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We are at the very beginning of time for the human race.
It is not unreasonable that we grapple with problems.
But there are tens of thousands of years in the future.

Our responsibility is to do what we can, learn what we can,
improve the solutions, and pass them on.
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I N T R O D U C T I O N

White light-emitting diodes (WLEDs) are the subject of an intense world
industrial research (Mitsubishi Chemicals, Philips Lumileds, Osram, Ni-
chia, Cree, Seoul semiconductors ...) as they are seen as the most promis-
ing light sources to replace incandescent and neon lamps. Indeed the ad-
vantages of the WLEDs are numerous: low power consumption (more
than 120 lumen/watt), extended lifetime (more than 50.000 working
hours), large impact strength, eco-friendly (the WLEDs do not contain
toxic mercury like fluorescent lamp) and increased safety (the WLEDs
heat less therefore reducing the risk of burns). Some predicts an almost
exclusive use of WLEDs as a light source by 2020 [1]. In fact, LEDs are
so important that, on October 7, 2014, Professors Isamu Akasaki, Hi-
roshi Amano and Shuji Nakamura got the Nobel prize in physics for the
invention of blue LEDs [2].

There are two primary ways of producing WLEDs. The first one is
called the RGB system where individual LEDs that emit three primary
colors (red, green and blue) are mixed and give the impression of white
light. The other way is to use multiple layers of rare-earth doped lu-
minescent materials called "phosphors" to convert the monochromatic
UV or blue light from a diode (usually InGaN) into a broad-spectrum
white light. This last type of LEDs are called phosphor-converted white
LEDs (pcLEDs). In pcLEDs, part of the light goes through different phos-
phor layers unaltered whereas another fraction undergoes a Stokes shift
(that is, a decrease of energy due to the emission of several phonons)
and is down converted to longer wavelength visible light. Even though
the pcLEDs working principles inevitably result into heat losses due to
Stokes shifts, this type of WLEDs is the most manufactured today due
to its simpler and cheaper design.

The radiative emission process in solid is called "luminescence". The
study of phosphors with optimized luminescence properties for pcLEDs
is the subject of a very active research [3]. Still, a detailed theoretical un-
derstanding of their electronic and temperature-dependent properties is
lacking. A striking example is given by the two chemically close oxyni-
tride materials, Ba3Si6O12N2:Eu and Ba3Si6O9N4:Eu (named generi-
cally BSON compounds). The hosts materials have very similar elec-
tronic and structural properties [4] but when doped with europium they

1
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exhibit very different luminescence properties and temperature behav-
ior. The Ba3Si6O12N2:Eu is a green phosphor with an intensity that
stays almost constant with temperature up to its working temperature
(around 100

◦C) [5], while Ba3Si6O9N4:Eu is a bluish-green phosphor
that exhibits an unfavorable decrease of the luminescence intensity with
temperature.

When photons interact with a quantum system, they can transmit their
energy to the system if this energy corresponds to an allowed quantum
transition. This process is called "absorption". The quantum system is
then in an excited state. Quantum systems emit light by spontaneous
emission when the electrons in the excited state go down to lower level
by radiative transitions. In the two-level model developed by Einstein,
the rate at which such spontaneous emission occurs is determined by the
Einstein coefficient A. The radiative emission rate if there is N excited
electrons at time t is [6](

dN

dt

)
radiative

= −AN. (0.1)

Solving this rate equation gives

N(t) = N(0)e−At = N(0)e
−t
τR , (0.2)

with τR = A−1 the radiative lifetime of the transition.
It can be shown (see for example Ref. [6]) that the Einstein coefficient

A is directly linked with a similar coefficient for absorption. This means
that the transition with large absorption coefficient will also have large
emission coefficient. Nonetheless, The absorption and emission spec-
trum usually are very different from each other because of the Stoke
shift, and also of the difference of population (there is usually much
more electron in the ground state than in the excited state).

Unfortunately for the WLEDs industry, the radiative emission is not
the only way by which an electron can relax to the ground state. Non-
radiative process can also take place. For example, the electron can loose
entirely its energy as heat by emitting phonons or transfer its energy to
impurities or defects called "traps". The total rate equations thus reads(

dN

dt

)
total

= −N
( 1
τR

+
1

τNR

)
. (0.3)
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The luminescence efficiency ηR (also called "quantum efficiency") is the
ratio between the radiative Eq. (0.1) and the total Eq. (0.3) emission pro-
cess

ηR =

(
dN

dt

)
radiative

/

(
dN

dt

)
total

=
1

1+ τR
τNR

. (0.4)

This implies that the two BSON compounds must have different temper-
ature dependence of their radiative and non-radiative lifetime ratio.

Coming back to the case of the two oxynitride materials, the exper-
imental absorption and emission spectra at 4 K of the two europium-
doped materials are superimposed in figure 0.1.

Figure 0.1: Experimental absorption (dashed line) and emission (plain line) curve at 4 K.
The photoluminescence excitation (absorption) spectra are obtained by monitoring the
530 nm frequency for Ba3Si6O12N2:Eu and 480 nm for Ba3Si6O9N4:Eu. The photolumi-
nescence (emission) spectra are obtained by shining light on the sample at 310 nm and
340 nm for Ba3Si6O12N2:Eu and Ba3Si6O9N4:Eu, respectively. Courtesy of M. Mikami.

When the two materials are doped, the europium atom can substitute
a barium one at two inequivalent crystallographic positions in the case
of Ba3Si6O12N2:Eu and at three inequivalent positions in the other ma-
terial. From figure 0.1, we can measure the full width at half maximum
(FWHM) of the two emission curves to 1500 cm−1 and 1300 cm−1 for
Ba3Si6O12N2:Eu and Ba3Si6O9N4:Eu, respectively. These two FWHM
are considered experimentally rather narrow and therefore it is expected
that the luminescence in both compounds only comes from one lumines-
cence centre (one non-equivalent crystallographic position). One of the
goal of this thesis is to find out which is the luminescent crystallographic
position in both compounds from ab-initio calculations.
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CBM

(a) Configurational diagram model.
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(b) Calculations on a model phos-
phor from Ref. [7].

Figure 0.2: The 5d-4f crossing decay model based on the configurational diagram.
Stronger non-radiative decays occurs when the zero phonon line energy difference EZP
is small and the parabola offset ∆R as well as the vibrational frequencies  hω are large.

A very successful model for explaining luminescence and Stokes shift
in phosphors is based on the configurational diagram (see figure 0.2a).
In the case of Eu-doped phosphors, the electrons are excited from their
4f band into their excited 5d band by UV/blue photons coming from
the InGaN diode. These excited electrons then relax to the bottom of the
Eu5d band making the average atomic position move from X0 to X∗0. The
distance between the ground and excited states atomic position is called
the parabola offset ∆R and the energy difference between this excited
state level and the ground state level is called the zero-phonon line EZP.
The excited parabola energy difference is the product of the vibrational,
or phonon, frequency  hω and the Huang-Rhys parameter S [3]. From
the excited relaxed position, the electron can relax back to the 4f level by
emitting a photon of lower energy. The energy difference between the in-
coming UV/blue photon and the outgoing (green for Ba3Si6O12N2:Eu)
photon is called the Stokes shift. The change of emission (or absorption)
spectra with temperature can be recorded and analyzed. In our case,
the green phosphor Ba3Si6O12N2:Eu has an intensity that stays almost
constant with temperature up to its working temperature (around 100

◦C), while Ba3Si6O9N4:Eu is a bluish-green phosphor that exhibits an
unfavorable decrease of the luminescence intensity with temperature as
shown on figure 0.3.

Moreover, a blue shift with increasing temperature is observed in
the emission spectrum for Ba3Si6O12N2:Eu, going from 535 nm at 4 K



“main_corr” — 2015/1/7 — 18:40 — page 5 — #21

introduction 5

Figure 0.3: Experimental absorption (top) and emission (bottom) curve with temper-
ature for the two Eu-doped BSON compounds from Ref. [8]. The intensity stays al-
most constant with increasing temperature in the Ba3Si6O12N2:Eu case whereas the
other phosphor absorbs and emits almost not light at room temperature. Courtesy of M.
Mikami.

to 520 nm at 300 K. For Ba3Si6O9N4:Eu almost no such shift is ob-
served and the weak emission at 300 K is attributed to experimental
Ba3Si6O12N2:Eu impurities in the sample.

The decrease of luminescence intensity with temperature, also called
thermal quenching, can be explained by the so-called 5d-4f crossing de-
cay model which is quite popular and is also based on the configura-
tional diagram. In this model, it is believed that if the temperature is
large enough, the excited electron of the 5d band can cross the activa-
tion energy barrier EA and go from the 5d to the 4f state through this
crossing point of the parabola and decay non-radiatively back into their
ground state by simply dissipating heat (that is, emitting phonons).
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Based on that model, Blasse and Grabmaier [7] made predictions about
the thermal quenching. Stronger non-radiative decays occur when the
zero phonon line energy difference EZP is small and the parabola off-
set ∆R as well as the vibrational frequencies  hω are important (see fig-
ure 0.2b).

To see how this model applies to the two BSON compounds, let us
review the experimental data on those two compounds. The Stokes shift
is the energy difference between the absorption (EZP + S hω) and the
emission Eem energy. Both compounds have similar Stokes shifts ∆S of
2790 cm−1 and 3230 cm−1 for Ba3Si6O12N2:Eu and Ba3Si6O9N4:Eu, re-
spectively [5, 9]. From figure 0.3, we can see that Ba3Si6O9N4:Eu has
an emission peak that is at higher energy (larger Eem) than Ba3Si6-
O12N2:Eu. Finally, as already mentioned, the measured full width at
half maximum (FWHM) of the two emission curves are 1500 cm−1 and
1300 cm−1 for Ba3Si6O12N2:Eu and Ba3Si6O9N4:Eu, respectively.

From this, we see that the 5d-4f crossing decay model predicts Ba3Si6-
O12N2:Eu to be more thermally quenched than Ba3Si6O9N4:Eu, in con-
tradiction to the observed stronger thermal quenching in Ba3Si6O9N4-
:Eu (see figure 0.3). Indeed, Ba3Si6O12N2:Eu has a smaller Eem than
Ba3Si6O9N4:Eu and therefore a smaller EZP (remember that both com-
pounds have similar Stokes shifts). Since the compounds have similar
Stokes shifts, they will have similar ∆R. Moreover, provided that the
two parabola have similar curvature, the phonon frequency and the
Huang-Rhys parameter S can be deduced from the following two for-
mula [10, 11]

FWHM(T) =
√
8 ln 2 hω

√
S

√
coth

 hω

2kBT
(0.5)

∆S = (2S− 1) hω. (0.6)

The solution of the two equations with two unknowns gives

S ≈ 5 and  hω ≈ 300 cm−1 for Ba3Si6O12N2:Eu (0.7)

S ≈ 11 and  hω ≈ 160 cm−1 for Ba3Si6O9N4:Eu. (0.8)

where Ba3Si6O12N2:Eu has larger  hω and is therefore expected to have
a stronger thermal quenching than Ba3Si6O9N4:Eu, again in contradic-
tion to the observed thermal quenching in the two BSON compounds.
Note that the Huang-Rhys parameter S is related to the electron-phonon
coupling strength with a value of S < 1 being often considered as a weak
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coupling and a value of S > 5 as a strong coupling [7]. The electron-
phonon coupling is therefore expected to be rather strong in both BSON
compounds.

Another model, called the Dorenbos auto-ionization model, exists and
is based on the fact that in some phosphors the conduction band from
the host material is located below the 5d-4f crossing point. In that case,
the excited electron from the europium 5d state can get auto-ionized to
the conduction band of the host material and undergoes energy dissipa-
tion through other non-radiative mechanisms (trapping, defects, lattice
vibration ...). This model is presented on figure 0.4 where the grey area
represents the conduction band of the host material. Within this model,
the phosphor with europium 5d bands that are the closest to the con-
duction band of its host compound will undergo the stronger thermal
quenching.

CBM

(a) Configurational diagram
model.

(b) Dorenbos auto-ionization model.

Figure 0.4: The Dorenbos auto-ionization model [12] predicts that the excited electron
from the europium 5d state can get auto-ionized into the conduction band of the host
material and undergoes non radiative energy dissipation.

The main goal of this thesis is to understand the origin of the remark-
able difference between the temperature-dependence of the emission
intensities of the two europium-doped barium silicate oxynitride com-
pounds: Ba3Si6O12N2:Eu and Ba3Si6O9N4:Eu that are used in WLEDs.

From the Dorenbos model and the experimental observations, we pro-
pose in figure 0.5 an hypothetical band position for the absorption and
emission phenomena in the two compounds. The horizontal band posi-
tion are in black at 0 K and in green at 300 K (sometimes superimposed
when there is no thermal effect). This model is based on the experimen-
tal observations mentioned above (the number in black in the figure) and
some hypothetical value (in red in the figure). The bandgaps of 6.88 eV
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and 6.45 eV of the host materials are obtained with G0W0 ab-initio calcu-
lation from Ref. [4]. It is expected that such bandgaps are almost unaf-
fected by the local ionic relaxation when the europium is in its excited
state. The lattice parameters should therefore also stay constant during
the absorption-emission process. For the absorption, the 4f-5d gaps of
310 nm (4 eV) and 440 nm (2.8 eV) in Ba3Si6O12N2:Eu comes from the
peak and shoulder positions of the experimental absorption spectrum
of figure 0.3. The splitting of the 5d levels can be ascribed to the crystal
field splitting due to the local environment and will be explained later
in this thesis. The equivalent 4f-5d gap in Ba3Si6O9N4:Eu is located at
340 nm (3.65 eV). Similar consideration leads us to 5d-4f gaps of 535 nm
(2.32 eV) and 480 nm (2.6 eV) for Ba3Si6O12N2:Eu and Ba3Si6O9N4:Eu,
respectively. There is an additional blue shift of 0.06 eV at 300 K in the
emission curve of figure 0.3 in the case of Ba3Si6O12N2:Eu. The hypo-

Figure 0.5: Proposed hypothetical band positions for the absorption and emission phe-
nomena in Ba3Si6O12N2:Eu and Ba3Si6O9N4:Eu. The energy gap (in eV) are in black
when it is experimental values (or G0W0 ab-initio value for the two band-gaps of the
host materials for the absorption taken from Ref. [4]) and in red when the value are
hypothetical. The horizontal band positions are in black at 0 K and in green at 300 K
(sometimes superimposed when there is no thermal effect). We are interested by the
numerical values of the 1-10 unknown gaps.

thetical values in red are based on the following set of assumptions: (i)
the 4f levels being very local in space, they weakly react to their sur-
rounding. As such it is expected that the position of the 4f states are the
same in both compounds. (ii) The valence to 4f gap increase after ionic
relaxation due to the europium atom being in its excited state. (iii) The
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5d to CBM gap decrease due to temperature. (iv) From the Dorenbos’
empirical formula

∆E =
T0.5

680
eV , (0.9)

where T0.5 is the quenching temperature at which the emission inten-
sity has dropped to 50% of the low temperature value and ∆E is the
energy barrier [13], we can estimate the activation energy barrier. For
Ba3Si6O9N4:Eu, the experimental T0.5 ≈ 150K (see figure 0.3). Such a
quenching temperature leads to a 5d to CBM gap of approximatively
0.2 eV for Ba3Si6O9N4:Eu, in accordance with our hypothetical model of
figure 0.5. The equivalent activation energy for Ba3Si6O12N2:Eu can be
obtained thanks to additional experimental emission data in the temper-
ature range 300-450 K. This leads to a 5d to CBM gap of approximatively
0.6 eV and is discussed in Ref. [9].

The hypothesis (i)-(ii) and (iv) are investigated in Part II of this thesis
and the hypothesis (iii) is investigated in Chapter 1. The variations of
the eigenenergies (bands) with the temperature within a purely ab-initio
framework requires the use of theories based on the accurate description
of the electron-phonon interaction and more specifically on the effect of
the lattice vibrations on the electronic properties. In Part I of this thesis,
we will first review the temperature-dependence of eigenenergies the-
ory. The theory will then be validated, verified and applied to the case
of simple semiconductors (α-AlN, β-AlN, c-BN, diamond and silicon).
This work is based on the original implementation by Dr. Boulanger of
the Allen-Heine-Cardona (AHC) temperature-dependence theory inside
the Abinit software. This theory will be applied to the BSON host com-
pounds at the end of the thesis, although computational capabilities will
prevent the calculations to be fully converged.

More specifically, Chapter 1 compares in detail two of the three ap-
proaches still used today to calculate the zero-point motion renormaliza-
tion (ZPR). An important contribution of this chapter is the clarification
of the terms appearing beyond the rigid-ion approximation (RIA) made
in the AHC theory. The extension of the theory to the dynamical case
is also presented. The Chapter 2 validates the theory by comparing the
results obtained for diamond with two methodologies that can be made
equivalent. We compare such results obtained with the Abinit implemen-
tation of Dr. Boulanger with those from another ab-initio code (Yambo
on top of Quantum Espresso). This crucial step resolves a discrepancy
with previously published results on the value of the ZPR of the direct
bandgap of diamond and sets it to -409 meV. The Chapter 3 presents the
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application of the theory developed in the first two chapters to the case
of five semiconductors and compares the results with the experiments
when available.

Part II of this thesis presents the BSON host materials (Chapter 4)
as well as its five europium-doped substitutions (Chapter 5). We will
use different levels of theory as well as different approaches to predict
the position of the europium 5d states with respect to the conduction
band minimum (CBM) of the host materials. This will allow us to con-
firm or reject the Dorenbos auto-ionization model and gain more in-
sight on the physical principles behind thermal quenching. Among the
five possible europium-doped substitutions, the luminescent centers are
clearly identified and characterized. Because the fully converged appli-
cation of the temperature-dependence theory developed in Part I to the
europium-doped BSON cases is unfortunately computationally out of
reach at present, the thermal quenching is studied from ab-initio elec-
tronic structure calculations at zero temperature. We nonetheless show
some preliminary results on the temperature-dependence of the two un-
doped BSON compounds in section 5.7.
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Part I

T H E T E M P E R AT U R E D E P E N D E N C E O F
E L E C T R O N I C E I G E N E N E R G I E S

The temperature dependence of electronic eigenenergies the-
ory has a long and chaotic history that started in the fifties
with Fan and Antončík [14, 15, 16]. They both developed in-
dependent theories that were only unified in 1974 by Bau-
mann [17]. The first temperature-dependence calculation made
using density functional theory (DFT) was performed by King-
Smith in 1989 [18]. Since then, three popular ab-initio ap-
proaches have been used to compute the influence of lattice
vibration on electronic eigenenergies.

Chapter 1 will review the history of the temperature depen-
dence theory and present the state of the art approach to
solve this problem. We will clarify the different terms enter-
ing into the perturbation based theory and briefly present
its dynamical extension. The Chapter 2 will be dedicated to
a careful numerical verification and validation of the theory
within the Abinit software but also cross checking the imple-
mentation with the one of the Quantum Espresso and Yambo
codes. Finally, in Chapter 3 we will apply the theory to semi-
conductors (α-AlN, β-AlN, c-BN, diamond and silicon). The
electronic bandstructure, zero-point motion renormalization
and phonon-induced lifetime broadening will be given for
each of the studied semiconductors. The additional correc-
tion brought by many-body theories will also be shown for
diamond and GaAs using the frozen-phonon approach.
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T H E O RY O F T H E T E M P E R AT U R E D E P E N D E N C E

In this chapter, we will clarify or establish links between three different
approaches of the temperature dependence within the adiabatic approx-
imation at the first-principle level, for semiconductors and insulators.
The theory does not apply to metals as the phonon frequencies cannot
be neglected with respect to electronic excitations in this case. The same
limitation is also encountered for semiconductors and insulators with
a temperature sufficiently high to create a non-negligible population of
holes and conduction electrons. So, provided the adiabatic approxima-
tion is valid, we establish Brook’s theorem, and provide a detailed anal-
ysis of the difference between the Allen-Heine-Cardona (AHC) and the
frozen phonons (FP) approach, elaborating on the brief results presented
in Ref. [19].

The structure of the chapter is as follows. Section 1.2 examines Brooks
theorem which relies, at the first-principle level, on Janak’s theorem gen-
eralized to the case where the free energy including the vibrational en-
tropy is used, instead of a purely electronic expression. Section 1.3 links
the equations of section 1.2 with the AHC theory, in the periodic case
(with notations suitable for later practical implementation) and also ex-
plores rigorously the rigid-ion approximation. In particular, one distin-
guishes the Fan contribution, the rigid-ion Debye-Waller (DWRIA) contri-
bution and the non rigid-ion Debye-Waller (DWNRIA) contribution. The
sum over a large number of bands, present in the AHC theory, can be re-
duced drastically, by complementing it with an expression based on the
projection over high energy bands of the first-order wavefunctions, in the
spirit of the Sternheimer equation. Section 1.4 establishes the connection
between those equations and an equivalent finite-difference approach.
Finally, section 1.5 extend the theory beyond the Rayleigh-Schrödinger
perturbation theory to derive an expression for the phonon-induced life-
time.

13
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All equations derived in this chapter are expressed in Hartree atomic
unit where me =  h = e = 1.

The content of sections 1.1 to 1.4 has been submitted for publica-
tion [20].

1.1 historical framework

Electronic properties of solids and nanostructures can be computed from
first principles with varying accuracy. In particular, the widespread GW
approximation [21] within many-body perturbation theory describes elec-
tronic bandgaps with errors in the range of 0.1-0.3 eV with respect to ex-
periment [22]. Excitonic effects can be added based on the Bethe-Salpeter
equation (BSE) [23]. However, a crucial ingredient is often disregarded:
the electron-phonon interaction. Incidentally, the most advanced self-
consistent GW calculations usually lead to overestimated bandgaps [22],
and most of the remaining discrepancy might be due to the electron-
phonon interaction. Indeed, the influence of the lattice vibration at 0 Kel-
vin, known as the zero-point motion renormalization (ZPR), can be as
large as 0.37 eV for the indirect bandgap of diamond [24, 25]. This cor-
rection often leads to a reduction of the bandgap and hence might be
crucial to correct the overestimation of self-consistent GW approxima-
tion.

The study of the direct effects of the electron-phonon interaction on
the electronic structure has a long history. From the fifties to the late
eighties, they were investigated and computed in a semi-empirical con-
text. It was first recognized that the temperature dependence of the elec-
tronic energies has two different origins: the volume expansion (studied
by Shockley and Bardeen [26]) and the electron-phonon interaction at
constant volume. In fact, the effect of the electron-phonon interaction
at constant volume is usually the major contribution, and proves to be
the most difficult to compute from first principles. This contribution is
the focus of this chapter1. In a pioneering work, Fröhlich introduced a
model Hamiltonian that includes these interactions [28, 29, 30]. However,
his approach leads to overscreening of phonon frequencies and involves
empirical parameters [31].

In parallel, the self-energy contribution to electronic eigenenergy renor-
malization due to thermal vibrations was introduced by Fan [14, 15].

1 Although first-principle studies of thermal expansion are not very frequent, the for-
malism is well-established (at least for rather symmetric crystals, see e.g. Rignanese et
al [27]).
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His theory has no adjustable parameters and is based on the first-order
perturbed Hamiltonian. Later, Cohen [32] used the Fan self-energy to
compute the temperature dependence of the germanium bandgap. Also,
ideas from electron diffraction theories based on thermally averaged nu-
clear potentials lead Antončík [16] and others [33, 34, 35] to develop
empirical Debye-Waller (DW) corrections to the nuclear potential. As
these two lines of thought (Fan and DW) were developed independently
of each other, only one of them was usually included in calculations.

At about the same time as Antončík, Brooks [36] emphasized that the
electronic gap is actually a free energy difference with respect to vary-
ing occupation numbers of electronic and phononic levels. Furthermore,
Allen and Hui [37] highlighted the equivalence between the action of
the phonon population (atomic position fluctuations) on the electronic
eigenenergies and the action of the electronic occupations on the pho-
non eigenfrequencies. This equivalence, that was later called Brook’s
theorem, was used in the eighties by several authors to discuss the tem-
perature dependence of eigenenergies [37, 18].

In 1974, Baumann [17] first suggested that both the Fan self-energy
and DW terms were needed to describe the influence of lattice vibra-
tions on the electronic eigenenergies (see figure 1.1 for the Feynman
diagram representation of the two terms). Two years later, Allen and

Figure 1.1: Feynman diagram of the Fan and Debye-Waller terms.

Heine [38] rigorously unified the theory and made the DW term transla-
tionally invariant. Their approach, combined with the rigid-ion approx-
imation (RIA), which is valid for their semi-empirical model, allows for
a re-writing of the problem in terms of first-order derivatives of the ef-
fective potential only. Calculations of electron-phonon renormalization
were then led by Cardona and coworkers [39, 40, 41, 42], including Allen,
based on physically motivated models [43, 44] or on rigid-ion pseudopo-
tentials approximations and empirical phonon models. The resulting ap-
proach is now called the Allen-Heine-Cardona (AHC) theory.
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Until then, none of the calculation were based on first principles. In
1989, King-Smith et al [18] computed the temperature-dependent band-
gap of Silicon using Density Functional Theory (DFT) [45], by evaluating
the change of phonon frequencies due to electronic occupations and in-
voking Brook’s theorem.

It took more than one decade before other first-principles calculations
were performed. Such studies relied on widely varying formalisms and
methods, that can be broadly classified in three types, each with their
distinct advantages and drawbacks. First, the temperature-dependent
eigenenergies can be computed as a time average of the bandgap ob-
tained using first-principles molecular dynamics (MD) simulations. Us-
ing this method, Franceschetti [46] studied Si nanocrystals, Kamisaka
et al [47] studied CdSe and PbSe quantum dots and Ibrahim [48] the
temperature dependence of the optical response of GaAs. Ramírez et
al [49, 50] simulated the temperature dependence of diamond and 3C-
SiC bandgap based on path-integral molecular dynamics (PIMD). This
approach has the interesting characteristics that it includes effects be-
yond the harmonic approximation. Moreover, while normal molecular
dynamics, which involves the harmonic approximation, wrongly gives
a classical Boltzmann statistics for phonons, the more computationally
demanding PIMD properly includes nuclear quantum effects and gives
Bose-Einstein statistics for phonons. TThus, with PIMD, zero-point mo-
tion effects are observed. However, this MD (or PIMD) method is most
suited for finite systems. Indeed, for solids, a supercell has to be used to
sample the phonon wavevector space, with a corresponding increase of
the computational time and memory.

A second method uses frozen phonons (FP): the computation of the
change of eigenenergies due to atomic displacements along the normal
modes is followed by a Bose-Einstein weighted sum of the contribution
of each mode. In 2005, Capaz et al [51] studied the temperature depen-
dence of carbon nanotube bandgap within the framework of a tight-
binding method. Patrick et al [52] examined diamondoids, and Han and
Bester [53] studied various semiconductor nanoclusters, still using the
FP method but this time with DFT simulation. Anharmonic electron-
phonon contributions to the temperature dependence of the indirect
bandgap of diamond were also studied by Monserrat et al [54] with the
same methodology. Recently, Antonius et al [55], still relying on the FP
method, computed the renormalization of the diamond bandgap within
the GW approximation and observed a large increase of the renormaliza-
tion with respect to DFT, in better agreement with experimental values.
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This result is in line with earlier estimations of many-body effects on
electron-phonon coupling [56, 57, 58, 59, 60, 61].

As a third approach, the diagrammatic method of many-body per-
turbation theory (see figure 1.1), from which the AHC approach origi-
nates, allowed Giustino et al [62] to compute the ZPR and the temper-
ature dependence of the diamond bandgap with Wannier functions in
the Density-Functional perturbation theory (DFPT) [63, 64] framework.
Marini et al [65, 66, 67, 68] focused on the dynamical effects, beyond
the adiabatic approximation, which are absent from the two previous
approaches (MD and FP).

There has been some confusion about the (non)-equivalence of these
three approaches, in the first-principles context. Although the first (MD)
and second (FP) ones are equivalent when considered within the adi-
abatic harmonic approximation, the third one (AHC) is equivalent to
the MD and FP only when the rigid-ion approximation is valid, which
is not the case in the first-principle context. Indeed, Gonze et al [19]
pointed out that the FP and AHC formalisms differ by non-diagonal
Debye-Waller terms, and computed these for simple diatomic molecules.
In some cases, the non-diagonal Debye-Waller terms were as large as
the direct terms. They also reformulated the AHC theory using Stern-
heimer equations instead of summations over empty states, which led
to a significant speed-up of their calculations.

To complete this literature overview, the phonon-induced lifetime br-
oadening of the electronic states derived from the imaginary part of
the Fan self-energy was investigated by Lautenschlager [69, 70] in a
semi-empirical context, and, more recently, by Giustino [71] and Re-
strepo [72, 73] with a first-principle implementation.

1.2 temperature-dependent electronic eigenenergies in the

adiabatic harmonic approximation

Brook’s theorem states that the shift in an electronic eigenenergy (la-
beled n) due to the electron-phonon interaction, when a phonon is added
in a phononic mode (labeled m), is equivalent to the shift in the m pho-
non mode eigenfrequency when an electron is placed in the n level, also
caused by the electron-phonon interaction. Namely, [36, 37, 18]

∂εn

∂nm
=
∂ωm

∂fn
, (1.1)

with εn and fn being respectively the eigenenergy and the thermal av-
erage of the occupation of the electronic state n, while ωm and nm are
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the eigenfrequency and the thermal average of the phononic occupation
of the phonon mode m, respectively.

In this section, we detail this equality in a first-principles context: the
phonons are obtained in the harmonic adiabatic approximation from
the interatomic force constants, themselves second-order derivatives of
the Born-Oppenheimer total energy in which the electronic occupations
effects can be traced explicitly.

We decided, for pedagogical reasons, to work in this section with iso-
lated systems but the extension to periodic systems is straightforward
using the convention of appendices A.1 and A.2.

1.2.1 Fluctuations of atomic positions

The eigenfrequencies ωm and unitless mass-scaled eigendisplacements
ξm,κα for the phonon mode m can be obtained from the dynamical
equation [74] (also see Appendix A.3 for more informations)∑

κα

Dκα
κ ′γ
ξm,κα = ω2mξm,κ ′γ, (1.2)

where κ and κ ′ label atoms in the unit cell, α and γ label the cartesian
spatial dimensions, and Dκα

κ ′γ
are the mass-scaled interatomic force con-

stants.
The mass-scaled quantities are expressed as follows:

ξm,κα =
√
MκUm,κα,

Dκα
κ ′γ

=
1√
Mκ

Cκα
κ ′γ

1√
Mκ ′

,
(1.3)

where Mκ is the mass of atom κ, Um,κα is the phonon eigendisplace-
ments, and

Cκα
κ ′γ

=
∂2EBO

∂Rκα∂Rκ ′γ
, (1.4)

are the inter-atomic force constants (IFC), where EBO is the Born-Op-
penheimer energy of the system (which excludes the kinetic energy
of the nuclei), computed from first principles. Using the fact that the
mass-scaled eigendisplacements ξm,κα are orthonormal and complete,
the phonon frequencies can be obtained from

ω2m =
∑
κα
κ ′γ

U∗m,κ ′γCκα
κ ′γ
Um,κα (1.5)
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and the normalisation of phonon eigendisplacements is∑
κα

MκU
∗
m,καUm ′,κα = δmm ′ . (1.6)

Within the harmonic approximation, where normal modes are decou-
pled from each other, we express the static temperature dependence of
the eigenenergies εn(T) as a thermal average of the value of the position-
dependent eigenenergies ε̃n[zU], where zU denotes generically a dis-
placement from the equilibrium atomic positions

εn(T) , 〈ε̃n[zU]〉 (T) (1.7)

=

3N∑
m

1

Zm

∑
sm

e
−(sm+1/2)ωm

kBT∫
χ∗m,sm(z)ε̃n[zUm,κ]χm,sm(z)dz, (1.8)

with N the number of atom, T the temperature, sm the integer occu-

pation of phonon mode m, Zm =
∑
sm
e

−(sm+1/2)ωm
kBT the mode-partition

function, kB the Boltzmann’s constant, χm,sm(z) the phonon eigenfunc-
tions, z the spatial coordinate associated with a phonon mode and where
bold symbols like Um,κ denote cartesian vectors.

We can expand the eigenenergies ε̃n[zUm,κ] of Eq. (1.7) in a Taylor
series up to second order in z since we are working within the harmonic
approximation

ε̃n[zUm,κ] = ε̃n[0] + z
d

dz
ε̃n[zUm,κ]

∣∣∣
z=0

+
1

2
z2
d2

dz2
ε̃n[zUm,κ]

∣∣∣
z=0

, (1.9)

and insert it in Eq. (1.7). Using the properties of phononic wavefunctions
in an harmonic potential (see appendix A.4 for more details), we obtain

εn(T) = ε̃n[0] +
1

2

3N∑
m

1

Zmωm

d2

dz2
ε̃n[zUm,κ]

∣∣∣
z=0∑

sm

e−(sm+1/2)αm

(
2sm + 1

2

)
, (1.10)

where we have defined αm , ωm
kBT

.
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For sake of brevity, we introduce the notation ∆εn(T) , εn(T) − ε̃n[0].
Using the properties of geometrical series∑

sm

(e−αm)sm =
1

1− e−αm
= I(αm)

∑
sm

(e−αm)smsm = −
dI(αm)

dαm
=

e−αm

(1− e−αm)2

(1.11)

to evaluate the sum over sm, we get

∆εn(T) =
1

2

3N∑
m

1
e−αm/2

1−e−αmωm

d2

dz2
ε̃n[zUm,κ]

∣∣∣
z=0

e−αm/2
(

e−αm

(1− e−αm)2
+

1

2(1− e−αm)

)
, (1.12)

which simplifies to

∆εn(T) =

3N∑
m

1

2ωm

d2

dz2
ε̃n[zUm,κ]

∣∣∣
z=0

(
nm(T) +

1

2

)
, (1.13)

where we have introduced the Bose-Einstein distribution

nm(T) =
1

e
ωm
kBT − 1

. (1.14)

We can consider the phonon occupation number nm(T) as an indepen-
dent variable in this expression, in which case

∂εn

∂nm
,
∂εn(T)

∂nm(T)
=

1

2ωm

d2

dz2
ε̃n[zUm,κ]

∣∣∣
z=0

, (1.15)

where we have defined the short-hand notation on the left hand side
of the equation because each term in the central part of the equation
depends on the temperature but their ratio does not. The slope of the
eigenenergies with the phononic occupation is therefore independent of
temperature and we will remove the explicit dependence of the terms
when considering the slope. Eq. (1.13) can thus be written

∆εn(T) =

3N∑
m

∂εn

∂nm

(
nm(T) +

1

2

)
. (1.16)

Then, the zero-point motion contribution (ZPR) is simply the shift of the
eigenenergies at T = 0, that is

∆εn(T = 0) =
1

2

3N∑
m

∂εn

∂nm
, (1.17)
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highlighting that εn(T = 0) 6= εn[0]. Additionally, from Eqs. (1.5) and
(1.6) we can see that the phonon frequency goes as M−1/2

κ . The Um,κ

goes as M−1/2
κ and the zUm,κ must have the dimension of length be-

cause it is an ionic displacement (see Eq. (1.13)). Therefore, the z must
have the dimension ofM1/2

κ times length. All of this leads to the fact that
the ZPR of Eq. (1.13) goes as (ωmMκ)

−1, i.e. as M−1/2
κ . This "isotopic

effect" allows for experimental measurements of the zero-point renor-
malization by substituting atoms with heavier isotopes, as explained in
the review paper of Cardona and Thewalt [25].

1.2.2 Eigenenergies as derivatives with respect to electronic occupation num-
bers fn

Following Janak, we extend to fractional occupations the first-principle
Born-Oppenheimer energy EBO. Janak’s theorem [75] then gives

εn =
∂EBO

∂fn
, (1.18)

where it has to be noted that the Janak theorem breaks down, within
DFT, if the exact exchange-correlation functional (or any non-analytic
functional with respect to the occupation) is used. In that case, the total
energy is not a continuous function of the electronic occupation anymore
and eigenenergies must be defined as differences of total energies with
integral occupations numbers.

We now complement the Born-Oppenheimer energy with phonon en-
ergy and entropy at the harmonic level. The energy becomes

E(T) = EBO + Evib(T)

= EBO +

3N∑
m

ωm

(
nm(T) +

1

2

)
,

(1.19)

where EBO is the total energy without phonon and electron-phonon con-
tributions and where Evib(T) is derived in the Appendix A.5 (Eq. A.62).
The Hamiltonian of an harmonic oscillator can also be obtained from
second quantization (i.e. quantization of force fields by a quantized ex-
change of particle) H =

∑
mωm[a†mam + 1/2] with the creation a†m and

annihilation am operators. The mathematical development is given for
example in chapter 1 of Mahan [76]. The total energy is the Helmholtz
free energy [77] when the vibrational entropy is taken into account

F(T) , E(T) − TSvib(T), (1.20)
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where Svib is the vibrational entropy (see Eq. A.67 for more informa-
tions),

Svib(T) = kB

3N∑
m

(
(1+nm(T)) ln(1+nm(T))

− nm(T) ln(nm(T))
)

. (1.21)

We now show that the temperature-dependent eigenenergies can be
obtained from the extension of Janak’s theorem to finite phonon temper-
ature

εn(T) =
∂F(T)

∂fn
. (1.22)

For sake of simplicity, we neglect the dependence of the Born-Oppenhei-
mer energy EBO on electronic temperature. Actually, the explicit treat-
ment of the electron system at finite temperatures (e.g. using the Mermin
functional [78]), supposing (wrongly) the adiabatic approximation to be
still valid. Using the definition of εn(T) given in Eq. (1.22) and taking
into account the dependence of the phonon frequencies on electronic
occupation numbers as well as the dependence of phonon occupation
numbers on electronic occupation numbers, the change of eigenenergies
due to electron-phonon interaction becomes

∆εn(T) =

3N∑
m

(
∂ωm

∂fn

(
nm(T) +

1

2

)
+ωm

∂nm(T)

∂fn
− T

∂Svib

∂nm(T)

∂nm(T)

∂fn

)
. (1.23)

Substituting Eq. (1.21) for Svib into Eq. (1.23) gives

∆εn(T) =

3N∑
m

(
∂ωm

∂fn

(
nm(T) +

1

2

)
+ωm

∂nm(T)

∂fn

− kBT
∂nm(T)

∂fn
ln
(
1+nm(T)

nm(T)

))
. (1.24)

Using Eq. (1.14), the last 2 terms in the sum cancel out. We thus obtain

∆εn(T) =

3N∑
m

∂ωm

∂fn

(
nm(T) +

1

2

)
. (1.25)
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This is a first important result of the present chapter. It was never de-
rived starting from the free energy Eq. (1.20) and the finite temperature
extension of Janak’s theorem Eq. (1.22). Identification of Eq. (1.25) with
Eq. (1.16) obviously yields

∂εn

∂nm
=
∂ωm

∂fn
. (1.26)

This link can be more rigorously established as follows. The derivative
of the phonon frequency is retrieved from deriving Eq. (1.5) with respect
to electronic occupation

2ωm
∂ωm

∂fn
=
∑
κα
κ ′γ

∂Cκα
κ ′γ

∂fn
U∗m,κ ′γUm,κα, (1.27)

where the derivative of the displacements Um,κα with respect to the
electronic occupations fn does not contribute thanks to the Hellmann-
Feynman theorem [79, 80]. The temperature dependence of the eigenen-
ergies is obtained by substituting the preceding result for ∂ωm

∂fn
into

Eq. (1.25)

∆εn(T) =

3N∑
m

1

2ωm

∑
κα
κ ′γ

U∗m,κ ′γ

∂Cκα
κ ′γ

∂fn
Um,κα

(
nm(T) +

1

2

)
. (1.28)

Using Janak’s theorem, we can reformulate the derivative of the IFC into
derivatives of eigenenergies

∂Cκα
κ ′γ

∂fn
=

∂

∂fn

(
∂2EBO

∂Rκα∂Rκ ′γ

)
=

∂2εn

∂Rκα∂Rκ ′γ
. (1.29)

Substituting the above expression into Eq. (1.28), we obtain

∆εn(T) =

3N∑
m

1

2ωm

∑
κα
κ ′γ

U∗m,κ ′γ

∂2εn

∂Rκα∂Rκ ′γ
Um,κα

(
nm(T) +

1

2

)
. (1.30)

The double sum over atomic position displacements is actually the se-
cond-order derivative of the eigenenergy with respect to the normal
mode,∑

κα
κ ′γ

U∗m,κ ′γ
∂2εn

∂Rκα∂Rκ ′γ
Um,κα =

d2

dz2
ε̃n[zUm,κ]

∣∣∣
z=0

, (1.31)
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so that we recover, from Eqs. (1.15), (1.26) and (1.31) the following rela-
tions

∂εn

∂nm
=

1

2ωm

d2

dz2
ε̃n[zUm,κ]

∣∣∣
z=0

(1.32)

=
1

2ωm

∑
κα
κ ′γ

U∗m,κ ′γ
∂2εn

∂Rκα∂Rκ ′γ
Um,κα =

∂ωm

∂fn
, (1.33)

where the quantity ∂εn
∂nm

is often called the electron-phonon coupling
energies (EPCE). We thus obtain a demonstration of the Brook’s theorem
in the first-principle context.

1.2.3 The Fan and Debye-Waller contributions

In order to establish the links with the Fan, Debye-Waller (DW) and
AHC approaches, we now analyse Eq. (1.30) in more detail, focusing
on the second-order derivative of the eigenenergies with respect to two
atomic displacements. We can obtain it from perturbation theory (see
Annex A.2), starting from

εn = 〈Ψn| Ĥ |Ψn〉 , (1.34)

and differentiate it, also using the Hellmann-Feynman theorem. At the
equilibrium geometry,

∂εn

∂Rκα
=
〈
Ψ
(0)
n

∣∣∣ ∂Ĥ
Rκα

∣∣∣Ψ(0)
n

〉
. (1.35)

Eq. (1.35) can be derived a second time, with respect to another atomic
displacement. An equivalent result can be obtained by switching the two
atomic displacements. Both can be combined and deliver an expression
that is real and explicitly symmetric with respect to the indices κα and
κ ′γ

∂2εn

∂Rκα∂Rκ ′γ
=
〈
Ψ
(0)
n

∣∣∣ ∂2Ĥ

∂RκαRκ ′γ

∣∣∣Ψ(0)
n

〉
+
1

2

[(〈 ∂Ψn
∂Rκα

∣∣∣ ∂Ĥ
∂Rκ ′γ

∣∣∣Ψ(0)
n

〉
+ (κα)↔ (κ ′γ)

)
+ (c.c.)

]
, (1.36)

where (κα) ↔ (κ ′γ) stands for the previous term where the indices κα
and κ ′γ have been exchanged and where (c.c.) stands for the complex
conjugate of the previous term.
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The contribution from the second-order perturbation of the Hamilto-
nian ∂2Ĥ

∂RκαRκ ′γ
gives the DW term [16, 81] of the semi-empirical approach.

The other bracketed term originates from the first-order modifications of
the wavefunction and corresponds to the Fan term when considered in
many-body perturbation theory. As mentioned in the introduction, the
complementarity of the two terms for the description of the eigenenergy
renormalization due to the electron-phonon interaction, although obvi-
ous in the present derivation, was first shown in 1974 by Baumann [17].

1.3 from the adiabatic approximation to the allen-heine-
cardona theory

In this section, we relate Eq. (1.30) to the AHC theory, as formulated2

by Giustino et al. [62]. We also carefully treat the RIA and unveil the
terms it neglects. Furthermore, we discuss the translational invariance
and its consequences. In order to focus on solids (in view of the appli-
cation and testing for diamond and solid-state systems in general), we
work with periodic systems and introduce the related definitions. More
information in this respect is provided in Appendix A.1 and A.2.

1.3.1 Wavevectors and translational invariance

We introduce a specific notation for the derivative of an arbitrary quan-
tity X, that depends on the atomic coordinates, with respect to a collec-
tive displacement of atoms characterized by a wavevector q

∂X

∂Rκα(q)
=

1

NBvK

∑
l

eiq·Rl
∂X

∂Rlκα
, (1.37)

where Rlκα is the coordinate along the α axis of the atom κ in the cell l,
andNBvK is the number of primitive cells of the periodic system defined
by the Born-von Karman boundary conditions [82].

The eigendisplacement vectors are solution of the dynamical equation

∑
κα

C̃κα
κ ′γ

(q)Um,κα(q) =Mκ ′ω
2
mqUm,κ ′γ(q), (1.38)

2 Although we agree with Eqs. (2-7) of Allen and Cardona [39], we think that their Eq. (8)
is erroneous, since the polarization vectors in the DW term of this equation have differ-
ent atomic indices κ and κ ′, which is not coherent with their Eq. (5) or with Ref. [62],
where the polarization vectors have the same atomic index κ. On the contrary, we per-
fectly agree with the formulation of Giustino et al. [62].
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where the Fourier transform of the IFC appears

C̃κα
κ ′γ

(q) =
1

NBvK

∑
ll ′

C lκα
l ′κ ′γ

e−iq·(Rl−Rl ′)

=
∑
l ′

C 0κα
l ′κ ′γ

eiq·Rl ′

=NBvK
∂2EBO

∂Rκ ′α(−q)∂Rκ ′′β(q)
,

(1.39)

where Rl is a translation vector of the Bravais lattice. As the solution of
an eigenvalue problem with an hermitian matrix, the eigendisplacement
vectors are normalized and complete∑

κα

MκU
∗
m,κα(q)Um ′,κα(q) = δmm ′ (1.40)∑

m

√
MκMκ ′U

∗
m,κα(q)Um,κ ′γ(q) = δκκ ′δαγ. (1.41)

All properties of a crystal, including its eigenenergies and their deriva-
tives, must be invariant upon a uniform translation δ. Therefore,

εnk[{Rlκ}] = εnk[{Rlκ + ‹}] (1.42)
∂εnk

∂Rκ ′α(Γ)
[{Rlκ}] =

∂εnk

∂Rκ ′α(Γ)
[{Rlκ + δ}]. (1.43)

In Eq. (1.43), we have taken the derivative with respect to a collective
displacement of atoms that does not break the translation symmetry
(q = Γ) to avoid any problem with the Bloch theorem, and keep the
Bloch notation nk.

By Taylor expanding the right hand side of Eq. (1.43), we obtain

∂εnk

∂Rκ ′α(Γ)
[{Rlκ + δ}] =

∂εnk

∂Rκ ′α(Γ)
[{Rlκ}]

+
∑
κ ′′β

δβ
∂2εnk

∂Rκ ′α(Γ)∂Rκ ′′β(Γ)
[{Rlκ}] +O(δ2), (1.44)

where δβ is the β component of the vector δ. Since, by Eq. (1.43), the
left hand side cancels the first term of the right hand side in Eq. (1.44),
we obtain that every term of order one and higher in the series must be
identically zero∑

β

δβ
∑
κ ′′

∂2εnk

∂Rκ ′α(Γ)∂Rκ ′′β(Γ)
[{Rlκ}] =0 ∀ δβ ∈ R

⇒
∑
κ ′′

∂2εnk

∂Rκ ′α(Γ)∂Rκ ′′β(Γ)
[{Rlκ}] =0. (1.45)
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1.3.2 The temperature dependence in the adiabatic harmonic approximation
for the solid periodic case

The Eq. (1.30) can be generalized to the periodic case, with a discretized
integral over q (Nq is the number of wavevectors used to sample the
Brillouin zone)

∆εnk(T) =
1

Nq

∑
q

3N∑
m

1

2ωmq

∑
κα
κ ′γ

∑
ll ′

∂2εnk

∂Rlκα∂Rl ′κ ′γ

e−iq·(Rl−Rl ′)U∗m,κ ′γ(q)Um,κα(q)
(
nmq(T) +

1

2

)
. (1.46)

Similarly, the generalization of Eq. (1.16) leads to

∆εnk(T) =
1

Nq

∑
q

3N∑
m

∂εnk

∂nmq

(
nmq(T) +

1

2

)
, (1.47)

where

∂εnk

∂nmq
=

1

2ωmq

∑
κα
κ ′γ

∑
ll ′

∂2εnk

∂Rlκα∂Rl ′κ ′γ

e−iq·(Rl−Rl ′)U∗m,κ ′γ(q)Um,κα(q) (1.48)

and we will focus on the latter quantity, which represents the change of
eigenenergy due to a specific phonon mode.

To split this expression in a Fan and a DW contribution, we substitute
the extension to periodic system of Eq. (1.36) in it and retrieve

∂εnk

∂nmq
=

1

2ωmq

∑
κα
κ ′γ

U∗m,κ ′γ(q)Um,κα(q)

{〈
u
(0)
nk

∣∣∣ ∂2Ĥk,k

∂Rκα(−q)∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
+
1

2

[
(〈 ∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
+ (κα)↔ (κ ′γ)

)
+ (c.c.)

]}
, (1.49)

where Ĥk,k is defined through Eq. (A.4) applied to the Hamiltonian.
This allows us to introduce the following notation for the DW and Fan

contributions related to band n and wavevector k (we skip the n and k
indices, which should not be confusing in the present context)

Dκα
κ ′γ

(q) ,
〈
u
(0)
nk

∣∣∣ ∂2Ĥk,k

∂Rκα(−q)∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
(1.50)
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Fκα
κ ′γ

(q) ,
1

2

[(〈 ∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
+ (κα) ↔ (κ ′γ)

)
+ (c.c.)

]
. (1.51)

The change of eigenenergy due to a specific phonon mode, Eq. (1.49),
thus becomes

∂εnk

∂nmq
,
∂εFAN
nk

∂nmq
+
∂εDW
nk

∂nmq
(1.52)

with the Fan contribution given by

∂εFAN
nk

∂nmq
,

1

2ωmq

∑
κα
κ ′γ

Fκα
κ ′γ

(q)U∗m,κ ′γ(q)Um,κα(q), (1.53)

and the Debye-Waller contribution given by

∂εDW
nk

∂nmq
,

1

2ωmq

∑
κα
κ ′γ

Dκα
κ ′γ

(q)U∗m,κ ′γ(q)Um,κα(q). (1.54)

With the same notations, the translational invariance Eq. (1.45) reads∑
κ ′

Dκα
κ ′γ

(Γ) +Fκα
κ ′γ

(Γ) = 0. ∀α,γ, κ (1.55)

In particular, one can multiply this expression by any expression in-
dependent of κ ′, and still get zero. This gives us some freedom to add
terms which are chosen in such a way that D simplifies in the rigid-
ion approximation (see next subsection). Moreover, these supplementary
terms can be chosen in such a way that the resulting expression is Her-
mitian

∂εnk

∂nmq
=

1

2ωmq

∑
κα
κ ′γ

[[
Dκα
κ ′γ

(q) +Fκα
κ ′γ

(q)
]
U∗m,κ ′γ(q)Um,κα(q)

−
1

2

[
Dκα
κ ′γ

(Γ) +Fκα
κ ′γ

(Γ)
]

(
U∗m,κγ(q)Um,κα(q) +U∗m,κ ′γ(q)Um,κ ′α(q)

)]
. (1.56)
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Without loss of generality, taking advantage of the translational invari-
ance, the Debye-Waller term is equivalently given by

∂εDW
nk

∂nmq
=

1

2ωmq

∑
κα
κ ′γ

[
Dκα
κ ′γ

(q)U∗m,κ ′γ(q)Um,κα(q)

−
1

2

[
Dκα
κ ′γ

(Γ) +Fκα
κ ′γ

(Γ)
]

(
U∗m,κγ(q)Um,κα(q) +U∗m,κ ′γ(q)Um,κ ′α(q)

)]
. (1.57)

At this point, the only approximations we have used are the adia-
batic and the harmonic approximations. The Debye-Waller term that we
have obtained, Eq. (1.50), involves the second-order derivative of the
first-principle Hamiltonian. In most DFPT procedures, calculations of
the phonon band structure rely only on the evaluation of the first-order
derivative of the self-consistent DFT Hamiltonian and wavefunctions.
Indeed, while the expression leading to such phonon band structure
calculations include a second-order derivative with respect to the non-
self-consistent electron-ion potential, the latter term does not depend on
second-order derivative of the wavefunction and Hamiltonian [64]. Thus,
the Debye-Waller term is not a by-product of a phonon band structure
calculation. We will now show how the rigid-ion approximation allows
us to compute the Debye-Waller term without computing the second-
order derivative of the self-consistent first-principle Hamiltonian.

1.3.3 The rigid-ion Hamiltonian

In the case of semi-empirical potentials, it is natural to suppose that
the Hamiltonian depends on potentials created independently by each
nucleus, screened by electrons attached to them. In this case, as pointed
by Allen and Heine [38], the numerical burden of computing a second-
order derivative of the Hamiltonian can be completely avoided. A rigid-
ion Hamiltonian has the following form

Ĥri = T̂ + V ionic(r̂), (1.58)

where

V ionic(r̂) =
∑
lκ

Vlκ(r̂ − Rlκ). (1.59)
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The mixed (off-site) second-order derivatives of such Hamiltonian van-
ish

∂2Ĥri

∂Rlκα∂Rl ′κ ′γ
= 0 if κ 6= κ ′as well as if l 6= l ′. (1.60)

Using the notation of Eq. (1.50), the DW term constructed with a rigid-
ion Hamiltonian has the following property

Dri
κα
κ ′γ

(q) = Dri
κα
κ ′γ

(Γ)δκ,κ ′ . (1.61)

Enforcing Eq. (1.61) to the DW terms of Eq. (1.57) for a rigid-ion Hamil-
tonian leads to

∂εDWri

nk
∂nmq

=
−1

4ωmq

∑
κα
κ ′γ

Fri
κα
κ ′γ

(Γ)

(
U∗m,κγ(q)Um,κα(q) +U∗m,κ ′γ(q)Um,κ ′α(q)

)
, (1.62)

which is the AHC expression of the DW contribution.

1.3.4 The rigid-ion approximation

In a DFT approach (GW behaves similarly, with an electronic self-energy
replacing the DFT exchange-correlation potential), the Hamiltonian is
the sum of the kinetic energy operator T̂ and the Kohn-Sham poten-
tial VKS[ρ](r̂). The latter term can further be split in the sum of poten-
tials generated by each ion Vlκ(r̂ − Rlκ) and the Hartree and exchange-
correlation (Hxc) potential VHxc[ρ](r̂) generated by the electronic density
of the system

Ĥ = T̂ + VKS[ρ](r̂) = T̂ + Vionic(r̂) + VHxc[ρ](r̂). (1.63)

Thus, the change of the Hamiltonian is related to the change of the
density only through VHxc[ρ](r̂). The change of the density due to the
displacement of one atom being in general affected by the displacement
of another atom, the second order derivative of the Hamiltonian with
respect to the displacement of two different atoms will contain contribu-
tions from VHxc[ρ](r̂), but not from T̂ and Vlκ(r̂ − Rlκ) since they have
the form of Eq. (1.58). This can be seen as a consequence of the fact that,
unlike the bare ionic potential, the Hxc potential is screened (see Ap-
pendix A.6 for an alternative view of the DW term expressed in term of
the dielectric function).
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The numerical evaluation of the Debye-Waller term is difficult since it
requires the evaluation of the second functional derivative of the Hamil-
tonian with respect with atomic positions. A popular approximation,
called the rigid-ion approximation, is to apply Eq. 1.62, exact for a rigid-
ion Hamiltonian, to a DFT Hamiltonian

∂εDWRIA
nk
∂nmq

=
−1

4ωmq

∑
κα
κ ′γ

Fκα
κ ′γ

(Γ)

(
U∗m,κγ(q)Um,κα(q) +U∗m,κ ′γ(q)Um,κ ′α(q)

)
. (1.64)

With the rigid-ion approximation, the change of electronic energies reads

∂εRIA
nk

∂nmq
=
∂εFAN
nk

∂nmq
+
∂εDWRIA
nk
∂nmq

. (1.65)

This rewriting makes the calculations easier to perform, since only first-
order derivative of the DFT Hamiltonian have to be computed.

All Fan-like contributions can be derived from DFPT, as explained
in the appendix A.2. In practice, in the AHC theory as formulated by
Giustino et al [62], Fκα

κ ′γ
(q) is obtained using Eq. (1.51) and

〈 ∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
=

∞∑ ′

n ′=1〈
u
(0)
nk

∣∣∣ ∂Ĥk,k
∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k
∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
ε
(0)
nk − ε

(0)
n ′k+q

, (1.66)

where the infinite sum over bands is truncated in numerical calculations,
while the prime after the sum symbol indicates that the terms with a
vanishing denominator (such situation always occurs at Γ when n = n ′)
have to be excluded.

In the resulting expression, one needs to sum over a large number
of empty bands since the first-order wavefunction is expressed in the
sum-over-states form. As shown by Sternheimer [83], the summation
over highly energetic bands can be replaced by the solution of a linear
equation. This equation can then be solved iteratively with the same
techniques as the ones of the DFPT approach used to calculate phonon
eigenvectors and eigenenergies [63, 84, 64, 85]. The resulting expression
for the first-order wavefunction is detailed in appendix A.2 of this thesis
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(Eq. (A.19)) and leads to an alternative form of Eq. (1.66), proposed in
Ref. [19]

〈 ∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
=

M∑ ′

n ′=1

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k
∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k
∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
ε
(0)
nk − ε

(0)
n ′k+q

+
〈
P̂ck+q

∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
. (1.67)

This formulation is independent of the value of M, which is usually
taken to be slightly larger than the number of bands for which the
electron-phonon renormalization is sought. It removes the cumbersome
sum over states, and results in a significant speed up of the calcula-
tions [19] as well as the elimination of the convergence study on the trun-
cation of the sum. The complete expression for the change of eigenen-
ergies due to electron-phonon interactions, in the RIA, is obtained from
the combination of Eqs. (1.47), (1.51), (1.53), (1.64), (1.65) and (1.67).

1.3.5 Beyond the rigid-ion approximation

We can now analyze the term that were neglected by enforcing the rigid-
ion approximation to a general Hamiltonian. We decompose the full
Debye-Waller term as follows

∂εDW
nk

∂nmq
=
∂εDWRIA
nk
∂nmq

+
∂ε

DWNRIA
nk
∂nmq

. (1.68)

The second term, which we call the non-rigid-ion approximation to the
Debye-Waller term, is composed of the terms neglected by the RIA

∂ε
DWNRIA
nk
∂nmq

,
1

2ωmq

∑
κα
κ ′γ

[
Dκα
κ ′γ

(q)U∗m,κ ′γ(q)Um,κα(q) −
1

2
Dκα
κ ′γ

(Γ)

(
U∗m,κγ(q)Um,κα(q) +U∗m,κ ′γ(q)Um,κ ′α(q)

)]
. (1.69)

It may be noted that the present convention differs from the one of
Ref. [19]. While our FAN term is the same as Eq. (16) of this reference,
our DWRIA term is instead called diagonal Debye-Waller by them (see
their Eq. (16)). However, such a term is not diagonal in atom index nor
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in cell site, hence the new naming convention proposed here. Similarly,
we may note that our DWNRIA term is called non-diagonal Debye-Waller
by them (see their Eq. (22)), although it possesses diagonal components.

This apparent discrepancy can be explained by noting that Ref. [19]
studied isolated molecules, for which the only wavevector to be consid-
ered was q = Γ. In this context, the contribution beyond the Fan and
DWRIA was indeed purely non-diagonal. However, this is not true in the
general case. Thus, we believe that the updated definitions presented in
this paper are more general and lifts some possible confusion.

1.4 temperature dependence from finite differences over

atomic displacements

The temperature dependence can also be computed through a FP ap-
proach where, in a supercell, a set of self-consistent first-principles cal-
culations are done with atoms displaced slightly from their equilibrium
positions. The change of force due to atomic displacements allows one to
construct the IFC, from which the phonon frequencies and eigenvectors
can be deduced.

Since the FP formalism does not include the RIA (see Eq. (1.64)), it
becomes interesting to obtain the contributions neglected by it from FP
calculations, to assess its validity.

1.4.1 The frozen-phonon approach

When performing DFPT calculations, the problem lies in the fact that
the term beyond the rigid-ion approximation (Eq. (1.69)) requires the di-
rect evaluation of the second-order derivative of the Hamiltonian with
respect to atomic positions. Such terms might be computed by higher-
order DFPT, but would require the computation of the second-order
derivatives of the Hamiltonian with respect to all pairs of atomic dis-
placements, which is prohibitive from a computational point of view. In-
deed, to the author’s knowledge, no solid state computer code is nowa-
days able to compute such terms. For this reason, we will rely on finite-
difference calculations to have access to all the quantities beyond the
RIA terms.

Although the IFC of Eq. (1.4), expressed in real space, is a symmetric
matrix, the dynamical matrix C̃κα

κ ′γ
(q) defined in Eq. (1.39) can be com-
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plex. First, we notice that such quantity at q and −q are linked through
time-reversal symmetry

C̃κα
κ ′γ

(−q) =
∑
l

C0κα
lκ ′γ

e−iq·Rl

=
(∑
l

C0κα
lκ ′γ

e+iq·Rl
)∗

= C̃∗κα
κ ′γ

(q). (1.70)

Therefore the dynamical equation for −q can be written as∑
κα

C̃∗κα
κ ′γ

(q)Um,κα(−q) =Mκ ′ω
2
m−qUm,κ ′γ(−q). (1.71)

Taking the complex conjugate of the previous equation gives∑
κα

C̃κα
κ ′γ

(q)U∗m,κα(−q) =Mκ ′ω
2
m−qU

∗
m,κ ′γ(−q). (1.72)

Therefore, by direct comparison with Eq. (1.38), we can see that, for all
modes m, we have ω2mq = ω2m−q and Um,κα(q) = U∗m,κα(−q). Taking
advantage of these time-reversal symmetry properties, we can define a
real displacement that is the sum of a displacement at q and another at
−q

vlm,κα(q) =
1

2

[
Um,κα(q)eiq·Rl +Um,κα(−q)e−iq·Rl

]
(1.73)

and we can also define another real displacement that is the difference
of a displacement at q and another at −q

wlm,κα(q) = −
1

2
i
[
Um,κα(q)eiq·Rl −Um,κα(−q)e−iq·Rl

]
. (1.74)

1.4.2 Frozen-phonon expression of the different terms entering into the ZPR

Using the notation introduced in the previous section, we start from
Eq. (1.48) and compute the second-order derivative of the eigenenergies
through a FP approach based on second-order finite differences

∂εnk

∂nmq
=

1

2ωmq

∑
lκα
l ′κ ′γ

∂2εnk

∂Rlκα∂Rl ′κ ′γ
e−iq·(Rl−Rl ′)U∗m,κ ′γ(q)Um,κα(q)

=
1

2ωmq

[
∂2

∂h2
εnk

[{
Rlκ ′α + hvlm,κ ′α(q)

}]∣∣∣
h=0

+
∂2

∂h2
εnk

[{
Rlκ ′α + hwlm,κ ′α(q)

}]∣∣∣
h=0

]
, (1.75)
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where h sets the amplitude of the FP displacement along real vector
vlm,κα(q) or wlm,κα(q), Rlκα are the equilibrium positions of the atoms,
the eigenvalues εnk are evaluated with the atoms displaced along the
real vector vlm,κα(q) or wlm,κα(q), and {} denotes the set of values ob-
tained by iterating upon l, κ and α.

We also compute, from a FP approach, the NRIA contribution to the
eigenenergies renormalization, that is, the DWNRIA contribution (see
Eq. (1.69))

∂ε
DWNRIA
nk
∂nmq

=
1

2ωmq

(
∂2

∂h2

〈
u
(0)
nk

∣∣∣Ĥk,k

[{
Rlκ ′α + hvlm,κ ′α(q)

}]
+ Ĥk,k

[{
Rlκ ′α + hwlm,κ ′α(q)

}]∣∣∣u(0)nk

〉∣∣∣
h=0

−
∑
γ

∂2

∂Sγ∂Tγ

〈
u
(0)
nk

∣∣∣V̂Hxc

[{
Rlκ ′α + SγU

∗
m,κ ′γ(q)Um,κ ′α(q)

+ Tγδαγ

}]∣∣∣u(0)nk

〉∣∣∣
Sγ,Tγ=0

)
, (1.76)

where Sγ and Tγ are scalars introduced for finite differences purposes.
The term Tγδαγ computed through finite differences is a collective dis-
placement of the atoms in a primitive cell. The derivative of this term
with respect to Tγ is non-zero because the expectation value of the dis-
placed potential is evaluated at fixed equilibrium ion position which is
taken with respect to the unperturbed periodic part of the wavefunction
u
(0)
nk . More details on this equation can be found in Appendix A.7.
Antonius et al [55] computed the temperature dependence of diamond

using finite differences (Eq. (1.75)) in the many-body GW framework,
which led to an additional 200 meV ZPR of the diamond bandgap with
respect to the AHC value, closer to the experimental bandgap. This GW
correction will be discussed in Section 3.3 of the present thesis.

Finally, for practical calculations, the interested reader might look into
appendix A.8 for a discussion over the symmetry properties of ground-
state and electron-phonon matrix elements.

1.5 beyond the rayleigh-schrödinger perturbation theory

Phonons alter the one-electron energy bands εnk in two ways: there is a
shift ∆εnk and a lifetime broadening 1/τnk. As seen in the previous sec-
tion, the adiabatic approximation leads to a real renormalization of the
eigenstates. The study of the lifetime broadening requires a dynamical
theory.
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In 1978, Allen generalized his earlier work derived within the stan-
dard Rayleigh-Schrödinger perturbation theory to include finite phonon
frequencies using many-body perturbation techniques and obtained a
complex energy εnk(T) [86]

εnk(T) ,ε̃nk[0] +∆εnk(T) +
i

2τnk
(1.77)

=ε̃nk[0] +
1

Nq

∑
q

3N∑
m

1

2ωmq

∑
κα
κ ′γ

[
Dκα
κ ′γ

(q)
(
nmq(T) +

1

2

)
+ F̃κα

κ ′γ
(q,ω)

]
U∗m,κ ′γ(q)Um,κα(q) (1.78)

where the Debye-Waller correction to the unperturbed energy of the ini-
tial state ε(0)nk is purely real (Hermitian matrix at q = Γ) and therefore
has the same definition as Eq. (1.50). The dynamical Fan self-energy can
be defined as (see Refs. [86, 87, 67] as well as reference therein for an in
depths derivation)

F̃κα
κ ′γ

(q,ω) =
1

2

∞∑ ′

n ′=1

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k

∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉
〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉( nmq(T) + fn ′k+q

ω− ε
(0)
n ′k+q +ωmq + iδsgn(ω)

+
nmq(T) + 1− fn ′k+q

ω− ε
(0)
n ′k+q −ωmq + iδsgn(ω)

)
, (1.79)

where sgn(ω) = 1 if ω > 0 and −1 if ω < 0 and where we can see
that F̃κα

κ ′γ
(q,ω) is not Hermitian and so its eigenvalues are not pure real

numbers and its eigenstates are not absolutely stationary states. This
means that we have a spectral function instead of a well defined state.
Nonetheless the k-vector, Brillouin zone and periodicity in k-space re-
main clearly defined if one performs ensemble averaging (periodicity in
r space is then restored).

Within the many-body perturbation theory, the Green function for the
electron can be written [87]

Gnk(ω, T) =
1

ω− ε
(0)
nk − ΣFan

nk (ω, T) − ΣDW
nk (T)

, (1.80)
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with

ΣFan
nk (ω, T) =

1

Nq

∑
q

3N∑
m

1

2ωmq∑
κα
κ ′γ

F̃κα
κ ′γ

(q,ω)U∗m,κ ′γ(q)Um,κα(q), (1.81)

and

ΣDW
nk (T) =

1

Nq

∑
q

3N∑
m

1

2ωmq∑
κα
κ ′γ

Dκα
κ ′γ

(q)U∗m,κ ′γ(q)Um,κα(q)
(
nmq(T) +

1

2

)
. (1.82)

The spectral function Ank(ω, T) for electrons interacting with phonons
is defined as the imaginary part of the electronic Green’s function

Ank(ω, T) ,
1

π

∣∣∣=Gnk(ω, T)
∣∣∣, (1.83)

with the spectral function obeying the following sum rules (the proof
can be found for example in Eq. (5.33) of Ref. [87])∫∞

−∞Ank(ω, T)dω = 1, (1.84)

which is equivalent to the conservation of the number of electrons as the
electron-phonon interaction is turned on.

Note that the electron Green’s function in the limit of (ΣFan
nk (ω, T) −

ΣDW
nk (T))→ iδ, with an infinitesimal δ, can be re-written as

G0nk(ω) =
1

ω− ε
(0)
nk + iδ

. (1.85)

The spectral function corresponding to this non-interacting Green’s func-
tion G0nk(ω) is a delta function at the single-particle electron energy

Ank(ω) = δ(ω− ε
(0)
nk ). (1.86)

This non-interacting case satisfies trivially the sum rule of Eq. (1.84).
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The Eq. (1.83) can also be re-written as

Ank(ω, T) =

1

π

∣∣∣=ΣFan
nk (ω, T)

∣∣∣[
ω− ε

(0)
nk −<ΣFan

nk (ω, T) − ΣDW
nk (T)

]2
+
[
=ΣFan
nk (ω, T)

]2 . (1.87)

To get the real and imaginary part of the Fan self-energy, we can use the
Dirac identity, also called the Sokhotski-Plemelj theorem for singular
integrand

<

∫b
a

f(x)

x− x0 + iδ
dx = lim

δ→0

[ ∫x0−δ
a

+

∫b
x0+δ

] f(x)
x− x0

dx (1.88)

= P

∫b
a

f(x)

x− x0
dx, (1.89)

and

=

∫b
a

f(x)

x− x0 + iδ
dx = −iπf(x0) if a < x0 < b and 0 otherwise, (1.90)

where P means the principal value of the integrand. The real and imagi-
nary part of the Fan self-energy therefore are

<ΣFan
nk (ω, T) =

1

Nq

∑
q

3N∑
m

1

2ωmq

∑
κα
κ ′γ

U∗m,κ ′γ(q)Um,κα(q)

1

2

∞∑ ′

n ′=1

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k

∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
(
nmq(T) + fn ′k+q

ω− ε
(0)
n ′k+q +ωmq

+
nmq(T) + 1− fn ′k+q

ω− ε
(0)
n ′k+q −ωmq

)
(1.91)

and

=ΣFan
nk (ω, T) =

π

Nq

∑
q

3N∑
m

1

2ωmq

∑
κα
κ ′γ

U∗m,κ ′γ(q)Um,κα(q)

1

2

∞∑ ′

n ′=1

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k

∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
((
nmq(T) + fn ′k+q

)
δ(ω−ωmq − ε

(0)
n ′k+q)

+
(
nmq(T) + 1− fn ′k+q

)
δ(ω+ωmq − ε

(0)
n ′k+q)

)
. (1.92)
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These two equations verify the Kramers-Kronig relation [87]

<ΣFan
nk (ω, T) =

1

π

∫∞
−∞

∣∣∣=ΣFan
nk (ω, T)

∣∣∣
ω− ν

dν. (1.93)

By taking the adiabatic limit (ωmq << ω− εn ′k+q) of Eq. (1.91), we
can recover the Fan term introduced earlier

<ΣFan
nk (ω = ε

(0)
nk , T) =

1

Nq

∑
q

3N∑
m

1

2ωmq∑
κα
κ ′γ

Fκα
κ ′γ

(q)U∗m,κ ′γ(q)Um,κα(q), (1.94)

as well as the phonon-induced lifetime broadening in the adiabatic limit
as presented by Lautenschlager et al. [69]

=ΣFan
nk (ω = ε

(0)
nk , T) =

π

Nq

∑
q

3N∑
m

1

2ωmq

∑
κα
κ ′γ

∞∑ ′

n ′=1〈
u
(0)
nk

∣∣∣ ∂Ĥk,k

∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣ ∂Ĥk,k

∂Rκ ′γ(q)

∣∣∣u(0)nk

〉
δ(ε

(0)
nk − ε

(0)
n ′k+q). (1.95)

1.6 conclusions

The renormalization of eigenenergies due to electron-phonon coupling
can be computed by different methods. In the introduction of this chap-
ter, we have mentioned three of them: the first-principle molecular dy-
namics method, the frozen-phonon (FP) method and the Allen-Heine-
Cardona (AHC) method based on Density-Functional Perturbation The-
ory. The two first methods are equivalent within the adiabatic harmonic
approximation while the third is only equivalent when the non-rigid-ion
(NRIA) terms are included or when the rigid-ion approximation (RIA)
is valid.

The theory’s key ingredient is the second-order derivative of the eigen-
energies with respect to two atomic displacements. This derivative gives
rise to a term stemming from the first-order modification of the wave-
function, called the Fan term, and a term corresponding to a second-
order perturbation of the Hamiltonian, called the Debye-Waller (DW)
term. Although the two terms were discovered separately in the 50’s,
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there was a lot of confusion in the litterature until Baumann realised in
1974 the complementarity of these two terms for the computation of the
zero-point motion renormalization (ZPR).

The present first chapter compared in detail two (AHC/DFPT and FP)
of the three approaches still used today to calculate the ZPR. We consid-
ered the first for its efficiency in the computation of the ZPR at arbitrary
q-points, crucial for periodic system, and the later, to go beyond the RIA
and study its impact on the calculated ZPR.

Also, we derived Brook’s theorem in the first-principle context and ob-
tained an expression for the eigenenergy renormalization from the finite
temperature extension of Janak’s theorem (see Eqs. (1.32) and (1.25)).

We also rederived how, within the RIA, the translational invariance
(Eq. (1.45)) allows to express the DW contribution in terms of first-order
derivatives of the Hamiltonian only.

A major contribution of this chapter is the clarification of the term
appearing beyond the RIA made in the AHC theory. This allows all the
definitions to be coherent with their respective names (see Eqs. (1.53),
(1.64) and (1.69)).

Nevertheless, due to the computational limitation related to the evalu-
ation of the second-order derivative of the Hamiltonian, the NRIA terms
could not be computed from the second-order response of the wavefunc-
tions. Therefore we derived the equations related to the FP approach,
which will allow us to numerically evaluate the NRIA terms in the case
of bulk diamond in Chapter 2 using Eqs. (1.75) and (1.76).

Finally, we presented an extension of the static theory to the dynam-
ical case (going beyond the Rayleigh-Schrödinger perturbation theory)
in order to derive the phonon induced lifetime broadening of the elec-
tronic states. The next chapter will be dedicated to the verification and
validation of the theory developed in this first chapter.
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2
V E R I F I C AT I O N A N D VA L I D AT I O N O F
F I R S T- P R I N C I P L E S C O D E S

The need for better verification of electronic structure codes and better
validation of the methods they implement is crucial to have credibility
toward industry and as a community in general.

Verification (i.e. of the correctness of computer codes) is crucial due to
the ever increasing complexity of software, resulting from the implemen-
tation of more refined and sophisticated methods and theory. Moreover,
the need to adapt to new computer architectures that take advantage of
Graphics Processing Unit (GPU) or the fact that the codes can take ad-
vantage of massively-parallel High-Performance Computing (HPC) cen-
tres increases the likelihood of bugs or instabilities of the code.

Validation (i.e. of the correctness of theoretical methods) is a process
that can be carried on with the accumulation of computed results. In-
deed, most advanced theoretical methods rely on approximation and are
usually based on ground-state calculations that are themselves based on
other approximations. The goal of validation is to account for the relia-
bility of the final result.

After an introduction to the verification and validation (V&V) frame-
work in section 2.1, the section 2.2 presents the numerical validation
of the theory developed in Chapter 1 and applied to the case of dia-
mond. The validity of the theory is assessed by direct comparison be-
tween the AHC theory and the equivalent finite-difference scheme. The
importance of the rigid-ion approximation in the case of periodic solids
is also analysed. Section 2.3 introduces additional equations required by
the verification study. The section 2.4 presents the computational details
and the numerical comparison between the software applications Abinit
and Yambo on top of Quantum Espresso.

The content of sections 2.1, 2.3, 2.4 and 2.5 has been published in
Ref. [88]. The content of section 2.2 has also been submitted for pub-
lication [20].

41



“main_corr” — 2015/1/7 — 18:40 — page 42 — #58

42 v&v of first-principles codes

2.1 the verification and validation framework

First-principles electronic-structure codes develop and evolve : they adapt
to increasing computational capabilities and also include new formalisms,
approximations, and numerical methods. In addition to the validation
of new formalisms and approximations, the verification of implementa-
tions is of utmost importance if one wants to deliver reliable new results
or compare them to existing ones. This concern has been the subject of
increased attention in the recent years, as witnessed by the set up of ES-
TEST, a framework for the validation and verification of electronic struc-
ture codes [89], and the organization of several related activities under
the auspices of the "Centre Européen de Calcul Atomique et Molécu-
laire" (CECAM) [90].

In particular, the first-principles computation of electronic properties,
quasiparticles band structures and optical spectra of crystalline solids
has reached an unprecedented level of sophistication. Many-body GW
calculations [21], dynamical-mean-field theory [91] and Bethe-Salpeter
[23] calculations, that includes excitonic effects, sometimes claim to agree
with experimental data at the level of 0.1-0.2 eV. However, the influence
of lattice vibrations on electronic properties is usually neglected because
it is assumed to lead only to minor corrections, on the order of a few
tens of meV. Actually, as reviewed in Ref. [92], for materials that con-
tain light atoms like diamond, the inclusion of the influence of lattice
vibration is non-negligible, since the renormalization is larger than the
claimed accuracy of quasiparticle methods.

For the case of diamond, the closing of the electronic gap has been
measured experimentally at different temperatures, and an Einstein os-
cillator fit has been used to extrapolate the data at zero Kelvin [25], giv-
ing a value of 0.37 eV for the renormalization of the indirect band-gap
due to the ZPR of atoms. The temperature dependence of the direct
band-gap of diamond was also studied experimentally [93].

The direct band-gap renormalization has been studied from first-prin-
ciples approaches. Ramírez obtained 0.7 eV using path-integral Monte
Carlo simulations [49] and more recently Giustino et al. [62] obtained a
value of 0.615 eV using the Allen-Heine-Cardona (AHC) [38, 39] theory,
with the Local Density Approximation (LDA) [94, 95] of Density Fun-
ctional Theory (DFT) [45], a basis of plane waves, and norm-conserving
pseudopotentials [45].

However, the first-principles computation of such a quantity is par-
ticularly delicate, because it is the outcome of several layers of consec-
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utive first-principles calculations: computation of the total energy (and
associated relaxation of cell geometry), computation of the phonon fre-
quencies and eigenvectors, computation of the electron-phonon (EP) cou-
pling, and finally, computation of the zero-point motion effect. Not only
the choice of a mathematical formalism, with associated approximations
(like the above-mentioned Monte Carlo versus DFT possibility), might
deliver different values, but the implementation of one well-defined
mathematical formalism, with given approximations, needs to be care-
fully verified.

At variance with the 0.615 eV result of Giustino et al. [62], calculations
made by us lead to a smaller value, on the order of 0.4 eV, on the ba-
sis of the implementation of AHC described in Chapter 1. However, the
mathematical formalism and numerical approximations were, to our un-
derstanding, equivalent to that of Ref. [62]. This raised the question on
whether the accumulation of layers of calculations could yield numerical
errors that are as large as 0.2 eV, or whether there might be a problem in
the implementations.

In this chapter, we present a rigorous and careful study of all the quan-
tities that enters into the calculation of the ZPR of the direct bandgap of
diamond due to EP coupling, on the basis of two different implementa-
tions, and provide the values of the numerical discrepancies. We work
within the AHC formalism with exactly the same numerical approxima-
tions, as implemented in ABINIT [96], on one side, and in Yambo [97] on
top of Quantum Espresso (QE) [98], on the other side. These implementa-
tions have been done completely independently by two different groups.
The ABINIT implementation was used earlier to study zero-point mo-
tion effects on the electronic structure in the above-mentioned Ref. [19],
while the YAMBO+QE implementation has been used, independently, in
Ref. [65, 66, 67, 99]. Unfortunately, we did not have access to the code
used by Giustino et al. [62].

We found only small numerical discrepancies between the ABINIT
and QE+YAMBO results: less than 10−5Ha/at on the total energy, 0.07

cm−1 on the phonon frequencies, 0.005 on the electron-phonon matrix
elements squared (relative difference), and less than 4 meV on the ZPR.
Given our choice of formalism, and associated approximations, the nu-
merically converged value for the renormalization of the direct bandgap
in diamond due to electron-phonon coupling in the AHC formalism is
-0.409 eV (reduction of the bandgap), from both implementations. Chang-
ing the pseudopotential can lead to larger differences, in any case not
larger than 50 meV.
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2.2 internal cross-validation of the theory within the

abinit software

Before doing the verification between the two sets of ab-initio codes to
understand the observed discrepancy between our results and those of
Ref. [62], we start by an internal validation inside the software ABINIT.
We compare AHC and FP results for some chosen q-wavevector contri-
butions to the ZPR of the diamond bandgap. We study the q-wavevector
contributions to the ZPR instead of the full ZPR since the converged
q-point integration required by the full ZPR is computationally out of
reach for FP. For the full q-point integration within AHC, please see
Ref. [88].

The calculation of structural properties in this work are based on
Density-Functional Theory (DFT) [45] within the local density approx-
imation (LDA) [94, 95]. We use a planewave basis set to represent the
wavefunctions and account for the core-valence interaction using norm-
conserving pseudopotentials [100]. The 2s22p2 valence electrons of car-
bon are treated explicitly in our ab-initio calculations. All the calcula-
tions are done using the ABINIT software package [96].

Convergence studies with a tolerance of 0.5 mHa per atom on the
total energy led to the use of a 6 × 6 × 6 Γ -centered Monkhorst-Pack
sampling [101] of the Brillouin zone and an energy cut-off of 30 Hartree
for the truncation of the planewave basis set. A lattice parameter of 6.675

Bohr was obtained by structural optimization.
The phonon frequencies were calculated using Eq. (1.5) for the DFPT

method and a second-order derivative of the total energy with respect
to atomic displacements converged with a Richardson interpolation of
order 4, for the finite-difference method. Also, for the latter method
and the q = L point, a 2× 2× 2 supercell with a 3× 3× 3 Γ -centered
Monkhorst-Pack sampling were used to ensure the k-point sampling
remained equivalent to the one used for the DFPT calculation on the
primitive cell. The comparison between FP and DFPT for the phonon
frequencies is given in Table 2.1. The discrepancies between the two
methods remain within 0.2% for the two q-points considered, which
demonstrates both the equivalence of the two methods and the conver-
gence of our calculations with respect to the finite difference parameter.

We now assess the accuracy of our AHC implementation and quantify
the impact of the RIA. The contribution of the same two q-points to the
ZPR at k = Γ and k = L is given in Table 2.2. This table presents the
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q-point Mode ω DFPT [Ha] ω FP [Ha] diff. [%]

Γ LO+TO 0.006 064 74 0.006 052 26 0.2058

L TA 0.002 502 56 0.002 501 11 0.0580

LA 0.004 941 58 0.004 943 44 0.0376

TO 0.005 647 86 0.005 652 44 0.0810

LO 0.005 775 97 0.005 770 16 0.1007

Table 2.1: Comparison of diamond phonon frequencies computed from FP and from
DFPT.

renormalization of the different eigenenergies due to electron-phonon
coupling for the 4 first distinguishable bands of diamonds. The Γ25′

valence band maximum is three-fold degenerate as well as the Γ15 con-
duction band. In diamond, the conduction band minimum is located
between the k = Γ and k = X points. At the k = L, the valence L1 and
conduction L3 ′ bands are only doubly degenerate. It can also be noted
that our results show the contribution of some q-points to the ZPR with
values in very close agreements (within 2 meV) with Figure 1 of Ref. [55]
that shows the electron-phonon coupling energies (there is therefore a
conversion factor of 1/2).

The AHC results are split into Fan and DWRIA contributions that are
computed using Eq. (1.53) and Eq. (1.64), respectively. The importance of
the rigid-ion approximation can be deduced by computing the DWNRIA

term through finite difference calculations using Eq. (1.76).
The impact of the RIA remains below 23% and is usually much smaller

for wavevectors other than the zone-center one. To assess completely the
validity of the approximation, we should do a full q-point integration
on the BZ. However, since the ZPR converges extremely slowly with the
number of q-points [88], this would require huge supercell calculations,
which are currently computationally out of reach.

Finally, the sum of the AHC and NRIA contributions can be compared
to the finite difference calculations done using Eq. (1.75). All the FP cal-
culations are also converged with a Richardson interpolation of order 4.
The discrepancies remain below 7 µeV in absolute value. Such discrep-
ancies can be attributed to numerical noise or anharmonicity. Indeed,
the finite displacements selected in the FP method (0.02 to 0.0025 Bohr)
ensure a good compromise between these two sources of error, so that
both are present, but as small as allowed by our convergence criterion.
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It is therefore concluded that the internal validation within the ABINIT
software is successful and could not yield the witness discrepancy of
~50%. We can then proceed to the verification of the two set of codes:
ABINIT versus Yambo on top of QE.

2.3 verification methodology

The decomposition of the total energy differs between ABINIT and QE,
such that a comparison of energy components needs to be done with
care. The expression for the total ground-state energy per unit cell of a
periodic insulator at zero Kelvin, within DFT is [45, 64]

ETotal =
1

Nk

∑
k

occ∑
n

〈
Ψ
(0)
nk

∣∣∣T̂ + V̂psp

∣∣∣Ψ(0)
nk

〉
+ EHxc + EEw + Epsp-core, (2.1)

where n is the band number, k the wavevector, Nk the number of k-
points, Ψ(0)

nk represents a Kohn-Sham orbital, T̂ the kinetic energy opera-
tor, V̂psp the operator corresponding to the external potential of the elec-
tronic system (composed by a local and a non-local part when the imple-
mentation is based on the pseudopotential concept), the n-summation
is over the occupied bands and the k-summation over a discretization of
the Brillouin zone. EHxc is the Hartree and exchange-correlation energy
functional of the electronic density (expressed per unit cell), EEw is the
Ewald energy per unit cell (periodic positively charged particles placed
in a negatively charged homogeneous background), and finally Epsp-core

is the pseudo-core energy per unit cell. It is also possible to define a
one-electron contribution per unit cell as

EOne-el =
1

Nk

∑
k

occ∑
n

〈
Ψ
(0)
nk

∣∣∣T̂ + V̂psp

∣∣∣Ψ(0)
nk

〉
+ Epsp-core. (2.2)

See the appendix A.11 for more details concerning the Ewald energy, the
pseudocore energy and the one-electron contribution.

The phonon frequencies and eigenvectors can be obtained from Den-
sity Functional Perturbation Theory (DFPT) following Refs. [63, 102, 64,
84, 85] or Eq. (1.5)

ω2mq =
∑
κα
κ ′γ

U∗m,κ ′γ(q)C̃κα
κ ′γ

(q)Um,κα(q), (2.3)
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with C̃κα
κ ′γ

(q) being the interatomic force constant matrix in reciprocal

space defined Eq. (1.39) and Um,κα(q) the eigendisplacement vectors
defined as solution of the dynamical equation Eq. (1.38).

The computation of the ab-initio temperature dependence implies the
calculation of the electron-phonon interaction. Following Ref. [99] the
first-order electron-phonon matrix elements can be computed thanks to
DFPT as

g
mq
nn ′k =

∑
κα

1√
2ωmq

〈
u
(0)
nk

∣∣∣ ∂Ĥk,k

∂Rκα(−q)

∣∣∣u(0)n ′k+q

〉
Um,κα(q), (2.4)

where Ĥk,k is the self-consistent Hamiltonian felt by the electrons (which
depends on the atomic positions, see Eq. (A.4) applied to the Hamilto-
nian operator)

The first-order electron-phonon matrix element, gmq
nn ′k, that will be

referred to as the "GKK" matrix element, describes the probability am-
plitude for an electron to be scattered from k to k + q, with the emission
or the absorption of a phonon with crystalline momentum q belonging
to the phonon branch m.

The second-order electron-phonon matrix element is

Λ
mqm ′q ′

nn ′k =
1

2

∑
lκα
l ′κ ′γ

U∗m,κα(q)Um ′,κ ′γ(q ′)
2(ωmqωm ′q ′)1/2

×

〈
u
(0)
nk

∣∣∣ ∂2Ĥk,k

∂Rlκα(−q)∂Rl ′κ ′γ(q ′)

∣∣∣u(0)n ′k+q+q ′

〉
. (2.5)

The AHC theory [39] allows to calculate the temperature-dependent
change in the electronic eigenenergies, as well as their zero-point renor-
malization, as the sum of a Fan [14, 15] and a Debye-Waller (DW) self-
energy term. These two terms can be deduced from the more general
many-body formalism [99] as

ΣFAN
nk (iω, T) =

1

Nq

∑
n ′mq

∣∣∣gmq
nn ′k

∣∣∣2×
(

nmq(T) + fn ′k+q

ω− ε
(0)
n ′k+q +ωmq(T) + iδ

+
nmq(T) + 1− fn ′k+q

ω− ε
(0)
n ′k+q −ωmq(T) + iδ

)
, (2.6)
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which is a slightly different form of Eq. (1.79) where the summation over
modes and q-points is performed and the eigendisplacement vectors are
included. The second term is

ΣDW
nk (T) =

1

Nq

∑
mq

Λ
mq,m−q
nnk (nmq(T) +

1

2
), (2.7)

where Nq is the number of q points, nmq(T) is the Bose-Einstein distri-
bution function for the phonon modemq at temperature T , and fn ′k+q(T)

is the electronic occupation.
The ZPR of the traditional AHC theory [39] is recovered by using the

following approximations for the Fan term: ω ≈ εnk (the on-the-mass-
shell (OMS) limit), |εnk − εn ′k+q| � ωmq (the adiabatic limit) and by
considering only the real part of the self energy

∆εAHC
nk (T) = ΣDW

nk (T) +
1

Nq

∑
n ′mq

∣∣∣gmq
nn ′k

∣∣∣2(nmq(T) +
1
2)

εnk − εn ′k+q
. (2.8)

From a practical point of view, the DW term is very difficult to calcu-
late, as one needs access to the second derivative of the self-consistent
potential (that is not provided by a DFPT calculation of phonons). Mak-
ing use of the translational invariance (if all atoms are displaced by the
same amount in the same direction, all physical quantities should be
conserved) [39] and the RIA, the DWRIA contribution can be retrieved as
the product of first-order electron-phonon matrix elements that is easy
to calculate with Eq. (1.64).

The NRIA contribution comes from the modification of the screening
due to atomic motion. By opposition with the case of small molecules
[19], the effect of the NRIA terms is expected to be small in extended
system, thanks to the screening of the periodic lattice.

From a numerical point of view, the term with an energy denominator
in Eq. (2.8) is omitted when the difference of eigenenergies is smaller
than 10−6 or is smoothed by introducing a small imaginary component.

Finally, following Sternheimer [83], we can largely speed up the calcu-
lation of the sum over states appearing in the Fan and DWRIA terms. In
that case, they are rewritten in terms of a sum limited to an active space
(spanning the occupied state with a few extra bands over the valence
band maximum) as written in Eq. (1.67). The result of such a projection
re-writing is an outcome of a phonon DFPT calculation, and, as such it
is available at no additional cost.
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2.4 diamond : calculations details

The ABINIT, QE and Yambo software applications are described in Refs.
[96, 98, 97], respectively.

The calculation of structural properties in this work is based on DFT [103,
104, 45] using the LDA [94, 95]. A norm-conserving pseudopotential [100]
accounts for the core-valence interaction and a plane-wave basis set is
then used to expand the electronic wavefunctions. The pseudopotential
was generated using the fhi98PP code [105] with a 1.5 atomic unit cut-
off radius for pseudization. The valence electrons of Carbon, treated
explicitly in the ab-initio calculations, are generated for the 2s22p23d0

configuration. Quite importantly for the comparison between codes, the
same pseudopotential file was used by ABINIT and QE. Moreover this
pseudopotential is the same as the one used in Ref. [62]. We refer to this
pseudopotential as our "reference" pseudopotential.

Careful convergence checks (error below 0.5 mHa per atom on the to-
tal energy) lead to the use of a 6x6x6 Γ-centered Monkhorst-Pack k-point
sampling [101] of the Brillouin zone and an energy cut-off of 30 Hartree
for the truncation of the plane wave basis set. The lattice parameter of
6.652 Bohr was obtained by structural relaxation of the diamond system.

Additional tests were performed to assess the influence of the pseudo-
potential choice. In addition to our "reference" pseudopotential, we con-
sidered five other ones. We will refer to the first one as 06-C.LDA.fhi

also generated using the fhi98PP code. It is a Troullier-Martins pseu-
dopotential with the Perdew/Wang [106] parametrization of LDA, an
atomic cut-off radius of 1.0247 atomic unit and a maximum angular
channel of l = 3. The second one is the 6c.pspnc Troullier-Martin [100]
pseudopotential with a 1.4851 atomic unit cut-off radius and a maximum
angular channel of l = 1. The third one is the 06-C.GGA.fhi Troullier-
Martin pseudopotential with the GGA Perdew/Burke/Ernzerhof [107]
parametrization and a 1.0247 atomic unit cut-off radius. The maximum
angular channel used is l = 3 for this pseudopotential. The required cut-
off energy for the truncation of the basis set for those three pseudopo-
tential was also 30 Hartree. The fourth one is the 6c.4.hgh Hartwigsen-
Goedecker-Hutter pseudopotential [108] with a 1.2284 atomic unit cut-
off radius and a maximum angular channel of l = 1. An energy cut-
off of 60 Ha was required for this pseudopotential. The last one is the
C.pz-vbc.UPF VonBarth-Car pseudopotential with a maximum angular
channel of l=1 and an energy cut-off of 45 Ha and 1.5 atomic unit cut-
off radius. The lattice parameters of the five additional pseudopotentials
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after structural relaxation were 6.648, 6.694, 6.729, 6.675 and 6.663 Bohr,
respectively. All the calculations with these pseudopotentials were also
done with the 6x6x6 unshifted Monkhorst-Pack k-point grid.

In order to converge the ZPR below 1 meV, in the original AHC for-
mulation, around 300 unoccupied bands needs to be explicitly included
in the summation present in the Fan and DWRIA terms for diamond. In
contrast, only 12 bands were needed to describe the active space when
the Sternheimer re-writing is used.

To avoid high symmetry points that might slow down the convergence
study (some EP matrix elements might be zero by symmetry and are not
representative of the discretization of an integral) we computed the ZPR
correction on a random q-wavevector grid, as described in Ref. [99]. The
rate of convergence of homogeneous wavevector grid will also be dis-
cussed. The statistical analysis to converge the results is explained in the
next section. The Sternheimer implementation, which speeds up signifi-
cantly the calculation, is only present in the ABINIT software. Therefore
we did the statistical analysis only with ABINIT.

2.5 verifications results for diamond

2.5.1 Ground-state and phonons

We started by comparing DFT ground-state total energies between AB-
INIT and QE using the same "reference" norm-conserving pseudopo-
tential and the same numerical parameters (plane wave kinetic energy
cut-off and wavevector sampling). The total energy in ABINIT and QE is
decomposed in different terms detailed in Eqs. (2.1) and (2.2). The com-
parison between the terms and the total energy is given in the upper
panel of Table 2.3. The agreement is excellent: one gets a discrepancy on
the order of 10−5 Ha/atom between the total energies computed using
the two codes. The disagreement is even smaller for selected contribu-
tions : on the order of 10−7 Ha/atom for the exchange-correlation and
Hartree contributions, and about 10−9 Ha/atom for the Ewald energy.
We did not try to track down the origin of the total energy discrepancy,
the agreement being beyond practical needs.

Table 2.3 also shows the agreement between the two codes on the pho-
non frequencies at some high symmetry points obtained from the DFPT
Eq. (2.3). The agreement is also rather good, with less than 0.07 cm−1

differences after imposition of the acoustic sum rule (ASR) at Γ. The
imposition of the ASR is discussed e.g. in Ref. [74]. Without the impo-
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ABINIT 7.3.2 QE 4.0.5

Kinetic energy 8.450 310 501 -

One-electron energy - 4.135 925 595

Hartree energy 0.943 336 981 0.943 337 120

XC energy −3.567 609 861 −3.567 609 935

Ewald energy −12.955 782 342 −12.955 782 345

Psp-core energy 0.581 222 385 -

Loc. psp. energy −5.093 200 787 -

NL psp. energy 0.197 606 844 -

Total energy −11.444 116 277 −11.444 129 565

Phonon frequency at

q = Γ1/with ASR 3.335/0.000 (x3) 8.832/0.000 (x3)

q = Γ25′/with ASR 1330.408/1330.403(x3) 1330.428/1330.400 (x3)

q = L3 555.305 (x2) 555.319 (x2)

q = L2′ 1076.250 1076.268

q = L1 1235.429 (x2) 1235.440 (x2)

q = L3′ 1273.840 1273.860

q = X3 795.900 (x2) 795.964 (x2)

q = X4 1098.461 (x2) 1098.489 (x2)

q = X1 1224.570 (x2) 1224.590 (x2)

Table 2.3: Comparison of selected quantities related to the ground state and to phonon
calculations, for diamond, with a 6x6x6 unshifted k-point grid and a kinetic energy
cutoff of 30 Hartree for the plane wave basis set. The same norm-conserving LDA pseu-
dopotential is used. The lattice parameter is 6.652 Bohr. All the energies are in Hartree,
are expressed per cell (two atoms per cell) and the phonon frequencies are in cm−1.

sition of the ASR, the frequency of acoustic modes at Γ are small, but
non-negligible : 3.335 cm−1 for ABINIT, and 8.832 cm−1 for QE. Such a
variation between codes is however sufficient to lead to significant dif-
ferences in the absolute value of the Fan and DWRIA terms computed
separately, as we shall see later. Concerning the electronic properties,
the nine lower eigenenergies, relative to the top of the valence band at
Γ are compared for the two codes in Table 2.4. One can see that there is
less than 0.0003 eV differences between the two codes.
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Sym. Band Eigenergies in Abinit Eigenergies in QE

Γ1 1 −21.7959 −21.7957

Γ25′ 2-3-4 0.0000 0.0000

Γ15 5-6-7 5.6698 5.6699

Γ2′ 8 14.3020 14.3023

Γ1 9 19.4714 19.4716

Table 2.4: Comparison between Abinit and QE of the nine lower eigenenergies in eV,
relative to the top of the valence band at Γ.

2.5.2 Electron-phonon coupling and zero-point motion renormalization

We now move forward and compare the GKK electron-phonon matrix
elements given in Eq. (2.4). This quantity is actually subject to an arbi-
trary dependence on the phase factors of the wavefunctions, and cannot
be compared directly between codes. We have therefore compared the
square norm of the GKK (the GKK times its complex conjugate). Such
a quantity, termed "GKK2" is relevant in the present context, since the
square of GKK is used to build the ZPR, see Eq. (2.6). When wavefunc-
tions are degenerate, we also sum them inside the degenerate space, to
remove any arbitrariness. Moreover, to decrease the number of handled
data, we sum the GKK2 over the six phonon modes, giving SGKK2

SGKK2 =

3N∑
m

g
mq∗
nn ′kg

mq
nn ′k. (2.9)

A measure of the relative difference between the two codes for SGKK2,
for different high symmetry q-wavevectors is displayed in Fig. 2.1. We
plot, for each pair of electronic state (or degenerate state) the difference
of the SGKK2 divided by their sum :

∆ =

∣∣∣∣SGKK2(ABINIT) − SGKK2(QE)
SGKK2(ABINIT) + SGKK2(QE)

∣∣∣∣ . (2.10)

The absolute values of SGKK2 are reported in Table 2.5 for the two
codes.

One can see that the relative differences are in all three cases lower
than 0.005 for all matrix elements on the 300x300 matrix bands.

Finally, we compared the ZPR computed with ABINIT and Yambo
using the GKKs of QE in the AHC framework of Eq. (2.8). The energy
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Figure 2.1: Relative differences ∆ of the SGKK2 between ABINIT and QE, at k = Γ and
q = Γ for 20x20 pairs of bands, q = Γ, q = L or q = X for 300x300 pairs of bands.

denominator was smoothened by introducing a small imaginary compo-
nent of 100 meV, following Ref. [42, 62]. We first compared the two codes
without the Sternheimer rewriting and then, in the case of ABINIT, we
used the Sternheimer rewriting of Eq. (1.67) and we summed over 300

bands in the case of Yambo. In Table 2.6 we show a comparison between
ABINIT and YAMBO for different number of q-wavevectors. The 47 q-
wavevector case corresponds to a homogeneous, non-shifted 10x10x10

grid, folded in the irreducible part of the Brillouin zone. For the 1000

and 2000 q-wavevector cases, the wavevectors are randomly generated
once and then used in both codes. In the last two columns of Table 2.6,
we can see that the disparity between the two codes on the ZPR is lower
than 4 meV.
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Band Soft. 1 2-3-4 5-6-7 8 9

1 AB 0.0

QE 0.0

2-3-4 AB 1.530 449 5.803 074

QE 1.530 401 5.803 088

5-6-7 AB 0.493 950 0.292 491 4.495 984

QE 0.493 932 0.292 472 4.496 296

8 AB 0.0 4.635 255 2.430 641 0.0 0.0

QE 0.0 4.635 284 2.430 665 0.0 0.0

9 AB 0.0 1.565 383 4.002 821 0.0 0.0

QE 0.0 1.565 460 4.002 843 0.0 0.0

Table 2.5: Comparison between Abinit (AB) and Quantum Espresso (QE) of absolute
value of the SGKK2, at k = Γ and q = Γ in 10−6 Ha. Matrix elements with values lower
than 10−11 Ha have been put to 0.

We have imposed in both codes the phonon frequencies to be 0 for the
acoustic modes at q = Γ (ASR). One can nevertheless see that the abso-
lute value of the Fan (last term in Eq. (2.8)) and DWRIA (Eq. (1.64)) terms
display more variation between both codes than the total ZPR (which is
the sum of both terms). The reason for this is that the acoustic modes
tends to have a larger relative difference than the optical ones between
the two codes. Their separate contributions in the Fan and DWRIA tend
to the same value, with opposite signs, when the limiting behaviour for
vanishing wavevector is considered. There is thus a cancellation of error
between the Fan and DWRIA terms, that allows one to obtain a much
better accuracy on the sum of these terms. Indeed, due to the presence
of the phonon frequency in the denominator of Eqs. (1.53) and (1.64),
the acoustic modes will be the ones that contribute mostly to the Fan
and DWRIA terms. It can be shown that, due to translational invariance,
the eigendisplacement vectors of Fan and DWRIA will tend to cancel out
for acoustic modes (especially those close to Γ). As a result, mostly the
optical modes will contribute to the ZPR. This explains why the discrep-
ancy is larger on the absolute value of Fan and DWRIA terms separately,
than on the total ZPR between the two codes. Note that the Fan and
DWRIA terms are not observable quantities separately. They come from
a perturbation series, whose sum is an observable.
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2.5.3 Analysis of the convergence with respect to the number of q-wavevectors

We have just provided an analysis of the level of agreement that one can
expect from two different codes that implement the same physics. We
now turn ourselves to a careful convergence study of the ZPR within
the AHC formalism. Since the calculations are heavy in YAMBO due to
the band summations we decided to make that convergence study in
ABINIT only, with the Sternheimer rewriting.

We performed DFPT calculations on 20,000 randomly generated q-
wavevectors in the full Brillouin Zone. We then performed a statistical
analysis of these results. We computed the ZPR over N (N=250, 500, 750,
1000, 2000, 3000, 4000, 5000, 6000, 10000) q-wavevectors taken randomly
in the 20,000 set and we have performed such a calculation 100 times
for each N. This gave us, for each N, a set of 100 different ZPR values
whose statistical characteristics are given in figure 2.2. We can see that
the ZPR converges smoothly towards 409 meV, the mean of the ZPR for
the 20,000 set.

Since the rate of convergence of the variance of a normal distribution
goes as 1/Nq with Nq the number of random q-wavevectors, the rate
of convergence of the associated standard deviation goes as 1/

√
Nq. We

can see on Fig. 2.2 that the 1/
√
Nq of the continuous line follow neatly

the lower 25% and upper 75%.
The drawback of the random q-points methods is that one is forced to

test a sufficiently large set of random q-wavevectors. The homogeneous
grid approaches might be more appealing. The green dots on Fig. 2.2
corresponds to non shifted homogeneous Monkhorst-Pack grids closest
to the random points number we have chosen to analyse (e.g. the last
grid is a 70x70x70 unshifted q-point grid that lead to 8112 q-wavevectors
in the irreducible Brillouin-Zone.). As we can see, the green dots are
always well inside the 50% windows.

One can set an upper limit on the convergence rate if one does not use
an imaginary component to smooth the function.

In this case, when the difference of eigenenergies in the denomina-
tor of Eq. (2.8) vanishes, the integrand to be considered over the whole
Brillouin zone diverges. This happens around Γ, with a divergence that
behaves like 1

q2
. Treating separately a small volume around Γ, set aside

of the regular discretization, one can estimate its contribution by replac-
ing it by the integral over a sphere with a cut-off radius qc whose length
is inversely proportional to the linear density of q-wavevectors. The con-
tribution of this small sphere is ∝

∫qc
0

1
q2
q2dq so that the rate of conver-
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Figure 2.2: Convergence with respect to the number of random q-wavevetors included
in the ZPR calculation using the software ABINIT in the static AHC formulation. 100

ZPR calculations have been performed for each subset of q-wavevectors taking Nq q-
wavevectors among 20,000 (the total number of computed q-wavevectors). The upper
and lower bars are the maximal and minimal values in each set. The top and bottom of
the boxes represent 25% and 75% of all the data in the set. The middle line is the median
and the red diamonds are outliers. The green dots come from non shifted homogeneous
Monkhorst-Pack grids, for which the number of q-wavevectors corresponds to those in
the irreducible Brillouin zone

gence of these integrals goes as qc ∝ N−1/3
q , slightly worse than in the

case of the random sampling.
Moreover, there are also regions distant from Γ, but where the eigenen-

ergies of the q-wavevectors are very close to the one at Γ (diamond is
indeed an indirect gap semiconductor). On the surface S(εΓ) where the
eigenenergy is exactly equal to the Γ eigenenergy, the denominator also
vanishes. In the neighborhood of the surface, the divergence is inversely
proportional to the linear difference between the energy at Γ and the
actual eigenenergy in its neighborhood. To estimate the rate of conver-
gence with respect to the number of q-wavevectors of the discretized
integral, we have to consider the discretization of an integral in the
Brillouin zone, in a zone of width qc around S(εΓ), in which the dis-
tance with respect to the surface is denoted as q⊥ giving a behaviour
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∝ S(εΓ) ×
∫+qc
−qc

1
q⊥
dq⊥. Although the principal value of this integral

vanishes identically, fluctuations due to the discretization will not be
small, and hence the convergence is non-monotonic.

Nonetheless, in practice, the small imaginary component at the de-
nominator is present. One can observe, in Fig. 2.2, that the fluctuations,
in the case of the homogeneous grid, are quite acceptable. The error with
respect to the q-wavevector sampling might be estimated at 5 meV, for
the set of 20,000 q-wavevectors.

After this careful comparison between codes, and this convergence
analysis, we obtain that the ZPR converges smoothly towards 409 meV.

This value disagrees with the one (0.615 eV) provided by Ref. [62]. The
latter was actually first confirmed using QE+YAMBO, see e.g. Ref. [67].
However, while performing the cross verification between ABINIT and
QE+YAMBO for the present study, we found a misuse of the symme-
tries at Γ in the interfacing between QE and YAMBO, affecting only the
DWRIA term. After correction, we obtain the results provided in this
work, with the numerical uncertainty being much smaller than 0.2 eV.
Documentation describing how to generate data at Γ with the same stan-
dard meaning as data at other k-points appeared in QE version later
than 4.0.5 (input variable nogg). Work relying on such data might have
been affected by this ambiguity.

2.5.4 Pseudopotential choices

We will now assess the influence of the pseudopotential choices. Such
a study would not be mandatory in the present context of comparison
between codes for the same pseudopotential (the reference pseudopoten-
tial has indeed been used with ABINIT, YAMBO, and also in the study
of Ref. [62]). This comparison will be performed only using the Abinit
software. We tested all the norm-conserving pseudopotentials available
on the Abinit website as well as two UPF pseudopotentials, one of which
is the reference pseudopotential. In the Table 2.7, we give a comparison
of the ZPR using different pseudopotentials for carbon. The calculations
are made on an homogeneous 10x10x10 q-point grid (47 q-points in the
IBZ), for a 6x6x6 unshifted k-point grid with the energy cut-off reported
in section 2.4 for the plane wave basis set, and 12 bands were used (with
the Sternheimer equation). The low density q-wavevector grid used in
this study allows for a fair comparison between pseudopotentials, but
does not yield converged final results.
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Pseudo Band Fan DWRIA Fan+DWRIA ZPR

reference 2-3-4 −981.61 1119.92 138.30 465.70

5-6-7 −1332.56 1005.16 −327.40

06-C.LDA.fhi 2-3-4 −980.90 1119.42 138.52 467.73

5-6-7 −1333.64 1004.44 −329.20

6c.pspnc 2-3-4 −938.85 1074.14 135.28 468.32

5-6-7 −1286.04 953.00 −333.03

06-C.GGA.fhi 2-3-4 −952.12 1090.20 138.09 477.12

5-6-7 −1324.85 985.82 −339.03

6c.4.hgh 2-3-4 −1512.58 1649.55 136.97 450.35

5-6-7 −1791.63 1478.25 −313.38

C.pz-vbc.UPF 2-3-4 −1027.72 1167.13 139.41 419.22

5-6-7 −1303.42 1023.61 −279.81

Table 2.7: Comparison inside Abinit of the ZPR (and its Fan + DWRIA decomposition)
for different pseudopotentials at Γ. Homogeneous 10x10x10 q-point grid (47 q-points in
the IBZ), for a 6x6x6 unshifted k-point grid with the adapted energy cut-off for the plane
wave basis set, 12 bands with were used (with the Sternheimer equation). The energies
are in meV. Due to the low sampling on the q-wavevector, these value are not converged
one, although the comparison between different pseudopotentials is meaningful.

One can see that although the pseudopotentials are very different
(various exchange-correlation functional, different angular momentum
channel included and different atomic cut-off radius) the spread on the
ZPR is only around 50 meV. Fluctuations for the Fan and DWRIA terms,
treated separately, are much larger. As emphasized earlier, the decom-
position is indeed non-physical, and prone to large numerical uncertain-
ties.

2.6 conclusions

In this chapter, we have undertaken a validation and verification study to
understand the source of discrepancy between the ABINIT and Yambo
software for the value of the ZPR within the static adiabatic AHC theory,
taking diamond as a test case.

The validation study (performed with ABINIT) leads, for the diamond
phonon frequencies, to a discrepancy between the FP and AHC ap-
proaches below 0.2%. The differences of ZPR between the two methods
are always below 7 µeV in absolute value, which strengthens our confi-
dence in the theory and numerical implementation within the ABINIT
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software. These small differences are attributed to the unavoidable nu-
merical noise and anharmonicity in the FP calculations. The impact of
the RIA is also evaluated for two q-points (Γ and L) and is found to be as
large as 23% for the Γ zone center contribution to the ZPR but is usually
much smaller for other q-points contributions.

For the verification study, we carefully compared all the quantities
entering into the calculation of the ZPR in the AHC formalism in two
different software applications: ABINIT and Yambo on top of QE. We
show that one can get less than 10−5 Ha/atom discrepancy on the to-
tal energy, 0.07 cm−1 on the phonon frequencies, 0.005 on the electron-
phonon matrix elements squared (relative discrepancy) and less than 2

meV on the zero-point motion renormalization. We also discussed the ab-
solute value of the Fan and DWRIA terms taken separately. We presented
the converged result of the band-gap reduction due to electron-phonon
renormalization, that is 409 meV at 0 Kelvin and discussed its discrep-
ancy with previously published result. We also performed an analysis
of the convergence rate of q-wavevector samplings.

Finally we discussed the impact of the pseudopotential choices and
shown that it was relatively small (around 10% of the total ZPR) thus
increasing our confidence in the results and methodology.

This chapter shows promising results for the ab-initio developer com-
munity as it was shown here that two different codes implemented sepa-
rately with different algorithms would lead to the above mentioned level
of agreement on physical observable.

The next chapter will be dedicated to the study of the temperature
dependence of important semiconductors as well as the computation of
the temperature dependence relying on many-body perturbation theory
(GW).
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3
C A L C U L AT I O N S O F T H E T E M P E R AT U R E
D E P E N D E N C E O F α - A L U M I N U M N I T R I D E ,
β - A L U M I N I U M N I T R I D E , B O R O N N I T R I D E ,
D I A M O N D A N D S I L I C O N

In this last chapter of Part I, we apply the theory developed in Chap-
ter 1 and validated in Chapter 2, to five relatively simple semiconductors
(maximum 4 atoms per unit cells). This important chapter will help us
to assess the strength of the AHC theory as well as its limitations in de-
scribing electron-phonon induced renormalization by direct comparison
with experiment whenever possible.

Section 3.1 investigates two phases of aluminium nitride (wurtzite and
zincblende), boron nitride, diamond and silicon within the static and
non-adiabatic AHC theory and also discusses the phonon-induced life-
time broadening in the adiabatic limit.

The section 3.2 analyses in more depth the convergence rate of the
static and non-adiabatic ZPR with respect to the q-point sampling for
α-AlN and silicon.

Section 3.3 shows that the G 0W 0 and GW treatments of the electron-
electron interaction enhance the ZPR in diamond by more than 4 0%
with respect to DFT in the LDA, and that these corrections allow us to
obtain the correct temperature dependence of the band gap. To do this,
we combine the FP method and DFPT to compute the direct bandgap
renormalization. This allows us to revise an important approximation of
the AHC theory, namely the rigid-ion approximation (see section 1.3.4).
In all perturbative calculations, the Debye-Waller interaction term is sim-
plified to allow for its computation from linear response. The approxi-
mation is known to break down in the case of diatomic molecules [19],
but its reliability in solids had not been verified so far to our knowledge.
In this section, we assert the validity of the rigid-ion approximation in
diamond, and in general for three-dimensional systems. To complement
the study with another material, the case of GaAs will also be discussed.

63
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The content of section 3.3 has been published in Ref. [55].

3.1 study of the temperature dependence of some semi-
conductors in lda

In this section, we study the temperature-dependent properties of α-
AlN, β-AlN, c-BN, diamond and silicon within LDA.

The calculations of structural and electronic properties are based on
DFT [103, 104, 45] using norm-conserving pseudopotential [100] to ac-
count for the core-valence interaction. A planewave basis set is then
used to expand the electronic wavefunctions. The LDA [94, 95] to the
exchange-correlation functional is used for all the semiconductors. We
will investigate the static renormalization of the eigenenergies using

Eq. (1.47) in the rigid-ion approximation where ∂εnk
∂nmq

=
∂εRIA
nk

∂nmq
, with

∂εRIA
nk

∂nmq
defined in Eq. (1.65). The calculation on the active space (the

"nband" Abinit input parameter) is performed using Eq. (1.66) with an
additional iδ parameter in the denominator to smooth the divergence.
The calculation on the space orthogonal to it is made using a Stern-
heimer re-writing given by Eq. (1.67). Using those equations, the static
temperature-dependent renormalization in the RIA can be written as

∆ε
(static,RIA)
nk (T) =

1

Nq

∑
q

3N∑
m

(
nmq(T) +

1

2

) 1
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〈
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(0)
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∣∣∣u(0)n ′k+q

〉〈
u
(0)
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(0)
nk − ε

(0)
n ′k+q + iδ

+
〈
Pck+q

∂unk

∂Rκα(q)

∣∣∣ ∂Ĥk,k
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. (3.1)

We will also study the non-adiabatic ZPR going beyond the adiabatic
approximation but still within the RIA. The non-adiabatic ZPR is re-
trieved by taking the real part of the Fan self-energy of Eq. (1.79). By
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evaluating the frequency ω at the KS eigenenergies εnk, the formulation
of the renormalization is still non-adiabatic but not dynamical anymore.
We will therefore refer to it as the "non-adiabatic" extension to the AHC
equations. This gives the following lengthy equation that is based on
electron-phonon matrix elements already calculated for the static renor-
malization

∆ε
(non-adiabatic,RIA)
nk (T) = <

1

Nq

∑
q

3N∑
m

1

2ωmq

∑
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∂Rκα(Γ)

∣∣∣u(0)n ′k〉〈u(0)n ′k∣∣∣ ∂Ĥk,k
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, (3.2)

where a convergence study on M is required for the Fan term due to the
fact that the Sternheimer projection does not contain the same denomi-
nator as the active space in the non-adiabatic case.
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Additionally, we will also calculate the phonon-induced lifetime br-
oadening in the static limit by using Eq. (1.95)

1
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Though rather straightforward, the non-adiabatic phonon-induced life-
time broadening of Eq. (1.92) is not yet coded inside Abinit but should
be in the forthcoming months. This task was not judged mandatory as
the static limit of the lifetime does not have a divergence and therefore
does not depend on a sensible iδ parameter.

We will now use these three equations to compute the different physi-
cal quantities in five relevant semiconductors.

3.1.1 Aluminum Nitride

Aluminum nitride in the wurtzite structure (α-AlN) is one of the widest
bandgap nitride semiconductor. It has a P63mc (hexagonal, 186) space
group. α-AlN is used for high-temperature electronics and opto-electro-
nic applications [109] with a melting temperature of 3273 K [110]. The
zincblende form of aluminum nitride (β-AlN) has a F4̄3m (cubic, 216)
space group and has been reported to be experimentally metastable [111].
We will study the temperature-dependence properties of these two phases
using the equations mentioned above to compute the ZPR.

Concerning the numerical details of the calculations, the aluminium
and nitrogen pseudopotentials were generated using the fhi98PP code
[105] with a 1.0247 atomic unit cut-off radius for pseudization and a
maximum angular channel of l = 2. Both of them are Troullier-Martins
pseudopotentials with the Perdew/Wang [106] parametrization of LDA.
The valence electrons of aluminum and nitrogen, treated explicitly in the
ab-initio calculations, are generated for the 3s23p1 and 2s22p3 configura-
tion, respectively.

Convergence checks (error below 0.5 mHa per atom on the total en-
ergy) lead to the use of a 6x6x6 Γ-centered Monkhorst-Pack k-point sam-
pling [101] of the Brillouin zone and an energy cut-off of 35 Hartree for
the truncation of the plane wave basis set.
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The relaxed lattice parameters are calculated to be a=5.783 and c=9.255

Bohr for α-AlN and a=8.130 Bohr for β-AlN. These values are at maxi-
mum 2.3% below the experimental one (see table 3.1).
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Figure 3.1: Convergence study for the direct bandgap of α-AlN with respect to the q-
point grid density integration for different values of iδ going to 0 for the (a) static and
(b) non-adiabatic renormalization. For the non-adiabatic case, the curves for iδ=10 to
iδ=0.01 meV are almost on top of each other.

The electronic bandstructures were computed at the LDA level. For α-
AlN, there is a direct gap at Γ of 4.691 eV. This is quite over the 4.056 eV
bandgap computed within the Material’s Project using GGA [112] but
well in the range of other LDA bandgaps (see table 3.2). These DFT
values naturally underestimate the experimental bandgap of 6.28 eV at
5K [113, 114]. The zincblende β-AlN turns out to have an indirect Γ − X
bandgap of 3.308 eV, almost identical to the Materials Project value (see
table 3.2). The direct gap at Γ of 4.677 eV is a bit above most the the LDA
values reported in the Table. We have nonetheless to bare in mind that
the 4.2 eV LDA direct gap calculation performed in Ref. [109] is done at
the experimental lattice parameter.

For the calculations of the ZPR we used 18 bands to describe the active
space in Eqs. (3.1) and (3.2).
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The convergence with respect to q-point integration for α-AlN is shown
on figure 3.1. The two graphs show the static and non-adiabatic renor-
malization of the smallest direct Γ-Γ bandgap with the densification of
the q-point grid along one direction (Nq is the number of q-points along
one direction so that the q-point grid is NqxNqxNq). Convergence stud-
ies for β-AlN are shown in the Appendix, figure B.1 for the direct and in-
direct Γ−X bandgap. We have pushed the convergence up to a 34x34x34

q-grid (2052 q-points in the IBZ) for α-AlN and up to a 63x63x63 q-grid
(5984 q-points in the IBZ) for β-AlN.

From the Eqs. (3.1) and (3.2), we expect the static and non-adiabatic
ZPR to converge linearly with 1/Nq for the top of the valence and the
bottom of the conduction bands (a discussion on the convergence rate
is given in the next section). Nonetheless, we see on figure 3.1 that the
static case diverges for vanishing iδ. We believe that such divergence also
occurs in the non-adiabatic case, although for larger q-point grid. This
divergence is ascribed to numerical errors for small q-wavevectors that
make the electron-phonon matrix elements diverge as 1/q2 for q → 0

(a more detailed explanation is provided in section 3.2). We therefore
present here values for finite iδ. Moreover, the convergence of the direct
bandgap of β-AlN is given in figure B.1 and shows a more difficult con-
vergence as the lowest conduction band of the direct bandgap diverges
when another state at a different k-point has an eigenenergy close to the
energy of the lowest conduction band at Γ.

The non-adiabatic equation for vanishing iδ (0.01 meV) gives a ZPR of
-369±58 meV for the direct bandgap of α-AlN and -311±54 meV for the
indirect bandgap of β-AlN (see Table 5.3 for more information). Note
that the numbers after the symbol ± are the values of phonon-induced
lifetime broadening in the static limit given by Eq. (3.3). As explained
before, we did not compute the non-adiabatic phonon-induced lifetime
broadening.

The temperature dependence of the three gaps is reported on fig-
ure 3.2 and give a slope at high temperature of -0.74, -0.49 and -0.73

meV/K for the direct gap of α-AlN, the indirect bandgap of β-AlN and
the direct bandgap of β-AlN, respectively.

The experimental ZPR for α-AlN has been obtained from linear ex-
trapolation to 0 K of the change of the direct bandgap with temperature
and yield a value of -239 meV with a linear slope at high temperature
of -0.83 meV/K [115, 116, 25], in relatively good agreement with our
-0.74meV/K value. The obvious disagreement with our theoretical value
for the direct bandgap ZPR (-369 meV versus -239 meV) can be attributed
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Figure 3.2: Temperature dependence of the AlN gaps using the non-adiabatic temper-
ature dependence and a iδ parameter of 50 meV. The slopes at high temperature are
-0.74, -0.49 and -0.73 meV/K for the direct gap of α-AlN, the indirect bandgap of β-AlN
and the direct bandgap of β-AlN, respectively. The inset shows a zoom on the 0-300K
temperature range for α-AlN where the experimental values (black dots) from Ref. [115]
are shifted to match with the theoretical one at 4 K.

to the fact that the experimental data set measured by Brunner et al. [115]
are very scarce and on a narrow temperature range (4-298 K). As pointed
out by Pässler [116] for this compounds, "this illustrates the great impor-
tance of extending experimental measurements in wide bandgap materials far
beyond room temperature".

Finally, we show on figure 3.3 the non-adiabaticly renormalized elec-
tronic bandstructure at 0 K along the highest symmetry Γ − M path for
α-AlN and along the L − Γ − X path of the β phase of AlN. The thick-
ness of the lines is associated with the lifetime of the electronic state
computed with Eq. (3.3).

3.1.2 Boron Nitride

Boron nitride (BN) exists in various crystalline forms. The hexagonal
form corresponding to the graphite stacking is the most stable among
them. It used as a lubricant and an additive to cosmetic products. The
cubic boron nitride (c-BN) has a zincblende structure and is isoelectronic
to diamond. It is the second hardest material below diamond, but its
chemical stability is far superior with high thermal conductivity and
low dielectric constant [133]. Boron nitride is not found in nature and is
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space Ecut k-grid lattice parameters [Bohr]

group [Ha] this work other DFT experiment (300K)

α-AlN P63mc 35 6x6x6 5.783/9.255 5.913/9.481* [112] 5.881/9.415 [117]

[186] 5.820/9.335 [118] 5.880/9.409 [111]

5.877/9.411 [119]

β-AlN F4̄3m 35 6x6x6 8.130 8.317* [112] 8.258 [120]

[216] 8.164 [121] 8.277 [111]

8.205 [118]

8.303* [122]

c-BN F4̄3m 35 8x8x8 6.746 6.852* [112] 6.833 [123]

[216] 6.754 [124] 6.831 [125]

6.752 [126]

6.814 [127]

6.833 [128]

C-d Fd3̄m 30 6x6x6 6.652 6.652 [62] 6.740 [129]

[227] 6.756* [130]

Si Fd3̄m 20 6x6x6 10.170 10.335* [112] 10.26 [131]

[227] 10.223 [132]

Table 3.1: Convergence parameters for the different studied compounds. The space
groups are given in Hermann-Mauguin notation with the number in bracket being the
crystallographic index number in international tables and the homogeneous k-points
sampling are Γ-centered. All the pseudopotentials in this work use the LDA exchange-
correlation functional. A star * is used when other DFT work used GGA exchange-
correlation functional and no star when LDA is used.
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Figure 3.3: Electronic bandstructure (plain black line), renormalisation (dashed line)
and phonon-induced broadening (envelope around the dashed line) at 0 K for the AlN
phases, where the dots are the actual renormalization calculation. A spline function is
used to connect the renormalization dots. The non-adiabatic ZPR is integrated on a (a)
26x26x26 q-point grid (iδ=10 meV) and on a (c) 63x63x63 q-point grid (iδ=50 meV).
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therefore produced synthetically from boric acid or boron trioxide. We
will only study the c-BN polymorph here.

The boron and nitrogen pseudopotentials were also generated using
the fhi98PP code [105] with a 1.0247 atomic unit cut-off radius for pseu-
dization and a maximum angular channel of l = 2. Both of them are
Troullier-Martins pseudopotential with the Perdew/Wang [106] parame-
trization of LDA. The valence electrons of boron and nitrogen, treated
explicitly in the ab-initio calculations, are the 2s22p1 and 2s22p3 orbitals,
respectively.

Careful convergence checks (error below 0.5 mHa per atom on the to-
tal energy) lead to the use of a 8x8x8 Γ-centered Monkhorst-Pack k-point
sampling [101] of the Brillouin zone and an energy cut-off of 35 Hartree
for the truncation of the plane wave basis set.

The relaxed lattice parameter is calculated to be 6.746 Bohr, 1.3% be-
low the experimental value of 6.833 Bohr [123] (see table 3.1 for more
information on the structural properties).

The electronic bandstructure was computed at the DFT level and gave
a direct gap at Γ of 8.890 eV and an indirect Γ − X bandgap of 4.446 eV,
intrinsically below the experimental bandgap of 6.4 eV at 300K [134] (see
table 3.2).

For the calculations of the ZPR, we used 18 bands to describe the
active space in Eqs. (3.1) and (3.2).

The convergence with respect to q-point integration for the direct and
indirect bandgap of c-BN are shown in the appendix on figure B.2. The
densest grid computed is a 63x63x63 q-grid (5984 q-points in the IBZ)
and the non-adiabatic equation for vanishing iδ (0.01 meV) gives a ZPR
of -385±67 meV for the indirect Γ −X bandgap of c-BN (see Table 5.3 for
more information).

The non-adiabatic temperature dependence of direct and indirect band-
gaps are reported on figure 3.4 for a 63x63x63 q-grid with an iδ =

10 meV and give a slopes at high temperature of -0.59 and -0.50 meV/K,
respectively.

Finally, the non-adiabatic renormalized electronic bandstructure of c-
BN at 0K along the L− Γ −X high symmetry line is shown on figure 3.5
for a 63x63x63 q-point grid with a iδ=10 meV.

3.1.3 Diamond

Diamond is a metastable allotrope of carbon where the C atoms are
arranged into two interpenetrating face-centered cubic lattices shifted
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Figure 3.4: Temperature dependence of the c-BN gaps using the non-adiabatic temper-
ature dependence and an iδ parameter of 10 meV on a 63x63x63 q-grid. The slopes at
high temperature is -0.59 meV/K for the direct gap of c-BN and -0.50 meV/K for the
indirect one.
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Figure 3.5: Electronic bandstructure (plain black line), renormalisation (dashed line)
and phonon-induced broadening (envelope around the dashed line) at 0K using the
non-adiabatic ZPR integrated on a 63x63x63 q-point grid (iδ=10 meV) for c-BN, where
the dots are the actual renormalization calculation. A spline function is used to connect
the renormalization dots.
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along the body diagonal by 1
4

th
of its length. The space group associated

with this spatial arrangement is Fd3̄m (cubic, 227). The word "diamond"
comes from the ancient Greek αδάμας which means "unbreakable" and
stems from the strong covalent bonds that the carbon atoms form in this
phase. Diamond has the highest hardness and thermal conductivity of
any bulk material [135]. It is therefore used as cutting and polishing tool
in the industry. The stable phase of bulk carbon under normal condition
is graphite but we are going to study the diamond phase.

The pseudopotential was generated using the fhi98PP code [105] with
a 1.5 atomic unit cut-off radius for pseudization. The valence electrons of
carbon, treated explicitly in the ab-initio calculations, are the 2s22p23d0

orbitals.
Careful convergence checks (error below 0.5 mHa per atom on the to-

tal energy) lead to the use of a 6x6x6 Γ-centered Monkhorst-Pack k-point
sampling [101] of the Brillouin zone and an energy cut-off of 30 Hartree
for the truncation of the plane wave basis set. The relaxed lattice param-
eter is calculated to be 6.652 Bohr, 1.3% below the experimental value of
6.740 Bohr, measured at room temperature [129] (see table 3.1 for more
information on the structural properties).

The electronic bandstructure was computed at the DFT level and gave
a direct bandgap at Γ of 5.67 eV and an indirect Γ − (0.361, 0.0, 0.361)
bandgap of 4.25 eV intrinsically below the experimental bandgap of
5.48 eV at ~0K [92] (see table 3.2).

For the calculations of the ZPR we used 12 bands to describe the active
space in Eqs. (3.1) and (3.2).

The convergence with respect to q-point integration for the direct and
indirect bandgap of diamond are shown on figure B.3. Note that the
indirect position has been taken to be the (0.33,0.0,0.33) k-point of the
6x6x6 grid in place of the (0.361,0.0,0.361), averaged on the six equivalent
positions (related by symmetry operations).

The densest grid computed is a 125x125x125 q-grid (43680 q-points in
the IBZ) and it is clear from figure figure B.3(d) that the non-adiabatic
indirect gap diverges for vanishing iδ (see the next section for the discus-
sion on this divergence stemming from a numerical cancellation error).
The static indirect bandgap ZPR is -366±61 meV and the non-adiabatic
one is -334 meV with iδ = 50 meV in both cases (see Table 5.3 for more
information).

The temperature dependence of the direct and indirect bandgaps is
reported on figure 3.6 on a 55x55x55 q-grid and show that the slope
at high temperature for the non-adiabatic ZPR with an iδ parameter of
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10 meV is -0.49 meV/K for the direct bandgap and -0.44 meV/K for the
indirect one.
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Figure 3.6: Temperature dependence of the diamond gaps using the static temperature
dependence and an iδ parameter of 10 meV on a 55x55x55 q-grid. The slopes at high
temperature is -0.49 meV/K for the direct gap of diamond and -0.44 meV/K for the indi-
rect one. The experimental points from Clark et al. [24] and Logothetidis et al. [93] (using
first or second-derivative line-shape analysis) are shifted so that the lowest temperature
point matches the theoretical line.

Our result underestimates the experimental zero-point motion renor-
malization of the diamond indirect bandgap of -364 meV [25] by 7.1%.
Since our calculation neglects several effects like anharmonic effects,
non-rigid-ion terms or many-body GW correction, we are rather close
to the experimental value. The measured linear slope at high tempera-
ture for the indirect bandgap of diamond is -0.54 meV/K [25]. The mea-
sured linear slope at high temperature for the direct bandgap is −0.60
or −0.69 meV/K [93], depending on the analysis1. Our theoretical value
underestimates the experimental one by ~18% for both the indirect and
direct bandgap. We hypothesize that this underestimation of the linear
slope at high temperature for the direct bandgap of diamond is due to
the fact that the ZPR is quite overestimated within DFT. Indeed, as it
will be discussed in section 3.3, the correction brought by GW to the
ZPR is quite substantial (-209 meV, see Table 3.4). Since the ZPR is di-
rectly linked with the slope at high temperature, it is not surprising that
we witness such an underestimation with respect to the experimental

1 Logothetidis et al. deduced the temperature dependence of the direct bandgap of dia-
mond from first and second-derivative line-shape analysis, see Ref. [93] for more details.
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results. We did not compute such GW correction for ZPR of the indirect
bandgap of diamond but expect from the results of figure 3.6 to have a
much smaller correction.

It is worthy to note that the complete lack of experimental data for
low temperature (T < 100 K) and the relatively large error bars (up to
±10 meV) between 200 K and 350 K generate an uncertainty of several
meV on the experimental ZPR [116]. This calls for new, reliable and
wide range temperature measurement of the evolution of the bandgap
with temperature in diamond. We hope that our theoretical study will
stimulate such experimental interest.

Finally, the non-adiabatically renormalized electronic bandstructure
of diamond at 0K along the L − Γ − X high symmetry line is shown on
figure 3.7 for a 55x55x55 q-point grid with a iδ=10 meV.
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Figure 3.7: Electronic bandstructure (plain black line), renormalisation (dashed line)
and phonon-induced broadening (envelope around the dashed line) at 0K using the
non-adiabatic ZPR integrated on a 55x55x55 q-point grid (iδ=10 meV) for diamond,
where the dots are the actual renormalization calculation. A spline function is used to
connect the renormalization dots.
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direct gap [eV] indirect gap [eV]

this work other DFT exp. this work other DFT exp.

α-AlN 4.691 4.056* [112] 6.28* [113] - - -

4.2 [136] 6.28* [114] - - -

4.3 [109] 6.3 [120] - - -

4.41 [118] - - -

4.52 [137] - - -

4.74 [122] - - -

β-AlN 4.677 3.995* [112] - 3.308 3.306* [112] -

4.2 [109] - 3.2 [109] -

4.35 [118] - 3.2 [136] -

4.75 [122] - -

4.2 [138] - -

c-BN 8.890 8.6 [139] 14.5 [125] 4.446 4.450* [112] 6.4 [140]

8.7 [128] - 5.18 [128] 6.4 [134]

8.8 [126] - 4.4 [126]

C-d 5.670 5.571* [112] 7.3* [92] 4.250 4.113* [112] 5.48* [92]

4.12* [130]

Si 2.567 2.52 [141] 3.378* [142] 0.463 0.45 [141] 1.17* [142]

2.557* [112] 0.612* [112]

Table 3.2: The direct and indirect (when relevant) DFT electronic bandgaps are com-
pared with other references (theoretical or experimental). The star * sign denotes low
temperature experiment (below 10K) or GGA calculations and no star means room tem-
perature or LDA calculations.

3.1.4 Silicon

Silicon is a tetravalent metalloid widely used in integrated circuit and
semiconductor electronics. It has a diamond cubic crystal structure with
a Fd3̄m (cubic, 227) space group. Pure silicon is usually not found in
nature but manufactured to get monocrystalline silicon for use in com-
puter microchips. Although the manufacturing process is rather expan-
sive, this material is so important that about 50.000 metric tons are pro-
duced per year worldwide [143].

The pseudopotential used for silicon was generated using the fhi98PP

code [105] with a 1.0247 atomic unit cut-off radius for pseudization. The
valence electrons of silicon, treated explicitly in the ab-initio calculations,
are the 3s23p2 orbitals.
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Careful convergence checks (error below 0.5 mHa per atom on the to-
tal energy) lead to the use of a 6x6x6 Γ-centered Monkhorst-Pack k-point
sampling [101] of the Brillouin zone and an energy cut-off of 20 Hartree
for the truncation of the plane wave basis set. The relaxed lattice param-
eter is calculated to be 10.170 Bohr, 0.9% below the experimental value,
measured at room temperature [131] (see table 3.1 for more information
on the structural properties).

The electronic bandstructure was computed at the DFT level and gave
a direct gap at Γ of 2.567 eV and an indirect Γ − (0.4, 0.0, 0.4) bandgap
of 0.463 eV intrinsically below the experimental bandgaps of 3.378 and
1.17 eV at ~10K [142] for the direct and indirect bandgap, respectively.
(see table 3.2). Many ab-initio simulations have been performed on sili-
con and give similar value to ours. For example, Ref. [141] got a direct
bandgap of 2.52 eV and an indirect one of 0.45 eV, also using the Abinit
software.

For the calculations of the ZPR, we used 12 bands to describe the
active space in Eqs. (3.1) and (3.2). Note that the indirect position has
been taken to be the (0.33, 0.0, 0.33) k-point of the 6x6x6 grid in place
of the true minimum, located close to the (0.4, 0.0, 0.4) k-point, averaged
on the six equivalent positions (related by symmetry operations).

The convergence with respect to q-point integration for the direct and
indirect bandgaps of silicon is shown on figure B.4. The densest grid
computed is a 63x63x63 q-grid (5984 q-points in the IBZ) and the non-
adiabatic equation for an iδ of 50 meV gives a ZPR of -59±30 meV for
the indirect bandgap and -42±26 meV for the direct one. Such values
can be compared with those mentioned in the recently published paper
by Patrick and Giustino [132] who got values of -57 and -22 meV for
the indirect and direct bandgap renormalization of silicon using a 4x4x4

supercell within the AHC framework. It should be noted that with such
supercell, the results are not converged in q-grid. Actually, our uncon-
verged values for the static 4x4x4 q-grid are much closer to theirs with
-54 and -29 meV for the indirect and direct bandgaps, respectively (as can
also be seen on figure B.4). The non-adiabatic temperature dependence
of direct and indirect (0.4, 0.0, 0.4) bandgaps integrated over a 55x55x55

q-grid with an iδ parameter of 10 meV is reported on figure 3.8 and gives
slopes at high temperature of -0.19 and -0.30 meV/K, respectively. The
computed variation of the indirect bandgap renormalization with tem-
perature matches closely the experimental one of Refs. [144] and [145].

The experimental zero-point motion renormalization of the silicon in-
direct bandgap is -62 meV obtained from mass derivative of the gap and
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Figure 3.8: Temperature dependence of the silicon gaps using the static temperature
dependence and an iδ parameter of 10 meV on a 55x55x55 q-grid. The slopes at high
temperature is -0.19 meV/K for the direct gap of silicon and -0.30 meV/K for the indirect
one. The experimental data from Ref. [144] (black circles) and [145] (blue diamond).

-64 meV obtained from linear extrapolation to 0 K [25]. The measured
linear slope at high temperature is -0.32 meV/K. Those experimental
results are quite close to our theoretical ones using the non-adiabatic
extension to the AHC equations and give us confidence in this method.

Additionally, for silicon, we present on figure 3.9 the phonon-induced
broadening of the direct and indirect bandgap of silicon with tempera-
ture. The experimental broadening, measured with spectroscopic ellip-
sometry in Ref. [69] (red dots), is attributed to the broadening of the
E1=Λ3v −Λ1c direct transition with temperature. In Ref. [69], they also
mentioned that the measured values at higher temperature (black dots)
are difficult to attribute to the broadening of one particular transition be-
cause the E1 gap is nearly degenerate with the E ′0 = Γ25 ′v − Γ15c. Since
the ellipsometry measurement is a spectroscopic measurement, it can
only probe direct transition. At such, we should compare the broadening
results (both black and red dots) with the silicon red line (direct-gap E ′0).

Finally, the non-adiabatically renormalized electronic bandstructure
of silicon at 0 K along the L − Γ − X high symmetry line is shown on
figure 3.10 for a 55x55x55 q-point grid with a iδ=10 meV.
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Figure 3.9: Temperature dependence of the silicon broadening of the direct and indirect
bandgap using the static temperature dependence and an iδ parameter of 50 meV on
a 55x55x55 q-grid. The experimental data (red and black dots) are from Ref. [69]. See
additional discussion in the text.
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Figure 3.10: Electronic bandstructure (plain black line), renormalisation (dashed line)
and phonon-induced broadening (envelope around the dashed line) at 0K using the non-
adiabatic ZPR integrated on a 55x55x55 q-point grid (iδ=10 meV) for silicon, where the
dots are the actual renormalization calculation. A spline function is used to connected
the renormalization dots.
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3.2 analysis of the convergence rate of aluminium nitride

and silicon

When performing temperature-dependence calculations, the convergence
with respect to the density of the q-point grid is crucial.

We can analyze the theoretical rate of convergence of Eq. (3.1) with
densification of the q-point grid at the extrema of a parabolic eigenener-
gies k-point dispersion (relevant for the calculation of the renormaliza-
tion due to electron-phonon coupling of the smallest electronic bandgap)
using the GKKs of α-AlN or silicon as an example.

The q-dependence should come from the energy denominator and we
can study it as already done in section 2.5.3. This corresponds to the
integration of the divergence in a sphere of radius qc around it∫∫∫qc

0

1

q2 + iδ
dq3 =

∫qc
0

∫π
0

∫π
−π

q2 sin θdθdφdq
q2 + iδ

. (3.4)

If we take qc = 0.5 as the zone border, this integral is well defined and
integrate itself to 2π for iδ → 0. To see the rate of convergence with the
iδ parameter tending to 0, we numerically integrate this function on a
three dimensional grid of q-points

1

N3q

∑
q

1

q2 + iδ
, (3.5)

where the element of volume is the number of q-points N3q needed to
discretized the grid. The numerical integral of Eq. (3.5) is shown on
figure 3.11a and converges toward 2π as expected.

However, as see in the previous section, the ZPR diverges with increas-
ing q-point grid integration for vanishing iδ. This is due to the fact that
the SGKK2 (introduced in Eq. (2.9)) in α-AlN, for example, behaves as
1/q2 as can be seen on figure 3.12 for the renormalization of the LUMO
band at Γ (the HOMO band behaves similarly). We have computed the
same q-points on a denser 8x8x8 k-point grid. The maximum deviation
on the 18 q-points between Γ and M shown on figure 3.12 is of 0.9%
with respect to the 6x6x6 k-point grid. This leads us to believe that there
is no cross-convergence phenomenon happening here.

To test whether this behaviour of the GKKs was linked to the fact that
α-AlN is a polar material, we also studied the SGKK2 of silicon and the
results are shown on figure 3.13. That figure shows the averaged value
over the three degenerate bands of the HOMO at Γ and it seems that the
SGKK2 also behaves as 1/q2 in this non-polar material.
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(a) The numerical integral of Eq. (3.5)
converges toward 2π as expected. We
can see that the convergence in q
points and iδ is rather slow.
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Figure 3.11: Convergence study of the integral with respect to the q-point grid density
and iδ parameter.

The SGKK2 contains three elements: the phonon frequency at the de-
nominator, the first-order matrix elements and the eigendisplacement
vectors. From our numerical tests, we realized that although the acous-
tic phonon frequencies behave linearly with q for q → 0, they do not
contribute to the observed 1/q2 behaviour as such modes are cancelled
by the translational invariance. The eigendisplacement vectors being nor-
malized, we conclude that the 1/q2 behaviour must come from the first-
order matrix elements squared.

The perturbed Hamiltonian to first-order can be written as (see Eq.
(61) of Ref. [64] )

H
(1)
k+q,k = v

(1)
sep,k+q,k + v

(1)
loc,q + v

(1)
H,q + v

(1)
xc,q, (3.6)

where v(1)sep ,v(1)loc ,v(1)H and v(1)xc are the first-order perturbation to the non-
local, local, Hartree and exchange-correlation potential. Out of these four
terms, the Hartree and local potential diverges with q→ 0. They can be
written as

v
(1)
H,q(G) = 4π

n
(1)
q (G)

|G + q|2
, (3.7)
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Figure 3.12: The contribution of a q = [x, 0, 0] point to the renormalization at k = Γ

of the LUMO state due to the same band behaves as 1/q2 in α-AlN (direct bandgap
semiconductor).

where the density perturbed at first-order is proportional to q and there-
fore v(1)H,q diverges as 1/q and

v
(1)
loc,q(G) =

1

Ω0
(−i)(G + q)αe−i(G+q)·τκvloc

κ (G + q), (3.8)

where Ω0 is the volume of the unit cell and vloc
κ (G + q) can be expressed

in term of a real space potential. Such potential has a 1/r dependence
and therefore a 1/q2 in reciprocal space. Since v(1)loc,q is multiplied by q it
also diverges as 1/q.

Based on physical consideration discussed in Ref. [64], these two po-
tentials should diverges as 1/q but with opposite sign and should per-
fectly cancels out.

Numerical studies on these potentials for silicon have shown however
that the cancellation was not exact and that the resulting sum Eq. 3.6
still diverges as 1/q.

With such a 1/q2 divergence of the GKKs in α-AlN and Si, the total
ZPR behaves as

1

N3q

∑
q

1

q2(q2 + iδ)
≈ 1

N3q

∑
q

1

q4 + iδ
. (3.9)
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Figure 3.13: The contribution of a q = [x, 0, 0] point to the renormalization at k = Γ of
the HOMO state due to the same band (the degeneracices are averaged) also behaves as
1/q2 in silicon.

Such integral is ill defined and diverges as shown on figure 3.11b. It is
therefore expected that the static ZPR of such compounds will diverge
with iδ → 0 but will converge for a given value of iδ. If such value is
physically motivated (for example by taking it equal to the experimental
lifetime of the material), then the resulting static ZPR can be physically
relevant. We should nonetheless warn that the ZPR is rather sensitive to
the iδ parameter and therefore we would advice the use of more refined
theories.

For that reason, we will also study the non-adiabatic ZPR of Eq. (3.2),
going beyond the adiabatic approximation. The non-adiabatic equation
can be approximated with the following formula

1

N3q

∑
q

1

q2(q2 +ω+ iδ)
, (3.10)

where ω is a constant average phonon frequency that we here arbitrarily
choose to be 0.01. When q is very small, the q2 in the parenthesis van-
ishes and we recover a 1

q2
behaviour that converges smoothly as shown

on figure 3.14.
However, the Eq. (3.2) also have the same GKKs that diverges for the

materials that we have considered. This ZPR calculated with this equa-
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Figure 3.14: Convergence study of the non-adiabatic integral of Eq. 3.10 with respect to
the q-point grid density and iδ parameter.

tion will therefore also diverge but for denser q-grid because the phonon
frequencies in the denominator lower the divergence.

3.3 many-body effects on the zero-point renormalization

of the band structure of diamond and gaas

The reliability of DFT for the electron-phonon coupling has been ques-
tioned in recent years [56, 58, 59]. Since the scattering of an electron
by a phonon probes the excited states of a system, a theory describing
this process should rely on an accurate unrenormalized band structure,
unlike the one of DFT. This has motivated the use of non-local DFT
functionals [56, 58, 59, 61]. These studies have shown that, as well as cor-
recting the bandgap, exact exchange functionals are also necessary to ac-
curately describe the electron-phonon coupling. A truly ab-initio scheme
however would rely on many-body perturbation theory. As such, it was
reported that G0W0 [146] corrections lead to a significant increase of the
electron-phonon coupling in C60 fullerene and in graphene [59, 56]. We
now study this effect for diamond.

As explained in Chapter 1, the temperature dependence of the elec-
tronic eigenvalues originates from the phonon population and the ther-
mal expansion of the lattice [147, 92], the latter effect being relatively
small. The important quantity entering into the calculation of the tem-
perature dependence is the electron-phonon coupling energies (EPCE).
Within the FP method, and in the harmonic approximation, the EPCEs
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are obtained from the second-order derivatives of the eigenvalues at
equilibrium (see Eq. (1.32)).

Each EPCE requires a supercell calculation to account for the wave-
length of the phonon. Although this makes the technique more compu-
tationally demanding than DFPT, it offers several theoretical advantages.
It makes no approximation for the Debye-Waller term, and it gives com-
plete liberty on the method to compute the electronic structure.

3.3.1 DFPT calculations

The DFPT scheme allows for a fine sampling of the Brillouin zone (BZ),
as shown on Fig. 3.15a. Diamond being an indirect gap insulator, a di-
vergence occurs in the Γ15c EPCE when a phonon wavevector connects
this state to another one with close energy. This is handled by adding a
small imaginary part to the energy differences (0.1 eV)2. Although most
of the divergences cancel out after integration, the broad peak at Γ gives
an important contribution to the energies renormalization. The central
region covering one eighth of the BZ, accounts for 45% of the Γ ′25v ZPR
and 20% of the Γ15c ZPR.

The rigid-ion approximation is not present in the FP approach. Re-
markably, using small displacements (∼ 0.01% of the bond length), the
coupling energies computed from Eq. (1.32) fall closely on the DFPT
curve. The total ZPR obtained with the FP method differs by less than
3% from the DFPT value (see Table 3.3), a discrepancy we attribute to
the rigid-ion approximation. Since the neglected non-rigid-ion Debye-
Waller term is a short-ranged interaction between neighboring atomic
sites, it does not become any stronger near Γ than it is at the BZ bound-
ary. Therefore, this term should be of negligible importance in any three-
dimensional crystal, where the BZ center area accounts for a significant
portion of the ZPR.

3.3.2 Many-body corrections

Displacing the atoms by 0.1% of the bond length causes the electrons
to move from the contracting bonds to the stretching bonds, in favor of
lower kinetic energy. This charge transfer pushes the Γ ′25v energy up-
ward, causing a renormalization of 119 meV in LDA. With the G0W0

2 See the calculation details in annex A.9.
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Γ ′25v Γ15c Gap

Rigid-ion approximation

Perturbative DFT 113 −314 −427

Finite differences harmonic(a) 117 −320 −437

Many-body effects

Finite differences DFT(b) 119 −318 −437

Finite differences G0W0
(b) 145 −477 −622

Phonon displacements: (a) ∼ 0.01% (b) ∼ 0.1% of the bond length.

Table 3.3: ZPR (meV) computed on a 4× 4× 4 q-point grid in FP (finite differences) and
in DFPT (perturbative DFT).

corrections3, the EPCE is uniformly increased all over the Brillouin zone
by about 50 meV per q-point, as shown on Fig. 3.15b. Although the
Γ15c state shows a negative renormalization of −318 meV in LDA, the
EPCE elements are positive in the Γ −X direction, where the lowest con-
duction band reaches its minimum. The G0W0 corrections increase the
amplitude of the negative EPCE elements while reducing the positive
elements, bringing the Γ15c ZPR to −477 meV, and increasing the band-
gap renormalization by more than 40%, as reported in Table 3.3. We
observed the same trend in gallium arsenide, which is a direct bandgap
semiconductor. Whereas the LDA predicts a bandgap renormalization
of −23 meV in this material, the ZPR is increased by −10 meV when
G0W0 corrections are applied.

The self-energy is thus more sensitive to the perturbation than the
LDA exchange-correlation potential. This reflects the fact that LDA is
based on the jellium model. The electron-electron interaction is overly
screened in the bonding region, where the charge density packs up.
In contrast, retaining only the bare exchange corresponds to a Hartree-
Fock calculation with the DFT wavefunctions. Such a calculation over-
estimates the renormalization of the Γ ′25v (207 meV), which is located in
the bonds, while the Γ15c ZPR (−473 meV) does not suffer from the lack
of correlation. This illustrates the importance of proper screening in the
high density region. The same feature was reported in graphene to a
higher extent, due to the shorter sp2 bonds [56].

Quasiparticle GW [148] calculations of the EPCE were performed on a
subset of our q-point grid (Γ, Λ, L, X). The self-consistency increases

3 See annex A.9 for computational details on DFPT calculations, G0W0 and GW cal-
culations, finite differences calculations, interpolation scheme, and detailed results for
GaAs.
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Figure 3.15: Diamond electron-phonon coupling energies (EPCE) in DFT and GW. The
top panel in (a) shows the band structure with dashed lines indicating the Γ ′25v and
Γ15c energies. Courtesy of G. Antonius.

slightly the EPCE of the Γ ′25v (∼ 8 meV, on average) and the Γ15c (∼
−22 meV). Such a small change results from two canceling effects. While
the self-energy allows for a greater interstitial charge density, it also re-
duces the electron mobility by opening the bandgap much more than
G0W0 does3. Overall, the LDA+G0W0 calculation seems to agree well
with the electron-phonon coupling obtained from self-consistent GW.

3.3.3 Temperature dependence of the bandgap

Our coarse sampling of the Brillouin zone might not capture the relative
importance of the strongly coupling modes. Hence, we interpolate the
many-body corrections on a dense q-point grid using a cubic polyno-
mial fit for the G0W0 corrections to the EPCE3. We obtain the bandgap
renormalization and its temperature dependence from a DFPT calcula-
tion on a 32× 32× 32 q-point grid, as reported in Table 3.4. This fine
sampling reveals a bigger G0W0 correction to the Γ15cZPR due to the
strong positive contributions near X being reduced and those near Γ be-
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Γ ′25v Γ15c Gap

DFPT 141 −263 −404

∆ G0W0 +26 −183 −209

∆ GW- G0W0 +4 −11 −15

Total 171 −457 −628

Table 3.4: ZPR (meV) computed on a 32× 32× 32 q-point grid. The G0W0 and GW cor-
rections are interpolated with the models discussed in the text.

ing enhanced. As a result, the bandgap ZPR is increased from −404 meV
to −628 meV when many-body corrections are applied.

Figure 3.16 shows the temperature dependence of the direct bandgap
of diamond computed in DFPT and with many-body corrections. In this
figure, the bare bandgap (7.732 eV) was obtained from a full-frequency
G0W0 calculation starting from an LDA band structure with a scissor
shift of 1.5 eV which reproduces the renormalized gap3. Clearly, the DFPT
method underestimates the ZPR, and the many-body corrections are
critical to restore the agreement with experiments. The high-temperature
slope is also increased from −0.42 meV/K to −0.67 meV/K with many-
body corrections, in good agreement with experimental data (−0.60 and
−0.69 meV/K [93]).

The correspondence between theoretical and experimental results is
remarkable, given that several approximations were made. On the one
hand, our calculations were performed in the adiabatic approximation,
whereas the full treatment should include non-adiabatic effects as well.
We checked, using the non-adiabatic AHC theory and the same iδ, that
those effects have a small impact, changing the direct bandgap ZPR
by +5 meV. However, it was reported that the non-adiabatic electron-
phonon self-energy causes a spreading of the main quasiparticle peak
in the Γ15c spectral function, reducing further the optical gap by about
50 meV [67]. On the other hand, the harmonic approximation was used
throughout the study, whereas anharmonic effects are believed to re-
duce the renormalization of the bandgap (in absolute value) [54]. Hence,
it would seem that those effects we neglected tend to cancel each other,
leading to the agreement of the static harmonic DFPT+GW scheme to
within 50 meV of the experimental data.
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Figure 3.16: Temperature dependence of the direct bandgap computed in DFPT (squares)
and with GW corrections (circles). The bandgap (7.732 eV) is computed in G0W0, and
the two experimental data sets (upper and lower triangles) are from [93]. Courtesy of G.
Antonius.

3.4 conclusion

In this chapter, we studied the temperature dependence and zero-point
renormalization of five semiconductors and showed that the static and
non-adiabatic AHC could be computed routinely. We should nonethe-
less emphasize that some additional development is required for those
type of calculations to be widespreadly used. The main route for im-
provement lies especially at the level of symmetries. For the moment
all the calculations were done using no k-point symmetries but using
q-point symmetries (the opposite can also be done). Additionally, all the
k-points related by symmetry had to be averaged because the phonon
perturbation breaks some k-point symmetry (see annex A.8 for more
information).

The results are quite satisfactory when compared with experimental
results and the maximal discrepancy arise for α-AlN with a ZPR for
the direct bandgap of -369 meV compared to the -239 meV experimental
value.
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We also analyzed the rate of convergence for a polar (α-AlN) and non
polar (silicon) material and conclude that the non-adiabatic ZPR was
more adapted to describe correctly the ZPR.

Finally, the frozen-phonon method allowed us to go beyond the DFPT
framework for the zero-point renormalization of the optical bandgap
of diamond and gallium arsenide. We validated the rigid-ion approx-
imation for crystals, showing that the DFPT scheme is a reliable way
to calculate the EPCE. The electron self-energy as obtained from G0W0
corrections revealed to be much more sensitive to ionic displacements
than the LDA exchange-correlation potential. Bringing GW calculations
to self-consistency further increased the coupling, but the G0W0 approx-
imation captures most of the many-body corrections. Those corrections
increase the zero-point renormalization of the bandgap as well as its
high-temperature slope by more than 40%. Overall, we find that the
DFPT+GW scheme reproduces accurately the temperature dependence
of the direct bandgap of diamond. While DFPT remains the most effi-
cient method to treat the electron-phonon interaction, our results call
for a more accurate scheme. Ideally, an improvement of the linear re-
sponse would include non-local exchange and non-adiabatic screening
in the ways of the many-body perturbation theory. We hope this work
motivates such development.
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Part II

E U - D O P E D B A - S I O X Y N I T R I D E S F O R W L E D S
A P P L I C AT I O N S

As mentioned in the introduction of this thesis, this second
part focuses on the description of the undoped BSON com-
pounds and on the validation of the Dorenbos auto-ionization
model to describe thermal quenching in the two europium-
doped oxynitride compounds (Ba3Si6O12N2 and Ba3Si6O9-
N4). The evolution of the conduction band minimum of the
host with temperature is also discussed. The end goal of this
second part is to estimate the unknown gaps in figure 0.5.

Europium is one of the few lanthanides that commonly ex-
ists in stable divalent and trivalent states. In most of them
the only stable oxidation state is the +3. The peculiarity of
europium is due to the fact that the +2 oxidations state is
stabilized by the half-filled 4f shell. The Eu2+ is often used
(like in the BSON cases) as dopant in luminescent materials
due to its dipole allowed optical transition from the lowest
4f65d1 excited state to the 4f75d0 ground state so that this
transition occurs with high probability [149].

Chapter 4 deals with the two undoped BSON host materials
where the many-body G0W0 bandstructure of the two hosts
is presented.

When doped, the europium atoms can substitute a barium
one in two inequivalent positions for the Ba3Si6O12N2:Eu2+

case and in three inequivalent positions in the Ba3Si6O9N4:-
Eu2+ cases, leading to the study of five non-equivalent sys-
tems. The Chapter 5 is dedicated to the study of the absorp-
tion of those five cases through the core-hole and depleted-
shifted 4f methods. The emission properties are investigated
by means of excited state structural relaxation.
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4
B S O N H O S T M AT E R I A L

Ba3Si6O12N2:Eu2+ and Ba3Si6O9N4:Eu2+ have strikingly similar atom-
istic structures, but the former is an efficient green phosphor at working
temperature while the latter is a bluish-green phosphor whose lumines-
cence decreases quite fast with temperature. Aiming at the understand-
ing of such a different behavior, we compute the quasiparticle electronic
band structure of the two hosts, Ba3Si6O12N2 and Ba3Si6O9N4, thanks
to many-body perturbation theory in the G0W0 approximation. The gap
differs by about 0.43 eV. We analyze the eigenfunctions at the top of
valence band, at the bottom of the conduction band, and also the chem-
ical shifts for the Ba site in the two hosts. The valence bands, directly
impacted by the different stoichiometric ratio, are not thought to play
a large role in the luminescence. Deceivingly, the dispersive bottom of
conduction band, directly related to luminescent properties, is similar in
both compounds. The spatial topology of the probability density of the
bottom of the conduction bands differs, as well as the location of the 5d
peak, with a much higher energy in Ba3Si6O12N2 than in Ba3Si6O9N4
(well above the bottom of the conduction band in both cases). Electro-
magnetic absorption spectra are also computed for both compounds.

The content of this chapter has been published in Ref. [4].

4.1 historical context

After the recent invasion of compact fluorescent lamps, white LED light-
ing is becoming a major contender in eco-friendly light sources, with
a combination of green- and red-emitting phosphors partly absorbing
the blue light emitted by an InGaN LED [150, 3]. Phosphors with op-
timized luminescence properties (i.e. with an optical spectrum close to
the solar one and low thermal quenching) are coveted by industry and
subject of very active development. A detailed theoretical understanding

95
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of their electronic structure is still lacking and might aid experimental
researchers in finding more efficient phosphors.

In this spirit, we have studied two chemically close oxynitride materi-
als, in which rare-earth europium doping lead to different luminescence
properties. The recently discovered green phosphor Ba3Si6O12N2:Eu2+

offers very good luminescence properties and weak thermal quench-
ing [8, 5] at working temperature (around 100

◦C), while Ba3Si6O9N4:-
Eu2+ is a bluish-green phosphor that exhibits unfavourable decrease
of the luminescence intensity with temperature [8, 5, 151]. The crystal
structure of Ba3Si6O9N4:Eu2+ was reported by Stadler et al. [152]. The
original result of Uheda et al. [8] for Ba3Si6O12N2:Eu2+ was confirmed
and studied in more depth by further experimental studies [153, 154,
155, 156, 157, 158, 151]. In particular, Braun et al. [154] evaluated the
Ba3Si6O12N2 bandgap to be 7.05 eV by means of X-ray emission spec-
troscopy (XES) and X-ray absorption near edge spectroscopy (XANES).

The crystalline structure of these two materials is very similar: Si-O-
N layers alternate with barium layers. The Si-O-N layers are made of
tetrahedra with silicon at their center, and oxygen or nitrogen at their
apices, connected through Si-O-Si or Si-N-Si bonds. The lattice parame-
ters are similar as well. The barium environment is more subject to vari-
ations, not only in the two materials, but also for different crystalline
positions within one material: although predominantly surrounded by
oxygen atoms, some barium are not close to any nitrogen atom, while
some have one, two or three nitrogen neighbors. The europium dopant
might substitute any of these sites. With such apparently similar materi-
als, one can wonder why the quenching temperature is so different. In
particular, this might indicate the extent to which a search for good lumi-
nescent materials has to take into account small details of the crystalline
structure of the host.

Despite their similar structure and chemical formula, the different op-
tical characteristics as a function of temperature might enable one to sin-
gle out basic factors influencing their fluorescence properties. Empirical
hypotheses were brought up by Mikami et al. [5]. They postulated that
Ba3Si6O9N4:Eu2+ experienced a stronger thermal quenching because
the lowest Eu-d states are closer to the conduction bands than in the
Ba3Si6O12N2:Eu2+ case. The photo-excited 5d-electrons of Eu2+ would
then be thermally ionized to the conduction bands at room tempera-
ture following the Dorenbos model [13] (auto-ionization). In general, it
is difficult to experimentally determine bandgaps of phosphors, because
phosphor samples are usually obtained as powder, so this assertion can
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only be verified through comprehensive numerical analysis with suffi-
cient accuracy, on the order of a few sub-eV for the thermal quenching
temperature1.

The hosts and doped materials have been studied from the ab-initio
point of view as well. Mikami et al. [5] obtained an electronic band-
gap of 4.63 eV and 4.37 eV for Ba3Si6O12N2 and Ba3Si6O9N4, respec-
tively. They used generalized-gradient approximation (GGA) within the
density functional theory (DFT) [45, 159]. Such an approach is subject
to the well-known DFT bandgap problem: the gap is usually underesti-
mated, sometimes strongly. Braun et al. [154] found an indirect band-
gap (A − Γ) of 4.8 eV for Ba3Si6O12N2 using GGA and went further
by also using a modified Becke-Johnson potential (mBJ-GGA), known
to give a much better global agreement with true gap values, albeit
wrong bandwidth [160], leading to a value of 6.93 eV. Tang et al. [155]
performed DFT+U calculations for the Eu-doped compounds using a
supercell (Ba11Si24O48N8Eu). They obtained a direct gap of 1.3 eV be-
tween the europium 4f states and the excited europium 5d state. Still, the
accuracy of DFT+U computation for such 4f-5d gap is also questionable.

Unlike previous DFT-based studies, we compute the band structure
of these materials by state-of-the-art many-body perturbation theory in
the G0W0 approximation [21], which is much more computationally de-
manding than DFT, but reliably gives bandgaps within 10% of the ex-
perimental value, usually underestimating it [161]. To our knowledge, it
has not yet been used for LED phosphors (neither Eu-based ones nor
Ce-based ones). Our G0W0 bandgap is indeed very close to the exper-
imental bandgap for Ba3Si6O12N2. The narrowing of the gap between
Ba3Si6O12N2 and Ba3Si6O9N4 is confirmed. We then perform different
analyses to characterize the differences in electronic structure and op-
tical properties in both compounds, and find that the opening of the
gap is more related to valence bands modifications than to conduction
bands ones, while the reverse would be expected in order to establish
the link to different luminescent behavior. Thus, calculations on doped
hosts are needed to clarify the situation. The fact that such detailed cal-
culation might be needed is somehow problematic, in view of rapid
first-principles screening of materials in large databases, which is an
emerging technique to explore the huge variety of materials [162].

1 The accuracy of band gap evaluation is necessary for the discussion on thermal quench-
ing, by considering Dorenbos’ empirical formula: ∆E =T0.5/680 eV, where T0.5 is the
quenching temperature at which the emission intensity has dropped to 50% of the low
temperature value and ∆E is the energy barrier [13].
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After the present introduction, we detail our numerical approach in
section 4.2. In section4.3, we analyses successively the crystallographic
structure, the quasiparticle band structures and density of states, the
effective masses, and then discuss energy shifts, electrostatic potential
and absorption spectra in both materials, before concluding.

4.2 numerical approach

We have used projector augmented wave (PAW) [163] pseudopotentials
with the Perdew-Burke-Ernzerhof parametrization of the generalized
gradient approximation [107] for the exchange-correlation functional.
Due to the precise nature of the PAW numerical method, which includes
information about rapidly varying wavefunctions in atomic core regions,
the quality of the results should be very close to that of all-electron calcu-
lations, despite the fact that the PAW methodology assumes a selected
set of core electrons to be frozen and a finite number of projectors on
valence states (or semi-core states) replacing a formally infinite one, as
detailed below.

Crucially, we have found that a reliable computation of the G0W0
corrections to the GGA bandgap requires the explicit treatment and re-
laxation of semi-core states in the PAW atomic data for barium.

We have generated a PAW atomic dataset for barium taking the 4d105s2

5p66s2 orbitals as valence states, and considering the states below as
frozen. The PAW sphere radius is 2.45 Bohr with 3 projectors per oc-
cupied angular momentum channel. A large number of projectors is
sometimes required for perturbative calculations, where the unoccupied
states are used as a basis and therefore need to be accurately described.
Increasing the number of projectors improves the flexibility of the basis
and hence allows for an accurate reproduction of the all-electron wave-
function. We have used the software ATOMPAW [164] to generate the
barium PAW pseudopotential. The other PAW pseudopotentials were
taken from the ABINIT website http://www.abinit.org/downloads/PAW2.
The silicon PAW data-set with 3s23p2 valence electrons has a 1.71 Bohr
sphere radius and 2 projectors per angular momentum channel. Oxygen
with 2s22p4 valence electrons has a 1.2 Bohr sphere radius and 3 projec-
tors per angular momentum channel. The nitrogen with 2s22p3 valence
electrons has a 1.3 Bohr radius and 2 projectors per angular channel.

With these pseudopotentials we made a structural relaxation of the
cell geometry and atoms positions using a Broyden-Fletcher-Goldfarb-
Shanno (BFGS) minimization scheme [165] at the DFT level. We com-

http://www.abinit.org/downloads/PAW2
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puted the quasiparticle correction on a 6x6x4 Monkhorst-Pack sampling
[101] of the Brillouin zone half-shifted along the z direction. The quasi-
particle bandstructure was then obtained using an energy-dependent
polynomial fit of the G0W0 eigenenergies [160]. This approach is signif-
icantly better than the cruder usual method of using a constant scissor-
shift for all unoccupied bands, and leads to similar results as provided
by a Wannier interpolation2 but is easier to use and less computation-
ally demanding. A cut-off energy of 25 Ha was used for the planewave
basis set to describe the wavefunctions, and a converged cut-off energy
of 6 Ha was chosen for the planewave set representing the independent-
particle susceptibility and the dielectric matrix for the calculation of the
screening. A number of efficient approaches to the calculation of the GW
self-energy have recently been developed such that only a small number
of unoccupied states are required for the perturbation expansion sum-
mation. Among them, the extrapolar method [167] consists in introducing
an average pole energy to replace the poles arising from the eigenvalues
of empty states beyond an arbitrary energy level. This allows for the
truncation of the sum-over-states in the screening or self-energy calcu-
lation and improves convergence with respect to the number of unoc-
cupied bands, while keeping unmodified the final converged value. We
have chosen an extrapolar energy of 2.5 Ha for the screening calcula-
tion (and 2 Ha for the self-energy). This reduces by a factor of five the
number of empty states required for a convergence of the gap to within
0.01 eV for both screening and self-energy calculations. In both cases,
340 unoccupied bands were explicitly treated in the sums.

We have used a Godby-Needs [168] plasmon-pole model to evaluate
the self-energy operator Σ(ω). A computationally more demanding fully
frequency-dependent numerical integration by the contour deformation
(CD) technique [169] was also undertaken to assess the quality of the
plasmon-pole model. The CD calculation was made only at the Γ point
for Ba3Si6O12N2 and reveals a discrepancy of the bandgap of less than
0.4% with respect to the plasmon-pole model approach. We have conse-
quently chosen to make all further calculations with this plasmon-pole
model. After a careful convergence analysis, the estimated numerical
error (within the chosen approximations, as explained above) is about
0.1 eV.

We also have computed the electromagnetic (optical + UV) absorption
spectra (imaginary part of the macroscopic dielectric function ε(ω)) of
the two materials in the independent particle sum-over-states approxi-

2 See for example Ref. [166] for a description of the Wannier interpolation scheme.



“main_corr” — 2015/1/7 — 18:40 — page 100 — #116

100 bson host material

mation, also called Random Phase Approximation (RPA) [170]. The rel-
ative convergence below 1% of the absorption spectrum in the energy
range considered required a 6x6x6 k-point grid. The convergence on the
number of bands included in the calculations is crucial for RPA calcu-
lation. The transition between the 38 highest valence bands and the 67

lowest conduction bands were taken explicitly into account for the case
of Ba3Si6O12N2. For Ba3Si6O9N4 the 44 highest valence band and the
71 lowest conduction bands were needed. We used a scissor of 2.258 eV
for Ba3Si6O12N2 and 2.07 eV for Ba3Si6O9N4 to account for the opening
of the quasiparticle bandgap between DFT and GW.

All calculations have been done using the ABINIT software [96].

4.3 results and discussion

4.3.1 Crystallographic structure

The space group of Ba3Si6O12N2 is P3 (trigonal, 147). The DFT struc-
tural relaxation leads to lattice constants a = 14.377 Bohr and c = 12.383

Bohr. This theoretical result is slightly above the experimental values
given by Braun et al [154] of 14.214 Bohr and 12.223 Bohr, although well
within the expectations of GGA functionals, which tend to overestimate
slightly the bond lengths.

(a) Ba3Si6O12N2 (b) Ba3Si6O9N4

Figure 4.1: (a) Crystal structure of Ba3Si6O12N2 after structural relaxation. There are
two inequivalent barium atoms. The first one is labeled Ba1 and occupies the 1a Wyckoff-
position and the other labeled Ba2 is in the 2d Wyckoff-position. Figure (b) shows the
crystal structure of Ba3Si6O9N4 after structural relaxation. There are three inequivalent
barium atoms. The first one is labeled Ba1 and occupies the 1c Wyckoff-position, the
second one labeled Ba2 is in the 1a Wyckoff-position and the last one named Ba3 is in
the 1b Wyckoff-position.
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As shown in Fig. 4.1, Ba3Si6O12N2 is built up of corner-sharing SiO3N
tetrahedra forming corrugated layers between which the Ba2+ ions are
located [5]. The latter ions occupy two different crystallographic sites:
(1) one barium atom denoted by Ba1 occupies Wyckoff position 1a and
is surrounded by six symmetrically equivalent oxygen atoms forming
a trigonal anti-prism (distorted octahedron); (2) two barium atoms de-
noted by Ba2 occupy Wyckoff positions 2d and are surrounded by six
oxygen atoms forming a trigonal anti-prism, further capped with two
nitrogen atom.

The space group of Ba3Si6O9N4 is P3 (trigonal,143). As described by
Stadler et al. [152] the Ba2+ ions occupy three different crystallographic
sites in the crystal structure of Ba3Si6O9N4. In the latter reference, it
is mentioned that two of them are trigonal anti-prisms with six oxygen
atoms (Ba1 and Ba3) while the other is a trigonal anti-prism with six
oxygen atoms, further capped with a nitrogen atom (Ba2). However, a
look at neighbors in a slightly larger environment reveals that Ba1 is also
close to three nitrogen atoms forming a triangle perpendicular to the z
axis, while there exist another nitrogen atom close to the Ba2, opposite
to the first one, along the z direction, as shown in Fig. 4.2. The DFT
structural relaxation for this second host gives two lattice constants of
a=13.838 Bohr and c=12.969 Bohr also somewhat larger than the experi-
mental value by Stadler et al. [152] of 13.699 Bohr and 12.820 Bohr. The
crystallographic figures are made using the VESTA software [171].

(a) Ba1 (b) Ba2 (c) Ba1 (d) Ba2 (e) Ba3

Figure 4.2: (a) and (b) show the crystalline environment of the two inequivalent barium
atoms in Ba3Si6O12N2 . (c), (d) and (e) show the crystalline environment of the three
inequivalent barium atoms in Ba3Si6O9N4. Bond lengths are reported in Table 4.1

The selected bond lengths and bond angles of the two host materials
are shown in Table 4.1 and compared with experiment and previous
GGA calculations using NC pseudopotentials. The O-(O,N)-O angles
of Ba3Si6O12N2 range from 135-161

◦ and correspond well with experi-
mental data from Braun et al. [154] that range from 135-160

◦. The Si-N-Si
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angles of Ba3Si6O9N4 range from 117-121
◦ and also match the experi-

mental results of Stadler et al. [152] that range from 116-121
◦.

Ba3Si6O12N2
GGA-PAW GGA-NC3 Experimental4

Ba1-O2 (6x) 5.2149 5.2421 5.185(6)

Ba2-O2 (3x) 5.5917 5.5936 5.484(6)

-O2 (3x) 5.3141 5.3555 5.327(6)

-N (1x) 5.7712 5.7467 5.663(12)

-N (1x) 6.6121 6.1624 6.559(12)

Si -N (1x) 3.3165 3.3070 3.279(4)

-O1 (1x) 3.1589 3.1426 3.116(6)

-O1 (1x) 3.1636 3.1445 3.118(8)

-O2 (1x) 3.0476 3.0236 2.999(6)

Ba3Si6O9N4
Ba1-O2 (3x) 5.1287 5.1608 5.080(8)

-O3 (3x) 5.3347 5.3593 5.337(8)

-N1 (3x) 6.6103 6.5762 6.450(10)

Ba2-O2 (3x) 5.1079 5.1533 5.110(8)

-O3 (3x) 5.4046 5.4197 5.354(8)

-N2 (1x) 6.2059 6.1076 5.963(14)

-N2 (1x) 6.7633 6.8937 6.854(14)

Ba3-O2 (3x) 5.1589 5.1797 5.121(8)

-O3 (3x) 5.1608 5.2081 5.148(8)

-O1 (3x) 6.3778 6.3891 5.920(8)

Si1 -O2 (1x) 3.0765 3.0519 3.033(8)

-O1 (1x) 3.1596 3.1426 3.107(10)

-N1 (1x) 3.3089 3.2995 3.277(10)

-N2 (1x) 3.3335 3.3240 3.299(4)

Si2 -O3 (1x) 3.0670 3.0425 3.014(8)

-O1 (1x) 3.1634 3.1483 3.116(8)

-N1 (1x) 3.3184 3.3070 3.284(10)

-N1 (1x) 3.3486 3.3391 3.315(10)

Table 4.1: Selected bond lengths [in Bohr] of Ba3Si6O12N2 and Ba3Si6O9N4 com-
pounds.

3 See Ref. [5] for Ba3Si6O12N2 and Ba3Si6O9N4
4 See Ref. [154] for Ba3Si6O12N2 and Ref. [152] for Ba3Si6O9N4
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Figure 4.3: Quasiparticle bandstructure of Ba3Si6O12N2 (left side) and Ba3Si6O9N4
(right side) calculated within the G0W0 approximation. The corresponding density of
states (DOS) are reported in the middle panels (grey area). It is decomposed into the
partial density of states (PDOS) of the Bad level (red line), the Bas level (blue line), the
Op level (green line) and the Np level (black line).

4.3.2 Quasiparticle band structure and density of states

The computed quasiparticle electronic bandstructures based on the one-
shot G0W0 approximation with PAW pseudopotentials are given in Fig.
4.3. Using the theoretical structure, Ba3Si6O12N2 shows an indirect Γ-A
fundamental gap of 6.88 eV, slightly underestimating the experimental
gap value of 7.05±0.25 eV [154]. Such slight underestimation is often
observed within the G0W0 approximation [161]. It is actually in better
agreement when the experimental structure is used. In this case, the
obtained bandgap is 7.00 eV. Ba3Si6O9N4 has an indirect Γ-M bandgap
of 6.45 eV when the theoretical structure is used.

The fundamental gap of Ba3Si6O9N4 is thus 0.43 eV smaller than the
one of Ba3Si6O12N2. This is in agreement with the phenomenological
interpretation of the quenching mechanism according to the Dorenbos’s
scheme [172, 13]. We will now discuss the narrowing of the gap in terms
of factors related to valence band differences and conduction band dif-
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ferences. Note, however, that we did not attempt to compute accurate
band offsets between the two hosts, as an accurate prediction would
need larger supercells.

The density of states, and the partial density of states for the Bad, Bas,
Op and Np states are also presented in Fig. 4.3. The top of the valence
bands is dominated by the Np states in both compounds. Two bands
clearly emerge from the block of valence bands in Ba3Si6O12N2, while
four bands emerge for Ba3Si6O9N4. These numbers of bands can be
correlated with the existence of non-bonding Np states, one for each
nitrogen atom. The appearance of the two extra valence nitrogen states
in Ba3Si6O9N4 pushes the two other nitrogen states higher in energy.
This is clearly a factor leading to lowering of the bandgap.

The analysis of the conduction bands complex is particularly relevant
as well, as in both cases, one strongly dispersive band is observed, origi-
nating from a combination of Bas and Op states. The electrons excited in
this dispersive band will have a rather high mobility, and thus might ap-
proach a luminescence killer defect, regardless of its origin. We will anal-
yse these orbitals, and associated effective mass later. Above the strongly
dispersive band, a large set of flatter bands is observed, 8.63 eV higher
than the valence band maximum in the case of Ba3Si6O12N2, and 7.70 eV
higher in the case of Ba3Si6O9N4. They arise mainly from the Bad chan-
nel, albeit mixed with other orbitals. The large difference between the
two hosts for the dominant peak in the conduction DOS will have to be
investigated.

Before performing this analysis, the G0W0 corrections to the DFT
eigenergies for the two hosts are presented in Fig. 4.4. The relatively
large range of corrections (up to 0.5 eV spread) for the DFT conduction
states between 6 and 7 eV corresponding to G0W0 energies between 10

and 11 eV above the valence band maximum) is to be related to the
strong hybridization between the 5d and 6s levels of barium. On the
other hand, the narrow dispersion of corrections below 6 eV is related to
the well defined 6s states of barium. This illustrates the validity of our
interpolation scheme for the valence bands and the lowest conduction
band, but also its limit for the higher bands.

4.3.3 Effective masses

The effective mass at a given k-point and band index n is defined as

m∗nk =  h2
(
∂2εnk

∂k2

)−1

, (4.1)
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Figure 4.4: Magnitude of G0W0 corrections to the DFT eigenergies for Ba3Si6O12N2 on
the left side and Ba3Si6O9N4 on the right side. The negative corrections (blue crosses)
are for the occupied states and the positive (red dots) for the unoccupied states. The full
line shows the energy polyfit that was used to generate the quasi-particle bandstructure
in Fig. 4.3.

with εnk the eigenenergy at a given k-point and band index n. The
effective masses of the electrons at the bottom of the conduction band in
the direction Γ-A and Γ-K are 0.481 and 0.503 for Ba3Si6O12N2 in DFT,
respectively. For Ba3Si6O9N4 in the direction Γ-A and Γ-K we have 0.446

and 0.491 at the DFT level, respectively (effective masses from the polyfit
interpolation scheme do not include k-dependent corrections [173], and
it is preferable to stay at the DFT level). The effective masses are smaller
in the direction Γ-A. In Fig. 4.5, the square of the wavefunction at the
bottom of the conduction band is presented. For Ba3Si6O12N2, one sees
that in this direction (along the z axis and perpendicular to the barium
plane) the density creates a channel linking the Ba1. An other view from
the top in Fig. 4.6 shows that in Ba3Si6O12N2 the density has a sixfold
symmetry that points towards the six silicon atoms (three are in the
upper plane and three are in the down plane). The states in that direction
will be more delocalized and hence the energy dispersion will be steeper,
with a smaller effective mass in that direction. In contrast which what
one may think, it is not the Ba2 close to the nitrogen that conducts the
electrons of the unoccupied band but the Ba1.

The main difference between the two compounds, for the conduction
band, thus lies in the fact that the barium atom that has the biggest
weight in the first unoccupied state is the one surrounded only by oxy-
gen in the case of Ba3Si6O12N2 (Ba1) and the one close to three nitrogen
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(a) Ba3Si6O12N2 (b) Ba3Si6O9N4

Figure 4.5: (a) Density of the first unoccupied band (84
th band) of Ba3Si6O12N2 at the

Γ point, that is Ψ∗84ΓΨ84Γ . The channel density corresponds mainly to the 6s state of
barium. (b) Density of the first unoccupied band (80

th band) of Ba3Si6O9N4 at the Γ
point, that is Ψ∗80ΓΨ80Γ . Both iso-density are at 10% of the maximum density of that
state. Large values are located around nitrogen and oxygen atoms.

in the case of Ba3Si6O9N4 (Ba1). We will also see later in Chapter 5 that
those are the two luminescent centres.

4.3.4 Energy shifts and electrostatic potential

We now turn to the analysis of the DOS peaks, attributed to Ba5d states.
The fact that the 5d states are 0.93 eV lower in energy in Ba3Si6O9N4
(7.70 eV) than in Ba3Si6O12N2 (8.63 eV), and closer to the conduction
band minimum, might be important to explain the thermal quenching.
Indeed, in the europium-doped material, the europium is substitutional
to some of the barium atoms. If the local electrostatic potential at the
barium site is lower in one (or another) site of one of the host materials, it
should also be lower when the europium replaces the barium. Obviously,
a further shift due to the substitution might be present as well, but is
expected to be similar in the two materials. Also, the lowering of the 5d
states might not be due to the electrostatic potentials, but to different
hybridization with orbitals from neighboring atoms.

In order to analyze the local electrostatic potential and in addition to
the analysis performed at the vicinity of the bandgap, we have gathered
informations on the electronic structure for a larger range of energies
in table 4.2, including band edges, bandwidths and the dominant band
characters for both hosts.
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(a) Ba3Si6O12N2 (b) Ba3Si6O9N4

Figure 4.6: Top view of the (a) density of the first unoccupied band (84
th band) of

Ba3Si6O12N2 at the Γ point and (b) density of the first unoccupied band (80
th band) of

Ba3Si6O9N4 at the Γ point. Both iso-density are at 10% of the maximum density of that
state.

Ba3Si6O12N2
Position Bandwidth Position Bandwidth Band

DFT DFT G0W0 G0W0 character

6.130
1.508(1)

8.350
1.470(1)

Ba6s

4.622 6.880 Ba6s

0.000
0.377(2)

0.000
0.437(2)

N2p

−0.377 −0.437 N2p

−0.623
5.417(35)

−0.742
5.756(35)

Ba4d N2p

−6.040 −6.498 Si3p O2p

−6.342
0.860(2)

−6.803
0.863(2)

N2p

−7.202 −7.666 Si3s O2p

−7.363
1.231(3)

−7.833
1.280(3)

Si3s

−8.594 −9.112 Si3s

−9.798
0.479(9)

−10.303
0.523(9)

Ba5p

−10.277 −10.826 Ba5p

−14.285
0.302(2)

−14.402
0.296(2)

N2s

−14.587 −14.698 N2s

−16.437
0.382(6)

−16.680
0.371(6)

O2p Si3p

−16.819 −17.051 O2p Si3p

−17.935
1.589(6)

−18.079
1.514(6)

O2s Si3s

−19.524 −19.593 O2s Si3s

−24.656
0.270(3)

−23.610
0.426(3)

Ba5s

−24.926 −24.036 Ba5s

−80.508
0.040(5)

-
-

Ba4d

−80.548 - Ba4d

Continued on next page
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Table 4.2 – continued from previous page

−80.821
0.011(10)

-
-

Ba4d

−80.832 - Ba4d

Ba3Si6O9N4
Position Bandwidth Position Bandwidth Band

DFT DFT G0W0 G0W0 character

5.271
0.890(1)

7.421
0.970(1)

Ba6s

4.381 6.451 Ba6s

0.000
0.352(4)

0.000
1.053(4)

N2p

−0.352 −1.053 N2p

−0.435
6.504(32)

−1.171
5.601(32)

N2p O2p

−6.939 −6.772 Si3p

−7.367
0.984(3)

−7.229
1.078(3)

N2p O2p

−8.351 −8.307 Si3s

−10.051
0.128(3)

−9.985
0.175(3)

Ba5p

−10.179 −10.160 Ba5p

−10.282
0.263(6)

−10.206
0.324(6)

Ba5p

−10.530 −10.545 Ba5p

−13.934
1.172(4)

−13.920
1.171(4)

Ni2s Si3p

−15.106 −15.091 Ni2s Si3p

−16.892
0.411(6)

−16.878
0.410(6)

O2s Si3s

−17.303 −17.288 O2s Si3s

−18.909
0.391(3)

−18.892
0.392(3)

O2s Si3s

−19.300 −19.285 O2s Si3s

−24.894
0.274(3)

−24.879
0.274(3)

Ba5s

−25.168 −25.153 Ba5s

−80.716
0.025(5)

- - Ba4d

−80.741 - Ba4d

−80.976
0.027(10)

- - Ba4d

−81.003 - Ba4d

Table 4.2: Band positions [eV], bandwidth [eV] and the dominant band character of
Ba3Si6O12N2 and Ba3Si6O9N4 compounds. The number in parenthesis for the band-
width is the number of bands in that group.

Directly influenced by the local electrostatic potential at the atomic site,
the 4d core levels of barium are located lower in energy in Ba3Si6O9N4
than in Ba3Si6O12N2, with respect to the top of the valence band. How-
ever, the difference is not very large (about 0.2 eV). We note that the
local electrostatic potential is not the same in the different locations for
each host. The Ba4d levels at the Ba2 site in Ba3Si6O12N2 are about
0.3 eV lower than the Ba4d level at the Ba1 site. Similarly, the Ba4d lev-
els at the Ba1 and Ba2 sites are about 0.26 eV lower than at the Ba3
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site for Ba3Si6O9N4. The spread of the Ba5s bands, combining contri-
butions from the three sites is on the order of 0.27 eV, for both hosts,
with a chemical shift between the two hosts that is similar to the one of
the Ba4d states. From this analysis, the local electrostatic potential only
explains a fraction of the 0.93 eV shift of the 5d states.

In order to understand the hybridization, the probability density for
wavefunctions in the zone of energies corresponding to the peak in the
DOS, attributed to the 5d states of barium, are also shown in Fig. 4.7. For
Ba3Si6O12N2, one clearly sees a large probability density in the region
between the Ba1 atoms, along the z direction, with also some localized
d states around Ba2. For Ba3Si6O9N4 a large probability density is ob-
served around the Ba1 atoms, with an additional protrusion along the
z axis, downwards, (so seen through the upper face of Fig. 4.7(b)). This
protrusion is similar in shape to the one seen in Fig. 4.5(b). In this re-
gion, there is no atom, but three Si tetrahedra building blocks face it
directly, as can be seen in Fig. 4.1(b). No such structure is present in
Ba3Si6O12N2, see Fig. 4.1(a).

(a) Ba3Si6O12N2 (b) Ba3Si6O9N4

Figure 4.7: (a) Density of the sum of the 85 to 90 th bands of Ba3Si6O12N2 at the Γ
point that corresponds mainly to the 5d states of barium. (b) Density of the sum of the
81 to 83 th bands of Ba3Si6O9N4 at the Γ point that corresponds mainly to the 5d states
of barium. Both iso-density are at 10% of the maximum density of that state.

On the basis of the electronic structure of the undoped hosts only, one
can hardly progress further. Careful analysis of the different thermal
quenching models requires an in-depth study including the phononic
behavior of the host as done by Mikami [11]. The vibrational analysis
performed there indicate no significant difference between the two hosts
suggesting that the difference in thermal quenching may be explained
by the auto-ionization model rather than the traditional configurational
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Figure 4.8: Comparison of the Ba3Si6O12N2 and Ba3Si6O9N4 electromagnetic absorp-
tion spectra at the RPA level for electric field polarizarion in the two non trivial direc-
tions.

coordinate diagram. The nephelauxetic effect (electronic cloud delocal-
ization) of the 5d europium state in the phosphors will therefore be
investigated in Chapter 5.

4.3.5 Absorption spectra at the RPA level

The last analysis made on the two materials is the computation of the
macroscopic dielectric function in the independent particle sum-over-
states approximation (RPA), whose imaginary part is directly linked to
the electromagnetic (optical and UV) absorption spectrum. Since both
materials have an hexagonal lattice structure, the only two non trivial
components of the dielectric function, probed by the electric field polar-
ization, are εxx = εyy and εzz. Both components are compared for the
two materials on Fig. 4.8.

As anticipated from the G0W0 bandstructure, the onset of absorption
occurs at a lower energy in the Ba3Si6O9N4 case. In the quasi-plateau
region, where the imaginary part of the dielectric function is between 3.0
and 4.5 for both materials and in both directions, we observe a smaller
average value for Ba3Si6O12N2, although for selected energies, the value
observed for Ba3Si6O12N2 can be bigger than the one for Ba3Si6O9N4.

The real part of the macroscopic dielectric function at zero electronic
frequencies gives a value of 2.38 and 2.80 for ε∞xx = ε∞yy in Ba3Si6O12N2
and Ba3Si6O9N4, respectively. The ε∞zz component has a value of 2.41

and 2.74 for Ba3Si6O12N2 and Ba3Si6O9N4, respectively. These results
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are made at the RPA level without local field effect. The inclusion of local
fields effects at the density functional perturbation level (the Hartree and
exchange-correlation kernels are included - calculations are done at the
GGA level), with the computational parameters detailed in Mikami and
Kijima [174], gives 3.10 and 3.30 for ε∞xx = ε∞yy in Ba3Si6O12N2 and
Ba3Si6O9N4, respectively, and 3.07 and 3.21 for ε∞zz in Ba3Si6O12N2 and
Ba3Si6O9N4, respectively. The anisotropy of these materials, although
non-negligible, is thus quite weak, as was already reported in the case
of the effective masses.

Some excitonic effects are anticipated (but are outside the scope of
this study). We can hypothesize Frenkel excitons will be observed, in
view of the relatively low dielectric constants. Indeed a low value for
the dielectric constant means a weak screening and, as a result, a tightly
bound exciton. Based on this fact, we can deduce that the Ba3Si6O12N2
would have a somewhat more strongly bound exciton than Ba3Si6O9N4.
The difference between quasiparticle energy gaps, previously shown to
be on the order of 0.43 eV, might thus be increased when considering
optical energy gaps (although the optical gaps will be smaller than the
electronic gaps).

4.4 conclusion bson

The temperature-dependent luminescent properties of Ba3Si6O12N2:Eu2+

and Ba3Si6O9N4:Eu2+ are quite different, despite similar crystallogra-
phic structures. In order to understand whether small details, related
to the coordination of the Eu ions in the two hosts, are at the heart of
the different behaviour, we have performed an in-depth analysis of the
electronic structure of Ba3Si6O12N2 and Ba3Si6O9N4.

The determination of the indirect electronic bandgaps of Ba3Si6O12N2
with state of the art G0W0 techniques, not subject to the well-known
DFT bandgap problem, gives an electronic bandgap of 6.88 eV. This
agrees with the experimental results obtained by Braun et al. [154] of
7.05 ± 0.25 eV. Such technique could be used for other phosphors, be-
cause it is not straightforward to experimentally evaluate bandgaps of
powdered phosphor samples, often with Ce or Eu luminescent centres
and (possible) unintentional impurities/defects.

Moreover, the difference in the quasiparticle bandgap between Ba3Si6
O12N2 and Ba3Si6O9N4 as calculated with G0W0 correction is of 0.43 eV
in agreement with the phenomenological interpretation of the quench-
ing mechanisms according to the Dorenbos’ scheme (auto-ionization).



“main_corr” — 2015/1/7 — 18:40 — page 112 — #128

112 bson host material

The fact that the 5d states of barium are located closer to the conduction
band minimum in the Ba3Si6O9N4 compounds also strengthens that
argument. We also have computed the macroscopic dielectric function
in the sum-over-state approximation for both materials. In addition to
the straight quasiparticle band structure study, we have also analysed
in detail the characteristics of (1) the valence band edge, directly linked
to the nitrogen non-bonding states, two for Ba3Si6O12N2 and four for
Ba3Si6O9N4, explaining in part the reduction of the bandgap in the lat-
ter material, (2) the conduction band edge, similarly dispersive for both
materials, although the associated spatial distribution exhibits striking
differences, (3) the nature of the main peak in the DOS of the conduc-
tion band, mainly made of Ba5d states, however hybridizing differently
in both materials, (4) the chemical shift at the different barium atomic
sites, showing that the large lowering of the energy of the Ba5d peak in
Ba3Si6O9N4 with respect to Ba3Si6O12N2 is also present for the barium
core states, albeit strongly reduced, and (5) the absorption spectrum in
the visible-UV range and dielectric constant, showing again strong sim-
ilarities in both materials, except for the the 0.43 eV energy bandgap
difference.

The present study highlights that the contribution of the valence band
modification cannot be neglected in the reduction of the bandgap of
Ba3Si6O9N4 with respect to Ba3Si6O12N2. Actually, the modification of
the energy difference between the luminescent level (an excited state)
and the conduction band cannot be determined in the present scheme.
Thus, our accurate bandstructure calculations of the host two materials
may not be conclusive because the auto-ionization model (introduced in
figure 0.4) seems to be the explanation for the different thermal quench-
ing behaviour. The analysis of the europium-doped models is needed to
provide the definite answer to this puzzling behaviour.
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5
E U R O P I U M - D O P E D B S O N

This chapter is dedicated to the study of europium-doped Ba3Si6O12N2
and Ba3Si6O9N4. Because of the numerical complexity of computing the
ab-initio temperature dependence of such compounds using the theory
developed in Part I of this thesis, we will try to validate the Dorenbos
auto-ionization model by studying the electronic properties and more
specifically the position of the Eu5d bands with respect to the conduc-
tion band minimum (CBM) of the host crystal. The goal is to estimate
the different unknown bandgaps presented in red in figure 0.5 of the
introduction.

For this, a reliable europium pseudopotential is required and sec-
tion 5.1 will be dedicated to such assessment. Section 5.3 presents an
estimation of the Stokes shift developed in the introduction. Section 5.2
investigates the electronic properties of the five inequivalent doping sites
in the two BSON compounds when relaxed to their ground-state posi-
tion. The excited states properties, required to describe the absorption
process, will be studied in section 5.4.1 and 5.4.2 using two methods: the
core-hole and the depleted-shifted 4f approach, respectively.

The section 5.5 is dedicated to the study of the luminescence (emission)
and therefore the excited state crystallographic position of section 5.4.1
and 5.4.2 needs to be relaxed in that excited electronic configuration.

Section 5.6 investigates whether the spin-orbit coupling effect is im-
portant in BSON materials.

Finally, section 5.7 is our most advanced trial to bring results of Part I
in the realm of phosphor materials: the application of AHC formalism
to the undoped materials using norm-conserving pseudopotentials (the
AHC theory is not yet implemented within the PAW formalism in the
Abinit software).

113
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5.1 assessment of the quality of the europium pseudopo-
tential

One of the most severe problems of DFT is that no systematic way
has been found to improve the exchange and correlation functionals1.
This issue is particularly critical in materials in which the electrons are
localized and strongly correlated, such as transition metal oxides and
rare earth compounds. Various methods have been developed to extend
the functional approach by adding physically relevant terms like self-
interaction corrections (SIC) methods or LDA+U [45]. Europium being
such a rare-earth element, we choose to use the LDA+U methodology
and introduce it in the next section. The quality of our europium PAW
pseudopotential is then assessed using EuO as a test case.

5.1.1 The LDA+U methodology

Approximation to the exchange-correlation functional such as the Local
Density Approximation (LDA) or Generalized Gradient Approximation
(GGA) are mean-field theories based on parametrization of (nearly) ho-
mogeneous electron gas that usually fail to describe strong Coulomb
correlations. For example, both the local spin-density approximation
(LSDA) and spin-polarized generalized gradient approximation (σ-GGA)
fail to predict the insulating behavior of many simple transition metal
oxides, producing a qualitatively wrong metallic ground state [176].

One of the methods proposed to overcome this problem is the LDA+U
approach, first introduced by Anisimov and co-worker [177, 178, 179] in
the nineties. The term "LDA+U" stands for methods that involve LDA-
or GGA-type calculations coupled with an additional orbital-dependence
of the Coulomb and exchange interaction [177, 180, 45]. The LDA+U en-
ergy functional is adapted from model Hamiltonians like the Anderson-
Hubbard model [181] (the +U terminology comes from the second letter
of Hubbard last name). The Anderson-Hubbard model integrates an en-
ergy penalty to the model Hamiltonian associated with adding an elec-
tron on an occupied site (with opposite spin to the existing particle in
that site). The total energy penalty for a specific angular momentum l

1 Exact Kohn-Sham scheme based on perturbation theory exists but cannot be used practi-
cally, for the moment, to create an exact exchange-correlation functional. See for example
Ref. [175] for such exact Kohn-Sham scheme.
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from this additional coulombic repulsion between the two electrons can
be given by [181]

U =

∫
|φl(r)|2

e2

|r − r ′|
|φl(r ′)|2drdr ′. (5.1)

Therefore the energy spectrum of this system has a gap of value U be-
tween the N- and (N+ 1)-particle states. For transition metal oxides, this
gives an insulating system where the gap arises from the coulomb inter-
action, as expected from experiment. A sketch of the total energy profile
as a function of the number of electrons in a generic atomic system is
presented in figure 5.1. More information on the LDA+U methodology

Figure 5.1: Drawing of the total energy profile as a function of the number of electrons.
The LDA and the LDA+U correction yield a curve close to the exact discontinuous total
energy line. The drawing is from Ref. [176].

and its different flavors can be found in section B.2 of the Annex.

5.1.2 EuO as a test case

For the study of the europium-doped cases, we have generated a PAW
pseudopotential with the Perdew-Burke-Ernzerhof (PBE) parametriza-
tion of the generalized gradient approximation [107] for the exchange-
correlation functional. The 4d105s2 5p64f76s2 orbitals were taken as va-
lence states in the PAW atomic dataset, considering the states below as
frozen. The PAW sphere radius is 2.57 Bohr with 3 projectors on the s
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and d occupied angular momentum channel and 2 projectors on the p
and f ones. We have used the software ATOMPAW [164] to generate the
europium PAW pseudopotential.

To assess the quality of this new pseudopotential, we decided to com-
pare it against an all-electron full-potential augmented plane-wave plus
local orbitals (FP-APW+lo) [182, 183] calculation as implemented in the
Elk code2 and we chose the face-centred cubic (Fm3̄m, 225) EuO as a test
case. For the Abinit calculations, a cut-off energy of 25 Ha and a 8x8x8

Monkhorst-Pack sampling of the Brillouin zone shifted four times in the
(0.5,0.5,0.5),(0.5,0.0,0.0),(0.0,0.5,0.0),(0.0,0.0,0.5) directions was needed to
reach a convergence on the total energy below 5 mHa/atom. The Elk
calculation reached the same level of accuracy with a 6x6x6 k-points
grid shifted once in the (0.5,0.5,0.5) direction. The muffin-tin radii of eu-
ropium and oxygen are set, respectively, to REuMT = 2.0 a.u. and ROMT =

1.45 a.u. The basis set cut-off REuMT |G + k|max is set to be 8.
The Teter 93 [184] parametrization of LDA was used for the Elk calcu-

lation and led to a relaxed cell parameter of 9.765 Bohr with a bulk mod-
ulus of 86.04 GPa. The same lattice parameter was used for the Abinit
calculation. This value is close to the experimental lattice parameter of
9.71 Bohr [185].

Elk [eV] Abinit [eV]

U gap 1 gap 2 gap3 gap 4 U gap 1 gap 2 gap3 gap 4

6.72 0.038 0.722 1.918 2.642 6.0 0.019 0.714 2.049 2.717

7.26 0.178 0.741 1.773 2.646 6.5 0.161 0.715 1.921 2.737

7.54 0.247 0.756 1.703 2.653 7.5 0.452 0.753 1.616 2.761

8.16 0.436 0.778 1.504 2.661 8.0 0.599 0.771 1.448 2.767

9.52 0.813 0.857 1.076 2.688 8.5 0.762 0.796 1.277 2.782

10.01 0.865 0.875 1.001 2.682 9.0 0.899 0.835 1.106 2.783

10.88 1.069 0.942 0.737 2.697 9.5 1.061 0.873 0.930 2.799

13.60 1.630 1.264 0.212 2.803 10.0 1.201 0.915 0.753 2.792

Table 5.1: Values of the different bandgaps in Abinit and Elk for different values of U.
The gaps obtained for a U value of 9.5 eV and 10.88 eV (Abinit and Elk) are given in
figure 5.2.

Both calculations are spin-polarized but do not include spin-orbit cor-
rections because the version 1.4.18 of Elk did not lead to the correct

2 The Elk code is an all-electron full-potential linearized augmented planewave plus local
orbitals FP-LAPW+lo code, available for free at http://elk.sourceforge.net.
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Figure 5.2: Comparison between PAW and all-electron calculation for the EuO case
using Abinit (plain lines) and the Elk (dashed lines) software. The Abinit calculations
are performed using PAW pseudopotential with GGA-PBE functional and the Elk ones
are full-potential augmented plane-wave plus local orbitals with LDA functional. Both
calculations are done using the FLL limit for the double-counting term. A U value of
9.5 eV and 10.88 eV were chosen for the Abinit and Elk software, respectively.

magnetization for such system. The 4f states of europium are localised
with the LDA+U methods in the FLL limit for both software. The imple-
mentation of the LDA+U scheme in the Elk software is exemplified in
Ref. [186].

We then vary the U parameter (taking J=0.1U) to fit the experimental
optical gap (labelled "1" in figure 5.2) of 0.95 eV measured at ~0K [187,
188]. The table 5.1 shows that a U value of 10.88 eV and 9.5 eV repro-
duced this experimental gap for Elk and Abinit, respectively. The fact
that the U values are different in Abinit and Elk comes from the fact
that the muffin-tin spheres in Elk have different radii from the PAW
sphere in Abinit.

The figure 5.2 presents the electronic bandstructure of EuO computed
with Abinit (plain lines) and Elk (dashed line) with the U values men-
tioned above. This leads to an average difference between the two codes
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for the spin up component of 0.02134 eV and 0.08525 eV for spin down,
computed on 32 bands.

The agreement between our PAW pseudopotential and all-electron cal-
culation is convincing and we have decided to use it for the more in-
volved europium-doped BSON calculations.

5.2 europium-doped bson ground state calculations

Chapter 4 was dedicated to the study of the two undoped BSON com-
pounds and showed the need for studying their europium doping to
understand the strong thermal quenching in Ba3Si6O9N4:Eu2+ with re-
spect to Ba3Si6O12N2:Eu2+. When doped, the europium atom can sub-
stitute a barium one in two inequivalent positions for the Ba3Si6O12N2-
:Eu2+ case and in three inequivalent positions in the Ba3Si6O9N4:Eu2+

case, leading to the study of five non-equivalent systems (see figure 4.2).
We have studied those five cases using the Abinit software package and
used the PAW GGA-PBE pseudopotentials described in section 4.2 for
barium, silicon, oxygen and nitrogen. The europium pseudopotential
with 27 valence electrons was validated against an all-electron code and
described in the previous section.

This being said, we have performed structural relaxation of the five
europium-doped compounds on a 4x4x4 Monkhorst-Pack sampling [101]
of the Brillouin zone half-shifted along the z direction. Energy cut-off
of 30 Ha and 35 Ha on the planewave basis set were used for the two
europium-doped Ba3Si6O12N2 and the three europium-doped Ba3Si6O9-
N4 situations, respectively.

This structural relaxation leads to the relaxed lattice parameters of
a = 14.273 Bohr and c = 12.381 Bohr for Ba3Si6O12N2:Eu1 where Eu1
is the position surrounded by 6 oxygen atoms, following the convention
adopted in figure 4.2. The other non-equivalent substitution position
leads to lattice parameters of a = 14.346 Bohr and c = 12.204 Bohr
for Ba3Si6O12N2:Eu2. The europium-doped structures are contracted
with respect to the undoped compounds. This seems reasonable given
that the experimental atomic radius of europium is 185 pm, smaller
than the 215 pm atomic radius of barium [189]. The relaxed values for
the europium-doped Ba3Si6O9N4 compounds are a = 13.755, 13.806,
13.736 Bohr and c = 12.939, 12.789, 12.925 Bohr for the Eu1, Eu2 and
Eu3 substitutions, respectively. The selected bond lengths of the five in-
equivalent europium-doped cases are presented in table B.1 and have to
be compared with the selected bond lengths of the two undoped com-
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pounds taken from table 4.1. As expected, we can see a rather strong
contraction of the bonds around the substituted europium atoms (col-
ored in red in the table). The overall cell volume is contracted by 1.5%
and 1.9% with respect to the undoped case for the Eu1 and Eu2 substitu-
tion in Ba3Si6O12N2. An equivalent contraction of 1.5%, 1.9% and 1.8%
happens for Eu1, Eu2 and Eu3 in Ba3Si6O9N4, respectively.

Unfortunately, the use of the 27 valence electrons pseudopotential for
europium also bears along quite an additional computational cost. In-
deed, the description of the 4f orbitals means that the simulations have
to be spin-polarized. To overcome this limitation, we have created an-
other pseudopotential with only 10 valence electrons (5s25p66s2) where
the 4d10 and 4f7 orbitals have been considered as frozen in the core of
the pseudopotentials. We have used the same ATOMPAW input param-
eters as for the 27 electrons pseudopotential described in section 5.1.2
except for the change of valence to core state for the d and f orbitals.
The structural unpolarized DFT relaxation using such 10 electrons pseu-
dopotential is calculated to be a = 14.139 and c = 12.329 Bohr for the
Eu1 substitution of Ba3Si6O12N2 and a = 14.316 and c = 11.985 Bohr for
the Eu2 ones. The relaxed values for the europium-doped Ba3Si6O9N4
compounds are a = 13.659, 13.774, 13.618 Bohr and c = 12.863, 12.570,
12.814 Bohr for the Eu1, Eu2 and Eu3 substitutions, respectively. These
lattice parameters are below 2% away from the one computed with the
27 electrons pseudopotential. The selected bond lengths of the five in-
equivalent europium-doped cases are presented in table B.2.

The electronic bandstructure of the five europium-doped compounds
were computed at the relaxed atomic positions using the 10 electrons
pseudopotential and are shown on figure B.5.

The A − Γ bandgaps have a value of 4.566 eV (4.596 eV for Γ − Γ) and
4.765 eV (4.870 eV for Γ−Γ) for Ba3Si6O12N2:Eu1 and Ba3Si6O12N2:Eu2,
respectively. The M − Γ gaps are 4.245 eV (4.499 eV for Γ − Γ), 4.421 eV
(4.616 eV for Γ − Γ) and 4.323 eV (4.670 eV for Γ − Γ) for the three
Ba3Si6O9N4 substitutions.

From the five electronic bandstructures, it is clear that the 5d elec-
trons of europium are not correctly localized inside the bandgap of the
host material, in contradiction to both the 5d-4f crossing decay model
and the Dorenbos auto-ionization model presented in the introduction
of this thesis. This is not an uncommon result and has been also ac-
knowledged for example by Tang et al. [190]. In their publication, they
studied the Ba3Si6O12N2:Eu2+ crystal and have also shown that within
the GGA+U (as implemented within the CASTEP code [191]) framework,
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the 5d states were lying much higher in energy than the bandgap of the
host material.
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Figure 5.3: [GS] The ground-state electronic bandstructure of the europium-doped el-
ements are computed at the ab-initio relaxed parameter with the 10 valence electrons
pseudopotential in the rhombohedral supercell. The black line shows the spin up com-
ponent and the red line the spin down.

To conclude this section, we will investigate the effect of reducing the
doping concentration. The doping concentration in the above-mentioned
primitive cells is 33% (one of the three barium is replaced by an eu-
ropium) whereas the experimental doping for such compounds is be-
tween 2 to 10% [154]. An europium-doping concentration of 11% could
be obtained by using a rhombohedral supercell that is three times larger
than the primitive cell. The structural relaxation of these supercells are
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extremely computationally demanding due to the large configurational
space and took months on recent supercomputers (~75k cpu hours per
compounds). Such relaxation could therefore only be done for this 10

electrons pseudopotential and not for the 27 electrons ones.
The relaxation leads to a lattice parameter of 18.900 Bohr with a rhom-

bohedral angle of 81.889
◦ for Ba3Si6O12N2:Eu1 and a lattice parameter

of 18.882 Bohr with a rhombohedral angle of 82.456
◦ for Ba3Si6O12N2:-

Eu2. The three europium substitution Eu1, Eu2 and Eu3 in Ba3Si6O9N4
have lattice parameters that are calculated to be 18.894 Bohr, 18.870 Bohr
and 18.878 Bohr with rhombohedral angles of 78.371

◦, 78.680
◦ and 78.339

◦.
As seen on table 5.2, the rhombohedral total energy of Ba3Si6O12N2:-

Eu1 is 0.145 eV lower than in Ba3Si6O12N2:Eu2. This means that the
europium atom will preferably substitute the barium that is octahedrally
surrounded by six oxygen atoms. Indeed, as seen on table B.2, the Ba-O
bond lengths are smaller at this site than in the other non-equivalent
sites. As a result, the europium substitution will naturally go inside the
smaller site that will generate the least distortion of the global crystal.
As a matter of fact, we will see later in this thesis that the luminescent
active center is indeed Ba3Si6O12N2:Eu1.

For the other BSON compound, Ba3Si6O9N4:Eu3 has the lowest en-
ergy with a 0.063 eV lower than Ba3Si6O9N4:Eu1, which has the second
lowest energy. This energy difference is rather small and amounts to
1.453 kcal/mol which is above the chemical accuracy of 1 kcal/mol but
can still be considered rather close. It is therefore somewhat difficult to
discuss the stability of the three substitutions and we will see later that
the only luminescence center occurs in Ba3Si6O9N4:Eu1.

The rhombohedral supercell electronic bandstructures, computed at
these relaxed ground-state lattice parameters, are shown on figure B.6.
The T − Γ bandgap is 4.587 eV and 4.596 eV with an additional 0.197 eV
and 0.184 eV for the Γ − Γ bandgap of the Eu1 and Eu2 substitution of
Ba3Si6O12N2, respectively. The T − Γ bandgaps in Ba3Si6O9N4 are cal-
culated to be 4.342 eV, 4.354 eV and 4.478 eV with an additional 0.072 eV,
0.068 eV and 0.084 eV for the Eu1, Eu2 and Eu3 substitution, respectively.
Those bandgaps are very close to the primitive cell ones (within ~3%) as
expected. Equally expected, there are 6 valence nitrogen bands, three
times more than the primitive cell shown on figure B.5.

Keeping in mind that our goal is to provide quantitative first-principles
based answer to the unknown gaps presented in figure 0.5 of the in-
troduction, we would like to describe the 4f states as well. To do that,
we have performed another rhombohedral electronic bandstructure cal-
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culation with the 27 electrons pseudopotential but at the lattice and
atomic position obtained with the 10 electrons pseudopotential. The elec-
tronic bandstructure of the five ferromagnetic (7µB) europium-doped
compounds were computed using spin-polarized GGA+U calculation
by applying a U value of 7.5 eV and a J value of 0.6 eV on the 4f states
only. They are shown on figure 5.3. The only purpose of these two fitting
parameters U and J are to localize the 4f states enough so that they lie
within the bandgap of the host materials, as expected from experiment.
We have checked that significant deviation (±1eV) around the U value
had no noticeable effect on all the other bands.

The electronic bandstructure corresponding to the absorption of light
is the one obtained by making an electronic bandstructure calculation
at the relaxed atomic position computed here and by promoting one of
the seven electrons from the 4f band to the 5d conduction band. The nat-
ural way to achieve this goal is by solving the Bethe-Salpeter equation
(BSE) [23] that correctly treats the electron-hole interaction in a many-
body framework. Unfortunately, such a refined theory is computation-
ally out of reach. We therefore have used an alternative schemes to try
to reproduce such result at a cheaper computational cost. This scheme
is called the core-hole approach and will be described in section 5.4.1.

Finally, the electronic structure corresponding to the luminescence pro-
cess (emission) is obtained by letting the atomic position and/or lattice
parameters relaxed in their excited state. This will be presented in sec-
tion 5.5.

5.3 stokes shift

The Stokes shift, named after Irish physicist George G. Stokes, is the dif-
ference (in wavelength or frequency units) between positions of the band max-
ima of the absorption and emission spectra (fluorescence and Raman being two
examples) of the same electronic transition [192]. When a system absorbs a
photon, it increases its energy and goes into an excited state. This ex-
cited system can relax by emitting a photon or through vibrations (heat
energy losses). If the emitted photon has less energy than the absorbed
one, this energy difference is called the Stokes shift.

In our case, the Stokes shift is the energy difference between the center
of Eu2+ 4f→5d absorption peak and the 5d→4f emission peak at the
excited state atomic coordinate [193]. This can be seen using the single
configurational coordinate model depicted in figure 5.4. This diagram
shows the total energy (electronic and ionic) of the BSON compounds
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Total energy of the hexagonal primitive cell [Ha]

Ba3Si6O12N2:Eu2+ Ba3Si6O9N4:Eu2+

Case Eu1 Eu2 Eu1 Eu2 Eu3
GS −604.320 652 −604.308 028 −575.846 798 −575.847 903 −575.851 566

Exc −609.685 594 −609.543 707 −581.204 068 −581.188 567 −581.198 239

Exc* −609.691 848 −609.647 431 −581.220 338 −581.219 972 −581.233 987

GS* −604.313 463 −604.284 122 −575.828 274 −575.799 952 −575.802 215

∆Estokes
2950 cm−1

28011 cm−1
7636 cm−1

17416 cm−1
18677 cm−1

∆Estokes*
3156 cm−1

5247 cm−1
8131 cm−1

21048 cm−1
21663 cm−1

Total energy of the rhombohedral supercell [Ha]

GS −2408.536 901 −2408.531 555 −2323.139 501 −2323.138 339 −2323.141 829

Exc −2406.826 520 −2406.801 030 −2321.443 511 −2321.439 384 −2321.451 666

Exc* −2406.844 042 −2406.818 158 −2321.460 989 −2321.456 574 −2321.469 623

GS* −2408.493 067 −2408.495 914 −2323.098 646 −2323.101 977 −2323.103 974

∆Estokes
13466 cm−1

11581 cm−1
12803 cm−1

11753 cm−1
12249 cm−1

∆Estokes*
19241 cm−1

15644 cm−1
17933 cm−1

15961 cm−1
16616 cm−1

∆Eexp
2790 cm−1

3230 cm−1

Table 5.2: Total energy of the different cases reported on figure 5.4. The Stokes shift
∆Estokes is computed using Eq. (5.2) and ∆Estokes* using Eq. (5.3). For the hexagonal
primitive cell, the 10 electrons pseudopotential for europium is used both to compute
the relaxed atomic positions and the total energy while for the rhombohedral supercell,
the 10 electrons pseudopotential is used to compute the relaxed atomic positions but
the total energy is computed with the 27 electrons pseudopotential. The experimental
Stokes shifts are from Refs [5, 9]. More information is available in the text.

with the Eu2+ in their ground state (curved labeled "4f") and the BSON
compounds with the Eu2+ in their first excited state (labelled "5d"), as a
function of the generalized configurational coordinate X. This coordinate
is made of any relevant combination of ionic degrees of freedom of the
BSON system. The horizontal lines in the 4f and 5d curves indicates
allowed phonon states of the system.

The fact that the equilibrium configuration of the BSON system de-
pends on the state (ground-state or excited) of the electronic configura-
tion of the compounds is represented by the two equilibrium configura-
tions X0 and X∗0. After the rapid (~0.1 fs) excitation of the europium ion,
E0 → E1, the system will be out of thermal equilibrium and will relax
quickly (~1 ps) from configuration X0 toward X∗0.

The system will then undergo a radiative transition from E2 → E3.
This transition occurs on a longer time scale (~>1 ns) that allows the
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Figure 5.4: Single configurational diagram where the different cases (ground-state (GS),
excited-state (Exc), excited-state at relaxed atomic position (Exc*) and ground-state at
the relaxed excited atomic position (GS*)) treated in this chapter are presented.

ions to move in this excited state. It is nonetheless usually admitted that
such a time scale is not long enough to have a change of the full lattice
parameters (the crystal volume will stay almost constant).

Finally, after the radiative transition, the system will be once again
out of thermal equilibrium in E3 and relax from X∗0 back to the initial
configuration X0. From this global process, the Stokes shift is

∆Estokes = (E1 − E0) − (E2 − E3). (5.2)

Since the ab-initio excited state calculations have additional approxima-
tions with respect to the ground-state ones, we can use an approximated
formula that does not use these states and assume that the ground state
and excited state parabola have the same curvature

∆Estokes* = 2(E3 − E0). (5.3)

We have already studied the GS in section 5.2 and will now study the
other three cases in the two next sections.

Before studying in detail all the different cases using the Abinit soft-
ware, we will estimate the Stokes shift for the five non-equivalent BSON
substitutions. The total energy of the different cases, computed with
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Abinit after structural relaxation, are reported together with the Stokes
shift in table 5.2.

As mentioned in the introduction of the thesis, the experimental Stokes
shifts for Ba3Si6O12N2:Eu2+ and Ba3Si6O9N4:Eu2+ are 2790 cm−1 and
3230 cm−1, respectively. As can be seen on table 5.2, the calculated
Stokes shift overestimate the experimental one quite substantially. At
this stage (we will come back to it later), it is difficult to discuss the
comparison of our theoretical results with the experimental ones.

5.4 europium-doped excited state calculations

The absorption process occurs through the Eu2+ parity-allowed elec-
tronic dipole transition (4f7 →4f65d1). The excited electron goes from
a very spatially localized 4f states to a more delocalized 5d level. Since
the 5d are more delocalized, they will react more strongly to the electric
field of the point charges around the europium atom. If the negative
charges around the europium atom were spherically symmetric, all the
five orbitals would be equally affected. In a real crystal, this is never
the case since the negative charges occupy specific positions. As already
mentioned previously, the substitutional Eu1 atom in Ba3Si6O12N2 is
surrounded by six oxygen atoms that form an octahedron (Oh point
group). The substitutional Eu2 atom is surrounded by six oxygen atoms
and a nitrogen atom that form a monocapped octahedron (C3v point
group).

In the case of the octahedral position of the charges around the eu-
ropium atom, there is a splitting of the d levels into a doublet Eg (dz2
and dx2−y2 orbitals) and a triplet T2g (dxy, dyz and dxz orbitals). The
Eg and T2g refer to symmetry associated with the orbitals. The E and
T mean a doubly or triply degenerated representation and g means an
even (from the German gerade) parity of the wavefunction through an
inversion centre. Finally, the 2 refers to the fact that the orbital is sym-
metric with respect to a C2 axis perpendicular to the highest symmetry
axis.

For the monocapped octahedron case, there is a splitting of the d lev-
els into one singlet with A1 symmetry (dz2) and two doublet with E
symmetry (dxy and dyz for the first doublet, dxz and dx2−y2 for the
second). The A symmetry denotes that the wavefunction is symmetrical
upon a rotation of the principal axis and the index 1 refers to the fact
that the wavefunction has an even parity upon mirror reflection.
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Figure 5.5: Schematic (adapted from Ref. [194]) of the Eu5d level splitting due to the
crystal field of the two inequivalent substitutions in the Ba3Si6O12N2:Eu2+ compound.
The centroid shift is the barycentre of the slitted states.

A schematic drawing of this splitting is provided on figure 5.5. Since
group theory does not provide information about the value of the en-
ergy difference between split levels or the order of the levels, we de-
cide to order them according to the result of the ab-intio calculations
made in section 5.4.1 (the A1 band has lower energy). As will be seen in
the next section, the substitutional Eu1 atom in Ba3Si6O12N2 is not ex-
actly surrounded by atoms that preserve the octahedral symmetry (long
ranged interactions with other atoms, positioned around the oxygen
cage). Therefore this substitution also shows C3v point group symme-
try and therefore leads to one A1 and two doubly degenerate E states.

The case of Ba3Si6O9N4:Eu2+ is rather similar. If we take the clos-
est atom around the europium substitution, the Eu1 and Eu3 are sur-
rounded by an oxygen octahedron and the Eu2 by a monocapped octa-
hedron. Due to atoms located slightly further, the pure octahedral sym-
metry is lost and the three cases have C3v point group symmetry with
A1 and two doubly degenerate E states.

5.4.1 The core-hole approach

The idea of the so-called "core-hole" approach is to mimic the effect of a
core-hole interaction (exciton) through the creation of a pseudopotential
where the 4f electrons are frozen in the core state with a hole. This means
that one electron from the 4f core states was removed and that a unitary
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homogeneous negative charge must be added during the calculation to
preserve charge neutrality. Such a pseudopotential was generated by X.
Gonze using ATOMPAW [164] with the same input parameters as for
the previously used PAW GGA-PBE pseudopotentials (also including
the 4d states as core states to lower the computational cost of such pseu-
dopotential). This new PAW atomic dataset has the following valence
states: 5s25p66s2 but is different from the 10 electrons pseudopotential
presented in section 5.2 as one 4f core electron is removed from the pseu-
dopotential.

Such core-hole approach is not new and has been used by other groups
to estimate the effect of core-hole interaction (see for example Ref. [195]).
As a matter of fact, the core-hole approach is an approximation to the
BSE. Indeed, without going too deep into the detail of the BSE (for that,
see for example the review of G. Onida et al. [23]), the key quantity to
compute the two-particle excited-states is the polarizability L

L(1234) = L0(1234) + L0(1256)Ξ(5678)L(7834), (5.4)

where L is the four-point polarization and L0 is the independent particle
polarizability. Also, the Bethe-Salpeter kernel Ξ contains the electron-
hole exchange contribution v and the electron-hole attraction −W

Ξ(5678) = v(57)δ(56)δ(78) −W(56)δ(57)δ(68), (5.5)

where the associated graphical representation in terms of Feynman dia-
gram is given in figure 5.6.

As seen in Eq. (5.4), the Bethe-Salpeter kernel Ξ is made of two terms
that can be written, within the Tamm-Dancoff approximation where only
positive energy electron-hole pairs (vc), (v ′c ′) contributes [196], as a non-
screened exchange repulsion term (here written in the transition space
with the factor "2" due to spin degeneracy)

v(vck)(v ′c ′k) =
2

V

∑
G6=0

v(G)
〈
Ψck

∣∣eiG·r∣∣Ψvk
〉〈
Ψv ′k ′

∣∣e−iG·r∣∣Ψc ′k ′〉, (5.6)

where v = 4π
|G2| is the bare Coulomb interaction, v denotes the valence

bands and c the conduction ones. The second term in the Bethe-Salpeter
kernel describes the electron and hole interaction through a screened
Coulomb attraction interaction

W(vck)(v ′c ′k) =
2

V

∑
G1G2

WG1G2(q)〈
Ψv ′k ′

∣∣ei(q+G1)·r
∣∣Ψvk

〉〈
Ψck

∣∣e−i(q+G2)·r
∣∣Ψc ′k ′〉δq,k−k ′ , (5.7)
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Figure 5.6: The Bethe-Salpeter equation (BSE) in terms of Feynman diagrams. The Bethe-
Salpeter kernel Ξ is the sum of a bare exchange repulsion term and a screened Coulomb
interaction. Courtesy of M. Gatti (TDDFT school).

where WG1G2(q) =
4πε−1G1G2(q)
|q+G1||q+G1|

is the screened Coulomb interaction and

ε−1G1G2
(q) the inverse dielectric constant.

This second term is correctly accounted for in the core-hole technique
because the change of the electronic potential resulting from the hole in
the pseudopotential is computed self-consistently within DFT (screened
electron-hole interaction). In contrast, the exchange term Vxc within DFT
is only a one-point function and therefore does not have the good form
to reproduce the four-point kernel function of the BSE.

To evaluate the crudeness of the core-hole approach, we have per-
formed a BSE calculation on the Ba3Si6O12N2:Eu1 compounds only, us-
ing a modified version of Abinit3 that neglects the screened Coulomb
term and only computes the exchange one. This calculation showed that
the effect of the exchange could be as large as 0.25 eV but the lowest
transitions are nearly unaffected (0.02 eV). This result was considered
satisfactory and validates the core-hole approach.

Firstly, we decided to make an europium-doped calculation at the un-
doped lattice parameters and atomic positions to be able to compare
the bandstructures with the undoped ones. Additionally, we have com-
puted the G0W0 corrections to the DFT eigenenergies using the same
convergence criteria and energy-dependent polynomial fit to the G0W0
eigenenergies as described in section 4.2.

3 This modified version is a courtesy of M. Giantomassi, to whom we are indebted.
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Figure 5.7: [Exc] G0W0 electronic bandstructures of the Ba2Si6O12N2 and Ba2Si6O9N4
compounds as well as the doped ones in the core-hole approach. All the calculations are
made at the undoped relaxed lattice parameters. The grey lines correspond to the un-
doped cases, the black lines correspond to the Ba3Si6O12N2:Eu1 and Ba3Si6O9N4:Eu2
cases, the red lines to the Ba3Si6O12N2:Eu2 and Ba3Si6O9N4:Eu3 cases, finally the blue
lines correspond to the Ba3Si6O9N4:Eu1.

We happily found out that the core-hole methods correctly localized
the 5d state inside the bandgap of the host materials. The resulting band-
structure can be seen on figure 5.7 along with the undoped cases (grey
lines), already presented in figure 4.3. The different energy polyfits used
to make the five bandstructures are presented in figure 5.8.

The black G0W0 bandstructures in figure 5.7 correspond to the Ba3Si6-
O12N2:Eu1 and Ba3Si6O9N4:Eu2 cases, the red lines to the Ba3Si6O12-
N2:Eu2 and Ba3Si6O9N4:Eu3 cases and finally the blue lines correspond
to the Ba3Si6O9N4:Eu1 case. The exact G0W0 band positions as well as
their DFT values are given in table B.3 using the same color code. A first
important result that we can draw from this sets of bandstructures is the
fact that Ba3Si6O12N2:Eu1 and Ba3Si6O9N4:Eu1 seem to have the lowest
5d state and therefore be the luminescence centers. From the introduc-
tion and specifically figure 0.3, it was experimentally expected from the
rather small FWHM that both compounds only had one luminescence
center.
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(a) Ba3Si6O12N2:Eu1.
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(b) Ba3Si6O12N2:Eu2.
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(c) Ba3Si6O9N4:Eu1.
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(d) Ba3Si6O9N4:Eu2.
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(e) Ba3Si6O9N4:Eu3.

Figure 5.8: The different energy polyfit used for the europium-doped electronic band-
structure of figure 5.7.

Some experimentalists hypothesized that the Ba3Si6O12N2:Eu2 case
might be the luminescent one due to its proximity to a nitrogen atom.
This prediction relies on the conventional idea that oxynitride/nitride
materials may be advantageous for long wavelength excitations (by blue
or nUV light) owing to their stronger covalency than ordinary oxides. It
is believed that the strong covalency due to ligand N−3 ions may induce
large centroid shift of the 5d levels. A large centroid shift is related to
a strong nephelauxetic effect or in other word a strong electronic cloud
expansion. Actually, as shown by M. Mikami and N. Kijima [174], the
meaning of "covalency" is rather vague due to the lack of a quantitative
definition and having strong covalent bonds does not necessarily mean
having a large electronic cloud expansion.

Confirming the findings of M. Mikami and N. Kijima, the first set of
ab-initio core-hole calculations made here seems to point out that the
position of the Eu5d states are strongly dependent on the Eu-O bond
length: the closer the oxygen atoms, the stronger the potential felt by the
europium. The Eu5d bands are higher in energy in the Ba3Si6O12N2:Eu2
case because the nitrogen tends to repel the oxygen atoms.

Concerning the effect of the doping concentration, we first studied a
1x1x2 supercell (17% doping) at the undoped relaxed atomic position
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Figure 5.9: Brillouin zone of the hexagonal lattice with the Γ-M-L-A-Γ-K-H-A high sym-
metry path highlighted.

and the associated electronic bandstructures are shown on figure B.7.
From these calculations, we make the following observations:

• the Eu5d bands flatten with respect to the primitive cell calculation.

• The correct folding behavior of the supercell is observed (e.g. the
segment A-L of the primitive cell figure 5.7 is correctly folded in
Γ -M taking into account slight changes due to the change of eu-
ropium concentration, also see the Brillouin zone of the hexagonal
lattice figure 5.9 for more information).

• There are only two nitrogen bands at the valence band level in the
1x1x2 supercell. These two nitrogen bands are the one located far
from the europium atom and therefore do not feel it. The other
two bands close to the europium atom are deeper in energy in the
valence bands. This explains why the valence band to Eu5d gap
appears to decrease in the supercell calculation.

• The increased gap between the Eu5d states and the bottom of the
conduction band could be explained by the fact that the electrons
in the conduction states feel an average periodic potential from
the europium atoms that interact with each other in the primitive
cell. In the supercell calculations, the europium atoms are further
apart and this generates a larger energy difference and therefore
experience a stronger potential.

The second natural step is to make the core-hole calculations at the
europium-doped ground-state relaxed lattice parameters and atomic po-
sitions as described in the previous section 5.2.

These calculations lead to the electronic bandstructures presented in
figure B.8. With respect to the calculations made at the host atomic po-
sition, the fact that the Eu5d states in Ba3Si6O12N2:Eu1 are lower in
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energy than Ba3Si6O12N2:Eu2 is less clear. We hypothesized that this
could be due to the too high doping.

We therefore decided here to make a rhombohedral supercell calcu-
lation (11% doping). The advantage of such a supercell is that the eu-
ropium is far from any other europium replica (in opposition to a 1x1x2

supercell). The corresponding electronic bandstructures are presented
on figure B.9 where the two luminescent centers can be clearly identi-
fied (the two Eu1 doped compounds). We therefore deduced that indeed
the fact that Eu5d had almost the same energy in Ba3Si6O12N2:Eu1 and
Ba3Si6O12N2:Eu2 in figure B.8 was due to the too high doping. We also
observed the expected flattening of the Eu5d bands within the rhom-
bohedral supercell and the expected number of nitrogen bands at the
valence band level (three times more than the primitive case).

One of the main drawbacks from the core-hole approach is the fact that
we loose all the information about spin. Due to the ferromagnetic nature
of the europium-doped BSON compounds, such description might be
important.

5.4.2 The depleted-shifted 4f approach

As done in section 5.2, we can use the pseudopotential with 27 valence
electrons and a GGA+U methodology with the same value and compute
the electronic bandstructure with the relaxed lattice and atomic param-
eters of the ground-state with the 10 electrons pseudopotentials. Since
we now treat the 4f states explicitly in the calculations, we can remove
one of the seven electrons from the 4f states and place it in the Eu5d
state. This approach is based on constrained DFT (CDFT) that has been
applied successfully to a wide range of materials [197, 198, 199, 200].
The idea behind CDFT is that we can create a density functional with
a given desired constrain on the charge density (like localizing an elec-
tron in a particular orbital). Such constrain can be obtained by introduc-
ing an appropriate external potential in the Kohn-Sham equations [201].
For rare-earth doped solid-state compounds, the group of Canning were
the first to use successfully CDFT to study the luminescence in Ce-
doped [202, 203] and Eu-doped [204] inorganic scintillators. They stud-
ied a family of Ce- or Eu-doped scintillators to see whether their (Ce3+)*
excited states4 were lying below the conduction band minimum (CBM)
or not.

4 The (Ce3+)* excited state usually have an atom-like Eu5d shape if not hybridized with
the conduction band of the host material.
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Figure 5.10: [Exc] Electronic bandstructure of the rhombohedral supercell calculations
computed with the 27 electrons pseudopotential at the ground-state atomic position
computed with the 10 electrons pseduopotential. The doped elements are computed on
the cell and atoms relaxed in the ground-state. They all are calculated on a 2x2x2 shifted
1/2 in all direction k-points grid and with a 30 Ha energy cut-off for the Ba3Si6O12N2
and 35 Ha for the Ba3Si6O9N4 compounds. An additional potential energy shift of
0.3 Ha was added to the 4f states (applied to both the spin up and spin down channels).

For stability of the self-consistent cycle in the Abinit software, we have
removed one seventh of an electron on each of the seven 4f states and
added only 6/7 of an electron to the lowest Eu5d band and twice 1/14 in
the two degenerate next ones. In this way, the occupation of the bands
always decreases with increasing energy of the europium bands. The
problem with such approach is that this kind of calculation suffers from
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non-physical self-interaction of the excited electron. This will overscreen
the electronic properties and push the 5d too high in energy.

We therefore propose an hybrid method trying to mimic the core-hole
approach. In this approach, we remove one electron from the 4f states
and place it as a homogeneous background compensation charge. This
corresponds to an ionization of the totally delocalized electron as in the
core-hole approach. In this way, we do not suffer from the spurious self-
interaction but we are missing the force acting on the atoms coming
from the electron in the Eu5d state5. Moreover, the use of GGA+U was
not enough to localize the Eu4f states inside the bandgap when an elec-
tron is removed. An additional atomic potential energy shift of 0.3 Ha
had to be applied on the Eu4f states (through the Abinit input variable
atvshift). This fitting parameter is not ab-initio but nor is the +U term
already applied to these states. Since this additional atomic potential
is applied in the same way for the five cases, we can still discuss the
relative difference between them. We propose the name depleted-shifted
4f approach for our hybrid method as we remove one electron from the
4f states (depleted) and we apply an additional atomic potential energy
(shifted) to those 4f states.

The electronic bandstructures of the rhombohedral europium-doped
supercell computed at the ground-state atomic positions with the elec-
tron put as a uniform background compensation charge are shown on
figure 5.10. We can see that these results, for the spin-up channel, are ex-
tremely similar to those obtained in the core-hole approach in figure B.9
with the additional advantage of having the spin information. This fol-
lows from the fact that depleted-shifted 4f approach with the electron
uniformly delocalized as a background compensation charge is equiva-
lent to the core-hole methodology, except for the spin-polarization and
the fact that in this case the hole in the Eu4f is explicitly calculated and
could depend on the chemical surrounding whereas in the core-hole
case, the hole was frozen in the pseudopotential. As we have just seen
comparing figure 5.10 and B.9, this effect is weak because the Eu4f states
are very localized and therefore depend weakly on their surrounding.

Finally, it must be noted that Yan et al. [205] have also successfully
localized the 5d states below the conduction band minimum of the host
using yet another approach: hybrid functionals. This interesting route
was not studied here but would be worth investigating in a future work.

5 After different tests, it was concluded that this missing force acting on the atom was a
less stringent approximation than the self-interaction issue from CDFT.
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5.5 importance of the atomic relaxation

When a photon interacts with an electron from the Eu4f states, it can
transfer its energy to it and promote the electron into an excited Eu5d
state. The electronic transition is an absorption of one photon and has
been described in the two preceding sections. The excited electron will
impact its surrounding and atoms will move as the result of electrostatic
interaction. The electron will then re-emit a photon and go back to its
ground state. If the electron stays a very short amount of time in its
excited state, it will only affect the atoms around him and the lattice
parameters of the crystal will not change very strongly. We will therefore
only consider atomic relaxation at fixed lattice parameters.

The electronic bandstructures computed with the core-hole pseudo-
potential at fixed lattice parameters but relaxed atomic positions (see
the Exc* position on figure 5.4) is given in figure B.10 for the hexago-
nal primitive cell. Important changes with respect to the Exc position
of figure B.8 indicates that an excited state structural relaxation is cru-
cial. For that reason, the analysis of selected bond-lengths is presented
in table B.4. The table shows that the contraction of the oxygen cage
around the europium can be for some bonds extremely important with
up to 16% contraction of the Eu-O bond length with respect to the un-
doped case. This level of additional contraction is well in line with the
change of cation radii associated with the change of oxidation state for
the europium atom that we describe. Indeed, the experimental europium
cation radii goes from 131 pm for Eu2+ to 108.7 pm for Eu3+ [206].

The analysis of the wavefunctions squared (density) at Γ for different
bands revels the character of the bands. For example, the density of
the lowest conduction band at Γ for Ba3Si6O12N2:Eu1 in figure B.10

forms clear channels along the c axis between all the Eu1 equivalent
atoms in a manner very similar to figure 4.5a. Some of the density is
also spherically located around the oxygen and nitrogen atoms, hence
the denomination Eu5d-Os-Ns for this (europium dominant) hybridized
state in figure B.10. The bottom of this hybridized state to the CBM gap
is 1.23 eV. In contrast, the lowest dispersive band in Ba3Si6O12N2:Eu2 is
an hybridized Os-Ns state with no europium character. The almost flat
band above it is an almost atomic like europium 5d state. This clearly
shows that this europium substitution is not luminescent because the
radiative emission from the europium 5d→4f transition will not occur
as the excited electron will relax in the bottom of the conduction band
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Figure 5.11: [Exc*] Spin-polarized rhombohedral electronic bandstructure supercell in
the depleted-shifted 4f approach with the removed electron put as background com-
pensation charge. The europium-doped compounds are computed at the ground-state
relaxed lattice parameters presented in section 5.2 but with the atomic position relaxed
in the excited states. An additional atomic potential energy shift of 0.3 Ha had to be
applied on the Eu4f states.

or will, preferably, transfer to the Eu1 substitution with a much lower
energy for the lowest 5d state.

A very similar argument holds for the Eu1 substitution in Ba3Si6O9N4
versus the two others. In this case, the lowest state is strongly atom-like
with a clear Eu5d

z2
character. Such band is not completely flat because

this hexagonal primitive cell has a large doping concentration of 33%
and the europium replicas interact with each other. The Eu5d

z2
to CBM

gap is smaller with a value of 0.74 eV.
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We therefore conclude that the two Eu1 substitutions in Ba3Si6O12N2
and Ba3Si6O9N4 are the only luminescent centers, as expected from
the small FWHM from experiment (see figure 0.1). The fact that the
5d to CBM gap is 0.49 eV smaller in the Ba3Si6O9N4 case agrees with
the Dorenbos model and indicate a stronger thermal quenching in this
compound. Nonetheless, from the Dorenbos empirical formula, we ex-
pect the gap to be around 0.6 eV for Ba3Si6O12N2:Eu1 and 0.2 eV for
Ba3Si6O9N4. It is reasonable to expect a flattening of the localized states
with decreasing europium doping.

We thus present the relaxed rhombohedral supercell bandstructure
in figure B.11 using the core-hole pseudopotential and with lattice pa-
rameters constrained to the ground state value computed in section 5.2.
Quite unexpectedly, the CBM in Ba3Si6O9N4:Eu2 and Ba3Si6O9N4:Eu3
posses a very delocalized density with some density around the eu-
ropium atom. We nonetheless believe that such delocalized state play
a very weak role in the emission process and are non-luminescent cen-
ters.

Such consideration aside, we found out that the two gaps are 1.27 eV
and 0.9 eV for Ba3Si6O12N2:Eu1 and Ba3Si6O9N4:Eu1, respectively (the
second lowest conduction band is also mainly attributed to europium
5d orbital).

As a matter of fact, if we took a supercell twice as big as the rhom-
bohedral one (5.5% doping), we would reach the experimental doping
concentration. Such calculation has not been attempted due to compu-
tational limitations. We expect the lowest conduction band attributed to
europium 5d level to flatten even more. If we hypothesized that the flat-
tening will occur at the average value of the still relatively dispersive 5d
band in figure B.11, the two gaps should shrunk down to 0.96 eV and
0.62 eV for Ba3Si6O12N2:Eu1 and Ba3Si6O9N4:Eu1, respectively.

To have the spin information as well as the position of the 4f states,
we performed spin-polarized rhombohedral bandstructure calculations
using the 27 electrons pseudopotential and the same U and potential
shift values as presented in the previous section. The bandstructures
are shown on figure 5.11. The most important fact to notice here is
that the 4f states went up by 2.5 eV for Ba3Si6O12N2:Eu1 and 1.5 eV
for Ba3Si6O9N4:Eu1 due to atomic relaxation (see figure 5.10). Let us
remind that although the absolute position of the 4f state has been ar-
bitrary set by the U value and the potential shift, the comparison made
here is relevant since the only difference between the Exc and Exc* cal-
culations are the atomic positions. Moreover the 5d to CBM gaps are
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here much larger than in figure B.11 because of the additional 0.3 Ha
potential shift applied on the 4f states that pull the 5d states down. We
will therefore not discuss such gaps here. We will only notice the fact
that the lowest conduction bands of the three non-luminescent centers
are spin degenerate because those delocalized states are far from the eu-
ropium atom and therefore do not react to its magnetic moment. This
strengthen our conclusion about the Eu1 substitution being the only lu-
minescent centers in both compounds.
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Figure 5.12: [GS*] The ground-state electronic bandstructure of the europium-doped
elements are computed at the ab-initio relaxed parameter of the excited state with the 10

valence electrons pseudopotential in the rhombohedral supercell. The black line shows
the spin up component and the red line the spin down.
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Finally, figures B.12, B.13 and 5.12 show the ground state electronic
bandstructures computed at the atomic positions relaxed with the core-
hole pseudopotential with the lattice parameters constrained to the gr-
ound-state values for the primitive hexagonal, core-hole rhombohedral
and spin-polarized rhombohedral cases, respectively. The position of
the 4f states with respect to the GS of figure 5.3 increase by 1.4 eV for
Ba3Si6O12N2:Eu1 and by 1.25 eV for Ba3Si6O9N4:Eu1. This last set of
bandstructures closes the loop presented on the cartoon 5.4 and allows
for the calculation of the Stokes shift that we made there. The Stokes
shifts on the rhombohedral supercell reported there quite overestimate
the experimental values. We found out that the Stokes shift was not only
sensitive to atomic positions but also to the pseudopotential choice (10

electrons versus 27 electrons)6. We did not investigate the matter further
as the hexagonal primitive cell lead to acceptable results for the two
luminescent centers.

From the analysis of the atomic relaxation, the main result is the fact
that Ba3Si6O12N2:Eu1 and Ba3Si6O9N4:Eu1 appears to be the only lu-
minescent centers with their Eu5d states lower in energy than their sub-
stitutional counterpart. This is well in line with the experimental fact
that the FWHM are narrow for both europium-doped BSON compounds.
Moreover, the Dorenbos scheme seems to be strengthen.

In contrast with previous published studied on the subject (see Refs.
[202, 203, 204]), we have here performed the atomic relaxation associated
with the Stokes shift. We firmly believed that such relaxation is crucial
to describe correctly the emission process and should be performed.

5.6 effect of spin-orbit coupling

In this section, we investigate whether spin-orbit coupling is important
is such BSON compounds. As spin-orbit coupling in PAW+U is currently
still in development in Abinit (version 7.10), we decided to use the Vi-
enna ab-initio software package (VASP) [207]. For these calculations we
decided to only focus on the Eu1 substitution of Ba3Si6O12N2 and to
use the VASP provided PAW pseudopotentials [163]. The main differ-
ence with Abinit is that the VASP europium pseudopotential only con-
tains 17 electrons as valence state (5s2 5p64f76s2) and the barium only

6 Indeed, we have tested that computing the Stokes shift with the exact same atomic
position but different pseudopotential lead to Stokes shifts that are not rigidly shifted
up or down but take different values for different substitutions.



“main_corr” — 2015/1/7 — 18:40 — page 140 — #156

140 europium-doped bson

10 (5s2 5p66s2). For the VASP calculations the same U and J parameters
of 7.5 eV and 0.6 eV were applied.

The electronic bandstructure of Ba3Si6O12N2:Eu1 calculated with VASP
version 5.2.12 at the ground-state atomic position and lattice parameter
obtained with Abinit are presented with and without spin-orbit cou-
pling in figure 5.13.
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Figure 5.13: [Case 1B] Electronic bandstructure of Ba3Si6O12N2:Eu1 calculated with
VASP 5.2.12 at the ground-state atomic position and lattice parameter obtained with
Abinit. The same U and J parameters of 7.5 eV and 0.6 eV are applied to the calculation.

Direct comparison with figure 5.3a reveals that the Eu4f are lower in
energy and more dispersive than Abinit with a dispersion of 0.24 eV
compared to 0.17 eV in Abinit. The spin-orbit coupling lift the degen-
eracies and the Eu4f becomes even more dispersive with a spread of
0.56 eV.

The Abinit A − Γ gap from figure B.5 goes from 4.566 eV in Abinit to
4.429 eV in VASP and the Γ − Γ ones from 4.596 eV in Abinit to 4.634 eV
in VASP. The inclusion of spin-orbit coupling leads to no noticeable dif-
ference on all the other bands except the 4f. We hypothesize similar
behaviour for the other four BSON compounds and safely neglect it in
our calculations.

5.7 glimpse at the zpr of undoped bson compounds

In this last section of the last chapter of this thesis we will finally use the
knowledge gained in Part I and apply it to the challenging BSON com-
pounds. Since the temperature dependence with PAW pseudopotential
is not coded yet inside Abinit, we used norm-conserving pseudopoten-
tials.
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The barium, silicon, oxygen and nitrogen norm-conserving pseudopo-
tential were generated using the fhi98PP code [105] with a 1.0247 atomic
unit cut-off radius for pseudization. Both of them are Troullier-Martins
pseudopotentials with the Perdew-Burke-Ernzerhof parametrization of
the generalized gradient approximation [107] for the exchange-correlation
functional.

The valence electrons of barium, silicon, oxygen and nitrogen, treated
explicitly in the ab-initio calculations, are the 6s2, 3s23p2, 2s22p4 and
2s22p3 orbitals, respectively.
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Figure 5.14: The static temperature dependence of the LUMO at Γ for the two undoped
BSON compounds is integrated over a 4x4x4 q-point grid with an iδ = 100 meV . The
slopes at high temperature are -0.391 meV/K and -0.377 meV/K for Ba3Si6O12N2 and
Ba3Si6O9N4 , respectively.

Noticeably, we decided not to use the semi-core version of the barium
pseudopotential to decrease the computational load.

Convergence study (error below 0.5 mHa per atom on the total en-
ergy) leads to the use of a 2x2x2 Γ-centred Monkhorst-Pack k-point sam-
pling [101] of the Brillouin zone and an energy cut-off of 35 Hartree for
the truncation of the planewave basis set for Ba3Si6O12N2 and Ba3Si6O9-
N4.

DFT structural relaxation of both compounds to maximal forces be-
low 5e−5 Ha/Bohr leads to lattice constants of a = 14.393 Bohr and c =
12.630 Bohr for Ba3Si6O12N2 and a = 13.895 Bohr and c = 13.218 Bohr
for Ba3Si6O9N4. With respect to the relaxed lattice parameter obtained
using PAW and semi-core states for barium presented in section 4.3, the
a parameter is 0.1% and the c parameter is 2% larger for Ba3Si6O12N2.
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ZPR [meV]

q-grid Gap Static Non-adiabatic Experimental

α-AlN 34x34x34 Γ − Γ -429±58 (50) -369 (0.01) -239 [115]

β-AlN 63x63x63 Γ − Γ -427±59 (50) -386 (10)

Γ − X -352±54 (50) -311 (0.01)

Ba3Si6O12N2 4x4x4 Γ − Γ -149 (100) -321 (100)

A − Γ -379 (100) -330 (100)

Ba3Si6O9N4 4x4x4 Γ − Γ -129 (100) -225 (100)

M − Γ -324 (100) -327 (100)

c-BN 63x63x63 Γ − Γ -514±157 (50) -461 (50)

Γ − X -470±67 (50) -385 (0.01)

C 125x125x125 Γ − Γ -421±118 (50) -409 (50) -320 [93]

-450 [93]

Γ − 2
3X -366±60 (50) -334 (50) -364 [25]

Si 63x63x63 Γ − Γ -43±26 (50) -42 (50)

Γ − 2
3X -61±30 (50) -59 (50) -62 [25]

-64 [25]

Table 5.3: ZPR for the different studied compounds. The two experimental results for
the direct bandgap renormalization of diamond from Ref. [93] are extracted using first
or second-derivative line-shape analysis. The two experimental ZPR for the indirect
bandgap of silicon from Ref. [25] are obtained from mass derivative of the gap and from
linear extrapolation to 0 K.

In the case of Ba3Si6O9N4, the a lattice parameter is 0.4% larger and
the c parameter is 1.9% larger. Using barium semi-core pseudopotential
is expected to improve the agreement but we will continue bearing in
mind that we want, in this section, only have an idea of the order of
magnitude brought by the zero-point motion correction to the lowest
conduction state of the host material.

Due to the computational cost of doing such calculations, we were
only able to do q-point integration on a 4x4x4 grid at maximum. The
results are reported on table B.5.

Expectedly, the convergence for the HOMO at Γ is much more dif-
ficult than for the LUMO since the HOMO is not the highest energy
state. Both BSON compounds are indirect A − Γ or M − Γ bandgap ma-
terials. Even the HOMO convergence at A or M is difficult because the
valence bands are very flat. Since we are mainly interested in the lowest
conduction state, we can safely focus on the lowest energy conduction
state at Γ. From those preliminary results we can see that the LUMO
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band is renormalized at 0K due to electron-phonon coupling by about
120 meV for both BSON compounds. Moreover, the static temperature
dependence of the LUMO at Γ for the two undoped BSON compounds
integrated over a 4x4x4 q-point grid with an iδ = 100 meV is presented
on figure 5.14. The slopes at high temperature are -0.391 meV/K and
-0.377 meV/K for Ba3Si6O12N2 and Ba3Si6O9N4 , respectively.

It is also interesting to compare the results obtained for the two un-
doped BSON compounds with those obtained for simple semiconduc-
tors in Chapter 3. Such comparison table is provided on table 5.3. We
can see that although the q-point convergence is not reached, the two
BSON compounds show signs of strong zero-point motion renormaliza-
tion with respect to other semiconductors presented in the table.

This last section is a proof of concept that such demanding AHC cal-
culation with a very large number of electrons and phonon modes is
possible. This has, to the author knowledge, never been attempted be-
fore. We believe that, with enough computing power (Tier 0 or 1 HPC),
the converged ZPR of the BSON compounds can nowadays be calculated
within the AHC theory.

5.8 conclusion

In this chapter, we studied the absorption and emission optical proper-
ties of the five Eu-doped BSON compounds. We first validated success-
fully our 27 electrons pseudopotential against the all-electron code Elk
in section 5.1.2.

In order to localize the europium 4f states inside the bandgap of the
host material, we had to use a GGA+U approach, imposing a U value
of 7.5 eV and a J value of 0.6 eV on the 4f states only. We computed
an estimation of the Stokes shift and presented the full cycle associated
with the absorption, relaxation and emission process.

Europium-doping of the BSON material led to a contraction of the unit
cells ranging from 1.5 to 1.9%. The associated ground-state calculation
of the five europium-doped cases has shown that the 5d electrons of
the europium atom are not localized inside the bandgap of the host
material, in contradiction to both the 5d− 4f crossing decay model and
the Dorenbos auto-ionization model.

To overcome this problem and describe the absorption process, we
used two excited-state schemes: the core-hole method and the depleted-
shifted 4f approach.
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The core-hole method is based on the use of a pseudopotential with
the 4f frozen in the core with a hole (the 4f6 states are frozen). Since
this method is cheaper computationally than the depleted-shifted 4f, we
were able to analyse a rhombohedral supercell, three times larger than
the primitive one. Such supercell leads to an europium concentration of
11%, closer to the experimental one of 5-10%.

Figure 5.15: Band positions for the absorption and emission phenomena in Ba3Si6O12-
N2:Eu and Ba3Si6O9N4:Eu. The energy gap (in eV) are in black when it is experimental
values (or G0W0 ab-initio value for the two band-gaps of the host materials for the ab-
sorption taken from Ref. [4]) and in red when the value are hypothetical. The horizontal
band positions are in black at 0 K and in green at 300 K (sometimes superimposed when
there is no thermal effect).

The main drawback from the core-hole method is the fact that this
method does not hold information about the spin state of these ferro-
magnetic systems.

The second method, the depleted-shifted 4f method does give access
to such spin information but at a higher computational cost. This more
refined method confirms the results obtained with the core-hole ap-
proach.

The emission process is studied in section 5.5 by letting the atom re-
lax with their electrons in an excited configuration. We conclude from
the relaxation study that the effects of relaxation are important on the
electronic bandstructures and should therefore be taken into account to
correctly describe the emission process. From this relaxation, we learned
that the two luminescent europium substitutions were the Ba3Si6O12N2:-
Eu1 and Ba3Si6O9N4:Eu1 cases.



“main_corr” — 2015/1/7 — 18:40 — page 145 — #161

5.8 conclusion 145

The section 5.6 confirms that the effect of spin-orbit coupling is small
in these materials and could safely be discarded when performing ab-
initio calculations.

Finally, we computed the unconverged ZPR of the two undoped BSON
compounds using norm-conserving pseudopotential and showed that
the LUMO band is renormalized at 0K due to electron-phonon coupling
by about 120 meV for both BSON compounds.

Gathering all the information of the chapter, we can estimate the ten
unknown gaps of figure 0.5 from the introduction. The 1© and 2© gaps
are deduced from the renormalization of the LUMO state at 300 K from
figure 5.14 to a value of around 0.17 eV in both cases. The 3© and 4©
gaps of 0.96 eV and 0.62 eV are obtained by taking the averaged value
of the europium 5d like band in figure B.11 as discussed in section 5.5.
From that and the knowledge of the bandgap of the host material, we
can deduce the 5© and 6© gaps to be 3.6 eV and 3.23 eV. From there, as
discussed in section 5.5, we know that the valence to 4f gap is lower
by 2.5 eV and 1.5 eV for Ba3Si6O12N2:Eu1 and Ba3Si6O9N4:Eu1, respec-
tively. This gave us the value of the 7© and 8© gaps and finally from
the host bandgap we can deduce the 9© and 10© gaps to be 1.78 eV and
1.07 eV.

This validates the Dorenbos auto-ionization model both qualitatively
and quantitatively and allowed us to understand the puzzling tempera-
ture-dependent behavior of the two europium-doped BSON compounds
thanks to first-principles calculations using only DFT (and G0W0 for the
host bandgaps).
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6
C O N C L U S I O N S A N D P E R S P E C T I V E S

Following Sir Isaac Newton quotes, this thesis is standing on the shoul-
ders of giants and should be understood as the continuation of the works
undertaken by Dr. Paul Boulanger, Dr. Bruno Bertrand, Dr. Masayoshi
Mikami and Prof. Xavier Gonze. Dr. Boulanger is at the heart of the orig-
inal AHC implementation inside the software Abinit and Dr. Bertrand
performed a large number of calculations for the undoped BSON com-
pounds, paving the way for the study of the europium-doped com-
pounds. Both Dr. Mikami and Prof. Gonze helped the three of us by
continuously providing insightful comments and suggestions.

The motivation of this thesis is to understand the origin of the radi-
cal difference between the temperature dependence of the emission in-
tensities of two europium-doped barium silicate oxynitride compounds:
Ba3Si6O12N2:Eu2+ and Ba3Si6O9N4:Eu2+that are used in WLEDs. Part I
of this thesis lays down the theoretical framework for the ab-initio tem-
perature-dependence calculation. The theory is then validated, verified
and applied to the case of simple semiconductors.

Chapter 1 compares in detail two (AHC/DFPT and FP) of the three
approaches still used today to calculate the ZPR. We consider the first
for its numerical efficiency in the computation of the ZPR at arbitrary q-
points, crucial for periodic system, and the latter, to go beyond the RIA
and study its impact on the calculated ZPR. An important contribution
of this chapter is the clarification of the terms appearing beyond the RIA
made in the AHC theory. The DW term is divided into a rigid-ion ap-
proximation contribution (DWRIA) and a non-rigid-ion approximation
contribution (DWNRIA). This allows the name of the terms to be coher-
ent with their respective definitions. The extension of the theory to the
dynamical case is also presented.

In Chapter 2, we validate the theory by comparing the results obtained
for diamond with the DFPT and the FP approaches. Then, we also com-
pare the results as implemented in Abinit against another ab-initio code

147
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(Yambo on top of QE). We present the converged result of the bandgap
reduction due to electron-phonon renormalization, that is, 409 meV at 0

Kelvin. We also perform an analysis of the convergence rate with respect
to q-wavevector samplings.

The Chapter 3 presents the application of the theory developed in
the first two chapters to the case of five semiconductors and compares
the results with the experiments when available. The agreement is sat-
isfactory but also highlights the need for experimental determination of
the ZPR on a wider temperature range. We hope that this thesis can
motivate such experimental studies. The ZPR of the direct bandgap of
diamond is also computed within the GW many-body framework using
the FP approach and shows a close agreement with the experimental
temperature-dependence measurement.

All of the above make us believe that the AHC theory is now well-
understood and the coding of this theory inside the Abinit software
is mature for production runs as demonstrated in Chapter 3. There is
nonetheless room for improvements in the computational performance
of the AHC/DFPT implementation. Indeed, they are required if we
want to treat complex industrially relevant materials like the BSON com-
pounds used in WLEDs. To reach that goal, we believe that the following
coding and developments are important:

1. Adding spin-polarisation support to the electron-phonon imple-
mentation of Abinit (nsppol 2 Abinit input variable). This is crucial
to describe ferromagnetic systems like the europium-doped BSON
compounds.

2. Investigating the spectral function associated with the dynamical
AHC theory. The spectral function might help us pint-point satel-
lites in the complex Fan self-energy. This will allow for a more
accurate description of the consequence of electron-phonon inter-
action in the description of experimental absorption spectra.

3. The coding of the dynamical electron-phonon induced lifetime br-
oadening inside the post-processing python script is the only miss-
ing capability of the script.

4. The coding of PAW support for electron-phonon calculations seems
very important as the accuracy and speed gain provided by this
support would be substantial.
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5. Adding symmetry support to the electron-phonon calculations in-
side Abinit will greatly speed up the calculation. This will require
both coding efforts and theoretical investigations.

Part II of this thesis presents the BSON host materials (Chapter 4)
as well as its five europium-doped substitutions (Chapter 5). We de-
vised two excited-state schemes: the core-hole and depleted-shifted 4f
methods. Those are used to describe the absorption process. The emis-
sion process is studied by letting the atom relax with their electron
in an excited configuration. From this relaxation, we learned that the
two luminescent europium substitutions were the Ba3Si6O12N2:Eu1 and
Ba3Si6O9N4:Eu1 cases. We additionally calculate that rhombohedral su-
percells have an Eu5d to conduction-band minimum gap that is 0.34 eV
larger for Ba3Si6O12N2:Eu1 than Ba3Si6O9N4:Eu1. This energy differ-
ence is enough to prevent the Ba3Si6O12N2:Eu2+ to be thermally quen-
ched, in accordance with the Dorenbos auto-ionization model and the
experimental data. The effect of spin-orbit coupling, computed using
the VASP software, is small in these phosphor materials.

We also computed the unconverged ZPR of the two undoped BSON
compounds using norm-conserving pseudopotentials and showed that
the LUMO band is renormalized at 0 K due to electron-phonon coupling
by about 120 meV for both BSON compounds.

To strengthen this conclusion, the ab-initio temperature-dependence
calculation developed in Part I should be converged in q-point and the
calculation redone using PAW pseudopotentials. We believe that the bar-
ium semi-core states are important and should be included in such calcu-
lations. The use of hybrid functionals to describe the electronic position
of the Eu5d states with respect to the conduction band of the host mate-
rial would be an alternative to the GGA+U approach that has the advan-
tage of being computationally affordable. However this approach could
also miss some of the physics involved (see for example Ref. [160]).

Finally, we should mention that this year 2014 was very exciting for
the field of rare-earth doped compounds. A plethora of PAW dataset ta-
bles that include carefully designed rare-earth elements were generated
during this year. Since the scarcity of reliable pseudopotential was a big
issue for this thesis and led to the design of our own PAW europium
pseudopotential, we appreciate this contribution (see tables published
in 2014 by M. Topsakal and R.M. Wentzcovitch [208], F. Jollet et al. [209]
and A. D. Corso [210]). Moreover, the year 2014 saw the physics Nobel
price being granted for the creation of blue LEDs.
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A
T E M P E R AT U R E D E P E N D E N C E

a.1 convention for the unperturbed periodic system

Following the same convention as Gonze [64], the unperturbed wave-
function can be obtained as the product of a phase factor and a periodic
function (Bloch’s theorem)

Ψ
(0)
nk (r) = (NBvKΩ0)

−1/2eik·ru
(0)
nk (r), (A.1)

whereNBvK is the number of unit cells repeated in the Born-von Karman
periodic box, Ω0 the volume of the unperturbed unit cell, n the band
index and k label the wave vector of the wavefunction.

The periodic part of the Bloch wavefunction, in Eq. (A.1), is subject to
the following orthonormalization condition〈

u
(0)
n ′k

∣∣∣u(0)nk

〉
= δn ′n, (A.2)

where the scalar product of periodic functions is defined as

〈f|g〉 = 1

Ω0

∫
Ω0

f∗(r)g(r)dr. (A.3)

For a generic operator we follow the subsequent convention

Ok,k ′ = e
−ik·rOe−ik

′·r ′ . (A.4)

a.2 perturbation theory

The perturbation theory for a periodic system is based on the idea that
the solution of a reference system (usually the equilibrium ground state
one-body Schrödinger equation) is known. In general, the perturbation
can be incommensurate with the periodic system and characterized by
a wave vector q. If the amplitude of the perturbation is characterized by

153
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a small scalar parameter λ, then any observable X(λ) can be expressed
as a power serie

X(λ) = X(0) + (λX
(1)
q + λ∗X

(1)
−q) + (λ2X

(2)
q,q

+ λλ∗X
(2)
q,−q + λ∗λX

(2)
−q,q + λ∗2X

(2)
−q,−q) + · · · , (A.5)

were we use the superscript notation as a shorthand for derivatives:
X
(i)
q = diXq/idλ

i
∣∣
λ=0

. The perturbed Schrödinger equation now de-
pends explicitely on the parameter λ

H(λ) |Ψnk(λ)〉 = εnk(λ) |Ψnk(λ)〉 , (A.6)

where n is the band index, k is a wavevector in the Brillouin zone. The
solutions |Ψnk(λ)〉 must fulfill the normalization condition

〈Ψnk(λ)|Ψnk(λ)〉 = 1. (A.7)

The Hamiltonian Ĥ(λ) depends parametrically on the atomic position
Rlκ of the atom κ in the cell l.

The translated first-order wave function becomes

Ψ
(1)
nk,q(r + Ra) = ei(k+q)·RaΨ

(1)
nk,q(r), (A.8)

where Ra is a vector of the real space lattice. We can then factorize out
the phase factor to map the incommensurate problem into a problem
commensurate with the periodicity of the unperturbed one. To this end,
we introduce the periodic first-order wave functions

u
(1)
nk,q = (NBvKΩ0)

1/2e−i(k+q)·rΨ
(1)
nk,q(r). (A.9)

We define SMk+q as the space of the M low-lying k + q states, M be-
ing larger or equal to the index of the highest band for which we aim
to compute the temperature-dependent behaviour. We define PMk+q as
the projector on SMk+q. We also define Pck+q as the projector on the
subspace of k + q ground-state wavefunctions complementary to SMk+q.
The first-order derivatives of wavefunctions can be split in two contribu-
tions, one that is contained inside SMk+q and one that belongs to its
complimentary,∣∣∣u(1)nk,q

〉
=
∣∣∣PMk+qu

(1)
nk,q

〉
+
∣∣∣Pck+qu

(1)
nk,q

〉
. (A.10)∣∣∣PMk+qu

(1)
nk,q

〉
can be easily computed using standard perturbation the-

ory,

∣∣∣PMk+qu
(1)
nk,q

〉
= −

M∑
n ′

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣H(1)
k+q,k

∣∣∣u(0)nk

〉
ε
(0)
n ′k+q − ε

(0)
nk

. (A.11)
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For
∣∣∣Pck+qu

(1)
nk,q

〉
, we want to avoid the summation over an infinite num-

ber of states. So, in the spirit of DFPT, we minimize

E
(2)+
−q,q {u

(0),u(1)} = E(2)−q,q{u
(0),u(1)}

−

MM∑
nn ′

Λnn ′k,k+q

〈
u
(0)
n ′k+q

∣∣∣Pck+qu
(1)
nk,q

〉
+ c.c., (A.12)

where E(2)−q,q{u
(0),u(1)} is given in Eq. 42 of Ref. [64], under the constraint

of parallel-transport gauge [211],〈
u
(0)
n ′k+q

∣∣∣Pck+qu
(1)
nk,q

〉
= 0, (A.13)

with the Lagrange parameters

Λ∗nn ′k,k+q = Λn ′nk+q,k. (A.14)

The minimum of this expression with respect to variations of Pck+qu
(1)
nk,q

leads to the canonical Euler-Lagrange equation(
H

(0)
k+q,k+q − ε

(0)
nk

)∣∣∣Pck+qu
(1)
nk,q

〉
=

−H
(1)
k+q,k

∣∣∣u(0)nk

〉
+
∑
n ′

Λ∗nn ′k,k+q

∣∣∣u(0)n ′k+q

〉
. (A.15)

We can then pre-multiply on each side by
〈
u
(0)
n ′′k+q

∣∣∣where n ′′ ∈ [1,M]

and get

(
ε
(0)
n ′′k+q − ε

(0)
nk

) =0 due to Eq. (A.13)︷ ︸︸ ︷〈
u
(0)
n ′′k+q

∣∣∣u(1)nk,q

〉
+
〈
u
(0)
n ′′k+q

∣∣∣H(1)
k+q,k

∣∣∣u(0)nk

〉
=
∑
n ′

Λ∗nn ′k,k+q

〈
u
(0)
n ′′k+q

∣∣∣u(0)n ′k+q

〉
︸ ︷︷ ︸

δn ′′n ′

. (A.16)

This leads to the equation

Λ∗nn ′′k+q,k =
〈
u
(0)
n ′′k+q

∣∣∣H(1)
k+q,k

∣∣∣u(0)nk

〉
. (A.17)

We can then substitute Eq. (A.17) inside Eq. (A.15) and get(
H

(0)
k+q,k+q − ε

(0)
nk,q

)∣∣∣Pck+qu
(1)
nk,q

〉
=

−
(
1−

M∑
n ′

∣∣∣u(0)n ′k+q

〉〈
u
(0)
n ′k+q

∣∣∣︸ ︷︷ ︸
Pck+q

)
H

(1)
k+q,k

∣∣∣u(0)nk

〉
. (A.18)
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and finally(
H

(0)
k+q,k+q − ε

(0)
nk

)
Pck+q

∣∣∣u(1)nk,q

〉
= −Pck+qH

(1)
k+q,k

∣∣∣u(0)nk

〉
. (A.19)

Supposing H(1) has already be determined by the usual DFPT self-
consistency loop over occupied states only (in which M = Nval), the
u
(1)
nk,q are found by solving Eq. (A.19), combined with Eqs. (A.10) and

(A.11).

a.3 the dynamical equations

In this section we derive the dynamical equation Eq. (1.2). The lattice
vibration of a solid will affect its electronic properties. The total elec-
tronic energy of the system can be expressed as a Taylor series on the
displacements around the equilibrium position E0

E = E0 +
∑
κα

∂E

∂Rκα
Uκα +

1

2

∑
κα
κ ′′β

Uκ ′′β
∂2E

∂Rκα∂Rκ ′′β
Uκα + ..., (A.20)

with Uκα the displacement of the atom κ in the direction α. The full
vector has a length of 3 times the number of atoms.

The motion of nuclei is treated with the classical F = ma equation.
The force can be expressed as

Fκ ′γ = −
∂E

∂Rκ ′γ
. (A.21)

By injecting the expression of Eq. (A.20) into this equation1

Fκ ′γ = −
∂

∂Rκ ′γ

E0 + 1
2

∑
κα
κ ′′β

Uκ ′′β
∂2E

∂Rκα∂Rκ ′′β
Uκα

 . (A.22)

1 The first order term in the Taylor expansion of the total energy is null because we are
around the equilibrium position.
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By neglecting third order derivative (in the hypothesis of small dis-
placement) and taking into account the relation2

∂Uκ ′′β
∂Rκ ′γ

= δκ ′′κ ′δβγ one
can obtain

Fκ ′γ =−
1

2

[∑
κα

∂Uκ ′′β

∂Rκ ′γ

∂2E

∂Rκα∂Rκ ′′β
Uκα

+
∑
κα

Uκ ′′β
∂2E

∂Rκα∂Rκ ′′β

∂Uκα

∂Rκ ′γ

]

=−
1

2

[∑
κα

δκ ′′κ ′δβγ
∂2E

∂Rκα∂Rκ ′′β
Uκα

+
∑
κα

Uκ ′′β
∂2E

∂Rκα∂Rκ ′′β
δκκ ′δαγ

]

=−
1

2

∑
κα

∂2E

∂Rκα∂Rκ ′γ
Uκα +

∑
κ ′′β

Uκ ′′β
∂2E

∂Rκ ′γ∂Rκ ′′β


=−
∑
κα

∂2E

∂Rκα∂Rκ ′γ
Uκα

,−
∑
κα

Cκα
κ ′γ
Uκα.

(A.23)

The inter-atomic force constant (IFC) Cκα
κ ′γ

= ∂2E
∂Rκα∂Rκ ′γ

has been intro-

duced in the last equation. Focusing on monochromatic solutions to
Newton’s Law (to be superposed afterwards), the time-dependent dis-
placements can be expressed as a time independent crystal periodic part
and a time dependent phase factor that acts as an envelope around the
periodic oscillations3

Uκα(t) =
1

2

[
Uκαe

−iωt +U∗καe
iωt
]
= <

[
Uκαe

−iωt
]

, (A.24)

with ω the frequency of nuclear oscillation. The Newtonian equation of
motion is

Fκ ′γ(t) =Mκ ′
∂2Uκ ′γ(t)

∂t2

= −Mκ ′ω
2Uκ ′γ(t),

(A.25)

2 The derivative of a displacement along another direction than the derivative one is 0.
3 Here we have chosen a linear combination of eigendisplacements such that the resulting

one is real.
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with Mκ ′ the mass of the atom κ ′. This equation can be equated with
(A.23) and the dynamical equation is retrieved∑

κα

Cκα
κ ′γ
Uκα =Mκ ′ω

2Uκ ′γ, (A.26)

where the time-dependence on the displacements has been lifted due
to cancellation. This eigenvalue problem gives m eigenvalues ωm and
m eigendisplacement vector Um,κα. Conventionally one can work also
with mass scaled displacement

ξm,κα =
√
MκUm,κα

D̃κα
κ ′γ

=
1√
Mκ

C̃κα
κ ′γ

1√
Mκ ′

,
(A.27)

with the associated eigenvalue problem∑
κα

D̃κα
κ ′γ
ξm,κα = ω2mξm,κ ′γ. (A.28)

One can also show that the dynamical matrix is hermitian

D̃κα
κ ′γ

=
1√

MκMκ ′

∂2E

∂RκαRκ ′γ

D̃
†
κα
κ ′γ

=
1√

MκMκ ′

∂2E

∂Rκ ′γRκα
=

1√
MκMκ ′

∂2E

∂RκαRκ ′γ
,

(A.29)

by independence of the total energy upon differential order.
Moreover, any eigenvalue problem with an hermitian matrix has eigen-

vector that are orthonormal and complete:∑
κα

ξ∗m,καξ
n
κα = δmn∑

m

ξ∗m,καξm,κ ′γ = δκκ ′δαγ.
(A.30)

Alternatively, one can choose to work with the masses explicitly in-
cluded. The Um,κα from the generalized eigenvalue problem Eq. (A.26)
also have to fulfill the orthonormality relation on their modes as well as
the completeness relation∑

κα

MκU
∗
m,καUn,κα = δmn∑

m

U∗m,καUm,κ ′γ
√
MκMκ ′ = δκκ ′δαδ.

(A.31)



“main_corr” — 2015/1/7 — 18:40 — page 159 — #175

A.4 phonon wavefunctions 159

Multiplying the left side of Eq. (A.26) by Um
∗

κ ′γ and using the orthonor-
mality relation Eq. (A.31), the phonon frequencies are

ω2m =
∑
κα
κ ′γ

U∗m,κ ′γCκα
κ ′γ
Um,κα. (A.32)

a.4 integrals of phonon wavefunctions and powers of the

position operator

We evaluate the integrals present in Eq. (1.7), with the Taylor expansion
of the eigenenergy.

In the harmonic approximation, the phonon wavefunctions are ob-
tained by solving the Schrödinger equation for the harmonic oscillator.
We obtain [212]

χsm,m(z) =
(ωm
π

)1/4 Hsm(ξ)√
2smsm!

e−
ξ2

2 , (A.33)

where Hsm(ξ) = (−1)smeξ
2 dsm

dξsm e
−ξ2 is the Hermite polynomial and

ξ =
√
ωmz is a dimensionless position variable. Hermite polynomials

satisfy the following orthonormality condition∫
Hp(ξ)Hsm(ξ)e

−ξ2dξ = sm!
√
π2smδpsm . (A.34)

The phonon wavefunctions are thus normalized, with∫
χsm,m(z)∗χsm,m(z)dz = 1. (A.35)

The first-order integral cancels out, as an odd function integrates to zero.

∫
χsm,m(z)∗zχsm,m(z)dz = 0. (A.36)

Finally, the second-order integral can easily be solved in second quanti-
zation using

|χsm,m〉 =
(a+)sm√
sm!

|0〉 ; ξ2 =
1

2
(a+ a+)2. (A.37)
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We thus obtain∫
χsm,m(z)∗z2χsm,m(z)dz

=
1

ωm
〈χsm,m| ξ2 |χsm,m〉

=
1

ωmsm!
〈0|asm 1

2
(a+ a+)2(a+)sm |0〉

=
1

ωmsm!
〈0|asm 1

2
(aa+ + a+a)(a+)sm |0〉

=
1

ωmsm!
〈0|asm 1

2
(2aa+ − 1)(a+)sm |0〉

=
1

ωmsm!

(
〈0|asm+1(a+)sm+1|0〉− 1

2
〈0|asm(a+)sm |0〉

)
=

1

ωmsm!

(
(sm + 1)! −

1

2
sm!

)
=

(
2sm + 1

2ωm

)
.

(A.38)

a.5 statistical physics

This brief summary of the statistical physic described here is based
on B. Fultz review on Vibrational Thermodynamics of Materials [77] and
Wikipedia for the mathematical development of Helmholtz free energy
[213].

Figure A.1: G. Antonius and S. Poncé in
front of L. E. Boltzmann at the Vienna Zen-
tralfriedhof (August 2011).

The fundamental assumption of
statistical quantum mechanics is
that in any isolated system all
micro-state are equally probable.
The canonical ensemble is a sta-
tistical model that describes the
thermodynamic equilibrium be-
tween two an infinite energy reser-
voir and the system one wants
to study. The two systems can
only exchange energy. The grand
canonical ensemble is its exten-
sion that also allows for an ex-
change of particles between the
two systems.
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In the canonical ensemble formalism, if one considers a single atom
system with energy states U1,U2, ..., the total energy of the system and
the heat reservoir is constant because of energy conservation:

U = Usys +Ures = cst, (A.39)

with Usys and Ures the total energy of the system and the reservoir,
respectively. At equilibrium, the number of microscopic states for an
energy Us is called the multiplicity Ω(Us). The total multiplicity is the
product of the system and the reservoir one:

Ω(Us) = Ωsys(Us)Ωres(U−Us). (A.40)

From the equipartition theorem, the probability that the system is in
any of the quantum states at a specific energy U1 is given by the multi-
plicity of the reservoir4 at energy U−U1:

P(U1) =
Ωres(U−U1)∑

sΩ(Us)
. (A.41)

By making use of the relative probability between two states, one can
avoid the knowledge of the total multiplicity:

P(U1)

P(U2)
=
Ωres(U−U1)

Ωres(U−U2)
. (A.42)

One can now introduce a new quantity: the entropy S(Us) of the sys-
tem in energy state Us. Ludwig Eduard Boltzmann linked the entropy
to the multiplicity through the Neperian logarithm to give his famous
equation (see Fig. A.1):

S(Us) = kB lnΩ(Us), (A.43)

where the kB = 1.3806488 10−23J/K pre-factor known as the Boltzmann
constant is chosen to be consistent with the Kelvin scale for temperature.
The Eq. (A.42) therefore becomes:

P(U2)

P(U1)
= e

Sres(U−U2)−Sres(U−U1)
kB . (A.44)

4 Ωsys(Us) = 1 since one is considering a defined state of the system
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The thermodynamical identity states that:

dU = TdS− pdV + µdN, (A.45)

with µ the chemical potential and N the number of particles.
For most physical system the change of volume and of particle is small

and one can thus neglects the two last terms. This differential formula
can be used in (A.44) because the reservoir is considered as big and
hence the entropy of the reservoir only slightly changes for two states
of the atom Sres(U−U2) − Sres(U−U1) ≈ dSres ≈ dUres/T . Since the
system is isolated, what the atom loses goes to the reservoir and vice-
versa:

P(U2)

P(U1)
= e

dUres
kBT = e

−dUsys
kBT . (A.46)

The total energy of a system is equal to the energy of one atom times
the number of atoms present in the system. Since the system under con-
sideration here only contains one atom, one can write:

P(U2)

P(U1)
= e

U2−U1
kBT

P(U2)

e
−
U2
kBT

=
P(U1)

e
−
U1
kBT

,
1

Z
.

(A.47)

In the last equation we have that two different varying function equal
to each other must be equal to a constant. By convention this constant
is the inverse of the partition function Z. The probability of finding the
atom in a state s is therefore given by:

Ps =
1

Z
e
− Us
kBT , (A.48)

where the exponential term is the Boltzmann factor for the state s. The
partition function is actually more than a constant. It also hold physical
meaning. By definition the sum of all probability must be equal to one
and thus:

∑
s

Ps =
1

Z

∑
s

e
− Us
kBT = 1. (A.49)
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The partition function

Z =
∑
s

e
− Us
kBT (A.50)

is the sum of the Boltzmann factor. This means that the partition func-
tion estimates the number of available states in the system weighed by
a function that depends on the energy of its states. Because the parti-
tion function is made of a sum of exponentially decaying function with
increasing energy level, it means that only the few first states will con-
tribute and hence the partition function indeed amount to counting the
weighted number of available states there is in the system.

The partition function for a single harmonic oscillator of frequency
ωi = εi h is:

Zi =
∑
n

e−β(n+
1
2 )εi , (A.51)

with β , (kBT)
−1. The energy has the form (n+ 1/2)εi because it is the

quantized eigenenergies of the harmonic oscillator. This last equation
can be rewritten to make the geometrical series more apparent:

Zi =
∑
n

e−βnεie
−βεi
2 =

e
−βεi
2

1− e−βεi
. (A.52)

The partition function for an harmonic solid with N atoms is the prod-
uct of 3N independent oscillator partition functions:

ZN =

3N∏
i

e
−βεi
2

1− e−βεi
. (A.53)

For what follows, one needs to make the link between the partition
function and the Helmholtz free energy F = U− TS. The average internal
energy of a system is the expectation value of the total internal energy
U. It is the sum of the probability to find an atom in a states s times the
energy of that particular state:

U =
∑
s

PsEs = −
∂ lnZ

∂β
, (A.54)
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where the last equality can be straightforwardly obtained by injecting
the value of the partition function (A.50). The generalized force corre-
sponding to an external variable x when the system is in state s is:

fs = −
∂Es

∂x
. (A.55)

The corresponding thermal average is:

f =
∑
s

Psfs =
1

β

∂ lnZ

∂x
. (A.56)

Changing the system’s temperature parameter by dβ and the external
variable by dx will lead to:

d lnZ =
∂ lnZ

∂β
dβ+

∂ lnZ

∂x
dx

= −Udβ+βfdx

= −d(βU) +βdU+βfdx

dU =
1

β
(d lnZ+ d(βU) −βfdx) .

(A.57)

Since the thermodynamical relation dU = TdS− fdx should hold we
have:

TdS =
1

β
(d lnZ+ d(βU))

dS = kBd lnZ+ kBd(βU)

S = kB lnZ+ kBβU+C = kB lnZ+
U

T
+C.

(A.58)

The value of the constant C is determined by considering the T → 0

limit where the entropy S = kB lnΩ0 is the ground state entropy. The
partition function becomes Z0 = Ω0e−βU0 because all the possible states
are ground states and therefore the partition function is the product of
the ground state times the ground state multiplicity Ω0.

S0 = kB ln(Ω0e−βU0) +
U0
T

+C = kB lnΩ0

=���
��kB lnΩ0 + kB ln(e−βU0) +

U0
T

+C =���
��kB lnΩ0

⇒
�
��

��
�

kB

(
−U0
kBT

)
+
�
��
U0
T

+C = 0.

(A.59)
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The C = 0 constant gives that the entropy is S = kB lnZ+U/T and
therefore the Helmholtz Free energy is:

F = U− TS =��U− TkB lnZ−
�
��T
U

T

F = −kBT lnZ.
(A.60)

It is now possible to inject Z from (A.53) in the Helmholtz Free energy
to get the vibrational Helmholtz Free energy:

Fvib = −kBT ln(
3N∏
i

e
−βεi
2 ) + kBT ln(

3N∏
i

(1− e−βεi))

=
1

2

3N∑
i

εi + kBT

3N∑
i

ln(1− e−βεi).

(A.61)

The vibrational internal energy Uvib is:

Uvib =
∂βFvib

∂β
=
1

2

3N∑
i

εi +

3N∑
i

εi
e−βεi

1− e−βεi

=

3N∑
i

[
1

e−βεi − 1
+
1

2

]
εi.

(A.62)

The vibrational entropy can be obtained via a partial derivative:

∂Fvib

∂T
= −Svib =kB

3N∑
i

ln(1− e−βεi)

+ kBT

3N∑
i

1

(1− e−βεi)

εi
kBT2

e−βεi

=kB

3N∑
i

[
− ln(1− e−βεi) +

βεi
(eβεi − 1)

]
.

(A.63)

By introducing the Planck distribution for phonon occupancy versus
temperature (i.e. Bose-Einstein distribution):



“main_corr” — 2015/1/7 — 18:40 — page 166 — #182

166 temperature dependence

n =
1

eβεi − 1
(A.64)

ln(1+n) = ln
(

1

1− e−βεi

)
(A.65)

ln
(
1+n

n

)
= ln(eβεi) = βεi, (A.66)

the vibrational entropy becomes:

Svib = kB

3N∑
i

[ln(1+n) +nβεi]

= kB

3N∑
i

[
ln(1+n) +n ln

(
1+n

n

)]

= kB

3N∑
i

[(1+n) ln(1+n) −n ln(n)] .

(A.67)

a.6 the static electronic dielectric function

The DW term involves the second-order derivative with respect to atomic
displacements of the Hamiltonian and as such only depends on VKS[ρ](r̂).
We can use the static electronic dielectric function ε̂ to have an alterna-
tive physical view on the DW term. To treat integrals rigorously we ap-
ply the position operators of a function f onto their respective bra and
ket f(r) = 〈r|f(r̂)|r〉 and get

∂VKS[ρ](r)
∂Rlκα

=

∫
ε−1(r, r ′)

∂Vionic(r ′)
∂Rlκα

dr ′ (A.68)

=

∫
ε−1(r, r ′)

∂Vlκα
∂Rlκα

∣∣∣∣
r ′−Rlκα

dr ′, (A.69)

with

ε−1(r, r ′) =
∂VKS[ρ](r)
∂Vionic(r ′)

. (A.70)
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The Eq. (A.69) can then be derived a second time to give the DW term

∂2VKS[ρ](r)
∂Rlκα∂Rl ′κ ′γ

=

∫
∂ε−1(r, r ′)
∂Rl ′κ ′γ

∂Vlκα
∂Rlκα

∣∣∣∣
r ′−Rlκα

dr ′

+

∫
ε−1(r, r ′)

∂2Vlκα
∂Rlκα∂Rl ′κ ′γ

∣∣∣∣
r ′−Rlκα

δκκ ′δll ′dr ′, (A.71)

where there is a δκκ ′δll ′ appearing in the second part of the equation
because the ionic potential is a sum of separate contributions depending
only on one atomic position (therefore its second derivative with respect
to two different atoms positions is zero). From this equation, one can
see that the first term has off-diagonal contributions in κ, κ ′ (beyond
RIA). It is unfortunately not possible to map the diagonal contributions
of Eq. (A.71) to the rigid-ion DW term of Eq. (1.64) nor the non-diagonal
contributions to the non rigid-ion DW term of Eq. (1.69).

a.7 development of the finite-difference dwNRIA equation

In this section, we focus on how to obtain the finite-difference expression

given in Eq. (1.76) from the definition of ∂ε
DWNRIA
nk
∂nmq

that was introduced
in Eq. (1.69). The later expression contains two terms. Let us first focus
on the first one.

Following the same approach used to derive Eq. (1.75), we can obtain
a finite-difference version of the second-order derivative of the form

〈
u
(0)
nk

∣∣∣ ∂2Ĥk ,k

∂Rκα(−q)∂Rκγ(q)

∣∣∣u(0)
nk

〉
U∗m ,κγ(q)Um ,κα(q)

=
∂2

∂h2

〈
unk

∣∣∣Ĥk ,k

[{
Rlκ ′α + hvlm ,κα(q)

}]
+ Ĥk ,k

[{
Rlκ ′α + hwlm ,κα(q)

}]∣∣∣u(0)
nk

〉∣∣∣
h=0

. (A.72)

It is worthwhile to dwell into the reasons for keeping the full Hamil-
tonian. As introduced in Eq. (1.63), the Hamiltonian is the sum of an
electronic kinetic energy T̂ , an external potential Vlκ( r̂ − Rlκ) that de-
scribes the electron-ion interaction and an Hartree and exchange-correla-
tion V̂Hxc [ρ]( r̂) potential that describes the electron-electron interactions.
Within the adiabatic approximation, the kinetic energy is independent of
atomic position. The second-order derivative of the Hartree and exchan-
ge-correlation with respect to atomic positions is, however, non-zero in
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general due to the modification of the electronic density upon second-
order ionic motion. Furthermore, the second-order derivative of the ex-
ternal potential is zero when κ 6= κ ′ since the potential only depends
on one atomic coordinate. When κ = κ ′, the external potential part of
the first term in Eq. (1.76) is zero only when

q = αb1 +βb2 + γb3 with α = β = γ = n/2, (A.73)

with n an integer number and b1, b2, b3 are reciprocal lattice vectors.
To demonstrate the latter statement, we define

y , r̂ − Rlκ − hκUm,κ(q)e−iq·Rl (A.74)

and

ỹ , r̂ − Rlκ − hκUm,κ(q) (A.75)

Then, the external potential becomes

∂2

∂h2κ

〈
u
(0)
nk

∣∣∣∑
lκ

Vlκ(y) − Vlκ(ỹ)
∣∣∣u(0)nk

〉∣∣∣
hκ=0

=

∂

∂hκ

〈
u
(0)
nk

∣∣∣∑
lκ

∂Vlκ(y)
∂y

· ∂y
∂hκ

−
∂Vlκ(ỹ)
∂ỹ

· ∂ỹ
∂hκ

∣∣∣u(0)nk

〉∣∣∣
hκ=0

. (A.76)

This in turn gives

∂

∂hκ

〈
u
(0)
nk

∣∣∣∑
lκ

−
Vlκ(y)
∂y

·Um,κ(q)e−iq·Rl

+
∂Vlκ(ỹ)
∂ỹ

·Um,κ(q)
∣∣∣u(0)nk

〉∣∣∣
hκ=0

=

〈
u
(0)
nk

∣∣∣ ∑
lκαβ

∂2Vlκ(r̂ − R(0)
lκ )

∂(r̂ − Rlκ)α∂(r̂ − Rlκ)β

Um,κα(q)Um,κβ(q)
(
e2iq·Rl − 1

)∣∣∣u(0)nk

〉∣∣∣
hκ=0

, (A.77)

where, for the last equality, we have taken the limit of vanishing hκ.
This is the reason why the Hamiltonian appears in the first terms of

Eq. (1.76) while the last term (in which the DW term is evaluate at q = Γ)
involve only V̂Hxc.

We now evaluate the second term of Eq. (1.69). To this end, we intro-
duce a collective translational displacement in the γ direction

∂

∂Tγ
,
∑
κ ′

∂

∂Rκ ′γ(Γ)
(A.78)
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and a second-order displacement vector of the atom κ in the direction α
and γ

∂

∂Sγ
,
∑
κα

U∗m,κγ(q)Um,κα(q)
∂

∂Rκα(Γ)
. (A.79)

We therefore have the following relation

∑
κα
κ ′γ

〈
u
(0)
nk

∣∣∣ ∂2V̂Hxc

∂Rκα(Γ)∂Rκ ′γ(Γ)

∣∣∣u(0)nk

〉
U∗m,κγ(q)Um,κα(q)

=
∑
γ

〈
u
(0)
nk

∣∣∣ ∂2V̂Hxc

∂Sγ∂Tγ

∣∣∣u(0)nk

〉
. (A.80)

a.8 symmetry properties

a.8.1 Ground states wavefunction

Any crystal structure is fully defined by three primitive vectors a, b and
c that determine the primitive unit cell and by basis vectors that deter-
mines the position of the atoms within the unit cell. All the symmetry op-
erations that leave the crystal unchanged form a space group. There are
in three dimension 230 such symmetry operations: translation, proper
(ordinary) rotation, improper rotation (rotation of its mirror image) and
a combination of rotations followed by a fractional translation. A space
group without any fractional translation is said to be symmorphic. A sym-
metry operation will be denoted by R̂t where R is a real orthonormal
matrix associated to a rotation and t a fractional translation.

The first part on the derivation of the symmetry properties of the wave-
function is based on the PhD thesis of M. Giantomassi [214] and the book
from G.F. Bassani and G. P. Parravicini [215].

The application of a symmetry operation R̂t on the vector Ri that de-
fines the position of an atom within the unit cell gives

R̂tRi , R−1(Ri − t) = Rj + R, (A.81)

where Rj is the position vector of an atom of the same type as Ri and
in the same unit cell and R is a lattice translation. The application of a
symmetry operation to a generic spacial function is defined by

R̂tF(r) , F(R−1(r − t)), (A.82)



“main_corr” — 2015/1/7 — 18:40 — page 170 — #186

170 temperature dependence

where this equality means that the value of a rotated (and eventually
translated) function at a position r in space is equal to the value of the
original function evaluated at the inversely rotated (and eventually trans-
lated) positions.

Given that a symmetry operation commutes with the Hamiltonian Ĥ
of the crystal, one can show that the an eigenstate on which a symme-
try operation has been applied is also an eigenstate of the Schrödinger
problem with the same eigenvalue but a different crystalline momentum

ĤΨnk(r) =εnkΨnk(r)

ĤR̂tΨnk(r) =R̂tĤΨnk(r) = εnkR̂tΨnk(r)

R̂tΨnk(r + R) =Ψnk
(
R−1(r + R − t)

)
=eik·R

−1(r+R−t)unk
(
R−1(r − t)

)
=ei(R

−1)tk·RΨnk
(
R−1(r − t)

)
=eiRk·RR̂tΨnk(r),

(A.83)

where we have used in the last equality the orthonormality of the rota-
tion matrix and where R is a vector of the direct Bravais lattice. In the
presence of a set of degenerate states Cnk, the new Bloch eigenstate will
be given by an appropriate linear combination of the degenerate states
with wave vector Rk

R̂tΨnk(r) = Ψnk
(
R−1(r − t)

)
=
∑
i∈Cnk

Din(R, k)ΨiRk(r). (A.84)

This equality can be expressed in terms of the periodic part of the
wavefunction

eik·R
−1(r−t)unk

(
R−1(r − t)

)
=
∑
i∈Cnk

Din(R, k)eiRk·ruiRk(r)

eiRk·(�r−t)unk
(
R−1(r − t)

)
=
∑
i∈Cnk

Din(R, k)���eiRk·ruiRk(r)
(A.85)

This last equation has the following set of consequences

εnRk = εnk

unRk(r) = e−iRk·t
∑
i∈Cnk

Din(R, k)−1uik
(
R−1(r − t)

)
unRk(G) = e−i(Rk+G)·t

∑
i∈Cnk

Din(R, k)−1uik
(
R−1G

)
.

(A.86)
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a.8.2 Electron-phonon matrix element

The electron-phonon matrix can also be made symmetric in k-points.

R̂tGKKmnn ′(k, q) =
∑
l ′′κα

∫
R̂tΨ

∗
n,k+q(r)e

iq·Rl ′′

R̂t

[
∂Ĥ

∂Rl
′′
κα

Ψn ′,k(r)

]
R̂tU

m
κα(q)dr, (A.87)

where we used the fact that the rotation of a product is equal to the
product of the rotations.

If the symmetry operations belong to the little group of q taking into
account time reversal or an umklapp vector that bring the q-point into
itself (i.e. Rq = q, Rq = −q, Rq = q + Gr or Rq = −q − Gr ) and if the
Hamiltonian has a local potential then

∂Ĥ

∂Rl
′′
κα

Ψnk(r) =
∂

∂Rl
′′
κα

[
−
1

2
∇2 + Vloc(r)

]
Ψnk(r) (A.88)

But using the common derivation rules of an operator and a function
one can see that

∂

∂Rl
′′
κα

[
∇2Ψnk

]
=
∂∇2
∂Rl

′′
κα

Ψnk +∇2∂Ψnk

∂Rl
′′
κα

. (A.89)

If the operator ∇2 does not depend upon atomic position (which is
the case in the adiabatic approximation5) then

∂

∂Rl
′′
κα

[
∇2Ψnk

]
= ∇2∂Ψnk

∂Rl
′′
κα

. (A.90)

This means that Eq. (A.88) becomes

∂Ĥ

∂Rl
′′
κα

Ψnk(r) =
∂Vloc(r)
∂Rl

′′
κα

Ψnk(r) (A.91)

One can now apply the symmetry operation to Eq. (A.88)

R̂t

[
∂Ĥ

∂Rl
′′
κα

Ψnk

]
= R̂t

[
∂Vloc(r)
∂Rl

′′
κα

Ψnk(r)
]

=
∂Vloc

(
R−1(r − t)

)
∂Rl

′′
κα

Ψnk
(
R−1(r − t)

)
,

(A.92)

5 Beyond the adiabatic approximation, the electronic cloud follows the ionic motion with
a delay. This means that the Laplacian is evaluated at a different position on the function
(or equivalently that the Laplacian is evaluated at the same position but the function has
moved).)
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where in the last equality one has used the fact that the rotation of a
product is equal to the product of the rotations. In addition, most physi-
cal potential will be symmetric under rotation Vloc(r) = Vloc

(
R−1(r − t)

)
.

With these development, the Eq. (A.87) becomes

R̂tGKKmnn ′(k, q) =
∑
l ′′κα

eiq·R
l ′′
∫
Ψ∗n,k+q

(
R−1(r − t)

) ∂Vloc(r)
∂Rl

′′
κα

Ψn ′,k
(
R−1(r − t)

) ∑
m ′κ ′γ

Kmm ′Lκκ ′PαγU
m ′

κ ′γ(q)dr, (A.93)

with Kmm ′ the character matrix of the irreducible mode representation,
Lκκ ′ the atomic type matrix that describes the exchange of atom types
under a symmetry operation and Pαγ the symmetry operation matrix of
the Cartesian coordinates.

One can then make a change of variable y = R−1(r − t) and get

R̂tGKKmnn ′(k, q) =
∑
l ′′κα

eiq·R
l ′′
∫
Ψ∗n,k+q(y)

∂Vloc (Ry + t)
∂Rl

′′
κα

Ψn ′,k(y)
∑
m ′κ ′γ

Kmm ′Lκκ ′PαγU
m ′

κ ′γ(q)Rdy

=
∑
l ′′κα

eiq·R
l ′′
∫
Ψ∗n,k+q(y)

∑
κ ′′β

L−1κ,κ ′′P
−1
αβ

∂Vloc(y)
∂Rl

′′
κ ′′β

Ψn ′,k(y)
∑
m ′κ ′γ

Kmm ′Lκκ ′PαγU
m ′

κ ′γ(q)dy,

(A.94)

where one has used the fact that the rotation of an infinitesimal volume
elements is the element itself and on that

∂Vloc (Ry + t)
∂Rl

′′
κα

=
∂Vloc(y)

∂R−1(Rκα − t)
=
∑
κ ′′β

L−1κ,κ ′′P
−1
αβ

∂Vloc(y)
∂Rl

′′
κ ′′β

. (A.95)

One can also use the fact that the rotations matrices cancel out when
integrated over the directions and atoms∑

α

P−1αβPαγ =δβγ∑
κ

L−1κκ ′′Lκκ ′ =δκ ′′κ ′ ,
(A.96)



“main_corr” — 2015/1/7 — 18:40 — page 173 — #189

A.9 calculation details for diamond 173

which finally gives us

R̂tGKKmnn ′(k, q) =
∑
l ′′κα

eiq·R
l ′′
∫
Ψ∗n,k+q(r)

∂Vloc(r)
∂Rl

′′
κα

Ψn ′,k(r)
∑
m ′

Kmm ′U
m ′
κα(q)dr. (A.97)

This means that, except for the mixing of the modes, the GKK matrices
are invariant upon rotation. If one now wants to express the GKK in term
of another k-point related by symmetries

GKKmnn ′(Rk, q) =
∑
l ′′κα

eiq·R
l ′′
∫ ∑
i∈Cik

D−1
in (R, k + q)Ψ∗i,k+q(r)

∂Vloc(r)
∂Rl

′′
κα

∑
j∈Cjk

D−1
jn (R, k)Ψj,k(r)

∑
m ′

Kmm ′∑
m ′′∈Cm ′′q

Nm ′′m ′(R, q)−1Umκα(q)dr, (A.98)

where Nm ′′m ′(R, q) is an appropriate linear combination of degenerate
phonon modes Cm ′′q at a defined q-point.

An equivalent development can be made for q when we are in the
little group of k. If we want to consider k-point related by symmetry but
with q-points out of the little group, we have to average the equivalent
k-points to "symmetrize" it. In practice, it means that when using no
symmetries on the k-point grid and on the q-point grid, the results are
physical and the ZPR is the same for two k-point related by symmetries.
On the other hand, by using no symmetries on the k (or q) point grid
but using symmetries for the q (or k) point grid, an average over the
non symmetry based grid is required to get physical results. Due to the
use of different gauges in Abinit for the ground-state and perturbed
wavefunction, it is not possible to use the symmetries on both k and q
grid. Although we were not able to formally demonstrated it, it should
be possible to tackle this issue and find a gauge invariant ZPR.

a.9 calculation details for diamond

We compute the ZPR of the top of the valence band of diamond (Γ ′25v )
and the first optically accessible state (Γ15c ) using a 4× 4× 4 Γ-centered
q-point grid. The lattice parameter (3.55Å) was obtained by relaxation
of the structure with a Trouiller-Martins LDA pseudopotential [100].
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a.9.1 Frozen-phonon calculations

The atoms are displaced along the normalized 3N-components polariza-
tion vectors, given by

ξm,κ =

√
M

Mκ
Um,κe

iq·Rl , (A.99)

with Um,κ being one of the orthogonal eigenvectors of the dynamical
matrix at wavevector q and Rl is a lattice vector. The displacement vec-
tor is thus ∆xτ = z ξm,κ. A single displacement (together with the equi-
librium structure) is sufficient to compute the second-order derivative,
since a positive displacement is equivalent to a negative displacement,
except at q = Γ, where an additional negative displacement is needed.

The polarization vectors were obtained from DFPT. For the main DFT
and G0W0 calculations, we used z = 0.0035Å. For the GW calculation,
we used z = 0.035Å. To compare the frozen-phonon DFT calculation
with the DFPT scheme, we used z = 0.00035Å.

a.9.2 Many-body effects

The frozen-phonon G0W0 calculations were performed using the Hy-
bertsen-Louie plasmon-pole model (PPM). This PPM offers the most ef-
ficient scheme to compute the G0W0 corrections to the eigenvalues. Al-
though other schemes (using the Godby-Needs PPM or full-frequency
calculations) result in different band gaps, they give similar values for
the ZPR.

The parameters needed to reach convergence in the EPCE are less
stringent than those required for the eigenvalues themselves, since the
EPCE deals with eigenvalue differences. The dielectric matrix and the
self-energy were computed with a 4× 4× 4 unshifted k-points grid, 96
unoccupied bands, a kinetic energy cut-off of 30 Ha for the wavefunc-
tions and 7.5 Ha for the dielectric matrix.

For the self-consistent GW calculation, we performed a full-frequency
calculation with the contour deformation technique [148]. The frequency
integration was performed with 48 frequencies between 0 and 240 eV on
the real axis, and 6 frequencies on the imaginary axis. We computed the
difference between the EPCE in GW and in G0W0 from the differences
of the EPCE values between the last and the fist step of the self-consistent
procedure.
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a.9.3 DFPT calculations

In the static AHC theory, the EPCE are split into the Fan and DW terms,
giving an expression of the form

∂εnk

∂nmq
=

1

2ωmq

∑
n ′

ΛFan
nn ′kq

εnk − εn ′k+q + iδ
+

ΛDW
nn ′kq

εnk − εn ′k + iδ
(A.100)

where the small parameter δ is a real positive number which avoids
divergent points when the energy differences are small and where ΛFan

and ΛDW are related to the matrix elements of the coupling potential for
the phonon mode m and can be deduced from direct comparison with
Eq. (1.79) in the adiabatic limit

The divergences occur either at finite q vectors, when a band crosses
the corrected levels (Γ ′25v , Γ15c ), in which case they cancel out after inte-
gration over the BZ, or they occur near q = Γ, in which case the weight
of these elements vanishes as q2 and they integrate to a finite value.

In our study, we used δ = 0.1 eV, similar to previous works [62, 67].
This value is on the order of typical phonon frequencies, which would
be included in the denominators of Eq. (A.100) in a dynamical theory
like Eq. (1.79). Hence, we expect the error introduced by this parameter
to be comparable with the error induced by the static approximation.

The DFPT calculations were performed with the technique of [19] in
which the summation over all bands is cut at some band index M, and
the contribution of the bands above M is obtained from a Sternheimer
equation (see Eq. (A.10)). The choice of this parameter (M = 8 in our
study) only affects the speed of the algorithm, and not the numerical
results.

a.9.4 Interpolating the many-body effects

The G0W0 EPCE per q-point as a function of the DFT EPCE were mod-
eled using third-order polynomials with a linear continuation outside
our sample points range, as shown in Figure A.2.

a.9.5 G0W0 calculation of the bare band gap

The bare G0W0 band gap (before ZPR corrections) was computed with
a full-frequency calculation. The frequency integration was performed
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Figure A.2: Modeling of theG0W0 EPCE per q-point as a function of the DFT EPCE. The
yellow discs are the G0W0 frozen-phonon results, the solid green line is the polynomial
fit on these results, and the dashed blue line is the DFT EPCE (y=x). Courtesy of G.
Antonius.

with 32 frequencies between 0 and 40 eV on the real axis, and 6 frequen-
cies on the imaginary axis.

We used a 12× 12× 12 unshifted k-points grid, with 288 unoccupied
bands, a kinetic energy cut-off of 30 Ha for the wavefunctions and 15 Ha
for the dielectric matrix.

A sensitive factor that affects a G0W0 calculation is the relaxed ge-
ometry, which depends on the details of the pseudopotential. Our cell
parameter (3.5473Å) was obtained by relaxation of the structure, and we
checked that other cell parameters in the range [3.52Å-3.56Å] change the
G0W0 gap by ±0.04 eV at most.

A G0W0 calculation on the LDA band structure of diamond typically
underestimates the bare band gap (7.483 eV). On the other hand, a self-
consistent GW calculation overestimates the bare band gap (8.227 eV).
Such an important overestimation might be due in part to the fact that
the bare band gap is being used in the self-consistent process, rather
than the renormalized band gap. In order to bring our G0W0 calculation
closer to a self-consistent scheme in which the ZPR would be taken into
account, we use a scissor operator (∆) of 1.484 eV on the LDA band
structure, bringing the starting gap to the experimental value of 7.100 eV,
which results in a direct G0W0 band gap of 7.732 eV.
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The connection between our LDA+ ∆+G0W0 calculation and a hy-
pothetical self-consistent GW +Σep scheme depends on several assump-
tions. First, it assumes that a scissor shift reproduces well the self-consi-
stent GW band structure, at least for the states near the direct band gap
at Γ, which can be assessed from Fig. A.3. Then, it supposes that the ZPR
does bring the bare GW band gap to the renormalized gap targeted by
the scissor shift, which is the case with a significant closing a the gap
due to electron-phonon coupling. Moreover, we verified that any value
in the range [1.2 eV-1.8 eV] for the scissor operator would vary the final
gap by ±0.05 eV at most. Finally, it assumes that the bare starting band
structure would be that of a stable self-consistent solution, which we
can not verify within the scope of this work. Nonetheless, we use this
calculation as an estimate of the bare optical band gap solely to discuss
our results for the zero-point renormalization.

Γ X K Γ L X W K

−20

−10

0

10

20

30

eV

LDA+∆ and self-consistent GW band structure of diamond

Figure A.3: Band structure of diamond from a self-consistent GW calculation (yellow
squares), as well as the LDA band structure (solid lines) with a scissor shift of 2.621 eV
applied to match the GW band gap. Courtesy of G. Antonius.

a.10 calculation details for gaas

We computed the ZPR in GaAs for the top of the valence bands (Γ8v ) and
the bottom of the conduction bands (Γ6c ), using the DFPT as well as the
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FP method. We used a 4× 4× 4 q-point grid, which yields a converged
ZPR value in terms of q-points density. Figure A.4a shows the EPCE per
q-point across the Brillouin zone. Most of the points computed with the
FP method fall on the DFPT curve, with some visible discrepancy for the
Γ6c state at L and ∆. Still, both methods agree within 1 meV for the ZPR
of the band gap, which is evaluated to ∼ −23 meV, confirming again the
validity of the rigid-ion approximation.

We performed FP calculations with G0W0 corrections for five points
of the BZ (Γ, Λ, L, Ω and X). These are shown in Fig. A.4b. On average,
the EPCE per q-point for the Γ8v state were increased by 6 meV, and
those the Γ6c state were increased by 14 meV (in absolute value). With
the G0W0 corrections, the ZPR in increased from −23 meV to −33 meV,
as summarized in Table A.1. Experimental values for the band gap ZPR
in GaAs range from −45 meV to −54 meV [92]. Hence, as for diamond,
the many-body corrections increase significantly the ZPR obtained from
DFT, in better agreement with experiments, but in the case of GaAs, our
static LDA+G0W0 frozen-phonon calculation still underestimates the
band gap ZPR.

Γ8v Γ6c Gap

DFPT 14 −8 −22

Frozen-phonon 15 −8 −23

∆ G0W0 +3 −7 −10

Total 18 −15 −33

Table A.1: Zero-point renormalization (meV) in GaAs computed on a 4× 4× 4 q-point
grid.

All calculation were done with the ABINIT code [96].

a.11 total energy

In this appendix’s section, we detail several terms of the decomposition
of the total energy, as provided by ABINIT and QE. As concerns ABINIT,
a decomposition of the total energy can be inferred from Refs. [64, 74],
but the Ewald and psp-core terms are actually mixed in these references,
which is misleading.
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Figure A.4: Electron-phonon coupling energies (EPCE) in GaAs. The top panel in (a)
shows the band structure with dashed line indicating the Γ8v and Γ6c energies.

We define first the psp-core energy. The external potential originates
from sum of atomic pseudopotentials

vpsp(r, r ′) =
∑
ls

vs(r − τs − Rl, r ′ − τs − Rl) (A.101)

Each atom contribution to this external potential is made of a local and
a nonlocal part

vs(r, r ′) = vloc
s (r)δ(r − r ′) + vnon-loc

s (r, r ′) (A.102)

For each atom the local part is long ranged, with an asymptotic behavi-
our −Zs/r. Such behaviour implies a divergence at G = 0 in reciprocal
space. Divergences at G = 0 also happen in the Hartree energy and
the Ewald energy. A careful treatment of the divergences leads to their
mutual cancellation, albeit with some finite residual. The residual specif-
ically linked to the long-range behaviour of the local pseudopotential is
denoted as the psp-core energy

Epsp-core =
1

2Ω0

(∑
s

Zs

)∑
s ′

∫ (
vloc
s ′ (r) +

Zs ′

r

)
dr. (A.103)
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The Ewald energy is the energy of an infinite number of periodic posi-
tively charged particle placed in a negative homogeneous background

EEw =
1

2

∑
s,s ′

ZsZs ′

[∑
G6=0

4π

Ω0G2
eiG·(τs−τs ′)e

−G2

4Λ2

−
∑
l

eiq·Rlerfc(Λ |Rl + τs ′ − τs|)
|Rl + τs ′ − τs|

−
2√
π
Λδss ′ −

π

Ω0Λ2

]
, (A.104)

with Zs the charge of ion s, Ω0 the unit cell volume, Λ a parameter that
can assume any value and is adjusted to obtain the fastest convergence.
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b.1 convergence studies for the temperature-dependence

calculations
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(c) Static ZPR.
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Figure B.1: Convergence study for the (a) static and (b) non-adiabatic direct bandgap
ZPR of β-AlN as well as the (c) static and (d) non-adiabatic indirect Γ −X bandgap ZPR
of β-AlN with respect to the q-point grid density integration for decreasing values of
iδ. Values of iδ = 0.01 meV for the direct bandgap are not shown as they lead to strong
oscillations due to the fact that β-AlN is an indirect bandgap semiconductor. The spike
observed in (c) for iδ = 1 meV is ascribed to numerical instabilities. The corresponding
line with iδ = 0.01 meV is not shown for readability as its convergence is even more
spiky.
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(c) Static ZPR of BN.
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Figure B.2: Convergence study for the (a) static and (b) non-adiabatic direct bandgap
ZPR of c-BN as well as the (c) static and (d) non-adiabatic indirect Γ − X bandgap ZPR
of c-BN with respect to the q-point grid density integration for decreasing values of iδ.
Values of iδ = 1 meV and iδ = 0.01 meV are not shown for the direct gap as they lead
to strong oscillations due to the fact that BN is an indirect bandgap semiconductor. For
the non-adiabatic indirect bandgap, the curves for iδ=10 to iδ=0.01 meV are almost on
top of each other.
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(b) Non-adiabatic ZPR of diamond.
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Figure B.3: Convergence study for the (a) static and (b) non-adiabatic direct bandgap
ZPR of diamond as well as the (c) static and (d) non-adiabatic indirect bandgap ZPR of
diamond with respect to the q-point grid density integration for decreasing values of iδ.
The divergence of the non-adiabatic indirect ZPR for vanishing iδ is clear in (d).
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(b) Non-adiabatic ZPR of silicon.
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Figure B.4: Convergence study for the (a) static and (b) non-adiabatic direct bandgap
ZPR of silicon as well as the (c) static and (d) non-adiabatic indirect bandgap ZPR of
silicon with respect to the q-point grid density integration for decreasing values of iδ.
The convergence for the indirect bandgap is quite difficult since we took the LUMO to
be in (0.33,0.0,0.33) which is not the real minimum of (0.4,0.0,0.4).
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b.2 the lda+u methodology

Within the LDA+U methods, the wavefunctions is expanded in a lo-
calized orthonormal basis |Inlmσ〉 within the atomic spheres where I
denotes the site, n the main quantum number, l the orbital quantum
number, m the magnetic number and σ the spin index. The equations
that follow are for one type of atom and a specific orbital quantum num-
ber l. The generalized LDA+U energy functional can be written as fol-
lows [216, 217, 176]

ELDA+U[n(r)] = ELDA[n(r)] + EHub[{nIσ}] − EDC[{nI}], (B.1)

where {} denotes an iteration over the indices included in the curly brack-
ets, n(r) is the electronic density, nI = nI↑ + nI↓, nIσ are the atomic-
orbital occupations for the atom I. The last term removes the double
counting of the interactions contained in EHub and, in an average way, in
ELDA. We can define an occupation matrix that has the following form

nIσm,m ′ =
∑
nk

fσnk〈Im|Ψσnk〉〈Ψσnk|Im
′〉, (B.2)

where fσnk is the electronic occupation and 〈Im|Ψσnk〉 is the projection of
the wavefunction on the orbital nl of the magnetic number m at site I.

The interaction Hubbard term EHub[{nIσ}] in Eq. (B.1) can be written
as [176]

EHub[{nIσ}] =
1

2

∑
I,mm ′
m ′′m ′′′

〈mm ′′|Vee|m ′m ′′′〉nIσmm ′nI−σm ′′m ′′′+

(
〈mm ′′|Vee|m ′m ′′′〉− 〈mm ′′|Vee|m ′′′m ′〉

)
nIσmm ′n

Iσ
m ′′m ′′′ , (B.3)

where Vee are the screened Coulomb interactions and the matrix ele-
ments are

〈mm ′|Vee|m ′′m ′′′〉 =
2l∑
k=0

4π

2k+ 1

k∑
q=−k

〈lm|Ykq|lm
′〉〈lm ′′|Y∗kq|lm ′′′〉Fk, (B.4)

where l is the angular momentum of the localized (d or f) electrons,
Ykq are the angular part of the wavefunctions (expressed as spherical
harmonics) and Fk the radial Slater integrals (introduced below).
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The double-counting term EDC can be written in the Full Localized
Limit (FLL) that corresponds to the subtraction of the average effect for
a localized state with integer occupation number [217]

EDCFLL [{nI}] =
∑
I

U

2
nI(nI − 1)

−
∑
I

J

2

[
nI↑(nI↑ − 1) + nI↓(nI↓ − 1)

]
, (B.5)

where again nI = nI↑ + nI↓. Alternatively, it can be written in the
Around Mean Field approximation where the electrons are equally shared
among orbitals [216]

EDCAMF [{nI}] =
∑
I

UnI↑nI↓ +
1

2

[
(nI↑2 +nI↓2)

2l

2l+ 1
(U− J)

]
. (B.6)

The radial Slater integrals Fk are the parameters of the models that
take value F0, F2 and F4 for d electrons. For f electrons, an additional
F6 must be specified. These Slater integrals can be expressed in terms
of only two parameters U and J, describing the on-site Coulomb and
exchange interaction

U =
1

(2l+ 1)2

∑
m,m ′

〈mm ′|Vee|mm ′〉 = F0 (B.7)

and

J =
1

2l(2l+ 1)

∑
m 6=m ′,m ′

〈mm ′|Vee|m ′m〉 =
F2 + F4

14
, (B.8)

where the ratios F4/F2 and F6/F4 are known. Moreover, the terms EHub-
[{nIσ}] and EDC[{nI}] are invariant under the rotation of the atomic-
orbital basis set used to define the occupancies nσm,m ′ . The interested
reader can check that in the absence of orbital polarizations (i.e. nIσmm ′ =
nIσmm ′δmm ′), the Eq. (B.1) reduces to ELDA[n(r)] thanks to the definition
of the U and J terms.

To be complete, there is an alternative rotationally invariant formula-
tion of the ELDA+U[n(r)] term from Dudarev et al. [218]

ELDA+U[n(r)] = ELDA[n(r)]

+
U− J

2

∑
I,σ

(∑
m

nIσmm −
∑
mm ′

nIσmm ′n
Iσ
m ′m

)
. (B.9)

This last formulation only needs one parameter (U− J) but is not imple-
mented in the Abinit software.
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b.3 europium-doped bson ground state calculations
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Figure B.5: [GS] The ground-state electronic bandstructure of the europium-doped el-
ements are computed at the ab-initio relaxed parameter with the 10 valence electrons
pseudopotential.
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Figure B.6: [GS] The ground-state electronic bandstructure of the europium-doped el-
ements are computed at the ab-initio relaxed parameter with the 10 valence electrons
pseudopotential in the rhombohedral supercell.
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b.4 europium-doped excited state calculations

Ba2Si6O12N2:Eu1

Γ Band A Band

DFT G0W0 diff. character DFT G0W0 diff. character

6.672(2) 7.802(2) 1.130 - 7.045(2) 8.160(2) 1.115 -

6.511 7.409 0.898 - 5.945 7.142 1.197 -

5.242(2) 6.973(2) 1.731 Eu5d 5.682 6.765 1.083 Ba6s
4.744 6.118 1.374 Ba6s 5.285(2) 7.064(2) 1.779 Eu5d
3.993(2) 5.534(2) 1.541 Eu5d 4.098(2) 5.683(2) 1.585 Eu5d
3.415 4.646 1.231 Eu5d 3.628 5.073 1.445 Eu5d

−0.127 −1.282 −1.155 N2p 0.000 −1.129 −1.129 N2p
−0.298 −1.473 −1.175 N2p −0.020 −1.126 −1.106 N2p
−0.701(2) −1.917(2) −1.216 Ba4d-O2p −0.607(2) −1.798(2) −1.191 Ba4d-O2p

Ba2Si6O12N2:Eu2

Γ Band A Band

DFT G0W0 diff. character DFT G0W0 diff. character

4.255(2) 5.818(2) 1.562 Eu5d 5.624 6.833 1.209 Ba6s
4.078 5.138 1.061 Ba6s 4.398(2) 6.020(2) 1.622 Eu5d
3.739(2) 5.228(2) 1.490 Eu5d 4.228 5.799 1.571 Eu5d
3.570 4.984 1.414 Eu5d 3.787(2) 5.306(2) 1.519 Eu5d

−0.196 −1.346 −1.149 N2p 0.000 −1.106 −1.106 N2p
−0.695 −1.811 −1.116 N2p −0.465 −1.551 −1.086 N2p
−0.794(2) −1.989(2) −1.195 - −0.762(2) −1.948(2) −1.185 -

Ba2Si6O9N4:Eu1

Γ Band M Band

DFT G0W0 diff. character DFT G0W0 diff. character

6.449 7.337 0.888 5.603 6.584 0.980

6.265(2) 7.116(2) 0.851 5.079 6.140 1.061

5.883 6.873 0.990 4.647 6.244 1.596

4.447(2) 5.971(2) 1.524 Eu5d 4.431 5.884 1.453 Ba6s
4.003 5.066 1.063 Ba6s 3.529 4.870 1.342

Eu5d3.508(2) 4.843(2) 1.335 Eu5d 3.505 4.834 1.329

3.284 4.397 1.113 Eu5d 3.392 4.655 1.262

−0.244(2) −1.361(2) −1.117 N2p 0.000 −1.078 −1.078 N2p
−0.674 −1.795 −1.121 N2p −0.274 −1.400 −1.126 N2p
−0.850 −2.000 −1.150 N2p −0.791 −1.934 −1.143 N2p
−1.236 −2.403 −1.167 - −1.037 −2.227 −1.191 N2p

Ba2Si6O9N4:Eu2

Γ Band M Band

DFT G0W0 diff. character DFT G0W0 diff. character

6.639 7.582 0.943 5.427 6.411 0.984

Continued on next page
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Table B.3 – continued from previous page

6.145(2) 6.978(2) 0.832 5.038 6.088 1.050

5.842 6.825 0.983 4.635 6.192 1.557

4.435(2) 5.912(2) 1.476 Eu5d 4.454 5.889 1.435 Ba6s
3.887 4.818 0.931 Ba6s 3.589 4.906 1.317 Eu5d
3.569(2) 4.881(2) 1.312 Eu5d 3.492 4.767 1.275 Eu5d
3.410 4.633 1.223 Eu5d 3.461 4.736 1.275 Eu5d

−0.233(2) −1.358(2) −1.125 N2p 0.000 −1.091 −1.091 N2p
−0.671 −1.825 −1.155 N2p −0.256 −1.391 −1.135 N2p
−0.911 −2.028 −1.117 N2p −0.821 −1.982 −1.162 N2p
−1.120 −2.328 −1.208 - −1.012 −2.185 −1.173 N2p

Ba2Si6O9N4:Eu3

Γ Band M Band

DFT G0W0 diff. character DFT G0W0 diff. character

6.366(2) 7.250(2) 0.884 5.467 6.520 1.053

6.058(2) 6.967(2) 0.908 5.258 6.417 1.159

5.450 6.304 0.854 4.866 6.507 1.641

4.799(2) 6.436(2) 1.637 Eu5d 4.757 6.284 1.527 Ba6s
4.051 5.223 1.171 Ba6s 3.518 4.926 1.408 Eu5d
3.546(2) 4.972(2) 1.425 Eu5d 3.514 4.917 1.404 Eu5d
3.396 4.628 1.231 Eu5d 3.490 4.891 1.401 Eu5d

−0.333(2) −1.512(2) −1.179 N2p 0.000 −1.119 −1.118 N2p
−0.683 −1.843 −1.160 N2p −0.323 −1.503 −1.180 N2p
−0.928 −2.091 −1.162 N2p −0.951 −2.144 −1.193 N2p
−1.305 −2.510 −1.205 - −1.078 −2.275 −1.197 N2p

Table B.3: Band positions [eV] of the europium-doped Ba2Si6O12N2 and Ba2Si6O9N4
compound at the different high symmetry points using the core-hole approach. The
color code corresponds to the figure 5.7 and "diff." means G0W0-DFT.
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Figure B.7: [Exc] Electronic bandstructures of the 1x1x2 supercell calculations computed
with the core-hole pseudopotentials at the undoped relaxed lattice parameters. The five
europium-doped compounds are calculated on a 6x6x2 k-point grid shifted 1/2 in the
c direction with a 30 Ha energy cut-off of the plane-wave basis set for the europium-
doped Ba3Si6O12N2 and 35 Ha for the europium-doped Ba3Si6O9N4 compounds.
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Figure B.8: [Exc] Electronic bandstructures calculations computed with the core-hole 10

electrons pseudopotentials. The excitation doped elements are computed on the cell and
atoms relaxed in the ground-state. They all are calculated on a 4x4x4 shifted 1/2 in the
c direction k-points grid (12 k-points in IBZ) and with a 30 Ha energy cut-off for the
Ba3Si6O12N2 and 35 Ha for the Ba3Si6O9N4 compounds.
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Figure B.9: [Exc] Electronic bandstructure of the rhombohedral supercell calculations
computed with the core-hole pseudopotentials. The doped elements are computed on
the cell and atoms relaxed in the ground-state. They all are calculated on a 2x2x2 shifted
1/2 in all direction k-points grid and with a 30 Ha energy cut-off for the Ba3Si6O12N2
and 35 Ha for the Ba3Si6O9N4 compounds.
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Figure B.10: [Exc*] Electronic bandstructures calculations computed with the core-hole
10 electrons pseudopotentials. The excitation doped elements are computed with the
ground-state lattice parameters and the atomic position relaxed with the core-hole pseu-
dopotential. They all are calculated on a 4x4x4 shifted 1/2 in the c direction k-points
grid (12 k-points in IBZ) and with a 30 Ha energy cut-off for the Ba3Si6O12N2 and
35 Ha for the Ba3Si6O9N4 compounds.
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Figure B.11: [Exc*] Electronic bandstructure of the rhombohedral supercell calculations
computed with the core-hole pseudopotentials. The excitation doped elements are com-
puted with the ground-state lattice parameters and the atomic position relaxed with the
core-hole pseudopotential. They all are calculated on a 2x2x2 shifted 1/2 in all direction
k-points grid and with a 30 Ha energy cut-off for the Ba3Si6O12N2 and 35 Ha for the
Ba3Si6O9N4 compounds.
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Figure B.12: [GS*] Electronic bandstructures calculations computed with the 10 elec-
trons pseudopotentials. The excitation doped elements are computed with the ground-
state lattice parameters and the atomic position relaxed with the core-hole pseudopo-
tential. They all are calculated on a 4x4x4 shifted 1/2 in the c direction k-points grid (12

k-points in IBZ) and with a 30 Ha energy cut-off for the Ba3Si6O12N2 and 35 Ha for
the Ba3Si6O9N4 compounds.
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Figure B.13: [GS*] Electronic bandstructure of the rhombohedral supercell calculations
computed with the 10 electrons pseudopotentials. The excitation doped elements are
computed with the ground-state lattice parameters and the atomic position relaxed with
the core-hole pseudopotential. They all are calculated on a 2x2x2 shifted 1/2 in all
direction k-points grid and with a 30 Ha energy cut-off for the Ba3Si6O12N2 and 35 Ha
for the Ba3Si6O9N4 compounds.
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b.6 zpr of undoped bson compounds

Compound type q-point iδ ZPR [meV]

grid [meV] HOMOΓ HOMOA LUMOΓ GAP

Ba3Si6O12N2 static 1x1x1 100 139.42 115.69 −75.15 −190.84

static (1 qpt) 10 287.47 183.01 −75.22 −258.24

dynamic 100 165.23 123.55 −87.22 −210.78

dynamic 10 270.71 190.93 −118.52 −309.45

static 2x2x2 100 94.15 183.65 −97.72 −281.37

static (4 qpt) 10 109.14 283.49 −97.95 −381.44

dynamic 100 134.37 162.47 −97.20 −259.67

dynamic 10 99.898 191.81 −101.29 −293.10

static 4x4x4 100 22.79 252.59 −126.31 −378.90

static (14 qpt) 10 211.11 380.37 −128.00 −508.37

dynamic 100 201.31 210.12 −119.65 −329.78

dynamic 10 469.69 243.52 −121.16 −364.68

HOMOΓ HOMOM LUMOΓ GAP

Ba3Si6O9N4 static 1x1x1 100 54.25 59.27 −78.87 −138.15

static (1 qpt) 10 55.82 62.62 −78.96 −141.58

dynamic 100 135.95 99.82 −83.01 −182.83

dynamic 10 277.18 172.47 −95.61 −268.08

static 2x2x2 100 42.07 135.03 −96.90 −231.93

static (4 qpt) 10 102.61 465.45 −97.14 −562.59

dynamic 100 91.38 160.23 −95.71 −255.95

dynamic 10 165.02 250.02 −97.47 −347.49

static 4x4x4 100 −8.20 203.11 −120.97 −324.07

static (14 qpt) 10 383.80 661.89 −122.22 −784.11

dynamic 100 109.27 211.27 −115.41 −326.69

dynamic 10 176.95 309.54 −116.40 −425.93

Table B.5: Some q-point grid integration for the ZPR of the direct and indirect gap of
the two undoped BSON compounds. Only the LUMOΓ has a parabolic behaviour and
therefore start to converge with those low density q-point grid.
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