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Abstract

The varying coefficient model is a useful alternative to the classical linear model, since the former
model is much richer and more flexible than the latter. We propose estimators of the coeffi-
cient functions for the varying coefficient model in the case where different coefficient functions
depend on different covariates and the response is subject to random right censoring. Since
our model has an additive structure and requires multivariate smoothing we employ a smooth
backfitting technique, that is known to be an effective way to avoid “the curse of dimensionality”
in structured nonparametric models. The estimators are based on synthetic data obtained by
an unbiased transformation. The asymptotic normality of the estimators is established and a
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1 Introduction and model

Investigating a relation between a response and a set of covariates is a key issue in many statisti-
cal problems. Among others, mean regression models extract central trends of data by specifying
the conditional mean function of a response variable given values of the covariates. A number
of regression models and estimation methods have been proposed in the literature. The most
traditional and simplest way to model the relation is to employ the classical linear regression
model. However, this model is often too restrictive and unable to capture complicated charac-
teristics which might exist in the data. From this point of view, the varying coefficient model
is a very useful alternative. It was first proposed by Hastie and Tibshirani [1993] and takes the

following form:
m(X,Z) = Zia1(X1) + -+ + Zgag(Xa), (1)

where X = (X1,...,Xq)", Z = (Z1,...,Z4)" and m(x,z) is a conditional mean function of
some response given X = x and Z = z. The «;’s are unknown coefficient functions. This model
allows each coefficient function to depend on different covariates, which is not the case for many
other models available in the literature. It makes the model much more flexible compared to the
classical linear model, since each coefficient function is modelled nonparametrically. Moreover,
by considering this model, one can incorporate nonlinear interaction effects into the model. The
structure of the model is simple, since the conditional mean function is still linear in the Z;
variables. If all coefficient functions are constant functions, the model reduces to the classical
linear model.

On the other hand, situations in which a response is not fully observed due to random right
censoring are often encountered, for example, in medical research where patients may leave a
study for various reasons. In this case, well-known regression techniques are not directly appli-
cable since the response is only partially observed. To deal with this random right censoring, the
synthetic data approach based on unbiased transformations has been studied by many authors.
Koul et al. [1981] and Leurgans [1987] first proposed estimators based on different types of trans-
formations in the classical linear model, and they were further studied by Zheng [1987], Zhou
[1992], Srinivasan and Zhou [1994], Lai et al. [1995] and many others. Fan and Gijbels [1994]
extended these results to nonparametric regression models and they considered a more general

transformation including the transformations given in Koul et al. [1981] and Leurgans [1987]



as special cases. El Ghouch and Van Keilegom [2008] further generalized the transformation
and adapted the method to dependent censored data. By using a synthetic data method, one
first transforms data preserving the conditional mean, and one then applies existing regression
techniques as if the responses were not censored.

In this paper, for a response variable Y which is subject to random right censoring, we
consider the problem of estimating the conditional mean regression function of ¢(Y) given
covariates for some known function ¢. We assume that the regression function has the varying

coefficient structure, that is,
d
E((YV)X,2) =) Zja;(X;).
j=1

Note that we are estimating the conditional mean of ¢(Y") rather than that of Y. In accordance
with one’s interest, various choices are possible for ¢. For example, the choice ¢(y) = I(y < t)
(for fixed t) corresponds to the estimation of the conditional probability function and letting ¢
be the identity function leads to the estimation of the conditional mean of Y. For the estimation
of our model, we employ a smooth backfitting (SBF) technique that is known to be an effective
estimation method for structured nonparametric models. Note here that model (1) has an
additive structure similar to the additive model. The SBF method was originally introduced by
Mammen et al. [1999] for the additive model, and Lee et al. [2012a] studied it under the varying
coefficient model. Unlike marginal integration methods, see for example Yang et al. [2006], it
is known that the SBF method is free of the curse of dimensionality which usually arises when
multivariate smoothing is required, since it requires only one and two dimensional smoothing.
It is worthwhile to mention that model (1) has some advantages over the additive model. As
pointed out before, nonlinear interaction effects can be dealt with in the former model but not in
the latter model. The additive model assumes that each covariate affects the response separately.
Another advantage is that the former model allows discrete variables, whereas all covariates of
the latter model have to be continuous. The major hurdle of model (1) is that covariates need
to pair up, which sometimes appears to be artificial. Nevertheless, even if this model is not true,
it may still be used to approximate the true regression function. Recently, Lee et al. [2012D]
introduced a more flexible varying coefficient model. They allow the cases where the model can
contain all possible interaction effects between Z; variables and X variables. In this paper, we

restrict our attention to model (1) in the censored data context. We believe that our results can



be extended to the model given in Lee et al. [2012b].

As mentioned before, regression models with censored data have been extensively studied,
but most attention has been given to the case of univariate covariates. Recently, there have been
several papers in the context of more than one covariate. Among others, Lopez [2009] and Lopez
et al. [2013] considered single index modelling, which is known to be a useful dimension reduction
technique. They proposed an estimator of the parameter vector in this model when random
right censoring is present, and they derived their asymptotic properties. Bravo [2012] studied
the partially linear varying coefficient model with random right censoring, which is an extension
of Fan and Huang [2005] to the censored data context. In fact, the model studied in Bravo [2012]
becomes a particular case of our model by letting X; = --- = X; in model (1) if we ignore the
parametric part. Its estimation is substantially simpler than ours, since each coefficient function
depends on the same univariate covariate so that only univariate smoothing techniques are
required. Additive regression modelling with censored data was studied in De Una Alvarez and
Roca Pardinas [2009] based on the backfitting algorithm proposed by Opsomer [2000]. However,
theoretical properties have not been established. The purpose of this paper is to offer a very
flexible model and to study its estimation with censored data when there are several covariates.

The rest of the paper is organized as follows. In Section 2 we introduce a well-known unbiased
data transformation technique. Section 3 presents our main theoretical results. The proposed
method based on local linear fitting is described and its asymptotic properties are established.
In Section 4 we briefly show the extension of the results to local polynomial fitting. Section 5
and 6 are devoted to numerical studies. We conclude by giving some discussion in Section 7.

The proofs of the theorems and lemmas are given in the Appendix at the end of the paper.

2 Transformation of data

Let U= (XT,Z2")T, X €[0,1]% be the vector of covariates and let Y and C' be a response and
censoring variable, respectively. For randomly right censored data, we observe (T;,6;,U;) i =

1,...,n, a random sample of (7,9, U), where
T=YANCandé=1(Y <C),

and where a A b denotes the minimum value of ¢ and b. Here, the problem is that the Y;’s are

not fully observed due to censoring so that E(¢(Y)|X = x,Z = z) cannot be estimated in a



direct way. For the unbiased transformation of the data, the following assumptions are needed:
(A1) Y and C are independent.
(A2) P(Y <C|U,Y)=P(Y <CJY).

These are common assumptions made when one uses the Kaplan-Meier estimator for the cen-
soring distribution. We consider the transformation given by Koul et al. [1981]:

()
YO = ey

where G is the distribution function of the censoring variable C. Under the above assumptions,

we have

E(@Y)X=x,Z=2)=E(YYX=x,Z=2),

so that the conditional mean is preserved under this transformation. The variable Y& is ob-
servable as long as G is known. So, with YiG instead of ¢(Y;) one can apply existing regression
techniques for uncensored data.

We impose another assumption on the function ¢:

(A3) Let 7 be the right endpoint of the support of T, and let I = (—o0, 79| for some 75 < 7.

We assume that ¢ is bounded on I, and equals 0 outside the interval I.

This kind of truncation is common in the context of censored regression. It is necessary to deal
with the lack of information in the right tail of the distribution of Y. See, for example, Lopez
et al. [2013] and El Ghouch and Van Keilegom [2008].

We assume that (A1)~(A3) hold throughout the paper.

3 Estimation method with local linear fitting

We start with the (unrealistic) case where the distribution G is known. In a second step we will
verify what changes when G needs to be estimated.
3.1 Smooth backfitting with censored data when G is known

In kernel regression, it is widely known that procedures based on local linear fitting have better

theoretical properties than those based on local constant fitting, which suffer from boundary



problems. The local linear method corrects the boundary problem. Moreover, the local con-
stant SBF estimator does not have the oracle property, but the local linear SBF estimator does.
Here, the oracle property means that the estimator of each component function has the same
asymptotic distribution as if we knew all other remaining coefficient functions. This is demon-
strated in Mammen et al. [1999] for the additive model and in Lee et al. [2012a] for the varying
coefficient model. In this section, we introduce the local linear SBF method based on the unbi-
ased transformation introduced in the previous section when G is known. For this, we present
the estimation method along the lines of Lee et al. [2012a] and explain how one can apply the
existing method to our case.

The local linear estimation technique can be applied to estimate the coefficient functions via
the approximation ;(X; ;) = aj(7;) + (Xi; — xj)a}(z;). Next, we consider the following least

squares criterion weighted by a kernel function:

2

n d
/:LZ Z aj(z)) + (Xij — @5)a(5)) Zij | Kn(x, Xs)dx, (2)
=1 j=1

where Z; ; and X;; denote the jth component of Z; and X;, Kn(u,v) = H;.lzl K, (uj,v5),
X = (r1,...,24)" and h = (hy,...,hg)" is a bandwidth vector. Observe that the criterion
is a smoothed version of the kernel weighted local least squares criterion obtained by doing
integration. This is why this method is called the “smooth” backfitting. A boundary corrected
kernel is used for this estimation as in Mammen et al. [1999] and Lee et al. [2012a]. It is given
by

K((u— v)/hy)

K, = I 0,1 3
hj(uav) fK((fw—v)/h])dw (U,UE [ ; ])7 ( )
for some base kernel function K. If we let
f(x) = (al(xl),a’l(xl)hl,...,ad(a;d),afi(a:d)hd)T, and
v(Xi,Zi;x) = (Zi, Zign(Xig —21) /P,y Ziay Zia(Xia — xa) /ha) |

then, (2) can be rewritten as
2
SLE(f / Z v(Xi, Zi; x) T £(x )] Kn(x, X;)dx. (4)

When G is known, our estimator, let’s say &, is defined as the minimizer of (4) over f, when

this least squares criterion has finite values.



The SBF method can be better understood by the projection theory. So we represent our
estimator in the context of the projection theory. We define some spaces of tuples of functions

as follows:

Ly(M) = {f:f(x)=(f(x)",... . fa(x)")" £(x) = (fo(x), f1(x))
fix: R = Rk =0,1, ||f||i/I < oo},
HM) = {f e LyM): [ik(x) = gji(x;) for some function g;, : R — R,

j=1,....d, k=0,1},
where
2 _ T
I£12, = / £ (x) TM(x) £ (x)dx, and

1 n
M(X) = ﬁZV(Xi,Zi;X)V(Xi,ZZ';X)TKh(X,Xz‘).

Note that (4) has finite values if and only if ||f Hi/[ < 00. Therefore, our minimization problem
takes place in the space H(M). Note further that (4) can be decomposed into two parts as (see
Lee et al. [2012a])

2
/ Z V(X1 2 %) 6% ()| K, Xo)dx + 66 — £,

by introducing

. 1 &
a%(x) = M(x)'=) v(X;, Ziix) VO K (x, X)),
=1

3 \

which is the minimizer of (4) in the space Lo(M). Equipped with the norm || - |xp> the spaces

G

defined above are Hilbert spaces and our estimator &~ can be expressed as follows:

ab = argmln”a — £y = (& G|7—[( ),
feH (M)

where the operator II(:|S) stands for a projection onto S. Note that &% is unique since it

is defined as a projection onto the Hilbert space H(M) Moreover, by considering Géteaux

derivatives, one can show that &% = (a¥,..., &) " satisfies the following SBF equation:
d]G(:n]) = dG /Q] xj) Q]k(:nj,xk) g(wk)d:vk, Vi=1,...,d, (5)
k#j



n Xij—;
. 1 1 h 2
Qj(z;) = Xosow;  (Xesow\2 | Bni (@5 Xig) Zij,
=1 hy ( h; )
1> 1 Xik =Tk
A h
ij(l‘J,:Uk) = ﬁ Xo i Xij—a; kXik—mk Khj(l‘jaXi,j)th($k7XLk)Zi,jZLka and
A ()
~G n
- ajo(z;) A 11 1
& (x)) = ’ = Q) "= | Kyl X ) Zi VS (6)
~G n Xij—m;
aj () i=1 -
Note that in general &%(x) is not equal to (&§ (z1)7,..., a5 (zq) ") T, since @ does not belong

to H(M). The solution of (5) is given by the following SBF algorithm:

j—1
~G[r ~ A —1A ~ G, [r—1
&) = &) -3 [ Q) Quelaymaf " wdn (7)
k=1
a A A @
— Z /Qj(xj)_l(ij(«fj?l'k)dk ’[T](.%'k)dwk, V] = 1, “e 7d.
k=j+1
One can iterate the above algorithm for » = 1,2,..., with some initial values &?,[0] () (j =

1,...,d), until it converges. Then, the limit of the algorithm is the estimate of the coefficient

function. Note that, here the first component of d]G(:L'j) estimates o(x;), and the second one
estimates hja’;(z;).

Remark 1. Let

. 10 , ) 0 0
M(x) =p(x) |E(ZZ X =x)® + diag(E(Z7|X =x)) ®
00 0 [u’K(u)du
where ® denotes the Kronecker product and p is the density function of X. Then, ||f||n, L2(M)
and H(M) can be defined similarly as ||f||y;, Lo(M) and #(M), respectively, by replacing M by

M. Note that M(x) converges to M(x) in a certain sense under the assumptions given below.

Lee et al. [2012a] introduced the SBF algorithm to solve the SBF equation for non-censored

data. Using the same arguments as therein, one can show that, under Assumption (B) given

G,[r]

below, as r — oo, & converges to

> U, (8)
=0



where
U = PPy, Py=T([H;(M)b),
i = (I-0)a%,

where St stands for the orthogonal complement of S and #;(M) (j = 1,...,d) are subspaces
of H(M) defined as

H;(M) = {fe Ly(M): fix(x) = gjr(x;), for some function gj; : R — R,

fi(x) =0, 1 #34, k=0,1}.

Formula (8) is very useful to derive asymptotic results since it gives an explicit formula for the
limit of the SBF algorithm. In the following, we collect the assumptions needed for the conver-

gence of the SBF algorithm and the asymptotic results.

Assumption B

(B1) E(ZZ"|X = x) is continuous and its smallest eigenvalue is bounded away from zero on

x € [0,1]%.

(B2) sup E(Z;HX =x)<ooforj=1,...,d.
x€[0,1]4

(B3) The density p of X is bounded away from zero and is continuous on [0, 1]¢.

(B4) K is a bounded and symmetric density function supported on [-1,1] and is Lipschitz con-

tinuous.
(B5) The bandwidth h; satisfies h; — 0 and logn/nh; — 0 as n — oo for j =1,...,d.
Assumption C
(C1) E(ZZ'"0%(X,Z)|X = x) is continuous in x € [0, 1]¢, where 0% (X, Z) = Var(Y%|X, Z).

(C2) The function oy, j = 1,...,d, is twice continuously differentiable on (0,1) and E(Z;Z;|X =

X) is continuously partially differentiable in x € (0,1)? for j,k=1,...,d.

Under Assumption (B), one can show that ||U]|,, < 1 and ||#€||p < oo with probability tending

to one, where || - ||op denotes the operator norm defined in the space H(M). If we choose a



starting point satisfying H&G»[O}

Im < oo, then it can be shown that (8) is indeed the unique
solution of the SBF equation (5). The following Lemma is a direct application of Theorems 3

and 4 in Lee et al. [2012a].

Lemma 1. Under Assumption (B), &%l converges to the unique solution &% of (5) with
probability tending to one provided that the initial point satisfies HdG’[O]HM < 0. Moreover,
under Assumptions (B) and (C), if h; and n='/° are of the same order, then for any x € (0,1)%

and for j=1,....,d, d?(xj) are asymptotically independent, and

n?? (65 (z;) — oy (z5)) = N(B;(;), V(;)),

where
o, p2(K)
Bjlxj) = a;(z)) . , and

K2
i bjpj () (B(Z7|1X; = 2))* | mlE)  pa(2) ]

p2(K)  p2(K)?

with bj = limy, n1/5h]~, w(K™) = fule(u)du and p; is the marginal density of X;.

Note that, since 02 (x,z) > Var(¢(Y)|X = x,Z = z), the asymptotic variance V;(z;) is
larger than the corresponding asymptotic variance for the uncensored case. This is a com-
mon situation that arises in censored data since the synthetic data method inflates uncensored

observations.

3.2 Smooth backfitting with censored data when G is unknown

We defined our estimator and derived its asymptotic distribution in the previous section as if
we knew the censoring distribution G. However in practice G is, unfortunately, unknown, but
it can be consistently estimated by the following Kaplan-Meier estimator G given by

T (1 —6:)I(T; < 1)
1—G(t)_i1;[1 (1— ST z:n))'

Replacing G by G in (4) gives the following redefined loss function SLé(f ):
. 1 n N 2
SLE(f) = / - z_; [YZG - V(Xi,ZZ-;x)Tf(x)] Kn(x, X;)dx, 9)

10



~

where Y;G = 0;¢(T;)/(1 — G(T;—)). Then we define our estimator 6 based on the estimated

transformed data YZG as follows:

al = arg min SLé(f) = H(dG‘H(M))7
feH (M)
where

V(XZ‘, Zi; X)Y;GKh<X, Xz)
1

&l = arg min SLG(f) =M(x)"!
feLo(M) i

SRS

n

The estimator &© satisfies the SBF equation (5) with G being replaced by G. Unlike the case
where G is known, the direct application of the theorems in Lee et al. [2012a] is not valid when
G is estimated by the Kaplan-Meier estimator since Ylé, . ,Yné are not independent. Below is

a useful lemma for investigating the properties of the SBF algorithm. Recall that the definition

G

of de(iL‘j) is given in (6). The estimator &' () is defined by replacing G by G.

Lemma 2. Under Assumption (B) and for j =1,...,d,
37 (25) = &5 (25) = Op  suplG(t) = G|
& (zj) — &; (; » tsilp ,
=70

uniformly in z; € [0, 1].

G

This lemma tells us that the difference between d]

(xj) and de(ajj) is uniformly bounded

by the approximation error of the censoring distribution.

3.2.1 Convergence of the smooth backfitting algorithm

As in Section 2.1, one can find the solution of the SBF equation by the application of the SBF
algorithm with G being replaced by G. Since ||U lop < 1 is already established in Lee et al.
[2012a], to show the convergence of the SBF algorithm, it suffices to show that Hf“GHM < o0,

~ G0

where #¢ = (I — U)&G, with an initial value satisfying |||y < .

Theorem 1. Under Assumption (B), with probability tending to one, the SBF algorithm con-
verges to the unique solution 6l = Yo Uli¢ provided that sup|G(t) — G(t)| = 0,(1), and that

t<7o

the nitial point satisfies H&G’[O]HM < 00.

11



Remark 2. There may exist many possible choices for the initial point. Among them, ae ol =

(djé(xl)T, e d?(:cd)T)T can be a good suggestion since with this choice,
N d . . 5
165 < &1 3 | [ ahtePaptopie; + ) [ ahionPaeis)
j=1

for some positive constant Cy, where g;(x;) = E(ZJZ|XJ- = z;)p;(z;).

Remark 3. The consistency of G is not necessary for the convergence of the algorithm. The con-
vergence would be guaranteed if the estimated transformed response Y€ satisfies some moment
condition. However, the limit of the algorithm may not estimate the true coefficient functions

consistently unless the estimator of G is consistent.

3.2.2 Asymptotic distribution of the smooth backfitting estimator

In this subsection, the asymptotic distribution of the SBF estimator & G( ) will be presented.
Recall that the asymptotic distribution of &%(x) was already given in Lemma 1. If we show
that the difference between dé(x) and &Y(x) is negligible at a certain rate, the desired re-
sult will follow. This can be done by using the fact that &% and &€ are the further projec-
tions of &¢ and &% onto H(M). We demonstrated in Lemma 2 that the difference between

de(a:]) and dG(:zrj) is bounded by the approximation error of GG in probability. Note here that

(@f(x)7,...,a5(xg) )T differs in general from &%(x), which means that &%(x) is not the
projection of ( F)",...,a5(xq)T)". The same is true when G is replaced by G. However,

since &; ( ;) (i.e., the jth component function of the projection of &%) has the same asymptotic
a

variance as ajG(xj), we can expect it is also true for &;(z;) and d?(xj). We will prove the next

lemma using this idea.

Lemma 3. Under Assumption (B), if hj and n~Y5 are of the same order, then for any x €
[0,1]%,
6() = () = 0, (suplG(0) ~ G0 ) + 0y0072")

<o
From Lemma 3, we conclude that dé(x) — a%(x) = 0,(n"2/%) for any x € [0,1]¢ if G is
continuous, since G is approximated at the rate O,((logn/ n)'/2) by the Kaplan-Meier estimator
(see e.g. Lo and Singh [1986]). We already know the asymptotic distribution of &%(x) and
its rate of convergence. So, a direct application of Lemma 3 together with Lemma 1 gives the

following theorem.

12



Theorem 2. Under Assumptions (B) and (C), if h; and n=/> are of the same order and if G is
continuous, then for anyx € (0,1)% and forj =1,...,d, d]G(x]) are asymptotically independent,
and

n?/3(&S (2)) — ay(x;)) = N(B;(x;), Vi(xy)),

where B;(x;) and V;(x;) are defined in the statement of Lemma 1.

4 Extension to local polynomial fitting

In this section, we extend the results studied in the previous section to the local polynomial
setting. We focus on the case of odd orders since they are known to be preferable to the
even order cases; see Section 3.3.2 in Fan and Gijbels [1996]. We will briefly show the results
without proofs. The following is the redefined loss function to be minimized for the estimation

of the coefficient functions, where we approximate the coefficient functions by a pth order Taylor

expansion:
. 1 n A d 2
SLY(f) = /n DONYE =D wyley, Xig) Ei(2) Zig | Ku(x, X,)dx,
i=1 j=1
where f = (f, ... ,fJ)T, f; = (fjo,---, fjp)—r for univariate functions fj,

Uj—’l)j Uj—?)j T
Wj(Uj,'LLj)Z 1, hj sy hj y

and G is the Kaplan-Meier estimator of G. Let dg be the minimizer of SLf(f) over f when

SLf(f) < o0. Then, dg(x) = (dgl(xl)T,...,dgd(xd)T)T is the local polynomial SBF es-
timator and satisfies the SBF equation analogous to (5), which we will not present in de-
tail. Moreover, the SBF algorithm to find the minimizer can be given in the same way as

in (7) and its convergence is guaranteed with probability tending to one under Assumption

(B). Note that the estimator of the kth derivative of a;(x;) is given by k!dﬁjk(xj)/hf, where
&, () = (agjo(mj), e agjp(xj))T, since ozgjk(:nj) is an estimator of h?ag )(xj)/k!.
We need an additional smoothness condition for the asymptotic distribution of the local

polynomial SBF estimator:

(C2’) The function «j, j = 1,...,d, is p + 1 times continuously differentiable on (0,1), and
E(Z;Zx|X = x) is continuously partially differentiable in x € (0,1)¢ for j, k= 1,...,d.

13



The next lemma is analogous to Lemma 3 and gives the approximation error between dg (x)

and ég(x). The proof is omitted.

Lemma 4. Under Assumption (B), if h; and n~1/2p+3) gre of the same order, then for any
x € [0,1]4,
af(x) — a5 (x) = 0, <sup|é(t) _ G(t)|> + op(n~PHD/(43)),

t<7o

for odd p.
Now, the following theorem follows from Lemma 4.

Theorem 3. Under Assumptions (B), (C1) and (C2), if hj and n=Y2P+3) qre of the same order
and if G is continuous, then for any x € (0,1) and forj =1,...,d, &gj (x) are asymptotically
independent, and

nPTD/CPE) (6C(25) — oj(5)) = N(B,;(x), Vi),

for odd p, where

by-i—l .

Byj(zi) = (pil),ag'ﬁ)(%)ﬂl_l??
E(Z%26%(X,Z)|X; = z;)

Vypilz;) = I & Q2,0

bipj(x)(E(ZF|X; = x;))?
Q)im = em(K), Lm=0,...,p

()im = pgm(K?), Lm=0,...,p

(n)l - lu’p+1+l(K)7 lzov"'7p7

with bj = limy, nl/(2p+3)hj and p; is the marginal density of X;.

5 Simulation study

In this section, we will present the finite sample performance of the proposed estimator. We

generate random samples from the following model:
Y =m(X,Z)+ (X, Z)e,

where m(X,Z) = Zyo1(X1) + Zoaa(X2) + Zzas(X3). The variables X1, X9 and X3 are generated

from U0, 1], and the vector (Z3, Z3)" from a bivariate normal distribution with mean (0,0),
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1 05

05 1
1+exp(2r —1), az(z) = 0.5cos(27x) and az(r) = 2. The standard deviation function is set to

and variance ( ), independently of X = (X1, X5, X3)T. We take Z; = 1, ai(z) =

o(x,z) =05+ % exp(—2 + 1322 The error € was generated from a normal distribution

with mean 0 and standard deviation 7. A similar model was considered in Yang et al. [2006] and
Lee et al. [2012a]. We also generate a normal censoring variable with mean p and variance 1.5.
Here, 11 was selected to control the percentage of censoring (PC). We set ¢(t) = tI(t < 79) so
that the objective of this study is to estimate the truncated conditional mean of ¥ given X = x
and Z = z. For truncation, 79 = 5 was used, which means that only a small proportion of the
observed T;’s are truncated. We examine the performance of our estimator for several choices of
PC. We try three cases p = 4.4197,3.1083 and 2.2, which yields approximately 10%, 30% and
50% of censoring, respectively. The noncensored case is also considered to see how random right
censoring affects the estimation in our model.

The coefficient functions are estimated by the local linear SBF method. The trapezoidal rule
with 51 equally spaced grid points on [0,1] is used for the numerical integration. We compute

the estimated mean integrated squared error (MISE) of the regression function:

T N

Z (m[ﬂ (X, Zsy) — m(Xy, z,c))2

17

MISE =

el
2|~

£
Il
Il
—

=

2
( (X, Zs,) — %Z (X}, Zs, )

I

el
=] =
WE
Mz

I
—

J
N 2
( Xy, Z1) — (Xk,zk))

= IV—|—IB2,

_|._
N[ =
™M= 7
=
||M

where N stands for the number of replications, T for the size of a test sample and ], j =

, IV, is the local linear SBF estimator for each replication. We choose N = 500 and T" = 500.

We try 8 bandwidth choices (h1, ho, h3) € {0.05,0.15,...,0.75}3, and the Epanechnikov kernel
is used for the kernel K.

We run simulations for different sample sizes, different noise levels and different censoring

percentages. Tables 1 and 2 report the results for sample sizes n = 200 and 400, and for different

values of v and PC. Each time we report the result for the bandwidth vector which minimizes the

MISE. With the optimal bandwidth, which yields the optimal result for each setting, the MISE

15



Table 1: Optimal results when estimating the regression function m for n = 200. Here, ~ is
the standard deviation of the error, PC is the percentage of censoring, FUN is the function of
interest, MISE is the mean integrated squared error, IV is the integrated variance, and IB? is

the integrated squared bias.

n v PC(%) FUN MISE v IB?

200 1 0 o1 0.0185 0.0098 0.0087
Qs 0.0270 0.0189 0.0081

o3 0.0194 0.0136 0.0058

m 0.0654 0.0429 0.0225

10 o1 0.0502 0.0236 0.0267

Qs 0.0880 0.0697 0.0183
o3 0.0537 0.0447 0.0091
m 0.1900 0.1406 0.0494
30 o1 0.1633 0.0702 0.0932

Qs 0.2029 0.1339 0.0690
o3 0.1479 0.1278 0.0201

m 0.5013 0.3350 0.1664
50 a1 0.4293 0.1568 0.2725

Qs 0.3556 0.2703  0.0853
o3 0.2910 0.2368 0.0542
m 1.0254 0.6312 0.3942
1.5 0 o1 0.0501 0.0163 0.0338
o2 0.0470 0.0336 0.0134

a3 0.0322 0.0210 0.0112
m 0.1271  0.0701  0.0570

10 o1 0.0933 0.0345 0.0588
o2 0.1173 0.0796 0.0378
a3 0.0753 0.0586  0.0167
m 0.2750 0.1718 0.1032

30 a1 0.2535 0.1029 0.1507
o2 0.2416 0.1632 0.0784
Qs 0.1968 0.1665 0.0303
m 0.6698 0.4252 0.2446

50 a1 0.5794 0.1985 0.3810
o2 0.3915 0.3014 0.0901
Qs 0.3526  0.2926  0.0600
m 1.2723  0.7593 0.5130
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Table 2: Optimal results when estimating the regression function m for n = 400. Here, 7 is
the standard deviation of the error, PC is the percentage of censoring, FUN is the function of
interest, MISE is the mean integrated squared error, IV is the integrated variance, and IB? is

the integrated squared bias.

n v PC(%) FUN MISE v IB?

400 1 0 a1 0.0126  0.0056 0.0070
Qs 0.0169 0.0134 0.0035
o3 0.0123  0.0069 0.0054

m 0.0382 0.0235 0.0147
10 a1 0.0316 0.0148 0.0168

Qs 0.0560 0.0379 0.0181
o3 0.0334 0.0243 0.0091

m 0.1067 0.0688 0.0379
30 o1 0.0926 0.0394 0.0532
Qs 0.1543 0.1114 0.0429
o3 0.0988 0.0792 0.0196

m 0.3059 0.2064 0.0995
50 a1 0.2594 0.1008 0.1586

Qs 0.2710 0.1850 0.0860
o3 0.2106 0.1668 0.0438

m 0.6618 0.4096 0.2522

1.5 0 o1 0.0394 0.0079 0.0315
o2 0.0298 0.0170 0.0128
a3 0.0218 0.0104 0.0114
m 0.0829 0.0322 0.0507

10 o1 0.0615 0.0163 0.0451
o2 0.0740 0.0492 0.0248
a3 0.0494 0.0349 0.0145
m 0.1636  0.0890 0.0746

30 a1 0.1618 0.0589  0.1029
o2 0.1895 0.1254 0.0641
a3 0.1254 0.0973 0.0281
m 0.4228 0.2525 0.1703

50 a1 0.3957 0.1301  0.2656
o2 0.2942  0.2067 0.0875
o3 0.2420 0.1906 0.0514
m 0.8373 0.4760 0.3613
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values for each coefficient function are also computed and presented in those Tables. As expected
we find overall increasing patterns in MISE as PC and v increase. In the censored cases, there
is a tendency for the ratio IV/IB? to decline when PC=50%, which could be counterintuitive.
One possible reason is that, with high PC, optimal bandwidths are selected to be very large
to control the explosion of the variance, which results in relatively large biases. We also find
that the MISE decreases as n doubles, and that the rate of decrease is close to 274/5 ~ 0.57.
Note here that the asymptotic MISE of our estimator is proportional to n~%/® with the optimal
bandwidth rate h; ~ n~1/5. These results confirm that the proposed estimator works rather

well.

6 Bandwidth parameter selection

In this section, we introduce a data-driven bandwidth selector for local linear fitting, which
is based on the method given in Lee et al. [2012a]. They proposed to estimate the unknown
quantities which appear in the optimal bandwidth minimizing the asymptotic mean integrated
squared error by fitting some polynomial regression models. We simply adapt their method to
the censored data context. From Theorem 2, the optimal bandwidth when local linear fitting is

applied is given by b;‘-n_l/ 5 where

’ _( [ ¢j(ay)da; >é’

4 [ d;j(z)?pj(z;)dz;

B(Z20%(X.2)|X; = x,)
@) = R = U 1o
dile) = el (K). (1)

We estimate fa;’(xj)ij(xj)dxj by %Z?:l éz;-’(XiJ)Q where & (z;) = Y p_o k(k — l)cj7kx§*2,

with ¢; being the minimizers of

n . d
(v Y,
i=1 Jj=1

and where p is a given loss function and s is the degree of the polynomial used to approximate

S
ZCj,kaj] ) (12)
k=0

m(X;,Z;). Note that, to deal with censoring, the estimated synthetic response is used instead of
the response itself. Other unknown quantities can be estimated in a similar manner. A natural

choice for p would be the squared loss function p(u) = u?. However, with this loss function,
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selected bandwidths produced unsatisfactory results. Note that, in formulae (10) and (11),
only E(Z]zaé(X, Z)|X; = x;) is affected by censoring, which means that, theoretically, other
quantities are invariant regardless of the occurrence of censoring. Nevertheless, some large values
of YZG inflated by the unbiased transformation may cause a significant increase of the estimates
of [ oz;’ (z;)%pj(z;)dx; as the percentage of censoring increases. To address this problem, we
use the following Huber loss function instead of the squared loss function for the estimation of
J o () pj(x;)da;:

u?/2 if lu| <k

E(lul —k/2) if |u| > k

pr(u) =

This function is typically used in robust estimation. By employing this loss function, we ex-
pect that large values of Yié can be prevented from having too much effect on estimating
J o (@)*pj(a)da;.

Tables 3 and 4 show the performance of the above bandwidth selection procedure. We
generate 500 random samples from the same model as in Section 5. The Gaussian kernel is
used for the multivariate local linear kernel estimator, since the Epanechnikov kernel gives very
poor estimates due to its compact support. To estimate the unknown quantities, we use a cubic
polynomial for a;(z;) and a linear polynomial for the other functions. The tuning parameter k is
set to 1.3456 where 6 = MAD/0.6745, and MAD is the mean absolute deviation of the residuals.

Table 3 shows how the automatic bandwidth selector works. We compute the ratio of the
MISE obtained with bandwidths ﬁopt and hy, respectively, that is, MISE(iLOpt) / MISE(iLa). Here,
Bopt is the optimal bandwidth described in Section 5 and iLa is the data-driven bandwidth
proposed in this section. It follows from Table 3 that our bandwidth selector works reasonably
well, since the values of the ratios are not so far from 1. The selection procedure is influenced
by censoring, however, the noise level (v) has no or only very limited effect. The ratios with
censoring have relatively large values compared to the noncensored case. An interesting finding
is that the ratios do not have an increasing trend in PC. It means that our selection procedure
works well, and does not break down even with high PC. In Table 3, there is a ratio smaller
than 1. Indeed, this can happen in finite sample studies, since our automatic bandwidth selector
gives data-adaptive bandwidths for each sample whereas the optimal bandwidth is selected as
the best one among a set of bandwidths that are the same for all samples.

We also compare our SBF estimator based on the above automatic bandwidth selector to the
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Table 3: Ratio of the mean integrated squared error based on ﬁopt over the mean integrated
squared error based on iza for the local linear SBF estimator for n = 200, 400, where ﬁopt is the
optimal bandwidth, and hg is the data driven bandwidth. Here, « is the standard deviation of

the error, and PC is the percentage of censoring.

n ~v PC(%) Ratio| n v PC(%) Ratio

200 1 0 0.986 | 400 1 0 1.050
10 1.153 10 1.127

30 1.216 30 1.234

50 1.191 50 1.190

1.5 0 1.089 1.5 0 1.123

10 1.200 10 1.192

30 1.184 30 1.195

50 1.114 50 1.145

Table 4: MISE of the local linear SBF estimator and the MK estimator with data driven
bandwidth selectors for n = 200. Here, v is the standard deviation of the error, PC is the

percentage of censoring, IV is the integrated variance, and IB? is the integrated squared bias.

SBF MK
v PC(%) | MISE IV B> | MISE 1V B2

1 0 0.064 0.050 0.014 | 0.204 0.108 0.096
10 0.219 0.181 0.038 | 0.585 0.435 0.149
30 0.610 0.455 0.154 | 2.339 2.117 0.221
50 1.221  0.796 0.425 | 5.625 5.193 0.432

1.5 0 0.138 0.087 0.052 | 0.294 0.129 0.165
10 0.330 0.237 0.093 | 0.719 0.524 0.196
30 0.793 0.565 0.228 | 3.259 2.954 0.305
50 1.417 0.861 0.556 | 6.092 5.518 0.574
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multivariate local linear kernel (MK) estimator based on the np package in R. The np package
offers a bandwidth selector based on the cross-validation principle. In Table 4, we see that our
SBF estimator outperforms the MK estimator. In particular, the integrated variance of the MK

estimator increases very rapidly compared to the integrated bias as PC becomes high.

7 Discussion

In this paper, we propose a smooth backfitting (SBF) estimator for the coefficient functions
in a varying coeflicient model having different covariates as smoothing variables when there is
random right censoring in the response. We focus on the case where the censoring does not
depend on the covariates, which is the case, for example, when the censoring occurs at the end
of the study. However, if there is some belief that censoring is affected by the characteristics of
the subjects, then considering the dependency between the censoring variable and the covariates
in the estimation procedure could be appealing. In this case, the synthetic response is given by

y6 _ _ 9o(D)
1 - Gy(T-)

where Gy denotes the conditional distribution of C' given U = (XT,Z")T, that is, Gy(:) =
P(C < |U). Note that U rather than its value u is used here, since the SBF method is minimiz-
ing a global criterion induced by integration. This approach also preserves the conditional mean
of Y given the covariates if we replace assumptions (A1) and (A2) by the conditional indepen-
dence assumption between Y and C given U. Similar ideas have been used in the literature. See
Talamakrouni et al. [2012] for an example. In the dependent censoring case, the Beran estimator
(Beran [1981]) can be used as an estimator of Gy. Nevertheless, this may cause the well-known
“curse of dimensionality” problem, because in our model the dimension of the covariates is large
in general. Recall that the motivation for employing the SBF method is to avoid “curse of
dimensionality” in fitting coefficient functions. In this case, it is possible to restrict attention
to a proper subset of covariates as variables to estimate Gy. Another alternative is to consider
parametric or semiparametric models to avoid high dimensional smoothing. A final remark of
this section is about the choice of the truncation point 79. This should be chosen carefully, since
a poor choice may result in an estimator with large variance, or in too much truncation of the

data.
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Appendix

This section contains the proofs of the asymptotic results of Section 3. We start with the next

lemma, which gives a uniform convergence result for kernel weighted averages.

Lemma A.1. Let (X;,Y;) i =1,...,n be independent and identically distributed random vari-

ables with joint density f(x,y) and let K be a bounded, Lipschitz continuous and symmetric

density function supported on a compact interval. Suppose that E|Y1]® < oo for some s > 1 and

sup,ex J [y°f(z,y)dy < oo, where X is the support of X1. Then, the following result holds with

1

Kp(u,v) defined in (3), assuming that h — 0 and n"h — oo for some vy <1—s~" asn — oco:

sup | = S (K (w, X)Yi — E(K(r, X:)Yi)}

= 0p(1).
> (1)

Proof. This follows from a slight modification of Proposition 4 in Mack and Silverman [1982], if
we substitute the kernel function (1/h)K((u — v)/h) therein by the boundary corrected kernel
Kp(u,v). O

Proof of Lemma 2. Write

n

. . . 1
~ G ~G G G - T
lo (zj) — &5 (z)| = max [¥;7* =¥ [|Qs(z;) Mo - > (L, (Xij — 5)/hy) K, (w5, Xi ) Zi |
- i=1
where || - |2 denotes the spectral norm of a matrix. Note that

Y e = I 6 - G
(1 G(T)(1 - 6T )

Therefore,

max Y€ - V| < sup{é(t)—G(t)] [#()] <1—63§t>>}

1<i<n t<7o

< sup|G(t) — G(1)|0p(1),

t<To

1-G(t)
1-G(t)
Patilea [2009]. Now, it suffices to show that sup, ¢(o.1] [|Q; (z;)7 Y2 and SUP, ¢[0,1] 1570 (1, (Xs—

by assumption (A3) and the fact sup,,, = Op(1); see e.g. Lemma A.1 in Lopez and

xj)/hj)TKhj (;, Xij)Zi ;|| are bounded in probability. From Lemma A.1, Q;(z;) converges uni-

formly in probability to Q;(x;) where
10 ,
Qj(z;) = E(Zj1X; = xj)pj(x),
0 pa(K)
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and where p; is the marginal density of X;. Then, we have

. 1
sup [|Q;(z;) 2 =
x;€[0,1] légl {/\Jo :E] )\ﬂ(l’j)}
Ty
1
<
inf {)\]0 xj /\)\Jl(acj) Njo(x;) ANji(zj) )+ inf {)\]0 z;) A A1)}
z;€[0,1] z;€[0,1]
1
< . . :
o Ajo(@j) A Aji () = Njolaz) A N ()] + o {Njo(zs) A (=)}
z; €0, z;€

where Xjk(:cj) and Aji(xj) (k = 0,1) are the eigenvalues of Q;(z;) and Q;(x;), respectively.
It follows that sup,, c[o 1 {S\jo(xj) A ;\jl(acj) = Xjo(zj) ANji(x;)} = op(1) from the continuity of
eigenvalues, and that infwje[()’l]{)\jo(xj) AXji(z;)} > B for some constant B > 0, since Q;(z;) is
a positive definite matrix by assumptions (B1) and (B3). These imply sup, o1 1Q;(x;) 2 =
Op(1). Next, note that

1< T

= (L, (Xij —5)/hy) K (2, X )

n
i=1

n

Z va i) Zij| = an(z;).

Then, we have

sup an(z;)] < sup |an(z;) — E(an(z)))| + sup [E(an(z;))]. (13)
z;€[0,1] x;€[0,1] x;€[0,1]

It follows that sup, 1) [an(2;) — E(an(z;))| = 0p(1) from Lemma A.1. For the second factor

on the right hand side of (13), observe that,

E(|Z1;

: Sl[lp ]E(|Zl,j||X1,j =u) - B (Kp(zj, X1,5)) < 00,
u€l0,1

K, (25, X1,5))

uniformly in z; € [0,1] by assumptions (B2) and (B4). Therefore, we can conclude that

SupP,,efo,1) [an(2;)| = Op(1). This completes the proof. O

Proof of Theorem 1. First note that, by using similar arguments as in Lee et al. [2012a],

2

HrGHM<cZ[/ (w0 (ay)da, + a(K) - [ GG 0|

for some constant C' > 0 with probability tending to one, where dﬁ(xj), k = 0,1, is the esti-

mated version of dek: (z;) with G being replaced by G. We only prove that [ d%(a:j)ij(a:j)dmj <
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oo with probability tending to one. The proof for [ 64?1 (z;)2%q;(zj)dzj < 0o can be done similarly.
Forall j =1,...,d,

[ ruan < 2( [ ahw o+ [@h) - a0
The fact that the first term on the right hand side of (14) is bounded with probability tending

to one was established in Lee et al. [2012a]. For the second term, observe that

sup [aG(z;) - a%(z)| < sup 6% (a;) — 6% (ay)] = O (squ> G(tw):op(l),
x;€[0,1] x;€[0,1] t<7o

by Lemma 2. Therefore ||f'G||M < oo with probability tending to one. This completes the

proof. n

~G) — (al AC (2N &8 (1) = (A8 (2:). 68 T
Proof of Lemma 3. Let &% (x) = (af'(z1)",..., a4 (za)")", &5 (z;) = (a5p (), a5y ()
a%(x) = (af (z1)",...,aF(zq)")" and ]G( (& ]0(553) ]Gl(:v]))T We will prove that, for

i) =
all j, & ( xj) — af(a;j) = Op(§3p|G( ) — G(t)]) + 0p(n2/5) for any x; € [0,1]. For this, we need
70

to define some functions. First, let

~GLA 11 1 :
o (zy) = E Z Xiy—a; Zig (VS —m(Xy, i) K, (25, Xi ),
h;
~G,A A 11 1
& (wy) = Qylay) Z Xi—a; Z;j (Y —m(Xi, Zq)) Kn, (25, Xi ),
and let &% A(xj) and aG A(x]) be the jth component vectors of a% A(x) and &%4(x) respec-

tively. Here &%4 and &G4 are the projections of & 4G4 and &% onto H( ), respectively,
where
. R 1 & .
a%A(x) = M(x)_lﬁZv(Xi,Zi;x)(YiG—m(Xi,Zi))Kh(x,Xi),
i=1
. 1 &
afA(x) = ME)'=D (X, Zsx) (Y - m(Xi, Zi) Kn(x, X,).
n
i=1
Now, note that
N n G,A A
a]G(:BJ)—aJG(xJ) = a; (x])—aj (x4)
, ~G,A LA ~GLA ~G,A A
= (ag (@) o (:Cj))—i—(a] (x])_aj (%))"‘(aj (%)‘aj (x5))

= Rln + RZn + RSn‘
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We can see that for any x; € [0, 1], Rop = d?(x]) —de(:Cj) = O, (sup|G(t)—G(t)|) by Lemma 2,
t<To

and that Rz, = 0,(n~%/%) by the same arguments as in Lee et al. [2012a]. As for Ry, following

the lines of the proof of Theorem 2 in Lee et al. [2012a], it suffices to show that

sup 13 0'64400)| = 0, (suplGit) — G0 ) + oy(7),
x€[0,1)4 || 7= t<7o
where #¢4 = (I — U)a ¢.A_ This follows if we can show that
su[p ] /Qk(a:k)1ij(:cj,xk)df’A(a;j)dxj =0, (tsilplé'(t) — G(t)|) + 0p(n~%),
r€(0,1 <70

for all k =1,...,d. By the triangle inequality,

/Qk(ka)_lek(fﬂj,$k)df’A($j)din

sup
J,‘kE[O 1]

sup
:L'ke[o 1]

/Qk ) T Qg ) & G’A(»”Uj)dﬂfj

/Qk o) Quk(zj, 2 (6 G’A(xj) - d?’A(xj))dl'j

+ sup
zk€[0,1]

- Rln + R2n'

From Lee et al. [2012a], it follows that R}, = o,(n~%/%). As for R}, note that

Ry, < sw |6 () - & ()| (15)
x;€[0,1]
< _sup [ (16@ua 0+ 1@utw) 1) (1@t sl + (@il z))el ) da

where (A); denotes the Ith row of a matrix A. The first factor on the right hand side of (15) is
Op(tsilp]é‘(t) — G(t)|) by Lemma 2. Now, it suffices to show that the second factor is bounded
in pr_oT}gability. For this, note that ij(a:j, x)) converge uniformly in probability to Q;x(z;, z)
from Lemma A.1, where

1 0
Qji(zj,xp) = - E(Z;Zp| X = xj, Xi, = xp)pji(x), Th),

and where pjj, is the joint density of X; and Xj. Since E(Z;Z;|X; = xj, Xy, = xi)pji(x;, x)) is
bounded on [0, 1]? by assumptions (B2) and (B3), [|(Qx(zj, zx)1 ]l + [|(Qjx(zj, zx))2|| = Op(1)
uniformly in z;, ), € [0,1]%. Tt follows that ||(Qg(zx) 1|l + |(Qk(zx) 12l = Op(1) uniformly
in z; € [0,1] from the fact that ||(Qg(zx) il < |Qu(xr) |2 for I = 1,2, where || - ||o denotes

the spectral norm, and this is O,(1), as is shown in the proof of Lemma 2. O
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