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Abstract

We derive a couple of results associated with the distribution of the integral J of a square-
integrable function with respect to a Brownian bridge. These results are useful to design sampling
algorithms and provide a tight upper bound for the distribution of the running supremum of J.

1 Introduction

An Tto integral I = (I;);>0 of a deterministic integrand is a stochastic integral of a function o with
respect to a Brownian motion W:

I, = /Ot o(u)dW, . (1)

It is well known that this process is a continuous local martingale with zero expectation. More-
over, under suitable integrability conditions of o, it is a genuine martingale whose variance is given
by Ito’s isometry: E[I;] = 0 and V[I;] = fot o2(u)du; see, e.g., [3]. This type of integrals shows up
in various applications related to stochastic calculus. For instance, this is the case when dealing with
a geometric Brownian motion featuring a time-dependent deterministic volatility function, with the
Ornstein-Uhlenbeck process or with ®-martingales, to name but a few. More information about these
processes can be found in [10], [4] and [7], respectively.

Often, one is led to study the behavior of the stochastic integral I when conditioning with respect
to the value of W at some given time 7' > 0. This is the case, for example, when exploiting conditional
independence combined with the tower law as well as for variance reduction. In quantitative finance,
for instance, this is particularly useful to price exotic options (see, e.g., [10, p.114]). This leads us to
study the behavior of I subject to W = ¢ or, equivalently, of a stochastic integral J of a deterministic
function o with respect to a Brownian bridge B := (By)¢>0 :

t
J, = / o(u)dBy where (Bo,Br)=(0,c) and ce€R, T>0. @)
0

Indeed, by definition, the dynamics of B coincide with that of a Brownian motion W subject to the
terminal condition W = c. Consequently, it holds that

Jp ~ Iilwp=c - 3)

Recall that B is a continuous Gaussian process with mean and covariance functions given, for any s,t < T,
by (see, e.g., [3, Section 5.6.B] or [10, Section 4.7.2] for more details about the Brownian bridge)

E[B;] = c% and Cov[Bs, B =sAt— %t . (4)
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These expressions can be easily extended to the case where s,t could be beyond T: Assuming a grid
T = (tg,t1,...,t,) of strictly increasing times, sampling the process B at times in 7(") yields the
vector B(()n) = (By,, Bt,, ..., B, ), which is multivariate normal with parameters given by the functions

AT (sAT)(tAT)

WP = E[B] = oL and %B(s,t) = Cov|Bs, B = s At — erns (5)

This extension amounts to consider that, beyond T, the bridge behaves as a Brownian motion.
Although several construction schemes are possible, one stochastic representation for B is to set

Vi
Bt:Wt* T ¢

(tAT) (6)
where W is a Brownian motion. This is the expression in [10, Def. 4.7.4], adjusted to accommodate the
case t > T.

In what follows, we assume that o is square-integrable up to any of the considered times and, in
particular, up to T. Recall that a function o : RT — R is said square-integrable up to t if

t
o]l < oo where ||of|? ::/ o?(u)du .
0

We compute a couple of marginal and joint distributions related to J and J (()n) = (Jigy Jtys- s Jdt,),
and illustrate the results associated with the supremum using numerical simulations.

2 Marginal and conditional distributions of J

We define the following functions for further references :

t
DX
(1) ::/ o(u)du, X(s,t)=X(t)—2(s), pr(st):=
0
and
v7(s,t,u) = llollf = llollf = Tui(s,u) . V(tu) =270, tu) .

The next lemma gives the expression of the distribution of J;.

Lemma 1. Let J be given by (2) where o is square-integrable up to t V' T. Then, for all t,T > 0,
Jy ~ N (epr(EANT),F(EEAT)) (7)

Proof:
_ The proof relies on the representation of the Brownian bridge B as a function of the Brownian motion
W given in (6). Note that B is not adapted to the natural filtration of W, but this is not a problem. An
alternative proof that does not rely on this representation is given in the On-line appendix.

t
0

Wr —c

/Ot o(u)dW, — /Ot o(uw)d(u AT)

t T 13 tAT
~ AW, —
/ U(u)dW1L—‘[O+C / o(u)du
0 0

tAT t tAT
— SxuaT)+ / o (u)dW, + / o(u)div, — 2T / AWy + W — Winr
T 0 tAT T 0

tAT t
= cur(tAT) —l—/o (J(U) - w> dw, + /MT o(w)dW, — (Wr — Wt/\T)M . (8)



Note that the sum of the last three terms in (8) is a centered Gaussian variable whose variance is the
sum of the individual variances because they relate to non-overlapping increments of W. In particular,
at most one of the last two terms is non-zero. Using It0’s isometry, the variance of J; is thus

VL] = /O (du)—%) du—l—/tATaQ(u)du—l—(T—(t/\T))w
= ol =2+ AT ol ol + (7 = A T) 5T

ol = Tuz(tAT) .

Adopting our notation, one obtains J; ~ N (cur(t AT),v%(t,t AT)), which is (7).
O

The next lemma gives the distribution of Il := I; — I, when conditioning with respect to the Brownian
motion W at time 7" and possibly also at time s <t A T.

Lemma 2. Define J! := J; — Js, where o is square-integrable up to t VT and 0 < s <t,T. Then,
I, ~ N ((c = Bs)pur—s(s,t NT),va_ (s, t,t AT)) . (9)

Moreover,
J ~./\/(c,uT(s,t/\T),'y%(s,t,t/\T)) . (10)

Proof:
We define B as the bridge satisfying By = a and Bp_, = b, which can be represented as (adapted
from [10, p.175]): }
WT—s — (b — (l)

Bu=at W,
@t T—s

(u A (T - S)) )
where W is a standard Brownian motion. An alternative proof that does not rely on this representation
is given in the On-line appendix. We also introduce &(u) := o(u + s) leading to X(u) = fou o(v)dv =

fqurs o(v)dv = X(s,u + s) and [|6]|2 = ||o]|2,, — ||o]|2. Set a = B,, b = ¢, I = fg&(u)qu, and
t" .=t AT to shorten the expressions. Noting that (¢t — s) A (T'— s) = t" — s, one gets

t—s

t t—s
/9C’(“)dW“|<ws,wT>:<Bs,c>N/O 5(“)dW"‘<v"voﬁv"vT,s):<Bs,c):/0 6(w)dBu

_ T t"h—s
= L.+ b-a)=-Wr, WT_S/ & (u)du
0

Ji|B.

T-—s
7 Ft—s (b*(l)*WT_s~
= It/\78+l<tt/\_s+TZ(tA *8)
_ b-a N th=s /- X(s,t") ~ - ~ ~ X(s,t")
= mx(s,t ) +/0 (J(u) - Tis qu + ItAfs - (WT75 - Wt/\,s) T_s (11)

The sum of the last three terms in (11) is a centered Gaussian variable whose variance is the sum of
the individual variances because they relate to non-overlapping increments of W and that at most one
of the last two terms is non-zero. Using It&’s isometry, the variance of J¢|g, is thus

VB, = /O h <5(u)—ET(37’f;)) du+/tA:S52(U)du+(T—s—(tA—S))%
o S2(s, ) . S (s, 1) Ay 2t
= ol — 2=+ fs)m+(Tfsf(t ””W

ol = lloll2 = (T = s)u7_o(s,t AT) .

Replacing (a,b) by (Bs,c) yields J!|p, ~ N ((c — Bs)ur—s(s,t ANT),v3_,(s,t,t AT)), which is (9).



The second claim follows from the tower law, and noting that E[®(u + 0cZ)] = @ (ﬁ) where

Z ~ N(0,1) is a standard normal variable and ® its cumulative distribution function. Indeed, the
cumulative distribution of J! becomes

=i - oo (Bt

x—cpur—s($,t AT) + pr—s(s,t AT) <% +4/s— %Z)

= E|®
vyr—s(s,t,t AT)

2 —cpr—s(s,t AT)VEZE — (s, t NT)\ /51522
vyr—s(s,t,t AT)

= E|®

x —cur(s,t AT)
\/’YT S AT) + g (s, t AT)sTH2

:q)( z— cpur(s,tAT) )
(

Vel =Nl = Tz (s, t AT)

x — cur(s, t/\T))

= &
yr(s,t,t ANT)

3 Joint distribution of J

As expected from the multivariate normal property of increments of B, the same applies to J when o
satisfies the squared-integrability condition.

Lemma 3. Let o be squared-integrable up to sV tV T. The stochastic integral J is a Gaussian process
with mean and covariance functions

lssamseaT).  (12)

() =E[J] = cur(t AT) and %7(s,t) = Couv[Js, Ji] = ||o]|?r; — T

Proof. We prove that (Js, J;) is jointly normal with known p and X. To this end, we start by considering
that s <t < T, compute the marginal mean and variance, and then show that (Jg, J?) is jointly normal.
From Lemma 1, the elements of g and the diagonal elements of 3 are necessarily given by

pr=E[J] =cpur(s), pe=E[L]=cur(t), S11=V[J]=77(s,s) and g2 =V[J]=~F(t1).

Let us now compute Cov[J,, J{] when s < ¢. In this case, J; is independent from J¢ given B, and it
holds from the tower law that

E [J,J!] = E [E[J,J!|B;]] = E [E[Js|B,]E[J{|B]] .

On the other hand, J,|p, has the same distribution as Jp when replacing T by s and ¢ by B by (7) in
Lemma 1, and the distribution of Js|p, is given by (9) in Lemma 2. Hence,

2(s)

E[JS|BS] = NS(S)BS = Bs, ]E[J§|BS] = MTfs(Sv t)(c - B;) = (C - BS) (13)



such that

B(1.01] = E[BUIBEUIE] = 2o eB(B) - V(B - BB
_ Y(s)X(s,t) (czi . f B ﬁ)
s(T—s) T T T°
_ X(8)X(s,t), 58 s s
= ﬂ(c 7=7)=s=7%)
A-T
= TE(S)E(S,t) .

Using the mean of J! available from (10) in Lemma 2, one obtains

-7
T2

Cov [J,, JL] = Y(8)%(s,t) — Aur(s)pr(s,t) = —%Z(S)Z(Sﬂf) when s < t. (14)

We conclude that the covariance between Jg, J; when s <t is given by

S12 = Covlls, Jil = VIZ] + CovlJa, Ji] = % (s, 9) — 25(5)5(5,) = o2 ~ Z5(5)5(0)

Although intuitive, we now show that (Js, J;) is bivariate normal. To this end, it is enough to prove
that so is (Js, J!). We have

P(Js < a,J; S y) = E[P(Js < a, J; < y|W,)] = E[P(J; < z[W,)P(J; < y[W,)]

where, from Lemma 1 and Lemma 2, one respectively gets

P(J, <2|Ws) = (%S'L:)(S)) and P(J!<y|W,) =@ (y — (C'y;,vz/(il?t_)S(&t)) .

Setting Z = W,/+/s ~ N(0,1), the joint probability becomes

x— (e + /s — 52 2)ps(s) y—(c—cs — /s — 22 up_s(s,t)
P(J, <z, Ji<y)=E | T T d T T

Ys(s,8) yr—s(s,t,t)
which can be written as
U I o oo
E®(u+oc2)®(p+c2)] =@ , ; .
[l Sl ) 2<\/1+02 V1+62 \/1+a2\/1+52>

The values p, fi, 0,5 can be found by identification, and coincide with the moments of J; and J!:
p=ElJ] =cur(s), p=E[J]=cpr(s,t), o>=V[J]=1F(s,;s) and &°=V[JI]=~7(s1,1).

Having shown that (Jg, J!) is bivariate normal, we conclude that so is (Js, J;) = (Js, Js + JL). As a
check, one can verify that the mean vector p satisfies

po=p=p'(s), p2=E[Js+J]=p+p=cpr(t) = p’(t)
and the covariance matrix 3 indeed corresponds to
Y1 =02 =V =%(s,5), Dao=V[J+J]=0>+5+2Cov[Js, JI] = v2(t,t) = V[J] = 2/ (t,1)

and
1

S12 = Covlds, Ji] = V[Ji] + Covl[Js, J] = vE(s,5) — %2(5)2(571&) = llolZ - 7E(5)E(t) = 27 (s,1) -

The case s > t amounts to exchange the roles of s, in ¥ ».



It remains to tackle the case where s,t can be larger than T. To this end, it suffices to adjust the
expression of the moments. For the means (resp. variances), it is enough to cap the first argument of
pr (resp. the second argument of v2) at T. For the covariance,

1
Cov[Js, J7 + J&] = Cov[Js, Jr] = ||lo||? — TZ(s)E(T) if s <T <t

1
Cov[Jy, Jr + J3] = CovlJy, Jr] = ||o]|? — =2®)S(T) ift<T<s

T
1
CovlJ, Jy + J] = VII] = 7(s,T) = |lo|S = Z2(T)(T) i T <5 <t
1
Covl[Jy, Jy + Jf] = V[J] =47, T) = ||o| — FRD(T) T <t<s
where we have used that the increments of J after 7' are independent from J up to any time before 7T'.
All these expressions coincide with the definition of the covariance function $7 (s, t). O

Remark 1. The special case where J = B is recovered by setting o = 1, in which case X(s,t) =t — s
and ||o||? = £(t) = t.

Lemma 4. Let s < s,5 <5 < T. The distribution of (JZ,JE) is jointly normal. The means and

> ERRe]

variances are given in (9) and the covariance is

Cov[72, 73] = llol2 ~ llol s — = (S(s ATY(S(EAT) = SEAT)) + Ds ATHE(EAT) ~ S(SAT))) -

Proof:
We restrict ourselves to compute the covariance. Decomposing the increments of J,

Cov[Js — Js, J5 — J5] = Cov[Js, J5| + Cov|Js, J5| — Cov]Js, J5] — Cov]Js, J5]

where we know from (14) that
1
Cov[Js, Ji] = ||o |2 — FR(ATDZ(EAT) .
Hence,

1 1
Cov[Js, J5] = ||lo||* - Tz(s AT)S(EAT), CovlJs,Js] = |lo]? - Tz(s AT)E(GAT)

1 1
Cov[Js, J5] = ||o||25 — Tx(s AT)E(EAT), Cov[Js, Js] = ||o% — ?z(g/\ TYS(GEAT).

Subtracting the sum of the first two covariances with the sum of the last two yields

12 = lolps = 7 (S(s ATY(E(E AT) = SEAT)) + S(s ATY(SEAT) = S(5AT)) -

4 Exact sampling algorithms

Sampling the vectors Bém and J é") of B and J on a discrete time grid 7 can be achieved by exploiting
the corresponding distributions. The algorithm consists in first sampling B on 7™ from its distribution,
and then sampling J using the conditional distributions Jtt:“ B, B.,,- We assume that either ¢ < fo,

TeTM or T > ¢, to ease the exposition. For any s < ¢ such that t <T or T < s,

Jil(B..B) ~ Ll w.w=(B..8,) »

where the distribution of the random variable in the right-hand side can be recovered from (20) with
t =T and ¢ = B;. This leads to

T (B, By ~ N ((Br — Bs)pu—s(s,1), 77 (s,t,1)) VO<s,t st. T¢(st).



Defining §y, = tp41 — ¢t > 0 and 06X = X;, ., — Xy, , the increments of J on the interval (ts,tr41) are
independent and distributed as

5Jk|Btk,Btk+1 NN(N’C(SBMV%) ’ ke {071727”'777‘_ 1}
where

pM 2
pre = s, (ks trr1) = 67: = Ve (s by, than) = H02Htk+1*|\02”tk*?: and X = B(t, tptr) -

5 Distribution of the supremum

We denote by M = SUP,e(o, Xs the running supremum of a stochastic process X. We are interested in
the distribution of M/, where J is the integral of & with respect to B. Although the analytical expression

can be found for the distribution of the maximum of J E)n), the extension to M, seems difficult. Yet, we
can provide an upper bound which converges to the true value as n — oo, as we now explain.

5.1 Existing results for the Brownian motion

The distribution of the running maximum of a Brownian motion is known analytically; see, e.g., [9,
p.630]:

Fyw () =P (MY <) = Li0) {2@ (\%) - 1] .

Interestingly, every continuous local martingale M can be written as a time-changed Brownian motion
where the clock is t — (M), the quadratic variation of M [5]. Applying this to M = I, we conclude
that I has the same dynamics as W time-changed with the clock © : t — ©(t) = ||o||?. Consequently,

FM{(QJ) = FM”VZHZ (2) -

Unfortunately, this result cannot be recycled easily for J because of the condition Wz = ¢. While the
stochastic integral I has the same dynamics as W time-changed with the clock ©, this is no longer true
for the conditional distribution of I; or We(y) given Wr.

5.2 Existing results for the Brownian bridge

The joint density of (M}Y, W) can be found in [8, Section 4.3.C]. This coincides with the density of MP
when T =t and ¢ = W;. Therefore, the distribution of M. is:

& (22=
Fyp (@) =1gsery [1- ¢((:/;>)

The distribution of MF is also known analytically when ¢ # 7. Noting A =T — ¢ > 0, we have (see
[3, Theorem 2.1] and [3, Theorem 2.2])

T —ct _2a(z—c) 2zt — 2T —ct

and

, t>T. (16)

2z (x—c) 2z(z—c) C—X
Fyp (@) = Lipsery {1 —e T =2 (1 - e’f) o (
' VIA|



5.3 Distribution of the maximum J; on a set of discrete times

Recall that if X(™) = (X1, Xo,...,X,,) is a vector of n normal variables with mean 1™ and covariance
matrix E("), its joint distribution is

Fo(x; ™, 2M) = P(X1 < 21, X3 < 23,..., Xy < @) = 0 (x*;R)

where ®,,(;R) is the joint distribution of n standard normal variables with correlation matrix R and,
for 1 <i,j <mn,

o, » ()
xf = Tim by , o2= ZE? and R;; = —L .
T ’ 0i0;

Applying this to x = xe,, where e, is an n-dimensional vector of ones yields the probability of the

. . ()
running maximum MX" of X():

Fy xo () = F, (;Uen; TR E(")) . (17)

Corollary 1. Let J be the integral of a deterministic function o with respect to a Brownian bridge B
satisfying Br = ¢, ™ = (J,,,...,J;, ) and J(()n) = (Jiy, I™) where ty = 0. Then,

FMJf)") (x) = Tye>0} FMJ<n) (z) = Tie>0y Fn (ren; p, X)
where for any 4,5 € {1,2,...,n}, p; =cur(t; AT) and ¥; ; = Ha||?i/\tj — FX(t AT)S(t; AT).
The following corollary gives the corresponding result for the Brownian bridge.
Corollary 2. Let B be a Brownian bridge satisfying By = c¢. Then,
F ng () = Liz0y Fypm (2) = Lizsoy o (zen; p, X)
where p; = S(t; AT) and X5 = t; Nty — =(t; ANT)(t; AT) for all1 < i,5 <n.

Observe that when there exists ¢ = ¢* such that ¢; =T, u,(@ = c and ZEIL’)j = zgfl = 0, so that
FMB(S”) () = Tig>cty Faot (;ren,l;p,’ , 2 )

where ;ﬁ'; is the (n—1)-dimensional vector obtained by dropping row i* of p in Corollary 2 and, similarly,
2% is the (n — 1)-by-(n — 1) covariance matrix obtained by dropping the i* row and column of X.

5.4 Upper bound to the distribution of the running maximum M/

It is easy to see that the supremum M;X of a continuous-time stochastic process X on [0,#] is bounded
below by max;c7m X¢ for any grid T made of increasing times 0 <tg <t; <...<t, <tandn € N:

MtX = sup X, > max X; :maxX(()n) .
s€[0,t] teT™

Assuming that to = 0, Xy = x¢ is known,
FM,X (CL‘) < ]l{mZZO} FMx(n) (.2?)

with equality in the limit where n — oo such that sup |t; — ¢;—1| — 0. This provides an upper bound for
the distribution of the running maximum of a continuous-time stochastic process that can be infinitely
tight. One can thus apply this result to J and B, setting to = By = Jy = 0.



6 Example

We illustrate the above results for the supremum of the Brownian bridge B, of the integral J of the
square-integrable function o(u) = " and of the Ornstein-Uhlenbeck process X driven by J. For the
ease of exposition, we consider the running maxima up to ¢t < 7T

One can sample the Brownian bridge B on any grid 7 using the exact distribution (2). The analytical
distribution of the maximum of B on T is given in Corollary 2, which is an upper bound for MtB . Note
that the distribution of the running supremum of B is available from (15).

Similarly, one can sample the integral J on any grid 7 using the exact distribution provided in
Lemma 3. Defining g(z) = (e* — 1)/x, we get for the integrand o(u) = e"* that 3(t) = tg(xt) and
lol|? = tg(2kt), so that the means and covariances are given by

tig(kt;)

N2
pi=c—r—, 02 =t;g(2kt;) = T (%) and Rz =

tinig(26ting) — titjg(kts)g(skty) /T

0i0;

Injecting these expressions in Corollary 1 yields the distribution of the maximum of J on the grid T,
which is an upper bound for M/ .
Finally, the dynamics of the Ornstein-Uhlenbeck driven by the Brownian bridge B are given by

dXt = :‘i(g — Xt)dt + 77dBt 5 XO =20 ,

whose solution, at any time ¢ € T, can be written as
ot
X =xge” " 4+ 0(1 — e~ ") +ne”"J,, where J;= / e"dB, .
0

Observe that X; is a linear combination of J;, hence, the joint distribution of X on a grid 7 can be found
from that of J. The mean and variance of Xy, are given by u; = xoe™ "% + (1 — e™"%) + ne"“ic%

and 02 = nle~ 2% (t,9(2kt;) — T ”—f)g , while the correlations are the same as those of the Jy,’s, i.e.,
i c i

are given by the matrix R above. The distribution of the maximum of X on 7 is found by injecting
these expressions in (17).

The left panels of Figure 1 display the distribution of M, the running supremum of a Brownian bridge
Bon [0,t] witht =4, T =5 and ¢ = 3. The dotted blue curve corresponds to the theoretical expression,
given in (15). The solid black curve shows the empirical distribution of max Bén) = max(0, M B(n)) based
on M = 5,000 trajectories on the grid 7" = {0 = t¢,t1,...,t,} where n =5 (top), n = 50 (middle),
n = 100 (bottom), t; = i and & = t/n generated by Monte Carlo simulations. The values of B on a
same trajectory are sampled from the multivariate normal distribution with moments given in (4). The
dashed red curve shows the analytical expression of the distribution of max Bé") provided in Corollary
2, and corresponds to the analytical expression that the black curve aims to estimate numerically. The
solid gray curve is the same as the solid black curve but on a finer grid 7™ with m = 250. It provides
the Monte Carlo estimation of the distribution of the maximum of B(™). For m > n, F () is expected
to be a tighter — but more costly— upper bound to F]th compared to I, pm) and, for m sufficiently large,

the former can be seen as a proxy for MZ. One can check that, indeed, the distribution of M B(™ (solid
gray) is closer from MP (dotted blue) compared to MB"™ (solid black). The center and right panels
show similar results for M{ and M;*. We set the process parameters to (zo,#,0,n) = (0,0.2,1,0.2).
As for B, the black curve shows the empirical distribution of maxJ f{” (resp. max X(()")). Because we
analyze both B and J in this exercise, we rely on the exact sampling scheme detailed in Section 4.! In

this particular case,
Y = (eMh+t —eflh) /g

The dashed red curve corresponds to the distribution of M? " and MX"™ . Recall that the theoretical
expressions of the distributions of the running supremums M, and M;X are not available (justifying why
the dotted blue curve is not shown) but, as explained above for B, they can be approached by F It

1To double check the results, we provide in the On-line appendix Figure 2, which is the same as Figure 1 but when J
is simulated using the Euler-Maruyama scheme Jy;, — Jy; ;, = efiti—1 (Bt; — Bt;_,). The results are essentially the same,
although the Euler scheme is biased for finite n.



and F, ym for large m (solid gray curves correspond to m = 250). We include in our comparison the
method introduced in [1] and discussed in [2, pp.124-125] (solid green). The latter enhances the plain
Monte Carlo approach discussed above by relying on four steps: (i) simulate the process (B, J or X)
on the grid T using an Euler scheme, (ii) compute the analytical distribution of the maximum of
the Gaussian approximation of that process on each interval conditional upon the initial and terminal
values of the process at each interval found in the first step, (iii) sample maxima on each interval from
the distributions found in the second step and, finally, (iv) take the maximum of those. The Gaussian
approximation amounts to freeze the drift and volatility coefficients of the process at the beginning of
each interval of 7(", and is therefore perfect for B (whose dynamics coincides with the assumption) for
all n. For n = 5, the results are quite good for J but less for X. This can be explained by the fact that
the Gaussian approximation of X considers a variance for the increments of 2§ which, for n = 5, is quite
larger than the actual variance 7%(1 — e=2%%)/(2x) (0.032 vs. 0.027 given the parameters at hand). This
leads to an overestimation of large movements of the process within each interval. Note that there is no
reason for the resulting CDF to dominate the exact one anymore, even asymptotically when m — 00.2
Of course, all the approaches converge to the true distribution as ¢ decreases (n increases).

The upper bounds are evaluated using the function pvnorm available from the R package mutnorm
[6]. The fact that the red and the black curves coincide confirms that the upper bound actually cor-
responds to the true distribution of B and J sampled on the grid 7(™. The fact that the gray curves
coincide with the blue curves on the left panels shows that the distribution of the supremum of B can be
reasonably well estimated in Monte Carlo with m = 250, and hence can serve as a benchmark for J and
X. The results confirm the validity of the upper bounds and the convergence toward the distribution
of the running supremum. For the considered cases, the analytical approximations found using n = 50
look reasonable. The analytical estimation remains faster than Monte Carlo even in dimension n = 100.

7 Conclusion

We provide a couple of distributions related to the integral J of a deterministic, square-integrable function
0. We derive the analytical expression of the distribution of M7, the maximum of J, defined as the process
J sampled on a discrete grid 7. The distribution of MY can serve as an upper bound to the distribution
of Mt‘], the running supremum of J up to t. Moreover, the distribution of MY converges to that of MtJ
when min7 = 0, max7 = ¢t and the largest time-step in 7 tends to zero. These results are useful in
various applications, for example, to fasten convergence via importance sampling.
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On-line appendix

7.1 Alternative proof to Lemma 1

Let us first show that
Jy ~ N (cpr(t), 73 (t,t)) when 0<t<T. (18)

We start from the definition of the Ito integral I in (1) as the limit of an It6 sum:

It(n) nlo)c It with If(n) = Zg(ti_l) (th - Wti—l) and t; == 2(5n N 5n = t/n, i€ {1,2, e ,n} .

i=1

Now, define Z; == (W;, — Wy, ,)/v/0n ~ N(0,1) and Z == (Wy — W,) /T —t ~ N(0,1), where

> NouZi 4 NT —tZ = (W, — Wo) + (Wr — Wy) = Wr

i=1
It is known from [I1] that if (Z1,...,Zp41) are n + 1 iid. standard Normal variables, then
(W1 Z1, ..., Wny1Zny1) subject to wZ' = c is distributed as (X1,...,X,,c — Z?:l X;) where X" =
(X1,...,X,) is normally distributed with known mean vector g € R™ and covariance matrix X € R"*":
w? w?
X® |y ~ N(p,E)  where p; =c 5 and X = (6:]|w|> = w?) .
[Iwll [Iwl]
Exploiting this result with (217 s, Z), w = (v/0nen, VT — t) where e,, is an n-dimensional vector
of ones and ¢ = Wr, we have w?, ., = 6, , wp; =T —t and [|w|]* = nd,, + (T —t) =T, so that

W 5 5 52
i = T(;" and EiJ = Tn (]].{,sz} T — %) = ]]-{izj} 5'n — T .

Flgn)le (33) = P (Z O’(t,;l)Xj, <x WT>
x =3 o(tioa)p
@ LY o(tim)o(t-)Te

T — WT Zz 10—(15Z 1)6
¢21 102 (tim1)0n — F 0, Y o(ti1)o(t-1)5%

Hence,

Taking the limit as n — oo, the sums converge to Riemann integrals, and one finally gets

Fopy ()= o | L0 _(I,(w—Www)_é(w—Ww@),

Vol = E8 [lo1[? = Trz(t) vr(tt)
From (3), replacing Wy by ¢ in the above expression yields the distribution of .J; and proves (18).

Let us now show that
Ji ~ N (epr(T),77(t,T)) when t>T. (19)
)

We have from (18) that Jr ~ N (cpup(T ) 2(T,T)). Moreover, J; — Jr is independent from Br,
hence Ji—Jp ~ L —Ip|wpee ~ Li—I7 ~N (0 ( f % (u)d ) Therefore, with Z, Z+ two i.i.d. standard
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normal variables independent from W,

Fr\w, (@) = PUrlwy + (It = Ir)lwy < )

[T
= P Wrpr(T)+vr(T,17)Z + / o2(uw)duZt < x| Wr
t

_ & [q) (m — Wrpr(T) = o]l = ||o||%ZL) ‘ WT}

YT (Tv T)

B @( x — Wry(T) >
Vllollf = Tuz(T)
o (2t

YT (tv T)

where we have used that E[®(y + 0Z)] = ® (\/117) Replacing Wr by ¢ proves (19).

7.2 Alternative proof to Lemma 2

We focus on the first claim. Observe that J!|p, ~ If|w, wy)=(B,,) and let us first show that

Iw, we ~ N ((c = Bs)pr—s(s,t),v5_y(s,t,t)) when t<T. (20)
We have . .
Elwowe = [ ot dWordwors ~ [ 5l o,
0 0
where 5(u) = o(u + s) and W, = W,y,. The last integral above is similar to Jy where t < t — s,
T+ T — s and o < ¢. Hence, it is normally distributed with mean fip_(t —s) = X(t —s)/(T — s) and
12
variance 4. __(t — s) == ||5|?_, — %__SS) On the other hand,
B t—s t—s t
X(t—s)= / & (u)du = / o(u+ s)du = / o(u)du = X(s,t)
0 0 s
and

A2 _(t—s) = /0 h 52 (u)du — %__SS) :/ o?(u)du — ET(j’? .

This shows that fip_(t —s) = ET(i? = ur_s(s,t) and 32__ (t — 8) =42 __(s,t,t). Finally, for t > T,

Iw, we ~ Llwe—w, ~ I lwp—w, + It

where the last two variables are independent normal variables with means pr_s(s,T)(Wr — W) and 0,
and variances v2_ (s, T, T) = ||o?||r — ||o?||s — (T — s)p2_ (s, T) and f; o2 (u)du, respectively. The sum
of the variances coincides with ||o||Z — ||o||? — (T — s)p2_.(5,T) = +2_ (s, t,T).
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Complementary figures
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Figure 2: Same as Figure 1 but J is simulated using the Euler scheme: J;, — J;,_
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Figure 3: Same as top panels of Figure 1 (n = 5) but for the set of parameters (zo,%,0,n) =
(0.02,0.1,0.02,0.02).
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