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Introduction

The main aim of my thesis is to begin the study of the notion of funda-
mental group, coming from the categorical Galois theory, in the framework of
[E-semi-abelian categories which is sufficiently wide to include several catego-
ries of “algebraic” nature such as the semi-abelian categories [62], the integral
almost abelian categories [72] and the categories of topological semi-abelian
algebras [8]. The fundamental groups corresponding to many adjunctions in
this context are described by generalisations of the Brown-Ellis-Hopf formulae
for the integral homology of groups. I shall start from these formulae to explain
the genesis of the main ideas in this thesis and how they relate to other ones
in our field of study.

The Brown-Ellis-Hopf formulae. In 1942, H. Hopf [45] showed (among
other things) that if

F4fl>B

is any free presentation of a group B, i.e. f is a surjective homomorphism (an
extension) and F a free group, then the quotient

[F, F] n Ker (f)
[F, Ker (f)]

is an invariant of the group B. This led to the introduction of homology (and
cohomology) of groups (see [64]) and this quotient is by now known as
the second integral homology group Hy(B,Z) of B. In 1988, R. Brown and
G. J. Ellis gave, using topological methods, formulae similar to describing
the higher (integral) homology objects of a group [20]. For instance, given a
commutative diagram

(A)

Fy
\ f1
\ {fo,f1)
N
. FoxgF —>F (B)

Nl

F——>G
in which all morphisms are surjective homomorphisms (a double extension) and
Fy, Fy, I are free, they showed that

[Fa, Fo] n Ker (fo) n Ker (f1)
[Ker (fo), Ker (f1)] - [Ker (fo) n Ker (f1), F2]”

1

Hs(G,Z)

I

(©)
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A categorical analysis of the Brown-Ellis-Hopf formulae. In 1995,
at a conference at Halifax [49], G. Janelidze explained that the quotients in
the formulae and were related to central extensions of groups and
suitably defined double central extensions [48] of group. Let us explain this.
A surjective group homomorphism f: A — B (an extension of B) is classically
called a central extension (of B) if its kernel Ker ( f) is in the center of its domain
A or, equivalently, if the commutator [Ker (f), A] vanishes. Every surjective
homomorphism f: A — B can be turned into a central extensions in a universal
way: its factorisation f through the canonical quotient ¢ of A by [A, Ker (f)]
is a central extension

[A, Kgr(f)]l> A > B

|

[A, Ker ()] —> A =

[A, Ker (1]

In fact one can prove that the restriction § of ¢ to the commutators is a surject-
ive homomorphism. So the quotient in the Hopf formula is precisely what
is needed to turn the free presentation f into a central extension, in fact, a
weakly universal central extension of B (a weak initial object in the category of
central extensions of B). Then, the basic reflection Gp — Ab induces another
reflection Ext(Gp) — CExt(Gp) where Ext(Gp) is the category of extensions and
CExt(Gp) the category of central extensions.

The categorical Galois theory. The central extensions of groups can be
studied from the point of view of the categorical Galois Theory of G. Janelidze
(see [47,[9] and the references therein). A core result of this theory (generalizing
the classical one concerning field extensions) is a category equivalence

Spin(E,p) = BSEP)
stated in the context of a Galois structure I, that is an adjunction

1

BZ Ll A

H
and two classes of morphisms £ and Z (in A and B respectively) with some
suitable stability properties, and for p: £ — B a morphism of relative Galois
descent with respect to I'. I shall not enter into the details here but I shall only
give the interpretation of this result for the case of the Galois structure

AbS L ~Gp (D)

with & (respectively Z) the class of surjective homomorphisms in Gp (resp.
Ab) and (FE,p) a weakly universal central extension. In this case the category
Splr(E, p) (the extensions “split” by (E,p)) coincides with the category of cen-
tral extensions of B, and is equivalent to AbC(EP) the category of internal
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covariant presheaves in Ab on the Galois groupoid Gal(E, p) of (E, p). This lat-
ter is the image of the kernel pair Eq(p) of p under the reflector ab: Gp — Ab.
The next observation is that the reflection Ext(Gp) — CExt(Gp) induces an as-
sociated notion of double central extension. Again, a double extension like
is central with respect to this new induced adjunction if and only if
[Ker (fo), Ker (f1)]-[Ker (fo) nKer (f1), F2]=0. These principles lead inductively
to a chain of Galois structures and to a connection between the Brown-Ellis-
Hopf formulae and higher central extensions of groups.

E-semi-abelian categories. Nearly as old as the category theory is the
quest for a suitable categorical framework for the study of groups and similar
non-abelian algebraic structures. Various authors proposed different lists of ax-
ioms, each one allowing a categorical treatment of some aspect of group theory.
In 2002, G. Janelidze, L. Marki and W. Tholen published [52] in which they
defined the particularly simple and elegant notion of semi-abelian category: a
category A is semi-abelian if it is pointed, Barr-exact [2], Bourn-protomodular
[11] and has all binary coproducts. They showed in particular the equivalence
of these “new style” axioms with some “old style” axioms, and they provided
evidence that their setting was good enough to capture many important fea-
tures of the category of groups. The main examples of semi-abelian categories
are, beside the category of groups Gp, the categories of Lie algebras, com-
mutative algebras, (not necessarily unitary) rings, compact Hausdorff groups,
C*-algebras, Heyting semilattices [63], the dual of the category of pointed sets
and, of course, any abelian category. For reason which will be clear soon, I
have chosen to work in a slightly weaker context than the one of semi-abelian
categories where the Barr-exactness condition is relaxed in some way. Let us
recall here that a finitely complete category A is exact if it is regular [2], i.e. it
has coequalisers of kernel pairs and regular epimorphisms are pullback stable,
and if every internal equivalence relation is effective, i.e. the kernel pair of some
morphism. These conditions can be rephrased in the following way:

(1) (Aisregular) every morphism f: A — B can be factorised as a regular
epimorphism p followed by a monomorphism m

A—71 5p
I

and the regular epimorphisms are pullback-stable. Equivalently, the
pair (RegEpi(.A),Mono(A)) is a (proper) stable factorisation system
on A.

(2) for every internal equivalence relation R, there exists an effective equi-
valence relation S such that R factorises through S with a morphism
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irs which is in RegEpi(.A) (hence an isomorphism)

iRS

R S

E
<\ /> )

X x X.

If one replaces in the conditions (1)-(2) above the pair (RegEpi(A), Mono(A))
by a pair (E,M) of classes of morphisms in .4, one obtains what I call an E-
exact category (note that the class E determines the pair (E,M)). An example
of an E-exact category which is not Barr-exact is the category of topological
groups Gp(Top). Nevertheless, it is Epi-exact and also regular. The condition
(2) can be interpreted in this case, saying that every internal equivalence in
Gp(Top) is “almost” effective: only the topology on it might prevent it from
being effective. In this thesis, I shall work in the context of an E-semi-abelian
category: a homological (i.e. a pointed, regular, protomodular) category which
is E-exact (for some E) and has all binary coproducts. This allows one to work,
for instance, with the category of topological semi-abelian algebras [8] and also
any integral almost abelian category [72]. I must say here that the idea of
considering this kind of category has been inspired by [25], [16]. In [25], M.M.
Clementino, D. Dikranjan and W. Tholen work with categories equipped with
a proper stable factorisation system & = (E,M) and satisfying some axioms
relative to this system. One axiom is particularly relevant for the present work.
Given a commutative square

—L fs(K)

K
kI fs (k)
A

— B

where f is in E, k is a normal monomorphism and fs(k)op is the S-factorisation
of fok, then fs(k) is necessarily a normal monomorphism. This axiom, which
will be called (INN) in the following, is satisfied by the homological category
Gp(Top) of topological groups, for instance, with S = (Epi, Mono). This axiom
in the case (RegEpi,Mono) was known to be equivalent to Barr-exactness in
the context of a homological category. More generally, for any S = (E, M) the
above axiom is equivalent to E-exactness (propositions and . An-
other source of inspiration has been the notion of efficiently regular homological
category introduced by D. Bourn in [16]. The main condition is the following:
whenever one has a diagram like in which R is an internal equivalence rela-
tion, S an effective equivalence relation and irg an equalizer, then necessarily
R is effective. In particular any E-semi-abelian is efficiently regular. Let us just
note here that the notion of E-semi-abelian category is not directly related to
the notion of (incomplete) relative semi-abelian category [60, [61]. In the series
of papers [60, [61], [62], 58] and in her thesis [59], T. Janelidze has developed
another notion of relativisation with respect to a class £ of regular epimorph-
isms. In particular, she shows that the relative versions of the so-called “old”
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and “new” axioms for semi-abelian categories are equivalent and that some re-
lative version of homological lemmas and various results on E-relations hold
in her context. This approach (which is related to the work of N. Yoneda on
quasi-abelian categories [76]) is based on the idea that the class of short exact
sequences

0> KkAf>B 0

with f in £ should behave like the usual short exact sequences in a semi-abelian
(homological) category.

A categorical proof of the Brown-Ellis-Hopf formulae. The res-
ults presented at the conference [49] have not been published immediately. A
different approach was introduced by T. Everaert, M. Gran and T. Van der
Linden in [36], where some generalised Brown-Ellis-Hopf formulae were shown
to describe the Barr-Beck cotriple homology when the coefficient functor is a
reflector A — B with A a monadic semi-abelian category and B a Birkhoff
subcategory of A (it was known before that the integral homology of a group
corresponds to the cotriple homology with the abelianisation functor as coeffi-
cient).

Fundamental group. The original proof by G. Janelidze was published in
[50], where he proved in the more general context of a pointed Galois structure
with abstract commutators that the Galois group Gal(E,p,0), the group of
automorphisms of 0 of the Galois groupoid Gal(E,p) of any weakly universal
normal extensions (F, p) of B, is an invariant of this object and can be described
by the formula (note that in the case of groups, normal extensions and
central extensions coincide). This invariant is called the fundamental group of
B by analogy with another Galois structure for which the terminology agrees
with the usual one. Indeed, if one considers the Galois structure

T

Set _ L _ LoCo,

H

where LoCo is the category of locally connected topological spaces, my the
connected component functor, £ the class of local homeomorphisms and Z the
class of all morphisms in the category Set of sets, then for a “good” topological
space admitting a universal covering, the Galois group of this covering turns out
to be precisely the fundamental group of the space [9]. So, in the semi-abelian
context it was rather natural to compare the two independent approaches (both
based on a study of higher central extensions) and to see if the definition
of invariants through the Galois groups could bring further insights into the
subject. One of the goals was to further extend the context in order to obtain
new description of the fundamental group in the category of topological groups.
Another hope was to be able to describe the fundamental groups corresponding
to new reflections where the reflective subcategory was no longer required to
be stable under quotients, as in the Birkhoff case.
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A description of the fundamental group in terms of commutators
and closure operators. A first result in these directions was obtained in [29]
where we considered composite Galois structures

F I
FS IR 1 -4 (F)

~— 7 ~ 7
U H

where A is a semi-abelian category with enough projective objects, I a Birkhoff
reflector and F a (regular epi)-reflective subcategory of B with the property
that the reflector F': B — F is protoadditive [34] (i.e. preserves split short exact
sequences). For a Galois structure of this kind, we proved that the fundamental
group of any object B of A can be described by

(7, Fls) 5  Ker (f)
([F.Ker (N]8)ker

where (F, f) is a projective presentation of B, [—, —]z the relative commutator

7T1(B) =

associated with B |38, 51}, [37], and 7 the homological closure operator as-
sociated with F [18]. In fact, my co-authors had already studied some Galois
structures as above where the functor F' is also a Birkhoff reflector (so that
the composite is a Birkhoff reflector and the situation is the same as the one
treated in [36]). In that cases, the protoadditivity of F' allowed them to better
explicit the Hopf-formulae [35]. In some specific example, topological closures
appeared in these formulae (see section . Subsequently, I made explicit the
connection with the homological closure operators.

E-protoadditive reflectors. I extend the results proved in [29] to the
context, of E-semi-abelian categories and define higher fundamental groups in
the same way as G. Janelidze did in the special case of groups: m,(B) is the
first fundamental group of any “good” (n — 1)-projective presentation of B. I
also give some descriptions of them. The main results are stated for reflectors
which preserves pullbacks of the form

A——>B

where f and p are in &£, and s a section of p. I call them &-protoadditive
reflectors. Both the Birkhoff and the protoadditive reflectors have this property.
When the coefficient functor factors through a protoadditive functor as in ,
it is possible to give better description of the higher fundamental groups in
which closures occur (Theorem [3.2.5]).

Idempotent £-closure operators. Although the only closure operator
which appears in our formulae is the one associated with F, some induced
closure operators (at the level of categories of higher extensions) are needed in
the proof of the Theorem [3:2.5] and lead me to define a suitable notion of closure
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operator allowing one to work in categories without all finite limits. At some
point, I was glad to realize that a good notion for this purpose had just been
introduced by W. Tholen in [73]. This allowed me to prove Theorem
which extends the bijection between (regular-epi)-reflective subcategories of a
homological category and homological closure operators to a bijection between
E-reflective subcategories of a category with a “good” class of extensions £ and
idempotent £-closure operators.

The structure of the text.

Chapter 1: The Context. In this chapter, we introduce (almost) all the
basic notions and results we shall need in the subsequent chapters. In particu-
lar, we recall some basic facts about internal structures, factorisation systems,
homological categories, classes of extensions and exact cubes (higher exten-
sions). In the fifth section, we introduce the notion of E-semi-abelian category
and give some examples: the semi-abelian categories, the categories of topolo-
gical semi-abelian algebras, and the integral almost abelian categories are all
E-semi-abelian. In the last section, we study idempotent £-closure operators
and show that they are in bijection with full replete £-reflective subcategories
(in the appropriate framework).

Chapter 2: Derived Galois structures. This chapter is devoted to the study
of different types of Galois structures inducing a chain of similar higher order
Galois structures. We first recall the basic notion of Galois structure and intro-
duce the notion of quasi-normal extension. After this, we introduce the notion
of an &-(pre)radical in a homological category which satisfies (INN) and show
that it induces an &!-preradical (at the level of the category of extensions)
which is a radical if and only if the category of quasi-normal extensions (asso-
ciated with the £-radical) is reflective in the category of extensions. We then
study some classes of £-preradicals which ensure that the induced preradicals
are also radicals. In the third section, we pay particular attention to a special
kind of &-preradical. It is for this particular kind of £-preradical that we are
able to give better descriptions of the fundamental groups in chapter 3. All
results of this chapter are valid in the context of E-semi-abelian categories.

Chapter 3: Fundamental groups. We begin this chapter by recalling the
notion of fundamental group in the context of a Galois structure satisfying
some suitable properties. We then prove that if one works in a more specific
situation (essentially the one of chapter 2 which gives a tower of induced Galois
structures), the fundamental group of any object exists and can be described
by the Hopf formula. Using this, we can define the higher fundamental groups,
and also provide some descriptions for them. We finally show that for a Galois
structure of the kind , these descriptions can be refined using the £-closure
operator introduced in the first chapter.

Chapter 4: Examples. We start this chapter with a recollection of some
results on projective objects which are important in order to obtain the exist-
ence of weakly universal quasi-normal extensions. We then recall some classical
notions, such as the one of variety of {2-groups and the one of Hug-commutator.
Finally, we give some particular instances of our theory, and provide the cor-
responding descriptions of the fundamental groups obtained in these cases.






CHAPTER 1

The context

In this chapter, we introduce (almost) all the basic notions and results
we shall need in the subsequent chapters. In particular, we recall some basic
facts about internal structures, factorisation systems, homological categories,
classes of extensions and exact cubes (higher extensions). In the fifth section,
we introduce the notion of E-semi-abelian category and give some examples: the
semi-abelian categories, the categories of topological semi-abelian algebras, and
the integral almost abelian categories are all E-semi-abelian. In the last section,
we study idempotent £-closure operators and show that they are in bijection
with full replete E-reflective subcategories (in the appropriate framework).

1.1. Internal structures
The reader may consult [4] for more information on internal structures.

Definition 1.1.1. An internal relation from A to B in a category A is a triple
(R,71: R — A,ry: R — B) such that r; and ro are jointly monic. In the
presence of binary products in 4, this amounts to saying that the induced
morphism {r1,7r2): R - A x B is a monomorphism.

A relation (R,71: R — X,r9: R — X) (on X) is symmetric if there exists
a morphism o: R — R such that rjo0 = ro and ro00 = r1. Let (Rx x R, p1, p2)
denote the pullback of r; along ro:

Rxx R—2>R

R—7—>X.

The relation (R,r1: R — X,ro: R — X) is transitive if there is a morphism
7: R xx R — R such that r{ o7 = r{ op; and r9 o 7 = 15 0 po. The relation
(R,71: R — X,ro: R — X) is reflexive if there is a morphism 6: X — R
such that 11 06 = 1x and r5 06 = 1x. When A has binary products, this is
equivalent to saying that the diagonal (1x,1x): X — X x X factors through
{ri,m2): R — X x X. An internal equivalence relation is a reflexive, symmetric
and transitive internal relation. An internal equivalence relation is called effec-
tive if it is the kernel pair of some morphism. In this case, it is necessarily an
internal equivalence relation. For f a morphism in a category, (Eq(f), 77{ , 7réc ),
or (Eq(f), w1, m2) for short, will denote its kernel pair when it exists. For an
object A in a category A, Eq(A) will denote the poset of effective internal
equivalence relations on A.
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Definition 1.1.2. An internal category X in a category A with pullbacks is a
diagram of the form

pP1 dy
3 -
X1 X Xq Xl 7;2 X1 eds— XO
2

where (X7 xx, X1,p1,p2) is the pullback of dy along ds

p
X; xx, X1 —> X,

X1 d%XO
2

such that the following equalities hold
(1) dyos=1x, =ds 0 s;
(2) mo{lx,,s0dy)y=1x, =mo{sody,1x,);
(3) diopr =diomy
(4) dg o py = dyom;
(5) mo(lx, xx, m) =mo(mxx, 1x,).
Definition 1.1.3. An internal groupoid in A is an internal category in A
equipped with a morphism o: X; — X; such that the following equalities hold
(1) dy oo = ds;
(2) dooo =dy;
(3) mo{lx,,0) =sody;
(4) mo{o,1x,)=sods.

Remark 1.1.4. An internal equivalence relation is an internal groupoid.

Definition 1.1.5. An internal functor f: X — Y is a pair (fo, f1) of arrows
in A as in the diagram

dy
X4 X,XO X1 —mx> X1 e;—z Xo
: 2
fe=fixgf1i \Lfl lfﬂ
\% dy
Y1 XYy Yl —my—> }/1 6873 YO
da
such that
(1) dio f1 = foodi;

(2) dao f1 = foods;
(3) fios=s0 fo;
(4) fiomx =my o fo.
Definition 1.1.6. For two given internal functors f,g: X — Y, an internal

natural transformation from f to g is a morphism a: Xg — Y7 in A such that

(1) dyoa = fo;
(2) d2oa = go;
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(3) my o{fi,cxody) =my o{aodi, g1y

1,00d2
X1 u Y1 XYO Y1

<o¢od1,gl>l \Lmy

Yixy Vi ———>V.

Definition 1.1.7. An internal natural transformation «: f = ¢ is called a
homotopy if it is invertible, i.e. if there exists an internal natural transformation
B: g = f such that

(1) my o<a,B) = so fo;
(2) my o{B,a) = s0go.

Remark 1.1.8. If Y is an internal relation, so that d; and ds are jointly monic,
then (3) in Definition is satisfied as soon as (1) and (2) are.

Remark 1.1.9. An internal natural transformation between groupoids is auto-
matically a homotopy.

PROOF. o o « is the inverse of a. To see this, it suffices to precompose
with a in the axioms (3) and (4) for o. O

Definition 1.1.10. A strong equivalence of internal categories X and Y is an
internal functor f: X — Y such that there exists an internal functor f: Y — X
and homotopies f o f = idy and fo f = idx.

Remark 1.1.11. A strong equivalence f: X — Y is always cartesian, i.e. the
square

X, #Yl

<d17d2>l \L<d1;d2>

X Xo——>Yy) x Y,
0 % Ofono 0 x fo

is a pullback. This is the internalisation of the notion of fully faithful functor.

Definition 1.1.12. A morphism f: X — Y of internal categories is called a
discrete fibration if the square

is a pullback.
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Remark 1.1.13. If X and Y are internal groupoids, f: X — Y is a discrete
fibration if and only if the square

X1$Y1

dll ldl

XO —_— YO
fo

is a pullback.

1.2. Factorisation systems

Let us recall some classical notions and results which can be found for
instance in [22]. Let A be a category and p, 4 two morphisms in 4. We shall
write p | i if for every pair of morphisms u, v with v o p = i o u, there exists a
unique morphism w such that the following diagram

is commutative. In this case, one says that p and i are orthogonal. If H is a class
of morphisms, we also write H' = {p|p | h¥he H}and H* = {i|h | iVh € H}.

Definition 1.2.1. A prefactorisation system (E,M) on A is a pair of classes
of maps of A such that E = M" and M = E!.

Proposition 1.2.2. Let (E,M) be a prefactorisation system. Then

(1) M contains the isomorphisms and is closed under composition;

(2) every pullback of a morphism in M is in M;

(3) if fogisinM so is g, provided that f is either in M or a monomor-
phism.

PrOOF. (1): Let i: C — D be an isomorphism and let us consider a
commutative diagram of the form

A—L>B
C——>D

i
with p € E. Then w = i ' owv: B — C is the unique morphism such that
wop=u and itow ="

since 7 is in particular a monomorphism. This shows that i € M. Now, let
m: C — D and n: D — E be two morphisms in M and let us consider a
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commutative diagram of the form
A—T"—>B
C—>D—>F
with p € E. Since n € M, there exists a unique morphism w: B — D such that

wop=mowu and now =wv

B
E
and for a morphism z: B — C, one has
{ rop=u @{ rop=u
mox =uw nomox =v

Consequently and because m is also in M, there exists a unique morphism
x: B — C such that

A%

|

CHDH

zop=u and (nom)ox =wv.
A%B
E

CHD%

Thus, we have that n om € M.
(2): Let us consider a pullback diagram in .4

fl (%) lg
D?E

with m € M and let us suppose that we have morphisms p € E, u and v such
that the diagram

—

QA<

f

<
Q

-,
;

&

—
m
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is commutative. Then there exists a unique morphism w: B — D such that
the square

A—>B
fouj/ w J/gov
L
D——>FE

commutes and, since (#) is a pullback, one has for a morphism z: B — P

forcw [ Uomop=rou
m ox =v

rop=u

’ -
<< mo(xop)=vop < o —

mox =0

fo(zop)=fou {

So {w,v) is the unique morphism z: B — P such that

A—L>B

1

P——=>C

commutes and m’ € M.
(3): Let us assume that we have a commutative diagram

A—2>pB

l l T
U v
A\

C?D?E

in which fog e M and p € E. Then there exists a unique morphism w: B — C'
such that

wop=u and (fog)ow= fou.
If f is a monomorphism, one can easily deduce that g is in M. If f is in M|
then g o w = v since both diagrams

A—L>B A—L>B
gOul ,q,o’w: lfov QO’U«\L :v" . lfou
L= L
D ? FE D ? E
commute. O

Corollary 1.2.3. Let (E,M) be a prefactorisation system. Then

(1) E contains the isomorphisms and is closed under composition;

(2) every pushout of a morphism in E is in E;

(3) if fog isinE sois f, provided that g is either inE or an epimorphism;
(4) EnM = lIso, the class of isomorphisms.
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PROOF. (1)-(3): follow by duality. (4): Corollary[1.2.3](1) and Proposition
1.2.2] (1) already give us Iso € E n M, so that it only remains to show that
EnMcClso. Let f: A— B bein E n M. Then, since one has a commutative
diagram

a—1sp

lA 1B

A ? B,
it follows that there exists w: B — A such that
wof=14 and fow=1pg.
and that f is an isomorphism. O

Proposition 1.2.4. When A is either finitely complete or finitely cocomplete,
the following properties of a prefactorisation system (E,M) are equivalent:

(1) every morphism in E is an epimorphism;

(2) if fogisinM so isg;

(3) every equalizer is in M;

(4) every split monomorphism is in M.

PROOF. (1) = (2): Let us suppose we have a commutative diagram

A—L>B
ul \LU o
Ty

in which fogisin M and p is an epimorphism in [E. Then there exists a unique
morphism w: B — C such that

wop=wu and (fog)ow= fow.
This morphism w is in fact such that
wop=u and gow=wv
since gowop=gou=wvop and p is epi.

(1) = (3): Let e: E — X be the equalizer of a pair of morphisms f,g: X - Y
and let us suppose we have a commutative square

A—"L>p
E — X
in which p is in E and, by assumption, an epimorphism. Then

fovop=foeou=goeou=govop
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imply fov = gow. Thus there exists a morphism w: B — E such that v = eow
and, since e is in particular a monomorphism, u = w o p.

(2) = (4) and (3) = (4): hold trivially.
(4) = (1): Let p: A—> Bbein E and z,y: B — X such that rop =yop. If
A has binary products, we set

u={pg,z)v=__1p,y>: B— B x X.

If not, A has pushouts and we choose u, v to be the cokernel-pair of p. In both
cases, there exist some t and s such that

uop=wop, tou=tov=1lg, x=sou, Yy=so0v:

x X
A
Y [2,y]=s
A%BﬁBXX AHBﬁB—i—AB
N B,y
x = 1B71B] |
Since v is a split monomorphism, it is in M by (4) and we have a commutative
diagram
P
pl er' : \Lu
o

Then w = tovow = towu = 1p gives that v = v, which finally gives that
T =1. O

By duality, one obtains

Corollary 1.2.5. When A is either finitely complete or finitely cocomplete,
the following properties of a prefactorisation system (E,M) are equivalent:

(1) every morphism in M is a monomorphism;

(2) if fogisinE sois f;

(3) every coequalizer is in E;

(4) every split epimorphism is in E. O

Definition 1.2.6. A prefactorisation system (E, M) on a category A is a fac-
torisation system if every map of A can be factorised as m o e with m € M and
ecE.

Proposition 1.2.7. A pair (E,M) of classes of morphisms in A is a factor-
isation system on A if and only if

e E and M contain the class of isomorphisms and are closed under
composition with isomorphisms;

e cvery map of A can be factorised as m o e with m € M and e € E;

e c|m foralleeE and m e M. O
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Definition 1.2.8. A factorisation system (E, M) is proper if every morphism
in E is an epimorphism and every morphism in M is a monomorphism.

Definition 1.2.9. A factorisation system (E,M) is stable if E is stable under
pullback, i.e. if whenever one has a pullback square

A——>B

.

C——>D
in which f is in E, then necessarily f’ is also in E.

Now, let us suppose that A4 is a category with pullbacks and equipped with

a factorisation system S = (E,M). Then for every morphism f: A — B there
is an adjunction

fs(=)

M/A_ 1+ ~ M/B,

s (=)
where fs(—) is the functor which assigns to a morphism m: M — A of M its
image under f given by the (E,M)-factorisation of f o m and fgl(—) is the
pullback functor which assigns to a morphism m’: M’ — B of M its inverse
image under f. (Img(f),ims(f)) will denote fs(14).

1.3. Homological categories
Let A be a category equipped with a factorisation system (E, M).

Definition 1.3.1. A is E-regular if it has finite limits and (E, M) is proper
and stable.

Example 1.3.2. A category A is RegEpi(A)-regular if and only if it is regular
[1]. We shall write S, = (RegEpi(A), Mono(A)).

Let Pt(A) be the category of split epimorphisms in a category A with
pullbacks of split epimorphisms along any morphism. Pt(A) is given by
Objects: pairs (p: A — C,s: C — A) such that pos = 1¢;
Arrows: f: (p,s: A S C) —» (p,s': A 5 ), pairs f = (fi: A —
A, fo: C — C") such that
pofi=pofy and fios=sof.
(with obvious composition and identities). The forgetful functor
m:Pt(A) > A (p,s: ASC) > C  f=(f1,f0) = fo
is a fibration which is called the fibration of points. It has some strong classi-

fying properties [6].

Definition 1.3.3. The fibre over an object C, denoted by Pt 4(C) and called
the category of pointed objects over C', has

Objects: triples (A,p: A — C,s: C — A) such that pos = 1¢;
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Arrows: f: (p,s: ASC)— (p/,s: A S C) morphisms f: A —> A’ in
A such that

pof=p and fos=3s.

Remark 1.3.4. Pt4(C) is in fact the category ((C, 1¢)/(A/C)). This explains
the chosen name.

Definition 1.3.5. [11] A category A is (Bourn-)protomodular if
(1) A has pullbacks along split epimorphisms;
(2) for every morphism v: B — C, the pullback functor
¥ Pt_A(C) — PtA(B)
is conservative, i.e. reflects isomorphisms.

Protomodular categories are such that

Proposition 1.3.6. [13] In any pullback

ExpA—1s24

Lo

where p is split by s, the pair (f,s) is jointly extremally epimorphic. This
means that whenever f and s factor through the same monomorphism, this
monomorphism is an isomorphism. O

Finitely complete protomodular categories are also Mal’tsev categories.

Definition 1.3.7. [23] A category with finite limits is Mal’tsev if every reflex-
ive internal relation is an equivalence.

Concerning Mal’tsev categories, one has the following result

Proposition 1.3.8. [15] A regular category A is Mal’tsev if and only if morph-
isms in SplitEpi(A) with f1, fo regular epimorphisms

AT

4

C——>C
fo
are in fact reqular pushouts, i.e. the comparison morphism {p, f1): A — C x¢
A’ is a regular epimorphism. O

Let us recall that a category is pointed if it has a terminal object which
is also initial. In this case, we denote this object by 0 and call it the zero
object (it is determined up to isomorphism). In this kind of category, the
unique morphism A — B which factors through 0 is called a zero morphism
and denoted by 04p or just by 0. The kernel of a morphism f is defined as
the equalizer of the pair (f,0) when it exists. The notion of cokernel is defined
dually. The kernel of a morphism f: A — B is denoted by ker (f): Ker (f) — A,
or just by (Ker (f),ker (f)), and its cokernel by (Coker(f), coker (f)) whenever



1.3. HOMOLOGICAL CATEGORIES 19

they exist. A morphism which is the kernel of some morphism is called a normal
monomorphism. One defines dually the notion of normal epimorphism. We
shall use the following convention: arrows depicted in diagrams (or somewhere
else) by

will represent respectively monomorphism, normal monomorphism, epimor-
phism and normal epimorphism. From Proposition [1.3.6) one can infer the
following

Proposition 1.3.9. [12] A pointed protomodular category is unital: for every
pair of objects A and B, the pair of morphisms

1,0 0,1
A2 4 g p

s jointly extremally epimorphic. O

Definition 1.3.10. [6] A category A is homological when it is regular, pointed
and protomodular.

It is well known that any regular epimorphism in a homological category
A is a normal epimorphism, thus the cokernel of its kernel [11]. We recall here
the notion of exact sequence. Let .4 be a homological category.
Definition 1.3.11. The category Ch(A) of chain complezes in A is given by
Objects: a chain complex is a family Cy = (d,,: C,, > Cp—1)nez

da dq
Ch Co

s

of morphisms in A such that d,, o d,,+1 = 0 for all n € Z.
Arrows: a morphism of chains complexes f: Cy — C is a family of
morphisms f = (f,: Cp, = C!)nez

Cs Ci Co

f2l fli fol
d! d’

Ch—>C) —=C},

such that f, 1 o0d, =d!, o f, for all n € Z.
Let A be a homological category equipped with a proper stable factorisation
system S = (E,M) (possibly different from S, = (RegEpi, Mono)).

Definition 1.3.12. A chain complex C, is called S-proper or E-proper when
ims(dy,) is a normal monomorphism for all n € Z.

Definition 1.3.13. A chain complex C, is S-exact or E-exact at n when
ims(dy,+1) = ker (dy,).

The nth homology object H,(C,) of an E-proper chain complex C, can be
defined as usual. First, one constructs the kernel ker (d,,) of the map d,, and
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then the factorisation d,,; of d, 41 through this kernel. The (object part of
the) cokernel of d;, | is H, (C,).

dnt1 dy

o 'CnJrl Cn

Ker (d,,)

coker (d;, 4 4 )i

H,(CL)

Cpq--

Observe that the cokernel of d], , ; exists: this is easily seen using the commu-
tative diagram

dn+1

e Cpy v

\ imsM)

Ims (dns1) > Ker (dy,)

in which k is of course a normal monomorphism whose cokernel exists and is
precisely coker (d], ;). This also allows us to see that C, is E-exact at n if and

only if H,(C,) = 0. We shall say that C, is exact at n if it is S,-exact.
A sequence depicted by

f
0 Kr-">4—+8 0
is called a short exact sequence. This means that k = ker (f) and f = coker (k).
Then, in a homological category, a short exact sequence is the same thing as a
regular epimorphism equipped with its kernel.

Lemma 1.3.14. [13] (Short Five Lemma) For every morphism of short exact
sequences in a homological category

0 K> A > B 0
0 K'> A’ > B 0
with u and w isomorphisms, v is also an isomorphism. (|

We also have the following useful result:

Lemma 1.3.15. [13] Let A be a homological category and consider the follow-
ing commutative diagram:

0 K> A > B 0
ul (1) U\L (2) lw
0 K> A > B’ 0

where both rows are exact.
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e if (1) is a pullback then w is a monomorphism.
o if u is an isomorphism then (2) is a pullback. O

Note, that in the previous lemma, the converse implications hold in fact in
any pointed category. One also has the

Lemma 1.3.16. (3 x 3-lemma) Let A be a homological category and

0 K" > X >y 0
0 K> X' >y’ 0
0 K> X >Y 0

be a commutative diagram in A where every row is short exact and the middle
column is zero. If two columns are short exact, then the third one is also short
ezact. ]

1.4. Categories with a class of extensions

Let £ denote a class of arrows in a category A which has pullbacks along
morphisms in £. We shall write £! for the class of arrows in Arr(A) such that
an arrow f = (f1, fo): a = b in Arr(A)

Alf%Bl

l lb

A() —_— B()
fo

is in £! if and only if all the arrows in the diagram (lying in A)

are in &.

If £ is a class of arrows in a category A, we denote by A¢ the full subcat-
egory of A whose objects are the objects of A which are domains or codomains
of elements of £. The class of objects of Ag will be denoted £~. Let A be a
homological category and £ a class of morphisms in A such that 0 e £.

Definition 1.4.1. We shall call £ a class of extensions (following [31]) if six
conditions are fullfilled:

(A1) & contains all isomorphisms f: A — B such that A, Be £ ;
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(A2) the pullback of any morphism f: A — B in £ along any morphism
g: C' — B with C' € £~ exists in A and is in &, i.e. the pullback

CXBAHA

L]

C—>—>B

exists and f’ is in £ whenever f € £ and C € £
(A3) & is closed under composition;
(A4) if the composite A — B % C € £ and B € £~ then g € &;
(A5) For every morphism of short exact sequences in A of the form

0 Kb—>A—>B 0
|
0 K'>—>A'—+ B 0

and such that f, f/,k € &, one has [ € £.

(A6) f0 > K - A 4, B = 0 is a short exact sequence in 4 with K and
Ain £ then fe & .

Remark 1.4.2. Let us notice that, unlike in [3I], we do not require that
€ < RegEpi(A). Using (Al) and (A4), one sees that any split epimorphism
f: A— Bisin & provided that A, B € £. If £ is the class of all objects of
A, then it follows from (A6) that RegEpi(.A) € £. By (A2), the (object part of
the) kernel of any morphism in € is in £~ since 0 € £~

Lemma 1.4.3. For every morphism of short exact sequences in a homological
E-regular category A of the form

0 K—sA—1op 0
I
0 K> A’ - > B 0,

where k € E, one has a € E.

PROOF. Let A 5 I 5 B be the S-factorisation of a. Then the morphism
g = f'om is of course a normal epimorphism (one uses Corollary (2)
applied to the factorisation system S,.). This implies that one has a morphism
of short exact sequences

0——>Ker(g) Sl (9) J
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where the left square is a pullback diagram. Therefore 7 is in M. But k (¢ E)

factors as 1 o k with k € E, therefore m is in E n M = Iso. By the Short Five
Lemma, m is an isomorphism and then a belongs to E. (|

Lemma 1.4.4. If A is a homological E-reqular category, then E is a class of
extensions.

PRrROOF. First, let us notice that £~ is the whole class of objects of A.
For (A1)-(A6), one uses the fact that (E,M) is a proper stable factorisation
system, corollaries [I.2.3] and [1.2.5] and Lemma For instance, (A1) and
(A3) simply follow from Corollary [1.2.3] (1). O

Example 1.4.5. If £ and & are both classes of extensions in a homological
category, then so is their intersection. For & a class of arrows in a pointed
category, we shall write € for £EnNormEpi(.A). Hence, if £ is a class of extensions
in a homological category, £ is also a class of extensions.

Let € be a class of extensions in a homological category A.
Definition 1.4.6. [48] A morphism in Arr(A) is a double extension if it is in
&L
Lemma 1.4.7. [31] Consider in a homological category A a commutative dia-
gram with short exact rows, such that f, f’, | and m are extensions:

f

0 K>—>A—=2>B 0
A A
0 K'>—> A —+B 0.

The right hand square is a double extension if and only if k is an extension.

PROOF. We can decompose the above diagram as follows

0 K> 0
_

kl <, f>

0——>K'b—> A’ XB/BHBHO

|- |

0 K'> A’ > B’ 0.

1

Now, let us notice that in the above diagram K’ is in £~ by Remark
and that po is an extension by (A2). So, if the morphism (I, f) is in £, then so

is k by (A2). Conversely, if k is an extension, then (I, f) is also an extension
by (A5). O

In the sequel, we will use the notation for the finite ordinals: 0 = @& and
n =1{0,...,n—1} for n > 1. Following [36], we will write &?(n) for the poset
of subsets of n viewed as a category: for S, T C n,

S, T)}if Sc T
Hom s (S, T) = { }; NP
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Definition 1.4.8. The category Cub™A = AZ (™) is given by

Objects: n-cubes in A: functors of type £(n)°® — A;
Arrows: natural transformations between them.

We shall use the notation Ag = A(S), al = A(S,T) (for S €T < n) and
@i = Ay = A(n\{i},n). Let us point out that we assume here that

Homgz(n)op(T7 S) = Homga(n)(S, T)

but of course A(S,T) is a morphism from A(T) to A(S). For @ # I € n,
we shall write | I for the full subcategory of &(n)°® whose class of objects
is {J & I} (there is no ambiguity with this notation). For a n-cube A, its
restriction to | I shall be denote by A;;. Let us define fori e N, s;: N - N by

koo itk <i
Si(k):{ k+1 ifk>i

and —*: Z(N) - Z(N) by S* = {s;(k) |k € S}. This gives functors for each
n=zland0<i<n—1,

— P(n—1)P > P(n)>

and
—tu{i}: P(n—1)®P - P(n)°P

connected by a (unique) natural transformation «;: —° u{i} — —? The
functor —* restricts for every I € n — 1 to an isomorphism

— | I —] I

For n > 1 there are different isomorphisms between the categories Cub™A and
ArrCub” ! A which we shall denote by 6; (0<i<n—1):

8;: Cub™ A — ArrCub™ A
maps a n-cube A to the arrow A * a; = 14 * a:

—tufi} A

op op T
P(n —1)°P Uﬁoe:5 P(n)°P U;A; A,

i.e. the natural transformation

(ag " ocn_i: (Agivpy)scn—1 = (Asi)scnt.

An arrow f: A — B between n-cubes is sent to (f * —¢, f = —* U {i}):

(fsioqiy)sen—1
(Asiofi)sen1 —2""5 (Bgi i) sen—1

l l

(Asi)sgn_l (BSi)SEn—l

(fsi)Sgn—l
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We shall often use the following notation: a: Ay — Ag for 6, 14, (fo, f1): a —
b for 6,,—1(f: A — B):

Alf%Bl

al = lb
Ay ——> By,
fo
§; for Codod; = —o—" and §; for Domod; = —o(—%u {i}). Here the functors

Cod and Dom are the codomain and domain functors (they send an arrow to
its codomain and domain, respectively).

Lemma 1.4.9. [31] If j <i, then s;05; = 5; 0 8;_1. O

Lemma 1.4.10. Forn > 2, A in Cub"(A) and 0 < j <i < n—1, the diagram
(in Cub™2A)

is commutative.

PRrROOF. Using the previous lemma several times, one finds for S € n — 2
(050057 (A)) 0 i-1(57 (A))) 4
=A((S7)', (87 v 1)) o A((S"™H) v {7}, (S v {i = 1} U {5})
=A((S7), (8o i =11 v {5))
=A((S7), (871 v {i} v {5})
=A((S"1,(87) v {j} v {i})
=A((S"H, (87 v {5 v {i})
=A((S"H, (ST U i = 1)) 0 A((S7)" v {3}, (87 L {71)" v {i))

= (6i— 1(5+(A)) 0d;(6; (A)))S |
Lemma 1.4.11. [33] Let € be a class of extensions in a homological category
A. Then, every split epimorphism f = (fo, f1): a = b of split epimorphisms in
E, i.e. every diagram in Ag

f1

Al HBl

oz

Ag=—= DBy
fo

S]]

such that fooa =bo fi, foob=ao fi,bo fo= fioa, aofo= fiob and
foofo=1p,, fiofi =1p,,aca=14,, bob=1p,, is a double extension.

PROOF. One uses Lemma [[.4.7 and Remark [I.4 O
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The following lemma is an adaptation of Lemma 3.2 in [33]

Lemma 1.4.12. Let £ be a class of extensions in a homological category A.
Consider a diagram

f1
™ f1
Eq(fl) jf Al E— Bl
1w
xfo
Eq(fo) 3f Ao ——> Do
50
mn A with a, b, fo and f1 in E. If either of the left commutative squares is in
&L, then the right one is in E'.

PROOF. Let us suppose that the square a o wj" = W{D orisin &'. Then,
in the commutative cube

f1

Al I = Bl

71,f1 o o O
@ 7J /

o A1 b
W
AO """" fo """"""" > BO
E A
a(fo) o 0
the commutative square
e
Ea(fr) ———— 4

(it >i i<a»f1>

Ea(fo) x4, A1 7—> Ao x5, B
ﬂ'ZOXf(,fl

is such that

o (1, 7r1f1> is in £ by assumption;
. ﬂ'gl is in & since it is the pullback of f; in &€ along f; and (A2) holds;
. 71'50 X ¢, f1 is in &€ since it is the pullback of f; in £ along f;.
Then by axioms (A3) and (A4), the morphism {a, f1) is in € and f = (fo, f1)
is a double extension. O

It has been proved in [31] that for £ a class of regular epimorphisms which
is a class of extensions in a homological category A, £! is also a class of exten-

sions in ArrA. The same thing can be proved more generally for any class of
extensions &:
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Proposition 1.4.13. If £ is a class of extensions in a homological category
A, then £ is a class of extensions in the homological category ArrA.

PROOF. First, let us notice that Oarq = 19 € € = (E) .

(A1): An isomorphism (fo, f1): @ — b in ArrA between arrows a and b in £

\

a,f1)
\ " RN

\

\ AO X By B —— By

a \\ | L

AoﬁBo
0

is of course in €. (A1) for € gives f1 and fo in € and then, (A2) and (A3)
gives (a, f1) in £ since it is the composite of isomorphisms in .

(A2): Let us take the pullback of an &!-extension (fo, f1): @ — b along an
arrow (go,g1): ¢ — b (with cin (€Y)” = &) in ArrA

P1 %Al

v /al
fl

F ﬁ Ay
Jfl\é’ fo
f(’) c Cl gl """" > Bl
I “,

We have to prove that (f{, f1): p — cisin £L. So, let us consider the following
commutative diagram

<p7f{>l l(a,fﬁ

Py x¢, C1 —> Ao xp, B1

which turns out to be a pullback. Since f} € £ and Cy € £, using (A2) one
finds that Py x¢, C1 € €. Now, by definition, <a, f1) is in &, so that by axiom
(A2) for &, {p, fi) is in €. Tt follows from axiom (A3) and (A2) for £ that
(fe, f1) is in L
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(A3): Let us suppose that (fo, f1): @ — b and (go,g1): b — ¢ are in ! and
consider the following commutative diagram

A, L B,
// {a,f1)
Ca,g10f1> [ Ag X, B1 B, 2

2 o
N “’“l

Ay x¢, C1 ——> By Xcojl —>C

I

AO 7o B 0 % CO .

Then, by axiom (A2) for &, all “straight” arrows in this diagram are in £. One
concludes by axiom (A3) for € that (go o fo, g1 © f1) is in EL.

(A4): Let f = (fo,f1): @ = b and g = (go,91): b = ¢ be two morphisms in
Arr(A) such that go f is in €' and b in €. We can produce a diagram

Eq(a) —— Eq(b) —— Eq(c)

Al Bl Cl
O
Ao ——>Bo —5—>Co
in which
e bis in £ by assumption;
e a,carein (£1)” = &;
e g1, go are in & since g1 o f1 and g o fo are in £ and (A4) holds for &;
e sor and thus s are in € by (A2) for £! (proved above).

So if the morphism (g1, s) is in £, g is in £ by Lemmal|1.4.12] But this follows,
once again, from Lemma [1.4.12] and from the fact that in the diagram

Eq(s) <% Eq(b) —— Eq(c)

the morphism (7§, 7J') is a double extension by Lemma |1.4.11
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(A5): One starts from a commutative diagram

k

Ker (f1) > er (1) A

Ker (fo) > e (o)
qv W
Ker (F) ot iy > A |l o By
k 1 . 1
' V lo a’
b
£ L

Ker (fé) > ker (f3) AIO £ > BO
0 0

where Py = Ker (fo) Xker(s5) Ker (f1), P = Ao xa, A} and k = (ko, k1), f =
(fo, f1), [/ = (fb, f1) are all in £, Then using (A2), (A4) and (A5) for &, one
finds that [ = (Ig, 1) € EL.

(A6): Let f = (fo,f1): @ = b be a regular epimorphism in ArrA with a € £
equipped with its kernel

k 1
OHKer(fl) l;r(fl)Al ! > By 0
{ i lb
0 —— Ker (fo) llzer(fo) Ag i > By 0.
If k € &, then Ker (f1) and Ker (fy) are in £~ and by (A6) for &, f1 and fy are
in £ and by (A3) and (A4), b€ €. One concludes using Lemma [1.4.7] O

The previous Proposition [I.4.13] allows us to define a class €™ of extensions
in Cub”(A) by induction as follows: £° = £ and forn > 1, f: A — B € &"
if and only if 6, 1f: 8, 1(A) = §,_1(B) is in (E"71)! (see Corollary 1.13 in
[31]).

Remark 1.4.14. If F € £ are classes of extensions, then F" € £™.
Now, let £ be a class of morphisms in a category A.

Definition 1.4.15. [28] Let n > 1 and A be a n-cube in A. Then A is £-ezact
if for all @& # I < n the limit lim A}; exists and the comparison morphism
A[ — limAU isin £.

Of course, an E-exact 1-cube is just an extension and, for n > 2, a n-
cube A is E-exact if and only if for all 0 < k < n — 1, §; (A4) is E-exact and
Ap = limAp, isin€ (for0<k<n—-land@#I<n—1, Ap —»limAx =
5 (A); — lim(8; (A));s). By convention, we shall denote by ExCub2(.A) the
category Ag. With this convention, one has (Cub’(A))go = Ag = ExCub2(A).
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Definition 1.4.16. The full subcategory ExCubg(A) of Cub™(.A) is given by

Objects: E-exact n-cubes in A;
Arrows: natural transformations between them.

One has (Cub'(A))g1 = ExCubj(A).

Theorem 1.4.17. Letn > 2 and A be a n-cube in A. For any0<i<n-—1
and 0 < j < n— 2, the following are equivalent

(1) A is E-exact;

(2) 8:(4) € &

(3) 0;0:(A) € (E" )"
Thus, one has (Cub™(A))gn = ExCubg(A) for allneN .

PRrROOF. This is an adaptation of a proof in [33]. The result is proved by
induction. Let us notice that if (1)-(3) are equivalent for some n, this implies
that (Cub™(A))en = ExCubz(A). In fact, when (1)-(3) are equivalent, it is
easy to show that a n-cube A is -exact if and only if 14 is in £". Now for
n = 2, (1)-(3) are equivalent since a 2-cube A is E-exact if and only if in the
commutative diagram

Ao

\ <a1 ,ao

SN
al\ Ay x4, Ay —— Ay
N N

\\\ l
AN
q {1}

the arrows aj, and {a1, ag) are in £ if and only if every arrow in this dia-
gram is in €. Let n = 3 be such that (1)-(3) are equivalent for 2 <1 <n —1.

(1) = (2): By definition, §;(A) € "1 if and only if §,,_2(5;(A4)) € (€7 2)1, i.e.
that every arrow in the following commutative diagram

P Jﬂ ' (1.1)
l lén-a(&? (4)

. H .
(6:A)o

is in £"72. Since A is E-exact, 6, (A) is E-exact for every 0 < k < n —1. So
by assumption, the bottom and right arrows in this diagram are in £"~2 and
P = Cod(c), in (E" %)~ by (A2), is E-exact. It remains to show that c is in
E"~2. For this, we can check that C' = 4, ,(c) is exact. We already know that
5+ ,(C) is E-exact. For 0 < k < n — 3, let us apply the isomorphism & to the
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above diagram, so that we have a cube

in which d = 8,_3(6;7 (C)) is in £" 2 since the back square is a double £"2-
extension. Then, by assumption, §; (C) is E-exact. It remains to show that
the comparison morphism C,,_1 — limC},,_1 is in €. For this, one shows that
it coincides with the comparison morphism A,, — lim A ,,.

(2) = (1): If §;(A) € &, one has a diagram like in which all arrows are in
E"2. In particular §,,_2(0; (A)) and c are in £"2, so that §; (A) and C (as
above) are &-exact. If one applies, once again the functor dy to the diagram
, one finds a cube in which the back face has all its arrows in £~ so that
57 (A) is E-exact by assumption. The comparison morphism A4, — lim A,
which corresponds to C,_1 — lim C,,_1, is in &€ since C is £-exact.

(2) © (3) can be proved using (1) < (2) and the same kind of principle as
above. g

Remark 1.4.18. We shall sometimes speak of exact cubes if it is clear from
the context which is the relative class of extensions.

Let n > 1 and A be a n-cube in a category A. For every 0 < i < n — 1,
one can define a (n — 1)-cube p; A in ArrA in the following way

(ag:u{l} Asiu{i} — ASi)Sgn_l.

These associations extend to functors p;: Cub” A — Cub™ *(ArrA) which are
isomorphisms. Let us denote by (p;, p;), the functor of type ArrCub™ A —
ArrCub™ 'ArrA which sends an object f: A — B in ArrCub™A to pif: piA —
p:B. One has the following useful results

Lemma 1.4.19. [31] Letn > 1 and 0 < i,j <n—1. Ifi < j, then §;_10p; =
(pispi) 085 If i > j, then 65 0 p; = (pi—1,pi-—1) © ;.

PrOOF. This result is rather long to prove. We shall only prove here that
dj—1 0 p; and (p;, p;) 0 §; are the same on objects when ¢ < j. Let A be a

n-cube in A. Then §;_1(p; A) is the natural transformation whose component
at ScSn—2is

(AT o {i} (77w Gh v i), AST™H)), (877 v (i = 1))
and (p;, pi)(6;A) has component

(A((S" U {ah)’, (ST v {i})? v {5}, A(S")), (S v {5}) -
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One concludes using Lemma [1.4.9 O
Lemma 1.4.20. [31] Letn>1. For0<i<n—1, p;(€") = (EH)" L.

PROOF. By induction. For n = 1, the result holds since pg = 1cypn(a) and
En = (EYHY = (1)L, Let n > 1 be such that the result holds for 0 < k < n,
0 < i < n—1 (the remaining case i = n — 1 can be proved similarly) and an
arrow f: A — B in Cub”(A). If f is in £", then using Theorem one
sees that &;(f) is in (€™ !)! and all morphisms in the commutative diagram

are in £"~1. Applying the functor (p;, p;) to this diagram one finds a commu-
tative diagram

i35 (4)

pi(P) —— pi(0F (B))

_
lpi@(B))

pi(57(A)) — pi(57 (B)).

pi(6;(A))

in which, by assumption, all morphisms are in (£!)"~2. But this square
(in ((EM)™2)1) , is the image by J;_1 (by Lemma of the morphism
pi(f): pi(A) = p;(B) which is then, once again by Theorem in (EH)n~1L
We have just prove that p;(£™) € (£1)"~!. The converse inclusion is proved in
a similar way. O

Theorem 1.4.21. [31] Letn > 1. For any 0 <i<n—1 and A a n-cube in
A, the following are equivalent

(1) A is an E-exact n-cube;

(2) piA is an Er-exact (n — 1)-cube. O
Definition 1.4.22. [69] Let n > 1. The direction of a n-cube A is
n—1
0A = (1) Ker (a;).
=0

Lemma 1.4.23. Let n > 1. For A a n-cube in a homological category A, € a
class of extensions in A and 0 < i < n—1, one has 0A = Ker (d(p;A)). Thus,
if A is E-exact, )A€ E™.
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PROOF. The first assertion is proved in the following way
n—2 n—1

Ker (0p;A) = Kenrigj=0 Ker ((psA)"~ 1\{;})

= [Nj=o KerKer ((p;iA);,~ 1\{;})

= ﬂ;:ol)#l Ker (az) N Ker (a;)

= Ker(a;) n ﬂ] Zo.ji Ker (a;)

= 0A.

The second one is proved by induction. Remark [[.4:2] shows that for n = 1,
the assertion holds. Now, let n > 2 and let us suppose that the assertion holds
for any 1 < k < n. For P an E-exact n-cube, po(P) is an El-exact (n — 1)-cube
and then by hypothesis d(poP) € (£')~ = £. Then the first assertion and, once
again, Remark give us 0P = Ker (d(poP)) € £~. O

Sometimes, like in [33], we shall only consider couples of the form (A, )
where A is a category and £ a class of morphisms of A satisfying some condi-
tions:

(E1) &€ contains all isomorphisms in A;

(E2) pullbacks of morphisms in £ exist in A and are in &;
(E3) €& is closed under composition;

(E4) if go f € £ then g € &;

(5)

5) the £-Mal’tsev axiom: any split epimorphism in ArrA

f
Al %1<Bl

| |
AO BO
T

where a and b are in &, is in £!, i.e. is a double £-extension.
(E6) (when A is pointed) kernels of morphisms in £ have cokernels in €.

Remark 1.4.24. In presence of (E1)-(E4), every split epimorphism is in &.
The Proposition explains the choice of the name for the axiom (E5).

Let Exte A denote the full subcategory of ArrA whose objects are ele-
ments of &, then (Extg A, ') satisfies (E1)-(E5) (see [33]) and by induction
(ExCubgA, €™). The proof for (E1)-(E3) has been given above (see[1.4.13)). For
the proof of (E4)-(E5), one uses the following useful lemma

Lemma 1.4.25. [33] Let (A, E) be such that (E1)-(E4) hold. The following
are equivalent

(1) (ExteA,EY) satisfies (E4);

(2) (A, &) satisfies (E5);

(3) every split epimorphism of split epimorphisms, i.e. every diagram

f
Al %12 Bl

7

A== DBy
fo

Q|
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such that fooa =bo f1, foob=ao fi,bofy= fioa, aofy=fiob
and fy 0%= 1g,, f1 0ﬁ= 1p,, aca = 1g4,, bob = 1p,, is a double
extension;

(4) In a commutative diagram

where a, b, f1 and fo are in &, the arrow r is in € if and only if the
right hand side square is in E'. |

Proposition 1.4.26. If £ is a class of extensions in a homological category
A, then the pair (Ag, E) satisfies the axioms (E1)-(E6).

PrOOF. Axioms (E1)-(E4) hold for obvious reasons. For (E6), one begins
with an exact sequence (in A):

E
0 Ktsa 2% p

and takes the S,-factorisation of f. The regular epi part of this factorisation
is in E by (A6) and it is a cokernel of its kernel k. For (E5), one uses Lemma

[[4.11] and Lemma [[.4.25 O

Proposition 1.4.27. If £ is a class of extensions in a homological category
A, then & n NormEpi(A) = & n NormEpi(Ag), so that £ will denote either of
these classes with no ambiguity.

PRrROOF. Let us consider a short exact sequence

0—s>Kk-—Fsatop oy

in A with f € £. Then K, A and B are objects of £~ and the sequence
is also exact in Ag. Conversely, if we start with f: A — B a morphism in
& n Coker(Ag), then it is in fact the cokernel (in Ag) of its kernel (K, k) in A.
Then taking the cokernel (C,¢) of k in A, one finds, using (A6), that C is in
£~ and, finally, that B = C. Thus f is of course a cokernel in A. O

When (A, ) is such that A is pointed and & satisfies (E2), one defines
M(E) as the class of kernels of morphisms in €. This class has some stability
properties if £ satisfies (E1)-(E4)+(E6):

Lemma 1.4.28. M(E) contains all isomorphisms in A, is closed under com-
position with isomorphisms and satisfies the following implication

k=Fkoie M(E),K € ME)=ie M(E).

PROOF. An isomorphism i: A — A’ is the kernel of 0: A’ — 0 which is in
E.Ufk: K—> Aisthekernelof f: A—>Be&,andi: A— A and j: K' > K
are isomorphisms, then i o k is the kernel of f oi~! which is an extension and
kojis the kernel of f. If k =k’ 0i: K - K' — A and k, k' € M(E), then one
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can see that 7 is the kernel of the morphism ¢ in the following commutative
diagram

K —25 Ker (a)

/ Ik’ Iker(a)

K>?AT|>A/K

N

A/K

where a, the factorisation of the cokernel g of &’ through the cokernel g of k,
is an extension and then ¢y is an extension since the square is a pullback. [

If (A,€) is such that A is pointed and & satisfies (E1)-(E5) then the
pair (ExCubZ(A),E™) satisfies (E1)-(E5) and is also pointed. Let /*: A —
ExCubZ(A) be the functor which sends an object A in A to the n-cube (™A
defined by (:"A), = A and (t"A)s = 0 for S € n. This functor has a left
adjoint Dom™: ExCubz(A) — A. Let O be a subclass of the class of objects
of A. We shall sometimes need more limits than the ones already available in
(A, £) and shall require that the triple (A, £, O) satisfies

(01) forall K —» X, K/ —» X in M(E) such that K’ € O, one can construct

the intersection K n K/, and K n K’ is in O.

Remark 1.4.29. (O1) implies that O is closed under kernels of extensions:
K - Ain M(€) and A € O give K € O. If we write O™ = "O, one has
§;0" = (0" ) forany 0 <i<n—1.

Lemma 1.4.30. If (A, &, O) satisfies (O1), then (ExCubg.A,E™, O™) satisfies
also (0O1).

PROOF. By induction. Let n > 1, K —» X, K’ —» X be in M(&) with K’
of the form ¢ A for some A in A. We can see that the result holds using the
following diagram in ExCub} ™' A

Ky ni" 1A — K| =114

D ) v \k’
XVo K, =0

v

k1

KO > X()
ko

i is of course in £"(A) (as a split epimorphism in ExCubl~'A) and §_',i is
the intersection K n K’ in O™. O

Remark 1.4.31. An object of the form ¢ (A) is in fact in ExCub’z.A for every
class F of extensions in 4 and Ae F~.

For some reasons which shall appear later, we have to extend the concept of
a class of extensions in a homological category. For £ a class of morphisms in
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a homological category A and O a subclass of the class of objects of A, such
that O € £~

Definition 1.4.32. £ is a class of extensions in (A, Q) if it satisfies axioms

(A1)-(A5) (see Definition |1.4.1) and the axiom

(AG) f0 > K - A 4, B - 0 is a short exact sequence in A, A€ £~ and
K e O, then Bisin £.

A class &€ of extensions in a homological category A in the sense of Defini-

tion is a class of extensions in (A,&7).

Lemma 1.4.33. If £ is a class of extensions in (A, O), then E' is also a class
of extensions in (Arr(A), O1).

PROOF. Reading carefully the proof of Proposition [I.4.13] one sees that
we have just to prove axiom (A6’) for £'. So let us consider a short exact
sequence

0 Kots A, Lo B 0
kl l lb
0 01> Ay —> By 0.

in Arr(A) with a € (')” = € and K in O. Since K is in O, By is in £ by
(A6°) for £. Thus the axiom (A4) for &€ gives be & = (£1)~. O

Corollary 1.4.34. For £ a class of extensions in (A,O) andn =1, E™ is a
class of extensions in (Cub™(A), O™). O

The following lemma is a slightly modified version of Lemma 5.2 in [50].

Lemma 1.4.35. Let (A, &) be such that A is pointed and £ satisfies (E2). Let
us suppose that we have a commutative cube

KnlL>—>1L

N
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Projective objects. An object P of a category A with a class £ of morph-
isms is projective with respect to & if any arrow ¢g: P — B admits a lifting
along a morphism f: A — Bin &:

7 P
.
A ? B.

This can be rephrased, saying that the functor
Hom4 (P, f): Hom4(P, A) — Hom4(P, B)

is surjective whenever f: A — B is in £. A category has enough projectives
with respect to £ if every object A of this category can be “covered” with a
morphism in £ with a domain projective w.r.t. &:

fe€
P——>A
Let Ag be a category with enough E-projective objects and A e £~. Forn > 0,
one calls an £-exact n-cube P in A, an £-projective n-fold presentation of A
if Py = A and Pg is projective, w.r.t. £, for every 0 # S € n. Let A be a
homological category and £ a class of extensions in (A, Q) for some O € £~.

Lemma 1.4.36. [36] Let n € N. The objects of Cub™A that are projective with
respect to the class of extensions E™ are precisely those n-cubes P such that Ps
is E-projective for every S € n.

PRrROOF. By induction. It is true for n = 0. Let n > 1 be such that the
result is true for n — 1. Let us start with the situation

P

Js

where P is such that Pg is projective for every S € n and f is in £". Then
applying the isomorphism 6,,_1, one constructs the following commutative dia-
gram

where o exists because Py is projective with respect to £7~! and fy is in £"71,
B is induced by the universal property of the pullback Ay x g, B1, and 7 exists
because P; is projective (w.r.t. £"~!) and {a, f1) is in £"~!. The morphism

G=0,(y,0): P— Aissuch that g = fog.
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Conversely, let P be a n-cube which is projective with respect to £ and
P EN Py its image by 6,,_1. Then one can show that P; and P, are projective

with respect to £7! and infer from this that Py is projective w.r.t. £ for all
S € n. If one starts with a diagram

Py

l"

one can construct a commutative diagram

e

A——>B

i

A%B

A——>
fegn—1

since p is, of course, projective w.r.t (£7~1)!. Similarly, one can prove that P;
is projective w.r.t. £7~1. A diagram like

is completed in the following way

o P
A=lsp P
[i4

0
A LA
0% 0

|

Lemma 1.4.37. [31] If A¢ has enough E-projective objects, ExCubg A has
enough E™-projective objects.
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PROOF. By induction. Let n > 1 be such that the property holds for n —1
and let A be in ExCubz.A. Let us consider the following commutative diagram

P B
\\g 1=p20g
\ 5

\ Py x Al ——> A
p=pi10g \\ 0 Ao 1 D2 1

N 1 laé"_l(A)
N

B T Ay

where fo: Py — Ag is any E-projective (n — 1) presentation of Ag and g: P —
Py x4, A1 any E-projective (n — 1) presentation of Py x4, A;. Then f =
On—1(f1, fo): P — A is an E-projective n-fold presentation of A. O

Lemma 1.4.38. [31] Every object A€ E~ has at least one n-fold presentation
provided that Ag has enough projective objects w.r.t. £.

PRrROOF. By induction. Let n > 1 such that for n — 1 the property holds
and A € £7. Then one has a (n — 1)-fold presentation of A, let us say Py €
ExCub?_lA. Since ExCub?_lA has enough £"~!-projective objects, one can
cover Py by p: Pi — Py with P; projective and p in £"~'. P =4, (p) is of
course an E-projective n-fold presentation of A. O

1.5. E-semi-abelian categories

In this section, we introduce a context suitable to develop the whole theory,
namely the one of E-semi-abelian categories. We also give the main examples
of this kind of categories. Let (R, 71,72) and (S, s1, s2) be two internal relations
from X to Y in A with binary products and £ a class of morphisms in 4. We
write R <g¢ S if R < S and the (unique) factorisation of R through S is in &,
i.e. when we have a commutative diagram

iRS

R S

X xY

where ipg is in €. Let A be a category equipped with a factorisation system
(E,M).

Definition 1.5.1. A is E-exact if it is E-regular and for every internal equi-
valence relation R there exists an effective equivalence relation S such that
R<gS.

Example 1.5.2. A category A is RegEpi-exact if and only if it is Barr-exact [1].
Let us recall here that a category is Barr-exact if it is regular (RegEpi-regular)
and every internal equivalence relation in this category is effective. Since an
equivalence relation R is effective precisely when there exists an effective equi-
valence relation S for which the morphism irg above is an isomorphism , the
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result follows (a monomorphism which is a regular epimorphism is an isomorph-
ism).

Let us recall the important

Definition 1.5.3. [52] A category is semi-abelian if it is
e pointed;
o (Barr-)exact;
e protomodular;
e with binary coproducts.

This is the notion we are going to extend. Let A be a category equipped
with a factorisation system (E, M).

Definition 1.5.4. A is E-semi-abelian if it is homological (pointed, regular
and protomodular), E-exact and has binary coproducts.

Of course, any semi-abelian category is a RegEpi-semi-abelian category.
Before giving further examples, we shall prove some results concerning E-semi-
abelian categories.

Lemma 1.5.5. Let A be a category which is E-semi-abelian for some factor-
isation system S = (E,M) on it and (R,r1,72) be a reflexive relation on X in
A. Then {ri,ra): R —> X x X € M if and only if R is an effective equivalence
relation.

PROOF. A being a Mal’tsev category, R is an equivalence relation. There-
fore, there exists an effective equivalence relation S such that R <g S. If
{ri,r2y is in M, igs € E n M = Iso (by Proposition [[.2.2] (3)) and R is effec-
tive. Conversely, if R is an effective equivalence relation, then {ry, r2) factors as
{ry,rhyop where {r{, %) is in M and is an equivalence relation which is effective
by the above and has the same coequalizer as R. Then p is an isomorphism
and {ry, 7oy is in M. O

Lemma 1.5.6. Let A be a category which is E-semi-abelian for some factor-
isation system S = (E,M) on it. The S-images of reflexive relations along
morphisms in E are effective equivalence relations.

PROOF. Let (R,71,7r2) be a reflexive relation on X and f: X — Y be in
E. Using the commutative diagram

E
v Ty
Ay
Ax R fs(R)

I(ﬁ 2 I{r’l ,THEM

XXXW))YXY

one easily sees that there exists a morphism «: Y — fs(R) such that

(rrpyoa= Ay
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since f and {r{,r}) are orthogonal. Then fs(R) is reflexive and, by Lemma
an effective equivalence relation. O

Proposition 1.5.7. An E-semi-abelian category has all finite colimits.

PRrROOF. This is a straightforward adaptation of the proof of Proposition
3.10 in [5] . One has to prove that all coequalizers exist. Let

!
A?B

be a pair of parallel morphisms and A 5 R 5 Bx B be the (E, M)-factorisation
of the induced morphism {f,g): A — B x B. Let us consider the commutative
diagram

R+ B
AN ‘B
\ p'eE
\. R< - <B

in which 7’ op’ is the S-factorisation of [r, Ag]: R+B — Bx B. Then (R',7') is
of course an effective equivalence relation (by Lemma|l.5.5) whose coequalizer
is the coequalizer of (f, g). a

Let A be a pointed category. One says that 4 satisfies the property (INN)
(for the image of a normal monomorphism is a normal monomorphism) with
respect to some proper factorisation system S = (E, M) on A if

Property 1.5.8. (INN) Given a commutative square in A

K~ fs(K)
kI fs(k) (1.3)
A — B
where [ is in B, k is a normal monomorphism and fs(k)op is the S-factorisation
of fok, then fs(k) is necessarily a normal monomorphism.

Let A be a category equipped with a factorisation system S = (E, M).

Proposition 1.5.9. If A is E-semi-abelian then it satisfies (INN) with respect
to S.
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PROOF. A diagram of the form (|1.3]) can be presented and completed as

in
K oo > Ker (7})
ker (1) ker ()
f
Eq(q) — fs(Ea(q))

A A

™1 ™2 71'; \LT@
A\ N
X———=Y

Q/

where ¢ is the cokernel of k and ¢’ is the coequalizer of fs(Eq(q)) and k =
7o o ker (m1). Since fs(Eq(q)) is an effective equivalence relation, one has that
k' = 7t o ker () is the kernel of ¢/. Since f is in E, the bottom square is in E!
and p is in E (see Lemma[1.4.25). Therefore the kernel &’ is the S-factorisation
of k. g

Proposition 1.5.10. If A is E-semi-abelian for some class E then Cub™(A) is
E,,-semi-abelian where E,, denotes the class of natural transformations such that
all their components are in E. If A is homological and satisfies (INN) for some
proper (stable) factorisation system (E,M), then Cub™(A) is also homological
and satisfies the Property (INN) for the proper (stable) factorisation system
(E.,M,,) (where M, is completely determined by E,, and is defined similarly to
E,). 0

Let us recall that a Birkhoff subcategory B of a homological category A is
a full reflective subcategory B closed under subobjects and quotients in A. A
Birkhoff subcategory of a homological category A is also homological.

Proposition 1.5.11. Let B be a Birkhoff subcategory of a homological category
A with a proper (stable) factorisation system S = (E,M), Eg = E n B and
Mp =M n B. Then Sg = (Eg,Mp) is a proper (stable) factorisation system
on B and

(1) If A satisfies the property (INN), B also satisfies it;
(2) If A is E-semi-abelian, B is Eg-semi-abelian.

PROOF. One uses Proposition to show that Sp is a factorization sys-
tem in B. Let us just point out here that the Sgp-factorisation of a morphism
f+ A — B in B coincides with its S-factorisation in A (B is closed under
subobjects and S proper):
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The fact that S is proper (stable and B closed under pullbacks) implies that
Sp is a proper (stable) factorisation system.

(1): Let us consider the following diagram in B

K —> fs,(K)
kEMBI Ifsg (k:)
A TeEn B

with k& a normal monomorphism in . Then k is also a normal monomorphism
in A (B is a Birkhoff subcategory of A) and, since fs,(k) = fs(k) and A sat-
isfies (INN), fs, (k) is a normal monomorphism in A and consequently in 5.

(2): Let us consider an internal equivalence relation (R,r1: R — B,rs: R —
X) in B. Since R is of course an internal equivalence relation in A and A is
[E-exact, there exists an effective internal equivalence relation S in A such that
R <¢ S. Since B is a Birkhoff subcategory of A, S and its coequalizer turn out
to be both in B: B is Eg-exact. O

Proposition 1.5.12. A pointed protomodular category A which satisfies the
Property (INN) with respect to a proper stable factorisation system (E,M) is
E-ezact.

PRrROOF. This is a straightforward adaptation of a proof in [52] (see Pro-
position 3.5 on page 381). Let (R,r1,7m2) be an equivalence relation on A,
k = ker (r1) and let k' o p be the S-factorisation of ro o k

Ker (r1) p—eE»K’

Then %’ is the kernel of a normal epimorphism ¢: A — Q. Let (Eq(q), 71, 72)
be the kernel pair of ¢. Since k and § (the common section of 1 and ry) are
jointly epimorphic by Proposition [I.3.6] and

goriok=00p=gok'op=goryok

and

goriod=gqg=gqorzod,
there is an inclusion i: R — Eq(gq) such that r; = m o4 and ro = mp 0.
It remains to show that 7 is in E. But we have a morphism of short exact
sequences

0 K> sa-"op 0

I

OHK’D?Eq(q)TDBHO,
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where h is the factorisation of &’ through 7 and w5, therefore, by Lemmam
the result follows. U

Descent theory. Let A be a category with pullbacks and p: F — B a
morphism in A. Des(p), the category of descent data for p, has

Objects: discrete fibrations (R, f: R — Eq(p)) where R is an internal
equivalence relation in A

Arrows: g: (R, f) — (R, f') internal functors g: R — R’ such that
f=1og

N\ f{l " if&
N LS
Eq(p) <% SE.

T2
For p: E — B, one defines a functor
KP: A/B — Des(p)

on objects in the following way. Take a morphism f: A — B and consider the
following diagram

Trpl ’
Eq(p’)jllE xpA—Ls 4

3 _
F=f' % f! r f

\4 o
Eq(p) — = E—F—B.
T2

The pair KP(f) = (f”, f) is in fact a discrete fibration Eq(p’) — Eq(p). The
functor is defined on arrows in a natural way (using the universal property of

pullbacks).

Definition 1.5.13. p: E — B is an effective descent morphism if the functor
KP determines a category equivalence.

If A is a regular category, one has the following useful characterization:

Theorem 1.5.14. [55] p is an effective descent morphism if and only if p is
a regular epimorphism and for every discrete fibration (R, f) over Eq(p), the
equivalence relation R is effective. g



1.5. E-SEMI-ABELIAN CATEGORIES 45

The regular epimorphisms in a regular category have a useful property

Proposition 1.5.15. [51] Given a commutative diagram in a regular category

|1

in which p is a regular epimorphism and the left square and the outer rectangle
are pullbacks. Then the right square is also a pullback. O

Proposition 1.5.16. FEvery regular epimorphism in an E-semi-abelian cat-
egory A is an effective descent morphism.

PROOF. This is done essentially in the same way as in [16]. By Theorem
one just has to prove that a discrete fibration (R, f) over the kernel pair
Eq(p) of a regular epimorphism p: E — B is such that R is also effective. Let
us consider the following diagram

where ¢: X — @ is the coequalizer of (1, r2) and the inclusion i: R — Eq(q) is
in E by E-exactness. By the universal property of the pullback square fyor; =
w1 o f1, ¢ has a retraction and so is in M n E = Iso. a

Proposition 1.5.17. [56] Let D be a category with pullbacks, and C a full
subcategory in D closed under pullbacks. Then for a morphism p: E — B in
C, which is an effective descent morphism in D, the following conditions are
equivalent:

(1) p: E — B is an effective descent morphism in C;
(2) for every pullback diagram of the form

D——>A
E ? B
in D, if D is in C, then so is A. g
We now recall some classical definitions.

Definition 1.5.18. A category A is additive if it has a terminal object, binary
products and is enriched in Ab (the category of abelian groups), i.e. that each
hom-set Hom 4(A, B) is an abelian group and the composition (both on the
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left and on the right) is a group homomorphism. This implies the existence of
biproducts, i.e. for any A and B, one has a diagram

paA PB
A%A@B?B

such that (A® B,pa,pp) is a product of A and B, (A@ B, ta,t5) a coproduct
of Aand B, pgpota =0, paotp =0, paocta = 14, ppotp = 1p and
taopatipopp =lagps.

Definition 1.5.19. A functor F': A — B where A and B are additive is called
additive if it preserves biproducts.

Here are some results relative to additive categories.

Proposition 1.5.20. Any split epimorphism f: X — Y in an additive cat-
egory produces an isomorphism X = Ker (f) @Y. O

Theorem 1.5.21. [11]| An additive finitely complete category A is pointed and
protomodular. O

Definition 1.5.22. An additive category A is almost abelian [72] if

(1) every morphism in A has a kernel and a cokernel. This implies that
a morphism f: A — B can be factorised as

_okerler Ny Coim(f) —— s im(f) I g, (1.4)

(2) normal epimorphisms are pullback-stable and normal monomorph-
isms are pushout-stable.

Proposition 1.5.23. [72] For every f: A — B in an almost abelian category

A, the morphism f in s a bimorphism, i.e. both monic and epic.
PROOF. (see Proposition 1 in [72]) Let f: A — B be a morphism in A

and let us write ¢ = coker (ker (f)) and d = ker (coker (f)). We prove that f is

monic using the fact that normal epimorphisms are pullback stable. Then, the
result follows by duality. Let us consider the pullback

A X coim( ) Ker (f) —2=> Ker (f)

hj/ Iker £

where g is in particular an epimorphism. Thus,
foh=dofocoh=dofoker(f)og=0

implies that h factors as ker (f) oh = ker (¢)oh. So, one has ker (f)og = coh =
0 = 00 g and, finally, ker (f) = 0. a

Remark 1.5.24. The previous proposition shows that an almost abelian cat-
egory A admits (NormEpi(A), Mono(.A)) and (Epi(.A), NormMono(.A)) as proper
factorisation systems. Theorem shows that an almost abelian category
and its dual are protomodular. In fact, almost abelian categories turn out to
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be precisely the Raikov semi-abelian categories [67] which are known to be ho-
mological and cohomological categories [71] (see remark (1) on page 311). Of
course, these categories satisfy (INN) with respect to the factorisation system
(Epi, NormMono). Recently, it was proved in [42] that these categories are in
fact almost exact in the sense of [54], i.e. regular epimorphisms are effective
for descent in these categories.

Examples 1.5.25. Main examples of almost abelian categories are the cat-
egory of Banach spaces (with continuous linear operators as morphisms), the
category of abelian locally compact groups, of normed linear spaces, of Fréchet
spaces and a lot of categories of interest in functional analysis [67, [72]. Also,
all abelian categories are almost abelian.

Definition 1.5.26. An almost abelian category is called left-integral [72] if
epimorphisms are pullback-stable.

Remark 1.5.27. If an almost abelian category is left-integral, it is also right-
integral, i.e. monomorphisms are pushout-stable (see [72] Corollary on page
173). An almost abelian category which is left and right integral is called
integral in the terminology of [72]. We shall give a large class of examples of
integral almost abelian categories. Of course, not all almost abelian categories
are integral. A rather simple example is the category of Banach spaces. In this
category, a morphism L: X — Y is an epimorphism if and only if Im(L) =Y.
Now, let us consider the following situation. Let L: X — Y be a bimorphism
with Im(L) # Y and Z # 0 a closed subspace of Y such that Z n Im(L) = 0.
One has thus a pullback diagram

0=Zxy X>—>X

N
I>—>Y
where ~(0) =0 =0 # Z and L is not an epimorphism. Such a situation

exists: simply take Y = L?[—1,1], X the subspace generated by the polynomial
functions and Z the subspace generated by the exponential function.

We have here some new examples of E-semi-abelian categories

Proposition 1.5.28. A left-integral almost abelian category [72] is Epi-semi-
abelian.

PROOF. In presence of biproducts, the existence of cokernels and kernels
provides us with all equalizers and coequalizers. This gives finite limits and
colimits. Protomodularity comes from Theorem [[.5.21] The regularity and
the existence of a second proper stable factorisation system (Epi, NormMono)
come from the axioms and Proposition [1.5.23]as explained above. Epi-exactness
follows from the fact that one has a system (Epi, NormMono) (see Proposition

513 0

We are grateful to G. Janelidze for pointing us the following
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Proposition 1.5.29. If an additive category A is E-semi-abelian then E = Epi.
This implies that for an additive category, being E-semi-abelian (for some E)
becomes a property.

PrOOF. We have to show that bimorphisms are in E. This is in fact
sufficient as we are going to explain. Let f: A — B be an epimorphism an let
us take its (RegEpi(.A), Mono(.A))-factorisation e o p

!

N A
Im(f).
Then e is of course a bimorphism and p is in RegEpi(.A) € E (one uses Corollary
1.2.5/(3)). Then if e is in E, f is also in E since E is closed under composition.
Then one has Epi(A) € RegEpi(A) and the result follows ((E,M) is proper).
So, let e: A — B be a bimorphism. The reflexive graph
(e 1)
ooy =
aon< (i) tp
—N LT
(o

is in fact an equivalence relation (since e is a monomorphism and A is a Mal’tsev
category) and its coequalizer, the cokernel c of e is zero (since e is an epimor-
phism). Then the comparison morphism e®1: A® B — B ® B to the kernel
pair of ¢

is in E since A is E-semi-abelian. Now, one can check that the following com-
mutative square

A%B

()] 10

A@BWB@B

is a pullback (for (‘b’) and o’ such that e® 1o (‘g) = (}) o b, a is the required
induced morphism). Thus, by pullback stability of morphisms in E, e is in
E. |

Remark 1.5.30. So far, [ have not managed to determine whether the unique-
ness of E holds for general categories.

We are going to give a large class of examples of integral almost abelian
categories, thus of E-semi-abelian categories. First, let us recall some classical
notions. Let A be a pointed category with kernels and cokernels.

Definition 1.5.31. [27|, [57] A torsion theory in A is a couple (7, F) of full
replete subcategories of A such that:
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(1) every morphism f: T — F with T € T and F € F is zero;
(2) for any object A in A there exists a short exact sequence:

0 T>k A f>F 0

with Te7, FeF.

For a torsion theory (7,F) in A, the subcategories 7 and F are called,
respectively, the torsion part and the torsion-free part of the torsion theory.
As one can easily check from the definition, 7 is in fact a full replete normal
mono-coreflective subcategory of A and F a full replete normal epi-reflective
subcategory of A. We shall denote the (uniquely determined up to isomorph-
ism) short exact sequence associated with an object A of A by

HA n

0——T(A) 25 4 5 F(A) 0.

Definition 1.5.32. A torsion theory (7,F) in A is hereditary if T is closed
under subobjects in A.

Example 1.5.33. The typical example of hereditary torsion theory is given
by the pair (Ab; ,Ab, ;) in Ab where Ab,. is the category of torsion groups and
Ab; . the category of torsion-free groups. Let us recall that a group G is a
torsion group if all its elements have finite order and a torsion-free group if it
satisfies the axiom

Vge GYneNy : g"=1=¢g=1,
i.e. 1 is the only element whose order is finite in G.
We collect in the following lemma some useful properties of the torsion-free
part of a torsion theory.

Lemma 1.5.34. Let (7, F) be a torsion theory in an abelian category A. Then

(1) F is additive and closed under limits in A;

(2) F has cokernels;

(3) a morphism in F is a normal epimorphism in F if and only if it is a
normal epimorphism in A;

(4) a morphism is an epi in F if and only if its cokernel in A is in T .

(5) F is closed under extensions: given a short exact sequence

0 A—t>p—ts0 0 (1.5)

in A with A and C in F, then B is also in F.

PROOF. (1): The torsion-free subcategory F contains the zero object and
is enriched in Ab as a full subcategory of A. F is also closed under limits in .4
since it is reflective.

(2): Let f: A — B be a morphism in F and ¢: B — C its cokernel in A. Let
us consider the short exact sequence associated with C'

po n

0 — T(C) > ¢ —" F(0O) 0.
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Then, as one can easily check, ncoc: B — F(C) is in fact the cokernel of f in
F. This shows that F has cokernels.

(3): If f: A — B is a cokernel in F, it is also one in A since it is an epimor-
phism in A which is abelian.

(4): If f is epi in F, then its cokernel in F is zero and consequently its cokernel
is in 7. Conversely, if its cokernel in A is in 7 then F(C) in the above short
exact sequence is zero, which implies that f is epi.

(5): If one starts with a sequence like in (1.5), then one can construct the
following commutative diagram

0 0 0
l l
0= T(A) , ) 0 =T(C)
0 Ixé G SN l 0
A=F(A) —> FF;]; . C=F(C)
| |

Of course pp must factor as [ o a (with o a monomorphism) since g o up = 0.
But since T'(B) isin 7 and A in F, ais zero and T(B) = 0, i.e. Bisin F. O

The following is part of Theorem 2 on page 191 in [72]

Proposition 1.5.35. The torsion-free part of a hereditary torsion theory (T, F)
in an abelian category A is almost-abelian and left-integral, hence Epi-semi-
abelian.

PROOF. We know by Lemma [1.5:34] that F is additive and has kernels and
cokernels and that limits exist in F and are the same as in A. Then, still by
Lemma [T.5.34] normal epimorphisms are pullback-stable. Now take a normal
monomorphism k: K — A in F and k its pushout in 4 along a morphism
K — F in F and their cokernels in .4

coker (

K>—= A k)> Coker(k)

| |

F D? F +x A —— Coker(k).

coker (k)

From Lemma [1.5.34] (3), one can deduce that Coker(k) is in fact in F. But F
is closed under extensions, hence F' +x A is in F (and the pushout in A is in
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fact a pushout in F) and k a kernel in F. F is almost abelian. Now, let us
consider a pullback diagram in F

FXBAH§ A

|

with g epi in F. Taking cokernels of g and g in A, one sees that the morphism
Coker(g) — Coker(g) induced by the square is in fact a monomorphism. But

Coker(g) is in 7 and 7 closed under subobjects, then Coker(g) is in 7 and §
epic in F. F is left-integral (and by Remark [1.5.26] integral). O

Remark 1.5.36. In fact, it is proved in [72] (see the corollary on page 193)
that for a category 4, the following conditions are equivalent

e A is almost abelian;
e A is equivalent to a torsion-free subcategory of an abelian category;
e A is equivalent to a torsion subcategory of an abelian category.

Let A be an almost abelian category.

Definition 1.5.37. The category mod;(.A) is given by
Objects: monomorphisms d;: C7 — Cy in A,
Arrows: commutative squares in A

Cl>d1%00

A

C1>——>Ch
d;
modulo “homotopy”: f = (f1, fo) = g = (g1, 90) if and only if there
exists sg: Cp — Cf such that fo — go = dj o so.

Remark 1.5.38. The above relation of “homotopy” is the usual one defined
for morphisms of chain complexes with C,, = 0 for n # 0, 1 and d; a mono-
morphism.

The following proposition is a corollary of Theorem 1 on page 184 in [72]

Proposition 1.5.39. The category modi(A) of an almost abelian category A
s almost abelian and integral, hence Epi-semi-abelian. g

Let us also recall the following useful result from [19]:

Theorem 1.5.40. A finitary algebraic theory T is semi-abelian, i.e. has a semi-
abelian category T(Set) of models, precisely when, for some natural number n,
the theory T contains

e a unique constant 0,
e n binary operations a1 (X,Y), ..., an(X,Y) satisfying a;(X, X) = 0;
e an (n + 1)-ary operation 0(X1,...,X,41) satisfying

01 (X,Y),...,an(X,Y),Y) = X.
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Let us recall that a topological semi-abelian variety [8] is the category of
models in Top of some semi-abelian theory. An example is the category of
topological groups Grp(Top) which is known to be not exact and not additive.
Therefore Gp(Top) is neither a semi-abelian category nor an almost abelian
category. However it is a Epi-semi-abelian category. More generally:

Proposition 1.5.41. Topological semi-abelian varieties are Epi-semi-abelian.

PROOF. By Theorem 50 on page 446 in [8], these categories are cocom-
plete and homological. The comparison morphism for an internal equivalence
relation R is an epimorphism since the forgetful functor U to T(Set) is topo-
logical thus faithful and limits and colimits preserving [4]. The existence of
the proper stable factorisation system (Epi, NormMono) is clear, one uses the
factorisation which comes from T(Set) and one chooses the induced topology
on the image. Let f: (A,74) — (B,7p) be a continuous homomorphism of
topological T-algebras and let m o p be the S,-factorisation of U(f) in T(Set).
Then, putting the topology 7; on I = Img_(U(f)) induced by the one on B,
one finds a commutative diagram in T(Top)

(A, T4) ! (B, Ts)

A

(1, Tr)

where p is an epimorphism and m a normal monomorphism. O

1.6. Closure operators

In [I8] the notion of homological closure operator was introduced and a
bijective correspondence was established between such closure operators and
regular epi-reflective subcategories of a given homological category. Some re-
cent developments (see [36), [31), [29]) suggests to extend this correspondence
and various results which were first proved in [I8]. The main point is that
we have to work without finite limits since one would like to define closure
operators in categories like ExCubg (A), for instance. A good definition, for our
purpose, has been introduced recently in [73]. We adopt here the notation used
in [18].

Let M be a class of monomorphisms in a category A such that:

(a) M contains all isomorphisms;
(b) M is closed under composition with isomorphisms;
(¢) M satisfies the left-cancellation properties:

nomeM,neM=meM.

Such a class M can be viewed as a full replete subcategory of Arr A. We shall
write Cod for the functor of type M — A which sends an object of M to its
codomain. For two monomorphisms k: K — X and [: L — X such that k
factors through [, we shall write K < L.

Definition 1.6.1. [73] A closure operator of M in A is an endofunctor

Mo M
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such that:
(1) Cod = Codo -;

(2) VKe M: K <K,
(3) VK,Le M: K< L= K< L.

Remark 1.6.2. Condition (3) follows in fact from (1) and the functoriality
of -. We shall speak of a closure operator in (A, M), and denote i the
factorisation of k through k.

Definition 1.6.3. [73] A closure operator in (A, M) is idempotent if
(4) VKeM:K =K.

Let £ be a class of arrows such that elements of M are pullback-stable
along morphisms of €.

Definition 1.6.4. A closure operator - in (A, M) is called an E-closure op-

erator if morphisms in £ are - -open:
(5) f~Y(K) = f~Y(K) whenever f: B — Aisin £ and k: K — A is
in M.

A morphism k: K — A in M will be called closed (dense) with respect to
a closure operator - in (A, M) if K = K (resp. K = A).

Definition 1.6.5. [73] A closure operator in (A, M) is weakly hereditary if ix,
is dense for all k € M.

Example 1.6.6. The typical example of closure operator is of course the Kur-
atowski closure operator which can be defined via the classical notion of closure
of a subset in a topological space.

Let (A, &) be such that (E1)-(E4)+(E6) hold, and let M(E) be the class
of the kernels of elements in £. Then M(E) satisfies the conditions (a)-(c) (see

Lemma |1.4.28)).

Example 1.6.7. If A is a category with pullbacks, a closure operator is simply
a closure operator in the sense of [26].

Example 1.6.8. If A is a homological category and £ is the class of regular
epimorphisms in A, then M(&) is the category of normal monomorphisms in
A. An idempotent closure operator - : M(E) — M(E) is a closure operator in
the sense of [18] and an idempotent £-closure operator is a homological closure
operator (also in the sense of [18]).

We generalise here some results from [18].

Lemma 1.6.9. Let - be an E-closure operator in (A, M(E)) such that (E1)-
(E4)+(E6) hold, and &€ < Epi(A). Ifk: K > Ae M(E) and f: B —> A€ €,
then k is closed (respectively dense) if and only if f~1(k) is closed (dense).

PRrROOF. If £ is closed, one has the following equalities

FIE) Y (®) = 1K)
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i.e. f71(k) is closed; if k is dense, then

——(5) ,_1, = _

T2 ®=ria-=-8
ie. f71(k) is dense. Conversely, let us consider the following commutative
diagram

FHE) s TR Y

T

K : K™ A.

1k

=

Since - is an £-closure operator and & satisfies (E2), the right square above is a
pullback and ¢’ is in €. Then if f~1(K) is closed, i.e. if-1(k) is an isomorphism,
one has that iy is also an isomorphism since £ € Epi(A). If f~1(k) is dense,
one has that f—1(k) is an iso and then k is an iso as well. O

For a pair (A, ) where £ is any class of morphisms in a category A, we
shall say that a reflective subcategory of A is E-reflective if the unit of the
reflection has all its components in £.

Theorem 1.6.10. Let (A, &) be such that A is pointed and & S Coker(.A)
satisfies (E1)-(E4). There is a bijection between the full replete &-reflective
subcategories of A and the idempotent E-closure operators in (A, M(E)).

ProoF. If B is a full replete E-reflective subcategory of A with reflector
I and unit 7, one defines an endofunctor -5, M(E) - M(E) in the following
way:

(K= A) = ker(naic o a1) = g (Ker (114/x0))

where ¢,: A > A/K (in &) is the cokernel of k. This endofunctor is clearly
an idempotent closure operator. For k: K — A in M() and f: B—> Ain &,
fY(K) has cokernel g o f (in £) and the following morphism of short exact
sequences

Oﬂf—l(K)HB%A/KHO

|l

0 Kb———>A— A/K ——0
induces the following one
oqrof
0 f (K) s g A MNA/K°qk A/K — 5
0 FB > = A n4/K Ok I(A/K) —>0.

. — =B —B, —B
It follows that the square (1) is a pullback and that f~1(K) = f~}(K ): -
is an idempotent £-closure operator. Given an idempotent £-closure operator

-t M(E) = M(E), the full replete subcategory {B € |A| | 0 is closed in B} of
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A is E-reflective. One defines the reflection I(A) of an object A of A as A/04
and the component 74 of the unit n at A as coker (04) (which is in £). Let B
be an object such that 0 = Op and f: A — B an arrow in .A. The following
commutative square

—>A

0
l ;
0>——>B8B
gives us, by functoriality of -, the following commutative square
Ou>—>A
|
0=0g>—>B

which can be completed in the expected way

0 04 > A nADA/ﬁAHO.
\\ J/f '
0 p
Let us prove that the described processes are mutually inverse. First, let us take
C = - an &-closure operator in (A, &) and Be the associated full replete £-

reflective subcategory of A. We have to prove that C' = e Solet K: k— A
be in M(E) and g, its cokernel (in £). One has

—B 1= 5 "1, =

K = 9y 1(OA/K) (:) 9k 1(0) =K.
Conversely, let B be a full replete E-reflective subcategory of A with reflector

I and C = - . We have to prove that 5 = Bg. This holds simply because a
cokernel is the cokernel of its kernel so that the reflector I to B¢ is given
B
Lo(A) = A/ = A/Ker (1) = I(A). O

Remark 1.6.11. There are natural orders on the class of closure operators
in (A, &) and on the class of full subcategories of A: iff - and ~ are closure
operators in (A, £), one has, by definition, that - < VK e M(E): K < I¢
and for F and F’ two full subcategories of A, F < F' iff VYBe F: Be F'. The
above bijection is in fact a decreasing morphism of preordered classes.

Lemma 1.6.12. Let B be a full replete E-reflective subcategory of (A, E), such
that A is pointed and € € Coker(A) satisfies (E1)-(E4), with reflector I: A —
B. Then for all k: K — Ae M(E).

(1) The following sequence is exact

0 K>">T% kaﬁi/KHO;

(2) K is closed if and only if I(A/K) = A/K;
(3) K is dense if and only if I(A/K) = 0.
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PROOF. (1) This can be seen in the proof of Lemma (2) We have
that K is closed if and only if (iff) 4y, is an isomorphism iff 6/K =0iff A/KeB
if I(A/K) = A/K.

(3) We have that K is dense iff k is an isomorphism iff ker (n4/x) is an iso-
morphism (since £ satisfies (E3)-(E4)) iff I(A/K) = 0. O

Let (A, ) be such that A is pointed and £ € Coker(.A) satisfies (E2). We
extend the definition of torsion theory to this context.

Definition 1.6.13. A torsion theory in (A, E) is a couple (7, F) of full replete
subcategories of A such that:

(1) every morphism f: T — F with T € 7 and F € F is null;
(2) for all object A in A there exists a short exact sequence:

0 T>’C A f>F 0

with T €7, Fe Fand fef&.

The torsion-free part of a torsion theory in (A4, £) is of course a full replete
E-reflective subcategory of A. The A-component of the unit is given by the
morphism f in the exact sequence above.

Theorem 1.6.14. If £ < Coker(A) satisfies (E1)-(E4), there is a bijection
between torsion theories in (A, E) and weakly-hereditary £-idempotent closure
operators in (A,E).

PROOF. By Theorem [I.6.10} the only thing to prove is that a full replete
E-reflective subcategory is torsion-free if and only if its associated closure op-
erator is weakly hereditary. First, let us suppose that the closure operator
., associated with a full replete E-reflective subcategory B of A, is weakly-
hereditary. Then the kernel ip: 0 — ﬁi, the factorisation of 0 through its
closure 6 = Ker(na) (in A an object of A), is dense. This is equivalent, by
Lemma to I(ﬁi) = 0. Then the couple (7,B), where 7T is the full
replete subcategory of A given by

T ={A[I(4) =0},
is a torsion theory in (A,&). Conversely, given k: K — A in M(E), one

sees that ig: 0 — ﬁi/K is dense (since Gﬁ/K = Ker (na/k) is in the torsion
subcategory) and that the left square in the following commutative diagram

K>—">TF5 > A

L

0> » Glj/Kl> A/K

is a pullback. By Lemma iy is dense. O

The following lemma was already proved in [29].
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Lemma 1.6.15. Let B be a reqular epi-reflective subcategory of a homological
category A such that the supremum of two normal subobjects always exists and

—F the induced homological closure operator (see Example. The following
properties hold:

(1) VAe A, YK a normal subobject of A (K <1 A) one has
B

Ky = (K v 03
(2) B is a Birkhoff subcategory if and only if VA€ A, YK < A one has
K v, = ?ﬁ;
(3) if B is a Birkhoff subcategory, then VA e A, VK, L <1 A one has
(KvI),=KyvTs
PROOBF. (1) On the one hand we have K < K v 6?, which implies Fi <

(K v 62),4- On the other hand, since K v ﬁi < Fi, we find that

B B
B —B —B
(K v04) < (K =Ky
(2) By the previous property it suffices to prove that B is a Birkhoff sub-

category of A if and only if K v ﬁi is closed in A. Let us first of all remark
that for any short exact sequence

0 K A B 0
in A we have that K is closed in A if and only B lies in B. Now, if B is a
Birkhoff subcategory of A with reflector I: A — B, then K v ﬁi is closed in A
since the quotient A/K vﬁi lies in B as a regular quotient of A/ﬁi =1I1(A)eB.
Conversely, if we assume that K vﬁi is closed in A, for any short exact sequence

as above, then if A lies in B, so that ﬁi = 0, we have that K is closed in A,
hence B € B.
(3) If B is a Birkhoff subcategory of A one has the following equalities:

EvD,Y@EvLvoh

= (Kv05) v (LvOy)







CHAPTER 2

Derived Galois structures

This chapter is devoted to the study of different types of Galois structures
inducing a chain of similar higher order Galois structures. We first recall the
basic notion of Galois structure and introduce the notion of quasi-normal exten-
sion. After this, we introduce the notion of an &£-(pre)radical in a homological
category which satisfies (INN) and show that it induces an &!-preradical (at
the level of the category of extensions) which is a radical if and only if the cat-
egory of quasi-normal extensions (associated with the £-radical) is reflective in
the category of extensions. We then study some classes of £-preradicals which
ensure that the induced preradicals are also radicals. In the third section, we
pay particular attention to a special kind of E-preradical. It is for this par-
ticular kind of E-preradical that we are able to give better descriptions of the
fundamental groups in chapter 3. All results of this chapter are valid in the
context of E-semi-abelian categories.

2.1. Galois structures and normal extensions

We now recall the definitions of a Galois structure and of a normal exten-
sion. We shall restrict ourselves to the case of reflective subcategories [51].

Definition 2.1.1. [47] A Galois structure T' is a system (A, B, I, H,n,¢€,&)
where:

(1) B is a full replete reflective subcategory of A with inclusion functor
H and left adjoint I, unit 7 and counit ¢ (which is an isomorphism,
see Theorem 1 on page 90 in [65] for instance)

1

BIL A,
H

(2) € is a class of morphisms in A, such that:
(a) & satisfies (E1)-(E3);
(b) HI(E) c €.

Remark 2.1.2. A full replete E-reflective subcategory B of A such that £
satisfies (E1)-(E4) determines a Galois structure. If A is pointed, £ satisfies
moreover (E6), £ satisfies (E1)-(E4), and B is E-reflective, such a Galois struc-
ture is associated with an idempotent £-closure operator on M(E) = M(E)
(see Theorem [1.6.10). We shall sometimes use the notation I' = (A, B,I,n,E)
since H and € are completely determined by the above condition (1).

59
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A Galois structure induces an adjunction
(1%, H® 0" e%): AL B— B | I(B)
for any B in A, where

(1) A | B is the full subcategory of the slice category .A/B whose objects,
the extensions of B, are the arrows in £ with codomain B, and B |
I(B) is the full subcategory of B/I(B) whose objects are in &; we
write (A, f) or (A, f: A — B) to denote an extension of B;

(2) (A, £+ A— B) = (I(4), 1(f) : I(A) — I(B));

(3) HE(X,¢ : X — I(B)) is defined as the first projection 7 of the
following pullback:

| . [

B o HI(B);

(4) 0®)a,p) =<{frmay: A— BxyppHI(A);
(5) (€®)(x,p) = ex 0 I(ma) : I(BxpypyH(X)) - TH(X) > X.

Definition 2.1.3. A Galois structure is admissible when, for any object B in
A, €8 is an isomorphism.

The admissibility of the Galois structure can be expressed in several equivalent
ways:

e HP is fully faithful for every B € A.

e [ preserves pullback of the form

H(e)

<

BWHI(B)
where X € Band ¢: X — I(B) € €.

Definition 2.1.4. A morphism p: E — B in £ is a monadic extension (with
respect to &) if the pullback functor p* : A | B —» A | E is monadic.

Remark 2.1.5. Let Desg(p) denote the full subcategory of Des(p) whose ob-
jects are descent data (R, f) such that fy and f; are in &

Then K? restricts to a functor K%: A | B — Desg(p). A morphism p: E — B
in € is a monadic extension if and only if K% is an equivalence of categories
13, 55].
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Lemma 2.1.6. [35] Let € be a class of extensions in a homological category
A and let p € € be an effective descent morphism in A. Then p is a monadic
extension w.r.t. € in Ag.

PROOF. In fact, it can be shown, using a modified version of Proposition
that p is an effective descent morphism in Ag. Indeed, if f: A — B is
a morphism in A and

pl
—

g

is a pullback in A with D € £, then Ker (p) = Ker (p) € £~ by (A2) and p’ is
in £ by (A6) which incidentally shows that A € £~. Now, since p is an effective
descent morphism in Ag, the functor

—
p

KP: (Ag)/B — Des(p)
is an equivalence of categories which restricts to another equivalence
Kz: A | B — Desg(p)

by axioms (A2) and (A4) for £. Thus, by the previous remark, p is monadic
w.r.t. £. g

Proposition 2.1.7. Let £ be a class of extensions in a homological category
A and let us suppose that regular epimorphisms are effective for descent in A.
Then the monadic extensions are precisely the morphisms in .

PROOF. Let p: E — B be a morphism in £. If p is a regular epimorphism,
it is by assumption a morphism of effective descent and by the previous lemma
a monadic extension. Now, as explained for instance in [32], if p is monadic
and is viewed as a morphism p: (E,p) — (B,1p) in A | B, it is a regular
epimorphism in that category. Let us prove this. If f: (E,p) — (X,x) is a
morphism in A | B such that fon} = fonrb: (Eq(p),pont) — (X,x), then
one has a commutative diagram
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and then a diagram

Then since K% is an equivalence, there exists a morphism s: B — X such that
xOS:lB and SOp:pIOsozf’

s: (B,1p) — (X, ) is the unique morphism such that f = s op. Now, since
0: B — 0isin & (as a split epimorphism in Ag), the functor 0*: 4¢ = A | 0 —
A | B is well defined and has a left adjoint ¥y which sends the regular epimor-
phism p: (E,p) — (B,1p) to p: E — B which is thus a regular epimorphism
in Ag and belongs to £ (see Proposition [1.4.27). O

Definition 2.1.8. A morphism f : £ — B in £ is said to be a I'-trivial
extension if the following commutative square is a pullback:

E—25 HI(E)

fl \LHI(f)

B——> HI(B)

Notice that, if the Galois structure is admissible, a morphism f: £ — B in
£ is a trivial extension precisely when it lies in the replete image of the fully
faithful functor HZ.

Definition 2.1.9. An extension f is a I'-quasi-normal extension if f*(f) is a
trivial extension.

Definition 2.1.10. A I'-normal extension is a I'-quasi-normal extension which
is monadic w.r.t. £.

Sometimes, we shall speak of (B-)trivial, (B-)quasi-normal, (B-)normal ex-
tensions if the Galois structure I' is understood.

2.2. Derived Galois structures

Until the end of this chapter, A will always denote a homological category
which satisfies (INN) with respect to a (proper) factorization system S = (E, M)
and £ a class of extensions in A (possibly different from E).

Definition 2.2.1. An &-preradical of the category A is a normal subfunctor
p:r — 14, such that every component of y is in M(E).
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One can associate with such an &-preradical a short exact sequence of
functors

0 r—s iy — 1 0

with every component of  in £, and the full replete subcategories of Ag

Fe={X|r(X)=0}

and
T, ={X|r(X) =X}

Definition 2.2.2. An &-preradical is an E-radical if r(X /r(X)) =0 for all X
in Ag.

The &-radicals correspond bijectively with the full replete E-reflective sub-
categories of Ag via the above correspondence.

Proposition 2.2.3. From every E-preradical in A one can obtain a short exact
sequence of functors of type Exte A — Extg A
Hl 771
0——>r1 ——> lped ——> 1 —>0
with every component of n' in L.

PRrOOF. Let (Eq(f),m1,m2) be the kernel pair of a morphism f: A — B
in £ and define r1[f] = Ker (rmy) and r1(f) = wr1[f]: r1[f] — O:

ker (rmy) rmy

0 r1[f] rEq(f) —=rd——>0

rmo
kl (4) \L“EQ(J") i/m
T

0 Ker f ker (1) Eq(f) ?AHO

Let us now define p': ry = lara and n': 1lapa = I;. Simply take as com-
ponents in an arrow f: A — B, pup = (ua orm o ker(rm), ap) (where ap
is the unique arrow 0 — B) and 7; = (p},14) = coker(u}). Indeed, u} is
a normal monomorphism. First of all, pa o rme o ker(rmy) is in M. Indeed,
fa o rmy o ker(rm) = mg o ker(my) o k, and w9 o ker(m) and k are in M since
they are kernels of f and ngq(yy o ker(m;) respectively because (4) is a pull-
back. For this last reason, ker(m) ok is also a normal monomorphism and then
pa ormy o ker(rmy) = (m2)s(ker(my) o k)

ri[f] ri[f]
ker(wl)okI \LMAor‘n'goker(rﬂl)eM
Ea(f) —+ 4,

2

is a normal monomorphism (it is the S-image of the normal monomorphism
ker(mi) o k by ma). Since ri[f] is in £7, ri(f) is in £ (Remark |1.4.2)) and
77}»: f— ILifisin &L
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ri[f]p—>A —=> L[f]

IN
f \th
B.

0——>B

O

From now on, we shall denote the normal monomorphism g4 ormgoker(rm)
by vj.
Remark 2.2.4. An &E-radical r of A induces a Galois structure
Iy = (Ag, Fe, I,n, E).
Using Lemma [I.3.15] one sees that
Fr, = QNExtp A

where QNExtr, A is the full replete subcategory of the category of extensions
Exte A whose objects are the I'.-quasi-normal extensions.

In the rest of this chapter, we shall be interested in different types of &-
radicals which give rise to Galois structures

FI‘1 = (EthA,QNEXtFrvllanlagl) :

this essentially means that the preradical r; is also a radical.
Let C,D be pointed protomodular categories.

Definition 2.2.5. [34] A functor F: C — D is protoadditive if it preserves
split short exact sequences: if one has a split short exact sequence in C

ker p
O%Ker(p)bﬂAH?BHO

(s is a section of p), then its image by F' is also a split short exact sequence in
D:

F(ker (p)) F(p)
0—— F(Ker(p))b—>"F(A) =—=2 F(B) ——0
F(s)

This notion generalises the one of additive functor (see Proposition [1.5.20]).
For £ a class of extensions in A, Ag is pointed protomodular, so that it makes
sense to speak of protoadditive £-preradical. One has the following

Lemma 2.2.6. [35] Let r be an E-preradical. Then it preserves 0 and the
following are equivalent:

(1) r is protoadditive;

(2) r preserves pullbacks in Ag of the form

PfHE

7
A——> B.

f

where s is a section of p.
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PROOF. (1) = (2): Let us take such a pullback. Then, one has a commu-
tative diagram

rker (p’ rp’
rKer (p') D% rPz2rA

/"'Key 133
Ker (p') P<-
b
rKer (p) ="} > 1B 2

HKer (p) L?
e »

Ker(p)bm— > F &
where rker (p') = ker (rp’) and rker (p) = ker (rp), so that the right back face is
of course a pullback (by Lemma [1.3.15)).

(2) = (1): A short exact sequence can be presented as a pullback

Ker (p) M

"

0——>8B
which is sent by r to a pullback

rKer (p) rher@) ®) rA

rsé rp
A A
0=r0 ——>rB.

Then rker (p) = ker (rp) and, since rp is a split epimorphism, it is the cokernel
of its kernel: rp = coker (rker (p)) (A is protomodular). O

Let r be an E-preradical of A.
Definition 2.2.7. r is £-protoadditive if it preserves the pullbacks of the form

PfHE
A

p/i - SAJ;p (2.1)

where fisin £, EF € £~ and s a section of p.

Definition 2.2.8. r is admissible if it preserves the pullbacks of the form

P————A

lJ l’“ (2.2)

X — A/r(A)
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where X € F. and f € £.

Let us introduce a definition inspired by [31], [36]. We suppose here that
& C Epi(A).
Definition 2.2.9. A full replete reflective subcategory B of Ag
I
B k? Ag

~—
H

is a strongly E-Birkhoff subcategory of A if, for every morphism f: A — B in
&, all arrows in the diagram

B XHI(B) HI(A) HHI(A)

e

B——.—> HI(B)

are in £ and the components of 7 in £. One says in that case that [ is an
E-Birkhoff reflector.

One gives now a definition also inspired by [18], [25].
Definition 2.2.10. If £ < Epi(.A), one says that an E-preradical r is £-Birkhoff
if it preserves morphisms in &: if f: A - Bisin £, soisrf: rA — rB.

One can now prove the following

Proposition 2.2.11. Forr a given E-radical, the following properties hold

(1) r preserves pullbacks of the form if and only if I preserves them;
(2) r is admissible if and only if I is admissible;

(3) r is protoadditive if and only if I is protoadditive;

(4) r is E-Birkhoff if and only if I is £-Birkhoff.

PROOF. (2): Let us take a pullback of the form (2.2). By the 3 x 3-lemma,
the two left downward columns in the commutative diagram

Ker (rn/y) >

< [
) $ P $>X

s N

Ker (I(nly)) > \‘\ I(P) \J/ > X
> I(A)
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are short exact sequences, so that we have, using Lemma [1.3.15] that r is ad-
missible if and only if « is an isomorphism if and only if § is an isomorphism

if and only if I is admissible. (1) can be proved in a very similar way.

(3) is proved as in [35]. If one starts from a split short exact sequence

O%Ker(p)éﬂAH%BHO

in Ag, one has a commutative diagram of the form

in A. Then by the 3 x 3-lemma, r is protoadditive if and only if I is protoad-
ditive.

(4): Let us consider a morphism f: A — B in & € Epi(A) and the following
commutative diagram

0 ——>r(A) > A I(A) 0
rfl lf ll(f)
0 —>r(B)> B —24 I(B) 0.

Then by Lemma [1.4.7] rf is in £ if and only if the right square is a double
extension. O

Proposition 2.2.12. If r is an E-Birkhoff preradical then it preserves the
pullback of the form .
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PROOF. Let us consider a pullback of the form (2.1)). Then one can con-
struct a commutative diagram

Ker (rp’)

O‘/

Ker(p)b————>F

where «, 8 are normal monomorphisms and then « is a normal monomorphism.
Since r is £-Birkhoff, rf’ and rf are in £ and the right back face is in £, so
that v is in £ < Epi(A). Then ~ is an isomorphism and the back right face is

in fact a pullback (by Lemma [1.3.15)). |

The previous result shows that the notion of £-protoadditive E-radical can
be seen as a common generalization of both the notions of protoadditive radical
and of £-Birkhoff radical.

Proposition 2.2.13. Let £ € Epi(A). Then if I is an E-Birkhoff reflector, I
is also admussible.

PrOOF. The admissibility can be proved following the same lines as in
36| Proposition 2.6. Let B be an object in A, one has, using Proposition
that n% and then HP reflect isomorphisms. For ¢ € B | I(B), it
follows, by the triangular identity (HB(ef)) o n53(¢) = lys(g) and because

77}3 ={f,may: f — HPIB(f) is an epimorphism for all f € A | B, that 7753((25)
is an isomorphism and so is H B(ef ). The functor H®? being conservative, the
result follows. g

Remark 2.2.14. A protoadditive reflector is not necessarily admissible. The
following example has been given in [35]: The reflector I: Ab — F, where F is
the quasi-variety of abelian groups which satisfy the axiom 4z = 0 = 2z = 0,
is additive and thus protoadditive. But it is not admissible with respect to
surjective homomorphism. To see this, it suffices to note that the pullback
diagram

Cy xey Z ——> C4
l lm
7Z———>Cy,
where C), is the cyclic group of order n, is not preserved by I.
For the next main theorem, we shall need the following lemmas

Lemma 2.2.15. [29] (1) Let C be any category and D be a reflective subcategory
of C with reflector I: C — D and inclusion functor H: D - C. If f: A — B is
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an epimorphism such that the unit na factors through f

s HI(A)
7

e

<<

then the factorisation e is necessarily the unit ng: B — HI(A) = HI(B).

(2) In particular, in the case of a pointed category C with kernels, if f: A — B
is a normal epimorphism such that Ker (f) < Ker (g) for some g € I=*(Iso) (i.e.
1(g) is an isomorphism), it follows that the induced commutative square

Ker (n4) b——>

( A
Vv
(

Ker(ng)>—> B

is a pullback.

PROOF. (1): Let us consider a commutative diagram

A5 HI(A)

7
T

B—Y—>c
in C with f an epimorphism and C' € D. Then for any morphism z: HI(A) —» C
g=xoesgof=xony=xo0eof

and the universality of (I(A),n4) provides us a unique morphism «: HI(A) —
C such that g = aoe.

(2): Let us start with a normal epimorphism f: A — B such that there exists
an inverted morphism g: A — C such that Ker (f) < Ker(g). Then one has a
commutative diagram

ki
Ker(f) Doy o p
I !
K \'2

>
er(g) o A———>C
ﬁAl nc
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and n4 factors as eo f for e = HI(g)™' onc o g. By (1), e is the unit np and
one has a commutative diagram

Ker (na) 524 4 ™5 HI(A) = HI(B)

R

Ker (773) ker (nB) B

in which the left square is a pullback. |

Lemma 2.2.16. If r is an E-protoadditive E-radical and we have a pullback
diagram of the form

]

DHB

! (2.3)

where all morphisms are in €, then one has a commutative morphism of short
eract sequences

1 1
v Py

O%rl[g]b g I'J Dflj?] 0
0 ——nilf]>—>A—> L[f] 0
Vs Py

which also gives a pullback diagram

L[gl —— L[f]
I (g) J \Lh (f)

D%B

of the type (all morphisms in it are in ). Then one has r1[f] = 0 if and
only if r1[g] =0, and r1[I1(f)] = 0 if and only if r1[I1(g)] = 0.

PROOF. The morphism « in the following diagram

ker (rm7)

ri[g] r(Eq(g)) <————2r(C)

Z/ / rmy 1_/
>

B> F(Eq() 3 ()
Ealg) T 30— D
/ m 2 ;1 /j
Bq(f) <o SA——B
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is an isomorphism since the square linking 7 and 7] is a pullback of the form
(2.1). This gives a morphism of short exact sequence as claimed, so that we
find a commutative diagram

vy Py
rifg]|>—>C —> I1[g]
7 v & 2
ri[f]> A > I[f] Ii(g)
g\L Li(f)
f D—— D
g /j
B=——=8B.
Since; p} is a regular epimorphism, using Proposition |1.5.15 one concludes tlg
proof.

Lemma 2.2.17. Ifr is an £-protoadditive £-radical and g: C — D is a split
epimorphism in &, then ri[g] = ker (rg) and v} = puc o ker (rg).

PROOF. Since r preserves pullbacks of the form (2.1), (rEq(g),rm, rme) is
the kernel pair of rg:

ker (rmq)

r1[g]

rmo .

kl luwg) J/uc i#D
™1 g

Ker (Wl)m Ea(g) < ¥ —sC< %

and then rmg o ker (rm1) = ker (rg). O

Theorem 2.2.18. Let r be an E-preradical.

(1) If v is an E-protoadditive €-radical, then vy is an E'-protoadditive
El-radical;

(2) if v is E-Birkhoff then it is an E-radical, and v1 is an E-Birkhoff
radical.

PRrOOF. (1): First, let us prove that ry is a radical. We have to show that
ri[I1(f)] = 0 for any f € £. For this, it suffices to show that rq[I;(71)] = 0 by
Lemma [2.2.16] So let us consider the following commutative diagram

ker (rmy) rmy
. nlm] e r(Ba(f)) =73 rA
ker (r1I1(m1)) /
ry[11(m1)] r(h[m]) <= 2
Vfl1(7f1) p}rl
TEY kil e —

Since p},l is inverted by I (see Lemma [2.2.15)), one has that I'p}T1 is a regular
epimorphism by pullback stability of regular epimorphism and then also « is a
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regular epimorphism, again by pullback stability. Thus one has ri[I1(m)] =0
since y}l(m) o = pL o figq(s © ker (rmy) = 0 by definition of p. .
Now, let us consider a pullback

with f = (f1, fo) € EY, e € £ and p = (po, p1) a split epimorphism. If one takes
kernel pairs, then by commutation of limits and by Lemma [1.4.25] one finds a
diagram

where the front and back faces are pullbacks of the form (2.1]). Then applying
r to this diagram one obtains a cube

rEq(p) ————rEq(e)

A A
rP riu |
AlJ : A ' J/

rEq(a) ——

N

I‘A1

rfy
Consequently, one finds a pullback

ri[p] ——>rie]

(-

ri[a] ——r1[b]

and then a cube
: ri[p] ——r1[e]

ri(p /\J A
L= /(i
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which is a pullback.

(2): Let us show that the E-preradical r is an E-radical. Let A be an object in
Ag. If we consider the following commutative diagram:

rA —2s ri(A)

#AI IMI(A)

AT[(A)

we see that, since n € £ and r is £-Birkhoff, rn4 is in £(S Epi(A)) and rI(A4) =
0. So, to prove (2), it remains to show now that r is £!-Birkhoff. Let f =
(f1, fo): @ — b be a morphism in &', (Eq(a), 7§, 7$) the kernel pair of a and
(Eq(b), 7%, 75) the kernel pair of b. Since r preserves the morphisms in &, both
rfi; and rfl (fl is the restriction of f; to the kernels pairs of a and b) are in
E. It follows that the right-hand (solid) square in the following commutative
diagram

rm

0 r1[b] > rEq(b) === B, —> 0
fl l‘fll irﬁ
0 rif[a] > rEq(a) <grA; ——0

isin £1, and then that the left-hand downward pointing arrows is in £ (Lemma

1.4.7). Hence r1(f):

rifa] =20
isin &1, O
Corollary 2.2.19. If an E-radical v is E-protoadditive, the full replete subcat-
egory Fyr, = QNExtg A of Exte A is reflective and pointed protomodular. O
Let r be an £-protoadditive £-radical. We shall write rg = r and Iy = 1.
We have induced short exact sequences
0——>TIn HH ]-ExCubg.A 77% I, ——0

obtained using the isomorphism d,,_1:

ExCubfA —— "> ExCub}.A

6n_1l l‘sn—l

Extgn-1Cub™ ' A —— Extgn1Cub™ ' A.

rn_1)1

Let O = O be such that (A, &, O,r) satisfies (O1) and
(02) rAe O for all Ae Ag.
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By induction one can show that r, A € O™ for all A in ExCubz.A. The functor
[<]n.r: ExCubg A — Ag will denote the factorisation of r,, through .. We shall
sometimes just write [A],, when it is clear where A lies, and [A] if A is in Ag.

Definition 2.2.20. For n > 1, an £-exact n-cube A in ExCubg(A) is called a

quasi-normal €-exact n-cube if 6, 1A is I'y, ,-quasi-normal.

If in the above diagrams, one writes §; instead of d,_1, the diagram still
commutes. This will ensure symmetry of quasi-normal extensions in all degrees.
This fact was first proved in Theorem 3.3 in [31] in a stricter context, but a
careful inspection of the proof shows that it only relies on symmetry of higher
extensions (see Theorem and commutation of limits.

Theorem 2.2.21. Letn > 1. For any0 <i<n—1 and A an E-exact n-cube
in A, we have
diory = (rp_1)100;;
and
STHAL = (ra-1)1[04]
as objects. Consequently, the following conditions are equivalent
(1) A is a quasi-normal n-cube.

(2) 0;A is a Ty, _, -quasi-normal extension.

PROOF. We only have to check the first claim. We shall prove by induction
that (rp—1)1[0;A] = (rp_1)1[6;A] for every n > 0 and 0 < i < j <n—1. For
n = 1, there is nothing to prove. So,let n > 2, 0 < i < j < n—1 and let us
suppose that the property holds for n — 1. We have to compare the top left
objects in the constructions

r 7T
rn 1771) n—l 1

()1 [6ATE Y, Eq(s,4) 2 1,107 A
T N
Eq(6:4) =<6 A—" 5574
and
(Ene 1[5, AT, Eq(6;4) — moy r, 107 A

r 17r
n—1 o2 lu‘"*l
Peq(s;4) v 57 A
™ 5,4

Eq(5;A) %; ;A0 50 A,

™

so that we have to know what ker (r,, _;7%) and ker (r, 177) are. By induction,
r,—1 is defined via r,_o choosing any one of the functors d;. So let us apply
dj—1 to the first diagram and §; to the second one. We arrive at the following
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diagram
ker ()
K, :
/ /a2
0 00—
Voo
d; 1EQ(5iA)
pﬁ
where
_ 1
o (v = l/éj,l&:A
_ 1
® Q2 =Vs. Eq(5;A)

(O[, O) = 6j—1rn—177i
— 1
Pr="V;5a

* [2 = Vg,yEq(éjA)

(5,0) = (57;1‘71,17'({

o (Ko,0)=0j_1(rn_1)1[6:A]
(K,0) = 6i(rn—1)1[6; 4]

and (7m1,8,7m2,3), (T1,a,7T2,a) are the kernel pairs of §;_19, A and ;0; A re-
spectively. One can prove that K, = Kg. Of course, by commutation of
limits, 6;_1Eq(d;A) and 0;Eq(d;A) have kernel pairs (Rg, 71 r,g,72,r,3) and
(Ras 1R, T2,r,3) With the same object part Rg = R,. Let us denote it by R
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as in the following diagram
K ker (o) o

ker <y> / |
rpn—27T1,R,« ;

a2 -
rn—27T1,a a1

rpi—27T1, o

8;—1Eq(8;A) 816, A 8187 A

i

D — ~L6i6;'14% Z

So, again by commutation of limits, o and § have the same kernel K. Finally,
one also has that
T2,q © Qg O ker (@) = g o © Ta B © G © ker (@)

= 72,5 © T2, Ra © P2 0 ker (B)
= T3 0 B2 o ker (3). O
Using Theorem [2.2.21] one can prove the following

Theorem 2.2.22. For anyn >1 and 0 <i<n— 1, the square

ExCub%A ——" > ExCub A

ExCubelArrA (H ExCubelArr.A

ri)n—1

commutes and t*[P),, = [piP]n—1 for any P in ExCubZA . O

2.3. Special derived Galois structures

We are going to study a special kind of adjunction:

F I
FIIoBE L A (2.4)
U H
where A is a homological category which satisfies the property (INN), £ a
class of extensions in A, B a full replete E-reflective subcategory of Ag with I
preserving pullbacks of the form , and F an E-reflective subcategory of B

with the property that the reflector F': B — F is protoadditive.

The functor F o I is left adjoint to H o U. We shall write n and € for the unit
and the counit of this composite adjunction. The unit and the counit of the
adjunction I 4 H will be denoted by n' and €', whereas the unit and the counit
of the adjunction F 4 U will be denoted 72 and €2, respectively. This kind
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of adjunction gives a Galois structure I' = (Ag, F, F o I,n,E). The following
theorem is an adaptation of Theorem 6.2 in [29]

Theorem 2.3.1. Let f : A — B be in £. The following conditions are equi-
valent:

(1) f is an F-quasi-normal extension;

(2) f is B-quasi-normal and Ker (f) € F.

PROOF. (1) = (2): Let us assume that f is a F-quasi-normal extension.
Then in the following commutative diagram the composite of the left pointing
squares is a pullback:

FIAxpA)<—I(AxpA)<—ExgA—> A

A A A
FI(Trl)l I(wl)l W1J7
A A A

FI(A) < I(A) < A

!

W</

f

Since the middle square is in €', this implies that this square is, in fact, a
pullback (see Lemma 1.1 in [39]), and we find that f is a B-quasi-normal
extension. The fact that Ker (f) lies in F for any F-quasi-normal extension
f is a very general and well-known fact. It suffices to note that the above
pullbacks induce the isomorphisms

Ker (FI(m)) = Ker (m1) = Ker (f),
which imply that Ker (f) € F, as (the domain of) the kernel of a morphism in F.

(2) = (1): Suppose now that f is B-quasi-normal and Ker (f) € F. Then one
sees that in the commutative diagram

ker (1) st

Ker (f) Eq(f) %4
Miker (£) Nea(s) (3) nh
v I(ker (1)) v I(m1) v
I(Ker (f)) — "% [(Eq(f)) =% (4) (2.5)
N7 (ker () (4)
v v FI(m) V
FI(Ker(f))m) (Ea(f)) <& FI(A)

the square (3) is a pullback (since f is B-quasi-normal) and ny,, () an iso-
morphism. It follows that the second row is a split short exact sequence. By
protoadditivity of F', the third row is also a split short exact sequence, and
we obtain from Lemma that (4) is a pullback because nf(Ker( sy 18 an
isomorphism, by assumption. Thus (3)+(4) is a pullback and f is a F-quasi-
normal extension. g
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Let us write QN Exté,B.A for the full subcategory of Ext‘lg.A whose objects
are B-quasi-normal extensions, ro r the radical associated with Flol: A¢ — F,
and r; 7 the radical associated with ro r. We shall also write Ig for I, and Ir
for Fol.

Lemma 2.3.2. Let f: A — B be in QNExtg g A. Then r £[f] = Gfer(f) =
Ker (1ker (1)) = To,7(Ker (f)). This implies that r1 F restricted to QNExtg A
is protoadditive and therefore, that the restriction Fy z of I1 5 to QNExtg g A
18 also protoadditive.

PrOOF. First note that Ker (f) lies in B since f is a B-central extension
(see the proof of (1) = (2) in Theorem[2.3.1)). Then, as in the proof of (2) = (1)
in Theorem we see that the last row in the following diagram is exact:

00—t [f] T v #Eq(f) 22 To A —> 0

k (5) I Iker(m\)
0 —> Ker (f) b—— Eq(f) %%AHO

TKer (£) L
E

0 —> FI(Ker (/) b FI(

It follows that the left column in this diagram is also exact and the first part
of the result follows. Now, let us start with a split short exact sequence

ker (p1) p1
OHKlHA]_ H[: Bl —>0

kl l ,, lb (2.6)

OHK@HAOH[: By ——>0
ker (po) S0
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in QNExtg g A (this is also a split short exact sequence in ArrA). Then, by
commutation of limits, one finds that the first row in the commutative diagram

0 0 0
Ker (k) —— Ker (a) == Ker (b)
I Y Y
ker (p1) p1
0 K> Al =—/—2B —>0
51
kl a b
2
0 KO > ker () AO é% BO —>0
\L er (po S0
0 0 0

is a split short exact sequence and, since rg r restricted to B is protoadditive,
that one has a split short exact sequence

0 ri[k] > rifa] =% ri[b] — 0.
Consequently, the image of (2.6) by rq 7 is

0——> I‘l)j:[k] > 1‘1,]:[&] H[: I‘Lf[b] —>0

o

0—>0 I=m—/—e—e—==0—"">0

and ry r is protoadditive. Finally, applying the 3 x 3-lemma, one finds that
the last row in the commutative diagram
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is also a split short exact sequence and the image of the split short exact

sequence (2.6) by Fy 7 is

0—— IL]:[]{?] > Il,]:[a,] HD Il’j:[b] —>0

R

0 KO > AO %% BO —>0
ker (po) EN)
which is a split short exact sequence: the functor F r is protoadditive. O

The results of this chapter show that for an adjunction of the type (2.4)
we have an induced Galois structure

I = (Extg A, QNExtg zA, Fy o Iy, n', EY)
of the same type and then, by induction, the
Theorem 2.3.3. One has a chain of Galois structures of the type
'y, = (ExCubg A, QNExCubg A, Fy, 7 0 I, 5,0, E™).

The following proposition is similar to Theorem 6.3 in [35].

Proposition 2.3.4. Let I' be an admissible Galois structure of the type
with I an E-Birkhoff reflector. Then

I' = (ExtgA, QNExtg £ A, Fy o Iy, ', ")

is admissible and I, is an E'-Birkhoff reflector, so that for alln € N, the Galois
structure

[y, = (ExCubgz A, QNExCubg £ A, Fy, 70 I, 5, 0", E™).
is admissible and I, g is an E™-Birkhoff reflector.

PROOF. By Theorem [2.2.18|(2), Proposition [2.2.11|and Proposition|2.2.13

I, is an £'-Birkhoff reflector and is admissible. Then, it remains to show that
F is admissible. So, let us consider a pullback in QNExtéyBA

Ay

with f = (fo, f1) a double extension and x a F-quasi-normal extension. We
are going to prove that (h,1x,): p — z (in £') is sent to an isomorphism by
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F. Taking kernels, we find a pullback diagram in B

Ker (p) ——— Ker (a)

Vo

Ker () —— Ker (Fy(a))

f1
where

e Ker(x) is in F since it is the kernel of an F-quasi-normal extension;

. fl is in £ by Lemmam;
o Ker (Fi(a)) = Ker (a)/ro, 7 (Ker (a)):

ro r(Ker (a))

I

Ker (a) > A —— A

T

Ker (F1(a)) > I, 7la] Ap.

Fi(a)
It follows that this pullback is preserved by F' and F'(Ker(p)) = F(Ker(z)).
This implies in particular that in the commutative diagram

1
Yp

ro, 7 (Ker (P))m Py —— 11 7[p]

T

ker (z)

ro, 7 (Ker (x))w X1 - I rlz]

1
VI

the left hand square is a pullback. Consequently, the right downward arrow is
an isomorphism and (h, 1x,) is sent to an isomorphism. ]






CHAPTER 3

Fundamental groups

We begin this chapter by recalling the notion of fundamental group in the
context of a Galois structure satisfying some suitable properties. We then prove
that if one works in a more specific situation (essentially the one of chapter 2
which gives a tower of induced Galois structures), the fundamental group of
any object exists and can be described by the Hopf formula. Using this, we can
define higher fundamental groups, and also provide some descriptions for them.
We finally show that for a Galois structure of the kind , these descriptions
can be refined using the £-closure operator introduced in the first chapter.

3.1. The fundamental group

Let I' = (A,B,I,H,n,¢,E) be a Galois structure such that

(E4) holds;
N4 is in & for every A in A,
A is a pointed Bourn-protomodular category with intersections

(K,k: K - A) n(Ker(na),ker(na): Ker(na) — A).

for every K in M(&);
the reflector I preserves pullbacks of the form

where f is in £ and s is a section of p.

With any quasi-normal extension (E,p : E — B) in £ one can associate an
internal groupoid Gal(E,p), called its Galois groupoid, and an internal group
Gal(E, p,0), its Galois group. If the diagram

g

st

M
P1 (S
Eq(p) x5 Ea(p) ———=Eap)T 5 L F
p2

represents the kernel pair relation of p (viewed as an internal groupoid in A),
then:

83
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Definition 3.1.1. [50] The Galois groupoid Gal(E,p) is the image under HT
of the kernel pair of p:

HI(o)
HI(p:1) (\W HI(my)
HI(Eq(p) x g Eq(p)) =—HI—3 HI(Eq(p)) < HIG) L HI(E).
HI(p2) HI(ms)

Definition 3.1.2. [50] The Galois group of p is defined as the object Gal(E, p, 0)
in the following pullback:

Gal(E, p,0) >——-> HI(Eq(p))

]
(HI{m1),HI(m2))

00— HI(F) x HI(E).
One has

Theorem 3.1.3. [50] The Galois group of any quasi-normal extension p: E —
B can be constructed and

Gal(E,p,0) = Ker (p) n Ker (ng).

PROOF. One first sees that ker (HI(m)) exists, since HI(m) is in £, and
that HI(mg) o ker (HI(m1)) = ng o ker (p) since p is a quasi-normal extension:

ker (1) L P

= Ker ( ﬂl)HEq( )—=F———>8B

r
I
nEq(p)\L \LWE
HI(‘ITl)

Ker (HI(m)) >——> HI(Eq(p)) —= HI(E).
ker (HI(m1)) HI(ms)

Ker (

Then, one can construct ¢ = ker (HI(m) o ker (HI(m))) as follows:

Ker (p) n Ker (ng) ——> Ker (p)

| = o]

ker (ng) :{HI o )oker (HI(my))

Ker\[m;)J T
0— I(E).

One can show quite easily that ker ((HI(m), HI(m2))) = ker (HI(m)) o using
the following diagram:

i ker (HI(my)) HI(m
Ker (p) N Ker (1) Ker (p) ———— HI(Eq(p)) ——3 HI(E)
m2)
<HI(771),H1(772)>\L
p}-II(E)

HI(E) x HI(E) —= HI(E).

PHI(E)
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If one has a morphism x: X — HI(Eq(p)) such that (HI(m1), HI(m3)yox =0,
then

HI(m)ox = pypg o (HI(m), HI(m2)) 0 & = ppyy(g © 0
and there exists Z: X — Ker (p) such that ker (HI(m1)) o & = z. Finally,
HI(my) o ker (HI(m1)) 0 & = plyy() 0 (HI(my), HI(m2))yox = 0

gives us a (unique) morphism Z: X — Ker (p) n Ker (ng) such that io & = &

and

ker (HI(m))oiod = x. O

The Galois group Gal(E, p,0) inherits an internal group structure from the
composition of the groupoid Gal(E,p) and can be viewed, internally, as the
group of automorphisms of 0. Since A is a protomodular category, any of its
objects underlies at most one internal group structure [7] so that we do not have
to keep track of the group structure: only the object itself will be of interest.
In fact, Proposition [I.3.9]shows that if a group multiplication m: Ax A — A is
defined on a objet A of A, then it must make the following diagram commute

€0,1)
AxA<——A

<170>T m
RN

A=———=A,

and must be unique. Let P € £ be a class of morphisms closed under compos-
ition with isomorphisms.

Definition 3.1.4. A quasi-normal extension f: F — B in P is P-weakly uni-
versal if, given any other quasi-normal extension f’: E/ — B in P, there is a
morphism u: E — E’ such that f = f’ ow.

It can be proved, using the same kind of argument as in [50], that the Galois
group Gal(E,p,0) of p: E — B, a P-weakly universal quasi-normal extension
of B, is an invariant of B:

Definition 3.1.5. The fundamental group 71 (B) of B is the Galois group of
any of its P-weakly universal quasi-normal extension p: E — B (when this
latter exists).

Let us recall here why the fundamental group is an invariant of B. Let
p: E— Band p’: E' — B be two P-weakly universal quasi-normal extensions
of B. Then, there exist two morphisms u: F — E’ and v’: E' — FE such that

p=p ou and p =pou
which induce two internal functors
(@, u): Eq(p) — Eq(p') and (u',u'): Eq(p') — Eq(p)

which are mutually inverse up to homotopy (see remarks and |1.1.9). So,
(@, u) is sent to an internal functor (HI(@), HI(u)): Gal(E,p) — Gal(E',p’)



86 3. FUNDAMENTAL GROUPS

which is still a strong equivalence and, by Remark [1.1.11] cartesian. Then the
result is easily seen to hold, looking at the following pullback diagram

Gal(E, p,0) —> HI(E x3 E) — 2" S HI(E' xp E")

(HI(m1),HI(72)) CHI(w)),HI{x}))

Furthermore, the Theorem shows that 7 (B) is isomorphic to the
following intersection

m1(B) = Ker (p) n Ker (ng). (3.1)

where (E,p: E — B) is any P-weakly universal quasi-normal extension of B,
and Ker (p) n Ker (ng) denotes the domain of the intersection of the kernels
ker (p) and ker (ng) of p and ng, respectively.

3.2. Higher fundamental groups and Hopf formulae

Let A be a homological category which satisfies (INN) with respect to some
factorisation system (E,M) on A, £ a class of extensions in A, r an £-radical
of A preserving pullbacks of the forms , and O such that (01)-(02) hold.
In this case, the Galois structure T, = (Ag,B,I,7,E) is such that Ag has
intersections

(K, k: K > A) n (Ker(na),ker(na): Ker(na) — A),

and we are in the situation of the previous section. Let us suppose also that Ap
has enough projectives with respect to P a class of extensions in (A4,0) such
that O € P~ and P < £. By Corollary the full replete subcategory
QNExtg A is reflective in Extg A and one has the following

Lemma 3.2.1. One can construct, for any B in Ap, a P-weakly universal
quasi-normal extension of B.

PRrROOF. Let B be an object in P~ and p : P, — B a P-projective presen-
tation of B. Then I;(p) is also in P (see Definition [1.4.32] (A6’) and Proposition
and is a quasi-normal extension of B. It is also P-weakly universal. If
(E’,p’) is in P and is a quasi-normal extension of B, since P is projective with
respect to P, there exists an arrow « : P — FE such that p = p’ o a. By the
universal property of I;(p), one gets a factorisation of I1(p) through p’. a

In that case, one has the following

Theorem 3.2.2. Let B be an object of P~ and P a P-projective 1-fold pre-
sentation of B. Then
[Pl] N oP

7T1(B) [Pl

12
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PROOF. Let us first recall the convention dgP = p: P, — Py = B. Then,
one can remark that all the faces in the following cube are pullbacks

Ker (p) N [P —— [P]

T Ker (p) Py

Ker (11 ﬁpl Pl p;,
er (1) [ﬁ[ 1 l

Ker (I(p)) —— Py/r1[p] = Py

Indeed, Ker (p,) = [P]1 <p, [P1] entails that the right hand face is a pullback,
by the second part of Lemma The fact that its front face is a pullback
follows from Lemma, so that all the other faces are pullbacks as well.
One concludes by Lemma [1.4.35) O

One can obtain, still with the same assumptions, some derived Galois struc-
ture of the same type. One defines for n > 1, the n'* fundamental group of
an object B in Ap as the top object of the first fundamental group of a P-
projective (n — 1)-fold presentation @ of B:

mn(B) = (m(Q))n—1-

Let P be a P" !-projective 1-fold presentation of Q so that in particular P is
in Extpn—1Cub™ ' A. Then by Theorem

[Pl] N 6]3

[Pl
P can be viewed as a P-projective presentation of B, let us say P. m,(B) is
also an invariant of B which can be described by the formula
[Pn]o N OP

[Pln
where P is a P-projective n-fold presentation of B. We shall use, following
[31], the notation

m(Q) =

Tn(B)

12

(3.2)

[Pn]O N 6P
[Pln
Again, the proof given in [31] still works in our wider context.

Lemma 3.2.3. [31] !A,P = A, 1(p;P) foranyn >2,0<i<n—1, and
any P-projective n-fold presentation of an object B in P~.

An(P) =

Proor. We want to prove that
Pl 0P A ([Pu] 0 0P) _ [(piP)n-1] 0 0(piP)

[Pl B t1 [P B [piPln-1
One has by Theorem [2.2.22] that (![P],, = [p; P],—1. One can also prove that
[Pn]nKer (p;) = ri[p:]. Of course, p;: P, — Py and 1p, ;0 Py = Py
are P-projective presentations of P, (;, so that
[P] ~ Ker (p;) [Pogiy] 0 Ker(1p,,)

ZApiEAlpniZ =0
r [pz] i I [1Pn\{11}]




88 3. FUNDAMENTAL GROUPS

Since [(piP)n-1] = [pi] = ¢'r1[p;], one finds

[(peP)u sl 0 i) = ([Pl Ker () 0 i P)
H(([Pa]  Ker (pi)) 0 ()20 520 Ker (p5))
H([P,] n oP)

and the result is proved. O

Theorem 3.2.4. [31] Let I'y be a Galois structure as above and B in £~.
Then A, P = A,Q for any P-projective n-fold presentations P and Q of B.

PRrROOF. One proceeds by induction. The case where n = 1, has already
been proved in theorem So let n = 2 and let us suppose that for every
Galois structure of the type above and k < n, the theorem holds. Let B
in P7, P and @ be P-projective n-fold presentations of B. poP and p1@Q
are Pl-projective n — 1-fold presentations of (poP)o = pg and (p1Q)o = q({)l}7
respectively. Since Ap has enough projective objects w.r.t. P, we can produce
a double presentation of B

R1 %Pl

1k

Quy —> B.
40

This double presentation of B can be extended to a P-projective n-fold pre-
sentation R of B (see Theorem |1.4.21)) such that r? = r, 7“?1} =7, r(l) = p(l) and

rél} = qél}. So, we have that (poP)o = (poR)o and (p1Q)o = (p1R)o. Then,
the induction hypothesis allows us to infer that A,_1(poP) = A,,—1(poR) and
Ap—1(mQ) = Ap_1(p1R). One concludes by Lemma that A, P ~ A R =~
AQ. O

If one starts from a composite adjunction of the type (2.4)), then the de-
scriptions of the fundamental groups can be refined, as shown in the following
theorem (see also [29]).

Theorem 3.2.5. Let B be an object of Ap and P a P-projective 1-fold pre-
sentation of B. Then

([Pilo.s)p, NP
(PTis)p

PRrROOF. One decomposes the formula from Theorem [3.2.2] Clearly, in our
case

7T1(B =

[PiJos = ((Pios) g, -

Furthermore, by Lemma the arrow p}, in the proof of Theorem the
cokernel of [P];, 7, can be factorized as h o g where g is the cokernel of [P]; 5
and h the cokernel of ﬁfe, (I, (p))- Let us consider the following commutative
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diagram

1 ~F ker (p)
7 Oker (1,(py)) — > Ker(p) ——> P4

—F ker (nKer(Il(p) ) .«

Orter (1)) > Ker (I (p)) —> Py
l |
0 P

in which all rectangles are pullbacks (we write here P; for I;[p]). Then one
sees that there is an isomorphism

N
Ker (p,) = Ker (hog) = g (Oker (1, (p)))
between the domains of the normal monomorphisms
ker (h © g) and gil(ker (nKer (Il(p))))»

respectively. Since ¢ is in £, and the closure operator corresponding to the re-
flection F'ol: A — F is an E-closure operator, one has the following equalities:

= ([P]l;B)Ker(p)' 0

Lemma 3.2.6. Let P be an E-exact n-cube. If n = 1, then [P], = [0P]. If
n = 2, then [P, = r1[0poP].

PROOF. One proceeds by induction. Let n = 1. Then one sees that [P]; >
[0P] using the diagram

[0P] = rKerr(p)

rmy

(p) —_—=<rh

rmo
l#Eq(p) lu}:l
ot

0P = Ker (p) m Eq(p) H> P LN Py.
er (m, T2

For n = 2, it is also easily seen (using the same diagram with p = do(P)) that

[P]n = r1[dpoP]. Let us suppose now, that n > 2 and that the inequalities

hold for any k£ < n and Galois structure as above. Then one has, using Theorem

that Ll[P]n = [pOP]n—l = [6,00P] = Llrl[(?pOP] and [P]n = rl[ﬁpOP].
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Let us consider now the following diagram

[0P]

N\, ker (rm1) rmy

\ r1[0poP] —— rEq(dpoP) —< r(dpoP)~

rmo
I l”ECI(f’PoP) \L/‘l‘(apop)f

0P = Ker (9poP), > Ea(0poP) — (0p0P)~ 5 (8poP)*

2

Then one has of course [P],, = [0P]. O

Theorem 3.2.7. Let us suppose that QNExCubjiA is closed under quotients
in ExCub™ A for all n. For any n > 1, B € Ap and a P-projective n-fold
presentation P of B, one has

—_—F
([Pn]()}B)pn N oP
—F

([P ]n,B)pp
PROOF. The invariance has already been proved. One proceeds by induc-
tion in order to obtain the above description of the denominator. The case
n = 1 has been proved above. Let n > 2 and suppose that for 1 < k<n—1
and any Galois structures as above the isomorphism holds. Then, in particular,

Tn(B) =

- A
([(Pop)n—l]o,Bl)(pop)n_1 n d(poP)

—— = )
([pOP]nfl,Bl)g(pop)

An—1(poP) =

It is clear, from the previous description (3.2)), that the numerator is

M([Pados)y, 0 OP).

Since ('[Plns = [poPln-1.8,, we have to figure out what is the closure of
LMP)n,s in d(poP) with respect to Fi. Let us consider the following commu-
tative diagram

~_1/AF =F
q 1(OKer(l)) - OKer(l)
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Using Lemma [3.2.6] one sees that [ is B-quasi-normal since one has a commu-
tative diagram

[Pln.5 > (2(poP))~ > CpaP))”
/ /F(pop) /V |
r1[d(poP)] (0(poP))~ L[6(poP)]
/ 0> N P)l /(5(P0P));(w/(6(ﬁ'op))+
“{po / 1(2(po /
0 4 (0(poP)) === (d(poP))*

in ExCubg A and QNExCubg A is closed under quotients in ExCubg.A. This

= —F
shows that Ofe, () 1s in fact r1 #[I] (see Lemma . Since -~ is an £-closure
operator,

1 F —F F
q ' (Oker (l)) =4710)sp = [PlBop
A A _
([pOP]n—l,Bl)p(pop) = (Ll[P]n,B)g(pop) = [P]n,ngv
By Lemma [3.2.3] t!A, P = A,_1(poP), the result holds. |

Remark 3.2.8. We assumed in the previous theorem that QNExCubg.A is
closed under quotients in ExCub™A for all n. This assumption is satisfied for
any Galois structure of the type if I is a Birkhoff reflector or the identity
functor, for instance.






CHAPTER 4

Examples

We start this chapter with a recollection of some results on projective
objects which are important in order to obtain the existence of weakly universal
quasi-normal extensions (see the beginning of Section. We then recall some
classical notions, such as the one of variety of )-groups and the one of Hug-
commutator. Finally, we give some particular instances of the situation ,
and provide the corresponding descriptions of the fundamental groups obtained
in these cases.

4.1. Projective objects
Proposition 4.1.1. Let (F,U,n,¢) : A — C be an adjunction,

G=(G=FolUe:G—-1y,0: G- G?

the induced comonad on C, and P the class of morphisms in C which are sent
by U on split epimorphisms in A. Then C has enough P-projective objects.

PROOF. First, let us recall that by the triangular laws of the adjunction
U(ex) is a split epimorphism for any X in A and so ex is in P. Thus, it
remains to prove that G(X) is P-projective. Let us consider a diagram

If we apply U to this diagram, we find a commutative diagram

UG(X)

y lum

U(A) =<—U(B)
U(p)

93
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where s is a section of U(p). So, since each triangle in the following diagram is
commutative

G(X) is P-projective. O

Corollary 4.1.2. Algebraic varieties have enough projective objects with re-
spect to the class of surjective homomorphisms.

ProOF. This follows from the fact that they are monadic over Set and be-
cause Set satisfies the axiom of choice: every surjective function (epimorphism)
is a split epimorphism. (|

The following is a generalisation of a result in [33] (see Example 3.19).

Corollary 4.1.3. For T a semi-abelian theory, the category T(Top) has enough
P-projective objects where P is the class of morphisms in T(Top) which are
split in Top and is a class of extensions in (T(Top), P~) (with P~ the class of
topological T-algebras). One has also P < RegEpi(T(Top)).

PROOF. First, let us recall that the forgetful functor U: T(Top) — Top
is monadic ([8],[75]) whenever T is a semi-abelian theory. So by Proposition
T(Top) has enough P-projective objects with respect to P and P~ is
the whole class of objects of T(Top). Now, (Al)-(A4) follows easily from the
definition of P and from the fact that the forgetful functor to Top is a right
adjoint. We now use Theorem to show that (A5) is satisfied. Let us

consider a diagram

fl

0 K> A’ > B 0
|
0 K' > A fDB 0

with f/, f,k € P with sections s, t = [ o s and u in Top, respectively. Then
every element a in A can be written as

a=6(ai(a, (to f)(a)),...,anla (Lo f)(a)), (o f)(a)
with «;(a, (to f)(a)) € Ker (f), since
flai(a, (to f)(a)) = ai(f(a), (f o to f)(a)) = ai(f(a), f(a)) =0,
and (¢ o f)(a) in the image of ¢t. The function
vi A— A a s Ou(aa(a, (to f)(a),. .., ulam(a, (t o f)(a))), (s o f)(a))
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is continuous and a section of . Now, a morphism in P is a homomorphism
which is surjective since it has a section as a continuous function. Indeed, for
any a in A

(lov)(a)
= 1(0(u(n(a,(to f)(a (to )
0 ((lou)(ar(a,(to )( .. ,(lou)(an(m (to
0 (cu(a, (to f)(a)),...,an(a, (to f)(a)), (to f)(a)

= a.

)
loso f)(a))

)(@))), (
)

Obviously, (A6') is satisfied, so that it only remains to show that the morphisms
in P are regular epimorphisms in T(Top). Let f: A — B bein P. The existence
of a section of f in Top implies that the topology on the algebra B is the quotient
topology. One concludes by Proposition 21 in [8]. O

Corollary 4.1.4. For T a semi-abelian theory, the category T(HComp) of com-
pact Hausdorff T-algebras has enough projective objects with respect to the class
of regular epimorphisms.

PrROOF. In [66], it was proved that T(HComp) is in fact monadic over
Set. a

Proposition 4.1.5. [34] Let A be a reqular Mal’tsev category with finite colim-
its. Then Gpd(C), the category of internal groupoids in C, has enough projective
objects w.r.t. the class of reqular epimorphisms as soon as A has enough pro-
jective objects w.r.t. the class of reqular epimorphisms. (|

4.2. Q-groups

Let us recall that an algebraic variety is called a variety of Q-groups [44]
if among the operations and identities which define the variety they are those
of groups (we shall use the additive notation although we do not assume the
commutativity of the group operation) and if each n-ary operation w €

satisfies the idempotence law w(0,0,...,0) = 0. In the sequel, m, n, x, ...
denotes sequences (myq, ..., mg), (n1,...,Mg), ... and m+n the sequence (m +
ni,...,Mk + ng). Let us also recall some notation and facts from universal

algebra (we adopt here the notation from [21]]). For V a variety of {2-groups:
e T(N) is the algebra of terms on a countable set of variables associated

with €;
o Oy = {0 € Eq(T(N))|T(N)/0 € V};
o Oy = Pv;

e For p,q e T(N)
(VAeV,Vae A : pi(a) = qA(a)) < (p/bv = q/bvy),

so that for v = p/@y and A € V, one can define v = p?.
e There exists an adjunction

Fy
V5 1 Set

U

where U is the forgetful functor;
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e Fy(N) = T(N)/fy is the free Q-group (in V) on a countable set of
variables.

For A a variety of Q-groups (a semi-abelian category by Theorem |1.5.40)), and
a choice of a subvariety B (a Birkhoff subcategory of A), one has an adjunction

B A.

One has also 64 € 0 and for 05/0.4 = {(p/0.4,9/0.4) € (Fa(N))* | (p, ) € 05},
I(FA(N)) = FA(N)/(05/6.4) = F(N). Let us define

W5 = {v(x) € F4(N) |VB e B,Ybe B : vB(b) =0}.

It is in fact the 0 class for the congruence 6.4/05 (and then the kernel of np, o))
as we now prove. For v = p/f4 in F4(N)

v € Ob/0.4)

(p/0,0/0.4) € (05/0.4)

(p70) € 05

VBe B,Ybe B : pB(b) =OB(b)
VBe B,Ybe B : vB(b) =0

& veWsg.

=
=
=
54

Categorically speaking, we have adjunctions
(Fg,Ug,nB, %) :Set =~ B (Fa,Ua,n™,e*):Set —~ A (I,C,n,¢): A—B
with Fg =T o F4, Ug = U0 € and a diagram
0p = EQ(W%N)) —> 7774(1\1)(68) = 03/04

T

e FA(N)

B
ﬂT(N)i %

Fp(N) = 5;4/(9?

With respect to choices of variety A and B as above, one can define a relative
binary commutator [—, —]g (see [30]). For M and N ideals (normal subobjects)
of an Q-group A, [M, N]p is the ideal of M v N (the supremum of M and N
in the lattice of ideals of A) generated by the set

{vA(m +n) —v*(n) —v*(m),v*(p)|me M,ne N,pe M n N,ve Wg}.
The basic properties of this kind of commutator are listed in the following
Proposition 4.2.1. [30] For any Q-group A in A and ideals M, N, N’ of A,
one has

(1) [A,A]lg = {0} & A€ B;
M, N = [N, M]s;
M,N]z <M nN;
N < N' = [M,N]g < [M,N"]5;
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(5) Universal property: [M, N]g is the smallest ideal I of M v N such
that

lg: (M), qr(N)]s = {0}
forqr: M v N — M;N the canonical quotient. O

Let us recall that a surjective homomorphism f: A — B is called a B-
central extension in the sense of Frolich if v (k +a) —v*(a) = 0 for all v € Wi,
ke Ker(f) and a € A.

Proposition 4.2.2. [30] f: A — B in A is a B-central extension in the sense
of Frolich if and only if [Ker (f), Als = {0}. O

Remark 4.2.3. In fact, central extensions in the sense of Frolich correspond to
surjective homomorphisms which are normal extensions in the sense of Galois
theory (see [51] page 158).

4.3. The Huq commutator

Let A be a semi-abelian category and m: M — A, k: N — A be two
normal subobjects of an object A in A. Taking the colimit of the diagram

M
>N
M x N A.
k /
N
one finds a commutative diagram
M

2%
\‘5/1/1

Mx N> Qb A

A
k%

N

where 1) is a cokernel (since it is an extremal epimorphism by Corollary .
One defines [M, N]nuq, the Hug-commutator of M and N, as the kernel of
this morphism ¢ and says that M and N commute in the sense of Hugq if
[M, NlHuq = 0 (see [46), 14]). [M, N]nyq is in fact the smallest normal subob-
ject I of A such that [g;(H), q;(K)] = 0 as one can easily check. An object 4
of A is called abelian if [A, Alhug = 0 and in the present context, an object is
abelian if and only if it can be equipped with (a unique) structure of internal
abelian group. One can show that Ab(.A) the full subcategory of abelian ob-
jects in A is a Birkhoff subcategory of .4 which is abelian (the reflection of an
object A is A/[A, Alnuq)- For a variety of Q-groups A, which is semi-abelian
(see Theorem [1.5.40)), and B = Ab(A), one has

[M, NlHuq = [M, N]5.
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Notice that an Q-group is abelian if the corresponding group operations are
homomorphisms of Q-groups [6]. There are also a lot of other commutators in
the semi-abelian context whose mutual relations have been studied in [37, [41],
for instance.

4.4. Groups with coefficient functor into torsion-free abelian groups

As a first example, we consider the adjunction

F ab
Abi s = L " Ab @ Gp
U

where Gp is the category of groups, Ab the category of abelian groups and
Ab, ¢ the category of torsion-free abelian groups. If we choose & = RegEpi(.A),
we have an instance of the situation , since the reflector F': Ab — Ab, ;. is
an additive functor. Note that the kernel of the A-component of the unit 1 of
this adjunction at an abelian group A is given by

T(A) = Ker (14) = 03" = fae A|Ine Ny :a" = 1}.

Now, let K be a normal subgroup of a group A with quotient map qx: A —

A/K such that K > Ab = [A, Alap = [A, A] (here the commutator is the
group-theoretic one, thus the quotient group A/K is abelian). One has that

—Ab,. Ab,
Ky o= K(OA/Kf)

{ae A|lIneNy: (Ka)" = K}
= {a€eA|IneNy:a" e K}.

Let us recall the well-known characterisation of Ab-normal £-exact n-cube.

Proposition 4.4.1. [36] Let P an E-exact n-cube in Gp. Then P is Ab-normal

if and only if
[ nAb_nﬂKer pz ﬂKer pz

ISn iel ¢l
Recalling Lemma our description in Theorem [3.2.7] here becomes

Proposition 4.4.2. For P a n-fold presentation of a group B
———Ab,.
[Po, Pa]ip.y 0 OP

N ITIN Ker(p:), () Ker(pi)] Abe.s.

ICn el ien\I (oP)
(ke dP|ImeNy: k™ e [Pn,P]}
{ke@PHmeNO kme [T Ker(p:), () Ker(p)]}

Icn i€l ien\I

T (B)

O

Let us recall, from [25] (Example 7.2) for instance, that the hereditary
torsion theories in Ab are completely classified. They are in bijection with
radicals of the form

=\ tn(4

peP
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where &2 is a set of prime numbers and
tp(A) ={ae A|Ine N:ord(a) = p"}

(here ord(a) denotes the order of a). tg(A) corresponds to T(A) when & is
the set of all prime numbers and to 0 when &2 is the empty set. Let us fix a set
& and let F 4 be the associated torsion-free subcategory of Ab. One can prove

that the corresponding closure of a normal subgroup K of a group A such that
K > [A A]is

KY? = {acA|Ime(P):a" €K} (4.1)
where (&) is the ideal generated by 2 in the (commutative) monoid (N, -, 1).

Proposition 4.4.3. Let q: A — B be a surjective homomorphism with B
abelian. One has

¢ (to) = {ae A|Tme(P): gla)" = 1}.

¢ (te) —>tx(B)
A B
PROOF. (C:) Let a be in ¢ 1(t%), that is a € A such that
k
g(a) =] b
i=1

L
for some b; € t,, (B) and p; € (#). Then, there exist [; € N such that b" =1,
and for m = Hle péi (<)),

k k l; 1
ata)™ = [ Jor = [ [0 ) Twrd =1,
=1

i=1

_—
q

(2:) We prove by induction that for all m in (&),
{ae Alg(a)™ =1} € ¢ (t» (D))

Since t o (B) is a normal subgroup of B, the inclusion holds for m = 1. Now,
let m > 1 be in (&) and let us decompose it as

m=m'pl
with p € &, 1 € N and m' € (P\{p})(S (Z)) such that 1 < m’ < m. One
knows from Bezout’s theorem that one can find some ', ¢ € Z such that
d-m' +c-pl=1.
For a € A such that g(a)™ = 1, one has
(g(@™)” = gla)™? =1

and
1 ’ r 1

a(a”)™ = (g(a)” )™ = q(a)™? =q(a)™ =1,
so that, by definition,
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and, by induction,
q(a”") € t»(B).

Hence,

! 7 1 ’ !

q(a) = q(a)*™ TP = (q(a)™)° - (q(a)’ )° € t(B)
—_— —
Ety(B) Et.ry(B)
and a is in ¢ 1 (t2(B)). O
Finally, for an adjunction of type
iy 2b
Fp S 1L ZAbS 1 _Gp,

—_ W >

N
N

the formulae in Theorem [3.2.7 become
N {kedP|Ime () k™ € [P,, P.]}
T {kedP|Ime(P)y:kme [[[N Ker(p:), M Ker(p:)]}

ISn iel ien\I

For & = &, the Brown-Ellis (see [20]) formulae for the integral homology of
a group are recovered:

7 (B)

[P, P,] n 0P
11;[ [ Ker (pi), (1 Ker(pi)]

el ien\I

Hn+1(B7 Z) =

=~ m,(B).

4.5. Rings with coefficient functor into commutative reduced rings

Let Rng be the semi-abelian category of (not necessarily unitary) rings and
CRng its subvariety of (not necessarily unitary) commutative rings: we denote
the corresponding reflection

I
CRng = 1 _Rng.

H
Let then RedCRng be the full replete subcategory of CRng having no (non-zero)
nilpotent element: the rings in RedCRng satisfy all implications of the form
2" = 0=z =0 (with n > 1). This yields a regular epi-reflective subcategory

F
RedCRng = L _ CRng
U

where RedCRng is the torsion-free part of (CRngy;;, RedCRng), a hereditary
torsion theory whose torsion part is the subcategory CRngy;; of nilpotent com-
mutative rings (see [25], for instance). The homological closure operator as-
sociated with this last reflection can be described explicitely, and it actually
gives the well known notion of nilradical of an ideal. Indeed, for any ideal I of
a commutative ring A, its closure in A is its nilradical in A, written /T (A):

TiedCRng _ q[_l(ﬁie/dICRng)
{ae A|IneNy: (I +a)" =1}
{ae A|IneNy:a™ eI}

VI (a)-
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One can then consider the following composite adjunction

F T
RedCRng =~ 1+ _ CRng
U

1 _Rng
—

H
where the reflector F': CRng — RedCRng is indeed protoadditive, as one can
easily see by using the fact that the corresponding torsion theory is hered-
itary. This adjunction is then an example of situation if we choose
& = RegEpi(Rng).

Here one can prove that Wegrng = {[m, n] = mn—nm) so that [M, N]crng =

{m,n]|me M,ne N).

Proposition 4.5.1. Letn = 1. Then for P an £-exact n-cube in Rng, one has

[P]n,cRog = \/[ﬂ Ker (pi), ﬂ Ker (pi)].

ISn iel ien\I

PROOF. First, let us prove that the equality holds for n = 1, i.e. that
[Pli,s = [Ker(p), P1] for any E-exact 1-cube P (this is not really useful in
view of Remark but we give this proof here in order to facilitate the
understanding of the case n > 2). For this, it suffices to show that [P]1, 5 =0
if and only if [Ker (p), P;] = 0. Let k € Ker(p) and a € A and suppose that
[77]crng = [75]cRag- Since (k,0) and (a, a) are in Eq(p), one has of course that

[(K,0), (a,a)] = (k,0)(a,a) = (a,a)(k,0) = (ka — ak,0)
is in [Eq(p)]crng. Then
[k,a] = ka — ak = [7]]crag(ka — ak,0) = [75]crng(ka — ak,0) = 0

and [Ker (p), A]crng = 0. Conversely, let us suppose that ka — ak = 0 for all
k € Ker (p) and a € A. A generator of [Eq(p)]crng can be written

[(a,a + k), (a',a" +E')]

(a,a +k)(a',a + k") —(a',a" + K ) (a,a + k)

(aa',aa’ + ka' + ak’ + kk') — (¢'a,aa’ + K'a + 'k + K'k)

= (ad' —d'a,ad —d'a+ (ka' —d'k) + (ak! — K'a) + (kK — k'k))
(

aa’ —d'a,ad’ —d'a)

with a,a’ € A and k, k' € K so that of course [7]]|crag = [75]cRng. So let P
be an £-exact m-cube for n > 2 and let us suppose that the equality holds
for 0 < j < n—1. Let us recall that we write 6, 1P = p: P, - Fy. So
(P1)n-1 = Pn, (Po)n—1 = Pyfn-1y and (Eq(p))n—1 = Eq(pn—1) and we have to
show that the restrictions of 7"~" and 75"~ to

[Ea®)]n-1 = \/ [[|Ker (Ea(p)):), [] Ker((Eq(p)):)]
Icn—1 i€l ien—1\I
are equal if and only if

VI Ker (pi), ) Ker(p:)] =0,

Icn i€l ien\I
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Solet I € nand [k, k'] € [[) Ker(p;), [ Ker(p;)] and let us suppose (without
i€l ien\I

any loss of generality) that n — 1 € I so that [(k,0), (k',k")] € Eq(pn—1). If one
shows that

([k,k],0) = [(k,0), (W', k)] e [ (] Ker((Ea®):), [ Ker((Ea(p)))],
iel\{n—1} i¢I\{n—1}
then
[k k'] = "™ ([k, k'], 0) = m3" " ([, '], 0) = 0.
So let us show that (k,0) is in Ker ((Eq(p));) for any ¢ € I\(n — 1). But

Ker ((Eq(p)):) = Ker ((Eq(p ))(n D\ }) = Ker (p;) where p; is the morphism in
the following commutative diagram

Pn—1
1 n—1
Ea(p)n-1 = Eq(pn—1) =——= (P1)n-1 = Pa — 22 5 (Po)no1 = Pan_y
ﬁz\b Ty \Lpi \b

Eq(p) (n—1)iy —= (P)(n—10\(i} = Poviiy ——> (Po)(n—1)\(i}-

and p;(k,0) = (p;(k),p:(0)) = (0,0). Omne can prove in a similar way that
(K',kYe (] Ker((Eq(p)):). Conversely, let I €n — 1 and
i¢I\{n—1}

[(k, k), E ﬂKer ((Eq(p ﬂKer ((Eq(p

i€l ¢l

One can write [(k, k), (K, % )] = [(k, k+1), (K', k' +1')] for some 1,1 € Ker (pp_1)
since in particular (k,k) and (k’,?) are in Eq(pn,—1). One has in fact k €
) Ker (p;), I € N Ker(p), ¥ e () Ker(p;) and " € [ Ker(p;).
el ielu{n—1} ie(n—1)\I ien\I
Finally
o (ky k4 1), (K K+ 1))

= w0 (kK [k +LE +1])

= [k? K]

= [kK]+[EV]+][LE]+]LT]

= [k+1L,E+1]

= p"l[(k E+1), (K K +1]

\/ [ Ker (), [ Ker ()] = 0. 0

Icn iel igI

since

Theorem [3.:2.7 and the previous proposition give
Corollary 4.5.2. For P an E-projective n-fold presentation of B
[P, P, ] )0 0P
V [ Ker (p: ,Z@Ker(pi |

ISn el

mn(B) =

(eP)
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4.6. Compact groups with coefficient functor into abelian profinite
groups

We now consider the following composite adjunction:

F ab
Ab(Prof) = 1 _ Ab(HComp) = L _ Gp(HComp).
c c

Here Gp(HComp) is the semi-abelian category (see Theorem 50 in [8]) of com-
pact Hausdorfl groups, Ab(HComp) is its Birkhoff subcategory of abelian com-
pact Hausdorff groups, and Ab(Prof) its Birkhoff subcategory of profinite abelian
groups (compact and totally disconnected abelian groups). We choose & =
RegEpi(Gp(HComp)). The left adjoint ab sends a compact group G to the quo-
tient G/|[G, G]top of G by the normal subgroup [G, G]top, the topological closure
in G of the derived subgroup [G, G] of G. The left adjoint F' sends an abelian
compact group A to the quotient A/T'y(A) of A by the connected component
I['o(A) of the neutral element 0 of A. Now, since the category Ab(HComp) is
abelian, the reflector F': Ab(HComp) — Ab(Prof) is (proto)additive and we
have another special instance of the situation . We shall need a character-
isation of the (quasi-)normal extensions with respect to the adjunction

ab
Ab(HComp) = 1 _ Gp(HComp).

As explained in [70], a semi-abelian category which is strongly protomo-
dular satisfies the commutator condition (CC) [70]: i.e. a n-extension P (an
E-exact m-cube) is normal with respect to the abelianisation functor if and only
if it is H-central which means that for all I S n

[ Ker (p), ) Ker (pi)]uq = 0.
iel ien\I
Now, let us recall that a semi-abelian category A is strongly protomodular if

and only if given a commutative diagram in A of the form

0 Kt sa—Top 0

|

OHK’D?A’WBHO,

the morphism &’ o« is necessarily a normal monomorphism (see Proposition 5.3
and Proposition 5.4 in [68]). Using this fact, one can check that the category of
groups is strongly protomodular, which implies that the category Gp(HComp)

is strongly protomodular. Also, the Huq commutator [M, N]nuq corresponds
—_— T
to [M, N] * the topological closure of the classical commutator of M and N

in Gp (see [35] for instance), so that

[Pl astiicoms) = [ [ Ker (0 (] Ker )]

Icn el ien\I
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for P any £-exact m-cube in Gp(HComp). Now, we can also give an explicit
description of the closure operator in this situation. In order to do this, let
us also consider the Birkhoff subcategory Gp(Prof) of Gp(HComp) of profinite
groups. The reflection of a compact group G in this subcategory is given by the
quotient G/T'g(G), with I'o(G) the connected component of the neutral element
of G. Notice that the internal product K - L of two closed normal subgroups
of a compact group G is necessarily closed, so that it is the supremum K v L
in the lattice of normal subobjects of A. Using that Ab(Prof) < Gp(Prof), as
well as Lemma 2), we find, for any normal subobject K of G such that

K >[G,G] **—which implies that G/(K - To(G)) € Ab(Prof)—that
———Ab(Prof) Ab(Prof) ——Gp(Prof) ——Ab(Prof)

(K)G < (K : FO(G))G =K- I‘O(G) = (K)G < (K)G ,
hence Ab(Prof)
— ro
(K)o =K -Ty(Q).
Let P be an £-exact n-cube. By Lemma one has
— T
[Pl Ab(HComp) = [OP, 0P] *
so that
— Ab(Prof)
[P]mAb(HComp)ﬁp ° = [P]n,Ab(HComp) ' PO(aP) T
=TI [N Ker(p), ] Ker(p)] ™ - To(0P).
Icn i€l ien\I

By Theorem [3:2.7] and the above considerations, one obtained for P an &-
projective n-fold presentation of a compact Hausdorff group B
— T
[P, Pa]l " -To(P,) A 0P

[1 TN Ker (), () Ker(pa)] - To(0P)

Icn i€l ien\I

lle

Tn(B) ~ H,+1(B, Foab).

Let us notice that this Galois structure has already been studied and the above
formulae given in [35]. If T is a semi-abelian theory which is strongly proto-
modular (in the sense that its category of models in Set is), one can propose
the same kind of formulae for an adjunction
P b
Ab(T(Prof)) m%}} Ab(T(HComp)) = L+ _ T(HComp)

c

(see [8] for more informations on semi-abelian topological algebras).

4.7. Topological groups with coefficient functor into Hausdorff
abelian groups

We consider here the adjunction

F ab
 — <
Ab(Haus) =~ L _ Ab(Top) = L _ Gp(Top)
U H
and choose & = Epi(Gp(Top)). Here, Gp(Top) denotes the E-semi-abelian cat-
egory of topological groups, Ab(Top) its £-Birkhoff subcategory of abelian to-
pological groups, and Ab(Haus) the category of Hausdorff abelian topological
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groups. The functor ab sends a topological group G on G/[G, G] with the quo-
tient topology and F' sends an abelian topological group G on G/@G where
ma is the topological closure of the trivial subgroup. Since, Ab(Top) is an
additive category the reflector F' is protoadditive and we are in a position to

apply our Theorem [3:2.7] For K a normal subobject of a topological group A
such that K > [A, A], one finds that

Kﬁb(Haus) _ FTOP,
the topological closure of K in A. Obviously, the inequality
—To| p Ab(Haus) —Ab(Haus)
K qA/K(OA/Kaus ) =Ky

holds since g4,k is continuous. The converse inequality

Ab(Haus —To
QA/K(OA/(K H<E™

is also valid since the map g4/ is open (Proposition 21 in [8]). Let P be the
class of morphisms in Gp(Top) which are split in the category Top. Then for P
a P-projective n-fold presentation of a topological group, we have

——To
[P, P.] ¥ noP

[T Ker (po), 1 Ker (p)] "
ICn iel ¢l

mn(B) =

op "

4.8. Torsion theories
Let us recall from [10] the following

Definition 4.8.1. A protosplit monomorphism in a pointed protomodular cat-
egory A is a normal monomorphism k: K — A that is the kernel of a split
epimorphism.

Now let M be a class of monomorphisms and (7, F) be a torsion theory in
a category A with zero object, cokernels and kernels. One says that the torsion
theory is M-hereditary if T is closed under M-subobjects. It was proved in
[35] that

Theorem 4.8.2. For (T,F) a torsion theory in a homological category A, the
following conditions are equivalent:

(1) the torsion subcategory T is M-hereditary, for M the class of proto-
split monomorphisms;
(2) the reflector F: A — F is protoadditive. O

As shown in [I8], any torsion theory (7, F) in a homological category A
determines also a semi-left-exact [24] reflector F: A — F to the torsion-free
subcategory F of A: F preserves any pullback of the form

il

B?I(B)
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where X € F. In particular, the corresponding Galois structure (with £ the
class of all morphisms in A) is admissible (see [40], [43]). Thus, a class of
examples of the situation (2.4)) is given by any adjunction

F- 1 _A (4.2)

with A4 a homological category which satisfies (INN) and F the torsion free-
part of an M-hereditary torsion theory (7, F) with M the class of protosplit
monomorphisms and £ the whole class of morphisms in A. For an example of
such a situation, one can think of any torsion theory in a Raikov semi-abelian
category (since in this case the reflector is necessarily additive). One knows
from Corollary 2:2.19| that the category of quasi-normal extensions is reflective
in the category of extensions. Moreover, if A has enough projective objects
with respect to a class P of extensions in A and P is a P-projective n-fold
presentation of an object B of A, one obtains:

Efgn noP
o,
T(P,) noP
T(0P)
This expression becomes trivial (0) when the torsion subcategory is closed under

normal subobjects. In fact, if M is a pullback stable class of monomorphisms
containing the normal monomorphisms, one has

T (B)

12

Proposition 4.8.3. Forr a preradical of A, the following conditions are equi-
valent:

(1) f~1(rY) =rX for every morphism f: X =Y in M;

(2) r is idempotent and T, is closed under M-subobjects.

PROOF. (1) = (2): Taking f = rX — X and applying condition (1)
immediately gives that r is idempotent. Now if one takes a morphism f: X —
Y in M such that Y in Ty, then rY = Y givesrX = X. (2) = (1): If one starts
from a morphism f: X — Y in M and considers the following commutative
diagram

one sees that rY € T, and f~1(rY) € T, by hypothesis, so that f~1(rY) < X
implies f~1(rY) < rX and then f~!(rY) = rX. O

The previous proposition (a slightly modified version of Proposition 3.3
(1) in [25]) shows that many torsion theories do not give interesting invariants.



4.8. TORSION THEORIES 107

However, not all torsion-free subcategories are closed under normal monomor-
phism or have a protoadditive reflector. The following example comes from
[35]. Let us consider the following adjunction

Gptf 1 Gp

U
where Gp, ; is the full subcategory of Gp whose objects are the torsion-free
groups: G is torsion-free if there is only one element g € G such that g" for
some n € Ng. The torsion part of the corresponding torsion theory is the full
subcategory of groups which are generated by elements of finite order. One can

consider the following split short exact sequence in Gp:
0—>7Z——>CoxZ—=Cy——>0

where the infinite dihedral group Cs x Z is the group whose underlying set is
Cs x Z and multiplication is given by
* (1,2") (c,?))

(Lz) | (1,z4+2") | (e,z+2")
(c.2) | (ee—2) | (Lz—2)
for z,2’ € Z and Cy = {1, c}. Since C3 x Z is generated by the set {(c, z) | z € Z}
and every element of this set has order 2, one sees that the above short exact
sequence is sent on the following sequence

0—>Z—>0—=0—>0
which is of course not exact. Now, let us consider an adjunction of type

F
T(Prof) = 1 _ T(HComp)
c

where T is a semi-abelian theory. T(Prof) is in fact the torsion-free part of the
torsion theory (T(ConnComp), T(Prof)) where T(ConnComp) is the category of
connected compact Hausdorff (T-)algebras [18]. The torsion part of the theory
is in fact closed under protosplit monomorphisms [35] so that the reflector F
(which sends an algebra A on A/T'x(A) [8]) is protoadditive. We recall here the
arguments. Let A be in T(ConnComp) and let us consider a split short exact
sequence

p
OHKDIG%AZS%BHO,

We have to show that K is connected. For this, it suffices to consider the
continuous function
g: A K:am o(a, 5(p(a)))
where o(x,y) = 0(a1(x,y),...,an(x,y),0) is a subtraction [T4], i.e. satisfies
o(x,0) =2 and o(z,z)=0.

Since one has g o k = 1k, g is surjective and K = g(A) is connected. So T
is closed under protosplit monomorphisms. Considering the normal subobject
{e'3) of S* in Gp(HComp), one sees that 7 = Gp(ConnComp) is not closed under
normal subobjects. So this gives an example of adjunction of type which
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gives (a priori) interesting invariants. Now, the description from Theorem [3.2.7]
becomes for P a RegEpi-projective n-fold presentation of a compact Hausdorff
T-algebras B
To(P,) n OP

Lo(0P)
The last example we shall consider is an adjunction of type

Tn(B) =

o

C< 1 _Gpd(0)

=

where C is a semi-abelian category. It was proved in [I7] that Gpd(C) (the
category of internal groupoids in C) is also semi-abelian. Let us explain why
this is a particular instance of the situation . First, we have to recall that
an internal groupoid X is discrete if it is a discrete internal equivalence relation,
ie. in

dy, d2 and s are isomorphisms. One has an isomorphism D: C — Dis(C) which
sends an object C of C to the discrete groupoid such that d; = ds = s = 1¢.
It is well-known that the category Dis(C) of discrete groupoids is in fact a
Birkhoff subcategory of Gpd(C). The reflector my sends an internal groupoid
X to the discrete groupoid whose objects are the connected components of X
(so mo(X)g = mp(X) is the coequalizer of d; and dz). An internal groupoid
is connected if {dy,ds): X1 — X x Xg is a regular epimorphism. One can
observe that for every internal groupoid X one has a short exact sequence

0 I'x (0) X D(mpX) —— 0

where I'x (0) denotes the connected component of 0 in X and that a morphism
f = (f1,fo): X > Y with X connected and Y discrete is necessarily a zero
morphism. So, one has a torsion theory (ConnGpd(C), Dis(C)). Moreover, mg
is protoadditive [34] and so, Theorem [3.2.7] gives for P a RegEpi(Gpd(C))-
projective n-fold presentation of an internal groupoid X in C
Fo(Pn) N oP

Lo(0P)

Note that this invariant can already be found in [34].

mn(X) =
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