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A B S T R A C T

We introduce and validate a weak coupling approach between a body-fitted
velocity-pressure solver and a Vortex Particle-Mesh (VPM) method in 2D for
the simulation of incompressible external aerodynamics. The approach does
not involve inner iterations, conserves circulation up to interpolation accuracy
without resorting to a panel method, and accommodates different time steps
across the solvers. It also utilizes a mixed boundary condition for the body-
fitted solver that ensures the continuity of the vorticity field across the solvers.
The second order convergence of the methodology is first demonstrated. We
then assess it on the flow past a cylinder at various Reynolds numbers (from
Re = 550 to 9500), and we finally apply it to the flow past an airfoil at Re =

5000.
© 2022 Elsevier Inc. All rights reserved.

1. Introduction

Numerical simulations of flows past immersed objects are ubiquitous in both research and industry, spanning e.g.
vehicle aero- or hydrodynamics, biological propulsion, wind energy, civil engineering, etc. The targeted problems
remain quite challenging as they usually require high accuracy and thus entail considerable computational costs. This
challenge is even exacerbated for problems where the device, or the animal, interacts with either its own or another
device’s wake. This indeed imposes the accurate capture of the wake over potentially long times and/or distances;
prime examples are the so-called blade-vortex interaction problem in rotorcraft aerodynamics or the exploitation of
upstream vortices by a fish within a school or by birds/aircraft in formation flight.

This challenge of solving accurately and efficiently the flow from the device surface up to long distances down-
stream, and over long times, is the focal point of the approach proposed herein; so far in 2D. The Lagrangian vortex
methods are quite appealing in this context. Indeed, these methods, which rely on a vorticity-based formulation, pro-
pose several computational assets that are particularly interesting for the wake regions. First, the very discretization

∗Corresponding author:
Email address: philippe.billuart@uclouvain.be (P. Billuart).

http://www.sciencedirect.com
http://www.elsevier.com/locate/jcp
philippe.billuart@uclouvain.be


2 P. Billuart et al. / Journal of Computational Physics (2022)

of these methods can exploit the fact that the working variable, vorticity, is a compact quantity in wake flows, thus
leading to a reduction in the number of degrees-of-freedom. Secondly, the formulation accommodates quite natu-
rally the enforcement of the unbounded conditions of external flows. The Lagrangian discretization of vorticity into
particles also allows to waive classical CFL conditions, thus allowing larger time steps. And finally, they entail very
low dispersion and diffusion errors which puts them among the most efficient methods to accurately advect vortical
structures over large distances [1, 2, 3, 4].

However, vortex methods are less suited to capture high Reynolds number boundary layers than classical Eulerian
body-fitted grid solvers, e.g. finite difference, finite volume, finite element, etc, because the particles of a vortex
method are almost always isotropic computational elements. This leads to a very large number of particles and thus a
prohibitive computational costs to capture the near-wall gradients. This limitation can be mitigated by the use of Multi-
Resolution methods or Adaptive Mesh Refinement (AMR) [5] even though this does not lift the isotropy constraint.
This characteristic also implies that the body surface is usually treated as an immersed boundary where a non-trivial
wall boundary condition which arises from the vorticity-based formulation must be applied. This is typically enforced
using panel-based methods [6, 7, 8, 9], penalization methods [10, 11, 12, 13], or the more accurate immersed interface
method [14]. Obtaining accurate wall quantities such as pressure and shear stress is also a challenge in such methods.

This naturally leads to the conclusion that one could exploit the advantages of Lagrangian vortex methods and
body fitted-grid solvers in a coupled approach. The Eulerian solver is used to resolve the near-wall region, while the
Lagrangian method handles the convection-dominated part of the flow, such as the wake. This coupling is based on a
decomposition of the computational domain into two subdomains: one for the body-fitted solver and one for the vortex
method. We can distinguish between two types of coupling: strong and weak couplings. In strong couplings [15, 16,
17], the overlapping of each subdomain can be partial and the Schwarz alternating method is then used to compute
iteratively the boundary condition at each time step for each solver until reaching a desired level of consistency
between them. Yet despite its good accuracy, Schwarz iterations are computationally prohibitive, especially in 3D,
and require the same time step for both solvers. Weak coupling [18, 19, 20] does not perform iterations and the
possible inconsistencies between the two subdomains must be controlled. However, this can allow the use of different
time steps across the solvers. In such a coupling, the Lagrangian method solves the flow on the entire domain while the
body-fitted Eulerian solver only solves the near-wall region in a much smaller domain. There is thus a full overlapping
of the two subdomains which is limited to the near-wall region where the Lagrangian method is underresolved while
the Eulerian grid can be much finer (see Fig 1). In these couplings, the Lagrangian method drives the Eulerian solver
by imposing the boundary condition at the outer boundary of the near-wall domain whereas the Eulerian solution
is used to correct the Lagrangian solution in the near-wall region. Since the coupling procedure is not iterated, the
consistency between the two solutions is controlled via the information exchange methodology.

All the weak couplings developed until now [18, 19, 20] enforce velocity Dirichlet boundary conditions for the
velocity at the outer boundary of the body-fitted solver domain. As these velocity values are obtained from the
velocity field of the vortex method, any velocity mismatch between the solvers is translated into spurious vorticity
that is then advected into the wake. These works also utilize a non-conservative scheme for the transfer of vorticity
from the near-wall solver to the vortex method; i.e., the circulation is not conserved. Specifically, they rely on the
interpolation of the vorticity field computed using the near-wall solver velocity field onto the particles inside the
vortex method; the accuracy of this projection procedure greatly suffers in high vorticity gradient regions. All these
works attempt to mitigate this circulation error by adding a vortex panel method on the body surface; Stock et al. [20]
even elect to not correct the vortex particles located in the boundary layers. The recourse to a panel method, and to
the involved circulation control, has however proven counterproductive as it leads to small oscillations in the velocity
field. Indeed, since this field provides the boundary condition for the outer boundary of the body-fitted solver, it can
generate spurious pressure oscillations in that solver. Those oscillations are even exacerbated by the distortion of
the computational elements typical of Lagrangian vortex methods. Those two symptoms logically lead to noisy wall
stresses that are unexploitable toward the computation of accurate aerodynamic forces.

We here propose novel approaches for the information exchanges between the Eulerian body-fitted solver and the
Lagrangian vortex method, here a state-of-the-art Vortex Particle-Mesh (VPM) variant, to address the shortcomings
identified above. Our coupling scheme uses a mixed boundary condition for the near-wall solver to properly match the
vorticity fields of both solvers on the outer boundary and avoid the generation of spurious vorticity. In addition, our
simple correction scheme of the VPM vorticity field by the near-wall Eulerian field guarantees a global conservation of
the circulation: instead of interpolating the Eulerian vorticity on the VPM field, we interpolate the Eulerian velocity
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and compute the corrected vorticity on the VPM grid. Thanks to this process, the local circulation is conserved
within interpolation and discretization errors without requiring complex vorticity integration methods. Therefore,
no additional wall treatment technique (panels, penalization or immersed interface methods) is used in the vortex
method. To mitigate the pressure oscillations in the body-fitted solver due to the common flow distortion errors of the
Lagrangian vortex methods, we propose to use two sets of particles, each redistributed at different time intervals. We
also exploit the possibility offered by the weak coupling approach to advance the solvers with different time steps.
Finally, contrary to previous contributions, we demonstrate the second order rate of convergence of our coupling
scheme.

In Section 2, we present the two solvers used in our coupled method: the body-fitted Eulerian solver and the
VPM method. Next, we present the coupling strategy in Section 3. In Section 4, we propose guidelines on how to
determine the various parameters involved in this coupling. Afterwards, in Section 5, we start by numerically proving
the second order rate of convergence for this coupling approach. Then, we demonstrate its correct performance on
the benchmark of the impulsively started cylinder at Re = 550, 3000 and 9500, and on the shedding past a cylinder
at Re = 200 and 550. Finally, in Section 7, as an example of application, we present the results for the flow past an
impulsively-started airfoil at Re = 5000. A conclusion of the presented work and future perspectives are presented in
Section 8.

2. Component solvers

The solvers of interest in this work are (1) a Finite Difference (FD) solver for the Near-Wall (NW) region and (2)
a Vortex Particle-Mesh (VPM) method, a state-of-the-art variant of Lagrangian vortex methods, for the bulk flow. We
first briefly present these two solvers in Sections 2.1 and 2.2, then detail the coupling methodology in Section 3. We
will only deal with stationary bodies for the remainder of this paper but will nevertheless draw the reader’s attention
to the items necessary to an extension to moving/deforming geometries in the relevant parts of the algorithm.

2.1. The Near-Wall solver: body-fitted Finite-Differences

As Near-Wall (NW) solver, we use an in-house body fitted Finite Difference (FD) solver working in the velocity-
pressure formulation and characterized by a classical fractional step method [21, 22, 23]. An explicit second-order
adaptive Adams-Bashforth scheme is used for the advective term whereas the diffusive term is handled using an
implicit Crank-Nicholson scheme, leading to the following set of semi-discrete equations
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where ∆t+ and ∆t− are the current and previous time steps, respectively, Hh , (u · ∇u)h denotes the convective term,
ν is the kinematic viscosity and P is the kinematic pressure (i.e., the pressure divided by the density). The equations
above are ordered in the running order of the FD solver. A prediction for un+1, u∗, is first computed through Eq. (1).
Next, a Poisson equation, Eq. (2), is solved. Finally, the predicted velocity is reprojected into a solenoidal field via
Eq. (3), and the pressure field is obtained at the next time step via Eqs. (4) and (5). For the Poisson equation, a
homogeneous Neumann boundary condition ( ∂g

∂n = 0) is enforced; this is consistent with forcing the predictor normal
velocity u∗n to its exact value un+1

n on the FD solver boundaries. This system of equations thus requires the normal
component velocity at time tn+1 to be known on all the boundaries. For the wall boundary, no-through flow and no-slip
conditions are imposed. For the outer boundary, the boundary conditions are directly obtained from the vortex method
(see discussion in Section 3.1).
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In order to handle the near-wall regions, the solver uses structured orthogonal meshes with stretching. The spatial
operators are written in the local orthogonal frame of each cell; this leads to a velocity field expressed in the local
orthogonal components (tangential us and normal un components). The discretization also uses the staggered arrange-
ment to avoid the spurious decoupling between the pressure and the velocity fields. Specificities regarding this solver
are detailed in Appendix A.

The entire FD solver is parallelized using OpenMP, except for the Poisson equation (Eq. (2)) and the linear system
resulting from the implicit treatment of diffusion; those are solved on a single CPU using the PETSC library [24, 25].
The Poisson equation is solved using a LU direct method while the implicit system is first prepared using a Hypre
BoomerAMG preconditioner and next solved using the GMRES iterative method.

2.2. The Vortex Particle-Mesh method

The bulk flow solver used for this coupling is a Vortex Particle-Mesh (VPM) method. We here only provide a brief
description; we refer to Cottet et al. [2], Winckelmans [1] and Chatelain et al. [26] for more thorough descriptions and
discussions of the method. It relies on the vorticity-velocity (ω − u) formulation of the Navier-Stokes equations for
incompressible flows (∇ · u = 0). For a planar 2D flow, the vorticity only has an out-of-plane component, ω = ω ez;
the equation to solve then reads

Dω
Dt

=
∂ω

∂t
+ u · ∇ω = ν∇2ω (6)

where D
Dt denotes the material derivative. Using a Helmholtz decomposition of the velocity field u = U∞ + uω, we

recover uω by solving the following Poisson equation (also known as the Biot-Savart law)

∇2uω = −∇ × ω . (7)

The convective term is handled in a Lagrangian fashion: vorticity is discretized by means of particles, character-
ized by a position xp and a strength (i.e., a circulation associated to the particle) αp =

∫
S p
ω dS where S p corresponds

to the material surface associated to the particle. This discretization leads to two sets of ODEs integrated on the
particles; one for their position, the other for their strength:

dxp

dt
= u(xp) (8)

dαp

dt
= ν

∫
S p

∇2ω dS . (9)

Both equations are advanced in time through a third order Runge-Kutta scheme with an adaptive time step.
As its name indicates, the VPM method also has an Eulerian component, which serves two purposes. One is

the well-known problem of clustering and depletion of particles degrading the accuracy of vortex methods: a redis-
tribution of the particle-carried vorticity onto the underlying mesh is performed at regular intervals, every Nr time
steps, using an interpolation kernel, here the classical M′4 scheme [27]. The second is computational efficiency. A
grid-supported vorticity can be leveraged for computationally-intensive tasks [2], such as the evaluation of spatial
differential operators and the solution of the Poisson problem of Eq. (7). The latter is performed by a Fourier-based
solver which can enforce periodic, inflow/outflow or unbounded conditions [28, 29]; this solver is implemented using
the open-source FLUPS library [30]. Moreover, we recall that the velocity and the differential operators are obtained
on the grid while the ODEs are integrated on the particles. VPM methods thus need to interpolate information from
the grid to the particles, and vice-versa. Those interpolations are readily performed using the same M′4 interpolation
scheme, as for the redistribution. For the remainder of this article, we will refer to the interpolation of fields from the
mesh to the particles as M2P and, conversely, P2M for the interpolation from the particles to the mesh.

Finally, while a particle method is free of a classical CFL-like stability constraint, it still must satisfy a higher
order criterion, Lagrangian in nature, to ensure the accuracy of the interpolation and quadrature operations inherent to
the method [2]. This condition, based on the velocity gradient, translates the enforcement of non-crossing trajectories
for the computational elements and enforces the accurate capture of their rotation with respect to each other

|S|max ∆t < 0.2 . . . 0.25; |ω|max ∆t < 0.2 . . . 0.25 (10)

where S , 1
2

(
∇u + (∇u)T

)
.

The entire solver is parallelized using the TBB and OpenMP libraries.
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3. Coupling strategy

Our approach is based on that proposed by Daeninck et al. [18], which consists in overlapping computational
subdomains. The Lagrangian domain, ΩVPM , spans the whole domain of interest and it actually embeds the immersed
body. The Eulerian domain, meanwhile, solely covers the near-wall region, ΩNW . An example of such a domain
decomposition is sketched in Fig. 1. The weak coupling approach [18] builds upon the following two premises:

• The VPM method solves the entire flow and enforces the far-field boundary conditions: unbounded, inflow-
outflow or periodic. However, its solution is allowed to be under resolved in the near-wall region where very
sharp features, such as boundary layers and separated shear layers, are present. Since those are properly resolved
by the NW solver, which uses a body-fitted grid, the near-wall fields of the VPM method will be corrected using
the NW solver solution.

• Conversely, the NW solver only solves the flow in the vicinity of the body and thus requires a boundary condi-
tion on its outer boundary, ∂ΩNW . This will be provided by the VPM solver, as it has the whole flow information
at its disposal; i.e., the boundary layers, albeit at a coarse scale, the wake and the far-field boundary conditions.

ΩVPM

ΩNW ∂Ωouter
NW

Inflow
Outflow

Unbounded 

Unbounded 

ΩBody

Fig. 1: Domain decomposition for the present coupling approach.

VPM solver step : 
1. Correction of VPM 

field from NW solver. 
2. RK3 step. 
3. Boundary conditions 

provided to NW solver.

NW solver step : 
1. 1st sub-time step. 

2. 2nd sub-time step. 

3. (…) 

4. kth sub-time step 

NW solver step 
(…)

1

VPM solver step 
(…)

t

VPM solver step 
(…)

NW solver step 
(…)

tn

tn+1

Fig. 2: Timeline execution of one VPM time step ∆tVPM . Dashed
green arrows denote the transfer of information and the switch from
one solver to another.

Practically, for each time step ∆tVPM of the VPM method, if we assume that all the fields in both solvers are known
at time tn, the weak coupling methodology brings those fields to time tn+1 = tn + ∆tVPM in four steps:

1. The NW solver owns the more accurate velocity field uNW(x, tn) in the near-wall region. This field is leveraged
to correct the vorticity field of the VPM solver, ωVPM(x, tn) in the part of the VPM domain that overlaps the
NW domain.

2. The VPM solver integrates the vorticity evolution equation Eq. (6) over one time step ∆tVPM; the VPM velocity
field uVPM(x, tn+1) is then recovered through solving Eq. (7).

3. The outer velocity boundary conditions of the NW solver at time tn+1 are obtained using a spatial interpolation
of the VPM velocity field.

4. Using the boundary condition obtained at Step 3, the NW solver advances its solution to tn+1 using one or
several sub-time steps, ∆tNW.

The timeline of this execution is shown in Fig. 2.
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Our approach distinguishes itself in the way the information is transferred between the two solvers, both for the
NW outer boundary condition Step 3 (Section 3.1) and for the NW vorticity correction Step 1 (Section 3.3). In order
to control pressure oscillations in the NW solver, two sets of particles with different redistribution frequencies are also
introduced in the VPM solver (Section 3.2).

One could interpret the resulting complete solver as a VPM method where corrective terms are added in the near-
wall region, with this correction including the call to the NW solver. This then naturally leads to the question whether
the VPM solver should also include any enforcement of the immersed wall boundary conditions at all. In contrast to
previous weak coupling techniques proposed so far [18, 19, 20], we here elect to not add any kind of wall treatment.
This choice is discussed in Section 3.4.

Let us point out that the method naturally accommodates for different time steps in both solvers in order to
capture the disparity of temporal scales encountered in aerodynamic external flows. This time step difference is even
exacerbated by the respective numerical stability constraints of the two methods. The time step of the VPM solver is
only constrained by a Lagrangian CFL, Eq. (10), which does not involve the mesh size but rather the intensity of the
captured vorticity field. The time integration within the NW solver can involve constraints due to (1) stability, e.g.
the classical CFL condition for explicit schemes or a condition on the diffusion stencil, and (2) accuracy in the case
of implicit schemes.

Given its explicit component for advection and implicit treatment of diffusion, our FD solver will lead to poten-
tially quite stringent CFL restrictions, especially at high Reynolds numbers. Therefore, Step 4 consists of multiple
sub-time steps ∆tNW. This NW sub-time steps are still adaptive over the VPM time step ∆tVPM =

∑Nc
l=1 ∆tl

NW, with Nc

the number of NW sub-time steps executed per VPM time step.
We note that the handling of a impulsive start requires the initialization of the NW solver fields as the correspond-

ing potential flow (velocity and pressure fields). This is the only initialization as it will be translated next into the
corresponding coarse boundary layers in the VPM solver through the correction step at the very start of the first VPM
time step (see Fig 2).

3.1. Boundary conditions for the Near-Wall solver

The transfer of information from the VPM solver to the NW solver is achieved through the imposition of boundary
conditions on the outer boundaries of the NW domain ∂Ωouter

NW . These boundary conditions only concern the velocity
field as the pressure boundary conditions are implicitly enforced via the Neumann boundary condition from the
Poisson equation (Eq. (2)).

Our approach uses boundary conditions that deviate from straightforward Dirichlet conditions on both velocity
components as we aim to (1) ensure a continuity of vorticity and (2) conserve the flux of vorticity through the outer
boundary of the NW solver. These two conditions will allow the irrotational character of the flow away from the
separation zones to be preserved. Those two conditions are equivalent to imposing the velocity component normal to
the boundary un and the vorticity ω, which can be in turn translated in mixed velocity conditions; i.e., Dirichlet and
Neumann-type conditions for the normal and tangential components respectively. For x on ∂Ωouter

NW , we thus impose

un(x) = uVPM(x) · ên(x) (11)
∂

∂n
[hs(x) us(x)] = [hn(x) hs(x)]ωVPM(x) +

∂

∂s
[hn(x) un(x)] . (12)

Those are formulated in an orthogonal coordinates system (n, s) following the directions normal and tangential to
the boundary. It uses the classical definitions of metrics hn = ‖∂x/∂n‖ and hs = ‖∂x/∂s‖, and of the unit vectors
ên = h−1

n ∂x/∂n and ês = h−1
s ∂x/∂s.

Since different time steps are used in both solvers, the NW solver performs Nc adaptive sub-time steps to bring
its solution to tn+1 = tn + ∆tVPM and thus requires the outer velocity boundary condition at the intermediate sub-time
steps tn,m = tn +

∑m
l=1 ∆tl

NW with m = 1, . . .Nc and ∆tl
NW the l-th NW sub-time step.

Let us now detail the enforcement of these boundary conditions in the case of the FD-based NW solver presented in
Section 2.1. Specifically, the mesh-supported NW solver and VPM variables, depicted in Fig. 3, exchange information
through the following operations:
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1. At the end of the VPM time step, t = tn+1, the velocity u and the vorticity ω are interpolated from the VPM
mesh onto the outer boundary of the NW solver, ∂Ωouter

NW . This interpolation is performed using the same kernel
as for the M2P interpolations of the VPM method, e.g. M′4. The resulting boundary fields on ∂Ωouter

NW are stored:
the values at time tn are still also available for temporal interpolation.

2. Next, at NW sub-time step m:

2.1. We obtain the boundary values for u and ω at tn,m through linear interpolation in time from the values at
tn and tn+1.

2.2. We set the normal component to un = uVPM · ên to impose the Dirichlet condition of Eq. (11).
2.3. The un values on ∂Ωouter

NW are uniformly corrected to enforce the mass conservation in the NW domain.
Here, in the case of non-deforming domain and body, the corrected uc

n satisfies∮
∂Ωouter

NW

uc
n dS = 0 (13)

where the integral is computed numerically, which actually constitutes a compatibility condition necessary
to the convergence of the pressure Poisson solver (Eq. (2)).

2.4. We impose the Neumann condition of Eq. (12) by means of ghost values ughost
s beyond the boundary of

our staggered grid, see Fig. 3. Specifically, the ghost tangential velocities ughost
s are obtained by solving

the centered second order finite difference discretization of Eq. (12) and injecting the values of uc
n on the

boundary edges, the interpolated vorticity ωVPM at the boundary vertices, and the tangential velocities at
the interior edge uI−1/2, j

s . The final expression for ughost
s at index j is then

ughost,j
s =

1

hI+1/2, j
s

∆n

hI, j
n hI, j

s ω
j
VPM +

(
hI, j+1/2

n uc, j+1/2
n − hI, j−1/2

n uc, j−1/2
n

)
∆s

 + hI−1/2, j
s uI−1/2, j

s

 , (14)

where the couple (I, j) are indices covering all the vortex nodes along ∂Ωouter
NW . Index I refers to the

largest vorticity nodes index in the ên direction, while j refers to the vorticity nodes index in the ês

direction (having multiple values since varying along ∂Ωouter
NW ). ∆n and ∆s are the uniform resolutions in

the computational domain for the normal and tangential directions. It is important to note that, due to the
implicit treatment of the diffusive term in Eq. (1), the interior tangential velocities uI−1/2, j

s are in reality
unknowns, and therefore Eq. (14) is also handled in an implicit way; i.e., included into the linear system
resulting from the implicit diffusion.

3.2. A spatially-varying redistribution frequency

In our presentation of the VPM method, we mentioned the importance of handling the Lagrangian distortion of
the particles. Left unchecked, it ruins the accuracy and convergence of the method. A VPM simulation typically
performs a redistribution of the particles every few time steps; it thus ensures that the resulting distortion remains
acceptable all the while guaranteeing robustness and efficiency.

Yet, numerical experiments indicate that even an acceptable distortion leads to weak numerical noise in the inter-
polated fields, such as the velocity field sampled on the boundary ∂Ωouter

NW . While the VPM method is insensitive to
such numerical fluctuations, these can be extremely detrimental when used as a boundary condition for a velocity-
pressure formulation. Indeed, such spatio-temporal fluctuations in normal velocity will induce instantaneous changes
in the pressure field, through the Eqs. (2) to (5). Numerical experiments (not presented for the sake of brevity) clearly
demonstrate that these fluctuations are introduced at the redistribution frequency (every 3, 5 time steps) and render
the wall-based measurements of aerodynamic forces unusable.

The same numerical experiments also show that a redistribution performed at every VPM time step makes this
noise negligible. However, operating a particle-mesh method in such a way harms its accuracy in the advection
of wake vortical structures. We reconcile these two computational objectives by proposing here a novel approach:
a particle-mesh method with a spatially-varying redistribution frequency. While this approach is applicable to an
arbitrary number of frequencies, we restrict our discussion to the case of two subsets of particles, each operating at its
own redistribution frequency, as shown in Fig. 4:
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ΩBody

ΩNW

∂Ωouter
NW

ΩVPM

Wall

uc, j+1/2
n

ω j
VPM

uc, j−1/2
n

uI−1/2, j
s

ughost, j
s

Zoo
m

Fig. 3: Near-wall solver boundary condition enforcement: the NW solver staggered mesh is in the foreground with its variables us ( ), un ( ),

ω ( ) and ughost
s ( ); the VPM mesh ( ) is in the background. Spatial M2P M′4 interpolation (step 1 - ). Correction of un to uc

n (step 2.3 -
). Ghost tangential velocity computation (step 2.4 - - presented on the zoom). N.B: for the sake of clarity, the represented interpolation

stencil is narrower than the one actually used; i.e., M′4 (step 1).

• The first subset works at a unit redistribution frequency (Nr = 1) and occupies a small region of interest Ω1,
which for the coupling application encompasses the NW domain, ΩNW ; its particles have positions xp,1 and
strengths αp,1.

• The second subset spans the whole domain, Ω2 = ΩVPM and thus overlaps Ω1. The particles in this set, described
by xp,2 and αp,2, are redistributed every Nr steps.

In order to obtain the complete vorticity field on the mesh ωVPM,i j, we blend the two sets of particles using the
indicator function 1δ

Ω1
for Ω1:

ωVPM,i j = 1δΩ1
(xi j) P2M(xp,1, αp,1) +

(
1 − 1δΩ1

(xi j)
)

P2M(xp,2, αp,2) . (15)

In order to ensure a consistent grid field, the indicator function 1δ
Ω1

is mollified and truncated with respect to the
support of the particles of subset 1: it has to transition smoothly from zero to one well within Ω1, so that it is equal
to zero outside Ω1 but also equal to zero on the outer region of Ω1. The transition is performed over a length δ
represented by the dark gray region in Fig. 4. Specifically, this margin between the boundary of Ω1 and the support
of 1δ

Ω1
has to account for the stencil width of M′4 and for the advection of particles into Ω1. We note, additionally, that

the transition of 1δ
Ω1

should be some distance away from ∂Ωouter
NW to preserve it from the numerical noise mentioned

above.
Strictly speaking, the blending operation does not conserve circulation. This discrepancy should be easily con-

trolled though, through the blending transition thickness, and should not affect spatial and temporal convergences.
This is confirmed by the parametric study of Section 4: in practice, for a large enough transition, the associated errors
are dominated by other discretization errors.

3.3. VPM vorticity correction

The correction of the vorticity field by information from the NW fields constitutes the sole vorticity generation
mechanism as the VPM solver does not include any wall treatment. This procedure is performed on the mesh of the
VPM solver through the following steps:

1. At t = tn+1, after the Nc NW sub-time steps, the velocity uNW is interpolated using third order Lagrange
polynomials from the NW mesh onto the VPM grid but using a staggered velocity arrangement, as shown in
Fig. 5; we denote this interpolated velocity field uVPM,corr. Additional details regarding this interpolation are
provided in Appendix A.1.



P. Billuart et al. / Journal of Computational Physics (2022) 9

Inflow

Unbounded 

Outflow

Unbounded 

Ω2 = ΩVPM

Ω1

∂Ωouter
NW

ΩNW

δ

Fig. 4: Spatially-varying redistribution frequency: the subset of particles redistributed at every VPM time step (Nr = 1) is denoted by ( ), while
the other subset, redistributed every Nr = 5 step, is represented by ( ). The VPM mesh is denoted by ( ).

2. The velocity field uVPM,corr inside the body is set to the body velocity (as obtained from its translation, rota-
tion, or more complex deformations). In the present case of a stationary rigid object, it is simply extended as
uVPM,corr = 0.

3. The vorticity ωVPM,corr that corresponds to this corrected velocity field is computed as

ωVPM,corr = ωVPM,corr ez = ∇h × uVPM,corr (16)

over the points of the overlapping region for which the stencil for the curl operator can be evaluated using
corrected velocity only; let us denote it as Ωcorr

NW . A staggered velocity interpolation grid has been preferred to a
collocated one because (1) the curl stencil is then twice as compact, leading to a better circulation conservation
within a VPM cell, and (2) the curl operator is then consistent with the four-point discretization of the integral
of velocity on the VPM cell edges:

α
i, j
cell ' h2

VPM ω
i, j
VPM,corr =

∮
h

uVPM,corr · dl = hVPM

[(
ui+1/2, j

y − ui−1/2, j
y

)
−

(
ui, j+1/2

x − ui, j−1/2
x

)]
, (17)

where hVPM is the VPM cell size and αi, j
cell is the circulation within a specific cell (i, j).

4. This vorticity ωVPM,corr is next integrated into the uncorrected grid vorticity

ωVPM(xi j, tn+1) = 1Ωcorr
NW

(xi j)ωVPM,corr(xi j, tn+1) +
(
1 − 1Ωcorr

NW
(xi j)

)
ωVPM(xi j, tn+1) , (18)

where 1Ωcorr
NW

is the indicator function for the region Ωcorr
NW .

As this procedure is performed at the beginning of the VPM time step, the subset of particles redistributed at every time
step (xp,1, αp,1) immediately benefits from this correction. The other subset, (xp,2, αp,2), only obtains this information
every Nr VPM time steps. This is of no consequence as the first subset prevails in the NW region, per the treatment
described in Section 3.2. The VPM method thus has a corrected vorticity at the beginning of its time step and will
obtain a Biot-Savart velocity field that includes this correction.
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Zoo
m

u i−1/2, j
y

u i+1/2, j
y

ui, j+1/2
x

ui, j−1/2
x

ωi, j
VPM,corr

∂Ωouter
NW

ΩBody

ΩNW

ΩVPM

Wall

Fig. 5: VPM correction: the NW solver staggered mesh is in the foreground with its variables us ( ), un ( ), and ughost
s ( ); vorticity

and velocity on the VPM mesh, ( ), and staggered interpolation grid (ux: , uy: ) receiving the NW velocity are in the background. Spatial
interpolation (step 1 - ). Corrected vorticity computation (step 3 - - presented on the zoom). N.B: for the sake of clarity, the represented
interpolation stencil is narrower than the one actually used; i.e., third order Lagrange interpolation (step 1).

3.4. Circulation conservation

In the weak couplings developed so far [18, 19, 20], the transfer of vorticity from the NW solver to the vortex
method is non-conservative; i.e., the circulation is not conserved. Specifically, authors rely on the interpolation of
the NW vorticity field onto the particles inside the vortex method; the accuracy of this projection procedure greatly
suffers in high vorticity gradient regions because of sampling errors. This non-conservation of circulation forced those
authors to complement the VPM solver with a wall enforcement scheme, either a panel method [7], a penalization
technique [12], or a high order Immersed Interface Method [14]. The use of one of those techniques also permitted
to enforce the no-through flow and no-slip conditions on the body surface within the VPM time step. However, the
results have shown that those wall treatment techniques were counter-productive: a corrective step attempts to cancel
the spurious slip and through-flow at the solid boundary but in a very under-resolved manner, a condition not too well
tolerated by the three schemes mentioned above. Numerical experiments by Daeninck1 have shown that this leads to
large numerical oscillations in the near-wall vorticity, which in turn affects the velocity field evaluated on the outer
boundary ∂Ωouter

NW and then induces instantaneous changes in the NW pressure field, eventually leading to unusable
wall-based measurements forces (see similar discussion in Section 3.2)

This shortcoming has motivated our use of a different correction step in order to avoid the need of an explicit wall
enforcement technique. We show hereunder that the proposed correction of the near-wall vorticity field within VPM
is sufficient for an efficient and robust coupling.

In order to conserve the circulation between the NW and the VPM solvers, one possibility is to compute, in the
NW solver, the average vorticity over each VPM cell. This averaged vorticity is then transferred as ωVPM,corr to
the VPM solver. However, computing the exact averaged vorticity can be geometrically complex and expensive. If
approximate quadrature rules are used, then the sampling errors are reduced but not eliminated.

Therefore, instead of transferring the vorticity directly from the NW solver to VPM, the present approach relies
on the interpolation of the velocity from the NW solver to the VPM grid. And since the velocities are interpolated
onto a staggered arrangement, the curl operator is fully consistent (Eq. (17)). This method provides an improved
conservation of the circulation, albeit not exact, and at the cost of a simple pointwise interpolation. Indeed, the error
on the circulation now consists in the error on any contour integral of the velocity transferred from the NW to the
VPM solver, as clarified in the paragraphs hereunder.

When we consider a single VPM cell using the present scheme, the circulation is not exactly conserved because
the vorticity in the cell is computed using only the 4 interpolated velocities, obtained as pointwise values. If the NW

1Private communication.
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cell size is much smaller than the VPM cell size, then sampling errors can affect the accuracy of the approximated
contour integral (and thus the computed value of vorticity) when large velocity gradients are present. Now, let us
consider the following contour (see left part of Fig. 6): ∂ΩBL starts in the upper part or outside of the boundary
layer, where the two mesh resolutions agree, it dives through the boundary layer, goes into the body, and comes out
again and to close itself above the boundary layer after a few hVPM’s. The sampled velocity above the boundary layer
does not suffer from aliasing because the NW and VPM cell sizes are forced to match (see the parametric studies of
Section 4) and is within O

(
h3

VPM

)
of the NW solver velocity. The velocity inside the body is null and the velocity

on the segments crossing the boundary layer is dominated by components which are normal to the contour. The
circulation about this contour can then be expected to be accurate. Finally, we can look at a contour near ∂Ωouter

NW and
encompassing the whole body (see right part of Fig. 6). Again, the sampling and interpolation errors on the velocity
are small since the NW cell size is forced to match the VPM cell size on ∂Ωouter

NW . Therefore, the circulation computed
as a contour integral of the interpolated velocities matches that of the same contour integral in the NW solver. And
since the curl operator is consistent, the circulation computed as the integral of the correction vorticity in the VPM
solver thus also matches the total circulation of the NW solver.

∂ΩBL

∫ [u + 𝒪 (h3
VPM)] ⋅ d l

∫ u ⋅ d l ≃ 0

∫ u ⋅ d l = 0

∂Ωouter
NW

∂ΩΓ
NW

∂Ωouter
NW

∮ [u + 𝒪 (h3
VPM)] ⋅ d l

Fig. 6: Contours ∂ΩBL and ∂ΩΓ
NW designed to capture the boundary layer intensity (left) and the total circulation over the NW domain (right). For

the sake of illustration, the streamlines and the norm of the velocity field from the impulsively starting cylinder test case at Re = 550 at t∗ ' 4 are
presented in the background (see Section 6.1).

The present scheme thus provides a very good conservation at scales corresponding to a few VPM cell sizes and
of the global circulation around the body, despite not being exact locally. Furthermore, the numerical noise in the
local circulation, is of little consequence. Indeed, the part of the flow resolved by the vortex code (and only the vortex
code) is not influenced by the intricate details at the scales of the near-wall region, but only by scales a bit larger.
Indeed, the first multipole moments of patches of the boundary layer would be accurately predicted by the vorticity
transferred on the VPM mesh. Thanks to this large-scale conservation of circulation, the above correction enforces
the no-slip and no-through flow conditions on the object at each VPM time step, and at the resolution of the VPM
solver. This suffices for performing the next VPM time step. This vorticity correction procedure thus represents a
very good trade-off between accuracy (good circulation conservation at the VPM scale) and computational cost (using
only a number of pointwise interpolations equivalent to the number of vorticity points to correct).

These properties of the correction scheme lead to two important consequences: (1) the present coupling does not
require the explicit control of circulation and (2) the computed VPM velocity field is sufficiently smooth and accurate
in the vicinity of ∂Ωouter

NW to provide the NW boundary condition there. The verification cases (Section 6) and the
application (Section 7) should substantiate this claim of robustness.
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4. Guidelines for the coupling parameters

The present coupling method involves several numerical and geometrical parameters whose effects on the coupling
performance are discussed here. This discussion is based on extensive parametric studies. We only present here the
conclusions of those studies in the form of guidelines.

w

∂Ωouter
NW

Ω2 = ΩVPM

d1
NW

d0
NW

1

ΩBody

hNW

hVPM

Ω1

1δΩ1
0

d2
NW

Wall

Fig. 7: Coupling parameters: the subset of particles redistributed at every VPM time step (Nr = 1) is denoted by ( ), while the other subset,
redistributed every Nr = 5 step, is represented by ( ). The VPM mesh is denoted by ( )

The parameters involved are listed hereunder and presented in Fig. 7:

• w: the width of the NW domain.

• d1
NW : the extent of the unit value of the mollified indicator function 1δ

Ω1
beyond the NW outer boundary ∂Ωouter

NW ;

• d0
NW : the extent of the non-zero value of the mollified indicator function 1δ

Ω1
beyond the NW outer boundary

∂Ωouter
NW ; the width of the 1δ

Ω1
transition is defined as δ ,

(
d0

NW − d1
NW

)
.

• d2
NW : the margin between the boundary of Ω1 and the support of 1δ

Ω1
.

• hVPM: the spatial resolution of the VPM solver.

• hNW : the spatial resolution of the NW grid at the outer boundary ∂Ωouter
NW .

Guidelines for hNW and hVPM: The resolution and stretching for the NW mesh (and hNW by implication) shall be
set in a way to capture the vortex structures everywhere in ΩNW . Similarly, the uniform VPM spatial resolution hVPM

shall be set to capture the vortex structures in the non-overlapping flow domain only (ΩVPM\ΩNW ). Consequently,
the cell size of the NW and VPM solvers at the outer boundary shall match: hNW = hVPM . With respect to the
recommended situation above, refining the NW mesh while keeping hVPM constant (or experimenting the opposite)
will not benefit the global accuracy, which is limited by the coarsest resolution among both solvers on ∂Ωouter

NW . In
addition, a local refinement of the VPM mesh in the NW region using a multi-resolution solver, while still complying
with our recommendations above, will efficiently improve the global accuracy. Indeed, a better capture of the under-
resolved VPM vortical structures in ΩNW will radiate an enhanced boundary condition to the NW solver.

Guideline for w: The quantity of interest for the NW domain width is actually the ratio w/hVPM . First, we recall
that the most under-resolved VPM vortical structures are those at the wall and induce small errors in the velocities
evaluated at the boundary ∂Ωouter

NW . A larger value for w/hVPM will then lead to a more accurate boundary conditions
for the NW solver. But a larger value for w/hVPM also leads to (1) more computational elements for the NW solver
and (2) a larger area of the computational domain solved in an Eulerian manner, thus affecting the performance of
the combined solver for the advection of vortical structures in the NW region. When working with a uniform VPM



P. Billuart et al. / Journal of Computational Physics (2022) 13

resolution, one must then achieve a trade-off. The NW domain width should be set to a fraction of the characteristic
size of the object: w = 0.5-1.5 Lc. Such a width, together with the recommendations mentioned above for hNW

and hVPM , will naturally lead to a close-to-optimal w/hVPM value. In contrast, if a multi-resolution VPM solver
is available, no trade-off is required. Indeed, a local refinement of the under-resolved structures in the NW region
enables the same level of accuracy on ∂Ωouter

NW when one reduces w and keeps coarse cells in the wake. Again, we note
here the major interest of using a multi-resolution VPM solver.

Guideline for function 1δ
Ω1

: The values chosen for those two parameters result from tackling three constraints and
numerical behaviors:

1. Too small a transition width δ (with respect to the mesh size hVPM) for 1δ
Ω1

affects the conservation of circulation
during the blending operation of (15).

2. A large extent for the support of 1δ
Ω1

essentially cancels the Lagrangian character of the VPM method and
therefore degrades its performance for the advection of vortical structures from the NW region.

3. The use of two sets of particles reduces drastically the oscillations in the wall-based measurement of the aero-
dynamic forces. In spite of this, very small high frequency numerical noise subsists. The parametric study
has shown that the amplitude of these oscillations decreases slightly with larger δ or d1

NW and indicates that a
distance d1

NW > 0 is necessary.

In light of these three effects, the following trade-off has been set for the simulations performed in the Sections 6 and
7: d1

NW = 4 hVPM and δ ,
(
d0

NW − d1
NW

)
= 8 hVPM .

Finally, the Eulerian definition of ΩNW , Ω1 and 1δ
Ω1

leads to two important CFL-like constraints on the handling
of the two sets of particles in the coupled solver.

(1) As already mentioned in Section 3.2, the margin d2
NW between the boundary of Ω1 and the support of 1δ

Ω1
has

to account for the stencil width of M′4 and for the advection of particles into Ω1. Indeed, when the velocity is
oriented towards the body, the inward displacement of the particles of subset 1 must be limited to avoid particle
depletion in the support of 1δ

Ω1
. If we define u2

max as the maximal velocity magnitude in the region covered by
d2

NW , this issue translates into the following constraint over d2
NW :

d2
NW > ∆tVPM u2

max +
1
2

wM′4 hVPM (19)

where wM′4 , 4 is the stencil size of the M′4 scheme. A non-compliance with this constraint can cause a
significant loss of circulation.

(2) Conversely, the outward displacement of the particles should be limited to avoid that particles of subset 2
originating from ΩNW reach the support of (1−1δ

Ω1
) before being redistributed. Otherwise, this would translate in

a slight degradation of the vorticity beyond d1
NW because such particles would have missed some NW corrections

during their Nr-time step lifetime. If we define u1
max as the maximal velocity magnitude in the region covered

by d1
NW , this issue translates into the following time step constraint:

∆tVPM <
d1

NW − 1
2 wM′4 hVPM

Nr u1
max

. (20)

A non-compliance with this condition could result in a loss of accuracy of the method.

5. Convergence studies

In this section, we use the case of the hollow diffusing Gaussian vortex to study the global convergence rates. This
case was also used by Gillis et al. [14] to conduct their own convergence studies. We perform this study for each
solver individually and for their combination, once coupled. The vortex is centered at xc = xi

c, the center of the inner
boundary from the NW solver (see Fig. 8), and is characterized by the following analytical vorticity, ωG, and velocity,
uG = (uG, vG), fields:

ωG(x, y, t) =
Γ

π

1(
σ2 + 4νt

) exp
(
− |x − xc|2
σ2 + 4νt

)
, (21)
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uG(x, y, t) =
1

2π
Γez × (x − xc)
|x − xc|2

[
1 − exp

(
− |x − xc|2
σ2 + 4νt

)]
. (22)

The core radius, σ, is set to 2D where D = 2R = Di is the diameter of the inner circle boundary from the NW
solver (see Fig. 8). We consider this problem at a Reynolds number Re , 1

π
Γ
ν

= 1000 and evaluate the errors at
a dimensionless time t∗ , t Γ/R2 = 32. This time, together with the eccentric domain discussed below, allows the
advection of vorticity both into and from the NW domain.

x−xi
c

Di

y−
yi c

D
i

−1 −0.5 0 0.5 1 1.5 2

−1.5

−1

−0.5

0

0.5

1

1.5

Fig. 8: NW solver mesh used for the convergence study.

We study the convergence of the 2- and∞-norms of the errors on the velocity and vorticity fields for both solvers,
and on the pressure field for the NW solver. Taking the analytical field as reference, we define the following dimen-
sionless errors

Eu
2 =

1
Γ

√∑
i, j

|ui j − uG
i j |2 ∆S u

i j +
∑
k,l

|vkl − vG
kl|2 ∆S v

kl

Eω
2 =

R
Γ

√∑
i, j

|ωi j − ωG
i j |2 ∆S i j

EP
2 =

R
Γ2

√∑
i, j

|Pi j − PG
i j |2 ∆S i j

Eu
∞ =

R
Γ

[
max

i, j
|ui j − uG

i j | + max
k,l
|vkl − vG

kl|
]

Eω
∞ =

R2

Γ
max

i, j
|ωi j − ωG

i j |

EP
∞ =

R2

Γ2 max
i, j
|Pi j − PG

i j |

(23)

The expressions for the velocity and vorticity errors are valid for the NW and VPM methods. They are expressed with
distinct surface elements ∆S u

i j and ∆S v
kl for the velocity components to reflect the fact that these errors are computed

on a staggered grid for the NW solver. Considering two successive resolutions, (hk) and (hk+1), and their associated
errors, we compute the convergence rates, r2 and r∞, as

r2 =
log

[
Ek

2/E
k+1
2

]
log [hk/hk+1]

and r∞ =
log

[
Ek
∞/E

k+1
∞

]
log [hk/hk+1]

. (24)

NW solver

For this convergence study, the FD solver is run alone on a hollow domain with boundary conditions similar to
those of the coupling approach (Section 3.1). Both components of the analytical velocity are enforced at the inner
boundary, while the analytical normal velocity and vorticity are prescribed on the outer boundary.

This case is run on a cylindrical mesh deformed by means of a conformal transform that preserves the orthogonal
property; this causes a flow through the outer boundary ∂Ωouter

NW (see Fig. 8) which is a circle of diameter Do and



P. Billuart et al. / Journal of Computational Physics (2022) 15

centered at xo
c . The eccentricity |xo

c − xi
c|/Di is set to 0.5 and the outer diameter is three times larger than the inner one,

Do/Di = 3. For more details about the mesh and the conformal transform, we refer to Appendix B. This setup results
in a non-axi-symmetric problem and utilizes the mixed boundary condition on the outer boundary in a non-trivial way,
as the vortex lies at the center of the inner boundary.

This is a global convergence study: the maximal CFL number is kept constant at about 0.1. The time and spatial
resolutions are thus decreased by the same factor along the convergence path. The results, presented in Fig. 9a and in
Table B.6 (in Appendix B), exhibit second order convergence for the 2- and ∞-norms as expected. Those rates are
consistent with the second order temporal and spatial schemes used for the NW solver.

D/hNW

101 102
10−9

10−8

10−7

10−6

10−5

10−4

(a) NW solver

D/hVPM

101 102

10−7

10−6

10−5

10−4

(b) VPM solver

Fig. 9: Global convergence for individual solvers: Eu
2 ( ) , Eu∞( ), Eω

2 ( ) , Eω∞( ), EP
2 ( ) , EP∞( ), O(h) ( ) and O(h2)

( ).

VPM solver

The global convergence of the VPM method is studied on a square computational domain [−20 D; 20 D]2 with the
Gaussian vortex positioned in the center. Unbounded conditions are applied on the four edges of the box.

These VPM simulations are run at a constant maximal CFL number of about 0.26; all the particles are redistributed
every five time steps. The results, presented in Fig. 9b and in Table B.7, exhibit mainly second order convergence
for the 2- and ∞-norms, as expected. This rate agrees with the lowest order of accuracy of the spatial and temporal
schemes, which are respectively second and third order accurate.

Coupling

The computational domains and parameters used above for the NW and VPM solvers are combined into the
configuration for the coupled simulations of the diffusing vortex. The resulting setup appropriately stresses several
aspects of the coupling: a ten-fold factor between the NW and VPM time steps, the spatially-varying redistribution
frequency– Nr = 1 and 5– within VPM, a varying ratio between the NW and VPM mesh resolutions on ∂Ωouter

NW :
hNW/hVPM ' 1 on the right of Fig. 8 and hNW/hVPM ' 0.2 on the left.

The error computations for the NW and VPM solvers account for the roles of the respective solvers: as the NW
solver provides the most accurate solution over ΩNW, the VPM error is here only computed on the region ΩVPM \ΩNW.
The results, presented in Fig. 10 and in Tables B.8 and B.9, indicate that the coupling achieves a second order
convergence. As the individual solvers are both second order accurate, this demonstrates that all the operations
involved in the coupling maintain this order: the spatial interpolation of information between the NW and VPM
solvers in both directions (Section 3.1 and 3.3), the linear interpolation in time for the NW boundary conditions, and
the weak coupling strategy itself.
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Fig. 10: Global convergence for the coupling in the NW domain (left) and VPM-only domain (right). Eu
2 ( ) , Eu∞( ), Eω

2 ( ) , Eω∞(
), EP

2 ( ) , EP∞( ), O(h) ( ) and O(h2) ( ).

6. Verification: the flow past a cylinder

We now verify the proposed coupling on the benchmark problem of the flow past a cylinder of diameter D = 2R
and at various Reynolds numbers Re = (U∞ D) /ν, both at the impulsive start and in the shedding regime. In particular,
we examine the consistency of the forces captured by the two constituent methods, verify them against competing
approaches, and assess the performance at capturing wall vorticity.

We first recall that the forces on the immersed body can be estimated from either the NW or the VPM solver.
In the NW solver, they are computed by integrating the shear and pressure stresses around the body surface. In the
VPM solver, we use a control volume approach initially proposed by Noca et al. [31], and specifically, the flux-based
expression. For a stationary and non-deforming body, it simplifies to

F
ρ

=

∮
∂Ωc

n̂ · γflux dS (25)

where Ωc is the control volume encompassing the body and n̂ is the normal unit vector to ∂Ωc. The flux γflux is given
by

γflux =
1
2
|u|2I − uu − 1

N − 1
u (x × ω) +

1
N − 1

ω (x × u)

− 1
N − 1

[(
x · ∂u

∂t

)
I − x

∂u
∂t

+ (N − 1)
∂u
∂t

x
]

+
1

N − 1
[x · (∇ · T) I − x (∇ · T)] + T

(26)

in which N is the spatial dimension (2 for this paper), I is the identity tensor and T = ν
[
∇u + (∇u)T

]
is the viscous

stress tensor for an incompressible flow. The motivation for this approach is two-fold: (1) these formulas by Noca
et al. do not involve the pressure field, making them quite attractive for vorticity-velocity formulations such as the
VPM method; (2) this specific flux-based variant does not involve volume integrals over Ωc and thus avoids the
integration of under-resolved velocity and vorticity fields in the near-wall region, which would have inevitably led to
noisy and inaccurate force estimations. An additional precaution is nonetheless taken for this surface integral. The
under-resolved vorticity in the near-wall region can affect velocities some distance away from the wall through the
Biot-Savart law; we thus use control volume surfaces ∂Ωc that lie at or further than ∂Ωouter

NW from the wall. Ultimately,
let us make clear that the present exercise aims at a numerical verification: these VPM forces should not supplant the
NW-based ones in applications as the latter are based on the finest mesh.
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The remainder of this discussion relies on the following dimensionless quantities

t∗ ,
t U∞

D
, Cd ,

Fx
1
2 ρU2∞ D

, Cl ,
Fy

1
2 ρU2∞ D

, ω∗ ,
ωD
U∞

, P∗ ,
P

1
2 U2∞

, and h+ ,
hn,wall

NW uτ
ν

(27)

where u2
τ , |τwall|/ρ with τwall the shear stress at the wall, and hn,wall

NW the cell size in the wall-normal direction at the
body surface in the NW solver.

6.1. Impulsive start

The NW mesh is polar with a stretching in the normal direction, as shown in Fig. 11. This stretching accommo-
dates two requirements: (1) capturing the smallest structures in its own domain and (2) matching the NW and VPM
resolutions on the outer boundary ∂Ωouter

NW . We note that a special attention was given to the normal size of the first cell
hn,wall

NW that is such that h+ < 1 for t∗ > 0.03. This study considers the impulsive start at several Reynolds numbers;
the corresponding spatial and temporal parameters are summarized in Table 1. For all simulations, the particle subset
working at Nr = 1 and the corresponding indicator function 1δ

Ω1
are set up following the conclusions of the parametric

study of Section 4. The second particle subset operates at a redistribution frequency Nr = 5 for all cases.

Table 1: Mesh parameters and ratio of temporal resolution between both solvers for the impulsively started cylinder cases.

Re w/R R/hVPM R/hn,wall
NW hVPM/h

n,wall
NW hθ,wall

NW /hn,wall
NW

∆tVPM/∆tNW

(min..avg..max)
550 1 18.3 178.5 9.8 4.7 1..2..2
3000 1 36.6 714.3 19.5 9.3 1..2..3
9500 1 146.3 2000 13.7 6.8 1..4..6
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Fig. 11: Mesh used for the Re = 550 impulsively started cylinder test case. The VPM mesh is at the background and NW mesh is at the foreground.

Re = 550

A close inspection of the vorticity field shown in Fig. 12 reveals the excellent continuity of this field across the
outer NW solver boundary. This consistency, in particular, confirms the effectiveness of the mixed velocity-vorticity
boundary condition and of the vorticity correction step.

The simulation is performed up to t∗ = 10. As the flow remains up/down symmetric for the short times considered
in this benchmark, we only present the history of the drag coefficient in Fig. 13, according to the NW and VPM
solvers. The flux formula used by the VPM solver is evaluated on a control surface situated at 1 D from the center of
the cylinder. The agreement is excellent, between each other, and also with Gillis et al. [14] and Koumoutsakos and
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Leonard [32] who both also used vortex methods. A zoom on the early times (until t∗ = 0.1) is also presented and
shows the good agreement with a theoretical expansion [33], valid only for short times,

Cd =
π√

(Re t∗)

[(
2.257 + k − 0.141 k2 + 0.031 k3

)
+

(
8.996 − 41 k + 143.8 k2 + 45.4 k3

)
t∗2+

(
20.848 − 314.08 k − 1851.36 k2 − 194.8 k3

)
t∗4 +

(
28.864 + 6.272 k

)
t∗6 + O

(
t∗8

)] (28)

where k , 4
√

t∗/Re. This expression stems from the temporal power series of the early boundary layer development.
Its range of validity and convergence is not precisely known, but, logically, it increases with the Reynolds number.

The capture of the initial t−1/2 decrease is challenging for any method but the present coupling handles it very
well. We indeed observe an oscillation into the NW-based force curve but it quickly recovers to the correct trend.
In Fig. 14, we compare the wall vorticity obtained by the NW solver with the one predicted by the above-mentioned
works. Of note, the results of the present coupling are free of spurious oscillations, a feat enabled by the body-fitted
NW solver. Such a smooth curve for ω∗wall can only be produced at very fine resolutions in vortex methods that rely
on the penalization [12] or immersed interface [14] techniques. For both times considered, the present coupling is in
excellent agreement with the results of Gillis et al. [14], but for the first peak around θ = 0.3 π, the location of the
maximum vorticity flux. The otherwise perfect agreement, and the fact that the wall-normal resolution of the NW
mesh, hn,wall

NW , is about twice as fine as that of [14] at the wall indicate that this localized difference could come from
the treatment of the vorticity flux, which differs intrinsically between the approaches. Let us note, finally, that the
VPM mesh in this coupling has a resolution hVPM 5.6 times coarser than that of Gillis et al. [14].

Fig. 12: Impulsively-started cylinder at Re = 550: contours of dimensionless vorticity at t∗ ' 4 in the NW and VPM solvers. Contour levels are by
steps of 1.5. The color plot is saturated for |ω∗ | > 6. The limit ∂Ωouter

NW between the NW and VPM results is represented by a thin black line.

Re = 3000

The visualizations of this flow at Re = 3000 in Fig. 15 highlight an important feat of the coupling: the handling
of fine vortical structures advected between the NW and VPM domains. Figure 16 shows the drag coefficient up
to t∗ = 6, with a zoom for the early times until t∗ = 0.06. Up to t∗ ' 2, the NW and VPM-based forces agree
perfectly; past that point, one can observe oscillations in the VPM-based estimation. The time t∗ = 2 corresponds to
the advection of the first vortical structures into the region ΩVPM \ ΩNW; those structures are quite fine at such early
times and, together with the relatively coarse VPM mesh resolution, could explain the marked oscillations between
t∗ = 2 and 3. At later times, the advected shear layers are thicker (see e.g. Fig. 15) and lead to weaker oscillations.
This time t∗ = 2 also marks the onset of a slight departure with respect to the references. The present VPM resolution,
again 5.6 times coarser than that of Gillis et al. [14], probably leads to a slightly less accurate resolution of the wake
dynamics and therefore to differences in the pressure at the wall. At the wall, the hn,wall

NW of the present approach is 3.5
times finer than Gillis et al. [14]. The wall vorticity is presented in Fig. 17 and leads to similar observations as for
Re = 550.
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Fig. 13: Impulsively-started cylinder at Re = 550: Drag coefficient.
Present coupling: evaluation by the FD solver ( ) and by Noca for-
mula on a control surface situated at 1 D from the center of the cylinder
( ). Gillis et al. [14] ( ). Koumoutsakos and Leonard [32] ( ).
Theoretical curve [33] ( ).
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Fig. 14: Impulsively-started cylinder at Re = 550: wall vorticity ω∗wall
vs the azimuthal position θ (θ = 0 at the stagnation point). Present
coupling (t∗ = 1: , t∗ = 3: ), Gillis et al. [14] (t∗ = 1: ,
t∗ = 3: ) and Koumoutsakos and Leonard [32] (t∗ = 1: ).

Fig. 15: Impulsively-started cylinder at Re = 3000: contours of dimensionless vorticity at t∗ ' 4 in the NW and VPM solvers. Contours levels are
by steps of 3. The color plot is saturated for |ω∗ | > 10. The limit ∂Ωouter

NW between the NW and VPM results is represented by a thin black line.

Re = 9500

The flow around the cylinder at Re = 9500 is presented in Fig. 18. Figure 19 shows the drag coefficient; the higher
Reynolds number leads to a comparison with the more recent contributions with penalization and IIM techniques, the
works of Rossinelli et al. [5] and Gillis et al. [14], respectively. Our result agrees with those two works, especially
at early times. The penalization technique [5] exhibits the first deviation, between t∗ = 1 and 2 with respect to the
other two results. This is consistent with the lower-order treatment inherent to the penalization which, in spite of the
multi-resolution adaptive grid (MRAG) used in that work, leads to a different prediction of the first separation and
shedding; this evidently affects the subsequent dynamics. The IIM [14] and the present coupled approach exhibit
an excellent agreement up to a time t∗ ' 2.2. These two references use very refined grids: the penalization-MRAG
technique and the IIM have effective resolutions 22.4 and 5.6 times finer in the wake, respectively. At the wall though,
the hn,wall

NW of the present approach is 1.6 times coarser than the penalization-MRAG technique and 2.4 times finer than
the IIM. The wall vorticity, shown in Fig. 20, confirms that the present work captures the physics in a fashion similar
to that of Gillis et al. [14] albeit with peaks slightly less pronounced. The results of Koumoutsakos and Leonard [32]
do not quite capture those, as they are at a lower resolution (Rossinelli et al. [5] do not provide wall vorticity as it is
less readily available in their penalization approach).
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Fig. 16: Impulsively-started cylinder at Re = 3000: Drag coefficient.
Present coupling: evaluation by the FD solver ( ) and by Noca for-
mula on a control surface situated at 1 D from the center of the cylinder
( ). Gillis et al. [14] ( ). Koumoutsakos and Leonard [32] ( ).
Theoretical curve [33] ( ).
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Fig. 17: Impulsively-started cylinder at Re = 3000: wall vorticityω∗wall
vs the azimuthal position θ (θ = 0 at the stagnation point). Present
coupling (t∗ = 1: , t∗ = 3: ), Gillis et al. [14] (t∗ = 1: ,
t∗ = 3: ) and Koumoutsakos and Leonard [32] (t∗ = 1: ).

(a) t∗ ' 3 (b) t∗ ' 5 (c) t∗ ' 7

Fig. 18: Impulsively-started cylinder at Re = 9500: contours of dimensionless vorticity at t∗ ' 3, 5, and 7 in the NW and VPM solvers. Contours
levels are by steps of 6. The color plot is saturated for |ω∗ | > 20. The limit ∂Ωouter

NW between the NW and VPM results is represented by a thin black
line.

6.2. Shedding regime

We now consider the established periodic shedding regime at Re = 200 and 550. The NW mesh is again polar but
differs from the impulsive start cases by its extent, 1 D from the wall. This longer distance allows the structures to
diffuse more before reaching ∂Ωouter

NW and thence for a coarser resolution of the VPM mesh, which extends up to 37D
downstream of the cylinder.

Table 2 gathers the mesh parameters for the cases and the time resolution ratio between both solvers. Two reso-
lutions are run for Re = 200 in order to assess resolution effects. We do not require the wall-normal mesh resolution
hn,wall

NW to resolve the very thin boundary layers due to the impulsive start anymore; the constraint h+ < 1 is thus
only satisfied for the shedding regime. Most other parameters are set similarly to the impulsive start study. There
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Fig. 19: Impulsively-started cylinder at Re = 9500: Drag coefficient.
Present coupling: evaluation by the FD solver ( ) and by Noca for-
mula on a control surface situated at 1 D from the center of the cylinder
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Fig. 20: Impulsively-started cylinder at Re = 9500: wall vorticityω∗wall
vs the azimuthal position θ (θ = 0 at the stagnation point). Present
coupling (t∗ = 1: , t∗ = 3: ), Gillis et al. [14] (t∗ = 1: ,
t∗ = 3: ) and Koumoutsakos and Leonard [32] (t∗ = 1: ).

are a few differences though: a small vertical freestream perturbation is added starting from t∗ = 0 till t∗ = 1/St2,
Uy
∞/U∞ = 1/2 sin (2π St t∗), to trigger shedding earlier and an outflow condition, ∂ω/∂n = 0, ∂un/∂n = 0 and us = 0,

is applied on the right boundary of the VPM Biot-Savart solver.

Table 2: Mesh parameters and ratio of temporal resolution between both solvers for the shedding cases.

Re w/R R/hVPM R/hn,wall
NW hVPM/h

n,wall
NW hθ,wall

NW /hn,wall
NW

∆tVPM/∆tNW

(min..avg..max)
200coarse 2 6.4 50 7.8 2.6 2..2..2
200fine 2 12.8 100 7.8 2.6 2..3..3
550 2 12.8 100 7.8 2.6 2..2..2

Re = 200

From Fig. 21, we first observe the very good consistency of the vorticity field across the boundary ∂Ωouter
NW in spite of

the coarse resolution for the VPM solver. The effects of the mesh resolution and of the extent of the control surface ∂Ωc

on the force evaluations are highlighted in Fig. 22. The coarse resolution R/hVPM = 6.4 exhibits marked oscillations in
the VPM-based force measurements. The oscillations actually have a pattern following the redistribution frequency
Nr = 5 of the second particle subset; this leads us to the assumption that their amplitude is also affected by the
local flow distortion. The noise is markedly reduced for the 2 D control surface compared to larger surfaces; this is
consistent with its computation being more governed by the subset-1 region and thus showing less the influence of the
Nr = 5 numerical noise. Nevertheless, even at 2 D, the VPM-based predictions always present an offset with respect
to the NW estimation. The fine resolution exhibits smaller oscillations and smaller offset than the coarse one thanks
to the decreased distortion; from the coarse to the fine resolution, the time step was indeed decreased by a factor two
while keeping the remeshing frequency constant.

Table 3 compares the lift coefficient Cl, drag coefficient Cd and Strouhal number St computed from wall quantities
in the NW solver with those obtained when performing the same simulation with the NW solver alone (on a very
finely resolved and wide domain, see Appendix C for the computational parameters), and with the literature. The
results obtained with the coarse mesh are quite close to those produced by the fine mesh, indicating that they might

2St is the Strouhal number that can be found in well-known experimental curves [34]
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Fig. 21: Shedding past a cylinder at Re = 200 on the coarse resolution: contours of dimensionless vorticity and pressure (bottom) at t∗ ' 232 in
the NW and VPM solvers. Levels for ω∗ are by steps of 1, while those for P∗ are by steps of 0.2 and starts from P∗max. The color plot is saturated
for |ω∗ | > 4. The limit ∂Ωouter

NW between the NW and VPM results is represented by a thin black line.

be already quite converged. The agreement with the uncoupled NW solver is very good, and so is it with the literature
references. Moreover, the convergence studies performed in Section 5 indicate that the present fine results are clearly
better converged than the coarse ones. The first two references [35, 36] use a Finite Volume method and their outer
boundary are located at 30D and 50D, respectively, from the center of the cylinder. Their mesh resolutions are quite
coarse; 200 × 120 quadrilaterals are used to discretize the entire computational domain in [35], while only 81 points
are used radially in [36]. The normal stretching for the latter is such that the normal resolution hn

i /R increases from
' 1/35 at the wall to ' 4 at the outer boundary. The third reference [37] uses Finite Difference coupled with an IIM
method to handle the body. The size of the computation domain, 80D× 80D, is discretized using 321× 321 cells. An
uniform 81 × 81 square mesh (hn

i /R ' 1/40) is used in the D × D volume surrounding the cylinder. This mesh is next
stretched to the inflow, outflow and far-field boundaries.

Table 3: Shedding past a cylinder at Re = 200: force coefficients and Strouhal number computed at the wall by the NW solver

Cd Cl St
Present coupling (coarse) 1.333 ± 0.046 ± 0.649 0.1957
Present coupling (fine) 1.328 ± 0.046 ± 0.655 0.1952
NW solver alone 1.327 ± 0.0455 ± 0.675 0.195
Wright and Smith [35] (Finite Volume) 1.33 ± 0.04 ± 0.68 0.196
Rosenfeld et al. [36] (Finite Volume) 1.31 ± 0.04 ± 0.65 0.20
Choi et al. [37] (Finite Difference + IIM) 1.36 ± 0.048 ± 0.64 0.191

Re = 550

The results for the dynamics of the shedding regime at Re = 550 are scarce in the literature. Rather than for
verification purposes, we here document this case for the sake of completeness. We ran this case up to t∗ = 400,
which corresponds to about 91 shedding periods. The vorticity contours, shown in Fig. 23, again indicate the good
continuity of vorticity between the solvers, even though VPM is working at the same resolution as for the Re = 200
fine case.

The force coefficients shown in Fig. 25 show a good agreement between the NW and VPM-based estimations, in
spite of the relatively low VPM resolution. The numerical noise for the larger control surfaces is also quite contained.
Caution has to be used in the discussion of the force diagnostics and Strouhal number, though. The von Karman
vortex street at this Reynolds number is indeed more unstable and the VPM domain is long enough to capture the
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Fig. 22: Shedding past a cylinder at Re = 200: evaluation of Cd and Cl by the NW solver ( ) and by Noca formula on control surfaces situated
at 2 D ( ), 5 D ( ), 10 D ( ) and 20 D ( ) from the center of the cylinder.

Fig. 23: Shedding past a cylinder at Re = 550 - zoom on 8D past the cylinder: contours of dimensionless vorticity and pressure (left) at t∗ ' 392 in
the NW and VPM solvers. Levels for ω∗ are by steps of 1.5, while those for P∗ are by steps of 0.3 and starts from P∗max. The color plot is saturated
for |ω∗ | > 6. The limit ∂Ωouter

NW between the NW and VPM results is represented by a thin black line.

instability of this primary vortex street. It transitions to a secondary vortex street (see Fig. 24 a)) through vortex
mergers. The breakdown of the primary Karman street is associated with the region of more intense dipole moment
density that can be highlighted through the averaging over a sufficient number of shedding periods (here the last 65
periods of the simulation) of the vorticity and axial velocity fields, as shown in Fig. 24 b) and c). This dipole is
located at a downstream distance of 24 D approximately. This value is in agreement with the study of Dynnikova
et al. [38]. The frequencies of the primary and secondary streets are measured using several probes positioned in the
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Fig. 24: Shedding past a cylinder at Re = 550: a) dimensionless vorticity at t∗ ' 392. b) dimensionless vorticity averaged on the last 65 Strouhal
periods. c) dimensionless axial velocity averaged on the last 65 Strouhal periods. The limit ∂Ωouter

NW between the NW and VPM results is represented
by a thin black line.

wake with a 1 D offset from the center line. From those, one can compute the Strouhal number of the primary street,
St1 = f1U∞/D ' 0.2272, and the ratio between the primary and secondary frequencies: St2/St1 = f2/ f1 ' 0.3076.
The primary Strouhal number obtained matches quite well the common experimental data [34]. The frequency of the
second street, while in agreement with Cimbala et al. [39], should be considered with caution given the proximity of
the vortex street transition with the outflow boundary condition.

We have to point out that a very weak low-frequency oscillation, f ∗ = f U∞/D � 1, is also present in the time
history of the force coefficients: ∆Cl = ∆Cd ' 10−2. This oscillation, which can only be observed on a much
larger period than Fig. 25, is likely due to the short extent available for the secondary vortex street to develop before
encountering the outflow plane. For this reason, Table 4 reports mean lift and drag coefficients, as well as their
respective minimal and maximal values, which have been averaged over the last 65 shedding periods.

Table 4: Shedding past a cylinder at Re = 550: force coefficients and Strouhal number computed at the wall by the NW solver.

C̄d C̄min
d C̄max

d C̄l C̄min/max
l St1

1.427 1.272 1.568 −0.004 ± 1.177 0.2272

7. Application

The coupling methodology is applied to the flow past an impulsively-started regularized Joukowsky airfoil at an
angle-of-attack (AoA) of 20◦ and at Re , (U∞ c) /ν = 5000, with c the airfoil chord. We note that this airfoil is
regularized: its trailing edge has a non-zero thickness thanks to a modification of the conformal mapping from a
cylinder. This regularization is such that the radius of curvature at the trailing edge is rt ' c/400. This configuration
clearly constitutes a forerunner of potential applications in wings, rotorcraft and biolocomotion studies.

The VPM domain extends up to 20 chords behind the airfoil and we run the simulation until t∗ , (t U∞) /c = 27.
The width of the NW domain varies between 0.4 c and 0.65 c. Figure 26 provides a visual information about the
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Fig. 25: Shedding past a cylinder at Re = 550: evaluation of Cd and Cl by the NW solver ( ) and by Noca formula on control surfaces situated
at 2 D ( ), 5 D ( ), 10 D ( ) and 20 D ( ) from the center of the cylinder.

mesh of the NW solver and its cell size with respect to the VPM mesh. We observe that the ratio between the NW
mesh size at the wall and the VPM one, hVPM/hwall

NW , varies around the body: the resolution ratio is very large at the
leading and trailing edges but less so on the suction and pressure sides. This varying resolution is required to capture
the finest flow scales produced on the leading and trailing edges. More specifically, the presented NW wall cell sizes
allow to maintain h+ < 2 all along the simulation. The uniform VPM mesh size hVPM ' c/185 is set up in such a
way to capture the vortical structures leaving the overlapping NW domain. The NW mesh stretching is designed to
approximately match the VPM resolution on ∂Ωouter

NW as for the verification cases. The ratio between the time steps of
the two solvers, ∆tVPM/∆tNW, varies between 3 and 8. Had it not been for the implicit handling of the diffusive term
in the NW solver, this ratio would have been 15 times larger. The VPM solver again uses an outflow condition as in
Section 6.2.

Figure 27 provides some insights into the vortex dynamics at play in the early times of this flow. One can clearly
see the startup vortex emerging from the trailing edge at t∗ = 1; it is followed by a thin wake composed of the vorticity
generated in the pressure and suction sides (t∗ = 2). As the flow goes through complex separations on the suction side,
the conservation of circulation imposes a net non-zero vorticity flux across the two lobes of this thin wake. This gives
rise to Kelvin-Helmholtz-like instabilities (t∗ = 2 to 4) and the shedding of distinct vortices with positive circulation.
Meanwhile, on the suction side, the separated boundary layers have coalesced into a large vortex that gets shed around
t∗ ' 4.5. This negative vortex greatly affects the flow in the vicinity of the trailing edge. The flow separates at a sharp
angle with respect to the trailing edge and the pressure side boundary layer thus rolls up into a positive vortex above
the airfoil; this vortex will be shed around t∗ ' 5.5.

Such shedding events are clearly indicative of large force variations, as it will be confirmed further below, and
actually, are going to repeat during the regime phase, shown in Fig. 28. The subsequent wake, which consists of
these unevenly shed vortices, gives rise to pairing events and the ejection of several counter-rotating pairs away from
the main axis of the wake and at random angles. Additionally, the curved trajectories and the rotation of these pairs
reveals that their vortices do not have perfectly opposite strengths. The random or chaotic character of these pairing
and ejection events clearly begs for a deeper analysis, which we leave as a subject of future work.

With the exception of a few small oscillations, the forces, shown in Fig. 29, again exhibit a very good agreement
between the NW and VPM components, for any control surface. This confirms, on a quite complex case, that the
coupling algorithm can accommodate non-trivial overlapping configurations between the NW and VPM meshes.

8. Conclusions and perspectives

We have introduced a novel coupling methodology to combine a vortex particle-mesh method with a near-wall
body-fitted velocity-pressure solver toward the efficient simulation of two-dimensional aerodynamics problems and
of their wakes. The proposed coupling relies on accurate and robust two-way exchanges of information between the
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Fig. 26: Mesh for the airfoil case.

solvers. From the NW solver to VPM solver, the method interpolates the NW velocity field to compute a vorticity
correction inside VPM. As this correction consists in the FD curl of a velocity, it conserves the circulation around
the object up to an interpolation error. The transfer of information from VPM solver to the NW solver is performed
through mixed boundary conditions that preserve the vorticity flux for the NW solver. These exchanges are therefore
non-intrusive for the component solvers and do not involve computationally-intensive Schwartz iterations. Addition-
ally, the method does not require the enforcement of a wall boundary condition within VPM time stepping, nor any
circulation accounting.

Our results indicate that the coupling of the two second-order component solvers, the FD and VPM solvers,
achieves itself a global, i.e. at constant CFL, second-order convergence. The test cases of the flow past a cylinder and
airfoil have demonstrated the synergetic performance of the method, with the NW solver capturing boundary layers,
from their inception to their separation and the VPM solver in charge of accurately advecting vortical structures far
into the wake. The results show a very good agreement with the literature and confirm the numerical accuracy and
robustness of the coupling.

In terms of perspectives, the method could benefit from filtering the NW solver velocity field prior to its inter-
polation on the staggered VPM interpolation grid (step 1 of the correction process). Indeed, sampling errors can
appear through the interpolation and those are all the more important as the local mesh size of the NW mesh is small
compared to the VPM mesh. Filtering could then help to recover a more meaningful (i.e. with less aliasing noise)
corrected vorticity fields for the VPM solver in the near-wall region. Filtering had been found unnecessary for the
present cases, still at moderate Reynolds numbers, but it could surely prove useful at very high Reynolds numbers.

The methodology does not exploit any property or hypothesis of two-dimensional flow. Hence, we do not foresee
any fundamental hurdle in extending it to three dimensions. This discussion logically segues to the handling of higher
Reynolds numbers and the addition of a sub-grid scale (SGS) model and the transition to a Large Eddy Simulation.
Again, the present DNS results exhibit a good robustness to the discontinuity in resolution and formulation; this
should most likely translate to the discontinuity in the SGS models active within the NW and VPM solvers. Such
developments would also benefit from an adaptive mesh or multi-resolution [5, 40] for the VPM method: it would
further increase the computational efficiency and automatize the flexible transition with the mesh resolution of the
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Fig. 27: Flow past the airfoil: dimensionless vorticity field ω∗ , (ω c) /U∞ at several times. The plots are saturated for ω∗ > 20.
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Fig. 28: Flow past the airfoil: dimensionless vorticity field ω∗ , (ω c) /U∞ at t∗ ' 27. The color plots are saturated for ω∗ > 20. Contours levels
for the top-left image are by steps of 6.
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Fig. 29: Flow past the airfoil: evaluation of forces by the NW solver at the wall (Cd: , Cl: ) and by Noca formula on control surfaces situated
at 1 c ( ), 2 c ( ), 5 c ( ) and 10 c ( ) from the center of the airfoil.
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NW solver.
The handling of moving and deforming boundaries mostly involves computational developments on the side of

the NW solver, e.g. an Arbitrary Lagrangian-Eulerian (ALE) mesh, a time-varying overlap with the VPM mesh,
etc. For the VPM solver, it will require small additions that can be seen as natural extensions of the present work.
Indeed, let us recall that, in the general case, the VPM solver relies on a Helmholtz decomposition of the velocity field
u = U∞ + uω + uσ, where the non-solenoidal component is given by uσ = ∇φ with ∇2φ = σ , ∇ · u. For a generic
deforming body, the deformation velocity field is not necessarily divergence-free inside the body, ∇·uVPM,corr , 0 and
the non-solenoidal component of the Helmholtz decomposition is thus non-zero also outside the body. As a result, one
also has to compute the divergence of the correction velocity and solve the Poisson equation for the scalar potential
φ, see, e.g., a similar treatment in [11].

To conclude then, the present coupling clearly sets the stage for the high fidelity and efficient simulation of flows
with wake-device interactions in domains going from aircraft and rotorcraft aerodynamics, wind turbines, and bio-
locomotion.
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Appendix A. Specificities about the Finite Difference NW solver

The Finite Difference NW solver used in this coupling approach is only able to handle orthogonal meshes. Those
are obtained by performing a conformal mapping starting from an uniform rectangular grid (see Fig. A.30). This uni-
form grid is what we call the computational domain, while the target orthogonal grid is called the physical domain.
Let us denote (n, s) the coordinates of a specific node in the computational domain and (x, y) the node in the physical
domain. The position in the physical domain of a specific node in the computational domain is obtained by applying
the conformal mapping describing the mesh : (x, y) = f (n, s). And, conversely, the position in the computational do-
main of a specific node in the physical domain is obtained by applying the inverse transformation : (n, s) = f −1 (x, y).
The left edge of the computational domain corresponds to the wall, and the no-slip and no-through flow boundary
conditions are enforced on it. Periodic boundary conditions are enforced on the upper and lower edges. The right
edge corresponds to ∂Ωouter

NW and the mixed Dirichlet and Neumann-type conditions (see Section 3.1) are enforced there.

The spatial operators are written in the local orthogonal frame of each cell, and based on the (n, s) orthogonal
coordinates system from the computational domain. This leads to a velocity, pressure and vorticity fields expressed in
(1) (n, s) orthogonal coordinates and (2) local orthogonal components for the velocity field (tangential us and normal
un components). The Navier-Stokes equations strictly speaking are therefore not discretized in the physical domain
but in the computational domain. The expressions of those operators are based on classical definitions of metrics
hn = ‖∂x/∂n‖ and hs = ‖∂x/∂s‖, and of the unit vectors ên = h−1

n ∂x/∂n and ês = h−1
s ∂x/∂s. The expressions of those

operators can be easily derived [41, 42]. For the sake of clarity, we provide hereunder the operators discretized in the
NW solver; i.e., the expressions for the convective term, H , (u · ∇u), the gradient of a scalar φ, ∇φ, the rotational
of the velocity field, ω , ∇ × u, the Laplacian of the velocity field, ∇2u, the divergence of the predictor velocity field
u∗, ∇ · u∗, and the Laplacian of a scalar g, ∇2g :

H =

{
un

hn

∂un

∂n
+

us

hs

∂un

∂s
+

us

(hn hs)

(
un
∂hn

∂s
− us

∂hs

∂n

)}
ên +

{
un

hn

∂us

∂n
+

us

hs

∂us

∂s
+

un

(hn hs)

(
us
∂hs

∂n
− un

∂hn

∂s

)}
ês (A.1)

∇φ =

{
1
hn

∂φ

∂n

}
ên +

{
1
hs

∂φ

∂s

}
ês (A.2)
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Fig. A.30: Direct and inverse mapping between the computational (left) and the physical (right) domains. Boundary conditions: wall ( ), mixed
Dirichlet and Neumann-type condition ( ) on ∂Ωouter

NW , and periodic condition ( ).

ω =
1

(hn hs)

{
∂

∂n
(hs us) − ∂

∂s
(hn un)

}
(A.3)

∇2u = ∇ (∇ · u)︸ ︷︷ ︸
0

−∇ × ω = − 1
hs

{
∂ω

∂s

}
ên +

1
hn

{
∂ω

∂n

}
ês (A.4)

∇ · u∗ =
1

(hn hs)

{
∂

∂n
(
hs u∗n

)
+
∂

∂s
(
hn u∗s

)}
(A.5)

∇2g =
1

(hs hs)

{
∂

∂n

(
hs

hn

∂g
∂n

)
+
∂

∂s

(
hn

hs

∂g
∂s

)}
(A.6)

Appendix A.1. Lagrange interpolation

A Lagrange interpolation from the NW mesh onto a staggered version of the VPM grid is carried out in Step
1 of the correction process (Section 3.3). This interpolation is performed on the computational domain and not on
the physical domain. More precisely, from a specific position (x, y) in the physical domain, we first retrieve the
corresponding coordinates in the computational domain via the inverse transformation : (n, s) = f −1 (x, y). Secondly,
we interpolate the field from the uniform rectilinear computational grid onto the specific point (n, s) using third order
Lagrange polynomials based on the nearest grid points. This interpolation is always centered in the ês direction
(thanks to the periodicity in this direction). In the ên direction, the interpolation is centered when geometrically
possible only; a partial decentering will arise for points located within cells adjacent to the wall or ∂Ωouter

NW .
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Appendix B. Convergences studies: mesh parameters for the NW solver and error data

Appendix B.1. NW mesh

The orthogonal eccentric NW mesh used for the convergence studies (see Fig. 8) is obtained through the following
conformal transformation of a polar mesh:

z = R
 Z

R + λ

1 + λ Z
R

 (B.1)

where Z and z are the complex positions in the initial polar mesh and the eccentric mesh after the transformation,
respectively. We aim to map the annular polar mesh defined from r = R to r = rout into a mesh for which the inner
circle r = R remains the same but the eccentricity defined by e , |xo

c − xi
c|/D is equal to 0.5 and the outer diameter is

three times larger than the inner one, Do/Di = 3. The mapping parameters that achieve these geometrical constraints,
λ and the radial extension rout of the initial polar mesh, can be expressed in terms of the eccentricity and the diameters
ratio Do/Di as

λ =
1
4e


√[Do

Di

]2

− [2e − 1]2

 [Do

Di

]2

− [2e + 1]2

 − (
Do

Di

)2

+ 4e2 + 1

 ' −0.146 (B.2)

rout

R
=

1

2 Do
Di


√[Do

Di

]2

− [2e − 1]2

 [Do

Di

]2

− [2e + 1]2

 +

(
Do

Di

)2

− 4e2 + 1

 ' 2.62 (B.3)

Table B.5 presents the key mesh parameters for the NW meshes used in the convergence study; we provide the mesh
discretization along the normal and tangential directions (Nn × Nθ), the first cell size at the wall hn

wall = hn
0 and the

stretching in the normal direction hn
i+1/h

n
i for the initial polar mesh. For each resolution, the stretching factor is

computed in such a way the outer edge of the last cell ends exactly at rout; i.e., by solving the following equation:

rout − R = hn
wall

Nn−1∑
i=0

(
hn

i+1

hn
i

)i

(B.4)

The stretching is thus essentially performed on the polar mesh, then only the conformal mapping is applied. The
expression of the complex position in the initial polar mesh based on (n, s) coordinates from the computational domain
is Z = r (n) ei s where the expression for the radius is :

r (n) = R +
hn

wall[(
hn

i+1
hn

i

)
− 1

] (hn
i+1

hn
i

) n
∆n

− 1

 3 (B.5)

where ∆n is the uniform resolution in the computational domain of the n coordinate.

Nn × Nθ hn
wall/R hn

i+1/h
n
i

22 × 140 4e-2 ' 1.054
× 2 ÷ 2 ' 1.0262
× 4 ÷ 4 ' 1.0129
× 8 ÷ 8 ' 1.00639
× 16 ÷ 16 ' 1.00318

Table B.5: Mesh parameters for the NW polar mesh before applying the conformal mapping.

3Note that the n upper-script in hn
i+1/h

n
i and hn

wall expressions do not correspond to the n coordinate from the computational domain but only
highlights the normal direction of these cell sizes.
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Appendix B.2. Error data

Tables B.6, B.7, B.8, and B.9 gather the values of the errors E2 and E∞ obtained for the different convergence
studies, and also the local slopes r2 and r∞. The spatial resolution, temporal resolution, and the Fourier number (r)
are also provided. For the latter, we either provide the maximal value attained on the non-uniform mesh of the NW
solver (rmax), or the constant value in the case of the uniform mesh VPM solver (r). The temporal resolution is made
dimensionless using the characteristic velocity U , Γ

2πR . For the VPM solver, we provide also the two common
accuracy criteria: |S|max ∆t and |ωmax|∆t.

Nn × Nθ (U ∆t) /D rmax Eu
2 ru

2 Eu
∞ ru

∞ Eω
2 rω2 Eω

∞ rω∞ EP
2 rP

2 EP
∞ rP

∞
22 × 140 2.55e-2 0.212 4.03e-5 2.33e-5 7.58e-5 1.68e-4 1.31e-6 4.39e-7
× 2 ÷ 2 0.424 9.7e-6 2.06 5.75e-6 2.02 1.88e-5 2.01 4.19e-5 2.0 3.23e-7 2.02 1.08e-7 2.02
× 4 ÷ 4 0.848 2.38e-6 2.03 1.43e-6 2.01 4.67e-6 2.01 1.05e-5 2.0 8.0e-8 2.01 2.68e-8 2.01
× 8 ÷ 8 1.696 5.9e-7 2.01 3.55e-7 2.01 1.17e-6 2.0 2.62e-6 2.0 1.99e-8 2.01 6.68e-9 2.01
× 16 ÷ 16 3.391 1.47e-7 2.01 8.85e-8 2.0 2.91e-7 2.0 6.56e-7 2.0 4.96e-9 2.0 1.67e-9 2.0

Table B.6: Error data for the global convergence of the NW solver running alone.

Nx × Ny (U ∆t) /D r |S|max∆t |ω|max∆t Eu
2 ru

2 Eu
∞ ru

∞ Eω
2 rω2 Eω

∞ rω∞
256× 256 2.55e-1 1.04e-2 1.34e-2 6.35e-2 1.74e-4 2.76e-5 8.03e-5 2.27e-5
× 2 ÷ 2 2.09e-2 6.71e-3 3.18e-2 4.33e-5 2 6.84e-6 2.01 1.9e-5 2.08 5.2e-6 2.13
× 4 ÷ 4 4.17e-2 3.36e-3 1.59e-2 1.08e-5 2 1.71e-6 2 4.72e-6 2.01 1.36e-6 1.93
× 8 ÷ 8 8.34e-2 1.68e-3 7.96e-3 2.7e-6 2 4.27e-7 2 1.18e-6 2 3.6e-7 1.92
× 16 ÷ 16 0.17 8.4e-4 3.98e-3 6.75e-7 2 1.07e-7 2 2.94e-7 2 9.76e-8 1.88

Table B.7: Error data for the global convergence of the VPM solver running alone.

Nn × Nθ (U ∆t) /D rmax Eu
2 ru

2 Eu
∞ ru

∞ Eω
2 rω2 Eω

∞ rω∞ EP
2 rP

2 EP
∞ rP

∞
22 × 140 2.55e-2 0.212 4.11e-5 2.92e-5 4.96e-5 1.13e-4 7.82e-7 4.98e-7
× 2 ÷ 2 0.424 9.88e-6 2.06 6.99e-6 2.06 1.23e-5 2.01 2.75e-5 2.04 2.14e-7 1.87 1.26e-7 1.98
× 4 ÷ 4 0.848 2.46e-6 2.0 1.76e-6 1.99 3.14e-6 1.97 6.95e-6 1.98 5.37e-8 2.0 3.16e-8 2.0
× 8 ÷ 8 1.696 6.32e-7 1.96 4.6e-7 1.94 8.24e-7 1.93 1.83e-6 1.92 1.3e-8 2.05 8.43e-9 1.91
× 16 ÷ 16 3.391 1.67e-7 1.91 1.22e-7 1.91 2.26e-7 1.87 5.2e-7 1.82 3.49e-9 1.9 2.28e-9 1.88

Table B.8: Error data for the global convergence of the coupling in the NW domain.

Nx × Ny (U ∆t) /D r |S|max∆t |ω|max∆t Eu
2 ru

2 Eu
∞ ru

∞ Eω
2 rω2 Eω

∞ rω∞
256× 256 2.55e-1 1.04e-2 1.34e-2 6.34e-2 2.16e-4 3.47e-5 3.01e-5 1.5e-5
× 2 ÷ 2 2.09e-2 6.71e-3 3.18e-2 5.5e-5 1.97 8.82e-6 1.98 1.31e-5 1.2 5.22e-6 1.53
× 4 ÷ 4 4.17e-2 3.36e-3 1.59e-2 1.39e-5 1.99 2.23e-6 1.99 3.94e-6 1.74 1.37e-6 1.93
× 8 ÷ 8 8.34e-2 1.68e-3 7.96e-3 3.48e-6 1.99 5.63e-7 1.98 1.05e-6 1.91 3.62e-7 1.92
× 16 ÷ 16 0.17 8.4e-4 3.98e-3 8.73e-7 2.0 1.43e-7 1.97 2.71e-7 1.95 9.8e-8 1.89

Table B.9: Error data for the global convergence of the coupling in the VPM-only domain.

Appendix C. Computational parameters for the NW solver alone for the shedding case at Re = 200

This simulation is performed on a wide and very finely resolved polar mesh (extending up to 40D behind the
cylinder). On the outer boundary, the freestream velocity U∞ and zero vorticity are enforced. Based on this boundary
condition, we stop the simulation before any vortical structure reaches the outer boundary; i.e., at t∗ = 45. The
shedding is triggered using the same vertical freestream perturbation as for the coupling cases. At the end of the
simulation, the shedding is converged up to 20 ∼ 25D behind the cylinder, with the starting vortices located further
downstream. This simulation is thus less accurate in terms of wake length with respect to the coupling cases but
the resolution is better in the near-wall region (see table C.10 that gathers all the mesh parameters). The normal
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resolution at the wall, hn,wall
NW , is indeed 5 times finer than in the coarse coupling case (2.5 for the fine resolution).

Regarding the tangential wall resolution, hθ,wall
NW , it is about 13.3 times finer than in the coarse coupling case (6.7 for

the fine resolution). We note that this polar mesh and the stretching (hn
i+1/h

n
i ) are such that the resolutions in the

normal and tangential directions remain finer than the coarse coupling case up to 19D downstream of the cylinder
(about 9.5D for the fine resolution).

Table C.10: Mesh parameters for the NW solver alone in the shedding case at Re = 200.

Nn × Nθ w/R R/hn,wall
NW hθ,wall

NW /hn,wall
NW hn

i+1/h
n
i

1101 × 1600 80 250 ' 1 ' 1.004
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