this power-law kernel
is to allow for a slower (power-law) decay than the exponential kernel so that it
can be used for a better modeling of long-term effects/memory. We will indeed see
in Figure 4.2.1 below that even for large maturities, there is a substantial contri-
bution of past jumps in the intensity, inducing this lack of Markov property. This
long-term power-law decay is e.g. observed at high-frequency in Hardiman et al.
(2013) with v =~ 0 (and thus a power-law exponent close to 1 + v & 1), which
hence enables a better modeling of the long-range nature of offer and demand.
We therefore want to build a kernel exhibiting such long-range dependence while
having a characteristic function available in (semi-)closed form so that we can bet-
ter manage the illiquidity risk and write options on liquidity-related instruments.
Fractional Hawkes processes offer ways to achieve this, but first we show in the next
section that none of the current fractional Hawkes in the literature fully satisfy the
empirical properties observed in financial markets.

a>0,t>0. (4.2.12)
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4.2.3 Fractional Hawkes processes

- Mittag-Leffler kernel :

£ (t) = E,(~t7), >0, ve(0,1]. (4.2.13)

where E.(z) is again the one-parameter ML function but this time with v € (0, 1]
and evaluated at z = —¢7 (instead of z = ¢7 in (4.2.3)). For ¢t > 0 and v € (0, 1], the
one-parameter ML function E,(—t") has the meaning of survival function for some
positive random variable T with infinite mean, called the ML random variable. The
choice of this kernel is motivated in a more general setting in Njike Leunga (2022)
by the behavior of the ML function at short and long term. Indeed, it is commonly
known that E.(—t”) matches for ¢ — 0 with a stretched exponential with infinite
negative derivative, whereas it matches as ¢ — co with a negative power-law with
index vy € (0, 1], see Mainardi (2020)

exp I:ir(fil’y)il’ t*>0+,
B (—t7) ~ (4.2.14)
7 _ sin(ym) T'(y)
R = e b oo

As a consequence of the long-term power-law asymptotic, the process turns to be
no longer Markov but of long-memory type. However, the L' norm is infinite which
prevents from using this excitation function for modeling the arrival of financial
random events. Indeed, using the probabilistic interpretation of the ML function
as survival function for the positive ML random variable T, we find

10lh= [ B andu= [T BT > wau =T = o0

since from Theorem 3 (ii) in Lin (1998), the expected value of the the ML random
variable T is infinite. In this case, each exogenous event generates infinitely many
endogenous events and the average intensity explodes at large time scales, making
the choice of the ML kernel not conceivable for modeling financial events. Indeed,
this excitation function does not even define a Hawkes process since the third
condition of Definition 4.1 is not satisfied.

- Mittag-Leffler’s derivative kernel (dML) :

= g ey s0ae01 @21m)

where E. 5(z) is the two-parameter ML function introduced in (4.2.3) but now
evaluated at 2 = —t7. This kernel (4.2.15) is in fact the sign-changed first derivative
of the ML kernel (4.2.13) and hence the pdf of the survival random variable T'. It
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has been introduced in Chen et al. (2021) as a non-Markov fractional Hawkes
process with long-memory and with ||f||;= 1, such that

400 t— 0T,
B, () ~ o . (4.2.16)
71_?(_77)1 _ smgr'wr) ngrll)’ t = oo,

Although the three conditions of Definition 4.1 are satisfied (making this fractional
Hawkes process (4.2.15) well defined), we directly see in equation (4.2.15) with
v < 1 and in (4.2.16) that this kernel tends to infinity when ¢ — 0" and hence
cannot capture the right behavior of the Hawkes process right after its jumps (given
by nlim; o+ f,(t)O). Moreover, the developments we will make for deriving the
characteristic function of (A, J) in Section 4.3.3 will not apply to this dML kernel
(due to the divergent quantity (4.B.8)). As this characteristic function is required
to perform risk management on illiquidity in Section 4.5, this prevents from using
the ML’s derivative kernel in our setting.

4.2.4 Comparison

We now compare numerically in Figure 4.2.1 the different choices of kernels above.
We first observe at short times that the exponential, ML and mML kernels exhibit
the same behavior. Indeed, both the ML and mML kernels behave as a stretched
exponential for short times and we in fact have the same asymptotics for ¢ — 0%
in (4.2.4) and (4.2.14) given that « € [1, 2] for the mML kernel (4.2.3) whereas v €
(0,1] in the ML kernel (4.2.13). We also clearly see the explosion of f, (¢) for t — 0"
in the dML kernel as already mentioned. At large times, we have instead that
the power-law, dML and mML kernels exhibit the same decay. Indeed, the dML
and mML kernels have the same long-term power-law decay since the asymptotics
(4.2.4) and (4.2.16) for t — +oo are equivalent (again from the condition ~ € [1, 2]
in the mML kernel and v € (0,1] in the dML kernel), which induces their non-
Markov property. We also see that the ML kernel in dark blue decays as a power-law
but much slower (at a rate v instead of 14+ for v € (0, 1]), compared with the other
fractional kernels. This explains that the L' norm explodes for this process making
it not conceivable for financial modeling. Finally, the exponential kernel decreases
very rapidly to zero, preventing from using this kernel for modeling long-term effects
since there is no contribution anymore of past jumps in the intensity for maturities
t > 1. Therefore, thanks to its power-law behavior at large times and since it keeps
tractable formulae (see next section) due to its fast decay at short time, our mML
Hawkes process appears the best suited for modeling financial events with long-term
dependence/memory. This will be confirmed empirically with Figure 4.A.2 in the
context of the Amihud illiquidity measure. We now derive the exact mathematical
and statistical properties of the mML kernel (4.2.3), required in Section 4.4 and
4.5 for modeling (il)liquidity with long-range dependence.
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Figure 4.2.1: Comparison of the excitation kernels proposed in the literature with the
mML kernel (4.2.3). In red and orange dotted lines, we have the exponential kernel with
a = 3.12 and the power-law kernel with a = 0.28,vy = 0.5. In dark and light blue dotted
lines, we have the ML and dML kernels with v = 0.5. In black line, we have the mML
kernel with v = 1.5.

4.3 The modified ML fractional Hawkes process

4.3.1 Properties

We first recall that the mML kernel is defined in (4.2.3) as the difference of a ML
kernel and its derivative, evaluated at ¢¥ with v € [1,2] and which admits the
asymptotics (4.2.4) at short and large times. Moreover, we can directly expand
the continuity of (4.2.3) in zero and hence obtain the right limit lim, o+ f,(t) =
f+(04+) = 1, ensuring a non-explosion and reasonable behavior of the Hawkes
process at the occurrence of a jump. As depicted in Figure 4.2.1, subtracting
the derivative of the ML kernel in the mML kernel (4.2.3) allows a faster rate of
decay at large times, which is necessary to define properly a fractional kernel with
long-range dependence and finite average (as we now show in Proposition 4.1 on
the L' norm of ¢, := nf,). ||¢,|[1 is indeed equal to n and does not explode
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anymore as in the classical ML kernel. This ensures that the mML Hawkes process
is a suitable fractional Hawkes process for modeling financial and economic events
with long-term effects.

Proposition 4.1. (i) The L' norm of the modified Mittag-Leffler kernel (4.2.3)
s given by

Ihlh= [ f@d= [ (E@) -0 B ) d=1, @s
0 0
which thus leads to the L' norm ||¢4||1=n||f|l1=n < co.

(i) The mML fractional Hawkes process ruled by the excitation function (4.2.3)
1s well-defined according to Definition 4.1.

The proof of this proposition is relegated in Appendix 4.B.1 and we now have that
the parameter 7 controls the clustering property of the financial events modeled
by this mML fractional Hawkes process. Secondly, the following Proposition 4.2 is
crucial for deriving the conditional transform of (A, J) under the mML fractional
Hawkes process. This proposition will indeed be fundamental in the sequel of this
chapter in order to perform risk management on illiquidity.

Proposition 4.2. The modified Mittag-Leffler kernel (4.2.3) is completely mono-
tone® if and only if v € [1,2]. This is equivalent to the existence of a representation
of the kernel (4.2.3) in terms of a Laplace-Stieltjes integral with non-decreasing
density and non-negative measure given by

f0 = [ e, (13.2)

where
—sin(ym) w1 + w)

pldw) = — (w27 — 2w cos(ym) + 1)

dw. (4.3.3)

We refer to Appendix 4.B.2 for the proof of this proposition.

4.3.2 Spectral representation

We first recall that the intensity of the mML Hawkes process is obtained by ex-
tending the exponential intensity model (4.2.8) with the mML kernel (4.2.3) in the
following way

3A function f : (0, +00) — R is completely monotone if it is C* and if (—1)" £ (z) > 0, Vn € N.
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At = Ao+ /t f4(t—u) (@ (Moo — Ay) du+ndLy,) . (4.34)

This form for the intensity is in fact inspired by the affine Volterra structure of
Abi Jaber et al. (2019) and Abi Jaber (2021) with Ornstein-Uhlenbeck (OU) drift
coefficient, and justified by Proposition 4.3 below. Such mML kernel with affine
Volterra structure for A\ will lead in the sequel to a semi-closed form solution for
the conditional transform of N and L. Moreover, from the spectral representation
(4.3.2) and using Fubini’s theorem, we can rewrite the mML intensity (4.3.4) as

t oo
A = Ao + / ( / e_‘"(t_“),u(dw)) (@ (Moo — M) du 4+ 1nOdN,,)
0 0

= Ao+ /0 b ( /O t e (0 (Moo — M) du + nOdNu)> p(dw)

=X+ Y¥ p(dw) . (4.3.5)

In the last line, we denote by Y, a Markov process satisfying for each index w € R
the SDE

dY¥ = (a (Ao — At) —wY?)dt +nOdN,, Yy =0, (4.3.6)
with solution

t
Yy = / e 0 (Moo — Ay) du + nOdN,,) . (4.3.7)
0

From (4.3.5), we have that the intensity at time ¢ is the sum of a background rate
Ao and the expectation of arrival rates (Y”) g+ With respect to a measure p. We
see this way that the mML fractional Hawkes intensity (4.3.4) can be written as a
superposition of infinitely many Markov factors (Y;*),,cp+ mean reverting at differ-
ent speeds w towards the level a(As — At)/w. Hence, the mML Hawkes process can
be represented as an infinite-dimensional Markov process ()\t, (th)weRJr,Nt) ,

>0
which allows us to use the standard tools of stochastic calculus to derive its condi-

tional transform from the affine property of equation (4.3.6).

Proposition 4.3. There exists a unique non-negative (weak) solution for the in-
tensity process A satisfying (4.3.4).

Proof. This directly comes from Theorem 2.13 of Abi Jaber (2021) since the kernel
fy in (4.3.2) is completely monotone and taking K = f,, go(t) = Ao + f(f fy(t —
u)adodu along with the semimartingale characteristics b=1—-1n, ¢ =0, v = v.
See also Lemma 9 of Bondi et al. (2024) and Bondi et al. (2022). O
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4.3.3 Discretization and conditional transform

Following Béuerle and Desmettre (2020), we now approximate the measure p de-

rived in (4.3.3) as a discrete measure with a finite number of atoms, allowing

to move from an infinitely dimensional Markov process to a framework with fi-

nite dimensional Markovianity. For this purpose, we consider a partition £ :=

{0 < f(()n) < fln) <...< &(Ln) < oo}. The barycenter of  on each interval ( ,gn), 5,(:21)
for k=0,...,n—1is given by

(n)

(n) Srt &,
bpr = /5 oy @ aldw) /e by Hdw) ) (4.3.8)
k k

For £k =0,...,n— 1, the mass of any atom on each interval ( ,(Cn), 51(531) is hence
‘El(ch 51(;«?1 —qi =101
(n) _ do) = sin(ym) w1+ w) d 43.9
M1 /§<n> p(dw) /§<n) 7 (w?Y — 2w cos(ym) + 1) Y (43.9)
k k

We cannot obtain analytical expressions for mg_?l and b,(:gl. However, the exact
expressions for the barycenter and the mass of each interval are not useful in what
follows. The discrete measure for a partition of size n is then defined as follows

(n) — - (n)
1 (w) ];mk By (@), (4.3.10)

where §b§cn) (w) is the Dirac measure located at point w such that lim,, ., u(™ (w) =

1(w). We consider that the following assumption holds for the partition £ :
(1) f(()n) — 0 and f,(L”) — 0o when n — oco.

(n) ,(Cn) — 0 when n — oo.

(ii) max ‘£k+1 —

(iii) £ c g+,

Considering the previous discretization setting, the following proposition connects
the discretized measure (™ to the true measure p for any measurable function in
the set L (i) of integrable functions with respect to this measure .

Proposition 4.4. Forn € N, if a partition £ satisfies (i)-(iii) and if a function
f :RtoC is in L'(u), then

m [ f(w)u™ (dw) = /0 h f(w)p(dw) . (4.3.11)

n— oo 0
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We refer to Appendix 4.B.3 for the proof, see also Biuerle and Desmettre (2020).
We then fix n € N and adopt the following notation when discretizing the mean-
reverting factor Y defined in (4.3.7) :

(n)
Yt(k) ::Ytb’c JVeE=1,...,n,
where
v, ? = (a (Ao = A") = 5"¥ ) 4 noan(™,

and with N a counting process of intensity A(™. From equation (4.3.5), this
discretized intensity A(™ based on a partition of size n is given by

MY =20+ mPy ™. (4.3.12)
k=1

From Proposition 4.4, we have that lim,, )\E") = )\; almost surely since we can
rewrite equation (4.3.12) as* )\,En) =X+ [y Y™ (dw) and since the function
w € RT — Y¥(w’) is integrable with respect to the measure p for fixed w’ € Q as
a sum of negative exponential functions, see equation (4.3.7). Finally, we obtain

=3 mPar P =3 m (o (A = AM) = 571 0) 400 miVani.
k=1 k=1 k=1

Now that we have discretized the mML fractional Hawkes process into a finite
number of related Markov processes, we are able to obtain the main mathematical
result of the chapter about its conditional transform with Proposition 4.5 and
Corollary 4.1. These tools are indeed required when applying the mML Hawkes
process for modeling illiquidity in Section 4.4 and 4.5.

Proposition 4.5. The transform ofX;n) = ()\gfl), ;n))‘r = ()\g?), (Lg?),Ngl)))T

conditionally to F; at time t < T with u = (ux,ur,un) € C® is given by
E, [euxéﬁ)] _E, [6u>\)\,(1:’")+uLL(7:”/)+uNN7(""):| (4.3.13)

= exp (a(t,T) + b(t,T)AE") +u - T + ch(t,T) Yz(k)> ,
k=1

where u’ = (up,un) € C? and where the coefficients a(t,T) := a(u',t,T), b(t,T) :=

. %) n n) roo n n b(n) n n k
HUsing [ Vi ut™ (de) = Koy my” [7 V0, o (de) = Sy mi Y, = SR my Y.
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b(uw',t,T) and ck(t,T) := cp (v, t,T) satisfy the following system of equations
- RO
a(t,T) = a oo Zm,(cn) (/ e bk (v )b(v,T)dv> ,
k=1 t

31’(;;T) —a (Z m{b(,T) + 3 ck(t,T)>
k=1 k=1

- (b(t’T)”Zmzi"’M“(170)T+ch(t,T)n>

k=1 k=1

T
ek (t,T) = fb,(gm mfcn) e T p(u, Tydv, Vk=1,...n.

t

with boundary condition b(T,T) = uy and where 0(§) = [e%°dv(o), & € C is the
transform of the jump distribution.

The proof of this proposition is given in Appendix 4.B.4. Passing to the limit
n — oo leads to the following corollary.

Corollary 4.1. The transform of Xr = (Ar, J7)| = (Ap, (L, N7))' condition-
ally to F; at time t < T with u = (ux,ur,un) € C? is given by

E, [eu'XT] —E, [euAAT+ULLT+uNNT:|

= exp (a Aoo /t fy(w—=1)b(v,T)dv + b(t, T) A\ (4.3.14)

0o T
+u g — / </ e p(u, T) dv) wY}“’,u(dw)) ,
0 t

where v’ = (ur,un) € C? and where the coefficient function b(t,T) := b(u,t,T)
satisfies the following integro-differential equation

8”(;;T) ——a % /tT (0 — £)b(v, T) dv (4.3.15)

o0 (o T o [T u-(0,1)T
- u (170) —Tla f’Y(U_t)b(v7T)dU € +1,
t

with boundary condition b(T,T) = uy.

The proof of this corollary is again relegated in Appendix 4.B.5. Based on the
conditional transform (4.3.14), we can now obtain the moments of the process
X = (X, J)T given in the following corollary.
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Corollary 4.2. The conditional expectation of X1 to Fy at timet < T is given by

T
E, [w-XT]:a)\OO/ Fo(v— ) 80,0, T) dv+ (0, £, )\ + ' - I
t

&S] T
— / (/ eIy (0,0, T) dv) w Y u(dw),
0 t

for w = (wyx,wr,wy) € R, We denote w' = (wr,wy) € R?, v/ = (ur,uyn) € C?
and x = E[O] = [;° ov(do). The coefficient function

b (0,t,T) := <wL88 —|—wNaa>b(u’,t,T)

(4.3.16)
u'=(0,0)

satisfies
T
b’(07t,T)=wx+(xn—a)/ fy(o =)' (0,0, T) dv + (T = t)w' - (x,1)".
t

See Appendix 4.B.6 for the proof. Similarly, higher order moments can be obtained
by successive conditioning and differentiating. Note that Corollaries 4.1 and 4.2
drastically simplify at initial time ¢ = 0 since Y’ = 0, Vw € R". Finally, the ACF
of the mML Hawkes process N can be obtained using the second order properties
derived in Proposition 4 of Bacry et al. (2015) since the Laplace transform of f, is
known in closed form via (4.B.3). This allows a comparison with the ACF of the
number of jumps N based on the exponential and power-law kernels, see Figure
4.A.2.

4.3.4 A multivariate extension

We now want to extend the previous univariate setting by considering a multivari-
ate mML fractional Hawkes process where the intensity A(!) of each component
process ¢ = 1,...,d may also depend on several of the other Hawkes components.
For completeness, we also let each component’s intensity A(¥) be influenced by ex-
ogenous risk factors in the form of a diffusive stochastic process. These intensities
AD can therefore replicate the diffusive fluctuations of the observed time series
of market prices and market measures. We thus consider the N%-valued counting

process N and the Ri—valued point process L where the conditional intensity )\gi)

of the i*" loss component Lgi) = Zj>1 O;D 1{7_(7;)<t} is given by the following affine
> <

structure,

AD = A0y / o (t —u) (d”(xgﬁ} — A du 4@ - dLT + @4/ A deU)
0
(4.3.17)
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where® n( = (n®1) n:2)  pld)) ¢ Ri and where W is a one-dimensional
standard Brownian motion independent from the jump processes L), Vi = 1,...,d,
and from the other Brownian motions W)V j # i. The jump size O of the i*"
component L) follows a distribution () on (0, 00). This specification enables the
jump occurrence of one component process to have an impact on the intensities of
other component processes, which facilitates the modeling of cross-excitation phe-
nomena. For example, each component process L(*) can model the default process
of a particular firm, where each default also has an impact on the default intensity
of other firms. The setting (4.3.17) also allows the modeling of (il)liquidity peaks
through the Amihud measure, as we will explore in the next section. Finally, this
multivariate extension is required at high-frequency in order to model both the
up and down mid-changes in prices, see Bacry and Muzy (2014) and Bacry et al.
(2015). As in Section 4.3.3, we can rewrite the conditional intensity (4.3.17) as

A :Affﬂ/ YO 40 (dw), (4.3.18)
0

. . i ~()
for all i = 1,...,d where u®(dw) = —sin(y' )ﬂ(),i)w ") g, and
ﬂ(wQ’Y—Qw’Y cos('y(”Tr)—&-l)

a0 = (—wv O 0@ (XD = AD))at + 0D - dL] + 0Dy aw?, (4.3.19)

with YO“”(l) = 0. From the affine structure of equation (4.3.17) and from the
representation (4.3.18) of each conditional intensity in terms of infinitely many
mean-reverting factors th’(i), we can apply directly the same reasoning as in
the univariate case (4.3.14) so as to obtain the conditional transform of the pro-
cess Z = (\,J)T = (A (L,N))". The following Proposition 4.6 gives the ex-
act expression of this conditional transform E, [e“'ZT] in the multivariate setting
and is obtained as for Proposition 4.5 from the discretization scheme 4.3.3 based
on the infinitesimal generator of Z. The conditional transform of the process
Z=\J)" =(\(L,N))T is then defined on a state space D C R% x (R4 x N%)
with uy, ur,uy € C* and u = (ux,ur,un) € C** and is given as follows.

Proposition 4.6. The transform of Zr = (Ar, (L, N7))' conditionally to F, at
time t <T with u = (ux,ur,uy) € C3? is given by

E, |:eu-ZT:| —E, I:euA</\¥+uL-L;+uN.N;:| — exp | B(¢,T) - )\;r —|—uL-LI +uy - NtT

d . . T . oo T . . .
3 (2 [ 0w 08 weriao- [7( [ e—w(”—“ﬁm(v,T)dv)wn“W“(dw))]
=1

5Note that we can only select m < d components by setting 7(59) = 0 for some j.
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with the boundary condition B(T,T) = uy and where each component B (t,T),
i =1,...,d, of the vector of coefficient functions B(t,T) satisfies the following
integro-differential equation

9B (t,T) w0 [T (@) 1 oap(0 [* (@) ’
D) a2 / Foo (0 = 05 0, Tydw - 2o (2 / Fro @ — 0B (0, T)dv

d T
—0“<uw—§ o / f7<j>(v—t)6(”(v,T)dv>e Ni41, (4.3.20)
j=1 t

where 00 (&) = [° €S dv(D(0), € € C is the transform of the loss size distribution

of component i.

We refer to Appendix 4.B.7 for the proof. From the mathematical properties (and
particularly the conditional transforms) derived in this section, we are now ready
to apply the mML fractional Hawkes process for modeling the illiquidity associated
with low-frequency observations of asset prices in financial markets.

4.4 Tlliquidity modeling

4.4.1 Amihud measure

Liquidity is a fundamental property of a well-functioning market and lack of lig-
uidity is generally at the heart of many financial crises and disasters. Common
ways of measuring liquidity using market data include bid-ask spreads, effective
spreads, realized spreads, depth and transaction volume. There is a big literature
that uses such measures to compare market quality across time, sectors and before
and after interventions of various sorts. Moreover, understanding and incorporat-
ing the behavior of liquidity in asset management and investment decision making
is crucial for fund managers since their performance are strongly affected by the
liquidity condition of their fund. It is indeed shown in Cao et al. (2013) that fund
managers have the ability to time market liquidity and hence to adjust their port-
folios” market exposure based on their insight of future liquidity conditions so as to
bring substantially more return and performance to their fund. As proxy for illig-
uidity, we decide to focus on the Amihud illiquidity measure initially introduced
in Amihud (2002). This measure has proved to be very popular in the empirical
literature, easy to implement and by all accounts relatively robust. It has been
shown to influence the cross-sectional asset returns through the so-called illiquid-
ity premium, see e.g. Amihud (2015). This illiquidity premium indeed results from
the fact that investors care about illiquidity costs and therefore price them in the
expected returns for compensating this price/market impact.

Many econometric models in discrete time have been studied in the literature for
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modeling illiquidity via the Amihud measure, see Amihud (2015), Brennan et al.
(2013), Lou and Shu (2017) or more recently Hafner et al. (2022). We propose
in this work a new approach by introducing instead a continuous-time process for
modeling the log-Amihud measure. More precisely, this log-Amihud measure is
modeled as a mean-reverting jump diffusion process with jumps following a frac-
tional Hawkes process driven by a mML intensity with the multidimensional affine
structure (4.3.17). This way, we want to show that peaks of illiquidity in finan-
cial markets effectively exhibit long-memory and that there is contagion between
the up and down jumps of the log-Amihud measure. This model is also suitable
for simultaneously studying the illiquidity process of multiple stocks and indices
in financial markets. We will finally show in Section 4.5 that employing such a
continuous-time process facilitates effective risk management on illiquidity.

The Amihud illiquidity measure A; of a stock at time ¢ is defined as

Ay = ‘%:' , (4.4.1)
where R, is the stock return and V; is the trading volume (in currency) at time ¢.
We therefore see that the Amihud measure captures the fact that a stock is less
liquid (more illiquid) if a given trading volume generates a larger move in its price.
In practice, the measure is typically computed over low-frequency periods ranging
from a day to a year by averaging the daily illiquidity ratio over the corresponding
period p using A; :=1/p ZZ;MRHP% |/ Vi, for j =1,...,N. We consider for
the remaining of this work a daily sampling period with p = 1 (hence 4; = A;,)
and At =t; —t;_y =1/251, Vj =1,...,N with txy = T and to = 0. Due to the
very small order of magnitude of the Amihud measure (~ 1076 — 10712 for the
most popular indices), it is customary to work with the logarithm of the Amihud
measure instead as this standardizes its values, see Amihud (2002), Brennan et al.
(2013), Lou and Shu (2017). We then denote a; := log A; in the sequel of the chap-
ter. Some descriptive statistics of the stock returns, traded volumes, Amihud and
log-Amihud measures are given for the FTSE 100 in the data section of Appendix
4.A, Table 4.A.1. Moreover, typical sample paths of the log-Amihud measure ay,
and of Aa;; = as; —ag;—1 (j =1,...,N) are also pictured in Appendix 4.A for the
FTSE 100 on Figure 4.A.1 with N = 3266 daily observations over a total period T’
of 13 years. These plots show that Aa;, the log-Amihud measure in difference, ran-
domly fluctuates around zero with some shocks that do not display any clear trend:
negative abrupt movements followed by abrupt movements of either sign. We also
observe some clustering with serial dependence, which is confirmed empirically
with the autocorrelogram (ACF) of the log-Amihud measure a; in Figure 4.A.2.
As defined in Chapter 2.1 of Pipiras and Taqqu (2017), the sub-exponential decay
of the ACF (and more precisely, its power-law decay at large lags) clearly indicates
long-range dependence/memory in a;. Moreover, we directly see that the ACF of
the mML Hawkes process N is the only one able to reproduce both the exponential
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decay at short lags and the power-law one at larger lags, as investigated in Section
4.2. This confirms the ability of this mML kernel to better reproduce the memory
properties of the observed log-Amihud illiquidity process. Finally, the Histogram
4.A.3 of the FTSE100 log-Amihud increments Aa; shows that they are close to
Gaussian. However, standard Gaussian processes fail to reproduce the high kurto-
sis and ACF of the (log-) Amihud measure (see Table 4.A.1 and Fig. 4.A.2) and lead
to unrealistic parameter values for reproducing the abrupt movements of Fig. 4.A.1

These observations justify to model the Amihud difference Aa; as a mean-reverting
Ornstein-Uhlenbeck (OU) process with two jump components (for up and down
jumps) and to link the frequency of jumps to their size. Moreover, it is shown
in Lou and Shu (2017) that it is judicious to model the log-Amihud measure in
the same way as log-volatility, which is typically described by a mean-reverting OU
process, see Andersen et al. (2001), Gatheral et al. (2018). Finally, by incorporating
jumps with a mML intensity, the model can effectively reproduce both the observed
illiquidity shocks as well as the long-range memory of the Amihud illiquidity mea-
sure, as highlighted above in the ACF 4.A.2 and in Lobato and Velasco (2000).
We therefore consider the modified Mittag-Leffler Ornstein-Uhlenbeck (mML OU)
process defined by the following dynamic of the log-Amihud measure a; = log A; :

da, = 0, (05 — ay) dt + 05 dW,™ + dL) — arL®
=0y (65 — ay) dt + 03 AW, + OWdANY — 0P aN? | (4.4.2)

where L") and L are the loss processes defined by equation (4.2.1) of the up
jump and down jump components, respectively. The conditional intensity A\ of
the counting process N is given by equation (4.3.17) and W () is a standard
Brownian motion, independent from the two jump components and from W
(i = 1,2). Recall that the variable O®) representing the jump size /illiquidity shocks
of each type is strictly positive with distribution (¥ on (0, 00). For simplicity, an
exponential distribution is chosen for (9 in the sequel. Note first that modeling the
log-Amihud measure as a mML OU model guarantees the positivity of the Amihud
measure and provides a semi-closed form formula for its conditional transform, as
we will show in Section 4.4.3. Secondly, this model (4.4.2) allows to study the
peaks of (il)liquidity of various assets while having a dependence and contagion
between the up and down shocks of the log-Amihud measure. Finally, as already
mentioned, our mML kernel (4.2.3) captures the long-range dependence in these
(ih)liquidity shocks while ensuring good properties of the intensity process.

4.4.2 Estimation procedure

We now aim at estimating the log-Amihud dynamic of the FTSE 100 index based
on equation (4.4.2). Without loss of generality, we do not consider in equation
(4.3.17) the Brownian component in the intensities A(Y) and A(?) of the up and
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down jump processes N and N(®) (i.e. o = 0). This then leads for i = 1,2 to
AD Z 20 4 / Foo (t—u) (a@ D — 2D dy + nEDALW + n<l>2>dL§3>) (4.4.3)
0

For estimating this mML OU process, we use a modified Peaks Over Threshold
(POT) procedure, as described in Hainaut and Moraux (2018). This method is
divided into three steps. In the first step, from the time series of daily log-Amihud
measures a;; (j = 1,...,N) of the FTSE 100 index (cfr Appendix 4.A), we esti-
mate the parameters (61, 60,03) of a classical OU process via maximum likelihood
without considering the jump components L(*) and L(?). The second step consists
in detecting jumps given that jumps occur when the log-Amihud measure is above
(for up jumps) or below (for down jumps) some thresholds. These two thresholds

Ti“g-l) and Trg-z) are given for each observation j =1,..., N by

Trg-l)(ozl) =ay; + 601 (92 - th) At + 0307 (1) VAL, (4.4.4)
e (a2) 1= ay, + 01 (02 — ar,) At + 059~ (a2) VAL, (4.4.5)

where ¢! (1) and ¢! (ap) are the Normal quantiles at probability levels a;; and

as. The levels a1 and ap are chosen such that the sample without jumps {atj

atj S

[Trgl) (1), Tr§2) (ag)] } has a skewness and a kurtosis as closed as possible to the

theoretical skewness and kurtosis of a OU process, which are respectively equal to
0 and 3 since the log-Amihud measure is Gaussian in this model, i.e.

R : $ @ 2
of, az = arg min (Skew qay; | at; € |Tr; (1), Tr; (a2)

1,002

+ (Kurt {atj ag; € [Trg-l)(al) , Tr§-2)(a2)] } - 3)2.

The set of the ng} ) up jumps and né? ) down jumps over [0, 7] is then given by

1 1 1), x 2 2
{7‘1( )7...,72;;)}: {t]‘ ax; >Tr§- )(ozl)} and {’7’1< ),...,TT(L(T;)}: {tj

respectively. In the case of the FTSE 100, we find the following Figure 4.4.1 where
we have in black the sample of log-Amihud differences Aa; with jumps and in
red the sample without jumps (with of = 0.9695 and aj = 0.0191). Considering
these thresholds, we re-estimate the parameter #3 such that the sample without
jumps follows a OU process, i.e. Aa;, = t (02 — at].) At + 03 W for all ay; €
[TrEl)(af), Tr§2) (Oz;)] with 6; and 65 the estimators found at the first calibration
step. When a jump is detected at time Tl(i) (i =1,2), the jump size AL(?“ is then
equal to the absolute variation of the log-Amihud measure, i.e. !

AL(i(),i) = ‘A(L (i) — é\l (é\g —a_@)_ )At ‘
7, Tl T 1

ag; < ng-z)(aé)} )
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Figure 4.4.1: Daily log-Amihud measure in difference Aay; (j = 1,...,3266) for the FTSE
100 index over a period T of 13 years (cfr Appendix 4.A). In red, sample path without
jumps and in black, sample path with jumps.

We also assume that the jump sizes O®) (i = 1,2) of the up and down jumps are
independent and identically distributed exponential random variables with density
v on Rt given by

I/(i) (Z | p(’)) = p(z) exp (—p(’)z) , z>0,

with p( > 0. The jump parameter p(*) is then estimated by log-likelihood maxi-
mization &)

o = arg maleogu (AL ‘ (’)> .
1=1

Based on the jump times {Tl(i), .. T(())} of each type ¢, we can finally obtain

via Embrechts et al. (2011) the log-likelihood of the mML Hawkes process with
intensity (4.4.3), which is given by

(i) (i)

d mnp d Mp
logL [ Y3770 Z / AV ds + 3> " log ()\(Z()> (4.4.6)

i=1 =1 i=1 [=1

where 0 — (7(1),04(1),)\(()0) )\( ) 4@ a )\(2 )\ 2) 77(1’1)777(1’2),77(2’1)777(2’2))- For
the exponential kernel (4.2.6)7 the expression (4.4.6) can be drastically simplified
as in Errais et al. (2010), which speeds up computation. In our mML case, knowing
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the up and down jumps { (i) T((z)} with their jump size ALY N allows us
=1,2

to use the spectral representation (4.3.18) and (4.3.19) along with thelr discretized
counterparts (4.B.10) and (4.B.11) for ¢ = 1,2 based on a partition of size n (see
Section 4.3.3). This leads to an efficient computation of the discretized intensity

A and of the log-likelihood (4.4.6), based on

n,t i - n,t ki
M =20+ 3 m Iy (4.4.7)
k=1

WhereY(kz)—Oandforj:O,...,N—l:

v =0 4 (cov D 4 a® (WD = A7) At

ti+1
+ n(i,l)ALghl) + n(i,2)AL§;z72) '

Restricting the number of factors n to 50 000 with At = 0.001 gives very accurate
results and drastically reduces the computing time. A similar application of such
technique with detailed convergence results can be found in Abi Jaber (2019). Note
that since this discretized representation (4.4.7) cannot be written for the power-
law and dML kernels (4.2.12)-(4.2.15), the computation of the log-likelihood (4.4.6)
is much more slow in these cases. Finally, the estimated parameters of the mML
intensity are then such that

dnT

0 = arg max log L ZZT()

i=1 [=1

The full calibration procedure is summarized with the following Table 4.4.1. We

first observe from representation (4.3.18)-(4.3.19) that the intensities /\£1) and )\9)
mean revert towards a value 3\(()? =4.721 and 7\5,? = 3.386, respectively (at a rate
depending on &) = 6.048 and a® = 0.451). We also see that the parameters
A1 32) capturing the long-memory (i.e. the long-term power-law decay) of the
illiquidity peaks in the log-Amihud measure are both very close to 1. Hence, this
confirms the strong long-memory property of these illiquidity peaks. Moreover,
based on equation (4.2.4) and Section 4.2.4, we have at large time scales the ex-
act same power-law nature with exponent close to 1 for these illiquidity jumps as
the one observed for mid-price changes at high frequency, which are based on the
power-law kernel (4.2.12) with v &~ 0 (and hence also with a power-law exponent
close to v + 1 & 1), cfr Bacry and Muzy (2014). This is also in line with the ob-
served autocorrelogram 4.A.2 of a;. Concerning the self-exciting parameters (1!
and 71(>2) we see that they are positive which confirms the presence of clustering
effects in the intensity of the jumps. Moreover, these parameters are lower than
the cross-excitation parameters 7(1?) and 71 (which are also positive), leading
to a predominant cross-excitation effect. Testing for stationarity in our bivari-
ate setting (cfr Section 4.2), we obtain that the spectral radius [|.|| of the matrix
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Table 4.4.1: Comparison of the parameter estimates and standard errors of the mML OU
model with the classical OU model for the log-Amihud measure. This table is obtained
via the POT procedure on the FTSE 100 index based on a 13-year period of daily log-
Amihud measures a;; (j =1,...,3266), see data section in Appendix 4.A.

H Oou Std. Error H mML OU  Std. Error

0 27.789 2.187 27.789 2.187
0 -34.290 1.701 -34.290 1.701
03 4.196 0.054 4.313 0.055
Log-likelihood || -117.678 -197.832
oM 1.545 0.177
p? 1.464 0.165
Log-likelihood -91.85
A 1.029 0.064
ASH 3.840 0.68
@ 1.024 0.021
AP 3.022 0.64
oV 6.048 0.264
a? 0.451 0.422
AL 4.721 0.812
AR 3.386 0.774
ntHb 0.168 0.221
12 9.062 3.694
n®v 3.359 1.012
n*? 0.195 1.029
Log-likelihood 140.188

(ﬁ(j )7y )) —12 is equal to 3.79. The stationary condition is therefore not satis-
fied based on our data. Finally, we see that we obtain high values of the speed
of mean-reversion 91 and of the volatility 93 Computing the log-Amihud measure
based on a weekly (p = 5) or monthly (p = 21) time window would lead to less
extreme values. Another alternative frequently used in the literature consists in
averaging this measure between different stocks/indices, as done in Amihud (2015).
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The large standard errors of the self and cross-exciting parameters in Table 4.4.1
are explained by the limited number of up and down jumps used for estimating the
model, leading to numerical instability. Finally, other distributions v(9 with posi-
tive support could have been chosen for the jump sizes O(¥) (Log-normal, Gamma,
etc). Determining the one leading to the best goodness of fit is let to further study.

We now consider other kernels as excitation function f, () in the jumps’ intensity
(4.4.3) and compare the results to Table 4.4.1. With the exponential kernel (4.2.6),
we obtain the following estimated parameters aM) = 75.103, Xél) = 4.755, Xé}) =
4.055, 711 = 0.051, 712 = 19.901, &2 = 0.366, A\;Y = 2.619, \Z) = 3.212,
721 = 0.454, 7>?) = 0.002, leading to a log-likelihood (4.4.6) of 130.9. With the
power-law kernel (4.2.12), we find the estimated parameters a1 = 5.992, (1) =
12,528, AP = 4.647, #t) = 0.011, 712 = 3.615, a® = 0.161, 3 = 15.67,
AP = 2750, 52D = 2.467, 722 = 0 and a log-likelihood equal to 131.885. Using
the AIC criterion to compare these models, we find that the mML Hawkes process
gives the best results and hence better fits the time series of up and down jumps.
Note that the ML and dML kernels also lead to a lower log-likelihood and a worse
AIC criterion.

Finally, our multidimensional mML fractional Hawkes model also permits to si-
multaneous study the illiquidity process of multiple stocks and indices in financial
markets as well as their contagion. For each index ¢ = 1,...,d, the infinitesimal
increments of the log-Amihud measure can be extended in the following way

da{” = " (95” - ag”)) dt + 65 aw ™ 4 ar ) —ardreen)

where (W),

from the jump components) and where the conditional intensity of the jump com-
ponent L) of stock i = 1,...,d and type £ = {up, down} is given by

are independent Brownian motions (as well as independent

A =30+ [ Lot = w) (aO0E0 - 209) du
0

+ n(i,up) . dLgLup) + n(i,down) . dLSJdown))7

with 70 = (n&10 . pld0y and L ¢ RY Therefore, in this model, the
dependence between the log-Amihud measure of different stocks lies in the peaks
of their illiquidity process and not from their diffusive factor which are considered
as independent. A shock in the log-Amihud measure of one index has an impact
on the intensity of the (up and down) jump component of the other indices. We
can then apply the same POT procedure as above with the two thresholds (4.4.4)
and (4.4.5) defined for each index i.
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4.4.3 Characteristic function of the log-Amihud measure

Before performing risk management on the Amihud measure, we first need to de-
rive the characteristic function ¢(¢,T,&) := E [exp (€ ar) | F¢] of the log-Amihud
random variable ap for £ € C. We consider here the log-Amihud dynamic (4.4.2)
with intensity (4.4.3), as proposed in the previous section where ¢ = 1,2 for the up
and down jumps, respectively. We can then apply exactly the same proof as for
Proposition 4.6 in order to obtain the following corollary.

Corollary 4.3. The characteristic function of the log-Amihud measure ar satis-
fying (4.4.2) conditionally to Fy at time t < T with £ € C is given by

o(t,T,€) =exp | A(t, T) + B(t,T) - "M\e + D(t,T) as (4.4.8)

+Z <oc(1))\£,?/t fyo (v — t)BY (v, T)dv—/o </ e_w(”_t)B(’)(v,T)dv) WYy (dw))]
i=1

t

where the dynamic of th’(i) is given by equation (4.3.19) with ¢ =0, i = 1,2.
The boundary conditions are given by A(T,T) = 0, D(T,T) = £ and B(T,T) =
(0,0). Each component BO (t,T) of the coefficient vector B(t,T) satisfies the fol-
lowing integro-differential equation fori=1,2 :

oB (l(;it 1) _ / Foo @ (v, T) do (4.4.9)
-9 <— Z;"(M)E/t fo (0 =1t) BV (v, T) dv + (=1)"" D(t,T)) +1.
=
The coefficient D(t,T) is equal to
D(t,T) = ¢,

Finally, the coefficient A(t,T) ft (0102D v, T) + D(v T) )dv 18 equal to

A(t, T) = €0, |:1 _ e@1(t—T)] + % [1 _ 6291(t_T)j| .

We do not give a dedicated proof for this corollary since it is directly derived from
the proof of Proposition 4.6 in Appendix 4.B.7 and from the PIDE (4.2.11).
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4.5 Risk management on illiquidity

We first use Corollary 4.3 with the obtained transform (4.4.8) to compute the mo-
ments of the Amihud measure A7 at time T for the FTSE 100 as well as several
risk measures. Such measures can indeed help various financial institutions to bet-
ter manage and assess their risk of liquidity. They can also help fund managers to
determine which stock/index to buy as well as the optimal timing to do so. The
different centered moments of the Amihud measure can be obtained easily thanks
to the conditional transform ¢(t,T,k) = E, [e"*T] = E, [A%] with k € N. The
transform ¢(t, T, €) is obtained thanks to equation (4.4.8) of the previous corollary
with the estimated parameters from Table 4.4.1.

Different risk measures for the Amihud measure Ar can also be computed via
the probability density function (pdf) of ar, which can be obtained efficiently via
its Fourier representation. By setting £ = iz, z € R and inverting the characteristic
function

E; [ei“T] = / e p(T, a1 | t,as)day ,
0

it is indeed possible to determine the conditional probability density p(T),-|t, az)
of ar, which is defined for aq,as € R by

0
p(T, a1 |t,a2) = a—alP(aT <ayl|ar=ag).

We can then compute numerically the Value-at-Risk (VaR) and Tail Value-at-Risk
(TVaR). The VaR at level € € (0,1) is defined as in Chapter 2, eq. (2.7.2), by

VaR.(Ar) =inf{q e R|P(Ar < q) > ¢}
log g
= inf qER‘/ p(T,a1]0,a2)da; > € p.

We now use the following definition for the TVaR of the Amihud measure at level
e, TVaR.(Ar) := E[Ar|Ar > VaR.(Ar)], since we are interested in the right tail
of the distribution. It can be rewritten in the following way

1 oo
TVaR.(Ar) = / e p(T, ay | 0, az) day
L —¢ Jiog(Var.(ar))

The inversion of the Fourier transform is usually performed accurately and fast
using a Discrete Fast Fourier Transform (DFFT) algorithm, see Appendix 2.F in
Chapter 2. With the model parameters estimated from the POT procedure above
in Table 4.4.1, we obtain in Table 4.5.1 the moments and risk measures of the
Amihud measure Ar for T' = 1 year. A comparison with the classical OU model
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based again on the parameters (51, §2, ég) of Table 4.4.1 is also performed and the
density of the Amihud and log-Amihud measures is depicted for each model in
Figure 4.5.1 below.

Table 4.5.1: The first columns of the table give the first four central moments of the
Amihud measure A7 at T' = 1 under the classical OU model and the mML OU model
with estimated parameters of Table 4.4.1, obtained from the daily log-Amihud measures
of the FTSE 100 index (01/2009 - 01/2022), see Appendix 4.A. The two last columns give
the respective VaR:(Ar) and TVaR:(Ar) at level e = 99.5%.

Expectation Variance Skew. | Kurt. VaR TVaR

ouU 1.52x 107 | 914 x 1073 | 2.14 | 12.12 | 569 x 107 | 6.81 x 1071°

mML OU | 1.58 x 107*° | 1.82x 1073° | 6.38 | 91.53 | 7.86 x 107 | 1.24 x 10~ 4
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Figure 4.5.1: Density of the log-Amihud measure ar (left) and of the Amihud measure
Ar (right) for T = 1 year under the classical OU model (black line) and the mML OU
model (red line), again based on the estimates of Table 4.4.1 for the FTSE 100 index.

We clearly see from Table 4.5.1 and Figure 4.5.1 that the mML OU model leads
to a higher variability, a higher skewness and a higher kurtosis compared with the
classical OU model. Since the intensity and size parameters 6 and p between the up
and down jumps are very close, the effect of the mML OU model is relatively small
on the skewness (and mean) of the obtained distributions. However, the presence
of these jumps leads to a strong effect on the kurtosis, the VaR and the TVaR,
making this mML OU model more risky. Finally, if we compare Table 4.5.1 with
the true descriptive statistics of the Amihud measure for the FTSE 100 index in
Table 4.A.1 (third column), we see that the mML OU model indeed provides much
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more accurate results than the OU model, confirming the ability of this model to
better reproduce the observed illiquidity data.

4.6 Conclusion

This Chapter 4 proposes a new procedure for modeling illiquidity in financial mar-
kets. We indeed introduce a new fractional Hawkes process in which the inten-
sity process is ruled by a modified Mittag-Leffler excitation function. The nice
properties of the mML kernel in terms of L' norm and of short and long-term
asymptotics make this fractional Hawkes process better suited for the modeling
of financial/economic events with long-range dependence, compared with exist-
ing self-exciting models (exponential, power-law, ML or dML Hawkes processes).
Moreover, thanks to its spectral representation which admits a useful discretization
in terms of a finite number of Markov processes, the mML kernel offers sufficient
tractability to our fractional Hawkes process so as to have a characteristic func-
tion available in semi-closed form. Finally, a multivariate extension of the mML
fractional Hawkes process can also be derived easily so as to study the contagion
between its components. Therefore, this new mML fractional setting is perfectly
suited in the context of illiquidity modeling.

More precisely, we consider in this work the Amihud illiquidity measure, one of
the most widely used proxy in illiquidity modeling, which is known to influence the
asset returns through a liquidity premium that compensates for price impact. We
hence provide a new paradigm for illiquidity modeling based on a mean-reverting
(OU) jump process for the log-Amihud measure with jumps following this mML
fractional Hawkes process. This so-called mML OU model simplifies many compu-
tations and leads to new tools for managing and reducing the illiquidity risk, while
reproducing the observed peaks of illiquidity in financial markets and their long-
memory property. In particular, having the characteristic function of this model
in semi-closed form makes it also extremely convenient for risk management (and
option pricing!) on illiquidity so as to better assess and manage this risk. Finally,
after having estimated our mML OU model via a POT procedure on FTSE 100’s
historical data, we show how this model leads to a more risky distribution of the
Amihud measure compared with the classical OU model, which is more in accor-
dance with empirical data.

In further research, we need to verify and generalize these results for a larger num-
ber of assets and indices while including a diffusive factor in their intensity process.
We could also apply and test this new fractional Hawkes process in the context of
credit risk portfolio, for option pricing in jump diffusion models or for the modeling
of trade orders at high-frequency (and more generally for any financial/economic
events with long-term effects).
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4.A Data section

Table 4.A.1: Data statistics for the FTSE100’s daily returns and trading volume between
01/2009 and 01/2022 (Yahoo Finance). The daily Amihud and log-Amihud measures are
then computed from these data via equation (4.4.1) with p = 1.

Stock return R; | Volume V; Amihud measure A; | Log-Amihud measure a¢
Mean 8.98 x 107° 8.31 x 108 1.55 x 107*° —34.66
Variance 1.16 x 1074 8.28 x 10'¢ 2.95 x 1073° 1.44
Skewness -0.74 1.85 5.85 —-0.91
Kurtosis 9.31 7.62 86.25 1.37
Range 0.21 3.75 x 10° 3.72 x 10714 10.13

Log-Amihud measure a,

2009-01-12/2021-12-30

Log-Amihud measure in difference Aa, 2009-01-12/ 2021-12-30

05
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Figure 4.A.1: Daily log-Amihud measure in level a;; (left) and in difference Aay; (right)

with 5 = 1,...,3266 for the FTSE 100 index over a period T of 13 years (01/2009 -
01,/2022).
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Figure 4.A.2: Autocorrelogram (ACF) of the daily log-Amihud measure a; (j =

.,3266) for the FTSE 100 based on a 13-year period (2009-2022) with lag up to
1 year. In red, ACF of the classical OU model (without jumps) with the estimated
parameters of Table 4.4.1. The three remaining curves depict the ACF of the Hawkes
process N using the second order properties from Proposition 4 of Bacry et al. (2015)
with parameters chosen such as to best fit the observed ACF: in black, ACF of N with the
mML kernel and v = 1.07; in blue, ACF of N with the exponential kernel and a = 6.53;
in orange, ACF of N with the power-law kernel and o = 1, v = 5.58.
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Figure 4.A.3: Histogram of the daily log-Amihud increments Aay; (j = 1,...,3266) for
the FTSE 100 index based on a 13-year period (01/2009 - 01/2022) with the Gaussian fit
on these data superimposed in red.
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4.B Proofs

4.B.1 Proof of Proposition 4.1.

(i) In order to derive the L' norm of the mML kernel (4.2.3), we first recall some
probabilistic results derived from Kyprianou (2006) (page 216 and Theorem 6.16).
Let us first define an a-stable process without negative jumps with parameter
a € (1,2] denoted U and an a-stable process without positive jumps U := —U. We
can now define the supremum U; := sup{Us, s <t} = — inf{(js, s <t} and ey an
exponential random variable with parameter 1, independent from U. Therefore,
we have from Kyprianou (2006) that the Wiener-Hopf factorization leads for A > 0
to

il A—1

E[e~Vei] = 4B.1

e = (4B.1)

and hence, integrating by parts, to
o o )\a—l 1
Y
P(Ue, >t)dt = —
/0 A CEEL A S U i U

Moreover, it is well-known from Mainardi (2020) that the function E. (t) has the
following explicit Laplace transform

[ee] v—1
LIE N0 = [T e =2

and integrating by parts, it comes for the modified Mittag-Leffler kernel (4.2.3) :

LIfHOT) :/O e M (B, () =t E, 4 (1)) dt = A;_l - ml_ -
= /°° e NP (U, > t)dt,
0

(4B.2)

when identifying v and «. Hence, we finally find by inverting the Laplace transform
(4.B.2) : -
P(Ue, >t) = E,(t") =" 'E, (7).

We therefore find the following L! norm for the modified Mittag-LefHer kernel

Iflh= [ B =1) at=E[0.] =1

The expectation is obtained by differentiating the moment generating function
(mgf) (4.B.1) with respect to A and evaluating the derivative at A = 0. This thus
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leads to ||, |[1=nl|fy|li=n < oo.

(it) Combined with the fact that ¢ is also positive and causal, the three conditions
of Definition 4.1 are verified and we finally have that the mML fractional Hawkes
process ruled by the excitation function (4.2.3) is well-defined. O

4.B.2 Proof of Proposition 4.2.

The proof of Proposition 4.2 is direct from the Titchmarsh formula for the inversion
of Laplace transforms, see Gross (1950). We first have that the Laplace transform
of the kernel (4.2.3) is given by equation (4.B.2) :

oo AL
£; (N = /O e—Atfw(t)dtzﬁ. (4B.3)

We have that this function is analytic such that Ly (A\) — 0 as [A\|= oo and
L (A) = o(|A|7!) as |A|= 0 uniformly in every sector |arg A\[< 7, and that for
r>0and @€ (—mm):

cos(0/2)( A7 + 1) — cos(8a) (A7 + A7) >0
A2Y — 207 cos(6y) + 1 =7

ER(ew/Q,Cf,{ ('r‘ew) + e_w/QﬁjgY (re_w)) =2

with o =y —1/2 € [1/2,3/2]. Therefore, the assumptions of Hirschman and Wid-
der (2012) are satisfied and we then have the following "restoring pair property".
Under these assumptions, the knowledge of Ly ()) enables one to find the inverse
transform p(w) of f,(t), that is

(@) = / e u(w) dw. (4.B.4)
0
Following Gross (1950), we have from (4.B.3) and (4.B.4) that
* p(w) dw
Ly (A= —_— 4.B.5
O (4B.5)

This is a Stieltjes equation, which is inverted by

1 Wt sin(—7w(y — 1) + my) — W’ sin(—7y + 7) + w? sin(—7)

Hlw) = ;Im [Lf"’ (we*”)] - 7 (w?Y — 2w cos(ym) + 1)
_ —sin(ym) W1 4 w)
o (W — 2w cos(ym) + 1) (4.B.6)

O
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4.B.3 Proof of Proposition 4.4

Using (4.3.10) in the first line and (4.3.9) to pass to the second line, along with
assumptions (i) — (#44) on the partition in Section 4.3.3, we find

| @) =3 m? [ )50 = Soms (5
0 k=1 0 k=1

S
N Z (n) / (bk“) pldw)
k=0 k

where t(")(w) = Y72 1b,(:~_)1 [57(;,075](01)1](0.)). Given that f is continuous and that

limy, o0t (W) = w under assumptions (i) — (#i7), passing to the limit leads to the
announced result. O
4.B.4 Proof of Proposition 4.5.

We first express the conditional transform E, [eu'X(Tn)] =E, [e“*)‘(Tm*“LL(Tn)*“NNg)]

as f(t,T, Xt("), (Yt(k))]~c ) Moreover, the infinitesimal generator of X (™ is
=1,...,n

given by

£i@) axn) Zm(")( (Ao =A™= b(n)Y(k))-l-iaY(k) (@) (o (e = A) = b Y )

+ )\(")/ (f <)\<")+ noZmEC"), L™ 4o N™ 41, (Y“c) + no)k ) )— f(x)) v(do),
0 = n

e S R A S T
(4.B.7)

where X(n) = ()\(") (L(n) N(n))) . Since f must again satisfy the PIDE
(4.2.11) with boundary condition f(T,T, X\") = e X5 = g Hun LY +un N
we have that the conditional transform of the point process X," (n) i given by the
exponential function

f (t, T, x™, (Yt(k))k ) = exp (a(t, T) +b(t, TN + ' - T+ en(t, T) Yf’“)) ;
=1,...,n
yeees k=1

where v’ = (ur,un). The coefficient functions a(t,T) := a(v’,t,T) and b(¢,T) :=
b(u',t,T) are time dependent functions with boundary conditions a(7T,T) = 0 and
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b(T,T) = uy. The function ¢, (¢,T) := ¢, (v/,¢,T) is a function that depends again
on time but also on the position k = 1,...,n, within the partition £, and which
satisfies the boundary condition ¢ (T,T) = 0, Vk = 1, ..., n. Differentiating f with
respect to t, A and Y(¥) leads to

o _ <8a(t,T) LT ) Z”: dei(t, T) y<k>>

ot ot ot ot
k=1
of _
of

W :ka(t,T)7 Vk = 1,...,n7

and the variation of f due to the occurrence of a jump of size o is given by

f ( b(t,T)no > p_ 1mk ™ «(1,0) To+u’-(0, 1)T+ZZ L ex(t,T)no _ 1) ]

Injecting these equations in (4.B.7) and in the PIDE (4.2.11), we have

0 :(’)a({;&;T) n 8b(at,tT))\(n> 4 b(t,T) zn:ml(cn) (a ()\oo B )\(n)) B b;@n)y(k))

N ick(u 7) (a (hw = X7 —5Y ) 4 Z M y®)
k=1

+ A(n) |:</ 6b(t,T)noZ};":1 m;g")+u/4(l,0) 0—0—2;;:1 cp(t,T)no V(dO)) eu/A(O,l)T B 1] .

From which we find the following system of PDE

da(t,T) ”
ot b(t, T) Zm —;ck(t,T)ou\oo,
ob(t, T ()
T) T
5 b(t, Zm a—!—;ck(t, )
n n ’ T
-0 (b(t, T)anggn) +u - (1,007 + ch(t,T) 77) e O )
k=1 k=1
% b(t, T) mi™ b 4 (6, T) 0™, VE=1,...n,

where 6(-) is again the transform of the jump distribution.
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The previous system of equation finally gives with a(7,T) =0 and ¢(T,T) =0 :

a(t,T) = a s /T <i mé") b(v, T) + icﬂv,T}) dv,
t \k=1 k=1
ab(;;T) —a (;1 m(b(t, T) + I; et T))

o (benn S e a0 St ma) o,
k=1

T m
e, T) = =bm [ et O Dpu, T)dv, Vk=1,...n,
t

and a(t,T) can be rewritten

n T T T
a(t,T) = a o Z m;") </ b(v, T)dv — b,(gn) / / ek T p(s, T ds dw)
k=1 t t v
_ oo ([ m [T 1 M (1)
=ade »_ my b(v, T)dv — b\ < (1—e™ b(s,T)ds
k=1 ¢ t by
_ () LS P
=aAoo ka ek b(v,T)dv ).
k=1 t

4.B.5 Proof of Corollary 4.1.

Part 1. If a partition £ satisfies assumptions (i)-(i44), we first show for ¢ > 0
that (Ag”),NE”),Lg”), (Yf“)k ) converges to (A, Ny, Ly, (V) cp+ ) almost
=1,..., n

shown in p.150 (4.3.12) since we have A\™ = Ao + JoT Y™ (dw) and since the
function w € RT — Y¥(w') is integrable with respect to the measure p for fixed
w’ € Q as a sum of negative exponential functions. It follows that Nt(") = fg )\in)du
converges almost surely to N; and LE") to Ly, when n — oo. Finally, from
(43.7), we have that Y% = Y% = [le-t" 6w (a(h = A du + L)

for k€ {1,...,n}. If the partition £" satisfies assumption (i)-(744), the barycenter
bk") tends to be an element of R, when n — oo. Hence, the sequence (Y;),_,
converges almost surely to (Yy),,cp, -
Part 2. The dominated convergence theorem then provides

]Et [euAAT+uLLT+uNNT] = lim Et [euAAgf")+uLL¥L)+uNN¥L):| '
n—00
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Moreover, for deriving the coefficient function b(t, T'), we first have from equation
(4.3.2) that

lim Zmén) = /OO p(dw) = f,(0+) =1. (4.B.8)

We note that this quantity diverges toward infinity for the power-law and dML
kernels, preventing from using this discretization scheme 4.3.3 in such cases. As in
Part 1 of the proof, we then have almost surely in the limit n — oo :

OMT) o (s = [ ([ ey )

[} T ,
0 <b(t, T)n+u - (1,0 —7 / (/ e (0, T) d”) W(dw) e ON
0

t

Then, from equation (4.3.2), we have

8b({;;T) . <b(t, T) — /t i W b(v, T) dv)

T
0 (b(t, Dy @07 - [ 2RE=Dy1) dv) 0T 4
t

and finally from Leibniz integral rule to

ob o ("
(;;T) I‘“a/t fy(w =) b(v, T) dv

o T o [T u'-(0,1) T
—6(u -(1,0) gy fy(v=t)b(v, T)dv | e +1.
t

4.B.6 Proof of Corollary 4.2.

By differentiating the conditional transform (4.3.14) with respect to uy, ur,, uy and
evaluating the sum of derivatives at u = (0,0, 0), we find the following conditional
expectation

T
E¢ [w- X7] :a)\oo/ fr(v =) b (0,0, T)dv+b'(0,t, T)\ +w' - J;
t

=) T
- / (/ e Y (0,0, T) dv) w Y p(dw),
0 t

where b'(0,¢,7T") is the sum of derivatives of the coefficient function b(v,¢,T) in
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(4.3.15) with respect to (ur,uy) evaluated at (0,0), and which satisfies

ab’(o 6T) /f7 V(0,0 T)dv — 6 <"a /fw O,U,T)dv> 0,1)7

-0 (_n@/t fﬂv—t)b(Ow,T)dv)( -(1,0) _"at/ (v (OvT)dv>7

with boundary condition ¥'(0,7,T) = wy and where 6'(£) = [0e5°dv(o) is the
derivative of the jump transform. Since u = (0,0,0), we can choose b(0,t,7) = 0,
a(0,t,T) = 0 and ¢, (0,¢,T) = 0 thanks to equation (4.3.13) and hence, the previous
equation simplifies to

ov'(0,t,T)

ot %/Tf—y(’u—t)b’(O,v,T)dU—G(O)w’~(071)T

00 (w0 =0 [ £e-0v o0 w).
We then have
POLD o2 [0 =00 @0 Do 4 xn s [0 = 0000, Tt~ ()T
(xn — a) / fy(v (0,0, T)dv—w' - (x,1)", (4.B.9)
where x = [ 0dv(0), which finally leads to

b'(0,t,T) = wy + (xn — @) /t frlw =)' (0,0, T)dv+ (T —t)w' - (x, 1)T.

4.B.7 Poof of Proposition 4.6

Proof. As for Proposition 4.5, we start by studying the discretized version of the
conditional intensity (4.3.18) based on a partition £" of size n, and hence obtain
the following dynamics

d
ay, k) = (—bL”)Yt(k’“+ a® (/\g}) _ )\gn,w))dt +3 N0 AN 4 Oy 2D aw |
j=1

(4.B.10)
where Y *®4) .= y¥"0) for § = 1,...,d, k=1,...,n using (4.3.19), and

A = Z () gy, (k0 (4.B.11)
k=1
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where mk"’l) f ) dw , where N("% is a counting process of intensity A%,

and where Lg A = Z O The infinitesimal generator of Z(™ = (A", J("))
is given by

1S G i (0 (0 =) ) 55 a0 )

2 2 n 2
() y (ki) (n,4) () (i) o°f 1 (ni) (i) o°f
— My ]+ A (kz:l my ) Sz e ) 12; reere) (2)
1=5Lk2=

oo B - ki . B - . B
+)\(n,w/ {f ((Am])+n(mozmgw>> (YO 00), n,L<"”>+o,N("=”+1)
0 k=1 _ s

j=1,....d

i ni) (02 [~ ni o*f
—f(z)] vt )(do) -‘r/\( PO (ZWL;C )> ZW( z) }

k=1

with z = Zt(n) = (/\§"), Jtn))T and for f a function in the domain of the infinites-
imal generator of Z(") with continuous partial derivatives. We then express the
conditional transform as

f <t T,z (V) > = E, [e“‘Z(Tn)] —E [eux'T*‘T"’+HL<TL(T”>+uN'TN(Tn)]
[ ’ =1,....,n | ° .

i=1,...,d

Since f must satisfy the PIDE (4.2.11) with boundary condition f(T,T, Z\") =
un AP +un TEE +un TNEY e have that the transform of Z( is given by :

f <t’ T? Zt(n)v (Y;w,i))k—l,m,n)

d n
= exp <“<t, T)+ BT - N +ur - "L uy TN 4370, TWM) ’

i=1 k=1

with boundary conditions «(T,T) = 0, B(T,T) = uy and c,(f) (I,T) =0, Vi €
1,...d, Yk € 1,...n. We hence find

da(t,T) < [ 9@ (L, T) n ac“ t,T .
0= T + ; { o )\(n B4 Z y(kﬂ)
189 T)S m{™D (a®(AD — A(D) _pMy kD) L 57D ¢ ) A A _ My (k)
S (o (52 - x) > 26,1l (2 =200 v )
d n
+/\("’i)l</exp<25(”(t T)nW o mej)-l—uLz +ZZ @ (t, T)n? o)u("“)(do)) ‘ —1]
Jj=1 j=1k=1

n 2
+ )\(nz (1) (Z( (n,d) B (¢ T)JFC(Z)(t T))) }

k=1
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From the previous equation, we can obtain the following system of equations

d n
Goc(t T Z ( Z (,8(Z>(t T nz) +e (t T)))

ac(t, T _ . _
% BOET) Mo D, 7)o, Vi=1,....d, Vk=1,...,n,
(@) n L . 2
LS (t T)_ WZ( (080 (0, 7) + o) 6, 7)) ~ Lo (Z(m,(cn’”ﬁ(l)(th)+C§j)(t7T)>>
k=1

— (Zn(ﬂ ) Z (B Ty m™ + (1)) + u, ) UNG 41, Vi=1,...,d.
This finally leads for the coefficients 3()(-) and c,(j)(~) to
(i) ), i) [ b ) gl
¢ (4, T) = =b"" m™" / et B0y TYdy, Vi=1,...,d, Vk=1,...,n,
t

and

( (z)/\mz (ni) (/ 59 (v, T)d <n>/ / =0 (=0 g0 (5 T) dsdv>>
n,i T (™ (vt i
()’\()Z ( ></ e bk >5“>(U,T)du> :

From Proposition 4.4 and Corollary 4.1 along with dominated convergence, passing
to the limit n — oo leads to the announced result. In particular, we have almost
surely that

-3
%

JLH;OZ( COBOT) + ) (1,T)) = /f<>v—t>ﬂ<><v T)dv, Viel,....d.
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Optimal control in finance






CHAPTER 5

Optimal liquidation under indirect price impact with

propagator

At last, the third part of the thesis delves into stochastic optimal control in finance.
We specifically focus on optimal liquidation problems as they are built upon price
impact models and thus consider liquidity modeling from an intermediate/intraday
time scale. We then propose in Chapter 5 a new framework of optimal execution
strategies for a trader seeking to liquidate his large inventory based on a jump-
dependent price impact model with propagator. This new jump-dependent price
impact model best reproduces the empirical direct and indirect effects of market
orders on the transaction price. More precisely, different choices of propagators are
proposed and their implications in terms of temporary, permanent and transient
impacts on the transaction price are discussed. For each choice of such kernels, we
formulate the most relevant optimal liquidation problem faced by the trader, derive
explicitly the related Hamilton-Jacobi-Bellman equation and solve it numerically.
We then also show how our price impact model can be extended to incorporate the
use of limit orders by the liquidating trader. Therefore, in Chapter 5, we aim to
propose an alternative, realistic and flexible description of the order book’s dynam-
ics and liquidity, thereby contributing to bridging the gap between high-frequency
liquidity modeling and optimal execution problems at intraday time scales.

Dupret, J. L., & Hainaut, D. Optimal liquidation under
indirect price impact with propagator. Available at SSRN:
http://dz.doi.org/10.2139/ssm1.4625578
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5.1 Introduction

A classical problem in finance is how an agent can sell (or buy) a large amount
of shares and yet minimize adverse price movements generated by her own trades.
Large means here that the amount the agent is interested in selling is too big to
execute in a single trade. The agent must then take into account the balance
between price impact (trade quicker) and price risk (take longer to complete all
trades). Indeed, if an agent trades quickly, then her orders will walk through the
buy side of the limit order book (LOB) and she will obtain lower prices for her
orders, inducing a temporary price impact. Even if she splits each order into smaller
trades so that each one does not walk the book and executes them rapidly in the
market, then other traders will notice an excess of sell orders (or net order flow
imbalance) and will adjust their quotes inducing again a negative price impact,
which is in this case transient and/or permanent. On the other hand, if she trades
slowly so as to avoid this price impact, then she will face the uncertainty of future
prices, which could have dropped to a less desirable level by the time the agent
executes the whole order. The aim of optimal liquidation is hence to propose an
optimal strategy such as to balance these two factors (liquidity vs. uncertainty),
based on a coherent price impact model reproducing the underlying asset price and
the impact of the agent’s transactions on this price. We refer to Gokay et al. (2011),
Cartea et al. (2015), Guéant (2016), Bouchaud et al. (2018), Donnelly (2022) for a
review of the most important results concerning optimal execution problems.

Typically, when modeling the price of an asset, three different time scales can be
considered, see the general Introduction. At low frequencies, the dynamic of stock
prices can often be reproduced by a diffusive process. At the other end, when
dealing with very high frequencies, empirical features and statistical properties of
the LOB dynamics have to be modeled (long-range dependence of trades, volatility
clustering, high-frequency resilience of the price, market liquidity, etc.). At such
very high frequencies, one then has to describe precisely the LOB dynamic. A
variety of such models have been proposed in Abergel and Jedidi (2013), Cont and
De Larrard (2013), Gareche et al. (2013), Huang et al. (2015) and especially in
Bacry and Muzy (2014) with a tick-by-tick price model ruled by Hawkes processes,
which describes jointly the order flow and the price dynamics and which reproduces
numerous empirical properties of high-frequency markets. In between of low and
high-frequency models, price impact models consider an intra-day intermediate
time scale, anywhere from seconds to hours. They tend to discard most of the
LOB events such as limit orders, cancellations, market orders, etc. and instead
concentrate on describing the price impact of the agents’ transactions. Their goal
is to be more tractable than high-frequency models and to offer analytical results
on practical issues such as the optimal liquidation problems studied in this paper.
The usual setup is well described in Gatheral (2010) where the execution price S¥
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of a transaction is given by
t
Sy =8y + oW —l—/ fvs)G(t —s)ds , telo,7], (5.1.1)
0

with T" > 0 the trading horizon, Sy > 0 the initial price, v the rate of trading of
the liquidating agent at time s, f(v) the instantaneous price impact of an agent
trading at speed v, G the decay kernel or propagator and W a noise process (usu-
ally a Brownian motion). As explained in Alfonsi and Blanc (2016), f(v)G(0)
captures the temporary/instantaneous impact of trades on the price, f(v)G(+00)
the permanent impact and f(v)[G(0+) — G(400)] the transient impact. That is
why the two extreme cases where G is a Dirac’s delta 6(t — s) on [0,7] and when
G =1 are referred in the literature as temporary price impact and permanent price
impact, respectively. They are core features in the well-known model of Almgren
and Chriss (1999) and Almgren and Chriss (2001), up to a multiplicative constant.
Moreover, the price impact model (5.1.1) also allows to generalize most of the stan-
dard processes considered in the optimal liquidation literature, see Bertsimas and
Lo (1998), Bouchaud et al. (2003), Almgren et al. (2005), Alfonsi et al. (2010),
Forsyth et al. (2012), Obizhaeva and Wang (2013) and Donnelly (2022). Since we
are interested in this paper in optimal execution problems, we will then work with
such price impact models observed at intermediate frequency. However, we aim
at expanding these models by including more specific events and features of the
LOB, as we will show with Figures 5.1.1 and 5.1.2. One of our main goal is then
to contribute to bridging this gap between high-frequency price models and the
optimal liquidation framework by proposing a tractable model reproducing some
empirical evidence of market liquidity at high frequency. We refer to Alfonsi and
Blanc (2016) or Cartea et al. (2014) who were among the first to propose such
mixed-framework models incorporating both high-frequency and middle-frequency
feature of the LOB.

As mentioned above and explained in Gatheral (2010), Alfonsi and Blanc (2016)
and Donnelly (2022), we have that price impact can be temporary, transient and/or
permanent. Market orders (MOs) that walk the LOB have a price impact because
they obtain average execution prices worse than the best quote and this price im-
pact is temporary because it is assumed that the LOB will replenish very quickly
and, after restocking, there is no effect on the midprice of the asset. On the other
hand, investors’ trading activity has a transient and permanent effect on midprices
since the traders’ order flow (i.e. the number and the size of MOs) conveys infor-
mation that is impounded on the midprice of the asset, as investigated in the study
of Cont et al. (2014) on order flow imbalance. In general, when there is positive
net order flow (more buy than sell volume) the midprice tends to drift up, and
when there is negative net order flow (more sell than buy volume) the midprice
tends to drift down. Thus, when an investor is executing a large market order, this
adds one-sided pressure to the market’s order flow and hence on midprices: up if
the investor is buying or down if selling. In this paper, this downward permanent
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(and transient) pressure on the price will be modeled by an increase in the mean-
reverting intensity of a point process with negative jump size, which will allow to
convey information about MOs’ permanent and transient price impact. This jump
process will replace the term f(v,)ds in the standard setting (5.1.1) as we will
see in Section 5.2 with equation (5.2.3). We will also investigate various choices
of decay kernel G so as to combine different ways of modeling these temporary,
transient and permanent price impacts.

More precisely, at any one time, we observe empirically that the number of shares
displayed and available in the market at the quoted bid/ask is limited, see Figure
5.1.1 and 5.1.2 below. The liquidating trader will then split its sell order in different
trade sizes, some of which could be very small at a particular time compared to
the depth of the LOB. If a market order at time ¢ does not walk the LOB, i.e. the
size of this transaction is smaller than the depth at the best bid, there will not be
any direct change in the stock’s midprice (no temporary direct price impact from
walking the LOB), even if this will lead to more pressure towards a price decrease
(indirect permanent and transient impact from the net order flow imbalance). As
stated above, this downward pressure in the price will be modeled in the sequel by
an increase in the mean-reverting intensity of a jump process with negative jump
size. Including a jump process for representing MQ’s price impact makes sense
since the depth at the best bid is random/unpredictable at any time ¢: most of
the time a small sell MO will not lead to a direct shift in price (no jumps) but
for whatever reason, if the quantity available at the best bid is really low at this
time, this small order of the trader will however walk the LOB and lead to an
immediate shift (jump) in the midprice. Similarly, if the LOB is particularly deep
at that time t, even a large market sell order could not lead to a direct shift in
the midprice (no temporary direct price impact) but it will however put a lot of
downwards pressure in the price (indirect permanent/transient price impact). This
will hence translate in our model by a strong increase in the intensity of the jump
process. These features of the LOB are confirmed in Cartea et al. (2015), Cartea
and Jaimungal (2016), Bouchaud et al. (2018) and especially in Bacry and Muzy
(2014) where a 4-dimensional Hawkes process is used to reproduce these direct and
indirect price impacts. These features are also confirmed empirically by the follow-
ing Figure 5.1.1, which represents the LOB for the AMZN share on June 21, 2012
at 10:36:47.016 and the related temporary price impact of a sell MO in function of
volume. Similar figures and results are depicted in Cartea and Jaimungal (2016)
for the SMH stock price.
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Figure 5.1.1: Limit order book of AMZN on the 21/06/2012 at 10:36:47.016 and related
(interpolated) temporary price impact of a market sell order in function of the volume
sold. In green, bid prices and in red, ask prices.

We clearly see a plateau in the temporary price impact curve for small volumes,
meaning that such small MOs do not walk the LOB (sell volume < depth at best
bid) and hence do not lead to any direct temporary price impact. Indeed for sell
MOs with a volume below 300, there is no direct temporary price impact besides
the bid-ask spread. This is confirmed by the following Figure 5.1.2 where multiple
temporary price impact curves in function of the volume sold are depicted inside
the same minute for the AMZN stock price.

In each price impact curve of Figure 5.1.2, we again see plateaus for small vol-
umes, translating the fact that small enough sell MOs (with volume lower than the
depth at the best bid) do not lead to any direct temporary price impact besides
the bid-ask spread. More importantly, we see in both plots that even the average
temporary impact curve over the minute (bold line) remains constant for sell vol-
umes below 100. Moreover, once the volume sold is large enough for triggering a
price impact, this temporary impact seems to be best reproduced by a power-law
function with exponent below 1 and more precisely between 0.4 and 0.8. This is
consistent with the literature and the so-called square-root law as investigated in
Torre (1997), Bouchaud et al. (2003), Almgren et al. (2005) and Gatheral (2010).
Such behaviors of the temporary impact curves justify the use of an indirect price
impact model based on a jump process, as we will introduce in the following Section
5.2. This point process will indeed jump whenever the sell order is sufficiently large
(here above 100) and the size of the negative jump will then scale as a power-law
function of the volume sold. As mentioned above, the intensity of this jump process
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Figure 5.1.2: Temporary price impact in function of volume for AMZN on Jun 21, 2012
for every millisecond between 10:36 and 10:37 am (upper plot) and between 09:43 and
09:44 am (lower plot). In black wider line is depicted the mean temporary price impact
over the corresponding minute.

will also depend on the volume of the sell MO as each sell order puts a permanent
downwards pressure on the price through the net order flow imbalance, even if there
is no direct temporary impact (no jump). Very few price impact models incorpo-
rate this absence of temporary negative impact for sufficiently low volumes, see e.g.
the discussion in Section 2.1.3 of Bacry and Muzy (2014). However, being able to
trade with MOs without having any temporary price impact for small enough sell
orders has a strong impact on the optimal strategy used by the liquidating trader.
Moreover, we will see that this model extends the stochastic liquidity factor of
Fruth et al. (2014) and Fruth et al. (2019) in the form of a trade-driven intensity
process.
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Finally, we raise the point that optimal liquidation problems based on jump pro-
cesses are already studied extensively in the literature, see e.g. Bacry and Muzy
(2014), Bayraktar and Ludkovski (2014), Cartea et al. (2014), Guéant and Lehalle
(2015), Da Fonseca and Malevergne (2021), Sadoghi and Vecer (2022), or Chapters
8.1-8.3 of Cartea et al. (2015). However, the jump processes in these papers are
systematically used to model the occurrence of market and limit orders sent by the
liquidating trader. In our setting, the jump process instead allows to model ex-
plicitly the occurrence of the temporary/permanent /transient price impacts arising
from continuous trading with MOs since all trades do not lead to a direct negative
impact on the execution price, see Figure 5.1.2. Moreover, we propose in Section
5.3 an extension of our price impact model so as to include strategies using both
market and limit orders (based on a second jump process). This will hence provide
a more complete and realistic price impact model, allowing for a better modeling
of the LOB dynamic.

The contributions of this paper are therefore multiple. We first introduce a new
jump-dependent price impact model with propagator allowing to best reproduce
the empirical direct and indirect effects of market orders on the transaction price,
as described above and in Figure 5.1.2. We then discuss in Section 5.2 various
ways of modeling in our setting the temporary, permanent and/or transient price
impact of trades based on different choices of propagators G. For each choice of
such kernels, we formulate the most relevant optimal liquidation problem faced by
the agent, derive explicitly the related HJB equation and solve it numerically. This
allows to obtain and compare the optimal trading strategies in each scenario and to
discuss the implications of each model (and its parameters) on the optimal trading
rate of the liquidating agent. We finally extend in Section 5.3 the initial price im-
pact model based solely on market orders such as to incorporate the possibility for
the agent to use both market and limit orders. We hence provide with this paper a
new jump-dependent price impact model with stochastic liquidity factor, leading to
a more realistic description of the underlying LOB dynamic and including specific
high-frequency features of the order book.

The remainder of this chapter is organized as follows. Section 5.2 introduces the
indirect price impact model with propagator. Sections 5.2.1, 5.2.2 and 5.2.3 con-
sider various assumptions on the propagator G with, respectively, a temporary,
a permanent and a transient form for G. Section 5.3 generalizes the model by
including limit orders. Section 5.4 concludes.

5.2 The indirect price impact model with propagator

We introduce the following liquidation model in continuous-time for a selling agent
(which is also applicable to buying agents by symmetry). We assume at first that
only MOs are posted by the trader (limit orders are then discussed in Section 5.3).
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Moreover, no bid-ask spread is taken into account in what follows but the model
can be easily extended so as to include it. We first define the following quantities:

e T is the time horizon required for liquidating the shares, i.e. the trading horizon.

o (1), = (Vt)g<s<r Is the trading rate process, i.e. the (non-negative) speed at
which the agent is liquidating shares using MOs and which can be seen as the
volume sold on each infinitesimal step of time. We denote by (1), the whole
strategy /process on [0, 7] and by v a particular value in R* of this strategy.

o Q¥ := (QY)y<i<p is the agent’s inventory of remaining shares to liquidate, af-
fected by how fast she trades and given by dQY = —1dt with Qf = Q > 0. We
do not assume here that the agent liquidates all the shares during the horizon
T. Hence, it could be that Q% > 0, i.e. the agent falls short of her target to
liquidate all the shares before T" but she incurs in this case a terminal penalty
(whose form is detailed below). However, we do assume that the agent cannot
liquidate more than the ) initial shares such that we cannot have Q% < 0 (as
implied below by the stopping time 7 in (5.2.1)).

o 5 :=(8{)p<i<r is the execution price affected by the chosen trading rate.

o XV:=(X/)y<;<r is the agent’s cash /wealth process from her execution strategy,
defined by X/ := fg S¥vsds.

We fix a filtered probability space (€2, F,F := (F;)y<,<r P ) where T' is the deter-
ministic trading horizon. We then need to define the stopping time 7 as

T:=TAinf{t >0: Q) =0}, (5.2.1)

which is the minimum of the maturity 7" and the first time the inventory hits zero
(because then no more trading is necessary), see e.g. Chapter 7.2, 7.4, 8.4 of Cartea
et al. (2015). This stopping time 7 is therefore defined as the last trading time
of the agent (after which the wealth X does not vary anymore). The admissible
set A of trading strategies consists in non-negative, F-predictable and uniformly
bounded from above on [0, 7) trading rates (1), :

A={(), | (nr), > 0, F-predictable, (v;), € L>(2 x [0,7))}. (5.2.2)

Therefore, the strategy (1), takes its values v in some bounded set I' C R* on
[0,7). As an extension of the price impact model of Gatheral (2010), we further
assume that the execution price S} at time ¢ < 7 follows

t
SV = S, + / Gt — s)dLY | (5.2.3)
0

where S; = Sy + oW, is a continuous martingale representing the unaffected stock
price and the decay kernel G : [0,T] — [0,+40o0] is such that G is a measurable
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function, square-integrable on [0, 7] and G(0) := lim;_,o G(t) exists. We will con-
sider throughout the paper a F-Brownian motion as the continuous martingale
W = (W;),~o- We then further define the jump process for ¢ € [0, 7] by

t
Ly ::7/ kv) AN,
0

where the jumps’ size depends on the size of the trading rate through the exponent
v > 0 and where N” := (N}),<,<, is a counting process independent from W with
mean-reverting intensity?

t
d\/ = (nvy — a\/)dt such that A/ = \ge ' + r]/ e =) yds, (5.2.4)
0

where Ag,n, & > 0. Since (14), € A is non-negative, the intensity \* = (A )o<t<r
is also non-negative and bounded from below by Api, = Xoe~ T, In practice,
this means that purchasing shares is not allowed in our model at any time during
the trading horizon. Moreover, this model induces that the execution price of a
transaction depends both indirectly on the strategy (v¢), chosen by the trader via
the intensity \” of NV, as well as directly on (v;), through the jump size (—rv,") of
the point process L” and through the propagator G in (5.2.3). Indeed, high trading
rates increase the probability of jumps and hence of a negative impact on the
transaction price, which is then proportional to the size of that trade v and scales
more precisely as a power law function of v with exponent v < 1, as seen in Section
5.1 and Figure 5.1.2. Empirically, it makes sense that A; depends on the past
trading rates (vs)o<s<: since a sell MO puts a permanent and transient downward
pressure on the price, which translates in our model by a higher probability of a
negative jump, see again Section 5.1. Therefore, we always have in this model a
permanent and transient indirect impact of MOs on the price through the mean-
reverting intensity \”, even if the decay kernel G ruling the direct price impact can
either be temporary (i.e. formally a Dirac’s delta, cf. Section 5.2.1) or take other
forms (Sections 5.2.2 and 5.2.3). This allows to obtain a more flexible setting than
many liquidation models proposed in the literature. Note that the mean-reversion
property of the intensity (5.2.4) induces an (indirect) transient price impact in our
model while the fact that the mean-reversion level of \¥ depends on (14), leads
to a permanent impact of the trades. As argued in Gatheral (2010) or Gatheral
and Schied (2013), considering the martingale S; = Sy + oW, (with W Brownian
motion) for the unaffected price then allows to implicitly incorporate the cumulative
impact of others’ trading (the trading crowd in the terminology of Huberman and
Stanzl (2004)) and is quite standard in the literature. Indeed, negative prices only
occur with negligible probability at the considered time scales. Moreover, the drift

10ne may consider instead as A\g a deterministic function of time so as to include time-of-day effects
on the liquidity, as in Cont et al. (2014) and Fruth et al. (2014). Moreover, one might sometimes expect
or observe in practice a decreasing intensity \¥ w.r.t trading, leading in this case to n < 0.
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term of S is usually omitted for such small time scales. Finally, the agent’s cash
process XV satisfies dX; = Sfv, dt = (St + fg G(t — s)dL:) vidt and therefore,
the expected revenues from the sale up to time ¢t < 7 is denoted

E[X/] =E [/Ot SYv, ds] =F [/Ot (SS + /0 G(s— u)dL;> Vsds] . (5.25)

It is important to note that the price impact model described in this section can
be seen as a stochastic model for the liquidity factor, also known as Kyle’s Lambda
(1985), in the form of a trade-driven intensity process A” playing the role of a
stochastic prefactor to the impact model (up to a constant x and the propagator
G). We will indeed prove in different settings that the optimal policy does not
depend on the price jumps but only on its intensity. By focusing on this stochastic
liquidity effect, we can hence compare our results with the deterministic liquidity
case of Fruth et al. (2014) and Curato et al. (2017) or the stochastic case of Fruth
et al. (2019) and Graewe and Horst (2017). Now that the price impact model
is introduced for a general kernel G, we specify various suitable choices of such
propagators in (5.2.3) so as to best fit the empirical observations of Figures 5.1.1
and 5.1.2.

5.2.1 Temporary price impact kernel

We consider in this section only a temporary direct impact of trading on the execu-
tion price, meaning that a sell MO at a time ¢ only has a direct effect on the price
of this transaction but not on the price of subsequent transactions. Recall however
that a permanent and transient impact of MOs is always included indirectly in our
setting via the mean-reverting intensity A¥ of the jump process in (5.2.4). In this
temporary case, it is best to start by defining the dynamic of the wealth process
X" at the stopping time 7 (5.2.1) in the following way

T T T NY
XY= / Ssvsds — / k) THINY = / Ssvsds — Z SR (5.2.6)
0 0 0 =
We then find using integration by parts with Q¥ = QY — j: vsds and with 7 > ¢,

/ Ssvsds = S;Q7 — S QY +/ oQY dWy .
t t

Since Q¥ is bounded (and belongs more precisely to [0, Q] in the interval [0, 7]),
the third term is a martingale and since dX; = Sy dt, we find

E[ XY | F] = X7 +S5:Qf +E lSTQZ - Ii/ V;/+1>\Z ds
t

]-}] . (5.2.7)
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As (1) € A is non-negative and F-predictable, see (5.2.2), we indeed have from
Lu (2013) that E [ftT kv HLdANY ‘ft:l =E [ftT kUYL ds‘]:t]. This expression
(5.2.6) for the agent’s wealth appears to be the only reasonable way for modeling
this temporary direct impact on the price in our setting. Indeed, since trading
occurs continuously during the trading horizon and since the direct impact of a
trade only affects the transaction price at this time and not the subsequent ones,
we have that the wealth is simply the proceeds of the sale at the unaffected price
S minus the sum of these negative impulsive impacts /w;’ (each time they occur)
times the quantity sold v, at that time. As explained in Gatheral (2010) and in
Abi Jaber and Neuman (2022) considering only a temporary direct price impact
amounts to use formally a Dirac’s delta distribution G(t —s) = §(t —s) on [0, 7] as
propagator in the execution price S” (5.2.3). We refer to Appendix 5.A where we
show formally in the temporary case the equivalence between the wealth process
(5.2.6) and the execution price (5.2.3) with a Dirac’s delta kernel G.

Now suppose that the agent is willing to optimize the following performance crite-
rion

H"(t,2z,5,¢,\) = Etz5qx [X + QY (S, —mAZQY) QS/ du] (5.2.8)

where E; ; 54,1[.] denotes the expectation conditional to X, =z, S; = S, Qf = q,
Y = X and where 7 is the stopping time defined in (5.2.1). The corresponding
value function at ¢ < 7 is then

H(tvxa Sa q, A) = sup Et,:};,s,q,)\ |:X: + Q: (S‘f' - WA:Q:) - ¢/ (QZ)Qdu] 5
t

(ve), €A

(5.2.9)
where A is the admissible set (5.2.2) of trading strategies. We first see that if the
agent’s strategy reaches the terminal date T" with inventory left, then she must
execute a final order to sell the required number of shares @ for a total revenue
at T of Q% (St — mA4QY.), where 7 is the terminal liquidation penalty parameter?
that includes the cost of walking the book at T" and any other additional penalties
that the agent must incur for the execution of the trade at the terminal date. The
terminal penalty Q7. (St — mQ¥%.) without the term A7 is classical in the literature
when the price impact is given by the model (5.1.1) and does not depend on a jump
process, see Chap. 6 of Cartea et al. (2015) and references therein. However, it is
necessary in our context to adapt this terminal penalty. Indeed, depending on the
shape of the LOB at maturity 7', it could be that liquidating the ()% remaining
shares using MOs does not lead to a direct negative price impact and hence, the
occurrence of this negative terminal penalty must again depend on the jump process

2We consider here the unaffected price S7 and not Sk, since the direct impact is temporary
in this section, the terminal penalty being imputed here in place of this temporary impact.



190 Chapter 5. Optimal liquidation under indirect price impact with propagator

NY with intensity \¥. We again refer to Appendix 5.A for the formal derivation of
this terminal penalty Q¥ (S, —7wAXQY) in the temporary case with Dirac propagator
G. Secondly, the last term in (5.2.9) is a running inventory penalty, which is not a
financial cost to the agent’s strategy (and hence not depending on A¥) but which
allows to incorporate the agent’s urgency for executing the trade. It has been shown
in Cartea et al. (2017) that this penalty is equivalent to a form of risk aversion
from the agent. An alternative risk aversion penalty is also discussed in Appendix
5.B. Finally, as seen above in Figure 5.1.2 and as shown in Torre (1997), Almgren
et al. (2005), Gatheral (2010) and Cartea et al. (2015), we have empirically that
the temporary (or instantaneous) price impact depends on the square root of the
trading rate (y = 1/2) and more generally on the power-law v7 with v < 1. Our
setup in this section is in fact similar in terms of temporary impact as the one
of Almgren (2003), Almgren et al. (2005), Gatheral (2010) where they also use
G(t — s) = §(t — s) but without jump process N” and based instead on equation
(5.1.1) with f(v) = —kv” and v € [0.4,0.8].

5.2.1.1 Temporary impact with mean-reverting intensity

We first consider that the jump process NV is ruled by the mean-reverting intensity
(5.2.4). We will then show in Section 5.2.1.2 that the optimization problem (5.2.9)
can be simplified by choosing an alternative expression for A¥. Recall first that
the set A of admissible trading rates (v4); consists in uniformly bounded on [0, 7),
non-negative and F-predictable strategies. From equation (5.2.6) and from (5.2.7),
we can then rewrite the expected wealth (5.2.5) in the following way at the last
trading time 7 :

Et . S7q,)\[X ] =z +q¢S+E,; LS\, [ S, Q / ,Lgy'Y‘H)\V dS:|
with X;- = 2,5 = 5,Q7 = ¢,\Y = A. Note that when considering formally a
Dirac delta G(t — s) = 6(t — s) in equation (5.2.3) for the execution price S and

using a Fubini’s theorem for distribution (Chap. 4, Sec. 3, Thm. IV. of Schwartz
(1966)), we find equivalently from equation (5.2.5) that

Ei o597 X2 ] =2+ E; g2 [/ S I/Sdsf/ / G(s —u)kv Ay, du) Vsds]
=2+ ¢S +E¢s40 [—STQZ — / HVZ+1AZdS] .
t
We can then rewrite the performance criterion (5.2.8) as
HY(1,2,5,00) = Bun s [ X7 4 Q2 (50 = mx1Q2) o [ (@)%

=z+¢S +Eigx [—/ kv TN ds — A2 (QY) —qb/ ]
t
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And we finally have for the value function (5.2.9) :

H(t,e,5,q.0) =2+ S+ sup Ergn [— [Tt - mv @i -0 (szds]
(ve)t€A t t

=x+qS— inf Eign [/ kI ds + T (QZ)2+¢/(QZ)2ds]
(ve)t€A t t

=x+qS— (Vfi)Iig.A hY(t,q,\) = x +qS — h(t,q, ). (5.2.10)
First, observe that h(t, g, \) is non-negative since h" (¢, ¢, \) is non-negative for every
(), € A. Secondly, since (1), € A is bounded on [0, 7) (with values in T"), we have
from (5.2.4) that A is bounded on [0,7) (and Q" bounded on [0,7]). Moreover,
there always exists a (1), € A such that h”(t,q,\) < oo and hence, h(t,q,\) :=
inf(,,),ea h”(t,q,A) < oo for all (t,q,\) € S := [0,T] % [0, Q] X [Amin, +00). There-
fore, H(t,z,S, ¢, A) is also finite for any given values of (¢,¢,\,z,5) € S x R x R.
It can be derived from Graewe and Horst (2017) that h(t,q, \) is continuous on S
and C' on S :=[0,T) x (0, Q] X [Amin, +00). Then, from Sennewald (2007), we can
derive the following verification principle based on the Hamilton-Jacobi-Bellman
(HJB) equation.

Proposition 5.1. Let v > 0 and a continuous function J : S — Rt assumed to be
CY(S). Let also an admissible Markovian® (v}), strategy satisfying V(t,q,\) € S:

NI (t,q, N+ g%+ (v —aN)OrnJ (t, ¢, N) —v* 0y J (t, g, \) + () TIA=0, (5.2.11)
as well as the first order condition

[ (v — aX)ONI(t,q, N) — vO,J (t,q,\) + kT T1A]

=0, (5.2.12)

v=v*

and if furthermore J(T,q,\) = wAg® and J(t,0,\) = 0, then (v}), is an optimal
strategy and J is the value function h.

Proof. We first show that for all v = v(t,q,\) and v* = v*(t,q,\) € T with
(t,q,\) €S :
i J(t,q, \) + ¢G>+ — aX)OnJ (t,q, \) — v 0,J(t,q,\) + k()TN

S atJ(tv q, )‘) + ¢q2 + (771/ - a)‘)a)\‘](tv q, )‘) - Van(t, q, )‘) + HV’Y+1)‘7
and hence that

vt ONJ (t,q, N) = 0g J (t, ¢, \)+6 ()TN <qpdaJ (t, ¢, ) —v0g I (t, q, \)+rv7TIN.
(5.2.13)

3Since the strategy is here assumed to be Markov, we then denote v = v(t,q,\) :=vi(q,\) €T
and v* = v*(t,q,A) := v (q,\) € T for any values of (t,q,\) € S.
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Indeed, from the first order condition (5.2.12), v* is a local minimum point of
the RHS of (5.2.13). Moreover, the states Q¥ and A” are linear in the control
variable v (see Section 5.2) and the running cost function in (5.2.10) given by
kTN 4+ g2 is a non-negative differentiable and strictly convex function in v
since > 0. Therefore, the right-hand side nvdyJ(t, g, \) — v, J(t,q, \) + kY T1A
of (5.2.13) is strictly convex in v and hence, v* = v*(¢,q,\) is both a local and
a global minimum point of (5.2.13), leading together with (5.2.11) to the classical
HJB equation for all (t,q,\) € S :

00T (., ) + 9q° + min { (n — aN)ONI(t . ) = vO,J (t g, \) + k07 TIA} =0,
(5.2.14)

Then, notice from (5.2.10) that h(T,q,\) = wAq¢? since H(T,z,S,q,\,N) = = +
¢S — wAg? and that h(t,0,\) = 0 since H(t,z,5,0,\, N) = z. Therefore, from
the fact that v* is a global minimum point in equation (5.2.14) combined with
the terminal and boundary conditions J(7T,q,A) = wA¢? and J(¢,0,)\) = 0, we
can apply classical verification theorems such as Theorem 5.3 and Corollary 5.4
of Sennewald (2007) stating that (), is an optimal strategy and J is the value
function h. O

From Proposition 5.1 with A = J, we have that the first order condition (5.2.12)
implies the following feedback form for the optimal trading rate v* with (¢,¢,A) € S

dgh(t,q,\) — ndxh(t, q, )\)>1/7 (5.2.15)

which is well defined (and admissible for v = 1/2) since A > Apin > 0 and since h is
C1(S). Hence, among all the uniformly bounded, non-negative and F-predictable
admissible solutions for the trading strategy, the optimal one (1), is deterministic
as it does not depend on S, W nor N”. Note from the definition of the last trading
time 7 in (5.2.1), that we always have v*(t,q, \) = 0 for t > 7. Upon substitution
back in equation (5.2.11), we find for all (¢,¢,\) € S

ath(tv q, )‘) + ¢q2 -

a+1
(aqh(t7q7)‘) — 773/\h(75aq7)\)) i ( g ) —a)\a,\h(t,q,)\) 0.
(A(y+ 1)) T+1

(5.2.16)
with terminal condition h(T,q,\) = wA¢? and boundary condition h(t,0,)) = 0.
This boundary condition is implied by the non-negativity of (1), and by the fact
that when the remaining inventory hits ¢ = 0, the agent stops acquiring shares as
of that stopping time and there is no penalty (she thus simply walks away with
x in cash). Therefore, the first term of H in (5.2.10) is the accumulated cash of
the strategy, the second is the marked-to-market book value of the remaining in-
ventory and h is an extra penalty due to price impact stemming from optimally
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liquidating the rest of the shares. Note that when A{ tends to 0, the agent can lig-
uidate all her remaining shares at time ¢ without risking to have an adverse impact
on price, which is optimal, and we thus find the additional boundary condition
limy_0 h(t,q, ) = 0 for the variable A. However, specifying Ao > 0 prevents this
situation from happening with the mean-reverting intensity (5.2.4), even if this
boundary condition is useful numerically. Taking the square-root law v = 1/2, we
find the following admissible optimal trading rate for all (¢,q,\) € S

N 4
v (tv q, )‘) = W (aqh(t7 q, )‘) - na)\h(t7 q, )‘))2

and the value function

(aqh(ta q, >‘) -n a)\h<t7 q, )‘))3 —al a)\h(t> q, )‘> =0.

(5.2.17)
Indeed, this choice of the square-root law v = 1/2 (as empirically motivated in
the literature for temporary price impact) ensures that the optimal trading rate is
non-negative. The PDE (5.2.16) cannot be solved analytically but is solved easily
using a finite difference scheme. This scheme however requires that \g is sufficiently
large to ensure numerical convergence (Ag > 0.1). Since the optimal rate of trading
is deterministic, the exact optimal strategy (v;), and Q¥" can be computed at the
inception ¢ = 0 and are depicted in the following Figures 5.2.1, 5.2.2, 5.2.3 for
various sets of parameters.
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Figure 5.2.1: Optimal trading rate v* and inventory Q”* from a temporary (direct) price
impact with 7 = 10 and ¢ = 5 (blue line) compared to m = 2 and ¢ = 0.1 (orange line)
with & = 0.1, = 0.002, & = 0.5, Ao = 0.5, T = 1.5 and Q = 100.
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Figure 5.2.2: Optimal trading rate v* and inventory Q¥ from a temporary (direct) price
impact for different values of k with 7 =10, ¢ =5, n =0.001, « = 0.5, Ao = 0.5, T = 1.5
and @ = 100.
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Figure 5.2.3: Optimal trading rate v* and inventory Q"* from a temporary (direct) price
impact for various levels of A\g with 7 =10, ¢ =2, n =0.001, « =0.5, k =0.1, T = 1.5

and @ = 100.
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Figure 5.2.4: Optimal trading rate v* and inventory Q"* from a temporary price impact
for different values n with m =10, ¢ =5, Kk = 0.1, «a = 0.5, Ao = 1.5, T'= 1.5, Q = 100.
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If 7 and ¢ are sufficiently large (large terminal and running penalty), we see on the
first Figure 5.2.1 that the agent has an incentive to liquidate her shares as soon as
possible and we thus find in this case that Qlf =0 (egm=10,¢9=05). When =
and ¢ are small, the agent has instead an incentive to liquidate her shares much
slower and to keep a remaining quantity at maturity. Moreover, we observe on
Figure 5.2.2 that when the temporary penalty x incurred at each trade increases,
the optimal agent has an incentive to liquidate less shares so as to mitigate the
negative impact on the transaction price and to face instead the terminal penalty,
which becomes small relative to this large temporary impact x. Moreover, when
adjusting the initial level Ag of the intensity (5.2.4), we observe significant variations
in the trend of the trading rate even if it does not impact the value of the terminal
inventory Q;*. Finally, when 7 is smaller and for large values of ¢, we see that the
remaining inventory decreases much faster at the beginning of the trading horizon.
Indeed, since the (permanent) impact on the intensity A\* is much smaller, the agent
can trade a lot at the beginning while keeping the intensity rather low (which is in
accordance with the large urgency to trade ¢). The impact of 1 depends however
on the value of ¢: when ¢ = 0, we observe the opposite behavior (see the geometric
intensity case 5.2.1.2 below with no running penalty) since in this case the agent has
no urgency to trade and therefore no incentive to liquidate a lot at the beginning
of the trading horizon even when 7 is low.

5.2.1.2 Temporary impact with geometric intensity

We now consider that the intensity A” of the jump process N” follows instead the
geometric dynamic

t
d\, = nA\/vdt  such that A\ = A\jexp </ nysds) . (5.2.18)
0

We need to impose 1 > 0 so that a higher volume sold v leads to an increase of the
occurrence probability of a negative price impact (even if 7 < 0 could make sense
empirically in some economic scenarios, see the above footnote!). We also assume
no more running penalty for detaining stocks throughout the trading horizon (¢ =
0). The agent is then willing to optimize the following performance criterion

H(t,z,5,q,\) = ( S;lp_A Et 2,500 [XY + Q% (Sr — mA7Q7)]
Vi)t €

=2+4+¢S— inf E;g» [/ kI TN ds 4 Y (Qi)z]
(ve)€A ¢
=z+qS— ( i)anh”(t, g, \) =x+qS —h(t,q,\), (5.2.19)
Vi)t €
with again h(T,q,\) = wAg%, h(t,0,\) = 0 and limy_,o h(t,q,\) = 0 (since when
the intensity is null, the agent can liquidate in an optimal way all her remaining
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shares at zero cost). Again, specifying Ay > 0 in (5.2.18) prevents this situation
from happening even if the limit A — 0 provides a boundary condition with respect
to the variable A necessary for solving numerically the HJB equation. Proposition
5.1 is still valid when replacing (nv — a\) by nAv. We therefore have that the
following HJB equation satisfied by h for all (¢,q,\) € S is a sufficient condition
for the optimality of (5.2.19) :

Och(t, q, \) + mellr} {nAvosh(t,q, \) —vOgh(t, ¢, A) + Ak 1} =0 (5.2.20)

with h(T,q,\) = Amq? and h(t,0,)\) = 0. Taking h(t,q,\) = Ah(t,q), equation
(5.2.20) becomes for all (¢,q) € [0,T) x (0,Q)] :

oh(t,q) + mel{“l {nuh(t, q) —vosh(t,q) + mﬂ“} =0, (5.2.21)
and hence the optimization problem becomes independent of the intensity A. This
leads to ,

dyh(t,q) — nh(t,q)\ "
u*(t,q)=< h(t @) 1 (’q)> : (5.2.22)
v+ 1k

and finally to

(@eh(tg) —nh(t) T (4 )
Oih(t, q) (D) (7+1) 0,

for all (t,q) € [0,T) x (0,Q] and with h(T,q) = w¢* and h(t,0) = 0. Hence,
if we do not consider a running penalty anymore (¢ = 0) with the geometric
intensity (5.2.18), the optimal rate (;), does not depend on A and is again purely
deterministic (as it does not depend on W nor N¥). We then find the following
optimal strategies for various sets of parameters using the square-root law v = 1/2.
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Figure 5.2.5: Optimal trading rate »* and inventory Q”* from a temporary (direct) price
impact with the mean-reverting intensity (5.2.4) for various A9 (and ¢ = 0), compared
with the geometric intensity model (5.2.18) in red. Both models use # = 8,k = 0.8,
n =0.0025, « =0.05, @ =100 and T =1.5 .
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Figure 5.2.6: Optimal trading rate v* and inventory Q”* from a temporary (direct) price
impact with geometric intensity (5.2.18) for various values of n with # = 8, Kk = 0.8,
Q =100 and T = 1.5.
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We see in Figure 5.2.5 that the mean-reverting intensity model (5.2.4) from the
previous Section 5.2.1.1 with Ay = 0.5 and the geometric intensity model (5.2.18)
from this section lead to similar results. However, the convexity of the strategy is
more pronounced when taking a mean-reverting intensity A\¥ in the optimization
problem, while the slope of the trading rate tends to remain constant for the ge-
ometric intensity. For various values of Ao in the mean-reverting intensity (5.2.4),
we see that the slope of (v}), with respect to time can change drastically leading
to different kinds of strategies, while for the geometric intensity the trading rate is
always decreasing with time. As already mentioned, since we consider no running
penalty (¢ = 0), a higher 7 leads to a faster decrease of the shares to liquidate.
Finally, we have logically that a higher temporary impact x leads to a lesser trading
rate throughout the trading horizon since the agent prefers in this case to face the
terminal penalty and to avoid these higher negative impacts «.

0.05
0.8
25

Time



198 Chapter 5. Optimal liquidation under indirect price impact with propagator

This temporary setting (5.2.6) with Dirac propagator G and mean-reverting in-
tensity \¥ appears as the most natural /consistent with the observations of Section
5.1 and Figure 5.1.2, as it allows to disentangle the temporary direct price impact
that arises when MOs walk the LOB from the indirect permanent and transient
impacts coming from the downward pressure in price due to changes in net order
flow imbalance. However, we now propose in Section 5.2.2 and Section 5.2.3 other
propagators that will allow to combine differently these temporary, transient and
permanent (direct and indirect) effects.

5.2.2 Permanent price impact kernel

We consider in this section that the direct price impact ruled by the kernel G
is permanent in the sense that a sell order permanently affects the price of the
asset and hence the price at which all subsequent transactions are executed. This
corresponds to setting G = 1 in (5.2.3) which gives for t € [0, 7] :

t
ngj = Séll/tdt = <St - / Iﬁ:l/;/ dNSV) tht = (St - Zt)l/tdt, (5223)
0

where dS¥ = dS; —dZ; = 0dW;— kv, dNY. Z, is thus the cumulative negative price
impact from the trades up to time t. Notice that the execution price S¥ = S—Z here
makes sense per se when G = 1, compared with the price (5.A.1) in the temporary
case. Moreover, this setting allows to include both a permanent indirect impact (as
before via A\”) as well as a permanent direct impact on prices via this propagator
G = 1. We again consider an agent willing to maximize the expected wealth at the
last trading time 7 :

H(t2,5%,0.0) = sup Erasvgn [X: +Qu(sz—m@n) —o [ (QZ)QdU] .
t

(ve), €A

(5.2.24)
We now consider that S¥ is a state variable (instead of S in the optimization
(5.2.9) above) since the direct price impact in this section is permanent and hence,
the price at which the agent can sell the Q)% remaining shares at the end of the
trading horizon is S% (including the cumulative negative price impacts) minus the
terminal penalty. Finally, as mentioned above and in Appendix 5.A, this terminal
penalty is a temporary impact as it only affects the last trade at T', and hence
does not depend in a direct way on the previous negative jumps of N¥ (even if
it still depends indirectly on the past trades (v,) < -, through the intensity A”).
This hence again leads to the same final penalty E; ; gv . [Q% (S — T 7Q%)] =
Et o.5v.9. [Q% (S — mAZQY)] as in Section 5.2.1, but with state variable S* instead
of S. From equation (5.2.23), we can rewrite the wealth process at 7 by

X7 :Xt”—|—/ (Ss — Zs)vsds .
t
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Using integration by parts with dQY = —wdt, dS; = cdW; and dZ; = kv, AN}, we
have
X =X{ —5:QF+ 5:Qf + Z,Q% — Z,Q +/ 0@y dW, —/ KQYVIANY |
t t

which leads to the proceeds RY of the strategy at the stopping time 7 (after which
no more trading occurs),

RY = XY + QY (SY — mAYQY)

= XV QY — Z:QY + / cQAW, — / KQUVIANY — TA(QY)?
t

t

Again from the boundedness of ), the non-negativity of Q”v” and the F-predictability
of (v¢)¢, we find

Eia5v.00 [X7 + Q7 (57 —mATQ7)] = 2+ ¢S” + Er g [*/ KQsviAds — WA:(QZF] :
t
We can then rewrite the value function (5.2.24) for ¢ € [0, 7] in the following way

H(te,S" a0 = sup Erssean [X:+Q: (1~ mxQ) — o | (Q:)st]
(ve)teA t

—obas'— it B | [r@uanas o +o [[(@02as)
t t

(ve)t€

=24+¢S" — inf R(t,q,\) =z +qS” — h(t,q, ), (5.2.25)
(ve)reA

where 7L(t7 ¢, \) is again the cumulative penalty from optimally liquidating the rest
of the shares, which is also bounded and non-negative in [0, 7] (and thus for all
(t,q,\) € S). However, no regularity /continuity results exist for value functions
of the form (5.2.25). From the boundedness of i in S, we then use the theory of
viscosity solutions instead, see Touzi (2012), Fleming and Soner (2006). As we now
show, we need to impose 7 > 1 in the permanent case and hence, the square-root
law v = 1/2 which holds in the temporary case cannot apply anymore with G = 1.

5.2.2.1 Permanent impact with mean-reverting intensity

As in Section 5.2.1.1, we first assume that the intensity \” of N” is mean-reverting
and satisfies (5.2.4). Since h(t,q,\) is bounded on S, classical results from dy-
namic programming (see Bouchard and Touzi (2011) or Theorem 2.2.3 of Bouchard
(2007)) imply that ﬁ(t, g, A\) is the viscosity solution of the following HJB equation
for all (t,q,A) € S :

Ouli(t,q. %) + 6g* + min { (1 — aNONR(t,q.X) = vO,h(t, 4, \) + kg A} =0,
(5.2.26)
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subject to terminal and boundary conditions

iNL(T, @A) =TI, %(t, 0,\) =0 and ;irrb %(t, q,\) =0.
—

Again the first boundary condition comes from the non-negativity of (v;); and the
stopping time (5.2.1), leading to 1‘7‘(1?7 x,5",0, N, \) = z, and the second boundary
condition is necessary numerically even if specifying Ay > 0 prevents from attaining
this boundary. From (5.2.26) with v > 1, the optimal trading rate is given explicitly
in S by

8q%(t7 q, )\) B nakﬁ(t7 q, )\) o
Kq\y ’

vi(t,g, ) = ( (5.2.27)
which is again deterministic (no dependence on N* nor W) and highly similar to
(5.2.15), except that we now have the remaining inventory ¢ in the denominator
which accounts for the permanent direct impact on the transaction price. We
could indeed denote v = 4’ + 1 where 4/ is the exponent in (5.2.15) (since 4" > 0
in the previous section while now we have v > 1). We have an exploding trading
rate at the time of market drop-out since lim,_,g v*(¢, ¢, \) = 00, which prevents
any smooth solution to the HJB equation (with again v*(t,q,A) = 0 for t > 7).
However, from (5.2.2), this trading rate is still admissible for v = 3/2 and hence,
substituting (5.2.27) inside (5.2.26), we find that h is a viscosity solution for all
(t,q,A) € S and v > 1 of the PDE

~

(aqﬁ(t7 q, )‘) - 776/\71(757 q, )‘)) o ¥ - 1 ~
)1/(771) ( 5 )—a)\aAh(t,q,/\)zo.

atﬂfl/(t q, )‘> +¢q2 -

(KyaA
with terminal condition TL(T, ¢,\) = mA¢? and boundary conditions ﬁ(t, 0,\) =0,
limy 0 h(t,q,\) = 0. Choosing v = 3/2 ensures the non-negativity of the optimal

. N 2
control since v*(t,q,\) = § (aqh(t’q”\);qrz\a*h(t’q’)‘)) in S, leading to

~ ~ 3 ~
5 (040,00 = 10\ (t,0.0) = aXDAR(t, 4, A) = 0.

~ 4
2 =

This PDE is seemingly identical to the HJB equation in the temporary setting with
square-root law (5.2.17), except again that the quantity ¢ is now in the denominator
(kgA\)?. Choosing v = 3/2 is indeed consistent with the square root law ' = 1/2
of the previous temporary /instantaneous price impact setting (Section 5.2.1), since
we now take G = 1 and hence consider instead the total/aggregated (direct) price
impact of each MO. This choice leads to the following figures of optimal strategies
for various parameters. Another reasonable assumption would be to take  close
to 1 and hence consider a linear permanent (direct) impact whenever L jumps,
so as to be consistent with the linear permanent impact function investigated in
Almgren et al. (2005).
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Figure 5.2.8: Optimal trading rate (v;), and inventory Q" from a permanent (direct)

price impact with mean-reverting intensity and v = 3/2 for various values of 7 and ¢ with
k=1,n1=0.1 a=0.5 A =05 Q=100 and T = 1.5.
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Figure 5.2.9: Optimal trading rate (v;), and inventory Q" from a permanent (direct)
price impact with mean-reverting intensity and v = 3/2 for various values of k with 7 = 1,
¢=1,1=0.1,a=0.5 Ao =0.5,Q =100 and T = 1.5.
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Figure 5.2.10: Optimal trading rate (v;'), and inventory Q" from a permanent (direct)
price impact with mean-reverting intensity and v = 3/2 for various values of Ao with
T=1¢=1k=1,1n=01,a=1, Q=100 and T = 1.5.
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Figures 5.2.8 and 5.2.9 again lead to financially consistent results when varying the
penalty terms ¢, m and k. Moreover, when choosing really low values of k, or high
values of 7 and ¢ such as to liquidate all the shares before T', the optimal strategy
is to liquidate most of the shares right at the beginning of the horizon. However,
changing the intensity-related parameters g, a or 7 again strongly impacts the
trend of the optimal strategy (see Fig. 5.2.10). Therefore, no clear pattern of opti-
mal strategy arises with a permanent direct impact and mean-reverting intensity.
Finally, we see that Fig. 5.2.9 (red line) confirms the exploding trading rate at the
time of drop-out ¢ = 0 when taking really low values k to liquidate all the shares.

5.2.2.2 Permanent impact with geometric intensity

Secondly, we now assume for this permanent case G = 1 no more running penalty
(¢ = 0) and a geometric intensity linear in v (as in Section 5.2.1.2) :

¢
dN] = nA/v dt  such that Ay = Agexp (/ m/sds> .
0

We again find in this geometric case that iNL(t,q, A) is a viscosity solution for all
(t,q,A) € S of the HIB PDE

Aeh(t,q, \) + mel? {nw\@ﬁ(t, q,A) — V&Q?L(L q,\) + /quU\} =0,
with ﬁ(T,q,/\) = \mg?, h t,0,\) = 0. Taking h(t q,\) = )\iNl(t,q) leads to
oh (t,q) + mln {nuh (t,q) VaqiNl(t,q) + ﬁqlﬂ} =0, (5.2.28)

with h(T q) = m¢* and ?L = 0. From (5.2.28) with v > 1, the optimal trading
rate satisfies for all (¢,q) € [ T) 0,Q] :

1

v (t,q) = (3qﬁ(t7q) q—ynﬂh@) " , (5.2.29)

K

so that the optimal strategy (v;); is independent of A (and again deterministic).
Again, the obtained solution is highly similar to (5.2.22), except with the remaining
inventory ¢ in the denominator. This hence also leads to an exploding optimal
trading rate v*(t, ¢, A) at the time of market drop-out ¢ = 0. Upon substitution
back in the previous equation, we find that ﬁ(t,q) is a viscosity solution for all
(t,q) €[0,T) x (0,Q] and vy > 1 of the following PDE

~

N 0gh(t,q) —nh(t.0)) " /o
ch(t,q) — ( (:qu)lr/]ﬁl;] ) (7 ~ 1) =0.
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This model is numerically stable and gives the following optimal strategies starting
at time ¢ = 0 for various sets of parameters. Choosing v = 3/2 is the most sensible
choice so that the total market impact is consistent with the square-root law used
in the temporary case, see Gatheral (2010). It also ensures the non-negativity and

admissibility of (v}), in (5.2.29).
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Figure 5.2.12: Optimal trading rate (v;), and inventory Q" from a permanent (direct)
price impact model with geometric intensity and v = 3/2 for various values of 7= with
k=25 17=0.01,Q =100 and T = 1.5.
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Figure 5.2.13: Optimal trading rate (v;), and inventory Q" from a permanent (direct)
price impact model with geometric intensity and v = 3/2 for various values of n with
k=2, m=15,Q =100 and T = 1.5.

We see in the first Figure 5.2.11 that when the terminal penalty 7 is sufficiently
large and the permanent impact k sufficiently small, the agent must liquidate all
her shares before the trading horizon T so as to avoid the final penalty and to only
incur the low permanent price impact x during the trading horizon. However, to
mitigate this (cumulative) permanent price impact on the whole trading horizon,
the trading rate is increasing with time, which is the opposite strategy than in
the temporary setting 5.2.1.2. Moreover, when & is sufficiently low (or 7 large)
so as to liquidate all the shares before T, the optimal strategy consists here in
liquidating most of these shares at the end of the trading horizon. The explosion
of the trading rate when the number of remaining shares tends to zero can indeed
be seen in the blue curve with 7 = 30. We also observe that when 7 becomes
small relative to x (i.e. the ratio 7/k is sufficiently small), the agent prefers to
incur the terminal penalty and to liquidate less shares during the trading horizon
so as to mitigate the permanent impact. We can indeed see in Figure 5.2.11 (green
line) a low constant trading rate coming from the very small terminal penalty. We
also observe a similar constant trading rate in Figure 5.2.12 where the permanent
impact k is so large that the agent still prefers to incur the terminal penalty 7,
even if it is quite high. Of course, when the penalty 7 increases, the trading rate
tends to increase as well so as to end up with a lower terminal inventory Q%*.
Finally, we again have that the trend of the optimal strategy strongly depends on
the intensity-related parameter (here 1). Note that a mean-variance optimization
setting can also be considered instead of the expected wealth maximization (5.2.24)
studied so far, leading to similar results.

5.2.3 Transient impact function

In between the temporary case G = § and the permanent one G = 1, we now
propose two different ways of describing a transient direct price impact of the
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agent’s transactions.

5.2.3.1 First alternative

We consider at first a direct impact kernel of the form G(t—s) = e=#(¢#=5). Similarly
as in Section 5.2.2.1, we can rewrite equation (5.2.23) by taking S and Z as state
variables for ¢t < 7 :

t
dxy = <5t - ,.;/ e Pl=s)yy dN;) vdt = (S; — Zy)ndt, (5.2.30)
0

where dZ; = —Zdt + kv AN} with Zy = 0 and where Z is again the cumulative
negative impact from the trades on the transaction price. As in previous sections,
we aim at maximizing the expected wealth of the agent given the set (5.2.2) of
admissible trading strategies A,

H*(t7x7SaQ7A7Z): sup Eth,q,AZI:XV+QV(SD_7T)‘V l/ ¢/ :|
(’/t)teA

where S¥ = S — Z is again used to define the terminal penalty since at the end of
the trading horizon, the price at which we can sell the Q4. remaining shares is S7.
(minus the penalty mA7.Q4.) due to the transient direct price impact from G. We
find the following proceeds RY using (5.2.30) and integration by parts

RY = XY 4 QY (5% — mA\QY) (5.2.31)

=X/ + 5:.Qf — Z,QY —|—/ QY (0dW, + BZyds — kv]dNY) — A2 (QY)?
t

since [ Zovods = —Z2:Q% + ZQY + [ Q% (—BZsds + kvdNY) and [ Sevds =
—S:Q% + S:QY + [[ QiodW,. We again have that [,” QYodW; is a martingale
since Q” is bounded and that E¢ gz [ [ Q5vIdNY | = By gz [ [, kQ5vIALds],
see Lu (2013). We can hence rewrite H* as

H* (t7 x7 S7 q7 A7 Z)

=z+57q+ sup Eigaz [/Q (BZs — kv Ng)ds — w2 ( qb/ ]

(vt)t€A

— ot 8% il Boons | [QUwin - sz as +an(@0 o [ (@21l

(vi)t€

=xz+S"q— inf A""(t,q,\Z)=x+S"q—Rh"(t,q,\, Z). (5.2.32)

(vt)t€A
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However, we cannot make use of the following HJB equation for (¢, q, A, Z) € SxR™
Oul* (1,07, Z)+64% = BZOzh" (1,4, 1, Z) — qBZ + min {(nu — aNNR (t g\, Z)

— VO, (.4, N, Z) + q A+ TR (4, A Z + koY) = B (tg, 0, 2)] | =0,
(5.2.33)

with h*(T,q, A\, Z) = wAg?, h*(t,0,\, Z) = 0, limy_0 h*(t,q, A\, Z) = 0 and v > 1.
Indeed, the value function h**(t,q, \, Z) is decreasing in Z and hence not convex
in v. v* is then not a global minimum point of the argument in the minimization
part of (5.2.33). Moreover, no explicit solution is available for the optimal trading
rate v* since kv” is now inside of h*(t,q, A, -) in (5.2.33). This makes the solving
of (5.2.33) numerically very intensive and unstable when using classical numerical
schemes such as finite differences or finite elements. The following Chapter 6 will
propose deep learning algorithms for solving such implicit optimal control problems.

5.2.3.2 Second alternative

We now give some alternative (and more specific) assumptions on the transient
direct price impact and on the terminal penalty allowing to obtain the optimal
trading rate explicitly (and deterministically). In the wealth (5.2.30), we assume
in a first step that the dynamic of the price impact Z is instead given by

dZy = —BZ,-dt + kZ;-v] ANy | (5.2.34)

with 5 > 0 and using [t6’s lemma for jump processes, we obtain with Zy > 0 :

ANY#0
Zy = Zoe Pt H (L4 rr]),

0<s<t

leading to an execution price of the form Sy = S; — Z; (where Zj is the half bid-
ask spread, assumed here to be non-zero). However, we cannot write anymore the
execution price in the form (5.2.3) based on a propagator G. We further assume
that the intensity A\¥ of the jump process N” follows the mean-reverting dynamic
d\, = (nvy — aAY)dt as in (5.2.4). We finally assume that the terminal penalty
when Q% > 0 is a given multiple 7" of the total negative impact Zr at time T'. The
penalized price S}l at trading maturity T is thus defined formally as in (5.A.2) by
the random variable

Ny
S§ = Sf+dLY /dt = S — 7' Zp Q4 Y 6(T —t5), (5.2.35)
j=1
where L}, = —7' fOT QY Z,~ dNY with NV defined again as in (5.2.4). We see in

(5.2.35) that 7 is replaced by n’'Zr and it makes sense to impose 7’ > 0 since
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we expect additional penalties that the agent must incur for the execution of the
trade at the terminal date on top of the cumulative (transient) negative impact
Zr. Hence, we find as terminal penalty

Evesanz |QFSF | = Brasanz [QF (S — 7' Zr X5 Q4)]
= Eresq02 [QF (S — 7 ZXQ0)]. (5.2.36)

Following the exact same reasoning as for equation (5.2.31) on the dynamic (5.2.34)
with S¥ = S — Z, we then obtain the following optimization problem assuming
¢ =0 (no urgency to trade) :

H* (t7 z, Sa q, )‘7 Z) = Sup ]Et,a:,S,q,)\,Z [X: + Q: (Sffu- - WIZT)‘ZQZ)]
(ve)reA

=x+S5"q— i)nf AEt’q’)"Z [/ QY (kZVINY — BZ)ds+7' Z N2 (QY)?
€ t

Vi)t
=x+5q— ( i)anh*’”(t, @GN Z)=x+S"q—h*(t,q,\, Z), (5.2.37)
Vi)t €
where h*(t,q,\,Z) is again finite for all (¢,q,\,Z) € S x RT (as well as non-
decreasing in Z and non-negative whenever § < ff)\oe_o‘T(minse[tﬁT) vY)). We

then again have that the value function h*(t,q, A, Z) is a viscosity solution of the
following HJB equation for (t,¢,\, Z) € S x RT :

Oul* (£,9, ), Z) = BZOzh"(t,q. X Z) = qBZ — aMdxh’"+ min {nuaAh* — vO,h*
FqRZVN + AR (t g, N Z + kZ07) — h* (t, g, M\, Z)] } —0, (5.2.38)

but now with h*(T,q,\, Z) = 7'A\Zq?, h*(t,0,\,Z) = 0, h*(t,q,\,0) = 0 and
limy_o h*(t,q, A\, Z) = 0. From the linearity of the value function (5.2.37) in Z, we
then impose

h*(t,q, N\ Z) = Zh(t, q, ),

with h3(T,q, ) = 7' Ag?, h3(t,0,A) = 0 and limy_, h3(,¢,\) = 0. Indeed, recall
that in the previous Sections 5.2.1 and 5.2.2 on temporary and permanent (direct)
impacts, the value functions h and h could be seen as an extra penalty due to
price impact stemming from optimally liquidating the rest of the shares. In this
new transient setting where the terminal penalty is a multiple of the total negative
impact, we therefore have that the value function h3 is still the extra penalty from
optimally selling the remaining shares but expressed as a proportion of the total
negative impact Z at that time. The value function Zh}(t,q,\) is then again a
viscosity solution for all (¢,q, A, Z) € S x RT of

Z0ch3(t,q,\) — BZh5(t, ¢, \) — qBZ — aXZOrh5(t, g, \)
o+ min {nUZoAh3 (1,9, X) = V20,5 (8,4, N) + g2V A+ ARZV B (g N) | =0,



208 Chapter 5. Optimal liquidation under indirect price impact with propagator

and therefore,

8th'§ (t7 q, )‘) - ﬁh; (t7 q, >\) - qﬁ - Od)\a)\h; (t? q, )‘) (5239)
+min {nuaxhé(t, q; A) = vOgh5(t, q, A) + A (g + Ry (t, g, A)))} =0,

We observe that v* is a global minimum point of the minimization part of the PDE

(5.2.39) in S provided that v > 1. We then have the following representation of
the optimal trading rate for all (t,¢,\) € S and v > 1 :

Agh(t, X, @) — ndah3(t, A, q)) o (5.2.40)

A&y (g + hs(t, A, q))

Again, we have that A\ > Ay > 0 due to the intensity (5.2.4) above, that

limg o v*(t, ¢, A) = +oo and that v*(¢,q,A\) = 0 for t > 7. We finally obtain

that h3 is a viscosity solution in S of the following explicit PDE when v > 1 :
Oihy(t,q,N) — B(h3(t,q,A) + q) — aXdxh3(t,q,A)

_(%@@ﬂ%)‘ﬂ%@@ﬂﬂ”ﬂ‘(V—l)zo
(Mg + h3(t g, \) 0 g

f@%»—(

Choosing v = 3/2 as in Section 5.2.2 on permanent impact is consistent with the
square-root temporary impact and ensures the non-negativity and the admissibility

* Y\ 2
of the optimal trading rate since we obtain v*(¢,q, ) = % (%) and
2

4(9yh3(t, 0, A) —ndah (.4, 0)*

O (t, g, N —B(h5(t, g, N)+q)—a drhi(t, g, \)—
ihs(t, q, ) —B(hs(t, g, \)+q)—aXdxhs(t, q, \) 27 (g + 1 (g )2

This leads to the following plots of optimal strategies in the transient price impact
model (5.2.34).

Trading rate « n=0.002 Inventory e 1=0.002
60 - n=002 100 \ n=0.02
50[ n=0.2 n=02

ool \

40

30F 80

20

101

02 04 06 08 10 12 14 " 02 04 06 08 10 12\ 14

Figure 5.2.14: Optimal trading rate (v;), and inventory Q”* from a transient geometric
(direct) price impact (5.2.34) with mean-reverting intensity and v = 3/2 for various values
of n with k = 0.006, o = 0.5, 8 =1, 7’ = 1000, Ao = 0.5, Q = 100 and T = 1.5.
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Figure 5.2.15: Optimal trading rate (v;), and inventory Q"* from a transient geometric
(direct) price impact (5.2.34) with mean-reverting intensity and v = 3/2 for various values
of k with @ = 0.5, p = 0.1, 3 =1, 7 = 1000, Ao = 0.5, Q = 100 and T = 1.5.
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Figure 5.2.16: Optimal trading rate (v;), and inventory Q”* from a transient geometric
(direct) price impact (5.2.34) with mean-reverting intensity and v = 3/2 for various values
of B with a =1, n = 0.5, k = 0.05, 7’ = 100, Ao = 0.5, Q = 100 and T = 1.5.

Again, we see in Figure 5.2.14 that the intensity-related parameters strongly impact
the trend of the optimal strategy. Moreover, when choosing a sufficiently small
penalty k such as to liquidate all the shares before T', we observe in Figure 5.2.15
that the optimal strategy consists in selling most of the shares right at the beginning
of the trading horizon. This figure confirms the exploding behavior of the optimal
trading rate at the time of market drop-out ¢ = 0 when & is really low (red line).
Finally, the value of the drift 8 in (5.2.34) mostly influences the slope of the strategy
at the beginning of the trading scheme.

5.3 Indirect optimalliquidation with limit and market orders

So far, we have considered that the liquidating agent could only post market (sell)
orders. We now want to add the possibility for the seller to also post limit sell
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orders (LOs) at a price S; + d; that can be filled by MOs of buyers. The positive
depth (d;), := (0¢)¢efo,r) at which the LO is posted is hence also a control process
and we again aim at maximizing the expected wealth of the selling agent. Based on
Guéant and Lehalle (2015), Guéant (2016) and Chapter 8.2 of Cartea et al. (2015),
we expand the previous setting d@QY = —uv1dt of Section 5.2 by assuming instead

dQV° = —vydt — AdM (5.3.1)

where M? is a new (controlled) counting process corresponding to the number
of buy MOs which lift the agent’s LO, i.e. MOs which walk the sell side of the
book to a price greater than or equal to Sy + d;. Each filled LO is of size A > 0.
We consider that the number of arriving buy market orders (from other traders)
follows a Poisson process M° with constant intensity A. The probability that the
agent’s LO at time ¢ with depth &; will be lifted when a buy MO arrives (when
MY jumps) is then assumed to be P(6;) = e~?%, p > 0. Thus, the intensity of
the counting process M? for filled limit orders is Ae~*%. The model (5.3.1) hence
induces that the agent is continuously posting MOs at a rate (v;); and that her
LOs at price S; + &; are filled whenever M jumps. For simplicity, we first assume
as in Section 5.2.1 that G is purely temporary such that the execution price is given
by S¥ = S; — kv AN} /dt, with N the counting process defined as previously with
mean-reverting intensity (5.2.4). The wealth process is then obtained accordingly
by
dX7° = (S + 6)AdM? + (87 — &)t

where ¢ is the half bid-ask spread (which is set to zero in the sequel, without loss
of generality). We thus find for the wealth process at the last trading time 7 on
[0,T] :

X0 = Xt”’5+/ (SS+6S)Ade+/ Ssysds—/ kvITHINY . (5.3.2)
t t

t

The optimization problem becomes in this setting

H(t,z,S,q,\") = sup  H"’(t,2,8,¢,\")
((Vt),(6¢)g) €A’

= sup Eiasgw [X:’J + QY (S —maQ%) =0 / (QZ"S)st] ,
((ve)¢,(8e))EA! t
where A’ is defined as the set A in (5.2.2), enlarged with F-predictable, bounded
from below depths (J¢),. The notation E; , g4 »v represents expectation conditional
on Xt”_’(s =z,5 =2, Q:’_‘; = q and AV = \. If the agent has inventory remaining
at the end of the trading horizon, she liquidates it using a MO for which she obtains
worse prices than the midprice (terminal penalty). As in Section 5.2.1, we again
need to include the intensity A% in this terminal penalty and the terminal price at
which she can sell the Q;"S shares is S (and not SY%) since the direct impact of
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MOs is here assumed to be temporary. Using integration by parts based on (5.3.1),
we first find

/ S, (l/sds + AdM;S) = —STQZ"S + StQ;"é + / JQZ’5 dWs .
t

t

Hence, we directly obtain that
B s [ X274 Q27 (5, - mii®) o [ (@27as]
t
Xf’5+StQt”’6+/ oQ¥° dW, f/ Wz“dN:+/ Ss A dM?
t t t
2 T
-z (@) -0 [ (QZ"S)st]
t

T T 2 T
=z + Sq—Ei g [/ kTN ds f/ §s AAe PO ds + AV (QZ";) +¢/ (Q:’B)st]
t t ¢

=Et.a,5,4x"

=x+ Sq - hy,é(t3q7 )\V)v

which leads to

H(t,z,S,q,\") = z+qS— inf h”"s(t7 q,\") = z+q¢S—h(t,q,\"). (5.3.3)
((Vt)tv(‘st)t)EA/

Given the admissible set A’, h(t,q, \) is again bounded on S. Following Propo-
sition 5.1 of Section 5.2.1 and from the verification theorem 3.4 of Guéant and
Lehalle (2015) (see also Chapter 8.4 of Cartea et al. (2015)), we directly have that

a sufficient condition for the optimality of (5.3.3) is for the C!-function h(t,q, \)
to be a classical solution of the following HJB equation for all (¢,q,\") € S :

Oh + ¢g® — aX Oy h+ melllg {nyaph —vOsh + mﬂ“)\”} (5.3.4)

in {Ae™ " — AN — “)] - 6AAe™ 7} =
+min {Ae™ [(t,g = A, X) = h(t, g, \")] = 0AAe™} =0,

with terminal condition h(T,q, \V) = 7A\"q? and boundary conditions h(t,0,\") =
0, limyv_q h(t,q, A¥) = 0. Finally, from the first order condition in (5.3.4) with
~ > 0, we find the exact same expression for v* as equation (5.2.15) :

(5.3.5)

Byh(t,q, \V) —nOxvh(t, q, AV))””

V*(taqv)‘y) = ( (’Y‘f‘l)/\ufi

with v*(¢,q,\*) = 0 for t > 7, and for the optimal depth §* we obtain

* vy __ 1 h(t,q—A7)\”) _h‘(t’Q7Ay)
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Substituting these optimal strategies back into the HIB equation (5.3.4), we finally
find that h must satisfy for all (t,q,A\”) € S and v > 0 the explicit PDE

L"’l
(aqh(t7 q, Al’) —n a)\”h(ta q, AV)) v ( ” )
Wr(y + 1) v+1

—1 _ vy _ v
- Aep A oo (_p [h(t,q A,AA) h(t, g, A )D —0,  (5.36)

Ah(t, g, \) + ¢q° — aX” Oawh(t, g, \") —

which can be solved numerically in a very efficient way using the method of lines
(with a delayed PDE in ¢). Again, choosing the square root law v = 1/2 appears
to be the most consistent choice in the temporary case. As the remaining inventory
q now depends on the counting process M? through (5.3.1), the optimal trading
rate v*(t, ¢, \¥) and the optimal depth §*(¢, ¢, \*) in the LOB are not deterministic
anymore. Therefore, we now have a more realistic price impact model where the
liquidating agent can both use MOs and LOs. We then obtain in Figure 5.3.1 the
following optimal strategies (1), and (d;), for various sets of parameters.

Trading 15

Rate 10

5

50

50 J
Inventory Inventory ]

Figure 5.3.1: Optimal trading rate (v7), (left plot) and depth (;), (right plot) in function
of the remaining inventory ¢ and time ¢ at \¥ = 2 from a temporary (direct) price impact
model allowing MOs and LOs with v =1/2, a = 0.5, n = 0.01, k = 0.5, 7 = 0.05, ¢ = 0,
A=1,p=008 A=1, ) =05 Q=100 and T = 15.

We see on the first plot that the optimal trading rate (v)), is logically increas-
ing with time (the closer the maturity, the more you need to trade so as to avoid
the terminal penalty), and also increasing with the remaining inventory (the lower
q, the less you need to trade so as to liquidate the remaining shares). We observe
the opposite behavior for the optimal depth (6;),, which is decreasing in time due
to the agent becoming more averse to holding inventories as the trading horizon
approaches, and also decreasing in inventory. Indeed, if the agent’s inventory is
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Figure 5.3.2: Optimal strategy of trading rate (v;), (left plot) and depth (6;), (right)
from a temporary price impact model allowing MOs and LOs with v = 1/2, a = 0.5,
n=001,k=057=016=0,A=1,p=008 A=1 A =05 Q =100, T = 1.5.

large, she is willing to accept a lower premium ¢ for providing liquidity so as to
increase the probability that her order is filled. At the same time, this ensures
that she may complete the liquidation of the ) shares before T" and hence avoids
paying a terminal penalty. However, if inventories are low, the agent prefers set-
ting a large depth § because with low inventory, the terminal penalty she incurs
when crossing the spread with MOs will be moderate. Figure 5.3.2 below confirms
that the optimal trading rate and optimal depth both depend on the jumps of the
counting process M? and are therefore not deterministic anymore.

This setting can be easily extended to a more general price impact model S¥ = S—Z2
with Z the cumulative price impact, by using instead a wealth process which de-
pends on SY, i.e. :

dX[* = (Sf +8)AdM] + (Sf = v,

and by maximizing the expected wealth at 7 (with S” in the terminal penalty),

Et,z,5,q,0v,2 [X:’é + QZ"S (S: — ﬂ)\zQ:’é) - ¢/ (QZ)st]
t
T T 2 T
— 245 Eigrz [/ Q“ldz, —/ 5. ANe " ds + mAY ( :’5) + ¢/(Q:)2ds]
t t t

=z+ Syq - ’}VLV’B(R q, )\Vaz) .
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In the permanent case 5.2.2 with G = 1, we find for example

%U’d(t7 q? )\V7 Z)
T T 2 T
= Eg [/ ,.;Qg%gx:ds—/ S.ANe % ds+m:( :’5) +¢/ (Q§)2ds].
t t t

Finally, as for the occurrence of price impact and L.Os, we could have made the oc-
currence of MOs discrete instead of continuous. Indeed, continuous trading rates
are obtained as limits of discrete trades in the high-frequency regime and those
limiting results tend to produce continuous propagator models. This should be
investigated in further research. Moreover, to obtain fully consistent and imple-
mentable strategies, the indirect price impact model introduced in this chapter
should also be enhanced by including the possibility for the trader to take into
account signals stemming from the market order-flow, see Fouque et al. (2022) or
Cartea et al. (2018). Incorporating a short-term alpha component in the dynamic
order execution schedule indeed enables the trader to leverage some knowledge and
to execute more speculative trades. This is usually achieved by making the unaf-
fected price S in equation (5.2.3) non-Martingale, and more precisely by adding a
predictable zero-mean reverting process (ay)o<t<r as drift in S, see e.g. Abi Jaber
and Neuman (2022). In our setting, a more optimal approach would be to have
the intensity A\¥ depend on the volume posted on both sides of the LOB. Indeed,
the authors in Cartea et al. (2018) propose a new measure of volume imbalance in
the LOB and demounstrate its accuracy as predictor of buying/selling pressures in
the market. Given that the intensity A precisely models this pressure from net
order-flow imbalance in our context, making it dependent on the volume imbalance
measure of Cartea et al. (2018) should allow us to easily integrate signals into our
execution strategies.

5.4 Conclusion

This paper introduces a new jump-dependent price impact model with propagator
allowing to best reproduce the empirical direct and indirect effects of market orders
on the transaction price, while including a stochastic liquidity factor in the form
of a trade-driven intensity process. More precisely, the jump process is used in
our setting to model the occurrence of the (temporary/permanent/transient) price
impact arising from MOs since all trades do not lead to a direct negative impact
on the transaction price, even if they systematically exert an (indirect) downward
pressure on this price. This indirect downward price effect from order flow im-
balance is here modeled by an increased mean-reverting intensity A" of this jump
process N” with negative jump size (which scale as a power-law function of the
trading rate). Moreover, as the direct impact of market orders depends on the
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propagator G in (5.2.3), we discuss for each choice of G the most relevant optimal
liquidation problem faced by the agent, derive the related HJB equation and solve
it numerically. In the temporary case G = J, we find that a square-root impact
provides the most consistent results and obtain a deterministic decreasing optimal
trading strategy that can be set up at time ¢t = 0. Moreover, when choosing a
geometric intensity (5.2.18), we show that the dependence of this optimal strategy
on the intensity \* disappears. Secondly, in the permanent setting (5.2.23) with
G =1 and exponent v = 3/2, we again find a deterministic optimal trading strat-
egy whose trend strongly varies according to the model parameters and which does
not depend on \” when considering again the geometric intensity (5.2.18). At last,
in the transient case, alternative assumptions on the direct price impact and on the
terminal penalty have to be assumed in order to obtain the optimal trading rate
explicitly (and deterministically). In both the permanent and the transient direct
settings, we obtain exploding training rates at the time of market drop-out ¢ = 0.
Finally, these three scenarios based solely on MOs can be expanded by allowing the
agent to post limit orders in the LOB at a depth 4, which is also a control process to
be optimized. Optimal strategies of trading rates (v;), and depths (J;), are again
obtained explicitly in this enhanced setting, leading to financially sound results.
Our indirect price impact model with propagator therefore allows to offer sufficient
tractability and flexibility so as to best reproduce the observed underlying dynamic
of the LOB and its liquidity, thereby bridging the gap with high-frequency price
models.

Subsequent papers should provide a comprehensive methodology for estimating the
various model parameters based on real LOB data and determining which kernel G
(and which exponent ) allows to best fit the data (provided that high-frequency
data of sufficient quality can be obtained). Secondly, we should incorporate a
short-term alpha signal with discretized MOs’ trading rates into our dynamic ex-
ecution schedule in order to obtain more realistic and implementable liquidation
strategies. Moreover, deep learning methods will be investigated and applied in
Chapter 6 for solving high-dimensional HJB equations without explicit solutions,
as obtained with equations (5.2.33) or (5.B.2). Finally, price manipulation with
the no-dynamic-arbitrage properties of the introduced indirect price impact model
should also be assessed for the various propagators G studied in this paper.
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5.A Dirac’s delta propagator

This appendix shows the equivalence in the temporary case between the execution
price (5.2.3) with Dirac propagator G(t — s) = (t — s) and the wealth process
introduced in (5.2.6). We can indeed write formally in this case the execution price

t t
Sf:St—F/ G(t—s)dL;’:St—n/ G(t—s)v]dNY
0 0

Ny
=S —r> v 5(t—t;) (5.A.1)
j=1

= S, +dLY /dt

where t; (j =1,...,N¥) are the jump times of N over [0,7]. This indeed leads

to the expression (5.2.6) of the wealth process X¥ = [ Sveds + [ ddLs'Z veds =

fOT Ssvsds — fOT kv T1dNY . Such process S¥ for the execution price (5.A.1) is some-
times called a "Dirac process" and has already been investigated in Kenyon and
Green (2015) and Stein et al. (2022) as arising from the time derivative of a Pois-
son process (in a similar way as for impulse control problems). This form of the
execution price S” is not interesting per se and cannot be used to define our model
(just as a Brownian motion alone is not particularly useful, a Dirac process is only
useful for what can be done with it). However, this price impact model (5.A.1) is
justified by the fact that it is consistent with the definition of the wealth process
(5.2.6), which is the only reasonable form for X" in the temporary case and which
is the process of interest in the optimization program below (the state variables in
the temporary setting are indeed S and X", but never S¥).

We also derive the terminal penalty Q% (St — mA%-Q%) used in the optimization
problem (5.2.9). Consistently with the literature where the temporary price impact
in terms of the trading rate s, is replaced by a penalty 7QY% at terminal time
T, see Cartea and Jaimungal (2016), Cartea et al. (2015) and Donnelly (2022), we
introduce our penalized price ST at 1" as a sum of Dirac’s delta according to the
execution price (5.A.1) but with jump size —7Q¥% instead of —v;, in the following

(formal) way

N7
Sp = Sr+dLj/dt = Sy — 7Q4 Y 5(T —t;), (5.A.2)
j=1
where LT = —7 fOT Q% dNY is a new random variable for the terminal penalty at

time T' and with N” the counting process (5.2.4). Note that even when the direct
price impact is not temporary but permanent or transient (see Sections 5.2.2 and
5.2.3 with other kernels G), the terminal penalty remains a temporary direct impact
(with Dirac delta §(T'—t;)) since it only affects the price of the transaction at final
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time T and not the other ones. With a penalized price of the form (5.A.2), we
retrieve the terminal penalty

Bt 2,50 [Q7ST] = Btz 5,90 [QF (ST — mA7QY)]
= Ei 2,50 [QF (S = mA7QT)] - (5.A.3)

Again the expression (5.A.2) cannot be used to define our model but is induced
and justified by the chosen form of the terminal penalty in the optimization (5.2.9).

5.B Alternative risk-aversion penalty

As already explained in Section 5.2, the term [, (Q%)? du in (5.2.9) can be seen as a
form of risk-aversion (urgency to trade) of the agent. We now propose another form
of agent’s risk aversion based on an expected shortfall penalty allowing to limit the
loss on the total revenue of the liquidating agent at the end of the trading 7. For
simplicity, we consider the temporary setting of Section 5.2.1.1 but the following
results can be directly extended to other propagators G. We hence suppose the
following performance criterion

HY(t,2,5,¢,A) = Eyo5.0 [X: F QY (S, — TAQY) — K — X:]*] . (5B.1)

We indeed penalize the agent only when the revenue X at the last trading time 7
is below a threshold K’. This penalization term —¢[K’ — 2|t is Lipschitz contin-
uous and concave in x and it can then be shown that the bounded value function
h(t,x,S,q,\) = sup(,,),ea H"(t,7,5, ¢, \) must be a viscosity solution of the fol-
lowing HJB equation for all (¢,¢,A\,z,5) e SxRx R :

1
Och + 50’2&%5}1 + blé}lz {(171/ — aX)Orxh — vO4h (5.B.2)
+vSOh+ A [h(t,x — kTS g, ) — h(t, 2, S, q, )\)] } =0,
with h(T, 2,5, q,\) = x—¢[K'—2]* +¢S—7)Ag?. This 5-dimensional HJB equation
is however hard to solve numerically since we only have an implicit solution for

(vf),, see Chapter 6. We therefore consider instead the following performance
criterion

Hy(ta'ra Sa q, >\) = Et,w,S,q,A I:X: + Q?— (ST - 77/\:62:) _¢/ Vy [K - Su]+ du:| 5
t

(5.B.3)
with again h(t,z,S,q,\) = SUP(y,),cA HY(t,z,S,q,\). Indeed, with this form of
running penalty, we can show that if (K' — X)) < ftT vy (K — S,)du, then we have

(K'—X,;)" < (/tT vy (K — Su)du>+ < /tT vu(K — Sy) T du,
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and thus that -
H(K' — XT)+ < d)/ vy (K — Su)+du,
t

which ensures that the penalty in (5.B.3) is at least larger than the shortfall penalty
(5.B.1) and hence, that the optimization (5.B.3) also limits the loss on the revenue
XY at the final trading time 7. We therefore need to impose

K’—/ Suyudqu/ kU TEANY </ vy (K — Sy)du
¢ ¢ ¢
& K < / Kv,du — / kv TEHINY
¢ ¢

which is verified when assuming

K’ + k (maxgep, - v7) (N — NY)
Qf — Q7 ’

since (14): € A is non-negative and bounded on [0,7), v > 0. The condition
(5.B.4) is systematically satisfied empirically when choosing K > K’'/QY as the
agent aims to liquidate a large number of shares in a short interval of time 7.
As in Section 5.2.1, we can rewrite the value function (5.B.3) by h(t,z,S,q,A) =
T+ qS+ i~z(t, S,q,A) and show that his a viscosity solution of the HIB PDE for
all (¢,¢,A,8) e SxR:

K>

(5.B.4)

~ 1 ~ ~ ~
Och + 50282*5% + sup {—¢1/ [K — S]" + (nv — aX)dxh — v h — )\mﬂ“} =0,

with terminal/boundary conditions ?L(T, S,q,\) = —wAG>, ?L(t, S,0,A) = 0. Then,
for v > 0, we find for the optimal trading rate the explicit representation

~ ~ 1/~
) —O[K — SI* + ndsh(t, S, \) — D h(t, S, g\
y (t,S,q,/\)( e Fo Tl I

and hence h is finally a viscosity solution of the explicit PDE
~ ~\ 47/

I S AR OV R , N
8th+fa 333h+ 1/ ( )—a)\a)\hzo,
2 ((y + )Aw)? v+1

This explicit HJIB equation is much more easy to solve than the implicit equation
(5.B.2) based on the expected shortfall penalty (5.B.1). Moreover, the optimal
trading rate (v;), is not deterministic anymore in this setting since it depends on

S.




CHAPTER 6

Deep learning for high-dimensional stochastic

optimal control without explicit solution

Several of the optimal strategies discussed in Chapter 5 lead to a high-dimensional
optimal control which does not admit an explicit representation. In this case,
most of the recent literature on deep learning for solving high-dimensional partial
differential equations do not apply. This Chapter 6 therefore introduces the GPI-
PINN algorithm, a novel numerical scheme for solving continuous-time stochastic
optimal control problems in high dimensions when the optimal control does not
admit an explicit solution. Combining Physics-Informed Neural Networks with
an Actor-Critic structure built upon the Generalized Policy Iteration technique,
this successive deep learning algorithm employs two separate neural networks to
approximate both the value function and the multidimensional optimal control.
This way, the GPI-PINN algorithm manages to achieve a global approximation
of the optimal solution across all time and space, which can be evaluated online
rapidly. The optimality and convergence of the scheme are demonstrated theoret-
ically and its accuracy and efficacy are shown empirically based on two numerical
examples. In particular, we generalize the standard Almgren-Chriss model arising
from optimal liquidation by allowing for a price impact model with fully nonlinear
temporary and permanent impact functions and by considering a multidimensional
setting with numerous co-integrated assets.

Dupret, J. L., & Hainaut, D. (2024). Deep learning for
high-dimensional continuous-time stochastic optimal control
without explicit solution. To be submitted.
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6.1 Introduction

A lot of literature has emerged recently for solving high-dimensional partial differ-
ential equations based on deep learning, see e.g. Han et al. (2018), Sirignano and
Spiliopoulos (2018), Han et al. (2017), Beck et al. (2021), Blechschmidt and Ernst
(2021). These algorithms can therefore be used to solve continuous-time (CT)
stochastic (Gaussian) optimal control problems whenever the optimal control ad-
mits an explicit solution in terms of the value function. Indeed, in such cases,
the well-known Hamilton-Jacobi-Bellman (HJB) equation reduces to a parabolic
second-order PDE. One of the most promising numerical schemes is based on
Physics-Informed Neural Networks (PINNs), as introduced in Raissi et al. (2019)
and which is quite different from standard supervised machine learning techniques
since instead of relying purely on data, it uses the physical properties of the PDE
itself to guide the training process. PINNs indeed generate approximate solutions
to PDEs by training a neural network to minimize a loss function consisting of
terms representing the misfit of the initial and boundary conditions along points
sampled from the boundary of the space-time domain, as well as the PDE residual
at selected points in the interior of the domain. We refer in particular to Sirig-
nano and Spiliopoulos (2018) and Blechschmidt and Ernst (2021), where PINNs
are applied for solving such CT explicit stochastic optimal control problems in
high dimensions. However, when the optimal control does not admit an explicit
representation, one then has to simultaneously solve an optimization problem with
respect to the control as well as a (second-order) PDE with respect to the value
function, as we will see in Section 6.2.2. These implicit optimal control problems
cannot be solved anymore using directly the deep learning techniques mentioned
above and therefore require a specifically-designed successive approximation algo-
rithm. For low-dimensional implicit optimal controls, a classical solution from the
reinforcement learning literature is to use the (Generalized) Policy Iteration algo-
rithm, which is a successive approximation algorithm for both the value function
and the optimal control, see Jacka and Mijatovi¢ (2017), Sutton and Barto (2018)
and Algorithm 4. In particular, we highlight the Actor-Critic methods from Wer-
bos (1992), which have a separate memory structure to explicitly represent the
optimal control independently of the value function and which rely on this (G)PI
algorithm. However, these numerical schemes based on (G)PI usually difficulty
scale with the problem’s dimension as the optimization and the PDE both have to
be solved for every point in a finite grid. Our algorithm should hence be meshfree,
which is key since meshes become infeasible in higher dimensions.

Therefore, the numerical scheme proposed in this chapter aims at solving CT
stochastic optimal control in high dimensions, even when the control cannot be ex-
pressed explicitly, and is inspired by both the deep learning and the reinforcement
learning theory. More precisely, the so-called GPI-PINN algorithm is obtained by
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combining PINNs with an Actor-Critic structure built upon the GPI algorithm.
This successive GPI-PINN scheme is able to approximate both the value func-
tion and the high-dimensional optimal control using two separate neural networks
(NNs), that we will train based on simulated data from the space-time domain.
This provides a global approximation of the control and value function available
across all time and space, which can then be evaluated online very fast. By im-
posing an early termination condition in the training of the GPI-PINN algorithm,
we can prove the optimality and convergence guarantees of our numerical scheme
towards the true solution of the value function and optimal control.

Finally, based on two detailed numerical examples, we show empirically the general-
ity, accuracy and efficacy of the proposed GPI-PINN algorithm for solving implicit
stochastic optimal control problems in high dimensions. First, we compare and
confirm the performance and accuracy of our GPI-PINN algorithm on a classical
linear-quadratic Gaussian control example for which the solution is known up to
Monte-Carlo simulations. The second example arises from optimal liquidation in
finance where an agent has to sell a large amount of shares and yet minimize price
movements generated by her own trades, see Chapter 5 and the review of Cartea
et al. (2015). In a first step, we generalize the standard Almgren and Chriss (2001)
and Almgren (2003) models by assuming nonlinear (power-law) temporary and
permanent impact functions as it prevents from having an explicit solution for the
optimal control. We then extend this fully nonlinear optimal liquidation setting
in higher dimensions by considering a large number of co-integrated assets, which
interact and influence each other. This indeed leads to a high-dimensional CT
implicit stochastic optimal control problem that can be handled efficiently and ac-
curately using our GPI-PINN Algorithm.

The contributions of this article are therefore threefold. We first introduce a new
successive deep-learning approximation algorithm able to solve high-dimensional
CT stochastic optimal control problems when the control does not admit an ex-
plicit solution. We then prove theoretically the uniform convergence of this so-
called GPI-PINN algorithm toward the true optimal solutions. Finally, we show
empirically the efficacy and accuracy of the proposed numerical scheme on several
examples. In particular, we generalize the standard Almgren-Chriss model arising
from optimal liquidation problems by allowing for a fully nonlinear temporary and
permanent impact functions and by considering a multidimensional setting with
numerous co-integrated assets, as it leads to an implicit optimal control problem
that can be effectively handled by our GPI-PINN algorithm.

The organization of the chapter is as follows. In Section 6.2, we review the lit-
erature and the theoretical foundations of implicit and explicit stochastic optimal
controls. In Section 6.3, we introduce the GPI-PINN algorithm with early termi-
nation and prove its optimality and convergence. Section 6.4 lays out the neural
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network implementation used in the rest of the chapter. Section 6.5 performs a
comparative example for which a solution is known up to Monte-Carlo simulations
and Section 6.6 shows how the GPI-PINN algorithm can be used to solve complex
optimal liquidation strategies. Section 6.7 concludes.

6.2 Stochastic optimal control

Let (2, F,F = (F;)¢>0,P) be a complete filtered probability space on which is de-
fined a d-dimensional Brownian motion W = (W});>¢. We fix T' < co and define
Q = [0,T) x X with state space X C R" and Q = [0,T] x X. We consider a fixed
final-time CT stochastic (Gaussian) optimal control problem of the form

{ minimize  V(t,2) = E [¢(T, xu)+ [T e(r, X2, uy) dr ‘ X¥ = x] :
subject to  dX¥ = f(r, X* u;)dT + o(7, X*, u;)dW, ,

(6.2.1)
for all (¢t,z) € Q. Here X* : [0,T)xQ — Xis the state process, u : @xQ — U C R™
is the control process and U is a closed subset of R”. A denotes the set of admissible
controls, which consists of all progressively measurable m-dimensional processes
u = (ut)sefo,r) With finite L? (Q x [0,7T))-norm. The drift and diffusion coefficients
f:QxU—=R"and o:Q x U— R*¥ are assumed to be continuous and satisfy

the Lipschitz conditions

|f(t,x,u) - f(t,y,u)|—|—|a(t,a:,u) - a(t,y,u)| < I(|5U - y| )
[f(t, 2, u)[+o(t,z,u)| < K(1+ |2]+|u]), (6.2.2)

for K independent of (¢,z,y,u). From Touzi (2012), for each admissible control
u € A, the controlled SDE (6.2.1) has then a unique F-adapted solution X*, for
all Xy € L?(Fy,P) such that for some constant C' :

E[ sup |X:|2] <C(1+E[|Xo[*]) e“* forallte[0,T).

0<s<t

Finally, ¢ : X — R is the terminal cost at T and £ : Q x U — R is a continuous run-
ning cost. They satisfy the following quadratic growth condition for some constant
K independent of (¢, z,u), [((t,x,u)|+|¢(z)|< K(1 + |u[*+|x|?). This quadratic
growth on ¢ and ¢ ensures that V*(¢, ) is well-defined for all u € A. We consider
in this work Markovian controls, i.e. processes u € A that can be written in the
form u; = wu(t, X}*) for each ¢ € [0,T) and for some measurable map u from Q
into U. We also denote u} = u*(t, X®*") the optimal closed-loop feedback control
minimizing the cost V* (6.2.1), with u* : @ — U measurable. Standard notation
in dynamic programming defines the value function V : Q — R as the optimal
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cost-to-go (6.2.1) starting at (¢,z) € Q, i.e.

T

V(t,) = inf V¥(t,2) = E qu(T, X3+ / o(r X2t (n, X2 ) dr
u€A t

XZ‘* = x] ,
(6.2.3)

with terminal condition V(T,2) = ¢(T,z). Let S, the set of all n x n symmetric
matrices with real coefficients. We next define the Hamiltonian by the map H :
QxR*"x S, =R,

H(t, z,p,vy,u) = L(t,x,u) +pr(t, x,u) + %Tr [O’O’T(t, x, u)’y] . (6.2.4)

The minimized Hamiltonian is then defined as

H(t7 x’p’ ’7) = 'l,itrel{]H(t’x,p’ ’Ya u) = 7-[(t7 x)p7 ’Ya u*(t) m)) ) (6'2'5)

and we have the following crucial theorem related to the value function V, see the
review of Touzi (2012).

Theorem 6.1. Assume the value function V € C12(Q), let the minimized Hamil-
tonian H in (6.2.5) be continuous in (t, ) with H(-,+,Vy, Vir) < 00 and let £(-, -, u)
be continuous in (t,x) for all fired u € U, then the value function V' solves the fol-

lowing HIB PDE for every (t,z) € Q,

Vi(t, @)+ inf {e(t, @, 1)+ [Va(t, x)]Tf(t,x,u)—&—%Tr [JJT(t,a:, W) Vaa (1, x)}}:o 626

V(T,z) = ¢(z),
N {Vt(t, )+ L(t, z,u (t,x)) +[Va(t, :c)]Tf(t, x,u*(t,z))+ %Tr [O’JT(t, z,u*(t,2)) Ve (t, ZE)] =0,

V(T7 CL‘) = ¢($), (6 9 7)

where we denote Vy := OV /0t, V, := (0V/0z1,...,0V /D, )T the gradient of V and
Vie the Hessian of V.

If V satisfies Theorem 6.1, then it is said to be a classical solution of the HJB
equation (6.2.6). We directly see that we can rewrite this HIB equation (6.2.6) as

{ Vi(t,z) + H(t,x, Vi (t,x), Vou(t,x)) = 0, (6.2.8)
V(T’ (E) = ¢(x)7 -
and we therefore have that the optimal control «* must solve

u*(t,x) == u*(t,x; Vg, Var) = arg meiul}’;'-[(t, 2, Vy(t, @), Vau (t, ), u) . (6.2.9)

We now give a crucial verification theorem, the proof of which is outlined in Touzi
(2012).
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Theorem 6.2. Let V € C12(Q) N C(Q) be a solution of (6.2.7). If there exists
W(t,z) for each (t,x) € Q such that!

u(t, x) € arg miul}/H(t,:C, Vit 2), Vau (L, 2), 1) , (6.2.10)
ue

then 17(t,x) = V(t,z) for all (t,z) € Q and 0(t,x) must be an optimal (Markov)
control uw*(t,x) for all (t,z) € Q.

From this verification theorem, we will propose in this chapter as candidate Va
NN-parametrized value function V (¢, x;0) on @Q chosen to be C*2(Q) N C(Q) and
whose neural weights 6 are estimated in such a way that the PDE (6.2.7) is satisfied.
We will then aim to find a @ minimizing (6.2.10). This control 4 will also assumed
to be parameterized by a (second) NN (¢, z;w) on @ and the weights w chosen so
as to minimize (6.2.10). Note that under the assumption that the coefficients f(-),
o(-) and £(-) are C! in u, equation (6.2.9) implies

0
Ho(t, z, Vo(t, ©), Vir (8, x), u* (¢, x)) 1= %H(t,m,Vw(t,x),Vm(t,m),u) =0.
u=u*(t,z)
(6.2.11)
Moreover, from Theorem 6.2, we see that finding a 4 such that
9 ~ ~
%H(t,x, Vet @), Vie (t, 2), u) =0, (6.2.12)

u="1u(t,x)

provides a good candidate for the optimal control, even if this condition is not
sufficient for ensuring the optimality of u*. Since V' should be C*2(Q) N C(Q) in
the verification Theorem 6.2, choosing V(t,x) = V(t,x;0) where V(-;0) is a NN
belonging to C12(Q)NC(Q) should provide a natural candidate for the value func-
tion. Choosing two-times differentiable activation functions in our NN ensures that
V(;0) is C%(Q) as the intersection of two-times differentiable activation functions
keeps the output function V(-;6) in C?(Q). Therefore, choosing for example the
tanh, sigmoid, softplus or linear activation functions implies that the approximated
NN value function V(-; ) is smooth and can therefore solve for a classical solution
of the PDE (6.2.6). Moreover, the choice of a NN approximation for the value
function is also justified by the universal approximation theorem (see Lemma 6.1
below) stating that any continuous (and hence any C?(Q)) value function on a
compact domain can be approximated by a suitable NN. The following notation
will also be useful in Section 6.3 when proving the convergence and optimality of
the proposed algorithm :

H (t,x, Vi(t, o), Vou (b, 2), u(t, x)) := H(t, 2, Vi (t, 2), Vir (t, ), u(t, z)) + Vi(t, z) .
(6.2.13)

lor similarly such that Vi (¢, z) + H(t, z, Va (, ), Vaa (¢, 3), G(t, z)) = 0, see (6.2.7).
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6.2.1 Explicit optimal control

In CT stochastic optimal control problems, the minimization problem (6.2.9) in
u can often be simplified so as to express the optimal control u* explicitly as a
function of ¢,x,V, and V,,. Therefore, in this case, the minimized Hamiltonian
H(t,x,V,,Vyz) can also be obtained explicitly as a function of (¢,,V,, Vi), as
shown e.g. in Example 1 below with equation (6.2.16). The PDE (6.2.8) is then
directly solved for V since it does not depend anymore on the optimal control.
This value function V(t,x) obtained from the HJB equation is next plugged back
into the formula for u* (¢, z) so as to also derive the optimal control explicitly. This
two-step method (with first the derivation of V' and then of u*) is illustrated in the
following example.

Ezxample 1 : We consider a simple case with an affine stochastic control and convex
running cost in u € U = R™. The system dynamic is given by

dXy = f(t, X )wdt + o(t, X )dW,,  Xo = 0.

where f : Q — R™™ ¢ : @ — R"*% The running cost is assumed to be of the
form £(t,z,u) = h(t,x) + u' Ru, for some convex function h : Q — R and some
positive definite weight matrix R € R™*™. Then, the Hamiltonian (6.2.4) becomes

1
H(t,x,p,v,u) = h(t,z) +u' Ru+p f(t,z)u+ §TT [oo"(t,z)v].  (6.2.14)

The minimization problem (6.2.9) for u* with p = V, amounts to compute the
derivative of H with respect to v and set it to zero

0,, = Hy (t, 2, Vo (t, ), Vau (t, ), u* (t, ) = 2Ru* (t, ) 4+ f T (t,2)Ve(t, x).
Solving for u* yields the optimal feedback control law in explicit form
1
u*(t,x) = —iR’lfT(t,:r)Vz(t,x), (6.2.15)

and substituting u* back in (6.2.14), we also obtain the minimized Hamiltonian
explicitly

H(t, 2, Vy(t, @), Vi (t, @) = h(t,x) — EVIT(tv z)f(t, x)R_lfT (t, 2)Va(t, @)
+ %Tr [UJT(t, 1) Voo (t,2)] . (6.2.16)

We then obtain for all (¢,z) € @ the following HIJB PDE satisfied by the value
function V :
1 1
Vilt 2)+h(t,2)= 7V, (t2) f(E2) RS T( 0)Valt 2) 45 Tr [o0 ' (£ 2) Vaa (8, 2)] =0,
(6.2.17)
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with terminal condition V (T, x) = ¢(x). We hence see that this HIB PDE (6.2.17)
can be solved independently of the control u. Once the value function V' is solved,
we can plug its space derivative into (6.2.15) and obtain the optimal control w*.
Note that if the diffusion coefficient o(-) also depends (linearly) on the control wu,
then the optimal control will be a function of the diagonal elements of the Hessian
V,+ in the denominator.

6.2.1.1 Literature review

Solving the parabolic PDE (6.2.17) for the value function arising from CT stochastic
optimal control often requires numerical methods, especially in higher dimensions.
Recently, many numerical schemes based on deep learning have emerged and have
been proposed for solving such kind of PDEs. Indeed, as deep learning techniques
for solving PDEs limit the increased complexity when considering high-dimensional
problems (see e.g. Hutzenthaler et al. (2020)), they appear the best suited for solv-
ing such explicit CT stochastic optimal control in high dimensions. Moreover, they
offer the possibility to build complex functions f(¢,x;6) that can directly approxi-
mate the value function and/or the control across all time and space. Once the set
of parameters 6 is estimated offline, these functions can then be rapidly evaluated
online for every (¢, x) of the domain. Such deep learning techniques can be divided
into two main approaches, as investigated in the review paper of Blechschmidt and
Ernst (2021). First, we have the Physics-Informed Neural Networks (PINNs) in-
troduced in Raissi et al. (2019), which are quite different from standard supervised
machine learning techniques since instead of relying purely on data, it uses the
physical properties of the PDE itself to guide the training process. They indeed
generate approximate solutions to PDEs by training a neural network to minimize a
loss function consisting of terms representing the misfit of the initial and boundary
conditions along points sampled from the boundary of the space-time domain, as
well as the PDE residual at selected points in the interior of the domain, see equa-
tion (6.3.1) below. The strength of PINNs lies in their flexibility in that they can be
applied to a great variety of challenging PDEs, see e.g. Sirignano and Spiliopoulos
(2018) with the DGM algorithm, Berg and Nystrom (2018) or Glau and Wunder-
lich (2022), see also Bai et al. (2022) or Hainaut (2023) in finance and Mowlavi
and Nabi (2023) in the context of optimal control. Moreover, PINNs provide a
global solution of the PDE across all time and space (¢, z) in the domain, which is
much more suitable for real-time applications. The second set of methods consists
in algorithms based on the Feymann-Kac formula for solving (Kolmogorov) linear
parabolic second-order PDEs, as introduced in Beck et al. (2018) and Berner et al.
(2020). Such Feymann-Kac approach connects the solution of the Komogorov PDE
to the expectation of a stochastic process, which appears to work extremely well
in high dimensions. This approach can also be extended to semi-linear (or even
fully nonlinear) PDEs in high dimensions through a nonlinear Feymann-Kac repre-
sentation, which allows to make the correspondence between nonlinear PDEs and
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backward stochastic differential equations (BSDEs), see the deep BSDE solver of
Han et al. (2017), Han et al. (2018) and its application for solving high-dimensional
HJB PDEs. Many extensions of this BSDE solver are proposed in the literature, see
e.g. Beck et al. (2021), Beck et al. (2019), Chan-Wai-Nam et al. (2019). Note that
this second set of methods provides local solutions and hence focus on computing
the value of the PDE solution at a single point in time, on the contrary to the global
solution provided by PINNs. Of course, some techniques in the literature do not
belong to any of these two categories such as the methods of Nakamura-Zimmerer
et al. (2021) or Ji et al. (2022) using the Pontryagin’s maximum principle which are
semi-local and valid for a singe initial state. Therefore, deviations of the system
from the optimal trajectory require re-computation of the solution.

6.2.2 Implicit optimal control

Unlike the previous section on explicit controls, we are especially interested in this
Chapter 6 in the case where the optimal control u* cannot be obtained explicitly
as a function of (¢,x, Vy, Vy.). Instead, it is only available implicitly as soon as the
minimization (6.2.9) does not admit an analytical solution (e.g. non-convex Hamil-
tonian H in u). We then have to solve simultaneously the HJB equation (6.2.6) for
the value function V' and the minimization problem (6.2.9) for the optimal control
u*. Numerical methods exist based on recursive schemes for approximating u* (see
Algorithm 4 below), but these schemes are already computationally intensive even
for low-dimensional problems. Hence, the curse of dimensionality? that typically
appears for high-dimensional PDEs is therefore exacerbated by the extra simulta-
neous minimization step required when no explicit expression is available for the
optimal control u*. This raises the need of alternative numerical techniques based
on deep learning for tackling implicit CT stochastic optimal control problems, es-
pecially in high dimensions, as shown in the following example.

Ezxample 2 : We now consider the following stochastic dynamic for the state
dX; = f(t, X}) sin(ug)dt + o(t, X)) dWy , Xo =29,

for some function f : Q — R™ ™ ¢ : @ — R™? and where the running cost
((t,z,u) = h(t,x) +u' Ru, as in Example 1. The Hamiltonian then becomes

1
H(t,z,p,v,u) = h(t,z) +u' Ru+p' f(t,z)sin(u) + §Tr [O’O’T(t, x)v]. (6.2.18)
The minimization problem (6.2.9) for v* with p =V, and v =V, implies

0, =Hu(t,x, Vo (t,x), Vig (t, x), u” (¢, ) = 2Ru” (¢, x)JerT(t, x) f(t,x) cos(u*(t, x)),
(6.2.19)

2This term was in fact first formulated by Bellman in the 1950s in the setting of optimal
control problems.
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which does not admit an explicit solution for u*. Therefore, we cannot proceed
as in Example 1 and we must solve the optimal control problem numerically since
equation (6.2.19) and the HJB PDE (6.2.7) should now be solved simultaneously.

6.2.2.1 Literature review

The literature on CT stochastic optimal control does not provide lots of insights for
solving implicit problems of the form (6.2.1), especially when the dimension is high.
Indeed, most of the available results based on deep learning are related to explicit
problems, as seen in the previous section. Among the few solutions available, we
can cite Han and E (2016) or Ji et al. (2022), which both propose local methods and
hence do not provide a global solution of the implicit control problem for all points
in the space-time domain. Moreover, they only parameterize the optimal control
u*(t,z) by a NN and not the value function, which thus cannot be evaluated online
rapidly. Fortunately, we can borrow from the literature on reinforcement learning
(mainly developed for discrete-time problems) some insights on how to solve these
implicit CT stochastic optimal control problems. One of the most classical ways is
to use the Howard or Policy Iteration (PI) algorithm, originally derived in Howard
(1960) for discrete-time reinforcement learning applications. This algorithm defines
a successive approximation algorithm that can also be applied for CT stochastic
optimal control problems, as highlighted in Algorithm 4 below.

As in equation (6.2.1), the approximated value function V (,z) for every (¢, ) € Q

is denoted at step k of Algorithm 4 by V“(k)(t, x) so as to highlight the dependence
on the control u®) (¢, z), computed at the previous iteration. It can be shown from
Peyrl et al. (2005) and Jacka and Mijatovi¢ (2017) that V“UCH)(t,:L‘) < V“(k)(t,x)
with limy_e V2 (t,2) = V(t,2) for all (t,2) € Q and that limy_,e u® (¢, 2) =
u*(t,x) for all (t,z) € Q. For applying this successive algorithm, we need to solve
the PDE (6.2.20), using e.g. finite difference schemes. From this finite grid, the
optimization problem (6.2.21) then needs to be solved for every grid point using
approximation methods, which hence difficulty scale with the problem’s dimen-
sion: BFGS and its extended techniques, gradient descent methods, Sequential
least squares programming, and so on (see the review of Greif (2017)). Note that
many more advanced methods like in Jensen and Smears (2013) or in Debrabant
and Jakobsen (2013) have Howard’s algorithm included. In the original PI Algo-
rithm 4, we have to completely solve (6.2.20) before fully evaluating (6.2.21). This
is however not necessary. Indeed, PI belongs to the Generalized Policy Iteration
(GPI) techniques, which is a family of reinforcement learning techniques introduced
in Sutton and Barto (2018) with PI at one extreme and value iteration at the other
extreme. In GPI, at each step, one does not completely evaluate the value yut®
for a given control u*, but only updates the current cost estimate towards that
value. Likewise, one does not fully update the control policy to the greedy control
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Algorithm 4 PI for CT stochastic optimal control

Choose an initial control law u(?)(-) € A.
Set any small positive number € and let £ = 0.
while max; ,)c0 ‘V“(M(t,x) — V“(k_l)(t,x)‘ > e do

1. Find V“(k)(t, x) for all (t,7) € Q by solving the following PDE for the
already known control u(*) :

W)

Ve, x)-l-ﬁ(t,% u(k)(t,.’r)> n [Vm (t,ac)]T Ftz,u® (@)

w(®)

+ %Tr |:O'UT (t,ﬂc,u(k)(t, a:)) Vaw (&, m)] =0 (6.2.20)

with terminal condition V“(k)(T, x) = ¢(z).

2. Compute the control u(k+1)(t, x) at step k + 1 from the known functional
k
vl )(t7x) by solving for every (t,z) € Q :

w0 (t,2) = arg min {e(t, z,u)+ [v,““”(t, x)]Tf(t, z,u)+ %Tr [UUT(t, a,u) Vs (4, x)]}
(6.2.21)
k=k+1
end while

Output V“(k)(t,x) for every (t,z) € Q and and u¥)(t,z) for every (t,z) € Q.

defined as u**tV(t, ) := argmin,cy ’H(t,x,Vzu(k)(t,x),vz“;k)(t,x),u) for the new
value estimate at step k, but only updates the control towards this greedy control
u(’”‘l)(t,x). In value iteration, we only perform one iteration at each step while
in PI we wait until full convergence is reached at each step in (6.2.20)-(6.2.21).
Numerous other reinforcement algorithms (SARSA, Q-learning, TD()), etc.) are
presented in Sutton and Barto (2018) or in Bertsekas (2023) and can be used
for solving discrete-time (deterministic and stochastic) optimal control problems.
Among these algorithms, we highlight the Actor-Critic methods (or adaptive dy-
namic programming from Werbos (1992)), which have a separate memory structure
to explicitly represent the optimal control v* independently of the value function
V. Most of Actor-Critic methods then rely on a (G)PI scheme as in Algorithm 4
and were initially developed for stationary discrete-time stochastic problems (with
infinite horizon). As we will show in Section 6.3, our methodology extends these
methods in CT for stochastic control problems with finite-time horizon.

Moreover, the above reinforcement learning methods are not suitable as is for
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solving high-dimensional CT stochastic control problems of the form (6.2.1) when
the optimal control is only available implicitly. On the one hand, these algorithms
do not solve the fact mentioned above that implicit control problems difficulty scale
when increasing the number of dimensions n (or m) and are therefore especially
prone to suffer from the curse of dimensionality. This can be overcome in discrete-
time by combining these algorithms with function approximations based on deep
learning (and NNs), see the review of Li (2017). Indeed, they either aim at estimat-
ing only the value function (or action-value function), as in Chapter 3 of Bertsekas
(2023), or at estimating both this value function and the optimal control in a sep-
arate way using an enhanced Actor-Critic method with one NN for the control and
one NN for the value function at each time step (but no global solution), see Huré
et al. (2021) and Bachouch et al. (2022). Proofs of convergence in the stochastic
discrete-time case with finite horizon are given in Huré et al. (2021). On the other
hand, for the CT case of interest in this chapter, only deterministic dynamics with
infinite horizon are considered in the literature. Indeed, with the seminal paper
of Abu-Khalaf and Lewis (2005), a second stream of literature tackles CT optimal
control problems with deterministic nonlinear dynamic and infinite horizon using
an Actor-Critic structure in an offline way. Moreover, in Vrabie and Lewis (2008)
and Vrabie et al. (2009) is developed an online PI algorithm for deterministic CT
systems which converges to the optimal control solution without making explicit
use of any knowledge on the internal dynamics of the system. The algorithm is
based on sequential updates of the critic (policy evaluation) and actor (policy im-
provement) neural networks: while one NN is tuned the other one remains constant.
We will see in Section 6.3 how this Actor-Critic structure based on separate NNs
for the value function and the optimal control can also help to solve CT optimal
control problems with stochastic dynamic.

Therefore, we now aim at developing a deep learning algorithm able to approx-
imate both the optimal control and the value function in our CT stochastic opti-
mal control problem (6.2.1) with finite horizon, which will be specifically designed
to perform well in a high-dimensional setting with implicit control. Our method,
inspired by both the reinforcement learning theory and the PINN literature, will
provide a global approximation of the (m-dimensional) optimal control and of the
value function available across all time and space, which can then be evaluated
online very fast. This will be achieved more precisely by combining PINNs from
Section 6.2.1 along with an Actor-Critic structure based on the (G)PI scheme of
Algorithm 4. Our proposed algorithm will also perform well for explicit controls in
high dimensions as it avoids the unstable computation of the ratio V,./V,, when
the diffusion coefficient o(+) is a function of the control w.
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6.3 Deep learning for implicit CT stochastic optimal control

6.3.1 Standard PINN

As already mentioned in Section 6.2.1.1, PINNs are able to approximate the value
function (6.2.3) when the optimal control u* is given explicitly as a function of
(t,2, Vg, Vie). PINNs are indeed built such as to minimize the residual of the HJB
equation (6.2.8) in its interior domain along with the residual of its initial and/or
boundary conditions. More precisely, the loss function is defined

2 2

2(0) = vt :0)+H (2,2, Vm(t7x;9),VM(t,x;9))HQ | @.z0-o@)| .
s M s

1 (6.3.1)

where ||g(y ||y# fy|g (y)dy and p(y) a positive probability density on Y,

and where V(t,x;0) is a NN parameterized by 6 and approximating the value
function (6.2.3). As explained in the DGM algorithm of Sirignano and Spiliopoulos
(2018), the loss function .#(0) measures how well the function V (¢, x; 0) satisfies the
HJB equation (6.2.8). If £ (0) = 0, then V (¢, z; 6) is solution of the HIJB equation.
Therefore, the goal is to find a set of parameters 6 such that the function V (¢, x; 0)
minimizes the error .Z(¢). Hence, a § which minimizes .Z(0) produces a reduced-
form model V (¢, x;0) which approximates V (¢, z) for all (¢,z) € Q, see Sirignano
and Spiliopoulos (2018), Jiang et al. (2023) and De Ryck and Mishra (2022) for
convergence results. Estimating 6 by minimizing directly £ () is infeasible when
the dimension n is large since the integral over X is intractable computationally.
However, using stochastic gradient descent (SGD) (or mini-batch gradient descent)
with machine learning approach limits the curse of dimensionality by drawing a
sequence of time and space points (according to u1(Q) and uo(X)) while satisfying
the dynamic (6.2.1). Note that potential boundary conditions on the HJB equation
inferred from the physics of the problem can also be considered easily by adding a

2
third residual term HV(t,x; 0) —g(t,x) ’aQ in (6.3.1), defined on the boundary
13

0Q :=[0,T) x 9X. Such boundary conditions will be used in Section 6.6 on optimal
liquidation problems.

In the explicit case of Section 6.2.1, once V(t,x) is approximated by V(t,x;8),
the optimal control can then be derived directly from the value function, see equa-
tion (6.2.15). However, as shown above, this method cannot be applied when the
control does not admit an explicit representation in terms of V (¢, x) since both the
optimal control u*(t,z) and the value function V'(¢,z) need to be approximated
simultaneously. In this case, we know from (6.2.5) that the optimal control u* (¢, x)
should minimize the Hamiltonian H (¢, x, V,(¢,x), Ver (¢, z),u) for u € U while the
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value function should satisfy the HJB equation (6.2.8). We can then try to combine
the HIB equation (6.2.8) and the minimization (6.2.5) in a PINN setup so as to
define the following loss function

2
DNV (33 0) + H(t, 2, Vi (t, 33 0), Vao 1, 33 0), u(t, 30)) | (6.3.2)

L(0,0) = ‘ o

X, p2

+ HV(T,;I:;@) — gb(x)Hz —|—/Q’;'—[(t,x,Vw(t,x;9), Vo (t, 23 0), u(t, T;w)) dui (¢, x)

where V(t,x;6) again approximates the value function via a NN parametrized by
0 and u(t,x;w) is a second NN parameterized by w which approximates the m-
dimensional optimal control. However, this cannot work since the minimization of
H(t,x,Vy, Vo, u) in the last term of (6.3.2) should be performed with respect to
the control v via w (and not the value function V' via ), while the HIB equation
in the two first terms should be solved with respect to V' via 6 (and not via w).
Clearly, this cannot be ensured by the loss function (6.3.2). To avoid that, we
therefore need to sequentially solve the HJB equation with respect to the weights
0 of the first NN V (¢, z; 0) while keeping the weights w of the optimal control NN
constant, and then minimize the Hamiltonian with respect to the weights w of
the second NN (¢, z;w) while keeping the weights 6 of the value NN constant.
The (G)PI Algorithm 4 with an Actor-Critic structure built upon the two NNs
V(+;0) and u(-;w) will therefore provide the perfect framework for this successive
optimization scheme.

6.3.2 Sequential PINN

We therefore first propose in Section 6.3.2.1 the PI-PINN Algorithm 5, which com-
bines PINNs as developed above with an Actor-Critic structure based on the PI
scheme of Algorithm 4. We will see that it leads to a global approximation across
all time and space of both the m-dimensional optimal control and the value func-
tion, even in high dimensions and when there is no explicit solution of the optimal
control. This PI-PINN Algorithm 5 is then enhanced in Section 6.3.2.2 with the
GPI-PINN Algorithm 6, which implements a GPI scheme instead with early ter-
mination allowing for faster numerical convergence. We also derive optimality and
theoretical convergence guarantees for this improved algorithm with Theorem 6.3.

6.3.2.1 PI-PINN Algorithm

We can directly see in Algorithm 5 below that we first minimize the loss function
(6.3.4) with respect to 6 so as to enforce the HJB equation (6.2.7) satisfied by
the value function (even if at step k the control is not yet optimal). We then
minimize the second loss function (6.3.6) with respect to w so as to minimize the
Hamiltonian (6.2.4) with respect to the control u in an average sense according
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Algorithm 5 PI-PINN for implicit CT stochastic optimal control

Initialize arbitrary weights w(®) for the NN u(- ;w(o)) and arbitrary weights 6(%)
for the NN V(-;0()). Set the tolerance to any small positive number ¢ and let
k=0.

while max; ,)cq |V (¢, 2; 0k —V(t, ;01| > ¢ do

1. For all (t,x) € Q, estimate the value NN V (¢, 2;0**1) for the known
control u(t, x; w(k)) at step k, by minimizing the following loss function .#;
with respect to the weights 6 :

o*+D) — arg mein 2(0,w®) (6.3.3)
where

2 2

20,0™) =

OV (b3 0) + H(t, 2, Vit 330, Via (b, 30) u(t, w3 )| | +[|V(7,236) = o)

Q,p1
_ / )2 2
- E(t,z)wul(Q) H (tvwv‘/T(tax;e)vVII(tax;a)vu(tv'x;w )) +]E92~u2(X) I:(V(T,LB,H) —d)(il‘)) ]

X,p2

(6.3.4)

2. For all (t,z) € Q, estimate the optimal control NN u(t, z; w* 1) based
on the value NN V (¢, z; 0*t1)) by solving the following minimization with
respect to the weights w :

WD = argmin (0% w), (6.3.5)
where
L(0" Y w) = / H' (1, Valt20%7), Vi (6,20, ult,5) ) dp (1, )
Q
_ ' . pk+1) . g(k+1) .
7E(t,z)~,u1(Q) |:H <t7x7vx(t7x79 )7V;mc(taw79 ),u(t,x,w))]
(6.3.6)
k=k+1
end while

Output V (¢, z;0%) for every (t,z) € Q and and u(t, z;w®) for every (t,z) € Q.
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to 1. Note indeed from the notation (6.2.13) that finding the weights w of the
NN optimal control minimizing #H(-) or H'(-) is equivalent and working with #’'(-)
will help in the proof of Theorem 6.3. Alternatively, from condition (6.2.12), we
can impose instead of the loss (6.3.6) that the derivative of the Hamiltonian (or
equivalently H') with respect to u is equal to zero using the loss

2
Lo (%D ) = HH; (t,x,Vx(t,x;O(kH)), Vm(t,x;e<k+1>),u(t,x;w)) HQ .
sH1
(6.3.7)

where H, (¢, z, Va(t, x), Vaa (t, x), u(t, z;w)) = %’H’(t,x,Vz(t,a:),Vm(t,a:),uﬂ
This does not ensure to find a global minimum but this may speed up convergence
in some cases. We also see that we only need to train two NNs V (¢, x;6) and
u(t, x;w) with only two sets of parameters 6 and w so as to approximate the value
function V (¢, x) for all (t,z) € Q and the optimal control u*(t, z) for all (t,z) € Q.
This differs from Huré et al. (2021) and Bachouch et al. (2022) where two sets of
parameters ("), w() need to be estimated at each discretized time t,,. Therefore,
Algorithm 5 leads to a global approximation of the value function V (£, z; §(Fmax))
and the optimal control u(t,x;w(kmax)) on the space-time domain, where kpax is
the last epoch in Algorithm 5. Once the parameters § and w are estimated based
on some generated dataset, we can then rapidly evaluate the optimal control and
the value function online, making it suitable for real-time applications. Note that
the loss functions (6.3.4) and (6.3.6) are estimated in practlce b%/ the following
sample average procedure. Generate M; random points {(tm 1) Ml ; from @
according to uq and Ms random points {(z 2 ))}m 1 from X accordlng to 2. Then,
the loss functions (6.3.4) and (6.3.6) are estimated using

u=u(t,z;w)’

My

20,0 = z( (19,20, Vet 28D 0), Vau (150, 22:0), u(tl)) 2D ) )
71 S @) @4)2
o 2). 9\ _ 2)
+35 2 (VT -] (6.3.8)
and
Z(0W ZH (t£,1)7:c5,1>7vx(t(1> ONION T ORSONICIHOS xgp’w))

(6.3.9)

Finally, in the loss function (6.3.4) (and in its empirical counterpart (6.3.8)), we
can introduce a proportionality factor between the first residual term and the
second boundary term. This hyper-parameter can be fine-tuned for improving the
convergence of the algorithm.
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6.3.2.2 GPI-PINN Algorithm

However, as already mentioned above in the PI Algorithm 4, it is not required to
wait for full convergence in (6.3.3) and (6.3.5) to the exact solution. One can in-
stead use a GPI scheme and only iterate a limited number of times towards the true
solution, which leads to faster convergence rates in various settings, see Sutton and
Barto (2018). We therefore suggest the following GPI-PINN Algorithm 6, which is
built from Algorithm 5 but instead allows for early termination in the minimization
of (6.3.3) and (6.3.5). Since parameter optimization is typically achieved in NN
via gradient descent, we will use in practice SGD or mini-batches on the empirical
losses (6.3.8) and (6.3.9), for successfully training the value NN V(-;0) and the
optimal control NN w(-;w).

Therefore, in Algorithm 6 below, the gradient steps (6.3.11) and (6.3.12) are based
in practice on SGD or mini-batches using the empirical formulae (6.3.8) and (6.3.9).
Indeed, multiple theoretical analyses and experimental studies like Allen-Zhu et al.
(2019), Du et al. (2019) or Jentzen et al. (2021) have shown that optimization al-
gorithms like SGD are capable of finding the global minimum of the (non-convex)
training objective for feedforward NNs in polynomial time, provided that this NN
is over-parameterized. This justifies the following assumption.

Assumption 6.1. Optimization algorithms like SGD or batch-SGD can attain the
global minimum of the loss functions (6.3.4) and (6.3.6) for over-parameterized
NNs in polynomial time.

We then recall the universal approximation theorem for feedforward NNs of Hornik
et al. (1989).

Lemma 6.1. For any continuous function F(y) defined on a compact set Q, it
is possible to construct a feedforward NN with one hidden layer that uniformly
approzimates F(y) on Q with arbitrarily small error ¢ > 0.

This lemma justifies the following simplifying assumption, which will drastically
lighten the proof of convergence of Algorithm 6 in Theorem 6.3.

Assumption 6.2. The NN approzimation errors € from Lemma 6.1 are ignored
when proving the convergence of Algorithm 6 in Theorem 6.3.

We now present the main theoretical result of the chapter showing that the value
NN V(t,z;0) and optimal control NN w(¢,z;w) both converge uniformly to an
optimum. We consider a feed forward NN with one hidden layer of N neurons such

N
that V (t,z;0) = ov,,, (Zi:l BY oy (a‘{:it +Yaf T+ cy)) € R, where oy
is the value activation function, oy, ,, the output activation function and 6 € R? the
set of all parameters of the value NN with p = N(n+2)+n. For the optimal control,
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Algorithm 6 GPI-PINN for implicit CT stochastic optimal control

Initialize arbitrary weights w(® for the NN u(-;w(®)) and arbitrary weights 6(°) for
the NN V(-;0(9)). Set the tolerance to any small positive number ¢ and let k = 0.

Choose suitable learning rates 79, 11, 2.
Phase 1 : Warm-up
while max; ,)eq H' (L, z, 6 k) >0 do
Update 6 and w using :

dZ (0% wk))

(k+1) S+ _ rg(k) ()Y _ ) 2217 0% )

(6.3.10)

k=k+1
end while

Phase 2 : GPI-PINN with early termination

t,x

while max; ,ycq |V (t, 2;0%)) = V(t,2;6%71)| > ¢ do

1. For every (t,z) € Q, estimate V (¢, z;0**1)) based on the previous control
u(t, z;w®) from step 2. Set §+1) = g(k).,

repeat
Update 8%+1) using

K2 (9(k+1) , w(lc))

(k+1) _ p(k+1) _
0 =0 m da(k+1)

(6.3.11)

until H'(t, z, 0% w®)) < H/(t, 2,00 wF)) <0 for all (t,z) € Q.

2. For every (t,z) € Q, estimate u(t,z;w* 1)) based on the previous value
function V (¢, z; 0*F*t1) from step 1. Set w1 = ,(*),

repeat
Update w®*1) using
9(k+1)7w(k+1))

d.%(
(k+1) _ , (k+1) _ 2

(6.3.12)

until H' (¢, 2z, 0F+D wEDY < H/(t, 2,00+ wF) for all (t,z) € Q.

k=k+1
end while

Output V(t,z;0®) for every (t,z) € Q and u(t, z;w®) for every (t,z) € Q.
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we assume u(t, z;w) = oy, (Zf\il B oy (aiit—f— 2?21 Qg 75 +C§-‘) € R™ with
oy the control activation function, o,,,,, the output activation function and w € R?
the set of all parameters of the control NN.

Theorem 6.3. Let us assume £(t,z,u) and ¢(T,x) non-negative and that As-
sumptions 6.1 and 6.2 hold. For an arbitrary optimal control NN u(t,x;w(o)) with
weights w9 such that Ou,,, (+) s locally bounded and for an arbitrary initial value
NN V(t,z;0©) with weight 6©°) and with twice differentiable activation functions
oy () and ov,,,(-) such that oy, ,(-) > 0, if these two NNs are tuned with Algo-
rithm 6, then V (t,xz;0%)) — V(t,z) uniformly on Q and u(t,z;w®) — u*(t,x)
uniformly on Q as k — oo.

The proof is delegated in Appendix 6.A. However, when using the sampling pro-
cedure with loss functions (6.3.8) and (6.3.9), it can be intractable to check the

values of H'(t,x,w, ) for every sampled points {(tfﬁ)7 x%))}f\nﬁ:l when M, is large.
In the practical applications below, we therefore use instead the expected value
E(t,2)~pr (@) [H'(t, 2,0,w)] to verify that the early termination conditions in Algo-
rithm 6 are satisfied, as suggested in Duan et al. (2023). This appears to provide
fast and very accurate results numerically, as investigated in Section 6.5 and 6.6.
As in Algorithm 5, the loss function % given in (6.3.7) can also be used in place
of (6.3.12) for speeding up convergence in some empirical cases, even if it does not
ensure to find a global minimum «* of the Hamiltonian. Moreover, Assumption
6.2 allows to considerably simplify the exposition of the proof of Theorem 6.3.
However, after closer inspection, it is easy to see that Assumption 6.2 is not neces-
sary and can be dropped from the proof straightforwardly, leading to the following
Corollary 6.4. The weights 9%6) (resp. wj(\];)) now denote the NN value (resp. control)
weights at step k for a feedforward NN with one hidden layer of N neurons.

Corollary 6.4. Let the assumptions of Theorem 6.8 still hold except for Assump-
tion 6.2. Then, Ve > 0,3k*, N* : k > k*, Ny > N*, N, > N*, one has

sup |V(y;9§\l,€1)) —V(y)|<e and sup |u(y;w§\],€2)) —u*(y)|<e.

yER yeQ

Proof. The proof of Theorem 6.3 still holds using Lemma 6.1 when taking a suffi-
ciently large number of neurons Ni,Ny with 91(\];1)@](\],? and by introducing explicitly

NN approximation errors €. See Theorems 2-4 of Abu-Khalaf and Lewis (2005).

6.4 Neural network implementation

Instead of the shallow NN of Theorem 6.3, we choose in practice the DGM ar-
chitecture introduced in Sirignano and Spiliopoulos (2018) for both the optimal



238 Chapter 6. Deep learning for implicit optimal control in high dimensions
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Figure 6.4.1: DGM architecture for the value function with L = 3 layers

control NN and the value NN, as it empirically speeds up the convergence to the
true solutions. It is inspired by the LSTMs and Highway Networks introduced
in Schmidhuber and Hochreiter (1997) and Srivastava et al. (2015), respectively.
As pictured in Figure 6.4.1, each DGM layer takes as input the mini-batch inputs
(t,x) (the set of randomly sampled time-space points from ) and the output of
the previous DGM layer. This DGM network then leads to a vector-valued out-
put consisting of the NN approximation of the desired function V(+;8) or u(-;w)
evaluated at the mini-batch points. Following a similar rationale as in LSTMs,
each layer produces weights based on the previous layer, determining how much
information is transferred to the next layer, which allows to effectively address
the issue of vanishing gradients while remaining flexible enough to model complex
functions. The number of parameters in each hidden layer of the DGM network is
roughly eight times bigger compared with shallow NNs. Finally, we implement the
Algorithm 6 using TensorFlow and Keras, which are software libraries in Python
for deep learning. TensorFlow has reverse mode automatic differentiation which
allows the exact calculation of derivatives for a broad range of functions (including
the DGM neural network with respect to ¢, x, 6, and w).

More precisely, each DGM layer in Fig. 6.4.1 for the value network is as follows

St=oy (W' (t,2) +b'"),

Z' =0y (U (t,a) + W' S+ 071, (=1,... L,
G' =0y (U (t,2) + W' ST+ 090, (=1,...,L,
Rl =0y (U™ (t,2) + W™ - SE 400, (=1,...,L,

~

H' =0y (UM (t,2) + WM (S*@ R + ™), =1,...
St =(1-GYeH' +Z'0S", (=1,... L,
V(t,;0) = ov,,, (W- St +0),
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where the number of hidden layers is L 4+ 1, and ® denotes element-wise multipli-
cation. The parameters are

9:{W17b1 (UZK Wzé bzf) (Ugf Wg/ bg[)e )

(U'ré W’rl brf)e 1,(Uh€ Whé bh@)é L

W, b}.

The number of units in each layer is N, oy : RV — RY is a twice-differentiable
element-wise nonlinearity and oy, , : RY — R* is the output activation function
(assumed to be non-negative and twice-differentiable). The control NN is designed
following the same DGM architecture with o, , : RN — R™ locally bounded. In
the examples below, we consider L = 3 layers each one with N = 50 neurons. Unless
otherwise stated, we take M; = My = 5000 leading to a sample size M = 10000, a
batch size b = 128 and a maximum number of epochs ky.x = 500. The network’s
parameters are updated using the Adaptive Moment Estimation with constant
learning rates 19, n1, 72 equal to 0.005. Weights and biases are initialized using the
Glorot uniform initializer. Finally, the value activation function oy is the tanh and
ov,,, is the softplus function, as justified by Theorem 6.3. The control activation
function o,, is again the tanh and o,,,,, the linear activation function.

6.5 A comparative example

We now compare the performance of our GPI-PINN Algorithm 6 on an example
for which we can compute the solution easily. We consider the setting of Example
1 with a classical linear-quadratic Gaussian control problem in n dimensions with
Q =1[0,T) x R™. We assume that the dimension m of the control is also n with
U = R™ and that (W})c[o,7] is a n-dimensional F-Brownian motion (d = n). We
take as drift f(¢,z) = 23/A I, and diffusion coefficient o (t,z) = /2 I,,, where X
a positive constant representing the strength of the control. Finally, we suppose
R=1,, h(t,z) = 0 and ¢(x) = In((1 + ||z[|?)/2), so that

VE(t, @) l/ [Ju(s, X)I* ds + In((1 + ||X7(]*)/2)

X = x] (6.5.1)

where X™ is the controlled process governed by
dXY =2V ugds +N2dW,, t<s<T, X} =u.

The cost-to-go (6.5.1) is indeed non-negative for any control v € A. The associated
HJB equation for the value function V (¢, z) = inf,ec 4 V*(¢, ) writes

0=V () + Tr [Vau ()] + inf {[[ulP+2VA Vo (t,2)] Tu}

< 0=0,V(t,x) JrZVT 2 (6, x) + mf {Z 2y 2\5‘/@ (t,x)u(i)} , (6.5.2)

i=1 =1
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with terminal condition V (T, z) = ¢(x). Hence, the Hamiltonian is given by
H(t, 2, Ve, Viasu) = [[ul PH2VA Ve (t,2)] Tu + Tr [Veo (£, )],

From Han et al. (2017), it holds that V : Q — Ris C12(Q)NC(Q) and for (¢,7) € Q
that

V(t,z) = —% In (IE [exp (—A¢($ + \/§WT—t)):|> . (6.5.3)

This representation will hence enable the use of Monte-Carlo (MC) simulations so
as to compare our approximated solution from Algorithm 6 with the true solution
(6.5.3). Since V is smooth, the optimal control is given by

w*(t,x) = —NAV(t, z), (6.5.4)

for all (¢, z) € Q, where V, = (Vy,,..., Vs, )" and with

9 exp(—Ap(x + V2 Wr—y)) (ml + \/in(flt)
Vo, (t,x) = E ,
E [exp(—A¢(z + V2 Wr_4))] 1+ ||z + V2 Wr_y||?
for : = 1,...,n. Hence, the solution of the n-dimensional optimal control u* can

also be obtained using MC samples. Moreover, as highlighted in Bachouch et al.
(2022), the frequencies with which various states appear in the sample should
be roughly proportional to the probabilities of their occurrence under an optimal
policy. As one can guess from the representation of V¥(¢,x) in equation (6.5.1),
it is probably optimal to drive the process X“ around 0. Hence, since we have
Nl(tvx) = :ul(x|t)ﬂl(t)7 we assuine Nl(t> ~ U[O,T] and p (.’17|t) ~ \/iNn(OaIn) to
simulate the values of x and ¢, with &/ a uniform law and N, a n-dimensional
Gaussian law. Similarly, js(2) ~ ~/T N,,(0,1,,). This leads to the following plots
of the value function and optimal control comparing the numerical results from
the representation (6.5.3)-(6.5.4) with 105 MC samples to the results derived from
Algorithm 6, for different values of (¢, ) with T'=1 and A = 1. We consider a 10-
dimensional problem (n = 10). Note that only the first component v} (¢, z) of this
10-dimensional optimal control is depicted in the right plots of Figures 6.5.1-6.5.2.
Moreover, the orange shaded area in both figures represents the standard deviation
of the numerical solution computed on 10 independent runs of Algorithm 6.

We obtain highly accurate results using our GPI-PINN Algorithm across all time
and space, for both the value NN and the optimal control NN. In the first Figure
6.5.1, we however observe a higher standard deviation for larger absolute values
of z1 (close to 1.5) since we are sampling training observations from p4 (¢, ) and
hence, the majority (around 85%) of observations from the training data belongs
to [=1,1]. Therefore, only few observations are available for training the NNs
at these larger absolute values of x1, which makes the NN outputs less precise.
Similarly, the standard deviation in the second Figure 6.5.2 is increasing with ¢
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Figure 6.5.1: Value function V' (¢,z) (left) and first component of the optimal control
ui(t,z) (right) at ¢ = 0 for x = (x1,09) with z; € [-1.5,1.5]. In orange dotted line,
numerical results from Algorithm 6 with + one standard deviation in orange shaded area
(kmax = 500, M = 20000). In blue line, MC average of the solution (6.5.3)-(6.5.4).
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Figure 6.5.2: Optimal value function V (¢,x) (left) and first component of the optimal

control uj (¢, z) (right) at x = 019 with ¢ € [0, 1]. In orange dotted line, numerical results

from Algorithm 6 with + one standard deviation in orange shaded area (kmax = 500,
M = 20000). In blue line, MC average of the solution (6.5.3)-(6.5.4) with 10° samples.

since py(x[t) ~ VtN,(0,1,) and hence, the higher the time ¢, the higher the
variance of the conditional Gaussian distribution and the less the generated obser-
vations are close to the true value 0. Finally, we obtain the following numerical
results in Tables 6.5.1 and 6.5.2 from the GPI-PINN approximation of V(¢,x) and

ui(t,z) for t = 0 and =z

(0.5,09). Again, uj(t,z) is the first component of
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the 10-dimensional optimal control u*(¢,2). The standard deviations and means
in both tables below are also obtained from 10 independent runs of Algorithm
6. The Mean Absolute Error (MAE) is computed between the mean of the value
(resp. control) NN on these 10 independent runs and the mean of the 105 MC
samples of representation (6.5.3) (resp. (6.5.4)). Finally, the loss .Z is defined as

7 =1 (.,sfﬂ} (Okmax) gy (Fmax) ) 4 .,éﬂ;(e<kmax>7w<kmax>)), based on (6.3.8)-(6.3.9).

Table 6.5.1: Numerical results from the GPI-PINN Algorithm 6 for V(0, (0.5,09)) and
u (0, (0.5,09)) with different sample size M and for a number of epochs kmax = 500.

Sample size | Mean V' | Std. V' | Mean uj | Std. uj | MAEy | MAE,; | Mean .Z | Std. . Runtime(s)
100 2.0621 0.01687 | —0.07787 | 0.00739 | 0.06752 | 0.02738 —6.10 2.0761 769
1000 1.9956 | 0.0109 | —0.04163 | 0.00675 | 0.05407 | 0.00887 | —55.58 | 2.5810 1674
5000 2.0474 | 0.00325 | —0.04842 | 0.00304 | 0.00304 | 0.00295 | —80.13 | 0.6722 7168

10000 2.0503 | 0.00162 | —0.05111 | 0.00078 | 0.00131 | 0.00088 | —81.40 | 0.2342 11543
20000 2.0499 | 0.00031 | —0.05055 | 0.00059 | 0.00021 | 0.00005 | —81.76 | 0.1946 29454

Table 6.5.2: Numerical results from the GPI-PINN Algorithm 6 for V(0, (0.5,09)) and
u7 (0, (0.5, 09)) with various number of epochs kmax and for a fixed sample size M = 10 000.

Epochs | Mean V' | Std. V' | Mean uj | Std. uj | MAEy | MAE,; | Mean . | Std. . | Runtime(s)
0 0.0908 | 0.18160 | 0.07019 | 0.11049 | 1.95890 | 0.14528 | 16306636 | 1980892
50 1.9921 | 0.08227 | —0.04185 | 0.00708 | 0.05754 | 0.00865 | —49.6136 3.9522 2675
100 2.0213 | 0.01384 | —0.04290 | 0.00623 | 0.02838 | 0.00759 | —67.1391 3.2357 5501
500 2.0503 | 0.00162 | —0.05111 | 0.00078 | 0.00131 | 0.00088 | —81.3961 0.2342 11543
1000 2.0503 | 0.00043 | —0.05058 | 0.00045 | 0.00061 | 0.00038 | —81.8925 0.2017 32062

As expected, we clearly see that the higher the training size and the larger the
number of epochs in the training procedure, the more accurate and precise are the
outputs of the GPI-PINN Algorithm 6 for both the value function and the optimal
control.

Compared to BSDE methods for semilinear PDEs, PINNs (and hence also the
GPI-PINN algorithm) typically exhibit a slower convergence speed and a reduced
accuracy, as emphasized in the review paper of Blechschmidt and Ernst (2021).
However, as mentioned in Section 6.2.1, the deep BSDE method of Han et al. (2017)
only provide local solutions at a single point in time ¢,, € [0,7]. More precisely, for
a temporal discretization of [0, 7] with N subintervals 0 =ty <t; <--- <ty =T,
it then needs to train N neural networks at the same time. Note that the deep
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splitting method of Beck et al. (2021) trains one network after the other and can
therefore handle larger problems since it decomposes them into smaller compu-
tational tasks which can be solved successively for (¢,)o<n<n. In contrast, the
advantage of PINNs is that they do not require this discretized time grid and can
solve the PDE for any time t € [0,7] and = € X using a single neural network
Vo : [0,T] x X — R (and a second NN is then needed for the optimal control in the
GPI-PINN algorithm). Moreover, to the best of our knowledge, these deep BSDE
schemes do not include the possibility of having only an implicit representation for
the optimal control since they cannot handle in this case the minimization part of
the HJB PDE, see e.g. equation (6.2.19).

Finally, we want to compare the accuracy and runtime between standard PINNs
and our GPI-PINN Algorithm 6, when an explicit control is available. This will
allow us to assess the price not to exploit this explicit control when available. From
equation (6.5.4), we have that the optimal control in Example 6.5 admits an explicit
representation and we can then rewrite the HIB PDE (6.5.2) explicitly

0=0,V(t,x) + En: (Visw (8, ) — AV2 (2, 2)) .

=1

This explicit PDE enables the use of the (DGM) PINN algorithm of Sirignano
and Spiliopoulos (2018), see Section 6.3.1. We therefore obtain in Figure 6.5.3 two
plots comparing the accuracy in terms of MAEy as well as the runtime between
the DGM and the GPI-PINN algorithm in function of the training size and the
number of epochs.

30000
—— PINN (DGM) o —— PINN (DGM)
----- GPI-PINN - =++= GPI-PINN

25000

20000

Runtime (sec)

- 0 0
0 2500 5000 7500 10000 12500 15000 17500 20000 200 400 600 800 1000

Training size M EPOChS Kmax

Figure 6.5.3: Comparison of the MAEy (green) and the runtime in seconds (blue) between
the DGM algorithm (solid line) and the GPI-PINN algorithm (dashed line) in function
of the training size (left) and the number of epochs (right).

30000

25000

20000
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Clearly, the MAEy for the value function V' between the two methods converges
when the number of epochs or the training size increases. In contrast, the higher
the number of epochs or the training size, the more exacerbated is the difference in
runtime between the two algorithms. Hence, an equivalent accuracy can be attained
in the GPI-PINN algorithm but at the cost of a slower runtime, or the same runtime
can be imposed but at the cost of a higher MAEy,. A good compromise would be
to take M = 10000 and kpax = 500.

6.6 A practical example in mathematical finance

As seen in the previous chapter, a classical problem in finance is how an agent can
sell a large amount of shares and yet minimize adverse price movements generated
by her own trades. The agent must then take into account the balance between
price impact (trade quicker) and price risk (take longer to complete all trades).
Indeed, if an agent trades quickly, then her orders will walk through the buy side
of the limit order book (LOB) and she will obtain lower prices for her orders, leading
to a temporary price impact. Even if she splits each order into smaller trades so
that each one does not walk the book, then other traders will notice an excess of
sell orders and adjust their quotes inducing again a negative price impact, which is
in this case permanent. On the other hand, if she trades slowly so as to avoid this
price impact, then she will face the uncertainty of future prices, which could have
dropped to a less desirable level by the time the agent executes the whole order.
The aim of optimal liquidation is hence to propose an optimal trading strategy such
as to balance these two factors (price impact vs. market risk), based on a coherent
price impact model reproducing the underlying asset price and the impact of the
agent’s transactions on this price. Following the setting of Chapter 5, we denote by
T the finite trading horizon required for liquidating the shares. The trading rate®
v = (1)o<i<r is the (positive) speed at which the agent is liquidating shares using
market orders and which can be seen as the volume sold on each infinitesimal step
of time. @V is the agent’s inventory of remaining shares to liquidate, affected by
how fast she trades and given by dQ} = —wdt with Qf = Q. S is the midprice
of the asset, affected by the speed of trading v and given by

dSy = —g(v)dt + odWy (6.6.1)

where g : R, — R, denotes the permanent price impact of the agent’s trading
and W = (Wi)o<i<r is a standard F-Brownian motion. The execution price S¥ is
then the price at which the agent can effectively sell the asset (also affected by the
trading rate) :

P =50 —f(n), (6.6.2)

3Standard notation for the trading rate replaces the control u used until now by v.
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where f : R; — R, denotes the temporary price impact that the agent’s trading
has on the execution price. Finally, X" is the agent’s cash process resulting from
her execution strategy and defined by X} = fot §;’ vsds = fOt(SZ — f(vs))vsds. As
classically proposed in the literature (see Chapter 5 and Cartea et al. (2014)), we
assume that the agent is willing to optimize the following performance criterion

T
Vit Soa) = Bensa|  Xp +QE(SF Q) — o [ (@)ds |, (663)
—— —_— ¢

Terminal Wealth Terminal Execution
Inventory Penalty

with respect to the trading rate v, and where E; ; g4 [.] denotes the expectation
conditional to Xy = z, SY = S, Qf = ¢q. The agent thus wants to optimize
her expected wealth at maturity minus some penalties. If the agent’s strategy
reaches the terminal date T" with inventory left, then she must execute an order to
liquidate the remaining shares for a total revenue of Q%.(S% — 7Q%.), where m > 0
is the terminal penalty parameter. We also introduce a running inventory penalty
of the form ¢ ftT(Qf; )2ds with ¢ > 0. This running inventory penalty is not a
financial cost to the agent’s strategy but instead allows to incorporate the agent’s
urgency for executing the trade (risk-aversion penalty). The value function is then

V(t,x,S,q) = sup V¥(t,z,S,q), (6.6.4)

veA
where A is the set of admissible strategies which consist in F-predictable, non-
negative and bounded from above trading rates v. Standard results in dynamic

programming, see Cartea et al. (2015), imply that the value function V is a classical
solution of the following HJB PDE for all (¢, .5,q) € [0,T) x R x (0,Q)] :

0= (at n ;023&9) V= 0+ sup {(0(5 — ()2, — 9(v)0s 3V}, (669

with terminal condition V(T,x,S,q) = = + ¢(S — m¢) and boundary condition
V(t,z,5,0) = 0 since there are no more shares to liquidate and since the agent
cannot buy back shares (non-negative trading rate). Using integration by parts, it
is easy to show that

T T T
V(t,a, S, q>=x+5q+§gg‘m,q[— / J(vs)wsds— / o(v)QLds — 7 (Q4)?— ¢ / (Q:)st]
T T T
o So- it B | [ swds+ [CowQuasx @i+ o [ @2 as]
=x+Sq—V(t,q), (6.6.6)

where V(t, ) is again a value function but which now states for the penalty stem-
ming from optimally liquidating the remaining of the shares. It is clearly non-
negative and it is again a classical solution of the following HJB PDE for all
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(t,9) € [0,T) x (0,QI:

0=Vt q) + ¢¢” + inf {vf(v) + g(v)g —vI,V(t.q)}, (6.6.7)

with V(T,q) = 7¢* and V(t,0) = 0. Let us assume that v f(v) and g(v) are convex
functions in v. Almgren et al. (2005), Gatheral (2010) and Cartea et al. (2014)
have shown that a power-law function with exponent less that one is the most
suitable choice for the temporary price impact f(v) = kv? with k > 0,v € [0, 1].
The permanent impact function is also here assumed to be a power-law function
of the form g(v) = bv" with b > 0,7 > 1, which is consistent with Figure 1 of
Cartea and Jaimungal (2016) (see also Chapter 5). This allows us to generalize the
classical models of Almgren and Chriss (2001) and Almgren (2003) by considering
both nonlinear temporary and permanent impact functions. We finally obtain that
the value function V must satisfy for all (¢,¢) € [0,T) x (0, Q)] :

0=0V(t,q) + pq* + ig& {1+ g — vOV(tq)} (6.6.8)

with V(T,q) = mq? and V(t,0) = 0. For general exponents v € [0,1] and n > 1,
we directly see from (6.6.8) that the first order condition, k(v + 1)v7 + by ~1q —
0,V(t,q) = 0, does not lead to an explicit solution for the optimal control v*,
requiring the use of the GPI-PINN Algorithm 6. In the classical Almgren-Chriss
model v =1 and 1 = 1 studied in Almgren and Chriss (2001) and in Cartea et al.
(2014), it is however shown that

Vi) = @ (~ b+ X)), (669)

with x(t) = k¢ %, p = /¢/k and ( = %ﬁ%. Moreover, this
leads to
. B Ce/’(T_t) 4 e P(T=1)
vi(ta) = Epmmn — e ¢

(6.6.10)

We can therefore compare these analytical solutions of the value function (6.6.9)
and optimal control (6.6.10) with v =1 and = 1 to the numerical results output
by our GPI-PINN Algorithm 6, as depicted in Figures 6.6.1 and 6.6.2. In this
one-dimensional optimal liquidation setting, we clearly see that the GPI-PINN al-
gorithm manages to perfectly approximate both the value function and the optimal
control across all time and space. The third Figure 6.6.3 compares the analytical
solution in the case ¥ = n = 1 to the implicit case v = 0.7, n = 1.5 solved using
the GPI-PINN Algorithm 6, allowing to assess the impact of the parameters v and
1 on the optimal strategies.
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Figure 6.6.1: Value function V(t,¢) and optimal control v*(¢,q) at t = 0 for ¢ € [0,50]
with v = 1,n = 1,7 = 1,k = 0.2,b = 0.1,7 = 0.5,¢ = 0.1. In orange dotted line,
numerical solution from Algorithm 6 (kmax = 500, M = 20000). In blue line, analytical
solutions (6.6.9)-(6.6.10).
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Figure 6.6.2: Value function V(¢,q) and optimal control v*(t,q) at ¢ = 25 for ¢ € [0, 1],
with v = 1,n = 1,7 = 1,k = 0.2,b = 0.1,7 = 0.5,¢ = 0.1. In orange dotted line,
numerical solution from Algorithm 6 (kmax = 500, M = 20000). In blue line, analytical
solutions from equations (6.6.9)-(6.6.10).
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Figure 6.6.3: Value function V(t,q) and optimal control v*(¢,q) at t = 0 for ¢ € [0, 50]
with T'= 1,k = 0.2,b = 0.1,7 = 0.5,¢ = 0.1. In orange dotted line, numerical solution
from Algorithm 6 with v = 0.7, n = 1.5 (kmax = 500, M = 20000). In blue line, analytical
solution from (6.6.9)-(6.6.10) with v =1, n = 1.
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6.6.1 Multi-asset optimal liquidation

We now consider a multi-asset optimal liquidation setting since the GPI-PINN al-
gorithm has been especially devised for solving high-dimensional (implicit) optimal
control problems. The studied financial portfolio now consists in n assets which are
co-integrated in the sense that each asset’s trading permanently affects the price at
which all the other assets are executed. Indeed, market sell orders in one stock also
exert in this setting a permanent downward pressure on the price of co-integrated
assets. As explained in Cartea et al. (2019), this cross-effect is partly caused by
trading algorithms that take positions based on the co-movements of assets. We
also include correlations between each pair of assets in the portfolio. Therefore,
the above one-dimensional optimal liquidation model is enlarged in the following

way. The trading rate in the i*” stock is denoted v(?) = (l/t(i))ogth and the related

remaining inventory satisfies dQ; = —Vf)dt, forall i =1,...,n. We also denote
v =M, ™) and QY = (Q',...,QY™)". The midprice of the i*" stock
is the " component of 8% = (S¢"*,...,57™) T and follows

ds?’ = —g®(v,)dt + o; AW | (6.6.11)
where the function gV : R — R describes the permanent impact of each asset’s
trading on the midprice of the i'" asset. We also have that o = (04,...,0,) " is the
Cholesky decomposition of the asset prices’ correlation matrix 3 (i.e., ¥ = oo ")

and W = (W, )o<i<7 is a n—dimensional F-Brownian motion. The execution price
of the i*" asset then follows

Syt =87t = O,

where the function @ : R4+ — Ry describes the temporary impact of trading in
stock 7, which only affects in this case the execution price of the corresponding
asset ¢. Indeed, as the temporary price impact for asset i comes from the market
orders walking the LOB of this specific asset, it does not induce cross-effects from
other assets. The wealth of the agent from liquidating the portfolio is given by
Xy =", fot Sviy{Vds. As in the one-dimensional setting (6.6.3), we want to
optimize the following performance criterion with respect to the vector of trading
rates v :

T
V¥(t,2,5.q) = Erps.q | X5+ (Q0) TS5 — n(Q4) Q4% — / Q)8 QY ds
t

(6.6.12)
conditionally to XY =z, ¥ = 8§ := (S1,...,8,)" and Q¥ = q := (q1,...,qn) -
The value function is then V(t,z,S,q) = sup,c4 V¥ (t,z, S, q) with A the set of
admissible strategies consisting in non-negative, F—predictable processes such that
f(;T|VSZ)‘ ds < 400, P—a.s. for each asset i = 1,...,n. Using integration by parts as
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in (6.6.6), we can show that

T ~
V(t,o,S,q)—a+q S+ suiEt,q[ @@t o [ @) THQas

ve t

n T . . . T . .
=S ([ e [T a0werias) |
i=1 1 t
T ~
—rtqTS - it B [W(Q%)TQ’% vo [ @)Tsqas
v t

([T 00,0 TG :
+§;( /t FO W ds + /t g“)(us)QZ’ZdS>]

=z+q' S-V(tq).

The dynamic programming principle suggests that the value function V is a classical
solution to the HJB equation for all (¢,q) € [0,7) x ([0,Q]™\ 0,) :

0= 8tV(t, q) + quTEN]q + 323{21 (f(i)(y(i)),/(i) + g(i)(y)qi _ V(i)aqu(t,Q))} ,

(6.6.13)

with terminal and boundary conditions V(T q) = 7q ' q and V(¢,0,,) = 0. As mo-
tivated in the one-dimensional setting, we choose the following power-law functions
for the permanent and temporary impact functions ¢(¥ and f® with ~; € [0, 1],
Kj ZO, Ni,5 Z 1, bi)j ZOfOI‘ alli,j: 1,...,’[’L:

g(n(,,)zzbi’j(ym)""“" and f(n(y(i)):,%(y(i))”,
j=1

We indeed have with this parametrization that the permanent impact on the trans-
action price of asset ¢ depends on all the assets j = 1,...,n through their trading
rate ()| while its temporary impact only depends on the related asset v(*). Equa-
tion (6.6.13) hence becomes

0=0V(t,q)+ ¢qTf3q ‘|'U1161f4 {Z <Iii (V(i))%-H"‘ Z bi,j (V(]’)>m,jqi - l/(i)aqu(t, q))} :

i=1 =1
(6.6.14)
First order condition on »(9 with nij > 1,7 €[0,1] leads for all i = 1,...,n to
DN @)™
j=1

We see that if 7;; = 1 for all j (i.e. linear permanent impacts), then the optimal
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trading rate v(¥" can be obtained explicitly for all i = 1,...,n by

n 1/7i
V9L, q) = <_ 2105445 + 0g, V2, Q)> -

ki(yi + 1)

However, for general exponents 7;; > 1, we again have from the first-order con-
dition (6.6.15) that the optimal trading rate v(?)" for each asset i = 1,...,n does
not admit an explicit expression. We hence again face an implicit high-dimensional
HJB equation (when n is large), requiring the use of the GPI-PINN Algorithm 6.
We then obtain the following results with n = 3 (for readability purposes).
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Figure 6.6.4: Optimal value function V(t,q) and optimal trading rate v*(t,q) for q €
[0,50]® and t = 0.5 with n = 3 assets from Algorithm 6 and the parameters below.
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Figure 6.6.5: Optimal value function V(t, ) and optimal trading rate v* (¢, q) for ¢t € [0, 1]
and q = (25,25, 25) with n = 3 assets from Algorithm 6 and the parameters below.
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The parameters used to derive these figures are as follows: T'=1, 7 = 0.5, ¢ = 0.2,
v =1(0.95,1,0.92), k = (0.2,0.1,0.15), and

1 105 1 0.1 0.03 0.02 N 1 0.2 0.13
n=\|107 1 1.1 |,b=1001 012 0 |, X¥=] 0.2 1 0.05
1 111 1.02 0.01 0.02 0.05 0.06 0.18 1

6.7 Conclusion

Chapter 6 proposes a new successive deep-learning algorithm able to solve CT
stochastic optimal control problems in high dimensions, even when the control
does not admit an explicit representation. This numerical scheme is built from
the combination of PINNs along with an Actor-Critic structure relying on the GPI
procedure. By approximating the value function and the optimal control using
two separate NNs, the GPI-PINN algorithm provides a global solution for stochas-
tic optimal control problems across all time and space, which can be evaluated
online fast. Thanks to an early termination scheme in the training process, we
prove the uniform convergence of our algorithm toward the true solution of the
value function and the optimal control. These convergence guarantees are however
essentially qualitative since based on several (strong) assumptions. In particular,
further research is needed to drop Assumption 6.1 from Theorem 6.3. Besides
these theoretical guarantees, we also show empirically the efficacy and accuracy
of the GPI-PINN scheme thanks to a comparative example for which the solution
is known up to MC simulations. Finally, we provide a second practical example
from mathematical finance by generalizing the well-known Almgren-Chriss model
arising from optimal liquidation. More precisely, we introduce optimal liquidation
strategies based on fully nonlinear temporary and permanent impact functions in
a multidimensional setting with co-integrated assets, leading to an implicit opti-
mal control problem in high dimensions. Once again, this example highlights the
benefits of using the GPI-PINN algorithm to solve implicit high-dimensional CT
stochastic optimal control problems and paves the way for various other applica-
tions in stochastic optimal control.
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6.A Proof of Theorem 6.3

Recall first that the cost-to-go associated with the non-optimal Markov control «
is defined as

T
Vi(t,z) = E° l(b(T,X%)ﬂL/ (7, X7 u(r, X7)) dr
t

X = x} . (6.A.1)

As in Oksendal (2013), we propose the change of variable y = (¢,z) and Y* =
(1, X™) so as to fall back to a time-invariant optimal control problem. Hence, we
can rewrite

Vi(y) =E,

T
oY) + / E(Yﬁ,m))m] ,

with Eg the expectation conditional to Y;* = y under the probability measure P
and the dynamic

aY = (dr, (V2 u(V2))dr + o (V2 u(Y2)dWE) . (6.A.2)

From the dynamic programming principle, we find with h > 0

t+h
Vi(y) = E} Vt (Y u(Y) dr + V(YA |- (6.A.3)

Since V% € C?(Q), using Dynkin’s formula

)

t+h
E, [V*(Y4,)] =V (y) + E, l/ﬁ (LYVH) (V™) dr

where £ is the infinitesimal generator associated with the diffusion (6.A.2),

n n on 2
(£“6)(w) = T2(0)+ D iy ulw)) o) + 5 D0 D (00 )i, u(y)
i=1 v i=1 j=1 v
(6.A.4)

In the limit A — 0, we then find from the mean-value theorem for all y € @ the
nonlinear Lyapunov equation

0= £y, uly)) + (LV)(y). (6.A.5)

The notation (6.2.4) for the Hamiltonian H(t, z, V' (¢, z), V2 (t, x), u(t, z)) is sim-

plified as H(y, V*(y),u(y)) and hence, (6.2.13) becomes Yy € Q,

ov
ot

H (y, V*(y),uly)) :== H(y, V' (y), u(y)) + (y) = Ly, u(y)) + (L“V*)(y) = 0,
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from the Lyapunov equation (6.A.5). When considering? the NNs Vyu) (y) =
V(y; %)) and w0 (y) == u(y; w®), we rewrite

H/(y, 0<k)7w(k)) = Hl (ya ‘/H(k) (y)a Uy, (k) (y)) )

which is in general not equal to 0 since Vyx)(y) is not governed by the control
U,k (y) (i.e. two separate NNs). First, note that since oy, (+) is locally bounded,

(u(t,Xt“;w))(KKT € A for all w € RP. Then, since oy, ,(-) > 0, we have Vp(y) >

0 for all y € E)iand all # € RP. Moreover, since oy (-) and oy, () are twice

differentiable, we have Vy(y) € C%(Q). Finally, Assumption 6.2 allows us to ignore
the NN approximation error ¢ when approximating ¢(T,z) by Vp(T,z). The loss
function (6.3.4) then becomes

£1(0,9) = By @) [H (0,090’ + Bt [(V0(T2) = 6(T 2))?]
= Eyopu@) W (1:0.0)°], (6.A.6)
and the loss (6.3.6) becomes
25(0,w) = Bypiy () [H'(y,0,w)]-

According to (6.A.5), Lemma 6.1° and Assumption 6.2, there exist (6%, w*) such
that H'(y, 0%, w?) = 0 for all y € Q, which implies

min (0, w) = minEy -, ) [ (4,0,0)°| = 0.

Since in Phase 1, Algorithm 6 updates 6 and w to continuously minimize % (6, w)
using (6.3.10), the global minimum of %} (6, w) can be attained in polynomial time.
Therefore, before this global minimum, there exists kT € N such that

H(y, 0% Wty <0, wyeq.

Then, Algorithm 6 enters Phase 2 and again from (6.A.5), we have
2
min Z1(6,w*")) = minE, ., (@) [H’ (:0.) ] -0

From Assumption 6.1 and Lemma 6.1, we can always find ok +1) by continuously
applying (6.3.11) such that

" (y,ew*),w(’“*)) <H (yﬁ(’”“),w(’”)) <0, Weq.

4Recall that V* is the cost-to-go associated with the control u and Vj the NN parameterized
by the weights 6.

5Since Vy(y) € C?(Q), H'(y,0,w) is well a continuous function defined on Q. From the
compactness of @), we can thus always use Lemma 3.2 to approximate H'(y,0,w) for all y € Q
and hence for all y € Q.
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Similarly, from Lemma 6.1 and Assumption 6.2, there always exists w# such that
H (y, H(kTJrl),w#) = ngn%’(y, G(kul),w) , Yyeq.
Therefore, since
min 250, w) = min By ) [H' (5,04, )]
> Eyopr ) [H (y, H(kT+1),w#)] = Eg(ﬁ(kf“),w#)
and since by definition, min,, % (0% '+, w) < (¢ D w), Yw € RP, we have

fg(ﬁ(khﬂ),w#) = min Eg(ﬁ(kql),w) .

Then, since the global minima of fg(ﬂ(mﬂ),w) can be obtained in polynomial
time, the modified Hamiltonian #H’'(y, 0(’“?“‘1),(41) can be taken to global minimum
for all y € @ by minimizing over w. Therefore, we can also find wk'+D) by applying
successively (6.3.12) such that

! <y,g(k*+1)7w(k*+1)) <H <y79(kf+1),w(kf)) <0, Yyeq. (6.A.7)
Applying this repeatedly for subsequent steps, we have for all k > kt :
H (y O(k),w(k)) <H (y 9<k+1>,w(’f>) <0, WeQ vk>kl.  (6.A8)

Then, since Vy(y) is chosen C?(Q) for all § € RP (twice differentiable activation
functions), we get by Dynkin’s formula for all Markov controls u := u(y),

)

T
Ey, [Vow (Y1) = Vow (y) + B, l/ (L Voo ) (V") dr

which then leads to

T
Voo (y) = EZ | o(vg) - / (L V) (V) dr

)

from Assumption 6.2. Similarly, for all Markov controls u(y) :

T
Voesn (y) = Ey [ ¢(YF) —/t (»C“Vmwl))(yr“)d?“] :

Therefore,

T
Voesn (y) — Voo (y) = B, [/t ((L*Vya ) (V) = (L*Vpaw+n) (V1)) d?"} . (6.A.9)
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which is of course valid in particular for u(y) = wu,m (y) since it is admissible.
However, from (6.A.8), we find for k& > kT :

H (,0%,00) < H (004D, 00, vy eQ,
(Y, um (Y)) + (L Vo ) (y) < Ly, upem (y)) + (L Vs ) (y), Vy € Q,
(LY@ Vo ) (y) < (L® Vo ) (y), Vy € Q,

Then, since we have Vy(y) > 0, we find for k > k'
0 < Vyoun () < Voo (), Yy €Q, vk > k. (6.A.10)

Therefore, V&) (y) is pointwise convergent as k goes to oo and we can write
limg 00 Voo (¥) = Vigoo) (y). From the compactness of (), we obtain uniform con-
vergence in y by Dini’s Theorem. This implies that

lim sup |[Vyo (y) — Vo (y)| = 0.
k—o00 veQ

From (6.A.9), we find with u(y) = v ,m (y) :
T
Vo (y) = Vo (y) = Eg[/ (H/(Eu“(k),e(k)aw(k)) _ f(YTuMk),uw(m(YTu‘”(k)))
¢

—HY0, 004D, w0 4 (1 (Yﬁ”“ﬁ)dr}

T
g V (A, 09, 81) — 4 (0 60D, ) dr] |

t

Hence, combined with inequality (6.A.8), this implies

lim sup "H'(y, gD y(R)) "H’(y,H(’“),w(’“))‘ =0. (6.A.11)

k—o0 yeqQ

Recall that we have ming . (0, w®)) = miny By @) [ (y, Q,W(k))Q] = 0, for all
k > kt. Since #*+1) is obtained by minimizing .Z; (%), w(®)) using successively
(6.3.11), then according to (6.A.11), we have

lim H'(y, 0%, w®) = lim H'(y, 0%, w®) =0, vyeQ. (6.A.12)

k—o0 k—o0

Therefore, Vjy) (y) is solution of the Lyapunov equation (6.A.5) for a given policy
Uy, () (y) and hence,

Vo) (y) = Vi) (y), Yy e Q. (6.A.13)

where V(=) (y) is the cost-to-go function (6.A.1) associated with the Markov con-
trol u () (y). As shown in Abu-Khalaf and Lewis (2005), since Vyw) (y) converges
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uniformly to V) (y) = V%) (y) on Q and from the uniqueness of the state
trajectories (see the Lipschitz continuity conditions on the dynamic (6.2.2)), the
sequence of controls um) (y) converges uniformly to ) (y) on @ when k — co.
Since w1 is obtained by minimizing % (8**1, w) using (6.3.12), it is obvious
from the dominated convergence theorem with (6.A.8) and from (6.A.12) that

lim % (0% wkEDy = lim 2 H* D), w®) =0, (6.A.14)

k—o0 k—o00

which implies that

lim min#'(y, 0%, w) =0, WVyeqQ. (6.A.15)

k—oco w

From (6.A.12), (6.A.15) and Theorem 6.2, one has limy_,o Vyo (y) = V(y) for all
y € Q and limg_,o uym (y) = u*(y) for all y € Q. Therefore, we conclude that
Vi (y) goes to the value function V (y) uniformly on @ and u,,x (y) to the optimal
control u*(y) uniformly on @ as k — oo, which means the global optimal solution

is achieved. O



Conclustion and extensions

Liquidity is a complex — yet important — concept at the heart of many financial
crises and disasters. This thesis therefore attempts to provide a better understand-
ing of liquidity using various tools ranging from rough volatility, subdiffusions,
fractional Hawkes, optimal control and deep learning. As the definition of liquidity
depends on the temporal granularity at which it is analyzed (high-frequency, low-
frequency and intra-day time scales), this dissertation addresses liquidity modeling
in three distinct parts, each corresponding to one of these three temporal perspec-
tives along with their connections.

The first part of the thesis aims at studying rough volatility models (and particu-
larly the rough Heston model) as they arise from the modeling of market liquidity
at high-frequency and since they are excellent candidates for reproducing impor-
tant stylized facts of both the past volatility time series and the implied volatility
surface. In Chapter 1, we explore more closely two tractable implementations
of the RFSV model, the rBergomi and rough Heston models. We show how to
expand these two rough volatility models at larger time scales, we analyze their
implications for the pricing of long-term life insurance claims and we explain why
they provide a more accurate fair value of such long-term contracts. Compared to
standard stochastic volatility models, we conclude in this chapter that the rough
Heston model provides efficiently a more accurate fair value of long-term life insur-
ance contracts while being highly consistent with historical and risk-neutral data,
thereby contributing to bridging the gap between high-frequency liquidity modeling
and long-term asset/insurance pricing. Chapter 2 then studies this rough Heston
model (and more generally affine Volterra processes) in the context of portfolio
insurance strategies. We indeed propose an approach based on the characteristic
function of the log-cushion, which appears to be more consistent and particularly
efficient in the case of affine Volterra processes compared with existing simulation
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techniques. Using such approach, we describe several properties of CPPI which
naturally result from the log-cushion’s characteristic function under affine Volterra
processes. This allows to consider more realistic dynamics for the underlying risky
asset in the context of CPPI so as to build portfolio strategies that are more con-
sistent with financial data and better suited to handle the liquidity risk associated
with CPPI.

Our focus then shifts in the second part of the thesis to directly modeling the
illiquidity process associated with low-frequency observations of asset prices us-
ing fractional processes. Chapter 3 indeed proposes a new subdiffusive model of
thinly-traded asset prices reproducing the main characteristics exhibited in such
illiquid markets. This is done by considering a stochastic volatility jump model,
time-changed by an inverse subordinator driving the (il)liquidity process of the re-
lated asset. We then derive the forward fractional PDEs governing the probability
density function of the introduced model and we prove that it leads to an arbitrage-
free and incomplete market under a suitable change of measure. By proposing a
new procedure for estimating the model parameters and using a series expansion
for solving numerically the obtained fractional PDE, we are able to price vari-
ous European-type derivatives on illiquid assets and to depart from the common
Markovian valuation setup. Chapter 4 then proposes a new paradigm for modeling
illiquidity via a novel fractional Hawkes process in which the intensity process is
ruled by a modified Mittag-Leffler excitation function. By considering a mean-
reverting jump diffusion for the (log-)Amihud measure with jumps following this
modified fractional Hawkes process, we then manage to effectively reproduce the
observed peaks of illiquidity in financial markets while introducing long-memory
and tractability in the model. By deriving the characteristic function satisfied by
the Amihud measure in this model, we provide in the last part of the chapter an
efficient way to perform risk management on illiquidity. These two Chapters 3 and
4 hence provide new tools based on fractional processes for a better management
of the illiquidity risk in financial markets at the low-frequency level.

The third part of the thesis finally focus on optimal liquidation problems in finance
as they are built upon price impact models and thus consider liquidity modeling
from an intermediate (intraday) time scale. Chapter 5 first proposes a new frame-
work of optimal liquidation strategies for a trader seeking to liquidate his large
inventory based on a jump-dependent price impact model with propagator. This
new jump-dependent price impact model best reproduces the empirical direct and
indirect effects of market orders on the transaction price by introducing a stochas-
tic liquidity factor in the form of a trade-driven intensity process. We conclude
with Chapter 5 that the introduced jump-dependent price impact model leads to
an alternative, realistic and flexible description of the order book’s dynamics and
its liquidity. At last, Chapter 6 introduces in a more general way the GPI-PINN
algorithm, a novel numerical scheme for solving continuous-time stochastic optimal
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control problems in high dimensions when the optimal control does not admit an
explicit solution. Combining Physics-Informed Neural Networks with an Actor-
Critic structure built upon the Generalized Policy Iteration technique, this succes-
sive deep learning algorithm employs two separate neural networks to approximate
both the value function and the multidimensional optimal control, leading to a
global approximation of the optimal solution across all time and space. Chapter 6
then proves the theoretical optimality and convergence guarantees of the scheme.
Moreover, its accuracy and efficacy are shown empirically based on two numerical
examples, and in particular for optimal liquidation strategies with numerous co-
integrated assets and without explicit solutions for the optimal control.

Several research subjects around liquidity, fractional processes and optimal con-
trol have been addressed throughout this dissertation, although many avenues
have not been fully explored. At the high-frequency level, high-frequency price
models have only been investigated in this thesis through their connections with
long-term asset pricing in Chapter 1 and with price impact models in Chapter
5. Fractional processes could be used instead to directly reproduce the empirical
properties of high-frequency markets and their liquidity. In particular, we should
try to fit the fractional Hawkes process derived in Chapter 4 to high-frequency
data and see whether it manages to better replicate their statistical properties,
compared with existing high-frequency price models. Similarly, the subdiffusive
SVJ model in Chapter 3 could also be used to reproduce the sample paths of lig-
uid assets observed at very high frequency. Indeed, freeze periods and liquidity
shortages such as in Figure 3.1.1 also occur in most stock prices at very short time
scales, even for liquid assets, due to the discrete nature of time trade arrivals and
price variation. The Markovian representation of subdiffusive assets obtained in
Chapter 3 (conditionally on the estimation of S, Ug,) should then allow us to per-
form optimal control and hence derive optimal liquidation strategies based on such
subdiffusive dynamics. Moreover, other than asset liquidity, using these fractional
processes for modeling interest rates and credit risk is a way to explore. Finally,
the algorithm developed for high-dimensional implicit optimal control in Chapter
6 is quite general and could be applied to other fields in liquidity modeling than
optimal liquidation, such as market making, pairs trading or asset and liability
management.
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