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Abstract

With the constantly growing capability to measure and store data, dealing
with different datasets representing similar phenomena is becoming increas-
ingly common. An example in bioinformatics is gene expression data, where
the same disease can be studied in different hospitals at different times by mea-
suring the gene expression levels of patients. It is then desirable to merge the
different measures obtained, in order to improve the robustness of the subse-
quent analysis.

In this thesis, we investigate different ways of extracting common informa-
tion from multiple datasets with common features. We propose two different
types of approach: removing the differences across datasets, and, keeping the
common information.

To remove the differences across datasets, we use a matrix factorization
approach: we develop a new spatiotemporal version of independent component
analysis that we apply to all concatenated datasets, and use the resulting com-
ponents to model the differences to be removed. The approach is validated on
gene expression datasets, and compared to other existing methods in the wider
context of a classification task.

In the second part of the thesis, we propose a minimax formulation to model
the problem of finding a common subspace across a set of subspaces associated
with the datasets. We develop multiple algorithms to solve this minimax prob-
lem, with some convergence guarantees, and compare their performances on
synthetic and real data.
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Notations

Depending on the context, notations can vary slightly. Without further speci-
fications, interpretations are as follows.

R+ set of null or positive real numbers
Rp×k∗ set of full rank matrices of size p× k with values in R
G(k, p) Grassmann manifold: set of all k-dimensional subspaces in Rp
St(k, p) Stiefel manifold: set of all orthonormal k-frames in Rp
GL(k) set of k × k invertible matrices
Ip identity matrix of size p
1p vector of all ones in Rp
X (upper case) matrix
Xij or X(i, j) (i, j)th element of matrix X
x (lower case) vector
xi or X:i or X(:, i) ith column of matrix X
cov(X) covariance matrix associated to X
var(x) variance associated to x
vec(X) vectorization of X
Tr(X) trace of matrix X
diag(X) vector of the main diagonal elements of matrix X
diag(x) square diagonal matrix with vector x on the main diagonal
span(X) subspace generated by the columns of X
conv(X1, . . . , Xm) convex hull of {X1, . . . , Xm}
aff(X1, . . . , Xm) affine hull of {X1, . . . , Xm}
||X|| norm of X (without precision, norm 2)
〈X,Y 〉 scalar product between X and Y
p number of features
n number of samples
k low-rank dimension
X̌ orthonormal basis of span(X)
Xe projection of X in the Euclidean tangent space
X(t), X(t+1) in an algorithm, value of X at current and next iterations
d(X,Y ) dissimilarity between X and Y
U[a b] uniform distribution on interval [a b]
SVD Singular Value Decomposition
ICA Independent Component Analysis
CCA Canonical Correlation Analysis
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Chapter 1

Introduction

We are today entering what many call the fourth industrial revolution, or the
Industry 4.0. While the first industrial revolution is associated to the mecha-
nization and steam power, the second one to electricity and mass production
and the third one to computer, Industry 4.0 corresponds to the current trend
of automation and data exchange in manufacturing. Closely linked to the
internet-of-things and cloud computing, it relies heavily on data collection and
analysis. The increasing number of sensors in our daily life, combined with the
current facility to store data, generate more and more information everyday.
This explosion of the amount of data available is in both the number of samples
and the number of features, and leads to what is called today Data Science.

Data science is a general term used to describe a field that is not well-
defined. It uses tools from many different fields like statistics, computer sci-
ence, machine learning and mathematics to transform raw data, structured or
not, into information useful for decision-making purposes. The rise of data
science started in the 1960’s, when statistics met computer science thanks to
the development of the first desktop computers. This new grasp of data is de-
scribed in “The Future of Data Analysis” by John W. Tukey : “For a long time
I thought I was a statistician, interested in inferences from the particular to the
general. But as I have watched mathematical statistics evolve, I have had cause
to wonder and doubt... I have come to feel that my central interest is in data
analysis... ”. In the 1970’s, the use of computers for statistics increased and
the International Association for Statistics Computing was funded. The first
workshop on data science was held in the 1980’s. The beginning of marketing
in the 1990’s saw companies starting to collect and store all kinds of data about
consumers. Overwhelmed by the quantity of data, companies did not always
know how to use it efficiently but were convinced that it could be useful. The
decreasing price of hard-discs also helped increase the collection of more and
more data while software as a service began. The software is centrally hosted
on a server and provided to the customer based on subscriptions – a model that
eventually led to cloud services. In the 2000’s, the first academic journals dedi-
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Chapter 1. Introduction

cated to the field were officially launched. Since then, the term “data scientist”
has become a buzzword and the number of data science jobs and conferences
has exploded, with notably the huge success of deep learning since 2016. This
increasing interest in data science is unlikely to fade in the near future with
the rise of the internet of things and as more and more persons have access to
computers, smartphones and others connected devices that generate data.

So while in the past the difficulty in data analysis fields like statistics was
to obtain enough samples to have significant results that could be generalized
with high confidence, in many cases today the problem may be switched to the
opposite question: how to extract meaningful information from this deluge of
data?

Beyond the problems of storing, cleaning, and handling such large datasets,
another problem arising with this data abundance is that in some fields it is
now usual to measure thousands of features for each sample. One difficulty is
then to deal with this high features-to-samples ratio and the associated curse
of dimensionality. The curse of dimensionality appears when the number of
features, i.e. dimension, increases: the volume of the space increases quickly
and the data points become isolated and sparse. The number of samples re-
quired to obtain statistically reliable results then grows exponentially with the
dimension. For example, suppose we have 1000 features for 100 samples and
we want to identify which features are related to a specific output. We can
use a simple t-test to evaluate the relation between each feature and the out-
put. If we select as relevant the features with an associated p-value less or
equal to 0.05, then statistically we will have around 50 features that correlate
with the output by chance. Appropriate methods are then necessary to deal
with this high dimensionality: use adapted statistical tests and/or reduce this
high features-to-samples ratio. To reduce this ratio, we can either increase the
number of samples, either decrease the number of features.

A possibility to increase the number of samples is to aggregate datasets
since it is increasingly common to have access to different datasets measuring
the same kind of phenomena. For example, multiple batches of data can be
collected from the same source at different times or multiple datasets can be
collected at different sources measuring at least partially the same phenomenon,
e.g., studies of a specific disease in different hospitals. Multiple datasets may
also arise from different measurements collected from the same phenomenon
but corresponding to various parameter values, e.g., simulation results of phys-
ical models depending on parameters. When dealing with a high number of
features, it is tempting to merge all datasets to increase the number of samples
and so increase statistical power. However, as those datasets were not collected
in exactly the same conditions, large biases linked to the dataset membership
can appear and should be taken into account in any analysis.

In this thesis, we concentrate on how to exploit information coming from
different datasets in order to extract meaningful information. In particular, we
address the problem of dataset integration using two approaches:
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(I) merge all datasets by removing their differences (Chapter 2),

(II) or identify and keep the common part of the datasets (Chapter 3).

Another possibility to reduce the features-to-samples ratio is to reduce the
number of features by computing a lower dimensional representation of the
data that keeps most of the data characteristics. Beyond helping to handle the
curse of dimensionality, this new representation can help to store and handle
data efficiently, to make it easier to visualize and understand, to reduce noise
or to reduce possible redundancy.

Dimensionality reduction is a large and well-studied field, and many meth-
ods exist in the literature. Those methods can be classified in two main families:
linear and nonlinear methods. Nonlinear methods are more flexible, and can
be very simple like a basic k-nearest neighbours where features are clustered
based on distances between them, or more complex like kernel methods that
first project the data in another space. Linear methods are restricted to ex-
tract new features that are linear combinations of the original ones. They are
usually easier to manipulate, but by design are not able to capture nonlinear
relationships between features.

We can also distinguish between feature extraction and feature selection.
Feature selection selects a few of the original features to represent all of them,
and is then a linear method. Feature extraction provides new features depend-
ing (linearly or not) on one or more original features.

When reducing the dimensionality of a dataset, it is important to keep in
mind the final objective(s) which could be for example to visualize it, compress
it, use it in a prediction model or understand it. In a significant number
of cases, it is important to be able to interpret the derived features. This is
necessary to understand which processes are behind the observed phenomenon,
and/or to check that the derived features make sense. Interpretability of the
derived features is especially important when the final goal is to provide those
derived features to people outside the field to use in making decisions. It
is important that those people can understand the logic behind the derived
features to accept their use. A typical example is in medicine: who would like to
take some specific medications without any rational explanations, just because
some black-box model recommended it? Dimensionality reduction methods
with the higher interpretability are arguably the feature selection methods,
but such approaches are quite restrictive. When looking for interpretability,
linear methods can be a good choice: more flexible but still easily interpretable.

Another interesting property to look for when reducing data dimensional-
ity is the possibility to extend it easily to new data points. Many modern
nonlinear dimensionality reduction techniques do not offer an explicit function
linking original samples to their low-dimensional representatives: to extend
those methods to new data points may require the minimization of a cost func-
tion, which can be computationally costly. On the contrary, linear methods are
usually easy to extend.

3



Chapter 1. Introduction

In this thesis, in order to facilitate the interpretation of what is kept/removed
in the dataset integration process, and to be able to extend easily this process
to new data, we use linear methods linked to matrix factorization.

(I) In Chapter 2, we use low rank matrix factorization to represent the data
as a linear combination of a small number of components. Each compo-
nent can be interpreted as a new feature; the components associated to
unwanted variations are then removed.

(II) In Chapter 3, we look directly for the components, linearly dependent on
the initial features, that are present in all datasets.

A schematic illustration of the models used in the thesis is given in Figure 1.1.
In both cases those components are obtained from linear combinations of the
initial features, so they can be easily interpreted. The second advantage is that
representation of new samples using those features is also easy to obtain using
a projection.

The two approaches are complementary. The second one is more specific
than the first one in the sense that we are directly looking for a common part
present in all datasets. The method returns this common low-dimensional part
only. The assumption is that there exists a common signal which is present
in all datasets, possibly with noise. If this signal is absent in at least one
dataset, then approach of Chapter 3 is probably not adequate and could return
useless components. On the contrary, the first method is based on weaker
assumptions: the main hypothesis is that the matrix factorization used is able
to find components representing unwanted effects that should be removed. If
this is not the case, then nothing will be removed from the data and the datasets
will not change.
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Objective: remove dataset variations specifically linked to the dataset
membership.

Hypothesis: each dataset can be represented as a set of linear compo-
nents, some of them being common to all datasets.

→

Methods: keep components not linked to variations across datasets.

or

Chapter 2: remove unwanted
variations

Chapter 3: directly look
for common components

Figure 1.1: Schematic illustration of the models used in the thesis.
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Chapter 1. Introduction

Outline
We give here a short description of each section, along with the publications
that were produced in the context of this thesis.

In Chapter 2, we investigate the case where we want to model the differences
between the datasets and either integrate them as a factor in the analysis or
remove them to obtain a normalized version of the data, that can then be used
for further analysis. In the context of bioinformatics, more specifically in gene
expression levels analysis, we investigate a matrix factorization approach with
focus on a special case, a spatio-temporal version of the well-known Independent
Component Analysis.

− Section 2.1 describes the general bioinformatics context: the way the data
is generated and the accompanying challenges with a focus on batch effect
removal.

− Section 2.2 focuses on a specific matrix factorization method called spatio-
temporal ICA.
Contribution: we develop an algorithm based on joint diagonalization
that treats on an equal footing the spatial and temporal options. We then
validate this factorization approach by modelling confounding factors and
in a task of selecting differentially expressed genes.

• Andrew E. Teschendorff, Emilie Renard, and Pierre A. Absil. “Super-
vised Normalization of Large-Scale Omic Datasets Using Blind Source
Separation”. In: Blind Source Separation. Ed. by Ganesh R. Naik and
Wenwu Wang. Signals and Communication Technology. Springer Berlin
Heidelberg, 2014, pp. 465–497

• Emilie Renard, Andrew E. Teschendorff, and P.-A Absil. “Capturing
confounding sources of variation in DNA methylation data by spatiotem-
poral independent component analysis”. In: 22nd European Symposium
on Artificial Neural Networks, Computational Intelligence and Machine
Learning (ESANN2014). 2014, pp. 195–200

• Emilie Renard, Andrew E. Teschendorff, and Pierre-Antoine Absil. “Spa-
tiotemporal ICA improves the selection of differentially expressed genes”.
In: 24th European Symposium on Artificial Neural Networks, Computa-
tional Intelligence and Machine Learning (ESANN2016). 2016, pp. 301–
306

− In Section 2.3 the previous spatio-temporal ICA method is compared to
other batch effect removal methods.
Contribution: we conduct a more extensive comparison of the different
batch effect removal methods in order to better distinguish their strengths
and weaknesses, with a focus on the comparison of matrix factorization
versus location-scale methods.
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• Emilie Renard, Samuel Branders, and P.-A. Absil. “Independent compo-
nent analysis to remove batch effects from merged microarray datasets”.
In: Algorithms and Bioinformatics - 16th International Workshop. Ed.
by Martin C. Frith and Christian Nørgaard Storm Pedersen. Vol. 9838.
Lecture Notes in Bioinformatics. Springer, 2016, pp. 281–292

• Emilie Renard and P.-A. Absil. “Comparison of location-scale and ma-
trix factorization batch effect removal methods on gene expression data-
sets”. In: 2017 IEEE International Conference on Bioinformatics and
Biomedicine (BIBM). 2017, pp. 1511–1518

In Chapter 3, we investigate the complementary approach, that is to directly
extract the common part of the datasets.

− Section 3.1 gives the general context of the problem and its formulation
as an optimization problem.
Contribution: we propose to formulate the problem as looking for a sub-
space minimizing the maximal dissimilarity between subspaces associated
with the datasets.

− Section 3.2 gives a brief overview of useful optimization tools to handle
the difficulties associated with the nonconvexity, nondifferentiability and
constrained characteristics of the problem.

− Section 3.3 presents the various algorithms proposed to solve this prob-
lem.
Contribution: we develop five main approaches to tackle the problem:
a greedy algorithm; an algorithm based on the first order condition for
optimality; a projected subgradient; a descent direction approach with a
proof of convergence; and an approximation by smoothing.

• Emilie Renard, Kyle A. Gallivan, and P.-A. Absil. “A Grassmannian
Minimum Enclosing Ball Approach for Common Subspace Extraction”.
In: Latent Variable Analysis and Signal Separation. Vol. 10891. Lec-
ture Notes in Computer Science. Springer International Publishing, 2018,
pp. 69–78

• Emilie Renard, P.-A. Absil, and Kyle Gallivan. “Minimax center to ex-
tract a common subspace from multiple datasets”. In: 27th European
Symposium on Artificial Neural Networks, Computational Intelligence and
Machine Learning , 2019, pp. 275–280

− Section 3.4 details experimental results.
Contribution: we compare performances of the algorithms on synthetic
data. The approach is then applied on gene expression datasets and on
a parametric model order reduction problem.
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Additional publications
We also had the opportunity to work on other subjects related to data analy-
sis. More particularly, we worked on an extension of the well-known nonlinear
dimensionality reduction method SNE from Kullback–Leibler divergence to a
Jensen-Shannon divergence.

• John A. Lee et al. “Type 1 and 2 mixtures of Kullback-Leibler divergences as
cost functions in dimensionality reduction based on similarity preservation”.
In: Neurocomputing 112 (2013). Advances in artificial neural networks, ma-
chine learning, and computational intelligence, Selected papers from the 20th
European Symposium on Artificial Neural Networks (ESANN 2012), pp. 92–
108

While such nonlinear methods are often used to project data in two or three
dimensions in order to visualize them, some depend on parameters that can be
difficult to tune a priori. As computing various projections for many parameters
values can be computationally intensive, we proposed an interpolation-based
method to better identify the parameters value(s) of interest while limiting the
number of projections to compute.

• Emilie Renard, Pierre Dupont, and Michel Verleysen. “User control for adjust-
ing conflicting objectives in parameter-dependent visualization of data”. In:
VAMP 2013 (EuroVis 2013), Visual Analytics using Multidimensional Projec-
tions Workshop. Leipzig (Germany), June 2013

We also had the opportunity to work with the medical doctor Emmanuel
André on tuberculosis tests data. We analysed results from machines used to
diagnose tuberculosis in the Democratic Republic of Congo in order to identify
sooner the dysfunctional ones.

• Emilie Renard et al. “Failing Xpert MTB/RIF modules: When? What war-
ranty is needed from the customer’s perspective? Experience in the DRC”. in:
The International Journal of Tuberculosis and Lung Disease 19 (2015), S206
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Chapter 2

Merging multiple datasets
in genomic data: modelling
batch effects via matrix
factorization

With the development of bioinformatics, more and more gene expression data-
sets are available, which represent a powerful tool to better understand the
mechanisms of life. However, in practice, analysis of such datasets should be
carefully done due to their characteristics. For example, generation of such
datasets cannot generally avoid the presence of noise, such as batch effects,
and they often have large features-to-samples ratios that require statistically
robust tools.

In this chapter, we examine the problem of batch effect removal when merg-
ing multiple gene expression datasets. We first describe in Section 2.1 the
context: data generation procedures and the accompanying challenges with a
focus on batch effect removal. Section 2.2 focuses on a specific matrix factor-
ization method called spatio-temporal ICA. We first present the method, and
then show that this approach can help deal with batch effects. We validate the
method by modelling confounding factors in a task of selection of differentially
expressed genes. In Section 2.3 a more extensive comparison of different batch
effect removal methods is performed in order to better distinguish their advan-
tages and weaknesses, with a focus on the comparison of matrix factorization
versus location-scale methods.
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Chapter 2. Batch effect removal

2.1 Merging datasets in bioinformatics
Bioinformatics is a field that combines tools from statistics, computer science
and mathematics to develop methods in order to better understand biological
data. With recent development of tools like high throughput sequencing, an
increasing amount of biological data is available. Being able to process such
data is important since its understanding can literally save lives. The data
we focus on in this chapter are gene expression datasets. In this section, gene
expression analysis and its context are described with a focus on the problem
of batch effect.

2.1.1 Gene expression datasets
Among all the biological data generated today, genomics is a promising field
producing an increasing amount of data. Genomics is a biological field that
aims to study the functions of an organism at the genome scale [168]. In con-
trast to genetics, that study one gene at a time, genomics looks at the complete
set of DNA of an organism. While sequencing of genome (i.e., determine the
sequence of nucleotides in DNA, that is the adenine A, guanine G, cytosine C
and thymine T) remains a very important part of genomics, more and more sci-
entists focus on functional genomics. Every cell in the body has the same DNA,
but different proteins have to be produced depending on the cell and on the
time. While structural genomics focuses on static aspects like DNA sequencing,
functional genomics uses all the available data to study genes functions and in-
teractions like gene transcription or translation, protein-protein interaction or
gene regulation.

Gene expression. Functional genomics aims to study dynamical aspects of
genomics, among which the link between genes and proteins. Proteins, that
are essential to determine our tissues’ properties, are produced from genes,
that correspond to DNA fragments. The whole process going from DNA to
protein is called gene expression [166, 69]. DNA fragments are first copied in
a primary transcript of messenger RNA, pre-mRNA (transcription step). This
pre-mRNA is then processed in a mature messenger RNA (RNA processing
step), and the information is then used to build the corresponding proteins
(translation step).

Since every cell contains the same DNA, the differences in functions lies in
the regulation of gene expression that allows the production of a specific protein
when it is needed [69]. Gene expression can be regulated by acting on any step
of the process and the ability to measure gene expression can provide a large
amount of valuable information. Nowadays, the development of sequencing
technologies allows measuring gene expression levels at a reasonable cost. The
analysis of the resulting data helps to better understand how genes work, with
the goal of developing better cures for genetic diseases such as cancer.
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DNA methylation. Transcription of genes are initiated by promoters, that
are specific sequences occurring just upstream of coding regions of the asso-
ciated genes [69]. Such promoters activation can be affected by methylation,
a process in which a methyl group (−CH3) is added to a cytosine base [153,
165]. DNA methylation is an epigenetic modification, i.e., the modification
is reversible. Such modifications affect mainly the cytosine base of CG dinu-
cleotides, usually called CpG. CpG sites are statistically under-represented in
humans, but often concentrated in regions with high density of CpG, called
CpG islands, which are mostly unmethylated. Many of the islands are located
next to promoters. The CpG islands are then often associated to a gene, and
the methylation can affect the expression of this gene (often, repressing the
gene transcription): addition of this methyl group can alter the structure of a
DNA region, modifying its accessibility and therefore its expression. For ex-
ample, it is shown that in many diseases such as cancer, gene promoter CpG
islands become hypermethylated [82]. DNA methylation of a particular class
of genes (PolyComb Group Target) is also known to increase with age [151].
DNA methylation data have therefore been generating much interest in view
of associations with diseases such as cancer, diabetes, and Alzheimer’s [82, 48,
40, 17].

Microarray. One way to measure gene expression is to evaluate the quantity
of mRNA produced. Hybridization microarray is a method used in expression
profiling or high-throughput analysis of many genes at once to evaluate the
amount of mRNA corresponding to a gene or a DNA sequence in a sample.
A microarray is usually presented as a checkerboard of cells; each cell is filled
with many copies of the same probe where each probe corresponds to a specific
DNA sequence designed to be complementary to a specific gene. First mRNA is
collected from the sample of interest and corresponding cDNA is extracted [140,
Section 1.3]. This cDNA is then labelled, usually with fluorescent dies, and
hybridized with the microarray probes. A washing step follows to remove
unwanted DNA not complementary to the features on the array. The intensity
of fluorescence on a spot, evaluated with image processing, is proportional to
the abundance of the corresponding mRNA. Since all of these steps are prone
to noise, at the very least, a basic normalization step is needed before any
further analysis.

Each database thus takes the form of a p-by-n feature-by-sample matrix X,
where p (the number of methylation sites or the number of genes) is typically
around 20 000 and n (the number of individuals in the dataset) a few hundreds
or less. Each value Xij belongs then to R+ or R, if the intensity scale is kept
or a log2 transform is applied.

RNA-Seq. While we concentrate on microarrays datasets in this thesis, other
techniques that can be used to study gene expression are described briefly
here. A more recent technique is RNA-Seq, which is the process of using
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next-generation sequencing (NGS) techniques to obtain a snapshot of the tran-
scriptome at a given moment in time [37, 161]. The transcriptome corresponds
to the set of all RNA molecules in one cell, and unlike the genome that cor-
responds to DNA, the transcriptome can vary with external environmental
conditions. NGS technology reduces the time required by parallelizing the
sequencing process. Unlike microarray methods, sequence-based approaches
directly determine the cDNA sequence. Since RNA-Seq does not operate on a
predetermined selection of cDNA probes, the detectable targets are not limited
by the gene probes present on a microarray. The RNA-seq technique converts
a sample of RNA to a cDNA library. The mRNA extracted from a sample
is converted to cDNA using reverse transcription and sheared into fragments.
Fragments within lengths of a certain range are selected and ligated with se-
quencing adapters, and then are sequenced and mapped against a reference
genome.

Polymerase chain reaction. Another poplular method in molecular biol-
ogy is Polymerase chain reaction which makes many copies of a specific DNA
segment [105]. First the double-stranded DNA is denaturated by breaking the
hydrogen bonds between complementary bases, in order to obtain two single-
stranded DNA molecules. Secondly the annealing step allows primers to attach
to each of the single-stranded DNA templates. In the extension step, the DNA
polymerase synthesizes a new DNA strand complementary to the DNA tem-
plate strand by adding free deoxyribonucleotides from the reaction mixture
that are complementary to the template.

Differential analysis. Once the data is acquired and normalized, the anal-
ysis of the data can begin. An usual goal of gene expression experiments is
differential analysis, that is performing statistical analysis to discover quan-
titative changes in expression levels between groups of samples, in order to
identify which genes are linked to a specific clinical condition. The aim can be
to identify biomarkers to help diagnosis or prognosis of diseases, to identify the
class membership of a sample to determine the appropriate therapy, to monitor
a response to a therapy, or to discover subgroups that share common features
in a set of samples to understand the mechanisms involved in a disease. Basi-
cally, all these tasks require detecting the differences in expression between two
(or more) conditions. A statistical test is then used to test the null hypothesis
that there is no difference in expressions between the conditions. This is usually
done using a basic t-test comparing the mean of two populations, however in
gene expression analysis it is not always so simple. The main difficulty comes
from the size of the data: the number of genes to test is generally much higher
than the number of samples available, which implies using methods adapted to
such large p small n cases.

Once a subset of differentially activated genes has been selected, another
challenge is the validation of such a list. Sometimes the genes are subsequently
studied on a case-by-case basis in new experiments in order to determine their
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role in the biological processes but this is time consuming. Other possibly
faster and simpler validation processes exist.

The first one is to compare the obtained subset to pre-existing lists of genes
known to influence the process studied. A pathway is a series of molecules that
interact in a cell and regulate, directly or indirectly, the gene expression and
their associated products [118, 167]. Comparison of the selected genes to genes
associated to known pathways is then a way to validate the obtained results.

Another possible validation if the final goal is diagnosis, prognosis or clas-
sification of samples, is to assess if using those specific genes improves perfor-
mances in the corresponding prediction task. A simple example in a classifica-
tion task would be to compare a classifier performances when using the selected
genes or random ones to predict a specific phenotype of interest. In general,
the phenotype of an organism corresponds to its physical characteristics (like
eye color, heigth, or even some disease) resulting among others from its spe-
cific genetic encoding, or genotype [69]. In this thesis we mainly consider one
specific characteristic at a time, that we call the phenotype of interest.

2.1.2 Confounding factors and batch effects
While increasingly cheaper and easier to obtain, gene expression datasets still
require careful preprocessing and analysis steps to extract useful information.
There are many sources of variations in expressions [38]. Biological varia-
tion may be influenced by genetic or environmental factors such as age [143].
Extraction, labelling and hybridization of samples lead to technical variation
coming from the experimental conditions, the choice of the technological plat-
form used, the protocol and analysis followed [75]. Measurement errors occur
when reading the signals and may be affected by factors such as dust on the
array. The statistical treatment in the post-processing step may also lead to
variations in analysis results.

Sources of variations in measurements may also be classified depending on
how they are integrated in a statistical model of the expression measures [90].
The primary measured variables represent the variables explicitly included in
the statistical model used, for example the disease type. Such variables can be
related to the expression variations, or not. The unmodelled factors represent
sources of variations linked to some variables measured too but not used in the
model. The reasons not to use such a variable in the model can be statistical
(number of samples too low to include so many variables in the model), because
the relationship between the variable and its effect on expressions is difficult
to model or the variable may be subject to unacceptably large uncertainty or
measurement error [150]. There are also the unmeasured factors that cannot
be linked to measured variables in the study. Finally, the last type of varia-
tions is the noise independently present at each gene. When a variable is not
directly available a surrogate may also be used. For example if we assume that
experimental conditions does not vary too much on the same day, processing
dates may be used as surrogate.
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To limit the influence of all these factors and being able to extract analysis
robust enough to be generalizable to other data, statistical inferences need a
high number of samples. However, the size of such datasets is often limited due
to the limited number of samples that can be processed at the same time in
an experiment. As more and more datasets are available on public repositories
such as GEO http://www.ncbi.nlm.nih.gov/geo/, merging and combining
different datasets appears as a simple solution to increase the number of samples
analyzed and potentially improve the relevance of the biological information
extracted. Increasing this number enhances the statistical power, or probability
to accept the alternative hypothesis H1 when it is true, in following analysis.
For the same effect size and the same level of type I error, i.e., α value, or
probability to accept H1 while H0 is true, we have more chance to detect this
effect if the samples number is higher.

When merging datasets, some of the main confounding factors are typically
due to the fact that the samples were not processed in exactly the same con-
ditions for all batch/datasets. Batch effects can be quite large and hide the
effects related to the biological process of interest. Not including those effects
in the analysis process may adversely affect the validity of biological conclu-
sions drawn from the datasets [90, 91, 150, 138]. It is therefore important to be
able to combine datasets from different sources while removing the unwanted
variations such as batch effects. This implies the need for an appropriate nor-
malization of the data before any further analysis. That is, to clear, as much
as possible, genomics datasets from confounding sources of variation, without
significantly obscuring biological variations of interest.

Batch effect removal is particularly challenging due to the many possible
sources of variations that are unknown or only partly known through limited
information, such as batch number and processing date. When studying a
specific phenotype of interest, an additional difficulty in the process of removing
batch effect is that this phenotype of interest could partially correlate with
the batches [110]. For example, if we want to combine two datasets with
respectively 75/25% and 25/75% of cases/controls, we should check that what
is removed during the normalization step is really only the batch effect and
does not contain potential useful information about cases/controls.

Different methods exist to tackle the problem of batch effect removal when
merging different datasets, each having its strengths and weaknesses [85, 34].
They can be classified in two main approaches: location-scale methods and
matrix factorization methods. The location-scale methods assume a model for
the distribution of the data within batches, and adjust the data within each
batch to fit this model. The goal is to obtain genes with similar mean and/or
variance for each batch. A main expectation is that by adjusting the gene
distributions no biological information is removed.

The matrix factorization methods assume that the variations across the
datasets (biological or due to confounding factors) can be represented by a small
set of components which can be estimated by means of matrix factorization.
The components associated with the batch effects are then removed to obtain
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the normalized dataset. With this approach, the main expectation is that the
factorization method is able to pick up the batch effects in some of its resulting
components. Among all those methods, most are unsupervised in the sense
that after the batch effect removal step, any analysis can be applied. However,
some methods are more specific and depend explicitly on the final analysis goal
(typically, predict a particular feature of the samples). Some hybrid methods
exist that mix location-scale and matrix factorization approach. A comparison
of some methods and more detailed descriptions are given in Section 2.3.

2.2 Modelling confounding factors using Inde-
pendent Component Analysis

The matrix factorization methods assume that the variations can be repre-
sented by a small set of components, that is, the sample expressions depend on
a combination of hidden regulatory variables that inhibit or activate a subset
of genes. Likewise, it is reasonable to assume that the batch effects are also
due to a small set of components. Those components can for example be linked
to the room temperature or platform type. Expression levels of genes are then
seen as a linear function of common hidden variable that are related to different
biological causes, that can be estimated by means of matrix factorization.

The measured dataset X ∈ Rp×n can be approximated as the matrix prod-
uct of two lower rank matrices A ∈ Rp×k∗ and B ∈ Rn×k∗ , with Rn×k∗ the set of
full rank matrices in Rn×k:

X ≈ AB> (2.1)

such that X − AB> is reasonably small. A(:, l), the lth column of A, can be
interpreted as the gene activation pattern of component l and B(:, l) as the
weights of this pattern in the samples. Of course, such a decomposition is not
unique, as we have AB> = AWW−1B> for any invertible matrix W ∈ Rk×k.
Therefore additional conditions should be added to be able to compute a specific
factorization.

In this section, we propose a new matrix factorization method, based on Inde-
pendent Component Analysis (ICA), to represent the different signals present
in a dataset. First we briefly introduce in Section 2.2.1 the Singular Value
Decomposition (SVD), a tool that is useful in ICA and later in this thesis. The
ICA framework is detailed with a focus on the JADE method in Section 2.2.2.
The adaptation to the proposed spatiotemporal ICA is then described in Sec-
tion 2.2.3. The method is validated on two cases: in Section 2.2.4 the computed
components are compared to known confounding factors and in Section 2.2.5
some of those components are used as surrogate variables in a linear model in
order to select differentially expressed genes.
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2.2.1 Singular Value Decomposition
The most famous matrix factorizations are probably eigendecomposition for
square matrices, and the Singular Value Decomposition (SVD) for any matrix.
The SVD of X ∈ Rp×n is

X = UΣV >

with U ∈ Rp×p and V ∈ Rn×n orthonormal matrices, and Σ ∈ Rp×n a matrix
with nonnull coefficients only on the diagonal. Columns of U and V are respec-
tively called the left and right singular vectors of X, while the diagonal entries
σi of Σ are called the singular values. By convention those σi’s are all positive
or null and usually listed in decreasing order, the greater being called leading
singular values. The number of nonzero singular values is the rank of X.

Since XX> = UD2U> and X>X = V D2V >, U and V can be seen as the
eigenvectors of XX> and X>X respectively, and the σ2

i ’s as the corresponding
eigenvalues. Depending on the context various versions of the SVD can be
defined, we detail some below.

Thin SVD. For a matrix X ∈ Rp×n with p ≥ n, its thin SVD is given by :

X = U(:, 1 : n)Σ(1 : n, 1 : n)V >

Compact SVD. For a matrix X ∈ Rp×n with rank r ≤ min(p, n), its com-
pact SVD is given by removing the null singular values and associated singular
vectors:

X = U(:, 1 : r)Σ(1 : r, 1 : r)V (:, 1 : r)>

k-truncated SVD. For a matrix X ∈ Rp×n, its k-truncated SVD (k ≤ r =
rank(X)) is given by keeping the k largest singular values and their associated
singular vectors:

X ≈ U(:, 1 : k)Σ(1 : k, 1 : k)V (:, 1 : k)>

with equality if k = r. The k-truncated SVD also corresponds to the solution
of

min
U,Σ,V

||X − UΣV >||F .

for U>U = Ik, V >V = Ik and Σ a diagonal matrix of rank k. The k-truncated
SVD is then often taken as a dimensionality reduction preprocessing step.

Dimensionality reduction. SVD has many applications in data analysis,
one of the best known being Principal Component Analysis (PCA) and its use
as a dimensionality reduction tool [24, Section 12.1]. For a (centered) dataset
X ∈ Rp×n of n samples with p features, PCA looks for a linear combination
of the initial features maximizing its variance, in order to keep a maximum of

16



2.2. Modelling confounding factors using ICA

the information present in the dataset:

min
||w1||2=1

w>1 XX
>w1 = min

w1

w>1 XX
>w1

w>1 w1
.

The optimal w1 corresponds to the leading eigenvector of XX>, or first left
singular vector of X. It is called the first principal direction, while w>1 X is
called the first principal component. Looking for the next components w>i X
maximizing variance such that w>i wj = 0 for all i 6= j gives the next left
singular vectors of X.

PCA is often used as a dimensionality reduction preprocessing step by re-
moving the last principal components, since it tends to minimize information
loss under some assumptions [51]. If each feature in the dataset contains inde-
pendent identically distributed Gaussian noise, the principal components will
also contain similarly identically distributed Gaussian noise. However, PCA
concentrates the variance in the first few principal components: they have a
higher signal-to-noise ratio. PCA thus concentrates the signal into the first
few principal components while the noise is more present in the later principal
components. Removing those last component should then lead to a smaller loss
of information.

Choice of k. In many algorithms used in this thesis, PCA or the k-truncated
SVD is used as a preprocessing step to reduce dimensionality of the datasets
analysed. An often crucial choice to make is the value of k. It must be small
enough to reduce the size of data to manipulate but big enough to capture all
the relevant information. The optimal choice of k is a field in itself, and many
methods have been proposed.

An advantage of PCA is that the components may be computed by defla-
tion: computing all k first components at once or computing the k − 1 first
ones, remove those components from data and compute the next component
associated to this modified data gives the same answer. However, when PCA
is only a preprocessing step and the resulting components are only a particular
initialization step for a more complex method, this deflation approach is not
always possible and k should be chosen beforehand.

The more common approach is to look at the distribution of the singular
values and keep only the components associated with singular values of signifi-
cant magnitude. In the presence of a large gap between the lth largest singular
value and the next one, we can take k = l and assume that the l + 1 and
following components represent noise or irrelevant information. Unfortunately
it is more common to have a smooth decay in the singular values and choice
of k is then less evident. A solution is to choose k in order to preserve at least
a chosen proportion of the data variance. In some specific cases, for example
when each point is interpreted as a subspace, an optimal value of the variance
proportion to keep can be found [134].

Another possibility to evaluate k is Random Matrix Theory (RMT) [114,
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150]. The number of components of a covariance matrix is estimated by com-
paring its observed eigenvalues to the distribution of the eigenvalues of a ran-
dom correlation matrix. Such a distribution is known [114], and the number of
eigenvalues larger than the theoretical maximum gives then an approximation
of k.

More complex methods exists like Akaike or Bayesian information criterion,
based on information theory. In this thesis we fix k arbitrary in most cases.

Computation. There are many approaches to compute the SVD with their
efficiencies depending on the size of the matrix (p ≥ n or n ≥ p), if only the
singular values are needed, or if only a truncated version is necessary. For more
details, see for example [53].

2.2.2 Independent Component Analysis
The SVD can be interpreted as looking for a another representation of the
data that maximizes the second order statistic of each new component, that
is the variance. ICA goes a step further with its goal is to maximize their
statistical independence by means of higher order statistics. In this section,
mainly inspired by [29, 131, 70], we introduce the basic principles of ICA.

ICA is a popular approach to model batch effects, as well as other technical
and biological artifacts. ICA was first applied to microarray datasets in [93]
where it is shown that the method can recover some experimental or biolog-
ical effects. In [98], applying ICA to ovarian cancer data is shown to extract
meaningful gene co-expression profiles. In [59] genes are clustered using their
correlation with reference patterns obtained from ICA. In [88], various ICA
methods are compared on microarray data in a gene clustering task. The usual
method is to extract clusters of genes from columns of the obtained A in the
model X ≈ AB> of Equation (2.1). A gene is considered as differentially ac-
tivated in component l if its level in A(:, l) is beyond some threshold, usually
the mean or median plus or minus a few times the standard deviation. Many
later studies investigated various versions and applications of ICA in gene ex-
pressions analysis, see for example [78, 175] for a review.

ICA can also be integrated within other methods. For example, it has been
shown that in the surrogate variable analysis method (SVA) [90], replacing the
underlying PCA by ICA—yielding a method dubbed ISVA—improves identifi-
cation of confounders and subsequent statistical inference [150].

In the gene expression analysis context, independence is usually imposed
on the columns of A. However it could also be imposed on the columns of B
and this option is investigated in Section 2.2.3. In the following description of
ICA approaches however, unless otherwise mentioned, independence is imposed
on the columns of A. The main hypothesis in ICA is then that each signal
ai = A(:, i) is statistically independent of aj , j 6= i. In constrast to the SVD,
ICA can be modelled in various ways and many implementations exist to solve
the corresponding optimization problems, see for example [29, 131, 70] or [39]
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for more details. The main idea is to look for a matrix W such that the new
components defined by XW will maximize their statistical independence. Note
that ICA components are fixed up to some indeterminacies: the order of the
signals, and the magnitude and signs of the signals.

2.2.2.1 Preprocessing: whitening and dimensionality reduction

When looking for statistically independent signals, it is natural to ask for un-
correlatedness, i.e. requiring that the covariance matrix of the estimated A is
the identity. To this end, a usual preprocessing step is the mean-centering of
data, followed by a spatial whitening or standardization. In this thesis, unless
otherwise indicated, centering will mean removing the mean from the data.
The centered data Xc are then transformed by Z = XcW where W is cho-
sen such that cov(Z) = Z>Z = W>X>c XcW = I. One usual way to achieve
this goal is to take Z = U with UDV > an SVD of Xc. Of course imposing
an identity covariance matrix does not imply a unique solution as we have
(Q>Z>)(ZQ) = I for any Q orthogonal. Most ICA algorithms aim to fix this
matrix Q by minimizing some objective function f(A = ZQ) measuring the
independence, called a contrast function. Examples of such functions are given
in the next section.

Another usual preprocessing step, especially when dealing with high dimen-
sional data, is a dimensionality reduction step. Based on the hypothesis that
the interesting processes are among the most present in the data, the complex-
ity of the problem can be reduced by getting rid of the components associated
with null or lower variance. This is easily done using a k-truncated SVD of Xc.

2.2.2.2 Estimating independence

Independence between two signals y1 and y2 is usually verified by the fact that
their joint probability density function p(y1, y2), abbreviated pdf, should be
factorizable as

p(y1, y2) = p1(y1)p2(y2)

with pi(yi) the marginal pdf of yi. Since the pdf’s are usually difficult to
evaluate, it is Nongaussianity of the signals that is exploited instead [29, 131,
70]. Intuitively, we can use the Central Limit Theorem to recover the original
Nongaussian signals. Indeed, the Central Limit Theorem tells us that under
certain conditions the distribution of a sum of independent random variables
tends toward a normal distribution. Thus, a sum of two independent random
variables should have a distribution that is closer to a Gaussian than any of
the two original random variables. Suppose we have observed signals X that
are linear combinations of hidden independent signals A, that is X = AB>.
Let us consider

y = XW = AB>W = AC
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which is a linear combination of initial signals ai’s, with ai representing the ith
component stored in A. The only way to have y less Gaussian than each xi is
if coefficients in C are all null except one, that is y is one independent original
signal [70].

A classical way to measure Gaussianity of a signal y is its kurtosis kurt(y):

kurt(y) = E
{
y4}− 3

(
E
{
y2})2

with the operator E {y} denoting the expected value of y. As with the skew-
ness, the kurtosis describes the shape of a pdf and is related to tails of the
distribution: a higher kurtosis is the result of more frequent outliers. After
the centering and whitening of data, E

{
y2} = 1 and therefore optimizing the

kurtosis amounts to optimizing the fourth moment. Since kurtosis is null for
Gaussian variables, ICA aims to maximize the absolute value of kurtosis.

Another family of approaches is based on the fact that among all random
variables of equal variance, Gaussian ones have the largest entropy. This leads
to the definition of negentropy J :

J(y) = H(ygauss)−H(y)

with ygauss a Gaussian random variable with the same covariance as y, and the
entropy H(y) = −

∫
p(y) log p(y)dy where p(y) is the pdf of y. J(y) is always

nonnegative and null if and only if y is Gaussian. As negentropy can be difficult
to estimate it is usually approximated, for example, with

J(y) ≈
p∑
i=1

ki (E {Gi(y)} − E {Gi(ν)})2

where ki are positive constants, ν ∼ N(0, 1), and Gi is a nonquadratic function.
Mutual information, based on entropy, can also be used to measure the

dependence between random variables. It is always nonnegative and null if and
only if the variables are statistically independent. Mutual information is closely
related to negentropy if the signals are uncorrelated and of unit variance [29,
70].

2.2.2.3 JADE method

Among the most used method, JADE [29, 131] aims to maximize the fourth
order auto-cumulants while minimizing the cross-cumulants, which are closely
related to the kurtosis of the signal. JADE computes a rotation matrix that
approximately joint diagonalizes this initial cumulant tensor.

Cumulants. Cumulants of a probability distribution are a set of specific
quantitative measures of the shape of a function [39, Section 9.3]. They can be
related to the moments of the distribution: the first cumulant is the mean, the
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second cumulant is the covariance matrix, and the third cumulant is the same
as the third central moment (higher-order cumulants are not equal to central
moments).

Let xi be the ith random variable of X = [x1, . . . , xn]>. Cumulants of order
two are computed as

Cum(xi, xj) = E {x̄ix̄j}

with x̄i = xi − E {xi}. Fourth order cumulants are given by

Cum {xi, xj , xk, xl} =E {x̄ix̄j x̄kx̄l} − E {x̄ix̄j}E {x̄kx̄l}
− E {x̄ix̄k}E {x̄j x̄l} − E {x̄ix̄l}E {x̄j x̄k} .

Cumulants are closely related to kurtosis:

kurt(xi) = Cum {xi, xi, xi, xi} = E
{
x̄i

4}− 3E2 {x̄i2} .
Cumulants have nice properties such as multilinearity: under a linear trans-

form Y = XL, we have

Cum {yi, yj , yk, yl} =
∑
pqrs

Cum {xp, xq, xr, xs}LpiLqjLrkLsl

with Lij the (ij)th entry of L. Moreover, independence of the ai’s implies

Cum {ap, aq, ar, as} = kurt(ap)δ(p, q, r, s).

This gives for X = AB> with independent entries ai

Cum {xi, xj , xk, xl} =
n∑
u=1

kurt(au)BiuBjuBkuBlu. (2.2)

For a random vector X = [x1, . . . , xn] and any matrix M ∈ Rn×n, the
associated cumulant matrix QX(M) is the n× n matrix defined by

[
CX(M)

]
ij

=
n∑

k,l=1
Cum {xi, xj , xk, xl}Mkl. (2.3)

If X is centered, it becomes[
CX(M)

]
ij

= E
{

(X>MX)XX>
}
−RX Tr(MRX)−RXMRX −RXM>RX

with
[
RX
]
ij

= Cum(xi, xj), that is RX is the covariance matrix of X.
So a given cumulant matrix may be estimated with a cost similar to estimat-

ing a covariance matrix as it is products of M with covariance matrices; there
is no need for computing all fourth order cumulants to compute CX(M) for a
fixed value of M . Estimating one cumulant matrix provides part of the fourth
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Chapter 2. Batch effect removal

order information on X. A maximal set of cumulant matrices is then a set
of cumulant matrices

{
CX1 , . . . , C

X
P

}
with CXi = CX(Mi) for Mi ∈M, where

M = {M1, . . . ,MP } is an orthonormal basis for the linear space of n × n ma-
trices; the corresponding CXi ’s will then represent completely the fourth-order
information. Such a basis should contain n2 matrices, however due to the sym-
metry present in cumulants, it is sufficient to consider only n + n(n − 1)/2
symmetric cumulant matrices. Joint diagonalization of a maximal set guaran-
tees blind identifiability of B if kurt(ai) = 0 for at most one signal ai (this is
a necessary condition) [30].

In the ICA model, using Equations (2.2) and (2.3) we have then for X =
AB>

CX(M) = B∆(M)B>

with
∆(M) = diag

(
kurt(a1)B>:1MB:1, . . . , kurt(an)B>:nMB:n

)
.

That is, B should be such that B−1CX(M)B−T = ∆(M) for any M . Note
that the kurtosis is present only in the diagonal matrix ∆(M). As it is usually
impossible to diagonalize all CXi ’s at once, we try instead to minimize the
off-diagonal elements.

JADE algorithm. The JADE algorithm is described in Algorithm 1. After
the mean-centering and whitening of the data, a maximal set of cumulants
matrices is computed. This allows the computation of the contrast function∑

i

Off
(
V >CZi V

)
where Off(Y ) returns the sum of squares of the off-diagonal elements of Y .
The Jacobi method is used to find a rotation matrix V minimizing the contrast
function, i.e., a V that approximately jointly diagonalizes the set of cumulant
matrices. The final factors A and B are then computed.

Algorithm 1 JADE algorithm
Require: Matrix X centered

1: Estimate a whitening matrix W , set Z = XW .
2: Estimate a maximal set

{
CZi
}
of cumulant matrices.

3: Solve Q = arg min
∑
i Off

(
Q>CZi Q

)
using Jacobi method.

4: A = ZQ−1, B = W−TQ>

By selecting a maximal set of cumulant matrices, the joint diagonalization
criterion is equivalent to the contrast function∑

ijkl 6=iikl
Cum2 {(V >Z)i, (V >Z)j , (V >Z)k, (V >Z)l

}
= fJADE(V >Z).
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2.2. Modelling confounding factors using ICA

Jacobi algorithm. The Jacobi method allows to optimize over the set of or-
thonormal matrices using an iterative approach [29, Section 4]. The orthonor-
mal transform is seen as a sequence of 2D rotations, i.e., rotations applied
to a pair of coordinates (yi, yj). The coordinates (yi, yj) are rotated through
an angle θij , minimizing the contrast function chosen, while leaving the other
coordinates unchanged. Each n(n− 1)/2 possible pairs of coordinates are con-
sidered to complete one sweep. Since the rotation of θij can affect the previous
rotations on i or j, a few sweeps across all pairs of coordinates may be necessary
to complete optimization.

2.2.3 Spatiotemporal ICA method
When computing an ICA decomposition, the question arises whether one should
minimize the mutual information between the columns of A or those of B in
the decomposition X ≈ AB> [141, 152]. As suggested in [93], both options
are justifiable a priori. Most studies use the “A” option, however, if there are
reasons to believe that the technical factors and the factors of interest are less
conditionally dependent given the feature, then the “A” option is used, and
if this is the case given the sample then the “B” option is used. In earlier
times, the very vertical shape of matrix X in genetic datasets—small number
of individuals compared to the number of genes—naturally pointed to the “A”
option, since A contains many more observations (rows) than B to which an
estimator of mutual information can be applied. However, the applicability of
this argument has waned with the rise of larger databases. It was shown in [76]
that the “B” option can improve results in gene clustering, and in [132] that
some intermediate options can help the recovering of existing pathways. ICA
methods that support a trade-off between both options are called “spatiotem-
poral” methods. The term “spatiotemporal” comes from the pixel-by-time data
in medical imaging for which the concept was introduced [141].

The main idea to extend ICA to spatiotemporal ICA is straightforward and
takes as the contrast function a weighted sum of two contrasts functions [141,
152, 132, 76]:

fstICA(X) = αfICA(X) + (1− α)fICA(X>).

The algorithm depends on a spatiotemporal parameter α ∈ [0, 1] that facilitates
a continuum between imposing independence solely on A (α = 0) and solely
on B (α = 1).

In [132], a continuum between the “A” and “B” options was investigated
on gene expression databases using a spatiotemporal ICA method-based, in
the spirit of the JADE method [30, 29], on joint diagonalization of cumulant
matrices. The first step consists of centering the gene-by-sample data matrix
X by subtracting the row and column means:

Xc =
(
I − 1

p
1p1>p

)
X

(
I − 1

n
1n1>n

)
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Chapter 2. Batch effect removal

where 1p denotes the vector of all ones in Rp. The next step is a dimensionality
reduction by means of a k-truncated SVD of Xc, yielding a new matrix

X̃ = UkDkV
>
k .

All the possible decompositions of X̃ are given by X̃ = AB> = AQ−1QB>

with Q a k × k invertible matrix. In [132], two approaches are proposed. A
time-biased approach considers the model

X̃ = UkDkQ
−1︸ ︷︷ ︸

=:A

QV >k︸ ︷︷ ︸
=:B>

and minimizes the objective function

fα(Q) = α
∑
i

Off
(
CB

>

i

)
+ (1− α)

∑
i

Off
(

(CA
>

i )−1
)

= α
∑
i

Off
(
QC

V >k
i Q>

)
+ (1− α)

∑
i

Off
(
Q(CD

>
k U
>
k

i )−1Q>
)

where Q is restricted to the orthogonal group O(k) = {Q ∈ Rk×k : Q>Q = I}
and CXi = CX(Mi) where the Ci matrices define a maximal set. A space-
biased approach is also described, that minimizes the same objective function
but considers

X̃ = UkQ︸︷︷︸
=:A

Q−1DkV
>
k︸ ︷︷ ︸

=:B>

.

The method was validated by assessing if known biological pathways were en-
riched in columns of A, and it was concluded that a markedly better enrichment
may be observed at intermediate points of the continuum.

The method that we proposed in [124] eliminates the time- and space-biases
discussed in [132] while staying within the orthogonal ICA framework. It is
based on the decomposition

X̃ = UkD
α
kQ
−1︸ ︷︷ ︸

=:A

QD1−α
k V >k︸ ︷︷ ︸

=:B>

, Q ∈ O(k). (2.4)

Consequently, the columns of A and B are structurally decorrelated for α = 0
and α = 1 respectively. As a consequence, the new algorithm enjoys the follow-
ing invariance property that is seemingly not present in other spatiotemporal
ICA methods. If the input (X,α) yields the output (A,B), then the input
(X>, 1−α) yields the output (B,A). In other words, the temporal and spatial
flavors are treated on an equal footing.

In the spirit of the JADE ICA algorithm [29], the objective function to
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2.2. Modelling confounding factors using ICA

minimize is of the form:

fα(Q) = α
∑
i

Off
(
CB

>

i

)
+ (1− α)

∑
i

Off
(
CA

>

i

)
= α

∑
i

Off
(
QC

D1−α
k

V >k
i Q>

)
+ (1− α)

∑
i

Off
(
QC

DαkU
>
k

i Q>
)
.

with Q ∈ O(k). The minimization of fα is thus a joint approximate diagonal-
ization problem, which is addressed in Algorithm 2 as in JADE using Jacobi
rotations. The Jacobi algorithm is initialized with Q = I, ensuring that both
A and B initially have decorrelated columns.

Algorithm 2 Spatiotemporal JADE algorithm
Require: Matrix X double-centered, dimension k

1: Set A0 = UkD
α
k , B0 = VkD

1−α
k with UkDkV

>
k a k-truncated SVD of X.

2: Estimate two maximal sets MA =
{
CA0(Mi)

}
and MB =

{
CB0(Mi)

}
of

cumulant matrices.
3: Solve Q̂ = arg minQ fα(Q,MA,MB) using Jacobi method.
4: Compute A = A0Q

>, B = B0Q
>

2.2.4 Modelling confounding factors
In this section, we present results from [124] building on [132] and [149, §7].
We study how the tradeoff between favoring independence on A versus B may
affect the ability of an ICA method to model confounding factors. Specifically,
we investigate how the tradeoff affects the correlation between each column
of B and the beadchip effect. Beadchip effects are changes in gene expres-
sion levels linked to the position of the sample: the same sample in different
physical positions on the array could be measured as different methylation lev-
els [150]. This is because it is known which samples have been done on which
beadchip and beadchip effects normally affect all samples on the chip. Hence,
the confounder is known and the modelling of it by the ICA algorithm can
be more objectively assessed. The presence of a high correlation between the
beadchip and certain components suggests that cleaner data may be obtained
by removing those components from the data.

Method. For each database, Algorithm 2 is applied to the p-by-n feature-
by-sample matrix X, using the spatiotemporal parameter α and the number of
components k to compute the matrices A ∈ Rp×k and B ∈ Rn×k.

In order to assess the ability of the ICA algorithm to model confounding
sources of variations, we measure the correlation between each column of B and
a known source of confounding, namely beadchip variations. Since beadchip
variations is a categorical information and the components B[:, k] are continu-
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Chapter 2. Batch effect removal

Dataset # features # samples
UKOPSset1 25642 108
UKOPSset2 25642 148
T1D 22486 187
WBBC 26624 84
BCT 24589 113

Table 2.1: Number of features and samples for each dataset used.

ous, the usual correlation formula (Pearson or Spearman) cannot be used. To
estimate which components are related to the beadchip effect, we compute the
coefficient of determination R2, that measures how well a variable x can predict
a variable y in a linear model [159, Section 11.8]:

R2(x, y) ≡ 1− SSres

SStot
∈ [0, 1] (2.5)

where

− SStot =
∑
i(yi − ȳ)2 is the sum of squares of the prediction errors if we

take the mean ȳ = 1
n

∑n
i=1 yi as predictor of y,

− SSres =
∑
i(yi − ŷi)2 is the sum of squares of the prediction errors if we

use a linear model ŷi = f(xi) as predictor.

The R2 value indicates the proportion of the variance in y that can be pre-
dicted from x, and has the advantage of being easily generalized to categorical
variables x. If x is continuous the prediction model is a linear regression and
if x is categorical we use a class mean. So the higher the R2 value, the better
the association between both variables.

Since the beadchip information is categorical, R2(beadchip,B(:, k)) com-
pares the prediction of Bik by beadchip mean

∑
j∈Cj Bjk/n (where Cj repre-

sents all samples in the same beadchip as sample j) or by a a general mean∑
j Bjk/n. An R2 close to 1 means a high correlation between B(:, i) and

beadchip number, revealing that B[:, i] is strongly affected by beadchip and
thus presents a potential for modelling beadchip-related confounding sources
of variation.

Data. We consider various DNA methylation databases where the samples
are distributed over different beadchips with a maximum of 12 samples per chip.
Tests were performed on DNA methylation datasets UKOPSset1, UKOPSset2,
T1D, WBBC [149] and BCT [174]. The number of features and samples for
each dataset is given in Table 2.1.

Results. In the central plot of Figure 2.1, for each database, the best R2

value found over the k columns of B is given versus the value of the spatiotem-
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Figure 2.1: Central plot: for the various databases, maximal R2 value with
beadchip number as independent variable, as a function of α. The number k of
components extracted is indicated between parentheses. The smaller graphics
show how some R2 values were achieved.

poral parameter α. The R2 value is high in most cases, showing that at least
one of the columns of B strongly correlates with beadchip. The trend is for
R2 to decrease as α goes from 0 to 1, as would be expected due to dimensions.
However, the opposite trend is observed for database T1D, revealing that im-
posing independence on B has value for this database. The different behavior
of T1D is probably linked to the fact that most of the variance present in the
dataset can be associated to two confounding factors. The first component
is associated with sex while the second one clearly separates the beadchips in
two clusters: two beadchips appear to behave differently from the others, as
can be seen on Figure 2.2. Those clusters are then more easily recovered, even
for higher values of α. Such clusters are not present as clearly in the other
datasets.

The smaller plots on Figure 2.1 plot the column of B that achieves the
largest R2 value against beadchip number, for a dataset and a value of α that
can be read on the central plot. These smaller plots allow us to visualize how
the R2 value was achieved.

In Figure 2.1, the number k of components was estimated based on random
matrix theory, as done in [149]. In other experiments reported in Figure 2.3,
we investigate how the maximal R2 value is influenced by the number k of
components extracted. We observe that R2 for fixed α is seldom monotonically
increasing with respect to k. As a consequence, choosing k adequately is an
important issue, and a comparison between Figures 2.1 and 2.3 reveals that
random matrix theory produces a reasonable choice of k in our experiments.
One also observes that R2 does not necessarily depend monotonically on α,
suggesting that the continuum between imposing independence fully across
genes and across samples is worth exploring.

27



Chapter 2. Batch effect removal

1st PC, (var = 0.41)

2
n
d
 P

C
, 
(v

a
r 

=
 0

.0
8
)

T1D

1st PC, (var = 0.08)

2
n
d
 P

C
, 
(v

a
r 

=
 0

.0
6
)

UKOPSset1

1st PC, (var = 0.08)

2
n
d
 P

C
, 
(v

a
r 

=
 0

.0
7
)

UKOPSset2

1st PC, (var = 0.18)

2
n
d
 P

C
, 
(v

a
r 

=
 0

.1
)

BCT

1st PC, (var = 0.1)

2
n
d
 P

C
, 
(v

a
r 

=
 0

.0
6
)

WBBC

Figure 2.2: Plots of the first two principal components for the various datasets.
Different types of marker and color represent a different batch number. The
percentage of variance explained by each component is given in parentheses.
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Figure 2.3: Maximal R2 values of the columns of B in a linear ANOVA model
with beadchip number as independent variable, plotted versus α for different
real datasets, with the number k of components varying.
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2.2.5 Selection of differentially expressed genes
Modelling confounding factors is one step in gene expressions analysis. The
final goal is generally to use the potential confounding factors in a model to
identify genes linked to a specific phenotype of interest. An example is to
select a set of genes whose expression levels will help oncologists to determine
the cancer subtype and therefore the best associated treatment.

As shown in Section 2.2.4 and in [149], varying the spatiotemporal tradeoff
represented by the parameter α affects the results and can potentially improve
the modelling of confounding factors. However, it is not always clear which
value of α gives the best results or even if there is one optimal value. The main
question is then: if there is no optimal value of α, can we aggregate information
from different α values? Moreover, an important aspect in such methods is
stability. A good algorithm should give similar results in similar conditions. In
this section we present results of [125] that investigate this question based on
a gene selection approach.

Method. As in [149], the underlying model assumes that the expression level
of a gene is the result of interactions between different phenomena, biological
or physical, where one in particular is of interest (the phenotype of interest,
or POI) and the others are not. We cannot know exactly all such phenomena,
but we can form an idea of the behavior of some of them by means of available
external information (confounding factors, or CF) such as chip type and reagent
quality. Under the assumption that those interactions are linear, the model can
be written as:

Xi:︸︷︷︸
activation
levels
of gene i

= fi( y>︸︷︷︸
phenotype

of interest

) +
k∑
l=1

Ailhl( r>l︸︷︷︸
confounding

factors

) + εi:︸︷︷︸
noise

i = 1, ..., p.

The f(x) notation stands for a linear prediction model based on the knowledge
of variables x. If x is continuous, a linear regression is used while a class mean
is used if x is categorical.

Since we do not know exactly the effects hl(r>l ) of the confounding phe-
nomena, we try instead to find a basis of surrogate variables vl that spans the
same space, with possible insights from CFs:

Xi: = fi(y>) +
k∑
l=1

Ail v>l︸︷︷︸
surrogates

variables

+ εi:. (2.6)

Under the assumption of linear interactions, the variables vl can be inferred
from X and y by means of a matrix factorization which is done here using the
spatiotemporal ICA developed in [124].
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The surrogate variables vl are taken as the columns of the B matrix result-
ing from applying Algorithm 2 to X. Note that building the surrogate variables
is unsupervised in the sense that no information from the POI or the CF is used
in the spatiotemporal ICA method. Including in model 2.6 surrogate variables
that correlate with the POI would remove biological information and prevent
the detection of a link between Xi: and y. To avoid this, we can check if the
surrogate variables do not correlate strongly with the phenotype of interest.
However, such a correlation could be due to a confounding factor. It is gener-
ally difficult to check if the confounding factors are unknown, however we can
at least check for the ones that are known. That is, if the p-value of association
between a surrogate variable and the POI is below some threshold (typically
under 0.05), and if the surrogate variable is not more strongly associated with
a confounding factor, then this surrogate variable is discarded. Such a p-value
is computed using a t-test comparing the linear model

vl = α+ βy + ε

with β = 0 and β 6= 0, under the assumption that ε is normally distributed
with 0 mean.

The final goal is to find a subset of genes differentially expressed with
the POI. If gene i is differentially expressed with the POI y, then a good
model of its behavior has to include y in the variables. That is, we must
have that X̂(1)

i,: = f(y, v1, ..., vk) gives a better approximation of Xi,: than
X̂

(2)
i,: = f(v1, ..., vk). The significance of the difference between both predic-

tions is evaluated by computing associated p-values.

Since a p-value gives the probability of a false positive (saying that a gene
is differentially expressed when it actually is not) on a single test and that
many genes imply many statistical tests, the p-values are corrected in the cor-
responding q-values, that give the probability of false positive in all significant
results [142].

As shown in Section 2.2.4, varying α allows recovering different components
linked to confounding factors. So if a gene is selected in most cases correspond-
ing to different α values, we can hypothesize that its link to POI is more robust
to the presence of different confounding factors. So to improve the stability of
the list of selected genes, we compare all sets of selected genes obtained for
different values of the tradeoff parameter α. We retain as final selection the
genes present in most of those lists.

To evaluate the final output, i.e., the list of selected genes, we compared it
with lists of genes known to be differentially activated with the POI or CF using
a hypergeometric test (such a list of genes is described in next paragraph). If
we know the total number of genes N and among them the total number of
POI-related genes L, the probability to have l POI-related genes in the n genes
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chosen randomly is given by

P (l) =

(
L
l

)(
N − L
n− l

)
(
N
n

) .

The hypergeometric test computes the probability that we observe m or more
POI-related selected genes if we select n genes at random, i.e., it computes the
p-value of P (l ≥ m).

Data. To validate our approach, we tested it on breast cancer expression.
We combined different datasets which can be accessed under GEO numbers
GSE2034 [160], GSE5327 [102], GSE7390 [42], GSE2990 [139], GSE3494 [101],
GSE6532 [95] and from [156, 157].1 ER status is known to correlate with
tumour grade while cell-cycle related genes can separate low and high grade
breast cancer independently of the ER status [95, 139]. So, as in [150], we
took histological grade as the phenotype of interest, and oestrogen receptor
status and tumour size as potential confounder. As reference genes related
to confounding factors, we took genes linked to ER status [44, 157, 52]. For
the POI, we took a list of cell-cycle related genes from https://reactome.org/.
We removed all samples with missing information about grade or oestrogen
receptor status to create a combined dataset of 1473 samples for 22282 genes.

Results. Figure 2.4 shows the list of genes with a q-value under 10−3 for 21
equispaced values of the spatiotemporal parameter α between α = 0 (mutual
information minimized solely on the first factor A in Equation (2.4)) and α = 1
(solely on the second factor B). The main observation is that the list of selected
genes differs from one α value to another, but with significant overlaps. More-
over, this overlap is proportionally bigger for POI-related genes than for others
genes: ∼ 43% of all POI-related genes are selected in 85% of cases, against
∼ 14% for other genes. If we compare the number of genes selected in 85% of
cases to the median over α of the number of genes selected (dark blue line),
the proportions are respectively about 72% and 32% for POI-related and other
genes. So returning the most stable genes across α values clearly improves the
gene selection. The number of POI-related selected genes is reduced, but the
number of non POI-related selected genes decreases much more. The propor-
tion of selected genes that are POI-related nearly doubles with this method,
which we term aggr1.

Figure 2.5 shows a comparison of the proposed aggr1 method with three
other methods:

1We used the dataset from the breastCancerNKI R package, available on
http://bioconductor.org/packages/breastCancerNKI/.

31

https://reactome.org/
http://bioconductor.org/packages/breastCancerNKI/


Chapter 2. Batch effect removal

0.00

0.25

0.50

0.75

1.00

0 50 100 150 200

a
lp

h
a

POI−related genes

0.00

0.25

0.50

0.75

1.00

0 5000 10000

a
lp

h
a

Other genes

Figure 2.4: Selection of POI-related and other genes (p-value ≤ 10−3), depend-
ing on α (showing only genes selected at least once). A grey tile indicates that
the gene was selected for the corresponding α value. The light blue curve shows
the number of selections of each gene (in %). The dark blue curve shows the
number of genes selected for each α value.
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− ISVA, the method proposed in [149], which returns the list obtained with
α = 0;

− LR, where the gene selection is based on a linear regression with the POI
only;

− LR+CF, where the gene selection is based on a linear regression with the
POI and the CFs.

For the same q-value threshold, the methods select different numbers of
genes. Unsurprisingly, aggr1 selects among the lowest number of genes. All
methods select similar proportions of CF-related genes for q-values thresholds
larger than 10−3. However, due to the high number of selected genes for LR,
this proportion implies a much smaller p-value. Clearly, adding CF information
in the model will improve the POI/CF distinction as can be seen when com-
paring p-values of the different models. We can see that for thresholds between
0.001 and 0.3, the proportion of POI-related genes among the selected genes is
between 100% and 40% higher for method aggr1 compared to the others. This
higher proportion is translated in a smaller associated p-value.

2.2.6 Conclusion
Building on [132, 141, 29], an unbiased spatiotemporal version of the JADE
ICA method eliminating the time- and space-biases is proposed. Testing on
DNA methylation datasets shows that taking an α greater than 0, i.e., moving
a bit away from the independence on “A” option, can improve correlation of the
resulting components with known confounding factors. Using those components
as surrogate variables in a linear model showed that using various α values can
also help feature selection.

2.3 Batch effect removal: matrix factorization
versus location-scale methods

In the previous section, we showed that components B[:, i] recover, at least
partially, signals present in gene expression datasets and that using those com-
ponents as surrogate variables for potential confounding factor in the linear
model (2.6) helps improve the selection of differentially expressed genes. Here
we investigate if those components can be used to remove batch effects in a
broader sense. Specifically, we examine the case where we want to analyse at
once samples coming from different datasets, where each of those dataset is
considered as a batch. If we consider directly the aggregated dataset made of
the concatenation of all those batches, the main variations are generally linked
to the batches themselves due to experimental conditions. The goal of batch
effect removal methods is then to remove those variations in order to facilitate
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Figure 2.5: Number of genes selected, positive predicted value for POI or CF-
related genes and associated p-values depending on the selection threshold.
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further analysis. Most of the material in this section was published in [121,
119].

Available batch effect removal methods can be classified in two main ap-
proaches: location-scale methods and matrix factorization methods. The loca-
tion-scale methods assume a model for the data distribution within batches,
and adjust the data within each batch to fit this model. This approach is
the most straight-forward one and many methods have already been pro-
posed: XPN [135], DWD [19], ratio-based methods [96], ComBat [74], quantile-
based methods [162], mean or median centering [136, 171], etc. The matrix
factorization-basedmethods assume that the gene-by-sample expression matrix
can be represented by a small set of rank-one components which can be esti-
mated by means of matrix factorization. The components that correlate with
the batch number are then removed to obtain the normalized dataset [8, 121].
In [91, 150], matrix factorization is used to model covariates in a differentially
expressed gene (DEG) detection process. Matrix factorization-based methods
are used less, probably because of the indirect approach to the problem: if
no clear batch effect is recovered in the rank-one components, then the data
matrix is left unchanged. However, not forcing the direct removal of differences
between batches can be an advantage since it is more adaptable to cases where
real technical artifacts are not exactly linked to the known batches.

Another option is to look directly for patterns present in all batches (or
latent variables). Various implementation of such an approach have been
proposed in the case of multi-omic data integration (combining data where
the common dimension is the samples) and a recent adaptation was proposed
in [129] in the specific context of classification based on independent datasets.

The presence or absence of batch effects in a dataset—and thus the effective-
ness of batch effect removal methods—can be evaluated by different methods
(see, e.g., [85] for an overview), which can be classified in three main groups:
local approaches, global approaches and, in supervised cases, performance-
based approaches. Global methods aim to illustrate the global behavior of the
dataset: the evaluation of batch effect presence uses many features at once. For
example, the global behavior of all genes can be summarized by a clustering
dendogram or a plot of the first principal components. A clustering of samples
by batch shows presence of batch effects, i.e., the predominant trend present
in the data is linked to batches. However, it does not imply that all genes are
affected to the same extent, or even affected at all.

Local evaluation methods examine the behavior of one gene at a time since
expression levels of a gene should have the same behavior (typically similar
probability distributions) for all batches. When evaluating a batch effect re-
moval method, the clustering by batch and/or the differences in behavior across
batches should disappear or at least be weaker.

These evaluation methods are unsupervised in the sense that there is no
ground truth to which a comparison can be made. Therefore, the methods are
unable to determine if the evaluated batch effect removal method has removed
differences between batches that are due to technical artifacts (as they should)
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or to biological differences between batches (as they should not). Batch effect
removal methods that also remove differences between batches that have bio-
logical origins—a major danger when the batches are unbalanced—can thus be
favored by such unsupervised evaluation methods.

If some ground truth is available, then a more meaningful evaluation of
batch effect removal methods can be carried out. If some genes are known
to be truly (not) differentially expressed, the proportion of those genes in the
DEG list after removal of batch effect should ideally be higher (lower). P-
values corresponding to null genes or negative control genes should be uniformly
distributed across [0, 1]. The list of DEG should also be more stable from one
batch to another. In prediction tasks where the final goal is, for example,
to determine to which class a new sample belongs, performance should be
improved after batch effect removal.

Comparisons of different batch effect removal methods can be found in [145,
96, 130, 135, 34, 85, 61]. While some methods appear more often among the
best ones, there is not one best method identified in these studies since the
context and objective of comparison varies. The set of methods tested varies
from one study to another, but matrix factorization methods are generally less
investigated.

In this section, we carry out a more thorough investigation of the impact
of general purpose batch effect removal methods on sample classification tasks.
We compare the two families of approaches (location-scale vs matrix factor-
ization) to understand their advantages and weaknesses. For this we use nine
different methods (15 with variants) and five classifiers, taking care of sepa-
rating training and testing data from the very beginning (i.e., as an add-on
method such as explained in [61]). Our salient finding is that some matrix
factorization methods, though less widely investigated in the literature, have
the edge over location-scale methods; see Section 2.3.5 for details.

2.3.1 Batch effect removal methods
Among the many batch effect removal methods mentioned above, we choose
to investigate various well-known location-scale methods and a few matrix
factorization-based ones. With the choice of those specific methods, we try
to represent the different cases. Some methods, such as standardization, are
very simple while others, such as ComBat, are more complex. FAbatch com-
bines location-scale and matrix factorization approaches, and rgCCA is, to the
best of our knowledge, tested for the first time in this context.

2.3.1.1 Matrix factorization-based methods

The main assumption is that the gene-by-sample matrix X can be represented
using a low-rank factorization :

X ≈ AB> =
∑
l

A(:, l)B(:, l)>. (2.7)
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A(:, l) can be interpreted as the gene activation pattern of component l and
B(:, l) as the weights of this pattern in the samples. For each l, the highly ac-
tivated genes in A(:, l) can be viewed as a group of genes working together in a
specific condition, and B(:, l) is the intensity of this condition among samples.
The assumption is that some of the components represent the biological condi-
tions of interest (and should be kept) while others represent the batch effects
(and should be removed from the data). In other words, we are looking for a
basis U ⊂ A representing the gene activation patterns not linked to batch. This
basis U can then be used in an “add-on” way as described in Section 2.3.3.1.

When dealing with different batches, two approaches can be taken. The
first is to look directly for components present in all batches (or latent vari-
ables) such that Xb ≈ UV >b (where b represents the batch) . The other option
is to directly apply the factorization on X, the concatenation of the m batches,
to obtain X = [X1...Xm] ≈ AB> = A[B1...Bm]> and then remove compo-
nents correlating with batch number. Specific supervised methods were also
developed to integrate class labels in the process (see Section 2.3.1.3 and use
of information c2 in Algorithm 3 for example).

Keeping common components. The first approach is inspired by Canon-
ical Correlation Analysis [64], which aims to find linear combinations of the
variables of two datasets with a maximum correlation. A generalization to
more than two datasets was proposed by [146]:

max
tb

∑
j 6=k

cjkg(cov(Xjtj , Xktk))

s.t. τb||tb||2 + (1− τb) var(Xbtb) = 1 ∀b

where in our case Xb represents the matrix of expression values of batch b.
The function g is usually the identity (the method is then called rgCCAid),
the absolute value or the square function (the method is then called rgCCAsq).
The parameter cjk represents the link between batches j and k, and 0 ≤ τb ≤ 1
let us choose between the type of constraint on tb and/or Xbtb. We took all
cjk = 1 and τ = 1, common basis U was then obtained as U = XV (V >V )−1

with V = [t1...tm].

Removing batch related components. A template for the second ap-
proach, adapted from [121], is detailed in Algorithm 3. The first step is to
factor the matrix X (line 1). Many methods exist to factorize a matrix, de-
pending on the properties the factorization components must fulfill. Imposing
orthogonality among components leads to an SVD. Analysis of gene expression
data using SVD was first proposed in [8]. Minimizing statistical dependence
across component leads to ICA methods, which are shown to better model the
different sources of variation than SVD [150]. Different variants exist for such
methods depending on how statistical dependence is evaluated, and whether
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we want to impose independence among genes or samples dimension, or even
using a trade-off between both options [121]. Other factorization methods exist
in the literature, such as Nonnegative Matrix Factorization [87] which can be
used when dealing with nonnegative matrix values to obtain components with
nonnegative values only.

Once the factorization is computed, we select the B(:, l)’s that correlate with
the batch. If a component presents enough correlation with the batch (line 3),
then this component is selected. Since batch is a categorical information and
the B[:, l]’s are continuous, as in Section 2.2.4 we use the R2 value defined
in Equation (2.5) that measures how well a variable x (here, c) can predict a
variable y (here, B(:, l)) in a linear model.

An additional step can be added in the process to check if the selected
components do not correlate with some information of interest (lines 4-6, op-
tional). The selected components are then removed from the matrix X to
obtain a cleaned dataset (line 7). The common basis U is then generated by
the matrix A cleaned from the selected components (line 8).

As matrix factorization methods, we tested the singular value decomposition
(called SV D) and spatio-temporal ICA as presented in Section 2.2.3 with α ∈
{0, 0.25, 0.5, 1} (called stICA0, stICA0.25, stICA0.5 and stICA1).

Algorithm 3 Removing batch related components with matrix factorization
Require: X ∈ Rp×n the aggregated dataset to be normalized, c ∈ [1, . . . ,m]n

a categorical variable indicating the batch number, matfact the matrix
factorization method, t ∈ [0, 1] the threshold to consider a component as-
sociated to c, [optional] c2 ∈ Rn categorical/continuous information that
we want to preserve, t2 ∈ [0, 1] the threshold to consider a component
associated to c2

1: A,B ← matfact(X)
2: R← cor(c,B)
3: ix← which(R ≥ t)
4: R2 ← cor(c2, B) . optional
5: ix2 ← which(R2 ≥ t2) . optional
6: ix← ix \ ix2 . optional
7: X̂ ← X −A(:, ix) ∗B(:, ix)>
8: U ← A(:,−ix)

2.3.1.2 Location-scale methods

Location-scale methods are maybe the most intuitive way to handle the data.
Choosing a reasonable model representing the probability distribution of gene
expressions, and assuming that genes behave in the same way in each batch,
expression values are adapted to fit this model within each batch. The goal is
generally to let each gene have a similar mean and/or variance in each batch.
A main hypothesis in such methods is that by adjusting the gene distributions
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no biological information is removed, and that each batch groups samples with
reasonably similar experimental conditions.

The simplest way to normalize a dataset in order to remove batch effects is
to center (called Centering) or standardize (called Std) each batch separately.
That is, for each gene in each batch, the expression values are centered, and
divided by their standard deviation if desired.

Other simple approaches are ratio-based methods [96], which scale each
value with a reference. Usual references can be arithmetic (called RatioA)
or geometric (called RatioG) mean value of the corresponding variable in the
same batch.

A widely used and more complex location-scale method is ComBat [74]
(called ComBat). The expression value of gene i for sample j in batch b is
modelled as

Xbij = αi + βiCj + γbi + δbiεbij

where αi is the overall gene expression, and Cj is the vector of known covariates
representing the sample conditions (such as batch membership). The error
term εbij is assumed to follow a normal distribution N(0, σ2

i ). Additive and
multiplicative batch effects are represented by parameters γbi and δbi. ComBat
uses a Bayesian approach to model the different parameters, and then removes
the batch effects from the data to obtain the clean data X∗bij = α̂i + β̂iCj+ ε̂bij .
By pooling information across genes, this approach is more robust to outliers
in small sample sizes.

Location-scale in a matrix factorization form. Some location-scale meth-
ods can be rewritten in a matrix form: using the same notation as ComBat,
that is indices (b, i, j) denoting the (batch, gene, sample), we have

Xbij = αi + β>i Cj + γbi + δbiεbij

= αi +
(
β1i . . . βli

)c1j...
clj

+ γbi + δbiεbij

where l is the number of the different sample conditions. The usual goal in
batch effect removal methods is to estimate γbi and δbi to remove them from
data to obtain normalized data X∗bij = α̂i + β̂iCj + ε̂bij .

The additive noise due to batches can be rewritten as

γbi =
(
γ1i . . . γmi

)w1j
...

wmj


with m the number of batches and wbj = 1 if sample j belongs to batch b,
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0 otherwise. So we have:

Xbij =
(
αi β1i . . . βli γ1i . . . γmi

)︸ ︷︷ ︸
Ai



1
c1j
...
clj
w1j
...

wmj


︸ ︷︷ ︸

Cj

+ δbiεbij︸ ︷︷ ︸
Eij

Since knowing j allows us to know b, it sums up to the model

X = AC + E (2.8)

with Ai the ith row of matrix A and Cj the jth column of C.
While matrix factorization methods look for more global constraints on A

and C like orthogonality or statistical independence, location-scale methods
imposes matrix C and evaluate A based on the chosen assumptions. For ex-
ample, in mean-centering, γbi is the mean of Xij on all samples j belonging
to batch b and δbi = 1. Its variant, median centering, takes γbi as the median
of Xij on all samples j belonging to batch b. Standardization choses γbi as
the mean of Xij on all samples j belonging to batch b and δbi as the standard
deviation of Xij on all samples j belonging to batch b. ComBat is a bit more
sophisticated. Parameters values γbi and δbi are both estimated using priors by
pooling information across genes, and, in contrast to to the previous methods,
it explicitly allows modelling possible phenotypes in C.

2.3.1.3 Supervised methods

A well-known batch effect removal method is surrogate variable analysis [90]
(called SV A), which combines SVD and a linear model analysis to estimate the
eigengenes using a residual expression matrix from which biological variation
has already been removed:

xij = µi + fi(yj) +
∑
k

λkigkj + εij

with µi + fi(yj) a linear regression to predict xij from the phenotype yj , and
surrogate variables gkj estimated using SVD.

Similarly, a method combining latent factor adjustment and location-scale
was proposed in [60] (called FA):

xbij = αi + a>jbβi + γbi +
kb∑
l=1

bbilZjbl + δbiεbij
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with Zjbl ∼ N(0, 1) for all j in 1, ..., kb and εbij ∼ N(0, σ2
i ). All known fac-

tors of interest, such as the phenotype to predict, are represented in the term
a>jb. Latent variables, including batch effects, are represented by bbilZjbl and
estimated using an expectation-maximization algorithm.

The last two batch effect removal methods are supervised in the sense that
they explicitly integrate information about the phenotype to predict in their
models. It is, of course, possible to go a step further by computing specifically
components correlating with this information, as done in [129]. FA and SV A
can be seen as weakly supervised in the sense that they try to avoid removing
the class information, while [129] aims to find components specifically repre-
senting this information and is then more strongly supervised. The method
in [129] is then less general than the ones detailed previously, so we did not
consider it as a general purpose batch effect removal method.

2.3.2 Global effect of batch effect removal methods
Data. We tested all methods on breast cancer expression. More details on
the datasets used is given in Table 2.2. We consider each dataset with a specific
platform as a batch. Features of the different datasets were matched using the
common Entrez ID, and samples and features with more than 1% and 10% of
missing information, respectively, were removed, giving an aggregated dataset
of 9371 genes and 2209 samples. The missing information was imputed for each
batch using the ‘impute’ R package. The 1% and 10% thresholds were chosen
arbitrarily, in order to remove data with too many missing values but still keep
a significant number of points.

Some of the datasets include additional pieces of information such as age
of the patient, grade and size of the tumor, if a lymphatic node is affected, the
estrogen receptor status, the treatment and the subtype. We took estrogen-
receptor status prediction as the classification task. ER+ and ER- denote
positive and negative estrogen-receptor status respectively. The proportion of
ER+ samples depends on the dataset but is almost always in majority (exact
numbers are detailed in Table 2.2).

Applying batch effect removal methods on the whole dataset. We
first investigated the global effect of the batch effect removal methods by apply-
ing each one on the whole dataset (so the 15 batches concatenated). Effects of
different normalization methods on the association between genes and batches
or ER are shown in Figure 2.6. Compared to the initial values, all methods
increase the maximum R2 value associated with the ER factor, SVD and ICA
more than double it. Effects on association with batches are more varied. FA
and ComBat remove all association with the batches. The methods based on
matrix factorization are less sharp, the association with batches decreases as α
increases.

To evaluate more globally the presence of batch effects, we plotted the first
two principal components of the datasets in Figure 2.7. Those components cap-
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Figure 2.6: R2 values between the gene expression values and the batches versus
the ER factor, for different normalizations of all aggregated dataset.
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Batch Technology # ER- # ER+
Train GSE203496 Affymetrix 77 209

GSE21653570 Affymetrix 113 150
GSE299096 Affymetrix 34 85
GSE17040887 Agilent 11 44
GSE1992887 Agilent 16 23
NKI2 Agilent 43 159

Test GSE1770596 Affymetrix 0 298
GSE349496 Affymetrix 34 213
GSE532796 Affymetrix 58 0
GSE6532570 Affymetrix 0 87
GSE653296 Affymetrix 11 115
GSE739096 Affymetrix 64 134
GSE32641887 Agilent 84 0
GSE8465887 Agilent 17 16
NKI Agilent 40 74

Table 2.2: Summary of batches used, named after their GSE references and
the platform used.

ture most of the variability in the data. In Figure 2.7, we can see that without
removal of batch effect (subplot None), the first two principal components of
the datasets show a global clustering by batch. Moreover, all Agilent datasets
are clustered together on the right. The two batches corresponding to the same
platform (GPL570) are also close.

The three other subplots give an idea of how the different types of batch
effect removal method work. Clearly, applying a batch effect removal method
reduces the batch clustering, and even tends to cluster samples by ER status.
Note that by forcing each dataset to have the same mean, ComBat cannot
merge the two clusters present in GSE653296. Such distinct clusters are no
longer present for SVD. However, samples belonging to the same batch still
tend to stay in the same neighborhood, probably because the batch information
is not directly used when computing the new representation of the data. In
FA, which combines location-scale and matrix factorization approaches, there
is no clustering by batch.

In Figure 2.8 the effect of using c2 information to prevent the removal of
a component possibly related to the POI is illustrated. This step is of par-
ticular interest if the POI and the batches could be correlated, as shown in
Figure 2.8. The dataset used was subsampled to artificially introduce corre-
lation between batches and ER status (dataset described in Table 2.3). The
right plot corresponds to the initial dataset, and clearly shows clustering by
batches. The central plot corresponds to the results of Algorithm 3 with SVD
for (t, t2) = (0.5, 1) (so without c2), shows no clustering by batch or by ER
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Figure 2.7: Global evaluation of batch effects: plots of the first two principal
components before and after batch effect removal by ComBat, FA and SVD.
Colors represent the batch membership, o/+ corresponds to ER-/ER+ status.
The percentage of variance explained by each component is given in parenthesis.

status. The left plot corresponds to the results of Algorithm 3 with SVD for
(t, t2) = (0.5, 0.3), which corresponds to an intermediate situation. The clus-
tering by batch is less pronounced while the clustering by ER status is more
pronounced.

To investigate more the influence of the parameter α on stICA, we computed
the ICA factorization of the unnormalized aggregated dataset for different val-
ues of α, yielding the components A(α) and B(α) as in Equation (2.7). The
maximal R2 values between components of the matrix B and the external in-
formation, i.e., maxiR2(info,B:i), are shown in Figure 2.9. The quality of the
recovery of the external information depends on the α value. ICA and SVD
recover the external information with similar R2 values. While association to
ER is higher for SVD, association to Size and Node is higher for ICA. The
influence of batches appears to be captured in the SVD decomposition, and in
all values of α in ICA. However if we examine the relation between components
and external information the behaviors differ.

In Figure 2.10 we show for different decompositions the R2 values between
all components and the external information, and the correlation between
the components themselves. SVD gives six components highly associated to
batches. ICA increases the number of components associated to batch, espe-
cially for α values close to 0. However, some of those components are redun-
dant: for α = 0, components 11 and 13 have high R2 values but are correlated
with each other. Increasing the value of α increases the required independence
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Figure 2.8: Illustration of the use of c2 information in Algorithm 3 on a dataset
presenting correlation between the batches and the POI (dataset described
later in Table 2.3). Global evaluation of batch effects: plots of the first two
principal components before and after batch effect removal using SVD with
(t, t2) = (0.5, 0.3) and (0.5, 1). Colors represent the batch membership, o/+
corresponds to ER-/ER+ status. The percentage of variance explained by each
component is given in parenthesis.
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Figure 2.9: Maximal R2 values between components of the ICA factorization
and the ER, Grade, Node, Size and Batch information depending on α. The
isolated dots on the left hand side give the same information but for the SVD
decomposition.

on B and so enables reduction of the redundancy between components. A
good trade-off between recovering external information and avoiding redun-
dancy would be an intermediate value of α.
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Figure 2.10: Top: Pearson correlation coefficients between the different compo-
nents. Bottom: R2 values between components and the external information.
Black implies a null correlation (0), and white a perfect one (1).

2.3.3 Validation by impact on classification
We tested the batch effect removal methods SV D, stICA0, stICA0.25, stICA0.5,
stICA1, rgCCAid and rgCCAsq for matrix factorization; and ComBat, Std,
Centering, RatioA and RatioG for location-scale. We also tested SV A and
FA, two methods using class information, and the case without batch effect
removal (called None) as reference.

2.3.3.1 General procedure description

To compare the different batch effect removal methods, we used them in a
classification process where the ER status is predicted2. The ER status is thus
the phenotype to predict, i.e. the outcome. The whole process is described in
Algorithm 4. The first step is to separate training and testing sets (lines 1–2).
To limit disparity of the samples in the training set, we chose three datasets
using the Affymetrix technology and three using the Agilent one. Each train-
ing dataset contains samples of both classes, with at least 20% of ER- (see
Table 2.2). Next batch effects are removed from the training datasets with
the chosen method (line 3). Optionally, the training labels can be used as extra
information to preserve. This was only done for SVA and FA in the experi-
ments below. For all other methods, c2 is not used in Algorithm 3. In matrix
factorization-based methods, we computed the k = 20 first components and
removed the components with an R2 value higher than t = 0.5.

A basic feature selection is performed by selecting the genes with the best
association with the ER label (line 4). For each gene, the mean activation
levels of ER+ samples is compared to the mean of ER- samples using a t-test
with unequal variance. Genes with associated lower p-values are then selected.

A classifier is trained based on the selected genes (lines 5–6). When training
the classifier model, training data are first mean-centered and scaled to ensure
the equally weighted treatment of all features.

2Implementation of Algorithm 4 is available on https://sites.uclouvain.be/absil/
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Batch effects are then removed from the test dataset Xte (line 7) using an
add-on counterpart of the chosen method. In case of a matrix factorization-
based approach, in order to comply with the add-on requirement [61], the batch
effect free dataset X̂te is computed using the projection of Xte on the basis U
(see Section 2.3.1.1):

X̂te = U(U>U)−1U>Xte. (2.9)

After centering and scaling, the ER labels of the testing set are predicted using
the classifier (line 8).

We repeated lines 5 to 8 using different numbers of selected genes (line 4)
and different classifiers (line 6). We started with 2000 features, repeatedly
removing 20% of them until reaching less than 150 features; then we removed
10% until a minimum of 10 features.

In order to comply with the ‘add-on’ scenario [61] where the model is built
once and for all on some studies and then validated on other separate studies,
the parameters of batch effect removal methods and classifiers are estimated
using only the training datasets. We applied the whole procedure on any
combination of four training batches (C4

6 = 15 experiments), and then tested
it on all the nine testing batches (see Table 2.2).

Algorithm 4 Classification process
Require: X ∈ Rp×n aggregated matrix of gene expression, y ∈ [−1, 1]n the

label to predict, c ∈ [1, . . . ,m]n the batch information
1: ytr, yte ← y
2: Xtr, Xte ← X
3: X̂tr, paramBE ← BEremoval(Xtr, c, ytr)
4: idxbestGenes ← ttest(ytr, X̂tr)
5: Xclass ← X̂tr[idxbestGenes, :]
6: modelclass ← classifier(Xclass, ytr)
7: X̂te ← BEremoval(Xte, paramBE)
8: ŷte ← prediction(modelclass, X̂te[idxbestGenes, :])

We made specific choices to define the classification process and there exist
many possible others choices to explore. We choose parameter values that
seemed reasonable, but of course other values could have been tested such as
the number of components k or the threshold of t = 0.5. Some steps could also
have been replaced by similar procedures, for example selecting the components
to remove based on a p-value and not on R2.

Since it was shown in [61] that add-on batch effect removal generally im-
proves classification performances, we chose to apply the model built in the
training test to clean test datasets before the classification step. This relies on
the assumption that general behavior of training and testing set are similar,
which does not necessary always holds. Another possibility is to directly apply
the classification model without the add-on batch effect removal of line 7.
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Since stability and reproducibility are also important points, another inter-
esting experiment is to compare the list of selected genes in line 4, for example
with the stability measure used in [1].

We considered a different classifier for each of the C4
6 = 15 experiments to

investigate the influence of the corresponding subset of training sets on perfor-
mance. However, another possibility is to evaluate each of the 15 corresponding
models obtained from the two remaining training sets and to build from them
a final model to apply on the tests sets. This could, for example, simply be an
average of all models, or using a smart subset of features based on a stability
measure.

2.3.3.2 Classifiers tested

In order to cover a large spectrum of the existing classification approaches, five
different classifiers were tested: k-Nearest Neighbors, Support Vector Machine,
Naive Bayes, Random Forest, and Adaboost with logistic regression (using
their scikit-learn implementation [111]). General principles of those classifiers
are given here, more details can be found, for example, in [57].

A k-Nearest Neighbors (knn) classifier simply looks for the k nearest
neighbors of the point to classify, and assigns as the label the one which has
the most representatives within those neighbors. We used the basic Euclidean
distance with k = 20.

A Support Vector Machine (SVM) classifier looks for a hyperplane pro-
viding the best separation between the two classes, that is such that the dis-
tance from the hyperplane to the closest points is maximized. To improve
classification performance, the points can first be projected in a higher dimen-
sional space using the kernel trick. Here, as the number of features can be
high compared to the number of points, we used a linear kernel. To take into
account the unbalanced repartition of labels, classes are given weights inversely
proportional to their frequencies.

A Naive Bayes (NB) classifier is a probabilistic classifier based on Bayes
theorem

p(y|x1, ..., xp) = p(y)p(x1, ..., xp|y)
p(x1, ..., xp)

.

Assuming that each feature xi is conditionally independent of every other fea-
ture xj for j 6= i given the class y, we can write

p(y|x1, ..., xp) ≈
p(y)Πip(xi|y)
p(x1, ..., xp)
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and a new label is predicted as

y = arg max
y

p(y|x1, ..., xp)

with p(xi|y) estimated from the data. Here we used a Gaussian pdf for p(xi|y).

A Random Forest (RF) classifier generates many decision trees built from
a sample drawn with replacement from the training set. The predicted y is
then taken as the average of the probabilistic prediction of all trees.

An Adaboost (adaboost) classifier uses a weighted sum of predictions from
other classifiers to decide the predicted y. Each point is given a weight that
is adapted depending on the difficulty to predict its label correctly. We use
logistic regression as sub-classifier. Logistic regression models the probability
of having label y depending on features x as

p(y|x) = 1
1 + e−w>x

.

Parameters w are estimated by minimizing the error function

E(w) = − log p(y|w).

We choose to use the balanced classification rate (BCR) as the perfor-
mance measure. The balanced classification rate, or balanced accuracy, is com-
puted as 0.5( TP

TP+FN + TN
TN+FP ) with TP, TN, FP, FN representing the number

of true positives, true negatives, false positives and false negatives respectively.
BCR allows taking into account a potential imbalance between classes. The
reference value is then 0.5, which corresponds to assigning randomly the la-
bels based on the classes’ probabilities. If a dataset presents only one type of
sample, BCR is taken as the proportion of correct predictions.

2.3.4 Results
Influence of the test dataset. As described in Table 2.2, the datasets used
vary in different aspects such as the technology used, the number of samples
or the proportion of ER+/ER- classes. Figure 2.11 shows for each dataset and
each batch effect removal method the mean BCR obtained when averaging on
the different classifiers and training sets. In order to stay concise, results were
averaged on all number of selected features since similar results were obtained
when considering different numbers of selected features.

We can see in Figure 2.11 that in some cases, such as RatioA or rgCCAsq,
some methods have worse BCR compared to the reference case without any
batch effect removal. Datasets GSE532796 and GSE32641887 have very bad
results (BCR ≤ 0.5), probably due to the fact that their class frequencies
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(100% of ER-) are very far from the training ones (majority of ER+). For the
remainder of the experiments these two datasets are excluded from the testing
set. Among the seven other test datasets, all have quite similar behavior except
for GSE653296 which leads to bad results for location-scale methods.

Detailed results for dataset GSE653296 are shown in Figure 2.12, where it
can be seen that applying a specific method can significantly decrease or in-
crease the performance. Any location-scale method worsens the results while
FA and SVD improve it significantly. The bad behavior of location-scale meth-
ods can probably be explained by the two clusters initially present in the dataset
and that cannot be removed by a simple location-scale method (see Figure 2.7).
Matrix factorizations methods, however, due to their unsupervised foundations
(namely, line 1 of Algorithm 3 is unsupervised), capture trends within batches.

Influence of the classifier. The effects of the different batch effect removal
methods and classifiers on the testing sets were compared in Figure 2.13. We
can see in Figure 2.13 that all classifiers have similar behavior for the majority
of methods. Some methods such as RatioA, SV A or rgCCAsq worsen the
BCR while FA, SV D and stICA0.25,0.5 lead to the best results, with a slightly
higher mean and a smaller variance than None. Note that while using class
information, SV A performances are among the worse, probably due to the fact
that the method does not use the batch information.

Influence of the technology used. Since initially the datasets tend to clus-
ter by the technology used (Affymetrix or Agilent), we investigated more care-
fully the influence of this factor in the training and testing sets in Figure 2.14.
For this purpose two more classification models were trained, one on the 3
Agilent training datasets only and one on the 3 Affymetrix datasets. Testing
set was also separated in two, depending on the technology used. Differences
between both technologies are limited but matrix factorization methods seem
to be less sensitive to the technology used.

Influence of the training set. Figure 2.15 shows the average performances
depending on the training set used. Whereas the results depend strongly on
the training test when no batch effect removal method is used, applying any
method increases the stability of results. The best methods regarding stability
are the same: FA, SV D, stICA0.25,0.5. ComBat, Std and Centering are
slightly less stable due to GSE653296.

Influence of class frequencies in the training set. As seen previously, the
models used have noticeable difficulties to make correct predictions for datasets
with only ER- samples. In sample classification tasks, if the class labels, i.e.,
the phenotype to predict, are balanced across batches, then batch effects are
less likely to adversely affect the outcome [145, 110]. In the extreme case of
perfect confounding of batches with the phenotype, it is much more difficult
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Figure 2.11: Influence of the batch effect removal methods on BCR for the
different testing datasets. Mean on all training datasets, on all classifiers and
on all numbers of selected features.
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Figure 2.12: Influence of the batch effect removal methods and classifiers on
BCR for GSE653296

51



Chapter 2. Batch effect removal

No
ne

Ce
nte

rin
g Std

Co
mBa

t
Ra

tio
A
Ra

tio
G

SV
A FA

rgC
CA

_sq

rgC
CA

_id

stI
CA

_0

stI
CA

_0.
25

stI
CA

_0.
5

stI
CA

_1 SV
D

0.0

0.2

0.4

0.6

0.8

1.0

BC
R

SVM
NB
knn
RF
adaboost

Figure 2.13: Influence of the batch effect removal methods and classifiers on
BCR. Mean on test datasets and on numbers of selected features.
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to be sure that the differentially expressed genes are linked to the batch or the
phenotype. Such a case can occur when, for example, a laboratory first analyzes
the disease samples and then matches them with the controls. When combining
data from existing studies, the reality is often somewhere between the two
extremes: group repartition of the phenotype to predict is often unbalanced, as
for example, in the breast cancer batches we use in this section (see Table 2.2).
In cases where the repartition of the phenotype of interest is highly unbalanced
among batches, being able to separate batch effects from phenotype is more
challenging [138]. Using datasets only preprocessed with either RMA or fMRA
summarization, authors of [110] tried to predict estrogen receptor status in a
breast cancer dataset when batch and status are perfectly confounded. Their
results suggest that the algorithm tends to predict the batch more than the
status, and that a careful feature selection can improve the results. In [109],
a sanity check using random numbers is proposed. Replacing real data with
normal random numbers shows that the F-statistic is inflated in the presence
of an unbalanced repartition. In [130], the list of DEG obtained from two
batches separately is compared to the DEG list obtained from the normalized
merge of the two batches. When introducing unbalance in the repartition of
group treatment among batches, most location-scale normalization methods
they tested tend to detect less DEG. So if batch effects should be taken into
account to avoid to predict batch instead of phenotype, we should also check
that what is removed during the normalization step is actually only the batch
effects and does not contain potential useful information about the phenotype
to predict.

To investigate the effect of unbalanced repartition of classes in the training
set, we trained our models on training datasets randomly subsampled to in-
crease the proportion of ER- samples (described in Table 2.3). Performances
obtained with those training datasets are shown in Figure 2.16. The two worse
test datasets are the two with only ER+ samples. All datasets with a majority
of ER+ samples have degraded BCR while performances of those with ER-
only improved compared to Figure 2.11. The general behavior of the different
methods is similar to the previous observations, except for FA which is now
among the worse methods.

Batch Technology # ER- # ER+
Train GSE203496 Affymetrix 77 19

GSE21653570 Affymetrix 113 28
GSE299096 Affymetrix 21 85
GSE17040887 Agilent 11 44
GSE1992887 Agilent 6 23
NKI2 Agilent 43 11

Table 2.3: Summary of batches subsampled to modify the class frequencies.
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BCR, averaged on all test datasets and all classifiers. Each curve corresponds
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Figure 2.16: Influence of the batch effect removal methods on BCR for the dif-
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2.3.5 Conclusion
In the context of merging gene expression datasets, we have investigated two
types of batch effect removal approaches: location-scale and matrix factori-
zation-based methods. We have compared the methods used as preprocessing
tools for various basic classifiers. To comply with real-life scenario, we first
applied the batch effect removal method, selected the features and trained the
classifiers on a subset of datasets. After all the models were trained based
on the training set, we applied on a separate test set the batch effect removal
method and the previously computed classifiers.

The first observation is that in a specific case (dataset GSE653296), apply-
ing location-scale methods can worsen the classification performances. This
may be due to the presence of a batch effect within the dataset. Matrix
factorization-based methods significantly improve the performances.

In most cases we examined, applying a batch effect removal method did
not increase significantly the performances compared to the None case, some
even nearly systematically decreased it (RatioA, SV A, and rgCCA). However,
even those methods appear to decrease the influence of the training set used
(see Figure 2.15), which is essential in the reproducibility of results. The best
methods in our tests are FA, SV D, and stICA0.25,0.5. FA being among the
best methods is not surprising since it uses the class information in the training
set, whereas the other methods do not use the class information in any way.
In other words, FA is a classification-task-aware method, whereas the other
batch effect removal methods are more general purpose. More unexpected
is that SV D and some of the ICA-based methods, that unlike FA use only
batch information, behave as well as FA (see Figure 2.13). Note that if we
do not consider dataset GSE6532, location-scale methods ComBat, Std and
Centering behave as well as the previous ones.

Class frequency in the training set influences also the results, and extra
caution should be taken in the presence of unbalanced repartition of the classes
among the datasets, especially with supervised methods such as FA.

To conclude, we have shown that matrix factorization-based methods be-
have at least as well as more common location-scale methods, and even better
when all the batch information is not specifically known. We only tested a
few factorizations, but different approaches such as nonnegative matrix factor-
ization or other versions of rgCCA should be investigated. Such methods are
often used in multi-omics data integration, but could also be adapted in the
case of batch effect removal.
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Chapter 3

Extracting a common
subspace from multiple
datasets: Grassmannian
minimum enclosing ball

This chapter proposes a minimax center approach to the problem of extracting
a common subspace from multiple datasets. This can be viewed as the com-
bination of two fundamental tasks—subspace extraction and minimax center
computation—that appear separately in multiple fields such as bioinformat-
ics, signal processing or computer graphics; we briefly describe a few of such
applications below.

Extracting common components in bioinformatics. It is increasingly
common to have access to different biological datasets measuring the same
phenomenon. For example, the same disease is measured for different sets of
patients in various experimental conditions, and the goal is to detect differen-
tially expressed genes related to this disease. To obtain more robust results, it
is desirable to select the gene pattern linked to the disease that is present in
all those datasets [129]. Another possible case is when different kinds of data
are collected using different technologies for the same set of patients [9, 99]:
proteomic, genomic or transcriptomic data for example can be available for the
same set of samples.

Blind equalization of SIMO systems. In digital communication, an input
signal is transmitted through a channel to a receiver. In wireless communica-
tion for example, the channel used is the electromagnetic field. However, the
presence of hills, buildings or utility wires can scatter the wavefronts which
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then take many paths to reach the receiver. This scattering effect can reduce
the data speed and increase the numbers of errors. Using multiple receivers
can help reduce those troubles: the initial common input signal is then esti-
mated based on the multiple received signals. Such a problem is called blind
equalization of Single-Input/Multiple-Output (SIMO) systems [158, 92].

Collision detection in computer graphics. In the real world, when two
solid objects collide they do not penetrate each other. To prevent this from
happening in interactive graphics applications, it is crucial to be able to detect
such a collision quickly to avoid latency. A possible approach is to represent
each object as a set of simple geometric shapes like boxes or spheres, the object
being entirely contained in this set of shapes. If those simplified representations
intersect, they are then refined as far as necessary. Using spheres has the
advantages that their storage cost is low (only center and radius) and the
collision checking can be very efficient [83, 67, 68]. Looking for the center can
be interpreted as looking for a simplified representative of the set of points
representing the object surface.

Facility location problem. In operational research, the facility location
problem is a well-studied problem that attempts to locate a set of facilities such
that a set of demands is satisfied while minimizing associated costs [104]. For
example, the problem could be to build a warehouse to supply a set of customers
such that the total distances from the warehouse to the customers is minimized.
If this warehouse corresponds to a public or emergency service like a hospital,
then all customers should be able to access it in a reasonable time and therefore
the maximal distance should be minimized, leading to a 1-center problem. Such
problems also arise when locating more than one facility, and with various way
of defining the distances. In some cases the new facilities can be built anywhere
while in other cases the possibles locations are restricted [113].

Clustering. A usual goal in unsupervised learning is to try to find common
patterns across data points by clustering them. A possible approach is to check
if those points can be partitioned in k subsets or clusters, such that all points
within a cluster are at a distance of at most d from the center of the cluster [7].
The points can also be first mapped to a higher dimensional feature space using
a kernel before computing distances [18]. The center of each cluster, i.e., the
center of the corresponding minimum enclosing balls can then be used as a
representative of all associated points to decrease computational complexity in
another task like classification [32].

Support Vector Machines. Support Vector Machines (SVM) methods are
prediction algorithms that have achieved very good performance for classifica-
tions tasks. SVM training is generally formulated as a quadratic programming
problem for which naive optimization takes O(n3) time and O(n2) space for n
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samples. When n is large it is then important to scale up the performance of the
training phase. The authors of [155] showed that the quadratic programming
problem could be reformulated as a minimum enclosing ball problem, allowing
the use of existing fast approximation algorithms.

In this chapter, we develop a minimax approach to address the problem of
extracting common information from multiple datasets. Section 3.1 gives the
general context of the problem and its formulation as an optimization prob-
lem. Section 3.2 gives a brief overview of useful optimization tools. Section 3.3
presents the various algorithms proposed and Section 3.4 compares their per-
formances.

3.1 Problem: context and formulation
We describe here the general context of the problem and how we formulate it.
Methods to compute a common lower dimensional representation of different
datasets are detailed in Section 3.1.1 while the methods looking for a repre-
sentation minimizing the maximal distance are presented in Section 3.1.2. The
choice of dissimilarity and its implications are discussed in Section 3.1.3.

Let X1, ..., Xm ∈ Rp×ni represent different datasets. We assume that the
datasets have a common part Uc, and that each Xi can be represented as

Xi =
(
Uci U2i

)(V >ci
V >2i

)
with Xi of rank ni, Uci of rank k, U2i of rank ni − k and Vci, V2i of ranks k
and ni − k respectively. Uci represents a possibly noisy version of the common
Uc: in an ideal case, we have Uc = Uci for all i. Note that we have

Xi =
(
UciM U2i

)(M−1V >ci
V >2i

)
for any matrixM ∈ GL(k), the set of k×k invertible matrices. In this chapter,
our goal is to recover Uc while keeping in mind three objectives:

− Each dataset can have information not present in other datasets: we can
have k < ni, that is Uc could be of low dimension. Uc should summarize
efficiently the common information, and not capture noise or variations
specific to a subset of the dataset.

− To represent all datasets, Uc should be close to all datasets.

− To avoid an hypothesis on the specific representation of Uc, we consider
Uc and UcM as equivalent.

The implications of these three objectives are detailed below.
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Lower dimension. We want to find Uc representing well enough the original
Xi’s but of lower rank. That is, we want to find U ∈ Rp×k∗ , the set of full rank
matrices in Rp×k, such that d(U,Xi) is small for all i, with d a function evalu-
ating how well U represents Xi. One of the most used approach to summarize
one dataset using a lower dimensional representation is Principal Component
Analysis (PCA). PCA looks for a linear combination of the initial features max-
imizing its variance, in order to keep a maximum of the information present in
the dataset. Solution of the PCA problem can be computed with Singular Value
Decomposition (SVD). Many extensions to multiple datasets were derived from
this approach, that look for linear combinations of the initial datasets to build
new components with a maximal covariance or correlation. Such methods are
described in Section 3.1.1.

Close to all datasets. A central question when using more than two datasets
is the importance to give to those different datasets. Common approaches like
CCA [64] are to give all datasets the same importance. However, what if the
common component in the Xi’s is present in a noisy version? We should be
careful to not recover another signal which is less noisy but not present in all
Xi’s. For instance, if we are dealing with a set of datasets all very similar
except one (for example, because measured using another technology), giving
all the datasets the same importance can lead to components representing
very well technical features specific to all the similar datasets but not present
at all in the last one. To avoid this situation, and in order to take all Xi’s
into account we propose to minimize the maximal dissimilarity d between the
common component Uc ∈ Rp×k and all datasets Xi ∈ Rp×ni :

Uc = arg min
U∈Rp×k

max
i
d(U,Xi). (3.1)

This formulation can be viewed as looking for the center of the smallest-radius
sphere enclosing all Xi’s, and can be linked to the minimum enclosing ball,
1-center problem or minimax optimization problem. This kind of optimization
problem is well-studied, especially in Euclidean space, and a few of the existing
methods are summarized in Section 3.1.2.

Independent on the specific representation. To deal with the degrees of
freedom linked toM , many methods add constraints. Some impose orthogonal-
ity on the columns like SVD, statistical independence like ICA, nonnegativity
like Nonnegative Matrix Factorization [86],... If k < ni, such methods usually
aim to find U such that a maximum of the variations present in the datasets is
kept. However, if we have no information on the properties of Uc, the common
components may be hidden by other variations in the datasets, stronger but
not present in all the Xi’s. To give all variations the same importance, and
ensure that we do not depend on the specific representation of Uc, a solution is
to work with Uc and Xi, the subspaces generated by the columns of Uc and Xi.
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That is, to solve Problem (3.1) such that d(U,Xi) = d(U ,Xi) is a dissimilarity
measure between U and Xi:

Uc = arg min
U

max
i
d(U ,Xi). (3.2)

Two dissimilarity measures ensuring d(U,Xi) = d(U ,Xi) and their implications
on Problem (3.2) are presented in Section 3.1.3.

A simple illustration. To illustrate the above-mentionned challenges, let
us consider datasets generated from an orthonormal basis Uc of a common
subspace of dimension 3. We generated the jth component of Xi as

Xi(:, j) = wj rotate(Uc(:, j), φij). (3.3)

The wij controls the importance given to component j in Xi, and the angle
φij in [0, π/2] represents the noise added to the original component Uc(:, j).
A φij = 0 implies that Uc(:, j) is present in Xi without noise while a φij = π

2
implies that Uc(:, j) and Xi(:, j) are orthogonal, i.e. Uc(:, j) is not present at
all in Xi. We take

φij = π

2

{
U[aj bj ] with probability pj
1 with probability 1− pj

with U[aj bj ] denoting the uniform distribution on [aj bj ]. Values for parame-
ters pj , wj , aj and bj are taken as:

p = [ 1 0.8 0.5 ] presence in the various Xi’s
w = [ 0.5 1 2 ] importance of the component
a = [ 0.25 0 0 ] noise lower bound
b = [ 0.45 0.1 0.1 ] noise upper bound.

So

− The first component of Uc is present in all Xi’s, weakly and with high
noise (U1 in Figure 3.1),

− The second component of Uc is present in most Xi’s (but not all), with
small noise (U2 in Figure 3.1),

− The last component of Uc is present in half of the Xi’s, strongly and with
small noise (U3 in Figure 3.1).

Ideally, we want to recover U1, the first component of Uc that is present in all
Xi’s. If we apply a PCA on Y = [X1, ..., Xm], the first principal component will
recover the stronger variations in Y , which corresponds to the last component
U3. If we apply a PCA on Y = [X̌1, ..., X̌m] with X̌ an orthonormal basis of
X, we will recover the less noisy and most present signal, which is the second
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Figure 3.1: Illustration of the datasets generated by model (3.3). One Xi is
generated as [Xi1, Xi2, Xi3].

one U2. To recover the first one, we need to minimize the maximal distance.
This model is used in Section 3.3 to illustrate the proposed algorithms, and
experimental results with a similar data model are reported in Section 3.4.1.

3.1.1 Extracting a representative of lower dimension
To extract a common part from various datasetsX1, ...,Xm, the most basic pos-
sibility is to simply concatenate them all into a larger dataset Y = [X1 . . . Xm]
and apply standard methods such as PCA on Y . However more specific ap-
proaches exist that we detail partially here.

A method to factorize two datasets with a common factor is proposed in [9].
The authors assume that both datasets can be represented as

Xi = UiDiV
T i = 1, 2

with V common to both matrices, Di diagonal matrices and each Ui orthogonal.
The common dimension considered here are the columns, i.e. n1 = n2 while the
pi may be different. As pi � n, such a V always exists and the constraints of
orthogonality on the Ui has to be added to ensure uniqueness. A closed-form
solution can be computed using the Generalized Singular Value Decomposition
(GSVD).

An extension to more than two datasets was proposed in [117], but requires
relaxing the orthogonality constraints on the Ui’s. Such methods assume that
the common dimension of the datasets, n, corresponds to the rank of the Xi’s,
an hypothesis that is not met in Problem (3.2).

When looking for common trends in two datasets, the best known method is
probably Canonical Correlation Analysis (CCA) [64]. For each dataset, CCA
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aims to find a linear combination of the initial features such that the correlation
between those two combinations is maximized:

max
t1,t2

corr(X1t1, X2t2)

s.t. var(Xiti) = 1 ∀ i = 1, 2.

An exact solution can be computed based on the covariance matrix: ti is the
leading eigenvector of Σ−1

XiXi
ΣXiXjΣ−1

XjXj
ΣXjXi with ΣXiXj = cov(Xi, Xj).

In order to find more than one pair of correlated combinations of features,
deflation is usually used: the same procedure (CCA) is repeated on the data
from which the previous components were removed using the projections of X1,
X2j on X1t1 and X2t2 respectively.

We consider here that

corr(X,Y ) = cov(X,Y )√
var(X)

√
var(Y )

.

If X ∈ Rn×pX and Y ∈ Rn×pY are centered then cov(X,Y ) = X>Y and
var(X) = cov(X,X).

Another well-known method is Partial Least Square regression (PLS) [169]
that aims to find linear combinations of features for the two datasets such that
the covariance between those two new representations is maximal:

max
t1,t2

cov(X1t1, X2t2)

s.t. var(ti) = 1 ∀ i = 1, 2.

As in CCA a closed-form solution exists (the optimal ti is the leading eigen-
vector of X>i XjX

>
j Xi), and deflation can be used to compute the next com-

ponents.

Many extensions of CCA and PLS methods to more than two datasets have
been proposed, see for example [99, 117, 146, 164]. Those extensions can usually
be written as:

max
ti

∑
j 6=k

cjkg(ρ(Xjtj , Xktk)) (3.4)

s.t. τi||ti||22 + (1− τi) var(Xiti) = 1 ∀ i.

where τi ∈ [0, 1], cjk = 1 if Xi and Xj are connected and 0 otherwise, g is the
absolute value or some real positive power function, and ρ is the covariance or
correlation function.
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Chapter 3. Grassmannian minimum enclosing ball

Joint and Individual Variation Explained (JIVE) [94] is another method
looking for decompositions of the Xi ∈ Rpi×n as a common part and individual
components:

Xi ≈ UiS +Ai

with UiS ∈ Rp×n of rank r the common part and Ai ∈ Rpi×n of rank ri the
individual part. Matrices Ui, S and Ai are found by minimizing the approxi-
mation error ||Xi − UiS −Ai||2F for all i.

Problem (3.4) can also be rewritten as looking for a unique central vector
u correlating with all Xi’s:

max
ti,u

m∑
j=1

cjg(ρ(Xjtj , u))

with u = Y t and Y = [X1, . . . , Xm] the concatenation of all the Xi’s. An ex-
ample linking both formulations is detailed in Example 3.1.1. Feature selection
can also be enforced by adding the constraint ||ti||1 ≤ sj , with sj a positive
constant determining the level of sparsity wanted. For some specific cases of ρ,
g and τi a closed form solution can be computed based on the leading eigenvec-
tor of

∑
iXiX

>
i , but for others an iterative algorithm must be used. Table 3.1

lists some existing methods.

Example 3.1.1. Rewriting using a central vector. We consider the prob-
lem

max
tk

∑
i 6=j

cov(Xiti, Xjtj) (3.5)

s.t.
∑
i

t>i ti = 1

with centered Xi’s, so cov(Xiti, Xjtj) = t>i X
>
i Xjtj . This is equivalent to

max
t
t>Y >Y t

s.t.
∑
i

t>i ti = t>t = 1

with Y = [X1 . . . Xm], t = [t>1 . . . t>m]>. To solve this optimization problem we
can write the Lagrangian:

L(t, λ) = t>Y >Y − λ(t>t− 1).

Setting its derivative to 0 gives:

Y >Y t = (λ− 1)t
t>t = 1
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which implies that t is the leading eigenvector of Y >Y , which is equivalent to
the right singular vector of Y . If we are looking for a central component u, the
problem can be rewritten as

max
tk

∑
i

t>i X
>
i Y t︸︷︷︸

u

s.t.
∑
i

t>i ti = 1.

Let UDV > be an SVD of Y , the optimal solution to (3.5) is then t, the first
column of V . We have

u = Y t = UDV >t = U [:, 1]D[1, 1]

that is the central component u is the scaled leading left singular vector of Y .

Observe that some formulations in Table 3.1 can be equivalent depending
on the assumptions on the data since

corr(X,Y ) = cov(X,Y )√
var(X)

√
var(Y )

.

If var(X) = var(Y ) = 1, we have corr(X,Y ) = cov(X,Y ). If X ∈ Rn×pX
and Y ∈ Rn×pY are centered then cov(X,Y ) = X>Y and cov(XA,Y B) =
A> cov(X,Y )B = A>X>Y B.
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3.1. Problem: context and formulation

3.1.2 Minimum enclosing ball problem: existing approaches

The minimum enclosing ball problem, or 1-center problem, or minimax location
problem, is a well-studied problem in Euclidean space reported to date back to
1857 in the plane [144]. The objective is to find a ball B(U,R) with center U
and minimal radius R covering a set S = {X1, . . . , Xm} of m points in Rp:

R = min
U

max d(U,Xi)

with d(U,Xi) = (U −Xi)>(U −Xi) representing the Euclidean distance. The
initial problem considered points in R2 or R3 only, but many versions have
been studied including considering a higher p, weighted points, various dis-
tances, points lying on another space and balls instead of points. The min-
imum enclosing ball problem found applications in various fields like facility
location [104, 113], computer graphics [83, 67] and machine learning related
tasks such as clustering and classification [56, 107, 27, 14]. This problem is
convex but nonsmooth: the exact solution can be computed using a combi-
natorial approach, but not analytically. Since these applications can require
dealing with a large number of points (m) within a high dimensional space (p),
many recent papers concentrate on improving computational efficiency [81, 80,
49, 31].

In our case each point is associated with a dataset and we can reasonably
assume that m is quite low. We choose then to concentrate on the different
general approaches to tackle the problem and not on the strategies to deal with
large m. Some adaptations to the Noneuclidean case exist [11, 106], but none
deals specifically with the subspace case. We present here the main ideas of
the methods existing in Rp.

In Euclidean space, the problem is equivalent to

min τ
s.t. (U −Xi)>(U −Xi)− τ ≤ 0 ∀i.

The associated KKT conditions (see Section 3.2.3.1 for more details) gives:∑
i

γi = 1 (Stationarity)∑
i

γiXi = U (Stationarity)

γi ≥ 0 (Dual feasibility)
(U −Xi)>(U −Xi)− τ ≤ 0 (Primal feasibility)

γi
(
(U −Xi)>(U −Xi)− τ

)
= 0 (Complementary slackness).
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Chapter 3. Grassmannian minimum enclosing ball

Combining stationarity and dual feasibility conditions implies that U should
be a convex combination of the Xi’s. Depending on which conditions are en-
forced at each iteration, the combinatorial approaches can be classified in three
families [58]: primal, dual or primal-dual approaches.

3.1.2.1 Primal approaches

Primal methods start with a wider estimation of B(U,R) and at each step
decrease R. They are called primal approaches as d(U,Xi) ≤ R, the primal
feasibility, is always satisfied. Computation of γi’s such that complementary
slackness is satisfied is possible, however the dual feasibility implying that U is
a convex combination of the points holds only at optimality.

In R2, [36] proposes a finite time approach. This approach is in fact a special
case of Algorithm 5, which is a feasible direction method proposed in [73].

Algorithm 5 Primal approach to compute the minimax center in R2.
Require: Points X1, ...,Xm, initial iterate U (0), tolerance δ

1: t← 0
2: If ←

{
f |d(U (t), Xf ) ≥ (1− δ) maxi d(U (t), Xi)

}
3: ξ(t) ← feasibleDirection(If )
4: while ξ(t) exists do
5: t← t+ 1
6: U (t) ← move in direction ξ until a new Xi enters If
7: If ←

{
f |d(U (t), Xf ) ≥ (1− δ) maxi d(U (t), Xi)

}
8: ξ(t) ← feasibleDirection(If )
9: end while

The set of feasible directions corresponds to the cone defined by U and
the furthest points Xf , f ∈ If . If the chosen direction is the cone bisector,
then [36] showed that it is equivalent to the finite algorithm proposed in [58].
This algorithm was initially proposed to tackle the R2 problem, in which case
the cone bisector is easy to find: If can be reduced to the two points that
subtend the widest angle at Ui, see Figure 3.2. The approach is also valid for
p > 2.

Another feasible direction method adapted to higher dimensions proposed
in [49]is described in Algorithm 6. The minimax center is computed using the
orthogonal projection of U (t) on aff(F ), the affine hull of F defined as

aff(F ) =
{∑

i

γiXi|
∑
i

γi = 1, Xi ∈ F

}
. (3.6)
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Figure 3.2: Cone of feasible directions, If = {X1, X2, X3}

Algorithm 6 Primal approach to compute the minimax center in Rp (p large).

Require: Points X1, ...,Xm

1: t← 0
2: U (t) ← Xi for any i ∈ [1, ...,m]
3: F ←

{
Xf |d(U (t), Xf ) = maxi d(U (t), Xi)

}
4: while U (t) /∈ conv(F ) do
5: if U (t) ∈ aff(F ) then
6: F ← F\Xi for i such that γi < 0 in Equation (3.6)
7: end if
8: t← t+ 1
9: U (t) ← move towards minimax center of F until a new Xi enters F

10: If ←
{
f |d(U (t), Xf ) ≥ (1− δ) maxi d(U (t), Xi)

}
11: end while

3.1.2.2 Dual approaches

Dual methods start with a smaller estimation of B(U,R) passing through a
few points and at each step increase R until all points are covered. The set of
points used to compute B(U,R) is updated using the fact that the solution is
determined by at most p+ 1 affinely independent points. This corresponds to
assigning γi 6= 0 to points defining the ball, and γi = 0 to the others: com-
plementary slackness is satisfied. Stationarity and dual feasibility are satisfied
as U is built as a convex combination of the points. The primal feasibility
d(U,Xi) ≤ R however holds only at optimality. An approach of this type in
R2 is proposed in [47] or [41, 31] in Rp and described in Algorithm 7, with

M(S) : min
U∈Rp,z∈R

z

s.t. z ≥ d(Xi − U) ∀ Xi ∈ S.

and the selection of Xout is made cleverly (see [41] for more details).
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Algorithm 7 Dual approach to compute the minimax center in Rp.
Require: Points X1, ...,Xm

1: t← 0
2: S(t) ← any two points Xi, Xj

3: (U (t), R(t))← solve M(S(t))
4: while exists Xi not in B(U (t), R(t)) do
5: t← t+ 1
6: Xin ← Xi /∈ B(U (t), R(t))
7: if Xin ∈ aff(S(t)) then
8: Xout ← less interesting point in S(t)

9: S(t) ← S(t−1)\Xout

10: end if
11: S(t) ← S(t) ∪Xin

12: (U (t), R(t))← solve M(S(t))
13: if S(t) not affinely independent then
14: Xout ← less interesting point in S(t)

15: S(t) ← S(t)\Xout

16: end if
17: end while

3.1.2.3 Dual-primal approaches

For dual-primal methods, primal feasibility (d(U,Xi) ≤ R) and dual feasibility
(U is a convex combination of the points) hold at each iteration, while compu-
tation of γi such that complementary slackness is satisfied is possible only at
optimality. Such an algorithm, proposed in [84], is described in Algorithm 8.

Algorithm 8 Dual-primal approach to compute the minimax center in Rp.
Require: Points X1, ..., Xm, stopping criterion ε

1: t← 0
2: γ(t)

i ← 1/m for all i
3: U (t) ←

∑
i γ

(t)
i Xi

4: σ ←
∑
i γ

(t)
i d2(U (t), Xi)

5: τ ← maxi d2(U (t), Xi)
6: while τ − σ > ε do
7: t← t+ 1
8: γ

(t)
i ← γ

(t)
i d2

i (U (t), Xi) for all i
9: γ(t) ← γ(t)/||γ(t)||1

10: U (t) ←
∑
i γ

(t)
i Xi

11: σ ←
∑
i γ

(t)
i d2(U (t), Xi)

12: τ ← maxi d2(U (t), Xi)
13: end while
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3.1.2.4 Core-sets approximations

Finding the optimal solution can be computationally demanding since com-
plexity of these and related algorithms grows with the number of dimension n
and the number of points m. In many applications, approximate solutions to
the problem are acceptable so many algorithms have been proposed to compute
an approximate solution.

A very simple and efficient method proposed in [13], is given in Algorithm 9.
Given a set of points S ⊂ Rp and value ε > 0, an ε-core-set Sε ⊂ S has the prop-
erty that the smallest ball containing Sε is an ε-approximation of the smallest
ball containing S. That is, if the smallest ball containing Sε is expanded by
1 + ε, then it contains S.

Algorithm 9 Core-set approach to compute the minimax center in Rp.
Require: Points X1, ...,Xm, stopping criterion ε

1: t← 0
2: U (t) ← Xi

3: while t ≤ 1/ε2 do
4: t← t+ 1
5: Xf ← a point at maximal distance from U (t)

6: U (t+1) ← U (t) + (Xp − U (t)) 1
t+1 .

7: end while

This algorithm was proved to give an (1 + ε) approximation of the smallest
enclosing ball after d 1

ε2 e iterations.

3.1.3 Problem formulation
Let Xi ∈ Rp×ni be a matrix of p variables times ni samples, for i = 1, ...,m.
Our goal is to find

Uc = arg min
U∈Rp×k∗

max
i
d(U ,Xi), (3.7)

with U denoting the space spanned by the columns of U . That is, to find a
subspace U of dimension k representative of all the subspaces Xi, where Xi is
the subspace generated by the columns of Xi. In other words we are looking for
a U ∈ Rp×k of full rank minimizing d(U,Xi) for all i, where d(U,X) = d(U ,X )
is a dissimilarity measure between the range of U and the range of X.

The main difference with methods described in Section 3.1.1 is the mini-
mization of the maximal dissimilarity and not the minimization of a (weighted)
sum of all dissimilarities. The problem is also not an instance of the Euclidean
minimum enclosing ball problem described in Section 3.1.2 since we are now
working with subspaces Xi and not the Xi themselves. More precisely, instead
of working with points in Rp×k, we consider points on the Grassmann man-
ifolds G(ni, p). The Grassmann manifold G(r, q) represents the space which
parametrizes all r-dimensional linear subspaces in Rq. Dealing with subspaces
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Chapter 3. Grassmannian minimum enclosing ball

of possibly different dimensions ni, requires defining an appropriate dissimilar-
ity d(U,Xi).

3.1.3.1 Dissimilarity measures

Different dissimilarities can be used to quantify d(U,X) and we detail some
of them below. For k = 1, a possible choice to evaluate if a vector u ∈ Rp is
close to X is the angle between u and its orthogonal projection onto X , see
Figure 3.3. A vector u is close to the subspace X if the (positive) angle between
them is small. If we define φ as the angle between u and X (in [0, π2 ]), we have〈

u, X̌X̌>u
〉

= cosφ||u|| ||X̌X̌>u|| = cosφ||u|| cosφ||u|| = cos2 φ

with ||u|| = 1 and where the columns of X̌ form an orthonormal basis of X .

X

||u|| cosφ

||u|| sinφ

u

φ

Figure 3.3: Principal angles: illustration in R3 for U of dimension 1 and X of
dimension 2.

The term u>X̌X̌>u can be seen as a similarity measure quantifying how
close u is to X , with a value of 1 when u is in the subspace X , and 0 when they
are orthogonal. We can then define a dissimilarity:

d(u,X) =
√

1− u>X̌X̌>u = sinφ

with d(u,X) = 0 if and only if u ∈ X .
This can be extended to a more general U ∈ Rp×k with p ≥ n ≥ k ≥ 1

(with n the dimension of X ) by summing the dissimilarities obtained for each
element of an orthonormal basis of U . If the columns of Ǔ generate such an
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orthonormal basis, we have:

dsinφ(U,X) =

√√√√ k∑
l=1

1− Ǔ>:l X̌X̌>Ǔ:l =
√
k − Tr

(
Ǔ>X̌X̌>Ǔ

)

=

√√√√ k∑
l=1

sin2 φl(U,X)

with cosφl(U,X) the singular values of Ǔ>X̌. Note that this quantity does not
depend on the Ǔ or X̌ chosen.

The φl’s are also known as the principal or canonical angles between two
subspaces, and can be recursively defined as [53, Section 2.4.3]:

cos(φl) = max
u∈U

max
x∈X

u>x = u>l xl

subject to

||u|| = ||x|| = 1
u>ui = 0 i = 1 : l − 1
v>vi = 0 i = 1 : l − 1.

Another possible definition for d(U,X) is to consider directly the principal
angles φl between both subspaces:

dφ(U,X) =

√√√√ k∑
l=1

φ2
l (U,X).

These two dissimilarities are not distances as dsinφ and dφ are such that
U ( X ⇒ d(U,X) = 0. They are distances only when dim(U) = dim(X ).

To have distances we could take [46]:

d(U,X) = 1√
2
||Ǔ Ǔ>− X̌X̌>||F =

√
k + n

2 − Tr(Ǔ>X̌X̌>Ǔ)

=

√√√√n− k
2 +

k∑
l=1

sin2 φl(U,X).

Another possible distance is the norm of the difference between X̌ and its
projection onto the common subspace U (termed chordal metric in [172, Table

73



Chapter 3. Grassmannian minimum enclosing ball

3]):

d(U,X) = ||(I − Ǔ Ǔ>)X̌||F =
√
n− Tr

(
Ǔ>X̌X̌>Ǔ

)
=

√√√√n− k +
k∑
l=1

sin2 φl(U,X).

When using those two last dissimilarities in minU maxi d(U,Xi), they will give
more importance to datasets Xi with a higher ni, so we will concentrate on dφ
and dsinφ. Other dissimilarity measures are possible, see for example [172].

Dissimilarity dsinφ is easily linked to methods described in Section 3.1.1. If
X is centered, then

arg min
u

max
i
dsinφ(Xi, u) = arg min

u
max
i
d2

sinφ(Xi, u)

= arg max
u

min
i

cov(X>i u).

The expression for dsinφ using the trace of a matrix makes it easily differen-
tiable. On the other hand, dissimilarity dφ reduces to the canonical Grassmann
distance when U and X have the same dimension, which facilitates the use of
some manifolds tools.

Both dsinφ and dφ have the interesting property that when computing dis-
similarity between two subspaces U and Y of dimensions nu and ny respectively,
with nu < ny, the dissimilarity between U and Y is equal to the dissimilar-
ity between U and X , the subspace of Y of dimension nu closest to U . This
property is detailed in Proposition 3.1.1.

Proposition 3.1.1. Let U ∈ G(k, p) and X ∈ G(n, p) where n ≥ k, with X̌
and Ǔ orthonormal basis of X and U . Let A1D1B

>
1 be a thin SVD of Ǔ>X̌,

and φi = arccosD1(i, i) the ith principal angle between X̌ and Ǔ . Then with
dφ(U ,X ) =

∑
i φ

2
i , we have

min
Y∈G(k,p)
Y⊂X

dφ(Y,U) = dφ(X ,U) = dφ(Col(X̌B1),U).

The equalities hold also for dsinφ.

Proof. A proof of the first equality may be easily adapted from [172, Lemma
11].

Since A1D1B
>
1 = Ǔ>X̌ is a thin SVD, so is A1D1I = Ǔ> X̌B1. Hence

the singular values of Ǔ> X̌B1 are those of Ǔ>X̌, the principal angles are the
same, and the second equality follows.

Since φ ≥ sinφ, dissimilarity dφ is an upper bound on dsinφ.
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3.1. Problem: context and formulation

Note that singular vectors of the concatenation of allXi’s can be interpreted
as a mean subspace. If we consider the l2 norm instead of the l∞ norm with
dissimilarity dsinφ and k = 1, we have

arg min
u>u=1

m∑
i=1

d2
sinφ(u,Xi) = arg min

u>u=1

m∑
i=1

1− Tr(u>XiX
>
i u)

= arg min
u>u=1

m− u>(
m∑
i=1

XiX
>
i )u

= arg max
u>u=1

u>Y Y >u

with Y = [X1, . . . , Xm]. This problem is the same as Example 3.1.1 and so has
the leading singular vector of Y as solution. Computing a U of higher dimension
such that U>U = Ik comes to take the k leading singular vectors [45].

3.1.3.2 Final formulation

For Xi ∈ Rp×ni , i = 1, ...,m, our goal is to find

Uc = arg min
U∈Rp×k∗

max
i
d(U ,Xi), (3.8)

with U the subspace generated by the columns of U for

d(U ,X ) = dsinφ(X,U) =

√√√√min(k,n)∑
l=1

sin2(φl)

or

d(U ,X ) = dφ(X,U) =

√√√√min(k,n)∑
l=1

φ2
l .

with n = dim(X ). Recall that U and Xi denote the subspace spanned by the
columns of U and Xi, respectively, and that the principal angles φl between U
and X are the arccosines of the singular values of X̌>Ǔ .

This problem is nonconvex. A simple example can be given considering
two subspaces of dimension 1, X1 and X2, represented by straight lines in the
plane on Figure 3.4. The optimal solution is represented by U1, however U2,
the subspace orthogonal to U1, is also a local minimum.

X

X

1

2

U

U

1

2

Figure 3.4: Example of local minimum for minU maxi d(U,Xi) when d(U,X)
is based on the principal angles.
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3.2 Optimization tools
Problem (3.8) is nonconvex, nondifferentiable and with constraints. In this
section we describe briefly the optimization tools that we will use to handle
those difficulties in the algorithms proposed in Section 3.3. We start with a
few generalities on optimization problems in Section 3.2.1, then describe the
consequences of nonsmoothness of the objective function in Section 3.2.2, of
adding constraints in Section 3.2.3 and of nonconvexity of the objective function
in Section 3.2.4. The goal of this section, mainly based on [23, 26, 108], is to
give a general intuition of the various methods, more details can be found for
example in [23, 26, 108].

3.2.1 Basics
We consider the following general problem:

min
x∈Dx

f(x) (3.9)

with Dx a nonempty subset of Rp and f : Rp → R. In some specific cases, the
optimal solution f(x∗) can be found analytically. In our case, we want to solve
problem

min
U

max
i
d2(U ,Xi)

such that U is a subspace of dimension k and d represents dsinφ or dφ. Applied
to Problem (3.8), we have the objective function f(x) = maxi d2(x,Xi) with
x = U and Dx is the set of subspaces of dimension k in Rp. As this problem can
not be solved analytically, optimization algorithms are needed. Such algorithms
usually aim to compute a sequence x(0), x(1), x(2), . . . such that f(x(t))→ f(x∗)
if t → ∞. The algorithm is usually stopped when we are close enough to the
solution, or when f(x(t))− f(x∗) ≤ ε with ε small and positive. If f(x∗) = f∗

is unknown, other criteria can be used, often linked to the derivatives of f .
Many algorithms were proposed to solve the general Problem (3.9), depend-

ing on the properties of f and Dx. Most of them are based on two main ideas:
iterative descent and/or approximation [23].

Iterative descent computes a sequence of iterates x(t) which are feasible
(x(t) ∈ Dx) and either decrease the objective function f or become closer to
the optimal set:

φ(x(t+1)) < φ(x(t)) iff x(t) is not optimal

with φ(x) being f(x) or a distance to X∗, the set of optimal solutions.
The approximation approach consists in solving iteratively an approxima-

tion of the initial problem:

x(t+1) = arg min
x∈D(t)

x

f (t)(x).
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3.2. Optimization tools

The iterates are not always feasible as the approximation should be simpler to
facilitate the computation. The approximation should then become closer to
the original problem with t increasing.

Here we focus on line search methods that use the idea of iterative descent.
In a vector space, the usual structure of line search is to define a starting point
x(0) ∈ Dx and to iteratively compute the next iterates as

x(t+1) = x(t) + α(t)d(t) (3.10)

with d(t) a descent direction and α(t) a step size.

Descent direction. The descent direction is generally based on the gradient,
the simplest one being the gradient iteration:

x(t+1) = x(t) − α(t)∇f(x(t)).

The choice of the step size α(t) is discussed below. Numerous improvements
of this method exist. For example, Newton’s method scale the gradient to
improve the convergence rate:

x(t+1) = x(t) − α(t)
(
∇2f(x(t))

)−1
∇f(x(t)). (3.11)

A simpler alternative is to consider only diag∇2f(x(t)), the diagonal of the
Hessian. As the exact inverse of the Hessian can be computationally costly
to obtain, some approaches such as inexact Newton methods or quasi-Newton
methods, e.g., Broyden–Fletcher– Goldfarb–Shanno (BFGS) method, do not
compute the action of the Hessian or its inverse but rather approximate them
using information that is often from previous iterations. Information from
previous iterates may also be used in methods like heavy ball or conjugate
gradient [116, 22, 23].

Step size. Various approaches exist to choose the step size α(t) in Equa-
tion (3.10). This step size should be chosen carefully: if too big the values
f(x(t)) may not decrease, and if too small it could converge too slowly or not
at all. Letting h(α) = f(x(t) + αd(t)), possible choices of α(t) are:

− A constant step size : α(t) = α for all t.

− Line minimization:

α(t) ∈ arg min
α≥0

h (α) ,

which is usually implemented approximately.
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− A decreasing α(t) which satisfies the conditions
∞∑
t=0

α(t) =∞
∞∑
t=0

(α(t))2 <∞.

These conditions are often necessary to ensure some convergence proper-
ties, see for example Theorem 3.3.1.

− Armijo rule (or backtracking): α is decreased until the objective function
has sufficiently decreased. Choose α such that

h(α) ≤ h(0) + σα(d(t))>∇h(0)

with 0 < σ < 1. α is chosen as τmβ0 with β0 > 0 fixed andm the smallest
integer such that the condition holds.

− Wolfe conditions: add a curvature condition to Armijo, to ensure that
the slope has been reduced sufficiently. We take α such that

h(α) ≤ h(0) + σ1α(d(t))>∇h(0)

−(d(t))>∇h(α) ≥ −σ2(d(t))>∇h(0)

with 0 < σ1 < σ2 < 1.

The initial step size is another parameter to choose, which can influence the
behavior of the algorithm.

Stopping criterion. In the smooth unconstrained case the goal of such
methods are usually to find a point x satisfying the first-order necessary opti-
mality condition ∇f(x) = 0. When the problem is convex and f(x) is bounded
below, this condition is necessary and sufficient to have optimality. The pres-
ence of constraints and/or nonsmoothness of the objective function makes the
choice of a stopping criterion more complicated. Two adapted stopping criteria
are proposed in Sections 3.3.2.2 and 3.3.4.1 for Problem (3.8).

(Block-)Coordinate descent. An approach that is frequently used in prac-
tice is to cycle through the p coordinates. At each iteration, all variables are
fixed except one on which the problem is optimized. In the next iteration,
the process is repeated on another coordinate. We can also consider blocks of
coordinates instead of a one by one procedure.

3.2.2 Nonsmoothness
The main difficulty for a nonsmooth problem is that the objective function f is
not differentiable everywhere on its domain. As most of the previous methods
require a gradient, they cannot be used without adaptations.
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Reformulation. It is sometimes possible to reformulate the problem so that
the nonsmoothness in the objective function disappears. For example,

min
x

max(fa(x), fb(x))

can be reformulated as

min t s.t. t ≥ fa(x)
t ≥ fb(x).

However, this requires adding constraints to the problem.

Smoothing. A usual way to deal with nonsmooth function is to approximate
it with a smooth function, whose accuracy depends on a parameter [23, Sec-
tions 2.2.5 and 6.2.2]. The approximated objective function being smooth, the
gradient can be computed. The approximate problem is solved for increasingly
better approximations, initializing the algorithm with the minimizer previously
found.

Subgradient. Subgradient methods are a generalization of gradient-based
methods for nondifferentiable functions. Instead of considering the gradient as
descent direction, the methods consider a subgradient (for more details see for
example [23, Chap. 3],[77] or [16, Chap. 3]). A subgradient g of a function
f in x is a direction such that the linear approximation of f around x with a
slope g will stay smaller than f .

Definition 3.2.1. A function f : Rp 7→ [−∞,∞] is a proper function if it
does not attain the value −∞ and there exists at least one x ∈ Rp such that
f(x) <∞, that is dom(f) is nonempty.

Definition 3.2.2. Let f : Rp 7→ [−∞,∞] be a proper function and let
x ∈ dom(f). A vector g ∈ Rp is a subgradient of f at x if

f(y) ≥ f(x) + 〈g, y − x〉

for all y ∈ Rp. If this holds only for y ∈ U where U is a neighbourhood of x,
then g is a local subgradient of f at x.

In case of nonconvex f , we will use the local definition of subgradient.

Definition 3.2.3. The set of all local subgradients of f at x is called the local
subdifferential of f at x and is denoted by ∂f(x):

∂f(x) = {g ∈ Rp|f(y) ≥ f(x) + 〈g, y − x〉 for all y ∈ U}

with U a neighbourhood of x. The subdifferential is global if U = Rp.
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For a function of the type f(U) = max {f1(U), . . . , fm(U)} we have

∂f(U) = conv {∇fi(U)|i ∈ If (U)} , (3.12)

with conv(X) denoting the convex hull of the set X and If (U) denoting the
set of indexes for which fi(U) = maxj fj(U).

In the convex smooth case, a point u is a global minimum of f(u) if and
only if its gradient is null. In nonsmooth case, this condition is adapted using
subgradient and is known as Fermat’s optimality condition.

Theorem 3.2.1 (Fermat’s optimality condition). Let f : Rp 7→ [−∞,∞] be a
proper convex function. Then

x∗ ∈ arg min {f(x) : x ∈ Rp}

if and only if 0 ∈ ∂f(x∗).

3.2.3 Constraints

When Dx is not the whole space Rp, the problem is constrained. In such
a case, rewriting the problem in its dual form may help. Lagrange duality
and associated KKT conditions are reviewed in Section 3.2.3.1. We can also
rewrite the problem to incorporate the constraints in the objective function,
and optimize this new objective function in Rp. This leads to approaches like
penalty methods, described in Section 3.2.3.2. When Dx is a manifold we can
keep the objective function unchanged but require that the iterates belong to
Dx. This leads to manifold methods, introduced in Section 3.2.3.3.

Feasibility. An important point to check is the feasibility of the considered
problem: the set of feasible points for which all constraints hold, Dx, should
be nonempty. Moreover, when computing a descent direction d, we should
ensure that this direction is feasible: for an iteration of the form x(t+1) =
x(t) + α(t)d(t), there should exist a small enough α > 0 such that x(t+1) is still
in Dx. Looking for such d leads to feasible direction methods like conditional
gradient or projected gradient [23, Section 2.1.2].

3.2.3.1 Lagrange duality

Most constraints can usually be represented as (in)equalities. For example, we
can consider the following (primal) formulation:

min
x
f(x) s.t. gi(x) ≤ 0 ∀ i = 1, . . . ,m (3.13)

hj(x) = 0 ∀ j = 1, . . . , l.
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We can write the associated Lagrangian function L : Rp×Rm×Rl → R as:

L(x, γ, µ) = f(x) +
∑
i

γigi(x) +
∑
j

µjhj(x).

The γi’s and the µj ’s are called the dual variables or Lagrange multipliers
associated with the constraints fi and hj respectively. We can define the dual
function

l(γ, µ) = inf
x
L(x, γ, µ)

which is a lower bound on f∗ for any γ ≥ 0, µ. The best lower bound can then
be computed with

max l(γ, µ) s.t. γ ≥ 0

and we have l∗ ≤ f∗ (weak duality). Indeed for all γ ≥ 0 and feasible x (that
is hi(x) = 0, g(x) ≤ 0), we have

l(γ, µ) = inf
x∈Dx

L(x, γ, µ)

≤ L(x, γ, µ) = f(x) +
∑
i

γigi(x) +
∑
j

µjhj(x)

≤ f(x).

Since any feasible (γ, µ) gives us a lower bound on f∗, we can use it to evaluate
how far we are from optimality. If x is primal feasible, we have

f(x)− f∗ ≤ f(x)− l(γ, µ) ⇔ f∗ ∈ [l(γ, µ), f(x)].

The value f(x)− l(γ, µ) is called the duality gap and can be used as stopping
criterion: if this gap is null we know that we are at optimality.

KKT conditions. We consider now when f , hi, gi are differentiable. Let
assume that strong duality holds, and let x∗ and (γ∗, µ∗) be any primal and
dual optimal points with zero duality gap. Since x∗ minimizes L(x, γ∗, µ∗) over
x, its gradient should vanish at x∗. The following conditions should then hold
at optimality:

− Stationarity:

−∇f(x∗) =
m∑
i=1

γ∗i∇gi(x∗) +
l∑

j=1
µ∗j∇hj(x∗)
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− Primal feasibility:

gi(x∗) ≤ 0 ∀ i = 1, . . . ,m
hj(x∗) = 0 ∀ j = 1, . . . , l

− Dual feasibility:
γ∗i ≥ 0 ∀ i = 1, . . . ,m

− Complementary slackness:

γ∗i gi(x∗) = 0 ∀ i = 1, . . . ,m.

Those conditions are called the Karush-Kuhn-Tucker (KKT) conditions and
are necessary for the points to be optimal. As this set of equations is analyti-
cally solvable only in a few cases, many optimization algorithms are conceived
to look for points such that those conditions hold.

3.2.3.2 Approximation methods

The approximation methods solve

x = arg min
x∈Dx

f(x)

iteratively by solving an approximation of the initial problem:

x(t+1) = arg min
x∈D(t)

x

f (t)(x).

In penalty method, the problem

min f(x) s.t. x ∈ Dx, gi(x) ≤ 0

with i = 1, . . . ,m is approximated by

min f(x) + c(t)
∑
i

P (gi(x))) s.t. x ∈ Dx

with P (y) = 0 if y ≤ 0, P (y) > 0 either and c(t) > 0. Parameter c(t) should
increase with t to have an increasingly accurate approximation of the solution.

In the Augmented Lagrangian a linear term is added to the penalty
function:

min f(x) + c(t)
∑
i

P (gi(x)) +
∑
i

λ
(t)T
i gi(x) s.t. x ∈ Dx

with λ(t) ∈ Rm. The minimizing x(t) is obtained, then the λ is updated with a

82



3.2. Optimization tools

rule aiming to approximate an optimal dual solution. An example could be

λ(t+1) = λ(t) + c(t)
∑
i

gi(x).

Interior point methods use barrier functions P (y) to prevent the iter-
ates from moving too close to the boundary of the feasible region. A typical
example is P (gi(x)) = − log(−gi(x)) or P (gi(x)) = − 1

gi(x) . At each iteration,
all inequalities are satisfied strictly.

3.2.3.3 Riemannian methods

When dealing with constrained optimization problems, a large family of meth-
ods is the optimization on manifolds. Instead of iterating in Rp and integrating
the constraints into the objective function, such methods work directly on Dx

without modifying the objective function. The previously described optimiza-
tion methods can be used, provided that the usual tools like gradient lines, and
norms are adapted.

The advantage of requiring that the iterates belong to a manifold Dx =M
is that locally, a manifold is smooth and can be locally approximated by an
Euclidean tangent space. At each iteration x, the space tangent to M at
x, TxM, is used and all the necessary information like gradient or step size
are computed in this tangent space and then mapped back to the manifold.
To switch between the values on the Riemannian manifoldM and their local
representations on TxM, we need the tools that are briefly discussed next.
Specific formulas are given for the Grassmannian manifold as they are used
later in Sections 3.3.1 and 3.3.4. Definitions given here are informal and meant
to give the general intuition behind the concepts rather than a formal definition.
For more details on Riemannian geometry, see for example [112, 3], or [127, 50,
4, 46] for the Grassmann or the Stiefel manifold more specifically.

Definition 3.2.4. A topological manifold is a set that is locally Euclidean:
every point has a neighbourhood homeomorphic to an open subset of Euclidean
space. Those homeomorphisms are called charts. Any topological manifold can
be described by a collection of charts, also known as an atlas.

Definition 3.2.5. A differentiable or smooth manifold is a topological man-
ifold such that the transition from one chart to another is differentiable.

The differentiable structure of such differentiable or smooth manifolds al-
lows calculus to be done on manifolds. From here and for the rest of the thesis
all manifolds are assumed smooth.

Definition 3.2.6. LetM be a manifold in Rp. The tangent space of a point
x ∈ M, noted TxM, is the linear subspace of Rp generated by the directional
derivatives at x of all possible smooth curves on M passing through x. The
dimension of TxM is the same as the manifold.

83



Chapter 3. Grassmannian minimum enclosing ball

Definition 3.2.7. A Riemannian metric is an inner product gx defined on
the tangent space TxM at each point x that varies smoothly from point to
point. The inner product between two points ξ, η ∈ TxM is noted 〈ξ, η〉x.

Definition 3.2.8. A Riemannian manifold is a smooth manifold with a
metric.

A Riemannian metric makes it possible to define several geometric notions
on a Riemannian manifold, such as angle or distances.

Definition 3.2.9. The length of a C1 curve γ(t) : [0, 1]→M is defined as

L(γ) =
∫ 1

0
||γ̇(t)||γ(t)dt

with ||γ̇(t)||γ(t) =
√
〈γ̇(t), γ̇(t)〉γ̇(t) and γ̇ the velocity vector of γ.

Definition 3.2.10. The Riemannian distance d(x, y) between two points x
and y onM is the infimum of the length of all C1 curves onM going from x
to y.

We define a ball B(c, r) on M as the set of points x ∈ M such that
d(c, x) ≤ r.

Definition 3.2.11. A geodesic is a smooth path on M which locally mini-
mizes the distance between two points. A minimizing geodesic is a geodesic
that minimizes globally this distance.

In this thesis when not specified we consider minimizing geodesics.

Definition 3.2.12. A geodesic hinge γ1, γ2, α inM consists of two noncon-
stant geodesic segments γ1, γ2 with the same initial point making the angle α.
A minimal connection γ3 between the endpoints of γ1 and γ2 is called a closing
edge of the hinge [100, Section 2].

An example is given on Figure 3.5 of a geodesic hinge made of γ1, γ2 the
plain grey lines starting from x to x1 and x2 and the closing edge is the dashed
grey line from x1 to x2.

Definition 3.2.13. If γ(t) defined on [0, 1] denotes the minimizing geodesic
from x to y, then the logarithm operator Logx y is the derivative of γ(t) at
t = 0. Logx y maps point y ∈ M onto TxM and is such that dist(x, y) =
d(0,Logx y) = ||Logx y||2.

Definition 3.2.14. The exponential operator Expx ye is equal to γ(1) where
γ is the geodesic with initial point x ∈ M and initial velocity ye. Expx ye
maps ye from TxM to M. On its domain, Logx ye is the inverse of Exp :
Expx (Logx y) = y.
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Figure 3.5: Illustration of Topogonov’s theorem

Definition 3.2.15. The injectivity radius of a manifoldM, inj(M), is the
largest radius r such that for all x ∈ M, Expx : B(0, r) → B(x, r) is a diffeo-
morphism.

This implies that Logx(y) is well-defined for any y ∈ B(x, inj(M)).

Definition 3.2.16. Roughly, the cut locus of a point x inM, Cut(x), is the
set of all points for which there exists multiple minimizing geodesics connecting
them to x. Cut(x) is of measure null for any x on a complete, connected C∞-
Riemannian manifold [72]

Definition 3.2.17. Given x ∈ TxM, u, v two noncolinear vectors in TxM,
the sectional curvature Sect(u, v)=K is a number which gives information
on how the geodesics issued from x behave near x. For example, if K > 0,
Expx(span(u, v)) is near x approximately a 2-dimensional sphere with radius

1√
K

[11].

The Euclidean space has a zero curvature.

Theorem 3.2.2. Topogonov’s theorem [100]: Let M be a complete Rie-
mannian manifold with sectional curvature K ≥ κ, and let Mn

κ denote the
n-dimensional hyperbolic space Hnκ of curvature κ if κ < 0, the Euclidean space
Rn if κ = 0 and the standard sphere Snκ of radius 1√

κ
if κ > 0. Let γ1, γ2, φ

be a hinge inM with γ2 minimal and γ3 a closing edge. Then the closing edge
γ̃3 of any hinge γ̃1, γ̃2, α in M2

κ with L(γ̃1) = L(γ1),L(γ̃2) = L(γ2) satisfies
L(γ̃3) ≥ L(γ3).

An illustration is given on Figure 3.5 with γ1, γ2 the plain grey lines starting
from x to x1 and x2 and γ3 the dashed grey line from x1 to x2. Their equivalent
in M2

κ , γ̃1, γ̃2 and γ̃3 are in black.
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Adaptation of line search methods on manifolds is intuitively simple: the
Equation (3.10) becomes

x(t+1) = Rx(t)(α(t)d(t)) (3.14)

with d(t) in Tx(t)M and R an operator mapping back α(t)d(t) toM like the Exp
operator [3]. Adaptations of existing methods for nondifferentiable objective
function to Riemannian manifolds were proposed for example in [63, 62, 65].

In this thesis we always consider Riemannian manifolds, with their classical
metric if not specified. The most simple example of a Riemannian manifold is
the Euclidean space with its usual Euclidean metric. We will principally work
with the Grassmann manifold, and to a lesser extent with the Stiefel manifold.

The Stiefel manifold St(k, p) is the set of all orthonormal k-frames in Rp:

St(k, p) =
{
U ∈ Rp×k∗ : U>U = Ik

}
where Rp×k∗ stands for the set of full-rank p × k matrices. The tangent space
TX St(k, p) to St(k, p) at X is [46]:

TX St(k, p) =
{
Y ∈ Rp×k : X>Y + Y >X = 0

}
.

For any U1, U2 ∈ TX St(k, p), we consider the classical metric 〈U1, U2〉X =
Tr(U>1 U2).

The Grassmann manifold G(k, p) is the set of k-dimensional subspaces
in Rp:

G(k, p) =
{
U = span(U) : U ∈ Rp×k∗

}
.

The tangent space TXG(k, p) to G(k, p) at X is identified with [3, Section 3.6.2]:

TXG(k, p) =
{
Y ∈ Rp×k : X>Y = 0

}
.

For any U1, U2 ∈ TXG(k, p), we consider the classical metric 〈U1, U2〉X =
Tr(Ǔ>1 Ǔ2) with Ǔ an orthonormal basis of U .

As practically we will use a specific matrix representation of the subspaces
on a Grassmann manifold, we will use U and Xi to denote U and Xi, the
column spaces of U and of Xi, when no risk of confusion arises. From here, the
notation (·)e will imply that we are working in the Euclidean tangent space.
We provide here some specific formula that will be useful in algorithms on
Grassmann later.

On the Grassmann manifold, we have

LogU X = BDA>

with AΓDC> a thin SVD of U>X, and BΣDC> a thin SVD of (I − UU>)X.
Matrices ΓD = cos(D) and ΣD = sin(D) are diagonal matrices of respectively
the cosines and the sines of the principal angles between U and X . Equivalently
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we can write
LogU X = U2 atanDU>1

with U2DU1 a thin SVD of
(
(X − UU>X)(U>X)−1). This formula is valid

only if all principal angles are smaller than π
2 : in this case the minimizing

geodesic between U and X is not unique.
The exponential operator can be computed as

ExpU Xe = UB cos ΣB> +A sin ΣB>

with AΣB> a compact SVD of Xe.
Note that the objects on the Grassmann manifold represented by LogU X

and ExpU Xe do not depend on the specific matrix representation of U and X .
Finally on the Grassman manifold, G, we have

Cut(U) =
{
X ∈ G| dim(X ∩ U⊥) ≥ 1

}
with U⊥ the orthogonal complement of U in G [170, Theorem 8]. That is,
X /∈ Cut(U) if the largest principal angle between U and X is smaller than π

2 .

3.2.4 Nonconvexity
Globality of the solution. An illustration in G(3, 1) of Problem (3.8) with
dsinφ and m = 4 is given on Figures 3.6 and 3.7. Each subspace of dimen-
sion 1 is represented by a direction in R3 or a point on the three dimensional
sphere. Each (θ, φ) represents a point on G(3, 1) using its spherical coordinates.
These figures show that Problem (3.8) can have local nonglobal minimizers. In
particular, it is not convex.

Nonconvex problems are generally difficult to solve exactly as they can have
many local minima, saddle points, very flat regions, widely varying curvature.
Consequently, the theoretical guarantees are often weak or do not exist. Some
specific cases can be solved exactly, like the principal component analysis prob-
lem, but most of them cannot. Algorithms for convex problems can be applied
to nonconvex ones, but generally without convergence guarantees. In many
cases, the best that can be done is convergence to a local minimum or a sta-
tionary point. Convergence to a global minimum can sometimes be ensured if
the initial iterate is close enough to such a global minimum, i.e., the initializa-
tion step is then very important.

Initialization. In nonconvex problems, the initialization can have a large
effect on the final solution. To avoid depending on the initial iterate, a possi-
bility is to run the chosen algorithm a few times with various initial iterates.
The final solution is taken as the one with the minimum cost function value.
Another approach is to carefully chose the first iterate.

For the Riemannian minimax problem, in Theorem 3.2.3 it is proved that
if points Xi belong to a ball B(c,R) with R small enough, then the minimax
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Figure 3.6: Example of objective function with four points in R3. Black dot:
global minimum - black triangles: data points - gray lines: nondifferentiable
points (at least two data points at same distance) - blue arrows: anti-gradient.
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Figure 3.7: Example of objective function with four points in R3.
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center is unique and lies inside B. Hence we choose to initialize our algorithms
with a point within the convex set generated by the points Xi.

Theorem 3.2.3. [5] Let (M, d) be a complete Riemannian manifold with sec-
tional curvatures upper bound of ∆ and injectivity radius of inj(M). Define

ρ∆ = 1
2 min{inj(M), π√

∆
}.

Let ν be a probability measure on M such that supp(ν) ∈ B(o, ρ) ∈M . Assume
ρ < ρ∆. Then the l∞ center of mass with respect to ν is a unique point and
lies inside B. The l∞ center of mass is defined as any minimizer of

f(x) = max
s∈supp(ν)

d(x, s)

with d a distance function onM.

Stopping criterion. As it is difficult to evaluate if a U is the global mini-
mum, we would like to at least stop close to a critical point. By critical point,
we mean a point such that the first-order necessary conditions to have a mini-
mum hold. Moreover, at optimality U should have at least two Xi’s realizing
the maximum dissimilarity. Otherwise, we could move U a little bit toward the
furthest point Xf until the second furthest point is at the same dissimilarity
value. The objective function is thus not differentiable at optimality.

In the nonconvex case, the necessary and sufficient condition in Theo-
rem 3.2.1 that 0 should belong to the subdifferential becomes a necessary con-
dition [77, Lemma 2.14], using local subdifferential. Ideally, the algorithms
should stop at least close to a point with 0 in its local subdifferential.

Duality gap. As explained in Section 3.2.3.1, any solution of the dual for-
mulation gives a lower bound on the optimal solution. If a point is such that
the dual objective function value is equal to the primal one, then this point is
optimal.

3.3 Algorithms
We present here different approaches to solve Problem (3.8). The first al-
gorithm is an adapation to the Grassmann manifold of the greedy algorithm
proposed in [11]. The second one is directly inspired from the interpretation
of the KKT conditions, the third is a projected subgradient, the fourth is a
feasible direction approach on the Grassmann manifold and the last one uses
a smoothing approach on the Stiefel manifold.

Principal characteristics of these algorithms are summarized in Table 3.2.
The “Constr.” column details which type of constraints are considered: St
or G means that the corresponding manifold approach is used. The type of
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dissimilarity is given in the “Diss.” column and the “Nonsmoothness” column
details how the nonsmoothness of the objective function is dealt with. If a
specific stopping criterion is used it is given in the corresponding column, and
the type of algorithm in reference to Section 3.1.2 is given in the “Approach”
column. The section of the thesis where the algorithm is described is given in
last column. Detailed comparisons of those algorithms on synthetic and real
datasets are given in Section 3.4.

Algorithm Constr. Diss. Nonsmoothness Stopping criterion Approach Section
Greedy approach G dφ Subgradient (2 Xi’s at max. diss.) Primal 3.3.1
KKT UTU = I dsinφ Reformulation Duality gap Primal-dual 3.3.2
Subgradient UTU = I dsinφ Subgradient (2 Xi’s at max. diss.) Primal 3.3.3
Descent direction G dφ Descent direction Critical point Primal 3.3.4
LogExp smoothing St dsinφ Smoothing Smoothing param. µ Primal 3.3.5

Table 3.2: Proposed algorithms

3.3.1 Greedy
In [13], a fast and simple procedure is proposed to find the center of a collec-
tion of points in a finite-dimensional Euclidean space (see Section 3.1.2) and
extended to Riemannian manifold in [11]. We describe the Grassmannian ver-
sion of the algorithm in Section 3.3.1.1 and briefly discuss its convergence in
Section 3.3.1.2. This section in mainly based on results published in [123].

3.3.1.1 Algorithm

The procedure extended to arbitrary Riemannian manifolds in [11] is straight-
forward:

− Initialize the candidate solution U (t) with a point in the set

− Iteratively update as:

U (t+1) = Geodesic
(
U (t), X

(t)
f ,

1
t+ 1

)
where X(t)

f is the farthest point to U (t), and Geodesic(p, q, t) represents
the intermediate point m on the geodesic passing through p and q such
that dist(p,m) = tdist(p, q).

This approach was used in [10] to compute the Riemannian l∞ center of mass
of structure tensor images in order to denoise those images.

Unlike the problem in [11], in Problem (3.8) points represent subspaces of
different dimensions ni and therefore belong to different manifolds G(ni, p).
The first consequence is that the usual Grassmannian distance cannot be used
to determine the farthest point X(t)

f : the adapted dissimilarity dφ is used to
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address this difficulty. The second consequence is that to update the current
iterate U (t) using a geodesic, X(t)

f should be first projected on G(k, p). However,
since the dissimilarity used is based on the principal angles, by Proposition 3.1.1
we can compute a projection of Xf ∈ G(nf , p) on G(k, p) that minimizes the
distance with U on G(k, p). We can then update U using the corresponding
geodesic.

An adaptation is proposed in Algorithm 10. We initialize using a k-truncated
SVD of Y = [X̌1, X̌2, ..., X̌m], which can be interpreted as initializing with a
mean (with respect to d2

sinφ) (lines 5-6), and stop when the two farthest sub-
spaces have close dissimilarity values (line 16). As explained in Section 3.3.2.1,
this is a necessary, but not sufficient, condition for optimality. The farthest
Xi from current U (t) is determined using the chosen dissimilarity based on the
principal angles (lines 9 to 12). If more than one point Xi is at maximal dissim-
ilarity of U (t), one is picked at random. U (t) is then updated in the direction
of Xf with a step 1

t+1 along the Grassmannian geodesic [50] (line 14). The
projection of X(t)

f on G(k, p) is included in the geodesic computation given in
Algorithm 11.

Algorithm 10 Greedy approach to compute the minimax center in G(k, p).
Require: Stopping criterion tol, dimension k, data X1, ...,Xm

1: t← 1
2: for all Xi do
3: X̌i ← orthonormalBasis(Xi)
4: end for
5: Y ← [X̌1...X̌m]
6: U (0) ← k first left singular vectors of Y
7: err(0) ← tol + 1
8: while err(t) ≥ tol do
9: for all X̌j do

10: d
(t)
j ← dφ(U (t), X̌j)

11: end for
12: f ← arg maxi d(t)

i

13: AfDfB
(t)
f ← SVD(U (t)T X̌f )

14: U (t+1) ← Geodesic
(
U (t), X

(t)
f Bf ,

1
t+1

)
15: dsorted ← sortdecreasing(d(t))
16: err(t) ← dsorted(1)− dsorted(2)
17: t← t+ 1
18: end while
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Algorithm 11 Geodesic (A,B, t) on G(k, p).
Require: A and B orthonormal basis of A and B on Gr(k, p), t ∈ [0, 1]

1: UcDcV
>
c ← SVD(A>B, k)

2: S0 ← AUc
3: S1 ← BVc
4: Θ← arccos diagDc

5: Γα ← diag cosαΘ
6: Σα ← diag sinαΘ
7: P ← S0Γt + (S1 − S0Γ1) Σ−1

1 Σt

3.3.1.2 Convergence

When the set of Xi’s realizing the maximal distance (line 12) is only one Xi,
we can then link the update (line 14) to a gradient step. Indeed, we have that

∇d2(U,Xi) = −2 LogU Xi

[12, Eq. 5], and doing a step of size 1
t along the geodesic from U to X(t)

f is
equivalent to going in the direction LogU Xi, followed by a mapping onto G.

In [11], a convergence analysis of the procedure described at the beginning
of this subsection is made on Riemannian manifold based on Theorem 3.2.3.
The convergence of the procedure to the minimax center is guaranteed for
manifolds with (κ,∆) finite lower and upper bounds on the sectional curvature,
if all points Xi are within a ball B(c,R) with

R <
1
2 min

{
inj(M), π√

∆

}
.

As the injectivity radius inj(M) is equal to π
2 for the Grassmann manifold and

the sectional curvature upper bound ∆ is equal to 2 [154], we have R = π
4 : all

dφ(Xi, Xj) should be less than π
2 .

This convergence proof is valid only if all the X̌i and U belong to the same
Grassmannian G(k, p). To apply this convergence analysis, the X̌i should be
first reduced to a subspace of dimension k. However, many possibilities exist to
reduce dimension of the Xi’s. Choosing one or another specific reduced version
of Xi and then applying the approach developped in [11] can lead to different
solutions.

Block coordinate descent interpretation. We can easily adapt Algo-
rithm 10 as a block coordinate descent on

min
U,B1,...,Bm

f(U,B1, . . . , Bm) = min
U,B1,...,Bm

max
i
dφ (U,XiBi) .

We can compute the best Bi’s for fixed U , and then the best U for fixed Bi’s.
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Computing B(t)
i = arg min f for a fixed U (t) is easy since the optimal B(t)

i

does not depend on the other Bj ’s, j 6= i:

B
(t)
i = arg min

Bi
f(U (t), B1, . . . , Bm) = arg min

Bi
dφ(U (t), XiBi). (3.15)

This problem is solved using SVD by Proposition 3.1.1.

With the B(t)
i fixed, we look for

U (t+1) = arg min
U

max
i
dφ(U,XiB

(t)
i ). (3.16)

This problem is equivalent to finding the Grassmannian 1-center of the set of
points

{
X1B

(t)
1 , . . . , XmB

(t)
m

}
, which can be solved using the algorithm of [11]

if the XiBi respect some conditions (i.e., all XiBi belongs to a ball B(o,R)
with R < π

4 ).

This two-step approach is implemented in Algorithm 12: exact minimization
on Bi is done in lines 9-12, while computation of a new U decreasing the
objective function value is done in lines 13-25. By Theorem 3.2.3, if all XiBi
belong to a ball B(o,R) with R < π

4 , such a decrease is always possible, except if
the current iterate is already the minimax center of the XiBi’s. An illustration
of the behavior of this implementation (with l

(t)
0 = t) is given in Figure 3.8.

Each red circled point corresponds to the cost function value after computation
of the optimal B(t)

i while the intermediate points correspond to the objective
evolution using a few steps of algorithm from [11].

An example of the behavior of Algorithms 10 and 12 on data generated
using model (3.3) is shown in Figure 3.8. Algorithm 10 does not guarantee
a decrease at each iteration: while the objective function decreases fast at
the beginning, some small increases in the objective function can be observed
later. Adaptation as a block-coordinates descent in Algorithm 12 removes those
small increases (see the squares on Figure 3.8). We use Algorithm 10 in more
extended tests in Section 3.4.
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Algorithm 12 Block coordinate adaptation of the greedy approach to compute
the minimax center in G(k, p).
Require: Stopping criterion tol, dimension k, data X1, ...,Xm

1: t← 1
2: for all Xi do
3: X̌i ← orthonormalBasis(Xi)
4: end for
5: Y ← [X̌1...X̌m]
6: U (0) ← k first left singular vectors of Y
7: err(0) ← tol + 1
8: while err(t) ≥ tol do
9: for all X̌j do

10: AjDjB
(t)
j ← SVD(U (t)T X̌j)

11: d
(t)
j ← dφ(U (t)T , X̌jB

(t)
j )

12: end for
13: l← l

(t)
0

14: d0 ← maxi d(t)
i

15: Utmp ← U (t)

16: while maxi d(t)
j ≥ d0 do

17: If ← arg maxi d(t)
i

18: f ← i ∈ If
19: δ ← 1

l+1

20: Utmp ← Geodesic
(
Utmp, X

(t)
f B

(t)
f , 1

t+1

)
21: for all X̌j do
22: d

(t)
j ← dφ(Utmp, X̌jB

(t)
j )

23: end for
24: l← l + 1
25: end while
26: U (t+1) ← Utmp
27: dsorted ← sortdecreasing(d(t))
28: err(t) ← dsorted(1)− dsorted(2)
29: t← t+ 1
30: end while

3.3.2 KKT-based
If we consider Problem (3.8) with dissimilarity d = dsinφ, after a reformulation
in the spirit of Section 3.2.2 we can easily state the KKT conditions that
should hold at optimality. We first derive those conditions in Section 3.3.2.1
and propose an algorithm to compute a solution in Section 3.3.2.2. A brief
discussion on convergence of this algorithm is given in Section 3.3.2.3. This
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Figure 3.8: Example of the evolution of the objective function using Algo-
rithms 10 and 12 on data generated using model (3.3). Squares correspond
to one ‘complete’ iteration, that is each time t is incremented at line 29 of
Algorithm 12.

section in mainly based on results published in [120].

3.3.2.1 KKT conditions

With dissimilarity dsinφ, Problem (3.8) becomes:

min
U∈Rp×k

max
i
k − Tr(Ǔ>X̌iX̌

>
i Ǔ).

Since k is fixed and Ǔ verifies Ǔ>Ǔ = Ik, this is equivalent to

max
U>U=I

min
i

Tr(U>X̌iX̌
>
i U).

Since maxU mini fi(U) is equivalent to maxU,τ τ subject to τ ≤ fi(U) for all i,
this is equivalent to:

max
U,τ

τ (3.17)

s.t. τ −
k∑
l=1

u>l X̌iX̌
>
i ul ≤ 0 ∀i = 1, ...,m (3.17a)

u>j uj − 1 = 0 ∀j = 1, ..., k (3.17b)
u>j ul = 0 ∀l 6= j, j = 1, ..., k ; l = 1, ..., k (3.17c)

with ui the ith column of U . Observe that (3.17) is an optimization problem
with a linear objective function and quadratic (in)equality constraints.

We can derive the first order necessary conditions of optimality for prob-
lem (3.17) (KKT conditions, see e.g., [108] or Section 3.2.3.1). Associating La-
grange multipliers γi’s with constraints (3.17a), Mjj ’s with constraints (3.17b)
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and Mjl’s with constraints (3.17c), the KKT conditions can be written as:

∑
i

γi = 1 (3.18a)(∑
i

γiX̌iX̌
>
i

)
U = UM (3.18b)

U>U = I (3.18c)

τ − Tr
(
U>X̌iX̌

>
i U
)
≤ 0 ∀i = 1, ...,m (3.18d)

γi ≥ 0 ∀i = 1, ...,m (3.18e)

γi

(
τ − Tr

(
U>X̌iX̌

>
i U
))

= 0 ∀i = 1, ...,m. (3.18f)

The Mij ’s correspond to the Lagrange multipliers associated with constraints
u>i uj = 0 and the Mii’s to u>i ui − 1 = 0, so M is symmetric. Therefore there
exists a diagonal matrix D and an orthogonal matrix Q such thatM = QDQ>.
We have then

(∑
i γiX̌iX̌

>
i

)
UQ = UQD which means that UQ is a matrix of

eigenvectors of
∑
i γiX̌iX̌

>
i .

We can interpret the conditions as following:

− Conditions (3.18b) and (3.18c) are equivalent to finding eigenvectors of
the matrix

∑
i γiX̌iX̌

>
i .

− Condition (3.18a) combined with (3.18b) and (3.18e) can be interpreted
as finding an optimal weighting γ of the different subspaces, where γ
is the vector of all γi. U should then be an eigenvector of a convex
combination of the X̌iX̌

>
i ’s.

− Condition (3.18f) implies that for each X̌i, either γi = 0 which means
that the corresponding dataset is not used, either τ = TrU>X̌iX̌

>
i U

which tightens the corresponding constraint (3.18d).

Let UYDY V
>
Y be the singular value decomposition of

Y = [√γ1X̌1,
√
γ2X̌2, ...,

√
γmX̌m] ∈ Rp×N .

Observe that UYD2
Y U
>
Y is then an eigendecomposition of Y Y >. A candidate so-

lution of Problem (3.17) would then be, for fixed γi respecting condition (3.18f):

Mij = 0 ∀i 6= j U = UY

Mii = D2
Y (i, i) τ = Tr

(
U>Y Y >U

)
.
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The last equality results from the combination of conditions (3.18a) and (3.18f):

τ =
∑
i

γiτ =
∑
i

γi Tr
(
U>XiX

>
i U
)
.

To maximize τ , we should consider the k first singular values of Y . This tells
us also that if

∑
i γi Tr

(
U>XiX

>
i U
)
6= maxi Tr

(
U>XiX

>
i U
)
, then U can not

be optimal. The difficulty is then to find γi such that condition (3.18f) holds.

3.3.2.2 Naive algorithm

Based on the interpretation of KKT conditions, we can build an algorithm
to compute a candidate U∗. The main difficulty is to find good γi’s. Since∑
i γi = 1, we have that∑

i

γid
2(U,Xi) ≤

∑
i

γi max
j
d2(U,Xj) = max

j
d2(U,Xj) (3.19)

with equality at optimality since condition (3.18f) must hold. We propose an
iterative procedure where all conditions except (3.18f) hold at each step, and
that aims to enforce the last condition. If we stop when

δf = max
i
d(U,Xi)−

√∑
i

γid2(U,Xi) ≤ ε (3.20)

with ε small and positive, condition (3.18f) should nearly hold.
Ideally we want both to increase

∑
i γid

2(U,Xi) and decrease maxi d2(U,Xi)
at each iteration t. With U (t) = U(γ(t)) fixed for iteration t, maximizing
the first term is setting to 0 all γi’s except for those associated with the
Xi’s at maximal dissimilarity to U . However, taking directly γ

(t+1)
i = α if

maxj d(U (t), Xj) − d(U (t), Xi) ≤ ε, and 0 otherwise, would eventually ignore
the other Xi’s and probably not decrease maxi d2(U(γ(t+1)), Xi). To smooth
the γi’s evolution, we propose to take:

γ
(t+1)
i =

(
γ

(t)
i + 1

t+ 1r
(t)
i

)
β (3.21)

with r(t)
i = 1 if maxj d(U (t), Xj)− d(U (t), Xi) ≤ ε, r(t)

i = 0 otherwise, and β a
normalizing constant ensuring that

∑
i γi = 1.

Algorithm 13 enforces conditions (3.18a) to (3.18e) at each iteration and
tries to achieve (3.18f) in the limit. The approach is reminiscent of the one
proposed in [84] for the minimax problem in Rn, detailed in Section 3.1.2.

We first start by giving all the subspaces the same weight (line 5). The
corresponding matrix Y is built, and its k first left singular vectors are com-
puted (lines 7-8). Dissimilarities between U and each subspace are computed
to select the points (close to) realizing the maximum (line 11). The weights γ
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are then adapted: the weights γi of the farthest points from U are increased.
If the error is too large, we iterate the process until the tolerance is met. We
took as estimated error the duality gap δf in Equation (3.20).

Algorithm 13 Naive KKT approach to compute the minimax center in G(k, p).

Require: Data X1, ...,Xm, dimension k, tolerance to maximal dissimilarity
εd, stopping criterion tolerance ε

1: t← 1
2: for all Xi do
3: X̌i ← orthonormalBasis(Xi)
4: end for
5: γ(t)

i ← 1
m for all i

6: δf ← 2ε
7: while δf ≥ ε do
8: Y ← [√γ1X̌1,

√
γ2X̌2, ...,

√
γmX̌m]

9: U (t) ← k first left singular vectors of Y
10: δf ← maxi d(U (t), Xi)−

√∑
i γid

2(U,Xi)
11: r

(t)
i ← 1 if maxj d(U (t), Xj)− d(U (t), Xi) ≤ εd, r(t)

i ← 0 otherwise,
12: γ

(t+1)
i ←

(
γ

(t)
i + 1

t+1r
(t)
i

)/∑
j

(
γ

(t)
j + 1

t+1r
(t)
j

)
13: t← t+ 1
14: end while

3.3.2.3 Dual method and its convergence

In view of Equation (3.19), we can interpret Algorithm 13 as a dual one. Indeed,
we can write the Lagrange dual of Problem (3.17) as [97]:

max
γ

g(γ)

s.t. g(γ) = min
U>U=I

∑
i

γid
2(U,Xi)

γi ≤ 0 ∀i = 1, . . . ,m∑
i

γi = 1.

If Uγ minimizes
∑
i γid

2(U,Xi) for γ fixed, we have that

∇g(γ) =
[
d2(U,X1) . . . d2(U,Xm)

]
(3.22)

is a gradient of g(γ). We can then use this gradient to update the γ values.
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We know that the optimal value f∗ is lower bounded by its dual:

max
γ

fl(U,γ)︷ ︸︸ ︷
min

U>U=I

∑
i

γid
2(U,Xi) ≤ f∗ ≤min

U

fu(U,γ)︷ ︸︸ ︷
max
i
d2(U,Xi)

s.t.
∑
i

γi = 1 s.t. U>U = I

γi ≥ 0
(∑

i

γiX̌iX̌
>
i

)
U = UM.

Line 12 increases fl(U, γ) for U fixed (dual step) while lines 8-9 decrease fu(U, γ)
for γ fixed (primal step). The difficulty is to update the γ without increasing
the corresponding fu(U, γ). This could be fixed by adapting the γ update as
proposed in [97], detailed in Algorithm 14. The udpate direction r(t) can be
taken as ∇g(λ) as defined in Equation (3.22), or as defined in Equation (3.21).

An example of the behavior of both Algorithms 13 and 14 on data generated
using model (3.3) is shown on Figure 3.9. Both approaches converge to the
same value, with quite large oscillations in the objective function. However, the
interpretation as a dual approach implies associated lower bounds with much
smoother evolution. With a smarter choice of step size, Algorithm 14 ensures
an increase in the lower bound at each iteration, and a smoother evolution of
the associated objective function. We use Algorithm 14 in more extended tests
in Section 3.4.
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Figure 3.9: Example of the evolution of the objective function using Algo-
rithms 13 and 14 on data generated using model (3.3).
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Algorithm 14 Dual adapted KKT approach to compute the minimax center
in G(k, p).
Require: Data X1, ...,Xm, dimension k, initial step size α, growing parameter

β, minimal step size αmin, stopping criterion tolerance ε
1: t← 1
2: for all Xi do
3: X̌i ← orthonormalBasis(Xi)
4: end for
5: γ(t)

i ← 1
m for all i

6: Y ← [√γ1X̌1,
√
γ2X̌2, ...,

√
γmX̌m]

7: U (t) ← k first left singular vectors of Y
8: d←

[
d2(U (t), X1), . . . , d2(U (t), Xm)

]
9: r(t) ← updateDirection(d)

10: δf ← 2ε
11: while δf ≥ ε do
12: t← t+ 1
13: γ(t) ←

(
γ(t−1) + αr(t−1))/||γ(t−1) + αr(t−1)||1

14: Y ← [√γ1X̌1,
√
γ2X̌2, ...,

√
γmX̌m]

15: U (t) ← k first left singular vectors of Y
16: d←

[
d2(U (t), X1), . . . , d2(U (t), Xm)

]
17: δf ← maxi d(i)−

√∑
i γid(i)

18: r(t) ← updateDirection(d)
19: f

(t)
l ←

∑
i γ

(t)di
i

20: while f (t)
l < f

(t−1)
l and α > αmin do

21: α← α/2
22: γ(t) ←

(
γ(t−1) + αr(t−1))/||γ(t−1) + αr(t−1)||1

23: Y ← [√γ1X̌1,
√
γ2X̌2, ...,

√
γmX̌m]

24: U (t) ← k first left singular vectors of Y
25: d←

[
d2(U (t), X1), . . . , d2(U (t), Xm)

]
26: r(t) ← updateDirection(d)
27: f

(t)
l ←

∑
i γ

(t)di
i

28: end while
29: α← βα
30: end while
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3.3.3 Projected subgradient
We consider here the formulation using d = dsinφ:

min
U

max
i

(
fi(U) = k − TrU>X̌iX̌

>
i U
)

(3.23)

s.t. U>U = I.

This formulation is not differentiable everywhere, but the points where the
objective function gradient cannot be computed are easily identifiable; they
are the ones where at least two Xi’s realize the maximum dissimilarity from
U . The subdifferential is easy to compute at such points. By Equation (3.12)
we have

∂f(U) = conv {∇fi(U)|i ∈ If (U)} = conv
{
−2XiX

>
i U |i ∈ If (U)

}
,

with If (U) representing the set of indexes for which fi(U) = maxj fj(U).
To take into account the U>U = I constraint, we can use Theorem 3.3.1

that gives sufficient conditions for convergence of a subgradient method in a
convex constrained case.

Theorem 3.3.1 (Subgradient method in convex case). [23, Section 3.2] Let
us consider the problem

min
x∈Dx

f(x)

with Dx a closed convex set, f : Rp 7→ R convex, and updates of the form

x(t+1) ← PDx

(
x(t) − α(t)g(t)

)
with g(t) any subgradient of f at x(t), α(t) a positive step size and PDx(·) the
projection on the set Dx (with respect to the standard Euclidean norm). If it
exists some scalar c such that

c ≥ sup
{
||g(t)|| |t = 0, 1, . . .

}
,

and the α(t) satisfies

lim
t→∞

α(t) = 0,
∞∑
t=0

α(t) =∞,
∞∑
t=0

(α(t))2 <∞,

then, for Dx nonempty,

lim
t→∞

inf f(x(t)) = inf
x∈Dx

f(x).

To apply Theorem 3.3.1, we need to verify the following assumptions:

− Dx is a closed convex set,
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− PDx(.) is a projection onto the set Dx,

− there exists some scalar c such that c ≥ sup
{
||g(t)|| |t = 0, 1, . . .

}
,

− f(U) is convex,

with Dx =
{
U |U>U = I

}
, g =

∑
i−2wiXiX

>
i U for some wi ≥ 1 such that∑

i wi = 1, and f(U) = maxi k − TrU>XiX
>
i U .

Optimization on a closed convex set. We can rewrite Problem (3.23) as
an optimization problem on a closed convex set. This is easily done by relaxing
the constraint Y >Y = I to the closed convex set Y >Y � I will not change the
optimal solution:

arg min
Y >Y�I

−Tr(Y >XX>Y ) = arg min
Y >Y=I

−Tr(Y >XX>Y ).

.
Indeed, if UY ΣY V >Y is a k-truncated SVD decomposition Y , we have:

I − Y >Y � 0
VY V

>
Y − VY Σ2

Y V
>
Y � 0

VY (I − Σ2
Y )V >Y � 0

Σ2
Y (i, i) ≤ 1 ∀ i.

Rewriting the objective function gives

Tr(Y >XX>Y ) = Tr(VY ΣY U>Y XX>UY ΣY V >Y )
= Tr(Σ2

Y U
>
Y XX

>UY )

=
∑
l

Σ2
Y (l, l)

(
U>Y (:, l)XX>UY (:, l)

)︸ ︷︷ ︸
≥0

which is maximal if ΣY (l, l) = 1 for all l, that is Y >Y = I. Observe that the
set

{
U ∈ Rp×k|U>U � Ik

}
is the (closed) unit spectral ball, and corresponds

to the convex hull of the Stiefel manifold [2].

Projection. The projection of Z = U − αg onto the set

Dx =
{
Y |I − Y >Y = 0

}
can be simply done by putting all singular values of Z to one. This is equivalent
to taking an orthonormal basis Q of span(U − αg):

Q∗ = arg min
I�Q>Q

||Z −Q|| = PDx (U − αg)
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Indeed, let UZDZV
>
Z be the SVD of Z. We first show that DZ(i, i) ≥ 1 for

all i. Then we show that PDx (Z) = UZD̃ZV
>
Z with D̃Z(i, i) = min(DZ(i, i), 1).

We can write

Z =
(
I + 2

∑
i

wiXiX
>
i

)
U =

(
I +AA>

)
U

Z>Z = U>
(
I +AA>

) (
I +AA>

)
U

= I + U>AA>AA>U + 2U>AA>U︸ ︷︷ ︸
B

with A =
√

2
[√
w1X1 . . .

√
wmXm

]
. By Weyl’s Theorem [21, Theorem

8.4.11], as I and B are symmetric we have that

λl(I) + λmin(B) ≤ λl(I +B) ≤ λl(I) + λmax(B)

where λl(X) represents the lth higher eigenvalue of X. As B is semidefinite
positive, we have

1 ≤ 1 + λmin(B) ≤ λi(Z>Z)

and DZ [i, i] =
√
λi(Z>Z) ≥ 1.

With Q = UQDQV
>
Q the SVD of Q, DQ[l, l] = dl in ]0 1], vl and ul the lth

column of VQ and UQ:

arg min
Q>Q�I

||Z −Q||2 = arg min
Q>Q�I

TrZ>Z + TrQ>Q− 2 TrZ>Q

= arg min
U>
Q
UQ=I,V >

Q
VQ=I,di∈]0 1]

TrD2
Q − 2 TrV >Q Z>UQDQ

= arg max
U>
Q
U=I,V >

Q
VQ=I,di∈]0 1]

∑
l

dl

(
v>l Z

>ul −
dl
2

)
.

As dl ≥ 0, we want to maximize v>l Z>ul, and so ul is a left singular vector
of Z, vl a right singular vector, and v>l Z>ul = σl the corresponding singular
value. The problem becomes

arg max
di∈]0 1]

∑
l

dl

(
σl −

dl
2

)
which is maximized with dl = min(σl, 1). So

PDx (Z) = UZD̃ZV
>
Z

with UZDZV
>
Z the SVD of Z, and D̃Z [i, i] = min(DZ [i, i], 1).
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Bounded subgradient. The bound on subgradient is easily checked. We
have that

||g(t)|| = ||
∑

i∈If (U(t))

−2wiXiX
>
i U

(t)||

≤
∑

i∈If (U(t))

2wi||XiX
>
i U

(t)|| =
∑

i∈If (U(t))

2wi
√∑

kl

(XiX>i U
(t))2

kl

≤
∑

i∈If (U(t))

2wi
√∑

kl

(pni)2

≤ 2pni
√
pk

as 0 ≤Wi ≤ 1 for all i and X>i Xi = Ini , U (t)TU (t) = Ik, so all elements in the
Xi’s and U (t) are in [−1, 1].

Convexity. Unfortunately, f is not convex. We can however say from Theo-
rem 3.3.2 that using a subgradient approach with appropriate step size within
a locally convex region will converge to a local minimum, if the iterates stay in
this locally convex region.

Theorem 3.3.2. [15] Let f be an almost differentiable function with subgra-
dient gf (x) and let x∗ be its local minimum point such that

f(x∗) = min
x∈Br

f(x)

with Br = {x : ||x− x∗|| ≤ r}. Suppose that for any ε satisfying 0 < ε < r one
has

inf
x∈Br\Bε

(gf (x), x− x∗) > 0.

If ||x0 − x∗|| ≤ r then the sequence
{
x(t)}∞

t=0 generated by

x(t+1) =
{
x̄(t+1) if x̄(t+1) ∈ Br,
x0 if x̄(t+1) /∈ Br

where
x̄(t+1) = x(t) − α(t) gf (x(t))

||gf (x(t))||
,

α(t) > 0, lim
t→∞

α(t) = 0,
∞∑
t=0

α(t) = +∞,

converges to x∗ .
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3.3.3.1 Algorithm

While the objective function is not convex, we can still propose a subgradient
approach based on Theorem 3.3.1, described in Algorithm 15. We initialize with
a point in the convex set of {X1, ..., Xm} (lines 5-6). While the error is too
large, we determine which points are at maximal dissimilarity from the current
iterate, with some tolerance εd (line 14). From those points we compute a
subgradient (line 15), compute the next iterate (line 16) and project it onto the
set of orthogonal matrices (lines 17-18). As convex combination to compute the
subgradient in line 15 we propose to take the mean of all ∇fi(U) for i ∈ If (U):

g(t) ← − 2
|If |

∑
i∈If

XiX
>
i U

(t).

Lines 17-18 of Algorithm 15 can be interpreted as a projection on a closed
convex set that is the convex hull of Stiefel. When only one Xi is at maximal
dissimilarity from the current iterate, the idea is similar to Algorithm 10: the
current iterate is updated in the direction of the furthest Xi.

To apply Theorem 3.3.2, we have to ensure that the iterates stay in a
locally convex region to avoid a possible switch from one convex region to
another. Practically, using Algorithm 15 we observe that the objective function
is always decreasing, but slowly (see Section 3.4). An example of the behavior
of Algorithm 15 on data generated using model (3.3) is shown on Figure 3.10
for various values of (a, b). We can see that in the case values (a, b) = (2, 1),
which give more weight to the subgradient, improve the convergence but also
help the apparition of local increases in the objective function (like around
t = 100s). In more extended tests in Section 3.4 we use Algorithm 15 with
(a, b) = (1, 1) to mimic Algorithm 10.
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Figure 3.10: Example of the evolution of the objective function using Algo-
rithm 15 on data generated using model (3.3) for various values of (a, b).
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Algorithm 15 Subgradient approach to compute the minimax center in
G(k, p).
Require: data X1, ...,Xm, step size parameters (a, b), tolerance to maximal

dissimilarity εd, stopping criterion tol
1: for all Xi do
2: t← 1
3: X̌i ← orthonormalBasis(Xi)
4: end for
5: Y ← [X̌1...X̌m]
6: U (0) ← k first left singular vectors of Y
7: for all X̌j do
8: d

(0)
j ← dsinφ(U (t), X̌j)

9: end for
10: dsorted ← sortdecreasing(d(0))
11: err(0) ← dsorted(1)− dsorted(2)
12: t← 1
13: while err(t−1) ≥ tol do
14: If ←

{
i|maxj d(t)

j − d
(t)
i ≤ εd

}
15: g(t) ← −ConvexCombination

(
XiX

>
i U

(t), i ∈ If
)

16: Utmp ← U (t−1) − a
b+tg

(t)

17: AΣB> ← SVD(Utmp)
18: U (t) ← AB>

19: for all X̌j do
20: d

(t)
j ← dsinφ(U (t), X̌j)

21: end for
22: dsorted ← sortdecreasing(d(t))
23: err(t) ← dsorted(1)− dsorted(2)
24: t← t+ 1
25: end while
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Stationary points. Using Algorithm 15, the iterates do not change anymore
if we have U (t+1) = U (t), that is if

g(t) =
∑
i

−2wiXiX
>
i U

(t) = 0

⇔ U (t)⊥Xi ∀i,

which corresponds to a maximum, or

span(U (t)) = span(U (t+1))

that is, there exists an invertible matrix B such that

U (t)B = U (t+1) = (I −
∑
i

−2wiXiX
>
i )U (t).

B is then symmetric. This corresponds to the KKT conditions (3.18) and we
are at a critical point.

3.3.4 Descent direction
To avoid the possible intermediate increases of the objective function seen in
Figure 3.8, we propose here a feasible direction method using a manifold ap-
proach.

Recall from Section 3.1.3.2 that we want to find a subspace U belonging to
G(k, p), the set of subspaces of dimension k in Rp. This U should be represen-
tative of all the subspaces Xi = span(Xi) ∈ G(ni, p), that is we are looking for
U∗ such that

U∗ = arg min
U

max
i
d2(U ,Xi)︸ ︷︷ ︸

:=f(U)

(3.24)

where d(U ,X ) is a dissimilarity measure between U and X . We consider the dis-
similarity dφ(X ,U) =

√∑
φ2
l (U ,X ). This dissimilarity reduces to the canoni-

cal distance on the Grassmann manifold when U and X have the same dimen-
sions.

3.3.4.1 General idea

Let U be the current iterate and Ũ the next one. We want to find Ũ such that,
if U is not a minimum, the objective function f(U) = maxi d2

φ(U,Xi) decreases:

f(U)− f(Ũ) > 0

with Ũ = Ũ (U, ξ, α), where ξ is a descent direction and α an associated step
size. To find such (α, ξ) we will use an upper bound of the objective function in
the tangent space using Topogonov’s theorem (see Theorem 3.2.2). Hence if the
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upper bound in tangent space decreases enough, the initial objective function
on the manifold decreases too.

As the Grassmann manifold has a lower bound κ = 0 [154] for sectional
curvature, we can use Topogonov’s Theorem withM2

κ =M2
0 = R2 (Euclidean

space) on the hinge made by the geodesics from U to Xi, and from U to Ũ (see
Figure 3.11).

Figure 3.11: Illustration of Topogonov’s theorem

We will use the following notation for various objects in the tangent space
to the Grassmann manifold at U (which is a Euclidean space):

− Ue = 0 the origin of the tangent space in U

− Ũe = LogU Ũ

− Xe
i = LogU Xi

− φi = ](Xe
i U

eŨe) the angle between vectors UeXe
i and UeŨe.

By definition of Log, we have d(Ue, Ũe) = dφ(U, Ũ), d(Ue, Xe
i ) = dφ(U,Xi)

and ](Xe
i U

eŨe) = ](XiUŨ) = φi. Note that d(A,B) with A, B in Euclidean
space represents the usual Euclidean distance d(A,B) =

√
Tr(A>B). By To-

pogonov’s theorem, we then have dφ(Ũ ,Xi) ≤ d(Ũe, Xe
i ). So if d(Ũe, Xe

i ) ≤
d(Ue, Xe

i ) then dφ(Ũ ,Xi) ≤ dφ(U,Xi).
Given an update direction ξ ∈ Rp×k, ||ξ|| = 1, such that Ũ = ExpU αξ, by

Topogonov’s theorem and the cosine law, we have the following upper bound:

d2
φ(Ũ ,Xi) ≤ d2(Ũe, Xe

i )
= d2(Ue, Ũe) + d2(Ue, Xe

i )− 2d(Ue, Ũe)d(Ue, Xe
i ) cosφi

= d2
φ(U, Ũ) + d2

φ(U,Xi)− 2dφ(U, Ũ)dφ(U,Xi) cosφi
= α2||ξ||2U + ||LogU Xi||2U − 2α 〈LogU Xi, ξ〉U (3.25)

with d the Euclidean distance, and equality for α = 0. If we can find a pair
(α, ξ) such that the upper bound (3.25) is strictly less than d2

φ(U,Xi), then we
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have d2
φ(Ũ ,Xi) < d2

φ(U,Xi). So if

(α∗, ξ∗) = arg min
α,||ξ||=1

max
i
α2||ξ||2U + ||LogU Xi||2U − 2α 〈LogU Xi, ξ〉U︸ ︷︷ ︸

=hi(α,ξ)

(3.26)

is such that α2||ξ∗||2U + ||LogU Xi||2U − 2α∗ 〈LogU Xi, ξ
∗〉U < d2

φ(U,Xi), we can
decrease the objective function.

Find step size α. Once ξ is fixed, finding optimal α is quite easy as (3.26)
is convex in α. Such a α > 0 exists if for all Xf realizing the maximum the
tangent in α = 0 is negative , i.e. ∂hf

∂α (α = 0, ξ) < 0. So we need

〈LogU Xf , ξ〉U = Tr
(
LogU X>f ξ

)
> 0

for all Xf ’s. If this condition does not hold, we cannot decrease the objective
function in direction ξ.

Find descent direction ξ. First, note that since we can move arbitrarily a
bit away from the Xj ’s not realizing the maximum without affecting f(Ũ), we
do not have to take them into account when computing ξ. So we consider only
the points Xf for f ∈ If = {j|dφ(U,Xj) = maxi dφ(U,Xi)}.

From Equation (3.26), since we consider α ≥ 0, we should have

〈LogU Xf , ξ〉U > 0

for all f ∈ If to be able to decrease the objective function. This is equivalent
to cosφf > 0 for all f ∈ If as ||ξ|| = 1 and ||LogU Xi|| = ||LogU Xj || for all
i, j ∈ If . So if we find a hyperplane H passing through U such that all points
LogU Xf are in the same half-space (excluding H), then taking ξ as the normal
to H we have cos(φf ) > 0, that is, the normal to H will be a descent direction.
Ideally, we want to maximize this quantity, that is

ξ = arg max
||ξ||=1

min
f∈If

cosφf ||ξ|| ||LogU Xf ||

= arg max
H

min
f∈If

d(LogU Xf , H) (3.27)

with H the hyperplane passing trough the origin U and with normal ξ (i.e.
such that 〈x, ξ〉U = 0). By d(LogU Xf , H) we mean the distance between point
LogU Xf and its projection on the hyperplane H. This problem is equivalent to
computing the separating hyperplane H∗ that maximizes the margin between
the origin and the Xf ’s (see Figure 3.12): this is a special case of the well-
known SVM problem (for more details on SVM, see for example [24, Chapter
7]).

Observe that if a separating hyperplane H exists, by construction ξ will be
in the cone defined by all LogU Xf and can be seen as a (scaled) subgradient
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Figure 3.12: Illustration of the equivalence between solving Equation (3.27)
and SVM

of f .

Stopping criterion. The nonconvexity of Problem (3.24) makes it harder
to solve it globally, so a reasonable objective would be to stop at least close to
a critical point. In propositions 3.3.3 and 3.3.4 we give a criterion for a critical
point. We then propose in definition 3.3.2 a criterion for a “safely” noncritical
point. A point U is called critical if 0 is a subgradient of f in U .

Proposition 3.3.3. U is a critical point of Problem (3.24) if

0 ∈ conv
{
Xe
f : dφ(U,Xf ) = max

j
dφ(U,Xj)

}
with Xe

i = LogU Xi.

Proof. U is a critical point of f if 0 ∈ ∂f(U) [128, Theorem 10.1]. As f(U) =
maxi fi(U) with fi(U) = d2

φ(U,Xi), we have [43]

∂f(U) = conv {∇fi(U) : f(U) = fi(U)}

with ∇fi(U) = −2 LogU Xi [6]. And 0 ∈ conv {−2 LogU Xi : f(U) = fi(U)} is
equivalent to 0 ∈ conv

{
Xe
f : dφ(U,Xf ) = maxj dφ(U,Xj)

}
.

Definition 3.3.1. A hyperplane H with normal h is separating two sets of
points A and B if it exists c > 0 such that such that 〈a, h〉 > c and 〈b, h〉 < c
for all a ∈ A and all b ∈ B.
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Proposition 3.3.4. The point 0 belongs to the convex hull of the Xe
f ’s, that

is 0 ∈ conv
{
Xe
f : dφ(U,Xf ) = maxj dφ(U,Xj)

}
iff there does not exist a sepa-

rating hyperplane between 0 and those Xe
f .

Proof. Saying that there exists a separating hyperplane between 0 and the
Xe
f ’s is equivalent to saying that (using the usual SVM formulation) there

exist ξ ∈ Rkp, b ∈ R such that

ξ> vec(Xe
f )− b ≥ 1 ∀f (3.28)

ξ> vec(Ue)− b ≤ −1. (3.29)

where vec(X) is the vectorization of X. Since we are working in the tangent
space TUM to U , we have Ue = 0. Hence, we readily obtain that (3.28)-(3.29)
is equivalent to

ξ>Xe ≥

2
...
2

 = vec(2)

with Xe = [vec(Xe
f1

)... vec(Xe
fF

)] ∈ Rkp×F . We also have that 0 belongs to the
convex hull of the Xe

f ’s iff there exists β ∈ RF such that βj ≥ 0,
∑
βj = 1 and

Xeβ = 0. So proving the proposition is equivalent to proving that

∃β ∈ RF s.t. βj ≥ 0,
∑

βj = 1, Xeβ = 0⇔6 ∃ξ ∈ Rkp s.t. ξ>Xe ≥ vec(2)

which is easily proved using Gordan’s Theorem [21, Fact 4.11.5].

We will make use of the following robust version of noncritical points.

Definition 3.3.2. For some 1 > δ > 0 and π
2 > θ > 0, U is a (δ, θ) noncritical

point if it exists W ∈ TUG such that all the LogU Xi = Xe
i are outside the

closed region

SU = {η ∈ TUG : (1− δ)RU ≤ ||η||U ≤ RU and ](W, η) ≥ π

2 − θ},

with Ru = maxi dφ(U,Xi) and cos](W, η) = 〈W, η〉 ||W || ||η|| using the usual
Euclidean scalar product.

Illustrations of (non) critical points and their (δ, θ) approximations are
shown on Figure 3.13.

Proposition 3.3.5. Every (δ, θ) noncritical point of (3.24) is a noncritical
point of (3.24). Conversely, every noncritical point of (3.24) is a (δ, θ) non-
critical point of (3.24) for some (δ, θ) small enough.
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Critical point Noncritical point

(δ, θ) critical point (δ, θ) noncritical point

Figure 3.13: Illustrations of (non) critical points and their (δ, θ) approximations
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Proof. The first claim is direct. For the second, let

δ = 1− maxi{d(U,Xi) < maxj d(U,Xj)}
maxj d(U,Xj)

,

θ = π

2 − min
ξ∈TUG

max
i
{](ξ,Xi) : d(U,Xi) = max

j
d(U,Xj)}.

Algorithm. We detail in Algorithm 16 the proposed procedure to solve prob-
lem (3.24). We first initialize U with an SVD of the concatenation of orthonor-
mal basis of the Xi (lines 4-5). We then consider the Xf ’s far enough from U ,
and compute a hyperplane separating them from U = 0 (lines 7-9). This hyper-
plane, and its normal ξ, can be found using any SVM implementation. We can
either use a hard-margin SVM, or a soft-margin and check the θ conditions. If ξ
is such that ](ξ,Xi) < π

2−θ for all i such that d(U,Xi) ≥ (1−δ) maxj d(U,Xj),
then we update U in the direction ξ. The step size is set as the minimum of
the corresponding convex upper bound (lines 11-12).

Algorithm 16 Descent direction approach to compute the minimax center in
G(k, p) as a (δ, θ) critical point of Problem (3.24).
Require: Dimension k, stopping criterion (δ, θ), data X1, . . . , Xm

1: for all Xi do
2: X̌i ← orthonormalBasis(Xi)
3: end for
4: Y ←

[
X̌1, . . . , X̌m

]
5: U ← k first left singular vectors of Y
6: while U a (δ, θ) noncritical point do
7: If ← {f |dφ(U,Xf ) ≥ (1− δ) maxi dφ(U,Xi)}
8: Xe

i ← LogU Xi for all i

9: ξ ← normalOfSeparatingHyperplane
(
U,
{
Xe
f

}
f∈If

)
10: if 〈Xef ,ξ〉

||Xe
f
|| ||ξ|| > sin θ ∀ f ∈ If then

11: α∗ ← arg minα maxi α2||ξ||2U + ||Xe
i ||2U − 2α 〈Xe

i , ξ〉U
12: U ← ExpU (α∗ξ)
13: else
14: U∗ ← U
15: Break
16: end if
17: end while

In the two-dimensional Euclidean case, our approach reduces to the feasi-
ble direction approach of [73], which is equivalent to the Chrystal-Peirce al-
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gorithm [36] with a specific choice of direction and which is guaranteed to
converge in a finite number of steps. The difficulty in higher dimension is to
compute a feasible direction, that we solve here by interpreting the problem as
an SVM. In Euclidean space of higher dimension, our approach is analogous to
that in [49], where the set of points on the boundary of the ball are our Xi’s
such that d(Xi, U) ≥ (1 − δ) maxj d(Xj , U). The points to drop are the ones
not considered as support vectors. The update direction is then the same as
the separating hyperplane normal.

3.3.4.2 Convergence analysis

We now show that our proposed algorithm converges to a (δ, θ) critical point
with probability one. For this we first prove in Proposition 3.3.6 that if U is a
(δ, θ) noncritical point, Algorithm 16 can construct Ũ(α, ξ) with Algorithm 16
such that f(U) − f(Ũ(α, ξ)) ≥ ε > 0 where epsilon depends on (δ, θ) and
linearly on R2 = f(U). It is shown in Proposition 3.3.8 that any point in a
sufficiently small neighborhood of a (δ, θ) noncritical point is a (δ, θ) noncritical
point. We can then show in Proposition 3.3.9 that for any (δ, θ) noncritical
point there exists a neighborhood where the decrease of the objective function is
bounded away from zero. We finally use a proof based on Polak’s theorem [115,
Section 1.3, Th. 3] to show in Theorem 3.3.10 that with probability one every
accumulation point constructed by Algorithm 16 is a (δ, θ) critical point.

Proposition 3.3.6. Let consider Problem (3.24). For all U not a (δ, θ) crit-
ical point, there exist a descent direction ξ and a step size α > 0 such that
f(U)− f(Ũ(α, ξ)) ≥ ε > 0 with

ε = R2 sin2 θmin
{

(1− δ)2,
δ(2− δ)

(sin θ + 1)2

(
1 + 1

sin θ −
δ(2− δ)

4(1− δ)2 sin2 θ

)}

for R = maxi dφ(Xi, U). Algorithm 16 realizes such a (ξ, α) pair.

Proof. Let’s note R2 = maxj d2
φ(U,Xj) = f(U). As U is not a (δ, θ) critical

point, it exists W ∈ TUG such that ](W,Xi) < π
2 − θ for all i such that

d(U,Xi) > (1 − δ)R. We will show that ξ = W is a descent direction: let’s
take ExpU W as the update direction on the Grassmann manifold and define
Ũ(α) = ExpU (αW ) as the new iterate.

For any Xi, let’s consider the tangent plane generated by W and Xe
i =

LogU Xi, with the origin in U . As the sectional curvature of the Grassmann
manifold is lower bounded by κ = 0 [154], by Topogonov’s theorem we know
that

dφ(Xi, Ũ(t)) ≤ d(Xe
i , Ũ

e(α)) = d(Xe
i , αW ).

By the cosine law, we have

d2(Xe
i , αW ) = α2||W ||2 + ||Xe

i ||2 − 2α cosφi||W || ||Xe
i ||
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with φi the (acute) angle between W and Xe
i . We want to find α such that

f(U)− f(Ũ(α)) = R2 −max
i
d2
φ(Xi, Ũ(α)) ≥ ε > 0.

That is we want for all i

R2 − d2
φ(Xi, Ũ(α)) ≥ R2 − d2(Xe

i , αW ) ≥ ε > 0 (3.30)

or

d2(Xe
i , αW ) = α2||W ||2 + ||Xe

i ||2 − 2α cosφi||W || ||Xe
i || ≤ R2 − ε

with ε > 0.

Without loss of generality let us consider ||W || = 1. Depending on Xi we
have three possible cases:

A. ||Xe
i || ≥ (1−δ)R, and cosφi > sin θ > 0 as U is not a (δ, θ) critical point:

d2(Xe
i , αW ) < ga(α) = α2 +R2 − 2α sin θ(1− δ)R,

B. ||Xe
i || < (1− δ)R and cosφi ≥ 0:

d2(Xe
i , αW ) < gb(α) = α2 + (1− δ)2R2,

C. ||Xe
i || < (1− δ)R and cosφi < 0:

d2(Xe
i , αW ) < α2 + (1− δ)2R2 − 2α cosφi(1− δ)R

≤ gc(α) = α2 + (1− δ)2R2 + 2α(1− δ)R.

All those upper bounds have the same curvature with respectively a negative,
null and positive slope in t = 0. A possible plot of the three upper bounds is
shown on Figure 3.14 (left plot). We now show that it exists ε > 0 such that
we can find a α > 0 such that d2(Xe

i , Ũ(α)) < R2 − ε.

Maximum possible value for ε. To maximize the possible value for such
an ε, we should find

ᾱ = arg min
α

max (ga(α), gb(α), gc(α)) .
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0 0

General behavior of ga,
gb and gc

Case αA < αC Case αC < αA

Figure 3.14: Illustration of the possible cases when computing optimal step
size α.

Such a minimum is either at the intersection of ga with gc or gb, either at the
minimum of ga. Let’s define those points as

αA = min
α
ga(α) = R sin θ(1− δ),

αB = arg (ga(α) = gb(α)) = Rδ(2− δ)
2 sin θ(1− δ) ,

αC = arg (ga(α) = gc(α)) = Rδ(2− δ)
2(sin θ + 1)(1− δ) .

We can easily see that those three points are strictly positive and that ᾱ =
min (αA, αC) as αB ≥ αC .

If αA ≤ αC (see Figure 3.14, middle plot), we have

εmax = R2 − ga(αA) = sin2 θ(1− δ)2R2.

If αA > αC (see Figure 3.14, right plot), we have

εmax = R2 − ga(αC) = R2δ(2− δ)
(sin θ + 1)2

(
sin2 θ + sin θ − δ(2− δ)

4(1− δ)2

)
.

This value is strictly positive if sin2 θ + sin θ > 1
4

(
δ(2−δ)
(1−δ)2

)
, which holds as

αA > αC implies sin2 θ + sin θ > 1
2

(
δ(2−δ)
(1−δ)2

)
.

So taking
ᾱ = min {αA, αC}
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implies that

f(U)− f(Ũ(ᾱ)) ≥ R2 −max
i
d2(Xe

i , ᾱW ) = min
i
R2 − d2(Xe

i , ᾱW ) ≥ εmax

with

εmax = R2 min
{

(1− δ)2 sin2 θ,
δ(2− δ)

(sin θ + 1)2

(
sin2 θ + sin θ − δ(2− δ)

4(1− δ)2

)}

which is strictly positive. Finally, Algorithm 16 choses

α∗ = arg min
α

max
i
d2(Xe

i , αW ),

hence it finds U∗ such that

f(U)− f(U∗) ≥ R2 −min
α

max
i
d2(Xe

i , αW )

≥ R2 −max
i
d2(Xe

i , ᾱW )

≥ εmax > 0.

We will now prove in Proposition 3.3.8 that any point close enough to a (δ, θ)
noncritical point is also a (δ, θ) noncritical point using a continuity argument:
all points outside the closed set CŪ (δ, θ) will stay outside the closed set CU (δ, θ)
on Figure 3.15. For that we will need Proposition 3.3.7 that gives the necessary
conditions to have continuity of LogU X at U .

Proposition 3.3.7. Let M be a complete (connected) Riemannian manifold.
Then LogU X is continuous at U as long as X is not in the cut locus of U .

Proof. As f : x 7→ 1
2d

2(x, y) is C∞ on M\ Cut(y) [6] and ∇f = −Logx y [6]
(or [133, Chapter III, Proposition 4.8]), LogU X is continuous at U in X as
long as X is not in the cut locus of U .

Proposition 3.3.8. For all Ū a (δ, θ) noncritical point and such that Xi /∈
Cut(Ū) for all i, there exists 0 < ρ such that all U in Bρ(Ū) is a (δ, θ) non-
critical point, where Bρ(Ū) =

{
U : dφ(U, Ū) ≤ ρ

}
.

Proof. Let denote RA = maxi dφ(Xi, A). Since Ū is a (δ, θ) noncritical point,
there exists a closed region

SŪ = {η ∈ TŪG : (1− δ)RŪ ≤ ||η||Ū ≤ RŪ and ](WŪ , η) ≥ π

2 − θ}

such that Xe
i = LogŪ Xi /∈ SŪ for all i. We will prove by contradiction

that there exists a neighbourhood Bρ(Ū) ∈ G such that, for all U ∈ Bρ(Ū),
LogU Xi /∈ PU←Ū RURŪ SŪ for all i, where PU←Ū denotes the parallel transport
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Figure 3.15: Continuity of the closed set.

along the geodesic from Ū to U . Since PU←Ū is an isometry, it follows that
PU←Ū RURŪ

SŪ is a suitable regions for Definition 3.3.2 and then that U is a (δ, θ)
noncritical point.

Now, by contradiction, we suppose that there is a sequence (Uj) such that

− limj→∞ Uj = Ū and

− It exists Xij such that LogUj Xij ∈ PUj←Ū
RUj
RŪ
SŪ .

Restricting to a subsequence if necessary, we have LogUj Xi ∈ PUj←Ū
RUj
RŪ
SŪ

for a fixed i and for all j. Since LogUj Xi ∈ PUj←Ū
RUj
RŪ
SŪ , there is ηj ∈

RUj
RŪ
SŪ such that LogUj Xi = PUj←Ūηj . Further restricting to a subsequence

if necessary, we have that ηj converges to some η∗, which belongs to SŪ by
compactness of SŪ . Hence limj→∞ LogUj Xi = P Ū←Ūη∗ = η∗ ∈ SŪ . On the
other hand, by continuity of U 7→ LogU Xi at Ū , we have that

lim
j→∞

LogUj Xi = LogŪ Xi /∈ SŪ ,

a contradiction.
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Proposition 3.3.9. For all Ū a (δ, θ) noncritical point and such that Xi /∈
Cut(Ū) for all i, there exist ρ > 0 and ε > 0 such that

f(U)− f(Ũ) ≥ ε > 0

for all U in Bρ(Ū) and all Ũ generated from U by lines 7-12 from Algorithm 16,
where Bρ(Ū) =

{
U : ||U − Ū || ≤ ρ

}
.

Proof. It suffices to combine Propositions 3.3.6 and 3.3.8, and the fact that
the cut locus on the Grassmann manifold is closed (this follows from Defini-
tion 3.2.16).

Theorem 3.3.10. For a set of points S = {X1, . . . , Xm}, every accumulation
point of the sequence {Uq}q≥1 constructed by Algorithm 16 is a (δ, θ) critical
point of f , or it belongs to the zero measure set
{U ∈ G(k, p) : ∃i : U ∈ Cut(Xi)}.

Proof. The proof is an adaptation of Theorem 5.4 in [71], based on Polak’s
theorem [115, Section 1.3, Th. 3].

Suppose Ū is an accumulation point of Algorithm 16. Then there exist a
subsequence of {Uq}q≥1 converging to Ū , i.e., {Uq}q∈R, where R is the index
set of the subsequence. Suppose that Ū is not a (δ, θ) critical point of f and
that, for all i, Ū /∈ Cut(Xi). By Proposition 3.3.9 there exist 0 < ρ and 0 < ε
such that

f(Ur)− f(Ur+1) ≥ ε > 0,

for all r such that ||Ū − Ur|| ≤ ρ. Since {Uq}q∈R converges to Ū , there exists
a t ∈ R such that for all q ≥ t, q ∈ R,

||Ū − Uq|| ≤ ρ.

Thus for any two consecutive points Uq, Uq+s of the subsequence, with q,
q + s ∈ R; q ≥ t we have

f(Uq)− f(Uq+s) ≥ f(Uq)− f(Uq+1) ≥ ε > 0.

Thus, the sequence {f(Uq)}q∈R is not a Cauchy sequence so it does not con-
verge. On the other hand, since f is continuous and {Uq}q∈R converges to Ū ,
{f(Uq)}q∈R should converge to f(Ū). This is a contradiction, which proves
the theorem. The fact that {U ∈ G(k, p) : ∃i : U ∈ Cut(Xi)} has zero measure
follows from Definition 3.2.16.

Note that the previous convergence analysis holds for any complete Rie-
mannian manifold with a lower bound of 0 for its sectional curvature and with
a closed cut locus.
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3.3.4.3 Extension to Xi’s of different dimensions

In the Grassmannian case, if the Xi are of dimension greater than k, the whole
analysis can be easily extended using projections of Xi’s on G(k, p) instead of
the Xi’s themselves, using Proposition 3.1.1.

In Propositions 3.3.6 and 3.3.8, consider instead

Xe
i = LogU XiBi (3.31)

with AiDiB
>
i a thin SVD of U>Xi: by Proposition 3.1.1 we have

dφ(Xi, Ũ(α)) ≤ dφ(XiBi, Ũ(α)) and dφ(XiBi, U) = dφ(Xi, U).

Applying Topogonov’s theorem we have that dφ(XiBi, Ũ(α)) ≤ d(Xe
i , αW ).

To adapt Proposition 3.3.8, we need continuity of U 7→ LogU XiBi with
Bi = Bi(U) at Ū . That is, we need continuity of span(XiBi) in U as the
Log operator does not depend on the specific representation of the subspace.
It can be seen as PXi(U), the projection of [U 0p×(ni−k)] on Xi, which can be
computed as PXi(U) = XiX

>
i U . Indeed we can easily verify that span(XiBi) =

span(XiX
>
i U) that is, it exists C ∈ Rk×k invertible such that

XiBi = XiX
>
i UC

XiBi = XiBiDiA
>
i C

C = AiD
−1
i .

Matrix C is invertible by definition of Ai and Di as long as U>Xi is of full rank,
which implies that the kth largest principal angle between U and X should be
smaller than π

2 . As XiX
>
i U varies continuously with U , we have continuity of

span(XiBi).
The U computed using a modified version of Algorithm 16, where line 8

is replaced by Xe
i ← LogU XiBi as defined in Equation (3.31), is then also a

(δ, θ) critical point.

3.3.4.4 Variants for the descent direction and step size computation

Descent direction. Computing the Xe
i = LogU Xi’s for all the Xi’s on

the border is necessary to compute a descent direction ξ. In Algorithm 16,
we consider as ’on the border’ all Xi’s at dissimilarity greater or equal than
(1 − δ) maxi d(U,Xi). Considering this set of points ensures to find a descent
direction if we are not at (δ, θ) critical point. However, incorporating more
information coming from other points, that are not on the border yet but close
to and so will influence the descent direction ξ in future iterates, could help to
find a better ξ. This can be done using If defined as

If =
{
f |dφ(U,Xf ) ≥ (1− δ0) max

i
dφ(U,Xi)

}
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with δ0 ≥ δ. If no descent direction can be found with such a δ0, its value is
decreased until a descent direction exists or δ0 = δ.

Step size. In the step size computation α∗ = arg minα maxi d2(Xe
i , αW ), we

can avoid computing all the logarithms for the points not on the border by
using a looser upper bound on α obtained from the triangle inequality. For Xi

such that d(U,Xi) < (1− δi)R we have:

d(αW,Xe
i ) ≤ d(αW,U) + d(U,Xe

i )
≤ α+ (1− δi)R.

Decreasing ε as in Equation (3.30) leads to the bound

α ≤
√
R2 − ε−R+Rδi (3.32)

with ε < R2δi(2− δi), which does not require the computation of the LogU Xi.

So if we consider two sets of points I1 and I2 defined carefully, we can
take α∗ = min {αf ,minj∈I2 αj} with αf = arg minα maxi∈I1 d2(Xe

i , αW ) and
αj as in (3.32), the algorithm will converge to critical point. For example,
we can choose I2 = {i|d(U,Xi) < cmaxj d(U,Xj)} with c = 0.9 and I1 =
{1, . . . ,m} \I2. Of course we should have c ≤ (1 − δ). The trade-off is then
to choose between a large I1 which requires to compute a large number of
logarithms but gives a good t, and a large I2 which is cheaper to compute but
can imply a smaller α and so a smaller decrease of the objective function.

Algorithm. An implementation using these variants is described in Algo-
rithm 17. Lines 12 to 15 allow starting with δ0 > δ to take into account more
points in the computation of the update direction ξ. If such an update does
not exist then the current δi is decreased until reaching the limit value δ. The
optimal step size is computed using the limited number of points in If2 (line 18)
and then corrected if necessary (line 19).

An example of the behavior of Algorithm 17 on data generated using model
(3.3) is shown in Figure 3.16 when varying δ0 and in Figure 3.17 when vary-
ing c. All approaches converge to the same value. Increasing δ0 appears to
accelerate slightly the decrease in the objective function. Choosing a larger
c implies a faster decrease. The expense of taking into account more Xi’s in
the computation of the step size is compensated by a greater decrease in the
objective function. We use Algorithm 17 with δ0 = 10−2 and c = 0 in more
extended tests in Section 3.4.
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Algorithm 17 Improved descent direction approach to compute the minimax
center in G(k, p) as a (δ, θ) critical point of Problem (3.24).
Require: Dimension k, stopping criterion (δ, θ), data X1, . . . , Xm, parameter

0 ≤ c < 1 fixing the number of Xi used to compute the step size, initial δ0
with δ ≤ δ0 ≤ 1− c,

1: for all Xi do
2: X̌i ← orthonormalBasis(Xi)
3: end for
4: Y ←

[
X̌1, . . . , X̌m

]
5: U ← k first left singular vectors of Y
6: while U a (δ, θ) noncritical point do
7: δ̃ ← δ0
8: If ←

{
f |dφ(U,Xf ) ≥ (1− δ̃) maxi dφ(U,Xi)

}
9: If2 ← {f |dφ(U,Xf ) ≥ cmaxi dφ(U,Xi)} (on a donc If ⊂ If2)

10: Xe
f2 ← LogU Xf for all f ∈ If2

11: ξ ← normalOfSeparatingHyperplane
(
U,
{
Xe
f

}
f∈If

)
12: while exists Xf , f ∈ If s.t.

〈
Xe
f , ξ
〉
< 0 and δ̃ > δ do

13: δ̃ ← δ̃/2
14: If ←

{
f |dφ(U,Xf ) ≥ (1− δ̃) maxi dφ(U,Xi)

}
15: ξ ← normalOfSeparatingHyperplane

(
U,
{
Xe
f

}
f∈If

)
16: end while
17: if 〈Xef ,ξ〉

||Xe
f
|| ||ξ|| > sin θ ∀ f ∈ If then

18: αtmp ← arg minα maxi∈If2 t
2||ξ||2U + ||Xe

i ||2U − 2α 〈Xe
i , ξ〉U

19: α← min(αtmp, (1− c) maxi dφ(U,Xi))
20: U ← ExpU (αξ)
21: else
22: U∗ ← U
23: Break
24: end if
25: end while
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Figure 3.16: Example of the evolution of the objective function using Algo-
rithm 17 for c = 1 and varying δ0 on data generated using model (3.3).
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Figure 3.17: Example of the evolution of the objective function using Algo-
rithm 17 for δ0 = 10−2 and varying c on data generated using model (3.3).
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3.3.5 LogExp smoothing

An usual way to deal with nonsmooth function is to approximate it with a
smooth function. For a max function, we can use the LogSumExp (LSE) func-
tion:

LSE(x1, ..., xn) = log
(

n∑
i=1

exi

)
.

A smooth approximation of f(U,X1, ..., Xm) = maxi d2(U,Xi) is then given by

fµ(U,X1, ..., Xm) = µ log
(∑

i

e
d2(U,Xi)

µ

)
(3.33)

with parameter µ > 0. We have

fµ(U,X1, ..., Xm)− µ logm ≤ max
i
d2(U,Xi) ≤ fµ(U,X1, ..., Xm)

as µ log
(∑

i e
d2(U,Xi)

µ

)
≤ µ log

(
mmaxi e

d2(U,Xi)
µ

)
: a smaller µ gives a better

approximation of f .

The corresponding Euclidean gradient is

∂fµ
∂U

= − 2∑
b e

d2(U,Xb)
µ

(∑
a

e
d2(U,Xa)

µ XaX
>
a

)
U. (3.34)

Any Riemannian method applicable to smooth objective functions can then
be applied, such as the ones proposed in the ROPTLIB [66] or Manopt [25]
toolboxes. We used codes from Manopt, which proposes “a large library of
manifolds and ready-to-use Riemannian optimization algorithms” but only for
smooth cost functions.

We provided the cost function and the associated gradient to Manopt with
a choice of solver. If the µ value is small enough, the obtained solution should
be close enough to a critical point. We took the default trust region implemen-
tation of Manopt, starting with µ = 10e − 1. We then re-run the trust region
with decreasing µ = 10e[−2, . . . ,−7] each time initializing U with the solution
of the previous approximation. The corresponding algorithm is described in
Algorithm 18.
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Algorithm 18 LogExp smoothing on Stiefel approach to compute the minimax
center in G(k, p) .
Require: Dimension k, initial µ0, stopping criterion µ, data X1, . . . , Xm

1: for all Xi do
2: X̌i ← orthonormalBasis(Xi)
3: end for
4: Y ←

[
X̌1, . . . , X̌m

]
5: U ← k first left singular vectors of Y
6: µi ← µ0
7: while µi ≥ µ do
8: U ← ManoptTrustRegion

(
minU∈St(k,p) fµ(U,X1, ..., Xm), U0 = U

)
9: µi ← µi/10

10: end while

The use of exponential function in the cost function and gradient can lead
to computer overflow. We then use the trick of multiplying the exponential at
denominator and numerator in (3.34) by e−

d2
max
µ with dmax = maxa d(U,Xa).

The cost function (3.33) can also be rewritten as

fµ(U,X1, ..., Xm) = µ log
(∑

i

e
d2(U,Xi)−d

2
max

µ

)
+ d2

max.

An example of the behavior of Algorithm 18 on data generated using model
(3.3) is shown on Figure 3.18. One star ∗ corresponds to an iteration of the
algorithm while the dots correspond to the iterations of the trust region. An ex-
ample of the evolution of the radius for the corresponding trust region is shown
on Figure 3.19. Quite logically, initial larger values of the radius come with
greater decreases of the objective function. The radius globally decreases with
iterations: getting closer to a critical point and using an improving accuracy
of the approximation implies that the local model has to represent a sharper
transition between two Xi’s at maximal dissimilarity. We use Algorithm 18
with µ0 = 10−1, µ = 10−7 in more extended tests in Section 3.4.
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Figure 3.18: Example of the evolution of the objective function using Algo-
rithm 18 on data generated using model (3.3). A star ∗ corresponds to an
iteration of the algorithm (new µ value) while the dots correspond to the iter-
ations of the trust region (TR).
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3.4 Experiments
In this section we compare the performances of the proposed algorithms:

− Greedy: at each iteration, move in the direction of the furthest point
with a decreasing step size (Section 3.3.1, Algorithm 10).

− KKT : inspired from KKT conditions, try to find a convex combination
γ of the points such that

∑
i γid

2(U,Xi) = maxj d2(U,Xj) (Section 3.3.2,
Algorithm 14 with α = 1, β = 1.5, αmin = 10−10).

− Proj.SG: at each iteration, take as update direction the mean of all
subgradient associated to a point at maximal dissimilarity, then project
back on Stiefel (Section 3.3.3, Algorithm 15 with (a, b) = (1, 1)).

− Descent: at each iteration, compute the update direction and the step
size that will decrease the most an upper bound of the objective function
(Section 3.3.4, Algorithm 17 with (δ, θ) = (10−3, 10−3), c = 0, δ0 = 10−2).

− LogExp: minimize a smooth version of the objective function on Stiefel
using a trust region method in Manopt (Section 3.3.5, Algorithm 18 with
µ0 = 10−1, µ = 10−7).

We first test the algorithms on synthetic data in Section 3.4.1. We then apply
our minimax model on gene expression datasets in Section 3.4.2 and on a
parametric model order reduction problem in Section 3.4.3.

3.4.1 Synthetic data
To study the behavior of the algorithms, we generated datasets using the fol-
lowing two-step procedure. We first generated a reference subspace UcA in
G(kA, p). From UcA we generated three other subspaces U1, U2 and U3 each
at a distance R < Rmax =

√
kA

π
2 of UcA. Then from each of those the Uj ’s

we generated mj subspaces Yi as noisy versions of Uj (left side of Figure 3.20).
The minimax center of those Yi’s should then be close to UcA by construction.
We then added new dimensions to those Yi’s. For this we generated another
subspace UcB in G(kB , p), orthogonal to UcA. From UcB we generated m1 +m2
noisy versions Wi’s, and the remaining m3 subspaces are generated to be close
to orthogonality to UcB , i.e. at a distance close to Rmax =

√
kB

π
2 of UcB (right

side of Figure 3.20). Final subspaces are generated as Xi = span(Yi,Wi). We
took p = 1000, kA = 2, kB = 2 and [m1,m2,m3] = [6, 2, 2].

We compared the algorithms presented in this chapter, and stopped them
after maximum 30 seconds or sooner if the stopping criterion was reached. We
applied all algorithms to both dissimilarities and if an algorithm was designed
for one of the dissimilarities it is suitably modified when applied to the other
(see Table 3.3 for more details). We also compared to the subspace U obtained
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Figure 3.20: Illustration of the process generating the test data.

Algorithm Alg. nr. Diss. Stop. crit. Adaptation to other diss.
Greedy 10 dφ maxtime Use of dsinφ to compute obj. fct
KKT 14 dsinφ δf ≤ 10−3 Use of dφ to compute obj. fct + up-

date direction
Proj.SG 15 dsinφ maxtime Use of dφ to compute obj. fct + If
Descent 17 dφ δ ≤ 10−3,

θ ≤ 10−3
Use of dsinφ to compute obj. fct + If

LogExp 18 dsinφ µ ≤ 10−7 Use of dφ to compute obj. fct

Table 3.3: Algorithms compared.

when applying an SVD on all orthonormal basis concatenated:

U ← k first left singular vectors([X̌1, . . . , X̌m]) (3.35)

with Y̌ an orthonormal basis of span(Y ). This approach, denoted SV Do, will
select a subspace U such that [45]

U = arg min
U

∑
i

d2
sinφ(U,Xi).

SV Do can then be seen as computing the Grassmannian l2 center of mass,
while minimax computes the l∞ center.

Case 1: R < inj(M)
2 . We took R uniformly in π

4 [0.7 0.95], and the noisy ver-
sions at distances r1 ∼ U[0 0.2]∗R and r2 ∼ U[0 0.5]∗R of their clean counterpart.
This gives an estimate of the optimal objective value in R(1± 0.2), so (nearly)
all Xi’s are in the ball B(UcA, π4 ).

Figure 3.21 shows the mean evolution of the objective functions for the dif-
ferent methods, for both dissimilarities. The objective function is scaled by
R, an estimate of the optimal objective value. The final values should then
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be close to one to be optimal. We can see that in this easy configuration, all
methods converges to the same objective value. None of the implementations
of the algorithms were optimized for computational efficiency, however we can
see that the Greedy method decreases faster (in terms of time) than the oth-
ers. The flat part at the beginning shared by all methods corresponds to the
initialization step. An example of the evolution of the objective functions for
the various approaches is shown in Figure 3.22. We can see that the Greedy
approach tends to oscillate and the KKT approach does not always find a step
size decreasing the objective function at each iteration. In this example, in the
dφ case, the KKT method does not converge which explains the large standard
deviation in Figure 3.21.

In Figure 3.23 we can see the mean dissimilarities between the final solutions
provided by the various algorithms and the reference subspace UcA used to
generate the datasets. Values are scaled to be in [0, kA]. We also compared
to the subspace generated by the SV Do, that is taken as the initial iterate in
all methods. Nearly all methods recover UcA or are very close. SV Do gives
slightly worse results for both dissimilarities, and as expected from results of
Figures 3.21 and 3.22, KKT is on average quite far from UcA for dφ.

Case 2: R > inj(M)
2 . Here we investigate a harder case. We took R uniformly

in π
4 [1 0.8

√
kA]. Evolutions of the objective functions are shown in Figure 3.24.

In the dsinφ case, all methods give similar results, excepted Proj.SG. When
using dφ, the best results are obtained by the Greedy and Descent approaches,
followed by the Proj.SG and the LogExp and then KKT . Logically, the
various methods give better results when used to optimize the dissimilarity
for which they are designed. Greedy and Descent behave quite well in both
cases, with Greedy a bit faster. An explanation is that those two methods
are designed to minimize dφ, which is an upper bound of dsinφ. The Proj.SG
approach is not so good in both cases and requires more iterations. This could
probably be improved by chosing a better subgradient in the subdifferential set
as seen in Figure 3.10.

An example of the evolution of the objective functions is shown in Fig-
ure 3.25. For both dissimilarities the Proj.SG appears to need more time to
achieve the same decrease as the other algorithms. The large standard devia-
tion of KKT with dφ has the same explanation as in the previous case. For dφ,
LogExp often converges to the same result as Greedy and Descent but not in
all cases, which explains the wider standard deviation.

In Figure 3.26 we can see the mean dissimilarities between the final solutions
provided by the various algorithms and the reference subspaces UcA and UcB .
Since we have

∑
i d

2
sinφ(UcB ,Wi) <

∑
i d

2
sinφ(UcA, Yi), SV Do recovers UcB .

The best solutions are close to UcA.

Case 3: r1 = r2 = 0. We examine the case with r1 = r2 = 0, R = Rmax
and R uniformly in π

4 [1 0.8
√
kA], which implies that we know that the optimal
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Figure 3.21: Mean on 50 tests of the evolution of the objective functions for the
various methods for dφ and dsinφ, case 1. Shaded areas represent the standard
deviations.
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methods for dφ and dsinφ, case 1.

mean d
sin φ

2

U
cA

SV
D
o

D
es
ce
nt

G
re
ed
y

K
K
T

Lo
gE
xp

P
ro
j.
SG

UcA

SVDo

Descent

Greedy

KKT

LogExp

Proj. SG

0

0.02

0.04

0.06

0.08

0.1

0.12

mean d
φ

2
4/π

2

U
cA

SV
D
o

D
es
ce
nt

G
re
ed
y

K
K
T

Lo
gE
xp

P
ro
j.
SG

UcA

SVDo

Descent

Greedy

KKT

LogExp

Proj. SG

0

0.02

0.04

0.06

0.08

0.1

0.12

Figure 3.23: Mean of dissimilarities between the final U ’s for dφ and dsinφ, case
1.

130



3.4. Experiments

Figure 3.24: Mean on 50 tests of the evolution of the objective functions for the
various methods for dφ and dsinφ, case 2. Shaded areas represent the standard
deviations.
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Figure 3.25: Example of evolution of the objective functions for the various
methods for dφ and dsinφ, case 2.
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value is R. Results in this case are quite different.
Evolutions of the objective functions are shown in Figure 3.27. We can see

that for both dissimilarities, Greedy seems to be trapped at some stationary
point. Descent, LogExp and KKT give clearly the best final solutions for
dsinφ; Descent and KKT for dφ. Greedy still provides the fastest decrease in
the beginning. An example of the evolution of the objective functions for the
various approaches is shown in Figure 3.28. In Figure 3.29 we can see that the
best solutions recover UcA as expected, and that methods with similar objective
function value recover similar subspaces.

The behavior of Greedy could be explained by the fact that using the SV Do

subspace as initial iterate, here U (1) is a linear combination of theWi subspaces
that are orthogonal to the subspaces U∗ = UcA, U1, U2 and U3. By construction
U (1) is orthogonal to all those subspaces. At each iteration, the projections of
the Xi’s on G(k, p) using Proposition 3.1.1 are the corresponding Wi’s, which
are by construction orthogonal to U∗. U (t+1) is computed as a point on the
geodesic between U (t) and one Wi. Since any point on the Grassmannian
geodesic between two points orthogonal to U∗ stays orthogonal to U∗, the
iterates will never escape from the orthogonal complement to U∗.

This reasoning is still valid for Descent since the update direction is com-
puted as a linear combination of the Wi’s, and remains orthogonal to U∗.
We can speculate that the better behavior of Descent is probably due to the
presence of noise in the computation: if a descent direction is computed even
really close to orthogonality to U∗, but not exactly, then the iterate will be
able to move away from this orthogonal complement of U∗. This can be seen
in Figure 3.30. The first plateau of Descent corresponds to the plateau of
Greedy. The second steep decrease corresponds to bigger step sizes. Escaping
this orthogonal subspace can be facilitated for Greedy simply by initializing
randomly the first iterate, or adding noise to the update direction, as shown in
Figure 3.30.

We also investigated the importance of the choice of the update direction
(simple as in Greedy or locally optimal as in Descent) and of the step size
( 1
iter+1 as in Greedy or optimal as in Descent). In Figure 3.31 all four possible

combinations of update direction and step size for case 2 are compared. Using
greedy direction with optimal step size does not always converge, as opposed
to the three others possibilities. Greedy is still the fastest method.

Varying k. We also briefly investigated the influence of the dimension k
chosen on the results for case 2. Results are shown in Figure 3.32 for k from
1 to 4, with an optimal k∗ of 2 by construction. The final objective value is
scaled in order to not depend on k. We can see that while k ≤ k∗, the final
objective value of the best methods stays flat. Once the chosen k is too high,
as expected the objective value increases. Since it is not possible to find a
(k∗ + 1)th direction close to all subspaces at once the cost function increases.
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Figure 3.27: Mean on 50 tests of the evolution of the objective functions for the
various methods for dφ and dsinφ, case 3. Shaded areas represent the standard
deviations.
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Figure 3.28: Example of evolution of the objective functions for the various
methods for dφ and dsinφ, case 3.
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Figure 3.31: For dφ, case 2, comparison of evolution of the objective functions
for the methods Greedy, Descent, Greedy with optimal step size and Descent
with fixed step size.
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3.4.2 Example on gene expression datasets
We applied the Grassmannian minimum enclosing ball approach to the gene
expression datasets of Table 2.2. We used the same procedure as described in
Section 2.3.3.1, taking the basis U of Equation (2.9) as the minimax center
(computed using the descent direction approach).

We compared this approach, denoted Minimax to two other methods and
the case without batch effect removal method (None approach described in
Section 2.3.3). The first approach, denoted SV D, uses an SVD on the concate-
nation of all training batches to compute U :

U ← k first left singular vectors([X1, . . . , Xm])

where each Xi represents a batch in the training set. The second approach is
the SV Do as detailed previously in Equation (3.35). In Algorithm 4, the batch
effect free training and testing sets are then computed as their projections on
U using Equation (2.9). For the Minimax, SV D and SV Do approaches we
computed U of dimension k = [3, 5, 10].

We first computed a new basis U from all the batches of Table 2.2. Associa-
tions between batches or ER and genes represented in this new basis are visible
in Figure 3.33. Compared to the initial values (see plot ’None’ in Figure 2.6),
all methods increase the maximum R2 value associated to the ER factor, while
the association with batches decreases for some genes, but not all. Genes with
higher ER association tend to be less associated to batches, and vice-versa.
Taking higher values for k impacts less the R2 values.

We plotted the first two principal components of the datasets projected on
U in Figure 3.34. Those components still present a global clustering by batch,

135



Chapter 3. Grassmannian minimum enclosing ball

but less clearly than in the original case (see plot ’None’ in Figure 2.7). The
clustering by batch becomes clearer when increasing k.

Results using the same procedure as the one described in Section 2.3.3.1 are
shown in Figure 3.36 for each test dataset. Globally, datasets with only ER-
samples give bad results, probably due to the majority of ER+ samples in the
training sets, but slightly better than the methods tested in Section 2.3.4 (see
Figure 2.11). Datasets with only ER+ samples give slightly worse results than
the ones with both negative and positive ER samples. In the SV D method,
results for case k = 3 worsen the results as the first main components are
strongly linked to the batches. Increasing k improves the results of SV D,
but for a same k value the performances of SV Do and Minimax are better.
Minimax and SV Do give similar results: increasing k improves the perfor-
mances for datasets with a majority of ER+ samples, but decreases for the
ones with only ER- samples if k is too high.

More details of the effects of the various classifiers are illustrated in Fig-
ure 3.35. Each plot is representative of a the behavior of a group of datasets:
GSE1770596 for the datasets with only ER+, GSE532796 for the datasets with
only ER-, and GSE349496 for the others. When both classes are present, the
classifiers present similar performances, with the knn a bit worse for SVD and
None. When only one class is present in the test set, influence of the classifier
is bigger. If we rank those classifiers based on their performances the trends
flip from the ER+ only case to the ER- only one. In particular, RF appears to
be more sensitive to the change of class repartition.

Results using the subsampled datasets described in Table 2.3 are shown
in Figure 3.37. Using training sets with a higher proportion of ER- samples
worsens the performances on ER+ only datasets but improves significantly the
results for ER- only datasets. Minimax and SV Do behave similarly in that k
does not influence their BCR values, which are higher than those for SV D.

Working with associated subspaces helps to find first components less linked
to the batches than working with the different datasets themselves. The sim-
ilarity of the performances of SV Do and Minimax could be explained by the
fact that with those datasets, the l∞- and l2-centers of mass are close.

3.4.3 Example on parametric model order reduction

Extracting common information from merged datasets is not the only possible
use of the Grassmannian minimax algorithms introduced in Section 3.3. Here
we briefly present an application to model order reduction of parametric dy-
namical systems, where the goal is that the reduction technique performs well
over a given range of parameter values.
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Figure 3.33: R2 values between the gene expression values and the batches
versus the ER factor, for SV Do and Minimax approaches applied on all ag-
gregated dataset.
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Figure 3.34: Global evaluation of batch effects: plots of the first two princi-
pal components before and after representation in the new basis U for SV Do

and Minimax approaches. Colors represent the batch membership, o/+ cor-
responds to ER-/ER+ status. The percentage of variance explained by each
component is given in parenthesis.
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Figure 3.35: Influence of using SV D, SV Do and Minimax as batch effect
removal methods on BCR for the GSE349496 (ER+ and ER-), GSE1770596
(only ER+) and GSE532796 (only ER-) test datasets. Mean on all training
datasets and on all numbers of selected features.
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Figure 3.36: Influence of using SV D, SV Do and Minimax as batch effect
removal methods on BCR for the different testing datasets. Mean on all training
datasets, on all classifiers and on all numbers of selected features.
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Figure 3.37: Influence of using SV D, SV Do and Minimax as batch effect
removal methods on BCR for the different testing datasets when training set
is modified to have a higher proportion of ER- samples. Mean on all training
datasets, on all classifiers and on all numbers of selected features.
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Many physical systems can be represented as a system of differential equa-
tions:

ẋ = Ax+Bu x ∈ RN , N � 1. (3.36)
y = Cx+Du

or the corresponding representation in frequency domain by its transfert func-
tion H(s) = C(sI − A)−1B +D. This kind of system is usually studied using
numerical simulations, which can require large-scale models. To decrease the
associated computational burden, a reduced model can be used:

˙̂x = Âx̂+ B̂u x̂ ∈ RN̂ , N > N̂ > 1.
ŷ = Ĉx̂+ D̂u.

Ideally, the reduced model should preserve some important system properties
like stability or passivity, and the approximation error measured by ||y− ŷ|| or
||H− Ĥ|| should be small. Such models approximate the initial high resolution
simulations but are low-dimensional and so faster to solve.

One well-known method is balanced truncation that looks for matrices
(V,W ) such that the reduced order model

W>V ˙̂x = W>AV x̂+W>Bu

ŷ = CV x̂+Du

is a good approximation of system (3.36). Roughly, the system is first trans-
formed to a basis where the states which are difficult to reach are simultaneously
difficult to observe. This uses the reachability and the observability grami-
ans, which are solutions to the reachability and the observability Lyapunov
equations. Those states are then truncated. For more details on balanced
truncation, see for example [54, 20] and references within.

Equations (3.36) can depend on a set of parameters p representing for ex-
ample material properties, initial conditions or the system geometry:

ẋ = Apx+Bpu (3.37)
y = Cpx+Dpu.

As those parameters can vary, the reduced model should approximate the orig-
inal high resolution system with high fidelity over a range of parameters [20].
Here, we consider a set of parameter values P = {p1, ..., pm} for which we
know the associated projection subspaces V1,...,Vm, W1,...,Wm ∈ G(n,N). We
consider the case where we do not know the exact value of pnew, and so want
to compute unique reference values (Vref ,Wref ) that will approximate system
(3.37) well enough for any pnew in range [mini pi,maxi pi]. We compare three
approaches:
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3.4. Experiments

− Pick one value: choose a p = pi ∈ P and use projections

Vref = Vpi

Wref = Wpi ,

− Minimax: take

Vref = min
V

max
pi∈P

d2(V, Vpi)

Wref = min
W

max
pi∈P

d2(W,Wpi),

− SVDo: take

Vref = min
V

∑
pi∈P

d2
sinφ(V, Vpi)

Wref = min
W

∑
pi∈P

d2
sinφ(W,Wpi).

This is equivalent to selecting the first left singular vectors of the con-
catenation of all associated orthonormal basis [45], a method proposed
in [163] and [103, Section 5.2].

We also computed the standard reduced model by taking the exact best pro-
jections Vref = Vpnew and Wref = Wpnew . From the estimated Vref , Wref , we
then compute the corresponding reduced transfer function Hr(Vref ,Wref ) and
estimate the error by comparing it to the initial model using ||H(pnew)−Hr||∞
with ||H(jω)||∞ = supω σ1 (H(jω)) and σ1 is the maximum singular value.

We consider the system of stationary heat equation [137, 79]

∂u

∂t
−∇ (σ(ξ)∇u) = f in Ω× (0, T ) (3.38)

u = 0 on ∂Ω× (0, T )

with the heat conductivity coefficient

σ(ξ) =
{

1 + pi for ξ ∈ Di, i = 1, ..., 4
1 for ξ ∈ Ω\

(
∪4
i=1Di

)
with f a source term, Ω = [0, 4]2 and the Di’s are four discs of radius 0.5 and
centered in (1, 1), (1, 3), (3, 1) and (3, 3) as in Figure 3.38. Parameters pi vary
in [0.1, 10]4. This system is discretised for f = 1 using finite element method,
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1

Figure 3.38: Illustration of domain of system (3.38).

leading to the system

Eẋ = Aµx+Bu

y = Cx.

with Aµ = A0 +
∑4
i=1 µiAi. The order of the reduced model, k, is fixed as

25. We took P = {0.1, 2, 4, 6, 8, 10}, p = p1 = p2 = p3 = p4 and tested on
pnew = [0.1, 0.5 : 0.5 : 10].

Figure 3.39 shows the evolution of the objective function for the meth-
ods tested and Figure 3.40 shows the dissimilarities between the computed
representatives and the various (Vi,Wi)’s. SV Do gives a different result due
to (V0.1,W0.1) that is further away from the others (Vi,Wi)’s. Greedy and
Descent behave well in all cases. We know that the Descent method con-
verges to at least a stationary point so for the next experiments we use the
Descent implementation.

Results are shown in Figure 3.41 in logarithmic and linear scales for the
three considered methods and the standard approach. When picking one pa-
rameter value as reference the error logically decreases around this value. The
SV Do error is minimal around p = 4 while the minimax error is minimal
around p = 2.5. Most choices give good approximation on a large set of pa-
rameter values, but the error generally increases for p close to the bounds of
interval values, especially for p close to 0.1. The maximal errors on H for each
method are shown in dotted lines. We can see that the minimax approach be-
haves quite well on the whole range of parameter values tested, only the basis
corresponding to p = 2 gives better results. Without knowing a priori which
basis to choose as a reference, the minimax approach gives us a good idea on
which parameter value could minimize the worst case.

If we modify the training set P to p values as in Figure 3.42, we obtain
Figure 3.43, where we can see that as expected the minimax approach is less
sensitive to the set P than the SV Do one.
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3.5 Conclusion
In this chapter, we have proposed a formulation to extract the best common
subspace of a fixed dimension shared across various higher dimensional sub-
spaces. In contrast to the usual CCA-like methods, we minimize the maximal
dissimilarity and not the sum of the squared dissimilarities; we are then com-
puting a center. In contrast to the usual minimum enclosing ball problem,
we consider subspaces and not vectors in Rp, which allows us also to work
with a lower dimensional central subspace representing subspaces of various
dimensions. However, this problem is nonsmooth due to the minimax of the
objective function. Moreover, the use of subspaces implies that the problem is
constrained and nonconvex. To solve this nonsmooth nonconvex constrained
problem, we proposed five approaches based on two types of dissimilarities. We
have shown on synthetic data that all of the methods recover the expected cen-
tral subspace, except the projected subgradient (whose implementation could
probably still be tuned). We tested the minimax approach in the batch effect
removal procedure used in the previous chapter, which showed that for a fixed
dimension k, working with the associated subspaces instead of the datasets
themselves improves classification performances. We then tested the minimax
formulation on a parametric model order reduction and showed that our for-
mulation can be used to choose a unique representative minimizing the H∞
norm on a set of parameter values.

Comparison of the proposed methods. The first approach, Greedy, can
be seen as a greedy approach that at each iteration moves the current iterate in
the direction of the furthest point. Despite its simplicity, this approach works
quite well for both dissimilarities. It is the fastest on all of our tests, and
recovers the best solution in terms of objective function. The only exception is
in the special case without noise (Case 3 in Section 3.4.1) where this algorithm
appears to get stuck at a stationary point.

The second method proposed, KKT , is based on the interpretation of the
first order optimality conditions using dissimilarity dsinφ and can be seen as a
dual method. Compared to the previous greedy method, its main advantage
is to provide bounds on the objective function using the duality gap. While
the objective function evolution may show intervals where the value increases,
the method always recovers solutions that are among the best. Its behavior is,
however, more erratic with occasionally very large increases in the value of the
objective function if we consider the dissimilarity dφ.

The third proposed algorithm, Proj.SG, is a projected subgradient based
on the fact that while the objective function is not differentiable everywhere,
the nondifferentiable points are rare and at such points a subgradient can easily
be computed if we consider dissimilarity dsinφ. This method gives the worst
overall performance in our tests, however there are opportunities for significant
improvements in the choice of the specific subgradient and in the step size
choice.
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The fourth proposed method, Descent, minimizes at each iteration an upper
bound of the objective function (using dissimilarity dφ). This allows choosing
the locally best update direction and step size. Computing such best choices is
costly, however less iterations are needed to attain a similar objective function
value than the previous methods. This descent method is then a bit slower
than some other ones, but it recovers the best solution. An interesting feature
of this method is that we provide a convergence proof which guarantees that
the method stops close to a stationary point.

The last approach investigated, LogExp, optimizes a smoothed version of
the objective function for dsinφ using a trust region method in Manopt. The
level of accuracy in the approximation is decreased at each step to improve the
results. This method is among the best ones while not the fastest. Results are
less good when using dφ.

From our tests, we conclude that the best option in terms of final results
and speed for both dissimilarities is the greedy approach. The only drawback is
in the third case studied, without noise. However, in practice with real datasets
such a case is unlikely to happen, and the results could be used as an initial
point for the descent method and/or the KKT-based algorithms to evaluate
if we are close to a stationary point or not. While a bit slower, the Descent
method is also a good choice that provides some guarantees on convergence.

Other possible approaches. We have investigated five approaches, those
are not the only possible of course. Other approaches to solve nonconvex non-
differentiable constrained problem exist. For example, another manifold opti-
mization toolbox is ROPTLIB [66], a C++ library for Riemannian optimization
which also provides a Matlab-interface. Compared to Manopt, ROPTLIB has
the advantage to contain some implementations compatible with nonsmooth
cost function: a Riemannian BFGS, a Riemannian subgradient [62] and a Rie-
mannian gradient sampling [28, 63].

BFGS methods are quasi-Newton methods using the update formula

x(t+1) = x(t) + α(t)p(t)

with p(t) = −H(t)∇f(x(t)), and H(t) an approximation of the inverse of the
Hessian. A usual requirement is that the second-order approximation f̃ of f in
x(t) has its gradient matching the gradient of f in x(t) and x(t−1). If the BFGS
method does not encounter any nonsmooth point, it often converges to the
optimum. However such methods may fail with nonsmooth functions without
ad hoc adaptations like in the line search step [173].

The Riemannian subgradient implementation generalizes the Wolfe condi-
tions (see Section 3.2) to nonsmooth functions on manifold.

Gradient Sampling (GS) is a descent method adapted to nonsmooth prob-
lem. As explained in [28], the concept is quite simple, and is based on the fact
that nonsmooth functions encountered in practice are usually differentiable al-
most everywhere. Assuming that the function is locally Lipschitz continuous
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ensures that. So the function is differentiable at any randomly chosen point
x with probability one. The function is often not differentiable at local min-
ima, however it is generally possible to generate a sequence of iterates that will
converge to a stationary point. The difficulty with nonsmooth function is that
close to stationary points, the step size to ensure a decrease of the objective
function value can be really small, and lead to convergence to nonstationary
points. To avoid that, the GS method computes a descent direction at a point
x(t) based on its gradient ∇f(x(t)) and gradients of randomly chosen points
y

(t)
1 , ... , y(t)

k close to x(t). A line search is then used to find a step size.
Another quite simple approach could be to use successive linear approxima-

tions of the problem using Taylor approximations of Problem (3.8) using dsinφ.
At each iteration, the next iterate is computed as the minimum of the linear
approximation around the current iterate. As the orthonormality constraint
can be relaxed as a convex set, the problem is then an SDP convex optimiza-
tion problem that can be solved using for example the CVX toolbox in Matlab.
This is however heavy to solve due to number of constraints.

Still another possibility would be to use deflation: a first central subspace
of dimension one is computed, removed from each subspace, and the next
best central subspace is then computed. Such a deflation approach is used
in CCA-like methods, however as here we are minimizing a maximum there is
no guarantee that the best central subspace of dimension k is included in the
best central subspace of dimension k + 1.
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Conclusion and
perspectives

The capability to extract useful information from large datasets (in the context
of merging various datasets, but also in a larger context) is becoming a key
asset in bioinformatics and other fields. A global view of the entire process is
essential for an in-depth understanding of the final results and so to be able to
interpret and use it.

The first question to address to extract information from data is “What
are we looking for?”. This is an important step of the process as this will lead
to the precise formulation of the objective function. It is however not always
easy to answer to such a question as sometimes we are not sure of what exactly
is needed. It is important to keep in mind the final use of the result: who
will use it, in which context, what properties should have an ideal solution,
what do we know of the data and what does it imply. However, the major
objective of extracting information is to better understand those data. The
ideal is then to obtain a model which is simple and interpretable, based on
realistic hypotheses. Having a good insight of the data is then necessary if we
want to use more complex models. If the model is dependent on very specific
assumptions that are not met in practice, even the best algorithm will not give
useful results. Without any certainty, the best choice is to use the most simple
model possible: general hypotheses that cover a large enough range of possible
data, but also without too many parameters to tune.

Once the problem is well-defined, the next question is how to solve it. This
usually comes to the choice of the algorithm to solve the associated optimization
problem. Many different tools can exist to solve the same problem, however
they often are related to each other and should lead to similar solutions. Ideally,
the choice of the specific algorithm should not influence (significantly) the final
result. Depending if we want to favour simplicity of the implementation, speed,
or convergence guarantees, the best algorithm can change. A faster method can
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necessitate a parameter tuning step that may be less accurate if the dataset
changes while an algorithm with convergence guarantees may be slower. To
start an analysis and without a priori preference, going for the simplest one is
generally a good choice.

When applying the methods on data, an often crucial step is parameter
tuning. An ideal method will not have too many parameters to tune, and
results would not depend heavily on their values. Fortunately, an approximate
solution is often enough in practice, as sometimes it is not even possible to
define exactly what is a “best” solution.

To validate the approach, a good idea is to first apply it on data generated
artificially where all influencing parameters are controlled and the optimal so-
lution known. As the background truth is not always verifiable in practice,
being sure that the method works when the hypotheses of the model are met
is a good preliminary check. When available, it is good practice to compare
the results to references. New methods should have performances comparable
to already existing ones on a same dataset, that ideally is well-studied and
whose background truth is (at least partially) known. An important feature to
check, but not always easy to obtain, is robustness and stability of the solution.
Various algorithms with sligthly different parameter choices and/or hypothesis
giving similar results is a positive sign. However, the best test is to check con-
sistency of the results when applied on various datasets. But probably the best
way to assess the validity of the results is to be able to understand what they
represent, to interpret them. For example, if the data represent some physical
system, can we interpret physically the obtained components?

Finally, all such nice models are generally pointless if they are not usable
for somebody that did not conceive it. It is then important to provide an
interpretable model, and to be able to explain concisely the main ideas and
assumptions behind the method. Furnishing an implementation easy to use,
with some pre-selected parameter values if necessary, will also facilitate an
external use.

In this thesis, we investigated the problem of extracting common informa-
tion from multiple datasets using linear approaches. We have approached the
problem from two different angles, which led to two different formulations of
the problem. In the first chapter we merge all datasets by removing their
differences while in the second one we directly extract their common part.

In Chapter 2, we investigated the first approach. To capture the differences
in behavior of the datasets, we proposed to use low rank matrix factorization.
Such methods have the advantages to be simple in the sense that the under-
lying model is linear, and that the lower rank reduces the dimensionality of
the data. The linearity also facilitates the interpretation of the components
obtained as they are linear combinations of the original data. Building on ex-
isting methods, we have proposed a spatiotemporal Independent Component
Analysis algorithm that has the advantage to treat on an equal footing both
spatial and temporal options. We then validated the method on gene expres-
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sion datasets and we showed that the computed components recover biological
information present in pathways and experimental conditions, giving better re-
sults than standard reference algorithms in some cases. Finally, we used this
approach in a large comparison of various batch effect removal methods in the
context of a classification task. We analysed the effects of those methods when
varying the classifiers on a large cohort of gene expression studies, with a focus
on location-scale versus matrix factorization methods. While less used than
the location-scale methods, matrix factorization methods proved to be more
robust to changes in class frequencies between training and testing sets, and if
the batch information is incomplete. An interesting solution could then be to
combine both approaches, as in the FA method.

In Chapter 3, we proposed methods to extract a common representative
of multiple datasets. This problem can be formulated in different ways and
we choose to look for a central subspace that minimizes the maximal dissim-
ilarity to all datasets. This minimax approach facilitates avoiding recovering
a subspace representing very well all datasets except a few ones. Working
with subspaces has the advantage that we do not have to take into consid-
eration the specific representation of the central representative. However it
makes the problem constrained and nonconvex. We proposed five methods,
that vary from simple and fast to slower but with guaranteed convergence and
robustness. Tested first on synthetic data, all methods (except the projected
subgradient, whose implementation can probably still be improved) recover the
solution. In the context of batch effect removal from gene expression datasets,
the Grassmannian minimax approach gave results similar to the Grassmannian
l2 center of mass. For a fixed dimension k, working with associated subspaces
gives better results than if considering the datasets themselves. We also showed
that when tested on a parametric model order reduction problem, the minimax
approach can help to choose a unique representative minimizing the H∞ norm
of the reduced system on a range of parameter values.

Both approaches are complementary: the first one (that removes the differ-
ences) is based on weaker assumptions and the risk is to not clean the datasets
sufficiently, while the second one (that keeps the common part) may keep no or
useless component(s) if the assumption of the presence of a common component
is not met. The first approach is better for a more general analysis without a
specific question in mind, while the second one is more oriented to a specific
goal by construction. In both cases, it is a good idea to examine the resulting
datasets before using them in further analysis. For the first approach, a plot of
the first principal components can help to quickly check if most batch effects
were removed. For the second approach, the dissimilarity values d(U,Xi) can
help to check if the common component U is indeed present in all datasets.
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Perspectives
Of course, the proposed implementations of the algorithms, especially in Chap-
ter 3, could be improved for a faster convergence, the projected subgradient in
particular. As mentioned in Section 3.5, other algorithmic approaches could
also be tested to solve the minimax problem.

An important question that was not investigated in this thesis is the choice
of k, the dimension of the lower rank matrix factorization in Chapter 2 and
of the common subspace in Chapter 3. Many heuristics exist to choose k, but
its optimal value is often difficult to fix without a priori information or clear
trends in the data. A simple approach could be deflation, however in cases
like minimax nothing guarantees that the optimal subspace of dimension k− 1
is included in the k-dimensional one. In the minimax case, an ideal k would
be big enough to represent as much as possible the data, but not too big in
order to avoid adding dimensions that are not present in all datasets. To fairly
compare the solutions for different values of k, the objective function should
be scaled by k as its maximal value is bounded by k or k π2 depending on the
dissimilarity used. To encourage the selection of a higher dimension (and so
represent a larger part of the data), we could also incorporate a term evaluating
how much of the data is left out in this representative, using a criterion like
the one proposed in [97]:

min
k

(
max
i

d2(U∗k , Xi)
k

−max
i
d2(U⊥k , Xi)

)
(4.1)

with U∗k the solution of Problem (3.8) and U⊥k denoting the p − k orthogonal
complement to U∗k . We could imagine computing a solution for a fixed k and
use formula (4.1) to evaluate if k is good enough. If not, we could use the
current U∗k to initialize the next run of the algorithm to hopefully speed up its
convergence.

As shown in the tests of Section 3.4, the proposed algorithms generally
appear to converge to the solution. However, we showed that at least in a
specific configuration some methods can fail. A more in-depth analysis of the
consequences of the nonconvexity of Problem (3.8) is also of interest.

As stated before, the final use is probably the most important point to val-
idate a method. Testing the various algorithms on more real datasets, possibly
in other contexts, would be interesting.

More generally speaking, we believe that with the increasing amount of data
accessible and the increasing interest of the public and industry for its analysis
and all the benefits (economical or human) it can bring, how to extract useful
information from multiple datasets is an important question that is, and will be,
more and more studied. In bioinformatics and genomics especially, the number
of features and variety of data available call for machine learning techniques to
handle at the very least the first exploratory steps.

152



In essence, bioinformatics data often require cautious handling. While the
techniques are constantly improving, such data are often noisy due to the data
collection process. Having access to the background truth, if there is a well-
defined one, can also be difficult. Such data are also sensitive as they often come
from real persons, possibly with serious diseases. Bad diagnosis or prediction
in this context could lead to much more significant consequences than a bad
targeting for a personalized advertising for example. This is why questions
(among many others) of interpretability and reproducibility in machine learning
and data mining is of particular concern in bioinformatics.

Reproducibility is crucial to be able to guarantee efficiency of possible fu-
ture treatments derived from the analysis, and can be interpreted at different
levels: reproducibility of the experimental data (same protocol on the same
patients gives similar measures), of the data analysis (same code implementa-
tion on same data gives same results), of the results (same conclusions for same
analysis on similar data). In a context similar to this thesis, reproducibility of
the data analysis can be ensured by making the code available. Reproducibility
of the results is, we hope, encouraged by the use of multiple datasets in the
analysis. The increasing number of datasets publicly available on repositories
like the Gene Expression Omnibus and the easy access to softwares like Biocon-
ductor facilitate the reproducibility of analysis. However it is often not easy to
understand the various data formats and their implications or to choose among
the large number of existing methods to handle them, especially for nonspecial-
ists. Even with access to the specific data and method implementation used in
an analysis, it can be difficult to reproduce the same results as a slight change
in some parameter value or the software version can influence results. We are
then convinced that data format standardization and sharing of data and code
should still be improved and encouraged.

In this thesis, interpretability is promoted by the use of linear approaches
that associate weights to each feature or sample, that can be interpreted as
the importance of the corresponding feature or sample. We believe however
that the use of up-to-date techniques like deep learning is unavoidable, but
maybe more as a first step to provide research directions: with patient lives
involved, results should be interpreted and checked by human specialists. This
is why, in a society where hyper-specialization in a field is encouraged, it is
important for data scientists working with bioinformatics data to understand
at least basically the biology behind the data, and collaborate with genomics
specialists.
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