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Abstract

In this paper, we present a new framework of Bi-Level Unconstrained Minimization
(BLUM) for development of accelerated methods in Convex Programming. These meth-
ods use approximations of the high-order proximal points, which are solutions of some
auxiliary parametric optimization problems. For computing these points, we can use dif-
ferent methods, and, in particular, the lower-order schemes. This opens a possibility for
the latter methods to overpass traditional limits of the Complexity Theory. As an exam-
ple, we obtain a new second-order method with the convergence rate O (k:_4), where k is
the iteration counter. This rate is better than the maximal possible rate of convergence
for this type of methods, as applied to functions with Lipschitz continuous Hessian. We
also present new methods with the exact auxiliary search procedure, which have the rate
of convergence O (k_(3p+1)/ 2), where p > 1 is the order of the proximal operator. The
auxiliary problem at each iteration of these schemes is convex.
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1 Introduction

Motivation. In the last decade, in Convex Optimization we can observe a high activity
in the development of the accelerated high-order methods and proving for them the lower
complexity bounds. (see [1, 2, 5, 6, 9]). At this moment, for methods of any order
there exists a natural problem class, for which we know the accelerated methods. For
example, functions with Lipschitz continuous gradients, can be naturally minimized by
the first-order schemes, which can demonstrate in this case an unimprovable convergence
rate of the order O (k*Q), where k is the iteration counter. For functions with Lipschits
continuous Hessians, we can apply the second-order methods with the rate of convergence
going up to O (k_7/2), etc.

This one-to-one correspondence between the type of the methods and the particular
problem class allows us to speak about optimal methods of certain order, which have
unimprovable convergence rate. However, recently in [20] there were presented new re-
sults which break down this peaceful picture. It was shown that the special superfast
second-order methods can converge with the rate O (k*4), which is faster than the lower
bound O (k:_7/ 2) for these type of schemes. Of course, there is no contradiction with the
Complexity Theory. The classical lower bound for the second-order schemes was obtained
for functions with Lipschitz continuous Hessian, and in [20] we worked with the functions
having Lipschitz continuous third derivative. In any case, this is the first example of suc-
cessful expansion of the lower-order methods at the territory traditionally reserved for the
higher-order schemes. In this paper, we are trying to analyze and explain this phenomena
in some general framework.

At each iteration of the superfast methods from [20], we need to solve a serious auxiliary
problem requiring additional calls of oracle (the number of these calls is bounded by the
logarithm of accuracy). Therefore, in our developments we decided to employ one of the
most expensive operations of Convex Optimization, the proximal-point iteration.

The proximal approximation of function f(-), defined by

(o) = min{J(v)+kly—l?}. A>0, (1)

was introduced by Moreau [12]. Later on, Martinet [11] proposed the first proximal-
point method based on this operation. The importance of this construction for computa-
tional practice was questionable up to the developments of Rockafellar [21], who used the
proximal-point iteration in the dual space for justifying the Augmented Lagrangians. This
dual scheme was accelerated by Giiller [7], who introduced in this method some elements
of the Fast Gradient Method from [13]. Some attempts were made by Teboulle and others
[22, 8] in studying the proximal-point iteration with non-quadratic non-Euclidean kernel.
However, during decades this idea was mainly considered as a theoretical achievement
which hardly can be used in the efficient optimization algorithms.

In this paper, we come back to this old idea, having in mind another type of kernel
functions. Our goal is the development of accelerated methods for Unconstrained Convex
Optimization. Therefore, we suggest to regularize the objective function in (1.1) by a
power of Euclidean norm || - [|P*! with p > 1. We call the corresponding proximal step
the pth-order proximal-point operation. This terminology is justified by two facts.



Firstly, in Section 2, we show that the corresponding simple proximal-point method
converge as O (k™P). The rate of convergence of the accelerated version of this method is
0 (k*(pﬂ)). In both cases, we can use appropriate approximations of the proximal point.

Secondly, in Section 3, we show that this approximation can be computed by one step
of the pth order tensor method provided that the pth derivative of the objective function
is Lipschitz continuous.

Our main results are presented in Section 4. In this section, we introduce the frame-
work of Bi-Level Unconstrained Minimization (BLUM), which can be used for development
of new and efficient optimization methods. In this framework, we can choose indepen-
dently the order of the upper-level proximal-point tensor method and the lower-level
method for computing an appropriate approximation to the proximal point. It appears
that this strategy opens a possibility for the lower-order methods to overpass the limits
given by the traditional Complexity Theory.

For supporting this claim, we analyze efficiency of the second-order method in approx-
imating the third-order proximal point. Using the relative smoothness condition [4, 10],
we develop a very efficient second-order method for computing this approximation. The
global rate of convergence of our upper-level method is O (k:_4), and the complexity of the
lower-level scheme depends logarithmically on the accuracy parameters. The new second-
order method can be applied to functions with Lipschitz continuous third derivative.

In the next Section 5, we introduce even more powerful operation, the proximal-point
iteration with line search. As compared with (1.1) it has one more variable in the auxiliary
convex minimization problem. We prove that under assumption of the exact search, the
corresponding accelerated method converges as O (k*(3p+1)/ 2).

In the last Section 6, we discuss our results and directions for future developments.

Notation and generalities. In what follows, we denote by E a finite-dimensional real
vector space, and by E* its dual spaced composed by linear functions on E. For such a
function s € E*, we denote by (s, z) its value at x € E.

Let us measure distances in E and E* in a Euclidean norm. For that, using a self-
adjoint positive-definite operator B : E — E* (notation B = B* = (), we define

lz[l = (Bax,2)'?, z€E, gl = (9,B '9)'/?, g€ E".
Sometimes, it will be convenient to treat x € E as a linear operator from R to E, and x*
as a linear operator from E* to R. In this case, za* is a linear operator from E* to E,
acting as follows:
(zz*)g = (g,z)x € E, geE*.
For a smooth function f : E — R denote by Vf(z) its gradient, and by V2f(z) its
Hessian evaluated at point x € E. Note that
Vf(z) € E*, V2f(x)h € E*, x,h€cE.
Using the above norm, we can define the standard Euclidean prox-functions
dp1(z) = plzP*!, z€E,
where p > 1 is an integer parameter. These functions have the following derivatives:
Vdpii(z) = [2ll"1Ba, « €k,
(1.2)
Vidpii(z) = |zllP"' B+ (p—1)|z|P~*Baa*B = |z|P~'B.
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Note that function dp1(-) is uniformly convex (see, for example, Lemma 4.2.3 in [19]):

-1
dpi1(y) > dp1 (@) + (Vdpa(2),y —2) + 57 (5)" ly — =[P, 2,y B (1.3)
In what follows, we often work with directional derivatives. For p > 1, denote by
DP f(x)[h1,. .., hy

the directional derivative of function f at x along directions h; € E, i = 1,...,p. Note
that DP f(x)[-] is a symmetric p-linear form. Its norm is defined in a standard way:

IDrf@] = mas {[DPf@)lhn,- byl Rl < 10i= 1) (L)
seeeship
If all directions hq, ..., h, are the same, we apply notation

DPf(x)[h]?, heE.

Note that, in general, we have (see, for example, Appendix 1 in [14])
IDPf @) = max {|DPr@)Ap|: nl <1} (1.5)

In this paper, we work with functions from the problem classes F,,, which are convex
and p times continuously differentiable on E. Denote by M,(f) its uniform upper bound
for its pth derivative:

My(f) = sup D7 f ()] (1.6)

One of our main results is based on the following relation between the second, third and
fourth derivatives of convex function (see Lemma 3 in [17]):

D*f(z)[h] = V2f(z)+5Mu(f)|B|*B, z, heE. (1.7)

2 Inexact high-order proximal-point steps

Consider the following optimization problem:

min f(z), (2.1)

where f(-) is a differentiable closed convex function. Denote by x* one of its optimal
solutions and let f* = f(x*).

All methods presented in this paper are based on the pth-order proximal-point opera-
tors, defined as follows:

proxd ,(2) = argmin {2 (2) % f(2) + Hdpir (v = 3) |, (2.2)

where H > 0 and p > 1. The properties of the standard first-order proximal-point
operator

N . Hy.. _ =2
proxy(2) = argmin {/(@) + Zllo - 7]}
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are studied very well in the literature. However, we will see that the high-order proximal-
point methods converge much faster. The main goal of this paper is to establish the
global rate of convergence of these methods in accelerated and non-accelerated forms
and complement this information by complexity of computing an appropriate inezact
proximal-point step (2.2).

Indeed, very often, the proximal-point operator (2.2) cannot be computed in a closed
form. Instead, we have to use an approximate solution of this problem obtained by an
auxiliary optimization procedure. Let us introduce the set of acceptable solutions to
problem (2.2), that is

Ay @.8) = {zeB: V@) <BIVI@IL}, (2:3)

where § € [0,1) is a tolerance parameter. Note that prox?/H(a?) e A% (z,8). However,
since Vff (z) = Vf(Z), we see that & ¢ AY,(z, 8) unless T = a*.

Lemma 1 Let T € A} (z,/). Then

=PIV« < H|T-z|]P < (1+3)[VFD)l-, (2.4)
(VAT),z-T) > 5T~z (2.5)
Moreover, if B < %, then
1 ptl
(ViT,a-1T) = [ VAT (2.6
Proof:
Indeed, inequality (2.4) follows from representation
V(1) " VAT + HIT - 27 B(T - 7). (2.7)

Further, denote r = ||T" — Z||. Then, squaring both parts in inequality (2.3), we have

IVADIE + 2B (VF(T),T -7+ Ha < B[V

This inequality can be rewritten as follows:

(VIHT)2=T) = &) i | VAD2 + Frrt?

= T
(2.8)
(2;1) 1-p2  H*¥ | H ptl _ Hrpt!
2 mEeT g T2 T e
and this is inequality (2.5). Let us compute the derivative of x(-):
a2
K(r) = —(p—Dagm I VADIE+ @+ 15
(2.4) 1
Note that r > 7% [%HV.]C(T)H*} ¥ Since
. 1-85HH —
() = —0 - DSm VD + @+ D5 - 2 IVAD)

= 9O [0+ ) - 5 - 1] = 19D~ B > 0,
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we have (Vf(T),z — T) > k(7), and this is inequality (2.6). O

The following corollary is a trivial consequence of inequality (2.6).
Corollary 1 Let T € A% (z,3) and 8 < %. Then,

p+1

f@ = 1@ = S IvAm) (2.9)

Let us justify now the rate of convergence of the basic inexact high-order proximal-
point method:

g1 € AL (z,B8) ., k>0. (2.10)

For analyzing this scheme, we need the following result from [18].

Lemma 2 Let the sequence of positive numbers {&x}r>0 satisfy the following condition:

&—&1 > G, k>0, (2.11)

where a € (0,1]. Then for any k > 0 we have

Q=

& < 0 < [(1+2)(1+€8) - 4]

(1425 In(1+€8)) (2.12)

Denote by Dy = maIé({Hx —z*|| : f(x) < f(xo)} the radius of the initial level set of
Te

the objective function in problem (2.1).

Theorem 1 Let the sequence {xy}r>0 be generated by method (2.10). Then for any k > 0

we have
flag) —f* < 4 (ﬁHD’O’“ + f(zo) — f*) : (%)p k> 1 (2.13)
Proof:
Indeed, in view of Corollary 1, for any £ > 0 we have
18> P 12817 (-1t
fan) = fan) = [ IV @l 2 |27 (Kep=t) 7
Denoting now & = HlD;ﬁl(f(mk) — f*) and a = %, we get the condition (2.11) valid for
all kK > 0. Hence, in Viegv of Lemma 2, we have
1 1 11—« 1
G < [+ A+ 2] < 1+H)27% (1+&) (3)°
And this is inequality (2.13). O

Note that the rate of convergence (2.13) of method (2.10) does not depend on the
properties of function f(-). This means that the actual complexity of problem (2.1) for
this method is reflected somehow in the complexity of finding the point zj4+1 € AY, (zy, B).



We will discuss this issue in the remaining part of this paper. To conclude this section,
let us present an accelerated variant of the Inexact Proximal-Point Method.

Our presentation is very similar to the justification of Accelerated Tensor Methods in
Section 2 in [20]. Therefore we omit some technical details. Denote

1
c(p) = [%} v (2.14)
And let us choose 8 € |0, %] Then, for any T € A%, (z,8), we have
(2.9) ptl
J@ - FT) = @IV . (2.15)
Define now the sequence of scaling coefficients
(2.14) 901 P+l
Ap = (%C(p))p = (Hﬁ) (2;;112) ’
(2.16)
def
agy1 = App1—Ar, k>0.
It is easy to see that
pt1
al, < %c(p)AkH, k>0. (2.17)
Consider the following high-order proximal method.
Inexact Accelerated pth-Order Proximal-Point Method
Initialization. Choose 2y € E, 8 € [0, %], and H > 0. Define coefficients
Ay, by (2.16) and function ¢g(x) = dpt1(x — xo).
Iteration k > 0.
(2.18)
1. Compute vy = arg I;CIIGIIEI Y (z) and choose y = A":frlxk + A‘;’ilvk.

2. Compute T}, € AY, (yx, ) and update

i1 () = Y(@) + ara [f (1) + (Vf(T1), 2 = ).

3. Choose zj41 with f(zryr1) < f(Tk).

Theorem 2 Let sequence {zy}r>0 be generated by method (2.18). Then, for any k > 1,

we have * H 2p+2 P+l *||p+1 2.1
fleg) = f* < 2(pr1)(1-5) ( E > |wo — 2*||PF. (2.19)

Moreover, |jv, — z*||PT! < 2P71||zg — 2*||PTL.
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Proof:
First of all, note that by induction it is easy to see that

Yr(z) < Apf(x)+dppi(z—x0), =€k (2.20)
In particular, for ¢ def miIIE1 Yr(z) and all € E, we have
Te

(2.20) (1.3) B
Apf(@) +dpra(z —z0) > di(z) > Ui+ 547 (5)" Yz = v (2.21)

Let us prove by induction the following relation:
v > Apf(zg), k>0. (2.22)

For k = 0, we have 5 = 0 and Ay = 0. Hence, (2.22) is valid. Assume it is valid for some
k > 0. Then

V1 = min {wk(ﬂf) + apy1 [f(Th) + (Vf(Th), z — Tk>]}

(2.21)

> min {u + 5y (3)"7 o — onllP + aen (T + (VAT — T .
Note that
V5 + ap1 [f(Tk) + (VF(Tk), x — T)]
(2.22)

> Agf(zg) + apa[f(Th) + (Vf(T), © — Tk)]
> A f(Tk) + (VF(Th), arp1(z — Ti) + Ap(zp — Tk))

= At f(Tk) + (VF(Th), aps1(z — vp) + A1 (g — Tr))-

Further, for all z € [E we have

-1
(Bl — ol 4 a1 (VF(TR) e — )

ptl

- "
> =22 (el VITL) 7

Finally, since Ty, € A%, (yx, B), we get

(2.15) p+1
(V@) vy —T) = eIV -



Putting all these inequalities together, we obtain

p+1 p+1

p—1
Vi1 = Apaf(Th) — 527 (ak+1\|vf(Tk)H*) T+ A1 |V (Till4”

ptl 1
p

prl pt1l
C A f(Ty + VAT (Akﬂc(p)—pigwakil)

o1 prl
> Ap f(Ty) + |V F(Tk]+7 <Ak+IC(P) - 2aki1)

(2.17)
> A f(Tr) > Agsaf(zrgq).

It remains to note that in view of relations (2.20) and (2.22), we have

216) g [2ps2\PT!
fa) = < ddpnle —a0) P2 gl ()T Ll -

In order to get the remaining bound for vg, we need to apply inequalities (2.21)
and (2.22) with z = z*. O

We can see that method (2.18) is much faster than the basic method (2.10). Its rate
of convergence is also independent on the properties of the objective function. Hence, in
order to evaluate its actual performance, we need to investigate the complexity of finding
a point T' € A% (z, 8). This will be done in the remaining sections of the paper.

3 Approximating proximal-point operator by
tensor step

Let us show that with appropriate values of parameters, the inclusion T € A%(a’:, B) can
be ensured by a single step of the Basic Tensor Method of degree p. Firstly, recall some
simple facts from the theory of tensor methods.

For function f(-), let us assume that M,(f) < +oo. Define its Taylor approximation
at point z € E:

p
Lply) = f@)+ 3 AP @y —al"
Then
IVF(y) = V@)l < sy —gp, yeE. (3.1)

B
Define now the augmented Taylor polynomial

Qopr(y) = Qupy) + Giylly — =[P+

If M > Mp1(f) then this function provides us with a uniform upper bound for the
objective. Moreover, if M > pM,,1(f), then function € ,a(-) is convex (see [17]).
Therefore, we are able to compute the tensor step

Tpm(xz) = argmin me,M (y).
yeE

8



Let us allow some inexactness in computation of this point. Namely, we assume that
we can compute a point 7" satisfying the following condition:

IVt (D] <

< 5V (D), (3.2)

where v € [0, %) is the tolerance parameter. Thus,

T IV (Ml 2> I1VQepa (Dl 2> [V Qup (D)l — 3 IT — .

Therefore, ||V, »(T)[[« < (1 + 'y)%HT — x||P.

Let us prove the following simple result.

Lemma 3 Let M > M,1(f). Then for point T' = T, p(x) we have

M, M

IVAT) + UVdyr(T - o). < B2 VAT (3.3)
Proof:
Denote r = ||T" — z||. Then

o (31 (32)
Mttt 55 IV AT) = Vup(D)lle = [IVAT) + % Vdy 1 (T — )| — 42
o (1.2) _ rP

> MYVdyy (T - 2)|ls — VAT — 22 =) LM g (T,

Thus, ;—I; < mHVﬂT)H*, and we obtain (3.3). O

Let us define now M = ﬁMpH(f) and H = %. Then the inequality (3.3) can
be rewritten as follows:

IVA(T) + HVdp (T = @)l < BIVF(T)]]s-

In other words, these values of parameters ensure the inclusion T' € AI;I (z, ).

Thus, we have shown that accelerated and non-accelerated tensor methods from [17]
can be seen as particular implementations of inexact high-order proximal-point methods.
Their efficiency bounds can be obtained by Theorems 1 and 2.

4 Bi-level unconstrained minimization

In solving problem (2.1) by inexact high-order proximal-point methods from Section 2,
we have two degrees of freedom. First of all, we need to decide on the order p of the
proximal-point method. This defines the rate of convergence for the upper-level process.
Note that for obtaining the rates of convergence (2.13) or (2.19), we do not need any
assumption on the properties of the objective function.

After that, we have to choose the lower-level method for computing a point

T € A (x,B). (4.1)



For analyzing efficiency of the latter method, we do need to assume something on the
objective function. Thus, the overall complexity of this bi-level scheme depends on the
efficiency estimates of both processes. Note that the objective function in the auxiliary
problem (2.2) has some structure (composite form, uniform convexity), which can help in
the analysis of efficiency of the lower-level method.

We call the above framework Bi-Level Unconstrained Minimization (BLUM). Let us
show that it opens new horizons in the development of very efficient optimization methods.

Indeed, as we have seen in Section 3, the condition (4.1) can be satisfied by one step of
tensor method. This strategy does not require additional calls of the oracle. However, the
high-order tensor methods need computations of the high-order derivatives and therefore
quite often they are impractical. In this case, it is reasonable to solve the auxiliary problem
in (2.2) by a cheaper method, based on the derivatives of a smaller degree than the order
of the underlying proximal-point scheme.

In this section, we present an example when this strategy works very well. We are
going to consider a third-order proximal-point method, which is implemented by a second-
order scheme. The first confirmation that this is possible was obtained in [20], using the
approximations of third derivative along two vectors by the finite differences of gradients.
In the remaining part of this section, we discuss a simpler approach, based on a direct
application of the relative non-degeneracy condition [4, 10] to the auxiliary problem (2.2).

Let us consider the following unconstrained minimization problem:

min { fo.nr(v) < J(9) + Hily )} (4:2)

with constant H > 0 and central point € E. As compared with notation (2.2), we drop
the index p since in this section we always have p = 3. In what follows, we assume that
the fourth derivative of function f(-) is bounded on E by constant M.

Our main tool for solving the problem (4.2) is the gradient method based on relative
non-degeneracy condition. This condition is formulated in terms of the Bregman distance.
Recall that this is a (non-symmetric) distance function between two points z and y from
E, which is computed with respect to some scaling function p(-). It is defined as follows:

Bo(z,y) = ply) —p(z) —(Vp(z),y —2), z,y€E. (4.3)

We say that the function ¢(-) is relatively non-degenerate on E with respect to the scaling
function p(-) if there exist two constants 0 < p < L such that

Mﬁp(xvy) < @p(%y) < Lﬁp($7y)> z,y € E. (4'4)

The value » = £ is called the condition number of function ¢(-) with respect to p(-).
Recall that there exists a convenient sufficient condition for the relations (4.4):

I

il

uV2p(xz) < V2p(z) = LV?p(x), z€E. (4.5)

It appears that for function fz z(-) in the problem (4.2), we can point out a simple
scaling function, ensuring validity of the condition (4.4) with a good value of s.

Theorem 3 Let H > My(f). Then, the scaling function

pon(a) = HVE(@)(x— )0 — )+ Hdy(x — 7), (4.6)

10



and function fz m(-) satisfy the condition (4.5) on E with constants
po=1-% L =1+% x=%g (4.7)

where & > 1 is the unique solution of the following quadratic equation:
1+9 = wmpe (48)

Proof:
For the sake of notation, denote My = My(f) and assume that £ = 0 € E. Then, for any
x € E, we have

V() = v2f<o>+Dsf<o>[x1+j<1—r>D4f<rm>[x]2dT

V2 1(0) + DAF(O0) ] + LMa2]2B

(L.7) 1 2 1 2
= (148) V20) + $Mafal? (14€) B

2 (14 1) V2£(0) + $My (1 + €) V2dy(a).

Therefore,

V2 fo.m (2) (458) (1 + %) V2£(0) + [%M4 + My (1+ )| V2du(z)

Similarly,

(1-2) V27(0) - Mzl (1 + ) B

) V2F(0) = §Mi (14 €) V(o).
Hence,

2 (48) 1\ o2 £(1+¢) 1 2
Vifon(z) = (1 - g) VEf(0) + [TMzL — My (1+&)| Vidy(x)
= (1 - %) V2poe (). =
From now on, we fix the following values for our parameters:

ol
Wl

) n =

Note that these values satisfy relations (4.7) and (4.8). Consequently, we can use a simpler
notation for the corresponding scaling function:

pely) C HV2F@)(y — 7)oy — 7) + 3Ma(f)da(y — Z). (4.10)

11



Let us present now an optimization method for solving efficiently the problem (4.2).
For our goals, the most appropriate variant of this method can be found in [18].

Choose 7 € E and H = 3Mu(f). Set z¢ = z.

For k > 0, iterate: (4.11)

zip =arg min {6(@) + (Vfau(@n) @ = a0) + Ly (@ra)}.

Note that this is a first-order method for solving the problem (4.2) provided that the
Hessian V2f(x};) is represented in an appropriate basis (this can be done before the
iterations start). It forms a sequence of points {zy}r>0 with monotonically decreasing
values of the objective function.

Applying now Lemma 3 in [18], we come to the following result.

Lemma 4 Let sequence {xj}r>0 be generated by method (4.11). Then, for any k > 1
and any r € dom) we have

Boa(tr ) < (1= 30)" Byo (20, 2) + Lo () = fom(an)]. (4.12)

Let us show how this method can be used on the lower level of the proximal-point
method (2.18) with p = 3. Our optimization problem (2.1) is characterized by the follow-
ing parameters:

M4(f) < 400, RO = ||{E0—$*||, MQ(f) < +00,

(4.13)
Dy = max{le —2°| f(@) < [(z0)} < +oo.

For our analysis, parameters My(f) and Ry are critical. The remaining parameters Ms( f)
and Dy appear in the efficiency bounds only inside the logarithms. Using the constant
Ms(f), we can bound the variation of the objective function as follows:

f)—f* < $Ma(f)lly—2*|?, y€E. (4.14)

Let us write down the full version of the combination of method (2.18) with (4.11).

We choose 8 = % = % and other parameters by (4.9).
Define the following sequences:
4
Ak: = gMi(f) (g) y  Qp+1 = Ak+1 — Ak, k > 0. (4.15)
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Inexact Accelerated 3rd-Order Proximal-Point Method

Initialization. Choose z( € E. Define function ¢y (z) = d4(z — o).

Iteration k& > 0.

1. Compute v, = arg IafIGIIEI Yy(x) and choose yi = Aifrlmk + Aii1vk'
2. Compute zy;r € A§M4(f) (yk, %) by the following procedure.

e Define functions pg(x) = f(x) + 3My(f)da(x — yi) (4.16)

and pg(2) = 5(V2f(yr) (@ — yp), & — yr) + 3Ma(f)da(z — yr).

o Set x30 = y. For i > 0, iterate

Th,i+1 = aTgMiN {<V90k($k,z'), T — ki) + 5By (Thyis 96)}

up to the first iteration 4y with ||Veg(zpir) [« < %HVf(mkﬂ;;)H*
3. Update Yp11(z) = ¢(@) + ap1[f(@riz) + (Vf(his), @ — 2piz)]-

4. Define zp41 = argmin {f(ac) tre {xk”xkli}}
X

Clearly, this is a second-order method, which implements the inexact third-order
proximal-point method (2.18). Let us assume for a moment, that at each upper-level
iteration of this scheme, the numbers 7} are well defined. Then by Theorem 2, we get the
following rate of convergence:

Flan) = f* < OMy(f) (3)' RS, k>1. (4.17)

Thus, it remains to find an upper bound for the numbers ;. For that, we need to get an
upper bound for the size of points xj ;. We will do this under the following assumption:

flrri) —f* > € 0<i<ip, k>0, (4.18)

where € > 0 is the desired accuracy of the solution to problem (2.1).
Assume that at some iteration £ > 0 the points z; and v, are well defined. Since
f(zk) < f(=0), in view of Theorem 2 we have

lye — 2| < max{[|zy — 2*||, vk — 2*||} < max {Dy,vV2Ro}.
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At the same time, since i (zk,:) < @(zi0) = f(yr), we get

(4.14)
SMy()llzrs — well* < flyw) — flang) < 2Ma(f)D3.

1
Therefore, lem —ykll < Ds = [?\J\Z% D%} " and

||.73k’l'—$*H < D2 d:ef D1+maX{D0,\/§R0}.

Hence,

« (4.18
IVl > Leern 5 (4.19)

In view of Lemma 4 ¢ (z,) — milg ¢i(x) as i — oco. Therefore, ||Vyr(zk,i)||« — 0. This
e

means that the auxiliary minimization process at iteration k is finite and x4 and vgyq
are well defined. Let us estimate its length.
In view of Lemma 2 in [20], we have

/Bpk(xay) < %MQ(f)Hy_xHQ +3M4(f)6d4(x_yk7y_yk)
(L2 in [20]) ) ) - . .
< s Ma(H)lly = )* + 3Mu(f) [3D7lly — 2| + 5lly — =[]

= 3 [Ma(f) + 15Mu(f)DF] ||y — ] + SMu(f)lly — «|*

= O(lly — =l)-
for all x with ||z — yx|| < Dy and y € E. Therefore, by Lemma 3 in [20] we get
(4.12)

L0 (FIVer(ani)ls) < ouland) —enlai) < L(3) Boulunaf) (4.20)

< L(3)" BMe(f)llaf = wll® + §Malla = yill]
where z} = arg rniIrEL ¢r(x) and 6,(\) = max[AT — 6(7)]. Since ||z} — yi| < D1, we can get
e T

an upper bound for 7}, from the following inequality:

i (4.19)
(3) 3D} + 30D < 6. (1)

Using Lemma 7 in [20], we can estimate for function 6(7) = 472 4 274 its dual function
as follows: ,
A
0-(N) 2 ey
In our case, a = M(f) + 15My(f)D? and b = 6M4(f). Therefore,

)\2
0.0 2 2[M2(f)+15Ma(f) DF]+[6Ma(f)]H/3X2/3"

Thus, we can see that all values i} are bounded by O(In %) A similar reasoning shows
that the length of the last iteration, stopped at the moment when the condition (4.18) be
violated, is also bounded by O(In %) Hence, we have proved the following theorem.

14



Theorem 4 The second-order method (4.16) finds an e-solution of problem (2.1) in
1
4 <9Mi(f)> "R

iterations. At each iteration, it calls the second-order oracle once and the first-order oracle
O (ln %) times at most.

Let us discuss now the implementation details of method (4.16). At each inner iteration
of this scheme, it is necessary to solve an auxiliary optimization problem for finding the
point zy ;41 € R™. For doing this efficiently, it is reasonable to start with computation of
the tri-diagonal factorization of matrix V2 f(y):

V3f(y) = UeAeUL,

where U, € R™ ™ is an orthogonal matrix and A, € R™"*"

matrix. Then we can change variables:

is a symmetric tri-diagonal

x = yp+Upw, weR",

and minimize the function ¢y (w) = @i (yx + Urw). The advantage of this formulation is
that in the new variables the scaling function pg(-) becomes very simple:

prl@) = pe(w) = SAww,w) + 300wl

Thus, the computation of the new point wy ;11 = UkT(xk,iH — yr) can be done in a
linear time. Therefore, the total complexity of each iteration of the inner method will be
quadratic in n (plus one computation of the first-order oracle).

Note that in the method (4.16) we keep a possibility of updating the reliable lower
bounds for the optimal value of the objective function. Assume that we have an upper
bound for the distance to the minimum:

|lzo —2*| < R.

Then we can compute the value
L=
G = apming X ajl[f(zge) (V@) —zji)] s o —zol| < Rp, k=1,
§=0 |

and use it in the termination criterion. Note that with this value the inequality (4.17) is
valid if we replace f* by ¢; and Ry by R. If the bound R is not known, we can update
the initial guess dynamically using the observed distance between xj and xg.

5 High-order proximal-point methods with
line search

In this section, we consider new methods for solving the problem (2.1), which are based
on pth-order proximal-point operator with line search (p > 1). It is defined as follows:

prox?/H(E,u) = argrgnréilgr}{f(x)+Hdp+1(x—:)?—7u)} € E xR, (5.1)

TER
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where the point Z and direction u belong to E and the proximal coefficient H is positive.
Note that the value of this operator is a solution of a convex optimization problem. Let
us mention its main properties.

Lemma 5 Let (T,7) = prox?c/H(i,u). Denote y =% + tu and r = ||T — y||. Then

Vf(T)+ HrP 1B(T —y) = 0, (5.2)
VAT« = HrP, (Vf(T),y—T) = Hr"*, (5.3)
(B(T —y),u) = 0, (Vf(T),u) = 0. (5.4)
Moreover, f(z)— f(T) > Z%TP—H.

Proof:
Equation (5.2) and the first equation in (5.4) are the first-order optimality conditions for
the objective function in the problem (5.1). The first equation in (5.3) follows from (5.2),
and we get the second one by multiplying (5.2) by y —T'. Second equation in (5.4) follows
from the first one in view of (5.2).

Finally, for proving the remaining inequality, we choose in the optimization problem
in (5.1) x =2z and 7 = 0. O

Consider the following optimization scheme.

pth-Order Proximal-Point Method With Line Search

Initialization. Choose g € E and H > 0. Define 9o(z) = ||z — 2|/

Iteration k& > 0.

1. Compute v = arg min (). (5.5)

2. Compute (zg41,7x) = proxz}/H(xk, Vg — Tk).
3. Define yp = xp + 7 (vp — 1) and 1y, = [|T1 — yrll-

2
Tet1 1
k041 Hrl™

4. Compute a1 from equation r. Set Apy1 = A + aps1.

5. Set Ypt1(z) = Yr(@) + ap1[f (@rt1) + (V[ (@k41), & — Tpt1)]-

k
Let By = 0 and denote By, = % > irfjll for K > 1. Let us prove the following result.

=1

16



Lemma 6 Let the sequence {zi}r>0 be generated by method (5.5). Then for all k > 0

and z € E we have
Apf(rg) + By < 9= min Vi (). (5.6)

Proof:
Let us prove this relation by induction. For k = 0, we have Ay = 0, By = 0, and
Yo(2) = 3|z — 2o||. Thus, in this case inequality (5.6) is valid.

Let us assume that it is valid for some k£ > 0. Then

Wi =min{ (@) + apa[f@ne) + (V@) o — o)l

{ vi+ 3l — ol + el @) + (VH(@e),o — o))

>min{ - Apf (@) + Byt dlla = vell? 4 apia [ (@) + (V). o — 2] |
{ Apr1f(@rs1) + Bi + gllo — vl

VS (@rt1), k1 (2 — Trgr) + Ak — xk+1)>}

5.4 .
“min{ A f(@rn) + B+ e — vl

HVf(@hr1), apr1 (@ — vi) + Agy1(ye — xk+1)>}

= Api1 f(@rg1) + B — 303 IV F @ )2 + At (V f (Ths1), Y — Trogr)

(5.3)
= Arr1 f(@rg1) + B — %aiHH%zp + A Hr?

= Api1 f(@pp1) + By + 2 A HPTY = A f(wr41) + Brga. O

Let us prove now the main result of this section. In the proof, we closely follow the
arguments justifying Lemma 4.3.5 in [19].

Theorem 5 For any k > 1, we have

2P HRPT!
o < FHR
flag) =" = (H_z(k—l)>3p2i (5.7)
pF1
Proof:
Note that
VA — VA = 2l VAR > 1

= =T —.
\/Ak+l+m ( /Ak+1+ /Ak)Hl/Q,r,kQ 2\/HT‘£ 1
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k-1

2
Thus, denoting &, = 2\/H7'Z_1, we get Ap > <Z §1> . For p = 1 this proves that
i=0 "

A > %. So, let us assume that p > 1.
On the other hand, in view of Lemma 6, we have

Apf(zy) + B < of < f(z*)+ 3RE,

where Ry = ||zg — z*||. Therefore,

12 = p+1 = e 151
Ry = 52 Aary T = 5 ) A [ﬁ] :
=0 =0
In other words, we have the following bound:
k—1 2(p+1) def 2
S A& < DY (rhE)TiR (5.8)
1=0
k—1
We need to minimize now the sum % subject to this bound. Since the bound is active,

i=0
we can introduce for it a Lagrange multiplier A > 0 and find the optimal &; from the

equation
p+3

& = Amg, i=0, k-1

p=l
Thus, & = [ﬁ} AR Substituting these values in the constraint (5.8), we get equation

for optimal A:

k—1 2(p+1) 2(p+1) k—1 p—1
_ ) A 3p+1 3p+1
D = ZAH-l [H} = ) 3pfl Z Ai—il .
1=0 =0
Therefore,
3p+1
k—1 1 1 p—1 k—1 :f_+11 L p—1 k—1 :f_+11 2(p+1)
= =) 3p+1 P — 1) 2(p+1 P
X 2 (3)%% X AT = (5) ( X AT :
=0 1=0 1=0
This means that we have proved the following inequality:
k=1 o1\ T
p—1 — pP— p+1
1\ 5,71 3p+1 .
A > (L) <Z Al > | (5.9)
i=0
2
ko p=LN p+l p=1
Denote Cy, = (Z Af”’“) and § = (&)#7'. Then inequality (5.9) can be written as
i=1
follows:
p—1
ptl ptl 7;’111 p—1 [k+1 75’111 pF1 p—1 _p—l
2 2 J— P 3p+1 P . 3p+1 2
w1 — Ot = AL = 0 ZlAi = 03710 2.
1=
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p+1

p—1 . . .
Denoting v = 03r+1, we see that C| > v. Moreover, since 7 2 with 7 > 0 is a convex
. p+1 p+1 p—1
function, we have 7,? — 72 < %7}2 (r4+ — 7). Therefore,

p—1 p+1 p+1

2 2 2 p+1
1O < Gy =G < 5 k+1(Ck+1 Ch).-

Consequently, Cgy1 > C’k—l— ~7 and we conclude that Cj, > 'y+¥, k > 1. Substituting
this bound in (5.9), we get

ot oy (b—1) 2 1\ 552 2h—1)\
Az 007 2 o(v+2) T = () (105 T

It remains to note that in view of inequality (5.6), we have

i
R2 2 HROT!
f(.fk) o f* < 2,311C R% < p+1 = p+1 . U
2(1+2(k 1)) <1+2(k 1))

6 Conclusion

In this paper we present a new framework BLUM, where the development of the accel-
erated minimization scheme consists of two steps. Firstly, we choose the order of the
proximal-point iteration. At this moment, we are not restricted by any properties of the
objective function except its convexity.

These properties play a crucial role at the second step, where we decide on the type of
the scheme we use for approximating the proximal point. The overall complexity of the
method can be computed then as the product of the number of steps of the upper-level
process and the estimate for the number of steps in the lower level process.

In this way, we managed to justify a second-order scheme, which uses only the second-
order information for an approximate computation of the third-order proximal point. It
is interesting that the overall complexity bound of our method is essentially the same as
the bound for the number of iterations of the accelerated third-order methods [3, 17]. At
the same time, these bounds overpass the limits for the maximal efficiency established
for the second-order methods by functions with bounded third derivative (see [?] and
Section 4.3.1 in [19]).

It is interesting to understand why this improvement was possible. One of the reasons
is that in this paper we are working with a subclass of functions with Lipschitz continuous
third derivative. Indeed, in view of Lemma 4 in [20],

Ms(f) < /2Mo(f)My(f).

Therefore, the lower bounds of [1, 2] are not valid anymore.

Another question is if it is possible to improve the rate of convergence of the lower-
order methods in the framework of BLUM. We are not ready to give now a comprehensive
answer to this question. However, let us look at the worst-case functions, which justify
the lower complexity bound for the tensor methods. In accordance to [17], for pth-order
methods they have the form

n—1 . .
fol@) = P4 [ g O, e R

=1
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This function justifies the maximal rate of convergence O(k~2) for the first order methods
(e.g. [19]).

Note that, for p = 1 this is a quadratic function. Hence, all its derivatives D? fi(-) of
the order s with s > 3 are equal to zero. Therefore, we cannot expect for the first-order
methods any improvements from any assumptions on the boundedness of these derivatives.

The situation with the second-order methods is different. Their worst-case function
f2(+) has discontinuous third derivative. Hence, the corresponding lower bound O(k~7/2)
may be not valid if we assume the existence and boundedness of the forth derivative. And
the results of Section 4 show that this is indeed the case. Our second order method (4.16)
has the rate of convergence O(k~%), and the results of Section 5 gives us a hope that there
exist the second-order methods with the rate of convergence O(k~%) (this is the maximal
rate of convergence for the third-order methods).

Another consequence of the above observation is that we cannot speak anymore about
the pth-order optimal methods. Instead, we should switch to speaking about the optimal
methods for different problem classes. Indeed, we have seen that for the same problem
class we can have methods of different order, which have the same rate of convergence. In
this situation, it is natural to agree that the lower-order method is better. This means,
that our complexity scale, instead being one-dimensional, should be two-dimensional at
least. But of course all these questions need further investigations.

We hope that our results create interesting directions of research related to further
increase of the efficiency of the lower-order methods as applied to the problem classes
which were traditionally out of their scope.
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