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ABSTRACT

We study an inventory model with occasional discounts on the fixed order cost, where a random capacity
constraint limits the quantity ordered at the discount. We prove that the optimal policy resembles a can-
order policy, characterized by a unique reorder, can-order, and order-up-to level. However, the random
capacity constraints on the discount offers add complexity: the optimal policy features additional thresholds for
inventory levels between the reorder and can-order point that determine when to use the discount. As these
inventory-specific thresholds may render the optimal policy less straightforward to implement, we develop
three heuristic replenishment policies inspired by the optimal policy structure. We compare their performance
in a numerical study and derive an analytical bound on their worst-case optimality gaps in settings with
an infinitely high backlog cost rate. With the buyer’s optimal response to capacitated discounts in mind, we
investigate the supplier’s decision to set the discount price. A high discount relative to the regular order cost
increases the probability that the buyer will accept the offer, but erodes the supplier’s margin on discount
sales and may reduce regular sales. We show that a mutually beneficial outcome requires buyer-to-supplier

compensation.

1. Introduction

Analogous to carpooling platforms that connect drivers with empty
seats to passengers, digital freight platforms aim to improve supply
chain efficiency by advertising surplus transportation capacity at dis-
counted rates on the fixed order cost (see, e.g., Teleroute). Shippers
who wish to use this spare capacity face a critical trade-off: accepting
the discount offers lowers truck operating costs, but doing so when
inventories are high may lead to overstocking, while delaying orders
in anticipation of discounts risks stockouts.

The shipper’s optimal response to such discount offers on the fixed
order costs is further complicated by capacity constraints, as the quan-
tity available at the reduced rate is limited by the empty truck space.
When the offered capacity is small, a shipper may choose to pass on the
opportunity and wait for a future offer with greater volume or place an
order at regular cost instead. The combination of uncertain discount
timing and random capacity constraints creates a novel operational
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question: When faced with a time-sensitive opportunity to purchase a
limited amount of goods at a reduced fixed order cost, should you place
an order — and if so, in what quantity?

While digital freight platforms provide a motivating example for our
work, the underlying decision problem is general and arises in various
contexts. For instance, a manufacturer might temporarily reduce the
setup cost for limited-size orders to incentivize buyers to use their spare
production capacity during low-demand periods, thereby smoothing
production. In such cases, the buyer has to decide whether or not to use
this capacitated discount opportunity. Similarly, suppliers with excess
inventory may offer temporary discounts on transportation costs to
incentivize buyers to order. Again, the buyer has to analyze whether
the discount is worth it, taking into account capacity constraints such
as maximum discount order quantities set by the supplier. Despite
their contextual differences, the examples share a common structure:
a buyer' occasionally receives an opportunity from a supplier to
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replenish a limited quantity of a good at a reduced fixed order cost
and needs to decide whether or not to use this opportunity.

To address how buyers should deal with capacity-constrained,
reduced-rate offers, we develop an inventory model featuring both
regular and discount orders. Regular orders are available at any time
and incur a fixed cost, whereas discount orders, offered at random times
and subject to stochastic capacity constraints, allow buyers to benefit
from a lower fixed cost. Motivated by the examples above, we focus
our analysis exclusively on discounts applied to the fixed order cost,
while the variable (per-unit) ordering cost remains constant across both
scenarios.

Although discount opportunities and capacity-constrained orders
have been explored individually, we integrate and simultaneously ad-
dress both complexities. We show that the random capacity constraints
on the discount offers complicate the optimal policy: it resembles a
can-order policy (characterized by a reorder, can-order, and order-
up-to level), but features additional thresholds for inventory levels
between the reorder and can-order point that determine when to use
the discount. If the inventory level drops to the reorder point, it is
optimal to place an order to replenish up to the order-up-to level, even
without a discount. If the inventory level is between the reorder and
can-order point, it is only optimal to accept a discount offer if the
quantity that can be ordered at the discount exceeds an inventory-level
specific threshold. In that case, it is optimal to replenish up to the order-
up-to level if the discount’s capacity constraint allows to do so. If not,
we conjecture that it is optimal to replenish inventory as close to the
order-up-to level as possible, given the capacity constraint.

As the optimal policy’s thresholds limit its practical ability, we
propose three heuristic replenishment rules. The heuristics differ in
computational complexity and ease of implementation. We numerically
demonstrate they perform well and provide a worst-case guarantee in
settings with an infinitely high backlog cost rate.

Studying how buyers respond to discount offers with random capac-
ity constraints enables an analysis of the magnitude of the discount, a
key decision variable for the supplier. A higher discount on the fixed or-
der cost increases the likelihood that a buyer will take advantage of the
offer. However, excessive price reductions erode the supplier’s profit
margin from discount sales, and may reduce revenue from regular sales.
Our analysis reveals that the supplier’s optimal discount leads to a low
acceptance rate of discount offers, below the level that would be ideal
for the buyer and supplier combined. Through an additional buyer-to-
supplier compensation, a mutual beneficial scenario can emerge, where
both the supplier and the buyer achieve better outcomes compared to
the supplier’s standalone optimum.

Our main contributions can be summarized as follows: (1) we
partially characterize the optimal replenishment policy for an inventory
problem with occasional discount opportunities on the fixed order
cost with random capacity constraints; (2) we propose three novel
replenishment heuristics for this inventory problem; and (3) we study
the dynamics that arise when setting the discount price.

2. Related literature

We focus on stochastic-demand inventory models with fixed order
costs and discount opportunities, but note that substantial work has also
been conducted on their deterministic counterparts (see, e.g., Chaouch
(2007), Goh and Sharafali (2002), Moinzadeh (1997), and Tajbakhsh
et al. (2011), among others). However, in both the stochastic- and
deterministic-demand literature streams, the impact of capacity con-
straints on discount orders remains unexplored.

Stochastic inventory models with fixed order costs have been re-
searched extensively, dating back to the seminal work of Scarf (1960)
introducing K-convexity to establish the optimality of (s, S)-policies:
if inventory drops below the reorder point s, it is optimal to incur
the fixed order cost and replenish up to the order-up-to level S. Beck-
mann (1961) extends this result for continuous-review systems. Recent
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reviews of stochastic inventory systems with fixed order costs are
provided by Perera and Sethi (2023a, 2023b). Henceforth, we focus on
models with discount opportunities and capacity constraints.

In a system with Poisson discount opportunities, at which the fixed
order cost temporarily drops, Zheng (1994) proves the optimality of
the can-order (s, ¢, .S)-policy. First studied by Friend (1960) and later
coined by Balintfy (1964), the can-order (s, ¢, .S)-policy places an order
when the inventory is at or below the reorder point s to replenish the
inventory up to the order-up-to level .S. When a discount opportunity
arises, an order is placed when the inventory is at or below the can-
order point ¢ to replenish up to the order-up-to level S. Compared
to Zheng (1994), our model assumes that the discount opportunities
are capacity-constrained by a random capacity size. We find that the
optimal policy is a generalization of the can-order policy, where the
decision to use a discount opportunity depends on its size and the
current inventory level. The can-order policy has also been used to
synchronize replenishments across multiple SKUs in the well-studied
joint replenishment problem. In that setting, discount opportunities
decompose the multi-SKU problem into single-SKU problems, where
a discount opportunity represents an order triggered by another SKU.
Our problem can thus also be interpreted as a capacitated variant of
the joint replenishment problem, with the random capacity serving as
a shared, limited-ordering resource.

Capacity constraints on the order quantities complicate the optimal
replenishment policy. When there are no fixed order costs, Federgruen
and Zipkin (1986a, 1986b) show that the optimal policy changes from
a conventional base-stock policy to a modified base-stock policy when
the orders are constrained by a fixed capacity: if the inventory is
below a certain base-stock level, it is optimal to replenish to the base-
stock, or as close to the base-stock as possible, given the capacity
constraint. This led to the conjecture that under a fixed order cost
and capacity constraints, a modified (s, .S)-policy is optimal, where you
order as close as possible to the order-up-to level S if inventory is
at or below s (Federgruen & Zipkin, 1986a, 1986b). However, Wijn-
gaard (1972), Shaoxiang (2004) and Shaoxiang and Lambrecht (1996)
provide counterexamples, showing that the optimal policy is hard, if
not impossible, to characterize. In particular, Shaoxiang and Lambrecht
(1996) establish the existence of XY-bands. If inventory drops below
X, it is optimal to order up to capacity. If inventory is above Y, it
is optimal to order nothing. Between X and Y, the optimal policy is
complex. Gallego and Scheller-Wolf (2000) extend (Scarf, 1960)’s K-
convexity to CK-convexity, where C is the fixed capacity, to further
(partially) characterize the optimal policy between the X- and Y-band.
Recently, Rossi et al. (2024) show that a modified (s, S)-policy with
multiple reorder and order-up-to levels is optimal, provided that the
“continuous order property” holds, which states that if it is optimal
to order at an inventory level x, it is also optimal to order at in-
ventory levels y < x. In our work, only the discount opportunity is
capacity-constrained by a random capacity size. The randomness in
both the occurrence and size of the capacity constraint complicates
our replenishment problem further. Since we do not have a single
capacity constraint C, it is challenging, if not impossible, to exploit
existing insights derived using CK-convexity. Therefore, we resort to
alternative proof techniques to (partially) derive the optimal response
to capacitated discount opportunities.

3. An inventory problem with capacitated discount opportunities
3.1. Model description

To address how buyers should deal with capacity-constrained,
reduced-rate offers, we formulate a discounted, infinite-horizon
continuous-time Markov decision process that is driven by two distinct
types of independent events: (1) demand, which follows a Poisson
process with rate 4; and (2) discount offers, which occur according
to a Poisson process with rate y and indicate the possibility to order
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at a lower fixed order cost. The time between two events follows an
exponential distribution with rate (4 + u). The next event is triggered
by a demand arrival with probability 1/(4 + u), and by a discount
opportunity with probability u/(4 + p).

Upon each nth event, the buyer must decide how many units g, € Z
to order based on the state (x,,r,), consisting of the current inventory
level x, and the available capacity of r, units that can be ordered at
a discount cost k. For the sake of notational brevity, we assume zero
lead time, so that an order instantaneously raises the inventory level
to x, + g,. We note, however, that our results continue to hold under a
constant, positive lead time (see Section 3.4). When the next decision
epoch is triggered by a demand arrival, with probability 1/(4 + u), the
system transitions to state (x,,; = x, + ¢, — 1,r,,; = 0). Alternatively,
when a decision epoch is triggered by a discount opportunity arrival,
with probability 4/(4 + u), a transition is made to state (x,,; = x, +
gprne1 = R). Here, R is a random variable with probability mass
function ¢x(r) = P(R = r), cumulative distribution function @4(r) =
P(R < r), and finite positive support r.

We exclusively analyze scenarios involving unit demand arrivals
and positive integer discount opportunities, denoted as r, € Z*.
Consequently, we restrict our focus to integer inventory and order
levels. Order quantities can assume negative values, indicating the
possibility of discarding inventory, which incurs no cost. The following
assumption encapsulates this principle:

Assumption 1. Inventory can be discarded at no cost.

We allow negative orders to prove Lemma 1 and characterize the
structure of the two-dimensional value functions that define our prob-
lem. It is worth noting, however, that the optimal policy does not
include negative order quantities in the recurring states. This suggests
that the optimal policy we derive in Section 3.2 is also optimal if we
do not allow negative order quantities.

Orders not exceeding the discount opportunity size, 0 < ¢, < r,,
incur a discounted fixed cost k, while larger orders, g, > r,, incur the
regular fixed order cost K, with k < K. The ordering cost in decision
epoch n thus equals:

kloey < +K1

ry,<q<co>

where 1 y<a,<y equals 1 if g, € [y,)'], and O otherwise.

Inventory costs between two decision epochs are incurred at a
holding cost rate 4 > 0 or a backlog rate » > 0, depending on whether
X, + g, is positive or negative, respectively. Holding and backlog costs
are discounted continuously using a discount rate « > 0, so that a
cost incurred at time 7 is weighted by e~%, similar to Puterman (1994).
Since the time r between two decision epochs follows an exponential
distribution with rate (4 + p), the expected discounted holding and
backlog cost accumulated over this interval can be written as:

L(x,+q,)=E [/ (hlx, +q,]" = blx, +q,]7) e—‘"dt] ,
0

+_ _ 1 —e a7
(h[x,, +4q,] blx, + q,] ) E [—a ] s

hlx, + q,1t — blx, +q,]~
Atu+a

5

with [y]T = max(0; y) and [y]~ = min(0; y).
Thus, the expected (present-valued) cost incurred between two

decision epochs when visiting state (x,,r,) and ordering g, is:

C(Gepsr)s4n) = LOxy +4) + klogy o + K1, 4 oo €))

The objective of our inventory problem is to find an admissible,
stationary order policy z* that minimizes the expected infinite horizon
present-valued costs for every state. The policy = is a mapping from
state space to order quantities: = : (Z,Z") — Z. That is, based on the
inventory and the size of the discount opportunity, (x,, r,), the policy =
determines the quantity ordered in decision epoch » by g, = #(x,,r,
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Since the time r between two decision epochs follows an exponential
distribution with rate (1+u), the expected discount factor applied to the
cost incurred at the next decision epoch is [E [e™*"] = (A+ u)/(A+ u+a).
For brevity, we define y = (A+u)/(A+u+a). Then, the expected present
value of future costs when starting in state (x,,r,) and henceforth
following policy 7 can be expressed as:

N
) & m EL Y Y C (i i TG ) | - @
i=0

Note that we can refrain from using time subscripts on the states,
since we assume stationary rewards and transition probabilities and
0 < y < 1. The optimal value function v*(x,r) in state (x,r) is then
defined as the infimum of v”(x,r) and denotes the expected present
value of future costs when starting in state (x,r) and following the
optimal policy z*:

vH(x,r) = 07 (x,r) A

H V4

LA

with IT the set of all admissible policies. The optimal policy is known
for two special cases: in the absence of discount opportunities, (s,.S)-
ordering policies are optimal (Beckmann, 1961; Scarf, 1960). When the
discount opportunities are uncapacitated, the can-order (s, ¢, .S)-policy
is optimal (Zheng, 1994). In the next section, we partially derive the
optimal policy when the discount opportunities are capacitated.

3.2. Optimal replenishment policy

We prove that the optimal ordering policy for the inventory problem
described in Section 3.1 works as follows. Equivalent to the (s,.5)-
policy, if demand depletes inventory to a threshold s, the buyer initiates
an order at regular cost K, raising the inventory level to S. This
corresponds to the blue area in Fig. 1. A more complex structure arises
when an order can be placed at reduced order cost k that is capacity-
constrained by the discount opportunity size r. The buyer uses the
discount offer if the inventory level x is at or below ¢ and if the
size of the discount opportunity r exceeds an inventory level-specific
threshold e, units, visualized by the green zone in Fig. 1.

The can-order point ¢ and thresholds e, determine when it is opti-
mal to use a discount opportunity. Deriving the optimal order quantity
when using a discount opportunity, however, is more challenging. We
can show that if it is optimal to use a discount opportunity and the
buyer can reach the order-up-to-level .S given the capacity constraint,
ie., if S — x < r, then ordering up to S is optimal. Yet, if the size
of the discount opportunity does not permit reaching the order-up-to
level S, i.e., if S —x > r, we cannot analytically prove the optimal
order quantity. In this case, we can only conclude that the optimal order
quantity lies between the threshold e, and the available capacity r. We
thus present a partial characterization of optimal policy:

Theorem 1 (Optimal Ordering Policy). The optimal order quantities for the
inventory system with fixed costs and capacitated discount opportunities are
given by:

S —-x if x=s,

S —x ifs<x<candr>S-xandr>e,,
T (x,r) = n*(x,r) €{ee,+ 1, r—1r} ifs<x<candr<S-xandr>e,,

0 ifs<x<candr<e,

0 ife<x<S,

3

with the reorder point s, the can-order level c, the order-up-to level .S, and
the vector e = (ey, 1, €,,5, ..., €._1,€.) its parameters.

In our numerical experiments, we did not find any counterexample
in which the optimal policy orders less than the available capacity when
the discount opportunity is large enough to trigger an order (i.e., r > e,
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Ordet-up-to level S

Can-order level ¢

Order nothing;

Order thresholds e,

Replenish as close to S
as possible.

€542 \\\\ oSttt T
A ~ Order nothing. |
. i
Reorder point 5 ‘===> Eo------o-
-1
= e
1 "1 Orderup to S, |
0 Size of Discount Opportunity r

Fig. 1. The optimal replenishment policy, as per Theorem 1 and Conjecture 1. Note that the reorder point s is never positive in the case of zero lead time, so
that the vertical axis does not necessarily start at 0. (For interpretation of the references to color in this figure legend, the reader is referred to the web version

of this article.)

and s < x < c¢) but insufficient to raise the inventory level to §
(i.e,, r < S — x). In other words, if it is optimal to use a discount
opportunity but the capacity constraint does not allow to reach S, we
conjecture that it is optimal to order at full capacity r to come as close
as possible to S. We acknowledge that counterexamples to this claim
exist in models with compound demand, fixed capacity constraints, and
no discount opportunities (see, e.g., Shaoxiang (2004) and Shaoxiang
and Lambrecht (1996)). However, we believe that our setting is suffi-
ciently different, due to the random occurrences of stochastic capacity
constraints, to justify the following conjecture:

Conjecture 1. For states (x,r), with s <x <c¢, r<S—x, and r > e,, the
optimal order quantity z*(x,r) is equal to r.

We relegate the proof of Theorem 1 to Appendix A and provide a
sketch below. Our analysis relies on the well-known Bellman optimality
equations for each state (x, r):

v (x+4g-1,0)

v*(x,r)=2n€i£ [C((x,r),q)+7 [ Tt

/7
e szl POV (x+g,1) ] : )
The fact that our value function is two-dimensional complicates char-
acterizing the value function’s structure fully. We can, however, derive
an important subset of results to develop a partial characterization of
the optimal policy structure.

Our first result, formalized in Lemma 1, is intuitive: (a) given any
discount opportunity size r, the minimum expected cost in states (x, r)
with an inventory level x is always lower than or equal to the minimum
expected cost in states (x', r) with an inventory level x’ < x, because in-
ventory can be discarded at no cost; and (b) given any inventory level x,
the minimum expected cost in states with a discount opportunity size r
is always lower than or equal to the minimum expected cost in states
(x,r") with a discount opportunity size r’ < r.

Lemma 1. The value functions are non-increasing in inventory and size of
discount opportunity:

(a) v*(x,r) > v*(x+e,r), witheeN, V(x,r) € (Z,Z%).
) v*(x,r) > v*(x,r+¢), withe e N, V (x,r) € (Z,Z").

Next, we introduce G(y), which is the expected sum of discounted
costs given inventory level y if we follow the optimal policy from the
next decision epoch onward:

r'=r

v*(y—-1,0)+ ﬁ Z ¢R(,-’)y*(y’ M.

r'=1

A

A+u )

Gy)=L(y) +v

The minimizer of G(y) represents the inventory level we would like to
have. Getting to this desired inventory level, however, may require one
of the following actions: (i) discarding inventory; (ii) using a discount
opportunity at cost k; or (iii) placing an order at regular cost K.
Re-writing the value functions v*(x, r) in function of G(y):
v*(x,r) = min [min G(y), min [G(y) + k], min [G(y) + K]|, 6)
y<x X<y<x+r X+r<y
and using Lemma 1, allows to derive the following structural properties
of G(x):

Lemma 2. We find that G(x):

(a) is strictly decreasing in the interval x € ) — 00,0 ].

(b) is strictly increasing in the interval x € [S+ 1, oo (, with S >0 a
global minimum of G(x).

(c) has a unique global minimum in S with .S > 0, except in the

(pathological) case where v*(S —1,0) = %(/1 + a + AS) in which
case G(S) =G(S + 1).

Lemmas 2(a) and 2(b) show that G is strictly decreasing for negative
inventory levels and strictly increasing above a point S +1 > 0,
respectively. These results allow us to show in Lemma 2(c) that there
exists a unique inventory level S > 0 at which G(x) is minimal. In one
specific pathological case, i.e., if v*(S - 1,0) = ﬁ(l+a + AS), G(x) will
have two adjacent global minima in .S and .S + 1. Then, the optimal
decision maker is indifferent between inventory levels S and S + 1.
We derive the condition to obtain this case in Section S.1 in the online
Supplementary Material.

We illustrate an example of G for a specific numerical setting in
Fig. 2 to explain how the shape of G determines the optimal ordering
policy. Without fixed order costs, ordering up to S in every decision
epoch is optimal. With fixed costs, however, ordering to inventory
level y from inventory level x is only optimal if the resulting gain in
G, i.e., G(x) — G(y), outweighs the order cost, K or k. From Lemma
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Inventory Level

Fig. 2. Plot of G(x), see Eq. (5), which can be interpreted as the expected sum of discounted costs of having an inventory level of x, and acting optimally from

the next decision epoch on.

mod(s,c,S)-policy 1 (s,m,S)-policy 1 (s,c,m,S)-policy
S S

S 5 m -0
3 g=0 m q=0 q=
T . ] [

S = o = )
% I q = min(S-x, ) 7 q =min(5=x, 1) “ q = min(S-x, r)
g s|I= s 11 , =
R Jl1 =

TogEsE TEsE T sy
F 0 o 0 r

Size of Discount Opportunity r

Size of Discount Opportunity 1

Size of Discount Opportunity r

Fig. 3. Three new replenishment heuristics that allow buyers to respond to discount replenishment opportunities with limited capacity.

2(a), we derive that there must exist at least one point s such that
G(x) — G(S) > K for x < 5. In Appendix A, we prove this point s
is unique. Thus, when there is no discount opportunity, it is optimal
to place an order to replenish up to S when inventory drops to s
because the resulting decrease in G outweighs the fixed order cost K.
Similarly, we prove that a unique can-order point ¢ exists, such that
G(x) — G(S) > k for x < c. If there is a discount opportunity r at
inventory level x < ¢ such that the size of the discount opportunity
permits to reach S, i.e., r > .S — x, it is optimal to replenish up to §
because the gain in G outweighs the order cost k. If r is too small to
reach .S, placing an order may not be optimal. In Appendix A, we prove
that for each inventory level x with s < x < ¢ there exists a threshold
e: only if r > e, it is optimal to place an order. We conjecture that, in
this case, it is optimal to place an order to get as close as possible to .S.

We note that e, is not always increasing in the inventory level x,
as suggested by Fig. 1. Situations arise where it is sub-optimal to use
a discount opportunity of size r for a low inventory level, while it is
optimal to use a discount opportunity with the same size r for higher
inventory levels. This behavior can be explained by further analyzing
the structure of G. In Fig. 2, we observe that G has an S-shape in [s, c]:
the slope of G is less steep close to s, then becomes steeper, after
which it flattens out close to ¢. While we cannot analytically prove this
structure, we can provide an intuition. For inventory levels close to s,
instead of using a discount opportunity, it may be better to wait until an
uncapacitated order at regular cost K is placed. Discount opportunities
are thus less attractive for inventory levels close to s, which explains the
shallow slope of G in that domain. For higher inventory levels, waiting
until the inventory level hits s is more costly and using a discount
opportunity is more attractive, resulting in a steeper slope for G. For

inventory levels close to ¢, however, a discount opportunity is again
less attractive as the inventory level is already high. This explains the
shallow slope of G close to c.

3.3. Three simple decision rules

As the optimal policy may not be straightforward to implement
due to the inventory-specific thresholds e,, we introduce three more
practical decision rules based on the characteristics of the optimal
policy. We visualize the heuristics in Fig. 3. In what follows, we use
superscript “*” to refer to the parameters of the optimal policy. The first
heuristic is an extension of the can-order (s, ¢, S)-policy that accounts
for the capacity constraints of the discount opportunity: the modified
(s, ¢, S)-policy, or in short mod(s, ¢, S)-policy.

Definition 1 (The mod(s,c,S)-Policy). The order placed by a
mod(s, ¢, S)-policy with parameters s, ¢, and S in state (x, r) is:

S —x if x<s,
q(x,r) =<{min(S — x,r) if s<x<ec, 7
0 otherwise.

The mod(s, ¢, S)-policy is intuitive and easy to implement. A down-
side of the mod(s, ¢, S)-policy is that it also orders in states where the
discount opportunity size is too small to be cost-optimal (i.e., it assumes
e, = 1forall s < x < ¢). As a result, we observe that the can-
order level ¢ in the mod(s, ¢, S)-policy is below the can-order level c¢*
in the optimal policy to prevent excessive ordering using discount
opportunities. To respond to this deficiency, we introduce a second
heuristic that features a minimum order quantity m:
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Definition 2 (The (s, m,.S)-Policy). The order placed by an (s,m,.S)-
policy with parameters s, m, and S in state (x,r) is:

S —x if x <s,
q(x,r)=<min(S —x,r) ifr>mand S—x>mand x > s, (8)
0 otherwise.

A minimum order parameter m now determines the decision to seize
a discount opportunity: when the discount opportunity has size r, an
order of size min(S—x,r) is placed if we can order at least m units.
In contrast to the optimal policy, the threshold to use the discount
opportunity is independent of the current inventory level x in the
(s, m, S)-policy: a single parameter m is used to capture the vector e
(i.e., e, = m for all s < x < .S — m). The (s,m, S)-policy has no can-
order parameter ¢, and the decision at which inventory level to use a
discount opportunity only depends on .S —m. Therefore, the order-up-to
level S in the (s,m, S)-policy will be lower than the order-up-to level
S* in the optimal policy. We can avoid this discrepancy by using both a
can-order parameter ¢ and a minimum order parameter m. This leads to
our third heuristic that combines (and thus dominates) the mod(s, c, .S)-
and (s, m, S)-policies.

Definition 3 (The (s, ¢, m, S)-Policy). The order placed by an (s, ¢, m, S)-
policy with parameters s, ¢, m, and S in state (x,r) is:

S—-x

q(x,r)=<min(S —x,r) if x<candr>mand.S—x>mand x > s,

if x <s,

0 otherwise.
(C)]

In this case, a discount opportunity of size r is used if the inventory
level x is at or below ¢ and if at least m units can be ordered.
Observe that the optimal policy is, in fact, an (s,c,m, S)-policy with
inventory level-specific values m = e = {e. |, e.,5,...,€._1,¢.}. Similar
to the (s, m, S)-policy, we capture the vector e by a single parameter m
(i.e., e, =mfor all s < x < ¢). In settings where the difference between
the values of s* and ¢* in the optimal policy is small, the dimension of
vector e will also be small. Then, the information loss from representing
all the elements of e by the constant value m will be limited, and the
(s, ¢, m, S)-policy will be close to optimal.

We evaluate the heuristics’ performance by examining their opti-
mality gaps in terms of the average cost per period. Since the total
discounted cost depends on the initial state, the average cost offers a
more interpretable and state-independent basis for comparison (Zipkin,
2008). In settings with infinitely high backlog cost b, we can derive
analytical expressions for the maximum optimality gap through an
upper bound on the heuristics’ average cost and a lower bound on the
optimal policy’s cost. The intuition behind the bounds is as follows (we
provide the detailed derivation in Section S.2 in the online Supple-
mentary Material). First, observe that our three heuristics can mimic
the (s, Q)-policy,? which only places regular order of size Q at cost K
whenever the inventory level reaches the reorder point s. Its average
cost thus provides an upper bound that can be expressed in closed form
if b = co. Then, our upper bound is equal to: C = AK/(y/2AK/h +
1) + \/AKh/2. A lower bound can be obtained using the optimal can-
order policy where discount opportunities are not capacity-constrained.
Even though its cost does not have a closed-form expression, we can
consider the extreme case where discount orders can always be placed
(i.e., where y = ). In this case, the can-order policy again reduces
to an (s, Q)-policy with a cost that corresponds to our lower bound:
C = V/2Akh — h/2. Combining both results allows us to define the
worst-case performance of our heuristics when b = co:

2 In the literature, this policy is often denoted as the (r, Q)-policy. Since we
already use r to denote the realization of the discount opportunity size, we
instead use s for the reorder point.
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Proposition 1. When the backlog cost b = co, the optimality gap of our
heuristics will not exceed:

C-C K/@VK+\2h/D+VK/2 1
c vk — \/h/37

We note that the worst-case performance guarantee is generally
not very tight. For instance, when K = 50, k = 20, h = 1, and
A = 5, the maximum optimality gap is around 60%. As we will
demonstrate numerically, however, the heuristics’ actual optimality
gaps remain well below this bound in such settings. Analyzing the
asymptotic behavior of the maximum optimality gap expression reveals
that the gap increases in K and A, indicating that the heuristics are
theoretically not guaranteed to perform well in environments with high
order and inventory costs. In contrast, as k increases, the maximum
optimality gap of the heuristics decreases because the optimal policy
converges to an (s, Q)-policy, which the heuristics can mimic. Finally,
the maximum optimality gap decreases w.r.t. 4, converging to 1/K /k —
1, suggesting that the worst-case performance does not depend on the
buyer’s demand volume.

As the bounds do not allow to draw conclusions on the individ-
ual performance differences between the heuristics, we additionally
perform a numerical study. We compare the optimality gaps of the
mod(s, ¢, S)-, the (s, m, S)-, and the (s, ¢, m, S)-policy in 360 numerical
settings for different values of A, u, b, k, K, and p, with p the parameter
of a delayed geometric distribution (having strictly positive support)
that determines the size of the discount opportunity. To ensure a finite
state space, we bound the maximum possible discount opportunity
size by setting 7 as the smallest integer satisfying P(R < r) > 0.99.
We standardize the holding cost rate & = 1 while varying the other
parameters (see the horizontal axis of Fig. 4 for the different values
considered).

We calculate the optimal replenishment policy using policy iter-
ation with a continuous-time rate « = 0.01. Our policy iteration
implementation is based on (Puterman, 1994) and can be consulted
via the following GitHub Repository. The heuristics are optimized by
enumerating over all possible parameter combinations and calculating
the average cost per period using Markov chain analysis (i.e., deter-
mining the steady-state distribution and taking the expected cost per
period with respect to this distribution). To optimize the policies more
efficiently, a gradient descent algorithm can be used that iteratively
adjusts the policy parameters by checking the cost of neighboring
solutions. As we know that the optimal policy can be described by
s*, ¢*, §*, and {e;],e;z, ...,€*}, we can directly find the best policy
parameters using a gradient descent algorithm, instead of trying to find
the structure from scratch. Numerical checks suggest convexity in s*,
S*, and e*, but not in ¢*. Hence, to optimize c¢*, different step sizes or
brute force might be needed to escape local optima.

Fig. 4 shows the optimality gaps in boxplots for each parameter
setting. The different colors correspond to the different heuristics. The
(s,c,m, S)-policy (visualized in red) outperforms the other heuristics
and has an average optimality gap of 1.7%. Removing either the
can-order point ¢ or the minimum order parameter m decreases per-
formance. The mod(s, ¢, S)-policy (visualized in green) has an average
optimality gap of 7.8%, and the (s, m, S)-policy (visualized in blue) has
an average optimality gap of 5.2% in the settings considered. The better
performance of the (s, m, .S)-policy compared to the mod(s, ¢, S)-policy
highlights the importance of the minimum order parameter m. This
illustrates that minor, intuitive adaptations to the can-order policy are
insufficient when discount opportunities are capacitated.

Although the average optimality gaps are relatively small across
heuristics, Fig. 4 shows substantial variability across parameter set-
tings. All three heuristics perform well when discount opportunities are
rare (i.e., for low values of u/(A+pu)) or when the discount opportunities
have a large expected capacity size (i.e., for high values of 1/p). In the
former case, the (s, Q)-policy is near-optimal, and in the latter case, the
optimal policy resembles a conventional can-order policy. Because the
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Fig. 4. Optimality gaps of the mod(s, ¢, S)-, (s,m, S)-, and (s, ¢, m, S)-policy in different settings. We observe that the (s, ¢, m, S)-policy dominates, followed by the

(s,m,.S)- and the mod(s, ¢, S)-policy. The holding cost rate 2 = 1 in all settings.

referred to the web version of this article.)

three heuristics can mimic both the (s, Q)- and (s, ¢, .S)-policy in these
regimes, their performance gaps are small.

When discount opportunities occur frequently (i.e., when u/(A+p) is
high) and the average discount size is small (i.e., when 1/p is low), the
optimal policy becomes more complex, which leads to larger optimality
gaps across all heuristics. Nevertheless, the (s, c, m, S)-policy achieves
optimality gaps below 10% in most instances. The instances with gaps
above 10% are characterized by a high frequency of small discount
opportunities and by discounted ordering costs that are low relative to
regular ordering costs (i.e., low k/K). In these settings, the (s, c, m,.S)-
policy often fails to exploit small discount opportunities at moments
when doing so would be optimal. A similar decline in performance
is observed for the (s,m,S)-policy, although the effect is even more
pronounced. In settings with frequent small discount opportunities,
the mod(s, ¢, .S)-policy tends to order too often at a discount when
the available capacity r is small, resulting in elevated optimality gaps,
particularly when the discounted order cost k and the regular order
cost K are high.

3.4. Discussion of assumptions

Our analysis relies on several modeling assumptions. In this section,
we discuss these assumptions and examine their implications through
analytical arguments or numerical experiments. The main results are
summarized below, with a detailed analysis provided in Section S.3 of
the online Supplementary Material.

Lead time. If the replenishment lead time for both regular and dis-
count orders is constant and positive, the system state can be captured
by the inventory position alone (i.e., on-hand inventory - backorders +
inventory in the pipeline), under our backlogging assumption (similar
to Zheng (1994)). Section S.3.1 in the Supplementary Material shows
that a constant lead time does not alter the structure of the optimal pol-
icy. We additionally performed a numerical experiment to analyze the
sensitivity of the three heuristics to increasing lead times (for details,
see Section S.3.1). We find that the performance of the mod(s,c, .S)-
policy is not impacted. The (s,m,.S)- and (s, ¢, m, S)-policies, however,
exhibit lower optimality gaps for increasing lead times. Longer lead
times inflate both the optimal reorder point s and can-order point c,

(For interpretation of the references to color in this figure legend, the reader is

but ¢ rises more rapidly. As a result, the region in which using a
discount opportunity is considered expands, creating more opportunity
to wait for an attractive discount. The (s, m,.S)- and (s, c, m, S)-policy
can exploit this effect, but the mod(s, ¢, .S)-policy cannot.

Variable order costs. When the order costs have a fixed and a
variable component that depends on the order size, and only the fixed
component is subject to a discount, we show in Section S.3.2 that
Theorem 1 remains valid under the mild condition that the per-unit
variable order cost is smaller than the expected per-unit backlog cost
between two decision epochs. However, when the variable order cost is
also subject to a discount, this creates a different problem which further
complicates the optimal replenishment policy (see, e.g., Moinzadeh
(1997)).

Fixed discount price. We assume that the discount price k is fixed
and does not depend on the size of the discount opportunity. This
assumption is motivated by our primary example, in which K denotes
the fixed cost of operating a truck and k reflects the additional handling
cost incurred when another shipper utilizes the available spare capacity
through a digital freight platform. Regardless of the magnitude of
the spare capacity (i.e., discount opportunity), this incremental cost
remains unchanged. Nevertheless, we conducted a small numerical
experiment (details in Section S.3.3) where the discount depends lin-
early on the size of the opportunity: a shipper pays k = pr when
using a discount opportunity of size r, where g is the per-unit cost
of a discount opportunity. We find that the optimal policy continues
to be characterized by a reorder, can-order, and order-up-to level.
However, the ordering decisions between the reorder and can-order
level differ from those described in Theorem 1. In particular, there are
no longer inventory level-specific thresholds that determine when to
use a discount opportunity. For a given inventory level x, it may be
optimal to use a discount opportunity in state (x,r) but not in state
(x,r +¢€), for some ¢ € N.

Discount opportunity arrivals. We assume that discount opportu-
nities arrive according to a Poisson process and are independent of the
demand process. This assumption is standard in the joint replenishment
literature and is analytically convenient (Silver, 1974; Zheng, 1994).
It is further justified in settings where discount opportunities arise
from the aggregation of many independent processes, such as freight-
sharing platforms, where spare transportation capacity emerges from
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the replenishment activities of a large number of shippers. In some
environments, the arrival of discount opportunities may be correlated
with demand conditions. For example, periods of low demand may
prompt suppliers to offer discounts, implying a positive dependence
between demand and discount arrivals. Accordingly, our results should
be interpreted with caution in settings where such dependence is
pronounced.

Discount opportunity sizes. Our analytical results assume that
the sizes of discount opportunities are independent across periods. In
Section S.3.4, we provide details of a numerical experiment in which we
assume that the discount opportunity sizes are serially correlated. This
reflects a situation with systematic demand fluctuations that influence
the size of the opportunities offered. Our results reveal that the optimal
order quantity then additionally depends on the last observed discount
opportunity size. If opportunities are correlated, the state space thus
becomes three-dimensional. If the expected size of the next discount
opportunity is large, we obtain: (1) a lower reorder point s; (2) a lower
can-order point ¢; and (3) higher threshold values {e,,,e,,,...,¢€.}.
In summary, buyers will place fewer regular orders and will be less
likely to use small discount opportunities if the expected size of the next
discount opportunity is large. The opposite effect is observed when the
expected size of the next discount opportunity is small.

4. How to set the discount price?

Our analysis so far shows that the buyer’s response to a given
discount offer depends on the discount price, its size, and the inventory
level. While a higher discount on the regular order cost increases
the buyer’s probability of accepting the offer, it also diminishes the
supplier’s margin on discount sales and may lower revenue from the

regular sales channel. In this section, we discuss the trade-offs that
come with setting the discount price.

We express the supplier’s average profit rate per period by I1(k) =
(k — cg)é (k) + (K — ¢,)é,.(k), where k is the discount price set by the
supplier, K is the regular order cost, and ¢, and ¢, are the execution
costs incurred by the supplier when the buyer places a discount or reg-
ular order, respectively. We let &,(k) and ¢,.(k) denote the average rates
at which the buyer places discount and regular orders, respectively,
under the optimal replenishment policy at discounted order cost k. As
we show in Theorem 1, for a certain k, the buyer decides to use a
discount offer or place a regular order based on its current inventory
level and the size of the discount opportunity. Given the complex
nature of the buyer’s optimal replenishment policy, it is hard, if not
impossible, to analytically express the order rates &,(k) and &,(k). Still,
we can numerically analyze their behavior and prove some monotonic
properties to obtain insight into the optimal discount price.

Fig. 5 illustrates the dynamics resulting from setting the discount
price k for a specific numerical setting. The gray dots display the
observed numerical values. As these observations do not appear smooth
due to the discretization of the buyer’s problem, we fit functions to
highlight trends (full colored lines). The supplier’s profit rate (green
line in Fig. 5) consists of profit from regular orders (purple line) and
discounted orders (pink line). These components are driven by the
respective ordering rates for discounted (blue line) and regular (orange
line) orders.

The supplier’s profit depends on k through three factors: (1) the
margin (k—c,) on discount orders; (2) the rate at which discount orders
are used &,(k), which decreases monotonically in k (see Appendix B
for a proof); and (3) the rate at which regular orders are placed &, (k).
A natural intuition is that &.(k) should increase monotonically in k,
as higher discount prices make discounted purchasing less attractive
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and should shift demand toward regular orders. In Fig. 5, however, we
observe that this intuition does not always hold: increasing the discount
price can also reduce the rate of regular sales, leading to a drop in
profit from regular orders. The reason is that higher discount prices
may induce changes in the buyer’s optimal inventory policy that reduce
overall ordering activity and increase inventory holdings, rather than
reallocating purchases from discounted to regular orders.

The supplier’s profit maximizing k, indicated by k% in Fig. 5, op-
timally balances (k — ¢;), &;(k), and &.(k). Setting the discount price
at k7 yields limited discount sales, as discounts are rarely used when
the discount price  is too high relative to the regular order cost K. The
discount acceptance rate could be increased by reducing the discount
price. Although this reduces the supplier’s profit rate, it leads to cost
savings for the buyer, whose costs increase monotonically with the
discount price k (see Appendix B for the proof).

Increasing the discount price k does not lead to proportional
changes in the supplier’s profit and the buyer’s costs. An increase
in k raises the buyer’s total cost, whereas the supplier’s profit does
not necessarily increase at the same rate, or even increase at all.
This asymmetry arises because the buyer optimizes its replenishment
policy for each given value of k. As a result, changes in k may alter
the composition of inventory and the balance between regular and
discounted ordering costs.

The way in which the supplier’s profit and the buyer’s cost vary
with k depends on the level of k itself, and a general characterization
is not possible. One exception occurs when ¢, = K, in which case the
supplier’s profit simplifies to IT(k) = (k — c;)&,(k). This profit function
can be interpreted as one in which the supplier is responsible only
for discounted orders, while regular orders are fulfilled by a different

supplier. In Fig. 6, we plot the supplier’s profit IT(k) (green line), the
buyer’s cost C(k) (red line), and the discounted order rate &,(k) (blue
line) when ¢, = K. Note that the buyer’s costs are expressed as negative
values. We additionally plot the combined profit of the supplier and the
buyer, expressed by IT(k) — C(k) (black line).

When ¢, = K, we can characterize the relation between the buyer’s
cost and the supplier’s profit in three zones, illustrated in Fig. 6. In the
first zone, where 0 < k < ¢,, increasing the discount price improves the
supplier’s profit rate more than it inflates the buyer’s cost, i.e., dIT (k) >
0C(k) > 0. In the second zone, where ¢, < k < k¥, increasing the
discount price still improves the supplier’s profit rate, but the buyer’s
cost rate escalates more rapidly, i.e., 0C(k) > dIT(k) > 0. Finally, when
k > k¥, increasing the discount price reduces the supplier’s profit rate
and augments the buyer’s cost, i.e., dC(k) > 0 > oIl (k). We visualize
these dynamics in black through the combined supplier’s profit and
buyer’s cost rate, expressed by I1(k) — C(k). In Appendix B, we prove
that the combined profit is maximized at a discount price k = ¢;, which
we formalize as follows:

Proposition 2. If ¢, = K, the combined profit of the supplier and the
buyer I1(k)—C (k) is maximized when the discount price equals the execution
cost of discount offers, c,.

These results reveal that when the buyer uses discount offers, it
reduces sourcing costs (at the supplier’s expense) and additionally
benefits from reduced inventory costs. However, as these inventory
cost savings do not transfer to the supplier, coordination between
the buyer and the supplier may be required to achieve the system-
wide optimal solution. For instance, if the buyer shares its inventory
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and sourcing cost savings due to higher use of discount orders, the
supplier can be incentivized to price discount orders below k}. As
such, additional buyer-to-supplier compensation can increase discount
transactions while benefiting both parties. Similar incentive misalign-
ments and coordination failures have been studied in the supply chain
literature, where mechanisms such as revenue-sharing contracts are
employed to align decentralized decisions with system-wide objectives
and restore efficiency (e.g., Cachon (2003) and Cachon and Lariviere
(2005)).

5. Conclusion

We study a setting where a supplier occasionally offers a buyer a
discount on the fixed order cost. The quantity that can be ordered at
a discount is restricted by a random capacity constraint. While ran-
dom discount opportunities and capacity constraints have been studied
in isolation, we address both complexities simultaneously. We first
analyze the buyer’s cost-minimizing response to capacitated discount
offers. Understanding this behavior allows us to analyze the effect of
setting the discount price.

We prove that the buyer’s optimal policy to place regular and
discount orders resembles a can-order policy (characterized by a unique
reorder, can-order, and order-up-to level) but additionally features
inventory level-specific thresholds. When the inventory level drops to
the reorder point, it is optimal to place an order to replenish up to
the order-up-to level. A discount offer is used only if the inventory
level is at or below the can-order level and if the discount opportu-
nity’s capacity exceeds the inventory level-specific threshold. Then, we
conjecture it is optimal to replenish up to the order-up-to level or as
close as possible given the discount’s capacity constraint.

As the thresholds complicate the optimal policy — limiting its
practical applicability — we introduce three heuristic decision rules
inspired by the optimal policy’s structure. We provide an analytical
bound on their worst-case optimality gap in settings with an infinitely
high backlog cost rate. In a numerical study, we compare their perfor-
mance and quantify the dominance of the four-parameter (s, c, m, .S)-
policy, that extends the (s,c,.S) can-order policy with a minimum
threshold parameter m. The parameter m ensures that an order is
placed only when its size exceeds m units. Across 360 numerical set-
tings, the (s, ¢, m, S)-policy achieves an average optimality gap of 1.7%,
though at a higher computational cost than the simpler three-parameter
heuristics. The (s, m, .S)- and mod(s, ¢, S)-policies exhibit higher average
optimality gaps at 5.2% and 7.8%, respectively. While the former
extends the (s, .S)-policy with a minimum threshold parameter m, the
latter constrains the orders of a regular can-order policy by the capacity
limit. Our results underscore the critical role of the minimum order
parameter m, indicating that discount offers should only be accepted
when sufficient volume can be ordered.

With the buyer’s optimal response to discount opportunities in
mind, we study the supplier’s decision to set the discount price. A low
discount price increases the probability that the buyer will accept the
offer, but erodes the supplier’s margin on discount sales and may reduce
revenue from regular sales. We find that the profit-maximizing discount
that balances this trade-off leads to limited discount sales, below the
level that would be optimal for the combined profit of the buyer and
supplier. An additional buyer-to-supplier compensation is necessary to
incentivize the supplier to set a lower discount price which would
benefit both parties.
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Appendix A. Proofs of Section 3.2
Proof of Lemma 1(a). We must show that v*(x,r) > v*(x + ¢, r) holds

for every state (x,r), with e € N. Let ¢* be the optimal action in state
(x + €, r), meaning that it is the action that minimizes Eq. (4):

v'(x+er)=C(x+er),qg)+y

*x+e+q"—1,0
A+MU(X €+q, )

=r

+ ﬁ r; PRV (x + €+ q:,r/)] s

which is always lower than or equal to the future discounted costs of
taking any other action g # ¢!. Let ¢* be the optimal action in state
(x,r), and note that ¢* — ¢ is not per se optimal in state (x + e,r).
By considering the (sub-optimal) action ¢* — ¢ in state (x + ¢,r) and
exploiting the fact that ¢* is optimal in (x,r), we show that v*(x,r) >
v*(x + €,r) as follows:

()
v'(x+e€,1r) <C({(x+e€,7),q" —¢€)

+y [ Aiﬂu*(x+e+q*—e—l,0)
=r
+ ﬁrgl PRV (x + €+ g —e,r/)]
@ C((x+e,r),q*—€)+y +MU*(x+q*—l,O)
=r
+ ﬁ ,;1 PRV (x + q*,r’)]

(iii)
< C((x, 1), q") +7 [ v*(x+q* - 1,0)

At+u

M = £ *
T Z:l PRV (x + g%, 1) ]
@ v*(x,r).

(i) follows from the fact that action ¢* — ¢ is not per se optimal in state
(x + €,r). With some algebra, (ii) follows. (iii) stems from the fact that
C((x +€,r),q* —€) < C((x,r),q%), through Eq. (1). As ¢* is the optimal
order in state (x,r), (iv) follows. We thus find that v*(x +¢,r) < v*(x,r)
for each state (x,r) withe € N. []

Proof of Lemma 1(b). Consider two states (x, r) and (x, r+¢) with ¢ € N.
We show that v*(x,r) > v*(x,r + €) V x. Let ¢* be the optimal order
quantity in state (x,r). Using the same logic that was used to prove
Lemma 1(a), we evaluate the cost of taking action ¢* in state (x,r +¢),
which is not per se optimal. Then:

@)
v (x,r+€) < C((x,r +€),q")+v [ v'(x+4" - 1,0
At

r=r

H IN, %
+mr§¢k<r)u<x+q,r>]

(i)
< ) +y [ Ai V(x+q" = 1.0)

u
r=r

4 Y pr( ot (x + q*,r’)] .
=1

A+u

(i) stems from the fact that ¢* is not per se the optimal order quantity in
state (x, r+¢). (ii) follows because C((x,r+¢€),q*) < C((x,r), g*), through
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Eq. (1). We thus find that v*(x, r+¢) < v*(x, r) for every state (x, r) with
eeN. O

Proof of Lemma 2(a). G(x) is strictly decreasing in the interval x €
) — 00,0], because L(x) is strictly decreasing for x < 0 as b > 0, and
v*(x,r) is non-increasing in x for every r, per Lemma 1(a). []

Proof of Lemma 2(b). Let S > 0 be a global minimum of G(x). We
show that G(x) is strictly increasing for x > S + 1, which corresponds
to showing that 4,G(x) > 0 for x > S+ 1, with 4, G(x) = G(x+ 1) — G(x)
the discrete derivative of G(x). We analyze the discrete derivative as
we assume that x € Z.

Because S is a global minimum of G(x), we know that for x > S:

v*(x,r) = min min G(y), X<T£?+,[G(y) + kI, x’l‘rl?y[G(y) + K]
=G(S).

That is, if we have an inventory level x > S, we stay put or discard
inventory at zero cost to reach S, which is the inventory level with the
lowest expected sum of discounted costs. By replacing v*(x,r) = G(S)
for every state (x,r) with x > .S, we can derive the following expression
forx>S+1:

G(x)= L(x)+7 iﬂu*(x - 1,00+ FMM 3 (0t (x.r)
r'=1
_ A H = ’
=L(x)+y T+ MG(S) + Tt Z dr(HG(S)

=1
= L(x) +yG(S).
Then, for every x > S+ 1:

4,G(x)=G(x+1)-G(x)
= (L(x + 1) +yG(S)) — (L(x) + yG(S))
=L(x+1)— L(x)
- _h
Atpu+a
h/(A+ u+ a) > 0 because h > 0. Thus, G(x) is strictly increasing for
x > S+ 1, with S a global minimum. []

Proof of Lemma 2(c). Lemma 2(a) shows that global minima of G(x)
is found in the interval x € [0, oo (, because G(x) is strictly decreasing
in the interval x € ( — 00,0 ]. Lemma 2(b) shows that G(x) will be
strictly increasing in the interval x € [S+ 1, co(, where S > 0 is a global
minimum of G(x). In Section S.1 of the online Supplementary Material,
we demonstrate that if v*(S—1,0) # ﬁ(/l+a+/1S), then G(S) < G(S+1),
such that G(x) is increasing in the interval x € [.S, oo(. In this case, we
prove by contradiction that G(x) has a unique global minimum in S.

Assume G(x) has two minima S, and .S, with 0 < S| < S,. Given
that both points are minimizers, it must hold that G(S|) = G(S,).
Provided that v*(S,—1,0) # %(/1+a+/1S1), G(x) is strictly increasing in
the interval x € [S}, oo(. Therefore, for any point .S, > .5;, it must hold
that G(S,) > G(S)), contradicting the statement above. Hence, there
exists only one global minimum. [

Lemma A.1. If it is optimal to place a strictly positive order g > 0 in state
(x,0), then the optimal order in state (x — ¢,0) withe e N is ¢’ > q.

Proof. Let (x,0) be a state in which it is optimal to place an order g > 0,
meaning that v*(x,0) = min, o, [G() + K] = G(x+¢q) + K. We prove by
contradiction that the optimal order ¢’ in state (x — ¢,0), with ¢ € N,
will always be at least as high as the optimal order ¢ in state (x,0),
i.e., ¢ < ¢'. Suppose therefore that ¢’ < q. We distinguish between two
cases:
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1. If ¢ < 0, then v*(x — ¢,0) = min,.,_. G(y) = G(x — € + q) <
Gx—e+(@+e)+K=G(x+q) + K =v"(x,r).

2.1f0 < ¢ < g, then v*(x — ¢,0) = min,_.,¢,[G) + K] =
Gx—e+qd)+K<G(x—e+(g+e)+K =Gx+q)+K = 0v*(x,0).

In both cases, v*(x — €,0) < v*(x,0), which contradicts Lemma 1(a).
Hence, if it is optimal to place an order ¢ > 0 in state (x, 0), the optimal
order in state (x —¢,0) withe e Nis ¢’ > ¢q. [

Lemma A.2. If it is optimal to place a strictly positive order q > 0 in state
(x,r) with r > S—x, where S is a global minimizer of G(x), then the optimal
order in state (x —¢,r’) withe e Nand ' > S —(x—¢)is ¢’ > q.

Proof. Let (x, r), with r > S —x, be a state in which it is optimal to order
q > 0 such that v*(x,r) = min, <., [G(Y) + k] = G(S) + k. Now consider
state (x — e,7'), with ¢ € Nand v/ > S — (x — ¢€), such that »/ > r, in
which it is optimal to order ¢’. We prove by contradiction that ¢’ > q.
Suppose therefore that ¢’ < ¢ We distinguish between two cases:

1. If ¢ < 0, then v*(x —e,/) = min,.,_, G(y) = G(x — € + q) <
G(S)+ k =v*(x,r).
2.If0 < ¢ < g, then v*(x — ¢,7) = min,_ e,y [G(Y) + k] =

Gix—e+q)+k<G(S)+k=v*(x,r).

As per Lemma 1, we know that v*(x,r) < v*(x —e,r) < v*(x — ¢, 1) with
¥ >r.If ¢ < q, however, we find that v*(x —e, ') < v*(x,r), with e € N
and ' > r, which contradicts Lemma 1. Therefore, the optimal order
quantity ¢’ in state (x —e,r’) with e € N and ¥ > S — (x — ) will always
be equal or larger than the optimal order quantity g in state (x, r) with
r > .S —x. That is, if in state (x, r) the size of the discount opportunity r
permits to replenish to S and it is optimal to do so, then it will also be
optimal to order up to S in state (x/,7) with x’ < x and # > r if the
size of the discount opportunity ' permits to reach S. [J

Lemma A.3. If it is optimal to place an order 0 < g < r in state (x, r), then
the optimal order in state (x,r + ¢) with e € N is ¢’ > q.

Proof. Let (x,r) be a state in which it is optimal to order 0 < ¢ < r,
such that v*(x,r) = min,_, <., G(») + k = G(x + q) + k. We prove by
contradiction that the optimal order ¢’ in state (x,r + ¢), with ¢ € N,
will always be at least as high as the optimal order ¢ in state (x,r),
i.e., ¢ < ¢'. Suppose therefore that ¢’ < q. We distinguish between two
cases:

1. If ¢ <0, then v*(x,r+¢) = min,, G(y) = G(x+q') < G(x+q)+k =
v*(x,r).
2.1f0 < ¢ < g, then v*(x,r + €) = min, ey, GO) + k =

Gx+q)+k<Gx+q)+k=0v"(x,r).

In both cases, v*(x,r + €) < v*(x,r), which contradicts Lemma 1(b).
Hence, the optimal action in state (x, r + €) orders ¢’ > g if the optimal
action in state (x, r) orders ¢ < r. Thus, given an inventory level x, the
optimal order quantity is monotonically increasing in r. []

Proof of Theorem 1. As lim,_,_, G(x) = o0 > G(S) + K, where S is a
global minimizer of G(x), see Lemma 2(c), there exists a point at which
placing an order and incurring the order cost K is optimal. Lemma A.1
shows that this reorder point s is unique, by proving that the optimal
order quantity in state (x, 0) is monotonically increasing for decreasing
x, i.e., if it is optimal to order at inventory level x, it is also optimal
to order at inventory level x’ < x. When (x,0) with x < s, an order is
placed to replenish to S. Similarly, as lim,_,_,, G(x) = o > G(S) + k,
there exists a point at which using a discount opportunity and incurring
the order cost k is optimal, provided that the size of the discount
opportunity r is large enough. Lemma A.2 shows that this can-order
point c¢ is unique. In states (x,r) with s < x < ¢, an order is placed if r
is larger than a certain inventory-level dependent threshold e,, which
follows from Lemma A.3. In states (x,r) with x < cand S —x < r, an
order is placed to replenish to .S, at which G(x) is minimal. []
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Appendix B. Proofs of Section 4

Lemma B.1. The buyer’s optimal discount opportunity usage rate &,(k) is
monotonically decreasing in k when all other parameters (4, u, h, b, p, and
K) are kept constant.

Proof. Let C(k) be the buyer’s minimum long-run average cost per
period in function of k when all other parameters (A, u, h, b, p, and
K) are kept constant. Define C(k, |z} ) as the buyer’s cost when k = k,
and the optimal policy 7: is followed such that C(k;) = C(k, |zr )
Similarly, we introduce ;;d(,,; ) as the buyer’s discount opportumty
usage rate when following the optimal policy 77,'k when k = k|,
such that &;(k)) = &;(x} 1) Let Cyx(k;|r; ) be the buyers inventory
and regular order costs when following pohcy 7 such that C(k,) =
Clkylm; ) = Crglkylmy ) + ki gy ).

We consider two settmgs with different discount prices k; and k,
with k; < k,, ceteris paribus. Assume that &;(k;) = §d(7rkl) < &ylmy ) =
&,(k,). We show that such a situation can never occur, such that &;(k)
is monotonically decreasing in k.

Zz is the buyer’s optimal policy when k = k, which implies that
the average cost per period when following policy ﬂ’tz when k = k, can
never be higher than when following another policy, say ”Zl

T

C(ky) = C(k2|nz2) < C(k2|,rzl)
& Cixlholry) +koty(m)) < Crxlhs ) + kofy ()
& ky(&(m) = &) < Crxlaly )

which means that it can only be optimal to increase the discount
opportunity usage rate from &, (7} ) to &, (x ) when k increases from
k, to k, if the resulting increase in discount opportunity costs is less
than or equal to the savings in inventory and regular order costs.
Similarly, #; is the buyer’s optimal policy when k = k; which
implies that the average cost per period when following policy r;
when k = k; can never be higher than when following another pohcy,

say ”kz

- Crx(kylmy,), (10)

C(ky) = C(k1|7r,j])5 C(k1|ﬂzz)
& Crglkg Iﬂz]) + k]é‘d(lr,’j]) < Crilk |nZZ) + klgd(ﬂzz)
— C]K(kl |71';:2) < kl (fd(ﬂ'zz) - éd(”ltl))'

Because k; < k,, we find:

& Crxlkylmy)

Crx(ky |71'Z]) = Crx(ky |71'Z2) <k (éd(”zz)_éd(”z] )) <k, (fd(ﬂ'zz)—fd(”z] ))
an

Note that the inventory and regular order costs do not depend on &,
they only depend on the specific policy that the buyer follows. This
means that:

Crxlkilay) = Crylkylay)) = Crgliglmy ) = Crgaly) 12)

Combining Egs. (10), (11), and (12), we thus find that:
ka (8a(xy,) = &a(xy ) < Crg(kalmy ) = Criclhymy)
= Crg(ky |”z]) = Crg(k |7FZ2) < kz(fd(”;z) - ‘fd(”/tl )
which is impossible. Therefore, there exists no k; < k, for which

&,(ky) < &4(ky). Thus, &,(k) is monotonically decreasing in k. []

Lemma B.2. The buyer’s optimal long-run cost rate C(k) is monotonically
increasing in k when all other parameters (4, u, h, b, p, and K) are kept
constant.

Proof. Let C(k) be the buyer’s minimum long-run average cost per
period in function of k when all other parameters (A, u, h, b, p, and
K) are kept constant. Define C(k, |7r;:1) as the buyer’s cost when k = k,
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and the optimal policy z; is followed, such that C(k;) = C(k,|x} )
We consider two settmgs with different discount prices k, and k2
with k; < k,, ceteris paribus. Firstly, note that Clkylm; ) < C(kzlﬂ'k?),
because in both cases we follow the exact same policy 7 , but the cost
of discount opportunities is lower in the setting with k = k. Secondly,
Clk,|m; )< C(ky |z 2), because the optimal policy yields the lowest
average cost per period by definition. Combining both inequalities,
we find C(k)) = Clklx} ) < Clkylry) < Clkylmy ) = Cky). Thus,
C(k;) < C(ky) for k; < k, which means that C(k) is monotonically
increasing in k. []

Proof of Proposition 2. Let C(k) be the buyer’s minimum long-run
average cost per period in function of k when all other parameters (4,
u, h, b, p, and K) are kept constant. Define C(ky|x} ) as the buyer’s
cost when k = k; and the optimal policy zr;:] is followed, such that
Cky) = C(klln*) Similarly, we introduce «fd(ﬂ* ) as the buyer’s
discount opportunity usage rate when following the optlmal policy =}

when k = k;, such that &,(k;) = &y ) Let Crx(ky|x} ) be the buyer s

inventory and regular order costs when following pohcy ”kl such that
Clky) = Clikylmy ) = Cr(ky |y )+ k&g ().

Let I1(k) be]the supphers profit when ¢, = K, such that I7T(k) =
(k — ¢y)é,(k). We show that IT(k) — C(k) is maximized at k = ¢;. To
do so, we demonstrate that I7(k)— C(k) is monotonically increasing for
k < ¢, and monotonically decreasing for k > c,;. We start by showing
that I7(k)—C(k) is monotonically increasing in k < ¢,. For this purpose,
consider two settings with different discount prices k; and k, with

ky < ky < ¢4, ceteris paribus. We show that (I7(k,) — I1(k;)) — (C(ky) —
C(ky)) 2 0.
Consider:
@® - .
C(ky) — C(ky) = C(k2|”k2) = C(k, |7l'k])
(i)
& C(ky) = C(ky) < C(kzlﬂz )—C(kllﬂ,f )
& Clky) - C(kl) CIK(k2|7fk )+ szd(”k )= Crx(ky |75;:1) - klid(”:l)
= C(kz)—C(kl) (kz—kl)éjd(frk

(i) follows from the definition of C(k); (ii) follows because following
a sub-optimal policy 7rk when k = k, can never yield a lower cost
than the optimal policy nk ; (iii) follows from the definition of C(kl|m);
(iv) follows because the 1nventory and regular order costs do not
change in k when following the same policy ”ku’ ie., C; K(k2|ﬂ'kl) =
Crx k1)

Next, we analyze:

I (ky) — (ky) ; (ky — Cd).fd(”:z) = (kg — Cd)ﬁd(”:l)

P ka&y () = ki&a(m ) + cq (8 ) = Ea ()
o M) -Mk) > kgéd(ﬂkq)— 16a(my )+ ko (84 ) = Ea ()
< U(kz)—H(k1) (kz—k1)§d(ﬂk)

(i) follows from the definition of IT(k); (ii) follows directly by algebraic
manipulation; (iii) follows because k, < ¢; and «fd(zr,’:l) - .fd(zrzz) > 0
per Lemma B.1; (iv) follows directly by algebraic manipulation.

Thus, because C(k,) — C(k;) < (k, — kl)éd(n,’zl) and I1(k,) — (k) >
(ky—k)Eg(my ) for ky < k; < g, we find that (I (ky)— I (ky)) — (C(ky)—
C(k,)) > 0 for k| < ky < ¢4. The combined profit of the buyer and the
supplier is therefore monotonically increasing in k < ¢,.

We proceed with showing that I1(k) — C(k) is monotonically de-
creasing for k > ¢, in a similar fashion. For this purpose, consider two
settings with different discount prices k5 and k, with ¢; < k3 < k4. We
show that (I7(ky) — IT(k3)) — (C(ky) — C(k3)) <O0.

Consider:

Clky) — C(k3) 2 Clkylmy,) = Clks|my)
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an * *
& Clky) = Clk3) 2 Clhylm ) = Clhs|my,)
(iii)
& C(ky) — C(ks3) 2 CIK(k4|”Z4)+k4§d(7FZ4)—CIK(k3|ﬂZ4)—k3fd(ﬂ';4)

(iv)
& Clky) = Clkz) 2 (kg = k3)éq(my)-

(i) follows from the definition of C(k); (ii) follows because C(k3|7r:3)
< C(k3|7z;4); (iii) follows from the definition of C(k|x}); (iv) follows
because the inventory and regular order costs do not change in k when
following the same policy 77,'*4, ie., C,K(k4|7z;4) = CIK(k3|”Z4)'

Next, we analyze:

I (ky) — II(k3) (L_) (ky — Cd)fd(ﬂz4) — (k3 — cd)'fd(”/ts)

)]
< (ky) — H(k3) < (kg — Cd)éd(”z4) — (k3 — Cd)fd(”;4)

(iii)

& (k) — H(k3) < (kg — k3)§d(ﬂz4).

(i) follows from the definition of IT(k); (ii) follows because k3 —c; > 0
and §d(7r;:3) > 5‘1,(”;(‘4 ), per Lemma B.1; and (iii) follows directly.

Thus, because C(k,) — C(k3) > (ks — k3)§d(ﬂ,’:4) and IT(ky) — I (k3) <
(kg —k3)éq(my ) for ¢y < ks < ky, we find that (I (ky)— I (k3)) = (C(ky)—
C(k3)) <0 for ¢; < k3 < ky. The combined profit of the buyer and the
supplier is therefore monotonically decreasing for k > ¢,.

As we have shown that the combined profit of the buyer and the
supplier is monotonically increasing for k < ¢, and monotonically
decreasing for k > ¢; when ¢, = K, we find that the combined profit
II(k) — C(k) is maximized at k = c;. [J

Appendix C. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ejor.2026.04.016.
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