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Abstract

The main result of this paper is to provide an O(n3) algorithm for the
single item constant capacity lotsizing problem with backlogging and a
general number of installable batches, i.e in each time period t we may
install up to mt multiples of the batch capacity, where the mt are given
and are time-dependent. This generalizes earlier results [12, 16] as we
consider backlogging and a general number of installable batches.

We also give faster algorithms for three special cases of this general
problem. When backlogging is not allowed and the costs satisfy the
Wagner-Whitin property the problem is solvable in O(n2 log n) time. In
the discrete case it is possible to solve the problem with and without
backlogging in O(n2) and O(n log n) time respectively.
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1 Introduction

In the single item lotsizing problem there is a demand for a single item in n
consecutive time periods. The demand in period t may be satisfied from pro-
duction in period t or from stock at the end of period t − 1. If backlogging is
permitted, it may also be satisfied from backlog in period t. The production
in each time period is limited by the installed capacity, which is a multiple of
the batch capacity or simply the capacity. The maximum number of batches
that can be installed in each period is given and is time-dependent. The instal-
lable capacity in period t is then the capacity that can be installed in period t.
A problem is uncapacitated (resp. installation uncapacitated) if the capacity
(resp. installable capacity) in any time period t is sufficient to allow production
in that period to satisfy all demand that can be satisfied from t and capacitated
(resp. installation capacitated) otherwise. A problem is called discrete if the
production is equal to the installed capacity. The cost associated with a pro-
duction plan is divided between the production cost, the holding cost and the
backlogging cost in each period. There is also a cost associated with installing
capacity.

Most of the recent literature considers models with cost functions (includ-
ing the capacity costs) that are assumed to be proportional, leading to mixed
integer linear programs. Several authors show that the uncapacitated version
of the model described above is solvable in O(n log n) time for general linear
cost functions and O(n) time if the costs satisfy the so called Wagner-Whitin
property [1, 4, 18, 17].

For capacitated problems Florian et al. [8] and Bitran and Yanasse [2]
have shown that the general problem without backlogging is NP-Hard, even
under various assumptions on the costs or when the problem is discrete. Several
authors have considered the case when the capacity is constant over time and
backlogging is not allowed. Pochet and Wolsey [12] showed that the installation
uncapacitated case is solvable in O(n3) time while van Hoesel and Wagelmans
[16] give a O(n3) algorithm for the installation capacitated case when only one
batch can be installed in each period.

The literature on the constant capacity discrete lotsizing problem mostly fo-
cusses on the problems with startup times or costs (e.g. Fleischmann [5, 6], van
Hoesel et al. [15], van Eijl [13], van Eijl and van Hoesel [14]). Lasdon and Ter-
jung [9] consider backlogging and setup times. Recently Miller and Wolsey [10]
studied formulations for the discrete lotsizing problem with backlogging and/or
initial stock. In particular, they provide integral formulations of polynomial size
for the single item case with either backlogging or initial stock, but not both,
thereby showing that these two problems are solvable in polynomial time.

This paper is organized as follows. We begin by reviewing some standard
complexity results that we use in this paper in Section 2. The notation is also
introduced. The rest of the paper is divided in two main sections. Section 3 deals
with problems without backlogging, while problems involving backlogging are
treated in Section 4. Each of these two sections is similarly divided into three
subsections. The first one introduces building blocks useful for the next two
subsections. The second and the third study the discrete case and the general
case respectively. Finally, we discuss the results obtained and open questions.
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2 Preliminaries

In this section we introduce the notation and present some useful known results.
Let n be the length of the planning horizon. We normalize the batch capacity

to 1, so that it will never appear in the models that we will consider. For each
period t ∈ {1, . . . , n} the following data is given:

dt demand in t,
mt maximum number of installable batches in period t,
pt unit production cost in t,
ft unit set-up cost in t,
ht unit holding cost in t (defined also for t = 0),
gt unit backlogging cost in t (defined also for t = 0).

We suppose that all data is rational and that mt are nonnegative integers.
We also define the unit vector et = {0, 0, . . . , 0, 1, 0, . . . , 0} where the one is in
position t. For ease of presentation, we will often index d, m or e by intervals
or (multi-)sets. This denotes the sum over the indexing interval or set. For
example, dkl =

∑l
t=k dt and eS =

∑
t∈S et where S ⊆ {1, . . . , n}. Note that S

may be a multiset, i.e. it may contain the same element several times. Finally
(x)+ denotes max(x, 0).

We model the different problems as mixed integer programs using the fol-
lowing variables defined for each period t ∈ {1, . . . , n}:

xt production in t,
yt number of batches that are installed in t,
st stock at the end of t (defined also for t = 0),
rt backlog in t from later periods (defined also for t = 0).

This leads to the following formulation of the constant capacity lotsizing problem
with backlogging and a general number of installable batches (denoted by LSB):

min
n∑

t=1

ftyt +
n∑

t=1

ptxt +
n∑

t=0

htst +
n∑

t=0

gtrt, (1)

st−1 + rt+xt = dt + rt−1 + st 1 ≤ t ≤ n, (2)
(LSB) xt ≤ yt 1 ≤ t ≤ n, (3)

s,r, x ≥ 0, (4)
yt ∈ {0, 1, . . . ,mt} 1 ≤ t ≤ n. (5)

This is the problem considered in Section 4.3. All other problems will be defined
as special cases. The following results are well known and will be used later.

Proposition 1 (x + a + b)+ − (x + a)+ ≥ (x + b)+ − (x)+ for any a, b ≥ 0 and
x ∈ R.

Proof. It follows from the convexity of x 7→ (x)+.

Proposition 2 If a function f defined on the interval of integers [a, b] is non-
decreasing and can be evaluated in constant time, then, for any y, one can find
the values

min
a≤x≤b

{x ∈ Z : f(x) ≥ y} and max
a≤x≤b

{x ∈ Z : f(x) ≤ y},

and the corresponding values of x in O(log(b− a)) time by binary search.
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Proposition 3 [19] Let the cost φab of the interval [a, b] be given for all integers
a and b satisfying 1 ≤ a ≤ b ≤ n. The problem of partitioning the interval of
integers [1, n] into subintervals with minimum cost is solvable in O(n2) time by
dynamic programming.

In the rest of this paper, we will denote by Partition-Int (φ) the function
which computes the cost of this optimal partition.

Let M = (N,F) be a polymatroid where F is the set of independant multi-
sets on the ground set N , and let f ∈ R|N | be an objective function. Let y(p)
denote the lexicographically earliest optimal solution of the following associated
optimization problem.

max
∑
i∈N

fiyi,∑
i∈N

yi = p,

S(y) ∈ F ,

y ∈ Z
|N |
+ ,

where S(y) denotes the multiset containing the element i ∈ N yi times. The
next proposition essentially follows from the correctness of the (reverse) greedy
algorithm when applied to polymatroids.

Proposition 4 [11] S(y(p)) ⊂ S(y(q)) (i.e. y(p) < y(q)) for any p < q.

As a corollary, to obtain y(p) from y(q), it suffices to remove from y(p) the
q−p most expensive elements. When describing algorithms, we will denote this
operation by y(p)← Greedy-Decrease (y(q), q − p).

3 Problems without Backlogging

3.1 Building Blocks

Consider the following problem Q(j) for 1 ≤ j ≤ n:

max
∑j

i=1 fiyi, (6)∑t
i=1 yi ≤ δt 1 ≤ t ≤ j − 1, (7)

yt ∈ {0, 1, . . . ,mt} 1 ≤ t ≤ j, (8)

where δ ∈ Zn
+. Let δ0 = 0 and ηj = min0≤t≤j [δt + mt+1,j ] = min(δj , ηj−1 +mj)

for all 1 ≤ j ≤ n.

Proposition 5 All solutions of (7)–(8) having maximal cardinality satisfy

j∑
i=1

yi = ηj−1 + mj . (9)
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Proof. Let k = arg min0≤t≤j−1 [δt + mt+1,j ]. If
∑j

i=1 yi > min0≤t≤j−1 [δt+
mt+1,j ], then y does not satisfy (7) for t = k or, if k = 0, y does not satisfy
(8). So by contradiction suppose that

∑j
i=1 yi ≤ min0≤t≤j−1 [δt + mt+1,j ] − 1.

There exists a period t which satisfies yt < mt. Let l be the last such period.
Then y′ = y + el is feasible in (7)–(8) and contradicts the maximality of y.

Corollary 6 The set of feasible solutions of (7)–(8) forms a polymatroid.

We denote by Q(j, p) the problem Q(j) with the cardinality constraint∑j
i=1 yi = p. We also define Q as the collection of problems {Q(j, βj)}nj=1

where βj ≥ δj for each 1 ≤ j ≤ n. Problem Q is a useful building block for
solving later problems.

The output of the following algorithm is a n-dimensional vector φ, where φj

is the value of the optimal solution of Q(j, βj). The first seven lines constitute
the initialization.
Solve-Q(n, β, δ, f, m)

1 η0 ← 0
2 for j ← 1 to n
3 do ηj ← min(δj , ηj−1 + mj)
4 if β1 > m1

5 then φ1 ←∞
6 else φ1 ← β1f1

7 y ← (η1, 0, . . . , 0)
8 for j ← 2 to n
9 do yj ← mj

10 if mj + ηj−1 < βj

11 then φj ←∞
12 y ← Greedy-Decrease(y, (mj + ηj−1 − ηj)+)
13 else y ← Greedy-Decrease(y, mj + ηj−1 − βj)
14 φj ←

∑j
i=1 fiyi

15 y ← Greedy-Decrease(y, βj − ηj)
16 return φ

Example 1 Consider the following instance of Q with n = 6.

Period 1 2 3 4 5 6
f 15 15 27 19 16 42
m 2 2 1 3 4 1
δ 1 3 3 5 7 8
β 2 4 4 6 8 9

The maximal solutions have cardinality η = [1, 3, 3, 5, 7, 8]. The following tables
show how the vector y is modified during the course of Solve-Q. The second to
last column gives the line number of Algorithm Solve-Q which lead to the new
values. The cost φj is indicated in the last column.
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Iteration y1 y2 y3 y4 y5 y6 Line Cost
Init. 1 15

2 1 2 2
1 2 5 ∞

3 1 2 1 2
1 2 1 7 72
1 2 0 9

4 1 2 0 3 2
1 2 0 3 7 102
1 2 0 2 9

5 1 2 0 2 4 2
1 2 0 1 4 7 128
1 2 0 0 4 9

6 1 2 0 0 4 1 2
1 2 0 0 4 1 5 ∞

Proposition 7 Algorithm Solve-Q is correct.

Proof. We prove the following invariant at the beginning of the loop of line 8:
y is an optimal solution of Q(j − 1, ηj−1). The execution of lines 1 to 7 ensures
that it is true for j = 2. So suppose it is true at the beginning of the loop for any
j. Since

∑j−1
i=1 yi ≤ ηj−1 and yj ≤ mj , y is an optimal solution of Q(j, ηj−1+mj)

after line 9. Also, this implies that Q(j, βj) is infeasible if δj−1 + mj < βj (Line
10). In this case, φj is assigned an infinite value and, by Proposition 4, the loop
invariant is restored in Line 12. Otherwise, by Proposition 4 and Corollary 6,
Greedy-Decrease (y, ηj−1 +mj−βj) outputs an optimal solution of Q(j, βj).
Finally, the loop invariant is restored in Line 15.

We now discuss an efficient implemention of Solve-Q. We maintain a pri-
ority queue F , see, e.q. [3], wich contains the element t if yt > 0. The cost
ft is the key to the element t in F . The presence of F makes it possible
to find the less profitable period t with yt > 0 in O(1) time. In Line 9,
Insert (F, j) is performed to maintain F . The following implementation of
Greedy-Decrease (y, p) guarantees that the priority queue F is maintained.
Greedy-Decrease(y, p)
1 t←Min(F )
2 yt ← (yt − p)+

3 if yt = 0
4 then Extract-Min(F )
5 if p > yt

6 then Greedy-Decrease(y, p− yt)

Proposition 8 Algorithm Solve-Q can be implemented in O(n log n) time.

Proof. Observe that each period t is inserted in F only once, namely in Line 9.
The first consequence is that the operation Insert (F, j) is O(n log n) overall, as
one call to Insert (F, j) is O(log n). The second consequence is that each period
t can be extracted from F only once also. Therefore, there are at most n calls to
Extract-Min (F ) overall, each one being O(log n). Note also that each time
Greedy-Decrease is executed, if t is not removed from F (i.e. there is no call
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to Extract-Min (F )), then there is no recursive call to Greedy-Decrease.
It follows that there can be at most 2n calls to Greedy-Decrease overall, and
Greedy-Decrease is thus O(n log n) overall.

Finally, it is easy to maintain the optimal cost associated to the solution
y during the algorithm in O(n) time, since there are at most O(n) calls to
Greedy-Decrease and Extract-Min. Line 14 is thus O(n) overall.

3.2 Discrete Lotsizing without Backlogging

The discrete lotizing problem DLS is the special case of LSB where xt = yt and
rt = 0 for all periods t, and s0 = r0 = 0. Because of the 2n equality constraints
(2) and xt = yt, we may assume without loss of generality that ht = pt = 0 for
all t. Using the same relations, we rewrite DLS as follows.

min
n∑

i=1

fiyi, (10)

(DLS)
t∑

i=1

yi ≥dd1te 1 ≤ t ≤ n, (11)

yt ∈ {0, 1, . . . ,mt} 1 ≤ t ≤ n. (12)

We solve DLS by reducing it to an instance of Q. We may assume ft > 0 for
all t. Otherwise, we can set mt = 0, replace dt by dt − mt and add ftmt to
the objective. Complementing yi = mi − yi for all i, we obtain an equivalent
packing formulation of DLS:

n∑
i=1

fimi− max
n∑

i=1

fiyi, (13)

t∑
i=1

yi ≤ m1t − dd1te 1 ≤ t ≤ n, (14)

yt ∈ {0, 1, . . . ,mt} 1 ≤ t ≤ n. (15)

Proposition 9 All optimal solutions of (13)–(15) satisfy

n∑
i=1

yi = min
0≤t≤n

(m1n − dd1te) . (16)

Proof. As ft > 0 for all t, optimal solutions are maximal. A similar argument
to that of Proposition 5 yields the desired result.

Therefore, replacing (14) for t = n by (16) does not change the set of optimal
solutions. We obtain an instance of Q by letting βj = min0≤t≤n (m1n − dd1te)
for all j and δj = m1j − d1j . Denoting by φ the ouput of Algoritm Solve-Q
executed on this instance, the optimal cost of (13)–(15) is φ1. We therefore have
the following result.

Proposition 10 DLS can be solved in O(n log n) time.
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3.3 Constant Capacity Lotsizing with Wagner-
Whitin Costs

The constant capacity lotsizing problem with Wagner-Whitin (WW ) costs is a
special case of LSB in which rt = 0 and pt + ht ≥ pt+1 for all t. Because of
the n equality constraints (2), we may assume without loss of generality that
pt = 0 for all t. For notational convenience, we also suppose that s0 = 0. Thus,
we obtain the following formulation.

min
n∑

t=1

ftyt +
n∑

t=1

htst, (17)

t∑
i=1

xi = d1t + st 1 ≤ t ≤ n, (18)

(WW ) xt ≤ yt (19)
s, x ≥ 0 (20)

yt ∈ {0, 1, . . . ,mt}. (21)

Furthermore, without loss of generality, we may assume that ft ≥ 0. Otherwise,
we can add a constant term ftmt to the objective and work with a zero capacity
cost in t.

Following the approach of Zangwill [20], we characterize extreme optimal
solutions. Given an extreme solution (x, y, s), we call t a regeneration period if
st = 0 and [a, b] a regeneration interval if a − 1 and b are regeneration periods
with no regeneration periods in between. Because we are considering extreme
solutions, there can only be at most one period j in [a, b] with 0 < xj < yj

which we call the fractional period of this regeneration interval. Let ρab =
dab − (ddabe − 1).

From ft ≥ 0, it follows that there exists an extreme optimal solution such
that

xt =


yt − 1 + ρab if t is the unique fractional period of the regeneration

interval [a, b],
yt for all periods t which are not fractional periods.

Up to now, we have not used the Wagner-Whitin property. The next proposition
shows why this property is interesting.

Proposition 11 With Wagner-Whitin costs, there exists an extreme optimal
solution of (17)–(21) such that in each regeneration interval [a, b], the fractional
period is a.

Proof. Supppose by contradiction that for each extreme optimal solution θ =
(x, y, s) there exists an interval [aθ, bθ] and a period aθ < jθ ≤ bθ for which
0 < xjθ

< yjθ
. Let us fix θ = (x∗, y∗, s∗) as the the lexicographically latest

optimal extreme solution. Observe first that y∗aθ
cannot be zero. Otherwise

either the demand daθ
could not be satisfied or in the case of zero demand we

would have s∗aθ
= 0. Let ε = min[xaθ

,mint=aθ,...,jθ−1 s∗t ] > 0. Shifting ε units
of production from aθ to jθ yields a lexicographically better extreme solution
because of the Wagner-Whitin property. This contradicts the lex-optimality of
the solution.
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Corollary 12 With Wagner-Whitin costs, there exists an extreme optimal so-
lution of (17)–(21) such that in each regeneration interval [a, b], st−1 = dt,b −∑b

i=t yi > 0 for a < t ≤ b.

We now fix a and b, and suppose that [a, b] is a regeneration interval. We want
to solve the problem restricted to this interval [a, b]; call this problem INT (a, b).
Using Corollary 12, we eliminate stock by substitution and write INT (a, b) as

φ(a, b) = min
b∑

i=a

(fi −
i−1∑
j=a

hj)yi +
b−1∑
i=a

hidi+1,b, (22)

b∑
i=a

yi = ddabe , (23)

(INT (a, b))
b∑

i=t

yi ≤ddtbe − 1 a < t ≤ b, (24)

yt ∈ {0,1, . . . ,mt} a ≤ t ≤ b. (25)

Constraint (23) ensures that exactly the minimum capacity to produce dab is
installed. Constraint (24) guarantees that st−1 > 0 for 0 < t ≤ b.

Using the equality constraint (23), we can add
∑b−1

j=a hj

(∑b
i=a yi − ddabe

)
to the objective and work with the following equivalent expression.

b∑
i=a

(fi +
b−1∑
j=i

hj)yi +
b−1∑
i=a

hidi+1,b −
b−1∑
j=a

hj ddabe (26)

The coefficient of yi is now independent of a. Hence {INT (a, b)}ba=1 is an
instance of Q, for fixed b. This suggests the following algorithm for solving
WW .
Solve-WW(n, h, f,m, d)
1 for t← 1 to n, b← t to n
2 do ft(b)← ft +

∑b−1
j=t hj

3 δt(b)← ddtbe − 1
4 βt(b)← ddtbe
5 for b← 1 to n
6 do φ(b)← Solve-Q(b− a + 1, β(b), δ(b), f(b),m)
7 for a← 1 to n, b← a to n
8 do φa(b)← φa(b) +

∑b−1
i=a hidi+1b −

∑b−1
j=a hj ddabe

9 return Partition-Int(φ).

Example 2 Consider the following instance of WW with n = 6.

Period 1 2 3 4 5 6
m 1 4 3 1 2 2
f 31 8 13 22 12 15
h 3 2 1 2 3
d 0.6 1.9 2.4 0.3 1.8 1.5
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We show how to compute the values φa(6) for 1 ≤ a ≤ 6. The first
step is to compute the coefficient of y appearing in the modified objective (26).
We obtain f(b) = (42, 16, 19, 27, 15, 15). This yields an instance of Q iden-
tical to that of Example 1. We thus get the same objective values φ(6) =
(∞, 128, 102, 72,∞, 30). To compute the true costs φa(6), we add the constant
terms of (26). This is illustrated in the following table.

Period a 1 2 3 4 5 6
∞ 128 102 72 ∞ 30∑b−1

i=a hidi+1,b 50.4 26.7 14.7 11.1 4.5 0∑b−1
i=a hi ddabe 99 64 36 20 12 0
φ(a, 6) ∞ 90.7 80.7 63.1 ∞ 30

Observe that φ1(6) is assigned an infinite cost even though there is enough
capacity in periods 1 to t to satisfy the demand of periods 1 to t for any t. The
reason is that it is not possible to produce the fractional batch of 0.5 and satisfy
the demand in period 1 of 0.6. Hence [1, 6] cannot be a regeneration interval
with Wagner-Whitin costs.

The solution output by Algorithm Solve-WW for INT (2, 6) is (y2, . . . , y6)
= (4, 1, 0, 2, 1) and (s2, . . . , s5) = (2, 0.6, 0.3, 0.5). We compute φ(2, 6) = produc-
tion costs + holding costs = (4∗8+13+2∗12+15)+(2∗2+1∗0.6+2∗0.3+3∗0.5) =
84 + 6.7 = 90.7 which is identical to the value found in the table.

Proposition 13 The algorithm Solve-WW is correct and runs in O(n2 log n)
time.

Proof. It follows from previous discussion that, after Line 2, φ(a, b) is the
optimal cost of the regeneration interval [a, b]. The cost of an extreme solution
of WW is equal to the sum of the costs of the regeneration intervals composing
it. Therefore, by Proposition 3, Partition-Int(φ) outputs the optimal solution
of WW .

The computations carried out during the initialization and in Line 2 can be
implemented in O(n2) operations. by Proposition 8, Solve-Q is O(n log n) and
there are n calls to it. Hence, Line 1 is O(n2 log n). Finally, Partition-Int is
O(n2) by Proposition 3.

4 Problems with Backlogging

4.1 Building Blocks

Allowing backlogging in a lotsizing problem amounts to allow the violation of
the demand satisfaction constraints, but penalizing such violation. Through
proper normalization, it can be shown that it is equivalent to penalize the slack
(i.e. the stock), the violation (i.e. the backlog), or both. The problem P that we
introduce below is a generalization of the problem Q of the previous section, in
which the violation of constraint (7) is allowed and the slack in (7) is penalized.

Let Problem P be defined as the collection of problems {{P (k, p)}m1k
p=0}nk=1,
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where P (k, p) is formulated as

p∗(k, p) = min
k∑

i=1

(fiyi + hi(
i∑

j=1

yj − d1i)+), (27)

k∑
i=1

yi = p, (28)

yt ∈ {0,1, . . . ,mt} 1 ≤ t ≤ k. (29)

We make the assumption that hi ≥ 0 for all 1 ≤ i ≤ n. Letting st = (
∑i

j=1 yj−
d1i)+ and rt = (d1i −

∑i
j=1 yj)+, we see that P (k, p) is a discrete lostizing

problem with backlogging in which the backlogging costs have been normalized
to zero. In this section, we will sometimes refer to these quantities as the “stock”
or the “backlog” even though they do not appear formally in Problem P (k, p).

Unlike Problem Q(k, p), Problem P (k, p) is not equivalent to the optimiza-
tion of a linear function over a matroid. Yet we will see in the rest of this section
that a natural greedy algorithm keeps most of the properties that it possesses
when applied to matroid optimization problems. We use the following notation
to denote the cost function appearing in (27).

Ck(y) =
k∑

i=1

fiyi + gi(
i∑

j=1

yj − d1i)+


To compare solutions of (27)–(29), we use the total order Ck(y) <lex Ck(z) in
which ties are broken lexicographically, i.e. y is lexicographically earlier than z
when Ck(y) = Ck(z).

Lemma 14 If y = (y1, . . . , yk) is an optimal solution of P (k, p) and
∑l

i=1 yi =
q for some l < k, then y′ = (y1, . . . , yl) is an optimal solution of P (l, q).

Proof. Suppose by contradiction that z′ = (z1, . . . , zl) is a strictly better
solution of P (l, q) than y′. Consider the point z = (z1, . . . , zl, yl+1, . . . , yk). We
have

Ck(z) = Cl(z′) +
k∑

i=l+1

fiyi + hi(q +
i∑

j=l+1

yj − d1i)+

 ,

< Cl(y′) +
k∑

i=l+1

fiyi + hi(q +
i∑

j=l+1

yj − d1i)+

 ,

= Ck(y),

which contradicts the optimality of y.

Lemma 14 suggests the following representation of the solutions of Problem
P .

Definition 1 Let y(p) be the lexicographically earliest solution vector of P (n, p).
The solution matrix pair of Problem P is a pair (Z,A) of matrices of size m1n×n

such that zpk =
∑k

i=1 yi(p) and apk is the value of an optimal solution of P (k, p).
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The following result will be repeatedly used in the rest of this section.

Lemma 15 If C(y − ek1 + ek2) <lex C(y) (i.e. moving one batch from period
k1 to period k2 is profitable) and one of the following conditions hold, then
C(z − ek1 + ek2) <lex C(z) (i.e. the same modification in solution z is also
profitable). The conditions are that either

(a) k1 < k2 and
∑l

i=1 zi ≥
∑l

i=1 yi for k1 ≤ l < k2 (i.e. moving a batch from
k1 to k2 decreases the stock and the stock is higher in z than in y), or

(b) k2 < k1 and
∑l

i=1 yi ≥
∑l

i=1 zi for k2 ≤ l < k1 (i.e. moving a batch from
k1 to k2 increases the stock and the stock is lower in z than in y).

Proof. Condition (a).

C(z − ek1 + ek2)− C(z) = fk2 − fk1 +
k2−1∑
t=k1

ht

[
(

t∑
i=1

zi − 1− d1i)+ − (
t∑

i=1

zi − d1i)+
]

≤ fk2 − fk1 +
k2−1∑
t=k1

ht

[
(

t∑
i=1

yi − 1− d1i)+ − (
t∑

i=1

yi − d1i)+
]

= C(y − ek1 + ek2)− C(y)
≤ 0,

where the first inequality is by Proposition 1. The result follows.
Condition (b). This case is similar to (a).

Note that the proof only relies on a property of the continuous function C.
Hence, Lemma 15 is still true when considering fractional solutions or infeasible
solutions.

Proposition 16 If y is the lexicographically earliest (resp. lastest) optimal
solution of P (k, p − 1), then there exists a period j such that y + ej is the
lexicographically earliest (resp. latest) optimal solution of P (k, p).

Proof. We only prove it for the “earliest” case, since the reasoning is identical
in the “latest” case. Let z be the lexicographically earliest optimal solution of
P (k, p). Let k1 = min{1 ≤ t ≤ k|yt 6= zt} be the earliest period where z and y
are different.
Case 1. Suppose zk1 < yk1 . Because

∑k
i=1 zi =

∑k
i=1 yi + 1, there must exist

t > k1 such that zt > yt. Let k2 be the earliest such t and observe that∑j
i=1 yi −

∑j
i=1 zi > 0 for k1 ≤ j < k2. We have that y + ek2 − ek1 and

z +ek1 −ek2 are feasible in P (k, p−1) and P (k, p) respectively. Thus C(y) <lex

C(y + ek2 − ek1). By Lemma 15, this implies that C(z + ek1 − ek2) <lex C(z),
which contradicts the optimality of z in P (k, p).

Case 2. Suppose zk1 > yk1 and that there exists a k2 > k1 such that zk2 <
yk2 . Because y + ek1 − ek2 is feasible in P (k, p− 1), C(y) <lex C(y + ek1 − ek2).
Observe that z − ek1 + ek2 is feasible in P (k, p) and has higher stock between
k1 and k2 than y. By Lemma 15, this implies that C(z − ek1 + ek2) <lex C(z),
which contradicts the optimality of z in P (k, p).

Case 3. Suppose zk1 > yk1 and there does not exist a t > k1 such that
zt < yt. Because

∑n
i=1 zi =

∑n
i=1 yi + 1, k1 is the only period where y and z

differ. Thus, the proposition is true.

12



These two results lead the following greedy algorithm.
Generic-P(n, h, f,m, d)

1 y ← (0, . . . , 0)
2 for p← 1 to m1n

3 do for j ← 1 to n
4 do c(j)← Cn(y + ej)− Cn(y)
5 k ← min arg minj:yj 6=mj

c(j)
6 yk ← yk + 1
7 for j ← 1 to n
8 do zpj ←

∑j
i=1 yi

9 for j ← 1 to n
10 do apj ← Cj(y)

Definition 2 The solution sequence of Problem P is the sequence of periods
selected by Algorithm Generic-P in Line 3.

Example 3 Consider the following instance of P .

1 2 3 4 5
d 0.3 1.2 2.1 0.7 1.6
m 2 1 4 1 2
f -4 -1 -2 -1 2
h 2 1 3 1 2

d1t 0.3 1.5 3.6 4.3 5.9

We detail the first six iterations. Algorithm Generic-P will compute the fol-
lowing values c(j) = Cn(y + ej) − Cn(y). The smallest cost chosen at each
iteration is highlighted. A star means that yt = mt so that this period cannot be
choosen anymore.

Iteration c(1) c(2) c(3) c(4) c(5) C5(y)
1 −2.6 −1 −2 −1 2 −2.6
2 −1.5 −0.5 −2 −1 2 −4.6
3 −1.5 −0.5 −2 −1 2 −6.6
4 −0.3 0.7 −0.8 −1 2 −7.6
5 0.4 1.4 −0.1 −0.3∗ 2 −7.7
6 2.7 3.7 2.2 0.2∗ 2.2 −5.5

The solution sequence is 〈1, 3, 3, 4, 3, 3〉. After the sixth iteration, the matri-
ces Z and A output by the algorithm contain:

Z =


1 1 1 1 1
1 1 2 2 2
1 1 3 3 3
1 1 3 4 4
1 1 4 5 5
1 1 5 6 6

 , A =


−2.6 −2.6 −2.6 −2.6 −2.6
−2.6 −2.6 −4.6 −4.6 −4.6
−2.6 −2.6 −6.6 −6.6 −6.6
−2.6 −2.6 −6.6 −7.6 −7.6
−2.6 −2.6 −7.4 −7.7 −7.7
−2.6 −2.6 −6.4 −5.7 −5.5


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Corollary 17 The solution sequence S′ of P (n′, p′) with n′ ≤ n and p′ ≤ p is
the subsequence of the solution sequence S of P (n, p) restricted to the first p′

periods less than or equal to n′ in S.

The correctness of Algorithm Generic-P follows immediately from Proposi-
tion 16 and Lemma 14. However, the algorithm’s complexity is unsatisfactory as
it is proportional to m1n. Given a solution y, we partition the time periods into
the sets Sj

y = {t|d
∑t

i=1 yi − d1te = j} for j ≤ 0 and S+
y = {1, . . . , n} \

⋃
j≤0 Sj

y.

Proposition 18 During the execution of Algorithm Generic-P, the vector c
needs updating in Line 2 only if {k, . . . , n}∩(S−1

y ∪S0
y) 6= ∅, where k is the period

chosen in Line 3 in the previous iteration. This happens at most 2n times.

Proof. Expanding c(j) yields (we use the notation cy(j) to emphasize the
dependance on y)

cy(j) = Cn(y + ej)− Cn(y) = fj +
∑

i∈S+
y

i≥j

hi +
∑
i∈S0

y

i≥j

hiγi,

where γi = dd1ie − d1i. Thus, when y is updated to y + ek, we can update c(j)
as follows.

∆ck(j) = cy+ek
(j)− cy(j) =

∑
i∈S0

y

i≥max{j,k}

(1− γi)hi +
∑

i∈S−1
y

i≥max{j,k}

hiγi. (30)

Hence, cy+ek
differs from cy only {k, . . . , n} ∩ (S−1

y ∪ S0
y) 6= ∅. Furthermore, if

t ∈ {k, . . . , n} and t ∈ Si
y, then t ∈ Si+1

y+ek
. Hence, if cy+ek

6= cy, there exists
a period t such that either t ∈ S−1

y and t ∈ S0
y+ek

or t ∈ S0
y and t ∈ S1

y+ek
.

Moreover, the index i of the set Si
y to which belongs a given period always

increases during the execution of the algorithm. Consequently, there can be at
most 2n iterations such that cy+ek

6= cy.

Observe that Proposition 18 applies to the second and third iteration of
Example 3: Cn(y + ej) − Cn(y) remains the same, and iteration 3 “repeats”
the calculations performed in iteration 2. Indeed, the second row of Z and the
second row of A are exactly the mean between the first and the third rows. More
generally, suppose that c(y) is not modified during iterations p, p + 1, . . . , p + k
of Generic-P. Then, rows p to p + k of the corresponding matrix solution
pair (Z,A) can be computed by interpolating the rows p − 1 and p + k + 1.
Identifying such “redundant” iterations is key to the efficient implementation
that we discuss now. The following definition formalizes this idea.

Definition 3 Let y(p) be the lexicographically earliest solution vector of P (n, p)
and (Z ′, A′) the solution matrix pair of P . A compact solution matrix pair
(Z,A) of Problem P is a pair of matrices of size O(n) × n such that Z and A
are submatrices of Z ′ and A′ respectively, and satisfy the following conditions
for any p ≥ 2.

(i) (zp1, . . . , zpn) − (zp−1,1, . . . , zp−1,n) = kein for some i ∈ [1, n] and k a
nonnegative integer.
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(ii) For any q such that zp−1,n < q < zpn,

p∗(n, q) = ap−1,n + (q − zp−1,n)
apn − ap−1,n

zpn − zp−1,n
.

A compact solution matrix is thus a small submatrix of a solution matrix, from
which it is easy to recompute the missing rows. Proposition 18 implies that
there always exists a compact solution matrix pair. In the following algorithm,
the sets Si

y are implemented as a vector σ(t) = i if t ∈ Si
y. Given an instance of

P , Solve-P outputs the compact solution matrix pair (Z,A) and the number
of rows q.
Solve-P(n, h, f,m, d)

1 y ← (0, . . . , 0)
2 for t← 1 to n
3 do σ(t)← d−d1te
4 for t← 1 to n
5 do if σ(t) = 0
6 then c(t)← ft + htγt

7 else c(t)← ft

8 repeat
9 k ← min arg minj{c(j) : yj < mj}

10 p′ ← max
{
1,mint≥k:σ(t)≤0[−σ(t)]

}
11 p← min{p′,mk − yk}
12 yk ← yk + p
13 q ← q + 1
14 for t← 1 to n
15 do Z(q, t)← Z(q − 1, t)
16 Z(q, k)← Z(q − 1, k) + p
17 for t← 1 to k − 1
18 do A(t, q)← A(t, q − 1)
19 for t← 1 to k − 1
20 do A(t, q)← A(t, q − 1) + p(c(k)− c(t + 1) + ft+1)
21 ∆c← 0
22 for t← n to k by − 1
23 do switch
24 case σ(t) = −p′ : ∆c← ∆c + htγt

25 case σ(t) ≥ 1− p′ : ∆c← ∆c + ht

26 c(t)← c(t) + ∆c
27 σ(t)← σ(t) + p
28 for t← k − 1 to 1
29 do c(t)← c(t) + ∆c
30 until

∑n
i=1 yi =

∑n
i=1 mi

31 return q, Z, A

Proposition 19 Algorithm Solve-P is correct.

Proof. We prove the following invariant.

i. The vector y is the lexicographically earliest optimal solution of the problem
P (n,

∑n
i=1 yi).

15



ii. The vector σ satisfies σ(t) = i for all t ∈ Si
y.

iii. c(j) = Cn(y + ej)− Cn(y).

The invariant is true following the initialization. By Proposition 16, the algo-
rithm chooses the correct period k. We increase yk until there is a change in c(j).
This will happen after max

{
1,mint≥k:σ(t)≤0[−σ(t)]

}
increments by Proposition

18. In Line 11, we prevent yk from exceeding its upper bound mk.
In lines 13 to 20, the output is recorded. The expression c(k)−c(t+1)+ft+1

has a value of

Cn(y + ek)− Cn(y)− (Cn(y + et+1)− Cn(y)) + ft+1

= fk − ft+1 +
t∑

i=k

hi

(
i∑

j=1

yj + 1− d1i)+ − (
i∑

j=1

yj − d1i)+

 + ft+1

= Ct(y + ek)− Ct(y).

This justifies Line 20.
The block of lines 21–29 updates the vectors c and σ for the new incumbent.

Using (30), we can calculate ∆ck(j) recursively:

∆ck(j) = ∆ck(j + 1) +


hj(1− γj) if j ≥ k, j ∈ S0

y ,
hjγj if j ≥ k, j ∈ S−1

y ,
0 otherwise.

(31)

This is implemented by the switch in line 23.

Example 4 We detail the two first iterations of Algorithm Solve-P on the
same instance than that of Example 3). After the initialization, the situation is
the following.

1 2 3 4 5
y 0 0 0 0 0
σ 0 −1 −3 −4 −5
c −2.6 −1 −2 −1 2

Iteration 1. We compute k = 1, p′ = 1 and p = 1. Then ∆c1(5) = ∆c1(4) =
∆c1(3) = 0, ∆c1(2) = 0 + 1 ∗ 0.5 = 0.5 and ∆c1(1) = 0.5 + 2 ∗ (1− 0.7) = 1.1.
The updated values are as follows.

1 2 3 4 5
y 1 0 0 0 0
σ 1 0 −2 −3 −4
c −1.5 −0.5 −2 −1 2

A =
(

1 2 3 4 5
−2.6 −2.6 −2.6 −2.6 −2.6

)
Iteration 2. We compute k = 3, p′ = 2 and p = 2. Then ∆c3(5) = ∆c3(4) = 0,
∆c3(3) = 3 ∗ 0.4 = 1.2 and ∆c3(2) = ∆c3(1) = 1.2. The updated values are as
follows.
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1 2 3 4 5
y 1 0 2 0 0
σ 1 0 0 −1 −2
c −0.3 0.7 −0.8 −1 2

A =
(

1 2 3 4 5
−2.6 −2.6 −6.6 −6.6 −6.6

)
Note that this second iteration of Algorithm Solve-P removes the redundant

third iteration of Algorithm Generic-P (see the beginning of Example 3).

Proposition 20 Algorithm Solve-P terminates after O(n2) operations.

Proof. At each iteration, either yk reaches its bound mk or an update of c is
necessary. There can be at most n events of the first type and, by Proposition
18, at most 2n events of the second type. Hence there can be at most 3n
iterations. The initialization and one iteration are both O(n).

Lemma 21 The optimal cost of P (n, p) is a convex function of p.

Proof. The relation (30) and the fact that ht ≥ 0 imply that the value of
minj c(j) increases monotonically during the course of Solve-P. The result
follows.

Lemma 22 Two instances P 1 and P 2 of P (n, q) differing only by the demand
in period n have the same optimal solutions.

Proof. The cost functions of the two instances differ by the constant term
hn

(
(q − d1

1n)+ − (q − d2
1n)+

)
where di is the vector of demands of P i. Moreover,

the two problems have the same feasible set. The result follows.

Proposition 23 Let P 1 and P 2 be two identical instances of P (n, q) except
that m2

j = m1
j − 1 for some 1 ≤ j ≤ n. Let yi denote the lexicographically

earliest optimal solution of P i. Then y2 = y1 − ej + el for some 1 ≤ l ≤ n.

Proof. As P 1 is a relaxation of P 2, if y1
j ≤ m1

j − 1 = m2
j , then y1 is feasible

in P 2 and thus optimal in P 2. In this case, the proposition is true with l = j.
Therefore, we can suppose that y1

j = m1
j .

Let αi =
∑j−1

t=1 yi
t for i = 1, 2. By Lemma 14, [yi

1, . . . , y
i
j−1] is the opti-

mal solution of P i(j − 1, αi). Since P 1 and P 2 are identical in the interval
[1, j − 1], Proposition 16 implies that (y2

1 , . . . , y2
j−1) = (y1

1 , . . . , y1
j−1) − eS or

(y2
1 , . . . , y2

j−1) = (y1
1 , . . . , y1

j−1) + eS where S is a multiset on the ground set
{1, . . . , j − 1}.

Without loss of generality, we may assume that d1n = q =
∑n

i=1 yj since by
Lemma 22, changing dn does not affect the optimal solution. This assumption
allows us to consider time in reverse order, and make a similar statement re-
garding (y2

j+1, . . . , y
2
n) and (y1

j+1, . . . , y
1
n) over the interval [j + 1, n]. Therefore,

at least one of the following case is true.

(i) y2 = y1 − λej − eS + eT , |T | = λ + |S|,
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(ii) y2 = y1 − λej + eS − eT , |S| = λ + |T |,

(iii) y2 = y1 − λej + eS + eT , λ = |S|+ |T |,

where S and T are multisets on the ground set {1, . . . , j− 1} and {j +1, . . . , n}
respectively, and λ ≥ 1. We show that in case (i) the only possibility is |T | = 1
and S = ∅, that in case (ii) the only possibility is |S| = 1 and T = ∅, and that
in case (iii) the only possibility is that λ = 1 and either S or T is empty.

Case (i). Suppose by contradiction that |T | ≥ 2. Let k = j if λ > 1 and
k = maxt∈S t otherwise. Let l1 and l2 be two periods in T . Then C(y2) <lex

C(y2− el2 + ek) since y2 is optimal in P 2. Observe that y1− ek + el2 is feasible
in P 1 and has more stock between periods k and l2 than y2. Hence, by Lemma
15, C(y1 − ek + el2) <lex C(y1 − ek + el2 − el2 + ek) = C(y1). This contradicts
the optimality of y1 in P 1.

Case (ii). This case is identical to case (i) when considering time in reverse
order. Hence the same arguments shows that |S| = 1.

Case (iii). If S or T is an empty set, then this case reduces to case (i) or case
(ii). Therefore k = maxt∈S t and l = mint∈T t are well-defined. Then C(y2) <lex

C(y2 − el + ej) since y2 is optimal for P 2. Observe that both y1 − ej + el and
y1 − ej + ek are feasible in P 1. Moreover, y1 − ej + el has more stock between
periods j and l than y2. Hence, by Lemma 15, C(y1−ej +ek) <lex C(y1). This
contradicts the optimality of y1 in P 1.

Proposition 24 Let P 1 and P 2 be two identical instances of P (n, q) except
that 0 < ρ = d1

j+1 − d2
j+1 = d2

j − d1
j ≤ 1 for some 1 ≤ j < n (i.e. ρ units of

demand are shifted from j + 1 to j). Let yi denote the lexicographically earliest
optimal solution of P i. Then one of the following is true:

(i) y2 = y1,

(ii) y2 = y1 + ek1 − ek2 , where 1 ≤ k1 ≤ j and j + 1 ≤ k2 ≤ n.

Proof. Let Cni be the cost function associated with problem P i. The following
relation holds

C2(y) = C1(y − ρej + ρej+1), (32)

for any vector y. Let αi =
∑j

t=1 yi
t. By Lemma 14, (yi

1, . . . , y
i
j) is the optimal

solution of P i(j, αi). Moreover, by Lemma 22, P 1(j, q) and P 2(j, q) have the
same optimal solution for any nonnegative integer q. Hence, by Proposition 16,
(y1

1 , . . . , y1
j ) = (y2

1 , . . . , y2
j )± S where S ⊆ {1, . . . , j} is a multiset.

Without loss of generality, we may assume that d1n = q =
∑n

i=1 yj since by
Lemma 22, changing dn does not affect the optimal solution. This assumption
allows us to consider time in reverse order, and make a similar statement re-
garding (y2

j+1, . . . , y
2
n) and (y1

j+1, . . . , y
1
n) over the interval [j + 1, n]. Therefore,

exactly one of the following case is true.

(i) [y2
1 , . . . , y2

n] = [y1
1 , . . . , y1

n]− eS + eT and |S| = |T | ≥ 0 or

(ii) [y2
1 , . . . , y2

n] = [y1
1 , . . . , y1

n] + eS − eT and |S| = |T | ≥ 1,
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where S and T are multisets on the ground sets {1, . . . , j} and {j + 1, . . . , n}
respectively. We analyse each case.

Case (i). Suppose by contradiction that |S| = |T | ≥ 1. Let k = maxt∈S t
and l = mint∈T t. By definition, C2(y2) < C2(y2 − el + ek). Because the stock
between k and l in y1 − ek + el − ρej+1 + ρej is higher than in y2, Lemma 15
implies that C2(y1 − ek + el − ρej+1 + ρej) < C2(y1 − ρej+1 + ρej). By (32) it
follows that C1(y1 − ek + el) < C1(y1), which contradicts the optimality of y1

in P 1. Hence S = T = ∅.
Case (ii). Suppose by contradiction that |S| = |T | ≥ 2. Let k ≤ j be the

latest period such that y2
k > y1

k. Similarly, let l ≥ j + 1 be the earliest such
period such that y2

l < y1
l . By definition, C2(y2) < C2(y2−ek +el). Because the

stock between k and l in y1 − el + ek − ρej+1 + ρej is lower than in y2, Lemma
15 implies that C2(y1 − el + ek − ρej+1 + ρej) < C2(y1 − ρej+1 + ρej). By (32)
it follows that C1(y1 − el + ek) < C1(y1), which contradicts the optimality of
y1 in P 1. Hence |S| = |T | = 1.

4.2 Discrete Lotsizing with Backlogging

The discrete lotizing problem with backlogging DLSB is the special case of LSB
where xt = yt for all periods t, and s0 = r0 = 0. Because of the 2n equality
constraints (2) and xt = yt, we may assume without loss of generality that
gt = pt = 0 for all t. Eliminating xt and rt leads to the following formulation.

min
n∑

i=1

fiyi +
n∑

i=1

hisi, (33)

st ≥
t∑

i=1

yi − d1t 1 ≤ t ≤ n, (34)

st ≥ 0, yt ∈ {0, 1, . . . ,mt} 1 ≤ t ≤ n, (35)

We assume that hi ≥ 0 to avoid unboundedness. DLSB is thus a problem of
type P (n, ·) without the cardinality constraint (28). Therefore, to determine
the optimal solution of DLSB, it suffices to solve the corresponding problem
{{P (k, p)}m1k

p=0}nk=1, and identify the optimal cardinality p. As the compact
matrix solution pair is of size O(n) × O(n), by Lemma 21, this optimal p can
be determined in O(log n) by binary search. The dominating operation to solve
DLSB is thus Solve-P and we have the following result.

Proposition 25 Problem DSLB can be solved in O(n2) time.

4.3 Constant Capacity Lotsizing with Backlogging

This is the most general problem already introduced in Section 2. We restate
it here for the sake of clarity. For notational convenience, we will suppose that
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there is no initial and final stock or backlogging.

min
n∑

t=1

ftyt +
n∑

t=1

ptxt +
n∑

t=0

htst +
n∑

t=0

gtrt, (36)

st−1 + rt+xt = dt + rt−1 + st 1 ≤ t ≤ n, (37)
(LSB) xt ≤ yt 1 ≤ t ≤ n, (38)

s,r, x ≥ 0, (39)
yt ∈ {0, 1, . . . ,mt} 1 ≤ t ≤ n. (40)

where we assume without loss of generality that gt + ht ≥ 0 for all t (otherwise
the objective is unbounded) and ft ≥ 0 (otherwise we can set ft = 0 and add
the constant ftmt to the objective). Because of the flow balance constraints we
may assume that pt = 0 for all t.

Given an extreme solution (x, s, y, r), we call t a regeneration period if st +
rt = 0 and [a, b] a regeneration interval if a − 1 and b are two regeneration
periods with none in between.

Within a regeneration interval of an extreme solution there can only be at
most one period j ∈ {a, . . . , b} with 0 < xj < yj . We call this period the
fractional period of this regeneration interval. Let 0 < ρab = dab− (ddabe− 1) ≤
1. If ρab = 1, there is no fractional period, and one is arbitrarily chosen.
Since ft ≥ 0, it follows that there exists an extreme optimal solution such that
xt = yt in all periods t ∈ {a, . . . , b}, except for the fractional period where
xj = yj − 1 + ρab.

Let φab be the cost of an optimal production schedule for the [a, b] regenera-
tion interval. Once these costs are known for all intervals, the optimal solution of
the problem can be computed in O(n2) calculations by dynamic programming.
We now show how to compute all φab efficiently.

Consider a fixed regeneration interval [a, b]. Let INTab denote the problem
of finding an optimal production plan within [a, b]. Let εt = 1 if the fractional
batch is produced in period t and 0 otherwise and let υt denote the number of
full batches produced in period t. We formulate INTab as follows.

φab = min
b∑

t=a

ftyt+
b−1∑
t=a

(htst + gtrt) (41)

b∑
t=a

υt = ddabe − 1, (42)∑
b
t=aεt = 1, (43)

st − rt =
∑

t
i=a(υi + ρabεi)− dat a ≤ t ≤ b− 1, (44)

yt = υt + εt a ≤ t ≤ b (45)
st, rt ≥ 0, yt ∈ {0, 1, . . . ,mt} a ≤ t ≤ b. (46)

Let INTab(j) be the problem INTab with the additional constraint εj = 1
(i.e. the fractional period is fixed to be j). Furthermore, let us fix the number
of full batches before and after period j to subdivide problem INTab(j) into
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subproblems that we can solve efficiently as follows.

φab(j) = min
ql,qr,qm

l∗a(j, ql) + r∗b(j, q
r) + (qm + 1)fj , (47)

ql + qr + qm = ddabe − 1, (48)
0 ≤qm ≤ mj − 1, (49)

ql, qr, qm integer, (50)

where l∗a(j, ql) is the value of the optimal solution of problem P (j − a + 1, ql)
with data f = (fa, . . . , fj−1), d = (da, . . . , dj−1), h = (ha, . . . , hj−1), g =
(ga, . . . , gj−1) and m = (ma, . . . ,mj−1). Similarly, r∗b (j, qr) is the value of the
optimal solution of the problem P (b − j, qr) with data f = (fb, . . . , fj+1), d =
(db, . . . , dj+1), h = (hb−1, . . . , hj), h = (gb−1, . . . , gj) and m = (mb, . . . ,mj+1).

We will use the results of Section 4.1 and in particular Algorithm Generic-
P (or its efficient implementation Solve-P) to compute the values l∗a(j, ql) and
r∗a(j, qr). A generic algorithm is as follows.
Generic-LSB(n, h, g, f, m, d)

1 for a← 1 to n, b← a to n, j ← a to b
2 do φab(j)←∞
3 for a← 1 to n
4 do f la ← (fa, . . . , fn)
5 dla ← (da, . . . , dn)
6 hla ← (ha, . . . , hn)
7 gla ← (ga, . . . , gn)
8 mla ← (ma, . . . ,mn)
9 for b← 1 to n

10 do frb ← (f1, . . . , fb)
11 drb ← (d1, . . . , db)
12 hrb ← (h0, . . . , hb−1)
13 grb ← (g0, . . . , gb−1)
14 mrb ← (m1, . . . ,mb)
15 for a← 1 to n
16 do (ZAa, AAa, qaa)← Solve-P(hla, f la,mla, dla)
17 for a← 1 to n, j ← a to n, q ← 1 to ma,j−1

18 do l∗a(j, q)← AAa(q, j − a)
19 for b← 1 to n
20 do (ZBb, ABb, qbb)← Solve-P(hrb, frb,mrb, drb)
21 for b← 1 to n, j ← 1 to b, q ← 1 to mj+1,b

22 do r∗b (j, q)← ABb(q, j − b)
23 for a← 1 to n, b← a to n, j ← a to b
24 do Solve the program (47)–(50) .
25 for a← 1 to n, b← a to n
26 do φab ← minj=a..b φab(j)
27 return Partition-Int(φ).

The first 14 lines of the algorithm format the data for the calls to Solve-P of
lines 16 and 20. After these calls to Solve-P, all the values l∗a(j, q) and r∗b (j, q)
appearing in (47) are known. Thus, the programs (47)–(50) can be solved to
compute φab(j) for all 1 ≤ a ≤ j ≤ b ≤ n. It then remains to select the best
possible j for each interval [a, b] and to compute the optimal partition of the
interval [1, n] into regeneration intervals. Thus we have the following result.
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Proposition 26 Algorithm Generic-LSB is correct.

However, the complexity of Generic-LSB is not polynomial in n. It de-
pends on the value of the vector m. Observe that in the simple where case
mt = 1 for each t, the running time becomes O(n4). The algorithm Generic-
LSB may be seen as the natural extension of the O(n4) Florian and Klein
algorithm [7] designed for the same problem but without backlogging. This al-
gorithm also divides the original problem into regeneration intervals problems
in which the fractional period is fixed. The arguments are similar, and the com-
plexity of this type of algorithm is unsensitive to the presence of backlogging.

The next proposition shows how to reduce the number of potentially opti-
mal values of ql, qm, qr to obtain a running time of O(n3). A similar proposition
appears in van Hoesel and Wagelmans [16], where the problem without back-
logging and mt = 1 for all t is studied. We define a surrogate problem INT s

ab(j)
which is identical to INTab(j) except that we neglect the capacity used up by
the fractional batch in period j. Formally, constraint (49) is relaxed to be

qm ≤ mj .

By eliminating all variables rt from the formulation (41)–(46), we see that
INT s

ab(j) is equivalent to an instance of Problem P (b − a + 1, ddabe − 1) with
demand (da, . . . , dj−1, dj − ρab, dj+1, . . . , db).

Proposition 27 Exactly one of the following is true:

(i) υs
ab(j + 1)− υs

ab(j) = 0

(ii) υs
ab(j + 1)− υs

ab(j) = ek1 − ek2 ,

where k1 ≤ j and k2 ≥ j + 1.

Proof Proposition 24 applies to the pair of problems INT s
ab(j) and INT s

ab(j+1)
and the result follows.

The line 24 of Algorithm Generic-P essentially computes the optimal dis-
tribution (ql, qm, qr) (production before period j, in period j and after period j)
for each interval [a, b] and each fractional period j. The algorithm does not need
the precise values υs

ab(j). The following corollary is a translation of Proposition
27 in a vocabulary better suited for describing an algorithm.

We will need the following notation. Let υab(j) (resp. υs
ab(j)) denote the

lexicographically optimal solution of INTab(j) (resp. INT s
ab(j)). Let ql

ab(j) =∑j−1
i=a υab,i(j), qm

ab(j) = υab,j(j) and qr
ab(j) =

∑b
i=j+1 υab,i(j) be the optimal

distribution of the ddabe − 1 full batches in INTab(j). Similarly, let qsl
ab(j) =∑j−1

i=a υs
ab,i(j), qsm

ab (j) = υs
ab,j(j) and qsr

ab(j) =
∑b

i=j+1 υs
ab,i(j) be the optimal

distribution of the ddabe − 1 full batches in INT s
ab(j).

In the next corollary, the case (i) corresponds to the case (i) of Proposition
27. The case (ii) (resp. case (iii)) corresponds to the case (ii) of Proposition
27 and k2 ≥ j + 1 (resp. k2 = j + 1).

Corollary 28 Exactly one of the following is true:

(i) qsl
ab(j) = qsl

ab(j − 1) + qsm
ab (j − 1), qsm

ab (j) = υs
ab,j(j − 1) and qsr

ab(j) =
qsr
ab(j − 1)− υs

ab,j(j − 1),
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(ii) qsl
ab(j) = qsl

ab(j − 1) + qsm
ab (j − 1) + 1, qsm

ab (j) = υs
ab,j(j − 1) and qsr

ab(j) =
qsr
ab(j − 1)− υs

ab,j(j − 1)− 1,

(iii) qsl
ab(j) = qsl

ab(j−1)+ qsm
ab (j−1)+1, qsm

ab (j) = υs
ab,j(j−1)−1 and qsr

ab(j) =
qsr
ab(j − 1)− υs

ab,j(j − 1).

Proposition 27 and Corollary 28 relate the two surrogate problems INT s
ab(j)

and INT s
ab(j +1). What we really need is to relate the optimal solutions of the

real problems INTab(j) and INTab(j + 1). The next proposition provides this
link indirectly by relating the optimal solutions of INT s

ab(j) and INTab(j) for
any j.

Proposition 29 υab(j)− υs
ab(j) = el − ej, where a ≤ l ≤ b.

Proof. INT s
ab(j) and INTab(j) satisfy the conditions of Proposition 23. The

result follows.

Again, we need to translate this result into the language of (ql, qm, qr) in
order to describe an algorithm. If υs

ab,j(j) < mj (case (i) of Corollary 30), the
optimal solution υs

ab(j) of the relaxed problem INT s
ab(j) is feasible in INTab(j).

Hence it is also optimal in INTab(j). If υs
ab,j(j) = mj (case (ii) of Corollary

30), the optimal solution υs
ab(j) of the relaxed problem INT s

ab(j) is infeasible in
INTab(j). Thus, in Proposition 29, we have l < j or l > j. This corresponds to
the case (iia) and (iib) of the Corollary 30 respectively.

Corollary 30

(i) If υs
ab,j(j) < mj then ql

ab(j) = qsl
ab(j), qm

ab(j) = qsm
ab (j) and qr

ab(j) = qsr
ab(j).

(ii) If υs
ab,j(j) = mj then either

a. ql
ab(j) = qsl

ab(j), qm
ab(j) = qsm

ab (j)− 1 and qr
ab(j) = qsr

ab(j) + 1 or

b. ql
ab(j) = qsl

ab(j) + 1, qm
ab(j) = qsm

ab (j)− 1 and qr
ab(j) = qsr

ab(j).

The two corollaries show how to compute each φab(j) efficiently. The pro-
cedure has two steps. In the first step, we compute the optimal values qsl(j),
qsm(j) and qsr(j) of the surrogate problem INT s

ab(j). It follows from Corollary
28 that, knowing qsl(j−1), qsm(j−1), qsr(j−1) and υs

ab,j(j−1), there are only
three potentially optimal triples. Computing the cost of each one and selecting
the cheapest is possible in O(1) time if we can compute the values l∗a(qsl

ab(j −
1)+qsm

ab (j−1), j), l∗a(qsl
ab(j−1)+qsm

ab (j−1)+1, j), r∗b (qsr
ab(j−1)−υs

ab,j(j−1), j)
and r∗b (qsr

ab(j − 1)− υs
ab,j(j − 1)− 1, j) in O(1) time.

In the second step, we compute the optimal distribution ql(j), qm(j), qr(j)
of the original problem INTab(j). Corollary 30 shows that this is possible in
O(1) if we can compute the desired values l∗a(qsl

ab(j), j), l∗a(qsl
ab(j) + 1, j) and

r∗b (qsr
ab(j), j), r∗b (qsr

ab(j) + 1, j) in O(1) time. Before showing that achieving this
complexity bound is possible, we describe such an efficient implementation of
Generic-LSB.
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Solve-LSB(n, h, g, f, m, d)
1 Same as Generic-LSB up to line 22.
2 for a← 1 to n, b← a to n
3 do qsm ← arg minq=0..ma{r∗b (a + 1, ddabe − 1− q) + faq}
4 qsl ← 0
5 qsr ← ddabe − 1− qsm

6 qm ← min{ma − 1, qms}
7 φab ← r∗b (a + 1, ddabe − 1− qm) + (qm + 1)fa

8 for j ← a + 1 to b
9 do (qsl, qsm, qsr)← arg min(ps,pm,pr)∈T28{l∗a(j, ps) + r∗b (j, pr) + fj(pm + 1)}

10 (ql, qm, qr)← arg min(ps,pm,pr)∈T30{l∗a(j, ps) + r∗b (j, pr) + fj(pm + 1)}
11 φab ← min{φab, l

∗
a(j, ql) + r∗b (j, qr) + (qm + 1)fj}

12 return Partition-Int(φ)
The sets T28 and T30 denote the possible values of the triples listed in

Corollaries 28 and 30 respectively.

Example 5 We illustrate the Algorithm Solve-LSB on a 4 period regeneration
interval. Let d = [39.6, 11.9, 17.5, 13.8], m = [13, 42, 25, 16], f = [4, 2, 4, 2],
h = [1, 2, 3] and g = [2, 1, 3]. The fractional batch size ρ is equal to 0.8 and the
compact solution matrices computed in the first two lines of Solve-LSB are the
following.

AA1 =



79.2 130.7 337.7
105.2 143.7 311.7
105.2 181.7 235.7
105.2 184.2 235.2
105.2 184.2 252.2
105.2 184.2 308.2
105.2 196.2 329.2


ZA1 =



0 0 0
13 13 13
13 51 51
13 52 52
13 52 69
13 52 77
13 55 80



AB4 =



41.4 104 147.2
28.4 65 95.2
28.6 63.2 92.4
28.6 97.2 109.4
28.6 97.2 121.4
28.6 97.2 124.8
28.6 97.2 240.8
28.6 101.3 246.9
28.6 136.3 295.9
38.6 148.3 311.9


ZB4 =



0 0 0
13 13 13
14 14 14
14 31 31
14 31 43
14 31 44
14 31 73
14 32 74
14 39 81
16 41 83


The following tables describe the optimal solution of INT s(j) and INT (j).

j υs
1(j) υs

2(j) υs
3(j) υs

4(j) υ1(j) υ2(j) υ3(j) υ4(j)
1 13 38 17 14 13 39 17 14
2 13 38 17 14 13 39 17 14
3 13 39 16 14 13 39 17 14
4 13 39 17 13 13 39 17 14
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j qsl(j) qsm(j) qsr(j) ql(j) qm(j) qr(j)
1 − 13 69 − 12 70
2 13 38 31 13 38 31
3 52 16 14 52 16 14
4 69 13 − 69 13 −

In Lines 4–6, we determine qsm(1) = 13 and qsr(1) = 69. This is done by
minimizing {r∗b (a + 1, ddabe − 1 − q) + faq} where r∗b (a + 1, ddabe − 1 − q) is
computed from the third column of ZB4. As will be showed later, this can be
done by binary search since {r∗b (a + 1, ddabe − 1− q) + faq} is convex in q (see
the values in any column of ZA1 or ZB4).

Because qsm(1) = m1 = 13, and qm(1) = qsm(1)−1 = 12, the only possibility
is to produce this batch later and thus qr(1) = qsr(1) + 1 = 70. Observe that
there is no row in ZB4 containing a solution with a cardinality of 70. However,
from the definition of a compact solution matrix pair, the desired value can
be computed by taking the weighted sum of 124.8 and 240.8 corresponding to
qsr(1) = 44 and qsr(1) = 73: r∗b (a + 1, ddabe− 1− q) = 124.8 + (240.8− 124.8) ∗
(70− 44)/(73− 44) = 228.8. Hence φ(1) = 228.8 + 13 ∗ 4 = 280.8.

It follows from Corollary 28 that (qsl(2), qsm(2), qsr(2)) can only take the
values (13, 38, 31), (14, 38, 30) or (14, 37, 30). The last two possibilities are in-
feasible because m1 = 13. Thus, using Corollary 30, (ql(2), qm(2), qr(2)) =
(13, 38, 31) because qsm(2) = 38 < m2 = 42. Hence φ(2) = 105.2+97.2+39∗2 =
280.4.

Using again Corollary 28, (qsl(3), qsm(3), qsr(3)) can only take the values
(51, 17, 14), (52, 17, 13) or (52, 16, 14). The corresponding costs are 181.7+28.6+
17 ∗ 4 = 278.3, 184.2 + 28.4 + 17 ∗ 4 = 280.6 and 184.2 + 28.6 + 16 ∗ 4 = 276.8.
Hence (qsl(3), qsm(3), qsr(3)) = (52, 16, 14). From Corollary 30, it follows that
(ql(3), qm(3), qr(3)) = (52, 16, 14) since qsm(2) = 16 < m2 = 25. Hence φ(3) =
276.8 + 4 = 280.8.

Similarly, one can compute that (ql(3), qm(3), qr(3)) = (69, 13,−) to find
φ(4) = 252.2 + 14 ∗ 2 = 280.2. This is the cheapest solution.

Before proving that Solve-LSB can be implemented in O(n3) operations,
we need a few more definitions. Let αab(j) = min{p|ZAa(p, j − a) ≥ qsl

ab(j −
1) + qsm

ab (j − 1)}. An equivalent definition is that αab(j) is the last row p in the
matrix ZAa such that any previous row holds a solution which contains fewer
batches than qsl

ab(j − 1) + qsm
ab (j − 1) in the interval [a, j − 1]. Proposition 27

implies that αab(a+1) ≤ . . . ≤ αab(b). In the previous example, for each column
of the matrix ZAa, the element ZAa(p, j − a) is highlighted.

Similarly, let βab(j) = max{p|ZBb(p, b − j) ≥ qsr
ab(j − 1) − υab,j(j − 1)}.

Proposition 27 implies that βab(b− 1) ≥ βab(b− 2) ≥ . . . ≥ βab(a).

Observation 1 Let a ≤ b be fixed. To find αab(j+1), we consider the elements
{ZAa(αab(j), j+1−a), ZAa(αab(j)+1, j+1−a), . . .} until the considered entry
reaches the value qsl

ab(j) + qsm
ab (j). Thus, we need to read at most the following

elements ZAa(αab(j), j +1−a), . . . , ZAa(αab(j +1), j +1−a). Since the matrix
ZAa is O(n)×n, we need to read O(n) entries of the matrix ZAa to determine
αab(j) for all a ≤ j ≤ b. Hence, for fixed a ≤ b and given matrices ZAa, ZBb,
the values αab(j) for a < j ≤ b can be computed in O(n) overall. A similar
argument shows that βab(j) for a ≤ j < b can be computed in O(n) operations
as well.
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Observation 2 Given a matrix A of size m × n and an element aij, one can
compute the next non identical entry in any direction from position (i, j) in
constant time. Indeed, this information can be computed beforehand for each
element of the matrix in an amount of time proportional to the size of the
matrix.

Proposition 31 Algorithm Solve-LSB is correct and can be implemented in
O(n3) operations.

Proof. The correctness of the algorithm follows from Proposition 26 and the
fact that Solve-LSB implements Generic-LSB.

Consider the first 22 lines of Algorithm Generic-LSB. The first 14 lines
take no more than O(n3) time. From Proposition 20, it follows that the calls to
Solve-P are O(n3) overall. Hence the first 22 lines of Algorithm Generic-LSB
are O(n3).

Let a, b be fixed. We show that one iteration of loop starting at line 2
of Solve-LSB can be implemented in O(n) time. Consider first lines 4 and
5 that initialize the loop. By Lemma 21, the function r∗b (a + 1, ddabe − q)
is a convex function of q. This function is stored as a column of the matrix
ABb. This column gives the values of the function at the breakpoints, with
possible duplications. Moreover, this column is a vector of size O(n). Since
r∗b (a + 1, ddabe − q) + faq is also a convex function of q, the row containing the
optimal value can be computed in O(log n) by binary search. Once this row is
determined, we can compute ya+1(a) from ZBb in O(1). Hence lines 4 and 5
are O(log n).

It follows from Observation 1 that we can compute αab(j) and βab(j) for
a ≤ j ≤ b in O(n) time. Also, l∗a(qsl

ab(j − 1) + qsm
ab (j − 1) + 1, j) can be found

in the j − ath column of the matrix ZAa which is not further than two non
identical entries away from (αab(j), j − a). Thus, it follows from Observation 2
that l∗a(qsl

ab(j − 1) + qsm
ab (j − 1), j) can be computed in constant time. A similar

argument applies to the other values l∗a(·, j) and r∗b (·, j) that are needed in lines
10–12.

Hence, the loop starting at line 2 is O(n3) overall, which dominates the
dynamic program of line 15.

5 Perspectives

Based upon the complexity bounds obtained for lotsizing problems in the lit-
erature, it is often the case that backlogging does not make the problem more
complex. We can cite as examples the uncapacitated and the constant capac-
ity lotsizing problems. In the light of this conjecture, the results obtained in
this work suggest two questions regarding the best complexity of the solution
algorithm.

The first question concerns the discrete lotsizing problems with and without
backlogging. The bounds obtained are O(n2) and O(n log n) with and without
backlogging respectively. The O(n2) bound for the greedy algorithm Solve-P
comes from the fact that there are O(n) greedy iterations needed and that each
one requires O(n) time. It is difficult to imagine such an algorithm taking less
than O(n) iterations to terminate. Decreasing the complexity of one iteration
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would at least require to implement line 9 of Solve-P in O(log n) time on aver-
age. Another possible approach to obtain an O(n log n) algorithm for Problem
DLSB, would be to work period-wise, as does Solve-Q.

The second open question concerns the constant capacity lotsizing problem
with Wagner-Whitin costs and backlogging. Can it be solved in O(n2 log n)
time? We are currently investigating this question.

Finally, most of the literature on discrete lotsizing considers multi item prob-
lems which are linked through cardinality constraints or changeovers. Devel-
oping efficient algorithms for the polynomially solvable cases of this type of
problem is another possible direction for future research.
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