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Introduction

The main aim of my thesis is to begin the study of the notion of funda-
mental group, coming from the categorical Galois theory, in the framework of
E-semi-abelian categories which is sufficiently wide to include several catego-
ries of “algebraic” nature such as the semi-abelian categories [52], the integral
almost abelian categories [72] and the categories of topological semi-abelian
algebras [8]. The fundamental groups corresponding to many adjunctions in
this context are described by generalisations of the Brown-Ellis-Hopf formulae
for the integral homology of groups. I shall start from these formulae to explain
the genesis of the main ideas in this thesis and how they relate to other ones
in our field of study.

The Brown-Ellis-Hopf formulae. In 1942, H. Hopf [45] showed (among
other things) that if

F
f � ,2 B

is any free presentation of a group B, i.e. f is a surjective homomorphism (an
extension) and F a free group, then the quotient

rF, F s X Ker pfq
rF,Ker pfqs . (A)

is an invariant of the group B. This led to the introduction of homology (and
cohomology) of groups (see [64]) and this quotient (A) is by now known as
the second integral homology group H2pB,Zq of B. In 1988, R. Brown and
G. J. Ellis gave, using topological methods, formulae similar to (A) describing
the higher (integral) homology objects of a group [20]. For instance, given a
commutative diagram

F2
f1

� "*
f0

� �%

xf0,f1y
IIII

	 �(III

F0 �G F1

_��

� ,2 F1

_��
F0

� ,2 G

(B)

in which all morphisms are surjective homomorphisms (a double extension) and
F0, F1, F2 are free, they showed that

H3pG,Zq � rF2, F2s X Ker pf0q X Ker pf1q
rKer pf0q,Ker pf1qs � rKer pf0q X Ker pf1q, F2s . (C)
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2 INTRODUCTION

A categorical analysis of the Brown-Ellis-Hopf formulae. In 1995,
at a conference at Halifax [49], G. Janelidze explained that the quotients in
the formulae (A) and (C) were related to central extensions of groups and
suitably defined double central extensions [48] of group. Let us explain this.
A surjective group homomorphism f : AÑ B (an extension of B) is classically
called a central extension (of B) if its kernel Ker pfq is in the center of its domain
A or, equivalently, if the commutator rKer pfq, As vanishes. Every surjective
homomorphism f : AÑ B can be turned into a central extensions in a universal
way: its factorisation f̃ through the canonical quotient q of A by rA,Ker pfqs
is a central extension

rA,Ker pfqs � ,2 ,2

q̃

��

A
f � ,2

q
_��

B

rÃ,Ker pf̃qs � ,2 ,2 Ã � A

rA,Ker pfqs .
f̃

4 5?tttttttttt

In fact one can prove that the restriction q̃ of q to the commutators is a surject-
ive homomorphism. So the quotient in the Hopf formula (A) is precisely what
is needed to turn the free presentation f into a central extension, in fact, a
weakly universal central extension of B (a weak initial object in the category of
central extensions of B). Then, the basic reflection Gp Ñ Ab induces another
reflection ExtpGpq Ñ CExtpGpq where ExtpGpq is the category of extensions and
CExtpGpq the category of central extensions.

The categorical Galois theory. The central extensions of groups can be
studied from the point of view of the categorical Galois Theory of G. Janelidze
(see [47, 9] and the references therein). A core result of this theory (generalizing
the classical one concerning field extensions) is a category equivalence

SplΓpE, pq � BGalpE,pq

stated in the context of a Galois structure Γ, that is an adjunction

B
H

18K A
I

qx

and two classes of morphisms E and Z (in A and B respectively) with some
suitable stability properties, and for p : E Ñ B a morphism of relative Galois
descent with respect to Γ. I shall not enter into the details here but I shall only
give the interpretation of this result for the case of the Galois structure

Ab
H

18K Gp
abqx (D)

with E (respectively Z) the class of surjective homomorphisms in Gp (resp.
Ab) and pE, pq a weakly universal central extension. In this case the category
SplΓpE, pq (the extensions “split” by pE, pq) coincides with the category of cen-
tral extensions of B, and is equivalent to AbGalpE,pq the category of internal
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covariant presheaves in Ab on the Galois groupoid GalpE, pq of pE, pq. This lat-
ter is the image of the kernel pair Eqppq of p under the reflector ab : Gp Ñ Ab.
The next observation is that the reflection ExtpGpq Ñ CExtpGpq induces an as-
sociated notion of double central extension. Again, a double extension like
(B) is central with respect to this new induced adjunction if and only if
rKer pf0q,Ker pf1qs�rKer pf0qXKer pf1q, F2s=0. These principles lead inductively
to a chain of Galois structures and to a connection between the Brown-Ellis-
Hopf formulae and higher central extensions of groups.

E-semi-abelian categories. Nearly as old as the category theory is the
quest for a suitable categorical framework for the study of groups and similar
non-abelian algebraic structures. Various authors proposed different lists of ax-
ioms, each one allowing a categorical treatment of some aspect of group theory.
In 2002, G. Janelidze, L. Marki and W. Tholen published [52] in which they
defined the particularly simple and elegant notion of semi-abelian category: a
category A is semi-abelian if it is pointed, Barr-exact [2], Bourn-protomodular
[11] and has all binary coproducts. They showed in particular the equivalence
of these “new style” axioms with some “old style” axioms, and they provided
evidence that their setting was good enough to capture many important fea-
tures of the category of groups. The main examples of semi-abelian categories
are, beside the category of groups Gp, the categories of Lie algebras, com-
mutative algebras, (not necessarily unitary) rings, compact Hausdorff groups,
C�-algebras, Heyting semilattices [63], the dual of the category of pointed sets
and, of course, any abelian category. For reason which will be clear soon, I
have chosen to work in a slightly weaker context than the one of semi-abelian
categories where the Barr-exactness condition is relaxed in some way. Let us
recall here that a finitely complete category A is exact if it is regular [2], i.e. it
has coequalisers of kernel pairs and regular epimorphisms are pullback stable,
and if every internal equivalence relation is effective, i.e. the kernel pair of some
morphism. These conditions can be rephrased in the following way:

(1) (A is regular) every morphism f : AÑ B can be factorised as a regular
epimorphism p followed by a monomorphism m

A
f ,2

p �� ��???????? B

I
:D m

:D�������

and the regular epimorphisms are pullback-stable. Equivalently, the
pair pRegEpipAq,MonopAqq is a (proper) stable factorisation system
on A.

(2) for every internal equivalence relation R, there exists an effective equi-
valence relation S such that R factorises through S with a morphism
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iRS which is in RegEpipAq (hence an isomorphism)

R ,2 iRS ,2
�'

xr1,r2y �'GGGGGGGG Sw�

xs1,s2yw�wwwwwwww

X �X.

(E)

If one replaces in the conditions (1)-(2) above the pair pRegEpipAq,MonopAqq
by a pair pE,Mq of classes of morphisms in A, one obtains what I call an E-
exact category (note that the class E determines the pair pE,Mq). An example
of an E-exact category which is not Barr-exact is the category of topological
groups GppTopq. Nevertheless, it is Epi-exact and also regular. The condition
p2q can be interpreted in this case, saying that every internal equivalence in
GppTopq is “almost” effective: only the topology on it might prevent it from
being effective. In this thesis, I shall work in the context of an E-semi-abelian
category: a homological (i.e. a pointed, regular, protomodular) category which
is E-exact (for some E) and has all binary coproducts. This allows one to work,
for instance, with the category of topological semi-abelian algebras [8] and also
any integral almost abelian category [72]. I must say here that the idea of
considering this kind of category has been inspired by [25, 16]. In [25], M.M.
Clementino, D. Dikranjan and W. Tholen work with categories equipped with
a proper stable factorisation system S � pE,Mq and satisfying some axioms
relative to this system. One axiom is particularly relevant for the present work.
Given a commutative square

K
p // //

_��
k

��

fSpKq
��
fSpkq

��
A

f
// // B

where f is in E, k is a normal monomorphism and fSpkq�p is the S-factorisation
of f � k, then fSpkq is necessarily a normal monomorphism. This axiom, which
will be called (INN) in the following, is satisfied by the homological category
GppTopq of topological groups, for instance, with S � pEpi,Monoq. This axiom
in the case pRegEpi,Monoq was known to be equivalent to Barr-exactness in
the context of a homological category. More generally, for any S � pE,Mq the
above axiom is equivalent to E-exactness (propositions 1.5.12 and 1.5.9). An-
other source of inspiration has been the notion of efficiently regular homological
category introduced by D. Bourn in [16]. The main condition is the following:
whenever one has a diagram like (E) in which R is an internal equivalence rela-
tion, S an effective equivalence relation and iRS an equalizer, then necessarily
R is effective. In particular any E-semi-abelian is efficiently regular. Let us just
note here that the notion of E-semi-abelian category is not directly related to
the notion of (incomplete) relative semi-abelian category [60, 61]. In the series
of papers [60, 61, 62, 58] and in her thesis [59], T. Janelidze has developed
another notion of relativisation with respect to a class E of regular epimorph-
isms. In particular, she shows that the relative versions of the so-called “old”
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and “new” axioms for semi-abelian categories are equivalent and that some re-
lative version of homological lemmas and various results on E-relations hold
in her context. This approach (which is related to the work of N. Yoneda on
quasi-abelian categories [76]) is based on the idea that the class of short exact
sequences

0 � ,2 ,2 K
k ,2 A

f � ,2 B ,2 0

with f in E should behave like the usual short exact sequences in a semi-abelian
(homological) category.

A categorical proof of the Brown-Ellis-Hopf formulae. The res-
ults presented at the conference [49] have not been published immediately. A
different approach was introduced by T. Everaert, M. Gran and T. Van der
Linden in [36], where some generalised Brown-Ellis-Hopf formulae were shown
to describe the Barr-Beck cotriple homology when the coefficient functor is a
reflector A Ñ B with A a monadic semi-abelian category and B a Birkhoff
subcategory of A (it was known before that the integral homology of a group
corresponds to the cotriple homology with the abelianisation functor as coeffi-
cient).

Fundamental group. The original proof by G. Janelidze was published in
[50], where he proved in the more general context of a pointed Galois structure
with abstract commutators that the Galois group GalpE, p, 0q, the group of
automorphisms of 0 of the Galois groupoid GalpE, pq of any weakly universal
normal extensions pE, pq of B, is an invariant of this object and can be described
by the formula (A) (note that in the case of groups, normal extensions and
central extensions coincide). This invariant is called the fundamental group of
B by analogy with another Galois structure for which the terminology agrees
with the usual one. Indeed, if one considers the Galois structure

Set
H
.5K LoCo ,

π0pw

where LoCo is the category of locally connected topological spaces, π0 the
connected component functor, E the class of local homeomorphisms and Z the
class of all morphisms in the category Set of sets, then for a “good” topological
space admitting a universal covering, the Galois group of this covering turns out
to be precisely the fundamental group of the space [9]. So, in the semi-abelian
context it was rather natural to compare the two independent approaches (both
based on a study of higher central extensions) and to see if the definition
of invariants through the Galois groups could bring further insights into the
subject. One of the goals was to further extend the context in order to obtain
new description of the fundamental group in the category of topological groups.
Another hope was to be able to describe the fundamental groups corresponding
to new reflections where the reflective subcategory was no longer required to
be stable under quotients, as in the Birkhoff case.
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A description of the fundamental group in terms of commutators
and closure operators. A first result in these directions was obtained in [29]
where we considered composite Galois structures

F
U

29K B
H

29K

F
ry A

I
ry (F)

where A is a semi-abelian category with enough projective objects, I a Birkhoff
reflector and F a (regular epi)-reflective subcategory of B with the property
that the reflector F : B Ñ F is protoadditive [34] (i.e. preserves split short exact
sequences). For a Galois structure of this kind, we proved that the fundamental
group of any object B of A can be described by

π1pBq � prF, F sBqFF X Ker pfq
prF,Ker pfqsBqFKer pfq

where pF, fq is a projective presentation of B, r�,�sB the relative commutator
associated with B [38, 51, 37], and � F the homological closure operator as-
sociated with F [18]. In fact, my co-authors had already studied some Galois
structures as above where the functor F is also a Birkhoff reflector (so that
the composite is a Birkhoff reflector and the situation is the same as the one
treated in [36]). In that cases, the protoadditivity of F allowed them to better
explicit the Hopf-formulae [35]. In some specific example, topological closures
appeared in these formulae (see section 4.6). Subsequently, I made explicit the
connection with the homological closure operators.

E-protoadditive reflectors. I extend the results proved in [29] to the
context of E-semi-abelian categories and define higher fundamental groups in
the same way as G. Janelidze did in the special case of groups: πnpBq is the
first fundamental group of any “good” pn � 1q-projective presentation of B. I
also give some descriptions of them. The main results are stated for reflectors
which preserves pullbacks of the form

P

p1
_��

f 1 ,2 E

p
_��

A
f
,2 B

LR
s

LR

where f and p are in E , and s a section of p. I call them E-protoadditive
reflectors. Both the Birkhoff and the protoadditive reflectors have this property.
When the coefficient functor factors through a protoadditive functor as in (F),
it is possible to give better description of the higher fundamental groups in
which closures occur (Theorem 3.2.5).

Idempotent E-closure operators. Although the only closure operator
which appears in our formulae is the one associated with F , some induced
closure operators (at the level of categories of higher extensions) are needed in
the proof of the Theorem 3.2.5 and lead me to define a suitable notion of closure
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operator allowing one to work in categories without all finite limits. At some
point, I was glad to realize that a good notion for this purpose had just been
introduced by W. Tholen in [73]. This allowed me to prove Theorem 1.6.10
which extends the bijection between (regular-epi)-reflective subcategories of a
homological category and homological closure operators to a bijection between
E-reflective subcategories of a category with a “good” class of extensions E and
idempotent E-closure operators.

The structure of the text.
Chapter 1: The Context. In this chapter, we introduce (almost) all the

basic notions and results we shall need in the subsequent chapters. In particu-
lar, we recall some basic facts about internal structures, factorisation systems,
homological categories, classes of extensions and exact cubes (higher exten-
sions). In the fifth section, we introduce the notion of E-semi-abelian category
and give some examples: the semi-abelian categories, the categories of topolo-
gical semi-abelian algebras, and the integral almost abelian categories are all
E-semi-abelian. In the last section, we study idempotent E-closure operators
and show that they are in bijection with full replete E-reflective subcategories
(in the appropriate framework).

Chapter 2: Derived Galois structures. This chapter is devoted to the study
of different types of Galois structures inducing a chain of similar higher order
Galois structures. We first recall the basic notion of Galois structure and intro-
duce the notion of quasi-normal extension. After this, we introduce the notion
of an E-(pre)radical in a homological category which satisfies (INN) and show
that it induces an E1-preradical (at the level of the category of extensions)
which is a radical if and only if the category of quasi-normal extensions (asso-
ciated with the E-radical) is reflective in the category of extensions. We then
study some classes of E-preradicals which ensure that the induced preradicals
are also radicals. In the third section, we pay particular attention to a special
kind of E-preradical. It is for this particular kind of E-preradical that we are
able to give better descriptions of the fundamental groups in chapter 3. All
results of this chapter are valid in the context of E-semi-abelian categories.

Chapter 3: Fundamental groups. We begin this chapter by recalling the
notion of fundamental group in the context of a Galois structure satisfying
some suitable properties. We then prove that if one works in a more specific
situation (essentially the one of chapter 2 which gives a tower of induced Galois
structures), the fundamental group of any object exists and can be described
by the Hopf formula. Using this, we can define the higher fundamental groups,
and also provide some descriptions for them. We finally show that for a Galois
structure of the kind (F), these descriptions can be refined using the E-closure
operator introduced in the first chapter.

Chapter 4: Examples. We start this chapter with a recollection of some
results on projective objects which are important in order to obtain the exist-
ence of weakly universal quasi-normal extensions. We then recall some classical
notions, such as the one of variety of Ω-groups and the one of Huq-commutator.
Finally, we give some particular instances of our theory, and provide the cor-
responding descriptions of the fundamental groups obtained in these cases.





CHAPTER 1

The context

In this chapter, we introduce (almost) all the basic notions and results
we shall need in the subsequent chapters. In particular, we recall some basic
facts about internal structures, factorisation systems, homological categories,
classes of extensions and exact cubes (higher extensions). In the fifth section,
we introduce the notion of E-semi-abelian category and give some examples: the
semi-abelian categories, the categories of topological semi-abelian algebras, and
the integral almost abelian categories are all E-semi-abelian. In the last section,
we study idempotent E-closure operators and show that they are in bijection
with full replete E-reflective subcategories (in the appropriate framework).

1.1. Internal structures

The reader may consult [4] for more information on internal structures.

Definition 1.1.1. An internal relation from A to B in a category A is a triple
pR, r1 : R Ñ A, r2 : R Ñ Bq such that r1 and r2 are jointly monic. In the
presence of binary products in A, this amounts to saying that the induced
morphism xr1, r2y : RÑ A�B is a monomorphism.

A relation pR, r1 : RÑ X, r2 : RÑ Xq (on X) is symmetric if there exists
a morphism σ : RÑ R such that r1�σ � r2 and r2�σ � r1. Let pR�XR, p1, p2q
denote the pullback of r1 along r2:

R�X R
p2 ,2

p1

��

R

r1

��
R r2

,2 X.

The relation pR, r1 : R Ñ X, r2 : R Ñ Xq is transitive if there is a morphism
τ : R �X R Ñ R such that r1 � τ � r1 � p1 and r2 � τ � r2 � p2. The relation
pR, r1 : R Ñ X, r2 : R Ñ Xq is reflexive if there is a morphism δ : X Ñ R
such that r1 � δ � 1X and r2 � δ � 1X . When A has binary products, this is
equivalent to saying that the diagonal x1X , 1Xy : X Ñ X �X factors through
xr1, r2y : RÑ X�X. An internal equivalence relation is a reflexive, symmetric
and transitive internal relation. An internal equivalence relation is called effec-
tive if it is the kernel pair of some morphism. In this case, it is necessarily an
internal equivalence relation. For f a morphism in a category, pEqpfq, πf1 , πf2 q,
or pEqpfq, π1, π2q for short, will denote its kernel pair when it exists. For an
object A in a category A, EqpAq will denote the poset of effective internal
equivalence relations on A.

9
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Definition 1.1.2. An internal category X in a category A with pullbacks is a
diagram of the form

X1 �X0 X1

p1 ,2
m ,2
p2
,2 X1

d1 ,2

d2

,2 X0slr

where pX1 �X0 X1, p1, p2q is the pullback of d1 along d2

X1 �X0 X1
p2 ,2

p1

��

X1

d1

��
X1

d2

,2 X0

such that the following equalities hold
(1) d1 � s � 1X0 � d2 � s;
(2) m � x1X1 , s � d2y � 1X1 � m � xs � d1, 1X1y;
(3) d1 � p1 � d1 �m;
(4) d2 � p2 � d2 �m;
(5) m � p1X1 �X0 mq � m � pm�X0 1X1q.

Definition 1.1.3. An internal groupoid in A is an internal category in A
equipped with a morphism σ : X1 Ñ X1 such that the following equalities hold

(1) d1 � σ � d2;
(2) d2 � σ � d1;
(3) m � x1X1 , σy � s � d1;
(4) m � xσ, 1X1y � s � d2.

Remark 1.1.4. An internal equivalence relation is an internal groupoid.

Definition 1.1.5. An internal functor f : X Ñ Y is a pair pf0, f1q of arrows
in A as in the diagram

X1 �X0 X1 mX ,2

f2�f1�f0f1

��

X1

d1 ,2

d2

,2

f1

��

X0slr

f0

��
Y1 �Y0 Y1 mY ,2 Y1

d1 ,2

d2

,2 Y0slr

such that
(1) d1 � f1 � f0 � d1;
(2) d2 � f1 � f0 � d2;
(3) f1 � s � s � f0;
(4) f1 �mX � mY � f2.

Definition 1.1.6. For two given internal functors f, g : X Ñ Y, an internal
natural transformation from f to g is a morphism α : X0 Ñ Y1 in A such that

(1) d1 � α � f0;
(2) d2 � α � g0;
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(3) mY � xf1, α � d2y � mY � xα � d1, g1y

X1

xα�d1,g1y

��

xf1,α�d2y ,2 Y1 �Y0 Y1

mY

��
Y1 �Y0 Y1 mY

,2 Y1.

Definition 1.1.7. An internal natural transformation α : f ñ g is called a
homotopy if it is invertible, i.e. if there exists an internal natural transformation
β : g ñ f such that

(1) mY � xα, βy � s � f0;
(2) mY � xβ, αy � s � g0.

Remark 1.1.8. If Y is an internal relation, so that d1 and d2 are jointly monic,
then p3q in Definition 1.1.6 is satisfied as soon as p1q and p2q are.

Remark 1.1.9. An internal natural transformation between groupoids is auto-
matically a homotopy.

Proof. σ � α is the inverse of α. To see this, it suffices to precompose
with α in the axioms (3) and (4) for σ. �

Definition 1.1.10. A strong equivalence of internal categories X and Y is an
internal functor f : X Ñ Y such that there exists an internal functor f̃ : Y Ñ X
and homotopies f � f̃ ñ idY and f̃ � f ñ idX.

Remark 1.1.11. A strong equivalence f : X Ñ Y is always cartesian, i.e. the
square

X1
f1 ,2

xd1,d2y

��

Y1

xd1,d2y

��
X0 �X0

f0�f0
,2 Y0 � Y0

is a pullback. This is the internalisation of the notion of fully faithful functor.

Definition 1.1.12. A morphism f : X Ñ Y of internal categories is called a
discrete fibration if the square

X1
f1 ,2

d2

��

Y1

d2

��
X0

f0

,2 Y0

is a pullback.
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Remark 1.1.13. If X and Y are internal groupoids, f : X Ñ Y is a discrete
fibration if and only if the square

X1
f1 ,2

d1

��

Y1

d1

��
X0

f0

,2 Y0

is a pullback.

1.2. Factorisation systems

Let us recall some classical notions and results which can be found for
instance in [22]. Let A be a category and p, i two morphisms in A. We shall
write p Ó i if for every pair of morphisms u, v with v � p � i � u, there exists a
unique morphism w such that the following diagram

. p ,2

u

��

.

v

��
w

y�.
i
,2 .

is commutative. In this case, one says that p and i are orthogonal. IfH is a class
of morphisms, we also writeHÒ � tp | p Ó h@h P Hu andHÓ � ti |h Ó i@h P Hu.
Definition 1.2.1. A prefactorisation system pE,Mq on A is a pair of classes
of maps of A such that E � MÒ and M � EÓ.

Proposition 1.2.2. Let pE,Mq be a prefactorisation system. Then

(1) M contains the isomorphisms and is closed under composition;
(2) every pullback of a morphism in M is in M;
(3) if f � g is in M so is g, provided that f is either in M or a monomor-

phism.

Proof. (1): Let i : C Ñ D be an isomorphism and let us consider a
commutative diagram of the form

A
p ,2

u

��

B

v

��
C

i
,2 D

with p P E. Then w � i�1 � v : B Ñ C is the unique morphism such that

w � p � u and i � w � v

since i is in particular a monomorphism. This shows that i P M. Now, let
m : C Ñ D and n : D Ñ E be two morphisms in M and let us consider a
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commutative diagram of the form

A
p ,2

u

��

B

v

��
C m

,2 D n
,2 E

with p P E. Since n P M, there exists a unique morphism w : B Ñ D such that

w � p � m � u and n � w � v

A
p ,2

u

��

B

v

��
w

y�
C m

,2 D n
,2 E

and for a morphism x : B Ñ C, one has"
x � p � u
m � x � w

ô
"
x � p � u
n �m � x � v

.

Consequently and because m is also in M, there exists a unique morphism
x : B Ñ C such that

x � p � u and pn �mq � x � v.

A
p ,2

u

��

B

v

��

x

s{
w

y�
C m

,2 D n
,2 E

Thus, we have that n �m P M.

(2): Let us consider a pullback diagram in A

P
m1
,2

f

��
p�q

C

g

��
D m

,2 E

with m P M and let us suppose that we have morphisms p P E, u and v such
that the diagram

A
p ,2

u

��

B

v

��
P

m1
,2

f

��

C

g

��
D m

,2 E
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is commutative. Then there exists a unique morphism w : B Ñ D such that
the square

A
p ,2

f�u

��

B

g�v

��
w

y�
D m

,2 E

commutes and, since p�q is a pullback, one has for a morphism x : B Ñ P"
f � x � w
m1 � x � v

ô
$&
%

pf � xq � p � f � u
m � pf � xq � g � v
m1 � x � v

ô
$&
%

f � px � pq � f � u
m1 � px � pq � v � p
m1 � x � v

ô
"
x � p � u
m1 � x � v

.

So xw, vy is the unique morphism x : B Ñ P such that

A
p ,2

u

��

B

v

��
x

y�
P

m1
,2 C

commutes and m1 P M.
(3): Let us assume that we have a commutative diagram

A
p ,2

u

��

B

v

��

f�v

�%
C g

,2 D
f
,2 E

in which f � g P M and p P E. Then there exists a unique morphism w : B Ñ C
such that

w � p � u and pf � gq � w � f � v.
If f is a monomorphism, one can easily deduce that g is in M. If f is in M,
then g � w � v since both diagrams

A
p ,2

g�u

��

B

f�v

��
g�w

y�
D

f
,2 E

A
p ,2

g�u

��

B

f�v

��
v

y�
D

f
,2 E

commute. �

Corollary 1.2.3. Let pE,Mq be a prefactorisation system. Then
(1) E contains the isomorphisms and is closed under composition;
(2) every pushout of a morphism in E is in E;
(3) if f�g is in E so is f , provided that g is either in E or an epimorphism;
(4) EXM � Iso, the class of isomorphisms.
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Proof. (1)-(3): follow by duality. (4): Corollary 1.2.3 (1) and Proposition
1.2.2 (1) already give us Iso � E X M, so that it only remains to show that
EXM � Iso. Let f : AÑ B be in EXM. Then, since one has a commutative
diagram

A
f ,2

1A

B

1B

A
f
,2 B,

it follows that there exists w : B Ñ A such that

w � f � 1A and f � w � 1B .

and that f is an isomorphism. �

Proposition 1.2.4. When A is either finitely complete or finitely cocomplete,
the following properties of a prefactorisation system pE,Mq are equivalent:

(1) every morphism in E is an epimorphism;
(2) if f � g is in M so is g;
(3) every equalizer is in M;
(4) every split monomorphism is in M.

Proof. p1q ñ p2q: Let us suppose we have a commutative diagram

A
p ,2

u

��

B

v

��

f�v

�%
C g

,2 D
f
,2 E

in which f �g is in M and p is an epimorphism in E. Then there exists a unique
morphism w : B Ñ C such that

w � p � u and pf � gq � w � f � v.
This morphism w is in fact such that

w � p � u and g � w � v

since g � w � p � g � u � v � p and p is epi.

p1q ñ p3q: Let e : E Ñ X be the equalizer of a pair of morphisms f, g : X Ñ Y
and let us suppose we have a commutative square

A
p ,2

u

��

B

v

��
E e

,2 X

in which p is in E and, by assumption, an epimorphism. Then

f � v � p � f � e � u � g � e � u � g � v � p
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imply f �v � g�v. Thus there exists a morphism w : B Ñ E such that v � e�w
and, since e is in particular a monomorphism, u � w � p.

p2q ñ p4q and p3q ñ p4q: hold trivially.

p4q ñ p1q: Let p : AÑ B be in E and x, y : B Ñ X such that x � p � y � p. If
A has binary products, we set

u � x1B , xy, v � x1B , yy : B Ñ B �X.

If not, A has pushouts and we choose u, v to be the cokernel-pair of p. In both
cases, there exist some t and s such that

u � p � v � p, t � u � t � v � 1B , x � s � u, y � s � v :

X

A
p ,2 B

x1B ,xy ,2
x1B ,yy

,2

x
,2

y

,2

1B

,2
1B ,2

B �X

pB�t

��

pX�s

LR

B

X

A
p ,2 B

u ,2
v

,2

x
,2

y

,2

1B

,2
1B ,2

B �A B
r1B ,1Bs�t

��

rx,ys�s

LR

B

Since v is a split monomorphism, it is in M by (4) and we have a commutative
diagram

. p ,2

p

��

.

u

��
w

y�.
v
,2 .

Then w � t � v � w � t � u � 1B gives that u � v, which finally gives that
x � y. �

By duality, one obtains

Corollary 1.2.5. When A is either finitely complete or finitely cocomplete,
the following properties of a prefactorisation system pE,Mq are equivalent:

(1) every morphism in M is a monomorphism;
(2) if f � g is in E so is f ;
(3) every coequalizer is in E;
(4) every split epimorphism is in E. �

Definition 1.2.6. A prefactorisation system pE,Mq on a category A is a fac-
torisation system if every map of A can be factorised as m � e with m P M and
e P E.

Proposition 1.2.7. A pair pE,Mq of classes of morphisms in A is a factor-
isation system on A if and only if


 E and M contain the class of isomorphisms and are closed under
composition with isomorphisms;


 every map of A can be factorised as m � e with m P M and e P E;

 e Ó m for all e P E and m P M. �
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Definition 1.2.8. A factorisation system pE,Mq is proper if every morphism
in E is an epimorphism and every morphism in M is a monomorphism.

Definition 1.2.9. A factorisation system pE,Mq is stable if E is stable under
pullback, i.e. if whenever one has a pullback square

A ,2

f 1

��

B

f

��
C ,2 D

in which f is in E, then necessarily f 1 is also in E.

Now, let us suppose that A is a category with pullbacks and equipped with
a factorisation system S � pE,Mq. Then for every morphism f : AÑ B there
is an adjunction

M{A
fSp�q )/
K M{B,

f�1
S p�q

ho

where fSp�q is the functor which assigns to a morphism m : M Ñ A of M its
image under f given by the pE,Mq-factorisation of f � m and f�1

S p�q is the
pullback functor which assigns to a morphism m1 : M 1 Ñ B of M its inverse
image under f . (ImSpfq, imSpfqq will denote fSp1Aq.

1.3. Homological categories

Let A be a category equipped with a factorisation system pE,Mq.
Definition 1.3.1. A is E-regular if it has finite limits and pE,Mq is proper
and stable.

Example 1.3.2. A category A is RegEpipAq-regular if and only if it is regular
[1]. We shall write Sr � pRegEpipAq,MonopAqq.

Let PtpAq be the category of split epimorphisms in a category A with
pullbacks of split epimorphisms along any morphism. PtpAq is given by

Objects: pairs pp : AÑ C, s : C Ñ Aq such that p � s � 1C ;
Arrows: f : pp, s : A Ô Cq Ñ pp1, s1 : A1 Ô C 1q, pairs f � pf1 : A Ñ
A1, f0 : C Ñ C 1q such that

p1 � f1 � p � f0 and f1 � s � s1 � f0.

(with obvious composition and identities). The forgetful functor

π : PtpAq Ñ A : pp, s : AÔ Cq Ñ C f � pf1, f0q Ñ f0

is a fibration which is called the fibration of points. It has some strong classi-
fying properties [6].

Definition 1.3.3. The fibre over an object C, denoted by PtApCq and called
the category of pointed objects over C, has

Objects: triples pA, p : AÑ C, s : C Ñ Aq such that p � s � 1C ;
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Arrows: f : pp, s : AÔ Cq Ñ pp1, s1 : A1 Ô Cq morphisms f : AÑ A1 in
A such that

p1 � f � p and f � s � s1.

Remark 1.3.4. PtApCq is in fact the category ppC, 1Cq{pA{Cqq. This explains
the chosen name.

Definition 1.3.5. [11] A category A is (Bourn-)protomodular if
(1) A has pullbacks along split epimorphisms;
(2) for every morphism v : B Ñ C, the pullback functor

v� : PtApCq Ñ PtApBq
is conservative, i.e. reflects isomorphisms.

Protomodular categories are such that

Proposition 1.3.6. [13] In any pullback

E �B A f ,2

��

A

p

��
E ,2 B

s

LR

where p is split by s, the pair pf, sq is jointly extremally epimorphic. This
means that whenever f and s factor through the same monomorphism, this
monomorphism is an isomorphism. �

Finitely complete protomodular categories are also Mal’tsev categories.

Definition 1.3.7. [23] A category with finite limits is Mal’tsev if every reflex-
ive internal relation is an equivalence.

Concerning Mal’tsev categories, one has the following result

Proposition 1.3.8. [15] A regular category A is Mal’tsev if and only if morph-
isms in SplitEpipAq with f1, f0 regular epimorphisms

A
f1 ,2

p

��

A1

p1

��
C

f0

,2

s

LR

C 1

s1

LR

are in fact regular pushouts, i.e. the comparison morphism xp, f1y : AÑ C �C1

A1 is a regular epimorphism. �

Let us recall that a category is pointed if it has a terminal object which
is also initial. In this case, we denote this object by 0 and call it the zero
object (it is determined up to isomorphism). In this kind of category, the
unique morphism A Ñ B which factors through 0 is called a zero morphism
and denoted by 0AB or just by 0. The kernel of a morphism f is defined as
the equalizer of the pair pf, 0q when it exists. The notion of cokernel is defined
dually. The kernel of a morphism f : AÑ B is denoted by ker pfq : Ker pfq Ñ A,
or just by pKer pfq, ker pfqq, and its cokernel by pCokerpfq, coker pfqq whenever
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they exist. A morphism which is the kernel of some morphism is called a normal
monomorphism. One defines dually the notion of normal epimorphism. We
shall use the following convention: arrows depicted in diagrams (or somewhere
else) by

. ,2 ,2 . . � ,2 ,2 . . // // . . � ,2 .

will represent respectively monomorphism, normal monomorphism, epimor-
phism and normal epimorphism. From Proposition 1.3.6, one can infer the
following

Proposition 1.3.9. [12] A pointed protomodular category is unital: for every
pair of objects A and B, the pair of morphisms

A
x1,0y ,2 A�B B

x0,1ylr

is jointly extremally epimorphic. �

Definition 1.3.10. [6] A category A is homological when it is regular, pointed
and protomodular.

It is well known that any regular epimorphism in a homological category
A is a normal epimorphism, thus the cokernel of its kernel [11]. We recall here
the notion of exact sequence. Let A be a homological category.

Definition 1.3.11. The category ChpAq of chain complexes in A is given by
Objects: a chain complex is a family C
 � pdn : Cn Ñ Cn�1qnPZ

� � � ,2 C2
d2 ,2 C1

d1 ,2 C0
,2 � � �

of morphisms in A such that dn � dn�1 � 0 for all n P Z.
Arrows: a morphism of chains complexes f : C
 Ñ C 1


 is a family of
morphisms f � pfn : Cn Ñ C 1

nqnPZ

� � � ,2 C2
d2 ,2

f2

��

C1
d1 ,2

f1

��

C0
,2

f0

��

� � �

� � � ,2 C 1
2

d12 ,2 C 1
1

d11 ,2 C 1
0

,2 � � �
such that fn�1 � dn � d1n � fn for all n P Z.

Let A be a homological category equipped with a proper stable factorisation
system S � pE,Mq (possibly different from Sr � pRegEpi,Monoq).
Definition 1.3.12. A chain complex C
 is called S-proper or E-proper when
imSpdnq is a normal monomorphism for all n P Z.

Definition 1.3.13. A chain complex C
 is S-exact or E-exact at n when
imSpdn�1q � ker pdnq.

The nth homology object HnpC
q of an E-proper chain complex C
 can be
defined as usual. First, one constructs the kernel ker pdnq of the map dn and
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then the factorisation d1n�1 of dn�1 through this kernel. The (object part of
the) cokernel of d1n�1 is HnpC
q.

� � �Cn�1
dn�1 ,2

d1n�1 !)LLLLLLLLLL Cn
dn ,2 Cn�1 � � �

Ker pdnq
7 7A

7Awwwwwwww

coker pd1n�1q_��
HnpC
q

Observe that the cokernel of d1n�1 exists: this is easily seen using the commu-
tative diagram

� � �Cn�1
dn�1 ,2

&& &&MMMMMMMMMM Cn � � �

ImSpdn�1q
k
,2

) 18
imSpdn�1q

18iiiiiiiiiiiiiiiiii
Ker pdnq

4 5? ker pdnq

5?ttttttttt

in which k is of course a normal monomorphism whose cokernel exists and is
precisely coker pd1n�1q. This also allows us to see that C
 is E-exact at n if and
only if HnpC
q � 0. We shall say that C
 is exact at n if it is Sr-exact.

A sequence depicted by

0 ,2 K
� ,2 k ,2 A

f � ,2 B ,2 0

is called a short exact sequence. This means that k � ker pfq and f � coker pkq.
Then, in a homological category, a short exact sequence is the same thing as a
regular epimorphism equipped with its kernel.

Lemma 1.3.14. [13] (Short Five Lemma) For every morphism of short exact
sequences in a homological category

0 ,2 K
� ,2 ,2

u

��

A
� ,2

v

��

B ,2

w

��

0

0 ,2 K 1 � ,2 ,2 A1 � ,2 B ,2 0

with u and w isomorphisms, v is also an isomorphism. �

We also have the following useful result:

Lemma 1.3.15. [13] Let A be a homological category and consider the follow-
ing commutative diagram:

0 ,2 K
� ,2 ,2

u

��
p1q

A
� ,2

v

��
p2q

B ,2

w

��

0

0 ,2 K 1 � ,2 ,2 A1 � ,2 B1 ,2 0

where both rows are exact.
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 if p1q is a pullback then w is a monomorphism.

 if u is an isomorphism then p2q is a pullback. �

Note, that in the previous lemma, the converse implications hold in fact in
any pointed category. One also has the

Lemma 1.3.16. (3� 3-lemma) Let A be a homological category and

0 ,2 K2 � ,2 ,2

��

X2 � ,2

��

Y 2 ,2

��

0

0 ,2 K 1 � ,2 ,2

��

X 1 � ,2

��

Y 1 ,2

��

0

0 ,2 K
� ,2 ,2 X

� ,2 Y ,2 0

be a commutative diagram in A where every row is short exact and the middle
column is zero. If two columns are short exact, then the third one is also short
exact. �

1.4. Categories with a class of extensions

Let E denote a class of arrows in a category A which has pullbacks along
morphisms in E . We shall write E1 for the class of arrows in ArrpAq such that
an arrow f � pf1, f0q : aÑ b in ArrpAq

A1
f1 ,2

a

��

B1

b

��
A0

f0

,2 B0

is in E1 if and only if all the arrows in the diagram (lying in A)

A1
f1

"*
a

�&

xa,f1y

�)
A0 �B0 B1

��

,2 B1

b

��
A0

f0

,2 B0

are in E .

If E is a class of arrows in a category A, we denote by AE the full subcat-
egory of A whose objects are the objects of A which are domains or codomains
of elements of E . The class of objects of AE will be denoted E�. Let A be a
homological category and E a class of morphisms in A such that 0 P E�.
Definition 1.4.1. We shall call E a class of extensions (following [31]) if six
conditions are fullfilled:

(A1) E contains all isomorphisms f : AÑ B such that A,B P E�;
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(A2) the pullback of any morphism f : A Ñ B in E along any morphism
g : C Ñ B with C P E� exists in A and is in E , i.e. the pullback

C �B A ,2

f 1

��

A

f

��
C g

,2 B

exists and f 1 is in E whenever f P E and C P E�;
(A3) E is closed under composition;
(A4) if the composite AÑ B

gÑ C P E and B P E� then g P E ;
(A5) For every morphism of short exact sequences in A of the form

0 ,2 K
� ,2 ,2

k

��

A
f � ,2

l

��

B ,2 0

0 ,2 K 1 � ,2 ,2 A1
f 1

� ,2 B ,2 0

and such that f, f 1, k P E , one has l P E .
(A6) If 0 Ñ K Ñ A

fÑ B Ñ 0 is a short exact sequence in A with K and
A in E� then f P E .

Remark 1.4.2. Let us notice that, unlike in [31], we do not require that
E � RegEpipAq. Using (A1) and (A4), one sees that any split epimorphism
f : A Ñ B is in E provided that A,B P E�. If E� is the class of all objects of
A, then it follows from (A6) that RegEpipAq � E . By (A2), the (object part of
the) kernel of any morphism in E is in E� since 0 P E�.
Lemma 1.4.3. For every morphism of short exact sequences in a homological
E-regular category A of the form

0 ,2 K
� ,2 ,2

k

��

A
f � ,2

a

��

B ,2 0

0 ,2 K 1 � ,2 ,2 A1
f 1

� ,2 B ,2 0,

where k P E, one has a P E.

Proof. Let A pÑ I
mÑ B be the S-factorisation of a. Then the morphism

g � f 1 � m is of course a normal epimorphism (one uses Corollary 1.2.5 (2)
applied to the factorisation system Sr). This implies that one has a morphism
of short exact sequences

0 ,2 Ker pgq � ,2ker pgq ,2

m̂

��

I
g � ,2

m

��

B ,2 0

0 ,2 K 1 � ,2 ,2 A1
f 1

� ,2 B ,2 0,
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where the left square is a pullback diagram. Therefore m̂ is in M. But k (P E)
factors as m̂ � k̂ with k̂ P E, therefore m̂ is in EXM � Iso. By the Short Five
Lemma, m is an isomorphism and then a belongs to E. �

Lemma 1.4.4. If A is a homological E-regular category, then E is a class of
extensions.

Proof. First, let us notice that E� is the whole class of objects of A.
For (A1)-(A6), one uses the fact that pE,Mq is a proper stable factorisation
system, corollaries 1.2.3 and 1.2.5, and Lemma 1.4.3. For instance, (A1) and
(A3) simply follow from Corollary 1.2.3 (1). �

Example 1.4.5. If E and E 1 are both classes of extensions in a homological
category, then so is their intersection. For E a class of arrows in a pointed
category, we shall write E for EXNormEpipAq. Hence, if E is a class of extensions
in a homological category, E is also a class of extensions.

Let E be a class of extensions in a homological category A.
Definition 1.4.6. [48] A morphism in ArrpAq is a double extension if it is in
E1.

Lemma 1.4.7. [31] Consider in a homological category A a commutative dia-
gram with short exact rows, such that f , f 1, l and m are extensions:

0 ,2 K

k

��

� ,2 ,2 A

l

��

f � ,2 B

m

��

,2 0

0 ,2 K 1 � ,2 ,2 A1
f 1

� ,2 B ,2 0.

The right hand square is a double extension if and only if k is an extension.

Proof. We can decompose the above diagram as follows

0 ,2 K
� ,2 ,2

k

��

A
f � ,2

xl,fy

��

B ,2 0

0 ,2 K 1 � ,2 ,2 A1 �B1 B
p2 � ,2

p1

��

B ,2

m

��

0

0 ,2 K 1 � ,2 ,2 A1
f 1

� ,2 B1 ,2 0.

Now, let us notice that in the above diagram K 1 is in E� by Remark 1.4.2
and that p2 is an extension by (A2). So, if the morphism xl, fy is in E , then so
is k by (A2). Conversely, if k is an extension, then xl, fy is also an extension
by (A5). �

In the sequel, we will use the notation for the finite ordinals: 0 � H and
n � t0, . . . , n� 1u for n ¥ 1. Following [36], we will write Ppnq for the poset
of subsets of n viewed as a category: for S, T � n,

HomPpnqpS, T q �
" tpS, T qu if S � T ;
H else.
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Definition 1.4.8. The category CubnA � ApPpnqopq is given by

Objects: n-cubes in A: functors of type Ppnqop Ñ A;
Arrows: natural transformations between them.

We shall use the notation AS � ApSq, aTS � ApS, T q (for S � T � n) and
ai � annztiu � Apnztiu, nq. Let us point out that we assume here that

HomPpnqoppT, Sq � HomPpnqpS, T q
but of course ApS, T q is a morphism from ApT q to ApSq. For ∅ � I � n,
we shall write Ó I for the full subcategory of Ppnqop whose class of objects
is tJ � Iu (there is no ambiguity with this notation). For a n-cube A, its
restriction to Ó I shall be denote by AÓI . Let us define for i P N, si : N Ñ N by

sipkq �
"
k if k   i
k � 1 if k ¥ i

and �i : PpNq Ñ PpNq by Si � tsipkq | k P Su. This gives functors for each
n ¥ 1 and 0 ¤ i ¤ n� 1,

�i : Ppn� 1qop Ñ Ppnqop

and
�i Y tiu : Ppn� 1qop Ñ Ppnqop

connected by a (unique) natural transformation αi : �i Ytiu Ñ �i. The
functor �i restricts for every I � n� 1 to an isomorphism

�i : Ó I ÑÓ Ii.
For n ¥ 1 there are different isomorphisms between the categories CubnA and
ArrCubn�1A which we shall denote by δi (0 ¤ i ¤ n� 1):

δi : CubnAÑ ArrCubn�1A

maps a n-cube A to the arrow A � αi � 1A � αi:

Ppn� 1qop
�iYtiu,2

�i
,2óαi Ppnqop

A ,2

A
,2ó1A A,

i.e. the natural transformation

paSiYtiuS qS�n�1 : pASiYtiuqS�n�1 Ñ pASiqS�n�1.

An arrow f : AÑ B between n-cubes is sent to pf � �i, f � �i Y tiuq:

pASiYtiuqS�n�1

pfSiYtiuqS�n�1
,2

��

pBSiYtiuqS�n�1

��
pASiqS�n�1

pfSi qS�n�1

,2 pBSiqS�n�1
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We shall often use the following notation: a : A1 Ñ A0 for δn�1A, pf0, f1q : aÑ
b for δn�1pf : AÑ Bq:

A1
f1 ,2

a

��
ñ

B1

b

��
A0

f0

,2 B0,

δ�i for Cod� δi � ���i and δ�i for Dom� δi � ��p�iYtiuq. Here the functors
Cod and Dom are the codomain and domain functors (they send an arrow to
its codomain and domain, respectively).

Lemma 1.4.9. [31] If j   i, then si � sj � sj � si�1. �

Lemma 1.4.10. For n ¥ 2, A in CubnpAq and 0 ¤ j   i ¤ n�1, the diagram
(in Cubn�2A)

.
δi�1pδ

�
j pAqq,2

δjpδ
�
i pAqq

��

.

δjpδ
�
i pAqq

��.
δi�1pδ

�
j pAqq

,2 .

is commutative.

Proof. Using the previous lemma several times, one finds for S � n� 2�
δjpδ�i pAqq � δi�1pδ�j pAqq

�
S

�AppSjqi, pSj Y tjuqiq �AppSi�1qj Y tju, pSi�1 Y ti� 1uqj Y tjuq
�AppSjqi, pSi�1 Y ti� 1uqj Y tjuq
�AppSjqi, pSi�1qj Y tiu Y tjuq
�AppSi�1qj , pSjqi Y tju Y tiuq
�AppSi�1qj , pSj Y tjuqi Y tiuq
�AppSi�1qj , pSi�1 Y ti� 1uqjq �AppSjqi Y tiu, pSj Y tjuqi Y tiuq
� �δi�1pδ�j pAqq � δjpδ�i pAqq

�
S
. �

Lemma 1.4.11. [33] Let E be a class of extensions in a homological category
A. Then, every split epimorphism f � pf0, f1q : aÑ b of split epimorphisms in
E, i.e. every diagram in AE

A1

a

��

f1 ,2 B1

b

��

lr
f1

lr

A0
f0

,2

LR a

LR

B0
lrf0lr
LRb

LR

such that f0 � a � b � f1, f0 � b � a � f1, b � f0 � f1 � a, a � f0 � f1 � b and
f0 � f0 � 1B0 , f1 � f1 � 1B1 , a � a � 1A0 , b � b � 1B0 , is a double extension.

Proof. One uses Lemma 1.4.7 and Remark 1.4.2. �
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The following lemma is an adaptation of Lemma 3.2 in [33]

Lemma 1.4.12. Let E be a class of extensions in a homological category A.
Consider a diagram

Eqpf1q
π
f1
1 ,2

π
f1
2

,2

r

��

A1
f1 ,2

a

��

B1

b

��
Eqpf0q

π
f0
1 ,2

π
f0
2

,2 A0
f0

,2 B0

in A with a, b, f0 and f1 in E. If either of the left commutative squares is in
E1, then the right one is in E1.

Proof. Let us suppose that the square a � πf11 � πf01 � r is in E1. Then,
in the commutative cube

A1
f1 ,2

�&
a

��

B1

b

��

.

f 10
18

��

Eqpf1q
π
f1
1 ,2

π
f1
2

7Axxxxxxxxxx

r

��

�(IIII
A1

a

��

f1

9D~~~~~~~~~

.

��������������

18iiiiiiiiiiii

9C

A0
f0 ,2 B0

Eqpf0q
π
f0
1

,2
π
f0
2

7A

A0

f0

9D}}}}}}}}

the commutative square

Eqpf1q
π
f1
2 ,2

xr,π
f1
1 y

��

A1

xa,f1y

��
Eqpf0q �A0 A1

π
f0
2 �f0f1

,2 A0 �B0 B1

is such that

 xr, πf11 y is in E by assumption;

 πf12 is in E since it is the pullback of f1 in E along f1 and (A2) holds;

 πf02 �f0 f1 is in E since it is the pullback of f1 in E along f 10.

Then by axioms (A3) and (A4), the morphism xa, f1y is in E and f � pf0, f1q
is a double extension. �

It has been proved in [31] that for E a class of regular epimorphisms which
is a class of extensions in a homological category A, E1 is also a class of exten-
sions in ArrA. The same thing can be proved more generally for any class of
extensions E :



1.4. CATEGORIES WITH A CLASS OF EXTENSIONS 27

Proposition 1.4.13. If E is a class of extensions in a homological category
A, then E1 is a class of extensions in the homological category ArrA.

Proof. First, let us notice that 0ArrA � 10 P E � pE1q�.

(A1): An isomorphism pf0, f1q : aÑ b in ArrA between arrows a and b in E

A1
f1

"*
a

�&

xa,f1y

�)
A0 �B0 B1

��

,2 B1

b

��
A0

f0

,2 B0

is of course in E1. (A1) for E gives f1 and f0 in E and then, (A2) and (A3)
gives xa, f1y in E since it is the composite of isomorphisms in E .

(A2): Let us take the pullback of an E1-extension pf0, f1q : a Ñ b along an
arrow pg0, g1q : cÑ b (with c in pE1q� � E) in ArrA

P1

f 11 ��

p

x�{{{{
,2 A1

aw�yyyy

f1

��

P0

f 10

��

,2 A0

f0

��

C1
c
x�

g1
,2 B1

bw�yyyy

C0 g0
,2 B0.

We have to prove that pf 10, f 11q : pÑ c is in E1. So, let us consider the following
commutative diagram

P1
,2

xp,f 11y

��

A1

xa,f1y

��
P0 �C0 C1

,2 A0 �B0 B1

which turns out to be a pullback. Since f 10 P E and C1 P E�, using (A2) one
finds that P0�C0 C1 P E�. Now, by definition, xa, f1y is in E , so that by axiom
(A2) for E , xp, f 11y is in E . It follows from axiom (A3) and (A2) for E that
pf 10, f 11q is in E1.



28 1. THE CONTEXT

(A3): Let us suppose that pf0, f1q : a Ñ b and pg0, g1q : b Ñ c are in E1 and
consider the following commutative diagram

A1
f1 ,2

xa,f1y

��
xa,g1�f1y

�'

B1

A0 �B0 B1
,2

��

B1
g1 ,2

xb,g1y

��

C1

A0 �C0 C1
,2

��

B0 �C0 C1
,2

��

C1

c

��
A0

f0

,2 B0 g0
,2 C0.

Then, by axiom (A2) for E , all “straight” arrows in this diagram are in E . One
concludes by axiom (A3) for E that pg0 � f0, g1 � f1q is in E1.

(A4): Let f � pf0, f1q : a Ñ b and g � pg0, g1q : b Ñ c be two morphisms in
ArrpAq such that g � f is in E1 and b in E . We can produce a diagram

Eqpaq r ,2

πa2
��

πa1
��

Eqpbq s ,2

πb2
��

πb1
��

Eqpcq
πc2
��

πc1
��

A1
f1 ,2

a

��

B1
g1 ,2

b

��

C1

c

��
A0

f0

,2 B0 g0
,2 C0

in which


 b is in E by assumption;

 a, c are in pE1q� � E ;

 g1, g0 are in E since g1 � f1 and g0 � f0 are in E and pA4q holds for E ;

 s � r and thus s are in E by (A2) for E1 (proved above).

So if the morphism pg1, sq is in E1, g is in E1 by Lemma 1.4.12. But this follows,
once again, from Lemma 1.4.12 and from the fact that in the diagram

Eqpsq
πs1 ,2

πs2

,2

π̃b1
��

Eqpbq s ,2

πb1
��

lrlr Eqpcq
πc1

��
Eqpg1q

π
g1
1 ,2

π
g1
2

,2

LR

LR

B1 g1
,2lrlr

LR

LR

C1

LR

LR

the morphism pπs1, πg11 q is a double extension by Lemma 1.4.11.
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(A5): One starts from a commutative diagram

Ker pf1q � ,2 ker pf1q ,2

k1

��

}�
Ker pfq

v�uuuuuuuuuuuuuuuuu
A1

f1 � ,2

l1

��

��
a

y�}}}}}}}}}}}}}}
B1

�������

�������

b

y�|||||||||||||||

Pk
� ,2 ,2

��

ry
Pl

� ,2

��

s{
B1

---------

---------
szmmmmmm

Ker pf0q � ,2
ker pf0q

,2

k0

��

A0
f0

� ,2

l0

��

B0

Ker pf 11q

u}

� ,2
ker pf 11q

,2 A1
1

a1

w�

f 11

� ,2 B1

b

w�xxxxxxxxxxxxx

Ker pf 10q � ,2
ker pf 10q

,2 A1
0

f 10

� ,2 B0

where Pk � Ker pf0q �Ker pf 10q
Ker pf 11q, Pl � A0 �A1

0
A1

1 and k � pk0, k1q, f �
pf0, f1q, f 1 � pf 10, f 11q are all in E1. Then using (A2), (A4) and (A5) for E , one
finds that l � pl0, l1q P E1.

(A6): Let f � pf0, f1q : a Ñ b be a regular epimorphism in ArrA with a P E
equipped with its kernel

0 ,2 Ker pf1q � ,2ker pf1q,2

k

��

A1
f1 � ,2

a

��

B1

b

��

,2 0

0 ,2 Ker pf0q � ,2
ker pf0q

,2 A0
f0

� ,2 B0
,2 0.

If k P E , then Ker pf1q and Ker pf0q are in E� and by (A6) for E , f1 and f0 are
in E and by (A3) and (A4), b P E . One concludes using Lemma 1.4.7. �

The previous Proposition 1.4.13 allows us to define a class En of extensions
in CubnpAq by induction as follows: E0 � E and for n ¥ 1, f : A Ñ B P En
if and only if δn�1f : δn�1pAq Ñ δn�1pBq is in pEn�1q1 (see Corollary 1.13 in
[31]).

Remark 1.4.14. If F � E are classes of extensions, then Fn � En.
Now, let E be a class of morphisms in a category A.

Definition 1.4.15. [28] Let n ¥ 1 and A be a n-cube in A. Then A is E-exact
if for all H � I � n the limit limAÓI exists and the comparison morphism
AI Ñ limAÓI is in E .

Of course, an E-exact 1-cube is just an extension and, for n ¥ 2, a n-
cube A is E-exact if and only if for all 0 ¤ k ¤ n � 1, δ�k pAq is E-exact and
An Ñ limAÓn is in E (for 0 ¤ k ¤ n� 1 and ∅ � I ¤ n� 1, AIk Ñ limAÓIk �
δ�k pAqI Ñ limpδ�k pAqqÓI). By convention, we shall denote by ExCub0

EpAq the
category AE . With this convention, one has pCub0pAqqE0 � AE � ExCub0

EpAq.
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Definition 1.4.16. The full subcategory ExCubnEpAq of CubnpAq is given by

Objects: E-exact n-cubes in A;
Arrows: natural transformations between them.

One has pCub1pAqqE1 � ExCub1
EpAq.

Theorem 1.4.17. Let n ¥ 2 and A be a n-cube in A. For any 0 ¤ i ¤ n� 1
and 0 ¤ j ¤ n� 2, the following are equivalent

(1) A is E-exact;
(2) δipAq P En�1;
(3) δjδipAq P pEn�2q1.

Thus, one has pCubnpAqqEn � ExCubnEpAq for all n P N .

Proof. This is an adaptation of a proof in [33]. The result is proved by
induction. Let us notice that if (1)-(3) are equivalent for some n, this implies
that pCubnpAqqEn � ExCubnEpAq. In fact, when (1)-(3) are equivalent, it is
easy to show that a n-cube A is E-exact if and only if 1A is in En. Now for
n � 2, (1)-(3) are equivalent since a 2-cube A is E-exact if and only if in the
commutative diagram

A2
a0

#+
a1

�&

xa1,a0y

 )
A1 �A0 At1u ,2

��

At1u

a
t1u
0
��

A1
a1
0

,2 A0

the arrows a1
0, a

t1u
0 and xa1, a0y are in E if and only if every arrow in this dia-

gram is in E . Let n ¥ 3 be such that (1)-(3) are equivalent for 2 ¤ l ¤ n� 1.

p1q ñ p2q: By definition, δipAq P En�1 if and only if δn�2pδipAqq P pEn�2q1, i.e.
that every arrow in the following commutative diagram

.
pδiAq1

�&
δn�2pδ

�
i pAqq

�$

c

�%
P ,2

��

.

δn�2pδ
�
i pAqq

��.
pδiAq0

,2 .

(1.1)

is in En�2. Since A is E-exact, δ�k pAq is E-exact for every 0 ¤ k ¤ n � 1. So
by assumption, the bottom and right arrows in this diagram are in En�2 and
P � Codpcq, in pEn�2q� by (A2), is E-exact. It remains to show that c is in
En�2. For this, we can check that C � δ�1

n�2pcq is exact. We already know that
δ�n�2pCq is E-exact. For 0 ¤ k ¤ n� 3, let us apply the isomorphism δk to the
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above diagram, so that we have a cube
. ,2
d �%

��

.

��

.

18

��

. ,2

9C|||||||||

��

�%BBB .

��

9D~~~~~~~~

.

������������

18iiiiiiiiii

9C

. ,2 .

. ,2

8C

.

9D}}}}}}}}

in which d � δn�3pδ�k pCqq is in En�2 since the back square is a double En�2-
extension. Then, by assumption, δ�k pCq is E-exact. It remains to show that
the comparison morphism Cn�1 Ñ limCÓn�1 is in E . For this, one shows that
it coincides with the comparison morphism An Ñ limAÓn.

p2q ñ p1q: If δipAq P E , one has a diagram like (1.1) in which all arrows are in
En�2. In particular δn�2pδ�i pAqq and c are in En�2, so that δ�i pAq and C (as
above) are E-exact. If one applies, once again the functor δk to the diagram
(1.1), one finds a cube in which the back face has all its arrows in En�3 so that
δ�k pAq is E-exact by assumption. The comparison morphism An Ñ limAÓn,
which corresponds to Cn�1 Ñ limCÓn�1, is in E since C is E-exact.

p2q ô p3q can be proved using p1q ô p2q and the same kind of principle as
above. �

Remark 1.4.18. We shall sometimes speak of exact cubes if it is clear from
the context which is the relative class of extensions.

Let n ¥ 1 and A be a n-cube in a category A. For every 0 ¤ i ¤ n � 1,
one can define a pn� 1q-cube ρiA in ArrA in the following way

paSiYtiuSi : ASiYtiu Ñ ASiqS�n�1.

These associations extend to functors ρi : CubnA Ñ Cubn�1pArrAq which are
isomorphisms. Let us denote by pρi, ρiq, the functor of type ArrCubnA Ñ
ArrCubn�1ArrA which sends an object f : AÑ B in ArrCubnA to ρif : ρiAÑ
ρiB. One has the following useful results

Lemma 1.4.19. [31] Let n ¥ 1 and 0 ¤ i, j ¤ n� 1. If i   j, then δj�1 � ρi �
pρi, ρiq � δj. If i ¡ j, then δj � ρi � pρi�1, ρi�1q � δj.

Proof. This result is rather long to prove. We shall only prove here that
δj�1 � ρi and pρi, ρiq � δj are the same on objects when i   j. Let A be a
n-cube in A. Then δj�1pρiAq is the natural transformation whose component
at S � n� 2 is�

AppSj�1qi Y tiu, pSj�1 Y tjuqi Y tiuqq , AppSj�1qiq, pSj�1 Y tj � 1uqi�
and pρi, ρiqpδjAq has component�

AppSi Y tiuqj , pSi Y tiuqj Y tjuq , AppSiqjq, pSiqj Y tju� .
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One concludes using Lemma 1.4.9. �

Lemma 1.4.20. [31] Let n ¥ 1. For 0 ¤ i ¤ n� 1, ρipEnq � pE1qn�1.

Proof. By induction. For n � 1, the result holds since ρ0 � 1CubnpAq and
En � pE1q0 � pE1qn�1. Let n ¡ 1 be such that the result holds for 0 ¤ k   n,
0 ¤ i   n � 1 (the remaining case i � n � 1 can be proved similarly) and an
arrow f : A Ñ B in CubnpAq. If f is in En, then using Theorem 1.4.17, one
sees that δjpfq is in pEn�1q1 and all morphisms in the commutative diagram

δ�j pAq

"*

δjpAq

�$

�'
P ,2

��

δ�j pBq
δjpBq

��
δ�j pAq ,2 δ�j pBq.

are in En�1. Applying the functor pρi, ρiq to this diagram one finds a commu-
tative diagram

ρipδ�j pAqq

$,

ρipδjpAqq

�&

!)
ρipP q ,2

��

ρipδ�j pBqq
ρipδjpBqq

��
ρipδ�j pAqq ,2 ρipδ�j pBqq.

in which, by assumption, all morphisms are in pE1qn�2. But this square
(in ppE1qn�2q1) , is the image by δj�1 (by Lemma 1.4.19) of the morphism
ρipfq : ρipAq Ñ ρipBq which is then, once again by Theorem 1.4.17, in pE1qn�1.
We have just prove that ρipEnq � pE1qn�1. The converse inclusion is proved in
a similar way. �

Theorem 1.4.21. [31] Let n ¥ 1. For any 0 ¤ i ¤ n � 1 and A a n-cube in
A, the following are equivalent

(1) A is an E-exact n-cube;
(2) ρiA is an E1-exact pn� 1q-cube. �

Definition 1.4.22. [69] Let n ¥ 1. The direction of a n-cube A is

BA �
n�1£
i�0

Ker paiq.

Lemma 1.4.23. Let n ¥ 1. For A a n-cube in a homological category A, E a
class of extensions in A and 0 ¤ i ¤ n� 1, one has BA � Ker pBpρiAqq. Thus,
if A is E-exact, BA P E�.
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Proof. The first assertion is proved in the following way

Ker pBρiAq � Ker
�n�2
j�0 Ker ppρiAqn�1

n�1ztjuq
� �n�2

j�0 Ker Ker ppρiAqn�1
n�1ztjuq

� �n�1
j�0,j�i Ker paiq X Ker pajq

� Ker paiq X
�n�1
j�0,j�i Ker pajq

� BA.
The second one is proved by induction. Remark 1.4.2 shows that for n � 1,
the assertion holds. Now, let n ¥ 2 and let us suppose that the assertion holds
for any 1 ¤ k   n. For P an E-exact n-cube, ρ0pP q is an E1-exact pn� 1q-cube
and then by hypothesis Bpρ0P q P pE1q� � E . Then the first assertion and, once
again, Remark 1.4.2 give us BP � Ker pBpρ0P qq P E�. �

Sometimes, like in [33], we shall only consider couples of the form pA, Eq
where A is a category and E a class of morphisms of A satisfying some condi-
tions:

(E1) E contains all isomorphisms in A;
(E2) pullbacks of morphisms in E exist in A and are in E ;
(E3) E is closed under composition;
(E4) if g � f P E then g P E ;
(E5) the E-Mal’tsev axiom: any split epimorphism in ArrA

A1

a

��

f1 // // B1

b

��

lrlr

A0
f0

// // B0
lrlr

where a and b are in E , is in E1, i.e. is a double E-extension.
(E6) (when A is pointed) kernels of morphisms in E have cokernels in E .

Remark 1.4.24. In presence of (E1)-(E4), every split epimorphism is in E .
The Proposition 1.3.8 explains the choice of the name for the axiom (E5).

Let ExtEA denote the full subcategory of ArrA whose objects are ele-
ments of E , then pExtEA, E1q satisfies (E1)-(E5) (see [33]) and by induction
pExCubnEA, Enq. The proof for (E1)-(E3) has been given above (see 1.4.13). For
the proof of (E4)-(E5), one uses the following useful lemma

Lemma 1.4.25. [33] Let pA, Eq be such that (E1)-(E4) hold. The following
are equivalent

(1) pExtEA, E1q satisfies (E4);
(2) pA, Eq satisfies (E5);
(3) every split epimorphism of split epimorphisms, i.e. every diagram

A1

a

��

f1 ,2 B1

b

��

lr
f1

lr

A0
f0

,2

LR a

LR

B0
lrf0lr
LRb

LR

(1.2)
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such that f0 � a � b � f1, f0 � b � a � f1, b � f0 � f1 � a, a � f0 � f1 � b
and f0 � f0 � 1B0 , f1 � f1 � 1B1 , a � a � 1A0 , b � b � 1B0 , is a double
extension;

(4) In a commutative diagram

Eqpf1q
π
f1
1 ,2

π
f1
2

,2

r

��

A1
f1 ,2lrlr

a

��

B1

b

��
Eqpf0q

π
f0
1 ,2

π
f0
2

,2 A0
f0

,2lrlr B0

where a, b, f1 and f0 are in E, the arrow r is in E if and only if the
right hand side square is in E1. �

Proposition 1.4.26. If E is a class of extensions in a homological category
A, then the pair pAE , Eq satisfies the axioms (E1)-(E6).

Proof. Axioms (E1)-(E4) hold for obvious reasons. For (E6), one begins
with an exact sequence (in A):

0 ,2 K
� ,2 k ,2 A

fPE // // B

and takes the Sr-factorisation of f . The regular epi part of this factorisation
is in E by (A6) and it is a cokernel of its kernel k. For (E5), one uses Lemma
1.4.11 and Lemma 1.4.25. �

Proposition 1.4.27. If E is a class of extensions in a homological category
A, then E X NormEpipAq � E X NormEpipAEq, so that E will denote either of
these classes with no ambiguity.

Proof. Let us consider a short exact sequence

0 ,2 K
k ,2 A

f ,2 B ,2 0

in A with f P E . Then K, A and B are objects of E� and the sequence
is also exact in AE . Conversely, if we start with f : A Ñ B a morphism in
E XCokerpAEq, then it is in fact the cokernel (in AE) of its kernel pK, kq in A.
Then taking the cokernel pC, cq of k in A, one finds, using (A6), that C is in
E� and, finally, that B � C. Thus f is of course a cokernel in A. �

When pA, Eq is such that A is pointed and E satisfies (E2), one defines
MpEq as the class of kernels of morphisms in E . This class has some stability
properties if E satisfies (E1)-(E4)+(E6):

Lemma 1.4.28. MpEq contains all isomorphisms in A, is closed under com-
position with isomorphisms and satisfies the following implication

k � k1 � i PMpEq, k1 PMpEq ñ i PMpEq.
Proof. An isomorphism i : AÑ A1 is the kernel of 0: A1 Ñ 0 which is in

E . If k : K Ñ A is the kernel of f : AÑ B P E , and i : AÑ A1 and j : K 1 Ñ K
are isomorphisms, then i � k is the kernel of f � i�1 which is an extension and
k � j is the kernel of f . If k � k1 � i : K Ñ K 1 Ñ A and k, k1 PMpEq, then one
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can see that i is the kernel of the morphism pqk in the following commutative
diagram

K 1
_��
k1

��

xqk ,2 Ker pαq
_��
kerpαq

��
K

:D
i

:D�������
� ,2

k
,2 A qk

� ,2

qk1 � #+

A{K
α

��
A{K 1

where α, the factorisation of the cokernel qk1 of k1 through the cokernel qk of k,
is an extension and then pqk is an extension since the square is a pullback. �

If pA, Eq is such that A is pointed and E satisfies (E1)-(E5) then the
pair pExCubnEpAq, Enq satisfies (E1)-(E5) and is also pointed. Let ιn : A Ñ
ExCubnEpAq be the functor which sends an object A in A to the n-cube ιnA
defined by pιnAqn � A and pιnAqS � 0 for S � n. This functor has a left
adjoint Domn : ExCubnEpAq Ñ A. Let O be a subclass of the class of objects
of A. We shall sometimes need more limits than the ones already available in
pA, Eq and shall require that the triple pA, E ,Oq satisfies

(O1) for all K Ñ X, K 1 Ñ X inMpEq such that K 1 P O, one can construct
the intersection K XK 1, and K XK 1 is in O.

Remark 1.4.29. (O1) implies that O is closed under kernels of extensions:
K Ñ A in MpEq and A P O give K P O. If we write On � ιnO, one has
δiOn � pOn�1q1 for any 0 ¤ i ¤ n� 1.

Lemma 1.4.30. If pA, E ,Oq satisfies (O1), then pExCubnEA, En,Onq satisfies
also (O1).

Proof. By induction. Let n ¥ 1, K Ñ X, K 1 Ñ X be in MpEq with K 1

of the form ιnA for some A in A. We can see that the result holds using the
following diagram in ExCubn�1

E A

K1 X ιn�1pAq

��

,2

i #+OOOOOOO
K 1

1 � ιn�1pAq
_��

k11��

k1

$,QQQQQQ

0

��

ck
ck

K 1
0 � 0

_��

k10

��

K1

k #+PPPPPPPP
� ,2

k1

,2 X1
x

$,
K0

� ,2
k0

,2 X0

i is of course in En�1pAq (as a split epimorphism in ExCubn�1
E A) and δ�1

n�1i is
the intersection K XK 1 in On. �

Remark 1.4.31. An object of the form ιnpAq is in fact in ExCubnFA for every
class F of extensions in A and A P F�.

For some reasons which shall appear later, we have to extend the concept of
a class of extensions in a homological category. For E a class of morphisms in
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a homological category A and O a subclass of the class of objects of A, such
that O � E�

Definition 1.4.32. E is a class of extensions in pA,Oq if it satisfies axioms
(A1)-(A5) (see Definition 1.4.1) and the axiom

(A6’) If 0 Ñ K Ñ A
fÑ B Ñ 0 is a short exact sequence in A, A P E� and

K P O, then B is in E�.

A class E of extensions in a homological category A in the sense of Defini-
tion 1.4.1 is a class of extensions in pA, E�q.
Lemma 1.4.33. If E is a class of extensions in pA,Oq, then E1 is also a class
of extensions in pArrpAq,O1q.

Proof. Reading carefully the proof of Proposition 1.4.13, one sees that
we have just to prove axiom (A6’) for E1. So let us consider a short exact
sequence

0 ,2 K
� ,2 k ,2

k

��

A1
f � ,2

a

��

B1

b

��

,2 0

0 ,2 0 � ,2 ,2 A0
� ,2 B0

,2 0.

in ArrpAq with a P pE1q� � E and K in O. Since K is in O, B1 is in E� by
(A6’) for E . Thus the axiom (A4) for E gives b P E � pE1q�. �

Corollary 1.4.34. For E a class of extensions in pA,Oq and n ¥ 1, En is a
class of extensions in pCubnpAq,Onq. �

The following lemma is a slightly modified version of Lemma 5.2 in [50].

Lemma 1.4.35. Let pA, Eq be such that A is pointed and E satisfies (E2). Let
us suppose that we have a commutative cube

K X L

��

�(

�(IIIII
,2 ,2 L

��

� �%
�%@@@@

K

��

� ,2 ,2 A

fPE

_��

U X V �(

�(IIIII
,2 ,2 V � �%

�%
U

� ,2 ,2 B

where f P E, K � f�1pUq and L � f�1pV q. Then

U X V � K X L

Ker pfq .

�
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Projective objects. An object P of a category A with a class E of morph-
isms is projective with respect to E if any arrow g : P Ñ B admits a lifting
along a morphism f : AÑ B in E :

P

g

��y�
A

f
,2 B.

This can be rephrased, saying that the functor

HomApP, fq : HomApP,Aq Ñ HomApP,Bq
is surjective whenever f : A Ñ B is in E . A category has enough projectives
with respect to E if every object A of this category can be “covered” with a
morphism in E with a domain projective w.r.t. E :

P
fPE ,2 A

Let AE be a category with enough E-projective objects and A P E�. For n ¥ 0,
one calls an E-exact n-cube P in A, an E-projective n-fold presentation of A
if P0 � A and PS is projective, w.r.t. E , for every 0 � S � n. Let A be a
homological category and E a class of extensions in pA,Oq for some O � E�.
Lemma 1.4.36. [36] Let n P N. The objects of CubnA that are projective with
respect to the class of extensions En are precisely those n-cubes P such that PS
is E-projective for every S � n.

Proof. By induction. It is true for n � 0. Let n ¥ 1 be such that the
result is true for n� 1. Let us start with the situation

P

g

��
A

f
,2 B

where P is such that PS is projective for every S � n and f is in En. Then
applying the isomorphism δn�1, one constructs the following commutative dia-
gram

A1
f1

"*
a

�&

xa,f1y
JJJJ

�)JJJJ

P1

p

��
g1y�}}}}}}}}β

ry

γlr

A0 �B0 B1
,2

��

B1

b

��

P0

g0y�}}}}}}}}

α

ry
A0

f0

,2 B0

where α exists because P0 is projective with respect to En�1 and f0 is in En�1,
β is induced by the universal property of the pullback A0 �B0 B1, and γ exists
because P1 is projective (w.r.t. En�1) and xa, f1y is in En�1. The morphism
g̃ � δ�1

n�1pγ, αq : P Ñ A is such that g � f � g̃.
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Conversely, let P be a n-cube which is projective with respect to En and
P1

pÑ P0 its image by δn�1. Then one can show that P1 and P0 are projective
with respect to En�1 and infer from this that PS is projective w.r.t. E for all
S � n. If one starts with a diagram

P0

g

��
A
fPEn�1

,2 B,

one can construct a commutative diagram

P1

g�p
y�~~~~~~~~

p

��s{
A

f ,2 B P0

g
y�}}}}}}}

s{
A

f
,2 B

since p is, of course, projective w.r.t pEn�1q1. Similarly, one can prove that P1

is projective w.r.t. En�1. A diagram like

P1

g

��
A
fPEn�1

,2 B,

is completed in the following way

P1

g
y�}}}}}}}}

p

��s{
A

f ,2

_��

B

_��

P0.

0y�||||||||

s{0
LR

LR

0
LR

LR

�

Lemma 1.4.37. [31] If AE has enough E-projective objects, ExCubnEA has
enough En-projective objects.
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Proof. By induction. Let n ¥ 1 be such that the property holds for n�1
and let A be in ExCubnEA. Let us consider the following commutative diagram

P1
f1�p2�g

"*
p�p1�g

�%

g
JJJJJ

�)JJJJJ

P0 �A0 A1

p1

��

p2
,2 A1

a�δn�1pAq

��
P0

f0

,2 A0

where f0 : P0 Ñ A0 is any E-projective pn� 1q presentation of A0 and g : P1 Ñ
P0 �A0 A1 any E-projective pn � 1q presentation of P0 �A0 A1. Then f �
δn�1pf1, f0q : P Ñ A is an E-projective n-fold presentation of A. �

Lemma 1.4.38. [31] Every object A P E� has at least one n-fold presentation
provided that AE has enough projective objects w.r.t. E.

Proof. By induction. Let n ¥ 1 such that for n � 1 the property holds
and A P E�. Then one has a pn � 1q-fold presentation of A, let us say P0 P
ExCubn�1

E A. Since ExCubn�1
E A has enough En�1-projective objects, one can

cover P0 by p : P1 Ñ P0 with P1 projective and p in En�1. P � δ�1
n�1ppq is of

course an E-projective n-fold presentation of A. �

1.5. E-semi-abelian categories

In this section, we introduce a context suitable to develop the whole theory,
namely the one of E-semi-abelian categories. We also give the main examples
of this kind of categories. Let pR, r1, r2q and pS, s1, s2q be two internal relations
from X to Y in A with binary products and E a class of morphisms in A. We
write R ¤E S if R ¤ S and the (unique) factorisation of R through S is in E ,
i.e. when we have a commutative diagram

R ,2 iRS ,2
�'

xr1,r2y �'FFFFFFFF Sw�

xs1,s2yw�xxxxxxxx

X � Y

where iRS is in E . Let A be a category equipped with a factorisation system
pE,Mq.
Definition 1.5.1. A is E-exact if it is E-regular and for every internal equi-
valence relation R there exists an effective equivalence relation S such that
R ¤E S.

Example 1.5.2. A category A is RegEpi-exact if and only if it is Barr-exact [1].
Let us recall here that a category is Barr-exact if it is regular (RegEpi-regular)
and every internal equivalence relation in this category is effective. Since an
equivalence relation R is effective precisely when there exists an effective equi-
valence relation S for which the morphism iRS above is an isomorphism , the
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result follows (a monomorphism which is a regular epimorphism is an isomorph-
ism).

Let us recall the important

Definition 1.5.3. [52] A category is semi-abelian if it is

 pointed;

 (Barr-)exact;

 protomodular;

 with binary coproducts.

This is the notion we are going to extend. Let A be a category equipped
with a factorisation system pE,Mq.
Definition 1.5.4. A is E-semi-abelian if it is homological (pointed, regular
and protomodular), E-exact and has binary coproducts.

Of course, any semi-abelian category is a RegEpi-semi-abelian category.
Before giving further examples, we shall prove some results concerning E-semi-
abelian categories.

Lemma 1.5.5. Let A be a category which is E-semi-abelian for some factor-
isation system S � pE,Mq on it and pR, r1, r2q be a reflexive relation on X in
A. Then xr1, r2y : RÑ X �X P M if and only if R is an effective equivalence
relation.

Proof. A being a Mal’tsev category, R is an equivalence relation. There-
fore, there exists an effective equivalence relation S such that R ¤E S. If
xr1, r2y is in M, iRS P E X M � Iso (by Proposition 1.2.2 (3)) and R is effec-
tive. Conversely, if R is an effective equivalence relation, then xr1, r2y factors as
xr11, r12y�p where xr11, r12y is in M and is an equivalence relation which is effective
by the above and has the same coequalizer as R. Then p is an isomorphism
and xr1, r2y is in M. �

Lemma 1.5.6. Let A be a category which is E-semi-abelian for some factor-
isation system S � pE,Mq on it. The S-images of reflexive relations along
morphisms in E are effective equivalence relations.

Proof. Let pR, r1, r2q be a reflexive relation on X and f : X Ñ Y be in
E. Using the commutative diagram

X
fPE // //
�'

�'FFFFFFFFF��

∆X

��444444444444444
Y
�!

∆Y

�!8888888888888888

R // //
��
xr1,r2y

��

fSpRq
��
xr11,r

1
2yPM

��
X �X

f�f
// // Y � Y

one easily sees that there exists a morphism α : Y Ñ fSpRq such that

xr11, r12y � α � ∆Y
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since f and xr11, r12y are orthogonal. Then fSpRq is reflexive and, by Lemma
1.5.5, an effective equivalence relation. �

Proposition 1.5.7. An E-semi-abelian category has all finite colimits.

Proof. This is a straightforward adaptation of the proof of Proposition
3.10 in [5] . One has to prove that all coequalizers exist. Let

A
f ,2
g
,2 B

be a pair of parallel morphisms and A pÑ R
rÑ B�B be the pE,Mq-factorisation

of the induced morphism xf, gy : AÑ B�B. Let us consider the commutative
diagram

R�B

p1PE
GGG

## ##GGG

R1
�'
r1PM

GGG

�'GGGG

Blrlr

ιB

ho

��
∆B

��
R

LR

LR

,2
r
,2

ιR

RY

B �B.

in which r1�p1 is the S-factorisation of rr,∆Bs : R�B Ñ B�B. Then pR1, r1q is
of course an effective equivalence relation (by Lemma 1.5.5) whose coequalizer
is the coequalizer of pf, gq. �

Let A be a pointed category. One says that A satisfies the property (INN)
(for the image of a normal monomorphism is a normal monomorphism) with
respect to some proper factorisation system S � pE,Mq on A if

Property 1.5.8. pINNq Given a commutative square in A

K
p // //

_��
k

��

fSpKq
��
fSpkq

��
A

f
// // B

(1.3)

where f is in E, k is a normal monomorphism and fSpkq�p is the S-factorisation
of f � k, then fSpkq is necessarily a normal monomorphism.

Let A be a category equipped with a factorisation system S � pE,Mq.

Proposition 1.5.9. If A is E-semi-abelian then it satisfies pINNq with respect
to S.
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Proof. A diagram of the form (1.3) can be presented and completed as
in

K_��
ker pπ1q

��

p ,2 Ker pπ11q_��
ker pπ11q

��
Eqpqq

π2

��
π1

��

f̃ // // fSpEqpqqq
π12
��

π11
��

X

LR

LR

f
// //

q
_��

Y

LR

LR

q1
_��

Q // // Q1

where q is the cokernel of k and q1 is the coequalizer of fSpEqpqqq and k �
π2 � ker pπ1q. Since fSpEqpqqq is an effective equivalence relation, one has that
k1 � π12 � ker pπ11q is the kernel of q1. Since f̃ is in E, the bottom square is in E1

and p is in E (see Lemma 1.4.25). Therefore the kernel k1 is the S-factorisation
of k. �

Proposition 1.5.10. If A is E-semi-abelian for some class E then CubnpAq is
En-semi-abelian where En denotes the class of natural transformations such that
all their components are in E. If A is homological and satisfies pINNq for some
proper (stable) factorisation system pE,Mq, then CubnpAq is also homological
and satisfies the Property pINNq for the proper (stable) factorisation system
pEn,Mnq (where Mn is completely determined by En and is defined similarly to
En). �

Let us recall that a Birkhoff subcategory B of a homological category A is
a full reflective subcategory B closed under subobjects and quotients in A. A
Birkhoff subcategory of a homological category A is also homological.

Proposition 1.5.11. Let B be a Birkhoff subcategory of a homological category
A with a proper (stable) factorisation system S � pE,Mq, EB � E X B and
MB � M X B. Then SB � pEB,MBq is a proper (stable) factorisation system
on B and

(1) If A satisfies the property pINNq, B also satisfies it;
(2) If A is E-semi-abelian, B is EB-semi-abelian.

Proof. One uses Proposition 1.2.7 to show that SB is a factorization sys-
tem in B. Let us just point out here that the SB-factorisation of a morphism
f : A Ñ B in B coincides with its S-factorisation in A (B is closed under
subobjects and S proper):

A
f ,2

p %% %%JJJJJJJJJJ B P B

ImSpfq P B.
4= m

4=qqqqqqqqq
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The fact that S is proper (stable and B closed under pullbacks) implies that
SB is a proper (stable) factorisation system.

(1): Let us consider the following diagram in B

K
p // //

_��
kPMB

��

fSBpKq
��
fSB pkq

��
A

fPEB
// // B

with k a normal monomorphism in B. Then k is also a normal monomorphism
in A (B is a Birkhoff subcategory of A) and, since fSBpkq � fSpkq and A sat-
isfies pINNq, fSBpkq is a normal monomorphism in A and consequently in B.

(2): Let us consider an internal equivalence relation pR, r1 : R Ñ B, r2 : R Ñ
Xq in B. Since R is of course an internal equivalence relation in A and A is
E-exact, there exists an effective internal equivalence relation S in A such that
R ¤E S. Since B is a Birkhoff subcategory of A, S and its coequalizer turn out
to be both in B: B is EB-exact. �

Proposition 1.5.12. A pointed protomodular category A which satisfies the
Property pINNq with respect to a proper stable factorisation system pE,Mq is
E-exact.

Proof. This is a straightforward adaptation of a proof in [52] (see Pro-
position 3.5 on page 381). Let pR, r1, r2q be an equivalence relation on A,
k � ker pr1q and let k1 � p be the S-factorisation of r2 � k

Ker pr1q pPE // //
_��
k

��

K 1

��
k1PM
��

R r2

� ,2 A.

Then k1 is the kernel of a normal epimorphism q : A Ñ Q. Let pEqpqq, π1, π2q
be the kernel pair of q. Since k and δ (the common section of r1 and r2) are
jointly epimorphic by Proposition 1.3.6 and

q � r1 � k � 0 � p � q � k1 � p � q � r2 � k
and

q � r1 � δ � q � q � r2 � δ,
there is an inclusion i : R Ñ Eqpqq such that r1 � π1 � i and r2 � π2 � i.
It remains to show that i is in E. But we have a morphism of short exact
sequences

0 ,2 K 1 � ,2 k
1
,2

p

����

A
r1 � ,2

i

��

B ,2 0

0 ,2 K 1 � ,2
h
,2 Eqpqq

π1

� ,2 B ,2 0,
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where h is the factorisation of k1 through π1 and π2, therefore, by Lemma 1.4.3,
the result follows. �

Descent theory. Let A be a category with pullbacks and p : E Ñ B a
morphism in A. Desppq, the category of descent data for p, has

Objects: discrete fibrations pR, f : R Ñ Eqppqq where R is an internal
equivalence relation in A

R
r1 ,2

r2
,2

f1

��

X

f0

��

lrlr

Eqppq
πp1 ,2

πp2

,2 E.lrlr

Arrows: g : pR, fq Ñ pR1, f 1q internal functors g : R Ñ R1 such that
f � f 1 � g

R
r1 ,2

r2
,2

f1

�#

g1 �'EEEEEEEE X

f0

�$

lrlr

g0

�'FFFFFFFFF

R1

r11 ,2

r12

,2

f 11
��

X 1

f 10

��

lrlr

Eqppq
πp1 ,2

πp2

,2 E.lrlr

For p : E Ñ B, one defines a functor

Kp : A{B Ñ Desppq
on objects in the following way. Take a morphism f : AÑ B and consider the
following diagram

Eqpp1q
πp

1

1 ,2

πp
1

2

,2

f2�f 1�ff
1

��

E �B A p1 ,2

f 1

��

A

f

��
Eqppq

πp1 ,2
πp2

,2 E p
,2 B.

The pair Kppfq � pf2, f 1q is in fact a discrete fibration Eqpp1q Ñ Eqppq. The
functor is defined on arrows in a natural way (using the universal property of
pullbacks).

Definition 1.5.13. p : E Ñ B is an effective descent morphism if the functor
Kp determines a category equivalence.

If A is a regular category, one has the following useful characterization:

Theorem 1.5.14. [55] p is an effective descent morphism if and only if p is
a regular epimorphism and for every discrete fibration pR, fq over Eqppq, the
equivalence relation R is effective. �
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The regular epimorphisms in a regular category have a useful property

Proposition 1.5.15. [51] Given a commutative diagram in a regular category

. ,2

��

. ,2

��

.

��.
p
,2 . ,2 .

in which p is a regular epimorphism and the left square and the outer rectangle
are pullbacks. Then the right square is also a pullback. �

Proposition 1.5.16. Every regular epimorphism in an E-semi-abelian cat-
egory A is an effective descent morphism.

Proof. This is done essentially in the same way as in [16]. By Theorem
1.5.14, one just has to prove that a discrete fibration pR, fq over the kernel pair
Eqppq of a regular epimorphism p : E Ñ B is such that R is also effective. Let
us consider the following diagram

R
r1


 �)
r2


 �)
f1

�#

�&
i

"" ""
Eqpqq

π11 � ,2
π12

� ,2

��

X
q � ,2

f0

��

Q

��
Eqppq

π1 � ,2
π2

� ,2 E p
� ,2 B

where q : X Ñ Q is the coequalizer of pr1, r2q and the inclusion i : RÑ Eqpqq is
in E by E-exactness. By the universal property of the pullback square f0 �r1 �
π1 � f1, i has a retraction and so is in MX E � Iso. �

Proposition 1.5.17. [56] Let D be a category with pullbacks, and C a full
subcategory in D closed under pullbacks. Then for a morphism p : E Ñ B in
C, which is an effective descent morphism in D, the following conditions are
equivalent:

(1) p : E Ñ B is an effective descent morphism in C;
(2) for every pullback diagram of the form

D ,2

��

A

��
E p

,2 B

in D, if D is in C, then so is A. �

We now recall some classical definitions.

Definition 1.5.18. A category A is additive if it has a terminal object, binary
products and is enriched in Ab (the category of abelian groups), i.e. that each
hom-set HomApA,Bq is an abelian group and the composition (both on the
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left and on the right) is a group homomorphism. This implies the existence of
biproducts, i.e. for any A and B, one has a diagram

A
ιA
,2 A`B

pB ,2pAlr
B

ιB
lr

such that pA`B, pA, pBq is a product of A and B, pA`B, ιA, ιBq a coproduct
of A and B, pB � ιA � 0, pA � ιB � 0, pA � ιA � 1A, pB � ιB � 1B and
ιA � pA � ιB � pB � 1A`B .

Definition 1.5.19. A functor F : AÑ B where A and B are additive is called
additive if it preserves biproducts.

Here are some results relative to additive categories.

Proposition 1.5.20. Any split epimorphism f : X Ñ Y in an additive cat-
egory produces an isomorphism X � Ker pfq ` Y . �

Theorem 1.5.21. [11] An additive finitely complete category A is pointed and
protomodular. �

Definition 1.5.22. An additive category A is almost abelian [72] if
(1) every morphism in A has a kernel and a cokernel. This implies that

a morphism f : AÑ B can be factorised as

A
coker pker pfqq� ,2 Coimpfq

9f ,2 Impfq � ,2ker pcoker pfqq ,2 B; (1.4)

(2) normal epimorphisms are pullback-stable and normal monomorph-
isms are pushout-stable.

Proposition 1.5.23. [72] For every f : AÑ B in an almost abelian category
A, the morphism 9f in (1.4) is a bimorphism, i.e. both monic and epic.

Proof. (see Proposition 1 in [72]) Let f : A Ñ B be a morphism in A
and let us write c � coker pker pfqq and d � ker pcoker pfqq. We prove that 9f is
monic using the fact that normal epimorphisms are pullback stable. Then, the
result follows by duality. Let us consider the pullback

A�Coimpfq Ker p 9fq g ,2

h

��

Ker p 9fq
_��

ker p 9fq

��
A c

� ,2 Coimpfq
where g is in particular an epimorphism. Thus,

f � h � d � 9f � c � h � d � 9f � ker p 9fq � g � 0

implies that h factors as ker pfq� h̃ � ker pcq� h̃. So, one has ker p 9fq�g � c�h �
0 � 0 � g and, finally, ker p 9fq � 0. �

Remark 1.5.24. The previous proposition shows that an almost abelian cat-
egory A admits pNormEpipAq,MonopAqq and pEpipAq,NormMonopAqq as proper
factorisation systems. Theorem 1.5.21 shows that an almost abelian category
and its dual are protomodular. In fact, almost abelian categories turn out to
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be precisely the Raïkov semi-abelian categories [67] which are known to be ho-
mological and cohomological categories [71] (see remark (1) on page 311). Of
course, these categories satisfy (INN) with respect to the factorisation system
pEpi,NormMonoq. Recently, it was proved in [42] that these categories are in
fact almost exact in the sense of [54], i.e. regular epimorphisms are effective
for descent in these categories.

Examples 1.5.25. Main examples of almost abelian categories are the cat-
egory of Banach spaces (with continuous linear operators as morphisms), the
category of abelian locally compact groups, of normed linear spaces, of Fréchet
spaces and a lot of categories of interest in functional analysis [67, 72]. Also,
all abelian categories are almost abelian.

Definition 1.5.26. An almost abelian category is called left-integral [72] if
epimorphisms are pullback-stable.

Remark 1.5.27. If an almost abelian category is left-integral, it is also right-
integral , i.e. monomorphisms are pushout-stable (see [72] Corollary on page
173). An almost abelian category which is left and right integral is called
integral in the terminology of [72]. We shall give a large class of examples of
integral almost abelian categories. Of course, not all almost abelian categories
are integral. A rather simple example is the category of Banach spaces. In this
category, a morphism L : X Ñ Y is an epimorphism if and only if ImpLq � Y .
Now, let us consider the following situation. Let L : X Ñ Y be a bimorphism
with ImpLq � Y and Z � 0 a closed subspace of Y such that Z X ImpLq � 0.
One has thus a pullback diagram

0 � Z �Y X ,2 ,2
��

L̃

��

X
��
L
����

Z ,2 ,2 Y

where L̃p0q � 0 � 0 � Z and L̃ is not an epimorphism. Such a situation
exists: simply take Y � L2r�1, 1s, X the subspace generated by the polynomial
functions and Z the subspace generated by the exponential function.

We have here some new examples of E-semi-abelian categories

Proposition 1.5.28. A left-integral almost abelian category [72] is Epi-semi-
abelian.

Proof. In presence of biproducts, the existence of cokernels and kernels
provides us with all equalizers and coequalizers. This gives finite limits and
colimits. Protomodularity comes from Theorem 1.5.21. The regularity and
the existence of a second proper stable factorisation system pEpi,NormMonoq
come from the axioms and Proposition 1.5.23 as explained above. Epi-exactness
follows from the fact that one has a system pEpi,NormMonoq (see Proposition
1.5.12). �

We are grateful to G. Janelidze for pointing us the following
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Proposition 1.5.29. If an additive category A is E-semi-abelian then E � Epi.
This implies that for an additive category, being E-semi-abelian (for some E)
becomes a property.

Proof. We have to show that bimorphisms are in E. This is in fact
sufficient as we are going to explain. Let f : AÑ B be an epimorphism an let
us take its pRegEpipAq,MonopAqq-factorisation e � p

A
f // //

p
� �'

EEEEEEEE B

Impfq.
7B e

7Byyyyyyyy

Then e is of course a bimorphism and p is in RegEpipAq � E (one uses Corollary
1.2.5 (3)). Then if e is in E, f is also in E since E is closed under composition.
Then one has EpipAq � RegEpipAq and the result follows (pE,Mq is proper).
So, let e : AÑ B be a bimorphism. The reflexive graph

A`B

pe 1q
'.

p0 1q

07 B
lr

�
0
1



lr

is in fact an equivalence relation (since e is a monomorphism andA is a Mal’tsev
category) and its coequalizer, the cokernel c of e is zero (since e is an epimor-
phism). Then the comparison morphism e` 1: A` B Ñ B ` B to the kernel
pair of c

B `B

p1 1q
'.

p0 1q

07 B
lr

�
0
1



lr

is in E since A is E-semi-abelian. Now, one can check that the following com-
mutative square

A
e ,2�

1
e



��

B�
1
1



��

A`B
e`1
,2 B `B

is a pullback (for
�

a
b

	
and b1 such that e` 1 �

�
a
b

	
�
�

1
1

	
� b1, a is the required

induced morphism). Thus, by pullback stability of morphisms in E, e is in
E. �

Remark 1.5.30. So far, I have not managed to determine whether the unique-
ness of E holds for general categories.

We are going to give a large class of examples of integral almost abelian
categories, thus of E-semi-abelian categories. First, let us recall some classical
notions. Let A be a pointed category with kernels and cokernels.

Definition 1.5.31. [27, 57] A torsion theory in A is a couple pT ,Fq of full
replete subcategories of A such that:
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(1) every morphism f : T Ñ F with T P T and F P F is zero;
(2) for any object A in A there exists a short exact sequence:

0 ,2 T
� ,2 k ,2 A

f � ,2 F ,2 0

with T P T , F P F .

For a torsion theory pT ,Fq in A, the subcategories T and F are called,
respectively, the torsion part and the torsion-free part of the torsion theory.
As one can easily check from the definition, T is in fact a full replete normal
mono-coreflective subcategory of A and F a full replete normal epi-reflective
subcategory of A. We shall denote the (uniquely determined up to isomorph-
ism) short exact sequence associated with an object A of A by

0 ,2 T pAq � ,2 µA ,2 A
ηA � ,2 F pAq ,2 0.

Definition 1.5.32. A torsion theory pT ,Fq in A is hereditary if T is closed
under subobjects in A.

Example 1.5.33. The typical example of hereditary torsion theory is given
by the pair pAbt.,Abt.f.q in Ab where Abt. is the category of torsion groups and
Abt.f. the category of torsion-free groups. Let us recall that a group G is a
torsion group if all its elements have finite order and a torsion-free group if it
satisfies the axiom

@g P G@n P N0 : gn � 1 ñ g � 1,

i.e. 1 is the only element whose order is finite in G.

We collect in the following lemma some useful properties of the torsion-free
part of a torsion theory.

Lemma 1.5.34. Let pT ,Fq be a torsion theory in an abelian category A. Then
(1) F is additive and closed under limits in A;
(2) F has cokernels;
(3) a morphism in F is a normal epimorphism in F if and only if it is a

normal epimorphism in A;
(4) a morphism is an epi in F if and only if its cokernel in A is in T .
(5) F is closed under extensions: given a short exact sequence

0 ,2 A
� ,2 l ,2 B

q � ,2 C ,2 0 (1.5)

in A with A and C in F , then B is also in F .

Proof. (1): The torsion-free subcategory F contains the zero object and
is enriched in Ab as a full subcategory of A. F is also closed under limits in A
since it is reflective.

(2): Let f : A Ñ B be a morphism in F and c : B Ñ C its cokernel in A. Let
us consider the short exact sequence associated with C

0 ,2 T pCq � ,2 µC ,2 C
ηC � ,2 F pCq ,2 0.
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Then, as one can easily check, ηC � c : B Ñ F pCq is in fact the cokernel of f in
F . This shows that F has cokernels.

(3): If f : A Ñ B is a cokernel in F , it is also one in A since it is an epimor-
phism in A which is abelian.

(4): If f is epi in F , then its cokernel in F is zero and consequently its cokernel
is in T . Conversely, if its cokernel in A is in T then F pCq in the above short
exact sequence is zero, which implies that f is epi.

(5): If one starts with a sequence like in (1.5), then one can construct the
following commutative diagram

0

��

0

��

0

��
0 � T pAq

_��

��

,2 T pBq

α
u}

_��
µB

��

,2 0 � T pCq
_��

��
0 ,2 A

� ,2 l ,2 B
q � ,2

ηB
_��

C ,2 0

A � F pAq ,2

��

F pBq ,2

��

C � F pCq

��
0 0 0

Of course µB must factor as l � α (with α a monomorphism) since q � µB � 0.
But since T pBq is in T and A in F , α is zero and T pBq � 0, i.e. B is in F . �

The following is part of Theorem 2 on page 191 in [72]

Proposition 1.5.35. The torsion-free part of a hereditary torsion theory pT ,Fq
in an abelian category A is almost-abelian and left-integral, hence Epi-semi-
abelian.

Proof. We know by Lemma 1.5.34 that F is additive and has kernels and
cokernels and that limits exist in F and are the same as in A. Then, still by
Lemma 1.5.34, normal epimorphisms are pullback-stable. Now take a normal
monomorphism k : K Ñ A in F and k̃ its pushout in A along a morphism
K Ñ F in F and their cokernels in A

K
� ,2 k ,2

��

A

��

coker pkq � ,2 Cokerpkq

F
� ,2
k̃

,2 F �K A
coker pk̃q

� ,2 Cokerpk̃q.

From Lemma 1.5.34 (3), one can deduce that Cokerpkq is in fact in F . But F
is closed under extensions, hence F �K A is in F (and the pushout in A is in
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fact a pushout in F) and k̃ a kernel in F . F is almost abelian. Now, let us
consider a pullback diagram in F

F �B A

��

g̃ ,2 A

��
F g

,2 B

with g epi in F . Taking cokernels of g and g̃ in A, one sees that the morphism
Cokerpg̃q Ñ Cokerpgq induced by the square is in fact a monomorphism. But
Cokerpgq is in T and T closed under subobjects, then Cokerpg̃q is in T and g̃
epic in F . F is left-integral (and by Remark 1.5.26, integral). �

Remark 1.5.36. In fact, it is proved in [72] (see the corollary on page 193)
that for a category A, the following conditions are equivalent


 A is almost abelian;

 A is equivalent to a torsion-free subcategory of an abelian category;

 A is equivalent to a torsion subcategory of an abelian category.

Let A be an almost abelian category.

Definition 1.5.37. The category mod1pAq is given by
Objects: monomorphisms d1 : C1 Ñ C0 in A;
Arrows: commutative squares in A

C1
,2 d1 ,2

f1

��

C0

f0

��
C 1

1
,2
d11

,2 C 1
0

modulo “homotopy”: f � pf1, f0q � g � pg1, g0q if and only if there
exists s0 : C0 Ñ C 1

1 such that f0 � g0 � d11 � s0.

Remark 1.5.38. The above relation of “homotopy” is the usual one defined
for morphisms of chain complexes with Cn � 0 for n � 0, 1 and d1 a mono-
morphism.

The following proposition is a corollary of Theorem 1 on page 184 in [72]

Proposition 1.5.39. The category mod1pAq of an almost abelian category A
is almost abelian and integral, hence Epi-semi-abelian. �

Let us also recall the following useful result from [19]:

Theorem 1.5.40. A finitary algebraic theory T is semi-abelian, i.e. has a semi-
abelian category TpSetq of models, precisely when, for some natural number n,
the theory T contains


 a unique constant 0;

 n binary operations α1pX,Y q, . . ., αnpX,Y q satisfying αipX,Xq � 0;

 an pn� 1q-ary operation θpX1, . . . , Xn�1q satisfying

θpα1pX,Y q, . . . , αnpX,Y q, Y q � X.
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Let us recall that a topological semi-abelian variety [8] is the category of
models in Top of some semi-abelian theory. An example is the category of
topological groups GrppTopq which is known to be not exact and not additive.
Therefore GppTopq is neither a semi-abelian category nor an almost abelian
category. However it is a Epi-semi-abelian category. More generally:

Proposition 1.5.41. Topological semi-abelian varieties are Epi-semi-abelian.

Proof. By Theorem 50 on page 446 in [8], these categories are cocom-
plete and homological. The comparison morphism for an internal equivalence
relation R is an epimorphism since the forgetful functor U to TpSetq is topo-
logical thus faithful and limits and colimits preserving [4]. The existence of
the proper stable factorisation system pEpi,NormMonoq is clear, one uses the
factorisation which comes from TpSetq and one chooses the induced topology
on the image. Let f : pA, TAq Ñ pB, TBq be a continuous homomorphism of
topological T-algebras and let m � p be the Sr-factorisation of Upfq in TpSetq.
Then, putting the topology TI on I � ImSr pUpfqq induced by the one on B,
one finds a commutative diagram in TpTopq

pA, TAq f ,2

p
�)JJJJJJJJJ

pB, TBq

pI, TIq
m

5?ttttttttt

where p is an epimorphism and m a normal monomorphism. �

1.6. Closure operators

In [18] the notion of homological closure operator was introduced and a
bijective correspondence was established between such closure operators and
regular epi-reflective subcategories of a given homological category. Some re-
cent developments (see [36, 31, 29]) suggests to extend this correspondence
and various results which were first proved in [18]. The main point is that
we have to work without finite limits since one would like to define closure
operators in categories like ExCubnEpAq, for instance. A good definition, for our
purpose, has been introduced recently in [73]. We adopt here the notation used
in [18].

Let M be a class of monomorphisms in a category A such that:
(a) M contains all isomorphisms;
(b) M is closed under composition with isomorphisms;
(c) M satisfies the left-cancellation properties:

n �m PM, n PMñ m PM.

Such a class M can be viewed as a full replete subcategory of ArrA. We shall
write Cod for the functor of type M Ñ A which sends an object of M to its
codomain. For two monomorphisms k : K Ñ X and l : L Ñ X such that k
factors through l, we shall write K ¤ L.

Definition 1.6.1. [73] A closure operator of M in A is an endofunctor

� : MÑM
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such that:
(1) Cod � Cod � � ;
(2) @K PM : K ¤ K;
(3) @K,L PM : K ¤ Lñ K ¤ L.

Remark 1.6.2. Condition (3) follows in fact from (1) and the functoriality
of � . We shall speak of a closure operator in pA,Mq, and denote ik the
factorisation of k through k.

Definition 1.6.3. [73] A closure operator in pA,Mq is idempotent if

(4) @K PM : K � K.

Let E be a class of arrows such that elements of M are pullback-stable
along morphisms of E .

Definition 1.6.4. A closure operator � in pA,M) is called an E-closure op-
erator if morphisms in E are � -open:

(5) f�1pKq � f�1pKq whenever f : B Ñ A is in E and k : K Ñ A is
in M.

A morphism k : K Ñ A in M will be called closed (dense) with respect to
a closure operator � in pA,Mq if K � K (resp. K � A).

Definition 1.6.5. [73] A closure operator in pA,Mq is weakly hereditary if ik
is dense for all k PM.

Example 1.6.6. The typical example of closure operator is of course the Kur-
atowski closure operator which can be defined via the classical notion of closure
of a subset in a topological space.

Let pA, Eq be such that (E1)-(E4)+(E6) hold, and let MpEq be the class
of the kernels of elements in E . ThenMpEq satisfies the conditions (a)-(c) (see
Lemma 1.4.28).

Example 1.6.7. If A is a category with pullbacks, a closure operator is simply
a closure operator in the sense of [26].

Example 1.6.8. If A is a homological category and E is the class of regular
epimorphisms in A, then MpEq is the category of normal monomorphisms in
A. An idempotent closure operator � : MpEq ÑMpEq is a closure operator in
the sense of [18] and an idempotent E-closure operator is a homological closure
operator (also in the sense of [18]).

We generalise here some results from [18].

Lemma 1.6.9. Let � be an E-closure operator in pA,MpEqq such that (E1)-
(E4)+(E6) hold, and E � EpipAq. If k : K Ñ A P MpEq and f : B Ñ A P E,
then k is closed (respectively dense) if and only if f�1pkq is closed (dense).

Proof. If k is closed, one has the following equalities

f�1pKq p5q� f�1pKq � f�1pKq
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i.e. f�1pkq is closed; if k is dense, then

f�1pKq p5q� f�1pKq � f�1pAq � B

i.e. f�1pkq is dense. Conversely, let us consider the following commutative
diagram

f�1pKq ,2
if�1pkq ,2

g

��

f�1pKq � ,2 f�1pkq ,2

g1

��

B

f

����
K

� ,2
ik

,2 K
� ,2

k

,2 A.

Since � is an E-closure operator and E satisfies (E2), the right square above is a
pullback and g1 is in E . Then if f�1pKq is closed, i.e. if�1pkq is an isomorphism,
one has that ik is also an isomorphism since E � EpipAq. If f�1pkq is dense,
one has that f�1pkq is an iso and then k is an iso as well. �

For a pair pA, Eq where E is any class of morphisms in a category A, we
shall say that a reflective subcategory of A is E-reflective if the unit of the
reflection has all its components in E .

Theorem 1.6.10. Let pA, Eq be such that A is pointed and E � CokerpAq
satisfies (E1)-(E4). There is a bijection between the full replete E-reflective
subcategories of A and the idempotent E-closure operators in pA,MpEqq.

Proof. If B is a full replete E-reflective subcategory of A with reflector
I and unit η, one defines an endofunctor � B : MpEq ÑMpEq in the following
way:

pk : K Ñ AqB � kerpηA{K � qkq � q�1
k pKer pηA{Kqq

where qk : A Ñ A{K (in E) is the cokernel of k. This endofunctor is clearly
an idempotent closure operator. For k : K Ñ A in MpEq and f : B Ñ A in E ,
f�1pKq has cokernel qk � f (in E) and the following morphism of short exact
sequences

0 ,2 f�1pKq � ,2 ,2

_��

B
qk�f� ,2

f
_��

A{K ,2 0

0 ,2 K
� ,2

k
,2 A qk

� ,2 A{K ,2 0

induces the following one

0 ,2 f�1pKqB � ,2 ,2

p1q_��

A
ηA{K�qk�f � ,2

f
_��

IpA{Kq ,2 0

0 ,2
K
B � ,2

k
B
,2 A ηA{K�qk

� ,2 IpA{Kq ,2 0.

It follows that the square p1q is a pullback and that f�1pKqB � f�1pKBq: � B
is an idempotent E-closure operator. Given an idempotent E-closure operator
� : MpEq ÑMpEq, the full replete subcategory tB P |A| | 0 is closed in Bu of
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A is E-reflective. One defines the reflection IpAq of an object A of A as A{0A
and the component ηA of the unit η at A as coker p0Aq (which is in E). Let B
be an object such that 0 � 0B and f : A Ñ B an arrow in A. The following
commutative square

0 � ,2 ,2

��

A

f

��
0 � ,2 ,2 B

gives us, by functoriality of � , the following commutative square

0A

��

� ,2 ,2 A

f

��
0 � 0B

� ,2 ,2 B

which can be completed in the expected way

0 ,2 0A

0 #+

� ,2 ,2 A

f

��

ηA � ,2 A{0A

sz

,2 0.

B

Let us prove that the described processes are mutually inverse. First, let us take
C � � an E-closure operator in pA, Eq and BC the associated full replete E-
reflective subcategory of A. We have to prove that C � � BC . So let K : k Ñ A
be in MpEq and qk its cokernel (in E). One has

K
BC � q�1

k p0A{Kq p5q� q�1
k p0q � K.

Conversely, let B be a full replete E-reflective subcategory of A with reflector
I and C � � B. We have to prove that B � BC . This holds simply because a
cokernel is the cokernel of its kernel so that the reflector IC to BC is given

ICpAq � A{0BA � A{Ker pηAq � IpAq. �

Remark 1.6.11. There are natural orders on the class of closure operators
in pA, Eq and on the class of full subcategories of A: iff � and � 1 are closure
operators in pA, Eq, one has, by definition, that � ¤ � 1 if @K PMpEq : K ¤ K

1

and for F and F 1 two full subcategories of A, F ¤ F 1 iff @B P F : B P F 1. The
above bijection is in fact a decreasing morphism of preordered classes.

Lemma 1.6.12. Let B be a full replete E-reflective subcategory of pA, Eq, such
that A is pointed and E � CokerpAq satisfies (E1)-(E4), with reflector I : AÑ
B. Then for all k : K Ñ A PMpEq.

(1) The following sequence is exact

0 ,2 K
� ,2 ik ,2 K

xqk � ,2 0BA{K ,2 0;

(2) K is closed if and only if IpA{Kq � A{K;
(3) K is dense if and only if IpA{Kq � 0.
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Proof. (1) This can be seen in the proof of Lemma 1.4.28. (2) We have
thatK is closed if and only if (iff) ik is an isomorphism iff 0BA{K � 0 iff A{K P B
iff IpA{Kq � A{K.
(3) We have that K is dense iff k is an isomorphism iff ker pηA{Kq is an iso-
morphism (since E satisfies (E3)-(E4)) iff IpA{Kq � 0. �

Let pA, Eq be such that A is pointed and E � CokerpAq satisfies (E2). We
extend the definition of torsion theory to this context.

Definition 1.6.13. A torsion theory in pA, Eq is a couple pT ,Fq of full replete
subcategories of A such that:

(1) every morphism f : T Ñ F with T P T and F P F is null;
(2) for all object A in A there exists a short exact sequence:

0 ,2 T
� ,2 k ,2 A

f � ,2 F ,2 0

with T P T , F P F and f P E .
The torsion-free part of a torsion theory in pA, Eq is of course a full replete

E-reflective subcategory of A. The A-component of the unit is given by the
morphism f in the exact sequence above.

Theorem 1.6.14. If E � CokerpAq satisfies (E1)-(E4), there is a bijection
between torsion theories in pA, Eq and weakly-hereditary E-idempotent closure
operators in pA, Eq.

Proof. By Theorem 1.6.10, the only thing to prove is that a full replete
E-reflective subcategory is torsion-free if and only if its associated closure op-
erator is weakly hereditary. First, let us suppose that the closure operator
� B, associated with a full replete E-reflective subcategory B of A, is weakly-
hereditary. Then the kernel i0 : 0 Ñ 0BA, the factorisation of 0 through its
closure 0BA � Ker pηAq (in A an object of A), is dense. This is equivalent, by
Lemma 1.6.12, to Ip0BAq � 0. Then the couple pT ,Bq, where T is the full
replete subcategory of A given by

T � tA | IpAq � 0 u,
is a torsion theory in pA, Eq. Conversely, given k : K Ñ A in MpEq, one
sees that i0 : 0 Ñ 0BA{K is dense (since 0BA{K � Ker pηA{Kq is in the torsion
subcategory) and that the left square in the following commutative diagram

K
� ,2 ik ,2

_��

K
B
A

� ,2 ,2

xqk_��

A

qk
_��

0 � ,2
i0
,2 0BA{K

� ,2 ,2 A{K

is a pullback. By Lemma 1.6.9, ik is dense. �

The following lemma was already proved in [29].
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Lemma 1.6.15. Let B be a regular epi-reflective subcategory of a homological
category A such that the supremum of two normal subobjects always exists and
� B the induced homological closure operator (see Example 1.6.8). The following
properties hold:

(1) @A P A, @K a normal subobject of A (K CA) one has

K
B
A � pK _ 0BAq

B

A;

(2) B is a Birkhoff subcategory if and only if @A P A, @K CA one has

K _ 0BA � K
B
A;

(3) if B is a Birkhoff subcategory, then @A P A, @K,LCA one has

pK _ LqBA � K
B
A _ L

B
A.

Proof. (1) On the one hand we have K ¤ K _ 0BA, which implies K
B
A ¤

pK _ 0BAq
B

A. On the other hand, since K _ 0BA ¤ K
B
A, we find that

pK _ 0BAq
B

A ¤ pKB
Aq
B

A � K
B
A.

(2) By the previous property it suffices to prove that B is a Birkhoff sub-
category of A if and only if K _ 0BA is closed in A. Let us first of all remark
that for any short exact sequence

0 ,2 K ,2 A ,2 B ,2 0

in A we have that K is closed in A if and only B lies in B. Now, if B is a
Birkhoff subcategory of A with reflector I : AÑ B, then K _ 0BA is closed in A
since the quotient A{K_0BA lies in B as a regular quotient of A{0BA � IpAq P B.
Conversely, if we assume thatK_0BA is closed in A, for any short exact sequence
as above, then if A lies in B, so that 0BA � 0, we have that K is closed in A,
hence B P B.

(3) If B is a Birkhoff subcategory of A one has the following equalities:

pK _ LqBA
p2q� pK _ Lq _ 0BA

� pK _ 0BAq _ pL_ 0BAq
p2q� K

B
A _ L

B
A. �





CHAPTER 2

Derived Galois structures

This chapter is devoted to the study of different types of Galois structures
inducing a chain of similar higher order Galois structures. We first recall the
basic notion of Galois structure and introduce the notion of quasi-normal exten-
sion. After this, we introduce the notion of an E-(pre)radical in a homological
category which satisfies (INN) and show that it induces an E1-preradical (at
the level of the category of extensions) which is a radical if and only if the cat-
egory of quasi-normal extensions (associated with the E-radical) is reflective in
the category of extensions. We then study some classes of E-preradicals which
ensure that the induced preradicals are also radicals. In the third section, we
pay particular attention to a special kind of E-preradical. It is for this par-
ticular kind of E-preradical that we are able to give better descriptions of the
fundamental groups in chapter 3. All results of this chapter are valid in the
context of E-semi-abelian categories.

2.1. Galois structures and normal extensions

We now recall the definitions of a Galois structure and of a normal exten-
sion. We shall restrict ourselves to the case of reflective subcategories [51].

Definition 2.1.1. [47] A Galois structure Γ is a system pA,B, I,H, η, ε, Eq
where:

(1) B is a full replete reflective subcategory of A with inclusion functor
H and left adjoint I, unit η and counit ε (which is an isomorphism,
see Theorem 1 on page 90 in [65] for instance)

B
H

07K A ,
I

qx

(2) E is a class of morphisms in A, such that:
(a) E satisfies (E1)-(E3);
(b) HIpEq � E .

Remark 2.1.2. A full replete E-reflective subcategory B of A such that E
satisfies (E1)-(E4) determines a Galois structure. If A is pointed, E satisfies
moreover (E6), E satisfies (E1)-(E4), and B is E-reflective, such a Galois struc-
ture is associated with an idempotent E-closure operator on MpEq � MpEq
(see Theorem 1.6.10). We shall sometimes use the notation Γ � pA,B, I, η, Eq
since H and ε are completely determined by the above condition (1).

59
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A Galois structure induces an adjunction

pIB , HB , ηB , εBq : A Ó B á B Ó IpBq
for any B in A, where

(1) A Ó B is the full subcategory of the slice category A{B whose objects,
the extensions of B, are the arrows in E with codomain B, and B Ó
IpBq is the full subcategory of B{IpBq whose objects are in E ; we
write pA, fq or pA, f : AÑ Bq to denote an extension of B;

(2) IBpA, f : AÑ Bq � pIpAq, Ipfq : IpAq Ñ IpBqq;
(3) HBpX,φ : X Ñ IpBqq is defined as the first projection π1 of the

following pullback:

B�HIpBqHpXq π2 ,2

π1

��

HpXq
Hpφq

��
B ηB

,2 HIpBq;

(4) pηBqpA,fq � xf, ηAy : AÑ B�HIpBqHIpAq;
(5) pεBqpX,φq � εX � Ipπ2q : IpB�HIpBqHpXqq Ñ IHpXq Ñ X.

Definition 2.1.3. A Galois structure is admissible when, for any object B in
A, εB is an isomorphism.

The admissibility of the Galois structure can be expressed in several equivalent
ways:


 HB is fully faithful for every B P A.

 I preserves pullback of the form

P

����

,2 HpXq
Hpφq

��
B ηB

,2 HIpBq
where X P B and φ : X Ñ IpBq P E .

Definition 2.1.4. A morphism p : E Ñ B in E is a monadic extension (with
respect to E) if the pullback functor p� : A Ó B Ñ A Ó E is monadic.

Remark 2.1.5. Let DesEppq denote the full subcategory of Desppq whose ob-
jects are descent data pR, fq such that f0 and f1 are in E

R
r1 ,2

r2
,2

f1

��

X

f0

��

lrlr

Eqppq
πp1 ,2

πp2

,2 E.lrlr

Then Kp restricts to a functor KpE : A Ó B Ñ DesEppq. A morphism p : E Ñ B
in E is a monadic extension if and only if KpE is an equivalence of categories
[3, 55].
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Lemma 2.1.6. [35] Let E be a class of extensions in a homological category
A and let p P E be an effective descent morphism in A. Then p is a monadic
extension w.r.t. E in AE .

Proof. In fact, it can be shown, using a modified version of Proposition
1.5.17, that p is an effective descent morphism in AE . Indeed, if f : A Ñ B is
a morphism in A and

D
p1 ,2

��

A

f

��
E p

,2 B

is a pullback in A with D P E�, then Ker pp1q � Ker ppq P E� by (A2) and p1 is
in E by (A6) which incidentally shows that A P E�. Now, since p is an effective
descent morphism in AE , the functor

Kp : pAEq{B Ñ Desppq

is an equivalence of categories which restricts to another equivalence

KpE : A Ó B Ñ DesEppq

by axioms (A2) and (A4) for E . Thus, by the previous remark, p is monadic
w.r.t. E . �

Proposition 2.1.7. Let E be a class of extensions in a homological category
A and let us suppose that regular epimorphisms are effective for descent in A.
Then the monadic extensions are precisely the morphisms in E.

Proof. Let p : E Ñ B be a morphism in E . If p is a regular epimorphism,
it is by assumption a morphism of effective descent and by the previous lemma
a monadic extension. Now, as explained for instance in [32], if p is monadic
and is viewed as a morphism p : pE, pq Ñ pB, 1Bq in A Ó B, it is a regular
epimorphism in that category. Let us prove this. If f : pE, pq Ñ pX,xq is a
morphism in A Ó B such that f � πp1 � f � πp2 : pEqppq, p � πp1q Ñ pX,xq, then
one has a commutative diagram

E
f

�'
s0

�%
P

x0

��

p1 ,2 X

x

��
E p

,2 B
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and then a diagram

Eqppq ,2
,2

s1
�(

E

f

�'

lrlr

s0

�&

p ,2 B

Eqpp1q ,2
,2

x1

��

P

x0

��

lrlr p1 ,2 X

x

��
Eqppq ,2

,2 Elrlr
p
,2 B.

Then since KpE is an equivalence, there exists a morphism s : B Ñ X such that

x � s � 1B and s � p � p1 � s0 � f.

s : pB, 1Bq Ñ pX,xq is the unique morphism such that f � s � p. Now, since
0: B Ñ 0 is in E (as a split epimorphism in AE), the functor 0� : AE � A Ó 0 Ñ
A Ó B is well defined and has a left adjoint Σ0 which sends the regular epimor-
phism p : pE, pq Ñ pB, 1Bq to p : E Ñ B which is thus a regular epimorphism
in AE and belongs to E (see Proposition 1.4.27). �

Definition 2.1.8. A morphism f : E Ñ B in E is said to be a Γ-trivial
extension if the following commutative square is a pullback:

E
ηE ,2

f

��

HIpEq
HIpfq

��
B ηB

,2 HIpBq

Notice that, if the Galois structure is admissible, a morphism f : E Ñ B in
E is a trivial extension precisely when it lies in the replete image of the fully
faithful functor HB .

Definition 2.1.9. An extension f is a Γ-quasi-normal extension if f�pfq is a
trivial extension.

Definition 2.1.10. A Γ-normal extension is a Γ-quasi-normal extension which
is monadic w.r.t. E .

Sometimes, we shall speak of (B-)trivial, (B-)quasi-normal, (B-)normal ex-
tensions if the Galois structure Γ is understood.

2.2. Derived Galois structures

Until the end of this chapter, A will always denote a homological category
which satisfies pINNq with respect to a (proper) factorization system S � pE,Mq
and E a class of extensions in A (possibly different from E).

Definition 2.2.1. An E-preradical of the category A is a normal subfunctor
µ : r Ñ 1AE such that every component of µ is in MpEq.
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One can associate with such an E-preradical a short exact sequence of
functors

0 ,2 r
µ ,2 1AE

η ,2 I ,2 0

with every component of η in E , and the full replete subcategories of AE

Fr � tX | rpXq � 0u
and

Tr � tX | rpXq � Xu.
Definition 2.2.2. An E-preradical is an E-radical if rpX{rpXqq � 0 for all X
in AE .

The E-radicals correspond bijectively with the full replete E-reflective sub-
categories of AE via the above correspondence.

Proposition 2.2.3. From every E-preradical in A one can obtain a short exact
sequence of functors of type ExtEAÑ ExtEA

0 ,2 r1
µ1
,2 1ExtEA

η1
,2 I1 ,2 0

with every component of η1 in E1.

Proof. Let pEqpfq, π1, π2q be the kernel pair of a morphism f : A Ñ B
in E and define r1rf s � Ker prπ1q and r1pfq � ιr1rf s : r1rf s Ñ 0:

0 ,2 r1rf s
k

��

ker prπ1q,2

p4q

rEqpfq
µEqpfq

��

rπ1 ,2
rπ2
,2

��

rA

µA

��

,2 0

0 ,2 Ker f
ker pπ1q

,2 Eqpfq
π1 ,2
π2
,2 A ,2 0.

Let us now define µ1 : r1 ñ 1ArrA and η1 : 1ArrA ñ I1. Simply take as com-
ponents in an arrow f : A Ñ B, µ1

f � pµA � rπ2 � kerprπ1q, αBq (where αB
is the unique arrow 0 Ñ B) and η1

f � pρ1
f , 1Aq � cokerpµ1

f q. Indeed, µ1
f is

a normal monomorphism. First of all, µA � rπ2 � kerprπ1q is in M. Indeed,
µA � rπ2 � kerprπ1q � π2 � kerpπ1q � k, and π2 � kerpπ1q and k are in M since
they are kernels of f and ηEqpfq � kerpπ1q respectively because (4) is a pull-
back. For this last reason, kerpπ1q�k is also a normal monomorphism and then
µA � rπ2 � kerprπ1q � pπ2qSpkerpπ1q � kq

r1rf s_��
kerpπ1q�k

��

r1rf s
µA�rπ2�kerprπ1qPM
��

Eqpfq
π2

� ,2 A,

is a normal monomorphism (it is the S-image of the normal monomorphism
kerpπ1q � k by π2). Since r1rf s is in E�, r1pfq is in E (Remark 1.4.2) and
η1
f : f Ñ I1f is in E1:
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r1rf s

_��

� ,2 ,2 A

f

��

� ,2 I1rf s
I1f

��
0 ,2

RY

B B.

�

From now on, we shall denote the normal monomorphism µA�rπ2�kerprπ1q
by ν1

f .

Remark 2.2.4. An E-radical r of A induces a Galois structure

Γr � pAE ,Fr, I, η, Eq.
Using Lemma 1.3.15, one sees that

Fr1 � QNExtΓr
A

where QNExtΓr
A is the full replete subcategory of the category of extensions

ExtEA whose objects are the Γr-quasi-normal extensions.

In the rest of this chapter, we shall be interested in different types of E-
radicals which give rise to Galois structures

Γr1 � pExtEA,QNExtΓr
, I1, η

1, E1q :

this essentially means that the preradical r1 is also a radical.
Let C,D be pointed protomodular categories.

Definition 2.2.5. [34] A functor F : C Ñ D is protoadditive if it preserves
split short exact sequences: if one has a split short exact sequence in C

0 ,2 Ker ppq � ,2ker ppq ,2 A
p � ,2

Blr
s

lr ,2 0

(s is a section of p), then its image by F is also a split short exact sequence in
D:

0 ,2 F pKer ppqq � ,2F pker ppqq,2 F pAq
F ppq� ,2 F pBqlr
F psq
lr ,2 0

This notion generalises the one of additive functor (see Proposition 1.5.20).
For E a class of extensions in A, AE is pointed protomodular, so that it makes
sense to speak of protoadditive E-preradical. One has the following

Lemma 2.2.6. [35] Let r be an E-preradical. Then it preserves 0 and the
following are equivalent:

(1) r is protoadditive;
(2) r preserves pullbacks in AE of the form

P

p1
_��

f 1 ,2 E

p
_��

A
f
,2 B.

LR
s

LR

where s is a section of p.
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Proof. p1q ñ p2q: Let us take such a pullback. Then, one has a commu-
tative diagram

rKer pp1q0t|µKer pp1q

t|pppp

� ,2rker pp
1q ,2 rP?z�µP

z����

rf 1

��

rp1 � ,2 rAlrlr ?z�
µAz����

rf

��

Ker pp1q � ,2 ,2 P

��

p1 � ,2
Alrlr

��

rKer ppq/s{µKer ppq

s{oooo

� ,2rker ppq ,2 rE?z�µE

z����

rp � ,2 rBlrlr >y�
µBy�~~~

Ker ppq � ,2 ,2 E
p � ,2

Blrlr

where rker pp1q � ker prp1q and rker ppq � ker prpq, so that the right back face is
of course a pullback (by Lemma 1.3.15).

p2q ñ p1q: A short exact sequence can be presented as a pullback

Ker ppq

_��

ker ppq ,2 A

p
_��

0 ,2
LR

LR

B

LR
s

LR

which is sent by r to a pullback

rKer ppq

_��

rker ppq ,2 rA

rp
_��

0 � r0 ,2
LR

LR

rB.
LR

rs

LR

Then rker ppq � ker prpq and, since rp is a split epimorphism, it is the cokernel
of its kernel: rp � coker prker ppqq (A is protomodular). �

Let r be an E-preradical of A.

Definition 2.2.7. r is E-protoadditive if it preserves the pullbacks of the form

P

p1
_��

f 1 ,2 E

p
_��

A
f
,2 B

LR
s

LR

(2.1)

where f is in E , E P E� and s a section of p.

Definition 2.2.8. r is admissible if it preserves the pullbacks of the form

P

_��

� ,2 A

ηA
_��

X
f
,2 A{rpAq

(2.2)
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where X P Fr and f P E .
Let us introduce a definition inspired by [31, 36]. We suppose here that

E � EpipAq.
Definition 2.2.9. A full replete reflective subcategory B of AE

B
H

18K AE
I

ry

is a strongly E-Birkhoff subcategory of A if, for every morphism f : A Ñ B in
E , all arrows in the diagram

A
ηA

%,

f

�'

xf,ηAy

!*
B �HIpBq HIpAq

��

,2 HIpAq
HIpfq

��
B ηB

,2 HIpBq
are in E and the components of η in E . One says in that case that I is an
E-Birkhoff reflector .

One gives now a definition also inspired by [18, 25].

Definition 2.2.10. If E � EpipAq, one says that an E-preradical r is E-Birkhoff
if it preserves morphisms in E : if f : AÑ B is in E , so is rf : rAÑ rB.

One can now prove the following

Proposition 2.2.11. For r a given E-radical, the following properties hold
(1) r preserves pullbacks of the form (2.1) if and only if I preserves them;
(2) r is admissible if and only if I is admissible;
(3) r is protoadditive if and only if I is protoadditive;
(4) r is E-Birkhoff if and only if I is E-Birkhoff.

Proof. (2): Let us take a pullback of the form (2.2). By the 3�3-lemma,
the two left downward columns in the commutative diagram

Ker prη1Aq � ,2 ,2

α

��

�)JJJJJJ rP � ,2

��

t��

��4444
0

��

v� 

� 6666

Ker pη1Aq � ,2 ,2

�'FFFFFFFFF P
η1A � ,2

��

r��
222222 X

��

88888888

88888888

Ker prηAq � ,2 ,2

�&DDDDDDDDD rA � ,2
o��

��/
/////

0q��

��1
11111

Ker pIpη1Aqq � ,2 ,2

β

��

IpP q � ,2

��

X

��

Ker pηAq � ,2 ,2

!)LLLLLLLLL A ηA

� ,2

x�!
8888 IpAq

@@@@@

@@@@@

0 � ,2 ,2 IpAq IpAq,



2.2. DERIVED GALOIS STRUCTURES 67

are short exact sequences, so that we have, using Lemma 1.3.15, that r is ad-
missible if and only if α is an isomorphism if and only if β is an isomorphism
if and only if I is admissible. (1) can be proved in a very similar way.

(3) is proved as in [35]. If one starts from a split short exact sequence

0 ,2 Ker ppq � ,2ker ppq ,2 A
p � ,2

Blr
s

lr ,2 0

in AE , one has a commutative diagram of the form

0

��

0

��

0

��
rKer ppq � ,2 ,2

_��

��

rA
� ,2

_��

��

rBlr
rs

lr _��

��
0 ,2 Ker ppq � ,2 ker ppq ,2

_��

A
p � ,2

_��

Blr
s

lr ,2

_��

0

IpKer ppqq � ,2 ,2

��

IpAq � ,2

��

IpBqlrlr

��
0 0 0

in A. Then by the 3� 3-lemma, r is protoadditive if and only if I is protoad-
ditive.

(4): Let us consider a morphism f : A Ñ B in E � EpipAq and the following
commutative diagram

0 ,2 rpAq � ,2 ,2

rf

��

A
ηA � ,2

f

��

IpAq
Ipfq

��

,2 0

0 ,2 rpBq � ,2 ,2 B
ηB � ,2 IpBq ,2 0.

Then by Lemma 1.4.7, rf is in E if and only if the right square is a double
extension. �

Proposition 2.2.12. If r is an E-Birkhoff preradical then it preserves the
pullback of the form (2.1).
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Proof. Let us consider a pullback of the form (2.1). Then one can con-
struct a commutative diagram

Ker prp1q

γ
��

α
t|ppppp

� ,2 ,2 rP?z�µP

z����

rf 1 ����

rp1 � ,2 rAlrlr ?z�
µAz����

rf

����

Ker pp1q � ,2 ,2 P

����

p1 � ,2
Alrlr

����

Ker prpq
β

s{ooooo
� ,2 ,2 rE?z�µE

z����

rp � ,2
,2 rBlrlr >y�
µBy�~~~

Ker ppq � ,2 ,2 E
p � ,2

Blrlr

where α, β are normal monomorphisms and then γ is a normal monomorphism.
Since r is E-Birkhoff, rf 1 and rf are in E and the right back face is in E1, so
that γ is in E � EpipAq. Then γ is an isomorphism and the back right face is
in fact a pullback (by Lemma 1.3.15). �

The previous result shows that the notion of E-protoadditive E-radical can
be seen as a common generalization of both the notions of protoadditive radical
and of E-Birkhoff radical.

Proposition 2.2.13. Let E � EpipAq. Then if I is an E-Birkhoff reflector, I
is also admissible.

Proof. The admissibility can be proved following the same lines as in
[36] Proposition 2.6. Let B be an object in A, one has, using Proposition
1.5.15, that η�B and then HB reflect isomorphisms. For φ P B Ó IpBq, it
follows, by the triangular identity pHBpεBφ qq � ηBHBpφq � 1HBpφq and because
ηBf � xf, ηAy : f Ñ HBIBpfq is an epimorphism for all f P A Ó B, that ηBHBpφq
is an isomorphism and so is HBpεBφ q. The functor HB being conservative, the
result follows. �

Remark 2.2.14. A protoadditive reflector is not necessarily admissible. The
following example has been given in [35]: The reflector I : Ab Ñ F , where F is
the quasi-variety of abelian groups which satisfy the axiom 4x � 0 ñ 2x � 0,
is additive and thus protoadditive. But it is not admissible with respect to
surjective homomorphism. To see this, it suffices to note that the pullback
diagram

C4 �C2 Z ,2

��

C4

ηC4

��
Z ,2 C2,

where Cn is the cyclic group of order n, is not preserved by I.

For the next main theorem, we shall need the following lemmas

Lemma 2.2.15. [29] p1q Let C be any category and D be a reflective subcategory
of C with reflector I : C Ñ D and inclusion functor H : D Ñ C. If f : AÑ B is



2.2. DERIVED GALOIS STRUCTURES 69

an epimorphism such that the unit ηA factors through f

A

f
����

ηA ,2 HIpAq

B

e

7A

then the factorisation e is necessarily the unit ηB : B Ñ HIpAq � HIpBq.
p2q In particular, in the case of a pointed category C with kernels, if f : AÑ B
is a normal epimorphism such that Ker pfq ¤ Ker pgq for some g P I�1pIsoq (i.e.
Ipgq is an isomorphism), it follows that the induced commutative square

Ker pηAq
f̂

��

� ,2 ,2 A

f
_��

Ker pηBq � ,2 ,2 B

is a pullback.

Proof. (1): Let us consider a commutative diagram

A

f
����

ηA ,2 HIpAq

B

e

7A

g ,2 C

in C with f an epimorphism and C P D. Then for any morphism x : HIpAq Ñ C

g � x � eô g � f � x � ηA � x � e � f

and the universality of pIpAq, ηAq provides us a unique morphism α : HIpAq Ñ
C such that g � α � e.

(2): Let us start with a normal epimorphism f : AÑ B such that there exists
an inverted morphism g : A Ñ C such that Ker pfq ¤ Ker pgq. Then one has a
commutative diagram

Ker pfq � ,2 ker pfq ,2
��

��

A
f � ,2 B

g̃

��
Ker pgq � ,2

ker pgq
,2 A g

,2

ηA

��

C

ηC

��
HIpAq

HIpgq

� ,2 HIpCq
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and ηA factors as e � f for e � HIpgq�1 � ηC � g̃. By (1), e is the unit ηB and
one has a commutative diagram

Ker pηAq
f̂

��

� ,2ker pηAq,2 A

f
_��

ηA ,2 HIpAq � HIpBq

Ker pηBq � ,2
ker pηBq

,2 B

ηB

4=qqqqqqqqqqqq

in which the left square is a pullback. �

Lemma 2.2.16. If r is an E-protoadditive E-radical and we have a pullback
diagram of the form

C
i ,2

g

��

A

f

��
D

j
,2 B

(2.3)

where all morphisms are in E, then one has a commutative morphism of short
exact sequences

0 ,2 r1rgs � ,2
ν1
g ,2 C

ρ1g � ,2

i

��

I1rgs ,2

î

��

0

0 ,2 r1rf s � ,2
ν1
f

,2 A
ρ1f

� ,2 I1rf s ,2 0

which also gives a pullback diagram

I1rgs
I1pgq

��

î ,2 I1rf s
I1pfq

��
D

j
,2 B

of the type (2.3) (all morphisms in it are in E). Then one has r1rf s � 0 if and
only if r1rgs � 0, and r1rI1pfqs � 0 if and only if r1rI1pgqs � 0.

Proof. The morphism α in the following diagram

r1rgs
α
v�uuuu

� ,2 ker prπ11q ,2 rpEqpgqq
s{ooooo

��

rπ11 ,2
,2 rpCqlrlr

v�vvvv

��

r1rf s � ,2
ker prπ1q

,2 rpEqpfqq

��

rπ1 ,2
,2 rpAqlrlr

��

Eqpgq
s{oooooo

π11 ,2

π12

,2 Clrlr

iv�vvvvvv
g ,2 D

jz�����

Eqpfq
π1 ,2

π2
,2 Alrlr

f
,2 B
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is an isomorphism since the square linking π1 and π11 is a pullback of the form
(2.1). This gives a morphism of short exact sequence as claimed, so that we
find a commutative diagram

r1rgs
uuuu

uuuu
� ,2

ν1
g ,2 C
i

z�����

g
��

ρ1g � ,2 I1rgs

I1pgq

��

î
v�uuuu

r1rf s � ,2
ν1
f ,2 A

f

��

ρ1f � ,2 I1rf s
I1pfq

��
D

jy�}}}
D

ju~ssssss

B B.

Since ρ1
f is a regular epimorphism, using Proposition 1.5.15, one concludes the

proof. �

Lemma 2.2.17. If r is an E-protoadditive E-radical and g : C Ñ D is a split
epimorphism in E, then r1rgs � ker prgq and ν1

g � µC � ker prgq.
Proof. Since r preserves pullbacks of the form (2.1), prEqpgq, rπ1, rπ2q is

the kernel pair of rg:

r1rgs
k

��

ker prπ1q ,2 rEqpgq
µEqpgq

��

rπ1 ,2

rπ2
,2

��

rC

µC

��

rg ,2lrlr rD

µD

��

lrlr

Ker pπ1q
ker pπ1q

,2 Eqpgq
π1 ,2

π2
,2 C

g ,2lrlr Dlrlr

and then rπ2 � ker prπ1q � ker prgq. �

Theorem 2.2.18. Let r be an E-preradical.
(1) If r is an E-protoadditive E-radical, then r1 is an E1-protoadditive

E1-radical;
(2) if r is E-Birkhoff then it is an E-radical, and r1 is an E1-Birkhoff

radical.

Proof. (1): First, let us prove that r1 is a radical. We have to show that
r1rI1pfqs � 0 for any f P E . For this, it suffices to show that r1rI1pπ1qs � 0 by
Lemma 2.2.16. So let us consider the following commutative diagram

r1rπ1s
α
s{ooooo

� ,2 ker prπ1q ,2 rpEqpfqq
rπ1 ,2

rρ1π1

s{nnnnn

��

rAlrlr

||||
||||

��

r1rI1pπ1qs
� "*

ν1
I1pπ1q "*NNNNNNNNNNNNNNN

� ,2ker prI1pπ1qq ,2 rpI1rπ1sq
rI1pπ1q ,2

��

rAlrlr

��

Eqpfq
ρ1π1.s{ nnnnn

π1 ,2
A

||||
||||
lrlr

I1rπ1s
I1pπ1q ,2

Alrlr

Since ρ1
π1

is inverted by I (see Lemma 2.2.15), one has that rρ1
π1

is a regular
epimorphism by pullback stability of regular epimorphism and then also α is a
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regular epimorphism, again by pullback stability. Thus one has r1rI1pπ1qs � 0
since ν1

I1pπ1q
� α � ρ1

π1
� µEqpfq � ker prπ1q � 0 by definition of ρ1

π1
.

Now, let us consider a pullback

P1

��

p

x�{{{{
,2 E1

ex�{{{{

p1

��

P0

��

,2 E0

p0

��

A1
a
x�{{{{ f1

,2
LR

LR

B1

bx�{{{{

LR

LR

A0
f0

,2
LR

LR

B0

LR

LR

with f � pf1, f0q P E1, e P E and p � pp0, p1q a split epimorphism. If one takes
kernel pairs, then by commutation of limits and by Lemma 1.4.25, one finds a
diagram

Eqppq

��

w�wwwww�wwww
,2 Eqpeq

w�wwww
w�wwww

p̂1

��

P1

��

,2 E1

p1

��

Eqpaq
w�wwww
w�wwww f̂1

,2
LR

LR

Eqpbq
w�wwww
w�wwww

LR

LR

A1
f1

,2
LR

LR

B1

LR

LR

where the front and back faces are pullbacks of the form (2.1). Then applying
r to this diagram one obtains a cube

rEqppq

��

u�ttttu�tttt
,2 rEqpeq

u�tttt
u�tttt

rp̂1

��

rP1

��

,2 rE1

rp1

��

rEqpaq
u�tttt
u�tttt rf̂1

,2
LR

LR

rEqpbq
u�tttt
u�tttt

LR

LR

rA1
rf1

,2
LR

LR

rB1

LR

LR

Consequently, one finds a pullback

r1rps ,2

��

r1res

��
r1ras ,2
LR

LR

r1rbs
LR

LR

and then a cube
r1rps

��

r1ppq

x�zzzz
,2 r1res
r1peqx�zzzz

��
0 0

r1ras
LR

LR

r1paqx�zzzz
,2 r1rbs
LR

LR

r1pbqx�zzzz

0 0
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which is a pullback.

(2): Let us show that the E-preradical r is an E-radical. Let A be an object in
AE . If we consider the following commutative diagram:

rA
rηA ,2

_��
µA

��

rIpAq
_��
µIpAq

��
A ηA

,2 IpAq
we see that, since η P E and r is E-Birkhoff, rηA is in E(� EpipAq) and rIpAq �
0. So, to prove (2), it remains to show now that r is E1-Birkhoff. Let f �
pf1, f0q : a Ñ b be a morphism in E1, pEqpaq, πa1 , πa2 q the kernel pair of a and
pEqpbq, πb1, πb2q the kernel pair of b. Since r preserves the morphisms in E , both
rf1 and rf̂1 (f̂1 is the restriction of f1 to the kernels pairs of a and b) are in
E . It follows that the right-hand (solid) square in the following commutative
diagram

0 ,2 r1rbs � ,2 ,2

f̃

��

rEqpbq
rf̂1
��

rπb1 � ,2 rB1

rf1

��

lrlr ,2 0

0 ,2 r1ras � ,2 ,2 rEqpaq
rπa1

� ,2 rA1
lrlr ,2 0

is in E1, and then that the left-hand downward pointing arrows is in E (Lemma
1.4.7). Hence r1pfq:

r1rbs
f̃

��

� ,2 0lrlr

r1ras
� ,2 0lrlr

is in E1. �

Corollary 2.2.19. If an E-radical r is E-protoadditive, the full replete subcat-
egory Fr1 � QNExtEA of ExtEA is reflective and pointed protomodular. �

Let r be an E-protoadditive E-radical. We shall write r0 � r and I0 � I.
We have induced short exact sequences

0 ,2 rn
µn ,2 1ExCubnEA

ηn ,2 In ,2 0

obtained using the isomorphism δn�1:

ExCubnEA
rn ,2

δn�1

��

ExCubnEA

δn�1

��
ExtEn�1Cubn�1A

prn�1q1

,2 ExtEn�1Cubn�1A.

Let O0 � O be such that pA, E ,O, rq satisfies (O1) and
(O2) rA P O for all A P AE .
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By induction one can show that rnA P On for all A in ExCubnEA. The functor
r�sn,r : ExCubnEAÑ AE will denote the factorisation of rn through ιn. We shall
sometimes just write rAsn when it is clear where A lies, and rAs if A is in AE .

Definition 2.2.20. For n ¥ 1, an E-exact n-cube A in ExCubnEpAq is called a
quasi-normal E-exact n-cube if δn�1A is Γrn�1-quasi-normal.

If in the above diagrams, one writes δi instead of δn�1, the diagram still
commutes. This will ensure symmetry of quasi-normal extensions in all degrees.
This fact was first proved in Theorem 3.3 in [31] in a stricter context, but a
careful inspection of the proof shows that it only relies on symmetry of higher
extensions (see Theorem 1.4.17) and commutation of limits.

Theorem 2.2.21. Let n ¥ 1. For any 0 ¤ i ¤ n� 1 and A an E-exact n-cube
in A, we have

δi � rn � prn�1q1 � δi;
and

ιn�1rAsn � prn�1q1rδiAs
as objects. Consequently, the following conditions are equivalent

(1) A is a quasi-normal n-cube.
(2) δiA is a Γrn�1-quasi-normal extension.

Proof. We only have to check the first claim. We shall prove by induction
that prn�1q1rδiAs � prn�1q1rδjAs for every n ¥ 0 and 0 ¤ i   j ¤ n � 1. For
n � 1, there is nothing to prove. So, let n ¥ 2, 0 ¤ i   j ¤ n � 1 and let us
suppose that the property holds for n � 1. We have to compare the top left
objects in the constructions

prn�1q1rδiAs
ker prn�1π

i
1q,2 rn�1EqpδiAq
µn�1

EqpδiAq

��

rn�1π
i
1,2

rn�1π
i
2

,2

��

rn�1δ
�
i A

µn�1

δ
�
i
A

��
EqpδiAq

πi1 ,2

πi2

,2 δ�i A
δiA ,2 δ�i A

and

prn�1q1rδjAs
ker prn�1π

j
1q,2 rn�1EqpδjAq
µn�1

EqpδjAq

��

rn�1π
j
1,2

rn�1π
j
2

,2

��

rn�1δ
�
j A

µn�1

δ
�
j
A

��
EqpδjAq

πj1 ,2

πj2

,2 δ�j A
δjA ,2 δ�j A,

so that we have to know what ker prn�1π
i
1q and ker prn�1π

j
1q are. By induction,

rn�1 is defined via rn�2 choosing any one of the functors δk. So let us apply
δj�1 to the first diagram and δi to the second one. We arrive at the following
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diagram

Kβ

ker pβq

|���������
,2 0



















.
β

�
�����

β2

��

,2 0

��



















.

β1


�

-3Kα

ker pαq ,2

}���������
. α ,2

�	��������

α2

��

.

α1


�

|�

0

��

. δiEqpδjAq ,2

π2,β

����

.

�	










�	









0 0

��

0

��

. ,2
π2,α

,2

δj�1EqpδiAq

}�

. δiδ
�
j A

,2

δj�1δ
�
i A
���

|����

.

δj�1δ
�
i A

zzz

x�zzz
. ,2,2 . δiδ

�
j A

,2 .

where


 α1 � ν1
δj�1δ

�
i A


 α2 � ν1
δj�1EqpδiAq


 pα, 0q � δj�1rn�1π
i
1


 β1 � ν1
δiδ

�
j A


 β2 � ν1
δiEqpδjAq


 pβ, 0q � δirn�1π
j
1


 pKα, 0q � δj�1prn�1q1rδiAs

 pKβ , 0q � δiprn�1q1rδjAs

and pπ1,β , π2,βq, pπ1,α, π2,αq are the kernel pairs of δj�1δ
�
i A and δiδ

�
j A re-

spectively. One can prove that Kα � Kβ . Of course, by commutation of
limits, δj�1EqpδiAq and δiEqpδjAq have kernel pairs pRβ , π1,R,β , π2,R,βq and
pRα, π1,R,α, π2,R,βq with the same object part Rβ � Rα. Let us denote it by R
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as in the following diagram

K
� ,2 ker pαq ,2D|�

ker pβq

|��������

. α ,2

α̃2

�


E|�

|��������
.G}�

}��������

α̃1

�


. � ,2 ,2

β

~��������

β̃2

#+

.
rn�2π1,R,α ,2

rn�2π1,R,β

|��������_��

��

.

rn�2π1,α

~��������_��

��

. � ,2 ,2

β̃1

"*

.
rn�2π1,α ,2_��

��

._��

��

R
,2

π2,R,α
,2

π2,R,β

}�}�

. δiEqpδjAq ,2

π2,β

�	









�	








.

�	









�	









. ,2
π2,α

,2

δj�1EqpδiAq
���

z����

. δiδ
�
j A

,2

δj�1δ
�
i A

���

|����

.

δj�1δ
�
i A

���

|����
. ,2 ,2 . δiδ

�
j A

,2 .

So, again by commutation of limits, α and β have the same kernel K. Finally,
one also has that

π2,α � α2 � ker pαq � π2,α � π2,Rβ � α̃2 � ker pαq
� π2,β � π2,Rα � β̃2 � ker pβq
� π2,β � β2 � ker pβq. �

Using Theorem 2.2.21, one can prove the following

Theorem 2.2.22. For any n ¥ 1 and 0 ¤ i ¤ n� 1, the square

ExCubnEA
rn ,2

ρi

��

ExCubnEA

ρi

��
ExCubn�1

E1 ArrA
pr1qn�1

,2 ExCubn�1
E1 ArrA

commutes and ι1rP sn � rρiP sn�1 for any P in ExCubnEA . �

2.3. Special derived Galois structures

We are going to study a special kind of adjunction:

F
U

29K B
H

18K

F
ry AE

I
ry (2.4)

where A is a homological category which satisfies the property pINNq, E a
class of extensions in A, B a full replete E-reflective subcategory of AE with I
preserving pullbacks of the form (2.1), and F an E-reflective subcategory of B
with the property that the reflector F : B Ñ F is protoadditive.
The functor F � I is left adjoint to H � U . We shall write η and ε for the unit
and the counit of this composite adjunction. The unit and the counit of the
adjunction I % H will be denoted by η1 and ε1, whereas the unit and the counit
of the adjunction F % U will be denoted η2 and ε2, respectively. This kind
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of adjunction gives a Galois structure Γ � pAE ,F , F � I, η, Eq. The following
theorem is an adaptation of Theorem 6.2 in [29]

Theorem 2.3.1. Let f : A Ñ B be in E. The following conditions are equi-
valent:

(1) f is an F-quasi-normal extension;
(2) f is B-quasi-normal and Ker pfq P F .

Proof. p1q ñ p2q: Let us assume that f is a F-quasi-normal extension.
Then in the following commutative diagram the composite of the left pointing
squares is a pullback:

FIpA�B Aq
FIpπ1q_��

IpA�B Aq
Ipπ1q_��

�lr E �B A
π1

_��

�lr ,2 A

f

��
FIpAq
LR

LR

IpAq�lr
LR

LR

A
�lr

f
,2

LR

LR

B

Since the middle square is in E1, this implies that this square is, in fact, a
pullback (see Lemma 1.1 in [39]), and we find that f is a B-quasi-normal
extension. The fact that Ker pfq lies in F for any F-quasi-normal extension
f is a very general and well-known fact. It suffices to note that the above
pullbacks induce the isomorphisms

Ker pFIpπ1qq � Ker pπ1q � Ker pfq,
which imply that Ker pfq P F , as (the domain of) the kernel of a morphism in F .

p2q ñ p1q: Suppose now that f is B-quasi-normal and Ker pfq P F . Then one
sees that in the commutative diagram

Ker pfq � ,2 ker pπ1q ,2

η1
Ker pfq

_��

Eqpfq
π1 � ,2

η1
Eqpfq

_��

p3q

A

η1
A

_��

lrlr

IpKer pfqq Ipker pπ1qq ,2

η2
IpKer pfqq

_��

IpEqpfqq
Ipπ1q � ,2

_��

p4q

IpAq

_��

lrlr

FIpKer pfqq
FIpker pπ1qq

,2 FIpEqpfqq
FIpπ1q � ,2 FIpAqlrlr

(2.5)

the square p3q is a pullback (since f is B-quasi-normal) and η1
Ker pfq an iso-

morphism. It follows that the second row is a split short exact sequence. By
protoadditivity of F , the third row is also a split short exact sequence, and
we obtain from Lemma 1.3.15 that p4q is a pullback because η2

IpKer pfqq is an
isomorphism, by assumption. Thus p3q+p4q is a pullback and f is a F-quasi-
normal extension. �
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Let us write QNExt1E,BA for the full subcategory of Ext1EA whose objects
are B-quasi-normal extensions, r0,F the radical associated with F �I : AE Ñ F ,
and r1,F the radical associated with r0,F . We shall also write IB for I, and IF
for F � I.

Lemma 2.3.2. Let f : A Ñ B be in QNExtE,BA. Then r1,F rf s � 0FKer pfq �
Ker pηKer pfqq � r0,F pKer pfqq. This implies that r1,F restricted to QNExtE,BA
is protoadditive and therefore, that the restriction F1,F of I1,F to QNExtE,BA
is also protoadditive.

Proof. First note that Ker pfq lies in B since f is a B-central extension
(see the proof of p1q ñ p2q in Theorem 2.3.1). Then, as in the proof of p2q ñ p1q
in Theorem 2.3.1, we see that the last row in the following diagram is exact:

0

��

0

��

0

��
0 ,2 r1,F rf s

p5q

� ,2 ker pr0,Fπ1q ,2
��

k
��

r0,FEqpfq
r0,Fπ1� ,2

_��

��

r0,FA_��
ker pηAq

��

lrlr ,2 0

0 ,2 Ker pfq
ηKer pfq

��

� ,2
ker pπ1q

,2 Eqpfq
π1 � ,2

_��

Alrlr

_��

,2 0

0 ,2 FIpKer pfqq

��

� ,2
FIpker pπ1qq

,2 FIpEqpfqq

��

FIpπ1q� ,2 FIpAq

��

lrlr ,2 0.

0 0 0

It follows that the left column in this diagram is also exact and the first part
of the result follows. Now, let us start with a split short exact sequence

0 ,2 K1
� ,2ker pp1q,2

k

��

A1

p1 � ,2

a

��

B1

b

��

lr
s1
lr ,2 0

0 ,2 K0
� ,2
ker pp0q

,2 A0

p0 � ,2 B0lr
s0
lr ,2 0

(2.6)
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in QNExtE,BA (this is also a split short exact sequence in ArrA). Then, by
commutation of limits, one finds that the first row in the commutative diagram

0

��

0

��

0

��
Ker pkq

_��

��

,2 Ker paq
_��

��

� ,2 Ker pbq
_��

��

lrlr

0 ,2 K1
� ,2 ker pp1q ,2

k

��

A1

p1 � ,2

a

��

B1

b

��

lr
s1

lr ,2 0

0 ,2 K0
� ,2

ker pp0q
,2

��

A0

p0 � ,2

��

B0lr
s0

lr ,2

��

0

0 0 0

is a split short exact sequence and, since r0,F restricted to B is protoadditive,
that one has a split short exact sequence

0 ,2 r1rks � ,2 ,2 r1ras
� ,2 r1rbs ,2lrlr 0.

Consequently, the image of (2.6) by r1,F is

0 ,2 r1,F rks � ,2 ,2

��

r1,F ras � ,2

��

r1,F rbslrlr

��

,2 0

0 ,2 0 0 0 ,2 0

and r1,F is protoadditive. Finally, applying the 3 � 3-lemma, one finds that
the last row in the commutative diagram

0

��

0

��

0

��
0 ,2 r1,F rks � ,2 ,2

_��

��

r1,F ras � ,2
_��

��

r1,F rbs ,2lrlr
_��

��

0.

0 ,2 K1
� ,2 ker pp1q ,2

_��

A1

p1 � ,2

_��

B1
,2lr

s1
lr

_��

0.

I1,F rks � ,2 ,2

��

I1,F ras � ,2

��

I1,F rbslrlr

��
0 0 0
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is also a split short exact sequence and the image of the split short exact
sequence (2.6) by F1,F is

0 ,2 I1,F rks � ,2 ,2

��

I1,F ras � ,2

��

I1,F rbslrlr

��

,2 0

0 ,2 K0
� ,2

ker pp0q
,2 A0

p0 � ,2 B0lr
s0

lr ,2 0

which is a split short exact sequence: the functor F1,F is protoadditive. �

The results of this chapter show that for an adjunction of the type (2.4)
we have an induced Galois structure

Γ1 � pExt1EA,QNExt1E,FA, F1 � I1, η1, E1q
of the same type and then, by induction, the

Theorem 2.3.3. One has a chain of Galois structures of the type (2.4)

Γn � pExCubnEA,QNExCubnE,FA, Fn,F � In,B, ηn, Enq.
�

The following proposition is similar to Theorem 6.3 in [35].

Proposition 2.3.4. Let Γ be an admissible Galois structure of the type (2.4)
with I an E-Birkhoff reflector. Then

Γ1 � pExt1EA,QNExt1E,FA, F1 � I1, η1, E1q
is admissible and I1 is an E1-Birkhoff reflector, so that for all n P N, the Galois
structure

Γn � pExCubnEA,QNExCubnE,FA, Fn,F � In,B, ηn, Enq.
is admissible and In,B is an En-Birkhoff reflector.

Proof. By Theorem 2.2.18 (2), Proposition 2.2.11 and Proposition 2.2.13,
I1 is an E1-Birkhoff reflector and is admissible. Then, it remains to show that
F1 is admissible. So, let us consider a pullback in QNExt1E,BA

P1

h

��

p

x�zzzz
,2 A1

au�ttttt

ρ1a

��

X0
,2 A0

X1
x
x�{{{{ f1

,2 I1,F ras
F1paq
v�uuuu

X0
f0

,2 A0

with f � pf0, f1q a double extension and x a F-quasi-normal extension. We
are going to prove that ph, 1X0q : p Ñ x (in E1q is sent to an isomorphism by
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F1. Taking kernels, we find a pullback diagram in B

Ker ppq ,2

��

Ker paq

��
Ker pxq

f̃1

,2 Ker pF1paqq

where

 Ker pxq is in F since it is the kernel of an F-quasi-normal extension;

 f̃1 is in E by Lemma 1.4.7;

 Ker pF1paqq � Ker paq{r0,F pKer paqq:

r0,F pKer paqq
_��

��


 !*

!*MMMMMMMMMMM

Ker paq � ,2 ,2

��

A1
a ,2

ρ1a_��

A0

Ker pF1paqq � ,2 ,2 I1,F ras
F1paq

,2 A0.

It follows that this pullback is preserved by F and F pKer ppqq � F pKer pxqq.
This implies in particular that in the commutative diagram

r0,F pKer ppqq
& /6

ν1
p

&-� ,2 ,2

��

Ker ppq � ,2
ker ppq

,2

��

P1
ρ1p

� ,2

h

��

I1,F rps

��
r0,F pKer pxqq

� (/
ν1
x

18
� ,2 ,2 Ker pxq � ,2ker pxq ,2 X1

ρ1x

� ,2 I1,F rxs

the left hand square is a pullback. Consequently, the right downward arrow is
an isomorphism and ph, 1X0q is sent to an isomorphism. �





CHAPTER 3

Fundamental groups

We begin this chapter by recalling the notion of fundamental group in the
context of a Galois structure satisfying some suitable properties. We then prove
that if one works in a more specific situation (essentially the one of chapter 2
which gives a tower of induced Galois structures), the fundamental group of
any object exists and can be described by the Hopf formula. Using this, we can
define higher fundamental groups, and also provide some descriptions for them.
We finally show that for a Galois structure of the kind (2.4), these descriptions
can be refined using the E-closure operator introduced in the first chapter.

3.1. The fundamental group

Let Γ � pA,B, I,H, η, ε, Eq be a Galois structure such that


 (E4) holds;

 ηA is in E for every A in A;

 A is a pointed Bourn-protomodular category with intersections

pK, k : K Ñ Aq X pKer pηAq, ker pηAq : Ker pηAq Ñ Aq.
for every K in MpEq;


 the reflector I preserves pullbacks of the form

P

p1
_��

f 1 ,2 E

p
_��

A
f
,2 B

LR
s

LR

where f is in E and s is a section of p.

With any quasi-normal extension pE, p : E Ñ Bq in E one can associate an
internal groupoid GalpE, pq, called its Galois groupoid, and an internal group
GalpE, p, 0q, its Galois group. If the diagram

Eqppq �E Eqppq
p1 ,2

p2
,2τ ,2 Eqppq

π1 ,2

π2
,2

σ

��
Eδlr

represents the kernel pair relation of p (viewed as an internal groupoid in A),
then:

83
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Definition 3.1.1. [50] The Galois groupoid GalpE, pq is the image under HI
of the kernel pair of p:

HIpEqppq �E Eqppqq
HIpp1q ,2

HIpp2q
,2HIpτq ,2 HIpEqppqq

HIpπ1q ,2

HIpπ2q
,2

HIpσq

��
HIpEq.HIpδqlr

Definition 3.1.2. [50] TheGalois group of p is defined as the object GalpE, p, 0q
in the following pullback:

GalpE, p, 0q � ,2 ,2

��

HIpEqppqq
xHIpπ1q,HIpπ2qy

��
0 ,2 HIpEq �HIpEq.

One has

Theorem 3.1.3. [50] The Galois group of any quasi-normal extension p : E Ñ
B can be constructed and

GalpE, p, 0q � Ker ppq X Ker pηEq.
Proof. One first sees that ker pHIpπ1qq exists, since HIpπ1q is in E , and

that HIpπ2q � ker pHIpπ1qq � ηE � ker ppq since p is a quasi-normal extension:

Ker ppq � Ker pπ1q � ,2ker pπ1q ,2 Eqppq
π1 ,2
π2

,2

ηEqppq

��

E
p ,2

ηE

��

B

Ker pHIpπ1qq � ,2
ker pHIpπ1qq

,2 HIpEqppqq
HIpπ1q,2
HIpπ2q

,2 HIpEq.

Then, one can construct i � ker pHIpπ2q � ker pHIpπ1qqq as follows:

Ker ppq X Ker pηEq i ,2

��

Ker ppq
_��

ker ppq

��
HIpπ2q�ker pHIpπ1qq

��

Ker pηEq � ,2 ker pηEq ,2

��

E

ηE

��
0 ,2 IpEq.

One can show quite easily that ker pxHIpπ1q, HIpπ2qyq � ker pHIpπ1qq � i using
the following diagram:

Ker ppq X Ker pηEq i ,2 Ker ppqker pHIpπ1qq,2 HIpEqppqq
xHIpπ1q,HIpπ2qy

��

HIpπ1q ,2
HIpπ2q

,2 HIpEq

HIpEq �HIpEq
p1HIpEq ,2
p2HIpEq

,2 HIpEq.
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If one has a morphism x : X Ñ HIpEqppqq such that xHIpπ1q, HIpπ2qy �x � 0,
then

HIpπ1q � x � p1
HIpEq � xHIpπ1q, HIpπ2qy � x � p1

HIpEq � 0

and there exists x̃ : X Ñ Ker ppq such that ker pHIpπ1qq � x̃ � x. Finally,

HIpπ2q � ker pHIpπ1qq � x̃ � p2
HIpEq � xHIpπ1q, HIpπ2qy � x � 0

gives us a (unique) morphism x̌ : X Ñ Ker ppq X Ker pηEq such that i � x̌ � x̃
and

ker pHIpπ1qq � i � x̌ � x. �

The Galois group GalpE, p, 0q inherits an internal group structure from the
composition of the groupoid GalpE, pq and can be viewed, internally, as the
group of automorphisms of 0. Since A is a protomodular category, any of its
objects underlies at most one internal group structure [7] so that we do not have
to keep track of the group structure: only the object itself will be of interest.
In fact, Proposition 1.3.9 shows that if a group multiplication m : A�AÑ A is
defined on a objet A of A, then it must make the following diagram commute

A�A

m

�'

A
x0,1ylr

A

x1,0y

LR

A,

and must be unique. Let P � E be a class of morphisms closed under compos-
ition with isomorphisms.

Definition 3.1.4. A quasi-normal extension f : E Ñ B in P is P-weakly uni-
versal if, given any other quasi-normal extension f 1 : E1 Ñ B in P, there is a
morphism u : E Ñ E1 such that f � f 1 � u.

It can be proved, using the same kind of argument as in [50], that the Galois
group GalpE, p, 0q of p : E Ñ B, a P-weakly universal quasi-normal extension
of B, is an invariant of B:

Definition 3.1.5. The fundamental group π1pBq of B is the Galois group of
any of its P-weakly universal quasi-normal extension p : E Ñ B (when this
latter exists).

Let us recall here why the fundamental group is an invariant of B. Let
p : E Ñ B and p1 : E1 Ñ B be two P-weakly universal quasi-normal extensions
of B. Then, there exist two morphisms u : E Ñ E1 and u1 : E1 Ñ E such that

p � p1 � u and p1 � p � u1

which induce two internal functors

pũ, uq : Eqppq Ñ Eqpp1q and pũ1, u1q : Eqpp1q Ñ Eqppq
which are mutually inverse up to homotopy (see remarks 1.1.8 and 1.1.9). So,
pũ, uq is sent to an internal functor pHIpũq, HIpuqq : GalpE, pq Ñ GalpE1, p1q
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which is still a strong equivalence and, by Remark 1.1.11, cartesian. Then the
result is easily seen to hold, looking at the following pullback diagram

GalpE, p, 0q � ,2 ,2

��

HIpE �B Eq

xHIpπ1q,HIpπ2qy

��

HIpũq ,2 HIpE1 �B1 E1q

xHIpπ11q,HIpπ
1
2qy

��
0 ,2 HIpEq �HIpEq

HIpuq
,2 HIpE1q �HIpE1q.

Furthermore, the Theorem 3.1.3 shows that π1pBq is isomorphic to the
following intersection

π1pBq � Ker ppq X Ker pηEq. (3.1)

where pE, p : E Ñ Bq is any P-weakly universal quasi-normal extension of B,
and Ker ppq X Ker pηEq denotes the domain of the intersection of the kernels
ker ppq and ker pηEq of p and ηE , respectively.

3.2. Higher fundamental groups and Hopf formulae

Let A be a homological category which satisfies pINNq with respect to some
factorisation system pE,Mq on A, E a class of extensions in A, r an E-radical
of A preserving pullbacks of the forms (2.1), and O such that (O1)-(O2) hold.
In this case, the Galois structure Γr � pAE ,B, I, η, Eq is such that AE has
intersections

pK, k : K Ñ Aq X pKer pηAq, ker pηAq : Ker pηAq Ñ Aq,
and we are in the situation of the previous section. Let us suppose also that AP
has enough projectives with respect to P a class of extensions in (A,O) such
that O � P� and P � E . By Corollary 2.2.19, the full replete subcategory
QNExtE,BA is reflective in ExtEA and one has the following

Lemma 3.2.1. One can construct, for any B in AP , a P-weakly universal
quasi-normal extension of B.

Proof. Let B be an object in P� and p : P1 Ñ B a P-projective presen-
tation of B. Then I1ppq is also in P (see Definition 1.4.32 (A6’) and Proposition
2.2.3) and is a quasi-normal extension of B. It is also P-weakly universal. If
pE1, p1q is in P and is a quasi-normal extension of B, since P1 is projective with
respect to P, there exists an arrow α : P Ñ E such that p � p1 � α. By the
universal property of I1ppq, one gets a factorisation of I1ppq through p1. �

In that case, one has the following

Theorem 3.2.2. Let B be an object of P� and P a P-projective 1-fold pre-
sentation of B. Then

π1pBq � rP1s X BP
rP s1
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Proof. Let us first recall the convention δ0P � p : P1 Ñ P0 � B. Then,
one can remark that all the faces in the following cube are pullbacks

Ker ppq X rP1s

��

'.VVVVVV
,2 rP1s

��

$,RRRRRRR

Ker ppq

��

,2 P1

ρ1p
_��

Ker pI1ppqq X rP̃1s
&-UUUU

,2 rP̃1s
$,QQQQQ

Ker pI1ppqq ,2 P1{r1rps � P̃1.

Indeed, Ker pρ1
pq � rP s1 ¤P1 rP1s entails that the right hand face is a pullback,

by the second part of Lemma 2.2.15. The fact that its front face is a pullback
follows from Lemma 1.3.15, so that all the other faces are pullbacks as well.
One concludes by Lemma 1.4.35. �

One can obtain, still with the same assumptions, some derived Galois struc-
ture of the same type. One defines for n ¥ 1, the nth fundamental group of
an object B in AP as the top object of the first fundamental group of a P-
projective pn� 1q-fold presentation Q of B:

πnpBq � pπ1pQqqn�1.

Let P̃ be a Pn�1-projective 1-fold presentation of Q so that in particular P̃ is
in ExtPn�1Cubn�1A. Then by Theorem 3.2.2,

π1pQq � rP̃1s X BP̃
rP̃ s1

.

P̃ can be viewed as a P-projective presentation of B, let us say P . πnpBq is
also an invariant of B which can be described by the formula

πnpBq � rPns0 X BP
rP sn (3.2)

where P is a P-projective n-fold presentation of B. We shall use, following
[31], the notation

∆npP q � rPns0 X BP
rP sn .

Again, the proof given in [31] still works in our wider context.

Lemma 3.2.3. [31] ι1∆nP � ∆n�1pρiP q for any n ¥ 2, 0 ¤ i ¤ n � 1, and
any P-projective n-fold presentation of an object B in P�.

Proof. We want to prove that

ι1
rPns X BP
rP sn � ι1prPns X BP q

ι1rP sn � rpρiP qn�1s X BpρiP q
rρiP sn�1

.

One has by Theorem 2.2.22, that ι1rP sn � rρiP sn�1. One can also prove that
rPnsXKer ppiq � r1rpis. Of course, pi : Pn Ñ Pnztiu and 1Pnztiu : Pnztiu Ñ Pnztiu
are P-projective presentations of Pnztiu, so that

rPns X Ker ppiq
r1rpis � ∆pi � ∆1Pnztiu �

rPnztius X Ker p1Pnziq
r1r1Pnztius

� 0
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Since rpρiP qn�1s � rpis � ι1r1rpis, one finds

rpρiP qn�1s X BpρiP q � ι1prPns X Ker ppiqq X BpρiP q
� ι1pprPns X Ker ppiqq X

�n�1
j�0,j�i Ker ppjqq

� ι1prPns X BP q
and the result is proved. �

Theorem 3.2.4. [31] Let Γr be a Galois structure as above and B in E�.
Then ∆nP � ∆nQ for any P-projective n-fold presentations P and Q of B.

Proof. One proceeds by induction. The case where n � 1, has already
been proved in theorem 3.2.2. So let n ¥ 2 and let us suppose that for every
Galois structure of the type above and k   n, the theorem holds. Let B
in P�, P and Q be P-projective n-fold presentations of B. ρ0P and ρ1Q

are P1-projective n � 1-fold presentations of pρ0P q0 � p1
0 and pρ1Qq0 � q

t1u
0 ,

respectively. Since AP has enough projective objects w.r.t. P, we can produce
a double presentation of B

R1
r ,2

r1

��

P1

p10

��
Qt1u

q
t1u
0

,2 B.

This double presentation of B can be extended to a P-projective n-fold pre-
sentation R of B (see Theorem 1.4.21) such that r2

1 � r, r2
t1u � r1, r1

0 � p1
0 and

r
t1u
0 � q

t1u
0 . So, we have that pρ0P q0 � pρ0Rq0 and pρ1Qq0 � pρ1Rq0. Then,

the induction hypothesis allows us to infer that ∆n�1pρ0P q � ∆n�1pρ0Rq and
∆n�1pρ1Qq � ∆n�1pρ1Rq. One concludes by Lemma 3.2.3 that ∆nP � ∆nR �
∆nQ. �

If one starts from a composite adjunction of the type (2.4), then the de-
scriptions of the fundamental groups can be refined, as shown in the following
theorem (see also [29]).

Theorem 3.2.5. Let B be an object of AP and P a P-projective 1-fold pre-
sentation of B. Then

π1pBq �
prP1s0,BqFP1

X BP
prP s1,BqFBP

.

Proof. One decomposes the formula from Theorem 3.2.2. Clearly, in our
case

rP1s0,F � prP1s0,BqFP1
.

Furthermore, by Lemma 2.3.2, the arrow ρ1
p in the proof of Theorem 3.2.2, the

cokernel of rP s1,F , can be factorized as h � g where g is the cokernel of rP s1,B
and h the cokernel of 0FKer pI1ppqq. Let us consider the following commutative
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diagram

ĝ�1p0FKer pI1ppqqq ,2

��

Ker ppq ker ppq ,2

ĝ
_��

P1

g

_��
0FKer pI1ppqq

� ,2
ker pηKer pI1ppqqq,2

��

Ker pI1ppqq � ,2 ,2 P̌1

h
_��

0 ,2 P̃1

in which all rectangles are pullbacks (we write here P̌1 for I1rps). Then one
sees that there is an isomorphism

Ker pρ1
pq � Ker ph � gq � ĝ�1p0FKer pI1ppqqq

between the domains of the normal monomorphisms

ker ph � gq and ĝ�1pker pηKer pI1ppqqqq,
respectively. Since ĝ is in E , and the closure operator corresponding to the re-
flection F �I : AÑ F is an E-closure operator, one has the following equalities:

ĝ�1p0FKer pI1ppqqq � pĝ�1p0qqFKer ppq

� pKer pĝqqFKer ppq

� pKer pgqqFKer ppq

� prP s1,BqFKer ppq. �

Lemma 3.2.6. Let P be an E-exact n-cube. If n ¥ 1, then rP sn ¥ rBP s. If
n ¥ 2, then rP sn ¥ r1rBρ0P s.

Proof. One proceeds by induction. Let n � 1. Then one sees that rP s1 ¥
rBP s using the diagram

rBP s � rKer ppq
rker pπ1q

$,

v� 

!*

$,
rP s1 � r1rps_��

��

ker prπ1q,2 rEqppq
µEqppq

��

rπ1 ,2
rπ2
,2

��

rP1

µ1
P1

��
BP � Ker ppq

ker pπ1q
,2 Eqppq

π1 ,2
π2
,2 P1

p ,2 P0.

For n � 2, it is also easily seen (using the same diagram with p � δ0pP q) that
rP sn ¥ r1rBρ0P s. Let us suppose now, that n ¥ 2 and that the inequalities
hold for any k   n and Galois structure as above. Then one has, using Theorem
2.2.22, that ι1rP sn � rρ0P sn�1 ¥ rBρ0P s � ι1r1rBρ0P s and rP sn ¥ r1rBρ0P s.
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Let us consider now the following diagram

rBP s

$,

q��

!)

#+
r1rBρ0P s_��
��

ker prπ1q ,2 rEqpBρ0P q
µEqpBρ0P q
��

rπ1 ,2
rπ2
,2

��

rpBρ0P q�
µpBρ0P q���

BP � Ker pBρ0P q
ker pπ1q

,2 EqpBρ0P q
π1 ,2
π2
,2 pBρ0P q� Bρ0P ,2 pBρ0P q�.

Then one has of course rP sn ¥ rBP s. �

Theorem 3.2.7. Let us suppose that QNExCubnBA is closed under quotients
in ExCubnA for all n. For any n ¥ 1, B P AP and a P-projective n-fold
presentation P of B, one has

πnpBq �
prPns0,BqFPn X BP

prP sn,BqFBP
Proof. The invariance has already been proved. One proceeds by induc-

tion in order to obtain the above description of the denominator. The case
n � 1 has been proved above. Let n ¥ 2 and suppose that for 1 ¤ k ¤ n � 1
and any Galois structures as above the isomorphism holds. Then, in particular,

∆n�1pρ0P q �
prpρ0P qn�1s0,B1q

F1

pρ0P qn�1
X Bpρ0P q

prρ0P sn�1,B1q
F1

Bpρ0P q

.

It is clear, from the previous description (3.2), that the numerator is

ι1pprPns0,BqFPn X BP q.

Since ι1rP sn,B � rρ0P sn�1,B1 , we have to figure out what is the closure of
ι1rP sn,B in Bpρ0P q with respect to F1. Let us consider the following commu-
tative diagram

q̂�1p0FKer plqq ,2

��

0FKer plq

��
BP q̂ � ,2

ker pBpρ0P qq

��

Ker plq
ker plq
��

rP sn,B ,2

��

.4

6?

pBpρ0P qq�

Bpρ0P q

��

q � ,2 pBpρ0P qq�
rP sn,B

l

��
0 ,2 pBpρ0P qq� pBpρ0P qq�.
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Using Lemma 3.2.6, one sees that l is B-quasi-normal since one has a commu-
tative diagram

rP sn,B � ,2 ,2

��

pBpρ0P qq� � ,2

Bpρ0P q

��

pBpρ0P qq
�

rP sn,B

l

��
r1rBpρ0P qs � ,2 ,2

��

5=rrrrrrr
pBpρ0P qq� � ,2

Bpρ0P q

��

pppppppp

pppppppp
I1rBpρ0P qs

I1pBpρ0P qq

��

/ 3;oooooo

0 � ,2 ,2 pBpρ0P qq� pBpρ0P qq�

0 � ,2 ,2

ppppppppppp

ppppppppppp pBpρ0P qq�
nnnnnnn

nnnnnnn
pBpρ0P qq�

nnnnnnn
nnnnnnn

in ExCubEA and QNExCubE,BA is closed under quotients in ExCubEA. This
shows that 0FKer plq is in fact r1,F rls (see Lemma 2.3.2). Since � F is an E-closure
operator,

q̂�1p0FKer plqq � q̂�1p0qFBP � rP sn,BFBP
and

prρ0P sn�1,B1q
F1

Bpρ0P q
� pι1rP sn,BqF1

Bpρ0P q
� ι1rP sn,BFBP .

By Lemma 3.2.3, ι1∆nP � ∆n�1pρ0P q, the result holds. �

Remark 3.2.8. We assumed in the previous theorem that QNExCubnBA is
closed under quotients in ExCubnA for all n. This assumption is satisfied for
any Galois structure of the type (2.4) if I is a Birkhoff reflector or the identity
functor, for instance.





CHAPTER 4

Examples

We start this chapter with a recollection of some results on projective
objects which are important in order to obtain the existence of weakly universal
quasi-normal extensions (see the beginning of Section 3.2). We then recall some
classical notions, such as the one of variety of Ω-groups and the one of Huq-
commutator. Finally, we give some particular instances of the situation (2.4),
and provide the corresponding descriptions of the fundamental groups obtained
in these cases.

4.1. Projective objects

Proposition 4.1.1. Let pF,U, η, εq : Aá C be an adjunction,

G � pG � F � U, ε : GÑ 1A, δ : GÑ G2q

the induced comonad on C, and P the class of morphisms in C which are sent
by U on split epimorphisms in A. Then C has enough P-projective objects.

Proof. First, let us recall that by the triangular laws of the adjunction
UpεXq is a split epimorphism for any X in A and so εX is in P. Thus, it
remains to prove that GpXq is P-projective. Let us consider a diagram

GpXq
f

��
A

pPP
,2 B.

If we apply U to this diagram, we find a commutative diagram

UGpXq
Upfq

��

s�Upfq

v�uuuuuuuuu

UpAq
Uppq
// // UpBqlrslr

93
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where s is a section of Uppq. So, since each triangle in the following diagram is
commutative

GpXq δX ,2

HHHHHHHHH

HHHHHHHHH

f

� 66666666666666666 G2pXq Gpfq ,2

εGpXq

��

GpBq F psq ,2

εB
��������

~���������

GpAq
Gppq

www

w�www εA

��
GpXq
f

��

GpBq
εB

uuuu

v�uuuu εB
GGGG

�'GGGG

A

p

��
B B,

GpXq is P-projective. �

Corollary 4.1.2. Algebraic varieties have enough projective objects with re-
spect to the class of surjective homomorphisms.

Proof. This follows from the fact that they are monadic over Set and be-
cause Set satisfies the axiom of choice: every surjective function (epimorphism)
is a split epimorphism. �

The following is a generalisation of a result in [33] (see Example 3.19).

Corollary 4.1.3. For T a semi-abelian theory, the category TpTopq has enough
P-projective objects where P is the class of morphisms in TpTopq which are
split in Top and is a class of extensions in pTpTopq,P�q (with P� the class of
topological T-algebras). One has also P � RegEpipTpTopqq.

Proof. First, let us recall that the forgetful functor U : TpTopq Ñ Top
is monadic ([8],[75]) whenever T is a semi-abelian theory. So by Proposition
4.1.1, TpTopq has enough P-projective objects with respect to P and P� is
the whole class of objects of TpTopq. Now, (A1)-(A4) follows easily from the
definition of P and from the fact that the forgetful functor to Top is a right
adjoint. We now use Theorem 1.5.40 to show that (A5) is satisfied. Let us
consider a diagram

0 ,2 K
� ,2 ,2

k

��

A1
f 1 � ,2

l

��

B ,2 0

0 ,2 K 1 � ,2 ,2 A
f

� ,2 B ,2 0

with f 1, f, k P P with sections s, t � l � s and u in Top, respectively. Then
every element a in A can be written as

a � θpα1pa, pt � fqpaqq, . . . , αnpa, pt � fqpaqq, pt � fqpaqq
with αipa, pt � fqpaqq P Ker pfq, since

fpαipa, pt � fqpaqq � αipfpaq, pf � t � fqpaqq � αipfpaq, fpaqq � 0,

and pt � fqpaq in the image of t. The function

v : AÑ A1 : a ÞÑ θpupα1pa, pt � fqpaqqq, . . . , upαnpa, pt � fqpaqqq, ps � fqpaqq
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is continuous and a section of l. Now, a morphism in P is a homomorphism
which is surjective since it has a section as a continuous function. Indeed, for
any a in A

pl � vqpaq
� l pθpupα1pa, pt � fqpaqqq, . . . , upαnpa, pt � fqpaqqq, ps � fqpaqqq
� θ ppl � uqpα1pa, pt � fqpaqqq, . . . , pl � uqpαnpa, pt � fqpaqqq, pl � s � fqpaqq
� θ pα1pa, pt � fqpaqq, . . . , αnpa, pt � fqpaqq, pt � fqpaqq
� a.

Obviously, pA61q is satisfied, so that it only remains to show that the morphisms
in P are regular epimorphisms in TpTopq. Let f : AÑ B be in P. The existence
of a section of f in Top implies that the topology on the algebra B is the quotient
topology. One concludes by Proposition 21 in [8]. �

Corollary 4.1.4. For T a semi-abelian theory, the category TpHCompq of com-
pact Hausdorff T-algebras has enough projective objects with respect to the class
of regular epimorphisms.

Proof. In [66], it was proved that TpHCompq is in fact monadic over
Set. �

Proposition 4.1.5. [34] Let A be a regular Mal’tsev category with finite colim-
its. Then GpdpCq, the category of internal groupoids in C, has enough projective
objects w.r.t. the class of regular epimorphisms as soon as A has enough pro-
jective objects w.r.t. the class of regular epimorphisms. �

4.2. Ω-groups

Let us recall that an algebraic variety is called a variety of Ω-groups [44]
if among the operations and identities which define the variety they are those
of groups (we shall use the additive notation although we do not assume the
commutativity of the group operation) and if each n-ary operation w P Ω
satisfies the idempotence law wp0, 0, . . . , 0q � 0. In the sequel, m, n, x, . . .
denotes sequences pm1, . . . ,mkq, pn1, . . . , nkq, . . . and m�n the sequence pm1�
n1, . . . ,mk � nkq. Let us also recall some notation and facts from universal
algebra (we adopt here the notation from [21]). For V a variety of Ω-groups:


 T pNq is the algebra of terms on a countable set of variables associated
with Ω;


 ΦV � tθ P EqpT pNqq |T pNq{θ P Vu;

 θV �

�
ΦV;


 For p, q P T pNq�@A P V,@a P A : pApaq � qApaq�ô pp{θV � q{θVq ,
so that for v � p{θV and A P V, one can define vA � pA.


 There exists an adjunction

V
U

07K Set,
FV

ry

where U is the forgetful functor;
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 FVpNq � T pNq{θV is the free Ω-group (in V) on a countable set of
variables.

For A a variety of Ω-groups (a semi-abelian category by Theorem 1.5.40), and
a choice of a subvariety B (a Birkhoff subcategory of A), one has an adjunction

B
�

18K A.
I

ry

One has also θA � θB and for θB{θA � tpp{θA, q{θAq P pFApNqq2 | pp, qq P θBu,
IpFApNqq � FApNq{pθB{θAq � FBpNq. Let us define

WB � tvpxq P FApNq | @B P B,@b P B : vBpbq � 0u.
It is in fact the 0 class for the congruence θA{θB (and then the kernel of ηFApNq)
as we now prove. For v � p{θA in FApNq

v P 0pθB{θAq
ô pp{θ, 0{θAq P pθB{θAq
ô pp, 0q P θB
ô @B P B,@b P B : pBpbq � 0Bpbq
ô @B P B,@b P B : vBpbq � 0
ô v PWB.

Categorically speaking, we have adjunctions

pFB, UB, ηB, εBq : Set á B pFA, UA, ηA, εAq : Set á A pI,�, η, εq : Aá B
with FB � I � FA, UB � UA� � and a diagram

θB � EqpηBT pNqq ,2

�� ��

ηAT pNqpθBq � θB{θA

����
θA � EqpηAT pNqq ,2 ,2

3:mmmmmmmmmmmm
T pNq

ηAT pNq � ,2

ηBT pNq _��

FApNq

ηFApNq-sz mmmmmmmmmmmmm

FBpNq � FApNq
θB{θA

With respect to choices of variety A and B as above, one can define a relative
binary commutator r�,�sB (see [30]). ForM andN ideals (normal subobjects)
of an Ω-group A, rM,N sB is the ideal of M _N (the supremum of M and N
in the lattice of ideals of A) generated by the set

tvApm� nq � vApnq � vApmq, vAppq |m PM,n P N,p PM XN, v PWBu.
The basic properties of this kind of commutator are listed in the following

Proposition 4.2.1. [30] For any Ω-group A in A and ideals M , N , N 1 of A,
one has

(1) rA,AsB � t0u ô A P B;
(2) rM,N sB � rN,M sB;
(3) rM,N sB ¤M XN ;
(4) N ¤ N 1 ñ rM,N sB ¤ rM,N 1sB;
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(5) Universal property: rM,N sB is the smallest ideal I of M _ N such
that

rqIpMq, qIpNqsB � t0u
for qI : M _N Ñ M_N

I the canonical quotient. �

Let us recall that a surjective homomorphism f : A Ñ B is called a B-
central extension in the sense of Frölich if vApk�aq�vApaq � 0 for all v PWB,
k P Ker pfq and a P A.
Proposition 4.2.2. [30] f : AÑ B in A is a B-central extension in the sense
of Frölich if and only if rKer pfq, AsB � t0u. �

Remark 4.2.3. In fact, central extensions in the sense of Frölich correspond to
surjective homomorphisms which are normal extensions in the sense of Galois
theory (see [51] page 158).

4.3. The Huq commutator

Let A be a semi-abelian category and m : M Ñ A, k : N Ñ A be two
normal subobjects of an object A in A. Taking the colimit of the diagram

M
p1,0q

v�vvvvvvvvv � �%
m

�%BBBBBBB

M �N A.

N
< 9C n

9C|||||||p0,1q

^hHHHHHHHHH

one finds a commutative diagram

M
p1,0q

w�wwwwwwwww � �%
m

�%@@@@@@@

��
M �N ,2 Q A

ψlr

N
> 9D n

9D~~~~~~~p0,1q

^hHHHHHHHHH

LR

where ψ is a cokernel (since it is an extremal epimorphism by Corollary 1.3.9).
One defines rM,N sHuq, the Huq-commutator of M and N , as the kernel of
this morphism ψ and says that M and N commute in the sense of Huq if
rM,N sHuq � 0 (see [46, 14]). rM,N sHuq is in fact the smallest normal subob-
ject I of A such that rqIpHq, qIpKqs � 0 as one can easily check. An object A
of A is called abelian if rA,AsHuq � 0 and in the present context, an object is
abelian if and only if it can be equipped with (a unique) structure of internal
abelian group. One can show that AbpAq the full subcategory of abelian ob-
jects in A is a Birkhoff subcategory of A which is abelian (the reflection of an
object A is A{rA,AsHuq). For a variety of Ω-groups A, which is semi-abelian
(see Theorem 1.5.40), and B � AbpAq, one has

rM,N sHuq � rM,N sB.
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Notice that an Ω-group is abelian if the corresponding group operations are
homomorphisms of Ω-groups [6]. There are also a lot of other commutators in
the semi-abelian context whose mutual relations have been studied in [37, 41],
for instance.

4.4. Groups with coefficient functor into torsion-free abelian groups

As a first example, we consider the adjunction

Abt.f.
U

18K Ab
H

18K

Fou
Gp

abqx

where Gp is the category of groups, Ab the category of abelian groups and
Abt.f. the category of torsion-free abelian groups. If we choose E � RegEpipAq,
we have an instance of the situation p2.4q, since the reflector F : Ab Ñ Abt.f. is
an additive functor. Note that the kernel of the A-component of the unit η of
this adjunction at an abelian group A is given by

T pAq � Ker pηAq � 0Abt.f.
A � ta P A | Dn P N0 : an � 1u.

Now, let K be a normal subgroup of a group A with quotient map qK : A Ñ
A{K such that K ¥ 0Ab

A � rA,AsAb � rA,As (here the commutator is the
group-theoretic one, thus the quotient group A{K is abelian). One has that

K
Abt.f.
A � q�1

K p0Abt.f.
A{K q

� ta P A | Dn P N0 : pKaqn � Ku
� ta P A | Dn P N0 : an P Ku.

Let us recall the well-known characterisation of Ab-normal E-exact n-cube.

Proposition 4.4.1. [36] Let P an E-exact n-cube in Gp. Then P is Ab-normal
if and only if

rP sn,Ab �
¹
I�n

r
£
iPI

Ker ppiq,
£
iRI

Ker ppiqs � 0.

Recalling Lemma 3.2.6, our description in Theorem 3.2.7 here becomes

Proposition 4.4.2. For P a n-fold presentation of a group B

πnpBq �
rPn, PnsAbt.f.

pPnq
X BP±

I�n

r�
iPI

Ker ppiq,
�
iPnzI

Ker ppiqsAbt.f.

pBP q

� tk P BP | Dm P N0 : km P rPn, Pnsu
tk P BP | Dm P N0 : km P ±

I�n

r�
iPI

Ker ppiq,
�
iPnzI

Ker ppiqsu .

�

Let us recall, from [25] (Example 7.2) for instance, that the hereditary
torsion theories in Ab are completely classified. They are in bijection with
radicals of the form

tPpAq �
ª
pPP

tppAq
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where P is a set of prime numbers and

tppAq � ta P A | Dn P N : ordpaq � pnu
(here ordpaq denotes the order of a). tPpAq corresponds to T pAq when P is
the set of all prime numbers and to 0 when P is the empty set. Let us fix a set
P and let FP be the associated torsion-free subcategory of Ab. One can prove
that the corresponding closure of a normal subgroup K of a group A such that
K ¥ rA,As is

K
FP

A � ta P A | Dm P xPy : am P Ku. (4.1)

where xPy is the ideal generated by P in the (commutative) monoid pN0, �, 1q.
Proposition 4.4.3. Let q : A Ñ B be a surjective homomorphism with B
abelian. One has

q�1ptPq � ta P A | Dm P xPy : qpaqm � 1u.
q�1ptPq

_��

��

,2 tPpBq
_��

��
A q

� ,2 B

Proof. (�:) Let a be in q�1ptPq, that is a P A such that

qpaq �
k¹
i�1

bi

for some bi P tpipBq and pi P xPy. Then, there exist li P N such that bp
li
i
i � 1,

and for m �±k
i�1 p

li
i pP xPyq,

qpaqm �
k¹
i�1

bmi �
k¹
i�1

pbp
li
i
i q

±
j�i p

lj
j � 1.

(�:) We prove by induction that for all m in xPy,
ta P A | qpaqm � 1u � q�1ptPpBqq.

Since tPpBq is a normal subgroup of B, the inclusion holds for m � 1. Now,
let m ¡ 1 be in xPy and let us decompose it as

m � m1 � pl
with p P P, l P N and m1 P xPztpuyp� xPyq such that 1 ¤ m1   m. One
knows from Bezout’s theorem that one can find some c1, c P Z such that

c1 �m1 � c � pl � 1.

For a P A such that qpaqm � 1, one has

pqpaqm1qpl � qpaqm1�pl � 1

and
qpaplqm1 � pqpaqplqm1 � qpaqm1�pl � qpaqm � 1,

so that, by definition,
qpaqm1 P tppBq � tPpBq
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and, by induction,
qpaplq P tPpBq.

Hence,
qpaq � qpaqc1�m1�c�pl � pqpaqm1qc1loooomoooon

P tPpBq

� pqpaqplqclooomooon
P tPpBq

P tPpBq

and a is in q�1ptPpBqq. �

Finally, for an adjunction of type

FP
�

18K Ab
�

07K

FPpw
Gp,

ab
qx

the formulae in Theorem 3.2.7 become

πnpBq � tk P BP | Dm P xPy : km P rPn, Pnsu
tk P BP | Dm P xPy : km P ±

I�n

r�
iPI

Ker ppiq,
�
iPnzI

Ker ppiqsu .

For P � H, the Brown-Ellis (see [20]) formulae for the integral homology of
a group are recovered:

Hn�1pB,Zq � rPn, Pns X BP±
I�n

r�
iPI

Ker ppiq,
�
iPnzI

Ker ppiqs � πnpBq.

4.5. Rings with coefficient functor into commutative reduced rings

Let Rng be the semi-abelian category of (not necessarily unitary) rings and
CRng its subvariety of (not necessarily unitary) commutative rings: we denote
the corresponding reflection

CRng
H

/6K Rng.
Iou

Let then RedCRng be the full replete subcategory of CRng having no (non-zero)
nilpotent element: the rings in RedCRng satisfy all implications of the form
xn � 0 ñ x � 0 (with n ¥ 1q. This yields a regular epi-reflective subcategory

RedCRng
U

/5K CRng
Fnt

where RedCRng is the torsion-free part of pCRngNil,RedCRngq, a hereditary
torsion theory whose torsion part is the subcategory CRngNil of nilpotent com-
mutative rings (see [25], for instance). The homological closure operator as-
sociated with this last reflection can be described explicitely, and it actually
gives the well known notion of nilradical of an ideal. Indeed, for any ideal I of
a commutative ring A, its closure in A is its nilradical in A, written

?
IpAq:

I
RedCRng
A � q�1

I p0RedCRng
A{I q

� ta P A | Dn P N0 : pI � aqn � Iu
� ta P A | Dn P N0 : an P Iu
� ?

IpAq.
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One can then consider the following composite adjunction

RedCRng
U

/5K CRng
H

07K

Fnt
Rng

Iov

where the reflector F : CRng Ñ RedCRng is indeed protoadditive, as one can
easily see by using the fact that the corresponding torsion theory is hered-
itary. This adjunction is then an example of situation (2.4) if we choose
E � RegEpipRngq.

Here one can prove thatWCRng � xrm,ns � mn�nmy so that rM,N sCRng �
xrm,ns |m PM,n P Ny.
Proposition 4.5.1. Let n ¥ 1. Then for P an E-exact n-cube in Rng, one has

rP sn,CRng �
ª
I�n

r
£
iPI

Ker ppiq,
£
iPnzI

Ker ppiqs.

Proof. First, let us prove that the equality holds for n � 1, i.e. that
rP s1,B � rKer ppq, P1s for any E-exact 1-cube P (this is not really useful in
view of Remark 4.2.3 but we give this proof here in order to facilitate the
understanding of the case n ¥ 2). For this, it suffices to show that rP s1,B � 0
if and only if rKer ppq, P1s � 0. Let k P Ker ppq and a P A and suppose that
rπp1sCRng � rπp2sCRng. Since pk, 0q and pa, aq are in Eqppq, one has of course that

rpk, 0q, pa, aqs � pk, 0qpa, aq � pa, aqpk, 0q � pka� ak, 0q
is in rEqppqsCRng. Then

rk, as � ka� ak � rπp1sCRngpka� ak, 0q � rπp2sCRngpka� ak, 0q � 0

and rKer ppq, AsCRng � 0. Conversely, let us suppose that ka � ak � 0 for all
k P Ker ppq and a P A. A generator of rEqppqsCRng can be written

rpa, a� kq, pa1, a1 � k1qs
� pa, a� kqpa1, a1 � k1q � pa1, a1 � k1qpa, a� kq
� paa1, aa1 � ka1 � ak1 � kk1q � pa1a, aa1 � k1a� a1k � k1kq
� paa1 � a1a, aa1 � a1a� pka1 � a1kq � pak1 � k1aq � pkk1 � k1kqq
� paa1 � a1a, aa1 � a1aq

with a, a1 P A and k, k1 P K so that of course rπp1sCRng � rπp2sCRng. So let P
be an E-exact n-cube for n ¥ 2 and let us suppose that the equality holds
for 0 ¤ j ¤ n � 1. Let us recall that we write δn�1P � p : P1 Ñ P0. So
pP1qn�1 � Pn, pP0qn�1 � Pnztn�1u and pEqppqqn�1 � Eqppn�1q and we have to
show that the restrictions of πpn�1

1 and πpn�1
2 to

rEqppqsn�1 �
ª

I�n�1

r
£
iPI

Ker ppEqppqqiq,
£

iPn�1zI

Ker ppEqppqqiqs

are equal if and only ifª
I�n

r
£
iPI

Ker ppiq,
£
iPnzI

Ker ppiqs � 0.
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So let I � n and rk, k1s P r�
iPI

Ker ppiq,
�
iPnzI

Ker ppiqs and let us suppose (without

any loss of generality) that n� 1 P I so that rpk, 0q, pk1, k1qs P Eqppn�1q. If one
shows that

prk, k1s, 0q � rpk, 0q, pk1, k1qs P r
£

iPIztn�1u

Ker ppEqppqqiq,
£

iRIztn�1u

Ker ppEqppqqiqs,

then
rk, k1s � π

pn�1
1 prk, k1s, 0q � π

pn�1
2 prk, k1s, 0q � 0.

So let us show that pk, 0q is in Ker ppEqppqqiq for any i P Izpn � 1q. But
Ker ppEqppqqiq � Ker ppEqppqqn�1

pn�1qztiuq � Ker pp̃iq where p̃i is the morphism in
the following commutative diagram

Eqppqn�1 � Eqppn�1q
π
pn�1
1 ,2

π
pn�1
2

,2
p̃i ��

pP1qn�1 � Pn
pn�1 ,2

pi��

pP0qn�1 � Pnztn�1u

��
Eqppqpn�1qztiu

,2 ,2 pP1qpn�1qztiu � Pnztiu ,2 pP0qpn�1qztiu.

and p̃ipk, 0q � ppipkq, pip0qq � p0, 0q. One can prove in a similar way that
pk1, k1q P �

iRIztn�1u

Ker ppEqppqqiq. Conversely, let I � n� 1 and

rpk, kq, pk1, k1qs P r
£
iPI

Ker ppEqppqqiq,
£
iRI

Ker ppEqppqqiqs.

One can write rpk, kq, pk1, k1qs � rpk, k�lq, pk1, k1�l1qs for some l, l1 P Ker ppn�1q
since in particular pk, kq and pk1, k1q are in Eqppn�1q. One has in fact k P�
iPI

Ker ppiq, l P
�

iPIYtn�1u

Ker ppiq, k1 P
�

iPpn�1qzI

Ker ppiq and l1 P �
iPnzI

Ker ppiq.
Finally

π
pn�1
1 rpk, k � lq, pk1, k1 � l1qs

� π
pn�1
1 prk, k1s, rk � l, k1 � l1sq

� rk, k1s
� rk, k1s � rk, l1s � rl, k1s � rl, l1s
� rk � l, k1 � l1s
� π

pn�1
2 rpk, k � lq, pk1, k1 � l1qs

since ª
I�n

r
£
iPI

Ker ppiq,
£
iRI

Ker ppiqs � 0. �

Theorem 3.2.7 and the previous proposition give

Corollary 4.5.2. For P an E-projective n-fold presentation of B

πnpBq �
arPn, PnspPnq X BPc�

I�n

r�
iPI

Ker ppiq,
�
iRI

Ker ppiqs
pBP q

�
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4.6. Compact groups with coefficient functor into abelian profinite
groups

We now consider the following composite adjunction:

AbpProfq
�
-4K AbpHCompq

�
-4K

Fnt
GppHCompq.

abmt

Here GppHCompq is the semi-abelian category (see Theorem 50 in [8]) of com-
pact Hausdorff groups, AbpHCompq is its Birkhoff subcategory of abelian com-
pact Hausdorff groups, and AbpProfq its Birkhoff subcategory of profinite abelian
groups (compact and totally disconnected abelian groups). We choose E �
RegEpipGppHCompqq. The left adjoint ab sends a compact group G to the quo-
tient G{rG,Gstop

of G by the normal subgroup rG,Gstop
, the topological closure

in G of the derived subgroup rG,Gs of G. The left adjoint F sends an abelian
compact group A to the quotient A{Γ0pAq of A by the connected component
Γ0pAq of the neutral element 0 of A. Now, since the category AbpHCompq is
abelian, the reflector F : AbpHCompq Ñ AbpProfq is (proto)additive and we
have another special instance of the situation (2.4). We shall need a character-
isation of the (quasi-)normal extensions with respect to the adjunction

AbpHCompq
�
-4K GppHCompq.

abmt

As explained in [70], a semi-abelian category which is strongly protomo-
dular satisfies the commutator condition (CC) [70]: i.e. a n-extension P (an
E-exact n-cube) is normal with respect to the abelianisation functor if and only
if it is H-central which means that for all I � n

r
£
iPI

Ker ppiq,
£
iPnzI

Ker ppiqsHuq � 0.

Now, let us recall that a semi-abelian category A is strongly protomodular if
and only if given a commutative diagram in A of the form

0 ,2 K
� ,2 k ,2

_��
α

��

A
f � ,2

��

B ,2 0

0 ,2 K 1 � ,2
k1
,2 A1

f 1
� ,2 B ,2 0,

the morphism k1�α is necessarily a normal monomorphism (see Proposition 5.3
and Proposition 5.4 in [68]). Using this fact, one can check that the category of
groups is strongly protomodular, which implies that the category GppHCompq
is strongly protomodular. Also, the Huq commutator rM,N sHuq corresponds

to rM,N sTop
the topological closure of the classical commutator of M and N

in Gp (see [35] for instance), so that

rP sn,AbpHCompq �
¹
I�n

r
£
iPI

Ker ppiq,
£
iPnzI

Ker ppiqs
Top
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for P any E-exact n-cube in GppHCompq. Now, we can also give an explicit
description of the closure operator in this situation. In order to do this, let
us also consider the Birkhoff subcategory GppProfq of GppHCompq of profinite
groups. The reflection of a compact group G in this subcategory is given by the
quotient G{Γ0pGq, with Γ0pGq the connected component of the neutral element
of G. Notice that the internal product K � L of two closed normal subgroups
of a compact group G is necessarily closed, so that it is the supremum K _ L
in the lattice of normal subobjects of A. Using that AbpProfq ¤ GppProfq, as
well as Lemma 1.6.15(2), we find, for any normal subobject K of G such that
K ¥ rG,Gstop

—which implies that G{pK � Γ0pGqq P AbpProfq—that

pKqAbpProfq

G ¤ pK � Γ0pGqqAbpProfq

G � K � Γ0pGq � pKqGppProfq

G ¤ pKqAbpProfq

G ,

hence
pKqAbpProfq

G � K � Γ0pGq.
Let P be an E-exact n-cube. By Lemma 3.2.6, one has

rP sn,AbpHCompq ¥ rBP, BP sTop
,

so that

rP sn,AbpHCompq

AbpProfq

BP
� rP sn,AbpHCompq � Γ0pBP q
� ±

I�n

r�
iPI

Ker ppiq,
�
iPnzI

Ker ppiqsTop � Γ0pBP q.

By Theorem 3.2.7 and the above considerations, one obtained for P an E-
projective n-fold presentation of a compact Hausdorff group B

πnpBq � rPn, PnsTop � Γ0pPnq X BP±
I�n

r�
iPI

Ker ppiq,
�
iPnzI

Ker ppiqsTop � Γ0pBP q
� Hn�1pB,F � abq.

Let us notice that this Galois structure has already been studied and the above
formulae given in [35]. If T is a semi-abelian theory which is strongly proto-
modular (in the sense that its category of models in Set is), one can propose
the same kind of formulae for an adjunction

AbpTpProfqq
�
-3K AbpTpHCompqq

�
.4K

Fmt
TpHCompq

abms

(see [8] for more informations on semi-abelian topological algebras).

4.7. Topological groups with coefficient functor into Hausdorff
abelian groups

We consider here the adjunction

AbpHausq
U

.5K AbpTopq
H

.4K

Fnt
GppTopq

abnt

and choose E � EpipGppTopqq. Here, GppTopq denotes the E-semi-abelian cat-
egory of topological groups, AbpTopq its E-Birkhoff subcategory of abelian to-
pological groups, and AbpHausq the category of Hausdorff abelian topological
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groups. The functor ab sends a topological group G on G{rG,Gs with the quo-
tient topology and F sends an abelian topological group G on G{t0uG where
t0uG is the topological closure of the trivial subgroup. Since, AbpTopq is an
additive category the reflector F is protoadditive and we are in a position to
apply our Theorem 3.2.7. For K a normal subobject of a topological group A
such that K ¥ rA,As, one finds that

K
AbpHausq
A � K

Top
,

the topological closure of K in A. Obviously, the inequality

K
Top ¤ q�1

A{Kp0
AbpHausq
A{K q � K

AbpHausq
A

holds since qA{K is continuous. The converse inequality

q�1
A{Kp0

AbpHausq
A{K q ¤ K

Top

is also valid since the map qA{K is open (Proposition 21 in [8]). Let P be the
class of morphisms in GppTopq which are split in the category Top. Then for P
a P-projective n-fold presentation of a topological group, we have

πnpBq � rPn, PnsTop X BP±
I�n

r�
iPI

Ker ppiq,
�
iRI

Ker ppiqsTop
.

4.8. Torsion theories

Let us recall from [10] the following

Definition 4.8.1. A protosplit monomorphism in a pointed protomodular cat-
egory A is a normal monomorphism k : K Ñ A that is the kernel of a split
epimorphism.

Now letM be a class of monomorphisms and pT ,Fq be a torsion theory in
a category A with zero object, cokernels and kernels. One says that the torsion
theory is M-hereditary if T is closed under M-subobjects. It was proved in
[35] that

Theorem 4.8.2. For pT ,Fq a torsion theory in a homological category A, the
following conditions are equivalent:

(1) the torsion subcategory T is M-hereditary, for M the class of proto-
split monomorphisms;

(2) the reflector F : AÑ F is protoadditive. �

As shown in [18], any torsion theory pT ,Fq in a homological category A
determines also a semi-left-exact [24] reflector F : A Ñ F to the torsion-free
subcategory F of A: F preserves any pullback of the form

P

����

,2 X

φ

��
B ηB

,2 IpBq
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where X P F . In particular, the corresponding Galois structure (with E the
class of all morphisms in A) is admissible (see [40, 43]). Thus, a class of
examples of the situation (2.4) is given by any adjunction

F
U

29K A
F

ry (4.2)

with A a homological category which satisfies pINNq and F the torsion free-
part of an M-hereditary torsion theory pT ,Fq with M the class of protosplit
monomorphisms and E the whole class of morphisms in A. For an example of
such a situation, one can think of any torsion theory in a Raïkov semi-abelian
category (since in this case the reflector is necessarily additive). One knows
from Corollary 2.2.19 that the category of quasi-normal extensions is reflective
in the category of extensions. Moreover, if A has enough projective objects
with respect to a class P of extensions in A and P is a P-projective n-fold
presentation of an object B of A, one obtains:

πnpBq � 0FPn X BP
0FBP

� T pPnq X BP
T pBP q .

This expression becomes trivial (0) when the torsion subcategory is closed under
normal subobjects. In fact, if M is a pullback stable class of monomorphisms
containing the normal monomorphisms, one has

Proposition 4.8.3. For r a preradical of A, the following conditions are equi-
valent:

(1) f�1prY q � rX for every morphism f : X Ñ Y in M;
(2) r is idempotent and Tr is closed under M-subobjects.

Proof. (1) ñ (2): Taking f � rX Ñ X and applying condition (1)
immediately gives that r is idempotent. Now if one takes a morphism f : X Ñ
Y inM such that Y in Tr, then rY � Y gives rX � X. (2)ñ (1): If one starts
from a morphism f : X Ñ Y in M and considers the following commutative
diagram

rX

 )

�'�(
f�1prY q

PM
,2

��

rY

��
X

fPM
,2 Y,

one sees that rY P Tr and f�1prY q P Tr by hypothesis, so that f�1prY q ¤ X
implies f�1prY q ¤ rX and then f�1prY q � rX. �

The previous proposition (a slightly modified version of Proposition 3.3
(1) in [25]) shows that many torsion theories do not give interesting invariants.
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However, not all torsion-free subcategories are closed under normal monomor-
phism or have a protoadditive reflector. The following example comes from
[35]. Let us consider the following adjunction

Gpt.f.
U

07K Gp.
Fou

where Gpt.f. is the full subcategory of Gp whose objects are the torsion-free
groups: G is torsion-free if there is only one element g P G such that gn for
some n P N0. The torsion part of the corresponding torsion theory is the full
subcategory of groups which are generated by elements of finite order. One can
consider the following split short exact sequence in Gp:

0 ,2 Z ,2 C2 
 Z ,2 C2
,2lr 0

where the infinite dihedral group C2 
 Z is the group whose underlying set is
C2 � Z and multiplication is given by

� p1, z1q pc, z1q
p1, zq p1, z � z1q pc, z � z1q
pc, zq pc, z � z1q p1, z � z1q

for z, z1 P Z and C2 � t1, cu. Since C2
Z is generated by the set tpc, zq | z P Zu
and every element of this set has order 2, one sees that the above short exact
sequence is sent on the following sequence

0 ,2 Z ,2 0 ,2 0 ,2lr 0

which is of course not exact. Now, let us consider an adjunction of type

TpProfq
�
-4K TpHCompq

Fnu

where T is a semi-abelian theory. TpProfq is in fact the torsion-free part of the
torsion theory pTpConnCompq,TpProfqq where TpConnCompq is the category of
connected compact Hausdorff (T-)algebras [18]. The torsion part of the theory
is in fact closed under protosplit monomorphisms [35] so that the reflector F
(which sends an algebra A on A{Γ0pAq [8]) is protoadditive. We recall here the
arguments. Let A be in TpConnCompq and let us consider a split short exact
sequence

0 ,2 K
� ,2 k ,2 A

p � ,2
Blr

s
lr ,2 0.

We have to show that K is connected. For this, it suffices to consider the
continuous function

g : AÑ K : a ÞÑ σpa, spppaqqq
where σpx, yq � θpα1px, yq, . . . , αnpx, yq, 0q is a subtraction [74], i.e. satisfies

σpx, 0q � x and σpx, xq � 0.

Since one has g � k � 1K , g is surjective and K � gpAq is connected. So T
is closed under protosplit monomorphisms. Considering the normal subobject
xeiπ2 y of S1 in GppHCompq, one sees that T � GppConnCompq is not closed under
normal subobjects. So this gives an example of adjunction of type (4.2) which
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gives (a priori) interesting invariants. Now, the description from Theorem 3.2.7
becomes for P a RegEpi-projective n-fold presentation of a compact Hausdorff
T-algebras B

πnpBq � Γ0pPnq X BP
Γ0pBP q .

The last example we shall consider is an adjunction of type

C
�
.5K GpdpCq

π0
qx

where C is a semi-abelian category. It was proved in [17] that GpdpCq (the
category of internal groupoids in C) is also semi-abelian. Let us explain why
this is a particular instance of the situation (2.4). First, we have to recall that
an internal groupoid X is discrete if it is a discrete internal equivalence relation,
i.e. in

X1 �X0 X1

p1 ,2
m ,2
p2
,2 X1

σ

�
 d1 ,2

d2

,2 X0slr

d1, d2 and s are isomorphisms. One has an isomorphism D : C Ñ DispCq which
sends an object C of C to the discrete groupoid such that d1 � d2 � s � 1C .
It is well-known that the category DispCq of discrete groupoids is in fact a
Birkhoff subcategory of GpdpCq. The reflector π0 sends an internal groupoid
X to the discrete groupoid whose objects are the connected components of X
(so π0pXq0 � π0pXq is the coequalizer of d1 and d2). An internal groupoid
is connected if xd1, d2y : X1 Ñ X0 � X0 is a regular epimorphism. One can
observe that for every internal groupoid X one has a short exact sequence

0 ,2 ΓXp0q ,2 X ,2 Dpπ0Xq ,2 0

where ΓXp0q denotes the connected component of 0 in X and that a morphism
f � pf1, f0q : X Ñ Y with X connected and Y discrete is necessarily a zero
morphism. So, one has a torsion theory pConnGpdpCq,DispCqq. Moreover, π0

is protoadditive [34] and so, Theorem 3.2.7 gives for P a RegEpipGpdpCqq-
projective n-fold presentation of an internal groupoid X in C

πnpXq � Γ0pPnq X BP
Γ0pBP q .

Note that this invariant can already be found in [34].
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direction of a-, 32
quasi-normal E-exact n-, 74
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epimorphism
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extension
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quasi-normal-, 62
quasi-normal-

weakly universal-, 85
trivial-, 62

extensions
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-in pA,Oq, 36

fibration, 17
fibration
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discrete-, 11

functor
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protoadditive-, 64

fundamental group, 85
fundamental group
nth-, 87

Galois
-group, 84
-groupoid, 84
-structure, 59
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admissible- , 60
group

Ω-, 95
torsion-, 49
torsion-free-, 49

homotopy, 11

internal
-category, 10
-equivalence relation, 9
-equivalence relation

effective-, 9
-functor, 10
-functor

cartesian-, 11
-group, 83
-groupoid, 10
-groupoid

discrete-, 108
-natural transformation, 10
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-relation

reflexive-, 9
transitive-, 9
symmetric-, 9

jointly extremally epimorphic, 18

kernel, 18

monomorphism
normal-, 19
protosplit-, 105

morphism
� -open-, 53
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closed-, 53
dense-, 53
effective descent-, 44

preradical
E-, 62
E-Birkhoff-, 66
E-protoadditive-, 65
admissible-, 65

projective
-n-fold presentation, 37
-object, 37

radical
E-, 63
nil-, 100

reflector
E-Birkhoff-, 66
semi-left-exact-, 105

short exact sequence, 20
short exact sequence

split-, 64
Short Five Lemma, 20
strong equivalence, 11
subcategory
E-reflective-, 54
Birkhoff-, 42
strongly E-Birkhoff-, 66

subtraction, 107
subvariety, 96
system

factorisation-, 16
factorisation-

proper-, 17
stable-, 17

prefactorisation-, 12

torsion theory, 48
torsion theory
M-hereditary-, 105
-in pA, Eq, 56
hereditary-, 49

variety
-of Ω-groups, 95
topological semi-abelian-, 52
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