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Abstract

We study a general model of common-value second-price auctions
with differential information. We show that one of the bidders has an
information advantage over the other bidders if and only if he possesses
a dominant strategy. A dominant strategy is, in fact, unique, and is
given by the conditional expectation of the common value with respect
to his information field. Furthermore, when a bidder has information
advantage, other bidders cannot make a profit.
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1 Introduction

In a second-price sealed-bid auction, each bidder independently submits a
bid. The bidder with the highest bid wins the auctioned object and pays
the second-highest bid. The other bidders receive nothing but do not incur
any costs.! It is well known that in independent private-value second-price
auctions, bidding his value of the object is a dominant strategy for every
bidder (e.g., Vickrey (1961)). In common-value second-price auctions with
asymmetric information (first studied by Wilson (1977)) the situation is more
complicated and bidders do not usually have dominant strategies.

In this paper we consider common-value second-price auctions with dif-
ferential information, and prove an equivalence between the existence of a
dominant strategy of a bidder, and a possession by him of a certain informa-
tion advantage over all other bidders. More precisely, we show (see Theorem
3) that a bidder possesses a dominant strategy in such an auction if and only
if his information allows him to predict the value of the auctioned object just
as well as all bidders can do collectively. The latter notion of information
advantage also manifests itself in terms of resulting outcomes: when a bidder
with information advantage uses his dominant strategy, other bidders cannot
make a profit. That is, no matter what profile of strategies the other bidders
use, the conditional expected payoff of any one of them (with respect to his
information field) is not positive at any state of nature.

We use a general model of differential information and impose no restric-
tions on the space of states of nature and on the information fields of bidders.
In particular, our framework allows for discrete as well as continuous private
information, and it includes Savage (1954) information partitions model as
well as Harsanyi (1967) types model.

The issue of information advantage is a recurrent topic in the literature of
auctions. Milgrom (1979) and Milgrom and Weber (1982b, Theorem 3) have
shown that in a first-price auction if Bidder A has a finer information than
Bidder B, then in any Bayesian equilibrium the expected payoff of Bidder B
is zero. However, the information advantage of a bidder in a common-value
second-price auction is not always rewarded in a Bayesian equilibrium (see
Example 2).

1See, for example, Vickrey (1961), McAfee and Mcmillan (1987), Wilson (1992) and
Klemperer (1999).



2 The Model

Consider a group of bidders N = {1,2,...,n} who compete to acquire an
indivisible object through a second-price auction. The value of the object is
the same for all the bidders but there is uncertainty about the common value
of the object. This uncertainty is described by a probability space (2, F, u),
where () is the set of states of nature, F is o-field of subsets of 2, and u
is o additive probability measure on (2, F) (we interpret p as the common
prior of the bidders in N). Once the state of nature is realized the value
of the object is determined. To reduce the number of technicalities, it is
assumed that the value function v :  — R, is bounded from above (i.e., v
is a non-negative element of L, (2, F, 1)).

Let © = (21, ...,x,) € R". We write m(z) = |{i € N | z; = maxjen z;}].
The payoff function of bidder 7 in a second-price auction with a common
value v is a function u; : 2 x R} — R given by

ui(w, r) = (e (VW) — maxjen gy @) if 2 = MaXjen T
0 otherwise

While the bidders do not observe the state of nature that actually occurs,
they may have some information about it. The initial information of bidder
1 is described by a o- subfield F; of F, his information field. That is, given
any [ ;-measurable set, bidder ¢ knows whether the realized state of nature
is included in this set or not.

A common-value second-price auction with differential information is thus
described by the collection G = (N, (Q, F, ), v, Ry, {wi } 1y, {Fi}y)-

Let G be such an auction. A (pure) strategy for bidder i is an integrable
function b; : 0 — R, which is also F ;-measurable. We denote by S; the set
of all pure strategies of bidder ¢, and by S = x;enS; the set of all strategy
profiles.

Let X be an integrable random variable on €2, and H is a o-subfield of F .
We denote by E(X | H) the conditional expectation of X with respect to
H. Our assumption that each bidder’s pure strategy is integrable guarantees
that for all ¢ € N and all b € S, E(u(-,0(-)) | H) is defined p-almost
everywhere for every o-subfield H of F.

A Bayesian equilibrium of G is a profile of strategies b* = (b7, ....,0;) € S
such that for all € N and every b; € S; we have,

Eui(-0°()) | Fo(w) = E(u(-, (bi(-),025() | Fi)(w)



for almost all w € €.

3 Dominant Strategies and Information Ad-
vantage

Let G = (N, (% F,pn),v, Ry, {w iy, {Fi}?,) be a common-value second-
price auction with differential information. Denote S_; = X cn (355, We
say that a pure strategy b; of bidder i dominates his pure strategy c; if for
all b_; € S_; and almost all w € 2,

E(ui(-, (0i(-), b)) | Fi)(w) = E(ui(-, (ci(-),b-i() [ Fi)(w) (1)

and there exist b_; € S_; and event A with p(A) > 0 such that for all w € A,

~ ~

E(ui(-, (0i(-),b-i() | Fi)(w) > E(ui(-, (ci(-),b-i()) [ Fi)(w)- (2)

A pure strategy b; of bidder i is dominant if it dominates any other strategy
of bidder ¢ that differs from b; on an event with a positive probability.

Note that if b,c € S and b; = ¢; p-almost everywhere, then u;(-,b(-)) =
u;(+,c(+)) p-almost everywhere. Thus we can identify between strategies
which are equal almost everywhere when checking the dominance relation
or verifying the conditions of Bayesian equilibrium. Since in the sequel we
confine ourselves only to these tasks, almost everywhere equal strategies
will never be distinguished. Thus, by f = g or f > g we will mean that
fw)=gw)or f(w) > g(w) for almost every w € Q; saying that f = ¢
or f > g on some event A will mean that the equality or inequality holds
pointwise for almost every w € A.

From now we fix a common-value second-price auction with differential
information, G = (N, (Q, F, u), v, Ry, {ui}iey, {F i}}=1). Denote by V,_y F;
the minimal o-field generated by all F ;.

We start by noting that dominant strategies of bidders in G, provided
that they exist, have a very specific form: a bidder bids the expected value
of the object, conditional on information that was revealed to him.

Proposition 1 Ifi € N has a dominant strategy in G, then it is equal to
E(|F;).



Proof. Denote b; = E (v | F;). Let ¢; be a dominant strategy of ¢, and
suppose contrary to the assertion that b; # ¢;. We show that thereisb_; € S_;
and an event A with u(A) > 0 such that for all w € A,

~ ~

Eui(-, (0i(+),0-:(1)) | Fi)(w) > E(ui(-, (ci(-), 0-i()) | Fi)(w).  (3)
Assume that there is a set C' € F; of positive measure on which b; > ¢;.

Since the union of [ ;-measurable sets of the form C, = {w € C | b; (w) >
r > ¢;(w)}, for all rational r, is equal to C, it follows that there exists ry for

which p (C,,) > 0. Denote A = C,,.
Now take b; (w) = 1o for every j € N\ {i},w e Forallwe A

wi(w, (bi(w), b_i(w))) = v(w) — 19

and

Thus

Eu (-, (bi(-),b-i() | Fi) (@) = E(v | Fi)(w) —ro > 0=

= E(ui(, (c(),b-() | Fa)(@),

which establishes (3). But this contradicts our assumption that ¢; is a dom-
inant strategy of i.

Now, if there is a set C € F; of positive measure on which ¢; > b;, we can
construct g, A, and b_; by the method we used before. We then get for all
weA

~

Eui(-, (ci(-),b-() | Fi)(w) = E(v [ Fi)(w) =ro <0 =

~

= E(ui(-, (c(-),b-i()) | Fo)(w),

and thus (3), as before, in contradiction to the assumed dominance of ¢;. ®

Literally taken, the concept of information advantage of a bidder over
other bidders can be understood in terms of inclusion of information fields:
one is inclined to think of having the largest information field as the ultimate
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expression of informational advantage of that bidder. However, it leaves out
other important cases. There may be no inclusion relation between any two
of the information fields of bidders, and yet one of them can possess an
undeniable information advantage, as the following example shows.

Example 1 Let N ={1,2}, Q = {wy,wq, w3}, v (w;) =i for i = 1,2 and
v (w3) = 2. Let F1 be the minimal field on € containing {w;}, {ws, w3}, and
F 2 be the minimal field on © containing {wy,ws},{ws}. Clearly Fi € Fo.
However, bidder 1 always knows the real value of the object, unlike bidder 2.
It would be difficult not to interpret this fact as an information advantage of
bidder 1.

This brings us to the following definition:

Definition 2 We say that i@ € N has an information advantage over the
other bidders in G if

E<U|\/Fj):E<v|m ()

JjEN

The interpretation of (4) is simple: it says that the information of bidder
1 allows him to predict the value of the auctioned object just as well as
all bidders can do collectively. Having the largest information field implies
(4), and thus is a particular form of information advantage. Theorem 3
below shows a somewhat surprising equivalence between the possessions of
information advantage and of dominant strategy.

Theorem 3 Let G = (N, (% F,u),v, Ry, {w;} 1, {Fi}y) be a common-
value second-price auction with differential information. Then bidder 1 € N
has a dominant strategy in G if and only if he has information advantage
over the other bidders in G.

Proof. 1. We start by treating the “if” direction. Assume throughout
that ¢+ = 1, to make notations simpler. We show first that for every ¢; € 5
and b_; € S_l,

max {E(v | \/ Fji)— d,O} > E(u(-, (e1(+),0-1(+))) | \/ Fi), (5

JEN JEN



where d is a \/;_y F j-measurable function given by

d(w) = bj(w).
©= 88 W)

Indeed, let B ={w € Q| d(w) < c1(w)} € V,cn F j- Now, for all w € B,

1
m ((er(w), b-1(w)))

Since m ((c1(w),b-1(w))) and d(w) are \/ .y F j-measurable,

ur(w, (c1(w),b_1(w))) =

[v(w) = d(w)].

E(uw (- (), ba() |V F) =

JEN

m(017

v|\/FJ ]gmax{E(vl\/Fj)—d,O}. (6)

IfD={we|dw)>c(w)} € V,yF;j then bidder 1 loses the auction
at every w € D, and so E(u1(-, (c1(+),0-1(-)) | Ven Fj) = 0 on D. All in all,
it implies (5).

Now, given ¢ € Sy, ¢; # E(v | F 1), we have to show that by = E(v | F 1)
dominates ¢;. Let b_; € S_;. Looking at the proof of (5) with b; instead of
c1, we see that the last inequality in (6) holds as equality, since

Ew|\/F))—d=E@|F)—d=b—d>0
JEN
on B, and if b;(w) — d(w) > 0 then m ((¢1(w),b-1(w))) = 1. And on D, as

before,

E(ua (- ( |\/FJ: =

JEN

:maX{E(v| \/Fj)—d,O}.



Thus

E(U1(‘, (b1('),b_1(')) | \/ Fj) = maX{E(v | \/ Fj) — d,O} s

JEN JEN

which, together with (5), implies

E(ur (-, (01():b10)) | \/ F5) 2 Bl (ea(), b0 | F)

jEN JEN

Since for every f -measurable and integrable random variable X

E<E<X|VFj>|Fi>=E(X\Fi) 7

jJEN
(Theorem 34.4 in Billingsley (1995)), the above inequality implies

E(ur (-, (b1(-),01())) [ F1) = Eua (-, (e2(-),0-1())) | F1),

which is (1) in the definition of dominance. In order to complete the proof
that b; is a dominant strategy for bidder 1, we have to show (2). This,
however, can be achieved precisely as (3) in the proof of Proposition 1.

IT. Now we prove the “only if” direction of the theorem. Assume, on the
contrary, that bidder 1 has a dominant strategy (which must equal £ (v | F 1)
by Proposition 1) and yet (4) does not hold. We claim that for all ,6 > 0
small enough there are sets S € F; for every j € N and a positive number
a such that:

(i) |E(v] F1)(w) —a| < e for every w € S;

(i) £ (v | Vjen Fj) (w) < a—10¢ for w in a certain \/jeN [ j-measurable
subset of S'N...N S™ with measure of at least (1 — &) pu (S*N...NS");

(iii) (S*N...NS") > 0.

First note that, if for every € and a set of the form {w € Q | |[E (v | F1) (w) —a| < €},
the subset of w € € for which £ <v | Vien Fj) (w) < a—10¢ has the measure

zero, then

E(u\ \/ﬂ-) —E(|Fy) >—1le

JEN



(almost everywhere). Since it holds for every small ¢ > 0, actually E (v |V jen F j) >
E(v|Fi). Since

E(E <U| \/Fj)> —E(@)=E(EW]|F)),

JEN

we have E (U | Vijen F j> = FE (v | Fy) , which contradicts our assumption

that (4) does not hold.

Now let " = {w | |[E (v | F1)(w) —a] < €} be one such set, and also de-
note 7" = {w eS| E (U | \/jeNFj) (w) <a-— 105} . We know that p (T7) >
0. Since 7" is \/ jen I j-measurable, it can be approximated in measure by
sets generating the field \/ jen Fj - unions (without loss of generality, dis-

joint) of intersections of IV sets, from each one of the f ;. Thus, for any 6 > 0
there are Sy, ..., 57, € F; (suppose also that S} C S’) such that

u( ><5u(US,1ﬂ...ﬂS,Z>
k=1

and p (S} N...NSP) > 0 for every k. Thus there is k such that

™ Jsin..n S;;] U [U Stn...NSM\T

k=1 k=1

i ((Se N NSPNT) <op (Spn...nSE).

Define 7 = SJ; it is easy to see that these sets satisfy conditions (i)-(iii)
above.

Now consider strategies b; of j € N\ {1} given by b; (w) = a — 3¢ for
w € 57, and b; (w) = a + 10e otherwise. Recall that the dominant strategy
by = E (v | F1) of 1 takes values in the interval (a — &, a+¢) on the set S*. It
is clear that, given S', the dominant strategy of 1 only succeeds in winning
the auction on S? N ...N S™ against b_;. Thus on a \/jGN I j-measurable set

Bofwe S'n..NnSYN with pu(B) > (1= u(S'N..NnS",
E (m(» (b1(),0-1(-))) | \/ Fj) < (a—10) = (a—3¢g) = =Te.  (8)

Given an [ -measurable and integrable random variable X and an event
M € F with a positive probability, denote by F (X | M) the expectation of

9



X conditional on the event M. The definition of the conditional expectation
and (8) thus yield

E(u(, (01(),b1())) | B) =

=E<E( 105 (b (), 0 I\/FJ>IB>< —Te.

For small enough ¢ this implies that
E (ui(, (bi(+),b-1(+))) | stn..n SN) <0

(we use the fact that w; is bounded from above, because so is v). Since
u(w, (b1 (w), b1 (w))) = 0 for w € S*\ (S*N...NSY) (clearly bidder 1 loses
the auction at those states), also

E (ui(-, (ba(-),0-1(:))) | §7) <

However,

E (ur(c, (01 (-),b-1())) | S1) = E (B (ua (-, (01 (), b4 (D)) [ F£1) [ SY),

and so E (uy (-, (b1(+),b_1(+))) | F1) must be negative on a subset A of S* with
w(A) > 0.

Now consider a strategy c; of bidder 1, which is equal to a — 4 on S*.
Using this strategy against b_; means a loss in the auction in all states of

St Thus E (ui (-, ¢1(+),b-1(-))) | F1) =0 on S, and so
E(u(, (er(-),02()) | F1) (@) > E (-, 01(),04())) | F1) (@)

for all w € A. This contradicts (1) in the definition of b; as a dominant
strategy. m

We already noted that (4) is satisfied when bidder i’s information field is
the largest. The following is thus a corollary of Theorem 3.

Corollary 4 Ifi € N is such that F ; C F; for every j € N, then i possesses
a dominant strateqy.

The following result shows that the information advantage is reflected in
outcomes of auctions where a bidder with information advantage uses his
dominant strategy.

10



Theorem 5 If i € N has information advantage over the other bidders in
G then for every b_; € S_; and j € N\{i}

E(u; (-, (bi(-),0-:()) | F5)(w) <0,
where b; denotes i’s dominant strategy (that is, b, = E (v | F;)).
Proof. Let j € N\{i}. For all w € Q we define

dw) = e (b(w).bi(w),

and let
B={weQ|bjw)>dw)}.

Then d and B are \/, . I x-measurable, and for all w € B,

Therefore on B

E(u;(-, (b:(-), b)) |\ Fa) =

keN

_ 1
— m((bi, b))

E(v|\/Fk)—d].

keN

By (4) in the definition of information advantage, this expression is equal to

m [b; — d] , which is nonpositive. Thus

E(u;(-, (bi(+),b-(+))) | \/ Fr) <0

keN

on B. On the other hand, clearly

By (0, b-()) |\ F ) (@) =0

kEN

11



if b;(w) < d(w). Therefore, by applying (7),

E(u(-, (5i():b-i())) | F3) = B(E(u(-, (0:(-). b)) | \/ Fa) | F5) < 0.

keN

]

The result above implies that if all bidders have a symmetric information
then the Bayesian game associated with the second-price auction has an
equilibrium in dominant strategies in which each bidder’s expected payoff is
zZero.

Corollary 6 LetG = (N, (2, F,p),v, Ry, {u;}Py, {Fi},) be a second-price
auction with a common value v. If the bidders have a symmetric information
(i.e., F1=Fo=..=1Fy), then for alli € N the strategy b} = E(v | F;) is
a dominant strategy for bidder i, and E(u;(-,0*(-)) | F:)(w) =0 for alli € N
and almost all w € , where b* = (b7, ..., b5).

The following example shows that in a Bayesian equilibrium of a common-
value second-price auction with differential information the information ad-
vantage of a bidder may not be rewarded. That is, bidder’s conditional
expected payoff at a Bayesian equilibrium may be below that of another
bidder with (strictly) less information.

Example 2 Let G be a common-value second-price auction with differ-
ential information, in which N = {1,2}, Q = {wi,ws}, F =22, u({w;}) = 3
and v(w;) = j for j = 1,2. The information field of bidder 1is f; = F and
the information field of bidder 2 is F o = {0, Q} (i.e., bidder 2 is completely
uninformed).

Consider the pair of pure strategies b = (b1, by) € S, where b (w) =1 and
be(w) = 2 for all w € €. It is easy to verify that b = (b1, bs) is a Bayesian
equilibrium of G. It is clear that, under b, 1 loses the auction and 2 wins it
at every w € (), paying 1. We obtain that for all w € €2,

E(ur(-,0() [ F1)(w) =0,

and

Blus(b()) | Fa)w) = 5((1 = 1)+ 2~ 1) = 1.

12



That is, for all w € €,

E(uy(-,0()) | F2)(w) > E(ua(-,b()) | F1)(w).

Thus, although bidder 1 has an information advantage over bidder 2, his
conditional expected payoff is lower than the conditional expected payoff of
his opponent at every state of nature. Note, however, that the equilibrium
strategy by of bidder 1 is dominated by his pure strategy b5 = E(v | F 1); this
is the reason that the assertion of Theorem 5 fails here.

4
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