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Louvain, their contribution is gratefully acknowledged.





“Es-tu prêt spadassin?
- Ma main ne tremblera pas!
- Va!”

-Molière





Contents

Notations iv

Preface vii

1 Preliminaries 1

1.1 Linear Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Norms and scalar products . . . . . . . . . . . . . . . . 2

1.1.2 Matrix, eigenvalue and positive definiteness . . . . . . . 4

1.1.3 Polynomials . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2.1 Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2.2 Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3 Optimality conditions . . . . . . . . . . . . . . . . . . . . . . . 20

1.3.1 Implicitly constrained optimization problems . . . . . . 21

1.3.2 Explicitly constrained optimization problems . . . . . . 22

1.4 Systems and Stability . . . . . . . . . . . . . . . . . . . . . . . 23

1.4.1 Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.4.2 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

1.4.3 Other measures of stability . . . . . . . . . . . . . . . . 26

2 Nearest Stable System 31

2.1 The Nearest Stable System problem and its particularities . . . 33

2.1.1 Problem setting . . . . . . . . . . . . . . . . . . . . . . . 34

2.1.2 Artificially moving the stability boundary . . . . . . . . 38

2.2 Perturbation theory . . . . . . . . . . . . . . . . . . . . . . . . 40

2.2.1 Perturbation bounds and theoretical global optimum . . 41

2.2.2 Perturbation of eigenvalues . . . . . . . . . . . . . . . . 43

2.3 Singularities and optimality conditions for the set of stable systems 55

2.3.1 Singularities of the boundary of the stable set . . . . . . 55

2.3.2 Optimality conditions for the nearest stable system . . . 57

2.3.3 Benchmark example . . . . . . . . . . . . . . . . . . . . 62

Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

i



ii Contents

3 Methods for matrices 69
3.1 Nearest Stable system Using Successive Convex Approximations 71

3.1.1 Dikin Ellipsoid for the stability region . . . . . . . . . . 71
3.1.2 Barrier Projection Method for general matrices . . . . . 75
3.1.3 Performance and limitation of the method . . . . . . . . 79
3.1.4 Starting point for general matrices . . . . . . . . . . . . 80

3.2 Augmented method for the solution of the nearest stable system
using successive convex approximations . . . . . . . . . . . . . 82
3.2.1 Construction of an auxiliary optimization problem . . . 82
3.2.2 Resolution of the auxiliary optimization problem . . . . 84
3.2.3 Algorithm and convergence proofs . . . . . . . . . . . . 89
3.2.4 Numerical example . . . . . . . . . . . . . . . . . . . . . 97

3.3 Gradient method for the nearest continuous-time stable matrix 98
3.3.1 Reformulation of the nearest stable matrix problem . . 99
3.3.2 First order optimization scheme and convergence . . . . 104
3.3.3 Explicit solutions for the gradient mappings . . . . . . . 108
3.3.4 Numerical example . . . . . . . . . . . . . . . . . . . . . 111

3.4 Comparison of the performances . . . . . . . . . . . . . . . . . 112
3.4.1 Hanso . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
3.4.2 Presentation of the experiments . . . . . . . . . . . . . . 113
3.4.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . 118

Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
3.A Bounds for the Lispchitz constants . . . . . . . . . . . . . . . . 129
3.B Expressions of the gradients for the Gradient Mapping Method 131

4 Methods for polynomials 135
4.1 Stabilization of polynomials . . . . . . . . . . . . . . . . . . . . 138

4.1.1 Stabilization by the roots . . . . . . . . . . . . . . . . . 138
4.1.2 Factoring into a stable and an unstable polynomial . . . 139
4.1.3 Stabilizing the reflection coefficients . . . . . . . . . . . 141

4.2 Nearest Stable Polynomial Using Successive Convex Approxima-
tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
4.2.1 Barrier Projection Method for polynomials . . . . . . . 144
4.2.2 Detailed expressions for polynomials . . . . . . . . . . . 147
4.2.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . 149

4.3 Roots characterization based methods . . . . . . . . . . . . . . 155
4.3.1 Continuous-time Root Method . . . . . . . . . . . . . . 155
4.3.2 Discrete-time Root Method . . . . . . . . . . . . . . . . 156
4.3.3 Computation of the gradient . . . . . . . . . . . . . . . 158

4.4 Comparison of the methods . . . . . . . . . . . . . . . . . . . . 167
4.4.1 Nearest stable polynomial using reflection coefficients . 167
4.4.2 Hanso . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
4.4.3 Performance and accuracy of the methods . . . . . . . . 169

4.5 Introduction to weighted objective function . . . . . . . . . . . 175
Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

Conclusion 183





iv Notations

Notations

Basics

j : Imaginary unit;
Re {s} : Real part of the complex number s;
Im{s} : Imaginary part of the complex number s;
s̄ : Conjugate of s;
|s| : Modulus of s;

Inner products and norms

〈·, ·〉 : Real-valued scalar product;
〈·, ·〉C : Complex-valued scalar product;
〈·, ·〉E , : Generic scalar product on a vector space E;
‖ · ‖ : Norm;
‖ · ‖∗ : Dual norm of ‖ · ‖;
‖ · ‖2 : 2-norm;
‖ · ‖F : Frobenius norm;

Sets

N : Natural numbers;
R : Real numbers;
C : Complex numbers;
F : Generic field;
Rn, Cn : Real and complex vectors of size n;
Rm×n, Cm×n : Real and complex matrices of size m× n ;

Sn : Set of stable systems of size n, matrices and polynomi-
als alike;

SP : Set of systems determined stable in the Lyapunov sense
by stability certificated P ;

PX : Set of valid stability certificates in the Lyapunov sense
for a given matrix X;

R+ : Nonnegative real numbers;
Kn+ : Positive semidefinite matrices of size n;
Kn++ : Positive definite matrices of size n;

NC(x) : Normal cone to C at x;
TC(x) : Tangent cone to C at x;
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Topology

⊂, ∪, ∩, \ : Inclusion, union, intersection and difference of two sets;
int C : Interior of C;
cl(C) : Closure of C;
co C : Convex hull of C;

K∗ : Dual cone associated with the cone K;
pos C : Positive hull of a set;

Functions

A∗ : Adjoint of a linear operator A;
dom f : Domain of the function f ;
f∗ : Optimal value of a real-valued function f ;
f ◦ g : Compostion of g into f ;
f ∗ g : Convolution of f and g;
f(x0) or f(x)

∣∣
x=x0

: f evaluated at x = x0;

∂f(x) : Set of subgradient of f at x;
∂f
∂x : Partial derivative of f with respect to a scalar x;
∇f (or f ′) : Gradient of a real-valued function f ;
∇Y f : Partial gradient of a real-valued function f with respect

to Y ;
∇2f (or f ′′) : Hessian of a real-valued function f ;
Df(x)[h] : Directional derivative of f in a direction h at x;
bX(P ) : Log-det self-concordant barrier for the set PX ;
bP (X) : Log-det self-concordant barrier for the set SP ;

Vectors, polynomials and matrices

ei : Vector of zeros with a 1 at the ith position;
1 : Vector of all ones;
diag(x) : Diagonal matrix obtained from the elements of x;

p(λ) : Polynomial in λ;
p(λ; r) : Polynomial in λ formed from the vector of roots r;
[p(λ)]c : Vector of coefficient of a polynomial;
p?(λ) : Paraconjugate polynomial;
πnλ : Vector of monomials of λ from λn to 1;

I, In : Identity matrix, identity matrix of size n;
XT : Transpose of X;
X∗ : Conjugate transpose of X;
X∗ : Optimal solution;
Xre, Xim : Real and imaginary parts of X;
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λi(X) : ith eigenvalue of X;
λi(x) : ith roots of x(λ);
λmin(X), λmax(X) : Minimum and maximum eigenvalues of a matrix X =

X∗;
λmin(x), λmax(x) : Minimum and maximum roots of x(λ);
α(X), ρ(X) : Spectral abscissa and spectral radius of the matrix X;
α(x), ρ(x) : Root abscissa and root radius of the polynomial x(λ);

diag(X) : Diagonal elements of a matrix;
Tr(X) : Trace of X;
det(X) : Determinant of X;
⊗ : Kronecker product;
� : Hadamard product;
vec(X) : Vector obtained by stacking up the columns of X;

� 0, 0 ≺ : Positive definite, negative definite.
� 0, 0 � : Positive semidefinite, negative semidefinite.

Miscellaneous

sup, inf, max, min : Supremum, infimum, maximum and minimum;
arg f : Argument of a function f ;
≈ : Approximately equal;
∝ x : Proportional to x;
O(·) : Big-Oh asymptotic complexity bound;
o(t) : terms that are decreasing at least proportionally to t,

i.e with the property that limt→0 o(t)/t = 0;
def
= : Equals by definition;
[X]+ : Maximum of the elements of X and 0;
[X]− : Minimum of the elements of X and 0;



Preface

Stability is a universal concept which we experience in our everyday lives. When
sitting in a airliner bound to a remote destination, one particularly dislike the
trembling, shaking and the other uncomfortable behaviors that result from the
encounter with a perturbation such as a sudden strong wind. Under the action
of the perturbation the plane can start to oscillate about its main axis. But as
soon as the perturbation is left behind, the undesirable oscillations are damped
over time and the flight quickly becomes enjoyable again. Such a behavior is
typical of a dynamically stable airliner. Had the plane not been stable, it would
not have returned to its initial equilibrium forcing the pilot to compensate for
the oscillations. Many additional examples could be given and all of them
would emphasize the central place held by stability in the control field.

The question of finding the nearest stable system appears to be a challenging
problem for the research community where one sometimes faces unstable models
created from the perturbed data of a stable system. Though the question has
been mentioned frequently in the literature, the absence of a reference which
solves the problem motivates our research of dedicated algorithms. Very few
existing methods are available to solve the problem due to the nonsmooth,
nonconvex nature of the stable set. The importance and the complexity of the
problem nonetheless calls for additional methods that are specifically designed
to tackle the nearest stable system problem.

The goals that we want to achieve are, broadly, the development of new and
efficient optimization methods for solving the nearest stable system problem.
Many different approaches can be considered and each of them can potentially
lead to an innovative way of solving the problem. We will base our work
on the well-established theory developed by the optimization community, and
more specifically by the convex optimization community, and favor an approach
where the structure of the different formulations is fully exploited.

Under some specific conditions closed form solutions for the nearest stable
system are available. This is the case for example when additional constraints
on the shape of the solution are formulated. But a closed form solution is other-
wise illusory since the stable set is nonconvex and even checking the optimality
of a solution once it is computed is challenging. Therefore, numerical methods
that are able to find a nearest stable matrix locally are our only available pos-
sibility. An approximate solution is still satisfactory provided that it is stable.
As systems can be continuous-time or discrete-time, algorithms should ideally
be able to deal with any possible setting.

vii



viii Preface

Many references will be used to build our theory and it is already worth
underlining the thesis of Tom d’Haene [33] whose work on a related topic em-
phasized the control point of view whereas our contribution is best appreciated
from an optimization point of view. We focus on the development of innovative
formulations and efficient methods dedicated to the problem. We thus develop
several directions of research which potentially produce as many algorithms.
The first direction of research consists in developing an iterative algorithm
which works on the most usual formulation of the problem. We thus work in-
side a nonconvex feasible domain. The resulting algorithm is conceptually and
surprisingly simple given the complicated setting it must deal with.

The second direction we develop focuses on algorithms which avoid the
complexity encountered in the first case by reformulating the problem. The
purpose of the reformulations is to provide an easier framework in which the
problem can be solved even though we will see they can appear more complex
at first.

The third and final direction of research exploits the structure brought into
the problem by polynomials. We thus adapt our algorithms when possible and
investigate other ways of solving the polynomial problem.

The main contributions of this thesis are given by the algorithms that we
detail throughout this thesis. Those algorithms are able to solve the nearest
stable system problem in several configurations : matrices and polynomials,
continuous-time and discrete-time, real and complex. Several possible alterna-
tive formulations are also suggested which could be used to solve the problem
as well. Another contribution is given by the survey from the literature related
to the nearest stable system and its particularities and the geometry of the
stable set.

The results produced by our research were communicated in two publica-
tions in peer-reviewed journals [77, 76].

Our manuscript is divided in four chapters.

Chapter 1 recalls several theoretic concepts that are used in
this thesis. The content is intentionally limited to the most
important definitions and theorems which are used.

Chapter 2 introduces the nearest stable system problem, ex-
plores the geometry of the stable set and describes optimal-
ity conditions for the problem. The chapter is essentially a
survey of the literature.

Chapter 3 presents the results we obtained for matrices. Two
methods for solving the nearest stable matrix problems
are investigated in the chapter and convergence results are
given for both of them. The chapter also contains several
reformulations of the nearest stable system problem for the
continuous-time case.

Chapter 4 is dedicated to polynomials. Some of the algo-
rithms contained in the previous chapter are extended to
handle polynomials. We also presents other algorithms



ix

which exploit the structure of the polynomials. The em-
phasis is put on the efficiency of the methods and some
time is thus taken to discuss related aspects.





Chapter 1

Preliminaries

In this chapter we give a general introduction to the background areas of our
research. The nearest stable system is at the crossroad of three main fields :
control, optimization and numerical linear algebra.

Control is the essential field of our problem and it also provides the original
motivation for our problem. With its well-established theory, the optimization
field provides us with the tools to solve the problem in an efficient way. Because
of our focus on analytical solutions, numerical linear algebra is at the heart of
our work, and its use in our developments is widespread.

This chapter is organized as follows :

Section 1.1 recalls the most basic concepts of linear algebra
and also provides a more selective introduction to the math-
ematical objects we will use throughout : matrices and
polynomials.

Section 1.2 introduces important notions of analysis such as
convexity of a set, normal and tangent cone to a set, differ-
entiability and illustrates them through several examples
that will be reused at multiple times.

Section 1.3 emphasizes several results related to optimality
conditions, both necessary and sufficient. We choose to
present some results under the form of variational inequal-
ities which will be helpful to present necessary optimality
conditions for the nearest stable system in the second chap-
ter.

Section 1.4 first presents several basic elements of systems
theory. Some time is then spent to present the spectral ab-
scissa and the spectral radius which are going to be used
occasionally in replacement of the Lyapunov stability cri-
terion.

1



2 Chapter 1. Preliminaries

1.1 Linear Algebra

1.1.1 Norms and scalar products

A vector space is a set endowed with a commutative addition law and an
external composition law with respect to a a scalar field (F,+, ·). In our work,
F is most often the field of complex numbers C or the field of real numbers R.

Definition 1.1. Let E be such a vector space on a field F. Then a norm on
E is a function

‖ · ‖ : E → R

such that ∀x ∈ E,
1) ‖x‖ ≥ 0

2) ‖x‖ = 0 ⇔ x = 0

3)‖αx‖ = |α|‖x‖ ∀α ∈ F .

Definition 1.2. An inner product on E is a function

〈·, ·〉 : E × E → F

that satisfies the following properties

1)〈αx+ βy, z〉 = α〈x, z〉+ β〈y, z〉, ∀x, y, z ∈ E and ∀α, β ∈ F
2) 〈x, x〉 ≥ 0 ∀x ∈ E and 〈x, x〉 = 0⇔ x = 0

3) 〈x, y〉 = 〈y, x〉 ∀x, y ∈ E .

In this thesis, we work nearly exclusively with real-valued scalar products
and the third condition in Definition (1.2) is thus reduced to 〈x, y〉 = 〈y, x〉.

All scalar products induce a norm by the relation ‖ · ‖ = 〈x, x〉 12 but not
all norms are induced by a scalar product. The standard real-valued scalar
product on Cn is defined as

〈x, y〉 = Re

{∑
i

xiȳi

}
∀x, y ∈ Cn

and induces the usual 2−norm ‖ · ‖2 on Cn. We denote by 〈·, ·〉C the standard
complex-valued scalar product on Cn by

〈x, y〉C =
∑
i

xiȳi ∀x, y ∈ Cn .

For a given norm ‖ · ‖, we define the dual norm as

‖y‖∗ = max
‖x‖≤1

〈x, y〉 . (1.1)

A norm is self-dual if ‖ · ‖ = ‖ · ‖∗.

Example 1. The 2-norm is self-dual since

‖y‖2 = max
‖x‖2≤1

〈x, y〉 .
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Induced norms satisfy a number of useful properties some of which will be
extensively used in this manuscript.

Theorem 1.3 (Cauchy-Schwarz). Let E be a vector space over a field F,
equipped with a scalar product 〈·, ·〉. Then ∀x, y ∈ E

|〈x, y〉| ≤ ‖x‖∗‖y‖ .

The Cauchy-Schwarz theorem is used to derive other algebraic properties;
probably the most well-known is the triangle inequality which we recall now.

Property 1.4 (Triangle inequality). Let E be a vector space equipped with an
induced norm ‖ · ‖. Then, ∀x, y ∈ E

‖x+ y‖ ≤ ‖x‖+ ‖y‖ .

The reverse triangle inequality that we now introduce is a consequence of
the triangle inequality applied to ‖x+ y − y‖.

Property 1.5 (Reverse triangle inequality). Let E be a vector space equipped
with a induced norm ‖ · ‖. Then, ∀x, y ∈ E

‖x+ y‖ ≥ ‖x‖ − ‖y‖ .

Adjoint of an operator

Definition 1.6 (Linear operator). Let E and F be two vector spaces over a
field F such as R or C. A linear operator L is a function

L : E → F

that satisfies the following properties

L(αx+ βy) = αL(x) + βL(y) ∀x, y ∈ E α, β ∈ F .

Suppose that we have a linear operator L : E → F , where the two vector
spaces E and F are each equipped with a scalar product 〈·, ·〉E and 〈·, ·〉F
respectively.

Definition 1.7 (Adjoint of a linear operator). The adjoint L∗ of L is a linear
operator from F → E, such that for any x ∈ E and any y ∈ F

〈Lx, y〉F = 〈x,L∗y〉E . (1.2)

Moreover if L = A, A ∈ Cn×n, then L∗ is the conjugate transpose A∗ of A
which is also denoted by the asterisk. Naturally, the expression of the adjoint
of an operator is dependent on the scalar product which is used.
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1.1.2 Matrix, eigenvalue and positive definiteness

Let x be a vector in a vector space E. Vectors are represented using the column
convention, i.e,

v =

v1

...
vn

 , vi ∈ F∀i

A vector x = 0 if and only if all its elements are 0. By ei we denote a vector of
zeros with a 1 at the ith position.

Let X be a matrix in a vector space E of dimension n×m over a field F. A
matrix X is composed of elements Xij ∈ F placed in an array which we write

X = [Xij ]
n,m
i,j=1 .

By [X]ij = Xij we denote the element of the matrix at the intersection of the
ith row and the jth column. Given a matrix X ∈ Cn×m, the transpose of a
matrix is denoted by XT ∈ Cm×n and satisfies [XT ]ij = Xji. Its conjugate
matrix X∗ is an element of Cm×n and satisfies [X∗]ij = X̄ji.

A squared matrix is said to be symmetric if XT = X, anti-symmetric if
XT = −X, Hermitian if X = X∗ and skew-Hermitian (or anti-Hermitian) if
X∗ = −X.

The trace operator of X ∈ Cn×n, denoted by Tr(·), returns the sum of its
diagonal elements. The determinant of a matrix is denoted by det(·).

Scalar product for matrices

The standard real-valued scalar product on Cn×n uses the trace operator Tr(·)

〈X,Y 〉 = Re {Tr(XY ∗)} = Re

∑
i,j

Xij Ȳij

 (1.3)

and induces the Frobenius norm ‖X‖F =
√∑

i,j |Xij |2. We will frequently use

the following properties associated to the Frobenius norm.

Property 1.8. Let X,Y, Z ∈ Cn×n and let 〈·, ·〉 be the scalar product associated
with the Frobenius norm. Then

〈XY,Z〉 = 〈X,ZY ∗〉 = 〈Y,X∗Z〉

Given the importance of this property in this thesis, we prove the above
result.

Proof. We first prove that 〈XY,Z〉 = 〈Z,XY 〉. Indeed, since the real part of
the trace does not change under conjugation, we have

〈XY,Z〉 = Re {Tr(XY Z∗)} = Re {Tr((XY Z∗)∗)} = 〈Z,XY 〉 .
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Then, we can prove the first equality 〈XY,Z〉 = 〈X,ZY ∗〉 by using associativity
of the matrix product,

〈XY,Z〉 = Re {Tr(XY Z∗)} = Re {Tr(X(ZY ∗)∗)} = 〈X,ZY ∗〉 .

The second equality 〈XY,Z〉 = 〈Y,X∗Z〉 is proved by using the identity
Tr(AB∗) = Tr(B∗A) ∀A,B ∈ Cm×n. This identity implies that

〈XY,Z〉 = Re {Tr(XY Z∗)}
= Re {Tr(Z∗XY )}
= 〈Z∗X,Y ∗〉
= 〈Y ∗, Z∗X〉
= 〈Y, ZX∗〉 .

The identity matrix of size n × n is denoted by In. When its dimensions
are clear from the context the subscript is omitted and we simply write I.

A matrix U ∈ Cn×n is said to be unitary if UU∗ = I = U∗U . The real
equivalent of a unitary matrix is called an orthogonal matrix V ∈ Rn×n and
satisfies V V T = I = V TV .

Example 2. A norm is said to be unitarily invariant if ‖UAV ∗‖ = ‖A‖ for all
unitary matrices U and V . The Frobenius norm and the 2−norms are unitarily
invariant.

Matrix theory

We define two additional operator products in addition to the usual matrix
products.

Definition 1.9 (Hadamard product). Let X,Y ∈ Cn×n. Then the Hadamard
product is the element-wise product defined by

[X � Y ]ij = XijYij .

Definition 1.10 (Kronecker product). For any two matrices X ∈ Cna×nb and
Y ∈ Cnc×nd , the Kronecker product of X and Y is given by

Z = X ⊗ Y =

X11Y · · · X1nY
...

. . .
...

Xn1Y · · · XnnY


where Z ∈ Cnanc×nbnd .

Note that unlike the Hadamard product, the Kronecker product is not com-
mutative. The Kronecker product is often used to obtain the matrix represen-
tation of a linear operator.
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Definition 1.11. Let X ∈ Fm×n . Then the operator vec(X) returns the vector
obtained by stacking up the columns of X, i.e, if X = [x1 · · ·xn] where xi ∈ Fn
is the ith column of X, then

vec(X) =

x1

...
xn

 .

Example 3. The following identity is well-known. For any three given complex
matrices X,Y and Z such that the product XY Z makes sense, then

vec(XY Z) = (ZT ⊗X) vec(Y ) .

Let us now introduce a class of matrices that will be frequently used in this
manuscript.

Definition 1.12 (Positive definite). A Hermitian matrix X ∈ Cn×n is called
positive definite, denoted X � 0, if

v∗Xv > 0 ∀v ∈ Cn\{0} ,

and is called negative definite if −X � 0.

Definition 1.13 (Positive semidefinite). A Hermitian matrix X ∈ Cn×n is
called positive semidefinite, denoted X � 0, if

v∗Xv ≥ 0 ∀v ∈ Cn ,

and is called negative semidefinite if −X � 0.

We denote the set of all positive definite matrices of size n by Kn++ and the
set of all semidefinite positive matrices of size n by Kn+.

The following definition will be very useful.

Definition 1.14 (Cholesky factor). A matrix L ∈ Cn×n is a Cholesky factor
of X ∈ Cn×n if it is lower triangular and

X = LL∗ .

Property 1.15 (Cholesky decomposition). The Cholesky decomposition of a
matrix X ∈ Kn++

X = LL∗

where L has a positive diagonal is unique.

Let us now recall a number of properties related to eigenvalues.

Definition 1.16 (Eigenvalue). Let X ∈ Cn×m and let (λi, v) ∈ C × Cm be
such that

Xv = λiv, v 6= 0 . (1.4)

Then (λi, v) is called an eigenpair, λi is an eigenvalue of X and v is a right-
eigenvector associated with λi.



1.1 Linear Algebra 7

We sometimes denote the eigenvalue λi as λi(X) to prevent confusion. A
matrix X living in a space of dimension n has n, possibly non-distinct, eigen-
values. The set formed of all, possibly non-distinct, eigenvalues of X is called
the spectrum of X.

A positive definite matrix X ∈ Kn++ has n positive eigenvalues.
Let {λ1, . . . , λn} be the spectrum of a matrix X ∈ Cn×n. A matrix X is

called singular if λi(X) = 0 for some i ∈ {1, . . . , n}.

Property 1.17 (Trace and determinant of a matrix). For any square matrix
X ∈ E, two eigenvalue functions of X are given by the trace and the determi-
nant of X and satisfy

Tr(X) =
∑
i

λi(X) ,

det(X) =
∏
i

λi(X) .

Definition 1.18 (Nonnegative matrix [50]). A matrix X ∈ Rn×n is said to be
nonnegative, denoted X ≥ 0, if

Xij ≥ 0 ∀i, j = 1, . . . , n .

Definition 1.19 (Irreducibility [50]). A nonnegative matrix X ∈ Rn×n is said
to be irreducible if there exists no permutation matrix P such that

PTXP =

[
X11 X12

0 X22

]
.

The following well-known theorem is due to Perron and Frobenius.

Theorem 1.20 (Perron-Frobenius [50]). Suppose that a matrix X ∈ Rn×n is
nonnegative and irreducible. Then

1. λmax ∈ R+;

2. λmax is a simple eigenvalue of X;

3. ∃u ∈ Rn, u > 0 : uTX = λmaxu
T .

Even though we denote them differently, nonnegative matrices should not
be confounded with positive definite and positive semidefinite matrices.

We now define the algebraic and geometric multiplicity of an eigenvalue.
Those definitions will be used for discussions related to the Jordan form of a
matrix and the singularities of the stable set.

Definition 1.21 (Algebraic multiplicity). Let λi be an eigenvalue of X ∈
Cn×n. Then we define the algebraic multiplicity ma(λi) as the cardinality of λi
in the spectrum of X.

Definition 1.22 (Geometric multiplicity). Let λi be an eigenvalue of X ∈
Cn×n. The geometric multiplicity mg(λi) is the dimension of the eigenspace
related to λi, i.e.

mg(λi) = dim(Ker(λiI −X)),

where the operator Ker denotes the kernel (or nullspace) of a matrix.
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Property 1.23. Let λi be an eigenvalue of X ∈ Cn×n. Then

1 ≤ mg(λi) ≤ ma(λi) .

In particular, if X has n distinct eigenvalues, then X has n distinct eigenvectors
and ma(λi) = mg(λi) = 1 .

Algebraic and geometric multiplicities are useful to characterize the eigen-
structure of a matrix, i.e. the number of distinct eigenvalues and dimension of
the eigenspaces associated with them. The same information can be deduced
from some canonical matrix forms.

Theorem 1.24 (Jordan form). For any matrix X ∈ Cn×n, there exists a
nonsingular matrix T and a matrix XJ called the Jordan form of X, such that
T−1XT = XJ which has the block diagonal structure

XJ =

B11

. . .

Bjj


where Bii is a block diagonal matrix, i.e.,

Bii = diag(J (i)
n1
, . . . , J (i)

nsi
)

with only one (repeated) eigenvalue λi and

J (i)
nk

= λiInk + Znk =


λi 1

. . .
. . .

. . . 1
λi


︸ ︷︷ ︸

nk

nk .

The block J
(i)
nk is called a Jordan block associated with λi.

The Jordan form of a matrix completely reveals the eigenstructure of a
matrix X. Indeed, as each diagonal block Bii contains only Jordan blocks as-
sociated with λi, the dimension of each block Bii gives the algebraic multiplicity
of λi, i.e,

ma(λi) =
∑
j

nj .

Since the kernel of each Jordan block has dimension 1, the number of Jordan
blocks associated with λi gives the geometric multiplicity of λi, i.e.

mg(λi) = si .

Definition 1.25. An eigenvalue λi is called simple if ma(λi) = mg(λi) = 1,
or equivalently, if there is only one Jordan block associated with it and its
dimension is 1.
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Definition 1.26. An eigenvalue is called semisimple if mg(λi) = ma(λi), or
equivalently, if the size of the largest Jordan block associated to it is 1.

Definition 1.27. An eigenvalue λi is said to be nonderogatory if and only if
there is only one Jordan block J (i) associated with it, i.e. mg(λi) = 1. The size
of this block then equals the algebraic multiplicity of the eigenvalue.

Definition 1.28 (Similarity [50]). A matrix B ∈ Cn×n is said to be similar to
a matrix X ∈ Cn×n if there exists a nonsingular matrix T ∈ Cn×n such that

B = T−1XT .

Definition 1.29. The subset of Cn×n which contains all the matrices similar
to X is called the (similarity) orbit of X and is written orb(X). Equivalently,
we can write

orb(X) = {T−1XT : T ∈ Cn×n, T is nonsingular} .

1.1.3 Polynomials

A polynomial p(λ) of degree n on a field F is a function

p(λ) : C→ C : p(λ) = pnλ
n + · · ·+ p1λ+ p0, pn 6= 0 (1.5)

whose coefficients pi ∈ F, i = 1, . . . n. The vector pT =
[
pn · · · p0

]
∈ Fn+1

is called the vector of coefficients. The polynomial p(λ) is said to be a complex
polynomial when F = C and to be a real polynomial when F = R. A polynomial
is said to be monic if pn = 1.

An alternative formulation to (1.5) is obtained through the use of the stan-
dard complex-valued scalar product :

p(λ) = 〈p, πnλ〉C

where πnλ is the vector

πnλ =


λn

...
λ
1

 .

We say that ri ∈ C is a root of p(λ) if p(ri) = 0.

Theorem 1.30 (Fundamental theorem of algebra). A polynomial of degree n
has n, possibly non-distinct, roots.

The roots of a real polynomial are either real or occur in complex conjugate
pairs. By p̄(λ) we denote the polynomial obtained from the conjugate p̄ of p

p̄(λ) = 〈p̄, πnλ〉 .
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Re {s}

Im{s}

si

s̄i

s?,i = −s̄i
zi

z̄i

z?,i = z̄−1
i

Re {z}

Im{z}

Figure 1.1: Location of the roots of a paraconjugate polynomial computed from
the expressions (1.6) in continuous-time, left, and (1.7) in discrete-time, right.

The paraconjugate polynomial of a polynomial p(λ) is the polynomial whose
roots are conjugate with respect to a particular curve Γ in the complex plane,
we have

p?(s)
def
= p(−s̄) = p̄(−s) if Γ = jR (1.6)

p?(z)
def
= z̄np(1/z̄) = znp̄(1/z) if Γ = ejR . (1.7)

Note that we have used s and z instead of λ to stress the connection to
continuous-time systems (in the Laplace variable s) and discrete-time systems
(in the delay variable z), respectively.

The location of the roots of a paraconjugate polynomial are represented in
Figure 1.1.

Alternatively to the definition (1.5) of a polynomial, we can define a monic
polynomial from its vector of roots. Let r ∈ Cn be the vector of n roots of
p(λ); a polynomial p(λ; r) of degree n is a function

p(λ; r) : C× Cn → C : p(λ; r) =

n∏
i=1

(λ− ri) . (1.8)

Since each coefficient of p(λ; r) in (1.8) is a multilinear expression of all the
roots contained in r, an expression for the vector of coefficients of (1.8) does
not come easily thereof prompting us to denote by

p(r) = [p(λ; r)]c

the vector of coefficients p ∈ Cn+1 of the polynomial p(λ; r).
Polynomials and matrices are linked through the characteristic polynomial.

Let X ∈ Cn×n. Then the characteristic polynomial x(λ) is obtained as

x(λ) = det(λI −X)

and the eigenvalues of X are the roots of the characteristic polynomial x(λ).
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Let
x(λ) = λn + 〈x, πn−1

λ 〉C
be a given monic polynomial of degree n. Then the matrix

X(x) =


−xn−1 1

...
. . .

... 1
−x0


is called the companion matrix associated with x. One can also write the
analytic expression of X(x) which is

X(x) = Z − xeT1 ,

where Z is the upper shift matrix

Z =


0 1

. . .

1
0

 .

1.2 Analysis

1.2.1 Sets

In the following we consider a vector space E equipped with the standard inner
product 〈·, ·〉 on E and the associated induced norm ‖ · ‖.

We note by C ⊂ E the inclusion of C in E. The union of two sets C1 and C2
is C1 ∪ C2, their intersection is written C1 ∩ C2 and the difference of two sets is
denoted C1\C2.

Let a set C ⊂ E. We denote the interior of C by int C. The closure of C is
denoted by cl(C). The boundary of C are the elements obtained as

cl(C)\ int C .

A set is said to be closed if it contains all its limit points. It is bounded if it
contains no half line. A set which is both closed and bounded is called compact.

Definition 1.31 (Convex set). Consider a set C ⊂ E. We say that C is convex
if and only if for any x, y ∈ C

θx+ (1− θ)y ∈ C ∀θ ∈ [0, 1] .

A set which is not convex will be called nonconvex.
We also introduce the general definition of cone and present the cones that

we will use at some point in this manuscript.
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−→n

NC(x̂) = {−→n }

TC(x̂)

NC(x̂)

TC(x̂)

Figure 1.2: Representation of the tangent and the normal cones on two different
sets.

Definition 1.32 (Cone). A set K ⊂ E is a cone if and only if 0 ∈ K and
∀x ∈ K

tx ∈ K, ∀t > 0 .

An example of a cone is given by the set Kn+ of positive semidefinite matrices.

Definition 1.33 (Convex cone). A cone K is said to be convex if K is nonempty
and

p∑
i=1

λixi ∈ K, ∀xi ∈ K and λi ≥ 0, p ∈ N .

Definition 1.34 (Dual cone). For any cone K ⊂ E the dual, or polar, of K
noted K∗ is given by

K∗ = {y | 〈y, x〉 ≤ 0, ∀x ∈ K} .

The dual of a cone is always closed and therefore the dual of the dual,
noted (K∗)∗ is cl(K). We now give three examples that will be useful to our
developments.

Example 4 (Tangent and normal cone to a set [86]). Let x̂ ∈ cl(C) ⊂ E.
Then the normal and tangent cones1 to C at x̂ denoted by NC(x̂) and TC(x̂)
respectively are given by

NC(x̂) = {y ∈ E |〈y, x− x̂〉 ≤ o(‖x− x̂‖), ∀x ∈ C} ,
TC(x̂) = N∗C (x̂)

1The definition of normal and tangent cones given here holds only under the assumption
that the set C is regular in the sense of Clarke at x̂. However, in this manuscript we will not
deal with the nonregular case. The definition of Clarke regularity can be found in Definition
6.4 in [86]
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where the term o(t) denotes a term which tends to zero at least linearly as
t→ 0.

The tangent and the normal cones are closed and convex. Though the for-
mulas make sense for any point in C, they both reduce to {0} when x̂ ∈ int C.
They can be easily represented as is shown in Figure 1.2.

Example 5 (Positive hull [86]). Any set can be lifted into a cone. We give
one way of performing this. Indeed, consider a set C ⊂ E, then the set

pos C = {tx | x ∈ C, t ≥ 0} ∪ {0}

is called the positive hull of C and is clearly a cone on E × R.

1.2.2 Functions

We now explore a number of concepts related to functional analysis. We sup-
pose throughout that the functions we are working with are lower-semicontinuous
and are Clarke regular in the sense of [86]. These assumptions simplify our de-
velopments and avoid the necessity to address a number of cases which will not
be encountered in this manuscript.

For a function f : E → R ∪ {+∞} the domain of f , denoted dom f is the
set

dom f = {x ∈ E | |f(x)| <∞} .
In order to prove the existence of the solutions to minimization problems, we
will frequently use the notion of level sets of a function which we introduce
next.

Definition 1.35 (Level sets). Let f be a real-valued function. The level sets
of f is

LC0
= {x ∈ dom f | f(x) ≤ C0, C0 fixed} .

A function f on a set C with closed bounded level sets is said to be closed
on C.

Differentiability

We will frequently talk about smooth functions. The notion of smoothness is
intrinsically linked to the one of differentiability and directional derivatives.
Let E and F be two vector spaces.

Definition 1.36 (Directional derivative). Given a function f : E → F , the
directional derivative Df(x)[h] of f at x in the direction h ∈ E is given by

Df(x)[h] = lim
t→0+

f(x+ th)− f(x)

t
. (1.9)

A function f : E → F is differentiable at x ∈ E if there exists an
approximation of the function such that

f(x+ h) = f(x) +Df(x)[h] + o(‖h‖) (1.10)

where the notation o(t) denotes terms that are decreasing at least linearly. This
can be defined more precisely using the notion of limits.
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Definition 1.37 (Differentiability). A function f : E → F is said to be
differentiable at x ∈ dom f if and only if ∃Df(x)[h] ∈ F

lim
‖h‖→0

‖f(x+ h)− f(x)−Df(x)[h]‖
‖h‖

= 0 .

A function f is differentiable if it is differentiable everywhere on dom f . A
function f is said to be of class C(k) if it is k times continuously differentiable
everywhere on dom f and the kth derivative is continuous on dom f . A function
f is said to be smooth if f is of class C(2) at least. When f is a differentiable
real-valued scalar function, Definition 1.37 implies that Df(x)[h] is linear in h
and is given by

Df(x)[h] = 〈∇f(x), h〉 ,
where ∇f denotes the gradient of f .

Instead of using Definition 1.36, one can also use the relation (1.10) and
deduce the expression of the gradient from the first order approximation of
the function; this is however equivalent to the use of the Definition 1.36 of
directional derivative. Directional derivatives of higher order can be obtained
by applying recursively the definition (1.9). For example, we have

D2f(x)[h, h] = lim
t→0+

Df(x+ th)[h]−Df(x)[h]

t

Given a real-valued scalar function f of class C(3), we have the following iden-
tities

Df(x)[h] = 〈∇f(x), h〉
D2f(x)[h, h] = 〈∇2f(x)[h], h〉
D3f(x)[h, h, h] = 〈D3f(x)[h, h], h〉 .

Directional derivatives satisfy the symmetry property, i.e.

D2f(x)[h1, h2] = D2f(x)[h2, h1] ∀h1, h2 ∈ E .

Let us illustrate the use of directional derivatives in the computation of the
gradient of a function.

Example 6. Let f : Cn×n → Cn×n be given by

f(X) = X−1 .

If we use the definition given by equation (1.9), we can compute the directional
derivative of f in a given direction H ∈ Cn×n

Df(X)[H] = lim
t→0+

f(X + tH)− f(X)

t
= lim
t→0+

(X + tH)−1 −X−1

t

= lim
t→0+

(X + tH)−1(I − (X + tH)X−1)

t

= lim
t→0+

(X + tH)−1(X − (X + tH))X−1

t

= −X−1HX−1 .
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Example 7. Let us now compute the directional derivative of the log det func-
tion f(X) : Kn+ → R : X → − log det(X). Let H ∈ Kn+ and let us compute
the first order approximation of the function from which we will deduce the
gradient of the function

− log det(X + tH) = − log det(X
1
2 (I + tX−

1
2HX−

1
2 )X

1
2 )

= − log det(X)− log det(I + tX−
1
2HX−

1
2 )

= − log det(X)−
∑
i

log(1 + tλi(X
− 1

2HX−
1
2 ))

The first order approximation of log(1 + tλi) around t = 0 gives log(1 + tλi) ≈
tλi. Therefore,

− log det(X + tH) = − log det(X)− t
∑
i

λi(X
− 1

2HX−
1
2 ) .

Following the application of the limit (1.9), we get

Df(X)[H] = −
∑
i

λi(X
− 1

2HX−
1
2 )

= −Tr(X−
1
2HX−

1
2 )

= 〈−X−1, H〉

where the last equality is deduced from the properties of the scalar product given
in Property 1.8.

In many cases, the computation of the derivatives can be simplified by using
the chain rule of the function. The frequent use of the chain rule that we make
in this manuscript encourages us to develop and illustrate the concept here.

Let us consider three nonempty sets X , Y and Z ∈ E. We define the
composition function

F : X → Z : F (x) = (f ◦ g)(x) ,

where
g : X → Y
f : Y → Z

are differentiable on their domain. Then the chain rule states that

DF (x)[h] = Df(g(x))[Dg(x)[h]] . (1.11)

Let us see two examples of its application.

Example 8. Let us compute the directional derivative of the function

F (X) = − log det(A(X)) ,

where A(X) is a quadratic operator in X. Thus,

g(X) = A(X)

f(Y ) = − log det(Y )
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We have seen in example 7 that ∇f(Y ) = −Y −1. Therefore

DF (X)[H] = 〈∇f,Dg(X)[H]〉
= 〈−Y −1, DA(X)[H]〉
= 〈−D∗A(X)[Y −1], H〉 .

The first order directional derivative being always linear in H, its adjoint is
easily obtained.

The chain rule can also be applied for higher order derivatives. Indeed, we
can compute the directional derivative of the chain rule following the usual rule
of derivation

D (Df(x)[Dg(x)[h]]) [h] = D2f(x)[Dg(x)[h], Dg(x)[h]] +Df(x)[D2g(x)[h, h]] .

A good example is obtained if we continue the preceding example.

Example 9. Let F (X) be given by

F (X) = − log det(A(X)) ,

as before. We have seen that the first order derivative of X−1 was given by

D(−X−1)[H] = X−1HX−1 .

Therefore, the second order derivative of F (X) is thus

D2F (X)[H,H] = 〈X−1DA(X)[H]X−1, DA(X)[H]〉+〈−X−1, D2A(X)[H,H]〉

where D2A(X)[H,H] is now a quadratic function of H.

When a function is nonsmooth at a point x̂, the gradient ∇f at x̂ cannot
be computed. Still an alternative can be used to replace the gradient.

Definition 1.38 (Subdifferential [86]). Let f : E → R ∪ {+∞}, the subdiffer-
ential of f at x̂ ∈ cl(dom f) is the set

∂f = {y ∈ E |f(x) ≥ f(x̂) + 〈y, x− x̂〉+ o(‖x− x̂‖),∀x ∈ dom f } .

If f is infinite at x̂, then ∂f(x̂) = ∅.

Even when the function is differentiable, the few rules we provided until
now do not always suffice to obtain an accurate expression of the gradient. As
an example consider that x is a point on a manifold M. Then by definition,
the gradient ∇f(x) of the function f : M → R must belong to the tangent
plane of M at x. Whenever the computed gradient does not belong to the
tangent plane, it can be projected onto it to obtain the correct expression. We
illustrate the underlying principles in an illustrative example obtained for the
manifold of orthogonal matrices. The theory related to it is too long to be
included in this manuscript and we therefore refer to [1] for the theory along
with the proofs and developments associated with the example.
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Example 10 (Tangent plane to the manifold of orthogonal matrices). Let the
manifold M⊂ Cn×n be defined by

M = {U ∈ Cn×n | U∗U = I}

A simple but not rigorous derivation of the tangent plane TM to M consists in
computing the directional derivative of U∗U = I in a direction S to obtain

TM = {S ∈ Cn×n | S∗U + US∗ = 0} . (1.12)

Now let us suppose that we have a real-valued differentiable function whose
domain is the manifold M, i.e

f : M→ R : U → f(U) .

The directional derivative of f at Û along a direction H ∈ Cn×n is given
by Df(Û) = 〈∇f(Û), H〉 where ∇f(Û) belongs to TM . Suppose now that the

computation yields a computed gradient, noted ∇f̂(Û), which does not belong to

the tangent plane. Then, ∇f̂(Û) can be projected onto TM using the orthogonal
projector PTM defined by

PTM(∇f̂(Û)) = ∇f̂ − 1

2
Û(Û∗∇f̂ +∇f̂∗Û) . (1.13)

One can thus verify easily by injecting (1.13) into (1.12) that

PTM(∇f̂(Û)) ∈ TM .

By definition, for any direction H ∈ TM we have

Df(Û)[H] = 〈∇f̂(Û), H〉 = 〈PTM(∇f̂(Û)), H〉 .

Indeed, the component of ∇f̂(Û) orthogonal to TM is orthogonal to H as well.

In the same way, the theory in [1] can be used to show that ∇f(X) is
symmetric if X is symmetric and diagonal if X is diagonal.

Convexity

The notion of convexity which we briefly recalled in the previous section applies
to functions as well.

Definition 1.39 (Convex function). A function f : E → R∪{+∞} is convex
if and only if dom f is convex and for any x, y ∈ dom f ,

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y), ∀θ ∈ [0, 1] . (1.14)

By definition, a convex function of class C(2) satisfies both ∇2f(x) � 0 and
the inequality

f(y) ≥ f(x) + 〈∇f(x), y − x〉 ∀x, y ∈ dom f . (1.15)

If −f is convex, f is said to be concave.
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Property 1.40 (Positive sum of convex functions [16]). Let f1 and f2 be
two convex functions on dom f1 and dom f2 respectively. Then for any two
w1, w2 ≥ 0

f = w1f1 + w2f2

is convex on dom f1 ∩ dom f2.

Property 1.41 (Pointwise maximum of convex functions [16]). Let f1(x) and
f2(x) be two convex functions on dom f1 and dom f2 respectively. Then the
pointwise maximum of f1 and f2 defined as

f(x) = max f1(x), f2(x)

is convex on dom f = dom f1 ∩ dom f2.

Property 1.42 (Affine invariance [16]). Let f : E → R be a convex function
and let A(x) + b : F → E be an affine operator then

f(A(x) + b)

is convex.

Lipschitz continuity

The concept of Lipschitz continuity is very useful to estimate the local change
of magnitude of a function f . It is used to bound these variations. In that
prospect and in this subsection, ‖ · ‖ denotes any norm induced by a scalar
product.

Definition 1.43 (Lipschitz continuity [86]). A differentiable function f(x) :
E → R has a Lipschitz continuous gradient on a convex set C if there exists a
positive constant L, called the Lipschitz constant, such that for any two points
x and x̂ ∈ C

‖∇f(x)−∇f(x̂)‖∗ ≤ L‖x− x̂‖ , (1.16)

A sufficient condition for a Lipschitz continuous gradient is given by the
following condition

Property 1.44 ([73, 86]). A function f of class C(2) has a continuous Lipschitz
gradient with constant L on C if and only if

max
‖h‖=1

‖∇2f(x)[h]‖∗ ≤ L .

As a consequence of this last property, functions with Lipschitz continuous
gradient can be bounded from above as the next property explains.

Property 1.45 ([86]). If a function f of class C(1) has a Lipschitz continuous
gradient on the convex set C with constant L, then for any x and x̂ ∈ C,

f(x) ≤ f(x̂) + 〈∇f(x̂), x− x̂〉+
L

2
‖x− x̂‖2 .
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Self-concordant functions

Definition 1.46 (Self-concordant function [73]). A closed convex function
F (y) of class C(3) with open domain is a self-concordant function if

|D3F (y)[h, h, h]| ≤MF (D2F (y)[h, h])
3
2 ∀h ∈ E (1.17)

holds for any y ∈ dom F and some constant MF ≥ 0.

If the constant MF = 2 the function is called a standard self-concordant
function.

Example 11 (Quadratic function). Any quadratic function is self-concordant.
Indeed, let F = 〈Qx, x〉+ 〈c, x〉+ d, then

D2F (x)[h, h] = 〈2Qh, h〉 D3F (x)[h, h, h] = 0

Therefore, it is self-concordant with constant MF = 0.

Example 12 (log function). The function F : R→ R ∪ {+∞}

F (x) =

{
− log(x) if x ≥ 0
+∞ otherwise

is a standard self-concordant function. Indeed we have

F ′′ =
1

x2
F ′′′ =

−2

x3
,

which satisfy the inequality (1.17).

Self-concordant functions have interesting properties, notably of being affine-
invariant and of being a barrier function on the closure of their domain.

Property 1.47 (Affine-invariant property [73]). Let A(x) + b be an affine
operator and assume that a function F (y) is self-concordant with the constant
MF . Then the function φ(x) = F (A(x) + b) is also self-concordant and Mφ =
MF .

Property 1.48 (Positive sum [73]). Let F1 and F2 be two self-concordant
functions with constants M1 and M2 and let w1, w2 > 0. Then the function

F = w1F1 + w2F2

is a self-concordant function for domF = domF1 ∩ domF2 with constant

MF = max(
1
√
w1
M1,

1
√
w2
M2).

Two fundamental results associated with self-concordant functions are given
by the following theorems.

Theorem 1.49 ([73]). Let the function F be self-concordant. If domF contains
no straight line, then the Hessian F ′′ of F is nonsingular at any x ∈ domF .
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Theorem 1.50 (Barrier function [73]). Let F be a self-concordant function.
Then for any point x̂ belonging to the boundary of domF and any sequence

{xk} ⊂ domF : xk → x̂

we have F (xk)→ +∞.

Definition 1.51 (Self-concordant barrier [73] ). A standard self-concordant
function F (x) is a ν-self-concordant barrier for the set domF ⊂ E, if

max
u∈E

[2〈F ′(x), u〉 − 〈F ′′(x)[u], u〉] ≤ ν . (1.18)

In particular if F ′′(x) is nonsingular, (1.18) amounts to

〈(F ′′(x))−1F ′(x), F ′(x)〉 ≤ ν .

The definition of self-concordant barrier is only needed to introduce the
following definition which will be central in our developments.

Definition 1.52 (Analytic center [73]). Let F (x) be a ν-self-concordant barrier
for the set domF . The point

x∗,F = arg min
x∈domF

F (x)

is called the analytic center of the convex set domF , generated by the barrier
F (x).

Self-concordant functions are a good class of functions on which one can
apply the Newton method. Indeed, the Newton method is affine invariant and
therefore it does not depend on the metric which is used. Likewise, the metric
defined by the Hessian of any self-concordant function is also affine-invariant.
Therefore the convergence results obtained from an application of the Newton
method on a self-concordant function are very favorable as underlined in [73].

1.3 Optimality conditions

Optimization is a field of mathematics and engineering focused on the con-
struction of algorithms and/or mathematical conditions for characterizing the
solutions of a minimization problem. Because of its existent and future impli-
cations in many other fields and real-life applications, optimization is a very
active field.

In the following, we understand by optimization problem any minimization
problem, and accordingly, we agree on the fact that an optimization problem
always is a minimization problem unless stated otherwise.

The goal is to find the minimum of a real-valued function f(x) over some
feasible set C. As our focus will go to constrained problems we now present
optimality conditions for them only. In a first step, we can differentiate between
implicitly and explicitly constrained minimization problems. A minimization
problem is explicitly constrained if explicit functional constraints are used to
describe the feasible set. Whenever explicit functional constraints are not given,
the problem is implicitly constrained.
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1.3.1 Optimality conditions for implicitly constrained op-
timization problems

In its most basic form, an unconstrained optimization problem is written

inf
x∈C

f(x)

where we suppose that C ⊂ E is nonempty and f(x) is continuous on C. The
notation inf denotes the fact that the optimal solution might not be obtained,
hence the search for an infimum. If additionally we suppose that f(x) is closed
on C, i.e. its level sets are compact on C, then a minimum exists and we can
write

min
x∈C

f(x) . (1.19)

A minimization problem is said to be convex if both the objective function and
the feasible set are convex. As we will see, convex optimization problems have
much favorable properties compared to nonconvex ones.

A candidate solution x̂ is a global optimal solution if and only if

f(x) ≥ f(x̂) ∀x ∈ C .

Checking global optimality is very hard in general and alternative optimality
conditions are sought. If we suppose that f is differentiable at x̂, we can locally
approximate f(x) by its Taylor expansion

f(x) = f(x̂) + 〈∇f(x̂), x− x̂〉+ o(‖x− x̂‖)

where we recall that the notation o(t) denotes terms that satisfy

lim
t→0

o(t)

t
= 0 .

Therefore, x̂ is locally optimal if

f(x)− f(x̂) = 〈∇f(x̂), x− x̂〉+ o(‖x− x̂‖) ≥ 0 .

We can rewrite this last condition as

〈−∇f(x̂), x− x̂〉 ≤ o(‖x− x̂‖)

or equivalently, following our definition of the normal cone to a point (2.41)

−∇f(x̂) ∈ NC(x̂) .

This last result amounts to a necessary condition for local optimality and is
equivalent to the following condition related to the tangent cone.

Theorem 1.53 (First order necessary local optimality conditions [86, Theorem
6.12]). If a point x̂ ∈ C is a local optimal solution of the minimization problem
(1.19) with f being differentiable at x̂ then

〈∇f(x̂), x− x̂〉 ≥ 0 ∀x ∈ x̂+ TC(x̂) . (1.20)

In particular, if x̂ ∈ int C, (1.20) implies that ∇f(x̂) = 0.
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Any point which satisfies Theorem 1.53 is called a stationary point. If
additionally C is a convex set then (1.20) is equivalent to

〈∇f(x̂), x− x̂〉 ≥ 0 ∀x ∈ C .

Let us now state a global result for convex optimization problems.

Theorem 1.54 (Necessary and sufficient first order optimality conditions [16]).
Let f ∈ C(1) be the objective function of a convex minimization problem. Then
x̂ ∈ C is a global optimal solution of the minimization problem if and only if

〈∇f(x̂), x− x̂〉 ≥ 0 ∀x ∈ C . (1.21)

In particular, if x̂ ∈ int C, the condition (1.21) simplifies to

∇f(x̂) = 0 .

1.3.2 Optimality conditions for explicitly constrained op-
timization problems

A constrained minimization problem with scalar constraints takes the form

min
x∈E

f0(x)

s.t hi(x) = 0 i = 1, . . . , k

fi(x) ≤ 0 i = 1, . . . ,m

(1.22)

where we suppose that the constraints define a nonempty set in the vector
space E and f0(x) is closed on the domain C defined by the intersection of
the equality constraints hi(x) = 0, i = 1, . . . , k and inequality constraints
fi(x) ≤ 0, i = 1, . . . ,m.

The problem (1.22) is called the primal problem in contrast to the dual
problem which we introduce now.

In order to solve the primal problem (1.22) one can basically lift the con-
straints into the objective using a weighted sum of the constraints. We obtain
the function

L(x, µ, λ) = f0(x) +

k∑
i=1

µihi(x) +

m∑
i=1

λifi(x) , (1.23)

where µ and λ are called the vectors of Lagrange multipliers or dual variables.
We call L(x, µ, λ) the Lagrangian of the problem.

If f0 is differentiable, the dual function is obtained by minimizing the La-
grangian (1.23) over x to get

g(µ, λ) = inf
x∈C

L(x, µ, λ) .

It is well-known that g(µ, λ) is concave independently of whether f0 is convex
or not. Therefore, the dual problem defined as

max
µ,λ

g(µ, λ)

s.t. λ ≥ 0
(1.24)
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is a convex problem. The optimal value g∗ of (1.24) satisfies the weak duality
property

g∗ ≤ f0,∗ . (1.25)

Whenever (1.25) is active, i.e.
g∗ = f0,∗

we say that strong duality holds.

Theorem 1.55 (Necessary local optimality conditions [16]). Let x∗ and (µ∗, λ∗)
be any two primal and dual points such that strong duality holds and the gradi-
ent of the active constraints are linearly independent, then it also satisfies the
Karush-Kuhn-Tucker (KKT) conditions defined as

∇L(x∗, µ∗, λ∗) = 0 (1.26)

hi(x∗) = 0 i = 1, . . . , k (1.27)

fi(x∗) ≤ 0 i = 1, . . . ,m (1.28)

λi,∗ ≥ 0 i = 1, . . . ,m (1.29)

λi,∗fi(x∗) = 0 i = 1, . . . ,m . (1.30)

Moreover if the primal is convex, the KKT conditions are sufficient for the
existence of a local minimum at x∗.

The conditions (1.26)-(1.29) can easily be derived as the first order opti-
mality conditions that the primal and the dual must both satisfy. Equation
(1.30) is called the complementary slackness condition and implies that the
Lagrange multipliers associated with non-active inequality constraints are zero
at the optimum.

Note that Theorem 1.55 states a necessary condition for local optimality on
the condition that strong duality holds but independently of whether the primal
is convex or not. Still, strong duality frequently does not hold for nonconvex
functions.

Theorem 1.56 (Necessary and sufficient conditions for global optimality [7]).
Let the primal (1.22) be convex and have a feasible set with nonempty interior.
Then x∗ is a global optimal solution of (1.22) if and only if there exists a dual
pair (µ∗, λ∗) such that (x∗, µ∗, λ∗) satisfies the KKT conditions (1.26)-(1.30).

1.4 Systems and Stability

1.4.1 Systems

A system is generally written as a set of differential equations{
ẋ(t) = f(t, x(t), u(t))
y(t) = h(t, x(t), u(t)) ,

where t is the time, x(t) is the state of the system, ẋ is the derivative of x with
respect to the time, u(t) is called the input of the system and y(t) is called the
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output of the system. In this thesis our attention goes to Linear Time Invariant
(LTI) systems which have a state-space representation of the form{

ẋ = Ax+Bu
y = Cx+Du ,

(1.31)

where the dependence on time of x, y and u is made implicit. In (1.31), A is the
state matrix. When the system is a single-input-single-output system, x ∈ Cn,
y, u ∈ C, A ∈ Cn×n B,CT ∈ Cn and D is a scalar.

By s we denote the continuous-time differentiation operator obtained by
the Laplace transform. By z we denote the discrete-time displacement oper-
ator obtained by the z-transform. When developments are common to the
continuous-time and discrete-time we prefer the use of the more general nota-
tion λ which thus denotes expressions that are applicable to both s and z.

The transfer function of the system (1.31) is thus written

H(λ) = C(λI −A)−1B +D . (1.32)

Transfer functions are rational functions of λ. The transfer function(1.32)
admits a representation as a fraction of two polynomials

H(λ) =
〈b, πnλ〉C
〈a, πnλ〉C

(1.33)

where 〈a, πnλ〉C = det(λI − A) and 〈b, πnλ〉C = (CΦB +D), where Φ/(det(λI −
A)) = (λI −A)−1. It should be noted that a(λ) = 〈a, πnλ〉C is a monic polyno-
mial and thus an = 1.

The roots of the numerator of (1.33) are called the zeros of the transfer
function. The roots of the denominator of (1.33) are called the poles of the
transfer function.

Remark 1.57. In order to avoid unnecessary repetitions in our manuscript,
we will use the system terminology for discussions common to polynomials and
matrices. Therefore, by “system” one should understand the state space matrix
A or its characteristic polynomial a(λ). By “poles” of the system one should
understand the corresponding eigenvalues of A or the roots of a(λ).

Definition 1.58 (Möbius transform). The Möbius transform is a continuous-
discrete transformation defined as

s→ z =
1 + s

1− s
.

Moreover, the inverse transformation is given by

z → s =
z + 1

z − 1
.

Property 1.59. The Möbius transform is a mapping that satisfies

|z| ≤ 1 for Re {s} ≤ 0 ,

and vice-versa. In particular the imaginary axis is mapped onto the unit circle.
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1.4.2 Stability

Definition 1.60 (Continuous-time stability). In continuous-time a system is
said to be (asymptotically) stable if and only if its poles are all located in the
open left half-plane in C.

Definition 1.61 (Discrete-time stability). In discrete-time, a system is said
to be stable if and only if all its poles are all located in the open unit disk of C
centered at the origin.

These definitions are somehow easy to check because one only needs to
consider the poles of the transfer function but they imply that one is working
in the spectral space. Another way of evaluating the stability of a system, this
time in the coefficient space, was developed by Lyapunov.

Theorem 1.62 (Lyapunov). [65, 58] A matrix X ∈ Cn×n is continuously
(resp. discretely) stable if and only if there exists P ∈ Kn++ such that the
continuous-time map

AP (X)
def
= ΨX(P ) = XP + PX∗, (1.34)

or, respectively, the discrete-time map

AP (X)
def
= ΨX(P ) = XPX∗ − P (1.35)

is negative definite. Moreover, if X is stable and ΨX(P ) ≺ 0, then P � 0.

We call such P a Lyapunov (or stability) certificate for X. Such a certificate
is not unique, xo we can define the set PX of Lyapunov certificates of a matrix
X,

PX = {P ∈ Kn++| −ΨX(P ) � 0} .

We can also give a definition for the set Sn of stable matrices in terms of
Lyapunov operators,

Sn = {X ∈ Cn×n|∃P ∈ Kn++ : −AP (X) � 0} .

Let us now cite a corollary to the last theorem.

Corollary 1.63 ([58, Theorem 11 and 12]). For any continuous-time (resp.
discrete-time) X ∈ Sn and any Q ∈ Kn++, there always exists a unique P ∈ Kn++

such that

XP + PX∗ = −Q ,

or, respectively,

XPX∗ − P = −Q ,

and vice-versa.
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Remark 1.64. Note that Theorem 1.62 makes use of the definition of negative
definite Hermitian matrices, which implies that AP (X) has to be Hermitian.
This is always guaranteed by the fact that P is Hermitian, and the whole ex-
pression makes sense.

Remark 1.65. The Lyapunov (1.34) and Stein (1.35) operators are linear in
P but the Stein operator is quadratic in X. Nonetheless, in order to ease the
notational burden, we will denote both operators by AP (X) when considering
X as the variable and will only distinguish the two when necessary.

1.4.3 Other measures of stability

The Lyapunov (1.34) and Stein (1.35) inequalities are not the only available
options to check the stability of a matrix. The spectral abscissa and the spec-
tral radius provide descriptions of the stability regions in continuous- and in
discrete-time respectively through simple constraints. Both are analytic spec-
tral functions that imply the knowledge of the eigenvalues of the matrix.

Definition 1.66. Given X ∈ Cn×n, the spectral abscissa is defined as

α(X)
def
= max

i
Re {λi(X)} . (1.36)

Definition 1.67. Given X ∈ Cn×n, the spectral radius is defined as

ρ(X)
def
= max

i
|λi(X)| . (1.37)

The definitions (1.66) and (1.67) are easily adapted to polynomials. Indeed,
if one uses companion matrices X(x), x ∈ Cn, the definitions (1.66) and (1.67)
particularize to

α(x)
def
= max

i
Re {λi(X(x))} , (1.38)

and
ρ(x)

def
= max

i
|λi(X(x))| , (1.39)

respectively, where λi(X(x)) now denotes the ith root of the characteristic
polynomial x(λ) = det(λI − X). Equations (1.38) and (1.39) are called the
root abscissa and root radius respectively.

Our definition of spectral abscissa enable us to define the concept of active
set.

Definition 1.68. The active set is the set of indicesM corresponding to active
eigenvalues, defined byM = {i : Re(λi(X)) = α(X)} in continuous-time, and
by M = {i : |λi(X)| = ρ(X)}.

From our definitions, a continuous-time (resp. discrete-time) system X ∈
Cn×n will be stable if and only if

α(X) < 0 and ρ(X) < 1 ,

respectively.
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It is well-known, [23, 21, 25, 24, 79, 97] that the spectral abscissa and the
spectral radius, and their polynomial counterpart, are nonsmooth and non-
differentiable functions of their arguments. Those functions indeed feature
singularities at the points corresponding to multiple eigenvalues.

Whenever a single simple eigenvalue of X is active, the directional deriva-
tives of the spectral abscissa and the spectral radius are smooth functions of
their argument and, in that case, they are thus differentiable functions. When
two or more simple eigenvalues are active, the spectral abscissa and the spectral
radius are nonsmooth but they are nonetheless Lipschitz continuous.

Directional derivatives of the spectral abscissa and radius. Let us
consider the following spectral function

γ(X)
def
= max

i
κ(λi(X))

where κ : C → R is either the real part function or the modulus function
and consequently γ(X) = α(X) or γ(X) = ρ(X) depending on the instance we
consider.

Let us further suppose that there is one and only one i which verifies

γ(X) = κ(λi(X)) .

In other words, there is only one active eigenvalue. In the following, we use the
notations λi = λi(X) when the context makes it possible.

Following our assumptions, the directional derivative of γ(X) corresponds
to the directional derivative of (κ ◦ λi)(X) in the direction H. In virtue of the
chain rule, its expression is given by

Dγ(X)[H] = 〈∂κ(λi)
∂λi

, Dλi(X)[H]〉 , (1.40)

where expressions for ∂κ(λi)
∂λi

and Dλi(X)[H] are still needed. The expression of
∂κ(λi)
∂λi

depends on the actual form taken by κ(λ). In continuous-time we have
that,

∂κ(λi)

∂λi
= 1 . (1.41)

If we consider the discrete-time case, then

∂κ(λi)

∂λi
=

λi
|λi|

. (1.42)

An expression for Dλi(X)[H] is in turn easily obtained from the definition of
eigenvalue. Suppose vi and ui are the left and right eigenvectors associated with
λi. Without loss of generality we can further assume that they are normalized
such that [50, Theorem 6.3.12]

‖ui‖ = 1 = v∗i ui .

Then
v∗iXui = λi ,
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and we get
Dλi(X)[H] = v∗iHui . (1.43)

When λi is a simple active eigenvalue, the equations (1.41), (1.42) and
(1.43) can be plugged successively in the theoretic expression of the directional
derivative (1.40) to obtain the two expressions [20]

Dα(X)[H] = 〈∇α(X), H〉 = 〈viu∗i , H〉 , (1.44)

Dρ(X)[H] = 〈∇ρ(X), H〉 = 〈 λi|λi|viu
∗
i , H〉 . (1.45)

Directional derivatives of the root abscissa and radius. Directional
derivatives for the root abscissa and the root radius can be obtained likewise.
With the use of the same notations, a general expression for the directional
derivative of γ(x) is given by

Dγ(x)[h] = 〈∂κ(λi)
∂λi

, Dλi(x)[h]〉 . (1.46)

The previous developments can be adopted without much change. Still one
must pay attention to the space in which one is working. When working with
a monic polynomial of degree n, x(λ) ∈ Cn+1 but there are only n degrees of
freedom such that the directional derivative is computed in a direction h ∈ Cn.
The problem is not encountered when working with companion matrices since
then the associated polynomial is always monic.

The expressions for ∂κ(λi)
∂λi

do not change. The only difference is found in
the expression of Dλi(x)[h]. Its expression can be found by writing the total
variation of the polynomial p(λ, ε) obtained by perturbing x(λ) as follows :

p(λ, ε) = (x+ εh)(λ),

where h ∈ Cn, ‖h‖ = 1, is the direction in which we want to compute the
derivative and ε > 0 is some small scalar increment. As λi is a root of x(λ), its
directional derivative must satisfy

p(λi(ε), ε) = 0 .

The total variation of this last equation takes the expression for some small
displacements δλi and δε,

∂p(λi(ε), ε)

∂λi
δλi +

∂p(λi(ε), ε)

∂ε
δε = 0 ,

which in turn implies

δλi
δε

= − ∂p(λi(ε), ε)

∂ε

/
∂p(λi(ε), ε)

∂λi
. (1.47)

An expression for the factors of the right-hand side in (1.47) is obtained easily.
We have

∂p(λi(ε), ε)

∂ε
= hTπn−1

λi
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and
∂p(λi(ε), ε)

∂λi
= −

∏
j 6=i

(λi − λj) .

Plugging these results in (1.47) and in turn in (1.46) along with the defini-
tion of adjoint yields

Dα(x)[h] = 〈∇α(x), h〉 = 〈ξ̄i, h〉 , (1.48)

Dρ(x)[h] = 〈∇ρ(x), h〉 = 〈 λi|λi| ξ̄i, h〉 , (1.49)

where ξi ∈ Cn is defined by

ξi =
πn−1
λi∏

j 6=i(λi−λj)
.

Conclusion and references

This opening chapter concisely presents the mathematical background of this
thesis. We have restricted ourselves to the most important concepts and have
thus discarded whatever will be useless in the following. We provided many
useful examples that illustrate the theoretic content. The examples were also
chosen to help the reader in the future as they detail several mathematical
relations that will be used at some point in this manuscript. This preliminary
chapter was constructed from several sources which we now acknowledge.

The idea of a first section which would present the most basic results on
scalar products and norms comes from the related thesis of Yvan Hachez [41].
The definitions contained in the first section can be found in any introductory
book of linear algebra and matrix theory, [50] is one of such.

The second section contains results from several works. The books of Boyd
and Vandenberghe [16] and Rockafellar [86] were used for the introduction
to convex analysis, the lectures notes of Nesterov [73] were used for the self-
concordancy. Differential calculus is mostly taken from Rockafellar [86] with
additions from the book of P.-A. Absil [1] which contains several elements of
theory related to differential calculus.

Optimality conditions are found in most books on optimization. We used
the references [16, 86, 7].

The last section on systems contains very basic statements and any intro-
ductory book on systems contains them. The expressions for the directional
derivatives of the spectral abscissa and the spectral radius can be found in [19]
as well.





Chapter 2

Nearest Stable System

This chapter explores the Nearest Stable System problem. Due to its intrinsic
difficulty, this problem did not attract so much attention. If in some simple
settings closed-form solutions can be found, they do not hold in general and
heuristics are our only hope. The difficulties arise mainly from the fact that
we are working in the space of coefficients of the system while stability is
more easily described in the spectral space, i.e. described in the space of the
eigenvalues of the matrix or roots of the polynomials. Likewise, the problem can
be tackled from two viewpoints, either we see it from the point of view of the
spectral space or of the coefficient space. Understanding the links between the
spectrum and the coefficients and studying the geometry of the stable set will
help us understand the important factors and the complexity that surrounds
the problem. In fine, our goal is to write down optimality conditions for our
problem.

This chapter is in essence a survey of the literature on the topic in which
we reproduce results of interest. The common thread is to reproduce elements
of theory that will be directly applicable to our case study at the end of the
third section.

The chapter is organized as follows :

Section 2.1 introduces the problem of finding the nearest sta-
ble system and its particularities. It also puts into light the
diversity of related problems. Finally, it addresses the ques-
tion of marginal stability and indicates ways to avoid such
undesirable solutions.

Section 2.2 focuses on the poles of the system, i.e. eigenvalues
or roots and thus corresponds to the first viewpoint of our
problem. The section is driven by the study of the effects of
a perturbation on the poles. The central piece of this sec-
tion is dedicated to Lidskii theory and what can be learned
from it. The study of perturbations is directly linked to our
problem since they predict the behavior of the poles under
the action of some perturbation of the coefficients.

31
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Section 2.3 explores the second viewpoint of our problem.
The set of stable systems is recognized as nonconvex and in
addition, its boundary is nonsmooth. The goal of the sec-
tion is to try to answer two questions : “How does the stable
set look? What can we expect from our solution?”. As the
questions are complex, quite often only partial answers are
available. The section concludes with the introduction of a
benchmark that will be used throughout this thesis to test
our methods.
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2.1 The Nearest Stable System problem and its
particularities

Stability is a crucial property in the study of dynamical systems. We focus on
the problem of enforcing the stability of a system a posteriori. The system can
be a matrix or a polynomial either in continuous-time or in discrete-time.

Let us introduce the most general formulation of the problem which we aim
to solve. Intuitively, the question is to find the smallest perturbation E that
stabilizes a given unstable matrix A ∈ Fn×n, F = C or R for some norm ‖ · ‖,
i.e.

arg min
E∈Fn×n

‖E‖

s.t. A+ E is stable.
(2.1)

Equivalently, we can say that we are looking for the closest stable matrix X =
A+ E to a given unstable matrix A.

The nearest stable system to an unstable one is a well-known problem
deemed hard [82]. As we have just seen, it can be very simply stated and
has been frequently mentioned in the literature.

From an optimization point of view, the problem is appealing for several
reasons. It is a nonsmooth nonconvex optimization problem and only a limited
number of algorithms are able to solve it and even fewer algorithms will be
able to guarantee that the final solution will actually be stable. There is thus
ample room for new methods. Also, the stable set can be expressed as a
Bilinear Matrix Inequality (BMI). BMIs are an active research topic and our
work could be useful to that field as well as for people working on the more
frequent Linear Matrix Inequalities (LMIs). Finally, the nearest stable system
problem is related to many research fields and the mathematical conditions
to impose stability are actually fairly simple to write, even though the set of
stable systems is not easy to describe, and have been studied extensively by
the research community giving to the problem an intrinsic interest.

In addition to its intrinsic interest, this kind of problem occurs in system
identification when one needs to identify a stable system from observations.
Measurements being subject to truncation and noise, it may happen that the
identified model is unstable while the original system is stable [33]. Our goal
is then to correct those errors and obtain a suitable system to work with.

In this aspect the purpose of this technique differs fundamentally from the
one of stabilizing by state or output feedback. Indeed, the purpose of stabilizing
by feedback is to stabilize a system which was correctly modelled as unstable
and hence the search for a proper feedback is required [6, 53, 37, 88], whereas
our algorithms provide new tools that can correct measurement errors arising
from the identification step by intrinsically modifying the identified system and
finally obtaining a stable model.

The difficulty of the nearest stable system problem comes from the sensi-
tivity of the eigenvalues to perturbations and in order to stabilize an unstable
matrix A one needs to perturb the coefficients of A so that all its eigenvalues
move to the stability region. In this prospect, the so-called stability radius
problem is somehow complementary since there one looks for a perturbation
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that moves only one eigenvalue outside the stability region. Various results
have been achieved depending on the adopted characterization.

In its most general form, the stability radius problem has a formulation
similar to the nearest stable system (2.1)

min
E∈Fn×n

‖E‖

s.t. X + E is unstable
(2.2)

where X is a stable matrix. The stability radius is used to evaluate the robust-
ness of a system. The question of robustness is to determine if a system will
be robust, i.e. stay stable, under the action of some perturbation.

Besides the fact that one looks for an unstable matrix is (2.2) and for a
stable matrix in (2.1), what makes the difference between the stability radius
problem (2.2) and the nearest stable system (2.1) is that it is the norm of the
perturbation that matters for the stability radius and not the perturbation
itself. On the contrary, it is the solution that matters for the nearest stable
system rather than the optimal distance which is realised. Moreover, the norm
of the perturbation required to find the nearest stable system solution of (2.1)
is always bounded, at most, by the norm of ‖A‖ since the zero matrix is an
acceptable solution which belongs to cl(Sn).

We can detail further the stability radius problem described by (2.2). When
E is given some structure, the number of degrees of freedom decreases and com-
putable formulas can be derived, see [48], but algorithms to efficiently compute
the stability radius are only available for some special cases [15, 48, 92]. When
E does not have any special structure as in (2.2) and a unitarily invariant norm
is used, it can be proved using the SVD of the matrix that the optimal E is
a rank-1 perturbation that will move one eigenvalue outside of the stability
region, or equivalently will move one singular value to 0. This is also true
for subordinate norms ‖ · ‖p,q where 2 ≤ p, q < ∞. For other special norms
the problem is NP-hard. A generalization of the heuristics presented in this
thesis in order to tackle the stability radius problem is not straightforward as
Figure 2.1 suggests.

Other problems that are similar and/or complementary to the nearest stable
problem can be listed. Examples of such are, for example, distance problems
[46] and the structured singular value problem [80].

Some other closely related problems with stabilization have been studied
as well. In [17], Burke, Henrion, Lewis and Overton stabilize fixed-order con-
trollers using nonsmooth, nonconvex optimization. In his thesis and related pa-
pers Tom D’haene [32] stabilizes transfer functions in a given frequency band,
but the optimization is carried out on the roots of the denominator whereas
we concentrate on stabilizing the denominator of the transfer function with
respect to its coefficients.

2.1.1 Problem setting

Let us describe the nearest stable system more precisely. The goal of this
section is to introduce a more precise mathematical formulation of the problem
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Figure 2.1: Starting from X, heuristics to solve the stability radius problem
and to the nearest stable system problem must have completely different search
direction since the solutions they must reach are unrelated.

which we will solve. Let K be a vector space on a field F and let A ∈ K be an
unstable system, typically A can be a square matrix of dimension n or a monic
polynomial of degree n (in which case we will prefer the notation a(λ)). The
nearest stable system problem can be formulated as

min
X∈K

1

2
‖X −A‖2F

s.t. X ∈ cl(Sn)
(2.3)

where cl(Sn) denotes the closure of the set Sn of stable systems. Let us make a
few remarks about (2.3). First, note that we seek a solution X which belongs
to the same vector space as A. This has some implications when A is real
since then there is no theoretic indication that the nearest stable system X is
actually also real and one might consider complex solutions. Nonetheless, if
one is dealing with a real system whose state matrix A is real, it is preferable
to return a real solution as well. Hence our choice makes sense. Our second
remark relates to the use of a squared norm in the objective function of (2.3).
This choice is also purely arbitrary and is made to ease our equations in the
future, however this does not change the solution X∗ which will be obtained.

Following our formulation (2.3), marginally stable solutions are thus ac-
cepted. This is necessary in order to write a minimization problem since the
set Sn of stable systems is an open set.

Such an optimization problem arises in many contexts and with many vari-
ations depending on the models associated to X and A. For example, the
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stabilization of transfer functions is widely studied [4, 32, 57] and different
techniques are used. Other constraints than stability can be studied : in [30]
passivity of the transfer function is enforced.

Virtually any norm could be used in replacement of the Frobenius norm ‖·‖F
in (2.3). In this thesis we look for the nearest stable matrix in the sense of the
coefficients of the matrix; the choice of the standard scalar product on Cn×n is
thus natural. The choice of the norm affects significantly the methods that are
available for its resolution. In [56], Mengi derives a 2-norm characterization for
this problem and is able to provide a simple 2 by 2 example of its resolution.
The paper of Mengi is the only occurrence which we are aware of in which
another norm than the Frobenius one was used.

One could also be interested in finding the nearest stable system in the
similarity orbit orb(A). By definition, orb(A) contains all the matrices which
are similar to A. It is well known, that the closure of orb(A) contains all the
matrices which have the same spectrum as A. In that case, the problem may
become simpler. If Re{Tr(A)} ≤ 0 the distance between the stable set and the
closure of the orbit is zero. In order to illustrate this consider the following
example.

Example 13. Let A ∈ Cn×n. Then orb(A) contains a matrix Â which satisfies

Â =


Tr(A)
n â12 . . . â1n

â21
. . .

. . .
...

...
. . .

. . . ân−1n

ân1 . . . ânn−1
Tr(A)
n

 . (2.4)

In order to see this, consider the matrix A0 = A − Tr(A)
n I. The trace of A0 is

zero and belongs to the field of values F(A0), defined as (see [50])

F(A0) = {x∗A0x, x
∗x = 1} .

By definition, F(A0) contains the convex hull of the eigenvalues and thus

0 =
Tr(A0)

n
∈ F(A0) .

Furthermore, for any unitary matrix U , F(U∗A0U) = F(A0) [50]. As 0 ∈
F(A0), there always exists a unitary matrix U such that Â = U∗A0U + Tr(A)

n I
and is given by (2.4).

Let us consider the particular case where Tr(A) = 0 in the following. Then
let us define the similarity matrix T , for a small real parameter ε > 0, as

T =


1

ε
. . .

εn

 .
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Now if we multiply Â on the left and on the right by T and T−1 respectively we
get a matrix B ∈ orb(A) which is written

B =


0 ε−1â12 . . . ε−nâ1n

εâ21 0
. . .

...
...

. . . 0 ε−1ân−1n

εnân1 . . . εânn−1 0

 .

The limit for ε → 0+ yields a matrix which is thus arbitrarily close to a
marginally stable matrix. Therefore, when Tr(A) = 0, the distance of cl(orb(A))
to cl(Sn) is zero.

The result of example 13 extends to the discrete-time case.

It is also possible to consider other formulations of the problem than (2.3).
For example, some authors have transformed the problem into one where one
needs to determine the optimal reflection coefficients1 [71, 75] which is partic-
ularly well-suited for discrete-time polynomials.

Let us now proceed to a more in-depth description of our characterization
of the stable set Sn. The set Sn is described by a Linear Matrix Inequality
which is the Lyapunov equation in continuous-time

XP + PX∗ ≺ 0

or the Stein equation in discrete-time

XPX∗ − P ≺ 0

both of which were introduced in Chapter 1. One can note that our description
of the set of stable matrices makes the set Sn an open set. Even though, (2.3)
makes clear that we will work on the closure of Sn.

One could equally describe the same stable set using other operators. In
fact, most works on related problems have used, when X is a matrix, the
spectral abscissa α(X) or the spectral radius ρ(X) to enforce stability. These
spectral functions are nonsmooth but a smoothed version such as the one pro-
posed in [97] can be adopted. The problem can then be formulated as

min
X

1

2
‖A−X‖2

s.t. α(X) ≤ 0 .

The use of the spectral abscissa does not bring a clear advantage in the resolu-
tion but as its mathematical properties are well studied, the spectral abscissa is
a very useful tool notably to derive some necessary local optimality conditions.
Such optimality conditions will be detailed in 2.3.2.

1Reflection coefficients will be discussed later in the chapter on polynomials.
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2.1.2 Artificially moving the stability boundary

Some further transformations could be brought to the original formulation
(2.3). One could wish to reject marginally stable solutions. Marginally stable
solutions generate oscillatory behaviors that can evolve into an unstable mode
under the slightest perturbation of the system.

Artificially moving the stability boundary is a way of achieving pole place-
ment and is desirable for many reasons. The pole placement topic is well
discussed in the literature and originates from the desire to obtain some spe-
cific performance for a system [27, 28]. For example, significantly moving the
stability boundary to the left is equivalent to enforce a minimum time constant
for the system, while constraining the poles in a section of the complex plane
will enable us to control overshoot among other things. Despite its intrinsic
interest, the control of the dynamics that underlie the response of the stabilized
system is not one of the central questions that we investigate. We nonetheless
make suggestion to include this kind of specific developments in our algorithms
at the end of the chapter on polynomials.

Modification of the Lyapunov and Stein operators.

We might well find out that some of the poles of the solution X∗ are unstable
due to numerical errors. This is made possible by a solution that is too close
to the boundary of Sn.

We could also wish to limit the number of decimals needed to represent our
solution X∗. This typically happens when we want to display our solution. In
this case, the truncation of some decimals amounts to a perturbation of the
system and can result in instability.

All these undesirable phenomena can be avoided by keeping the solution
X∗ at a distance ε0 away from the boundary of the stable set in the space of
coefficients.

Algebraic conditions can be written for the displacement of the stability
boundary. It corresponds to the continuous- and discrete-time conditions on
the poles of the system

Re {λi(X)} < −ε0I ,

and

|λi(X)| < 1− ε0 ∀i ,

respectively, where ε0 ≥ 0 . Therefore when the system is presented as a matrix,
the following proposition is useful.

Definition 2.1. Given ε0 ∈ R+, a matrix X is said to be ε0-stable if and only if
∃P ∈ Kn++ such that the following inequalities are satisfied in continuous-time

XP + PX∗ + 2ε0P ≺ 0 , (2.5)

and in discrete-time

XPX∗ − (1− ε0)2P ≺ 0 . (2.6)
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Re {λ}

Im{λ}

ε0 ε0

Re {λ}

Im{λ}

Figure 2.2: Regions of ε0-stability in continuous- and discrete-time.

Equation (2.5) is obtained by shifting X by a quantity −ε0I in the original
Lyapunov equation. Equation (2.6) is obtained by contracting X by a factor
1/(1 − ε0) in the original Stein equation. The necessity and sufficiency proofs
are presented in a broader context in [27].

The regions of stability are illustrated in Figure 2.2. This type of constraint
was successfully implemented in our work.

Additional constraints for pole placement.

We have shown that it was possible to move artificially the stability boundary
in order to dismiss marginally stable solutions. But as pointed out in his thesis
by Tom D’haene [33], it can be relevant to constrain the phase of the poles of
the system in an interval. As Lyapunov operators only constrain the modulus
of the poles, adding this feature would require an additional constraint which
would ideally be expressed as a function of the coefficients to avoid the cost of
an explicit computation of the poles. As the phase ϕ(λi) can be expressed as

tanϕ(λi) = −j λi − λ̄i
λi + λ̄i

,

we can define an additional constraint of the Lyapunov type

(1− tanα)XP − (1 + tanα)PX∗ ≺ 0 . (2.7)

Provided that α ∈] − π
2 ,

π
2 [ the condition (2.7) is well-defined. When α =

−π2 or π
2 the condition is automatically satisfied. Two of these constraints are

actually necessary to define an interval for the phase. As is shown in Figure 2.3,
two distinct regions satisfy the two inequalities. In continuous-time the usual
stability constraint is such that the feasible region is located in the left-half
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tanα1

tanα2

Re {λ}

Im{λ}

α1

α2

Figure 2.3: The interval of tangent values satisfying the combination of two
inequalities of opposed sign of the type (2.7) for two angles α1 and α2 is easily
pictured and describes two regions in gray inside the unit circle for the discrete-
time case.

plane and thus everything goes without difficulties. Unfortunately, this is not
the case in discrete-time but given that the inequality in (2.7) is strict, the two
regions are separate. If a barrier function is applied on the constraint, solutions
that are located in one region will not cross into the other one and the choice
of the starting point will thus select the region of interest as well. Despite
being tractable in theory, its inclusion in some form of efficient algorithm is
not obvious since it modifies significantly the feasible set of the optimization
problem. In the framework of this thesis we have worked with the usual stability
constraint and did not try to add phase constraints of the type (2.7).

2.2 Perturbation theory

Authors in the literature have worked on many aspects to find bounds for
delimiting the action of the perturbation, to develop analyses for determining
the position of the perturbed eigenvalues and, related to this, to stabilize a
matrix subject to some uncertainties.

Studying the trajectories followed by eigenvalues under the action of a per-
turbation is yet another way of illustrating the complexity of our problem. It
underlines especially the non-linear behaviours that can occur when perturbing
the coefficients of the matrix.
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2.2.1 Perturbation bounds and theoretical global opti-
mum

In some cases the global optimal solution of the nearest stable matrix can be
computed analytically. This happens when A has a special structure and this
special structure is purposely kept in the final solution. For example, consider
the very trivial case where A and X are diagonal matrices. Then the space of
eigenvalues and the space of coefficients are identical and, in the continuous-
time case, the solution is achieved when A is projected on the cone of negative
definite matrices in the sense of the 2-norm. In terms of eigenvalues this means
that the unstable eigenvalues are projected on the imaginary axis and the stable
eigenvalues are kept unchanged.

The subject of perturbation bound on the eigenvalues of matrices is quite
well developed in the literature [9, 94]. We reproduce some of the results
of Bhatia [9] that are linked to our problem. Let DA and DX be diagonal
matrices of the eigenvalues of A and X. Then we define the distance between
the eigenvalues of A and X as

d(DA, DX) = min
W∈Π

‖DA −WDXW
−1‖F , (2.8)

where Π is the set of permutation matrices.

Theorem 2.2 (Wielandt-Hoffman Theorem [9, 46, 49] ). Let A and X be two
normal matrices that belong to Cn×n. Then

d(DA, DX) ≤ ‖A−X‖F . (2.9)

Let us use an example to show the importance of this theorem.

Example 14 (Nearest stable normal matrix to an unstable normal matrix).
Let the conditions of Theorem 2.2 be fulfilled. As both A and X are normal,
we can decompose them as

A = V DAV
∗ X = UDXU

∗ .

While this decomposition is given for A, the choice of transformation U for X
is free. We want to show that the nearest stable normal matrix X∗ to A is also
the solution of

min
X∈Sn

d(DA, DX) .

In order to prove this, let us suppose that X̂∗ is a solution for which the distance
to A in the space of eigenvalues is optimal

d(A, X̂∗) ≤ d(A,X) ∀X ∈ Sn, X normal . (2.10)

It is clear that X̂∗ is not unique; any matrix X∗∗ = RX̂∗R
∗ such that RR∗ =

I, R ∈ Cn×n is a unitary matrix also satisfies (2.10). Therefore, there exists a
unitary matrix U such that X∗ = UX̂∗U

∗ and realises the equality ‖A−X∗‖ =
d(A,X∗). And we can easily conclude

‖A−X∗‖ ≤ d(A,X) ≤ ‖A−X‖ ∀X ∈ Sn, X normal .
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Thus in continuous-time, the nearest stable normal matrix X∗ to A is the pro-
jection of A on the cone of the negative definite normal matrices equipped with
the 2-norm. As all unitary, Hermitian and skew-Hermitian matrices are nor-
mal, inequality (2.9) also holds for them.

In our case, we seek to find the nearest stable matrix to A without keeping
its particular structure and we cannot therefore determine beforehand where
the eigenvalues of the global solution will lie. Still we can find bounds on the
minimal distance that can be achieved. For a matrix X with no particular
structure, we have in case A is normal and X is general [94]

d(DA, DX) ≤ c‖A−X‖F , (2.11)

and c =
√
n is the smallest possible constant. In case A is Hermitian, the

constant c improves to
√

2. The fact that c is greater than 1 indicates that the
distance between the eigenvalues X and the eigenvalues of A can be greater
than the norm of the difference A − X. As expected, the bounds are even
trickier when either of the two matrices A and X are general. In this case, the
book of Bhatia [9] provides us with the following bound

d(DA, DX) ≤ n(2M)1− 1
n ‖A−X‖

1
n

F , (2.12)

where M = max(‖A‖F , ‖X‖F ). Let us illustrate the consequences of these
inequalities on our problem.

Example 15. Consider a discrete-time system whose dynamic is represented
by the following matrix of size n

A =


b

a
. . .

a

 .

where a, b ∈ C. The eigenvalues of A are distributed evenly on a circle centered
at the origin. We suppose that |a| and |b| are greater than one, making A
unstable. We would like to determine the smallest perturbation ∆b of b such
that X is discretely stable. If |b| = |a|, then A is a normal matrix and the
closest stable normal matrix is given by

X∗ =


b
|b|

a
|a|

. . .
a
|a|

 .

and the objective function equals

‖A−X∗‖F = (|b| − 1)
√
n . (2.13)
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Now if the normality of X is not required, the smallest perturbation ∆b of b such
that the system becomes stable must satisfy |b + ∆b||a|n−1 = 1. The solution
∆b is such that

b+ ∆b =
ejϕ

|a|n−1

where the angle ϕ can be chosen to achieve the equality

|∆b| = |b| − 1

|a|n−1
.

In other words, we have

‖A−X∗‖F = |b| − 1

|a|n−1
. (2.14)

The comparison of (2.13) and (2.14) shows that the value of the objective func-
tion can be much smaller if the structure does not need to be maintained.

2.2.2 Perturbation of eigenvalues

Consider a matrix X ∈ Cn×n whose eigenvalues are not in any specific region
of the complex plane and thus X can either be stable, marginally stable or
unstable. Also suppose that X is given as an analytic function of a vector of
parameters p and let us set an initial vector of parameters p0 ∈ Cm, and a
corresponding matrix X0 = X(p0). We will analyze how the eigenvalues of X
behave under the action of a perturbation ∆p. The question is not new and
some authors have brought answers to this meaningful question. The main
result that we expose here was obtained by Lidskii [64] back in the 60’s, and
further reported by Moro et al [70]. Other authors contributed to the topic
and [89, 98, 60, 61, 54] are just a few references.

Since we are working with analytic perturbations of X, it can be shown [54]
that the perturbed matrix X(p + ∆p) with ∆p = εê, ê ∈ Cm, ‖ê‖ = 1, ε ∈ R,
admits a Taylor series given by

X(p0 + ∆p) = X0 + εX1 + ε2X2 + · · · , (2.15)

where the matrices X1, X2, . . . are obtained as a combination of partial deriva-
tives X(p), i.e. an algebraic computation gives

X1 =

m∑
i=1

∂X(p)

∂pi

∣∣∣∣
p=p0

êi . (2.16)

Series expansions for the eigenvalues and the left and right eigenvectors can
also be computed. Each eigenvalues admits a so-called Puiseux series[83, 84],
i.e. a series in fractional powers of ε, which is given, for an original unperturbed
eigenvalue λ0 of X0, by

λ(ε) = λ0 +

∞∑
i=1

εβiµi , (2.17)
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where βi is a fractional power.
Our interest goes to the leading term of this expansion since the behavior of

the eigenvalue λ(ε) is predominantly defined by the lower order term as ε→ 0.
The computation of the coefficients βi and µi is most often cumbersome.

It requires the full knowledge of the Jordan structure of the matrix and/or the
knowledge of the left and right eigenvectors associated to the eigenvalue which
is analysed. The analysis of the general treatment that applies to any given
matrix X ∈ Cn×n goes well beyond the scope of this thesis. We thus follow our
line of work by developing the elements of theory we think are either necessary
for our future developments or give an insight into the problem. Our goal is
essentially to bring forward the relation between the dynamics followed by the
perturbed eigenvalues and the structure of the matrix.

Two works will be at the center of our attention. The first one is the article
of Moro, Burke and Overton [70] where the authors show how the so-called
Newton diagram can be conveniently used to determine all the powers βi in the
expansion (2.17). The theory we present is intentionally simplified compared
to the available content of [70] since only the presented elements will be used
later on.

The second work central to our developments is the one of Seyranian and
Mailybaev [89] where they illustrate the principles of interactions for the special
case of a double eigenvalue λ0 perturbed by a simple parameter of varying
magnitude. Our intention here is not to redo the work from those authors but
rather to gather at a single location some of the key results they obtained in
their papers with a special focus on those that will be useful to us.

Newton diagram for determining the essential behavior of the per-
turbed eigenvalue

Let X(p) be in Jordan form. Then for a given perturbation pε = p0 + εê, the
eigenvalues of X(pε) can be computed using the characteristic polynomial of
X(pε)

c(λ, ε) = det(λI −X(pε))

Without loss of generality suppose that X0 only has one eigenvalue λ0 which
is 0, otherwise we can replace λ by λ−λ0 in the characteristic polynomial and
repeat the process for each eigenvalue. We then have

c(λ, ε) = det(λI−X(pε)) = λn+α1(ε)λn−1+· · ·+αn−1(ε)λ+αn(ε) = 0 , (2.18)

where each coefficient αk(ε) is a polynomial

αk(ε) = α̂kε
ak + · · · , (2.19)

where ak ∈ N. Following (2.19), αk(ε) is an analytic series convergent in a
neighborhood of 0 which satisfies the identity

αk(0) = 0 .

Therefore following [54] the expression λ(ε) for the roots of c(λ, ε) can be written
as a convergent Puiseux series in ε but we are mainly interested in the leading
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Figure 2.4: Newton diagram of c(λ, ε) = λ5+(3ε3)λ4+(ε+2ε2)λ2−(ε2−ε3)λ+ε3

term of λ(ε), i.e.
λ(ε) = µεβ . (2.20)

The leading coefficient µ and exponent β can be found using a Newton diagram.
Newton diagrams are found under various names [22, 59, 60] and are usually
described as in [29] but we follow here the more handy description from [70].
The abscissa axis will be the index k of the coefficients αk(ε), and the ordinate
axis will feature the smallest exponent ak of ε in (2.19). If αk(ε) is identically
zero, we take ak =∞.

It can be proved [70, 22, 60] that the number of roots of a certain power
equals the length of the projection for each segment on the x-axis. Moreover,
the leading power β of (2.20) is given by the slopes of each segment of the
diagram and the leading coefficient µ is found as a non-trivial solution to∑

(k,ak)∈Si

µn−kα̂k = 0 . (2.21)

Example 16. Consider the characteristic polynomial

c(λ, ε) = λ5 + (3ε3)λ4 + (ε+ 2ε2)λ2 − (ε2 − ε3)λ+ ε3 ,

whose Newton diagram is pictured in Figure 2.4. The first segment S1 yields
the following result. Its projected length on the k−axis is 3, thus there are
3 roots with an expansion in fractional power λi(ε) = µiε

1
3 , i = 1, 2, 3. We

can determine the value of µ from the expression of c(λ, ε). The nodes on the
segment S1 correspond to the terms λ5 and ελ2 of c(λ, ε). Therefore, the leading
coefficients µi are the three complex nonzero roots of the equation

µ5 + µ2 = 0 .

We deduce that three out of the five roots of c(λ, ε) are given by

λi(ε) = ej
2iπ
3 ε

1
3 , i = 1, 2, 3 .
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The same reasoning applies to the line segment S2 and we find two roots of
power 1

2 . The terms of c(λ, ε) that are associated to a node on S2 are ελ2,
−ε2λ and ε3 which implies that the leading coefficients satisfies

µ2 − µ+ 1 = 0 .

Therefore,

λ4(ε) =
1 + j

√
3

2
ε

1
2

λ5(ε) =
1− j

√
3

2
ε

1
2 .

The Newton diagram thus provides an easy way to determine the behavior
of the eigenvalues of X(p0) under the action of a given perturbation. Whenever
the structure of the perturbation is not available, estimations of the orders of
magnitude that might occur for the leading terms of the Puiseux expansions
are needed.

The question can be reformulated as determining all the possible Newton
diagrams that can be obtained knowing the structure of X. Rather than pro-
viding the full developments of the theory in [70], we will limit ourselves to
an insight on a particular case that we will use later on. In that perspective,
suppose we have the following additional assumptions : X depends linearly on
p, all the eigenvalues of X are zero and the Jordan form J of X is (logically)
known. Then

det(λI −X(pε)) = det(λI − J − εB) ,

for any perturbation matrix B of compatible size. If all eigenvalues of X are
semisimple , meaning that the Jordan blocks associated to the eigenvalues are
all of size ones, then J contains only diagonal elements and the characteristic
polynomial of J + εB is

c(λ, ε) = det(λI − εB) = λn + α̂1ε
n−1λn−1 + α̂2ε

n−2λn−2 + · · · . (2.22)

The coefficients of the characteristic polynomial have expressions of the form

αk(ε) = O(εn−k) .

This is due to the structure of J and is thus verified independently of the
structure of B. Since the coefficients αk are all proportional to εn−k, the
Newton diagram associated with (2.22) has only one segment of slope 1 which
contains all the nodes of the diagram.

This means that all the roots admits a first order Taylor expansion of the
type

λi(ε) = µiε .

This nice behavior does not happens if the Jordan blocks associated to
X are not of size 1. Indeed, let us now see what happens if J ∈ Cn×n is
nonderogatory, i.e., when there is only one Jordan block associated to each
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eigenvalue and let us consider as before that we have only one eigenvalue which
is 0. Then,

J =


0 1

. . .

1
0

 ,

and the characteristic polynomial c(λ, ε) = det(λI − J − εB) still is

c(λ, ε) = λn + α̂1ε
n−1λn−1 + α̂2ε

n−2λn−2 + · · · .

The difference with the semisimple case occurs at the level of coefficients αk(ε)
which now feature powers of ε that are lower than n− k, i.e.

αk(ε) = O(εq) q < n− k .

Therefore the Newton diagram associated to the characteristic polynomial con-
tains lines that have slopes typically smaller than 1. The consequence is that
the eigenvalues of X now admits an expansion in fractional powers. This
means that the eigenvalues are much more sensitive to perturbation than in the
semisimple case. We now give the most simple example possible to illustrate
this behavior.

Example 17. Let X be a nonderogatory Jordan form of size n with 0 with an
unique 0 eigenvalue

X =


0 1

. . .

1
0


The goal is to estimate the worst possible perturbation of X. Therefore consider
the perturbation matrix εB

εB =


ε

 .

The characteristic polynomial c(λ, ε) = det(λI − J − εB) writes

c(λ, ε) = λn + ε .

The Newton diagram associated to it is represented in Figure 2.5 and shows that
the segment S has a slope 1/n which means that the behavior of the perturbed
eigenvalues of X are governed by the law

λi(ε) = ej
2iπ
n ε

1
n i = 1, . . . , n.

This example illustrates the nontrivial role played by the block structure of
the Jordan form of X in the behavior of the perturbed eigenvalues.
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k

ak

S

n

Figure 2.5: Newton diagram for the characteristic polynomial λn + ε

Analytic expressions of the coefficients in the expansion

When the left and right eigenvectors of the eigenvalue λ0 are known and are
given by u0 and v0 respectively, we can compute an expression for the µi’s in
the expansion (2.17) which we rewrite here

λ(ε) = λ0 +

∞∑
i=1

µiε
βi .

Indeed, both eigenvectors admit an expansion in fractional powers of ε and
closed form expressions of µi can be obtained.

Let us state two examples that we will reuse later on.

Example 18 (Expansion of a simple eigenvalue). Let us consider λ0 to be a
simple eigenvalue of a matrix X0 = X(p0) ∈ Rn×n, p0 ∈ Rm with associated
left and right eigenvectors v0 and u0 in Rn. Under a perturbation of X(p0 +εê)
where ê ∈ Rm is normalized, the Taylor series of X(ε) is given by

X(ε) = X0 + εX1 + o(ε) .

The Taylor series of the eigenvalues and the eigenvectors are

λ(ε) = λ0 + εµ1 + o(ε) ,

u(ε) = u0 + εw1 + o(ε)

v(ε) = v0 + εy1 + o(ε) ,

We can determine the expressions of µ1 by using the definition of eigenvalue

Xu = λu vTX = λvT .

Therefore we get in the one hand

vTXu = (vT0 X0u0) + (vT0 X0w1 + y1X0u0 + vT0 X1u0)ε+ o(ε) ,
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and in the second hand

λvTu = (vT0 λ0u0) + (vT0 λ0w1 + y1λ0u0 + vT0 µ1u0)ε+ o(ε) .

Identifying terms of equal power of ε, we get the only non-trivial relation

µ1 =
vT0 X1u0

vT0 u0
. (2.23)

Example 19 (Expansion of a double nonderogatory eigenvalue). As in the
preceding example consider an eigenvalue λ0 ∈ R of a matrix X0 = X(p0) ∈
Rn×n except that λ0 now is a nonderogatory eigenvalue of multiplicity 2. In
this case, there are two associated generalized right-eigenvectors u0 and u1 in
Rn that satisfy

X0u0 = λ0u0 vT0 X0 = λ0v
T
0

X0u1 = λ0u1 + u0 vT1 X0 = λ0v
T
1 + vT0

As in [89], we impose a unique choice of eigenvectors by making the additional
hypothesis that

vT0 u0 = 0 vT0 u1 = 1 vT1 u1 = 0 .

As λ0 is now a double nonderogatory eigenvalue, it admits a Puiseux series in
ε

λ(ε) = λ0 + ε
1
2µ1 + εµ2 + o(ε) .

Likewise, its associated eigenvectors admit Puiseux series with the same power
of ε and following the same reasoning as in the previous example, expressions
for µ1 and µ2 can be deduced. They write [89]

µ1 = ±
(
vT0 X1u0

) 1
2 µ2 =

(
vT0 X1u1 + vT1 X1u0

)
2

. (2.24)

Interactions of eigenvalues

The paper of Moro et al. [70] that we have discussed so far looked at how it
was possible to find the leading term of the equations that drive the behavior
of the perturbed eigenvalues. In particular, it identifies a simple technique
to visualize the possible behavior of the perturbed eigenvalues based on the
Jordan structure of the original unperturbed matrix X0.

The central question which we now try to answer is to determine what
happens if a single element of the perturbation ∆pi of ∆p = εê is modified in
magnitude. In his article Seyranian [89] tackles this question using the theory
of Lidskii, Vishik and Luysternik [64, 98] and some of his own works.

The work of Seyranian comes as a complement to the work developed by
Moro et al in [70] as it looks into the question of how the position of the
perturbed eigenvalues evolves along with the magnitude of the perturbation.

Let us consider a real matrix X(p) ∈ Rn×n which is a function of a vector
p ∈ Rm with m < n2 and a perturbation vector depending on ε ∈ R following
the equality

∆p = εê (2.25)
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where ‖ê‖ = 1, and ε ∈ R, ε small.
Let us further suppose that X(p0) admits an eigenvalue λ0 of algebraic

multiplicity 2.
Therefore, following the work presented just before, the eigenvalue expan-

sion can be of two types, namely λ0 is either a semisimple eigenvalue, i.e. it
has two associated Jordan blocks of size one, or a nonderogatory eigenvalue in
which case it has only one Jordan block of size 2 associated with it.

When λ0 is a double nonderogatory eigenvalue we have that

λ(ε) = λ0 + µ1ε
1
2 + µ2ε+ o(ε) .

We can decompose µ1 and µ2 into

µ1 =

m∑
i=1

µ1,iêi , µ2 =

m∑
i=1

µ2,iêi ,

where µ1,i and µ2,i are given by (2.24) and (2.16)

µ1,i =

(
vT0
∂X(p)

∂pi
u0

)∣∣∣∣
pi=p0,i

µ2,i =
1

2

(
vT0
∂X(p)

∂pi
u1 + vT1

∂X(p)

∂pi
u0

)∣∣∣∣
pi=p0,i

,

where we recall that v0, v1, u0 and u1 are the original left and right generalized
eigenvectors associated with λ0 We have thus

λ(ε) = λ0 ± (

m∑
µ1,iêi)

1
2 ε

1
2 + (

m∑
µ2,iêi)εi + o(ε) .

Finally, using the notation ∆pi = εêi we write

λ(ε) = λ0 ± (

m∑
µ1,i∆pi)

1
2 + (

m∑
µ2,i∆pi) + o(ε) . (2.26)

In case λ0 is semisimple, there are two independent left eigenvectors v1 and
v2 and two independent right eigenvectors u1 and u2 associated with λ0. As
λ0 is semisimple, the eigenvalue expansion is

λ(ε) = λ0 +
∑

µ1,i∆pi (2.27)

where the expression for µ1,i is dependent on the two pairs of eigenvectors
associated with λ0. We do not elaborate on the expression of µ1 for a semisimple
λ0 here, see [89] for more details.

In both cases, given that we fix all elements of the perturbation but one,
say ∆p1, both expansions can be put into the form

λ(∆p1) = λ0 + r(∆p1) + jk(∆p1) + o(∆p1) , (2.28)

where r(∆p1) and k(∆p1) are functions R → R. By establishing a one-to-one
correspondence between (2.28) and (2.27) or (2.26), a pattern for the behavior
of the eigenvalues emerges.

Indeed, once the functions r(∆p1) and k(∆p1) are known, one can plot in
the complex plane the followed by λ(∆p1). As we consider an eigenvalue λ0
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Re {λ}

Im{λ}

λ0 λ0

Figure 2.6: Weak interactions imply that the perturbed eigenvalues crosses
without interacting when only one perturbation parameter is nonzero. Hence
there are two cases : complex conjugate (left) or real (right). [89]

of multiplicity 2, two different paths are each time given by (2.28) and those
paths intersect at a value ∆p1 = 0 and thus we can say that the eigenvalues
interact.

The developments of Seyranian [89] put into light two types of interaction,
strong and weak

• Strong interactions occur when λ0 is nonderogatory. Indeed, the two
eigenvectors associated with λ0 coalesce as ∆p1 → 0,

• Weak interactions occur when λ0 is semisimple and thus it has two lin-
early independent eigenvectors.

Strong and weak interactions each have their particularities. Strong inter-
actions are due to nondifferentiable expansions at ∆p1 = 0 and therefore the
speed is infinite at that point. Weak interactions are characterized by a non-
interaction when the elements ∆pi i = 2, . . . , n of the perturbation are zero, in
which case the trajectory displayed by each perturbed eigenvalue is a straight
line as shown in Figure 2.6. Still, when the elements ∆pi i = 2, . . . , n are fixed
but nonzero, more complicated trajectories can appear, see [89] for examples.

Despite an easy conceptualization, the computation leading to the specific
patterns of interaction are cumbersome. We give the most simple example of
this by continuing the computations that we started at the beginning of this
section for a nonderogatory eigenvalue λ0 with multiplicity 2.

Example 20 (Strong interactions of a nonderogatory eigenvalue [89]). Follow-
ing (2.26) and (2.28), we have

r + jk = ±

(
µ1,1∆p1 +

m∑
i=2

µ1,i∆pi)

) 1
2

+ µ2,1∆p1 +

m∑
i=2

µ2,i∆pi . (2.29)

As all the elements of the perturbation are fixed except ∆p1 we can pose

α =

m∑
i=2

µ1,i∆pi β =

m∑
i=2

µ2,i∆pi ,
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in which case (2.29) is equivalent to

r + jk = ±
(
µ1,1(∆p1 +

α

µ1,1
)

) 1
2

+ µ2,1(∆p1 +
α

µ1,1
)− αµ2,1

µ1,1
+ β . (2.30)

Two cases appear depending on the sign of

µ1,1(∆p1 +
α

µ1,1
) . (2.31)

Either (2.31) is nonnegative in which case all the terms in (2.30) are real as
well and thus k = 0 and

r = ±
(
µ1,1(∆p1 +

α

µ1,1
)

) 1
2

+ µ1,2(∆p1 +
α

µ1,1
)− αµ1,2

µ1,1
+ β , (2.32)

or (2.31) is negative and it gives birth to a purely imaginary term and

r = µ1,2(∆p1 +
α

µ1,1
)− αµ1,2

µ1,1
+ β ,

k = ±
(
µ1,1(∆p1 +

α

µ1,1
)

) 1
2

.

Eliminating the term (∆p1 + α
µ1,1

) from both equations we get the equation of

a parabola

r +
µ2

1,2

µ1,1
k2 = γ , (2.33)

where γ contains terms depending on ∆p2, . . . ,∆pm only.
We now have everything we need to picture the behavior of λ0 when ∆p1

is increased continuously. First suppose that ∆p2, . . . ,∆pm are all zero which
in turn implies that α, β, γ are zero. Then we see in Figure 2.7 that starting
from a negative value of ∆p1, the two perturbed eigenvalues computed from the
expression (2.28) of λ(ε) evolve in the complex plane on the parabola described
by (2.33), meet at λ0 for ε1 = 0, then diverge in opposite directions along the
real axis following (2.32). When γ 6= 0, then the intersection point is shifted
an amount equal to γ along the real axis, see Figure 2.7.

This type of trajectories appears frequently in our examples, especially when
multiple eigenvalues appear in our solutions. We give such an example that
occurs during the stabilization of a polynomial of degree 2 in Figure 2.8.

It is worth noting that the same developments can be made for a complex
matrix. In Figure 2.9 we show the strong interactions that can occur when a
double complex eigenvalue is perturbed.
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Re {λ}

Im{λ}

λ0

γ

Figure 2.7: Pattern of strong interactions taking place when perturbing a dou-
ble nonderogatory real eigenvalue of a real matrix by increasing only one of
the parameter, represented here for µ1,1 > 0. The speed of the eigenvalues
increases to infinity as they cross each other. The direction of the arrows is
opposite when µ1,1 < 0. [89]

Figure 2.8: Illustration of strong real interaction occuring in the stabilization
of the polynomial a(λ) = λ2 + 0.9λ− 0.1 starting from the polynomial p(λ) =
(λ + 1)2. The solution reached is x(λ) = λ2 + 0.9λ. The collision of the two
complex conjugate roots and then the divergence along the real axis follow the
same pattern as the one in Figure 2.7.
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Re {λ}

Im{λ}
γ < 0

λ0

γ = 0

λ0

γ > 0

λ0

Figure 2.9: Possible patterns of strong interactions taking place when perturb-
ing a double complex eigenvalue of a real matrix by increasing only one of the
parameters in the perturbation. The two eigenvalues tend to converge towards
the original eigenvalue location before diverging. The parameter γ denotes the
contribution of the other elements of the perturbation. [89]
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2.3 Singularities and optimality conditions for
the set of stable systems

The main difficulty when working with nonconvex sets arises when we want
to address the question of optimality of a candidate solution. The question is
not easy and even though we concentrate on the more restrictive set of stable
systems, very few authors have tried to address the questions that we explore
in this part of the manuscript.

Our intention here is to offer a broader perspective on “How the set of
stable systems looks” and the results that we present follow two directions.
The first direction gives a clear view of the type of geometries that we face
in the set of stable systems. The set of stable systems is well-known to be
nonconvex but it is rather difficult to envision the type of singularities that our
algorithms have to deal with. The literature on the topic is scarce and such
a discussion in this thesis is rightly justified. The second direction explores
what is currently known about optimality conditions for nonconvex sets. It is
quite clear that in the general case no necessary and sufficient condition can be
obtained. Still, one could hope for better results for some particular candidate
solution of particular problems especially when a particular structure is added
to the problem through the use of affine constraints.

In addition to the type of singularities, one could wonder the extent to which
the stable set is nonconvex. A meaningful answer to this question can be found
in the work of Saydy, Tits and Abed [87] among others. They looked at the
question of the stability of the convex hull of two matrices or two polynomials.
Their work showed that the segment in Rn×n formed by convex hull of two
matrices defined as

A(r) = (1− r)A0 + rA1

where A0, A1 ∈ Rn×n and r ∈ [0, 1] could have as many as n intersections with
the boundary of the stable set.

2.3.1 Singularities of the boundary of the stable set

The boundary of the set of stable systems is nonsmooth and various types of
singularities appear. We reproduce here the results of Mailybaev and Seyranian
who dedicated a series of articles to the topic of singularities of the stable set
[67, 66, 68]. Their results were based on the work carried by various authors
some time before [62, 64].

Let X(p) ∈ Rn×n be a matrix which depends smoothly on the vector of
parameters p ∈ Rm. Then the boundary of the stability domain is made of
smooth surfaces corresponding to a simple null eigenvalue of X(p) or a pair of
complex conjugate eigenvalues with zero real part.

Singularities appear whenever two or more of those smooth surfaces transver-
sally intersect each other at λ0. Singularities can be separated into classes since
singularities can be reduced to a normal form via a local diffeomorphism. In
[62], Levantoskii proves that for any finite number of parameters, there is a
finite number of classes of singularities. He also underlines that those singu-
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(a) (b) (c)

(d) (e)

Figure 2.10: Set of possible singularities appearing on the boundary of the
stable set when a matrix is dependent on 3 parameters. (a) dihedral angle, (b)
trihedral angle, (c) break of an edge;(d) and (e) 3D and top view of a deadlock
of an edge. [67, 68]

larities can be computed using the Routh-Hurwitz inequalities but that the
complexity of their computation grows factorially.

The computation of these singularities has only been carried in a limited
number of publications and for a limited number of settings. All available
singularities have been computed in the real case. Levantoskii [62] and Arnold
[3] have listed (and represented) the possible singularities for real matrices and
polynomials up to m = 4.

We represent here the results reported by Mailybaev and Seyranian [67, 68]
for a continuous-time real matrix dependent on m = 3 parameters. In that
case, there is 4 types of singularities of the stable set. These singularities are
depicted in Figure 2.10.

When X0 has multiple eigenvalues on the boundary of the stable set, the
Jordan structure of X0 is related to the type of singularities. The link between
the Jordan structure of a matrix and the singularities of the stable set is well
established and is detailed in all the works related to the topic. Any two
given matrices X1 and X2 belong to the same surface if they have the same
Jordan structure. We list the various possibilities for a continuous-time real
matrix dependent on m = 3 parameters in Table 2.1 where the notation J(02)
means that the singularity is linked to a Jordan form with a block of size 2 for
a 0 eigenvalue and J(0,±jw) means that a Jordan form contains a simple 0
eigenvalue and a simple pair of conjugate eigenvalues.

In conclusion, due to the geometries that they imply, the singularities of
the stable set in the space of the coefficients provides a challenging setting for
the search of the nearest stable matrix. As an example, consider the 2D-cut
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Singularity Jordan structures associated to it

Dihedral angle J(02), J(0,±jw) or J(±jw1,±jw2)
trihedral angle J(02,±jw), J(0,±jw1,±jw2) or J(±jw1,±jw2,±jw3)
deadlock of an edge J((±jw)2)
break of an edge J(03)

Table 2.1: Jordan structures associated with each type of singularities.[67]

x

y

Re {λ}

Im{λ}

Re {λ}

Im{λ}

Figure 2.11: Visualization of a singularity of the stable set of real polynomials
of degree 3 at the point λ3 in the direction x = −λ2 + λ + 2 and y = λ2 + λ.
The borders correspond to specific root configurations, the vertical one is due
to polynomials with a root at the origin and two complex conjugate roots with
negative real part, the curved border corresponds to polynomials with two
purely imaginary conjugate roots and a negative real root.

of a break-of-an-edge singularity depicted in Figure 2.11. It seems clear that
if the solution of the problem is located at the singularity, reaching it can be
troublesome if our iterates are contained in the interior of the set. Indeed,
the developments in [67] have underlined that for some singularities any cone
which originates from the singularity and is contained in the stable set also has
nonempty interior.

2.3.2 Optimality conditions for the nearest stable system

This section is devoted to the identification of suitable optimality conditions
to our problem : the minimization of a convex function over a nonconvex set.
We present results contained in the literature and will reproduce here essential
developments that add value to this thesis. We start by enumerating some
global optimality results to some closely linked problems that are studied in the
literature, we then introduce the basic principles of variational analysis applied
to the spectral abscissa. This last point is useful for describing a necessary
condition for optimality. Finally a sufficient condition for local optimality is
given, namely X∗ must be a sharp local minimum.
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Optimality results in the literature

Led by the pioneering work of Burke, Lewis and Overton [18, 19], authors
in the literature have favored an approach to the stability of matrices and
polynomials in terms of spectral abscissa and spectral radius [21, 97] rather than
in terms of Lyapunov operators. Albeit different in appearance those studies
are intrinsically linked to our problem and will put forward the difficulties of
obtaining optimality results for this kind of problem.

The only global optimality result on a problem linked to stability appears
in [14] where the authors reported results on the minimization of the root
radius ρ(x) and on the root abscissa α(x) of a polynomial x(λ), in discrete-
time and continuous-time respectively, subject to a single affine constraint on
the coefficients of the polynomial.

We are unable to state global optimality conditions from which we could
characterize the solution to the nearest stable system. But local optimality con-
ditions that are either necessary or sufficient for optimization problems involv-
ing the abscissa map are at the heart of the work laid out in a series of articles
by Burke and Overton [24, 25] and Burke, Lewis and Overton [18, 19, 21]. Their
work is based on the use of a variational analysis tool given by the subgradient
of the abscissa map that we present next.

Outside of these references there are virtually no other results. The global
optimality result in [14] cannot be transposed or used in our work whereas the
results of Burke and Overton can be applied on an individual basis to some
instances of our minimization problem.

Local optimality conditions and subgradients

We have presented local optimality conditions for the minimization of a real-
valued convex function f(X) over a closed feasible set C ⊂ E where E is a given
vector space and C is described by functional constraints in the introductory
chapter of this manuscript, see Section 1.3. In particular, if the feasible set C
is convex, a necessary and sufficient condition for the optimality of X̂ ∈ C is
given by

〈∇f(X̂), X − X̂〉 ≥ 0 ∀X ∈ C .

This last condition can be reformulated in terms of the normal cone NC to C
as

0 ∈ ∇f(X̂) +NC(X̂) , (2.34)

where 0 denotes the zero matrix. As (2.34) is expressed in terms of the normal
cone, the condition (2.34) holds for nonsmooth, nonconvex sets as well with the
restriction that (2.34) is now necessary but not sufficient for the local optimality
of X̂.

Subgradients will be useful to describe the optimality conditions (2.34) ap-
plied to a feasible set C defined by

C = {X|g(X) ≤ 0}

with g(X) being nonsmooth.
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There is several types of subgradients. A full review of their many character-
istics and properties being outside the scope of this thesis, we will not elaborate
on them and will refer the reader to [86] for a full study. The definition that
we give here applies to functions that are regular (or subdifferentially regular).
As this concept complicates the development we do not discuss its definition
and assume our functions to be regular throughout. Specifically, the spectral
abscissa is subdifferentially regular at X ∈ Cn×n if X only has nonderogatory
active eigenvalues in the following sense,

Definition 2.3. An eigenvalue λi(X) is said to be active if Re {λi(X)} =
α(X).

We refer once again the interested reader to [24, 86] for more advanced
details on this topic.

Definition 2.4 (subgradient). A matrix Y ∈ Cn×n is said to be a subgradient
of a function g(X) : Cn×n → R at X̂ if

g(X) ≥ g(X̂) + 〈Y,X − X̂〉+ o(‖X − X̂‖) ∀X ∈ Cn×n , (2.35)

which we denote Y ∈ ∂g(X̂) where ∂g(X̂) denotes the set of all subgradients of
g at X̂.

We now define the horizon subgradient of a function g, which we define
under the assumption that g is continuous.

Definition 2.5 (Horizon subgradient). Let g : E → R be a nonsmooth
function over a vector space E and let ∂g(X) be the set of all subgradients of
g at X. The horizon subgradient of g(X), denoted ∂∞g(X), is defined by

∂∞g(X) = {W |∃Y : Y + tW ∈ ∂g(X) ∀t ∈ R+} if ∂g(X) is nonempty,

= {0} otherwise.
(2.36)

Basically, under the regularity assumption the horizon subgradient is the
recession cone of ∂g(X). The recession cone corresponds to the set of directions
of all the rays contained in the cone. By definition, 0 ∈ ∂∞g(X). It should be
noted that if g is C1, ∂g(X) = {∇g(X)}, and ∂∞g(X) = {0}.

Let us recall a last definition which will come useful for the next theorem.

Definition 2.6. Let Ω ⊂ E be a closed subset of E. By pos Ω we denote the
cone defined by

pos Ω = {tZ : Z ∈ Ω, t ∈ R+} .

Necessary local optimality condition for the nearest stable system

Let us apply the concepts stated above to our problem. In a string of articles
[19, 18, 24, 25] and later [21], Burke and Overton have established the varia-
tional properties of the spectral abscissa for matrices and polynomials; most
importantly they have shown in [24] when all active eigenvalues are nonderoga-
tory, the spectral abscissa is subdifferentially regular which explains our choice
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of definition of subgradients (2.35) and horizon subgradients (2.36) which would
have been otherwise incorrect. The results presented here are taken from their
work and the reference book on variational analysis of Rockafellar and Wets
[86] that we already used extensively until this point.

Inspired by the work developed in [24], where the authors developed neces-
sary local optimality conditions for so-called semistable programming, we now
derive necessary optimality conditions for the nearest stable matrix problem in
continuous-time. Following the same approach as in [24], we rewrite it as

min
X∈Cn×n

1

2
‖A−X‖2

s.t. α(X) ≤ 0

(2.37)

The equivalence of (2.37) with the original formulation (2.3) is obvious. The
following theorem ensues.

Theorem 2.7 (first order necessary optimality condition). If X̂ ∈ Cn×n is a
solution of (2.37) then

A− X̂ ∈ pos ∂α(X̂) ∪ ∂∞α(X̂) . (2.38)

Proof. The proof is based on elements from [86]. Let us define the feasible set
X = {X ∈ Cn×n : α(X) ≤ 0}, then (2.37) becomes

min
X∈X

1

2
‖A−X‖2 , (2.39)

Then the necessary first order optimality condition (2.34) applies. Therefore,
if X̂ is a solution of (2.37) we get together from (2.34) and (2.39) that

0 ∈ X̂ −A+NX (X̂) . (2.40)

By Theorem 10.3 in [86] the normal cone NX (X̂) is

NX (X̂) = pos ∂α(X̂) ∪ ∂∞α(X̂) . (2.41)

Equations (2.40) and (2.41) leads to (2.38).

Characterization of a point that satisfies the necessary optimality
condition

The necessary optimality condition which we have stated implies that

A− X̂ ∈ pos ∂α(X) ∪ ∂∞α(X) . (2.42)

but we still need to give an expression for an acceptable Y which we do now
based on the work contained in [24]. We underline the fact that we only present
results for the spectral abscissa and without any justifications. The work con-
tained in [24] is much richer and contains partial results for an extension to the
discrete-time.

Let us consider the setM which contains the indices of the active eigenval-
ues. Active eigenvalues were defined in definition 2.3.
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Theorem 2.8 (Set of subgradients and horizon subgradients of α(X) [24]).
Given a matrix X in Jordan form whose active eigenvalues are nonderogatory,
the set of subgradients and horizon subgradients at α(X) is given by the matrices
Y ∈ Cn×n such that

Y =

W
(1)

. . .

W (p)

 (2.43)

where each block W (i) associated to an eigenvalue λi is zero if i does not belong
to the active set M. Whenever i ∈M we have that W (i) is a lower triangular
Toeplitz matrix

W (i) =


θ

(i)
1

θ
(i)
2

. . .
...

. . .
. . .

θ
(i)

m(i) . . . θ
(i)
2 θ

(i)
1

 (2.44)

where m(i) is the algebraic multiplicity, θ(i) ∈ Cm(i)

. The elements θ
(i)
1 must

satisfy

θ
(i)
1 ∈ R, θ

(i)
1 ≥ 0,

∑
i∈M

m(i)θ
(i)
1 = 1 (2.45)

when Y ∈ ∂α(X), or must satisfy

θ
(i)
1 = 0 , (2.46)

when Y ∈ ∂∞α(X) instead. The elements θ
(i)
2 must satisfy

Re{θ(i)
2 } ≥ 0 , (2.47)

in both cases.

Sketch of proof. A necessary condition for Y to be a subgradient of any spectral
function at X is that Y ∗ commute with X. If X is in Jordan form, then the
only matrices that commute with it have a block structure with triangular
Toeplitz blocks. The justification for the conditions (2.45),(2.46) and (2.47) is
in [24].

In order to completely describe our solution, note that the normal cone
(2.41) can now be explained taking into account the pos modifier. The pos
modifier cancels the effects of the constraint∑

i∈M
m(i)θ

(i)
1 = 1

in (2.45). In other words, a matrix Y is contained in the set (2.41) if it satisfies

the conditions (2.43), (2.44), θ
(i)
1 ∈ R, θ

(i)
1 ≥ 0 and Re{θ(i)

2 } ≥ 0.
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Sufficient optimality condition

A sufficient optimality condition was also stated in the literature using the
notion of sharp minimum.

Definition 2.9 (Sharp minima [19, 18]). For any Euclidean set E, a point
x̂ ∈ E is a sharp minimizer of a function f : E → R if and only if there exists
a δ > 0 such that

f(x̂+ z)− f(x̂) ≥ δ‖z‖ ∀ small z ∈ E .

Proposition 1 (Sharp minima [19, 18]). A point x̂ ∈ E is a sharp minimizer
of a function f : E → R, f being subdifferentially regular, if and only if

0 ∈ int ∂f(x̂) .

When it can be applied, Proposition 1 proves to be a very powerful tool in
showing local optimality of nonsmooth functions. For example, Burke, Lewis
and Overton [18] used it to characterize the optimality of the solution in some
problems. In particular, they proved that the solution x ∈ Cn−1 to the mini-
mization problem

min
x∈Cn−1

α(X(x))

s.t.

X(x) =


−x1 1

x1
. . .

... 1
xn−1


is attained when all the element xi of x are zero. Unfortunately, the sufficiency
condition given in Proposition 1 applies mainly when affine constraints are
applied on the coefficients such as in the example we have just provided. On
the contrary, we do not have affine constraints applied on the coefficients of the
matrix in the nearest stable problem.

2.3.3 Benchmark example

We now illustrate the content of the two previous sections, and introduce an
example that will be a benchmark for continuous-time algorithms throughout
this thesis. Take the following unstable matrix

A =


0 1

. . .

1
ν0 0

 , (2.48)
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where ν0 ∈ R. For small |ν0|, the matrix A can be viewed as a perturbation of
the matrix X defined by

X∗ =


0 1

. . .

1
0

 . (2.49)

Since X∗ is a nonderogatory matrix, we have seen in Example 17, p.47 that
the perturbed matrix A has eigenvalues distributed following the equation

λi(A) = e
2iπ
n ν

1
n
0 .

Therefore the eigenvalues of A are equidistant points on the circle centered at
the origin of the complex plane. The matrix A is thus an unstable matrix.
Moreover, following our section on the singularities of the stable set and due to
the fact that X∗ is a single (nonderogatory) Jordan block, the singularity is a
n-dimensional “break of the edge” singularity. Intuitively, we can expect that
X∗ is actually a local (and sometimes global) optimal solution to the nearest
stable system problem in continuous-time

min
X∈Sn

1

2
‖A−X‖2 . (2.50)

What is unusual with this example is the range of values of ν0 for which X∗
seems to be a local optimal solution. We give the following conjecture regarding
this observation.

Conjecture 2.10. Provided n > 2 and |ν0| < 1, ν0 ∈ R, X∗ as given in (2.49)
is a local optimal solution to the problem (2.50).

Before discussing the results that led to this conjecture, let us stress that we
think that for values of |ν0| < γ0, γ0 ≈ 0.5, the matrix X∗ is actually a, possibly
unique, global optimal solution. But since it is difficult to fix the exact value of
γ0 for which X∗ is indeed the global optimal solution, we prefer discussing the
local optimality of X∗. Let us now discuss elements that led to the Conjecture
2.10.

Local optimality conditions

Let us show that X∗ satisfies the necessary local optimality conditions that
were detailed in Theorem 2.7 and 2.8. Let us recall their implications here.
We must show that the gradient of the objective function (2.50) belongs to the
cone generated from the set of subgradients and horizon subgradients of the
spectral abscissa. This is in turn verified if the gradient of the objective has a
Toeplitz structure whose elements satisfy the algebraic conditions (2.45)-(2.47)
in Theorem 2.8.

Let us check that those conditions are indeed verified. First of all, X∗ con-
tains only one nonderogatory eigenvalue which is active. Then, as the matrix
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X∗ is already in Jordan form we can apply the necessary optimality conditions
(2.38) to our problem. We have

ν0

 = A−X∗ .

Therefore, we can check visually that since the elements of the main diagonal
of A−X∗ are all 0, A−X∗ satisfies the condition (2.46) which states that those
elements can be zero. Moreover, since, for n > 2, all the elements on the first
subdiagonal of A−X∗ are all zeros, A−X∗ also satisfies the condition (2.47)
which requires that those elements be nonnegative. Hence, we conclude that
our solution X∗ satisfies the necessary optimality condition (2.38). Note that
this necessary optimality condition holds for any value of ν0 whether real or
complex, provided that n > 2.

Limits of the conjecture

Now that we have shown that our solution X∗ satisfies the necessary optimal-
ity conditions, we are able to discuss the reasons that led us to restrict the
conjecture to a specific range of values of ν0.

Let us first note that the case ν0 = 0 does not need to be treated since then
A is already marginally stable and thus belongs to the closure of the stable
set. We choose to limit our conjecture to real values of ν0 on the one hand
and to |ν0| < 1 on the other hand. We discuss both of those constraints in the
following.

For values of ν0 such that |ν0| > 1, ν0 is larger than any other element
of the matrix A and thus better solutions are easily found. For |ν0| = 1, the
matrix A (2.48) becomes a normal matrix. The proposed solution X∗ (2.49)
achieves an objective value of

‖A−X∗‖ = 1

but other solutions that achieve the same objective value can be easily com-
puted. Indeed, any matrix X̂ which is a circulant permutation of X∗ is also
stable and achieves the same objective value.

Since A is a normal matrix, a natural candidate solution is the normal
matrix Bν0 computed as the projection of A onto the cone of the positive
definite matrices (in the 2-norm) for a fixed value of ν0. As both matrices are
normal and the Frobenius norm is a unitarily invariant norm, we have, in view
of example 14, that

‖A−Bν0‖ = d(λ(A), λ(Bν0)) ,

where d(λ(A), λ(Bν0)) denotes the minimal distance obtained by permutation
of the order of the eigenvalues of A and Bν0 . For n = 3, Bν0 is closer than X∗
to A if ν0 = −1 and at the same distance if ν0 = 1. Indeed, if ν0 = −1 the
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eigenvalues of A are

λ(A) =

 −1
1
2 + j

√
3

2
1
2 − j

√
3

2

 ,

so ‖A − B−1‖ =
√

2
2 . Now if n = 3 and ν0 = 1, the eigenvalues are mirrored

with respect to the imaginary axis and therefore ‖A−B1‖ = 1. For n = 4 both
distances are equal to 1 and for n = 5 the normal matrix B|ν0|=1 is further away

from A than X∗. Note that we have not proved that Bν0 or X̂ satisfies the
necessary optimality condition stated in Theorem 2.7. However this is difficult
in general since it requires the computation of the Jordan structure of both
matrices.

A strong indicator of local optimality is obtained through numerical meth-
ods. We have carried several experiments to see if X∗, Bν0 and X̂ were indeed
local minimizers of the problem (2.50). In order to look for this, we solved mul-
tiple instances of the problem from starting points that were perturbations of
the points X∗, Bν0 and X̂. Numerical algorithms have consistently returned the
expected solutions. Therefore, we can say that numerical experiments support
our conjecture of the presence of a local minimum at X∗.

For values of 0 < |ν0| < 1, the candidate solution X∗ still satisfies the neces-
sary local optimality conditions. Numerical experiments also tend to indicate
that X∗ is a local optimal solution. Nonetheless, the same experiments showed
that we cannot confirm that X∗ is a global optimum for any values of ν0, as
the next example shows.

Example 21. Take ν0 = −0.75. Then ‖A − X∗‖ = 0.75 but the matrix X̂
given by

X̂ =

−0.2811 0.8860 0.1022
−0.1717 −0.3077 0.8860
−0.5184 −0.1717 −0.2811


achieves an objective value of ‖A− X̂‖ = 0.6338. The matrix X̂ does not have
any particular structure and has eigenvalues given by −0.87, ±j0.7805. For
n = 3 better solutions than X∗ could be found for values of |ν0| > 0.5 .

We restricted our analysis to the case ν0 ∈ R but as pointed out by Michael
Overton [78] one could consider ν0 as belonging to C. While X∗ still satisfies the
local optimality conditions for any ν0, numerical experiments were inconclusive.
Therefore we did not extend our conjecture to the complex case.

The case n = 2

We have emphasized that X∗ as defined in (2.49) is optimal for n > 2. We will
now study why this is not always true for n = 2 and give alternative solutions
when possible. For n = 2, A and X∗ are given by

A =

[
1

ν0

]
X∗ =

[
1

0

]
. (2.51)
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In order to satisfy the necessary optimality condition described in Theorem 2.7,
we must also verify that A − X∗ satisfies the condition (2.47). This imposes
that

Re {ν0} ≥ 0 .

Let us consider the case where ν0 ∈ R for now. X∗ is only optimal for ν0 ≥ 0.
This was expected and illustrates the fact that if ν0 < 0, the eigenvalues of A
are

λ = ±j
√
ν0 .

Thus, the eigenvalues of A are already marginally stable and the solution to
the nearest matrix problem (2.50) is given by the matrix A itself.

Let us now go further and relax our constraint on ν0 and allow ν0 ∈ C, |ν0| <
1. In that case, the necessary optimality conditions for X∗ still holds as long as
Re {ν0} ≥ 0. One could thus think that X∗ might be a global optimal solution
for small magnitude of ν0. Unfortunately various experiments have shown that
this is not true as the following example suggests.

Example 22. Let ν0 be given by ν0 = 2
3 + j 1

2 and where the solution X∗
was obtained numerically using the Hanso method which we present later on in
Section 3.4.

A =

[
1

2
3 + j 1

2

]
X̂∗ =

[
−0.2218 0.9467− j0.0355

0.0276− j0.0740 −0.2218

]
. (2.52)

The distance to A is given by

‖A− X̂∗‖F = 0.8321 ,

while we have
‖A−X∗‖F = |ν| = 0.8333 ,

Still, as in the real case, X∗ might still be a local optimal solution to the
problem. A very strong indicator that this is true is obtained by repeating the
same experiment with various starting points taken as small random pertur-
bations of X∗. It was observed that for one half of the 12 runs we carried the
solution converged to X∗, and to X̂∗ given by (2.52) for the other half. This
example illustrates perfectly the local implications of the optimality condition
stated in Theorem 2.7.

Conclusions on chapter 2

The contribution of this chapter is two folds. First, we brought together in
one place various elements of theory that can be found in the literature related
to the set of stable systems. Second, we provided a meaningful example of an
unstable matrix to which the theoretic elements could be applied, in particular
the necessary optimality conditions of [24].

The nearest stable system is a difficult problem due to the properties of
its domain. The nonconvexity and nonsmoothness of the stable set make the
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search for any guarantee of global optimality of the solution hopeless. We
highlighted the kind of nonconvexity we could face and how often they appear.

Singularities appear because the eigenvalues and roots are nonlinear func-
tions of their coefficients. Under the action of some structured or unstructured
perturbation on their coefficients, the eigenvalues/roots of a system follow tra-
jectories that can be predicted. We have provided bounds on the perturbations,
described expressions and techniques to find the leading terms of expansions
describing those trajectories and have illustrated some typical interactions that
occur between eigenvalues.

We have reproduced optimality results associated with closely related prob-
lems. Most results in the literature imply local optimality of the solution but
this does not apply to the kind of problems we are dealing with. We presented
necessary local optimality conditions in one hand, and sufficient local optimal-
ity conditions in the other hand. The necessary optimality condition applies
to our problem but the sufficient optimality condition that we presented can
only be useful when the constraints are affine.

Taken all together the results presented in this chapter give some insight
on the complexity underlying the problem and help us visualize the type of
problem we face and the solutions that can arise due to the specific geometry
of the set. All aforementioned results were applied to the unstable companion
matrix

A =


0 1

. . .

1
ν0 0


and we discussed a number of possible cases and solutions.





Chapter 3

Methods for matrices

This chapter explores innovative methods for solving the nearest stable matrix
problems both in continuous- and in discrete-time which we write as

inf
X,P

1

2
‖X −A‖2F

s.t AP (X) ≺ 0 ,

P = P ∗ � 0 .

(3.1)

where the notation AP (X) introduced in Chapter 1 denotes the Lyapunov
operator

AP (X) = XP + PX∗ (3.2)

in continuous-time or the Stein operator

AP (X) = XPX∗ − P (3.3)

in discrete-time. The notations (3.2) and (3.3) enable us to avoid the dissoci-
ation of the developments in continuous- and in discrete-time case which will
ease the burden arising from the equations.

Most existing methods are inefficient for solving the formulation (3.1). The
nonconvex nature of the stable set makes it difficult to prove convergence to
a minimum. In particular, one might wish to apply a path-following schemes
on an augmented formulation of the algorithm using a self-concordant barrier
function. In general, path following scheme applied to a minimization problem
with a nonconvex feasible set are not guaranteed to converge since bifurcations
can occur in the central path in which case the Hessian of the barrier becomes
indefinite and any convergence guarantee is lost. Alternative schemes are thus
sought.

The essential idea behind the first method that we explore is that it is
possible to locally approximate the nonconvex set of the stable matrices using
a very simple smooth convex object : the Dikin ellipsoid. Dikin ellipsoids have
very nice mathematical properties inherited from the mathematical object that
defines them : a self-concordant function. We present here the matrix version of
the algorithm and will present its polynomial counterpart in the next chapter.

69
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The second method we describe concentrates on the continuous-time for-
mulation of the problem and follows an entirely different approach compared
to the first method. It is based on an adequate reformulation of the problem
which has better mathematical properties than the original formulation (3.1).
More classic methods can then be applied to find a suitable solution.

The chapter is organized as follows :

Section 3.1 introduces a first iterative method for finding both
the nearest stable matrix both in continuous-time and in
discrete-time. It explores the concepts behind the construc-
tion of the Dikin ellipsoid. The section concludes with a
short analysis on the success and the failures of the method.

Section 3.2 starts from the results obtained in the first sec-
tion and suggests an augmented version of the algorithm to
correct the weaknesses of the first version of the method.
Some time is taken to make a convergence analysis of the
resulting method.

Section 3.3 presents a method for the resolution of continuous-
time instances of the nearest stable matrix problem. Several
reformulations of the problem are presented and a method
is proposed to solve one of the obtained reformulations. A
convergence proof of the method is obtained.

Section 3.4 closes this chapter by a comparison of the perfor-
mances of the various algorithms presented in the chapter
and other well-known algorithms.
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3.1 Nearest Stable system Using Successive Con-
vex Approximations

The ideas presented in this section were developed independently from other
results found in the literature which are related to ours. In particular it is
worth mentioning the related ideas of Florian Jarre [52, 51] and Yinyu Ye [99].

The section is divided in three parts; the first part details the construction
of the Dikin ellipsoid; we then show how the nearest stable system problem can
be solved on the ellipsoid and finally state an iterative algorithm in a third part.
The section concludes with two very short numerical examples that illustrate
the successes and the failures of the method, followed by a discussion of the
causes of these failures.

3.1.1 Dikin Ellipsoid for the stability region

We have already mentioned several times that the constraints of (3.1) define
a highly nonconvex domain. Therefore, a first step toward the resolution of
(3.1) is achieved by a convexification of the domain of the problem. Several
types of approximations are available; a good example is provided by LMI
approximations. LMI’s are able to fit well the stability boundary [85] but they
do not admit an iterative refinement (this is a one shot procedure). The solution
that we present here has the advantages of being convex, easy to describe, and
approaching quite well the stability boundary.

Our approach is the following : for a given P that satisfies the constraints
of (3.1), there are many possible stable candidates X. As a consequence, for
P � 0 fixed, we can define

SP
def
= {X ∈ Cn×n : −AP (X) � 0} ⊂ Sn, (3.4)

and we have ⋃
P�0

SP = Sn.

The reader is referred to Figure 3.1 for understanding the inclusion relations
between the various sets of stable matrices we have and will define here.

Let

f(Y ) =

{
− ln detY, if Y � 0,
+∞ otherwise .

If P � 0 then the set SP has nonempty interior, and the function bP (X) :
Cn×n → R ∪ {+∞} :

bP (X)
def
= f(−AP (X)) (3.5)

is a self-concordant barrier for SP . An essential result of the theory of interior
point methods for optimization states, loosely speaking, that the open unit
ellipsoid centered at a point in the domain of a self-concordant function, with
shape defined by the Hessian of the barrier evaluated at that point, belongs to
its domain [73]. Applying this to bP , we obtain the following result :
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Figure 3.1: Sketch of the space of stable matrices Sn, the set of stable matrices
for a given P : SP , and its convex subset the Dikin ellipsoid EP of center X.

Theorem 3.1 (Dikin Ellipsoid). Let X ∈ Sn and P ∈ Kn++ be given and be
such that AP (X) ≺ 0. For any 0 ≤ α < 1, the ellipsoid

E(P,X;α)
def
= X + {H ∈ Cn×n : 〈b′′P (X)H,H〉 ≤ α} (3.6)

belongs to SP .

Proof. First note that the assumption on X is equivalent to stating that X lies
in the domain of bP . The inclusion follows from Theorem 4.1.5 in [73]. See also
[35].

It is actually possible to consider other self-concordant barrier functions
than the log-det barrier. But the log-det has the best barrier parameter [73].

The Dikin ellipsoid is quite a powerful tool in order to deal with our noncon-
vex domain. It yields ellipsoidal approximations of the stable domain on which
the resolution of the optimization problem (3.1) is easy and straightforward.
Still, the choice of suitable P and X is critical for obtaining a convex domain
which is as close as possible to the original nonconvex set. We address the
question of finding an initial X later on in the part dedicated to the search of
starting points in Section 3.1.4 but one should have in mind that it can equally
be provided by the user at the start of the algorithm. We will focus for now
on an appropriate choice of P for a given X which amounts to optimizing the
shape of our ellipsoidal approximation.

Optimizing the ellipsoid If X is a stable matrix, then by Theorem 1.62
there must exist P � 0 such that ΨX(P ) defined for a fixed X by

ΨX(P ) = XP + PX∗

in continuous-time or
ΨX(P ) = XPX∗ − P

is negative definite. We now describe a procedure for computing such a P . Note
that Theorem 1.62 also states that whenever ΨX(P ) ≺ 0 for a stable matrix X,



3.1 Successive convex approximations 73

Figure 3.2: Sketch of two possible choices of P and their implication on the
volume of both SP (in black) and the Dikin Ellipsoid (in grey). The shape of
the Dikin ellipsoid is only illustrative, there is no guarantee that its volume
would be maximal inside SP .

then necessarily P is positive definite. Since the set of positive definite matrices
P satisfying the condition ΨX(P ) ≺ 0 is a cone, we can limit our search to the
bounded convex set

PX
def
= {P ∈ Kn++ : ΨX(P ) ≺ 0, 〈P, I〉 = 1}.

Any matrix P belonging to PX satisfies our requirements. But for each P
the Dikin ellipsoid associated to that choice is different both in volume and
in orientation. Indeed, the set SP changes for each choice of P and so does
the Dikin ellipsoid as pictured in Figure 3.2. We will, however, choose P as a
central point of this set. The motivation behind this choice is the following.
By taking a P which lies on the boundary of PX , AP (X) will be singular and
hence X will be said to be marginally stable for this choice of P . Conversely,
if we take P as a central point of the set of all possible P ’s, then our hopes are
that X will somehow be a central point of the set SP . Hence, the volume of
the implied Dikin ellipsoid will always be large but there is no proof that this
is the best choice. Still, numerical experiments that were based on polynomial
instances of the problem were carried out and tend to confirm that a central P
yields better convergence in practice than random ones. We discuss further in
Chapter 4 the material related to randomly generated stability certificates.

In order to compute the adequate P , we equip PX with the self-concordant
barrier

bX(P )
def
= f(−ΨX(P )), f(Y ) = − ln detY,

and choose P = P∗ to be the analytic center of the set PX :

P∗
def
= arg min{bX(P ) : P ∈ PX}. (3.7)
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Theorem 3.2. If X ∈ Sn, then the solution of (3.7) is unique, and is given in
the continuous-time case by the Lyapunov equations

X∗Q−1 +Q−1X + nI = 0, (3.8)

XP + PX∗ +Q = 0, (3.9)

and in the discrete-time case by the Stein equations

X∗Q−1X −Q−1 + nI = 0, (3.10)

XPX∗ − P +Q = 0. (3.11)

Proof. Since bX is a self-concordant barrier function and PX is bounded, P∗
must exist and is unique. This solution P∗ must satisfy the first order necessary
optimality conditions

b′X(P ) + µI = 0, (3.12)

〈P, I〉 = 1, (3.13)

µ ∈ R,

which are obtained by computing the derivative of the Lagrangian of (3.7) with
respect to P (3.12) and µ (3.13) respectively. We will first show that

µ = n . (3.14)

Indeed, observe that bX is logarithmically homogeneous, i.e.

bX(tP ) = − ln det(ΨX(tP ))

= − ln det(tΨX(P ))

= − ln(tn det ΨX(P ))

= −bX(P )− n ln t, t > 0, (3.15)

and hence

−n (3.15)
= d

dtbX(tP )|t=1
def
= 〈b′X(tP ), P 〉|t=1

(3.12)
= −µ〈I, P 〉

(3.13)
= −µ.

Note that the second equality on the first line is a simple application of the
chain rule on bX(tP ), see Section 1.2.2 for more explanation on the chain rule.
Then, we can verify by inspection using our definition of adjoint (1.2) that the
adjoint of ΨX is given by, in the continuous and discrete-time case respectively,

Ψ∗X(Y ) = X∗Y + Y X, (3.16)

Ψ∗X(Y ) = X∗Y X − Y , (3.17)

see Section 1.1.1 for details on the adjoint of an operator. If we now define

Q
def
= −ΨX(P ), (3.18)
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which is exactly (3.9) and (3.11), we can once more make use of the chain rule
to obtain

b′X(P ) = −Ψ∗X(f ′(−ΨX(P )))
(3.18)

= Ψ∗X(Q−1). (3.19)

Finally, by substituting (3.14) and (3.19) into (3.12) we prove (3.8) and (3.10).
It remains to note that by Corollary 1.63, p.25, since X is stable, (3.8)

(resp. (3.10)) has a unique solution in Q−1 and, in turn, (3.9) (resp.(3.11)) a
unique solution in P .

As a conclusion to this section, we give some insight on how to solve the
systems of Theorem 3.2. An easy-to-implement way of solving the systems is
to find the Cholesky decomposition of Q−1 by solving (3.8) or (3.10), invert it,
construct Q and then find the Cholesky decomposition of P by solving (3.8)
or (3.10). An implementation of this technique exists, see [42] and references
therein. For some settings, this step is the limiting one in terms of complex-
ity of the method. It is known that each Lyapunov equation requires O(n3)
operations to reach a solution. Though easy to use, this technique does not
take advantage of the special structure of the equations, when available. This
is especially true for companion matrices for which better complexity could be
hoped for. We will talk more about this point later on in the chapter dedicated
to polynomials.

3.1.2 Barrier Projection Method for general matrices

As the Dikin ellipsoid (3.6) is included in Sp, itself included in Sn, a nearest
stable matrix can be found by solving the problem on successive approximations
of the stable set described by the Dikin ellipsoid. Finding the nearest stable
matrix in the Dikin ellipsoid amounts to solving

min
H

1
2‖X +H −A‖2F

〈b′′P (X)H,H〉 ≤ α .
(3.20)

The first order optimality conditions which are both necessary and sufficient
are given by

X +H −A+ λ (b′′P (X)[H]) = 0 (3.21)

λ

2
(〈b′′P (X)[H], H〉 − α) = 0 (3.22)

λ ≥ 0 .

Note that in view of (3.21) and the fact that X + H is stable and A is not, λ
cannot be zero. Hence, the complementary slackness condition (3.22) imposes
that the optimal solution for H will give a point on the boundary of the ellipsoid
since

〈b′′P (X)H,H〉 = α .

The remainder of the section describes the steps that one needs to im-
plement in order to solve the optimality conditions (3.21)-(3.22). We confine
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ourselves to a theoretic resolution of the equations and will give explicit expres-
sions in the next section. The advantage of this approach is that the presented
equations are as simple as they can be. The resolution is somewhat straight-
forward and the result obtained in the next section can be plugged into the
solution that we present now.

Let us define the linear operator

B : Cn×n → Cn×n : H → b′′P (X)[H] . (3.23)

The operator B is positive definite and is thus diagonalizable. Let us consider
that λ is known, then

H(λ) = (I + λB)−1(A−X) .

Plugging this solution back into our first order optimality condition (3.22) we
get

〈B(I + λB)−1(A−X), (I + λB)−1(A−X)〉 = α

which is an equation in the Lagrange multiplier λ. Following our hypothesis,
B is diagonalizable,

B = UDU∗

where U is a unitary operator and D is a diagonal operator. Defining Â− X̂ =
U∗(A−X) we obtain the equivalent equation

〈D(I + λD)−1(Â− X̂), (I + λD)−1(Â− X̂)〉 = α . (3.24)

As a diagonal operator can only perform element-wise multiplication by a con-
stant, i.e.

D(Y ) = E � Y

for some given dense matrix E, we can define the matrix M as

Mij =
Eij

(1 + λEij)2
.

Then (3.24) can be expressed as

〈M � (Â− X̂), (Â− X̂)〉 = α

or equivalently

ψ(λ)
def
= Re

∑
i,j

Eij(Â− X̂)2
ij

(1 + λEij)2

− α = 0 . (3.25)

Since B is positive definite and therefore E has positive elements, the poles of
ψ(λ) are all negative. Moreover the graph of ψ(λ) shows that the function is
positive for λ = 0, is strictly decreasing for λ > 0 and tends to −α as λ→∞.
This enables us to conclude that there is one and only one positive root for
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Algorithm 3.1 Barrier Projection Method

Choose a stable matrix X0; for k ≥ 0 do

(a) Find Pk and Qk by solving (3.8)-(3.11);
(b) Solve (3.25) to get λk;
(c) Determine Hk using (3.21);
(d) Xk+1 = Xk +Hk is the projection of A onto the ellip-

soid E(Pk, Xk;α).
end

ψ(λ). Based on the same argument we deduce that the shape of the function
is convex for λ > 0 and we can thus use the Newton-Raphson iteration

λ+ = λ− ψ(λ)

ψ′(λ)
.

We now give the Barrier Projection Method in algorithm 3.1. In this algo-
rithm, the difficulty surrounding the matrix case arises from the expression of B
for the Hessian of the barrier function. Before developing detailed expressions
for the matrix case, let us make a comment on a suitable choice of the value of
α in algorithm 3.1. The value of α determine the radius of the ellipsoid inside
SP . For α = 1 the Dikin ellipsoid actually touches the boundary of SP but it
does not necessarily mean that it touches the boundary of Sn. Taking α very
close to 1 will ensure larger, and in most cases fewer, steps compared to smaller
values of α.

Detailed expressions for matrices

Theorem 3.3. The Hessian of the barrier function is given by

〈b′′P (X)H,H〉 = 2〈Q−1 (HP + PH∗)Q−1P,H〉 (3.26)

in the continuous-time case and by

〈b′′P (X)H,H〉 = 2〈Q−1 (HPX∗ +XPH∗)Q−1XP,H〉
+ 2〈Q−1HP,H〉 , (3.27)

in the discrete-time case, and where Q is given in (3.18).

Proof. Let us consider the first and second order derivatives of AP (X) denoted
by CP (H) and DP (H) respectively. For the discrete-time setting, we have for
the first order derivative

CP (H)
def
= DAP (X)[H]

= XPH∗ +HPX∗ . (3.28)
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The second order derivative is given by

DP (H)
def
= D2AP (X)[H,H] (3.29)

= 2HPH∗ . (3.30)

For continuous-time systems, we find CP (H) = AP (H) and DP (H) = 0. The
adjoint of CP (H) and DP (H) are

C∗P (Y ) = 2Y XP and D∗P (Y ) = 2Y HP

in discrete-time, and

C∗P (Y ) = 2Y P

in continuous-time. See Section 1.1.1 for details on how to compute the ad-
joint of an operator. Since f ′(Y ) = −Y −1, it can be shown that f ′′(Y )H =
Y −1HY −1, which together with the chain rule (see Section 1.2.2), gives

〈b′P (X), H〉 (3.18)
= 〈f ′(Q),−CP (H)〉

= 〈Q−1, CP (H)〉

〈b′′P (X)H,H〉 = 〈f ′′(Q)CP (H), CP (H)〉 − 〈f ′(Q),DP (H)〉

= 〈Q−1CP (H)Q−1, CP (H)〉
+ 〈Q−1,DP (H)〉

= 〈C∗P (Q−1CP (H)Q−1), H〉
+ 〈D∗P (Q−1), H〉 . (3.31)

At this point, all that remains to be done is to introduce (3.28) and (3.30) in
the Hessian of the barrier (3.31) to obtain the desired result.

Now that we have obtained the expressions for the Hessian of the self-
concordant barrier function, we can write the first optimality condition (3.21)
explicitly. We have

X +H −A+ 2λ
(
Q−1 (HP + PH∗)Q−1P

)
= 0 , (3.32)

in the continuous-time case and

X +H −A+ 2λ
(
Q−1 (HPX∗ +XPH∗)Q−1XP +Q−1HP

)
= 0 , (3.33)

in the discrete-time case. An efficient way for the resolutions of the equations
(3.32) and (3.33) could not be found either for the continuous-time expression
or for its discrete-time counterpart. Nonetheless, (3.28) and (3.30) are self-
adjoint linear operators in H and we can obtain a matrix representation B of
B by using Kronecker products. Then, (3.32) is vectorized,

vec(H) = [I + λB]−1 vec(A−X) .
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(a) (b)

Figure 3.3: Nearest stable matrix to (a) a normal matrix with eigenvalues given
by (3.35); (b) the unstable matrix given by (2.48). Stars represent the posi-
tion of the original eigenvalues; black squares, the eigenvalues of the starting
point;grey scaled circles show the evolution of the iterates; white dots show the
eigenvalues of the final solution.

Hence, λ is obtained by solving an equation similar to (3.25). If we label
h = vec(H), a− x = vec(A−X) we get an equation in λ which is

ψ(λ) =
∑
i

dB,i(â− x̂)2
i

(1 + λdB,i)2
− α = 0 , (3.34)

where B = UDBU
T and â − x̂ = UT (a − x). It is solved using a Newton-

Raphson scheme as mentioned earlier.

3.1.3 Performance and limitation of the method

The use of Kronecker products in our resolution for general matrices is not effi-
cient and results in a complexity of O(n5) using a Conjugate Gradient scheme
for the resolution of (3.20). As a consequence this technique is only applicable
to small systems. Still, one could investigate the improvements that might
arise from the exploitation of the available structure. We investigated this for
companion matrices for which the possible improvements could be particularly
attractive. The result is an algorithm for polynomials that will be introduced
in the next chapter.

We now provide two numerical examples that will illustrate the mixed re-
sults of the method in its current form. The first one is an easy example which
will show that under favorable conditions the method behaves as expected. Our
second example will be a run of our benchmark and will clearly demonstrate
that our method does not always converge.
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Stabilization in discrete-time Consider the normal matrix A = UΛU∗

obtained from the diagonal matrix

Λ =


0.5 + j

−1 + 1
2j
− 2

3 −
1
3j

1
3 −

1
2j

1− 1
3j

 , (3.35)

and some unitary matrix U . In the spectral space, since the eigenvalues are
slightly unstable the expected optimal solution is the projection of the unstable
eigenvalues of A on the unit circle which is the solution that we reached as
represented in Figure 3.3a.

Stabilization in continuous-time Consider the matrix A given by (2.48)
for n = 5, ν0 = 0.1 :

A =


1

1
1

1
ν0

 .

The solution X∗ that we reach achieves an objective value ‖A − X∗‖ = 0.41
far from the optimal value of 0.1. It should be emphasized that the solution
obtained in this case is not even a local optimum. The reason of this failure is
simple : the algorithm is not able to stay sufficiently away from the boundary
even in some simple settings. Indeed, as the iterates near the boundary of the
stable set, the size of the successive Dikin ellipsoids become smaller thereby
reducing the step sizes. Let us take a simple case pictured in Figure 3.4. The
iterates are clearly not converging to the local optimal solution even though
the set has really nice local properties.

The observed limitations of the method call for a theoretical improvement
of our method that would prevent the iterates from reaching the boundary of
our admissible set too quickly. These improvements are the subject of our next
section.

3.1.4 Starting point for general matrices

Constructing a starting point through a direct computation of the eigenvalues
is an easy task. Three natural ways of creating a starting point are quickly
described and some of them do not require the knowledge of the eigenvalues
which makes them particularly attractive in terms of computation time.

Mirroring eigenvalues. With this technique one mirrors the unstable eigen-
values in the stable domain while keeping the stable eigenvalues untouched.
This technique is particularly well suited for cases where the unstable eigenval-
ues are relatively close to the stability boundary. One can then hope that the
eigenvalues of the solution are close to the original eigenvalues.
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•
X∗

•
A

•
X0

•

•

•

Figure 3.4: The behaviour of algorithm 3.1 does not always converge to a criti-
cal point even in some simple situations. Possible successive ellipsoidal approx-
imations are represented and the solution gets quickly stuck on the boundary.
The quality of the solution reached is highly dependent on the starting point.

Preserving the eigenvalues distribution. This technique is based on the
translation (in continuous-time) or the contraction (in discrete-time) of all the
eigenvalues of the matrix into the interior of the stable domain. The disad-
vantage of this technique is that it affects all the eigenvalues, unstable as well
as stable. Its advantage is that if for some reason the computation of the
eigenvalues is not an option, the technique is still applicable since it does not
necessarily require the knowledge of the eigenvalues.

In discrete-time, a simple contraction of the eigenvalues suffices. As A is
unstable it has at least one eigenvalue outside the unit disk. Hence its norm
cannot be smaller than one. By taking

X0 = κ
A

‖A‖F
,

we get a valid starting point as long as 0 < κ < 1. If the value of the largest
eigenvalue of A is known, one can replace ‖A‖ by ρ(A) in this last expression.
One could work with the singular values of the matrix for the contraction as
well.

In continuous-time, one only has to translate the matrix to do the job.
Taking

X0 = A− I(‖A‖+ κ) ,

for some small positive κ will ensure a negative definite matrix with the same
distribution of eigenvalues as A.
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Preserving the skew-hermitian part of the matrix This method is prob-
ably the fastest one but is only applicable to continuous-time systems. The
method is an application of Bendixson’s lemma and implies that the eigenval-
ues of the starting point are all located on a vertical line at some user-defined
distance from the stability boundary (in the spectral space). Given an unsta-
ble matrix A, we can compute the Hermitian and skew-Hermitian part of this
matrix

AH =
A+A∗

2
AS =

A−A∗

2
.

The skew-Hermitian part AS has its eigenvalues on the imaginary axis. Hence
a starting point is obtained by shifting the eigenvalues of AS to the left. We
thus have

X0 = AS + δI ,

where δ < 0 is a user-defined parameter.

As a conclusion it is good to remind users that starting points that are
obtained without a direct computation of the eigenvalues offer mixed results
since their relative position with respect to the stability boundary is unknown.

3.2 Augmented method for the solution of the
nearest stable system using successive con-
vex approximations

The limitations observed for the method described in the previous section led
us to consider an augmented version of our algorithm. Our goals are quite
reasonable, we want to prevent the iterates from reaching the boundary of the
stable set too quickly and we want the augmented version of our algorithm to
provide a viable framework for some proof of convergence. Keeping the iterates
away from the boundary while looking for the nearest stable matrix seems to
be two contradictory goals since the solution that is sought will be on the
boundary of the stable set unless the solution is the original matrix itself. But
we will show that the first goal can be reached through the use of an auxiliary
optimization problem which incorporates a barrier function. The second goal
is then attained by showing that the solution of the auxiliary optimization
problem converges to the desired solution for decreasing values of the barrier
coefficient.

3.2.1 Construction of an auxiliary optimization problem

The objective function (3.1) is modified so as to incorporate a barrier term
φ(.) in our objective function along with the constraint in 〈P, I〉 which bounds
the feasible set of P . Note that this last constraint was already used in the
previous section and does not change the optimal solution of the minimization
problem.
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Let AP (X) be the Lyapunov operator in continuous- or discrete-time as
before whose expression is

AP (X) = XP + PX∗ (continuous-time)

AP (X) = XPX∗ − P . (discrete-time)

The inclusion of a barrier function in the formulation enables us to relax
our constraints on the stable set. Indeed, the barrier function prevents the
iterates from reaching the boundary of the stable set therefore the constraint

−AP (X) � 0 cannot be active. Furthermore, since X ∈ Sn and −AP (X)
def
=

−ΨX(P ) � 0, Theorem 1.62 implies that P cannot be singular and we can
relax the constraint P � 0.

The augmented version of the nearest stable matrix problem is

min
X,P

1

2
‖X −A‖2 + µφ(−AP (X))

s.t. −AP (X) � 0

P � 0 ,

〈P, I〉 = 1 .

(3.36)

The self-concordant barrier φ(·) could be any self-concordant function but the
most natural choice is to use the log-det barrier that we have already used
in order to build ellipsoidal convex approximations of our domain. With this
choice (3.36) becomes

min
X,P

1

2
‖X −A‖2 + µbP (X)

s.t. −AP (X) � 0

P � 0 ,

〈P, I〉 = 1 ,

(3.37)

where we recall that bP (X) is the self-concordant barrier defined by

bP (X) = − log det(−AP (X)) .

We can apply our Barrier Projection Method to solve the minimization problem
(3.37). Let us quickly review how the approach works. The Barrier Projection
Method first builds a Dikin ellipsoid inside the stable set. The Dikin ellipsoid
is described by (3.6) which we rewrite here for convenience

E(X,P ;α)
def
= X + {H ∈ Cn×n : 〈b′′P (X)H,H〉 ≤ α} .

The choice of the Dikin ellipsoid fixes P . Indeed, the feasible set for P is
described by

PX
def
= {P ∈ Kn++ : ΨX(P ) ≺ 0, 〈P, I〉 = 1},

and, we have explained in Section 3.1 that we take P as the analytic center of
the set, i.e.

P = arg min
P̂
{bX(P̂ ) : P̂ ∈ PX}, (3.38)
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where bX(P ) is the self-concordant barrier defined on the feasible set of P by

bX(P )
def
= f(−ΨX(P )), f(Y ) = − ln detY,

where ΨX(P ) is the continuous-time Lyapunov operator or the discrete-time
Stein operator. The analytic center solution of (3.38) is also the solution of
either the system given by the Lyapunov equations

X∗Q−1 +Q−1X + nI = 0, (3.39)

XP + PX∗ +Q = 0, (3.40)

in continuous-time or by the Stein equations

X∗Q−1X −Q−1 + nI = 0, (3.41)

XPX∗ − P +Q = 0. (3.42)

in discrete-time.
Once P is fixed, we can find the nearest stable matrix X + H inside the

Dikin ellipsoid by solving the convex optimization problem

min
H

1

2
‖X +H −A‖2 + µbP (X +H)

s.t. 〈b′′P (X)[H], H〉 ≤ α.
(3.43)

As it appears, the formulation (3.43) is very much similar to the formulation
of the algorithm 3.1 we detailed for the BPM method. The only things we
must change are the expressions of the various terms found in the first order
optimality conditions of (3.43). Their general expression is given by

X +H −A+ µb′P (X +H) + λb′′P (X)[H] = 0 (3.44)

λ

2
(〈b′′P (X)[H], H〉 − α) = 0 (3.45)

λ ≥ 0 .

In contrast with the previous section, developments for the continuous-time
case and the discrete-time case have to be separate at this point.

3.2.2 Resolution of the auxiliary optimization problem

Continuous-time developments

The resolution of (3.44) and (3.45) requires the knowledge of the first and
second order derivatives of bP (X) which we recall here.

Proposition 2. The first and second order derivatives of bP (X) in continuous-
time are given by

b′P (X) = 2Q−1P , (3.46)

b′′P (X)[H] = 2Q−1(HP + PH∗)Q−1P . (3.47)

Furthermore, the first order approximation of b′P (X) in continuous-time is
given by

b′P (X +H) ≈ b′P (X) + b′′P (X)[H] . (3.48)
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Proof. The expressions (3.46) and (3.47) were proven in Section 3.1 in Theo-
rem 3.3. We nonetheless reconstruct them here for the sake of clarity. The first
and second order derivatives of AP (X) are

DAP (X)[H] = HP + PH∗

D∗AP (Y )[H] = 2Y P

D2,∗AP (X)[H,H] = 0.

The first and second order directional derivatives of bP (X) are thus

DbP (X)[H] = 〈b′P (X), H〉 = 〈D∗AP (X)[f ′(−AP (X)], H〉 , (3.49)

= 〈D∗AP (X)(Q−1), H〉
D2bP (X)[H,H] = 〈b′′P (X)[H], H〉 = 〈D∗AP (X)[Q−1DAP (X)[H]Q−1], H〉 .

(3.50)

The expression of b′P (X +H) is computed as the first order approximation
of (3.49) which is

b′P (X +H) = −D∗AP (X) [f ′(−AP (X +H))] .

Since AP (X) is a linear operator in continuous-time, C[H] = DAP (X)[H] is
also a linear operator in H and we can write

b′P (X +H) = D∗AP (X)
[
(−AP (X)−AP (H))−1

]
= D∗AP (X)

[
(Q−AP (H))−1

]
= D∗AP (X)

[
Q−

1
2 (I −Q− 1

2AP (H)Q−
1
2 )−1Q−

1
2

]
(I−A)−1≈(I+A)

= D∗AP (X)
[
Q−1 +Q−1AP (H)Q−1

]
, (3.51)

= 2Q−1P + 2Q−1(HP + PH∗)Q−1)P ,

which proves (3.48).

Adaptations for the discrete-time case

Dedicated developments are needed in discrete-time because Proposition 2 only
holds for linear operators. Even though AP (X) is quadratic in discrete-time,
it can be transformed into a LMI for which all of the above is applicable. Let
us define

M(X,P ) : Cn×n ×Kn+ → C2n×2n : (X,P )→
(

P XP
PX∗ P

)
R(H,P ) : Cn×n ×Kn+ → C2n×2n : (X,P )→

(
0 HP

PH∗ 0

)
.

(3.52)

We adapt the expression of our barrier function to

bP (X) = ζ(M(X,P )) , (3.53)
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where for a matrix K ∈ Kn+

ζ(K) : C2n×2n → R : ζ(K) = − log det(K) . (3.54)

Then the optimal solution of the optimization problem given by

min
X,P∈Cn×n

1

2
‖X −A‖2 + µbP (M(X,P ))

s.t. M(X,P ) � 0 .

(3.55)

is attained at a point (X∗, P∗) which is also solution of (3.37). Note that using
the Schur complement, we can show that the condition M(X,P ) � 0 in (3.55)
enforces both

P � 0

and

P −XPX∗ � 0 .

The next developments follow the approach we have consistently adopted until
now. We construct an iterative scheme, which consists in building successive
Dikin ellipsoids which are convex approximations of the stable set of matrices
described by M(X,P ) � 0 and are strictly included in the stable set. This
yields a convex optimization problem that looks exactly like (3.43) which we
rewrite here for convenience

min
H

1

2
‖X +H −A‖2 + µbP (X +H)

s.t. 〈b′′P (X)[H], H〉 ≤ α.
(3.56)

Therefore our discrete-time reformulation is in accordance with the approach
applied in continuous-time to (3.43). The only difference between (3.56) and
(3.43) lies in the expressions taken by the gradient and the Hessian of bP (X). As
the construction of the convex problem (3.56) fixes P through the construction
of the Dikin ellipsoid and X is taken as the center of the ellipsoid, H ∈ Cn×n
is the only degree of freedom which is left in (3.56). Therefore, in accordance
with our notations, we make implicit the dependency on P in our notations in
the sequel and we use MP (X) and RP (H) instead of M(X,P ) and R(H,P )
whenever P is fixed. When X ∈ Sn is fixed as well, we further use K = M(X) ∈
C2n×2n. We can now construct an expression for bP (X +H).

Proposition 3. Given X ∈ Sn, the gradient and the Hessian of bP (X) can be
computed as

b′P (X) = −R∗P (K−1) (3.57)

b′′P (X)[H] = R∗P (K−1RP (H)K−1), H ∈ Cn×n , (3.58)

respectively. Furthermore we have

b′P (X +H) ≈ b′P (X) + b′′P (X)[H] . (3.59)
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Proof. The first and second order derivatives of ζ as defined in (3.54) are, for
Y ∈ K2n

++, ζ ′(Y ) = −Y −1 and ζ ′′(Y )[H] = Y −1HY −1. We have

DbP (X)[H] = 〈b′P (X), H〉 = 〈ζ ′(K), DMP (X)[H]〉 = 〈−K−1, RP (H)〉 .

The second order derivative is obtained likewise. We have

D2bP (X)[H,H] = 〈b′′P (X)[H], H〉 = 〈ζ ′′(K)[RP (H)], RP (H)〉 ,
= 〈K−1RP (H)K−1, RP (H)〉 .

In the same way,

〈b′P (X +H), H〉 = 〈−(MP (X +H))−1, RP (H)〉
= 〈−(K +RP (H))−1, RP (H)〉

= 〈−K−
1
2 (I +K−

1
2RP (H)K−

1
2 )−1K−

1
2 , RP (H)〉

≈ 〈−K−
1
2 (I −K−

1
2RP (H)K−

1
2 )K−

1
2 , RP (H)〉

= 〈−K−1 +K−1RP (H)K−1, RP (H)〉

which concludes the demonstration.

Proposition 4. The gradient b′P (X) and the Hessian b′′P (X)[H], are given by
the expressions

b′P (X) = 2K̂2P ,

b′′P (X)[H] = 2(K̂2PH
∗K̂2 + K̂1HPK̂3)P ,

where (
K̂1 K̂2

K̂∗2 K̂3

)
= K−1 =

(
Q−1 −Q−1X

−X∗Q−1 P−1 +X∗Q−1X

)
,

and Q is defined as before as Q = P −XPX∗.

Proof. First of all, it can be checked by inspection that the given expression for
K−1 is indeed the inverse of M and, consequently, that it is positive definite
as well. Then, it is clear that the adjoint R∗P (·) of RP (·) must be such that
R∗P : C2n×2n → Cn×n. If we now decompose the scalar product (3.57) we get

〈K−1, RP (H)〉 = 〈K−1,

(
0 HP

PH∗ 0

)
〉

= 2〈K̂2, HP 〉 .

Using the definition of adjoint, this last result proves our expression of b′P (X).
Now let us define

W =

(
W1 W2

W ∗2 W3

)
= K−1RP (H)K−1 .

Note that our partition ofW in blocks requires that the productK−1RP (H)K−1

is Hermitian. As K−1 and RP (H) are both Hermitian, this condition is satis-
fied. Then it suffices to compute W2 to conclude.
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Resolution of the first order optimality conditions

The use of the same notations in continuous- and in discrete-time for the barrier
function bP (X) enables us to set a unified framework for the resolution of the
first order optimality conditions (3.44) and (3.45). In both cases, using (3.48)
in continuous-time and (3.59) in discrete-time, they finally become

X −A+ µb′P (X) +H + (µ+ λ)b′′P (X)[H] = 0 (3.60)

λ

2
(〈b′′P (X)[H], H〉 − α) = 0 (3.61)

λ ≥ 0 .

The solution of (3.60) is dependent on the value of the Lagrange multiplier
λ ≥ 0. Let us suppose that λ > 0 for now. Then, the steps we have detailed to
find λ in the previous section for the Barrier Projection Method can be applied
to (3.60). Following (3.60), H can be expressed as a function of λ,

vec(H(λ)) = (I + (µ+ λ)B)
−1
wµ ,

where

wµ = vec(A−X − µb′P (X)) ,

and

B ∈ C2n×2n ,

is the matrix representation of the linear operator b′′P (X)[H] ∈ Cn×n which is
such that

B vec(H) = vec(b′′P (X)[H]) .

We can then plug H(λ) in the complementarity condition (3.61) to obtain a
univariate equation in λ

ψµ(λ) =
∑
i

dB,iŵµ,i
(1 + (µ+ λ)dB,i)2

− α = 0 , (3.62)

where UdBU
T = B and ŵµ = UTwµ. From this point onward, the develop-

ments are analogous to those obtained in the previous section. Equation (3.62)
is solved using a Newton scheme and yields the value of λ. Once λ is known,
(3.60) amounts to a linear system of the form

(I + (µ+ λ)B) vec(H) = wµ , (3.63)

whose solution H∗ is the solution of the convex problem (3.43). Finally and
unlike the first version of the algorithm, the first order optimality condition
(3.60) also admits a solution for the case λ = 0 which corresponds to a minimum
inside the Dikin ellipsoid. This case is easily solved by setting λ = 0 in (3.60).
The resulting equation is a linear system in H whose resolution follows the one
of (3.63).
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3.2.3 Algorithm and convergence proofs

The global optimal value of the auxiliary problem converges to true
global optimal value

Let us demonstrate that the auxiliary optimization problem (3.37) given by

min
X,P

1

2
‖X −A‖2F + µbP (X)

s.t. −AP (X) � 0

P � 0 ,

〈P, I〉 = 1 ,

(3.64)

can be used to solve the nearest stable system

min
X

1

2
‖X −A‖2F

s.t. X ∈ cl(Sn) .

Our first statement follows the results of Theorem 1.3.2 in [73] which we
rewrite here. Consider a vector space E and a subset S ⊂ E and suppose we
have the functions f : E → R and ĝ : E → S, F : S → R a self-concordant
barrier function for S and a penalty coefficient µ ∈ R, µ > 0. Also suppose
that we want to solve the optimization problem

min
x

f(x) + µF (ĝ(x))

s.t. ĝ(x) ∈ S .

We introduce some useful notations : let f∗ be the global optimal value of
f(x), let Q denote the feasible set, i.e. Q = {x | ĝ(x) ∈ S, x ∈ E} and let us
define V∗(µ) = minx∈Q [f(x) + µF (ĝ(x))]. We are now able to formulate our
statement.

Theorem 3.4 ([73],Thm 1.3.2 (Adapted)). If there exists a µ̂ > 0 and a
constant F̂ such that

f(x) + µ̂F (ĝ(x)) ≥ F̂ ∀x ∈ intQ, (3.65)

then ∀µ ∈ [0, µ̂]
lim
µ→0

V∗(µ) = f∗ .

Proof. We will prove the two separate statements

1. limµ→0 V∗(µ) ≥ f∗,

2. limµ→0 V∗(µ) ≤ f∗.

Taken together these two statements prove the theorem. In order to prove our
first statement, suppose that (3.65) is verified then

F (ĝ(x)) ≥ 1

µ̂
(F̂ − f(x)) ∀x ∈ intQ.
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For µ < µ̂, we can thus write the inequalities

V∗(µ) ≥ min
x∈Q

{
f(x) +

µ

µ̂
(F̂ − f(x))

}
= min

x∈Q

{
(1− µ

µ̂
)f(x) +

µ

µ̂
F̂

}
= (1− µ

µ̂
)f∗ +

µ

µ̂
F̂ .

Taking the limit for µ→ 0 yields the desired result. In order to prove that our
second statement holds as well, we consider the inequality

V∗(µ) ≤ f(x) + µF (ĝ(x)) ∀x ∈ intQ .

Therefore,
lim
µ→0

V∗(µ) ≤ f(x) ∀x ∈ intQ ,

and thus
lim
µ→0

V∗(µ) ≤ f∗ .

Corollary 3.5. The global solution of the auxiliary optimization problem (3.64)
converges to the nearest stable matrix X∗ to A when µ goes to 0.

Proof. We are interested in applying Theorem 3.4 to the auxiliary optimization
problem (3.64) obtained from our initial formulation (3.1) given by

inf
X,P

1

2
‖X −A‖2F

s.t AP (X) ≺ 0

P = P ∗ � 0 .

Let
fµ(X,P ) = f(X) + µbP (X) (3.66)

be the objective function of (3.64) where

f(X) =
1

2
‖X −A‖2F . (3.67)

It was observed in Section 3.1 that bP (X) is homogeneous in P and that the
feasible set of P is convex. As a consequence, we can limit our search to a
bounded convex set by adding the constraint

〈P, I〉 = 1 . (3.68)

Though adding the constraint (3.68) changes the feasible set of the optimiza-
tion problem, it does not change the optimal value of (3.1) nor its solution
X∗, therefore the two problems are equivalent. With the additional constraint
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(3.68), bP (X) is bounded in P . Then the only condition that must be verified
to apply Theorem 3.4 on (3.66) is that

fµ(X,P ) ≥ F̂

for some constant F̂ . Intuitively, it is clear that bP (X) alone is not bounded
below but fµ(X,P ) is bounded in X (it is the sum of a quadratic function and
a negatively signed logarithm). Let us now prove that this is indeed the case
and that, as a consequence, F̂ exists and is finite.

The lower bound F̂ exists if the level sets of the function are bounded. In
order to prove this last statement, we can see that for an appropriate constant
C0

1

2
‖A‖2F − 〈A,X〉+

1

2
‖X‖2F − µ log det(−XP − PX∗) = fµ(X,P ) ≤ C0 .

Then we can compute the minimum of the function

min
X

1

4
‖X‖2F − 〈A,X〉 − µ log det(−XP − PX∗)

since it is convex and the first order optimality conditions are satisfied at some
X and the minimum has some value f . In order to prove that f is finite, let
us bound the term which is dependent on the log det function. We have

log det(−XP − PX∗) =
∑
i

log λi(−XP − PX∗)

≤ n log λmax(−XP − PX∗)
≤ n log ‖XP + PX∗‖
≤ n log 2‖X‖‖P‖ .

Since P ∈ Kn+ and 〈P, I〉 = 1, we also have that ‖P‖ ≤ 1. Therefore, we deduce
that

f ≥ min
X

1

4
‖X‖2F − 〈A,X〉 − nµ log 2‖X‖ .

Finally, we conclude that

‖X‖F ≤ 2

√
C0 −

1

2
‖A‖2F − f ,

and thus F̂ exists and is finite (and the solution (X∗, P∗) exists and is finite as
well).

In practice, it was observed that the method does not converge well as µ
goes to zero and that other techniques ought to be preferred. Our approach is
to fix a minimal value for µK > 0 for which we can also prove convergence to
a stationary point of the auxiliary problem (3.64).



92 Chapter 3. Methods for matrices

Algorithm 3.2 Augmented Barrier Projection Method (ABPM)

Choose a stable matrix X0, a tolerance εtol > 0 and µK > 0;
Find P0 and Q0 by solving (3.39)-(3.42);
for k ≥ 0 do

(a) Solve (3.62) to get λk;
(b) Determine Hk using (3.63);
(c) Xk+1 = Xk +Hk is the solution of (3.43);
(d) Find Pk+1 and Qk+1 by solving (3.39)-(3.42);
(e) If fµK (Xk, Pk) − fµK (Xk+1, Pk+1) < εtol then

return end
end

Algorithm and convergence proof

We now present the augmented version of the algorithm 3.1 in algorithm 3.2
before proving its convergence. An initial stable point X0 for the algorithm
3.2 can be found by manipulating the eigenvalues of the matrix, but a simpler
techniques is provided by Bendixson’s lemma. See Section 3.1.4 for a discussion
on available techniques to obtain a starting point.

Let us now state our second convergence result and let us analyse the con-
vergence of the Augmented Barrier Projection Method, given by algorithm 3.2
applied to the formulation

min
X,P

[
f1/µ =

1

2µ
‖X −A‖2F + bP (X) + n(〈P, I〉 − 1)

]
s.t. −AP (X) � 0

P � 0 ,

(3.69)

where the whole objective function was divided by µ compared to the formula-
tion (3.64) and the constraint 〈P, I〉 was lifted into the objective function. We
have already proved in Theorem 3.2 that the Lagrange multiplier λ associated
with the constraint 〈P, I〉 had an optimal value λ = n. Therefore, the two
formulations are equivalent since dividing the objective function by µ does not
change the solution itself. Moreover, in contrast with the formulation (3.64),
the self-concordant properties of the objective function of (3.69) are preserved
as µ→ 0.

We have briefly introduced the importance of self-concordant functions in
the first chapter. In particular, we mentioned the possibility of constructing
an affine-invariant metric. We now introduce this metric and state important
results associated with self-concordant functions. As this will require the in-
troduction of new notations for the norms and in order to avoid confusion, we
explicitly denote the Frobenius norm by ‖ · ‖F in the remainder of the section.

Definition 3.6 ([73]). Let F (x) denote a self-concordant function on domF
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and let F ′ and F ′′ denote the gradient and the Hessian of F . Then, we define

‖w‖x = 〈(F ′′(x))[w], w〉
‖w‖x,∗ = 〈(F ′′(x))−1[w], w〉 ,

ω(t) = t− ln(1 + t) =
t2

2
− t3

3
+ · · · .

Proposition 5 ([73, Theorem 4.1.7]). For any x, y ∈ domF , we have

F (y) ≥ F (x) + 〈F ′(x), y − x〉+ ω(‖y − x‖x) .

Proposition 6 ([73, Theorem 4.1.10]). Let x0 ∈ domF be given, and let the
damped Newton step be defined by

xk+1 = xk −
1

1 + ‖F ′(xk)‖x,∗
(F ′′(xk))−1F ′(xk), k ≥ 0 .

Then one step performed by the damped Newton method achieves a monotonic
decrease,

F (xk)− F (xk+1) ≥ ω(‖F ′(xk)‖xk,∗) . (3.70)

Moreover,
‖xk+1 − xk‖x < 1 .

We will now prove the convergence of our algorithm applied to (3.69) but
the proof holds for (3.64) as well. We prove several results that are needed for
the convergence of the algorithm.

Theorem 3.7. Let P+ be the analytic center generated by the log-det barrier
function over the set

PX = {P ∈ Kn+ | ΨX(P ) ≺ 0, 〈P, I〉 = 1}, X ∈ Sn .

Then

∇P f1/µ(X,P+) = 0 , (3.71)

f1/µ(X,P )− f1/µ(X,P+) ≥ ω(‖P − P+‖2P+
) . (3.72)

Proof. The analytic center is computed as the solution of the minimization
problem

min
P∈PX

[bX(P ) = − log det(−ΨX(P ))] . (3.73)

The Lagrangian of the problem is

bX(P ) + λ(〈P, I〉 − 1) , (3.74)

where λ ∈ R is a Lagrange multiplier. Note that (3.74) does not include the
constraint P � 0. Indeed, a positive definite P is automatically verified since
X is stable and the barrier term guarantees that the Lyapunov constraint is
positive definite. The first order optimality condition applied to (3.74) are thus

b′X(P ) + λI = 0 . (3.75)
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Since this first order optimality condition corresponds exactly to the one ob-
tained from (3.69) for P , the update P+ is such that

∇P f1/µ(X,P+) = 0 .

This proves (3.71).
In order to prove (3.72), we can use Proposition 5 which yields

bX(P ) ≥ bX(P+) + 〈b′X(P+), P − P+〉+ ω(‖P − P+‖2P+
) . (3.76)

The first order term of (3.76) is zero since following (3.75) we have that

〈b′X(P+), P − P+〉 = −λ〈I, P − P+〉
= −λ(〈I, P 〉 − 〈I, P+〉) ,

and 〈P, I〉 = 1, ∀P ∈ PX . It suffices to note that f1/µ(X,P )− f1/µ(X,P+) =
bX(P )− bX(P+) to conclude.

Let us now prove that a step in X achieves a sufficient decrease.

Theorem 3.8. Let X ∈ Sn, P ∈ PX and µ > 0 be given. Then for H ∈ Cn×n
equal to the solution of

min
H

1

2µ
‖X +H −A‖2F + bP (X +H)

s.t. 〈b′′P (X)[H], H〉 ≤ α.
(3.77)

the update X+ = X +H achieves a monotonic decrease, i.e.

f1/µ(X,P )− f1/µ(X+, P ) ≥ ω(‖∇Xf1/µ(X,P )‖2X,∗) . (3.78)

Proof. Let us prove that one step of the ABPM in X does at least as well as
the damped Newton method. By Proposition 6, the update X+ obtained by
one step of the damped Newton method applied to f1/µ(X,P ) is contained in
the Dikin ellipsoid defined from f1/µ(X,P ) which is

〈∇2
Xf1/µ(X,P )[X+ −X], X+ −X〉 < 1 .

If we decompose the Hessian ∇2f1/µ(X,P ) , we get

〈∇2
Xf1/µ(X,P )[X+ −X], X+ −X〉 = 〈( 1

µI + b′′P (X))[X+ −X], X+ −X〉 .

Therefore, for any H ∈ Cn×n such that

〈∇2
Xf1/µ(X,P )[H], H〉 < 1 , (3.79)

we have
〈b′′P (X)[H], H〉 < 1 . (3.80)

This last implication shows that the steps computed from the minimization
problem (3.77) are at least as large as the ones performed by the damped New-
ton method since the Dikin ellipsoid (3.79) defined by f1/µ(X,P ) is contained
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in the Dikin ellipsoid (3.80) defined from the barrier function bP (X). Hence,
each step performed by the minimization problem (3.77) achieves at least a
monotonic decrease, i.e.

f1/µ(X,P )− f1/µ(X+, P ) ≥ ω(‖∇Xf1/µ(X,P )‖2X,∗) .

We now have everything we need to prove convergence of our algorithm.

Theorem 3.9. Given a matrix A, a stable matrix X0 and parameters µ >
0 and 0 < α < 1, the algorithm 3.2 converges to a stationary point of the
optimization problem (3.69).

Proof. By equation (3.72) in Theorem 3.7 we know that

f1/µ(Xk+1, Pk+1) ≤ f1/µ(Xk+1, Pk) .

Therefore, from (3.78) in Theorem 3.8 we get

f1/µ(Xk, Pk)− f1/µ(Xk+1, Pk+1) ≥ f1/µ(Xk, Pk)− f1/µ(Xk+1, Pk)

≥ ω(‖∇Xf1/µ(Xk, Pk)‖2Xk,∗)
= ω(‖∇f1/µ(Xk, Pk)‖2Xk,∗)

where the last equality is justified by the fact that the gradient ∇P f1/µ(Xk, Pk)
is zero as proved in Theorem 3.7. As a consequence and as the level sets are
bounded, the Augmented Barrier Projection Method (ABPM) described by
algorithm 3.2 converges monotonically to a point (X∗, P∗) which satisfies the
condition

〈 1
µI + b′′P∗(X∗))

−1∇f1/µ(X∗, P∗),∇f1/µ(X∗, P∗)〉 = 0 .

As µ > 0, we conclude that (X∗, P∗) satisfies the first order optimality condition

∇f1/µ(X∗, P∗) = 0 .

Now that we have proved the convergence of our algorithm, we are interested
in the distance to the optimal solution. For this purpose, we can switch back
to our usual formulation of the minimization problem (3.64) which is

min
X,P

1

2
‖X −A‖2F + µbP (X)

s.t. −AP (X) � 0

P � 0 ,

〈P, I〉 = 1 .

(3.81)
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Theorem 3.10 (Distance to optimal value). Let µ > 0 be fixed and let f∗∗ =
1
2‖A −X∗∗‖

2
F , X∗∗ ∈ cl(Sn) be the optimal value of (3.81) . Denote by ν the

barrier parameter associated with the self-concordant barrier bP (X). If X∗ is a
minimizer of fµK (X) given by (3.66) then if X∗ and X∗∗ have P∗ as a common
Lyapunov certificate

0 < f∗ − f∗∗ ≤ µKν . (3.82)

Proof. On the first hand, if X∗ is a minimizer of fµ(X) then by the necessary
first order optimality condition for the convex set SP∗ we have

〈∇Xfµ(X∗, P∗), X −X∗〉 = 〈∇f(X∗) + µKb
′
P∗(X∗), X −X∗〉 ≥ 0 ∀X ∈ SP∗ .

(3.83)
On the second hand, the Taylor series of f yields

f∗∗ ≥ f(X∗) + 〈∇f(X∗), X∗∗ −X∗〉 . (3.84)

Plugging (3.83) in (3.84) gives

f∗ − f∗∗ ≤ 〈µb′P∗(X∗), X∗∗ −X∗〉 .

Finally, let us consider the domain of the barrier function

SP∗ = {X ∈ Cn×n | − AP∗(X) � 0} ⊂ Sn ,

then by [73, Theorem 4.2.4]

〈b′P∗(X̂), X − X̂〉 ≤ ν ∀X ∈ SP∗ , X̂ ∈ SP∗ , X̂ fixed,

which concludes the demonstration.

Note that Theorem 3.10 requires that X∗∗ be in the set SP∗ obtained from
the optimal P∗. In practice, it is quite unlikely that this is verifiable.

Strategies for µ

We have shown that the algorithm 3.2 and the convergence proof that en-
sued worked for a constant µ = µK > 0 chosen at the beginning of the algo-
rithm. Actually, the proof still holds if we build a finite decreasing sequence
µ0, . . . , µK > 0. Indeed, when the value µK is reached after K steps, the it-
erate XK can be taken as the starting point in algorithm 3.2 and convergence
follows. This question is important since the adopted strategy will influence
the number of steps required before convergence.

The remainder of this section is dedicated to the construction of the se-
quence of barrier coefficients µj and to the appropriate timing to change them.
We start by discussing an appropriate value for µK before developing these
points.

A suitable choice of µK satisfies a number of criteria. It should not be too
small to avoid small steps and it should balance the contribution of the barrier
term in the objective function. A clever choice is to link the value of µK to the
conditioning of the problem. For example, one can take

µK = εµεtol
‖A−X0‖2F
bP (X0)

, (3.85)



3.2 Augmented method 97

where εtol is the tolerance used for the stopping criterion and εµ is some small
constant. We usually take εµ = 10−3. The solution (3.85) avoids the pitfall
that would follow from a fixed predefined value of µK .

Once µK is chosen we can construct the sequence of coefficients µj . The
strategy that we suggest is borrowed from convex optimization theory. In
convex optimization a good value for µ0 is given by

µ0 = min(
1√

nλ2
min(X0)

,
√
nλ2

min(X0)) .

The sequence µj is then generated by repeating the instruction

µj+1 =
µj
β
, (3.86)

as much as needed, where β = 1 + 1√
n

.

Finally, let us discuss the appropriate moment to operate the switch from
µj to µj+1. Again several choices can be considered and none of them can be
dismissed but some will yield larger steps and thus faster convergence. The
easiest choice is to decrease µj at each iteration using (3.86) but this will most
likely favour steps in the direction of the boundary of the stable set and many
small steps are thus to be expected to reach the optimum at the end. We made
the choice to rather decrease the value of µj to µj+1 only when the iterate Xk

satisfies the solution

fµj (Xk)− fµj (Xk+1) < εtolγµ

where γµ is typically of the order of 101 when εtol = 10−6. In case εtol is
really small one might prefer larger values of γµ to avoid unnecessary small
steps before decreasing µj . When this technique is used, one has to prevent
the algorithm from stopping before the final value µK is reached.

3.2.4 Numerical example

In order to validate the above theory we carry out the same experiment we
tried in the last section. We consider the benchmark matrix A which is given
by (2.48) which we rewrite here for convenience and for n = 5

A =


0 1

1
1

1
ν0 0


with ν0 = 0.1. The conjectured solution is given by X∗ which corresponds
to A everywhere except for the lower left corner of X∗ which is 0 instead of
ν0 as detailed in Section 2.3.3. Therefore the optimal objective value is given
by ‖A − X∗‖F = ν0. The algorithm now reaches a solution Xf , depicted in
Figure 3.5, for which

‖A−Xf‖F = 0.1173,
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Figure 3.5: Eigenvalues of the nearest stable matrix to the unstable matrix
given by (2.48). Stars represent the position of the original eigenvalues; black
squares, the eigenvalues of the starting point; grey scaled circles show the
evolution of the iterates; white dots show the eigenvalues of the final solution.

while the solution reached by the Barrier Projection Method in the previous
section was at a distance 0.41 from A. The gain achieved by the augmented
version of the algorithm is thus really substantial.

3.3 Gradient method for the nearest continuous-
time stable matrix

The essential idea explored in this part of the manuscript is to use a reformu-
lation of the nearest stable system in which the nonconvexity of the problem
is shifted from the constraint into the objective function. Dealing with an op-
timization problem with nonconvex objective function and convex domain will
be much easier in this particular case.

Because the continuous-time Lyapunov constraint is linear both in X and
P , the continuous-time case offers a much more suitable framework than the
discrete-time case. Therefore, the work presented here concentrates on continu-
ous-time matrices.

The work described here starts from the most general form of the nearest
stable matrix problem using Lyapunov constraints which was already presented
in the two first chapters. Let the unstable matrix A ∈ Cn×n be given. Then
the problems is stated as follows
Problem P1

inf
X,P

‖A−X‖2F

s.t XP + PX∗ ≺ 0

P = P ∗ � 0 ,

(3.87)



3.3 Gradient mapping method 99

which is an optimization problem with convex objective function and nonconvex
constraints.

In this section, we suggest formulations of the problem where the feasible
sets are closed and for which marginally stable solutions are thus acceptable.

The work is organized as follows. We first explore our reformulation of
(3.87) in Section 3.3.1 in which the nonconvexity of the Lyapunov constraint
is moved to the objective function and a smoothing term is added. This last
addition enables us to prove the existence of a solution to our reformulation.
We then describe the gradient method used to solve the problem and its con-
vergence properties in Section 3.3.2, followed by a description of the algorithm
in Section 3.3.3. Finally, numerical experiments are carried out in Section 3.3.4
to show the effectiveness of the approach.

3.3.1 Reformulation of the nearest stable matrix problem

The matrix P in P1 (3.87) being positive definite, we can take B = P−1 and
Y = −XP in our reformulation P1 (3.87) to obtain
Problem P2

inf
Y,B,η

‖A+ Y B‖2F (3.88a)

Y + Y ∗ = 2ηI (3.88b)

B � 0 , (3.88c)

η > 0 , η ∈ R , (3.88d)

where we made use of corollary 1.63 to transform the Lyapunov constraint in
(3.87) into the equality (3.88b). The choice of a right-hand term equal to 2ηI
is purely arbitrary but it offers the advantage of being easy to handle since
the solution in Y reduces to Y = ηI + jH, where H ∈ Cn×n is a Hermitian
matrix. One could also choose to fix η to a constant value. This possibility was
investigated first but proved to be less efficient than the suggested variation in
practice.

Several reasons call for a transformation of the problem into a more suitable
form: two of them are that we are currently looking for an infimum and that
the variables are all possibly unbounded in the present formulation. We have
decomposed the transformation in three stages. The first stage displays a
first reformulation and shows that the solution of the problem is bounded; the
second stage is designed to keep only two, easy to deal with, variables in the
problem; the last stage consists in adding a constraint such that the domain is
closed.

Boundedness Take Y = ηI + jH as a general solution of the optimization
problem P2 (3.88) as suggested. Then let us consider the following reformula-
tion of our problem P2 augmented with Tikhonov regularization terms in H,
B and η
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Problem P3

min
H,B,η

[
‖A+ ηB + jHB‖2 + ε(‖H‖2 + ‖B‖2 + η2) = ψε(B,H, η)

]
(3.89a)

B � 0 (3.89b)

H = H∗ , (3.89c)

η ≥ 0 . (3.89d)

Let us prove that the level sets of ψε(B,H, η) are bounded. Bounded level
sets will imply that the solution to (3.89) exists. Consider an appropriate
constant C0 and the set

C = {(B,H, η)|ψε(B,H, η) ≤ C0} .

We need to prove that C is bounded, i.e. that for any (B,H, η) ∈ C, ‖H‖, ‖B‖
and η are bounded. Bounded level sets will show that ‖HB‖ and ‖ηB‖ are
bounded as well and thus η and ‖B‖ cannot be zero, justifying the relaxations
(3.89b) of (3.88c) and (3.89d) of (3.88d).

From the objective function (3.89a) we get

ε(‖H‖2 + ‖B‖2 + η2) ≤ ψε(B,H, η) ≤ C0 .

Thus we have

‖H‖ ≤ 1√
ε
C0 , (3.90)

‖B‖ ≤ 1√
ε
C0 , (3.91)

η ≤ 1√
ε
C0 . (3.92)

The level sets of the function are thus bounded and the solution exists. Indeed,
from (3.89) we deduce

ψε(B,H, η)− µ log det(B) ≥ ε(‖H‖2 + ‖B‖2 + η2)− µ log det(B) . (3.93)

The inequality (3.93) makes it clear that the minimum of the right-hand term in
(3.93) is attained at (B∗(µ), H∗, η∗) = (

√
µ
2εI, 0, 0) which stays finite as µ→ 0.

As an additional comment, note that when a fixed η = 1 is taken in (3.88)
then the regularization term in ε‖B‖2 is unnecessary since ‖B‖ is nonetheless
bounded. Indeed, when we remove the regularization term ε‖B‖2 and the
dependence in η from (3.89a) we get the expression

min ζε(B,H) = ‖A+B‖2 − 2〈jA,HB〉+ ‖HB‖2 + ε‖H‖2

s.t H = H∗

B � 0 .

(3.94)

We observe that (3.94) is minimal when the product HB is equal to −jA which
yields the bound

C0 ≥ ζε(B,H) ≥ ‖A+B‖2 − ‖A‖2 ,
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which in turn yields
‖A+B‖ ≤

√
C0 + ‖A‖2 .

Eventually, by making use of the identity ‖Y + Z‖ ≥ ‖Y ‖ − ‖Z‖ we get

‖B‖ ≤
√
C0 + ‖A‖2 + ‖A‖ . (3.95)

Note that we could also prove that ‖HB‖ is bounded with the formulation
(3.94), but this will be of no use for our further developments.

The introduction of Tikhonov regularization terms into the formulation P3
(3.89) makes the level sets bounded and thus transforms the search for an
infimum in P1 (3.87) and P2 (3.88) into a search for a minimum in P3 (3.89).

It is well-known that the use of the Tikhonov regularization guarantees
the convergence of the global optimal solution ψε,∗ of P3 (3.89) to the global
infimum of P1 (3.88) for a decreasing sequence ε → 0. For the convenience of
the reader, we make such a convergence proof available here.

Theorem 3.11. Let x ∈ E where E is some vector space and let the function
f(x) : E → R and let Q ⊂ E and consider the minimization problem

min
x∈Q

fε(x) = f(x) + ε‖x‖2, (3.96)

where ε is some real parameter which satisfies ε > 0 . Let us denote the global
optimal solution of (3.96) by fε,∗ and also denote by f∗ the global infimum of
f(x). Then

lim
ε→0

fε,∗ = f∗ .

Proof. There are two cases, either f∗ is finite or f∗ = −∞. Both can be proved
from at most two statements. Indeed, if f∗ exists and is finite we must prove
the following statements.

1. limε→0 fε,∗ = f̂∗ ≥ f∗;

2. f̂∗ ≤ f∗.

The second statement suffices to prove the case where f∗ = −∞. The first state-
ment must hold since limε→0 fε,∗ is a decreasing sequence and fε,∗ is bounded

below, therefore there exists a limit point f̂∗. Moreover, for any ε > 0, fε,∗ ≥ f∗.
Our second statement holds as well since

fε,∗ ≤ f(x̂) + ε‖x̂‖, ∀x̂ ∈ Q

and thus
lim
ε→0

fε,∗ ≤ f(x̂) ∀x̂ ∈ Q .

Note that the proof of Theorem 3.11 does not require that a solution to
infx∈Q f(x) actually exists, it only requires that f(x) is such that a minimiza-
tion problem can be stated.
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Eliminating H Our goal is to transform the objective function (3.89a) so
that we can write the optimality conditions in H more easily. We can thus
transform our objective function given by (3.89a) into

ψε(B,H, η) = ‖A+ ηB‖2 + 2〈A+ ηB, jHB〉+ ‖HB‖2 + ε(‖H‖2 + ‖B‖2 + η2) .

We can also modify the scalar product 〈A + ηB, jHB〉 to isolate H. Taking
into account that H is Hermitian we find by (1.8) and the fact that ∀Z ∈
Cn×n, 〈Z,H〉 = 〈Z+Z∗

2 , H〉 that

2〈A+ ηB, jHB〉 = 〈−j(AB + ηB2) + j(BA∗ + ηB2), H〉

which in turn yields

ψε(B,H, η) = ‖A+ ηB‖2 + 〈j(BA∗ −AB), H〉+ 〈B2 + εI,H2〉+ ε(‖B‖2 + η2)

The problem P3 given in (3.89) is thus equivalent to
Problem P4

min
H,B,η

‖A+ ηB‖2 + 〈j[BA∗ −AB], H〉+ 〈B2 + εI,H2〉+ ε‖B‖2 + εη2 (3.97)

B � 0

H = H∗ ,

η ≥ 0 .

All the terms that appear in P4 are Hermitian. The first order optimality
condition in H is

(B2 + εI)H +H(B2 + εI) = −j[BA∗ −AB] .

At this point, we make use of the decomposition B = UΛU∗ and define H̃ =
U∗HU and Ã = U∗AU to obtain

(Λ2 + εI)H̃ + H̃(Λ2 + εI) = j[ÃΛ− ΛÃ∗] . (3.98)

The solution H̃ is given by

H̃ε(U,Λ) = Wε(Λ)� C̃(U,Λ) , (3.99)

where we have

C̃(U,Λ) = j[ÃΛ− ΛÃ∗] , (3.100)

Wε(Λ)ij = 1
λ2
i+λ

2
j+2ε

, (3.101)

and the subscript ε denotes a dependence on the parameter ε > 0. It is worth
noting that by (3.98)

〈Λ2 + εI, H̃2
ε 〉 =

1

2
〈j[ÃΛ− ΛÃ∗], H̃ε〉 =

1

2
〈C̃, H̃ε〉 . (3.102)
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Using the decomposition B = UΛU∗, we can rewrite the objective function
(3.97) as

‖A+ ηUΛU∗‖2 + 〈C,H〉+ 〈UΛU∗ + εI,H〉+ ε‖B‖2 + εη2 .

As multiplication by a unitary matrix on the left and on the right inside a scalar
product does not change the value of the scalar product, this last expression
amounts to

‖Ã+ ηΛ‖2 + 〈C̃, H̃〉+ 〈Λ + εI, H̃〉+ ε‖Λ‖2 + εη2 . (3.103)

Finally, plugging the expression for the solution H̃ε given by (3.99) and the
result (3.102) into (3.103), we get a fifth reformulation which is equivalent to
P4.
Problem P5

min
U,Λ,η

‖Ã+ ηΛ‖2 − 1

2
〈C̃, H̃ε〉+ ε‖Λ‖2 + εη2

s.t. UU∗ = I

Λ � 0 ,

η ≥ 0 ,

(3.104)

where the dependence of the objective function on U is made implicit and H̃ε

and C̃ are given by (3.99) and (3.100) respectively.

Eliminating η It is clear that a closed form minimization in η is also possi-
ble. Indeed, all the suggested formulations until now, included P5 above, are
quadratic functions of η. Therefore, from (3.104) we can write

η∗ =

[
− 〈Ã,Λ〉
‖Λ‖2 + ε

]
+

. (3.105)

Plugging (3.105) in P5 (3.104) yields a sixth and final formulation
Problem P6

min
U,Λ

‖A‖2 −
〈AU,UΛ〉2−
‖Λ‖2 + ε

− 1

2
〈C(U,Λ), Hε(U,Λ)〉+ ε‖Λ‖2

s.t. UU∗ = I

Λ � 0 ,

(3.106)

where Hε = UH̃εU
∗ and C = UC̃U∗.

Other possible reformulations Starting from the very first formulation of
the nearest stable matrix problem given by (3.87), one can derive many formu-
lations. In particular, the suppression of the variable η yields an optimization
problem similar to P5 (3.104). In practice, a gradient method applied to P5
with η = 1, fixed, has proved to be less efficient than the formulation P6 given
by (3.106).
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Also, instead of eliminating H from the formulation P3 (3.89), one could
write B = UΛU∗ and eliminate Λ instead. The expression of Λ(H,U) yields
a simpler optimization problem but this approach only suppresses n variables
from the original problem whereas eliminating H suppresses n2 variables from
the optimization.

An interesting variation of (3.89) is obtained if we use η as a parameter
and fix it to a constant value (say η = 1). Then the only regularization term
needed in P3 (3.89) is the term in ‖H‖2 since it can be proved that ‖B‖ is
bounded by (3.95). The formulation then becomes interesting if we constrain
ourselves to real arithmetic. Indeed, we can augment the objective function
with a barrier term that includes the constraint (3.89b). Restricting ourselves
to real arithmetic then changes the problem (3.94) into

min
B,LH

‖A+B + (LH − LTH)B‖2 + ε‖LH‖2 − µ log det(B) ,

s.t. B = B∗

LH is a lower triangular matrix with zero diagonal,

B,LH ∈ Rn×n .

(3.107)

3.3.2 First order optimization scheme and convergence

We aim at solving a problem of the type

min
(U,Λ)∈B×D

f(U,Λ) ,

where
B =

{
U ∈ Cn×n : UU∗ = I

}
,

D =
{

Λ ∈ Rn×n : Λ is diagonal, Λ � 0
}
,

and f(U,Λ) is

f(U,Λ) = ‖A‖2 −
〈AU,UΛ〉2−
‖Λ‖2 + ε

− 1

2
〈Wε � C,C〉+ ε‖Λ‖2 , (3.108)

where the dependence of Wε and C given by (3.101) and (3.100) on U and Λ
is made implicit.

Before discussing the gradient method that we will apply to our minimiza-
tion problem, let us recall our definitions of Lipschitz gradient that we intro-
duced in the first chapter and their implications. We first introduce a norm
which allows the definition of two different Lipschitz constants.

Definition 3.12. Let Z = (X,Y ) ∈ Cn×n × Cn×n. We denote by ‖Z‖ and
‖Z‖∗ the norm and the dual norm of Z defined by

‖Z‖ =
√
‖X‖2F + κ‖Y ‖2F ,

‖Z‖∗ =

√
‖X‖2F +

1

κ
‖Y ‖2F .

(3.109)
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Proof. We can rewrite the norm ‖Z‖ as

‖Z‖ = ‖(‖X‖F ,
√
κ‖Y ‖F )‖2 .

The expression of ‖Z‖∗ is then obtained as a consequence of Theorem 5.4.16
in [50].

Definition 3.13. A function f(Z) = h(X,Y ) : Cn×n × Cn×n → R has a Lip-
schitz continuous gradient on a convex set Q if there exists a positive constant
L such that for any two points Z = (X,Y ) and Ẑ = (X̂, Ŷ ) ∈ Q

‖∇f(Z)−∇f(Ẑ)‖∗ ≤ L‖Z − Ẑ‖ . (3.110)

The use of a special norm and dual norm on Q in this definition is needed for
the definition of two different Lipschitz constants as defined in the next prop-
erties. Indeed, following our definitions we can define two Lipschitz constants
L1 = L and L2 = κL.

Property 3.14. For a real-valued scalar function h(X,Y ) with Lipschitz con-
tinuous gradient, given any (X,Y ) and (X̂, Ŷ ) ∈ Q the following inequality
holds :

h(X,Y ) ≤ h(X̂, Ŷ ) + 〈∇Xh(X̂, Ŷ ), X − X̂〉

+ 〈∇Y h(X̂, Ŷ ), Y − Ŷ 〉+
L1

2
‖X − X̂‖2F +

L2

2
‖Y − Ŷ ‖2F .

Proof. This is a direct consequence of Lemma 1.2.3 in [73] applied to our defi-
nition of norms (3.109). However, for the convenience of the reader, we rewrite
it here for our function h(X,Y ). Let Z = (X,Y ) and Ẑ = (X̂, Ŷ ). Then
∀Z, Ẑ ∈ Cn×n × Cn×n we have

h(Z) = h(Ẑ) +

∫ 1

0

〈∇h(Ẑ + τ(Z − Ẑ)), Z − Ẑ〉dτ

= h(Ẑ) + 〈∇h(Ẑ), Z − Ẑ〉

+

∫ 1

0

〈∇h(Ẑ + τ(Z − Ẑ))−∇h(Ẑ)), Z − Ẑ〉dτ .

Therefore, we can build an upper bound for the term h(Z)−h(Ẑ)−〈∇h(Ẑ), Z−
Ẑ〉 as follows.

|h(Z)− h(Ẑ)− 〈∇h(Ẑ), Z − Ẑ〉|

=

∣∣∣∣∫ 1

0

〈∇h(Ẑ + τ(Z − Ẑ))−∇h(Ẑ)), Z − Ẑ〉dτ
∣∣∣∣

≤
∫ 1

0

∣∣∣〈∇h(Ẑ + τ(Z − Ẑ))−∇h(Ẑ)), Z − Ẑ〉
∣∣∣ dτ .
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Using our definitions of norm and dual norm (3.109), we get

≤
∫ 1

0

∥∥∥∇h(Ẑ + τ(Z − Ẑ))−∇h(Ẑ))
∥∥∥
∗

∥∥∥Z − Ẑ∥∥∥dτ

≤
∫ 1

0

τL
∥∥∥Z − Ẑ∥∥∥2

dτ

=
L

2

(
‖X − X̂‖2F + κ‖Y − Ŷ ‖2F

)
The conclusion follows by taking L1 = L and L2 = κL.

Now that we have defined our two Lipschitz constants L1 and L2, the no-
tation ‖ · ‖ will refer exclusively to the Frobenius norm.

Let us discuss the domain of the function. The following definition applies
to B with k = n :

Definition 3.15. A set C is an equinormed set if

‖Y ‖ = k ∀Y ∈ C .

By definition an equinormed set cannot be convex but it is nonetheless
compact. Given that B is not convex, we can take the convex hull coB and ap-
ply the gradient mapping method developed in [73] and described in a slightly
different but compatible way for equinormed sets in [34]. The gradient map-
ping can be applied on optimization problems with simple sets. We recall its
construction and main properties here.

Definition 3.16. Consider the sets Q1 and Q2, a function h : Cn×n ×
Cn×n → R : (X,Y ) → h(X,Y ) with a Lipschitz continuous gradient with
constants L1 and L2. Take l1 ≥ L1 , l2 ≥ L2 and any (X̂, Ŷ ) ∈ Cn×n×Cn×n.
Then the gradient mappings gQ1

(X̂; l1) and gQ2
(Ŷ ; l2) of h at (X̂, Ŷ ) are defined

as
gQ1

(X̂; l1) = l1(X̂ −XQ)

gQ2(Ŷ ; l2) = l2(Ŷ − YQ )
(3.111)

where XQ and YQ are given by

(XQ, YQ) = arg min
(X,Y )∈Q=Q1×Q2

[
φ(X,Y )

def
= h(X̂, Ŷ ) + 〈∇Xh(X̂, Ŷ ), X − X̂〉

+ 〈∇Y h(X̂, Ŷ ), Y − Ŷ 〉

+
l1
2
‖X − X̂‖2 +

l2
2
‖Y − Ŷ ‖2

]
.

(3.112)

If the sets Q1 and Q2 are simple enough, we can solve (3.112) in closed form,
and we can then apply the usual gradient method to our function using this
definition. The following properties are derived from the definition of gradient
mapping. Similar properties are found in [73] for functions with one argument.
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Property 3.17. Given two convex sets Q1,Q2 ⊆ Cn×n and a function h :
Q1 ×Q2 → R : (X,Y ) → h(X,Y ) with Lipschitz continuous gradient. Then
for any (X̂, Ŷ ) ∈ Cn×n × Cn×n we have

1. 〈∇Xh(X̂, Ŷ ), X −XQ〉 ≥ 〈gQ1 , X −XQ〉 (3.113)

2. 〈∇Y h(X̂, Ŷ ), Y − YQ〉 ≥ 〈gQ2
, Y − YQ〉

3. h(X̂, Ŷ )− φ(XQ, YQ) ≥ 1

2l1
‖gQ1

‖2 +
1

2l2
‖gQ2

‖2 (3.114)

Proof. In order to prove the first two properties, note that the first order opti-
mality condition at (XQ, YQ) implies that

〈∇Xh(X̂, Ŷ )− gQ1 , X −XQ〉 = 〈∇Xφ(XQ, YQ), X −XQ〉 ≥ 0

〈∇Y h(X̂, Ŷ )− gQ2
, Y − YQ〉 = 〈∇Y φ(XQ, YQ), Y − YQ〉 ≥ 0 .

The proof of the third statement is given in [74] on which we apply our definition
of norm (3.109),

h(X̂, Ŷ )− φ(XQ, YQ) = φ(X̂, Ŷ )− φ(XQ, YQ)

≥ l1
2
‖X̂ −XQ‖2 +

l2
2
‖Ŷ − YQ‖2

=
1

2l1
‖gQ1‖2 +

1

2l2
‖gQ2‖2 .

Property 3.18. If (l1, l2) ≥ (L1, L2), we have

h(XQ, YQ) ≤ φ(XQ, YQ) .

Proof. As h has a gradient which is Lipschitz continuous, it is possible to show
that for (X,Y ) and (X̂, Ŷ ) ∈ Q, we have

|h(X,Y )− h(X̂, Ŷ )− 〈∇Xh(X̂, Ŷ ), X − X̂〉 − 〈∇Y h(X̂, Ŷ ), Y − Ŷ 〉|

≤ L1

2
‖X − X̂‖2 +

L2

2
‖Y − Ŷ ‖2 ,

see Lemma 1.2.3 in [73] for a proof. We thus have

h(X,Y ) ≤ φ(X,Y ) .

These last properties are helpful to show that the gradient mapping provides
us with a first order method.

Theorem 3.19. Given two simple convex compact sets Q1 and Q2 ⊆ Cn×n
and a function h : Q = Q1 ×Q2 → R bounded below by h∗ on Q and having
a Lipschitz continuous gradient with constant L1 and L2. Then if l1 ≥ L1,
l2 ≥ L2 and the solution to (3.112) is computable, the step

(Xk+1, Yk+1) = (XQ, YQ) , (3.115)

converges to a local optimal solution.
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Proof. Equation (3.115) derives from the usual gradient step

(Xk+1, Yk+1) = (Xk, Yk)− (
1

l1
gQ1

(Xk; l1),
1

l2
gQ2

(Yk; l2)) . (3.116)

Let us now rewrite (3.114) in the case of our gradient step (3.116),

h(Xk, Yk)− h(Xk+1, Yk+1) ≥ h(Xk, Yk)− φ(XQ, YQ)

≥ 1

2l1
‖gQ1

(Xk; l1)‖2 +
1

2l2
‖gQ2

(Yk; l2)‖2 .

The function h being bounded below we get

h(X0, Y0)− h∗ ≥ lim
k→∞

k∑
m=0

[
1

2l1
‖gQ1(Xm; l1)‖2 +

1

2l2
‖gQ2(Ym; l2)‖2

]
.

The compactness of Q1 and Q2 enables us to conclude

‖gQ1(Xk; l1)‖2 → 0

‖gQ2
(Yk; l2)‖2 → 0 .

The advantage of this algorithm is its low complexity. But this reduction
in complexity only arises if the solution to (3.112) can be easily obtained, i.e.
if the sets Q1 and Q2 are simple enough.

3.3.3 Explicit solutions for the gradient mappings

Now that we have described our optimization scheme and its convergence, let
us look at the expression taken by the gradient mappings. By examination
we see that everything is applicable with Q1 = coB and Q2 = D, since B is
compact and D has compact level sets. Let us see how to get a closed form
solution to the minimization problem (3.112).

Gradient mapping on B As B is an equinormed set, the following general
result applies

Theorem 3.20. If Q is an equinormed set, the expression of XQ in (3.112) is
obtained as the solution of a linear programming problem whose expression is

XQ = PQ(l1X̂ −∇Xh(X̂, Ŷ )) ,

where PQ(Z) is the retraction of Z on Q.

Proof. Fixin Y = Ŷ , equation (3.112) simplifies to

XQ = arg min
X∈Q

[〈∇Xh(X̂, Ŷ ), X − X̂〉+
l1
2
‖X − X̂‖2]

= arg min
X∈Q

[〈∇Xh(X̂, Ŷ )− l1X̂,X〉 − 〈∇Xh(X̂, Ŷ ), X̂〉+ l1n] ,

where the last equation is obtained by applying the definition of equinormed
set on Q. The minimum is reached in the direction −(∇Xh(X̂)− l1X̂).
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The retraction on B is not difficult to figure out. For a given matrix Z ∈
Cn×n, we have PB(Z) = Z[Z∗Z]−

1
2 . Moreover, an additional simplification

occurs if we compute the polar factor of Z

Z = RΣV ∗

PQ(Z) = RV ∗ .

Such results were obtained in [34], and the gradient mapping in the variable U
is now defined.

Gradient mapping on D The gradient mapping in Λ is obtained in a similar
way. Let Λ̂ be fixed, then the optimization of (3.112) reduces to

min
Λ
〈∇Λf(Û , Λ̂)− l2Λ̂︸ ︷︷ ︸

Dg

,Λ〉+
l2
2
‖Λ‖2

s.t Λ � 0

Λ is diagonal.

(3.117)

Then the solution to (3.117) is

Λ = [−Dg/l2]+ . (3.118)

The resolution of the gradient mappings in U and in Λ requires the com-
putation of the gradient of the objective function (3.108) both in U and in Λ.
The details for the computations of these gradients are given in Appendix 3.B.

Algorithm The results obtained enable us to express algorithm 3.3 for the
resolution of (3.106).

In this algorithm, we used Property 3.18, p.107 to check the validity of our
Lipschitz constant. This test originates from [74] and is an efficient alternative
to the use of the definition (3.110) of Lipschitz continuous gradient.

Note that convergence test ‖ gBl1 ‖
2 + ‖ gDl2 ‖

2 < εtol is equivalent to checking
the condition

l1‖(Ui − Ui+1)‖2 + l2‖(Λi − Λi+1)‖2 < εtol .

The complexity of each iteration is O(n3) due to the use of the SVD. Its
convergence is monotonic.

Note that the scheme is separable (as the problem was) in the sense that the
steps 1 to 3 on the one hand, and 4 to 6 on the other hand can be implemented
separately. Hence if l1 does not satisfy the Lipschitz condition, the step in Λ
is still valid and can be kept. This approach does not result in big savings in
computational time.

The nature of the information provided by the Lipschitz constants is intrin-
sically local. Hence the conditions l1 ≥ L1 and l2 ≥ L2 should be understood as
local conditions and it is therefore appropriate to update the values of l1 and/or
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Algorithm 3.3 Gradient Mapping Method

Choose an initial U0 and Λ0 , take a small l1 and l2 and a tolerance
εtol and let f , φ and gQ be defined as in (3.108),(3.112) and (3.111)
for some given set Q respectively. Then

1. G = l1Ui −∇Uf(Ui,Λi);

2. Compute the SVD : RΣV ∗ = G;

3. U+ = RV ∗;

4. Compute Dg = ∇Λf(Ui,Λi)− l2Λi ;

5. Λ+ = [−Dg/l2]+;

6. if f(U+,Λ+) > φ(U+,Λ+) then double the value of l1 and l2
and go to step (1);

7. if f(U+,Λ+) < φ(U+,Λ+) then Ui+1 = U+, Λi+1 = Λ+, if
‖ gBl1 ‖

2 + ‖ gDl2 ‖
2 < εtol then exit otherwise i = i+ 1 and go to

step (1).

l2 only when necessary. The adopted approach suffices to guarantee conver-
gence. For the same reasons, we also regularly decrease both Lipschitz con-
stants. This yields improved step lengths if the function is sufficiently smooth
and speeds up local convergence. In order to make sense, we also need to prove
that the Lipschitz constant is bounded from above by a finite constant. We
provide such a proof in Appendix 3.A.

Once the algorithm has converged, one is still interested in actually recon-
structing the nearest stable matrix X∗ to A. We can compute successively H̃ε,∗
given by (3.99) and η∗ given by (3.105) to obtain

X∗ = −U∗(η∗I + jH̃ε,∗)Λ∗U
∗
∗ .

In practice it is also often more convenient for the convergence of the algo-
rithm 3.3 to adopt a path-following-like approach for the values of ε. We start
from an initial value ε0 and decrease it by a constant factor βε each time some
convergence threshold is crossed until a minimal value εlow is attained. Several
choices are possible for the values of those parameters. Typically we take a
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value ε0 which is small compared to ‖Λ‖2. We adopt the values,

εtol = n2 10−9

ε0 = ‖Λ0‖2 10−3

βε =
√
n

εlow = 10−2εtol

(3.119)

We conducted our numerical experiments with this choice of parameters.

3.3.4 Numerical example

We apply all of the above to the continuous-time benchmark introduced in
Section 2.3.3.

The algorithm 3.3 was implemented using Matlab R©. We have initiated
our algorithm with the parameters given in (3.119) and l1 = l2 = 10−2. The
starting point is obtained by processing the following steps : Fix a small δ > 0
,

1. Take M = −
(
A+A∗

2

)
,

2. U∗0DU0 = M ,

3. [D]− = δ ,

4. Λ0 = D/Tr(D) .

Our solution X∗ is approximately

X∗ =


0 0.9994 0 0

−0.0120 0 1.0000 0
0 −0.0132 0 1.0001

0.0001 0 −0.0120 0

 ,

and the eigenvalues of X∗ lie at ±j1.9 10−1, −1.8 10−6 and −2 10−12. Note that
in order to present the matrix in a suitable way, we had to round the numbers
after the 4th decimal. The rounding process markedly affects the eigenvalues
that we compute from the expression of X∗. We can avoid this caveat by
enforcing a minimal distance to the stability boundary for the eigenvalues of
X. This can be implemented through the Lyapunov operator, see [27]. The
objective function reaches the value

‖A−X∗‖F − ν0 = 2.4 10−3 ,

computed in 2.5 seconds and 3016 iterations. The solution is shown in Figure 3.6.
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Figure 3.6: Trajectory of the eigenvalues of the successive solutions. Stars
represent the eigenvalues of the original problem, squares the eigenvalues of the
starting point, grey-scaled dots the eigenvalues of the intermediate solutions.
The eigenvalues of X∗ are given by the white dots.

3.4 Comparison of the performances

Two main methods were developed in this chapter, the Augmented Barrier Pro-
jection Method given by the algorithm 3.2 and the Gradient Mapping Method
given by algorithm 3.3. Preliminary results show that the two methods achieve
their respective goal in a fair amount of time for problems of small size.

The question we now want to answer is the following. How do our algo-
rithms behave compared to other existing methods and for various sizes of the
problems?

We chose to restrict our tests to continuous-time problems. Indeed, even
though discrete-time problems offer an interesting variation of the problem,
we prefer to focus on instances of the problem that all algorithms seen in this
chapter can process. Our analysis will be extended to discrete-time instances of
the problem in the chapter on polynomials where more additional discrete-time
methods are available.

We first introduce the method with which we are going to compare our
results, namely Hanso, before presenting the experiments. The discussion of
our numerical results follows.

3.4.1 Hanso

Hanso is an optimization algorithm which includes a BFGS quasi-Newton
method and gradient sampling methods. Hanso is primarily applicable to
smooth convex problems but also works for nonsmooth or nonconvex problems,
or both, in which case the main underlying hypothesis is that nonsmoothness
occurs at a given point with probability zero and, in case it occurs, gradients at
some nearby points suffice to provide acceptable search directions. The theory
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is developed in [21, 63].
Because Hanso is not able to deal directly with constraints we add a penalty

term to the objective function. The penalty term consists in the spectral ab-
scissa function α(X) first encountered in the first chapter, Section 1.4.3.

The objective function used in Hanso is

min
X

[f(X) = ‖A−X‖+ µα(X)] , (3.120)

whenever X is unstable and

min
X

[f(X) = ‖A−X‖] , (3.121)

otherwise. One can note that we do not use the square norm in this case since
numerical simulations tend to show that it is less efficient than the suggested
formulation [78].

Being a first order method, Hanso requires the value and the gradient of the
objective function evaluated at a point as inputs. The value of the objective
function is given by (3.120) if α(X) > 0 and by (3.121) otherwise. Accordingly,
the gradients of (3.120) and (3.121) are, respectively,

∇f(X) =
1

‖A−X‖
X −A+ µvu∗ ,

∇f(X) =
1

‖A−X‖
X −A ,

where v (resp. u∗) is the right (resp. left) eigenvector associated with the
active eigenvalue

λi(X) = arg max
λj

Re {λj(X)} .

See Section 1.4.3 for a justification of the expression of ∇α(X).
Hanso has several advantages. It can work with stable as well as unstable

matrices, it works from several starting points to retain the best solution only,
and last but not least it displays acceptable convergence. On the other hand,
its main weakness is that the solutions found are not necessarily stable. This
might be corrected by taking some precautions such as displacing the stability
boundary described by the spectral abscissa but this would in turn change the
optimization problem.

3.4.2 Presentation of the experiments

We carried out two different types of experiments. We first tested the influence
of the size of the problems on our algorithms. We then tried to evaluate how
the performances of the algorithms were affected by the nonnormality of the
matrices.

Two instances, one real and one complex, were generated for each type of
experiment. As the presence of singularities on the boundary of the stable
set are associated with active eigenvalues with multiplicity higher than one, a
difficult instance is generated by the perturbation of such a matrix. This is not
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a difficult case if the method reaches the point from the outside of the stable
set but most of the algorithms we tested have iterates that are contained in
the interior of the set. From this observation we consider the two following
instances for our experiments

• Benchmark matrix,

• Random matrix.

Benchmark matrix Consider the benchmark we have already detailed in
Chapter 2, Section 2.3.3. The unstable matrix is given by

A =


0 1

. . .

1
ν0 0

 (3.122)

For values of ν0 such that |ν0| < 1, ν0 ∈ R, a conjectured local optimal solution
is given by the matrix

X∗ =


0 1

. . .

1
0


which has all its eigenvalues at zero. We took the value ν0 = 0.1 for the real
instance of the problem and the value ν0 = 0.1+j0.3

|0.1+j0.3| for the complex instance.

Since |ν0| = 1 in the complex case, several candidate solutions are easily avail-
able, one of which is obtained by projecting A onto the cone of negative definite
matrices using the spectral norm. Whether all methods converge to the same
solution has been an open question which will receive a partial answer.

Random matrix In contrast with the benchmark example, random matrices
drawn from a Gaussian distribution of their coefficients should generally be
easy to stabilize. Indeed, their eigenvalues have an uniform distribution on
a disk centered in 0 and of radius approximately equal to the square root of
the Frobenius norm of the matrix, and they do not have a particular structure.
Because of these reasons, random matrices can be considered as easy examples.

The coefficients of real random matrices were generated from the Gaussian
law N (0, 1). The real and the imaginary parts of the coefficients of complex
random matrices were generated according to the law N (0, 1

2 ). Matrices were
then scaled proportionally to the square root of their norm.

The resulting matrix A has approximately half of its eigenvalues that are
unstable as shown in Figure 3.7.

In order to evaluate the impact of the nonnormality of the unstable matrix
on the performance of the algorithms we conducted two additional experiments
on matrices of fixed dimensions taken as n = 8.
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Im{λ}

Figure 3.7: Typical eigenvalues distribution of a real random matrix of size
n = 64 on both sides of the real axis. The unit circle is dashed.

Variable values of ν0 The first additional experiment is created from a
benchmark matrix of size n = 8 once more. For this numerical experiment, we
created 10 benchmark matrices with the parameter ν0 taken equidistantly in
the the interval [1, 10−2]. One will note that for ν0 = 1, the created benchmark
matrix is in fact normal while for ν0 = 10−2 the unstable matrix is very close to
the conjectured solution located at a singularity of the stable set as discussed
in chapter 2. The successive unstable matrices given in input to the algorithms
are thus supposedly more difficult to solve for small values of ν0.

Random nonnormal matrices The second experiment we created to mea-
sure the impact of the nonnormality on the performances of the algorithms
consists in creating successive nonnormal random matrices Ai. Each nonnor-
mal random matrix was created from two other random matrices Ri and Ti.
The matrix Ri is a complex random matrix of size 8. The matrix Ti ∈ R8×8 is
a random similarity matrix whose conditioning is taken as an input parameter
and is generated using the gallery function of Matlab. We then instantiate the
unstable matrix Ai using the expression

Ai = TiRiT
−1
i , (3.123)

where i is the index of the experiment. Let t(i) denote the conditioning of the
matrix Ti. We carried out 13 experiments with values of t(i) logarithmically
spaced between [1, 106]. The results are reported in the next subsection.

Parametrization We applied three methods on these test cases

• Augmented Barrier Projection Method (ABPM),

• Gradient Mapping Method (GMM),
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• Hanso (Hanso).

As each method has its own stopping criterion, a unified value for the toler-
ance/precision required for the solution could not be adopted. Several para-
metrizations of the methods were tested and we retained a different parametri-
zation for each method which balances the time performance and the precision
reached.

Hence, we have parametrized ABPM with a tolerance for the stopping
criterion which is εtol = n2 10−8. The parameters εµ and γµ related to the
minimal value and the decrease of the barrier coefficient were taken as εµ =
n210−10 and γµ = n210 so as to have a barrier coefficient which is lower than
the prescribed tolerance for the stopping criterion. This is not required but it
was observed to yield better results. The parametrization of GMM follows the
same rule of thumb. The tolerance is fixed to εtol = n210−9 and the minimal
value of the smoothing parameter εlow was fixed to 10−11.

Hanso uses the default parametrization of the software. In short, Hanso
either stops the BFGS phase when the algorithm converged with a tolerance of
10−4 for the smallest vector in the convex hull of the gradients at the current
point but also at nearby points, or when the number of iterations reaches
1000 [63]. If this last case occurs, Hanso tries to improve the best point using
gradient sampling techniques.

Starting points are obtained by mirroring the unstable eigenvalues of the
matrix inside the stable domain. As two of the strengths of Hanso are its ability
to work from several starting points and to work indistinctly with stable and
unstable matrices, we also feed it with two other starting points : the first one
is a perturbation of the unstable matrix A, the second one is a perturbation of
the starting point chosen previously.

Performance indicators We denote the final solution reached by any of
the algorithms by Xf . We can use several criteria depending on whether the
theoretic solution is conjectured or not.

First, we will compare the time taken by each of the algorithms.
Then, when the global theoretic solution is known, we can measure the gap

between the optimal objective value and the final objective value achieved by
each algorithm. We thus define

Gap = ‖Xf −A‖F − ‖X∗ −A‖F . (3.124)

We can further look at how the average error on the coefficients is evolving
with the size of the problem. Therefore, when the exact solution X∗ is known
our third criterion is

Mean Accuracy =
1

n
‖Xf −X∗‖F . (3.125)

One can check that (3.125) implies that Mean Accuracy takes the value ε
when the average error on each coefficient of Xf is ε as well. As we formulated
a conjecture on the solution for the continuous-time benchmark only, the two
criteria (3.124) and (3.125) are used in that case.
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Figure 3.8: Difference of interpretation of the Gap and the Rel.Gap criteria.
The relative gap is the ratio between the distance ‖Xso −A‖ and the distance
‖Xf − A‖ achieved by the solution returned by the algorithm. It is therefore
an indicator of the improvement realised by Xf with respect to Xso. The gap
is an absolute measurement which is the difference ‖Xf −A‖ − ‖X∗ −A‖. Xf

is not represented as a minimum for the purpose of the illustration.
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When processing random matrices, our possibilities are much more limited
since the theoretic solution is not known. We therefore use a relative measure
of the gap with respect to a suboptimal point Xso

Rel. Gap =
‖Xf −A‖F
‖Xso −A‖F

. (3.126)

The choice of the suboptimal solution Xso should be carried with care. By
default, Xso should be both easy to compute and achieve a fair suboptimal
value. If Xso satisfies both conditions and the relative gap is greater than
1 then this means that a cheap solution which performs at least as well as
Xf is readily available. A good choice for Xso highlights the differences of
performance between the methods. As computing the relative gap is cheap
once Xf is known, many different points can be tried to check the relevance of
the relative gap criterion.

Note that the gap (3.124) and the relative gap (3.126) do not measure the
same thing but the relative gap is somehow the best approximation we can
obtain in the absence of the knowledge of the exact solution. The differences
in the interpretation of the criteria are illustrated in Figure 3.8.

3.4.3 Numerical results

Performances related to a size increase Four unstable matrices of sizes
N = 2i; i = 2, . . . , 5 were generated each time on which we applied the three
algorithms ABPM, GMM and Hanso. The results for the benchmark are
displayed in Table 3.1 and in Table 3.2 for the real and the complex case
respectively, and illustrated in Figure 3.9. The results for real random matrices
are given in Table 3.3 and those for complex random matrices are given in
Table 3.4, both are illustrated in Figure 3.10.

In the real case, the results for the benchmark show that the methods tend
to approach the expected solution given by

X∗ =


0 1

. . .

1
0 0

 , (3.127)

for small sizes and preserve the quality of the solution with larger sizes as
Figure 3.9e tends to show. It was observed that the ability of Hanso to
attain a really good precision for n = 4 is made possible by its ability to
work with unstable matrices which both GMM and ABPM do not have. It
appears very clearly from the differences in gap and accuracy with ABPM and
GMM observed for n = 4 in Figure 3.9a and Figure 3.9e that this is an
argument in favor of Hanso. This difference does not hold for easier cases as
Figure 3.10a and 3.10b both suggest.

The large execution times of ABPM that are observable in Figure 3.9c
are probably due to the worsening conditioning of the matrices used in the
algorithm. It was indeed observed that the conditioning of the matrices which
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are used in the construction of the ellipsoid was quickly deteriorating with the
dimensionality of the problem. Still for smaller dimensions ABPM yields very
good results at low cost and the quality of the results is preserved on the long
run.

On average, the observed differences between the real and the complex case
in Figure 3.9 are not really substantial. Still it is interesting to observe that
for n = 4, Hanso manages to find a better solution than X∗ given by (3.127).
According to Figure 3.9f, this solution is nonetheless at a close distance to X∗
which tends to prove that X∗ probably is not a local minimum. The same
graph nonetheless shows that the solutions that are reached are always close
to X∗ as n grows.

The results contained in Figure 3.10 for random matrices show that the
performance of the algorithms is kept constant generally speaking except for
Hanso which seems to be less efficient on this type of problem even for small
problems. Indeed, the eigenvalues of the approximate minimizer were computed
and it was observed that the solution reached was actually unstable when n = 8
while the other two methods reached stable solutions in that case. This loss
of performance for the sizes n = 16 and n = 32 is probably due to the fact
that Hanso switches to a limited memory version of the algorithm as soon
as n > 10 (which gives 100 variables) and does not apply additional gradient
sampling methods in this case.

The execution times do not vary greatly between the two experiments as is
confirmed by a comparison between Figure 3.9c and Figure 3.10c.

Influence of the nonnormality on the performances We represent the
gap, the execution times and the mean accuracy obtained for different values
of ν0 applied to the benchmark and with n = 8 in Figure 3.11.

In order to improve the relevance of our results for the random case, we
performed repeated runs for each value of the conditioning of the similarity
matrix T . The results are then averaged and the standard deviation is com-
puted. We give a plot of the average execution times for problems of sizes n = 4
and n = 8 in Figure 3.12 and the corresponding average distances between the
original unstable matrix A and the obtained solution Xf in Figure 3.13. In
view of those figures, we can conclude that Hanso does not seem affected at
all by the nonnormality of the unstable matrix while ABPM takes more time
but reaches approximately the same precision and GMM looses both time and
precision along with the nonnormality of the unstable matrix.
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Figure 3.9: Evolution of the performance of the algorithms with respect to the
size of the problem for the benchmark. The lower left coefficient ν0 in (3.122)
was taken as ν0 = 0.1 in the real case and ν0 = 0.1+j0.3

|0.1+j0.3| in the complex case.

As a better solution than (3.127) was found by Hanso in the complex case for
n = 4, the Gap was replaced by the relative gap in (b). Still in order to enable
comparison the associated data for the gap is given in Tables 3.1 and 3.2 .
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Figure 3.10: Evolution of the performance of the algorithms with respect to
the size of the problem for random matrices. Data is given in Tables 3.3 and
3.4 for real and complex random matrices respectively.
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Figure 3.11: Evolution of the performances of the algorithms with respect to
the value of ν0 for a matrix of size n = 8. The values of the parameter ν0 are
taken equidistantly in the interval [1, 10−2]. In (a), GMM shows rather high
execution times for big values of ν0. This was not expected since for ν0 ≈ 1 A
is close to a normal matrix and is contrary to all previous observations. This is
due to the fact that the convergence is very slow on this case but as confirmed by
observation in (b) the solution it attains achieves a better gap value. Globally,
the gap given in (b) does not vary significantly between the methods but some
trends can nonetheless be observed. As Hanso converges indifferently to the
solution from the outside or from the inside of the stable set its performance
as measured by the gap is rather unaffected by the magnitude of ν0. On the
contrary, ABPM tends to achieve greater gap values as the successive values
of ν0 bring the unstable matrix closer to a singularity of the stable set which is
attained for ν0 = 0. The decreasing feature in (c) indicates that the solutions
obtained get closer to the conjectured solution when ν0 decreases. The figure
also confirms that ABPM produces slightly better solutions in this case except
for very small ν0.
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Figure 3.12: Average execution times [s] for matrices of size (a) n = 4 and (b)
n = 8 versus the conditioning of the similarity matrix T given in (3.123). The
execution times of Hanso seem unaffected by the conditioning of T while both
ABPM and GMM show a high variability in their execution times as soon as
T becomes more ill-conditioned. This is confirmed by the standard deviation
obtained for each experiment and given in Table 3.5 for n = 8. In view of
the plots, the effect of the conditioning seems to increase with the size of the
matrix.
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Figure 3.13: Evolution of the average objective function value given by ‖A −
Xf‖F for matrices of size (a) n = 4 and (b) n = 8 in terms of the conditioning of
the similarity matrix T given in (3.123). For values of the conditioning close to
1 all methods perform equally well. But soon differences in performance appear
due to it. In particular, the precision attained by GMM deteriorates quickly.
After some time, the distance ‖A − Xf‖ logically increases for all methods
since the coefficients of the matrices become bigger with the conditioning of T .
Nonetheless the effect is much more pronounced for GMM than for ABPM and
Hanso.
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Conclusions on chapter 3

This chapter’s content has shed some light onto the difficulties inherent to the
resolution of the nearest stable matrix problem.

The contributions of this chapter are twofold. On the first hand, we sug-
gested two original algorithms for solving the nearest stable matrix problem.
On the second hand, we suggested several reformulations of the problem in Sec-
tion 3.3.1 which could lead to as many variations of the suggested algorithms.
In particular, a real arithmetic reformulation suitable for a Newton method
was suggested which could prove a promising alternative for the resolution of
real problems.

Each of the methods presented here has its own particularities. Theoreti-
cally, the first method, which is the topic of Sections 3.1 and 3.2, exploits the
mathematical properties associated with self-concordant functions and yields
an elegant theory. Unfortunately, our implementation of the method suffers
from several weaknesses which makes it suitable for small sizes only. One of
the strong points of the methods is its flexibility which enables it to deal with
continuous-, and discrete-, time problems as well as with polynomials as the
next chapter will show.

The second method tackles the problem from a different point of view.
The theory behind it avoids the use of nonconvex constraints and once a final
reformulation is attained very simple schemes can be used for its resolution.

We also proved the convergence of both algorithms. We have shown that
the Augmented Barrier Projection Method performs at least as well as the
Damped Newton method at each step. Its convergence is thus monotonic. The
convergence of the Gradient Mapping Method is the one of the usual gradient
method.

Numerical experiments have confirmed the relevance of both approaches.
Still, our work in Section 3.3 has led us to develop other reformulations. One
of them particularly could be solved using a Newton scheme. Preliminary nu-
merical experiments carried on very small examples have returned good results
both in terms of time and accuracy.

The work presented in Section 3.1 was communicated in an article [77]
in a peer-reviewed journal as well as in several talks and posters at various
conferences. The work contained in Section 3.3 was submitted as an article in
a peer-reviewed journal [76].
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3.A Bounds for the Lipschitz constants for the
Gradient Mapping Method

We are interested in bounding the values of the Lipschitz constants L1 and L2

that appear in the gradient scheme in Theorem 3.19. It is well known that the
value of the Lipschitz constants is bounded by the norm of the Hessian of the
function; see [73] for example.

The expression of the objective function is given by (3.108) which we rewrite
here for convenience

f(U,Λ) = ‖A‖2 −
〈AU,UΛ〉2−
‖Λ‖2 + ε

− 1

2
〈Wε � C,C〉+ ε‖Λ‖2 . (3.128)

It will simplify our computations to restrict ourselves to the particular case
A ∈ Rn×n. When A is real, the Lyapunov equation is real as well and thus
both U in (3.128) and A are real. The realness assumption changes the value
of the bound but does not change the fact that the bound will be finite.

It appears clear in (3.128) that the critical terms for the computation of
the Hessian are those where Λ appears in the denominator of the function.
Therefore, and for the sake of simplicity, we limit our computation to those
terms given by

t1(Λ) = −
〈Ã,Λ〉2−
‖Λ‖2 + ε

, (3.129)

and

t2(Λ) =
1

2
〈Wε � C̃, C̃〉 , (3.130)

where the equalities Ã = U∗AU , C̃ = U∗CU were used for convenience.
The first step in bounding the Lispchitz constants consists in changing our

formulation for t1(Λ) into the equivalent form

t1(Λ) =
(
t̃1
)2

+
,

where

t̃1(Λ) =
〈Ã,Λ〉√
‖Λ‖2 + ε

. (3.131)

From our assumptions, and based on our definitions of C̃ and Wε in (3.100)
and in (3.101) respectively, we can rewrite t2(Λ) as

t2(Λ) =
1

2

∑
ij

(t̃2,ij(Λ))2
+ ,

where

t̃2,ij(Λ) =
1√

λ2
i + λ2

j + ε
(Ãijλj − λiÃTij) i, j ∈ [1, n] . (3.132)

Now let us remark that both t̃1(Λ) in (3.131) and the various terms t̃2,ij in
(3.132) can be put into a generic form.
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Proposition 7. Let E ⊂ Rn be a vector space of appropriate dimensions,
different for t̃1 and t̃2,ij, endowed with the standard scalar product 〈x, y〉2 = xT y
for any two vectors x, y ∈ E. Then for some appropriate vectors m,x ∈ E,
both t̃1(Λ) and t̃2,ij(Λ) can be put into the form

t(x) =
〈m,x〉2√
‖x‖22 + ε

. (3.133)

Proof. Let us prove first that this is true for t̃1(Λ), we will then prove that the
statement holds for t̃2,ij(Λ) as well.

Let E = Rn and xi = λi,∀i, then choosing mi = Ãii yields the desired
result for t̃1(Λ).

In order to prove the same results for the terms t̃2,ij , let us take E = R2

and xT =
[
λi λj

]
. Taking mT =

[
−Ãji Ãij

]
yields the desired result.

In order to derive a bound for t1(Λ) from the generic form t(x), we need an
additional proposition.

Proposition 8. Let E ⊂ Rn be a vector space of appropriate dimensions
endowed with the standard scalar product 〈x, y〉2 = xT y for any two vectors
x, y ∈ E. Then consider the scalar functions φ(x) : R → R and t(x) defined
by (3.133) such that

φ(x) = (t(x))
2
+ .

If we denote the gradient of t by t′ and its Hessian by t′′, then the norm of the
Hessian φ′′ of φ is bounded almost everywhere with the bound

‖φ′′(x)‖ ≤ ‖t′t′∗ + tt′′‖ .

Proof. It suffices to compute the successive derivatives of φ. We have for a
direction h ∈ E,

φ′(x) = t′t+ ,

and

φ′′(x)[h] =

{
t′t′T + tt′′[h] if t > 0 ,
0 if t < 0 .

Note that the Hessian does not exists if t = 0. Thus, the bound

‖φ‖ < ‖t′t′T + tt′′[h]‖

is valid almost everywhere.

Proposition 8 defines a bound for the Hessian of φ which is valid almost
everywhere, so we can derive a bound for the Hessian of t1(Λ) from an esti-
mate of the derivatives of the function t(x). For t2(Λ) the bound is defined
everywhere for each of the elements of the sum.

Following Propositions 7 and 8, it suffices to compute generic bounds for
the derivatives of (3.133) to deduce an approximate bound for the Hessian of
(3.128). Let us compute those generic bounds.
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The first order directional derivative of (3.133) in a direction h ∈ E is

Dt(x)[h] =
〈m,h〉2√
‖x‖22 + ε

− 〈m,x〉2
(‖x‖22 + ε)

3
2

〈x, h〉2 .

For any bounded direction h ∈ E, a bound for ‖Dt(x)[h]‖ is given by

|Dt(x)[h]| ≤ ‖m‖‖h‖√
‖x‖22 + ε

+
‖m‖‖x‖

(‖x‖22 + ε)
3
2

‖x‖‖h‖

≤ C1

ε
1
2

‖h‖ .

In turn, the second order directional derivative is thus

D2t(x)[h, h] = −2
〈m,h〉2

(‖x‖22 + ε)
3
2

〈x, h〉2 + 3
〈m,x〉2

(‖x‖22 + ε)
5
2

〈x, h〉22 .

For any bounded direction h ∈ E we obtain, using successive Cauchy-Schwarz
inequalities,

|D2t(x)[h, h]| ≤ 2
‖m‖‖h‖2

(‖x‖22 + ε)
3
2

‖x‖+ 3
‖m‖‖x‖

(‖x‖22 + ε)
5
2

‖x‖2‖h‖2 .

Therefore, we can bound the product ‖t(x)‖|D2t(x)[h, h]| by

‖t(x)‖|D2t(x)[h, h]| ≤ ‖m‖‖x‖√
‖x‖22 + ε

(
2
‖m‖‖h‖2

(‖x‖22 + ε)
3
2

‖x‖+ 3
‖m‖‖x‖

(‖x‖22 + ε)
5
2

‖x‖2‖h‖2
)
,

= 2
‖m‖2‖h‖2‖x‖2

(‖x‖22 + ε)2
+ 3
‖m‖2‖x‖4‖h‖2

(‖x‖22 + ε)3

and since the maximum of this last equation is attained for ‖x‖2 = δε for some
appropriate δ ∈ R+ we finally obtain

‖t(x)‖|D2t(x)[h, h]| ≤ C2

ε
‖h‖

where C2 is an appropriate constant.
This last result enables us to conclude that, for an appropriate constant C3,

‖∇2f(U,Λ)‖F ≤ C3
1

ε
.

3.B Expressions of the gradients for the Gradi-
ent Mapping Method

Through the equations (3.106) and (3.98) we can implicitly construct the gra-
dients of the function with respect to U and Λ. Let us recall again the objective
function

f(U,Λ) = ‖A‖2 −
〈AU,UΛ〉2−
‖Λ‖2 + ε

− 1

2
〈j(AUΛU∗ − UΛU∗A∗), Hε(U,Λ)〉+ ε‖Λ‖2 .

(3.134)
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Gradient in Λ

Consider the more easy-to-visualize form, obtained by using the change of
variables Ã = U∗AU , H̃ε = U∗HεU .

f(U,Λ) = ‖Ã‖2 −
〈Ã,Λ〉2−
‖Λ‖2 + ε

− 1

2
〈j(ÃΛ− ΛÃ∗), H̃ε(U,Λ)〉+ ε‖Λ‖2 .

Denoting by Df [E] = 〈∇Λf,E〉 the directional derivative of f with respect to
Λ in the direction E we get a first term(

〈j(ÃΛ− ΛÃ∗), H̃ε(U,Λ)〉
)′

= −j(Ã∗H̃ε(U,Λ)− H̃ε(U,Λ)Ã)

+D∗H̃ε(U,Λ)[Ñ ] . (3.135)

Following the definition, the term (3.135) corresponds to the adjoint of the
directional derivative of H̃ε in the direction Ñ = j(ÃΛ − ΛÃ∗). The whole
gradient thus becomes

∇Λf(U,Λ) = −2
〈Ã,Λ〉−

(‖Λ‖2 + ε)2
((‖Λ‖2 + ε)Ã− 〈Ã,Λ〉−Λ)

+
1

2
j(Ã∗H̃ε(U,Λ)− H̃ε(U,Λ)Ã)

− 1

2
D∗H̃ε(U,Λ)[Ñ ] + 2εΛ .

(3.136)

Finally, as Λ is a diagonal matrix, ∇Λf(U,Λ) is diagonal as well and we thus
project the gradient (3.136) in the tangential plane by keeping its diagonal
elements only. The expression for H̃ ′ε(U,Λ)[Ñ ] can be computed as the solution
of

(Λ2 + εI)DH̃ε[Ñ ] +DH̃ε[Ñ ](Λ2 + εI) = j(ÃÑ − ÑÃ∗)− (M [Ñ ]H̃ + H̃M [Ñ ]) ,
(3.137)

where M = (ÑΛ + ΛÑ). It can be checked numerically that the operator is
not self-adjoint since for two random direction E1 and E2 we have

〈DH̃ε(U,Λ)[E1], E2〉 6= 〈E1, DH̃ε(U,Λ)[E2]〉 .

Let us rewrite the equation (3.137) as

(Λ2 + εI)DH̃ε[E1] +DH̃ε[E1](Λ2 + εI) = K(U,Λ)[E1] ,

and let us write the scalar product of this expression with E2

〈(Λ2 + εI)DH̃ε[E1] +DH̃ε[E1](Λ2 + εI), E2〉 = 〈K(U,Λ)[E1], E2〉

so both adjoints become

〈E1, D
∗H̃ε[((Λ

2 + εI)E2 + E2(Λ2 + εI)]〉 = 〈E1,K
∗(U)[E2]〉 . (3.138)

Thus following (3.138)

D∗H̃ε[Ñ ] = K∗(U,Λ)[N̂ ] (3.139)
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with N̂ the solution of

(Λ2 + εI)N̂ + N̂(Λ2 + εI) = Ñ .

The expression of K∗(U,Λ)[E] is given by

K∗(U,Λ)[E] = j(EÃ− Ã∗E)− (N [E]Λ + ΛN [E]) ,

and N [E] is
N [E] = EH̃ε + H̃εE .

Gradient in U

As in our preceding development, we denote by Df [E] = 〈∇fU , E〉 the direc-
tional derivative of f with respect to U in the direction E. The gradient of
(3.134) is

∇Uf(U,Λ) = −2
〈AU,UΛ〉−
‖Λ‖2 + ε

(A∗ +A)UΛ− j(HεA−A∗Hε)UΛ

− 1

2
D∗Hε(U,Λ)[N ] .

As the expression of the gradient should belong to the tangent plane T of
the manifold of unitary matrices at U , it is appropriate to return a projected
gradient PT (∇Uf) using the adequate projection equation [1]

PT (∇Uf) = ∇Uf −
1

2
U(U∗∇Uf +∇Uf∗U) .

Let us now detailed the expression of ∇Uf . First, one can remark

D∗Hε(U,Λ)[N ] = UD∗H̃ε[Ñ ]U∗

where N = UÑU∗. This can be observed by carefully putting up both ad-
joints but is consistent with the fact that DHε is linear in N . Computing the
derivative in U of (3.98) in the direction E gives

(Λ2 + εI)DH̃ε[Ẽ] +DH̃ε[Ẽ](Λ2 + εI) = j(ÃG̃2 − G̃2Ã
∗)− (G̃1H̃ε + H̃εG̃1) ,

where G̃1[Ẽ] = (ẼU∗Λ2 + Λ2UẼ) and G̃2[Ẽ] = (ẼU∗Λ + ΛUẼ). As above, the
adjoint

D∗H̃ε[Ẽ] = K∗(U,Λ)[Ê]

where K∗(U,Λ)[Ê] is now, using Ĕ = Ê + Ê∗,

K∗(U,Λ)[Ê] = j(ĔÃ− Ã∗Ĕ)ΛU − (H̃εĔ + ĔH̃ε)Λ
2U

and where Ê is solution of

(Λ2 + εI)Ê + Ê(Λ2 + εI) = Ẽ .

Note that in case Ẽ is symmetric then Ê is symmetric as well and Ĕ = 2Ê.





Chapter 4

Methods for polynomials

The development of methods that are able to find the nearest stable polynomial
to an unstable one is an important topic which deserves a discussion on its
own. Polynomials are encountered in many applications and the relevance of
this question goes well beyond the theoretical interest.

Work on the stability of polynomials goes a long time into the past, and
many results have been published. Of particular interest is the well-known
Routh-Hurwitz stability criterion which determines the stability of a continuous-
time polynomial from its coefficients using simple algebraic conditions. Its
discrete-time equivalent is Jury’s test. Unfortunately, the Routh-Hurwitz cri-
terion and Jury’s test require a large number of computations and thus do not
offer a viable framework for finding the nearest stable system. We develop
alternative strategies in this chapter.

With appropriate restrictions on the coefficients, the nearest stable polyno-
mial problem can become an easy one. In particular, suppose one is interested
in the stability of a discrete-time real polynomial x(z) such that

x(z) = zn −
n−1∑
i=0

xiz
i xi ∈ R+, ∀i (4.1)

Then the following result follows.

Theorem 4.1. Given a real monic polynomial x(z) of the form (4.1) where
each coefficient xi is nonnegative, we have

ρ(x) ≤ 1⇔
n−1∑
i=0

xi ≤ 1

Proof. We will prove the theorem from the companion form of the polynomial
(4.1) which is

X =


xn−1 1
...

. . .

1
x0 0


135
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As xi ≥ 0 ∀i, X is a nonnegative matrix. Without loss of generality, let us
suppose that x0 6= 0 so that the matrix X is also irreducible. Otherwise, we
can apply the process and the submatrix obtained by suppressing the last row
and the last column of X.

Let us prove that
∑
xi ≤ 1 ⇒ ρ(X) ≤ 1 . As X is a nonnegative matrix,

by Theorem 8.3.1 in [50],

ρ(X) ≤ max(
∑

xi, 1) ,

and therefore,
∑
xi ≤ 1⇒ ρ(X) ≤ 1. This can also been seen by the fact that

if
∑
xi ≤ 1 then X is a substochastic matrix and the same conclusion follows.

In order the prove the converse statement, let us observe that a consequence
of Theorem 1.20 due to Perron-Frobenius is that for any nonnegative matrix A
if ρ(A) ≤ 1 then there exists an invertible diagonal matrix D such that

1
TD−1AD ≤ 1

T . (4.2)

Indeed, following Perron-Frobenius for any nonnegative matrix A ∈ Rn×n, the
Perron vector u > 0 is such that

uTA = ρ(A)uT .

Then any invertible diagonal matrix D satisfies

uTDD−1AD = ρ(A)uTD . (4.3)

The matrix D can always be chosen such that

uTD = 1
T . (4.4)

Plugging (4.4) into (4.3) along with the fact that ρ(A) ≤ 1 yields (4.2).
This result also applies to X and there exists a matrix D such that

1
TD−1XD ≤ 1

T .

Let us look at the product D−1XD and let us denote the ith diagonal element
of D by di. As D is a diagonal similarity transformation, it can always be
scaled so that

d1 = 1 .

Then, the expression of the product D−1XD is

D−1XD =



xn−1 d2
xn−2

d2
d3
d2

...
. . .

... dn
dn−1

x0

dn
0


.

By (4.2), the sum of the elements of each column must be less than 1. When
applied on the n− 1 last columns of X, this last condition imposes that

dn ≤ · · · ≤ d2 ≤ 1 .
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The first column yields the condition∑ xi
di
≤ 1 ,

and since di ≤ 1 ∀i, we deduce that∑
xi ≤ 1 .

This theorem demonstrates that for a selection of domains, the solution to
the nearest stable polynomial to an unstable one is not difficult to find. In
the particular case of Theorem 4.1 , we have shown that one can even build a
convex optimization problem where the domain is a simplex. This preliminary
result also gives us further hope that polynomials behave better than matrices
in general.

We will not pursue further the investigation of special cases and our research
will focus on the more general coefficients space given by Rn or Cn in which
case finding the nearest stable polynomial is deemed, unsurprisingly, a difficult
problem. The chapter is structured as follows :

Section 4.1 explores the existing methods that stabilize poly-
nomials through simple but efficient techniques. The in-
terest is twofold, it provides a perspective on the existing
literature on the subject and introduces algorithms that can
be used to construct much needed starting points.

Section 4.2 is the continuation of Section 3.1 and 3.2 while
trying to exploit the reduced dimensionality induced by the
use of polynomials to obtain a more efficient algorithm.
Some time is taken to discuss the pertinence of the choices
and the improvements that could be undertaken in the fu-
ture.

Section 4.3 discusses techniques for finding the nearest sta-
ble polynomial that are constructed on the principle that
it is easier to optimize over the roots of the polynomials
rather than on its coefficients. Optimizing over the roots
requires the use of separate algorithms for continuous-time
and discrete-time. We also explain why the computation
of the gradient of the objective function becomes a delicate
step and discuss the best way for building it.

Section 4.4 compares the performances of the various algo-
rithms dedicated to polynomials that were introduced in
the chapter or that already exist.

Section 4.5 briefly looks into the implication of using a weighted
norm in the objective function instead of the usual Frobe-
nius norm. This section is a very brief feasibility study of
the approach and how to handle it in our algorithms.
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4.1 Stabilization of polynomials

Stabilizing a polynomial is a well explored topic in the literature. The goal is
to construct a stable polynomial from some unstable one, but not necessarily
the nearest one. Hence, for those methods the emphasis is put on the efficiency
rather than on the quality of the approximant as is done in this thesis.

The first step usually consists in identifying the roots of the polynomial
which are responsible for the instability. The second step then consists in
modifying the unstable roots in such a way that the entire polynomial then
becomes stable.

As we will see, one does not necessarily need to actually compute the roots,
which can be a quite time-consuming task, and alternative approaches have
been developed in the literature which are applicable to continuous-time or
discrete-time instances, or both. Still, most of these alternatives were developed
for discrete-time polynomials. The Möbius transform can be in turn used to
apply those methods on continuous-time polynomials but the transformation
does not behave well numerically.

Our interest in this topic lies in the possibility of getting starting points for
our algorithms through low complexity methods.

4.1.1 Stabilization by the roots

Computing the roots of a polynomial and modifying those that are unstable is
probably the most natural way of stabilizing a polynomial. The complexity of
computing the roots of a polynomial is the one of computing the eigenvalues of a
companion matrix which has recently been lowered to O(n2) [96, and references
therein]. Unfortunately, the time constants are apparently such that for small
sizes the complexity remains O(n3). Nonetheless, computing the roots is still
attractive since it gives some direct insight on the distance to stability through
bounds that can be evaluated (see Section 2.2).

Once we know the position of the roots of the polynomials, there are several
ways of stabilizing them, for example

• mirroring with respect to some boundary;

• preserving the distribution (translation/contraction) ;

• displacing them to a predefined location.

From those three possibilities, and with the prospect of feeding the stabilized
polynomial as a starting point to any of our algorithms, the “mirrored” option
is probably the best choice and translation the worst one. This is intuitively
justified by the fact that the best choice modifies as little as possible the roots
of the original polynomial. Also, unstable roots that are close to the stability
boundary are probably best approximated by a stable root just across the
stability boundary. These two criteria are best fulfilled by the mirrored method.

Choosing the stability boundary as the reflection axis for our computations
is not necessarily the best idea. Indeed, roots that are on the boundary would
remain unchanged and therefore could cause the convergence of most methods
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to be slow since they are frequently unfitted to treat those instances. Taking a
mirror axis slightly inside the stability region by some user-defined margin, we
will avoid this pitfall.

As a final comment, one should be cautious when applying this technique to
very large polynomials since the magnitude of the coefficients of a polynomial
explodes whenever the modulus the roots is larger than 1. This will mainly
be a burden for continuous-time polynomials since stable continous-time can
have roots with a modulus larger than 1 and thus potentially have coefficients
exploding in magnitude.

4.1.2 Factoring into a stable and an unstable polynomial

The incomplete factorization of a polynomial has been investigated for some
time. Most articles concentrating on this subject relate to discrete-time poly-
nomials whose numerical properties are much better in this case.

The factorization of a polynomial has been investigated significantly in the
literature. The discrete-time case is especially well documented due to its
utility to root finding algorithms [45, 55, 81, and reference therein]. On the
contrary, the continuous-time case has only a few references. One of these
few is the work of Gemignani [36] who adapted the LU matrix decomposition
algorithm for the matrix eigenvalue problem into an algorithm for factorizing
polynomials with respect to the imaginary axis. The method yields iterates
with a complexity in O(n(n − ns)) where ns is the number of stable roots,
along with linear convergence, but it still has some open questions and room
for improvement. In particular, it requires the prior knowledge of the number
of stable zeros which we do not know unless we first compute them, but then
the algorithm is of no use. Therefore we do not pursue its description here.

The principles of incomplete factorization are easily understood. Given a
polynomial a(λ) ∈ Cn+1 of degree n, we want to factorize it into its stable part
as(λ) and unstable part au(λ),

a(λ) = as(λ)au(λ) .

The unstable part au(λ) can then be stabilized and a stable polynomial p(λ)
can be reconstructed. Let us denote by nu the degree of au. In discrete-time,
one typically computes

p(z) = as(z)au,?(z) = as(z)z
nu āu(z−1)

which features the original stable roots and the mirrored roots of au(z) with
respect to the unit circle. The continuous-time equivalent is given by

p(s) = as(s)au,?(s) = as(s)āu(−s)

which mirrors the unstable roots with respect to the imaginary axis.
Let us first discuss the discrete-time case which behaves much better than

the continuous-time one. Indeed in discrete-time, instead of looking for au(z)
for which the roots might be virtually anywhere outside the unit circle, we
look for the polynomial as(z) whose roots are contained inside the unit disk.
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Factoring as out of p then yields the unstable polynomial au which can then be
processed accordingly. The perspective for the stabilization of continuous-time
polynomials is not quite as good since both the stable and the unstable sets
of roots are unbounded sets in the complex plane. This explains partly why
there is still no appropriate method for the stabilization of continuous-time
polynomials.

The method that we discuss now is aimed at the incomplete factorization of
discrete-time polynomials and is based on approximating the polynomial a(z)
by its Laurent series on the unit disk. For the sake of the argument we will
consider that a(z) does not necessarily need to be unstable but most likely is.
We define ns as the number of stable roots of a(z) where ns can take any value
between 0 and n. Let

f(z) =
a′(z)

a(z)
, (4.5)

and let us set γ = 1− δ for a small positive δ, we define the annulus N around
|z| = 1 by

N def
= {z ∈ C : γ ≤ |z| ≤ γ−1} . (4.6)

Provided that a(z) has no zeroes inside N , f(z) is analytic on N and the
Laurent coefficients of f(z) can be computed.

At the same time, as N separates the roots into two groups we can rewrite
f(z) in two sums [45]

f(z) =

∞∑
m=1

z−msm−1 −
∞∑
m=1

z−mt−m−1

where

sm =

ns∑
i=1

zmi and tm =

n∑
i=ns+1

zmi ,

are the power sums associated with the inner roots (|zi| < γ−1) and outer roots
(|zi| > γ−1), respectively. Moreover it can be checked by inspection that the
power sums sm correspond to the definition of Laurent coefficients, that is

a−m ≈ sm−1 m = 1, 2, ...

This observation makes the use of the Laurent coefficients for approximating
the power sums possible with an error given by

|am − sm−1| ∝
γd

1− γd
, (4.7)

where d is the number of Fourier coefficients used for the approximation. The
important step here is to notice that the knowledge of the power sums sm is
sufficient for the reconstruction of a stable polynomial p(z) whose roots zi are
only those satisfying |zi| < γ. We do not describe the inverse procedure here
but it is worth mentioning that the construction of p(z) is carried out in time
O(ns log(ns)). We refer the interested reader to the review of Henrici [45] for
more details on this step.
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The complexity of the overall scheme is proved to be O(d log d+ ns log ns)
where d is the number of Fourier coefficients that are needed for computing
the Laurent coefficients at the desired accuracy (4.7) and ns is the number of
stable roots. As d is generally speaking much greater than ns the complexity
is actually O(d log d).

We have left aside the discussion on the difficulties that might be encoun-
tered in (4.7) if γ becomes close to 1. The constant γ appears first in our
definition of the annulus and is intended to separate the inner roots from the
outer roots. From the error formula (4.7), we deduce that the method cannot
converge for γ = 1 which corresponds to a root on the unit circle (no separation
is possible).

One does not need such a bad case to observe convergence difficulties. The
criterion used for fixing the number of Fourier coefficients d, different from
(4.7), implies that a value of d = 320 is sufficient when |zi| = 0.9, but it can be
as high as 70 103 when |zi| = 0.9999 for a polynomial of order 6 with 4 inner
roots.

In practice and for the use that we anticipate, roots on the unit circle are
unlikely, but the possibility of having roots really close to the unit circle is very
real. Therefore despite its attractive complexity one should be aware of the
drawbacks of this method.

4.1.3 Stabilizing the reflection coefficients

Reflection coefficients became popular during the 70’s and 80’s in the signal
processing area. Speech recognition was a major topic and people were inter-
ested in finding filters that would enable them to perform speech synthesis.
Most important to them was the stability of those filters. Hence the need for a
simple, efficient method for analyzing the root locations of the denominator of
the filter on the unit circle. As a consequence, reflection coefficients are only
defined for discrete-time polynomials. There is a vast literature over reflection
coefficients, also called Schur parameters [11, 2] as a reference to their use for
characterizing the stability of polynomials. A noteworthy reference is [69].

Let us take a polynomial a(z) which is not necessarily unstable. We define
the reversed polynomial as

ã(z) =

n∑
i=0

ãiz
−i =

1

a0
z−na(z) , (4.8)

with ã0 = 1. It has been shown in the literature [69, 31, 13] that it is possible
to build two families of polynomials

Am(z) =

m∑
i=0

am,iz
−i Bm(z) = A?(z) (4.9)

satisfying the following properties

〈Am(z), z−j〉D = 0 j = 1, . . . ,m (4.10)

〈Bm(z), z−j〉D = 0 j = 1, . . . ,m , (4.11)
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Algorithm 4.1 Step Down procedure

An(z) = 1
a0
z−na(z)

for m = n, . . . , 1 do
km = am,m

am−1,i =
am,i − kmām,m−i

1− |km|2
i = 0, . . . ,m− 1 ,

end

where 〈·, ·〉D is a scalar product defined over nz distinct points on the unit circle
D, i.e.

〈f(z), g(z)〉D =
1

nz

nz∑
i=1

f(zi)ḡ(zi) .

In other words (4.10) and (4.11) define orthogonal families of polynomials on
the unit circle.

A recurrence can be built from the conditions (4.10) and (4.11) which can
be used to build the families Am and Bm [2, 69, 93]

Am(z) = Am−1(z) + kmBm−1(z) (4.12a)

zBm(z) = k̄mAm−1(z) + Bm−1(z) . (4.12b)

In these equations km is the reflection coefficient or Schur parameter. It is
well known, see [69] for example, that a polynomial is stable if and only if
|ki| < 1 ∀i. Moreover, a result due to Cohn [93] has shown that the number of
stable (resp. unstable) roots of Am(z) is given by the number of positive (resp.
negative) elements in the sequence {Nk}mk=1 defined by

Nk =

m∏
i=k

(1− |ki|2) .

This result can also be deduced from Jury’s test [12]. The recurrence (4.12)
can be used both to compute the sequence of reflection coefficients ki and to
construct a polynomial from its reflection coefficients and the factors Ai and
Bi. Those two procedures are called the step down and step up procedures
respectively. The recurrence can be rewritten in terms of the coefficients am,i
of Am(z). One then obtain algorithm 4.1 and algorithm 4.2 for the step down
procedure and step up procedure respectively.

The use of those algorithms implies that one stores only the sequence of
reflection coefficients km. Therefore, in order to stabilize a polynomial one
only needs to compute the sequence of reflection coefficients ki, i = 1, ..., n
using the recurrence (4.12) and modify the sequence following some chosen
rule such as

k̃i =


ki if |ki| < 1 ,
βki (β ∈ [0, 1[) if |ki| = 1 ,
ki
|ki|2 if |ki| > 1 ,
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Algorithm 4.2 Step Up procedure

for m = 1, . . . , n do

am, 0 = 1;

am, i = am−1,i + kmām−1,m−i i = 1, . . . ,m− 1 ,

am,m = km

end
a(z) = 1

an,n
znAn(z)

before using the sequence described by algorithm 4.2 to reconstruct a stable
polynomial p(z) from the modified sequence k̃. The complexity of the overall
scheme is O(n2) at most. One of the drawbacks is that the reconstructed poly-
nomial p(z) might be away from the original polynomial inside the coefficient
space and thus its quality as a starting point can be put into question.

Another drawback is that stabilizing a polynomial using reflection coeffi-
cients, though pretty fast, is known to be subject to failure if |km| = 1 in
algorithm 4.1. Polynomials with reciprocal roots and in particular those with
roots on the unit circle will thus cause a failure in the step down procedure.
A way around this difficulty is not straightforward but some propositions have
been formulated, see [93].

As a final comment to this section, we point out the fact that the recur-
rence (4.12) has multiple uses and is linked to many engineering problems. For
example, following the definitions (4.10) and (4.11) the families Am and Bm
belong to the class of Szegö polynomials orthogonal on the unit circle to which
a rich literature is dedicated, see [2, 31, 93] and references therein.

4.2 Nearest Stable Polynomial Using Succes-
sive Convex Approximations

A new method for finding the nearest stable matrix to an unstable one was
presented in Section 3.1. This section shows how we adapt the method for
polynomials in continuous- and in discrete-time.

We will see that the changes that must be applied to the original formulation
are mostly superficial and we will try to avoid unnecessary repetitions with
the previous chapter. Therefore, the equations that we present here are an
aggregation of the topics presented in Sections 3.1 and 3.2. In particular, the
theory developed in Section 3.1.1 and leading to the construction of the Dikin
ellipsoid and its inclusion in the stable set, remains the same.

The simplifications that occur when dealing with polynomials offer better
complexity results.
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4.2.1 Barrier Projection Method for polynomials

Our developments require the use of adapted notations. We recall that a monic
polynomial

x(λ) = λn + λn−1xn−1 + · · ·+ x0

can be put into the form of a companion matrix. In this chapter we consider
companion matrices given by

X(x) = Z − xeT1 =


−xn−1 1

...
. . .

−x1 1
−x0 0

 (4.13)

where Z is, in this case, the upper shift matrix. Likewise we will denote by A(a)
the companion matrix A obtained from the vector a of coefficients following the
construction (4.13). With these definitions, the Lyapunov and Stein operators
associated with the companion matrix X(x) become, respectively,

AP (x)
def
= AP (X(x)) = X(x)P + PX∗(x) ,

and

AP (x)
def
= AP (X(x)) = X(x)PX∗(x)− P .

Given a monic polynomial

a(λ) = λn + 〈a, πn−1
λ 〉C

of degree n whose vector of coefficients is given by a ∈ Cn, the nearest stable
polynomial problem is first written

min
x∈Cn,P∈Cn×n

1

2
‖A(a)−X(x)‖2

s.t. AP (x) ≺ 0

P � 0 .

(4.14)

Companion matrices are a powerful tool to simplify the formulation for the
nearest stable polynomial problem. Our resolution of (4.14) follows the one for
matrices.

In a first step, we quickly review the successive steps that we implemented
for the resolution of the problem. More time is taken to derive specific expres-
sions associated with polynomials in the next section.

The idea behind the Augmented Barrier Projection Method is to create
successive convex approximations of the stability region using Dikin ellipsoids.
At each iteration, the choice of the Dikin ellipsoid we make fixes P through the
use of Theorem 3.2, p.73, which implies that we solve the system of equations
in P and Q given by (3.8) and (3.9) and which we rewrite here as

ΨX∗(Q
−1) + nI = 0 , (4.15a)

ΨX(P ) +Q = 0 . (4.15b)
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Here ΨX(P ) is either

ΨX(P ) = XP + PX∗ , (continuous-time)

or

ΨX(P ) = XPX∗ − P . (discrete-time)

The ellipsoids are built around their central point which is taken as the last
iterate found in X(x). A new update for X(x) is obtained by solving a convex
optimization problem. In order to state the corresponding convex optimization
problem let us introduce the self-concordant barrier function bP (x) given by

bP (x)
def
= f(−AP (x)), f(Y ) = − ln detY.

Then, the use of companion matrices implies that the convex minimization
problem (3.43) evolves into

min
h∈Cn

[
fµ(x+ h) = 1

2‖x+ h− a‖22 + µbP (x+ h)
]

〈b′′P (x)[h], h〉 ≤ α ,
(4.16)

where, at this stage, the expression of b′′P (x)[h] ∈ Cn is still to be determined
and µ, α ∈ R+ are parameters and α satisfies the additional constraint α < 1.

When discussing the same method for matrices, we observed that the in-
terest of this approach consisted in a much easier procedure for finding a new
iterate both in X and P than for the original nonconvex formulation. Now, we
observe that the resolution is even simpler in the case of companion matrices.

Indeed, the problem (4.16) supposes that we find a rank 1 correction matrix
H(h) = −heT1 such that X(x) + H(h) is the closest stable companion matrix
within the Dikin ellipsoid. For the sake of conciseness, we denote the companion
matricesX(x) and A(a) byX and A and the matrixH(h) byH in the following.
We can equally say that we are looking for a correction vector h ∈ Cn such
that

λn + 〈x+ h, πn−1
λ 〉C

is the closest stable polynomial to a(λ) inside the convex domain defined by
the Dikin ellipsoid.

An analytic solution for (4.16) can be found based on the first optimality
conditions that are both necessary and sufficient :

x+ h− a+ µb′P (x+ h) + λ (b′′P (x)[h]) = 0 , (4.17)

λ

2
(〈b′′P (x)[h], h〉 − α) = 0 , (4.18)

λ ∈ R+ .

Note that in view of (4.17) and the fact that x + h is stable and a is not, λ
cannot be zero whenever µ is zero. Let us suppose for now that λ > 0; the case
λ = 0 does not yield any additional difficulty since, following the developments
below, the condition (4.17) reduces then to a linear system in h.
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Algorithm 4.3 Augmented Barrier Projection Method (ABPM)

Choose a stable polynomial x0, a tolerance εtol > 0 and µK > 0;
for k ≥ 0 do

(a) Find Pk and Qk by solving (3.8)-(3.11)
(b) Solve (4.22) to get λk;
(c) Find hk by solving (4.20);
(d) xk+1 = xk + hk ;
(e) If fµK (xk)− fµK (xk+1) < εtol then return end

end

When λ > 0, the complementary slackness condition (4.18) imposes that
the optimal solution for h yields a point on the boundary of the ellipsoid since

〈b′′P (x)[h], h〉 − α = 0 .

Furthermore, when b′P (x) is a linear operator, its Taylor expansion summarizes
to

b′P (x+ h) = b′P (x) + b′′P (x)[h] . (4.19)

Let us assume for now that (4.19) holds. We will prove further that this is
indeed the case both in continuous-time and in discrete-time.

Using (4.19), the optimal direction h can again be computed as the solution
of a linear equation given by the first optimality condition (4.17). Indeed, we
find

h(λ) = [I + (µ+ λ)B]
−1
wµ , (4.20)

where B is the matrix representation of b′′P (x)[h] and wµ accounts for all the
terms independent of h in (4.17).

In order to find λ we can introduce (4.20) in the complementary slackness
condition (4.18) to obtain an equation in λ

〈b′′P (x)[h(λ)], h(λ)〉 − α = 0 . (4.21)

Solving this last equation requires the use of the matrix representation B of
b′′P (x). As in the matrix case, it is real and positive definite, and can therefore be
put into the diagonal form B = UDUT . Thus, the equation (4.21) is equivalent
to

ψµ(λ) =
∑
i

dB,iŵ
2
µ,i

(1 + (µ+ λ)dB,i)2
− α = 0 , (4.22)

where ŵµ = UT (a− x− µb′P (x)).
We now have everything at hand to describe our algorithm which we do in

algorithm 4.3. Its convergence proof is identical to the one obtained for the
matrix version.
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4.2.2 Detailed expressions for polynomials

In this subsection, we give detailed expressions for all the operators we have
been using up to now. Unfortunately, the presence of the barrier term in the
objective (4.16) makes it necessary to separate the continuous-time case from
the discrete-time case.

Continous-time expressions In continuous-time, the expression of b′′P (x)
is given by the following proposition

Proposition 9. The gradient and the Hessian of bP (x) are given by

b′P (x) = −2Q−1p , (4.23)

b′′P (x)[h] = 2Q−1 (hp∗ + ph∗)Q−1p , (4.24)

respectively, where p = Pe1.

Proof. The proof implies only basic calculus. Let us consider the first and
second order derivatives of AP (x) denoted by DAP (x)[h] and D2AP (x)[h, h],
respectively. In continuous-time, we have for the first order derivative

DAP (x)[h] = −hp∗ − ph∗ .

Its second order derivative is 0 everywhere soD2AP (x)[h, h] = 0. AsDAP (x)[h]
is an operator defined on Cn → Cn×n, its adjoint is defined as

D∗AP (x)[Y ] = −2Y p , (4.25)

in continuous-time. See Section 1.1.1 for details on how to compute the adjoint
of an operator. The proof for the form of the Hessian is now a complete analog
to the one derived in Theorem 3.3 for the matrix case. Since ∇f(Y ) = −Y −1,
it can be shown that ∇2f(Y )[H] = Y −1HY −1, which together with the chain
rule (see Section 1.2.2), gives

〈b′P (x), h〉 = 〈∇f(Q),−DAP (x)[h]〉
= 〈Q−1,−hp∗ − ph∗〉 (4.26)

〈b′′P (x)[h], h〉 = 〈∇2f(Q)[DAP (x)[h]], DAP (x)[h]〉
= 〈Q−1DAP (x)[h]Q−1, DAP (x)[h]〉
= 〈D∗AP (x)[Q−1(−hp∗ − ph∗)Q−1], h〉 . (4.27)

At this point, all that remains to be done is to introduce (4.25) in the Hessian
of the barrier (4.27) and obtain

〈b′′P (x)[h], h〉 = 2〈Q−1 (hp∗ + ph∗)Q−1P, h〉 .
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Discrete-time expressions Our discussion in Section 4.2.1 makes it clear
that h is the solution of a linear equation if b′P (x) is a linear operator (due to
the fact that (4.19) must hold). Clearly b′P (x) cannot be a linear operator in
discrete-time since AP (x) is quadratic.

Therefore, our suggestion is to rewrite AP (x) as an LMI which is again
similar to the way we treated the discrete-time in the matrix case. As P is
fixed in the resolution of the convex optimization problem (4.16), we write

M(x) =

[
P X(x)P

PX(x)∗ P

]
and R(h) =

[
0 H(h)P

PH(h)∗ 0

]
=

[
0 hp∗

ph∗ 0

]
.

Then the discrete-time stability constraint becomes

M(x) � 0 .

We can keep the formulation (4.16) unchanged provided we use a new definition
of bP (x) namely

bP (x) = φ(M(x)) φ(·) : C2n×2n → R : · → − log det(·) .

Proposition 10. The gradient and the Hessian of bP (x) are given by

b′P (x) = −2Q−1Xp ,

and

b′′P (x)[h] = 2Q−1Xph∗Q−1Xp+ (p11 + p∗X∗Q−1Xp)Q−1h ,

respectively, where p = Pe1 and p11 = eT1 Pe1.

Proof. The first and second derivatives of bP (x) follow the same type of devel-
opments as (4.26) and (4.27). Therefore we obtain

DbP (x)[h] = 〈M−1, R(h)〉 ,

and

D2bP (x)[h, h] = 〈M−1R(h)M−1, R(h)〉 .

We first compute the adjoint of R(h) which is given by

R∗(S) = 2S2p (4.28)

where S is a Hermitian matrix belonging to C2n×2n

S =

[
S1 S2

S∗2 S3

]
.

In view of the adjoint (4.28), we need to find the corresponding block in M−1

and in M−1R(h)M−1. The developments are then analogous to the ones done
for the matrix case which are found in Proposition 4.
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Expression for B The complete analogy between the polynomial and matrix
case is pretty clear at this point. The main difference lies in the dimensions of
the Hessian which is now an operator b′′P (x) : Cn → Cn×n. The expression of
B introduced in (4.20) can be developed. In continuous- as well as in discrete-
time, it is possible to find a real symmetric matrix B ∈ Rn×n representing the
operator b′′P (x) such that[

hre
him

]
=
[
I + (µ+ λ)B

]−1
[
wµ,re
wµ,im

]
(4.29)

with B having the structure

B = 2

[
T1,re + T2,re −T1,im + T2,im

T1,im + T2,im T1,re − T2,re

]
, (4.30)

and where the subscripts re and im stand for the real and the imaginary part
of the matrices. Now we can recall we have seen that the generic solution found
for h (4.20) is a linear system of the form

wµ = [I + (µ+ λ)B]h ,

where wµ accounts for all the terms in (4.17) which are independent of h. In
continuous-time, using Proposition 9 we get

a− x+ 2µQ−1p = h+ 2(µ+ λ)
[
p∗Q−1pQ−1h+Q−1ph∗Q−1p

]
= h+ 2(µ+ λ)

[
p∗Q−1pQ−1︸ ︷︷ ︸

T1

h+Q−1p(Q−1p)T︸ ︷︷ ︸
T2

h̄
]
.

Similarly in the discrete-time case, we find using Proposition 10

a− x+ 2µQ−1Xp = h+ 2(µ+ λ)[
(
Q−1(p∗X∗Q−1Xp) +Q−1p11

)︸ ︷︷ ︸
T1

h

+Q−1Xp(Q−1Xp)T︸ ︷︷ ︸
T2

h̄] .

By taking the real and imaginary parts of T1 and T2, we find B using (4.30).
By inspection, we remark that T1 is Hermitian and T2 is complex symmetric
which enables us to conclude that B is real and symmetric as well. Hence, it
is diagonalizable using orthogonal transformations as was sought in order to
solve (4.22).

4.2.3 Numerical results

Benchmark

We can test our method on our benchmark (2.48) for which the unstable cor-
responding continuous-time polynomial is

a(s) = sn − ν0 .
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We specify once more that it is conjectured that the optimal solution is reached
when ν0 = 0 yielding

x∗(s) = sn .

We compare the solutions obtained by the polynomial algorithm with the so-
lution obtained by the matrix version of the algorithm applied to the unstable
companion matrix corresponding to a(s). We take the same instantiation of
the problem. Hence, we use the values n = 4, ν0 = −0.1 and a tolerance of

εtol = 10−9, µK = 10−12 ‖a−x0‖2
bP (x) and γµ = 10 for the stopping criterion.

We furthermore implement the same starting point p(s) which is obtained
by mirroring the unstable roots of a(s) which yields two stable double roots

si = (0.1)1/4 e±j
3π
4 .

The expression of the starting point is

p(s) = s4 − 4s3(0.1)1/4 cos(
3π

4
) + 4s2(0.1)1/2 − 4s(0.1)3/4 cos(

3π

4
) + 0.1 ,

= s4 + 1.59s3 + 1.26s2 + 0.5s+ 0.1

and the corresponding companion matrix is

Cp =


−1.59 1
−1.26 1
−0.5 1
−0.1 0

 .

The results of both methods are depicted in Figure 4.1. Let us denote by x∗ the
solution returned by the ABPM for polynomials and by X∗ the result returned
by the ABPM for matrices. The objective value is given by

‖a− x∗‖2 − 0.1 = 5 10−4 ,

in 4304 iterations and 8.5 seconds for the polynomial version, and

‖A(a)−X∗‖F − 0.1 = 1 10−3 ,

in 1460 iterations and 4 seconds for the matrix version. It appears that the
algorithm adapted for polynomials is performing better when started from the
same point but takes more iterations. The difference of the performances can
be explained.

Indeed, as our notations suggest and since the matrix case enjoys much
more degrees of freedom than the polynomial one, the solution X∗ obtained by
the matrix version is not a companion matrix anymore and several elements
which are zeros for a companion matrix are (really) small nonzero elements
in X∗. All those small elements create the difference in precision between the
two methods. On the other side, the advantage of the matrix version of the
method is that it enjoys much more degrees of freedom and fewer iterations are
required to reach a solution.
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(a) (b)

Figure 4.1: Solutions attained by (a) the polynomial and (b) matrix versions of
the ABPM algorithm for n = 4. The solution in (a) achieves an objective value
of ‖a− x∗‖2 − 0.1 = 5 10−4 in 4304 iterations. The solution in (b) achieves an
objective value of ‖A(a)−X∗‖F − 0.1 = 1 10−3 in 1460 iterations.

Randomly generated certificates

We have recalled at the beginning of this section that the Augmented Barrier
Projection Method is intuitively understood as a succession of Dikin ellipsoids
inside the set of stable systems on which we project the unstable system, either
under the form of a matrix or a polynomial. Such a construction is dependent
on the choice of a suitable P which can be seen as a stability certificate.

Back in Section 3.1.1, we have described our technique for choosing a P
from the set of all acceptable stability certificates for our current point X : we
take the analytic center of the set PX defined as

PX
def
= {P ∈ Kn++ : ΨX(P ) ≺ 0, 〈P, I〉 = 1}. (4.31)

The analytic center is obtained by solving the optimization

P∗
def
= arg min{bX(P ) : P ∈ PX},

where

bX(P )
def
= f(−ΨX(P )), f(Y ) = − ln detY,

This choice is probably the best one but cannot be proved to be optimal since
this would imply that the volume of the ellipsoid is maximal for our choice of
P .

If our assumption that the analytic center of PX is indeed the best choice
then it surely yields better solutions, and thus better convergence, than ran-
domly generated P ’s.
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In order to illustrate this point, we carry a two-phase experiment based on
an example from [71]. In the first phase, we generate 50 unstable perturbations
of a discrete-time stable real polynomial given by

p(z) = z4 − 2.7607z3 + 3.8106z2 − 2.6535z + 0.9238 ,

by applying a Gaussian noise distributed according to the normal lawN (0, 10−2)
on its coefficients vector

pT =
[
−2.7607 3.8106 −2.6535 0.9238

]
.

Those polynomials are then stabilized using our Augmented Barrier Projection
Method. This gives us a baseline for our comparison. We give the distribution
of the roots of the unstable polynomials in Figure 4.2a while the roots of the
stabilized approximations are given in Figure 4.2b.

In its second phase, the experiment is carried as before, except that the
stability certificates P will not be taken as the analytic center of PX , as ex-
plained above, but will be computed as follows. Take Lq as a random matrix
and compute Q = LqL

∗
q . Clearly, Q is positive definite and it is regenerated at

each iteration of each instance. Hence, solving

XPX∗ − P = −Q (4.32)

yields a P which is positive definite and can be used to define our ellipsoidal
approximation. Such a procedure is expected to provide really small steps h
since the randomly generated P ’s will not be central inside PX , and thus the
associated Dikin ellipsoids are going to be very small.

The plots of the solution are shown in Figure 4.2c where it is clear that the
solutions obtained are of lesser quality on average compared to Figure 4.2b.
In the solution that we obtained, the mean distance is 10 times what it used
to be. One will notice that some roots have barely moved from their original
positions shown in Figure 4.2d. As expected, the steps leading to the solutions
have been observed as really small, of the order of 10−6 on average and hence
the number of iterations was really high, up to 50 103 for each instance.

Conclusion

We have managed to obtain a method to compute a solution close to a nearest
stable polynomial to an unstable one from a theory primarily developed for
matrices. The method benefits from the same convergence guarantees as the
ones we have detailed for matrices in chapter 3. Accordingly, the complexity of
the polynomial case is reduced compared to the matrix one. Nonetheless, its
complexity is still in O(n3) and intuitively faster methods can be derived but a
few improvements should be carried if we want to speed up the algorithm 4.3.

Towards further improvements Exploiting the available structure of the
convex optimization problem (4.16) has yielded significant computational gains
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but the same cannot be said for the equations (4.15a) and (4.15b) which we
rewrite here in continuous-time for a given companion matrix X ∈ Sn

X(x)∗Q−1 +Q−1X(x) + nI = 0 , (4.33)

X(x)P + PX(x)∗ +Q = 0 . (4.34)

These two equations determine the choice of the Dikin ellipsoid through the
variable P .

An algorithm that efficiently exploits the structure for those equations
would also bring significant improvements in terms of computational complex-
ity. Currently and independently of the structure of the matrix, the resolution
of (4.33)-(4.34) requires the solution of two Lyapunov equations and one matrix
inversion and the cost of each of those steps is in O(n3). The goal would be to
lower this complexity to O(n2).

Fortunately, exploiting the structure of companion matrices embedded in
Lyapunov equations has been of interest to some authors. In their paper [44]
G. Heinig and U. Jungnickel developed a theory to get the solution S of an
equation of the type

A(a)S + SB(b) = Y , (4.35)

where A(a) and B(b) are the companion matrices associated with the two
polynomials a and b and Y is a matrix of compatible size. Equation (4.35) has
the same structure as (4.33). Another paper [8] from A. Betser, N. Cohen and
E. Zeheb shows a better way of solving an equation of the type

ΨX(P ) +Q = 0 (4.36)

where ΨX(P ) is either continuous-time in which case it is given by (4.34), or
discrete-time.

But despite this encouraging observation, those two papers do not make
possible to lower the complexity of resolution of the system (4.33)-(4.34) for a
few reasons. First, the two papers do not use compatible forms of companion
matrices themselves. Though the theory developed in this section is compatible
with any structure of companion matrices, this does not necessarily apply to
these papers. It is not clear whether this difficulty can be surmounted and
whether a framework which would unite these two theories for the resolution
of the system (4.15) can be built.

Whatever the conclusion to this first question is, a second difficulty arises
from one of the results obtained by Heinig and Jungnickel [44]. Indeed, they
showed that a solution S to (4.35) can be decomposed into a sum of matrices

S = Z +K

where Z is the lower shift matrix and K is a Hankel matrix. If we suppose
that an efficient way of reaching this solution can be found indeed, the open
problem is then to find a way of inverting this matrix efficiently.

Because of these two problems we did not try to go further in this direction
with our research and preferred to explore other possible algorithms. In par-
ticular, algorithms based on the roots of the polynomials could be a solution
to solve the nearest polynomial problem while achieving a complexity of O(n2)
for each iteration.
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Figure 4.2: Comparisons of the effects of taking a stability certificate P as
the analytic center of PX (4.31) or as a solution of (4.32) where Q is random.
Close-up of the distribution of the two upper right roots of the 50 polynomials
(a) before stabilization, (b) after stabilization when P is the analytic center of
PX . (c) features the solution obtained when Q is chosen randomly in (4.32).
The roots of the 50 starting points as obtained using the mirrored method are
represented in (d). The two corresponding original roots of p(z) are plotted as
light gray circles in (b) and (c).
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4.3 Roots characterization based methods

Polynomials admit an easy characterization of their coefficients with respect to
their roots. This is evident from the definition of a monic polynomial

p(λ; r) =

n∏
i=1

(λ− ri) , (4.37)

which can be evaluated through a simple linear recursion. Accordingly, the
Jacobian of the polynomial with respect to the roots can also be evaluated
from (4.37) very easily since the derivative of p(λ) with respect to a root is
another polynomial p̃j(λ; r) which is

p̃j(λ; r) = −
∏
i 6=j

(λ− ri) .

The relation (4.37) is most useful to solve problems formulated in the coefficient
space of the polynomials while working with the actual roots of the polyno-
mial. We cover two methods that use this concept in this section, one for the
continuous-time and one for the discrete-time.

The continuous-time method is due to an idea of Marc Van Barel and is
an application of an optimization method developed in [91] to continuous-time
problem for which an algebraic trick can be used. The discrete-time method
was developed using the very same idea of root characterization of the problem
but for discrete-time problems.

Though the two methods are developed on the principle that root optimi-
zation is applicable to the search of a nearest stable polynomial, their perfor-
mances are by no means comparable. Indeed, the method for continuous-time
problem uses a second order scheme while its discrete-time equivalent uses a
first order scheme. Differences in the geometry of the stable sets in the spectral
space and in the algebraic conditions that describe them in continuous- and in
discrete-time will explain this difference in the performance.

4.3.1 Continuous-time Root Method

Instead of writing a constrained optimization problem the idea for continuous-
time problems is to exploit the very simple description of the stable set. Let
us represent each root as

ri = −c2i + jdi ∀i , (4.38)

where c, d ∈ Rn are taken as the variables of the problem. With this choice
of variables the roots of each of our iterates will clearly be stable. Therefore,
this parametrization implies that constraints that enforce stability of the roots
become superfluous. Hence we now face an unconstrained optimization problem
which is

min
c,d∈Rn

‖a− x(c, d)‖2 , (4.39)
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where a = [a(s)]c and

x(c, d) =

[
n∏
i=1

(s− ri(ci, di))

]
c

,

and ri(ci, di) is given by (4.38). The problem (4.39) is a nonlinear least square
problem which is valid for real as well as for complex polynomials and on
which the generalized Gauss-Newton method described in [91] applies. The
convergence is quadratic in most cases.

As an illustration of the performance of this method we can look at the
solution obtained when we apply it to our benchmark for the case n = 4 and
ν0 = 0.1. The solution reached is

x∗ ≈ sn ,

and the value of the objective function is 0.1 +O(10−14) which means that the
algorithm actually reached the conjectured solution.

4.3.2 Discrete-time Root Method

In discrete-time, the geometry of the stability region does not lend itself to a
similar parametrization as the one obtained in continuous-time (4.38). A choice
is thus to take the usual parametrization

ri = ci + jdi , (4.40)

where both ci and di are elements of c and d ∈ Rn. As pointed out by M. Van
Barel [95], it would still be possible to use a polar parametrization of the roots
to obtain an unconstrained optimization problem but this approach was not
investigated at the time. Using the parametrization (4.40), the nearest stable
polynomial problem becomes

min
c,d

[‖a− x(c, d)‖2 = f(c, d)]

s.t. c2i + d2
i ≤ 1 ∀i .

(4.41)

The objective function f is continuously differentiable everywhere on its do-
main. Therefore, the optimization problem (4.41) can be solved using successive
first-order approximations of the problem augmented with quadratic regular-
ization terms. As the problem is not separable in the real and imaginary parts
of the roots, we must work with a full first order approximation of the function
f at (ĉ, d̂)

φ(c, d) = f(ĉ, d̂)+〈∇cf, c− ĉ〉+〈∇df, d− d̂〉+
L1

2
‖c− ĉ‖2 +

L2

2
‖d− d̂‖2 . (4.42)

Based on (4.42), we write the optimization problem

min
c,d∈Rn

〈∇cf(ĉ, d̂), c− ĉ〉+ 〈∇df(ĉ, d̂), d− d̂〉+
L1

2
‖c− ĉ‖2 +

L2

2
‖d− d̂‖2

s.t. c2i + d2
i ≤ 1 ∀i .

(4.43)
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Even though the optimization problem (4.43) is not separable in its real and
imaginary part, it is separable and convex in each of the roots ri = ci + jdi.
Therefore, the first-order KKT optimality conditions are both necessary and
sufficient and are, for all i,

∇cif(ĉ, d̂) + L1(ci − ĉi) + 2µici = 0 ,

∇dif(ĉ, d̂) + L2(di − d̂i) + 2µidi = 0 ,

µi(c
2
i + d2

i − 1) = 0 ,

µi ≥ 0 .

(4.44)

We deduce from (4.44) that any solution to the KKT conditions (4.44) must
also satisfy

ci =
L1ĉi −∇cif(ĉ, d̂)

L1 + 2µi
∀i , (4.45)

di =
L2d̂i −∇dif(ĉ, d̂)

L2 + 2µi
∀i , (4.46)

where µi ≥ 0 is found by solving

0 = µi

(L1ĉi −∇cif(ĉ, d̂)

L1 + 2µi

)2

+

(
L2d̂i −∇dif(ĉ, d̂)

L2 + 2µi

)2

− 1

 ∀i .

(4.47)
Two different ways of solving (4.47) are available. Let us denote

φ(µi) =

(
L1ĉi −∇cif(ĉ, d̂)

L1 + 2µi

)2

+

(
L2d̂i −∇dif(ĉ, d̂)

L2 + 2µi

)2

− 1 .

It is clear that φ(µi) is convex on the interval D = [max(−L1/2,−L2/2),∞]
and therefore the equation φ(µi) = 0 has only one solution in D which is finite.
In order to realize this, it suffices to observe that φ(µi) decreases monotonically
and is bounded below on D when L1 and L2 are positive. In particular, it tends
to −1 from above as µi tends to infinity. As we are interested in positive values
of µi we can thus use a Newton scheme to find the solution in this interval.

Alternately, a solution to the complementary slackness condition (4.47)
can be found by considering the largest Lipschitz constant of the two, L =
max(L1, L2) and solve the resulting quadratic expression in µi. Though very
simple, this last technique yields less performing steps since then the expres-
sions (4.45) and (4.46) share the same Lipschitz constant resulting in an over-
smoothing for one of the variables at the benefit of the computation time.

In either case, we keep positive values of µi only and the process must be
repeated for each of the roots.

Before presenting our algorithm, we discuss the criteria that must be sat-
isfied by the Lipschitz constants L1 and L2. By definition, see Property 1.45
on page 18, φ(c, d) in (4.42) is a local upper approximation of f(c, d) at (ĉ, d̂).
The Lipschitz constants L1 and L2 must thus ensure the inequality

f(c, d) ≤ φ(c, d) . (4.48)
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The fulfillment of the condition (4.48) is obviously dependent on both Lipschitz
constants, but there are many possible strategies to update them.

Typically, one doubles the value of L1 and L2 when (4.48) is violated but

more evolved strategies can be used. Suppose we have a known pair (ĉ, d̂) which
we used to build φ(c, d) in (4.42) and a candidate for the update (c+, d+) that
does not satisfy (4.48) such that

f(c+, d+) > φ(c+, d+) . (4.49)

One might look for the Lipschitz constant responsible of the violation of (4.48)
by evaluating the two conditions

f(c+, d̂) > φ(c+, d̂) , (4.50)

f(ĉ, d+) > φ(ĉ, d+) . (4.51)

A positive result for (4.50) means that L1 must be increased. The same con-
clusion holds for (4.51) regarding L2. In all cases, the condition (4.49) has
priority over both conditions (4.50)-(4.51) in the sense that if (4.49) is verified,
at least one of the two Lipschitz constants must be increased whatever result
is returned by the conditions (4.50)-(4.51).

Before we introduce our algorithm, let us point out that the gradients ∇cf
and ∇df computed with respect to c and d are both obtained from the gradi-
ent ∇rf computed with respect to the complex root r. Indeed, following our
definition of scalar product, we have that

〈∇cf, c− ĉ〉 = 〈∇rf, c− ĉ〉 ,

〈∇df, d− d̂〉 = 〈−j∇rf, d− d̂〉 .

The Discrete-time Roots Method is given in algorithm 4.4.

4.3.3 Computation of the gradient

The importance of the efficiency in evaluating the function and its gradient
must be stressed. Given the techniques developed earlier in this section, it is
quite clear that the impact of the gradient evaluation in the overall computa-
tional cost of the algorithm 4.4 is substantial.

We are interested in computing the gradient with respect to a vector of
roots r. Let us thus consider the expression for the objective function given by

f(r) =
1

2
‖a− x(r)‖2 . (4.52)

The directional derivative of the function f in a direction h ∈ Cn yields the
expression

〈∇f(r), h〉 = 〈2J∗x(r)(x(r)− a), h〉 , (4.53)

where J∗x(r) denotes the Jacobian of the vector coefficients x with respect to
the vector of roots r. In (4.53) the costly task is to determine the expression
of the Jacobian Jx(r). In particular, one might be interested in avoiding the
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Algorithm 4.4 Discrete-time Roots Method (DRM)

Choose r0 = c0 + jd0, c0, d0 ∈ Rn, εtol,
and take small L1 and L2. Take k = 0.

∇c0f = ∇r0f ;
∇d0f = −j∇r0f ;
while ∼ (L1‖ck+1 − ck‖2 + L2‖dk+1 − dk‖2 < εtol) do

(a) Compute the vector µk using (4.47);
(b) Use (4.45) and (4.46) to compute tentative updates c+

and d+;
(c) Compute the updates L+

1 , L
+
2 using (4.48) ;

(d) If (L1, L2) == (L+
1 , L

+
2 ) then

ck+1 = c+;
dk+1 = d+;
∇ck+1

f = ∇rk+1
f ;

∇dk+1
f = −j∇rk+1

f ;

else
(L1, L2) = (L+

1 , L
+
2 )

end
end

explicit computation of the Jacobian for the evaluation of (4.53) and prefer an
implicit version of (4.53) which would save time and memory.

We have seen that the derivative of x(λ; r) with respect to one of its roots
is a new polynomial

x̃j(λ; r) = −
n∏

i=1i 6=j

(λ− ri) . (4.54)

The same polynomial can be obtained by dividing the original polynomial by
the monomial (λ− rj)

x̃j(λ; r) = − x(λ; r)

(λ− rj)
. (4.55)

We can thus either use (4.54) or (4.55) to compute the Jacobian Jx(r).
Another possible option consists in performing an implicit computation of
∇f(r) = J∗x(r)(x(r) − a) which avoids the costly construction of Jx(r). The
remainder of this section is dedicated to the description and the analysis of the
available techniques. We specifically reserve the notation x(r) for our descrip-
tion of the nearest stable polynomial and the notation x(r) is thus exclusively
associated with the formulation (4.52). The more general notation p(r) will
denote any polynomial constructed from a vector of roots r ∈ Cn. This differ-
ence in notations will underline the difference between simple methods which
can be applied to any polynomial p(r) and methods that apply to (4.52) only.
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Algorithm 4.5 poly

v1 =
[
1 −r1

]
for k = 2:n do

vk =
[
vk−1 0

]
− rk

[
0 vk−1

]
end
p(r) = vn

Algorithm 4.6 Horner

qn−1 = 1;
for k = 1, . . . , n− 1 do

qn−(k+1) = riqn−k + pn−k;

end

The simplest way for evaluating the coefficients of a polynomial p(r) from its
vector of roots r is to use the recurrence described in algorithm 4.5. This simple
recurrence evaluates the vector of coefficients in O(n2) operations. Therefore
the cost of an evaluation of the Jacobian Jp(r) using the recurrence used in
algorithm 4.5 is O(n3) since n calls to the routine must be performed. We
will now analyse the cost of two other ways of evaluating the function and its
Jacobian.

Deflation of polynomials

The literature on the deflation of polynomials is quite developed, see [26, 47, 90].
The goal is to suppress one of the factors of a polynomial, and as such it is also
quite often associated with Horner’s method.

Horner’s method is based on the simple fact that a polynomial p(λ) =
λn + pn−1λ

n−1 + · · ·+ p0 can be transformed into the remainder form

p(λ) = q(λ)(λ− λ0) +R (4.56)

where q(λ) is a polynomial of degree n− 1 called the quotient polynomial and
R = p(λ0) is the remainder. In the case λ0 is a root ri of the polynomial,
the remainder is zero and the whole equation can be rearranged to write the
recurrence given in algorithm 4.6 which computes the gradient p̃i = q of the
polynomial p with respect to the root ri. Horner’s algorithm given in algorithm
4.6 is stable for any roots ri such that |ri| < 1, but is also applicable when
|ri| > 1 provided we use a variant of the above. The operation count for the
algorithm presented in algorithm 4.6 is 2n− 1. Hence, the complexity of a full
Jacobian is O(n2) which is better than the direct evaluation of the product.
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Computation of the gradient using Algorithmic Differentiation

Algorithmic differentiation makes use of the simple idea that all functions as
implemented on computers can be seen as the composition of elementary func-
tions and, as such, can be derived using the chain rule. For example, consider
any scalar function z = f(y) : E → R, and suppose that f(y) can be expressed
as

f(y) = (f1 ◦ f2 ◦ f3)(y) ,

then the directional derivative of f is obtained by the chain rule

Df [h] = Df1

[
Df2

[
Df3[h]

]]
,

where only the directions of evaluations were indicated for clarity. Algorith-
mic differentiation applies this principle to a much larger scale. Algorithmic
differentiation offers the possibility of computing the coefficients of a polyno-
mial and its Jacobian in an efficient way. The basic idea is best illustrated
using a small example. Suppose you want to compute the value of the function
f(u, v) = z(u, v) : R×R→ R and z(u, v) = uv. The evaluation of the function
can be represented using a tree as shown in Figure 4.3a. The value of z can be
evaluated very simply from its two children. If we now want to evaluate both
partial derivatives of f with respect to u and v, we write using the chain rule

∂f

∂u
=
∂f

∂z
v . (4.57)

Again a tree representation of the process is possible, see Figures 4.3b and
4.3c. The value of a partial derivative is obtained from its parent node and
its sibling in the tree. As the function f is directly proportional to the root z,
we initiate the algorithm with the value ∂f

∂z = 1. Finally, the strength of the
method is that all three evaluations can be integrated in one tree which reuses
some previous computations (if you suppose the u and/or v result from more
unrepresented computations). In that case, the function is evaluated in a first
sweep, bottom to top, called the forward sweep. A second sweep top to bottom
is then performed to evaluate the derivatives. This second sweep is called the
reverse sweep.

We apply the same principles to a larger tree which will enable us to evaluate
the value of the objective function

f(r) =
1

2
‖a− x(r)‖2 ,

and its gradient. We underline the fact that the principles of algorithmic dif-
ferentiation can be applied to any algorithm implemented on a computer, but
the algorithm that we will develop is tailored to our needs.

Many introductory [39, 38, 72, 5] and more advanced [40, 10] articles and
books cover the topics of algorithmic differentiation and automatic differenti-
ation. More features are available for computing a function and its gradient
than the very basic principle presented here. In this thesis, the term algorithmic
differentiation will refer to the search of an appropriate differentiation scheme
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Figure 4.3: Evaluation of the function and its derivative using a tree

for a specific algorithm. It therefore contrasts with automatic differentiation
where the ultimate goal is to develop software that is able to automatically
differentiate a user-designed function using black-box methods. This last topic
goes outside the scope of this thesis, but the interested reader can look further
into existing software, see [43] for an example.

Evaluating the objective function and its gradient jointly Consider
the objective function

f(r) =
1

2
‖a− x(r)‖2 . (4.58)

A binary tree can be drawn to evaluate the function x(r) ∈ Cn+1 from its
vector of complex roots r̂ which we suppose throughout to be known and to
be, without loss of generality, of size n = 2K for some positive integer K.
The objective function can then be evaluated by simply applying (4.58) to the
result.

Let us detail such a binary tree which we represent in Figure 4.4. Each
leaf i contains the vector xK,i of coefficients of its corresponding monomial
xK,i = [(λ− r̂i)]c. As we climb up the tree, we convolve all pairs of sibling
polynomials xk,i and xk,i+1, in a forward sweep until we reach the root of the
tree where x0 is the desired vector of coefficients

x0 = x(r̂) .

The algorithm 4.7 evaluates the value of the coefficients of a polynomial
and the value of the objective function associated to it. Once all the nodes in



4.3 Roots characterization based methods 163

x
K
,1

x
K
,2

x
K
,3

x
K
,4

x
K
,n−

3

x
K
,n−

2

x
K
,n−

1

x
K
,n

xK−1,1 xK−1,2 xK−1,n2−1 xK−1,n2

x1,1 x1,2

x0 Levels :
0

1

K

Figure 4.4: Binary tree used for the evaluation of the coefficients of the poly-
nomial and for the evaluation of the Jacobian. For clarity, the variables used
for the computation of the Jacobian are not present on the figure.

the tree in Figure 4.4 have been evaluated and the value of f is known, we can
perform a reverse sweep of the tree to obtain the gradient∇f(r̂). The principles
that we presented in the Figures 4.3b and 4.3c apply to our representation of
the problem with two small differences.

First, the value of the variable x̃0 is initialized at the beginning of the reverse
sweep with the value

x̃0 = ∇xf(r̂) = x0 − a

while it was logically 1 in our introductory example. Second, by definition
the ith node at the level k in the reverse trees, labelled x̃k,i, must contain the
gradient of the objective function with respect to itself, i.e.

x̃k,i = ∇x̃k,if(r̂) .

As each node is the result of the convolution of two polynomials, we must
compute the derivative of a convolution.

Let us take an example to show how to build such a derivative and let
us consider the polynomial p ∈ Cn+1 evaluated in the forward sweep. Let
us assume that the same node which contains p also contains the gradient
p̃ = ∇pf . Let us look at how we need to compute the derivative of p with
respect to its children. Let us suppose that those children are given by p1 and
p2. The polynomial p is obtained from a convolution of p1 and p2

p(p1, p2) = p1 ∗ p2 = C(p1)p2 = C(p2)p1 , (4.59)

where p1 ∈ Cm+1, m < n, p2 ∈ Cn−m+1 and, for a polynomial q ∈ Cl+1,
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Algorithm 4.7 Forward Sweep

% Height of the tree
K = log2(n);
xK,i = [λ− r̂i]c; ∀i
% Going through each level in the tree
for k = K-1,. . . ,0 do

% Number of nodes at the current level
u = 2k;
% Going through each node at the current level
for i = 1,. . . ,u do

% Convolution of the polynomials
xk,i = xk+1,2i−1 ∗ xk+1,2i;

end

end
f = 1

2‖a− x0‖2;

C(q) ∈ Cn+1×n−l+1 is a Toeplitz matrix defined by

C(q) =



q1,l

...
. . .

q1,0 q1,l

. . .
...
q1,0

 .

In order to facilitate our work we can take C1 = C(p1) and C2 = C(p2)
as constant matrices and write the convolution (4.59) as a function of a single
variable

g1(p1) = C2p1 , (4.60)

or

g2(p2) = C1p2 , (4.61)

and switch between the two when necessary.

Then, the directional derivatives of p in a direction h with respect to p1 and
p2 respectively is given by

Dp1f(r̂)[h] = 〈∇pf(r̂), Dg1(p1)[h]〉
= 〈C∗2 p̃, h〉
= 〈∇p1f, h〉 ,

Dp2f(r̂)[h] = 〈∇pf(r̂), Dg2(p2)[h]〉
= 〈C∗1 p̃, h〉
= 〈∇p2f, h〉 .
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Algorithm 4.8 Reverse Sweep

x̃0 = x0 − a
for k = 1,. . . ,K do

u = 2k;
for i = 1:2:u do

x̃k,i = C∗(xk,i+1)x̃k−1, i+1
2

;

x̃k,i+1 = C∗(xk,i )x̃k−1, i+1
2

;

end

end
∇rf = [x̃K,i]i=1,...,n

Therefore, we finally obtain

p̃1 = ∇p1f = C∗2 p̃ (4.62)

p̃2 = ∇p2f = C∗1 p̃ . (4.63)

The reader can easily check the compatibility of the dimensions with those of
p1 and p2. The matrix products (4.62) and (4.63) do not form a convolution
or a deconvolution and the use of a matrix product such as this one implies an
operation count of O(n2).

Still, the same operations could be carried out with the use of FFT matrices
for which the asymptotic complexity would be much more favorable, of the
order of O(n log n). But the complexity gains with the FFT do not materialize
before we reach sizes greater than n = 50 which is already outside the range of
sizes we are able to deal with.

With the above results, we can eventually write down the algorithm 4.8 for
the reverse sweep.

Complexity of the reverse mode of algorithmic differentiation The
performance and the relevance of the presented scheme can be assessed by
computing the complexities of each of the proposed algorithms, the forward
sweep detailed in algorithm 4.7 and the reverse sweep in algorithm 4.8.

A similar development as the one we do now could be carried for the FFT
version of the algorithm. As we did not implement this version, we choose to
develop the complexity analysis for the method which used convolution matri-
ces. Still we will comment the complexity of the FFT version at the end of this
analysis.

At each level k in the tree, the forward sweep, implemented in algorithm 4.7,
requires 2k convolutions of size n

2k−1 of polynomials of size n
2k

. If we consider
that a convolution of size n is carried with a matrix product of the type (4.60)
or (4.61)1 which implies that we perform n

2k
times 2 n

2k+1 scalar products and

1This is not the optimal way of performing a convolution but enables comparison later in
the text
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additions, the operation count sums up into

work{f} =

K−1∑
k=0

2k
( n

2k

)2

. (4.64)

We have neglected the cost of constructing the convolution matrix in (4.64)
but it can be supposed that the cost of constructing the convolution matrix
is proportional to its number of elements. Therefore, this would imply only a
change of the coefficient in (4.64). After translating the counter of 1 and using
the identity

m∑
k=1

yk = y
1− ym

1− y
, (4.65)

the count (4.64) yields

work{f} ≈ 2n2 .

With the use of the FFT, the complexity is logically reduced to O(n log n).

The same approach can be adopted for computing the complexity of the
accumulation of the gradient as performed by the reverse sweep in algorithm
4.8. The number of convolutions is the same as in the forward sweep. The
difference lies in the size of the matrix products. As the adjoint of the convolu-
tion matrix has a size n

2k
× n

2k−1 each vector matrix product yields an operation

count (multiplication and addition) of
(

n
2k−1

)2
. Therefore the total complexity

is

work{∇f} =

K∑
k=1

2k
( n

2k−1

)2

≈ 4n2

Again an implementation of the reverse sweep using FFT matrices would
also asymptotically lower the complexity to O(n log2 n) and therefore the total
complexity for the accumulation of the Jacobian using FFT matrices would be
in O(n log2 n).

The spatial complexities of the forward and the reverse sweep can also be
assessed. In the forward sweep, the intermediate variables of the forward sweep
must all be kept for the computation in the reverse sweep. Hence its spatial
complexity is O(n log n). In the reverse sweep now, the values located at a level
k are only used for one computation at the level k. A vector of length n thus
suffices to store the variables of interest. Hence the spatial complexity of the
reverse sweep is O(n).

Horner or algorithmic differentiation, what’s best ? The use of FFT
in the algorithmic differentiation scheme we have suggested would lower the
complexity to O(n log n) making it superior to the use of Horner’s method.

Still, for small sizes we have seen that the operation counts are really close
to each other. In practice, Horner’s method appears to be faster than the
algorithmic differentiation scheme above as Figure 4.5 suggests.
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Figure 4.5: Evolution of the averaged computation times of 10 gradients of
the objective function (4.58) versus the degree of the polynomial. Time is in
seconds.

4.4 Comparison of the methods

We start by introducing two additional methods used for our comparisons but
which were not part of our investigations in the framework of this thesis.

4.4.1 Nearest stable polynomial using reflection coeffi-
cients

We have seen at the beginning of this chapter that it was possible to modify
the sequence of reflection coefficients associated to a polynomial a(z) in order
to get a stable polynomial p(z).

The idea can be pursued further to obtain a method for finding the nearest
stable polynomial in discrete-time. This was first developed by Moses and Liu
[71] who noticed two important features.

First, reflection coefficients of a polynomial a(z) ∈ Rn form the unit hyper-
cube in Rn given by R = {km ∈ [−1, 1] m = 1, . . . , n}, provided marginally
stable solutions are acceptable. Therefore, the domain of the reflection coeffi-
cients is convex and bounded.

Second, each element ai of a(z) is a multilinear function of the reflection
coefficients through the step up procedure given in algorithm 4.2. Therefore,
the minimization problem

min
x
‖a− x‖2

s.t. x ∈ cl(Sn)

is reformulated into

min
k1,...,kn

[‖a− x(k1, . . . , kn)‖2 = f(k1, . . . , kn)]

s.t. ki ∈ [−1, 1] ∀i



168 Chapter 4. Methods for polynomials

where it appears that f(k1, . . . , kn) is a quadratic function of each of the ki’s on
the domain [−1, 1]. The approach suggested in [71] is to optimize alternatively
on each ki by minimizing the quadratic function

g(ki) = f(k1, . . . , kn)
∣∣∣
kj,j 6=i

= αk2
i + βki + γ .

The constants α, β and γ are determined each time by interpolating the func-
tion g(ki) at the points ki = 1, ki = −1 and ki = 0. This yields a system
of three equations into the unknowns α, β and γ which can be solved. The
optimal value of ki is then found by finding the minimal value of g(ki). Each
iteration of the algorithm has a complexity in O(n2).

The results in [71] show that this approach works remarkably well and is
pretty fast. As an alternative optimization scheme is used, convergence of the
algorithm is not guaranteed but, in most instances, some actions can be taken
to avoid that it gets stuck.

4.4.2 Hanso

As in the matrix case, we will also compare the performance of our methods
with Hanso introduced briefly in Section 3.4.1. The algorithm is a first order
method and thus needs the value of the function and its gradient at a point.
In this case the objective function is

min
x

[f(x) = ‖a− x‖] ,

whenever x is stable and

min
x

[f(x) = ‖a− x‖+ µγ(x)] ,

whenever x is unstable and where γ(x) is either the root abscissa α(x) or the
root radius ρ(x) depending on the type of problem we face. The gradient∇f(x)
is computed from the directional derivatives for γ(x) given by the equations
(1.48) and (1.49) which we have seen in the first chapter. According to those
expressions, the gradient of f is either

∇f(x) =
x− a
‖a− x‖

if x is stable,

∇f(x) =
x− a
‖a− x‖

+ µξ̄i if x is unstable and a is continuous-time,

∇f(x) =
x− a
‖a− x‖

+ µ λi
|λi| ξ̄i if x is unstable and a is discrete-time,

where

ξi =
πn−1
λi∏

j 6=i(λi−λj)

The default parameters of Hanso are otherwise used.
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4.4.3 Performance and accuracy of the methods

In order to evaluate the performance of our algorithms we have tested continuous-
time and discrete-time algorithms on several examples. As their behavior varies
depending on the difficulty of the examples we chose four examples that we
think representative of both difficult and easy problems. Hence the experi-
ments were carried out on

• the benchmark (2.48) (continuous-time);

• Perturbation of a real polynomial with imaginary unit roots (discrete-
time);

• Real random continuous-time polynomials;

• Real random discrete-time polynomials.

We did not carry out experiments with complex polynomials for two main
reasons. First, we designed our experiments so that we could test as many
algorithms as possible in the same conditions and the method of Moses cannot
be transposed to complex polynomials. Second, the study of complex cases
showed that the behavior of the algorithms were practically identical to the
real case.

Let us make a quick review of the examples we tested.

Benchmark

Our benchmark is an ideal example of a difficult continuous-time instance. The
notations are the following. The unstable polynomial is given by

a(s) = sn − ν0 ,

and we adopt the value ν0 = 0.1. The conjectured globally optimal solution is
given by

x∗(s) = sn .

Perturbation of a real polynomial with imaginary unit roots Because
multiple roots located on the unit circle in the spectral space correspond to a
singularity on the boundary of the stable set in the coefficient space. We first
construct a stable discrete-time polynomial x∗(z) ∈ Cn+1 which has a single
pair of complex conjugate roots repeated multiple times. Its expression is

x∗(z) = (z + j)
n
2 (z − j)n2 = zn + zn−2 + · · ·+ z2 + 1 . (4.66)

An unstable instance a(z) is then generated by perturbing the vector of coeffi-
cients. More specifically, we fixed the expression of a(z) to

a(z) = zn + zn−2 + · · ·+ z2 + (1 + ν0) , (4.67)

with a value of ν0 = 0.1. This choice of direction and amplitude for the per-
turbation is arbitrary but it is analogous to the type of perturbation chosen
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for the benchmark and its amplitude makes x∗(z) a likely solution to the prob-
lem, which is an interesting possibility. Furthermore, we have seen repeatedly
that multiple eigenvalues are very sensitive to perturbations. Therefore, the
direction and the magnitude of the perturbation appears to create unstable
instances whose nearest stable polynomial is difficult enough to find.

Real random polynomials In order the offer a comprehensive analysis of
the performances of the methods described in this thesis we have also generated
unstable random real polynomials of sizes between n = 4 and n = 32 from a
uniform distribution of the coefficients on the interval [0, 1] to test both the
continuous- and discrete-time case.

Unstable discrete-time real random polynomials generated from a uniform
distribution have their roots naturally spread around the unit circle both in
angle and in modulus. We cannot conjecture on the stable solution in this
case, and it is therefore more complicated to evaluate the accuracy of the
methods even though the random cases are typically easier to process since the
polynomials are not located at a singularity of the stable set in the coefficient
space.

Different polynomials were generated to carry out the experiments in continuous-
and in discrete-time. It is worth noting that we generated only one polynomial
to test all the methods for a case (continuous or discrete) and a size so that
all methods are supposed to achieve the same optimal value of the objective
function for a given size.

Results In continuous-time, we can compare three approaches

• the Augmented Barrier Projection Method (ABPM);

• the Continuous Root Method (CRM);

• Hanso (Hanso) .

In discrete-time, four algorithms could be applied, those are

• the Augmented Barrier Projection Method (ABPM);

• the Discrete Root Method (DRM);

• Hanso (Hanso),

• The optimization over the reflection coefficients (Moses)

The final solution reached by each algorithm is denoted generally by xf .
The same criteria that were used in the matrix case can be used here. After

a study of the different criteria it appears that the Mean Accuracy does not
bring additional insight for polynomials and we thus discard it. As for matrices
our measures of performance depend on whether we have a conjecture on the
solution that we should attain. In the affirmative case we use the expression

Gap = ‖xf − a‖ − ‖x∗ − a‖ (4.68)
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along with the execution time taken by each algorithm. Otherwise, we use the
relative gap with respect to a suboptimal solution xso which is defined as

Rel. Gap =
‖xf − a‖
‖xso − a‖

, (4.69)

as a measure of performance. The criteria (4.69) is somehow a normalization
of the first criteria (4.68). Indeed, the denominator of (4.69) represents the
distance of a suboptimal stable polynomial to a. Therefore, the Rel. Gap
indicates, independently of the size of the problems, the relative improvement
that the solution xf achieves relative to xso.

The nature of xso changes from one example to the other. In continuous-
time, we take xso(s) = sn which has all its roots at the origin. In discrete-time,
we construct xso by projecting any unstable roots on the spectral stability
boundary. In both cases, xso is a suboptimal solution which can be used in the
criterion (4.69).

Each algorithms has its own stopping criterion. Therefore we must take a
different parametrization for each method. As in the matrix case, we chose the
values after several trials and they were chosen so that the execution time and
the precision of the method as returned by either (4.68) or (4.69) were balanced.
Hanso and CRM are used with their default parametrization. DRM quits
whenever the norm between two successive vectors of roots is smaller than
10−6. ABPM stops whenever the improvement of the objective function is
smaller than εtol = n 10−8 (γµ = 10n, εµ = n 10−10) while Moses stops when
given two successive sequences of reflection coefficients k

max
j
|k{i}j − k{i+1}

j | < 10−3 for some i ,

where the superscript {i} denotes the ith iteration. Though this seems a much
looser tolerance compared to the others, this value seems to produce a good
precision-time ratio which is not the case when the tolerance is taken as 10−6

for Moses.
We are now ready to analyse the results of our experiments. For each type

of polynomial we created four experiments of sizes taken as powers of 2 between
4 and 32. The results are given in Figure 4.6 for continuous-time algorithms
and in Figure 4.7 for the discrete-time ones. Let us start by commenting on
the results obtained for the continuous-time case.

We give two general comments before making a short analysis on the per-
formance of the various methods and the reasons for their success and failures.

A first comment can be made from the overall look of Figure 4.6 and 4.7.
There is a clear difference in performance between the cases deemed difficult
and the ones that are deemed easy. This can be observed directly from the
associated computation times which have a tendency to be much higher for the
difficult cases compared to the easy ones.

The second general comment is focused on the conclusions that one can
draw from the Figures 4.6c and 4.7c which represent the Rel. Gap criterion.
As explained above, the relative gap is a measure of performance with respect
to another admissible solution xso. Therefore, the continuous-time methods



172 Chapter 4. Methods for polynomials

4 32
10

−20

10
−10

10
0

10
10

(a) Gap

4 32

10
−1

10
0

10
1

(b) Time (s) .

4 32

1

1.5

(c) Rel. Gap

4 32

10
−1

10
0

10
1

(d) Time (s) .

ABPM CRM Hanso

Figure 4.6: Evolution of the performance of the continuous-time algorithms
with respect to the sizes of the instances. (a) and (b) Benchmark,(c) and (d)
Real random polynomials. Failed experiments are not shown. Data is given in
Tables 4.1 and 4.2.
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Figure 4.7: Evolution of the performance of the discrete-time algorithms with
respect to the sizes of the instances. (a) and (b) Real polynomials with imagi-
nary unit roots,(c) and (d) Real random polynomials. Failed experiments are
not shown. The curves in (c) are superposed due to the fact that their solutions
are close to each other. Data is given in Tables 4.3 and 4.4.
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Figure 4.8: Illustration of the effects that the use of the Rel. Gap criterion
implies. This graphic was generated using the same data as Figure 4.6c except
that the Rel. Gap criterion is now computed with respect to a stable poly-
nomial which was created from the stable roots of a(s) and the imaginary part
of the unstable roots of a(s).

in Figure 4.6c only appear to perform badly because the polynomial xso = sn

always achieve an equally good distance to the unstable polynomial a(s). A
completely different conclusion could have been drawn if xso had been chosen
differently as Figure 4.8 suggests.

Another comment can be made on the various performances achieved by
the algorithms. In continuous-time, it is clear in Figure 4.6 that CRM per-
forms much better than the two other methods since the curves related to it
are systematically below the other curves whatever measure of performance
we consider. This was expected since the method deals with an unconstrained
problem whilst both ABPM and Hanso suffer from various numerical com-
plications which caused their failures for n = 32. ABPM suffers from the bad
conditioning of the matrices that defines the Dikin ellipsoid which prevents it
from working for sizes greater than n = 20. It was already observed in the
matrix case that a size limit existed and had no reason of improving with poly-
nomials for which the conditioning of the problem is usually worse due to lesser
number of degrees of freedom. In the case of Hanso, it appears to have more
difficulties with polynomials than with matrices due to the penalty coefficient it
uses in front of the root abscissa to enforce stability of the polynomials. There-
fore it must repeat the process several times which increases substantially its
computation time and sometimes prevents it to find an adequately stable poly-
nomial as for n = 32. This drawback could maybe be corrected with another
parametrization of the software but this is unsure.

In discrete-time,we observe in Figure 4.7c and Figure 4.7d that all methods
achieve equally good solutions and are distinguishable only from their compu-
tation times. The Moses algorithm appears to be the best one on these two
examples but it must be stressed once again that it cannot handle complex
polynomials.
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Time [s] Gap (4.68)

Size

4
8
16
32

ABPM CRM Hanso

2.2 0.2 4.0
3.0 0.5 6.6
6.0 1.5 21
- 5.5 -

ABPM CRM Hanso

0.00023 5.4e-016 6e-011
0.0028 4.3e-012 0.03

2.1 8.7e-008 2.1
- 2.6e-012 -

Table 4.1: Performance data of the continuous-time methods on the bench-
mark. The data is represented in Figures 4.6a and 4.6b.

Time [s] Rel. Gap (4.69) ‖a− xso‖

Size

4
8
16
32

ABPM CRM Hanso

0.4 0.2 8.2
1.2 0.2 13
5.2 1.4 12
- 2.2 -

ABPM CRM Hanso

1 1 1
0.9 0.88 0.9
1.1 1 1.4
- 1 -

1.4
1.5
4.2
5.3

Table 4.2: Performance data of the continuous-time methods on real random
continuous-time polynomials. The data is represented in Figures 4.6c and 4.6d.

Conclusion on the results Comparing methods is challenging since every
different example can lead to different results. Our experiments have put into
light the advantage of using the CRM methods in continuous-time for solving
the nearest polynomial problem. Its accuracy and complexity makes it the
safest choice.

In discrete-time, the experiments described here tend to give an advantage
to the Moses algorithm. Still, it is not always true and we have experimented
cases (which we do not report here) where the Moses algorithm does not
behave so well.

Still our observation is that the best results are not obtained by the algo-
rithms which work in the coefficients space directly but by those which use
alternative parametrization of the space such as the roots of the polynomial or
the reflection coefficients to solve the nearest stable polynomial problem.

4.5 Introduction to weighted objective function

Finally, we now talk about a last feature that can be further added to the
problem. In system identification, one needs to carry out numerous experiments
and collect a significant amount of data to identify, and then validate, the model
of a system. As often in that case, the variables of use are frequencies and the
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Time [s] Gap (4.68)

Size

4
8
16
32

ABPM CRM Hanso

2.0 0.2 2.4
8.9 0.0 17

1.4e+003 0.1 71
- 0.3 2.6e+002

ABPM CRM Hanso

0.0079 6.5e-005 1.3e-011
0.083 0.0003 0.0022
6.7 0.11 33
- 22 2.5e+004

Table 4.3: Performance data of the continuous-time methods on real discrete-
time polynomials with imaginary unit roots. The data is represented in Figures
4.7a and 4.7b.

Time [s] Rel. Gap (4.69) ‖a− xso‖

Size

4
8
16
32

ABPM CRM Hanso

0.3 0.0 1.1
0.8 0.2 9.3
3.7 0.3 11
33 1.3 43

ABPM CRM Hanso

0.94 0.94 0.94
0.7 0.7 0.7
0.78 0.78 0.78

- 0.71 0.72

1.2
1.3
2.4
5

Table 4.4: Performance data of the continuous-time methods on real random
discrete-time polynomials. The data is represented in Figures 4.7c and 4.7d.
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response of the system is more relevant at some frequencies than at others.
In this prospect, it is valuable to be able to add user-defined weights in the
objective function in order to underline the importance of those frequencies.
Such work was at the core of Tom D’haene’s thesis [32, 33] who successfully
implemented this kind of weighting to get

min
θ

1

m

m∑
i=1

w2
i ‖G(Ωi)−H(Ωi, θ)‖2 (4.70)

where G is the transfer function of the original unstable system, H is the stable
transfer function that we are seeking and can be modified through the vector
θ of parameters and Ωi is the excitation frequency. As weights are linked to
frequencies, their introduction in our formulation would require several adap-
tations, the least being to work with the transfer function H(λ) of the system
rather than the state matrix A only,

H(Ω) = C(ΩI −A)−1B +D ,

where Ω is either s or z depending on the type of problem we face.
In its current form the Augmented Barrier Projection Method is not able

to deal with a weighted objective function and its design allows it to handle
the Frobenius norm only. In the following we thus perform a first step towards
the inclusion of a weighted objective function in our formulation. The goal is
to see whether the H2-norm can be changed into a Frobenius norm in which
case it is quite probable that the algorithm could be modified to handle such
cases as well.

We will now try to develop the problem in some simplified setting. Let us
assume that the problem is such that we only try to stabilize the continuous-
time polynomial denominator a(s) of the transfer function G over m ≥ n
samples at various frequencies and that we use squared weights. As usual, let
us denote by x(s) the unknown denominator of H. Recall the n+1 dimensional
vector

πnjωi =
[
(jωi)

n . . . jωi 1
]T

.

Then for a vector of weights w ∈ Rm the objective function (4.70) can be
written down as

min
x

1

m

m∑
i=1

w2
i ‖〈a− x, πnjωi〉C‖

2

= min
x

1

m

m∑
i=1

w2
i 〈(πnjωi)

T (a− x), (πnjωi)
T (a− x)〉

= min
x

1

m

m∑
i=1

w2
i 〈π̄njωi(π

n
jωi)

T (a− x), (a− x)〉

= min
x
〈( 1

m

m∑
i=1

w2
i π̄

n
jωi(π

n
jωi)

T )(a− x), (a− x)〉

= min
x
〈S(a− x), a− x〉 ,



178 Chapter 4. Methods for polynomials

where we posed

S =
1

m

m∑
i=1

w2
i π̄

n
jωi(π

n
jωi)

T .

Our formulation of the above makes the Cholesky factorization of S = LL∗

obvious and yields the final formulation

min
x∈Cn

‖L∗(a− x)‖2

s.t. x ∈ cl(Sn)
(4.71)

The advantage of a formulation such as (4.71) is that it clearly has a sim-
ilar form compared to the problems we have solved throughout this chapter.
Therefore, it appears that minor changes in our resolution might enable us to
solve (4.71) adequately.

The same principles apply if we now want to apply a filter to cut uninter-
esting frequencies. The difference with the above expressions is that we now
treat the case where the weighting is continuous, under the form of a filter,
rather than discrete where we specified some specific weights for some interest-
ing frequencies.

In order to simplify our notations, we will note e = a − x the vector of
coefficients of the error. We are interested in minimizing the H2-norm of the
error which is given in continuous-time by

‖e‖2H2
=

∫
s=jR

e(s)e(s)∗dµ(s) , (4.72)

where e(s) = eT s and µ(s) is an appropriate measure function which incorpo-
rates the desired weighting. In discrete-time, (4.72) becomes

‖e‖2H2
=

∮
|z|=1

e(z)e(z)∗dµ(z) ,

with the same definition for µ. Let Γ denote the boundary of the stable set,
i.e. Γ = jR in continuous-time and Γ = ejω, ω ∈ [−π, π] in discrete-time.
Accordingly, let πnλ denote either πnjω or πnejω . Then, for some appropriate
measure function µ(λ), we can reformulate the H2-norm into

‖e‖2H2
=

∫
Γ

e∗π̄nλ(πnλ)T edµ(λ)

= e∗
(∫

Γ

π̄nλ(πnλ)T dµ(λ)

)
e

= e∗Me

= ‖L∗e‖2F .

The matrix M = LL∗ does not have the same structure in continuous- and in
discrete-time. In continuous-time, we have

Mik =
1

2π

∫ ∞
−∞
−(jω)i(jω)kdµ(jω)

=

∫ ∞
−∞
−(jω)i+kdµ(jω)
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Provided the weight function is uniform on all frequencies, the matrix M ap-
pears to be a Hankel matrix, called the moment matrix

M =



c0 c1 c2 · · · cn

c1 . .
.

. .
. ...

c2 . .
. ...

... . .
. ...

cn · · · · · · · · · c2n


.

In discrete-time, for a uniform weight function on all frequencies, the moment
matrix takes the expression

Mik =

∮
|z|=1

(z)−izkdz

=
1

2π

∮ π

−π
ej(k−i)ωdω .

which yields a Toeplitz matrix

M =


c0 c1 · · · cn

c̄1
. . .

. . .
...

. . .
. . . c1

cn · · · c̄1 c0

 .

Clearly, M ∈ Kn+ both in continuous-time and in discrete-time since it is Her-
mitian and

e∗Me = ‖e‖H2
≥ 0 ∀e ∈ Cn .

We conclude that the formulation (4.71) also works for the H2-norm.
The same type of result can be obtained again for matrices as the following

shows for the discrete-time case. Indeed, take E = A−X and let E(z) = E−Iz
be the transfer function denominator.

‖E‖H2 = Tr

∮
|z|=1

E(z)∗E(z)dµ(z)

= Tr

∮
|z|=1

(E − zI)∗(E − zI)dµ(z)

= Tr

([
I −E∗

] [c0I c1I
c̄1I c0I

] [
I
−E

])
.

Again, we have [
c0I c1I
c̄1I c0I

]
∈ K2n

+ , (4.73)

which yields, using the Cholesky decomposition LL∗ of (4.73),

‖E‖H2 =

∥∥∥∥L∗ [ I
−E

]∥∥∥∥
F

.
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It is clear from our developments that the nearest stable system in the
sense of the H2-norm, both in the matrix and the polynomial case, can be
transposed in a form that fits our formulations. Therefore it is quite likely that
our algorithm could process such cases provided some changes are brought to
the algorithm to handle the extra matrices.

We conclude with a final comment about applying this technique to the
full transfer function rather than just the denominator of the transfer func-
tion. Working with the transfer function would require that we fully revise the
approach we adopted to solve the nearest stable system problem. Additional
complications will occur which are as much opportunities. For instance, work-
ing with transfer functions imply taking pole-zero cancellations into account,
but adding a certain number of zero would offer us the opportunity of using
them to our advantage to cancel some undesired frequencies for example. De-
spite the fact that it is tractable in theory, we did not explore this problem
further in this thesis but, once again, those results are available to some extent
in [33].

Conclusions on chapter 4

This chapter presents our main achievements regarding the nearest stable poly-
nomial problem.

We have first highlighted the existence of a number of techniques for the
stabilization of polynomials. Those techniques are inherited from research in
various areas : numerical linear algebra, speech processing and, naturally, con-
trol. Though they offer viable techniques for determining starting points, most
of those methods cannot be extended into a method for finding the nearest
stable polynomial to an unstable one.

We have thus analysed several new methods for finding the nearest stable
polynomial to an unstable one and have compared them on numerical examples
to illustrate their strength and weaknesses. Each of them has its particularities
and we summarize them now.

The Augmented Barrier Projection Method is fully adaptable and could al-
low several enhancements such as additional constraints on the location of the
roots of a polynomial. Another strength of the method is that it always pro-
duces solutions that are strictly inside the stability region. But its complexity
harms its usefulness and only very small polynomials can be treated. Still the
method levels up with others on simple cases such as random polynomials.

Methods based on an optimization of the roots proves to be the fastest
methods discussed in this thesis. In continuous-time, the unconstrained formu-
lation that is obtained is efficient both in time and accuracy due to the fact
that a Newton-like approach can be applied. Unfortunately, the discrete-time
equivalent cannot enjoy the same advantages and it uses a gradient scheme.
Nonetheless, work on the complexity of the gradient computation yields satis-
factory complexity results and the method behaves well in practice.

Other methods found in the literature behave well too. The method of
Moses which uses the reflection coefficients of the polynomial has a step com-
plexity which makes it very attractive but its convergence can be quite slow
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in practice due to the use of an alternating optimization scheme. Still, the
method behaves well on most cases. The main inconvenience of this method is
that it is usable for real discrete-time polynomials only.

Finally, the use of the root abscissa and root radius in Hanso has proved to
be a viable approach. The complexity and convergence are those of a BFGS
scheme and thus make it one of the most interesting methods to solve the
problem. As the root abscissa and radius have a matrix version, Hanso is fully
adaptable. Still on polynomials the choice of a good value for the penalty
coefficient is not easy and can sometimes hamper its efficiency.

We have concluded our research with a short discussion on the use of a
weighted objective function which would offer a better control of the frequencies
of the poles of the system. We have shown that the H2-norm of a polynomial
could be easily reformulated as a weighted Frobenius norm thereof achieving a
first step towards the resolution of such problems.





Conclusion

This thesis studies the nearest stable system problem to its core. We explore
the complexity of the problem and use variational tools to report and analyze
the types of nonsmoothnesses and nonconvexities that appear on the boundary
of the stable set. We use the structural properties of self-concordant functions,
construct several reformulations of the problem and exploit the unique structure
of companion matrices to offer innovative algorithms to solve the problem. We
prove their convergence when needed.

We sum up our contribution into three main topics : algorithms, reformu-
lations and the set of stable systems.

Algorithms Our work contains the original description of two methods for
matrices and two methods for polynomials which substantially expand the num-
ber of optimization methods available to the user for the resolution of the
nearest stable system. These methods cover all the possible variations of the
problem : for polynomials or for matrices, in continuous-time or in discrete-
time, real or complex.

In all logic, finding the nearest stable system is not a realistic goal. Indeed,
let us recall that the stable set is an open set and unless one takes into account
the closure of the set there is no nearest system. Even when the closure of
the stable set is taken into account, finding the nearest stable system requires
a global solver for nonsmooth nonconvex optimization problems and there is
no such an algorithm for the time being. Our algorithms thus find a nearest
stable system or an approximate solution to a nearest stable system.

We have exploited the mathematical properties of self-concordant functions
to build convex approximations of the nonconvex feasible set described by the
Lyapunov inequalities. The resulting algorithm, the Augmented Barrier Pro-
jection method, has the ability to deal with any of the variations of the prob-
lem as demonstrated by many examples. In the future, the method could be
adapted to suit specific needs such as the placement of the poles of the system
in a specific region of the complex plane. This would be particularly useful to
the identification community where such a feature is desirable. We proved the
feasibility of our method and stated several convergence results which showed
that the method performs at least as well as the damped Newton method de-
scribed in [73] in theory. Still, the algorithmic complexity of one step of the
method makes the method suitable for small problems only. Nonetheless, the
iterates are always guaranteed to be strictly stable. This feature is certainly
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one of the strong argument in favor of this method.
In order to reduce the algorithmic complexity, we successfully investigated

a reformulation of the problem in continuous-time on which simple but efficient
optimization methods are applied and provide fast convergence to an approx-
imate solution. This was made possible by shifting the nonconvexity of the
feasible set into the objective function and by seeking the best problem struc-
ture possible. We further developed one of the reformulations characterized
by the simplicity of its feasible set. This simple feasible set offered an ideal
framework for the gradient mapping method. The introduction of additional
regularization terms in the reformulation enabled us to bound the level sets
and prove convergence results.

Efficient algorithms for polynomials have to exploit the inherent structure
associated with them. In a first step, we have modified the Augmented Barrier
Projection Method to deal with the companion matrix associated with a poly-
nomial. Though very attractive in theory, the difficulties associated with this
approach were underlined and we have put into light the current superiority
of alternative optimization methods that use the roots of the polynomial as
optimization variables. The last approach proved to be very efficient both in
continuous-time and in discrete-time.

The optimization methods that we developed for matrices and polynomi-
als alike, have compared quite favorably with existing methods found in the
literature.

Reformulations In chapter 3, we have developed several reformulations of
the nearest stable matrix in continuous-time. Only one of those formulations
has been fully developed so far. Other reformulations that are particularly
suitable to a Newton scheme have been highlighted and promise to yield better
algorithms in the near future. Those reformulations are an original contribution
of this thesis and show the advantage that suitable reformulations can provide
for the resolution of the specific case for which they have been developed.
Further research could be directed towards the search of reformulations for
other variations of the problem. The feasibility of this approach is not always
guaranteed since the structure of the constraints that describe the stable set is
not identical for continuous-time and discrete-time problems.

Many problems in optimization are nonconvex but in most cases researchers
do not seek or do not find reformulations that could be easily handled. Our
work can thus inspire people looking for such reformulations.

Stable set Our research led us to explore the geometry of the stable set and
the intrinsic link between the eigenvalue structure of a matrix and the singular-
ities of the stable set. The fact that results associated with this topic are little
known prompted us to produce a short survey of the literature. The survey
gives an insight of the complexity that surrounds the nearest stable system
problem and contains multiple references for people interested in the topic.
In particular, we have recalled bounds on the distance between two matrices
and have illustrated how the bounds depends on the specific structures of the
matrices. We have also reported various results that highlight some types of
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singularities appearing on the boundary of the stable set due to its nonsmooth
nonconvex nature. Finally, we have summarized necessary optimality condi-
tions for the nearest matrix problem and have linked it to our work through a
continuous-time benchmark. This benchmark is especially interesting since we
have been able to use all the results in the survey to lay a conjecture on one of
its locally optimal solution.

From an optimization point of view, many aspects could improve this work
in the future. In the section on the continuous-time root method (CRM),
we have seen the advantage that unconstrained minimization problems could
provide since they are much more easy to handle than constrained ones. It
should be possible to write an unconstrained minimization problem for discrete-
time polynomials using the polar decomposition of the roots. In the same way,
some matrix problems with a particular structure could be parametrized so as
to yield unconstrained minimization problems as well. This would be the case
if the expected solution is a normal matrix for example. Also, we have already
mentioned that the research of a reformulation of the nearest discrete-time
matrix problem such as the one we did for the continuous-time case in section
3.3 had the potential of yielding an efficient algorithm which would complement
the already existing one for the continuous-time case. Further research could
also be undertaken on other variations of the nearest stable system problem.
The replacement of the Frobenius norm by other norms such as the 1-norm or
the H2-norm is of particular interest. Even though it is not clear how it could
be obtained, such an algorithm would tend to yield sparse solutions.

At a conceptual level, the work presented in this thesis could evolve to
fit additional purposes. In particular, we did not focus on the control point
of view. Further research could emphasize the usefulness of our methods by
investigating efficient techniques for solving the nearest stable problem with
additional constraints such as pole placement. We could also look at replacing
the stability constraint by other ones; enforcing passivity of a system should
be a realistic goal. We have introduced briefly the possibility of assigning
weights into the objective function in order to improve the relevance of the
solution. Following this idea, the quality of the solutions and the usefulness of
the methods could also be improved by taking the zeros of the transfer function
into account as well. This would be interesting to benefit from cancellation
effects between the poles and the zeros of the transfer function and it would
yield more relevant solutions.

In conclusion, this thesis contains an overview of the available techniques
for solving a problem which has frequently been neglected due to its intrinsic
complexity. The various approaches used throughout will provide new tools and
inspiration for the resolution of closely related problems in a field in constant
evolution and full of challenges.





Bibliography

[1] Pierre-Antoine Absil, Robert Mahony, and Rodolphe Sepulchre. Optimi-
zation Algorithms on Matrix Manifolds. Princeton University Press, 2009.

[2] G.S. Ammar, W.B. Gragg, and L. Reichel. Downdating of Szegö polyno-
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