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Abstract—Dimensionality reduction (DR) aims at faithfully
and meaningfully representing high-dimensional data into a low-
dimensional (LD) space. Recently developed neighbor embedding
DR methods lead to outstanding performances, thanks to their
ability to foil the curse of dimensionality. Unfortunately, they
can not be directly employed on incomplete data sets, which
become ubiquitous in machine learning. Discarding samples with
missing features prevents their LD coordinates computation and
deteriorates the complete samples treatment. Common missing
data imputation schemes are not appropriate in the nonlinear DR
context either. Indeed, even if they model the data distribution
in the feature space, they can at best enable the application of
a DR scheme on the expected data set. In practice, one would
instead like to obtain the LD embedding with the closest cost
function value on average with respect to the complete data
case. As state-of-the-art DR techniques are nonlinear, the latter
embedding results from minimizing the expected cost function on
the incomplete database, not from considering the expected data
set. This paper addresses these limitations by developing a general
methodology for nonlinear DR with missing data, being directly
applicable with any DR scheme optimizing some criterion. In
order to model the feature dependencies, a high-dimensional
extension of Gaussian mixture models is first fitted on the
incomplete data set. It is afterward employed under the multiple
imputation paradigm to obtain a single relevant LD embedding,
minimizing the cost function expectation. Extensive experiments
demonstrate the superiority of the suggested framework over
alternative approaches.

Index Terms—Dimensionality reduction, missing data, neigh-
bor embedding, Gaussian mixtures, multiple imputations.

I. INTRODUCTION

IMENSIONALITY reduction (DR) aims at computing

relevant low-dimensional (LD) representations of high-
dimensional (HD) data sets, mainly for exploratory visual-
ization or to foil the curse of dimensionality [1], [2]. The
relevance of an embedding typically relies on the HD neigh-
borhood preservation. Different paradigms have emerged in
order to formalize this neighborhood preservation principle in
terms of mapping from HD to LD coordinates [1], like the
reproduction of distances [3] or neighborhoods [4], [S]. Early
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linear models such as principal component analysis (PCA)
[6] and classical metric multidimensional scaling (MDS) [3]
project the HD vectors by maximizing the variance or dot
product preservation. These approaches being limited to linear
mappings, nonlinear metric MDS variants [7] refine them
by defining (weighted) distance preservation schemes, based
on either Euclidean or approximated geodesic measures [8]—
[10]. Other studies define affinity matrices driving the com-
putation of the LD embedding [11]-[15]. In the visualization
context however, these methods hardly outperform the older
techniques [1], [16], [17], possibly because they reduce to
applying classical MDS in an unknown feature space [18],
[19]. The norm concentration phenomenon indeed particularly
affects distance preserving schemes [20]. In contrast, genuine
neighbor embedding methods such as Stochastic Neighbor
Embedding (SNE) [5] and variants [17], [21] mitigate this phe-
nomenon by defining probabilities [22], leading to outstanding
DR performances. These achievements motivated the devel-
opment of SNE-based techniques with alternative divergences
as cost functions [21], [23]-[25], heavy-tailed LD similarities
such as in ¢-SNE [17], [26], [27], fast optimization methods
[28]-[34], lower-complexity approximations [35]-[38] and
multi-scale, meta-parameter-free approaches [39], [40].

On the other hand, incomplete databases become nowadays
more and more frequently encountered in machine learning
[41]-[44]. While missing values occur for many different
reasons depending on the data type, any inference task on
such incomplete data set should take the missing entries into
account in order to avoid biased conclusions. Discarding the
samples with missing features is most often not acceptable
as it results in considerable information losses and drastically
reduces the data set size as the proportion of missing values
increases. Even more importantly in our context, removing
these examples would prevent the computation of their LD rep-
resentations, which greatly alters the SNE-based probabilities
of the complete samples and hence their LD positioning.

Quite surprisingly, despite all the recent advances in DR, the
field has not yet designed methods directly able to deal with
incomplete data sets. In this context, the cost functions opti-
mized by nonlinear DR schemes can not be directly evaluated
as they depend on the incomplete HD samples coordinates.
Although it has strong limitations for reasons detailed below,
a workaround is to consider a complete HD data set instead,
resulting from some imputation. The missing data management
is hence considered as a preprocessing step. The imputation
may attempt to be consistent with the data distribution in
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the feature space [45]. As the features of most data sets are
not independent, the conditional distribution of the missing
features of the samples given their observed features should
indeed be considered in order to derive meaningful insights on
the data relationships. This can be accounted by replacing the
missing data with their conditional mean given the observed
values, provided that the data distribution can be modeled [46].
Nearest neighbor-based imputation is another possibility [47]-
[49]. In all these cases however, the DR method would at
best yield the LD embedding minimizing the cost function
evaluated using the expected HD data set. Denoting by = a
set of incomplete HD data points and by X the set of their
LD representations, the LD embedding would be

argming C (X, E[F]), (1)

where C is the cost function of the DR algorithm. In practice
however, one is rather interested in obtaining the LD embed-
ding minimizing the cost function expectation, yielding the
closest cost function value on average to the one that would
be obtained in the complete data case:

argminx E [C (X, E)]. (2)

—

This strongly differs from (1) when C' is nonlinear in = as
in most recent, state-of-the-art, DR methods which are based
on nonlinear transforms of the HD samples, such as SNE
similarities, etc. Rather than (2), one could suggest to seek for

E [arg minx C (X, E)]. 3)

This would however merge LD embeddings specifically de-
signed for different complete HD data sets. As X is subject
to rotations, translations and scaling factors, the obtained
LD embedding would not reflect any kind of expected rela-
tionship in =. More interestingly, one could create an imputed
HD data set for each mode of the conditional distribution
of the missing values given the observed data and compute
their corresponding LD embeddings. Their number would
nevertheless rapidly increase with the proportion of missing
values. This would result in a huge amount of DR results to
analyze and compare for the user, which greatly complicates
its exploratory task. This paper hence focuses on recovering a
single relevant LD embedding.

Solving (2) requires reliably approximating the cost function
expectation on the incomplete database. Whereas considering
a single imputed data set would yield a biased estimate for
nonlinear cost functions, a consistent approximation can be
obtained under the multiple imputation paradigm [50], [51],
as long as the conditional distribution of the missing features
given the observed ones can be modeled [52]. Gaussian
mixture models are particularly attractive for this purpose,
as they can approximate arbitrarily well almost any contin-
uous density [53], [54]. Their parameters are usually derived
through maximum likelihood estimation [55], which can be
easily adapted when facing missing values [56], [57]. The
fitting of Gaussian mixtures being notoriously difficult in very
HD spaces, efficient HD extensions exist [58], considerably
reducing their number of parameters. Further improvements
[59], [60] also allow for the application of these models in

several fields [61]-[63]. In particular, they are successfully
used for distance estimation in numerical data sets with miss-
ing values [64], [65] and adapted extreme learning machines
on incomplete data sets [46], [66].

This work proposes to process missing data in DR un-
der the multiple imputation paradigm. In particular, a high-
dimensional extension of Gaussian mixture models is first
fitted on the incomplete database. Several imputed versions
of the data set are then created by sampling the conditional
distribution of the missing features of the samples given their
observed features. Averaging the nonlinear DR cost function
evaluations on each complete data set finally approximates
its expectation on the incomplete database, enabling to op-
timize (2). This provides a meaningful LD representation of
each data point, no matter whether it contains missing values
or not. Although this paper considers multi-scale SNE [39],
the proposed methodology is directly applicable with any other
neighbor embedding DR method, and more generally with any
DR scheme optimizing some cost function.

This paper is structured as follows: Section II reviews Gaus-
sian mixture models, describes their missing data extension as
well as a high-dimensional variant. This section is strongly
inspired from [46], [64]-[66]. Section III briefly introduces
neighbor embedding DR by summarizing SNE and presenting
the multi-scale SNE method. The complete multiple impu-
tation methodology is derived in Section IV. Its application
using multi-scale SNE and other neighbor embedding DR
schemes is detailed. Section V is dedicated to experimental
results comparing different methods dealing with missing data
on several data sets in which missing values are introduced.
Some conclusions are finally drawn in Section VI.

II. GAUSSIAN MIXTURE MODELS FOR HIGH-DIMENSIONAL
AND INCOMPLETE DATA

A G-component Gaussian mixture model of a complete
data set B, := {fi}ij\il with N independent examples £, €
R consists in G multivariate Gaussians with mean vectors
Wy, g € R, covariance matrices 31, ..., g € RF*H
and positive, unit-sum weight coefficients wy,...,wg € R,
which maximize the model log-likelihood

logp (E.10) = > log (3, weN (& lusB0)) . @)

i€l

where Z = {1,...,N}, ¢ == {1,...,G}, 0 =
{wg, py,, Xi; k € G} and where N (€, |y, Xi ) denotes the
evaluation of the probability density function of the £
Gaussian over §; [53], [55]. A traditional Expectation-
Maximization (EM) algorithm allows maximizing (4). It is
detailed for the sake of introducing relevant notations. After
initializing the mean vectors, covariance matrices and weight
coefficients, the E-step estimates the probabilities for each
example to originate from each Gaussian given the current
value of 0: for each 1 € 7 and k € G,

wpN (€i |u‘kv Ek)
ti = N =St 5
S N @) T 2t O
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The M-step then updates 6 given these probabilities:

1 Ny,

M = E ieT tikiiu Wy = Wa (6)
1 T
DIES Ny, 2vicr tir (& — py) (& — 1) - (7N

These two steps are iterated until convergence of (4) [65], [66].

A. Missing Data Management

Different studies extended the Gaussian mixture model to
manage missing data [56], [57]. Missing values refer to well-
defined data entries, unavailable for an unknown reason [51].
Let E = {§,, Oi}fvzl denote an incomplete data set with N
independent samples &; € R¥, O; ¢ {1,..., H} indexing the
observed features of &,. The complement of O; is noted M,
and 5?1’ (resp. SZMi) denotes the values of the observed (resp.
missing) features of &;. The set £ gathers 5?1' for all 7 € 7.

As to the missing-data mechanism, this work considers
“missing at random” data [51]: given =9, the probability of a
data entry to be missing is independent from & fwl foralli e 7.
This missing-data mechanism can be shown to be ignorable
[56], meaning that maximum likelihood estimators remain
consistent when evaluated on the incomplete database [51].
The stronger “missing completely at random” assumption,
requiring the missingness probability of a data entry to also be
independent of =9, is thus not necessary. A Gaussian mixture
model for = then maximizes the observed log-likelihood

logp (B219) = log (Z e (€2 1, m)) )

€T keg

over its parameters 6, where N (Sioi |k, Ek) refers to the

marginal of N (&, |u,,, Xy ) over the observed features of &,.
The EM-algorithm described above can be adapted to max-
imize (8), by further computing the conditional expectations
B0, € RIM:il and covariances £, (0, € RIMIXIML of
the missing features of each sample &, given QOi under each
Gaussian component k € G during the E-step. For all k € G,
iy M, |0, and f]k, M;|0, are easily derived as the conditional
distribution of & iuf given £ioi remains a multivariate Gaussian
when &; is considered as originating from a Gaussian compo-
nent [53]. The E-step then develops, for k € G and ¢ € Z, as

wpN (5?1 |, Ek)
5 CNe=D0 ik, )
>ieg wiN (& “ay, Zj)
-1
farjo, = mp" +E0(200) (62 - uRt), (10)

-1
< _ MM, MO; 00; OM;
Ek,Mi\Oi =3 - X (Ek ) X

tik =

Y

where ujkw"’ and /,Lko" denote the components of p, indexed

by M; and O; and where E?B ¢ refers to the sub-matrix of
3}, with rows indexed by A; and columns by B;. Defining

éik e R with its components indexed by O; and M, equal
to £ioi and fi;, 57,0, » the M-step then computes, for k € G,

1 - N,
M =N ZieI tir€ins Wk = N

3 = Nik iezztik (Em - Hk) (ézk: - ,Uk)T + 3, (13)

12)

~ . ~ MM; ~
where X, € R7*H 5 defined as X = tikE;@Mi‘oi and

zero elsewhere, f]% Mi denoting the sub-matrix of f)zk with
rows and columns indexed by M.

One can note that the E-step requires inverting a different
matrix for each component and set of observed features, which
may scale as O (GN) in HD data sets with many missing
entries. Such data sets are indeed more likely to present a
different pattern of observed features for each sample. As
performing O (GN) matrix inversions at each E-step has a
significant cost, some studies suggest to employ the sweep
inversion operator [51], [65], which is used for the experiments
in this paper. The sweep operator definition along as its
application to compute the E-step is described in the appendix.

B. High-dimensional Extension

As the covariance matrices dimension is H x H, the number
of parameters of Gaussian mixture models scales in O (G H 2).
This makes the fitting of such models difficult in HD spaces,
requiring much more samples than available. However adopt-
ing LD representations of each Gaussian function circumvents
this problem, leading to the family of high-dimensional data
clustering (HDDC) methods [58]. The latter constrain the
structure of the covariance matrices computed in the M-step to
reduce the number of model parameters. This work considers
the most general HDDC model. For each component k € G,
the eigenvalue decomposition (EVD) of 3 is first computed
after each M-step: ), = Q. A Q7 , where the eigenvalues are
sorted in decreasing order on the diagonal of A;. A new H x H
diagonal matrix Ay, is then defined as, for je{l,...,H},

50,

for some di € {1,...,H}. Covariance matrix Xy defined
in (13) is finally replaced with ¥; = Q,A,Qj . Since the
variance along an eigenvector is equal to its associated eigen-
value, the variance in the subspace spanned by the eigenvectors
of the H —dj, last eigenvalues of X is modeled using a single
parameter [58]. Hyper-parameter dj is determined with the
scree test [67]: dj is set to the smallest integer between 1 and
H such that the subsequent successive eigenvalues differences
are smaller than a threshold 7n; > 0, for which a heuristic
derivation is detailed in Section II-D. The eigenvalues are
hence replaced with their mean as soon as they become similar
to each other. This ensures that Aj remains close to Ay,
suggesting that the HDDC approximation is reasonable. This
motivates the use of the scree test for HDDC models [58].

(Ak)jj ifj S dkv

H . (14)
ﬁdk Zl:korl (Ag), otherwise,
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C. EM Algorithm Time Complexity

A single EM iteration includes the computation of the
E- and M-steps, as well as the application of the HDDC
method. The latter entails the derivation of the EVD of
the covariance matrices, from which their inverses are de-
duced. This scales in O(GH ‘3) time. About the M-step,
updating the covariance matrices costs O (GNH?). As to
the E-step, evaluating t;; for a complete sample scales in
@ (H 2). When &, contains missing values, the sweep inver-
sion operator allows obtaining 5, fj 7,0, and f]k’ M;|0;
in O (|Oi|2|Mi| +10:|1M ) + |Mi|2) time. As |0;] = H —
|M;|, performing the E-step for all samples and Gaussians
hence scales in O (GH > ier Hmax (1, [M;]) + \MZ|2) The
time complexity of an EM iteration then expresses as Tg =
o(cH {H2 + NH + H (Siez IMi]) + Sier IMil) ).

D. Metaparameter Tuning

Thresholds 7, as well as the number G of components
are hyper-parameters which can be determined using the
Bayesian Information Criterion (BIC) [66]. If the number P
of parameters of the model characterized by 6 is smaller than
N, the BIC can be expressed as —2log L () + Py log N [68].
Otherwise, it is not defined. The numbers Py of parameters
of the HDDC models are expressed in [58] as a function
of H, G and dj for all £k € G. The BIC is preferred
to Akaike’s Information Criterion (AIC) [69] as the latter
typically selects too complex models [70]. As mentioned in
previous studies [65], [66], it is crucial to avoid considering
overly complex models, as Py grows quickly with G and may
rapidly become larger than N when dealing with HD data
[65]. This would yield Gaussian mixture models particularly
subject to overfitting of the observed data, affecting the quality
of the multiple imputations. This motivates employing the BIC
criterion [66], which has moreover been shown to be efficient
in the context of HDDC models [58]. A simple heuristic then
allows determining G [66]: first fit two models with one and
two components, then with three if the BIC decreases from
G =1to G = 2, and so on as long as the BIC decreases.
However, for each considered value of G, the thresholds 7y
should still be determined. Adopting a similar strategy as for
G, my is defined as a decreasing fraction of the covariance
trace in this paper: np = ( - tr (Xy), where ¢ is first set to
0.5 and then repeatedly divided by two until the BIC stops
decreasing. Note that ¢ is common to all Gaussian components
and that when it becomes small, d; will tend towards H.
HDDC applied to low- or average-dimensional data is hence
able to consider full covariances, when N is large enough.

E. EM Initialization

The application of the EM algorithm entails the initializa-
tion of the Gaussian means, covariances and weights. This
work considers uniform weights wy at the beginning of the
algorithm, while the means g, are randomly selected among
the complete samples. If there are less than GG such samples,
some incomplete ones are drawn and sample mean imputation

is used to fill their missing features [65]. The covariances 3y,
are all initialized to the sample covariance of the complete
examples (complete-case analysis) when there are more than
H + 1 complete samples, and to a diagonal matrix with the
sample variance of the features otherwise [65]. This ensures
the positive definiteness of 3, which is not the case when
computing the covariances separately for all pairs of features
using the available examples [64] (available-case analysis).
The EM algorithm being sensitive to the parameter ini-
tialization, several runs should be conducted with different
initializations to explore several local maxima. In this paper,
for each considered values of G and ¢, the algorithm is run
10 times with distinct initializations and the one yielding the
smallest BIC is kept. Each run of the algorithm stops as soon
as one of the following conditions is met: (i) the log-likelihood
difference between two EM iterations is smaller than 1075,
(i1) 400 iterations have been performed, or (iii) one of the
covariance matrices has only close-to zero eigenvalues.

F. Conditional Mixture Model Sampling

Multiple imputation schemes require to sample the condi-
tional distribution of the missing features of each example
&, given its observed features. As the data set is modeled
using a Gaussian mixture model, this conditional distribution
also follows a Gaussian mixture with G components and
with means fi;, 5/, 0, » cOvariances Xy, pr, 10, and weights ¢
[66]. The conditional mean imputation of EZM'i then consists
in replacing it with >, o tikfiy ar, 0, - On the other hand,
a random sample from the conditional distribution can be
obtained by first drawing a component index k from G with
a t;; probability, then sampling a vector y,;, from a |M,]|-
dimensional Gaussian distribution, with zero mean and identity
covariance, and finally computing fi;, 7,10, + CikYiy, Where
C,i is the Cholesky factor of f]k M;10; [66].

III. NEIGHBOR EMBEDDING

DR aims to compute LD representations of HD data sets
which best preserve their topologies. This means that the data
points LD neighborhoods should reflect the HD ones. Sev-
eral paradigms tackled this problem, from the rigid distance
preservation methods to the successful neighbor embedding
approaches [1]. Among these, Stochastic Neighbor Embedding
(SNE) first defined probabilities of being neighbors [5], while
more recent multi-scale approaches yield impressive results
[39]. SNE is first reviewed at the beginning of this section,
and its multi-scale version is presented afterward.

A. SNE

Let again E, = [fi]ijil denote a set of N (complete) points
in a H-dimensional metric space (HDS). Let X = [x,]Y, be
its representation in a P-dimensional metric space, called the
LD space (LDS), with P < H. The HD and LD distances

between the ™ and j™ points are noted §;; and d;;. Starting
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from them, SNE defines single-scale HD and LD similarities
between pairs of data points, for ¢ € Z and j € Z\{i}:
_ exp (—Wiéfj/2)
D kez\(i} €XP (_7”5121@/2)
_ €Xp (_pid?j/Q)
Zkel\{i} exp (_pid?k/z)

Precision m; is set by binary search to reach a user-defined
perplexity K, for the distribution o; = {05, j € Z\{i} }:

m; s.t. log Ky = — ZjeI\{i}

whereas the LD precisions p; are set to 1. The perplexity
measures the soft Gaussian neighborhood size. In order to
find X, SNE minimizes the sum of the Kullback-Leibler
(KL) divergences between the distributions o; and s; :=
{sij, j € I\{i}} for each i € Z using gradient-based opti-
mization algorithms [5]:

0ij , 03 =0, (15)

Sii — 0.

(16)

sij

a7

0ijlogai;,

Csne = Ziel,jeI\{i} oijlog(oy;/si;).  (18)

B. Multi-scale SNE

As K, is typically small, SNE is based on local transforma-
tions of the HD distances. It thus focuses on the preservation
of small neighborhoods, most HD similarities being indeed
close to zero which annihilates the influence of the associated
LD similarities on the SNE cost function. Relying on local dis-
tance transformations may hence be questioned as it prevents
considering the average- and large-scale interactions while
defining the global structure of the embedding, K, being most
of the time arbitrary. This considerably affects the preservation
of long-range neighborhoods. On the other hand, employing
too large a perplexity leads to nearly-uniform HD similarities,
impairing the preservation of small neighborhoods.

However, combining several SNE similarities defined using
increasing perplexities enables to capture both local and global
relationships and to focus on various data scales at the same
time. This reasoning leads to the multi-scale SNE method [39].
By introducing an additional scale index h, the single-scale
similarities are now defined, for i € Z and j € Z\{i}, as

exp (i, /2

2 ker\{i} EXP (—mhid7/2)
exp (_phid?j/2)

S ke gy P (—Pridi/2)’

Multi-scale (ms) similarities are then expressed as

Ohij = , Ohii = 0, (19)

Shis = 0. (20)

Shij =

1 L 1 L
Oijoms = 7 § Ohijs Sijms — T E Shijs (21)
’ L ’ L
h=1 h=1

where L is the considered number of scales. In order to deter-
mine the precisions 7; and p,; for the neighborhoods around
each &, and x;, perplexity values covering the whole range
from 1 to N can be selected, without any user intervention. As
suggested in [39], starting from a small perplexity like K, =
2, indexed perplexities can be defined as Kp, = 1K

where 1 < h < L = |log, (N/K,)], with |-] representing the
rounding operator. Precision 7y, is then computed as in SNE,
using perplexity Kp,. On the other hand, the LD precisions
should be determined according to the exponential evolution of
the perplexities [39]. One possibility is p,; = p, = Kp~YP.
Further details for the choice of K, can be found in [39].
The cost function of multi-scale SNE remains as in SNE.
Since the entropy of the HD similarities is fixed, it reduces to

CuMssNE=—

As the cost functions of SNE-like methods are difficult to
optimize, especially when small perplexities are employed, the
use of multi-scale optimization is typically recommended, by
first only considering the larger scales during the optimization
and then introducing smaller ones one at the time [39].

As there are O (logN) scales, evaluating the multi-
scale similarities, hence the multi-scale SNE gradient, costs
O (N 2log N ) Whereas SNE-like methods succeed best in
preserving neighborhoods with sizes close to or smaller than
K, but poorly reproduce larger ones, the parameter-free multi-
scale approach preserves the neighborhoods in a broader range
of sizes. This behavior has been shown to be of great interest
to retain local as well as global structures in the data [39].

(22)

Oiims lO€ Sii ms-
ieI,jEI\{i} ij,ms g 17,ms

IV. MULTIPLE IMPUTATIONS FOR DIMENSIONALITY
REDUCTION WITH MISSING DATA

Given an incomplete data set = with N independent ex-
amples, multi-scale SNE can not be directly applied as the
examples &, € R contain unobserved features. However,
following (2), the expectation, over the missing values, of (22)
may be minimized. It can indeed be expressed as

E[Cussnvel ==

Only the expected HD similarities must hence be evalu-
ated in order to apply multi-scale SNE. This can be per-
formed by modeling the = distribution in R¥ through a
Gaussian mixture model. One can then sample ¥ times
the conditional distribution of the missing features of each
sample &, given its observed features. This creates ¥ com-
plete data sets E;...,Eg’. Their multi-scale HD similari-
ties [01 ]fvjzl may hence be computed,

i€T.jeT\{i} [O'zj,ms] 0g Sij,ms ( 3)

N ]
ij,ms]i,jzl rrr [o-ij,rns
allowing to approximate the expectation of the multi-scale
HD similarities of =:

E [04,ms] =

1 v,
a Zl:l Uij,ms'
This approach follows the multiple imputation paradigm for
dealing with missing data [50]-[52], [66]. Notice that com-
puting the multi-scale HD similarities of the complete data
set resulting from the imputation of the missing values of
each example with their conditional means given the observed
features does not approximate the expectation of the multi-
scale HD similarities of =, as they are non-linear in the
HD coordinates. It would yield the LDS of (1) instead of (2).
The procedure for applying multi-scale SNE to a data set
= with missing values can be summarized as follows:

(24)

1) Fit a Gaussian mixture model on E (Section II);
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2) Use this model to extract ¥ random samples of the
conditional distribution of the missing features of each
example &, given its observed ones, in order to create

=",

U complete data sets E.,...,EY;
3) Compute their multi-scale HD similarities and the ex-
pected multi-scale HD similarities of = using (24);
4) Use the approximation to minimize the expected multi-

scale SNE cost function (23) over the LD coordinates.

The expected multi-scale SNE gradient can be evaluated in
the same way as the cost function, by employing (24).

Computing the multi-scale HD similarities of the ¥ im-
puted data sets scales in O (UN?log N) time. Their aver-
age enables to tune the LD coordinates thanks to gradient-
based optimization algorithm, each gradient evaluation costing
@ (N 2log N ) The total time complexity of the procedure
then scales in O (TMG + UN?log N), where Ty is defined
in Section II-C. The number ¥ of random samplings is set to
100 during the experiments of this paper, but the results are
stable across variations over this metaparameter.

It should be stressed that, even though this work focuses on
the use of multi-scale SNE [39], the proposed methodology
can be directly applied using any other neighbor embedding
method, by approximating appropriate expectations. More
generally, any DR scheme optimizing some criterion can
be employed, as the cost function expectation, as well as
its gradient, can always be estimated under the multiple
imputation framework after fitting a Gaussian mixture model
on the incomplete data set. The rest of this section details
the application of the methodology with the SNE, ¢-SNE,
Jensen-Shannon embedding (JSE) and Neighborhood Retrieval
Visualizer (NeRV) methods.

SNE can be used in the same way as multi-scale SNE, by
estimating the expectations E [o;;] for all ¢ € 7 and j € Z\{i}
instead of E [0 m ] and by minimizing, over the LD positions,
the expected SNE cost function

E[Csnpl o = (25)

€T jET\{i} E o] log 5ij,

the entropy of the HD similarities being constant with respect

to X. Besides symmetrizing SNE HD similarities, ¢-SNE

employs a Student ¢-distribution with one degree of freedom

in the LDS, circumventing the crowding problem [17]:
Tijit = — oy Siip =0,

2N
1

1
(1+ d?j) Zkez,lel\{k} (1+ dil)

(26)

27)

Sijt =

The ¢t-SNE cost function remains as in SNE. Its expectation

E[Ct—SNE]O(—Z (28)

N (354108 5151
can be minimized by estimating the HD similarities expecta-
tion as previously. As to JSE [25], it relies on SNE similarities,

O0ij,5 = Oij, Sij,j = 31’]’7 for all i, j € I, (29)

but finds the LD coordinates by minimizing the sum of
generalized Jensen-Shannon divergences:

1
Cyse = Ziel,jeI\{i}mJij’j log (05,5 /2i5)
1
+sijjlog(sijs /2i5),  (30)
where Zij = KO + (1 — H) Sij,js with k € [0,1] being a

metaparameter weighting both terms in the divergence. The
expectation of JSE cost function is then proportional to

-1
E [CJSE] mZieI,jeI\{i} 1_ HE [Uzju 0og (z”)]
1 1
+25ij’j 10g (Sij,j) — ;SijJ‘E [log (’27])] (31)

Given some current LD coordinates, the HD similarities

N .
[O’ﬁj’j; l=1,..., \IJ} i =1 of the ¥ complete data sets resulting
from the multiple imputations and defining zﬁj = fwlij’j +

(1 — k) 45,4, the expected JSE cost function is estimated using

1 %
E[oij,;log zi;] ~ T lel o.;;log 2l (32)
1 ¥ .
E [log zi;] ~ 3 lel log z};. (33)

The expected JSE gradient can be similarly approximated.
NeRYV is based on the same HD similarities as SNE, but
slightly different LD ones [21]: for all i € Z, j € T\{i},

Oijn = Oij, Oiin = Sizn = 0, (34)
exp (_Widzzj/Q)
2oker\ (i} €XP (_Wid?k/2)

The LD precisions are hence set to the HD ones. Moreover,
NeRV also minimizes a mixture of KL divergences:

(35)

Sijn =

CNerv = Ziel’,jel\{i} (1= &) 0oijnlog(cijn /sijn)
+ K850 log (Sij,n /Uij,n) , (36)

where x € [0, 1] again weights the different terms. The cost
function expectation is thus proportional to

E [CNerv] o Ziez jeT\{i} (k—=1E [Uij,n log (Sij,n)]

+KE [sijn 108 (Sijn /Tijn )], 37

the LD similarities remaining inside the expectations as their
precisions depend on the HD ones. Given some LD positions,
the expected NeRV cost function can hence be approximated
by estimating the expectations in (37) using the HD similarities
of the U imputed data sets, as for JSE. The NeRV gradient
can be evaluated likewise. The multi-scale versions of ¢-SNE,
NeRV and JSE [39], [40] can also be employed in the same
way, by replacing their single-scale similarities with multi-
scale ones.

V. EXPERIMENTAL RESULTS

In order to validate the proposed methodology, several
methods are experimentally compared on various data sets,
mainly from the UCI Machine Learning Repository [71]:
Breast Tissue (BrTis.), Concrete Compressive Strength (CCS)
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[72], Connectionist Bench on Vowel Recognition and Deter-
ding Data (ConV.), Concrete Slump Test (ConcSl.) [73], a
random subset of Optical Recognition of Handwritten Digits
(Digits) with 50 samples per digit, Energy efficiency (EE) [74],
Ecoli, Forest Fires (FFir.) [75], Fertility (Fert.) [76], Glass
Identification (GlId.), Indian Liver Patient (ILP), Ionosphere
(TIono.), Iris, Istanbul Stock Exchange (IstSt.) [77], Leaf [78],
Parkinsons (Park.) [79], Planning Relax (PIRel.) [80], Seeds,
Servo, User Knowledge Modeling (UsKn.) [81], Wholesale
customers (WholC.) [82], Wine and Yacht Hydrodynamics
(YaHyd.). Fig. 4 indicates the number of samples N and
dimension H of each database. An artificial data set (Sphere)
with 1500 dots randomly distributed on a unit-radius three-
dimensional sphere is also considered. The data sets being
all complete, missing values are randomly and independently
introduced during the experiments, corresponding to some
fixed proportion of the whole data set, while ensuring that each
example and feature contain at least one observed value. The
completeness of the data sets enables to quantify the quality of
the methods after discarding some data according to different
criteria described in Section V-A. The compared methods are:

o Multiple imputations using a mixture of multivariate
Gaussians (MIMG), which is the suggested methodology;

o Conditional mean imputation using a mixture of multi-
variate Gaussians (IMG), which fits a Gaussian mixture
model on the incomplete data set and then impute its
missing values by their conditional mean given the ob-
served features of their examples in order to apply multi-
scale SNE on the resulting data set;

e Multiple imputations using a single multivariate Gaus-
sian (MIG) and conditional mean imputation using a
single multivariate Gaussian (IG), which are equivalent to
MIMG and IMG except that they use only one Gaussian
to model the data set;

e Mean imputation (IMe), which first computes the mean
of each feature across its observed values in the data,
then fills the missing data using the estimated means
of their corresponding features and finally applies multi-
scale SNE on the imputed data set;

o Incomplete-case k-nearest neighbor imputation (INN)
[48], which imputes each missing feature ;7 € M; of
every sample &, by the mean of the j® feature of its k
nearest neighbors in = in order to afterward apply multi-
scale SNE on the resulting data set. A data sample &; is
eligible as a nearest neighbor if and only if O; C O; and
j € O,. The distances between &, and its eligible nearest
neighbors are evaluated by only considering the features
indexed in O;. When the set of eligible nearest neighbors
is empty, the imputation relies on the sample mean of
the j feature. INN improves the complete-case k-NN
imputation [47] as the latter only considers the complete
instances (i.e. Op = {l,...,H}) as eligible nearest
neighbors, which greatly limits their number especially
when dealing with large proportions of missing values.
The experiments in this paper consider up to 5 nearest
neighbors, as suggested by [48], [65].

Comparing MIMG to IMG highlights the difference between

optimizing the expected cost function and reducing the di-
mension of the expected HD data set. IG and MIG provide
insights on the importance of the data set distribution modeling
when confronted to IMG and MIMG. IMe ignores both the
feature relationships and the evaluation of the multi-scale SNE
cost function expectation, and may thus be considered as the
baseline method. In the same spirit as IG and IMG, INN aims
to model the data distribution but only considers a single
imputed data set. It should be noted that, when applied on
some incomplete data set, MIMG and IMG (resp. MIG and IG)
use the same Gaussian mixture model (resp. Gaussian model).

The time complexity of IMG is similar to MIMG but with
¥ = 1, while IG and MIG behave likewise but with G = 1.
On the other hand, the simplicity of IMe enables to reach
a O(NH+ N*logN) time complexity. Finally, INN must
first find the eligible nearest neighbors for each sample, which
costs O (N*H). As the imputation is then straightforward, the
method scales in O (N*H + N*log N) time.

Multi-scale SNE is used by all methods with K, = 2
and L = |log, (N/K,)]. Two-dimensional embeddings are
searched (P = 2), and the L-BFGS optimization algorithm
[83] is employed along with multi-scale optimization [39].
The LD embedding is initialized using an origin-centered,
isotropic Gaussian distribution with a 10~ standard deviation
[17]. Euclidean distances are used in the HDS and LDS.

A. Quality Assessment

The studied methods are evaluated both by assessing the
resulting DR performances and by quantifying the approxi-
mation quality of the “true” (i.e. complete-case) multi-scale
HD similarities [O’ij,ms]ﬁ/jzl by their estimate. These two
measures can be computed thanks to the completeness of the
data sets, in which missing values are simulated.

The approximation quality of the HD similarities is quan-
tified by the sum of the KL divergences between the “true”
and approximated similarities for each data point,

QKL = ZiEI,jEI\{i} 0ij,ms log (Jij,7715 /O—ij,ms ) y (38)

where ;5,5 is the approximation of ¢;; ,,s obtained by the
considered method. In the MIMG case, it is equal to the right-
hand side of (24).

As to the DR quality assessment, some studies developed
criteria measuring the HD neighborhood preservation in the
LDS [16], [84]. This principle is indeed considered as driving
the DR quality [21], [85], [86]. The HD and LD ranks of Ej
and x; with respect to &; and x; can first be defined as

pi; = {k € Z|0ix < d45 or (0i, = d;5 and k < j)}|, (39)
ri; = |[{k € Z|dy, < dij or (dit, = dij and k < 5)}|. (40)

The K —ary neighborhoods of &, and x; can then be re-
spectively expressed as v = {jeZ|l <p; <K} and
nk = {j €|l <r; <K} They index the K nearest

neighbors of &, and x; in the HDS and LDS. Their average
normalized agreement is computed as

Qnx (K) = Ziel’

’uiKﬂan

1].
wn €01

(41)
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Fig. 1. Quality assessment employed in the experiments of this paper. The
depicted data sets have one row per sample and one column per feature. Black
entries indicate missing values. The notation “sim.” abbreviates “similarities”.

As E[Qyx (K)] equals K/ (N — 1) for random LD points,

(VN -1) Qnx (K) - K
N-1-K

Ryx (K) = (42)
rescales @y (K) to enable the comparison of different
neighborhood sizes [25]. The Ry x (K) curves are typically
displayed with a log-scale for K as local neighborhoods
usually prevail. Evaluated in O (N?log N) [84], the area
under the resulting curve

N—-2
AUC = (Z K1>
K=1

increases with the DR quality, quantified at all scales with an
emphasis on small ones [39].

Both @ and the AUC of the computed LD embeddings
are used to evaluate the methods during the experiments. Their
computation is depicted in Fig. 1. Note that for @), the
smaller the better whereas for the AUC, the larger the better.

L N-2
Y Bux (K)/K € [-1,1] (43)
K=1

B. Experimental Setting

Missing values are introduced in each data set according to
30 different proportions pp,;s of its number N H of entries,
from 1% to 30%. For each considered proportion pp;s of
missing values, 200 incomplete data sets are created and all
methods are applied on each one of them. Before introducing
missing values, Z-score standardization is applied on the
data sets containing features with different ranges (i.e. all
except Sphere and Digits). This ensures that missing data for
different features have the same importance, which makes the
repetitions for a fixed pp;; comparable. The repetitions for each
Pmis €nable computing paired statistical tests assessing whether
the average performances of the methods are significantly
different according to both @ ; and the AUC'. For each one
of these two scores, two-tailed paired t-tests are employed if
their 200 values can be considered to be normally distributed
for each ppis and each method, according to D’ Agostino and
Pearson’s omnibus normality test [87]. Wilcoxon tests are
otherwise used. The level of significance is set to o = 0.01.

Comparing the performances of several methods for each
Pmis however consists of multiple hypothesis tests. The
Holm-Bonferroni correction is hence applied for each pps
to bound by « the probability to consider as statistically
significant at least one non-significant difference [88].

C. Results

Fig. 2 illustrates the results on the Yacht Hydrodynamics
(N = 308, H = 6) and Leaf (N = 340, H = 14) data
sets. On Yacht Hydrodynamics, MIMG is consistently the best
method on average for all proportions pp;s of missing values,
according to both criteria, except for a very limited number of
Pmis for most of which it is not statistically different from the
corresponding best performing method. MIMG is moreover
nearly always statistically significantly superior to the second
best method, which is almost systematically IMG for the AUC
and switches from IMG to MIG for @) g ;. It is noteworthy
that even though MIG approximates the multi-scale HD sim-
ilarities for the largest ppis better than MIMG, MIMG still
provides better embeddings according to the AUC. This can
be explained as, although MIG has a lower Q ;;, MIMG may
still better approximate the HD similarity distributions around
some data points which can have a larger influence for the
DR part. For large pu,s, the standard deviations of the per-
formances are not negligible, meaning that the missing values
positions in the data set strongly influence their impact: if the
observed data sufficiently well describe the distribution of the
missing features given the observed ones, which is for instance
more likely with incomplete samples fairly spread in the data
distribution, the distribution modeling of the missing values is
easier, enabling better performances. Otherwise, if the missing
entries exhibit specific structures, e.g. if they concentrate in
some features for some values of observed data, less informa-
tion may be available about the missing values distribution,
affecting the performances. Despite large standard deviations,
most results are statistically significant; the performances of
the different methods hence vary consistently with respect
to the missing-data pattern. IMe and IG are unsurprisingly
always outperformed by the other methods. The superiority
of MIG over IG and of MIMG over IMG moreover stresses
the importance of optimizing the expected cost function over
the missing data, in order to derive the closest result to the
complete data case on average. One can finally observe that
the number of Gaussian components chosen in the mixture-
based models tends to slightly increase with the proportion
Pmis Oof missing values. The growing uncertainty may indeed
affect the quality of the BIC criterion for model selection. As
the number of observed data decreases with pp;s, fitting more
Gaussian components may result in slight overfitting of the
observed data. This justifies the @), ; increase of MIMG and
IMG for large proportions of missing values.

As to the Leaf data set, a similar analysis can be conducted.
According to both criteria, MIMG is either always the best
method or not statistically different from IMG. The impressive
performance drop of INN with pn;s is a noticeable difference
with Yacht Hydronamics. The Leaf data set having more fea-
tures, increasing the proportion of missing values indeed con-
siderably affects the determination of the nearest neighbors.
The number of Gaussian components still slightly increases
with pnis. However, no overfitting behavior is observed in this
case: the performances of the Gaussian mixture-based methods
remain blatantly superior to the ones of the other schemes.
They are even more robust with respect to the missing values,
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Fig. 2. (a) depicts the AUC of each method on the Yacht Hydrodynamics data set as a function of the proportion ppis of missing values. The curves
give the average AUC over the 200 repetitions for each pp;s, while the shaded areas delimit one standard deviation around the mean. The first row of
markers below the z-axis indicates the best method on average for each pp;s. The second row presents, for each pps, the best method which is statistically
significantly outperformed by the best method on average for the corresponding ppis. (b) is similar, but for the sum of the KL divergences between the “true”

and approximated multi-scale HD similarities. The y-axis is normalized, as

the absolute value of @ -7, brings little insights. (c) indicates, for each pp;s,

the average number of Gaussian components selected in MIMG and IMG when applying the BIC-based heuristic, the shaded area depicting one standard
deviation around the mean. (d), (e) and (f) are analogous to (a), (b) and (c) but for the Leaf data set.

since the gap between the methods is increasing with pp,;s. This
confirms that a DR scheme handling missing values should
seek for the best possible model of the data distribution.

Fig. 3 further details some of the results obtained on Yacht
Hydrodynamics. This data set contains 308 yachts with 22
different hull forms [71]. Each form is represented by 14 boats,
which only differ according to their Froude numbers. The
14 Froude numbers are linearly spaced between two values.
The embedding obtained by multi-scale SNE on the complete
data set hence reveals that the samples are distributed on
22 one-dimensional manifolds. The 14 samples corresponding
to some hull form are depicted using the same color in
Fig. 3a. When introducing missing values in the data set, the
Ryx (K) curves in Fig. 3b show that missing data mainly
affect the preservation of small neighborhoods, as the curves
corresponding to the different methods are lower for small K
values than the one obtained when using the complete data set.
Fig. 3c illustrates the embedding obtained by MIMG on one
of the 200 Yacht Hydrodynamics data set with 5% missing
values. We can observe that it tends to recover the structure
of the one-dimensional manifolds.

Since an analysis such as provided in Fig. 2 can not be
presented for all data sets due to space limitations, Fig. 4
summarizes the remaining results. We can first observe that
MIMG is almost systematically top or highly ranked among
the different methods according to both the AUC and Q..

Moreover, when it is (resp. is not) the best performing method,
it is often (resp. often not) statistically different from the
second best (resp. best) performing one. The few exceptions
to these observations are analyzed in more details below.
ConV. is a data set containing numerous small clusters
[71]. Unless the number of available samples becomes very
large, this kind of data distribution is not easily described
using Gaussian mixtures. Fitting many Gaussian components
indeed requires to adjust increasingly many model parameters,
even when employing HDDC models. On the other hand,
as long as the proportion ppi; of missing values remains
small, nearest neighbor methods impute the missing data using
cluster-specific values. The imputation then follows very well
the data distribution and, although a single one is considered,
it is sufficiently close to the original data set to preserve
its clusters. This explains why INN outperforms MIMG for
the first few pn;s values. Nevertheless, as pp;s increases,
the computed nearest neighbors are less and less cluster-
specific. This drastically reduces the quality of the single
imputation, causing the performances of INN to drop. Even
though MIMG can probably not model exactly each cluster,
it can still model higher-order relationships in the data when
facing an increasing number of missing values. This makes
MIMG superior to INN for larger ppni;. The same kind of
analysis holds for Digits and Park., which also contain many
clusters [71]. The performances of INN however decrease



IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS

1.0
9
..... .'.. 8 eet e,
‘ 7
...... . 6 g -
; SN -
oo u,,
o & ..,...o-"
»° 4 - i
.:' 3 Complete data =a MIG Y
¢ S 2} e IMe X IMG .
...... INN *—% MIMG RO
PR AT 1
A4 IG
-0 0 I 2
10 10 10

(a) Multi-scale SNE applied on E.. AUC = 0.69.
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Fig. 3. (a) depicts the two-dimensional embedding obtained when applying multi-scale SNE on the complete Yacht Hydrodynamics data set. (b) provides
the associated R x (K) curve, as well as the average curves obtained by the different methods on 200 incomplete Yacht Hydrodynamics data sets with 5%
missing values. As in Fig. 2, the shaded areas delimit one standard deviation around the mean. (c) presents the embedding obtained when applying MIMG on
one of the 200 data sets with 5% missing values. The AUC of the embedding is provided below its plot.

even more rapidly as the dimensions of these data sets are
larger, which makes the determination of the relevant nearest
neighbors much more difficult.

On Ecoli, the opposite trend is observed: INN seems
superior to MIMG for larger pmis according to the AUC.
Nevertheless, the performances of the two methods are not sta-
tistically significantly different for most pni. The adaptations
of Fig. 2a and 2b for Ecoli indeed reveal that the difference
between both methods is tiny. Concerning the evolution of
Q g1, With pis, MIG better estimates the HD similarities than
MIMG for larger values of pp;s, similarly to the results for
Yacht Hydrodynamics. This is also observed on ILP and Servo.

As to Fert. and UsKn., both multiple imputation schemes
are efficient according to () x;. The superiority of MIG over
MIMG may result from potential slight overfitting of the
mixture model to the observed data. The AUC difference
between MIG and MIMG remain however small when looking
at the adaptation of Fig. 2a for these data sets. In particular
for Fert., most methods are statistically equivalent for small
Pmis according to the AUC, possibly because this data set is
hardly structured; the missing values management hence does
not much impact the HD neighborhood preservation.

For Iono. and the first few pn;s of EE, MIMG better
approximates the HD similarities than IMG from the Qg
viewpoint. However, IMG is superior according to the AUC,
but only with a tight margin when observing the adaptation
of Fig. 2a for these data sets. The tiny AUC improvement
of IMG over MIMG is probably due to a better estimation of
the HD similarity distributions around some data points which
have a larger influence on the HD neighborhood preservation.

Generally, multiple imputation schemes tend to outperform
their single imputation versions, MIMG and MIG being re-
spectively globally superior to IMG and IG. IMe and IG appear
almost systematically as the weakest approaches. The perfor-
mances of INN quickly drop as pu,s increases, especially on
data sets with larger dimensions such as Iono., Digits or Park.

VI. CONCLUSION

This paper introduces the missing data processing in DR.
After modeling the incomplete data set distribution using a
Gaussian mixture extension for HD data, several imputed

versions of the data set are created by sampling the condi-
tional distribution of the missing features of the examples
given their observed features. These complete data sets are
employed to reliably estimate the DR algorithm cost function
expectation over the incomplete database. Its minimization
yields the LD embedding with the closest cost function
value on average with respect to the complete data case.
This multiple imputation approach hence provides a relevant
LD representation of each, possibly incomplete, data point.
Experimental results show that this procedure outperforms
alternative methods while being generally applicable with any
DR scheme optimizing some criterion.

The Gaussian mixture model as well as the multiple impu-
tation paradigm inevitably come up with an increase of the
computation time complexity compared to single imputation
schemes. Their superior performances however justify the
use of additional computing resources whenever possible. A
situation in which the proposed approach may not be most
efficient is when facing extremely HD data: Gaussian mixtures
would then be difficult to fit due to their increasing numbers
of parameters, even with HDDC methods [58]. This motivates
the development of alternative models of the data distribution,
such as non-parametric estimations, to study whether they
could better deal with the inherent sparsity of very HD spaces
and reduce the time complexity of the approach.

APPENDIX
THE SWEEP OPERATOR FOR MATRIX INVERSION

Sweeping a symmetric matrix E on its row and column [
results in a symmetric matrix E; = Sg;y (E) where

-1 o
=—(E), , (Es)lj = (E)lj [(E), if j#1, (44)
(E);; — (E), (E),; /(E), ifi#1 & j#1. (45)
Sweeping over a set of indexes can be performed in any order
[51], [65]. Reverse sweeping E on [ yields E, = S{’li (E)
equal to E; except that (Er)lj = (ET)jl = — (E5>lj if g £ 1.

Let us denote by f1,;,, € R a vector whose components
indexed by O; (resp. M;) are equal to uko," ffioi (resp. ui\{i).
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Fig. 4. Summary of the performances in terms of (a) AUC and (b) @ g, for all data sets. The results for each data set are displayed horizontally, using

six rows of markers. These refer to the same six methods as in Fig. 2. There is one column per proportion pp;s of missing values. For each data set and
Pmis» the six markers are sorted vertically from the best performing method on average at the top (i.e. largest average AUC' or smallest average @ gy,) to

the worst average one at the bottom (i.e. smallest average AUC or largest average @ j ). The averages are computed across the 200 replications for each
Pmis- The markers corresponding to MIMG are linked. A grey shaded area is displayed behind a marker when the corresponding method is not statistically

significantly outperformed by the best method on average for the associated pp,s, except for the top marker of the columns, as a method can obviously not

be significantly different from itself.
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It can be shown [51], [65] that, for i € 7 and k € G,

"\A O

BPRVARS She R St 7S )
1. _ k7 - k 7zk~ (46)
M (MiTkEkl *Hﬁzklﬂik

contains f)k, M;|0; in its rows and columns indexed by M,
Fi a0, 1n its last column at the rows indexed by M; and

T -1
(£?i - ukoi) (2?07‘) (ugf‘ — 5?"’) in its bottom-right
entry, useful to evaluate t;;,. As 3, ! = ij_X;IQg, the right-
hand side of (46) is faster to compute when |O;| > |M;| [65].
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