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Abstract

In multivariate extreme value analysis, the tail dependence between some of the
risk variables at hand may be weak, even when other variables do tend to become large
simultaneously. Weak tail dependence may induce a substantial bias in estimation
procedures based on the limiting multivariate (generalized) Pareto distribution of
excesses over high thresholds. We consider a Hüsler–Reiss multivariate generalized
Pareto model and, motivated by this issue, propose first- and second-order moment
estimators of its variogram matrix constructed from a lower-tail-clipped version of
the underlying random vector. The asymptotic normality of the proposed estimators
is established. We demonstrate by simulation studies that they have lower bias than
the empirical variogram estimator in certain cases, particularly when the dependence
between components is weak. The estimators are applied to flood discharge data
from the Danube river basin and the US flight delay data, showing that the tail
dependence structure implied by the fitted model based on the first-order clipped
moment estimator aligns more closely with the empirical tail dependence of the data
than that based on the empirical variogram estimator.
Keywords. Hüsler–Reiss distribution; Variogram matrix; Moment estimator
MSC 2020 Subject Classification. 60G70; 62F10

1 Introduction

In many areas such as finance, environmental science, and engineering, extreme events
can have disproportionately large impacts. Accurate modeling of such rare occurrences is
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essential for effective risk assessment and decision making. While univariate extreme value
theory has been well-developed, practical problems often involve multiple interconnected
variables, necessitating a multivariate framework that can capture both marginal extremes
and their joint dependence structure.

Multivariate extreme value theory addresses this need by characterizing the limiting
distribution of componentwise maxima through multivariate max-stable distributions or
multivariate generalized Pareto (MGP) distributions (MGPD). To enable flexible and
interpretable modeling of extremal dependence, various parametric families have been
introduced in the literature (see Beirlant et al., 2004, Chapter 9; Davison et al., 2012;
Hanson et al., 2017; and references therein). Among these models, the Hüsler–Reiss
distribution parameterized by the so-called variogram matrix stands out for its analytical
tractability and practical relevance. It arises as the limiting distribution of componentwise
maxima in Gaussian triangular arrays (Hüsler and Reiss, 1989), and also appears as the
finite-dimensional marginal distribution of the Brown–Resnick process (Engelke et al.,
2015).

Owing to its modeling flexibility, the Hüsler–Reiss distribution has garnered significant
attention in the literature. Its theoretical aspects, such as the tail dependence properties
and convergence results where it appears as a limit, have been extensively studied; see, for
example, Frick and Reiss (2010), Liao and Peng (2014), and Hashorva et al. (2016). Beyond
these theoretical developments, the widespread use of this model in practice highlights
the importance of reliable statistical inference. Various estimation methods developed for
multivariate max-stable distributions or multivariate (generalized) Pareto distributions
can be adapted to the estimation of the variogram matrix, such as the composite likelihood
estimation method in Padoan et al. (2010), the M-estimator in Einmahl et al. (2012) and
the weighted least squares estimator in Einmahl et al. (2018). Specifically for the Hüsler–
Reiss family, Huser and Davison (2013) investigated the composite likelihood estimation
approach in the context of the Brown–Resnick process, while Engelke et al. (2015) proposed
several new estimators for the Hüsler–Reiss distribution based on the peaks-over-threshold
approach. Of particular relevance to our work, Engelke and Volgushev (2022) proposed an
empirical estimator of the variogram matrix for a general multivariate Pareto distribution,
which can be directly applied to the Hüsler–Reiss model as a special case. Due to its
simplicity and broad applicability, this estimator has been widely used in applications.

In practice, extremes often involve only a subset of variables becoming large while
others remain moderate. Such configurations, referred to as extreme clusters (Chiapino
et al., 2020) or extreme directions (Mourahib et al., 2025), motivate the need for flexible
models that can capture both strong and weak tail dependence across different subsets
of components. The Hüsler–Reiss model is a natural choice in this context, as its
variogram parameter matrix provides a parsimonious description of the entire dependence
structure, including partial extremal behavior. However, estimation procedures based
on empirical variograms, the widely adopted method in practice, can be severely biased
when the dependence between certain components is weak. This bias arises because weak
dependence increases the likelihood that some components take relatively small values,
even when others are extreme. As a result, observations exceeding the threshold in only
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a subset of components often include non-extreme values in the remaining components,
which weakens the estimation of the dependence structure implied by the limiting MGPD.
Consequently, empirical variogram estimators, which rely on the assumption that the
asymptotic model provides a good approximation in the tail region, can yield inaccurate
estimates of the elements of the variogram matrix.

This observation motivates us to employ a clipping method in the sense that the stan-
dardized MGPD observations X below a threshold c are modified through a deterministic
transformation Y =X ∨ c = (Xi ∨ c, i ∈ V ), to mitigate the bias of the empirical variogram
estimator introduced by non-extreme components. Based on this clipping, we propose
two moment-type estimators for the elements of the variogram matrix and establish the
asymptotic normality of these estimators. Simulation studies and empirical analyses
indicate that the proposed estimators significantly mitigate bias in the Hüsler–Reiss model
when the dependence among certain components is weak. Furthermore, we apply the
Hüsler–Reiss model to extreme flood discharges from the Danube River basin and the
US flight delay data, and estimate the parameters using the proposed estimators. The
resulting fitted model based on the first-order clipped moment estimator better captures
the empirical tail dependence structure than that based on the empirical variogram
estimator.

In the remainder of this paper, we first review the necessary background in Section 2,
and then describe the construction method of the moment estimators in Section 3. The
main theoretical results are presented in Section 4. A simulation study is conducted in
Section 5, followed by a case study on daily discharges from the Danube and the US
flight delay data in Section 6. Section 7 concludes. All proofs are deferred to Section A.
Additional simulation results are provided in Section B.

Notation. Throughout the paper, bold symbols refer to multivariate quantities. Com-
parison and arithmetic operators between two vectors or between a vector and a real
number are understood componentwise. For instance, for any d-dimensional vectors x
and y, we write “x ≤ y” if “xi ≤ yi” for all 1 ≤ i ≤ d. For a real number T , “x ≤ T ”
means “xi ≤ T ” for all i ∈ {1, . . . , d}. Furthermore, “x ∨ y” denotes the vector whose i-th
component is max(xi, yi). The relation X

d
= Y indicates that the random variables X

and Y are identically distributed. For sets U and V , the Cartesian product is denoted by
U × V . Vectors are treated as column vectors by default.

2 Background

2.1 Multivariate generalized Pareto distributions

The MGPD models the extremal dependence of a random vector through threshold
exceedances. To make abstraction of the univariate marginal distributions and concentrate
on the extremal dependence, we introduce the MGPD on a canonical exponential scale.
The MGPD with other margins can be obtained via monotone marginal transformations.
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Let d > 1 and V = {1, . . . , d}. Consider a random vector X̃ = (X̃i, i ∈ V ) with standard
exponential margins, i.e.,

P(X̃i ≤ x) = 1 − exp(−x), x ≥ 0.

Define L = {y ∈ [−∞,∞)d ∶ y ≰ 0}. A random vector Y = (Yv, v ∈ V ) is said to follow a
standard multivariate generalized Pareto distribution if it can arise as the limit

P(Y ≤ y) = lim
u→∞

P(X̃ − u ≤ y ∣ X̃ ≰ u), y ∈ L. (2.1)

In this case, the random vector X̃ is said to belong to the domain of attraction of Y .
General MGPDs with generalized Pareto margins can be obtained through componentwise
transformations

σi
exp(ξiYi) − 1

ξi
, i ∈ V,

where σi ∈ (0,∞) and ξi ∈ R. We refer to Resnick (2008), Beirlant et al. (2004) and
Naveau and Segers (2024) for more details of the MGPD and the multivariate extreme
value theory. Since we are mainly interested in the dependence structure, we will focus
on the standard MGPD in the following.

For a standard MGPD on the exponential scale, it admits a useful stochastic represen-
tation. For m ∈ V , let Y (m) denote the conditional distribution of the exceedance vector
given that the m-th component exceeds the threshold zero, i.e., Y (m) = Y ∣ Ym > 0, with
support Lm = {y ∈ [−∞,∞)d ∣ ym > 0}. Then,

Y (m)
d
= E +Z(m) = (E +Z

(m)
1 , . . . ,E +Z

(m)
d ) , (2.2)

where Z(m) = (Z
(m)
v , v ∈ V ) is a d-dimensional random vector with Z

(m)
m = 0 almost

surely and where E is a standard exponential random variable, with distribution function
P(E ≤ x) = 1 − exp(−x), x ≥ 0, which is independent of Z(m) (see Engelke and Volgushev
(2022, Eq. (6)); Naveau and Segers (2024, Definition 2.1)). The representation separates
the extremal magnitude and dependence structure. The common exponential component
E describes the size of the extreme event, while Z(m) determines the dependence among
components in the tail region.

2.2 Hüsler–Reiss MGPD

A prominent and tractable subclass of MGPD is the Hüsler–Reiss MGPD. In this model,
the dependence structure is fully characterized by a matrix Γ = (γij)i,i∈V called variogram
matrix, which is a d × d dimensional symmetric, conditionally negative definite matrix
with elements γij ∈ [0,∞) satisfying γii = 0 for i ∈ V . That is, Γ ∈ M with

M= {Γ ∈ [0,∞)d×d ∶ Γ = Γ⊺, diag(Γ) = 0, and u⊺Γu < 0, ∀u ≠ 0 ∈ Rd, ∑
i∈V

ui = 0} . (2.3)

A Hüsler–Reiss MGPD can be defined through the stochastic representation of the
standard MGPD. Specifically, a random vector Y is said to follow a Hüsler–Reiss MGPD
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with variogram matrix Γ = (γij) ∈ M if, for any m ∈ V , the conditional excess vector
admits the representation (2.2), i.e.,

Y (m)
d
= E +Z(m),

where E is a standard exponential random variable independent of Z(m), and Z(m) is a
(possibly degenerate) Gaussian random vector satisfying

Z(m)m = 0, a.s.

with mean vector µ(m) and covariance matrix Σ(m) given by

µ
(m)
i = −

1

2
γim, Σ

(m)
ij =

1

2
(γim + γjm − γij).

Since Γ is symmetric, i.e.,
γij = γji, i, j ∈ V,

the marginal distributions of Z(j)i and Z
(i)
j are identical, with

Z
(i)
j

d
= Z

(j)
i ∼ N(−γij/2, γij).

2.3 Empirical variogram estimator

The variogram matrix is not only a fundamental parameter for the Hüsler–Reiss MGPD,
indeed, it has been extended to general MGPDs by Engelke and Volgushev (2022). To
facilitate statistical inference, they proposed the empirical variogram estimator based on
data in the domain of attraction of the MGPD. Although it was originally defined using
the multivariate Pareto representation, we reformulate it on the exponential scale here to
maintain consistency with the notation and framework adopted in this paper.

Consider a random vector Y following a standard MGPD on the exponential scale.
Let X = (Xi, i ∈ V ) denote a d−variate random vector with continuous marginal functions
Fi, i ∈ V . Denote F (X) = (Fi(Xi), i ∈ V ). Assume that, after marginal transformation

X ↦ X̃ = − log(1 − F (X)), (2.4)

the standardized random vector X̃, with standard exponential margins, belongs to the
domain of attraction of Y . Suppose Xt = (Xt1, . . . ,Xtd), t = 1, . . . , n, are independent
copies of X.

Let k = k(n) be an integer sequence satisfying k →∞ and k/n→ q ∈ [0,1] as n→∞.
Denote the logarithmic transformation to the empirical Pareto exceedance by

Ŷti = log{
k

n(1 − F̂i(Xti))
} , i ∈ V, t = 1, . . . , n, (2.5)

where
F̂i(x) =

1

n + 1

n

∑
t=1

1{Xti ≤ x}
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is the (adjusted) empirical distribution function of the i-th variable. The empirical
variogram estimator rooted at m, denoted by Γ̂(m) = (γ̂

(m)
n,ij ), proposed by Engelke and

Volgushev (2022) is given as

γ̂
(m)
n,ij = v̂ar{(Ŷti − Ŷtj) ∶ F̂m(Xm) ≥ 1 − k/n} , i, j,m ∈ V. (2.6)

where v̂ar denotes the sample variance of Ŷti − Ŷtj for those t ∈ {1, . . . , n} such that
F̂m(Xtm) ≥ 1 − k/n.

For a Hüsler–Reiss MGPD with variogram matrix Γ, it turns out that Γ can be
estimated by any Γ̂(m), m ∈ V , so does the averaged empirical estimator introduced
also by Engelke and Volgushev (2022) (hereafter referred to as the empirical variogram
estimator)

γ̂EMP
n,ij =

1

d
∑
m∈V

γ̂
(m)
n,ij , (2.7)

with γ̂
(m)
n,ij given by (2.6).

Owing to its computational simplicity and ease of implementation, the empirical
estimator has been widely adopted in practice. However, in heterogeneous dependence
structures, it may suffer from bias due to the inclusion of non-extreme observations.
Specifically, for fixed k ∈ {1, . . . , n} and (i, j) ∈ V × V with i ≠ j, the empirical variogram
is the average of γ̂(m)n,ij over m ∈ V , where γ̂

(m)
n,ij is based on the points (Ŷti, Ŷtj) for all

t ∈ {1, . . . , n} such that Ŷtm ≥ 0. For m ∉ {i, j}, if variable m is only weakly dependent
with variables i and/or j, then the empirical variogram also uses data points for which
the observations of variables i and j are not large at all. Although the bias issue arises
for general MGPDs, in this work we concentrate on the Hüsler–Reiss MGPD case. To
mitigate this bias, we introduce a moment method that employs a clipping strategy on
the lower tail of the Hüsler–Reiss MGPD vector, as described in the next section.

3 Moment-based variogram estimators

3.1 Moments and sample moments of clipped MGP random vectors

To eliminate the bias caused by the non-extreme values of the sample in the estimation of
the variogram matrix, we propose an approach based on the clipped MGP random vector.

For a d-variate random vector Y with an arbitrary MGPD, we fix a constant c ≥ 0
and consider the random vector clipped at level −c given by

(Y
(j)
i ∨ (−c), Y

(j)
j )

for each pair (i, j) ∈ V × V and i ≠ j. Under the stochastic representation in (2.2), the
pair above is distributed as

((E +Z
(j)
i ) ∨ (−c), E) .
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Assume that Y follows a parametric model with parameter vector θ ∈ Θ ⊂ Rp. Write
x+ = x∨ 0, and note that (x∨ (−c)) + c = (x+ c)+. We focus on the first- and second-order
moments of the clipped vector shifted by c defined as

e
(ℓ)
ij (θ, c) ∶= E{(Y

(j)
i + c)

ℓ

+
} , i, j ∈ V, ℓ = 1,2. (3.1)

These clipped moments always exist for any i, j ∈ V (see Lemma A.1 in Section A.2).
Recall that Xt = (Xt1, . . . ,Xtd), t = 1, . . . , n, are independent copies of the random

vector X, where the marginally transformed vector X̃ of X in (2.4) belongs to the domain
of attraction of Y in the sense of Eq. (2.1). Let k = k(n) ∈ {1, . . . , n} be an intermediate
sequence satisfying

k →∞, k/n→ 0, as n→∞.

Recall that Ŷti is the logarithmic transformation to the empirical Pareto exceedance
defined in (2.5). Motivated by the convergence in (2.1), for ℓ = 1,2 and any i, j ∈ V , the
sample versions of e(ℓ)ij (θ, c) in (3.1) can be constructed as

ê
(ℓ)
n,ij (k, c) =

1

k

n

∑
t=1
(log{

k

n(1 − F̂i(Xti))
} + c)

ℓ

+
1{F̂j(Xtj) ≥ 1 −

k

n
}

=
1

k

n

∑
t=1
(Ŷti + c)

ℓ

+ 1{F̂j(Xtj) ≥ 1 −
k

n
} . (3.2)

Hence, a straightforward idea is that we can estimate the parameter θ by letting

ê
(ℓ)
n,ij (k, c) = e

(ℓ)
ij (θ, c), i, j ∈ V, ℓ = 1,2, (3.3)

provided that the corresponding moment equations have a unique solution within the
valid parameter space.

If the variogram matrix of a general MGPD is continuous in θ for m ∈ V , then θ can
first be estimated by θ̂ via the (generalized) method of moments, and the corresponding
estimate of the variogram matrix can subsequently be obtained from θ̂. This estimation
idea applies, theoretically, to a general MGPD. However, in the following, we focus on its
implementation for the Hüsler–Reiss MGPD.

3.2 Moment variogram estimators for a Hüsler–Reiss MGPD

In the following, we assume that Y = (Yv, v ∈ V ) is a d-variate random vector following
a Hüsler–Reiss MGPD with parameter θ = Γ, where Γ ∈ M is a variogram matrix (cf.
(2.3)). By a straightforward calculation, the explicit expressions of the moment functions
defined in (3.1) for the Hüsler–Reiss MGPD can be derived, as stated in the lemma below.

Lemma 3.1 (clipped moment functions for a Hüsler–Reiss MGPD). Assume
the random vector Y follows a Hüsler–Reiss MGPD with variogram matrix Γ = (γij)i,j∈V .
Then, for fixed c ∈ [0,∞) and each pair of i, j ∈ V , we have

E{(Y (j)i + c)
ℓ

+
} = e(ℓ)(γij , c),
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with

e(1)(γ, c) = exp(c)Φ(−
c + γ/2
√
γ
) +
√
γ ϕ(

c − γ/2
√
γ
) + (1 −

γ

2
+ c)Φ(

c − γ/2
√
γ
) , (3.4)

and

e(2)(γ, c) = 2 exp(c)Φ(−
c + γ/2
√
γ
) −
√
γ (

γ

2
− c − 2)ϕ(

c − γ/2
√
γ
)

+ {
1

4
γ2 − γc + (1 + c)2 + 1}Φ(

c − γ/2
√
γ
) , (3.5)

where e(ℓ)(0; c) is defined as the limit e(ℓ)(0, c) = limγ→0 e
(ℓ)(γ, c) with

e(1)(0, c) = E (E + c) = 1 + c, e(2)(0, c) = E{(E + c)2} = (1 + c)2 + 1.

Moreover, both e(1)(γ, c) and e(2)(γ, c) are strictly decreasing in γ on (0,∞).

Note that for fixed c, the moment functions allow for the construction of moment
estimators. In consideration of the symmetry of the variogram matrix, i.e., the property
that Γ = Γ⊺, we propose to estimate the entry γij for any i, j ∈ V and i ≠ j based on (3.3)
by the moment estimators γ̂

M,(ℓ)
n,ij defined by

e(ℓ) (γ̂
M,(ℓ)
n,ij (k, c), c) =

1

2
{ê
(ℓ)
n,ij(k, c) + ê

(ℓ)
n,ji(k, c)} , ℓ = 1,2. (3.6)

Here, the estimators are defined only when i ≠ j, since the diagonal elements of Γ are
equal to zero by definition. In practice, the choice for c is restricted to [0,− log(k/n)],
since if c ≥ − log(k/n), the clipping has no effect at all on the value of ê(ℓ)n,ij(k, c).

As the choice of the clipping parameter c is not the focus of this work, all subsequent
discussions proceed under the assumption that c is a given number. To simplify the
notation, for fixed c, we write e(ℓ)(γ) ∶= e(ℓ)(γ, c), and we suppress (k, c) in ê

(ℓ)
n,ij(k, c)

and γ̂
M,(ℓ)
n,ij (k, c) occasionally whenever no ambiguity arises.

4 Consistency and asymptotic normality

In this section, we present the theoretical properties of the proposed estimators. We start
by establishing the weak consistency of the moment estimators defined in (3.6). The
following proposition shows that the empirical moments ê

(ℓ)
n,ij(k, c) converge to their true

counterparts for an arbitrary MGPD, providing a crucial step toward proving the weak
consistency result stated in the subsequent theorem. Before stating the main result, we
collect the conditions on k(n) in the following assumption.

Assumption 4.1. Assume k = k(n) is an intermediate sequence such that k →∞ and
k/n→ 0 as n→∞.
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Proposition 4.2. Let Y be an arbitrary MGP distributed random vector, and let Xt =

(Xt1, . . . ,Xtd), t = 1, . . . , n, denote independent copies of a random vector X, which has
continuous margins and the marginally transformed vector of X in (2.4) lies in the domain
of attraction of Y . For c ≥ 0 and for i, j ∈ V with i ≠ j, let ê

(ℓ)
n,ij(k, c) with ℓ = 1,2 be

defined as in (3.2). Then, under Assumption 4.1, we have

ê
(ℓ)
n,ij(k, c)

P
→ E{(Y (j)i + c)

ℓ

+
} , as n→∞.

For a Hüsler–Reiss MGPD, we show in Theorem 4.4 that the proposed moment
estimators for the variogram are well-defined and converge weakly to the true values. The
standing assumption is stated as follows.

Assumption 4.3. Assume Y is a Hüsler–Reiss MGP distributed random vector pa-
rameterized by a d × d dimensional variogram matrix Γ ∈ M stated in (2.3). Suppose
Xt = (Xt1, . . . ,Xtd), t = 1, . . . , n, are independent copies of a random vector X, which
has continuous margins and the marginally transformed vector of X in (2.4) lies in the
domain of attraction of Y in the sense of (2.1).

Theorem 4.4. Suppose that Assumptions 4.1 and 4.3 hold. For i, j ∈ V and i ≠ j,
the moment estimators in (3.6) are well-defined with probability tending to one, and

γ̂
M,(ℓ)
n,ij

P
→ γij as n→∞ for ℓ = 1,2.

Recall that Fi is the marginal distribution of Xi, i ∈ V . Let

Ui = 1 − Fi(Xi), i = 1, . . . , d,

and denote the joint distribution function of U = (U1, . . . , Ud) by C(x). The convergence
of multivariate threshold exceedances in (2.1) is equivalent to the existence of the limit

lim
q→0

q−1 P (1 − Fi(Xi) ≤ qxi, i ∈ V ) = lim
q→0

q−1C(qx) = R(x) (4.1)

for x ∈ [0,∞]d ∖ {(∞, . . . ,∞)}, where R(x) is called the tail copula of X, see, e.g.,
Schmidt and Stadtmüller (2006) and Chiapino et al. (2019).

For any non-empty set I ⊂ V and vector xI = (xi, i ∈ I) ∈ [0,∞]
∣I ∣ ∖ {(∞, . . . ,∞)},

define RI(xI) as the value of the function R(x) evaluated at the point x whose components
are xi for i ∈ I and ∞ for i ∈ V ∖ I. Let

ṘI(xI) = (Ṙ
i
I(xI), i ∈ I) = (∂RI(xI)/∂xi, i ∈ I)

be the vector of its first-order partial derivatives.
Assume W is a mean-zero Gaussian process on [0,∞]d∖{(∞, . . . ,∞)} with continuous

trajectories and covariance function

E (W (x)W (y)) = R(x ∧ y), x,y ∈ [0,∞]d ∖ {(∞, . . . ,∞)}, (4.2)
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with x∧y = (xi∧yi, i ∈ V ). For any nonempty set I ⊆ V and xI ∈ [0,∞]
∣I ∣∖{(∞, . . . ,∞)},

define
WI(xI) =W (y),

where y ∈ [0,∞]d ∖ {(∞, . . . ,∞)} is a vector such that yi = xi for i ∈ I and yi = ∞ for
i ∉ I. In particular, Wi(xi) = W (∞, . . . ,∞, xi,∞, . . . ,∞), where xi appears in the i-th
component. Define

BI(xI) =WI(xI) −∑
i∈I

Ṙi
I(xI)Wi(xi), (4.3)

which is a zero-mean stochastic process on xI ∈ [0,∞]
∣I ∣ ∖ {(∞, . . . ,∞)}.

Next, we show the asymptotic normality of the empirical moments in Proposition 4.7.
Based on this result and using the delta method, the asymptotic normality of the moment
estimators can be established, as shown in Theorem 4.8. A second-order condition, as
stated in Assumption 4.5, is required to control the convergence rate in (2.1). Since the
subsequent results rely on the continuity of the partial derivatives of the tail copula, we
restrict our attention to the case γij > 0 for all i, j ∈ V with i ≠ j, thereby excluding the
degenerate case γij = 0, in accordance with the assumption in Assumption 4.6.

Assumption 4.5. There exist constants ξ,K ∈ (0,∞) such that for any I ⊆ V with ∣I ∣ = 2
and q ∈ (0,1), we have

sup
xI∈[1,∞]∣I∣

∣P (FI(XI) ≤ 1 − q/xI ∣ FI(XI) ≰ 1 − q) − P(Y(I) ≤ x)∣ ≤Kqξ,

where Y(I) is the random vector obtained from (2.1) with X replaced by XI .

Assumption 4.6. The off-diagonal elements of the variogram matrix Γ associated with
the Hüsler–Reiss MGPD in Assumption 4.3 are strictly positive, that is, γij > 0 for all
i, j ∈ V and i ≠ j.

Proposition 4.7. If Assumptions 4.1, 4.3, 4.5 and 4.6 hold with k = o (nξ/(ξ+ 1
2
)), then

(
√
k {ê

(ℓ)
n,ij(k, c) − e

(ℓ)
(γij , c)} , i, j ∈ V, i ≠ j, ℓ = 1,2)

d
→ (∫

exp(c)

0

Bij(x,1) ⋅ ℓ ⋅ (− logx + c)
ℓ−1

x
dx, i, j ∈ V, i ≠ j, ℓ = 1,2)

as n → ∞, where for each pair (i, j) ∈ V × V such that i ≠ j, Bij(x,1) is the stochastic
process defined in (4.3) and given by

Bij(x,1) =Wij(x,1) − Ṙ
i
ij(x,1)Wi(x) − Ṙ

j
ij(x,1)Wj(1). (4.4)

Theorem 4.8. Under the assumptions of Proposition 4.7, we have

(
√
k(γ̂

M,(ℓ)
n,ij − γij); i, j ∈ V, i ≠ j)

10



d
→ (

1

2e(ℓ),′(γij)
∫

exp(c)

0

(Bij(x,1) +Bji(x,1)) ⋅ ℓ ⋅ (− logx + c)
ℓ−1

x
dx; i, j ∈ V, i ≠ j)

as n→∞, where Bij(x, 1) is given in (4.4), and where e(ℓ),
′

(γ) is the derivative of e(ℓ)(γ)
in (3.4) and (3.5) with respect to γ, given by

e(1),
′

(γ) = −
1

2
Φ(

c − γ
2

√
γ
) , e(2),

′

(γ) = (
γ

2
− c)Φ(

c − γ
2

√
γ
) −
√
γ ϕ(

c − γ
2

√
γ
) .

5 Simulation study

In this section, we study the finite-sample behavior of the proposed estimators on simulated
data. To investigate the performance of the moment estimator in (3.6), we compare
its finite-sample behavior with that of the empirical variogram estimator in (2.7). For
convenience, we set c = − log a with a ∈ (0,1]. All plots in the simulation study and
empirical analysis are presented in terms of a, since the range (0, 1] is easier for selecting
values.

We first generate n = 1000 independent samples X⋆1 , . . . ,X
⋆
n from two Hüsler–Reiss

max-stable models, a 10-dimensional model with randomly generated variogram matrix
Γ1 (see Section B), and a 5-dimensional model with variogram matrix

Γ2 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 3 4 7 6
3 0 3 8 5
4 3 0 7 8
7 8 7 0 11
6 5 8 11 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Both models are in the domains of attraction of the corresponding Hüsler–Reiss MGPDs
with the same variogram matrices. The matrix Γ1 is obtained by first generating a
positive definite matrix Σ and then computing the variogram matrix using the function
Sigma2Gamma from the graphicalExtremes package in software R. The second distribution
is the example considered in Engelke et al. (2026) with the name of non-faithful Hüsler–
Reiss distribution, since Y2 and Y4 are conditionally independent (in the sense of extremal
conditional independence defined in Engelke and Hitz (2020)) given Y1 and Y3. In order
to perturb the samples, we add standard normally distributed noise. To be precise, we set

Xt =X
⋆
t + ∣ϵt∣, t = 1, . . . , n,

where ϵt = (ϵti, i ∈ V ), for t = 1, . . . , n, are independent standard normal random variables,
independent of X⋆t , t = 1, . . . , n.

Under these simulation settings, we investigate the finite-sample performance of the
proposed two moment estimators and compare it with the empirical variogram estimator.
The performance of the estimators is evaluated by computing the average relative squared

11



error between the estimates γ̂n,ij and their true counterparts γij of the variogram matrix
Γ, defined as

L(Γ̂,Γ) =

⎧⎪⎪
⎨
⎪⎪⎩

2

d(d − 1)
∑

i,j∈V, i<j
(γ̂n,ij/γij − 1)

2
⎫⎪⎪
⎬
⎪⎪⎭

1/2

,

where Γ̂ = (γ̂n,ij)i,j∈V denotes the estimates of Γ based on one of the aforementioned
estimators. In addition, we also measure the average distance between the model-based
and empirical (data-based) tail dependence coefficients, namely,

D(χ̂, χ̂EST
) =

2

d(d − 1)
∑

i,j∈V, i<j
∣χ̂ij − χ̂

EST
ij ∣ (5.1)

where χ̂ = (χ̂ij)i,j∈V and χ̂EST = (χ̂EST
ij )i,j∈V denote the empirical and model-based tail

dependence coefficient matrix, respectively. More specifically, for each pair (i, j) ∈ V 2

with i ≠ j, the empirical tail dependence coefficient is calculated by

χ̂ij =
1

k

n

∑
t=1

1{1 − F̂i(Xti) ≤
k

n
,1 − F̂j(Xtj) ≤

k

n
} ,

with the same k used in the estimation of the variogram matrix, and the model-based
tail dependence coefficients are obtained via

χ̂EST
ij = 2{1 −Φ (

√
γ̂n,ij/2)} .

The simulation results for samples from the 10−dimensional Hüsler–Reiss model are
shown in Figures 1–4. The impact of the clipping level c (or a equivalently) on the
performance of the moment estimators γ̂

M,(ℓ)
n,ij (k, c), ℓ = 1,2, is examined first. Figures 1

and 2 present the mean L and D corresponding to the first-and second-order moment
estimator with a = exp(−c) = 0.25,0.5 and k = 50,75, . . . ,250, respectively. For estimator
γ̂
M,(1)
n,ij (k,− log a), we see that smaller values of a yield better performance for small k,

whereas larger values of a become preferable as k increases. This indicates a trade-off
between a and k, and suggests the existence of an optimal choice of k in terms of L.
In contrast, the metric D exhibits a different trend, where smaller a always results in
smaller deviations. For estimator γ̂M,(2)

n,ij (k,− log a) in Figure 2, both L and D consistently
indicate that smaller a values yield lower estimation bias.

To compare the performance of the estimators, we set a = 0.25 for γ̂
M,(ℓ)
n,ij (k,− log a),

ℓ = 1,2, and show the boxplots of L and D values based on 300 replications for each
of the three estimators in Figure 3. It suggests that the first-order moment estimator
γ̂
M,(1)
n,ij (k,− log a) outperforms the empirical variogram estimator, especially when k is

small, whereas the second-order moment estimator only shows superior performance
for large k, in terms of L. In Figure 4, we further analyze the averaged bias, variance
and MSE over 300 replications of the three estimators γ̂EMP

n,ij (k), γ̂
M,(1)
n,ij (k,− log a) and

γ̂
M,(2)
n,ij (k,− log a) for the element γ12 = 0.89 of Γ1, where a = 0.25 and k = 50,75, . . . ,250.

The results indicate that, the empirical estimator tends to have a larger bias but smaller
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variance. The proposed first-order moment estimator is particularly advantageous for
small k, and in some cases it uniformly dominates the empirical estimator in terms of MSE.
Additional results for other elements of Γ1 can be found in Figures 11–13 in Section B.

The corresponding results for random samples from the 5-dimensional Hüsler–Reiss
distribution with variogram matrix Γ2 are illustrated in Figures 5–8. The estimation
error L varies with a in a manner similar to those of γ̂M,(1)

n,ij (k,− log a) observed for the
10-dimensional Hüsler–Reiss distribution. Moreover, the value of D exhibits greater
stability with respect to changes in k. It could be noted in Figure 7 that, under such
circumstances, namely, when the extremal dependence between certain components is
relatively weak or asymptotically conditional independent, the moment estimators yield
improved performance. We see that both moment estimators γ̂

M,(ℓ)
n,ij , ℓ = 1,2, have much

lower estimation error than the empirical variogram estimator. In this case, Figure 8
indicates that γ̂

M,(2)
n,ij achieves the smallest bias and MSE for large values of k, while the

empirical variogram estimator still performs best in terms of variance. For more details
on other elements, see Figures 14–16 in Section B.

Indeed, what distinguishes the two matrices Γ1 and Γ2 is that the dependence in
Γ2 is weaker. The simulations show that, for the Hüsler–Reiss models with stronger
dependence, the moment estimator tends to achieve better performance with relatively
small values of a (or c equivalently). However, such a pattern is not clear for weakly
dependent models. Moreover, in both cases, the clipped moment estimators could provide
improvements over the empirical variogram estimator, especially when the dependence is
weak. Overall, the first-moment estimator with a = 0.25 comes out as the best one: in
the two L and D-plots, it has the lowest error in almost all cases. In addition, compared
with the empirical variogram estimator, the two moment estimators appear to be less
sensitive to the choice of k in view of D-plots, when the dependence is weak.

6 Application

6.1 Danube discharges data

To illustrate the practical performance of the proposed method, we fit a Hüsler–Reiss
model to the Danube discharge dataset. The variogram matrix Γ is estimated using
the proposed moment estimators, and the resulting estimates are compared with those
obtained from the empirical variogram estimator in Engelke and Volgushev (2022). This
dataset includes the average daily discharges recorded at 31 gauging stations in the
upper Danube basin covering parts of Germany, Austria and Switzerland, available in
the supplementary material of Asadi et al. (2015). The series at individual stations
has lengths from 54 to 113 years, with 51 years of data for all stations from 1960 to
2010. We follow Asadi et al. (2015) and use the pre-processed data containing n = 428
observations after a declustering of the time series to perform the estimation, considering
the declustered samples as independent observations from a 31-variate random vector X
in the domain of attraction of a Hüsler–Reiss distribution with variogram matrix Γ.

To investigate how the proportion of samples used for estimation affects the results, we
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Fig. 1 The mean L (left) and D value (right) based on first-order moment estimator
γ̂
M,(1)
n,ij (k,− log a) (M1) with a = 0.25,0.5 and the empirical estimator γ̂EMP

n,ij (EMP) over
300 replications, with random samples of size n = 1000 drawn from the 10-dimensional
Hüsler–Reiss distribution with variogram matrix Γ1.
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Fig. 2 The mean L (left) and D value (right) based on second-order moment estimator
γ̂
M,(2)
n,ij (k,− log a) (M2) with a = 0.25,0.5 and the empirical variogram estimator γ̂EMP

n,ij

(EMP) over 300 replications, with random samples of size n = 1000 drawn from the
10-dimensional Hüsler–Reiss distribution with variogram matrix Γ1.
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Fig. 3 The L value (left) and distance D of all bivariate tail dependence coefficients
(right) based on the empirical variogram estimator γ̂EMP
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estimator γ̂
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n,ij (k,− log a) (M1) and second-order moment estimator γ̂
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(M2) with a = 0.25 in 300 replications. The random samples with size n = 1000 are drawn
from the 10−dimensional Hüsler–Reiss distribution with variogram matrix Γ1.
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Fig. 4 The mean estimation bias, variance and MSE for γ12 = 0.89 of Γ1, based on the em-
pirical variogram estimator γ̂EMP

n,ij (EMP), first-order moment estimator γ̂
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replications. The random samples with size n = 1000 are drawn from the 10−dimensional
Hüsler–Reiss distribution with variogram matrix Γ1.
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n,ij (k,− log a) (M1) and the empirical variogram estimator γ̂EMP
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Fig. 6 The mean L (left) and D value (right) based on the second-order moment estimator
γ̂
M,(2)
n,ij (k,− log a) (M2) with a = 0.25,0.5 and the empirical estimator γ̂EMP

n,ij (EMP) over
300 replications, with random samples of size n = 1000 drawn from the 5-dimensional
Hüsler–Reiss distribution with variogram matrix Γ2.
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Fig. 9 The D values (left) and scatter plot (right) of empirical and model-based tail
dependence coefficients (TDC) for the Danube discharges data, computed using the
empirical variogram estimator γ̂EMP

n,ij (EMP), the moment estimator γ̂
M,(1)
n,ij (M1) and

γ̂
M,(2)
n,ij (M2), with clipping level a = 0.25, ratio k/n ∈ {0.05,0.10,0.15,0.20,0.25} for the

line plot and k/n = 0.10 for the scatter plot.

set k/n ∈ {0.05,0.10,0.15,0.20,0.25}. The absolute distance D between the model-based
and empirical tail dependence coefficients in (5.1) as a function of k/n is plotted in the
left panel of Figure 9, where a = exp(−c) is fixed to be 0.25. It can be seen from the plot
that, compared to the empirical variogram estimator, the absolute distance D for the
first moment estimators is less sensitive to the choice of k and has consistently smaller D
values than that of the empirical variogram estimator γ̂EMP

n,ij .
To further assess the performance of the two estimation methods, we take k/n = 0.10,

and present the scatter plot of (λ̂ij , λ̂
EST
ij ) for i, j ∈ V and i ≠ j, where λEST

ij is the model-
based tail dependence coefficient with the parameter matrix estimated by the moment
estimators γ̂

M,(1)
n,ij (k,− log a) and γ̂

M,(2)
n,ij (k,− log a) with a = 0.25, as well as the empirical

variogram estimator γ̂EMP
n,ij . Figure 9 shows that the models based on the proposed

estimators γ̂
M,(1)
n,ij provide a better fit to the empirical tail dependence coefficients than

those of the other two estimators.

6.2 US flight delay data

In this subsection, we apply the proposed estimators to the U.S. flight delay dataset,
which is a widely used benchmark in the analysis of multivariate extremes (see, e.g.,
Hentschel et al., 2025; Kiriliouk et al., 2025). The dataset contains records of domestic
flights in the United States operated by major carriers (airlines with at least 1% market
share) and involving airports that account for at least 1% of domestic enplanements.
Hentschel et al. (2025) preprocessed the dataset by restricting attention to airports located
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in the contiguous United States with at least 1000 flights per year. For each airport,
daily accumulated positive flight delays (in minutes) are computed by summing arrival
and departure delays. This results in a dataset consisting of 5601 observations of daily
accumulated flight delays over a 16−year period across 170 airports. Based on this dataset,
they further apply a K-medoids clustering approach using a tail dependence coefficient
distance matrix at probability level p = 0.85, yielding six clusters. The original data
are publicly available from the U.S. Bureau of Transportation Statistics. Preprocessed
versions of the dataset can be obtained from the GitHub repository of Manuel Hentschel
or through the R package graphicalExtremes (Hentschel et al., 2025).

Here, we focus on the Texas cluster for model comparison purposes. This cluster
consists of d = 29 airports and contains n = 3603 observation days over the period
2005–2020. We model the resulting data using the Hüsler–Reiss model to capture tail
dependence among extreme flight delays. The variogram matrix is estimated by the
proposed moment estimators and the empirical variogram estimator.

The D values based on the clipped moments estimator and the empirical variogram
estimator, as a function of k/n ∈ {0.05,0.10,0.15,0.20,0.25}, are presented in the left
panel of Figure 10. The right panel shows scatter plots comparing the model-based
tail dependence coefficients obtained from the three estimators with the empirical tail
dependence coefficients, where k/n = 0.1 and a = 0.25. We observe that, in this setting,
the clipped moment estimators exhibit greater stability with respect to the choice of k. In
particular, the improvement of the first-order clipped moment estimator γ̂M,(1)

n,ij (k,− log a)
is more pronounced. Compared with the Danube dataset, the dependence structure in
this dataset appears to be weaker. This leads to a more evident improvement of the
first-order clipped moment estimator.

7 Concluding remarks

The empirical variogram estimator of Engelke and Volgushev (2022) is the natural
estimator of the variogram matrix of a Hüsler–Reiss MGPD and is widely used in practice.
It relies, however, on the limiting MGPD being an accurate approximation to the joint
tail of the data. When the tail dependence between some of the components is weak, this
approximation deteriorates: an observation that is extreme in some of the components
is then likely to be non-extreme in the weakly dependent ones, and the resulting bias
can be substantial. Motivated by this, we have proposed first- and second-order moment
estimators of the elements of the variogram matrix, constructed from a lower-tail-clipped
version of the standardized variables, and we have established their consistency and
asymptotic normality.

The simulation study and the two case studies point in the same direction. The
clipped moment estimators trade variance for bias: the empirical variogram estimator
attains the smaller variance throughout, but the larger bias, and the moment estimators
are the more accurate ones precisely in the regime that motivated them, that is, when the
dependence is weak. Among the estimators considered, the first-order moment estimator
with clipping level a = 0.25 comes out best overall, having the lowest error in almost all
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Fig. 10 The D values (left) and scatter plot (right) of empirical and model-based tail
dependence coefficients (TDC) for the flight delay data, computed using the empirical
variogram estimator γ̂EMP

n,ij (EMP), the moment estimator γ̂
M,(1)
n,ij (M1) and γ̂

M,(2)
n,ij (M2),

with clipping level a = 0.25, ratio k/n ∈ {0.05,0.10,0.15,0.20,0.25} for the line plot and
k/n = 0.10 for the scatter plot.

cases in terms of both L and D. Its advantage is most pronounced for small k, and both
moment estimators are less sensitive to the choice of k than the empirical variogram
estimator. The applications confirm the picture: for the US flight delay data, whose
dependence structure is weaker than that of the Danube discharge data, the improvement
brought by the first-order clipped moment estimator is the more evident of the two.

The choice of the moment order ℓ and of the clipping level c is left open. It is
tempting to select the two by minimizing the asymptotic variance of Theorem 4.8, for
which Section A.4 provides an explicit expression. This route, however, is not viable: the
asymptotic variance is minimal for ℓ = 1 and in the limit c → ∞, that is, a → 0, which
amounts to no clipping at all. The purpose of clipping is to reduce the bias, so any
meaningful choice of ℓ and c must weigh bias against variance. We have no theoretical
expression for the bias of the moment estimators, nor a way of estimating it, and the
trade-off is therefore out of reach. This is why we have fixed a = 0.25 throughout, guided
by the simulation study rather than by theory. A tractable handle on the bias appears to
us to be the key to any principled, data-driven choice of ℓ and c.

Finally, one may ask whether removing the clipping recovers the empirical variogram
estimator. It does not. The moment functions e(ℓ)(γ, c) in (3.4) and (3.5) diverge as
c →∞, on account of the shift by c, so that the limit cannot be taken directly in (3.6).
The clipped variable itself does converge, Y (j)i ∨ (−c) → Y

(j)
i , and its first two moments

are
E (Y (j)i ) = 1 −

γij

2
, E{(Y (j)i )

2
} =

1

4
γ2ij + 2.
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Equating these to their empirical counterparts yields moment estimators of γij based
on the unclipped variables. These are not the empirical variogram estimator: the latter
is built on the variance of the differences Y

(m)
i − Y

(m)
j , whereas the former rest on the

moments of Y (j)i alone. The clipping level thus does not interpolate between the moment
estimators proposed here and the empirical variogram estimator; the two constructions
remain distinct.
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A Lemmas and proofs of theoretical results

In this section, we give the proofs of all the propositions, theorems and lemmas. We first
introduce some notation that will be used in the following proofs.

Recall that for the random vector X = (Xi, i ∈ V ) with continuous marginal distribu-
tion functions Fi(x), i ∈ V , the random vector U = (Ui, i ∈ v) is defined by Ui = 1−Fi(Xi)

for V = {1, . . . , d}. For i ∈ V and t = 1, . . . , n, let

Ut = (Ut1, . . . , Utd), Uti = 1 − Fi(Xti).

For non-empty I ⊂ V , denote

Tn,I(xI) =
1

k

n

∑
t=1

1{Uti ≤ kxi/n, i ∈ I} ,

Rn,I(xI) =
n

k
CI (

kxi
n

, i ∈ I) .

Define the tail process on [0,∞]∣I ∣ ∖ {(∞, . . . ,∞)} as

νn,I(xI) =
√
k (Tn,I(xI) −Rn,I(xI)) . (A.1)

Denote the empirical distribution function of Uti, t = 1, . . . , n by

F̂U,i(x) =
n

∑
t=1

1{Uti ≤ x}/(n + 1).

For every s ∈ {1, . . . , n}, we have

F̂U,i(Usi) =
1

n + 1

n

∑
t=1

1{1 − Fi(Xti) ≤ 1 − Fi(Xsi)}

= 1 −
1

n + 1

n

∑
t=1

1{Xti ≤Xsi} = 1 − F̂i(Xsi)

almost surely. Hence Ûti = F̂U,i(Uti). Let

F̂←U,i(x) = inf{y ∈ R ∶ F̂U,i(y) ≥ x} (A.2)

denote the generalized inverse function of F̂U,i. For I ⊂ V and xI ∈ [0,∞]
∣I ∣ ∖ (∞, . . . ,∞),

set

R̃n,I(xI) =
1

k

n

∑
t=1

1{Ûti ≤ kxi/n, i ∈ I} (A.3)

and

R̂n,I(xI) =
1

k

n

∑
t=1

1{Uti ≤ F̂
←
U,i(kxi/n), i ∈ I} . (A.4)

For a subset I ⊂ V , suppose that 1/k ≤ xi ≤ n/k for all i ∈ I. Let

ν̂n,I(xI) =
√
k (R̂n,I(xI) −RI(xI)) (A.5)

with R̂n,I(xI) and RI(xI) given by (A.4) and (4.1).
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A.1 Lemmas

We first present some lemmas that will be used in the proofs of the propositions and the
theorems in this section.

Lemma A.1 (Existence of clipped moments for MGPD). Let Y = (Yv, v ∈ V ) be a
standard MGP distributed random vector, and c be a real number that 0 ≤ c < ∞. For any
i,m ∈ V , we have E{(Y (m)i + c)2+} < ∞.

Proof. Assume X̃ = (X̃i, i ∈ V ) is a random vector with standard exponential margins
and it belongs to the domain of attraction of Y . Note that

P(X̃i > y + X̃m ∣ X̃m > u) =
P(X̃i > y + X̃m, X̃m > u)

P(X̃m > u)
≤
P(X̃i > y + u)

P(X̃m > u)
≤ exp(−y)

by the standard exponential margins. Hence from (2.1) and by letting u → ∞ on the
left-hand side of the last inequality, we have

P(Y (m)i > y) < exp(−y), y > 0.

Therefore,

E [{Y (m)i ∨ (−c)}
2
]

= E [{Y (m)i ∨ (−c)}
2
1{Y

(m)
i < 0}] +E [{Y (m)i ∨ (−c)}

2
1{Y

(m)
i ≥ 0}]

≤ c2 + ∫
∞

0
P{(Y (m)i )

2
1{Y

(m)
i ≥ 0} > u}du

= c2 + 2∫
∞

0
uP(Y (m)i > u)du

≤ c2 + 2∫
∞

0
u exp(−u)du = c2 + 2 < ∞.

The desired result follows from the decomposition that

E{(Y (m)i + c)2+} = E [{(Y
(m)
i ∨ (−c)) + c}

2
]

= E{(Y (m)i ∨ (−c))2} + 2cE{Y (m)i ∨ (−c)} + c2 < ∞.

The proof is complete.

To establish the asymptotic normality of the moment estimators, we need a convergence
result for the weighted tail empirical process. A similar result has already been discussed
in Proposition 3.1 of Einmahl et al. (2006). The difference from their work is that we
use a different weighting function (x ∧ y)η, while they weighted the process by (x ∨ y)η.
However, our result can be derived through their proof approach with minor modifications.
Another related result is Lemma 1 from Cai et al. (2015). In that lemma, the weight
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function of the bivariate empirical tail process is xη. In our case, the weight function
(x ∧ y)η can be decomposed into two cases: x > y and x ≤ y. By analyzing these cases
separately, our setting can be reduced to the one considered in the cited lemma, and hence,
similar conclusions can be derived. However, the result in their work was stated without
a formal proof. For completeness, we present the proof in the following lemma. We note
that this lemma applies to general MGPDs and is not restricted to the Hüsler–Reiss
MGPD.

Lemma A.2. Let Y be an arbitrary MGP distributed random vector, and let Xt =

(Xt1, . . . ,Xtd), t = 1, . . . , n, denote the independent copies of a random vector X, which
has continuous margins and such that the marginally transformed vector X̃ in (2.4) lies
in the domain of attraction of Y . If Assumption 4.1 holds, then for T > 0 and 0 ≤ η < 1/2,
the process

⎛

⎝

νn,ij(x, y)

(x ∧ y)η
, (x, y) ∈ (0, T ]2,

νn,s(u)

uη
, u ∈ (0, T ], i, j ∈ V, i < j, s ∈ V,)

converges jointly in distribution to

⎛

⎝

Wij(x, y)

(x ∧ y)η
, (x, y) ∈ (0, T ]2,

Ws(u)

uη
, u ∈ (0, T ], i, j ∈ V, i < j, s ∈ V

⎞

⎠

as n→∞ in (ℓ∞((0, T ]2))d(d−1)/2 × (ℓ∞((0, T ]))d.

Proof. For nonempty subset I ⊂ V with ∣I ∣ ≤ 2 and xI = (xi, i ∈ I) ∈ (0, T ]
∣I ∣, define

fI(xI) ∶= fI(xI , ⋅) =
1(0,xI](⋅)

(mini∈I xi)η

as a function on [0,∞]d ∖ {(∞, . . . ,∞)}, where (0,x] denotes the Cartesian product
∏i∈V (0, yi] with yi = xi if i ∈ I and yi = ∞ if i ∈ V ∖ I. That is, for any z ∈ [0,∞]d ∖
{(∞, . . . ,∞)},

fI(xI)(z) = fI(xI ,z) =
1{zi ≤ xi, i ∈ I}

(mini∈I xi)η
.

Denote the class of fI(xI) by F , i.e.,

F = {fI(xI), I ⊂ V, 1 ≤ ∣I ∣ ≤ 2, xI = (xi, i ∈ I) ∈ (0, T ]
∣I ∣
}.

For I, J ⊂ V and fI(xI), fJ(yJ) ∈ F , define a semi-metric ρ on F by

ρ(fI(xI), fJ(yJ)) =

⎡
⎢
⎢
⎢
⎢
⎣

E
⎧⎪⎪
⎨
⎪⎪⎩

(
WI(xI)

(mini∈I xi)η
−

WJ(yJ)

(mini∈J yi)η
)

2⎫⎪⎪
⎬
⎪⎪⎭

⎤
⎥
⎥
⎥
⎥
⎦

1/2

.

Let
Zn,t =

1
√
k
δ(n

k
Uti, i∈V )
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be the scaled Dirac measure on [0,∞]d ∖ {(∞, . . . ,∞)}. For any f ∈ F , let

Zn,t(f) = ∫ f dZn,t.

Then we have
Zn,t(fI(xI)) =

1
√
k

1{Uti < kxi/n, i ∈ I}

(mini∈I xi)η

and
νn,I(xI)

(mini∈I xi)η
=

n

∑
t=1
{Zn,t(fI(xI)) −E (Zn,t(fI(xI)))} .

Note that for each t, Zn,t can be viewed as a stochastic process indexed by functions
fI(xI) ∈ F . For independent stochastic processes Zn,t, t = 1, . . . , n, indexed by a totally
bounded semi-metric space (F , ρ), the weak convergence of∑n

t=1(Zn,t−EZn,t) is implied by
the weak convergence of its finite-dimensional distributions and its asymptotic tightness.
Note that the finite-dimensional convergence follows from the Cramér–Wold device
together with the univariate Lindeberg–Feller central limit theorem, since convergence of
all linear combinations implies convergence of multivariate distributions. Hence it suffices
to establish asymptotic tightness. To this end, let {Fεj}

Nε
i=1 be a partition of F such that

F = ⋃
Nε
j=1Fεj and

n

∑
t=1

E∗
⎛

⎝
sup

f,g∈Fεj

∣Zn,t(f) −Zn,t(g)∣
2⎞

⎠
≤ ε2 (A.6)

for each j = 1, , . . . ,Nε, where E∗ is the outer integral (for definition see Van der Vaart
and Wellner (1996)). For ε > 0, let N[ ](ε,F , ρ) be the minimal number of ε-brackets
(with respect to ρ) required to cover F . By Theorem 2.11.9 in Van der Vaart and Wellner
(1996), it is sufficient to verify:

n

∑
t=1

E∗ [∥Zn,t∥F 1(∥Zn,t∥F > λ)] → 0 (A.7)

as n→∞ for every λ > 0, where ∥Zn,t∥F = supf∈F ∣Zn,t(f)∣, and

∫

δn

0

√
logN[ ](ε,F , ρ)d ε→ 0 (A.8)

for δn → 0. Together with (A.6), this implies the tightness of ∑n
t=1(Zn,t −E(Zn,t)).

To validate (A.7), we first show that (F , ρ) is a bounded space. Given I ⊂ V , let
FI = {fI(xI),xI ∈ (0, T ]

∣I ∣}. Recall that fI are defined for nonempty subsets I ⊂ V
and ∣I ∣ ≤ 2. Since there are only finitely many such subsets, the totally boundedness of
(F , ρ) is equivalent to the totally boundedness of all the subclass FI , I ⊂ V with ∣I ∣ ≤ 2.
For brevity, we only show that FI is totally bounded for I = {i, j} where ∣I ∣ = 2. The
remaining cases are similar.

For every fij(x, y) ∈ FI , we show that the mapping: (x, y) ↦ fij(x, y) is uniformly
continuous from (0, T ]2 to (FI , ρ). Since (0, T ]2 is totally bounded under the Euclidean
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metric, this will imply total boundedness of (FI , ρ). For x, y, u, v ∈ (0, T ], there are four
possible orderings of (x, y) and (u, v). Without loss of generality, let x ≥ y, u ≥ v, and
x ≥ u, y ≥ v. For any δ > 0, assuming ∣x − u∣ ≤ δ and ∣y − v∣ ≤ δ. Then we have

ρ2(fij(x, y), fij(u, v)) =E
⎧⎪⎪
⎨
⎪⎪⎩

(
Wij(x, y)

(x ∧ y)η
−
Wij(u, v)

(u ∧ v)η
)

2⎫⎪⎪
⎬
⎪⎪⎭

=E
⎧⎪⎪
⎨
⎪⎪⎩

(
Wij(x, y)

yη
−
Wij(u, v)

vη
)

2⎫⎪⎪
⎬
⎪⎪⎭

=E
⎧⎪⎪
⎨
⎪⎪⎩

(
vηWij(x, y) − y

ηWij(u, v)

(yv)η
)

2⎫⎪⎪
⎬
⎪⎪⎭

=
v2ηRij(x, y) − 2v

ηyηRij(u, v) + y
2ηRij(u, v)

(yv)2η
.

Note that Rij(x, y) ≤ x ∧ y. If v ≤ δ, we have

ρ2(fij(x, y), fij(u, v)) ≤
Rij(x, y)

y2η
+
3Rij(u, v)

v2η

≤y1−2η + 3v1−2η ≤ (2δ)1−2η + 3δ1−2η ≤ 5δ1−2η.

Otherwise, for v > δ, by noting that

∣Rij(x, y) −Rij(u, v)∣ ≤ ∣x − u∣ + ∣y − v∣ ≤ 2δ,

we obtain

ρ2(fij(x, y), fij(u, v)) =
Rij(u, v)(y

η − vη)2

(yv)2η
+
v2η[Rij(x, y) −Rij(u, v)]

(yv)2η

≤
Rij(u, v)(y

η − vη)2

(yv)2η
+

2δv2η

(yv)2η

≤ v1−4η(yη − vη)2 + 2δ1−2η

≤ η2v1−4ηv2η−2(y − v)2 + 2δ1−2η

≤ v−1−2η(y − v)2 + 2δ1−2η ≤ 3δ1−2η,

where the fourth step follows from the mean value theorem. Hence, for every ε > 0, there
exists δ > 0 such that for all ∣x − u∣ ≤ δ and ∣y − v∣ ≤ δ, we have ρ2(fij(x, y), fij(u, v)) < ε.
This completes the proof for the case x ≥ y, u ≥ v, and x ≥ u, y ≥ v. The other three
cases can be followed by symmetry. Consequently, the map (x, y) ↦ fij(x, y) is uniformly
continuous from (0, T ]2 to (FI , ρ). Since there are finitely many I ⊂ V with ∣I ∣ ≤ 2, the
whole class (F , ρ) is totally bounded.

Now we show that (A.7) holds for every λ > 0. For I ⊂ V and xI ∈ (0, T ]
∣I ∣, assume

i0 = {i ∶ xi =mini∈I xi}. Since

sup
fI(xI)∈F

∣Zn,t(fI(xI))∣ = sup
fI(xI)∈F

1{Uti < kxi/n, i ∈ I}
√
k(mini∈I xi)η
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≤
1
√
k

1(Uti0 ≤
k
nxi0)

xηi0
≤

1
√
k

1

(n
kUti0)

η ,

we have for each λ > 0 and 0 ≤ η < 1/2,

n

∑
t=1

E∗ {∥Zn,t∥F 1 (∥Zn,t∥F > λ)}

≤
n
√
k
E
⎡
⎢
⎢
⎢
⎢
⎣

(
n

k
Uti0)

−η
1

⎧⎪⎪
⎨
⎪⎪⎩

1
√
k

1

(n
kUti0)

η > λ

⎫⎪⎪
⎬
⎪⎪⎭

⎤
⎥
⎥
⎥
⎥
⎦

=
n
√
k
(
n

k
)
−η
∫

(k/n)(
√
kλ)−1/η

0
x−η dx

=
1

1 − η
λ1−1/ηk1−1/(2η) → 0

as n→∞. This establishes the validity of (A.7).
It remains to show that (A.8) is satisfied for every sequence δn → 0. Although the

original goal is to establish the result on [0, T ], we follow Einmahl et al. (2006) and take
T = 1 for simplicity. The general case follows analogously. Let F j = {fI(xI), I ⊂ V, ∣I ∣ = j}.
It suffices to verify (A.8) for j = 1,2. We only treat the case j = 2, the case j = 1 being
similar. Fix ε > 0 sufficiently small. Set α = ε3/(1−2η) and θ = 1 − ε3. Define

F(α) ={fI(x, y) ∈ F
2
∶ x ∧ y ≤ α} ,

and for intergers r, s ≥ 0,

F(r, s) ={fI(x, y) ∈ F
2
∶ θr+1 ≤ x ≤ θr, θs+1 ≤ y ≤ θs} .

Then

F
2
= F(α) ∪

⎛

⎝

[logα/ log θ]
⋃

r,s=0
F(r, s)

⎞

⎠
.

We first verify (A.8) for the class F(α). By the definition of Zn,t,

n

∑
t=1

E∗
⎧⎪⎪
⎨
⎪⎪⎩

sup
f,g∈F(α)

(Zn,t(f) −Zn,t(g))
2
⎫⎪⎪
⎬
⎪⎪⎭

= nE
⎧⎪⎪
⎨
⎪⎪⎩

sup
f,g∈F(α)

(Zn,1(f) −Zn,1(g))
2
⎫⎪⎪
⎬
⎪⎪⎭

≤ 4nE
⎧⎪⎪
⎨
⎪⎪⎩

sup
f∈F(α)

Z2
n,1(f)

⎫⎪⎪
⎬
⎪⎪⎭

=
4n

k
E

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

sup
x,y>0
x∧y≤α

1 (U1i <
kx
n , U1j <

ky
n )

(x ∧ y)2η

⎫⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎭

≤
4n

k
E{(

n

k
U1i)

−2η
1(

n

k
U1i < α)}

=
4n

k
∫

αk/n

0
(
n

k
x)
−2η

dx =
4α1−2η

1 − 2η
≤ ε3.
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Thus the contribution of F(α) is negligible. Now we establish (A.8) for the classes
{F(r, s),0 ≤ r, s ≤ [logα/ log θ]}. For given r, s, without loss of generality, we assume
r = r ∧ s. Then

n

∑
t=1

E⋆
⎧⎪⎪
⎨
⎪⎪⎩

sup
f,g∈F(r,s)

(Zn,t(f) −Zn,t(g))
2
⎫⎪⎪
⎬
⎪⎪⎭

≤ nE
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

⎛

⎝
sup

f∈F(r,s)
Zn,1(f) − inf

f∈F(r,s)
Zn,1(f)

⎞

⎠

2⎫⎪⎪⎪
⎬
⎪⎪⎪⎭

≤
n

k
E
⎧⎪⎪
⎨
⎪⎪⎩

⎛

⎝

1{U1i ≤
k
nθ

r, U1j ≤
k
nθ

s}

(θr+1 ∧ θs+1)η
−
1{U1i ≤

k
nθ

r+1, U1j ≤
k
nθ

s+1}

(θr ∧ θs)η
⎞

⎠

⎫⎪⎪
⎬
⎪⎪⎭

2

=
n

k
E
⎡
⎢
⎢
⎢
⎢
⎣

{1{U1i ≤
k

n
θr, U1j ≤

k

n
θs}(θ−η(s+1) − θ−ηs)

+{1{U1i ≤
k

n
θr, U1j ≤

k

n
θs} − 1{U1i ≤

k

n
θr+1, U1j ≤

k

n
θs+1}} θ−ηs}

2 ⎤⎥
⎥
⎥
⎥
⎦

≤
2n

k
[Cij (

k

n
θr,

k

n
θs)
(θ−η − 1)2

θ2ηs

+ {Cij (
k

n
θr,

k

n
θs) −Cij (

k

n
θr+1,

k

n
θs+1)} θ−2ηs]

≤ 2θ(1−2η)s {(θ−η − 1)2 + 2(1 − θ)} ≤ 2{(θ−1/2 − 1)2 + 2(1 − θ)} ≤ ε6 + 4ε3 ≤ 5ε3,

where (θ−η − 1)2 ≤ ε6 holds for sufficiently small ε. Thus, the number of elements of the
partition of F2 is bounded by Cε−6 log(1/ε)2 for some constant C > 0. Consequently,
(A.8) holds as n→∞. This completes the proof of the lemma.

Recall that W (x) is a mean-zero Gaussian process defined in Section 4 with continuous
trajectories. Since the weighted empirical tail process is asymptotically tight, by Theorems
1.5.7 and 1.5.8 of Van der Vaart and Wellner (1996), the processes take values in a
separable subspace of (ℓ∞((0, T ]2))d(d−1)/2 × (ℓ∞((0, T ]))d. Hence, by the Skorokhod’s
representation theorem (cf. Theorem 1.10.4 in Van der Vaart and Wellner (1996)), there
exists a probability space with processes ν∗n,ij(x, y), ν

∗
n,s(u) and W ∗

ij(x, y), W
∗
s (u) for all

i, j, s ∈ V and i < j such that for x, y, u ∈ (0, T ],

(ν∗n,ij(x, y), ν
∗
n,s(u), i, j, s ∈ V, i < j)

d
= (νn,ij(x, y), νn,s(u), i, j, s ∈ V, i < j) ,

(W ∗
ij(x, y),W

∗
s (u), i, j, s ∈ V, i < j)

d
= (Wij(x, y),Ws(u), i, j, s ∈ V, i < j),

and the convergence in Lemma A.2 holds almost surely. Then, for 0 ≤ η < 1/2, we have

sup
0<x,y≤T

∣ν∗n,ij(x, y) −W
∗
ij(x, y)∣

(x ∧ y)η
= op(1),
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sup
0<u≤T

∣ν∗n,s(u) −W
∗
s (u)∣

uη
= op(1). (A.9)

We shall work within this probability space while keeping the notation unchanged. Next,
we establish an inequality analogous to Lemma 3.2 in Einmahl et al. (2006).

Lemma A.3. Let 0 ≤ η < 1/2. For any i, j ∈ V and sufficiently small ε ∈ (0,1), we have

P( sup
0<x≤ε

∣Wij(x,1)∣

xη
≥ λ) ≤ 4

∞
∑
l=0

exp(−
λ2

21+2η
2l(1−2η)

ε1−2η
) .

Proof. Recall that for any i, j ∈ V , {Wij(x,1), x ∈ [0,∞]} defined in (4.2) is a centered
Gaussian process. We firstly show that, for 0 ≤ a < b,

P
⎧⎪⎪
⎨
⎪⎪⎩

sup
x∈[a,b]

∣Wij(x,1)∣ ≥ λ

⎫⎪⎪
⎬
⎪⎪⎭

≤ 2P{∣Wij(b,1)∣ ≥ λ} . (A.10)

To prove the result, let Fx = σ{Wij(s,1) ∶ 0 ≤ s ≤ x}. For 0 ≤ s ≤ x ≤ y, we have

Cov{Wij(y,1) −Wij(x,1),Wij(s,1)}

= Cov{Wij(y,1),Wij(s,1)} −Cov{Wij(x,1),Wij(s,1)}

= R(y ∧ s,1) −R(x ∧ s,1)

= R(s,1) −R(s,1) = 0.

Since the process is Gaussian, the increment Wij(y,1) −Wij(x,1) is independent of Fx.
Consequently,

E{Wij(y,1) ∣ Fx} =Wij(x,1),

which shows that {Wij(x,1) ∶ x ≥ 0} is a continuous martingale. Moreover, by the conti-
nuity of the covariance function R(⋅, 1), Wij(⋅, 1) admits a continuous modification. From
the Dambis–Dubins–Schwarz representation theorem, there exists a standard Brownian
motion B such that

Wij(x,1) = BR(x,1), x ≥ 0.

Consequently,
sup

x∈[0,b]
∣Wij(x,1)∣ = sup

t∈[0,R(b,1)]
∣Bt∣.

Since R(x,1) is an increasing function on x ∈ [a, b], applying Lemma 1.2 of Orey and
Pruitt (1973) yields

P
⎧⎪⎪
⎨
⎪⎪⎩

sup
x∈[a,b]

∣Wij(x,1)∣ ≥ λ

⎫⎪⎪
⎬
⎪⎪⎭

≤ P
⎧⎪⎪
⎨
⎪⎪⎩

sup
x∈[0,b]

∣Wij(x,1)∣ ≥ λ

⎫⎪⎪
⎬
⎪⎪⎭

≤ 2P{∣Wij(b,1)∣ ≥ λ}.

Next, we show the main result. For l = 1,2, . . ., define

Al = {x ∶
ε

2l+1
≤ x ≤

ε

2l
} ,

31



then using (A.10), we have

P{ sup
0<x≤ε

∣Wij(x,1)∣

xη
≥ λ} = P

⎧⎪⎪
⎨
⎪⎪⎩

sup
l∈{0,1,...}

sup
x∈Al

∣Wij(x,1)∣

xη
≥ λ

⎫⎪⎪
⎬
⎪⎪⎭

≤
∞
∑
l=0

P{sup
x∈Al

∣Wij(x,1)∣

xη
≥ λ}

≤
∞
∑
l=0

P{sup
x∈Al

∣Wij(x,1)∣ ≥ λ(
ε

2l+1
)
η

}

≤ 2
∞
∑
l=0

P{∣Wij (
ε

2l
,1) ∣ ≥ λ(

ε

2l+1
)
η

}

≤ 4
∞
∑
l=0

exp(−
λ2

21+2η
2l(1−2η)

ε1−2η
) , (A.11)

by Mill’s inequality and the assumption that ε < 1. Notice that Wij(
ε
2l
,1) follows a

normal distribution with zero mean and variance R( ε
2l
,1). The last inequality in (A.11)

can be justified as follows,

P{∣Wij (
ε

2l
,1) ∣ ≥ λ(

ε

2l+1
)
η

} = P
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∣Wij (
ε
2l
,1) ∣

√
R( ε

2l
,1)

≥
λ ( ε

2l+1
)
η

√
R( ε

2l
,1)

⎫⎪⎪⎪
⎬
⎪⎪⎪⎭

≤ P
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∣Wij (
ε
2l
,1) ∣

√
R( ε

2l
,1)

≥
λ ( ε

2l+1
)
η

√
ε
2l

⎫⎪⎪⎪
⎬
⎪⎪⎪⎭

≤
2
√
2π

2η

λ
(
ε

2l
)
1/2−η

exp(−
λ2

21+2η
2l(1−2η)

ε1−2η
)

by Mill’s inequality. For a fixed λ > 0, taking ε sufficiently small such that the constant
1√
2π

2η

λ
( ε
2l
)
1/2−η is less than one, this proves the last inequality in (A.11).

To establish the asymptotic normality of the proposed moment estimators, we require
the following lemma, which provides a uniform convergence result for ν̂n,I(xI) defined
in (A.5). A closely related conclusion is the weak convergence of the weighted tail copula
process associated with the stable tail dependence function, as established in Einmahl
et al. (2006, Theorem 2.2). Although we draw on some ideas from that theorem, our result
differs by establishing weak convergence of the integral of the weighted tail empirical
process with different weight functions, which require additional technical conditions in
our lemma.

Lemma A.4. Suppose that Assumption 4.5 holds and that the tail copula R(x) of X
satisfies, for i, j ∈ V with i ≠ j:

(i) The partial derivative functions Ṙi
ij(x, y) and Ṙj

ij(x, y) exist and are continuous on
(0,∞)2.

32



(ii) For 0 < η < 1/2 and x ∈ (0, exp(c)], the partial derivative satisfies

sup
x∈[1/k,exp(c)]

x−η
RRRRRRRRRRR

Ṙj
ij(Sni(x), θnj) − Ṙ

j
ij(x,1)

RRRRRRRRRRR

= oP(1)

with θnj ∈ (Snj(1) ∧ 1, Snj(1) ∨ 1) almost surely as n → ∞, where Sn,I(xI) =

(Sni(xi), i ∈ I) with

Sni(x) ∶=
n

k
F̂←U,i (

kx

n
) ,

and F̂←U,i given by (A.2).

Then we have

∫

exp(c)

1/k

ν̂n,ij(x,1)ℓ(− logx)
ℓ−1

x
dx

P
→ ∫

exp(c)

0

Bij(x,1)ℓ(− logx)
ℓ−1

x
dx

as n→∞ for ℓ = 1,2, where Bij(x,1) is given in (4.4).

Proof. Set c = − log a with a ∈ (0,1]. Recall that

ν̂n,I(xI) =
√
k {R̂n,I(xI) −RI(xI)} , I ⊂ V,

with xI ∈ [0,∞]
∣I ∣ ∖{(∞, . . . ,∞)}. By the definition of νn,I in (A.1) and the equality that

R̂n,I(xI) = Tn,I(Sn,I(xI)), we have

ν̂n,I(xI) = νn,I(Sn,I(xI)) +
√
k {Rn,I(Sn,I(xI)) −RI(Sn,I(xI))}

+
√
k {RI(Sn,I(xI)) −RI(xI)} .

Hence, for i, j ∈ V and i ≠ j,

∫

1/a

1/k

{ν̂n,ij(x,1) −Bij(x,1)} ℓ(− logx)
ℓ−1

x
dx

= ∫

1/a

1/k

{νn,ij(Sni(x), Snj(1)) −Wij(x,1)} ℓ(− logx)
ℓ−1

x
dx

+ ∫

1/a

1/k

√
k {Rn,ij(Sni(x), Snj(1)) −Rij(Sni(x), Snj(1))} ℓ(− logx)

ℓ−1

x
dx

+ ∫

1/a

1/k

1

x

⎡
⎢
⎢
⎢
⎢
⎣

√
k {Rij(Sni(x), Snj(1)) −Rij(x,1)}

+ {Ṙi
ij(x,1)Wi(x) + Ṙ

j
ij(x,1)Wj(1)}

⎤
⎥
⎥
⎥
⎥
⎦

ℓ(− logx)ℓ−1 dx. (A.12)

We will show, in turn, that each term on the right-hand side of (A.12) converges to zero.
For the first part in (A.12), since for any i ∈ V , Sni(x) is a nondecreasing function of

x and Sni(1/a)
P
→ 1/a as n→∞ (cf. Eq. (3.10) in Einmahl et al. (2006)), there exists a
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constant T0 such that, with high probability, 0 < Sni(x) ≤ T0 for all x ∈ (0,1/a]. Hence
for 0 ≤ η < 1/2,

sup
1/k≤x≤1/a

∣νn,ij(Sni(x), Snj(1)) −Wij(x,1)∣

xη

≤ sup
1/k≤x≤1/a

∣νn,ij(Sni(x), Snj(1)) −Wij(Sni(x), Snj(1))∣

xη

+ sup
1/k≤x≤1/a

∣Wij(Sni(x), Snj(1)) −Wij(x,1)∣

xη

≤ sup
1/k≤x≤1/a

∣νn,ij(Sni(x), Snj(1)) −Wij(Sni(x), Snj(1))∣

(Sni(x))
η × sup

1/k≤x≤1/a
(
Sni(x)

x
)

η

+ sup
1/k≤x≤1/a

∣Wij(Sni(x), Snj(1)) −Wij(x,1)∣

xη

≤ sup
u∈(0,T0]

∣νn,ij(u,Snj(1)) −Wij(u,Snj(1))∣

uη
⋅ sup
s∈(0,k/(na)]

⎛

⎝

F̂←U,i(s)

s

⎞

⎠

η

+ sup
1/k≤x≤1/a

∣Wij(Sni(x), Snj(1)) −Wij(x,1)∣

xη

=∶Dn11 ⋅Dn12 +Dn13,

where the last inequality holds with high probability. Since Snj(1)
P
→ 1 as n→∞, T0 can

be set sufficiently large such that with high probability, Snj(1) ≤ T0, and then

sup
u∈(0,T0]

∣νn,ij(u,Snj(1)) −Wij(u,Snj(1)∣

uη
≤ sup

u∈(0,T0]

∣νn,ij(u,Snj(1)) −Wij(u,Snj(1))∣

(u ∧ Snj(1))
η ,

implying Dn11
P
→ 0 as n→∞ by Lemma A.2, (A.9). With the fact that

sup
s≥1/n

F̂←U,i(s)

s
= OP(1), (A.13)

see Eq.(3.10) of Einmahl et al. (2006) or Shorack and Wellner (1986, Page 416), we have
Dn11Dn12

P
→ 0 as n→∞. Furthermore, for 1/k < ε < 1, we know that

Dn13 ≤ sup
x∈(0,1/a]

x≥ε

∣Wij(Sni(x), Snj(1)) −Wij(x,1)∣

xη

+ sup
x∈(0,1/a]
1/k≤x<ε

∣Wij(Sni(x), Snj(1)) −Wij(x,1)∣

xη

34



≤ sup
x∈(0,1/a]

x≥ε

∣Wij(Sni(x), Snj(1)) −Wij(x,1)∣

εη
+ sup

x∈(0,1/a]
1/k≤x≤ε

∣Wij(x,1)∣

xη

+ sup
x∈(0,1/a]
1/k≤x≤ε

∣Wij(Sni(x), Snj(1))∣

Sni(x)η
sup

s∈(0,k/(na)]

⎛

⎝

F̂←U,i(s)

s

⎞

⎠

η

=∶Dn14 +Dn15 +Dn16.

Since by Smirnov’s lemma, see, e.g., Smirnov (1949, Lemma 2.2.3),

sup
0<s<k/(na)

n

k
∣F̂←U,i(s) − s∣

a.s
→ 0 (A.14)

as n→∞, it follows from the uniform continuity of Wij that Dn14 → 0 almost surely for
any ε > 0. By Lemma A.3 and (A.13), for any δ > 0, we also have P(Dn15 > δ) < δ and
P(Dn16 > δ) < δ for sufficiently large n and small ε. Thus

RRRRRRRRRRR
∫

1/a

1/k

{νn,ij(Sni(x), Snj(1)) −Wij(x,1)} ℓ(− logx)
ℓ−1

x
dx
RRRRRRRRRRR

≤ sup
1/k≤x≤1/a

∣νn,ij(Sni(x), Snj(1)) −Wij(x,1)∣

xη
×

RRRRRRRRRRR
∫

1/a

1/k
xη−1 ⋅ ℓ(− logx)ℓ−1 dx

RRRRRRRRRRR

P
→ 0

(A.15)

as n→∞ for ℓ = 1,2.
Now we consider the second part in (A.12). Assumption 4.5 implies that

sup
x∈(0,1]∣I∣

∣
1

q
CI(qx) −RI(x)∣ ≤KRq

ξ,

for details see Eq. (S.18) in Engelke and Volgushev (2022). Let r = x ∧ y, then we have,
for any i, j ∈ V and x, y > 0, that

1

q
Cij(qx, qy) =

r

qr
Cij (qr

x

r
, qr

y

r
)

= r {Rij (x/r, y/r) +O((qr)
ξ
)} = Rij (x, y) + r

1+ξO(qξ) (A.16)

as q → 0. Moreover, noting that by (A.16), Assumption 4.5, the relation k = o (nξ/(ξ+ 1
2
))

and 1 + ξ − η > 0, we have

sup
u∈(0,T0]

∣
√
k {Rn,ij(u,Snj(1)) −Rij(u,Snj(1))} ∣

[u ∧ Snj(1)]
η

= sup
u∈(0,T0]

{u ∧ Snj(1)}
1+ξ−η OP (k

ξ+1/2
/nξ
) = oP(1).
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With the fact that Dn12 = sups∈(0,k/(nc)] (F̂
←
U,i(s)/s)

η P
→ 0, we obtain that, with arbitrarily

high probability,

sup
1/k≤x≤1/a

RRRRRRRRRRR

√
k {Rn,ij(Sni(x), Snj(1)) −Rij(Sni(x), Snj(1))}

xη

RRRRRRRRRRR

≤ sup
1/k≤x≤1/a

∣
√
k {Rn,ij (Sni(x), Snj(1)) −Rij (Sni(x), Snj(1))} ∣

Sni(x)η
⋅ sup
1/k≤x≤1/a

(
Sni(x)

x
)

η

≤ sup
u∈(0,T0]

∣
√
k {Rn,ij(u,Snj(1)) −Rij(u,Snj(1))} ∣

{u ∧ Snj(1)}
η ⋅ sup

s∈(0,k/(na)]

⎛

⎝

F̂←U,i(s)

s

⎞

⎠

η

P
→ 0

as n→∞. It further follows that for ℓ = 1,2,

RRRRRRRRRRR
∫

1/a

1/k

√
k {Rn,ij(Sni(x), Snj(1)) −Rij(Sni(x), Snj(1))} ℓ(− logx)

ℓ−1

x
dx
RRRRRRRRRRR

≤ sup
x∈(0,1/a]
x≥1/k

RRRRRRRRRRR

√
k {Rn,ij(Sni(x), Snj(1)) −Rij(Sni(x), Snj(1))}

xη

RRRRRRRRRRR

⋅

RRRRRRRRRRR
∫

1/a

1/k
xη−1 ⋅ ℓ(− logx)ℓ−1 dx

RRRRRRRRRRR
P
→ 0, n→∞. (A.17)

For the third part on the right-hand side of (A.12), let (0, T1) × (0, T2) ⊃ (0,1/a]
2

be the set such that the partial derivatives of Rij(x, y) exist and are continuous by
assumption. Since Sni(x) converges x uniformly on (0,1/a] and Rij(x, y) is continuous
on [0, T1] × [0, T2], for large n such that (Sni(x), Snj(1)) ∈ [0, T1] × [0, T2], applying the
mean value theorem gives

Rij (Sni(x), Snj(1)) −Rij(x,1)

= {Rij (Sni(x), Snj(1)) −Rij (Sni(x),1)} + {Rij(Sni(x),1) −Rij(x,1)}

= Ṙi
ij(θni,1) (Sni(x) − x) + Ṙ

j
ij(Sni(x), θnj) (Snj(1) − 1) ,

where θni ∈ (Sni(x) ∧ x, Sni(x) ∨ x) and θnj ∈ (Snj(1) ∧ 1, Snj(1) ∨ 1) almost surely for
large n. Thus,

∫

1/a

1/k

1

x

⎡
⎢
⎢
⎢
⎢
⎣

√
k {Rij(Sni(x), Snj(1)) −Rij(x,1)}

+ {Ṙi
ij(x,1)Wi(x) + Ṙ

j
ij(x,1)Wj(1)}

⎤
⎥
⎥
⎥
⎥
⎦

ℓ(− logx)ℓ−1 dx
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≤

RRRRRRRRRRR
∫

1/a

1/k

[Ṙj
ij(Sni(x), θnj)

√
k {Snj(1) − 1} + Ṙ

j
ij(x,1)Wj(1)] ℓ(− logx)

ℓ−1

x
dx
RRRRRRRRRRR

+

RRRRRRRRRRR
∫

1/a

1/k

[Ṙi
ij(θni,1)

√
k {Sni(x) − x} + Ṙ

i
ij(x,1)Wi(x)] ℓ(− logx)

ℓ−1

x
dx
RRRRRRRRRRR

=∶ En1 +En2. (A.18)

We begin by analyzing the term En1. Observe that

∣En1∣ ≤

RRRRRRRRRRR
∫

1/a

1/k

Ṙj
ij(Sni(x), θnj) [

√
k{Snj(1) − 1} +Wj(1)] ℓ(− logx)

ℓ−1

x
dx
RRRRRRRRRRR

+

RRRRRRRRRRR
∫

1/a

1/k

{Ṙj
ij(Sni(x), θnj) − Ṙ

j
ij(x,1)}Wj(1)ℓ(− logx)

ℓ−1

x
dx
RRRRRRRRRRR

≤ {
√
k{Snj(1) − 1} +Wj(1)} ⋅

RRRRRRRRRRR
∫

1/a

1/k

Ṙj
ij(Sni(x), θnj)ℓ(− logx)

ℓ−1

x
dx
RRRRRRRRRRR

+ sup
x∈[1/k,1/a]

x−η
RRRRRRRRRRR

Ṙj
ij(Sni(x), θnj) − Ṙ

j
ij(x,1)

RRRRRRRRRRR

Wj(1) ⋅
RRRRRRRRRRR
∫

1/a

1/k
xη−1 ⋅ ℓ(− logx)ℓ−1 dx

RRRRRRRRRRR

,

(A.19)

where the second term on the right hand side of the above inequality goes to zero in
probability by condition (ii) of the assumption. Setting η = 0 in (A.9), one have

√
k [Snj(1) − 1] +Wj(1)

P
→ 0.

Moreover, by the fact that

0 ≤ Ṙj
ij(x,1) ≤ Rij(x,1) ≤ x, (A.20)

we have

RRRRRRRRRRR
∫

1/a

1/k

Ṙj
ij(Sni(x), θnj)ℓ(− logx)

ℓ−1

x
dx
RRRRRRRRRRR

≤ ∫

1/a

0

∣Ṙj
ij(Sni(x), θnj)∣ℓ(− logx)

ℓ−1

x
dx

≤ ∫

1/a

0

∣Sni(x)∣

x
ℓ(− logx)ℓ−1 dx

≤ sup
1/k≤x≤1/a

∣Sni(x)∣

x
× ∫

1/a

0
ℓ(− logx)ℓ−1 dx < ∞

by (A.14). Hence the first term in the right-hand of (A.19) converges to zero as n→∞.
Note that the tail copula R(x) is nondecreasing in each coordinate, its partial derivatives

37



(whenever they exist) are nonnegative. Hence, the inequality (A.20) can be validated by
differentiating R(λx) = λR(x) with respect to λ and evaluating at λ = 1, which yields

d

∑
j=1

xjṘ
j
(x) = R(x), (A.21)

implying xjṘ
j(x) ≤ R(x) ≤mini∈V xi. In particular, this leads to the inequality (A.20).

For more details, see Lamma 5 and Lemma A.3 in Einmahl and Segers (2021).
For the term En2, note that

∣En2∣

≤

RRRRRRRRRRR
∫

1/a

1/k

Ṙi
ij(θni,1) [

√
k{Sni(x) − x} +Wi(x)] ℓ(− logx)

ℓ−1

x
dx
RRRRRRRRRRR

+

RRRRRRRRRRR
∫

1/a

1/k

{Ṙi
ij(θni,1) − Ṙ

i
ij(x,1)}Wi(x)ℓ(− logx)

ℓ−1

x
dx
RRRRRRRRRRR

≤ sup
1/k≤x≤1/a

RRRRRRRRRRR

Ṙi
ij(θni,1)

√
k{Sni(x) − x} −Wi(x)

xη

RRRRRRRRRRR

⋅

RRRRRRRRRRR
∫

1/a

1/k
xη−1 ⋅ ℓ(− logx)ℓ−1 dx

RRRRRRRRRRR

+ sup
x∈[1/k,1/a]

RRRRRRRRRRR

Ṙi
ij(θni,1) − Ṙ

i
ij(x,1)

RRRRRRRRRRR

⋅ sup
x∈[1/k,1/a]

∣Wi(x)∣

xη
⋅

RRRRRRRRRRR
∫

1/a

1/k
xη−1 ⋅ ℓ(− logx)ℓ−1 dx

RRRRRRRRRRR

.

The first part on the right-hand side goes to zero as n→∞ from (A.9) and the inequality
0 ≤ Ṙi

ij(θni,1) ≤ 1, where the latter is implied by θniṘ
i
ij(θni,1) ≤ Ṙi

ij(θni,1) ≤ θni

from (A.21). By assumption Ṙi
ij(x,1) is a continuous function, and hence uniformly

continuous on the interval x ∈ [1/k,1/a]. Recall that θni lies between x and Sni(x).
From (A.14) we know that Sni(x) converges uniformly to x. As a consequence, θni also
converges to its limiting value. Hence we have

sup
x∈[1/k,1/a]

RRRRRRRRRRR

Ṙi
ij(θni,1) − Ṙ

i
ij(x,1)

RRRRRRRRRRR

→ 0

as n → ∞. Recall that Wi(x) is a normal distributed random variable with zero mean
and variance x. For any M > 0,

P
⎛

⎝
∣ sup
x∈(0,1/a]

Wi(x)

xη
∣ >M

⎞

⎠
= P
⎛

⎝
∣Wi(1)∣∣ sup

x∈(0,1/a]
x1/2−η∣ >M

⎞

⎠

= 2P [Wi(1) >Maη−1/2] ≤
2E(Wi(1)

2)

M2a2η−1
→ 0 (A.22)

as M →∞ by Chebyshev inequality. Hence En2
P
→ 0 as n→∞. Consequently, by (A.12),

(A.15), (A.17) and (A.18), we obtain

∫

1/a

1/k

{ν̂n,ij(x,1) −Bij(x,1)} ℓ(− logx)
ℓ−1

x
dx

P
→ 0

38



as n→∞. Recall the definition of Bij(x,1) in (4.4). By (A.20), we have

∫

1/k

0

Bij(x,1)ℓ(− logx)
ℓ−1

x
dx→ 0,

in mean square as n→∞, implying the desired result.

Recall the definition of Sn,I(xI) in (A.2). The following lemma verifies condition (ii)
of Lemma A.4 for the Hüsler–Reiss MGPD.

Lemma A.5. Let R(x) be the tail copula function of a Hüsler–Reiss MGPD with
variogram matrix Γ = (γij)i,j∈V satisfying Assumption 4.6. For each j ∈ V , assume
{θnj}n≥1 is a sequence lying between 1 and Snj(1) almost surely for large n. Then, for
i, j ∈ V and i ≠ j, we have

sup
x∈[1/k,exp(c)]

x−η
RRRRRRRRRRR

Ṙj
ij(Sni(x), θnj) − Ṙ

j
ij(x,1)

RRRRRRRRRRR

→ 0

in probability as n→∞.

Proof. For i, j ∈ V , the bivariate tail copula associated with the (i, j) component of the
Hüsler–Reiss distribution is a function of γij only. For notational simplicity, we write

Rij(x, y) = R(x, y;γij), i, j ∈ V

with

R(x, y;γ) = x + y − xΦ(

√
γ

2
+
logx − log y
√
γ

) − yΦ(

√
γ

2
+
log y − logx
√
γ

) (A.23)

for (x, y) ∈ [0,∞)2. Taking derivative with respect to x and y respectively, we get

Ṙi
ij(x, y) = Ṙ

j
ij(y, x) = 1 −Φ(

√
γij

2
+
logx − log y
√
γij

) . (A.24)

Therefore,

sup
x∈[1/k,1/a]

x−η
RRRRRRRRRRR

Ṙj
ij(Sni(x), Snj(1)) − Ṙ

j
ij(x,1)

RRRRRRRRRRR

≤ sup
x∈[1/k,1/a]

x−η
RRRRRRRRRRR

Φ(
√
γij −

logSni(x) − logSnj(1)

2
√
γij

) −Φ(
√
γij −

logx

2
√
γij
)

RRRRRRRRRRR

=∶ hn(x).

Recall that c = − log a. By (A.14), we have

Sni(x)

Snj(1)
→ x
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almost surely as n→∞. Applying Taylor expansion to the standard normal distribution
function at √γij − logx/(2

√
γij) gives

hn(x) = sup
x∈[1/k,1/a]

x−η ∣−
1

2
√
γij

1

x
ϕ(
√
γij −

logx

2
√
γij
)(

Sni(x)

Snj(1)
− x)∣ (1 + o(1))

≤
1
√
γij

sup
x∈[1/k,1/a]

1

x
ϕ(
√
γij −

logx

2
√
γij
) ⋅ sup

x∈[1/k,1/a]
x−η
RRRRRRRRRRR

Sni(x)

Snj(1)
− x
RRRRRRRRRRR

(1 + o(1))

for sufficiently large n. Since

lim
n→∞

kϕ(
√
γij +

log k

2
√
γij
) = 0.

and it is continuous on [1/k,1/a], we have

sup
x∈[1/k,1/a]

1

x
ϕ(
√
γij −

logx

2
√
γij
) < ∞

Moreover, note that

sup
x∈[1/k,1/a]

x−η
RRRRRRRRRRR

Sni(x)

Snj(1)
− x
RRRRRRRRRRR

=
1

∣Snj(1)∣

⎡
⎢
⎢
⎢
⎢
⎣

1
√
k

sup
x∈[1/k,1/a]

⎧⎪⎪
⎨
⎪⎪⎩

RRRRRRRRRRR

√
k(Sni(x) − x) −Wi(x)

xη

RRRRRRRRRRR

+
∣Wi(x)∣

xη

⎫⎪⎪
⎬
⎪⎪⎭

+ sup
x∈[1/k,1/a]

x1−η ∣Snj(1) − 1∣

⎤
⎥
⎥
⎥
⎥
⎦

≤
1

∣Snj(1)∣

⎡
⎢
⎢
⎢
⎢
⎣

1
√
k

⎧⎪⎪
⎨
⎪⎪⎩

sup
x∈[1/k,1/a]

RRRRRRRRRRR

√
k(Sni(x) − x) −Wi(x)

xη

RRRRRRRRRRR

+ sup
x∈[1/k,1/a]

∣Wi(x)∣

xη

⎫⎪⎪
⎬
⎪⎪⎭

+ aη−1∣Snj(1) − 1∣

⎤
⎥
⎥
⎥
⎥
⎦

→ 0

in probability by (A.9), (A.22) and the fact that Snj(1) → 1 almost surely, as n → ∞.
This implies hn(x) → 0 in probability and the proof is complete.

A.2 Proofs of propositions and theorems

In this section, we give proofs of the lemma, propositions and theorems in Section 4.

Proof of Lemma 3.1. We first derive the expressions of the moment functions. Recall
that for any i, j ∈ V and i ≠ j,

(Y
(j)
i , Y

(j)
j )

d
= (Y

(i)
j , Y

(i)
i )

d
= (E +Z

(j)
i , E) ,
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where Z
(j)
i is a normally distributed random variable with mean −γij/2 and variance γij ,

independent of the standard exponential random variable E. By the independence of E
and Z

(j)
i , a direct calculation gives

E[(E + x)+] = ∫
∞

0
(y + x)+ exp(−y)d y = ∫

∞

(−x)∨0
(y + x) exp(−y)d y

= exp(x)1{x < 0} + (1 + x)1{x ≥ 0}, (A.25)

and then

e(1)(γij , c) = E{(E +Z
(j)
i + c)

+
}

= ∫

∞

−∞
E{(E + x)+} dP[Z

(j)
i + c ≤ x]

= ∫

0

−∞
ex dP{Z(j)i + c ≤ x} + ∫

∞

0
(1 + x) dP{Z(j)i + c ≤ x}

= exp(c)Φ(−
c + γij/2
√
γij

) +
√
γijϕ(

c − γij/2
√
γij

) + (1 −
γij

2
+ c)Φ(

c − γij/2
√
γij

) .

Similarly to (A.25), we have

E [{(E + x)+}2] = ∫
∞

0
{(y + x)+}

2 exp(−y)d y = ∫
∞

(−x)∨0
(y + x)2 exp(−y)d y

= 2 exp(x)1(x < 0) + (2 + 2x + x2)1(x ≥ 0).

It follows that

e(2)(γij , c) = E [{(E +Z
(j)
i + c)

+
}
2
]

= ∫

∞

−∞
E [{(E + x)+}2] dP{Z

(j)
i + c ≤ x}

= 2∫
0

−∞
exp(x) dP{Z(j)i + c ≤ x} + ∫

∞

0
(2 + 2x + x2) dP{Z(j)i + c ≤ x}

= 2e
(1)
ij + ∫

∞

0
x2 dP{Z(j)i + c ≤ x}

= 2e
(1)
ij −

√
γij (

γij

2
− c)ϕ(

c − γij/2
√
γij

) + {
1

4
γ2ij + (1 − c)γij + c

2
}Φ(

c − γij/2
√
γij

) .

Plugging in the expression of e(1)(γij , c) yields the formula of e(2)(γij , c).
We now show the monotonicity of the moment functions. For given c, the functions

e(ℓ)(γ) = e(ℓ)(γ, c) with ℓ = 1,2 that map [0,∞) to R, are injective and continuously
differentiable on (0,∞), and right-continuous at 0. The derivatives of e(ℓ)(γ), ℓ = 1,2,
satisfy

e(1),
′

(γ) = −
1

2
Φ(

c − γ
2

√
γ
) < 0
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and

e(2),
′

(γ) = (
γ

2
− c)Φ(

c − γ
2

√
γ
) −
√
γϕ(

c − γ
2

√
γ
) < 0 (A.26)

for γ ∈ (0,∞). Here, the inequality in (A.26) follows from Mill’s inequality that (1 −
Φ(x))/ϕ(x) < 1/x for x > 0. Specifically, if γ/2− c ≤ 0, the inequality (A.26) already holds
since both terms in the left expression of the inequality are negative for γ > 0; otherwise,
if γ/2 − c > 0, we have by Mill’s inequality that

(
γ
2 − c)Φ(

c− γ
2√
γ )

√
γϕ(

c− γ
2√
γ )

=

γ
2 − c
√
γ
⋅

1 −Φ(
γ
2
−c
√
γ )

ϕ(
γ
2
−c
√
γ )

< 1,

which yields (A.26). Moreover, by right-continuity at γ = 0, the monotonicity extends to
[0,∞). Consequently, e(ℓ) ∶ [0,∞) → (0,∞) (ℓ = 1,2) is strictly decreasing. The proof is
complete.

Proof of Proposition 4.2. Recall that Y
(j)
i is Yi ∣ Yj > 0 and that R(x) is the tail copula

defined in (4.1). By (2.1), (2.4), (4.1) and the assumption on X and Y , we know that

P (Y (j)i ≥ x,Y
(j)
j ≥ y) = Rij(exp(−x), exp(−y)), (x, y) ∈ [−∞,∞] × [0,∞]. (A.27)

With the notation c = − log a for a ∈ (0,1], we have

E [{Y (j)i ∨ (−c)}
ℓ
] = ∫

1/a

0

Rij(x,1)ℓ(− logx)
ℓ−1

x
dx + (log a)ℓ ∶= ẽ(ℓ)(γ, c); (A.28)

for the proof of this expression, see Section A.3.
Note that, with the transformation u = − log q (0 < q ≤ 1), the excesses on the

exponential scale can be equivalently represented as

− log(1 − Fi(Xi)) − u ∣ − log(1 − Fj(Xj)) > u = log{
q

1 − Fi(Xi)
} ∣ 1 − Fj(Xj) < q.

Therefore, we formulate the pre-asymptotic representation of ẽ(ℓ)(γ, c) on the uniform
scale directly. For q ∈ (0,1], let

U (m)(q) ∶= U ∣ Um ≤ q

be the random vector with distribution on

D
m
(q) ∶= [0,1]m−1 × [0, q] × [0,1]d−m

given by

P (U (m)(q) ≤ x) = q−1 P (U1 ≤ x1, . . . , Um ≤ (xm ∧ q), . . . , Ud ≤ xd)
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= q−1C(x1, . . . , (xm ∧ q), . . . , xd), x ∈ [0,1]d. (A.29)

Define the clipped pre-asymptotic form moment e
(ℓ)
q,ij for i, j ∈ V as

e
(ℓ)
q,ij ∶= E [{log (q/U

(j)
i (q)) ∨ (−c)}

ℓ
] = E [{log ((q/U (j)i (q)) ∨ a)}

ℓ
] .

Then we have

e
(ℓ)
q,ij = ∫

1/a

0

Cij(qt, q)ℓ(− log t)
ℓ−1

qt
d t + (log a)ℓ, (A.30)

see Section A.3 for the proof. Since q−1Cij(qx, q) ≤ x, it follows from the representation

of E [{Y (j)i ∨ (−c)}
ℓ
] and e

(ℓ)
q,ij , the convergence in (4.1) and the dominated convergence

theorem that, for ℓ = 1,2,

e
(ℓ)
q,ij → E [{Y (j)i ∨ (−c)}

ℓ
] , as q → 0. (A.31)

Now we consider the empirical moments. Based on the definition of Ŷti in (2.5), we
define

ẽ
(ℓ)
n,ij (k, c) ∶=

1

k

n

∑
t=1
{Ŷti ∨ (−c)}

ℓ
1(F̂j(Xtj) ≥ 1 −

k

n
)

=
1

k

n

∑
t=1
{log(

k

n(1 − F̂i(Xti))
∨ a)}

ℓ

1(F̂j(Xtj) ≥ 1 −
k

n
) . (A.32)

Using the definition of Ûti, it can be written as

ẽ
(ℓ)
n,ij(k,− log a) =

1

k

n

∑
t=1
{− log (

n

k
Ûtj ∧ a

−1
)}

ℓ

1(Ûti ≤
k

n
) .

With the definition of R̃(x) in (A.3), we obtain the expansion of ẽ(ℓ)n,ij as

ẽ
(ℓ)
n,ij = ∫

1/a

1/k

R̃n,ij(t,1)ℓ(− log t)
ℓ−1

t
d t + (log a)ℓ, (A.33)

see Section A.3 for the proof.
Note that

sup
x∈[0,n/k]∣I∣

∣R̂n,I(x) − R̃n,I(x)∣ = O(1/k) (A.34)

almost surely as n→∞. For any constant T ≥ 0, I ⊂ V and ∣I ∣ ≤ 3, by (S.47) in Engelke
and Volgushev (2022) and the homogeneity property of tail copulas, we know that

sup
x∈[0,T ]∣I∣

∣R̂n,I(x) −
n

k
CI(kx/n)∣ = Op(k

−1/2
). (A.35)
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Therefore, by setting q = k/n and combining the representations of ẽ
(ℓ)
q,ij and ẽ

(ℓ)
n,ij

with (A.34)–(A.35), we have

∣ẽ
(ℓ)
n,ij − ẽ

(ℓ)
k
n
,ij
∣

= ∣∫

1/a

1/k

{R̂n,ij(x,1) −
n
kCij (

kx
n , kn)}ℓ(− logx)

ℓ−1

x
dx

− ∫

1/k

0

n
kCij (

kx
n , kn) ℓ(− logx)

ℓ−1

x
dx +Op(k

−1
(log k)ℓ)∣

≤ sup
x,y∈[0,1/a]2

∣R̂n,ij(x, y) −
n

k
Cij (

kx

n
,
ky

n
)∣ ⋅ (log k − log a)ℓ +Op (k

−1
(log k)ℓ)

= Op (k
−1
(log k)ℓ) = op(1)

as n→∞. Setting q = k/n in (A.31) and combining with the above equation yields that

ẽ
(ℓ)
n,ij

P
→ E [{Y (j)i ∨ (−c)}

ℓ
] , as n→∞. (A.36)

To establish the main result, note that the clipped moment function ê
(ℓ)
n,ij in (3.2) can

be expressed as continuous functions of the empirical moment functions studied above.
Specifically, by the definition of ẽ(ℓ)n,ij in (A.32) and ê

(ℓ)
n,ij , for i, j ∈ V (i ≠ j) and ℓ = 1,2,

we have

ê
(1)
n,ij =

1

k

n

∑
t=1
{(log

k

n(1 − F̂i(Xti))
− log a)

+
}1(F̂j(Xtj) ≥ 1 −

k

n
)

=
1

k

n

∑
t=1
{log(

k

n(1 − F̂i(Xti))
∨ a)}1(F̂j(Xtj) ≥ 1 −

k

n
) − log a

= ẽ
(1)
n,ij − log a (A.37)

and

ê
(2)
n,ij =

1

k

n

∑
t=1
{(log

k

n(1 − F̂i(Xti))
− log a)

+
}

2

1(F̂j(Xtj) ≥ 1 −
k

n
)

=
1

k

n

∑
t=1
{log(

k

n(1 − F̂i(Xti))
∨ a) − log a}

2

1(F̂j(Xtj) ≥ 1 −
k

n
)

= ẽ
(2)
n,ij − 2(log a)ẽ

(1)
n,ij + (log a)

2. (A.38)

By the continuous mapping theorem, (A.36) and the representations above, the conver-
gence in Proposition 4.2 holds.

Proof of Theorem 4.4. From Proposition 4.2 we know that, as n→∞,

ê
(ℓ)
n,ij

P
→ e(ℓ)(γij).
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By the symmetry of the variogram matrix, we have γij = γji. Therefore, e(ℓ)(γij) =
e(ℓ)(γji). Consequently,

1

2
(ê
(ℓ)
n,ij + ê

(ℓ)
n,ji)

P
→ e(ℓ)(γij) (A.39)

as n→∞ for ℓ = 1,2.
Furthermore, by Lemma 3.1, the function e(ℓ)(γ) is strictly decreasing on (0,∞), with

boundary limits

lim
γ→0

e(1)(γ, c) = 1 + c, lim
γ→0

e(2)(γ, c) = (1 + c)2 + 1

and
lim
γ→∞

e(ℓ)(γ, c) = 0.

Hence, e(ℓ)(γ) = e(ℓ)(⋅, c) ∶ (0,∞) → R(ℓ)c (ℓ = 1, 2) is a bijection with range R(1)c = (0, 1+c)

or R(2)c = (0, (1 + c)2 + 1). Therefore, its inverse function e(ℓ),← is well-defined and
continuous on R(ℓ)c . Consequently, the moment estimator γ̂

M,(ℓ)
n,ij (ℓ = 1,2) in (3.6) is

well-defined whenever
1

2
(ê
(ℓ)
n,ij + ê

(ℓ)
n,ji) ∈ R

(ℓ)
c ,

which holds with probability tending to one by (A.39). This establishes the existence of
γ̂
M,(ℓ)
n,ij with probability tending to one.

Consider the case where γij = 0. Recall that we interpret e(ℓ)(0, c) by continuous
extension

e(1)(0, c) = 1 + c, e(2)(0, c) = (1 + c)2 + 1.

Since e(ℓ)(γ, c) is continuous and strictly monotone on (0,∞), its inverse admits a
right-continuous extension at the upper boundary points of R(ℓ)c , in the sense that

e(1),←(y) → 0 as y ↑ 1 + c

and
e(2),←(y) → 0 as y ↑ (1 + c)2 + 1.

Therefore, the inverse mapping can be continuously extended to e(ℓ)(0, c) via right-
continuity by setting

e(ℓ),←(e(ℓ)(0, c)) = 0.

Hence, the moment estimators remain well-defined in this case.
Finally, the weak consistency of γ̂M,(ℓ)

n,ij follows from the continuous mapping theorem

applied to extended inverse mapping e(ℓ),← ∶ R̃
(ℓ)
c → [0,∞) and (A.39), where R̃(1)c =

(0,1 + c] and R̃(2)c = (0, (1 + c)2 + 1].

Proof of Proposition 4.7. Recall that

ν̂n,ij(x,1) =
√
k {R̂n,ij(x,1) −Rij(x,1)} .
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For ℓ = 1,2, using the expansion of ẽ
(ℓ)
n,ij = ẽ

(ℓ)
n,ij(k, c) in (A.33) and that of ẽ(ℓ)(γ) =

ẽ(ℓ)(γ, c) in (A.28), together with (A.34) we have
√
k (ẽ

(ℓ)
n,ij − ẽ

(ℓ)
(γij))

=
√
k {∫

1/a

1/k

R̃n,ij(x,1)ℓ(− logx)
ℓ−1

x
dx − ∫

1/a

0

Rij(x,1)ℓ(− logx)
ℓ−1

x
dx}

=
√
k

⎡
⎢
⎢
⎢
⎢
⎣

∫

1/a

1/k

{R̃n,ij(x,1) −Rij(x,1)} ℓ(− logx)
ℓ−1

x
dx

− ∫

1/k

0

Rij(x,1)ℓ(− logx)
ℓ−1

x
dx

⎤
⎥
⎥
⎥
⎥
⎦

= ∫

1/a

1/k

ν̂n,ij(x,1)ℓ(− logx)
ℓ−1

x
dx −

√
k∫

1/k

0

Rij(x,1)ℓ(− logx)
ℓ−1

x
dx

+O (k−1/2(log k)ℓ)

almost surely. Note that

√
k∫

1/k

0

Rij(x,1)ℓ(− logx)
ℓ−1

x
dx ≤

√
k∫

1/k

0
ℓ(− logx)ℓ−1 dx ≤

2
√
k
(log k + 1)

for ℓ = 1,2 by the inequality Rij(x,1) ≤ x. Under the assumption that γij > 0, the
partial derivatives of the bivariate tail copula function of the Hüsler–Reiss distribution
are continuous. Combining Lemma A.4, Lemma A.5 with the Slutsky’s theorem (see
Theorem 2.7 in Van der Vaart and Wellner (1996)), we obtain

√
k (ẽ

(1)
n,ij − ẽ

(1)
(γij), ẽ

(2)
n,ij − ẽ

(2)
(γij), i, j ∈ V, i ≠ j)

d
→ (∫

1/a

0

Bij(x,1)

x
dx, −2∫

1/a

0

Bij(x,1) logx

x
dx, i, j ∈ V, i ≠ j) . (A.40)

To obtain the asymptotic distribution of the original moment functions, we next relate
ê
(1)
n,ij(k, c) to ẽ

(1)
n,ij(k, c). By (A.37) and (A.38), we have

√
k (ê

(1)
n,ij(k, c) − e

(1)
(γij)) =

√
k (ẽ

(1)
n,ij(k, c) − ẽ

(1)
(γij))

and

√
k (ê

(2)
n,ij(k, c) − e

(2)
(γij))

=
√
k (ẽ

(2)
n,ij(k, c) − ẽ

(2)
(γij)) − 2 log a ⋅

√
k (ẽ

(1)
n,ij(k, c) − ẽ

(1)
(γij)) .

Combining these identities with (A.40) yields the desired weak convergence result.
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Proof of Theorem 4.8. By Proposition 4.7 and the relation that c = − log a, we have

(
1

2
{
√
k (ê

(ℓ)
n,ij(k, c) − e

(ℓ)
(γij)) +

√
k (ê

(ℓ)
n,ji(k, c) − e

(ℓ)
(γji))} , i, j ∈ V, i ≠ j)

d
→ (

1

2
∫

exp(c)

0

{Bij(x,1) +Bji(x,1)} ℓ(− logx + c)
ℓ−1

x
dx, i, j ∈ V, i ≠ j) (A.41)

for ℓ = 1,2 as n→∞.
Recall that e(ℓ),← denotes the inverse function of e(ℓ)(γ) for ℓ = 1,2. From the

definition of γ̂M,(ℓ)
n,ij in (3.6) and the fact that γij = γji, we can write

√
k (γ̂

M,(ℓ)
n,ij − γij) = e

(ℓ),←
⎛
⎜
⎝

ê
(ℓ)
n,ij + ê

(ℓ)
n,ji

2

⎞
⎟
⎠
− e(ℓ),← (

e(ℓ)(γij) + e
(ℓ)(γji)

2
)

for i, j ∈ V and i ≠ j. Here, the inverse at (ê(ℓ)n,ij + ê
(ℓ)
n,ji)/2 is well-defined whenever

(ê
(ℓ)
n,ij + ê

(ℓ)
n,ji)/2 ∈ R

(ℓ)
c (see the proof of Theorem 4.4). Note that e(ℓ)(γ) is differentiable

on (0,∞), with derivative e(ℓ),
′

(x) given in Theorem 4.8. Hence, by the delta method
and (A.41), we have for ℓ = 1,2 that

(
√
k (γ̂

M,(ℓ)
n,ij − γij) ; i, j ∈ V, i ≠ j)

d
→ (

1

2e(ℓ),′(γij)
∫

exp(c)

0

(Bij(x,1) +Bji(x,1)) ⋅ ℓ ⋅ (− logx + c)
ℓ−1

x
dx; i, j ∈ V, i ≠ j) .

The proof is complete.

A.3 Proofs of the representations of moments

A.3.1 Proof of Eq. (A.28)

Proof. For x ∈ R and ℓ = 1,2, we have

xℓ = ∫
∞

0
1{t ≤ x}ℓtℓ−1 d t + (−1)ℓ∫

∞

0
1{t < −x}ℓtℓ−1 d t. (A.42)

Hence,

{Y
(j)
i ∨ (−c)}

ℓ
= ∫

∞

0
1{t ≤ Y

(j)
i ∨ (−c)} ⋅ ℓtℓ−1 d t

+ (−1)ℓ∫
∞

0
1{t < −(Y

(j)
i ∨ (−c))} ⋅ ℓtℓ−1 d t

= ∫

∞

0
1{t ≤ Y

(j)
i ∨ (−c)} ⋅ ℓtℓ−1 d t + (−1)ℓ∫

c

0
1{−c ≤ Y

(j)
i < −t} ⋅ ℓtℓ−1 d t

+ (−1)ℓ∫
c

0
1{Y

(j)
i < −c} ⋅ ℓtℓ−1 d t

= ∫

∞

0
1{t ≤ Y

(j)
i } ⋅ ℓt

ℓ−1 d t + (−1)ℓ∫
c

0
1{−c ≤ Y

(j)
i < −t} ⋅ ℓtℓ−1 d t
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+ (−1)ℓcℓ 1{Y
(j)
i < −c} . (A.43)

By Lemma A.1, Fubini’s theorem and (A.27), we have

E [{Y (j)i ∨ (−c)}
ℓ
] = (−c)ℓ P (Y (j)i < −c) + (−1)ℓ∫

c

0
P(−c ≤ Y (j)i < −t) ⋅ ℓtℓ−1 d t

+ ∫

∞

0
P (t ≤ Y (j)i ) ⋅ ℓt

ℓ−1 d t

= (−c)ℓ P (Y (j)i < −c) + (−1)ℓ∫
c

0
P(−c ≤ Y (j)i < −t) ⋅ ℓtℓ−1 d t

+ ∫

∞

0
P (t ≤ Y (j)i ) ⋅ ℓt

ℓ−1 d t

= (−c)ℓ {1 −Rij(exp(c),1)}

+ (−1)ℓ∫
c

0
{Rij(exp(c),1) −Rij(exp(t),1)} ⋅ ℓt

ℓ−1 d t

+ ∫

∞

0
Rij(exp(−t),1) ⋅ ℓt

ℓ−1 d t,

where Fubini’s theorem is used in the first step together with the fact in Lemma A.1
and the second equality follows from (A.27). Since we set c = − log a. By the changes
of variables t = logu and t = − logu in the first and second integrals, respectively, the
expectation can be rewritten as

E [{Y (j)i ∨ (−c)}
ℓ
] = (− log a)ℓ {1 −Rij(1/a,1)}

+ (−1)ℓ∫
1/a

1

{Rij(1/a,1) −Rij(u,1)} ⋅ ℓ(logu)
ℓ−1

u
du

+ ∫

1

0

Rij(u,1) ⋅ ℓ(− logu)
ℓ−1

u
du

= ∫

1/a

0

Rij(u,1) ⋅ ℓ(− logu)
ℓ−1

u
du + (log a)ℓ.

A.3.2 Proof of Eq. (A.30)

Proof. Similarly to (A.42), for x > 0 and ℓ = 1,2, we have

(logx)ℓ = ∫
∞

1

1{t ≤ x}ℓ(log t)ℓ−1

t
d t − ∫

1

0

1{t > x}ℓ(log t)ℓ−1

t
d t. (A.44)

Therefore,

{log (q/U
(j)
i (q) ∨ a)}

ℓ

= ∫

∞

1

1{t ≤ [q/U
(j)
i (q) ∨ a]}ℓ(log t)

ℓ−1

t
d t − ∫

1

0

1{t > [q/U
(j)
i (q) ∨ a]}ℓ(log t)

ℓ−1

t
d t
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= ∫

∞

1

1{t ≤ q/U
(j)
i (q)}ℓ(log t)

ℓ−1

t
d t − ∫

1

a

1{a ≤ q/U
(j)
i (q) < t}ℓ(log t)

ℓ−1

t
d t

− ∫

1

a

1{q/U
(j)
i (q) < a} ℓ(log t)

ℓ−1

t
d t

= ∫

∞

1

1{t ≤ q/U
(j)
i (q)} ℓ(log t)

ℓ−1

t
d t − ∫

1

a

1{a ≤ q/U
(j)
i (q) < t}ℓ(log t)

ℓ−1

t
d t

+ (log a)ℓ 1{q/U
(j)
i (q) < a} .

Therefore, by Fubini’s theorem and (A.29), we have

E [{log (q/U (j)i (q) ∨ a)}
ℓ
]

= (log a)ℓ P (q/U (j)i (q) < a) − ∫
1

a

P(a ≤ q/U (j)i (q) < t)ℓ(log t)
ℓ−1

t
d t

+ ∫

∞

1

P (t ≤ q/U (j)i (q)) ℓ(log t)
ℓ−1

t
d t

= (log a)ℓ {1 − q−1Cij(qa
−1, q)} − ∫

1/a

1

[Cij(qa
−1, q) −Cij(qt, q)]ℓ(− log t)

ℓ−1

qt
d t

+ ∫

1

0

Cij(qt, q)ℓ(− log t)
ℓ−1

qt
d t

= ∫

1/a

0

Cij(qt, q)ℓ(− log t)
ℓ−1

qt
d t + (log a)ℓ,

where Fubini’s theorem is used in the first step and the second equality follows from (A.29).

A.3.3 Proof of Eq. (A.33)

Proof. Recall that 0 < a ≤ 1. By (A.44) (with the equal sign in the indicator function
moved from the first integrand to the second), we have for i, j ∈ V , i ≠ j and ℓ = 1,2 that

{− log (
n

k
Ûti ∧ a

−1
)}

ℓ

= −∫

∞

1

1{t < (nk Ûti ∧ a
−1)}ℓ(− log t)ℓ−1

t
d t + ∫

1

0

1{t ≥ (nk Ûti ∧ a
−1)}ℓ(− log t)ℓ−1

t
d t

= −∫

1/a

1

1{a−1 < n
k Ûti}ℓ(− log t)

ℓ−1

t
d t − ∫

1/a

1

1{t < n
k Ûti ≤ a

−1}ℓ(− log t)ℓ−1

t
d t

+ ∫

1

1/k

1{t ≥ n
k Ûti} ℓ(− log t)

ℓ−1

t
d t

= (log a)ℓ 1{Ûti >
k

n
a−1} − ∫

1/a

1

1{ kn t < Ûti ≤
k
na
−1} ℓ(− log t)ℓ−1

t
d t
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+ ∫

1

1/k

1{Ûti ≤
k
n t}ℓ(− log t)

ℓ−1

t
d t.

Hence, using the equations

1{
k

n
t < Ûti ≤

k

n
a−1, Ûtj ≤ k/n} = 1{Ûti ≤

k

n
a−1, Ûtj ≤ k/n} − 1{Ûti ≤

k

n
t, Ûtj ≤ k/n}

and
1{Ûti >

k

n
a−1, Ûtj ≤ k/n} = 1{Ûtj ≤ k/n} − 1{Ûti ≤

k

n
a−1, Ûtj ≤ k/n} ,

we get

ê
(ℓ)
n,ij =

1

k

n

∑
t=1
{− log (

n

k
Ûti ∧ a

−1
)}

ℓ

1{Ûtj ≤ k/n}

=
1

k

n

∑
t=1
{(log a)ℓ 1{Ûti >

k

n
a−1, Ûtj ≤ k/n}

− ∫

1/a

1

1{ kn t < Ûti ≤
k
na
−1, Ûtj ≤ k/n} ℓ(− log t)

ℓ−1

t
d t

+ ∫

1

1/k

1{Ûti ≤
k
n t, Ûtj ≤ k/n}ℓ(− log t)

ℓ−1

t
d t

⎫⎪⎪
⎬
⎪⎪⎭

= ∫

1/a

1/k

R̃n,ij(t,1)ℓ(− log t)
ℓ−1

t
d t + (log a)ℓ.

The proof is complete.

A.4 Explicit expression of the asymptotic variance

In this section, we derive the explicit expression of the asymptotic variance of the limiting
distribution in Theorem 4.8.

For a Hüsler–Reiss MGP distributed random vector Y with variogram matrix Γ =
(γij)i,j∈V , the bivariate tail copula is given in (A.23), while its partial derivatives with
respect to x and y are specified by (A.24). We redefine the notations as

Ṙ1(x, y;γij) = Ṙ
i
ij(x, y), Ṙ2(x, y;γij) = Ṙ

j
ij(x, y).

For each pair (i, j) ∈ V 2 with i ≠ j, the limiting random variable in Theorem 4.8 is a
centered Gaussian random variable with variance σ2

ℓ (γij , c), which has expression

σ2
ℓ (γ, c) = ∫

exp(c)

0
∫

exp(c)

0
V (x, y;γ) ⋅ fℓ(x;γ, c) ⋅ fℓ(y;γ, c)dxdy,

with

fℓ(x;γ, c) =
ℓ ⋅ (− logx + c)ℓ−1

e(ℓ),′(γ) ⋅ x
, x > 0,
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and

V (x, y;γij) = E(
Bij(x,1) +Bji(x,1)

2
⋅
Bij(y,1) +Bji(y,1)

2
) .

Note that by the definition of the process Bij(x,1), we have

Bij(x,1)
d
= Bji(x,1)

for each pair of (i, j) ∈ V × V and i ≠ j. By Eq. (4.2), Eq. (4.4) and the relation that
Ṙ1(x, y;γ) = Ṙ2(y, x;γ), a direct calculation gives that

V (x, y;γ) =
1

2

⎧⎪⎪
⎨
⎪⎪⎩

(1 − Ṙ1(x,1;γ) − Ṙ1(y,1;γ))R(x ∧ y,1;γ)

− (1 − Ṙ1(y,1;γ)) Ṙ1(1, x;γ)R(y,1;γ)

− (1 − Ṙ1(x,1;γ)) Ṙ1(1, y;γ)R(x,1;γ) + (x ∧ y)Ṙ1(x,1;γ)Ṙ1(y,1;γ)

+ Ṙ1(1, x;γ)Ṙ1(1, y;γ)

⎫⎪⎪
⎬
⎪⎪⎭

+
1

2

⎧⎪⎪
⎨
⎪⎪⎩

R(x ∧ 1, y ∧ 1;γ) − (R1(x,1;γ) +R1(1, y;γ))R(x ∧ 1, y;γ)

− (R1(1, x;γ) +R1(y,1;γ))R(x, y ∧ 1;γ) +R1(x,1;γ)R1(y,1;γ)R(x, y;γ)

+R1(1, x;γ)R1(y,1;γ)(y ∧ 1) +R1(x,1;γ)R1(1, y;γ)(x ∧ 1)

+R1(1, x;γ)R1(1, y;γ)R(1,1;γ)

⎫⎪⎪
⎬
⎪⎪⎭

.

B Additional simulation results

The randomly generated 10-dimensional variogram matrix Γ1 used in the simulation
study in Section 5 is

Γ1 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0.00 0.89 0.82 0.61 0.98 1.05 0.25 0.69 1.08 0.75
0.89 0.00 1.91 1.40 2.08 2.16 1.07 1.50 2.05 1.64
0.82 1.91 0.00 1.51 2.07 2.12 1.07 1.71 2.00 1.58
0.61 1.40 1.51 0.00 1.65 1.73 0.85 1.32 1.72 1.37
0.98 2.08 2.07 1.65 0.00 2.22 1.23 1.84 2.13 1.74
1.05 2.16 2.12 1.73 2.22 0.00 1.31 1.90 2.20 1.81
0.25 1.07 1.07 0.85 1.23 1.31 0.00 0.93 1.33 1.00
0.69 1.50 1.71 1.32 1.84 1.90 0.93 0.00 1.83 1.45
1.08 2.05 2.00 1.72 2.13 2.20 1.33 1.83 0.00 1.83
0.75 1.64 1.58 1.37 1.74 1.81 1.00 1.45 1.83 0.00

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

In Figures 11–13, we report the mean bias, variance, and MSE of the first 10 entries
of Γ1 based on the empirical variogram estimator γ̂EMP

n,ij (k) and the moment estima-

tors γ̂
M,(ℓ)
n,ij (k,− log a) with ℓ = 1,2 and a = 0.25. The samples are generated from
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Bias Comparison (a = 0.25)

Fig. 11 The mean estimation bias for the first ten elements γij of Γ1, based on the em-
pirical variogram estimator γ̂EMP

n,ij (EMP), first-order moment estimator γ̂
M,(1)
n,ij (k,− log a)

(M1) and second-order moment estimator γ̂
M,(2)
n,ij (k,− log a) (M2) with a = 0.25 in 300

replications. The random samples with size n = 1000 are drawn from the 10−dimensional
Hüsler–Reiss distribution with variogram matrix Γ1.

the 10-dimensional Hüsler–Reiss distribution with variogram matrix Γ1. These results
are provided here for completeness and to facilitate a more detailed inspection of the
component-wise estimation performance.

In addition, the related analysis for samples generated from a 5-dimensional Hüsler–
Reiss distribution with parameter matrix Γ2 is presented in Figures 14–16.
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Fig. 12 The mean estimation variance for the first ten elements γij of Γ1, based on the em-
pirical variogram estimator γ̂EMP

n,ij (EMP), first-order moment estimator γ̂
M,(1)
n,ij (k,− log a)

(M1) and second-order moment estimator γ̂
M,(2)
n,ij (k,− log a) (M2) with a = 0.25 in 300

replications. The random samples with size n = 1000 are drawn from the 10−dimensional
Hüsler–Reiss distribution with variogram matrix Γ1.
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Fig. 13 The MSE for the first ten elements γij of Γ1, based on the empirical variogram
estimator γ̂EMP

n,ij (EMP), first-order moment estimator γ̂
M,(1)
n,ij (k,− log a) (M1) and second-

order moment estimator γ̂
M,(2)
n,ij (k,− log a) (M2) with a = 0.25 in 300 replications. The

random samples with size n = 1000 are drawn from the 10−dimensional Hüsler–Reiss
distribution with variogram matrix Γ1.
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Fig. 14 The mean bias for γij of Γ2 with i, j ∈ V and i ≠ j, based on the empirical vari-
ogram estimator γ̂EMP

n,ij (EMP), first-order moment estimator γ̂
M,(1)
n,ij (k,− log a) (M1) and

second-order moment estimator γ̂
M,(2)
n,ij (k,− log a) (M2) with a = 0.25 in 300 replications.

The random samples with size n = 1000 are drawn from the 5−dimensional Hüsler–Reiss
distribution with variogram matrix Γ2.
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Variance Comparison (a = 0.25)

Fig. 15 The mean estimation variance for γij of Γ2 with i, j ∈ V and i ≠ j, based on the em-
pirical variogram estimator γ̂EMP

n,ij (EMP), first-order moment estimator γ̂
M,(1)
n,ij (k,− log a)

(M1) and second-order moment estimator γ̂
M,(2)
n,ij (k,− log a) (M2) with a = 0.25 in 300

replications. The random samples with size n = 1000 are drawn from the 5−dimensional
Hüsler–Reiss distribution with variogram matrix Γ2.
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MSE Comparison (a = 0.25)

Fig. 16 The MSE for γij of Γ2 with i, j ∈ V and i ≠ j, based on the empirical variogram
estimator γ̂EMP

n,ij (EMP), first-order moment estimator γ̂
M,(1)
n,ij (k,− log a) (M1) and second-

order moment estimator γ̂
M,(2)
n,ij (k,− log a) (M2) with a = 0.25 in 300 replications. The

random samples with size n = 1000 are drawn from the 5−dimensional Hüsler–Reiss
distribution with variogram matrix Γ2.

55


	cover2
	coververso ISBA copie
	LFIN_WP2020_9
	AdresseWPLFIN

	Testing W in GVAR version 14-09-2020 (003)
	Introduction
	Methodology
	GVAR specification
	GVAR: a restricted VAR
	Likelihood ratio test

	Size and Power Analyses
	Size analysis
	Power analysis

	Empirical Analysis
	The different transition matrices W
	Data description
	Results

	Conclusions
	GVAR Correspondence with , 0, 1, and .
	Description of the 4-Node Single-Variable GVAR model
	The W Matrices 
	Bootstrapped Likelihood Ratio Test


	2607.19672v1
	Introduction
	Background
	Multivariate generalized Pareto distributions
	Hüsler–Reiss MGPD
	Empirical variogram estimator

	Moment-based variogram estimators
	Moments and sample moments of clipped MGP random vectors
	Moment variogram estimators for a Hüsler–Reiss MGPD

	Consistency and asymptotic normality
	Simulation study
	Application
	Danube discharges data
	US flight delay data

	Concluding remarks
	Lemmas and proofs of theoretical results
	Lemmas
	Proofs of propositions and theorems
	Proofs of the representations of moments
	Proof of eq:RepMomentC
	Proof of eq:RepMomentPre
	Proof of eq:RepMomentHat

	Explicit expression of the asymptotic variance

	Additional simulation results




