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Abstract

We consider a two-dimensional point process whose points are separated into two disjoint compo-
nents by a hard wall, and study the multivariate moment generating function of the corresponding
disk counting statistics. We investigate the “hard edge regime” where all disk boundaries are a
distance of order 1

n
away from the hard wall, where n is the number of points. We prove that as

n → +∞, the asymptotics of the moment generating function are of the form

exp
(

C1n + C2 ln n + C3 + Fn + C4√
n

+ O(n− 3
5 )
)

,

and we determine the constants C1, . . . , C4 explicitly. The oscillatory term Fn is of order 1 and is
given in terms of the Jacobi theta function. Our theorem allows us to derive various precise results on
the disk counting function. For example, we prove that the asymptotic fluctuations of the number of
points in one component are of order 1 and are given by an oscillatory discrete Gaussian. Furthermore,
the variance of this random variable enjoys asymptotics described by the Weierstrass ℘-function.

AMS Subject Classification (2020): 41A60, 60B20, 60G55.
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1 Introduction and statement of results
In recent years there have been a lot of works on counting statistics of two dimensional point processes,
see e.g. [45, 26, 47, 48, 58, 22, 27, 59, 3, 30, 19, 10, 38, 4] and the recent surveys [20, 21]. The common
feature of these works is that they all deal exclusively with models for which the points condensate on a
single connected component (“the one-component regime”). In this paper we deviate from these earlier
works in that we study the disk counting statistics of a Coulomb gas (at inverse temperature β = 2) whose
points are separated into two disjoint components by a hard wall. Let us now introduce the Coulomb gas
model investigated in this work.

The Mittag-Leffler ensemble is the following joint probability density function

1
n!Zn

∏
1≤j<k≤n

|ζk − ζj |2
n∏

j=1
|ζj |2αe−n|ζj |2b

, ζ1, . . . , ζn ∈ C, (1.1)

where b > 0 and α > −1 are fixed parameters and Zn is the normalization constant. As n → +∞,
with high probability the random points ζ1, . . . , ζn accumulate on the disk centered at 0 of radius b− 1

2b

according to the probability measure µ(d2z) = b2

π |z|2b−2d2z [43, 55]. This determinantal point process
generalizes the complex Ginibre process (which corresponds to (b, α) = (1, 0)) and has attracted a lot of
attention over the years, see e.g. [8, 11, 24].

In this paper we focus on the Mittag-Leffler ensemble with a hard wall that separates the random
points into two disjoint components. To be precise, let 0 < ρ1 < ρ2 < b− 1

2b . We consider the probability
density

1
n!Zn

∏
1≤j<k≤n

|zk − zj |2
n∏

j=1
e−nQ(zj), z1, . . . , zn ∈ C, (1.2)
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Figure 1: Illustration of the point processes corresponding to (1.2) with n = 4096, ρ1 = 3
5 b− 1

2b ,
ρ2 = 4

5 b− 1
2b , α = 0 and the indicated values of b.

where Zn is the normalization constant and

Q(z) =
{

|z|2b − 2α
n ln |z|, if |z| ∈ [0, ρ1] ∪ [ρ2, +∞),

+∞, otherwise.
(1.3)

Because ρ1, ρ2 < b− 1
2b , the macroscopic behavior of (1.2) is different from that of (1.1); it is described

by a probability measure µh which is supported on {z ∈ C : |z| ∈ [0, ρ1] ∪ [ρ2, b− 1
2b ]} and has a singular

component on the circles of radii ρ1 and ρ2. This measure can be computed using standard balayage
techniques [55] (we provide the details of this computation in Appendix A) and is given by

µh(d2z) = 2b2r2b−1χ
[0,ρ1]∪[ρ2,b

− 1
2b ]

(r)dr
dθ

2π
+ σ1δρ1(r)dr

dθ

2π
+ σ2δρ2(r)dr

dθ

2π
, (1.4)

where z = reiθ, r > 0, θ ∈ (−π, π] and

σ1 = σ⋆ − bρ2b
1 , σ2 = bρ2b

2 − σ⋆, σ⋆ := ρ2b
2 − ρ2b

1
2 ln( ρ2

ρ1
) . (1.5)

The assumption 0 < ρ1 < ρ2 < b− 1
2b implies that bρ2b

1 < σ⋆ < bρ2b
2 and hence σ1, σ2 > 0. The quantity

σ⋆ is the mass of µh on {|z| ≤ ρ1}. Indeed, straightforward calculations show that∫
|z|≤ρ1

µh(d2z) = σ⋆,

∫
|z|≥ρ2

µh(d2z) = 1 − σ⋆, (1.6)

which means that for large n, the number of zj ’s on {|z| ≤ ρ1} is roughly σ⋆n with high probability (see
also Corollary 1.7 and the asymptotics (1.29) and (1.32) below). The point process (1.2) is an example
of a two-dimensional Coulomb gas that is rotation invariant (meaning that the density (1.2) remains
unchanged if all zj ’s are multiplied by eiβ , β ∈ R). This ensemble can be seen as a conditional process
where the points from (1.1) are conditioned on the hole event H that no ζj ’s lie in the annulus centered
at 0 of radii ρ1 and ρ2. The partition function Zn of (1.2) is precisely equal to ZnP(H), and its large n
asymptotics were investigated in [1, 2, 28]; see also [42, 39, 44, 6, 7, 5, 40, 48] for related works on the
hole event. The process (1.2) can also be realized as the eigenvalues of an n × n random normal matrix
M taken at random according to the probability density proportional to e−n trQ(M)dM , where “tr” is the
trace and dM is the measure on the set of n × n normal matrices induced by the flat Euclidian metric of
Cn×n [52, 31, 36]. Correlation kernels near hard edges have been studied in [65, 53, 56].

We will focus on “the hard edge regime”, i.e. when all disk boundaries are a distance of order 1
n

away from the hard edges {|z| = ρ1} and {|z| = ρ2}. (Further away from the hard edges, it turns out
that there are no oscillations and the situation gets similar to the one-component semi-hard edge regime
considered in [10].) Let us now be more specific. Let N(y) := #{zj : |zj | < y} be the random variable
that counts the number of points of (1.2) in the disk centered at 0 of radius y. Our main result is a
precise asymptotic formula as n → +∞ for the multivariate moment generating function (MGF)

E
[ 2m∏

j=1
eujN(rj)

]
(1.7)
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where m ∈ N>0 is arbitrary (but fixed), u1, . . . , u2m ∈ R, and the radii r1, . . . , r2m satisfy r1 < · · · < r2m

and are merging at a critical speed in the following way

rℓ = ρ1

(
1 − tℓ

n

) 1
2b

, tℓ ≥ 0, ℓ = 1, . . . , m, (1.8)

rℓ = ρ2

(
1 + tℓ

n

) 1
2b

, tℓ ≥ 0, ℓ = m + 1, . . . , 2m. (1.9)

As n → +∞, we prove that E
[∏2m

j=1 eujN(rj)] enjoys asymptotics of the form

exp
(

C1n + C2 ln n + C3 + Fn + C4√
n

+ O(n− 3
5 )
)

, (1.10)

and we determine C1, . . . , C4, Fn explicitly. As corollaries of our various results on the generating function
(1.7), we also provide a central limit theorem for the joint fluctuations of N(r1), . . . , N(r2m), and precise
asymptotic formulas for all cumulants of these random variables. Even for m = 1 our results are new.

We now introduce the necessary material to present our results. For j ≥ 0, define

Tj(x; t⃗, u⃗) =
m∑

ℓ=1
ωℓt

j
ℓe− tℓ

b (x−bρ2b
1 ), T̂j(x; t⃗, u⃗) =

2m∑
ℓ=m+1

ωℓt
j
ℓe− tℓ

b (bρ2b
2 −x), (1.11)

where

ωℓ =


euℓ+···+u2m − euℓ+1+···+u2m , if ℓ < 2m,

eu2m − 1, if ℓ = 2m,

1, if ℓ = 2m + 1,

(1.12)

and t⃗ = (t1, . . . , t2m), u⃗ = (u1, . . . , u2m). Since the quantities T0(bρ2b
1 ; t⃗, u⃗) and T̂0(bρ2b

2 ; t⃗, u⃗) are indepen-
dent of t⃗, we will simply write T0(bρ2b

1 ; u⃗) and T̂0(bρ2b
2 ; u⃗) instead. Define

f(x; t⃗, u⃗) =
−
( bρ2b

1
x−bρ2b

1
+ α

b

)
T1(x; t⃗, u⃗) − x

2b T2(x; t⃗, u⃗)

1 + T0(x; t⃗, u⃗) + T̂0(bρ2b
2 ; u⃗)

, (1.13)

f̂(x; t⃗, u⃗) =

( bρ2b
2

bρ2b
2 −x

− α
b

)
T̂1(x; t⃗, u⃗) + x

2b T̂2(x; t⃗, u⃗)

1 − T̂0(x; t⃗, u⃗) + T̂0(bρ2b
2 ; u⃗)

. (1.14)

Let Ω := eu1+···+u2m and let

Q(⃗t, u⃗) := 1 + T0(σ⋆; t⃗, u⃗) + T̂0(bρ2b
2 ; u⃗)

1 − T̂0(σ⋆; t⃗, u⃗) + T̂0(bρ2b
2 ; u⃗)

. (1.15)

Our main result involves ln Q(⃗t, u⃗) and the next lemma, whose proof is given in Appendix B, shows that
this logarithm is well-defined. It also shows that f and f̂ are smooth functions of x ∈ (bρ2b

1 , bρ2b
2 ).

Lemma 1.1. Suppose u⃗ ∈ R2m, t1 > · · · > tm ≥ 0, and 0 ≤ tm+1 < · · · < t2m. For x ∈ [bρ2b
1 , bρ2b

2 ], it
holds that

1 + T0(x; t⃗, u⃗) + T̂0(bρ2b
2 ; u⃗) > 0, 1 − T̂0(x; t⃗, u⃗) + T̂0(bρ2b

2 ; u⃗) > 0.

Because µh is supported on two disjoint components, there will be some oscillations in the large
n asymptotics of (1.7). It turns out that these oscillations are described in terms of the Jacobi theta
function θ(z; τ), which we recall is defined for z ∈ C and Im τ > 0 by

θ(z; τ) =
∞∑

ℓ=−∞

eπiℓ2τ+2πiℓz.

This function satisfies

θ(z + 1; τ) = θ(z; τ), θ(z + τ ; τ) = e−2πize−πiτ θ(z), θ(−z) = θ(z), for all z ∈ C, (1.16)

see also [54, Chapter 20] for further properties. We are now ready to state our main result.
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Theorem 1.2 (Merging radii at the hard edge: the multi-component regime). Let m ∈ N>0, b > 0,
0 < ρ1 < ρ2 < b− 1

2b , t1, . . . , t2m ≥ 0, and α > −1 be fixed parameters such that t1 > · · · > tm ≥ 0 and
0 ≤ tm+1 < · · · < t2m. For n ∈ N>0, define

rℓ =
{

ρ1
(
1 − tℓ

n

) 1
2b , ℓ = 1, . . . , m,

ρ2
(
1 + tℓ

n

) 1
2b , ℓ = m + 1, . . . , 2m.

(1.17)

For any fixed x1, . . . , x2m ∈ R, there exists δ > 0 such that

E
[ 2m∏

j=1
eujN(rj)

]
= exp

(
C1n + C2 ln n + C3 + Fn + C4√

n
+ O

(
n− 3

5
))

, as n → +∞ (1.18)

uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where

C1 = bρ2b
1

2m∑
j=1

uj +
∫ σ⋆

bρ2b
1

ln(1 + T0(x; t⃗, u⃗) + T̂0(bρ2b
2 ; u⃗))dx +

∫ bρ2b
2

σ⋆

ln(1 − T̂0(x; t⃗, u⃗) + T̂0(bρ2b
2 ; u⃗))dx,

C2 = − bρ2b
1

2
T1(bρ2b

1 ; t⃗, u⃗)
Ω + bρ2b

2
2 T̂1(bρ2b

2 ; t⃗, u⃗),

C3 = − 1
2

2m∑
j=1

uj −
(

α − 2 ln(σ2/σ1) + ln Q(⃗t, u⃗)
4 ln(ρ2/ρ1)

)
ln Q(⃗t, u⃗)

+
∫ σ⋆

bρ2b
1

{
f(x; t⃗, u⃗) + bρ2b

1 T1(bρ2b
1 ; t⃗, u⃗)

Ω(x − bρ2b
1 )

}
dx +

∫ bρ2b
2

σ⋆

{
f̂(x; t⃗, u⃗) − bρ2b

2 T̂1(bρ2b
2 ; t⃗, u⃗)

bρ2b
2 − x

}
dx

+ bρ2b
1

T1(bρ2b
1 ; t⃗, u⃗)
Ω ln

(
bρb

1√
2π(σ⋆ − bρ2b

1 )

)
− bρ2b

2 T̂1(bρ2b
2 ; t⃗, u⃗) ln

(
bρb

2√
2π(bρ2b

2 − σ⋆)

)
,

C4 =
√

2 Ib

(
ρ3b

1
T2(bρ2b

1 ; t⃗, u⃗)
Ω − ρb

1
T1(bρ2b

1 ; t⃗, u⃗)
Ω − ρ3b

1
T1(bρ2b

1 ; t⃗, u⃗)2

Ω2

− ρ3b
2 T̂2(bρ2b

2 ; t⃗, u⃗) − ρb
2T̂1(bρ2b

2 ; t⃗, u⃗) − ρ3b
2 T̂1(bρ2b

2 ; t⃗, u⃗)2
)

,

Fn = ln
θ(σ⋆n + 1

2 − α + ln(σ2/σ1)+ln Q(t⃗,u⃗)
2 ln(ρ2/ρ1) ; πi

ln(ρ2/ρ1) )

θ(σ⋆n + 1
2 − α + ln(σ2/σ1)

2 ln(ρ2/ρ1) ; πi
ln(ρ2/ρ1) )

, (1.19)

and the constant I ∈ R is given by

I =
∫ +∞

−∞

{
y e−y2

√
π erfc(y)

− χ(0,+∞)(y)
[
y2 + 1

2

]}
dy ≈ −0.81367. (1.20)

In particular, since E
[∏2m

j=1 eujN(rj)] is analytic in u1, . . . , u2m ∈ C and is positive for u1, . . . , u2m ∈ R,
the asymptotic formula (1.18) together with Cauchy’s formula shows that

∂k1
u1

. . . ∂k2m
u2m

{
lnE

[ 2m∏
j=1

eujN(rj)
]

−
(

C1n + C2 ln n + C3 + C4√
n

)}
= O

(
n− 3

5
)
, as n → +∞, (1.21)

for any k1, . . . , k2m ∈ N, and u1, . . . , u2m ∈ R.

Remark 1.3. We believe that the estimate O
(
n− 3

5
)

in (1.18) is not optimal and could be improved to
O
( ln n

n

)
. However, proving this is a very technical task that shall not be pursued here.

Remark 1.4. It is well-known that the theta function is a universal object of one-dimensional point
processes in the multi-cut regime, see e.g. [34, 35, 17, 41, 57, 32, 18, 14, 15, 37, 16, 46, 29]. In
dimension two, the emergence of this function was conjectured in [50, Section 1.5] and proved in [28] in
the context of large gap problems (or equivalently, partition function asymptotics with hard edges). This
function also appears in [9] in the study of microscopic correlations and smooth macroscopic statistics of
two-dimensional rotation-invariant ensembles with soft edges. To our knowledge, Theorem 1.2 is the first
result on counting statistics of a two-dimensional point process involving the θ-function.
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Remark 1.5. (Periodicity of Fn.) In the multi-cut regime of one-dimensional point processes, asymptotic
formulas are, in general, only quasiperiodic in n, see e.g. [63, 35, 57, 18]. However, in the special case
where the mass of the equilibrium measure on each interval of the support is a rational number, these
asymptotic formulas become periodic, see e.g. [51] and [29, Corollary 2.2].

Interestingly, Theorem 1.2 shows that an analogous phenomenon holds in our two-dimensional setting.
To see this, recall from (1.16) that θ is periodic of period 1. Since n runs over the integers, the function
n 7→ Fn is, in general, only quasiperiodic in n. However, it follows from (1.19) and (1.6) that if the mass
σ⋆ =

∫
|z|≤ρ1

µh(d2z) is rational, then n 7→ Fn is periodic in n.
More generally, asymptotic formulas related to a given two-dimensional point process are expected to

be periodic in n whenever the masses of the components of the equilibrium measure are all rational. This
holds true in the setting of this paper, as well as in the two-dimensional soft edge setting of [9]. Recent
works [33, 25] on the so-called lemniscate ensemble also support this belief. This model has a d-fold
rotational symmetry, where d is a parameter that determines the number of components. The mass of
the equilibrium measure on each component is 1/d, and therefore one expects asymptotic formulas in this
model to be periodic in n of period d. The formulas in [33, 25] are consistent with this expectation: these
formulas involve n = Nd points and are not oscillatory as N → +∞, N ∈ N>0.

Remark 1.6. (Probabilistic interpretation of Fn.) Using the well-known relation (see [54, eq 21.5.8])

θ(τ−1z; −τ−1) = eπiz2τ−1√
−iτθ(z; τ),

we can rewrite Fn as

eFn = exp
(

− (ln Q(⃗t, u⃗))2

4 ln( ρ2
ρ1

)

)∑
ℓ∈Z( ρ1

ρ2
)(ℓ−⟨Λn⟩)2Q(⃗t, u⃗)ℓ−⟨Λn⟩∑
ℓ∈Z( ρ1

ρ2
)(ℓ−⟨Λn⟩)2 , (1.22)

where ⟨Λn⟩ := Λn − ⌊Λn⌋ is the fractional part of Λn and

Λn := σ⋆n − 1
2 − α + ln(σ2/σ1)

2 ln(ρ2/ρ1) .

The right-most fraction in (1.22) is related to the random variable vn(⃗t, u⃗) := (Xn − ⟨Λn⟩) ln Q(⃗t, u⃗) via∑
ℓ∈Z( ρ1

ρ2
)(ℓ−⟨Λn⟩)2Q(⃗t, u⃗)ℓ−⟨Λn⟩∑
ℓ∈Z( ρ1

ρ2
)(ℓ−⟨Λn⟩)2 = E[evn(t⃗,u⃗)], (1.23)

where Xn is the discrete Gaussian random variable on Z defined by

P(Xn = x) =
( ρ1

ρ2
)(x−⟨Λn⟩)2∑

ℓ∈Z( ρ1
ρ2

)(ℓ−⟨Λn⟩)2 , x ∈ Z. (1.24)

In the multi-cut regime of one-dimensional point processes, fluctuation formulas analogous to (1.22)
involving an oscillatory discrete Gaussian can be found in [18, Section 8] and [29].

The following corollary gives a probabilistic interpretation of Xn in terms of counting statistics and
is analogous to the earlier result [29, Corollary 1.4] obtained in dimension one.

Corollary 1.7. Let x ∈ Z be fixed. As n → +∞,

P
(
N(ρ1) = ⌊Λn⌋ + x

)
= P(Xn = x) + o(1). (1.25)

Proof. The proof is inspired by the proof of [29, Corollary 1.4]. Using Theorem 1.2 with m = 1, u2 = 0
and t1 = 0 = t2, we have C1 = u1σ⋆, C2 = 0, ln Q(⃗0, u⃗) = u1, C3 = − u1

2 − u1(α − 2 ln(σ2/σ1)+u1
4 ln(ρ2/ρ1) ), C4 = 0,

and thus

E[eu1N(ρ1)] = eu1ΛnE[eu1(Xn−⟨Λn⟩)]
(
1 + O(n− 3

5 )
)
, as n → +∞, (1.26)

uniformly for u1 ∈ K, where K ⊂ R is a compact subset containing 0. The rest of the proof proceeds
by contradiction. Fix x ∈ Z and suppose that (1.25) does not hold. Then there exists a sequence
{nk}+∞

k=1 ⊂ N such that P
(
N(ρ1) = ⌊Λnk

⌋ + x
)

remains bounded away from P(Xnk
= x) for all k. Since

⟨Λnk
⟩ ∈ [0, 1) for all k, there exists a subsequence {nkj

}+∞
j=1 such that ⟨Λnkj

⟩ → y∗ ∈ [0, 1] as j → +∞.
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Let X∗ be the random variable defined as in (1.24) but with ⟨Λn⟩ replaced by y∗. Then (1.26) together
with the fact that

E[eu1Xnkj ] = E[eu1X∗ ] + o(1), as j → +∞ uniformly for u1 ∈ K

implies that

E[eu1(N(ρ1)−⌊Λnkj
⌋)] = E[eu1X∗ ] + o(1), as j → +∞ uniformly for u1 ∈ K.

By [13, top of page 415], this implies that N(ρ1)−⌊Λnkj
⌋ converges in distribution to X∗ as j → +∞. Since

P(Xnkj
= x) = P(X∗ = x) + o(1) as j → +∞, we thus have P

(
N(ρ1) = ⌊Λnkj

⌋ + x
)

= P(Xnkj
= x) + o(1)

as j → +∞. We have obtained our contradiction.

For j⃗ ∈ (N2m)>0 := {⃗j = (j1, . . . , j2m) ∈ N : j1 + · · · + j2m ≥ 1}, the joint cumulant κj⃗ =
κj⃗(r1, . . . , r2m; n, b, α) of N(r1), . . . , N(r2m) is defined by

κj⃗ = κj1,...,j2m
:= ∂ j⃗

u⃗ lnE[eu1N(r1)+···+u2mN(r2m)]
∣∣∣
u⃗=0⃗

, (1.27)

where ∂ j⃗
u⃗ := ∂j1

u1
. . . ∂j2m

u2m
. As an immediate corollary of Theorem 1.2, we obtain the large n behavior of

any cumulant κj⃗ .

Corollary 1.8 (Asymptotics of cumulants). Let m ∈ N>0, b > 0, 0 < ρ1 < ρ2 < b− 1
2b , j⃗ ∈ (N2m)>0,

α > −1, t1 > · · · > tm ≥ 0 and 0 ≤ tm+1 < · · · < t2m be fixed. For n ∈ N>0, define {rℓ}2m
ℓ=1 by (1.17).

As n → +∞, the joint cumulant κj⃗ satisfies

κj⃗ = ∂ j⃗
u⃗C1

∣∣
u⃗=0⃗ n + ∂ j⃗

u⃗C2
∣∣
u⃗=0⃗ ln n + ∂ j⃗

u⃗C3
∣∣
u⃗=0⃗ + ∂ j⃗

u⃗Fn

∣∣
u⃗=0⃗ +

∂ j⃗
u⃗C4

∣∣
u⃗=0⃗√

n
+ O

(
n− 3

5
)
, (1.28)

where C1, . . . , C4, Fn are as in Theorem 1.2.

Since E[N(r)] = κ1(r), we obtain the following result after setting j⃗ = 1 in Corollary 1.8 and perform-
ing some long but straightforward calculations.

Corollary 1.9 (Asymptotics of E[N(rℓ)])). Under the assumptions of Corollary 1.8, the expectation value
E[N(rℓ)] obeys the following formula for any 1 ≤ ℓ ≤ 2m:

E[N(rℓ)] = b1(tℓ)n + c1(tℓ) ln n + d1(tℓ) + f1(n, tℓ) + e1(tℓ)n− 1
2 + O

(
n− 3

5
)

as n → +∞, where

b1(tℓ) =


bρ2b

1 + b 1−e
−

tℓ
b

(σ⋆−bρ2b
1 )

tℓ
, ℓ = 1, . . . , m and tℓ > 0,

bρ2b
2 − b 1−e

−
tℓ
b

(bρ2b
2 −σ⋆)

tℓ
, ℓ = m + 1, . . . , 2m and tℓ > 0,

σ⋆, ℓ = m, m + 1 and tℓ = 0,

c1(tℓ) =
{

− bρ2b
1 tℓ

2 , ℓ = 1, . . . , m,
bρ2b

2 tℓ

2 , ℓ = m + 1, . . . , 2m,

d1(tℓ) = − 1
2 − e− tℓ

b (σ⋆−bρ2b
1 )
(

α − ln(σ2/σ1)
2 ln(ρ2/ρ1)

)
+ bρ2b

1 tℓ ln
(

bρb
1√

2π(σ⋆ − bρ2b
1 )

)
+
∫ σ⋆

bρ2b
1

(
bρ2b

1 tℓ(1 − e− tℓ
b (x−bρ2b

1 ))
x − bρ2b

1
− e− tℓ

b (x−bρ2b
1 ) tℓ(2α + xtℓ)

2b

)
dx, ℓ = 1, . . . , m,

d1(tℓ) = − 1
2 − e− tℓ

b (bρ2b
2 −σ⋆)

(
α − ln(σ2/σ1)

2 ln(ρ2/ρ1)

)
− bρ2b

2 tℓ ln
(

bρb
2√

2π(bρ2b
2 − σ⋆)

)
−
∫ bρ2b

2

σ⋆

(
bρ2b

2 tℓ(1 − e− tℓ
b (bρ2b

2 −x))
bρ2b

2 − x
+ e− tℓ

b (bρ2b
2 −x) tℓ(2α − xtℓ)

2b

)
dx, ℓ = m + 1, . . . , 2m,

f1(n, tℓ) =

 e
−

tℓ
b

(σ⋆−bρ2b
1 )

2 ln(ρ2/ρ1) (ln θ)′(nσ⋆ + 1
2 − α + ln(σ2/σ1)

2 ln(ρ2/ρ1) ; πi
ln(ρ2/ρ1) ), ℓ = 1, . . . , m,

e
−

tℓ
b

(bρ2b
2 −σ⋆)

2 ln(ρ2/ρ1) (ln θ)′(nσ⋆ + 1
2 − α + ln(σ2/σ1)

2 ln(ρ2/ρ1) ; πi
ln(ρ2/ρ1) ), ℓ = m + 1, . . . , 2m,
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e1(tℓ) =
{√

2 Ibρb
1tℓ

(
ρ2b

1 tℓ − 1
)
, ℓ = 1, . . . , m,

−
√

2 Ibρb
2tℓ

(
ρ2b

2 tℓ + 1
)
, ℓ = m + 1, . . . , 2m.

In particular, taking m = 1 and t1 = 0, as n → +∞ we infer that

E[N(ρ1)] = Λn +
(ln θ)′(nσ⋆ + 1

2 − α + ln(σ2/σ1)
2 ln(ρ2/ρ1) ; πi

ln(ρ2/ρ1) )
2 ln(ρ2/ρ1) + O(n− 3

5 )

= σ⋆n − 1
2 − α + ln(σ2/σ1)

2 ln(ρ2/ρ1) +
(ln θ)′(nσ⋆ + 1

2 − α + ln(σ2/σ1)
2 ln(ρ2/ρ1) ; πi

ln(ρ2/ρ1) )
2 ln(ρ2/ρ1) + O(n− 3

5 ). (1.29)

Using that

Cov[N(rℓ), N(rk)] = κ(1,1)(rℓ, rk), Var[N(rℓ)] = Cov[N(rℓ), N(rℓ)],

we can also obtain asymptotic formulas for the covariance and variance of the disk counting function by
setting j⃗ = (1, 1) in Corollary 1.8. We distinguish three cases depending the values of ℓ and k.

1. If 1 ≤ ℓ ≤ k ≤ m, then N(rℓ) and N(rk) count the number of points in disks whose radii rℓ and rk

are close to ρ1.

2. If m + 1 ≤ ℓ ≤ k ≤ 2m, then N(rℓ) and N(rk) count the number of points in disks whose radii rℓ

and rk are close to ρ2.

3. If 1 ≤ ℓ ≤ m and m + 1 ≤ k ≤ 2m, then N(rℓ) counts the number of points in a disk of radius
rℓ ≈ ρ1, whereas N(rk) counts the number of points in a disk of radius rk ≈ ρ2.

The formulas for the covariance are naturally expressed in terms of the Weierstrass ℘-function. Indeed,
these formulas involve the second derivative of ln θ. By [54, eq 23.6.14] (θ1(πz) and θ3(πz) in [54]
correspond here to θ1(z) and θ(z), respectively)

℘(z; τ) = θ′′′
1 (0; τ)

3θ′
1(0; τ) − d2

dz2 ln θ1(z; τ), where θ1(z; τ) = eiπz+ πiτ
4 − πi

2 θ
(

z + 1 + τ

2 ; τ
)

,

so we can express this second derivative in terms of the Weierstrass ℘-function as

− d2

dz2 ln θ(z; τ) = ℘
(

z − 1 + τ

2 ; τ
)

− c,

where c ∈ C is defined by

c := θ′′′
1 (0; τ)

3θ′
1(0; τ) . (1.30)

The function z 7→ ℘(z; τ) is doubly periodic in the complex plane, of periods 1 and τ . In the following
corollaries, we let c = c(ρ1, ρ2) be given by (1.30) with τ defined by

τ := πi

ln(ρ2/ρ1) .

Corollary 1.10 (Asymptotics of the covariance for 1 ≤ ℓ ≤ k ≤ m). Under the assumptions of Corollary
1.8, the covariance Cov(N(rℓ), N(rk)) obeys the following formula for any 1 ≤ ℓ ≤ k ≤ m:

Cov(N(rℓ), N(rk)) = b(1,1)(tℓ, tk)n + c(1,1)(tℓ, tk) ln n + d(1,1)(tℓ, tk)

+ f(1,1)(n, tℓ, tk) + e(1,1)(tℓ, tk)n− 1
2 + O

(
n− 3

5
)

as n → +∞, where

b(1,1)(tℓ, tk) = b
1 − e− tℓ

b (σ⋆−bρ2b
1 )

tℓ
− b

1 − e− tℓ+tk
b (σ⋆−bρ2b

1 )

tℓ + tk
if tk > 0, (1.31)

b(1,1)(tℓ, 0) = 0, c(1,1)(tℓ, tk) = bρ2b
1 tk

2 ,
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d(1,1)(tℓ, tk) = −e− tℓ
b (σ⋆−bρ2b

1 )
(

α − ln(σ2/σ1)
2 ln(ρ2/ρ1)

)
+ e− tℓ+tk

b (σ⋆−bρ2b
1 )
(

α − ln(σ2/σ1) − 1
2 ln(ρ2/ρ1)

)
+
∫ σ⋆

bρ2b
1

{
− bρ2b

1 tk
1 − e− tℓ+tk

b (x−bρ2b
1 )

x − bρ2b
1

+ xt2
k + 2αtk

2b
e− tℓ+tk

b (x−bρ2b
1 )

− tℓ(e− tℓ
b (x−bρ2b

1 ) − e− tℓ+tk
b (x−bρ2b

1 ))
(

bρ2b
1

x − bρ2b
1

+ 2α + xtℓ

2b

)}
dx − bρ2b

1 tk ln
(

bρb
1√

2π(σ⋆ − bρ2b
1 )

)
,

f(1,1)(n, tℓ, tk) = −e− tℓ+tk
b (σ⋆−bρ2b

1 )

4 ln(ρ2/ρ1)2

{
℘

(
nσ⋆ + τ

2 − α + ln(σ2/σ1)
2 ln(ρ2/ρ1) ; τ

)
− c

− 2(e
tk
b (σ⋆−bρ2b

1 ) − 1) ln(ρ2/ρ1)(ln θ)′
(

nσ⋆ + 1
2 − α + ln(σ2/σ1)

2 ln(ρ2/ρ1) ; τ

)}
,

e(1,1)(tℓ, tk) =
√

2 Ibρb
1tk

(
1 − ρ2b

1 (2tℓ + tk)
)
.

In particular, with m = 1, ℓ = k = 1 and t1 = 0, as n → +∞ we obtain

Var[N(ρ1)] = 1
2 ln(ρ2/ρ1) −

℘
(
nσ⋆ + τ

2 − α + ln(σ2/σ1)
2 ln(ρ2/ρ1) ; τ

)
− c

4 ln(ρ2/ρ1)2 + O(n− 3
5 ). (1.32)

Remark 1.11. It should be emphasized that the case tk > 0 of Corollary 1.10 above is drastically
different from the case tk = 0. Indeed, if tk > 0, then Cov(N(rℓ), N(rk)) is of order n, while if tk = 0,
then Cov(N(rℓ), N(rk)) = Cov(N(rℓ), N(ρ1)) is of order 1.
Corollary 1.12 (Asymptotics of the covariance for m + 1 ≤ ℓ ≤ k ≤ 2m). Under the assumptions of
Corollary 1.8, the covariance Cov(N(rℓ), N(rk)) obeys the following formula for any m+1 ≤ ℓ ≤ k ≤ 2m:

Cov(N(rℓ), N(rk)) = b(1,1)(tℓ, tk)n + c(1,1)(tℓ, tk) ln n + d(1,1)(tℓ, tk)

+ f(1,1)(n, tℓ, tk) + e(1,1)(tℓ, tk)n− 1
2 + O

(
n− 3

5
)

as n → +∞, where

b(1,1)(tℓ, tk) = b
1 − e− tk

b (bρ2b
2 −σ⋆)

tk
− b

1 − e− tℓ+tk
b (bρ2b

2 −σ⋆)

tℓ + tk
if tℓ > 0, (1.33)

b(1,1)(0, tk) = 0, c(1,1)(tℓ, tk) = bρ2b
2 tℓ

2 ,

d(1,1)(tℓ, tk) = e− tk
b (bρ2b

2 −σ⋆)
(

α − ln(σ2/σ1)
2 ln(ρ2/ρ1)

)
− e− tℓ+tk

b (bρ2b
2 −σ⋆)

(
α − ln(σ2/σ1) + 1

2 ln(ρ2/ρ1)

)
+
∫ bρ2b

2

σ⋆

{
− bρ2b

2 tℓ
1 − e− tℓ+tk

b (bρ2b
2 −x)

bρ2b
2 − x

+ xt2
ℓ − 2αtℓ

2b
e− tℓ+tk

b (bρ2b
2 −x)

+ tk(e− tk
b (bρ2b

2 −x) − e− tℓ+tk
b (bρ2b

2 −x))
(

−bρ2b
2

bρ2b
2 − x

+ 2α − xtk

2b

)}
dx − bρ2b

2 tℓ ln
(

bρb
2√

2π(bρ2b
2 − σ⋆)

)
,

f(1,1)(n, tℓ, tk) = −e− tℓ+tk
b (bρ2b

2 −σ⋆)

4 ln(ρ2/ρ1)2

{
℘

(
nσ⋆ + τ

2 − α + ln(σ2/σ1)
2 ln(ρ2/ρ1) ; τ

)
− c

+ 2(e
tℓ
b (bρ2b

2 −σ⋆) − 1) ln(ρ2/ρ1)(ln θ)′
(

nσ⋆ + 1
2 − α + ln(σ2/σ1)

2 ln(ρ2/ρ1) ; τ

)}
,

e(1,1)(tℓ, tk) = −
√

2 Ibρb
2tℓ

(
1 + ρ2b

2 (tℓ + 2tk)
)
.

Corollary 1.13 (Asymptotics of the covariance for 1 ≤ ℓ ≤ m and m + 1 ≤ k ≤ 2m). Under the
assumptions of Corollary 1.8, the covariance Cov(N(rℓ), N(rk)) obeys the following formula for any 1 ≤
ℓ ≤ m and m + 1 ≤ k ≤ 2m:

Cov(N(rℓ), N(rk)) = d(1,1)(tℓ, tk) + f(1,1)(n, tℓ, tk) + O
(
n− 3

5
)

as n → +∞, where

d(1,1)(tℓ, tk) = e− tℓ
b (σ⋆−bρ2b

1 )e− tk
b (bρ2b

2 −σ⋆)

2 ln(ρ2/ρ1) ,

f(1,1)(n, tℓ, tk) = e− tℓ
b (σ⋆−bρ2b

1 )e− tk
b (bρ2b

2 −σ⋆)

4 ln(ρ2/ρ1)2

{
c − ℘

(
nσ⋆ + τ

2 − α + ln(σ2/σ1)
2 ln(ρ2/ρ1) ; τ

)}
.
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It is crucial for the next corollary that tm, tm+1 > 0, so that b(1,1)(tℓ, tℓ) > 0 for all ℓ ∈ {1, . . . , 2m}.
In this case the asymptotic joint fluctuations of N(r1), . . . , N(r2m) are of order

√
n and are continuous

Gaussians. This should be compared to Corollary 1.7 (corresponding to the case m = 1 and tm = 0),
which shows that the asymptotic fluctuations of N(ρ1) are of order 1 and are described by a discrete
Gaussian.

Corollary 1.14. Suppose that the assumptions of Corollary 1.8 hold and that tm, tm+1 > 0. As n → +∞,
the random variable (N1, . . . , N2m), where

Nℓ := N(rℓ) − (b1(tℓ)n + c1(tℓ) ln n)√
b(1,1)(tℓ, tℓ)n

, ℓ = 1, . . . , 2m, (1.34)

converges in distribution to a multivariate normal random variable of mean (0, . . . , 0) whose covariance
matrix Σ is given by

Σℓ,k = Σk,ℓ =


b(1,1)(tℓ,tk)√

b(1,1)(tℓ,tℓ)b(1,1)(tk,tk)
, 1 ≤ ℓ ≤ k ≤ m or m + 1 ≤ ℓ ≤ k ≤ 2m,

0, 1 ≤ ℓ ≤ m and m + 1 ≤ k ≤ 2m,

where b(1,1)(tℓ, tk) is given by (1.31) for 1 ≤ ℓ ≤ k ≤ m and by (1.33) for m + 1 ≤ ℓ ≤ k ≤ 2m.

Proof. By Lévy’s continuity theorem, the assertion will follow if we can show that the characteristic
function E[ei

∑2m

ℓ=1
vℓNℓ ] converges pointwise to e

− 1
2

∑2m

ℓ,k=1
vℓΣℓ,kvk for every vℓ ∈ R2m as n → +∞.

Letting uℓ = ivℓ√
b(1,1)(tℓ,tℓ)n

, (1.34) and (1.18) show that

E[ei
∑2m

ℓ=1
vℓNℓ ] = E[e

∑2m

ℓ=1
uℓN(rℓ)]e−

∑2m

ℓ=1
uℓ(b1(tℓ)n+c1(tℓ) ln n)

= eC1(u⃗)n+C2(u⃗) ln n+C3(u⃗)+Fn(u⃗)+O(n− 1
2 )e−

∑2m

ℓ=1
uℓ(∂uℓ

C1|u⃗=0⃗n+∂uℓ
C2|u⃗=0⃗ ln n)

as n → +∞ for any fixed vℓ ∈ R2m. Since Cj |u⃗=0⃗ = 0 for j = 1, 2, 3, Fn(u⃗) =
∑2m

ℓ=1 f1(n, tℓ)uℓ +O(|u⃗|2) =
O(|u⃗|), and |u⃗| = O(n−1/2), we obtain

E[ei
∑2m

ℓ=1
vℓNℓ ] = e

1
2

∑2m

ℓ,k=1
uℓuk∂uℓ

∂uk
C1|u⃗=0⃗n+O(|u⃗|3n+|u⃗|2 ln n+|u⃗|+n−1/2)

= e

1
2

∑m

ℓ,k=1
ivℓ√

b(1,1)(tℓ,tℓ)

ivk√
b(1,1)(tk,tk)

b(1,1)(tmin(ℓ,k),tmax(ℓ,k))

× e

1
2

∑2m

ℓ,k=m+1
ivℓ√

b(1,1)(tℓ,tℓ)

ivk√
b(1,1)(tk,tk)

b(1,1)(tmin(ℓ,k),tmax(ℓ,k))+O(n−1/2)
→ e

− 1
2

∑2m

ℓ,k=1
vℓΣℓ,kvk

as n → +∞, which completes the proof.

Outline of proof. Using that
∏

1≤j<k≤n |zk −zj |2 is the product of two Vandermonde determinants,
we obtain after standard manipulations that

En := E
[ 2m∏

ℓ=1
euℓN(rℓ)

]
= 1

n!Zn

∫
C
· · ·
∫
C

∏
1≤j<k≤n

|zk − zj |2
n∏

j=1
w(zj)d2zj (1.35)

= 1
Zn

det
(∫

C
zjzkw(z)d2z

)n−1

j,k=0
(1.36)

= 1
Zn

(2π)n
n−1∏
j=0

(∫ ρ1

0
+
∫ +∞

ρ2

)
u2j+1w(u)du, (1.37)

where the weight w is defined by

w(z) := e−nQ(z)ω(|z|), ω(x) :=
2m∏
ℓ=1

{
euℓ , if x < rℓ,

1, if x ≥ rℓ.
(1.38)

Formula (1.37) directly follows from (1.36) and the fact that w is rotation-invariant. Indeed, since
w(z) = w(|z|), the integral

∫
C zjzkw(z)d2z is 0 for j ̸= k and is 2π

∫ +∞
0 u2j+1w(u)du for j = k. So only

the main diagonal contributes for the determinants in (1.36).
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Shifting j → j − 1 and then performing the change of variables v = nu2b in (1.37), we obtain

En =
∏n

j=1
( ∫ ρ1

0 +
∫ +∞

ρ2

)
u2j+2α−1e−nu2b

ω(u)du∏n
j=1

( ∫ ρ1
0 +

∫ +∞
ρ2

)
u2j+2α−1e−nu2bdu

=
n∏

j=1

( ∫ nρ2b
1

0 +
∫ +∞

nρ2b
2

)
v

j+α
b −1e−vω((v/n) 1

2b )dv( ∫ nρ2b
1

0 +
∫ +∞

nρ2b
2

)
v

j+α
b −1e−vdv

. (1.39)

At this stage it is convenient to write

ω(x) =
2m+1∑
ℓ=1

ωℓ1[0,rℓ)(x), (1.40)

where {ωℓ}2m+1
1 are given by (1.12) and r2m+1 := +∞. Using this representation for ω(x) in (1.39), we

arrive at the following representation for ln En:

ln En =
n∑

j=1
ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, (1.41)

Fn,j,ℓ :=


γ( j+α

b ,nr2b
ℓ )

Γ( j+α
b )−γ( j+α

b ,nρ2b
2 )+γ( j+α

b ,nρ2b
1 )

, ℓ = 1, . . . , m,

γ( j+α
b ,nr2b

ℓ )−γ( j+α
b ,nρ2b

2 )+γ( j+α
b ,nρ2b

1 )

Γ( j+α
b )−γ( j+α

b ,nρ2b
2 )+γ( j+α

b ,nρ2b
1 )

, ℓ = m + 1, . . . , 2m,

(1.42)

where γ(a, z) is the incomplete gamma function defined by

γ(a, z) =
∫ z

0
ta−1e−tdt.

Note from (1.35) that En can also be viewed as a partition function with discontinuities approaching
hard edges; see also e.g. [64, 49, 12, 62, 33, 28, 19, 23] for other works on partition functions.

In (1.41) and below, ln always denotes the principal branch of the logarithm.

Remark 1.15. Consider the probability density

1
n!Ẑn

∏
1≤j<k≤n

|ẑk − ẑj |2|ẑk − ẑj |2
n∏

j=1
e−nQ(|ẑj |2)|ẑj − ẑj |2, Im ẑj > 0, (1.43)

where Ẑn is the normalization constant and Q is defined in (1.3). This Pfaffian point process corresponds
to the law of the eigenvalues of the quaternion matrices from a symplectic Mittag-Leffler ensemble [21].
Let N̂(y) := #{ẑj : |ẑj | < y} be the random variable that counts the number of points of (1.43) in the
disk centered at 0 of radius y. By (1.3), (1.35), (1.38) and [21, Proposition 5.10], we have

E
[ 2m∏

j=1
eujN̂(√

rj)
]

= E
[ 2m∏

j=1
eujN(rj)

]
.

Hence all our aforementioned results for the point process (1.2) also directly yield analogous results for
the point process (1.43).

2 Proof of Theorem 1.2
In this section we will derive the precise large n behavior of ln En using (1.41). To do so, one needs the
asymptotics of γ(a, z) as z → +∞ uniformly for a ∈ [ 1+α

b , z
br2b

1
+ α

b ] — these asymptotic formulas are
already known and we recall them in Appendix C. In particular, there is a critical transition in the large
a asymptotics of γ(a, z) when z → +∞ is such that λ = z

a ≈ 1. Therefore, we define critical indices
jk,−, jk,+ by

jk,− := ⌈ bnρ2b
k

1+ϵ − α⌉, jk,+ := ⌊ bnρ2b
k

1−ϵ − α⌋, k = 1, 2,
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where ϵ > 0 is independent of n and sufficiently small such that

bρ2b
1

1 − ϵ
<

bρ2b
2

1 + ϵ
,

bρ2b
2

1 − ϵ
< 1, (2.1)

and we split the sum (1.41) into six parts (following ideas from [27, 28, 30, 10, 19]):

ln En = S0 + S1 + S2 + S3 + S4 + S5, (2.2)

where

S0 =
M ′∑
j=1

ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, S1 =

j1,−−1∑
j=M ′+1

ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, (2.3)

S2 =
j1,+∑

j=j1,−

ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, S3 =

j2,−−1∑
j=j1,++1

ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, (2.4)

S4 =
j2,+∑

j=j2,−

ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, S5 =

n∑
j=j2,++1

ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, (2.5)

and where M ′ > 0 is an integer independent of n. For j = 1, . . . , n, we define aj := j+α
b and

λ̂j,ℓ := bnr2b
ℓ

j + α
, η̂j,ℓ := (λ̂j,ℓ − 1)

√
2(λ̂j,ℓ − 1 − ln λ̂j,ℓ)

(λ̂j,ℓ − 1)2
, ℓ = 1, . . . , 2m, (2.6)

λj,k := bnρ2b
k

j + α
, ηj,k := (λj,k − 1)

√
2(λj,k − 1 − ln λj,k)

(λj,k − 1)2 , k = 1, 2. (2.7)

With this notation, we can write

Fn,j,ℓ =


γ(aj ,aj λ̂j,ℓ)

Γ(aj)−γ(aj ,ajλj,2)+γ(aj ,ajλj,1) , ℓ = 1, . . . , m,

γ(aj ,aj λ̂j,ℓ)−γ(aj ,ajλj,2)+γ(aj ,ajλj,1)
Γ(aj)−γ(aj ,ajλj,2)+γ(aj ,ajλj,1) , ℓ = m + 1, . . . , 2m.

(2.8)

The sums S2, S3, S4 are the most difficult to analyze: S2 and S4 correspond to the critical regimes λj,1 ≈ 1
and λj,2 ≈ 1, respectively, and S3 corresponds to the intermediate regime λj,1

1−ϵ < 1 + O(n−1) <
λj,2
1+ϵ . It

turns out that only the large n behavior of S3 involves the Jacobi θ function (see Lemma 2.7). We start
our analysis with the simpler sums S0, S1, S5.

Lemma 2.1. Let x1, . . . , x2m ∈ R be fixed. There exists δ > 0 such that

S0 = M ′ ln Ω + O(e−cn), as n → +∞, (2.9)

uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}.

Proof. Using (1.42) and Lemma C.1 we infer that

Fn,j,ℓ = 1 + O(e−cn), as n → +∞

uniformly for j ∈ {1, . . . , M ′} and ℓ ∈ {1, . . . , 2m}. Hence, since 1 +
∑2m

ℓ=1 ωℓ = eu1+···+u2m = Ω,

S0 =
M ′∑
j=1

ln
(

1 +
2m∑
ℓ=1

ωℓ

[
1 + O(e−cn)

])
=

M ′∑
j=1

ln Ω + O(e−cn), as n → +∞.

Since the above error terms on the left of the second equality are independent of u1, . . . , u2m, the claim
follows.

Lemma 2.2. We can choose M ′ sufficiently large such that the following holds. For any fixed x1, . . . , x2m ∈
R, there exists δ > 0 such that

S1 = (j1,− − M ′ − 1) ln Ω + O(e−cn),

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}.
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Proof. By Lemma C.2 (i), for any δ̃ > 0 there exist A = A(δ̃), C = C(δ̃) > 0 such that | γ(a,z)
Γ(a) − 1| ≤

Ce− aη2
2 for all a ≥ A and all λ = z

a ≥ 1 + δ̃, where η is defined by (C.1). For n large enough, we have
λj,k, λ̂j,ℓ ≥ 1 + ϵ

2 for all j ∈ {M ′ + 1, . . . , j1,− − 1} and all k and ℓ. Thus, let us take δ̃ = ϵ
2 and choose

M ′ large enough so that aj = j+α
b ≥ A( ϵ

2 ) for all j ∈ {M ′ + 1, . . . , j1,− − 1}. From (2.8), we infer that,
as n → +∞,

Fn,j,ℓ = 1 + O(e−
aj η̂2

j,ℓ
2 )

1 + O(e−
aj η2

j,2
2 + e−

aj η2
j,1

2 )
= 1 + O(e−cn), ℓ = 1, . . . , m,

Fn,j,ℓ = 1 + O(e−
aj η̂2

j,ℓ
2 + e−

aj η2
j,2

2 + e−
aj η2

j,1
2 )

1 + O(e−
aj η2

j,2
2 + e−

aj η2
j,1

2 )
= 1 + O(e−cn), ℓ = m + 1, . . . , 2m,

uniformly for j ∈ {M ′ + 1, . . . , j1,− − 1}, and the claim follows.

Lemma 2.3. For any fixed x1, . . . , x2m ∈ R, there exists δ > 0 such that

S5 = O(e−cn), as n → +∞, (2.10)

uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}.

Proof. We infer from (1.42) and Lemma C.2 (ii) that

Fn,j,ℓ = O(e−cn), as n → +∞

uniformly for j ∈ {j2,+ + 1, . . . , n} and ℓ ∈ {1, . . . , 2m}. Hence

S5 =
n∑

j=j2,++1
ln
(

1 +
2m∑
ℓ=1

ωℓO(e−cn)
)

= O(e−cn), as n → +∞.

Since the above error terms on the left of the second equality are independent of u1, . . . , u2m, the claim
follows.

The following lemma will be used to obtain the large n asymptotics of S3.

Lemma 2.4. [Taken from [28, Lemma 3.4]] Let A = A(n), a0 = a0(n), B = B(n), b0 = b0(n) be bounded
functions of n ∈ {1, 2, . . . }, such that

an := An + a0 and bn := Bn + b0

are integers. Assume also that B − A is positive and remains bounded away from 0. Let f be a function
independent of n, and which is C4([min{ an

n , A}, max{ bn

n , B}]) for all n ∈ {1, 2, . . . }. Then as n → +∞,
we have

bn∑
j=an

f( j
n ) = n

∫ B

A

f(x)dx + (1 − 2a0)f(A) + (1 + 2b0)f(B)
2

+ (−1 + 6a0 − 6a2
0)f ′(A) + (1 + 6b0 + 6b2

0)f ′(B)
12n

+ (−a0 + 3a2
0 − 2a3

0)f ′′(A) + (b0 + 3b2
0 + 2b3

0)f ′′(B)
12n2

+ O
(
mA,n(f ′′′) + mB,n(f ′′′)

n3 +
bn−1∑
j=an

mj,n(f ′′′′)
n4

)
, (2.11)

where, for a given function g continuous on [min{ an

n , A}, max{ bn

n , B}],

mA,n(g) := max
x∈[min{ an

n ,A},max{ an
n ,A}]

|g(x)|, mB,n(g) := max
x∈[min{ bn

n ,B},max{ bn
n ,B}]

|g(x)|,

and for j ∈ {an, . . . , bn − 1}, mj,n(g) := maxx∈[ j
n , j+1

n ] |g(x)|.
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Following the method of [28], we define

θ
(n,ϵ)
k,+ =

(
bnρ2b

k

1 − ϵ
− α

)
−
⌊

bnρ2b
k

1 − ϵ
− α

⌋
, θ

(n,ϵ)
k,− =

⌈
bnρ2b

k

1 + ϵ
− α

⌉
−
(

bnρ2b
k

1 + ϵ
− α

)
, k = 1, 2, (2.12)

and we split S3 in two parts

S3 = S
(1)
3 + S

(2)
3 , (2.13)

where

S
(1)
3 =

⌊j⋆⌋∑
j=j1,++1

ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, S

(2)
3 =

j2,−−1∑
j=⌊j⋆⌋+1

ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, (2.14)

with

j⋆ := nσ⋆ − α, (2.15)

and where σ⋆ is defined in (1.5). Define also

θ⋆ = j⋆ − ⌊j⋆⌋. (2.16)

The identity

aj(η2
j,2 − η2

j,1)
2 = 2(j⋆ − j) ln

(
ρ2

ρ1

)
, (2.17)

implies that η2
j,2 − η2

j,1 is positive for j ∈ {j1,+ + 1, . . . , ⌊j⋆⌋} and negative for j ∈ {⌊j⋆⌋ + 1, . . . , j2,− − 1}.

Lemma 2.5. We can choose M ′ sufficiently large such that the following holds. For any fixed x1, . . . , x2m ∈
R, there exists δ > 0 such that

S
(1)
3 = n

∫ σ⋆

bρ2b
1

1−ϵ

f1(x)dx +
(

α − 1
2 + θ

(n,ϵ)
1,+

)
f1

( bρ2b
1

1 − ϵ

)
+
(

1
2 − α − θ⋆

)
f1(σ⋆) +

∫ σ⋆

bρ2b
1

1−ϵ

f(x)dx

+
+∞∑
j=0

ln
{

1 − T0(σ⋆) + T̂0(σ⋆)
1 + T0(σ⋆) + T̂0(bρ2b

2 )

σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(θ⋆+j)

1 + σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(θ⋆+j)

}
+ O

(
(ln n)2

n

)
(2.18)

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where
f1(x) := ln

(
1 + T0(x) + T̂0(bρ2b

2 )
)

and f and Tj , T̂j are defined in (1.13) and (1.11).

Proof. Using (2.1), we see that for j ∈ {j1,+ +1, . . . , j2,− −1} and ℓ ∈ {1, . . . , m}, 1− λ̂j,ℓ and 1−λj,1 are
positive and remain bounded away from 0, while for j ∈ {j1,+ + 1, . . . , j2,− − 1} and ℓ ∈ {m + 1, . . . , 2m},
λ̂j,ℓ − 1 and λj,2 − 1 are positive and remain bounded away from 0.

Hence, using Lemma C.3 (i) and (ii), as n → +∞ we have

γ(aj , aj λ̂j,ℓ)
Γ(aj) = e−

aj η̂2
j,ℓ

2
√

2π

{
1

1 − λ̂j,ℓ

1
√

aj
+

1 + 10λ̂j,ℓ + λ̂2
j,ℓ

12(λ̂j,ℓ − 1)3

1
a

3/2
j

+ O(n−5/2)
}

, ℓ = 1, . . . , m,

γ(aj , aj λ̂j,ℓ)
Γ(aj) = 1 + e−

aj η̂2
j,ℓ

2
√

2π

{
−1

λ̂j,ℓ − 1
1

√
aj

+
1 + 10λ̂j,ℓ + λ̂2

j,ℓ

12(λ̂j,ℓ − 1)3

1
a

3/2
j

+ O(n−5/2)
}

, ℓ = m + 1, . . . , 2m,

γ(aj , ajλj,1)
Γ(aj) = e−

aj η2
j,1

2
√

2π

{
1

1 − λj,1

1
√

aj
+

1 + 10λj,1 + λ2
j,1

12(λj,1 − 1)3
1

a
3/2
j

+ O(n−5/2)
}

,

γ(aj , ajλj,2)
Γ(aj) = 1 + e−

aj η2
j,2

2
√

2π

{
−1

λj,2 − 1
1

√
aj

+
1 + 10λj,2 + λ2

j,2

12(λj,2 − 1)3
1

a
3/2
j

+ O(n−5/2)
}

, (2.19)
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uniformly for j ∈ {j1,+ + 1, . . . , j2,− − 1}. Moreover, as n → +∞,

e−
aj η̂2

j,ℓ
2 = e−

aj η2
j,1

2 e− tℓ
b ( j

n −bρ2b
1 )
{

1 − t2
ℓj/n + 2tℓα

2bn
+ O(n−2)

}
, ℓ = 1, . . . , m,

e−
aj η̂2

j,ℓ
2 = e−

aj η2
j,2

2 e− tℓ
b (bρ2b

2 − j
n )
{

1 − t2
ℓj/n − 2tℓα

2bn
+ O(n−2)

}
, ℓ = m + 1, . . . , 2m, (2.20)

uniformly for j ∈ {j1,+ + 1, . . . , j2,− − 1}. Hence, after a long but direct computation, we obtain

Fn,j,l = e− tℓ
b (j/n−bρ2b

1 )

1 + j/n−bρ2b
1

bρ2b
2 −j/n

(
ρ2
ρ1

)−2(j⋆−j) + tℓe
− tℓ

b (j/n−bρ2b
1 ) (j/n)2tℓ + 2b2ρ2b

1 − tℓbρ2b
1 j/n + 2α(j/n − bρ2b

1 )
−2b(j/n − bρ2b

1 )n
,

+ O
((ρ2

ρ1

)−2(j⋆−j)

n
+ 1

n2

)
, ℓ = 1, . . . , m,

Fn,j,l = 1 −
e− tℓ

b (bρ2b
2 −j/n) j/n−bρ2b

1
bρ2b

2 −j/n

(
ρ2
ρ1

)−2(j⋆−j)

1 + j/n−bρ2b
1

bρ2b
2 −j/n

(
ρ2
ρ1

)−2(j⋆−j) + O
((ρ2

ρ1

)−2(j⋆−j)

n
+ 1

n2

)
, ℓ = m + 1, . . . , 2m,

as n → +∞ uniformly for j ∈ {j1,+ + 1, . . . , ⌊j⋆⌋}. Substituting the above into (2.14) yields

S
(1)
3 =

⌊j⋆⌋∑
j=j1,++1

ln
{

1 + T0(j/n)
1 + j/n−bρ2b

1
bρ2b

2 −j/n
( ρ2

ρ1
)−2(j⋆−j)

+ T̂0(bρ2b
2 ) −

T̂0(j/n) j/n−bρ2b
1

bρ2b
2 −j/n

( ρ2
ρ1

)−2(j⋆−j)

1 + j/n−bρ2b
1

bρ2b
2 −j/n

( ρ2
ρ1

)−2(j⋆−j)

+ (j/n)2T2(j/n) + 2b2ρ2b
1 T1(j/n) − bρ2b

1 j/n T2(j/n) + 2α(j/n − bρ2b
1 )T1(j/n)

−2b(j/n − bρ2b
1 )n

+
2m∑
ℓ=1

ωℓO
((ρ2

ρ1

)−2(j⋆−j)

n
+ 1

n2

)}
as n → +∞, where the above error terms are independent of u1, . . . , u2m and uniform for j ∈ {j1,+ +
1, . . . , ⌊j⋆⌋}. Expanding further, we obtain

S
(1)
3 = S1 + S2 + 1

n
S3 +

⌊j⋆⌋∑
j=j1,++1

O
((ρ2

ρ1

)−2(j⋆−j)

n
+ 1

n2

)
, as n → +∞,

where

S1 =
⌊j⋆⌋∑

j=j1,++1
ln
{

1 + T0(j/n) + T̂0(bρ2b
2 )
}

,

S2 =
⌊j⋆⌋∑

j=j1,++1
ln
{

1 − T0(j/n) + T̂0(j/n)
1 + T0(j/n) + T̂0(bρ2b

2 )

j/n−bρ2b
1

bρ2b
2 −j/n

( ρ2
ρ1

)−2(j⋆−j)

1 + j/n−bρ2b
1

bρ2b
2 −j/n

( ρ2
ρ1

)−2(j⋆−j)

}
,

S3 =
⌊j⋆⌋∑

j=j1,++1

(j/n)2T2(j/n) + 2b2ρ2b
1 T1(j/n) − bρ2b

1 j/n T2(j/n) + 2α(j/n − bρ2b
1 )T1(j/n)

−2b(j/n − bρ2b
1 )(1 + T0(j/n) + T̂0(bρ2b

2 ))
,

and we have used that(
1 − T0(j/n) + T̂0(j/n)

1 + T0(j/n) + T̂0(bρ2b
2 )

j/n−bρ2b
1

bρ2b
2 −j/n

( ρ2
ρ1

)−2(j⋆−j)

1 + j/n−bρ2b
1

bρ2b
2 −j/n

( ρ2
ρ1

)−2(j⋆−j)

)−1
= 1 + O

((ρ2

ρ1

)−2(j⋆−j)
)

uniformly for j ∈ {j1,+ + 1, . . . , ⌊j⋆⌋} to obtain the expression for S3. Clearly, M ′ can be chosen large
enough such that

⌊j⋆⌋∑
j=j1,++1

O
((ρ2

ρ1

)−2(j⋆−j)

n
+ 1

n2

)
= O(n−1) +

⌊j⋆⌋∑
j=j1,++1

O
((ρ2

ρ1

)−2(j⋆−j)

n

)
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= O(n−1) + O(n−100) +
⌊j⋆⌋∑

j=⌊j⋆−M ′ ln n⌋

O
((ρ2

ρ1

)−2(j⋆−j)

n

)
= O

(
ln n

n

)
.

Also, we can express S1 and S3 in terms of the functions f1 and f as follows:

S1 =
⌊j⋆⌋∑

j=j1,++1
f1(j/n), S3 =

⌊j⋆⌋∑
j=j1,++1

f(j/n).

These sums can be expanded using Lemma 2.4 (with A = bρ2b
1

1−ϵ , a0 = 1 − α − θ
(n,ϵ)
1,+ , B = σ⋆ and

b0 = −α − θ⋆); this gives the terms involving f1 and f on the right-hand side of (2.18). Thus it only
remains to expand S2 (the analysis required for S2 is similar but different from [28, Lemma 3.6]). Let s2,j

be the summand of S2. Since s2,j = O(( ρ2
ρ1

)−2(j⋆−j)) as n → +∞ uniformly for j ∈ {j1,+ + 1, . . . , ⌊j⋆⌋},
we have

S2 =
⌊j⋆⌋∑

j=⌊j⋆−M ′ ln n⌋

s2,j + O(n−100), as n → +∞,

provided M ′ is chosen large enough. Furthermore, since T0 and T̂0 are analytic at σ⋆,

S2 =
⌊j⋆⌋∑

j=⌊j⋆−M ′ ln n⌋

[
ln
{

1 − T0(σ⋆) + T̂0(σ⋆)
1 + T0(σ⋆) + T̂0(bρ2b

2 )

σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(j⋆−j)

1 + σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(j⋆−j)

}
+ O

(
σ⋆ − j/n

)]
+ O(n−100)

=
⌊j⋆⌋∑

j=⌊j⋆−M ′ ln n⌋

ln
{

1 − T0(σ⋆) + T̂0(σ⋆)
1 + T0(σ⋆) + T̂0(bρ2b

2 )

σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(j⋆−j)

1 + σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(j⋆−j)

}
+ O

(
(ln n)2

n

)

=
⌊j⋆⌋∑

j=−∞
ln
{

1 − T0(σ⋆) + T̂0(σ⋆)
1 + T0(σ⋆) + T̂0(bρ2b

2 )

σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(j⋆−j)

1 + σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(j⋆−j)

}
+ O

(
(ln n)2

n

)

as n → +∞. Changing now indices, we find

S2 =
+∞∑
j=0

ln
{

1 − T0(σ⋆) + T̂0(σ⋆)
1 + T0(σ⋆) + T̂0(bρ2b

2 )

σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(θ⋆+j)

1 + σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(θ⋆+j)

}
+ O

(
(ln n)2

n

)
as n → +∞.

The claim follows after a computation combining the asymptotics of S1, S2, S3.

Lemma 2.6. We can choose M ′ sufficiently large such that the following holds. For any fixed x1, . . . , x2m ∈
R, there exists δ > 0 such that

S
(2)
3 = n

∫ bρ2b
2

1+ϵ

σ⋆

f̂1(x)dx +
(

α − 1
2 + θ⋆

)
f̂1(σ⋆) +

(
θ

(n,ϵ)
2,− − α − 1

2

)
f̂1

( bρ2b
2

1 + ϵ

)
+
∫ bρ2b

2
1+ϵ

σ⋆

f̂(x)dx

+
+∞∑
j=0

ln
{

1 + T0(σ⋆) + T̂0(σ⋆)
1 − T̂0(σ⋆) + T̂0(bρ2b

2 )

bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j+1−θ⋆)

1 + bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j+1−θ⋆)

}
+ O

(
(ln n)2

n

)
(2.21)

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where
f̂1(x) := ln

(
1 − T̂0(x) + T̂0(bρ2b

2 )
)

and f̂ and Tj , T̂j are defined in (1.14) and (1.11).

Proof. After a long but direct computation using (2.19) and (2.20), we obtain

Fn,j,l = e− tℓ
b (j/n−bρ2b

1 )
bρ2b

2 −j/n

j/n−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

1 + bρ2b
2 −j/n

j/n−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆) + O
((ρ2

ρ1

)−2(j−j⋆)

n
+ 1

n2

)
, ℓ = 1, . . . , m,

Fn,j,l = 1 − e− tℓ
b (bρ2b

2 −j/n)

1 + bρ2b
2 −j/n

j/n−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆) + tℓ

n
e− tℓ

b (bρ2b
2 −j/n)

(
bρ2b

2
bρ2b

2 − j/n
− α

b
+ tℓ j/n

2b

)
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+ O
((ρ2

ρ1

)−2(j−j⋆)

n
+ 1

n2

)
, ℓ = m + 1, . . . , 2m,

as n → +∞ uniformly for j ∈ {⌊j⋆⌋ + 1, . . . , j2,− − 1}. Hence,

S
(2)
3 =

j2,−−1∑
j=⌊j⋆⌋+1

ln
{

1 + T0(j/n)
bρ2b

2 −j/n

j/n−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

1 + bρ2b
2 −j/n

j/n−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆) + T̂0(bρ2b
2 ) − T̂0(j/n)

1 + bρ2b
2 −j/n

j/n−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

+ 1
n

{(
bρ2b

2
bρ2b

2 − j/n
− α

b

)
T̂1(j/n) + j/n

2b
T̂2(j/n)

}
+

2m∑
ℓ=1

ωℓO
((ρ2

ρ1

)−2(j−j⋆)

n
+ 1

n2

)}
as n → +∞, where the above error terms are independent of u1, . . . , u2m and uniform for j ∈ {⌊j⋆⌋ +
1, . . . , j2,− − 1}. Expanding further, we obtain

S
(2)
3 = S4 + S5 + 1

n
S6 + O

(
ln n

n

)
, as n → +∞,

where

S4 =
j2,−−1∑

j=⌊j⋆⌋+1

ln
{

1 − T̂0(j/n) + T̂0(bρ2b
2 )
}

,

S5 =
j2,−−1∑

j=⌊j⋆⌋+1

ln
{

1 + T0(j/n) + T̂0(j/n)
1 − T̂0(j/n) + T̂0(bρ2b

2 )

bρ2b
2 −j/n

j/n−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

1 + bρ2b
2 −j/n

j/n−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

}
,

S6 =
j2,−−1∑

j=⌊j⋆⌋+1

( bρ2b
2

bρ2b
2 −j/n

− α
b

)
T̂1(j/n) + j/n

2b T̂2(j/n)

1 − T̂0(j/n) + T̂0(bρ2b
2 )

.

We can express S4 and S6 in terms of the functions f̂1 and f̂ as follows:

S4 =
⌊j⋆⌋∑

j=j1,++1
f̂1(j/n), S6 =

⌊j⋆⌋∑
j=j1,++1

f̂(j/n).

These sums can be expanded using Lemma 2.4 (with A = σ⋆, a0 = 1 − α − θ⋆, B = bρ2b
2

1+ϵ and b0 =
θ

(n,ϵ)
2,− − α − 1); this gives the terms involving f̂1 and f̂ on the right-hand side of (2.21). We now turn to

the analysis of S5. Let s5,j be the summand of S5. Since s5,j = O(( ρ2
ρ1

)−2(j−j⋆)) as n → +∞ uniformly
for j ∈ {⌊j⋆⌋ + 1, . . . , j2,− − 1}, we have

S5 =
⌊j⋆+M ′ ln n⌋∑

j=⌊j⋆⌋+1

s5,j + O(n−100), as n → +∞,

provided M ′ is chosen large enough. Furthermore, since T0 and T̂0 are analytic at σ⋆,

S5 =
⌊j⋆+M ′ ln n⌋∑

j=⌊j⋆⌋+1

[
ln
{

1 + T0(σ⋆) + T̂0(σ⋆)
1 − T̂0(σ⋆) + T̂0(bρ2b

2 )

bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

1 + bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

}
+ O

(
j/n − σ⋆

)]
+ O(n−100)

=
⌊j⋆+M ′ ln n⌋∑

j=⌊j⋆⌋+1

ln
{

1 + T0(σ⋆) + T̂0(σ⋆)
1 − T̂0(σ⋆) + T̂0(bρ2b

2 )

bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

1 + bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

}
+ O

(
(ln n)2

n

)

=
+∞∑

j=⌊j⋆⌋+1

ln
{

1 + T0(σ⋆) + T̂0(σ⋆)
1 − T̂0(σ⋆) + T̂0(bρ2b

2 )

bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

1 + bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j−j⋆)

}
+ O

(
(ln n)2

n

)
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as n → +∞. Changing indices, we get

S5 =
+∞∑
j=0

ln
{

1 + T0(σ⋆) + T̂0(σ⋆)
1 − T̂0(σ⋆) + T̂0(bρ2b

2 )

bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j+1−θ⋆)

1 + bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j+1−θ⋆)

}
+ O

(
(ln n)2

n

)
, as n → +∞.

The claim follows after a computation combining the asymptotics of S4, S5, S6.

Recall that σ1, σ2 > 0 were defined in (1.5), Q = Q(⃗t, u⃗) was defined in (1.15), and Fn was defined in
terms of the Jacobi theta function θ(z; τ) in (1.19).

Lemma 2.7. We can choose M ′ sufficiently large such that the following holds. For any fixed x1, . . . , x2m ∈
R, there exists δ > 0 such that

S3 = n

{∫ σ⋆

bρ2b
1

1−ϵ

f1(x)dx +
∫ bρ2b

2
1+ϵ

σ⋆

f̂1(x)dx

}
+
(

α − 1
2 + θ

(n,ϵ)
1,+

)
f1

( bρ2b
1

1 − ϵ

)
+
(

θ
(n,ϵ)
2,− − α − 1

2

)
f̂1

( bρ2b
2

1 + ϵ

)

+
(

1
2 − α − θ⋆

)(
f1(σ⋆) − f̂1(σ⋆)

)
+
∫ σ⋆

bρ2b
1

1−ϵ

f(x)dx +
∫ bρ2b

2
1+ϵ

σ⋆

f̂(x)dx

+ θ⋆ ln Q − ln Q
2

(
1 − 2 ln(σ2/σ1) + ln Q

2 ln(ρ2/ρ1)

)
+ Fn + O

(
(ln n)2

n

)
as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where
f1(x) := ln

(
1 + T0(x) + T̂0(bρ2b

2 )
)
, f̂1(x) := ln

(
1 − T̂0(x) + T̂0(bρ2b

2 )
)

and Tj, T̂j, f and f̂ are defined in
(1.11)–(1.14).

Proof. Let

Σn :=
+∞∑
j=0

ln
{

1 − T0(σ⋆) + T̂0(σ⋆)
1 + T0(σ⋆) + T̂0(bρ2b

2 )

σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(θ⋆+j)

1 + σ⋆−bρ2b
1

bρ2b
2 −σ⋆

( ρ2
ρ1

)−2(θ⋆+j)

}

+
+∞∑
j=0

ln
{

1 + T0(σ⋆) + T̂0(σ⋆)
1 − T̂0(σ⋆) + T̂0(bρ2b

2 )

bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j+1−θ⋆)

1 + bρ2b
2 −σ⋆

σ⋆−bρ2b
1

(
ρ2
ρ1

)−2(j+1−θ⋆)

}
.

The desired conclusion is a direct consequence of Lemmas 2.5 and 2.6 if we can show that

Σn = θ⋆ ln Q − ln Q
2

(
1 − 2 ln(σ2/σ1) + ln Q

2 ln(ρ2/ρ1)

)
+ Fn. (2.22)

To show (2.22), we introduce the short-hand notation v := bρ2b
2 −σ⋆

σ⋆−bρ2b
1

= σ2/σ1 > 0 and w := ρ1/ρ2 ∈ (0, 1).
Then we can write

Σn =
+∞∑
j=0

ln
{

1 − Q − 1
Q

1
vw−2(θ⋆+j) + 1

}
+

+∞∑
j=0

ln
{

1 + (Q − 1) 1
w−2(j+1−θ⋆)

v + 1

}
.

Combining the logarithms in the two sums and then letting j = ℓ − 1, this becomes

Σn =
+∞∑
j=0

ln
(1 + w2j+2 vQ

w2θ⋆
)(1 + w2j w2θ⋆

vQ )
(1 + w2j+2 v

w2θ⋆
)(1 + w2j w2θ⋆

v )
=

+∞∑
ℓ=1

ln
(1 + w2ℓ−1 vQ

w2θ⋆−1 )(1 + w2ℓ−1 w2θ⋆−1

vQ )
(1 + w2ℓ−1 v

w2θ⋆−1 )(1 + w2ℓ−1 w2θ⋆−1

v )
.

Using the Jacobi triple product identity

θ(z; τ) =
∞∏

ℓ=1
(1 − e2ℓπiτ )(1 + e(2ℓ−1)πiτ+2πiz)(1 + e(2ℓ−1)πiτ−2πiz),

we obtain

Σn = ln
θ( 1

2πi ln( vQ
w2θ⋆−1 ); ln w

πi )
θ( 1

2πi ln( v
w2θ⋆−1 ); ln w

πi )
,
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where Im ( ln w
πi ) > 0 because w ∈ (0, 1). With the help of the Jacobi identity

θ(z; τ) = (−iτ)−1/2e− πiz2
τ θ

( z

τ
; − 1

τ

)
this can be written as

Σn = θ⋆ ln Q − ln Q
2

(
1 + 2 ln v + ln Q

2 ln w

)
+ ln

θ( ln(vQ)
2 ln w − θ⋆ + 1

2 ; − πi
ln w )

θ( ln v
2 ln w − θ⋆ + 1

2 ; − πi
ln w )

.

Using the periodicity property θ(z + 1; τ) = θ(z; τ), we can replace θ⋆ = j⋆ − ⌊j⋆⌋ by j⋆ = nσ⋆ − α and
+ 1

2 by − 1
2 inside θ. Using also θ(−z; τ) = θ(z; τ), v = σ2/σ1 and w = ρ1/ρ2, we arrive at (2.22).

We now turn our attention to S2 and S4. Let M := n
1

10 . We split S2k, k = 1, 2, as follows:

S2k = S
(1)
2k + S

(2)
2k + S

(3)
2k , S

(v)
2k :=

∑
j:λj,k∈Iv

ln
(

1 +
2m∑
ℓ=1

ωℓFn,j,ℓ

)
, v = 1, 2, 3, (2.23)

where

I1 = [1 − ϵ, 1 − M√
n

), I2 = [1 − M√
n

, 1 + M√
n

], I3 = (1 + M√
n

, 1 + ϵ].

From (2.23), we see that the large n asymptotics of {S
(v)
2k }v=1,2,3 involve the asymptotics of γ(a, z) when

a → +∞, z → +∞ with λ = z
a ∈ [1 − ϵ, 1 + ϵ]. These sums can also be rewritten using

∑
j:λj,k∈I3

=
gk,−−1∑
j=jk,−

,
∑

j:λj,k∈I2

=
gk,+∑

j=gk,−

,
∑

j:λj,k∈I1

=
jk,+∑

j=gk,++1
, (2.24)

where gk,− := ⌈ bnρ2b
k

1+ M√
n

− α⌉ and gk,+ := ⌊ bnρ2b
k

1− M√
n

− α⌋ for k = 1, 2. Let us also define

θ
(n,M)
k,− := gk,− −

(
bnρ2b

k

1 + M√
n

− α

)
=
⌈

bnρ2b
k

1 + M√
n

− α

⌉
−
(

bnρ2b
k

1 + M√
n

− α

)
,

θ
(n,M)
k,+ :=

(
bnρ2b

k

1 − M√
n

− α

)
− gk,+ =

(
bnρ2b

k

1 − M√
n

− α

)
−
⌊

bnρ2b
k

1 − M√
n

− α

⌋
.

Clearly, θ
(n,M)
k,− , θ

(n,M)
k,+ ∈ [0, 1).

Lemma 2.8. For any fixed x1, . . . , x2m ∈ R, there exists δ > 0 such that

S
(3)
2 =

(
bρ2b

1 n − j1,− − bMρ2b
1

√
n + bM2ρ2b

1 − α + θ
(n,M)
1,− − bM3ρ2b

1 n− 1
2

)
ln Ω + O(M4n−1),

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}.

Proof. For all sufficiently large n, and uniformly for j ∈ {j : λj,1 ∈ I3}, we have that ηj,2, η̂j,ℓ, ℓ =
m + 1, . . . , 2m are positive and bounded away from 0, and furthermore

min
ℓ∈{1,...,m}

{ηj,1, η̂j,ℓ} ≥ M√
n

+ O( 1√
n

), −
√

aj/2 min
ℓ∈{1,...,m}

{ηj,1, η̂j,ℓ} ≤ − Mrb
√

2 + O(1).

Using Lemma C.3 and the fact that M = n
1

10 , we infer that

Fn,j,ℓ = 1 + O(e−
aj η̂2

j,ℓ
2 )

1 + O(e−
aj η2

j,2
2 + e−

aj η2
j,1

2 )
= 1 + O(e−cn1/5

), ℓ = 1, . . . , m,

Fn,j,ℓ = 1 + O(e−
aj η̂2

j,ℓ
2 + e−

aj η2
j,2

2 + e−
aj η2

j,1
2 )

1 + O(e−
aj η2

j,2
2 + e−

aj η2
j,1

2 )
= 1 + O(e−cn1/5

), ℓ = m + 1, . . . , 2m,
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uniformly for j ∈ {j1,−, . . . , g1,− − 1}. Hence, by (2.24),

S
(3)
2 =

g1,−−1∑
j=j1,−

ln
(

1 +
2m∑
ℓ=1

ωℓ

[
1 + O(e−cn1/5

)
])

= (g1,− − j1,−) ln Ω + O(ne−cn1/5
), as n → +∞.

In the above, the error terms before the second equality are independent of u1, . . . , u2m, so the expansion
(see [27, Lemma 2.4])

g1,− − j1,− = bρ2b
1 n − j1,− − bMρ2b

1
√

n + bM2ρ2b
1 − α + θ

(n,M)
1,− − bM3ρ2b

1 n− 1
2 + O(M4n−1)

yields the claim.

Lemma 2.9. For any fixed x1, . . . , x2m ∈ R, there exists δ > 0 such that

S
(1)
4 = O(n−100),

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}.

Proof. For all sufficiently large n, and uniformly for j ∈ {j : λj,2 ∈ I1}, we have that ηj,1, η̂j,ℓ, ℓ = 1, . . . , m
are negative and bounded away from 0, and furthermore

max
ℓ∈{m+1,...,2m}

{ηj,2, η̂j,ℓ} ≤ − M√
n

+ O( 1√
n

), −
√

aj/2 max
ℓ∈{m+1,...,2m}

{ηj,2, η̂j,ℓ} ≥ Mrb
√

2 + O(1).

Using Lemma C.3 and the fact that M = n
1

10 , we infer that

Fn,j,ℓ = O(e−cn1/5
) = O(n−101), ℓ = 1, . . . , 2m,

uniformly for j ∈ {g2,+ + 1, . . . , j2,+}. Hence, by (2.24),

S
(1)
4 =

j2,+∑
j=g2,++1

ln
(

1 +
2m∑
ℓ=1

ωℓO(n−101)
)

= O(n−100), as n → +∞,

and the claim follows.

Lemma 2.10. For any fixed x1, . . . , x2m ∈ R, there exists δ > 0 such that

S
(1)
2 = D

(ϵ)
1 n + D

(M)
2

√
n + D3 ln n + D

(n,ϵ,M)
4 + D

(n,M)
5√

n
+ O

(
M4

n
+ 1√

nM
+ 1

M6 +
√

n

M11

)
,

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where

D
(ϵ)
1 =

∫ bρ2b
1

1−ϵ

bρ2b
1

f1(x)dx, D
(M)
2 = −bρ2b

1 f1(bρ2b
1 )M, D3 = −bρ2b

1 T1(bρ2b
1 )

2(1 + T0(bρ2b
1 ) + T̂0(bρ2b

2 ))
,

D
(n,ϵ,M)
4 = −bρ2b

1 M2
(

f1(bρ2b
1 ) + bρ2b

1
2 f ′

1(bρ2b
1 )
)

− bρ2b
1 T1(bρ2b

1 )
1 + T0(bρ2b

1 ) + T̂0(bρ2b
2 )

ln
(

ϵ

M(1 − ϵ)

)

+
∫ bρ2b

1
1−ϵ

bρ2b
1

{
f(x) + bρ2b

1 T1(bρ2b
1 )

(1 + T0(bρ2b
1 ) + T̂0(bρ2b

2 ))(x − bρ2b
1 )

}
dx +

(
α − 1

2 + θ
(n,M)
1,+

)
f1(bρ2b

1 )

+
(

1
2 − α − θ

(n,ϵ)
1,+

)
f1

(
bρ2b

1
1 − ϵ

)
+ bT1(bρ2b

1 )
M2(1 + T0(bρ2b

1 ) + T̂0(bρ2b
2 ))

+ −5bT1(bρ2b
1 )

2ρ2b
1 M4(1 + T0(bρ2b

1 ) + T̂0(bρ2b
2 ))

,

D
(n,M)
5 = −M3bρ2b

1

(
f1(bρ2b

1 ) + bρ2b
1 f ′

1(bρ2b
1 ) + (bρ2b

1 )2

6 f ′′
1 (bρ2b

1 )
)

+ Mbρ2b
1 f ′

1(bρ2b
1 )
(

α − 1
2 + θ

(n,M)
1,+

)
+ M

(
(b + α)ρ2b

1 T1(bρ2b
1 )

1 + T0(bρ2b
1 ) + T̂0(bρ2b

2 )
− bρ4b

1 T2(bρ2b
1 )

2(1 + T0(bρ2b
1 ) + T̂0(bρ2b

2 ))
+ bρ4b

1 T1(bρ2b
1 )2

(1 + T0(bρ2b
1 ) + T̂0(bρ2b

2 ))2

)
,

where f1 and f are as in the statement of Lemma 2.7.
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Proof. Using (2.8) and Lemma C.2, we obtain

S
(1)
2 =

j1,+∑
j=g1,++1

ln
(

1+
m∑

ℓ=1
ωℓ

{ 1
2 erfc

(
− η̂j,ℓ

√
aj/2

)
− Raj

(η̂j,ℓ)
1
2 erfc

(
− ηj,1

√
aj/2

)
− Raj (ηj,1)

+ O(e−cn
1
5 )
}

+
2m∑

ℓ=m+1
ωℓ(1 + O(e−cn

1
5 ))
)

=
j1,+∑

j=g1,++1
ln
(

1 +
m∑

ℓ=1
ωℓ

1
2 erfc

(
− η̂j,ℓ

√
aj/2

)
− Raj

(η̂j,ℓ)
1
2 erfc

(
− ηj,1

√
aj/2

)
− Raj

(ηj,1)
+ T̂0(bρ2b

2 )
)

+ O(e−cn1/5
). (2.25)

The computation and the resulting formulas appearing in the rest of this proof are the same as in the
proof of [10, Lemma 2.6], except that ρ in [10] corresponds to ρ1 here and the extra term T̂0(bρ2b

2 ) in the
above equation implies that 1 + T0(x) in [10, Lemma 2.6] is replaced here by 1 + T0(x) + T̂0(bρ2b

2 ). We
nevertheless provide the details here for completeness. Using (C.3), we find

S
(1)
2 =

j1,+∑
j=g1,++1

(
f1(j/n) + 1

n
f(j/n) + 1

n2
2b3ρ4b

1 T1(j/n)
(1 + T0(j/n) + T̂0(bρ2b

2 ))(j/n − bρ2b
1 )3

+ 1
n3

−10b5ρ6b
1 T1(j/n)

(1 + T0(j/n) + T̂0(bρ2b
2 ))(j/n − bρ2b

1 )5

+ O
(

n−2

(j/n − bρ2b
1 )2 + n−3

(j/n − bρ2b
1 )4 + n−4

(j/n − bρ2b
1 )7 + n−6

(j/n − bρ2b
1 )12

))
.

Note that
j1,+∑

j=g1,++1
O
(

n−2

(j/n − bρ2b
1 )2 + n−3

(j/n − bρ2b
1 )4 + n−4

(j/n − bρ2b
1 )7 + n−6

(j/n − bρ2b
1 )12

)

= O
(

1
M

√
n

+ 1
M3√

n
+ 1

M6 +
√

n

M11

)
.
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The claim now follows after a computation.

Lemma 2.11. For any fixed x1, . . . , x2m ∈ R, there exists δ > 0 such that
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where f̂1 and f̂ are as in the statement of Lemma 2.7.
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Using then (C.3), we find
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The claim now follows after a computation.
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where, for h̃ ∈ C(R) and j ∈ {gk,− + 1, . . . , gk,+}, we define m̃j,n,k(h̃) := maxx∈[Mj,k,Mj−1,k] |h̃(x)|.
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Proof. In a similar way as in (2.25), we infer that there exists δ > 0 such that
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as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}. For
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uniformly for j ∈ {j : λj,1 ∈ I2}. Extending the above asymptotic formulas to higher order (see [10,
Lemma 2.8] for details in a similar situation), we deduce that the argument of ln in (2.28) enjoys the
following asymptotics
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1√
2 )

{
e− 1

2 x2ρ2b
1 T1(bρ2b

1 )
√

2π erfc(− xρb
1√
2 )

(4 − 10x2ρ2b
1 ) + T1(bρ2b

1 )
(
3xρb

1 − 5x3ρ3b
1
)

− 3ρ3b
1 xT2(bρ2b

1 )
}

.

We remark that equation (2.29) coincides with [10, eq (2.29)] except that (2.29) has the extra term
T̂0(bρ2b

2 ) on each side and (ρ, Mj , ηj , ηj,ℓ) in [10, eq (2.29)] are given by (ρ1, Mj,1, ηj,1, η̂j,ℓ) here. The
functions g4 and g5 can also be computed explicitly, but we do not write them down. Since e− 1

2 x2ρ2b
1

√
2π erfc(−

xρb
1√
2

)
∼

− ρb
1x
2 as x → −∞, g2(x) = O(x) as x → −∞. At first glance, it seems that g3(x) = O(x4) as x → −∞.

However, some cancellations take place and in fact g3(x) = O(x2) as x → −∞. Likewise, the expressions
for g4 and g5 suggest a priori that g4(x) = O(x7) and g5(x) = O(x10) as x → −∞, but here too,
cancellations take place and in fact g4(x) = O(x3) and g5(x) = O(x4) as x → −∞. Using the above large
x estimates for {gj(x)}5

j=2 and (2.29), we obtain after a computation that

S
(2)
2 =

g1,+∑
j=g1,−

{
ln(1 + T0(bρ2b

1 ) + T̂0(bρ2b
2 )) + h1(Mj,1)√

n
+ h2(Mj,1)

n
+ O

(
1 + |Mj,1|3

n3/2 + 1 + |Mj,1|13

n5/2

)}
.

as n → +∞. The above error can be estimated as follows:
g1,+∑

j=g1,−

O
(

1 + |Mj,1|3

n3/2 + 1 + |Mj,1|13

n5/2

)
= O

(
M4

n
+ M14

n2

)
, as n → +∞.

Using then Lemma 2.12, we obtain the claim.

Lemma 2.14. Let x1, . . . , x2m ∈ R be fixed. There exists δ > 0 such that

S
(2)
4 = Ê

(M)
2

√
n + Ê

(M)
4 + Ê

(M)
5√
n

+ O
(

M4

n
+ M14

n2

)
,

Ê
(M)
2 = 0, Ê

(M)
4 = bρ2b

2

∫ M

−M

ĥ1(t)dt,

Ê
(M)
5 =

(
1
2 − θ

(n,M)
2,−

)
ĥ1(M) +

(
1
2 − θ

(n,M)
2,+

)
ĥ1(−M) + bρ2b

2

∫ M

−M

(
ĥ2(t) − 2tĥ1(t)

)
dt,
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as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where ĥ1, ĥ2
are given by

ĥ1(x) = 2ρb
2T̂1(bρ2b

2 ) e− 1
2 x2ρ2b

2

√
2π
(
2 − erfc(− xρb

2√
2 )
) ,

ĥ2(x) = − ĥ1(x)2

2 + e− 1
2 x2ρ2b

2

√
2π
(
2 − erfc(− xρb

2√
2 )
){(− ρb

2x + 5
3ρ3b

2 x3
)

T̂1(bρ2b
2 )

− ρ3b
2 xT̂2(bρ2b

2 ) + 4 − 10ρ2b
2 x2

3 T̂1(bρ2b
2 ) e− 1

2 x2ρ2b
2

√
2π
(
2 − erfc(− xρb

2√
2 )
)}.

Proof. In a similar way as in (2.26), we infer that there exists δ > 0 such that

S
(2)
4 = O(e−cn) +

∑
j:λj,2∈I2

ln
(

1

+
2m∑

ℓ=m+1
ωℓ

1
2 erfc

(
− η̂j,ℓ

√
aj/2

)
− Raj

(η̂j,ℓ) −
[ 1

2 erfc
(

− ηj,2
√

aj/2
)

− Raj
(ηj,2)

]
1 −

[ 1
2 erfc

(
− ηj,2

√
aj/2

)
− Raj

(ηj,2)
] )

(2.30)

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}. For
j ∈ {j : λj,2 ∈ I2}, we have 1 − M√

n
≤ λj,2 = bnρ2b

2
j+α ≤ 1 + M√

n
, −M ≤ Mj,2 ≤ M , and

M̂j,k = Mj,2 + tk√
n

+ tkMj,2

n
, k = m + 1, . . . , 2m.

Furthermore, for ℓ ∈ {m + 1, . . . , 2m}, as n → +∞ we have

η̂j,ℓ = Mj,2√
n

−
M2

j,2 − 3tℓ

3n
+

7M3
j,2 + 12tℓMj,2

36n3/2 + O
(1 + M4

j,2

n2

)
(2.31)

−η̂j,ℓ

√
aj/2 = −Mj,2ρb

2√
2

+
(5M2

j,2 − 6tℓ)ρb
2

6
√

2
√

n
−

ρb
2Mj,2(53M2

j,2 − 12tℓ)
72

√
2n

+ O
(1 + M4

j,2

n3/2

)
(2.32)

uniformly for j ∈ {j : λj,2 ∈ I2}. Hence, for ℓ ∈ {m + 1, . . . , 2m}, by (C.3) as n → +∞ we have

Raj
(η̂j,ℓ) = e−

M2
j,2ρ2b

2
2

√
2π

(
−1

3ρb
2
√

n
−

Mj,2(3 + 10M2
j,2ρ2b

2 − 12tℓρ
2b
2 )

36ρb
2n

+ O((1 + M6
j,2)n− 3

2 )
)

and

1
2erfc

(
− η̂j,ℓ

√
aj/2

)
= 1

2erfc
(

− ρb
2Mj,2√

2

)
−

e−
M2

j,2ρ2b
2

2 ρb
2(5M2

j,2 − 6tℓ)
6
√

2π
√

n

+ e−
M2

j,2ρ2b
2

2 Mj,2ρb
2

72
√

2π n

(
53M2

j,2 − 12tℓ − 25M4
j,2ρ2b

2 + 60M2
j,2tℓρ

2b
2 − 36t2

ℓρ2b
2

)
+ O

(
e−

M2
j,2ρ2b

2
2

1 + M8
j,2

n3/2

)
,

uniformly for j ∈ {j : λj,2 ∈ I2}. Extending the above asymptotic formulas to higher order (see [10,
Lemma 2.8] for details in a similar situation), we deduce from (2.30) that

1 +
2m∑

ℓ=m+1
ωℓ

1
2 erfc

(
− η̂j,ℓ

√
aj/2

)
− Raj

(η̂j,ℓ) −
[ 1

2 erfc
(

− ηj,2
√

aj/2
)

− Raj
(ηj,2)

]
1 −

[ 1
2 erfc

(
− ηj,2

√
aj/2

)
− Raj

(ηj,2)
]

= 1 + ĝ2(Mj,2)√
n

+ ĝ3(Mj,2)
n

+ ĝ4(Mj,2)
n3/2 + ĝ5(Mj,2)

n2 + O
(1 + |Mj,2|13

n5/2

))
, (2.33)

as n → +∞, where

ĝ2(x) = e− 1
2 x2ρ2b

2 2ρb
2T̂1(bρ2b

2 )
√

2π(2 − erfc(− xρb
2√
2 ))

,
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ĝ3(x) = e− 1
2 x2ρ2b

2

√
2π
(
2 − erfc(− xρb

2√
2 )
){(− ρb

2x + 5
3ρ3b

2 x3
)

T̂1(bρ2b
2 )

− ρ3b
2 xT̂2(bρ2b

2 ) + 4 − 10ρ2b
2 x2

3 T̂1(bρ2b
2 ) e− 1

2 x2ρ2b
2

√
2π
(
2 − erfc(− xρb

2√
2 )
)}.

The functions ĝ4 and ĝ5 can also be computed explicitly, but we do not write them down. Since
e− 1

2 x2ρ2b
2

√
2π (2−erfc(−

xρb
2√
2

))
∼ ρb

2x
2 as x → +∞, ĝ2(x) = O(x) as x → +∞. At first glance, it seems that

ĝ3(x) = O(x4) as x → +∞. However, some cancellations take place and in fact ĝ3(x) = O(x2) as
x → +∞. Likewise, the expressions for ĝ4 and ĝ5 suggest a priori that ĝ4(x) = O(x7) and ĝ5(x) = O(x10)
as x → +∞, but here too, cancellations take place and in fact ĝ4(x) = O(x3) and ĝ5(x) = O(x4) as
x → +∞. Using the above large x estimates for {ĝj(x)}5

j=2 and (2.33), we obtain after a computation
that

S
(2)
4 =

g2,+∑
j=g2,−

{
ĥ1(Mj,2)√

n
+ ĥ2(Mj,2)

n
+ O

(
1 + |Mj,2|3

n3/2 + 1 + |Mj,2|13

n5/2

)}
.

as n → +∞, where ĥ1 = ĝ2 and ĥ2 = − ĥ2
1

2 + ĝ3. Note that

g2,+∑
j=g2,−

O
(

1 + |Mj,2|3

n3/2 + 1 + |Mj,2|13

n5/2

)
= O

(
M4

n
+ M14

n2

)
, as n → +∞.

Using then Lemma 2.12, we find the claim.

Define the real constants {Ij}4
1 ⊂ R by

I1 =
∫ +∞

−∞

{
e−y2

√
π erfc(y)

− χ(0,+∞)(y)
[
y + y

2(1 + y2)

]}
dy, (2.34)

I2 =
∫ +∞

−∞

{
y3e−y2

√
π erfc(y)

− χ(0,+∞)(y)
[
y4 + y2

2 − 1
2

]}
dy, (2.35)

I3 =
∫ +∞

−∞

{(
e−y2

√
π erfc(y)

)2
− χ(0,+∞)(y)

[
y2 + 1

]}
dy, (2.36)

I4 =
∫ +∞

−∞

{(
y e−y2

√
π erfc(y)

)2
− χ(0,+∞)(y)

[
y4 + y2 − 3

4

]}
dy. (2.37)

Recall also that I is given by (1.20).

Lemma 2.15. For any fixed x1, . . . , x2m ∈ R, there exists δ > 0 such that

S2 = −j1,− ln Ω + F
(ϵ)
1 n + F2 ln n + F

(n,ϵ)
3 + F4√

n
+ O

( √
n

M11 + 1
M6 + 1√

nM
+ M4

n
+ M14

n2

)
,

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where

F
(ϵ)
1 = bρ2b

1 ln Ω +
∫ bρ2b

1
1−ϵ

bρ2b
1

f1(x)dx,

F2 = − bρ2b
1

2
T1(bρ2b

1 )
Ω ,

F
(n,ϵ)
3 = 1

2 ln Ω +
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1
1−ϵ

bρ2b
1

{
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1 T1(bρ2b
1 )

Ω(x − bρ2b
1 )
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1
2 − α − θ

(n,ϵ)
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)
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(
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1
1 − ϵ

)
− 2bρ2b

1
T1(bρ2b

1 )
Ω I1 + bρ2b

1
2Ω T1(bρ2b

1 )
(

ln 2 − 2b ln(ρ1)
)

− T1(bρ2b
1 )

Ω bρ2b
1 ln

(
ϵ

1 − ϵ

)
,

F4 =
√

2bρb
1

ρ2b
1 T2(bρ2b

1 ) − 5T1(bρ2b
1 )

Ω I + 10
√

2bρb
1

3
T1(bρ2b
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+
√

2bρb
1

T1(bρ2b
1 )

Ω

(
2
3 − ρ2b

1
T1(bρ2b

1 )
Ω

)
I3 − 10

√
2bρb

1
3

T1(bρ2b
1 )

Ω I4,

and f1 and f are as in the statement of Lemma 2.7.

Proof. By combining Lemmas 2.8, 2.10 and 2.13, we have

S2 = −j1,− ln Ω + F
(ϵ)
1 n + F̃2

√
n + F2 ln n + F

(n,ϵ,M)
3 + F

(M)
4√

n
+ O

( √
n

M11 + 1
M6 + 1√

nM
+ M4

n
+ M14

n2

)
,

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where F
(ϵ)
1 and

F2 are as in the statement, and

F̃2 = −bMρ2b
1 ln Ω + D

(M)
2 + E

(M)
2 ,

F
(n,ϵ,M)
3 =

(
bM2ρ2b

1 − α + θ
(n,M)
1,−

)
ln Ω + D

(n,ϵ,M)
4 + E

(M)
4 ,

F
(M)
4 = −bM3ρ2b

1 ln Ω + D
(n,M)
5 + E

(M)
5 .

Using that f1(bρ2b
1 ) = ln(1 + T0(bρ2b

1 ) + T̂0(bρ2b
2 )) = ln Ω, we readily verify that F̃2 = 0. Furthermore,

a long but direct computation shows that (see [10, Lemma 2.9] for a similar situation with more details
provided)

F
(n,ϵ,M)
3 = F

(n,ϵ)
3 + O(M−6), F

(M)
4 = F4 + O(M−1),

and the claim follows.

Lemma 2.16. For any fixed x1, . . . , x2m ∈ R, there exists δ > 0 such that

S4 = F̂
(ϵ)
1 n + F̂2 ln n + F̂

(n,ϵ)
3 + F̂4√

n
+ O

( √
n

M11 + 1
M6 + 1√

nM
+ M4

n
+ M14

n2

)
,

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where

F̂
(ϵ)
1 =
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2

bρ2b
2

1+ϵ

f̂1(x)dx,

F̂2 = bρ2b
2
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2
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2,−
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2
1 + ϵ

)
+ 2bρ2b

2 T̂1(bρ2b
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2
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(

ln 2 − 2b ln(ρ2)
)
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2 )bρ2b

2 ln
(

ϵ

1 + ϵ

)
,

F̂4 = −
√

2bρb
2
(
ρ2b

2 T̂2(bρ2b
2 ) + 5T̂1(bρ2b

2 )
)
I + 10

√
2bρb

2
3 T̂1(bρ2b

2 )I2

+
√

2bρb
2T̂1(bρ2b

2 )
(

2
3 − ρ2b

2 T̂1(bρ2b
2 )
)

I3 − 10
√

2bρb
2

3 T̂1(bρ2b
2 )I4,

and f̂1 and f̂ are as in the statement of Lemma 2.7.

Proof. By combining Lemmas 2.9, 2.11 and 2.14, we have

S4 = F̂
(ϵ)
1 n + ˜̂

F 2
√

n + F̂2 ln n + F̂
(n,ϵ,M)
3 + F̂

(M)
4√

n
+ O

( √
n

M11 + 1
M6 + 1√

nM
+ M4

n
+ M14

n2

)
,

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , u2m ∈ {z ∈ C : |z − x2m| ≤ δ}, where F̂
(ϵ)
1 and

F̂2 are as in the statement, and

˜̂
F 2 = D̂

(M)
2 + Ê

(M)
2 ,

F̂
(n,ϵ,M)
3 = D̂

(n,ϵ,M)
4 + Ê
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27



F̂
(M)
4 = D̂

(n,M)
5 + Ê

(M)
5 .

It is easy to check that ˜̂F 2 = 0. Furthermore, a long but direct computation shows that (see e.g. [10,
Proof of Lemma 2.9] for a similar analysis with more details provided)

F̂
(n,ϵ,M)
3 = F̂

(n,ϵ)
3 + O(M−6), F̂

(M)
4 = F̂4 + O(M−1),

and the claim follows.

End of the proof of Theorem 1.2. Let M ′ > 0 be sufficiently large such that Lemmas 2.2 and 2.15 hold.
Using (2.2) and Lemmas 2.1, 2.2, 2.15, 2.7, 2.16 and 2.3, we conclude that for any x1, . . . , xm ∈ R, there
exists δ > 0 such that

ln En = S0 + S1 + S2 + S3 + S4 + S5

= M ′ ln Ω + (j− − M ′ − 1) ln Ω − j− ln Ω + C1n + C2 ln n + (C3 + ln Ω) + Fn + C4√
n

+ O
( √

n

M11 + 1
M6 + 1√

nM
+ M4

n
+ M14

n2

)
,

as n → +∞ uniformly for u1 ∈ {z ∈ C : |z − x1| ≤ δ}, . . . , um ∈ {z ∈ C : |z − xm| ≤ δ}, where

C1 = F
(ϵ)
1 +

∫ σ⋆

bρ2b
1

1−ϵ

f1(x)dx +
∫ bρ2b

2
1+ϵ

σ⋆

f̂1(x)dx + F̂
(ϵ)
1 , C2 = F2 + F̂2, C4 = F4 + F̂4,

C3 + ln Ω = F
(n,ϵ)
3 +
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1
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2

)
f̂1
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2
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)
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1
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)
+
∫ σ⋆

bρ2b
1

1−ϵ

f(x)dx +
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2
1+ϵ

σ⋆

f̂(x)dx

+ θ⋆ ln Q − ln Q
2

(
1 − 2 ln(σ2/σ1) + ln Q

2 ln(ρ2/ρ1)

)
+ F̂

(n,ϵ)
3 .

It only remains to show that the constants {Cj}4
1 can be expressed as in the statement of Theorem 1.2.

This is easily verified for C1 and C2. Using the identities

f1(σ⋆) − f̂1(σ⋆) = ln Q, I1 = ln(2
√

π)
2 ,∫ σ⋆
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1−ϵ

bρ2b
1 T1(bρ2b
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Ω

(
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1
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1
− ln ϵ

1 − ϵ

)
,

−
∫ bρ2b

2
1+ϵ

σ⋆

bρ2b
2 T̂1(bρ2b

2 ; t⃗, u⃗)
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2 − x
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(
ln bρ2b

2
bρ2b

2 − σ⋆
+ ln ϵ

1 + ϵ

)
.

long but straightforward calculations show that C3 also can be written as in Theorem 1.2. Moreover,
substituting the expressions for F4 and F̂4 obtained in Lemmas 2.15 and 2.16 into the relation C4 =
F4 + F̂4, we infer that

C4 =
√

2b

(
ρb

1
ρ2b

1 T2(bρ2b
1 ; t⃗, u⃗) − 5T1(bρ2b

1 ; t⃗, u⃗)
Ω − ρb

2
(
ρ2b

2 T̂2(bρ2b
2 ; t⃗, u⃗) + 5T̂1(bρ2b

2 ; t⃗, u⃗)
))

I

+ 10
√

2b

3

(
ρb

1
T1(bρ2b

1 ; t⃗, u⃗)
Ω + ρb

2T̂1(bρ2b
2 ; t⃗, u⃗)

)
(I2 − I4)

+
√

2b

[
ρb

1
T1(bρ2b

1 ; t⃗, u⃗)
Ω

(
2
3 − ρ2b

1
T1(bρ2b

1 ; t⃗, u⃗)
Ω

)
+ ρb

2T̂1(bρ2b
2 ; t⃗, u⃗)

(
2
3 − ρ2b

2 T̂1(bρ2b
2 ; t⃗, u⃗)

)]
I3.

Using the identities I3 = I and I2 − I4 = I, which can be obtained via integration by parts (see [10,
Lemma 2.10] for details), we conclude that C4 also can be expressed as in Theorem 1.2. This finishes the
proof of Theorem 1.2.
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A Balayage of radially symmetric measures
The measure µh is defined as the unique minimizer of the energy functional

I[ν] =
∫∫

ln 1
|z − w|

ν(d2z)ν(d2w) +
∫

Q̂(z)ν(d2z), Q̂(z) :=
{

|z|2b, if |z| ∈ [0, ρ1] ∪ [ρ2, +∞),
+∞, otherwise,

among all Borel probability measures ν on C. In this appendix, we present a derivation of the expression
(1.4) for µh.

Let C = {z ∈ C : |z| ∈ [0, ρ1] ∪ [ρ2, +∞)} and G = C \ C = {z ∈ C : |z| ∈ (ρ1, ρ2)}. The unique
minimizer of

Ĩ[ν] =
∫∫

ln 1
|z − w|

ν(d2z)ν(d2w) +
∫

|z|2bν(d2z)

among all Borel probability measures ν on C is given by

µ(d2z) = χ
[0,b

− 1
2b ]

(|z|) 1
4π

∆|z|2bd2z = χ
[0,b

− 1
2b ]

(|z|)b2

π
|z|2b−2d2z,

(see [55, Example IV.6.2]). We start with the following lemma.

Lemma A.1. We have

µh = µ · χC + µ̂, (A.1)

where µ̂ := Bal(µ · χG , ∂G) is the balayage of µ · χG onto ∂G = {|z| = ρ1} ∪ {|z| = ρ2}.

Proof. Let us first introduce some notation and background from [55]. Given a Borel probability measure
ν, define

Uν(z) :=
∫
C

ln 1
|z − w|

ν(d2w), z ∈ C.

By [55, Theorem I.1.3 (d) and (f)], µ and µh satisfy the following conditions: there exist F, Fh ∈ R such
that {

Uµ(z) + 1
2 |z|2b ≥ F, z ∈ C,

Uµ(z) + 1
2 |z|2b = F, |z| ≤ b− 1

2b ,
(A.2){

Uµh(z) + 1
2 Q̂(z) ≥ Fh, z ∈ C,

Uµh(z) + 1
2 Q̂(z) = Fh, z ∈ supp(µh).

(A.3)

Furthermore, by [55, Theorem I.3.3], the conditions (A.3) uniquely characterize µh in the sense that if
ν is a Borel probability measure with compact support which satisfies Uν(z) + 1

2 Q̂(z) ≥ Fν for some
constant Fν and all z ∈ C and if Uν(z) + 1

2 Q̂(z) = Fν for all z ∈ supp(ν), then ν = µh.
Let µ̃h denote the right-hand side of (A.1). We will show that µ̃h = µh using the aforementioned

uniqueness theorem, namely [55, Theorem I.3.3]. Since µ̂ is the balayage of µ · χG onto ∂G, [55, Theorem
II.4.1] shows that {

U µ̂(z) ≤ Uµ·χG(z), z ∈ C,

U µ̂(z) = Uµ·χG(z), z ∈ C.

Combining the above with (A.2) and using that Uµ = Uµ·χC + Uµ·χG , we obtain (recall that Q̂(z) = +∞
for z ∈ G) {

Uµ·χC (z) + U µ̂(z) + 1
2 Q̂(z) ≥ F, |z| /∈ [0, ρ1] ∪ [ρ2, b− 1

2b ],
Uµ·χC (z) + U µ̂(z) + 1

2 Q̂(z) = F, |z| ∈ [0, ρ1] ∪ [ρ2, b− 1
2b ].

Since Uµ·χC + U µ̂ = U µ̃h , [55, Theorem I.3.3] applies and gives µ̃h = µh.
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It only remains to compute µ̂ := Bal(µ · χG , ∂G) explicitly. Recall that

µ(d2z) = b2

π
|z|2b−2χ

[0,b
− 1

2b ]
(r)d2z, z = reiθ, r ≥ 0, θ ∈ (−π, π],

and that 0 < ρ1 < ρ2 < b− 1
2b . Hence µ · χG is the radially symmetric measure given by

(µ · χG)(d2z) = f(r) χ(ρ1,ρ2)(r) rdr
dθ

π
,

where f(r) := b2r2b−2. Fix z ∈ C \ G and compute the logarithmic potential

Uµ·χG(z) =
∫
C

ln 1
|z − w|

(µ · χG)(d2w) = 2
∫ ρ2

ρ1

rf(r) dr
1

2π

∫ 2π

0
ln 1

|z − reiθ|
dθ.

Now we use the familiar integral (e.g. [55, Chapter 0, page 22])

1
2π

∫ 2π

0
ln 1

|z − reiθ|
dθ =

{
ln 1

r , |z| ≤ r,

ln 1
|z| , |z| ≥ r.

(A.4)

It follows that

Uµ·χG(z) =
{

C1, if |z| ≤ ρ1,

C2 ln 1
|z| , if |z| ≥ ρ2,

where C1 = 2
∫ ρ2

ρ1

rf(r) ln 1
r

dr, C2 = 2
∫ ρ2

ρ1

rf(r) dr.

We make the ansatz that µ̂ has the form (see [55, Theorem II.4.1])

µ̂(d2z) = σ1 δρ1(r) dr
dθ

2π
+ σ2 δρ2(r) dr

dθ

2π
, z = reiθ, r ≥ 0, θ ∈ (−π, π], (A.5)

for some constants σ1 and σ2. Using again (A.4) we obtain

U µ̂(z) =
{

σ1 ln 1
ρ1

+ σ2 ln 1
ρ2

, if |z| ≤ ρ1,

(σ1 + σ2) ln 1
|z| , if |z| ≥ ρ2.

By definition of µ̂, we must have Uµ·χG(z) = U µ̂(z) for all z /∈ G, so we have the system{
σ1 ln 1

ρ1
+ σ2 ln 1

ρ2
= C1,

σ1 + σ2 = C2.

The solution is

σ1 =
C1 − C2 ln 1

ρ2

ln ρ2
ρ1

, σ2 =
C2 ln 1

ρ1
− C1

ln ρ2
ρ1

. (A.6)

Recalling that f(r) = b2r2b−2, we get

C1 = 2
∫ ρ2

ρ1

rf(r) ln 1
r

dr = −bρ2b
2 ln(ρ2) + bρ2b

1 ln(ρ1) + 1
2 (ρ2b

2 − ρ2b
1 ),

C2 = 2
∫ ρ2

ρ1

rf(r) dr = b(ρ2b
2 − ρ2b

1 ).

Substituting the above expressions into (A.6) and recalling (A.1) and (A.5), we arrive at (1.4).

B Proof of Lemma 1.1
Define ϕ1 and ϕ2 by

ϕ1(x; t⃗, u⃗) := 1 + T0(x; t⃗, u⃗) + T̂0(bρ2b
2 ; u⃗) = 1 +

m∑
ℓ=1

ωℓe
− tℓ

b (x−bρ2b
1 ) +

2m∑
ℓ=m+1

ωℓ,
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ϕ2(x; t⃗, u⃗) := 1 − T̂0(x; t⃗, u⃗) + T̂0(bρ2b
2 ; u⃗) = 1 −

2m∑
ℓ=m+1

ωℓe
− tℓ

b (bρ2b
2 −x) +

2m∑
ℓ=m+1

ωℓ.

A calculation gives

∂u2m
ϕ1 = eu1+···+u2me− t1

b (x−bρ2b
1 ) +

m∑
ℓ=2

euℓ+···+u2m(e− tℓ
b (x−bρ2b

1 ) − e−
tℓ−1

b (x−bρ2b
1 ))

+ eum+1+···+u2m(1 − e− tm
b (x−bρ2b

1 )),

∂u2m
ϕ2 = eum+1+···+u2m(1 − e− tm+1

b (bρ2b
2 −x)) +

2m∑
ℓ=m+2

euℓ+···+u2m(e−
tℓ−1

b (bρ2b
2 −x) − e− tℓ

b (bρ2b
2 −x)).

Using that t1 > · · · > tm ≥ 0, we see that ∂u2m
ϕ1(x; t⃗, u⃗) > 0 for any x ≥ bρ2b

1 , and using that
0 ≤ tm+1 < · · · < t2m, we see that ∂u2mϕ2(x; t⃗, u⃗) ≥ 0 for any x ≤ bρ2b

2 . In view of the limits

lim
u2m→−∞

ϕ1(x; t⃗, u⃗) = 0, lim
u2m→−∞

ϕ2(x; t⃗, u⃗) = e− t2m
b (bρ2b

2 −x) > 0,

the desired inequalities follow.

C Uniform asymptotics of the incomplete gamma function
Lemma C.1 (From [54, eq 8.11.2]). Let a > 0 be fixed. As z → +∞,

γ(a, z) = Γ(a) + O(e− z
2 ).

Lemma C.2 (From [60, Section 11.2.4]). We have

γ(a, z)
Γ(a) = 1

2erfc(−η
√

a/2) − Ra(η), Ra(η) = e− 1
2 aη2

2πi

∫ ∞

−∞
e− 1

2 au2
g(u)du,

where erfc is the complementary error function,

λ = z

a
, η = (λ − 1)

√
2(λ − 1 − ln λ)

(λ − 1)2 , g(u) := dt

du

1
λ − t

+ 1
u + iη

. (C.1)

The variables t and u are related by the bijection t 7→ u from L := { θ
sin θ eiθ : −π < θ < π} to R given by

u = −i(t − 1)

√
2(t − 1 − ln t)

(t − 1)2 , t ∈ L. (C.2)

The principal branch is taken for the roots in (C.1) and (C.2). In addition,

Ra(η) ∼ e− 1
2 aη2

√
2πa

∞∑
j=0

cj(η)
aj

, as a → +∞ (C.3)

uniformly for z ∈ [0, ∞) where all coefficients cj(η) are bounded functions of η ∈ R (i.e. bounded for
λ ∈ (0, +∞)). The first two coefficients are given by (see [60, p. 312])

c0(η) = 1
λ − 1 − 1

η
, c1(η) = 1

η3 − 1
(λ − 1)3 − 1

(λ − 1)2 − 1
12(λ − 1) .

More generally, we have

cj(η) = 1
η

d

dη
cj−1(η) + γj

λ − 1 , j ≥ 1, (C.4)

where the γj are the Stirling coefficients

γj = (−1)j

2j j!

[
d2j

dx2j

(
1
2

x2

x − ln(1 + x)

)j+ 1
2
]

x=0
.

In particular, the following hold:
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(i) As a → +∞, γ(a, λa) = Γ(a)
(
1 + O(e− aη2

2 )
)

uniformly for λ ≥ 1 + δ for each fixed δ > 0.

(ii) As a → +∞, γ(a, λa) = Γ(a)O(e− aη2
2 ) uniformly for λ in compact subsets of (0, 1),

The following lemma is essentially a result of Tricomi [61]; however, the coefficients appearing in
Lemma C.3 below are written in a non-recursive way using [10, Lemma A.4].

Lemma C.3 (From [10, Lemma A.4]). Let N ≥ 0 be an integer, let η be as in (C.1), let φj(λ) :=
(−1)j+1(2j−1)!!

η2j+1 , and let S(φj(λ)) denote the singular part of φj(λ) at λ = 1, i.e., S(φj(λ)) is the sum of
the singular terms in the Laurent expansion of φj(λ) at λ = 1. The first S(φj(λ)) are given by

S(φ0(λ)) = − 1
λ − 1 , S(φ1(λ)) = 1

(λ − 1)3 + 1
(λ − 1)2 + 1

12(λ − 1) ,

S(φ2(λ)) = − 3
(λ − 1)5 − 5

(λ − 1)4 − 25
12(λ − 1)3 − 1

12(λ − 1)2 − 1
288(λ − 1) .

(i) As a → +∞, uniformly for λ ≥ 1 + 1√
a
,

γ(a, λa)
Γ(a) = 1 + e− a

2 η2

√
2π

{N−1∑
j=0

S(φj(λ))
aj+ 1

2
+ O

(
1

aN+ 1
2

)
+ O

(
1

(aη2)N+ 1
2

)}
.

(ii) As a → +∞, uniformly for λ ∈ [ϵ, 1 − 1√
a
] for any fixed ϵ > 0,

γ(a, λa)
Γ(a) = e− a

2 η2

√
2π

{N−1∑
j=0

S(φj(λ))
aj+ 1

2
+ O

(
1

aN+ 1
2

)
+ O

(
1

(aη2)N+ 1
2

)}
.
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