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Local Identifiability of Fully-Connected Feed-Forward Networks with
Nonlinear Node Dynamics

Martina Vanelli and Julien M. Hendrickx

Abstract— We study the identifiability of nonlinear network
systems with partial excitation and partial measurement when
the network dynamics is linear on the edges and nonlinear
on the nodes. We assume that the graph topology and the
nonlinear functions at the node level are known, and we
aim to identify the weight matrix of the graph. Our main
result is to prove that fully-connected layered feed-forward
networks are generically locally identifiable by exciting sources
and measuring sinks in the class of analytic functions that
cross the origin. This holds even when all other nodes remain
unexcited and unmeasured and stands in sharp contrast to
most findings on network identifiability requiring measurement
and/or excitation of each node. The result applies in particular
to feed-forward artificial neural networks with no offsets and
generalizes previous literature by considering a broader class
of functions and topologies.

I. INTRODUCTION

Networks of interconnected dynamical systems are
widespread across various domains [1]. Analyzing these sys-
tems and developing control strategies require understanding
the interconnections, typically modeled as edges of a graph.
However, identifying these systems from partial excitations
and partial measurements is challenging because measured
signals reflect combined dynamics [2].

In this work, we consider network systems where the
dynamics is linear on the edges and nonlinear on the nodes.
More precisely, we denote with G = (N,&, W) weakly
connected directed acyclic graphs with set of nodes N, set
of directed links &£, and weight matrix W whose entries are
such that w;; # 0 if and only if (i,j) € £. For a given
nonlinear function f, we assume that the output of a node
at time k is

ur = (O wiyt ) +ub! )
J

where uifl € R is an external excitation signal. If a node

is not excited, its corresponding excitation signal is set to
zero. For example, for the network in Fig. [[l where node 1
and 2 are excited, the output of node 4 at time % is given
by vb = flwasf(wsiub™3 + wzoub™3)). In our setting,
the topology of the graph £ and the nonlinear function f
are known, while the weight matrix W is unknown. We
are then interested in determining the identifiability of W
with partial excitation and partial measurement, that is, we
want to determine if, given the sets of excited and measured
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Fig. 1. Nonlinear node dynamics where nodes 1 and 2 are excited and
node 4 is measured.

nodes, there exist two different weight matrices leading to the
same input-output behaviors. In this latter case, we say that
the network is not identifiable as different weight matrices
cannot be distinguished by experiments in which we excite
and measure only such nodes.

Network identifiability of linear systems (when f(x) = x)
with partial excitation and partial measurement has been
the subject of recent research [3]-[7]. While some graph
theoretical conditions exist for full measurement scenarios,
a general solution remains elusive. Furthermore, real-world
systems are mostly nonlinear. Identifiability of nonlinear
systems is even more challenging and far less studied in the
literature. The recent work in [8]-[10] addresses nonlinear
network identifiability with full/partial excitation and partial
measurement when the dynamics is additive on the edges.

In this work, we introduce the notion of genericity in the
class of analytic functions and we prove that fully-connected
feed-forward networks are generically locally identifiable
by only exciting sources and measuring sinks for almost
all analytic functions that are zero in zero. This result
contrasts with findings in identifiability of network systems,
where exciting and/or measuring every node is proved to be
necessary in both linear [3] and nonlinear [10] systems. In
our setting, the presence of the node nonlinearity enables the
identification of paths where some nodes remain unexcited
and unmeasured, while the linear dynamics on the edges
provide sufficient structure for network identification. In the
full version of this work, we will generalize the result to
more general network structures.

Examples of network systems characterized by nonlinear
subsystems with linear interactions are continuous thresholds
models [11], that are continuous generalizations of linear
threshold models [12], and nonlinear consensus problems
[13], [14]. In these two settings, the action (resp. the opinion)
of an agent at time k depends in a nonlinear manner on
the weighted sum of the actions (resp. the opinions) of his
neighbors at time k& — 1. Identifying the weights allows to
quantify the strengths and the types of the interconnections
among the agents [15]. Networks systems of the form in
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can be found also in network games, production networks,
and models of financial interactions (see [16]).

Our result applies in particular to layered feed-forward
neural networks with no offsets [17]. In this context, the
objective is to determine if, given a function F’ and a nonlin-
earity f, it is possible to determine the architecture, weights,
and biases of all feed-forward neural networks that realize
F'. In [18], Sussmann studied single-hidden-layer hyperbolic
tangent networks and showed that two irreducible networks
are functionally equivalent (i.e., give the same input-output
map) if and only if they are related by simple operations of
exchanging and negating the weights of hidden units. This
result was later extended to architectures with a broader class
of nonlinearities [19], to architectures with multiple hidden
layers and hyperbolic tangent as nonlinearity [20] and to
certain recurrent architectures [19]. More recently, the same
problem has been studied for ReLU networks [21] and for
a finite number of samples [22]. In particular, [23], [24]
have generalised Sussmann’s results to a broader class of
sigmoidal nonlinearities. These last works are particularly
relevant as the authors derive necessary conditions for the
identifiability of deep networks of arbitrary depth, connectiv-
ity and nonlinearities and construct a family of nonlinearities
for which these genericity conditions both necessary and
sufficient. Here, we extend previous work by considering
a broader class of nonlinearities and/or networks, though
having some limitations such as a given architecture, the
absence of biases and local results that holds generically in
the class of functions.

II. PROBLEM FORMULATION

We consider the model class in (), where all nodes
have the same activation function. We assume to know the
nonlinearity f and the graph topology £ and we want to
determine the identifiability of W with partial excitation and
partial measurement.

For the identification process, we assume that the relations
between excitations and outputs of the nodes have been per-
fectly identified. Following [9], we denote with N'¢ and N'™
in A the set of excited and measured nodes, respectively. We
consider a node i € N and we let N"” C N¢ denote the
set of excited nodes that have a path to node ¢. If we measure
a node ¢ at time k, we obtain
k—mu,, )
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The function F; is implicitly defined in (2)) and only depends
on a finite number of inputs due to the absence of memory
on the edges and nodes, and the absence of cycles.

The identifiability problem is related to the possibility of
identifying the weight matrix W based on several measure-
ments. Given a set of measured nodes N C A/, the set of
measured functions F'(N™) associated with N is:

FN™) = {F;, i € N™}. 3)

Example 1: Consider the graph G in Fig. [l and assume
that N¢ = {1,2}, that is, we can only excite the sources.
Then, if we measure the node 4 at time k, we obtain

Fy(uy ™ w5 %) = yf = flwas f(wnuy™ + wyoug %))
“
Observe that the function Fy depends on the inputs of the
excited nodes 1 and 2 that have a path to the node 4.

We say that a weight matrix W is consistent with the edge
set £ if w;; # 0 if and only if (¢,7) in £. We then denote
with F(N™) the set of measured functions generated by a
weight matrix T consistent with £ and with F (N™) the set
generated by another matrix W consistent with .

Definition 1 (Identifiability of a network): Consider a
graph G = (N, E, W) with sets of excited and measured
nodes N¢ and N, respectively, and let F be a class of
functions. A network G is identifiable in F if, for any given
fin F, F(N™) = F(N'™) implies W = W.

If a network is not identifiable, different weight matrices
can generate exactly the same behavior, and therefore, re-
covering the weights from several experiments is impossible.
On the other hand, if the network is identifiable, the weights
can be distinguished from all others. Then, if the functions
in F/(N™) can be well approximated after sufficiently long
experiments, it becomes feasible to approximate the weights
through excitation and measurement.

We remark that, if sources are not excited, it is not possible
to identify the weights of their outgoing edges, while, if
sinks are not measured, the weights of their incoming edges
are not identifiable. Therefore, the minimal sets of excited
and measured nodes must contain the sets of sources and
sinks, respectively. The goal of this work is to determine
conditions on the edge set and the function space under
which the network is identifiable by only exciting sources
and measuring sinks.

In this preliminary work, we consider layered feed-forward
networks (LFNs) of depth L > 0, that is, directed acyclic
graphs G = (N, &, W) with N’ = N°U--- UNT where
NN N® = () for every | # k and

EC& ={(i,j),ie N7  jeN VI}. (5

If £ = &, we say that G is a fully-connected LFN. For
LFNs, we can study every pair of source-sink separately by
studying an associated function F' and the corresponding
weight matrix W. More precisely, consider a source . in
N¢ and sink i, in N™ and let and u¥ = 0 for every
i # i.. Then, we can define the function F' : R — R,
F(z) == F;, (z,0) where z = u} “*' is the input of node
ie. For instance, for the graph in Fig. Il if we select the
source 1 and the sink 4, by letting u§_3 = 0 for all £ and
k_g, we find

F(SC) 2=F4(,T, O) = f(w43f(w31x)) (6)

When f(0) = 0, we further have that F(z) depends only
on the paths from 4. to %,,. Our goal is then to determine if
F=F implies W = W, which is the problem commonly
addressed in artificial neural networks. If this holds for all



pairs i., %, in the network, identifiability of the whole
network is guaranteed. From now on, we will assume,
without loss of generality, that the LFN has one source and
one sink.

A. Some fundamental examples and local identifiability

Let us start by providing a simple example where, depend-
ing on the choice of the nonlinearity f, the network can be
identifiable by exciting sources and measuring sinks.

Example 2: Consider a path graph with 3 nodes and edge
set £ ={(2,1),(3,2)} and let N¢ = {1} and N"™ = {3},
i.e., we can only excite the source and measure the sink. If
we denote by x = u]ffg the input of the source 1, we obtain

that the measured function of node 3 is given by

F(z) = f(wsaf(wax)). @)
Let f(x) = a1x + agx? for some ai,as in R. Then,
F(x) :wggwglafzc + wsgarasz (1 + alwgg)wgle
+ 2w§2w§1 alagxg + w§2w§1 a§x4 .

Observe that, for a; = 0 and as # 0, we obtain that ' = F
if and only if wiws, = Wiws;. Then, for Wy = Lwa
and W3y = y2wsg with v ¢ {0,1}, we obtain ' = F and
W # W, which implies that the network is not identifiable
for f(x) = agx? with az # 0. We obtain the same result
for a; # 0 and ay = 0. If instead a; # 0 for ¢ in {1, 2}, by
equating F' = F, we obtain 4 conditions, that is,

W32W21 = W32W21
= w3gwa1 (1 + waz)war = Waawar (1 + Wa2 )1
wiws) = W03
wihws; = Wiy
If we substitute the third equation in the fourth equation we
obtain wy; = w9y and therefore w3y = wsse. Then, the only
solution is W = W and the network is identifiable.

In Ex. 2l we observed that, when f(x) = aix + asx?,
a; # 0, for ¢ in {1,2}, a path graph with 3 nodes is
identifiable by only exciting the source and measuring the
sink. Despite being a very simple example, this observation
is fundamental as it is in contrast with the findings in the
literature of identifiability of network systems. Indeed, it was
proved in [3] for linear systems and in [10] for nonlinear
systems that a necessary condition for identifiability is to
excite and/or measure every node of the graph. In our
setting, the presence of the nonlinearity on the nodes allows
to identify paths where some nodes are neither excited or
measured, as the superposition principle does not further
apply. On the other hand, the linear dynamics on the edges
provide enough structure to identify the network.

Example 3: Let us consider a graph with n = 4 nodes and
edge set as in Fig.2l Assume that A¢ = {1} and N = {4}.
In this case, the measured function of node 4 is given by

F(z) = f(waaf(wai1z) + waz f(wsi1x))

where x = u’f_3 denotes the input of node 1. Observe that,
for every weight matrix W, if we set w1 = wsy, W31 =

ya = F(x)

z=u"3 w3'1 ‘w43 e

Fig. 2. Graph considered in Example

w21, ’U~}43 = W42 and ’U~}42 = W43 WE have W 75 W and
F = F. In words, we can at most identify edges up to node
permutations. Therefore, in the general setting, the network
is not identifiable. Let us now make a second fundamental
remark: in the special case when we; = ws;, the output
of node 4 becomes F(x) = f((waz2 + was) f(w212)). This
implies that, for some particular weight matrices, we can at
most identify wye + wys and therefore the network is not
identifiable.

According to Ex.[3] the identifiability of the graph in Fig.
cannot be guaranteed unless we introduce more hypotheses
and/or some relaxations. This problem has been studied in
the context of identifiability of feed-forward neural networks
[18], [19]. In their setting, identifiability is studied up to
an equivalence class. For instance, one could define that
two weight matrices W and W are equivalent if W can
be transformed into W by means of a finite number of
node-permutations. In this work, instead, we consider the
weaker notion of local identifiability, which corresponds to
identifiability provided that Wis sufficiently close to W (i.e.,
at distance less than e, for some £ > 0). This relaxation is
not novel in the literature (e.g., [5]) and allows us to find
results for broader class of functions and topologies.

Definition 2 (Local identifiability): The network G =
(N, E, W) is locally identifiable in a class F with excitations
N¢ and measurement N'™ if, for any given f in F, there
exists € > 0 such that for any W consistent with the graph
satisfying || — W|| < e there holds

FIN™) =FWN™) = W=W.

Furthermore, we address the second remark in Ex. [3] by
considering a generic notion of identifiability. The notion
of generic identifiability has been already introduced for
transfer functions in several works, including [3], [5]. A
property holds generically, or for almost all variables, if it
holds for all variables except a zero measure set in R"Y where
N is the number of parameters of each variable. Since the
edge set is known, the number of parameters of the weight
matrix W is N = |£], i.e., we shall study identifiability of
W for almost all choices of the elements w;; that are not
known to be zero. We have the following definition.

Definition 3: Given a graph G with sets A'® and N™ of
excited and measured nodes and a fixed nonlinearity f, we
say that the network is W-generically (locally) identifiable if
it is (locally) identifiable for all W consistent with £ except
possibly those lying on a zero measure set in R/,

In the remainder of the paper, we consider a second type of
genericity: genericity in the class of functions F. We recall
that genericity typically refers to all variables except possibly



some lying on a lower dimensional space/zero measure set.
In infinite dimension, these notions present some challenges.
Here, we restrict the attention to the set of analytic functions,
denoted with C%, and we make use of the series of the
MacLaurin coefficients (i.e., Taylor coefficients in zero) to
describe the function. We then define genericity by applying
the zero measure set/lower dimensional subspace to a subset
of MacLaurin coefficients.

Definition 4: Given a class of functions F C C¥, a
property holds f-generically in F, or for almost all functions
f in F, if there exists M > 0 such that the property
holds for all functions f in F except possibly a subset of
functions whose first M/ MacLaurin coefficients all lie on a
zero measure set in R

Example 4: Consider a path graph with 3 nodes (see Ex.
and let f be analytic with MacLaurin coefficients a =
{ak}ken. We assume f(0) = 0, i.e., we let ag = 0. Since f is
analytic, the measurement F' is also analytic. If we substitute
f in (@), we obtain that, for x sufficiently small,

F(2) = a?worwsox + asai w2 wss (1 4+ aywss)x? + o(2?) .
®)
Following a similar reasoning as in Ex. 2] we obtain that the
network is identifiable for all f whose first two MacLaurin
coefficients satisfy a1 # 0 and ay # 0. Observe that the
set E = {(a1,a2) € R? : ajas = 0} is a zero measure set
of RM where M = 2. The network is then identifiable for
almost all analytic functions satisfying f(0) = 0.
Our main result considers both forms of genericity intro-
duced in Section [[I=A] according to the following definition.
Definition 5: Given a graph G with sets A® and N'™
of excited and measured nodes and a class of functions
F C C%, we say that the network is generically (locally)
identifiable in the class F if it is f-generically W/ -generically
(locally) identifiable in F, that is, if it is W/ -generically
(locally) identifiable for almost all functions in F.

III. MAIN RESULT

We study local identifiability when the class of functions
considered is made of all analytic functions that cross the
origin, i.e.,

Fz:={f:R—R | fanalyticin R, f(0)=0}. (9)

The reason for the assumption f(0) = 0 will be clarified
soon. We now state our main result, which is proved in
Section

Theorem 1: Let G be a fully-connected LFN and let
be as in (@). Then, the network G is generically locally
identifiable in the class Fz by exciting the sources and
measuring the sinks.

According to Theorem fully-connected feed-forward
networks are generically locally identifiable by only exciting
sources and measuring sinks for almost all analytic functions
that are zero in zero. This is in contrast with the results on
identifiability of network systems where measuring/exciting
each node is proved to be a necessary condition [3], [10].
It also generalizes previous literature on artificial neural

networks where the problem (with biases) was studied either
for shallow networks or for deep networks for a class of
sigmoidal functions [23], [24] or ReLU activation function
[21]. We discuss the main assumptions of Theorem

o In this preliminary work, we consider fully-connected
LFNs. The layered structure helps when defining the
function F'(z) starting from measurements, while the
assumption of fully-connectedness is used in the last
step of the proof, in the analysis of the exponential
example (see Section [[V-C). Current work includes
extending Theorem [If to directed acyclic graphs. Also,
we aim to extend the result by allowing the activation
functions to differ between nodes.

o The result holds for analytic functions. As pointed out
in Definition 4, we need to consider analytic functions
to properly define genericity in the space of functions.
Future work includes extensions to piecewise analytic
functions, such as ReLU.

o We assume that f(0) = 0 and that there are no biases.
These are necessary conditions to prove that every
MacLaurin coefficient of the measurement F' depends
on a finite number of coefficients of f (see Ex. 4] and
Remark [3), which is fundamental to prove genericity in
f. Relaxing these two assumptions requires the use of
different techniques but it is definitely of interest.

o As discussed in Section [I=A]l we study local identifia-
bility. In Ex. Bl we observed that global identifiability
cannot be achieved even in simple network structures.
Local identifiability is also a fundamental hypothesis
in our results as it can be studied in terms of local
injectivity and full-rankness properties as shown in the
following example.

Example 4 (continued): Consider the same setting as in
Ex. Ml Since f is analytic, we have, for z sufficiently small,

F(z) =Y Ap(W,a)z"
k

where, according to (8)),

Al(W, a) =
AQ(W, a) =

2
a7W21W32

2
a2a1w21w32(1 =+ a1w32)

We can study local identifiability in terms of locally injec-
tivity of Al; in W, where I = {1,2}. Observe that the
coefficients Ay, for k in {1, 2}, are polynomial functions of
the weights W and only the first two coefficients (a1, az) of
f. We remark that every coefficient A; depends on a finite
number of coefficients and this is true since, by assumption,
there are no biases and f(0) = 0. Local injectivity of A|;
can be studied by computing the rank of its Jacobian in W,
denoted with V., A|;(W,a). By imposing

det(V, A1 (W, a)) = —ataswiwszs # 0.

we obtain the same result as before, i.e., the network is
generically locally identifiable for all f whose first two
MacLaurin coefficients satisfy a1 # 0 and az # 0. The
network is indeed identifiable for almost all functions in F.



IV. PROOF OF THE MAIN RESULT

The proof of Theorem [1l is divided in three main steps.
In Section we prove that, for a fixed analytic f, local
identifiability is a generic property in W, that is, it either
holds for almost all W or for no W. In Section we
further prove that local identifiability is a generic property for
f in Fz. By combining the two results, we obtain that local
identifiability either holds for almost all W for almost all
functions f or for no W and no f. It is then sufficient to show
local identifiability for one f* in Fz and one W* consistent
with £ to obtain generic local identifiability of the network
£ in the class F. Section is devoted to prove local
identifiability in fully-connected FNs for f*(z) = e® — 1,
thus leading to the main result.

A. Genericity in the weight matrix

We start by proving that, for f in C*, local identifiability is
a W-generic property. For f analytic with Maclaurin series
coefficients a = {ag}ren, the measurement F' is analytic
and for x sufficiently small it must take the form

F(z) =Y Ap(W,a)z" (10)
k

for some coefficients A (W, a) that depend on the weights
W and the coefficients a. Let us denote with A(W, a)
the operator that maps the weights W and the MacLaurin
coefficient of f to the MacLaurin coefficients of F. Then, a
network G is locally identifiable for f in C“ if, for all W
sufficiently close to W, it holds

AW,a)=AW,a) = W=W. (11

We start by formulating the local identifiability question in
terms of local injectivity.

Definition 6: A function ¢ : RY — RM is locally
injective at x if there exists ¢ > 0 such that, for all x
satisfying ||z — Z|| < e, there holds

g(x)=9(F) = z=2z

To use local injectivity, we need to consider finite re-
strictions of the operator A in (I0). For I C N such that
|[I| = M > 0, we shall denote with A|; the restriction of A
on I. Local identifiability of the network and local injectivity
of A|; for I finite are linked in the following way.

Proposition 1: Consider a LFN with one source and one
sink and let f in C%. Then, the two facts are equivalent

(i) the network is (locally) identifiable in W by exciting
the source and measuring the sink;
(ii) there exists a finite subset I C N such that A|;(W,a)

is (locally) injective in W.

Proof: For f in C¥, (i) is equivalent to (i¢) if and only
if is equivalent to (é¢). The implication (ii) = (4) is then
trivial since I is just a subset. The opposite implication (i) =
(i) is true for Hilbert’s basis theorem [25], from which it
follows that a locus-set of a collection of polynomials is the
locus of finitely many polynomials, i.e. the intersection of
finitely many hypersurfaces. [ ]

According to Proposition [I] the network is (locally) iden-
tifiable if and only if 37, I finite, such that A|; is (locally)
injective in W. We then focus on A|;, for I finite, and we
study under which conditions A|; is local injective in W. In
the following Lemma, we prove that, for every given f in
C¥ and I finite, local injectivity of A|; is a generic property
in W, that is, it either holds for almost all weights or for
no weights. Moreover, we show a direct link between local
injectivity of A|; in W and full-rankness of its Jacobian, that
we denote with V., A|; (W, a).

Lemma 1: Let G be a LEN with one source and one sink
and let f in C* with Maclaurin series coefficients a = {ay } .
For every I C N, I finite, exactly one of the two following
holds:

(i) A|r is W-generically locally injective in W and
rank V, A| (W, a) = |€] for almost all W

(ii) Al is locally injective for no W
rank V,, A| (W, a) = |€] for no W .

Remark 1: The proof of Lemma [1l which can be found
in Appendix [V=A] is divided in two parts. First, we link
local injectivity of A|; with full-rankness of its Jacobian.
Their relationship is not immediate to show and the proof is
based on the results in [5], [7]. The genericity of the property
is then derived starting from the genericity of full-rankness
of the Jacobian of an analytic function (see Lemma 3.2 in
[7]), which follows from the fact that determinants are either
nonzero for almost all variables, or for no variables.

If we combine Proposition [Il and Lemma [II we obtain
that local identifiability is a generic property in W, that is,
it either holds for almost all weights W or for no W.

Proposition 2: Consider a LFN with one source and one
sink and let f in C¥. Exactly one of the following holds:

and

(i) the network is W -generically locally identifiable by
exciting the source and measuring the sink;
(i1) the network is locally identifiable by exciting the source

and measuring the sink for no W.

Proof: From Lemma [I] it follows that exactly one of
the following holds: either A; is locally injective for no
W for all I finite, or there exists I finite such that A; is
locally injective for almost all W. If we combine this with
Proposition |1l we obtain the result. [ ]

Remark 2: According to Proposition 2] for every given f
in C¥, if the network is locally identifiable for one weight
matrix W* consistent with the graph, then, the network is
locally identifiable for almost all W.

B. Genericity in the functions

We now restrict the attention to analytic functions that are
zero in zero and we prove that local identifiability by exciting
sources and measuring sinks is a f-generic property in the
class Fz, that is, it holds for almost all functions (in the
sense of Definition 4) or for no functions. Let us start by
stating Lemma 2] which is proved in Appendix [V-Bl

Lemma 2: Consider a LFN with one source and one sink
and let f in Fz with Maclaurin series coefficients a =
{ax}ren, . Then, each coefficient in (I0) depends only on a



finite number of variables and

Ak(W,a):Ak(VV,al,...,ak) (12)

where, for k in N, A; : Rl x R¥ — R are polynomial
functions of the weights W and the first k£ coefficients

(a1,...,ak).
According to Lemma 2] any restriction A|; : R™*™ x
RM — RM with I = {1,..., M}, is a polynomial function

of W and a finite number of coefficients (a1, ..., anr).
Remark 3: The conclusion of Lemma [ is no longer true
when f(0) # 0. Consider a path graph with 3 nodes as
in Ex. 2l and let f in F have Maclaurin series coefficients
a = {aj }ren. We then obtain that for z sufficiently small

F(z) = Z ar (w32 Z akwslxk)k/ =
Y k

Z ar(aows2)® + (a1w32wa1 Z kak(aow32)k_1)x + o(x)
k k>0

Observe that the first coefficient of F' is given by Ag(W,a) =
>k ax(apws2)* and depends on all the series of coefficients
of f, and so does Ay (W, a).

This finite reduction allows us to prove the following
proposition.

Proposition 3: Consider a LFN with one source and one
sink that are excited and measured, respectively. Then, ex-
actly one of the following holds:

(i) the network is generically locally identifiable in Fz;
(ii) the network is locally identifiable for no W and no f

in F, Z-

Proof: We remark that (:) and (i¢) are mutually
exclusive. Furthermore, if (¢) holds then (i7) does not hold.
We then prove the statement by showing that if (i7) does
not hold then (%) holds, i.e., we assume that the network is
locally identifiable for some W* and f* and we show that
this implies that the network is locally identifiabile for almost
all W and almost all f.

Let a* denote the MacLaurin coefficients of f*. By
Proposition [Il if the network is locally identifiable for
some W™*, then there exists a finite subset I C N such
that A|; is locally injective in W*. By Lemma this
implies that A|; is WW-generically locally injective in W and
rank V,, A| (W, a*) = |&] for almost all W. In particular,

we have that rank V,A|;(W* a*) = |£|. We now want
to study the genericity in both W and a. Without loss of
generality, let us assume that I = {1,..., M}, for some

M > 0. By Lemma[2] we have that A|; depends only on the
first M coefficients of f and therefore rank V., A|; (W, a) =
rank V,, A|;(W,a|r). Let us denote v = al|;, where v is
in RM. Then, by the genericity of the full-rankness of
the Jacobian of an analytic function (see Lemma 3.2 in
[7]), we have that either (i) rank V,A|;(W,v) = |€| for
almost all W consistent with €& and v in R™ or (i)
rank V., A|;(W,v) = |€] for no W and no v. Recall that
we have rank V., A|;(W*,v*) = |£], for v* = a*|;. Then,
it must be case (4), that is, rank V,, A|;(W,v) = |&] for
almost all W for almost all v in RM . By Lemmal[Il we have

Al is W-generically locally injective in W for almost all
v € RM, which implies, by Proposition [I] and Definition
that the network is W -generically locally identifiable for
almost all functions in Fz. This concludes the proof.
|
Remark 4: According to Proposition 3] if the network is
locally identifiable for one weight matrix W* consistent with
the graph for one f* in Fz, then, the network is locally
identifiable for almost all W for almost all f.

C. Exponential example

In this preliminary work, we consider fully-connected
feed-forward networks of length L with £ = Ep (see (@)).
In order to use Proposition 3] to prove Theorem [Il we need
to find f* in Fz and W* consistent with £ such that G is
locally identifiable by exciting the source and measuring the
sink. Here, we consider f*(z) = e* — 1. This function is
of particular interest since we can study identifiability in the
limit as * — +o00. As we shall see, when all weights are
positive, different and ordered, we can prove identifiability
of the edges through the limit of functions associated to F'.

We make use of the following notation. We define L
submatrices of W, that is, for [ in {1,..., L}, we let W'
RV IN' be such that W = WIN'=1; N'Y]. We rename
nodes in N = {1,..., [N} for I =0,... L and weights in
W accordingly. In words, each submatrix W' contains all
the weights connecting a layer and the following one and the
quantity wﬁj denotes the weight of the edge that connects the
node 7 in the layer [ — 1 to node j of layer . We also denote
the output of node i in layer [ with F!. Since f*(x) = e*—1,
we have that, according to (),

Fi(z) = exp (Y wi;Fi ' (2) -1 (13)
J

where we recall that F}(x) = . For [ > 0, we denote with

log; the function that applies the logarithm [ times. Finally,
we define

l -

,  log (logy (F) =Y., leleFz‘l') — < wéj'Fj’ '

i Fj

(14)
We assume w.l.g. that W* has nonnegative entries, that
is, wy; > 0 for all 4, j such that (i, ) € £. Furthermore, we
assume that the entries W* are ordered in such a way that,
for each layer | and for each node j in layer [ — 1, we have
that wi; > wh; > - > wiy ., that is,
W* €W, = {W e R |wl, >wl, ,VieL, jeN,
i'vie NLit < i},
(15)
The following lemma, proved in Appendix [V-C| states that,
for W in W, the limit of G%; for z — +o0 is w};.
Lemma 3: For W in W,, it holds that, for every layer [,
node i in A" and j in N*71,
lim Géj (z) = w!,

r—+00 -

(16)



Lemma IZI gives us a way to prove identiﬁability of the
weight w! ; through the quantities in G . Indeed, according
to LemmaEI, it holds that, for W, W 1n W,

GL=G, = wl=u) (17)

If we combine (I7) with the definitions of G;; in (I4) and
F; in (I3), we obtain the following recursive argument. Let

w, W in W, be such that F' = F. Then, for every layer [,
node i in A" and j in N'~!, there holds, for i = 1,

wllj,:ﬁ)llj,, Vi < j
wiot =@t Vi< g, vk = wh =,
why, =k, VI <l—1,VkK
(18)
while, for ¢ > 1,
witt = atht wl = wl, Vi<V
wi] wi]/ ) Vj ' < J = wéj = wi]
why, =k, VI < 1Yk, K
(19)

We then have the following.

Proposition 4: Let G be a fully-connected feed-forward
network with W* € W, and let f*(z) = e” — 1. Then, G is
identifiable by exciting the source and measuring the sink.

Proof: Assume by contradiction that for some W, We

W, we have that F' = F and W # w. Then, we can
compute

I = max{l : wgk/ = w;’k, VI < 1,Vk,k'}

i =max{i:w; —wm, Vil <i,Vj}

j = max{j: w%j, gj,, Vil < g}

If | < L, we can further define

I+1 _

STl
w'l !

next
=w 14

"M = max{i <i: , Vil < i}

Then, we have the following options,
Jnext 5 @lerl _~l+1

gnext — 5 wi u~}l "

ij
If | =L, then i = 1 and wﬁ = wﬁ In all cases, we reach
an absurd. Therefore, we have W=W. ]
Proposition [ combined with Proposition 3] leads to Theorem
[[l This concludes the proof.

7

V. CONCLUSIONS

We considered local generic identifiability of networks
characterized by linear edge dynamics and nonlinear node
dynamics. Given known graph topology and nonlinearity, the
objective is to identify the weight matrix of the graph. We
proved that fully-connected layered feed-forward networks
are locally generically identifiable in the class of analytic
functions that are zero in zero by exciting only sources and
measuring only sinks. In the full version of this work, we aim
to generalize the results to more general network structures
and heterogeneous nonlinearities. Future research directions
include broadening the space of nonlinearities, incorporating
offsets and studying conditions for global identifiability
and/or identifiability up to an equivalence class.
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A. Proof of Lemmalll

The proof of Lemma [I] is adapted from the proof of
Theorem 4.1 in [7] and make use of Proposition 3.1 in
[7] (also Proposition 3.1 in [5]) and Lemma 3.2 in [7]. In
order to use these results, we need to introduce the notion
of coordinate-injectivity.

Definition 7 ( [5]): A function g : RY — RM is locally
coordinate-injective for coordinate e at x € R if there
exists € > 0 such that, for all Z satisfying ||z — Z|| < e,
there holds g(z) = ¢(Z) implies = x, = Z..

Proof: [Proof (Lemma [)] For a and I fixed, let us
define g(W) := A|;(W, a). Following [5], we denote with
e. the standard basis vector filled with zeros except 1 at
the e-th entry. Then, according to Proposition 3.1 in [5],
since ¢ : R™™ — RM is an analytic function where
R™*" and RM are smooth manifolds with finite dimension,
and R™*"™ is open, then exactly one of the two following
holds: (i) kerVg(W) L e, for almost all W and ¢ is
locally coordinate-injective for e at almost all W, or (ii)
kerVg(W) L e, for almost no W and ¢ is locally coordinate-
injective for e at almost no W. The property ker Vg(W) L
e. for each e is equivalent to ker Vg(W) = {0}, and
therefore implies rank Vg(W) = |&| by the rank-nullity
theorem. This implies that either (i) rank Vg(W') = |&] for
almost all W, or (ii) rank Vg(WW) = || for almost no W.
On the other hand, from Lemma 3.2 in [7], we know that
the full rankness of Vg(W) is a generic property, that is, it
either holds for all W or for no W. Therefore, we obtain
that either (i) rankVg(W) = |€| for almost all W, or (ii)
rankVg(W) < |£] for all W. In case (ii), this implies that
for each TV there is a direction e for which ker Vg(W) [ e.,
since the rank is non-full. We apply this argument for each
W, and obtain that in case (ii) g is locally injective for no
W. This concludes the proof. [ ]

B. Proof of Lemma

Recall that, in LENs, the node set is divided in layers,
that is, N' = N° U --- UNL. We shall prove the statement
by induction on the layers. Throughout the proof, we denote
with F; the output of node j in N.

For [ = 0, the subset NV contains the single source of
the network. Then, Fj(z) = « and it can be rewritten as
Fi(z) = Y20 4k(W,a1,...,a;)z" where A1 = 1 and
A = 0 for all k¥ > 1. Therefore, the statement holds for
l=0.

Consider now a layer [ in £ and assume that, for all j in
N Fi(x) = Y00 AL (W, as, . .. ag)x® where, for all
k, Ai are polynomial functions that depend on the first k
coefficients of f and the weights . For a node i in N, we
have that, according to (@, it holds

Zw”ZA (W,as,...,a

k>0
(Z > wiihj
k>0 j k>0

where by, := by (W, aq,...,ar) = Zj wijA‘,i(W, a1y ...,0n)
is introduced to simplify the notation. Observe that, for

K)z¥)

(W,as,...,ax :v)

= A ba)

each k, the coefficient by depends on f only through the
first k coefficients aq, ..., ax. Let us now compute f(z) =
Zk>0 apz®, focusing on the first M parameters, for some
M > 0, thus obtaining

M
Fi Z Z bk/:Z? —|— Z CLk( Z bk/xk,)k =

k=1 k’>0 k>M k'>0
M

@ k

W Z Z bk/x + Z bk/:v —|— Z CLX
k=1 k=1 k'>M+1 kE>M

@ M

: Z Z bk/.’L' —l— Z Ekxk =
k=1 k=1 k>M
M

=3 Ai(ar,...,an, by, b+ Y et
k=1 k>M

where, for each k¥’ > M, ¢k, ¢ and ¢, are polynomial
functions of the coefficients a and b. We remark that (1)
and (2) hold since a; = 0. Indeed, under this assumption,
all powers of degree k' > M give rise to monomials of
degree k' > M. If we combine these observations with
the fact that by, depends on W and ag, we obtain that, for
all i € N, Ay, (W,a) = A, (W, a1,...,ap). Since this
reasoning applies for all M > 0, this concludes the proof.

C. Proof of Lemma

The proof of Lemma [3| requires the following lemma that
provides insights on the behavior of F} as x — oco.

Lemma 4: For every layer | and node i in A/, it holds
lim, oo F}(x) = 400 and, more in general, for every node

jin NP1
ZwﬁkFé_l(x) = wéjF;_l(x)(l +o(1)), z— +4oo.
k>j
(20

Proof: We shall prove the argument by induction. Recall
that N9 = {1}. Therefore, for [ = 1 and i in N}, we
have >, -, wh FY(z) = w}x. Furthermore, by definition
of F!(z) we have that F} — +oo for x — 40c0. Then, the
statement holds for | = 0. We now prove that, if the argument
holds for , then it holds for [ + 1. Indeed, for x — +oo, we
have

Zle Zle (exp ( Z Whe Fi (2)) = 1)
k>3 k>3 k'>1
D3 it exp (why F (@) (14 0(1))
k>3

—ult!

F )1+ o(1)))

1
why +o(1)Fi (@) )

exp (

(1+Z

k>]

l+
l+1 exp wkl —

@) 1410
=w; Fj () (14 0(1)),

where (1) holds true for the induction argument, while (2)
holds true since wh, > w}; > 0 for all k > j (see (I3))
and Fll_1 — 400 for £ — +o00 (induction argument). Since



F! — +o0 for z — 400 and wi" > 0, then F/™" — 400
for x — +00. This concludes the proof. [ ]

Then, according to (13) and Lemmal[4] for x — +oo, there
holds

log;,_,(F(x)) = logy_, eXP ZquyL 1( ) — 1)
=logy ;4 (w1LlF1Lfl($)(1 +0o(1) )
=log;_,_ (log(wly) + log(F{~'(z)) + <1 + o(l)))
~logp_ o (Wi P FE2(2)(1 + 0(1))) =
~log(wit?) + > wit Fj(z) +log(1+ o(1)) .

~—~ —

o wlt?! ! =1y
Therefore, Gl ( ) ~ e (ZPZ = F];ﬂ)() )ZK] whi ()
for x — +o0. The result then holds since

log (iji wllerle (55)) - Zk<j wikFliil(x)

i
oo Fj()

gy 1o+ Y win i (@) + log(1 + o(1))
" aoe Fj(x)

i HE@0 o)
Tt T R@
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