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a b s t r a c t

This paper studies the stabilization and safety problems of nonlinear time-delay systems. Following
both Razumikhin and Krasovskii approaches, we propose novel control Lyapunov functions/functionals
for the stabilization problem and novel control barrier functions/functionals for the safety problem.
The proposed control Lyapunov and barrier functions/functionals extend the existing ones from the
delay-free case to the time-delay case, and allow for designing the stabilizing and safety controllers
in closed-form. Since analytical solutions to time-delay optimal control problems are hard to be
achieved, a sliding mode control based approach is developed to merge the proposed control Lyapunov
and barrier functions/functionals. Based on the sliding surface functional, a feedback control law is
established to investigate the stabilization and safety objectives simultaneously. In particular, the
properties of the sliding surface functional are analyzed, and further how to construct the sliding
surface functional is discussed. Finally, the proposed approaches are illustrated via two numerical
examples from the connected cruise control problem of automotive systems and the synchronization
problem of multi-agent systems.

© 2022 Elsevier Ltd. All rights reserved.
1. Introduction

In physical domains like automotive, manufacturing, trans-
ortation and smart grids (Lee & Seshia, 2016), many physical
ystems are safety–critical. For these systems, two fundamental
bjectives are stabilization and safety (Lamport, 1977), which
equire physical systems to be operated stably and safely. In
articular, the safety objective is placed in the priority position
ince it is imperative to keep a safety–critical system into a
ertain safe set while controlling it. For this purpose, the safe set
s treated as a safety constraint involving system state and input,
nd the control design needs to comply with the safety constraint.
ased on the classic stabilizing control through control Lyapunov
unctions (CLFs) (Jankovic, 2001; Pepe, 2017; Sontag, 1989), safety
onstraints can be specified in terms of a set invariance and
erified via control barrier functions (CBFs), which are further
sed to design safety controllers (Ames, Xu, Grizzle, & Tabuada,
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2016; Maghenem & Sanfelice, 2019; Ngo, Mahony, & Jiang, 2005;
Ogren, Egerstedt, & Hu, 2001; Romdlony & Jayawardhana, 2016).
CLFs and CBFs have been applied to deal with different objectives
for diverse dynamical systems (Lindemann & Dimarogonas, 2018;
Ogren et al., 2001; Panagou, Stipanović, & Voulgaris, 2015). Espe-
cially, CLFs and CBFs have been combined to study stabilization
and safety objectives simultaneously, and the combination can be
either implicit (Ngo et al., 2005) or explicit (Ames et al., 2016;
Jankovic, 2018a; Romdlony & Jayawardhana, 2016) via different
techniques.

In the fields of engineering, biology and physics, time de-
lays are frequently encountered due to information acquisition
and computation for control decisions and executions (Sipahi,
Niculescu, Abdallah, Michiels, & Gu, 2011), and may induce many
undesired phenomena like oscillation, instability and
performance deterioration. However, since time delays cause
a violation of monotonic decrease conditions (Fridman, 2014;
Zhou & Egorov, 2016), classic Lyapunov theory cannot be ap-
plied directly to time-delay systems. There are two ways to
extend the Lyapunov-based method (Fridman, 2014; Ren & Xiong,
2019; Zhou & Egorov, 2016). The first one is the Razumikhin
approach (Dashkovskiy, Karimi, & Kosmykov, 2012; Jankovic,
2001), and its essence is Lyapunov–Razumikhin functions, which
are positive definite and whose derivative is negative definite
under the Razumikhin condition. The second one is the Krasovskii
approach based on Lyapunov–Krasovskii functionals (Pepe, 2017),
which are positive definite functionals with a negative defi-
nite derivative along the system solution. These two approaches
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ave been used successfully in stability analysis and controller
esign of time-delay systems, such as functional differential sys-
ems (Hale & Lunel, 1993), hybrid systems (Ren & Xiong, 2018,
019) and multi-agent systems (Papachristodoulou, Jadbabaie, &
ünz, 2010). Although many physical systems are indeed safety–
ritical, to the best of our knowledge, there are few works (Orosz
Ames, 2019; Prajna & Jadbabaie, 2005) on the safety of time-
elay systems, which is the topic of this paper.
In order to investigate stabilization and safety of nonlinear

ime-delay systems, we follow Razumikhin and Krasovskii ap-
roaches and propose different CLFs and CBFs, which is the
irst contribution of this paper. In terms of the Razumikhin ap-
roach, since the Razumikhin condition constrains the decreasing
f Lyapunov–Razumikhin functions, we propose an alternative
ontrol Lyapunov–Razumikhin function (CLRF) via the steepest
escent feedback controller (Pepe, 2014) to overcome the ver-
fication of the Razumikhin condition. In addition, two types
f control barrier-Razumikhin functions (CBRFs) are proposed
or the first time for the safety objective of time-delay sys-
ems. In terms of the Krasovskii approach, based on smoothly
eparable functionals (Liu, Liu, & Xie, 2011; Pepe, 2016), con-
rol Lyapunov–Krasovskii functionals (CLKFs) and control barrier-
rasovskii functionals (CBKFs) are proposed for the stabilization
nd safety objectives, respectively. Furthermore, along these two
irections, Razumikhin-type and Krasovskii-type small control
roperties (SCPs) are developed. Therefore, for time-delay sys-
ems, the safety can be verified via the CBRFs/CBKFs, and the
tabilizing controllers are designed in closed-form via the pro-
osed CLRF/CLKFs, which extend existing results (Ames et al.,
016; Orosz & Ames, 2019; Prajna & Jadbabaie, 2005) and Son-
ag’s formula (Jankovic, 2018a; Romdlony & Jayawardhana, 2016;
ontag, 1989) into the time-delay case.
The second contribution of this paper is to address the stabi-

ization and safety objectives simultaneously via the sliding mode
ontrol (SMC) approach, which is different from many existing
orks (Ames et al., 2016; Jankovic, 2018a) based on optimization
echniques. The motivation of the proposed approach lies in that
nonlinear) time-delay optimal control problems are difficult to
e solved to obtain closed-form analytical solutions (Wu, Bai and
u, 2019). To begin with, the general sliding surface functional is
onstructed as the combination of the proposed control Lyapunov
nd barrier functions/functionals. Based on the associated projec-
ion operator (Sira-Ramirez, 1999), the properties of the sliding
urface functional are investigated, which extend the existing
nes in Sira-Ramirez (1999) into the time-delay case and lays
he foundation for the controller design. With these properties of
he sliding surface functional, the existence and continuity of the
ontroller is verified via designing the sliding mode controller in
closed form to guarantee the stabilization and safety objectives
imultaneously. Second, using the proposed control Lyapunov and
arrier functions/functionals, we present how to construct the
liding surface functional to achieve the desired objectives, which
ontributes to the extension of many existing methods like arti-
icial potential field method (Rimon & Koditschek, 1992). Finally,
e discuss how to attenuate or avoid side-effects of SMC via some
pproaches like higher-order sliding surface functionals (Oguchi
Richard, 2006; Shtessel, Edwards, Fridman, & Levant, 2014).

n conclusion, different from the optimization based controller
esign (Ames et al., 2016; Jankovic, 2018a), we develop a novel
nd general control design framework for simultaneous stabiliza-
ion and safety of nonlinear time-delay systems based on control
yapunov and barrier functions/functionals.
The remainder of this paper is organized below. Preliminaries

re presented in Section 2. Razumikhin-type CLFs and CBFs are
roposed in Section 3, whereas Krasovskii-type CLFs and CBFs are
eveloped in Section 4. The SMC based approach to combine the
roposed CLFs and CBFs is presented in Section 5. The derived
esults are demonstrated in Section 6. Conclusions and further
esearch are stated in Section 7.
2

2. Problem formulation

We start with the notation throughout this paper. Let R :=

(−∞,+∞);R+
:= [0,+∞);N := {0, 1, . . .} and N+

:= {1, 2,
. . .}. Given a, b ∈ Rn, (a, b) := [a⊤, b⊤

]
⊤. | · | denotes the

Euclidean norm of a real vector, or the induced Euclidean norm of
a matrix. Given δ > 0 and y ∈ Rn, an open ball centered at y with
radius of δ is defined as B(y, δ) := {x ∈ Rn

: |x − y| < δ}; and
B(δ) := B(0, δ). Given A, B ⊂ Rn and δ > 0, A − B(δ) := {x ∈ A :

B(x, δ) ⊂ A} and B\A := {x ∈ Rn
: x ∈ B, x /∈ A}. C(Rn,Rp) denotes

the set of all continuously differentiable functions mapping Rn

to Rp, and C([a, b],Rn) denotes the set of continuous functions
mapping [a, b] to Rn, where a ≤ b. α ◦ β(v) := α(β(v)) for any
α, β ∈ C(Rn,Rn). Given x ∈ C([−∆,+∞),Rn), for any t ∈ R+, let
xt be an element of C([−∆, 0],Rn) defined by xt (θ ) := x(t + θ )
with θ ∈ [−∆, 0]. For φ ∈ C([−∆, 0],Rn) with ∆ > 0 fixed,
we denote ∥φ∥ := supθ∈[−∆,0] |φ(θ )|. For any V ∈ C(R+,R),
its upper Dini derivative is D+V (t) := lim sups→0+

V (t+s)−V (t)
s .

or any h : C([−∆, 0],Rn) → R+, its upper Dini derivative is
+h(xt ) = lim supv→0+

h(xt+v )−h(xt )
v

. Id is the identity function,
sgn : R → {−1, 0, 1} is the sign function, and psgn : R → {0, 1}
is defined by psgn(v) = 1 if v ≥ 0; psgn(v) = 0 otherwise. Given
α ∈ C(R,R), α ≥ Id means that for all v ∈ R, α(v) ≥ v. A function
α : R+

→ R+ is of class K if it is continuous, α(0) = 0, and strictly
increasing; it is of class K∞ if it is of class K and unbounded.
A continuous function α : R → R is of class K if it is strictly
ncreasing and α(0) = 0. A function β : R+

×R+
→ R+ is of class

KL if β(s, t) is of class K for any fixed t ≥ 0 and β(s, t) → 0 as
t → ∞ for any fixed s ≥ 0.

In this paper, we focus on nonlinear time-delay control sys-
tems with the following dynamics:

ẋ(t) = f (xt ) + g(xt )u, t > 0,
x(t) = ξ (t), t ∈ [−∆, 0],

(1)

where x ∈ Rn is the system state, xt (θ ) = x(t + θ ) ∈ Rn is
the time-delay state with θ ∈ [−∆, 0], where ∆ > 0 is the
upper bound of time delays. The initial state is ξ ∈ C([−∆, 0],X0)
with X0 ⊂ Rn and ∥ξ∥ being bounded. The control input u
takes value from the set U ⊆ Rm. Here, the input function is
not specified explicitly due to the allowance for its dependence
on the current state only (i.e., u : R+

→ U) or the time-
delay trajectory (i.e., u : C([−∆, 0],Rn) → U). The functionals
f : C([−∆, 0],Rn) → Rn and g : C([−∆, 0],Rn) → Rn×m are
assumed to be continuous and locally Lipschitz, which guarantees
the existence of the unique solution to the system (1); see Hale
and Lunel (1993, Section 2). Let f (0) = 0. To consider the
stabilization problem of the system (1), we assume that the origin
is included in the initial set X0.

Definition 1 (Sastry, 2013). Given a control input u ∈ Rm, the
system (1) is globally asymptotically stable (GAS), if there exists
β ∈ KL such that |x(t)| ≤ β(∥ξ∥, t) for all t ≥ 0 and all
bounded ξ ∈ C([−∆, 0],Rn); the system (1) is semi-globally
asymptotically stable (semi-GAS), if there exists β ∈ KL such that
|x(t)| ≤ β(∥ξ∥, t) for all t ≥ 0 and all ξ ∈ C([−∆, 0],X0).

From Definition 1, the stabilization objective is to design a
feedback controller to guarantee the system (1) to be GAS. Note
that if only the stabilization objective is studied, then we focus on
the GAS property; otherwise, we focus on the semi-GAS property
due to the safety objective. For the system (1), a set C ⊂ Rn

is forward invariant, if x(t) ∈ C for all t ≥ −∆ and any
trajectory x(t) starting from an initial state ξ ∈ C([−∆, 0],X0)
with X0 ⊆ C. The system (1) is safe with respect to the set C,
if the set C is forward invariant, and then the set C is called
the safe set. Hence, the safety objective is to design a feedback
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ontroller to keep the trajectory of the system (1) within the
afe set. Since the safety and stabilization objectives of time-
elay systems cannot be achieved via classic CLFs and CBFs (Liu,
017), the goal of this paper is to implement both Razumikhin
nd Krasovskii approaches to propose novel types of CLFs and
BFs for the system (1).

. Razumikhin-type control functions

In this section, we follow the Razumikhin approach to propose
ontrol Lyapunov and barrier functions for time-delay systems.
or this purpose, we first propose control Lyapunov–Razumikhin
unctions for the stabilization objective, and then control barrier-
azumikhin functions for the safety objective.

.1. Control Lyapunov-Razumikhin functions

We first recall the classic control Lyapunov–Razumikhin func-
ion.

efinition 2 (Jankovic, 2001; Pepe, 2017). For the system (1), a
unction Vc ∈ C(Rn,R+) is called a control Lyapunov–Razumikhin
unction (CLRF-I), if

(i) there exist α1, α2 ∈ K∞ such that, for all x ∈ Rn, α1(|x|) ≤

Vc(x) ≤ α2(|x|);
(ii) there exist γc, ρ ∈ K with ρ > Id such that, for all φ ∈

C([−∆, 0],Rn) with φ(0) = x, if ρ(Vc(x)) ≥ Vc(φ(θ )) for all
θ ∈ [−∆, 0], then

inf
u∈U

{
Lf Vc(φ) + LgVc(φ)u

}
≤ −γc(Vc(x)), (2)

where Lf Vc(φ) :=
∂Vc(x)
∂x f (φ) and LgVc(φ) :=

∂Vc(x)
∂x g(φ).

In Definition 2, the subscript ‘c’ is to show that the CLRF is
classic’, which is to distinguish with the CLRF proposed after-
ards. In (2), Lf Vc(φ) + LgVc(φ)u is an alternative form of the
pper Dini derivative of Vc, and here the upper Dini derivative
quals to the usual derivative. The effects of time delays are
hown via the Razumikhin condition: ρ(Vc(x)) ≥ Vc(φ(θ )) for all

∈ [−∆, 0], which can be written equivalently as ρ(Vc(x)) ≥

Vc(φ)∥; see Pepe (2017) and Ren and Xiong (2018). If LgVc(φ) =

, then Definition 2 is reduced to the one in Jankovic (2001).
In the delay-free case, the existence of the continuous con-

roller is verified via the SCP (Sontag, 1989). However, in the
ime-delay case, whether the Razumikhin condition is satisfied
esults in additional difficulties in the controller design, and the
CP is unavailable. To derive a stabilizing controller, the condition
n the CLRF-I is presented in the following theorem, which is an
xtension of Theorem 1 in Jankovic (2001), and a simplified proof
s given.

heorem 1. For the system (1) with a CLRF-I Vc ∈ C(Rn,R+), if
there exists χ ∈ R+ such that for all φ ∈ C([−∆, 0],B(ε)) with
some ε > 0 and LgVc(φ) ̸= 0,

Lf Vc(φ) ≤ χ∥LgVc(φ)∥2, (3)

then there exists a smooth function ϕ : R+
→ R+ satisfying∫

∞

0 ϕ(v)dv = ∞ such that

u(φ) := −ϕ(Vc(x))(LgVc(φ))⊤ (4)

is a continuous controller for the system (1) and ensures the closed-
loop system to be GAS.
3

Proof. We first show the convergence of Vc(x) to a region around
the origin, and then ensure the convergence of Vc(x) in this region.
In this way, the system stability can be concluded from these two
parts.

Part 1: convergence of Vc(x) to a region around the origin.
We consider two cases: Lf Vc(φ) ≤ −εγc(Vc(x)) and Lf Vc(φ) ≥

εγc(Vc(x)), where ε ∈ (0, 1).
For the first case, we have from (4) that

f Vc(φ) + LgVc(φ)u = Lf Vc(φ) − ϕ(Vc(x))∥LgVc(φ)∥2

≤ −εγc(Vc(x)) ≤ 0, (5)

here the first ‘‘≤’’ holds due to the positivity of the function ϕ.
For the second case, from Lemma 1 in Jankovic (2001), LgVc(φ)

= 0 and there exists ω > 0 such that ∥LgVc(φ)∥ > ω. Define the
unction ϕ1 : R+

→ R+:

1(Vc(x)) := sup
θ∈[−∆,0]

ε + ac(φ(θ ))
∥bc(φ)∥2 +ϖ (bc(φ))

, (6)

here ac(φ) := Lf Vc(φ) + γc(Vc(x)), bc(φ) := LgVc(φ), and
(bc(φ)) = ϵ(1 − sgn(∥bc(φ)∥)) with sufficiently small ϵ > 0.

ince Lf Vc(φ) ≥ −εγc(Vc(x)), ac(φ) ≥ (1 − ε)γc(Vc(x)) > 0. Hence,
1(Vc(φ)) > 0 and

∫
∞

0 ϕ1(v)dv = ∞. From Vc ∈ C(Rn,R+) and
he continuity of ac(φ) and bc(φ), we can deduce the continuity
f the function ϕ1(Vc(x)). From (2) and (6),

f Vc(φ) − ϕ1(Vc(x))∥LgVc(φ)∥2
≤ Lf Vc(φ) − ε − ac(φ)
= −ε − γc(Vc(x))

< −γc(Vc(x)). (7)

rom (5)–(7) and the Razumikhin theorem in Hale and Lunel
1993), we conclude that, under the controller (4) with ϕ(v) ≥

1(v) for all v ∈ R+, Vc(x) converges to a region around the origin.
et this region be Bv(p) := {x ∈ Rn

: Vc(x) ≤ p} with p > 0.
Part 2: asymptotic stability of Vc(x) in Bv(p). We consider the

ollowing two cases.

(i) If LgVc(φ) = 0, then Lf Vc(φ) ≤ −γc(Vc(x)) from (2).
(ii) If LgVc(φ) ̸= 0, then (3) holds. If Lf Vc(φ) ≤ −εγc(Vc(x)),

then Lf Vc(φ) − ϕ(Vc(x))∥LgVc(φ)∥2 < −εγc(Vc(x)) from (6).
If Lf Vc(φ) ≥ −εγc(Vc(x)), then from Lemma 1 in Jankovic
(2001), there exists ω1 > 0 such that ∥LgVc(φ)∥ > ω1.
Note that ω1 depends on |x|, since we focus on the re-
gion Bv(p) here. Let ϕ1(Vc(x)) := 1 + χ . Thus, Lf Vc(φ) −

ϕ1(Vc(x))∥LgVc(φ)∥2
≤ −∥LgVc(φ)∥2 < −ω2

1 .

herefore, V̇c(x) < 0 for all x ∈ Bv(p) \ {0}, and the asymptotic
tability in Bv(p) is guaranteed via the Razumikhin theorem.
Finally, based on the function ϕ1, the function ϕ can be con-

tructed to be smooth and to satisfy: ϕ(v) ≥ ϕ1(v) for all v ≥ p;
(v) ≥ 1 + χ for all v ≤ p. Therefore, the above analysis is
till valid with the function ϕ, which is continuous and further
nsures the continuity of the controller (4). ■

Theorem 1 shows the existence of the continuous controller
or the system (1) under the condition (3). The condition (3) is
imilar to the SCP to guarantee the continuity of the derived
ontroller (4) at the origin, and further implies that the derivative
f the CLRF-I Vc is negative in a neighborhood of the origin Sepul-
hre, Jankovic, and Kokotovic (2012, Chapter 3.4). The controller
4) is called the domination redesign control law, which is derived
ased on the optimal stabilization problem (Sepulchre et al.,
012). The corresponding function ϕ is called the dominating func-
ion, and always exists because Vc is differentiable and radially
nbounded (Jankovic, 2001; Sepulchre et al., 2012).
From Theorem 1, the condition (3) needs to be verified in the

ontroller design, however, the verification of the condition (3) is
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ot easy, in particular, for high-dimensional systems. On the other
and, since the function ϕ in (4) is related to the optimization
roblem (Sepulchre et al., 2012) or is constructed based on the
ublevel set of the CLRF-I (Jankovic, 2001), the closed form of
he controller cannot be expressed easily and explicitly. To avoid
he verification of the Razumikhin condition and to establish the
ontroller explicitly, we propose an alternative CLRF, which is
ased on the steepest descent feedback controller (Clarke, 2010;
epe, 2017).

efinition 3. For the system (1), a function Vr ∈ C(Rn,R+) is
called a control Lyapunov–Razumikhin function (CLRF-II), if item
(i) in Definition 2 holds, and there exist γr, ηr ∈ K such that
γr − ηr ∈ K, and for any nonzero φ ∈ C([−∆, 0],Rn) with
φ(0) = x,

inf
u∈U

{
Lf Vr(φ) + LgVr(φ)u

}
< −γr(Vr(x)) + ηr(∥Vr(φ)∥). (8)

Comparing with Definition 2 where the Razumikhin condition
is the premise of the condition (2), the Razumikhin condition
is not included in Definition 3. Hence, (8) can be treated as an
extension of the condition (2), in the sense that the item ηr in (8)
is to estimate the derivative of Vr when the Razumikhin condition
is not satisfied. If g(0) = 0, then (8) is reduced to a non-strict
inequality for all φ ∈ C([−∆, 0],Rn). The relation between the
CLRF-I and CLRF-II is shown in the following proposition, which
is similar to Remark 4 in Pepe (2017).

Proposition 2. Consider the system (1). If Vr ∈ C(Rn,R+) is a
CLRF-II, then Vr is a CLRF-I.

Proof. Since the CLRF-II Vr satisfies item (i) in Definition 2, we
only need to show that (2) can be derived from (8). From the
definition of the CLRF-II, there exist γr, ηr ∈ K such that γr −ηr ∈

K, and (8) holds for any nonzero φ ∈ C([−∆, 0],Rn). From Lemma
A.1 in Pepe (2022), there exists ρ ∈ K such that ρ(s) > s for all
s > 0 and γr − ηr ◦ ρ ∈ K. In this respect, we have

inf
u∈U

{
Lf Vr(φ) + LgVr(φ)u

}
< −γr(Vr(x)) + ηr(∥Vr(φ)∥)

= −(γr − ηr ◦ ρ)(Vr(x)) − ηr(ρ(Vr(x))) + ηr(∥Vr(φ)∥).

If ρ(Vr(x)) ≥ Vr(φ(θ )) for all θ ∈ [−∆, 0], then

inf
u∈U

{
Lf Vr(φ) + LgVr(φ)u

}
< −(γr − ηr ◦ ρ)(Vr(x)),

which implies that item (ii) of Definition 2 holds. Hence, Vr is a
CLRF-I with γc := γr − ηr ◦ ρ. ■

We emphasize that the CLRF-II Vr cannot be deduced from
the CLRF-I Vc. The reason lies in the case where the Razumikhin
condition is not satisfied. To be specific, without the Razumikhin
condition, the derivative of Vr is still bounded via (8), whereas
the bound of the derivative of Vc is unknown and cannot be
derived from (2) directly. Therefore, the estimate of the CLRF-
II is bounded consistently via (8), which is not the case for the
CLRF-I. In this respect, it is not easy to apply the CLRF-I directly
to design the stabilizing controller explicitly (see, e.g., Theorem 1
and Jankovic (2001) and Pepe (2017)). However, with the CLRF-
II, we can follow Sontag’s formula to design an explicit controller,
which will be further discussed later.

From Definition 3, we define the following set

Klr := {u ∈ U : Lf Vr(φ)+LgVr(φ)u ≤ −γr(Vr(x))+ηr(∥Vr(φ)∥)}. (9)

The non-emptiness of the set Klr follows from the existence of
the CLF-II Vr. To show this, if Klr = ∅, then Lf Vr(φ) + LgVr(φ)u >
−γr(Vr(x)) + ηr(∥Vr(φ)∥) for all u ∈ U, and infu∈U{Lf Vr(φ) +

LgVr(φ)u} > −γr(Vr(x)) + ηr(∥Vr(φ)∥), which contradicts with (8).
Hence, the set K is non-empty. Based on Pepe (2022, Corollary
lr

4

1), any locally Lipschitz controller u : C([−∆, 0],Rn) → U with
u(φ) ∈ Klr results in the stabilization of the system (1), which
further shows the satisfaction of the stabilization objective via
the CLRF-II. To derive the controller explicitly, we propose the
Razumikhin-type SCP for the system (1) based on the CLRF-II.

Definition 4. Consider the system (1) with a CLRF-II Vr ∈

C(Rn,R+), the system (1) is said to satisfy the Razumikhin-type
small control property (R-SCP), if for arbitrary ε > 0, there exists
δ > 0 such that for any nonzero φ ∈ C([−∆, 0],B(δ)) with
φ(0) = x, there exists u ∈ B(ε) such that

Lf Vr(φ) + LgVr(φ)u < −γr(Vr(x)) + ηr(∥Vr(φ)∥). (10)

Based on the Razumikhin approach, Definition 4 is a reformu-
lation of the classic SCP for time-delay systems. With the CLRF-II
and the R-SCP, the controller can be derived explicitly such that
the closed-loop system (1) is GAS.

Theorem 3. If the system (1) admits a CLRF-II Vr ∈ C(Rn,R+) and
satisfies the R-SCP, then the controller defined by

u(φ) :=

{
κ(λ, ar(φ), (LgVr(φ))⊤), if φ ̸= 0,
0, if φ = 0,

(11)

with λ > 0, ar(φ) := Lf Vr(φ) + γr(Vr(x)) − ηr(∥Vr(φ)∥), and

κ(λ, p, q) =

⎧⎨⎩
p +

√
p2 + λ∥q∥4

−∥q∥2 q, if q ̸= 0,

0, if q = 0,
(12)

s continuous and ensures the system (1) to be GAS.

Proof. We first prove the stabilization of the system (1) under
the controller (11). From (11), if LgVr(φ) ≡ 0, then u ≡ 0 and
from (8), we have

Lf Vr(φ) + LgVr(φ)u + γr(Vr(x)) − ηr(∥Vr(φ)∥)
= Lf Vr(φ) + γr(Vr(x)) − ηr(∥Vr(φ)∥) < 0.

or the case LgVr(φ) ̸= 0, we define ar(φ) := Lf Vr(φ) + γr(Vr(x))
and br(φ) := LgVr(φ). From (11), we have

Lf Vr(φ) + LgVr(φ)u + γr(Vr(x)) − ηr(∥Vr(φ)∥)

= ar(φ) − br(φ)
ar(φ)b⊤

r (φ)
∥br(φ)∥2 − br(φ)

√
a2r (φ) + λ∥br(φ)∥4

∥br(φ)∥2 b⊤

r (φ)

= −

√
a2r (φ) + λ∥br(φ)∥4 < 0,

and thus Lf Vr(φ) + LgVr(φ)u < −γr(Vr(x(t))) + ηr(∥Vr(φ)∥).
Summarizing the above analysis, we have

V̇r(x(t)) < −γr(Vr(x(t))) + ηr(∥Vr(φ)∥), ∀t ∈ R+. (13)

rom Corollary 1 in Pepe (2022) and item (i) in Definition 2, there
xists β ∈ KL such that |x(t)| ≤ β(∥ξ∥, t) for all t ∈ R+, which
mplies that the system (1) is GAS.

Next, we show the continuity of the controller. From Vr ∈

(Rn,R+) and the continuity of ar(φ) and br(φ), we can deduce
he continuity of the controller in any region away from the
rigin. In the following, we only need to show the continuity of
he controller at the origin. From the R-SCP, for arbitrary ε > 0,
here exists δ1 > 0 such that for nonzero φ ∈ C([−∆, 0],B(δ1))
ith φ(0) = x, there exists u ∈ B(ε) such that

f Vr(φ) + LgVr(φ)u < −γr(Vr(x)) + ηr(∥Vr(φ)∥). (14)

n addition, since Vr is continuously differentiable and g in (1) is
ocally Lipschitz, there exists δ2 ∈ R+ with δ2 ̸= δ1 such that for
onzero φ ∈ C([−∆, 0],B(δ2)),

L V (φ)∥ ≤ ε. (15)
g r
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et δ := min{δ1, δ2}, and then (14)–(15) hold for any nonzero
∈ C([−∆, 0],B(δ)).
From (11), u ≡ 0 if φ = 0. Hence, we only need to show that

u∥ ≤ ε̄ := (2 + λ)ε for all nonzero φ ∈ C([−∆, 0],B(δ)), where
> 0 is given in (11). For this purpose, we consider the following

wo cases. If LgVr(φ) = 0, then u = 0 from (12), and thus ∥u∥ ≤ ε̄

or all nonzero φ ∈ C([−∆, 0],B(δ)). If LgVr(φ) ̸= 0, then we have
rom (14) that for any nonzero φ ∈ C([−∆, 0],B(δ)),

f Vr(φ) + γr(Vr(x)) < ε∥LgVr(φ)∥ + ηr(∥Vr(φ)∥),

hich implies |ar(φ)| < ε∥LgVr(φ)∥. Furthermore, from (12) and
15), we have that for any nonzero φ ∈ C([−∆, 0],B(δ)),

u(φ)∥ =

ar(φ) +
√
a2r (φ) + λ∥LgVr(φ)∥4

∥LgVr(φ)∥2 LgVr(φ)


≤

2|ar(φ)| +
√
λ∥LgVr(φ)∥2

∥LgVr(φ)∥

≤ (2 +
√
λ)ε =: ε̄.

herefore, if the R-SCP is satisfied, then the control input is
ounded and the bound is a function of ε ∈ R+. Since ε ∈ R+

can be chosen to be arbitrarily small and ε̄ → 0 as ε → 0, we
conclude that the controller is continuous at the origin. Therefore,
the proof is completed. ■

Note that the controller (11) is continuous for both the case of
nonzero φ and the case where φ(θ ) = 0 for all θ ∈ [−∆, 0]. In
addition, if g(0) = 0, then LgVr(0) = 0 and thus u(0) = 0 from
(12), which implies that the case φ = 0 can be removed from
(11). Finally, the controller (11) follows Sontag’s formula (Sontag,
1989) and extends the results in Romdlony and Jayawardhana
(2016), Sontag (1989) and Wu et al. (2019) from the delay-free
case to the time-delay case.

3.2. Razumikhin-type control barrier functions

To investigate the safety of the system (1), we propose con-
trol barrier-Razumikhin functions (CBRFs) in this subsection. To
this end, we define a function h ∈ C(Rn,R) to connect with
the safe set Cr, where the subscript ‘r’ is to show that it is
Razumikhin-type. That is, the set Cr is defined as

Cr := {x ∈ Rn
: hr(x) ≥ 0}, (16)

∂Cr := {x ∈ Rn
: hr(x) = 0}, (17)

Int(Cr) := {x ∈ Rn
: hr(x) > 0}. (18)

Assume that Int(Cr) ̸= ∅ and Int(Cr) = Cr, which mean that the
set Cr is nonempty and has no isolated points. In the following,
two types of CBRFs are presented.

Definition 5. Consider the system (1) and the set Cr ⊂ Rn

in (16), a function Br ∈ C(Int(Cr),R) is called an R-type control
barrier-Razumikhin function (R-CBRF) for the set Cr, if

(i) there exist α1, α2 ∈ K such that for all x ∈ Int(Cr),

α1(hr(x)) ≤
1

Br(x)
≤ α2(hr(x)); (19)

(ii) there exist γrr, ηrr ∈ K such that γrr − ηrr ∈ K and for any
nonzero φ ∈ C([−∆, 0], Int(Cr)) with φ(0) = x,

inf
u∈U

{
Lf Br(φ) + LgBr(φ)u

}
< γrr(hr(x)) − ηrr(∥hr(φ)∥). (20)

Definition 5 is based on the function hr implicitly, and the
relation between the functions Br and hr is given in (19). The
following CBRF is defined from the function h explicitly.
r

5

Definition 6. Consider the system (1), a function hr ∈ C(Rn,R)
is called a Z-type control barrier-Razumikhin function (Z-CBRF) for
the set Cr ⊂ Rn in (16), if there exist a set Xr ⊂ Rn with Cr ⊆ Xr

and γrz, ηrz ∈ K such that for any nonzero φ ∈ C([−∆, 0],Xr)
with φ(0) = x,

sup
u∈U

{
Lf hr(φ) + Lghr(φ)u

}
> −γrz(hr(x)) + ηrz(∥hr(φ)∥). (21)

emark 1. The proposed CBRFs extend the CBF from the delay-
ree case (Ames et al., 2016) to the time-delay case. Similar to
he CLRF-II, the effects of time delays are transformed into the
isturbance-like items in (20)–(21). Comparing with the Z-CBRF,
he R-CBRF is not based on the function hr explicitly. Hence,
he R-CBRF provides more potential flexibilities in its construc-
ion (Lindemann & Dimarogonas, 2018; Panagou et al., 2015). On
he other hand, similar to the delay-free case (Ames et al., 2016),
he R-CBRF and Z-CBRF can be transformed to each other under
ome conditions. Specifically, if Cr ≡ Xr and ḣr(x) > 0 for all
∈ ∂Cr, then hr is a Z-CBRF if and only if h−1

r is an R-CBRF,
hich can be verified via the fact that − inf{A} = sup{−A} for
ny compact set A ⊆ R. □

To show the guarantee of the safety objective via the CBRFs in
efinitions 5 and 6, we define the following sets:

Krr :=
{
u ∈ U : Lf Br(φ) + LgBr(φ)u < γrz(hr(x))

−ηrz(∥Vr(φ)∥) or u(0) = 0} , (22)

rz :=
{
u ∈ U : Lf hr(φ) + Lghr(φ)u > −γrr(hr(x))

+ηrr(∥hr(φ)∥) or u(0) = 0} . (23)

he non-emptiness of these two sets follows from similar argu-
ents as those in Section 3.1, and thus is omitted here. With

hese two sets, the following theorem shows that the control
nputs from the sets Krz and Krr result in the forward invariant
roperty of the safe set Cr ⊂ Rn.

heorem 4. Consider the system (1) with the safe set Cr ⊂ Rn in
16),

(i) if the system (1) admits an R-CBRF Br ∈ C(Int(Cr),R), and
there exists a Lipschitz continuous functional u : C([−∆, 0],
Int(Cr)) → U such that u(φ) ∈ Krr, then the controller u(φ)
ensures the set Int(Cr) to be forward invariant;

(ii) if the system (1) admits a Z-CBRF hr ∈ C(Xr,R), and there
exists a Lipschitz continuous functional u : C([−∆, 0],Xr)
→ U such that u(φ) ∈ Krz, then the controller u(φ) ensures
the set Cr to be forward invariant.

roof. (First Claim.) Given the R-CBRF Br : Int(Cr) → R, we
efine the function Θr(x) := 1/Br(x), and then have

˙ r(x) = −(Br(x))−2Ḃr(x) = −Θ2
r (x)(Lf Br(φ) + LgBr(φ)u)

> −Θ2
r (x)(γrr(hr(x)) − ηrr(∥hr(φ)∥))

> −Θ2
r (x)[γrr(α

−1
1 (Θr(x))) − ηrr(α−1

2 (∥Θr(φ)∥))]. (24)

To emphasize the time argument, let Θr(t) := Θr(x(t)). De-
fine ϕ(Θr(t)) := Θ2

r (t)γrr(α
−1
1 (Θr(t))) and ψ(Θr(t + θ )) :=

Θ2
r (t)ηrr(α

−1
2 (Θr(t + θ ))). From (24), we consider the following

inequality and equation:

Θ̇r(t) > −ϕ(Θr(t)) + sup
θ∈[−∆,0]

ψ(Θr(t + θ )), (25)

Π̇r(t) = −ϕ(Πr(t)), (26)

where t ≥ 0 and Θr(θ ) = Γr(θ ) for all θ ∈ [−∆, 0]. From Lemma
4.4 in Khalil (2002), there exists β ∈ KL such that the solution of
1
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26) satisfies Πr(t) = β1(Πr(0), t) for all t ≥ 0. Using Lemma 11
in the Appendix and from (25)–(26), we have

Θr(t) ≥ Πr(t) = β1(Πr(0), t), ∀t ≥ 0,

combining which with the definition of Θr(t) yields

1
Br(x(t))

≥ β1

(
1

Br(x(0))
, t

)
, ∀t ≥ 0. (27)

rom (19) and (27), we obtain that for all t ≥ 0,

r(x(t)) ≥ α−1
2 (β1(α1(hr(x(0))), t)).

That is, for all t > 0, hr(x(t)) > 0, and thus Int(Cr) is forward
invariant.

(Second Claim.) From the Z-CBRF and u ∈ Krz, there exists a
set Xr ⊂ Rn such that Cr ⊂ Xr and for all φ ∈ C([−∆, 0],Xr) with
φ(0) = x,

Lf hr(φ) + Lghr(φ)u > −γrz(hr(x)) + ηrz(∥hr(φ)∥),

which implies that ḣr(x) ≥ −γrz(hr(x)) + ηrz(∥hr(φ)∥). Let hr(t) :=

hr(x(t)) to emphasize the time argument. Consider the following
inequality and equation:

ḣr(t) > −γrz(hr(t)) + sup
θ∈[−∆,0]

ηrz(hr(t + θ )), (28)

Φ̇r(t) = −γrz(Φr(t)), (29)

where t > 0 and hr(θ ) = Φr(θ ) for all θ ∈ [−∆, 0]. From Lemma
4.4 of Khalil (2002), there exists β2 ∈ KL such that the solution
to (29) satisfies Φr(t) = β2(Φr(0), t) for all t ≥ 0. From (28)–(29)
and using Lemma 11 in the Appendix, we have

hr(x) ≥ Φr(t) = β2(hr(x(0)), t), ∀t ≥ 0,∀x(0) ∈ Cr.

Hence, we conclude that Cr is forward invariant. ■

4. Krasovskii-type control functionals

Different from the Razumikhin approach where the construc-
tion of control functions does not depend on the time-delay tra-
jectory, another type of control functions for time-delay systems
is based on the Krasovskii approach, which is related to the time-
delay trajectory (Jankovic, 2001, 2018b; Pepe, 2014). Using the
Krasovskii approach, we propose control Lyapunov–Krasovskii
functionals (CLKFs) and control barrier-Krasovskii functionals
(CBKFs) for time-delay systems in this section.

4.1. Control Lyapunov-Krasovskii functional

Before defining CLKFs, we first recall the class of smoothly
separable functionals from Pepe (2014).

Definition 7. A functional V : C([−∆, 0],Rn) → R is smoothly
separable, if there exist a function V1 ∈ C(Rn,R+), a locally
Lipschitz functional V2 : C([−∆, 0],Rn) → R+ and α1, α2 ∈ K∞

such that, for all φ ∈ C([−∆, 0],Rn),

V (φ) := V1(φ(0)) + V2(φ), (30)

α1(|φ(0)|) ≤ V1(φ(0)) ≤ α2(|φ(0)|). (31)

From Definition 7, any smoothly separable functional is locally
Lipschitz. In the following, we recall the definition of invariant
differentiability from Kim (1999).

Definition 8. A smoothly separable functional V : C([−∆,
0],Rn) → R+ is invariantly differentiable (i-differentiable), if
V (φ) = V1(φ(0)) + V2(φ) and for all φ ∈ C([−∆, 0],Rn),

(i) both V̇ (φ(0)) and D+V (φ) exist;
1 2

6

(ii) D+V2(φ) is invariant with respect to φ ∈ C([−∆, 0],Rn),
that is, D+V2(x0) is the same for all xt ∈ C([−∆, 0],Rn);

(iii) for all x, z ∈ Rn, xt ∈ C([−∆, 0],Rn) and l ≥ 0, V (x +

z, xt+l) − V (x, xt ) := V̇1(x)z + D+V2(xt )l + o(
√

|z|2 + l2),
where lims→0+ o(s)/s = 0.

n addition, if D+V2(φ) is continuous, then V is said to be contin-
ously i-differentiable.

From Definition 8, we have that D+V (φ) := Lf V1(φ)+LgV1(φ)u
D+V2(φ) for all φ ∈ C([−∆, 0],Rn). Different from Kim (1999)
here the invariant differentiability is for the functionals on
n
× C([−∆, 0),Rn), Definition 8 is for smoothly separable func-

ionals and V2 is defined on C([−∆, 0],Rn) to ensure the well-
osedness of the derivative; see, e.g., Example 2.2.1 in Kim (1999).
efinitions 7–8 include many Lyapunov–Krasovskii functionals
n existing works (Karafyllis, Malisoff, Mazenc, & Pepe, 2016;
iu et al., 2011; Orosz & Ames, 2019; Pepe, 2016; Prajna &
adbabaie, 2005; Zhou & Egorov, 2016). With smoothly separable
nd i-differentiable functionals, the CLKF is proposed as follows.

efinition 9. For the system (1), a smoothly separable and
ontinuously i-differentiable functional Vk : C([−∆, 0],Rn) →
+ is called a control Lyapunov–Krasovskii functional (CLKF), if for
ll φ ∈ C([−∆, 0],Rn),

(i) there exist α1, α2 ∈ K∞ such that α1k(|φ(0)|) ≤ Vk(φ) ≤

α2k(∥φ∥);
(ii) there exists γlk ∈ K such that for any nonzero φ ∈

C([−∆, 0],Rn),

inf
u∈U

{
Lf Vk1(φ) + D+Vk2(φ) + LgVk1(φ)u

}
< −γlk(Vk(φ)).

(32)

Different from the CLRF in Section 3.1, the CLKF is defined
n C([−∆, 0],Rn) such that the time-delay trajectory is involved
irectly. For instance, if Vk(φ) = |φ(0)|2 +

∫ 0
−∆

|φ(s)|2ds, then

k1(φ(0)) = |φ(0)|2 and Vk2(φ) =
∫ 0

−∆
|φ(s)|2ds. In addition,

f Vk1(φ) = 2φ⊤(0)f (φ), LgVk1(φ)u = 2φ⊤(0)g(φ)u and D+Vk2(φ) =

φ(0)|2 − |φ(−∆)|2. From (31), we define the set Klk := {u ∈ U :

f Vk1(φ) + D+Vk2(φ) + LgVk1(φ)u < −γlk(Vk(φ))}. Similar to the
echanism in (9), the set Klk is non-empty. Therefore, any locally
ipschitz controller in the set Klk leads to the stabilization of the
ystem (1). Similar to the R-SCP of Definition 4, we propose the
rasovskii-type SCP as follows.

efinition 10. Consider the system (1) with a CLKF Vk, the sys-
em (1) is said to satisfy the Krasovskii-type small control property
K-SCP), if for arbitrary ε > 0, there exists δ > 0 such that, for
ny nonzero φ ∈ C([−∆, 0],B(δ)), there exists u ∈ B(ε) such that
f Vk1(φ) + D+Vk2(φ) + LgVk1(φ)u < −γlk(Vk(φ)).

Definition 10 extends the SCP to the time-delay case in terms
f the Krasovskii approach. Definition 10 is similar to item (iv)
f Hypothesis 8 in Pepe (2016) for neutral functional differential
quations, while different from the one in Karafyllis et al. (2016),
here φ ∈ C([−∆, 0],B(δ)) with φ(0) ̸= 0 is required. With the
roposed CLKF and K-SCP, the controller is derived in the next
heorem to ensure the stabilization of the system (1).

heorem 5. If the system (1) admits a CLKF and satisfies the K-SCP,
hen the following controller

(φ) :=

{
κ(λ, ak(φ), (LgVk1(φ))⊤), if φ ̸= 0,
0, if φ = 0,

(33)

here κ is defined in (12), λ > 0 and ak(φ) := Lf Vk1(φ) +
+Vk2(φ) + γlk(Vk(φ)), is continuous and ensures the system (1) to
e GAS.
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roof. We first prove the stabilization of the system (1) under
he controller (33). From (33), we have that if LgVk1(φ) = 0, then
= 0, and from (32) in Definition 9, we have

f Vk1(φ) + D+Vk2(φ) + LgVk1(φ)u + γlk(Vk(φ))
= Lf Vk1(φ) + D+Vk2(φ) + γlk(Vk(φ)) < 0.

f LgVk1(φ) ̸= 0, we define ak(φ) := Lf Vk1(φ)+D+Vk2(φ)+γlk(Vk(φ))
and bk(φ) := LgVk1(φ). From the control law (33),

Lf Vk1(φ) + D+Vk2(φ) + LgVk1(φ)u + γlk(Vk(φ))

= ak(φ) − bk(φ)
ak(φ)b⊤

k (φ)
∥bk(φ)∥2 − bk(φ)

√
a2k (φ) + λ∥bk(φ)∥4

∥bk(φ)∥2 b⊤

k (φ)

= −

√
a2k (φ) + λ∥bk(φ)∥4 ≤ 0.

Hence, under the controller (33), Lf Vk1(φ)+D+Vk2(φ)+ LgVk1(φ)u
−γlk(Vk(φ)). From (30)–(31) and Theorem 2.1 in Hale and Lunel

(1993), we conclude that the closed-loop system is GAS.
Next, we show the continuity of the controller. From the prop-

rties of the functional Vk and the functions f , g , we deduce the
ontinuity of the controller in any region away from the origin.
ence, we only need to show the continuity of the controller at
he origin. From the K-SCP, for arbitrary ε ∈ R+, there exists δ1 ∈

R+ such that, for any nonzero φ ∈ C([−∆, 0],B(δ1)), there exists
∈ B(ε) such that ak(φ) + LgVk1(φ)u < 0. Since V1 ∈ C(Rn,R+)

and g in (1) is locally Lipschitz, there exists δ2 ∈ R+ with δ2 ̸= δ1
such that for all nonzero φ ∈ C([−∆, 0],B(δ2)), ∥LgVk1(φ)∥ ≤ ε.
Let δ := min{δ1, δ2}. For any nonzero φ ∈ C([−∆, 0],B(δ)), we
consider the following two cases. The first case is LgVk1(φ) = 0.
In this case, u(φ) = 0 from (33). In addition, u(0) = 0 from (33),
nd thus ∥u(φ) − u(0)∥ = 0 < ε. Hence, if the K-SCP is satisfied,
hen the control input is bounded by ε ∈ R+. Since ε ∈ R+

an be chosen arbitrarily small, we conclude that the controller
s continuous in this case. The second case is LgVk1(φ) ̸= 0. In this
ase, |ak(φ)| ≤ ε∥LgVk1(φ)∥ for any nonzero φ ∈ C([−∆, 0],B(δ)).
rom (33), we have that for any nonzero φ ∈ C([−∆, 0],B(δ)),

u(φ)∥ ≤


ak(φ) +

√
a2k (φ) + λ∥LgVk1(φ)∥4

∥LgVk1(φ)∥2 LgVk1(φ)


≤

⏐⏐⏐⏐⏐⏐
ak(φ) +

√
a2k (φ) + λ∥LgVk1(φ)∥4

∥LgVk1(φ)∥

⏐⏐⏐⏐⏐⏐
≤

⏐⏐⏐⏐⏐ak(φ) + |ak(φ)| +
√
λ∥LgVk1(φ)∥2

∥LgVk1(φ)∥

⏐⏐⏐⏐⏐
≤

√
λε +

⏐⏐⏐⏐ak(φ) + |ak(φ)|
∥LgVk1(φ)∥

⏐⏐⏐⏐ ,
hich implies that ∥u(φ)∥ ≤

√
λε if ak(φ) ≤ 0 and ∥u(φ)∥ ≤

2+
√
λ)ε if ak(φ) > 0. Since limε→0

√
λε = limε→0(2+

√
λ)ε = 0

and ε ∈ R+ can be arbitrarily small, the controller is continuous
at the origin in the second case. Therefore, from these two cases,
we conclude that the controller is continuous at the origin, which
completes the proof. ■

4.2. Krasovskii-type control barrier functionals

To address the safety of the system (1) in terms of the
Krasovskii approach, we first redefine the safe set, and then
propose control barrier-Krasovskii functionals. For the safe set Ck,
continuously differentiable functional hk : C([−∆, 0],Rn) → R

s used here to describe Ck, and further to determine the forward
nvariant property. Assume that Ck ⊂ Rn is defined as

C := {φ ∈ C([−∆, 0],Rn) : h (φ) ≥ 0}, (34)
k k

7

∂Ck := {φ ∈ C([−∆, 0],Rn) : hk(φ) = 0}, (35)

nt(Ck) := {φ ∈ C([−∆, 0],Rn) : hk(φ) > 0}. (36)

et Int(Ck) ̸= ∅ and Int(Ck) = Ck. Comparing with (16)–(18)
based on the current state, the safe set in (34)–(36) is defined
via the time-delay trajectory and similar to the one in Orosz and
Ames (2019).

Definition 11. Consider the system (1) and the set Ck in (34), a
smoothly separable and continuously i-differentiable functional
Bk : C([−∆, 0], Rn) → R is called an R-type control barrier-
rasovskii functional (R-CBKF) for Ck, if

(i) there exist α1, α2 ∈ K such that, for all φ ∈ Int(Ck),

α1(hk(φ)) ≤
1

Bk(φ)
≤ α2(hk(φ)); (37)

(ii) there exists γkr ∈ K such that infu∈U{Lf Bk1(φ)+D+Bk2(φ)+
LgBk1(φ)u} < γkr(hk(φ)) for any nonzero φ ∈ C([−∆, 0],Rn).

As a counterpart of Definition 8, the following definition is
resented based on the functional hk in (34)–(36) directly.

efinition 12. Consider the system (1), a smoothly separable and
ontinuously i-differentiable functional hk : C([−∆, 0],Rn) → R
s called a Z-type control barrier-Krasovskii functional (Z-CBKF) for
he set Ck in (34), if there exists Xk ∈ C([−∆, 0],Rn) such that
k ⊆ Xk, and for any nonzero φ ∈ Xk,

sup
u∈U

{
Lf hk1(φ) + D+hk2(φ) + Lghk1(φ)u

}
> −γkz(hk(φ)). (38)

emark 2. Following the Krasovskii approach, both the R-CBKF
nd Z-CBKF extend the CBF to the time-delay case. Different
rom the CBRFs in Section 3.2 where the effects of time delays
re transformed into the disturbance-like items, the CBKFs are
efined to involve the time-delay trajectory directly. In addition,
oth the R-CBKF and Z-CBKF are required to be smoothly sepa-
able, and this requirement results in differences in defining the
afe set since hk1(φ(0))+ hk2(φ) ≥ 0 in (34) whereas hr(φ(0)) ≥ 0
n (16). Furthermore, similar to the R-CBRF, the R-CBKF offers
ore potential flexibilities in its construction comparing with

he Z-RBKF. The mutual transformation between the R-CBKF and
-CBKF is available under some conditions, which are omitted
ere. □

From Definitions 11–12, we define the following sets

Kkr :=
{
u ∈ U : Lf Bk1(φ) + D+Bk2(φ)

+LgBk1(φ)u < γkr(hk(φ))
}
, (39)

kz :=
{
u ∈ U : Lf hk1(φ) + D+hk2(φ)

+Lghk1(φ)u > −γkz(hk(φ))
}
. (40)

n the next theorem, we show that the control inputs from the
ets Kkr and Kkz lead to the forward invariant property of the set
k, which thus implies the satisfaction of the safety objective via
he CBKFs.

heorem 6. Consider the system (1) and the set Ck in (34),

(i) if the system (1) admits an R-CBKF Bk : Int(Ck) → R, and
there exists a Lipschitz continuous functional u : Int(Ck) → U
such that u(φ) ∈ Kkr, then the controller u(φ) ensures the set
Int(Ck) to be forward invariant;

(ii) if the system (1) admits a Z-CBKF hk : Xk → R, and there
exists a Lipschitz continuous functional u : Xk → U such that
u(φ) ∈ Kkz, then the controller u(φ) ensures the set Ck to be

forward invariant.
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roof. (First Claim.) For the R-CBKF Bk : Int(Ck) → R, we define
k(φ) := 1/Bk(φ), and have

D+Θk(φ) = −
D+Bk(φ)
B2
k (φ)

= −Θ2
k (φ)(Lf Bk1(φ) + D+Bk2(φ) + LgBk1(φ)u)

> −Θ2
k (φ)γkr(hk(φ))

≥ −Θ2
k (φ)γkr(α

−1
1 (Θk(φ))), (41)

here the first ‘‘≥’’ holds from Definition 11; and the second
‘≥’’ holds from (37). Let β(Θk(φ)) := Θ2

k (φ)γkr(α
−1
1 (Θk(φ))),

hich is of class K. Since Bk is continuously i-differentiable, Θk

s continuously i-differentiable from Theorem 6.2 in Kim (2015).
efine X(t) = Θk(xt ) for all t ∈ R+. From Lemma 5 in Pepe (2016),
+X(t) = D+Θk(xt ), and thus D+X(t) > −β(X(t)) for all t ∈ R+.
rom Lemma 4.4 in Khalil (2002), there exists σ1 ∈ KL such that

k(xt ) ≥ σ1(Θk(x0), t), ∀t ≥ 0. (42)

ombining (42) with the definition of Θk(φ) implies

1
Bk(xt )

≥ σ1

(
1

Bk(x0)
, t

)
, ∀t ≥ 0,

hich further implies from item (i) in Definition 11 that

k(xt ) ≥ α−1
2 (σ1(α1(hk(x0)), t)), ∀t ≥ 0.

Since hk(x0) > 0, hk(xt ) > 0 for all t > 0, and thus the set Int(Ck)
is forward invariant.

(Second Claim.) From the Z-CBKF and the controller u ∈ Krz,
there exists a set Xk ∈ C([−∆, 0],Rn) with Ck ⊂ Xk such that for
all φ ∈ Xk,

Lf hk1(φ) + D+hk2(φ) + Lghk1(φ)u > −γkz(hk(φ)),

which implies

D+hk(φ) > −γkz(hk(φ)), ∀φ ∈ Xk. (43)

Let Y(t) := hk(xt ) for all t ∈ R+. Similarly, we have from Lemma 5
in Pepe (2016) that D+Y(t) = D+hk(xt ) and further from (43) that
D+Y(t) ≥ −γkz(Y(t)) for all t ∈ R+. From Lemma 4.4 in Khalil
(2002), there exists σ2 ∈ KL such that

Y(t) = hk(xt ) ≥ σ2(hk(x0), t), ∀t ≥ 0,

which indicates that Ck is forward invariant. ■

In Sections 3–4, the stabilization and safety control
problems are studied individually via the proposed control func-
tions/functionals. In particular, the closed-form stabilizing con-
troller is established for time-delay systems, whereas the safety
objective is verified via the existence of the CLRFs and CLKFs. To
study both stabilization and safety objectives, how to combine
the proposed control functions/functionals and how to design the
feedback controller are investigated in the next section.

5. Sliding mode control based combination

To guarantee the safety and stabilization of time-delay sys-
tems simultaneously, the proposed control functions/functionals
can be combined via quadratic programming (Ames et al., 2016;
Jankovic, 2018a) for the delay-free case. However, it is not easy to
obtain analytical solutions for time-delay optimal control
problems (Wu, Bai et al., 2019). In this section, we combine the
proposed control functions/functionals via sliding surface func-
tionals, which allow for the transformation of the proposed con-
trol functions/functionals via different combination techniques.
8

5.1. Properties of sliding surface functional

In the applied combination approach, the essence is how to
develop the sliding surface functional. To this end, we assume
that V and B are respectively the CLF and CBF for the system
(1). That is, V and B can be either Razumikhin-type or Krasovskii-
type. Based on the CLF V and CBF B, the sliding surface functional
is defined as

U(φ) := Υ (V(φ),B(φ)), (44)

where U : φ ↦→ R and Υ : R × R → R are continuously
differentiable. Define

D+U(φ) := F(φ) + G(φ)u + L(φ)

with F(φ) = H(φ)f (φ) and G(φ) = H(φ)g(φ). To be specific, if
U(x) := Υ (V(x),B(x)), then

H(x) =
∂Υ

∂V
∂V
∂x

+
∂Υ

∂B
∂B
∂x
, L(x) ≡ 0;

if U(xt ) := Υ (V(xt ),B(xt )), then V(φ) = V1(φ(0)) + V2(φ), B(φ) =

B1(φ(0)) + B2(φ) and

H(φ) =
∂Υ

∂V
∂V1

∂φ(0)
+
∂Υ

∂B
∂B1

∂φ(0)
,

L(φ) =
∂Υ

∂V
D+V2(φ) +

∂Υ

∂B
D+B2(φ).

n this section, the following assumption is made, which is called
he transversality condition (Sira-Ramirez, 1999) and used to
void g(φ) to be orthogonal to H(φ).

ssumption 1. For all φ ∈ C([−∆, 0],Rn), G(φ) ̸= 0.

Assumption 1 ensures that g(φ) is not tangential to the level
et of the sliding surface functional U(φ). If Assumption 1 does
ot hold, then higher-order sliding surface functionals can be
ntroduced (Oguchi & Richard, 2006; Shtessel et al., 2014), and
hen the following analysis can be proceeded similarly. This will
e further discussed in Section 5.3.
With Assumption 1, we define the matrix functional:

(φ) := I −
g(φ)G⊤(φ)H(φ)

∥G(φ)∥2 . (45)

The next proposition shows the properties of M(φ), which ex-
tends the results in Sira-Ramirez (1999) into the time-delay case
and lays a foundation for the control design.

Proposition 7. The following statements are valid:

M(φ)f (φ) = J1(φ)H⊤(φ), (46)

(I − M(φ))f (φ) = J2(φ)H⊤(φ) + J3(φ)H⊤(φ), (47)

where J1(φ) = −2J2(φ), and

J2(φ) =
g(φ)G⊤(φ)f ⊤(φ) − f (φ)G(φ)g⊤(φ)

2∥G(φ)∥2 ,

J3(φ) =
f (φ)G(φ)g⊤(φ) + g(φ)G⊤(φ)f ⊤(φ)

2∥G(φ)∥2 .

Proof. Since H(φ)f (φ) ∈ R and G(φ) = H(φ)g(φ) ∈ R1×m, we
have that H(φ)f (φ) = f ⊤(φ)H⊤(φ) and ∥G(φ)∥2

= G(φ)G⊤(φ).
efine J(φ) := f (φ)G(φ)g⊤(φ), and we have from (45) that

(φ)f (φ) = f (φ) −
g(φ)G⊤(φ)H(φ)f (φ)

∥G(φ)∥2

=
f (φ)∥G(φ)∥2

− g(φ)G⊤(φ)H(φ)f (φ)

∥G(φ)∥2
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=
f (φ)G(φ)G⊤(φ) − J⊤(φ)H⊤(φ)

∥G(φ)∥2

=
(J(φ) − J⊤(φ))H⊤(φ)

∥G(φ)∥2 .

Let J1(φ) := (J(φ) − J⊤(φ))/∥G(φ)∥2, and thus (46) holds.

(I − M(φ))f (φ) =
g(φ)G⊤(φ)H(φ)f (φ)

∥G(φ)∥2 =
J⊤(φ)H⊤(φ)

∥G(φ)∥2

=
J⊤(φ) − J(φ)
2∥G(φ)∥2 H⊤(φ) +

J⊤(φ) + J(φ)
2∥G(φ)∥2 H⊤(φ)

= J2(φ)H⊤(φ) + J3(φ)H⊤(φ).

ence, we conclude that (47) holds, and J1(φ) = −2J2(φ). ■

From Proposition 7, the functionals J1(φ), J2(φ) are skew-
ymmetric and the functional J3(φ) is symmetric. In addition,

(φ)J1(φ)H⊤(φ) = −2H(φ)J2(φ)H⊤(φ) ≡ 0,

f (φ) = (J3(φ) − J2(φ))H⊤(φ).

herefore, the system (1) can be rewritten to be related to the
liding surface functional (44). That is, the dynamics in (1) can
ritten as ẋ(t) = −J2(xt )H⊤(xt ) + J3(xt )H⊤(xt ) + g(xt )u.

.2. Feedback control design

With the sliding surface functional (44), we next address the
ontroller design. In the ideal sliding motion case, the system
tate is to satisfy the manifold invariant condition:

(φ) = 0, (48)

hich can be verified via the functional W(φ) := 0.5U2(φ).
pecifically, the time derivative of W(φ) is given by
+W(φ) = U(φ)D+U(φ)

= U(φ)(−H(φ)J2(φ)H⊤(φ) + H(φ)J3(φ)H⊤(φ)
+ L(φ) + G(φ)u)

= U(φ)(H(φ)J3(φ)H⊤(φ) + L(φ) + G(φ)u). (49)

y the invariance condition D+W(φ) = 0, the equivalent control
aw is derived as

e(φ) =
G⊤(φ)(H(φ)J3(φ)H⊤(φ) + L(φ))

−∥G(φ)∥2 .

he equivalent control law ue neutralizes all working forces
which locally affect the magnitude of the sliding surface coordi-
nate. Since the state trajectory of the system (1) may move into
the sublevel and superlevel sets of the sliding surface functional,
the applied controller is of the following form:

u(φ) =
G⊤(φ)(H(φ)J3(φ)H⊤(φ) + L(φ) + K(φ))

−∥G(φ)∥2 , (50)

here K(φ) > 0 is the additional item to be designed based on
the applied sliding surface functional U(φ). Obviously, u(φ) =

e(φ) − ∥G(φ)∥−2G⊤(φ)K(φ).
From all above discussion, we have the following theorem,

hich shows the satisfaction of both stabilization and safety
bjectives via the sliding surface functional U(φ) in (44).

heorem 8. Consider the system (1) with the safe set C ⊂ Rn and
he initial state ξ ∈ C([−∆, 0], Int(C)). If Assumption 1 holds, and
he sliding surface functional U in (44) is such that

U(φ(θ ))| ≥ |U(ξ (θ ))|, ∀φ ∈ C([−∆, 0], ∂C), (51)

:= {φ ∈ C([−∆, 0],C) : U(φ) = 0} ⊂ C([−∆, 0], Int(C)), (52)
9

then the stabilization and safety objectives can be achieved simulta-
neously via the controller (50) with

K(φ) := Ksgn(U(φ)), (53)

where K > 0 is constant.

Proof. From (49), (50) and (53), we have

D+W(φ) = U(φ)(H(φ)J3(φ)H⊤(φ) + L(φ) + G(φ)u)
= −U(φ)Ksgn(U(φ))

= −K
√
2W(φ).

rom Pepe (2014, Theorem 2.2), the functional W(φ) converges to
he origin with the increase of time, which implies the satisfaction
f the stabilization objective. In addition, we can see from (52)
hat the manifold invariant condition is included in the safe set,
nd from (51) that the evolution of W(φ) is in the safe set. Hence,
he safety objective is guaranteed. ■

Theorem 8 involves a standard method to design K(φ) in (50).
ere, we emphasize that the choice of K(φ) is not unique. In par-
icular, due to the function sgn in (53), the controller (50) is not
ontinuous. To deal with this issue, we can replace the function
gn by a sigmoid function such that K(φ) := KU(φ)/(∥U(φ)∥ + ε)
ith arbitrarily small ε > 0 is continuous; see also Section
.2.1 in Shtessel et al. (2014). The condition (51) implies that
(φ) will not converge to the boundary of the safe set, and the

ondition (52) ensures the sliding surface to be included in the
afe set. Hence, the safety objective is guaranteed via (51)–(52),
hich can be strengthened to

U(φ(θ ))| ≥ |U(ξ (θ ))|, ∀φ ∈ C([−∆, 0], ∂C1),
= {φ ∈ C([−∆, 0],C) : U(φ) = 0} ⊂ C([−∆, 0],C1),

here C1 = C − B(ε) and ε > 0 is arbitrarily small. In this
ase, the safety objective can be guaranteed under some possible
hattering phenomena. Next, we show how to construct this
liding surface functional (44) such that (51)–(52) are satisfied
nder the controller (50). For this purpose, two types of sliding
urface functionals are constructed, and sufficient conditions are
stablished in the following propositions.

roposition 9. Consider the system (1) with the safe set C ⊂ Rn

nd the initial state ξ ∈ C([−∆, 0], Int(C)). If

(i) the control Lyapunov functional is V(φ),
(ii) the Z-type control barrier functional is B(φ),
(iii) the sliding surface functional is

U(φ) := aV(φ) − bB(φ) + c, (54)

with a, b, c > 0 satisfying

0 ≤ ∥U(ξ )∥ < c, (55)

hen the controller (50) guarantees simultaneously the stabilization
nd safety objectives of the system (1).

roof. From Theorem 8, the sliding surface converges to the ori-
in under the controller (50), and thus the stabilization objective
s guaranteed. In the following, we just show the satisfaction of
he safety objective.

Since D+W(φ) < 0, we have |U(xt (θ ))| ≤ |U(x0(θ ))| for all
> 0 and θ ∈ [−∆, 0]. In the following, we consider two cases.
or the case U(xt (θ )) > 0,

< aV(xt (θ )) − bB(xt (θ )) + c ≤ |U(x0(θ ))|.

rom (55), if U(x0(θ )) ≥ 0 for all θ ∈ [−∆, 0], then aV(x0(θ )) −

B(x0(θ )) < 0, and

B(x (θ )) ≥ aV(x (θ )) − (aV(x (θ )) − bB(x (θ ))). (56)
t t 0 0
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ince aV(xt ) ≥ 0 for all t ∈ R+, we have from (56) that B(xt ) > 0
for all t ∈ R+. If U(x0(θ )) < 0 for all θ ∈ [−∆, 0], then
|U(x0(θ ))| = −aV(x0(θ )) + bB(x0(θ )) − c, and

bB(xt (θ )) ≥ aV(xt (θ )) + 2c − (aV(x0(θ )) − bB(x0(θ ))),

where 2c − (aV(x0(θ )) − bB(x0(θ ))) ≥ 0 holds from (55). Hence,
B(xt (θ )) > 0 for all t ∈ R+ and θ ∈ [−∆, 0].

For the case U(xt ) < 0, if U(x0(θ )) ≥ 0 for all θ ∈ [−∆, 0],
then −aV(x0(θ ))+ bB(x0(θ ))− c < aV(xt (θ ))− bB(xt (θ ))+ c < 0,
which implies from (55) that

bB(xt (θ )) > aV(xt (θ )) + c,
bB(xt (θ )) < aV(xt (θ )) + 2c − (aV(x0(θ )) − bB(x0(θ ))).

Hence, B(xt (θ )) > 0 for all t ∈ R+ and θ ∈ [−∆, 0]. If U(x0(θ )) <
0 for all θ ∈ [−∆, 0], then we follow the similar mechanism to
derive B(xt (θ )) > 0 for all t ∈ R+ and θ ∈ [−∆, 0]. That is, the
safety objective is guaranteed. ■

In Proposition 9, the functional (54) is a simple and linear
combination of the proposed CLRF (or CLKF) and Z-CBRF (or
Z-CBKF). In this case, the condition (55) is required to be satisfied,
which depends only on the initial state. Hence, given the initial
state, the choice of the variables a, b, c > 0 is constrained.
Once a, b, c > 0 are fixed, the condition (55) in turn constrains
the initial state starting from which the stabilization and safety
objectives can be achieved simultaneously.

Proposition 10. Consider the system (1) with the safe set C ⊂ Rn

and the initial state ξ ∈ C([−∆, 0], Int(C)). If

(i) the control Lyapunov functional is V(φ),
(ii) the control barrier functional is B(φ),
(iii) the sliding surface functional is

U(φ) := α(V(φ)) + β(B(φ)), (57)

with the functions α, β : R → R+ satisfying

U(φ) ≥ U(ξ ), ∀φ ∈ C([−∆, 0], ∂C), (58)

then the controller (50) guarantees simultaneously the stabilization
and safety objectives of the system (1).

Proof. From Theorem 8, the stabilization objective is guaranteed
via the controller (50), and we next show the satisfaction of the
safety objective. From the construction of U(φ), U(xt ) ≥ 0 for all
t > 0. Since D+W(φ) < 0, we have U(xt ) < U(x0) for all t > 0.
From (58), U(φ) ≥ U(ξ ) for all φ ∈ C([−∆, 0], ∂C), the state
trajectory cannot reach the boundary of the safe set. Note that
ξ ∈ C([−∆, 0], Int(C)), and thus the state trajectory will stay in
the safe set, which in turn ensures the safety objective. ■

Remark 3. The condition (58) can be strengthened to be satisfied
for φ ∈ C([−∆, 0], ∂C1) with C1 = C− B(ε) and arbitrarily small
ε > 0. That is, the condition (58) is satisfied when the state is
closed to ∂C instead of reaches ∂C. In such case, the reach of the
boundary of the safe set is avoided to attenuate the possibility of
unsafety due to chattering phenomena. □

Different from Proposition 9, no constraints are imposed on
the type of the CBF in Proposition 10. The sliding surface func-
tional (57) is extensively applied in many existing works (Ames
et al., 2016; Panagou et al., 2015), and (58) is not strict and can
be achieved by the construction. To show this, we illustrate the
choices of α and β in (57). First, α(V) can be set as V directly.
Another common construction of α(V) is based on the hyperbolic
function (Badawy & McInnes, 2009) and given as α(V(φ)) :=
√
V(φ) + b − b, where a, b > 0. Second, if B is an R-CBKF
a

10
satisfying B(φ) ≥ B(ξ ) for all φ ∈ C([−∆, 0], ∂C), then β(B) can
be set as B directly. For instance, B(φ) = ln(1 + c/h(φ)) with
c > 0 ensures that B(φ) → ∞ as φ → C([−∆, 0], ∂C). We
an limit the effects of the CBF by the following construction:
(B(φ)) = c · psgn(β1(h(φ)))β2

1 (h(φ))h
−2(φ), where c > 0 and

1 : R+
→ R is such that S1 := {φ ∈ C([−∆, 0],Rn) : β1(h(φ)) =

} ⊂ C([−∆, 0], Int(C)). That is, the set S1 is a contraction of
he safe set. Only when the state trajectory moves into the set
([−∆, 0], Int(C)) \ S1 does the CBF affects the controller design
o guarantee the safety objective. In particular, β1(h(φ)) can be set
s h(φ)− ε simply with ε > 0 determining the distance between
he sets S and S1; see Section 6.2.

emark 4. Since whether V and B are the Razumikhin-type
r Krasovskii-type is not specified in (44), the results derived in
his section are applied to these two types. An advantage of these
esults lies in the potential combination between different types
f CLFs and CBFs. That is, CLRF (or CLKF) and CBKF (or CBRF)
an be merged to study the stabilization and safety objectives
imultaneously; see Section 6.2. □

.3. Further discussion

Since SMC techniques are applied here, chattering phenomena
ay exist, which mean the oscillations with finite frequency
nd amplitude caused by the switching around the sliding sur-
ace (Sira-Ramirez, 1999). In addition, Assumption 1 results in
ome conservatism since this assumption is not necessarily al-
ays valid.
The chattering phenomena occur due to the sign function in

53). To attenuate the chattering phenomena, we can redesign
he controller (50) by adjusting the item K(φ). In particular, for
azumikhin-type control functions,

(φ) = K1U(φ(0)) −
α(∥U(φ)∥2)
U(φ(0))

, (59)

here K1 > 0 and α ∈ K satisfying 0 < α(v) < K1v for all v > 0.
or Krasovskii-type control functionals,

(φ) = K1U(φ), K1 > 0. (60)

ith (59)–(60), the convergence of the sliding surface functional
an be achieved via Corollary 1 in Pepe (2022) and Theorem 2.2
n Pepe (2014), respectively. Since the sign function is avoided
n these settings, the chattering phenomena are attenuated or
voided; see Section 6.1.
If the transversality condition, that is, Assumption 1, does

ot hold, then higher-order sliding surface functionals (Oguchi &
ichard, 2006; Shtessel et al., 2014) can be applied to guarantee
he properties of the above controller on the one hand and to
ttenuate the chattering phenomena on the other hand. To show
his, we take the relative degree 2 case as an example, because
he second-order SMC is extensively applied to attenuate the
hattering phenomena (Shtessel et al., 2014). In this case, the
liding surface functional (44) satisfies

gU(φ) = 0, LgLfU(φ) ̸= 0. (61)

ence, the manifold invariant condition (48) is changed to

(φ) = 0, D+U(φ) = 0.

Furthermore, the sliding surface functional can be modified
slightly as

U(φ) := aU(φ) + bLfU(φ),

where a, b are nonzero constants. Hence, we have from (61) that
L U(φ) = bL L U(φ) ̸= 0, and the transversality condition is
g g f
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Fig. 1. Simulation of the CCC problem under two different controllers and ∆ = 0.2. (a)–(b): the controller (50) with K(φ) = 5sgn(U(φ(0))). (c)–(d): the controller
50) with K(φ) = 2.2U(φ(0)) − 2∥U(φ)∥2/U(φ(0)).
voided. With the sliding surface functional U(φ), the analysis in
his section can be proceeded similarly to derive the feedback
ontroller. Following a similar mechanism, the sliding surface
unctional can be defined for the higher-order case, and similar
esults can be obtained; see, e.g., Oguchi and Richard (2006).

. Application to multi-agent systems

In this section, two numerical examples are presented to illus-
rate the results derived in previous sections. The computation is
xecuted using MATLAB R2020a on a Dell laptop with a 16 GB
AM and an Intel i7-10610U processor (1.80 GHz).

.1. Connected cruise control

Based on Hsia and Gao (1990) using time-delay control tech-
iques and Jin, Orosz, Hajdu, Insperger, and Moehlis (2017) in-
olving driver reaction and communication delays, we consider
he following continuous-time car-following model, where both
eader and follower cars are modeled as a point-masses moving
n the straight line:

˙(t) =

[F (x(t − τ )) − F (x(t))
a

x2(t) − x1(t)

]
+

[1
0
0

]
u, (62)

where x = (x1, x2, x3) ∈ R3, x1 ∈ R and x2 ∈ R are respectively
the velocities of the follower and leader cars, x3 ∈ R is the
distance between these two cars, and u ∈ R is the wheel force
to be designed as the control input of the follower car. In (62),
F ∈ R is the total sum of the nonlinear dynamics of car, drag,
frictions and disturbances; τ ∈ R is the time delay (in s) due
to delayed driver reactions or time-delay control techniques; and
a ∈ R is the acceleration of the leader car (in m/s2). Both τ and
a are bounded. Following the delay-free case (Ames et al., 2016),
F (x) is set as (a0 + a1x1 + a2x21)/M with M > 0 being the mass of
the follower car (in kg) and constants a0, a1, a2 ∈ R determined
empirically.

In terms of connected cruise control, the follower car is ex-
pected to follow the leader car with a desired speed safely, which
can be divided into two goals. The first goal is to achieve the
desired velocity vd ∈ R. For this purpose, we introduce the
candidate control Lyapunov function:

Vr(x) := (x1 − vd)2. (63)

Hence, the first goal is transformed into the control design to
guarantee the convergence of the Lyapunov function Vr(x). From
Definition 3, Vr is a CLRF if the condition (8) holds. The second
goal is to ensure the follower car moves safely, that is, the
distance between the follower and leader cars are nonnegative.
We emphasize that the second goal has priority over the first goal.
To transform the second goal into a mathematical expression, we
introduce the function hr(x) = x3 − x1t with the desired time
headway t = 1.8s. That is, the safety objective is satisfied only
11
when hr(x) ≥ 0. With the function hr(x), the candidate control
barrier function is given by

Br(x) = ln(1 + 1/hr), (64)

which is an R-CBRF if the condition (18) holds. To achieve these
two goals, we define the sliding surface function as

U(x) := Vr(x) + ϱBr(x),

where ϱ > 0 is to ensure the condition (58). If x → ∂C, then
hr → 0 and Br → +∞, which thus shows the existence of ϱ > 0.
From Remark 3, the larger the value of ϱ > 0 is, the lower the
possibility of the reach of the state to ∂C is.

Let M = 1650, a0 = 0.1, a1 = 5, a2 = 0.25, vd = 22, ϱ =

50, τ = 0.2 and a ∈ [−2.5, 2.5]. From the controller (50),
we consider the following two cases. The first case is K(xt ) =

5sgn(U(x(t))), whereas the second case is K(xt ) = 2.2U(x(t)) −

2∥U(xt )∥2/U(x(t)). For these two cases, the simulation results
are shown in Fig. 1. From Fig. 1b and Fig. 1d, hr(x) > 0 is
valid such that the safety objective is achieved. From Fig. 1a
and Fig. 1c, the desired velocity of the follower car is achieved
under the premise of the safety guarantee. Comparing with the
delay-free case (Ames et al., 2016), both stabilization and safety
goals are achieved for the time-delay case, whereas the chattering
phenomena exist in Fig. 1 due to the dependence of the controller
(50) on the sliding surface function. On the other hand, comparing
Fig. 1a and Fig. 1c, the chattering phenomena are attenuated
greatly in the second case (i.e., Fig. 1c) due to the controller (50)
with (59), where the time-delay trajectory is involved.

Since the goals are affected by the chattering phenomena,
a practical way is to transform the first goal from a specified
value to a bounded band, which is similar to the quasi-sliding
mode band to limit the ultimate bound of the sliding surface
function and to reduce the chattering phenomena (Bartoszewicz
& Adamiak, 2019). By taking this strategy, the desired velocity is
given as the bands in Fig. 2a and Fig. 2c. In this case, Fig. 2 shows
the simulation results under different controllers. From Fig. 2b
and Fig. 2d, we can see that the controller (50) with (59) leads the
velocity of the follower car to reach a narrower band. In addition,
for the controller (50) with (53), the parameter K needs to be
changed to 10 such that the velocity of the follower car to reach
the band, which also shows the advantage of (59) over (53).

6.2. Master–slave synchronization

In this subsection, the master–slave synchronization problem
is investigated, aiming to keep the master and slave robots syn-
chronous while driving both to avoid the obstacle. This problem
exists extensively in many industrial fields (Rodriguez-Angeles &
Nijmeijer, 2004). Here, we consider the two-dimensional robot
model, which is a simplification and transformation of the kine-
matic dynamics for robots (Yalçin, Suykens, & Vandewalle, 2001).
The dynamics of the master robot is given as

ẋ (t) = A x(t) + F (xd , xd) + B u , (65)
m m m m s m m
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c
b

Fig. 2. Simulation of the CCC problem under two different controllers and ∆ = 0.5. The cyan region is the desired velocity band for the follower car. (a)–(b): the
ontroller (50) with K(φ) = 10sgn(U(φ(0))) and the desired band [21, 22]. (c)–(d): the controller (50) with K(φ) = 2.2U(φ(0)) − 2∥U(φ)∥2/U(φ(0)) and the desired
and [21.6, 22]. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 3. Simulation of the master–slave synchronization problem under time-varying delays. (a) the state trajectories of the master and slave robots; (b) the norm
evolution of the synchronization errors; (c) the evolution of the CLKF and CBKF; and (d) the control inputs for the master and slave robots.
w

where xm ∈ R2 is the position of the master robot, and um ∈ R2 is
the velocity of the master robot. xdm and xds are respectively time-
delay states of the master and slave robots, and time delays come
from the shared communication channel. Note that the time delay
from the master robot to the slave robot is allowed to be different
from the time delay from the slave robot to the master robot,
and both time delays are bounded via the constants ∆m,∆s ≥ 0.
Am, Bm ∈ R2×2 are constant matrices, and Fm : C([−∆m, 0],R2)×
C([−∆s, 0],R2) → R2 is a continuously differentiable function
showing the coupling between the master and slave robots due
to the information communication (Lee & Spong, 2006). Similarly,
the dynamics of the slave robot is

ẋs(t) = Asxs(t) + Fs(xdm, x
d
s ) + Bsus, (66)

where xs ∈ R2 is the position of the slave robot, and us ∈ R2 is
the velocity of the slave robot. As, Bs ∈ R2×2 are constant matrices
and Fs : C([−∆m, 0],R2) × C([−∆s, 0],R2) → R2 is continuously
differentiable.

To guarantee the synchronization objective, the desired ref-
erence trajectory for the master robot is given by xm ∈ R2,
and accordingly the reference trajectory for the slave robot is
given by xs ∈ R2. To this end, the following Lyapunov–Krasovskii
functional is introduced:

Vk(xt ) := eT (t)P1e(t) +

∫ t

t−∆m

eTm(s)P2em(s)ds

+

∫ t

t−∆s

eTs (s)P3es(s)ds, (67)

where P1 ∈ R4×4, P2, P3 ∈ R2×2 are positive-definite matri-
ces, and e(t) := (em(t), es(t)) is the synchronization error with
em(t) := xm(t) − xm(t) ∈ R2 and es(t) := xs(t) − xs(t) ∈ R2. From
Definition 8, Vk is a CLKF if the condition (31) holds.

To avoid the collision between the robots and the obstacle O
(i.e., the brown region in Fig. 3a), we introduce the functional
h (φ) = (φ2

− 3)2 + φ2
− 4 with φ = (φ , φ ), and the safety
k 1 2 1 2

12
objective is satisfied only when hk(φ) ≥ 0. With the function
hk(φ), the barrier-Krasovskii functional is given by

Bk(φ) := − ln(exp(−psgn(hs
k(φs) − εs)Bs

k(φs))

+ exp(−psgn(hm
k (φm) − εm)Bm

k (φm))), (68)

here Bm
k (φm) = (1−εm(hm

k (φm))−1)2, Bs
k(φs) = (1−εs(hs

k(φs))−1)2,
and εm, εs > 0 are constant to determine the warning regions for
the master and slave robots. From (68), the R-CBKF Bk is applied
and has effects on the control design only when the robots move
into the warning regions. Bk is smoothly separable since we can
rewrite it as Bk(φ(0)) + (Bk − Bk(φ(0))), and is an R-CBKF if item
(ii) in Definition 10 holds. To achieve the synchronization and
obstacle avoidance simultaneously, we define the sliding surface
functional as

U(φ) := Vk(φ) + Bk(φ).

Let Am = diag{1, 0.3}, As = diag{0.7, 0.6}, Bm = Bs = I, Fm =

diag{1, 0.3}xdm − 0.5xds and Fs = diag{0.5, 0.8}xds − 0.3xdm. The
delays are bounded by ∆m = 0.5 and ∆s = 0.2. The reference
trajectories are xm := (2 sin(0.3t), 2 cos(0.3t)) and xs := xm −

(1, 0). That is, the slave robot is expected to keep a constant
distance with the master robot. Let P1 = I, P2 = P3 = I in (67),
and εm = εs = 0.84 in (68), which implies that the warning
region is {φ ∈ C([−∆m, 0],R) × C([−∆s, 0],R) : (φ2

1 − 3)2 +

φ2
2 ≤ 2.22

}. Using the controller (50) with K(φ) = 0.025U(φ),
the simulation results are shown in Fig. 3. From Fig. 3a and
Fig. 3c, min{hm

k (φm), hs
k(φs)} > 0 and the obstacle avoidance is

achieved. From Fig. 3b and Fig. 3c, the synchronization errors and
the CLKF Vk decrease with the increase of time, which implies
the satisfaction of the synchronization objective. The control in-
puts for the master and slave robots are presented in Fig. 3d.
Finally, if we reduce the CBKF (68) to the CBRF Bk(φ(0)), similar
simulation results can be obtained such that the synchronization
and obstacle avoidance are achieved, which shows the potential
combination between the CBRF and CLKF for time-delay systems.



W. Ren, R.M. Jungers and D.V. Dimarogonas Automatica 146 (2022) 110563

7

o
m
t
i
w
c
t
s
c
t
w
F
o
L
f

A

L

w

w
D
s
a

K

. Conclusion

This paper provided a novel framework for the control design
f safety–critical systems with state delays. Following both Razu-
ikhin and Krasovskii approaches, we proposed Razumikhin-

ype control functions and Krasovskii-type control functionals to
nvestigate the stabilization and safety objectives. In particular,
e established the small control property for the time-delay
ase, and further extended the classic Sontag’s formula into the
ime-delay case. To achieve the stabilization and safety objectives
imultaneously, the proposed control functions/functionals were
ombined via the sliding surface function, which ensures the exis-
ence and continuity of the derived controller. The derived results
ere demonstrated via the application to multi-agent systems.
uture work will be devoted to distributed safety–critical control
f cyber–physical systems with time delays. Based on control
yapunov and barrier functions/functionals, the optimal control
or time-delay systems is an interesting future topic.

ppendix. Technical lemma

emma 11. Given two continuously differentiable functions X,Y :

[−∆,∞) → R, and for all t > 0,

D+X(t) ≤ −α(X(t)) + ε1β

(
sup

θ∈[−∆,0]
X(t + θ )

)
, (A.1)

D+Y(t) ≥ −α(Y(t)) + ε2β

(
sup

θ∈[−∆,0]
Y(t + θ )

)
, (A.2)

here ε1, ε2 ∈ [0, 1] with ε2 > ε1, and α, β : R → R are
continuously nondecreasing functions. If X(θ ) = Y(θ ) for θ ∈

[−∆, 0], then X(t) ≤ Y(t) for all t ∈ R+.

Proof. We prove that X(t) ≤ Y(t) via reductio ad absurdum.
Obviously, X(t) ≤ Y(t) for t = 0.

Suppose that X(t) ≤ Y(t) for all t > 0. If not, then there
exists at least one t∗ ∈ R+ such that X(t∗) > Y(t∗). Define
t ′ := inf{t ∈ R+

: X(t) > Y(t)}. Therefore, we have

X(t) ≤ Y(t), t ∈ (0, t ′); (A.3)

X(t ′) = Y(t ′); (A.4)

X(t) > Y(t), t ∈ (t ′, t ′ +∆t), (A.5)

where ∆t > 0 is arbitrarily small. From (A.4)–(A.5), we have that
for any τ ∈ (0,∆t),

X(t ′ + τ ) − X(t ′)
τ

>
Y(t ′ + τ ) − Y(t ′)

τ
,

hich implies from the definition of the Dini derivative that
+X(t ′) ≥ D+Y(t ′). On the other hand, from (A.3)–(A.4),
upθ∈[−∆,0] X(t ′ + θ ) ≤ supθ∈[−∆,0] Y(t ′ + θ ) for all θ ∈ [−∆, 0],
nd further from (A.1)–(A.2), D+X(t ′) < D+Y(t ′), which results in

a contradiction. Therefore, we conclude that X(t) ≤ Y(t) for all
t ∈ (0,∞). ■
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