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How to Construct Good Measures

Augusto C. Ponce

Dedicated to H. Brezis in the occasion of his 60th birthday

Abstract. Given any continuous nondecreasing function g : R — R, with
g(t) =0, Vt < 0, we show that there always exists some positive measure p,
concentrated on a set of zero Newtonian capacity, for which the problem

{Aqug(u) =p inQ,

0.1
u=0 on 09, (0-1)

admits a solution. This provides an affirmative answer to Open problem 2
raised by Brezis-Marcus-Ponce [3]. When N > 3 and g(t) = e' — 1, V¢ > 0,
Bartolucci-Leoni-Orsina-Ponce [1] proved that any measure u < 4n7HN =2 is
good for problem (0.1). We present examples of other good measures which
are not < ArHN 2,
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1. Introduction

Let Q@ ¢ RN, N > 2, be a smooth bounded domain. Let g : R — R be a continuous
nondecreasing function such that ¢g(t) = 0, ¥t < 0. Given a bounded measure
w € M(Q), then u is a solution of

{—Au +g(u)=p inQ,

1.1
=0 on 01, (1.1)

if ue LY(Q), g(u) € LY(Q), and
—/uAC—i—/g(u)C:/Cdu V¢ € C*(Q), ¢ =0 on 09Q.
Q Q Q

We say that p is a good measure (relative to g) if (1.1) has a solution u.
We observe that u, whenever it exists, is unique. The study of problem (1.1),
when p € LY(Q), was initiated by Brezis-Strauss [5]. They established that every
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measure in L'(Q) is good. Later, Bénilan-Brezis [2] (see also Brezis-Véron [6])
proved that (1.1) need not have a solution for a given measure u. In fact, if N > 3
and g(t) = tP, Vt > 0, for some p > %, then there exists no u satisfying (1.1)
for = b4, a € Q.

Let G(g) denote the set of good measures associated to g. One can show (see
[3]) that G(g) is convex and closed with respect to the strong topology in M(2).

A measure p is diffuse if p(A) = 0 for every Borel set A C Q such that
cap (A) = 0, where “cap” denotes the Newtonian (H'!) capacity. If u € M(£2) and
pT is diffuse, then p is good for every nonlinearity g (see [3, Corollary 3]). The
converse is also true. Namely, if p is good for every g, then u™ is diffuse (see [3,
Theorem 5]). We can summarize this as

{u € M(Q) : pt is a diffuse measure} = ﬂ G(g),
g

where the intersection is taken over all continuous nondecreasing functions g : R —
R such that g(¢) =0, V¢t < 0.
One of our main results is the following

Theorem 1. Given any g, we have
{u € M(Q) : ut is a diffuse measure} S G(g).

In other words, for any fized g, there exists a measure p € M(Q), p > 0, such
that 1w € G(g), but p is not diffuse.

Theorem 1 gives a positive answer to Open problem 2 in [3]. As we shall see
below, the proof of Theorem 1 is constructive. In fact, it gives a recipe for explicitly
obtaining the measure u. Of course, such p will heavily depend on the function g.

In dimension N > 3, Theorem 1 can be improved. Recall that any Borel
set A C Q such that HN=2(A) < oo has zero capacity (but the converse is false;
see [7]). When N > 3, it is always possible to find good measures p of the form
p = aHN=2| k for some compact set K C 2 and a > 0. More precisely, we have

Theorem 2. Assume N > 3. Given any g, there exists a compact set K C Q,
HN=2(K) € (0,00), such that up = aHN"2| is good (relative to g) for every
o> 0.

Theorem 2 is no longer true in dimension N = 2. In fact, problem (1.1) has
no solution when g(t) = e — 1, Vt > 0, and u = ad,, a € Q, for any a > 47 (see
Vézquez [12]).

One can also construct good measures p > 0 concentrated on a set of zero
HN~2_measure. In fact,

Theorem 3. Assume N > 3. For any g, there exists a good measure p > 0 such
that HN =2 (supp p) = 0.
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When N > 3 and g(t) = e! — 1, Vt > 0, it has been established in [1] that
if 4 < 47HN "2, then p is good. According to Theorems 2 and 3 above, there are
other good measures which are not < 47H™~2. The existence of such measures
was suggested by L. Véron in a personal communication.

The construction presented here has been applied in the study of other related
problems; see [4] and [8]. An alternative approach for obtaining good measures
which are not diffuse might be found in some recent work of Marcus-Véron [10].

This paper is organized as follows. In Section 2, we define a Cantor-type
set F' associated to a subsequence (fy,); as we shall see later on, the proofs of
Theorems 1-3 rely on suitable choices of (¢x) and (k;). We then introduce a positive
measure pp supported on F. In Section 3, we estimate the potential generated by
pr in terms of (fx;). In Section 4, we present the proofs of Theorems 2 and 3;
as a corollary, we obtain Theorem 1 when N > 3. Finally, in Section 5, we prove
Theorem 1 in the case N = 2.

2. Construction of the Cantor set F' associated to
the subsequence (£y;)

We shall assume for simplicity that £ = @1, the unit cube centered at 0. One of
the main ingredients in the proofs of Theorems 1-3 will be the construction of a
(generalized) Cantor set F' C ; see, e.g., [11]. We begin by describing the building
blocks used in the definition of F'.

Let n > 1 be an integer and let 0 < s < t. We shall associate to the triple

(s,t,n) a compact set E(s,t,n) C [-£, £]" in the following way. Let
t—ns
= . 2.1
a=—— (2.1)

For j=1,...,n, set
. t
aj:(j—l)(s+a)—§ and b; =a; +s.

In particular, a; = —% and b, = £. We then define

2
2

E(s,t,n) = U [ailvbil] Xoeee X [aiN7biN]'

1<iy,..,in<n

Thus, the set E(s,t,n) is the union of n" cubes of side s, uniformly distributed
in [—%, 2]V, The distance between two components of E(s,t,n) is > a.
We now turn to the construction of F.
Let (¢x) be a decreasing sequence of positive numbers such that

1
<y and lea <06 VhZ1, (2.2)

for some 6 € (0, ). The Cantor set F associated to the subsequence (¢4, ) is defined
by induction as follows.
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Let Fy = Q1, ko = 0 and ¢y = 1. Let F; be the set obtained after the jth
step; Fj is the disjoint union of 2Nk cubes Q; of side Ly;. Let x1,...,2,vk; denote
the centers of each component of F; (although it is not indicated, such points do
depend on j). We then set

2Nkj

Fin=J E([kj+1’fygkj72(kj+1—kj)) + o, (2.3)
=1

where v = % +0¢e (%, 1). In particular, Fj,; is the union of 2V%+1 disjoint cubes

of side £y, ,. Moreover, since we are taking t = v{,, we have
1—x 1—20
d(Fj41,0F;) = 5 by, = 1 L.
We also point out that the distance between any two components of Fj; inside
the cube [—vlk,, Y0k} + ; is > o, where « is given by (2.1). Since (2.2) holds
with 6 < %, we have

(2.4)

Ok,

J

o o(kjy1—k;) "

We finally set
F=()F.
j=0

We would like to emphasize the main feature in the construction of F. In
order to obtain a standard Cantor set, inside each component Q; of F; one would
take 2V small cubes. In our case, we select 2V (Fi+1=%i) small cubes inside Q;. This
possibility of choosing many more cubes turns out to be crucial in the proofs of
some of our main results.

3. Potential generated by the uniform measure pp
concentrated on F

In this section, we present some basic estimates which will be used throughout
this paper.

For each j > 1, let p; = mﬁxpjﬂ, where Fjy1 is given by (2.3). The
uniform measure concentrated on F, pip, is the weak® limit of (y;) in M(Q) as
j — oo. In particular, ur > 0 and pup(2) = 1. A key property satisfied by up is
given by the next

Lemma 1. For every x € Fj1, j > 0, we have

L.

__1 j <gp< R

SNFTT if gkj+l ST R SGa-R
Ly .

1 N (3.1)
r .
2% (K) if 2(’“141]*’%) SIS e

ur (BT (x)) ~
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Here, we implicitly assume that kg = 0. We say that a < b if there exists
C > 0, depending on N and 6, such that a < C'b. By a ~ b, we mean that a < b
and b < a.
Proof. We shall use the same notation as in the construction of F'. Note that if
Ll

<p< R
o~y o~ 9(kira—ky)?

Uk,
then B, (z) contains a single component Q; ,, of Fj11. Since
1
pr(Qin) = ONE 11’
the first estimate in (3.1) follows.
We now assume

ly..
9ia—hy) ~ |~ by

Let @; be the component of F}; containing x. Recall that there are oN(kjt1=k;) com-
ponents Q; , of F; 1 contained in @;. Thus, the number of cubes Q; ,, contained
N
in B.(z) is of the order of N (kjt1—Fk;) (#) . Since, for each Q; n, pr(Qin) =
j
—+—, we then have

oNFj1 9
r\N 1 r A\
B, ~~ QN (Rjpr=ky) [ in)=— [ — )
MF( (:c)) 0, pr(Qin) oNk; O,
The proof of the lemma is complete.

Let v € L'(Q1) be the unique solution of

—Av = HF in Q17 (3 2)
v=20 on 0Q1. '

A basic estimate satisfied by v is given by the following

Proposition 1. Assume N > 3. Let F' C @1 be the Cantor set associated to the
subsequence (Lx;) and let v be the solution of (3.2). Then, there exist constants
C1,Cy > 0 (depending on N and 0) such that

1 J 1 1 J 1
C ( e > T €N2> <w(x) < Cy ( wot > T £N2> ;o (33)
k1 k, k?l kz

=1 i=1

for every x € 0F;, j > 1.
Proof. Let

w(x L muF(BT(w)) r Vz
(x) /0 dr Vz € @,

Nwn rpN-1

where wy = |B1|. By (2.4), for every « € 0F; we have
uF(BT(x)) =0 ifr Sy,
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so that
o B, (x
w(x)w/ wdr Yz € OF;.
(7% r
Thus,
J—1 e 00 j—1
w(z) ~ Z/ ~dr+ —~ordr~ Z (Ai + Bi) + -y,
i=1 eki+1 r Lrq r i=1 Ekl
where, by Lemma 1 and (2.2),
G, £,
A /m e (Br(x)) p 1 /m dr 1
i = - T~ ; -~ , =
Lhyiy rit 2N Lriiy rit 2Nk1+1£kNi+12
and
by B, (x 1 Cr; 1
B; = . MF(N <1 )) dr ~ rdr ~ ————.
ky rN-= Nk gN ki ONk; pN—2
Therefore,

Jj—1 J
1 1 1 1 1
w(z) ~ Z <2Nki+1g££+12 T 2Nkig££2> + (N ~ Z oK 2 + T (3.4)

i=1 i=1
In other words, w satisfies (3.3). On the other hand, we have

1-— 1—26
d(F1,0Q1) = Llmit

> 0.
2 4

Since w > 0 and —Aw = pp in Q1 (see Lemma 2 below), there exist constants
C1,Cy > 0 such that

Ciw <v < Cow on Fy. (3.5)

Combining (3.4) and (3.5), we obtain (3.3). This concludes the proof of the propo-
sition.

We now establish a well-known fact used in the proof of Proposition 1:

Lemma 2. Given € M(RY), let

w(x) = NiN /000 M(fvr_(gf)) dr Yz eRY. (3.6)

Then,
—Aw=yp inD'RYN).
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Proof. We shall prove the lemma for NV > 3; the case N = 2 is similar.

We make the change of variables r = s~ 2 in (3.6). Since - = — 45 we get

N(N —2)wy w(z) :(N—2)/Ooou<{y€RN sz -y <r}> rfi—?:l
z/ooou({yeRN:|x—y|<s_Nl2})ds

/Ooou<{yeRN;m>s}>ds/RN%7

from which the result follows.
The counterpart of Proposition 1 in dimension N = 2 is given by

Proposition 2. Assume N = 2. Let F' C @1 be the Cantor set associated to the
subsequence (Lx;) and let v be the solution of (3.2). Then, for every j > 1, we
have

T
v~ <1og T + Z s log E) on OF;. (3.7)
i=1 ¢

The proof of Proposition 2 follows along the same lines and shall be omitted.

4. Proofs of Theorems 2 and 3

We start by recalling the definition of the (spherical) Hausdorff measure H*® in
RY, where 0 < s < N. Let A C RY be a Borel set. Given 6 > 0, let

H35(A) = inf { Zwsrf K C UBH with r; <4, Vi},

where the infimum is taken over all coverings of A with open balls B, of radii

r; <9, and wg = F(ﬂﬁ—fl) When s is a positive integer, then wy is the measure of
2

the unit ball in R*. We then set

HO(4) = lim H3(A).

We have the following
Lemma 3. Let F' be the Cantor set associated to the subsequence (). Then,

H*(F) ~ liminf 2% 65 (4.1)

J—}
Moreover, if H*(F) € (0,00), then

1
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Proof.
Proof of (4.1). For j > 1 fixed, let (B;) be a covering of F with 2% balls of radii
Lk, where each ball B; is concentric to some component of Fj. Then,
H3(F) <ws2Vhie;
for every 6 > {y,. Thus,

H*(F) < wgliminf 2V 05 (4.3)

J—

which gives < in (4.1).
Conversely, if liminf 2V ¢; = 0, then it follows from (4.3) that H*(F) = 0 and
Jj—oo g

we are done. We now assume that

lim inf 2Nkffs >0

‘]HOO
(the limit above possibly being infinite). Given 0 < a < hjlglolgf 2Nkfﬁzj, let jo >1
be sufficiently large so that
oVkifs > a Vi > jo. (4.4)

It then follows from Lemma 1 and (4.4) that there exists C' > 0 such that
Cr®

Let 6 € (0,4,,) and let (B,,) be a covering of F' with balls of radii r; < §. Without
loss of generality, we may assume that each B,, is centered at some point of F.
Thus, in view of (4.5) we have

This lower bound holds for any covering (B, ) such that r; < §, Vi. Therefore,

VzeF, Vre(0,¢,). (4.5)

H(F) > Hi(F) > %a.

Since a < lim inf 2VFi ésv was arbitrary, we conclude that

j—00
H(F) > =2 lim inf 2NkJ£S
C j—oo
This establishes (4.1).

Proof of (4.2). Assume H*(F) € (0,00). Let Q; be a component of Fj, j > 1. By
symmetry, we have

HE(F) =2V H(Qi N F).
Since pur(Q;) = 27N we get

pr(Qi) = H | #(Qi)- (4.6)

He(F)
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Given A C RY open, we may write AN F = J, (Q; N F), where (Q;) is a family
of disjoint connected components among all F}, j > 1. It then follows from (4.6)

that
1

pr(A) = W

Since pp and H®|p are Radon measures, (4.2) follows. This concludes the proof
of the lemma.

H?|p(A) for every open set A C RY.

We recall the following result (see [3, Theorem 4]):

Proposition 3. Suppose p1 € M() is a good measure for problem (1.1). Then,
any measure (o < py s also good.

‘We now establish the

Proposition 4. Assume N > 3. Let F be the Cantor set associated to the subse-
quence (Ly,). There exists C > 0 (depending on N and 6) such that if

oo J+1
1

Zg(Cao Z W) 2Nkf€£§ < oo for some ag > 0, (4.7)

j=1 i=1 ki
then aopr € G(g).
Proof. Let

1 d 1 ,
k1 i=1 ki

Let v be the solution of (3.2). By Proposition 1, there exists Cy > 0 such that
v(z) < Cala+b;) VYo e dF;.
Note that v is harmonic in (int F;)\Fj41. Thus, by the maximum principle,
v(z) < Cala+bjr1) Vo e Fj\Fit.
Assume that lim b; < oco. In this case, we have v € L>(Q2); hence, g(agv) € L1(Q).

J—00
We then conclude that appur + g(agv) is good. By Proposition 3, apur is also a
good measure.
We now assume that
lim b; = oo. (4.8)

J—00
Since
|Fj\Fjia| < |Fj| = 2N,

then, for every a > 0, we have

/Qg(ow) = ji_o;/Fj\FHl glav) + /Q\Fl g(av)

<Y 9(Coala+ b)) 2VR Y +0O(1).

j=1
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Using (4.8), we have Coaa + bjt1) < 2Coab,y1 for every j > 1 sufficiently large.
Therefore, if (4.7) holds with C' = 2Cs, then g(agv) € LY(Q), so that apur+g(aov)
is a good measure. Applying Proposition 3 above, we conclude that agur € G(g).

We now present the

Proof of Theorem 2. Set £, =2~ NN%k, VEk > 1. We now fix an increasing sequence
of positive integers (k;) such that

9% _ 1 .

Y

Let F be the Cantor set associated to the subsequence (£x,). We claim that aup
is good for every o > 0.

In fact, since 2Nki€££*2 —1 for every i > 1, we have
j+1
i=1 ks
Moreover,
Nk; yN __
2 Jﬂkj T o2k

Thus, for every 8 > 0, we have

00 J+1 0o .
1 v 9(286)
> 083 g A <X S
=1 i

=1 = IN—2Nj

Since 235 < j2 for j > 1 sufficiently large, it then follows from (4.9) that the right-
hand side of (4.10) is finite for every 8 > 0. Applying Proposition 4, we conclude
that aup is a good measure for every a > 0.

On the other hand, since 2Nkf€]k\;_2 =1, Vj > 1, we deduce from Lemma 3 that

HN=2(F) € (0,00). Thus, by (4.2), we have
_ 1
- HN=2(F)

Therefore, aHN 2| r is good for every a > 0.

(4.10)

B HY 2| p.

Proof of Theorem 3. Let (k;) be an increasing sequence of positive integers such
that

9% _ 1 .
2135’21@- < o7 Vi >1. (4.11)
Let )
b = m ifk'j_l <k <kj,
e th

with the convention that ky = 0. Let F' be the Cantor set associated to the
subsequence ({x,). By Lemma 3, we know that H~~2(F) = 0. We now show that
wr is a good measure relative to g.
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Since 2Nki€g72 = %, we have
Jj+1 . .
Z 1 :(]+1)(J+2)<3j2
ki pN—2 = :
i=1 2N gki 2
Moreover,
olVks N — L <
ki — TN 2N g = 2N g
]N—Z IN—2"J IN—2"%

Thus, for every 8 > 0, we have

) Jj+1 oo .9
1 ; 9(35j
Zg(ﬁz 72%”2) LTS S At kj). (4.12)
i=1 ki

j=1 j=1 27

Since 3352 < j3 for j > 1 sufficiently large, it then follows from (4.11) that the
right-hand side of (4.12) is finite for every 8 > 0. Applying Proposition 4, we
conclude that pp is a good measure. The proof of Theorem 3 is complete.

5. Proof of Theorem 1

When N > 3, Theorem 1 follows from Theorem 2 (or Theorem 3) and the following
well-known

Proposition 5. Let K C Q be a compact set. If HN~2(K) < oo, then cap (K) = 0.
We refer the reader to, e.g., [7] for a proof of Proposition 5.
We now deal with the case N = 2. We shall need the following

Lemma 4. Assume N = 2. Let F' C Q be the Cantor set associated to the subse-
quence ({x;). Then,

1

— = 00. 1
o= (5.1)

=1
cap (F) =0 if and only if Z TN log
j=1

When F is a standard Cantor set, (5.1) is Carleson’s test (see [7, p. 31]) for
determining whether F' has zero capacity. The same proof as in [7] can be used
to establish Lemma 4. We present a different argument based on Proposition 2
above.

Proof of Lemma 4. (<) Suppose

J=1 4k b

It then follows from Proposition 2 that v = 400 on F', where v is the solution of
(3.2). Since v is superharmonic, we can apply Theorem 7.33 in [9] to conclude that
cap (F) =0.
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(=) Assume that

o0

1 1

j=1
Let v be the solution of (3.2). It follows from (5.2) and Proposition 2 that v is

uniformly bounded in €. Thus, the measure pp is diffuse. Since pp is concentrated
in F'; we must have cap (F') > 0. The proof of Lemma 4 is complete.

Remark 1. Here is the counterpart of (5.1) in dimension N > 3:

. . Z"" 1
cap (F) =0 Zf and Onl'y Zf W = OQ. (53)
Jj=1 i

The proof of (5.3) follows along the same lines.
The analog of Proposition 4 in dimension N = 2 is given by the next

Proposition 6. Assume N = 2. Let F be the Cantor set associated to the subse-
quence (Lx;). There exists C > 0 (depending on 6) such that if

e’} J+1

1
Zg<cao Z T log E) 4kj€ij < oo for some ap > 0, (5.4)
j=1 i=1 i

then aopr € G(g).
The proof of Proposition 6 is based on Proposition 2 and shall be omitted.

We may now present the

Proof of Theorem 1 completed. Let £, = 4*4k, Vk > 1. We now fix an increasing
sequence of positive integers (k;) such that

;2
9G7) . 1
g4t T 27

Vi > 1. (5.5)
Let F' be the Cantor set associated to the subsequence (¢, ). Note that
1 1 .
Elog% =logd Vi>1.

In particular,
Jj+1 1 1
;Ebga =(j+1)logd < 4j.

It then follows from Lemma 4 that cap (F') = 0. We now show that up is a good
measure.

Since

A 1 1
|F\Fjsa| < |Fj| = 4b 6, = 2T S
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then, for every 5 > 0, we have

00 J+1 oo .
1 1 . 9(45j)
g g —log — |4k 2 < E . .
g<ﬁ P 4k7i 0og ék,) k; = 44k]~ (5 6)

Jj=1 Jj=1

In view of (5.5), we conclude that the right-hand side of (5.6) is finite for every
B > 0. Thus, by Proposition 6 above, pupr is good. The proof of Theorem 1 is
complete.
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