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Abstract

‘We consider a two-dimensional point process whose points are separated into two disjoint compo-
nents by a hard wall, and study the multivariate moment generating function of the corresponding
disk counting statistics. We investigate the “hard edge regime” where all disk boundaries are a
distance of order % away from the hard wall, where n is the number of points. We prove that as
n — 400, the asymptotics of the moment generating function are of the form

Cy _3
exp | Cin+ Colnn+Cs+F,+ —=+0(n"5) |,
Vn
and we determine the constants C1,...,Cs explicitly. The oscillatory term F,, is of order 1 and is

given in terms of the Jacobi theta function. Our theorem allows us to derive various precise results on
the disk counting function. For example, we prove that the asymptotic fluctuations of the number of
points in one component are of order 1 and are given by an oscillatory discrete Gaussian. Furthermore,
the variance of this random variable enjoys asymptotics described by the Weierstrass gp-function.
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1 Introduction and statement of results

In recent years there have been a lot of works on counting statistics of two dimensional point processes,
see e.g. [45, 26, 47, 48, 58, 22, 27, 59, 3, 30, 19, 10, 38, 4] and the recent surveys [20, 21]. The common
feature of these works is that they all deal exclusively with models for which the points condensate on a
single connected component (“the one-component regime”). In this paper we deviate from these earlier
works in that we study the disk counting statistics of a Coulomb gas (at inverse temperature 5 = 2) whose
points are separated into two disjoint components by a hard wall. Let us now introduce the Coulomb gas
model investigated in this work.

The Mittag-Leffler ensemble is the following joint probability density function

n
2b
7 I 16=GPTLIGP ™™, q, e, (11)
1<j<k<n Jj=1
where b > 0 and o > —1 are fixed parameters and Z,, is the normalization constant. As n — 400,
with high probability the random points (1, ..., (, accumulate on the disk centered at 0 of radius b=
according to the probability measure p(d?z) = £|2|?*=2d%z [43, 55]. This determinantal point process
generalizes the complex Ginibre process (which corresponds to (b, a) = (1,0)) and has attracted a lot of
attention over the years, see e.g. [8, 11, 24].

In this paper we focus on the Mittag-Leffler ensemble with a hard wall that separates the random
1
points into two disjoint components. To be precise, let 0 < p; < p2 < b~ 25. We consider the probability
density

n

1
H |zk—zj|2Hean(Zj), Z1,...,2n € C, (1.2)

nlzZ, - L
1<j<k<n Jj=1
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Figure 1: 1 Nlustration of the point processes corresponding to (1.2) with n = 4096, p; = %b*ﬁ,
p2 = %b_%7 a = 0 and the indicated values of b.
where Z,, is the normalization constant and
Q(Z): |Z|2b_27a1n|z|7 lf|Z| 6 [O,pl]U[ﬂg,-’-OO), (1 3)
400, otherwise.

Because py, pa < b~ 2, the macroscopic behavior of (1.2) is different from that of (1.1); it is described
by a probability measure 1, which is supported on {z € C : |z| € [0, p1] U [p2,b~ 2]} and has a singular
component on the circles of radii p; and ps. This measure can be computed using standard balayage
techniques [55] (we provide the details of this computation in Appendix A) and is given by

do

de de
2.\ _ op2, 2b—1 av at av
up(d°z) = 2b°r X[o,pl]u[pz,b*ﬁ](r)drzw + 010, (’I“)d?“27T + 020, (r)dr27r, (1.4)
where z = re?, r > 0, § € (—, 7] and
2b _ 2b
P —p
01 ZU*—bP?b7 02 prgb—ffﬂ Oy = 221?(%,;,1)- (1~5)

The assumption 0 < p; < p2 < b2 implies that bp?® < o, < bp3® and hence oy, 05 > 0. The quantity
o, is the mass of uj, on {|z| < p1}. Indeed, straightforward calculations show that

/|< pn(d?z) = o, /|> pn(d*z2) =1 — o, (1.6)
z|<p1 Z|Zp2

which means that for large n, the number of z;’s on {|z| < p1} is roughly o,n with high probability (see
also Corollary 1.7 and the asymptotics (1.29) and (1.32) below). The point process (1.2) is an example
of a two-dimensional Coulomb gas that is rotation invariant (meaning that the density (1.2) remains
unchanged if all z;’s are multiplied by e’®, B € R). This ensemble can be seen as a conditional process
where the points from (1.1) are conditioned on the hole event # that no (;’s lie in the annulus centered
at 0 of radii p; and py. The partition function Z,, of (1.2) is precisely equal to Z,P(H), and its large n
asymptotics were investigated in [1, 2, 28]; see also [42, 39, 44, 6, 7, 5, 40, 48] for related works on the
hole event. The process (1.2) can also be realized as the eigenvalues of an n x n random normal matrix
M taken at random according to the probability density proportional to e~ QM) g0 | where “tr” is the
trace and dM is the measure on the set of n X n normal matrices induced by the flat Euclidian metric of
C™>*™ [52, 31, 36]. Correlation kernels near hard edges have been studied in [65, 53, 56].

We will focus on “the hard edge regime”, i.e. when all disk boundaries are a distance of order %
away from the hard edges {|z| = p1} and {|z| = p2}. (Further away from the hard edges, it turns out
that there are no oscillations and the situation gets similar to the one-component semi-hard edge regime
considered in [10].) Let us now be more specific. Let N(y) := #{z; : |z;| < y} be the random variable
that counts the number of points of (1.2) in the disk centered at 0 of radius y. Our main result is a
precise asymptotic formula as n — 400 for the multivariate moment generating function (MGF)

2m
]E[He“jN(”)} (1.7)
j=1



where m € Ny is arbitrary (but fixed), ui, ..., u2, € R, and the radii 1, ..., oy satisfy 11 < -+ < 7oy,
and are merging at a critical speed in the following way

te %
W:Pl(l_n) , tg >0, £=1,...,m, (1.8)

1

o\ 2
’I“gng(l—i-n) , ty >0, L=m+1,...,2m. (1.9)

As n — 400, we prove that E[H2m1 e“N(r3)] enjoys asymptotics of the form

C
exp <C’1n+021nn+03+]: +—4+(’)( )>, (1.10)
\/>
and we determine C1, ..., Cy, F, explicitly. As corollaries of our various results on the generating function
(1.7), we also provide a central limit theorem for the joint fluctuations of N(r1), ..., N(ray,,), and precise

asymptotic formulas for all cumulants of these random variables. Even for m = 1 our results are new.
We now introduce the necessary material to present our results. For j > 0, define

m ] 2m )
= witje” F (a=bpi"). Ti(whad) = Y witje” % (bp3"—x) (1.11)
=1 {=m+1

where
ewettuzm _ e”é+1+"'+u2m7 if £ < 2m7
Wy — €u21n . 17 lf ,e = Qm’ (1.12)
1’ if ( = 2m + 17

and t = (tl, o tom), @ = (uy,. .., Usm). Since the quantities To(bp2?;t, @) and To(bp2t; t, @) are indepen-
dent of £, we Wlll simply write To(bp% @) and To(bp2®; @) instead. Define

—( bplzb )Tl(x t, 1) — 2bT2(a:;t_:12')

— T— bp

ritu) = — : 1.13
flast,d) 1+ To(z: 4, @) + To(bp2; @) (1.13)

bp3" NT (2 £ 14 e T (oL i

2 oo (bp%fm B 3) 1($,t,u) + 2b 2($,t7u)
flastu) = ———= - (1.14)

1= To(a; 1, @) + To(bp3®s i)
Let Q := w1t Tu2m and let
- 1+ T 74 T bo?2

Q(F ) = L Tolowit F) + To(bp3": @) (1.15)

1 Tolowt@) + To(bpd; @)

Our main result involves In Q(f, @) and the next lemma, whose proof is given in Appendix B, shows that
this logarithm is well-defined. It also shows that f and f are smooth functions of z € (bp2?, bp2?).

Lemma 1.1. Suppose @ € R®*™, t; > -+ > t, >0, and 0 <ty < -+ < toy,. For x € [bp?®,bp3?], it
holds that . .
1+ To(a; T, @) + To(bpa®; @) > 0, 1 — To(a;t, @) + To(bp2t; @) > 0.

Because py, is supported on two disjoint components, there will be some oscillations in the large
n asymptotics of (1.7). It turns out that these oscillations are described in terms of the Jacobi theta
function (z;7), which we recall is defined for z € C and Im 7 > 0 by

o0

9(277_): Z ewi£27'+27ri£z'

l=—0

This function satisfies
0(z+ 1;7) =0(z;7), 0(z +71;7) = e ™27 (2), 0(—z) =06(»), forall z € C, (1.16)

see also [54, Chapter 20] for further properties. We are now ready to state our main result.



Theorem 1.2 (Merging radii at the hard edge: the multi-component regime). Let m € Nsg, b > 0,
0<pr <p2 < b‘ﬁ, t1,...,tam > 0, and a > —1 be fized parameters such that t1 > --- > t,, > 0 and
0<tms1 <---<toy. Forn € Nyg, define

(=) =1, m, (1.17)
e+ 9)F r=mr1 o 2m, |

For any fixed x4, ..., %2, € R, there exists § > 0 such that

2m

N(rs C
E[E e“JN(”)] = exp (Cln + Colnn+ Cs + F,, + \/—%

uniformly for uy € {z € C: |z —x1| < 0},...,uem € {2z € C: |z — oy, | <6}, where

JrO(ng)), as n — 400 (1.18)
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O(on+ 1 —a+ In(r2/o)+n Q) __mi )

F,=In 21n(p2/p1) " In(p2/p1) : (1.19)
B(own + 5 — ot gured 2wy
and the constant T € R is given by
too ye v g 1
I= /OO {\/MC(ZI) — X(0,400) (¥) [y + 2] }dy ~ —0.81367. (1.20)
In particular, since E[H]—1 e N(TJ)} is analytic in uq, ..., us, € C and is positive for uy,...,usm € R,

the asymptotic formula (1.18) together with Cauchy’s formula shows that

Cy

2m
851...8522{1111&31[1_16"7'1\1(” } <Cln+Cglnn+C’3+ NG

j=1

>}O(n?), asn — +oo, (1.21)

for any ki,...,kom €N, and uq, ..., usm € R.

Remark 1.3. We believe that the estimate (’)(nfg) in (1.18) is not optimal and could be improved to

O(IHT") However, proving this is a very technical task that shall not be pursued here.

Remark 1.4. It is well-known that the theta function is a universal object of one-dimensional point
processes in the multi-cut regime, see e.g. [34, 35, 17, 41, 57, 32, 18, 14, 15, 37, 16, /6, 29]. In
dimension two, the emergence of this function was conjectured in [50, Section 1.5] and proved in [28] in
the context of large gap problems (or equivalently, partition function asymptotics with hard edges). This
function also appears in [9] in the study of microscopic correlations and smooth macroscopic statistics of
two-dimensional rotation-invariant ensembles with soft edges. To our knowledge, Theorem 1.2 is the first
result on counting statistics of a two-dimensional point process involving the 0-function.



Remark 1.5. (Periodicity of Fy,.) In the multi-cut regime of one-dimensional point processes, asymptotic
formulas are, in general, only quasiperiodic in n, see e.g. [63, 35, 57, 18]. However, in the special case
where the mass of the equilibrium measure on each interval of the support is a rational number, these
asymptotic formulas become periodic, see e.g. [51] and [29, Corollary 2.2].

Interestingly, Theorem 1.2 shows that an analogous phenomenon holds in our two-dimensional setting.
To see this, recall from (1.16) that 0 is periodic of period 1. Since n runs over the integers, the function
n — F, is, in general, only quasiperiodic in n. However, it follows from (1.19) and (1.6) that if the mass
Oy = flzISpl un(d?z) is rational, then n — JF, is periodic in n.

More generally, asymptotic formulas related to a given two-dimensional point process are expected to
be periodic in n whenever the masses of the components of the equilibrium measure are all rational. This
holds true in the setting of this paper, as well as in the two-dimensional soft edge setting of [9]. Recent
works [33, 25] on the so-called lemniscate ensemble also support this belief. This model has a d-fold
rotational symmetry, where d is a parameter that determines the number of components. The mass of
the equilibrium measure on each component is 1/d, and therefore one expects asymptotic formulas in this
model to be periodic in n of period d. The formulas in [33, 25] are consistent with this expectation: these
formulas involve n = Nd points and are not oscillatory as N — +o0o, N € Nyg.

Remark 1.6. (Probabilistic interpretation of Fy,.) Using the well-known relation (see [54, eq 21.5.8])

2

O(17 1tz —171) =™ T_lx/jiﬂ()(z; T),
we can rewrite F, as

Fa — (In QU @))2\ Lren(2) AN QE i)~ A
e’ =exp| — 4]n(@) ZZEZ(Z;)@,(ATL))z s

where (Ay,) := A, — | Ay is the fractional part of A, and

(1.22)

In(og/01)
A,=oon— - —a+ — .
Ty 21n(p2/p1)

The right-most fraction in (1.22) is related to the random variable v, (t,@) == (X, — (An)) In Q(£, @) via

S e (8) A QT ) M)
> rea(B) AP

where X, is the discrete Gaussian random variable on Z defined by

= E[e*» (9], (1.23)

2

(zl )($7<An>)
2
T T (B

In the multi-cut regime of one-dimensional point processes, fluctuation formulas analogous to (1.22)
involving an oscillatory discrete Gaussian can be found in [18, Section 8] and [29].

z €. (1.24)

The following corollary gives a probabilistic interpretation of &), in terms of counting statistics and
is analogous to the earlier result [29, Corollary 1.4] obtained in dimension one.

Corollary 1.7. Let x € Z be fized. As n — +o0,
P(N(p1) = [An] +2) =P(X, = z) + o(1). (1.25)

Proof. The proof is inspired by the proof of [29, Corollary 1.4]. Using Theorem 1.2 with m =1, us =0
and t; = 0 = t9, we have C1 = ujo,, Cy =0, an(O i) = uy, C3 = =% —uy(a — 212(%7;%3“1) C, =0,
and thus

E[eulN(m)] - eulAn]E[eul(Xn%An))](l + O(nfg)), as n — 400, (1.26)

uniformly for uy € K, where K C R is a compact subset containing 0. The rest of the proof proceeds
by contradiction. Fix x € Z and suppose that (1.25) does not hold. Then there exists a sequence
{ne}}2; C N such that P(N(p1) = [An, | + ) remains bounded away from P(X,, = z) for all k. Since

(An,,) €[0,1) for all k, there exists a subsequence {ng; } 2} such that (Ankj> — y. € [0,1] as j = +o0.



Let X, be the random variable defined as in (1.24) but with (A,,) replaced by y.. Then (1.26) together
with the fact that

uq X,

E[e "] = E[e"™] + o(1), as j — +oo uniformly for u; € K

implies that

u1 (N(Pl)_ LAnkj J)]

Ele = E[e“*] + o(1), as j — +oo uniformly for u; € K.

By [13, top of page 415], this implies that N(p;)— LAnij converges in distribution to X as j — 4o00. Since
P(Xy,, =) = P(X, = z) 4+ o(1) as j — 400, we thus have P(N(p;) = LAnij + ) = P(Xn,, = x) +o(1)
as j — +o0o. We have obtained our contradiction. O

For j € (NZm) g = {; = (J1,.--»Jd2m) € N : j1 + -+ + jo, > 1}, the joint cumulant Ky =
K£7(r1, ..o remin, by a) of N(rq), ... N(rap) is defined by

(1.27)

k3 = Kjy,.

L =)

u=0

where 811; = 8&11 e 8&2’; . As an immediate corollary of Theorem 1.2, we obtain the large n behavior of
any cumulant K3.

Corollary 1.8 (Asymptotics of cumulants). Let m € Nug, b >0, 0 < py < pa < b~ 2, j € (N?™),
a>-1,t > >tyn >0 and 0 < ty41 < -+ <ty be fivzed. For n € Nsg, define {re}2™ by (1.17).
As n — o0, the joint cumulant K7 satisfies

- = s 3204}17:*
‘ﬁ:(_j n 4+ 81]—[CQ|11=6 Inn + 8%03’6:6 + 8f:fn|ﬁ=6 + TO

where Cq,...,Cy, Fy are as in Theorem 1.2.

Kz = 000 +0(n %), (1.28)

Since E[N(r)] = &1(r), we obtain the following result after setting j = 1 in Corollary 1.8 and perform-
ing some long but straightforward calculations.

Corollary 1.9 (Asymptotics of E[N(ry)])). Under the assumptions of Corollary 1.8, the expectation value
E[N(r¢)] obeys the following formula for any 1 < ¢ < 2m:

E[N(T@)] =by(te)n + c1(te) Inn + di(te) + f1(n, te) + el(te)ﬂié + (’)(nfg)

as n — 400, where

t
— £ (ox—bpi")

bp3l + pi=c £=1,...,mandt; >0,

17 ?
= o AR
bilte) = ppgp —plee T2 g1 2m and > 0,
Oxs =m,m+1andt, =0,
_bp?btg _
ci(te) = w2 £=L...,m
bp3 te —
==, L=m+1,...,2m,

1 Cte. o2k In(oa/01) bpt
di(t)) = — = — e~ (o bp1)<a_ — 20 ) 4+ bty [ —————
1(te) 2 2In(p2/p1) P Var(o, - bpi’)

+ /U* (bp%btf(l — e FE) g te(20 4 aty)
b

—e b
x — bp2? ‘ 2b

2b
1

)dx, {=1,...,m,

1 _tegp 2 In(os/01) bpb
d t = — ——¢e (bp2 U*) (Of - —_— — b th ln 2
1(te) 2 21n(p2/p1) P2t \/ﬂ(bpgb —0y)

2b t -
/bp2 bp2lte(1 — e~ (003" —2)) ef%(bpgbfw)M dzx {=m+1 2m
o bp3t — x 2b ’ o

t
o~ T (ox 07"

In(os /01 i
(In6) (no. + 3 —a+ (92/01)_. /pl)), £=1,...,m,

f1(n,te) = W 2In(p2/p1)* In(p2
TR T Vi (g, 4 L g e/ L mi Ly gy g o
21n(p2/p1) * 2 21In(p2/p1)’ In(p2/p1) 7 - PR 3



(1) V2Ibplte(p3t, —1), £=1,...,m
e =
e —V2Thpbte(pRte+1), €=m+1,...,2m.

In particular, taking m =1 and t; =0, as n — +o0o we infer that

oy, +3 o Bl )
E[N =A, + n(p2/p1) n(pz/pl) L Ot
o) 2In(p2/p1) ( )
1 1 (In6) (noy + 4 —a+ falea/on) . mi ) .
=on——-—a+ n(oz/o1) n xt 3 2Tn(pa/pi) 1 (pQ/pl) L omY), (1.29)
2 2(p2/p1) 2In(p2/p1)

Using that

Cov[N(r¢), N(rx)] = K(1,1)(re, k)5 Var[N(r;)] = Cov[N(r¢), N(r¢)],

we can also obtain asymptotic formulas for the covariance and variance of the disk counting function by
setting j = (1,1) in Corollary 1.8. We distinguish three cases depending the values of ¢ and k.

1. If 1 < ¢ < k < m, then N(r;) and N(r) count the number of points in disks whose radii ry and ry,
are close to p;.

2. fm+1</¥¢<k<2m, then N(ry) and N(rx) count the number of points in disks whose radii 7,
and ry are close to ps.

3.1 </¢<mand m+ 1<k < 2m, then N(ry) counts the number of points in a disk of radius
re & p1, whereas N(ry) counts the number of points in a disk of radius ry &~ pa.

The formulas for the covariance are naturally expressed in terms of the Weierstrass p-function. Indeed,
these formulas involve the second derivative of Inf. By [54, eq 23.6.14] (01(7wz) and O3(wz) in [54]
correspond here to 61(z) and 6(z), respectively)

9/1”(0' T) d? . mit _ mi 1+7
: = 7 1 h : = imz+ 4 2 :
p(z;7) 300(0:7) 2 n6y(z;7), where 0i(z;7)=¢e G(z—l— ,T),

so we can express this second derivative in terms of the Weierstrass p-function as

d? 1+7
—FIHQ(ZT) p(z— 5 ,T)—C,

where ¢ € C is defined by
07 (0; 1)

¢i= o) (1.30)

The function z — p(z;7) is doubly periodic in the complex plane, of periods 1 and 7. In the following
corollaries, we let ¢ = ¢(p1, p2) be given by (1.30) with 7 defined by

" ln(pe/p)’

Corollary 1.10 (Asymptotics of the covariance for 1 < ¢ < k <m). Under the assumptions of Corollary
1.8, the covariance Cov(N(rg),N(ry)) obeys the following formula for any 1 < £ <k < m:

Cov(N(re), N(r)) = b1y (te: ti)n + e,y (e, ) Inm + i,y (be, )
+ f,n(n, te te) + 6(1,1)(tg,tk)n*% I O(n*%)

as n — 400, where

b bl — o= F (o —bp??) bl —e” 3 (o, —bp3?) 0 L 31
tooty) = - ifti >0, .
(1,1 (tes tk) tg . if tk (1.31)

bp1’ty P
2 b

b(1,1)(te,0) =0, ca,n)(te tr) =



d11)(te, tr) = e E (0 —bpl") (a _ In(og/01) ) I o~ L5k (a.—bpl") (a -~ In(o2/01) — 1)

2In(pz/p1) 2In(p2/p1)
tptty 2b
o 1—e " 2@=001") 242 4 20ttt 26
_b th k — L5 (z—bp7")
+ /bpfb { P1 Uk . bp%b + % e
_teg. 1 2b tpttr g 2 bp2b 2a0 + xty bpb
(o= @bp) _ o~ (a2 1 dx — bpi*tIn | ——=—"—— ),
ele ¢ oo ™ o TR V(o - vpd)
tottp 20
— =5 (ox—bp7") 1 ( / )
e b T n(og /01
f n,ty,ty) = —————— no +04+57>C
a.n (e, t) 41n(p2/p1)? {p( T2 2In(p2/p1)
" 1 1
—2(e @) _ 1) 1n(ps/p1)(In0) (na* tg-at m;7> },
1
eq,n(te tr) = V2 Ibpity (1- P (2t + t))-
In particular, with m =1, { =k =1 and t; =0, as n — +o0o we obtain
T In(oz/01) .
1 p(n(f*+§—a+W77)_c 3
Var[N = - 2P +O(n"3). 1.32
[N(p1)] 21n(p2/p1) 41n(p2/p1)? ( ) ( )

Remark 1.11. It should be emphasized that the case ty, > 0 of Corollary 1.10 above is drastically
different from the case ti, = 0. Indeed, if t;, > 0, then Cov(N(r¢),N(rk)) is of order n, while if t,, = 0,
then Cov(N(rg),N(rx)) = Cov(N(re),N(p1)) is of order 1.

Corollary 1.12 (Asymptotics of the covariance for m + 1 < ¢ < k < 2m). Under the assumptions of
Corollary 1.8, the covariance Cov(N(ry),N(rg)) obeys the following formula for any m—+1 < <k < 2m:

Cov(N(re), N(r)) = ber,1)(te, te)n + cu,1y (te, ti) Inn + d iy 1y (te, tr)
+fa,n (s te, te) + ey (te, te)n”% + O(n_%)

as n — +00, where

b bl — e wbp3"—0) bl o (bR —a) . L
bt = - ifte >0, .
ol hd b te + b ifte (1.33)

bp3’t
b(1,1)(0,tk) =0, 0(1,1)(7%??1@) - %7

” 1 t 1 1
dirp)(te, ty) = e~ F 08" =) <a _ Inloz/on) ) L e (bR —0) <a _ In(oz/oy) +1 )
2In(p2/p1) 21In(p2/p1)

bp3’ 1— e*tettk (bp3"=2) 442 _ 20t totty o 20
+ N 2bt + 14 ZefT(bp2 —x)
/m { T 20

ot 20 _tptty 2b _ _prb 200 — xtk be
b (e R ) _ R (7 $>< 2 dz — bpPtyIn | ——22 ),
<l g —" P ar et — o)

to+ty 2b
— L (bR o) 1
€ b 2 T n\oqg /0
f(l?l)(n,tz,tk) = —{p(na* + 5 — o+ (2/1)7> —C

4In(p2/p1)? 21In(p2/p1)’
e / 1 In(oz/01)
+2(e® 1) In(p2/p1)(In6) (na* + 3 o+ 2ln(p2/p1)’T ,

ey (te,ti) = —V2Ibphte(1+ p3¥(te + 2tr)).

Corollary 1.13 (Asymptotics of the covariance for 1 < ¢ < m and m + 1 < k < 2m). Under the
assumptions of Corollary 1.8, the covariance Cov(N(r),N(rk)) obeys the following formula for any 1 <
f<mandm—+1<k<2m:

Cov(N(re) N(re)) = dia.ny (tes ) + fiay (s tes ) + O(n )
as n — 400, where

o~ £ (0.=bpI") o= (493" —0)
day(te,ty) =

2In(p2/p1) ,
(o —bp2) = (bR =) In(
e b e~ ® T n 02/01) )}
f n,te, ty) = c— Noxy+ - —Q+ ;7 .
(s te, L) 41n(p2/p1)? { p( t2 21n(p2/p1)



It is crucial for the next corollary that ¢,,,tm1 > 0, so that b 1)(te,t¢) > 0 for all £ € {1,...,2m}.
In this case the asymptotic joint fluctuations of N(r1),...,N(rqa,,) are of order \/n and are continuous
Gaussians. This should be compared to Corollary 1.7 (corresponding to the case m = 1 and ¢, = 0),
which shows that the asymptotic fluctuations of N(p;) are of order 1 and are described by a discrete
Gaussian.

Corollary 1.14. Suppose that the assumptions of Corollary 1.8 hold and that t,,, tme1 > 0. Asn — +oo,
the random variable (N1, ..., Nay,), where

N(re) — (b1 (te)n + c1(te) Inn)

Ny = , (=1,...,2m, (1.34)
by (teste)n
converges in distribution to a multivariate normal random variable of mean (0,...,0) whose covariance
matriz X is given by
bay (e th) 1<i<k< 1<i<k<2
Yok =Spe = Vb (teste)ba,1) (beote) stskpsmormtlsbshsm,
0, 1<i<mandm+1<k<2m,

where b 1)(te, tr) is given by (1.31) for 1 <L <k <m and by (1.33) form+1<{ <k < 2m.

Proof. By Lévy’s continuity theorem, the assertion will follow if we can show that the characteristic

2m

. iZQ v Ny . . —1 Z v KUk 2
function E[e’ Z=1 | converges pointwise to e 2 £tk=1 for every vy € R*™ as n — +oo0.
Letting uy = ——%4— (1.34) and (1.18) show that

Vb1 (teste)n’
E[ei ZZ:I wNe] _ E[ezz;nl WN(W)]e— Zj:l ug (b1 (te)n+ci(te) Inn)

(C1(@)n+Co (i) In et O (i) + Fn (D) +O(n~ 3) ;= 3

2m

=1 "¢ (0uy C1lg—gn+0u,C2lz_gInn)

as n — oo for any fixed vy € R*™. Since Cj|,_g = 0for j = 1,2,3, F, (@) = ?7:"1 fi(n, to)ue+0O(|df?) =
O(|i]), and |@| = O(n~'/?), we obtain

Bfe! Soecs VeNe] = o} D lims etk Ou Ou Calamgr O no | In et 41 /%)
_ 2 Z;”k 1 \/”(1 1)(% o Ve, llv)’:tk tk)b(l,l)(tmin(ﬁ‘k)7tmax(£,k))
X e Ze f=md \/b(lilv)z(tz tg) \/bul:zrk tg) (1=1)(tmin(@yk)vtmax(eﬂk))+o(n_1/2) — 67% 5,7::1 Ve kVk
as n — +00, which completes the proof. O

Outline of proof. Using that [, ;- |2k — z;|? is the product of two Vandermonde determinants,
we obtain after standard manipulations that

_E[He“"N m] = / /«: |zk—zj|2f[w(zj)d2zj (1.35)

1<j<k<n Jj=1

Z—ndet ( L P (z)d2z>jk_0 (1.36)

nH)(/p /p ) 20 Ly () du, (1.37)

where the weight w is defined by

2m .
e, ifx<ry
w(z) == e " y(|2)), w(z) = H { T ’ (1.38)
1 1, if € > 7.

Formula (1.37) directly follows from (1.36) and the fact that w is rotation-invariant. Indeed, since
w(z) = w(|z]), the integral [ 27z"w(z)d?z is 0 for j # k and is 2 f0+°° u?w(u)du for j = k. So only
the main diagonal contributes for the determinants in (1.36).



Shifting 5 — 7 — 1 and then performing the change of variables v = nu?® in (1.37), we obtain

H?:l ( OPl —|—fp_;oo)u2j+2a_1e_m‘2bw(u)du

H;L 1( Pl +f+°°)u2j+2a—1e—nu2bdu
(g™ 4 e Jo'5 el (o/m) % o

H R . (1.39)
j=1 op1 +f ) S lemvdy

& =

At this stage it is convenient to write

2m—+1

= Z wel[o,m)(ﬂU)v (140)
(=1

where {w,}37™ " are given by (1.12) and rg,, 11 := +oo. Using this representation for w(z) in (1.39), we

arrive at the following representation for In &,,:

n 2m
n& =Y In (1 + ZWF,L,J-,@), (1.41)
j=1 =1

jta

: V(5 ) P
S — F(ﬁTa)7"/(j+Ta’”pzb)+“/( ,nplb) ) s 110y o
e ita r2? J+ Jta o ( . )
) (el 5 "0 g — 41 2m
L ]+a b ] ” , — e, ’
(L) (15 np22) 4y (152 np2t)

where v(a, z) is the incomplete gamma function defined by
4
v(a,z) = / t*tetdt.
0

Note from (1.35) that &, can also be viewed as a partition function with discontinuities approaching
hard edges; see also e.g. [64, 49, 12, 62, 33, 28, 19, 23] for other works on partition functions.

In (1.41) and below, In always denotes the principal branch of the logarithm.

Remark 1.15. Consider the probability density

1 e R _

— I 1 aPa - 5P [[e 5P - 212, sz >o, (1.43)
nlZ,  ; s

<j<k<n j=1

where Z, is the normalization constant and Q is defined in (1.3). This Pfaffian point process corresponds
to the law of the eigenvalues of the quaternion matrices from a symplectic Mittag-Leffler ensemble [21].
Let N(y) = #{%; : |2;] < y} be the random variable that counts the number of points of (1.43) in the
disk centered at 0 of radius y. By (1.3), (1.35), (1.38) and [21, Proposition 5.10], we have

2m 2m
E[Heumwﬂ :E[Heumw}
j=1

j=1

Hence all our aforementioned results for the point process (1.2) also directly yield analogous results for
the point process (1.43).

2 Proof of Theorem 1.2

In this section we will derive the precise large n behavior of In&,, using (1.41). To do so, one needs the

asymptotics of y(a,z) as z — 400 uniformly for a € [Hl;"ﬂ b7 %] — these asymptotic formulas are

already known and we recall them in Appendix C. In partlcular there is a critical transition in the large
a asymptotics of vy(a,z) when z — 400 is such that A = £ ~ 1. Therefore, we define critical indices

Jk,—» Jk,+ Dy

j o I—bnpib

1+e Lb"pk - aJ? k= 1727

—al,

10



where € > 0 is independent of n and sufficiently small such that

bpi®  bp3° bps"
1 2.1
1—c¢ < 1+¢€’ 1—¢ <5b (2.1)

and we split the sum (1.41) into six parts (following ideas from [27, 28, 30, 10, 19]):

In&, =S9+ 51+ S+ 53+ 54+ S5, (2.2)
where
M’ 2m J1,-—1 2m
5= (1 + ZWFM,K) S5= 3 (1 ; Zwan,@, (2.3)
j=1 (=1 J=M'41 =1
Ji+ J2,-—1
S= 3 In <1+ZWF ) S= 3 (HZM ) (2.0
J=Jj1,— J=j1,++1
J2,+ 2m n
Sy = Z In <1 + Zan,j,g), Sy = Z In (1 + Zan,j g> (2.5)
J=j2,~ =1 J=j2,++1
and where M’ > 0 is an integer independent of n. For j =1,...,n, we define a; := ﬁTa and
2 bm‘Qb N 2(;\‘5—1—1115\[)
Nig = —4, i = (\jo—1 EE Lo (=1,...,2m, 2.6
7, ita 13, (A, ) Gy —1)2 (2.6)
bnp2b 200 —1—=InX; k)
Ajg o= =k —1 L 2 k=1,2. 2.7
7,k ] T oz’ 15,k ( YN ) <>\J,k — 1)2 ) ) ( )
With this notation, we can write
v(ag,a5355.0) _
Foio= Plaj)=v(aj.a;5,2)+7(a;,a52,1)7 t=1,...,m (2.8)
5J Y(aj,ajX;e)—v(aj,a;N;2)+v(aj,a;X;1) =m +1 72m.

T(aj)—v(aj,a;X;2)+v(aj,a;25,1)
The sums Ss, S3, Sy are the most difficult to analyze: S5 and Sy correspond to the critical regimes )\J 1 ~1
and A2 ~ 1, respectively, and S corresponds to the intermediate regime i‘f_i <14+0(n1) < 1+E It

turns out that only the large n behavior of S3 involves the Jacobi 6 function (see Lemma 2.7). We start
our analysis with the simpler sums Sy, S, Ss.

Lemma 2.1. Let xy,...,2T2, € R be fired. There exists § > 0 such that
So=M'InQ+ O(e™ "), asn — 400, (2.9)
uniformly foru; € {z € C: |z —x1| <}, ,uom € {2 € C: |z — 29| < 0}
Proof. Using (1.42) and Lemma C.1 we infer that
Frie=14+0(""), as n — +00

uniformly for j € {1,..., M’} and £ € {1,...,2m}. Hence, since 1 + Zj;nl wp = et Tuzm — Q)

M’ 2m M’

So = Zln (1 + Zw[l + (’)(e‘cn)]> = Zan +0(e™ "), asmn — +oo.
j=1 =1 j=1

Since the above error terms on the left of the second equality are independent of uq, ..., uon,, the claim
follows. O

Lemma 2.2. We can choose M’ sufficiently large such that the following holds. For any fized x1, ..., Zom €
R, there exists § > 0 such that

S1=(1,- —M —=1)InQ+ O(e™ "),

as n — +oo uniformly for uy € {z € C: |z —x1| <}, ..., uom € {2 €C: |z — x| < 0}

11



Proof. By Lemma C.2 (i), for any 6 > 0 there exist A = A(4),C = C(§) > 0 such that |“’1£L(1§ -1 <

a72 ~
Ce="3 foralla > A and all A = 2 > 140, where 7 is defined by (C.1). For n large enough, we have
Nk Aje > 1+ §forall j € {M"+1,...,j1,— —1} and all k£ and ¢. Thus, let us take 6= 5 and choose
M’ large enough so that a; = 2£% > A(S) for all j € {M’ +1,...,5;,_ — 1}. From (2.8), we infer that,
as n — 400,

2,
1 + O(e” —cn
Fn1j7e - aj ,(2 ) 02 =1 + O(e )? L= 17 , 1M,
’] 2 AR
14 O(e~ e —7)
o J';’JZ'.Z “1”12'.2 aJ’”?‘,l
1 _ %, _ %, _
Fug= PO T T F T ) o, (=m+1,...,2m,
14+ 0(e 2% e =)
uniformly for j € {M’'+1,...,j1,— — 1}, and the claim follows. O
Lemma 2.3. For any fixed x1,..., T2y € R, there exists 6 > 0 such that
S5 =0(e™ "), as n — +oo, (2.10)
uniformly foruy € {z € C: |z —x1| < 0},...,usm €{2 € C: |z — 29y | < 6}

Proof. We infer from (1.42) and Lemma C.2 (ii) that
F,je=0(e"), as n — 400

uniformly for j € {jo+ +1,...,n} and £ € {1,...,2m}. Hence

n

2m
S5 = Z In (1 + sz(’)(e_cn)) =0(e™ ), asn— +oo.
=1

J=Jj2,++1

Since the above error terms on the left of the second equality are independent of uq, ..., us,, the claim
follows. O

The following lemma will be used to obtain the large n asymptotics of Ss.

Lemma 2.4. [Taken from [28, Lemma 3.4]] Let A = A(n), a9 = ag(n), B = B(n),by = by(n) be bounded
functions of n € {1,2,...}, such that

an := An + ag and b, := Bn + by
are integers. Assume also that B — A is positive and remains bounded away from 0. Let f be a function

independent of n, and which is C*([min{%, A}, max{%s, B}]) for alln € {1,2,...}. Then as n — +oo,
we have

bn B
i [P e o (L= 2000 (A) + (14 200)1(B)
> i@ =n [ st :

N (=1 + 6ag — 6a3) f'(A) + (1 + 6by + 6b3) f'(B) N (—ag + 3ag — 2a3) f"(A) + (bo + 3b3 + 2b3) f""(B)

12n 12n?
bn—1
man(f") + mp . (f") Mjn (f"”)
+ (’)( — + Z : (2.11)
Jj=an
where, for a given function g continuous on [min{ %=, A},max{%ﬂ7 B},
my4n(g) == max lg(z)], wmp,(g):= max g(z)],
( ) z€[min{ % A} max{ 2 A}] ( )l ( ) gce[min{%,B},max{%,B}]| ( |

and for j € {an,...,by, — 1}, m;,(g) := max, (4, it 1 g (@)l

n

12



Following the method of [28], we define

b’l’Lpr banb b'flp2b bnp2b
g(me) _ ko _ k. g(me) _ k. _ _ ko E=1.2 2192
kot (1—6 @ 1—¢ “p k,— 1+e¢ @ 1+e€ @) e ( )

and we split S5 in two parts

S5 = S + 5, (2.13)
where
[EN 2m J2,——1 2m
Sg(),l) = Z In (1 + ZOJ(Fn,j7(), S§2) = Z In (1 + ZWan,j’g>, (2.14)
J=ji1,++1 =1 J=lJ«]+1 =1
with
Jx i=no, — a, (215)

and where o, is defined in (1.5). Define also
O = Ju — |Jx]- (2.16)
The identity

(n2, —n?
a; (77],22 77371) =2(j, —j)In <pg>’ (2.17)

implies that 77?’2 — 77?‘,1 is positive for j € {j1+ +1,..., |j«|} and negative for j € {|j.|+1,... 72— —1}.

Lemma 2.5. We can choose M’ sufficiently large such that the following holds. For any fized x1, ..., Zom €
R, there exists § > 0 such that

1 Ox 1 p bp2b 1 O
s =n blp%bfl(m)dach<a2+9§’f+)>f1(1_1€)+ ifa—e* fi(ow) + it f(x)dx
Foo A 7. —bpt” (£2)=2(0.+) 2
+ Zln {1 . TO(U*) + TO(U*) bp3b—o, \p1 } 4 O((lnn) ) (2 18)
~ or—bp2® oo\ K .
= 1+ To(ow) + To(bp3") 1+ Wib_”;*(%) 2(6.+4) n
as n — +oo uniformly for uy € {z € C: |z —z1| < 0},...,u2m € {z € C : |z — x| < 0}, where

fi(@) :=In (1 + To(z) + 'T'o(bpgb)) and f and Tj,'i'j are defined in (1.13) and (1.11).
Proof. Using (2.1), we see that for j € {j1+ +1,...,j2_ —1}and £ € {1,...,m}, 1 =X, o and 1 — )\, are
positive and remain bounded away from 0, while for j € {j1 + +1,...,j2,- —1} and £ € {m+1,...,2m},

Aje—1and Ajo — 1 are positive and remain bounded away from 0.
Hence, using Lemma C.3 (i) and (i%), as n — +0o we have

-h2
~ AN
2

3 32
Y(aj,a;N;0) _e { 1A 1 N 1+ 1?/\]',6 +Ae 1 n O(n_5/2)} =1 ..m
INE ver Li=Noeva 1200 -1 o7
a;n? ~ ~
(a-a-jv ) e~ e -1 1 14+10A;0+A2, 1
P 42458 4 . + L L O b, (=m+1,...,2m,
I'(ay) NEZI OYVESS RVCTERS O VIS DA
ajn?,
’y(aj,aj)\ﬂ) _ e~ { 1 1 " 1+ ].0)\]',1 +)\?,1 1 +(’)(n_5/2)}
I'(a;) ver =Ny 12000 =17 632 ’
%M 2
'y(aj,aj)\jg) — 1+ e 2 { —1 1 i 1+ 10>\j72 + )‘j72 1 + O(n_5/2)} (2.19)
F(aj) 2 >‘j,2 -1 \/(T] 12()\12 — 1)‘3 Cl?/Q ’
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uniformly for j € {j1 + +1,...,72,— — 1}. Moreover, as n — +o0,

a;n? a;n? ‘o 2,
oIt _ o bt [t/ 2 om),  r=1,....m,
2bn
a;n? a;n? . 2,
3", i"j, t J t — 2t
e e SCE D) 17M+O(n*2) , C=m+1,...,2m, (2.20)
2bn
uniformly for j € {j1.+ +1,...,72,— — 1}. Hence, after a long but direct computation, we obtain
ty /- _ b . R .

_ e~ T U/nbo) ey (G/0)2 e+ 26703 — tebp?ti /n + 2a(j /n — bp??)

F’VL,j,l - '/TLfb 2b _2(7 _7) +t€€ b . 2b )
L gl () =2b(j/n = bpi’)n
2 n

(&)—Q(j*—j) 1

o 1y -
n n
e (pp2b—j/n) 3/n=bp3" (2 —2(ix—7) 2\ —20—J)
. 7176 b (0p2 =) bpgb—j/ln(pl) o L+i . " )
gt 1+ 3/n=bp3® (@)—2(%—]‘) n n?)’ TS
bp3b—j/n \p1

as n — +oo uniformly for j € {j1+ +1,..., [jx]}. Substituting the above into (2.14) yields

J-d : To(j /n)iln=ber” (22)-20i.~)
T N olJ —
Sigl) = E In {1 + j/nib;)z(bj/n) — To(bpgb) - j/zp?;pi/” 2 .
j=j1.4+1 1+ bpgb_j/ln(%)_2(]*_]) 14+ bpgb—j/ln(%)_2(]*_])

(3/n)*T2(5/n) +26°pFT1(j/n) — bpi®j/n Ta(j/n) + 2a(j/n — bpi*)T1(j/n)

+
2603 /n — bp2)m
2m (&) —2(j«—J) 1
O Pz i
# Y w02 )]
=1
as n — 400, where the above error terms are independent of uy, ..., us, and uniform for j € {ji + +

1,..., |jx]}. Expanding further, we obtain

1 [d] (@)—Q(j*—j)

SV =81 +S+ -8+ Y. O(’” + 2>, as n — 400,
n .4 n n

J=j1,++1
where
Lg] R
Si= 3 {1+ Tol/m) + T},
J=j1,++1

L] . A 3/n=b03" [ p2\—2(j, )
si= > wfi- T L ()

1+ To(i/n) + To(bp3®) 1 + i/{:;_b]f’/?; (£2)-2G=) }
2

j=j1,++1

S — Lif (3/n)?*Ta(ji/n) +26°pFT1(j/n) — bpi°j/n T2(j/n) + 2a(j/n — bp) T1(j/n)
s =

—2b(j/n — bp3*) (1 + To(j/n) + To(bp3"))

)

J=Jji,4++1

and we have used that

. S 3/n=b03" ¢ p2\—2(j,—j)
(1_ To(i/n) + ToG/n) b ifate) 7

! 2\ ~20x =)
: e TR — 140 (—)
L+ To(G/n) + To(bp3®) 1+ §L—20 (£2) 726 —d) p1

uniformly for j € {j1,+ + 1,..., [Jj«]} to obtain the expression for Ss. Clearly, M’ can be chosen large
enough such that

7)72(]‘**‘7‘)

L5 ] (P2 1 L] (&)720‘*7;')
P1 _ —1 p1
> o<n+n2>_0(n )+ Y O(n)

J=Jji,4++1 J=j1,++1
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7)_2(j*_j)

onronme 3 o) o)

j=|jx—M'Inn]|

Also, we can express S and S3 in terms of the functions f; and f as follows:

[+ L7«
= > hG/n), = > [/
Jj=j1,++1 J=j1,++1
b
These sums can be expanded using Lemma 2.4 (with A = i, ap =1 —a— 9(n E) = o0, and

by = —a — 6,); this gives the terms involving f; and f on the right-hand side of (2 18) Thus it only
remains to expand S (the analysis required for Sy is similar but different from [28, Lemma 3.6]). Let so ;
be the summand of Sy. Since so ; = O((%)*z(j*’j)) as n — +oo uniformly for j € {j1 + +1,..., [j«]},
we have

L]
Sy = Z 52,5 + O(n=109), as n — 400,
j=1j.—M’Inn]

provided M’ is chosen large enough. Furthermore, since Ty and Ty are analytic at o,

2b . .
M(pz —2(jx—4)

Ui [1n{1 __Tolo) +To(e) e tn)

Sy = ~
1+ To(ow) + To(bp3®) 1 + ”*_b”al (Zf)*%ﬂ#*j)

} +0O(a, —j/n)} + O(n~1)
j=lj«—M'Inn|
- T i P2\—2(4x—7
> {1 oo+ ol 7o 1) b+o(tnf)
L+ To(0) + To(bp3) 1 4 T2 (£2)=206. ) n
2 T«

j=Ld—M'Inn|

2 R Ge—bp2® [ pp\_9 P

s MY PO TGS 7 e () bio((mer)
14 To(o,) + To(bp2) 1 + Z;;bilw%b%)—m—j) n

2 O«

j=—00

as n — 400. Changing now indices, we find

e 2 LW(Q)—2(0*+J') )
To(oy) + To(o, 1
O SUY (I (KR AT =t o) e
j=0 L+ Toow) +To(bp3") 1 + Tl oL (02) 20, +) n
The claim follows after a computation combining the asymptotics of S1, Sz, Ss. O

Lemma 2.6. We can choose M’ sufficiently large such that the following holds. For any fixzed x1, ..., Tom €
R, there exists 0 > 0 such that

bp2? 2b

Séz) _ n/m fl(x)dx—F <a— % +9*)f1(o'*) + (aé’,‘f) >f <1b’j_6> _|_/17+£ f(m)dx

bp3’—o., (LQ) —2(j+1-6.)

+o00 =

To(ox) + To(ok o, —bp? Inn)?

+Zln{1 n 9(0 )+ 9(0 )2 " i )}4_@((11”)) (2.21)
, 1—To(oy) + To(bp2® )1+ — 2h(pi) J . n

as n — +oo uniformly for uy € {z € C: |z — x| < 0},...,u2m € {2z € C: |z — zam| < 0}, where
fi(@):==In (1= To(z) + To(bp3®)) and f and T;, T; are defined in (1.14) and (1.11).

Proof. After a long but direct computation using (2.19) and (2.20), we obtain

bp2—j/n ( ps\—2(i—i) 2\ —20i =)
Fn~l:€_%(j/n_bp%b) j/nfbpfb( ) 10 (pl) _"_i . =1,....m,
3> 14 bpgb—j/7l(p72)*2(‘7*]*) n n?
3/n—bp3® \p
e+ (63" =35 /m) ¢ , bp2® a  tej/n
Fnji=1- L e —iln 3G9 rf prgb_]/n)(bp%pjj/n ) E;b/ >
+ j/n—bp3® ( ) ?
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n n

(&)—20‘—]}) 1
+O(”1+2>, L=m+1,...,2m,

as n — +oo uniformly for j € {|j.] +1,...,J2,— — 1}. Hence,

j2,——1 bpgbfj/n(&)_Q(j_j*) A .
(2 _ . J/n—bp2® \ p1 A 2by To(j/n)
SS o Z ln {1 + TO(]/TL) 1 bp%b—j/n P2 72(j7j*) + To(bp2 ) 1 bp2 ]/” Q(jfj*)
J=lJ«]+1 + j/n—bp%( ) + j/n—bp2® ( )
2(5—Jx)
1 b2t j/n (&) ) 1
+n{<bp§b—]/n b Tl(j/n)+7T2 ]/TL ZL«JZO +ﬁ
as n — +o00, where the above error terms are independent of wy, ..., us,, and uniform for j € {|j.| +

1,...,72,— — 1}. Expanding further, we obtain

]
SP =84+ 85+ 56+0(I;”>, as 1 — 400,

where
j2,——1
Si= > w{1-To(i/m) +Toed" },
J=li«]+1
jo _—1 . ~ . bp2b7j/n P2 —2(3—J«)
S S ln{l L Tol/m +Tol/m)  5jie? (52)
g=Li]+1 1—To(j/n)+ To(bp3®) 1 + bl;z bJp/n (pf)*z(J*J*)
J2,——1 ( bps" 77)1— ( /n)+.j T (G/n)
Ss= Y. bp3®—j/n 1 AU
J=Lix)+1 1—To(j/n) + To(bp3?)

We can express Sy and Sg in terms of the functions f; and f as follows:

L7+] Lis]
Z Fr(i/n), = Y f(/n).
=Jj1,++1 j=j1,++1

These sums can be expanded using Lemma 2.4 (with A = 04, ap =1 —a —60,, B = Zi’f: and by =

F)g?f) — a — 1); this gives the terms involving fi and f on the right-hand side of (2.21). We now turn to
the analysis of Ss. Let s5; be the summand of Ss. Since s5; = O((%)*Q(j*j*)) as n — +oo uniformly
for j € {|j«] +1,...,42— — 1}, we have

Lj«+M'Inn|
85 = Z 857]‘ —+ (9(’117100)7 as n — +OO,
J=ldx]+1

provided M’ is chosen large enough. Furthermore, since T and To are analytic at oy,

[js+M' Inn| R ( ) 2(i—4s)
T (o +T (o U*,b ) -
S5 = Z [ln{l—f— 9< ) 9( )2 p_a* e )}+O(]/n—a*)] + O(n=100)
J=li«1+1 1 —To(U*)+T0(bp2 ) + —bp2P (%)

[jx+M'Inn] A bpa’—o, (&) 2(5—73+) )
T * T * Oy — 1 1
) ln{l—i— 0(0) + To(o) i }Jr@((rl”))

1—Tolon) + Tolbp?) 1 14 b b—pm(pz) —2(j—3») n

J=li«]+1

(@) 2(7—jx)

A bp3’—o.

£ fi e EHETT
T T 2b_ 2(i—7.

1—To(oy) + To(bp2®) 1 + sz—bpfb (Z%) (G=dx) n

J=Lix1+1
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as n — +o00. Changing indices, we get

& To(o) + To(o) g (g2) " (Inn)?
0(0x) + Tolox 0'*7bp nn
:E ln{lJr —= = o — 2(]+19)}+O( - >, as n — +o0.
=0 1 To(J*)+T0(b[)2 ) 1+ (L)

b2b 1

The claim follows after a computation combining the asymptotics of Sy, S5, S¢. O

Recall that oy, 09 > 0 were defined in (1.5), Q = Q(f, @) was defined in (1.15), and F,, was defined in
terms of the Jacobi theta function 6(z;7) in (1.19).

Lemma 2.7. We can choose M’ sufficiently large such that the following holds. For any fized x1, ..., ZTom €
R, there exists § > 0 such that

bp2?

Y T 4 _ L g g (e (o) L)z (003
$o=nf g fi@tre [T A} (a5 o )0 (§5) + (08 - 5 ) A(5)

bpgb

1+

+ (; o 9*) (fi(on) = fr(on)) + bl;b fla)dx +/U F(@)dz

*

InQ 2In(o2/01) +1InQ (Inn)?

as n — +oo uniformly for uy € {z € C: |z —x1] < 0},...,u2m € {2 € C: |z —x2m| < 8}, where
fi(@) :==In (1+To(z) + To(bp3?)), fi(z) :=In (1= To(z) + To(bp3®)) and T;, T;, f and f are defined in
(1.11)~(1.14).

Proof. Let

o0 5 7. =bpY" (pay~2(6.+j)
DO +Zln {1 _ To(ox) + To(ow) bp3® —;* (pi) ! }
! L+ To(0w) + To(bp3?) 14 2220 (22)-200.+)

7=0 bp 2b o,

+00 T :
To(ox) + To(ok) o, —bp2P (m
+ Z hl {]— + _ _/I\_ -i— b 20 bpzblfo'* P 2(j+1-6,)
: L= To(ow) + To(bp3’) 1+ 2% (£2)”

The desired conclusion is a direct consequence of Lemmas 2.5 and 2.6 if we can show that

InQ 2In(o2/01) +1InQ
_ean—2<1— ST )+fn. (2.22)

2b
To show (2.22), we introduce the short-hand notation v := ZPQ,pr* o2/o1 > 0 and w := p1/p2 € (0,1).

Then we can write

Jiol ot Zl 1+(Q—1) !
= n<l— n ———————
= Q wvw— 2(6« +J) +1 ﬂ +1

Combining the logarithms in the two sums and then letting j = £ — 1, this becomes

XAV E 1 p P g X (L ) (1w )

w20%

In In .
Z 1—|—w23+2 ;} )(1_|_ 2jw29* Z 1_|_w2£—1 v )(1+w2£—1w295*1)

Jj=0 w20x—1

Using the Jacobi triple product identity

9(2;7_) — H(l _ eQ@TriT)(l + e(2€—1)7ri7'+27riz)(1 + e(2l—1)7r'i‘r'—271'iz)7
=1
we obtain
(5 hl(wzlé?—l )a h.,lriu)




where Im (222) > 0 because w € (0

,1). With the help of the Jacobi identity

’
T T

0(z7) = (—iT)’l/Qe*%’zztg(Z. 1)

this can be written as

1 21 1 o _g 4 L
S0 =6, 1nQnQ(1+m’+ nQ) n 2 Cms — 0t 5ig)
2 2Inw 0o — 0+ 35— 1h)

Using the periodicity property 8(z + 1;7) = 6(z; 7), we can replace 0, = j,
11

— |Jx] by jx = no, — « and
1 by —1 inside §. Using also 6(—

)=0(z;7), v =02/01 and w = p1/pa, we arrive at (2.22).

O
We now turn our attention to Se and Sy. Let M := nto. We split Sox, k = 1,2, as follows
2m
Sk =S85 + 8% +8%),  S= > m <1 + ZWF,L,M), v=1,2,3 (2.23)
J:Nj k€LY =
where
11:[1—5,1—%), L=[1- 1+%] I3=(1+2L1+4¢€.

From (2.23), we see that the large n asymptotics of {Séz)}ﬂzl’g,g involve the asymptotics of v(a, z) when
a — +00, z — +oo with A = % €

[1 —€,1+ €]. These sums can also be rewritten using

gr,——1

Ik, + Jk.+
)SIE SRS S SHED SEED o8 221
3N k€l3 J=Jk,— JiXj k€l j=gk,—

Jixj k€l j=gk,4++1

2b
where gg,_ = [1+% — ol and gg 4+ = Lfﬁij\% —a] for k =1,2. Let us also define

n

nM bnp2b b’l’Lp2b bnp2b
9£7_)::gk’—<1+?\4—a>:"1+k —al — k_ _al,
vn

M M
o 1+
2b 2b 2b
(nary _ ( bnp _ o bnp bnp
Op i = (1_’514—04)—9“ (1_ i —a)— L_ ol
vn vn v

Clearly, 0., 0" € [0,1).

Lemma 2.8. For any fixed x1,...,Tom € R, there exists 6 > 0 such that

Sé ) = (bp%bn — 1 — bMp2®/n + bM?p?* — o + 9§7LM) - bM?’p%bn_%) InQ+O(M*n™1),
as n — +oo uniformly foruy € {z € C: |z —x1| < 8}, ..., uam € {2 € C: |z — x| < 0}

Proof. For all sufficiently large n, and uniformly for j € {j : \;1 € I3}, we have that 19,7, ¢ =
m+41,...,2m are positive and bounded away from 0, and furthermore

min

L h > Mo oL
Ze{l’m,m}{ﬁg,lﬂhx} = n + (\/ﬁ)a

b
aj/2z {mln {1, N et < Af/% +0(1).

Using Lemma C.3 and the fact that M = n19, we infer that

avﬂz
1+ Ofe=—7)

5
Frie = r e =10, (=1,...,m,
1+0(e” e - )
0 gl , agn?, agn?
14 e "2 +e T2 He 2 Y
Frje= ( g pye- )—1+O( o 5)7 L=m+1,...,2m,
1+ 02 + e —2)
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uniformly for j € {j1,—,...,91,— — 1}. Hence, by (2.24),

g1,——1

(3) Z In (1 + Zwe [1+0( _0"1/5)]> =(g1,- —J1,-)InQ+ (’)(ne‘cnl/s), as n — +o00.
J=j1,—
In the above, the error terms before the second equality are independent of uy, ..., U2y, so the expansion

(see [27, Lemma 2.4])

G- — J1— = bpttn — g1, — bMpt/m + bM?p3 — o+ 07 — oM P+ O(M )
yields the claim. O

Lemma 2.9. For any fized x1, ..., T2y € R, there exists 6 > 0 such that
S(l) O(nqoo)

as n — +oo uniformly for uy € {z € C: |z —x1| < 8}, ..., uam € {z € C: |z — x| < 0}

Proof. For all sufficiently large n, and uniformly for j € {j : A\; 2 € I}, we have that n; 1,%;¢, ¢ =1,...,m
are negative and bounded away from 0, and furthermore

s A0} < — = +O(F), —yw/? e Am (1).
Using Lemma C.3 and the fact that M = nio, we infer that
Fojo=0@""") = O(n=10Y), 0=1,....2m,
uniformly for j € {ga.+ + 1,...,j2.4+}. Hence, by (2.24),
J2.+ 2m
S(l) Z In <1 + ngO(n101)> =0Mn 1, asn — +oo,

J=g2.4++1 =1
and the claim follows. O
Lemma 2.10. For any fized z1,...,Tom € R, there exists 6 > 0 such that

. e D) M4 1 1
S = D + DS /n + Dylnn + DM 1 NG +0<n t———t e+ ﬁ)

as n — +oo uniformly for uy € {z € C: |z — 1| < 8}, ..., uam € {2z € C: |z — xap,| < 0}, where

€ 1-e — b2 T (bp2b
D) = [* 7 ptads, DY = b AeIM. Dy P Tulber)
bp3® 2(1+ To(bpy”) + To(bp3”))
2b 2b
(n,e,M) 2b 12 2 bpi” .1 o bpi Tl(bP ) ( € )
D — —bp2 M2 ( £ (bp2) + L f1(h - In
§ A0 (A} + 25 R0n)) — s e =
bpfb
E= bp3®T1(bp3’) } L g 2b
+/ {fm—i— = dr+ |a—=-+07 f1(bp
bp2® () (14 To(bp3®) + To(bp3%))(z — bpP) 3 Hous JAlber)
1 e o2 T, (bp2? —5bT (bp2
+<2—a—0§7 >f1< >+ 2 1(2bpl)A 2b + 2b 7 14 1O )A 26\’
=€) M1+ To(bpf?) + To(bp3®)) 203" M*(1 + To(bpi )+To(bp )
n b 2b\2 n
DU = <3 (o) + b 100 + P g0 ) + bt 0 (- 05
M< (b+a)pPTi(bp?") bp1* T2 (bp7") N bp1"T1(bp?")? )
14 To(0p3®) + To(bp3®)  2(1+ To(bpi®) + To(bp3®)) (1 + To(bpT?) + To(bp3?))?

where fi1 and f are as in the statement of Lemma 2.7.
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Proof. Using (2.8) and Lemma C.2, we obtain
Ji+ 1 ~ o 2m
erfc i00/0j/2) — Rq, (1) 1 1
502 3 (1Y {{EE R o] S o))
5€er ( nj,1 /2) - R(lj (n]}l) l=m+1
J1,+ m

= > w1 > gerfo = fyev/a;/2) = o, (i) folbs)) + 0. @)
7erfc —nj1 \/W) — Ra;(nj,1) ’

The computation and the resulting formulas appearing in the rest of this proof are the same as in the
proof of [10, Lemma 2.6], except that p in [10] corresponds to p; here and the extra term 'T'o(bp%b) in the
above equation implies that 14 To(x) in [10, Lemma 2.6] is replaced here by 1 + To(z) + To(bp3?). We
nevertheless provide the details here for completeness. Using (C.3), we find

Jj=g1,++1

J=g1,++1

J1,+ 3 .4b .
g _ ( ) 4+ 1. n 1 2b Pi Ti(j/n)
i j_g;ﬂ T+ S IO S TG m) + Tolbr) G — b
1 —106°p84T1(j/n)

3 (14 To(j/n) + To(bp3)) (G /n — bp?t)®

+O< I S S " ))
(j/n—0bp3")2 "~ (G/n—0bpI)* * (G/n—bpP)"  (j/n—bp)12) )"

Note that
Ji+ n—2 n=3 n—4 n—6
Z Of = oz T SAVIREE AV 2b)12
2= NGt G b Gl b (G o)
1 1 1
—o( Loy L L Vi
Myn  M3n MS MU
Also, using Lemma 2.4 (with A = 7%, ap=1—a- 957_;_M), B= bpl and by = - 981_;6)), we get
g1+ bp_%b 20
S. film =n [ fi@de+ @30 ) ACED + (- a - 000) A + 00,
Jj=g1,++1 17% "
it b 2b
LY sum= [ e >dw+0(Mf)
j g1,++1 17\/;
. bp2b .
1 20T/ G/ = b)) P 1/1 : b3pi*”T1(:v)(:vbp?")3dI+O< 1 )
n? = 1+ To(i/n) + To(bps?) n iplzl 1+ To(z) + To(bp3") M3y/n

NG
bp20

L3 ATt L T AT i, (LY,

n o~ 1+ To(i/n)+ To(bp3?) n? J2A 1+ To(x) + To(bp3?) Moy/n
’ - Ve

Furthermore, by a direct analysis,

2b bp20

blpfle ﬁ b 2b
1 [ A@dr=n [ 7 fla)ds = bl oMV~ MR frb) + £ )

ot o

TV

MS b 2b\2 M4
- %b/ﬁb (fl(bp? )+ b2 £ (b + pé ) {/(bp?b)> +O<n>,
2

AGZ) = R + Lo o) + 02,

Inn

e 1< b bT b 2b b 2bT b 2b
/bp2b f(x)d:c :/ {f(:l?) + a1 1( P ) 5 }dx P1 2;( plA) 0
AT bp3t (1+ To(bp3®) + TO(bPQ ) (z — bp?”) 2(1 4 To(bp7”) + To(bp3”))
N
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B bpTT 1 (bp?") m M { (b+ a)pPTy(bp?")
1+ To(bp2?) + To(bp3?)  M(1—¢€)  n

B bp1* T (bp?®)
L—e¢) 1+ To(bp?) + -i—o(bpgb) 2(1+ To(bp?t) + To(bp%b))
b 4bT b 2b\2 M
ATORE 1L o(10),
(L4 To(bp?”) + To(bp3”))? n
b fb
! / 20T (2) o BT (bp3") o(5-)
nJ 2 (14 To(x) + To(bpd)) (x — bp2*) M2(1+ To(bp?®) + To(bp3")) Myn)’
N
bp2?
1 /* —106°p9" T, (2) e — —5bT1(bp3")
7 S (L To(e) + Tobog) (o — b")?

1
i +0<).
23 MA(1 + To(bp3?) + To(bp3?)) M3y/n

The claim now follows after a computation

Lemma 2.11. For any fized z1,...,Tom € R, there exists 6 > 0 such that

~(n,M) 4
(3) _ Ale) A (M) 2 A~ (n,e,M) D5 M 1 1 \/ﬁ
S,” =Din+ Dy ’\/n+ Dslnn+ Dy + N +O(n+\/ﬁM+]\46+M11
as n — +oo uniformly for uy € {z € C: |z — x1| < d}, Uam € {2z € C: |z — x| < I}, where
« o3’ N R bo2b T (ho2b
Dy = / fi@)de,  D{D =0, Dy =PRI ;( 7)),
T
N b2psb - € o3’ (. bp2b-i-1(bp2b)
D(n,e,M) — M2 2 71 b b bT b / _ 2 2/ d
4 5 F1(6p3") + bp3"T1(bp3") In M+ + blpéb f(z) bp2b — z
1 e\ p (be3"\ _ bTu(bp3") | 50Ta(bp3")
- _plm _
+ (2+a 2, >f1(1+€ 2t 2pBM
n ” bp ~ 1 n
DM = — MW <f{(bp§”) 1 (bo )) +Mbp§bf{(bp§b)(2 GS,M))
263 oy, 0P = 2b 464 2512
+ M| (b+a)py Ti(bp3") + 5 Ta(bpz’) +bpz T1(bpz')” ),

where f1 and f are as in the statement of Lemma 2.7

Proof. Using Lemma C.2, we obtain

g2,——1
Sf’ Z In (1 + ZWO )
J=j2,—
N 227": { Terfe( — Mj00/a;/2) 1— R, () — [3erfe( —nj2v/a;/2) — Rq, (nj2)] N O(B_Cn))})
Pt 1 - [gerfe( —n;21/a;/2) = Ra, (nj2)]
g2,—-—1
—cn Z 1H<
Jj=Jz2,—

n Z serfe( — jev/a;/2) — Ra, () — [gerfe( —nj2v/a;/2) — Ra, (1;2)] )
=t 1 — [gerfe( —nj2v/a;/2) — Ra,(1j,2)]

(2.26)
Using then (C.3), we find
92,= 1 3 4bF (s
S — ( N 1 —25% 08T 1 (j/n)
]; f1(G/n) f(]/n) n2 (17T0(]/n)+T0(bp ))(bp%bfj/n)‘g
L L1008 (/) (b3” — /)
nt 1= To(j/n) + To(bp3")
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+ (9( L . " ))
(bp3b — j/n)%  (bp3t —j/n)*  (bp3® —j/n)T  (bp3® —j/n)12) )

Note that

g2,——1 92 -3 —4 —6
Z (’)( n N n N n N n )
£ (bp3® — j/n)? ~ (bps® — j/n)* = (bp3® —j/n)" = (bps® — j/n)*2

J=J2,—

1 1 1 Vn
O(M\f M3y/n Tt MU)

Also, using Lemma 2.4 (with A = 2 ap = (95” ) _ o, B= boz and bo 0(" M) _q_ a), we get

1+e’ + M
2b
e - b M s bp2b
> At/ =n / " h)de (4 a - DACD + (6 - § - ) i) + 007,
Jj=Jz2,— 1+€ v
92 -1 br3"
1+ 1
ﬁ Z Fi/m) = /%ff d$+0<m>7
J=Jj2,—
1 bp 2b
LA 2 TG/ e — /)P 5 SIE 200l (o) (b —x)_?’da;+o< )
—_ = - = —_— 2b A~ )
n? Sr o 1=To(/n) + To(bp3) n 1= To(w) + To(b3) M5 \/n
bo2?
1IN 10T (/) (g3 — /)= 1 (IR 106° 8T () (b3 —x)*dxw( 1 )
nd = 1=To(i/n) + To(bp3) n? Jud 1 To(e) + To(bed?) M5y/n
Furthermore, by a direct analysis,
bﬁgb ) bpgb . b2p4b .
n/,,p%ﬁ fl(x)dm = nﬁpzb fl(fL‘)dl‘—i-MQ 22 f{(bpgb))
1+25 1-56
MS . bp2b . M4
- 7b2p§b (Fi o) + o V(0o + (’)(n)
A, bo2b N ]\42
A = fio) - SLwd o) + 020,

L%Z bp3® bp2t T (bp2) bp2 T (bp2) M(1+¢)

1+ ~ 2 .

o f@)de = [, 4 5@) — P e 20 i — bp T (b3 In =
bey bey bp3? 2 €
T+e T+e

+ M (b+ a)pa’ Ty (b 2”)erp—%b? (bp2") + bpatT1 (bp2")? b + O M
NG P2 11(002 9 '2 P2 11 n )
bp
1 I _9p3 4b'f bp2b — )3 b .
ol
nJE 1—To(z) + To(bp3") M My/n
bp 2b
i/1+ M 100° pS T () (bp3® — )~ dp — 56T (bp3t) —|—O( 1 )
n? JUi 1 To(x) + To(bpd) 205" M* M3y/n )
The claim now follows after a computation. O

For £ € {1,...,2m} and j € {1,...,n}, we define M;, := /n(Aj, — 1), M1 = /n(\j1 — 1) and

Mj 2 :=y/n(X\j2 — 1). For the large n asymptotics of S5~ we will need the following lemma.

Lemma 2.12 (Taken from [28, Lemma 3.11]). Let h € C3(R) and k € {1,2}. Asn — 400, we have

9k, + M
S W(Mjx) = bp} / h(t)dt f—szzb/ th(t)dt + <2 oy M>>h(M)+ (;—afﬁM))h(—M)
—M
J=9k,—
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M e S LT U S L)
N Y 12 2 bp2? 12 2 bp2?
1 9k, +
+o(nm 3 (<1+|Mj7k|3>ﬁwj7n,k<h>+<1+Mﬁk>mj7n,k<h'>+<1+Mj,u)ﬁu,m(h")+mj7n,k<h'”>)>,
J=9gr,—+1

(2.27)

where, for h € C(R) and j € {gx,— + 1,..., gk +}, we define W, x(h) == maXge(ns, ., M, [P(2)].
Lemma 2.13. Let x1,...,2Z2, € R be fited. There exists § > 0 such that

8(2) E(M) %4 M14
2 f n n2 9

EM = 252 M In(1 + To(bp?) + To(bp2)),

M
EYM =1n(1+ To(bp?) + To(0p37)) (1 — 0 — 67" + b3 / ha (t)dt,

T 1 n n,
ESM = 2bp2 M3 In(1 4 To(bp?") + To(bp3)) + (2 - 95;M>)h1(M) + < —o\ M)>h1( M)

+ bp2t /M (ha(t) — 2thy (1)) dt,

-M
as n — +oo uniformly for uy € {z € C: |z — 1] < 0},...,u2m € {2 € C: |z — xaym| < 0}, where hy, ho
are given by
hy () 205, (bp2) e~z
1 = - )
1+ To(bp2®) + To(bp3?) V21 erfc(—ﬁ)
hy(x)? 1 e~ 30" el 0 3,3 2
ha(z) = — + = p1z — zpya” ) Ti(bpy’)
2 1+T0(bp2b)+T0(bp%b) merfc(i%) ( 1 3 ) 1
10p2b 2 e~ 2r2p§b
— 3P aTo(bpt") + f 1(bpfb)—p? :
\/27rerfc(—ﬁ)

Proof. In a similar way as in (2.25), we infer that there exists ¢ > 0 such that

s =3 ln<1+T0 bp3) sz ~ Hiey/ /2)_R“"(ﬁ])>+0( —eny (2.28)

j:Aj,lEIQ "7.7: m) - Raj ("7] 1)
as n — +oo uniformly for uy € {z € C : |z — x1| < 0},...,u2m € {z € C : |z — xay| < 0}. For
. . b 2b
JE{j A € I}, we have 1 — L < \jy = ZPL <1+ 0, M < Mj; < M, and
~ te oM
Mj,Z:Mj,l—ﬁ—Tj, {=1,...,m.
Furthermore, for ¢ € {1,...,m}, as n — +0o we have

My M43t N TM3, — 12t M; of ! + M2,
e 3n 361372 —= ),

—h; W _ M (5MF, + 6te)p} 3 P M1 (53M2 | + 12t)) O(“‘%)

HAVAL: V2 6v2y/n 72v/2n 3z )

uniformly for j € {j : \; 1 € Is}. Hence, for £ € {1,...,m}, by (C.3) as n — +o0 we have

M2 p2b
S A | M;1(3 4 10M32,p3* + 12t
Ruy30) = (e — 221 W) L o+ M)
V2r \3pivn 36p%n ’
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and

2 2b
1 1
1 1 PP M\ e Syt P} (5M?, + 6ty)
ferfc<f Nier/aj 2) :ferfc(f 1, )f
B Nj.e J/ 9 \/i GM\F
M?,lp%b

e 2 M] 128
72V 2m

uniformly for j € {j : \;1 € I>}. Extending the above asymptotic formulas to higher order (see [10,
Lemma 2.8] for details in a similar situation), we deduce that the argument of In in (2.28) enjoys the
following asymptotics

M]21"1b 1+ M )

(5302, + 12t, — 250 g3 — 60MZ, 1y — 3612 + O 73

14 Tobpd) + 3 w2 zerte( = fy/3/2) = R, ()
— Qerfc( 75,1V @ /2) — Ry, (m5,1)

gz(My,l) 93(M;1) 94(Mj,1)+95(Mj,1)
N n n3/2 n?

1+ |Mja|"
)

+ (9( (2.29)

as n — +oo, where
T 07
ZL’pt{
vV QWGTfC(—W)

g1(z) =1+ To(bp) + To(bp3?),  go(z) = —
ity {e_éxz"%le(bP%%
)

(4 — 1022 p2) + T1(0p2°) (3xph — 5a°p3°
3v/2 erfe(— 214 (Bat )

g93(x) =

Tt .

We remark that equation (2.29) coincides with [10, eq (2.29)] except that (2.29) has the extra term
To(bp2t) on each side and (p, M;,m;,m;.¢) in [10, eq (2.29)] are given by (p1, M;1,n;1,7j¢) here. The
2 2b

functions g4 and g5 can also be computed explicitly, but we do not write them down. Since el

\/ﬂerfc(—%)
—% as © — —o0, ga(z) = O(x) as & — —oo. At first glance, it seems that gz(z) = O(z?) as  — —oo.
However, some cancellations take place and in fact g3(r) = O(2?) as * — —oc. Likewise, the expressions
for g4 and g5 suggest a priori that g4(z) = O(z") and gs5(x) = O(2'°) as  — —oo, but here too,
cancellations take place and in fact g4(z) = O(23) and g5(x) = O(z*) as x — —oo. Using the above large
 estimates for {g;(z)}?_, and (2.29), we obtain after a computation that

g1,+
, i MMin) | ha(Ma) | (L4 IMualP | 14 (M
552): Z {ln(l—&—To(bP%b)+T0(bpgb))+ 1\/73Jl A0 n3/2]1 + n5/j21 .
J=4g1,—

as n — +o00o. The above error can be estimated as follows:

91,+ 3 13 4 14
1 M 1 M. M M
§ O( +‘ Ja1| + +| ‘7’1| )—O( 5 >, as n — +o00.

) n3/2 TL5/2 n n
J=91,—

Using then Lemma 2.12, we obtain the claim. O

Lemma 2.14. Let x1,...,To,m € R be fired. There exists § > 0 such that
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as n — 400 uniformly foru; € {z € C: |z — x| <},...,uam € {2 € C: |z — xap| < I}, where iLl, hs
are given by

2 2b
~ e~ 32703

hle:Qg-T—lb%b
() =2p (p)m( e ff))

~ fA), q;)2 e~ 2T2p§b 5
o) = 10 o { (- b St TR
Ve (2- erfc(—ﬁ))
ap 2 4— 10p2b1'2 A e~ 30703’
= ' To(bp3") + ——=—T1(bp3") (-
V2 (2 — erfc(—T;))

Proof. In a similar way as in (2.26), we infer that there exists 6 > 0 such that

54(12) =0(e ")+ Z In (1

JiXj,2€l2
N Z 2erfc —M,07/a;/2) — Ra, (Rj0) — [Ferfe( — nj20/a;/2) — Ra, (77,7',2)]> (2.30)
=t 1= [gerfe( = nj2v/a;/2) = Ra, ()2)]
as n — +oo uniformly for u1 € {z € C: |z — x1| < 0},...,u2m € {2z € C : |z — 29,y| < 6}. For

2b
je{i: N2 €I}, we havel—%g)\j,gz b;:’_); §1+%, —M < M, <M, and

~ ty  teMjo
Mj,k:MﬂJr\/ﬁJr nJ , k=m+1,...,2m.
Furthermore, for £ € {m +1,...,2m}, as n — 400 we have
Mo M7y =3ty  TM}y+12t,M; 1+ M?,
. 2 5 > ’ O )= 2.31
=" m 3n 3602 n?2 (2:31)
P M 2ph N (5M7y — 6te)pd  p3M;2(53M7, — 12t¢) N (9(1 + MﬁQ) (2.32)
UFRAVA NG Gﬂﬁ 72v/2n n3/2 :

uniformly for j € {j : \j 2 € Io}. Hence, for £ € {m+1,...,2m}, by (C.3) as n — +oo we have

2 2
M7 r3

e_f -1 M. 3+10M2 — 12t 20
Ra; (Mj,0) = — - j2( 203 p3’) Lo +M62)n g)
' V2r 3psv/n 36051
and
b _wangb

}erfc< — ﬁ»g\/(T/Q) — lerfc( - P2M$2) ¢ (5M — 6ty)
2 Js J 2 \/i 6\/%\/>

Mz p2b

e~ 252 M. 205 2 4 2 2 20 2 2”2 1—|—M8
L 7

R AT (5302, — 12t — 2502503 + 60M2,10p3" — 361203") + O W)

uniformly for j € {j : A\j2 € Io}. Extending the above asymptotic formulas to higher order (see [10,
Lemma 2.8] for details in a similar situation), we deduce from (2.30) that

- Z serfe( = 7j00/a;/2) — Ra, (j.0) — [erfe( = njay/a;/2) — Ra,(n)2)]

Pl 1— [zerfe( —nj2v/a;/2) — Ra, (nj2)]
1, 2(M2) | g3(Mj2) | ga(Mji2) gs(M 2) 14| M|
e e e O( = ) , (2.33)

as n — +00, where

e~ 308 208 T (bp3")
V2m(2 — erfc(f%))
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2 2b

N e 3203 5
gs(x) = v {( dhe + 2 pd'a ) Ta(bp3")
Vor(2- erfc(fﬁ))
- 4 —10p2ba2 . e=37°p3
= 0" To(bp3") + ——=—T1(bp3") (-
Ver (2 - erfc(—T;))

The functions g4 and §s can also be computed explicitly, but we do not write them down. Since
Lﬂzb ~ png as * — +00, Go(xz) = O(x) as x — +oo. At first glance, it seems that
V2 (2—erfe(— 2))

g3(z) = O(z*) as # — +oo. However, some cancellations take place and in fact g3(x) = O(2?) as
x — +o0. Likewise, the expressions for g, and g5 suggest a priori that §4(x) = O(z") and g5(z) = O(x19)
as ¥ — +00, but here too, cancellations take place and in fact gs(z) = O(2®) and gs(z) = O(a?) as
& — +oo. Using the above large z estimates for {g;(x)}5_, and (2.33), we obtain after a computation
that

g2,+ 7 7 3 13
h1(M; ho(M; 1+ |M; 1+ |M;
Sf) _ 2 : { 1( J,2) 2( 3,2) O( ‘ J,2| | J,2| )}

e NG n3/2 no/2
as n — +oo, where hy = g2 and ho = —@ + g3. Note that
92+ 1+ | Mo> 14| Mol ME M
Z (9( 372 + 572 )O(nJr 3 >, as n — +oo.
J=g2,-
Using then Lemma 2.12; we find the claim. O

Define the real constants {Z;}{ C R by

(= [ymnw
o

w [T {() e

Recall also that Z is given by (1.20).

1y

Lemma 2.15. For any fived 1, ...,z € R, there exists 6 > 0 such that

€ n,e F
So=—j1-nQ+ F%+ FInn+ F") + —£ 1 0

vn 1 1 Mt MM
St aE T et o ),
N M VM n n?
as n — +oo uniformly for uy € {z € C: |z — 21| < 8}, ..., uam € {2z € C: |z — x| < 0}, where
bpfb
FO=pmay [
1 Py In il + fi(z)de,
bp%b
bpi® T1(bpi")

Fy=— -t 1A
2 9 9 ’

bp2b

1
(ne) _ 1 e bp%le(bp%b) 1 (n,e) 2b
FiM) = Z1nQ 2P O ) g (2 —a—0
° 2" +/bp§b {f(IH o) STz T R )T

T, (bp? T1(bpi"
_ 2b,0%b 1 (b7 >I + — bp1 (bp%b)(ln2 — 2bln(p1)) — 1 (b7 )bplbln <€€>,

Q 2Q Q 1—-

Fy = v/3bt b 1 Ta(bp? )Qf STL(bpt") 7 10\g bpt Tl(gp )I2
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T1(bp?) (2 T (bp2t 10v/2bp8 T1(bp3®
+\/§bpl{ 1(9/’1)(3_ %b 1(901)>IB_ - P1 1(QP1)I4’

and f1 and f are as in the statement of Lemma 2.7.

Proof. By combining Lemmas 2.8, 2.10 and 2.13, we have

(M) 4 14
— (€) ) (n,e,M) Fy \/ﬁ 1 1 M M
Sy =—j1-InQ+ Fn+ Foy/n+ Fylnn + Fy —1—7\/5 +O<M11+J\46+\/EM+7L+ )
as n — +oo uniformly for uy € {z € C: |z —x1| < 6},...,uam € {z € C: |2 — x| < I}, where Fl(e) and
F; are as in the statement, and
(M)

Fy=—bMp*nQ+ DM 4 (M,
F?Eme,M) _ (bMQP%b —a+ eiitM)) InQ+ Dz(lme,M) + Eﬁj\/j),
FM = —pMPp? m + DM+ B

Using that f1(bp2®) = In(1 + To(bp2?) + To(bp2?)) = In €2, we readily verify that F, = 0. Furthermore,
a long but direct computation shows that (see [10, Lemma 2.9] for a similar situation with more details

provided)

F3(n,e,M) _ Fg(n,e) + (9(]\476)7 F4(M) = F4 —+ O(M71)7

and the claim follows. O
Lemma 2.16. For any fived x1,...,xoy € R, there exists 6 > 0 such that
Sy FOnt Byl B0 1 B o(vm L1 M MY
LT 2 3 NG MY T MG T M n T n2 )
as n — +oo uniformly for uy € {z € C: |z —x1| < 8}, ..., uam € {2z € C: |z — x| < 0}, where
/\( ) bp%b A~
Fl = [up%b fl(x)dm,
1+e
L bp2b .
Fy = %Tl(bﬂgb)v
bpa® b2t T (bo2b 2b
A(me) _ ; p3 T1(bp3”) 1 ) 7 ( bP2
Fa = /ﬁ {f(x) bp3® —x detlgto=b AT
1+4e€
2p4 2b bp3” < 2b % 2b\7 2b €
+20py T1(bp2") 11 — == Ta(bp3 )(In2 —2bIn(p2)) + T1(bp3”")bp3” In 7<)
. - - 10v/2bp}
Fy = = V/2bp} (03 To(bp3") + 5T1 (bp3") T + —5 211 (53" 2
R 2 < 10v/2bp5
VAT (§ - AT ) - P T
and fl and f are as in the statement of Lemma 2.7.
Proof. By combining Lemmas 2.9, 2.11 and 2.14, we have
~ [ (M) 4 14
O ~ A(ne,M) |y vno o1 1 MM
S4*F1 n+F2\/ﬁ+F21nn+F3 +\/ﬁ+O<M11+J\4G+\/W+n+ ) ,
as n — +oo uniformly for uy € {z € C: [z —x1| < 0}, ..., uzm € {z € C: |z — x| < J}, where 13‘1(6) and

F, are as in the statement, and

Py D 1 B
Fén,e,k]) _ ﬁin,e,M) +E£M)’
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FOD Z plrin) . GO0,

It is easy to check that Fy = 0. Furthermore, a long but direct computation shows that (see e.g. [10,
Proof of Lemma 2.9] for a similar analysis with more details provided)
B — ) Lo, EM = B+ o,

and the claim follows. O

End of the proof of Theorem 1.2. Let M’ > 0 be sufficiently large such that Lemmas 2.2 and 2.15 hold.

Using (2.2) and Lemmas 2.1, 2.2, 2.15, 2.7, 2.16 and 2.3, we conclude that for any 1, ...,z,, € R, there
exists > 0 such that

In&, =Sy +51+S2+ 853+ S4+ S5

:M’an+(j_—M’—l)an*j_IHQ+ClTL+CQIHTL+(C3+1DQ)+.7:n+%
n
N 1 MY MM
ol V2
* (MHJ’MGJ“ﬁMJr n )
as n — +oo uniformly for uy € {z € C: |z — 21| < },...,um € {z € C: |z — x| < 0}, where

bp2®

. O Tie . N ~ N
C1=F1()+ b2t fl(x)dm—i—/ fl(x)dx—i—Fl(), Co = Fy + Fy, Cy = Fy + Fy,
T—c O

_ g L pma g (bt e 1\ ;[ bpd
C3+InQ = F +(a 2+91,+>f1<1_€>+ oy —a— 3 fl(H_e)

bpgb

+ (; o 0*) (fl(U*) - fl(o'*)) + b;*b f(x)dx + /m f(x)dx

1—

h’lQ 2111(0’2/0’1)+1HQ> ~(n,e)
+91nQ(1 + F3
i 2 2In(p2/p1) °

It only remains to show that the constants {C;}} can be expressed as in the statement of Theorem 1.2.
This is easily verified for C; and Cs. Using the identities

R In(2
fi(ox) — fi(ox) =InQ, I1=M,
/"* bp3PT1(bp3t; L, ) e — bp?le(bpf”;ﬁﬁ)( o, — bp? € )
b € ?

5 T = —1In
it Qa — bpi?) Q bpy® 1-

bp3" . -
T bp3¥ T (bp3’s t, ) 2% (1 2b. 7 bp3” €
- " —dx = bp5"T1(bp3’;t,4) | In In )
/U* b2 — pz T1(bp3’;t, @) Do T
long but straightforward calculations show that C5 also can be written as in Theorem 1.2. Moreover,

substituting the expressions for F, and 154 obtained in Lemmas 2.15 and 2.16 into the relation Cy =
F, + F4, we infer that

BTy (bpPts £ 1) — 5T1(bpP"s 1 0 - oy ER g
C, = \/§b<pz{01 2(bpt )Q 1(bpt ) —pg(pngQ(bpgb;t,u)+5T1(bp§b;t,u)))1
10v/2b [, T1(bp3t;t, - o
+ AR DOEED it 02t ) (7 - 70
T (bp?b;t. 1) (2 T1(bp2: ¢, @ . (2 . o
+/2b {pl{l( pgz )(3 ~ pp Tulberi ) p;z )) +pST1(bp§b;t,U)<3 —pﬁle(bpib;t,U))]Ig-

Using the identities Z3 = Z and Zy — Z4 = Z, which can be obtained via integration by parts (see [10,

Lemma 2.10] for details), we conclude that Cy4 also can be expressed as in Theorem 1.2. This finishes the
proof of Theorem 1.2. O
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A Balayage of radially symmetric measures

The measure py, is defined as the unique minimizer of the energy functional

1 A 2?0, if 2] € [0, p1] U [pa, +00)
= 1 d2 7 — ) ; s s
V] // . |z — w\y /Q Q) {+oo, otherwise,

among all Borel probability measures v on C. In this appendix, we present a derivation of the expression
(1.4) for pp.

Let C ={z € C: |z] € [0,p1]U[p2,+0)} and G = C\ C = {z € C: |z| € (p1,p2)}. The unique

minimizer of
://m |ij‘y(d2z)u(d2w)—|—/\z|2bu(d2z)

among all Borel probability measures v on C is given by

wd®2) = X -4, (12D - A\Zl%d2z— (\Zl) IZI%_QdQZ,
(0,725

Xio,p- 3
(see [55, Example IV.6.2]). We start with the following lemma.

Lemma A.1. We have
fh = - Xo + i, (A1)
where i := Bal( - xg ,0G) is the balayage of - xa onto O0G = {|z| = p1} U {|z| = p2}.

Proof. Let us first introduce some notation and background from [55]. Given a Borel probability measure
v, define

U (z) = /(;ln P _1 w\ v(d*w), zeC.

By [55, Theorem 1.1.3 (d) and (f)], u and py, satisfy the following conditions: there exist F, Fj, € R such
that

Ut(z)+ ]2|** > F, z€C,

1 10,126 _1 (A.2)
Uk(z) + 3 \Z| =F |z <b7,

Uknr(z) + z)th, z € C, (A.3)
Ukr(z) + (z) = Fy, 2z € supp(un). '

Furthermore, by [55, Theorem 1.3.3], the conditions (A.3) uniquely characterize uj in the sense that if
v is a Borel probability measure with compact support which satisfies U”(z) + %Q(z) > F, for some
constant F), and all z € C and if U¥(z) + %Q(z) = F), for all z € supp(v), then v = py,.

Let fj, denote the right-hand side of (A.1). We will show that fi;, = pj using the aforementioned
uniqueness theorem, namely [55, Theorem 1.3.3]. Since /i is the balayage of u- x¢ onto G, [55, Theorem
I1.4.1] shows that

Ul(z) <U*Xc(z), z€C,
Ul(z) = UrXxc(z), ze€C.

Combining the above with (A.2) and using that U* = U*'XC 4 U*XG | we obtain (recall that Q(z) = +oo
for z € G)

URXE(2) £ UR(2) +3Q(2) 2 F, |2l € [0, p1] U [p2, b7 7],
UPXE(2) + Ul(2) + 3Q(2) = F,  |2] € [0, p1] U [p2, b~ 77].
Since U#XC 4 UA = UAr  [55, Theorem 1.3.3] applies and gives fip, = pu. O
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It only remains to compute i := Bal(u - x¢ , 0G) explicitly. Recall that

b2 )
p(d22) = L]z (N2, z=re?, >0, 0€ (—m 7,
™

Xi0,6- 5]
and that 0 < p; < p2 < b=25. Hence 1 - x¢ is the radially symmetric measure given by

(1 X6 ([P2) = () Xy () P 22

™

where f(r) := b*r2*=2, Fix z € C\ G and compute the logarithmic potential

02 27
UMXG(Z):/(;ln'Z_lw(/“'XG)(d2w):2/ rf(r)d : /0 ! 1

r— n————df.
o 27 |z — ret]

Now we use the familiar integral (e.g. [55, Chapter 0, page 22])

I 1 i |z <
o7 In ——— df = E - A4
27r/0 nlzfre”’| {lni, |z] > 7. (A4)
It follows that
C s f < s P2 1 P2
Urxe(z) = ' 1 l ol < o where €1 = 2/ rf(r)ln—dr, Cy= 2/ rf(r)dr.
C21HMa 1f‘Z| 2/)27 1 r o1

We make the ansatz that {i has the form (see [55, Theorem I1.4.1])

dé

. do
u(d2z) =0108,,(r) dr% + 020, () dr%,

z=re", r>0,0¢(-m 7, (A.5)

for some constants o1 and oy. Using again (A.4) we obtain

(01-|-02)1I1i if |Z‘ Zpg

ElK

Ui (z) = {01 lni +021npi2, if |z] < p1,
By definition of {1, we must have U*X¢ (2) = UH(z) for all z ¢ G, so we have the system

Ullnp%—‘rdglnp% =y,
o1+ 09 = Cs.

The solution is

Cl—CQlHi Cglni—Cl
01:Tm7 O'Qzlnpilpl (AG)
P1 P1

Recalling that f(r) = b2r?*~2, we get

P2 1
C =2 / rf(r)In—dr = —bp5"In(pa) + bpi" W(p1) + 5(p3" = pi"),
P

1

P2
Co=2 [ rprydr=bie — o).
p

1

Substituting the above expressions into (A.6) and recalling (A.1) and (A.5), we arrive at (1.4).

B Proof of Lemma 1.1

Define ¢, and ¢5 by

m 2m
o1(237,0) = 1+ To(w: T ) + To(bpdid) = 1+ > wee™ TE0A 4 3™ )
(=1 l=m-+1
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A calculation gives

m
6u2 ¢1 _ eu1+4..+u2me—%(m—bp?b) + E eug—&-“'—‘ruzm( —f(m bp2%) e~ l(m—bp?b))
m

LY eftT’"(:vfbpf”))

9

Oy, 2 = eum,+1+~~+uzm(1 _ e_tmb+1 (bpgb_m)) + Z euet - tuam (e—%%(bpgb_m) _ e—%(bpgb—m)).
l=m+2
Using that t1 > oo > t,, > 0, we see that Oy, ¢1(x;t,@) > 0 for any = > bp?®, and using that
0 <tmy1 < -+ < tom, we see that Oy,  da(x; t, L) > 0 for any x < bp3®. In view of the limits

tam

b (bﬂgb—r) > 0’

U —> — OO0 U2y, —> — OO0

the desired inequalities follow.

C Uniform asymptotics of the incomplete gamma function
Lemma C.1 (From [54, eq 8.11.2]). Let a > 0 be fivred. As z — 400,

v(a,z) =T(a) + O(e™%).
Lemma C.2 (From [60, Section 11.2.4]). We have

7%(1”2 > 1.2
T — Sentol-ny/af?) - Raln) = o [ e gy,

where erfc is the complementary error function,

z 200 —1—1n)) dt 1 1
A=— =A=1)——— =—— . C.1
a’ n=( ) (A—1)2 9() du)\—t+u+i77 (C.1)
The variables t and u are related by the bijection t — u from L = {Smeew —m <0 <7} toR given by
) 2(t —1—1Int)
=—it—1)y| —————= t . 2
it =1y = eL (€2)

The principal branch is taken for the roots in (C.1) and (C.2). In addition,

Ra(n) ~ f:

27ra =0

as a — 00 (C.3)

uniformly for z € [0,00) where all coefficients c;(n) are bounded functions of n € R (i.e. bounded for
A € (0,400)). The first two coefficients are given by (see [60, p. 312])

=57 -7 al=—- - -
OW= "1y YT TSR 12 1200-1)
More generally, we have
1d Y
. 1 >1 A4
o= el + i izl (C.4)

where the «y; are the Stirling coefficients

(—1)j[d2j <1 a? >j+2]
V= o = .
J 2041 | da? \ 22 —In(1 + x) 0

In particular, the following hold:
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n

(i) As a — +00, y(a,Aa) ='(a)(1+ O(e_#)) uniformly for X > 1+ 06 for each fized 6 > 0.

(i) As a — 400, y(a, Aa) = F(a)(’)(e_%) uniformly for A in compact subsets of (0,1),

The following lemma is essentially a result of Tricomi [61]; however, the coefficients appearing in

Lemma C.3 below are written in a non-recursive way using [10, Lemma A.4].

Lemma C.3 (From [10, Lemma A.4]). Let N > 0 be an integer, let n be as in (C.1), let p;(N) =

(=1t (2j-nu

TEsEs: , and let S(¢;(N\)) denote the singular part of ;(A) at X =1, i.e., S(p;(X)) is the sum of
the singular terms in the Laurent expansion of ¢;(A) at A =1. The first S(p;(\)) are given by
1 1 1 1
S(po(N) = ———, S(p1(N)) = ,
(o) =37 ) =m=r P oo P o
3 5 25 1 1

S(p2(N) = _()\_ 1) - (A — 1)4 o 12(\ — 1)3 N 12(\ — 1)2 B 288(\ — 1).

(i) As a — 400, uniformly for A > 1+ -1,

Va

(i) As a — 400, uniformly for A € [e,1 — ﬁ] for any fized € > 0,

v(g@)@ _ e\‘/% { S s<:;j+(;)> . O(GN1+;) . @<W;N+) }

Jj=0
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