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Les effets a courtes périodes dans la rotation de Mercure
par Julien Dufey

Résumeé:Dans le cadre de la mission spatiale BepiColombo, un moded@técis de la rotation
de Mercure est requis. Dans cette these, nous étudiondflaedtes causes affectant la rotation
de la planete sur une période allant de quelques jours dephssilizaines d’années. Dans la
premiére partie de ce travail, nous décrivons le modéleadplanéte constituée d’un manteau
ellipsoidal et d'un noyau liquide sphérique (sans intéoagt et sans perturbation planétaire.
Nous déduisons la valeur des librations en longitude etti#nda ainsi que le mouvement du
pole de Mercure. Dans la deuxiéme partie, nous étudion$flds des perturbations planétaires
indirectes sur la rotation. Nous mettons en évidence plusigsonances potentielles suscep-
tibles de faire exploser les librations en longitude et ¢itulde. Dans la troisiéme partie, nous
analysons les interactions entre noyau et manteau en premame hypothese que le noyau
est une cavité ellipsoidale. Nous montrons qu’une résanadditionnelle joue un réle majeur
dans ce cas et que les observations de la rotation du margesarg nous donner des infor-
mations sur la taille du noyau, mais pas sur sa forme. Enfins @#budions de maniére plus
théorique une résonance entre une période fondamentalesthne et la période orbitale de
Jupiter, augmentant I'influence de Jupiter sur la rotatibous les résultats ont été obtenus de
maniére analytique en utilisant une étude hamiltonienrgrdbléme et une méthode de pertur-
bations par transformée de Lie, et ont ensuite été verifiegmpagration numérique et analyse
en fréquence.

Short-period effects in the rotation of Mercury
by Julien Dufey

Abstract: In the framework of the space mission BepiColombo, a veryiete model of rota-
tion of Mercury is required. In this thesis, we study varigasises affecting the rotation of the
planet on a time span going from a few days to several decad#® first part of this work, we
describe the model of a planet constituted of an ellipsaithtle and a spherical liquid core
(no interaction), and without planetary perturbations.dMapute the libration in longitude and
in latitude as well as the polar motion of Mercury. In the setpart, we study the effects of the
indirect planetatery perturbations in the rotation. We kagize several potential resonances
capable of enhancing the longitudinal and latitudinaldtions. In the third part, we analyse
the core-mantle interactions assuming that the core islgs@dal cavity. We show that an
additional resonance plays a major role in this case andhbaibservations of the rotation of
the mantle can yield information on the size of the core butitsoshape. Finally, we study
more theoretically a resonance between a free period ofytsters and the orbital period of
Jupiter, raising the influence of Jupiter in the rotation.tA¢ results were obtained analytically
using a Hamiltonian approach of the problem and a pertwbatiethod based on canonical Lie
transforms, and were then verified using numerical intégnatand frequency analysis.
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Introduction

The rotation of Mercury has been studied thoroughly sin@&1@&hen Pettengill and Dyce,
using radar observations, computed that the planet was@ia approximately 59 days. Until
then, Mercury was often compared to the Moon and it was thotigtt the planet was in a
synchronous rotation (same orbital and rotational pejio@slombo (1965) proposed the first
simplified model of the rotation of Mercury and noticed thiag rotational period found by
Pettengill and Dyce (1965) might be exactly two-thirds of trbital period (87.97 days). He
conjectured that this particular rotational motion caléed:2 spin-orbit resonance (3 rotations
on its spin axis during 2 orbits around the Sun) might be stabhe rotation of Mercury could
then be described by a periodic stable solution such thatrtadlest axis of inertia would be
almost aligned with the vector Sun-Mercury each time it pass the perihelion.

In the following decade, many authors studied differeneatpof Mercury’s rotation. Gol-
dreich & Peale (1966) analysed the spin-orbit coupling phegna in the Solar System and
tested their hypotheses on Mercury and the Moon. They cdedlthat tidal effects probably
slowed down the planet, making it cross several resonanoeszand that the capture in this
particular resonant state was due to the eccentricity obthi and the triaxiality of the body.

In 1969, Peale, using a Hamiltonian constituted of a rotatikinetic energy, a gravity
potential and a precession of the orbital node, showed tleatiuly blocked in a 3:2 spin-orbit
resonance verifies the generalised Cassini’s laws (B&l¢2§00), see Chapter 3).

Peale again, in 1974, using a similar Hamiltonian model atrdducing for the first time
a resonant angle and tidal forces, was able to deduce theprasible equilibrium state of
Mercury referred to as the Cassini state.

At the same time, Beletskii (1972) studying a 3-degree addmem model of Mercury and
computing the equilibria came to similar conclusions: tizspin-orbit resonance is indeed an
equilibrium state verifying the generalised Cassini’'sgaw

In 1976, Peale examined how to get information on the intestiaucture of Mercury. He
came up with the so-called “Peale’s experiment” (Peale6192305):

Crn B—A\ (mR2\ _Cn
B—-A mR2 c ) C’

showing that if we can determine precisely the amplitudéeflibrations in longitude (related
to the first factor), the value of the second-order grawtal coefficientCy, (second factor) and
the obliquity of Mercury (related to the third factor, toget with the second-order spherical
harmonics coefficients), we would have a very good estimatidhe size of Mercury’s core. In

Vii



Introduction

this equationA < B < C are the principal moments of inertia of Mercu€y,, is the moment
of inertia of the mantlem is the mass of the planet ar] its equatorial radius.

More recently, this experiment has known a renewed inteviéstthe two space missions to
Mercury of the 21st century: MESSENGER from the NASA and Beppombo from the ESA-
JAXA. These missions should be able to determine the thiteriaof Peale’s experiment with
a high accuracy and constrain the size of the core. As a nddtfact, Margot et al. (2007),
using radar speckle patterns tied to the rotation of Mercwere able to determine a value
for the obliquity and rather large libration in longitudadicating that the mantle of Mercury
should be decoupled from a partially molten core. The firsa dl@wm MESSENGER should
provide definite values for these parameters.

Correia and Laskar (2004 and 2009), taking into account &ffacts, planetary perturba-
tions and core-mantle frictions, showed how a capture irBtBespin-orbit resonance is possi-
ble and is in fact the most probable outcome (from 26 to 73%efcases studied, depending
whether Mercury had an extremely low value of the eccemyriaithe past or not).

In 2004, Rambaux and Bois were able to characterize theabrbition of a rigid Mercury
by two proper frequencies and give the value of its mean altlig They used a numerical
theory integrating the motions of the planets and spintanotion of Mercury simultaneously.
They suggested that the obliquity of the planet was subgdetrje variations on thousand-year
timescales due to planetary perturbations, potentialigimg the implementation of Peale’s
experiment.

In the same year, D’Hoedt & Lemaitre (2004) used an analytnethod with a 2-degree of
freedom Hamiltonian and computed the equilibria of thedrigiodel as well as the fundamental
periods, obtaining an excellent agreement with those fdwyyrfdlambaux and Bois (2004). They
described their model as a kernel for the study of Mercuigtation and the Hamiltonian of the
present work is indeed based on this kernel.

Yseboodt & Margot (2006) also used this kernel, adding thegilary perturbations in order
to evaluate as precisely as possible the value of the obfiglihey were able to reproduce an
obliquity evolution similar to that of Rambaux and Bois (200but with a set of initial con-
ditions differing from the Cassini state. However, theywsbd that these variations disappear
with initial conditions at the Cassini state, indicatingtlplanetary perturbations should not
yield large variations in the obliquity.

D’Hoedt & Lemaitre (2005) and Lemaitre et al. (2006) conéiduhe in-depth analytical
study by adding another degree of freedom (the wobble) tadtaional motion of a rigid
Mercury, and showing that the equilibria associated witgirtmodel verify the generalised
Cassini’s laws.

Indirect planetary perturbations were introduced in a papéeale et al. (2007). They used
JPL ephemeris and numerical integrations on a one-degréeerfom model of a non-rigid
Mercury and found several significant planetary contritmgion the libration in longitude. In a
following paper Peale et al. (2009) used a similar model btit avdifferent value of the moment
ration (B — A)/C,, and corrected a mistake from their previous paper. They esipbd a
resonant forcing between one of the free periods of the menttethe orbital period of Jupiter,
resulting in a large amplitude of the 11.86-year libration.

To complete this non-exhaustive review of the theories tHtion of Mercury, we mention
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Introduction

the work of Rambaux et al. (2007b). They studied a core-raardlipling in the rotation of

Mercury considered as a solid body including either a salid bquid core. They found that

the amplitude of the 88-day libration essentially depenishe radius of the core and that it
should be possible to discriminate between models of iatestnucture with accurate libration
measurements.

In this work, we deal with the short-period effects on thation, over 100 years at most.
Starting from the kernel model first described in D’Hoedt &hatre (2004), we gradually
refine it. From a model allowing a mantle decoupled from a gp&kliquid core in a one-
degree of freedom Hamiltonian, we complexify it to finallytge a four-degree of freedom
Hamiltonian with a non-spherical core, including plangtaerturbations.

Chapter 1 sets the context of this study. With two space omssabout to visit Mercury
in the close future, a very accurate model of rotation of Meye¢aking into account the short-
period effects was needed. After depicting several feataféMercury and a brief description
of the space missions, we explain where this work standgsrrdanework.

Chapter 2 aims at explaining in a practical and educatioresl thie perturbation theory
based on canonical Lie transforms used throughout our wevkn though the well-informed
reader may choose to skip this part, we think it is valuabledqaain this rather difficult theory
and show a few of its subtleties.

Chapter 3 finally gets to the thick of things. After setting general model for the rotation
as a planet constituted of a mantle and a spherical liquie, see develop and use our pertur-
bation theory on the 3 degrees of freedom of the rotation:ldhgitude, the latitude and the
wobble motion, and show how to obtain the time evolution of @ariable of the system.

In Chapter 4, we includéndirect planetary perturbations on the rotation of Mercury. In
other words, the perturbations affect the orbit of Mercurg this change of the orbit will affect
the rotation. We perform several comparisons to ensuredldity of our method and are able
to emphasize a couple of secondary resonances that mayg#atly the rotation.

Chapter 5 considers core-mantle interactions in the mtatVe study the observable con-
sequences of an ellipsoidal core on the rotational motidhe@planet.

Finally, in Chapter 6 we study one of the secondary resorsioced in Chapter 4 in a more
extended way and deal with tligrect planetary perturbations on the rotation, expected to be
insignificant.

In order to understand this work thoroughly, the reader Ehbave a basic knowledge of
celestial mechanics and Hamiltonian theory.






Context and motivations

Mercury has always been the “forgotten” telluric planet.eTarth is of course very well
known and there have been many missions to Mars (Marinere4dPtiobos program, Mars
Exploration Rovers, Mars Express, ...) and Venus (Veneogram, Mariner 2 and 5, Venus
Express, ...).

Until a few years ago Mariner 10, launched in November 193 thie only mission sent to
explore Mercury. Its main scientific objectives were thelgtaf a potential atmosphere, of the
surface, and of other features of the planet. This missimakie to discover the existence of a
very thin atmosphere called the exosphere and the existdrareunexpected magnetosphere,
generated by the planet itself and not by solar wind (see Bamal Burgess (1978) and refer-
ences therein). It also allowed to have an idea of the firstityrield coefficients, representing
the flattening of the pole and the ellipticity of the equafdsout 45% of the planet was mapped
during the mission, revealing a surface similar to the Mo®his mission was the first to use
the gravity assist of a planet (Venus) using an idea of GipsépBepi) Colombo.

Nowadays, two other missions are following the steps of Mari0. MESSENGER (Solomon
et al., 2006), a NASA mission launched in August 2004 has it ansertion planned for
March 2011 and the ESA-JAXA BepiColombo mission (Anselnd &coon (2001), Milani et
al. (2001)) will be launched in 2014 with an orbit insertidanmed for 2020.

In this first chapter we start by describing Mercury and iteedent features that make it so
particular and fascinating. Then we present a very briehoge of the MESSENGER mission
and its scientific objectives. Finally we explain the featuof the BepiColombo mission and
more precisely, where this work stands in the mission fraankywthrough the ROMEO team
involvement in the MORE radio-science experiment of BefpoGdo.

1.1 Mercury’s ID

In our Solar System, Mercury is the closest planet to the 8srsémi-major axis is 0.397
AU) and also the smallest, with an equatorial radius of 24&®n. It is almost 3 times smaller
than the Earth, smaller than Jupiter’s satellite GanymedeSaturn’s Titan, and barely larger
than the Moon. Several features make it very interesting:

e the proximity to the Sun,

e the high density,



Chapter 1. Context and motivations

¢ the high eccentricity,

¢ the unique 3:2 spin-orbit resonance in the solar system.

The proximity of the Sun

Because Mercury is the innermost planet of the Solar Systerani only be observed in
early morning or early evening, its orbit being close to the &nd its radius about one third of
that of the Earth.

This proximity also makes it difficult to reach with a spa@dtrThe gravitational potential
well of the Sun and the large orbital speed of Mercury reqeitieer largeAv’s or a very long
trip for a probe to reach a stable orbit around Mercury. Withplanetary flybys, going to
Mercury would cost even more fuel than a journey to Pluto!

Another effect of this closeness is also very well known. 59, Urbain Le Verrier com-
puted that the perihelion of Mercury precessed with an excate of 38 arcsec (later recal-
culated as 43) per century. This could not be explained bytbl@an mechanics. We had to
wait until the beginning of last century and the general thed relativity of Albert Einstein to
have a satisfying explanation. He showed that his theomjigieexactly the shift of precession
inexplicable until then. The curvature of space-time invtanity of the Sun forces to add a
relativistic correction term in the equations. This is ori¢he strongest reasons for adopting
the general relativity.

In this particular environment, a relativity experimentllwie carried out by the Bepi-
Colombo mission and will be able to constrain the main posiviénian parameters (Milani

et al., 2002).
6
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Another particularity of Mercury is its very high %
density of about 5.427 g/cm This is the second 2 MARS
highest density in the Solar System, only trailing ouf_2 4 .
planet whose density is 5.515 g/éniHowever, given = . .

,
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the small size of the planet (small self-compressiof
by gravity), this is very surprising. Figure 1.1 shows” 3
the density of the telluric planets and the Moon in
function of the radius. The probable reason for this
high density is that its core should be rich inironand 2
significantly larger than any other planet of the Solar
System (at least twice as large as that of the Earth).

Mercury’s interior structure is one of the most, . 1 1. piot showing the density (in
puzzling questions that the space missions will haélf%mg) 01.‘ tHe telluric planets and the Moon
to answer to. as a function of their radius.
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1.1 Mercury’s ID

June 29 _ June 24
— @ June 19

June 14

Figure 1.2: This figure represents the difference
between the orbit of Mercury and a circular one
with the same semi-major axis. The spheres
shown at different longitudes represent the size
of the Sun as seen from Mercury at that partic-
ular place.

The high eccentricity

The eccentricity of Mercury is the highest of the planetstiWi= 0.206, it is more than
10 times larger than the Earth eccentricity and twice alagythe second highest eccentricity
(Mars). Figure 1.2 shows the difference between a circulait and that of Mercury around
the Sun. Correia and Laskar (2004) showed that the eccéntrazies chaotically over billions
of years. It can go from a nearly circular motion to o0et5. Recently Laskar and Gastineau
(2009) computed integrations of the Solar System over ®halof years, using non-averaged
equations and including the relativistic effects. One petof these simulations led to a large
increase in Mercury’s eccentricity (pumped by a proximityaoesonance with Jupiter), large
enough to allow Mercury to collide with Venus or the Sun.

Mercury’s
The 3:2 spin-orbit resonance orbit

Probably the most peculiar aspect of Mercury is
the 3:2 spin-orbit resonance. While performing 2 or
bits around the Sun, Mercury rotates exactly 3 times
around its spin axis. This is the unique case of 3:2
spin-orbit resonance known. Figure 1.3 illustrates
this particularity of Mercury. This resonance induces
particular effects on the dynamics of the rotation, agigure 1.3: lllustration of the 3:2 spin-
we will see during this work. It was first discoveredorbit resonance: Mercury rotates exactly
by Pettengill and Dyce (1965), using radar observa3 times around its spin axis in 2 orbital
tions. At that time, it was commonly admitted thatPeriods. The arrows with the numbers
Mercury was synchronously tidally locked, rotating™m O to 6 represent a person standing
only once for each orbit, thus presenting always th@" Mercury at a fixed longitude during
same face to the Sun (the same way that we alway® first orbit arpund the Sun, numbers
see the same face of the Moon). This belief wasom 610 12 during the second.
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ended by Pettengill and Dyce who measured that the pericatation of the planet was around
59 days, and Colombo (1965) conjectured that this value nhiglexactly 2/3 of the 87.969-day
orbital period of Mercury, locking the planet in this 3:2sgrbit commensurability.

Other interesting aspects of Mercury
We should also mention other particular aspects of Mercury:

e Eventhough Mercury is too small to retain any significant@phere, a very tenuous and
unstableexospherewas detected by Mariner 10, ground-based telescopic cdnsemg
and lately, MESSENGER.

e A very weakmagnetic field was detected by Mariner 10 during its 1st and 3rd close
approaches with Mercury. It came as a surprise since no grexted such a slow rotating
planet to be able to generate a significant dynamo effectsfiipe and the characteristics
of the magnetosphere encountered by Mariner 10 are sinoithat of the Earth, only 100
times weaker.

e Theobliquity of Mercury or the angle between its spin axis and the normés torbital
plane is the smallest of all the planets, it should be arouadcghin, depending on the
interior of Mercury.

e Without significant atmosphere and so close to the Sun, Mgsuffersextreme tem-
peratures. from -173 to 427.

1.2 MESSENGER

Thirty years after Mariner 10 gathered information on Meyca new spacecraft is on its
way to orbit the planet. MESSENGER (MErcury Surface, Spadeitbnment, GEochemistry
and Ranging), a NASA space mission launched in 2004 alreadgnmed three flybys around
the planet. The scientific questions addressed by MESSENS&R

What planetary formation processes led to the high mdiedse ratio in Mercury?

What is the geological history of Mercury?

What are the nature and origin of Mercury’s magnetic field?

What are the structure and state of Mercury’s core?

What are the radar-reflective materials at Mercury’s poles?

What are the important volatile species and their sourcéseaks on and near Mercury?

Its orbit insertion is planned for March 18, 2011. We shotlent get valuable information on
the gravity coefficients of the planet (up to order 16), onrttegnetosphere and the exosphere.
It will also provide the first images of unmapped areas antl hegolution data of about 25%
of the surface.
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1.3 The BepiColombo space mission

To quote Dr. Johannes Benkhoff, BepiColombo Project Sigeat the ESA: “After the

'appetizer’ mission MESSENGER, BepiColombo will be the imaourse’ .

1.3.1 The mission profile

BepiColombo is the planetary Cornerstone of the ESA's Cosfision Programme. With
its state-of-the-art equipment, it is devoted to a thoroexgploration of Mercury and its envi-
ronment.

This mission is a partnership between the ESA and the Japarspace Exploration Agency
(JAXA). This is the first time both agencies cooperate. Itls®dhe first dual spacecraft mis-
sion to Mercury composed of an orbiter studying the magrietid (MMO, Mercury Magne-
tospheric Orbiter) and an other one studying the planet (MR€&cury Planetary Orbiter). In
addition to the orbiters, the two other components of thespaft are the Mercury Transfer
Module (MTM) providing the acceleration and brakes during truise to reach a stable orbit
around Mercury and the MMO sunshield and interface stregtoroviding a protection to the
Sun for the MMO and interface structure between the orbuets their separation. Figure 1.4
illustrates how the composite spacecraft looks like dutiveglaunch and the cruise.

Figure 1.4: On the left panel, a drawing of the dual spaceueri# the MMO and its sunshield, the MPO
and the Transfer Module during the launch. On the right pahelsame elements in cruise configuration.

At the early stages of the mission, a lander was also planoetdd to be cancelled for
budgetary reasons.
Table 1.1 contains the event calendar of the mission (Behkhal., 2010).

The scientific objectives

The main scientific goals of BepiColombo are

e the origin and evolution of a planet close to its parent star;
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Date Mission Event

19 July 2014 Launch

25 July 2015 Earth flyby

17 January 2016 First Venus flyby

29 August 2016 Second Venus flyby
4 September 2017 First Mercury flyby
27 May 2018 Second Mercury flyby
17 August 2019 Third Mercury flyby
25 September 2019 Fourth Mercury flyby

21 May 2020-13 November 2020
20 August 2021-10 February 2022
20 August 2022-10 February 2023

Arrival at Mercury
End of nominal mission
End of extended mission

Table 1.1: Calendar of the mission. The last three elemeitits*vactually depend on the performance
of the solar electric propulsion.

e Mercury’s figure, interior structure and composition;

the interior dynamics and origin of its magnetic field;

exogenic and endogenic surface modifications, cratemagonics, volcanism;

the composition, origin and dynamics of Mercury’s exosplaard polar deposits;

the structure and dynamics of Mercury’s magnetosphere;

e test of Einstein’s theory of general relativity.

The MPO and MMO

The 2 spacecrafts are called the Mercury Planetary Orbvi@d), designed by the ESA
and the Mercury Magnetospheric Orbiter (MMO), built undaXa responsibility. At their
arrival at Mercury, the two orbiters will be separated. The®™will have an orbit close to
Mercury, with a periherm at 400 km of altitude and an apohar@b80 km. For the MMO, the
periherm altitude will also be at 400 km, but the apoherm kgilich an altitude of 11800 km.

The main scientific themes of the MPO are:

¢ the surface: topography, morphology, composition;

the interior: study of the core, composition of the planedgmetic field;

the gravity field;

the exosphere: composition, dynamics, surface release;
e the magnetosphere: structure dynamics and compositions;

while the ones of the MMO are:

6
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the internal magnetic field: structure and origin;

the magnetosphere: structure, kinetics and processes;

the atmosphere: structure, variations, production frorfasa, loss to solar wind;

the surface crust: present structure, status, evolution;

the interplanetary plasma and dust.

1.3.2 The MORE project

MORE is the acronym for Mercury Orbiter Radio-science Expent. It consists of a
device of approximately 4 kg included in the MPO, addressiaigntific goals in geodesy,
geophysics and fundamental physics.

It should help determine the gravity field of Mercury up to agegand order 25. The 2nd
degree coefficients should be determined with0a® accuracy (signal/noise ratio (SNR) of
about10%), the degree 10 coefficient with a SNR of about 300 and degdamefficients with
a SNR around 10. It will provide constrains to determine tize sind physical state of the
core. With other scientific devices on board, it will alsoaihe obliquity of the planet and
the amplitude of physical librations in longitude with arcaacy of a few arcsec. All this
information will indicate whether or not Mercury has a malt®re and give its size.

1.3.3 The ROMEO team

ROMEDO is the acronym for Rotation of Mercury and Equationamfrbiter.

In order to process the data obtained by MORE, the softwarBIDR} will be used. The

working group of this project is led by Andrea Milani from RisThe goal of this work is not
to describe this software, and we will not go into it. Howewee must mention that a very
accurate model of the rotation of Mercury is required for ORB!. That is where the ROMEO
team comes in.

The role of this team of Namur is to provide a model of rotafionMercury, as accurate
as possible, including the planetary perturbations anchtrespherical shape of the planet.
The purpose of the project is double: evaluate the direaienite of Mercury’s rotation on the
motion of an orbiter and build a reference for the measurésradrihe non-rigidity of the planet.

This work originates in the second objective. We introduee ghort-periodic terms in a
complete and accurate model of rotation of Mercury. The PthBsis of Sandrine D’Hoedt
(2007) built the foundation of this model, with long-peritims and this thesis is the continu-
ation and expansion of her work.






Canonical Lie transforms for dummies

The aim of this work is to study the rotation of the planet uatthg its short-period varia-
tions. In other words we want to compute the evolution ofipalar angles of the rotation such
as the libration angles. We choose to use a Hamiltonian fiicemavery convenient to express
the equations of motion. The perturbation method chosehignHamiltonian framework is
that of the canonical Lie transforms using the Deprit-Heshraethod. It is described in several
papers, in particular in Deprit (1969) and Henrard (19704l laas been used successfully in the
celestial mechanics team of Namur for decades now: thetibloraf the Moon by M. Moons
1982, the rotation of Galilean satellites by J. Henrard §20@2005b, 2005c, 2008, Henrard &
Schwanen (2004)) and more recently the Ph.D. theses of B.dedefeer (2006) and A.-S.
Libert (2007). However, even though this perturbation thiewas described succinctly in each
of these works, there has never been a practical referenbewro implement and use this
perturbation method by canonical Lie transforms. This égbal of the next pages.

We must mention that the Deprit-Henrard method of using oerad Lie transforms is not
the only one. Hori (1966) first developed its own proceduretvivas adopted in many papers
later on. However, as mentioned in Henrard (1970): “It stdng noted that Deprit’s technique
has a marked advantage over Hori’s method in that it prodaicesursive algorithm generating
directly the coefficients [of the transformation] up to amgler”.

Giorgilli & Locatelli (1997) also used Lie series and expans in the small parameter and,
with a tree representation of their algorithm, they managqatove the formal convergence of
the method with a nonresonance condition of the frequerditee problem.

In this chapter we explain in a practical way how to apply ffesturbation method. We do
not develop the theoretical results, but rather use themadasaical example to capture a few
of the subtleties of this extremely rich theory. In other dsrthis chapter should be viewed as
a manual explaining how to use this perturbation method antiow it was developed.

This chapter is displayed in three parts. First we state sbewretical results and different
formulas necessary to implement the method. After thisf lmieoduction, we develop our
example to obtain an extremely simple Hamiltonian. Finailigh this Hamiltonian, we apply
the Lie triangle algorithm. The theoretical references famnchulas are written in boxes and we
develop the direct application of the formulas on our examigiht after each box.
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Chapter 2. Canonical Lie transforms for dummies

2.1 A brief overview of canonical Lie transforms

Let us consider a transformation of coordinaies- y, expanded in powers of a “small”
parametet and close to the identity:

r=X(y,€) =y+eXi(y)+EX(y) + ... (2.1)

For e small enough, this transformation is invertible

y=Y(x,€) =+ edi(x) + €Va(), (2.2)
and (2.1) can be defined as the solution of a system of diffietezguations
de _ W(z,€) (2.3)
de

for the initial conditionse(e = 0) = y. This transformation (depending on the parame}és
then considered as a flow generated by a non-autonomoussyttifferential equations. Let
us note that, for small enough and given the transformatior- X'(y, ¢), it is always possible
to take as generating vector field:

X
Wiz, €) = [6 éy’ 6)] _ (2.4)
€ Jy=de
Let us consider the Hamiltonian systems, characterised by
& =THY!, (2.5)

whereZ is the symplectic matrixy = (¢, p) the vector of generalized coordinates and asso-
ciated moments, and the notatiéf). is the gradient off with respect tor: Hx = V_,H. In
order to keep on using the simple formalism of Hamilton’sa@ns, we want to keep a canon-
ical set of variables. For that, we must restrict the groupieftransforms to the subgroup of
symplectic Lie transforms for which it is necessary and sigfit to impose that the generator
vector fieldV is a Hamiltonian field, i.e.

W=1IW?!, (2.6)

for some functionlV. Putting together the equations (2.3) and (2.6), we defiae#monical
Lie transforms as the transformations= X (y,¢) = y + eX1(y) + €2X(y) + . . ., solutions of
the auxiliary Hamiltonian system
— =IW?T. (2.7)
de

Expanding any analytical functiof( X (v, €), €) in Taylor series around = 0, the expres-
sion of the transforng(y, €) of this functionf(x, ) by the transformation (2.1) induced by the
generating vector field (2.7) is

Ei ;
9y, e) = f(X(y,€),e) = > = [D'f(x,€)],_, s (2:8)

7l
<0
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where the operatab is defined by

of 5f T _ af
Oe (’3 92t Ws Oe

with ( f; W) standing for the Poisson bracket of the two functions:

Df(x,¢€) = + (W), (2.9)

(2.10)

0q; Op; a 0q; Op;

(f; W) = f,ZWT = Z (8f oW of aw)

These formulas allow to write a simple and systematic proeébr the computation of a
Lie transform of an analytic function. Lgtbe that analytic function

_ €
€) = 2; (@) (2.11)
and the generatoid’
W= Z WZ+1 (2.12)

From the expansion of the derivatives

IR0, = Y SR, 213)
i=0

the intermediate functiong are built successively with the recurrence formula

fl = B ch f-_].;;la Wii1) , (2.14)

k=0
1
k

picture if we consider the functiorﬁ placed in the so-called Lie triangle such as in Figure 2.1.
The transformy(y, €) of the functionf(x, €) is then given by

whereCF = ( ) = ﬁlk), is the binomial coefficient. The recurrence formula is easy t

0.0 =35 @], (2.15)

=0

In our theory, we use these canonical Lie transforms on Haméns. Namely, we have a
guasi-integrable Hamiltonian in the form

H(q,p) = Ho(—,p) + eHi(q, p), (2.16)

where the dash emphasizes the non-dependency on the antjlesntegrable part. We use the
Lie transforms theory to average the Hamiltonian. The pseps twofold: to use a perturbation

11



Chapter 2. Canonical Lie transforms for dummies

0
0

A
2 fi Jo 5
fo

0 1 2
3 2 fl

Figure 2.1: Lie triangle, useful to picture the intermeelihlnctionf{ of the Lie transforms

theory in order to average a Hamiltonian until a given orded o use the generators of the
transformation to re-introduce short-period terms inafalies that we want to study.

Another thing worth mentioning is that we do not choose thedformation itself (from the
coordinatesr to y), but we choose the transforffi(—, p) of the Hamiltonian and we deduce
the generators of the transformation, without computimxglicitly. Indeed the transformation
does not give information while the generators contairh@ighort-period terms of an averaging
transformation.

Finally let us add that we will use the Lie triangle proceddescribed above in two different
ways:

1. taking the functiory(z, ¢) as the Hamiltonian, as we already mentioned,

2. computing any functiorf(zx, €) of the variables of the problem, using the generators to
re-introduce short-period terms and compute the evolution

Figure 2.2 depicts our use of this very rich theory

2.2 A simple example: dynamics of a satellite around a
planet with J, and Cy.

In this section, the aim is to develop a case with a very siriplegree of freedom Hamil-
tonian on which we will apply the procedure described aboMee reader must however not
be misled: it is not necessary (or recommended) to use suomplicated theory to compute
the motion of a body in a 1-degree of freedom case. Usuallynpls change of variables to
action-angle coordinates is enough. This 1-degree of fm@eldamiltonian considered here is
nevertheless a very good example to introduce some of tiharésaof a perturbation theory by
canonical Lie transforms without obscuring the theory bgrgé number of variables and even
more complicated formulas which must be used.

The case studied is that of a satellite (of unit mass) onpitmthe equatorial plane of a
planet considered as an ellipsoid (with representing the flattening at the poles &rid the
ellipticity of the equator). We consider the orbit of theedbiie as circular and we choose an
inertial reference frame centred at the centre of mass opldmeet. The Hamiltonian of such
a problem consists of two parts: the kinetic energy of thelsi@ and the gravity potential of
the planet. Expanding the gravity potential up to the 2neond spherical harmonics (see e.qg.

12
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H(—,p) W(q,p)

OH /0p H(Q, p) Lie A

correction to the frequencies Evolution of the variables

0fi 0p | O /0g /

Expression of; andp

Figure 2.2: Schematic view of our use of the canonical Liedfarms theory. From the quasi-integrable
Hamiltonian H (¢, p) = Ho(—,p) + €H1(q,p), we use the Lie triangle procedure a first time (up to a
given order, large enough for the remainder to be under ttweracy level) to transform the Hamiltonian
to an averaged, integrable one, and to get the generatdngsdfansformation (diagonal arrows). With
Hamilton’s equations (vertical left arrow), we compute hitv frequencies are modified froffy(—, p)

to H(—, p) and the expressions of the transformed variaplasdp. Using the Lie triangle procedure a
second time (vertical right arrow), not with the Hamiltomifunction but with any analytical function of
the variables, together with the generators of the transition and the expressions @andp already
computed, it is possible to re-introduce the short-per@ths into any function of the variables.

Kaula (1966)) yields
GM GMR?

r 73

V=—

<—%(2 —3(2® + y?)) + 3Cq(2* — y2)> : (2.17)
with G the gravitational constant}/ the mass of the planef;. its equatorial radiusy the
distance between the centre of mass of the planet and tHitesaéed x andy the components
of the unit vector pointing to the satellite. Since the dagemoves in the equatorial plane of
the planet, we have = cosl andy = sin(, with [ the (true or mean since= 0) anomaly of
the satellite. The potential then becomes

GM  GMR? <J2 )

V= — + 3C5 cos 21 (2.18)

r 73 2

Using the canonical variables of Delaung@yL), with L = ,/nia wherey = GM anda is the
semi-major axis (equivalent to the radius of the orbit smweeassumed a null eccentricity), we
have

2 4R2 J
V= _% — ML68 (32 + 3C'y cos 2l) . (2.19)

Adding the kinetic energy to the first term of the potentialgi the well-known Hamiltonian of
the 2-body problem and the Hamiltonian of this problem isgyjmwritten:

2 412
I K Re Jo
H= ~575 76 (5 + 3C9; cos 2l), (2.20)
N’ | J
Hop G;
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with H,g being the Keplerian contribution ang; the 2nd order gravitational potential. With
higher-degree of freedom Hamiltonians, we will always tyget to a similar form: an inte-
grable part (here correspondingffa z) and a small perturbation (because/efandCy;). Hsp
is the Hamiltonian of a perfectly spherical or point masspta

2

ol
with L* now constaritand its value beind.* = /ua*, with a* the semi-major axis of the
Keplerian case. We now expand the Hamiltonian (2.20) ardbisdvalue: L = L* + X. We
stop the expansion at the 1st order in order to have the satnpbssible Hamiltonian. The
results are not altered qualitatively. The Hamiltoniamtheads

2 42
H X H Re X JQ
Y (1 - QE +O(X2)) T (1 — 65 +O(X2)) (2 + 3C55 cos 21
(2.22)

with the canonical variableand momeniX. Forgetting the constant terms, we have

2 4 P2 4 4 P2
il ReJQ ReCQQ 12 R 022 2
H= (F + 3t 7 )X + 18TX os 2l — 37 cos2l + O(X*). (2.23)
In the first term of the Hamiltonian, the first coefficient;i$/L** = \/u/a*® = n, corre-
sponding to the mean motion of the satellite in an unpertb&body problem, while the other
coefficient is only a small correction to this frequency. B&mng the constants, the Hamiltonian
is actually very simple:

H = n'X 4 bX cos 21v+ ccos 2, (2.24)
HO €H1

with o’ = n + 3222 The integrable part is now,(—, X) and the perturbationH, (I, X)
with e implicitly mcluded in the coefficients andc.

Using this Hamiltonian, we would like to know how a variabletlois problem, the semi-
major axis for example, is affected by the perturbathdhcos 2/ + ccos 2l and what are the
other changes related to this perturbation.

2.3 The implementation and the use of the Lie triangle
procedure

2.3.1 The generators of the transformation and the transfomed Hamil-
tonian

CHOOSING THE TRANSFORM AND THE PARTS OF THEHAMILTONIAN
Choose the transforni that you want to obtain. This choice actually induces a fan

pecauseH, is independent of its associated variabland Hamilton’s equation gives = %’l{ = 0,
implying thatL is constant.

14
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mation of coordinates close to the identity (assuming a lspgaiturbing part). Typically in
Hamiltonian cases, this is an averaging transformatiom ome or several fast angular vari-
ables included in the perturbation.
We use the so-called Lie triangle to apply the perturbati@oty. The triangle is viewed as
follows:

Hy H,
HY H! H? (2.25)
Hy Hy, HY Hj

The non-transformed Hamiltonian (the input) is present@first row, its different partsi{?)
are chosen as proportional to the powers of a small parameteplicitly or explicitly given):

H = ZHOE

The transformed (averaged) HamiltoniBnthat we wish to obtain lies in the diagonal:

The transformation that we use is of course an averagingftvamation over the angular
variablel. This transformation is close to the identity because thhamaters/, andCs, (in-
cluded in the coefficients andc) are supposed to be small compared to the corrected mean
motionn/'.

Now that the transformation is decided, we must choose hosh&we the Hamiltonian
H = Y0 < H? between the different/?. These early stages of the procedure (choices of
the transformatlon (which angles) and of thg) are critical since they may lead to a non-
convergent process or other problems.

In our exampled| is obviously the unperturbed (averaged) Hamiltonidfj:= n’ X . Since
the two other terms off are of the same order, we put all the perturbatiof/th

HY = bX cos2l + ccos 2, (2.26)

andH? =0 Vi > 1.

BUILDING THE TRANSFORMED HAMILTONIAN AND THE GENERATORS
The formulas to build the averaged Hamiltonian are

Hy = H™' + (Hy W) (2.27)
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with the intermediatd/}’ computed as follows:
Jj+1 Jj—i0

J
Hy = Hyp '+ Ci(H!S W) (2.28)
=0

wherelV; is the generator of théh floor of the Lie triangle{ ; ) designates the Poisspn
bracket and’! is the binomial coefficient.

Equations (2.27) and (2.28) should answer the question “tdowompute the transformed
Hamiltonian?”. However we do not know the generaldfs/et and it is not possible to compute
the transformed Hamiltonian or the generators of the tansfvithout prior explanation.
Equation (2.27) witm = 1 is called the first-order homological equation:

Hy = HY+ (HJ;Wh) (2.29)
= bX cos2l + ccos2l + (n'X; Wy). (2.30)

In this equation, since we are looking for periodic genemi®;, we chooseH; to be the
average offf? with respect to the angles of the averaging transformatloais!):

1 2 1 21
Hy = g/o HYdl = g/o (bX cos2l 4 ccos2l)dl =0 (2.31)
As a consequence, the first-order homological equatiorsgive
0 = bXcos2l+ ccos2l + (n'X; W) (2.32)
o' X)ow,  9(n'X) oW,
= bX cos2l 21 — 2.33
COSSIFCCSET T oxX ~ Tax ol (2:33)
= bX cos2l + ccos2l — n'agl/l , (2.34)
and we find the first-order generator
1 b ) c .
Wy = p /H?dl = 2—n’X sin 21 + 5,7 Sin 21. (2.35)

At first order the transformed Hamiltonian is then
H(X)=H)+ H; =n'X, (2.36)
where the variables are “barred” to notify that they are tagables after the transformation.
Let us note that this Hamiltonian is the same as the unpetdamiltonian.
We now push the transformation one order further. To compifteve needd;, computed
as follows:
H{ = Hy + CY(HY; W) + C (HJ; Ws). (2.37)
However, we have two unknowns in this equati@f: and1,. The solution is to introduce the
expression off{ into Hg:
Hi = Hy + (Hy; Wh)
= HY + CY(HY; Wh) + (Hy; Wh) +C (HS; Wa). (2.38)

~~
70
H2
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What we caIIedFIS can be calculated since all the components are known. Thistieq, very
similar to the first-order homological equation (2.29), &led the second-order homological
equation. H? is computed in the same way &§: HZ = (HY), where( ) representing the
average with respect o We have

HY = HY+CU%HYWY) + (HE W) (2.39)
= 0+ (H% W) +0 (2.40)
— D X cos 2l + ccos2)-2- (L X sinal + - sin 2 (2.41)
= 81 COS C COS 8X o S o S .

b
—é%@Xb%2k+cam%%%<§EXSm2b+§%$n%) (2.42)
b b
= (—2bXsin2l — 2¢sin2l)— sin 2] — bcos 2l | — X cos 2] + < cos 2l (2.43)
2n! n’ n’
02 b
- T x-= (2.44)
n n

We see no angle dependency éf, as a consequence, we halig = (HY) = HY. It is now
easy to deduce the generalbs from equation (2.38):

N 1 OW.
%:£+WWW:%_Em2 (2.45)
oW,y

— 2.46

and, looking for periodic generators by definitidir, is a constant that we choose equal to O
since the generators will be used with derivatives only.
The reader should not be misled here, this is a particulattresused by the extreme simplicity
of the Hamiltonian. Had we expanded it to the second orde¥ jiwe would have a second
order generator different than 0.
With this second-order generator, it is now possible to cat@p/| (necessary for higher or-
ders).

The transformed Hamiltonian at second order is then:

72
H(X) = n'X + & ( “x - b_c) | (2.47)
2\ n a

We note that if one of the frequencies of the system (héris small, we may have convergence
issues, especially in the cases of slow varying angles aawhasces.

THE ALGORITHM OF THE LIE TRIANGLE

1. Compute?, only depending on components of the Lie triangle and géoeralready
computed in previous orders,
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2. Choose the value df} as the average di?,

3. Compute the-th order generator using the equatieitn order homological equation:

H(ZJ - [:I(ZJ H(())a szaw ) (248)

—h

with n being the number of degrees of freedom of the problem.gritie frequency o
the j-th degree of freedom of the unperturbed problem.

4. Compute the ternif! | for which we needed the generaté,

5. Go on to the next row and start over at 1.

2.3.2 The correction to the frequency and expressions of thteansformed
variables

CORRECTION TO THE FREQUENCY
Let us suppose that the transformation to be applied on tinaltdeian H (g, p) is an averag
ing over some angular variables After applying the Lie triangle algorithm, the transforthe
Hamiltonian (truncated at an ordey is now

_ B " Ei n
=p) =D s, (2.49)
i=0

independent of any angular variable. As a consequence etdrequency associated with
each angular variablg (or each degree of freedom) is then, using Hamilton’s equati

. OH
“= p;

(2.50)

and may be different than the frequencies of the unpertupboellem (integrable Hamiltg
nian).
If the expression of; is a constant{ linear inp;), we immediately have the frequency of this
degree of freedom. However, whéhhas higher order terms i, these frequencies depend
on initial conditions of the problem.

In our example the small parametés included in the coefficientsandc. The transformed
Hamiltonian (at order 2) is

i

2
o H} —b? b
H(X)zE:W—n’X+O+2( X——C) (2.51)

a
showing that the frequency of the unperturbed problem can Vhe frequency associated with
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2.3 The implementation and the use of the Lie triangle proced

the variabld is now - )
- H b
l:g—X:n/—ﬁ:n” (252)

To give an idea of the correction, let us take the case of dligatgerforming a full orbit in a
day around a planet with the mass of the Earth dnd- C», = 1073, With these values we
have:

2 2 2
T=""—1day 7T =2"=009999316226day T" ="
n

- = — = 0.9999317067 day

n n

(2.53)

The period of the unperturbed problem (associated wjtis obviously 1 day. The correction
due to.J; (transition fromn to n’) is about 5 seconds while the correction due to the transfor-
mation itself (inH2, from n’ to n”) is aboutl0~2 seconds.
In this example the correction to the frequency is extrerseigll but in other cases, especially
when a resonance is involved, the frequency may changeahihst In the chapter on core-
mantle interactions (Chapter 5) we see that one of the furd&ahfrequencies of the perturbed
problem can be several times smaller than in the model witinberactions.
In that case, itis required to use the Lie triangle procedpr® a large order for the frequencies
to convergé.

Milani and Knezevic (1990) used another method for the cayerce of the frequencies
for proper elements of asteroids. With Hori’'s technique aighe second-order in the small
parameter, they developed and used a fixed point iteratgoriim until the convergence of
their frequencies.

In this work, we never use such an iterative method and cosgterit by using the Lie triangle
procedure up to a large order, which allows for a good corarerg of the series far enough
from resonances, but takes a very large amount of CPU time.

EXPRESSION OF THE TRANSFORMED VARIABLES
Two scenarios are possible:

e The system is at the exact equilibrium
In that case, going to cartesian coordindtges= +/p; sin g;, y; = /p; cos ¢;) and equalr
ing Hamilton’s equations to 0, we hawe = y; = 0, implying p; = 0. It is then easy
to see that the frequencies of the varialglesre simply the coefficient() of the linear
term of H and we have; = @;t + G 0.

e The system is not at the equilibrium
Hamilton’s equatiom; = g—g = 0 still implies thatp; is constant, but not O necessatrily.
To compute this value, the inverse Lie triangle algorithnmsbie used (Henrard (1973),
and Libert (2007) for an application of the algorithm) in erdlo express the transformed
variables in function of the non-transformed ones and oheluitial conditions of the

problem.
Since we will not meet this case in this work, we only mentigait it actually gives ris

(9%

2in the sense that going to further orders does not bring amjfgiant change to the frequencies
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Chapter 2. Canonical Lie transforms for dummies

to free amplitudes in the evolution of the variables.

Since the transformed Hamiltonian only has linear termX jiwe find
I=n"t+1, (2.54)

with [, the initial condition of the (averaged) anomaly. B
We suppose that our system is at the equilibrium and get fhiession forX:

X =0. (2.55)

2.3.3 Time evolution of the variables including the short-priod terms

RE-INTRODUCTION OF THE SHORYPERIOD TERMS IN THE VARIABLES

With the generators of the transformation, it is possibledmpute the evolution of any ana-

lytic function of the variable. It is simply the canonicaldLiransform of this function and its

expression is given by applying the Lie triangle procedure.
We consider the following triangle:

P fo
s fi fo (2.56)
2

0 1 3
3 2 1 fO

We put the expressiofi(q, p) in f§, f2 = 0 Vi > 0, and we use the Lie triangle as befare.
The recurrence formula is the same as previously (2.14),te@denerators were already

computed during the averaging process.
The expression of the functiof{q, p), including short-period terms, will be found in the

diagonal: f(g,p) = > i, [ﬂ ~, with the variables and momenjsandp evaluated at
q9=4,p=p

their transformed values (computed previously).

In our example the Hamiltonian depends band X while the transformed (averaged)
Hamiltonian depends oX. Let us assume that we want to compute how the perturbation
that we included.(, and(C',) affects the semi-major axis. The relation between the seajor

axis and the variables 6 = /pia = L* + X, or
L* 4 X)?
g. (2.57)
ol

The equilibrium value ofX is zero since it corresponds to the 2-body problem,m@ir Apply-
ing the Lie triangle described above, wifi = X and f? = 0 Vi, we have forf} (we recall

thatWl; = QLn,X sin 2 + 55 sin 21):

a =

an b C
fo=HR+{HEW)=0- 3l :—EXCOSQZ—WCOS2Z, (2.58)
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2.3 The implementation and the use of the Lie triangle proced

and for /2
2 1. 40 0 £0 . 1/ 70. 1,
o = Ji+([osWh)=_f35 +CI(fi ;W) + Ci(fo; W2) + (fo: Wh) (2.59)
2 2
= —[/)Xsin2l+—fsin2l isir12l+écos?l ﬁXCOSQl*I»ECOSQl (2.60)
n n 2n/ n n' n
b? be

At the second order, after evaluatiigand! at their transformed value§s = 0 andl = n”t+1,,
we find the expression of (up to the second order) containing short-period terms

o3[
i=0 b

where we note a second-order variation in the equilibriwenaally yielding a correction in
the mean value of the semi-major axis.

Using equation (2.57), we find the variation of the semi-majas induced by the pertur-
bation. Note that here, we computed the valu&adnd then replaced it in equation (2.57). As
the theory predicts, it is also possible to use the Lie tieadgorithm on the function itself as
long as itis analytical. The results are the same regardidse method.

With the same values for the coefficients as earlisr £ Cy, = 1073), we find a 0.5-
day oscillation with an amplitude of 5 km with respect to ti#184 km of the unperturbed
(geostationary) semi-major axis while the 0.25-day astdh (second-order)is much smaller
with around 10 cm of amplitude.

With a pretty high value of the perturbing parameter¢ for .J, andCs,), the second-order
is already extremely small, and we do not go to further orders

Y.
— 0+ — cos 2 + =—, (2.62)
X=X,=] 2n 2n

2.3.4 Summary of the method

To sum up, here are the different steps to perform in ordes#othis perturbation method
by canonical Lie transforms successfully:

(D Choice of the transformation and of the palt$

(2) Computation of the transformed Hamiltonian and of the gatees of the transformation
through the algorithm of the Lie triangle

(3) Correction to the frequencies
(4) Expression of the transformed variablgandp

(5 Use of the generators and the expressiog @ihd 7 to compute the evolution of the
variables

We write the numbers of these different steps in the diagrfaigu(e 2.3) representing this
method.
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Chapter 2. Canonical Lie transforms for dummies

H(—,p W{(q,
( p) \(% (@L% (q p)
0H /0p @ no i
(3 omor H(q,p) = X1, §HY B Lie A
Correction to the frequencies Evolution of the variables
(4) 9H/%p | o1 /0q ®

Expression off andp

Figure 2.3: Diagram representing our use of the perturbdtieory by canonical Lie transforms. The
numbers inside circles point where each of the five stepgitescearlier take place.

2.4 The Poisson series manipulator MSNam

As we saw in the previous sections, the theory of rotatiodistliin this work will deal
with expansions, Poisson brackets, products of periodit @olynomial functions, but also
with reference frames in rotation, planetary theoriessstiiions of variables by series,. .. The
natural object for the implementaion of this type of studsesbviously Poisson series. Poisson
series are Fourier series (linear trigonometric serie}) polynomial coefficients:

i i sin . .
Z Ay inp xm,lg{ . }(glqbl...jmqu), (2.63)

0S
i1oimp 1T

J1---Jnvt
with nvp the number of polynomial variables amgt the number of trigonometric variables.
The exponents, . .. i, and the arguments ... jn: are integers and the coefficients, .. ;,,

J1---Jmt

are real numbers.

The algebraic computations of this work are realised usiegMSNam, standing for “Ma-
nipulateur de Séries de Namur”. The MSNam is a software gatheery efficient subroutines
in order to manipulate Poisson series. It was first writtefib¢laes, J. Henrard, M. Moons and
J.M. Zune and the idea of the software is described in Her{d&®86). It was later improved by
M. Moons (1993) and the last version in Fortran 90 was made Bgdrard in 2004.

The MSNam is designed to perform efficiently various operetiover large Poisson series.
The library contains low level subroutines allowing therusehave one Poisson series repre-
sented by an integer variable only, thus simplifying the afshe software. The arguments and
exponents of the series and the indication that the trig@tooexpression is a cosine or a sine
are coded and packed in a large array of integers. The ceeffscl;, . ;,, are stored in a large

J1---Jmt

array of double precision real numbers.
This software allows to perform basic operations such aadlé&ion and the multiplication
of two series, the evaluation of trigonometric or polynolagaiables, scaling or cutting series at
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2.4 The Poisson series manipulator MSNam

a given accuracy. It also performs more complicated opmratsuch as the derivation of series,
sorting series by largest coefficients, substituting a patyial variable by another Poisson
series, expanding series in the fofir+ ) aroundz =0 . ..

Especially for problems with a high number of degrees ofdoee such as the ones studied
in this work, the series of the Hamiltonian or generatorsrafigformation can be extremely
large. We experienced the multiplication of series withesalvhundreds of thousands of terms
by each other and the long waiting hours to get the resulféde. must also mention the work
of B. De Saedeleer who, during is Ph.D. thesis (2006), (oelgd many subroutines improving
the efficiency of the MSNam.

With this very performing tool, we take a particular care avimg our Hamiltonians and
other objects of this work expressed as Poisson series. uhlisrground work as well as the
coding (and debugging...) of many subroutines using the BB8Itb get our results is actually
what required the most efforts, but was rewarded with a verg anderstanding of the theory
and especially the triggers of particular effects.

As an example, Figure 2.4 shows how series are printed in.drfithis artificial series, the
first element is the indication that the term is of a sine orsare®m then come the 4 angular vari-
ables, th numbers below representing the arguments. Afgeaigular variables are displayed
the polynomial variables, the numbers below standing ferekponent of each variable, and at
the end of each term is the double precision real coefficieeach term of the Poisson series.

SERI ES ham | t oni an 0
NUVBER OF TERMS : 8
lo s1 Iv 1j e Lal sK cK COEF
cos( 0 0 0 0) ( 1 0 0 0) -0.6262692442699455D- 01
cos( 0 0 0 0) ( 0 2 0 0) 0. 2539876054048563D+01
cos( 0 0 0 1) ( 2 0 0 0) 0.7271514303647053D- 11
cos( 0 2 0 0) ( 0 0 1 1) -0.1335861699494144D- 01
cos( 2 0 0 0) ( 3 0 0 0) -0.1322945930336678D- 01
si n( 2 0 0 1) ( 0 0 0 0) -0.2300822235110895D- 10
si n( 2 0 0 2) ( 0 0 0 0) -0.1067200626336556D- 11
si n( 2 2 0 0) ( 0 0 0 0) -0.1828882710882281D- 01
cos( 2 2 0 1) ( 0 0 0 0) -0.1164014344049682D- 11

Figure 2.4: Example of Poisson series printed by the MSNaafile.

This artificial Hamiltonian would then be:

H = —0.0626 ¢ + 2.54 A} + 0.727107"" €% cos(l;) — 0.0134 sK cK cos(201)
—0.0132 € cos(21,) — 0.2310 1 sin(2l, + 1) + .. ..
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Rotation without planetary forcing

It is finally time to dive into the heart of this work. In this apter we present various
models of rotation, with 1, 2 and then 3 degrees of freedoitnylibout including any planetary
perturbations yet.

After settling the general model and Hamiltonian used intbeory, we develop our 1-degree
of freedom model. It is a planar case with only librationsanditude. We will see that this

Hamiltonian is quite similar to the example given in the Clieaj2.

The 2-degree of freedom model includes the inclination dplajoity of the planet together

with the precessions of the periherm and the ascending mesiglting in the computation of

librations both in longitude and latitude.

Finally we introduce the wobble motion of the planet, i.ee thotion of the spin axis with

respect to the axis of largest inertia of Mercury.

The model of rotation used here has first been described inpapers of D’Hoedt and
Lemaitre (2004 and 2005) in which they computed the equaliand fundamental periods for
a rigid Mercury. This chapter is evidently inspired fromitit@eory but our main focus is in
the short periods. We also take care that each part of theltdaman is expressed as Poisson
series, allowing the use of our series manipulator MSNanichvrequired a lot of background
work.

3.1 The general model

The general model that we use starts similarly to the exanhgderibed in Chapter 2: we
consider a frame centred on the centre of mass of Mercurynespberical planet. The other
body orbiting around Mercury is this time not a satellite th& Sun itself, and Mercury is rotat-
ing around its spin axis. We are not interested in the vamatof the orbit of Mercury around
the Sun due to the non-sphericity of the planet (those woelddiculously small anyway), but
rather in the influence of this non-sphericity on the rotatd Mercury itself.

We take into account the 3:2 spin-orbit resonance, the ¢éecéyof the planet and the fact that
Mercury should have a liquid core, that we consider as sphldri this chapter.

Mercury’s gravity field is expanded until the order 2 in spb&rharmonics, the’,,,, spheri-
cal harmonics being totally unknown for higher orders. Qily= —C5y, accounting for the
oblateness of the planet, aol,, expressing the ellipticity of the equator, are used. To gpm
here are the general hypotheses of this model:
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Chapter 3. Rotation without planetary forcing

e Mercury’s orbital motion is Keplerian,
e Mercury is a non-spherical body, with principal momentsraiiaA < B < C,
¢ the gravity field is expanded until order Z;(andCs,),

¢ the planet is rotating around its spin axis and around theirsar8-2 spin-orbit resonant
motion,

¢ the planet is composed of a spherical liquid core and a manitle no core-mantle inter-
action.

The spherical liquid core hypothesis deserves some motareqon. Mercury has two separate
components: a rigid mantle and the liquid core considerespasrical, and we suppose no
magnetic or viscous interaction between them. Thus, ttegioot of Mercury actually refers to
the rotation of its mantle. As a result, the rotational kinenergy that we consider is that of
the mantle and not of the whole body.

The Hamiltonian of this problem is the sum of three parts:

1. H,p, the Keplerian contribution,
2. T, the rotational kinetic energy of the mantle,
3. Vg, the gravitational potential.

In the next subsections, we explain each of these contoibsiand the set of canonical variables
used for this Hamiltonian.

Finally here are the units that we choose: Hagth year as time unit, thequatorial radius
of Mercury as length unit and thenass of Mercury as mass unit.

Physical and orbital parameters

Table 3.1 summarizes the main physical and orbital paramefehe planet (at the epoch
J2000) adopted for this work.

3.1.1 The Keplerian contribution

Figure 3.1 introduces the orbital variables of our probldistinguished from other variables
by the subscripb. Let us first note that all our reference frames are centrellercury. The
frame(Xy, Yo, Zy) is our inertial reference frame, the ecliptic one &aid, Y7, Z;) is the orbital
frame with Z; orthogonal to the orbital plane an<i, pointing to the periherm. Our variables
are

e (), the longitude of the ascending node, positioning the lineaafes, intersection of the
inertial and orbital frames,

26



3.1 The general model

Orbital period 87.9693 days Planetary theory (Fienga & Simon, 2004)
Semi-major axis 0.387098 AU Planetary theory (Fienga & Simon, 2004)
Eccentricity 0.205632 Planetary theory (Fienga & Simon, 2004)
Inclination (to Ecliptic) 7.005° Planetary theory (Fienga & Simon, 2004)
Longitude of the 48.331° Planetary theory (Fienga & Simon, 2004)
ascending node

Precession of the —0.2189 x 10~* rad/year Planetary theory (Fienga & Simon, 2004)
ascending node

Argument of the 29.125° Planetary theory (Fienga & Simon, 2004)
perihelion

Precession of the 0.4962 x 10~*rad/year  Planetary theory (Fienga & Simon, 2004)
perihelion

Rotational period 58.6462 days Planetary theory (Fienga & Simon, 2004)
Mean radius 2439.7 £ 1 km NASA website (2010)

Mass 3.3022 x 10%3kg NASA website (2010)

Jo (polar flattening) (6+£2) x 1075 Anderson et al. (1987)

Csy (ellipticity of equator) (14 0.5) x 1075 Anderson et al. (1987)

C,, (greatest moment of 0.19686 Margot et al. (2007)

inertia of the mantle) (main value used)

Table 3.1: Table gathering the main orbital and physicaamaters used in this work (centre values in
case of intervals). The error bars for the parameters giyahéplanetary theory a8710~'3 for the
semi-major axis and0~!? for the others (we wrote less significant digits in the table)

Orbital

Ecliptic
plane

Figure 3.1: The orbital and ecliptic (at J2000) frames, r@hon Mercury. The axiX; points towards
the periherm. The anglg is the orbital inclination(}, is the longitude of the ascending nods, is the
argument of the periherm arydis the true anomaly.
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Chapter 3. Rotation without planetary forcing

¢ i, the inclination between the ecliptic (inertial) and orbftames,

e w, the argument of the periherm, positioning the orbit witlpexs to the line of nodes,

¢ [, the mean longitude, positioning the Sun on its orbit as ifetevmoving at a constant
angular speed.

The canonical variable associated with the mean anoipadycalledZ, and the Hamiltonian
of the 2-body problem is simply

2

W
Hop = —— 3.1
5= —3p (3.1)

with © = G(M + m), G the gravitational constanfy/ the mass of the Sun, and that of
Mercury. In this simple probleml,, is a constant and its value is, = m./ua, a being the
semi-major axis of the orbit.

The variableg, and/, are a part of a canonical set of variables called Delaunégraents and
defined as follows:

l,, L, =m\/ua
Wo, G, = L,V1—¢€2
Q,, H, =G, cosi,,

with e the eccentricity of the orbit.

These orbital variables will be used throughout the work, ahg to the 3:2 spin-orbit reso-
nance, they have an important impact on the rotational matfdercury,, on the longitude
and(2, on the latitude.

3.1.2 The kinetic energy

The rotational kinetic energy is the Hamiltonian of the flexly rotation (Deprit, 1967).
The variables that we use are represented in Figure 3.2. A®gt theories of rotation, these
variables are Andoyer’s variables, linked to two sets ofEahgles. The first set &, K, g),
it locates the position of the angular momentum on our iakréference frame (the ecliptic).
The second set i§y, J, 1) and positions the reference frame linked to the shape of ltreep
(X3, Ys, Z3) (hereafter mentioned as tfigure frame) in the frame linked to the angular mo-
mentum(Xs, Ys, Z,) (spin frame). The canonical set of Andoyer’s variables consists of the
three angular variabldsg, h and their conjugated moments G, H, defined as follows:

g, G, norm of the angular momentum,
h, H=Gcos K,
l, L =GcosJ.

In this formalism, the kinetic energy of a planet whose gpatmoments of inertia ard, B, C
is expressed by (Deprit, 1967):

L? 1 sin?l  cos?l
T=—"—+-(G*—-L7? 2
2c Fal@ )<A * B) (3-2)
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Ecliptic

Figure 3.2: The reference frames linked to the rotat&pin( frame) and the shape of the bodfigure
frame). In the spin frameX, is chosen along the ascending node of the equatorial platieeatliptic
plane. In the figure frameX3 is chosen along the axis of least inertia of the planet. Tlresees are
located with two sets of Euler anglés, K, g) and(g, J,1) in which K is the ecliptic obliquity and/ is
the angle between the axis of greatest inertia and the spnthat we call thavobble angle. Note that
(g, h,1) are not well defined whenevdror K is 0.

This set of variables has the major problem that it is singuteenevet/ or K is zero. Thus we
use a set of modified Andoyer’s variables defined as follows:

)\1:l+g+h AlzG,
Ay =—h Ay = G(1 — cos K),
A3 = —I A3 = G(1 —cos J),

and the rotational kinetic energy becomes

T =
2C

(3.3)

1 sin? A cos? \
+§(A§—<A1_A3)2)< Tt B?’).

We chose a model with a spherical liquid core and without-coaatle interactions, implying
that only the mantle is rotating. WitH,,, B,,, C,, being the principal moments of inertia of
the mantle, the rotational kinetic energy is simply that @g&tion (3.3) where we replace the
moments of inertia of the whole body by those of the mantle:

T = (3.4)

(A —A3)?* 1, o [(sin? A3 cos? Az
B A P S
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Chapter 3. Rotation without planetary forcing

3.1.3 The gravitational potential

The gravitational potential of a body expanded until thesélorder in spherical harmonics
is the following (see e.g. Kaula (1966)):

GMm GMm (R’
V =— m_ m (—) (—JoPs(sinn) + Cag Pas(sinn) cos 2¢), (3.5)
r r r . y
Vop Vo

whereVsp is actually included in the Keplerian contributidfh,z andV,; is the second order
gravitational potential (often referred to as “gravitatib potential” only in the text)., is the
distance between Mercury and the Sun centres of nfass,the equatorial radius of Mercury,
Py(z) = $(3z* — 1) refers to the second order Legendre’s polynomial Badz) = 3(1 — z?)

is its associated polynomiay,is the latitude of the Sun in the figure fram&(Ys,73), and¢
its longitude.

Using the usual spherical coordinates, the unit vectortpwrtowards the Sun in the figure
frame (X3, Y3, Z3) is

x COS 1) COS ¢
y | = | cosnpsing |, (3.6)
z sinn
andVg is now
GM —
Vo = — Tngi (72(223 — 2% = y?) + 3Cn(2” — y2)) (3.7)
GM —J
= - Tngi (72(2 — 3(2* + y?)) + 3Cx (2 — y2)) (3.8)
M —
= _Grngg (%S + 3022D) (39)

where we used the fact th@t, y, 2) is a unit vector and we callefithe part containing the sum
of 22 andy? and D that containing the difference.

Now that we have a rather simple form of the gravitationakpaal, we try to express it in
functions of our canonical set of variabl@s, L,, go, Go, ho, Hoy A1, A1, A2, Ao, Az, Ag).

Let us first reshape the coefficient g

M M 2 .3 MmT 3 R? -3
G mRQ__G mR;a”  GMm'pR; (f) . (3.10)

r3 a3 3 LS a

The next step would be to express the cartesian coordifatgs:) of V¢ in function of the true
anomaly and of the other variables of our problem. Since xpesssion of this vector changes
if we choose a model with 1, 2 or 3 degrees of freedom, we dietaileach of the following
sections. Let us generally consider that we performed thatand that the dependencies of
are

VG = V(;(T, f, Wo, QO, Lo/\h Al, )\2, AQ, Ag, Ag) (311)
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3.1 The general model

This set of variables is now almost canonical, ongnd f are not canonical variables.

Using Lie transforms (see Appendix A), we express each fondf (r/a, f) as functions of
the eccentricity and the mean anomaly. We finally have a gravitational potential depending
on canonical variables:

VG = VG(lou L07 Wo, QO7 )\17 A17 >\27 A27 )\37 A3) (312)

3.1.4 The resonances and the constant precessions in the rebd

The current Hamiltonian is expressed in a set of canonicébies:
H = HQB(LO) + T(Ala )\37 A3) + VG(loa L07 Wo, QO? )‘17 A17 >‘27 A27 )‘37 A3) (313)

Using the formalism from D’Hoedt & Lemaitre (2004), we nowrfmem a change of variables
expressing the 3:2 spin orbit resonance:

o1 = )\1 — glo — Wy, (314)

wherew, = (), + w, IS the longitude of the periherm, inducing a change for theneat as-
sociated with2,: H! = H, — G,. The variabler;, replaces\;, and we choose the associated
moment to stay\;. However, for this set of variables to remain canonical,rtftenents asso-
ciated with/, (L,) andw, (G,) have to be replaced by, = L, + %Al andG! = G, + A;.
Indeed, the following equality must hold:

Ad\ + Lodl, + Godw, = Avdoy + Aodl, + Gldeo, (3.15)
= Ad (/\1 - % - wo) + Aodl, + G dw, (3.16)

= Ald)\l - A1 g le - Aldwo + Aodlo + G;dwo, (317)

implying thatA, = L, + 3A; andG,, = G, + A;.

The second resonant angle describes the 1:1 commenstyrbbtiveen the orbital and rota-
tional nodes, as stated in the third Cassini's law (see Cotofh966), Peale (1969) or Lemaitre
et al. (2006) in the specific case of Mercury):

09 = )\2 + QO. (318)

The moment associated with is still Ay, but we need to change the one associated fjtto
keep a canonical set of variables. With the introductiowgfthe moment{, was replaced by
H! =H, - G,, and now,H will be replaced by = H] — A,.

We also add constant precessions of the perihelion and afsttending nodex, and(2,,
see Table 3.1 for their values). Together with the seconohee® angle, they are responsible
for the latitudinal motion and the non-zero equilibrium bétobliquity. The Hamiltonian in a
more expanded form is then

2
= - a : r_ - "
H = =5 —an, e T T A As) + &0(Gh = M) + Qo(Hy + Az) - (3.19)

GMmT 3 R?
_mpao;wQOUl,Al,Uz,A2,>\3,A3), (320)
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Chapter 3. Rotation without planetary forcing

P standing for— 2 S + 3C5,D.

3.1.5 Existence of the free librations and Cassini equilibum

This brief section aims at defining what we call the Cassinildarium and explain why we
do not consider free librations in our model.

With the constant precessions of the perihelion and asognaode and averaging the
Hamiltonian over the mean anomaly, D’Hoedt et al. (2006) poted the equilibria of the
Hamiltonian: (o1, 02, A3) = (0,0,0) and (A1, A2, As) = (A1, Az, 0) with A; corresponding
to a value computed in the next section adgdccorresponding to a value of the ecliptic obliquity
K™ slightly different than the inclination, (to be computed in later sections). We call it the
Cassini equilibrium.

In Lemaitre et al. (2006), the authors show that these djiglisatisfy the generalised
Cassini’s laws (Beletsky, 2000):

e The body rotates uniformly around a central principal aXisnertia and the angular
velocity of this rotation is equal or close goof the mean motion.

e The spin axis of the body4;) and the normal to the orbital plan&;() make a constant
angle.

e The spin axis of the body, the normal to the orbital plane aedkis of precession of the
orbit (Z,) lie in one plane.

e Each time the body passes at the pericentre of its orbit, bt @rincipal axes of inertia
and the radius vector of the pericentre lie at equal dis@froen the line of nodes.

It was also showed by Peale (2005) that Mercury had suffeiféereht non-conservative
forces such as tidal forces and core-mantle frictions. @omey periods of times1(® years or
more), this damping played a major role and reduced the &mek of the free motions to very
small values, implying that Mercury should be at this Cassguilibrium.

As a consequence, in this work we consider that Mercury ligssaCassini equilibrium,
with no free motion. Only short-period effects (planetagytprbations) will have an effect on
the rotation. This will be useful when computing the tramsfed expression of the different
variables of our problem.

Ideally, this equilibrium should be defined with respect hother inertial reference plane
called the Laplace plane, a plane about which the orbitdihation remains constant through-
out a precessional cycle. However the motion of the orbilahe is not constant and it is
impossible to find a fixed axis which has a constant inclimatvith respect to the orbital plane.
An instantaneous Laplace plane minimizing the variationeclination over a given period can
be defined but is not unique and it is not obvious which is the tonchoose. The choice of a
suitable Laplace plane for the BepiColombo mission wasudised in D’Hoedt et al. (2009),
but this is beyond the scope of this work.
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3.1 The general model

3.1.6 The unperturbed valueAj

We now derive a special value of the angular momentum thatalé\¢, corresponding to
the norm of the angular momentum in an unperturbed case.
The model is the following: Mercury is a perfect sphere wipherical liquid core and no core-
mantle interaction. The three moments of inertia of the heare then equald,,, = B,,, = C.)
andJ, = Cy = 0. The planet has a proper rotation and orbits around the Soe spin axis,
the figure axis and the normal to the orbital plane coinciddenthe orbital inclination is zero
(i, = K = J = 0). The Hamiltonian is then simply the sum of the 2-body cdmition and of
the rotational kinetic energy:

2 A2
H0:2—£2+201 , (3.21)
Hamilton’s equations for the angle and!, give
5, = O9Ho _ M
' oA, Cp,
. . 6H0 . MQ .
lo = aLO = L_g =Ny

In our study the orbital motion is always considered as knaither given by a Keplerian orbit
or by a planetary theory; our purpose is always to expresstteon of the rotation variables.
The existence of & : 2 spin-orbit resonance, given by the relation:

. 3 .
)\1 = 5 lo
corresponds to a specific value, denoted\byof the angular momentum:

AY = g Ny Ch. (3.22)

This special valué\}7 will be used later on, as the departure point of series expans

3.1.7 Simplifications and expansions

Only one problem remains with this Hamiltonian, but it isstime more of a “technical”
issue. As mentioned earlier in Chapter 2.4, our series mi&atgr MSNam uses Poisson series.
As a consequence, it is not possible to implement the deradom of the Keplerian term and
of the gravitational potential as they currently are. Theiobs solution is performing series
expansions around the equilibrium values (understandcesaddl the unperturbed problem) of
A, andA;.

We just computed the equilibrium valu® = 3n,C,,/2. In the unperturbed problem the
value L, is constant and we hav&; = m,/ua. The relation between,, A, andA; is L, =
A, —3A1/2, hence we hava’ = L + 3A}/2.

We now show how to transformi/;z and the coefficient o/, into Poisson series. The

Keplerian contributior/, depends on the variablesandy throughA, = A% + z andA; =
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Chapter 3. Rotation without planetary forcing

A +y:
2 2

Hop(z,y) = - - A . 3.23
25(2,9) 2(A;+x—g(A{+y))2 2(Lg+x—gy)2 (3.23)

In our units, we have\; ~ 10 (depending on the value @f,,) andA} ~ L} ~ 1.5 x 10%.
Since the parameterg and Cy, defining the strength of the perturbation are very small (of
order10~), the variations around the equilibrium valugsand A} are very small.
Indeed, saying that is large would mean that the shape of Mercury has a largetedfeds
orbit around the Sun.
SinceA} =~ 10, we expecty to be small and we expand,z aroundy = 0. On the opposite
L} is extremely large and expandirf@,z aroundz = 0 might seem incorrect. However we
see that at each order of the expansion the rggtiappears, ensuring the convergence of the
process.
We thus expandi,z aroundz = 0 andy = 0 until the second order.

Hap(r,y) = ;TMZ + 82153 (0,0)z + 202153 (0,0)y (3.24)
% <8;ZI§B(0,0)952 + 828553(0,0)1;2 + a;gQ; (0, o)a:y) (3.25)
) % <_L3;,i2x2 - 2{ 5;4212 N % 5241“@/) | (3.27)

The first term is a constant and is dropped. Usfég: n,, the mean motion, we have

3 1n,
Hyp(v,y) = mow = Snoy+572(az + by’ + cay). (3.28)

With n, ~ 26, the last term is extremely small and we neglect it, showlrag &n expansion to
order 1 only was enough. The Keplerian contribution is then

3 3 3
Hop(z,y) = n, (:c — éy) =n, (AO - L — 5(/\1 — A{)) =n, (AO — 5/\1) . (3.29)

after coming back to the variablds andA; and dropping the constant terms. These expansions
were of course checked numerically.
After similar expansions (only linear terms) we have for toefficient of the gravitational

potential
GM 3 GMp? 6 3
= 1——(z—= .

(A, —3A1/2)5 L7 =\""2Y))> (3-30)

and we see that the linear term1ig!° (divided by L}) times smaller than the constant term.
Bearing in mind that this coefficient is still multiplied bige small parameters$, or Cs,, the
linear term inx andy is extremely small and we neglect it.
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3.2 Planar case: libration in longitude

We can finally write down the general Hamiltonian that willdmed in this chapter:

M 3
H =My (AO - gAl) + T(A17 A?n A3) - GL*éJI P(loa Wo, Qoa 01, Ala )\27 A27 A37 A3)7 (331)

o

which is now easily implementable as Poisson series.

3.2 Planar case: libration in longitude

3.2.1 Hypotheses

The planar case is a very simplified case of our
general model in which:

Ly=2=2y 2,4

¢ the inclination of the orbital plang is 0,

¢ the (ecliptic) obliquityK of Mercury is 0,

¢ the wobble angle/ between the spin axis
and the axis of greatest inertia of the planet
is also 0,

o-<

e there is no precession of the ascending node
or periherm. X, sun

With these hypotheses, tiieaxes of all our refer- '

ence frames (ecliptic, orbital, figure and spin) co-Figure 3.3: Case wherg = J = K = 0.
incide. The only difference with the case used toOrbit ?”d rotation occur in the'sarne plape and
compute the special valug; is that we consider thg axis of greatest inertia coincides with the
that the planet is not spherical,(andCss,). Spin axis.

3.2.2 The Hamiltonian

The first part of the Hamiltonian, the Kepleridfyz, is obviously not affected by the sim-
plifications. The first change comes in the rotational kmehergy. Since/ = 0, the kinetic
energy is simply

AQ
T=_ . 3.32
20, (3.32)
For the gravitational potential, we must first go back to éiqua (3.8) and (3.10):
 GMy? N3 (= y .
Vo = - [P (5) <7(2 —=3(z" +y7) +3Cxn(z" —y7) |, (3.33)

with (z,y, z), the vector pointing towards the Sun that we must expredseiffigure frame. In
the orbital frame we simply have:, y, z) = (cos f, sin f, 0) with f the true anomaly. Then we
perform a rotation around th&-axis of angle—w, and another one of anglg. The vector
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Chapter 3. Rotation without planetary forcing

(x,y, z) in the figure frame is thefw, y, z) = (cos(f + @ — A1), sin(f + @ — A1), 0) and the

gravitational potential becomes

GM 3
L

Jo

(f) -3 (_ +3Ch cos(2(f + @ — /\1))) : (3.34)

Vo =—
¢ a 2

The following step is the expansion ¢f/a)~3 and ofcos f andsin f in function of the
eccentricitye and the mean anomaly. This step is explained in Appendix A.
Finally a last change of variables frofh, L,, A1, A1) to (l,, A,, 01, A1) to introduce the reso-
nant angler; = A\; — 3[,/2 and the evaluation ab, (constant since there is no precession) at
its J2000 value (Table 3.1) give the Hamiltonian

A2 M3
H(ly, Ay, 01, A1) = 11o(Ay — 3A1/2) + —1 _GMp (ﬁ

20 L*G 9 S(lo> + 3022D(lo, 0'1)) y (335)

where the function$ and D depend only on the mean anom@)yand the resonant angbe:

2xorder 2xorder
S = Z a; cos(il,) and D = Z b; cos(il, + 207) (3.36)
=1 1=—2x*order

with order being the order of the expansion in eccentricftihe functionscos f andsin f (we
have 2*order in the sum because the squareof andsin f is computed), and the coefficients
a;, b; are polynomial functions of the eccentricity.

In this chapter without planetary perturbations, the etasty is evaluated at the value of Table
3.1

3.2.3 Applying the Lie triangle procedure

Now that the Hamiltonian is expanded in Poisson series wé teamse it to compute the
libration in longitude of Mercury. To do so we use the peraiitin method based on canonical
Lie transforms developed in Chapter 2. We recall the 5 stégfsomethod:

(D Choice of the transformation and of the paft$

(2) Computation of the transformed Hamiltonian and of the gatees of the transformation
through the algorithm of the Lie triangle

(3) correction to the frequencies
(4) Expression of the transformed variablieandp

(5) Use of the generators and the expressiog @ind 7 to compute the evolution of the
variables.

In the text, whenever we start a new step it will be indicatga G.
(D The transformation that we use is an averaging transfoomatWith the generator of
this transformation we will be able to compute the libratiodongitude, i.e. the evolution of
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3.2 Planar case: libration in longitude

the resonant angle,.

Before starting the averaging process, from the triangle
Hy
HY H}

in which we find the initial Hamiltonian in the first column amlde transformed one in the
diagonal, we must choose what to putfi. This choice and the choice of the transformation
itself are critical and can lead to the non-convergence eptiocess if not well-thought, as we
are about to see.

A first choice

The most immediate choice is
Hg(AO,Al) = HQB+T
Hlo(loao-l) == VG’(ZO,Ul)
The transformation we choose to perform is an average ovanglilar variables.
(2) In the first-order homological equation
Hy = H} + (Hg; Wh), (3.38)
we choose the new Hamiltonid# to be the average df{ over all the angular variables:

) 1 2 21 21
HO = (%) /0 /; H?(lo,gl)dlodgl = O,

since the gravitational potential is composed of perioghiois only. The first-order homological
equation is then

Hy—HY = (Hp;Wh)
OHY oW,  OHQ OW,

—HY — _— —
! 0Ny 0l, 0Ny O\
an -3 Al an
_HY — - = — .
! "o, ( g Mot cm) o
oHy _ _3

Since we expech; to be very close ta] = 310 Cons

A -
=3 —5n,+ &+ is very small. We call

) oh, T 2
__ OHy i
11 = 352 The generator is thus

5

6 . .
J: a; sin(il, b; sin(il, + 20
Wy =—Z (;E :#Mcm y ( 1)>, (3.39)

— 1Ny = n, + 214

with Z = Gg{gs. Unfortunately, this generator has a small divisar & n,), wheni = 0 in
the second sum, leading to the non-convergence of the lalegie procedure. We pushed the
computations further (at higher orders of the Lie Triangiedl the obvious non-convergence of
the process forced us to review our starting point. The groldf this method was the averaging
transformation over angular variables with large and speritods.
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Chapter 3. Rotation without planetary forcing

The right choice

(D We try to introduce the algorithm in another way, with a difet choice of the transfor-
mation. The transformation chosen is now an average ovdagti@ngular variable only ).
We chooséd] to be the pendulum approximation of the problem:

Hg(_7A07017A1) = <H>lo = H2B + T — ECOS(20'1), (340)

with £ = 3ZC4by = 3G M p®Cagb,/ LS.

HY corresponds to all the terms ®F; containing explicitlyl, in the trigonometric terms, i.e.
the sumS and the differencé with i # 0. ThereforeH; = 0, after a first order averaging over
L.

(2) This time the generatdi; will not contain any term with small denominatousg ). It
must however be evaluated carefully. Indeed, if we refehédirst-order homological equation
(3.38), we have to evaluate the Poisson brac¢kg}; 17;) and at this step of the resolution,
it means that 3 partial derivatives éf (with respect toA,, to A; and too,) are different
than zero. This gives a three dimensional partial diffeegmguation to solve foll; and the
derivative with respect to, is problematic.

The way of avoiding this problematic derivative is well-km@ introducing action-angle
variables in the pendulum approximatiéf§ so that it does not depend anymore on any angle.
This also allows us to compute the fundamental periog of
We could perform the complete transformation to actionkamgriables, with the elliptic func-
tions expression. However, because Mercury is blockedeah#arly exact resonance corre-
sponding tao; = 0 (D’Hoedt & Lemaitre, 2004), it is simpler to introduce immatély the
action-angle variables of the harmonic oscillator. Herleaw we proceed:

Expansions
First we expand functions af, arounds; = 0 up to the second orderos(20;) =
1—(201)?/2=1-20%.
Then we expand the 2-body problem Hamiltonian and the ldnetiergy around\j:
Ay = A7+ X. We have

Hop = no(Ay — 30N /2) = no(Ay — 3AT/2) — 3n,X/2. (3.41)
The kinetic energy can be described by the same varigble

AQ (A*—l-X)Q A*2 A* 1
T(X)= L =1 =1 L x4+ — X2 A2
(X) =56 50 s o oo (3.42)

The equation (3.22) implies that the linear termd&f{ andT’ cancel each other.
The Hamiltonian/Z{ can now be written (the constant terms have been dropped):

HY ~n,A, +2F0? + KX?, (3.43)

o 1
whereK = CTem
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3.2 Planar case: libration in longitude

Changes of variables
The first change of variables is canonical and performed taiokhe same coefficient for

o2 and X%
o= & x,
PoVeE (3.44)

X = /% v

The Hamiltonian#) is now
HOO =n,A, + V2EK (:Eg + yf) )
The second change is the introduction of the action-angiahles.

{ x5 = V/2J sin(y)

Y (3.45)

to have
HY =n,\, +2V2EK J.

HQ = H{(A,, J) does not depend on any angle anymore. It is now possiblertdisteaverag-
ing Lie process described previously and to compute thedidsr generator:

2*order

order order .
aijJ'Vsin(il, + 1) b;J"? sin(il, )
=—-Z J e 3.46
55 R g

i=1 j=—order Zn@ + j,l?b i=1

whereJ’ = v/2J.

Let us remark that the case= 0 does not appear anymore in the sum and the generator does
not contain any very small frequency like alone in the denominators. This guarantees the
numerical convergence of the process.

@ If we stop the procedure at the first order and remindHﬁatf 0, the averaged Hamilto-
nian H is reduced td7}. Let us denote the transformed variables/tgndi, and the conjugated
transformed moments by andA; the two mean frequencies are given by:

jo_ OH _
© T on, "
) = %?——2«23 = wg-

In our computations, with the valué$, = 107°, J, = 6 10~° (Anderson et al., 1987}, =
0.34, C,,, = 0.19686, the period of,, is 87.97 days and the period af is Ty = 7/V2EK =
12.06 years.

This value is the period of the free libration in longitudewk look at whatF and K represent
(3.43), we see thal; is proportional to\/C,,, /(B — A).

For example in the papers of D’Hoedt and Lemaitre (2004, p0®®y chose’y, = (B —
A)/4 =107? and they consider a rigid Mercurgf, = C' = 0.34) so thatl}; = 15.85 years.
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Chapter 3. Rotation without planetary forcing

With our analytical method, it is actually possible to hawesy accurate expression for this

formula. We have
L6 C
T;: =2 u n 3.47
v TN 3G M, B— A7 (3.47)

7123, 489
b0—26— 16 ¢ +1286 +.... (3.48)
In Figure 3.4, we plot the fundamental period with respethimmomentratig B— A) /C,,,.
We emphasize 3 cases: the rigid case, the main case, stdodimgr principal values ot’;,
andC,, (hence(B — A)/C,,) chosen in this work and what we call the resonant case will be

discussed in the next chapter.

with

18

17 N

16 T

15 -
14} .

13
12.06 \“@Cé‘se
12

11.86

11 h

Fundamental period

Resonant case

10 S|

9 1
1 2 3
(B-A)/Cm 10~

Figure 3.4: Plot of the fundamental peridg in function of the moment rati¢3 — A)/C,,. Three
cases are highlighted, one corresponding to a rigid Merthieysecond corresponding to our main value
adopted for this work, and finally what we call the resonasec#o be defined in the next chapter.

The generators of further orders are computed as descnl§&ubipter 2, using the algorithm
of the Lie triangle. Adding the 2nd order of the Lie trianglee transformed Hamiltonian has
the form:

H=uwjJ+cl?, (3.49)
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3.2 Planar case: libration in longitude

with w:/; slightly different thanv,; (second-order correction). As always with polar coordésat

when the radial component = 0, the angley is not defined. To avoid this singularity, we
introduce the averaged variablesandy;:

T, = V2J sin(y)
ys = V2J cos(v)
to describe the averaged system and compute the equilldre@Hamiltonian is then
H = wy(73 +72) + (@ +53)%, (3.50)

and one of the solutions of Hamilton’s equations for the lopia is (7, ys) = (0,0), implying
that.J = 0, which is the solution corresponding to the Cassini equiililn (A*). We also have

- OH ) _
giving the modified frequency (after evaluatidg= 0) for 1
2 .
Ty = —7,T = 12.057 years instead of 12.06 years. (3.52)
w,
¢

The frequency of, is not modified.

@) The expression of the transformed variables is quite imated\We have already com-
puted that/ = 0, and the expressions of the angles are immediate:

Iy = 1ot + Lo (3.53)

and ) )

Note thati) is never present in the Poisson series since the angles ¢hateatooking to rein-
troduce are the short-period angles (here @g)lyWe actually change the variables to cartesian
coordinates of our main degrees of freedom to avoid singi@aisince/ = 0.

3.2.4 Libration in longitude

(5) The libration in longitude is the evolution of the resonamgla o;. To study that, we use
the generators of the transformation and the expressidmedfansformed variables computed
in the previous part along with the recurrence formula ofltleetriangle described in Chapter
2. We go back to our initial variables; and A; through the cartesian coordinatesandy,

(equation (3.44)):
o1 = fm(xs) = \4/ % Ts

. L2E
A = fa(ys) = AT+ Y
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Chapter 3. Rotation without planetary forcing

To compute the evolution of the variables using the genesaibthe averaging Lie trans-
form, we consider the triangle

fo

- f3
— o (3:55)

where we put eithef,, or fx, in fJ. The expression of, including short-period terms (with
l, and harmonics) lies in the diagonal of the triangle:= " 5 wherez, andy, in these

1=0 4!

expressions are evaluated at the transformed valties: y, = 0. The recurrence formula to
compute the intermediatg’ is

J
f]n = jn—}?11 + Z C]Z( jn;la W1+i)7
=0

and allows to compute the libration in longitude of Mercury.

Table 3.2 gives the libration in longitude using the Lie igée until order 1 in the form
o1 = 7%, cos(il,). The largest contribution is the 88-day libration with anpitnde
around 35 arcsec. Then come the harmonids, dfie 44-day, 29-day librations with amplitudes
of about 3.8 arcsec and 0.38 respectively. The other onenach smaller.
Going to the second order of Lie triangle, the changes ang sreall (humbers in brackets in
table 3.2), of about0—3 arcsec. The next orders bring of course even smaller cottiwits that
we do not mention.

Libration in longitude

ly Period Amplitude  Ratio

1 87.970d 35.850 (35.848) 1.0000
2 43.985d 3.7538 (3.7506) 0.1047
3 29.323d 0.3859 (0.3860) 0.0108
4 21.992d 0.0802 (0.0802) 0.0022
5 17.594d 0.0139 (0.0139) 0.0004

Table 3.2: Longitudinal librations of Mercury, obtainedafyically using the first-order generator of a
Lie transform, from the resonant argument The amplitudes are expressed in arcsec and the numbers
in brackets are the contributions due to the second-ordegrgtor. The ratio is computed with respect

to the 88-day contribution. Only the main contribution aresg.

Similarly to Table 3.2, Table 3.3 gives the variation of ttegm of the angular momentum in
the formA; = S22%%" 4, cos(il,), with by = 7.7035 m R2 year ! the mean value of;;.

Figure 3.5 plots the libration in longitude angte and its associated momentum, the norm of
the angular momenturk; over one year. Since we put Mercury at the equilibrivm-€ 0 and

A, = A%) and we superpose small periodic terms using the generaftersvards, we have no
free libration. The maximal amplitude of the forced libeatiis a little more than 38 arcsec.
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3.2 Planar case: libration in longitude

Variations ofA;

ly Period Amplitude Ratio
constant term - 7.7035

1 87.970d 0.8922610°(0.89221x1073) 1.0000

2 43.985d -0.187941073(-0.18776<1073) 0.2106

3 29.323d -0.028501073(-0.02851«1073) 0.0319

4 21.992d -0.0079210~3(-0.0079210~3) 0.0089

5 17.594d 0.001791072(0.00170<107%) 0.0019

Table 3.3: Variations of\{, the norm of the angular momentum. As in the previous tahksé results

are obtained analytically using the first-order generatarlde transform. The amplitudes are expressed
in the units of the angular momentum, R? year . The numbers in brackets are the contributions due
to the second-order generator.
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Figure 3.5: Left panel: evolution of the resonant angléthe libration in longitude) over one year. With
the parameters chosen, we obtain a maximal amplitude oB38@sec. Right panel: evolution of the
associated momentury; over one year around the mean value.
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Chapter 3. Rotation without planetary forcing

3.3 Latitudinal librations

3.3.1 Hypotheses

Ecliptic
Ecliptic
plane X5

Figure 3.6: In this case, the orbital inclinatignand the ecliptic obliquity< are not zero anymore. Orbit
and rotation do not occur in the same plane anymore but tiseodixgreatest inertia still coincides with
the spin axis.

In this 2-degree of freedohmodel, almost everything from the complete model is added.
The only simplification is that the wobble anglds zero, implying that th&’-axes of the spin
and the figure frames are equal. The hypotheses for this raoel¢hen:

¢ the inclination of the orbital plang and the (ecliptic) obliquity are not O,
e there is a precession of the ascending node and periherm,

¢ the wobble angle/ between the spin axis and the axis of greatest inertia of ldreepis
still 0.

3.3.2 The Hamiltonian
Changes inV

The Keplerian contribution and the kinetic energy are timeesas in our 1-degree of freedom

Hamiltonian: )
Al
20,

Hop = TLO(AO — 3A1/2) and T = (356)

When we mention 1, 2 or 3 degrees of freedom, we refer to whatalvéhe main degrees of freedom, related
to the rotational motion of the planet. Technically, the Hégnian used has more degrees of freedom if we take
into account the mean anomdlyand its conjugated momeiit for this chapter or the longitudes of the planets
and their moments in the next one.
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3.3 Latitudinal librations

For the gravitational potential

GMu? /r
<_

Vo=~

a

)3 <_7JZ(2 = 3(2® + %)) + 3Cn (2’ — y2)) : (3.57)

we must once again expregs y, z), the vector pointing towards the Sun in the figure frame,
in our set of variables. For that, we perform a series of imtat

X
Yy = Rs(g+)Ri(K)Rs(h) x (3.58)
z
cos f
R3<_QO>R1<_i0)R3<_w0) sin f ) (359)
0
which gives in the modified Andoyer’s variables
X
Yy = R3(Ai + A2) Ri(K)R3(—As) X (3.60)
z
cos f
R3<_QO>R1<_i0)R3<_w0) sin f ) (361)
0
the rotation matrices being defined as
1 0 0 cos(¢) sin(¢) 0
Ri(¢)=| 0 cos(¢p) sin(¢p) and Rs(¢) = | —sin(¢) cos(¢p) 0 |. (3.62)
0 —sin(¢) cos(o) 0 0 1

The gravitational potential now depends on the variables i,, w,, {2,, A1, A2, K) which is not

a canonical set of variables. The inclination considerezbastant in this model is evaluated at
the value given in Table 3.1.

The first step to make this set canonical is, as in the pre\dass, the expansion ¢f/a) 2 and
cos f andsin f in functions ofe andl/,. With e also a constant in this model, we now have

VG - VG(l07w07QOa)\17)\27K) (363)

Introducing the resonant angles = \; — glo — w, expressing the 3:2 spin-orbit resonance
andoy, = Ay + §, representing the 1:1 commensurability between orbitalratational nodes,
and after adding the constant precessions, the Hamiltasian

2

. A
H = ny(A, —3M1/2) + @,(G) — Ay) + Qo (H! + Ag) + 201

+ VG(l07w07QO7017027K)' (364)
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Chapter 3. Rotation without planetary forcing

Changes of variables

The only problem remaining with the Hamiltonian (3.64) ig ttependency ok in the
gravitational potential, preventing the set of variablesf being canonical. The relation be-
tweenK and the canonical variables is pretty simple:

Ay = Ay(1 — cos K). (3.65)

Since K was introduced with rotations, the occurencedsoin V;; are througheos K, sin K
and their products and squares (since weaisandy? in V). We must also remember that the
MSNam requires Poisson series. For all these reasons warpettie change of variables

(loa AO? Wo, GZ)) QO? Hga 01, Ala 02, K) - (loa A/m Wo, Gga QO? Hgla T1, Y1, T2, yQ) (366)
with

(A, = AJA
G, = MGy
H" = ANH”
oy = ; (Taylor expansion around, = 0) (3.67)
Av = A(1+y) |
Ty = 2/(\; sin oy

\ y2 — 2&2 COS 0-2

which is canonical with multipliet /A7.
Since we do not want to get too technical (it is already enpugé explain the reasons for this
particular change of variables in Appendix B. Let us also tieenthat even if it stands in a
few lines in this thesis, implementing these changes o&es and verifying that it is actually
correct and coherent is not such an easy task and should ngtbdeoked.
After these changes of variables and expansions, the Hamaift is

1 AP (L + 1)

H o= | mo(Aia, = 3030+ )/2) + ==

) A*
+wo, (MG — AT (1 + 1)) + €2 (A{H{,” + 71(953 + yg))

+VG(loawoa Qoaxlay17x27y2):| . (368)

There are several simplifications that we wish to make onHhaisiltonian:

e Similarly to the previous case, the linear termyinin the kinetic energy is cancelled by
the term iny; in the Keplerian contribution, usingg; = %nOCm,

¢ All the constant terms are dropped,

e Since in this chapter we are interested in very short-péerimims (the only periods that
we will find are 88 days and harmonics), we evaluateand(?, (very slow angles) at
their values at J2000 (see Table 3.1). However we keep tleegsmns. Without them
we actually would not have any latitudinal libration.
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3.3 Latitudinal librations

The Hamiltonian finally becomes

A*2 . 2 4 42 1
H = n,\, + 2(1/3/1 + @0 (G — 1) + (Hé” + - 5 yz) + FVG(lmxlaylax%ZD)
m 1
(3.69)
Using Hamilton’s equations for the orbital motion, we find
dl, OH
% = N =Ny (370)
dw, OH )
T = o = e (3.71)
s, OH .
0 = apr Qo, (3.72)

showing that at our level of truncation and our simplificaipthe shape of the planet has no
influence on the orbital motion.

3.3.3 Equilibria and fundamental periods

Now that we finally have our Hamiltonian with canonical vates, and expressed as Pois-
son series, we want to use our perturbation theory in ordeoitgpute the evolution of several
variables such as the libration in longitude anglethe other resonant angtg and the ecliptic
obliquity K. As in the previous case we use the same 5 steps to computeolhéan of these
variables.

(1 We would like to put inf{ the terms without short-periodic contributions in such g wa
that it is easy to compute the fundamental periods of our Pedsgpf freedom. The Hamiltonian
without angle dependencies or orbital terms can be viewed as

ordexp
Ho= ) ayuaichyiys, (3.73)

i,5,k,1=0
whereordexp is the order of the expansions in the different variables¢h@se 5). Bearing in
mind that these variables are supposed to be small, an egpdao®rder 5 is enough at our level
of truncation as confirmed by computational investigati@e® Appendix B for more details).
To use the Lie triangle procedure, the periods associatddtive degrees of freedom called
the fundamental periods® must be computed in order to get the generators. For this, ug m
first get rid of the linear terms ip; andy, (due to our construction of the Hamiltonian, there
are no linear terms im; andz,) and we simply perform an expansion around the equilibrium
values ofy; andy,. To find these equilibria, we use the Hamiltonian (3.73) inclhihwe put
x1 = x9 = 0, since at the Cassini equilibrium (at the exact spin axisreowke resonances) we
haveo, = 03 = 0:

1 ordexp
Heq(y1,y2) = += (Z akl?Jf?Jé) : (3.74)
1

k,1=0

2In this text they are also referred to as free or proper peréodi a similar vocabulary is used for the associated
frequencies
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Chapter 3. Rotation without planetary forcing

With a simple iterative process, it is now possible to findehailibria fory; andys,:

yr = —7.0428745 1077
vy = 0.12244729

giving
x*2 +y*2 )
K* = arccos (1 — u) = 7.0201° = 7° 1.206 arcmin (3.75)
2(1 + yl)
and
At = 7.70349mR? years'! (3.76)

The usual obliquity (as opposed to the ecliptic obliquity, denoted by is the angle
between the orbital and spin plane (betweégrand 7Z;). The relation betwee#, K ando; is
given by

cos ) = cosi, cos K + sin i, sin K cos 0s. (3.77)

Using this formula, we easily find the equilibrium value oéthsual obliquity {, = 7.005°,
Table 3.1):
f* = 0.907 arcmin. (3.78)

Let us note that in order to have consistent values for thdiega K* and6¢*, they should be
computed using a rigid mode{’(instead ofC),, in the kinetic energy). Indeed, on long time
scales we do not expect Mercury’s core and mantle to be degsdc This will be discussed in
the next chapter.

We perform a translation to put these equilibria at the @afrour coordinates and as a
consequence, the new linear termg/irandy, vanish. We note that these variables are in fact
noty; andy, anymore since we performed a translation, but we decidedp Keeir names to
avoid heavier notations.

To find the fundamental periods we take the quadratic ungeztUHamiltonian:

HP (21,91, 20,72) = 0.34466 x 107222 + 0.40274 x 1032125 + 0.50814 x 107223
4+ 19.566y% — 0.61460 x 103y, 5 + 0.49220 x 1023,

We notice that the two degrees of freedom are linked and wd teelissociate them, i.e.
perform another canonical transformation that removesrtixed terms inc, x5, andy,y,. For
this, we use the untangling transformation (Henrard & LeéreaR005). After another canonical
transformation to have the same coefficients for the vagiabhl moment of the same degree of
freedom and a last change to action-angle variables

x1 =V2Usin(u)  y; = V2U cos(u) (3.79)
ro = V2V sin(v)  y2 = V2V cos(v), '
the quadratic Hamiltonian is now
H® (=, - U V) =nU+n,V, (3.80)

48



3.3 Latitudinal librations

with n,, andn, the free frequencies of the degrees of freedom 1 and 2. Thespmunding free
periods are:

T, = 2n/n, = 12.06 years
T, = 27n/n,=616.26 years

The same changes of variables are performed for the resé dddmiltonian as well and it
now reads
H =n,A, +n,U +n,V + P(ly,u,U,v, V), (3.81)

where we did not write the terms )" andG’, now constants since we evaluated their conju-
gated variabless, and(2, at their J2000 values (Table 3.1).

3.3.4 Libration in latitude

Applying a procedure with canonical Lie transforms simitathe planar case, it is possible
to compute both the librations in longitude and latitude.

We choose to put it/ the quadratic Hamiltonian and the 2-body problem paift,, and in
HY the perturbation with the periodic termsljnand the higher-order terms if2U and+/2V:

HY =noA, +n,U +n,V and H) = P(l,,u,U,v,V). (3.82)

We then compute the transformed Hamiltonian and the gesrsras previous|{2).

(3) Note that the frequency is barely modified when pushing tbeguure to higher orders
of the Lie triangle. We havé, = 616.31 years at the second order compared to 616.26 years
for T,. The next orders bring even less changes.

(4) As in the previous case, we expect Mercury to be at the Casginiibrium, and similar
computations lead to the expression of the transformedbi@s.z, = 7, = y; = 7, = 0 and
the angles are linear functions of time.

(5) From there, the technique is similar to the computation eflibration in longitude in
the planar case and we do not explain it again.

The introduction of another degree of freedom does not mdh# librations in longitude sig-
nificantly (relative change afo—%, very weak coupling between these degrees of freedom) and
we do not write them again in this section. The variationsiadothe ecliptic obliquityx™ and

the second resonant anglgare shown in Table 3.4 and 3.5, with the amplitudes in mdbac.
These variations are way below the arcsec level and will aailiserved by any space mission.
In brackets is the contribution due to the second-order rgéoe In this case, the relative cor-
rections are a lot larger than for the longitudinal librago The third-order generator brings
much smaller relative corrections(™).

Finally, note that the variations around the ecliptic obitg /™ or around the usual oblig-
uity 0* are almost the same and are referred to as latitudinalilimstindeed, taking a look at
the equation (3.77)

cos ) = cos i, cos K + sin i, sin K cos 0g, (3.83)

and sincer, is of order10=%, cosoy = 1 — 03/2 = 1 + O(10712?), 1072 being our truncation
level. Hence we putoso, = 1 and we haverosf = cos(K — i,). With i, a constant, the
variations around(* or ¢* are almost the same.
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Chapter 3. Rotation without planetary forcing

Latitudinal librations (angléx)

lo Period Amplitude (in milli as) Ratio

2 43.985d 8.9801 (9.2406) 2.0634
3 29.323d 5.6837 (5.6670) 1.3060
1 87.970d 4.3521 (4.4199) 1.0000
4 21.992d 1.8267 (1.8308) 0.4197
5 17.594d 0.5719 (0.5728) 0.1314

Table 3.4: Short-period variations around the equilibrivatue of the ecliptic obliquity of Mercury,
obtained analytically using the first-order generator ofi@ ttansform, from the ecliptic obliquitys.
The amplitudes are expressed in milliarcsec and the nuniibbrackets are the contributions due to the
second-order generator. The ratio is computed with regpebe 88-day contribution.

Variations ofo,

lo Period Amplitude (millias) Ratio

1 87.970d 152.15 1.0000
2 43.985d 53.990 0.3549
3 29.323d 42.178 0.2772
4 21.992d 13.856 0.0910
5 17.594d 4.4484 0.0292

Table 3.5: Variations of the resonant angie representing the commensurability between the orbital
and rotational precessions. The amplitudes are expressedliseconds of arc. The ratio is computed
with respect to the 88-day contribution.
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3.4 The wobble motion

3.4 The wobble motion

3.4.1 Hypotheses

The addition of the last degree of freedom (the wobble) fotinescomplete model. The

Ecliptic
Ecliptic
plane

Figure 3.7: Situation with 3 degrees of freedom: the loragty; = [ + g + h, the latitudeK and the
wobble J. We also consider an orbital inclination.

hypotheses are:

¢ the inclination of the orbital plang, the (ecliptic) obliquity/K” and the wobble anglé
are not O,

e there is a precession of the ascending node and periherm.

3.4.2 Hamiltonian

The 2-body problem contribution is of course the same asdrptkvious cases. However,
since the anglg is not zero anymore, there are no simplifications on the iaregtergy and’
is the complete equation (3.4).

For the gravitational potential, compared to the 2-degféeedom case, we have one more
rotation of angle/. The vector(z, y, z) pointing towards the Sun in the figure frame is

( Yy ) = R3(l)Ri(J)R3(g)Ri(K)R3(h) x (3.84)
cos f
RS(_QO)Rl(_io)R?)(_wo) ( Sinf ) ’ (385)
0
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Chapter 3. Rotation without planetary forcing

or, with the modified Andoyer’s variables:

x
Yy = Rg(—)\Q)Rl(J)Rg(Al -+ )\2 -+ )\3)R1(K)R3(—>\2) X (386)
z
cos f
R3(_QO)R1(_io)R3(_wo) sin f : (387)
0

The gravitational potential thus reads
Vo = Va(r, f, A1, A, As, J, K). (3.88)
To have the complete Hamiltonian, we go through steps sittaine 2-degree of freedom case:

e expansions of the rati¢r/a)~3, cos f andsin f until order 5 in eccentricity and mean
anomaly,

¢ introduction of the resonant angles ando,, and of the precessions of the longitude of
the periherm and the ascending node,

e changes to the associated moments,

e changes of variables to
(loa AO? Wo, G:ﬁ QO? Hga 01, Ala 02, Ka )‘37 J) - (loa A:ﬁ Wo, G:)la QO? H(/)Na T1,Y1,T2,Y2, T3, ?/3)

(3.89)
with
(A, = AJAL
G, = NG
H(l)/ — ATH(I)//
o1 = w1 (Taylor expansion aroung, = 0)
A= M0 +w)
Tog = QAAE sin oy (3.90)
1
Yo = 2&2 COS 09
T3 = 2&3 sin A\
_ 2A
| v = A; COS A3

which is a canonical set with multipliér/ Az.
The final Hamiltonian is similar to the 2-degree of freedonmiitonian:

+ _VG’(ZO7 T1, Y1, T2, Y2, T3, y3)

o / . 1" 2 " l‘% +y§
H = nvo + T(?/1,$3,y3) + Wo (Go - yl) + Qo Ho +

2

Af
(3.91)
Unlike the previous cases in one or two degrees of freedagrkitietic energy now depends on
3 variablesy, z3 andys.
The procedure is once again similar to the previous sectiadsve use the same numbers
for the steps of the method.
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3.4 The wobble motion

3.4.3 Fundamental periods

(1) Using Hamilton’s equations and seeing that there are ordglcaiic terms in:; andys
in the unperturbed Hamiltonian, we easily deduce the daruiin 25 = y; = 0, implying that
A3z = 0andJ* = 0. As a consequence the equilibriaafandy, are computed in the same
way as in the previous section and we have the same equiidrrid andA;.

To get the fundamental periods, we once again take the di@drgerturbed Hamiltonian:

H® = 0.34466 x 107222 4 0.40274 x 1073z, + 0.50814 x 107222 + 0.17078 x 10122
+  19.566y; — 0.61460 x 10y + 0.49220 x 10~ 2y5 4 0.50700 x 10~ 2y3.

The 3rd degree of freedom is completely dissociated withtoeothers.

The next steps are then similar to the 2-degree of freedomr aastangling transformation,
transformation to have the same coefficient for variablesranments of the same degree of
freedom and action-angle variables

x1 = V2U sin(u) y1 = V2U cos(u),
xe = V2V sin(v) y2 = V2V cos(v), (3.92)
xg = V2Wsin(w)  y3 = vV2W cos(w),
and the quadratic Hamiltonian is
H® (=, —, = U V,W) =nU +n,V +n,W, (3.93)

with n,, n,,, andn,, the free frequencies of the degrees of freedom 1, 2 and Zsqmonding to
the fundamental periods

T, = 2n/n,=12.06 years

T, = 2m/n, = 616.26 years

T3 = 2m/n, = 337.62 years
In the rigid case, this 3-degree of freedom model was firslistuby D’'Hoedt & Lemaitre
(2005) and the periods found wetg = 15.857 years,T» = 1065.05 years and/; = 583.989
years.

(2) With these free frequencies, it is now possible to compdgtnerators of the averaging
transformation ovet,, with

HY =n,A, +n,U +n,V +n,W and HY = P(l,,u,U,v,V,w, W). (3.94)

where we put inP all the terms depending dpand the terms in/2U,v/2V andv/2WW of order
higher than 2.

(3) The correction to the frequency is also very small for the &dree of freedom. The
periods, using the generators to until order 2, are:

T, = 2m/n, = 12.057 years instead of 12.06
T, = 27m/n, = 616.31 years instead of 616.26
T3 = 2m/n, = 337.77 years instead of 337.62
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Chapter 3. Rotation without planetary forcing

3.4.4 Wobble and pole motion

(4) (5) To compute the evolution of the wobble and the pole motionuseonce again the
same procedure as for the other cases, without any notahfegeh With the generators, it is
now theoretically possible to compute any analytic funttwbz,, xs, x3, y1, y2, y3 With short-
period terms. However, since these variables are in Possieas form, it is sometimes very
tricky to compute a function of these variables.

To compute the series @f, we have

2 2

K = arccos (1 — 56*27—‘_3/2) , (3.95)
201(1 + 1)

with vy, x5 andy, being Poisson series of several thousands of terms...

We managed to compute the Poisson serigs diirough series expansions arouyjcandy;.

The expression of is very similar:

22 4yl )
J=arccos [1— —23—73 | 3.96
< 2R3 (1 + ) (3.99)

However, since; = 0, it is a lot trickier to get the Poisson series expressiomefariable/
(because the equation above would give 0 at the equilibrinathm@ expansions are possible).
The variations of this angle are expressed in Table 3.6 ifidite J = ", ¢; cos(2521,).
Note that, unlike all the other variables analysed untiehéne periods in the angléare odd
harmonics of the sidereal Hermean day (176 days). The valuttee other librations of the

problem are the same as in the previous cases.

Wobble angleJ
ly Period Amplitude
1/2 175.93d 106.12
3/2 58.646 d 49.368
5/2 35.187d 7.1940
712 25.134d 10.537
9/2 19.549d 8.5522

Table 3.6: Variations of the wobble angle These results obtained analytically using a second-order
Lie transform. The amplitudes are expressed in milliarcsec

Let us explain how we got this series. Since we expetd be extremely small, we make
the approximation thatos / = 1 — J?/2. Using the relatiom\; = A;(1 — cos J) we have

J? As
1—- =12 97
5 i (3.97)
A
& J? =22 (3.98)
Ay

The series ofA; is easily computable and it is possible to divide it by thaeseof A, we
expand it around the mean valii¢. The result of the division (henc#) is another Poisson
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3.4 The wobble motion

series. It is actually required to use the Lie triangle pdage until the second order and to
lower our level of truncation to get small variations forgkliegree of freedom. For all the other
variables, the order 2 and higher only brought minor coiweston the amplitudes computed
with the first order. However the Poisson series/dhas such a small constant term that it is
not possible to use expansions to determine its squareandtget the angl€). To bypass this
difficulty, we look for a solution a priori, compute the sqeaf this solution and compare the
coefficients obtained with the actual ones, from the seffesThis comparison pushes us to
use Newton method to solve non-linear equations and weyvidngt the square of the solution
J obtained with this method is indeed very close/to This procedure is extremely heavy to
implement and to use and works because we have only one ambjesi 13 terms 2.

In this chapter we computed the effect of the non-spherafitercury on the three degrees
of freedom of the rotation: the longitude, the latitude amelwobble motions. For a fairly large
core (as expected by the high density of the planet and tree dabervations of Margot et al.
(2007)), the largest oscillations were found on the lilimatn longitude with an amplitude of the
88-day period contribution close to 40 arcsec. The latitadas well as the wobble librations
are well below the arcsec threshold and should not be obs$énveither of the space missions.
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The indirect planetary perturbations on the
rotation

After studying the effect of the non-sphericity of Mercutlyis chapter deals with the in-
direct influence of the planets on the rotation. By indiredlience we mean that the planets
affect the orbit of Mercury and these changes in the orbieahents will in turn have an effect
on the rotation, mainly through the 3:2 spin-orbit resoregned the non-sphericity of the planet.
As a matter of fact planetary perturbations were alreadpdhiced in the previous chapter: the
precessions of the ascending node and of the periheliornctually caused by the other plan-
ets. However in this chapter, we complete these precesbioagpressing each of the orbital
elements of Mercury as functions of the mean longitudeslahalother planets.

We start by explaining what is the form of the planetary tgamed and how we introduce
it in our problem.

Then, we state and explain the results obtained with theduottion of the indirect plan-
etary perturbations. These results were published in twouofpapers (Dufey et al. (2008)
and Dufey et al. (2009)), hereafter referred to as Paper IPaper 1. We report these results
chronologically, explaining the different steps that lexita several comparisons and refine-
ments of our model. From a rigid model at first, we passed bydadree of freedom model
with a spherical liquid core to eventually get to a 2-degreieedom model with a constrained
size of the core. In the process we were able to detect a reigtadReale et al. (2007), ensure
that our results were absolutely correct and analyse a eafpotential resonant forcings on
both the longitudinal and latitudinal librations.

4.1 Inserting the planetary perturbations

4.1.1 The planetary theory

The planetary theory that we have used was kindly given byg-leais Simon from the
IMCCE in Paris. It is the solution VSOP (Variations Sécudaides Orbites Planétaires) ob-
tained at the end of 2004 and adjusted to the ephemeridesIXEBtG reference for the VSOP
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Chapter 4. The indirect planetary perturbations on thdioota

coefficients, see Fienga and Simon, 2004). It gives the Boissries of the elliptic elements:

(o the semi-major axis of Mercury

I the mean longitude

k = e cos w,, with e the eccentricity ands, the longitude of the perihelion

h = esin w,

q = vy cos§),, with v = sini, /2, i, the inclination and?, the longitude of the ascending node
[ p = ysin€l,.

(4.1)
Note that we have the relatidn, = [, + w,, with [, the mean anomaly. Each variable is
expressed as

3
X = ZtiXZ-, (4.2)
1=0

with ¢ the time andX; Fourier series the arguments of which are linear combinataf the
longitudes of all the planets:

sin . . . . . . . .
Xi= Z Qing iy ip i { } (il +ivivtiplptivalyvatislitisls+iply+inly),

. . . . 1J,18,'U N COs
MV B Ma
17,85,8U,EN

(4.3)
with Iy, lv, lg, lua, Uy, Ls, Iy, [y respectively being the longitudes of Mercury, Venus, thelEa
Mars, Jupiter, Saturn, Uranus and Neptune. The so-calless®&oterms are the terms of (4.2)
containing the time, i.)7_| t'X;,.

Only the terms giving a contribution larger thaf—!2 after 100 years are kept in these
series. The 6 series total a number of 17520 terms togelieelaigest one being the longitude
of Mercury with almost 5000 terms.

This solution also provides the phases and mean motiongdfitierent planets at J2000.

We finally note that, besides the 5 biggest asteroids (VegaBamberga, Ceres and Pallas)
taken into account in these series, the solution contailasivistic contributions as well as
contributions due to the Solak, and 295 minor asteroids included in the coefficients of the
terms.

Now that we are a little more familiar with this planetary oing let us explain how we use
it. The first thing to do is to express the elliptic variablasour usual orbital variables. We
note that each one of the variables; actually has a large constant and linear contribution
(corresponding to the Keplerian contribution), with sntalhtributions (perturbations) aside:

var; = var;g + nit + foar (b v, Uy Uara, Uy Usy Loy D), (4.4)
%,—/

*
UCLT‘,L-

with the functionsf,,, at leasti0* times smaller than the Keplerian contributions-;. With
some background work, our software MSNam allows us to coempypansions around these
valuesvar? to have the expressions of the orbital elementsi,, [,, <2,, w,.

These series however contain several thousands of termse ®e must introduce them in
our Hamiltonian, once again as series expansions and tedtipy other Poisson series, we
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4.1 Inserting the planetary perturbations

do not want such large series for the orbital elements and samsehow cut them. We are
interested in the behaviour of Mercury on short timescadefe\v dozens of years at most).
Taking a look at our series we note that the Poisson termd dgast 100 times smaller than the
periodic contributions over 100 years. As a consequenceimel\s cut these Poisson terms.
Verifications will be performed later on to check if this ceiegitimate. Without these Poisson
terms, the size of the series is divided by a factor two butilig@o large for a practical use of
the MSNam. We then decide to analyse the angle combinatidhg iseries appearing with the
largest coefficients and we select only 13 of them, implyinly d other planets, Venus (closest
planet), Jupiter and Saturn (most massive planets) andattyednter Earth-Moon (decent ratio
mass/distance). These 13 contributions are listed in Tafile

Main planetary contributions
Jupiter [, \Venus 2l — Bl | Saturn 2lg
Jupiter  2[; Earth Iy — 4l | Venus [y — 21y
Venus Iy — 3ly | Jupiter-Saturn 21; — 5lg | Venus [y — Iy
Venus 2Ly — 4ly | Mercury L Jupiter 3l;
Mercury 2l

Table 4.1: Angle combinations (in no particular order) sed in the expressions of the orbital elements
from the planetary theory VSOP.

This selection is actually the result of a lot of back andf@dmparisons between numerical
and analytical methods, to be absolutely sure that no netexantribution was omitted.
We can now write down a simple formulation for our orbitalrents:

a=a"+ follar, by, g, 1y, ls) e=¢e + fe(lar, v, g, 1y, ls)
io =15+ fi,(lars by gy 1y, ls) I =y + filllar, by, e, 1y, ls)
Qo =+ fallar, lv, g, 1y, ls) wo =i + follm, v, e, 1y, 1ls),

with [, v, g, 15, s the mean longitudes of Mercury, Venus, the barycenter Bddbn, Jupiter,
and Saturn, and the functiorfs,, at leastl0* times smaller than the first Keplerian contribu-
tions. These series have 28 terms: 2 for the Keplerian daritoin and 26 for the sines and
cosines of the angle combinations chosen.

4.1.2 Introduction of the planetary perturbations in the Hamiltonian

Coming back to our problem, these series of the orbital etesnare inserted in the Hamil-
tonian (in the second-order gravitational potential) tigéfore the introduction of the resonant
angles:

H == HQB(LO> + T(A17 )\37 A3) + VG(ZO7 L07 Wo, Qo; )\17 A17 )\27 A27 )\37 A3)7 (45)

where only the dependencies on canonical variables areewriiVe recall that this gravitational
potential is obtained after a series of rotations aroundo(aothersy, = w, — €,, the
argument of the perihelion, and(2,. Also, it was expanded as functions of the mean anomaly
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Chapter 4. The indirect planetary perturbations on thdioota

l, = Ly — w, and the eccentricity. Finally V; also depends on the semi-major axithrough
L, = \/pa. Hence the dependencies of the second-order gravitapotanhtial are

VG = VG(@, ioa Qoa Wo, l07 LO((Z), Ala Ala )‘27 A27 A?n A3) (46)

This gravitational potential is in a Poisson series form aadda (throughL,) are present
as polynomial variables. As a consequence, it is quite gnpintroduce the planetary depen-
dencies of these variables: simple substitutions and eskpas around their Keplerian pa#s
anda* are performed.

It is slightly more complicated for the other variables asyttare brought into play as
sines and cosines ;. We explain with an example how we proceed for the mean longi-
tudel,, = I3, + €, with [}, the Keplerian contribution andthe perturbation. Suppose that the
termcos(ily +x) belongs to our Hamiltonian (4.5), withj integers and a linear combination
of other angular variables. We express it as

cos(ilyr + x) = cos(ilp) cos(z) — sin(ilyy) sin(z) 4.7)
=cos(i(l3; + €)) cos(z) — sin(i(l3; + €)) sin(z) (4.8)

= cos(x)[cos(il},) cos(ie) — sin(il},) sin(ie)] (4.9)

— sin(z)[sin(il},) cos(i€) 4 cos(il},) sin(ie)], (4.10)

and we expandos(ie) andsin(i¢) to the second order arourid = 0: cos(ie) = 1 — (i€)?/2
andsin(ie) = ie. This expansion is sufficient sineés of order10~* at most and we also must
remember that it is introduced in the perturbatign already small.

A similar procedure is used for the other angular variabjes, and(,.

With the introduction of 4 new variables in the problef,(z,(;, ls), we must artificially
add their corresponding conjugated momenta in order to &emgmonical set of variables. Fi-
nally, after the introduction of the resonant angles angtieeessions, our general Hamiltonian
is the following:

H =n,(A, — 301 /2) + nyAv + npAp + nyAs + nshs + @,(G) — Ar) + Qo (HJ + Ay)

M3
(AG Blﬁxl)GP(loawQOUlaAhU%A27)\37A37ZV7ZE7ZJ7ZS)7 (411)
o~ To

with Ay, Ag, A;, As the moments associated with, iz, [, [s.

Before going to the results we must say a few words on how wepabterthem de facto.
We use the same technique as in the previous chapter, withntgedifference being that we
have a larger number of variables. The transformation ifopeed such that the averaged
Hamiltonian does not depend on any fast angular variablefaBywe mean the longitudes of
the planets and of the Sun in the hermeocentric frame. As secpuence, the generators of the
transformation only contain terms with these fast variabl®ist like the mean motion, was
not modified during the averaging process, the frequendiéiseoplanets (mean motions) are
not modified either which was to be expected. Indeed, it wbelduite foolish to think that the
shape of Mercury actually has a significant effect on thetakbiotion of other planets. To sum
up, the perturbation by canonical Lie transforms is simiasur previous use in each of the five

+ T(A17 )\37 A3) -
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4.2 Paper I: the longitudinal librations

steps. The only differences are that the Poisson bracketsoanputed with 4 more variables
and the generators depend on 4 more longitudes, which walivals to have the influence of
planetary perturbations in any analytic function of thealales.

4.2 Paper I: the longitudinal librations

We first deal with the longitudinal librations in a 1-degrddreedom model. These libra-
tions were also studied in the first part of Paper Il with aed#ht value of the rati¢’,,/C and
from a 2-degree of freedom model.

The purpose of Paper | was to build this theory and get the iandpk of the planetary
perturbations in a very cautious way, ensuring that all deps were correct. We were not
adventuring completely in the dark, Peale et al. (2007) batigublished a paper about long-
period forcing of Mercury’s libration in longitude. Theiradel was also a 1-degree of freedom
one, but their method was completely different than ourseyThumerically integrated the
equations of motions from the Lagrangian, adding non-cmasige forces in order to dissipate
any free amplitudes, as Mercury should be in a Cassini dgjifn. Their planetary theory was
DE408 and they used a fast Fourier transform on the powetrspeof the libration in order to
get the amplitudes and frequencies of the different effects

On the other hand, we used a Hamiltonian analysis with thegplease described in Section
3.2 and we compared our results with those obtained by theYSONodel (described hereafter)
and by Peale et al. (2007). These comparisons (especialbe thbtained with the SONYR
model) allowed us to have a complete trust in our planetagrhand our method.

SONYR is the acronym of Spin-Orhi¥-bodY Relativistic model, it is a dynamical model
of the Solar system including the coupled spin-orbit motbthe terrestrial planets and of the
Moon (see Rambaux and Bois (2004) and references therein).

As a consequence to the planar case used for this model, netatg perturbations are
included in the longitude of the ascending node and thenatibn since these angles are unde-
fined. We also did not compute the phases of the various botioins.

In the first part we state the results obtained with our ar@imethod. Then, we compare
them with the results obtained with three different nunanmethods:

1. the results from the SONYR (Spin-Orbit N-bodY Relatiasimodel using the series of
the analytical method (Simon, 2004, Fienga and Simon, 2894ybital solutions;

2. the results from the SONYR model with the orbital motiosuiéng from the numerical
integration of the N-body problem;

3. the results from Peale et al. (2007) using the JPL Epherbéti408.
The first comparison guarantees that our method is corteetsécond that our planetary se-
ries are accurate enough and the last one analyses thesrestlto methods fundamentally

different.
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tary perturbations included. We detect the same
88-day-period effect that we observed in the case
-40 4 without planetary perturbations (amplitude of 40
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4.2.1 Results from the analytical method

The value ofC,, is 0.17. It corresponds t@’,,/C = 0.5, and was chosen to match that of
Peale et al. (2007) for comparisons sake, even if we expectéiue to be larger. Applying
the same method as in the previous chapter, we are able touene evolution of; andA,
using the first-order generator (the other orders do noghetevant changes in the results).

First of all, we notice that planetary perturbations havesgy faint influence on the norm
of the angular momentum;. The oscillations are approximately 100 times smaller tinan
88-day variation plotted in the previous chapter.

For o, however, the influence of the planetary perturbations arehntarger (Figure 4.1).
The amplitude (around 40 arcsec) is the same that we obsertiealit planetary perturbations
but the whole curve is now oscillating according to planetarturbations. Figure 4.2 shows
the evolution ofr; on a larger timescale.

Analytical method

Effect of Period (years) Amplitude (arcsec) Relative
(angle combination) amplitude
Mercury (,) 0.24084 40.693 1
Jupiter () 11.86200 13.270 0.326110
Mercury @1,) 0.12042 45371 0.111496
Venus @I, — 5ly) 5.66608 4.3504 0.106910
Jupiter @1,) 5.93100 1.6730 0.041112
Saturn i) 14.7285 1.2332 0.030306
Earth (, — 4ix) 6.57966 0.7160 0.017595

Table 4.2: The main planetary contributions on the libratio longitude angler; obtained with our
planar first order generator.

Table 4.2 presents the main planetary perturbations oremnant angle;. The five main
effects are Mercury’s orbital motior,(and2/,), Jupiter (; and 2,), Venus @/, — 5Iy/), Saturn
(2ls) and the Earthi(, — 4iz). We give for each of them the amplitude in arcsec and théivela
amplitude with respect to the 88-day contribution.
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Figure 4.2: Evolution oty over 100 years. The perturbations acting on the resonaihe anglisted in
Table 4.2

We notice that the largest contribution (after Mercury’dital motion) comes from Jupiter.
This is due to our choice dafy, = (B — A)/4 = 107° and(C,,/C = 0.17, giving a period of
11.21 years for the free libration. This period being claséupiter’s orbital period explains the
significant contribution of Jupiter in the libration in loimgde. As also mentioned in Margot et
al. (2007), given the large uncertainty 6%, and the moment of inertia of the mantg, there
could be an even stronger resonant effect between Jupdetharfree libration. This resonant
forcing will be highlighted in the results of Paper Il as wadl in the Chapter 6.

4.2.2 Comparison with SONYR using the same planetary theory

To validate our analytical results, we compare them withréseilts of the SONYR model.

For the purpose of this work, we assume that all planets motleei same plane defined by the
orbital plane of Mercury (all the initial inclinations of ¢hplanets are taken equal to zero). In
addition, we eliminate the libration in latitude by choagian initial obliquity equal to zero.
Therefore the rotational motion of Mercury is described Ioyycone angle, the libration in
longitude, which oscillates in the equatorial plane of Meyc As the obliquity is zero, the
equatorial plane of Mercury coincides with its orbital ptaand the spin-orbit motion can be
described by two degrees of freedom, one for the orbit andf@nthe rotation. We call this
system the planar case. The libration in longitude is thestéd by frequency analysis in order
to compare with the series of the analytical method.
In this first comparison with the SONYR model, we integrateneucally the rotational motion
of Mercury with the orbital motion described by the VSOP gtiahl series of Simon (Fienga
and Simon, 2004), i.e. the same ephemeris used in the atalgtlution. The solutions are
listed in Table 4.3.
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Tables 4.2 and 4.3 show very similar results as a consequdribe use of the same orbital
model. The main frequencies acting @nare identified and their relative contribution is quan-
tifiable: the main oscillation is the annual period of Mescuhen come the influence of Jupiter
(l;), Venus (2,-5ly/), the semi-annual period of Mercuryl{®, Jupiter @l,), Saturn 2/s) and
finally the effect of the Earth {-415).

SONYR with the VSOP planetary theory

Effect of Period Amplitude Relative Relative amplitude
(angle combination)  (years) (arcsec) amplitude (from @&abR)
Mercury (,) 0.24084  41.487 1 1
Jupiter () 11.86200 13.057 0.314721 0.326110
Mercury @1,) 0.12042 4.0278 0.097085 0.111496
Venus @I, — 5ly)  5.66608 4.3617 0.105134 0.106910
Jupiter Q1) 5.93100 1.6776 0.040436 0.041112
Saturn 2lg) 14.7285 1.2183 0.029365 0.030306
Earth (, — 4ir) 6.57966 0.7183 0.017314 0.017595

Table 4.3: The main planetary contributions obtained wiNYR with a forced analytical orbital
motion.

4.2.3 Comparison with SONYR using theN-body integration

In this second comparison, we use a full numerical integnattd solve for the orbital and
rotational motions in théV—body problem. The initial inclinations of the orbital planef
the planets are fixed to zero in order to obtain the planarlenob The frequency analysis is
performed over a time span of 1000 years and we present ie fabthe solution for this case.
When we compare the Tables 4.2 and 4.4 we notice that theediffes are more important
than in the previous section. However, the amplitudes oativeial oscillation, the semi-annual
oscillation and of the oscillations containing the meargitude of Jupiter, Venus and Saturn
give very satisfying results for such a simple model. The Gostribution of the Earth of 6.57
years is too faint to be detected by the frequency analysSONYR results.

4.2.4 Comparison with Peale et al. (2007)

Finally we compare our amplitudes with the results givenabl& | of Peale et al. (2007),
based on numerical ephemeris valid for much longer timesdalan the analytical series that
we used (comparison in Table 4.5). In order to match the vailde, taken in their paper, our
analytical results in Table 4.5 are now calculated With = 1.5 x 10~°. This change of thé’,,
does not affect the good agreement of the solutions obtdiatdeen our analytical approach
and SONYR.

Concerning the comparison itself, the amplitudes of th@sanduced by Mercury’s orbital
motion and Venus are similar to our results but the tergi jnis completely different. Although
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SONYR with its own orbital motion

Effect of Period Amplitude Relative Relative amplitude
(angle combination)  (years) (arcsec) amplitude (from &ahbR)
Mercury (,) 0.24084 41.484 1 1
Jupiter () 11.86200 13.661 0.329313 0.326110
Mercury @1,) 0.12042 4.1839 0.100856 0.111496
Venus @I, — 5ly)  5.66608 4.4623 0.107566 0.106910
Jupiter Q1) 5.93100 1.8045 0.043499 0.041112
Saturn 2ls) 14.7285 1.2672 0.030546 0.030306
Earth (, — 4ig) 6.57966 undetected / /

Table 4.4: The main planetary contributions obtained wilNyR.

Peale et al. (2007)

Effect of Period Relative Our relative
(angle combination) (years) amplitude amplitude (with
Cypy =15x 1075)
Mercury (y — @ = 1,) 0.24084 1 1
Venus @I, — 5ly + 3w) 5.66608 0.1427 0.1289
Mercury Q(ly — w) = 21,) 0.12042 0.1028 0.1115
Jupiter () 11.86200 not listed+ 0.04) 0.0571
Jupiter @l; — 2w) 5.93100 0.3483 0.0509
Saturn ls) 14.7285 not listed+ 0.02) 0.0138
Earth (, — 4ig) 6.57966 not listed+ 0.01) 0.0239

Table 4.5: Results extracted from Peale et al. (2007).
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Peale et al. (2007) did not list the amplitude of the contrdwuof /;, 25 andl, — 4l in their
Table |, it appears from their figure 6 that these contrimgiare respectively around 4%, 2%
and 1% of the contribution of the orbital motion of Mercunhish are quite close to our own
values.

Although the orders of magnitude of the different contrnbas are similar in the analytical
and Peale’s theories, the agreement is far from that olastdipehe comparison with SONYR.
We directly thought that the differences came from the faet tve introduce perturbations
on different orbital elements (Peale et al. (2007) do notsm®T perturbations on the mean
anomaly). We tried removing these perturbations, withduttéer agreement.

Another possibility was the differences in the ephemeratebstime spans. We used simplified
ephemeris, cutting the Poisson terms. However, even witbetlephemerides, we have a good
agreement with the results of SONYR using the f\ilbody integration.

It turned out that the omission of the planetary perturlvetiof the anomaly of Peale et al.
(2007) was critical and provoked all these differences.hiirtnext paper, Peale et al. (2009)
computed these amplitudes again, this time with pertushaton the anomaly and obtained
ratios in good agreement with our results. However, theysetevalue of the rati6’,, /C =
0.579, consistent with the radar observations of Margot et al0f20also corresponding to the
value of Paper Il described in the next section.

4.3 Paper II: Longitudinal and latitudinal forced libra-
tions

In Paper Il, we used a 2-degree of freedom model to computgtiatinal and latitudinal
librations. The numerical method implemented for the comgpas is different than before and
is described in the first subsection.

The part of Paper Il concerning the longitudinal libratidv@s a double use: validate the
cut that we made in our planetary theory and use a value ofdatth@,,/C' accepted in the
literature as the most likely (Margot et al., 2007),,/C' = 0.579. This new value allows us to
see that our results are perfectly coherent with those freaiePet al. (2009), highlighting the
resonant forcing between the Jovian period and the freeg&nked to the longitudinal degree
of freedom.

To our knowledge, the planetary perturbations on the tial motion have only been
computed in this work and we show that they should be too stmdié detected by the space
missions. However, for particular values of the rafig /C and the 2nd degree harmonic co-
efficients falling within the &-range uncertainty of these values, there might be anotiner |
period resonant forcing between the great inequality peaiod the free period linked to the
latitudinal degree of freedom. The amplitude associated thie great inequality might then
grow well over the arcsec level. However, because of its kg period (883 years) compared
to a couple of years for the nominal missions, this contrdmytshould it be detected, would
only be viewed as a shift on the latitudinal librations, n®bacillations.

We also add the phases of each contribution in this study.
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4.3.1 The numerical method

The numerical method used here is different than in the pusvsection. Instead of the
SONYR integration of the Solar System, we integrate the ggpsderived from the Hamilto-
nian (4.11). This numerical study is similar to the one in Bltgs et al. (2008), where after the
numerical integration, we give synthetic representatafribe variables by frequency analysis.

The frequency analysis algorithm used is named NAFF for NigakAnalysis of the Fun-
damental Frequencies and is based on Laskar (1993). It isouag@ with some refinements
such as the use of different time steps in the analysis, tectéigh frequencies (see Laskar
(2003)) and an iterative determination of the frequendisng into account the frequencies
previously detected (see Champenois (1998)).

The frequency analysis aims at writing a complex sigf{a) under the form

f(t) = Z ar, exp(vV—1wit), (4.12)
k=1

wherew, are real frequencies ang complex coefficients. If the signdl(¢) is real, its fre-
guency spectrum is symmetric and the complex amplitudexceged with the frequencies,
and—wy are complex conjugates. This algorithm is very efficientept when two frequencies
are too close to each other. In that case the algorithm isardident in its accuracy and stops.
When the difference between two frequencies is larger tharetthe frequency associated with
the length of the total time interval, the determination atle fundamental frequency is not
perturbed by the other ones. Although the iterative methmgjested by Champenois (1998)
allows to reduce this distance, some troubles still remdiamthe frequencies are too close to
each other.

The integrated equations are

d\y, OH dA\, oH

At 9N, dt . oN
dy OH  d\,  0H

dt  OAy’ dt Oy’
(4.13)

The variables\, andA, do not appear here because the orbital motion of Mercurytésichéned
by ephemerides and not by integration of the system. Thegratiens are performed with the
Adams-Bashforth-Moultom(0™ order predictor-corrector integrator.

One of the critical points is the initial conditions. As segted by Peale (2005), the am-
plitudes associated with the free librations should beigdge. Unfortunately, when choosing
initial conditions even very close to the exact equilibrivme always get a free part in the solu-
tion, that is often predominant. Several methods existap this free part. For instance, Bois &
Rambaux (2007) proposed to fit the mean initial conditior der to locate the spin-orbit sys-
tem at its center of libration. Another possibility is to aadamping in the equations that will
reduce the amplitudes of the free librations, as done fdante by Peale et al. (2007) for the
behavior of Mercury’s spin. Yseboodt & Margot (2006) exgldra third way, starting from the
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equilibrium related to a simplified problem and slowly swittg on the planetary perturbations,
to induce an adiabatic deviation of the equilibrium withapparition of free librations.

In this work we use an iterative method, with a synthetic espntation of the solutions. It
consists of three steps:

1. Numerical integrations of the system over 8,000 yeark mitial conditions “cleverly”
chosen. “Cleverly” means here that we choose initial comaktas close to the expected
equilibrium as possible.

2. Quasi-periodic decomposition and identification of tbkigsons. Since some of the so-
lutions are diverging over the integration timespan beeadsery long-period contribu-
tions (especially the regression period of Mercury’s @lbiode, i.e. 235000 years), we
fit and remove a polynomial to get a quasi-periodic signateAfnalysis, the free part is
easy to identify because the analytical study gives us ageogl approximation of the
frequencies of the free librations. We extract the valuénf free part at the time origin
of the numerical simulation. The difficulty at this stage @mfrom the very long-period
contributions. They tend to distort the quasi-periodictdbations and their period might
change significantly over the integration. This alters tt®ieacy of the determination of
the free solution at the time origin. The solution that weéhéaund is to use the full
integration to determine the polynomial to remove, but atgndimespan to analyze the
signal. The free solution can then be evaluated efficiently.

3. Removal of the free part at the time origin from the initahditions. With that last step,
we get the new initial conditions that we use in a numericgration.
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Figure 4.3: Two numerical integrations giving the rotaéibnode\,: the second integration has been
obtained by removing the free solution extracted from the éine by frequency analysis. This free term,
with a period abou616 years, is still predominant but with an amplitude about &teg smaller.

Figure 4.3 gives an example of use of this algorithm on theés \, (the longitude of
the rotational node), with sinusoidal planetary pertudsest. A fourth-degree polynomial has
been fitted on the evolution of,, then removed from it. The left panel gives the result. We
can see a free sinusoidal term) (vith an amplitude of about 50 arcsec and a period ar@éudnd
years. The frequency analysis algorithm gives an estimatiahe phase and the amplitude of
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this term at the time origin. We removed it from the initiahclitions to get the right panel, on
which the free termv is still predominant, but with an amplitude of only3 arcsec. A third
iteration was used to analyse the evolution of this varigbégperly. In this third iteration, a
free contribution still remains and is actually detected,its amplitude is very small and is not
considered as an obstacle in the quasi-periodic deconuositthe forced rotational motion.

4.3.2 Analytical results

The analytical study is performed in a similar way as in Pdperd the previous chapter.
The introduction of the planetary perturbations does nadifgdhe free periods7; = 12.057
years and» = 616.31 years.

We also mention that (similarly to the previous paper), gsnant arguments are defined
using the proper modes of the system. So, in the definition ef \; — 3/2l, — @, andoy, =
A2+, the mean anomaly and the longitudes of the perihelion, and of the ascending node
Q, are linear functions of time, i.&,(t) = not+¢y,, @, (t) = Wt + Pe, AN, (1) = Qot + P,
wheren,, @,, and(), are constants, ant}_, ¢, ande,, are the initial phases at J2000.

In the following tables, we display the amplitude and thegehaf each contribution in the
form A cos(nt + ¢), where A is the amplitude of the contributiom, its frequency and its
phase. After applying the analytical methodl,is a series expressed as:

o1 = Z Qijkomn €08(il, + jly + klg + mly + nls — pw,)
ijkmn

+ bijkmn sin(ily + jlv + klg +mly + nls — pw,).

Unlike Paper I, we pay attention that each contributionfieithe rotational invariance, i.e.
in the previous formula we have = j + £ + m + n. We remind the reader thaf is the
mean anomaly of Mercury and not its mean longitude, Whiléz, [, [s are respectively the
longitudes of Venus, the barycenter Earth-Moon, Jupitdr@aturn.

We illustrate how to compute the amplitude and phase of ariboion with an example.
Let us take the 11.86-year contributioncos(l; — w,) + bsin(l; — w,). The amplituded
is A = Va?+b? and the phase is the sum of two parts:= ¢; + ¢3. The first one is
¢1 = arctan(—b/a) and the second is the sum of the initial phasgs= ¢;, — ¢, -

The short-period longitudinal librations are gathered abl€ 4.6, while the latitudinal li-
brations (in the ecliptic obliquityX) are in Table 4.8. Table 4.7 gives the short-period libra-
tions of the resonant angte, related to the precessional motion of Mercury. Its dynansc
strongly linked toK, because they belong to the same canonical degree of fregdorx),
with Ay = A;(1 — cos K).

We already indicated that the value of the ratig/C' = 0.579 is different than in Paper |, in
order to compare with the numerical study of Peale et al. §208s they mention, the 11.862-
year contribution, i.e. the orbital period of Jupiter isgiweninant, because of the proximity of
the resonance to the free libration in longitude. Let us ioerthat this amplitude is strongly
related to the value of the moment ratiB — A)/C,, (hence to the free period). In Table 4.6,
the value chosen isB — A)/C,, = 2.0319 x 10~*. This value is consistent with the interval
given by Margot et al. (2007), i.g.B — A)/C,, = (2.03 £ 0.12) x 10~%. Should we choose
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the inferior bound of the interval we would find an amplitudd.4.32 arcsec for the 11.86-year
contribution. With the superior bound, this amplitude wblbé 56.94 arcsec. By analysis of our
series, we were able to get a (semi-)analytical formulaHerJovian contribution. The formula

for the amplitudey; is

B—A
_ Cm 2 2
Oy=—5"07 75 5\ Map + M3, (4.14)
mlBW —ng

wherem;p = 0.133586 x 10%, mop = 0.633298 x 1072, msp = 0.656925 x 10~2. These
coefficients depend on the eccentricity only. The first tefrthe denominator is in fact the
square of the fundamental frequency associated with thgatlasfinal motion. When it comes
really close tan, the orbital frequency of Jupiter, the amplitude raisessely fast.

o1 with the analytical method

NIl v lg l; ls @, Period Amplitude Ratio Phase
1 - - -1 - -1 11862y 43.712as 1.2193 -9.54
2/1 - - - - - 87.970d 35.849as 1.0000 84.80
312 - - - - - 43.985d 3.754 as 0.1047 79.59
4 12 -5 - - - 5 5664y 3.597as 0.1003 -92.80
51 - - - - 2 -2 14729y 1.568 as 0.0437 35.79
6- - - 2 - -2 593y 1.379as 0.0385 -176.10
711 - -4 - - 4 6.575y 0.578as 0.0161 152.24
8/ 3 - - - - - 29.323d 0.386as 0.0108 -105.62
911 - - 2 - 2 91.692d 0.201 as 0.0056 -8.12
10| 1 - - 2 - -2 84.537d 0.191 as 0.0053 -2.29
11 - - - 2 -5 3 883.28y 0.103as 0.0029 101.73
1212 - - -1 - 1 44.436d 0.069as 0.0019 105.17
132 - - 1 - -1 43541d 0.067as 0.0019 112.43
14| 1 - - -1 - 1 89.793d 0.044 as 0.0012 -166.52
15| 1 - -1 - -1 86.217d 0.043as 0.0012 154.23
16| 2 - - 2 - 2 44.897d 0.041as 0.0011 -13.32
17|12 - - 2 - -2 43.110d 0.040 as 0.0011 -7.50

Table 4.6: Longitudinal librations of Mercury, obtainedagyiically, from the resonant argumeast.
Each contribution has the form cos(nt + ¢), with A the amplitude. the frequency ane the phase
computed at J2000.

The librations related to the latitudinal motion (Table® dnd 4.8) are dominated by a very
long-period contributions 63, 315 years) corresponding to twice the argument of the perihe-
lion (2 w,). It results in an adiabatic oscillation of Mercury’s spixi|a beyond the work on
short-period oscillations only. Moreover, as mentionedPbyple (2006), the adiabatic deviation
of Mercury’s spin axis is followed by the mantle and by the teolcore, so our decoupling
hypotheses are not valid for low frequencies. As a consexgjeéhe amplitude that we indicate
for this contribution should not be considered as reliablg,only as an indication that long-
period effects might alter the determination of some vaesbHowever, we are confident in
the amplitudes associated with the other contributions.
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oo With the analytical method

NIl v g 1l lg w, Period Amplitude Ratio Phase
(- - - - - -2 63315y 3.74as 26.128 -56.84°
2|1 - - - - - - 87.970d 143.06 mas 1.0000 84.80
312 - - - - 2 -2 43985d 67.31mas 0.4705 -67.25
4| - - - 2 -5 3 - 883.280y 65.44mas 0.4574 15.0r
5(3 - - - - 2 -2 29323d 45.02mas 0.3147 107.55
64 - - - - 2 -2 21992d 14.71mas 0.1028 -77.66
7| - - - 2 - 2 - 5931y 14.64 mas 0.1023 -117.10
8|2 - - - - - - 43985d 1291 mas 0.0902 -100.4%
911 - - - - 2 -2 87.970d 8.20mas 0.0573 -62.04
1| - - - 1 - -1 - 11.862y 7.83 mas 0.0547 -148.63
10,2 5 - - - 5 - 5.664y 6.00 mas 0.0420 100.24
12| - - - - 2 -2 - 14729y 4.43mas 0.0309 -157.27
13| 1 - -4 - - 4 - 6.575Yy 1.93mas 0.0135 -66.00

Table 4.7: Librations of, related to the precessional motion. The first line, wriiteitalic, represents
the amplitude of the librations due to the precessional anotSince it is a long-period perturbation, a
model studying both the core and the mantle of Mercury woddrnwmre appropriate than ours. As a
consequence, this line is just an indication that longgukeffects might alter the determination of some
variables. Each contribution has the forreos(nt + ¢), with A the amplitudey the frequency aneg
the phase computed at J2000.

Peale (2006) has already suggested that the short-pegdlhtsns of Mercury’s obliquity
would be smaller than arcsec. Table 4.8 confirms this result by giving amplitudealker
than10 mas. We can notice that thie-day and29-day contributions, i.e. twice and thrice
Mercury’s orbital frequency, are larger than #teday one. More interesting is tt#83-year
contribution, due to the Jupiter-Saturn great inequalitys contribution is due to the proximity
of the Jupiter-Saturn system to the 2 orbital resonance. It has a significant dynamical effect
on the Solar System bodies, on the planets themselves, okstkeoidal Belt (Ferraz-Mello
et al. (1997), Henrard (1997)) and also on the irregularigateof the outer planets (Cuk &
Burns, 2004). In addition to this effect, one can notice dbations of Jupiterf.931 and11.862
years), Saturnl{.723 years), Venusy.664 years) and the Eartlt 675 years).

4.3.3 Numerical results

We give here our numerical results, obtained after remov#he free librations. Three
analyses have been made, named as Models 1, 1b, and 2.

e In Model 1, the frequency analyses have been performed d&2t42 points with a
timestep 0f10.5192 days, the starting point being JD 990559.4639 (k4000 years
before J2000), and the time interval 7500 years. The ephemerides are modeled with
the series of 28 terms used in the analytical study.
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K with the analytical method

NIl v g Il lg w, § Period Amplitude Ratio Phase
1{- - - - - 2 -2 63315y 457.230mas 127.0400 33.16°
2|2 - - - - 2 -2 43.985d 8.213 mas 2.2820 22.75
3|3 - - - - 2 -2 29.323d 5.951 mas 1.5304 -162.45
4 | - - - 2 -5 3 - 883.280y 4.676 mas 1.2991 134.22
51 - - - - - - 87.970d 3.599 mas 1.0000 174.79
614 - - - - 2 -2 21.992d 1.798 mas 0.4996 12.34
7| - - - 2 - -2 - 5.931y 1.624 mas 0.4511 144.13
8| 2 - - - - - - 43.985d 1.483 mas 0.4120 169.59
9| - - -1 - -1 - 11.862y 1.259 mas 0.3499 108.13
m00/{1 - - - - 2 -2 87970d 0.991 mas 0.2754 27.96
11| 2 -5 - - - 5 - 5.664y 0.523 mas 0.1452  -24.59
2 - - - - 2 -2 - 14729y 0.477mas  0.1325 100.25
13| 1 - 4 - - 4 - 6.575Yy 0.185 mas 0.0515 -171.72

Table 4.8: Latitudinal librations, i.e. librations aroutite equilibrium of the ecliptic obliquityx’ =
7.0201°. Each contribution has the foricos(nt + ¢), with A the amplituden the frequency and the
phase computed at J2000.

¢ In Model 1b, the frequency analyses are performed over 6pb86s with a timestep of
21.0384 days, the starting point being JD 2358265.8476 &:&55 years before J2000),
and the time intervak 3,800 years. Since the time interval is shorter than in Mdglel
we expect to detect less frequencies. The ephemeridesesarie as in Model 1.

¢ In Model 2, the frequency analyses are the same as in Modeitthé ephemerides are
modelized with more than 10000 terms. These terms are alfjtlasi-periodic terms
present in the VSOP ephemerides.

Model 1 aims at comparing a numerical and an analytical stidiye same model. Model
1b, with a different starting date, shows the time-depeagehthe amplitudes. Since the slow
variations ofg, cannot be isolated by frequency analysis, the amplitudesdare likely to
be time-dependent. The aim of Model 2 is to validate the @hoicthe 28 terms used in the
analytical study. If the frequency analyses of the resuitslodel 2 show contributions that
are not included in the series, a new Model 1 is elaborateddade these contributions. The
frequencies are estimated independently for each model.

The longitudinal librations (Table 4.9) are obtained afiebtraction of a polynomial from
the spin angle\;, to remove the mean spin rate of Mercusry §9.13 rad.y ') and the contribu-
tions due to the very long periods. Then we obtain a signaMieassume to be quasi-periodic,
and, using the method described in the section 4.3.1, wgznél As explained earlier, the
frequency analysis algorithm determines first the contidims associated with the highest fre-
guency, then the next one, and so on, until the detecteddreyus very close to one already
determined. The detection of such a frequency is generakytd a lack of accuracy in the
determination of the frequencies. Here, the slow variatioiy, induce time variations of the
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detected frequencies, hence a loss of accuracy in the datgrom of frequencies. That is the
reason why the determination stops before the detectidmea$maller contributions.

We still find a very good agreement between numerical andyacal results. When we
compare Models 1, 1b and 2, we can notice a large change ofpbtade associated with
l;,1.e. thell.862-year contribution. The closeness to the resonance maiseartiplitude very
sensitive to the parameters of the system, as shown by Reallg2009). This explains a lack
of accuracy in its determination.

o1 with the numerical method
vy g 1l lg @, Period Modell Model2 Modellb
- - 1 - -1 11862y 42443as 41.786as 47.557 as

o~
s)

N

1 -

2/1 - - - - - 87.970d 35.834as 35.864as 35.671 as
3112 - - - - - 43985d 3.772as 3.772as -
412 5 - - - 5 5664y 3.565as 3.593as -
5(- - - - 2 -2 14729y - 1.572as -
6|- - - 2 - -2 5931y - 1.377as -

Table 4.9: Longitudinal librations obtained numericaligrh o, defined as\; from which a polynomial
has been removed.

The librations associated with the latitudinal motion (€&sb4.10 & 4.11) have been ob-
tained in a similar way. They tend to confirm the analyticaltes, especially for the presence
of the 883-year contribution. However, the comparison between thelé1l and 1b shows
significant differences for the amplitudes associated wid7, and2/, contributions (respec-
tively 87.97 and43.98 days). This can be explained by the presence, in the arallyésults
(Tables 4.7 & 4.8), of significant contributionsin , +2¢,, 21, and2l, + 2g, that the frequency
analysis is unable to distinguish. So, the variation of thelgude that is numerically derived is
due to the slow evolution af,. In Model 1b, thes83-year contribution might be quite difficult
to determine because the time length of the interval of stsidpt large compared &83 years.
Moreover, this contribution has to be distinguished froBilé-year one, i.e. a residual of the
free precession.

o9 With the numerical method

L, v g l; lg w, Period Model 1 Model 2 Model 1b
1 - - - - - 87.970d 143.59 mas 143.63mas 146.67 mas
2 - - - - - 43985d 68.65mas 68.65mas 71.85mas

- - 2 -5 3 883280y 65.30mas 65.30mas 65.93 mas

~N~No b wNRZ

3 - - - - - 29.323d  47.57mas 47.57mas 48.82 mas
4 - - - - - 21992y 1541 mas 15.41 mas -
- - - 2 - -2 5.931y 1495 mas 14.65 mas -
2 5 - - - 5 5.664y 5.7l mas  5.83 mas -

Table 4.10: Numerical computation of the librationssef associated with the precessional motion.
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K with the numerical method
o Period Model 1 Model 2 Model 1b

- - - - - 43.985d 9.617mas 9.617 mas 9.466 mas

87.970d 6.428 mas 6.428 mas 5.727 mas
- - - 29.323d 6.104 mas 6.104 mas 6.078 mas
2 -5 3 883280y 4.706 mas 4.706 mas 4.997 mas

- - - 2 - -2 5.931y 1.659 mas 1.631 mas -
1 - -1 11.862y 1.261 mas 1.262 mas -

o~
o
o~
<
o~
o]
o~
<
o~
[95)

OO~ WNPRZ
WkEDN
1
1
1
1
1

Table 4.11: Latitudinal librations, obtained after nurnatistudies of the ecliptic obliquitk.

As a conclusion we note a very good agreement between thelMbdad 2. It validates
the choice of the 28 terms used in the Model 1 and the analytiodel.

Analysis of the residuals

The analytical results give more frequencies than the nizadevnes. To find the missing
contributions, we compute the Fourier spectra of the redsdof our numerical solutions. We
obtain the residuals by removing the series given by theesa#!l9 to 4.11 from the solutions
obtained after the numerical integrations.

arcsec
milli-arcsec

! ! ) f
0 1 -4 -3 -2 -1 0 1 2 3
time (kyr)

-1
time (kyr)

Figure 4.4: Two examples of residuals of the frequency amglyor the longitudinal librations (left),
and for the latitudinal librations (right) of Model 1.

First, the Fourier spectra indicate significant amplitutii@she contributions with periods
close to harmonics of the mean motion, i&.97 days ,43.98 days,29.32 days, and so on.
Unfortunately, it is impossible to isolate all these cdmitions to identify them. So, the Fourier
spectra at this range of periods does not give much infoonati

On the contrary, plotting them on a longer timescale allawsstimate the contribution of
several planetary perturbations that the frequency aisdigded to detect. The Fourier spectra
of Models 1 and 1b are given in Figure 4.5 and Table 4.12. Hegeedetect for instance the
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6.6-year (due to the Earth) arddd-year @/,) contributions that are detected analytically but not
numerically.
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Figure 4.5: Fourier spectra of the residuals of the frequamalysis, for the longitudinal librations (left),
and for the latitudinal librations (right) of Model 1. Hemmly the contributions with periods between 1
and 18 years are plotted. The Fourier spectra for Model 2 theveame visual aspect.

ly lv lg lJ ls Wo Period o1 (D) K
1 -2 - - - 2 1110y 63mas 0.57mas 7.4 x 1072 mas
1 -3 - - - 3 138y 5mas 0.88mas 7.5 x 1072 mas
- - - 3 - -3 394y 56mas 0.98 mas 0.11 mas
2 5 - - - 5 5664y - 1.6 x 1072 mas 0.51 mas
1 - -4 - - 4 657y 5H78mas 1.9 mas 0.18 mas
- - - 1 - -1 11862y 0.7as 5.9mas 2.5 x 1072 mas
- - - - 2 -2 14729y - 4.1 mas 0.47 mas

Table 4.12: Fourier spectra of the residuals of the solstgiven by the 28 terms in the Model 1.

The Fourier spectra from Model 2 are given in Figure 4.6 anolerd.13. For the range
of periods 1-18 years, the Fourier spectra from Model 2 arg senilar to Model 1 and we
decide to plot them only on the rang&— 90 years, showing the periodic contributions that are
neglected in the Model 1.

A lot of information can be found in these spectra. For insganve can see two contribu-
tions that are close @/ (5.931 years), i.e5ls (5.891 years) andil; — 5lg (5.971 years). The
proximity of these two contributions @i ; could explain the difference obtained between Mod-
els 1 and 2 for the nodal motiond, Table 4.10). We can also notice the anecdotal contribution
of Mars in 1.881 year.

More interesting are th& and42-year contributions. In the table they are labelled as due
to Uranus, but we should not forget that the system Uranystie is close to @ : 1 mean-
motion resonance. These two contributions cannot be digshed in our Fourier spectra.

75



Chapter 4. The indirect planetary perturbations on thdioota
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Figure 4.6: Fourier spectra of the residuals of the frequearalysis, for the longitudinal librations
(left), and for the latitudinal librations, both in the Mdd&(i.e. 10000-term ephemerides). Here, only
the contributions with periods between 18 and 90 years isgulo The Fourier spectra for Models 1/1b
do not give significant information in this range.

L v g U, l; lg 1, w, Period o1 092 K
i1 -2 - - - - - 2 1110y 59mas 0.64mas 7.2 x 1072 mas
1 -3 - - - - - 3 1380y 12mas 0.95mas 8.6 x 102 mas
- - - 1 - - - -1 1881y - 6.7x102mas 6.8 x 107*mas
- - - - 4 - - -4 295y - 59x10%mas 6.4 x 107* mas
- - - - 3 - - -3 395y 60mas 1.01 mas 0.11 mas
2 5 - - - - - 5 5664y - 1.46 x 1072 mas 0.49 mas
- - - - - 5 - .5 58y 92mas 84x102mas 1.15 x 1072 mas
- - - - 2 - - -2 5931y 82mas 0.15mas 9.0 x 1072 mas
- - - - 4 -5 - 1 5971y 91mas 89x102mas 8.6x 107*mas
1 -4 - - - - 4 6575y b68mas 1.8 mas 0.18 mas
- - - - - 4 - -4 7364y - 22x102mas 2.5 x 1073 mas
- - - - - 3 - -3 9819y 136 mas 0.31mas 3.6 x 102 mas
- - - -1 - - -1 11.862y 380 mas 59mas 2.75 x 1072 mas
- - - - - 2 - -2 14729y - 4.2 mas 0.46 mas
- - - - 1 -1 - - 19859y 2lmas 53x1072mas 6.6 x 107> mas
- - - - -1 - -1 29457y &85 mas 0.30 mas 0.20 mas
- - - - 2 -4 - 2 30473y - 58x10"2mas -
- - - - - - 2 -2 42010y 52mas 0.63mas 6.9 x 1072 mas
- - - - 1 -2 - 1 60947y - 0.11mas 4.6 x 1072 mas
- - - - - - 1 -1 84.020y 16mas 0.75mas 8.3 x 1072 mas

Table 4.13: Fourier spectra of the residuals of the solstigiven by the complete VSOP orbital
ephemeridesx 10000 terms).
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4.3.4 Discussion on the results

Accuracy of the determined amplitudes

A good determination of the amplitudes of the periodic dbations is crucial to get infor-
mation of the internal structure of Mercury. For instancerypt et al. (2007) use the 88-day
longitudinal libration to constrain the size of Mercurytsre. Our study highlights some sources
of error that might occur in the planetological interpritatof observed librations. We stress
in particular two librations for which the interpretatioright be altered:

e 87.97 days (the orbital period of Mercury)

Because of its orbital eccentricity, longitudinal libais of the same period appear (Com-
stock & Bills, 2003). Unfortunately, there are several cimitions with periods close to
88 days. Five of themi{ + 2[; andl, + [;) are listed in Table 4.6, with periods of 84.5,
91.7,86.2 and 89.8 days. The accumulated amplitude of teegabutions is around 0.5
arcsec. Hence, in addition to the observational error, Beraine of maximur.5 arcsec
(when all the contributions are in phase) should be takenaontount when inverting the
observed amplitude.

e 5.93 years (half of the orbital period of Jupiter)

Like the first two ones, this contribution is of high inter@sthe orbital and rotational
dynamics of Mercury. The Fourier spectra related to the rasdkobliquity of Mercury
show two contributions with periods very closed®3 years, i.e.5ls (5.89 years) and
4l; — 5lg (5.97 years) (see Table 4.13). These perturbations are resplgative to the
orbital motion of Saturn, and to Jupiter-Saturn interattioT heir estimated amplitudes,
relatively to the one associated widhh; (see Tables 4.7 & 4.8) are abolt. These
additional contributions should be taken into account wiging the observed amplitude
associated with.93 years.

In addition to these problems of contributions too closehi@a frequency space, the rota-
tional dynamics of Mercury depends on several long-peradributions, especially i, and
obliquity. As stated in the previous section, these pettioins induce a time-dependency on
the amplitudes that can alter not only a numerical prediqtsee Tables 4.9 to 4.11) but also an
observation.

About the mean obliquity of Mercury

Recently, Margot et al. (2007) showed that their radar ofladems were compatible with
Mercury occupying a Cassini equilibrium. In particulam thormal to its orbit, the spin orien-
tation and the normal to its Laplace plane are coplanar. Annoddiquity with respect to the
orbital plane of2.11 4+ 0.1 arcmin has been measured. The equilibrium value of theteclip
obliquity K* found in the previous chapteKk( = 7.0201°) does not match the equilibrium
measured. The reason is that we consider a model with a sphétiid core, valid on the
short-term andy is the equilibrium of this model. Our study cannot be usedharacterise
the Cassini state and should be seen as complementary tonipeerm ones of Peale (2006),
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Yseboodt & Margot (2006), Bois & Rambaux (2007), RambauX.€807a) and D’Hoedt &
Lemaitre (2008).

A potential resonance in latitude

In our model, the core is spherical and the resonant p&ka&l615.69 years. As highlighted
in the results, the oscillation in 883.2 years, resultirgrfrthe great inequality between Jupiter
and Saturn, is the fourth largest contribution in the obtigurhe proximity between this forced
period and the free peridfl, increases significantly the amplitude of the libration érsely
proportional to the difference between these two freque)ciMoreover the gravity coefficients
of Mercury are not well known. Thé, is known with an uncertainty of 33% arid,, presents
an uncertainty of 50%. In this range of values, the free pEficcould very well be 883 years or
close to it. In this case, the rotational motion of Mercuryicobe strongly modified. D’Hoedt
et al. (2010) studied this resonance more thoroughly.

Applying our perturbation method with different valuesgfandCs, results in a change of
the free period/;. Figure 4.7 shows the variation of the obliquity around gsigbrium, with
different values off; obtained with the analytical method. The amplitude of thealiion in
883.2 years can be very large (more than 20 arcsetyfer 883 years). The evolution of the
resonant angle, presents a similar behavior and is not represented here.
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Figure 4.7: First panel: variation of the obliquity aroutslequilibrium for7,=615, 853, and 880 years.
Second panel: same evolution, with=880 and 883 years.

Figure 4.8 shows the contribution of the great inequalitytiom ecliptic obliquity K in
function of the free period’. Here again, we see that wh&hcomes close to 883.2 years, the
amplitude of the libration due to the great inequality tetalse very large.

Even though the rati¢B — A)/C,, was constrained by Margot et al. (2007) using radar
measurements, there is still an error bar on this value dsaseain the gravity coefficients,
andCy. Another resonant forcing is then possible whens close to 883 years (within the
range of uncertainty of, andCs,), and could produce variations up to several tens of arcsec i

the latitude.
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Figure 4.8: Importance of the great inequality contribaitim the ecliptic obliquityi in function of the
period of the free libration in latitude.

4.4 Planetary perturbations and the wobble motion

For the last degree of freedom similar analyses have bedorped. We recall the ampli-
tudes found without planetary perturbations (previougptérd in Table 4.14.

Wobble angle/

l, Period Amplitude
1/2 175.93d 106.12
3/2 58.646 d 49.368
5/2 35.187d 7.1940
712 25.134d 10.537
9/2 19.549d 8.5522

Table 4.14: Variations of the wobble anglein the case without planetary perturbations, obtained ana-
Iytically using a second-order Lie transform. The amplésiéire expressed in milliseconds of arc.

While numerical investigations have been performed wittimging any sign of planetary
perturbations on this last degree of freedom, we managedd@fanetary contributions using
our analytical theory. As explained in the previous chaptgetting the series of the variables
J thanks to the canonical variable;, = A;(1 — cosJ) is not an easy task. With planetary
perturbations, the seriels; does not have 13 terms anymore, but almost a thousand, miaking
impossible to use the method described in the previous ehajs a result, we decided to look
at the planetary terms addedAq , presented in Table 4.15.

We see that the first planetary contributions affe¢tvith an amplitude 200 times inferior
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A3 with planetary perturbations obtained analytically

ly lg @, €, Period Amplitude Ratio

- - - - - - 87.970d 0.26128d-12 1.00000
- - - - - - 43.985d 0.15486d-12 0.59271
- - - - - - 29.323d 0.63390d-13 0.24261
21.992d 0.22271d-13 0.08524
- - - - - - 17594d 0.75329d-14 0.02883
- - - - - - 14.662d 0.24702d-14 0.00945
- - -2 - 2 - 02510y 0.13773d-14 0.00527
59313y 0.12087d-14 0.00462
2 5 - - - 5 - 56632y 0.44189d-15 0.00169
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Table 4.15: Variations of3, canonical moment of the 3rd degree of freedom linked tbroughAs =
A1 (1 — cos J). These largest amplitudes give rise to librations arour@irt@s in the wobble anglé.

to the largest one. As a consequence, we may conclude thalatinetary perturbations are very
faint on the wobble anglé.

In this chapter we studied how indirect planetary pertudoat affect the rotation of Mer-
cury. After several comparisons (analytical-numericathweale et al. (2007), with Peale et
al. (2009)) ensuring the validity of our method, we hightiggha strong 11.86-year contribu-
tion of Jupiter (44 arcsec) in the libration in longitudeger than the 88-day contribution due
to the orbital motion of Mercury (36 arcsec). This Joviantpdration is enhanced by a reso-
nant forcing with the free period associated with the lilmmain longitude {7=12.057 years).
Other planetary perturbations from Venus (3.6 arcsecyrB84t.6 arcsec) and the barycenter
Earth-Moon (0.6 arcsec) were also found in the libratioromgiitude.

The librations in latitude are much below the arcsec level strould not be identified by
the space missions. However, we emphasized the influenbe gféat inequality contribution,
with an 883-year period. This period being quite close tditae period linked to the latitudinal
motion (/3=615.69 years), tends to raise the associated amplitudsh@eed that in the range
of uncertainty of the parameters of the probleth,(C, C, Js), this amplitude could grow to
several arcsec whéen, approaches 883 years. On the wobble motion, these indil@ot{ary
perturbations should be extremely small and no resonacingpmechanism was found.
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Core-mantle interactions

In the analyses of the previous chapters we always assuraed/iircury was a 2-layer
body with an ellipsoidal mantle and a spherical liquid conghaut any interaction between
the layers. The rotation studied was actually that of thetlmamly. In this chapter, we put
less emphasis on the planetary perturbations and contepineghe core-mantle interactions,
allowing the core to be non-spherical and to have its ownonoti

Rambaux et al. (2007b) already explored the dynamics ofata¢ion of Mercury including
core-mantle interactions using the SONYR model (Rambadx8ais, 2004). We here propose
an alternative study, starting from the Hamiltonian foratidn of Touma and Wisdom (2001)
and highlighting the dynamical implications of core-marntiteractions, by considering Mer-
cury as composed of a rigid mantle and a triaxial ellipsotdeiity filled with inviscid fluid of
constant uniform density and vorticity. Henrard (2008)lagzpbthis Hamiltonian formulation to
the rotational dynamics of lo, assuming that the core andnttuetle were aligned and homoth-
etic. Here we generalise the model of Henrard, allowing thre to be non-homothetic to the
mantle.

In the first part, following Henrard (2008), we develop theetic energy of such a system.
We then apply our perturbation theory and highlight the mdjéierences between this case
and the previous chapters. We take a particular care anglytse free periods and comparing
them with those found using the same numerical method a®iprvious chapter. These free
periods are one of the early keys in understanding the dysaaofithe problem. Finally we
analyse the consequences on the observable rotation otiherc

These results will be published in Noyelles et al. (2010).

5.1 The rotational kinetic energy

The general Hamiltonian for this system is once again thedfuhe 2-body problem Hamil-
tonian, the rotational kinetic energy of the system and #do®sd-order gravitational potential
due to the shape of Mercury:

H=Hp+T+ V. (5.1)

The modification of the interior structure compared to owvpus chapters does not affect

the Keplerian term or the gravity potential of the problemn]y the kinetic energy will be
modified.
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Chapter 5. Core-mantle interactions

5.1.1 The physical model

The model used is that of a solid mantle and a triaxial eligeslocore filled with inviscid
homogeneous fluid assumed to have uniform vorticity. Thetiatal motion of such a core is
often referred to as the Poincaré motion. The differentigla¢ions ruling the motion of such a
2-layered body were derived by Hough (1895) and PoincaréQ)LMore recently Touma and
Wisdom (2001) gave a Hamiltonian formulation of the problbat we apply to our case.

With the hypotheses above, the core of the planet behavddtasas rigid and the mo-
tions studied hereafter are related to pressure effectsgpberical cavity) at the core-mantle
boundary provoking transfers between the angular moménkee avhole planet and the core.

This model is obviously an approximation of a real ellipsoiehuid core model but allows
to use a Hamiltonian formalism and is a nice foundation fergtudy of core-mantle interac-
tions.

To describe the motions of the mantle and the core, foureatss frames are being con-
sidered (Figure 5.1). We already introduced three of thetherprevious chapters: the ecliptic
frame at J200Q.X,, Yy, Zy), the spin frame X5, Y5, Z5) (linked to the angular momentum of
the mantle) and the figure frami&s, Y3, Z3) (linked to the principal axes of inertia) describe
the motion of the mantle (top left side of Figure 5.1). The lase is the core spin frame
(Xs, Yy, Z5) and is linked to the angular momentum gfiseudo-core that we shall define later.
It will help describing the motion of the core (top right sidieFigure 5.1).

In the figure frame, the matrix of inertia of Mercury reads:

A0 0
I=| 0 B 0 (5.2)
00 C

with 0 < A < B < (C, while we assume that the matrix of inertia of the core in thmes
reference frame is

A, 0 0
I.=| 0o B. 0 |, (5.3)
0 0 C.

implying that the mantle and the cavity have the same oriiems. A misalignment of their
principal axes would require to consider the mantle asielamtd this is beyond the scope of
this work. Similarly to the whole planet, we have< A, < B. < C. for the core. As a
consequence of this alignment, the principal moments ofimnef the mantle are respectively
A,=A-A., B, =B—B.andC,, = C — C,. The principal elliptical radii of the cavity are
written a, b, ¢, and we have

Ae = fjf(xg + x%)pdxl drydrs = %(bQ —+ 02)7
core
Be = fjf(x% + x?&)p dridrydrs = %(Cﬂ + 02)7

core

Co = fjf(x%""xg)f)dfﬁdxzd:cg = %(a2+b2)7

core
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5.1 The rotational kinetic energy

wherep is the density of mass of the fluid core, the integration beerformed over the volume
of the core.

5.1.2 Expression of the kinetic energy

In order to start our Hamiltonian analysis of the probleng, &xpression of the rotational
kinetic energy is required. We consider each internal me¢the core-mantle interactions in
our case) as a part of the kinetic energy of Mercury.

In the figure frame, the componerits, v,, v3) of the velocity field at the locatiofx, x5, x3)
inside the liquid core are assumed to be:

(A (u)z + %VQ).T:; — <w3 + %V3> T2, (54)
b b

Vg = (ws + EV?;)xl - <w1 + EV1)5637 (5.5)

Vs = (M + §V1>372 - (w2 + §V2)5U17 (5.6)

where(wy, wsy, w3) are the components of the angular velocity of the mantle wgipect to an
inertial frame, and the vector of coordinates, v», v3) specifies the velocity field of the core
with respect to the moving mantle (relative velocity).

The angular momentum of the cofg expressed in the figure frame is obtained by:

N = f j f (T x )pday dus dus (5.7)

core
and the result is:
% ((gl/l + w1)62 + (27/1 + W1)02>
N = e ((Svn +wr)a® + (Svn + ws)c? (5.8)
% (31/3 + wg)a2 + (%1/3 + w3)62

We now set the following quantities:

Dy = Bepe = (A~ B.+Co)(Ac+ B.— o)
D, = Bege = /(= A+ B+ C)(Ac+ B - C.)
Dy = 2egh = \/(—AC+BC+CC)(AC—BC+CC)

and we can write:

N, = (Aew1 + Divi, Bews + Dava, Cews + D3vs), (5.9)

[

while the angular momentum of the mantle is
Nm = (Amwla Bmw27 mei’))a (510)
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zs AZO

K| %

Plang orthogonal

;| 10
Ic x3
h G Figure
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Xg Ecliptic

Plane orthogonal
to the axisZ,

Equatorial
plane

Ecliptic plane

Plane orthogonal
to the axisZ»

Yo

Figure 5.1: Top left side: the 3 reference frames neededéordtation of the mantle: the ecliptic plane
at J2000 Xy, Yo, Zy), the spin frameXs, Y, Z5) linked to the angular momentufd, and the the figure
frame (X3, Y3, Z3) linked to the shape of the planet. The frames are locatdutwit sets of Euler angles
(h, K, g) and (g, J,1). Top right side: similar configuration but instead of the alag momentum of
Mercury, we have a reference frame linked to the angular nmtume of a pseudo-core (defined later).
These frames are now located with the Euler anglesK., g.) and(g., J.,l.). Note that due to the
orientations of the planed,. is actually close tar, unlike J. Bottom: the four reference frames gathered

in the same view.
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5.1 The rotational kinetic energy

and the total angular momentum of Mercury is

—

N = (Awl + D1V17 B(,dz + DQVQ, Cw3 + D3V3). (511)
The kinetic energy of the core is

T. = % jjf pv* day dzy das (5.12)

core

1
Tc = 5 (Ac(u)f —+ V%) + Bc(wg —+ V22) —+ Cc(wg + V??) + Dlwlyl —+ DQCL)QVQ + D3(,()3l/3>7 (513)

while the kinetic energy of the mantlg, is

T :1]\7 ‘ﬁ:Amw%jLBmw%jLmeg
S 2 '

FromT = T,, + T. we finally deduce the kinetic energy of Mercury:

(5.14)

T= (Awf + ng + C’w% + Acl/% + BCV22 + Ccyg + 2D1Q}1V1 + 2D2u)21/2 + 2D3C()3V3) . (515)

| —

We can easily check the expressions of the partial derestas

oT
8&)2‘

or

oT
= Dyw; + Acv; = Ny,
6I/Z'
where N; are the components of the total angular momentuNfi.are not the components of
the angular momentum of the core but are close to it for a galise to spherical. We have,
for instance for the first component:

(5.17)

M,

Ni = N{* = (Ac = D) (w1 — 1) = 5 (¢ = b)*(wr — ), (5.18)

so the difference is of the second order in departure fronspiericity. From now on, we call
angular momentum of the pseudo-core the vectorNe = (N¢, N¢, N%) in the figure frame. This
pseudo-core does not have any physical meaning and waductd in order to have an easier
mathematical formalism. The observable variables desgyitihe physical motion of Mercury
are computed in Section 5.3.

With these notations, the Poincaré-Hough's equations efomgofor the system mantle-core
in the absence of external torque, are (Touma and Wisdon1j200
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Chapter 5. Core-mantle interactions

dN .-

— = Nx VT, (5.19)
dt

dN. L.

- = —Nex VT (5.20)

whereT is expressed in terms of the components of the vedtoand V., i.e.

1
+ 2 (B.Nj + B(N5)? — 2D,N,Ny)

1
+5(CCN§ + C(N5)? — 2D3N3 N5

T = QL (AcN{ + A(NY)? — 2D N1 Ny)
“ (5.21)

with a = AA, — D3, 3 = BB. — D3 andy = CC, — D3.
Before trying to express this rotational kinetic energyhia variables chosen, we introduce
four small parameters, assuming that Mercury and the cavyalmost spherical:

20-A—B J

6= =2 (5.22)
¢ — BQ‘CA _ 2222, (5.23)
€ = 2C _ng =B _ % (5.24)
o — 302;:‘0 _ 2252, (5.25)

and also the parametér= C./C, i.e. the ratio between the polar inertial momenta of the cor
and of Mercury. As already mentioneld (ande;) represents the polar flattening of Mercury,
while Cy, (andey) is its equatorial ellipticity. The parametess (e;) and Cs, (e4) have the
same meaning for the cavity. If we assume the core of Meraubetspherical, we hawg =

eq = J§ = C5 = 0, whilee, = CF, = 0 represents an axisymmetric cavity. Henrard (2008)
considered that the ellipsoid of inertia of the core and tlaathe were aligned and homothetic,
which mathematical formulation is = €3 (J; = §J5) ande; = ¢4 (Coy = dC%,). The values

of the parameters are gathered in Table 5.1.

Table 5.1: The shape parameters of Mercury.

Parameter Value Reference

Jy 6 x 1075 Anderson et al. (1987)
O 107° Anderson et al. (1987)
C/(MR?) 0.34 Anderson et al. (1987)

0=1-0C,/C 0421 Margot et al. (2007)

Coming back to the expression of the kinetic energy (5.2F)must express the angular
momentaV and/N¢ in our canonical variables. To do so we introduce the twoaeAndoyer’s

86



5.1 The rotational kinetic energy

variables (Andoyer, 1926}/, 9, h, L, G, H) and(l., g., h., L., G., H..), related respectively to

the whole Mercury and to its pseudo-core. The first one wasdir introduced previously and
the other one is analogous: the Euler angles K., g.) and(g., J., ) position the pseudo-core

spin frame with respect to the ecliptic frame, and the figuaenke with respect to the pseudo-
core spin frame. Figure 5.1 shows schematic views of all &ierence frames and relevant
angles.

The variables aréh, g, 1) and(h., g., l.) and the corresponding momenfd & G cos K, G
the norm of the angular momenturh,= G cos J) and H. = G, cos K., G. the norm of the
angular momentum of the pseudo-cate,= G. cos J.). We must now express the components
of N and N¢ in the figure frame using Andoyer’s variables. Using the thet J, is defined
close tor, we have

Ny = VG2 — L?sinl, Nt = —v/G.? — L2sinl,.,
Ny = /G2 — L2 cosl, N§ = —/G.2 — L2 cosl,,
Ny=1, N¢ = —L,.

With these expressions, we can now perform changes of Vasiabmilar to those in Chap-
ter 3 to express the angular momenta and consequently teédkenergy!” in our canonical
variables. We start by the modified Andoyer’s variables:

AM=Il+g+h A =G,

Ay =—h Ay =G(1 —cos K),
A3 = —1 A3 = G(1 —cos J).
For the pseudo-core, sindgis close tor, it is slightly different:
A = —l.+ g+ he A =G,
NS = —he A5 =G (1 —cos K,),
A =1, A§ = Go(1 + cos J.).

Using these changes of variables, the components of théaamgamenta are

Ny = —A;sin Jsin A, NY = —A§sin J.sin A§,
Ny = Ay sin J cos A3, N§ = —A{sin J. cos A,
N3 = Ay — As, N§ = A — AS.

One important thing to mention is that the components of tiguar momentum of the
pseudo-core (hence the kinetic energy) do not depentf mr \S. Since they do not appear
anywhere else in the Hamiltonian, the moments associatddtihvese variables are constant
and we have that{ = G, and K. are constants. As a consequence we only add one degree of
freedom to the problem.

Let us also mention that, since the rotation now refers tauihele planet, the special value
g\EL ié n;) :S(j&gerA{ = 2n,Cy,, but is nowA; = 3n,C. We also assume the constalit =

2
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Chapter 5. Core-mantle interactions

Similarly to the previous chapters, after a canonical cleaoigvariables to introduce the
resonant angles, we perform a last canonical change oblsiaf multiplierl /A7 to cartesian
coordinates:

! " C C
(loa AO? Wo, Goa QO? HO , 01, Ala 09, A27 >‘37 A37 )‘37 A3)
!/ 1! "
_)(loa Aoa Wo, Goa QO? Ho y L1, Y1, T2, Y2, T3, Y3, L4, y4)

with
_ /
(A, = AA)
/ _ "
CTYO - A,{Go
1 _ * n
H] = A7H! _
o1 = 1 (Taylor expansion aroung, = 0)
A= N +w)
_ 2A2
Ty = 2 gin o
2 Al 2
Yy = 22 cos oy (5.26)
1
_ 2A3
T = 3 sin A
3 Ax 3
ys = 219*3 COS A3
1
2AS .
T = 3 ¢in A§
4 Al 3
_ 2735 c
|y = Ax COS ¥

and the kinetic energy reads:
T(y1, @3, Y3, T, Ya) = Q1y; + a2 + azx] + 4324 + asy3 + agy; + arysys, (5.27)

with the coefficients depending en ¢, €3, €4.
The Hamiltonian for this problem is then

o / . " - " :E% + y%
H =n,A, +T(y1, 23, Y3, 04, Ya) + @0 (Gg —y1) + Qo | H) + ——— (5.28)

+ ALTVG(ZO, T1, Y1, T2, Y2, T3, Y3)
The four (main) degrees of freedom of this Hamiltonian are
1. the libration in longitudex;, v1),
2. the libration in latitudexs, y-),

3. the wobble of the whole body:{, v3),

4. the wobble of the pseudo-core;(y,).
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5.2 Comparison between analytical and numerical methods

5.2 Comparison between analytical and numerical meth-
ods

To study this problem, we use both analytical and numerieahods that allow us to com-
pare their efficiencies and check the reliability of the tessuThe numerical technique used
in this chapter was described in the previous one, with theesategrator (but this time with
a 13000-year integration time) and frequency analysis. drfaytical method is also the one
described in the previous chapters. As a reminder, herédnare steps:

(D Choice of the transformation and of the pakt$

(2) Computation of the transformed Hamiltonian and of the gatoes of the transformation
through the algorithm of the Lie triangle

(3) Correction to the frequencies
(4) Expression of the transformed variablgand

(5 Use of the generators and the expressiog @ihd p to compute the evolution of the
variables.

We will see that the steps are very similar to what was doneéquely and we will not go
into each of them once more. However we will emphasize thegds occurring during the
process. The main changes will be:

e the addition of one free period due to the extra degree ofltnee

e alarge modification of one of the free periods in

5.2.1 The additional degree of freedom

The transformation is an averaging transformation overféise angular variablé,. We
choose ad7] the first line of equation (5.28), containing terms of ordeat 2nost in the vari-
ables:

2 2
HY = n A+ T(y1, 3, Y3, T4, ya) + 0, (G — y1) + Qo (Hé” + %TW) (5.29)
and asH? the gravitational potential:
1
H? = FVG(loaxlay17x27y27x37y3)7 (530)
1

with H? =0 Vi > 2.

To get the free periods of the system we first perform a tréinsléo the equilibria of all the
variables in order to vanish the linear terms. Assuming katcury lies at a Cassini equilib-
rium and that the wobbles of the whole planet and the pseod®are zero at the equilibrium,
we compute the equilibria in a similar way as in Chapter 3. \We:fi

yr =15-6.117x 1077 and y; = 0.1502, (5.31)
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Chapter 5. Core-mantle interactions

resulting in an ecliptic obliquity of
K* = 7°1.873 arcmin (5.32)
After a translation to these equilibriély has only quadratic terms:

Hg = ble+b2x1:c2+b3:c§+b4y1 +b5y1y2+b6y§+b7x§+ng3:c4+ngi+b10y§+b11y3y4+blgyf.
(5.33)
We notice that the degrees of freedom related to the libratio longitudg x4, y;) and latitude
(x2,y2), and those related to the wobbles of the planety;) and the pseudo-cofe,, y,) are
coupled two by two, the coupling being much weaker in the fieste than in the second one.
We must now disentangle the coupled degrees of freedom. Thisleve use an untangling
transformation (Henrard & Lemaitre, 2005) twice, and afteanges of variables to action-

angle variables:
r1 =V2Usinu, 1y = V2Ucosu,
To = V2V sinv, 1y =2V coswv,

5.34
r3 = V2Wsinw, y3= v2W cosw, ( )
Ty =V2Zsinz, ys=V2Zcosz,
we have the following Hamiltonian:
Hg = n1U+n2V+n3W+n4Z, (535)

with nq, ns, n3, ny the free frequencies corresponding respectively to thatiign in longitude,

the libration in latitude, the wobble of the planet and théle of the pseudo-core.

These frequencies (especiatly) actually depend on the shape of the core. For the parameters
given in Table 5.1 anes = ¢; ande, = €,, the corresponding fundamental periods are

T, = 12.0601 years, T; = 1065.99 years, (5.36)
T; = 337.726 years, T, = 58.6219 days. (5.37)

The steg2) of our perturbation process does not bring any noticeakd@gi beyond the
fact that we have an extra degree of freedom.

5.2.2 The correction on the frequencies

The steg3) however brings significant changes. Going to orders higem 2 in the Lie
triangle brings changes to the linear term@/inV, W and Z, yielding corrections to the free
frequencies. In our 2- and 3-degree of freedom models, threc@ns were barely noticeable.

On the other hand, these higher-order corrections play amnaje here. Here are the
corrected fundamental periods (with the values withouteszitons in brackets):

T, = 12.0568 years (12.0601), T, = 1626.51 years (1065.99)  (5.38)
Ty = 337.853 years (337.726), Ty = 58.6189 days (58.6219).  (5.39)
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5.2 Comparison between analytical and numerical methods

We notice the very large change’lh, the period related to the libration in latitude.
The period of rotation of Mercury is 58.646 days. The fundataleperiod linked to the wob-
ble of the pseudo-core of Mercury is really close to this faméntal period and this particular
combination of angles is present in the series related t@midedegree of freedom (linked to
the libration in latitude). We are in fact close to a resomati@at alters the efficiency of the
algorithm.
As a consequence, the numerical convergence of the algorghreally slow when we take
values ofe; close toe; or smaller. Fore; = ¢, we used a 13th order Lie triangle to barely
converge to the free peridth. During this process, we multiplied series of millions ofibes,
which took several days of computation. The process is ger@grwhenever; < 0.9 ¢; because
of the closeness of Mercury’s rotational period and thequEfi,. A way to bypass this conver-
gence issue would have been to introduce another resongletdascribing this resonance and
preventing small divisors in different steps of the Lieigée procedure.

The numerical method and the frequency analysis do not aweeogence issues however
and we can make a pertinent comparison of the free periodg bsith method.

Table 5.2 gives our analytical and numerical results for fiedint sets of values foss
(related toJS) ande, (related toCs,), €, €2 being fixed with the usual values d§, Cs, and
d=1-C,/C. These 5 different sets are:

e Casel 3 = ¢, = 0. Thisis a singular case, because the core-mantle intenscthould
not exist when the core is spherical (no viscous interasjioiMoreover, we are at the
exact resonancebetween the proper modg related to the wobble of the pseudo-core
and the spin frequency of Mercury. We computed this case to look for an agreement
with our previous study (Dufey et al., 2009), in which theesptal core was just removed.

e Case 2 3/¢; = 0.1, ¢4 = 0. We are close to the resonance, we here aim at detecting any
discontinuity in the behaviour of the system close to thecesesonance.

e Case 3 ¢3/¢; = ¢4/e5 = 1. The cavity is homothetical to Mercury, this was the configu-
ration studied by Henrard (2008) for lo.

e Case 4 ¢3/¢; = 3, ¢4 = 0. We here take some distance with the resonance.

e Case 5 :3/¢; = €4/e5 = 3. By comparing this configuration with the previous one, we
study the influence of the parametegri.e. the equatorial ellipticity of the core.

We made tests for a wider range of the parameters, but retainlg these 5 cases for the sake
of conciseness.

The analysis of the free periods is very important becaugevés the first results on the
influence of the shape of the core on the behaviour of thersyStbey act like a “barometer” for
the changes in the dynamics and were always one of our firsecos as well as one of the first
indicators to know whether or not our method was correct. Werwtice that the two periods
T, and T3 stay relatively constant. This is especially interestiogf;. Indeed, this degree
of freedom linked with the longitudinal motion is very wewkdoupled with the variations of
the obliquity (very small values of the mixed term in the unging transformation), and even
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Fundamental periods for the 5 cases

63/61 0 0.1 1 3 3
64/62 0 0 1 3 0
Num. Num. An. Num. An. Num. An. Num.

T, (y) | 12.0580 | 12.0577 | 12.0568 12.0577 | 12.0568 12.0578 | 12.0568 12.0577
Ty (y) | 615.77 | (large)| 1626.51 1636.43 | 1216.46 1214.91 | 1216.41 1216.09
Ty (y) | 337.82| 337.82| 337.85 337.87| 338.03 338.14| 338.03 338.20
T, (d) —| 58.630| 58.619 58.619| 58.585 58.585 | 58.585  58.585
Ty (y) —| 574.06 | 344.88 343.45| 154.08 154.04 | 154.05 154.01

Table 5.2: Proper periods of the system, numerically antyacally determined with a good agreement.
Analytical values are missing whep/¢; is small, because of singularities met by our algorithm & Li
transforms.w is the spin frequency of Mercury, the last line represengsdistance of the system with
the resonance betweenandn,. We do not give any numerical value @ for the exact resonance
(e3 = e4 = 0) because we actually cannot numerically distinguish the fibrations of the core from

forced contributions &i8.646 days.

less with the two other ones. This should mean that this tadgial motion is basically not
influenced by the shape of the core, and the amplitude of todigial librations should depend
only onC,,/C, even with very accurate observations.

The variations of the periods, are worth noticing, because they present a discontinuous
behaviour. Fron¥;/e; = 3 to 0.1 this period is getting larger and larger. The vatyge; =
0.33 givesT, = 3335.16 years, while this period is too long to be numerically detesd for
es/e; = 0.1. However, we havd, ~ 616 years at the exact resonance, which is consistent
with the results obtained by simply removing the sphericaedrom the system. We think
that this discontinuity emphasizes the change of behavithen the system is trapped into the
resonance.

As can be seen in Table 5.3 and Figure 5.2, out of the resontrecperiod is decreasing,
tending to reach the rigid value o665 years. A least-square fit @} givesT, ~ A(es/e;)P+C,
with A = 564.488 £ 4.146 'y, B = —1.25224 4+ 6.003 x 1072 andC = 1074.3 & 3.233 y. By
includinge; in the constant and considering tHa74 is close to the rigid value of065 years
(D’Hoedt & Lemaitre, 2004; Rambaux and Bois, 2004), we cagsguor], an evolution such
as

Ty~ Aeg™* + T, (5.40)

where A is a constant and5, is the rigid value of7;. The influence ot, is very small. We
could not find any reason for this rational value of the exmbnigut the proximity to this exact
value is quite surprising and we thought it was worth mentignt. This behaviour illustrates
what Kelvin and Poincaré (1910) called thgrostatic rigidity: when the cavity is far from a
sphere (larges), the body tends to behave as if it was rigid, while a cavitselto a sphere
(but not a sphere) underlines a resonant behaviour.

Similarly to T, T} is decreasing whegy is growing, but not as drastically. It confirms that
the resonance between the proper rotation of the core ametia of the spin is reached for

92



5.2 Comparison between analytical and numerical methods

€3/ €1 Toy) Ti(d) Ty, (y)
0.33 | 3335.16 58.628  511.17
0.7 1966.31 58.623  409.08
0.8 1823.63 58.622  385.35
0.9 1718.34 58.620  363.50
1.0 1636.35 58.619  343.46
1.1 1570.86 58.617  325.10
1.2 1519.36 58.616  308.30
1.5 1408.10 58.611 266.01
2 1313.11 58.602 214.85
2.5 1250.26 58.594  179.64
3 1216.09 58.585 154.01
3.5 1198.68 58.576 134.72
5 1149.35 58.550 97.69
10 1107.62 58.462 50.83

Table 5.3: Evolution of the periods, and T, with respect tces /e, with ¢4 = 0. These periods have
been numerically determined, and confirmed analyticalh\aivery good agreement whegye; > 1.

3500 T T T T T T T T T

3000

2500

T, (years)

2000

T
K
|

1500

1000 | | | | | | | | |

Figure 5.2: Graphical representation of the free pefipdassociated with the latitudinal motion. This
curve can be fitted by (e3) ~ T, + Ae;5/ 4, whereA is a constant anddy, is the value ofl, when
Mercury is considered as rigid. The circles are the outplith® frequency analysis after numerical
integration, while the solid line i§(e3/e1) = A(es/e1)P + C with A = 564.488 y, B = —1.25224 and

C =1074.3Y.
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e3 = 0. The third column of Table 5.3 is more significant becauseptesents the distance of
this frequencyw, from the exact resonance.

We would like to emphasize that the period of the great inkyubetween Jupiter and
Saturn (883 years) does not belong to the interval of theilplegseriods for7,. According to
Table 5.3, with a triaxial core almost spherical, the pefiptiends to be very large while a core
with a large ratices /e, should bring this period close to a rigid Mercury case (10éarg). As
a consequence, unlike the previous chapter, there shoulzeramy resonant forcing due to the
great inequality in the ecliptic obliquitil’ and the angle.

5.3 Consequences on the observable rotation

Our canonical variables are very convenient to describeynamics of the system, unfor-
tunately they are not observable variables. Observatibtieeaotation of Mercury are in fact
observations of its surface, i.e. the rigid mantle in our slo@onsequently we have to express
the components of the angular momentum of the mantle in theefizame (with unit vectors
f1, fay f5 in the direction ofX3,Y3,Zs):

N,, = Apwi fi 4 Bimwa fa + Conws f. (5.41)

5.3.1 The observable variables
We deduce from the equations (5.16) and (5.17):

DNt — AN, _ DyN5 — B.N, _%W—QM
D> —AA, “?T " D:-BB, “'T D2-CC,

Replacing these in equation (5.41), we have the expressibe angular momentum of the
mantle with respect to the componentsi‘éhndN e

(5.42)

w1 =

} DNt = ANy = DaN§— BNy o, DyNi—Culy
—aa, BT T pB, fat —cc,

We can define a wobblé,, and a precession anglg of the mantle of Mercury in this way:

fs. (5.43)

]\fm = G, sin J,,, sin lmﬁ + G,, sin J,,, cos lmfg + G, cos Jmf;;,, (5.44)

whereG,, is the norm of]\fm. Because of th8 : 2 spin-orbit resonancé;,, is expected to be
close ta3n,C,, /2. We get the expressions 6f,,, J,,, andl,,, by comparing the equations (5.43)
and (5.44).

We now need to express the obliquity,, and the nodé:,,, of the mantle relatively to the
inertial frame( Xy, Yy, Zo). NamingM, M, and M3 the coordinates Qﬁm in the inertial frame,
we have:

M, 0
My | = Rs(hm)R1(K ) Rs(gm) 0 , (5.45)
M, G,
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5.3 Consequences on the observable rotation

with (0,0, G,,)7 the coordinates of,, in a reference frame linked to the spin of the mantle.
We then have:

M, = Gpsin(K,,)sin(hy,), (5.46)
M, = —Gpsin(Ky,)cos(hy), (5.47)
M; = Gpcos(Kp,). (5.48)

NamingMe, M and M the coordinates of the angular momentum of the ¢otein the
inertial frame( Xy, Yo, Zo), we have:

M Ny
MY | = Rs(h)Ry(K)Rs(g)Ryi(J)Rs(l) | Ny |, (5.49)
My Ny

with (N{¢, N5, Ni°) the components of the core in the figure frame. Using the fettthe core
and the mantle are aligned, we now get:

Gpsin(K,,)sin(h,,) = Gsin(K)sin(h) — M, (5.50)
—Gpsin(K,,) cos(hy,) = —Gsin(K)cos(h) — My, (5.51)
Gpcos(K,,) = Gcos(K)— My, (5.52)

and finally

K,, = arccos <Gcos(g) — M; ), (5.53)
B Gsin(K)sin(h) — M{¢
fim = arctan (G sin(K) cos(h) + M§C> ' (5.54)

Equaling products of rotation matrices and using constamra similar to the computations
above, it is also possible to compute the angle It is now straightforward to derive an angle
Pm, @analogous te, with

The wobbleJ! and the precession angleof the core are directly derived from (5.9), using
the valuesy; (5.42) as we did fov/,,, and/,,. They are not observable variables, but can be of
planetological interest.

5.3.2 Results

The outputs given are chosen for their physical relevanaeeXgress

¢ the longitudinal motion of Mercury,
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Chapter 5. Core-mantle interactions

¢ the obliquity of the mantle with respect to its orbital matjo
¢ the polar motion of the mantle,

e the wobble of the core.

The first three variables can be observed, while the last aserdirect implications on Mer-
cury’s magnetic field for example.

Due to the complexity of the formulas of the previous sectiwa do not try to express the
outputs as Poisson series. The results are given using imainaethods only.

Longitudinal motion

In the previous chapter we saw two main contributions for ltheation in longitude: a
88-day one of around6 arcsec, due to the orbital motion of Mercury, and1a86-year one
of approximately42 arcsec, due to the Jovian perturbation on Mercury’s orlé.amplitude
is highly sensitive to the size of the core, because of th&imity of a secondary resonance
between the period; = 12.06 years and the orbital period of Jupiter, 11.86 years.

We have determined the longitudinal librations thanks toegudency analysis of the angle
pm (5.55), after removal of a slope, i.e. the spin frequency®1318408 rad/y. In all our
numerical simulations, we get an amplitude betwg&829 and35.830 arcsec for the&8-day
contribution, and betweefl.316 and41.321 arcsec for the 1.86-year one. These results are
in good agreement with the previous studies considerindnarggal core, and do not show any
significant variations. Rambaux et al. (2007b) had the samelasion in a similar study, this
means that the shape of the liquid (or molten) core cannotheetl from observations of the
longitudinal motion. This result was expected from the fggigle variations of the free period
T associated with the longitudinal motion (Table 5.2).

The obliquity of the mantle

There are many ways to define the obliquity of the mantté,, (5.53) is the obliquity
with respect to the inertial reference plane, i.e. the &cligt J2000.6 is the orbital obliquity,
defined as the angle between the normal to the orbit and theag®. Even though we showed
in Chapter 3 that the variations of both obliquities are exiely close, we here choose to use
the orbital obliquity® for its greater physical relevance. It is derived from thala@cproduct
betweenV,, and the normal to the orbit, given by the cross product of thetjpn and velocity
vectors of Mercury. We show its variations in Figure 5.3 infledent cases.

This quantity shows essentially a secular behaviour, asagd (see e.g. Peale (2006);
Yseboodt & Margot (2006); D’Hoedt & Lemaitre (2008); Dufelya. (2009)). Moreover, we
can see from the plots that the obliquity is always closé.66 arcmin, except in the strict
resonant case{ = ¢, = 0), where the obliquity is close tb arcmin, joining up with our
previous computations of spherical core. Note that thexsamreason why this core should be
perfectly spherical and the resonant case is very imprebabl

Looking at the non-resonant case of Figure 5.3, we see verdiféerences when the shape
parameters;/e; andey/e; vary. Hence we can say that the shape of the core could probabl
not be derived from observations.
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Figure 5.3: Variations of the orbital obliquityof the mantle of Mercury for different shapes of the core.
The time origin is J2000.
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Figure 5.4: Polar motion of the mantle, plotted over 5 yeeosfJ2000.

Polar motion of the mantle

As in the previous chapters, we give here the polar motioh®fdtation axis of the mantle
about the geometrical North Pole. Following Henrard (200%e define the first two com-
ponents); and(), of the unit vector in the direction of the instantaneous afisotation by
Q1 = sin J, sinly,[1 + (C, — Ap)/Cr] and Qs =~ sin J,, cosly,[1 + (Cy — By)/Ch], and
multiply them by the polar radius of Mercury, i.2439.7 km (Seidelmann et al., 2007).

In Figure 5.4, we show the polar motion of the mantle over 3gestarting from J2000, for
two different shapes of the core. In both cases and like ipteeious chapters, we see that this
motion has a very small amplitude (smaller than 2 meters),sanshould not be detected by
the spacecrafts. They present similar aspects, the diffesebetween the two representations
being emphasized in Table 5.4.

This table gives quasiperiodic representations of therpuolation of the mantle, defined
by the quantityQ; + v/—1Qs, in the same cases as in Figure 5.4. The frequencies and the
amplitudes associated have been numerically obtained dssquency analysis. The basic
frequency of this motion, here named is the frequency of the sidereal Hermean day. Its
period is twice the orbital period of Mercury and thrice igational one. We can consider it as
the frequency of precession of the rotation axis of the neaartbund the geometrical pole. The
other frequencies are odd harmonicsoT his table confirms that the amplitude of this motion
is small. We can in particular notice that we cannot detegtrasonant excitation of thgr
contribution, while it is close to the free frequency.

Polar motion of the core

Even if the core cannot be observed, its rotation shouldsidescribed. It could indeed
have some planetological implications, for instance indhgin of Mercury’s magnetic field
(see e.g. Christensen (2006)). Figure 5.5 gives the ewolofiits wobble/. for different values
of the shape parameters of the ceyande,. Table 5.5 is a synthetic description of the quantity
J.exp(v/—11.), representing the precessional motion of the core.

The wobbleJ, is quite large when the system is close to the resonancetaatplitude
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Figure 5.5: Wobble of the coré., obtained from numerical simulations after removal of treeflibra-
tions. We can see that for a spherical cate=£ ¢, = 0) the visual aspect is very different from the other
cases. Moreover, a long-term visualisation/pfshows a slope, i.e. a secular increase of the wobble of
the core, while the other cases (out of the resonance) ddoot is.
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Chapter 5. Core-mantle interactions

Table 5.4: Synthetic representation of the polar motiorhefmantle); + v/—1Q5. This motion can
be expressed with a high accuracy (see the amplitudes) jtstharmonics of the sidereal Hermean
frequencyr. The two columns "Amplitude" are related to the two casesvshia Figure 5.4. We can see
that the differences between the two cases are quite small.

T Amplitude (m)  Amplitude (m) Period

esfer =€1/ea =1 €3=3€1,e4=10 (d)

1 0.73344 0.73118 175.9
—1 0.44199 0.44064 —175.9
3 0.20077 0.24330 58.6
-3 0.17937 0.17844 —58.6
5 0.06283 0.06264 35.2
-5 0.06246 0.06231 —35.2
7 0.01765 0.01760 25.1
=7 0.01490 0.01486 —25.1
9 0.00507 0.00505 19.5
-9 0.00146 0.00377 —19.5

decreases wheg (the polar flattening of the core) increases, i.e. when tetesytakes distance
from the exact resonance. In fact, fgr= 0, the mean value of. is linearly growing, and the
value of40 arcmin that can be read on Figure 5.5 is not reliable. Howewerare confident in
the behaviour of the system out of the resonance, and we eamgée other three plots a quite
similar visual aspect, except for the mean value. This dsj@acbe better understood thanks to
Table 5.5.

We see on this table the overwhelming predominance ob&d contribution, i.e. the
rotational period. As expected, it is excited by the proxynaif the 1 : 1 secondary resonance
with the free frequency.. We can see that the amplitude associated is roughly the vabaa
of J. as can be read from Figure 5.858.344 arcsec =14.306 arcmin). We also note some
similarities with the precession of the rotation axis of thantle (Table 5.4), the frequencies

Table 5.5: Synthetic representation of the precessioneofdtation axis of the core about its geometrical
pole axis. The quantity here analysed/isxp(y/—1[.). Contrary to the polar motion of the mantle, we
see a high 58.6-day contribution. The amplitude associategised by the proximity of the resonance
with the free frequency of the core.

7 Amplitude (arcsec) Amplitude (arcsec) Amplitude (arcsecleriod

e3=6/10,e, =0 €e3/e; =¢€4/ea =1 €3 = 3€1,64 =0 (d)

3 858.344 85.532 28.546 58.6
-3 - 0.046 0.010 —58.6
1 - 0.049 0.053 175.9
—1 0.045 0.011 0.046 —175.9
5 0.067 - 0.005 35.2
-5 - - 0.002 35.2
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5.3 Consequences on the observable rotation

involved being the same ones.

With this last part, we finish our investigations of the 4-aegof freedom behaviour of
a rotating Mercury composed of a rigid mantle and a fluid stligal core. We found very
good agreements between analytical and numerical methWge®mphasized the influence of
the proximity of a resonance with the spin of Mercury, that caise the velocity field of the
fluid constituting the core. Because of this resonance aactdmplexity of the formulas, a
numerical method is a lot more convenient here, but the &inahethod is still useful in order
to have several confirmations.

We were able to rule out the possibility of a resonant forémthe latitudinal motion that
appeared in the case of a spherical liquid core because dtifhter-Saturn great inequality.

We showed that neither the observations of the longitudmation of Mercury, nor of its
polar one, could be inverted to get the shape of the core. Hawas shown in the previous
chapters, they will give information on its size (i.e. thegraeter).

101






Additions to the theory of rotation

This chapter deals with a few auxiliary questions on Mersurgtation that arose during
this thesis. Among many of these, two in particular retainioterest.

The first one is an in-depth study of the near resonance betiheerbital period of Jupiter
and the fundamental period associated with the libratiolomgitude that we referred to as
T:. We use a 1-degree of freedom model with thdirect perturbation of Jupiter. After a
few transformations, the Hamiltonian is reduced to a sedoandamental model of resonance
(Henrard & Lemaitre, 1983). We then analyse whether this r@@nance could play a role in
the rotational dynamics of the planet using two values ofrtieenent ratio B — A)/C,,, the
one used in the previous chapters, quite far from the resenamnd the other one almost exactly
at the resonance.

The second question is that of thigect planetary perturbations on the rotation. Unlike the
indirect perturbations, the direct ones are expected te Aawnsignificant effect on the rotation,
but we would like to prove it once and for all. To do so, we idnoe the gravity potential due
to the other planets, taking into account the shape of Mgrgara similar way than what was
done for the gravity potential of the Sun). Since we are Ingkor the order of magnitude of
these effects rather than extra accurate amplitudes, we thaksimplifying hypotheses of a
planar problem and circular orbits for the other planetss Study allows to make a ranking of
the direct effects of the planets and to show that they areeddnsignificant compared to the
indirect planetary perturbations.

6.1 Study of the resonance with the orbital period of
Jupiter

In Chapter 4, we showed that the indirect planetary pertimhs have a strong influence
in the rotation of Mercury. Especially on the libration imgitude, for a value ot’,,/C =
0.579 the 11.86-year contribution from Jupiter is larger than &88eday contribution coming
from the orbital motion of Mercury. This large 11.86-yeafeet is triggered by a resonant
forcing between this orbital period of Jupiter and the freaqul associated with the libration in
longitude (around 12 years).

In this study we formally describe this resonance and studyridifferent values of the
moment ratioq B — A)/C,,. To describe the dynamics of this problem, we use a 1-dedree o
freedom Hamiltonian with the inclination of Mercury set tera. The only indirect planetary
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Chapter 6. Additions to the theory of rotation

perturbation that we include is the 11.86-year period orgeva@ use a similar method as in
Chapter 4 to include Jupiter’s effect.

Since the Hamiltonian will turn out as a second fundamentad@hfor resonance we first
briefly recall the model and the theory associated. Then we $fow to get to this model and
finally analyse it for a value of the moment ratio bringing thedel close to the exact resonance.

6.1.1 The second fundamental model for resonance

The pendulum has often been taken as the basic model foranesenit is the “first funda-
mental model for resonance”. Its dynamics, phase spaceatidylarities are extremely well
known and the pendulum is mentioned implicitly or explicith almost any reference about
resonances. The Hamiltonian of the pendulum is

H= 312 ~ beos ¢. (6.1)

A resonance problem is often reduced to the pendulum usenfptlowing steps:

1. Action-angle variables are introduced such that the Haman K of the problem is
separated in two parts:
K:KO(S)+EK1(575)7 (62)

with K, independent of the resonant angland K 27-periodic in this angle. Usually,
0K,y /0S is small forS close to a valug™.

2. Ky andK, are expanded in series aroufitiand only the most significant terms are kept.

3. If the term of K, (0, s) is a non-constant function of, we have this kind of truncated
Hamiltonian

K' =S+ 35%+ ecoss (6.3)

which leads to the pendulum (6.1) after a simple translatiea I — a//2.

However, in many instances in celestial mechanics, thaifumé&’; possesses the d’Alembert
characteristic, meaning that the terms/of are of the typg+/S)™ cos(ns) (or sine), withm
andn having the same parity and > n. In this casef(; (0, s) is a constant and the analogous
simplest truncated Hamiltonian is

K" = a8 + 35? + eV2S cos s. (6.4)

This Hamiltonian is thesecond fundamental model of resonancelt was introduced in a
paper by Henrard & Lemaitre (1983) in order to provide anothell-documented model for
resonances of the type (6.4).

This model can be described using only one parameter insfeadee:

1/3
1 (6.5)

3
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6.1 Study of the resonance with the orbital period of Jupiter

d = —1 indicates an exact resonance, valueg pf- 5 indicate that we are already too far from
the resonance for any approximation to be useful.

In the next section, we show how our simplified Hamiltoniateafntroduction of a new
resonant angle emerges as a second fundamental model nanegoand for which values of
the moment-ratid B — A)/C,, this model makes sense.

6.1.2 Getting to the 2nd fundamental model of resonance

The 1-degree of freedom Hamiltonian without inclinationl &efore the introduction of the
resonant angle and the planetary perturbations is thenfwltp

H - HQB(LO) + T(Al) + VG(loa Loa Wo, A1)7 (66)

Since we assume that the problem is planar, the planetatyrpations affect 4 orbital
elements:

a=a*+ aycos(ly) + agsin(l;)
Iy = Uy + by cos(ly) + by sin(l;)
e =e"+ ¢y cos(ly) + cosin(l))

w, = wiy + dy cos(ly) + dysin(l;),

with ay, as, b1, b, 1, ¢2, dy, do cOnstants; the longitude of Jupiter anid, the longitude of the
Sun (in the hermeocentric frame) with the relatign= [, + w,.

As in Chapter 4, we introduce these series in the gravitatipotentialV; (e, @,, l,, Lo(a), A1).
After the introduction of the resonant angte and similar considerations as in Chapter 3 al-
lowing to replace the coefficient of the gravitational paignby a constant, the Hamiltonian
obtained is similar to (3.35):

H =n,(Ay — 3A1/2) + nyjA; + an — my cos(201) — mg cos(2071 + 1) (6.7)
+ mg cos(201 — ly) + mgsin(201 + ;) + mgsin(20y — 1) + P(lo, 1y, 01) (6.8)
=n,(Ay — 3A1/2) + nyA; + ;é?m — my cos(207) + 2ma sin(204 ) sin(l) (6.9)

+ 2mg sin(207 ) cos(ly) + P(ly, 1y, 01) (6.10)

wheren is the orbital frequency of Jupiter and is the moment associated with P(l,,(;,01)

is the part of the Hamiltonian containing only periodic terim/,, hence the fast terms (88-day
period compared to the 11.862 years of the orbital periodupftdr). We have the relation
m; = Coomyg, With

mip = 0.1335861699455342 x 10*
map = 0.6332983771096271 x 102
msp = 0.6569252080048005 x 1072,
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coming from the expansions ofa and f in eccentricity. The coefficients:; are then easily
modifiable with any change of the parameté&s.

We average the Hamiltonian with respect to the short-peracble, i.e. the mean longi-
tudel, and also perform the canonical change of variables of migtip/A}

<l07A07017A17lJ7AJ> - (lo7Alo7aluy17 lJaAf])a

with A, = ATAL, Ay = A5(1 + 1), Ay = A7A/;, and wherer, is expanded in Taylor series.
Since we do not expeet; to be larger than0—3(~ 200 arcsec), the expansions ai& 20, =

1 — 207 + 201/3 andsin 20, = 20, (the cosine is expanded until the fourth order because it
is multiplied by a coefficient much larger than the sine). Haamiltonian is then (taking into
account the multipliet /AY):

1 A*Q 2 9
H = = (nOA{A; +nyATA; + % + 2myo? — gmlaf + dmyoy sin(ly) + 4msoy cos(lJ))
1 m

Ayy? my 5, 2my ,  my . ms
ol p2 2T pay y T2 L in(ly) + 428 l
20, PIa 0 T3 TAgosin(ly) + o coslly)

=n,\, +nyN; +

where the linear term iny; of the Keplerian contribution and the kinetic energy careaah
other, as was shown in Chapter 3. After the averaging, theilttaman is obviously independent
of the mean anomaly, and the associated momef is a constant. As a consequence, we
drop it from the Hamiltonian. In order to have the same coefficfor the quadratic terms

. . . *2

in o; andy,;, we perform the canonical change of variablgs= / 412#901 = s;z; and
4miCrp

Y, = &/ n}fﬁ y1 = vy} /s to get

my

2
o (22 4+ ) — Smhat + Ambay sin(ly) + 4mba cos(ly), (6.11)

with m/ = simy /A%, mh = syms /A andmy = syms /A3,
Then using another canonical change of variables to polardowatesr; = +/2U sin u,
v, = v 2U cos u, the Hamiltonian becomes

8
H =nyN;+ 2, /%U — gm'lU2 sin® u 4 4mfyv2U sin(u) sin(l;) + 4m4v2U sin(u) cos(ly).

(6.12)
Finally, recombining the products of sines and cosines, ave h

1 1
H =nj\; + 2, /?—;U - gm'lU2 (g b cos(2u) + 3 cos(4u))
— 2miyV2U (cos(u + ;) — cos(u — 1y)) + 2mivV2U (sin(u + ;) + sin(u — 1;)).

We now introduce another resonant angle, expressing thenpitg of the orbital period of
Jupiter and the first free period:= u—1[;. Assuming that we keefg as the moment associated
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6.1 Study of the resonance with the orbital period of Jupiter

with p, the moment associated withchanges to keep a canonical set of varialife:= A/, +U
and the Hamiltonian is

m 8 3 1 1
H =n ;N\ + (2, /C—; — nJ) U— gm'lU2 (g -5 cos(2(p+1y)) + 3 cos(4(p + lJ)))
— 2miy V22U (cos(p + 215) — cos(p)) + 2m4v2U (sin(p + 21;) + sin(p)).
Once again, we have a situation with a fast angle¢ompared to the slow resonant anghg (

We average this last Hamiltonian ovgrand have (dropping the term ixf; now constant with
the disappearance of the angjan the Hamiltonian):

m
H = (2 C—;—nJ)U—m'1U2+e\/2Ucos(p—po) (6.13)
0
= aU + BU? + eV2U cos(p'), (6.14)

and we finally arrive to a second fundamental model of resomafhe values of the parameters
£ andp, are constant while. ande are functions of the rati6'y; /C,,, or equivalently(B —

A)/Cp:
1C |B— A
a = 2/mig C—m—nJ:\/mlB c —ny (6.15)
3

B =—gno=—9.783 (6.16)

4 1 &> o [0n2 2
622 m C— m23+m33 (617)
o B-A\"* o0
— T e < o ) mag + m%B (6.18)

po = arctan BB _ 46.049° (6.19)
map

As mentioned earlier, the second fundamental model of essmnis characterised by the
parameteb, defined as follows:

1/3
~ 1. (6.20)

3

J = —sign(af) x 5 %

This parameter represents the proximity to the resonarargelvalues of (|6| > 5) physically
correspond to systems not very close to a resonance or witta& vestoring force. Indeed a
large value ofo means that we move away from the resonance (6.15) while d gataé of

e means that the coefficients, andmgs of the perturbation are small. For the values of the
parameters),, = 10~° andC,, = 0.19686 used throughout the previous chapters, we have

a=-0.0087 €=20531x10"" §=—62.8262, (6.21)
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meaning that this system is quite far from the resonance aésalhas a very weak restoring

force (perturbation). As a consequence, this resonancmpshould not have particular effects

other than the enhancement of the 11.86-year period ardglituthe libration in longitude.
However, if we analyse the expressiorvah function of (B — A)/C,,, we have

4 (\/mlg BC—_A — TLJ>

R _1 (6.22)
3 <(m2B+m3B)> B—-A
VmiB Cm

Figure 6.1 shows that, for values of the coefficieBt— A)/C,, in the interval(2.03 + 0.12) x
10~* found by Margot et al. (2007), it is possible to find values Brvaues ford. In particular
for (B—A)/C,, inthe interval2.096 x 10~*, 2.107x 10~%], d is situated in the interval-5 , 5].

50

delta

-100

-150

-200 I I I I .
19 1.95 2 2.05 21 2.15 22

(B-A)Cm -4

Figure 6.1: Plot of the parametg&iin function of the moment ratiéB — A)/C,,.

In the next section, we analyse a particular caseadbse to -1 (almost the exact resonance)
by computing the equilibria and period associated with és®nance.

6.1.3 Equilibria and period of the new resonance

In this part, we position our system almost at the exact r@sce. For that, we use the value
of C,,, = 0.1904496 andCs, = 10~°. The values of the parameters are then

a=-75685x10"" €=21047x107" &= —1.0053. (6.23)

The first thing to do is to find the equilibria of the problem.€eTolar coordinates in (6.14)
make the Hamiltonian non differentiable @t = 0. Let us then go to cartesian coordinates:

x = +/2U sin(p') andy = v/2U cos(p'):
g

H= 2@ +y) + (@ +97) + e, (6.24)
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6.1 Study of the resonance with the orbital period of Jupiter

Using Hamilton’s equations to find the equilibria, we have

OH
H
g o= 2 Bt yPe =0 (6.26)
ox
From the second equation, we either have= 0 or 2** = —e—By® byt sincea and 3 are

negative,x would be complex and we are not interested in complex salstibet us thus take
x* = 0 as equilibrium value (implying thai* = p, is the equilibrium ifU* # 0). Putting

x = 0 in equation (6.26), we obtaify® + ay + ¢ = 0, equation that we can solve with Cardan’s
method. Let us normalize it firsy>® + py +q = 0, withp = /3 andq = ¢/3. The discriminant
is

4
A=q¢+ 2—7p3 = 4.6287 x 10719, (6.27)

Since it is positive, we have one real solution and two complees. The real solution is
computed by the following formula:

g+ VA s —q— VA
= \3/%\/_ n i’/%‘/_ = 2.7720 x 1072, (6.28)

Let us now compute the fundamental period. For that, we witlamd the Hamiltonian
around the equilibriungz*, y*) with the following change of variable$? = y — y*. We have

H:%(x2+(Y+y*)2)+§

(2 + (Y +y)?)" +e(Y +y7)

«
= 5(:52 + Y24 2 4 2Yy) + €Y + ey
4 g ( 4 4 Y4 +y*4 +4Y2y*2 + 2y*2y2 +4y*Y3 =+ 2Y2.I‘2 4 4y*3Y + 2y*2ZC2 —|—4y*YSU2) )
Dropping the constant terms, we get
@ a 3
H:$C2 ——i—éy*Q —|—Y2 __'__63/*2 +Y(By*3+05y*+€)
2 4 2 2 o ,
0
+ g (Y4 + ot +2Y%2 4 4y Y3 4 3y*Yx2) .

If we suppose that we stand very close to the equilibriutm=(0,Y” ~ 0), the terms of order 3
and 4 vanish and we have
H = Az* + BY?, (6.29)

with A = (£ + 2y**) andB = (2 + 3py**). We perform the following canonical change of

variables:z’ = </%:c andY’ = (‘/%Y to have
H~VAB (2" +Y"), (6.30)
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Chapter 6. Additions to the theory of rotation

and finally going back to polar coordinatég, = v2Psin ¢, Y/ = v/2P cos 1 the Hamiltonian
becomes
H ~ 2V ABP. (6.31)

With this Hamiltonian, we have a corresponding period of @83 years. Should the parameter
(B — A)/C,, be such that the system is almost at the exact resonancegriibe prould be so
long that the amplitude should be damped over the years diisdipations (Peale, 2005).

Moving away from the resonance, this period decreases, diuiast enough to keep the
parametep sufficiently close to 0. As an example, taking, = 0.19686, the period is 1444
years.

After analysing in more details this resonance, we can cmigcthat its only effect should
be the resonant forcing applied to the 11.86-year amplitndke longitudinal librations, al-
ready mentioned in the previous chapters. In a configurafiose to the exact resonance, the
amplitude of this resonant term has such a long period tehbiild be dissipated over the years.

6.2 The direct planetary perturbations

In Chapter 4, we introduced the planetary perturbationsérotation of Mercury in an
indirect way: we considered that the rotation was affectetthb changes in the orbital elements,
caused themselves by planetary perturbations.

However the gravitational pulls of the planets also affeetrbtation directly due to the non-
spherical shape of the planet. We expect these perturlsatdre really small since the planets
are further away from Mercury and not as massive as the Surs sEigtion aims at gauging
these effects.

Let us recall how we use the gravitational pull of the Sun.c8iMercury is not a perfect
sphere or a point mass, the potential of the Sun affects théan. The potential is expanded
in spherical harmonics. Only a second-order expansionaed bhecause Mercury’s shape is not
well known (we recall that only, andC5, are known with large error bars). The gravitational
potential is the following:

GMm GMmR?

Vg = —
r r3

(-% (2 —3(2* + y2)) + 3Cp0(2* — y2)) : (6.32)
with M the mass of the Sum; that of Mercury,r the distance Sun-Mercur. the equatorial
radius of Mercury andz, y, z) the coordinates of the unit vector pointing to the Sun.
The first term ofl/s is included in the Keplerian contributiai, 5 of the Hamiltonian and only
affects the orbit. Indeed, this term is the potential as irddey was a perfect sphere and the
resulting torque of the gravity pull of the Sun on each elenoéa sphere is zero, thus does not
affect the rotation. The second term was referred to as dwa(&l-order) gravitational potential
V¢ in the previous chapters and was the cause of the rotatibnafibns.

Let us now analyse the potential due to Venus, the closeseplahe same expansion as
the Sun can be made for this potential:

GMym  GMymR? J-
v, = _oivm  GlMyma, (_—2<2 —3(a + y%)) +3C(ay — y@)) . (633)

3
rmv v 2
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6.2 The direct planetary perturbations

Body RatioM /r?

Sun 4.504277643069608R20"
\Venus 1.689765324709651790 '3
Mars 2.399101284633652640~ 15
Earth 7.8479571372590988T70 4
Jupiter  1.773267398617374660 '3
Saturn 8.505794796817849920~ 15
Uranus  1.605994914740218880 16
Neptune 4.94909118178259562)~ 17

Table 6.1: Ratia\//r3 of the Sun and each planet whevgis the mass of each body ands the distance
body-Mercury (planet-Sun as first approximation for theleotplanets).

with, this time, My, the mass of Venus;,; the distance Mercury-Venus aidy, yy, zy) the
unit vector pointing to Venus.

As for the Sun, the first term actually affects the orbit of BMew around the Sun. This change
of the orbital elements will affect the rotation through ®i@ spin-orbit resonance. In other
words it produces the indirect planetary perturbationsherotation. Since we already studied
them in Chapter 4, we will not consider this first term in thisldem and we simply drop it.

The second term however will be linked directly to the ratatof Mercury. This term is
indeed the expression of the non-zero torque applied by a oraa non-spherical planet.

Taking a look at equation (6.33), we notice that the impdntatmo is actually the mass of the
planet over the cube of the distance Mercury-planet. Taldlgyives this ratio for the Sun and
each of the 7 other planets, with the distance Mercury-placeially being the distance Sun-
planet as a first approximation. The main planetary effdatsilsl come from Venus and Jupiter
with approximately the same order of magnitude, then shoofde the Earth and Saturn. We
also notice that the effect of the Sun is at ledittimes larger than the effect of any planet. As
a matter of fact, this table alone is enough to explain whydihect planetary perturbations are
negligible in the rotation of Mercury.

However, the introduction of these changes into our mete@lmost straightforward and
we decide to analyse this situation in more details. We expese direct perturbations to be
small and are not looking for extra accurate results buerdttr the order of magnitude of the
corrections on the rotation. As a consequence, we make llbeviiog simplifying assumptions:

¢ all the orbital motions take place in the ecliptic plane,
e we use the 1-degree of freedom Hamiltonian developed in €h8p
e we consider the orbits of the other planets around the Suimasdar.

To use the gravitational potential of the Sun, we expandedtrmalized distance/a in
function of the eccentricity and the true anomaly, as welt@asf andsin f, f being the true
anomaly.

However, since Mercury does not orbit Venus, we cannot usesdaime form for the potential
Vi, at least not as straightforwardly. Figure 6.2 picturessiheation. To compute the distance
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Chapter 6. Additions to the theory of rotation

Figure 6.2: Mercury, the Sun and Venus in a her-
meocentric ecliptic frame. The vector Mercury-
Venus is the sum of the vectors Mercury-Sun and
Sun-Venus:r v = 7+ 7. The angles\y,
and )y are the longitudes of Mercury and Venus
S respectively.

M

ruv = ||7arv|| and be able to use expansions in eccentricity and mean aponeimust go
throughry; = 7+ 7. Taking a look at figure 6.2, we see that

— [ rcosAy + 1y cos Ay
"My = < rsin Ay + vy sin Ay ) ’ (6.34)

with » = ||7]| that we will expand in eccentricity and semi-major axis apd= |7y, which is
a constant since we assume that the eccentricity of VenusTa@distance ;v = |7v || is
then

rMy = (rjzu cos® A\ + r%/ cos® Ay + 2rpry €oS Aps cos Ay (6.35)
1/2
41 sin® Ay + 13 sin? Ay + 2r 7y sin Ay sin )\V) (6.36)
1/2

= (rﬁ + 13 4 2rpry cos( Ay — )\J)) (6.37)

(SR (8Y; 1/2
= ry (1 + — 42— cos(Ay — )\J)) (6.38)

Ty Ty
and 32
1 1 a2 r -
= <1 + M 42 M cos(Ay — AJ)) . (6.39)
MV Ty Ty v

Let us recall that all the expressions that we are consigenia Poisson series. Since it is not
possible to compute the square root of Poisson series, wegatlrough expansions. For the
equation above, we use an expansion to order 10 of the funtie 2) /2 aroundz = 0 since
rys 1S around one half ory, .

We still need to compute the componenisandy, of the unit vector pointing towards Venus.
The expression of these components is quite simply

Ty 1 1 7 COS A\py + Ty COS Ay
- gy = — ) . , 6.40
( Yyv ) rMVrMV My ( rsin Ay + 1y sin Ay ( )
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6.2 The direct planetary perturbations

Direct influence of Venus on the rotation

l, l, @, Period Amplitude Ratio
2 -5 5 56632y 0.1236210*as 0.3449810°°
1 -2 2 1.1098y 0.3484310°as 0.9723%10 "
2 -1 1 0.1497y 0.3210610°as 0.89596 10"
1 -1 1 0.3958y 0.2579310°as 0.7197&10"
1 -3 3 1.3803y 0.2449210°as 0.6834%10° "
3 -2 2 0.1086y 0.2082910°°as 0.5812610"
2 -2 2 0.1979y 0.9014010 °as 0.2515%10°"
0 2 -2 03076y 0.7462210%as 0.2082410~"

Table 6.2: Direct planetary perturbations on the longiadilibration angle caused by Venus. The
amplitudes are expressed in arcsec and the ratio is compittedespect to the amplitude of the 88-day
contribution which is 35.849 arcsec.

Direct influence of Jupiter on the rotation

l, ly w, Period Amplitude Ratio
0 1 -1 11.863y 0.1566410°% 0.43705<10~*
3 -1 1 0.0813y 0.2779610~° 0.77566<10~"
1 -1 1 0.2458y 0.7493310°% 0.20911% 107
1 1 -1 0.2360y 0.5624710°° 0.15696<107
2 -1 1 0.1216y 0.3495410°¢ 0.9753% 1078
4 -3 3 0.0611y 0.1423810°°% 0.39733<10°8
0 2 -2 59313y 0.7501610°7 0.20934<10®

Table 6.3: Direct planetary perturbations of Jupiter onltmgitudinal libration angle. The amplitudes
are expressed in arcsec and the ratio is computed with rtespbe amplitude of the 88-day contribution
which is 35.849 arcsec.

with the longitude of Mercur,, = f + w,.

The gravitational potential due to Venus now dependsthre distance Mercury-Sun and on
cos f andsin f. Similarly to the planar case of Chapter 3, we expand theaetdies in function
of the eccentricity of Mercury and of its mean longitudg. We then perform a rotation of angle
A1 to move to the figure frame of Mercury and use the similar pbétion theory to compute
the libration in longitude angle. Table 6.2 gives the dingletnetary perturbations of Venus
on the resonant angle,. We note that, as expected, these amplitudes are very samalind
10~° arcsec. The column “ratio” gives the amplitudes with respethe 88-day contribution
amplitude of 35.849 arcsec. Compared to this amplitudedirext planetary perturbations
from Venus are at leagt® times smaller.

The procedure described above is actually valid for anygiléor any body), the only pa-
rameters to change are the distance Sun-planet, the mass plainet and the longitude. We
chose Venus because it is the closest planet to Mercury,Jemweas not massive. Jupiter is the
most massive but a lot further away from Mercury than Venus.

Tables 6.3, 6.4, 6.5 show the direct planetary perturbatmmthe libration in longitude
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Chapter 6. Additions to the theory of rotation

Direct influence of the Earth on the rotation

l, lg w, Period Amplitude Ratio
3 -2 2 0.0956y 0.1085110°as 0.3028%10°
2 -1 1 0.1369y 0.9463610 %as 0.2640910°7
0O 1 -1 1.0000y 0.7631410%as 0.2129%10 "
1 -1 1 0.3172y 0.6035310%as 0.1684210°7
2 -2 2 0.1586y 0.28196510%as 0.7868%10°°

Table 6.4: Direct planetary perturbations of the Earth @enldngitudinal libration angle. The amplitudes

are expressed in arcsec and the ratio is computed with retgbe amplitude of the 88-day contribution
which is 35.849 arcsec.

Direct influence of Saturn on the rotation
ls o, Period Amplitude Ratio
-2 2 0.0807y 0.132410%as 0.3703%10°°
2 -2 14.730y 0.1106210""as 0.3086%10~°
-1 1 0.1209y 0.8882610%as 0.2478810°°
-3 3 0.0606y 0.3693710"%*as 0.1030&10°°
-1 1 0.2428y 0.3644910%as 0.1017%107°

o~
Q

R ADNOW

Table 6.5: Direct planetary perturbations of Saturn on timgitudinal libration angle. The amplitudes

are expressed in arcsec and the ratio is computed with rtetspbe amplitude of the 88-day contribution
which is 35.849 arcsec.
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6.2 The direct planetary perturbations

caused by Jupiter, the Earth and Saturn respectively.

Most of the direct perturbations of Jupiter are of the santeiothan those of Venus, as
expected by the ratios of table 6.1, except for one. The Bly@ar-period contribution is in
this case again a lot larger than all the others. This can plaieed by the same reason than for
the indirect perturbations: this contribution benefitgrira resonant forcing between Jupiter’s
orbital period and the free period of the libration in longié.

The contributions due to the Earth and Saturn are much sniale the other ones. We
notice that the angle combination present in the indiredupleations {, — 4/z) does not appear
here.

With this short study, we gave an order of magnitude of theortgnce of the direct plane-
tary perturbations on the rotation of Mercury. As expectedse amplitudes are negligible (1.5
milli arcsec at most), especially when we compare them tartthieect planetary perturbations
(dozens of arcsec).
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Conclusions and perspectives

In this work, we were able to study the short-period contidns on a very elaborate model
of the rotation of Mercury. Using a Hamiltonian formalisnmdaa perturbation theory based on
canonical Lie transforms, we could emphasize the impogarfithe main planetary perturba-
tions on the rotational motion.

In the longitudinal motion and for the value of the momentoratetermined by Margot
et al. (2007), we found that there is a resonant forcing betwee orbital period of Jupiter
(11.86 years) and the free period linked with the libratioriangitude (12.06 years). This
forced amplitude in this case is around 42 arcsec and isrldnge the 88-day contribution
(36 arcsec). In addition to this 11.86-year contributiom, were able to determine the most
significant planetary perturbations on the libration indiiade. Venus for example should have
a 5.66-year contribution with an amplitude about 10% of thfathe 88-day libration. The
amplitudes of the librations due to Saturn and the Earth ppecximately 4% and 2% of the
88-day libration. The results obtained were rigorouslyctiee at each step of the method and
we are very confident in the accuracy of our results, as attds the numerous comparisons
performed.

To our knowledge we are the only ones who computed the effeitteoplanets in the li-
bration in latitude and in the wobble motion with a great aacy. We were able to show that
these librations should be well below the arcsec level andlsimot be detected by the space
missions. However, another resonant forcing might appetre latitudinal librations (related
to the obliquity). The period of the great inequality of Jepiand Saturn (883 years) and the
free period associated with the latitudinal motion (616rgeaith the same moment ratio as
above) are close. Analysing this forcing for different \edwf the parameters (within their
range of uncertainty), we showed that the amplitude of tHi&\&&ar libration might rise up to
several tens of arcsec when both periods are very close koother. However, given the long
period of this libration and the short period of a space missihis resonant forcing, should it
be detected, would merely be seen as a shift in the obliquity.

With the third degree of freedom, related to the wobble motibthe planet, we computed
the motion of the pole of the planet. The planetary pertimbathave a very small effect on this
degree of freedom and no resonant mechanism was put foriaednotion of the pole should
not be larger than a couple of meters on the surface of theplan

The model used in these studies was that of a planet with grs@llial mantle and a de-
coupled, spherical liquid core. We also analysed core-lmamteractions, computing various
observable variables of the rotation while varying the ghafithe core. However, even accurate
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measurements of the rotation of the planet should not hekrmée the shape of the core, but
only its size.

Finally we examined two other questions in the rotation. fiis€one is a more formal study
of the secondary resonance between the orbital period aedind the free period related to
the longitudinal motion. We simplified our Hamiltonian tot@esecond fundamental model of
resonance and showed that even in the case of an almost egantince, it should not have a
great dynamical impact on the rotation. The second studyinvakemented to get an order of
magnitude and a ranking of the direct planetary perturbataf the different planets (torques
applied by the planets on the non-spherical Mercury). Wevslkddhat these direct perturbations
should be at least)* times smaller than the amplitude of the 88-day librationtmnlongitude.

For all these studies, we compared analytical and numeaijgatoaches. The analytical
method used has many advantages. It is very convenient tgsan&ie origin of each of the
different contributions, the free amplitudes are easilytpwzero (Mercury is supposed to be
at a Cassini equilibrium) and it allows a greater understandf the dynamical mechanisms
ruling the rotation. Itis also very convenient whenever ongeveral parameters of the problem
are not well-known. As an example, we could easily get anesgon of the longitudinal free
period and of the 11.86-year contribution in function of ga@ametefB — A)/C,,..

However it also has its downsides. To apply our method pitgpiie Hamiltonian and all
the quantities considered must come as Poisson seriesydh@ndle using our series manipu-
lator called the MSNam. Getting these Poisson series ofierpticates the computations and
expansions in the model. A related issue is the size of thesBoiseries. We cannot afford
to have Poisson series with a number of terms too large, astiges on Poisson series are
pretty expensive in terms of CPU time. For instance, whemireduced the indirect planetary
perturbations, we had to cut many terms in the expressidmeodtbital elements. Only a com-
parison with a numerical study helped us choose the termedp &nd confirmed that this cut
was legitimate.

We believe that the analytical and numerical approachegpmmnent each other, and both
are necessary for an in-depth understanding of the problem.

Though these different models are quite elaborate, itligpstssible to refine them in order
to include more effects on the rotation. We mention amongsrstithe inclusion of theg, of
the Sun, a relativistic correction (a direct one, we alrelhdye the relativistic corrections on
the orbit included in the coefficients of our planetary tly@pand of higher-degree spherical
harmonics once the data of the MESSENGER will have been psecke A possible difference
between the axis of least inertia and the one pointing to Mgrat each perihelion passage
implying a non-diagonal matrix of inertia (with &, coefficient) could also be added to the
model.

Another improvement of the method would be to make a few ceamgthe manipulator to
bring it closer to other symbolic manipulators such as Mafikeshowed in various chapters, we
were often limited by the restriction of the MSNam to use dadysson series and complicated
algebraic operations had to be performed. It sometimesepted from using the analytical
method because of the complicated expressions of someblesiand we had to turn to a
numerical method only. It would be interesting to allow tBeries manipulator to be less
restrictive and open to a wider class of symbolic operatishie keeping its efficiency. This
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would require a complete makeover of the MSNam and woulcogytnot be an easy task.

As for the BepiColombo mission requirements, several imgneents in the model are still
required. For example the inclusion of tlg, in the gravity potential, the choice of another
inertial reference frame (Laplace plane) or the creatioa bybrid model taking into account
short-period effects for the librations computationsyiticore assumption) and long-period ef-
fects for the obliquity equilibrium and the long-term etfe¢perihelion and node contributions)
would be nice additions to this theory.

However the goal of this work was the computation of the spertod effects on the rotation
(in 3 and 4 degrees of freedom) and we saw that the accuragholetained in our results is large
enough for the BepiColombo mission. While the addition dfesteffects (solav,, relativistic
correction) would still be very interesting in a theoreligaint of view, they would be irrelevant
for this mission.

The inclusion of the model developed in this work into som#éefsubroutines used for the
radio-science experiment of BepiColombo (MORE) is alreaalyerway and several procedures
developed in this work will be included in the software.
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Expansions of functions in eccentricity and
mean longitude

In this appendix, we explain how to expand any function of ibemalized radius of the
orbitr/a and the true anomaly in series of the eccentricityand the mean anomaly.
For this, we use an expansion by Lie transforms (not canbhera):

F(r/a, f) — G(e,l,). (A.1)

We mention that, in order to have more readable formulas,mplg noter for r/a in the rest
of this appendix.

A.1 Methodology

The goal is to express a function ofand f as a function ot and/, using Lie transforms.

The functionF'(r, f) is decomposed a5(r, f) = > .- j, F? and the transform of this function

isgle,lo) =D s e, F{, where theF{ are determined by the following recurrence formula:

= Fly ZC Ljw (F25) (A.2)
The operatol, is defined as
oF oF
and the generators are
W=y e (A.4)
r_ae_po it |
of e



Chapter A. Expansions of functions in eccentricity and meagitude

A.2 Getting the generators

To find the expression of the generators of this transformysesKepler’s equation:

l,b=FE —esinFE,

(A.6)

whereF is the eccentric anomaly. Derivating this equation wittpees to the eccentricity (and

bearing in mind that, is independent of the eccentricity), we have

ol, OF
e =0= e —smE—ecosE%
8E sin B/

86 T 1_ecosE

(A.7)

(A.8)

The true anomaly and the normalized radius depend on the eccentric anomaygh the

following relations:

f cosE —e
cosf=——
1—ecosE’
FE
in f — e Sk sin
1—ecosE’

r=1—ecosk.

These equations will be very useful to determine the geoesat

A.2.1 The generatorlV,
Let us start by the generatdr,.:

0 OF
W, = (’3—2 = —cosE%—esmE%

sin’ B
1—ecosFE
—cosE +ecos’E +esin? F

1—ecoskE

cosFE —e

= T ceosE 0SS =W

=—cosFE +e

and we can note thav,; = 0 Vi > 2.

A.2.2 The generatori¥V;

Getting the expression &¥; is more arduous. We use the tangeny of

E
tan f = V1 —e2—— sin

cosF —e’
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(A.9)

(A.10)
(A.11)

(A.12)
(A.13)

(A.14)

(A.15)

(A.16)



A3 Example:F(r, f) =r

and derivating this with respect to the eccentricity, weehav

1 of 1 —esin
cos? fde  (cosE —e)? | VI = e (cos B —e) (A.17)

+ V1 —e? cosEaa—E(cosE —e)—V1—e?sink (— sinE%—E — 1) ] (A.18)
e

e

0 1
(:)7“28—]; :ﬁ[—esinE(cosE—e)Jr(l—eZ)SinE (A.19)
23 2 2 .2
+a—(1—e )(cos” E +sin® E — ecos F) (A.20)
e
1 in £/
- Vi {—e sin Fcos £ +sin B + (1 — 62)1_&;%(1 — ecos E)} (A.21)
sin F/
= 2—e?—ecosE A.22
Viee' ) (A22)
rsin f
:1_62(2—62—e(rcosf+e) (A.23)
2 .
_ opsin f o Ssinfeos S (A.24)
1—e?
2
— r2sin f (— . ﬂ) (A.25)
r l—e
of ) 2(1+ecosf) —ecos f 1—¢?
- = carr = ——— A.26
< Be smf< 1 —e? " 1 +ecos f ( )
:281Hf+681nfcosf (A.27)
1—e?
:4sinf+esin2f (A.28)
2(1—e?)
Expanding the functioil — ¢*)~! arounde = 0, we have
) esin2f 9 4. 6
W= |(2sinf+ (I+e*+e"+e+..) (A.29)
e el et e
=2sin f +esin2f/2+—4sin f +—3sin2f +—48sin f +—60sin2f +... (A.30)
—— —— W~ e — A ——— 5] ——
Wi W2 Wi Wi Wi Wre

A.3 Example: F(r,f)=r

We use the formula described in the methodology section yifita » and f? = 0 Vi > 1.
Let us go until the third order.
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Order 1 Letus findFy:

F} = F)+ Li(F)) = 1(—cos f) = —cos f

Order 2
B! = F) + Li(FY) + Ly(F)) =0+ 040
0 cos
R =1+ L) =0+ 25wy,
=sin f.2sin f =1 —cos2fn
Order 3

F) = F) + Li(F)) + CyLo(FY) + Ls(F)) =0
F? = F} + Li(F!) + Ly(F})) = 0+ 0 +sin f.sin 2f /2

Fy = F{ + Ly(F)
=sin f.sin2f/2 + 2sin2f.2sin f

9
= ésinfsin2f

Finally, we have that

1—cos2l, €9
r=1—ecosl, + 62% + %Z(coslo — cos 3l,).

(A.31)

(A.32)

(A.33)
(A.34)

(A.35)

(A.36)

(A.37)
(A.38)

(A.39)

(A.40)

This procedure works for any function ¢fandr. In our case, we apply it to/a) =3, cos f

andsin f.
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The changes of variables

In this appendix, we explain our choice of variables.
The change of variables {81, Ay, 09, K) — (x1,y1, T2, y2), With

o1 = 1 (Taylor expansion aroung, = 0)

A= AM(L+w)

Ty = % sin oy (B.1)
Yg = 2&2 COS 09

The first reason to perform this change of variables is thandw variables are canonical
with multiplier 1/A7.

Another obvious reason is the fact that these variables @medimensional and this is al-
ways more careful. Should we decide to change our units famgke, our expansions would
still be valid without any issue.

The last reason for this particular change of variablesasdbr Hamiltonian is expressed as
Poisson series. Before this change, it depend& dhroughsin K andcos K. Why bothering
to change the variables? Could we not use the variables psitbgsince we have no problem
with the Hamiltonian yet? The answer is of course no, conmgutine equilibria, Hamilton’s
equations would give:

- _ OH OH  9O(cos K) OH 9I(sinK)

0"1 — 9A1 + d(cos K) A4 + A(sinK) Ay (B.2)

Ay = =24 '
1= do1

- 9H 9(cosK) 9H 9(sinK)

72 = Flcos K) A3 T oK) oA (B.3)

OH .
Ao = —35,;,

and the problem is that there is no easy expressioR%8#". Indeed, we have:

A

COSKzl—A—zetSiHK:\/l—COSQK (B.4)
1

= sink = 2&— A 2 (B.5)
VA A ) '
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Chapter B. The changes of variables

and this is not (directly) implementable as Poisson serflessolve that, we will perform ex-

pansions ofos K andsin K. Let us consides = % We have
2A, 2A, 3
a= = 1+ /2 B.6
and
A a? 2+ y2 _
cos K = —A—jzl—g_l— 22y2(1—|—y1) ' (B.7)

where(1 + y;)~! will be expanded aroung, = 0.
As for sin K, we have

a? a? a>  at
sin K = V1 —cos? K = aQ—Z:a I—Z:a<1—§—@—...>, (B.8)

after expansions around= 0. Is a 5th order expansion enough? Sir¢as supposed to be

close to the inclinations 7°), we havel — cos K ~ 0.0075 anda ~ 0.122. As a consequence

we have that® /128 &~ 2 x 1077 and the next term would b€ /1024 ~ 5 x 10~'°. We must

remember that these terms are inside the perturbationghamecmultiplied by a factor0—5.

Our level of truncation being0~'2, we conclude that a 5th order expansion is well enough.
However we still do not have the expressionsaf K in function of our new variables.

To do so, we simply replace by its expression from equation (B.6) into the equation B.8

From there, the transition tg, x5, y» iS easy (using the fact that the Hamiltonian possesses the

D’Alembert characteristic).
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