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Abstract

In multivariate extreme value analysis, the tail dependence between some of the
risk variables at hand may be weak, even when other variables do tend to become large
simultaneously. Weak tail dependence may induce a substantial bias in estimation
procedures based on the limiting multivariate (generalized) Pareto distribution of
excesses over high thresholds. We consider a Hiisler-Reiss multivariate generalized
Pareto model and, motivated by this issue, propose first- and second-order moment
estimators of its variogram matrix constructed from a lower-tail-clipped version of
the underlying random vector. The asymptotic normality of the proposed estimators
is established. We demonstrate by simulation studies that they have lower bias than
the empirical variogram estimator in certain cases, particularly when the dependence
between components is weak. The estimators are applied to flood discharge data
from the Danube river basin and the US flight delay data, showing that the tail
dependence structure implied by the fitted model based on the first-order clipped
moment estimator aligns more closely with the empirical tail dependence of the data
than that based on the empirical variogram estimator.

Keywords. Hiisler—Reiss distribution; Variogram matrix; Moment estimator
MSC 2020 Subject Classification. 60G70; 62F10

1 Introduction

In many areas such as finance, environmental science, and engineering, extreme events
can have disproportionately large impacts. Accurate modeling of such rare occurrences is
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essential for effective risk assessment and decision making. While univariate extreme value
theory has been well-developed, practical problems often involve multiple interconnected
variables, necessitating a multivariate framework that can capture both marginal extremes
and their joint dependence structure.

Multivariate extreme value theory addresses this need by characterizing the limiting
distribution of componentwise maxima through multivariate max-stable distributions or
multivariate generalized Pareto (MGP) distributions (MGPD). To enable flexible and
interpretable modeling of extremal dependence, various parametric families have been
introduced in the literature (see Beirlant et al., 2004, Chapter 9; Davison et al., 2012;
Hanson et al., 2017; and references therein). Among these models, the Hiisler—Reiss
distribution parameterized by the so-called variogram matrix stands out for its analytical
tractability and practical relevance. It arises as the limiting distribution of componentwise
maxima in Gaussian triangular arrays (Hiisler and Reiss, 1989), and also appears as the
finite-dimensional marginal distribution of the Brown—Resnick process (Engelke et al.,
2015).

Owing to its modeling flexibility, the Hiisler—Reiss distribution has garnered significant
attention in the literature. Its theoretical aspects, such as the tail dependence properties
and convergence results where it appears as a limit, have been extensively studied; see, for
example, Frick and Reiss (2010), Liao and Peng (2014), and Hashorva et al. (2016). Beyond
these theoretical developments, the widespread use of this model in practice highlights
the importance of reliable statistical inference. Various estimation methods developed for
multivariate max-stable distributions or multivariate (generalized) Pareto distributions
can be adapted to the estimation of the variogram matrix, such as the composite likelihood
estimation method in Padoan et al. (2010), the M-estimator in Einmahl et al. (2012) and
the weighted least squares estimator in Einmahl et al. (2018). Specifically for the Hiisler—
Reiss family, Huser and Davison (2013) investigated the composite likelihood estimation
approach in the context of the Brown—Resnick process, while Engelke et al. (2015) proposed
several new estimators for the Hiisler—Reiss distribution based on the peaks-over-threshold
approach. Of particular relevance to our work, Engelke and Volgushev (2022) proposed an
empirical estimator of the variogram matrix for a general multivariate Pareto distribution,
which can be directly applied to the Hiisler—Reiss model as a special case. Due to its
simplicity and broad applicability, this estimator has been widely used in applications.

In practice, extremes often involve only a subset of variables becoming large while
others remain moderate. Such configurations, referred to as extreme clusters (Chiapino
et al., 2020) or extreme directions (Mourahib et al., 2025), motivate the need for flexible
models that can capture both strong and weak tail dependence across different subsets
of components. The Hiisler—Reiss model is a natural choice in this context, as its
variogram parameter matrix provides a parsimonious description of the entire dependence
structure, including partial extremal behavior. However, estimation procedures based
on empirical variograms, the widely adopted method in practice, can be severely biased
when the dependence between certain components is weak. This bias arises because weak
dependence increases the likelihood that some components take relatively small values,
even when others are extreme. As a result, observations exceeding the threshold in only



a subset of components often include non-extreme values in the remaining components,
which weakens the estimation of the dependence structure implied by the limiting MGPD.
Consequently, empirical variogram estimators, which rely on the assumption that the
asymptotic model provides a good approximation in the tail region, can yield inaccurate
estimates of the elements of the variogram matrix.

This observation motivates us to employ a clipping method in the sense that the stan-
dardized MGPD observations X below a threshold ¢ are modified through a deterministic
transformation Y = X ve = (X; ve,i € V), to mitigate the bias of the empirical variogram
estimator introduced by non-extreme components. Based on this clipping, we propose
two moment-type estimators for the elements of the variogram matrix and establish the
asymptotic normality of these estimators. Simulation studies and empirical analyses
indicate that the proposed estimators significantly mitigate bias in the Hiisler—Reiss model
when the dependence among certain components is weak. Furthermore, we apply the
Hiisler—Reiss model to extreme flood discharges from the Danube River basin and the
US flight delay data, and estimate the parameters using the proposed estimators. The
resulting fitted model based on the first-order clipped moment estimator better captures
the empirical tail dependence structure than that based on the empirical variogram
estimator.

In the remainder of this paper, we first review the necessary background in Section 2,
and then describe the construction method of the moment estimators in Section 3. The
main theoretical results are presented in Section 4. A simulation study is conducted in
Section 5, followed by a case study on daily discharges from the Danube and the US
flight delay data in Section 6. Section 7 concludes. All proofs are deferred to Section A.
Additional simulation results are provided in Section B.

Notation. Throughout the paper, bold symbols refer to multivariate quantities. Com-
parison and arithmetic operators between two vectors or between a vector and a real
number are understood componentwise. For instance, for any d-dimensional vectors x
and y, we write “x < y” if “a; < y;” for all 1 <4 < d. For a real number T, “x < T”
means “z; <T” for all i € {1,...,d}. Furthermore, “x v y” denotes the vector whose i-th

component is max(x;,y;). The relation X 2Y indicates that the random variables X
and Y are identically distributed. For sets U and V', the Cartesian product is denoted by
U x V. Vectors are treated as column vectors by default.

2 Background

2.1 Multivariate generalized Pareto distributions

The MGPD models the extremal dependence of a random vector through threshold
exceedances. To make abstraction of the univariate marginal distributions and concentrate
on the extremal dependence, we introduce the MGPD on a canonical exponential scale.
The MGPD with other margins can be obtained via monotone marginal transformations.



Let d>1and V = {1,...,d}. Consider a random vector X = (X;, i € V) with standard
exponential margins, i.e.,

P(X;<z)=1-exp(-z), z20.

Define £ = {y € [-00,00)%: y £ 0}. A random vector Y = (Y,,v € V) is said to follow a
standard multivariate generalized Pareto distribution if it can arise as the limit

P(Y<y)=limP(X -u<y|X {u), yel (2.1)

In this case, the random vector X is said to belong to the domain of attraction of Y.
General MGPDs with generalized Pareto margins can be obtained through componentwise

transformations
exp(&Ys) -1
Oi— -
&
where o; € (0,00) and & € R. We refer to Resnick (2008), Beirlant et al. (2004) and
Naveau and Segers (2024) for more details of the MGPD and the multivariate extreme
value theory. Since we are mainly interested in the dependence structure, we will focus
on the standard MGPD in the following.

For a standard MGPD on the exponential scale, it admits a useful stochastic represen-
tation. For m eV, let Y (™) denote the conditional distribution of the exceedance vector
given that the m-th component exceeds the threshold zero, i.e., ym -y | Y, > 0, with
support L™ = {y € [-00,00)% |y, > 0}. Then,

1€V,

Y(m)gE+Z(m):(E+Z1(m),...,E+Z(§m)), (2.2)

where Z(™) = (Zf,m),v € V) is a d-dimensional random vector with anm) = 0 almost
surely and where F is a standard exponential random variable, with distribution function
P(E < z) =1—-exp(-2), « >0, which is independent of Z(™ (see Engelke and Volgushev
(2022, Eq. (6)); Naveau and Segers (2024, Definition 2.1)). The representation separates
the extremal magnitude and dependence structure. The common exponential component
E describes the size of the extreme event, while Z (m) determines the dependence among
components in the tail region.

2.2 Hiisler—Reiss MGPD

A prominent and tractable subclass of MGPD is the Hiisler—Reiss MGPD. In this model,
the dependence structure is fully characterized by a matrix I' = (;;); sev called variogram
matriz, which is a d x d dimensional symmetric, conditionally negative definite matrix
with elements +;; € [0, 00) satisfying v;; = 0 for 4 € V. That is, I e M with

M = {r €[0,00)”: T =T, diag(T') =0, and u' Tu <0, Vuz0eR? > u; = 0} . (2.3)
eV

A Hiisler-Reiss MGPD can be defined through the stochastic representation of the
standard MGPD. Specifically, a random vector Y is said to follow a Hiisler—Reiss MGPD



with variogram matrix I' = (v;;) € M if, for any m € V, the conditional excess vector
admits the representation (2.2), i.e.,

Yy &gy zm),

where F is a standard exponential random variable independent of Z (m), and Z(™) is a
(possibly degenerate) Gaussian random vector satisfying

Z{m =0, as.
with mean vector p{™ and covariance matrix (™) given by

1 1
u?’” = =3 im, EZ-”) = 5(%m + Yjm = Yij)-
Since I is symmetric, i.e.,
Yij = Vi, HJEV,
the marginal distributions of ZZ.(j ) and ZJ@ are identical, with

Zj(z') d Zz(j) N N(—%j/2,%'j)-

2.3 Empirical variogram estimator

The variogram matrix is not only a fundamental parameter for the Hiisler—Reiss MGPD,
indeed, it has been extended to general MGPDs by Engelke and Volgushev (2022). To
facilitate statistical inference, they proposed the empirical variogram estimator based on
data in the domain of attraction of the MGPD. Although it was originally defined using
the multivariate Pareto representation, we reformulate it on the exponential scale here to
maintain consistency with the notation and framework adopted in this paper.

Consider a random vector Y following a standard MGPD on the exponential scale.
Let X = (X;,i€V) denote a d—variate random vector with continuous marginal functions
F;, i€ V. Denote FI(X) = (F;(X;), i € V). Assume that, after marginal transformation

X X =-log(l- F(X)), (2.4)

the standardized random vector X, with standard exponential margins, belongs to the
domain of attraction of Y. Suppose X; = (X¢1,...,X4q), t = 1,...,n, are independent
copies of X.

Let k = k(n) be an integer sequence satisfying k — oo and k/n - g €[0,1] as n — oo.
Denote the logarithmic transformation to the empirical Pareto exceedance by

- k
Yti=log{A—},iEV, t=1,...,n, (2.5)

where

. 1 &
F; = 1{ Xy <
(x) n+1t; { Xt <}



is the (adjusted) empirical distribution function of the i-th variable. The empirical

~(m)

variogram estimator rooted at m, denoted by rem = (fyn i ), proposed by Engelke and

Volgushev (2022) is given as

) =@ (Vi = ¥ig) - B (X)) 2 1= k[n}, i j.me V. (2.6)
where Var denotes the sample variance of Y - }A/tj for those t € {1,...,n} such that

Fp(Xpm) 21 - k/n.

For a Hiisler—Reiss MGPD with variogram matrix I, it turns out that I' can be
estimated by any '™ m eV, so does the averaged empirical estimator introduced
also by Engelke and Volgushev (2022) (hereafter referred to as the empirical variogram
estimator)

P = = > 40, (27)
me
with 'Ayr(ﬁ]) given by (2.6).

Owing to its computational simplicity and ease of implementation, the empirical
estimator has been widely adopted in practice. However, in heterogeneous dependence
structures, it may suffer from bias due to the inclusion of non-extreme observations.
Specifically, for fixed k € {1,...,n} and (¢,5) € V x V with i # j, the empirical variogram

is the average of ,ngn;)

over m € V| where ’AyT(L”:]) is based on the points (Ytl,fft]) for all
te{1,...,n} such that Y, > 0. For m ¢ {i,5}, if variable m is only weakly dependent
with variables i and/or j, then the empirical variogram also uses data points for which
the observations of variables i and j are not large at all. Although the bias issue arises
for general MGPDs, in this work we concentrate on the Hiisler—Reiss MGPD case. To
mitigate this bias, we introduce a moment method that employs a clipping strategy on

the lower tail of the Hiisler-Reiss MGPD vector, as described in the next section.

3 Moment-based variogram estimators

3.1 Moments and sample moments of clipped MGP random vectors

To eliminate the bias caused by the non-extreme values of the sample in the estimation of
the variogram matrix, we propose an approach based on the clipped MGP random vector.

For a d-variate random vector Y with an arbitrary MGPD, we fix a constant ¢ > 0
and consider the random vector clipped at level —c given by

(Y;(j) v (=c), Yj(j))

for each pair (i,7) € V xV and i # j. Under the stochastic representation in (2.2), the
pair above is distributed as ‘
((B+20)v (-0), B).



Assume that Y follows a parametric model with parameter vector 8 € © c RP. Write
x4+ =2 V0, and note that (z Vv (-c))+c=(z+c);. We focus on the first- and second-order
moments of the clipped vector shifted by ¢ defined as

, ¢
el (8,c) = {(Yi(])+c)+}, ijeV, 0=1,2. (3.1)

These clipped moments always exist for any i,j € V' (see Lemma A.1 in Section A.2).
Recall that X; = (X41,...,X4q), t = 1,...,n, are independent copies of the random
vector X, where the marginally transformed vector X of X in (2.4) belongs to the domain
of attraction of Y in the sense of Eq. (2.1). Let k = k(n) € {1,...,n} be an intermediate
sequence satisfying
k — oo, k/n -0, as n > oco.

Recall that Yy is the logarithmic transformation to the empirical Pareto exceedance
defined in (2.5). Motivated by the convergence in (2.1), for £=1,2 and any 7, j € V, the

sample versions of el(.f)(H, ¢) in (3.1) can be constructed as

n k ) ) k
£ (o sty ), Mo 21}
ﬁ: (Vi + c) {F (X)) 21~ %} 52

A(Z) (k,c) =

nz]

?rl»—‘ w|+—~

Hence, a straightforward idea is that we can estimate the parameter 8 by letting

e (ko) =el)(0,0),  ijeV,l=12 (3.3)

nzj

provided that the corresponding moment equations have a unique solution within the
valid parameter space.

If the variogram matrix of a general MGPD is continuous in 8 for m € V', then 6 can
first be estimated by 6 via the (generalized) method of moments, and the corresponding
estimate of the variogram matrix can subsequently be obtained from 6. This estimation
idea applies, theoretically, to a general MGPD. However, in the following, we focus on its
implementation for the Hiisler—Reiss MGPD.

3.2 Moment variogram estimators for a Hiisler—Reiss MGPD

In the following, we assume that Y = (Y,,,v € V) is a d-variate random vector following
a Hiisler—Reiss MGPD with parameter 8 = T, where I" € M is a variogram matrix (cf.
(2.3)). By a straightforward calculation, the explicit expressions of the moment functions
defined in (3.1) for the Hiisler-Reiss MGPD can be derived, as stated in the lemma below.

Lemma 3.1 (clipped moment functions for a Hiisler—Reiss MGPD). Assume
the random vector' Y follows a Hiisler—Reiss MGPD with variogram matriz T' = (7;;)i jev .
Then, for fized c € [0,00) and each pair of i,j €V, we have

; 14
E{(Y;(J) + C)+} = e(g)(%‘j,c),

7



with

6(1)(7,0):exp(0)<1>( C;_Y/Q) qu(c%p) (1—1+c)q>(ﬂ), (3.4)

and

e (7,¢) = 2exp(c)® (—%) - ﬁ(% _6_2)(75(0:/1/2)

+{iy2—yc+(1+c)2+1}¢(%), (3.5)

where e(9(0;¢) is defined as the limit ¢ (0, ¢) = lim,_qe® (v, ¢) with
eM(0,¢) =E(E+¢)=1+c, e@(0,0) =E{(E+c)*}=(1+¢)?+1.
Moreover, both e (v,¢) and e (v, ¢) are strictly decreasing in vy on (0, 00).

Note that for fixed ¢, the moment functions allow for the construction of moment
estimators. In consideration of the symmetry of the variogram matrix, i.e., the property
that I' =T'T, we propose to estimate the entry +;; for any ¢,j € V and ¢ # j based on (3.3)

by the moment estimators ’yg[ ZTJ@ defined by

e® (359 (k, ), c) = {ffzj(k y+el (k)b =12 (3.6)

Here, the estimators are defined only when i # j, since the diagonal elements of T" are
equal to zero by definition. In practice, the choice for ¢ is restricted to [0,-log(k/n)],
since if ¢ > —log(k/n), the clipping has no effect at all on the value of e( ) (k‘ c).

As the choice of the clipping parameter ¢ is not the focus of this Work all subsequent
discussions proceed under the assumption that c¢ is a given number. To simplify the
notation, for fixed ¢, we write e(© () := e (v,¢), and we suppress (k,¢) in en ”(kz c)

and 4 Y, Z( )(k ¢) occasionally whenever no ambiguity arises.

4 Consistency and asymptotic normality

In this section, we present the theoretical properties of the proposed estimators. We start
by establishing the weak consistency of the moment estimators defined in (3.6). The
following proposition shows that the empirical moments e (k‘ ¢) converge to their true
counterparts for an arbitrary MGPD, providing a crumal step toward proving the weak
consistency result stated in the subsequent theorem. Before stating the main result, we
collect the conditions on k(n) in the following assumption.

Assumption 4.1. Assume k = k(n) is an intermediate sequence such that k - oo and
k/n -0 as n — oco.



Proposition 4.2. Let Y be an arbitrary MGP distributed random vector, and let X; =
(Xu,---,Xe), t=1,...,n, denote independent copies of a random vector X, which has
continuous margins and the marginally transformed vector of X in (2.4) lies in the domain
of attraction of Y. For ¢ >0 and fori,j €V with i # j, let éggj(k,c) with £ =1,2 be
defined as in (3.2). Then, under Assumption 4.1, we have
: l
éffzj(k,c) 5 E{(Yi(j) +c)+}, as m — oo.
For a Hisler-Reiss MGPD, we show in Theorem 4.4 that the proposed moment

estimators for the variogram are well-defined and converge weakly to the true values. The
standing assumption is stated as follows.

Assumption 4.3. Assume Y is a Hiisler—Reiss MGP distributed random vector pa-
rameterized by a d x d dimensional variogram matrix I' € M stated in (2.3). Suppose
X = (Xu,..., X)), t =1,...,n, are independent copies of a random vector X, which
has continuous margins and the marginally transformed vector of X in (2.4) lies in the
domain of attraction of Y in the sense of (2.1).

Theorem 4.4. Suppose that Assumptions 4.1 and 4.3 hold. For i,j € V and i # j,

the moment estimators in (3.6) are well-defined with probability tending to one, and

P
'Ayi:/’lgj(.é) -y asn — oo for £ =1,2.

Recall that F; is the marginal distribution of X, i € V. Let
U =1-F(X;), i=1,...,d,

and denote the joint distribution function of U = (U, ...,Uy) by C(x). The convergence
of multivariate threshold exceedances in (2.1) is equivalent to the existence of the limit

lim ™' P (1 - Fi(X;) < qug,i € V) =lim g C(gz) = R(x) (4.1)
q— q—

for & € [0,00]¢ \ {(00,...,00)}, where R(z) is called the tail copula of X, see, e.g.,
Schmidt and Stadtmiiller (2006) and Chiapino et al. (2019).

For any non-empty set I ¢ V and vector @ = (z;,i € ) € [O,oo]m N {(o0,...,00)},
define Ry(xr) as the value of the function R(x) evaluated at the point & whose components
are x; for i € I and oo for t € V N I. Let

R[(ZI}]) = (R}(w;),z € I) = (8R1(w1)/8x“z € I)

be the vector of its first-order partial derivatives.
Assume W is a mean-zero Gaussian process on [0, 00]9~\{(oco, ..., 00)} with continuous
trajectories and covariance function

E(W(x)W(y)) = R(xry), x,yel[0,00]%\{(c0,...,00)}, (4.2)



with & Ay = (2;Ays,i € V). For any nonempty set I €V and @7 € [0, 00]#!\ {(c0,...,00)},
define

Wi(zr) =W(y),
where y € [0,00]% \ {(c0,...,00)} is a vector such that y; = x; for i € I and y; = oo for
i ¢ I. In particular, W;(z;) = W(oo,...,00,2;,00,...,00), where x; appears in the i-th
component. Define

Br(zr) = Wi(wr) - Y. Ri(xr)Wi(z:), (4.3)
iel
which is a zero-mean stochastic process on @7 € [0, 00]/I \ {(o0,...,00)}.

Next, we show the asymptotic normality of the empirical moments in Proposition 4.7.
Based on this result and using the delta method, the asymptotic normality of the moment
estimators can be established, as shown in Theorem 4.8. A second-order condition, as
stated in Assumption 4.5, is required to control the convergence rate in (2.1). Since the
subsequent results rely on the continuity of the partial derivatives of the tail copula, we
restrict our attention to the case 7;; >0 for all 4,5 € V' with ¢ # j, thereby excluding the
degenerate case v;; = 0, in accordance with the assumption in Assumption 4.6.

Assumption 4.5. There exist constants &, K € (0, 00) such that for any I ¢ V with || =2
and ¢q € (0,1), we have

sup |P(Fy(Xp)<1-q/zp | Fi(X1)£1-q)-P(Yy <z)| <K,

zre[1,00]l
where Y/(;) is the random vector obtained from (2.1) with X replaced by X7.

Assumption 4.6. The off-diagonal elements of the variogram matrix I" associated with
the Hiisler-Reiss MGPD in Assumption 4.3 are strictly positive, that is, ;; > 0 for all
i,j€V and i # j.

Proposition 4.7. If Assumptions 4.1, 4.3, 4.5 and 4.6 hold with k = o(né/(&%)), then

(VE{el) ) = eOy0)}inge Vit £=1,2)
d (/exp(C) Bij(x,1)-£- (~logx +c)“ !
0

d:c,i,jeV,iij,K:l,Q)
X

as n — oo, where for each pair (i,7) € V xV such that i # j, B;j(x,1) is the stochastic
process defined in (4.3) and given by

Byj(w,1) = Wij(x,1) = Rij(x, )Wi(x) - R (z, )W, (1). (4.4)

Theorem 4.8. Under the assumptions of Proposition 4.7, we have

(VRS = 5i)s inge Vi # )

n,iJ

10



d ( 1 /exp(c) (Bz-j(a:,l)+Bji(x,1))-6-(—10gx+c)£_1
(7i5) Jo

= SWOE . duz; Z,]EV,Z?EJ)

as n — oo, where B;;j(x,1) is given in (4.4), and where e (~) is the derivative of e\ (v)
in (3.4) and (3.5) with respect to v, given by

5 Simulation study

In this section, we study the finite-sample behavior of the proposed estimators on simulated
data. To investigate the performance of the moment estimator in (3.6), we compare
its finite-sample behavior with that of the empirical variogram estimator in (2.7). For
convenience, we set ¢ = —loga with a € (0,1]. All plots in the simulation study and
empirical analysis are presented in terms of a, since the range (0, 1] is easier for selecting
values.

We first generate n = 1000 independent samples X7, ..., X from two Hiisler-Reiss
max-stable models, a 10-dimensional model with randomly generated variogram matrix
I'; (see Section B), and a 5-dimensional model with variogram matrix

0 3 4 7 6
303 8 5
I's=14 3 0 7 8
78 7 0 11
6 5 8 11 0

Both models are in the domains of attraction of the corresponding Hiisler—Reiss MGPDs
with the same variogram matrices. The matrix I'; is obtained by first generating a
positive definite matrix 3 and then computing the variogram matrix using the function
Sigma2Gamma from the graphicalExtremes package in software R. The second distribution
is the example considered in Engelke et al. (2026) with the name of non-faithful Hisler—
Reiss distribution, since Y3 and Yy are conditionally independent (in the sense of extremal
conditional independence defined in Engelke and Hitz (2020)) given Y; and Y3. In order
to perturb the samples, we add standard normally distributed noise. To be precise, we set

Xt:Xt*+|€t|7 tzl,...,n,

where €; = (e,1€ V), for t =1,...,n, are independent standard normal random variables,
independent of X, t=1,...,n.

Under these simulation settings, we investigate the finite-sample performance of the
proposed two moment estimators and compare it with the empirical variogram estimator.
The performance of the estimators is evaluated by computing the average relative squared

11



error between the estimates 4, ;; and their true counterparts «;; of the variogram matrix
T, defined as

1/2
~ 2 9
L) =y > Gnijlvij—1) ;
{d(d - 1) 1,j€V,i<j
where T' = (An,ij)i,jev denotes the estimates of I' based on one of the aforementioned
estimators. In addition, we also measure the average distance between the model-based
and empirical (data-based) tail dependence coefficients, namely,

2
D(x, X1 = ———— X — X0 (5.1)
d(d_ 1) i,je;iq‘ K Y

ST = (XZE]ST)MW denote the empirical and model-based tail

where X = (Xij)i,jev and X
dependence coefficient matrix, respectively. More specifically, for each pair (i, ) € V2

with ¢ # j, the empirical tail dependence coefficient is calculated by

. 1& - k - k
%= g 21 A) < 1=Ky < 1

with the same k used in the estimation of the variogram matrix, and the model-based
tail dependence coefficients are obtained via

=2 {1 (Vir2))

The simulation results for samples from the 10—dimensional Hiisler-Reiss model are
shown in Figures 1-4. The impact of the clipping level ¢ (or a equivalently) on the

performance of the moment estimators ’yi:/fzfj(.e)(k, ¢), £ =1,2, is examined first. Figures 1
and 2 present the mean L and D corresponding to the first-and second-order moment
estimator with a = exp(—c¢) =0.25,0.5 and k = 50,75, ...,250, respectively. For estimator
ﬂ/};/[ w(l)(k, —loga), we see that smaller values of a yield better performance for small k,
whereas larger values of a become preferable as k increases. This indicates a trade-off
between a and k, and suggests the existence of an optimal choice of k in terms of L.
In contrast, the metric D exhibits a different trend, where smaller a always results in
smaller deviations. For estimator fyn i )(k: —loga) in Figure 2, both L and D consistently
indicate that smaller a values yield Tower estimation bias.

To compare the performance of the estimators, we set a = 0.25 for 4, Z( )(k: —loga),
¢ =1,2, and show the boxplots of L and D values based on 300 rephcatlons for each
of the three estimators in Figure 3. It suggests that the first-order moment estimator
A}}f l?](.l)(k:, —loga) outperforms the empirical variogram estimator, especially when k is
small, whereas the second-order moment estimator only shows superior performance
for large k, in terms of L. In Figure 4, we further analyze the averaged bias, variance

and MSE over 300 replications of the three estimators 4, ij(k) '3/2/[2(1)(16 -loga) and
AM (2)(k: —loga) for the element 19 = 0.89 of I'1, where a = 0.25 and k = 50,75, ..., 250.

Tn Ky
The results indicate that, the empirical estimator tends to have a larger bias but smaller
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variance. The proposed first-order moment estimator is particularly advantageous for
small k£, and in some cases it uniformly dominates the empirical estimator in terms of MSE.
Additional results for other elements of I'; can be found in Figures 11-13 in Section B.

The corresponding results for random samples from the 5-dimensional Hiisler—Reiss
distribution with variogram matrix I'y are illustrated in Figures 5-8. The estimation
error L varies with a in a manner similar to those of 'qulfz?](-l)(k, —loga) observed for the
10-dimensional Hiisler—Reiss distribution. Moreover, the value of D exhibits greater
stability with respect to changes in k. It could be noted in Figure 7 that, under such
circumstances, namely, when the extremal dependence between certain components is
relatively weak or asymptotically conditional independent, the moment estimators yield
improved performance. We see that both moment estimators ’yi:/f ij(.e), ¢ =1,2, have much
lower estimation error than the empirical variogram estimator. In this case, Figure 8
indicates that @71\;[ £§2) achieves the smallest bias and MSE for large values of k, while the
empirical variogram estimator still performs best in terms of variance. For more details
on other elements, see Figures 14-16 in Section B.

Indeed, what distinguishes the two matrices I'y and I's is that the dependence in
I's is weaker. The simulations show that, for the Hiisler—Reiss models with stronger
dependence, the moment estimator tends to achieve better performance with relatively
small values of a (or ¢ equivalently). However, such a pattern is not clear for weakly
dependent models. Moreover, in both cases, the clipped moment estimators could provide
improvements over the empirical variogram estimator, especially when the dependence is
weak. Overall, the first-moment estimator with a = 0.25 comes out as the best one: in
the two L and D-plots, it has the lowest error in almost all cases. In addition, compared
with the empirical variogram estimator, the two moment estimators appear to be less
sensitive to the choice of k in view of D-plots, when the dependence is weak.

6 Application

6.1 Danube discharges data

To illustrate the practical performance of the proposed method, we fit a Hiisler—Reiss
model to the Danube discharge dataset. The variogram matrix I' is estimated using
the proposed moment estimators, and the resulting estimates are compared with those
obtained from the empirical variogram estimator in Engelke and Volgushev (2022). This
dataset includes the average daily discharges recorded at 31 gauging stations in the
upper Danube basin covering parts of Germany, Austria and Switzerland, available in
the supplementary material of Asadi et al. (2015). The series at individual stations
has lengths from 54 to 113 years, with 51 years of data for all stations from 1960 to
2010. We follow Asadi et al. (2015) and use the pre-processed data containing n = 428
observations after a declustering of the time series to perform the estimation, considering
the declustered samples as independent observations from a 31-variate random vector X
in the domain of attraction of a Hiisler—Reiss distribution with variogram matrix T'.

To investigate how the proportion of samples used for estimation affects the results, we
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Fig. 1 The mean L (left) and D value (right) based on first-order moment estimator
&ygj(.l)(k:, —loga) (M1) with a = 0.25,0.5 and the empirical estimator &E’%P (EMP) over
300 replications, with random samples of size n = 1000 drawn from the 10-dimensional

Hiisler—Reiss distribution with variogram matrix I';.
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Fig. 2 The mean L (left) and D value (right) based on second-order moment estimator

'}24173(2)(16, ~loga) (M2) with a = 0.25,0.5 and the empirical variogram estimator 43P

n,iJ
(EMP) over 300 replications, with random samples of size n = 1000 drawn from the
10-dimensional Hiisler-Reiss distribution with variogram matrix I'y.
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Fig. 3 The L value (left) and distance D of all bivariate tail dependence coefficients
(right) based on the empirical variogram estimator ’}/E’IZ\-/J{P (EMP), first-order moment
estimator ,%1;/1 l?](.l)(k, —loga) (M1) and second-order moment estimator ’AyTl\L/I lfj(?)(k, —loga)
(M2) with a = 0.25 in 300 replications. The random samples with size n = 1000 are drawn
from the 10—-dimensional Hiisler—Reiss distribution with variogram matrix I';y.

(1,2) Element of T'; (a = 0.25)
Estimators = EMP = M1 - M2
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Fig. 4 The mean estimation bias, variance and MSE for 19 = 0.89 of I'1, based on the em-

pirical variogram estimator ‘yE};/]I-P (EMP), first-order moment estimator ,%1:/[ ij(.l)(k, —loga)
(M1) and second-order moment estimator ﬁ%g”(k,—log a) (M2) with a = 0.25 in 300
replications. The random samples with size n = 1000 are drawn from the 10—dimensional
Hiisler—Reiss distribution with variogram matrix I';.
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Fig. 5 The mean L (left) and D value (right) based on the first-order moment estimator

~M,(1) - . . ~EMP . _
nij  (k,—loga) (M1) and the empirical variogram estimator 4,;;" (EMP) with a =

0.25,0.5 over 300 replications, with random samples of size n = 1000 drawn from the
5-dimensional Hiisler—Reiss distribution with variogram matrix I's.
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Fig. 6 The mean L (left) and D value (right) based on the second-order moment estimator

'}24173(2)(16, —loga) (M2) with a = 0.25,0.5 and the empirical estimator &E’%P (EMP) over
300 replications, with random samples of size n = 1000 drawn from the 5-dimensional

Hiisler-Reiss distribution with variogram matrix I's.
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Fig. 7 The L value (left) and distance D of all bivariate tail dependence coefficients

right based on the empirical variogram estimator 4°MP (EMP), first- order moment
(rig g Vndg

estimator ’yn 4 )(k —loga) (M1) and second-order moment estimator ’yn o )(k —loga)
(M2) with a = 0.25 in 300 replications. The random samples with size n = 1000 are drawn
from the 5-dimensional Hiisler—Reiss distribution with variogram matrix I's.
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Fig. 8 The mean bias, variance and MSE for =15 = 3, based on the empirical variogram

estimator ’yE%IP (EMP), first-order moment estimator ’yn 4] (k‘ —loga) (M1) and second-

order moment estimator 4, Z’( )(k:, —-loga) (M2) with a = 0.25 in 300 replications. The
random samples with size n = 1000 are drawn from the 5—dimensional Hiisler—Reiss
distribution with variogram matrix I's.
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Fig. 9 The D values (left) and scatter plot (right) of empirical and model-based tail
dependence coefficients (TDC) for the Danube discharges data, computed using the

empirical variogram estimator 4°MP (EMP), the moment estimator ﬁ/};/[ Z?J(.l) (M1) and

Vn.ij
a3 (M2), with clipping level a = 0.25, ratio k/n € {0.05,0.10,0.15,0.20,0.25} for the

line plot and k/n = 0.10 for the scatter plot.

set k/n € {0.05,0.10,0.15,0.20,0.25}. The absolute distance D between the model-based
and empirical tail dependence coefficients in (5.1) as a function of k/n is plotted in the
left panel of Figure 9, where a = exp(—c) is fixed to be 0.25. It can be seen from the plot
that, compared to the empirical variogram estimator, the absolute distance D for the
first moment estimators is less sensitive to the choice of k and has consistently smaller D
values than that of the empirical variogram estimator ’AynE};/][-P.

To further assess the performance of the two estimation methods, we take k/n = 0.10,
and present the scatter plot of (S\ij, S\EST) for i,j € V and i # j, where AE-ST is the model-
based tail dependence coefficient with the parameter matrix estimated by the moment
M. (1) (k,-loga) and ﬁMY(?)
n,iJ n,1j
variogram estimator ’?E,%P.
estimators ’ygf ZTJ(.l) provide a better fit to the empirical tail dependence coefficients than
those of the other two estimators.

estimators 4 (k,—loga) with a = 0.25, as well as the empirical

Figure 9 shows that the models based on the proposed

6.2 US flight delay data

In this subsection, we apply the proposed estimators to the U.S. flight delay dataset,
which is a widely used benchmark in the analysis of multivariate extremes (see, e.g.,
Hentschel et al., 2025; Kiriliouk et al., 2025). The dataset contains records of domestic
flights in the United States operated by major carriers (airlines with at least 1% market
share) and involving airports that account for at least 1% of domestic enplanements.
Hentschel et al. (2025) preprocessed the dataset by restricting attention to airports located
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in the contiguous United States with at least 1000 flights per year. For each airport,
daily accumulated positive flight delays (in minutes) are computed by summing arrival
and departure delays. This results in a dataset consisting of 5601 observations of daily
accumulated flight delays over a 16—year period across 170 airports. Based on this dataset,
they further apply a K-medoids clustering approach using a tail dependence coefficient
distance matrix at probability level p = 0.85, yielding six clusters. The original data
are publicly available from the U.S. Bureau of Transportation Statistics. Preprocessed
versions of the dataset can be obtained from the GitHub repository of Manuel Hentschel
or through the R package graphicalExtremes (Hentschel et al., 2025).

Here, we focus on the Texas cluster for model comparison purposes. This cluster
consists of d = 29 airports and contains n = 3603 observation days over the period
2005-2020. We model the resulting data using the Hiisler—Reiss model to capture tail
dependence among extreme flight delays. The variogram matrix is estimated by the
proposed moment estimators and the empirical variogram estimator.

The D values based on the clipped moments estimator and the empirical variogram
estimator, as a function of k/n € {0.05,0.10,0.15,0.20,0.25}, are presented in the left
panel of Figure 10. The right panel shows scatter plots comparing the model-based
tail dependence coefficients obtained from the three estimators with the empirical tail
dependence coefficients, where k/n = 0.1 and a = 0.25. We observe that, in this setting,
the clipped moment estimators exhibit greater stability with respect to the choice of k. In
particular, the improvement of the first-order clipped moment estimator ﬁ};/,[ Z?](.l)(k', —loga)
is more pronounced. Compared with the Danube dataset, the dependence structure in
this dataset appears to be weaker. This leads to a more evident improvement of the
first-order clipped moment estimator.

7 Concluding remarks

The empirical variogram estimator of Engelke and Volgushev (2022) is the natural
estimator of the variogram matrix of a Hiisler-Reiss MGPD and is widely used in practice.
It relies, however, on the limiting MGPD being an accurate approximation to the joint
tail of the data. When the tail dependence between some of the components is weak, this
approximation deteriorates: an observation that is extreme in some of the components
is then likely to be non-extreme in the weakly dependent ones, and the resulting bias
can be substantial. Motivated by this, we have proposed first- and second-order moment
estimators of the elements of the variogram matrix, constructed from a lower-tail-clipped
version of the standardized variables, and we have established their consistency and
asymptotic normality.

The simulation study and the two case studies point in the same direction. The
clipped moment estimators trade variance for bias: the empirical variogram estimator
attains the smaller variance throughout, but the larger bias, and the moment estimators
are the more accurate ones precisely in the regime that motivated them, that is, when the
dependence is weak. Among the estimators considered, the first-order moment estimator
with clipping level a = 0.25 comes out best overall, having the lowest error in almost all
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Fig. 10 The D values (left) and scatter plot (right) of empirical and model-based tail
dependence coefficients (TDC) for the flight delay data, computed using the empirical
variogram estimator WEMP (EMP), the moment estimator WM](I) (M1) and @2/[1(2) (M2),
with clipping level a = 0. 25 ratio k/n € {0.05,0.10,0.15,0.20,0.25} for the line plot and
k/n =0.10 for the scatter plot.

cases in terms of both L and D. Its advantage is most pronounced for small k, and both
moment estimators are less sensitive to the choice of k than the empirical variogram
estimator. The applications confirm the picture: for the US flight delay data, whose
dependence structure is weaker than that of the Danube discharge data, the improvement
brought by the first-order clipped moment estimator is the more evident of the two.

The choice of the moment order ¢ and of the clipping level c is left open. It is
tempting to select the two by minimizing the asymptotic variance of Theorem 4.8, for
which Section A.4 provides an explicit expression. This route, however, is not viable: the
asymptotic variance is minimal for ¢ = 1 and in the limit ¢ — oo, that is, a — 0, which
amounts to no clipping at all. The purpose of clipping is to reduce the bias, so any
meaningful choice of £ and ¢ must weigh bias against variance. We have no theoretical
expression for the bias of the moment estimators, nor a way of estimating it, and the
trade-off is therefore out of reach. This is why we have fixed a = 0.25 throughout, guided
by the simulation study rather than by theory. A tractable handle on the bias appears to
us to be the key to any principled, data-driven choice of ¢ and c.

Finally, one may ask whether removing the clipping recovers the empirical variogram
estimator. It does not. The moment functions e'“)(7,¢) in (3.4) and (3.5) diverge as
¢ — oo, on account of the shift by ¢, so that the limit cannot be taken directly in (3.6).

The clipped variable itself does converge, Yi(j )y (—¢c) —» Yi(j ), and its first two moments

are
E(Yi(j)):l—%, E{( o))} 47“2
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Equating these to their empirical counterparts yields moment estimators of v;; based
on the unclipped variables. These are not the empirical variogram estimator: the latter
is built on the variance of the differences Yi(m) - Yj(m), whereas the former rest on the

moments of Yi(j ) alone. The clipping level thus does not interpolate between the moment
estimators proposed here and the empirical variogram estimator; the two constructions
remain distinct.
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A Lemmas and proofs of theoretical results

In this section, we give the proofs of all the propositions, theorems and lemmas. We first
introduce some notation that will be used in the following proofs.

Recall that for the random vector X = (X;,i € V') with continuous marginal distribu-
tion functions F;(x), i € V, the random vector U = (U;,i € v) is defined by U; = 1 - F;(X;)
for V.={1,...,d}. ForieV and t=1,...,n, let

Ui =(Un,...,Ua), Uy =1- Fi(Xu).
For non-empty I c V, denote

Tor(wr) = %i]l (Un < kasfn, i €T},
Ry 1(xr) = %CI (ksz, i€ I) :
Define the tail process on [0, 00]l \ {(o0,...,00)} as
vo1(®1) = Vk (T 1(21) - Ro (1)) (A1)
Denote the empirical distribution function of Uy, t=1,...,n by

Fus(z) = tf; (U <2}/ (n +1).

For every s € {1,...,n}, we have
A 1 L
Fui(Us) = ——= > 1{1 - Fi(Xyu) <1 - Fi(X4)}
n+1;35
1 2 .
=1- —— ;:ﬂ_{th < st} =1 _Fz(st)

almost surely. Hence Uy = FU,i(Uti)~ Let

Fﬁz(x) =inf{y e R: Fy;(y) >z} (A.2)
denote the generalized inverse function of FU,i- For I ¢V and xj € [0, oo]'I| N (00,...,00),
set
RnJ(wI):%tiﬂ{fftiglmi/n,iel} (A.3)
and
R () = %iﬂ{% < iy (kagfn) i€ T). (A4)

For a subset I c V, suppose that 1/k < x; <n/k for all i € I. Let
on.1(zr) =V (Ror(xr) - R(xr)) (A.5)
with R, 7(x7) and Rr(zs) given by (A.4) and (4.1).
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A.1 Lemmas

We first present some lemmas that will be used in the proofs of the propositions and the
theorems in this section.

Lemma A.1 (Existence of clipped moments for MGPD). Let Y = (Y,,veV) be a
standard MGP distributed random vector, and c be a real number that 0 < ¢ < co. For any

i,meV, we have }E{(Yi(m) + c)z} < 00,

Proof. Assume X = (Xz,l € V) is a random vector with standard exponential margins
and it belongs to the domain of attraction of Y. Note that

P(X; >y + Xon, Xon > 1) < P(X; >y +u)

P(X;>y+ X | Xom>u) = = < =
(Xi >y X | Xon > ) P(X,, > ) P(X,m > )

< exp(-y)

by the standard exponential margins. Hence from (2.1) and by letting u — co on the
left-hand side of the last inequality, we have

P(Y,"™ > y) <exp(-y), y>0.

Therefore,

E [{Yi(m) v (—c)}Q]

_E [{Yi(m) v (-0} 1y < 0}] +E [{Yi(m) V(o) 1™ s 0}]

e /(;OOIP{(YZ.(m))Q 1™ >0} >u} du

_ 2 +2f0°ou]P’(Yi(m) >u)du

SCQ+2/(;OOueXp(—u)du=02+2< 0o.
The desired result follows from the decomposition that

E{(;" +c)2} =E [{(y;(m) v (=) + c}Q]
= E{(Yi(m) v (—c))Q} + 2cIE{Yi(m) v (—c)} +¢ < oo.

The proof is complete. O

To establish the asymptotic normality of the moment estimators, we need a convergence
result for the weighted tail empirical process. A similar result has already been discussed
in Proposition 3.1 of Einmahl et al. (2006). The difference from their work is that we
use a different weighting function (z A y)"7, while they weighted the process by (z v y)".
However, our result can be derived through their proof approach with minor modifications.
Another related result is Lemma 1 from Cai et al. (2015). In that lemma, the weight
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function of the bivariate empirical tail process is 2”7. In our case, the weight function
(x Ay)T can be decomposed into two cases: z >y and x < y. By analyzing these cases
separately, our setting can be reduced to the one considered in the cited lemma, and hence,
similar conclusions can be derived. However, the result in their work was stated without
a formal proof. For completeness, we present the proof in the following lemma. We note
that this lemma applies to general MGPDs and is not restricted to the Hiisler—Reiss
MGPD.

Lemma A.2. Let Y be an arbitrary MGP distributed random wvector, and let X; =
(Xe1,---, X)), t=1,...,n, denote the independent copies of a random vector X, which
has continuous margins and such that the marginally transformed vector X in (2.4) lies
in the domain of attraction of Y. If Assumption 4.1 holds, then for T >0 and 0 <n<1/2,
the process

(Vn,ij(x7y)

Un,s()
(z Ay)" (@) e (O.TT, IR

e (0T, ij eV, i< v)

converges jointly in distribution to

(Wij(ﬂfyy)

W (u)
(zAy)n’ ’

(z,y) € (0,T]?
asm — o0 in (£2((0,T1%)) D2 x (£ ((0,T]))".
Proof. For nonempty subset I ¢ V with |I| <2 and @; = (x;,i€1) € (O,T]m7 define

Loe,1()
(mingey ;)"

f[(ZBI) = fl(wl, ) =

as a function on [0,00]% \ {(oo,...,00)}, where (0,2] denotes the Cartesian product
[Tiev (0,5;] with y; = 2; if i € T and y; = oo if i € V ~ I. That is, for any z € [0,00]% \

{(c0,...,00)},
Il{zi S.CCZ‘,Z'EI}‘

(mingey ;)"

f1(er)(2) = fi(xr,2) =
Denote the class of f;(x;) by F, i.e.,
F={fi(x;), IcV,1<|I|<2, ;= (z;,icI)e(0,T]".
For I,J cV and fr(xy), fs(ys) € F, define a semi-metric p on F by

Wr(xr) Wi(ys) )2}]1/2.

(minge; ;)" (minges ;)"

p(fi(x1), f1(ys)) = !E{(

Let

1
Znyt = ﬁé(%UmieV)
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be the scaled Dirac measure on [0,00]% \ {(o0,...,00)}. For any f € F, let

Zn,t(f) = f den,t-
Then we have
L 1 {Utz < k:cl/n, 1€ I}

Zni(fr(xr)) = NG (minger z;)"

and .
&) S 7 (@) - E (Zua(Fi(@n)))
(minger ;)"

Note that for each ¢, Z,; can be viewed as a stochastic process indexed by functions
fr(zxr) e F. For independent stochastic processes Z, ¢, t =1,...,n, indexed by a totally
bounded semi-metric space (F, p), the weak convergence of Y- (Z,, :—E Z,, +) is implied by
the weak convergence of its finite-dimensional distributions and its asymptotic tightness.
Note that the finite-dimensional convergence follows from the Cramér—Wold device
together with the univariate Lindeberg—Feller central limit theorem, since convergence of
all linear combinations implies convergence of multivariate distributions. Hence it suffices
to establish asymptotic tightness. To this end, let {faj}f\zf"‘l be a partition of F such that
F = Uj-vjl Fe; and

iE* ( sup | Znt(f) - Zn,t(g)‘Q) <e? (A.6)

t=1 fagE]'—sj

for each j =1,,..., N, where E* is the outer integral (for definition see Van der Vaart
and Wellner (1996)). For ¢ > 0, let Nj(¢,F, p) be the minimal number of e-brackets
(with respect to p) required to cover F. By Theorem 2.11.9 in Van der Vaart and Wellner
(1996), it is sufficient to verify:

O E U Zntlr 11 Znelr > )] =0 (A7)
t=1

as n — oo for every A >0, where | Zy, |7 = sup ez [ Zn(f)], and

on
[0 \/logN[](e,F,p)dseO (A.8)

for 9, - 0. Together with (A.6), this implies the tightness of Yi"(Zy+ —E(Z,4)).

To validate (A.7), we first show that (F,p) is a bounded space. Given I c V, let
Fr = {fr(zr),z; € (0,T]"}. Recall that f; are defined for nonempty subsets I c V
and |I] < 2. Since there are only finitely many such subsets, the totally boundedness of
(F,p) is equivalent to the totally boundedness of all the subclass Fr, I ¢ V with |I] < 2.
For brevity, we only show that Fj is totally bounded for I = {i,j} where |I| = 2. The
remaining cases are similar.

For every f;j(x,y) € Fr, we show that the mapping: (x,y) = fij(x,y) is uniformly
continuous from (0,7]% to (F7,p). Since (0,T]? is totally bounded under the Euclidean
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metric, this will imply total boundedness of (Fy, p). For z,y,u,v € (0,T], there are four
possible orderings of (z,y) and (u,v). Without loss of generality, let x >y, u > v, and
x> wu,y>wv. For any § >0, assuming |z —u| <d and |y —v| <. Then we have

Wij(z,y)  Wi;(u,v) )2}

@Ay (unoy

:E{ Wij(z,y) Wz‘j(“:’U))Z}

yn on

PQ(fij(x,y),fij(u,v)) =E{

=E { VWi (z,y) - y"Wij(u,v) )2}

(yv)"
_UQURij(x, y) — 20"y R;;(u,v) + y2’7RZ~j(u, v)
) (yv)?n '

Note that R;;(z,y) <z Ay. If v <4, we have

Rii(x,y) 3Rij(u,v)
20F. . ij \ Ly ij (U,
p (flj(x7y)7f2](uvv)) S y27] + ’U277
<yl 4 3017 < (26)1727 4 36172 < 551
Otherwise, for v > §, by noting that

|Rij(z,y) — Rij(u,v)| < |o—ul + |y - v] <26,

we obtain
R’i' , n_ ,M)2 2n Rz , —RZ" 7
P2 (fi(2.y), fij(u,0)) = e f@/)v(;/zn S J(x(jg)m )
o Ry (u0)(y" - o")? 2607
- (yv)?n " (yv)2n

<oty - )2 4 25120
< 7721)1—477,027]—2(?/ _ U)2 + 251—277

<oy — )2 4 2512 < 3512,

where the fourth step follows from the mean value theorem. Hence, for every € > 0, there
exists § > 0 such that for all |z —u| <& and |y —v| < &, we have p*(f;;(x,v), fij(u,v)) <e.
This completes the proof for the case z >y, u > v, and x > u, y > v. The other three
cases can be followed by symmetry. Consequently, the map (z,y) = fi;j(x,y) is uniformly
continuous from (0,7]? to (F7,p). Since there are finitely many I ¢ V with |I] <2, the
whole class (F, p) is totally bounded.

Now we show that (A.7) holds for every A > 0. For I ¢ V and x; € (0,T]"!, assume
ig = {i: x; = ming x; }. Since

1 Uz < kl’i n, 1el
sup  [Znt(fr(xr))| = sup (U - / )
fr(xr)eF fr(zr)eF \/E(mlnz’el x;)"

28



1 ]l(Utio < %3710) < 1 1

S —= = T = N
\/E xgo \/E(%Utio)n

we have for each A >0 and 0<n<1/2,

Y E {1 Znl 7 11 Znelr > N)}
t=1

(25) " ey

-0 (k/n)(vVEX)T7
%)/

= \IFUnp=1/@n)
L=mn
as n — oo. This establishes the validity of (A.7).

It remains to show that (A.8) is satisfied for every sequence 6,, - 0. Although the
original goal is to establish the result on [0,T'], we follow Einmahl et al. (2006) and take
T =1 for simplicity. The general case follows analogously. Let F/ = {f;(x1), I c V, |I| = j}.
It suffices to verify (A.8) for j = 1,2. We only treat the case j = 2, the case j = 1 being
similar. Fix € > 0 sufficiently small. Set o = e3/(=21) and @ = 1 - 3. Define

E

NG
VE
1

F(a) :{fj(:v,y) EfztxAyéa},
and for intergers r,s > 0,
F(r,s)={fr(z,y) e F2: 0" <z <", 0" <y<6°}.
Then

[log o/ log 6]
f2=f(a)u( U }'(r,s)).

r,s=0

We first verify (A.8) for the class F(«). By the definition of Z,, 4,

iE*{ sup  (Zn(f) - Zn,t(g))z} = nE{ sup  (Zna(f) - Zn,l(g))Q}
t=1 f,9eF () f.9¢F (o)

1 (Uh < %,Ulj < k:_y)

n

4dn
<4nE{ sup Z2,(f)}=—E{ sup
{fe]—'(a) w k 7020 (xAy)2n
TAY<a

4n n 20 p
<—E —U1; 1{-Uy;
<u{(fu) 1 (<o)

4 ak/n —2n 42
" ; (naz) dz = a <ed.
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Thus the contribution of F(«) is negligible. Now we establish (A.8) for the classes
{F(r,s),0 <r s < [loga/logf]}. For given r,s, without loss of generality, we assume
r=rAs. Then

iE* { sup  (Znt(f) - Zn,t(g))Q}

t=1 frgeF (r,s)

2
<7”LE{( sup Zn71(f)— inf Zn,l(f))}

feF(r,s) JeF(r,s)

< E{(H{U1i§%9r7U1j§%95} H{UHS%9r+1’UljS%93+l})}2

>3

(97"+1 A 95+1)77 (91" A 95)77

_n ) k ) k s -n(s+1) -ns
_EEI{JL{UMSEQ,UUSEG}(Q -07)
2
+{ﬂ {Uli < EQT,UU < ﬁes} -1 {Uli < EQTH,UU < EQSH}}@”S} ]
n n n n

on ko ko (077-1)*
<—|Ciy|—0",—0° )| ——
k [ ! (n n ) 62ns
+ {CU (ﬁer’ Ees) _ Cij (E9r+17 E95+1)} 9—2775]
n n n n

<2007 (97 - 1)? 1 2(1-0)} < 2 {(9—1/2 —1)2+2(1- 9)} <eb+4e% <563,

where (677 - 1)? < €% holds for sufficiently small e. Thus, the number of elements of the
partition of F? is bounded by Ce %log(1/¢)? for some constant C' > 0. Consequently,
(A.8) holds as n — oo. This completes the proof of the lemma. O

Recall that W () is a mean-zero Gaussian process defined in Section 4 with continuous
trajectories. Since the weighted empirical tail process is asymptotically tight, by Theorems
1.5.7 and 1.5.8 of Van der Vaart and Wellner (1996), the processes take values in a
separable subspace of (£ ((0,T]?))H4D/2 x (¢=((0,7]))%. Hence, by the Skorokhod’s
representation theorem (cf. Theorem 1.10.4 in Van der Vaart and Wellner (1996)), there
exists a probability space with processes v, ;.(2,y), v, ;(u) and Wi (z,y), W (u) for all
i,7,8 €V and i < j such that for z,y,u € (0,7T],

% . . . N d . .
(Vn,ij(xuy)7yn,s(u)7 %, 7,5 € V7Z <j) = (Vn,ij(x7y)7l/n,$(u)7 %,7,8 ¢ ‘/7 ? <])7
% " . . N d . .
(Wij(xay)aws (U), %,],5 € V7Z <j) = (WZ](xvy)7WS(u)7 %,],8¢€ V7 t <.])7
and the convergence in Lemma A.2 holds almost surely. Then, for 0 <7 < 1/2, we have

sup ‘V;,ij(l‘,y) - Wz;($7y)‘ —0,(1)
0<z,y<T (z Ay)n PR
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* _ W*
sup Vn’S(u) s (u)‘ =0p(1). (A.9)
0<u<T u’l

We shall work within this probability space while keeping the notation unchanged. Next,
we establish an inequality analogous to Lemma 3.2 in Einmahl et al. (2006).

Lemma A.3. Let 0<n<1/2. For any i,j €V and sufficiently small € € (0,1), we have

‘Wz‘j(3371)| 0o )\2 2l(1 2n)
P( sup —— S Z 21+27151—277 .

O<x<e "

Proof. Recall that for any i,j € V, {W;j(x,1), x € [0,00]} defined in (4.2) is a centered
Gaussian process. We firstly show that, for 0 < a < b,

IP’{ sup ]Wij(a:,l)\2A}S2P{|Wij(b,l)|2)\}. (A.10)
z€[a,b]

To prove the result, let F, = o{Wj;(s,1):0<s<z}. For 0<s<x <y, we have

Cov{Wi;(y,1) - Wi;(z,1), Wi;(s,1)}
= COV{Wij(ya 1)7 Wij(sa 1)} - COV{Wij(x? 1)7 Wij(sa 1)}
=R(yns,1)-R(xAs,1)
=R(s,1) - R(s,1) =0.
Since the process is Gaussian, the increment Wj;(y,1) — Wj;(z, 1) is independent of F,.

Consequently,

which shows that {W;;(z,1) : x> 0} is a continuous martmgale. Moreover, by the conti-
nuity of the covariance function R(-,1), Wj;(-,1) admits a continuous modification. From
the Dambis—Dubins—Schwarz representation theorem, there exists a standard Brownian
motion B such that

Wij(m, 1) = BR(x,1)7 x 2 0.

Consequently,

sup |[Wij(z,1)[= sup |By.
:EE[O,b] tG[O,R(b,l)]

Since R(x,1) is an increasing function on z € [a,b], applying Lemma 1.2 of Orey and
Pruitt (1973) yields

IP’{ sup [Wij(z,1)] > )\} < P{ sup |Wij(z,1)]> )\} <2P{|W;;(b,1)] > A}.
z€[0,b]

z€[a,b]

Next, we show the main result. For [ =1,2,..., define

€ €
Al={x:W£xS§},
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then using (A.10), we have

Wi (z,1

O<x<e il

1e{0,1,...} zeA, xn

1) 71
P{Supw ZA}

rEAl 3’;77

Wii(z,1
IP{ sup supmz)\}

gk

<

=0

gk

e \7
< P{sup|Wij(a:,1)|2/\(W)}

ze Ay

() (5

)\2 2l(172n)
exp(—mﬁ), (Al].)

=0

A
hO
NgE:

l

Il
o

IN
e
018

l

Il
o

by Mill’s inequality and the assumption that e < 1. Notice that W;;(5,1) follows a
normal distribution with zero mean and variance R(57,1). The last inequality in (A.11)
can be justified as follows,

p{wy (S)2a(-5)" ) =p ! 5 (7)1, M)
I\ 9l ol+1

<P -
R(3,1) 7
2 9M ;o \1/2-m A2 9l(1-27)
STQ—J(E) Xp(z—— )

by Mill’s inequality. For a fixed A > 0, taking e sufficiently small such that the constant
2 (3)1/2-’7
V2or A \2!

To establish the asymptotic normality of the proposed moment estimators, we require
the following lemma, which provides a uniform convergence result for i, ; () defined
in (A.5). A closely related conclusion is the weak convergence of the weighted tail copula
process associated with the stable tail dependence function, as established in Einmahl
et al. (2006, Theorem 2.2). Although we draw on some ideas from that theorem, our result
differs by establishing weak convergence of the integral of the weighted tail empirical
process with different weight functions, which require additional technical conditions in
our lemma.

is less than one, this proves the last inequality in (A.11). O

Lemma A.4. Suppose that Assumption 4.5 holds and that the tail copula R(x) of X
satisfies, fori,j €V with i+ j:

(i) The partial derivative functions R;’j(sc,y) and Rfj(a;,y) exist and are continuous on
(0,00)2.
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(i1) For 0 <n<1/2 and x € (0,exp(c)], the partial derivative satisfies

sup x_n Rij(snl(x)ven])_RZJ(xvl) =0]P’(1)

ze[1/k,exp(c)]

with Op; € (Snj(1) A1, Sp;(1) v 1) almost surely as n — oo, where Sy, (1) =
(Sni(z;),i€I) with
- k
Shi(w) = EF(}_i(_x)a
k""" \n
and FIE given by (A.2).

Then we have

exp(c) P 4i(w, 1)l(=logx)™t  p  rexp(©) Bii(w,1)0(-logx)?
f . dr - f dzx
1/k T 0 x

as n — oo for £ =1,2, where B;j(x,1) is given in (4.4).
Proof. Set ¢ =-loga with a € (0,1]. Recall that
Un1(xr) = \/E{Rnl(wl) - RI(J/’I)}, IcV,

with 7 € [0, 00 ]I\ {(00, ..., 00)}. By the definition of v, 7 in (A.1) and the equality that
Rn,](w[) = Tn7](5n7[($[)), we have

on1(xr) = v 1(Snr(®1)) + VE{R, 1(Snr(x1)) - Rr(Snr(z1))}
+VE{R[(Sn1(x1)) - Ri(z1)} .

Hence, for 7,5 € V and 7 # j,

fl/a {Dn,ii(z,1) - Bj(z, 1)}5(—10g$)£_1 da
1

/:k /I/Za (1 (Su),515(1) Wyl DY e(-loga) ™t
+ /1/1]:“ VE{Ruij (Sni(2), Sng (1)) - RZ(Sm'(I),Snj(l))}f(—logﬂ:)e_1 dzx
e [ VR (S0 5,50) - Ris(a 1))
+{ Bz, DOWilz) + R (2, )W () |(-logz) T dz.  (A12)

We will show, in turn, that each term on the right-hand side of (A.12) converges to zero.
For the first part in (A.12), since for any i € V, Sy;(x) is a nondecreasing function of

x and Sp;(1/a) E 1/a as n — oo (cf. Eq. (3.10) in Einmahl et al. (2006)), there exists a
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constant Tp such that, with high probability, 0 < Sy;(x) < Ty for all = € (0,1/a]. Hence
for 0<n<1/2,

[Vn,i5 (Sni (), Snj (1)) = Wij (2, 1))

1/k<z<l/a x’
[V (i () 83 (1)) = Wig (S (), S (1)
<  sup
1/k<z<1/a N
Wi (Sni(2), Snj(1)) = Wi (2, 1)
+ sup
1/k<z<1/a x"
< swp \Vn,z‘j(sm(x),snj(l))—Wz'j(Sm(iE),Snj(l))’x (Sm'(x))"
" 1/k<e<l/a (Sni(x))" k<w<lfa\ T
(Wi (Sni (), Snj (1)) = Wij(, 1))
+ sup
1/k<z<l/a x"
. .
¢ (S () ~ Wiy 51, ())] Fi(5)
" ue(0,To] u'l 5€(0,k/(na)] s
Wi (Sni(), Snj (1)) = Wiy (=, 1)]
+ sup
1/k<z<1/a xn

=t Dp11 - Dpi2 + Dpas,

where the last inequality holds with high probability. Since S,;(1) E 1 as n — oo, T can
be set sufficiently large such that with high probability, Sp;(1) < Tp, and then

sup |Vm,ij (1, S (1)) = Wi (u, S (1)) < sup |vm,ij (w, Snj (1)) = Wij (u, Spj (1))
ue(0,To] (4 * ue(0,To] (u A Spj(1))” ’

implying D11 Loasn— oo by Lemma A.2, (A.9). With the fact that

sup

s21/n S

= 0s(1), (A.13)

see Eq.(3.10) of Einmahl et al. (2006) or Shorack and Wellner (1986, Page 416), we have

P
Dy11Dp12 = 0 as n — oo, Furthermore, for 1/k < e < 1, we know that

o W (@), S0y (1)) = Wiy (2. 1)

D,13< su
z€(0,1/a] x"
x2e
Wi (Sni (), Snj (1)) = Wiy (2, 1)
+ sup
z€(0,1/a] xn
1/k<z<e
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< [Wij (Sni(2), Snj(1)) = Wij (2, 1) |Wij (@, 1))
sup + sup ———

z€(0,1/a] en z€(0,1/a] x
x2e 1/k<x<e
A n
+ sup |Wij(5m($)75nj(1))| Fia(s)
2¢(0,1/a] Sni(x)" s€(0,k/(na)] s
1/k<a<e

=: Dn14 + Dn15 + Dan-
Since by Smirnov’s lemma, see, e.g., Smirnov (1949, Lemma 2.2.3),

sup E‘F(}_i(s)—s‘ o (A.14)
0<s<k/(na) k '
as n — oo, it follows from the uniform continuity of W;; that D14 — 0 almost surely for

any € >0. By Lemma A.3 and (A.13), for any 6 > 0, we also have P(Dp15 > §) < § and
P(Dy16 > d) < ¢ for sufficiently large n and small €. Thus

fl/a {n,i (Sni(2), Snj (1)) = Wij(a, 1)} £(=logz)"" dx‘
1/k .

. Vi (Sni (), Snj (1)) = Wis(z, 1)]
< sup X

1/a
/ 21 p(=logz)tda Zo
1/k<z<1l/a x 1

[k

(A.15)

asn — oo for £=1,2.
Now we consider the second part in (A.12). Assumption 4.5 implies that

1
sup ‘—C’I(qm) - R1($)| < Kgq",
ze(0,1]111 9

for details see Eq. (S.18) in Engelke and Volgushev (2022). Let r = x Ay, then we have,
for any i,5 € V and z,y > 0, that

éCij(qfc,qy) = ;—TCM (qr;qr%)
—r {Rij (z/r,ylr) + O((qr)g)} = Rij (z,y) + r“EO(qE) (A.16)

as ¢ > 0. Moreover, noting that by (A.16), Assumption 4.5, the relation k = o (ng/(&%))
and 1+&—-n>0, we have

VE{Rpij(u, Snj (1)) = Rij(u, Snj (1))} ]

sup

we(0,T0] [uA Sni(1)]"
= sup {un S (1)} 0p (K120 ) = 0p(1).
’U,E(O,To]
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With the fact that Dpi12 = Supe(o,r/(ne)] (F&Z(s)/s)n L 0, we obtain that, with arbitrarily
high probability,

VE{ Ry 15(Sni(2), Snj(1)) = Rij(Sni(), Sni(1))}

1/k<z<l/a x"
< sup [V {Rnjij (Sni(), 8nj (1)) = Rij (Sni(), Sni (1))} | (.Sni(x))"
- 1/k<z<l/a Sm(@’)" 1/k<z<1/a T
N "
VE{Rpij(u, Snj(1)) = Rij(u, Snj (1))} | Fi(s)
< sup m . e
ue(0,To ] {unSy(1)} 5€(0,k/(na)] s
Lo

as n — oo. It further follows that for £=1,2,

fl/a VE{ Ry ij(Sni(x), Snj(1)) = Rij(Sni(x), Snj(1))} £(-log )" ! dx|
1

[k T

< sup
z€(0,1/a]
x>1/k

1/a
[1//f 21 p(=logz) da

x"n

VE {Rn,m(sm@),snj(l))—Rij<sm<x>,snj<1>>}’

z 0, n — oo. (A.17)

For the third part on the right-hand side of (A.12), let (0,71) x (0,7%) > (0,1/a]?
be the set such that the partial derivatives of R;;(x,y) exist and are continuous by
assumption. Since Sy;(z) converges = uniformly on (0,1/a] and R;;(x,y) is continuous
on [0,T71] x [0,T5], for large n such that (Syi(x),Sn;(1)) € [0,T1] x [0,T3], applying the
mean value theorem gives

Rij (Sni(x), Snj(1)) = Rij(x,1)
= {Rij (Sni(x), Sni (1)) - Rij (Sni(ﬂf), D} +{Rij(Sni(z),1) - Rij(x, 1)}
= R;:j(eni’ 1) (Sni(z) - ) + jo(Sm(ZE),an) (Sns(1) 1),

where 0p; € (Spi(z) Az, Spi(x) va) and 0,5 € (Sp;(1) A1, S,;(1) v 1) almost surely for
large n. Thus,

fl/a 1
1k

VE{Rij(Sni(2), Snj (1)) = Rij(x,1)}

+{ B (2, YWi(w) + R (2, )W;(1) | |U(-log z) ! d
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1o [ B (Sni(@), 0 )V {80y (1) = 1} + B (2, 1)W;(1) | £(-log )

x
1/k z
1/a [sz(ﬂm, DVE{Spi(z) -z} + sz(x, 1)Wl(az)] ((~logz)* ! q
1/k T .
=: Enl + Eng. (A18)

We begin by analyzing the term FE,;. Observe that

Va R (Sni(2),0n5) [VE{Sn; (1) = 1} + W;(1)] (- log )" .

|En1|§ i
1/k -
1/a {R'z](Sn’L(:E),gn]) _RZJ($7 1)}Wj(1)€(—10g1’)2_1
1/k . -
T _log z)t-1
< {VR(Sw(1) - 1} + W5 (1)} 1/a BRI (S )ez)g( log.z) dx‘

+ sup a7

Rj (Sni(x),0nj) - R (@, D)W,
ze[1/k,1/a]

(1) - ‘f 2" (~log )t dal,
(A.19)

where the second term on the right hand side of the above inequality goes to zero in
probability by condition (i) of the assumption. Setting 7 =0 in (A.9), one have

VE[Snj (1) = 1]+ W;(1) > 0.
Moreover, by the fact that

0< R (x,1) < Ryj(z,1) < w, (A.20)

we have

1/a R] (Sni(),0n;)¢(~logx)"! |
dx
1/k x

/1/‘1 |R (Sm(l‘) Hnj)w( Ing)e ! d
<
0

x
x
1/a
1/a
< sup M x / ((~logz)tdx < o
1/k<z<1/a T 0

by (A.14). Hence the first term in the right-hand of (A.19) converges to zero as n — oo.
Note that the tail copula R(x) is nondecreasing in each coordinate, its partial derivatives
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(whenever they exist) are nonnegative. Hence, the inequality (A.20) can be validated by
differentiating R(Ax) = AR(x) with respect to A and evaluating at A = 1, which yields

d .
z_:la:]R](w) = R(x), (A.21)

implying ;7 (z) < R(z) < miney 2;. In particular, this leads to the inequality (A.20).
For more details, see Lamma 5 and Lemma A.3 in Einmahl and Segers (2021).
For the term FE,s, note that

| En2l
fl/“ RE(6ni, 1) [VE{Sni(z) - 2} + Wi(z) ] £(-logz)" dx!
1

[k T

1/a {sz(em, 1) - sz(a:, 1)} W;(z)¢(~logz)’?
+ fl/k . dx

i i - — . 1/a
< sup R;j(em?l)\/E{Sm(;p) z) - Wi@)|, / 2" (~logz) T da
1/k<z<l/a xn 1/k
»Y) 50 ; 1/a
s R - Ry )| s L [ @t (- log ) da.
z€[1/k,1/a] we[1/k,1/a) ol 1k

The first part on the right-hand side goes to zero as n - oo from (A.9) and the inequality
0 < R;‘:j(ﬂm,l) < 1, where the latter is implied by HniRéj(Hni,l) < Rﬁj(ﬁm,l) < Oni
from (A.21). By assumption sz(aj, 1) is a continuous function, and hence uniformly
continuous on the interval z € [1/k,1/a]. Recall that 6,; lies between x and Sp;(z).
From (A.14) we know that Sp;(z) converges uniformly to z. As a consequence, 6,; also
converges to its limiting value. Hence we have

sup -0

Rfj(em‘a 1) —Rﬁj(x, 1)
ze[1/k,1/a]

as n — oo. Recall that W;(x) is a normal distributed random variable with zero mean
and variance x. For any M > 0,

P sup Wilx) >M|=P{W;(D)|| sup 2> >M
ze(0,1/a] X" 2¢(0,1/a]
_ 2E(W;(1)?2
:21E1>|:I/V1(1)>]\4(177 1/2]§]\§27(n_)1)—>0 (A22)

as M — oo by Chebyshev inequality. Hence Ey9 LS 0 as n — oo. Consequently, by (A.12),
(A.15), (A.17) and (A.18), we obtain

J; 1a {iny(x,1) = Byy(z, )} (= loga)™! e
1/k z

38



as n — oco. Recall the definition of B;j(z,1) in (4.4). By (A.20), we have

[1/k Bij(gc,l)ﬁ(—loga;)e‘1 d 0
x -0,
0

x

in mean square as n — oo, implying the desired result. ]

Recall the definition of S,, r(xr) in (A.2). The following lemma verifies condition (i)
of Lemma A.4 for the Hiisler—Reiss MGPD.

Lemma A.5. Let R(x) be the tail copula function of a Hisler—Reiss MGPD with
variogram matriz T' = (v;5)ijev satisfying Assumption 4.6. For each j € V, assume
{0n;}ns1 is a sequence lying between 1 and Sy;(1) almost surely for large n. Then, for
i,j €V and i # j, we have

sup a7 Rfj(Sm(x), On;j) — Rg](a:, 1)[—-0
ze[1/k,exp(c)]
i probability as n — oco.

Proof. For i,7 € V, the bivariate tail copula associated with the (7,j) component of the
Hiisler—Reiss distribution is a function of +;; only. For notational simplicity, we write

Rij(xay) = R(x7y;7ij)a i,] € 14
with

Riz.y:7) :w+y_x¢(ﬂ+w)_y¢(ﬂ+w) (A.23)

2 NG 2 NG

for (x,y) € [0, 0)2. Taking derivative with respect to x and y respectively, we get

o) = ) -1 - o Y2 o 18 lom ), (A21)
Yij
Therefore,
sSup " Rg](snz(x)asnj(l))_Rg](xal)
ze[1/k,1/a]

< sup a7
ze[1/k,1/a]

logSni(x)—logSnj(l))_q)( _ logw )
ij

Ll VAT
( ! 2\ /Vij 2\ /ij

=t hp ().
Recall that ¢ = —loga. By (A.14), we have
Sng(1)
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almost surely as n - oo. Applying Taylor expansion to the standard normal distribution
function at | /7;; —logx/(2./7i;) gives

_ 1 1 logz \ [ Spi(x)
hn(z)= sup z7"|- —gb(,/%-— )( -z
(z) we[1/k,1/a] 2\/7ij © 725 )\ Sn (1)
1 log x _p| Sni(x)
< sup —gb(\/*y,-- ) sup  a |—=-z|(1+0(1))
VY5 we[1/k,1/a] T 725 ) welijkaja) | Sni(1)
for sufficiently large n. Since
lim k¢( i + M) - 0.
n— 00 2\/%
and it is continuous on [1/k,1/a], we have
log x
sup —gb(,/ ;= ) 00
ze[1/k,1/a] & 2\/Vij
Moreover, note that
sup Snilz) —m‘
ee[1/k,1/a] | Sni(1)
L[ (YA -0 - W), W)
|Snj(1)| \/_:1:6 [1/k,1/a] xn xn
+ sup 3:1_77|Snj(1) - 1|]
ze[1/k,1/a]
[ YRS -0 - me)| | Wi
1Sn (DI VE | we1/k,1/a] " we[1/k1)a]  Z"

+a”1\5nj(1)—1|]

-0
in probability by (A.9), (A.22) and the fact that S,;(1) — 1 almost surely, as n — oo.
This implies h,(x) — 0 in probability and the proof is complete. O

A.2 Proofs of propositions and theorems

In this section, we give proofs of the lemma, propositions and theorems in Section 4.

Proof of Lemma 3.1. We first derive the expressions of the moment functions. Recall
that for any 7,5 € V and i # 7,

(O, v) & (v, vV ¢ (B4 20, ),
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where Zi(j )is a normally distributed random variable with mean —v;;/2 and variance ;;,
independent of the standard exponential random variable E. By the independence of £
and ZZ(J ), a direct calculation gives

B[(E+x).]= [Ten)en()dy= [ (@ m)es(-y)dy
= exp(z) L{z <0} + (1 +2) L{z >0}, (A.25)
and then
My, 0) =E{(B+ 27 + c)+}

_ [OOE{(E+:U)+} dP[29 +c < z]

:fiew dP{ZZ.(j)+cga:}+f0°o(1+a:)d]P’{Zi(j)Jrcs:v}

_ et il2\ (el (v, g (/2
_exp(C)<I>( \/%) mgb( fy{ ) (1 21 )@( %Jj )

ij
Similarly to (A.25), we have

E(((B+2).]= [ @) e(-n)dy= [ (+e)ep(-y)dy
=2exp(z) 1(x < 0) + (2+ 2z +2%) 1(z > 0).
It follows that
, 2
6(2)(’71']',0) = EI:{(E+Z7,(]) +C)+} ]
_ /OOE[{(E+:):)+}2] dP{z +c<a}
0 . ) .
:2/ exp(m)dP{Zi(J)+c£x}+[0 (2+2x+$2)dP{Zi(J)+ch}
:26§;>+f0°°x2d1@{zfj)+ch}
1) Yij ¢ = %ij/2 1, 2 ¢ = %ij/2
= 2e;; —,/%'(——c)gb(—)+{— S+ (l-c)yij+c @ ————.
J J 2 \/7_1] 4 't ( ) J Yij

Plugging in the expression of e(l)(*yij, ¢) yields the formula of 6(2)(%j, c).

We now show the monotonicity of the moment functions. For given ¢, the functions
e (y) = e (5,¢) with £ = 1,2 that map [0,00) to R, are injective and continuously
differentiable on (0, 00), and right-continuous at 0. The derivatives of e(9) (), £ =1,2,

satisfy
1)./ 1 C—ll
e (’y)z—?ﬁ( \/_2)<0
Y
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and
o4
2

e (y)==-c¢ -/ < )
2 Vel VT
for v € (0,00). Here, the inequality in (A.26) follows from Mill’s inequality that (1 —
O(x))/p(x) < 1)z for z > 0. Specifically, if 7/2 - ¢ <0, the inequality (A.26) already holds

since both terms in the left expression of the inequality are negative for v > 0; otherwise,
if v/2 — ¢ > 0, we have by Mill’s inequality that

o< 3
G-9e(F) 3-. 1-2(%)
-2 - . I-c
() VT (%)
which yields (A.26). Moreover, by right-continuity at v = 0, the monotonicity extends to

[0, 00). Consequently, e(®) :[0,00) » (0,00) (£ =1,2) is strictly decreasing. The proof is
complete. ]

Proof of Proposition 4.2. Recall that Yi(j) is Y; | Y; > 0 and that R(x) is the tail copula
defined in (4.1). By (2.1), (2.4), (4.1) and the assumption on X and Y, we know that

P (Y;(j) >, Y;(J) > y) = Rij(exp(_w)a eXp(_y))v (l’, y) € [_007 oo] x [07 oo] (A27)

With the notation ¢ = —loga for a € (0,1], we have

a[(vOv o) [ Bt DACLos )™ L (ogay = é@(p,e): (A28)

X

for the proof of this expression, see Section A.3.
Note that, with the transformation v = —loggq (0 < ¢ < 1), the excesses on the
exponential scale can be equivalently represented as

“log(1- (X)) —u | ~log(1 - F(X,)) > u = 1og{ } 1= By (X)) <q

-
1-Fi(X;)

Therefore, we formulate the pre-asymptotic representation of &) (v, ¢) on the uniform
scale directly. For ¢ € (0,1], let

U™(q)=U |Un<q
be the random vector with distribution on
D"(g) = [0,1]™" x[0,q] x [0,1]"™
given by

]P’(U(m)(q)écc) =g 'P(Ui<z1,...,Un<(@mAq),...,Us< xq)
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=q'C(x1,..., (XM AQ),...,zq), xe[0,1]7. (A.29)

Define the clipped pre-asymptotic form moment e((]?j fori,7 eV as

)= B[ {log (100 @) v (-0} | - B[ {log (@0 @) va) .

Then we have

(0 _ f”“ Cij(qt, q)¢(-logt)"!
21~ Jo gt

see Section A.3 for the proof. Since q‘lCij(qx, q) < x, it follows from the representation

dt+ (loga)’, (A.30)

, ¢
of E [{Yi(j ) v (—c)} ] and effi)j, the convergence in (4.1) and the dominated convergence

theorem that, for £=1,2,
q,tj

NORNGS [{Yi(j) v (—c)}f] asq—0. (A.31)

Now we consider the empirical moments. Based on the definition of Yy; in (2.5), we
define

éffzj (k,c) = %é{ifn \ (—C)}e]l (Fj(Xt]) >1-— %)
n Z .
:%;{log(WVa)} H(F’j(th)Zl—S) (A32)

Using the definition of Uti, it can be written as

B 12 n ~ \¢ A k
egzj(k,—loga) :EZ{_log(EUtjAa 1)} ]l(Utis E)

t=1

With the definition of R(x) in (A.3), we obtain the expansion of &) as

n,1j

dt+ (loga)®, (A.33)

FO /‘1/‘1 Ry ij(,1)0(~logt)"
nij = Ji g ¢

see Section A.3 for the proof.
Note that

sup  |Rnr(x) - Ror(x)| = O(1/k) (A.34)

xe[0,n/k]H

almost surely as n — oo. For any constant T'> 0, I ¢ V and |I| < 3, by (S.47) in Engelke
and Volgushev (2022) and the homogeneity property of tail copulas, we know that

sup = 0, (k71%). (A.35)

xe[0,T]H

Rpi(z) - %C’I(km/n)
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)

Therefore, by setting ¢ = k/n and combining the representations of €q.ij
with (A.34)—(A.35), we have

(0

and e € i

PO, ~(f)

nzg U
_ 1/a {ij(l‘,l)—% i (’“’" k)}é( log:c)é 1
1/k x
1/k 2Cyj (kx, ’“)E(—loggv)e‘1 1 '
- n_n d O,(k™ (logk
JA ; 7+ 0y(k (log 1))

< sup
,y€[0,1/a]?

= 0y (k™ (log k)*) = 0,(1)

as n — oo. Setting ¢ = k/n in (A.31) and combining with the above equation yields that

N n kx k _
Rn,ij(:c,y)—EC’ij( " 3)‘ (logk:—loga) +0p (k: 1(logk)é)

&) £ E [{Yi(j) v (—C)}g], as m —> oo. (A.36)

nz

To establish the main result, note that the clipped moment function e( ) in (3.2) can
be expressed as continuous functions of the empirical moment functlons studied above.

Specifically, by the definition of &) in (A.32) and &'/}, for i,j € V (i #) and £=1,2,

we have
RORNES (10 k. ) }]I(F : —E)
e g - oga (X)) >1
7 k;{ n(1 - Fy(Xy)) U n

k . k
Z{ (n(l “E(Xu) va)} (B> 1-) -loga

= 5”) —loga (A.37)
and
(2) 1 k 2 k
~(2 ~
) _ - log—— 1o ]l(FlX- 21——)
kzl{( ® (- F(X0)) g)} sKy) =21
2
1o k , k
-~ og[ ————val-lo IL(FX‘ 21——)
ktzl{ g(n(l F(Xﬁ» “) ga} e
@

- 2(log a)e -+ (loga)?. (A.38)

By the continuous mapping theorem, (A.36) and the representations above, the conver-
gence in Proposition 4.2 holds. O

Proof of Theorem 4.4. From Proposition 4.2 we know that, as n — oo,

e 5 ().

n,t)
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By the symmetry of the variogram matrix, we have v;; = vj. Therefore, 6(6)(%j) =
e(e)('yjl-). Consequently,

Loy .0\ P
5 (6% + eg;z) - 6(6)(%5) (A.39)

asn — oo for £=1,2.
Furthermore, by Lemma 3.1, the function e(¥) () is strictly decreasing on (0, 00), with
boundary limits

limeM (v,¢)=1+¢, lime®(y,¢)=(1+c)?+1
7=0 7=0

and

7lLIIc)lo e®(y,¢) =0.
Hence, e (7) = e (-,¢) : (0,00) - RY (¢ =1,2) is a bijection with range R = (0,1+¢)
or R? = (0,(1 + ¢)? +1). Therefore, its inverse function e(¥ is well-defined and
continuous on R, Consequently, the moment estimator 'Ay};/’[ {;Z) (¢ =1,2) in (3.6) is
well-defined whenever

Lo | A0 0
> (en’ij + en’ji) eR7,

which holds with probability tending to one by (A.39). This establishes the existence of
AM)(Z)
Vnij

Consider the case where 7;; = 0. Recall that we interpret 6(5)(0,0) by continuous
extension

with probability tending to one.

eM(0,c)=1+¢, e®(0,¢)=(1+c)?+1.
Since e (v,¢) is continuous and strictly monotone on (0,00), its inverse admits a
right-continuous extension at the upper boundary points of Ry), in the sense that
e (y) >0 asytl+c
and
@D (y) >0 asyt(l+c)?+1.

Therefore, the inverse mapping can be continuously extended to e(e)(O,c) via right-
continuity by setting
e (e9(0,¢)) = 0.

Hence, the moment estimators remain well-defined in this case.
Finally, the weak consistency of ﬁ};ﬂ Z?](.é) follows from the continuous mapping theorem

applied to extended inverse mapping e : 7?,((}) — [0,00) and (A.39), where 7~€£1) =
(0,1+¢] and RE? = (0,(1+¢)2 +1]. O

Proof of Proposition 4.7. Recall that

Dnij(,1) = VE{ Ry (2, 1) = Rij(,1)} .
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For ¢ = 1,2, using the expansion of & = ~(Z).(k,c) in (A.33) and that of ) (y) =

n,4J n,1J

e (v,c) in (A.28), together with (A.34) we have
() -
\/E(65123 - 6(6)(%7'))
_ \/E{/l/a Ryij(z,1)0(~logz)*! do— fol/a Rij(z,1)0(~logx)"} d:n}

1/k x x

= \/E[ [1/a {Rn,ij(2,1) - Rij(2,1)} £(~logz)*? .

1/k T

X

[wc Rij(x, ){(-loga)"" ]
- X
0

:/1/a ﬁn,ij(m)e(—logx)f-ldx_@fl/k Rij(z, )i(-logz)""
0 X

1/k x
+0 (k7 (log k")

almost surely. Note that

1k R;j(x,1)6(~logx)* 1
\/E/O j(@ DA~ log z) \/_f (-logz)tda < ——=(logk +1)
x

f

for £ = 1,2 by the inequality R;j(z,1) < . Under the assumption that ~;; > 0, the
partial derivatives of the bivariate tail copula function of the Hiisler—Reiss distribution
are continuous. Combining Lemma A.4, Lemma A.5 with the Slutsky’s theorem (see
Theorem 2.7 in Van der Vaart and Wellner (1996)), we obtain

\/E( )= eW (), eC) - 8@ (), iJEV’”j)

n,ij

l/aBZ»- ,1 l/aBZ»» ,11 L. . .
i(fo de,—2fo de,z,]ev,z;tj). (A.40)

T T
To obtain the asymptotic distribution of the original moment functions, we next relate

) (k,c) to &) (k,c). By (A.37) and (A.38), we have

nzg n,1J

VE (&0 (kse) = €D () ) = VI (20, (k ) -2 (335))

nzg

and

\/_( 5121)3(]{7 c) _6(2)(%J))
\/_( ;2 (k,c) —6(2)('yij)) —2loga-\/_( () (k,c) - (1)(%‘]')).

n,ij n,4J

Combining these identities with (A.40) yields the desired weak convergence result. [
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Proof of Theorem 4.8. By Proposition 4.7 and the relation that ¢ = —loga, we have

(%{f( ) (, 0)—6(@(%)) \/_( ) (k) - e )(yﬂ))}, z',jeV,iqtj)
d (1 pexe(©) {Byj(z,1) + Bji(z,1)} (- logz + )
it

dz, z’,jeV,iij) (A.41)
2 T

for £=1,2 as n - oo.

Recall that e~ denotes the inverse function of e(®(y) for £ = 1,2. From the
definition of 4, Z( ) in (3.6) and the fact that ~;; = 7;;, we can write

@ 4ol ©) ©
P n,i n,ji (€ Yij) t€ Vji
\/E(%%) W)=e“)’ (—’ J)—e“)v ( 0is) (3))

2 2

5(0)

for i,7 € V and ¢ # j. Here, the inverse at (e +é; 2.)/2 is well-defined whenever

n,ij n,ji

(é(é) B )/2 € R (see the proof of Theorem 4.4). Note that e(©) () is differentiable

n,ij n]z
on (0,00), with derivative e(©' () given in Theorem 4.8. Hence, by the delta method
and (A.41), we have for £ =1,2 that

(VE (I )5 inj e Vi 2 )

n77/]

d 1 feXP(C) (Bij(x,1) + Bji(x,1)) - £- (~log x + c)t
2e( (vy5) x

dx; i,jeV,iqtj).
The proof is complete. ]

A.3 Proofs of the representations of moments
A.3.1 Proof of Eq. (A.28)
Proof. For x € R and £ =1,2, we have

2t = fom 1{t <a}ett "+ (-1) fow 1{t < -z}t dt. (A.42)
Hence,
YOy (o) - _/OooIL{tSYi(j) v (=)} de
N (-1)4f0°° 1{t < ~(Y.9 v (=)} - et dt
- [Ooo]l{thi(j) v(—c)}-ft“dm(—1)4f0011{—chi(j) <t} 0 de
+(_1)4focﬂ{yi(” <—c}-t e

:fom]L{th;.(j)}-zt“dm(—1)€focn{—chi(”<—t}-etf—1dt
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+ (D)1 {yP < -} (A.43)

By Lemma A.1, Fubini’s theorem and (A.27), we have

E [{Y}j) v (—c)}e] = (<o) B (¥ < c) + (-1)" foclP’(—c <YD <)ol e
+f0°°19>(th;(j))-£tf—1dt
= (-0)' P (Y, < =) + (-1)f fOCP(-C <D <ty ettt
+/OOOIP’(t§Yi(j))-€té‘1dt
= (=¢)' {1 - Rij(exp(c), 1)}
# (1) [ {Biglexp(e). 1) - Ryj(exp(t), D) - 47 d
; fo " Rij(exp(~t),1) - et dt,

where Fubini’s theorem is used in the first step together with the fact in Lemma A.1
and the second equality follows from (A.27). Since we set ¢ = —loga. By the changes

of variables t = logu and t = —logw in the first and second integrals, respectively, the
expectation can be rewritten as

2[{v2v (o} |- (-loga) (1 Ry (1/a,1))

e [ e D Ry 1)) g

u
1R (u,1)-0(-1 -1
[ Rate) o)
0 u
la Rii(u,1)-£(-1 -1
:/ Rij(u, 1) - €(-logu) du+ (loga)’.
0 u
O
A.3.2 Proof of Eq. (A.30)
Proof. Similarly to (A.42), for x>0 and ¢ = 1,2, we have
) -1 1 (-1
(log )" = f 1{t < x}¢(logt) df - /‘ 1{t > x}¢(logt) s, (A.44)
1 t 0 t
Therefore,
: ¢
{log (Q/UZ-(])(Q) v a)}
oo 14t < U(J) /(1 -1 11 U(J) /(1 -1
:f {t <[q/U;" (q) v a]}{(logt) dt—f {t>[q/U;" (q) va]jtogt) "
1 t 0 t
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[ o/U (@)} og )" [t o/UP (@) < t)0(og )"
1 t a t
11 {q/Ui(j)(q) < a} ((logt)*t
a t di
[ Lt gl (@} etog) - I 1o <a/UP () < thellog) ™
1 .t a t
+(loga) 1{q/U(g) < a}.

t

Therefore, by Fubini’s theorem and (A.29), we have

e[l (a0 @) o)}
= (loga) P(q/U? () <) - fa 1P(a < q/U () <t)t(logt) !

t
w P(t<g/UY (g)) €(logt)!
o[ y
1 ¢

- - Va [Cij(ga”",q) - Cij(gt, @) 1¢(=log )"
= (loga)* {1 - ¢~ Cy5(qa 1,Q)}—f1 [ ) ”q(t Je(log?) —

t

1O (qt, ¢)l(=logt)t!
+f0 i (qt,q)¢(~logt) 4t

qt
) [l/a Cij(gt, @)0(~logt)""
~Jo qt

dt+ (loga)’,

where Fubini’s theorem is used in the first step and the second equality follows from (A.29).
O

A.3.3 Proof of Eq. (A.33)

Proof. Recall that 0 < a <1. By (A.44) (with the equal sign in the indicator function
moved from the first integrand to the second), we have for i,j € V, i # j and £ = 1,2 that

R V4
{—log (%Uti A a_l)}

e 1t < (#0ina )}(-logt)™" fl 1{t > (205 A a™!) (- logt)"!
1 t 0 t
B fl/a 1{a™t < 203 }0(~logt)*! e fl/a L{t < 20Uy <a 1 }(~logt)*! .
1 t 1 t
. [l 1{t> %Uti}ﬁ(—logt)e_l q
1/k t

N k 1/a 1 Et<f]igﬁa—l /(=loct /-1
:(loga)gﬂ{Utp—a‘l}—fl {at<U -t } €(~logt) 4
n

dt

t

t
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U 1{Ty < Et1e(~logt)!
+f n dt
1/k t

Hence, using the equations

1 {Et < Uti < Ea_l,Utj < k:/n} =1 {Un < ECL_I,UU < k/n} -1 {Utz < Et, Utj < k/n}
n n n n

and
A k N N o k N
1 {Uti >—a Uy < k/n} =1{U;; <k/n}-1 {Uti <—a !, Uy < W”}?
n n
we get
(0 _1¢ LI
£ 5 ve{3tn ) 1150
1& 0 [~ k 1 ~
= E Z (loga) 14U > —a Ui < k/n
=1 n
1/a 1 {%t <Uy < %a‘l, Utj < k‘/n} {(-logt)! 4t
- fl t
U 1{Uy; < £t, U5 < k/n}(~logt)* }
+ [ & dt
1/k t
a R, :(t,1)0(=log )¢ !
:/ 7.]( U ) ( Og ) dt+(10ga)é
1/k t
The proof is complete. O

A.4 Explicit expression of the asymptotic variance

In this section, we derive the explicit expression of the asymptotic variance of the limiting
distribution in Theorem 4.8.

For a Hiisler—Reiss MGP distributed random vector Y with variogram matrix I" =
(7i5)i,jev, the bivariate tail copula is given in (A.23), while its partial derivatives with
respect to x and y are specified by (A.24). We redefine the notations as

For each pair (4,4) € V2 with 4 # j, the limiting random variable in Theorem 4.8 is a
centered Gaussian random variable with variance ag (7ij, ¢), which has expression

exp(c) fexp(c)
o7 (7,c) = fo fo V(x,y;7) - fe(xsvy,e) - fo(y; v, ¢) dedy,

with
(- (~logz +c)!

e () -

fe(w;7,¢) = x>0,
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and

Bl($71)+BZ(x71) Bl(ya1)+Bz(y71)
V(%?J?’Yij):E( e e :

Note that by the definition of the process B;;(x,1), we have
d
Bij(x,1) = Bji(z,1)

for each pair of (i,7) € V' xV and i # j. By Eq. (4.2), Eq. (4.4) and the relation that
Ri(z,y;7v) = Ra(y,z;7), a direct calculation gives that

V(z,y;v) = E (1-Ri(z,1;7) - Bi(y, ;7)) R(z Ay, 1;7)
2

~(1-Ri(y, ;7)) Ri(1,257)R(y, 1;7)
— (1= Ri(z, ;7)) Ri(Ly;v) Rz, 1;7) + (x A y) Ra (2, 1;7) R (y, 157)

1
+ Q{R(w ALy ALyy) = (Ri(z, 1) + Ri(L,y;7))R(x AL y;7y)

- (Ri(1,2z;7) + Ri(y, 1;7))R(z,y A 1;7y) + Ri(x, 1;7)Ri(y, 1;v)R(x, y577)
+Ri(1,z;7)Ri(y, ;) (y A L) + Rz, 1;y)Ru(L,y57)(x A 1)

+Ri(1,z;v)Ri(1, ;7)) R(1, 1;7)}-

B Additional simulation results

The randomly generated 10-dimensional variogram matrix I'; used in the simulation
study in Section 5 is

0.00 0.89 0.82 0.61 0.98 1.05 0.25 0.69 1.08 0.75
0.89 0.00 191 1.40 2.08 216 1.07 1.50 2.05 1.64
0.82 191 0.00 1.51 2.07 212 1.07 1.71 2.00 1.58
0.61 1.40 1.51 0.00 1.65 1.73 0.85 1.32 1.72 1.37
0.98 2.08 2.07 1.65 0.00 222 123 184 213 1.74

1.05 2.16 212 1.73 2.22 0.00 1.31 1.90 2.20 1.81]|°
0.25 1.0v 1.07v 0.85 1.23 1.31 0.00 093 1.33 1.00
0.69 1.50 1.71 132 1.84 190 0.93 0.00 1.83 1.45
1.08 2.05 2.00 1.72 213 2.20 1.33 1.83 0.00 1.83
0.7 1.64 158 137 1.74 181 1.00 145 1.83 0.00

T -

In Figures 11-13, we report the mean bias, variance, and MSE of the first 10 entries

of IT'; based on the empirical variogram estimator ’?E%P(k) and the moment estima-

tors 'Ay};/flfj(.e)(k,—loga) with £ = 1,2 and a = 0.25. The samples are generated from
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Bias Comparison (a = 0.25)
Estimators == EMP = M1 = M2
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Fig. 11 The mean estimation bias for the first ten elements v;; of I'1, based on the em-

pirical variogram estimator '?E%IP (EMP), first-order moment estimator ﬁM’(l)(k‘ —loga)

(M1) and second-order moment estimator fyn i )(k —loga) (M2) with a = 0.25 in 300
replications. The random samples with size n = 1000 are drawn from the 10—dimensional
Hiisler—Reiss distribution with variogram matrix I';.

the 10-dimensional Hiisler—Reiss distribution with variogram matrix I';. These results
are provided here for completeness and to facilitate a more detailed inspection of the
component-wise estimation performance.

In addition, the related analysis for samples generated from a 5-dimensional Hiisler—
Reiss distribution with parameter matrix I's is presented in Figures 14-16.
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Variance Comparison (a = 0.25)
Estimators == EMP = M1 - M2

(1,2) (1,3) (1,4) (1,5) (1,6)
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Fig. 12 The mean estimation variance for the first ten elements +y;; of I'1, based on the em-

pirical variogram estimator

~EMP
Tnij

(EMP), first-order moment estimator ’Ayi:/,[ ,LYJ(.I)(k, —loga)

(M1) and second-order moment estimator 'Ayyzfng)(k,—log a) (M2) with a = 0.25 in 300
replications. The random samples with size n = 1000 are drawn from the 10—dimensional
Hiisler—Reiss distribution with variogram matrix I';.

MSE Comparison (a = 0.25)
Estimators == EMP - M1 - M2
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Fig. 13 The MSE for the first ten elements «;; of I'1, based on the empirical variogram

~EMP

estimator 7,

(EMP), first-order moment estimator ﬁi\f 17](1)(k, —loga) (M1) and second-

order moment estimator '771\;[ ZZJ(.Q)(k, —loga) (M2) with a = 0.25 in 300 replications. The
random samples with size n = 1000 are drawn from the 10—dimensional Hiisler—Reiss
distribution with variogram matrix I'y.
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Bias Comparison (a = 0.25)
Estimators == EMP = M1 - M2
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Fig. 14 The mean bias for v;; of I'y with 4, j € V and 7 # j, based on the empirical vari-

ogram estimator ’)/E%P (EMP), first-order moment estimator ’3/2/[ Z3](.1)(k, —loga) (M1) and
second-order moment estimator ,%1;/1 ;§2)(k, —loga) (M2) with a = 0.25 in 300 replications.
The random samples with size n = 1000 are drawn from the 5—dimensional Hiisler—Reiss

distribution with variogram matrix I's.

Variance Comparison (a = 0.25)
Estimators == EMP - M1 - M2
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Fig. 15 The mean estimation variance for 7;; of I'y with 7, j € V and ¢ # j, based on the em-

~ EMP
Tn,ij

(M1) and second-order moment estimator &%fkk,—log a) (M2) with a = 0.25 in 300
replications. The random samples with size n = 1000 are drawn from the 5—dimensional
Hiisler—Reiss distribution with variogram matrix I's.

pirical variogram estimator (EMP), first-order moment estimator ﬁ};/[ l?](.l)(k‘, —loga)
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MSE Comparison (a = 0.25)

Estimators == EMP = M1 = M2
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Fig. 16 The MSE for v;; of I'y with 4,j € V and i # j, based on the empirical variogram

~EMP

estimator 7,
2

order moment estimator
random samples with size n

M, (2)
n,ij

distribution with variogram matrix I's.

95

(EMP), first-order moment estimator 'Ayrl\f i](l)(k, —loga) (M1) and second-

(k,-loga) (M2) with a = 0.25 in 300 replications. The
1000 are drawn from the 5-dimensional Hiisler—Reiss
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