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degree the efficiency of this non-perturbative mechanism depends on the details of the
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find that a previously discussed suppression of sphaleron heating by light fermions can
be alleviated. As an outlook, we point out that fermionic effects may provide a new
mechanism for ending warm inflation.
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1 Introduction

The evolution of scalar and pseudo-scalar fields in a hot plasma can potentially shape
the cosmos in various ways, including cosmic inflation, phase transitions, moduli, Dark
Matter, vacuum decay and the stability of the Standard Model (SM) of particle physics.
In the present work, we are specifically concerned with the evolution of an axion or
axion-like field! that couples to a hot plasma of non-Abelian gauge fields via the oper-

ator N
£g2Tr GuwG" _ ¢
F 16n2 A

(1.1)

'In the following, we refer to all pseudoscalar fields with a potential that exhibits an approximate
shift symmetry and an axion-like coupling to gauge fields as axions without distinguishing the QCD
axion from axion-like particles.



where G, is the field-strength tensor, G = %e“”p"GPU, and f the axion decay con-
stant. At a sufficiently high temperature T', the interaction (1.1) leads to (p-dissipation
due to an effect known as sphaleron heating. Qualitatively this may be understood by
noticing that a non-zero time derivative ¢ induces an effective force in the space of
gauge field configurations which leads to an overall gain in their kinetic energy, i.e., a
net transfer of energy from ¢ to the plasma (cf. [1-3] for an intuitive analogue in clas-
sical mechanics). When coupled to a pure Yang-Mills theory, the dissipation coefficient
s for ¢ is proportional to the sphaleron rate I'sp,, which is unsuppressed at high tem-
peratures [4, 5] (see [6-8] and references therein for more recent discussions). However,
it has already been pointed out in [9] and was more recently discussed in [10, 11] that
the presence of light fermions can strongly suppress . Since all known elementary
fermions were massless at temperatures above roughly 160 GeV [7], this may tempt
one into the conclusion that sphaleron heating is not relevant in the real world. In the
present work, we address the issue how generic the suppression of sphaleron heating
due to gauge interactions with light fermions is.

While axions are probably mostly studied in the context of the strong CP-problem
[12-15)% (c.f. e.g. [31] for references) and in their role as Dark Matter candidates [32-
34] (c.f. e.g. [35] for references), they can also be motivated in the context of inflation
[36]. In particular, axions can enable a consistent realization of warm inflation [37].
In this alternative to standard (cold) inflation, dissipation due to the presence of a
thermal bath during inflation plays a key role in maintaining the slow roll conditions,?
thermal fluctuations contribute to the generation of cosmic perturbations,® and the

2There are indications that eternal de Sitter states must not exist in a theory of quantum gravity
due to fundamental inconsistency caused by quantum breaking [16-22] (see [23-26] for analogous
conjectures in string theory). If this is the case, the presence of a QCD axion becomes a consistency
requirement, independently of naturalness arguments [27, 28]. On the other hand, the existence of a
strong CP-problem has recently been put into question due to the realisation that the phases from the
mass terms and from the instanton effects are aligned if one reverses the order of the infinite volume
limit and the sum over topological sectors [29]. That is, if these limits are taken the other way around,
there is no physical phase, and hence no CP-problem [30].

3Here and throughout this work we refer to the scenario where dissipation dominates over Hubble
damping as warm inflation, i.e., the strong regime in the language of [38].

4There have been various phenomenological studies on perturbations generated during warm in-
flation see [39-41] for (partial) reviews. Characteristic observable predictions have been reported,
including a suppression of the tensor-to-scalar ratio [42-44] and sizable non-Gaussianities with dis-
tinct shapes [3, 45-49]. Even when thermal effect do not dominate the background evolution, they can
have a significant influence on the spectrum of perturbations (see e.g., [3]). As discussed subsequently,
however, important issues can already arise at the level of the background evolution [50]. Correspond-
ingly, we shall not study perturbations in the present work, but only investigate the feasibility of the
sphaleron heating mechanism at the background level.



thermal and expansion histories of the universe are altered insofar as that there is no
separate reheating epoch.” While this idea was proposed long ago [37], a challenge for
implementations at the microphysical level arises due to the problem that interactions
which generate a sufficiently large dissipation coefficient tend to modify the effective
potential in a way that spoils its flatness [50].° Warm axion inflation [10, 69-74] can
avoid this issue since the shift symmetry of the axion ensures that the flatness of the
potential is not spoiled by quantum corrections. A concrete model named minimal
warm inflation [10] implements axion inflation driven by sphaleron heating.

Finally, it has been pointed out that sphaleron damping in a dark sector can make a
dynamical contribution to dark energy [11, 75] (see also [76-78]). The goal of the present
work is to show how a possible suppression of these mechanisms by light fermions can
be alleviated. We leave a detailed study of concrete scenarios and their phenomenology
for future work.

2 Sphalerons and axion dynamics at finite temperature and
chemical potential

Let us consider a situation in which ¢ couples to a QCD-like gauge theory with N,
colours and a gauge coupling g:

L= —%Tr G,G" + <%IMD¢ + h.c.) — % L0t p + ? —Vip) . (2.1)

Here V() is the axion potential, D, = 0, — igG, denotes the covariant derivative

of fermions, G, is the non-Abelian gauge field, we use the metric signature 7,, =

(—=1,41,41,+1), and ¢ is defined in eq. (1.1). One can estimate in the high temperature
regime [5, 6]

Copn = copn(aN,) T, (2.2)

where a = ¢?/(47) and ¢y, is a numerical factor of order 1.

5The thermal history can in principle be probed due to the thermal emission of gravitational waves
[51], which is known in the SM [51, 52] and some extensions [53, 54], including axion inflation [55, 56].
Moreover, in standard inflation the reheating epoch leaves an imprint in the CMB [57-59] and can
depend on microphysical aspects [60-62]. The sensitivity of next generation CMB observatories like
LiteBIRD [63] and CMB-S4 [64] can be sufficient to measure the inflaton coupling and reheating
temperature [62, 65, 66]. A systematic exploration of the perspectives to probe warm inflation in
along these lines would be desirable.

6This can be understood from the well-known fact that perturbative contributions to the dissipation
rate and the finite temperature effective potential come from the real and imaginary parts of the same
diagrams, c.f. [67, 68] and references therein.



The Lagrangian (2.1) contains only the axion and gauge fields, while matter in the
real world is made of fermions. Though the existence of a dark sector that is free of
any matter is in principle conceivable, all fermions in the universe being singlet under
the gauge interaction would represent a rather special case. Therefore, it is important
to determine how the addition of fermions alters the above theory. Following [9], we
for simplicity assume that there is only one family of massless Dirac fermions v that
transform under the fundamental representation of the gauge group. At the classical
level, there are two conserved fermionic currents, which can be written as ¢¥y%) and
y°y°9, or alternatively as ¥py’1r and .0, where ¢r = Pr i and Pry = (14
75)/2 are the usual chiral projectors. Due to the Adler—Bell-Jackiw anomaly [79, 80],
the only fermion number density which is exactly conserved is ¥y 9r + ¥ry%¢r,”
while the combination ny = ¥y r — ¥y is violated at a rate ~ Ty /T2 o g'°T.
Comparing this to typical damping rates in the plasma, which are of order ~ ¢*T to ~
g*T (depending on momentum and scattering angle [83, 84]), one observes a separation
of timescales for g < 1, which justifies treating n, as approximately conserved and
defining a slowly varying chemical potential ji,,, which in the regime p,, << T is linearly
related to the charge p, ~ 6n,/T?.®

2.1 Mechanism for disabling sphaleron heating

In a thermal state, the equations of motion for the axion and fermionic chemical po-
tential read [9]:°

. . 2
(b =V (GH 420 (7 + 2 2.3
) 2
frp = —3Hpuy — ;—J; (%(@ + 72? w) , (2.4)

where prime denotes derivative with respect to time and brackets (. ..) indicate thermal
and quantum averages. In general, the dissipation coefficient -4 that is central to warm
inflation or dark energy can be obtained by evaluating the thermal expectation value of
retarded correlators at some frequency w ~ ¢/, cf. [67] and references therein. For the
specific case of the operator (1.1), different regimes can be distinguished by comparing
w to T, cf. section 5 in [38]. For w <« a*T, the various perturbative contributions

"Note that thermal masses generated by the gauge interactions [81, 82] do not flip the chirality.

8 Alternatively, we may think of ¢ as a combination ¢ = g+, of two Weyl fermions ¢ 1, in which
case (g, ~ 3npg /T are simply the chemical potentials of their matter-antimatter asymmetries. The
arguments in the following would in fact also apply if only one of the Weyl fermions were present.

9We do not strictly distinguish between the tree-level potential V' and the effective potential for
{(p) during inflation here because the modifications of the latter are small in minimal warm inflation.



[85] are dominated by the effect of the non-perturbative sphaleron heating effect and

governed by the rate (2.2),
_ Usph <<P>
(@) == ( 7T 2ty | (2.5)

leading to
| T3
Vg = f;;" ~ (O[NC)E)F 5 (26)
12T
5=~ (aN)T 2.7

For the moment we assume that the displacement of ¢ from its potential minimum
and the resulting p,, # 0 are the only deviations from local thermal equilibrium. In
particular, gauge interactions are so enough that the occupation numbers in the plasma
can be described by Bose-Einstein and Fermi-Dirac distributions with slowly varying
chemical potential and temperature at all times. To solve the system, eqs. (2.11) and
(2.12) have to be complemented by suitable equations of motion for H and 7', for which
we take

. 2 .
Ys(p) = pr+4Hpg (2.8)
with [86]
.2
7T2 QO
PR = g*%T‘* . P = % +V, (2.9)

and the standard Friedmann equation
SMAH? = p, + pr - (2.10)

Here Mp is the reduced Planck mass, g, corresponds to the number of degrees of freedom
and throughout we approximate ((?) ~ <gp> . In principle, there are corrections to
(2.8) [38], and the energy densities in (2.9) can be computed consistently within the
Schwinger-Keldysh formalism [87]. However, as argued in [38], numerically the resulting
corrections are small, and we neglect them for our purpose.

For now, we shall moreover neglect Hubble dilution in eqs. (2.3) and (2.4) so that
they become:

1 pT?
(o) =V = Sl =V o)+ T (2.11)
6 6 - T°
o = 5 ) =~ () + ) (2.12)



Given the motivation from warm inflation or dark energy, our primary goal is to find
(quasi)stationary solutions to the above equations in which 7' is kept approximately
constant (adiabatically tracking ¢) over many e-folds of cosmic expansion by an equi-
librium between Hubble expansion and sphaleron heating. For any other configuration,
T will either quickly approach zero due to the dilution of the plasma (returning to stan-
dard cold inflation or ending inflation) or grow until it reaches the stationary value.
The stationary solution of eq. (2.12) is

@ =1 (et + 2w ) =0, 213

which implies in eq. (2.11) that —(¢) = V", i.c., (¢) does not vanish asymptotically. As
already pointed out in [11], there is no stationary solution in which sphaleron heating
transfers energy from (p) to the bath, as it would be required during warm inflation.
The reason is that the sole source of chirality violation is the same process that drives

the friction, and hence, whenever the r.h.s. of (2.12) vanishes, the v4(¢)-term in (2.11)
is exactly compensated by the chemical potentials so that there is no dissipation.

2.2 Hierarchy of energy scales

We shall estimate the order of magnitude of some relevant energy scales, so that we can
assess the importance of different effects in what follows. First, we define as customary
[39]

_ s
Q= T (2.14)

By definition, warm effects and sphaleron heating dominate over Hubble friction if

@ = 1 and we shall limit ourselves to this regime throughout. In the stationary state,
pr = 0, the energy density (2.9) is determined by eq. (2.8), which leads to

2 2mlg, 4
<S0> _M )

The pq/ f-interaction in (2.1) represents a non-renormalisable dimension five oper-
ator and is usually thought of as an effective field theory (EFT) description that holds
if

(2.15)

max (H,T) S f. (2.16)

For instance, if the axion arises as a result of symmetry breaking, namely as phase of a
PQ-field, then the radial mode of the PQ-field can only be neglected below the energy
scale f. Thus, the validity of the effective field theory description is only guaranteed if



(2.16) holds [88]. Comparing the rates (2.6) and (2.7), we conclude that the condition
Q@ 2 1 together with the requirement (2.16) imply the hierarchy

HSywSwmST. (2.17)

In the last inequality, we assumed that the collective coupling of the non-Abelian gauge
theory is not strong, aN. < 1.

Finally, we can estimate the order of magnitude of the chemical potential ji.
Assuming stationarity in (2.11) or (2.12), we get
te S [0 T (2.18)
rJT Qf’ '

where we used eq. (2.15) in the second step. Since @ 2 1 and T < f (and for moderate

g+), we generically have p, S T

3 Concrete mechanisms for restoring sphaleron heating

The conclusion that sphaleron heating is disabled is correct if the dark sector!® in
which it operates comprises only the SU(N,) gauge fields, the axion ¢, and massless
fermions. In the following we argue that sphaleron heating can be re-activated if the
dark sector remotely resembles the properties of the SM seen in Nature, or if it has any
non-negigible interactions with the SM.

3.1 Chirality changing interactions

As already noted in [9], the simplest mechanism to avoid the cancellation (2.13) and to
restore sphaleron heating is through chirality-violating interactions. In their presence,
eq. (2.12) becomes

. 6f .
[l = —E%M — YBHy — Vel 5 (3.1)

and the equation of motion (2.11) yields
—(@) = V' + venlep) , (3.2)

where the effective dissipation rate is

Ych
’}/e = s - 3 . 3
T B + Veh 7 ( )

0Here we use the term dark sector for any set of fields that are all singlet under the SM gauge
interactions. This sector may or may not contain Dark Matter candidates.



For 4 — 0, we recover Yo — 0, in accordance with our previous consideration. In
contrast, v, > v leads to Yeg &= 75, the same result that one obtains in the absence
of any fermions.

Probably the simplest way to introduce chirality flips is through a fermion mass

term
LD my . (3.4)
This leads to a rate [89]
_ kN.am? (3.5)
Yeh = T ) .

where k is a coefficient of order 1. Then sphaleron heating is restored if (see also
[11, 78])
“Yeh Z B — m Z (O'/NC)QT ) (36)

i.e., fermion masses need to be greater than the temperature, up to a possible suppres-
sion due to the gauge coupling constant. Note that it is sufficient if one fermion species
that couples to G, has a mass that fulfills (3.6).

However, an explicit mass term is not even necessary, as any chirality-violating
interaction suffices to restore sphaleron heating [9]. As simple example, we can consider
a Yukawa coupling!!

LD ygvy, (3.7)

where ¢ is another scalar field and y a coupling constant. Firstly, if ¢ develops a non-
zero expectation value (¢) during inflation, (3.7) can right away generate a (possibly
time-dependent) mass term of the form (3.4).!? This may either occur because (¢) has
not relaxed to its minimum or because it has been displaced by quantum fluctuations.
Even if (¢) = 0, the Yukawa interaction mediates chirality-violating scatterings. The
resulting rate of chirality violation scales as [91]

Yeh ~ y2T . (38)
Thus even for a massless fermion 1, sphaleron heating is restored if

Yeh 2 VB — ly| = (aN.)*? . (3.9)

"UNote that a similar argument could me made with a coupling yz/_Jsz or yJ)Rw% if only a Weyl
fermion vy, or g were present.

12 Note that the thermal mass generated by the Yukawa interaction (3.7) is fundamentally different
from (3.4) in the sense that it modifies the dispersion relation, but does not flip chirality [90] (just
as for gauge interactions, cf. footnote 7). In contrast to that, a non-zero (p) generates a chirality
violating mass term, just as the Higgs mechanism.



An interesting possibility for a chirality-violating interaction comes from a direct
coupling to the axion:

£ yppdi . (3.10)

The background field value (¢) of the axion creates an effective fermion mass meg =
Yo (). Thus, it follows from eq. (3.6) that sphaleron heating is restored if

Yy () | 2 (aN)'T . (3.11)

Of course, the Yukawa interaction (3.10) is incompatible with an exact shift symmetry
@ — @ + c of the axion. However, realistic models of warm inflation or dark energy
require in any case an axion potential V() that explicitly breaks the shift symmetry.
In this case, the Yukawa interaction (3.10) can be regarded as viable as long as it
only gives a subleading contribution to the potential. Since the coupling to fermions
generates a thermal mass ~ y,,7" for the axion [90, 92|, we get the upper bound

e () 5 YA (3.12)

In principle, it is possible to simultaneously fulfill eqs. (3.11) and (3.12) if the symmetry-
breaking potential V() is sufficiently large (see also discussion in section 4 for a con-
crete example).

3.2 Another sphaleron

Another possibility for restoring sphaleron heating arises if the massless fermion ) is
coupled to a second non-Abelian gauge field G, which does not directly interact with
the axion, i.e., the model (2.1) is extended as:

1 S i - 1 %

L= —éTr G G" — §Tr GG + iwlﬂw +h.e | — 5 0% + ?q —V(e). (3.13)
Here é/w is the field-strength tensor of éu and now the covariant derivative reads
D, =90, —1i9G, —igG,, where g is the new coupling constant.

The gauge field GG, comes with its own sphaleron effect. This leads to an additional
contribution in the fermionic equation of motion so that eq. (2.12) becomes

6f

—ﬁ%((ﬂ) — VBl — VBl - (3.14)

flyp =
In analogy to eq. (2.7), we defined

12T, -
Go =~ @N)T (315)




where @ = §2/(47) and N, is the number of colors in G,,. Comparing egs. (3.14) and
(3.1), we see that now 7, = 4. Therefore, sphaleron heating is restored if

B 2 VB = aN. 2 aN, . (3.16)

~

Note that it is sufficient that one fermion species that couples to G, is also charged
under the second non-Abelian gauge group. Given that the gauge group of the SM is a
product group and most known fermions are charged under more than one interaction,
this appears to be more natural than the absence of such couplings.

3.3 Another source of chiral asymmetries

A key assumption to reach the conclusion that sphaleron heating is disabled by massless
fermions in section 2.1 is that the axion represents the only source of chirality violation.
However, we emphasize that it is not necessary for v itself to possess interactions that
violate the total chirality, but it suffices that ¢ interacts through a chain of mediators
with some fields that do (even if the mediator preserve the total chirality). Consider,
for instance, a mediating interaction of the form (Yzt)(XYrXr) With Weyl fermions
Xr.r- This converts a i-particle with LH chirality and a y-particle with RH chirality
into a y-particle with LH chirality and a w-particle with LH chirality. hence conserving
the total chirality, but violating 11 y¢r by two units. If Xr,r have chirality-violating
interactions, these will effectively be mediated to 1. There are multiple ways how
chirality violation in other sectors could leak to the 1), and one may argue that the
presence of such interactions is more natural than their absence. There are also multiple
ways of how chirality violation in other parts of the theory may occur. Again, since C'
and C'P are both known to be violated in nature, the existence of such mechanisms in
sectors that interact with ) appears to be more generic than their absence.

For the sake of definiteness, we shall mention two specific examples. Firstly, the
observable universe exhibits a matter-antimatter asymmetry [93] at the level p/T |ext ~
10719 [94]. Of course, one cannot expect that this asymmetry was preserved above the
temperatures when the electroweak sphaleron was active [4] (roughly 130 GeV [7]) or
when lepton number is violated (e.g. in relation to the mechanism of neutrino mass
generation, cf. [95, 96] for a list of references), but it still serves as an estimate for the
typical asymmetries that one may expect in Nature. In the simplest case, there is an
efficient coupling of the system (2.1) to an external sector where a constant asymmetry
(/T |ext is maintained by some other mechanism (in more complicated scenarios /T |ext
evolves dynamically). If i]e exceeds the value of 11, induced by the sphaleron, then the
fermionic chemical potential will generically by set by p]ex and the cancellation in eq.
(2.13) is removed. Comparison with eq. (2.18) shows that a coupling to a non-vanishing

— 10 —



1/ T |ext would be sufficient to save sphaleron heating if

9.1 1
QF~T

In principle, this can be achieved with large @ or small 7'/ f.

(3.17)

ext

Another intriguing possibility which requires no additional deviations from equilib-
rium is that the axion itself produces the required asymmetries. A concrete realization
of this idea can be implemented in the setup of [97-102], when the axion additionally
couples to the hypercharge gauge field of the SM,

2
9y ¥ Y
LD =Y, Y 3.18
1677'2 f H ( )
where gy is the hypercharge coupling and Y, and ffw, are the corresponding field
strength and its dual, respectively. In [102], cold Abelian axion inflation was consid-
ered' and in this case, the coupling (3.18) leads to the dual production of hypermag-
netic helicity and fermionic charge asymmetries on the order of

% = —661'}/@-21) , (319>

where Y] is the hypercharge and ¢; distinguishes between left- and right-handed fermions.
Moreover, v is a dimensionless yield parameter. Computing it is technically challeng-
ing since it requires solving the nonlinearly coupled system of axion, hypercharge gauge
field and possibly fermions [75, 102, 103, 106-127].1* Values v ~ 10~"~% were consid-
ered in [102]. Now sphaleron heating is restored if two conditions are fulfilled. First,
some of the SM fermions need to be coupled efficiently to the spectator ¢ (or alterna-
tively to the hypermagnetic field). Second, the chemical potentials in the SM p; must
be sizable as compared to p, i.e., (see eq. (2.18))
> [T

v 07 (3.20)
In this case, the axion itself can save sphaleron heating. Of course, the numerical
values derived in [102] will need to be revised quantitatively because they were obtained

13Also in the absence of thermal effects, an axion can drive inflation [36], and this possibility has
been discussed both for Abelian [103] and non-Abelian [104] gauge groups; see [105] for a review. We
remark that thermalization is harder to achieve in the Abelian case due to the absence of sphaleron
effects [3, 106].

“Interestingly, fermions also play a crucial role in cold Abelian axion inflation [106, 112, 116-
119, 124]: Fermion production due to the Schwinger effect reduces the gauge fields. In turn, this
implies that the backreaction of the gauge field on the axion is attenuated.

- 11 -



under the assumption that the universe was cold and empty during inflation, while the
thermal plasma in warm inflation scenarios can lead to a larger washout of the helical
hypermagnetic fields [89, 128]. Such computations are technically challenging, and even
in the cold inflation case the effect of backreaction is not fully understood [75, 102, 103,
106-127]. However, qualitatively this offers a mechanism how the displacement of ()
from its ground state itself can source the generation of chiral asymmetries.

3.4 Hubble dilution

So far, we have neglected Hubble dilution in (2.11) and (2.12). Now we turn back to
the full equations of motion (2.3) and (2.4). As compared to the approximations eqs.
(2.11) and (2.12), we see that the correction due to H in (2.3) is suppressed by

3H 1

—=0 (3.21)

By construction, the effect of Hubble friction in (2.3) is sub-dominant in the warm

inflation regime @ 2 1. In eq. (2.4), Hubble dilution leads to the stationary solution

T2 ~vg + 3H
which gives in eq. (2.3):
(p)=V'+3H 1+ ! () (3.23)
v) = Vs 3H + 8 P - .
Thus, the effective damping in this case is
3H T2
(3.24)

Veff = - SH’YS = 12'](‘2@,78

Comparing to eq. (3.3), we see that Hubble expansion plays the same role as chirality
violating interactions. In contrast to the complete cancellation observed in section 2.1,
this rate now is non-zero. However, as compared to the case without fermions, it is

suppressed by
3H v 17T 1
= ~—=— < =<1 3.25
B @ QF Q (5:20)
where we used eqgs. (2.6) and (2.7) for the estimate. Comparing with (3.21), we see

that there is an additional suppression of 72/f2. Thus, Hubble dilution plays no role
in eq. (2.4), which justifies that we neglected this effect in the previous discussions.

- 12 —



3.5 Cumulative effects

We have seen that the suppression of the sphaleron heating mechanism can be alleviated
if, in addition to the axion coupling, an additional source of chirality violation is present
either in the sector where the sphaleron acts or in a sector that is connected to it by
mediator interactions.!® It is important to note that this effect is additive, i.e., it
can also arise as cumulative result of many small chirality violations distributed over
many fields. We illustrate this for the minimal and unavoidable mechanism, namely
the dilution of chemical potentials by Hubble expansion.

Extending eqgs. (2.3) and (2.4), we add fields x;, ¢ = 1,..., Ny, which are coupled

to ¢ (but not to ). This leads to equations of motion of the form

- . veT?
—(p) = V' + (BH + %) () + Lo (3.26)
Ny
. 6f (o, 18T .
o =~ (%(@ + 67 w) = 8Hpy =) il =) (3:27)
i=1
[ = i (g — ;) — 3H py, (3.28)

where crucially we included Hubble dilution in the latter two equations. The details of
the interactions that connect the y; to each other and to v are not relevant for main
point here, all that matters is that they drive all chemical potentials to the same value

fop = fyy = - - = fxy, with some rates 7; > H.1® Stationarity in eq. (3.28) implies
Hop
Yi

Insertion into (3.27) permits to find the stationary value for j, in terms of other
parameters. For simplicity, we assume that all the 4; are of the same order and expand
in H/#; to obtain

6f ()
__6f _ 3.30
M T T 3H(L+ Ny (3:30)
In eq. (3.26), this implies
. . . ’y
5 = V' + 38 ) (1~ ) (3.31)

15The role of mediators that themselves preserve the total chirality by connecting 1 to sectors where
it is violated may be compared to the role of spectator processes in baryogenesis [129].

161n principle, the network of kinetic equations is more complicated, as the rates 7;; at which different
chemical potentials p,, and pu,; equilibrate can be different from each other and can differ from the
rate 94, at which they equilibrate with u,. Here we for simplicity assume that all ;y,%:; > H, so
that all p,, track the value of jiy.

— 13 —



leading to
3H(1+ Ny)

T st 3H( YN

Hence, the suppression of sphaleron heating is overcome if 3H(1 + Ny) 2 i or!

Veff (332)

7

2

Ny Z Qs (3.33)

We see that even the unavoidable existence of Hubble dilution can reactive sphaleron
heating.

It is important to note that the y; do not have to couple directly to ¢ — the
existence of an effective channel for particle number exchange between y; and v suffices.
Moreover, it is very interesting that the effect of Hubble dilution becomes important
for f/T close to 1. Therefore, it can be complimentary to mechanisms such as the
one shown in eq. (3.20), which are suppressed at large temperatures. Finally, similar
cumulative effects can be observed if several of the other mechanisms that can reactivate
sphaleron heating coexist.!®

4 Example: warm inflation with monomial potential

Next we shall discuss the concrete example of a monomial potential,
V=0C"Fp0 (4.1)

as also studied in [11, 38]. C has dimension of energy and for definiteness, we shall
restrict ourselves to 1 < 8 < 3. In order to guarantee validity of effective field theory
and ensure a definite hierarchy of energy scales, we will impose f < Mp and C' < Mp.
Throughout, we shall assume that the system is already thermalized (see [8, 10, 38,
72, 73, 133] for partially controversial discussions about how a thermal state can be
reached).

4.1 Energy scales without fermion

In a first step, we will neglect the contribution of fermions. Combining eqs. (2.6),
(2.10), (2.11), (2.14), and (2.15), we can express temperature as a function of the field
value () and constants of the theory (see also [11]),

17
oo (1538 ()% COE Mp
N 2712 copngs (N, )P ’

(4.2)

17 An unavoidable upper bound on the number of hidden species is 1032 [130-132].
18 As the simplest example, one could consider a system of N ¢ coupled fermions where each field has
a small mass m ~ (aN.)?T /Ny, cf. eq. (3.6).
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where cqpp is defined in eq. (2.2) and we moreover used eq. (2.9) in the approximation
py =~V > pr. Already here we see an important difference depending on whether 3
is smaller or larger than 4/3. For 5 < 4/3, the temperature increases with decreasing
field value (). In contrast, T' gets lower as (¢) goes down in the case > 4/3.

Next we evaluate () and the slow-roll parameter

M2 1% 2 M2 V! 2
=t lv) ~%(v) 4

B 375C§ph(aNc)20560475M1130 /7
8rog3 (0)" " f3 ’

_ ( B8 S Mp )1/7 _ (4.5)

which gives

(4.4)

6000ct | (alN,)20 ()P +® C4-5

sph

We see that both @ and € grow as (¢) decreases. Now parameter have to be chosen in
such a way that two requirements are fulfilled.

First, we want to focus on a regime where thermal friction dominates. Since @)
grows with time, the minimal condition comes from the point where € crosses 1 and so
the system exits the quasi-de Sitter state. The corresponding field value is

OB 1/(8+6)
= X 4.6
(Plena =7 6000(aN,) 0t CA-F 17 (4.6)
Demanding that @ > 1 for (¢) = (¢),,q implies
1/(4=8) _
25/27T693 f (4+8)/(4-p)
C > Cmin = X — . 4.7
f <3 . 5355031311(@]\[6)20 (MP) ( )
For a given C, the largest field value for which still Q > 1 is
375C§ph(@Nc)2OB6O4_'gM}70 1/(6—5)
<90>max,Q =f 876 f14=B g3 : (4.8)

As it should, (¥) .. q
The next condition on parameter choices comes from validity of EFT (c.f. eq.
(2.16)). Imposing T/ f < 1 at (p) = (¥),,q implies

coincides with (p), 4 for C' = Cyin.

_ 8/2 (4—B)/4 1/(4-8) _
98/2:2 ﬁ/QCSp/hgi )/ (QNC)55/2> ( f )ﬁ/(2(4 8)) (49)

C<Cuax=f ( 5(4-8)/43 38 Mp
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Evidently, a viable parameter choice has to fulfill Cp, < Chax. Since 5/2 < 5+ 4,
comparison with eq. (4.7) shows that we can always achieve this by choosing f/Mp
sufficiently small so that we get the consistent hierarchy of energy scales

Chnin < C < Chax < f < Mp . (4.10)

We will later show realistic parameter values that implement eq. (4.10).

Importantly, eq. (4.10) represents a conservative bound in the case 5 < 4/3. As
the temperature (4.2) decreases with the field value (), the EFT description is valid
So
the only upper bound on (p) comes from the point where thermal effects no longer
dominate (c.f. eq. (4.8)), i.e.,

B<43: (Pleana <(P) < (Phmaxq - (4.11)

In contrast, temperature grows with (@) for § > 4/3. Therefore, the validity of the

throughout the exponential expansion if it is valid at its end where (p) = (¢).4-

EFT description is only guaranteed for () < () where

max,T?

2/(4—38
15/382C% Mp )“ )

(4.12)
272 copn(NL)g, /775

<90>max,T =f (

As it should, (9) .1 = (P)eng fOr € = Crax. In summary, the viable field range for
() is

B>4/3:  ($)ea < () < it ((D)naeq (Paer) (4.13)
Additionally, we can compare the temperature T" and the scale C' of the potential.
Evaluating this quantity at () = () .4, We get
T‘ 5(4-8)/29 528 1/(848) fQBMg 1/(8+8) o
— = . 14
Cle)=(P)ena 257r4—5c§phg£4_ﬁ)/2(och)w C3

Since C' < f < Mp and alN, < 1, we see that T" > C for generic parameter choices.
This resonates with the basic idea of the axion as (pseudo-)Nambu Goldstone boson,
where the symmetry breaking due to the potential should be small.

Finally, we shall consider two examples with concrete parameter values. The first
one is defined by

B=1, f=10Mp, C=10"°Mp, g.=10, a=02, N, =3. (4.15)

For the following estimates, we shall moreover set cgn =~ 1, although an accurate
analysis reveals that cepn also contains a logarithmic dependence on model parameters
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(a) The case 8 = 1, when T/ f decreases as (b) The case 8 = 3, when T'/f increases as
a function of (p), for the parameter choice a function of (p), for the parameter choice
(4.15). (4.16).

Figure 1: Plot of dynamics resulting from the potential (4.1), where the field value
() decreases as time progresses. The slow-roll parameter € is shown in grey, and @ and
T/ f are displayed in blue and orange, respectively. The point where € crosses 1 marks
(©) = (¥).q When the systems exits a quasi-de Sitter stage, while above (@) = ()
the quantity @ falls below 1 and above () = ()
other words, the region (¢) < ()

max,Q

max, T the temperature 7' exceeds f. In

enq does not lead to exponential expansion, whereas

for (¢) > (¥)max.q thermal dissipation is not strong. We remark that for 8 > 4/3, the

field value () where () crosses 1, could also be lower than (p)

max,Q’ max,T"
and dynamical quantities; see [38] for details. Evaluating eqgs. (4.7) and (4.9), we see
that Coin = 5- 107 Mp < C < Cpax = 1-107"Mp, in accordance with the hierarchy
(4.10). From egs. (4.6) and (4.8) we get (p).q ~ 107>Mp and (¢),.. o ~ 10°Mp.
Finally, eq. (4.14) shows that T/C/|,)—(. , =~ 21 > 1. The dependence of the ¢, @ and
T on the field value () is shown in fig. 1a.

As second exemplary parameter choice is

B=3, f=10°Mp, C=10"Mp, g, =10, a=02, N.=3. (4.16)

Now we have Cpiy &~ 71078 Mp < C < Cpax &~ 5+ 10711 Mp as well as (p)
7107 Mp, () max.q = 102Mp, and (p) ...+ = 5Mp, where we also took into account eq.
(4.12), and additionally T'/C|(uy(s. . = 5-10%. For the values (4.16), the dependence
of the relevant quantities on (y) is depicted in fig. 1b.

~
end

4.2 Order of magnitude of fermionic effects

Now that we know how different energy scales are related to each other, we determine
which of the mechanisms for the restoration of sphaleron heating is relevant in a realistic
scenario of exponential expansion due to an axion. Throughout this subsection, we leave
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out all dimensionless parameters and thereby only focus on ratios of energies. Then we
get from eqs. (4.7) and (4.9)

f )(4+ﬁ)/(4—6)

¥ B/(2(4-8))
. ) )

Cryin ~ f ( , Chax ~ (MP
where the symbol ~ indicates that we ignore all numerical factors and constants
(g, a, Ne, etc.). In this way, we can determine which mechanisms are naturally opera-
tive as a result of energy hierarchies that are inevitably present. Evidently, we cannot
exclude that our findings change in a concrete scenario if some of the dimensionless
parameters are chosen to be sufficiently small (or large).

The efficiency of both a chiral mass and an external chemical potential depends on

temperature (c.f. egs. (3.6) and (3.17)). For § < 4/3, it is in the range

OB §38—4\ =B/ (6-5)8) C O\ B28)/B+H)
. <Ts , (4.18)
Cn](aﬁxil) f Cmax

where the lower bound comes from the requiring @ > 1, i.e., (p) = (cp)max,Q, while the

upper bound is due to {(p) = ()4 For the example (4.15), we have T'({p) .. q) =
0.09f and T'((¢).,4) =~ 0.2f. In the case § > 4/3, we get

O\ E29/6+8) 1 8 38-4\ (4=B)/((6-5)8)
< = <min | 1, S : (4.19)
C1max ~ f ~ C’é‘l(aé(_l)

where now the upper bound comes from the minimum of () = (¢), ... o and () =
The example (4.16) yields
T({(P)ena) = 0.5f while T({(¢) o) = f by construction. Since a chiral mass and an

(@) max,r While the lower bound is due to (p) = (¥).uq-
external chemical potential are more effective at low temperatures, we see that their
relevance decreases with time in the case 5 < 4/3 while it increases 5 > 4/3.

The efficiency of Hubble dilution (c.f. eq. (3.33)) is set by

1/7
LA S (4.20)
TQ ¢2(6+1)C§(475) . .

Therefore, this effect is always more relevant at initial times than towards the end
of the quasi-de Sitter stage. In the example (4.15), &~ 3 - 10° fields are efficient at
() = (#)max.q While = 2-10° would be required at (¢) = (),q- For the choice (4.16),
the corresponding numbers are ~ 55 at (¢) = ()., p and = 5.4-10% at (p) = (p)

Finally, we turn to the direct coupling (3.10) of the axion to the fermion. As

end”

discussed, this coupling must not be too big in order to ensure that the resulting

— 18 —



breaking of the axionic shift symmetry is not stronger than the corresponding effect
due to the potential. It turns out that this condition, which is formulated in eq. (3.12),
leads to a crucial constraint. Evaluating

<('0>end T N (f2Mp) (4=B)(B+8)
V({{e) e

we see that keeping (p). 47T < \/V({¢)) requires C' > f whereas the bound (4.9)
implies C' < Cpax < f. Thus, it seems difficult to keep the breaking of the axionic

, (4.21)

shift symmetry small while guaranteeing the validity of the EFT-description. Indeed,
we confirm that (@), 47 > +/V({p)) in both examples (4.15) and (4.16).

Summarizing, we can categorize the different mechanisms for restoring sphaleron
heating two categories:

e Static mechanisms. Chirality violating interactions due to a direct Yukawa cou-
pling to another field (see eq. (3.9)) or a second sphaleron (see eq. (3.16)) are
independent of T" and (p). Instead, their efficiency is solely determined by the
comparison of the values of fundamental constants, comparing the newly added
coupling constant to the interaction strength ~ aN, of the sphaleron driving the
exponential expansion.

e Dynamical mechanisms. The chiral mass (see eq. (3.6)) and the external chemical
potential (see eq. (3.17)) work better with lower temperatures. Therefore, their
importance decreases over time for 5 < 4/3 while it increases in the opposite case.
For all 1 < 8 < 3, the efficiency of Hubble dilution (see eq. (3.33)) diminishes in
the course of evolution. Therefore, the aforementioned effects are complimentary
for § > 4/3, with chiral mass/external chirality violation and Hubble dilution
becoming important for late and early times, respectively. A special case of a
dynamical mechanism is a direct Yukawa coupling of fermions to the axion. For
the monomial potential (4.1), it seems to be disfavored, as long as the breaking
of the axionic shift symmetry is kept small (c.f. egs. (3.10) and (3.12)).

4.3 Outlook: new mechanisms for ending warm inflation

The efficiency of some of the mechanisms discussed in section 3 only depends on funda-
mental coupling constants. Examples include scatterings mediated by Yukawa interac-
tions and the presence of a second sphaleron, see (3.9) and (3.16). In other cases, the
effective dissipation coefficient .4 depends on T" and ¢. For instance, the chiral mass
and the external chemical potential work better with lower temperatures, cf. (3.6) and
(3.17). Likewise, the right hand side of (3.33) is a function of T" and ¢. This implies
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that the effect of fermions on sphaleron heating can lead to new dynamical mechanisms
for ending exponential expansion, i.e., a graceful exit for inflation, if sphaleron heating
is disabled during the course of warm inflation. They can in principle also switch on
the dissipation coefficient s dynamically.

Which of these options is realized depends on the time evolution of () and T, which
is model-dependent. For instance, for the type of potentials considered in (4.1), the
relation (4.2) implies that T decreases as a function of () if § < 4/3 and increases with
(¢) for B > 4/3. Since () decreases with time,'? this e.g. implies that chiral masses
can switch on or off sphaleron heating if 5 > 4/3 or 5 < 4/3, respectively. The same is
true for an external chemical potential as discussed in section 3.3, with the additional
feature that this chemical potential can evolve dynamically if other degrees of freedom
are out of equilibrium. This may open up the possibility for a common dynamical
origin of the baryon asymmetry and the end of inflation. Finally, eqgs. (3.33) and (4.20)
show that the number of spectator fermions that is needed to re-activate sphaleron

heating by Hubble expansion alone scales as Ny o (gp>_2(1+ﬂ )T

, i.e., a fixed number Ny
of fermions that is present in the theory may be sufficient to enable sphaleron heating
at some initial time but fails to do so once () drops below a critical value that depends

on f, N, a, § and g,, thereby ending warm inflation.

5 Conclusions

Sphaleron heating is a non-perturbative effect that can generate a sizeable dissipation
term for a slowly evolving pseudoscalar field (axion) in a plasma of non-Abelian gauge
bosons without inducing large corrections to its effective potential. This makes it an
attractive mechanism to drive warm inflation or warm dark energy. However, it has
been pointed out that the mechanism is very sensitive to the presence of light fermions
that are charged under the non-Abelian gauge group. If one considers a system that
is only composed of the axion, gauge fields and massless fermions, the dissipation term
in the axion equation of motion is exactly cancelled due to a contribution arising from
the chemical potential generated in the fermion fields. Since all known fermions are
massless in the symmetric phase of the electroweak gauge theory, this raises the question
how feasible the sphaleron heating mechanism is in the real world.

In the present work, we investigated how this conclusion changes if one considers
a particle physics framework that qualitatively resembles what we know from the SM,
such as the presence of Yukawa interactions, other sources of parity violation in addition
to the axion coupling or a product gauge group. We find that the presence of any of

19We assume (¢) > 0 throughout.
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these ingredients can alleviate the cancellation that disables the sphaleron heating
mechanism. In particular, if there is a chirality-violating interaction in any part of the
theory that communicates with the sector driving sphaleron heating, the cancellation
is incomplete and an effective dissipation rate remains. Even the dilution of the chiral
chemical potentials by Hubble expansion alone is capable of enabeling sphaleron heating
in the presence of massless fermions for a sufficiently large number of fields.

Hence, the conclusion that massless fermions disable the sphaleron heating mech-
anism is far from being generic — while it is true that the aforementioned cancellation
can happen in specific setups, it is easily possible to avoid it by using rather generic
ingredients that are known to be realised in Nature and parameters that qualitatively
resemble what we see in the SM. This implies that sphaleron heating driven by a dark
sector represents a realistic possibility to cause accelerated cosmic expansion, may it be
in the early Universe (warm inflation) or now (dark energy radiation). We emphasize
that our results only show the feasibility of this mechanism in principle and at the back-
ground level. The investigation of phenomenological consequences (such as the CMB
power spectrum) is model dependent and should be addressed in dedicated works for
particular scenarios. As an additional bonus, some of the mechanisms that enable or
disable sphaleron heating depend on the temperature and the value of the axion field.
Therefore, their efficiency changes in the course of time evolution, implying that they
can be switched on or off dynamically. This offers a novel way to end inflation that is
not directly related to the shape of the potential.
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