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Abstract

Cognitive radio (CR) is the solution to the spectrum scarcity issue faced in
wireless communications. It allows unlicensed secondary users (SUs) to
opportunistically access the spectrum assigned to licensed primary users
(PUs), but unused, on a non-interfering basis. Spectrum sensing is the pro-
cess by which the CR node becomes aware of the spectrum occupancy,
in order to decide which frequency bands to use. It is therefore a critical
step in CR. The main goal of this thesis is to design robust spectrum sens-
ing algorithms for mobile cognitive radio systems. The contributions are
grouped in three parts.

In the first part, a new spectrum sensing algorithm is proposed for mo-
bile CR environments. It exploits the knowledge of the SU’s mobility pa-
rameters, by using the Bayesian changepoint detection theory. Moreover,
it works for practical scenarios where the PU’s signal power is unknown
to the SU. Simulation results show that the derived algorithm is a good
choice when the signal-to-noise ratio (SNR) is unknown and the SU could
be required to detect very low SNR signals.

In the second part, the issue of joint transmission and sensing is stud-
ied in mobile CR. Considering a scenario with multiple PU appearances
and disappearances, a new framework that uses changepoint detection for
spectrum sensing is introduced. The optimal system parameters (sensing
time, transmission time and detection threshold) that maximize the spec-
trum utilization are numerically computed and analysed.

In the last part, it is considered that some information about the existing
PUs is available in a geolocation database. Then, a new spectrum sensing
algorithm, that exploits this geolocation information by using the Bayesian

| v
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block-based detection theory, is introduced. An approximate closed-form
expression, based on Taylor series expansion, is provided. Numerical re-
sults show that the derived algorithm gives the minimum error probability
when compared with an algorithm that does not use geolocation informa-
tion.
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1
Introduction

DEFINED as the transmission of information without the use of wires,
electrical conductors or any physical medium, wireless communi-
cation is one of the most groundbreaking sectors of the commu-

nication technology domain, with tremendous progress during these last
decades. Information is carried by an electromagnetic wave which is ra-
diated by a transmitting antenna through the air and then recovered by a
receiving antenna. If the propagation of electromagnetic waves was math-
ematically established by James Clerk Maxwell and experimentally con-
firmed by Heinrich Rudolf Hertz, transmission of information via these
waves was demonstrated thereafter. As their properties, behaviours (pro-
duction, detection, absorption, ...) and applications depend on their central
frequency, electromagnetic waves are categorized into several frequency
ranges and the overall frequency band is called the electromagnetic spec-
trum. The radio spectrum (3 Hz to 3000 GHz) is the part of the electromag-
netic spectrum used by various communication technologies. In practice,
only a small portion (10 MHz to 6 GHz) of the radio spectrum is of inter-
est for wireless communications purposes, because of its good propagation
properties, and the lower frequencies are the most suitable for large area
services or long-distance communications [1]. As the transmitted infor-
mation signal contains not a single frequency but a range of frequencies,
it should be ensured that the signals of two different communication sys-
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tems do not overlap, to avoid interference. The simplest way to achieve
this is to allocate a frequency band to each communication system, while
including guard bands between them. Hence, it becomes obvious that the
constant increase of the number of communication systems will cause the
radio spectrum to be crowded. Radio spectrum is therefore a finite and
valuable resource [2, 3] that should be efficiently managed by spectrum
regulators, in order to ensure fairness among services depending on their
bandwidth requirements.

1.1 Context and motivations

1.1.1 Some trends and issues concerning the spectrum utilization

These last years have witnessed a significant increase of the wireless data
traffic due to the proliferation of wireless devices and services [4] along
with the ever-growing need for multimedia data transmission requiring
high data rates, high reliability and low latency [5]. This trend is likely
to further increase. The global mobile traffic per month actually reached
around 78 Exabytes (EBs) in the third quarter of 2021, as stated in the Er-
icsson Mobility Report [6], while it is foreseen to grow to 5016 EBs in 2030
according to the International Telecommunication Union (ITU) [5, 7]. This
fast growth is highly influenced by the Internet of Things (IoT) explosion
and will be further impacted by the fifth generation of mobile networks
(5G) [8]. A direct consequence of this situation is, on the one hand, the
increasing need for higher communication channel capacity and, on the
other hand, the lack of spectrum to cater for this demand. Therefore, it be-
comes more than ever a big challenge to make an efficient utilization of the
already scarce radio spectrum resource [9].

The capacity C (in bits/s) of a communication channel is given by the
Shannon-Hartley theorem [10]

C = B log2(1 + SNR) (1.1)

and involves the available bandwidth B (in Hertz) and the signal-to-noise
ratio (SNR). It represents the maximum data rate that can be achieved over
a communication channel with an arbitrarily small error probability, by
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using an appropriate coding scheme [11, 12]. Therefore, for a practical
system transmitting at a rate R (in bits/s), we have

R ≤ C. (1.2)

The spectral efficiency of a communication system is defined as the data
rate per unit of bandwidth R/B (in bits/s/Hz). This is an important metric
to evaluate how efficiently the spectrum is utilized. Based on (1.1) and
(1.2), it is thus bounded as follows

R/B ≤ log2(1 + SNR). (1.3)

The spectral efficiency can be increased by several means such as high or-
der modulations, adaptive modulations and multiple-input multiple-output
(MIMO) techniques [13, 14, 15, 16]. All these methods come with an in-
crease in hardware and signal processing complexity [16, 17]. As the Shan-
non bound is being approached by the various existing techniques, it be-
comes crucial to explore alternative methods for improving the spectrum
utilization. This could include new ways of assigning the available radio
spectrum by the use of efficient spectrum management and sharing tech-
niques, to allow more room for new wireless services.

1.1.2 Current spectrum management limitations

The traditional spectrum management approach consists in statically allo-
cating a spectrum band on an exclusive basis (through a licence), either to
a particular service or a particular operator, which is considered to be the
incumbent for this specific band in a specific geographical location. How-
ever, several measurement campaigns, carried out in many countries, have
shown that the assigned spectrum is usually underutilized [15]. In fact,
the spectrum is not fully exploited at all locations and times, and those
portions of the spectrum that are not used are generally called spectrum
holes or white spaces, as depicted in Fig. 1.1. Furthermore, the amount
of available white spaces can strongly vary from one country to another
(either developed or developing) and from one region to another (either
urban or rural) in the same country [15, 18, 19]. It also depends on the
intended spectrum usage (indoor or outdoor environment). For example,
a spectrum occupancy measurement conducted in Singapore showed that
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Fig. 1.1 Spectrum holes or white spaces (adapted from [1]).

the average spectrum utilization in the range of 30 MHz to 6 GHz is about
6.5% [20]. Another measurement campaign carried out in an indoor envi-
ronment in Lagos (Nigeria) showed that the used spectrum in the range of
700 MHz to 2.2 GHz varies from 0.4% to 64.4% depending on the sub-band
[21]. Several other measurement results, revealing the large availability of
unused spectrum, can be found in the literature [22, 23, 24].

The existence of dynamic and non-uniformly distributed licensed spec-
trum holes shows that the overall spectrum efficiency is still very low, and
this represents an untapped potential for wireless communications. There
is clearly a need for an alternative spectrum management to the current
static one.

1.1.3 Dynamic spectrum access and cognitive radio

The term dynamic spectrum access (DSA) has been given multiple defini-
tions over time, depending on the models or approaches proposed in the
research community. In a nutshell, DSA stands for the opposite of the cur-
rent static spectrum management policy [25]. It is a paradigm in which
the spectrum is dynamically shared among services, depending on their
needs or requirements and based on predefined rules. DSA is defined in
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the IEEE1 Standard for Definitions and Concepts for Dynamic Spectrum
Access as "the real-time adjustment of spectrum utilization in response to
changing circumstances and objectives" [26]. It is intended to allow for
more flexibility and cleverness in the spectrum usage and to provide an
increased spectral efficiency.

Several models have been proposed for DSA in the literature [25, 27,
28], among which the hierarchical access model. In the hierarchical access
model, two kinds of users are defined. Primary users (PUs) are the incum-
bent users which have been granted the license or right to use specific fre-
quency bands. Secondary users (SUs) are users without licence, willing to
exploit the spectrum bands assigned to the PUs. They are allowed to use
the spectrum as soon as they do not (or only marginally) affect the per-
formance of the PUs. The hierarchical access model is also referred to as
unlicensed or license-exempt spectrum access model. This model can be
implemented using three approaches [1, 29, 15]:

• In the underlay approach, both the PU and the SU simultaneously
transmit over the same band. This is achieved by ensuring that the
transmit power spectral density (PSD) of the SU is so low that the inter-
ference on the PU receiver is below a certain threshold. An example
of underlay system is the Ultra Wide Bandwidth (UWB) communica-
tions system, where the transmitted signal is spread all over a wide-
band in order to obtain a PSD below the noise floor. Another way is
to keep the transmit power of the SU very low, thereby restricting the
secondary communication to a short-range communication.

• In the overlay approach, the SU still transmits in the same band as
the PU, but it chooses appropriate transmission strategies so that it
causes a minimum interference on the PU communication. The SU
must have knowledge about the data sequence transmitted by the
PU and the complete channel state information for both primary and
secondary systems, in order to perform interference cancelling tech-
niques. This approach thus clearly needs a strong cooperation be-
tween the PU and SU communication systems.

• The idea of the interweave approach is to transmit only in the spec-
trum holes, with the aim of avoiding any interference with the ex-
isting PUs. The SU identifies and exploits the unused parts of the

1IEEE: Institute of Electrical and Electronics Engineers.
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spectrum (in frequency, time and space). This approach is also called
opportunistic spectrum access (OSA) [25] because white spaces are con-
sidered as spectrum opportunities that could be used by the SU. To
make OSA possible, a SU should be able to accurately (with less er-
ror) detect the PU activities in order to transmit in an available spec-
trum hole or release it as soon as the PU becomes active. This requires
constant spectrum monitoring and spectrum agility.

We consider the interweave or opportunistic spectrum access approach
in this thesis. Opportunistic spectrum access is often associated to the term
cognitive radio (CR). Cognitive radio is a technology aiming at enforcing
DSA and particularly OSA, by giving wireless devices the capability to de-
tect spectrum holes and use them efficiently to communicate. Coined by
Joseph Mitola [30], a cognitive radio is a wireless equipment that is aware
of its electromagnetic environment and able to autonomously and auto-
matically adapt or adjust its transmission parameters (carrier frequency,
bandwidth, transmission times, transmit power, modulation scheme, ...)
accordingly [31, 32]. This intelligence and cognition capability of cognitive
radios can be made possible through several steps or functions: the CR has
to observe the environment, analyse, decide and adapt itself. The observa-
tion and analysis of the environment include the methods used to detect
existing spectrum opportunities. A CR can either make the observation it-
self, or alternatively it can take advantage of an external service to extract
information about existing PUs [33]. Three main methods are used in that
respect, namely

• the geolocation database method,

• the beacon-based sensing and

• the local spectrum sensing.

In the first two methods, the information about spectrum occupancy is
given by an external entity and transmitted to the SU, which is therefore
not fully autonomous. But in the last method, the SU directly senses the
spectrum band of interest, in order to find spectrum opportunities. These
methods are often grouped under the umbrella term spectrum sensing, but
it is actually a misnomer and only the last one can be called so. We only fo-
cus on local spectrum sensing in this thesis, and every mention of spectrum
sensing refers to this method. The three methods are further described in
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Chapter 2. In brief, spectrum sensing is thus the process by which the CR
(or SU) measures the existing PUs activities in a certain frequency band,
in order to detect potential spectrum holes. It is the first and most crucial
function in CR because all the other functions rely on its outcome. In fact,
spectrum sensing directly impacts the amount of interference that will be
caused on the existing PUs and the amount of spectrum that will be avail-
able for the SUs. It should therefore be carried out accurately.

1.1.4 TV white spaces and CR

In the radio spectrum, the television (TV) band (VHF2 and UHF3) is very
attractive for long-range wireless communication services, because of its
favourable propagation characteristics that allow high coverage and better
penetration through obstacles [34]. Many measurement campaigns show
that most of the spectrum assigned to TV transmission is not used in many
geographical areas [1, 35]. The available TV spectrum portions, called TV
white spaces (TVWS), have been estimated to vary from a few tens of MHz
in dense urban areas, to hundreds of MHz in suburban and rural areas
[36, 37]. In developing countries, where there are few TV stations, and es-
pecially in sparsely populated rural areas, the amount of TVWS is likely
larger. Furthermore, the digital switchover (DSO), i.e., the transition to dig-
ital TV, has released a significant number of frequency bands, due to the
enhanced spectral efficiency of digital TV, thereby increasing the available
amount of TVWS.

For all these reasons, TVWS are seen as a significant opportunity to al-
leviate the spectrum scarcity issue, by offering the possibility to create new
and innovative wireless services such as smart grid, indoor localization,
public safety and medical applications [38, 39]. In particular, due to their
good propagation properties, TVWS are well-suited for delivering broad-
band access to rural and underserved areas, with minimal infrastructures
and at low cost [39, 37]. The decision of the United States federal communi-
cations commission (FCC) and the United Kingdom office of communications
(OFCOM) to allow access to TVWS on an unlicensed basis has made them
become the first spectrum portions where CR technology is used [38, 40].

2VHF: Very High Frequency (30 MHz to 300 MHz).
3UHF: Ultra High Frequency (300 MHz to 3000 MHz).
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1.1.5 Basics of spectrum sensing

Spectrum sensing is based on signal detection theory. In brief, signal de-
tection theory consists in detecting the presence or absence of an event, a
pattern or a signal, merged in a background noise. In spectrum sensing, it
is the presence or absence of the PU’s signal which needs to be detected, by
measuring the activity in a specific frequency band. To this end, a decision
statistic is computed with the measured data and compared to a detection
threshold. A detector is thus composed of both a decision statistic and a
detection threshold. A good spectrum sensing algorithm should compute
the optimal detector that can accurately detect the presence or absence of
any PU.

There are generally two paradigms in terms of optimality:

• the Bayesian paradigm, in which the detector has an a priori knowl-
edge about the environment, and

• the non-Bayesian paradigm, in which there is no existing a priori
knowledge.

In practice, a priori knowledge is hard to obtain, but if it is available, it can
result in better detection performance. One challenge of spectrum sensing
is to have a good trade-off between the amount of required a priori knowl-
edge and the performance.

In spectrum sensing, the observation time (or sensing time) before the
detection of the PU’s activity is an important parameter. On the one hand,
it affects the detection accuracy, in that the longer it is, the more accurate
the detection will be. But on the other hand, it should not be too long, in
order to allow the full use of spectrum opportunities. A detector that gives
a good balance between the sensing time and the sensing accuracy is thus
desirable.

In the same line, considering the way that the observed signal is pro-
cessed, there are two families of detectors:

• the block-based detectors which process the signal in block, and

• the sequential detectors which process the signal sample per sample.
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Sequential detectors can achieve a lower sensing time than block-based
detectors, especially in situations where the SU should quickly detect the
PU’s activity. But block-based detectors ensure a good detection accuracy.
It is important to choose the best approach for spectrum sensing, depend-
ing on the CR scenario.

Besides the sensing time, another important aspect is the frequency at
which spectrum sensing is performed by the SU in order to vacate the
channel when the PU restarts its activity. If spectrum sensing is performed
frequently enough, the return of the PU will be quickly detected, but the
spectrum might not be fully used due to the time allocated to sensing. In
contrast, if it is performed less frequently, the PU’s return might be missed
and this will affect the performance of the licensed system, due to inter-
ference. This parameter highly depends on the PU activity statistics and
other environment characteristics, such as the mobility of the SU.

Finally, when a parameter of the signal to detect is not known, there are
basically two methods from the detection theory, to deal with that, i.e.,

• the generalized likelihood ratio test (GLRT), and

• the mixture-based test.

This is typical in spectrum sensing that the power of the signal to detect is
not known. These methods are thus very useful in practical CR scenarios,
but they come with additional complexity.

1.2 Objectives and contributions

The main objective of this thesis is to design robust spectrum sensing algo-
rithms for mobile cognitive radio systems. Two main research directions
are explored.

• Firstly, considering the Bayesian paradigm, we investigate the possi-
bility of using a priori knowledge of the environment characteristics
to derive new spectrum sensing algorithms, and we compare their
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performance with non-Bayesian algorithms that do not use this a pri-
ori knowledge. More specifically, in a first scenario, we consider mo-
bility information as a priori knowledge and use the sequential detec-
tion theory, whereas in the second scenario, we consider geolocation
information as a priori knowledge and use the block-based detection
theory. Moreover, both cases deal with situations where the PU sig-
nal power is unknown, by using the GLRT in the first case, and the
mixture-based test in the second.

• Secondly, we investigate the question of joint optimization of sensing
time and sensing frequency in a mobile cognitive radio scenario, de-
pending on the environment parameters. This is done by using the
sequential detection theory.

Some of the research questions we try to answer throughout this thesis
are the following:

Q.1 Is it possible to use environment parameters such as speed, mobility
patterns and geolocation information, known by the SU, to take bet-
ter and/or fast decisions about the spectrum occupancy? How could
these parameters be combined with the sensed data, and what would
be the resulting performance gain in different scenarios?

Q.2 How to derive optimal spectrum sensing algorithms and provide
simple analytical expressions, when the PU signal power, or equiv-
alently the SNR, is not known? What is the induced loss in perfor-
mance with respect to situations where the SNR is known? What
about the resulting complexity? When some a priori knowledge about
the SNR is available, is there a trade-off between complexity, perfor-
mance and accuracy of a priori knowledge?

Q.3 In mobile CR scenarios, what is the most suitable approach for spec-
trum sensing, between block-based detection and sequential detec-
tion? How often should the SU perform spectrum sensing in order
to be aware of a situation change? In a joint transmission and sens-
ing system, how to choose the various system parameters (transmis-
sion time, sensing time, detection threshold) in order to maximize the
spectrum usage?

Q.4 How could we achieve the best trade-off between interference and
spectrum waste in order to maximize the overall spectrum usage, in
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a time-limited communication? What is the optimal threshold se-
lection criteria to achieve the maximum spectrum usage? How to
choose the optimal threshold in unknown-SNR situations?

Taking these research questions into account, the main contributions of
this thesis are listed below.

C.1 Considering a mobile CR environment, a new spectrum sensing al-
gorithm, called LC GLR-Shiryaev, is proposed to detect a change
in the spectrum occupancy when the SU is moving. It exploits the
knowledge of the SU’s mobility parameters, by using the Bayesian
paradigm of sequential changepoint detection. Moreover, LC GLR-
Shiryaev is derived from the optimal algorithm in this paradigm,
named Shiryaev algorithm, by using the GLRT approach when the
PU signal power is unknown to the SU. Simulation results show that
LC GLR-Shiryaev is a good choice of algorithm when the SNR is un-
known and the SU could be required to detect very low SNR signals.
This contribution addresses the research questions Q.1 and Q.2, and
it is detailed in Chapter 3.

C.2 Considering the scenario in contribution C.1, a new performance met-
ric, called the global penalty, is introduced to jointly minimize the
interference and spectrum waste durations, thereby maximizing the
overall spectrum usage, in a time-limited communication. Moreover,
based on the global penalty metric, different methods for setting the
optimal threshold in known-SNR and unknown-SNR situations, are
suggested. The research question Q.4 is addressed by this contribu-
tion, which is presented in Chapter 3.

C.3 The complexity of LC GLR-Shiryaev is compared with that of a nu-
merical resolution of the GLRT-based Shiryaev algorithm, which as-
sumes some a priori knowledge of the SNR. It is shown that the nu-
merical approach has a lower complexity than LC GLR-Shiryaev, but
it requires that the a priori knowledge be accurate, otherwise its per-
formance worsens. This contribution addresses the research question
Q.2, and it is elaborated in Chapter 3.

C.4 A new joint transmission-sensing framework is proposed for use in
mobile CR scenarios, where there may be multiple changes in the
spectrum occupancy, depending on the mobility of the SU. The frame-
work uses a changepoint detection algorithm to perform spectrum
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sensing sequentially along several frames. Based on the contribution
C.2, a new performance metric, called the global cost, is introduced
to evaluate the framework performance, by allowing a trade-off be-
tween interference and spectrum waste. Using this metric, the op-
timal transmission time, sensing time and detection threshold are
computed and analysed through simulations. Moreover, intuitive
rules for choosing the optimal parameters are suggested. Finally, the
changepoint detection is replaced in the framework, with a block-
based algorithm, called energy detection (ED), and a performance com-
parison is provided. The results show the superiority of changepoint
detection. The research question Q.3 is addressed by this contribu-
tion, which is presented in Chapter 4.

C.5 Considering a CR scenario where the PUs are TV broadcasters and
assuming that some information about the transmitters is available
in a geolocation database, a new spectrum sensing algorithm is in-
troduced. The proposed algorithm uses the available information,
combined with the SU’s localization, to perform a mixture-based test,
as in practice the received PU signal power is not known. It is based
on the Bayesian paradigm of block-based detection, because no fast
spectrum change is assumed in the considered scenario, and the de-
tection quickness is not a great concern. Moreover, an approximate
closed-form expression is provided using Taylor series approxima-
tion, and it works well for medium to high average SNR values. The
geolocation information is also used to compute the prior probabil-
ities of presence or absence of PUs’ activities. Finally, the derived
algorithm is compared with ED, that does not use the geolocation in-
formation, and it gives the best performance in terms of minimum
error probability. This contribution focuses on the research questions
Q.1, Q.2, and Q.4, and it is presented in Chapter 5.

1.3 Outline of the thesis

The doctoral dissertation is structured as described below.

Chapter 2 provides a general literature review on existing spectrum
sensing techniques. Different methods for detecting primary users activ-

12 |



Outline of the thesis | 1.3

ities in cognitive radio, i.e., geolocation database, beacon-based sensing
and spectrum sensing, are first presented. Then, the signal detection the-
ory, which is the basis for spectrum sensing, is introduced, including its
various approaches (block-based, sequential, hypothesis testing, change-
point detection) and sub-approaches (Bayesian, non-Bayesian). The exist-
ing approaches (GLRT, mixture-based test, etc.) to deal with an unknown
parameter (e.g., PU signal or noise power) are also reviewed. Then, some
challenges related to signal detection in a CR context (fading, low SNR,
sensing time, sensing frequency, detection time, lack of prior knowledge on
the PU signal) are highlighted. Moreover, some classical spectrum sensing
algorithms are presented and compared in terms of detection performance,
sensing time, complexity, and amount of required a priori knowledge of the
PU. Finally, some use cases scenarios of the spectrum sensing methods de-
veloped in the following chapters are underlined.

In Chapter 3, the new LC GLR-Shiryaev algorithm, proposed for spec-
trum sensing in mobile CR is introduced. It is based on the Bayesian
changepoint detection approach, reviewed in Chapter 2. First, the mobile
CR scenario is presented, and it is postulated that the a priori knowledge of
the spectrum change could be inferred from the mobility parameters of the
SU. Then, applying the GLRT to the optimal Shiryaev algorithm, the new
algorithm is derived for practical situations where the PU signal power is
unknown. It is compared with many other algorithms of the literature by
means of simulation and using the newly proposed global penalty metric.
Finally, some optimal threshold setting methods (adaptive and fixed) are
suggested when the SNR is unknown, and the computational complexity
of the proposed algorithm is discussed.

Chapter 4 introduces the new framework for joint transmission and
sensing in mobile CR. The mobile CR scenario of Chapter 3 is reused, but it
is stressed that multiple changes in the spectrum occupancy are now con-
sidered. Then, the framework and the spectrum sensing method, based
on changepoint detection, are presented. Thereafter, the global cost, that
serves as a performance metric for optimizing the system, is introduced.
The optimal sensing time, transmission time and detection threshold, that
minimize the global cost, are computed and analysed using numerical
simulations. Furthermore, a discussion is given about the mutual depen-
dence between the optimal parameters. Finally, a performance compari-
son is given, when energy detection is used for spectrum sensing instead
of changepoint detection.
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In Chapter 5, the Bayesian spectrum sensing algorithm, using a priori
geolocation information and based on the block-based detection theory, is
presented. Then, an approximate closed-form expression is derived. In ad-
dition, the prior probabilities of absence and presence are computed based
on geolocation information. The proposed algorithm is finally compared
with ED algorithm, which does not use the geolocation information.

Lastly, Chapter 6 gives a general conclusion to the thesis and highlights
directions for possible future research.
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SINCE the introduction of the idea of cognitive radio, the question
of how to detect existing primary users activities, or equivalently
existing spectrum opportunities, has been the subject of abundant

research. Several approaches have been proposed by researchers from
academia and industry, each with its advantages, drawbacks and chal-
lenges, with the ultimate goal of maximizing the spectrum usage while
avoiding deteriorating the performance of exiting PUs. In this chapter, we
provide an overview of the various techniques for detecting spectrum op-
portunities in interweave CR. We further focus on spectrum sensing by
introducing and comparing the different approaches of signal detection
theory that constitute the basis for spectrum sensing algorithms. Particu-
lar attention is given to the specificities of signal detection in the context of
spectrum sensing for CR. Then, some major spectrum sensing algorithms
are presented and compared. Finally, we present some TVWS parameters
and highlight potential applications of the spectrum sensing algorithms
proposed in this thesis.

| 17



2 | State of the art

2.1 Different methods for PUs detection

The coexistence of unlicensed SUs and licensed PUs can be realized only at
the condition that the SUs do not disturb the primary communication sys-
tems. Hence, the SUs need to have an accurate overview of the available
spectrum opportunities. In opportunistic spectrum access, PUs activities
can be detected in various ways including the geolocation database method,
the beacon-based sensing or out-of-band sensing, and the local spectrum sensing
or in-band sensing. As explained in Chapter 1, in the local spectrum sens-
ing method, the decision about the spectrum occupancy is taken by the
SU, which directly senses the spectrum band of interest. In the geoloca-
tion database method, this decision is taken by an external entity, which is
the geolocation database. In the beacon-based sensing, the decision is also
external to the SU. It is actually made by the PU transmitter or receiver,
which sends the spectrum occupancy information to the SU via a control
channel. This is more detailed below.

2.1.1 Geolocation database method

Assuming that all the PUs transmitting in a certain geographical area are
perfectly known as well as their transmission parameters and locations, it
is possible to estimate the spectrum occupancy in this area. This informa-
tion can then be used by every SU willing to opportunistically access the
spectrum. This is the principle of the geolocation database method.

A geolocation database is a central node, administered by a regulator,
that is aware of the spectrum occupancy in a specific region. More pre-
cisely, it contains up-to-date information regarding the existing PU trans-
mitters in a certain area. This data includes location, carrier frequency,
bandwidth, transmit power, transmission times, antenna parameters (radi-
ation pattern, height), protection requirements, and other parameters [41].
The database inputs this information into a channel model, to estimate the
coverage area of the transmitters. With this, a protection contour is defined
for each PU, interference-free areas are determined and the spectrum oc-
cupancy at each point of the considered geographical area is obtained. A
SU that wants to use the spectrum should first retrieve its position through
a global navigation satellite system (GNSS) and then send it to the database.
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The database replies with a list of allowed frequency bands, the associated
transmit powers and the allowed duration of operation, depending on the
location of the SU. Then, the SU chooses a channel and notifies the database
with its transmission parameters, so that the availability of channels is up-
dated. Note that this method needs a cooperation between the SU and the
database, on the one hand, and a dynamic update of the database with the
PUs broadcasting parameters, on the other hand. This requires an extra
communication link, which is typically realized over the Internet. An ex-
ample of PU detection based on the geolocation database method is shown
in Fig. 2.1.

Broadcasting
parameters

Vacant channels &
Other parameters

Location &
Other parameters

PU (TV Transmitter)

Location
information

InternetGPS

Geolocation
Database

SU (CR Device)

Fig. 2.1 Geolocation database method (adapted from [41])

The detection of PUs activities based on geolocation database depends
on several factors. First, this method is not suitable for dynamic primary
systems where the network (the locations and activities of the PU transmit-
ters) is quickly changing. It is more appropriate for static primary systems
such as TV broadcasting, where all the transmitters are fixed and their op-
erating parameters can be known a priori [15]. Actually, this method has
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been created to allow the opportunistic use of TVWS by CR. Second, a
reliable telecommunication infrastructure is needed to regularly transmit
updates between the PUs and the database on the one hand, and between
the database and the SUs on the other hand. Third, the database should
be regularly updated in order to keep ensuring accurate decisions. The
increase of the number of PUs and SUs that should communicate with
the database may increase the latency and the implementation complex-
ity [34, 15]. The fourth important factor is the accuracy of the propaga-
tion model. It undoubtedly impacts the outcome and thereby the perfor-
mance of the geolocation-based approach. The requirements for a reliable
telecommunication infrastructure, an up-to-date database and an accurate
channel model induce a high implementation, maintenance and adminis-
trative cost for the geolocation-based spectrum sensing [41]. While these
constraints might be easily tackled in some countries, it is not necessarily
the case in countries where the Internet backbone infrastructure is unre-
liable and accurate propagation models does not exist [41]. Finally, the
geolocation database method requires the SU to have a geolocation capa-
bility with good positioning accuracy. For example, the accuracy recom-
mended by the United States FCC and the United Kingdom OFCOM are
respectively 50 m and 100 m [42, 43, 44]. This specification is usually met
by existing Global Positioning System (GPS) devices [45, 44], and is not a big
challenge for the geolocation-based approach.

2.1.2 Beacon-based sensing

In beacon-based or out-of-band sensing, an out-of-band control channel is
dedicated for the detection of spectral opportunities. The sensing is ac-
tually done by the SU out of the band of interest. PU transmitters or re-
ceivers periodically send beacon signals on the control channel, to indicate
the presence or absence of PU systems [15]. Therefore, in this method, the
SU does not sense the channel of interest, but it senses another channel to
know the availability of the desired channel. Besides the spectrum occu-
pancy, other advanced features such as channel quality can be transmitted
to the SU [46]. This method can also be used to distinguish different types
of PU systems by employing different time slots or orthogonal codes [15].

The main shortcoming of beacon-based sensing is the use of additional
spectral resources and power for the transmission of beacon signals. Fur-
thermore, multipath fading and shadowing can cause strong attenuation
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to the beacon signals, yielding incorrect detections.

2.1.3 Local spectrum sensing

In local spectrum sensing or in-band sensing, the detection of PUs activi-
ties is directly performed by the SUs through measurements in the band of
interest. In the literature, local spectrum sensing is often simply referred
to as spectrum sensing because, unlike the other methods, it allows the
SUs to directly sense the desired spectrum. As the SUs work like detectors,
they can just detect what they see. For this reason, it is not possible to detect
primary receivers, which are passive devices, but only primary transmit-
ters can be detected through their transmissions [1, 15]. This situation can
lead to a critical issue depicted in Fig. 2.2. Actually, the SU may have a
deep fading channel with the PU transmitter, while having a good channel
with the PU receiver. In this situation, it would detect a free channel and
start transmitting, thereby causing interference to the PU receivers. This
issue is called the hidden node problem and cooperative spectrum sensing,
performed by several SUs, is seen as a solution for solving it [47, 15, 46].

PU Tx

PU Rx

SU Tx

Interference

SU Rx

SU Rx

Fig. 2.2 Hidden node problem (adapted from [46]).
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Although it has many technical challenges, local spectrum sensing is
easier to implement and administer than geolocation-based detection. More-
over, it does not require additional spectrum as beacon-based sensing. It
allows SUs to find local spectral opportunities that may not be found by
the other methods. For these reasons, we only look into this technique
throughout this thesis. In the rest of the document, spectrum sensing is
used to designate local spectrum sensing. As spectrum sensing has its
roots in the signal detection theory, we introduce the basics of detection
theory in the next section.

2.2 Signal detection theory

Signal detection theory is the domain of signal processing that consists in
detecting the presence of an event or a pattern merged in noise, based on an
observed signal [48]. Two different approaches of detection theory can be
distinguished: the classical detection approach also called hypothesis testing
and the sequential changepoint detection approach.

In the hypothesis testing, the observed data belongs to a particular dis-
tribution among two or multiple hypotheses. The objective is then to dis-
tinguish the true hypothesis or, in other words, to find the identity of the
true distribution, based on observation [49]. Furthermore, there are two
types of hypothesis testing.

• The block-based hypothesis testing processes data in block, i.e., the
true hypothesis is decided considering a fixed number of observa-
tions, which is the block size. This size is fixed in advance.

• The sequential hypothesis testing processes data sample by sample
as they become available, i.e., the total number of observations is not
fixed in advance [50].

The changepoint (or quickest) detection approach is slightly different
from the hypothesis testing. In this approach, the observed samples are
not drawn from the same distribution. It is assumed that, at one moment,
there is a change in the distribution of the observed data. The objective of
changepoint detection is to detect the change as quickly as possible after its
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occurrence [49, 50]. The changepoint detection is thus a sequential process,
aiming at achieving a minimum detection delay.

While a block-based processing may be accurate, a sequential process-
ing may take faster decisions about the true hypothesis (hypothesis testing)
or the change (changepoint detection). In the next sections, these three de-
tection categories are introduced.

2.2.1 Block-based hypothesis testing

The classical signal detection problem is a hypothesis test, where we want
to decide among two possible hypotheses: whether a noisy signal is present
or if only noise is present [47]. Assuming that the received signal has been
sampled, the hypothesis test is mathematically formulated as{

H0 : y[n] = w[n],
H1 : y[n] = x[n] + w[n],

n = 1, 2, . . . , Ns

(2.1)

where
n is the time sample,
y[n] is the received (observed) signal sample,
w[n] is the noise sample,
x[n] is the sample of the signal to detect,
H0 means "presence of noise only",
H1 means "presence of signal and noise" and
Ns is the observation length.
The goal of the detection theory is thus to derive a decision statistic Λ,
which is a function of the observed data set (y = y[1], . . . , y[Ns]), and make
a decision based on its value [48]. The detection rule is given by

Λ(y)
H0
≶
H1

α (2.2)

where α is the detection threshold. It means that if the decision statistic is
strictly less than the threshold, then the hypothesis H0 is decided, other-
wise the hypothesis H1 is decided, and if both are equal, nothing can be
decided. A detector is given by a specific expression of Λ(y) and a specific
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value of α. It is thus defined as

Ω =
(
Λ(y), α

)
. (2.3)

As it can be noticed, this detection rule may result in four different scenar-
ios [47]

(a) H1 is decided while H1 is true (H1 | H1),

(b) H1 is decided while H0 is true (H1 | H0),

(c) H0 is decided while H1 is true (H0 | H1),

(d) H0 is decided while H0 is true (H0 | H0).

Scenarios (a) and (d) are correct decisions cases, while scenarios (b) and (c)
are error cases. Usually in the literature, the error cases are of interest, and
they are attributed probabilities which help define the performance metrics
of the detector.

• Case (b) is called a false alarm and the probability of false alarm is de-
fined as PFA = P(H1 | H0).

• Case (c) is called a missed detection and the probability of missed detection
is defined as PMD = P(H0 | H1).

• As case (a) is complementary to case (c), the probability of (correct)
detection defined as PD = P(H1 | H1) = 1 − PMD is also used as a
performance metric.

A good detector should obtain a low probability of missed detection PMD

and a low probability of false alarm PFA. However, both error metrics are
related, and a specific detector cannot decrease the value of one metric
without increasing the value of the other. Therefore, a good trade-off has
to be found between PMD and PFA by choosing an appropriate value of the
threshold α. This can be observed in Fig. 2.3. Usually, the function relat-
ing the detection probability to the false alarm probability (PD = g(PFA))
is called the receiver operating characteristic (ROC) and used a performance
metric of a detector. By varying the threshold α, an operating point, i.e. a
couple (PD, PFA), can be chosen along the ROC curve [51]. Similarly, the
complementary ROC is defined as PMD = g′(PFA). There are various ap-
proaches or paradigms for designing an optimal detector, among which
the two famous Neyman-Pearson (NP) and Bayesian approaches [48].
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𝑷𝑭𝑨𝑷𝑴𝑫

𝜶 = 𝟔

Fig. 2.3 Trade-off between PMD and PFA.

Neyman-Pearson (NP) approach

As both PMD and PFA cannot be simultaneously decreased, a good idea
would be to fix one error probability and minimize the other. The NP ap-
proach aims to find the detector Ω, that minimizes PMD (or equivalently
maximizes PD) while constraining PFA to a value β

arg min
Ω

PMD = P(H0 | H1)

s.t. PFA = β.
(2.4)

The optimal detector in the Neyman-Pearson sense is given by [48]

Ωopt = (Λ(y), α)

where Λ(y) = f1(y)
f0(y)

and α is derived from PFA = β.
(2.5)
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f1(y) and f0(y) are the probability density functions (PDFs) of the observed
vector y under the hypotheses H1 and H0. The optimal decision statistic
is thus the likelihood ratio of the observed data set, and the decision rule is
called a likelihood ratio test. Note that some variants of the NP detector set
the threshold for a fixed value of PD.

Bayesian approach

In this approach, it is assumed that the a priori probabilities of occurrence
P(H1) and P(H0) of both hypotheses are known. Moreover, a cost is as-
signed to each of the four possible scenarios. The goal of the Bayesian
approach is to minimize the Bayes risk defined as [48]

R =
1

∑
i=0

1

∑
j=0

CijP(Hj)P(Hi | Hj)

=C00P(H0)(1− PFA) + C01P(H1)PMD

+ C10P(H0)PFA + C11P(H1)(1− PMD)

(2.6)

where Cij is the cost of declaring Hi while Hj is true.
The optimal detector in the Bayesian sense is given by [48]

Ωopt = (Λ(y), α)

where Λ(y) = f1(y)
f0(y)

and α = (C10−C00)P(H0)
(C01−C11)P(H1)

.
(2.7)

The optimal decision statistic is the likelihood ratio of the observed vector,
as in the NP approach, but the threshold is set differently. It depends here
on the prior probabilities and the costs.
Usually, no cost is assigned to correct decisions and C00 = C11 = 0. More-
over, if the error costs are equal (C01 = C10 = 1), then the Bayes risk boils
down to the probability of error

Pe = P(H1)PMD + P(H0)PFA, (2.8)

and the detection rule is given by

f1(y)

f0(y)

H0
≶
H1

P(H0)

P(H1)
. (2.9)
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Let us denote by f (y), the PDF of the observed data set, regardless of the
true hypothesis. Using the Bayes rule

P(H1 | y) =
f1(y)P(H1)

f (y)
,

it can be noticed that the minimum Pe detection rule is equivalent to the
maximum a posteriori probability (MAP) detector

P(H1 | y)
H0
≶
H1

P(H0 | y), (2.10)

which, for equal prior probabilities, is equal to the maximum likelihood (ML)
detector

f1(y)
H0
≶
H1

f0(y). (2.11)

Composite hypothesis testing

In some practical scenarios, the PDFs of the signal and noise may have
unknown parameters (e.g., signal or noise power) and the likelihood ratio
is not fully defined. Assuming that the unknown parameter vectors under
H0 and H1 are respectively θ0 and θ1, the likelihood ratio test is written as
follows

Λ(y | θ0,θ1) =
f1(y | θ1)

f0(y | θ0)

H0
≶
H1

α, (2.12)

where f1(y | θ1) and f0(y | θ0) are the conditional PDFs of the observed
vector. This case is called the composite hypothesis testing problem, and two
main detection theory tools help deal with that [48, 52].

• The generalized likelihood ratio test (GLRT) replace unknown parame-
ters by their ML estimates (MLE) to obtain the decision statistic. The
decision rule is thus given by

ΛG(y) =
supθ1

f1(y | θ1)

supθ0
f0(y | θ0)

H0
≶
H1

α. (2.13)

This approach is useful and works quite well, albeit suboptimal [48,
29, 51].
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• In the Bayesian approach of composite hypothesis testing (also called
the mixture-based test), it is assumed that the prior PDFs f (θ0) and
f (θ1) of the unknown parameter vectors are known. The conditional
PDFs of the observed data are thus averaged over the unknown vec-
tors. The decision rule is given by

ΛB(y) =
f1(y)

f0(y)
=

∫
θ1

f1(y | θ1) f (θ1)dθ1∫
θ0

f0(y | θ0) f (θ0)dθ0

H0
≶
H1

α. (2.14)

2.2.2 Sequential hypothesis testing

As stated earlier, unlike the block-based hypothesis testing, the sequential
hypothesis testing does not fix the number of observations in advance. The
aim of this approach is to identify the true hypothesis with a minimum
number of observations [29]. It is based on the fact that as the observations
come one by one, the knowledge of the true distribution becomes more
precise, and we may decide whether more data are needed to make a final
decision or not [50].

Let us assume an independent and identically distributed (i.i.d.) ran-
dom process y belonging to a certain distribution whose PDF is either
f0(y) or f1(y). Always considering the detection of a signal embedded
in noise, the sequential hypothesis testing is formulated as{

H0 : y[n] = w[n],
H1 : y[n] = x[n] + w[n],

n = 1, 2, . . .
(2.15)

A decision is thus taken at each time sample, considering the samples ob-
served from the beginning until now.

In sequential tests, there is a stopping time, which is the time when the
test takes a final decision about the true hypothesis. It is generally denoted
by T, here and in the rest of the document. We want this stopping time to
be minimal. The sequential probability ratio test (SPRT) developed by Wald
[53] is the optimal sequential test that decides between the two hypotheses
with the minimum number of observations. Actually it is shown that, for
given error probabilities (PFA and PMD), this test minimizes the average
sample size under both hypotheses H0 and H1 [54]. Denoting the sequence
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of observations, from the beginning up to the current time sample m, by
ym

1 = y[1], ..., y[m], the stopping time of the SPRT is given by [29]

TSPRT = inf{m ≥ 1 : ΛSPRT(y
m
1 ) ≤ α0 or ΛSPRT(y

m
1 ) ≥ α1} (2.16)

where

ΛSPRT(y
m
1 ) =

m

∏
n=1

f1(y)

f0(y)
(2.17)

is the decision statistic and α0 and α1 are the lower and upper stopping
thresholds. This means that at each time sample, the joint likelihood ratio
of all the observations is computed and if ΛSPRT(ym

1 ) ≤ α0, H0 is decided,
but if ΛSPRT(ym

1 ) ≥ α0, H1 is decided. If α0 < ΛSPRT(ym
1 ) < α1, the test

continues the observation. The thresholds α0 and α1 guarantee that the
probabilities of false alarm and missed detection are respectively bounded
by [29]

PFA ≤
1
α1

and
PMD ≤ α0.

As for block-based hypothesis testing, unknown parameters in the PDFs
lead to composite hypothesis testing. To solve this issue, Wald suggested
the weighted SPRT (WSPRT), which use the same idea as the mixture-
based test, and the generalized sequential likelihood ratio test (GSLRT), fol-
lowing the GLRT logic [50].

2.2.3 Changepoint detection

As the sequential hypothesis testing, the sequential changepoint detection
pertains to the sequential analysis. The difference here lies in the fact that
the observed process is not homogeneous. At an unknown time, the distri-
bution changes and the objective is to detect the changepoint (i.e., the time
of change) with a minimum detection delay.

Assume that we want to detect a change from a "noise only" state to a
"signal plus noise" state. Denoting the changepoint by τ, the model is now
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given by [49]
H0 : y[n] = w[n], n = 1, ..., m
H1 : ∃ τ ∈ [0, m], such that

y[n] = w[n], n = 1, ..., τ

y[n] = x[n] + w[n], n = τ + 1, ..., m

(2.18)

where we want to distinguish between two hypotheses. The first one, H0,
means that there has not been any change in the received sequence distri-
bution up to now, and the second one, H1, means there has been a change
at time sample τ. Note that this model considers that the first sample of the
post-change distribution is τ + 1, as in [50]. As in the sequential hypothesis
testing, we use the received sequence, ym

1 = y[1], ..., y[m], up to the current
time sample m, to detect a possible change in the distribution. There are
two classical changepoint detection frameworks in the literature, namely
the minimax and Bayesian frameworks.

Minimax framework

The minimax approach of changepoint detection assumes that the change-
point is an unknown deterministic variable or a random variable whose
distribution is not known [50]. Let us recall that T is the stopping time of
the sequential changepoint detection procedure. If T ≤ τ, there is a false
alarm event and the mean time to false alarm is defined as [49]

TFA = E∞(T), (2.19)

where Ek is the expectation under the assumption that the change happens
at time sample k. It is the average number of samples after which a false
alarm is made, i.e., the detection procedure stops while there has not been
any change. The conditional average detection delay is defined as1 [49]

DD,C = Eτ

{
(T − τ)+ | yτ

1
}

. (2.20)

It is conditioned on the observed sequence up to the changepoint yτ
1 , and

it is a random variable. As the prior distribution of τ is assumed not to be

1x+ = max{0, x}.
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known, Lorden defined the worst-case detection delay as [55]

DD,WC = sup
τ≥0

ess sup Eτ

{
(T − τ)+ | yτ

1
}

. (2.21)

The essential supremum (ess sup) of a random variable W is the smallest
number s such that P(W ≤ s) = 1. Therefore, the metric DD,WC chooses the
changepoint value that gives the largest possible average detection delay
under the worst realization of yτ

1 [56]. The goal of the minimax approach
is to look for the algorithm or procedure Ω that minimizes the worst-case
detection delay DD,WC, subject to a lower bound Tβ on the mean time to
false alarm TFA. The optimization problem is stated as follows

arg min
Ω

DD,WC = supτ≥0 ess sup Eτ

{
(T − τ)+ | yτ

1
}

s.t. TFA ≥ Tβ.
(2.22)

Cumulative Sum (CUSUM)

Let us assume that the observed process is i.i.d. before the change and after
the change (i.i.d. model). The CUSUM algorithm, originally introduced by
Page [57], is shown by Lorden [55] and Moustakides [58] to be optimal in
the minimax framework. At each time sample m = n, CUSUM compares
the decision statistic Λ(ym

1 ) with the threshold α and an alarm is raised as
soon as Λ(ym

1 ) exceeds α. The stopping time of CUSUM algorithm is given
by [49]

TCUS = inf{m ≥ 1 : ΛCUS(y
m
1 ) ≥ α}, (2.23)

with2

ΛCUS(y
m
1 ) = max

k≤m

m

∑
n=k

ln(Ln), (2.24)

where Ln = f1(y[n])
f0(y[n])

is the likelihood ratio of the nth observation. A recur-
sive version [49] of the CUSUM decision statistic is given by

ΛCUS(y
m
1 ) =

(
ΛCUS(y

m−1
1 ) + ln(Lm)

)+
, m ≥ 1, (2.25)

with ΛCUS(y0
1) = ΛCUS(y[0]) = 0.

2k is the time sample from which, ln(Ln) has consistently shown positive values, meaning
that a change has probably occurred [49].
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GLR-CUSUM

When a parameter θ of the likelihood ratio is not known, the GLRT can be
applied to the CUSUM algorithm. The new decision statistic is found by
replacing the unknown parameter by its MLE, giving

ΛGLR-CUS(y
m
1 ) = sup

θ

max
k≤m

m

∑
n=k

ln(Ln|θ), (2.26)

where Ln|θ is the likelihood ratio conditioned on the unknown parameter
θ. Note that the GLR-CUSUM algorithm cannot be written in a recursive
manner because, at each time sample m, the estimated value of θ needs
to be recomputed considering all the observed data. For this reason, the
complexity of GLR-CUSUM grows with the number of available samples.

Bayesian framework

In the alternative Bayesian approach, it is assumed that the changepoint τ

is a random variable with a known prior distribution. The false alarm risk
is measured by the weighted probability of false alarm3 [50]

PFA = P(T ≤ τ)

= ∑∞
k=1 P(τ = k)P(T ≤ k),

(2.27)

where P(τ = k) is the PDF of τ.

As τ is random, the detection delay T − τ is random, and the average
detection delay is defined as

DD = E(T − τ | T > τ) =
E
{
(T − τ)+

}
P(T > τ)

. (2.28)

The Bayesian approach looks for the optimal algorithm that minimizes the
average detection delay DD under a constraint on the false alarm probabil-
ity PFA, i.e. the optimal procedure Ω which is the solution of the following

3Note that k starts from 1 because T ≥ 1 so that P(T ≥ 1) = 1.
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optimization problem

arg min
Ω

DD =
E
{
(T−τ)+

}
P(T>τ)

s.t. PFA ≤ β, β ∈]0, 1[
(2.29)

Shiryaev

Assuming an i.i.d. model and a geometric prior distribution for τ, Shiryaev
solved this problem [59, 60, 50]. He assumed a zero-modified geometric
distribution

P(τ = k) = (1− q)p(1− p)k, k ≥ 0, (2.30)

where q = P(τ < 0) is the probability that the change has occurred before
the first observation and p ∈ ]0, 1] is the probability of change at any given
time. The Shiryaev algorithm is optimal in the Bayesian framework. Its
stopping time is given by [50]

TShi = inf{m ≥ 1 : ΛShi(y
m
1 ) ≥ α}, (2.31)

with

ΛShi(y
m
1 ) =

q
(1− q)p

m

∏
n=1

Ln

1− p
+

m

∑
k=1

m

∏
n=k

Ln

1− p
(2.32)

where α is selected4 in such a way that PFA ≤ β. When Ln is independent
of the changepoint τ, a recursive version of the Shiryaev algorithm can be
written as follows [50, 29]

ΛShi(y
m
1 ) =

(
1 + ΛShi(y

m−1
1 )

) Lm

1− p
, m ≥ 1, (2.33)

with ΛShi(y
0
1) = ΛShi(y[0]) =

q
(1−q)p .

GLR-Shiryaev

Once again, when some parameters of the distributions are unknown, the
Shiryaev algorithm can be extended either using the GLRT approach or the
mixture-based test approach. It is worth noting that these two approaches

4Authors of [50] showed that a proper way to have PFA ≤ β is to set α = 1−β
pβ .
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of composite testing seek to identify a detection procedure that is simul-
taneously optimal under all possible values of the unknown distributions
[61, 62]. In general, it is difficult to find an optimal solution to this prob-
lem, and the exact solution can be mathematically intractable. Below, we
present other alternatives proposed in the literature to deal with unknown
parameters in changepoint detection theory.

The concept of the least favourable distributions (LFDs) is introduced in
[61], when the pre-change and post-change distributions are not known ex-
actly but belong to known uncertainty classes of distributions. Unlike the
GLRT, the objective of this approach is to minimize the maximum detection
delay over all possible distributions, while ensuring that the false alarm
constraint is satisfied for all possible pre-change distributions. It is demon-
strated that if the LFDs can be identified from the uncertainty classes, the
detection rule designed for the LFDs is an optimal solution for the problem.
It is also shown that the LFDs-based CUSUM and LFDs-based Shiryaev
algorithms are suboptimal when compared to CUSUM and Shiryaev al-
gorithms, which have a perfect knowledge of the distributions. Further-
more, because it can be computed recursively, the LFDs-based CUSUM is
shown to be simple and less complex to implement than the GLR-based
CUSUM. This work does not present a comparison between the LFDs-
based Shiryaev and the GLR-based Shiryaev.

Some authors point out that the GLR-based Shiryaev has disadvan-
tages, among which the challenging task of theoretically finding the false
alarm probability [50, 62] and its computational complexity due to the
complex optimization problems that should be solved at each time sam-
ple [62]. For this reason, another approach is introduced in [63, 62], where
a parameter of the post-change distribution is unknown but comes from a
known finite set S of M values. To solve this problem, two formulations
are taken into account. The first formulation considers that there is no
prior distribution of S and thus, the problem consists in finding a stopping
time that minimizes the average detection delay (over the changepoint)
simultaneously for the M candidate values, subject to a worst-case false
alarm constraint. The second formulation assumes that S has a prior dis-
tribution and therefore, the problem’s goal is to minimize the average de-
tection delay (over both the changepoint and the post-change parameter)
subject to an average false alarm constraint. To solve both problem formu-
lations, a new multi-chart algorithm named the M-Shiryaev procedure is
proposed [63, 62]. The algorithm consists in running M parallel Shiryaev
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procedures for each post-change parameter candidate value and declaring
a change when any one of the procedures stops. M-Shiryaev can be seen
as the numerical resolution of the GLR-based Shiryaev over the discrete
set S. A modified M-Shiryaev algorithm is also proposed, by replacing the
summation operation in M-Shiryaev by the maximum operation [62]. Both
algorithms are asymptotically (as the false alarm probability vanishes) op-
timal for post-change parameters within the discrete set S. Moreover, as
the M algorithms are computed in a parallel manner, the recursive form of
Shiryaev algorithm can be used. Therefore, unlike the GLR-based Shiryaev
whose complexity grows with the number of observed samples, the pro-
posed algorithms have a constant complexity with respect to the number
of observed samples. Their complexity is linear with respect to M.

In Chapter 3, we derive a new algorithm by applying an approxima-
tion of the GLRT approach to the Shiryaev algorithm, when a parameter of
the post-change distribution is unknown. The derived algorithm is used
for spectrum sensing in a mobile CR scenario and compared with other
changepoint detection algorithms. As it is an approximation of the GLR-
based Shiryaev, the proposed algorithm is suboptimal but shows good
performance. Furthermore, its complexity is compared with that of M-
Shiryaev, and the trade-off between complexity, performance and required
a priori knowledge of the post-change parameter is discussed.

Comparison of CUSUM and Shiryaev algorithms

CUSUM and Shiryaev algorithms have both been proved to be optimal,
respectively in the minimax framework and the Bayesian framework, for
i.i.d. observations. Moreover, their asymptotic optimalities have been
demonstrated in the general non-i.i.d. case. For example, when consider-
ing non-i.i.d. models and non-geometric prior distributions for the change-
point, Shiryaev algorithm is asymptotically optimal, i.e., it minimizes the
average detection delay as the false alarm probability tends towards zero
[64]. CUSUM is also asymptotically optimal for non-i.i.d. observations,
i.e., it minimizes the worst-case detection delay as the mean time to false
alarm tends towards infinite [65].

As each algorithm is optimal in its own framework, it is important to
take a closer look at how both algorithms perform in the same context,
i.e., the Bayesian framework. This has been done by few authors in the
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literature [64, 66, 50]. Let us introduce two important metrics used in these
texts.

Considering a general prior distribution for the changepoint τ, the ex-
ponential rate of convergence of the prior distribution is denoted as [66]

d = − lim
k→∞

ln
(

P(τ > k)
)

k
, d ≥ 0. (2.34)

If d > 0, then the prior distribution has an (asymptotically) exponential
tail, but if d = 0, the prior distribution has a heavy tail. For the geometric
distribution considered above (2.30), we have d = − ln(1− p), when q = 0.
Therefore, the metric d represents the amount of a priori knowledge about
the time of change [50].

The second metric is the difference between the pre-change and the
post-change distributions of the observation, measured as the Kullback-
Leibler (K-L) divergence (also called K-L distance). It is defined for i.i.d.
models as

D( f1, f0) = E f1

(
ln(Ln)

)
=
∫

ln
(

f1(y[n])
f0(y[n])

)
f1(y)dy. (2.35)

A large value of D( f1, f0) means that when the distribution of the observa-
tion changes, this can be highly noticeable in the observed data. Therefore,
D( f1, f0) represents the amount of information about the time of change
available in the observation.

Clearly, these two metrics have an impact on the performance of the
changepoint detection algorithm.

Comparing both algorithms from a theoretical point of view, it is shown
in [64] that CUSUM loses its asymptotic optimality in the Bayesian frame-
work, when the changepoint has a prior distribution with exponentially
decreasing tail (d > 0), but it remains asymptotically optimal for heavy-
tailed priors (d = 0). Moreover, it is shown that for d > 0, if D( f1, f0)� d,
the observations contain more information about the change than the prior
distribution and the performance of Shiryaev algorithm is determined by
D( f1, f0). But if D( f1, f0)� d, the performance depends more on d [64]. In
addition, authors of [66] showed that Shiryaev algorithm performs much
better than CUSUM, in terms of average detection delay versus false alarm
probability, when D( f1, f0) and d have comparable values. This superior-
ity of Shiryaev algorithm is more pronounced for smaller values of false
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alarm probability. In contrast, CUSUM’s performance gets closer to that of
Shiryaev algorithm, when D( f1, f0)� d.

Applying the changepoint detection to a signal plus noise model, the
K-L divergence has been related to the SNR [66, 50]. It is important to
compare the performance of CUSUM and Shiryaev algorithms in a cogni-
tive radio context. Moreover, in practical situations where the level of the
signal to detect (or equivalently the SNR) is not known in advance, it is in-
teresting to see how the modified versions (GLR-based or mixture-based)
of both algorithms perform. This is carried out in our first contribution
(Chapter 3), where changepoint detection is used for spectrum sensing in
a mobile CR scenario.

2.2.4 Challenges of signal detection in CR context

So far, we have reviewed the basics of signal detection theory, on which
spectrum sensing is based. However, when it comes to the CR context,
signal detection has its own specificities and meanings for the various pa-
rameters. Here we discuss the particular aspects of signal detection in CR.

In the CR context, the signal to detect, x, is obviously the PU signal. The
effects (path loss, multipath fading, shadowing) of the wireless channel be-
tween the PU and the SU can be included by adding a channel gain h[n]
to the previous models. If the channel is stationary during the observa-
tion length Ns, the time-dependence of h can be removed. The presence of
channel effects brings some constraints on spectrum sensing in CR. Deep
fading and severe shadowing may cause the received PU signal to be very
weak and difficult to distinguish from noise. This may lead to the previ-
ously mentioned hidden node problem. Spectrum sensing could thus be
required to detect primary signals with very low SNR, as low as−20 dB, as
specified in the IEEE 802.22 wireless regional area network (WRAN) standard
[67], the first CR standard for the opportunistic use of TVWS.

Besides the SNR, the observation length Ns, called sensing time or sens-
ing period in CR, is also very important. A long observation time is useful
so that the detector can make accurate decisions because the more data is
available, the easier it is to distinguish the two hypotheses. However, in
the CR context, the channel cannot be sensed for an unlimited period of
time otherwise the SU may lose some spectral opportunities. For this rea-
son, the sensing time Ns has to be carefully chosen to give a good trade-off
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between the sensing accuracy and the waste or lost of spectral opportunities.
This is especially true in fast-fading channels, where the channel quickly
changes with time. The sensing time should hence be shorter than the co-
herence time, to achieve good performance [29]. The choice of Ns is also
particularly critical in low-SNR situations. In fact, it is demonstrated that
under noise uncertainty, conventional detectors tend to increase the obser-
vation length to infinity, in order to achieve good detection accuracy, when
the SNR is below a certain threshold. This is called the SNR wall problem
[68, 69].

It is worth noting that in CR, the interference caused by the SU on
the PU is expressed by the probability of missed detection PMD and the
waste of spectral opportunities by the SU is expressed by the probability
of false alarm PFA. The acceptable thresholds for PMD and PFA are chosen
by country regulators and specified in standards. For example, the IEEE
802.22 WRAN standard requires that spectrum sensing be able to achieve
PMD ≤ 0.1 and PFA ≤ 0.1 for very low receiver sensitivity (−116 dBm)
[70, 71].

A previously vacant channel can be reoccupied by the PU. This involves
two aspects that should be carefully looked into. First, the detection time
should be short enough so that the SU could quickly free up the channel
to avoid interfering with the PU. Second, spectrum sensing should be real-
ized periodically in order to be able to detect the PU reappearance. Thus,
the sensing frequency is also an important metric. The FCC and the IEEE
WRAN recommend a detection time of no more than 2 seconds [44, 72]. Re-
garding the sensing frequency, the FCC requires that sensing be performed
every 60 second, while the OFCOM considers a tight sensing frequency of
1 second [44].

The lack of prior knowledge on the PU signal structure is typical of
practical CR systems because the SU might want to use a spectrum band
where multiple technologies coexist [47]. Hence, spectrum sensing should
be able to deal with that. In addition, the PU signal distribution (for ran-
dom signals) is not usually fully defined because one of its parameters
(e.g., signal power) is unknown to the SU. In this situation, optimal detec-
tors should be derived using the previously mentioned GLRT and mixture-
based test, depending on the available data.
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2.3 Spectrum sensing algorithms

Here, we present some classical spectrum sensing algorithms, which are
based on the block-based hypothesis testing theory, namely the energy de-
tection, the matched filtering and the cyclostationary spectrum sensing.

2.3.1 Energy detection

Energy detection or energy detector (ED) is the most famous spectrum sens-
ing algorithm because of its simplicity of implementation and low com-
putational complexity. Moreover, it does not require a priori knowledge of
the PU signal and is therefore suitable for detecting random signals. For
the latter reason, it is called a blind detector. To detect the presence of a
signal, ED computes the received signal energy for a specific time interval
and compares it with a threshold.

It is worth highlighting that ED is the optimal NP detector, for a white
Gaussian PU signal embedded in additive white Gaussian noise (AWGN)
[48, 51]. Let us consider the hypothesis test (2.1), and assume that the
PU signal vector x is modelled as a zero mean white Gaussian random
process with variance σ2

x and the noise vector w is an AWGN process, in-
dependent of the signal, with variance σ2

w. We thus have x ∼ N (0, σ2
xI)

and w ∼ N (0, σ2
wI), where I is the identity matrix. We recall that y =

y[1], . . . , y[Ns] is the vector of observed data. The optimal decision rule in
the NP sense (2.5) is the likelihood ratio test, given here by

1(
2π(σ2

x+σ2
w)
)Ns/2 exp

(
− ∑Ns−1

n=0 y2[n]
2(σ2

x+σ2
w)

)
1

(2πσ2
w)Ns/2 exp

(
− ∑Ns−1

n=0 y2[n]
2σ2

w

) H0
≶
H1

α.

Applying a log function to both terms, we obtain

Ns

2
ln
( σ2

w
σ2

x + σ2
w

)
+

σ2
x

2σ2
w(σ

2
x + σ2

w)

Ns−1

∑
n=0

y2[n]
H0
≶
H1

ln (α).

The decision rule is finally formulated as

ΛED(y) =
Ns−1

∑
n=0

y2[n]
H0
≶
H1

α′, (2.36)
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where α′ is found from the PFA constraint. Note that in the literature, some
authors use the power as decision statistic, instead of the energy.

The detection probability PD and the false alarm probability PFA of ED
are well documented [48, 73] and follow from the fact that the decision
statistic is the sum of the squares of Ns Gaussian variables, which hence
follows a chi-square distribution with Ns degrees of freedom (χ2

Ns
). From

[48], we have
PFA = P(H1 | H0)

= P(Λ(y) > α′ | H0)

= Qχ2
Ns
(

α′

σ2
w
)

(2.37)

and
PD = P(H1 | H1)

= P(Λ(y) > α′ | H1)

= Qχ2
Ns
(

α′

σ2
x + σ2

w
),

(2.38)

where Qχ2
Ns
(u) =

∫ ∞
u f (t)dt is the right-tail probability of a χ2

Ns
variable,

the PDF5 being f (u) = 1
2Ns/2Γ(Ns/2)

uNs/2−1 exp (−u/2), u ≥ 0. For large
values of Ns, the chi-square distribution can be approached by a Gaussian
distribution, thanks to the central limit theorem, which is useful to simplify
the performance metrics derivations but obviously does not give accurate
results. Remark that the false alarm probability PFA depends only on the
noise power σ2

w, while the detection probability PD depends on both the
noise power σ2

w and the signal power σ2
x . As the threshold α′ is found from

the constraint on PFA, ED does not require knowing the signal power σ2
x .

This is where its name of blind detector comes from.

While ED is a simple algorithm, it has some drawbacks. One of them is
its bad performance at low SNR. It can be seen from (2.38) that

PD = Qχ2
Ns
(

α′/σ2
w

σ2
x /σ2

w + 1
)

and that when SNR = σ2
x /σ2

w decreases, the argument of the right-tail prob-
ability increases and hence, PD decreases. Moreover, the threshold α′ is cho-

5The chi-square PDF is defined assuming that u is the sum of the squares of Ns real Gaus-
sian variables ∼ N (0, 1).
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sen assuming perfect knowledge of noise power, but in practical scenarios
this knowledge might not exist. If there is uncertainty in the noise power,
the performance will decrease, giving rise to the SNR wall phenomenon,
mentioned in Section 2.2.4.

2.3.2 Matched filtering

In certain scenarios, we may have some knowledge of the PU signal struc-
ture and this can be exploited to achieve better detection performance.
This prior knowledge of the PU signal consists in features such as modula-
tion format, pulse shapes, phase, data rate, statistical properties, or others
[29, 15]. Assuming the limiting case where the PU signal is fully known, its
presence can be detected by coherently demodulating the received signal.
This is the matched filtering (MF) algorithm, also called coherent sensing. This
spectrum sensing algorithm requires the PU to send preambles or periodic
pilots in order to allow timing and carrier synchronization [29, 15, 74, 46].
A less strong assumption is to consider that PU signal is not known, but its
pilot signal is deterministic and known by the SU. The MF thus focuses on
the pilot detection to detect the presence of the PU [68].

The MF is derived using the NP approach and assuming a deterministic
PU signal. Its decision rule is given by [48]

ΛMF(y) =
Ns−1

∑
n=0

y[n]x∗[n]
H0
≶
H1

α′, (2.39)

where x∗[n] is the complex conjugate of x[n] and α′ is found from the PFA

constraint.

The MF correlates the known transmit signal x with the received signal
y. It is the optimal detector which maximizes the SNR over an AWGN
channel. It, therefore, performs well at low SNR and is more robust to
the SNR wall problem than ED [47, 68]. Moreover, it can achieve good
detection performance with lower sensing time than ED [15, 74].

Coming to practical CR aspects, the MF has some limitations. When
the SU wants to use a spectrum band where several distinct PU systems
are operating, it should be aware of all the possible pilots and PU trans-
mit signals, and it should provide a dedicated matched filter for each of
them. This is impractical, because as the number of different PU systems
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increases, the SU receiver complexity also increases [74, 47, 15]. The MF
is thus more suitable in spectrum bands where all the PU systems use the
same communication technology.

2.3.3 Cyclostationary Feature Detection

Obtaining a priori knowledge of the PU signal structure or its pilot sig-
nal may be difficult, as we have already seen, especially in environments
with different PU systems. Instead, one may wonder if it is possible to use
known features, common to most PU signals, to detect their presence. This
is what cyclostationary feature detection (CFD) does. Due to modulations,
carriers, cyclic prefixes, codes, hopping sequences, pilots, and other fac-
tors, most communication signals exhibit periodic statistics [47, 15]. More
specifically, their mean and autocorrelation function are periodic functions
of time, and these signals are said to be cyclostationary [29]. At the oppo-
site, noise is a wide-sense stationary process and does not show periodic
features. The presence of cyclostationarity can thus help differentiate PU
signals from noise. CFD looks for cyclostationarity by analysing the cyclic
autocorrelation function (CAF) of the received signal. The CAF of the re-
ceived signal y is defined as [51]

Ry(ρ, τ0) =
1

Ns

Ns−1

∑
n=0

ry[n, τ0]e−j2πρn, (2.40)

where ρ is the cyclic frequency and ry[n, τ0] = E
(
y[n]y∗[n + τ0]

)
is the

autocorrelation function. The cyclic spectral density (CSD) of y is defined as
the Fourier transform of the CAF and is given by [51]

Sy(ρ, fc) = ∑
τ0

Ry(ρ, τ0)e−j2π fcτ0 . (2.41)

The received signal is cyclostationary if a non-zero value of ρ exists such
that Ry(ρ, τ0) > 0. Equivalently, Sy(ρ, fc) has peaks at cyclic frequencies
that are multiples of the fundamental frequency of the received signal [29].
CFD can thus be performed both in the time domain and the frequency
domain [51]. This spectrum sensing algorithm works well in low SNR
conditions compared to the previous ones, and it is more robust to noise
uncertainty. Note that CFD can also be used to distinguish between dif-
ferent types of PU systems that have different periods of cyclostationarity
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[46, 29]. The major drawbacks of this algorithm are the high complexity, the
requirement for high sampling rate and large amount of samples when the
received signal length increases, which results in long sensing time [15, 34].

2.3.4 Comparison of spectrum sensing algorithms

In summary, energy detection is the simplest spectrum sensing algorithm
in terms of implementation, with the lowest computational complexity,
and it does not require any a priori knowledge of the PU signal. Neverthe-
less, its performance drops at low SNR and under noise uncertainty. The
matched filtering is the most accurate algorithm in terms of detecting the
presence of a specific PU signal with minimum sensing time and under low
SNR conditions. However, it requires a precise knowledge of all the signals
to detect or at least their pilot signals, and should be able to perform coher-
ent demodulation for all of them, which does not come without an increase
in the complexity. The cyclostationary feature detection might appear to be
a good compromise between the performance and the requirements for a
priori knowledge of the PU signal. It is robust against noise uncertainties
and works well at low SNR. But the long sensing time of this algorithm is a
real disadvantage. Moreover, it is shown that cyclostationary features may
be lost due to severe channel fading, making CFD less efficient in these
conditions. This comparison is summarized in Table 2.1 below.

Table 2.1 Comparison of ED, CFD and MF.

Algorithm Advantages Drawbacks

ED
- Simple implementation
- Low complexity
- No need for a priori know-
ledge

- Bad performance at low
SNR
- Sensitive to noise uncertain-
ty

CFD
- No need for a priori know-
ledge (use known features)
- Robust against noise uncer-
tainty
- Works well at low SNR

- High complexity
- High sampling rate
- Long sensing time

MF - Best performance
- Good at low SNR
- Minimum sensing time

- Requires precise knowledge
of signal or pilot
- Increased complexity
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2.4 TVWS characteristics and some use case scenarios

As mentioned in Chapter 1, TVWS are the first spectrum portions where
CR has been used in many parts of the world. In this section, we present
some of their characteristics, as they are the bands of interest for the dif-
ferent algorithms designed in this thesis. Furthermore, we present some
potential applications of our work.

2.4.1 TVWS characteristics

TVWS bands are comprised between 470 MHz and 790 MHz. Depending
on the regulations in each country, some portions of the spectrum have
been allocated to licensed services. For example, in Benin, the upper band
(703 MHz − 790 MHz) is already allocated to cellular networks. In the
remaining portions (470 MHz − 703 MHz), only 4 channels of 8 MHz are
allocated to digital TV. The digital terrestrial television (DTT) network con-
sists of 29 licensed users (broadcasting sites) grouped into 4 single frequency
networks (SFNs) distributed over the whole territory, as shown in Table 2.2.
Each SFN covers specific geographical areas and all the transmitters within
one SFN use a single channel.

Table 2.2 TV bands utilization by DTT in Benin.

Network No of sites Channel Frequency band
SFN1 12 33 (566− 574) MHz
SFN2 4 24 (494− 502) MHz
SFN3 8 35 (582− 590) MHz
SFN4 5 29 (534− 542) MHz

Considering the 470 MHz − 703 MHz band, which represents around
29 sub-bands of 8 MHz, spectrum sensing can be performed in the whole
band in two ways.

• Narrowband spectrum sensing: Channels of 8 MHz are sensed one by
one. This will need a low sampling rate but will result in a long
sensing time for the whole band.

• Wideband spectrum sensing: The whole band is sensed at a time in
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order to detect the available channels. This will need a high sampling
rate but will result in a short sensing time.

Throughout this thesis, we consider the narrowband spectrum sensing
approach and always assume looking at a single 8 MHz channel at a time.

2.4.2 Application scenarios

The various spectrum sensing algorithms developed in this thesis are gen-
eral, and they can be used in different mobile CR scenarios. Here, we in-
troduce some use case scenarios where they are applicable, i.e., vehicular
networks and wireless ad hoc networks.

Vehicular networks or vehicular ad hoc networks (VANETs) have emerged
as an innovative technology with promises of new and appealing services
that will improve road safety, drivers’ comfort and ubiquitous wireless
communications [75, 76]. Common applications in vehicular environments
can be classified in two categories, namely the safety applications (collision
warning, traffic monitoring, ...) and the non-safety applications (Internet
access, entertainments, ...). In the United States, the FCC has allocated 75
MHz in the 5.9 GHz dedicated short range communications (DSRC) for vehic-
ular communications. However, several studies show that the DSRC band
is not enough to cater for the increasing requirements of emerging vehicu-
lar services [77]. Moreover, in presence of traffic congestion, the spectrum
scarcity problem becomes more serious in this band, and this has a huge
impact on time-critical safety applications [78, 77, 79]. For this reason, it
has been proposed to opportunistically exploit the TVWS in addition to the
DSRC band, in order to increase the available bandwidth to support more
services and users. It thus becomes crucial to add cognitive capabilities to
vehicular networks. The cognitive radio for vehicular ad hoc networks (CR-
VANETs) technology constitutes an interesting and a fast-emerging appli-
cation domain of CR, where the spectrum sensing algorithms proposed in
this thesis can be implemented.

In vehicular networks, several topologies can be implemented, namely
the vehicle-to-infrastructure (V2I) communication, the vehicle-to-vehicle (V2V)
communication and the vehicle-to-person (V2P) communication. The first
one is a centralized topology, in which the communication happens be-
tween a vehicle and an infrastructure usually called a roadside unit (RSU).
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In the latter two topologies, the information is directly exchanged between
two vehicles or one vehicle and a pedestrian. Based on these architectures,
spectrum sensing can be performed in several ways in CR-VANETs.

• Firstly, the spectrum sensing task can be assigned to the RSU, which
is also in charge of channel allocation to the vehicles. The result is
then sent to the vehicles via a control channel. This is the centralized
sensing (Fig. 2.4).

Fig. 2.4 Centralized sensing [80].

• Secondly, the vehicles can perform spectrum sensing themselves and
share the results among them via a control channel. This approach is
the distributed cooperative sensing (Fig. 2.5).

• Another approach is to perform a centralized cooperative spectrum
sensing, where each vehicle performs spectrum sensing and then
sends the result to the RSU which aggregates all the results and takes
a final decision (Fig. 2.6).

In Chapters 3 and 4 of this thesis, we do not envisage the case where
spectrum sensing is done by the RSU, but we consider a mobile CR sce-
nario where spectrum sensing is done by the moving vehicles themselves.
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Fig. 2.5 Distributed cooperative sensing [80].

Fig. 2.6 Centralized cooperative sensing [80].

This relates to the distributed cooperative sensing and the centralized co-
operative sensing approaches (Fig. 2.5 and 2.6). However, we do not per-
form cooperative sensing in the proposed algorithms. We only consider
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the observations made by a single SU vehicle to take decisions about the
spectrum occupancy. Yet, our work could be extended to a cooperative
framework, where the sensing results of several vehicles are used to take
faster and more accurate decisions.

The geolocation-based spectrum sensing algorithm proposed in Chap-
ter 5 can be used in many scenarios where a user, knowing its localiza-
tion and having access to geolocation information of existing PUs, wants
to set up a new opportunistic communication. A typical example of such
scenarios is wireless ad hoc networks for disaster management or military
operations.
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Spectrum Sensing Using
Bayesian Changepoint

Detection

3.1 Introduction

Spectrum sensing is more challenging in mobile environments. In fact,
when the SU is moving, the spectrum occupancy may become more dy-
namic and the spectrum sensing algorithm should deal with fast situa-
tion changes. Mobility raises some issues among which the best choice
of sensing frequency, the most suitable approach between hypothesis test-
ing and changepoint detection, and the possibility to use mobility param-
eters (speed, direction, ...) to make better decisions. The issue of sensing
frequency is more relevant to the joint transmission-sensing problem, be-
cause it involves the question of trade-off between the sensing time and
the time allocated for SU transmission. This is addressed in Chapter 4. In
this chapter, we only consider spectrum sensing and look at the last two
issues. As already discussed in Chapter 2, spectrum sensing algorithms
can use either the hypothesis testing approach or the changepoint detec-
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tion approach. Hypothesis testing gives the current channel state, i.e., the
PU is absent or present, while changepoint detection detects a change in
the channel state, i.e., the PU has appeared or disappeared. Changepoint
detection approach can be viewed as a method for tracking the channel
state. In mobility scenarios, it is preferable to track the spectrum occu-
pancy when the SU is moving, and to quickly detect the appearance or
disappearance of a PU. The goal is to limit the time during which a SU
would interfere after the PU appearance and the time it would waste after
the PU has vacated the spectrum. For this reason, we think that change-
point detection is a better alternative to hypothesis testing for spectrum
sensing in mobility scenarios, and we use this approach in this chapter.

Many works in the literature, apply changepoint detection to cogni-
tive radio and wireless sensor network using both minimax and Bayesian
approaches. Following the minimax approach, authors of [49] developed
a changepoint detection framework using CUSUM (when both noise and
signal power are known), GLR-based CUSUM (when only noise power is
known), and a nonparametric test (when both are unknown). The quickest
change detection over multiple independent channels is considered in [81],
using a Bayesian formulation, with an application to a spectrum sensing
scenario where a SU searches for idle channels in a wideband spectrum.
Another quickest wideband spectrum sensing is introduced in [82], where
the channels are considered to be correlated. Performance of CUSUM is
studied in a cognitive radio context, over various fading channels for one
[83] and multiple antennas [84]. Changepoint detection is also applied to
collaborative spectrum sensing, where CUSUM is used either at the fu-
sion center [85], or at the local nodes [86] or at both sides [87]. Further-
more, Bayesian and minimax changepoint detection schemes are applied
to wireless sensor networks (for single and multiple sensors, in central-
ized and decentralized frameworks) with an additional constraint on the
energy consumed by the sensing algorithm [88, 89, 90, 91, 92].

In this chapter, we consider a mobile cognitive radio scenario, and try
to evaluate whether some knowledge about the environment and the mo-
bility parameters of the SU can help in improving the detection of changes
in the spectrum occupancy. To do so, we assume that the mobility param-
eters of the SU can be summarized in some a priori knowledge on the av-
erage time of spectrum change, or in other words, the prior distribution of
the changepoint. We therefore use Bayesian changepoint detection meth-
ods in which this a priori knowledge can be included. Given that the SU
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does not usually know the signal power of the PUs or other SUs using the
spectrum, we apply the GLRT approach to the optimal Bayesian Shiryaev
algorithm. As the GLR-based Shiryaev involves a complex non-convex op-
timization problem, we use an approximation of the GLRT which results
in a low-complexity algorithm termed as low-complexity GLR-Shiryaev (LC
GLR-Shiryaev). The derived algorithm is compared with other existing
minimax (CUSUM, GLR-CUSUM) and Bayesian (Shiryaev, M-Shiryaev)
algorithms for realistic CR scenarios. In addition, unlike previous works
in the literature, we consider that both interference and spectrum waste
durations are important to evaluate the performance of detection algo-
rithms in a CR context. Hence, we introduce a new performance metric,
called the global penalty, which jointly evaluates the costs of interference
and spectrum waste induced by the changepoint detection algorithms, in
a time-limited communication context. Furthermore, correctly setting the
detection threshold is an important issue in spectrum sensing. We thus
suggest a new way of setting the optimal threshold based on the global
penalty metric, and this optimal threshold shows to depend on the SNR
value. It is therefore only useful when the SNR is perfectly known by the
SU. When the SNR is unknown, setting an optimal threshold is more diffi-
cult. We propose some adaptive-threshold methods which try to estimate
the SNR and a fixed-threshold method that works in average for a certain
SNR distribution. Finally, we perform a complexity analysis of the pro-
posed LC GLR-Shiryaev algorithm and the M-Shiryaev algorithm, which
was presented in Section 2.2.3 as a numerical GLRT Bayesian approach
over a finite set of values of the unknown parameter. The goal is to find
the trade-off between performance and complexity when choosing among
both algorithms.

The simulation results show that, albeit suboptimal because it is an ap-
proximation of the GLR-based Shiryaev, the LC GLR-Shiryaev algorithm
has a good performance. Moreover, it outperforms its non-Bayesian equiv-
alent (i.e., GLR-CUSUM) at low SNR. Hence, it is a good choice for a prac-
tical mobile CR, when the SU does not have any a priori knowledge about
the SNR and could be required to detect very low SNR signals. The simu-
lations also show that the optimal threshold does not depend on the SU’s
communication length, and that the adaptive and fixed methods give al-
most similar performance under certain conditions. The complexity analy-
sis shows that the recursive version of M-Shiryaev has a lower complexity
than LC GLR-Shiryaev. However, it requires an accurate a priori knowledge
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of the SNR, otherwise its performance decreases. Even if it adds some com-
plexity, LC GLR-Shiryaev has the advantage of not requiring any a priori
knowledge of the SNR.

To summarize, the main contributions of this chapter are:

• Derivation of the new LC GLR-Shiryaev algorithm,

• Introduction of the new global penalty metric that jointly considers
interference and spectrum waste,

• Performance comparison of LC GLR-Shiryaev and other changepoint
detection algorithms,

• Optimal threshold setting in known-SNR and unknown-SNR cases,

• Complexity analysis of LC GLR-Shiryaev and M-Shiryaev.

The rest of this chapter is organized as follows. The system model is
introduced in Section 3.2. In Section 3.3, the LC GLR-Shiryaev algorithm
is derived. Then, numerical results are given in Section 3.4, to evaluate
and compare the performance of the considered algorithms, under differ-
ent conditions. The computation of optimal thresholds in unknown-SNR
situations is presented in Section 3.5. In addition, Section 3.6 shows the
complexity analysis of LC GLR-Shiryaev and M-Shiryaev. Finally, Section
3.7 concludes the chapter and Section 3.A gives some proofs.

3.2 System model

3.2.1 Scenario

We consider the mobile CR scenario depicted in Fig. 3.1. Some fixed PUs
are transmitting in the same frequency band, each having its coverage area.
They could be, for example, TV transmitters in a TV broadcasting network
or base stations in a mobile network. A mobile SU (vehicle SU1) is looking
for opportunities to use the same spectrum band in order to set up a sec-
ondary vehicle-to-vehicle (V2V) communication with the vehicle SU2 or
a secondary vehicle-to-infrastructure (V2I) communication with the road-
side unit (RSU). The presence of another secondary system already using
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the spectrum is possible, but, for simplicity, a PU and another SU (from a
distinct secondary system) are called PU below, without distinction. It is
assumed that, initially, a first spectrum sensing has been performed and
the frequency band of interest is free. Hence, the SU tunes to the available
band and starts using it. As it is moving, the spectrum occupancy may
change, due to getting in the range of a PU. In order to detect a potential
change in the given band, the SU is continuously measuring the activity in
this band.

Fig. 3.1 Mobile CR scenario.

3.2.2 Signal model

The observed signal sample at time n is denoted by y[n]. When there is no
PU activity, it is given by y[n] = w[n], where w[n] is the Additive White
Gaussian Noise (AWGN) sample. When the PU transmits a signal, the SU
observes y[n] = x[n] + w[n], x[n] being the transmitted signal affected by
fading. It is assumed that x[n] and w[n] are independent circularly sym-
metric complex Gaussian, x[n] ∼ CN (0, σ2

x), w[n] ∼ CN (0, σ2
w), and inde-

pendent of each other.
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As said previously, we assume that, initially, the SU is outside of the
ranges of PUs. Thus, the observed samples y follow a complex Gaussian
distribution with variance σ2

w, whose PDF is denoted by f0(y). At an un-
known time sample τ, a PU appears while the SU is moving, and the distri-
bution changes to a complex Gaussian distribution with variance σ2

x + σ2
w,

whose PDF is denoted by f1(y). At each time sample m, the SU tries to de-
tect the possible change in the distribution, based on the received sequence
ym

1 = y[1], ..., y[m] up to the current time sample. The SU should thus dis-
tinguish between the two hypotheses of the changepoint detection model
(2.18), that we recall below

H0 : y[n] = w[n], n = 1, ..., m
H1 : ∃ τ ∈ [0, m], such that

y[n] = w[n], n = 1, ..., τ

y[n] = x[n] + w[n], n = τ + 1, ..., m.

Note that in our model, we consider the detection of a PU appearance, but
the detection of a PU disappearance can be performed following the same
logic.

To include mobility in the model, we make the assumption that the
probability of spectrum change is linked with the mobility parameters of
the SU. For this reason, we consider the Bayesian framework, in which it
is assumed that the time sample of PU appearance, τ, is a random vari-
able with known prior distribution. Like in the literature, we consider the
geometric prior distribution (2.30). This choice is motivated by the fact
that the experience of detecting the PU appearance can be viewed as a se-
quence of trials with a certain number of failures (no appearance) before
the first success (appearance). Considering the probability that the PU has
appeared before the first observation, to be null (q = P(τ < 0) = 0), the
prior distribution is written as follows

P(τ = k) = p(1− p)k, k ≥ 0. (3.1)

It thus depends on only one parameter p ∈ ]0, 1], which is the probability
that a PU appears at each time sample or, in other words, the average num-
ber of PU appearances per unit of time (sample). We postulate that if the
speed of the SU and other characteristics of its environment are known, p
can be known with a certain degree of accuracy. In the next section, we
give more details about this.
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3.2.3 Link between the parameter p and the mobility of the SU

Intuitively, a high speed of the SU may correspond to a high value of p be-
cause the spectrum situation may change more frequently. It should also be
mentioned that p depends on the sampling frequency of the SU. In fact, the
average number of time samples before the PU appearance, represented by
1/p, does not have the same value depending on how fast the SU takes and
processes samples. If the sampling rate is high, the SU will observe several
samples before the PU appearance and the value of p will be small. But a
low sampling rate will result in few samples observed before the PU ap-
pearance and the value of p will be higher. Clearly, all this will impact the
detection performance of the system. Processing a lot of samples will give
a high resolution for observing the time of spectrum change, but will in-
duce a high complexity. Processing few samples will give a low resolution
but will induce a low complexity.

In a practical mobile CR scenario, the SU is expected to be able to trans-
mit for some reasonable amount of time, so the value of p is rather small.
As highlighted in Section 2.4, we consider in this thesis that the PU is trans-
mitting on a 8 MHz TV channel and that we are performing narrowband
spectrum sensing on a single channel. With a sampling frequency of 8
MHz, it follows that the sampling period is equal to 125 ns. An average
time of change of 10 s thus corresponds to observing 8.107 samples in aver-
age before the PU appearance, and results in p = 125.10−10. Actually this
value of p is very low. As said above, in a practical system, processing too
many samples with a sequential spectrum sensing algorithm may result in
a high complexity. Moreover, a computer simulation with such value of p
will take too much time to run. For this reason, we assume that the sam-
ples used for sensing are collected at a lower frequency than the sampling
frequency. Assuming for example that they are collected every 50 ms, an
average time of change of 10 s corresponds to observing 200 samples in
average before the PU appearance, and results in p = 0.005. Considering a
vehicle moving at the speed of 30 km/h, according to the scenario of Fig.
3.1, these parameter values imply that a spectrum change occurs in aver-
age after a distance 83 m. These example values are summarized in Table
3.1.
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Table 3.1 Example of parameters values

Parameter Value
Bandwidth 8 MHz
Sampling period 125 ns
Sensing sampling period 50 ms
Average time before change 10 s
p 0.005
Speed 30 km/h
Average distance before change 83 m

3.3 Low-complexity GLR-Shiryaev algorithm

Let us assume now that the PU’s signal power σ2
x is unknown to the SU.

This is actually the case for practical CR scenarios. In this section, we pro-
ceed to the derivation of the LC GLR-Shiryaev algorithm to solve this issue.
It is obtained by applying an approximation of the GLRT approach to the
optimal Bayesian Shiryaev algorithm.

3.3.1 GLR-Shiryaev

Let us remind the Shiryaev algorithm whose stopping time (2.31) is given
by

TShi = inf{m ≥ 1 : ΛShi(y
m
1 ) ≥ α} (3.2)

with the decision statistic, where q is set to zero in (2.32),

ΛShi(y
m
1 ) =

m

∑
k=1

m

∏
n=k

Ln

1− p
(3.3)

Ln being the likelihood ratio of the nth observation, given here by

Ln =
f1(y[n])
f0(y[n])

=
σ2

w
σ2

x + σ2
w

exp
( |y[n]|2 σ2

x
σ2

w (σ2
x + σ2

w)

)
. (3.4)

As σ2
x is not known, the likelihood ratio is not defined, but it is con-
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ditional to σ2
x . It is denoted now as Ln|σ2

x
. The Shiryaev statistic can be

rewritten as a function of σ2
x , as follows

ΛShi(y
m
1 , σ2

x) =
m

∑
k=1

m

∏
n=k

Ln|σ2
x

1− p

=
m

∑
k=1

m

∏
n=k

( 1
1− p

) σ2
w

σ2
x + σ2

w
exp

( |y[n]|2 σ2
x

σ2
w (σ2

x + σ2
w)

)
.

The GLRT approach consists here in maximizing the statistic ΛShi(y
m
1 , σ2

x)

over the set of possible values of σ2
x . The GLR-Shiryaev statistic is thus

given by

ΛGLR-Shi(y
m
1 ) = sup

σ2
x

ΛShi(y
m
1 , σ2

x)

= sup
σ2

x

m

∑
k=1

m

∏
n=k

( 1
1− p

) σ2
w

σ2
x + σ2

w
exp

( |y[n]|2 σ2
x

σ2
w (σ2

x + σ2
w)

)

= sup
σ2

x

m

∑
k=1

1

(1− p)m−k+1

((
σ2

w
σ2

x + σ2
w

)m−k+1

exp
(

σ2
x

σ2
w (σ2

x + σ2
w)

m

∑
n=k
|y[n]|2

))
.

(3.5)

We thus have to solve the following optimization problem

max
σ2

x≥0
ΛShi(y

m
1 , σ2

x) =
m

∑
k=1

1

(1− p)m−k+1

((
σ2

w
σ2

x + σ2
w

)m−k+1

exp
(

σ2
x ∑m

n=k |y[n]|
2

σ2
w (σ2

x + σ2
w)

))
,

(3.6)

The objective function ΛShi(y
m
1 , σ2

x) can be shown to be a non-concave func-
tion and its derivative is a nonlinear function whose zeros are hard to find
analytically (proof is given in Section 3.A.1). To relax the optimization
problem, we make an approximation in the following section.
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3.3.2 Approximation of GLR-Shiryaev

Instead of directly maximizing the sum ΛShi(y
m
1 , σ2

x), each term of the sum
is maximized independently, making the problem easier to solve. In other
words, rather than computing the σ2

x that maximizes ΛShi(y
m
1 , σ2

x), we com-
pute for each term of the sum, the σ2

x,k that maximizes this term. The new
decision statistic is thus

ΛGLR-Shi(y
m
1 ) ≈

m

∑
k=1

1

(1− p)m−k+1 sup
σ2

x,k

((
σ2

w

σ2
x,k + σ2

w

)m−k+1

exp
(

σ2
x,k

σ2
w (σ2

x,k + σ2
w)

m

∑
n=k
|y[n]|2

))
.

(3.7)

Looking at one term at a time, the logarithm of the kth term is redefined
as hk(σ

2
x,k), and the optimization problem that needs to be solved is the

following

max
σ2

x,k≥0
hk(σ

2
x,k) = (m− k + 1) ln(

σ2
w

σ2
x,k + σ2

w
)

+
σ2

x,k

σ2
w (σ2

x,k + σ2
w)

m

∑
n=k
|y[n]|2.

(3.8)

This problem can be easily solved using the Lagrangian method. The La-
grangian is defined as

L(σ2
x,k, λ) = hk(σ

2
x,k)− λ(−σ2

x,k)

= (m− k + 1) ln(
σ2

w

σ2
x,k + σ2

w
) +

σ2
x,k

σ2
w (σ2

x,k + σ2
w)

m

∑
n=k
|y[n]|2 + λ σ2

x,k

(3.9)
where λ is the Lagrange multiplier. Its first derivative is given by

∂L(σ2
x,k, λ)

∂σ2
x,k

= (m− k + 1)

−σ2
w

(σ2
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2
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(σ2
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2 −

m− k + 1
σ2

x,k + σ2
w

+ λ.
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The Karush-Kuhn-Tucker (KKT) conditions for this problem are given by

∂L(σ2
x,k ,λ)

∂σ2
x,k

= 0 ⇐⇒ ∑m
n=k |y[n]|

2

(σ2
x,k+σ2

w)
2 − m−k+1

σ2
x,k+σ2

w
+ λ = 0

∂L(σ2
x,k ,λ)

∂λ ≥ 0 ⇐⇒ σ2
x,k ≥ 0

λ ≥ 0 ⇐⇒ λ ≥ 0
λ σ2

x,k = 0 ⇐⇒ λ = 0 or σ2
x,k = 0.

(3.10)

The solutions can be split in two cases:

• Case 1: σ2
x,k > 0 =⇒ λ = 0, σ2

x,k =
∑m

n=k |y[n]|
2

m−k+1 − σ2
w,

which is obtained if ∑m
n=k |y[n]|

2 > (m− k + 1)σ2
w.

• Case 2: σ2
x,k = 0 =⇒ λ =

(m−k+1)σ2
w −∑m

n=k |y[n]|
2

σ4
w

,

which is obtained for the reversed inequality, and thus satisfies λ ≥ 0.

To verify if σ̃2
x,k = ∑m

n=k |y[n]|
2

m−k+1 − σ2
w is a maximum of hk(σ

2
x,k), we compute

the second-order derivative at this value. It is given by

∂2hk

∂(σ2
x,k)

2 (σ̃
2
x,k) =

−(m− k + 1)3(
∑m

n=k |y[n]|
2
)2 ≤ 0.

Consequently, the solution to the optimization problem (3.8) can be com-
pactly written as

σ̃2
x,k =

(∑m
n=k |y[n]|

2

m− k + 1
− σ2

w

)+
. (3.11)

Inserting it in (3.7), we obtain the approximation of the GLR-Shiryaev de-
cision statistic. As the approximation has a lower complexity than the
original GLR-Shiryaev, we call it low-complexity GLR-Shiryaev (LC GLR-
Shiryaev) algorithm and its decision statistic is

ΛLC GLR-Shi(y
m
1 ) =

m

∑
k=1

1

(1− p)m−k+1

((
σ2

w

σ̃2
x,k + σ2

w

)m−k+1

exp
(

σ̃2
x,k

σ2
w (σ̃2

x,k + σ2
w)

m

∑
n=k
|y[n]|2

))
.

(3.12)

In summary, at each time sample m, the SU just has to compute the decision
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statistic ΛLC GLR-Shi(y
m
1 ) in (3.12) and compare it with the threshold α, to

decide of the PU appearance.

3.4 Numerical results

In this section, we perform some simulations in order to assess the perfor-
mance of LC GLR-Shiryaev in comparison with other changepoint detec-
tion algorithms. More specifically, the comparison is made with the op-
timal Bayesian Shiryaev algorithm which has a perfect knowledge of the
PU’s signal power and will serve as benchmark to evaluate the loss due to
this lack of knowledge of LC GLR-Shiryaev. Then, in order to evaluate the
precision of the approximation (3.7), done in deriving LC GLR-Shiryaev,
a comparison can be made with a numerical solution using a grid search
over a finite set of values for σ2

x . This is equivalent to the M-Shiryaev al-
gorithm and therefore, M-Shiryaev is added to the comparison. We also
make the comparison with the non-Bayesian algorithms which do not use
the knowledge about the PU appearance, i.e., the mobile environment pa-
rameters. We simulate the performance of the optimal minimax CUSUM
and the GLR-CUSUM, which is the non-Bayesian equivalent of LC GLR-
Shiryaev, in order to evaluate the gain of knowing the mobility parameters
in practical CR scenarios.

3.4.1 Simulation setup and performance metric

Simulation setup

It is assumed that the SU has a limited amount of time, defined by the
number N of measurement samples, for secondary communication and
the time sample of PU appearance τ is geometrically generated with pa-
rameter p. The PU may not appear until the end of the SU communication.
We are interested in the performance of each algorithm during the limited
time frame N.
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Global penalty performance metric

In CR, it is desirable to reduce the interference with the PU as much as pos-
sible, but also to maximize the spectrum usage. For this reason, we define
a new criterion that tries to take both effects into account. The criterion also
has to take into account for how long the interference or spectrum waste is
present with respect to the duration of the communication. For this reason,
the average detection delay, representing the interference duration, is first
redefined as

DDl = E

{(
min{T, N} −min{τ, N}

)+}
. (3.13)

This varies from the usual average detection delay definition of the liter-
ature (2.28) in two ways. First, it is no longer conditional to the correct
detection event {T > τ}, but the average is done over all cases (correct de-
tection and false alarm) since the cases with {T < τ} must be counted as
creating no interference penalty. Moreover, it also handles the cases where
there is no detection until the end of the frame {T = N}, and the cases
where the PU does not appear during the frame {τ > N}. Similarly, the
average false alarm duration is defined as the average time between a false
alarm decision and the changepoint, and it is written as follows

DFA = E

{(
min{τ, N} −min{T, N}

)+}
. (3.14)

This metric represents the average time of spectrum waste during the time
frame of communication. Depending on the specific CR application, one
may want to specify a cost or a penalty for the interference induced by
the SU, and a different one for spectrum waste. For example, the PU can
be privileged by giving a high penalty to interference or conversely, the
quality of service of the SU can be prioritized by giving a high penalty
to spectrum waste. The penalties induced by interference and waste of
spectral opportunity are respectively denoted by Pint and Psow. Finally, the
overall global penalty induced by the detection algorithm during the time
frame N can be defined as

GP = Pint DDl + Psow DFA. (3.15)

This new performance metric allows to define the relative importance of
interference time and spectrum waste time, and thereby, to obtain the de-
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sired trade-off between them.

Penalties computation

To compute the penalties values in this work, we first make a simple as-
sumption of a multi-band transmission with uniform power allocation. We
assume that the SU wants to opportunistically use the whole band, but
it performs spectrum sensing independently in each sub-band. Then, we
compute the loss in the total channel rate (in bits/sample) when the SU
fails in detecting the PU activity on a sub-band, which represents the inter-
ference penalty Pint. And finally, we compute the loss in the total channel
rate (in bits/sample) when the SU releases a sub-band before the PU ap-
pearance, which represents the spectrum waste penalty Psow. As the penal-
ties are expressed in bits/sample, the global penalty stands for the average
total number of bits lost during the time frame N. This is more elaborated
in Section 3.A.2.

3.4.2 Simulations results & Discussion

The simulation parameters are given the following values: p ∈ {0.005, 0.05},
received SNR = σ2

x
σ2

w
∈ {−10,−5, 0, 5} dB when the PU is present, SU com-

munication duration N = 1000 samples, penalties Pint = 0.5 bits/sample
and Psow = 0.14 bits/sample.

In order to concurrently visualize the interference and the spectral op-
portunity waste induced by each algorithm, the DDl vs DFA curve, obtained
by varying the threshold, is represented in Fig. 3.2 to 3.5. It can be viewed
as a kind of complementary receiver operating characteristics (ROC) curve
for changepoint spectrum sensing algorithms. The curve is plotted for
p = 0.005 and different SNR values. It can be noticed that Shiryaev algo-
rithm has the best performance at every SNR value, i.e., for a given average
false alarm duration, it has the smallest average detection delay. Its non-
Bayesian equivalent, CUSUM algorithm, has a comparable performance
at high SNR values, but performs worse for low SNR values. Concerning
the GLR-based algorithms, GLR-CUSUM has better performance than LC
GLR-Shiryaev and M-Shiryaev at high SNR, whereas it is outperformed
by both algorithms at low SNR. It is also interesting to note that at very
low SNR (−10 dB), LC GLR-Shiryaev and M-Shiryaev, which do not know
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the SNR, perform better than CUSUM, which perfectly knows the SNR.
Intuitively, we can say that Bayesian algorithms outperform non-Bayesian
ones at low SNR, because they use the prior information about the change,
which is more useful at low SNR than at high SNR.

Fig. 3.2 DDl vs DFA for p = 0.005 and SNR = 5 dB.

Fig. 3.3 DDl vs DFA for p = 0.005 and SNR = 0 dB.
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Fig. 3.4 DDl vs DFA for p = 0.005 and SNR = -5 dB.

Fig. 3.5 DDl vs DFA for p = 0.005 and SNR = -10 dB.

It is worth noting that for all the algorithms, the average detection de-
lay DDl, obtained for a constant average false alarm duration DFA, signifi-
cantly increases when the SNR decreases. The explanation for that is sim-
ple. Actually, false alarms do not depend on the presence of a PU and
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thus, a threshold can be set to obtain a constant DFA at every SNR. This
is shown in Fig. 3.6, where we also see that DFA is a decreasing function
of the threshold. For a constant threshold value, a low-SNR signal is ob-
viously detected more slowly than a high-SNR signal, and yields a larger
DDl. Note also that the performance gap between GLR-CUSUM and LC
GLR-Shiryaev is higher in low-SNR regions, as presented in Fig. 3.7.

Fig. 3.6 DFA vs log10(α) for p = 0.005 and SNR = {−5, 5} dB.

As it can be seen in the previous figures, LC GLR-Shiryaev and M-
Shiryaev have comparable performance in every case, showing that LC
GLR-Shiryaev is a good approximation of GLR-Shiryaev. The performance
of M-Shiryaev is impacted by the choice of the range of possible values
of σ2

x . It is shown with further simulations that when a narrower range
of possible values of σ2

x is chosen around the true value, the M-Shiryaev
algorithm approaches the optimal Shiryaev algorithm. For example, the
performance of M-Shiryaev is shown in Fig. 3.8 and 3.9 when the true
SNR value is 0.5 dB and the considered ranges of possible SNR values are
respectively {−5,−4, ..., 5} dB and {−2,−1, ..., 2} dB. A performance gain
can be noticed in the last case. Hence, obtaining a good performance for
M-Shiryaev requires an accurate a priori knowledge of the range, which is
usually not available. In practice, a wider range will be chosen with mul-
tiple possible values of σ2

x , in order to avoid missing the true value and to
keep reasonable performance. But this will come at a cost of increased com-
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0 dB

-5 dB

Fig. 3.7 DDl vs DFA for p = 0.005 and SNR = {−5, 0} dB.

plexity, as it will be shown in Section 3.6. The derived LC GLR-Shiryaev,
for its part, has the advantage of not requiring any a priori knowledge as
it uses an analytical form. It also does not require to compute multiple
parallel procedures.

Fig. 3.8 M-Shiryaev performance for p = 0.005, true SNR = 0.5 dB and
possible SNR ∈ {−5,−4, ..., 5} dB.
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Fig. 3.9 M-Shiryaev performance for p = 0.005, true SNR = 0.5 dB and
possible SNR ∈ {−2,−1, ..., 2} dB.

The choice of the threshold α is an important issue, and choosing a spe-
cific value will put the spectrum sensing algorithm at a specific operating
point on the DDl vs DFA curve. As it is not possible to simultaneously min-
imize DDl and DFA, it is desirable to choose a threshold that gives a good
compromise between them. We suggest to fix this threshold with the help
of the GP vs log10(α) curves plotted in Fig. 3.10 − 3.13.

0 dB

0 dB

5 dB

Fig. 3.10 GP vs log10(α) for p = 0.005 and SNR = 5 dB & 0 dB.
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Fig. 3.11 GP vs log10(α) for p = 0.005 and SNR = −10 dB.

First, it can be seen that, for every algorithm, a minimum global penalty
exists, and the corresponding threshold depends on the SNR and the value
of p. By comparing Fig. 3.10 and Fig. 3.11, the same tendency as before
can be noticed: LC GLR-Shiryaev and M-Shiryaev yield lower minimum
global penalties than CUSUM and GLR-CUSUM at low SNR, for p = 0.005.

Fig. 3.12 GP vs log10(α) for p = 0.05 and SNR = 5 dB.
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The same trend is observed when p is increased tenfold (p = 0.05) in
Fig. 3.12 and Fig. 3.13. Moreover, looking at Fig. 3.10 and Fig. 3.11, it
can be noticed that CUSUM and GLR-CUSUM are more sensitive to the
threshold variation, i.e., small variations of the threshold around its opti-
mal value can result in high variations of the global penalty

Fig. 3.13 GP vs log10(α) for p = 0.05 and SNR = −10 dB.

These results show that Shiryaev-based algorithms work better than
CUSUM-based algorithms at low SNR. This can be explained by the fact
that at low SNR, the PU’s signal becomes more difficult to distinguish from
noise and the prior knowledge of the PU appearance, obtained through the
mobility parameters, can help increase the detection performance. These
results are consistent with the literature on changepoint detection theory,
since a low value of the Kullback-Leibler divergence (2.35) corresponds to
a low value of the SNR in a CR context [66, 50]. This advantage of Shiryaev-
based algorithms over CUSUM-based algorithms in low SNR ranges is
valuable in practical mobile CR. In fact, multipath fading and shadowing
can happen very frequently and the SU could be required to detect pri-
mary signals with very low SNR (low as -20 dB, according to IEEE 802.22
WRAN standard) [67]. Moreover, when the SU does not know the SNR,
the derived LC GLR-Shiryaev is a good spectrum sensing algorithm can-
didate.
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3.4.3 Optimal threshold setting

In the literature, the optimal threshold is classically chosen so that the
false alarm probability is below or equal to a given value. In the current
work, this would be equivalent to define a threshold for a constant average
false alarm duration, as mentioned in the previous paragraph. But instead,
we suggest choosing the optimal threshold as the one that minimizes the
global penalty. It is already underlined that the minimum global penalty,
and therefore the optimal threshold, depends on p and the SNR. Further-
more, it can be noticed that it is approximately independent of the SU time
frame duration N. This can be seen in Fig. 3.14, where the GP vs log10(α)

curves are plotted for two different SU communication lengths. If the SNR

N=300

N=1000

Fig. 3.14 GP vs log10(α) for p = 0.005, SNR = −5 dB, N ∈ {300, 1000}
samples.

is known, the optimal thresholds can be pre-computed offline and recov-
ered from a table during the actual sensing. Based on simulations, the
optimal thresholds have been computed for a set of given SNR values. The
results are presented in Table 3.2 below. It can be noticed for each algo-
rithm that when the SNR increases, the optimal threshold increases too. To
better understand how the optimal threshold is chosen, we also plot the
average detection delay, the average false alarm duration and the global
penalty of LC GLR-Shiryaev at the optimal thresholds, with respect to the
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Table 3.2 Optimal thresholds computed through simulations.

Algorithm
SNR (dB) -10 -5 0 5

p=0.005
CUSUM 0.4516 1.8248 4.8819 7.9771
GLR-CUSUM 1.6521 2.9753 6.3437 7.9771
Shiryaev 52.2811 171.9072 966.7053 4.4367e+03
LC GLR-Shiryaev 117.8190 258.0862 6.0174e+03 3.3839e+04
M-Shiryaev 57.4652 258.0862 3.2712e+03 3.3839e+04

p=0.05
CUSUM 0.0179 0.1317 0.5987 1.9684
GLR-CUSUM 0.0179 0.1838 0.6471 1.9684
Shiryaev 5.4419 6.0174 6.7289 22.0537
LC GLR-Shiryaev 6.5786 9.3193 10.3830 70.7107
M-Shiryaev 5.4419 5.3150 9.2552 62.3929

SNR, in Fig. 3.15. We can see that DFA and GP are monotonically decreas-

Fig. 3.15 DDl, DFA, GP vs SNR at optimal thresholds, for LC GLR-
Shiryaev (p = 0.005).

ing functions of the SNR, while DDl initially increases and then decreases.
This way of setting the threshold ensures that the average total number of
bits lost during the communication is always kept to the minimum. This
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may require to increase a bit the interference in order to substantially de-
crease the waste of spectral opportunity, as it can be seen for SNR values
ranging from −10 dB to 0 dB. Note that at high SNR (from 0 dB to 10 dB),
both can be decreased and this results in a considerably decreased global
penalty. The monotonic decrease of GP means that we can make the most
effective use of the spectrum when the PU signal power is the highest.

As the GLR-based algorithms do not know the SNR, it is problematic
to set the optimal threshold (with minimum global penalty) for them. To
deal with that, the SNR could be estimated first or a fixed threshold, in-
dependent of the SNR, could be used. This is more detailed in the next
section.

3.5 Optimal threshold setting in unknown-SNR situations

Here, we suggest different methods to compute the optimal threshold for
changepoint detection-based spectrum sensing algorithms which do not
have the knowledge of the SNR (GLR-CUSUM and LC GLR-Shyriaev). We
suggest two (02) ways to do that: an adaptive-threshold method and a fixed-
threshold method.

3.5.1 Adaptive threshold

The first method tries to estimate the SNR, or equivalently the PU signal
power σ2

x , at each time sample m, based on the observations. Then, the op-
timal threshold corresponding to the estimated value is drawn from Table
3.2 and used at this time sample. As the optimal threshold can be pre-
computed only for a finite number of σ2

x values, we choose the one cor-
responding to the σ2

x value that is the closest to the estimated value. Let
us designate by σ̃2

x , the estimated PU signal power. This method is called
adaptive, as σ̃2

x is sequentially refined and the threshold is updated accord-
ingly. To compute σ̃2

x , we suggest four (04) different approaches.
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First approach

In the first approach, we suggest reusing the value of σ̃2
x , used to compute

the decision statistic.

Let us first consider the GLR-CUSUM decision statistic (2.26) which,
according to our signal model, is given by

ΛGLR-CUS(y
m
1 ) = sup

σ2
x

max
k≤m

m

∑
n=k

( |y[n]|2 σ2
x

σ2
w (σ2

x + σ2
w)

+ ln
σ2

w
σ2

x + σ2
w

)
= max

k≤m

m

∑
n=k

( |y[n]|2 σ̃2
x

σ2
w (σ̃2

x + σ2
w)

+ ln
σ2

w
σ̃2

x + σ2
w

)
.

(3.16)

Here, σ̃2
x is the value that maximizes the decision statistic. In other words,

considering the observation vector ym
1 , the likelihood ratios of the m sub-

vectors ym
k , for k = 1, ..., m, is computed, and the signal power value that

gives the maximum likelihood ratio is chosen as σ̃2
x .

Let us now consider the LC GLR-Shiryaev statistic (3.12)

ΛLC GLR-Shi(y
m
1 ) =

m

∑
k=1

1

(1− p)m−k+1

((
σ2

w

σ̃2
x,k + σ2

w

)m−k+1

exp
(

σ̃2
x,k

σ2
w (σ̃2

x,k + σ2
w)

m

∑
n=k
|y[n]|2

))
,

where we compute, for k = 1, ..., m, the σ̃2
x,k that maximizes each term (the

terms contain also the likelihood ratios of observation sub-vectors). Here,
the statistic uses all the m values of σ̃2

x,k for the summation, but we are in-
terested in one value to compute the threshold. Following the same idea as
the GLR-CUSUM statistic, we suggest using the σ̃2

x,k that gives the highest
term, as the most reliable value of σ̃2

x . Note that the only difference with
GLR-CUSUM is the 1

(1−p)m−k+1 expression that multiplies each likelihood

ratio.

Second approach

Furthermore, we suggest a second approach with the aim of improving the
σ̃2

x computed in the first approach. It simply consists in averaging the σ̃2
x
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computed at the current time sample, with the ones computed at previous
time samples, and use the average for the threshold computation.

Third approach

In the third approach, we suggest computing σ̃2
x , by maximizing the likeli-

hood ratio, but considering only the last observed sample (k = m). The
σ̃2

x obtained in this approach is similar for GLR-CUSUM and LC GLR-
Shiryaev.

Fourth approach

Similarly to the second approach, the fourth approach performs an aver-
age over time of the σ̃2

x computed in the third approach. In other words,
the maximum likelihood estimate of σ2

x , using only the last observation is
averaged with the ones previously computed.

3.5.2 Fixed threshold

Secondly, we suggest a fixed-threshold method, where the threshold is not
adaptively computed, but it is set to give the optimal performance in av-
erage. More specifically, we assume a certain SNR distribution. Then, by
means of simulations, we compute the optimal threshold that minimizes
the average global penalty GP for this distribution. The fixed threshold
is used for spectrum sensing, independently of the true SNR. Note that
the obtained optimal threshold and the corresponding performance will
clearly depend on the distribution parameters.

3.5.3 Simulation results and discussion

Here, we evaluate the performance of the algorithms, when the unknown-
SNR thresholds are used, compared to the optimal known-SNR thresholds.
Using Monte Carlo simulations, the global penalty is computed at various
SNR values. The following parameters values are used: p = 0.005, SNR ∈
[−10, 10] dB, N = 1000 samples, Pint = 0.5 bits/sample and Psow = 0.14
bits/sample.
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Adaptive threshold

The performance of the four adaptive-threshold approaches is conditioned
by the accuracy of the PU signal power estimation performed in each ap-
proach. For this reason, we first plot the mean squared error (MSE) of the
estimation with respect to the time sample, at various SNR values, for each
approach. For τ = 200 samples, SNR ∈ {−10, 0, 10} dB, we obtain the
results shown in Fig. 3.16 − 3.23, for the four approaches. We can no-
tice in Fig. 3.16 and 3.17 that the first and second approaches give slightly
similar performance for GLR-CUSUM and LC GLR-Shiryaev. As already
mentioned, the third and fourth approaches result in the same estimates
for both algorithms. Thereafter, we compare the different approaches irre-
spective of the algorithm.

Fig. 3.16 MSE of the first adaptive approach, for τ = 200 samples and
SNR = 10 dB.
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Fig. 3.17 MSE of the second adaptive approach, for τ = 200 samples and
SNR = 10 dB.

For SNR = −10 dB, the performance of the four approaches are shown
in Fig. 3.18 and 3.19. The performance improves slowly after τ, in the first
and second approaches. Instead, the performance deteriorates after τ, in
the third approach. The second and fourth approaches which average over
time have almost the same and the best performance.

Fig. 3.18 MSE of the first and second adaptive approaches, for τ = 200
samples and SNR = −10 dB.
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Fig. 3.19 MSE of the third and fourth adaptive approaches, for τ = 200
samples and SNR = −10 dB.

For SNR = 0 dB, the performance of the four approaches are shown in
Fig. 3.20 and 3.21. Now we observe a fast improvement of the estimation
after τ, in the first, second and fourth approaches. The third approach
always has the worst performance.

Fig. 3.20 MSE of the first and second adaptive approaches, for τ = 200
samples and SNR = 0 dB.
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Fig. 3.21 MSE of the third and fourth adaptive approaches, for τ = 200
samples and SNR = 0 dB.

For SNR = 10 dB, the performance of the four approaches are shown
in Fig. 3.22 and 3.23. While the second and fourth approaches still have
the same performance and a slow improvement after τ, the first approach
is the best that gives good estimation few samples after τ.

Fig. 3.22 MSE of the first and second adaptive approaches, for τ = 200
samples and SNR = 10 dB.
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Fig. 3.23 MSE of the third and fourth adaptive approaches, for τ = 200
samples and SNR = 10 dB.

Based on the MSE curves, we can conclude that for middle to high
SNR values, the first approach can give a good estimation of the PU sig-
nal power, few samples after the PU appearance. The second and fourth
approaches, which perform an average over time, improve the estimation
only when the SNR is low. The third approach has the worst performance
certainly because it only considers one sample, which is not enough to get
an accurate estimation

We then plot the global penalty curves obtained with the adaptive thresh-
olds for GLR-CUSUM and LC GLR-Shiryaev. The performance of GLR-
CUSUM is shown in Fig. 3.24. It can be seen that the first approach gives
good results at high SNR, but very poor results at low SNR. This is con-
sistent with the MSE curves analyses. The bad performance at low SNR is
due to the fact that the estimation is very inaccurate, even many samples
after the PU appearance. We plot the average detection delay and average
false alarm duration corresponding to this approach in Fig. 3.25 and 3.26.
We can observe that the high global penalty at low SNR is mostly due to
large detection delays. The average false alarm duration is constant at ev-
ery SNR because, before the PU appearance, the estimation always gives
the same result (in average), and thus the same threshold is used, indepen-
dently of the true SNR.
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Fig. 3.24 Comparison of unknown-SNR adaptive thresholds and optimal
known-SNR threshold for GLR-CUSUM.

Fig. 3.25 DDl vs SNR for adaptive threshold approach 1 and optimal
known-SNR threshold (GLR-CUSUM).
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Fig. 3.26 DFA vs SNR for adaptive threshold approach 1 and optimal
known-SNR threshold (GLR-CUSUM).

The second approach, which averages the estimated σ̃2
x obtained in the

first approach, improves the global penalty at low SNR, but slightly de-
grades it at high SNR (Fig. 3.24). In fact, averaging over time decreases
the detection delays at every SNR value, while it increases the false alarm
duration. This is shown in Fig. 3.27 and 3.28.

Fig. 3.27 DDl vs SNR for adaptive threshold approach 2 and optimal
known-SNR threshold (GLR-CUSUM).
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Fig. 3.28 DFA vs SNR for adaptive threshold approach 2 and optimal
known-SNR threshold (GLR-CUSUM).

The third approach, unsurprisingly, gives the worst global penalty per-
formance at high SNR, but it seems to perform well at low SNR (Fig. 3.24).
This bad performance at high SNR is mostly due to large false alarm dura-
tions, as shown in Fig. 3.29.

Fig. 3.29 DFA vs SNR for adaptive threshold approach 3 and optimal
known-SNR threshold (GLR-CUSUM).

82 |



Optimal threshold setting in unknown-SNR situations | 3.5

The detection delays are relatively low, as depicted in Fig. 3.30. This
suggests the idea that in this approach, the PU signal power is almost al-
ways underestimated after the PU appearance. The seemingly good result
at low SNR is not due to accurate estimation, but to the fact that the bal-
ance between detection delays and false alarm durations results in global
penalties closer to the optimal ones.

Fig. 3.30 DDl vs SNR for adaptive threshold approach 3 and optimal
known-SNR threshold (GLR-CUSUM).

The fourth approach, which averages the estimated σ̃2
x obtained in the

third approach, slightly improves the global penalty at high SNR, but de-
grades it at low SNR (Fig. 3.24). We can see that it is closer to the second
approach.

The performance of LC GLR-Shiryaev, when using the four adaptive
approaches, is shown in Fig. 3.31. At low SNR, the first approach gives a
performance closer to the optimal one, but at high SNR the global penalty
does not decrease enough. This is in contrast with the GLR-CUSUM case,
whereas the estimation in this approach gives almost similar results for
both algorithms. Looking at the average detection delay and average false
alarm duration, depicted in Fig. 3.32 and 3.33, we see that the bad per-
formance (with respect to the optimal one) observed at high SNR is mostly
due to the high false alarm duration, which is much lower for GLR-CUSUM.
This large false alarm duration of LC GLR-Shyriaev is explained by the
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fact that its decision statistic grows faster than the GLR-CUSUM decision
statistic. This can be noticed in Fig. 3.34, where the average ratio of the
decision statistic over the threshold is plotted in the first approach for both
algorithms.

Fig. 3.31 Comparison of unknown-SNR adaptive thresholds and optimal
known-SNR threshold for LC GLR-Shiryaev.

Fig. 3.32 DDl vs SNR for adaptive threshold approach 1 and optimal
known-SNR threshold (LC GLR-Shiryaev).

84 |



Optimal threshold setting in unknown-SNR situations | 3.5

Fig. 3.33 DFA vs SNR for adaptive threshold approach 1 and optimal
known-SNR threshold (LC GLR-Shiryaev).

Fig. 3.34 Average ratio of decision statistic over threshold (approach 1)
for GLR-CUSUM and LC GLR-Shiryaev.

The second approach, which averages over time the σ̃2
x of the first one,

improves the global penalty at high SNR but degrades it at low SNR.

For the third and fourth approach, the same trend is observed as in the
GLR-CUSUM case.
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The performance obtained with the first and second approaches, for
both algorithms, is shown in Fig. 3.35. The best performance at low SNR

Fig. 3.35 Comparison of unknown-SNR adaptive thresholds (approach
1 & 2) for GLR-CUSUM and LC GLR-Shiryaev.

is obtained with LC GLR-Shiryaev, while at high SNR, it is obtained with
GLR-CUSUM. The very poor performance of GLR-CUSUM at low SNR
can be explained by its high sensitivity to the threshold, that has been pre-
viously mentioned. In fact, this sensitivity is more pronounced at low SNR
and an error on the optimal threshold (resulting from an estimation error)
can considerably degrade the global penalty.

In summary, it is challenging to obtain a very good performance with
adaptive-threshold methods that try to estimate the SNR while detecting.
In fact, a reliable estimate of the SNR cannot be obtained before the PU
appearance time τ and this will necessarily add a delay to the detection.
Moreover, even if at high SNR, the estimation becomes accurate few sam-
ples after τ (approach 1), the estimated values before τ may result in very
large false alarm durations. At low SNR values, a good estimation needs
more samples and results in larger detection delays. Averaging the esti-
mated values over time is a good option but does not profit both low SNR
and high SNR regions at the same time.
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Fixed threshold

We compute the optimal fixed threshold in this section, by making the as-
sumption that the PU signal amplitude is Rayleigh distributed and thus
that the received power, or the SNR, is exponentially distributed. When
we respectively choose the values −5 dB, 0 dB and 5 dB as the mean SNR,
the computed optimal fixed thresholds for GLR-CUSUM and LC GLR-
Shiryaev are shown in Table 3.3 below.

Table 3.3 Unknown-SNR fixed thresholds computed through simula-
tions for p = 0.005.

Algorithm
SNR (dB) -5 0 5

GLR-CUSUM 2.2758 3.0599 4.4773
LC GLR-Shiryaev 193.0698 449.8433 2.8118e+03

The obtained performance in comparison with the optimal thresholds
is plotted in Fig. 3.36 and 3.37. As might be expected, the fixed thresholds

Fig. 3.36 Comparison of optimal threshold with unknown-SNR fixed
thresholds (mean SNR = {−5, 0, 5} dB) for GLR-CUSUM.

cannot work well at every SNR. Depending on the average SNR chosen for
the computation, they might perform better at high SNR and worse at low
SNR, or vice versa.
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Fig. 3.37 Comparison of optimal threshold with unknown-SNR fixed
thresholds (mean SNR = {−5, 0, 5} dB) for LC GLR-Shiryaev.

To compare them for both GLR-CUSUM and LC GLR-Shiryaev, we plot
the curves shown in Fig. 3.38. In contrast with the adaptive-threshold
approaches where the best performance is obtained at low SNR with LC
GLR-Shiryaev and at high SNR with GLR-CUSUM, we can see here that
LC GLR-Shiryaev has the best performance at almost every SNR value,
when the same distribution parameters are used.

Fig. 3.38 Comparison of unknown-SNR fixed thresholds (mean SNR =
{−5, 0, 5} dB) for GLR-CUSUM and LC GLR-Shiryaev.
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In brief, a fixed threshold can work well depending on the available a
priori knowledge about the SNR, translated into the distribution parame-
ters used for the threshold computation.

Adaptive versus fixed threshold

Comparing the fixed-threshold method with the first and second adaptive-
threshold approaches, we obtain the results presented in Fig. 3.39 and 3.40.
Let us first consider the GLR-CUSUM case (Fig. 3.39). The fixed threshold
computed with a mean SNR of 5 dB performs closely to the first adaptive-
threshold approach, even if it is slightly worse for SNR ∈ [−10,−5] dB
and SNR ∈ [5, 10] dB. The fixed threshold computed with a mean SNR
of 0 dB, and constraining the SNR to be within the range [−10, 10] dB,
performs closely to the second adaptive-threshold approach. It is better
than the adaptive method at low SNR, but slightly worse at high SNR. Let
us now consider the LC GLR-Shiryaev case (Fig. 3.40). The fixed thresh-
old computed with a mean SNR of −5 dB performs better than the first
adaptive-threshold approach at every SNR. The same is observed for the
fixed threshold computed with a mean SNR of 0 dB with respect to the
second adaptive-threshold approach.

Fig. 3.39 Comparison of optimal threshold, unknown-SNR adaptive
thresholds and unknown-SNR fixed thresholds (mean SNR = {0, 5} dB)
for GLR-CUSUM.
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Fig. 3.40 Comparison of optimal threshold, unknown-SNR adaptive
thresholds and unknown-SNR fixed thresholds (mean SNR = {−5, 0} dB)
for LC GLR-Shiryaev.

In summary, a simple fixed threshold can perform closely to the pro-
posed adaptive-threshold methods and even perform better in certain cases,
if the distribution parameters, assumed for the threshold computation, are
appropriately chosen. Obviously, if the SNR is a priori known to belong to a
smaller range, this could help increase the performance of both threshold-
setting approaches in this range.

3.6 Complexity analysis of LC GLR-Shiryaev and M-Shiryaev

In this section, we evaluate the computational complexity of the derived
LC GLR-Shiryaev and the M-Shiryaev algorithm, for hardware implemen-
tation. As already noticed, LC GLR-Shiryaev is an analytical solution to
the scenarios where the SU does not know the PU signal power σ2

x . It does
not require any a priori knowledge of σ2

x , but at each time sample m, it has
to compute m σ̃2

x,k values, to obtain the decision statistic (3.12). Regarding
the M-Shiryaev algorithm, it is rather a numerical solution. It assumes that
the SU knows M possible values of σ2

x (termed here as σ2
x,i for i ∈ [1, M]),

and consists in running M parallel Shiryaev algorithms for each of these
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values. The PU appearance is declared when any one of the parallel algo-
rithms exceeds the threshold. So, M-Shiryaev has to compute M Shiryaev
decision statistics for known values of the PU signal power. Considering
our signal model, we can write them as follows

ΛShi,i(y
m
1 ) =

m

∑
k=1

1

(1− p)m−k+1

((
σ2

w

σ2
x,i + σ2

w

)m−k+1

exp
(

σ2
x,i

σ2
w (σ2

x,i + σ2
w)

m

∑
n=k
|y[n]|2

)) for i ∈ [1, M]. (3.17)

Using the recursive implementation of Shiryaev, the statistics become

ΛShi,i(y
m
1 ) = (1 + ΛShi,i(y

m
1 − 1))

( 1
1− p

) σ2
w

σ2
x,i + σ2

w
exp

( |y(m)|2 σ2
x,i

σ2
w (σ2

x,i + σ2
w)

)
,

for i ∈ [1, M].
(3.18)

We thus want to compare the complexities in computing the decision statis-
tics (3.12, 3.17, 3.18) at each time sample m, for both algorithms.

3.6.1 Computational complexity calculation

We express the complexity in terms of the number of elementary opera-
tions needed to run the algorithms at each time sample m. The most used
elementary operations are real summation (RS), real multiplication (RM), real
division (RD), real exponential function (RE). A real exponentiation ab can be
expressed in terms of RM, assuming that fast exponentiation algorithms
use at most 2 log2(b) RM.

LC GLR-Shiryaev’s complexity

The complexity of LC GLR-Shiryaev depends on both the computations of
the σ̃2

x,k and ΛLC GLR-Shi(y
m
1 ) (3.12).

To compute each σ̃2
x,k, we need (2m− 2k + 2) RM, (2m− 2k + 4) RS and

1 RD. Thus, the computation of the m σ̃2
x,k needs

∑m
k=1(2m− 2k + 2) = (m2 + m) RM, ∑m

k=1(2m− 2k + 4) = (m2 + 3m) RS
and m RD.
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As the term ∑m
n=k |y[n]|

2 is already computed in σ̃2
x,k, it can be reused in

the computation of the decision statistic. Thus, the kth term of ΛLC GLR-Shi(y
m
1 )

needs (4 + 4 log2(m− k + 1)) RM, 7 RS, 3 RD and 1 RE. To compute and
add the m terms, we need
∑m

k=1(4 + 4 log2(m− k + 1)) = (4m + 2m log2(m)) RM, (7m + m− 1) RS,
3m RD and m RE.

In total, at each time sample m, we need (m2 + 5m + 2m log2(m)) RM,
(m2 + 11m− 1) RS, 4m RD and m RE, to run LC GLR-Shiryaev.

M-Shiryaev’s complexity

Following the same reasoning, the complexity of both implementations of
M-Shiryaev is computed. At each time sample m, M statistics are com-
puted.

In the direct implementation (3.17), the terms ∑m
n=k |y[n]|

2 and 1
(1−p)m−k+1

can be computed once and reused in the M− 1 other statistics. In total, it
needs (m2 + (4M + 1)m + (M + 1)m log2(m)) RM, (m2 + (4M + 3)m) RS,
((2M + 1)m) RD and (mM) RE.

The recursive implementation (3.18) needs (5M + 2) RM, (3M + 2) RS,
(2M + 1) RD and M RE.

The complexity analysis can be summarized in Table 3.4, where the
LC GLR-Shiryaev, the direct M-Shiryaev and the recursive M-Shiryaev al-
gorithms are respectively designated by their decision statistics equations
numbers (3.12, 3.17, 3.18).

Table 3.4 Complexity analysis of LC GLR-Shiryaev and M-Shiryaev.

No. of RM No. of RS No. of RD No. of RE

(3.12) m2 + 5m
+2m log2(m)

m2

+11m− 1 4m m

(3.17) m2 + (4M + 1)m
+(M + 1)m log2(m)

m2

+(4M + 3)m (2M + 1)m mM

(3.18) 5M + 2 3M + 2 2M + 1 M
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3.6.2 Numerical results of the complexity

Numerical comparisons are shown in this section by analysing the be-
haviour of the complexities for different values of m and M. For a fixed
value of M, we plot the complexity with respect to the current number
of time samples m. We just focus on the number of real multiplications,
as the other operations have almost the same trend. As it can be seen in
Fig. 3.41, the complexities of LC GLR-Shiryaev and the direct M-Shiryaev
grow quadratically

(
O(m2)

)
when the number of samples increases, but

the recursive M-Shiryaev has a constant complexity
(
O(M)

)
. The direct

M-Shiryaev is worse than LC GLR-Shiryaev when M is high, but has a
closer complexity when M is very low. As shown in Fig. 3.42, the only
case when LC GLR-Shiryaev and the recursive M-Shiryaev have compara-
ble complexity is when M is high and the number of observed samples is
low.

Fig. 3.41 Complexity in terms of No. of Real Multiplications for M = 20.

To conclude, the recursive M-Shiryaev has the lowest complexity for
relatively moderate values of M. However, this requires an accurate a priori
knowledge of the SNR, otherwise the performance will degrade. LC GLR-
Shiryaev has the advantage of not requiring any a priori knowledge, but it
adds some complexity, especially when the number of observed samples
is large. Therefore, to make a choice between both algorithms, we should
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Fig. 3.42 Complexity in terms of No. of Real Multiplications for M =
200.

consider the accuracy of existing knowledge about the SNR, the perfor-
mance and the complexity induced.

3.7 Conclusion

In this chapter, Bayesian changepoint detection is used for spectrum sens-
ing in mobile cognitive radio. Assuming that the mobility parameters of
the SU can be translated into an a priori probability of PU appearance, a
low-complexity algorithm, called LC GLR-Shiryaev, is introduced. Based
on the Shiryaev algorithm, it uses an approximation of the GLRT approach
for situations where the PU’s signal power is unknown to the SU. Even if
it is suboptimal, LC GLR-Shiryaev has a good performance and shows a
reduced complexity, when compared with the GLR-based Shiryaev, which
needs to solve a complex non-convex optimization problem at each time
sample. Moreover, thanks to the prior knowledge of the PU appearance, it
gives a better performance than the GLR-based CUSUM in low SNR situa-
tions, which are very typical in CR.

In addition, through the introduction of the new global penalty metric,
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a new way of setting the optimal threshold is introduced. It minimizes
the average loss in the overall channel usage during a time-limited com-
munication of the SU, by appropriately balancing between the interference
time and the spectrum waste time. As the optimal threshold depends on
the SNR, some adaptive and fixed threshold methods are suggested in
unknown-SNR situations. Under certain parameters values assumptions
for the fixed threshold, both methods give almost the same performance.

Finally, a complexity analysis of LC GLR-Shiryaev and M-Shiryaev al-
gorithms is performed. While being less complex than the proposed LC
GLR-Shiryaev, the recursive implementation of M-Shiryaev needs an accu-
rate a priori knowledge of the SNR, which is usually not available, to give
a good performance. In contrast, albeit more complex, LC GLR-Shiryaev
does not require any a priori knowledge of the SNR and performs quite
well.
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3.A Appendix

3.A.1 Proof of non-concavity of the GLR-Shiryaev statistic

Let us recall the optimization problem (3.6)

max
σ2

x≥0
ΛShi(y

m
1 , σ2

x) =
m

∑
k=1

1

(1− p)m−k+1

((
σ2

w
σ2

x + σ2
w

)m−k+1

exp
(

σ2
x ∑m

n=k |y[n]|
2

σ2
w (σ2

x + σ2
w)

))
,

that needs to be solved for the GLR-Shiryaev algorithm derivation. We can
write

ΛShi(y
m
1 , σ2

x) =
1

(1− p)m+1

m

∑
k=1

(1− p)k

((
σ2

w
σ2

x + σ2
w

)m−k+1

exp
(

σ2
x ∑m

n=k |y[n]|
2

σ2
w (σ2

x + σ2
w)

))
,

and, as 1
(1−p)m+1 is a positive constant, the optimization problem can be

equivalently written as follows

min
σ2

x≥0
∆(σ2

x) = −
m

∑
k=1

(1− p)k

((
σ2

w
σ2

x + σ2
w

)m−k+1

exp
(

σ2
x ∑m

n=k |y[n]|
2

σ2
w (σ2

x + σ2
w)

))
.

(3.19)

The function ΛShi(y
m
1 , σ2

x) is concave in σ2
x if ∆(σ2

x) is convex. We can
write

∆(σ2
x) =

m

∑
k=1

$k gk(σ
2
x),

with $k = (1− p)k > 0 and gk(σ
2
x) = −

(
σ2

w
σ2

x+σ2
w

)m−k+1

exp
(

σ2
x ∑m

n=k |y[n]|
2

σ2
w (σ2

x+σ2
w)

)
.

If each gk(σ
2
x) is convex, then ∆(σ2

x) is convex. The second order derivative
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of gk(σ
2
x) is given by

∂2gk(σ
2
x)

∂(σ2
x)

2 =
gk(σ

2
x)

(σ2
x + σ2

w)
4

(
(m− k + 1)−

m

∑
n=k
|y[n]|2

)
(
(m− k + 1)−

m

∑
n=k
|y[n]|2 + 2(σ2

x + σ2
w)
)

.

As ∀ σ2
x ≥ 0, gk(σ

2
x )

(σ2
x+σ2

w)
4 < 0, gk(σ

2
x) is convex if for every possible realization

of the observation ym
1 , we have

(
(m− k + 1)−

m

∑
n=k
|y[n]|2

)(
(m− k + 1)−

m

∑
n=k
|y[n]|2 + 2(σ2

x + σ2
w)
)
≤ 0,

∀ σ2
x ≥ 0.

By means of simulations, we can observe that for several realizations of ym
1

and different parameters values, there are several values of k, for which this
is not true. Therefore, gk(σ

2
x) is a non-convex function and accordingly, the

GLR-Shiryaev statistic ΛShi(y
m
1 , σ2

x) is non-concave.

Another way to prove the non-concavity of the GLR-Shiryaev statistic
could be to plot the statistic opposite, −ΛShi(y

m
1 , σ2

x), for several observa-
tion realizations and parameters values, to check for non-convexity cases.
An example of that is shown in Fig. 3.43, where the curve −ΛShi(y

m
1 , σ2

x)

vs σ2
x is plotted for the following parameters values p = 0.005, τ = 123,

m = 125, and ym
1 is generated for σ2

x = 5 and σ2
w = 1. The existence of a

local minimum can be observed, showing that the function −ΛShi(y
m
1 , σ2

x)

is non-convex.

3.A.2 Penalties computation

Let us assume a multi-band transmission for the secondary user. We de-
note the total available number of sub-bands and power for secondary
transmission respectively by Nb and σ2

S . The noise power in each sub-band
at the SU receiver is denoted by σ2

N . Assuming a uniform power allocation
and a constant SNR at every sub-band, the channel rate at each sub-band
can be obtained from the Shannon capacity in AWGN channel [11] and is
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Local 
minimum

Global minimum

Fig. 3.43 Typical realization of the GLR-Shyriaev statistic opposite
−ΛShi(y

m
1 , σ2

x) with respect to the PU signal power σ2
x .

given by

Rsb =
1
2

log2

(
1 +

σ2
S

Nb σ2
N

)
bits/sample, (3.20)

where σ2
S

Nb σ2
N

is the SNR at each sub-band. The total channel rate is given by

R =
Nb
2

log2

(
1 +

σ2
S

Nb σ2
N

)
bits/sample. (3.21)

Assume that a PU is transmitting in one sub-band and the SU did not
detect this activity. This will result in an interference and the data trans-
mitted in this sub-band will be lost. The total channel rate will become

Rint =
Nb − 1

2
log2

(
1 +

σ2
S

Nb σ2
N

)
bits/sample. (3.22)

The interference penalty is the loss in the total channel rate, caused by the
interference. It is given by

Pint = R− Rint

=
1
2

log2

(
1 +

σ2
S

Nb σ2
N

)
bits/sample.

(3.23)
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If the SU vacates a sub-band, thinking it is occupied by a PU, while it
is not (false alarm), this will result in spectrum waste. The available power
σ2

S will be redistributed among the Nb − 1 other sub-bands and the total
channel rate will now become

Rsow =
Nb − 1

2
log2

(
1 +

σ2
S

(Nb − 1) σ2
N

)
bits/sample. (3.24)

The penalty due to spectral opportunity waste is the loss in the total chan-
nel rate given by

Psow = R− Rsow

=
Nb
2

log2

(
1 +

σ2
S

Nb σ2
N

)
− Nb − 1

2
log2

(
1 +

σ2
S

(Nb − 1) σ2
N

)
bits/sample.

(3.25)

Using as numerical values Nb = 29 sub-bands (taken as example from

Section 2.4) and SNR =
σ2

S
Nb σ2

N
= 0 dB, we obtain the values Pint = 0.5 and

Psow = 0.14, which are used in the simulations.
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4.1 Introduction

A cognitive radio network is reliable by the ability of the secondary user
to maximize the spectrum usage while minimizing the interference on the
primary user. This strongly depends on how sensing and transmission are
scheduled by the SU. It is impossible for a SU hardware that does not use
full duplex techniques to simultaneously transmit data and sense the spec-
trum. For this reason, the current CR hardwares use an approach based on
periodic sensing [93]. Time is split into blocks or frames, where an amount
of time is allocated to spectrum sensing and another to data transmission.
Obviously, the longer the sensing time, the more accurate the spectrum
sensing outcome will be. However, there will be too much spectrum waste
if the sensing time is too long. In contrast, the shorter the sensing time, the
more time will be available for transmission, but a too short sensing time
will induce too much interference because of sensing inaccuracy. There-
fore, there should be a trade-off between the sensing duration and the
transmission duration [94].
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This topic is abundantly covered in the literature. Most of the existing
works assume a sense-then-transmit strategy [94]. The CR frame begins
with the sensing period, and if the PU is detected to be absent, the trans-
mission period is used for transmitting. If the PU is detected to be present,
there is no transmission until the next frame, where spectrum sensing is
performed again. Energy detection (ED) is often used as spectrum sens-
ing method because of its simplicity. While some authors derive the op-
timal sensing time for a fixed frame duration [95], others jointly optimize
the sensing and transmission durations [96, 97]. For example, the opti-
mal sensing time that maximizes the SU throughput, with a constraint
on the interference to the PUs, is derived in [95]. Authors of [96] pro-
pose a periodic sensing scheduling scheme and found the optimal sens-
ing frequency and sensing time that minimize the sensing overhead and
average detection time. In [97], a joint optimization of sensing and trans-
mission times is performed to maximize the energy efficiency, subject to
spectrum sensing accuracy and limited interference. Unlike the previous
works that only use a block-based sensing (ED), authors of [94] inves-
tigate the throughput-sensing trade-off for CR networks when quickest
sensing (or changepoint detection) is used. Always assuming a sense-then-
transmit strategy, they compute the optimal frame length that maximizes
the throughput and conclude that quickest sensing could achieve higher
throughput than block-based sensing, while requiring shorter frame length
and sensing time. Note that an independent quickest sensing is carried out
in each frame.

In this chapter, we investigate the issue of joint transmission and sens-
ing in a mobile CR scenario. We consider the same scenario as in Chapter
3, but here we assume that multiple changes in the spectrum occupancy
may occur when the SU is moving. We always assume, as in Chapter 3,
that the SU has a limited amount of time for communication, and that the
a priori probabilities of PU appearance and disappearance can be deduced
from the SU’s mobility parameters. Taking all this into consideration, a
new joint transmission-sensing framework is introduced. Unlike previous
works in the literature, that perform a new spectrum sensing at the begin-
ning of each frame to detect the current channel state, we suggest sensing
the spectrum sequentially along several frames, in order to detect changes
in the channel state. For this, we use a changepoint detection algorithm
over successive frames. This choice is motivated by the fact that if the spec-
trum occupancy does not change too quickly, we can combine observations
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at successive frames to rapidly detect a change. This will result in less time
allocated for sensing per frame than in the case of independent sensing at
each frame. To achieve this, not only the duration of observation in each
frame, but also the frequency of observation, should be carefully chosen.
Our goal is thus to find the optimal parameters (sensing time, transmis-
sion time, frame size) for the joint transmission-sensing framework. To
compute the optimal sensing and transmission times, we introduce a new
performance metric, called the global cost, that gives a trade-off between
interference and spectrum waste times during a time-limited communica-
tion of the SU. This metric is inspired from the global penalty presented in
[98] and Chapter 3. In most of the existing works, the detection threshold
is not optimized together with sensing time and transmission time, but it
is fixed for a desired detection performance or to meet a certain interfer-
ence constraint. In this work, we suggest to jointly optimize the detection
threshold with sensing time and transmission time, to satisfy an overall
minimum global cost. By means of simulations, the optimal parameters
values are studied in detail, with respect to the SNR and the SU mobility
parameters, translated into the a priori probabilities of PU appearance and
disappearance. Our main contributions in this chapter are the following:

• We introduce a new joint transmission-sensing framework, based on
sequential changepoint detection.

• We also introduce the global cost metric that jointly evaluates the
costs of interference and spectrum waste induced by the framework.

• Then, we use the global cost metric to compute the optimal parame-
ters.

– Firstly, we optimize the parameters one by one, by fixing the
others. Hence, for fixed frame size and threshold, we compute
the optimal sensing time for given SNR values, and we suggest a
simple method to derive a range of optimal sensing times when
the SNR is unknown but lies within a certain interval. Then,
for fixed sensing time and threshold, we compute the optimal
transmission time (or equivalently the optimal frame size).

– Secondly, always with a fixed threshold, we perform a joint opti-
mization of the sensing time and the transmission time by using
exhaustive search, and we suggest a simple algorithm that is
more time-efficient than exhaustive search for the optimization.
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– Thirdly, we jointly optimize the detection threshold with the
sensing and transmission times, using exhaustive search.

The numerical results show that all the parameters (frame size, sens-
ing time, transmission time and threshold) are interrelated and by
jointly choosing optimal values, we can achieve a better global cost
than when only some parameters are optimized. Furthermore, the
optimal parameters distinctively depend on the SNR and the SU mo-
bility parameters. It is actually noticed that the optimal sensing time
strongly depends on the SNR and slightly on the threshold, while the
optimal transmission time strongly depends on the mobility param-
eters and the threshold. The optimal threshold, for its parts, depends
on both the SNR and the SU mobility parameters. Therefore, based
on these results, we give intuitive rules to choose the optimal param-
eters.

• Finally, for comparison purposes, we replace the changepoint detec-
tion algorithm with the classical ED, and perform spectrum sensing
firstly frame by frame and secondly over a block of frames. The su-
periority of changepoint detection is shown.

The rest of the chapter is organized as follows. The system model of the
joint transmission-sensing framework, including the scenario description
and the spectrum sensing method, is introduced in Section 4.2. Section 4.3
presents some performance metrics and formulates the optimization prob-
lem. Then, in Section 4.4, the numerical results for the joint optimization of
sensing time, transmission time and threshold, are given. The comparison
with ED algorithm is presented in Section 4.5. Finally, Section 4.6 concludes
the chapter.

4.2 System model

4.2.1 System description

As stated in the introduction, the scenario considered in this chapter is sim-
ilar to the one of Chapter 3 (Fig. 3.1), except some differences. We assume a
CR system with multiple geographically-separated fixed PUs transmitting
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in a frequency band, and a mobile SU, which tries to access the same band
opportunistically. As it moves, the SU may enter or leave the coverage
area of different PUs, and the spectrum occupancy will change. We con-
sider that the SU is communicating for a certain amount of time N, during
which there may be several PU appearances and disappearances. Let us
denote by τ

(1)
i the ith PU appearance time and τ

(0)
i the ith PU disappear-

ance time, which are both assumed to be a priori geometrically distributed
with parameter p. The parameter p thus represents the average number of
PU appearances or disappearances per unit of time sample. As in Chap-
ter 3, it is assumed that p can be inferred from the mobility parameters of
the SU. The SU should not only quickly detect each spectrum release in
order to start the secondary communication, but it should also quickly de-
tect each PU appearance to avoid interference. For this reason, it should
be continuously measuring the activity in the band, to maximize the use of
spectrum opportunities and minimize interference on PUs. Without loss
of generality, we assume that the SU looks at only one band, but the same
reasoning applies for a multi-band system.

We consider the joint transmission-sensing scheme shown in Fig. 4.1,
where the communication time N is split into N f frames of duration Tf
(N = N f Tf ). Unlike the existing works that sense the spectrum on a frame
by frame basis (one frame at a time, irrespective of the other frames), we
suggest to sequentially perform spectrum sensing over successive frames.
This means that we do not take an independent decision at each frame, but
we sequentially combine observations at several frames, to detect a change
in the spectrum. The SU has two operation modes. The sensing-only mode
(SOM) is turned on when the spectrum has been detected to be busy. In this
mode, the whole frame is used for spectrum sensing until the next change
detection. When the spectrum is detected to be free, the SU switches to the
transmission mode (TM). In the transmission mode, each frame is composed
of a transmission block of time Ttr and a sensing block of time Tse. They
are separated by guard blocks of times TGa and TGb, to allow switching
between both operations, as only one half-duplex radio frequency chain is
used. A frame duration is thus given by

Tf = Ttr + Tse + TGa + TGb.

It is supposed that initially, the SU is not covered by any PU signal, and
it turns on the transmission mode until it detects a PU appearance and

| 105



4 | Joint Transmission and Sensing Framework

switches to the sensing-only mode.

Fig. 4.1 Joint transmission-sensing system model.

4.2.2 Spectrum sensing

The signal observed by the SU is denoted by yl [n], where l = 1, 2, ..., N f is
the frame index, and n is the sensing sample index within the frame. When
the SU is out of the PUs ranges, yl [n] = wl [n], where wl [n] is the Additive
White Gaussian Noise (AWGN) sample at the frame l. When it is within
a PU range, yl [n] = xl [n] + wl [n], where xl [n] is the transmitted signal
affected by the channel. It is assumed that xl [n] and wl [n] are indepen-
dent circularly symmetric complex Gaussian variables, xl [n] ∼ CN (0, σ2

x),
wl [n] ∼ CN (0, σ2

w), and independent of each other.

It is worth mentioning that our goal in this work is to find the opti-
mal performance that can be achieved by our framework in case of perfect
knowledge of the SU’s mobile environment and the PU signal. For this
reason, we decide, as a first step, to keep the model simple by assuming
that the received signal power σ2

x is constant for all the PUs and that it is
perfectly known by the SU. Thus, the spectrum sensing algorithm assumes
this knowledge. Moreover, we do not use a Bayesian detection approach,
that includes the SU mobility parameters, as in Chapter 3. But any change-
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point detection algorithm could be used in the framework, and Bayesian
algorithms could be considered thereafter, to observe the effect of using the
SU mobility parameters on the framework performance.

For spectrum sensing, we use the CUSUM changepoint detection algo-
rithm [57, 49] over several frames. As a reminder, a changepoint detec-
tion algorithm observes a data sequence and has to decide when there is
a change in the distribution of the observed samples. A decision statistic
is computed at each time sample, based on the previous samples, and is
compared with a threshold. In this work, we use the CUSUM algorithm as
presented in Chapter 2, but with a slight modification. Instead of comput-
ing a decision statistic at the sample scale, we do it at the frame scale. We
do this to avoid the complexity of taking multiple decisions per frame and
to take advantage of the combination of several samples within one frame.
Thus, depending on the current mode, the sensing samples of each frame l
(yl [1], ... , yl [Tse] in the TM and yl [1], ... , yl [Tf ] in the SOM) are combined to
form one single sample zl , which is then input to the CUSUM algorithm.
We compute zl by doing the average power of the sensing samples of the
frame l. This is a simple combining scheme that helps reduce the noise
power. Note that, either for PU appearance detection or PU disappearance
detection, the frames involved in spectrum sensing are the frames of the
current mode. Hence, spectrum sensing is restarted when the SU switches
to another mode. The spectrum sensing scheme is depicted in Fig. 4.2. At

…

Frame 

CUSUM
algorithm

…

Frame 

…

Frame 

Fig. 4.2 Spectrum sensing scheme in the transmission mode.
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the end of each frame, the CUSUM algorithm computes a decision statistic
Cj, where j refers to the current frame, and compares it with a threshold α.
The detection time is given by [49]

TCUS = inf{j ≥ 1 : Cj ≥ α}, with Cj = max
k≤j

j

∑
l=k

ln L(zl), (4.1)

where L(zl) is the likelihood ratio1 of zl .
In the transmission mode, zl =

1
Tse

∑Tse
n=1 |yl [n]|2 follows a central chi-square

distribution with 2Tse degrees of freedom, because it is the sum of the
squares of 2Tse real Gaussian variables. Each of these variables has a zero

mean and a variance of σ2
w

2Tse
in case of PU absence and σ2

x+σ2
w

2Tse
in case of

PU presence. The PDFs of zl in cases of PU absence and presence are thus
respectively given by (from equation (2.32) in [99])

f0,TM(zl) =
zl

Tse−1

( σ2
w

Tse
)Tse Γ(Tse)

exp (− zl
σ2

w
Tse

) (4.2)

and

f1,TM(zl) =
zl

Tse−1

( σ2
x+σ2

w
Tse

)Tse Γ(Tse)
exp (− zl

σ2
x+σ2

w
Tse

), (4.3)

where Γ(Tse) is the gamma function2 of Tse [99]. In the sensing-only mode,

zl =
1

Tf
∑

Tf
n=1 |yl [n]|2 follows a central chi-square distribution with 2Tf de-

grees of freedom. The PDFs f0,SOM(zl) and f1,SOM(zl) are the same as in
the TM, except that Tse is replaced with Tf . As in the TM, we try to detect
the PU appearance, and in the SOM, we try to detect the PU disappear-
ance, the likelihood ratios in both modes are differently defined. They are
given by

L(zl) =


f1,TM(zl)
f0,TM(zl)

= ( σ2
w

σ2
x+σ2

w
)

Tse
exp ( zl Tse σ2

x
σ2

w(σ
2
x+σ2

w)
), if TM

f0,SOM(zl)
f1,SOM(zl)

= ( σ2
x+σ2

w
σ2

w
)

Tf
exp (

−zl Tf σ2
x

σ2
w(σ

2
x+σ2

w)
), if SOM.

(4.4)

1k is the frame sample after which, ln L(zl) has consistently shown positive values, mean-
ing that a change has probably occurred [49].

2Γ(Tse) = (Tse − 1)!.
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4.3 Optimal joint transmission-sensing framework

4.3.1 Performance metrics derivation

In this section, we introduce some metrics in order to evaluate the per-
formance of the joint transmission-sensing framework. It has been estab-
lished so far that in CR, the amount of interference caused on the PUs and
the amount of spectrum opportunities used by the SU are two important
criteria to assess how robust the sensing is. It is profitable to maximize
the SU spectrum usage while minimizing the interference on the PUs. Be-
cause both situations are antagonist, as already stated, a good compromise
should be found in the context of joint transmission-sensing.

Fig. 4.3 Interference scenarios.

As multiple changes in the spectrum occupancy may occur, and they
may not be perfectly detected, the detection errors (on PU appearance
and disappearance) will generate interference and spectrum waste. On
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one side, interference can be created by three kinds of errors. When a PU
appearance is detected with a delay or completely missed until the next
disappearance, this will induce interference with the PU during the trans-
mission time of each frame of the SU. Furthermore, when there is a false
alarm on a PU disappearance, this will result in interference, due to an ear-
lier switching to the transmission mode while the PU is still present. These
three scenarios are depicted in Fig. 4.3.

On the other side, spectrum waste can be created by several scenarios.
When a PU disappearance is detected with a delay, or it is missed, the
SU remains in the sensing-only mode while it could transmit data, and
the entire portion of the frames, since the disappearance time, is wasted.
Moreover, a false alarm on a PU appearance will cause the SU to release
the spectrum and switch to the sensing-only mode, while it could continue
transmitting. Finally, the time blocks allocated for sensing and guard times
when the PU is absent, should also account for spectrum waste because
they could be used for transmission. These four scenarios are shown in
Fig. 4.4.

Fig. 4.4 Spectrum waste scenarios.
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All this considered, we define the total interference time during the SU
communication time N, taking into account the various types of interfer-
ence, and total spectrum waste time similarly. Let us denote the average
total duration of interference and spectrum waste by Tint and Tsow. Aiming
to simultaneously minimize the total interference on the PU and maximize
the spectrum opportunity, we suggest a new performance metric, called
the global cost. Similarly to the global penalty introduced in [98] and (3.15),
it is obtained by assigning a cost Cint to Tint, and another cost Csow to Tsow.
The global cost GC is thus given by

GC = Cint Tint + Csow Tsow. (4.5)

While the global penalty metric considers only one PU appearance de-
tection, the global cost considers the detection of multiple PU appearances
and disappearances. Moreover, it accounts for the joint impact of sens-
ing time and transmission time to compute the interference and spectrum
waste times. This metric will help derive the optimal parameters that give
a good balance between interference and spectrum waste.

4.3.2 Optimal transmission-sensing

We define the optimal transmission-sensing scheme as the one that mini-
mizes the global cost induced by the framework. It is given by the follow-
ing optimization problem

arg min
Tse ,Ttr ,α

GC(Tse, Ttr, α). (4.6)

We thus want to find the optimal transmission duration Ttr, sensing dura-
tion Tse and detection threshold α, that minimize the global cost GC. Ob-
viously, the frame duration Tf is indirectly optimized when Tse and Ttr are
optimized.
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4.4 Simulations & numerical results

In this section, we compute the optimal parameters through numerical
simulations. Foremost, the frame size is fixed and the optimal sensing time
(and indirectly the optimal transmission time) is studied for various values
of p and SNR. Then, for a fixed sensing time, the optimal frame size (and
indirectly the optimal transmission time) is studied. Thereafter, the opti-
mal couple of transmission and sensing times is computed and analysed.
Finally, the three parameters, i.e., sensing time, transmission time and de-
tection threshold, are jointly optimized. A small discussion about the mu-
tual dependence between the optimal parameters concludes the section.

4.4.1 Optimal sensing time and transmission time for fixed frame size and
threshold

Initially, we assume that the frame size Tf and the threshold are fixed, and
we try to find the optimal sensing time Tse (and thus the optimal transmis-
sion time Ttr) that gives the minimum global cost. We consider the follow-
ing parameters values for the simulations3: N = 2500 samples, Tf = 50
samples, N f = 50 frames, TGa = TGb = 1 sample, α = 3.5, SNR = 0 dB,
Cint = 0.5 bits/sample, Csow = 0.14 bits/sample and p = 0.003. We com-
pute the averages of the performance metrics by using Monte Carlo simu-
lations with 10000 realizations. We first plot the average total interference
and spectrum waste metrics with respect to the sensing time. On one side,
the average total duration of interference is a monotonically decreasing
function of the sensing time (Fig. 4.5). This is due to two reasons. First,
when more samples are used for sensing, the PU appearances are quickly
and well detected so that the interference time is reduced. Second, increas-
ing Tse leads to a decrease of the transmission time Ttr and consequently
a decrease of the potential time of interference with PUs. On the other
side, the average total duration of spectrum waste is an increasing func-
tion of Tse (Fig. 4.6), because using more samples for sensing decreases
the time allocated for transmission and inevitably increases the amount of
time wasted while the spectrum was free.

3The costs are defined similarly as the penalties in [98] and Chapter 3.
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Fig. 4.5 Average interference time Tint versus sensing time Tse.

Fig. 4.6 Average spectrum waste time Tsow versus sensing time Tse.

The optimal sensing time is the one that gives a good compromise be-
tween interference time and spectrum waste time. To obtain it, we plot the
GC vs Tse curves for a fixed frame size. The optimal sensing time varies
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with respect to the received SNR, as it can be noticed in Fig. 4.7, where the
simulation is done for SNR ∈ [0, 15] dB. When the SNR increases, the op-
timal Tse decreases, meaning that the higher the SNR is, the fewer samples
are needed for reliable spectrum sensing and the more time is available for
interference-free transmission.

Fig. 4.7 Global cost (GC) versus sensing time (Tse).

As assumed in Section 4.2, the SNR is perfectly known by the SU. The
optimal sensing times for different SNR values can thus be pre-computed
and stored in a table, and then recovered during the joint transmission-
sensing operation. However, in more practical situations where the SNR
is unknown by the SU, it can be problematic to choose the optimal sensing
time. To solve this issue, we propose a simple method when the SNR is un-
known but belongs to a certain interval. First, we suggest deriving a range
of optimal sensing times that keep the global cost to the minimum, with a
certain margin ε (Fig. 4.8). Then, the intersection of the derived ranges for
different SNR values is computed. The resulting range is the optimal range
of sensing times that always keep the global cost to the minimum, with a
margin ε, when the SNR lies between the considered values. Considering
an upper margin ε = 10 bits over the minimum global cost, and a SNR
ranging from 0 to 15 dB, we obtain the optimal ranges plotted in Fig. 4.9.
We can observe that if SNR ∈ [3, 15] dB, the optimal Tse can be chosen in

114 |



Simulations & numerical results | 4.4

the set {7, 8, 9}.

Fig. 4.8 Computation of optimal range of sensing times.

Fig. 4.9 Optimal ranges for various SNR.
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4.4.2 Optimal frame size for fixed sensing time and threshold

Beside the optimal time allocated for sensing, it is important to consider
the sensing frequency (or the frame size) which also has an impact on the
performance of the framework. For this reason, we investigate the optimal
frame size Tf for fixed Tse and α. We perform some simulations for fixed
values of sensing time Tse and total communication time N, while varying
the frame size Tf . For Tse = 5 samples, N = 2500 samples, α = 3.5 and
p = 0.003, we plot the GC vs Tf curves for various SNR values. As we can
see in Fig. 4.10, the optimal frame size Tf varies slightly with respect to the
SNR value. We then plot the same curves for a fixed SNR value (5 dB) but

Fig. 4.10 GC vs Tf for different SNR values with p = 0.003.

varying p (p ∈ [0.001, 0.01]). It can be noticed in Fig. 4.11 that the optimal
frame size Tf decreases when the probability of PU appearance and dis-
appearance p increases. This means that the more frequent it is expected
to get PU appearances and disappearances, due to mobility, the more fre-
quent the SU should perform spectrum sensing and the shorter should be
the frame size Tf . To summarize, the optimal frame size depends more on
the SU mobility parameters than the SNR value. In the next section, we
jointly compute the optimal frame size and sensing time.
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Fig. 4.11 GC vs Tf for different p values with SNR = 5 dB.

4.4.3 Joint computation of optimal transmission time and sensing time
for fixed threshold

In the two previous sections, we compute the optimal sensing time by fix-
ing the frame size and vice versa. Here, we jointly optimize both parame-
ters using numerical simulations. It is also equivalent to the joint optimiza-
tion of sensing and transmission times.

Exhaustive search

We use exhaustive search to find the optimal (Tse, Ttr) couple. The three-
dimensional curve of the global cost GC versus Tse and Ttr is shown in Fig.
4.12. We can see that when Ttr is increased too much with a small Tse,
the global cost is increased, obviously, due to interference. The same is
observed when Tse is increased too much with a small Ttr, due, this time,
to spectrum waste. It is also noticed that there is a minimum global cost,
and it is obtained for (Tse = 4 samples, Ttr = 17 samples), when p = 0.003
and SNR = 5 dB.
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Fig. 4.12 GC vs (Tse,Ttr) for p = 0.003 and SNR = 5 dB.

With further simulations, we can observe how the optimal (Tse, Ttr) cou-
ple varies with respect to SNR and p values. On the one hand, the SNR is
varied from 0 dB to 20 dB for p = 0.003, and the optimal parameters are
shown in Table 4.1. It can be seen that the optimal Tse varies a lot (from 12
to 1 samples), while the optimal Ttr slightly varies (from 17 to 14 samples).

Table 4.1 Optimal sensing and transmission times for p = 0.003.

Parameter
SNR (dB) 0 5 10 20

Tse (sample) 12 4 2 1
Ttr (sample) 17 17 14 14
GC (bit) 129.2 85.32 67.64 56.54

On the other hand, when p is varied from 0.001 to 0.01 for SNR= 5 dB,
the optimal Ttr varies a lot (from 35 to 9 samples), while the optimal Tse has
a constant value (4 samples), as shown in Table 4.2.
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Table 4.2 Optimal sensing and transmission times for SNR= 5 dB.

Parameter
p 0.001 0.003 0.005 0.007 0.01

Tse (sample) 4 4 4 4 4
Ttr (sample) 35 17 12 9 9
GC (bit) 57.78 85.32 101.7 113.96 127.7

This result confirms what was already observed in the previous section
and leads us to conclude that the optimal sensing time depends more on
the SNR value, while the optimal transmission time (or equivalently the
optimal frame size) depends more on the probability of appearance and
disappearance of the PU, inferred from the SU mobility parameters. A
similar result is found in [100], where energy detection is used in a context
of joint transmission-sensing. It is highlighted that the optimal sensing
time is much less sensitive than the optimal transmission time when the
primary activity parameter changes.

Simple algorithm

Here, we propose a simple strategy to find the joint optimal parameters
values, because of the time complexity of exhaustive search. We suggest
the following steps:

• Initialize the optimal sensing time at Tse = 1 sample.

• Then, for the initial Tse value, find the optimal transmission time Ttr,
using Monte Carlo simulations.

• For the optimal Ttr computed, find the corresponding optimal sens-
ing time Tse, using Monte Carlo simulations.

• Repeat the process as long as the global cost decreases.

• Use the last (Tse, Ttr) couple as the optimal one.

This method is more time-efficient than the exhaustive search (about one
third of the simulation time), and shows comparable performance. It is
depicted in Fig. 4.13, that for p = 0.003 and SNR = 5 dB, the exhaustive
search gives (Tse = 4 samples, Ttr = 17 samples, GC = 85.32 bits) and the
algorithm gives (Tse = 3 samples, Ttr = 14 samples, GC = 85.43 bits).
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Fig. 4.13 Optimal (Tse,Ttr) for p = 0.003 and SNR = 5 dB, with both
methods.

4.4.4 Joint optimization of sensing time, transmission time and detection
threshold

In the previous sections, we assumed a fixed threshold to simplify the anal-
ysis. However, beside the sensing and transmission times, the detection
threshold also has a significant impact on the performance of the joint
transmission-sensing framework. For this reason, it is important to ver-
ify if we can further decrease the global cost by appropriately choosing an
optimal threshold. In this section, we jointly optimize the threshold α with
the sensing time Tse and the transmission time Ttr, using exhaustive search.

Firstly, we compute the optimal (Tse, Ttr, α) triplet for p = 0.003 and
SNR ∈ {0, 5, 10, 15} dB. The minimum global cost obtained at each thresh-
old value and the corresponding optimal (Tse,Ttr) couple are shown in Fig.
4.14− 4.17. The optimal threshold α and the corresponding (Tse,Ttr) are in-
dicated with green color. At first glance, we can notice that the minimum
achievable global cost can vary a lot from one threshold value to another.
Therefore, the performance of the joint transmission-sensing framework
is clearly sensitive to the threshold variation. Note that this sensitivity is
higher at low SNR than at high SNR. For SNR = 0 dB (Fig. 4.14), the
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optimal (Tse,Ttr) couple changes a lot (from (Tse = 10 samples, Ttr = 32
samples) to (Tse = 11 samples, Ttr = 20 samples)) by varying the threshold
α. But for SNR ∈ {5, 10, 15} dB (Fig. 4.14 and 4.15), the optimal (Tse,Ttr)
couple remains almost unchanged in the considered range of thresholds.

Tse=10, Ttr=32

Tse=9, Ttr=30 Tse=11, Ttr=25

Tse=11, Ttr=20

Tse=3, Ttr=17
Tse=3, Ttr=17

Tse=4, Ttr=17

Fig. 4.14 Minimum GC vs α and corresponding (Tse,Ttr) for p = 0.003
and SNR ∈ {0, 5} dB.

Tse=2, Ttr=17

Tse=2, Ttr=17

Tse=2, Ttr=14

Tse=1, Ttr=14

Tse=1, Ttr=14

Tse=1, Ttr=14

Fig. 4.15 Minimum GC vs α and corresponding (Tse,Ttr) for p = 0.003
and SNR ∈ {10, 15} dB.
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The optimal (Tse, Ttr, α) triplets and corresponding GC for the consid-
ered SNR values, are shown in Table 4.3. It can be seen that the optimal
threshold α increases with the SNR. It is also observed that the optimal
sensing time Tse decreases a lot with the SNR (from 9 to 1 samples) simi-
larly to the previous results. However, the optimal transmission time Ttr
also decreases a lot with the SNR (from 30 to 14 samples) unlike the case of
fixed threshold (Table 4.1), where Ttr is almost constant for a fixed value of
p. In fact, this change in Ttr value is more noticed at low SNR. This is due
to the following reasons. First, to be able to detect a low SNR signal, we
obviously need to increase Tse. But if the frame size Tf is kept constant, this
may induce too much spectrum waste and thus an increase of the global
cost GC. Thus, Tf , and consequently Ttr, needs to be increased. This situ-
ation is more perceived when the threshold is optimized, simply because
by varying the threshold, we gain more degrees of freedom. For example,
if Tse and Ttr are increased due to low SNR, the threshold α can also be de-
creased to keep a good balance between quick detections and false alarms,
resulting in a lower GC. But when α is constrained to be constant, Tse is
further increased while Ttr is slightly increased and GC has a larger value.
This can be seen by comparing Table 4.1 and Table 4.3, for SNR = 0 dB. The
second reason for an increase of Ttr at low SNR is related to the detection
of PU disappearances, which is also taken into account by GC. In fact, the
frame size Tf is also the sensing duration for PU disappearance detection
in our model. And as at low SNR, it is more profitable to increase the sens-
ing time, the system tends to increase the optimal Tf and thus the optimal
Ttr.

Table 4.3 Optimal (Tse, Ttr, α) triplets for p = 0.003.

Parameter
SNR (dB) 0 5 10 15

Tse (sample) 9 3 2 1
Ttr (sample) 30 17 17 14
α 0.41 0.82 1.12 1.33
GC (bit) 113.53 78.19 65.63 59.19

Secondly, we compute the optimal (Tse, Ttr, α) triplet for SNR = 5 dB
and p ∈ {0.001, 0.003, 0.007, 0.01}. The minimum global cost obtained are
shown in Fig. 4.16 and 4.17. We can first notice that the minimum GC is
more sensitive to the threshold variation for higher values of the proba-
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bility of PU appearance and disappearance p. Furthermore, the optimal
(Tse, Ttr) couple slightly changes for lower values of p (from (Tse = 3
samples, Ttr = 32 samples) to (Tse = 4 samples, Ttr = 38 samples), for
p = 0.001), while it remains almost unchanged for higher values of p.

Tse=4, Ttr=38

Tse=3, Ttr=32

Tse=4, Ttr=38

Tse=4, Ttr=35

Tse=3, Ttr=17
Tse=3, Ttr=17

Tse=4, Ttr=17

Fig. 4.16 Minimum GC vs α and corresponding (Tse,Ttr) for SNR = 5 dB
and p ∈ {0.001, 0.003}.

Tse=3, Ttr=12

Tse=3, Ttr=9

Tse=4, Ttr=9

Tse=3, Ttr=9

Tse=3, Ttr=7

Tse=4, Ttr=7

Fig. 4.17 Minimum GC vs α and corresponding (Tse,Ttr) for SNR = 5 dB
and p ∈ {0.007, 0.01}.
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The optimal (Tse, Ttr, α) triplets and corresponding GC for the consid-
ered values of p, are shown in Table 4.4. It can be seen that the optimal
threshold α decreases with p, which intuitively means that with fast PU
appearances and disappearances, the detection threshold should be de-
creased to get fast detections. Similarly to the case of fixed α (Table 4.2),
we can notice that the optimal Tse is constant for every value of p and the
optimal Ttr decreases a lot when p increases.

Table 4.4 Optimal (Tse, Ttr, α) triplets for SNR = 5 dB.

Parameter
p 0.001 0.003 0.007 0.01

Tse (sample) 3 3 3 3
Ttr (sample) 32 17 12 9
α 1.33 0.82 0.30 0.20
GC (bit) 55.21 78.19 104.11 116.29

To recap, the joint optimization of the threshold with the sensing and
transmission times allows us to conclude the following:

• The optimal sensing time Tse depends more on the SNR. It slightly
varies with the threshold α for a fixed SNR value, but when it is
jointly chosen with the optimal α, it is always constant at fixed SNR.
Therefore, in a practical system, we suggest choosing Tse according
to the SNR.

• The optimal transmission time Ttr is clearly dependent on the proba-
bility of PU appearance and disappearance p. But also, at low SNR,
it becomes very sensitive to the threshold variation. Both parameters
(Ttr and α) should be carefully and jointly chosen to avoid degrad-
ing the performance because GC is more sensitive to the threshold at
low SNR (Fig. 4.14). Moreover, when p is low, the optimal Ttr also
depends on α, even if this time, a small variation of (Ttr, α) will not
be that harmful to the performance because GC is less sensitive to the
threshold (Fig. 4.16). For higher values of p, Ttr is slightly depen-
dent on the threshold α, and GC is very sensitive to α. To sum up, we
suggest to jointly choose Ttr and α according to p and the SNR.
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4.4.5 Discussion on the optimal parameters

In sum, we see that by playing with detection accuracy, detection quickness
and sensing frequency, which are obtained for a given (Tse, Ttr, α) triplet,
we can achieve an overall optimization of the spectrum usage. Further-
more, all the parameters, Tf , Tse, Ttr and α, are interrelated, which makes
the analysis difficult. We have just seen in the previous section that the
optimal Ttr is very dependent on α while the optimal Tse is slightly de-
pendent on α. In addition, we have seen that at low SNR, not only Tse is
increased, but also Ttr is increased (because of the sensing frequency Tf )
in order to avoid too much spectrum waste. This mutual dependence is
accentuated by the fact that our model accounts for both PU appearances
and disappearances. In fact, the frame size, or sensing frequency Tf for
appearance detection, is also the sensing time for disappearance detection,
as the SU switches to the sensing-only mode. And it is obviously linked to
the detection threshold, which is the same threshold for both appearance
and disappearance detection. It might be easier to independently study
appearances and disappearances, but in a real scenario, they are intercon-
nected because an error on the detection of a PU appearance will certainly
impact the detection of the next PU disappearance and so on. Our model
has the advantage of considering all this.

In order to further improve the joint transmission-sensing model, we
may increase the number of degrees of freedom by:

• Using distinct thresholds for appearance and disappearance detec-
tions,

• Performing spectrum sensing sample per sample, instead of frame
per frame, for the sensing-only mode (disappearance detection). This
would first avoid the dependence on the frame size Tf and may result
in faster detection of PU disappearances.
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4.5 Comparison with energy detection

4.5.1 Methodology

In this section, the performance of the proposed joint transmission-sensing
framework is evaluated, when energy detection algorithm is used against
CUSUM algorithm. Let us note some differences that come up in the frame-
work when using ED. First, ED is an hypothesis testing algorithm, and it
cannot detect changes in the channel state (PU appearance or disappear-
ance), but it can detect the current channel state (PU presence or absence).
So, unlike the CUSUM case where the algorithm applied depends on the
current mode (TM or SOM), both hypotheses (PU presence or absence)
are periodically tested for ED. Second, ED is a block-based spectrum sens-
ing algorithm. Thus, the total sensing duration (sum of sensing times per
frame) is fixed in advance, unlike for CUSUM where we do not know in
advance after how many frames the algorithm will stop. Moreover, even
if the current mode does not change, a new sensing is performed periodi-
cally.

According to this, we suggest two approaches to insert ED in the frame-
work:

• Firstly, we perform ED independently frame by frame. The total
sensing duration in this case is thus Tse.

• Secondly, we define a block as the set of frames after which a new
spectrum sensing is performed, and B f is the number of frames in-
side each block. ED is performed independently block by block. The
total sensing duration here is B f Tse. The first approach is thus a spe-
cial case of the second, when B f = 1.

4.5.2 Simulation results

For comparison with CUSUM, we perform the simulations using the op-
timal (Tse, Ttr) couple in CUSUM case when p = 0.003 and SNR = 5 dB
(Table 4.4), and compare the global cost obtained for different threshold
values. The results obtained with both approaches are presented in Fig.
4.18. As it can be noticed, the minimum global cost obtained with frame by
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frame ED (B f = 1) is closer to that of CUSUM. But when ED is performed
over a block of two frames (B f = 2), the obtained performance is worse
than CUSUM performance. This is not surprising. In fact, even though we
perform spectrum sensing sequentially over frames with CUSUM, the al-
gorithm is somewhat constrained to take decisions only at the end of each
frame. Despite the fact that the initial objective was to combine data per
frame, this may not result in the fastest detection. This is the reason why
a simple ED, that also takes decisions at the end of each frame, performs
closer even without combining data over several frames. We see that when
ED is done over a longer period of time (just a block of two frames), the
performance worsens.

Gc = 101.56

Gc = 79.15Gc = 78.25

Fig. 4.18 GC vs α curves of CUSUM, frame by frame ED and block by
block ED, for (Tse = 3 samples, Ttr = 17 samples), SNR = 5 dB and p =
0.003.

This result reinforces our idea that performing the CUSUM algorithm
sample per sample for the sensing-only mode (PU disappearance detec-
tion) could result in faster detections and improve the performance. This
implies that the frames would have no more a constant size in the SOM.
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4.6 Conclusion

In this chapter, a new joint transmission-sensing framework is introduced
for mobile cognitive radio systems where the SU is moving for a certain
period of time, and multiple PU appearances and disappearances may oc-
cur. Using the CUSUM changepoint detection algorithm, spectrum sensing
is performed sequentially over successive frames, instead of independent
frame by frame sensing suggested in the literature so far. Using the idea of
the global penalty metric proposed in the previous chapter, a new perfor-
mance metric, named the global cost, is suggested to evaluate the total loss
in the channel usage due to the joint effect of interference and spectrum
waste caused by the framework.

Then, the optimal system parameters, namely the sensing time, the
transmission time and the detection threshold, that minimize the global
cost are computed and analysed by means of simulations. The optimal pa-
rameters depend on the received SNR and the mobility parameters of the
SU. The optimal sensing time shows to strongly depend on the SNR, while
the optimal transmission time is very sensitive to the mobility parame-
ters, and the optimal threshold depends on both. Moreover, the threshold
should be jointly chosen with the transmission time, which is also the sens-
ing frequency.

Finally, the performance of ED is compared with that of CUSUM in
the context of the proposed framework. It is found that frame by frame
ED performs closer to CUSUM because in the framework, CUSUM is, in
some ways, forced to take decisions at end of frames. On its side, block by
block ED has the worst performance due to the fact that spectrum sensing
is forced over a longer time period.
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Geolocation-based Bayesian

Spectrum Sensing

5.1 Introduction

In heterogeneous cognitive radio networks, it is difficult to have an a priori
knowledge of the existing primary systems. For this reason, blind spec-
trum sensing algorithms, that does not need any prior information about
the PUs, are highly desirable. However, the performance of blind detection
algorithms is limited, and they do not make the most use of the available
spectrum. As it has been seen throughout this thesis, the maximum utiliza-
tion of the spectrum can be achieved only when the PUs’ parameters are
perfectly known. This is noticed in Chapter 3, where the optimal threshold
depends on the received SNR, and in Chapter 4, where both the optimal
threshold and the optimal sensing time per frame are sensitive to the SNR.
Therefore, if some a priori knowledge of the PUs is available to the SU, it
can be used to increase the performance of spectrum sensing algorithms.
As discussed in Chapter 2, a good detector should make a good compro-
mise between the amount of required prior knowledge and the achieved
performance.

| 129



5 | Geolocation-based Bayesian Spectrum Sensing

Due to the challenges of spectrum sensing to meet their very tight re-
quirements, many regulators around the world consider that this technol-
ogy alone is not yet reliable enough to guarantee the protection of channel
incumbents [44, 101, 102]. For this reason, geolocation database is con-
sidered as the most feasible method [103, 102]. However, the geolocation
database implementations are too conservative because a large range of
protection contour is defined to avoid interference with the PUs [104, 102].
This results in a huge waste of spectrum opportunities. Instead of using ge-
olocation database alone, another approach is to combine it with spectrum
sensing. This could be done in two ways [102]. Firstly, spectrum sensing
results could help in adjusting the protection contour and fine-tuning the
various parameters used in the geolocation database method. In view of
this, a technique to build and improve geolocation database from sensed
data, and using statistical algorithms, is presented in [105]. It helps to cal-
culate the emission limits of SUs. Secondly, geolocation database informa-
tion could be used to adjust the sensitivity of spectrum sensing, in order
to improve the detection performance. Considering a wideband sensing of
the TV band, the authors in [106] and [107] use simple methods that con-
sist in performing spectrum sensing only in the TV channels considered
available by the geolocation database method. This speeds up the sensing
process, thereby reducing the sensing time for the whole band, and also
relaxes the sensitivity and processing capabilities required for SUs. Fur-
thermore, authors in [108, 109, 110] use a geolocation-assisted compressive
spectrum sensing approach to reduce the number of required samples in
a wideband spectrum sensing context. In fact, the prior information ob-
tained from the geolocation database is used to infer the sparse nature of
the wideband spectrum, and by using this sparsity, spectrum sensing is
performed at lower sampling rates than Nyquist rates. This has the effect
of improving the detection accuracy and lowering the computational com-
plexity. Finally, assuming a heterogeneous CR network with one PU and
multiple existing SUs, a non-coherent spectrum sensing scheme, based on
energy detection, is suggested to simultaneously and distinctively detect
the PU signal and the SUs signals in [111]. Using the available geolocation
information about the PU and the SUs, the adjacent channel interference
and the co-channel interference induced by the SUs are distinguished from
the received PU signal power and the noise power. Then the noise power is
used to compute the detection threshold, and the signal powers of the PU
and the SUs are used for detection, resulting in an improved performance.
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In this chapter, we consider a CR scenario where the primary system
is composed of multiple TV transmitters. Assuming that some informa-
tion about the transmitters is available in a geolocation database, we use
this information as a priori knowledge to derive a new spectrum sensing
algorithm. Unlike the previous chapters where sequential changepoint de-
tection theory is used, we consider the block-based detection theory in this
chapter. The reason is that we do not assume fast changes in the spectrum
occupancy. We consider the Bayesian approach of block-based detection,
where the optimal decision rule (2.9) compares the likelihood ratio of ob-
servation to the ratio of both hypotheses prior probabilities. In a real-world
scenario, the received signal power is not deterministic, but it is distributed
according to fading statistics, and the likelihood ratio should be computed,
either using the GLRT or the mixture-based test if the fading distribution
is known. Assuming a Rayleigh fading, we compute the average received
power based on the geolocation information and use this to obtain the
prior distribution of the received power. Then, using this geolocation-
based prior distribution, we perform a mixture-based test to derive a new
detection rule. As it is difficult to directly solve the integral involved in
the detection rule, an approximate closed-form expression is derived us-
ing Taylor series approximation. With few terms of the Taylor series, the
approximation is accurate for medium to high average SNR values, when
a long enough sensing time is chosen. The derived algorithm is compared
with energy detection, which does not use the available a priori geolocation
information, and it gives the best performance in terms of minimum error
probability. Additionally, we suggest computing the prior probabilities of
presence and absence, and thus the threshold, by using the geolocation
information. By doing so, the detection and false alarm probabilities of
the derived algorithm increase quickly with the SNR, but it always keeps
the minimum error probability. All these results show that by using a pri-
ori geolocation information about the PUs, we are able to achieve a better
compromise between false alarms and good detections than without this
information, even if the received power signal is not perfectly known.

The main contributions of this chapter are:

• Introduction of a Bayesian spectrum sensing algorithm based on ge-
olocation information,

• Derivation of a closed-form approximation that is accurate for medium
to high average SNR values,
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• Computation of prior probabilities based on geolocation information,

• Performance comparison of the derived algorithm with energy de-
tection.

The remainder of the chapter is structured as follows. The system model,
including the considered scenario and the signal model, is introduced in
Section 5.2. Then, the Bayesian detection rule, based on prior geoloca-
tion information, is derived in Section 5.3. The approximate closed-form
expression of the detection rule is also given. A numerical comparison
between the derived algorithm and energy detection algorithm is done in
Section 5.4. Finally, a conclusion is given in Section 5.5 and some proofs
are presented in Section 5.A.

5.2 System model

5.2.1 Scenario

We consider a CR scenario with multiple fixed PUs transmitting in differ-
ent bands and a SU that wants to opportunistically use the available bands
(Fig. 5.1). It is assumed that the PUs are TV transmitters of a digital ter-
restrial television (DTT) network. Their respective broadcasting parame-
ters, i.e., location, carrier frequency, bandwidth, transmit power, antenna
height, minimum admissible power by a PU receiver, etc., are assumed to
be available in a geolocation database. The SU has a geolocation capability,
and it is assumed that it can retrieve the PUs’ parameters from the geolo-
cation database. To do this, the SU first sends its location to the database
which replies with the geolocation information G of each existing PU. Let
G = (PT , fc, D, Padm), where PT is the PU transmit power, fc is the carrier
frequency, D is the distance between the PU transmitter and the SU (com-
puted using the locations), and Padm is the minimum power admissible by
a PU receiver. Our goal is to derive a Bayesian spectrum sensing algorithm
that uses the geolocation data G as a priori information to improve the de-
tection.

Due to the fading channel between the PUs transmitters and the SU, the
received signal power is unknown and random. But we assume that it has
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a certain prior distribution, and we propose to compute this distribution
using the available geolocation information G. Then, the prior distribution
is used to derive the Bayesian detector. The signal model is presented in
the next section.

SU Tx/Rx

𝑮 = (𝑷𝑻 , 𝒇𝒄 , 𝑫 , 𝑷𝒂𝒅𝒎)

PU Tx 1

PU Tx 2

Geolocation
Database

GPS

Location Information

Broadcasting
Parameters

Fig. 5.1 Geolocation-based spectrum sensing scenario

5.2.2 Signal model

We assume that spectrum sensing is performed in one band at a time, but
this could be done simultaneously in multiple bands, as already stated in
the previous chapters. Looking at one band, let us recall the block-based
signal detection problem (2.1) given by{

H0 : y[n] = w[n],
H1 : y[n] = x[n] + w[n],

n = 1, 2, . . . , Ns

(5.1)
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where
n is the time sample,
y[n] is the received (observed) signal sample,
w[n] is the noise sample,
x[n] is the PU transmitted signal sample affected by fading,
H0 means "presence of noise only",
H1 means "presence of PU signal and noise" and
Ns is the sensing time.

As in the previous chapters, we assume that x[n] and w[n] are indepen-
dent circularly symmetric complex Gaussian, x[n] ∼ CN (0, σ2

x), w[n] ∼
CN (0, σ2

w), and independent of each other. The PDFs of the observed vec-
tor1 y under the hypotheses H1 and H0 are respectively given by

f1(y) =
1

(π(σ2
x + σ2

w))
Ns

exp(−∑Ns
n=1 |y[n]|

2

σ2
x + σ2

w
) (5.2)

and

f0(y) =
1

(πσ2
w)

Ns
exp(−∑Ns

n=1 |y[n]|
2

σ2
w

). (5.3)

The noise power σ2
w is assumed to be perfectly known. Moreover, we as-

sume that the PU signal is affected by a Rayleigh fading channel and thus
the received power σ2

x is exponentially distributed, with the following PDF

f (σ2
x) =

1
γ

exp(−σ2
x

γ
), (5.4)

where γ is the average received power. The distribution of the received
power depends on only one parameter, which is the average received power
γ. We suggest computing this average received power, by using the geolo-
cation information G. In practical scenarios, γ is obtained either from em-
pirical or deterministic channel models. Here, we use a simple free-space
path loss model, that takes G as input, to compute γ. Obviously, another
more robust channel model could be used. The average received power
computed based on geolocation information G is given by

γG = PT

( c
4π fcD

)2
(5.5)

1y = y[1], . . . , y[Ns].
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where c is the speed of light. The PDF of the received power can thus be
written as

fG(σ
2
x) =

1
γG

exp(− σ2
x

γG
). (5.6)

Now, assuming the Bayesian approach of classical hypothesis testing,
the two hypotheses can be assigned a priori probabilities P(H0) and P(H1).
We think that it is realistic to infer the a priori probabilities of PU signal
absence and presence by combining geolocation information with channel
models. For this reason, we suggest computing them using fG(σ

2
x) and the

minimum power admissible by a PU receiver Padm. The geolocation-based
prior probabilities are defined as

PG(H1) = P(σ2
x > Padm)

= exp
(
− Padm

γG

) (5.7)

and
PG(H0) = 1− exp

(
− Padm

γG

)
. (5.8)

Basically, P(H0) is the value of the cumulative distribution function of the
received power at Padm, and P(H1) is the complementary value.

5.3 Geolocation-based Bayesian detector

In this section, we derive a Bayesian detection rule that uses the geoloca-
tion information G, with the aim of improving the spectrum sensing accu-
racy.

5.3.1 Problem formulation

We know from (2.8) and (2.9) in Chapter 2, that the optimal detector in the
Bayesian sense, minimizes the error probability, which is given here by

Pe = PG(H1)PMD + PG(H0)PFA, (5.9)
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and the detection rule is given by

f1(y)

f0(y)

H0
≶
H1

PG(H0)

PG(H1)
. (5.10)

Obviously, the optimal detector requires to perfectly know the distribution
of the received signal and that of noise. However, due to the fading channel
between the PU and the SU, the received signal power σ2

x is not constant
and hence the decision statistic of the Bayesian detector (the likelihood ra-
tio) cannot be defined. It is now conditioned on σ2

x and can be written as

f1(y | σ2
x)

f0(y)
. (5.11)

As already known, this is the composite hypothesis testing problem, which
can be solved either by using a GLRT or a mixture-based test (Bayesian ap-
proach to composite hypothesis testing). The GLRT does not need any
a priori knowledge of the unknown signal power σ2

x , but it tries to esti-
mate it based on the observed data. In the current work, we adopt the
mixture-based test that uses the geolocation information G to compute the
prior distribution of the unknown signal power σ2

x . The geolocation-based
Bayesian detection rule can thus be written as follows

∫ ∞

0

f1(y | σ2
x)

f0(y)
fG(σ

2
x)dσ2

x

H0
≶
H1

PG(H0)

PG(H1)
. (5.12)

In other words, we suggest the geolocation-based Bayesian detector given
by

Ω = (ΛGB(y), α) (5.13)

where

ΛGB(y) =
PG(H1)

PG(H0)

∫ ∞

0

f1(y | σ2
x)

f0(y)
fG(σ

2
x)dσ2

x (5.14)

and
α = 1. (5.15)

5.3.2 Derivation of a closed-form expression

In this section, we derive a closed-form expression for the proposed de-
tector, by solving the integral involved in the computation of the decision
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statistic ΛGB(y). By replacing the PDFs in (5.14), we obtain

ΛGB(y) =
PG(H1)

PG(H0)

∫ ∞

0

1
(π(σ2

x+σ2
w))Ns exp(−∑Ns

n=1 |y[n]|
2

σ2
x+σ2

w
)

1
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w)Ns exp(−∑Ns
n=1 |y[n]|

2

σ2
w

)

1
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exp(− σ2
x

γG
) dσ2

x

=
PG(H1)

γGPG(H0)

∫ ∞
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w

σ2
x + σ2

w

)Ns
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(
− ∑Ns
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2

σ2
x + σ2

w
+

∑Ns
n=1 |y[n]|

2

σ2
w

− σ2
x

γG

)
dσ2

x .

Moreover,

ΛGB(y) =
PG(H1)

γGPG(H0)

∫ ∞
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x /σ2
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x /σ2
w
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By performing the change of variable v = σ2
x

σ2
w
+ 1, we have

ΛGB(y) =
σ2

wPG(H1)

γGPG(H0)

∫ ∞

1

(1
v

)Ns
exp

(v− 1
v

∑Ns
n=1 |y[n]|

2
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γG/σ2

w

)
dv.

Furthermore, we can write

ΛGB(y) =
σ2

wPG(H1)

γGPG(H0)
exp

(∑Ns
n=1 |y[n]|

2

σ2
w

+
σ2

w
γG

)
I (5.16)

with

I =
∫ ∞

1
v−Ns exp

(
− ∑Ns

n=1 |y[n]|
2

σ2
w

1
v
− σ2

w
γG

v
)

dv. (5.17)

The integral I can be rewritten as

I =
∫ ∞

1
ψ(v) dv (5.18)
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where
ψ(v) = v−Ns exp (−δ/v) exp (−κ v) (5.19)

with δ =
∑Ns

n=1 |y[n]|
2

σ2
w

and κ = σ2
w

γG
. Note that κ is the inverse of the average

SNR at reception and δ includes the energy of the observed signal.

A closed-form solution does not actually exist for I and we need to find
an approximate solution. The function ψ(v) is the product of three terms,
and we can try to approximate one of them, using Taylor series expansion
around a carefully chosen point. For example, if we are able to prove that
the term exp(−κ v) does not change too quickly around the maximum vm
of the function ψ(v), in the interval [1, ∞[, this term can be approached with
few terms of its Taylor series expansion around vm. We can numerically
prove that under certain conditions, this approximation can be done. We
make the following propositions.

Proposition 5.1. The maximum of ψ(v) in the interval [1, ∞[, is given by

vm = max
(

1,

√
Ns

2 + 4κδ− Ns

2κ

)
. (5.20)

Proof. See Section 5.A.1.

Proposition 5.2. For 1/κ ≥ 0.3162, and a large enough value of Ns, we can
obtain an accurate approximation of the function ψ(v) by replacing exp (−κ v)
with its first Nt Taylor series terms (Nt ≥ 4) around the maximum vm of ψ(v).
This range of values for κ corresponds to average received SNR values greater than
or equal to −5 dB. The minimum value of Ns, for which the approximation works,
decreases with the average received SNR.

Proof. See Section 5.A.2.

The Taylor series expansion of exp (−κ v) around vm is given by

exp (−κ v) = exp (−κ vm)

(
1 +

∞

∑
r=1

(v− vm)
r

r!
(−κ)r

)
. (5.21)

Therefore, for γG
σ2

w
≥ 0.3162, or average received SNR greater than or equal
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to −5 dB, we can write

I =
∫ ∞

1
v−Ns exp (−δ/v) exp (−κ v) dv

≈
∫ ∞

1
v−Ns exp (−δ/v) exp (−κ vm)

(
1 +

Nt

∑
r=1

(v− vm)
r

r!
(−κ)r

)
dv

≈ exp (−κ vm)
∫ ∞

1
v−Ns exp (−δ/v)

(
1 +

Nt

∑
r=1

(v− vm)
r

r!
(−κ)r

)
dv

≈ exp (−κ vm)

{( ∫ ∞

1
v−Ns exp (−δ/v) dv

+
Nt

∑
r=1

(−κ)r

r!

∫ ∞

1
v−Ns(v− vm)

r exp (−δ/v) dv
)}

.

Using the Binomial expansion, we can write

(v− vm)
r =

r

∑
ṙ=0

(
r
ṙ

)
vṙ(−vm)

r−ṙ, (5.22)

where (
r
ṙ

)
=

r!
ṙ! (r− ṙ)!

.

By inserting (5.22) into I, we have

I ≈ exp (−κ vm)

{( ∫ ∞

1
v−Ns exp (−δ/v) dv

+
Nt

∑
r=1

(−κ)r

r!

∫ ∞

1
v−Ns

r

∑
ṙ=0

(
r
ṙ

)
vṙ(−vm)

r−ṙ exp (−δ/v) dv
)}

≈ exp (−κ vm)

{( ∫ ∞

1
v−Ns exp (−δ/v) dv

+
Nt

∑
r=1

(−κ)r

r!

r

∑
ṙ=0

(
r
ṙ

)
(−vm)

r−ṙ
∫ ∞

1
v−Ns vṙ exp (−δ/v) dv

)}

I ≈ exp (−κ vm)

{(
I1 +

Nt

∑
r=1

r

∑
ṙ=0

(−κ)r

ṙ! (r− ṙ)!
(−vm)

r−ṙ I2

)}
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with
I1 =

∫ ∞

1
v−Ns exp (−δ/v) dv, (5.23)

and
I2 =

∫ ∞

1
vṙ−Ns exp (−δ/v) dv. (5.24)

The integrals I1 and I2 can be easily solved using closed-form solutions
(2.33.10) or (2.33.11) in [112]. The solutions are given as follows

I1 =
Γ(Ns − 1, 0)− Γ(Ns − 1, δ)

δNs−1 (5.25)

or

I1 =
(Ns − 2)!

δNs−1

(
1− exp (−δ)

( Ns−2

∑̇
s=0

δṡ

ṡ!

))
, (5.26)

and

I2 =
Γ(Ns − ṙ− 1, 0)− Γ(Ns − ṙ− 1, δ)

δNs−ṙ−1 (5.27)

or

I2 =
(Ns − ṙ− 2)!

δNs−ṙ−1

(
1− exp (−δ)

( Ns−ṙ−2

∑̇
s=0

δṡ

ṡ!

))
, (5.28)

where Γ(., .) is the incomplete gamma function given by

Γ(η, u) =
∫ ∞

u
exp (−t)tη−1dt.

Finally, an approximate closed-form expression of the geolocation-based
Bayesian decision statistic is given by

ΛGB(y) ≈
σ2

wPG(H1)

γGPG(H0)
exp

(
∑Ns

n=1 |y[n]|
2

σ2
w

+
σ2

w
γG

(1− vm)

)
{(

I1 +
Nt

∑
r=1

r

∑
ṙ=0

(− σ2
w

γG
)

r

ṙ! (r− ṙ)!
(−vm)

r−ṙ I2

)} (5.29)

where
I1 and I2 are obtained from (5.25 − 5.28), with δ =

∑Ns
n=1 |y[n]|

2

σ2
w

,
Nt ≥ 4 is the number of Taylor series terms considered for the approxima-
tion,
and vm is obtained from (5.20), with κ = σ2

w
γG

.
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5.4 Numerical results

In this section, we numerically evaluate the performance of the geolocation-
based Bayesian detector introduced in the previous section. In the first in-
stance, we verify the precision of the derived approximate closed-form ex-
pression, when it is used for spectrum sensing. In the second instance, we
compare the proposed detector to the classical energy detection algorithm.

5.4.1 Precision of the closed-form expression

Here, we check the correctness of the decision statistic closed-form expres-
sion (5.29), by comparing it with the numerical resolution of (5.16). To do
this, we plot the detection and false alarm probabilities versus the average
received SNR, obtained through simulations. For each average SNR value,
the PU signal power is exponentially generated, and the performance is
computed using Monte Carlo simulations. Using fixed prior probabilities
PG(H0) = PG(H1) = 0.5 and sensing time Ns = 100 samples, the curves
are plotted for the numerical resolution and the approximate closed-form
expressions obtained respectively with Nt = 4 and Nt = 12. As it can be
seen in Fig. 5.2 and 5.3, with Nt = 4, the closed-form expression is a very
good approximation of the detector when the average SNR is greater than
−5 dB. With an increased number of Taylor series terms (Nt = 12), the
approximation can be accurate down to −10 dB. For lower SNR values,
the approximation does not give accurate performance. It can thus be con-
cluded that the derived closed-form expression is a good approximation of
the geolocation-based Bayesian detector, for medium to high average SNR
values, when the sensing time Ns is long enough.
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Fig. 5.2 Detection probability vs average received SNR of both numerical
and analytical detector.

Fig. 5.3 False alarm probability vs average received SNR of both numer-
ical and analytical detector.
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5.4.2 Comparison with energy detection

To evaluate the gain of combining geolocation information with spectrum
sensing, we compare our algorithm with energy detection (ED) that does
not use any a priori knowledge of the PU signal power, and therefore makes
no use of G, but ensures the maximum detection probability (PD) for a fixed
false alarm probability (PFA).

As a first step, we make the comparison by fixing the prior probabilities
PG(H0) = PG(H1) = 0.5 and setting the sensing time to Ns = 100 samples.
ED is computed with target PFA = 0.1. The probabilities of detection, false
alarm and error obtained through numerical simulations are respectively
presented in Fig. 5.4 − 5.6. The geolocation-based algorithm has the best
detection probability at low SNR, but gets slightly worse at high SNR. This
trend is reversed for the false alarm probability. However, the geolocation-
based algorithm always keeps the error probability to the minimum.

Fig. 5.4 Detection probability vs average received SNR for the compared
algorithms, when target PFA = 0.1 for ED.
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Fig. 5.5 False alarm probability vs average received SNR for the com-
pared algorithms, when target PFA = 0.1.

Fig. 5.6 Error probability vs average received SNR for the compared al-
gorithms, when target PFA = 0.1.
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When the target PFA of ED is increased (Fig. 5.8), it shows a higher
detection probability at every SNR value (Fig. 5.7), but still has a poor total
error probability (Fig. 5.9).

Fig. 5.7 Detection probability vs average received SNR for the compared
algorithms, when target PFA = 0.475 for ED.

Fig. 5.8 False alarm probability vs average received SNR for the com-
pared algorithms, when target PFA = 0.475.
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Fig. 5.9 Error probability vs average received SNR for the compared al-
gorithms, when target PFA = 0.475.

As a second step in the performance comparison, we compute the prior
probabilities PG(H1) and PG(H0), using the suggested expressions (5.7)
and (5.8). Note that the prior probabilities are computed with the aver-
age received power and the minimum admissible power. For the simula-
tions, in order to give a sense to the computed PG(H1) and PG(H0), the
hypothesis about the presence H1 or the absence H0 is conditioned on the
actual received power σ2

x . In other words, the cases where σ2
x < Padm, are

considered as H0 and the reversed cases are considered as H1. The sens-
ing time is always Ns = 100 samples and the minimum SNR admissible
by a PU receiver (Padm/σ2

w) is set to −15 dB. The results are shown in Fig.
5.10 − 5.12. As it can be seen, the detection probability of the geolocation-
based algorithm quickly increases with the SNR, and it is better than that
of ED. However, the false alarm probability also increases very fast, while
ED keeps a constant false alarm because its threshold does not change. The
reason for this is that when the average received power γG exceeds a bit
the minimum admissible power Padm, the probability of presence PG(H1)

quickly increases and the detection threshold decreases. This results in a
fast increase of PD and PFA. To avoid this, a solution may be to add some
costs to appropriately counterbalance PG(H1) and PG(H0). Nonetheless,
the geolocation-based algorithm always keeps the minimum error proba-
bility.
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Fig. 5.10 Detection probability vs average received SNR when PG(H1)
and PG(H0) are computed using the geolocation information.

Fig. 5.11 False alarm probability vs average received SNR when PG(H1)
and PG(H0) are computed using the geolocation information.
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Fig. 5.12 Error probability vs average received SNR when PG(H1) and
PG(H0) are computed using the geolocation information.

5.5 Conclusion

In this chapter, we consider the block-based hypothesis testing framework
and introduce a new spectrum sensing algorithm that makes the use of
prior knowledge about the PUs to improve the detection. The information
concerning the PUs is retrieved from a geolocation database and used to
compute the prior fading distribution of the received power, depending
on the location of the SU. Then, using the Bayesian approach of composite
hypothesis testing, a new detector, that does not require the perfect knowl-
edge of the actual PU signal power, is derived. Moreover, an approximate
closed-form expression is derived for the detection algorithm, and it shows
to be an accurate approximation for medium to high average SNR values.
In addition, a new way of computing the prior probabilities of presence
and absence is suggested.

When compared with the energy detection algorithm, the derived al-
gorithm gives the minimum error probability. Therefore, having an a pri-
ori geolocation information about the PUs, a good trade-off between false
alarms and good detections can be achieved, by using the Bayesian detec-
tion theory.
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5.A Proofs

5.A.1 Proof of proposition 5.1

Let us recall the expression (5.18) of I as follows

I =
∫ ∞

1
ψ(v) dv

where
ψ(v) = v−Ns exp (−δ/v) exp (−κ v).

We want to find the maximum of ψ(v) in the interval [1, ∞[, which is equiv-
alent to solve the following

max
v≥1

ς(v) = −Ns ln (v)− δ

v
− κ v (5.30)

with ς(v) = ln
(

ψ(v)
)

.

This can be easily done using the Lagrangian method. We define the
Lagrangian for this problem as

L(v, λ) = ς(v)− λ(−v + 1)

= −Ns ln (v)− δ

v
− κ v + λv− λ

(5.31)

where λ is the Lagrange multiplier. Its first derivative with respect to v is
given by

∂L(v, λ)

∂v
=
−Ns

v
+

δ

v2 − κ + λ.

Let us find the zeros of this derivative. We have

∂L(v, λ)

∂v
= 0 ⇐⇒ −Ns

v
+

δ

v2 − κ + λ = 0

⇐⇒ (λ− κ)v2 − Nsv + δ

v2 = 0

⇐⇒ (λ− κ)v2 − Nsv + δ = 0.
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We obtain two zeros as follows

v1 =
Ns −

√
Ns

2 − 4(λ− κ)δ

2(λ− κ)
and v2 =

Ns +
√

Ns
2 − 4(λ− κ)δ

2(λ− κ)
.

The Karush-Kuhn-Tucker (KKT) conditions for the optimization problem
(5.30) are given by

∂L(v,λ)
∂v = 0 ⇐⇒ v =

Ns−
√

Ns
2−4(λ−κ)δ

2(λ−κ)
or v =

Ns+
√

Ns
2−4(λ−κ)δ

2(λ−κ)
∂L(v,λ)

∂λ ≥ 0 ⇐⇒ v− 1 ≥ 0
λ ≥ 0 ⇐⇒ λ ≥ 0
λ(−v + 1) = 0 ⇐⇒ λ = 0 or v = 1.

(5.32)
The solutions can be split in two cases:

• Case 1: v > 1 =⇒ λ = 0, v =

√
Ns

2+4κδ−Ns
2κ or v = −Ns+

√
Ns

2+4κδ
2κ

The second zero is discarded because it gives a negative value which

contradicts v > 1. We keep v =

√
Ns

2+4κδ−Ns
2κ which is obtained for√

Ns
2 + 4κδ > 2κ + Ns or simply Ns + κ − δ < 0.

• Case 2: v = 1 =⇒ Ns −
√

Ns
2 − 4(λ− κ)δ = 2(λ− κ), considering

only the first zero. By developing the equation, we obtain λ = κ or
λ = Ns + κ − δ. As κ is always a positive quantity, this case is thus
obtained for λ = Ns + κ − δ ≥ 0.

To verify if vm =

√
Ns

2+4κδ−Ns
2κ is a maximum of ς(v), we compute the

second-order derivative at this value. The second order derivative of ς(v)
is given by

∂2ς(v)
∂v2 =

Nv− 2δ

v3 .

As the denominator is always positive in the interval [1, ∞[, we just check
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the sign of the numerator. By inserting vm in the numerator, we obtain

Nsvm − 2δ = Ns

(√
Ns

2 + 4κδ− Ns

2κ

)
− 2δ

=
Ns

2κ

(√
Ns

2 + 4κδ− Ns −
4κδ

Ns

)

=
Ns

2κ

(√
Ns

(
Ns +

4κδ

Ns

)
−
(

Ns +
4κδ

Ns

))

=
Ns

2κ

((√
Ns

)√(
Ns +

4κδ

Ns

)
−

√(
Ns +

4κδ

Ns

)√(
Ns +

4κδ

Ns

))
Nsvm − 2δ ≤ 0,

because Ns ≤ Ns +
4κδ
Ns

.

Consequently, the solution to the optimization problem (5.30) can be
compactly written as

vm = max
(

1,

√
Ns

2 + 4κδ− Ns

2κ

)
. (5.33)

5.A.2 Proof of proposition 5.2

We remind below the expression (5.18) of I

I =
∫ ∞

1
ψ(v) dv

where
ψ(v) = v−Ns exp (−δ/v) exp (−κ v).

Here, we numerically prove that for 1/κ ≥ 0.3162, and a large enough
value of Ns, we can obtain an accurate approximation of the function ψ(v)
by replacing exp (−κ v) with its first Nt Taylor series terms (Nt ≥ 4) around
the maximum vm of ψ(v).

We recall that Ns is the observation length, κ = σ2
w

γG
is the inverse of

the average received SNR, and δ =
∑Ns

n=1 |y[n]|
2

σ2
w

. Typical values of Ns ranges
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from 1 to 100 samples or higher. Considering an average SNR range from
-20 dB to 20 dB, κ ranges between 0.01 and 100 in reverse order. Finally, δ

depends on the observation and thus is a random variable, but we can have
an idea of its average value. Let us denote by E f0 and E f1 the expectations
under the hypotheses H0 and H1. We have

E f0(δ) = E

(
∑Ns

n=1 |w[n]|2

σ2
w

)

=
∑Ns

n=1 E
(
|w[n]|2

)
σ2

w

= Ns

(5.34)

and

E f1(δ) = E

(
∑Ns

n=1 |x[n] + w[n]|2

σ2
w

)

=
∑Ns

n=1 E
(
|x[n] + w[n]|2

)
σ2

w

≤
∑Ns

n=1 E
(
|x[n]|2 + |w[n]|2

)
σ2

w

≤ Ns (σ2
x + σ2

w)

σ2
w

.

(5.35)

E f1(δ) is random, and we have

E
(
E f1(δ)

)
≤ Ns

(
γG
σ2

w
+ 1
)
= Ns(1/κ + 1). (5.36)

According to (5.34) and (5.36), the minimum value of δ in average is equal
to Ns, which is obtained when there is only noise, and its maximum value
in average is Ns(1/κ + 1), which is obtained when the PU signal is present.
At very low SNR, even in case of PU presence, the value of δ is closer to
the noise-only case. To summarize, the minimum value of δ is typically
between 1 and 100, or higher depending on Ns. Its maximum value is
obtained for the minimum value of κ (high average SNR) and is in average
equal to 101 Ns, i.e., between 101 and 10100.

In the interval of interest [1, ∞[, exp (−κ v) is an exponentially decreas-
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ing function. The decay rate is higher for high values of κ and lower for
low values of κ. This shown in Fig. 5.13, where the exp (−κ v) curve is
plotted for κ ∈ {0.03, 0.3} or average received SNR ∈ {15.2, 5.2} dB. For
very low decay rate (κ → 0), this function tends to be a straight line. Note
that exp (−κ v) can be more accurately approximated with few of its first
Taylor series expansion terms if the decay rate is low, i.e., for low values of
κ (high average SNR).

Average SNR=15.2 dB

Average SNR=5.2 dB

Fig. 5.13 exp (−κ v) vs v for κ ∈ {0.03, 0.3} or average SNR ∈ {15.2, 5.2}
dB.

In the same interval, the power function v−Ns is a decreasing function
which decreases at a higher rate for high values of Ns and always has the
value 1 at v = 1. Knowing that in block-based spectrum sensing, the higher
Ns is, the better the detection performance is, the decay rate of v−Ns may
often be high.

The function exp (−δ/v) exhibits two parts, as depicted in Fig. 5.14.
It first shows a rapid (exponential) increase for v ∈ [1, δ/2] and then a
slow (logarithmic) increase for v ∈ [δ/2, ∞[, with an asymptotic increase
towards 1 when v→ ∞. Note that there is a change of concavity at v = δ/2
(the zero of the second order derivative). Moreover, if δ is low, the first part
of the curve is short, the growth rate is high and exp (−δ/v) converges
more quickly towards the value 1. But if δ is high, the first part of the curve
is long and the growth rate is low. For very low values (around 0.02) of
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δ, exp (−δ/v) can be assimilated to the asymptote in the interval of [1, ∞[,
but in practice δ will not have such lower values as already shown. As the
typical values of δ considered in our model are large, the first part will be
rather long (low growth rate). Nevertheless, the change of concavity can
make the approximation difficult by requiring a lot of terms.

Fig. 5.14 exp (−δ/v) vs v for δ ∈ {50, 100}.

Based on the above analysis, exp (−κ v) is the function that can be easily
approximated because it does not vary too quickly in the interval [1, ∞[, but
only for low values of κ, which corresponds to high values of the average
SNR. For high values of κ (low SNR), the approximation of exp (−κ v) will
become inaccurate, and it will require too many terms. The worst is that
by increasing the number of terms, the approximation will quickly diverge
after a certain interval and lead to large errors and inaccuracy. Moreover,
this inaccuracy will be amplified if the maximum vm of ψ(v), around which
the approximation is done, has a low value (i.e., is around the fast decay
area of exp (−κ v)). This is actually the case, as shown in Fig. 5.15, where
it can be seen that vm has a low value, for high values of κ (it approaches
1 as κ grows). Hence, the approximation of ψ(v) may be more difficult for
low SNR values. For this reason, we need to know the parameters (κ, Ns
and Nt) values for which the function ψ(v) can be accurately approximated
by approximating exp (−κ v). In what follows, we show some numerical
results to check this. The Taylor series expansion of exp (−κ v) around vm
is given by
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Fig. 5.15 Maximum vm of ψ(v) vs average SNR inverse κ for Ns = 20
and δ computed with (5.36).

exp (−κ v) = exp (−κ vm)

(
1 +

∞

∑
r=1

(v− vm)
r

r!
(−κ)r

)
. (5.37)

The approximations of exp (−κ v) and v−Ns exp (−δ/v) exp (−κ v), for
κ = 0.1 (average SNR = 10 dB), Ns = 10 and Nt ∈ {2, 4} are shown in Fig.
5.16 and 5.17.

Fig. 5.16 Approximation of exp (−κ v) for κ = 0.1 (average SNR = 10
dB), Ns = 10 and Nt ∈ {2, 4}.

| 155



5 | Geolocation-based Bayesian Spectrum Sensing

Fig. 5.17 Approximation of v−Ns exp (−δ/v) exp (−κ v) for κ = 0.1 (av-
erage SNR = 10 dB), Ns = 10 and Nt ∈ {2, 4}.

We can observe that with 4 terms of the Taylor series expansion, we
obtain a very good approximation of ψ(v). For the same observation length
Ns and number of terms, we plot the approximations for κ = 1 (average
SNR = 0 dB) in Fig. 5.18 and 5.19.

Fig. 5.18 Approximation of exp (−κ v) for κ = 1 (average SNR = 0 dB),
Ns = 10 and Nt ∈ {2, 4}.
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Fig. 5.19 Approximation of v−Ns exp (−δ/v) exp (−κ v) for κ = 1 (aver-
age SNR = 0 dB), Ns = 10 and Nt ∈ {2, 4}.

We see that the approximation becomes less accurate because of the
high decay rate of exp (−κ v) around the maximum vm of ψ(v). By increas-
ing the number of terms (Nt ∈ {6, 8}), we can see in Fig. 5.21 that even
if the approximation of exp (−κ v) becomes more accurate around vm, af-
ter a certain interval, there is a large divergence which has a great impact
on the accuracy of ψ(v). But when we keep Nt ∈ {2, 4}, and increase the
observation length to Ns = 25, we obtain a much better accuracy than pre-
viously. This can be seen in Fig. 5.20. Thus, the approximation seems to
work better for high values of Ns, when the average SNR decreases. Fur-
thermore, always for average SNR = 0 dB, we plot the approximation for
Ns = 15 and Nt ∈ {6, 8}, and we can observe in Fig. 5.22 that we obtain a
much better result than in Fig. 5.21, just by increasing a bit Ns. This sug-
gests the idea that the approximation at a certain average SNR can become
accurate when increasing the number of terms Nt, only for a minimum ob-
servation length Ns. Actually, this is due to the fact that for high values
of Ns, the function ψ(v) quickly vanishes when v increases (because of the
v−Ns term) and even if higher order approximations of exp (−κ v) quickly
diverge from a certain value of v, the effect on ψ(v) is nullified.
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Fig. 5.20 Approximation of v−Ns exp (−δ/v) exp (−κ v) for κ = 1 (aver-
age SNR = 0 dB), Ns = 25 and Nt ∈ {2, 4}.

Fig. 5.21 Approximation of v−Ns exp (−δ/v) exp (−κ v) for κ = 1 (aver-
age SNR = 0 dB), Ns = 10 and Nt ∈ {6, 8}.
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Fig. 5.22 Approximation of v−Ns exp (−δ/v) exp (−κ v) for κ = 1 (aver-
age SNR = 0 dB), Ns = 15 and Nt ∈ {6, 8}.

With further simulations, we notice that for κ = 10 (average SNR =

−10 dB), a good accuracy is obtained for Ns = 100 and Nt = 12. At lower
average SNR, it becomes more difficult to obtain a good approximation
even when Ns and Nt are increased. At this point, we can conclude that
the suggested approximation works quite well for medium to high aver-
age SNR values (average SNR ≥ −5 dB or κ ≤ 3.162), by using Nt = 4
terms and Ns ≥ 55 samples. Note that Ns = 55 is the minimum observa-
tion length for average SNR = −5 dB. It can be decreased for higher SNR
values.
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6
Conclusion

In this chapter, we summarize the main contributions of this thesis and
give some perspectives for future works.

6.1 Summary

The goal of this thesis was the design of new spectrum sensing algorithms
for cognitive radio access to unlicensed TV white spaces. Our first objective
was to use some a priori information about the environment characteristics,
such as mobility and geolocation information, to propose new algorithms
that would perform better. Secondly, these algorithms should work when
the PU signal power is unknown to the SU, or when a few a priori knowl-
edge was available. We also looked into how a good compromise could be
obtained between interference and spectrum waste, in a context where the
SU has a limited time for communication. Finally, we focused on the best
system parameters (sensing time, transmission time, threshold), to maxi-
mize the spectrum usage. In a nutshell, our contributions are the following.

In Chapter 3, we investigated the use of changepoint detection theory
for spectrum sensing in mobile CR environments. Unlike the hypothesis
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testing approach, where the goal is to detect the current channel state as-
suming that it does not change during the observation, the goal of change-
point detection approach is to detect, with a minimum detection delay, a
change in the observation. Our motivation for using changepoint detection
was that in a mobile environment, there may be fast spectrum changes.
It is thus preferable to continuously track the spectrum occupancy when
the SU is moving, in order to detect the appearance or disappearance of
the PU. Assuming that the mobility parameters of the SU could be trans-
lated to some a priori knowledge on the average time of spectrum change,
we considered the Bayesian framework of changepoint detection, which
includes this a priori knowledge. Based on this, we derived a new al-
gorithm (LC GLR-Shiryaev) for situations where the PU signal power is
not known, by applying an approximation of the GLRT approach to the
optimal Bayesian changepoint detection algorithm. The derived LC GLR-
Shiryaev algorithm shows better performance at low SNR, when compared
with its non-Bayesian equivalent, which does not use the mobility param-
eters. LC GLR-Shiryaev is thus a good candidate for mobile CR systems,
where the SU does not know the PU signal power, and it could be required
to detect very low SNR signals. This is, indeed, the case in practical mo-
bile CR scenarios, due to the presence of multipath fading and shadowing
effects. Moreover, to better evaluate the performance of spectrum sensing
algorithms in a time-limited communication context, we introduced a new
performance metric, called the global penalty, that allows a trade-off be-
tween both interference time and spectrum waste time. This metric helped
derive the optimal detection threshold, which depends on the SNR and
the prior knowledge of the time of spectrum change. As LC GLR-Shiryaev
works without the SNR knowledge, we suggested two approaches to pro-
vide the optimal threshold in unknown-SNR situations. The first approach
consists in adaptive-threshold methods which estimate the SNR, and the
second approach consists in a fixed-threshold method that is optimal in av-
erage, considering a certain SNR distribution. It was shown that the fixed-
threshold method is almost equivalent to the adaptive-threshold methods
under certain conditions. Finally, we performed a complexity analysis of
the LC GLR-Shiryaev algorithm in comparison with the M-Shiryaev algo-
rithm, which is a numerical resolution of the GLRT approach to the opti-
mal Bayesian changepoint detection algorithm, and assumes some a priori
knowledge of the PU signal power. It was noticed that M-Shiryaev had
the lowest complexity, but required an accurate a priori knowledge, which
might be difficult to obtain in practice.
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In Chapter 4, we investigated the problem of joint transmission and
sensing in a mobile CR scenario with multiple PU appearances and dis-
appearances. We considered a system where the communication time is
split into several frames, with a time period allocated to sensing and an-
other to transmission. Our motivation was to find the best combination
of sensing time, transmission time and detection threshold that should be
chosen for a maximum spectrum usage, and to analyse how they depend
on the environment (mobility parameters and SNR). Stemming from the
idea of Chapter 3 that changepoint detection is more appropriate in mo-
bile environments, we proposed a new framework that uses the CUSUM
changepoint detection algorithm to perform spectrum sensing. The nov-
elty of our framework is that in addition to use a changepoint detection
algorithm, spectrum sensing is performed sequentially by combining ob-
servations frame by frame and then inputting them into the CUSUM algo-
rithm over successive frames. In previous works, spectrum sensing was
done independently frame by frame. To compute the optimal system pa-
rameters, we introduced a new performance metric, called the global cost,
that gives a trade-off between the interference and spectrum waste dura-
tions during a time-limited communication of the SU. This metric is almost
identical to the global penalty of Chapter 3, but it considers the joint effect
of sensing time and transmission time, and also accounts for the detec-
tion of multiple PU appearances and disappearances. The optimal system
parameters, i.e., sensing time, transmission time and threshold, that mini-
mize the global cost, were jointly computed and analysed through numer-
ical simulations. It was found that the optimal sensing time is strongly
dependent on the SNR and slightly on the threshold, while the optimal
transmission time was strongly sensitive to the mobility parameters and to
the threshold. Concerning the optimal threshold, it depends both on the
SNR and the mobility parameters. Based on these results, intuitive rules
were given to choose these optimal system parameters. Lastly, we com-
pared CUSUM and ED algorithms, in the context of our framework. It
was found that the superiority of CUSUM over ED is more pronounced
when ED is performed over more than one frame. This suggested the idea
that performing CUSUM sample per sample over successive frames would
yield a better system performance than performing it frame by frame, as
it is currently done in our framework. In fact, this would allow CUSUM
to take detection decisions as quickly as possible, especially for PU disap-
pearances detections.
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In Chapter 5, we investigated the use of available a priori information
from a geolocation database, to derive a new spectrum sensing algorithm.
Assuming that the PUs are TV transmitters, and that the environment is
not subject to fast spectrum changes, we considered the Bayesian paradigm
of the block-based hypothesis testing, unlike in previous chapters. As the
received PU signal power is not deterministic in a real-world scenario, it is
difficult to get an optimal decision statistic. To solve this, we computed the
distribution of the PU signal power, by using the a priori geolocation infor-
mation. Then, using the mixture-based test, we suggested a new Bayesian
detection rule that includes the geolocation information. As there was no
existing closed-form expression for the detector, we provided an approx-
imate closed-form expression, by using Taylor series approximation. The
obtained approximation is quite accurate with few terms of the Taylor se-
ries, for average received SNR greater than or equal to −5 dB, when the
sensing time is long enough. By increasing the number of terms, it is pos-
sible to get a good accuracy down to −10 dB. Additionally, we suggested
computing the prior probabilities of PU presence and absence, by using the
geolocation information. The comparison of our algorithm with energy de-
tection, that does not use the a priori geolocation information, showed that
by using the geolocation information about the PUs, we can achieve the
minimum error probability, even if the received power signal is not per-
fectly known.

6.2 Future works

The various research directions of this thesis have paved the way for novel
avenues and research problems. Some of them are listed below.

• In Chapter 3 and 4, we assumed that the a priori probability of spec-
trum change could be inferred from the mobility parameters of the
SU. However, we did not consider any specific model relating them
in this thesis. Such a model could be derived either mathematically,
using stochastic geometry, or experimentally, by means of field mea-
surements. This might be an interesting subject to investigate, in or-
der to allow the use of LC GLR-Shiryaev in real-world CR systems.
Moreover, it is important to study the effects of a misestimation of
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this a priori probability over the system performance.

• Another potential direction concerning the LC GLR-Shiryaev algo-
rithm, derived in Chapter 3, is to reduce its computational complex-
ity, which grows quadratically with the number of samples (Table
3.4). This could be done in two ways. First, a window-based GLRT
could be proposed. It consists in performing the GLRT only over a
limited-number of observation samples and not all the observed sam-
ples. Obviously, the choice of optimal window size would depend on
the SNR and the SU’s mobility, and this will have an impact on the
system performance. Adaptive likelihood ratios are also a very at-
tractive alternative to GLRT, in order to reduce the complexity.

• Instead of using the GLRT proposed in Chapter 3, the mixture-based
approach of Chapter 5 could be used in a Bayesian changepoint de-
tection model, by using a fading distribution.

• As discussed in Chapter 4, Bayesian changepoint detection could be
considered in the joint transmission-sensing framework. It would
thus be interesting to evaluate the framework performance when us-
ing for example the LC GLR-Shiryaev algorithm. Moreover, as it was
highlighted, the framework performance could be improved if spec-
trum sensing was performed sample per sample, for disappearances
detections. This should be verified. The effect of different probabili-
ties of appearance and disappearance should also be investigated.

• The approximate closed-form of the Bayesian spectrum sensing al-
gorithm proposed in Chapter 5 is not accurate for very low average
SNR values (less than−10 dB). It would be interesting to provide an-
other closed-form for this SNR region. Another direction would be to
use a more general fading model than the Rayleigh fading, to derive
the algorithm. This would result in a robust spectrum sensing algo-
rithm for any kind of fading channel. For more practical scenarios,
the interference between the PUs could also be considered to derive
a new algorithm. Finally, the computation of the prior probabilities
of presence and absence could be improved to avoid obtaining such
a high false alarm probability.
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