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Summary

The Process Analytical Technology (PAT) initiative promoted by the Food and Drug Administra-

tion (FDA) encourages pharmaceutical companies to increase the use of new analytical technologies

to perform constant monitoring of the critical quality attributes (CQA), allowing a better under-

standing and a better control of the process.

This paper presents a practical framework based on different dimension-reduction methods as well

as calibration methods aimed at following over time chemical experiments organized in batches. To

illustrate it, this paper uses pharmaceutical data collected in a research and development context

towards industrial production.

This methodological framework aims to reach two objectives.

The first objective is to visualize and interpret in real time, or off-line, the kinetics of chemical

reactions using the following dimension-reduction methods: principal component analysis (PCA),

non-negative matrix factorization (NMF) and multivariate curve resolution (MCR). The results

show that, due to their additional constraints, NMF and MCR allow a better interpretability of

chemical reactions than PCA with a comparable quality of fit. Moreover, eventough NMF and

MCR come from different fields, their algorithms share many similarities and produce close results.

The second objective is to predict chemical component concentrations over time. For this second

objective, the partial least squares regression (PLSR) is used in a one-step approach and compared

with a two-step approach combining multivariate regression with PCA, NMF or MCR. The results

show that spectra or scores obtained from unsupervised approaches PCA, NMF or MCR can be

used to predict concentrations of the main chemical compounds continuously over all the time of

the reaction with a good precision and with a gain of interpretability.

For both objectives, possible model validation indices are also discussed including a leave-one-

batch-out approach.

Keywords: Process monitoring, spectroscopy, NMF, MCR, PCA, PLS, PAT
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1 Introduction and objectives

The quality attributes of the active pharmaceutical ingredient (API) are critical in the control of

pharmaceutical production. Monitoring techniques can be classified as off-line, at-line, and on-line,

according to the location of the analytical system in relation to the reactor. Off-line measurements

include manual or automatic sampling, transfer to the laboratory, and time delayed analysis in the

laboratory. At-line measurements also involve manual or automatic sampling, but the removed

sample is analyzed in close proximity to the reactor. For on-line measurements, the reaction is

analyzed in real-time by a sensor directly from the reactor (Lourenço et al., 2012).

Off-line techniques such as ultra-pressure liquid chromatography (UPLC) can achieve accurate

and precise quantification but their sampling rate is lower and less adequate to enable real-time

knowledge of the process performance (Lourenço et al., 2012).

Effective real-time process understanding can be achieved by process analytical technology (PAT).

PAT is a system for designing, analyzing, and controlling manufacturing through timely measure-

ments of critical quality and performance attributes with the goal of ensuring final product quality

(ICH Guidance for Industry, 2009). In this context, PAT methods such as spectroscopy can be

very useful in process monitoring and control, and offer a time-saving alternative (Lapointe-Garant

et al., 2008). Spectroscopic methods generate however large datasets with many correlated vari-

ables necessitating the use of dimension-reduction methods to extract the meaningful information

and correctly monitor the process (De Beer et al., 2011).

This paper presents different chemometrics strategies to monitor chemical reactions under a uni-

form framework. To illustrate those strategies, multiple chemical reactions were performed in

batches to synthesize an active pharmaceutical ingredient. The chemical reactions were monitored

on-line as well as off-line in a research and development context as an initial step towards industrial

production.

This framework aims to answer two objectives:

The first objective is to visualize and interpret chemical reactions in real time or retrospectively us-

ing dimension reduction methods. Those methods can be applied individually to each experiment,

globally to compare multiple experiments on a same dimension space, or under a leave-one-batch-

out approach to visualize a new experiment using a model built on historical batches.

The second objective is to predict chemical concentrations over time using calibration methods.

As for dimension reduction methods, calibration methods can be applied to predict concentration

individually to each experiment, globally, or under a leave-one-batch-out approach to predict con-
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centrations of a new batch using a calibration set.

The following sections will first describe the dataset used in this article. Secondly, a methodological

section will explain the theory behind dimension-reduction methods PCA, NMF and MCR and

how to apply them on on-line spectral data organized in batches. The calibration method PLS

will then be shortly reviewed and applied to predict off-line chemical concentrations. An original

approach in two steps, combining multivariate regression with PCA, NMF and MCR scores will

also be presented. For both objectives, model indices are presented to evaluate the quality of the

fit and predictions.

Finally, those different methods will be illustrated on the case study.

2 PAT data structure

To motivate the goal of the next sections, it is important to explain the class of data aimed by this

article. The data correspond to multiple experiments performed in batches over several hours and

monitored by on-line and off-line methods. On-line methods provide continuous but complex high

dimensional signals about the process whereas off-line methods provide accurate measurements

but their sampling rate is low. The dataset presented in this article should be seen as a typical

example of such data set and the framework presented here can be applied on other types of data

presenting a similar structure.

2.1 Dataset

The experiments have been performed at Janssen Pharmaceutica in a research and development

context to synthesise an active pharmaceutical ingredient. All experiments aimed to produce an

active molecule with the same reaction but the process parameters (e.g. temperature, solvent,

catalyzer...) were varied in order to understand their impact on the reaction and to select in

future steps the optimal production conditions. Eleven experiments were performed in batches

monitored over 21 hours on-line by MIR spectroscopy and off-line by UPLC. Since MIR provides

spectra with positive intensities, the only pre-processing applied was baseline correction to avoid

negative spectral values. MIR and UPLC data can be gathered in two different matrices:

• A spectral matrix XG of dimensions T × m consisting of individual spectral matrices Xi

stacked vertically with T =
∑11

i=1 ti = 6510 and m = 221. Matrix XG corresponds to all

the 6510 spectra of the 11 experiments put in rows, while the 221 columns correspond to the
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spectral variables. The spectral range was between 802 and 1622 nanometers. Table I shows

for each experiment the time of monitoring and the number of spectra recorded.

Table I: Summary of spectral measurements per experiment.

Experiment Time of monitoring (in hours) Number of spectra

1 21 420

2 21 420

3 21 630

4 21 630

5 21 630

6 21 630

7 21 630

8 21 630

9 21 630

10 21 630

11 21 630
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• An UPLC matrix Y∗G of dimensions S × n consisting of individual matrices Y∗i stacked

vertically where S =
∑11

i=1 si = 44, si = 4 and n = 2.

Note then that, for each of the eleven experiments, samples have been taken at only four time

points (0, 2, 4 and 21 hours), and, for each sample, the concentrations of three compounds

corresponding to the starting material, the final product and a side product were quantified.

The side product was present in very low concentration and will then not be used in data

analysis of this paper. n will then be considered equal to 2.

Two other matrices X∗G of dimensions S×m and X∗i of dimensions si×m can also be respectively

defined as the subsets of XG and Xi with the spectra corresponding to off-line sampling times.
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The structure of the matrices XG and Y∗G can be visualized in Figure 1.

Figure 1: Representation of on-line and off-line data.
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3 Methods

This section describes first the theory behind dimension-reduction methods PCA, NMF and MCR.

It is explained how those methods can be applied on PAT data organized in batches with individual

or global models, but also with an original approach called in this article the leave-one-batch-out

model. This last approach aims to train a model based on historical batches and apply it on a

new one. For each of those approaches, a way to analyze the quality of fit is proposed. The theory

behind the calibration method PLS is then described and how this method can be implemented in

a one-step approach to predict off-line values from spectral data. A two-step approach combining

multivariate regression with PCA, NMF or MCR is also presented, and for both approaches indices

to compare the prediction quality are proposed.

3.1 PCA, NMF and MCR dimension-reduction methods

This section summarizes under a common framework the 3 dimension reduction techniques: prin-

cipal component analysis (PCA), non-negative matrix factorization (NMF) and multivariate curve

resolution (MCR) with the perspective of applying them to PAT data.

Let’s assume a generic data matrix named X with dimensions T ×m where T denotes the number

of rows and m represents the number of columns. Put differently, X contains T observations with

each observation being described by m variables. This matrix is named with the generic notation

X but could correspond to matrices XG or Xi described in the previous section.

The aim of the different dimension-reduction methods is to decompose the matrix X into the

product of two factor matrices H of dimensions T × R and W of dimensions m × R, providing a

low-dimension (number of components R) approximation such that R ≤ min{T,m}:

X ≈ HW′

The matrix X can then be expressed as the sum of HW′ plus the error of the model E of dimensions

T ×m:

X = HW′ + E = Xapp + E

Scores H and loadings W matrices represent rows (observations) and columns (variables) into the

space of reduced dimensions. In this context, scores will help to follow reaction components over
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time while loadings will help to detect influential spectroscopic variables.

The following notations are used throughout all the article to simplify method comparison:

X T ×m data matrix

hr T × 1 X scores vector r (r : 1 , . . . ,R)

H T ×R matrix of X scores vectors

wr m× 1 X loadings vector r (r : 1 , . . . ,R)

W m×R matrix of X loading vectors

E T ×m Decomposition residual matrix

R scalar number of used components

3.1.1 PCA

PCA, for principal component analysis, is one of the most widely known dimension reduction tech-

niques for quantitative data matrices. PCA defines a new coordinate system formed by orthogonal

axes called the principal components (PCs) that aim to resume the original variables. Those prin-

cipal components are new variables constructed as linear combinations of the initial variables. The

combinations are chosen such that the principal components are orthogonal to each other and that

the first ones contain most of the information available in the data matrix (Varmuza & Filzmoser,

2016).

As seen above, PCA decomposition is defined as:

X = HW′ + E = Xapp + E

and the scores matrix is calculated as:

H = XW′−1

Loading vectors are orthogonal to each others and normalized such that W′W = IR and scores

vectors are orthogonal to each others such that H′H is diagonal.

It is also important to mention that for interpretability, and prior to PCA decomposition, the

matrix X is generally column-centered by the matrix M which contains the means of each column

of X such that Xc = X−M.
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PCA is then applied on Xc: Xc = HcWc′ + Ec. X is also sometimes standardized when variables

have different units. The choice of the number of components to use is done afterwards based on

the eigen values, in order to consider enough explained variance.

Several equivalent algorithms are available to perform PCA decomposition such as the singular

value decomposition (SVD) or the Non-linear iterative partial least-squares (NIPALS) algorithm

(Varmuza & Filzmoser, 2016).

3.1.2 NMF

Non-negative matrix factorization (NMF) was first introduced by Paatero and Tapper in 1994

(Paatero & Tapper, 1994). It became popular after a publication by Lee and Seung in 1999, in

which they proposed a simple multiplicative update algorithm for finding a meaningful parts-based

representation of facial images (consisting of pixels which have positive intensities) (Lee & Seung,

1999).

NMF is applicable to a non-negative input matrix X, and will produce non-negative factor matrices

H and W. The NMF decomposition is then defined as:

X = HW′ + E = Xapp + E

with X ∈ RT×m
+ , H ∈ RT×R

+ , W ∈ Rm×R
+ , E ∈ RT×m

+ and R 6 min(T,m) (Lin, 2007).

As such, the NMF model provides physically interpretable factors due to its non-negativity con-

straints, which is encountered for a wide range of natural signals (Schmidt et al., 2009). The NMF

decomposition algorithms require the number of components R as an input. To choose it, it is first

of all suggested to rely on existing information about the data or to draw conclusions from the

results obtained from other decomposition methods such as SVD (Boutsidis & Gallopoulos, 2008).

A similarity measure D(X||HW′) is required in order to quantify the difference between X and its

approximation HW′. This similarity measure also serves as a cost function for solving the opti-

mization problem. The most commonly used cost functions are based either on Squared Euclidean

Distance (SED) or on Generalized Kullback-Leibler Divergence (GKLD).

Squared Euclidean Distance:
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DSED(X||HW′) =
∑

ij (Xij − [HW ′]ij)2 = ‖X−HW′‖2
F

where ‖.‖2
F is the Frobenius norm of a matrix.

Generalized Kulback-Leibler Divergence:

DGKLD(X||HW′)
∑

ij (Xij log Xij

[HW ′]ij
−Xij + [HW ′]ij)

As most scientific articles about NMF are based on the squared euclidean distance, this is the cost

function that will be developed below.

Although many NMF algorithms exist in the literature, they can be divided into three major cate-

gories: gradient descent algorithms, multiplicative update algorithms, and alternating least squares

algorithms (Berry et al., 2007). It can be mentioned beforehand that none of these algorithms is

expected to find a global minimum for the cost function since the cost function (SED or GKLD)

is only convex in either H or W, but not in the two of them together. Those 3 categories of

algorithms use the Frobenius norm as the cost function to be minimized.

More details on those 3 categories can be found in the literature but basically the idea is to fix

alternatively one of the factor matrices while optimizing the other one in such a way that the

objective function ‖X−HkW′
k‖2

F is reduced at each iteration k (Gillis, 2014; Lin, 2007).

The first step is the choice of the number of components R. In this context, the number of

components R can be chosen to correspond to the number of chemical compounds reacting in the

mixture. The idea is that the score matrix H is proportional to the concentration profiles and

that the loading matrix W corresponds to the spectral profiles. Matrices H and W can then be

initialized as dense matrices of random numbers between 0 and 1 or by providing prior information

such as the expected concentration profiles or the pure component spectra. An example of gradient

descent algorithm is as follows:

1. Fix the number of components R.

2. Initialize matrices H0 and W0 to non-negative matrices as random or with prior information.

3. Optimize Hk and Wk alternatingly for k = 0 ,1 ,2 , . . .

Keep Wk fixed and find Hk+1 such that ‖X−Hk+1W′
k‖2

F < ‖X−HkW′
k‖2

F

where Hk+1 = elementmax {0,Hk − αk∇H‖X−HkW′
k‖2

F }.
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Keep Hk+1 fixed and find Wk+1 such that ‖X−Hk+1W′
k+1‖2

F < ‖X−Hk+1W′
k‖2

F

where Wk+1 = elementmax {0,Wk − αk∇W‖X−Hk+1W′
k‖2

F }.

4. Stop iteration when the convergence criterion is met.

αk is the step-size parameter and influences strongly the convergence of gradient descent method.

A wrong choice has consequences ranging from a very huge number of iterations to divergence.

As the subtraction operations used in each iteration can lead to a violation of the non-negative

property of H and W, negative elements of those matrices are replaced by 0 at each iteration.

All NMF algorithms are iterative and they are sensitive to the initialization of H and W (Langville

et al., 2014). Nearly all NMF algorithms use simple random initialization, i.e., H and W are ini-

tialized as dense matrices of random numbers between 0 and 1 (Langville et al., 2014). Those

random initializations are repeated a certain number of time and the solution with the lowest cost

function is selected. But another possibility is to provide a prior H0 or W0 based on the knowledge

of the data (e.g. in PAT). Other types of initialization also exist and are compared in the article

of Langville et al., 2014.

There are also several approaches for the stopping criterion of NMF algorithms. Common ap-

proaches consist to fix a maximum number of iterations or a time limit to ensure termination of

the algorithm (Gillis, 2014).

But other options are available (Cichocki et al., 2009; Erichson et al., 2016; Gillis, 2014): terminate

the algorithm if the value of the cost function is smaller than some stopping condition ε:

‖X−HkW′
k‖2

F < ε

or if there is little or no improvement between successive iterations in the minimization of the cost

function, for example:

‖HkW′
k −Hk+1W′

k+1‖2
F < ε

3.1.3 MCR

MCR, for multivariate curve resolution, is the generic name of a family of methods meant to solve

chemical mixture problems such as spectroscopic measurements and were first developed in the

field of chemometrics (Ruckebusch, 2016).
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The approach can be non-iterative and include methods such as Orthogonal Projection Resolution

(OPR) and Window Factor Analysis (WFA), or the approach can be iterative and include methods

like Multivariate Curve Resolution - Alternating Least Squares (MCR-ALS). In practice, iterative

methods are used more frequently and in this paper only MCR-ALS, which is one of the oldest,

most well-known and widely used algorithm, will be analyzed in detail.

The MCR decomposition is defined as:

X = HW′ + E = Xapp + E

with X ∈ RT×m
+ , H ∈ RT×R

+ , W ∈ Rm×R
+ , E ∈ RT×m

+ and R 6 min(T,m)

MCR shares then the same objective as NMF, decomposing a nonnegative matrix X into factor

matrices H and W and update them under additional constraints so that the objective function

‖X−HkW′

k‖2
F is reduced at each iteration k. The MCR-ALS algorithm can then be written as:

1. Fix the number of components R.

2. Initialize matrices H0 and W0 to non-negative matrices as random or with prior information.

3. Optimize Hk and Wk alternatingly for k = 0 ,1 ,2 , . . .

Fix Wk and find Hk+1 such that ‖X−Hk+1W′
k‖2

F < ‖X−HkW′
k‖2

F under constraints

where Hk+1 = elementmax {0,XWk(W′
kWk)−1}.

Fix Hk+1 and find Wk+1 such that ‖X −Hk+1W′
k+1‖2

F < ‖X −Hk+1W′
k‖2

F under con-

straints where Wk+1 = elementmax {0,X′Hk+1(H′k+1Hk+1)−1}.

4. Stop iterations when convergence criterion is met.

To ensure non-negativity constraint, the algorithm uses least squares to alternatively optimize H

and W, and negative values are replaced by 0. The optimization is usually stopped when the dif-

ference of model fit between consecutive iterations does not improve significantly (e.g., a difference

of less than 0.1% among the lack of fit (% LOF) between consecutive iterations, or the percent-

age of variance explained (% var. expl.)). Other possibilities are using a maximum number of

iterations or criteria based on the comparison of shapes of the optimized profiles among iterations

(Ruckebusch, 2016).

The lack of fit criteria can be defined as: %LOF = 100 ‖E‖F

‖X‖F
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and the percentage of variance explained as: %var.expl. = 100(1− ‖E‖
2
F

‖X‖2
F

)

Since MCR was developed in the field of chemometrics, this method proposes additional constraints

than component non-negativity to adapt to physical constraints encountered to chemical mixtures.

Those constraints are for example unimodality, which allows the presence of a single maximum per

concentration profile, or closure, which adapts the total sum of the concentration of compounds

to a constant value during all the reaction. Those constraints also help to reduce or suppress

the ambiguity of solutions encountered with MCR (and NMF). The ambiguity phenomenon can

be described such that different combinations of concentration profiles and spectra can describe

equally well, in terms of model fit, the original data set (Tauler & Maeder, 2009; Tauler et al.,

1995).

3.1.4 Summary of methods PCA, NMF and MCR

Table II briefly summarizes the principal characteristics of methods PCA, NMF and MCR.

Table II: Summary of methods PCA, NMF and MCR.

PCA NMF MCR

Expression Xc = HcWc′
+ Ec X = HW′ + E X = HW′ + E

Objective Finding new axes
(principal components)
maximizing the vari-
ance of the data

Matrix decomposition
into two non-negative
matrices

Finding the compo-
nents of a mixture

Constraints Orthogonality Non-negativity of all el-
ements in H and W

User-defined (e.g.
non-negativity, uni-
modality, closure etc.)

Examples of algorithms SVD, NIPALS Multiplicative update
algorithms, gradient
descent, ALS

MCR-ALS

Prior information No Yes Yes

Main limitations Interpretation Ambiguity of the solu-
tions, results influenced
by parameter and ini-
tialization

Ambiguity of the solu-
tions, results influenced
by parameter and ini-
tialization
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3.2 Comparison of dimension reduction results on batch data

This section explains how NMF, MCR and PCA results quality can be evaluated on spectral data

organized in multiple batches. When the data structure consists of batches, it is possible to train

models individually on each batch, globally on all batches, or on part of the batches and apply the

trained model on the batches left out. Considering an industrial context, the third approach, called

in this article the "leave-one-batch-out model", would help for instance to visualize the evolution

of a new batch based on a model from historical batches. This section presents these 3 approaches

and in section 4.1, these concepts will be applied on pharmaceutical data and compared in terms

of interpretability and model fit.

3.2.1 Individual model

The first approach consists in applying the decomposition to each matrix Xi corresponding to the

spectra of a single batch or experiment i of size ti ×m.

Each matrix can then be decomposed into Xi = HiW′
i+Ei and the error of the model is calculated

as Ei = Xi −HiW′
i.

The quality of fit can then be quantified by the percentage of error as %errori = ‖Ei‖2
F

‖Xi‖2
F

× 100 and

the mean percentage of error by 1
I

∑I
i=1 %errori

3.2.2 Global model

The second approach consists in applying the decomposition on the global matrix XG of size T ×m

where T =
∑I

i=1 ti. This matrix corresponds to the spectra of all experimental matrices Xi, with

i = 1→ I, stacked vertically.

The global matrix can then be decomposed into XG = HGW′
G + EG and the error of the model

for each submatrix i calculated as EGi
= Xi −HGi

W′

G.

The percentage of error for one experiment can then be calculated as %errori = ‖EGi
‖2

F

‖Xi‖2
F

× 100.

3.2.3 Leave-one-batch-outt model

The third approach consists in applying the decomposition to the matrices XG/i of size (T−ti)×m

corresponding to the spectra of all batches XG without one experiment Xi. Each matrix can be

decomposed into XG/i = HG/i ×W′
G/i + EG/i.

Using obtained loadings WG/i and spectra Xi of the batch left out, scores Ĥi are calculated

by projecting spectra Xi on the space of XG/i components. The calculation is done using least

squares: Ĥi = (XiWG/i)× (W′
G/iWG/i)−1.
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The percentage of error for each submatrix Xi is then calculated as %errori = ‖Xi−ĤiW′
G/i‖2

F

‖Xi‖2
F

×

100.

3.2.4 The special case of PCA

In PCA, above formulae need to be a little detailed since a centering (and possibly a scaling) is, in

most cases, applied before dimension reduction. It is indeed important to emphasize which data

should be used for centering in the three approaches.

With the individual model, each Xi will be column-centered by the matrix Mi containing the

means of each column of Xi such that Xc
i = Xi −Mi. PCA decomposition becomes then Xc

i =

Hc
i Wc′

i +Ec
i . The percentage of error for each experiment is then defined as %errori = ‖Ec

i‖
2
F

‖Xi‖2
F

×100.

With the global model, XG is centered with MG containing the means of each column of XG:

Xc
G = XG −MG. PCA decomposition becomes Xc

G = Hc
GWc′

G + Ec
G and the percentage of error

for each submatrix is %errori = ‖Ec
Gi
‖2

F

‖Xi‖2
F

× 100.

With the leave-one-batch-out model, the training set XG/i is first centered by MG/i: Xc
G/i =

XG/i −MG/i. The prediction set Xi is then column-centered by the matrix M̂i of size (ti ×m)

containing the means of the training set MG/i such that Xc
i = Xi − M̂i. Scores Ĥc

i are then

calculated simply as Ĥc
i = Xc

i×Wc
G/i and the percentage of error %errori = ‖Xc

i−Ĥc
i Wc′

G/i‖
2
F

‖Xi‖2
F

×100.

Note that for each of those three cases, eventough the centering is advantageous for PCA, the error

percentages %errori are compared against Xi not centered in order to allow comparion with NMF

and MCR.

3.3 Multivariate calibration method PLSR

PLSR is a multiple linear regression technique aimed at predicting/explaining a vector y of dimen-

sions T × 1 (PLS1) or a matrix Y of dimensions T × n (PLS2) from the columns x1 ,x2 , . . . ,xm

of a matrix X. Generic notations Y and X will be used but those matrices could correspond to

global matrices Y∗G and XG, as well as individual matrices Y∗i and Xi described in the section 2.1.

Contrarily to classical ordinary least squares (OLS) regression, PLS can handle data matrices X

with a number of columns m (variables) higher than the number of rows T (observations/samples).

This subsection is devoted to PLS2 and uses the following notations:
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X T ×m data matrix of explanatory variables (column centered and possibly scaled)

Y T × n response matrix to be explained by X. Y is column centered and possibly scaled

hr T × 1 X scores vector r (r : 1,...,R) with R ≤ min(T,m)

H T ×R matrix of X scores vectors

wr m× 1 X loadings vector r (r : 1,...,R)

W m×R matrix of X loading vectors

ur T × 1 Y scores vector r (r : 1,...,R)

U T ×R matrix of Y scores vectors

qr n× 1 Y loadings vector r (r : 1,...,R)

Q n×R matrix of Y loading vectors

Ex T ×m X decomposition residual matrix

Ey T × n Y decomposition residual matrix

E T × n matrix of prediction model residuals

B m× n matrix of model coefficients

The primary goal of PLS regression is to find a linear relation Y = XB + E between the x- and

y- variables using an m× n coefficient matrix B and a prediction error matrix E.

This relation is not found directly since matrices X and Y are first decomposed into score matrices

H and U, loading matrices W and Q and residuals Ex and Ey:

X = HW′ + Ex

Y = UQ′ + Ey

In PLS, the covariance between the corresponding X and Y score vectors is maximized:

max cov(hr,ur)2 = max corr(hr,ur)2var(hr)var(ur)

Maximizing the covariance is equivalent to maximize the correlation between the X and Y scores

AND maximize the variance of the X and Y scores which ensures the quality of the dimension

reduction in both X and Y spaces.

The orthogonal properties of the scores and loadings depend on the PLS algorithm. NIPALS

algorithm was the first algorithm for solving the PLS problem but other very known algorithms

are for example SIMPLS and Kernel algorithms (Rosipal & Krämer, 2005; Varmuza & Filzmoser,
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2016).

The way to obtain the matrix of model coefficients B, which will be noted BP LS in the rest of

this article, depends on the algorithm which is used but the final coefficients are identical. It can

also be noted that X and Y are in most cases centered and sometimes standardized before the

application of PLS.

3.4 Prediction model set-up and comparison

This section presents two methodologies to build prediction models of the concentrations of chem-

ical compounds from the spectral and UPLC data. The "one-step leave-one-batch-out PLS" and

the "two-step leave-one-batch-out regression". Goodness of fit measure are then provided to allow

their comparison.

Considering an industrial context, such methodologies can be used to build a model from a set of

historical batches, and then apply the model on a new batch to get predictions in real-time without

sampling the off-line measurements. The one-step methodology uses PLS to fit directly the UPLC

data to spectral data. With the two-step methodology, a dimension reduction is first applied on

the spectra, e.g. by PCA, NMF or MCR, and then a multivariate regression model is then built to

predict UPLC data from the obtained scores and UPLC data. This approach is aimed to enhance

the interpretability and robustness of the models.

3.4.1 One-step PLS approach

Let’s consider the off-line matrix Y∗G of dimensions S×n where S =
∑I

i=1 si, si being the number

of rows of each subset matrix Y∗i corresponding to experiment i. Let’s also consider the matrix X∗G

defined in section 2.1 which is a subset of XG with the spectra corresponding to off-line sampling

times. X∗G is of dimensions S ×m, i.e. with the same number of rows as Y∗G.

The idea of the one-step leave-one-batch-out PLS is to build a PLS model based on X∗G/i ((S −

si)×m) and Y∗G/i ((S − si)× n). X∗G/i and Y∗G/i being respectively the reduced spectral matrix

of all batches, without the ith batch X∗i (si ×m), and the off-line matrix of all batches without

Y∗i (si × n). The resulting PLS prediction model is then written as:

Ŷ∗G/i = X∗G/iB̂P LS
G/i
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3.4.2 Two-step dimension reduction + regression approach

1. In the first step, a dimension reduction is applied on matrix XG/i (dimensions (T − ti)×m)

of all spectra without experiment i, to obtain the scores HG/i and the loadings WG/i by

PCA, NMF or MCR:

XG/i = HG/i ×W′
G/i + EG/i

H∗G/i is then defined as the submatrix of HG/i with the scores corresponding to the offline

data.

2. In the second step, a multivariate regression model is defined to link the spectral data scores

H∗G/i to UPLC data Y∗G/i:

Y∗G/i = H∗G/iCG/i + E

Coefficients CG/i and scores H∗G/i are estimated by least squares such as ĈG/i = (H∗′

G/iH∗G/i)−1×

(H∗′

G/iY∗G/i). Now, since Ĥ∗G/i = X∗G/iWG/i × (W′

G/iWG/i)−1 (see section 3.2.3), the re-

sulting model equation can also be written as:

Y∗G/i = H∗G/iCG/i + E = X∗G/iWG/i × (W
′

G/iWG/i)−1CG/i + E

A two-step regression coefficient matrix B̂2S
G/i can then be defined as B̂2S

G/i = WG/i ×

(W′

G/iWG/i)−1ĈG/i and the resulting two-step prediction model summarized as:

Ŷ∗G/i = X∗G/iB̂2S
G/i

3.4.3 Using the model

The model estimated on the training set can then be used to predict the full profiles of the chemical

concentrations over time and visualize off-line values directly from the spectra.

For the training set, all intermediate off-line values, which were not sampled, can be predicted and

represented graphically from the full spectral matrix XG/i as ŶG/i = XG/iB̂G/i, with B̂G/i being

B̂P LS
G/i or B̂2S

G/i.
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Then, off-line values for the batch left out Xi (or any new batch) can be predicted as Ŷi = XiB̂G/i.

Finally, predictions of the measured off-line values can be extracted from Ŷi as Ŷ∗i in order to

evaluate the quality of the model. A cross validation root mean square error for experiment i can

be defined as:

RMSECVij =

√∑si

k=1(Y∗ijk − Ŷ∗ijk)2

si

with j : 1,...,n corresponding to the response columns of Y∗G, and k : 1,...,si to the number of rows

of the subset matrix Y∗i for batch i.

A global RMSECV can be calculated as RMSECVj = 1
I

√∑si

k=1(Y∗ijk − Ŷ∗ijk)2

si
.

It can also be noted that the reasoning of section 3.2.4 about centering can be applied to one-step

PLS and two-step data reduction + regression approach.
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4 Case study

This section uses the dataset described in section 2.1 to illustrate how the techniques presented

in section 3 can be used for 2 purposes. First to visualize and interpret chemical reactions, and

second to predict the concentrations of chemical components.

4.1 Visualization and interpretation of chemical reactions

4.1.1 R packages implementation

R software was used for the implementation of the data reduction techniques PCA, NMF and

MCR. This section provides details on this implementation.

For PCA, the function SVDforPCA from the R package MBXUCL (Lapointe-Garant et al., 2008)

was used. Centering was applied before singular value decomposition but no standardization.

For NMF, the function spectralNMF from the R package spectralAnalysis (version 3.12.0, (Van

Oirbeek et al., 2018)) was used. Random initialization as well as initialization using prior loadings

have been tested. For random initialization, H0 and W0 were set to pseudo-random nonnegative

values between 0 and 1. The NMF algorithm PGNMF was used (Lin, 2007). The stopping criterion

was set such that if (‖Ek+1‖F − ‖Ek‖F ) ≤ 0.00001 the algorithm stopped.

For MCR, the function als from the R package ALS (version 0.0.6, (Mullen, 2015)) was used.

Random initialization as well as initialization using prior loadings were also tested with the same

approach as for NMF. The algorithm used for the als function is alternating least square. The

stopping criterion was set such that if ‖Ek+1‖F − ‖Ek‖F

‖Ek‖F
≤ 0.001 the algorithm stopped.

4.1.2 Results

This section shows the results of the application of dimension reduction methods PCA, MCR and

NMF to the matrix XG and submatrices Xi following the individual, global or leave-one-batch-out

methodologies. Error percentages for each batch and methodology were computed in order to

compare the fit of the different models, and the scores and loadings were analyzed to compare the

interpretability of each method.

Figure 2 shows the evolution of the mean error percentage when the number of components in

the model increases. Errors percentages are presented for PCA, MCR and NMF following the
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individual, global or leave-one-batch-out methodologies up to 6 components. For NMF and MCR

the convergence of the algorithm started only at 2 components. It can be observed that the mean

error percentage decreases when the number of components increases and that errors tend to be

closer for PCA, NMF and MCR with more components. For the global and leave-one-batch-out

methodologies, the slopes of the decrease start to be similar at 3 components, whereas for the

individual methodology 4 components seem to be necessary. For the individual model, a shift to

the left of PCA compared to NMF and MCR can be observed for the first few components. This

suggest that PCA requires one component less to reach the same error percentage as NFM and

MCR. One reason could be that PCA needs only 1 component to explain the reactant and product

correlated negatively, while NMF and MCR requires 2 components. It can also be observed that

the mean error decreases differently for the individual methodology, whereas it is similar for the

global and leave-one-batch-out methodologies. The main goal of this figure is to guide the decision

for the number of components to use in the model. In this case, the choice was difficult between 2

and 3 components, and there was a trade-off to be chosen between the fit and interpretability. In

concertation with chemists, and to improve interpretability, two components were finally chosen

for the calculation of model errors as well as to display scores and loadings. Extra components

were indeed not correctly modelized by NMF and MCR and reduced the interpretability of the

first two components modelizing the reactant and the product. Results with 3 components are

nevertheless given in appendix.

Error percentages for each batch are given by methodology in Table III. Moreover, percentages for

NMF/MCR with random priors are also given.

Looking to the mean percentages of error per column, it can first be observed that, for every method

(PCA, NMF or MCR), lowest errors are obtained using the individual methodology, followed by the

global and leave-one-batch-out approaches. This can be explained since the individual methodology

finds loadings and scores for each batch separately, leading to results fitted for each batch. The

global methodology finds loadings common to all batches, and next, the scores are extracted per

experiment. Those loadings have the advantage to be common for all experiments but lead to less

fitted results than the individual methodology. And finally, the leave-one-batch-out methodology

finds common loadings to all batches, except the batch left out. The scores are then estimated

for the batch left out based on the loadings found for other experiments, leading to higher error

percentages than individual and global methodologies.

It can then be seen that model errors of NMF and MCR, with and without priors, are similar for

each methodology (individual, global and leave-one-batch-out). Those results are quite expected
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Figure 2: Mean error percentages by number of components.

since even if the algorithms used for MCR and NMF are different, the optimized criterion is the

same and results are logically similar. With random priors, iterations were also giving similar

results both for NMF and MCR.

Looking at the errors for individual models per batch for PCA, experiment 5 has the highest

error percentage, followed by experiments 4, 8, 2 and 11. For NMF and MCR, the highest error

percentages are obtained for experiment 8, 11, 5 and 2.

Looking at errors for global models, it can be seen that for PCA, it is experiment 2 which has the

highest error, which is also the case for methods NMF and MCR.
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Figure 3 presents the loadings obtained by PCA, NMF and MCR from the individual models

applied on experiment 1. Sub-figure A shows the loadings of PCA for the first two principal com-

ponents, sub-figure B shows the loadings obtained by NMF and MCR corresponding to the reactant

and product, and sub-figure C shows the pure spectra of the reactant and product obtained by

MIR spectroscopy. The pure spectra were used to initialize NMF and MCR algorithms which al-

lows to make the correspondence among components and chemical compounds. Note that random

initialization was also used and provided similar results. It can first be observed that PCA load-

ings have positive and negative values which makes the correspondence with spectral profiles not

straightforward. Indeed, components calculated by PCA are less designed to capture the chemical

compounds profiles. In the case of NMF and MCR, the loadings have only positive values, due to

the non-negativity constraint, and a correspondence among components and chemical compounds

is expected. One can see in Figure 3 that the loadings are not exactly the same as the spectral

profiles but are easier to interpret for the chemists than in the case of PCA. It can finally be noted

that the loadings found by NMF and MCR are extremely close, meaning that those two methods

did converge to similar solutions.

Figure 3: Loadings for experiment 1 based on individual models.
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Figure 4 presents the scores obtained by PCA, NMF and MCR from the individual model applied

on experiment 1. Sub-figure A shows the scores of PCA for the first two principal components,

sub-figure B shows the scores obtained by NMF and MCR corresponding to the reactant and

product, and sub-figure C shows the profiles of the reactant and product of the reaction obtained

by UPLC. In sub-figure C, the dots correspond to measured values and the dashed line simply

relies them. Those UPLC profiles can be used as reference. It can first be observed that PCA

scores have positive and negative values which makes the interpretation not straightforward. The

first component might correspond to both the evolution of the product and the reactant since they

are negatively correlated, but the second one does not have a clear pattern. In the case of NMF

and MCR, the scores have only positive values and correspond to the evolution of the quantities

of the chemical compounds of the reaction, which is easier for interpretation. The quantity of the

reactant decreases over time and the product increases such as seen with UPLC values. The scale

of NMF and MCR scores differ of course from UPLC values but, for monitoring purpose, only the

observation of the kinetics trends is important. Finally, it can be noted that scores given by NMF

and MCR are also quite close but not identical.

Figure 4: Scores for experiment 1 based on individual models.
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Figure 5 presents the scores obtained by PCA for individual models. Each plot shows the scores of

the first against the second principal component for each experiment. Moreover, the line connecting

the values has been colored from green to red, to indicate at which time of the reaction the

scores correspond. Percentages of variation are also indicated for the first two components. For

the first principal component, the percentages range between 84.5 and 99.2%. For the second

principal component, the percentages range between 0.5 and 9.5%. It can be seen that experiment

4 presents many fluctuations. Those fluctuations were also detected by NMF on the score plots

of the starting material and product (Fig. 6). Experiment 4 is however not the one with the

highest error percentage (0.019%), but experiment 5 as observed previously in Table III (0.048%).

It can be seen that experiments 2, 5, 8 and 11 have all an irregular pattern detected on the second

component at the end of the reaction. Those 4 experiments have also higher error percentages

than others, with respectively 0.016, 0.048, 0.018 and 0.008 %. Interestingly, the fluctuations seen

on experiments 2, 5, 8 and 11 were not observed on the score plots of NMF (Fig. 6). This might

suggest that those fluctuations would not be related to chemical components but rather to another

factor captured by the second principal component of PCA.

Figure 5: Scores 1 vs scores 2 values for each experiment based on individual models.
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Figure 6 presents the scores obtained by NMF for the reactant and product based on the global

model (sub-figure A) as well as the UPLC values (sub-figure B). The global model allows to

visualize all the reactions on a same space and to compare their kinetics. It was chosen to display

only NMF scores since MCR provides similar results. Similarly to the individual models, the

pure spectra of the reactant and product were used to initialize the NMF algorithm. It can be

observed that all scores have positive values making the interpretation easier. The reactant scores

decrease and the product scores increase for each experiment as expected. Important differences

can be observed in the conversion speed among the reactions. Indeed, those reactions come from

a research and development context and were performed on extreme conditions to understand the

impact of different process parameters. Experiment 5, followed by 2 and 8 present the fastest

kinetics. The product increases really fast during the first hour, is then produced linearly, until

reaching a plateau. The plateau is reached around 5 hours for experiment 5, and around 10

hours for experiments 2 and 8. It is also interesting to see an irregular pattern on the second

principal component of those experiments on the PCA score plots (see Fig. 5). On the opposite,

experiments 3 and 9 were are among the slowest, and did not reach a plateau even after 21 hours.

Finally, experiment 4 presents a few fluctuations as seen before with PCA. The advantage of NMF

compared to UPLC is clearly seen on this figure. Indeed, since spectral measurements are taken

continuously, NMF allows to visualize the complete kinetics trend, and to detect fluctuations or

plateaus in the reaction. For UPLC, since only four samples were taken during the reaction, some

information can be missed.
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Figure 6: UPLC values and NMF scores over time based on the global model.

A few practical points and results can be emphasized from this case study:

• Chemical reactions can be visualized with individual and global models. Since the dimension-

reduction of individual models is done on different spaces, those models are more appropriate

to visualize experiments separately than to compare the trends together. They can be used

for example in a first step as a benchmark when there are only a few experiments or when

the chemical reactions are different. In the case of global models, the dimension-reduction

is done on a same space for all experiments, which allows to visualize and compare them

together. Global models present moreover the advantage of being more robust, since several

experiments are used to build the model, which can prevent over-fitting. The space of a

global model can also be used to project in real time the spectra of new batches and visualize

directly how they perform compared to the experiments used to build the model. This can

be for example useful to control if a new experiment stays in a certain range or differs from

it.

• NMF and MCR provide an interpretable visualization of chemical reactions. Indeed, those

methods allow to choose the number of components upfront to correspond to the number

of chemical compounds. Moreover, the loadings are closer to the pure spectra and the

scores closer to UPLC profiles due to the non-negativity constraint. Eventhough PCA is
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less interpretable, applying it remains a good tool in this context since it can help to detect

particular behaviours in reactions (e.g. experiment 4) and take the decision to stop them if

necessary. Other examples are experiments 2, 5 and 8 which presented an irregular pattern

on the second PCA component, at the end of the reaction, and those experiments were seen

as having the fastest kinetics in NMF.

• NMF and MCR provide equivalent results eventough their algorithms are different. The only

constraint applied was non-negativity since the absorbance of the spectra and the concen-

tration of the chemical compounds are supposed to be negative. However, it is important to

keep in mind that other constraints can be applied depending of the chosen package. This

is well known for MCR, which was developed to solve chemical mixture problems, and for

which the algorithms propose constraints such as closure and unimodality.
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4.2 Chemical components prediction models

Section 4.1 was focusing on how to visualize and interpret the kinetics of chemical reactions using

methods PCA, NMF and MCR on spectral data. Those methods can be useful to follow the trend

of a chemical reaction over time but do not allow to quantify the concentration of the chemical

components.

This section illustrates the use of PLS and multivariate regression to predict the concentrations of

chemical components using the one- and two-step leave-one-batch-out methodologies presented in

section 3.4.

4.2.1 Results

Figure 7 shows the evolution of the mean RMSECV of the product for one-step PLS, and two-step

multivariate regression based on the PCA, NMF and MCR scores, when the number of components

in the model increases. For PLS, the mean RMSECV decreases from 1 to 2 components and then

stays stable. For PCA, NMF and MCR, the mean RMSECV’s globally decrease from 2 to 5

components to get closer to the value of PLS. As for Figure 2, the idea of this figure is to guide the

decision for the number of components to use in the model. In this case, the choice was again to

use 2 components. Indeed, for NMF and MCR only the first two components modelize correctly

the chemical compounds and there was not a big gain to use 3 components.

Table IV presents the RMSECV of the product for each batch obtained by the one-step PLS with

2 components, and two-step multivariate regression based on the scores of PCA, NMF and MCR

also with 2 components. For the two-step multivariate regression, only two components were used

since only those are meaningful in NMF and MCR. For comparability, the results with the first

two components for PCA and PLS were also used.

It can be observed that in average, by methodology, the lowest RMSECV is obtained for the one-

step PLS (5.12), two-step regression + PCA (5.71), two-step regression + NMF (6.03) and finally

the two-step regression + MCR (7.06). Those results show that the one-step PLS provides slightly

lower RMSECV’s than the two-step methodology. However the scores obtained by PCA, MCR and

NMF can also be used for prediction, with the advantage for MCR and NMF to be interpretable.

Those RMSECV values should be put into perspective. Indeed, the data used in this article were

not designed specifically to build a calibration model, so it would be possible to reach lower RM-

SECV’s with a better design. As a point of comparison it can also be mentioned that UPLC values

range from 0 to 100, which shows that the differences between the one- and two-step models are

relatively small. It can also be pointed out that the one-step PLS is not always the best. In-
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Figure 7: Mean RMSECV of the product by number of components.

Table IV: RMSECV of the product from one-step PLS and two-step multivariate regression.

Batch One-step PLS Two-step PCA Two-step MCR Two-step NMF

1 1.95 2.84 4.62 3.34

2 4.64 5.12 4.62 5.66

3 7.02 7.26 9.45 9.03

4 10.10 10.39 8.44 10.07

5 12.17 12.36 13.15 12.47

6 5.53 6.53 10.05 6.77

7 0.81 1.46 3.36 1.76

8 4.65 4.52 2.79 4.47

9 4.44 6.39 14.46 6.94

10 1.48 2.15 3.53 2.24

11 3.48 3.83 3.22 3.62

Mean 5.12 5.71 7.06 6.03

deed, for some batches, the two-step approach provides lower RMSECV’s. This is for example the

case for batch 2 (MCR), batch 4 (MCR, NMF), batch 8 (PCA, MCR, NMF), and batch 11 (MCR).

Figure 8 presents the predictions for experiment 1 based on the one-step leave-one-batch-out PLS

with 2 components, and the two-step leave-one-batch-out regression, based on PCA, MCR and

NMF with also two components. This means that the models were built on all experiments except
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experiment 1, and then applied on the spectra and scores of this experiment. The lines represent

the predicted values whereas the points represent the observed UPLC values. One can see that

the best fit is obtained for the one-step PLS, whereas the least good is for the two-step regression

based on MCR scores as seen on Table IV. It is also important to note that the predictions are

obtained at all intermediate points not sampled by UPLC, which allows to visualize continuously

the reaction. When looking at the kinetics, it can be observed that the reaction is the fastest

during the first hour, then continues constantly up to 21 hours, but does not reach a plateau.

Figure 8: Leave one batch out PLS prediction for batch 1.

From a practical point a view, this section shows that spectra as well as scores can be used

to build a calibration model when reference measurements are available. Three applications are

possible. The first one is to build a PLS model on a single experiment to visualize it afterwards.

As said before, it can allow to interpolate chemical concentrations at all time points which were

not sampled off-line. This can help to visualize the complete kinetics or particular patterns. The

second application is to build a PLS model on multiple experiments. The visualization is also done

afterwards but this kind of model has the advantage of being more robust than for one experiment

and allows the comparison of multiple experiments together. And finally, as shown with Figure

8, the third application is to use a global model to predict the chemical concentrations over all

33



time points of a new reaction instead of taking off-line measurements. Those results show that

with 10 experiments and 4 sampling times per experiment, predicting a reaction of 21 hours is

possible. The kinetics of this reaction was of course simple, and only two compounds needed to

be visualized, but those are coming from a realistic industrial context, and the principle stays the

same for more complex reactions. Two recommendations can be given to build this kind of model

in a research and development context. When the goal is to understand the impact of different

factors on the reaction, the first recommendation is to generate data from a design of experiment

(DoE). Indeed DoE’s can help to capture the effect of the different factors with an optimal number

of experiments. Since those reactions occur over time, the second recommendation is to sample off-

line measurements at enough time points in order to correctly capture the kinetics of the reaction.
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5 Conclusion and perspectives

Following the Process Analytical Technology initiative promoted by the Food and Drug Administra-

tion, spectroscopic methods have become popular in the pharmaceutical industry to continuously

monitor critical quality attributes during chemical processes. Spectroscopic methods generate how-

ever multivariate data requiring the use of chemometrics approaches to be interpretable.

This paper used a set of chemical experiments performed in an industrial research and development

context to study the synthesis of an active molecule. Those experiments were monitored on-line

by mid-infrared spectroscopy and off-line by UPLC.

This paper presented a practical framework to answer two objectives. The first objective was

to compare chemometrics approaches PCA, NMF and MCR to visualize, monitor and interpret

chemical reactions. The second objective was to propose different approaches to build real-time

prediction models to predict chemical concentrations using calibration methods PLS and multi-

variate regression.

For the first objective, it has been seen that methods NMF and MCR allowed a better interpreta-

tion of spectral data than PCA thanks to the non-negativity constraint and the prior choice of the

number of components. Results also showed that eventhough NMF and MCR come from different

fields, they share the same objectives and provide in practice similar results.

For the second objective, it has been seen that spectra or scores obtained by PCA, NMF and MCR

could be used to build a calibration model with UPLC measurements. A one-step approach using

the spectra and a two-step approach using the scores were compared and provided close results.

In practice, those calibration models allow to predict in real time, and continuously, the chemical

concentrations of a new reaction without having to sample off-line measurements. Broader than

the statistical comparisons, this paper intended to present different tools to assist scientists in the

development of chemical compounds.
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Appendix

Figure 9 presents the scores obtained by NMF for the reactant, product and a side product based

on the global model (sub-figure A) as well as the UPLC values (sub-figure B). It can first be

observed that the side product is not well modelled and is too high compared to the main product.

A second observation is that the main product is not modelled as well as in Figure 6. For exemple,

experiments 2 and 5 reach lower values at the end of the reaction than what is observed with

UPLC values.

Table V shows the error percentages for each batch and methodology with 3 components. Those

errors can be compared with table III.
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Figure 9: UPLC values and NMF scores over time based on the global model.
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