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Abstract

We study reverse-time conditional means, scores and drift quantities in additive noise
models driven by deterministic Lévy clocks. Starting from an integrable signal ¥ and an
independent centered additive process (Z;)¢cjo, 7], We consider the forward noising model
X, =Y +7Z,,0<t<T, and its reverse-time version X, = X7_,. The main examples are
Gaussian noise with deterministic variance clock, compensated compound Poisson noise with
deterministic intensity clock, and symmetric a-stable noise with stable clock, for « € (1, 2).
We first derive Bartlett—Tweedie identities for additive noise models and characterize, within
the infinitely divisible class, the cases in which the denoising map z +— E[Y | Y + ¢ = 2] is
affine. This occurs precisely when the signal and the noise are compatible with the same
convolution semigroup. We then prove that the reverse conditional mean and the denois-
ing error normalized by the accumulated noise clock are martingales in reverse time. As
a consequence, both families are increasing in the convex order along reverse time. The
actual reverse drift, or reverse local mean drift in the jump and stable cases, is obtained
by multiplying this normalized score by the instantaneous clock rate. It is therefore not a
martingale in general, but it defines a peacock when the instantaneous rate is non-decreasing
in reverse time. Explicit linear formulas are obtained for semigroup-compatible initial laws.
The Cauchy case is treated separately, since the lack of integrability prevents an ordinary
convex-order analysis of the reverse score drift.

Keywords: conditional expectation; convex order; peacocks; reverse-time dynamics; additive
processes; Lévy clocks; infinitely divisible distributions; Tweedie formula.
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1 Introduction

In many applications, a probabilistic object or signal is progressively corrupted until it becomes
unstructured, or pure noise with prescribed distribution. It is then reconstructed to generate a
new object of the same type, statistically indistinguishable from the initial one. This relies on
a forward-backward procedure where the forward process transforms the signal to a prescribed
noise while the backward process reconstitutes the signal from noise. The backward step is
achieved with the help of generative models that create the desired target from noise.

Diffusion models, also referred to as score-based generative models, have become the state-
of-the-art approach for large-scale image and audio generation. These models use a forward
noising process paired with a reverse denoising process: starting from random noise, diffusion
models gradually refine it into structured data, generating a synthetic sample by the reverse
process. Considering image data, the idea is to corrupt an image using a multi-step noise
process to convert it into a sample from the target noise distribution. We refer the reader,
e.g., to Chapter 20 in Bishop and Bishop [3] for more information about denoising diffusion
probabilistic models.

A typical forward noising process consists in a Markov chain of length T'. Starting from a
real data sample, it produces a sequence of increasingly noisy samples to end up with pure noise
(with prescribed distribution, often standard Gaussian). Initially described in discrete time, the
forward-backward processes are now specified in continuous time, as the limits of the discrete
models, and unified by stochastic differential equations (Song et al. [12]). This paper studies the
backward construction, reversing the forward process in time, and associated score-matching to
learn this process.

Score-based diffusion models have renewed interest in the probabilistic structure of time-
reversed stochastic dynamics. Their basic mechanism is the forward—backward construction
described previously: a forward process progressively destroys information by adding noise to
an initial signal, before a backward process uses the score of the intermediate marginal laws to
reconstruct the signal from noise. This point of view goes back to the time-reversal theory of
diffusion processes developed by Anderson [1] and Haussmann and Pardoux [5]. It has become
central in modern score-based generative modeling; see, for instance, the recent survey by Tang
and Zhao [13].

A key step in this construction is the choice of the terminal noise distribution used to
initialize the backward dynamics. In generative diffusion models, this noise distribution should
be easy to sample and should not depend on the unknown target distribution. A standard way
to obtain such a noise law is to decouple the initial state X from the conditional distribution of
X7 given Xg. For instance, in the variance-exploding Gaussian model, conditionally on Xg = x,
the terminal variable has the form Xp = z + ep, where e7 is a centered Gaussian noise with
large variance. Decoupling the location z from this conditional law leads to a tractable Gaussian
reference distribution for the backward initialization. This decoupling principle is one of the
reasons why time-dependent but state-independent noise coefficients are particularly convenient
in score-based diffusion models: the conditional law of X given X, remains explicit and the
noise component can be separated from the signal.

The present paper studies this mechanism from the viewpoint of conditional expectations,
time reversal and stochastic orders. We consider an additive forward model X; = Y + Z;,
0 <t < T, where Y = Xy is an integrable signal and (Zt)te[o,T} is an independent centered
process with independent increments. This setting makes the decoupling explicit: conditionally
on Y = y, the law of X; is the law of y 4+ Z;, whereas the noise law itself is that of Z;.
The denoising map my(z) = E[Y | X; = x| therefore measures how much information about
the initial signal remains after adding the noise Z;. In the Gaussian case, Tweedie’s formula
identifies my(x) — 2 with the score of the marginal density of X;, multiplied by the accumulated
variance. Analogous Bartlett—Tweedie identities hold for several non-Gaussian noises, with local



differential operators replaced by jump or fractional operators.

A second guiding principle is that the forward process should become increasingly variable as
time increases. Since (Z;) has centered independent increments, the forward dynamics preserve
the mean, i.e. E[X;] = E[Y], while progressively adding independent noise. Thus, the forward
noising mechanism should not only be viewed through the increase of a scalar variance. The
natural probabilistic notion is the convex order: for 0 < s < ¢, one expects X to be smaller
than X; in the convex order. This expresses the idea that the forward process becomes more
dispersed, or less informative, as the noise level increases. The main question addressed in
this paper is whether the reverse-time quantities that drive denoising inherit a corresponding
convex-order structure.

We show that they do. In reverse time, with X, = Xp_,, the conditional mean
Ms = E[Y | X,] is a martingale. More importantly, after normalizing the denoising error
by the correct deterministic noise clock, the corresponding score process is also a reverse-time
martingale. The clock is the accumulated variance in the Gaussian case, the accumulated in-
tensity for compensated compound Poisson noise, and the stable clock for symmetric a-stable
noise with a € (1,2). Consequently, the reverse conditional mean and the normalized score are
increasing in convex order along reverse time, or equivalently decreasing in convex order as the
forward noise level increases.

This distinction between the normalized score and the actual reverse drift is important in
the time-inhomogeneous case. When the noise coefficient is constant, the two differ only by a
fixed multiplicative factor. When the Gaussian volatility, the Poisson intensity or the stable
scale depends on time, the actual reverse drift is obtained by multiplying the normalized score
by the instantaneous clock rate. It is therefore not a martingale in general. Nevertheless, if
this instantaneous rate is non-decreasing in reverse time, then the actual reverse drift is also
increasing in convex order. In this case, it defines a peacock and Kellerer’s theorem yields a
martingale with the same one-dimensional marginal laws (see e.g. [6]).

The paper is organized as follows. Section 2 derives Bartlett—Tweedie formulas for addi-
tive noise models and characterizes affine conditional means within the infinitely divisible class.
Section 3 introduces the common additive framework, the centered independent-increments
assumptions, the convex-order viewpoint, and the deterministic clocks used in the main exam-
ples. Section 4 isolates the general clock-based martingale principle: when the Bartlett—Tweedie
correction is normalized by the accumulated noise clock, the resulting reverse-time score is a
martingale and hence is increasing in the convex order along reverse time. It also explains how
the actual reverse drift, or reverse local mean drift, is obtained by multiplying this normalized
score by the instantaneous clock rate. Sections 5, 6 and 7 specialize this principle to Gaussian
noise with deterministic variance clock, compensated compound Poisson noise with determin-
istic intensity clock, and symmetric a-stable noise with deterministic stable clock, respectively.
In each case, we identify the corresponding reverse-time dynamics, the specific score operator,
the actual reverse drift or local mean drift, and the affine formulas obtained for semigroup-
compatible initial laws. Section 8 summarizes the main contributions and discusses possible
extensions. The Cauchy case is treated separately in Appendix A, since the lack of integrability
prevents an ordinary martingale or convex-order statement for the reverse score drift without
truncation, localization or additional assumptions.

2 Conditional means in additive noise models

This section collects the conditional-mean identities that will be used throughout the paper.
We consider the elementary additive observation model X =Y + ¢, where Y is the signal and
¢ is an independent noise. The aim is to express the denoising map =z — E[Y | X = z] in terms
of the marginal density of X and of the characteristic exponent of the noise. This point of
view is closely related to classical conditional limit results for expectations given sums; see, for



instance, Zabell [15]. In the present paper, however, the focus is not asymptotic. The formulas
below are used to identify the reverse-time score and drift quantities associated with additive
processes.

We begin with the main identity of this section. It is a Fourier representation of the con-
ditional mean in an additive noise model. The formula shows that the denoising correction
E[Y | X = z] — x is entirely determined by the characteristic exponent of the noise and the
marginal density of the noisy observation.

Proposition 2.1 (Bartlett representation for additive noise models). Let Y and € be two real-
valued independent random variables with E[|Y|] < oo, and define X =Y +¢. Assume that the
characteristic function ¢x as well as its derivative ¢y are integrable, and that the characteristic
function ¢. is such that ¢-(t) = e"® | where 1 is locally absolutely continuous, with derivative
7' understood almost everywhere (in particular, this holds true if € is infinitely divisible with
differentiable Lévy—Khintchine exponent). Assume moreover that n'¢x is integrable.

Then, for all x such that fx(z) > 0,

F 0ex ()] ()

EY | X =2]=z— 7o) , (2.1)
where fx(x) = F ' ox(0)] (z) = g7 [z ox(t)e™ "™ dt.
Proof. Since X =Y +¢, Y and ¢ being independent, we have
By e'™] = B[ e Be™] = - 6} (19-(0).
Using ¢ x (t) = ¢y ()P (t) and ¢’ (t) = ¢4 (¢)d(t)+1'(t)px (t) for almost every t € R, we obtain

. 1 1
E[Ye'™ ] = gy (1)o=(t) = = (dx (1) —n'(Dox (1)),
which is thus integrable by assumptions. By Bartlett’s formula (see, e.g., Zabell [14]), we get
JrElYe'X]emte dt
Jg dx (t)e~ie dt
F @ () —n't)ox(t)] (=)
fx (@) '

BY | X =q] =

Finally, the result follows from

1
30| @) = afx(o)
This ends the proof. O

Proposition 2.1 is the common source of all the formulas below. Its main message is that the
operator appearing in the denoising correction is the adjoint, at the density level, of the operator
encoded by the noise exponent. In the Gaussian case this operator is local and differential; in
jump and stable cases it is non-local.

We begin with the Laplace distribution. This example is useful because it is still explicit,
but already non-Gaussian. It shows that the correction term involves smoothing by the Laplace
kernel rather than a purely local derivative of fx.

Proposition 2.2 (Laplace noise). Under the assumptions of Proposition 2.1 with e following

the centered Laplace distribution with parameter b > 0, that is, ¢(t) = we have

1
1+b2t2 Y

2 08) e ) e
X

EY | X =z]=a+ 5
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or, equivalently,

BY | X = a] = o Jfx@ = w)sign(we P du

fx(z)
Proof. We have
() = (1 +822) and of (1) = -0 Loty = 20 4o
mey = A = e 7 T WX = e ox -
Then,
FHA 4+ = Fi 2ib% | = —2b° !
[( =+ ) ]—Qb:> m@bX() = =2b°(fx * )"

Substituting into the general formula (2.1) gives the announced result and ends the proof. [

The next example is central for the paper. Stable noises provide a continuum between
the Gaussian case and the Cauchy case. Their denoising formula involves a fractional score
operator. This is the non-local analogue of the usual score 0, In fx.

Proposition 2.3 (Symmetric a-stable noise). Under the assumptions of Proposition 2.1 with
e following the symmetric a-stable distribution with « € (1,2] and scale parameter ¢ > 0, that
is, ¢=(t) = e~ 1%, we have

(Aa—1fx)(2)
fx(z)

where the operator A,—1 is defined by F[Aa—1f](t) = isign(t)[t|* L F[f](t).

EY | X=z]=2—ca

Proof. We have
n(t) = —c[t|* and 11/ (t) = —calt|* 'sign(t) = %n’(t)qﬁx(t) = icalt|* 'sign(t)ox (¢),

which gives the result by (2.1). O

Two boundary cases are worth emphasizing. When o = 2, the fractional operator reduces
to an ordinary derivative and one recovers the Gaussian Tweedie formula. When a = 1, the
operator becomes the Hilbert transform, which is the natural score-type object for Cauchy noise.
This is formalized in the next result.

Corollary 2.4 (Gaussian boundary case and formal Cauchy limit). If « = 2 then e ~ Normal(0, 02),
with ¢ = 02 /2, and
E[Y | X = 2] = 2+ o*(log fx)'(z).

Formally, when o | 1, the fractional operator A,—_1 converges to the Hilbert-transform-type
operator Ag. This gives the Cauchy-type expression
A
ElY | X =z :x—cm,
fx(x)
whenever the formula is meaningful. The Cauchy case is treated separately in Appendiz A,
because ordinary L' integrability fails for the noise and for the associated score in general.

We next consider finite-activity jump noise. This case is important because the reverse
dynamics are not diffusive: the reverse drift must be interpreted as a local mean drift, or
equivalently as the reverse generator applied to the identity function. The formula below is the
jump analogue of Tweedie’s identity.



Proposition 2.5 (Centered compound Poisson noise). Let N ~ Poisson(\). Let Ji, Ja, ... be
independent random variables with common distribution Fy and mean m, such that E[|J1|] < occ.
Assume that N, Jy, Jo, ... are independent. Define

N
e = Z Jk — Am.
k=1
Under the assumptions of Proposition 2.1, we then have

e U@
B[ X=d=o=2 "0

where v(du) = uFy(du) — mdo(du).
Proof. We have

¢=(t) = exp(A(@s(t) — 1 —itm)) = 1'(t) = \(@;(t) — im).

Moreover,
) 1 ) )
¢ (t) = iE[J ] = ;n’(t) =X (E[Jie"™] —m) = A / ey (du).
R

Hence, substituting

[ 00x(0)] (@) = Mg 1)@

1
into the general formula (2.1) yields the result. O

The following special cases make the jump nature of the formula explicit. When the jump is
deterministic, the correction is a finite difference of the density. When the jump is symmetric,
the correction is a centered difference. This is summarized in the next result.

Corollary 2.6. o If J =a, then

fx(x—a) - fX(ﬂﬁ)'

EY | X=z]=2z—Xa (@)

o If J1 = ta symmetrically, then

By | X =] =x+)‘2afx(x+a;X—(xJ;)<(:c—a)

Examples in Corollary 2.6 can be summarized as follows: the conditional mean is always
the observation x minus a noise-dependent score correction. The form of this correction is local
for Gaussian noise, smoothed for Laplace noise, fractional for stable noise, and discrete for
compound Poisson noise.

Remark 2.7 (Unified operator form). In all cases, the conditional expectation can be written
formally as

E[Y\X:x}:x—m,

where the adjoint operator L} associated with the characteristic exponent of the noise is defined,
at least formally, by the Fourier multiplier

FILLAI0) = T OFUS](0) with 6.(t) = 7.

Here, Gaussian noise yields a local differential operator, stable noise yields a fractional non-
local operator, and compound Poisson noise yields a jump or finite-difference operator. Thus,
the Gaussian case appears to be an exception: it is the only case in this list where the score
correction is purely local. This distinction will be important when comparing diffusion reverse
drifts with jump and stable reverse local mean drifts.



We now turn to a structural question. In the Gaussian case with a Gaussian prior, the
conditional mean is linear in the observation. The same phenomenon appears for compound
Poisson or stable variables when the signal and the noise belong to the same convolution semi-
group. The next result shows that, within the infinitely divisible class, this is the only possible
mechanism.

Proposition 2.8 (Characterization of proportional conditional means in the infinitely divisible
class). Let Y and € be two independent integrable infinitely divisible random variables, and set
X =Y +e. Assume that X is not deterministic. Let oy (t) = ¢® and p.(t) = "), where &
and n are the corresponding Lévy exponents. Then, the following assertions are equivalent:

(1) There exists a constant a € R such that the identity E[Y | X] = aX a.s. holds.

(2) There exist a Lévy exponent 1p and constants A, > 0, not both zero, such that py(t) =
e ®) gnd we(t) = et®) ¢ € R. Equivalently, Y and e have proportional Lévy triplets, that
is, (by, 0%, vy) = A(b,02,v) and (be,02,v:) = u(b, 0%, v), for some Lévy triplet (b,o?,v).

In that case,

A
A+ p
In particular, if both Y and € are non-degenerate, then the proportionality constant belongs to

(0,1).

Proof. We first prove (2) = (1). To this end, assume that there exist a Lévy exponent 1) and
constants A,z > 0 such that @y (t) = e’ ® and o (t) = e*¥®). Then,

ox (t) = oy () e (t) = e PO,

E[Y | X] = X a.s.

Since Y and ¢ are integrable, their characteristic functions are differentiable, and by indepen-

dence,
1

E[Ye™ ] = E[Y ™ B[] = ~ oy (1)pe (8).
i
Using the specific form of the exponents,
A

/ o / (Ap)(t)
Py (U)pe(t) = A’ (t)e! T = )\Jruwx(t)-

: A1 A : A :
E[Ye' ] = ="y (t) =E [MXe”X} =E [(Y - /\+uX> e’tx} =0, teR.

Define the finite signed measure

I(B):=E [(Y - Aiﬂx) I{XeB}] .

Its Fourier transform is identically zero so that I' = 0. Therefore

E [Y — LX X } =0,
A
which proves that the announced identity is valid.
We now prove (1) = (2). Assume that for some constant a € R, E[Y | X] = aX a.s. holds.
Then, for every t € R,
E[Ye'X] = aE[X ™).



Using independence and

EIVe™] = S (0ee(t),  EIXe™] = 2o (1)
we get
Py (e (t) = aplx (t) = a (£ (e (t) + oy (1)L (1)) -

Since infinitely divisible characteristic functions do not vanish, we may divide by ¢y (t)¢:(t)

and obtain ) .
@Y(t) o @a(w
=a .
py(t)  pe(t)
In terms of the Lévy exponents £ and 7, this means (1 — a)&’'(t) = an/(t), t € R. If a = 0 then
& =0,hence £ =0,s0Y =0a.s. If a =1 then ’ =0, hence n =0, so € = 0 a.s. In both cases,
the representation is trivial. Assume now that a ¢ {0,1}. Then

(I1-a

a

¢'(t) = ' (2).

l1—a

Since £(0) = n(0) = 0, integration yields

a

§)=—n(t), teR

With ¢(t) := £(t) + n(t) = Inpx(t), we have
§) = av(t),  mt) = (1—a)p(t) = oy () =¥, po(t) = e,

Since ¢ and n are Lévy exponents, this representation implies that ai) and (1 — a)y are Lévy
exponents as well. Equivalently, the Lévy triplets of Y and e are proportional to the Lévy triplet
of X, that is, (by,0%,vy) = a(bx,0%,vx) and (be,02,v.) = (1 — a)(bx,0%,vx). Since X is
not deterministic by assumption, the Lévy triplet of X has either 03( > 0 or vx # 0. Since at)
and (1 — a)y are Lévy exponents, their Gaussian and jump parts must be non-negative. This
forces @ > 0 and 1 —a > 0 to be valid. Hence, a € [0,1]. Setting A = a and p =1 — a gives the
announced representation. This ends the proof. O

Corollary 2.9 (Affine conditional means). Let Y and € be independent integrable infinitely
divisible random variables and X =Y 4+ e. Assume that X is not deterministic. Then,

E[Y | X] = aX + 8

for some constants «, B if and only if, after centering, Y — E[Y] and € — Ele| have proportional
Lévy exponents. In that case,

EW‘ﬂ:Hﬂ+AiMM—EMU
Proof. Set
Y:=Y-E[Y], &:=e¢—E[], X:=X-E[X].
Then,

ElY | X]=aX +3<E[Y | X] = aX

Since translations preserve infinite divisibility and only modify the drift part of the Lévy expo-
nent, Proposition 2.8 applies to Y and £. Hence the centered variables have proportional Lévy

exponents if, and only if,
BV | X] = —X.
A+

Returning to the original variables proves the result. O



Remark 2.10 (Connection with Bartlett representation and convolution semigroups). Under
the regularity assumptions of Proposition 2.1, Bartlett representation formula (2.1) shows that

BIY | X =] =ar & 7 | 1 (0px(0)] (0) = (1 - a)a ().

Taking Fourier transforms, the right-hand side of the equivalence becomes
n'(t)ex(t) = (1 —a)¢'y(t). Since

i (t) = (£'(t) +1' (1)) px (1),

and since infinitely divisible characteristic functions do not vanish, we obtain (1 — a)¢’(t) =
an'(t). This is precisely the differential relation between the Lévy exponents used in Propo-
sition 2.8. Consequently, within the non-deterministic infinitely divisible class, E[Y | Y + ¢]
is proportional to Y + ¢ if, and only if, Y and ¢ belong to the same convolution semigroup,
up to deterministic scaling. This observation explains why the Gaussian—Gaussian, compound-
Poisson—compound-Poisson and stable—stable examples treated later lead to linear conditional
means. It also clarifies that such linearity is not a generic property of additive noise models,
but a signature of semigroup compatibility between signal and noise.

3 Model setup and assumptions

We now introduce the additive forward model used throughout the paper. The setting is
chosen to cover both diffusion and jump examples, including time-inhomogeneous models with
deterministic volatility, intensity or stable scale. Thus, the driving noise is not necessarily a Lévy
process with stationary increments. It is more generally an additive process: its increments are
independent, but their distributions may depend on the time interval through a deterministic
clock.

The central structural feature is the decomposition X; =Y +7;, 0 <t < T, where Y = Xy is
the initial signal and Z; is an independent centered noise. Conditional on Y = y, the distribution
of X; is simply the distribution of y + Z;. This explicit decoupling between the initial signal
and the transition noise is the reason why the additive model is particularly transparent for
denoising, score identities and time reversal.

Throughout the paper, we work on a filtered probability space (2, F, (F¢)¢c[o,1], P) satisfying
the usual conditions and we make the following assumptions.

3.1 Initial condition

The integrability of YV is a standing assumption because the main denoising quantity is the
conditional mean E[Y" | X;], and its expectation must be finite for comparisons in convex order,
since the convex order is defined for integrable random variables with equal means. This is
precisely stated in the next assumption.

Assumption 3.1 (Initial distribution). Let Y be a Fo-measurable real-valued random variable
with distribution pg, such that E[|Y]] < oco.
3.2 Centered additive noise

The noising mechanism (Z;),c[o,7] corrupting ¥ must fulfill the following conditions.

Assumption 3.2 (Centered independent-increments noise). Let (Z¢)ieo,r) be a (Ft)-adapted
real-valued process with independent increments such that:

(1) Zo = 0;



(2) for every 0 < s <t <T, the increment Zy — Zs is independent of o(Y, Z, : 0 <r < s);
(3) for everyt € [0,T], Z; is integrable (that is, E[|Z:|] < 00) and centered (that is, E[Z;] = 0);

(4) (Zt)iejo, is stochastically continuous, that is, for every s € [0,T], Zy — Zs in probability
ast — s.

The independence assumption means that the forward noising mechanism is external to the
initial signal. The centering assumption ensures that the forward process preserves the mean:
noise increases dispersion but does not change the first moment. This distinction is crucial for
the use of convex order. Since X; — Xy = Z; — Zs for 0 < s < t < T, the increments of (X;)
after time 0 inherit the independent-increment structure from (Z;). More precisely, X; — X,
is independent of o(Y,Z, : 0 < r < s), and hence independent of the past generated by the
forward process.

3.3 Forward noising and convex-order increase

In differential form, we have dX; = dZ; where the increment dZ; is understood in the sense
of processes with independent increments. In particular, stationarity of the increments is not
required. The centering assumption gives E[X;] = E[Y] + E[Z;] = E[Y], 0 < ¢ < T. Thus the
forward process preserves the mean of the initial signal. At the same time, the process becomes
more variable as independent centered noise is accumulated.

Let us recall the stochastic order used throughout the paper to compare dispersion (see,
e.g., Shaked and Shanthikumar [9]).

Definition 3.3 (Convex order). Let U and V' be integrable random variables. We say that U is
smaller than V' in the convex order, and write U < V', if E[®(U)] < E[®(V)] holds for every
convex function ® : R — R for which the expectations exist. Equivalently, U <. V holds if,
and only if, E[U] = E[V] and E[(U — k)4] < E[(V — k)4] for all k € R.

The convex order compares random variables with the same mean according to their dis-
persion. In the sequel, the forward process adds centered noise and hence preserves the mean.
Convex order is therefore the natural stochastic order relation for formalizing the idea that the
forward observation becomes more variable as the noise level increases.

Proposition 3.4 (Forward increase in convex order). Under Assumptions 3.1 and 3.2, the
stochastic inequality Xs <cx Xt holds for every 0 < s <t <T.

Proof. For 0 < s <t <T, we have X; = X, + (Zy — Zs), where Z; — Z is independent of the
past and satisfies E[Z; — Z;] = 0. Hence, E[X; | X;] = X;. Equivalently, X is a conditional
mean of X;. By Jensen’s inequality,

B(X,) = B(E[X, | X,]) < B[O(X,) | X,].

Taking expectations gives E[®(X)] < E[®(X})]. We can then conclude that Xy <o X; is valid,
which ends the proof. ]

Proposition 3.4 formalizes the forward deconstruction mechanism. As t increases, the obser-
vation X; keeps the same mean but becomes more dispersed. The reverse-time results proved
later in the paper show that the conditional mean and the normalized reverse score inherit a
dual monotonicity property along reverse time.
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3.4 Characteristic exponents and deterministic clocks

Under Assumption 3.2, (Z;) is an integrable centered additive process. In particular, for every
t € [0,T], the law of Z; is infinitely divisible. We write its characteristic function as E[e®%t] =
exp (\I/t(u)), u € R. The family (¥y)c[o,7 is additive in the sense that, for 0 < s <t < T, the
increment Z; — Z, has characteristic function

E[e""(Z‘*ZS)] = exp (Vy(u) — Uy(u)).
The centering condition is expressed at the level of the exponent by
1
-0,V¢(0) =0, 0<t<T.
i

When (Z;) is a genuine Lévy process with stationary increments, one has W;(u) = t¢(u) for
a single Lévy exponent 1. In the time-inhomogeneous examples considered in this paper, the
exponent instead takes the form W;(u) = k4)(u) where k; is a deterministic increasing clock.
These clocks are the correct normalizations in the Bartlett—Tweedie formulas and in the reverse-
time martingale properties. The actual reverse drift or reverse local mean drift is obtained by
multiplying the normalized score by the instantaneous clock rate.

3.5 Canonical examples

We now list the main examples used in the remainder of the paper.

3.5.1 Gaussian noise with deterministic volatility

Let (Wi)o<i<T be a standard Brownian motion and let o : [0, 7] — [0, 00) be deterministic and
square-integrable (that is, fOT o?(r) dr < 00). Define

Zy = /Ot o(r) dW, ~ Normal(0, A;).
The relevant clock for Gaussian noise with deterministic volatility is given by
A = /Ot o?(r) dr. (3.1)
Here, ¥;(u) = —3Au®. The corresponding forward model is
Xi=Y+2Z, =Y+ /Ota(r) aw,, (3.2)

where Y is independent of (Z;)o<i<r. This is the continuous-time analogue of a variance-
exploding forward noising mechanism: the conditional law of X; given Y = y is Normal(y, A;).
3.5.2 Compensated compound Poisson noise with deterministic intensity

Let (N¢)o<t<T be a non-homogeneous Poisson process with deterministic intensity A : [0,7] —

[0,00), where A is measurable and integrable (that is, f(;f A(r) dr < c0). Denote the integrated
intensity as

A= /0 A(r) dr. (3.3)

Let Ji,Js,... be independent integrable jumps with common distribution F;, independent of
N. Denote m = E[J;]. The compensated compound Poisson noise is then defined by

Ny
Zt = Z Jk - mAt.
k=1

11



Then, (Z;) has independent increments and is centered. Its characteristic exponent is
Uy (u) = A (pg(u) — 1 —dum).

The corresponding forward model is

Ny
X, =Y +Z=Y+Y Jo—mh, (3.4)
k=1

where Y is independent of (Z;)o<¢<7. Here, the cumulative jump intensity A; is the correct
clock for the denoising formula, whereas the reverse local mean drift involves the instantaneous
intensity A(t).

3.5.3 Symmetric a-stable noise with deterministic scale

Let (L;)o<t<T be a symmetric a-stable Lévy process, with o € (1,2), normalized by E[e™*t] =

exp(—t|u|®). Let or, : [0,7] — R be deterministic and assume fOT lor(r)|* dr < co. Define

t
Z = / o (r) dL,.
0

Then, Z; is symmetric a-stable with characteristic exponent W;(u) = —I't|u|*. The relevant
clock for symmetric a-stable noise with deterministic scale is given by

Ft:/o lor(r)| dr. (3.5)

Since o > 1, Z; is integrable and centered. The corresponding forward model is
t
X :Y+Zt:Y+/ op(r)dL,, (3.6)
0

where Y is independent of (Z;)p<¢<7. The clock I'; plays the same role as the variance clock in
the Gaussian case, but the associated reverse score is fractional and non-local.
3.5.4 Cauchy noise with deterministic scale

Let (Lt)o<t<T be a standard symmetric Cauchy process and let o¢ : [0,7] — R be deterministic
with fOT |oc(r)| dr < co. Define

¢
Zt:/0 oc(r)dL,. (3.7)

Then, Uy(u) = —T'¢|u| and the relevant clock is

Ft:/o loc(r)| dr. (3.8)

This case is structurally similar to the stable case with o = 1, but it falls outside Assumption 3.2
because Z; is not integrable. For this reason, the Cauchy case is treated separately in Appendix.
The conditional mean E[Y" | X;] remains well defined when Y is integrable, but the reverse score
drift is not integrable in general and cannot be compared directly in the usual convex order.
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3.5.5 General centered additive process

More generally, (Z;)o<t<7 may be any integrable additive process with characteristic exponent

Uy (u) = iuby — §Ctu2 + /R (e"® =1 —duzlyy<1y) ve(da),

where (by, ¢, 1) is a time-dependent Lévy—Khintchine triplet. The centering condition is

by —|—/ xy(dz) = 0.
|z|>1

Examples in Sections 3.5.1, 3.5.2, 3.5.3, and 3.5.4 correspond to deterministic-clock subfamilies
of this general additive framework.

4 A clock-based martingale principle for reverse-time scores

The three examples studied in the next sections share the same probabilistic structure. The
forward noise is driven by a deterministic clock, the Bartlett—Tweedie identity expresses the
denoising error through this accumulated clock, and the corresponding normalized score is a
martingale in reverse time. The actual reverse drift, or reverse local mean drift in the jump and
stable cases, is then obtained by multiplying this normalized score by the instantaneous clock
rate. The purpose of this section is to isolate this common mechanism.

Let (f1q)a>0 be a centered convolution semigroup on R, with pg = g and pia4p = fla * L6
Let x : [0,T7] — [0,00) be a deterministic nondecreasing clock such that kg = 0 and k; >
0 for all ¢ > 0. Consider a forward process Xy = Y + Z;, 0 < t < T, where the initial
signal Y satisfies Assumption 3.1, and where the additive noise process (Zt)te[o,T] satisfies
Assumption 3.2. Assume moreover that the increments are of the form

Zt — Zs ™~ fhry—ks> 0<s<t<T.

We write p; for the law of X; and, whenever densities are used, we identify p; with its density.
Thus, formally, p; = pg * pk,. For a > 0, define the convolution operator

Poq := q * g

Hence, p; = Py, po and, for 0 <r <t <T, pt = Pu,—x, Dr-
We now impose the following regularity assumption.

Assumption 4.1 (Score representation regularity). In the setting above, assume that there
exists a linear operator C, acting on a linear domain D(C) of densities, such that the following
properties hold.

1. For every t > 0, the law of Xy admits a strictly positive density py, with p, € D(C), and
Cpy locally integrable.

2. For every q € D(C) and every a > 0, one has P,q € D(C), the convolution P,(Cq) is well
defined as a locally integrable function, and

C(P.q) = P,(Cq).

3. The clock-based Bartlett—Tweedie identity holds: for every t > 0,

(Cpo)a)

my(x) :=E[Y | Xy = 2] =2 — Ky ()
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The normalized score associated with the clock x is defined by

M; — X,
Spi=——"L M :=E[Y|X], t>0.
Rt

By Assumptions 3.1 and 3.2, Y and X; = Y + Z; are integrable. Hence M; = E[Y | X] is
integrable, and since k; > 0 for ¢ > 0, the random variable S; is integrable. Moreover, by the
preceding Bartlett—Tweedie identity,

(Cpe)(Xt)
Pe(X¢) .

This is the quantity which will be shown to be a reverse-time martingale.
Let

S =

Gi=o(Xy:t<u<T), 0<t<T,

be the decreasing filtration generated by the future of the forward process. In reverse time, we
write

X = Xp_s, Fs:=Gr_s, Mg := Mr_s, S = Sr_s, 0<s<T.

Proposition 4.2 (Clock-based reverse martingale principle). Under Assumption 4.1, for every
O0<r<t<T,
E[M, | G] =M,  E[S, |G =S

Equivalently, in reverse time, the processes (Ms)o<s<r and (Ss)o<s<T are martingales with

respect to (Fs)o<s<T-

Proof. Fix 0 < r <t <T. We first prove the reverse martingale property of the conditional
mean. Recall that M, = E[Y | X,], v € [0,T]. Since M, is H;-measurable, Lemma B.1 gives
E[M, | G| = E[M, | X{]. We now show that E[M, | X;] = M;. Indeed, since

Xt - Xr + (Zt - ZT)a

and since Z;— Z, is independent of (Y, Z,, : 0 < u < r), the variables Y and X; are conditionally
independent given X,. Indeed, conditionally on X, the variable X; is obtained by adding the
independent increment Z; — Z,., which is independent of o(Y, Z, : 0 < u < r). Hence

EY | X,, Xi] =E[Y | X,] = M,.
By the tower property,
My =E[Y | Xi]
=E[E]Y | X,, Xi]| X¢]
= E[Mr \ Xt]-
Therefore,
E[M; | Gi] = E[M, | Xi] = M.

We now prove the reverse martingale property of the normalized score. Set
Ar,t = Kt — Rp.

By Bayes’ formula and the additive transition structure, the conditional law of X, given X; =z
is
Pr(y) pa,, (z — dy)

PIX,edy| X; =x| =
[ y| t ] pt(l‘)

14



Using the representation

o (Cp(x)
' pr(Xp)
we obtain, for every x such that py(z) > 0,
BIS: | X1 = a] =~ [ (Cow)a, o=y
 PaL(Cr)@)
pe(x)

Since C' commutes with the convolution semigroup,

PA'r,t(CpT) = C(PAr,tpT) = Cpt

Consequently,
BlS, | X, = o] = - (PN
pe(w)
Evaluating at x = X, we get
(Cpe)(Xe)
E[S, | X¢] = ———F— = 5:.
[ ’ t] pt (Xt) t

Finally, since S, is H;-measurable, Lemma B.1 again yields
E[S, | Gi] = E[S, | Xi] = S;.

Thus, for every 0 < r <t < T, E[M, | G| = M; and E[S, | G;] = S;. Replacing ¢t by T' — s gives
the reverse-time martingale formulation. O

The preceding result immediately implies the convex-order monotonicity of the reverse con-
ditional mean and of the normalized score.

Corollary 4.3 (Convex-order monotonicity of normalized scores). Under Assumption 4.1, for
every 0 <u <s<T,
M’LL jCXM87 Su jCXSS‘

Thus both the reverse conditional mean and the reverse normalized score are increasing in convex
order along reverse time.

Proof. The result follows directly from Proposition 4.2 and Jensen’s inequality. Indeed, if (Ny)
is an integrable martingale and v < s, then

N, = E[N; | Ful,
so that, for every convex function ® for which the expectations exist,
E[®(N,)] = E[®(E[N, | F,])] < E[®(N,)].

Applying this argument to N = M and N = S gives the announced convex-order inequalities.
O

The previous result concerns the normalized score. The actual reverse drift, or reverse
local mean drift, usually involves the instantaneous rate of the clock. We fix a non-negative
measurable version a of ;. When pointwise statements about the reverse drift are made, we
assume that this version is finite at the considered times. In the examples below,

a=ot), a=A0), =)
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respectively in the Gaussian, compensated compound Poisson and symmetric a-stable cases.
Suppose that the reverse drift, or reverse local mean drift, has the form

Ry =ar_sS,, 0<s<T.

Then R is generally not a martingale. Indeed, for 0 < u < s < T,

E[Rs | Fu] = ar—s Sy whereas Ry, = ar_y, Sy.

These two quantities coincide only when the instantaneous rate is constant on the relevant
interval, or in degenerate cases.

Nevertheless, the convex-order monotonicity can be recovered under a monotonicity condi-
tion on the instantaneous rate.

Proposition 4.4 (Clock-rate condition for drift peacocks). Assume that Assumption 4.1 holds.
Assume moreover that k is absolutely continuous, that

Es:ansga 0<s<T,
is integrable for every s < T, and that the map s — ar_s is nondecreasing on [0,T]. Then

Rujcxﬁm 0<u<s<T.

Thus (Rs)o<s<T 1S a peacock.
Proof. By Corollary 4.3, Sy, =<ex S, 0 < u < s < T. Moreover,

E[FS] _ E[MT—s/l;f[XT—S] _ E[Y/L;_]SE[Y] = 0.

Since s — ap_g is nondecreasing, we have
0<ar—<ar_s, 0<u<s<T.

Multiplication by a nonnegative deterministic constant preserves the convex order, and increas-
ing the deterministic scale of a centered integrable random variable increases it in the convex
order. Hence

ar—ySy Zex OT7—uSs Sex aT—sSs.

That is, Ry, <ex Rs, which proves that R is increasing in convex order. ]

Remark 4.5 (Normalized score versus actual reverse drift). The distinction between Sg and R
is essential in time-inhomogeneous models. The normalized score is governed by the accumulated
clock k7_s and is a martingale in reverse time. The actual reverse drift is governed by the
instantaneous rate ap_,. Therefore it is, in general, only a deterministic time-dependent dilation
of a martingale, not a martingale itself.

Remark 4.6 (Canonical specializations). The three main models considered below fit the
preceding framework as follows. The operator C is defined by the identity
(Cpy)(x)

my(z) —x = —Ky o)

Table 4.1 lists the respective clock, operator, and instantaneous rate for the three main models
considered in this paper.
Thus, the normalized score is always

(Cpt)(Xt)'

Sy = —
! pt(Xt)
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Model Clock k¢ Operator C' | Instantaneous rate a; = K
7
Gaussian Ay :/ o?(r)dr Cq=—0.q ()
0
t
Compensated compound Poisson | A = / A(r) dr Cqg=qx*xy A(t)
0
t
Symmetric a-stable ry = / lor(r)|*dr | Cq = aAa—1q9 lorn ()]
0

Table 4.1: Clock, operator, and instantaneous rate for the three main models.

In the Gaussian case, Sy = 0, log p;(X¢). In the compound Poisson case,

(e * x7)(Xe)

S =
! pe(Xt)

In the symmetric a-stable case,

(Aa—10t)(Xt)
pe(Xy)

The following sections verify these identities and identify the corresponding reverse drift or
reverse local mean drift in each model.

St:—Oé

5 Gaussian forward dynamics with deterministic volatility and
reverse-time representation

This section specializes the clock-based principle of Section 4 to the Gaussian additive model
with deterministic time-dependent volatility. The relevant accumulated clock is the variance
clock A; in Table 4.1 whereas the actual reverse drift involves the instantaneous variance rate
o2(t). Thus the normalized reverse score is controlled by the accumulated variance, while the
reverse drift is obtained by multiplying this score by the instantaneous rate.

5.1 Gaussian variance clock and reverse diffusion

Let (Wi)o<t<r be a standard Brownian motion independent of Y, and consider the forward
process

Xt:Y+/OtO'(T’)dWr, 0<t<T,
where o : [0,7] — [0,00) is deterministic and square-integrable. We assume that
0< Ay < 00, t> 0.
Equivalently, by deterministic time change, one may write
Xt =Y + By,

where B is a standard Brownian motion independent of Y. Hence the Gaussian model is an
additive noise model driven by the convolution semigroup

e = Normal(0, a), a >0,

and by the deterministic clock x; = Ags.
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Let p; denote the law of X;. For ¢t > 0, p; admits a smooth strictly positive density, still
denoted by p;, and

1 z?
pt:po*QOAt7 ()0’0(:1"): \/%exp _% :

The forward generator is time-inhomogeneous and acts on smooth test functions f as

a2(t
(L)) = T (),
and its adjoint acts on densities as
" o(t
(£ia) (@) = TP 0,0a().

Consequently, the marginal densities solve the non-homogeneous heat equation

2
o“(t
Oipe(z) = 2( )c'“)mpt(m), Pt=0 = Po-
Let X, := Xpr_s, 0 < s < T, be the reverse-time process. Under conditions ensuring

the validity of the classical time-reversal theorem for one-dimensional diffusions, for instance
pt > 0, pp € CH? on (0,7T] x R, and sufficient local integrability of 9, logp:, (Xs)o<s<T is a
time-inhomogeneous diffusion satisfying

dXs=bs(Xs)ds+o(T — s) dWs,
where (W) is a Brownian motion in reverse time and

bs(z) = o2(T — 5)0, log pr—s(z).
The corresponding backward generator is

o?(T — s)

1 @),

(Lsf)(@) = bs(2) f' () +
Thus, the Gaussian reverse drift is local: it is the score of the marginal density pr_s, multiplied
by the instantaneous variance rate o%(T — s).
5.2 Tweedie formula, normalized score and reverse drift

We now identify the denoising correction and the Gaussian instance of the general clock-based
score. The Gaussian convolution semigroup is generated by the heat semigroup

(Pug)(z) = /R (W)alz—y)dy,  a>0.

In the notation of Section 4, the operator C'is Cq = —3d,q. Indeed, C commutes with the heat
semigroup, since
0:Paq = P,(0rq), a> 0.

Proposition 5.1 (Gaussian specialization of the clock-based score). In the Gaussian setting
above, for everyt >0 and every x € R such that p,(z) > 0,

mt(;p) = E[Y | Xy = .T] =x+ A; 0, logpt(x)
Consequently, with

M- X

Mt = E[Y ‘ Xt], St : At s
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one has

St = 0y log pe(X3).
Moreover, the actual reverse drift satisfies

(T — s)

balr) = =

(mp_s(x) — ), 0<s<T,
or, equivalently, o B
bo(Xs) =0*(T —5)Ss,  Ss:=Sp_s.
Proof. For fixed t > 0, the noise
¢
Z = / o (r) dW,

0

is Gaussian with variance A;. The Gaussian Bartlett—Tweedie identity gives
ElY | Xy = x| =z + Ay 0, log p(z).

Thus,
M- Xy

Ay
Taking ¢t = T — s in the preceding identity yields

Sy = 0, log p¢(Xy).

0 logpr-o(¢) = T

Since the reverse drift is
bs(z) = 02(T — 8)0y log pr—s(x),

the stated representation follows. ]

The Gaussian case therefore fits exactly the framework of Section 4 with
Kt = Ay, a; = Ky = (1), C = —0,.
Consequently, the martingale and convex-order results follow directly from the general clock-
based principle.

Corollary 5.2 (Reverse martingales and convex-order monotonicity). Let

MS = MT—87 §$ = ST—57 ES = bs(ys) = J2<T - S)gs'

Then, (Ms)o<s<r and (Ss)o<s<T are martingales with respect to the reverse filtration Fs 1=
0(Xy:0<wu<s). In particular,

My Zex Mg, Su=ZexSs,  0<u<s<T.

If, in addition, the map s v o>(T — s) is non-decreasing on [0,T], then
B, =cx B, 0<u<s<T.

Thus, the reverse drift (§3)0§5<T s a peacock whenever it is integrable.

Proof. The Gaussian heat semigroup and the operator C' = —3, satisfy the commutation con-
dition of Section 4. The Bartlett—Tweedie identity in Proposition 5.1 gives the required repre-
sentation of the normalized score. The martingale and convex-order assertions therefore follow
from Proposition 4.2 and Corollary 4.3. The peacock property of the reverse drift follows from
Proposition 4.4 with a; = o2(t). O
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Remark 5.3 (Constant-volatility case). If o(t) = o, then A; = o*t. Hence

M; — X, M; — X
St:%, Bt:UZSt=¥~
o4t t

Thus, the normalized score and the actual reverse drift differ only by the constant factor o2.

In this homogeneous case, the reverse drift is itself a reverse-time martingale. In the time-
inhomogeneous case, only the normalized score is automatically a martingale; the drift is a
deterministic time-dependent dilation of it.

Remark 5.4 (Kellerer martingale associated with the Gaussian reverse drift). When (Bj)o<s<r
is a peacock (see [6]), under the usual regularity assumptions required for the continuous-time
version of Kellerer’s theorem, this peacock admits a martingale realization, possibly defined on
another filtered probability space, such that

M, ~ By, 0<s<T.

Equivalently, for every finite collection of times, the corresponding marginal laws are compatible
with a martingale coupling. This martingale is a mimicking martingale: in general it has the
same one-dimensional marginal distributions as the Gaussian reverse drift, but not the same
finite-dimensional distributions. Indeed,

E[B; | Fu] = 0*(T — 5)S., B, = o*(T — u)S,,

so that (Bj) is itself a martingale only in the constant-volatility case, or in degenerate cases.

5.3 Linearity of the Gaussian reverse score and drift

We finally identify the Gaussian case in which the normalized score and the reverse drift are
linear functions of the state. This is the Gaussian instance of the semigroup-compatibility
principle: the signal and the noise must belong to the same Gaussian convolution semigroup,
up to translation.

Proposition 5.5 (Linearity of the Gaussian reverse score and drift). Assume that Ay > 0 for
every t > 0, and let
se(z) = 0y log pe(z), t>0.

The following assertions are equivalent:

(1) The initial distribution is Gaussian, possibly degenerate:

Y ~ Normal(u, 7%), T >0.

(2) For everyt > 0, the Gaussian score s; is affine in x.
(3) There exists to > 0 such that the Gaussian score sy, is affine in x.

In that case, for everyt >0,

X, —
Dy = Normal(u,T2 + Ay) and Sy = s¢(Xy) = —ﬁ.
t
The actual reverse drift, indexed in forward time, is
a*(t)
By = o*(t)S; = — X — ).
y = 07 (t)S; TQ+At(t 1)
Equivalently, in reverse time,
— Xs—p o} (T —38)
_ _ X.
B 24 Ap_’ B T2+ Ap_g (Xs = n)



Proof. If Y ~ Normal(u, 72), then X; =Y + Z; ~ Normal(u, 72 + A;). Therefore,

T —p

O log pi(z) = TR A

which gives the displayed formulas for S;, By, Ss and B.
Conversely, assume that s, is affine for some ¢y > 0. Then

Oz logpy, () = ax + b

for some constants a,b € R. Hence,

pio(x) = Cexp (%xz + bx) )

Since py, is a probability density on R, necessarily a < 0, and X;, is Gaussian. But
Xto =Y +G Aty

where G4, ~ Normal(0, A¢,) is independent of ¥ and Ay, > 0. By Cramer’s theorem, Y is
Gaussian, possibly degenerate. This proves the equivalence. O

6 Compensated compound Poisson forward dynamics with de-
terministic intensity and reverse-time representation

This section specializes the clock-based principle of Section 4 to finite-activity jump noise. The
forward perturbation is a compensated compound Poisson process with deterministic time-
dependent intensity. The accumulated clock is the cumulative intensity A; in Table 4.1 whereas
the actual reverse local mean drift involves the instantaneous intensity A(t). Thus, as in the
Gaussian case, the normalized score is governed by the accumulated clock, while the genuine
reverse local mean drift is obtained by multiplying this score by the instantaneous clock rate.

6.1 Compound Poisson clock and time-reversed jump dynamics

Consider the setting of Section 3.5.2. Let A : [0,7] — [0, 00) be measurable and such that
0 < A < o0, t>0.

The forward noise is

Ny
Zt:ZJk—mAt, m = E[Jl],
k=1

where (V) is a non-homogeneous Poisson process with integrated intensity A;, and where the
jumps Ji, Js,... are independent with common distribution F;. Then, Z has independent
centered increments and, for 0 < s <t < T,

Nay—ng

d
Zi—ZoE Y Je—m(A—Ay).
k=1
Therefore, the model is an additive noise model driven by the centered compound Poisson
convolution semigroup (fiq)q>0, where
to(u) =exp{a(ps(u) —1—ium)}, u € R.
In the notation of Section 4, the deterministic clock is

Ry = At, ay = I‘i; = )\(t)
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Let p; denote the law of X; =Y + Z;. Throughout this section, when applying the clock-
based principle of Section 4, we assume that pg admits a strictly positive density and that
the regularity and integrability conditions of Assumption 4.1 are satisfied. Then, p; admits a
strictly positive density for every ¢t > 0, and

Dt = Po * 1A,
The forward generator acts on smooth test functions f as

(Cof) () = ~A(Oymf! () + A(t) / (F(z+u) — f(2))Fy(du)

R

— () /R (F@+u) — f(z) — uf'(2)) Fy(du).

Its adjoint acting on densities is

() () = AMO)maq(x) + M(t) /R (az — u) — g()) Fy(du)

=) [ (a6 = ) = ala) + w0.q(a) Py ).
Thus, the marginal densities solve

Oipe(w) = Lipi(z), Dt=0 = Po-

Let

X = X7_s, 0<s<T,

be the reverse-time process. For 0 < u < s < T, its transition kernel is

= pr—s(y)
Kus(x,dy) = =22 jing ap (@ — dy).

Equivalently, for every bounded measurable function f,

Bf(X.) | X, = o] = pTl() /R F@Pr—sW)itrgap_, (3 — dy).

The reverse process is a time-inhomogeneous jump Markov process. Its backward generator is
given by the reverse h-transform

Cua) = == (Li(fpr-)(a) = F@)Crpr-a(0)).

Using the explicit expression of £7.__, this becomes
Pr—s\T — U
(Eu)a) = AT = s)m'(a) + T = 5) [ (Fe =) = 5@) 20 ).
R pr—s(7)
Hence, in reverse time, jumps of size —u occur with state-dependent kernel

S)p:r_s(x —u)

Ug(x,du) = \NT — P

FJ(du),

and there is a deterministic drift component A(T — s)m between jumps. The ratio
pr—s(x — u)/pr—s(z) is the jump analogue of the score factor in Gaussian time reversal.
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6.2 Tweedie formula, normalized jump score and local mean drift

Define the signed measure
XJ(du) := uFj(du) — mdp(du).
It encodes the centered first-order jump operator associated with the compensated compound

Poisson noise. In the notation of Section 4, the score operator is C'q = q * xs. Since both C
and the operators P,q = q * p, are convolution operators, they commute:

C(P,q) = P,(Cq), a > 0.

Proposition 6.1 (Compound Poisson specialization of the clock-based score). In the setting
of Section 3.5.2, for every t > 0 and every x such that p;(x) > 0,

(P * xJ)(2)

mi(z) =EY | Xy =z] =0 — Ay (@)

Consequently, with

M, — X
M = E[Y | X4, Sy 1= %,
¢

one has

_(pexxa)(Xe)
o = pe(Xe)

Moreover, if
Bs(x) := (LsId)(z), Id(z) = «,

denotes the reverse local mean drift, then

T g Prsrxa)@) AT —s)
Bs(z) = =T = s) o) Ar (mr—s(z) — ).

Equivalently,

/Bs(ys) = A(T - S)gs, SS = ST,S.

Proof. For fixed t > 0, Z; is a centered compound Poisson random variable with cumulative
intensity parameter A;, and characteristic function

E[e"?t] = exp {A; (@ s(u) — 1 —ium)}.
The compound Poisson Bartlett—Tweedie identity of Proposition 2.5 gives

RSN R )1 C)

This proves the formula for m; and hence the representation of S;.
It remains to identify the reverse local mean drift. From the reverse generator,

MJ@@%:MT—$m+AH¥ﬁx4“x—m—xﬁTAx_wEWM)

prs(x)

= AT — s)m — AT — ) /RuprTS(ZC(;;L)FJ(du).

Since

(pr—s * x)(@) = /IR wpr—s(z — u)Fy(du) — mpr—s(a),

we obtain
(pr—s * xJ)(2)

,35($) = _)‘(T - 8) pT—s(x)
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Combining this identity with the Tweedie formula at time 7" — s yields

MNT —s)

Bs(w) = T—s (mr—s(x) — ).

Evaluating at © = X gives 35(Xs) = M(T — s)Ss and ends the proof. O
Thus the compensated compound Poisson model fits Section 4 with
re=A,  a=At),  Cq=q*xy.

The martingale and convex-order properties are therefore direct consequences of the clock-based
principle.

Corollary 6.2 (Reverse martingales and convex-order monotonicity). Let

Mg := Mp_,, Ss = Sr_s, Ry = Bs(Xs) = MT — 5)Ss.

Then, (Ms)o<s<7 and (Ss)o<s<T are martingales with respect to the reverse filtration

Fsi=0(Xy:0<u<s).

Consequently,

Mu jcxﬁsa gu jcxgs, 0<u<s<T.

If, in addition, the map s — XN(T — s) is non-decreasing on [0,T], then
Ry =cx R, 0<u<s<T.
Thus the reverse local mean drift (Rs)0§s<T s a peacock whenever it is integrable.

Proof. The convolution operator Cq = g% ; commutes with the compound Poisson convolution
semigroup, and Proposition 6.1 gives the required clock-based Bartlett—Tweedie representation.
The martingale and convex-order assertions follow from Proposition 4.2 and Corollary 4.3. The
peacock property of the reverse local mean drift follows from Proposition 4.4 with a; = A(¢). O

Remark 6.3 (Constant-intensity case). If A(¢) = A, then Ay = A\t. Hence

M, — X,
Sp= —— Ry = \S; =
t N t t

M; — X
t .

Thus, the normalized compound Poisson score and the actual reverse local mean drift differ only
by the constant factor A. In this homogeneous case, the reverse local mean drift is itself a reverse-
time martingale. In the time-inhomogeneous case, only the normalized score is automatically a
martingale.

Remark 6.4 (Kellerer martingale associated with the reverse local mean drift). When (Rs)o<s<T
is a peacock, Kellerer’s theorem yields a martingale (M;)o<s<r, possibly defined on another
filtered probability space, such that

M, ~ R, 0<s<T.

This martingale is a mimicking martingale: in general it has the same one-dimensional marginal
distributions as the reverse local mean drift, but not the same finite-dimensional distributions.
Indeed,

E[Rs | Fu] = MT — 8)Sy, Ry = XNT — u)S,,

so that (R;) is itself a martingale only in the constant-intensity case, or in degenerate cases.
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6.3 Linearity of the compound Poisson reverse score and drift

We finally identify the semigroup-compatible case in which the conditional mean, the normalized
score and the reverse local mean drift are affine functions of the state. This is the compound
Poisson analogue of the Gaussian linear-score case: the initial law and the noise law must belong
to the same centered compound Poisson convolution semigroup, up to translation.

Proposition 6.5 (Affine linearity under compound Poisson semigroup compatibility). In the
setting of Section 3.5.2, assume that

Y=yp+Y®,  yeR,

where YO is a centered compound Poisson random variable with the same Jump distribution
Fj, namely

M
YO =%"J — om,
k=1

where M ~ Poisson(d), 6 > 0, the random variables Ji,J5, ... are independent with common
distribution Fy, and M, (J}), (Ji), and (N;) are mutually independent. Then, for every t €
(0,77,

0
M, :=E]Y | X4] = —( Xy —yo)-
t Y| X¢] y0+9+At(t Yo)
Consequently,
g M —-Xi  Xi—yo
! Ay 0+A;
and the actual reverse local mean drift, indexed in forward time, is
A(t)
Ry = A(t)S; = — X —y0)-
L= AOS: =~ 5 (X5~ )
Equivalently, in reverse time,
M. = o+ 70— (X — ).
Yo + 9+AT_S( Y0)
< Ys_yO o )\(T—S)—
Ss - 6+AT757 s — 9+AT75( s yO)'

Thus, the normalized compound Poisson score and the reverse local mean drift are affine func-
tions of the reverse state. If yo = 0, they are linear functions of Xs.

Proof. The characteristic functions of Y(©) and Z, are respectively

Py (u) = exp {0 (ps(u) — 1 —ium)},
and
vz, (u) =exp{A¢ (ps(u) — 1 —dum)}.

Thus, Y and Z, belong to the same centered compound Poisson convolution semigroup, with
parameters 6 and A;. Proposition 2.8 gives

EY©® | y©® 4 7] = efA(Y(O) + 7).
t

Since X; —yo =Y + 7,

0
EY | X¢] = yo + -—7+ (Xt — w0)-

0+ Ay
The formulas for S; and R; follow by subtracting X, dividing by A;, and then multiplying by
A(t). Replacing t by T' — s gives the reverse-time formulas. O
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Remark 6.6 (Characterization within the infinitely divisible class). Proposition 6.5 gives the
semigroup-compatible case. Conversely, within the infinitely divisible class, affine linearity of
the conditional mean forces this structure. Indeed, suppose that Y — g is infinitely divisible
and that E[Y | X,] is an affine function of X}, for some ¢y > 0. After centering, one obtains

E[Y — Yo | Xto - Z/O] - a(Xto - yO)

for some a € [0,1]. Proposition 2.8 then implies that ¥ — yo and Z;, have proportional Lévy
exponents. Since Zy, has exponent Ay, (¢(u) — 1 —ium), the centered variable Y — yo must
have exponent 0 (¢j(u) —1 —ium) for some § > 0. Thus, affine linearity is not generic; it
reflects compatibility of the initial distribution with the same compound Poisson convolution
semigroup as the noise.

7 Symmetric a-stable forward dynamics with deterministic scale
and reverse-time representation
This section specializes the clock-based principle of Section 4 to symmetric a-stable noise, with
a € (1,2). The restriction o > 1 is essential: it ensures that the stable noise is integrable and
centered, so that conditional means and convex-order comparisons are meaningful.
The accumulated stable clock is I'; in Table 4.1 whereas the instantaneous clock rate is a; :=
lor(t)|*. Thus the normalized fractional score is governed by the accumulated clock I';, while

the actual reverse local mean drift is obtained by multiplying this score by the instantaneous
rate a;.

7.1 Stable clock and reverse Lévy-type dynamics

Consider the setting of Section 3.5.3. Let L = (L:)s>0 be a symmetric a-stable Lévy process
normalized by '
E[e?H] = exp(—t|u|®), u € R.

Let o, : [0,7] — R be deterministic and measurable, and assume that
0<TIy < o0, t>0.

The forward model is
t
Xt:Y+Zt, Zt:/O'L(T)dLT, OStST,
0

where Y is independent of L. Since oy, is deterministic, Z; is symmetric a-stable with charac-
teristic function '
E[eZ“Zt] = exp(—T'¢|u]?).

Because a > 1, Z; is integrable and centered.
Let g, be the density of the symmetric a-stable law with characteristic function
¢y(u) = exp(=y[ul®), 7 =0.
If p; denotes the law of X;, then
Pt = po * qr, -

For t > 0, gr, is smooth and strictly positive on R. Thus p; is smooth and strictly positive
whenever pg is a probability density.
The forward generator is time-inhomogeneous and acts on sufficiently smooth functions as

(Lef)(x) = *at(*A)aﬂf@)'
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Equivalently, if
Vo (dz) = Kalz| 1% d2

is the Lévy measure of the normalized symmetric a-stable process, then

(Cof)(2) = ay / (F@+2) — f(x) — 2 (2)) va(d2).

R

The centered representation is well defined for a € (1,2), since

[l A 2D vata) < o
R

Since the stable process is symmetric, the same operator acts on densities, and the marginal
densities solve the fractional Fokker—Planck equation
Opi(x) = —at(—A)a/zpt(fU)» Pt=0 = Po-

Let

XS ::XT—s, OSSST,

be the reverse-time process. For 0 < u < s < T, its transition kernel is

§72 PT—s (y) d

Kys(r,dy) = qryp_ 17 (T =y Y.
( ) I'r I'r ( )pru(x)

Equivalently, for every bounded measurable function f,

E[f(ys) ‘ Yu = 1’] - pTlu(LL“) /R f(y)qFT_u—FT_s ('7: - y)pT—s(y) dy.

The reverse process is a time-inhomogeneous pure-jump Markov process with infinite activity.
Its backward generator is the Doob h-transform

— 1

(Lsf)(x) =

= m (ﬁT—s(pr—s)(.%') — f(x)ET—spT_s(l')) '

Unlike the Gaussian reverse dynamics, this generator is non-local. The relevant first-order
quantity is therefore the reverse local mean drift

Bs(x) := (LId) (), Id(z) = .

Proposition 7.1 (Reverse Lévy-type generator in centered form). Assume that pr_s is strictly
positive and C', and that for every € R,

/R(|z|2/\ ) P2 1) < oo

pr—s(T)
and (z 1+ 2)
Pr—s\T T 2

Then, the reverse generator admits the representation

(Caf) (@) = Ba(@)f'(z) + / (Fla+2) — f(2) — 2 (@) Pu(e d2),

R
where
pr—s(x + 2)

pr—s() va(d2),

Ug(x,dz) = ap—s
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and

B(z) = aTs/RZ (pT‘S(“Z) - 1) Val(d2).

prs(x)
Consequently, on a possibly enlarged filtered probability space, the reverse process admits the
Lévy-type semimartingale representation

Xs:X0+/ BT(XT_)dT—l—/ /z]:f(dr,dz), 0<s<T,
0 0 JR

where N (dr,dz) is the jump measure of X, and

N(dr,dz) := N(dr,dz) — v,(X,_,dz)dr.

The second integrability condition is the one ensuring that the compensated first moment of
the tilted jump kernel is finite. Near the origin it is consistent with the C'-regularity of pr_,
since

prs(® +2)
prs(l’)
and fIZI <1 2?v4(dz) < 0o. The condition at infinity is an integrability assumption on the tilted
stable kernel.

—1=0(»), z—0,

Proof. Set hs(z) := pr—s(x). By the reverse h-transform formula,

(Caf)(z) = hix) (Cro(fhe)(@) — F(2) Lr_sha(z))

Using the centered Lévy representation of Lr_g, we obtain

€@ =ar-s [ (7 +2) - 1) 55D ar @) vl

Adding and subtracting z f/(z) hz(:'g)z ) inside the integral gives

(£sf)(@) = ar—s /]R (fla+2) — f(o) — /(@) P2 22

hs()
+ar—sf'(x) /Rz (W - 1) Va(dz).

Since hs = pr—_s, this proves the announced expressions for Us(x,dz) and fs(z). The semi-
martingale representation is the standard stochastic realization of the corresponding time-
inhomogeneous Lévy-type generator. O

Ve (dz)

Remark 7.2 (Non-local nature of the reverse stable dynamics). The reverse stable dynamics
are driven by the state-dependent jump kernel

pr—s(x + 2)
pr—s()

The ratio pr—s(z + 2)/pr—s(x) tilts the forward stable jump measure according to the current
marginal density. This is the stable analogue of the score factor in Gaussian time reversal, but
it acts non-locally through the jump kernel.

Us(x,dz) = ap_s Kalz| 71 dz.
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7.2 Tweedie formula, normalized fractional score and local mean drift

Recall that the fractional score operator A,_1 is defined by the Fourier multiplier
FlAa1f)(u) = isign(u)|ul*"' f(u),  ueR.

The stable score is therefore non-local. In the notation of Section 4, the operator C is Cq =
aAq—1q. Since both C and the stable convolution semigroup

Pyq = qxqy, v 20,
are Fourier multiplier operators, they commute:
C(Pyq) = Py(Cq), v 2 0.

Proposition 7.3 (Stable specialization of the clock-based score). In the setting of Section 3.5.3,
for every t > 0 and every x such that p;(x) > 0,

m(z) =EY | Xy =z] =2 — af‘t('ALpt)(x).

pe(x)
Consequently, with
M; — X
My =EY | Xi], ==
t
one has " x
S, = —a( a—1pt)( t).
pe(Xt)
Moreover, the reverse local mean drift satisfies
(-Aa—lpT—sxw) arT—s
s(x) = —aar—g = mr_s(x) —x), 0<s<T.
u(w) = —oar_y O PTIE — B2 (g (z) — 2)

Equivalently,

Bs(Xs) = ar—sSs, Ss = Sr_s.
Proof. For fixed t > 0, the noise Z; is symmetric a-stable with characteristic function
Ble""%] = exp(—T\[uf?).
The symmetric stable Bartlett—Tweedie identity of Proposition 2.3 gives

o op Hap)(@)
ElY | X; = 2] I, X EIR

This proves the formula for m; and hence the expression for S;.
It remains to identify the local mean drift with the fractional score. Let p = pr_s. Since

Lr_s= _aT—s(_A)a/Qa

we have
_ Lr_u(ap)(@) - Lo p(a)

Pu(@) p(x)

Using the Fourier convention

o) = F(w),
we get .
FlLr—s(@p)(u) = —ar—Jul* 35 (w),
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whereas

1 N
FleLr_apl(u) = 10, (~ar_Jul*p(u)).
Subtracting yields
FlLr—s(xp) — xLr_sp](u) = —aap_g4i sign(u)\u]o‘_lﬁ(u).
Thus,
Lr_s(xp) —xLr_sp = —aar—_sAa—1D,

and therefore

(-Aa—lpT—s) (ZL‘)
PT—s(CU) ’

Combining this identity with the Tweedie formula at time T — s gives

Bs (ZE) = —Qar—s

Balw) = o (mr—s(a) — 2).

Evaluating at = = X gives Bs(Xs) = ar_sSs and ends the proof. O
Thus the symmetric a-stable model fits Section 4 with
ke =Ty, ar = Ky = |or(t)|*, Cq=aAs—1q.
The martingale and convex-order properties follow directly from the clock-based principle.

Corollary 7.4 (Reverse martingales and convex-order monotonicity). Let
Ms = MT—57 Fs = ST—57 RS = /BS(YS) = aT—sgs-

Then, (Ms)o<s< and (Ss)o<s<T are martingales with respect to the reverse filtration

Fsi=0(Xy:0<u<s).

Consequently,

M, jcxMSa gu jcxgm 0<u<s<T.

If, in addition, the map s — ar_s = |or(T — s)|* is non-decreasing on [0,T], then
Rujcxﬁ& 0<u<s<T.
Thus the reverse local mean drift (ES)OSS<T s a peacock whenever it is integrable.

Proof. The stable convolution semigroup and the operator Cq = a.A,_1q satisfy the commu-
tation condition of Section 4. Proposition 7.3 gives the required clock-based Bartlett—Tweedie
representation. The martingale and convex-order assertions follow from Proposition 4.2 and
Corollary 4.3. The peacock property of the reverse local mean drift follows from Proposition 4.4
with a; = |or(t)|. O

Remark 7.5 (Constant-scale case). If a; = |o(t)|* = a, then I'y = at. Hence,

M; — X
St:¥, Rt:aSt:
at

M; — X,

rat
Thus, the normalized fractional score and the actual reverse local mean drift differ only by
the constant factor a. In this homogeneous stable case, the reverse local mean drift is itself a

reverse-time martingale. In the time-inhomogeneous case, only the normalized fractional score
is automatically a martingale.
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Remark 7.6 (Kellerer martingale associated with the reverse stable drift). When (Rj)o<s<T
is a peacock, Kellerer’s theorem yields a martingale (Mj)o<s<r, possibly defined on another
filtered probability space, such that

M, ~ R, 0<s<T.

This is a mimicking martingale: it has the same one-dimensional marginal distributions as the
reverse local mean drift, but not its finite-dimensional distributions in general. Indeed,

E[Rs | ?u] = ansgua Ru = anuSuv

so that (R;) is itself a martingale only in the constant-scale case, or in degenerate cases.

7.3 Linearity of the reverse fractional score and drift

We finally identify the semigroup-compatible case in which the conditional mean, the normalized
fractional score and the reverse local mean drift are affine functions of the state. This is the
stable analogue of the Gaussian and compound Poisson linear cases: the initial law and the noise
law must belong to the same symmetric a-stable convolution semigroup, up to translation.

Proposition 7.7 (Linearity under stable semigroup compatibility). In the setting of Sec-
tion 3.5.3, assume that
Y:y0+Y(O)7 QOER,

where YO is symmetric a-stable with characteristic function
Ele™"”] = exp(—0|u[*), ueR,

for some 6 > 0. Then, for everyt € (0,T],

0
My :=E[Y | X¢] = yo + m(Xt —40)-

Consequently,
M —-Xy  Xe—wyo
Ty 0+

and the actual reverse local mean drift, indexed in forward time, is

St

ag
Ry = a;S; = ——— (Xt — yo).
t = ot 0+Ft( t = Yo)
Equivalently, in reverse time,
Ms=1yo+ o (X )
s = Y0 01T, . s —Yo),
= Xs— 1% - arT—s ~

=" Ry=——""—(Xs—10).
s 9+FT757 s 0+FT75( s yO)

Thus, the normalized fractional score and the reverse local mean drift are affine functions of the
reverse state. If yg = 0, they are linear functions of X .

Proof. The characteristic functions of Y(©) and Z, are respectively
Py o (u) = exp(—0[u|®), and ¢z, (u) = exp(—T¢|ul").

Thus Y(© and Z; belong to the same symmetric a-stable convolution semigroup, with param-
eters 0 and I';. Proposition 2.8 gives

EY® | y©® 4 7] = YO 4 7).

0+ 1

31



Since X; — yg = y© 4 Zy, it follows that

EY | X] =y (Xt —yo)-

oI,
The formulas for S; and R; follow by subtracting X;, dividing by I'y, and then multiplying by
at. Replacing t by T'— s gives the reverse-time formulas. O

Remark 7.8 (Characterization within the infinitely divisible class). Proposition 7.7 gives the
semigroup-compatible case. Conversely, within the infinitely divisible class, affine linearity of
the conditional mean forces this structure. Indeed, suppose that Y — g, is infinitely divisible
and that E[Y | Xy,] is an affine function of Xy, for some ¢y > 0. After centering, Proposition 2.8
implies that Y —yo and Z;, have proportional Lévy exponents. Since Zy, has exponent —I'y,|u|®,
the centered variable Y — yo must have exponent —6|u|® for some 6 > 0. Thus, affine linearity
of the stable reverse score and drift is not generic; it reflects compatibility with the symmetric
a-stable convolution semigroup.

8 Conclusion

This paper develops a clock-based analysis of reverse-time conditional means, scores and drift
quantities in additive noise models. The main contribution is to isolate a general martingale
mechanism behind several apparently different reverse-time dynamics. When the forward noise
is driven by a deterministic convolution clock k¢, the denoising error M; — X;, where M, =
E[Y | Xi], must be normalized by the accumulated clock k;, not by calendar time nor by the
instantaneous noise rate. Under the commutation condition between the score operator and the
convolution semigroup, the normalized score

_ M -X
= o

St

is a martingale in reverse time. This gives a unified explanation for the convex-order mono-
tonicity of reverse-time scores.

The Gaussian, compensated compound Poisson and symmetric a-stable models studied in
this paper are then special cases of the same principle. In the Gaussian case, the clock is the
accumulated variance A; = fg o2(r)dr, and the normalized score is the usual logarithmic score
0y log pi(Xy). In the compensated compound Poisson case, the clock is the cumulative intensity
A = fot A(r) dr, and the score is a non-local jump score involving the signed measure uFy(du) —

mdp(du). In the symmetric a-stable case, with a € (1,2), the clock is 'y = fot lor(r)|* dr, and
the score is fractional, being defined through the multiplier isign(u)|u|/*~!. These examples
show that the Gaussian score is only the local member of a broader family of clock-normalized
denoising scores.

The reverse-time martingale property has direct stochastic-order consequences. The reverse
conditional mean and the reverse normalized score are increasing in convex order along reverse
time. Equivalently, as the forward noise level increases, these quantities decrease in convex
order. This provides a probabilistic ordering of the information retained by the denoising map
and by the associated score as noise accumulates.

A second conclusion concerns the distinction between normalized scores and actual reverse
drifts. In the time-inhomogeneous setting, the actual reverse drift in the Gaussian case, and the
reverse local mean drift in the jump and stable cases, are obtained by multiplying the normalized
score by the instantaneous clock rate. This rate is o2(t), A(t), or |oL(t)|* in the three main
examples. Consequently, the actual reverse drift is not a martingale in general. It becomes
increasing in convex order under a monotonicity condition on the instantaneous rate in reverse
time. Under this condition, the reverse drift defines a peacock, and Kellerer’s theorem yields a
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martingale realization with the same one-dimensional marginal distributions. This martingale
is a mimicking martingale; it does not generally coincide with the genuine reverse drift process.

The paper also clarifies the role of infinitely divisible convolution semigroups in the linearity
of denoising maps. Within the infinitely divisible class, proportionality of E[Y | Y + ¢] to
Y + ¢ is equivalent to proportionality of the Lévy exponents of the signal and the noise. After
allowing for translations, this explains the affine formulas obtained for Gaussian, compound
Poisson and symmetric a-stable initial laws belonging to the same convolution semigroup as the
corresponding noise. Thus, affine reverse scores and drifts are not generic; they are signatures
of semigroup compatibility.

The Cauchy case illustrates the boundary of the theory. The Bartlett—Tweedie identity still
has a natural Hilbert-transform form, but the Cauchy noise is not integrable. As a result, the
conditional mean remains meaningful when Y is integrable, but the normalized Cauchy score
and the associated reverse score drift are not integrable in general. They cannot therefore be
treated as ordinary martingales, nor compared in the usual convex order, without truncation,
localization or additional assumptions. This separates the Cauchy case from the stable regime
a € (1,2).

Several extensions remain open. A first direction is to formulate the clock-based martingale
principle for broader additive processes, beyond the convolution-clock examples treated here,
under minimal domain assumptions on the score operator and on the reverse generator. A second
direction is to develop multidimensional analogues of the results. The identities derived in Dytso
et al. [4] are relevant in that respect, and possible replacements for the univariate convex order
include componentwise convex, upper-orthant convex, directionally convex, increasing convex or
matrix convex orders. A third direction is to connect these results with reverse-time simulation
and score-based generative methods beyond Gaussian diffusions. In non-Gaussian models, the
genuine time-reversed dynamics and marginal-preserving reverse equations need not coincide,
and understanding this distinction appears to be an important probabilistic problem.
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Appendix

A Cauchy forward dynamics with deterministic scale and reverse-
time representation

This section treats the borderline stable case o = 1 described in Section 3.5.4, namely the case
of a Cauchy driving noise with deterministic time-dependent scale. It is useful to present this
case separately from the symmetric a-stable case with a € (1,2), because the Cauchy process
has no first moment. This lack of integrability changes the nature of the reverse-time analysis.

The cumulative Cauchy clock is I'; defined in (3.8) whereas the instantaneous scale rate
is a; := |o¢(t)|. As in the previous sections, the clock I'; is the correct normalization in the
Bartlett—Tweedie formula. However, unlike the case o € (1,2), the normalized Cauchy score
is not integrable in general. Consequently, the reverse Cauchy score drift cannot generally be
treated as an integrable martingale or as a peacock in the usual convex order.

A.1 Model, forward generator and reverse Cauchy dynamics

Let (L;)s>0 be a standard symmetric Cauchy Lévy process, normalized by E[e?*Lt] = exp(—t|ul),
u € R. Let o¢ : [0,7] — R be a deterministic measurable function such that I'; < co and
Iy > 0 for all t > 0. We consider the additive model dX; = o¢(t) dL¢, t € [0,T], with Xg =Y,
where Y is independent of (L;). Thus, X; = Y + Z, where Z; is given in (3.7). Since L; is
Cauchy and o¢ is deterministic, the stochastic integral Z; is again Cauchy, with characteristic
function E[e™%t] = exp(—I'tJu|). Contrary to the case o € (1,2), the noise Z; is not integrable.
Nevertheless, if Y is integrable then the conditional expectation my(x) := E[Y | X; = ] is well
defined.

Let p; denote the law of X;. Let ¢, be the Cauchy density with scale parameter v > 0, that
is, .

;72 + xQ with Z]\’Y(u) = exp(—'7|u|)

¢y (z) =

Then, p; = po * qr,. For every t > 0, qr, is smooth and strictly positive on R. Hence, p; is
smooth and strictly positive whenever pg is a probability density.

The forward generator is time-inhomogeneous and acts on sufficiently regular test functions
as

(Lef)(z) = —at(—A)lﬂf(ﬂf)‘
Equivalently, in Lévy form,
(£uf)(a) = ap. [ (Fla+2) = Fa)) veldo),

where the notation p.v. stands for the Cauchy principal value and vo(dz) = ke|z| =2 dz for
a suitable normalizing constant k¢ > 0. Since the Cauchy process is symmetric, the forward
operator acting on densities coincides with L;. Therefore the marginal densities solve

Ape(z) = —ay(—A)/?p,(z) subject to the boundary condition ps—o = po.

We introduce the reverse-time process Xg := Xr_4, s € [0,7]. For 0 < u < s < T, the
reverse transition kernel is

)prs(y) P

Fu,s x,dy =qrr_,—Tr_ T —Y
( ) T T ( pru(x)

Y.
Equivalently, for every bounded measurable function f,

E[f(Xs) | Xu=1] = pT_IM /Rf(y) qre_,—rr_. (T — y)pr—s(y) dy.
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The reverse process is a time-inhomogeneous Markov jump process. Its backward generator
is given by the Doob h-transform

(o)) = —

— m (»CTfs(prfs)(l') - f(JJ)LTfsprs(:E)) .

Since Cauchy increments are not integrable, the identity function does not belong to the natural
domain of the generator. Hence, the expression (L£Id)(z) does not have the same infinitesimal
conditional-mean interpretation as in the stable case a € (1,2). The relevant object is instead
a commutator drift associated with the fractional score.

Define the operator Ay by the Fourier multiplier

FlAof)(u) = isign(u)f(u), ueR.
Up to the sign convention, Ay is the Hilbert transform.

Proposition A.1 (Reverse Cauchy generator in commutator form). Let hs(x) := pr_s(x). For
sufficiently reqular test functions f, the reverse generator satisfies

— 1
Ea)(@) = 5 (= ar oA PR (@) + ar o ()= 8) 20y (2)).
Equivalently,
Cf)o) =arep. [ (Fo+2) = ) 425 welaz),
whenever the principal value is well defined.
The associated Cauchy commutator drift is
— (Achg)(x) (Aopr—s)(z)
53 (l‘) = —ar—s hs (l‘) = —a7T—s T (l‘) .

Proof. The first identity follows directly from the reverse h-transform formula applied to Lr_s =
—ar_ s(—A)l/ 2. Using the principal-value Lévy representation of the Cauchy generator gives

Caf)@) = L=2py. / (F(@+ 2ha(z + 2) — f(@)ha()) voldz)
R

ho(@ + 2)

hs (m> Vc(dz).

= arpa [ (Fla+2) - fa)
The commutator drift is obtained by the Fourier computation
ET—s(xhs) —xLr_shs = —ar_sAghs.

Dividing by hs gives the announced formula and ends the proof. O

Remark A.2 (Non-local nature of the reverse Cauchy dynamics). The reverse Cauchy dynamics

% tilts the Cauchy jump kernel in the reverse

generator. The quantity fs(z) in Proposition A.1 should therefore be understood as a fractional-
score commutator drift, not as an ordinary local mean drift obtained by applying the generator
to an integrable identity function.

are genuinely non-local. The density ratio
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A.2 Conditional mean and reverse martingale properties

We now derive the Cauchy analogue of Tweedie’s formula. The formula is meaningful as long
as Y is integrable. It expresses the conditional mean in terms of the Hilbert-transform score of
the marginal density py.

Proposition A.3 (Cauchy Tweedie formula with deterministic Cauchy clock). Assume that Y
is integrable. In the setting of Section 3.5.4, for every t > 0 and every x such that pi(x) > 0,

ma() = BJY | X; = a] = @ — 1, A0 @),
pe(x)
Consequently, the Cauchy reverse score drift is
Bs(x) = —ap_s (AOPT—s)($) _ ar—s (mTfs(f) . :1:)7 0<s<T.

prs(x) Iprs
In particular, Bs(Xs) = % (E[Y | X - Xs).

Proof. For fixed t > 0, the noise Z; is Cauchy with characteristic function
E[e™ %] = exp(—T|ul).
The Cauchy Bartlett—Tweedie formula gives

(Aopt)(2) 7

E[Y\Xt::c}:x—Ft pt(x)

which proves the first identity.
Using the same identity at time T — s, we get

mr_s(x) —x = —T7p_,

Multiplying by ap_s/T'p_s yields

and ends the proof. O

Define M, := E[Y | X;], t € [0,T]. Since Y is integrable, the process M, is integrable. By
contrast, the normalized Cauchy score

_ M; — Xy o (-AOpt)(Xt)

Iy Pt(Xt)

is not integrable in general, because X; contains a non-integrable Cauchy component. The
reverse score drift is formally

Sti

at
Rt = (ltSt = F(Mt — Xt),
t

and in reverse time we write My := Mp_g, Sg := Sr_s, and Ry := Rp_s = Bs(Xs).

The next result records the reverse martingale property that survives without any additional
integrability assumption on the Cauchy score: the reverse conditional mean is a martingale. The
proof is similar to the one of Proposition 4.2.

Proposition A.4 (Reverse martingale property of the conditional mean). In the setting of
Section 3.5.4, let Gy := o(Xy 1 u € [t,T]), t € [0,T], be the decreasing filtration generated by
the future of the forward process. Then, E[M; | G| = My for 0 < s <t <T. Equivalently, in

reverse time, (M s)o<s<T s a martingale with respect to Fs:=Gpr_s=0(X, :0<u <s).
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Remark A.5 (The reason why the Cauchy score is not a martingale in the usual sense). The
formal normalized Cauchy score is

M- X,

=7

Since M; is integrable and X; =Y + Z; contains a Cauchy component, X; is not integrable for
every t > 0. Hence, S; is not integrable in general. For instance, if Y = 0, then X; = Z; is
Cauchy and

St

Xt Rt:—ﬁ

T Xt7
It It

which are not integrable. Thus, (Ss) and (Rs) cannot be treated as ordinary martingales without
truncation, localization, or another generalized notion of integrability.

A.3 Convex-order comparisons and peacock processes

The ordinary convex order is defined for integrable random variables. Therefore, in the Cauchy
setting, the conditional mean M ¢ admits a genuine convex-order comparison, but the Cauchy
score drift Rs; does not in general.

Corollary A.6 (Convex-order monotonicity of the reverse conditional mean). In the setting
of Section 3.5.4, the stochastic inequality M, =<cx Mg holds for all 0 < u < s < T. Hence,
(Ms)o<s<T is a peacock.

Proof. The process (Ms)o<s<r is a martingale by Proposition A.4. The result follows from
conditional Jensen’s inequality. Since a martingale is increasing in convex order, the family
(M) is a peacock. O

Remark A.7 (No ordinary peacock statement for the Cauchy score drift). The reverse Cauchy
score drift

o —a (AOpT—s)(XS)
RS B e pT—s(Ys)

does not generally define a peacock in the ordinary sense, because the usual convex order
requires integrability and equality of means. In the Cauchy case, integrability fails for the score
and for the score drift in general. A peacock-type statement for (R,) would therefore require a
modified framework, for example a truncated convex order, a localized martingale problem, or
additional assumptions replacing ordinary L'-integrability.

Remark A.8 (Contrast with a € (1,2)). For symmetric a-stable noise with a € (1,2), the
stable noise is integrable, and the normalized fractional score is an L'-martingale in reverse
time. This makes it possible to compare both the score and the reverse local mean drift in
convex order. The Cauchy case is the borderline case where the Bartlett—Tweedie identity still
exists, but the integrability required for the convex-order theory of the score drift is lost.

A.4 Linearity of the Cauchy score and drift

In the Gaussian, compound Poisson and a-stable cases with a € (1,2), linearity of the re-
verse score and drift is obtained when the initial distribution belongs to the same convolution
semigroup as the noise. The Cauchy case is more delicate. The semigroup-compatible initial
distribution is itself Cauchy, but then Y is not integrable and the ordinary conditional mean
E[Y | X] is not defined.

The next result makes this distinction explicit.
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Proposition A.9 (No non-trivial affine conditional mean in the integrable Cauchy setting).
Assume that Y is integrable. In the setting of Section 3.5.4, if

ElY | Xi] = ar X¢ + B

for some constants oz, B € R, t > 0, then necessarily oz = 0. Thus, no non-trivial affine
shrinkage of Xy can represent the ordinary conditional mean in the Cauchy setting.

Proof. Since Y is integrable, the conditional mean M; = E[Y | X;] is integrable. If M; =
oy Xy + B¢ and oy # 0, then X; would be integrable. This is impossible because X; =Y + Z;,
where Y is integrable and Z; is Cauchy with scale I’y > 0. Hence, Z; is not integrable, and
therefore oy = 0. O

The formal linear Cauchy formulas can nevertheless be recovered at the level of characteristic
exponents when the initial distribution is Cauchy. These formulas should not be interpreted as
ordinary L'-conditional expectation identities.

Proposition A.10 (Formal Cauchy semigroup-compatible linearity). Assume formally that
Y =yo+ YO, where YO is symmetric Cauchy with scale parameter 6 > 0, namely

E[e™"”] = exp(~0lu|), uweR

Then, X; —yo = YO + Z, is Cauchy with scale parameter 6 + T;. At the level of Cauchy
characteristic exponents, the formal analogue of the linear conditional mean is

0
M{™ = yo + 7= (Xt — y0).

0+ 1T
The corresponding formal normalized score is
Sform _ _Xt — Yo
t 9+Ft )
and the formal reverse score drift is
at
Rforrn - _ X, — ]
t g+, e~ v0)
Equivalently, in reverse time,
——form 0 - —form Ys — Yo —form arT—gs -
M = — (X5 — S =—-—"" dR =——(Xs—yo0)
s Yo + 0+ PT—S ( s y0)7 s 0+ FT737 an s 0+ FTfs( s yO)

Proof. The characteristic function of Y is ¢y (u) = exp(—0u|), whereas the characteristic
function of Z; is ¢z, (u) = exp(—Ty|ul). Thus, Y and Z; belong to the same Cauchy convo-
lution semigroup, with parameters ¢ and I';. Formally, the part of the total Cauchy exponent
associated with Y@ is ﬁ}t. This yields the displayed linear shrinkage formula. The formu-
las for the formal score and formal score drift follow by subtracting X;, dividing by I';, and

multiplying by a;. O

Remark A.11 (Interpretation of the formal linear formulas). Proposition A.10 lies outside the
ordinary conditional-mean framework used in the rest of the paper. If the initial distribution is
Cauchy, then Y is not integrable and E[Y" | X] is not defined as an L'-conditional expectation.
The displayed formulas are therefore formal identities at the level of characteristic exponents,
or equivalently the limiting « | 1 form of the stable semigroup-compatible formulas.
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B An additional lemma

Lemma B.1 (Future increments and conditional reduction). Assume that Assumption 3.2(2)
holds, and suppose that
X,=Y +Z, 0<s<T.

Fiz t € [0,T] and set
Hiy =0, Z,:0<wv<t), Li=0(Zy—Zy:t<u<T).
Then I, is independent of H,. Moreover,
Gi=0(Xy:t<u<T)=0(X¢) VL.
Consequently, for every integrable Hi-measurable random variable U,
E[U | G| =E[U | Xy].
In particular, if 0 <r <t and if g : R — R is Borel measurable with g(X,) integrable, then
Elg(X:) | Gi] = Elg(X;) [ X4].

Proof. For u > t, we have
X=X+ (Zy — Zy).

Hence
Qt :O'(Xt)\/O'(Zu—ZtZtSUST) :U(Xt)\/It.

By Assumption 3.2(2), applied successively to the increments over disjoint intervals after time
t, every finite-dimensional future-increment vector

(Zul_Zt,...,Zun_Zt), tSU]_SSUnST,
is independent of H;. Hence, by a monotone-class argument, the sigma-field
Li=0(Zy—Zy:t<u<T)

is independent of H;.

Let U be integrable and #H;-measurable. Let H be a bounded o(X;)-measurable random
variable and let K be a bounded Z;-measurable random variable. Since U, H, and E[U | X}]
are Hi-measurable, whereas K is independent of H;, we get

E[UHK] = E[K]|E[UH]
= E[K]E[E[U | X,]H]
=E[E[U | X;{/HK].

By a monotone-class argument, the same identity holds for every bounded G;-measurable ran-
dom variable in place of H K. Therefore

E[U | G] = E[U | X,).

Finally, if 0 < r < t, then X, =Y + Z, is H;-measurable, and so is g(X,). This gives the last
assertion. O
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