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General introduction

“On ne fait jamais attention à ce qui a été fait ; on
ne voit que ce qui reste à faire.”

Marie Skłodowska-Curie

Natural sciences have come a long way since the theory of the four elements
of Empedocles. Since then, humanity has refined its understanding of Nature
to a point where we can describe an impressively broad range of phenomena,
from the quantum behaviour of microscopic particles to the large-scale evolu-
tion of our universe. In particular, this understanding is based on the combined
successes of

1. the Standard Model of particle physics (SM), which describes the inter-
actions of all fundamental particles, and

2. General Relativity (GR), which describes gravity and the expansion of
the universe as a whole.

Over the last few decades however, observational tensions with these two
models have emerged. Notably, the SM and GR do not provide a mechanism
to explain the extreme homogeneity of our universe, the measured neutrino
masses, or the origins of both baryonic and so-called dark matter. All of these
observations strongly suggest the existence of so-called beyond-the-Standard-
Model (BSM) physics. Over the years, a plethora of such BSM scenarios have
been developed to explain various combinations of these observations. In or-
der to discriminate between these scenarios and constrain new physics, it is
therefore of extreme importance to improve the accuracy of theoretical predic-
tions for various key observables and leverage the possible interplay between
the broad range of cosmological and laboratory experiments searching for such
new physics.

In particular, feedback from the early universe plasma can severely alter
various cosmological processes, especially those involving light and feebly in-
teracting particles, and need to be properly accounted for. The aim of this
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Figure 1: Schematic timeline of our universe’s history, highlighting the three distinct
cosmological epochs examined in the three corresponding parts of this thesis.

thesis is to contribute to that effort. With this objective in mind, we will pro-
ceed chronologically through different eras of our universe’s history, sketched
in Fig. 1, and will refine the theoretical treatment of several key cosmologi-
cal processes using tools from nonequilibrium Quantum Field Theory (QFT).
We will then explore some of their phenomenological implications, specif-
ically how various cosmological and laboratory experiments constrain these
new physics scenarios.

Outline of the thesis:

We now proceed to lay out the general structure of this manuscript. Since
it will be used repeatedly throughout the rest of the thesis for estimating the
properties and evolution of particles in the early universe, we begin in Chap. 1
by briefly introducing nonequilibrium QFT. The thesis is then divided into
three main parts.

Part I At the very early times, e.g. immediately after the reheating
epoch, the primordial plasma may have been sufficiently hot to emit a de-
tectable amount of gravitational waves through standard thermal processes. In
the first part of this thesis, we estimate the cosmological background of gravi-
tational waves emitted by hot hidden sectors in thermal equilibrium. In partic-
ular, we focus on the case of feebly interacting hidden sectors, for which such
background is enhanced. After a brief introduction to gravitational wave pro-
duction within an Friedmann-Lemaître-Robertson-Walker (FLRW) universe,
Chap. 2 starts with a computation of the production rate for generic feebly in-
teracting fermions. We then extract simplified phenomenological formulae for
these rates, allowing us to derive upper bounds on the gravitational wave spec-



trum. We finish by computing the expected spectrum for two well-motivated
benchmark scenarios and compare to experimental sensitivities. The material
presented in this part is largely based on Ref. [3] and closely follows its struc-
ture.

Part II Moving on to lower temperatures, close to the electroweak scale,
the production of a sufficient amount of asymmetry between matter and anti-
matter could also be extremely sensitive to finite-temperature effects. In the
second part of this thesis, we focus on so-called low-scale models of leptoge-
nesis and their connection to the neutrino mass problem. We begin in Chap. 3
with a general review of the type-I seesaw mechanism and low-scale leptoge-
nesis. We also briefly explore the connection to the flavour puzzle. In the next
chapter, Chap. 4, we then turn to a first-principles computation of the finite-
temperature interaction rates of a generic fermion in Fermi-like theories. We
then apply these results to the specific case of right-handed neutrinos within the
Neutrino Minimal Standard Model and within the minimal Left-Right Sym-
metric Model. Finally, in Chap. 5, we explore various phenomenological as-
pects of different incarnations of the type-I seesaw model. In particular, we
focus on the interplay between constraints set by leptogenesis and those set by
various cosmological and laboratory experiments. The material presented in
this part is largely based on Refs. [1, 2, 5, 6, 8, 9].

Part III Taking place much later than the gravitational wave emission
and the baryon asymmetry production discussed in the previous two parts, the
decoupling of neutrinos from the photon bath at temperatures around 1 MeV
provides an extremely powerful cosmological probe of the SM and its exten-
sions. In Chap. 6, we refine the SM prediction for the so-called effective num-
ber of neutrinos, Neff , which captures how neutrinos decouple from the QED
bath and quantify their contribution to the radiation content of our universe.
After a brief introduction, we focus on two key aspects: 1) the impact on Neff
of finite-temperature next-to-leading-order corrections to the neutrino-electron
interaction rates, as well as 2) the change in Neff resulting from positronium
formation. The material presented in this part is largely based on Refs. [4, 7].

We finish this thesis by summarising our main results and providing a brief out-
look in Chap. 7. In addition, we provide multiple appendices with additional
technical details on different aspects of each chapter.



Notations In this thesis, we will always work, unless explicitly stated
otherwise, in natural units setting ℏ = c = kB = 1. Additionally, we will
use Greek indices (e.g. µ, ν) for generic 4-vectors while Latin indices (e.g.
i, j) will be used for their spatial components. Similarly, we will employ the
bolded symbol k to denote the spatial part of the 4-vector kµ. We will use the
dot notation for time derivatives, i.e. ẋ ≡ dx

dt .
When drawing Feynman diagrams, scalar particles will be depicted with

dashed lines while fermions will be represented with continuous lines. Spin-1
(Spin-2) gauge bosons will on the other hand be drawn with wiggly (double-
wiggly) continuous lines. Concerning the metric tensor, we will use the so-
called West Coast convention in which the Minkowski metric reads ηµν =
diag(1,−1,−1,−1). Finally, we will make use of the Feynman slash notation
when contracting a 4-vector kµ with the set of gamma matrices γµ, i.e. /k =
kµγ

µ.



Chapter 1
Introduction to nonequilibrium
Quantum Field Theory

The present thesis lies at the interface between the fields of particle physics
and cosmology. Very generally, one of its major goals is to characterise the
evolution and properties of particles in the early universe. For standard collider
settings, the S-matrix approach in vacuum QFT provides a relatively straight-
forward pipeline to compute particle production rates as well as extract prac-
tical observables such as the expected number of detected events. However,
this approach fails to describe more complex environments like the early uni-
verse. In particular, it heavily relies on the existence of free asymptotic states,
whereas the early universe is filled with a hot and dense plasma within which
particles are constantly interacting, hence forbidding the existence of such free
states. The presence of this plasma can impact the behaviour and properties of
particles in multiple ways, e.g. by screening interactions or generating effec-
tive thermal masses. Depending on the system, these plasma effects can even
be the dominant source of e.g. particle production. Even though the S-matrix
approach can still be used to calculate interaction rates at finite-temperature in
simple situations by multiplying vacuum matrix elements by a suitable set of
distribution functions, this method is not systematic and typically suffers from
several issues such as the double counting of some interaction channels [12].

To address these shortcomings, three different formalisms have been devel-
oped over the years, listed here in chronological order: 1) the imaginary-time
or Matsubara formalism [13], 2) the real-time formalism [14, 15]1 and 3) ther-
mofield dynamics [18, 19]. We will focus in the following on the real-time
formalism as it can easily be extended to situations beyond thermal equilib-
rium where one is interested in the entire time evolution of the system. The
connection to the physical processes taking place is also more direct. In this

1See also the early works by Julian Schwinger’s students, P. Bakshi and K. Mahanthappa
[16, 17].
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first chapter, we will quickly review this formalism and, more specifically, the
so-called2 Closed-Time-Path (CTP) formalism, sometimes also known as the
Schwinger-Keldysh formalism. The material presented here is well known
and more details on different aspects of nonequilibrium QFT can be found in
Refs. [22–30].

1.1 The necessity of the Closed Time Path

In this section, we begin by showing how the Closed-Time-Path formalism
naturally arises when considering out-of-equilibrium systems. More details on
some aspects of this discussion can be found in chapter 4 of [26], on which our
presentation is based.

In standard vacuum QFT, particles can be considered essentially free far
from the interaction region. Consequently, one is primarily interested in tran-
sition probabilities between well-defined initial and final asymptotic states. In
practice, such probabilities can be obtained from the vacuum expectation val-
ues of various time-ordered operators

⟨Ω|T{O}|Ω⟩ , (1.1)

|Ω⟩ being the ground state of the theory.
In contrast, the early universe is a complex many-particle system that can

only be described statistically. As a result, statistical fluctuations arising from
our incomplete knowledge of the system need to be accounted for in addition to
intrinsic quantum-mechanical fluctuations. These can be captured by tracking
the time dependence of ensemble averages of various operators (expressed here
in the Heisenberg picture)

⟨O(t)⟩ρ = Tr [ρ̂(ti)O(t)] , (1.2)

where the Von Neumann density matrix (or density operator)3 ρ̂ captures all
statistical properties of the specific quantum mechanical system under study
and ti denotes a reference time at which the initial conditions of the system are

2This formalism is also sometimes referred to as the in-in formalism in the context of cos-
mological perturbation theory [20, 21].

3For the sake of simplicity, we will not use the hat notation to distinguish quantum operators
except for the density matrix ρ̂, in order to differentiate it from the matrix of densities ρ that
typically appears in the evolution equations for particles’ number densities.
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specified. As an illustration, the density operator takes the well-known form

ρ̂ = e−β(H−µN )

Tr
[
e−β(H−µN )] , (1.3)

for systems in complete thermodynamic equilibrium with inverse temperature
β ≡ 1

T . In this equation, H denotes the Hamiltonian operator of the system, µ
it chemical potential and N the number operator. In the following, we omit the
index ρ when computing the statistical average (1.2) for the sake of brevity.

In the interaction picture, the operator O takes the form

OI(t) = U(t, ti)O(t)U †(t, ti) , (1.4)

with

U(t1, t2) = T

{
Exp

[
−i
∫ t1

t2
HI(τ)dτ

]}
. (1.5)

In the above equation, HI ≡ H − H0 represents the interacting part of the
Hamiltonian H, H0 being the Hamiltonian of the corresponding free theory.
As is well-known [31], in vacuum, it is possible to adiabatically switch off the
interacting part of the Hamiltonian in the following way

H → H(t) = H0 + e−ϵ|t|HI , (1.6)

such that H corresponds to the free Hamiltonian infinitely away from the in-
teraction point but reproduces the correct Hamiltonian at t = 0 (which we
assume is when the interaction takes place). The well-known Gell-Mann and
Low theorem then ensures that one can rewrite the correlation function (1.1)
in terms of correlation functions with the free vacuum

⟨Ω|T {O} |Ω⟩ = lim
T →+∞(1−iϵ)

⟨0|T
{

OIExp
(
−i
∫ T

−T dτ HI

)}
|0⟩

⟨0|T
{

Exp
(
−i
∫ T

−T dτ HI

)}
|0⟩

, (1.7)

allowing us to avoid tracking the (in general complicated) time evolution of
the interacting theory’s ground state |Ω⟩.

However, in a general nonequilibrium setting, the adiabatic mapping (1.6)
does not necessarily exist as H(t → ±∞) ̸= H0, and, as a result, the Gell-
Mann and Low theorem does not hold. Moreover, one is typically also in-
terested in tracking the time dependence of various quantities and not just in
in-out transition probabilities. As we will show in the following, one natural
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tti

Ct,+

Ct,−

iϵ

Figure 1.1: Closed Time Path.

way out of this conundrum is to rewrite operators in terms of time-ordered
products along a closed time path Ct

O(t) = U †(t, ti)OI(t)U(t, ti) = TCt

{
Exp

(
−i
∫

Ct

dτHI(τ)
)

OI(t)
}
.

(1.8)

This contour, displayed in Fig. 1.1, starts in the complex time plane at an initial
time ti, slightly off of the real axis by a quantity +iϵ, with ϵ an infinitesimal
positive number, up to some time t and then returns to ti, again slightly off
of the real axis by a quantity −iϵ. The full contour can be seen as the union
Ct ≡ Ct,+ ∪ Ct,− of a forward and backward branch, effectively doubling the
number of degrees of freedom as fields on each of these branches have to be
treated independently. Indeed, the small path connecting these two branches
essentially factorises in the partition function in the limit ti → −∞ [28], which
we will take later, hence contributing only as a global normalisation factor and
dropping in all n-point correlation functions.4

Along this contour, we can define the natural extension TCt of the usual
time-ordering operator T . For example, for a generic scalar field φ, we have

TCt{φ(x1)φ(x2)} =



T{φ(x1)φ(x2)} if x0
1, x

0
2 ∈ Ct,+,

T̄{φ(x1)φ(x2)} ≡ T{φ(x2)φ(x1)} if x0
1, x

0
2 ∈ Ct,−,

φ(x2)φ(x1) if x0
1 ∈ Ct,+, x

0
2 ∈ Ct,−

φ(x1)φ(x2) if x0
1 ∈ Ct,−, x

0
2 ∈ Ct,+ .

(1.9)

Analogous formulae hold for higher-spin fields, up to additional minus signs
in case the fields are anticommuting. One can also define in a similar fashion

4For systems in thermal equilibrium, it is practical to consider a real-time contour which
also includes a path from ti to ti − iβ to make the KMS relation (1.50) manifest. A similar
reasoning can be made for this part of the contour, whose contribution factorises and does not
affect any n-point correlation functions in the limit ti → −∞.
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the contour-ordered Heaviside function ΘCt

ΘCt (x1, x2) =



Θ
(
x0

1 − x0
2
)

if x0
1, x

0
2 ∈ Ct,+,

Θ
(
x0

2 − x0
1
)

if x0
1, x

0
2 ∈ Ct,−,

0 if x0
1 ∈ Ct,+, x

0
2 ∈ Ct,−,

1 if x0
1 ∈ Ct,−, x

0
2 ∈ Ct,+ ,

(1.10)

and similarly for the Dirac delta distribution δCt .
In order to demonstrate the relation (1.8), we begin by expanding the right-

hand side. It can be explicitly written as

TCt

{
Exp

(
−i
∫

Ct

dτHI(τ)
)

OI(t)
}

= (1.11)

+∞∑
n=0

(−i)n

n!

∫
Ct

dτ1· · ·
∫

Ct

dτnTCt {HI(τ1) . . .HI(τn)OI(t)} .

We can then split these n integrals between m integrals on the forward part
and n−m on the backward part of the contour

+∞∑
n=0

(−i)n

n!

n∑
m=0

n!
m!(n−m)!

∫
Ct,−

dτm+1· · ·
∫

Ct,−
dτnTCt,− {HI(τm+1) . . .HI(τn)} ×

× OI(t)
∫

Ct,+
dτ1· · ·

∫
Ct,+

dτmTCt,+ {HI(τ1) . . .HI(τm)} . (1.12)

Relabelling n = m + k, with k ∈ N, and replacing the sum over n by a sum
over k, the previous expression reads

+∞∑
n=0

(−i)k

k!

∫
Ct,−

dτ1· · ·
∫

Ct,−
dτkTCt,− {HI(τ1) . . .HI(τk)} × (1.13)

× OI(t)
+∞∑
m=0

(−i)m

m!

∫
Ct,+

dτ1· · ·
∫

Ct,+
dτmTCt,+ {HI(τ1) . . .HI(τm)} .

Therefore, we have

TCt

{
Exp

(
−i
∫

Ct

dτHI(τ)
)

OI(t)
}

= TCt,−

{
Exp

(
−i
∫

Ct,−
dτHI(τ)

)}
×

× OI(t)TCt,+

{
Exp

(
−i
∫

Ct,+
dτHI(τ)

)}
. (1.14)
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This equation can easily be mapped into Eq. (1.8) by realising that

TCt,−

{
Exp

(
−i
∫

Ct,−
dτHI(τ)

)}
= U(ti, t) = U †(t, ti) , (1.15)

whereas

TCt,+

{
Exp

(
−i
∫

Ct,+
dτHI(τ)

)}
= U(t, ti) . (1.16)

From Eq. (1.8), it automatically follows that

⟨O(t)⟩ρ = Tr
[
ρ̂(ti)TCt

{
Exp

(
−i
∫

Ct

dτHI(τ)
)

OI(t)
}]

. (1.17)

This relation has been derived assuming O depends on one time t only. How-
ever, in practice, properties of the early universe plasma are typically encoded
in multi-field correlation functions, which depend on more than one argument.
Fortunately, it is possible to extend Eq. (1.17) to correlation functions of C-
ordered products of operators. Indeed, from the observation that closed con-
tour with no field insertions cancel out, i.e.

TCx0,+

{
Exp

(
−i
∫

Cx0,+
dτHI(τ)

)}
TCy0,−

{
Exp

(
−i
∫

Cy0,−
dτHI(τ)

)}
= U(x0, ti)U(ti, y0) = U(x0, y0) , (1.18)

it is straightforward to prove that

TCt

{
Exp

(
−i
∫

Ct

dτHI(τ)
)
φI(x)φI(y)

}
= (1.19)

TCx0

{
Exp

(
−i
∫

Cx0

dτHI(τ)
)
φI(x)

}
TCy0

{
Exp

(
−i
∫

Cy0

dτHI(τ)
)
φI(y)

}
,

with t = max(x0, y0). Generalising this result to the product of n scalar fields,
we obtain

⟨TCt {φ(x1) . . . φ(xn)}⟩ρ = (1.20)

Tr
[
ρ̂(ti)TCt

{
Exp

(
−i
∫

Ct

dτHI(τ)
)
φI(x1) . . . φI(xn)

}]
,

with t = max(x0
1, x

0
2, . . . , x

0
n). Using a similar argument, it is possible to

extend the right end of the contour to +∞ instead of stopping in t.
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t → +∞ti → −∞

C+

C−

Figure 1.2: Schwinger-Keldysh contour.

Finally, we also note that, in this thesis, we will be interested in the time
evolution of macroscopic quantities instead of transient microscopic phenom-
ena. In this case, it is justified to send5 ti → −∞ such that the closed time path
displayed in Fig. 1.1 effectively turns into the so-called Schwinger-Keldysh
contour C, see Fig. 1.2. The definition of the time-ordering operator TC on this
contour follows the same prescription as in Eq. (1.9).

1.2 Correlation functions on the Schwinger-Keldysh
contour

In the previous section, we have shown that expectation values of contour-
ordered products of operators read

⟨TC {φ(x1) . . . φ(xn)}⟩ρ = Tr
[
ρ̂(ti)TC

{
φ(x1) . . . φ(xn)Exp

(
−i
∫

C
dτHI(τ)

)}]
.

(1.21)

Many properties of nonequilibrium systems can be understood by tracking
the time evolution of these correlation functions. Of particular interest is the
contour-ordered 2-point function

i∆(x1, x2) ≡ ⟨TC{φ(x1)φ(x2)}⟩ . (1.22)

Depending on the exact ordering of x1 and x2 on the Schwinger-Keldysh con-
tour, see Eq. (1.9), Eq. (1.22) simplifies into6

i∆++(x1, x2) = i∆F (x1, x2) ≡ ⟨T{φ(x1)φ(x2)}⟩ , (1.23a)

5Formally, this cannot hold strictly, as any system capable of thermalising would already be
in equilibrium at any finite time if one takes ti → −∞. In practice, one sends ti → −∞ only
to derive the evolution equation for correlation functions, while keeping the initial time finite
when actually solving these equations. We nevertheless leave aside these technical issues in this
thesis.

6A commonly used alternative convention in the literature labels the different branches in
the CTP as C1 and C2 instead, with propagators labelled accordingly, e.g. replacing i∆++ with
i∆11.
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i∆−−(x1, x2) = i∆F̄ (x1, x2) ≡ ⟨T̄{φ(x1)φ(x2)}⟩ , (1.23b)

i∆+−(x1, x2) = i∆<(x1, x2) ≡ ⟨φ(x2)φ(x1)⟩ , (1.23c)

i∆−+(x1, x2) = i∆>(x1, x2) ≡ ⟨φ(x1)φ(x2)⟩ . (1.23d)

i∆F (i∆F̄ ) corresponds to the usual Feynman propagator (its complex con-
jugate) while i∆<,> are traditionally referred to as the (lesser and greater)
Wightman propagators. It is interesting to note that, in the case of a homo-
geneous and isotropic universe, as considered in this work, these propagators
depend on the spatial coordinates only through the difference x1 −x2. Further-
more, in systems in thermodynamic equilibrium, they depend on the temporal
part of x1 and x2 only through x0

1 − x0
2. Based on the relations (1.23), one can

in full generality write

i∆(x1, x2) = ΘC(x1, x2)i∆>(x1, x2) + ΘC(x2, x1)i∆<(x1, x2). (1.24)

Similar definitions can be given for fermions, i.e.

iS++
αβ (x1, x2) = iSF

αβ(x1, x2) ≡ ⟨T{ψα(x1)ψ̄β(x2)}⟩ , (1.25a)

iS−−
αβ (x1, x2) = iSF̄

αβ(x1, x2) ≡ ⟨T̄{ψα(x1)ψ̄β(x2)}⟩ , (1.25b)

iS+−
αβ (x1, x2) = iS<

αβ(x1, x2) ≡ − ⟨ψ̄β(x2)ψα(x1)⟩ , (1.25c)

iS−+
αβ (x1, x2) = iS>

αβ(x1, x2) ≡ ⟨ψα(x1)ψ̄β(x2)⟩ , (1.25d)

with α and β being spinor indices. In lieu of the above Wightman propagators,
it is in practice useful to work instead with the following combinations of these

∆A(x1, x2) = i

2(∆>(x1, x2) − ∆<(x1, x2)), (1.26a)

∆+(x1, x2) = 1
2(∆>(x1, x2) + ∆<(x1, x2)), (1.26b)

SA
αβ(x1, x2) = i

2(S>
αβ(x1, x2) − S<

αβ(x1, x2)), (1.26c)

S+
αβ(x1, x2) = 1

2(S>
αβ(x1, x2) + S<

αβ(x1, x2)). (1.26d)

The spectral (or anti-hermitian) functions ∆A, SA encode the spectrum of
(quasi)particles, while the statistical functions ∆+, S+ contain information
about particle number densities. A very common ansatz for the form of these
correlation functions in momentum space is the so-called Kadanoff-Baym ansatz,
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see e.g. Eq. (22) in [32],

i∆<(k) ≡ 2∆A(k)fφ(k), i∆>(k) ≡ 2∆A(k) [1 + fφ(k)] (1.27)

in the case of scalar fields. It then follows that

i∆+(k) ≡ ∆A(k) [1 + 2fφ(k)] . (1.28)

In the above equations, fφ denotes the scalar field’s distribution function.
Hence, Eq. (1.28) clearly illustrates the property highlighted above: all in-
formation about the scalar field number density is encoded in ∆+ whereas
∆A encodes information about the particle spectrum. In particular, ∆A(k) ∼
δ(k2 − m2

φ) for a free particle of mass mφ. For these reasons, Eq. (1.28) can
be seen as a specific application of the more general fluctuation-dissipation
theorem. As shown in the next section, the Kadanoff-Baym ansatz (1.27) is
exact in thermal equilibrium. However, it also remains valid for a broad range
of nonequilibrium situations for which the quasiparticle picture7 holds.

Finally, the usual retarded, advanced and Hermitian propagators can also
be extracted from the previously defined correlation functions. For scalar par-
ticles, for instance, these are respectively defined in position space as

i∆R(x1, x2) = 2Θ(x0
1 − x0

2)∆A(x1, x2), (1.29a)

i∆A(x1, x2) = −2Θ(x0
2 − x0

1)∆A(x1, x2), (1.29b)

i∆H(x1, x2) = i

2
(
∆R(x1, x2) + ∆A(x1, x2)

)
,

= sgn(x0
1 − x0

2)∆A(x1, x2). (1.29c)

Similar expressions hold for fermions, up to replacing ∆ → Sαβ .

1.3 CTP generating functionals and the 1PI ef-
fective action

Considering for the moment a pure scalar theory, the aforementioned cor-
relation functions can all be derived by taking derivatives of the generating

7 Despite their interactions with the early universe plasma, the (dressed) spectral functions
of sufficiently weakly-interacting particles will continue to feature narrow resonances and the
standard description in terms of propagating degrees of freedom will still hold. This is typically
referred to as the quasiparticle picture.
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functional

Z [J ] = Tr
[
ρ̂(ti)TC

{
Exp

[
i

∫
C

d4xJ(x)φ(x)
]}]

, (1.30)

where ρ̂(ti) describes the density matrix of the system at the initial time ti.
One can show, see e.g. chapter 3 in [25], that Eq. (1.30) can be rewritten to
make the dependence on the classical action of the system S[φ] ≡

∫
C d4xL [φ]

more explicit, i.e.

Z [J ] =
∫

Dφ1Dφ2 ⟨φ1|ρ̂(ti)|φ2⟩ × (1.31)

×
∫ φ(t−

i ,x)=φ2(x)

φ(t+
i ,x)=φ1(x)

DφTC

{
Exp

[
i

(
S[φ] +

∫
C

d4xJ(x)φ(x)
)]}

.

The first term (on the first line) describes the initial condition of our system
while the second (on the second line) characterises its dynamics. Setting J =
0, one recovers the partition function of the system. Contour-ordered n-point
correlation functions are then expressed as

⟨TC {φ(x1) . . . φ(xn)}⟩ = (−i)n

Z [J ]
δn

δJ(x1) . . . δJ(xn)Z [J ]
∣∣∣
J=0

. (1.32)

The functional derivative δ is also defined on the Schwinger-Keldysh contour,
verifying

δJ(x1)
δJ(x2) = δ

(4)
C (x1, x2) ≡ δC(x0

1, x
0
2)δ(3)(x1,x2). (1.33)

As a specific case of interest, the propagator (1.22) reads

i∆(x1, x2) = − 1
Z [J ]

δ2

δJ(x1)δJ(x2)Z [J ]
∣∣∣
J=0

. (1.34)

As is the case in vacuum QFT, the definition (1.34) also includes contribu-
tions from disconnected diagrams. The equivalent generating functional for
connected correlators is simply given by

W [J ] = −i ln (Z [J ]) . (1.35)
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One can indeed straightforwardly extract the 1-point function from Eq. (1.35),
yielding

δW [J ]
δJ(x) = − i

Z [J ]
δ

δJ(x)Z [J ] = ⟨φ(x)⟩J ≡ φcl(x). (1.36)

φcl is the classical field (or 1-point function) in presence of non-zero source
J(x). Similarly, for the connected 2-point function, we have

δ2W [J ]
δJ(x1)δJ(x2) = −i

(
1

Z [J ]
δ2Z [J ]

δJ(x1)δJ(x2) −
( 1
Z [J ]

δZ [J ]
δJ(x1)

)( 1
Z [J ]

δZ [J ]
δJ(x2)

))
,

= i
(

⟨φ(x1)φ(x2)⟩ − ⟨φ(x1)⟩ ⟨φ(x2)⟩
)
,

= i ⟨φ(x1)φ(x2)⟩conn ≡ −∆conn(x1, x2), (1.37)

where the index conn indicates the connected nature of the correlator. Such
formula can be generalised to any n-point function. We define the resulting
one-particle-irreducible (1PI) effective action8 Γ1PI by taking the Legendre
transform of W with respect to J

Γ1PI
[
φcl
]

= W [J ] −
∫

C
d4x φcl(x)J(x). (1.38)

From Eq. (1.38), it is straightforward to verify that

δ

δφcl(x)Γ1PI
[
φcl
] ∣∣∣

J=0
= −J(x)

∣∣∣
J=0

= 0 , (1.39)

defining the equation of motion for φcl. As a corollary, we have

δ

δJ(x2)
δ

δφcl(x1)Γ1PI
[
φcl
]

= −δ(4)
C (x1, x2). (1.40)

It automatically follows that

δ
(4)
C (x1, x2) = −

∫
C

d4z
δφcl(z)
δJ(x2)

δ2

δφcl(z)δφcl(x1)Γ1PI
[
φcl
]
,

= −
∫

C
d4z

δ2W [J ]
δJ(x2)δJ(z)

δ2

δφcl(z)δφcl(x1)Γ1PI
[
φcl
]
,

=
∫

C
d4z∆conn(x2, z)

δ2

δφcl(z)δφcl(x1)Γ1PI
[
φcl
]
. (1.41)

8The 1PI effective action is the analogue of the Gibbs free energy in standard thermodynam-
ics.
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Therefore, δ2

δφcl(z)δφcl(x1)Γ1PI
[
φcl
]

can be seen as the inverse propagator, cor-
responding to the 1PI two-point correlation function

δ2

δφcl(z)δφcl(x1)Γ1PI
[
φcl
]

= −i ⟨φ(z)φ(x1)⟩1PI . (1.42)

Hence, ∫
C

d4z∆conn(x2, z) ⟨φ(z)φ(x1)⟩1PI = −iδ(4)
C (x1, x2). (1.43)

At tree level, ⟨φ(z)φ(x1)⟩1PI is given by i(□z + m2
φ)δ(4)

C (z, x1). A similar
relation to Eq. (1.42) can be obtained for higher-order correlators [31]. The
effective action therefore acts as the generating functional for 1PI correlation
functions, which can be obtained by taking derivatives of Γ1PI with respect to
φcl

⟨φ(x1) . . . φ(xn)⟩1PI = −i δn

δφcl(x1) . . . δφcl(xn)Γ1PI
[
φcl
]
. (1.44)

We can then define the self-energy of φ, denoted Π, as the difference between
the complete 1PI 2-point correlation function and its tree-level limit

Π(x1, x2) ≡ −i ⟨φ(x1)φ(x2)⟩1PI − (□x1 +m2
φ)δ(4)

C (x1, x2). (1.45)

Similarly to the 2-point functions defined in Eq. (1.23), one can define 4 dif-
ferent types of self-energies Π++, Π+−, Π−+ and Π−− depending on the
position of x1, x2 on C.

The definition (1.45) is just another form of the well-known Schwinger-
Dyson equation. By multiplying Eq. (1.45) by the connected two-point func-
tion and integrating over, one can rewrite it in the more conventional form

(□x1 +m2
φ)∆conn(x1, x2) +

∫
C

d4z Π(x1, z)∆conn(z, x2) = −δ(4)
C (x1, x2).

(1.46)

Note that, in the rest of this thesis, we will always work with fields with null
vacuum expectation value (vev) φcl = 0 such that Eq. (1.34) also corresponds
to the connected 2-point function. We will therefore drop the index conn mak-
ing the distinction after this subsection.
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a bq

p− q

p

q

Figure 1.3: Scalar one-loop self-energy in the toy model (1.47). a and b are CTP
indices, taking values + or −.

1.4 Feynman rules on the Schwinger-Keldysh
contour

Though the derivation has until now been relatively formal, it is possible
to define practical Feynman rules, in a relatively similar manner to the zero-
temperature situation, to compute the propagators and self-energies defined
in the previous subsection. We schematically illustrate the procedure in this
subsection, using as toy example the self-energy Πab displayed in Fig. 1.3 and
the Lagrangian of a scalar particle coupled to two (Dirac) fermions

L ⊃ igφΨ̄Ψ. (1.47)

The main difference with the vacuum case is the doubling of the number of
degrees of freedom, which arises from the forward and backward propagating
branches of the Schwinger-Keldysh contour. As a consequence, each vertex
can be of two different types, a feature which is encoded in the CTP index
+ or − assigned to it. The coupling associated to a vertex of type + is the
same as expected from vacuum QFT, whereas the coupling associated with a
vertex of type − is instead its complex conjugate. Propagating in the loop, the
zero-temperature Feynman propagators are replaced by the 2-point correlation
functions defined in Eq. (1.25). More explicitly, the self-energy displayed in
Fig. 1.3 takes the general form

iΠab(q) = −sgn(ab)g2
∫ d4p

(2π)4 Tr
[
iSab(p)iSba(p− q)

]
, (1.48)

where sgn denotes the sign function. In presence of "internal" vertices, i.e.
vertices not connected to any external lines, one should typically sum over all
possible CTP indices.
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1.5 The thermodynamic equilibrium limit

In many contexts, particles evolve within a plasma in or close to equilibrium
with a slowly evolving temperature T . In these situations, explicit expressions
for the particles’ propagators defined in Sec. 1.2 can be found, see e.g. [33–38].
For instance, for a Dirac fermion in thermal equilibrium and with vanishing
chemical potential, the 2-point correlation functions take the following simple
form in momentum space

iS>(k) = 2πsgn(k0)δ(k2 −m2)(/k +m)
(
1 − fF(k0)

)
, (1.49a)

iS<(k) = −2πsgn(k0)δ(k2 −m2)(/k +m)fF(k0) , (1.49b)

with fF(E) = 1/(eE/T + 1) the standard Fermi-Dirac distribution. One
observes that the two Wightman functions verify the so-called Kubo-Martin-
Schwinger (KMS) relation

iS>(k) = −ek0/T iS<(k). (1.50)

At the fundamental level, this relation originates from the Hamiltonian H being
the generator of time translations. Indeed, as mentioned earlier, the density
matrix ρ̂ of systems in thermal equilibrium is directly proportional to e−βH in
absence of chemical potential. Identifying H with the time-evolution operator,
it imposes iS>(x0

1, x
0
2) = iS<(x0

1 + iβ, x0
2), which translates into Eq. (1.50)

in momentum space.
The Feynman and anti-Feynman propagators on the other hand reads

iSF (k) = i(/k +m)
k2 −m2 + iϵ

− 2πδ(k2 −m2)(/k +m)fF(|k0|), (1.51a)

iSF̄ (k) = − i(/k +m)
k2 −m2 − iϵ

− 2πδ(k2 −m2)(/k +m)fF(|k0|). (1.51b)

Similarly, for scalar bosons, we have

i∆>(k) = 2πsgn(k0)δ(k2 −m2)
(
1 + fB(k0)

)
, (1.52a)

i∆<(k) = 2πsgn(k0)δ(k2 −m2)fB(k0), (1.52b)

and

i∆F (k) = i

k2 −m2 + iϵ
+ 2πδ(k2 −m2)fB(|k0|), (1.53a)
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i∆F̄ (k) = − i

k2 −m2 − iϵ
+ 2πδ(k2 −m2)fB(|k0|), (1.53b)

where fB(E) = 1/(eE/T − 1) is the usual Bose-Einstein distribution. Finally,
one can extend the latter formulae to vector bosons (of massm) by making use
of

iDab
µν(k) = i∆ab(k)dµν , (1.54)

where a, b ∈ {+,−} are CTP indices and the polarisation tensor dµν reads

dµν(k) = −gµν + (1 − ξ) kµkν

k2 − ξm2 (1.55)

in a general Rξ-gauge. In case the chemical potential µ is non-negligible, it is
straightforward to adapt all of the above formulae by making the replacement
fF/B(k0) → fF/B(k0 − µ).

From Eqs. (1.52) and (1.53), one can also derive explicit formulae for the
(anti-)hermitian, retarded and advanced propagators, which write for scalar
bosons

∆A(k) = πδ(k2 −m2)sgn(k0) , (1.56a)

∆H(k) = P 1
k2 −m2 , (1.56b)

i∆R,A(k) = i

k2 −m2 ± isgn(k0)ϵ , (1.56c)

where P denotes the Cauchy principal value. Equivalent formulae can be de-
rived for fermions.

Finally, we would like to highlight that, beyond propagators, also (macro-
scopic) thermodynamic quantities can be extracted from our knowledge of the
generating functional (1.30). In particular, the pressure, energy and entropy
density P, ρ and s verify

P = T

V
lnZ[0] , (1.57a)

ρ = T 2

V
∂

∂T
lnZ[0] = −P + T

∂P

∂T
, (1.57b)

s = 1
V
∂

∂T

(
T lnZ[0]

)
= ρ+ P

T
= ∂P

∂T
, (1.57c)

for systems in thermal equilibrium with thermodynamic volume V . For an
ideal gas, i.e. if one neglects interactions between particles, the pressure and
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energy density take the simple form

P = g

∫ d3p
(2π)3EfF/B(E) , (1.58a)

ρ = g

∫ d3p
(2π)3

p2

3EfF/B(E) , (1.58b)

where E =
√

p2 +m2 is the energy of the particle (of mass m) and g its
number of internal degrees of freedom.

1.6 Kadanoff-Baym equations

The main focus of this thesis is the out-of-equilibrium evolution of vari-
ous particle species. Their dynamics can in general be described by effective
kinetic equations, along with a set of interaction rates and Hamiltonians ap-
pearing in these. The evaluation of these quantities can typically be carried
out from first principles by computing the appropriate self-energies. The ma-
jor advantage of the CTP formalism is then our ability to derive these kinetic
equations, together with the corresponding rates and Hamiltonians, directly
from first principles via a controlled set of approximations.

In components, the Schwinger-Dyson equation (1.46) write

(□x1 +m2
φ)∆ab(x1, x2) +

∑
c

c

∫
d4z Πac(x1, z)∆cb(z, x2) (1.59)

= −aδ(4)(x1, x2)δab.

Fixing the values of {a, b} to {+,−} and {−,+} respectively, Eq. (1.59)
yields two independent equations

(□x1 +m2
φ)∆<(x1, x2) +

∫
d4z ΠF (x1, z)∆<(z, x2) (1.60a)

−
∫

d4z Π<(x1, z)∆F̄ (z, x2) = 0 ,

(□x1 +m2
φ)∆>(x1, x2) −

∫
d4z ΠF̄ (x1, z)∆>(z, x2) (1.60b)

+
∫

d4z Π>(x1, z)∆F (z, x2) = 0.

The equivalent equations for the {+,+} and {−,−} components are of less
interest for our purposes. Indeed, as highlighted by the Kadanoff-Baym ansatz
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(1.28), information about the particle number density and its mass shell is more
transparently encoded in the spectral and statistical functions, and it is there-
fore sufficient to solve for ∆A and ∆+. Inverting the relation (1.26) yields
∆≷ = ∆+ ∓ i∆A. One can then derive the corresponding Schwinger-Dyson
equations for these functions, i.e.9

(□x1 +m2
φ)∆A(x1, x2) = −2i

∫
d3z

∫ x0
2

x0
1

dz0 ΠA(x1, z)∆A(z, x2), (1.61a)

(□x1 +m2
φ)∆+(x1, x2) = −2i

[ ∫
d3z

∫ x0
2

−∞
dz0 Π+(x1, z)∆A(z, x2) (1.61b)

−
∫

d3z

∫ x0
1

−∞
dz0 ΠA(x1, z)∆+(z, x2)

]
.

These two equations are standardly known as the Kadanoff-Baym equations,
with Eq. (1.61a) referred to as the constraint equation and Eq. (1.61b) as the
kinetic equation. A similar set of equations can be derived for fermions. We
also note that a similar derivation of the Kadanoff-Baym equations can be done
starting instead from the nPI effective action [25, 40]. Such a derivation has
the advantage of automatically resumming certain classes of diagrams.

1.7 From the Kadanoff-Baym to the quantum
kinetic equations

In many situations, such as the slow production of a matter-antimatter asym-
metry or freeze-in Dark Matter (DM), one is typically more interested in mod-
elling the evolution of a particle’s distribution function or number density
through effective fluid equations. In this section, we briefly outline how to
derive such equations starting from the Kadanoff-Baym equations (1.61), fo-
cusing on the freeze-in production of a single scalar field from a thermal bath.

Although it is in principle possible to solve these equations in real time, it
is typically easier to work in momentum space. To this end, we rewrite the
Kadanoff-Baym equations so that the time component is integrated from −∞
to +∞. Using the definition (1.29c) of the Hermitian propagator, it is possible

9These equations typically also rely on the assumption that initial states are Gaussian, an
approximation which is not always valid in practice [39], although it is in general justified in
freeze-in scenarios.
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to rewrite Eq. (1.61) as(
□x1 +m2

φ

)
∆A(x1, x2) = −

∫
d4z

(
ΠH(x1, z)∆A(z, x2) (1.62a)

+ ΠA(x1, z)∆H(z, x2)
)
,(

□x1 +m2
φ

)
∆+(x1, x2) = −

∫
d4z

[(
Π+(x1, z)∆H(z, x2) (1.62b)

+ ΠH(x1, z)∆+(z, x2)
)

+ 1
2
(
Π>(x1, z)∆<(z, x2) − Π<(x1, z)∆>(z, x2)

)]
.

As already highlighted in the paragraph below Eq. (1.25), propagators and
self-energies only depend on the spatial coordinates through their relative sep-
aration in an isotropic and homogeneous universe. It is therefore practical to
perform the following change of coordinates(

x1
x2

)
→
(
x̄

r

)
=
(

x1+x2
2

x1 − x2

)
. (1.63)

Due to their spatial translation invariance, ∆ and Π are independent of x̄. In or-
der to express the Kadanoff-Baym equations in momentum space, we perform
a Fourier transform of these equations with respect to r. Since

∂x1 = 1
2∂x̄ + ∂r , (1.64)

we can simplify Eq. (1.62) to(
k2 + ikµ∂

µ
x̄ − 1

4∂
2
x̄ −m2

φ

)
∆A(x̄, k) = e−i♢{ΠH}{∆A} + e−i♢{ΠA}{∆H},

(1.65)(
k2 + ikµ∂

µ
x̄ − 1

4∂
2
x̄ −m2

φ

)
∆+(x̄, k) = e−i♢{ΠH}{∆+} (1.66)

+ e−i♢{Π+}{∆H} + 1
2
(
e−i♢{Π>}{∆<} − e−i♢{Π<}{∆>}

)
.

In this equation, the diamond operator ♢ is a bilinear functional, defined for
any functions f and g by

♢{f(x̄, k)}{g(x̄, k)} ≡ 1
2
(
∂x̄f · ∂kg − ∂kf · ∂x̄g

)
. (1.67)

It verifies∫
d4reikr

∫
d4z f(x1, z)g(z, x2) = e−i♢{f(x̄, k)}{g(x̄, k)} . (1.68)
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For a proof of relation (1.68) and a more rigorous definition the diamond op-
erator, see e.g. [41]. Because the system is homogeneous and isotropic, the
spatial derivatives in x̄ drop, and we can further simplify the Kadanoff-Baym
equations to(
k2 + ik0∂t − 1

4∂
2
t −m2

φ

)
∆A(t, k) = e−i♢{ΠH}{∆A} + e−i♢{ΠA}{∆H},

(1.69)(
k2 + ik0∂t − 1

4∂
2
t −m2

φ

)
∆+(t, k) = e−i♢{ΠH}{∆+} (1.70)

+ e−i♢{Π+}{∆H} + 1
2
(
e−i♢{Π>}{∆<} − e−i♢{Π<}{∆>}

)
,

where we defined x̄0 ≡ t.
Solving the set of equations (1.69) and (1.70) is in general challenging

as they typically involve towers of derivatives. However, in many physical
systems, one can exploit the hierarchy between microscopic and macroscopic
scales to simplify these equations. This approximation scheme is known as the
gradient expansion scheme. For the freeze-in production of a scalar particle
φ, k0 encodes the typical energy associated with microscopic processes and is
typically of the order of the temperature T . On the other hand, t represents the
time scale associated with slower, macroscopic processes such as the expan-
sion of the universe or the equilibration of φ. In the systems considered in this
thesis, these scales are typically much larger than the microscopic time scale.
Schematically, one has

∂t ≪ k0. (1.71)

As a consequence, one can expand the diamond operator to linear order

e−i♢{f}{g} = fg + O (∂tf · ∂kg) . (1.72)

Furthermore, terms quadratic in ∂t in the left-hand side of Eqs. (1.69) and
(1.70) can be neglected for the same reasons. Inserting this approximation into
Eqs. (1.69) and (1.70), we finally obtain(

k2 + ik0∂t −m2
φ

)
∆A(t, k) = ΠH∆A + ΠA∆H , (1.73)(

k2 + ik0∂t −m2
φ

)
∆+(t, k) = ΠH∆+ + Π+∆H (1.74)

+ 1
2
(
Π>∆< − Π<∆>) .
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Taking the real and imaginary part of these two equations, we obtain the fol-
lowing four equations(

k2 −m2
φ − ΠH

)
∆A(t, k) = ΠA∆H , (1.75a)

ik0∂t∆A(t, k) = 0, (1.75b)(
k2 −m2

φ − ΠH
)

∆+(t, k) = Π+∆H , (1.75c)

ik0∂t∆+(t, k) = 1
2
(
Π>∆< − Π<∆>) . (1.75d)

Eqs. (1.75a) and (1.75c) are referred to as the constraint equations while the
remaining two equations are known as the kinetic equations. In particular, as
we will see in the following, Eq. (1.75d) captures the evolution of the scalar
number density and we will focus on solving this equation in the rest of this
section.

As highlighted in the beginning of this section, we focus on the freeze-in
production of scalar particles from a bath in complete thermodynamic equilib-
rium. For simplicity, we assume here that all chemical potentials are vanishing.
In this situation, the self-energies Π take their equilibrium values Π̄. Further-
more, it is justified to expand the various propagators around their (known)
equilibrium values

∆≷ = ∆̄≷ + δ∆≷ . (1.76)

Equilibrium propagators ∆̄≷ can be obtained as static solutions of Eq. (1.75),
with their functional forms given in Eq. (1.56). To leading order in the gradient
expansion, Eq. (1.75b) implies

δ∆> = δ∆< ≡ δ∆ , (1.77)

see also e.g. [32] for explicit solutions for δ∆. Inserting this expansion into
Eq. (1.75d) and making use of the KMS relation, we obtain10

∂tδ∆ = −∂t∆̄ − Π̄A

k0
δ∆ . (1.78)

Using the Kadanoff-Baym ansatz (1.27), we can parametrise

∆̄+ = −i∆A(1 + 2fB), δ∆ = −2i∆Aδf , (1.79)

10While ∂t∆̄ vanishes in Minkowski space, it does not in an FLRW universe, and we there-
fore need to retain this term.
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where ∆̄A(k) = πsgn(k0)δ(k2 −m2
φ) and δf(k) ≡ f(k) − f eq(k) = f(k) −

fB(k) denotes the deviation of the scalar distribution function from equilib-
rium. The kinetic equation describing the time evolution of this distribution
function then takes the form

∂tδf = −∂tfB − Π̄A

k0
δf . (1.80)

The approach presented in this section assumes a Minkowski space-time and
therefore neglects the expansion of the universe. As shown in [42, 43], it is
however straightforward to adapt this approach to an FLRW universe by the
use of conformal coordinates. We obtain

∂tδf −H|k|∂|k|δf = −∂tfB − Π̄A

k0
δf . (1.81)

If kinetic equilibrium is maintained (and Π̄A

k0
is momentum independent), one

can integrate Eq. (1.81) over all momenta to recover the well-known Boltz-
mann equation

(∂t + 3H) δn = −∂tn
eq − Π̄A

k0
δn , (1.82)

with neq the equilibrium abundance of the scalar field and δn ≡ n − neq.
The last two equations make evident that the anti-Hermitian self-energy Π̄A

captures the equilibration of the scalar field and can be related to the interaction
rates Γ appearing in standard Boltzmann equation through

Γ = Π̄A

k0
=

Im
(
Π̄R
)

k0
, (1.83)

in agreement with the expectation based on the optical theorem in vacuum. In
this thesis, we will therefore focus on computing this quantity for different sys-
tems, see e.g. Eqs. (4.18) and (6.14). Beyond the simplified system considered
in this section, e.g. in the presence of non-vanishing chemical potentials or
multiple generations of scalars, additional terms must be added to Eq. (1.81)
in order to account for oscillations, backreactions of the thermal bath, etc. See
e.g. appendix B in [44] for the derivation of analogous kinetic equations for
(degenerate) right-handed neutrinos during leptogenesis.
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Introduction

Our understanding of the universe has for very long solely relied on in-
formation transported by light, whether it is seen by our naked eyes or via
telescopes. While this already allowed us to unravel some of the most funda-
mental secrets of Nature, from the seemingly erratic behaviour of planets to the
laws of gravity or the evolution of stars, this approach also showed some limits.
Indeed, it cannot probe very dense objects or the very early universe due to the
large coupling strength of the photon. In recent years however, complementary
probes of the cosmos based on neutrinos and gravitational waves (GWs), which
are much more feebly interacting, have emerged. GWs in particular form an
excellent probe of the very early universe as they are expected to be produced
throughout its history and decouple from the rest of its content much earlier.1

The first direct detection of such waves, emitted by a binary black hole merger,
in September 2015 by the LIGO interferometer [46] opened up a new era for
the fields of astrophysics, cosmology and particle physics. Since then, there
has been rapid experimental progress, with already O(100) events observed af-
ter the third run of LIGO-VIRGO and a few hundred more are expected by the
end of its fourth run. Until now, detected events have all been of purely astro-
physical origin, excluding a potential hint of a cosmological origin from pulsar
timing arrays [47–51]. However, GW searches can also be used to probe a va-
riety of different cosmological gravitational wave backgrounds (GWBs) [52]
and in turn constrain particle physics in a manner complementary to traditional
laboratory experiments. This tantalizing prospect is one of the major motiva-
tion behind the extensive future experimental GW program including planned
Cosmic Microwave Background (CMB) experiments such as CMB-S4 [53]
or proposed ground-based (e.g. the Einstein telescope [54–56] or the Cos-
mic Explorer [57]) and space-based (e.g. Taiji [58], TianQin [59], LISA [60]
and DECIGO [61, 62] as well as their respective upgrades BBO [63–65] and
u-DECIGO [66, 67]) interferometers.

More recently, the possibility of detecting so-called ultra-high-frequency,
i.e. frequencies beyond the typical range of GW interferometers (above ∼ 104

Hz), stochastic GWBs has been placed under intense scrutiny, see for instance
the recent reviews [68,69] and references therein for specific examples of pro-
posed searches. While challenging, these searches present the major advantage
that the known astrophysical sources of GWBs are not small or dense enough
to produce GWs at such high frequencies [68]. Hence, any detection of GWs

1Simple estimates [45] place the GW decoupling temperature at the Planck scale.
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in this regime would strongly point towards the presence of either exotic as-
trophysical objects, e.g. primordial black holes or boson stars (see e.g. [70]
for additional examples), or of a cosmological GWB. However, even in ab-
sence of astrophysical backgrounds, there exist many different cosmological
phenomena that can generate sizeable GWBs and it is therefore essential to
accurately predict the expected signals for all these mechanisms in order to
take full advantage of the discovery potential of the numerous (current and
planned) GW experiments. Among the most promising examples of such cos-
mological sources are for example first-order phase transitions, topological
defects or inflation and (p)reheating, see e.g. [52, 71, 72] for reviews on these
mechanisms.

All of the aforementioned mechanisms rely on the existence of physics be-
yond the SM. This is however not necessary. Similarly to a black-body, any
viscous plasma, even if in perfect thermodynamic equilibrium, will continu-
ously emit GWs due to the constant interactions between its constituent par-
ticles [73–75]. At high frequencies f ∼ O(1011) Hz, the production is dom-
inated by microscopic particle collisions while, at lower frequencies, long-
range hydrodynamic fluctuations dominate [73]. Generically, one expects the
resulting GW background to be much weaker than that of the previously men-
tioned mechanisms as it does not rely on any deviation from equilibrium and
the standard cosmology. However, it is for that precise reason much harder to
avoid and practically serves as a cosmic GW floor. In the SM, large deviations
from equilibrium are not expected [76] and thermal fluctuations are therefore
anticipated to be the primary source of the resulting primordial GWB [73,74].
Additionally, such background is typically sensitive to the largest temperature
of the early universe plasma after inflation and can thus be constrained indi-
rectly from measurements of the effective number of neutrinos (Neff) [74,75].2

While thermal GWBs have already been investigated in considerable detail
within the context of the SM [73, 74, 78, 79], much less is known about their
counterparts in generic SM extensions [75]. In particular, the GW production
rate from long-range hydrodynamic fluctuations, which dominates in the low

2In practice, constraints from Planck on Neff only limit the maximal temperature reached
by the SM to be sub-Planckian [74,75], though an order of magnitude improvement is expected
from CMB-S4. These constraints remain nonetheless much weaker than the complementary
limits derived by combining the measured amplitude of scalar perturbations and upper bound
on the tensor-to-scalar ratio, which restricts the scale of inflation (and therefore the reheating
temperature) to be smaller than O(1016) GeV [77] for single-field slow-roll inflationary models.
This leads to an upper limit on the reheating temperature Tmax ≲ 6.6 × 1015 GeV, assuming a
number of degrees of freedom comparable to that of the SM.
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frequency tail of the spectrum, is given by the shear viscosity η of the early
universe plasma. Since the latter generically scales as the mean free path of
the most weakly interacting particle in this plasma [73, 80–82], it is expected
that this type of GWB can be strongly enhanced in presence of feebly interact-
ing particles. The existence of such feebly interacting particles naturally arises
as a solution to the different shortcomings of the SM, such as the origin of
Dark Matter and neutrino masses, and is currently under intense experimental
scrutiny [83,84]. Despite their feeble interactions, these particles can nonethe-
less be abundantly produced in the early universe, either thermally or through
non-thermal processes such as (p)reheating or heavy particle decays. Out of
equilibrium, a similar enhancement of the GWBs due to the approximate free
streaming of feebly interacting particles has been noticed in the context of
strong first-order phase-transitions in [85]. Moreover, we note that GW pro-
duction from hydrodynamic fluctuations has also been studied in the context
of axion-like warm inflation in [86, 87] and for a weakly coupled scalar field
in [88].

In this part of the thesis, we examine the contribution to the stochastic GWB
from a generic plasma in thermal equilibrium during radiation domination. We
begin in Sec. 2.1 by reviewing how to model thermal GW backgrounds. Next,
in Sec. 2.2, we compute the production rate associated with this type of GW
emission, using the first principles of nonequilibrium QFT. From there, we de-
rive general upper bounds on thermal GW spectra. In the next section, Sec. 2.4,
we apply our results to two well-motivated benchmarks: right-handed neutri-
nos and axion-like particles. We then review our assumptions and discuss pos-
sible generalisations. Finally, we conclude in Sec. 2.6. The material presented
in this part is based on [3] and closely follows its structure.





Chapter 2
Cosmological Gravitational
Wave Background from hidden
sectors in thermal equilibrium

2.1 Gravitational wave production in an FLRW
universe

The early instants of our universe are in good approximation described by
the spatially flat, homogeneous and isotropic FLRW metric

ds2 = dt2 − a(t)2δijdxidxj , (2.1)

where δij is the standard 3-dimensional Kronecker delta and a(t) represents
the scale factor describing the expansion of our universe. GWs are tensor
perturbations hµν to this FLRW background and, in the traceless-transverse
(TT) gauge, verify the properties

hi
i = h0µ = ∂ihij = 0, (2.2)

thereby modifying the metric in the following way

ds2 = dt2 − a(t)2(δij + hij)dxidxj . (2.3)

Linearly perturbing the spatial part of the Einstein field equations, one then
obtains the well-known evolution equation for GWs

ḧij + 3Hḣij − ∇2hij

a2 =
16π T T T

ij

a2m2
Pl

. (2.4)

In the above equation,mPl ≈ 1.22×1019 GeV is the Planck mass,H ≡ ȧ/a ≡
(da/dt)/a is the Hubble rate whereas T T T

ij represents the traceless-transverse
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thermal equilibrium

contribution to the stress-energy tensor of GR

Tµν = − 2√
−g

δS

δgµν
, (2.5)

with S the action and g = det(gµν). For superhorizon (physical) modes k,
i.e. modes for which |k| ≪ H , solutions to Eq. (2.4) are static and tensor
perturbations are frozen [89]. In this regime, GWs cannot be produced. Hence,
we will focus in the following on subhorizon scales, i.e. |k| ≫ H . Note that
the physical mode k redshifts over time and can be related to the observed GW
frequency f through the following relation 2πfa0/a = |k|, where a0 is the
current value of the scale factor. Though experiments are directly sensitive to
h, a useful quantity to characterise cosmological GW backgrounds is the total
energy density carried by the GWs, defined as

ρGW ≡ m2
Pl

32π
〈
ḣij(t,0)ḣij(t,0)

〉
. (2.6)

As defined in Eq. (1.2), ⟨O⟩ ≡ Tr {ρ̂bath O} denotes the thermal average on the
early universe degrees of freedom, with the density matrix ρ̂bath encoding all
the information about the state of the early universe plasma, its temperature in
particular. It can then be shown [73] that, for subhorizon modes, ρGW evolves
according to the equation of motion

dρ̇GW
d ln f + 4H dρGW

d ln f = 16π2
(
fa0
a

)3 Π(2πfa0/a)
m2

Pl
(2.7)

where the GW production rate can be extracted from the 2-point correlation
function of the stress-energy tensor

Π(k) = 1
2

∫
dt d3x ei(kt−k·x) Lij;kl ⟨{Tij(t,x), Tkl(0,0)}⟩ . (2.8)

In the above equation, we write k·x = δijk
ixj and k2 = δijk

ikj for the spatial
scalar products. The spatial projector Lij;kl selects the (physical) traceless-
transverse components of the tensor perturbations hµν . It reads

Lij;kl = 1
2 (LikLjl + LilLjk − LijLkl) , Lij = δij − kikj

k2 . (2.9)
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2.1.1 Connection to the hydrodynamic description

As seen from Eq. (2.5), the stress-energy tensor should in general be ex-
tracted directly from the action of GR and depends on all fields in the the-
ory. However, at frequencies f ≪ 1011 Hz, the graviton momentum is much
smaller than the temperature. These frequencies therefore mostly probe the
large-scale properties of the system. Assuming the early universe to be close
to local thermal equilibrium such as is the case during radiation domination,
the stress-energy tensor can be expanded around its perfect fluid ansatz

T00 = ρ , T0i = (ρ+ P )vi ,

Tij = [P − ζ(∇ · v)] δij − η

[
∂ivj + ∂jvi − 2

3δij(∇ · v)
]
,

(2.10)

where ρ and P are the local energy and pressure density, vi the fluid three-
velocity and ζ and η the bulk and shear viscosity respectively. We omitted in
the above equation higher order terms O(v2) and consider the fluid velocity
to be small enough. From Eq. (2.10), it is relatively straightforward to show
that the traceless component of the stress-energy tensor is directly proportional
to the shear viscosity only. To be more specific, one can show [73], see also
[90, 91], that the GW production rate Π obey the Kubo formula [92, 93]

lim
|k|→0

Π = 8Tη . (2.11)

The above formula can also be seen as a manifestation of the more well-known
fluctuation-dissipation theorem [94, 95].

As already mentioned in the introduction, the shear viscosity is a macro-
scopic property of the plasma and has been shown to scale as the mean free
path lav of its most feebly interacting constituent (of velocity vav and width Υ)
for many different systems, see e.g. [80–82, 96–99],

η ∼ lavvavT
4 ∼ T 4

Υ . (2.12)

The particle’s width Υ is connected to its interaction rates, and therefore to its
mean free path, via the optical theorem. While this result might seem surpris-
ing at first, it can be understood in a relatively simple way. The shear viscosity
quantifies the resistance of a fluid to shear deformation. In particular, if the
mean free path of its constituent is large enough, momenta can easily be trans-
ported over long distances before being redistributed by collisions. Hence,
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it will be able to efficiently counteract the application of an external shear
force, leading to a larger viscosity. Combining Eqs. (2.11) and (2.12), we find
that particles with feeble interactions tend to dominate GW production in the
regime of soft graviton momenta. For this reason, high-frequency GWs are
potentially promising probes of hidden sectors.

Before moving on, we would like to point out that, taken at face value,
Eq. (2.12) seems to imply that the GW production rate diverges in the limit
where the hidden sector completely decouples. However, as we will show later,
this naive scaling only holds in the limit |k| ≪ Υ, corresponding to the so-
called hydrodynamic regime. In the opposite limit of hard momenta |k| ≫ Υ,
the so-called Boltzmann regime, one recovers the typical scaling Π ∼ Υ, with
no enhancement for feebly interacting particles. This distinction will turn out
to be a defining feature of GW spectra from thermal fluctuations as we will see
later. It also clearly defines the regime in which feebly interacting particles are
expected to enhance the SM signal.

2.1.2 Present day spectrum

Ultimately, we are interested in the present-day GW spectrum, typically
parametrised by the quantity

h2ΩGW(f) ≡ h2

ρcrit

dρGW

d ln f , (2.13)

where ρcrit is the critical energy density at the present epoch while h is the
reduced Hubble constant, respectively defined as

ρcrit = 3H2
0m

2
Pl

8π , h = H0
100 km s−1Mpc−1 . (2.14)

Alternatively, sensitivity to various GWB are sometimes also expressed in
terms of the so-called characteristic strain hc, defined through the relation

h2
c = 3H2

0
2π2f2 ΩGW ∝ h2ΩGW

f2 . (2.15)

The latter is more directly related to the displacement observed in interferom-
eters. In this paper, we will show results for both quantities.

In order to solve Eq. (2.7) and obtain h2ΩGW(f), we need to specify the
expansion history considered. As a first approximation, we will assume that
the early universe is constituted of the SM, which dominates the energy den-
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sity and is in thermal equilibrium with a temperature T , as well as a hidden
sector made out of one single feebly interacting particle. Furthermore, we will
assume that one can safely neglect any transfer of entropy between the two
sectors, i.e. ∂t(a3s) = ∂t(a3sh) = 0 with s (sh) being the SM (hidden sector)
entropy density. In this case, the standard expansion history takes place and
we have

dT
dt = −gs

gc

T 3

m0
,

aT

a0T0
=
[
gs(T0)
gs(T )

]1/3
. (2.16)

T0 = 2.7255(6) K [100], corresponding to the frequency f0 = 3.5682(7) ×
1011 Hz, denotes the current temperature of the CMB. In the above equation,
we have defined the effective number of degrees of freedom as measured by
the SM entropy density s, energy density ρ and heat capacity c

gs(T ) = s(T )
2π2T 3/45 , gρ(T ) = ρ(T )

π2T 4/30 , gc(T ) = c(T )
2π2T 3/15 (2.17)

as well as

m0 ≡ mPl

[
4π3gρ

45

]−1/2

. (2.18)

Plugging Eqs. (2.16), (2.17) and (2.18) into Eq. (2.7) and integrating over time,
we obtain the following result

h2ΩGW(f) = 2880
√

5π
π2 h2Ωγ

f3

T 3
0

Tmax∫
Tmin

dT ′

mPl

gc(T ′) [gs(T0)]1/3

[gρ(T ′)]1/2 [gs(T ′)]4/3
Π (2πfa0/a

′)
8T ′4 .

(2.19)

Tmin (Tmax) represents the minimal (maximal) temperature at which the plasma
under consideration was in equilibrium. In the SM, Tmax may, but does not
necessarily, correspond to the reheating temperature of our universe. If the
reheating epoch was not instantaneous, the SM plasma likely reached equilib-
rium even earlier, at even larger temperatures [101].3 Assuming further that
the relevant dynamics happen well above the electroweak symmetry breaking
(EWSB) (but still during radiation domination, below the reheating tempera-

3This statement also depends on the time required for the early universe’s bath to thermalise,
which may not necessarily be a rapid process [102].
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ture) such that gc = gs = gρ = 106.75 at all times and given that [103, 104]

h2Ωγ = 2.4728(21) × 10−5 , gs(T0) = 3.931(4) , (2.20)

we can further simplify Eq. (2.19) to obtain

h2ΩGW(f) ≈ 2.02 × 10−38 ×
(
f

Hz

)3
×

Tmax∫
Tmin

dT ′

mPl

Π (2πfa0/a
′)

8T ′4 . (2.21)

In case the production rate Π as well as the integration bounds Tmax and Tmin

are both independent of the frequency, the emitted GW spectrum features the
characteristic ∝ f3 frequency shape associated with backgrounds from hydro-
dynamic fluctuations. Such behaviour was also observed within the context of
e.g. GWs from post-inflationary phases stiffer than radiation [105] or axion-
like inflation [87]. In the context of the SM, the rate Π is well known and is
dominated for frequencies f < O(109) Hz by the hydrodynamic fluctuations
of the right-handed leptons4 [73, 97, 99]

ΠSM = 8ηSMT ≈ 16T 4

g4 ln( 5T
mD

)
≈ 400T 4 , m2

D = 11
6 g

2T 2 , (2.22)

where g ≈ 0.36 is the U(1) hypercharge gauge coupling, mD the associated
Debye mass, and gSM = 6 the relativistic degrees of freedom associated with
the right-handed leptons. Plugging this result in Eq. (2.21) and neglecting the
potential running of g, we obtain

h2ΩSM
GW(f) ≃ 1.03 × 10−36 ×

(
f

Hz

)3
× Tmax

mPl
, (2.23)

which depends only on Tmax. As we will see later, different modes cross the
Hubble horizon at different times, so Tmax is not a constant and introduces an
additional dependence on the frequency.

In presence of significant entropy transfer between the hidden sector and
the SM or if the SM do not dominate the total energy density of the universe,
Eq. (2.21) no longer holds, and it becomes necessary to compute the full time
evolution of the SM temperature T and the Hubble rate H . As shown in ap-
pendix D of [3], if T and H are known monotonous functions of the scale-

4As will be shown in Sec. 2.2, in this regime, the hydrodynamic fluctuations from the most
weakly interacting particle, right-handed leptons in the case of the SM, dominate the GW pro-
duction rate.
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factor, one can rewrite (2.21) as

h2ΩGW(f) ≈ 2.02×10−38 ×
(
f

Hz

)3
× (2.24)

×
Tmax∫

Tmin

dT ′

mPl

Π(2πfa0/a)
8T ′4

∣∣∣∣ d ln a
d lnT ′

∣∣∣∣ (T ′

T
′

)(
ρSM

ρtot

) 1
2
,

where T is what the SM temperature would have been in the absence of entropy
transfer, i.e.

T ≡ a0T0
a

[
gSM

s (T0)
gSM

s (T )

]1/3

(2.25)

The term
(

ρSM
ρtot

) 1
2 accounts for the modification of the Hubble rate from BSM

contributions to the total energy density whereas the extra factor
∣∣∣ d ln a

d ln T ′

∣∣∣ (T ′

T
′

)
allows to account for expansion history beyond radiation domination, e.g.
early matter domination or reheating.

Finally, we emphasise that Eq. (2.24) makes little assumption about the
hidden sector. In particular, it remains valid even if the hidden sector is far
from equilibrium. The practical computation of the rate Π can however re-
veal difficult for arbitrary distribution function of the hidden sector. In the
rest of this chapter and in particular in Sec. 2.3.2 and 2.4, we will assume
the hidden sector to be in thermal equilibrium with the same temperature as
the SM. The latter assumption will in general maximise the emitted GWB.
Indeed, GWBs from thermalised plasma generically scale with their temper-
ature, see e.g. Eq. (2.23), and observational constraints from e.g. Big Bang
Nucleosynthesis (BBN) typically force these hidden sectors to be colder than
the SM plasma at late times [106,107]. Given our focus in this work on feebly
interacting particles for which thermalisation is expected to be much slower
than for the SM, this assumption might seem overoptimistic. However, feebly
interacting hidden sectors can still reach equilibrium early on through ultravio-
let (UV) freeze-in in presence non-renormalisable interactions, see e.g. [108],
or through non-thermal processes, e.g. via (p)reheating [109, 110] or the de-
cay of heavy new particles, thereby evading this constraint. Moreover, we will
focus on the enhancement of the GW spectrum from one feebly interacting
particle, for which the simplified Eq. (2.21) is perfectly adequate. In presence
of composite hidden sectors, our results can straightforwardly be generalised
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hµν hµν
k k

−p

k − p

⊃ hµν hµν

−p

k k

k − p

Figure 2.1: Feynman diagram representation of the graviton self-energy. The straight
double lines represent 1PI-resummed fermionic propagators, which includes an infi-
nite class of diagrams in fixed-order perturbation theory. One such diagram is depicted
on the right-hand side, with the grey blob denoting a single self-energy insertion. The
dotted lines signal cut propagators, i.e. propagators of the type +− or −+. Figure
slightly adapted from [3].

(in the enhanced hydrodynamic regime) by summing the contributions of each
particle as long as the total energy density remains dominated by the SM.

2.2 Computing the graviton production rate

In order to compute the GWB, the main ingredient needed is the production
rate (2.8). Its computation for a generic feebly interacting fermion within the
CTP formalism is the primary objective of this section. We also show how our
results can be readily generalised to different spins using the results of [86,88].

2.2.1 GW production rate from fermions

Working within a particle physics framework, the GW production rate can
generally be extracted from the graviton self-energy displayed in Fig. 2.1,
where the graviton couples to the rest of the plasma through the Lagrangian

L ⊃ 1
2

√
8π

mPl
hµνT

µν . (2.26)

Although we compute graviton self-energies, we nonetheless stress that our
computation remains purely at the semi-classical level and does not make any
assumption about the quantisation of gravity.

We note that the self-energy 2.1 does not include "vertex-like" contribu-
tions, which are shown for illustration in Fig. 2.2. However, these contribu-
tions do not exhibit the same enhancement for feebly interacting particles and
can therefore be safely neglected in the hydrodynamic regime. In this regime,
the GW production rate is dominated by the kinetic contribution to the stress-
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hµν hµν
k k

k − p

−p

Figure 2.2: Illustration of a vertex-type correction to the GW production rate from
fermions. Figure taken from [3].

energy tensor

Tij(x) ⊃ cX

4 ψxi/∂ijψx , i/∂ij = γii∂j + γji∂i , (2.27)

where ψx = ψ(x) can represent a Dirac or Majorana spinor, evaluated at x =
(t,x). The coefficient cX distinguishes Dirac (cD = 2) from Majorana (cM =
1) spinors. For a Dirac fermion, the self-energy displayed in diagram 2.1 can
be related to the correlator (2.8) in the following way( 4
cD

)2
⟨{Tij(x), Tkl(y)}⟩

= ⟨TC

{
ψ−

x (i/∂ijψ
−
x )ψ+

y (i/∂klψ
+
y ) + ψ+

x (i/∂ijψ
+
x )ψ−

y (i/∂klψ
−
y )
}

⟩

= − Tr[(i/∂ijiS
>
xy)(i/∂kliS

<
yx) + (≷↔≶)]. (2.28)

Hence, the production rate Π can be written (in momentum space)

Π(k) = −c2
D

8

∫ d3p

(2π)3

∫ dp0
2π Lij;klpipk Tr[γjiS

>
p γliS

<
p−k + γjiS

<
p γliS

>
p−k].

(2.29)

In the case where ψ is a Majorana fermion instead, one should replace cD →
cM = 1, but the additional possible field contractions result in a further overall
prefactor of 2. Using the equivalent of the Kadanoff-Baym ansatz (1.27) for
fermions

iS<
p = −2n(p0)SA

p , iS>
p = 2 (1 − n(p0))SA

p , (2.30)

we can further simplify the expression (2.29) to

Π(k) = cX

∫ d3p

(2π)3

∫ dp0
2π Lij;klpipk Tr[γjS

A
p+γlS

A
p− ] ·D(p+

0 , p
−
0 ). (2.31)
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The function D(p+
0 , p

−
0 ) encapsulates all the dependence on the (potentially

out-of-equilibrium) particle number densities n(p±
0 )

D(p+
0 , p

−
0 ) = (1 − n(p+

0 ))n(p−
0 ) + n(p+

0 )(1 − n(p−
0 )) , (2.32)

whereas the momenta p±
µ = pµ ± kµ/2 are a linear combination of the loop

and graviton momenta. As detailed in the introduction, the Kadanoff-Baym
ansatz is exact in perfect thermodynamic equilibrium, which is the focus of
this chapter. Since it also holds for a broad range of nonequilibrium situations,
see footnote 7, in which the quasiparticle picture is valid, Eq. (2.31) could be
used as a starting point for future exploration of nonequilibrium systems.

One can easily check using the tree-level thermal propagators (1.49) that
Eq. (2.31) vanishes for any k0 ̸= 0 and diverges for k0 = |k| = 0. This is
intuitive since, at tree level, Eq. (2.31) essentially captures the rate of graviton
bremsstrahlung. Any process of the form ψ → ψ + g, where g is the graviton,
is kinematically forbidden for non-zero k0. For k0 = 0 on the other hand, the
divergence is related to the mean free path of ψ, which is infinite in the ab-
sence of interactions. This divergence is regulated by the width of the spectral
function SA, hence the need for resummation. One can show, see appendix
A.1 for details, that the 1PI-resummed spectral function for a Dirac fermion of
mass m takes, at leading order in the coupling, the general form

SA
p =

(
/p+m

) Γp

Ω2
p + Γ2

p

, (2.33)

where we define

Ωp = p2 −m2 , Γp ≡ Γ(p) = 1
2 Tr

[
(/p+m)ΣA

p

]
. (2.34)

ΣA
p denotes the anti-hermitian self-energy of ψ. As is well known, see e.g.

[111], the physical width Υp of ψ can be extracted from the on-shell limit of
Γp

2EpΥp = lim
p0→Ep

Γp , E2
p = p2 +m2 . (2.35)
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Inserting Eq. (2.33) into Eq. (2.31) and defining the transverse momentum
p2

⊥ ≡ Lijp
ipj , we find

Lij;klpipk Tr[γjS
A
p+γlS

A
p− ] =

4p2
⊥(p+

0 p
−
0 − p+ · p− −m2 + p2

⊥)Γp+Γp−[
Ω2

p+ + Γ2
p+
][

Ω2
p− + Γ2

p−
] .

(2.36)

From the above equation, one can observe that the integrand in Eq. (2.31)
features two distinct types of poles:

1. poles associated with the product of distribution functions D(p+
0 , p

−
0 ),

as well as

2. poles associated with the fermionic spectral functions in Eq. (2.36).

In addition, the various spectral functions also feature branch cuts and asso-
ciated multiparticle continuum contributions. In the limit where the width
parameter is small Γp ≪ Ωp, one can however show that the contribution
from the poles dominates over the latter, see e.g. figures 10 and 11 in [112].
Such approximation is typically verified for weakly coupled theories and is re-
lated to the common Breit-Wigner approximation [111]. Moreover, given that
we are primarily interested in the following by the contribution enhanced as
1/Υ, we will neglect the poles arising from the distribution functions. Even
though these two assumptions can in principle be violated, e.g. for far-from-
equilibrium situations where the phase space distribution functions exhibit
strong peaks, we nonetheless expect these to remain safe in thermodynamic
equilibrium as well as for a broad range of nonequilibrium settings. Then, we
can derive from the residue theorem that the enhanced contributions to the GW
production rate are generated by the poles located at

p0 → Es,t = −sk0
2 + t

[
p2

s +m2 + {itΓps}p0→Es,t

] 1
2 , (2.37)

where s, t = ±1. In Eq. (2.37), only the four (out of eight possible) poles
with positive imaginary part contribute as we choose to close the integration
contour along the upper half of the complex plane. Defining Γ′

p ≡ ∂p0Γp and
using the relation Ωp− = Ωp+ − 2kµpµ, the associated residues write

Res
p0→Es,t

(
Γp+Γp−[

Ω2
p+ + Γ2

p+
][

Ω2
p− + Γ2

p−
])

= lim
p0→Es,t

Γp−s

2i
(
2Es,t + sk0 − iΓ′

ps

)[
(2skµpµ − itΓps)2 + Γ2

p−s

] , (2.38)
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Given that we focus on the soft regime for which k0 = |k| ≡ k ≪ p ∼ O(T )
as well as on feebly interacting particles for which Γp ≪ Ωp, we can sepa-
rately expand both the numerator and denominator to leading order in these
parameters

Γps ≈ Γp−s ≈ Γp , Es,t ≈ tEp + iΥp − sk
(Ep − tp∥)

2Ep
, kµpµ ≈ k(tEp − p∥) ,

(2.39)

where p∥ = k·p
k . Hence, Eq. (2.38) simplifies to

Res
p0→Es,t

(
Γp+Γp−[

Ω2
p+ + Γ2

p+
][

Ω2
p− + Γ2

p−
]) ≈ 1

8i
Υp

[sk(tEp − p∥) − itEpΥp]2 + E2
pΥ2

p

≈ 1
8i

Υp

k2(tEp − p∥)2 − 2istk(tEp − p∥)EpΥp
. (2.40)

Finally, we sum over the residues and set the graviton momentum to zero k →
0 as well as Es,t → tEp in the remainder of the integrand in Eq. (2.31). In this
limit, we have p+

0 p
−
0 − p+ · p− −m2 ≈ p2 −m2 = 0. Using the invariance of

Υp under p → −p, we then obtain the general result

Π(k) ≃ cX

2

∫ d3p

(2π)3 p4
⊥ [D(Ep, Ep) +D(−Ep,−Ep)] 2Υp

k2(Ep − p∥)2 + 4E2
pΥ2

p

.

(2.41)

In thermal equilibrium, one has D(Ep, Ep) = D(−Ep,−Ep) = 2fF(Ep)×
× (1 − fF(Ep)) and the above result reduces to

Π(k) ≃ 2cX

∞∫
0

dp p6 4 fF(Ep) (1 − fF(Ep))
15π2E2

p

1
2Υp

F

(
k

2Υp
,
p

Ep

)
. (2.42)
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The function F in this equation asymptotically behaves as5

F (x, v) =


1

1+x2 v ≪ 1
1 v = 1 ∧ x ≪ 1

5
2x2 v = 1 ∧ x ≫ 1

. (2.44)

The hydrodynamic (enhanced) regime corresponds to the limit x ≪ 1. We
note that the result (2.42) is similar to what has already been found in the
context of hydrodynamic fluctuations for a unique feebly interacting (pseudo-
)scalar [86, 88]

Π(k) ≃
∫

dp p6 4 fB(Ep) (1 + fB(Ep))
15π2E2

p

1
2Υp

F

(
k

2Υp
,
p

Ep

)
. (2.45)

We thus see that the production of GWs from both scalars and fermions can
be captured by a single expression, as will be provided in the following sub-
section. For these reasons, we expect a formula similar to Eq. (2.45) (up to an
overall prefactor accounting for the different number of degrees of freedom) to
also hold for vector particles.

2.2.2 Approximate formulae for phenomenology

Though remarkably simple already, the production rates (2.42) and (2.45)
nonetheless still depend on the full momentum-dependence of the hidden parti-
cle’s width. One can further simplify these results by replacing the momentum-
dependent width Υp by its thermal average, defined as

Υav ≡ 1
2π2Neq

∞∫
0

dp p2fX(Ep)Υp , Neq = 1
2π2

∞∫
0

dp p2fX(Ep). (2.46)

Depending on the hidden particle’s spin, fX ∈ {fB, fF} represents either a
Bose-Einstein or Fermi-Dirac distribution. The approximation (2.46) is justi-
fied as long as the width Υp is dominated by the same region in momentum

5Beyond the asymptotic limit, the full expression for F (x, v) is given by

F (x, v) = 30(4x2 + 5x2(1 − v2) − 3)
48v4x4 + 30x(1 − x2(1 − v2))

16v5x5 ln 1 + x2(1 + v)2

1 + x2(1 − v)2

+ 15(1 − x2(1 − v2))2 − 60x2

16v5x5 arctan 2vx

1 + x2(1 − v2) . (2.43)



46
Chapter 2. Cosmological Gravitational Wave Background from hidden sectors in

thermal equilibrium

space as the rest of the integrand
(
p6/E2

p

)
fX(Ep) (1 ± fX(Ep)). This can

fail e.g. if the hidden sector is significantly colder than the SM. To the unfa-
miliar reader, it might be useful to point out that the averaged width defined
above can in general be related to the typical cross-sections used in DM stud-
ies. For instance, if the width is dominated by 2 ↔ 2 scatterings of relativistic
particles, it is directly connected to the standard thermally averaged scattering
cross-section ⟨σvrel⟩ through the relation [45],

Υav ∝ ⟨σvrel⟩N. (2.47)

Here,N denotes the number density of the scattering partner. In the case where
the hidden particle also constitutes the DM, Eq. (2.47) provides a direct link
between the DM abundance and the GW spectrum.

In the low temperature (non-relativistic) limit, v ≡ p
Ep

→ 0 and, as high-
lighted in Eq. (2.43), one can approximate F by the simpler momentum-
independent expression

F (x, v) v→0= 1
1 + x2 . (2.48)

In the high-temperature regime, v → 1 and the functional form of the function
F retains some dependence on the graviton momentum k. It can however be
reasonably well approximated by interpolating the function between x ≪ 1
and x ≫ 1, leading to

F (x, v) v→1≈ 5
5 + 2x2 . (2.49)

Estimating this approximation to be the worst around x ≈ 1, one can check
that it leads to an overestimation of the GW production rate by roughly 30%,
i.e. 5/7

F (1,1) ≈ 0.71
0.56 ≈ 1.27. This is comparable to other theoretical uncertainties

and largely sufficient to obtain an order of magnitude estimate of the GWB as
is the goal of the present work. Having made these approximations, we note
that Υav and F (x, v) are (by definition) independent of the fermion momentum
p in both non-relativistic and relativistic regimes and can safely be pulled out
of the integrals in Eqs. (2.42) and(2.45). Doing this, we obtain

Π(k) m≪T≃ gX
16π2

225 T
5 5Υav

k2 + 10Υ2
av
, gX =

1 Spin 0
2 · cX Spin 1/2

, (2.50)
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for the relativistic case. We have further neglected a relative factor of 7/8 in the
fermionic case that originates from the integration over Fermi-Dirac (relative
to Bose-Einstein) distribution functions.

The non-relativistic case can be treated in a similar manner with the subtlety
that one needs to distinguish two different cases. Assuming that the particle
did freeze-out while still relativistic, such as is the case for neutrinos, its dis-
tribution function is not Boltzmann suppressed fX(Ep) ≈ fF(p) at all times
(though Ep ≈ m) and we have

Π(k)
T≲m≪Tf≃ gX

64π4

315
T 7

m2
2Υav

k2 + 4Υ2
av
. (2.51)

In the above equation, we have now neglected a relative factor of 31/32 be-
tween the fermionic case and bosonic case. Interestingly, this rate is inde-
pendent of the freeze-out temperature Tf . If however the freeze-out happens
after the particle became non-relativistic, its distribution function is Boltzmann
suppressed and one obtains instead the expression

Π(k)
T,Tf≲m

≃ gX

( 2
π

)3/2
[
T 7

m2

(
ξm

T

)7/2
e− ξm

T

]
2Υav

k2 + 4Υ2
av
, (2.52)

where

ξ =

1 T > Tf

T/Tf T < Tf

(2.53)

highlights the explicit dependence on Tf . Particles that remains in equilibrium
at all times and never freeze-out, e.g. unstable particles with a large width
Υav > H , can be captured by taking the limit Tf → 0. Finally, we note that
the rate for a relativistic distribution is always strictly larger than the one for
a non-relativistic distribution since T

m ≪ 1 in this regime, compare Eq. (2.50)
with Eqs. (2.51) and (2.52). Hence, we can restrict ourselves to using the
former to derive a model-independent upper bound on GW production, as we
will see in the next section.

From Eqs. (2.50), (2.51) and (2.52), one can clearly identify the two differ-
ent regimes discussed earlier. In the hydrodynamic regime, characterised by
k ≪ Υav, the contribution from feebly interacting particles is enhanced with
1/Υav. On the other hand, in the Boltzmann regime k ≫ Υav, one recovers
the naive scaling Π ∼ Υav characteristic from a production from microphysi-
cal collisions in perturbation theory. The transition between these two regimes
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happens for k =
√

10Υav if the particle is relativistic and for k = 2Υav in
the non-relativistic case. As we will see explicitly in the next sections, this
typically defines a characteristic frequency at which one can observe a kink in
the GW spectrum.

2.3 Formulae for phenomenological applications

Using the production rate obtained in the previous section, we now derive
explicit formulae for the GW spectrum from hidden sectors in thermal equilib-
rium, suitable for phenomenological applications. We begin in Sec. 2.3.1 by
outlining the main characteristic features of such GW spectra, before setting
upper bounds on these spectra that apply to a broad class of scenarios.

2.3.1 Generic features of the GW spectrum

As made clear by Eq. (2.7), the GW production rate is directly proportional
to k3Π(k). We are interested in the comparison between the SM and hidden
sector contribution. In the hydrodynamic regime, the SM GWB is dominated
by the contribution from right-handed leptons, see Eq. (2.22), whose width we
shall write ΥℓR . In the cases of interest, the hidden sector is much more feebly
coupled than the SM and, hence, the GW production rate is dominated by the
hidden sector contribution for small momenta k ≲ Υav ≪ ΥℓR . The general
scaling of these two contributions is then:

1. k ≲ Υav ≪ ΥℓR : Assuming for illustration purposes6 that both widths
are momentum-independent, the SM and hidden sector contributions
then both scale as k3 in this regime, with the hidden sector GWB be-
ing enhanced by a factor ΥℓR/Υav.

2. Υav < k < ΥℓR : For larger momenta, the hidden sector leaves the hy-
drodynamic regime but not the SM. In this case, the resummation of the
hidden particle propagator highlighted in Fig. 2.1 is no longer necessary.
A Boltzmann-like picture of the hidden sector as a gas of (interacting)
particles becomes more appropriate. In this regime, the new physics
contribution scales linearly with the momentum k. However, since it
is still dominated by hydrodynamics, the SM contribution continues to

6We emphasise that this approximation is not used in the remainder of this section and serves
solely as an illustrative example for the expected scaling. In particular, the upper bounds derived
later do not rely on this assumption.
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grow like k3 and eventually overtakes the hidden sector to dominate the
overall production rate.

3. Υav ≪ ΥℓR
< k: Finally, at even larger momenta, both the SM and

the hidden sector have entered the Boltzmann regime. The correspond-
ing GW spectra then scale linearly with k until they finally peak for
momenta k ∼ πT . Beyond this peak, the production rate is Boltzmann-
suppressed and the GW spectrum is therefore effectively cut off. During
radiation domination, the temperature and graviton momentum redshift
in the same way. As a result, the GW spectrum peaks at the frequency

fpeak ≡ T0
2

[
gs(T0)
gs(T )

]1/3
≈ 6 × 1010 Hz. (2.54)

Being the only scale, the CMB temperature T0, defined below Eq. (2.16),
fixes the position of the peak, which therefore do not depend on the ex-
act composition of the hidden sector. For such high frequencies, the
vertex-like contribution 2.2 cannot necessarily be neglected and typi-
cally contribute at the same order as their wavefunction equivalent 2.1.

In the following, we will primarily focus on the first two regimes where one
can safely neglect vertex-like corrections.

Hubble suppression: As highlighted earlier, GW production can only
take place for subhorizon modes k ≳ H . During radiation domination, k ∼ T

whereas H ∼ T 2. Hence, the production of GWs with frequency f is delayed
until the temperature of the plasma drops below the entry temperature7

Tentry(f) = m0
πf

fpeak
, H(T = Tentry) = k . (2.55)

This constraint in general leads to a second visible kink in the GW spec-
trum. Writing T⋆ the temperature at which the plasma under consideration
thermalises, the maximal temperature Tmax entering Eq. (2.21) then depends
on the hierarchy between Tentry and T⋆. More precisely,

Tmax = min
(
Tentry, T⋆

)
≡ min (f, f⋆)

f⋆
T⋆ ≃ f

f + f⋆
T⋆ , (2.56)

7Note that, for f ≲ 4 × 10−6 Hz, GWs can only be produced after the EWSB. Such
frequencies however lie well below the high-frequency band of interest in this work.
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where f⋆ is defined as the minimal frequency for which GW production is
delayed (i.e. for which Tentry < T⋆)

f⋆ = fpeak

π

T⋆

m0
≈ 3 × 1011 Hz T⋆

mPl
, Tentry(f⋆) = T⋆ . (2.57)

Similarly, replacing T⋆ by m and f⋆ by

fnr = fpeak

π

m

m0
≈ 3 × 1011 Hz m

mPl
(2.58)

in Eq. (2.56) defines the condition under which GW production happens en-
tirely in the non-relativistic regime, i.e. Tentry < m.

2.3.2 Model-independent upper bounds on cosmological
GWBs

Although the production rates (2.50), (2.51) and (2.52) are generally strongly
affected by the temperature dependence of the particle’s width, these rates can
nonetheless be maximised by setting

Υav =

k/
√

10 for T > m

k/2 for T < m
. (2.59)

Inserting these values into the relativistic and non-relativistic formulae (2.50)
and (2.51), one obtains the two separate bounds

h2ΩT >m
GW (f) ≤ 2.6 × 10−29 ×

(
f

Hz

)2
× gX

max(Tmax,m) − max(Tmin,m)
mPl

,

(2.60a)

h2ΩT <m
GW (f) ≤ 1.6 × 10−28 ×

(
f

Hz

)2
× gX

min(T 3
max,m

3) − min(T 3
min,m

3)
m2mPl

,

(2.60b)

on respectively the high- and low-temperature contributions to the final GW
energy density. One can then easily see that each contribution is separately
maximised by setting Tmin → 0, which is equivalent to our assumption that the
relevant dynamics happen well before the EWSB. Moreover, for a fixed value
of Tmax, we also observe that the sum of these two contributions is maximised
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for8 m → Tmax. Subsequently replacing Tmax by its definition (2.56), we
finally obtain the upper bound

h2ΩGW(f) ≤ 4.9 × 10−40 × gX

(
f

Hz

)2
min

(
f

Hz ,
f⋆

Hz

)
. (2.61)

This last expression depends only on the number of internal degrees of freedom
gX as well as the thermalisation temperature T⋆. One can further eliminate the
dependence on the latter by trivially noticing that min(f, f⋆) ≤ f . This leads
to the slightly weaker bound

h2ΩGW(f) ≤ 4.9 × 10−40 × gX

(
f

Hz

)3
, (2.62)

where gX remains now the only model-dependent parameter. At the qualita-
tive level, one can easily understand the origin of this upper bound. For a fixed
frequency, decreasing the hidden particle’s width Υav leads to a stronger en-
hancement of the GWB. However, the range of enhanced modes also decreases
with the width as more and more modes transition from the hydrodynamic to
the (non-enhanced) Boltzmann regime.

We note in passing that, at low frequencies f < fnr, Tmax < mf/fnr (< m)
and the upper bound (2.62) tightens considerably

h2ΩGW(f)
f<fnr

≤ 4.9 × 10−40 × gX

(
f

Hz

)3 f2

f2
nr
. (2.63)

Finally, though very robust and model-independent, the upper bound (2.62)
nonetheless relies on a number of assumptions such as the complete equilibra-
tion of the hidden sector or the absence of entropy transfer. We will review
these assumptions in details in Sec. 2.5.

2.3.3 Analytic estimates of the high-temperature background

After deriving a model-independent upper bound on GWBs from thermal
fluctuations, it remains to be studied how these GWBs change for various par-
ticle physics models. Assuming the width is dominated by the contribution of
one single operator of dimension d (and scale Λ) and neglecting the running
of the coupling constants, it is expected to scale with the temperature in the

8We would like to emphasise that this does not imply that GW production is dominated
by the low temperatures. For fixed m and Tmax ≫ m, the relativistic contribution (2.60a)
dominates over its non-relativistic counterpart (2.60b).
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following way

Υav ≃ y T

(
T

Λ

)2(d−4)
1 for T ≫ m

(m/T )n for T ≲ m
, n ≤ 1 + 2(d− 4) .

(2.64)

For particles that are unstable at zero temperature, the power n is exactly
1 + 2(d − 4). If on the other hand the particle is stable, its value is model-
dependent. As it typically dominates the signal (for Tmax ≫ m)9, we will
focus in the following on GW production at high temperatures T ≫ m as well
as on frequencies f > fnr. We will start by considering the case of renormal-
isable interactions (d = 4), which is parametrically simpler, before moving on
to non-renormalisable interactions.

Renormalisable interactions

For renormalisable interactions, the width scales linearly with the temper-
ature. Therefore, it redshifts at the same speed as the physical graviton mo-
mentum and the transition between the hydrodynamic and Boltzmann regime
happens at a coupling-dependent critical frequency fc defined below.

k =
√

10Υav ⇔ f = fc ,
fc

y
≡

√
10
π

fpeak ≃ 6 × 1010 Hz . (2.65)

For f < fc, GWs are always produced in the hydrodynamic regime, indepen-
dently of the temperature of the plasma, whereas GWs are always produced in
the Boltzmann regime for f > fc. As highlighted earlier, this results in a kink
in the GW spectrum located exactly at the frequency fc. Inserting the average
width (2.64) into the relativistic GW production rate (2.50) and subsequently
in the integral (2.21), we obtain the estimate

h2ΩT >m
GW (f) d=4≃ 1.6 × 10−40 × gX

ffc

f2
c + f2

(
f

Hz

)2
min

(
f

Hz ,
f⋆

Hz

)
.

(2.66)

The GWB (2.66) saturates the upper bound (2.60a) for f = fc. We also notice
that the same process that generates the width (2.64) is also responsible for the
production of hidden sector particles and their equilibration. This effectively

9In the renormalisable case, this condition imposes a lower bound on the value of y, i.e.
y ≳

√
m/m0, if the particle is (perturbatively) produced through the same interaction the

generates the width.
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puts an lower bound on the thermalisation temperature T⋆, which can be esti-
mated from Υav/H = ym0/T = 1. This leads to the lower bound T⋆ > ym0.

Finally, before concluding, we would like to emphasise that the expression
(2.66) is not limited to hidden sectors and, in particular, should also capture
the SM contribution. In that case, one can show10

fSM
c ≈ 3.1 × 108 Hz . (2.67)

Hence, the total GW spectrum emitted by the SM reads

h2ΩSM
GW (f)

f<fSM
c≃ 3.2 × 10−48 ×

(
f

Hz

)3
min

(
f

Hz ,
f⋆

Hz

)
(2.68)

in the hydrodynamic regime. As an illustration, the resulting SM background
(computed using the production rate from [73]) is displayed in red for two
choices of reheating temperature, i.e. T⋆ = mPl and T⋆ = 1010 GeV, in
Fig. 2.4. We would like to point out the qualitative difference with the results of
earlier works [73–75], which neglected the impact of the Hubble suppression.
This suppression leads to a stronger spectral shape at low frequencies, i.e. f4

instead of f3.

Non-renormalisable interactions

Beyond the renormalisable case, many well-motived scenarios include hid-
den sectors who primarily interact through non-renormalisable interactions.
These models have the additional interesting property that the production rate
of hidden sector particles increases much faster with the temperature, poten-
tially leading to a so-called UV freeze-in [108].

Non-renormalisable scenarios present strong qualitative differences with
the renormalisable case. In particular, the temperature dependence is very dif-
ferent such that the ratio Υav/k now also depends on the temperature. As a
consequence, the production of GWs starts in the hydrodynamic regime above
a (frequency-dependent) critical temperature

Tc(f) = Λ
(
f

fc

)1/2(d−4)
(2.69)

10The right-handed lepton width is dominated by 2 ↔ 2 scatterings with gauge bosons and
hence is proportional to g4 ln g, g being the electroweak coupling. See also Eq. (2.22). The
presence of the logarithm highlights the importance of small-angle scatterings. The critical
frequency (2.67) is in principle temperature-dependent due to the logarithmic temperature de-
pendence of the viscosity. This however only leads to subleading corrections.
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below which the production only takes place in the Boltzmann regime. One
can use Eq. (2.69) to associate to each energy scale its corresponding char-
acteristic frequency. For instance, the thermalisation temperature T⋆ can be
associated with the Boltzmann frequency

fbol ≡ fc

(
T⋆

Λ

)2(d−4)
, Tc(fbol) = T⋆ . (2.70)

Above fbol, we have Tc > T⋆ and GWs are thus only produced in the Boltz-
mann regime.11 Similarly, one can associate to the mass m the (characteristic)
hydrodynamic frequency

fhyd ≡ fc

(
m

Λ

)2(d−4)
, Tc(fhyd) = m . (2.71)

Below this frequency, the GWB is solely produced in the hydrodynamic regime
for T ≳ m. If m < T⋆, and therefore fhyd < fbol, GWs with intermediate fre-
quencies fhyd < f < fbol can be produced both in the hydrodynamic and
Boltzmann regime as long as Tc < Tentry. These two characteristic tempera-
tures are both functions of f and become equal at the crossing frequency

fx ≡ fc

(
fpeakΛ
π fcm0

)1+ 1
2(d−4)−1

, Tc(fx) = Tentry(fx) . (2.72)

The shape of the present-day GW spectrum is determined by the hierarchy
between these three frequencies fx, fhyd and fbol. A schematic representation
of the different possible hierarchies is shown in Fig. 2.3.

We present in appendix A.2 a derivation of the complete GW spectrum for
the different regimes of Fig. 2.3 in the high-temperature limit, i.e. neglecting
the m < T contribution. In the following, we only list the dominant contribu-
tion to these regimes, i.e. assuming sufficient hierarchies between the different
scales in the problem.

1. Left panel of Fig. 2.3: For fbol < fx, we have Tentry < Tc whenever
the plasma is thermalised. This implies that GW production always pro-
ceeds in the Boltzmann regime. The resulting spectrum write

h2ΩT >m
GW (f)

fx>fbol≃ gX
1.6 × 10−40

2(d− 4) + 1

(
f

Hz

)2 fbol
Hz × (2.73)

11GWs can of course be emitted at higher temperatures, when the plasma is still out of equi-
librium but this is not captured by our calculation.
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×


0 for f < fnr ,(
f
f⋆

)2(d−4)
for fnr < f < f⋆ ,

f⋆

f for f⋆ < f .

In particular, it features two kinks, one at f = fnr and one at f = f⋆.
For this specific scenario, the non-relativistic contribution to the GWB
is highly suppressed and bounded by the general upper bound (2.63).
Eq. (2.73) corresponds to the first case listed in appendix A.2.

2. Middle panel of Fig. 2.3: If on the contrary fhyd < fx < fbol, both the
Boltzmann and hydrodynamic regimes contributes to the (total) high-
temperature background. At high frequencies f > fbol, GWs can only
be produced in the Boltzmann regime whereas the intermediate frequen-
cies fx < f < fbol see contributions from both regimes, given that
their critical temperature is smaller than the horizon entry temperature.
Finally, since Tentry < Tc for f < fx, low frequency GWs are solely
produced in the Boltzmann regime. To summarise, the GW spectrum
takes the form

h2ΩT >m
GW (f)

f⋆≫fbol≃ gX
1.6 × 10−40

2(d− 4) + 1

(
f

Hz

)2 fbol
Hz × (2.74)

×



0 for f < fnr ,(
f
f⋆

)2(d−4)
for fnr < f < fx ,

β fx

fbol

(
f
fx

)1/2(d−4)
for fx < f < fbol ,

f⋆

f for fbol < f .

The numerical factor β ∈ [4/3, 2] depends on the dimension d and orig-
inates from the integration over T > Tc. We note that this expression
coincides with Eq. (2.73), except in the range fx < f < fbol due to the
additional contribution from the hydrodynamic regime. This scenario
corresponds to the second case described in appendix A.2.

3. Right panel of Fig. 2.3: Finally, for the last scenario where fx < fhyd,
the GW production always starts in the hydrodynamic regime for f >

fhyd. Hence, the production of GWs is dominated by the temperatures
T ≃ Tc and the Hubble suppression can be safely neglected. The
present-day GWB then features two kinks, one at f = fhyd and one
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at f = fbol.

h2ΩT >m
GW (f)

fbol≫f⋆,fhyd≫fnr
≃ gX

1.6 × 10−40

2(d− 4) + 1

(
f

Hz

)2 fbol
Hz × (2.75)

×


0 for f < fhyd ,

β fx

fbol

(
f
fx

)1/2(d−4)
for fhyd < f < fbol ,

f⋆

f for fbol < f .

β is defined as in Eq. (2.74). This scenario encompasses both cases 3 and 4
described in appendix A.2.

Before moving on to specific examples of GWBs from non-renormalisable
interactions, we would like to point out that one should in principle also verify
that our effective field theory (EFT) framework remains valid at all times, i.e.
that Tmax ≪ Λ. This condition might however be too restrictive. Indeed, for
frequencies below fc, we always have Tc < Λ. In this case, GWs are always
produced in the hydrodynamic regime for temperatures Tc < T < T⋆. Given
the non-renormalisable nature of the interaction, the production rate entering
Eq. (2.21) Π/T 4 ∼ T/Υav decreases with the temperature. Hence, the GW
spectrum is dominated by the production at T ≃ Tc < Λ for which the EFT
framework remains valid. A similar reasoning however does not apply for
higher frequencies f > fc, for which the largest temperatures T ≃ Tmax
dictate the final GWB.

To illustrate the preceding discussion, we display in Fig. 2.4 the GWB12

from the SM and from a hidden sector whose interactions are dominated by
non-renormalisable operators of various dimensions d ∈ {5, 6, 8}. We focus
on the most optimistic case choosing the reheating temperature to be equal to
the EFT scale T⋆ = Λ. As benchmarks, we also consider two different choices
for this reheating temperature: T⋆ = mPl and T⋆ = 1010 GeV. Finally, we set
the coupling y to be 1. While choosing smaller values of y might enhance the
signal and generate additional features at low frequencies, virtual exchanges
of gravitons are expected13 to contribute to the width Υav at the very least at
dimension 8 with y ∼ O(1). This contribution effectively induces a lower
bound on the value of y, even for lower-dimensional operators.

12Although the approximations leading to Eqs. (2.73),(2.74) and (2.75) turn out to hold very
well, we emphasise that we do not adopt those to draw Fig. 2.4. We use instead the complete
production rate (2.50) along with the width (2.64) before extracting the GW spectrum numeri-
cally from (2.21).

13This of course neglects any quantum gravity effects at the Planck scale.
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Figure 2.4: Estimate of the GWB from non-renormalizable interactions with di-
mension d > 4 for T⋆ = Λ = mPl (Left) and T⋆ = Λ = 1010 GeV (Right), cf.
Eqs. (2.73), (2.74) and (2.75). In dashed orange, we highlight the upper bound (2.62)
(for gX = 1) while the continuous red line represents the equivalent background for
the SM. The continuous black lines are extracted from [113, 114] and show experi-
mental power-law integrated sensitivities [115] of various prospective laser interfer-
ometers. In black hatched, we indicate the parameter space already excluded from the
third observing run of LIGO and VIRGO [116]. Finally, the grey lines highlight the
sensitivity of Planck [117] and a selection of proposed successors, CMB-S4 [53] and
CMB-HD [118]. In both plots, we set the hidden particle mass to zero and coupling
parameter y = 1, cf. Eq. (2.64). Figure slightly adapted from [3].

The first striking feature of Fig. 2.3 is that the GWBs emitted by these dif-
ferent hidden sectors, as well as the general upper bound (2.62), lie at least
O(15) orders of magnitude below the sensitivity of the various proposed inter-
ferometers. It seems therefore impossible to observe such GWBs at laser inter-
ferometers, even at beyond next-generation experiments such as u-DECIGO.14

While measurements ofNeff seem to probe this background for large values of
the reheating temperature, the contributions of the hidden sector is expected to
be subdominant to its SM counterpart. Secondly, we also notice that the SM
background appears to violate the upper bound (2.62). Note however that 1)
the upper bound was drawn for hidden sectors with gX = 1 whereas gℓR

= 6
for right-handed leptons, and 2) this only happens above the critical frequency
(2.67) where the validity of (2.68) is questionable. For larger frequencies,
vertex-like corrections as well additional diagrams are expected to contribute
sizeably. This is also the reason why we do not continue the SM and hidden

14Proposals sensitive to GWBs that saturate our upper bound for f ∼ O(107 −109) Hz exist,
see [119], but they rely on the assumption that the interference term between the signal and the
background field in a cavity can be measured with the same level of accuracy as the signal
itself. No known method or technology currently enables such a measurement (cf. e.g. [120]
for a discussion).
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sector spectrum in the gap visible in Fig. 2.4 as well as the slight apparent
mismatch between the two regimes of the SM spectrum.

Finally, let us now analyse in more detail the spectral shapes of these GWBs.
For both panels, we have fbol ≈ 6 × 1010 Hz, which lies above the range of
validity of our approximation. Moreover, in the right panel we set T⋆ = mPl

and, hence, f⋆ ≈ 3 × 1011 Hz. This in particular implies fbol < fx. As a
consequence, the GW spectrum is captured by Eq. (2.73) and scales as f2(d−3)

for all relevant frequencies (f < f⋆). On the other hand, the second bench-
mark T⋆ = 1010 GeV can be characterised by Eq. (2.74) since f⋆ < fbol < fx

and displays additional features as a result. For instance, we observe that the
crossing frequency fx for dimension-8 operators lies in the LISA frequency
band. Therefore, the GWB scales for f ≲ 100 Hz as for the first benchmark,
i.e. h2ΩGW ∼ f2(d−3), whereas it scales as f2+1/(2(d−4)) for larger frequen-
cies. Similar feature could in principle be observed for d = 5 and d = 6.
However, fx is pushed towards smaller frequencies in that case, beyond the
displayed range. The scaling of Eqs. (2.73) and (2.74) also explains the rela-
tive suppression of the GWB strength between the first and second benchmark.
Indeed, while T⋆ = mPl in the first case, the maximal temperature Tmax for
which GWs can be produced remains much lower than the Planck scale and
GW production is suppressed by

(
Tentry/Λ

)2(d−4) in the Boltzmann regime.
Though undetectable with known technologies, it is nonetheless interesting to
note that precise measurements of the GWB’s shape would reveal extremely
useful to pin down the underlying theory. In particular, the slope of the GWB
provides direct access to the dimension of the operator generating the width
Υav. Similarly, variations in the slope of the GWB would pinpoint the values
of all characteristic frequencies fnr, fhyd, fx, fbol and f⋆ and allow us to extract
information on the mass of the particle as well as the the UV scale Λ and the
reheating temperature T⋆.

2.4 Application to explicit benchmark scenarios

In this section, we apply the results of the previous section to two well-
motivated examples of hidden sectors: right-handed (RH) neutrinos and axion-
like particles (ALPs). While [75] already considered GWBs from RH neu-
trinos (within the νMSM [121]) and from ALPs (within the SMASH model
[122]), they only investigated the impact of the modified reheating temper-
ature predicted by these scenarios, and not the hydrodynamic enhancement
originating from the feeble interactions of the plasma constituents.
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2.4.1 Right-handed neutrinos

The existence of one or several generations of RH neutrinos, which we will
write νR in the following, has been proposed to resolve a number of shortcom-
ings of the SM such as the generation of the neutrino masses [123–128], the
asymmetry between matter and antimatter [129] or the origin of DM [130,131].
More details on their motivation will be provided in Chap. 3, see also [132–
134] for reviews. Of particular interest, RH neutrinos are expected to interact
very feebly if their mass lies at a testable scale, well below the Grand Unified
Theory (GUT) scale. In the minimal type-I seesaw model, they only interact
through the Yukawa coupling Y

L ⊃ Y ℓLΦ̃νR + h.c. , (2.76)

where Φ̃ = iσ2Φ∗ is the charge conjugate of the SM Higgs doublet, σ2 =( 0 −i
i 0

)
being the second Pauli matrix, and ℓL a left-handed (LH) SM fermion

doublet. More details on this scenario can be found in the dedicated section,
Sec. 3.2. The momentum-averaged RH neutrino width Υav can be extracted
from the associated production rate [135] and has been shown [136] to be given
by

Υav = γ(z)F
2T

16π . (2.77)

γ is a dimensionless function of z ≡ m/T , whose precise determination is in-
volved. For the level of accuracy needed in this work, using the approximation

γ ≈ max
(

0.2, z − 3
2

)
(2.78)

will be sufficient. In particular, the critical frequency fc reads in the relativistic
regime

fc = 2.4 × 108 Hz × F 2 . (2.79)

We display in Fig. 2.5 the expected thermal GWB emitted by RH neutrinos
for different choices of the Yukawa coupling as well as for the most optimistic
choice of reheating temperature T⋆ = mPl.15 We display our results for both
the GW energy density fraction per logarithmic wave number interval ΩGW

15Such a choice is unrealistic in the case of pure thermal production since T⋆ ≈ 4 ×
10−3m0F 2 ≪ mPl. However, additional production mechanisms at much higher tempera-
ture, e.g. from inflaton decay [137, 138], do exist.
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Figure 2.5: GWB due to thermal fluctuations of a massless RH neutrino in the early
universe plasma, as measured by the energy density h2ΩGW (Left) and strain hc

(Right). The different shades of blue correspond to different choices of the Yukawa
coupling. Following a similar colour coding as in Fig. 2.4, the light red line shows
the expected SM background for Tmax = mPl while the dashed orange line rep-
resents the upper bound (2.62) (for gX = 1). For details about the various ex-
perimental constraints, see the captions of Fig. 2.4. Additionally, we display in the
right plot the sensitivity estimate of various proposed searches17 for high-frequency
GWs [68, 75, 141–146] (cf. also [147]). Figure slightly adapted from [3].

(left panel) and the characteristic strain defined in (2.15) (right panel), and
compare to the sensitivities of various planned interferometers as well as re-
cently proposed high-frequency GW searches, see the caption of the figure for
more details. Similarly to the non-renormalisable situation, we observe that,
while they can overcome the SM background by over 10 orders of magnitude
in the LISA frequency band, these GWBs are strongly constrained by the up-
per bound (2.62) and lie well below experimental sensitivities rendering direct
detection impossible at the moment. However, high-frequency GW searches
form still a young and very active field of research [68, 69], and it is very
well possible that the sensitivity increases by several orders of magnitude in
the future.16 We conclude this subsection by noticing that, as expected for
renormalisable interactions, the enhanced hydrodynamic regime (f < fc) is
clearly distinct from the Boltzmann regime (f > fc), where the SM quickly
dominates.

16We however caution that some detector concepts are limited by intrinsic quantum noises
[139, 140] that makes it difficult to probe the proposed GWB, independently of technical pro-
gresses.

17We caution that these searches rely on different sets of assumptions, e.g. about the strength
of the cosmic magnetic fields, and show different levels of maturity. Hence, the gray region
might have to be slightly adapted in the future.
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2.4.2 Axion-like particles

Beyond RH neutrinos, axions constitute a second very well-motivated bench-
mark. First proposed in the 70s in the context of Quantum Chromodynam-
ics (QCD) as potential solution to the strong CP-problem [148–151] (see also
[152] for a review on QCD axions), it was quickly realised that generalisa-
tions of these, so-called ALPs, could also be viable DM candidate [153–155]
(for a review, see e.g. [156]) or drive inflation [157–159]. As a result, ALPs
gained in popularity in recent years and are currently under intense experimen-
tal scrutiny, both in laboratory searches [83,84,156,160–162] or through their
inferred effects on astrophysical phenomena [83, 163].

The defining feature of ALPs is their coupling to the (non-abelian) gauge
field strength Gµν

L ⊃ 1
2
(
∂µφ∂

µφ−m2φ2
)

− φχ

fφ
, χ = α

16π G̃µνG
µν . (2.80)

G̃µν ≡ ϵµνρσG
ρσ, ϵµνρσ being the Levi-Civita tensor, is the Hodge dual of

Gµν . If the gauge theory is asymptotically free, the ALP width reads in the
relativistic regime [164]

Υav
m≪T= κn3

c(n2
c − 1)α

5T 3

f2
φ

, κ ≈ 1.5 , 1
α

≈ 22nc

12π ln
(2πT

ΛIR

)
, (2.81)

with nc the colour number and ΛIR the infrared (IR) confinement scale at which
the gauge coupling α exhibits a Landau pole. We emphasise that, contrary to
the analytical discussion in Sec. 2.3.3, we account for the logarithmic running
of the coupling in our numerical calculation. In the following, we will assume
that ALPs are massless and focus on QCD-like scenarios, i.e. setting nc = 3
and ΛIR = 200 MeV. To solve the strong CP-problem, axions also need to
interact with fermions, which we will neglect.

We display our results in Fig. 2.6. For all chosen benchmarks, we max-
imise the reheating temperature T⋆ = fφ. Lower reheating temperatures
would only lead to a suppression of the GWB. As one can see, the analyt-
ical scaling obtained in Eqs. (2.73) to (2.75) is well reproduced up to mi-
nor modifications due to the logarithmic running of the gauge coupling α.
In particular, the benchmarks T⋆ = mPl and T⋆ = 1015 GeV both verify
fx > fbol and are therefore captured by Eq. (2.73). For the first benchmark
T⋆ = mPl, the horizon frequency f⋆ ≈ 3 × 1011 Hz lies beyond the fre-
quency band of interest. In this case, we have ΩGW ∼ f2+2(d−4) = f4. For
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Figure 2.6: Equivalent plot to Fig. 2.5 for massless ALPs with decay constants
fφ ∈ {mPl, 1015GeV, 1010GeV}. For each line, we choose T⋆ = fφ, ΛIR = 200
MeV and nc = 3. Following a similar colour coding as in Fig. 2.4, the light red
(resp. green, blue) line shows the expected SM background for Tmax = mPl (resp.
1015GeV, 1010GeV) while the dashed orange line represents the upper bound (2.62)
(for gX = 1). For details about the SM line and the various experimental constraints,
see the caption below Figs. 2.4 and 2.5. Figure slightly adapted from [3].

the second benchmark T⋆ = 1015 GeV, we have instead f⋆ ≈ 3 × 107 Hz.
In this case, the spectrum is modified above f⋆ and scales, as expected, lin-
early with the frequency. Finally, the last benchmark T⋆ = 1010 GeV verifies
fhyd = 0 < fx ≈ 0.1 Hz < fbol ≈ 6 × 1010 Hz and is therefore captured by
Eq. (2.74) instead. As expected, the spectrum exhibits two kinks. Below fx,
the signal grows as f4, between fx and fbol, it grows as f2+1/2(d−4) = f5/2,
and above fbol, it grows linearly.

2.5 How to evade the upper bound on the GWB
strength?

In this section, we review the limitations of our approach, discussing how
one can lift these restrictions and the expected impact on previous results, on
the upper bound (2.62) in particular. Essentially, the assumptions we made can
be grouped into three categories:

1. Standard cosmic history.

2. Focus on the hidden-sector-dominated contribution.

3. Equilibrium within and between sectors.

We will now go through each of these assumptions in more detail.
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Standard Cosmic History: As already highlighted in Sec. 2.1.2, Eq. (2.21),
and therefore the upper bound (2.62), assumes standard cosmic history. More
specifically, it relies on i) the SM dominating the evolution of the universe
in the temperature range of interest, and ii) the absence of (sizeable) entropy
transfer between the SM and the hidden sector. Though the generalised result
(2.24) capture these two effects, their precise impact on the upper bound (2.62)
remains to be explored. We note however that models with more degrees of
freedom (such as GUTs)18 do not necessarily produce a stronger thermal GW
signal than the SM. Indeed, while the GW production rate does increase in
these models, this enhancement tends to be partially compensated by the sub-
sequent dilution.

Focus on the hidden-sector-dominated contribution: In this paper, we
focused on the enhanced hydrodynamic contribution from a unique feebly in-
teracting particle. This in practice amounts to two distinct approximation.
First, we assume that the hidden sector is not composite. In presence of multi-
ple feebly interacting particles, their individual contribution to the total GWB
can be summed and the upper bound (2.62) applies to each species individu-
ally (as long as the number of degrees of freedom in the hidden sector remains
subdominant to the SM). Moreover, we neglect the vertex-like corrections dis-
played in Fig. 2.2. While these are not enhanced for feebly interacting hidden
sectors, they are expected to contribute at the same order as the wavefunc-
tion contribution, displayed in Fig. 2.1, in the Boltzmann regime k ≫ Υav.
In this regime, we therefore expect O(1) corrections to our result from these
additional diagrams and additional resummations may be needed [73, 74].

Equilibrium within and between sectors: Lastly, the derivation of Eq. (2.62)
as well as the phenomenological analyses in Secs. 2.3 and 2.4 crucially rely on
the following two distinct assumptions

i Thermal equilibrium of both the SM and the hidden sector.

ii Identical temperature between the SM and the hidden sector.

If the hidden sector remains thermalised but with a temperature Th different19

from the SM temperature T , Eq. (2.42) holds up to a rescaling by the appropri-
18However, GUTs are typically accompanied with one or more first-order phase transitions

between the UV gauge group and the SM, providing additional mechanisms for GW generation;
see e.g. [165, 166].

19This is for instance the case if the hidden sector possesses very feeble (or no) interactions
with the SM but comparatively strong self-interactions such that it still thermalises with itself.
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ate power of ξ ≡ Th/T of the distribution function’s argument. The width is
also impacted and depends in general20 on both T and Th. If the first approxi-
mation also fails and the hidden sector is completely out of equilibrium, it is in
general difficult to draw any conclusion. Provided the loop is still dominated
by the contribution from the propagators’ poles, the generalised result (2.41)
nonetheless holds for a general product of distribution function (2.32). This as-
sumption can in principle be violated, e.g. if the hidden sector is produced from
the decay of a heavy particle and thermalises slowly, but we expect it to hold
for a broad range of nonequilibrium situations. Hence, we expect that a gener-
alised version of the upper bound (2.62), where the temperature is replaced by
an effective parameter that characterises the hidden sector occupation number,
should hold for a variety of nonequilibrium situations provided.

Though it is in general difficult to precisely estimate the impact of relaxing
these assumptions on the strength of the GWB, we would like to finish this
section by commenting on two phenomenologically relevant situations.

The first is the case of so-called thermal freeze-in, i.e. the slow thermal pro-
duction of particles from an equilibrated bath. This situation is well-motivated
by various DM [130, 167] or baryon asymmetry [121, 168, 169] production
scenarios. While the hidden sector strongly deviates from equilibrium during
freeze-in, it is also underabundant (compared to equilibrium) such that it is
expected21 that the associated GWB remains constrained by the same upper
bound (2.62).

On the other hand, an overabundant hidden sector could lead to a strong
enhancement of the GWB. Such overabundance is for instance expected to
occur during the reheating of our universe through the decay of the inflaton
field. The GW emission in this setup was already studied in a number of
works [170–173], see also [174] for the SM contribution during reheating, and
seem to severely violate our upper bound (2.62). However, while we expect
that our upper bound should be relaxed in this situation due to the inflaton’s
overabundance, these works neither account for the resummation of wavefunc-
tion type corrections (see appendix A.1 for details), necessary in the hydrody-
namic regime, nor for the Hubble suppression delaying the onset of GW pro-

20If the hidden sector only interacts with itself, one can simply replace T by Th e.g. in
Eq. (2.64) but the general case is more intricate.

21As pointed out earlier, the averaged width Υav can also be sensitive to the hidden sector
abundance. An underabundant hidden sector would then decrease the width and, therefore,
enhance the production rate. We however do not expect this effect to compensate the reduction
in D(p0, q0).
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duction, see Eq. (2.55) and discussions around it, when estimating the current
GWB.

2.6 Conclusion and outlook

In this first part of the thesis, we examined the cosmological GWB from
thermal fluctuations of hidden sectors during radiation domination. While this
type of background is generically suppressed compared to GWBs from violent
out-of-equilibrium phenomena such as first-order phase transitions or preheat-
ing, it is also much harder to avoid as it does not rely on deviations from the
standard cosmic history, acting in this sense as a cosmic GW floor.

We started by evaluating the GW production rate from feebly interacting
particles using tools of the CTP formalism. We performed this computation
explicitly for a generic fermionic species, noticing a striking similarity with
previously obtained results for scalar particles and consequently postulating
equivalent formulae should hold for vector particles. This allowed us to write
compact formulae for the GW production rates that encompass these different
cases.

We then made use of these rates to derive useful phenomenological formu-
lae describing thermal GWBs emitted during radiation domination. In particu-
lar, we estimated the strength of these backgrounds for generic (non-)renormalisable
interactions and derived universal upper bounds that place strong constraints
on their magnitude. These upper bounds include both the hydrodynamic en-
hancement from the feebly interacting nature of the plasma constituents as well
as the suppression of the GW production rate at super-Hubble scale. Apply-
ing these result to well-motivated benchmarks, we additionally computed the
expected GWBs from RH neutrinos as well as ALPs. We found that a pre-
cise measurement of this background would in principle give access to many
different model parameters, e.g. the mass of the particle or the EFT scale.
Unfortunately, while the presence of hidden sectors can enhance this type of
background by O(10) orders of magnitudes in the high-frequency range, the
upper bound (2.62) effectively precludes detection in the interferometer fre-
quency band. The same in principle applies to higher frequencies, though
high-frequency GW searches is a very recent and active field, where signifi-
cant improvements can still be expected.

Finally, we concluded by quickly reviewing the assumptions underlying
our estimate and the impact of relaxing them. In particular, while it is rela-
tively straightforward to account for deviations from radiation domination, see
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Eq. (2.24), we expect that our upper bound can be strongly violated when ther-
modynamic equilibrium breaks down. In the future, it would be particularly
interesting to investigate such scenarios, in particular GW production during
reheating for which key aspects of the dynamics have been neglected in pre-
vious works. In this case, the different expansion history can help evade our
upper bound. Moreover, the evolution and decay of the inflaton condensate
can lead to the presence of peaks in the decay product distribution functions or
even non-perturbative particle production, all of which are expected to modify
our conclusions.
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Introduction

In 1928, after solving the relativistic generalisation of the Schrödinger equa-
tion, Paul Dirac famously predicted the existence of a new type of matter, the
so-called antimatter, of opposite charges compared to ordinary matter. Its de-
tection in 1932 by Carl D. Anderson immediately raised the obvious question
of its virtual absence in our surrounding universe, which, to this day, remains
one of the most intriguing unresolved issue in cosmology. This problem has
since then been made more pressing by the advent of precision cosmology and,
in particular, measurements of the CMB by Planck [117] as well as of the light
element abundances [175, 176]. The leading constraints on the asymmetry be-
tween baryons and antibaryons, or Baryon Asymmetry of our Universe (BAU),
currently give

Y obs
B = nb − nb̄

s
= (8.6 ± 0.06) × 10−11 , (3.1)

with nb (nb̄) the (anti)baryon number density and s the present-day entropy
density. Assuming that the initial conditions of our universe were not already
matter-antimatter asymmetric, Andrei Sakharov derived three necessary con-
ditions for a successful generation of a matter-antimatter asymmetry [177]

1. Violation of the C and CP symmetries,

2. Violation of baryon number conservation,

3. Deviation from equilibrium dynamics.

Interestingly, these conditions are all fulfilled within the SM: The C and CP
symmetries are violated by the weak interaction as can be observed in β and
meson decays [178–180], baryon number conservation is violated by the sphaleron
process [181–184] and the expansion of the universe provides a natural source
of deviation from thermodynamic equilibrium [185,186]. However, the amount
of baryon asymmetry produced within the SM, assuming a standard cosmo-
logical history, is too small by at least ∼ 12 orders of magnitude [184, 187–
192]. Such a large discrepancy between the observed and theoretically pre-
dicted asymmetry strongly points towards the presence of additional physics
beyond the SM. Many mechanisms have been proposed over the years, includ-
ing GUT baryogenesis [193, 194], the Affleck-Dine mechanism [195], elec-
troweak baryogenesis [196–198] or so-called leptogenesis. In the second part
of this thesis, we will concentrate on the latter option.
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Baryogenesis through leptogenesis, or more simply leptogenesis, offers an
elegant mechanism to connect the production of a matter-antimatter asymme-
try to another long-standing unresolved issue in particle physics: the origin of
neutrino masses. The observation of neutrino flavour oscillations in a variety
of different systems, including solar, atmospheric, reactor and beam neutrinos,
clearly indicates that neutrinos must be massive. As neutrinos have until now
only been observed with left-handed chirality, it also constitutes the only clear
evidence of BSM physics tested in laboratory experiments.

The existence of neutrinos with right-handed chirality could resolve these
two problems simultaneously. As briefly highlighted in Sec. 2.4.1 already,
these RH neutrinos can generate the neutrino masses through the so-called
type-I seesaw mechanism. They can also explain the BAU through leptogene-
sis, providing the necessary additional C- and CP-violation via their complex
Yukawa coupling, as well as departure from thermal equilibrium, either during
freeze-out or freeze-in. As they are pure gauge singlets, these RH neutrinos
can possess a Majorana mass beyond the standard Dirac mass given by the
interaction with the Higgs field. This additional mass scale is however poorly
constrained from a theoretical perspective and its magnitude critically affects
the phenomenology associated with these new particles.

So-called low-scale seesaw models, where the Majorana mass lies below
the TeV scale, are particularly attractive from a phenomenological viewpoint,
as they are within reach of laboratory experiments. Such models are currently
the subject of an intensive experimental research program, including direct
searches at a broad range of fixed target experiments (e.g. at NA62 [199, 200]
and the T2K near detector [201]) and collider facilities (e.g. at ATLAS [202],
Belle [203] and CMS [204–208]). Looking ahead, this experimental program
is set to expand further in the near future with the upcoming DUNE near de-
tector [209–211], SHiP experiment [212–214] as well as the High Luminos-
ity LHC (HL-LHC) [215, 216]. Beyond direct searches, the existence of RH
neutrinos could also be signalled by the observation of e.g. lepton number
or flavour violation. Current and upcoming experiments targeting neutrino-
less double beta decay (0νββ) (see e.g. [217–220]) or µ to e conversion (see
e.g. [221–229]) may therefore provide decisive insights into their properties.

In view of this extensive program, it is essential to explore the parameter
space of these models consistent with the requirement to reproduce neutrino
masses and the BAU so as to single out the most promising regions and pro-
vide guidelines for experiments but also to maximize the insight gained from
experimental results in the event of a detection. The second part of this the-
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sis aims to take steps in this direction. In Chap. 3, we first briefly review
the type-I seesaw mechanism, leptogenesis and various neutrino mass models.
Then, in Chap. 4, we compute from first principles of nonequilibrium QFT the
finite-temperature interaction rates of a generic fermion in Fermi-like theories.
We apply our results to the specific case of RH neutrinos within the Neutrino
Minimal Standard Model (νMSM) and in the minimal Left-Right Symmetric
Model (mLRSM). Finally, we explore different phenomenological aspects of
various neutrino mass models, focusing on the interplay between constraints
set by leptogenesis and by various cosmological and laboratory experiments.





Chapter 3
Models of neutrino masses and
leptogenesis

In this third chapter, we will review the prerequisites necessary for the rest
of this part II. We begin with a brief overview of light neutrino oscillation
data. Next, we present the well-known type-I seesaw mechanism, followed in
Sec. 3.3 by a brief review of leptogenesis. Finally, we finish in Secs. 3.4 and
3.5 by describing two possible extensions of the standard vanilla type-I seesaw
model: one involving discrete symmetries, and another featuring additional
gauge interactions. Different aspects of these scenarios will be examined in
more detail in the next two chapters, Chap. 4 and Chap. 5.

3.1 Light neutrino oscillation data

First predicted by Pauli in 1930 [230] and discovered by Reines and Cowan
a little more than 25 years later [231], neutrinos are the most elusive SM
particles and extensive experimental efforts have been deployed to charac-
terise their properties. It has since been established that they primarily interact
through the weak interaction, with the corresponding Lagrangian given by

Lweak ⊃ − g√
2

(
νLαγ

µeLαW
+
µ + eLαγ

µνLαW
−
µ + 1√

2 cos θW

ναγ
µνLαZµ

)
,

(3.2)

where θW ≃ 29° is the so-called Weinberg angle. The later observations of
neutrino oscillations [232–235] entail that at least two (out of three) neutrinos
are massive and that the (propagating) mass eigenstates νi, i ∈ {1, 2, 3} are
linear combinations of the flavour eigenstates νLα appearing in Eq. (3.2). This
mixing is usually parametrised via the so-called Pontecorvo–Maki–Nakagawa–Sakata
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(PMNS) matrix

νi =
∑

α

(Uν)iα νLα. (3.3)

This 3 × 3 matrix contains 6 free parameters and is typically parametrised in
the following way

Uν = V (23)UδV
(13)U−δV

(12)diag(1, eiα1/2, eiα2/2) , (3.4)

with U±δ = diag(e∓iδ/2, 1, e±iδ/2). δ, α1and α2 are the standard Dirac and
Majorana CP-phases respectively. The non-zero entries of the matrices V (ij)

are given by

V
(ij)

ii = V
(ij)

jj = cos θij , V
(ij)

ij = −V (ij)
ji = sin θij ,

V
(ij)

kk = 1 for k ̸= i, j ,
(3.5)

where θij are the light neutrino mixing angles. As these phases could be ro-
tated away in the limit of mass-degenerate neutrinos, neutrino oscillation ex-
periments are also sensitive to the mass differences between neutrinos. Until
now, these experiments have been able to constrain the so-called solar mass
splitting, i.e. ∆m2

21 = m2
2 − m2

1 > 0. This leaves two possible orderings of
the mass: 1) m1 < m2 < m3, usually referred to as normal ordering (NO)
or, equivalently, normal hierarchy, and 2) m3 < m1 < m2, usually referred
to as inverted ordering (IO) or, equivalently, inverted hierarchy. The splitting
between the lightest and heaviest neutrinos (∆m2

31 for NO, ∆m2
32 for IO) has

also been accurately determined at various neutrino oscillation experiments
and is usually known as the atmospheric mass splitting. A summary of the
(experimental) best-fit values for all the above-mentioned parameters is pro-
vided in Tab. 3.1. We note the absence of constraints on the Majorana phases
αi, which cannot be accessed at traditional neutrino oscillation experiments
but could potentially by observing 0νββ processes.

Finally, we close this section by mentioning that, while it cannot be mea-
sured at neutrino oscillation experiments, the lightest neutrino mass m0 =
min(m1,m3) can be determined by studying the energy content of our uni-
verse. Currently, the best limit is set by Planck which constraint the sum of
neutrino masses to be smaller than 0.12 eV (at 95% confidence level (C.L.))
[117]. This in turn yields the following upper limit on m0

m0 ≡ m1 < 0.030 eV (NO), m0 ≡ m3 < 0.016 eV (IO) . (3.6)
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Parameter Best-fit value (NO) Best-fit value (IO)

sin2 θ12 0.307 0.308
sin2 θ23 0.561 0.562
sin2 θ13 0.02195 0.02224
∆m2

21 [eV2] 7.49 × 10−5 7.49 × 10−5

∆m2
3l [eV2] 2.534 × 10−3 −2.510 × 10−3

δ [°] 177 285

Table 3.1: Best-fit values for different light neutrino oscillation parameters, as ob-
tained by the global fit νFIT [236]. The exact definition of the atmospheric mass
splitting ∆m2

3l depends on the neutrino mass ordering, see main text for details. We
separate the constraint on δ from the rest as the measurement’s accuracy is much
weaker.

3.2 The type-I seesaw model

As emphasised in the introduction, RH neutrinos can explain the origin of
both the neutrino masses and the BAU. Guided by a principle of minimal-
ity, the type-I seesaw model [123–128] constitutes the most general renormal-
isable extension of the SM that includes only a number ns of RH neutrino
generations, which we will label νRi, i ∈ {1, . . . , ns}. The corresponding
Lagrangian reads

L ⊃ i νRi /∂ νRi − 1
2ν

c
RiMMij νRj − YαiℓLαΦ̃νRi + h.c. , (3.7)

where we define the charge-conjugated fields ψ̄c = (ψc) = Cψ̄T , with C =
−C† the unitary charge conjugation matrix, and write ℓLα ≡ (νLα, eLα)T for
the lepton doublet of flavour α ∈ {e, µ, τ}. In this expression, repeated indices
are summed over. The ns × ns matrix MM is the so-called Majorana mass of
the RH neutrinos while Y is a 3 × ns matrix of complex Yukawa couplings.
In Eq. (3.7), we can always rotate the RH neutrino fields such that MM is
diagonal.

Below the EWSB, the Higgs field acquires a vev which, in vacuum, takes
the value ⟨Φ⟩ = (vew, 0)T , with vew ≃ 174.1 GeV [104]. As a result, the
neutrino mass term reads

1
2
(
ν̄L ν̄c

R

)( 0 mD

mT
D MM

)(
νc

L

νR

)
+ h.c. (3.8)
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where the Dirac mass term reads mD = vewY . In the so-called seesaw limit
mD ≪ MM , one can diagonalise the mass term (3.8) and we find the eigen-
states

νi =
[
V †

ν νL − U †
νθν

c
R + V T

ν ν
c
L − UT

ν θ∗νR

]
i
, (3.9a)

Ni =
[
V †

NνR + ΘT νc
L + V T

N ν
c
R + Θ†νL

]
i
, (3.9b)

where the mixing matrix between LH and RH neutrinos can be written

θ = vewYM
−1
M ≪ 1 . (3.10)

The corresponding mass eigenvalues reads

mν = −θMMθT = −v2
ewYM

−1
M Y T (3.11)

for the light eigenstate ν whereas they read

MN = MM + 1
2(θ†θMM +MT

MθTθ∗) (3.12)

for the heavy eigenstates. In Eq. (3.9), the matrix Vν = (1 − 1
2θθ

†)Uν diago-
nalise mν whereas VN = (1 − 1

2θ
Tθ∗)UN diagonalises MN , i.e.

V †
ν mν V

∗
ν = diag (m1,m2,m3), V †

N MN V ∗
N = diag (M1, . . . ,Mns) .

(3.13)

Eq. (3.11) is commonly referred to as the seesaw relation. We note in passing
that Uν is always unitary, so that any non-unitarity in neutrino oscillations is
entirely captured by Vν . In the seesaw limit, we have MN ≃ MM ≫ mν.
Hence, we will refer in the follow to the νi’s as the light neutrinos while the
Ni’s will be known as heavy neutrinos or also heavy neutral leptons (HNLs).1

From the seesaw relation (3.11), it is evident that at least two RH neutrino
generations are required to account for the two observed neutrino mass split-
tings. While ns is not bounded from above, we will focus in the rest of this
work on the two most minimal scenarios: ns = 2 and ns = 3. In the minimal
case ns = 2, the lightest neutrinos is necessarily massless (m0 = 0) and only
one linear combination of the Majorana phases remains physical, which we
usually write η ≡ 1

2(α21 − α31) for NO and η ≡ 1
2α21 for IO.

1While these terms are not strictly equivalent, we will use them interchangeably throughout
the remainder of this thesis.
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Finally, we also note that the mixing

Θ = θU∗
N (3.14)

captures the suppression of the weak interaction undergone by the HNLs. Be-
low the EWSB, HNL interactions are indeed captured by the Lagrangian

L ⊃ −mW

vew
N iΘ∗

αiγ
µeLαW

+
µ − mZ√

2vew
N iΘ∗

αiγ
µνLαZµ−Mi

vew
ΘαiφνLαNi+h.c. ,

(3.15)
with φ the Higgs field. Because θ ≪ 1, we can in general neglect the O(θ2)-
corrections to the mixing matrices Vν and VN . However, as we will see later,
this might not be the case for the HNL mass matrix (3.12) if the Majorana mass
matrix is close to diagonal, which is typical in the collider-testable region of the
parameter space. We will go back to this aspect later. In the limit where HNL
productions and decays are independent, the number of events at accelerator-
based experiments is mostly sensitive to the derived quantities

U2
αi = |Θαi|2 , U2

i =
∑

α

U2
αi , U

2
α =

∑
i

U2
αi and U2 =

∑
i

U2
i =

∑
α

U2
α .

(3.16)

Ignoring the matrix structure in flavour space of θ, these quantities can naively
be estimated from the seesaw relation (3.11), yielding

U2
i ∼

∑
j mj

Mi
∼ 10−10 GeV

Mi
, (3.17)

We will later refer to this limit as the naive seesaw limit.

3.2.1 Low-scale seesaw models and approximate B − L

symmetry

While the requirement to reproduce the neutrino masses constrain the form
of the Yukawa coupling, see Sec. 3.2.2 for more details, the Majorana mass
scale is barely limited from an experimental viewpoint. Assuming that the
Yukawa couplings remain perturbative, the seesaw relation (3.11) translates
into an upper bound on the Majorana mass scale

MM ≲ v2
ew/mν ≲ O(1015) GeV , (3.18)
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but it can otherwise range from zero, in which case neutrinos are Dirac parti-
cles, all the way up to this canonical seesaw scale. Additional constraints do
exist from a theoretical perspective. Unitarity requirements on neutrino anni-
hilations intoW and Z bosons yield a similar upper bound of O(1015) GeV on
MM [237]. Moreover, the existence of RH neutrinos generate additional con-
tributions to the Higgs mass and potential. Constraints from naturalness yield
the upper bound MM ≲ 107 GeV [238, 239] whereas electroweak vacuum
metastability puts a bound on a combination ofMM and Y , see e.g. [240–246].
We however caution that these bounds assume the absence of additional new
physics beyond RH neutrinos, which is far from certain.

Motivated by testability prospects, we will in the following focus on low-
scale models, where MM ≲ O(104) GeV. In this regime, the naive estimate
(3.17) would, if taken at face value, severely limit the possibility of RH neu-
trino direct detection in the near future. However, low-scale seesaw models can
be endowed with a (generalised) approximateB−L symmetry2 [247–249] for
which the lightness of the neutrino masses does not arise from the large Ma-
jorana mass MM but from the smallness of the B − L symmetry breaking.
In such scenarios and taking as illustration the minimal case with two gen-
erations of RH neutrinos, the Yukawa coupling and Majorana mass matrices
would typically take the schematic form

Y =

ye(1 + ϵe) iye(1 − ϵe)
yµ(1 + ϵµ) iyµ(1 − ϵµ)
yτ (1 + ϵτ ) iyτ (1 − ϵτ )

 , MM = M̄diag(1 − µ, 1 + µ) (3.19)

in the mass basis. In the B−L symmetric limit ϵα, µ → 0, the two RH neutri-
nos combine into a pseudo-Dirac pair and cancellations in the seesaw relation
(3.11) ensure that all neutrino masses vanish exactly, regardless of the size of
the Yukawa coupling yα. Slightly deviating from this symmetric limit, the
smallness of the light neutrino masses can therefore be made consistent with
active-sterile mixing angles much larger than the estimate (3.17) in a techni-
cally natural way. In fact, one can even show [250] that Eq. (3.17) merely acts
as a lower bound on the value of the HNL mixing angles. Beyond the minimal
field content of Lagrangian (3.7), specific examples where such symmetry-
protected scenarios appear include the inverse [251–253] and linear [254,255]
seesaw mechanisms.

2Here, L denotes a generalised lepton number, which encompasses the RH neutrinos.
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Figure 3.1: Range of allowed3 Ũ2
i /Ũ

2 for m0 = 0 eV, shown for both normal order-
ing (left) and inverted ordering (right). The orange star indicates the first benchmark
listed in Tab. 5.1, see Chap. 5 for details. The colour bar indicates the maximal value
of Ũ2 that can be reached for specific flavour ratios. Figure taken from [6].

For ns = 3, the situation differs slightly. The Yukawa coupling matrix
(3.19) can be extended to

Y =

ye(1 + ϵe) iye(1 − ϵe) ϵ′e
yµ(1 + ϵµ) iyµ(1 − ϵµ) ϵ′µ
yτ (1 + ϵτ ) iyτ (1 − ϵτ ) ϵ′τ

 , (3.20)

which approximately conserves B − L as long as ϵ′α ≪ 1. In this limit, two
RH neutrinos again combine into a pseudo-Dirac pair, each carrying half of the
total mixing, i.e. U2

i /U
2 ≃ 1/2 for i ∈ {1, 2}, while the third one effectively

decouples. However, we emphasise that the form (3.20) is not universal. If
all three RH neutrinos are nearly degenerate, the Yukawa couplings do not
necessarily exhibit the same hierarchical pattern in theB−L-symmetric limit.
Fig. 3.1 displays the fraction of the total mixing carried by each of the three RH
neutrinos for various values of U2. The B − L-symmetric limit is highlighted
in yellow. As can be seen, in the large-U2 limit, all three RH neutrinos can
have comparable Yukawa couplings, with the only restriction being that none
carries more than 50% of the total mixing.

3.2.2 Casas-Ibarra parametrisation

Until now, we have considered the Yukawa coupling to be a generic 3 × ns

complex matrix. In order to reproduce the observed light neutrino mixing
3The Ũ2

i reduce to the standard U2
i in the mass-degenerate limit, see e.g. Eq. (5.1) and the

discussion below.
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parameter, it should however fulfil the seesaw relation (3.11). In the Majorana
mass basis, the so-called Casas-Ibarra parametrisation [256]4

Y ≃ i

vew
Uν

√
mdiag

ν R
√
MM (3.21)

provides a convenient way to automatically accommodate light neutrino oscil-
lation data at tree level. In this equation, mdiag

ν = diag(m1,m2,m3) and R
is a complex 3 × ns matrix verifying RRT = 13×3. In the minimal scenario
ns = 2, this matrix can be parametrised as5

RNO =

 0 0
cos(ω + iγ) sin(ω + iγ)

− sin(ω + iγ) cos(ω + iγ)

 (3.22)

in the case of NO, and as

RIO =

 cos(ω + iγ) sin(ω + iγ)
− sin(ω + iγ) cos(ω + iγ)

0 0

 , (3.23)

for IO. In these expressions, ω and γ are both real numbers. In the next-
to-minimal scenario ns = 3, different parametrisations of R exist. We find
convenient to use the parametrisation introduced in [1]

R = OνRCON , (3.24)

where we define

Oν =

 cν2 0 sν2
0 1 0

−sν2 0 cν2

 ·

1 0 0
0 cν1 sν1
0 −sν1 cν1

 , (3.25)

ON =

1 0 0
0 cN1 sN1
0 −sN1 cN1

 ·

 cN2 0 sN2
0 1 0

−sN2 0 cN2

 , (3.26)

4Beyond the seesaw limit, generalisations of the Casas-Ibarra parametrisation can be found
[257, 258].

5For ns = 2, only a submatrix of RRT corresponds to the identity matrix since rank
of the light neutrino mass matrix is 2. In the following, the sign of the determinant of this
submatrix has been set to +1. While in principle the opposite sign is also compatible with the
orthogonality condition, one can show, see e.g. footnote 6 of [259], that it can be absorbed by
shifting other parameters and is therefore unphysical.
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and

RC =

 cos (ω + iγ) sin (ω + iγ) 0
− sin (ω + iγ) cos (ω + iγ) 0

0 0 1

 . (3.27)

As a shorthand notation, we introduced the quantities cνi, sνi, cNi et sNi to de-
note the cosine and sine of the angles θνi and θNi respectively. The parametri-
sation (3.24) possesses the appealing property that the overall size of the active-
sterile mixing U2

αi can be expressed in terms of a single parameter, namely

ϵ = e−2γ . (3.28)

Moreover, the dependence on the two real angles θN1, θN2 approximately
drops out of the mixing angles U2

α (assuming small HNL mass splittings),
which greatly facilitates parameter space scans such as those performed in
Sec. 5.1. We note that the Casas-Ibarra exhausts the entire parameter space of
the type-I seesaw model and, in particular, captures theB−L-symmetric limit
discussed above. The latter corresponds to the limit γ ≫ 1 or, equivalently,
ϵ ≪ 1. In this regime, we have

RC ≃ e−iω

2 eγ

 1 i 0
−i 1 0
0 0 0

 . (3.29)

As an illustration, it is straightforward to show that, in the large-γ limit, the
structure of the Yukawa matrix in Eq. (3.20) can be recovered for θN1 =
θN2 = π/2.

Before concluding this subsection, we briefly highlight two additional points
of interest. First, the Casas-Ibarra parametrisation (3.21) makes the number of
free parameters in the type-I seesaw model apparent. For an arbitrary num-
ber of generations ns, 7ns − 3 parameters are needed to accommodate the
light neutrino oscillation data. Considering that 5 of these are fixed by exper-
iments, see Tab. 3.1,6 we conclude that 6 and 11 free parameters are required
for ns = 2 and ns = 3 respectively. Second, as briefly highlighted in foot-
note 5, different transformations of these parameters keep the Yukawa matrix
invariant. Using these redundancies, one can reduce the fundamental domain

6The Dirac CP-phase δ is not yet measured precisely enough to be treated as a fixed param-
eter.
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θν1 θν2 θN1 θN2 ω γ α1,2

[0, π], [0, π], [0, 2π], [0, 2π], [0, π], R+, [0, 4π]
[0, π], [0, π], [0, π/2], [0, 2π], [0, 2π], R, [0, 4π]
[0, π], [0, π], [0, 2π], [0, 2π], [0, π/2], R, [0, 4π]
[0, π], [0, π], [0, π], [0, π], [0, 2π], R, [0, 4π]
[0, π], [0, π], [0, π], [0, 2π], [0, π], R, [0, 4π]

Table 3.2: Possible choices for the fundamental domains of parameters entering the
Casas-Ibarra parametrisation (3.21) that cover all values of Y . We assume δ to be
fixed. Table taken from [6].

of these free parameters. In Tab. 3.2, we list possible choices for their funda-
mental domain for the case ns = 3 (and assuming δ is fixed).

3.2.3 Radiative corrections to the light neutrino masses

While the Casas-Ibarra parametrisation (3.21) ensures that the type-I see-
saw model reproduces the light neutrino oscillation data at tree level, loop
corrections could in principle spoil this agreement. At the one-loop level, the
radiative correction to mν is given by [260]

m1−loop
ν = − 2

(4πvew)2θ l(M
2
N )MNθT , (3.30)

where we define the loop function

l(x) = x

2

(
3 ln(x/m2

Z)
x/m2

Z − 1
+ ln(x/m2

H)
x/m2

H − 1

)
. (3.31)

mZ and mH denote the Z boson and Higgs masses, respectively. Due to
the relatively simple structure of these one-loop corrections, the Casas-Ibarra
parametrisation can be straightforwardly generalised to include them, see [261].

3.3 Introduction to low-scale leptogenesis

We now briefly review the leptogenesis mechanism and how the evolution
of RH neutrinos in the early universe can be modelled. We refer the inter-
ested reader to Refs. [262–270] for more detailed reviews on various aspects
of leptogenesis.
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Figure 3.2: (Left) Feynman diagram representing the tree-level decay of an HNL into
a Higgs and a lepton doublet. (Middle) Vertex correction to this decay at the one-loop
level. (Right) Wavefunction correction to this decay at the one-loop level.

3.3.1 Leptogenesis in a nutshell

As highlighted in the introduction, right-handed neutrinos could also gen-
erate the BAU in addition to explaining the origin of the neutrino masses. This
was first realised in [129].

In its most simple incarnation, leptogenesis essentially relies on the de-
cay of the lightest HNL into a Higgs and a lepton doublet. Because the RH
neutrino Yukawa couplings can be complex, the interference between the tree-
level HNL decay amplitude and the so-called (one-loop) vertex correction to
this amplitude can provide the necessary CP-violation. Both diagrams are rep-
resented in Fig. 3.2, see diagrams (a) and (b). Assuming at first the HNL mass
spectrum to be hierarchical, one can safely neglect the contribution from dif-
ferent RH neutrino generations as well as the so-called wavefunction contribu-
tion, see diagram (c) in Fig. 3.2. The HNL decay rate into leptons then differs
from that into anti-leptons, an asymmetry which is typically parametrised via
the so-called decay asymmetry parameter

ϵN ≡
ΓN→ℓ+Φ − ΓN→ℓ̄+Φ∗

ΓN→ℓ+Φ + ΓN→ℓ̄+Φ∗
. (3.32)

If the Yukawa couplings of the RH neutrinos are sufficiently weak for their
decays to occur out of equilibrium, this will result a non-zero asymmetry in
the lepton sector. Assuming the relevant dynamics happens in the unflavoured
regime (T ≳ O(1012) GeV), i.e. assuming the different SM flavours cannot be
distinguished, the evolutions of the HNL number density nN as well as of the
abundance ofB−L asymmetry nB−L in this minimal framework are captured
by the set of coupled Boltzmann equations

d
dznN = −ΓD + ΓS

Hx
(nN − neq

N ) , (3.33a)

d
dznB−L = ϵN

ΓD

Hz
(nN − neq

N ) − ΓW

Hz
nB−L , (3.33b)
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with z ≡ M/T the ratio between the HNL mass and the bath temperature.
In the above equation, ΓD and ΓS denote the HNL decay and scattering rates
respectively while ΓW captures the rate at which the asymmetry is washed out
by inverse decays and lepton number violating scatterings.

Because the processes represented in Fig. 3.2 can only lead to a non-zero
lepton asymmetry, the last ingredient needed is a violation of the baryon num-
ber. As mentioned in the introduction, this is naturally provided by the sphaleron
process, which is a non-perturbative,B−L-conserving process associated with
the anomalous violation of the global B + L symmetry in the SM. While the
rate at which such B + L violation proceeds is heavily suppressed in vac-
uum [271, 272], the energy provided by a surrounding thermal bath facili-
tates the crossing of the potential barrier between different gauge vacua and
therefore drastically enhances the sphaleron rate [184]. The precise calcula-
tion of this rate has been the subject of intensive studies, see e.g. [273–277],
which have shown this process to be relevant in the temperature range Tsph ≡
131.7 GeV ≲ T ≲ 1012 GeV.

This minimal framework, however, is severely constrained. The decay
asymmetry (3.32) is indeed bounded from above, which, combined with es-
timates for the strength of the washout [278], leads to a lower bound on the
HNL mass [279]

MN ≳ 2 × 109 GeV , (3.34)

as well as an upper bound on the lightest neutrino mass [280–282]. More
comprehensive analyses of the leptogenesis parameter space, including the full
impact of flavour effects, have since then shown that this bound can be lowered
by up to three orders of magnitude [283,284]. RH neutrinos would nonetheless
remain out of reach of direct searches in this scenario. Fortunately, there exist
two ways to circumvent this lower bound, dubbed resonant leptogenesis and
leptogenesis from neutrino oscillations, which we briefly describe below.

Resonant leptogenesis: The lower bound (3.34) only accounts for the
contribution of the vertex diagram to the decay asymmetry. While this is a
good approximation for hierarchical HNLs, the wavefunction diagram shown
in Fig. 3.2 is enhanced for close-to-degenerate HNLs. Its contribution to the
decay asymmetry (3.32) is resonantly enhanced [285–288] and peaks for HNL
mass splittings comparable to their decay widths. As first pointed out in
Refs. [289–292], this observation can be used to lower the scale of leptoge-



3.3. Introduction to low-scale leptogenesis 87

nesis. Detailed numerical studies [1, 293] have found this enhancement to be
sufficient for leptogenesis to remain viable for HNL masses as low as O(1)
GeV.

Leptogenesis from neutrino oscillations: Instead of producing the asym-
metry during the HNL freeze-out, an alternative approach [121, 168], some-
times also known as Akhmedov-Rubakov-Smirnov (ARS) leptogenesis, con-
sists in producing the asymmetry during the HNL approach to equilibrium by
CP-violating oscillations between the different flavours. This mechanism typ-
ically also requires a mild degeneracy between the HNL masses, although it
has been shown to work with O(1) mass splittings [294]. In this scenario, the
lower bound on the HNL mass is further pushed to masses MN ∼ O(100)
MeV [1, 293].7

It was recently shown [1, 169, 293] that the temperature ranges at which
these mechanisms are effective widely overlap and cover the entire experi-
mentally accessible range. In practice, the two scenarios can be described by
the same set of evolution equations [269, 296] which we will describe in the
next subsection.

3.3.2 Right-handed neutrino quantum kinetic equations

The quest for an accurate, first-principles description of the RH neutrino
time evolution has been a long-standing focus of many theoretical investiga-
tions, most of which are rooted in the CTP formalism, as highlighted by the
references [43,135,169,267,296–313]; see also [266,269] for reviews. While
the evolution of HNLs can still be precisely described by Boltzmann equations
in the limit of fast oscillations [169,266,308,314], these in general cannot con-
sistently describe RH neutrino oscillation which are essential for HNL masses
within reach of direct searches. In this case, one needs to keep track of the
time dependence of the entire matrix of densities ρ (ρ̄) of HNLs with positive
(negative) helicities. In the rest of this work, we will work with the following

7While leptogenesis itself remains viable below 100 MeV, the interplay between constraints
from BBN and direct experimental searches tends to rule out lower masses [295].
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set of quantum kinetic equations (QKEs) which includes all relevant effects8

i
dδρ
dt = −idρeq

dt + [HN , δρ] − i

2{Γ, δρ} − i
∑

α∈{e,µ,τ}

µα

T
Γ̃αf

eq
N (1 − f eq

N ),

(3.35a)

i
dδρ̄
dt = −idρeq

dt − [HN , δρ̄] − i

2{Γ, δρ̄} + i
∑

α∈{e,µ,τ}

µα

T
Γ̃αf

eq
N (1 − f eq

N ),

(3.35b)

i
d
dtn∆α = −2iµα

T

∫ d3k
(2π)3 Tr[Γαf

eq
N (1 − f eq

N )] + i

∫ d3k
(2π)3 Tr[Γ̃α(δρ̄− δρ)],

(3.35c)

with δρ ≡ ρ − ρeq the deviation from the equilibrium heavy neutrino matrix
of density ρeq. ρeq is diagonal and reads f eq

N 1ns×ns in the high-temperature
regime where f eq

N1
= f eq

N2
= · · · ≡ f eq

N . The coefficients µα are the SM chem-
ical potentials, which can be related to the matter-antimatter flavour asym-
metries n∆α by a susceptibility matrix µα = χαβn∆β

. This matrix captures
the impact of spectator processes [315, 316], i.e. SM processes redistribut-
ing charges during leptogenesis. While this matrix is in general temperature-
dependent [317, 318], it is a reasonable approximation for9 Tsph ≲ T ≲ 105

GeV to use the temperature-independent result

χ = − 2
711

257 20 20
20 257 20
20 20 257

 . (3.36)

We note in passing that the susceptibility matrix displayed above includes the
impact of the sphaleron process assuming it is in equilibrium at all times.
Therefore, this approach neglects the impact of non-instantaneous sphaleron
decoupling, which can lead to sizeable errors in case the baryon asymmetry
is produced close to T = Tsph [318]. In Eq. (3.35), HN denotes the effec-
tive Hamiltonian of the model while Γ and Γ̃ represent the different interaction
rates. These coefficients and, in particular, their finite-temperature behaviour,
have been already extensively studied within the type-I seesaw model in pre-

8Some debate remains about whether mixing and oscillations inherently constitute two dis-
tinct phenomena, see [309], or not, see [296,311,313]. In what follows, we adopt the approach
developed in the latter works.

9Above T ≃ 30 TeV, the RH electron stops being in chemical equilibrium [319] and the
susceptibility matrix should be modified in consequence. See e.g. [44,315] for an explicit form
of this matrix in different temperature regimes.
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vious works, see e.g. Refs. [135, 269, 320] for reviews. We use in the rest of
this thesis the Hamiltonian and rates provided by Ref. [169], which extrapo-
lates to the non-relativistic regime the results of [311]. Finally, we note that,
at a technical level, the derivation of the set of equations (3.35) assumes that
i) all HNLs have the same energy. This assumptions breaks down in the non-
relativistic regime for large HNL mass splittings ∆M

M ∼ 1, and ii) that one can
expand to linear order in δρ and µ. In particular, it neglects term proportional
to µδρ which are not necessarily parametrically small during freeze-in and can
lead to O(1) errors. For a step-by-step derivation of the set of equations (3.35)
from the Kadanoff-Baym equations (1.61), we refer the reader to e.g. appendix
B of [44].

Though not explicitly displayed, the set of equations (3.35) is momentum-
dependent. While it is possible to retain the full momentum-dependence for
specific benchmarks [321–324], it is in general too expensive numerically to
do so when performing large parameter space scans. For this reason, we ap-
proximate the HNL matrix of densities with the ansatz

δρ ≈ δn

neq
N

f eq
N . (3.37)

This ansatz can be justified by the observation that HNLs are produced from
(or freeze out of) a thermal bath with temperature T , and are therefore expected
to approximately retain its momentum distribution. Besides, the set of equa-
tions (3.35) can only describe the time evolution of HNLs and of the baryon
asymmetry in a Minkowski background. In order to incorporate the expansion
of the universe, we use the approach detailed in [43]. Defining the yield

δYN = δn

s
, δȲN = δn̄

s
, Y∆α = n∆α

s
(3.38)

as well as z = Tsph/T , we obtain the momentum-averaged QKEs

i zHdδYN

dz = −i zHdY eq
N

dz (3.39a)

+ [⟨HN ⟩S , YN ] − i

2 {⟨Γ⟩S , δYN } − i

2
∑

α

⟨Γ̃α⟩W 2µα

T

neq
ν

s
,

i zHdδȲN

dz = −i zHdY eq
N

dz (3.39b)

− [⟨HN ⟩S , ȲN ] − i

2 {⟨Γ⟩S , δȲN } + i

2
∑

α

⟨Γ̃α⟩W 2µα

T

neq
ν

s
,
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izHdY∆α

dz = −2in
eq
ν

s

µα

T
Tr[⟨Γα⟩W ] + iTr[⟨Γ̃α⟩S (δȲN − δYN )] . (3.39c)

In this equation, we define the two averages

⟨X⟩W = 1
neq

ν

∫ d3k
(2π)3Xf

eq
N (1 −f eq

N ) , ⟨X⟩S = 1
neq

N

∫ d3k
(2π)3Xf

eq
N . (3.40)

We in general expect this momentum-averaging procedure, which may in-
troduce O(1) errors [321, 324], to be the leading source of uncertainty. In
Eq. (3.39), H ≡ 3c2

sH , cs being the speed of sound in the early universe
plasma [325, 326], denotes the effective Hubble parameter and accounts for
the temperature-dependence of the number of relativistic degrees of freedom.
However, c2

s = 1/3 at all relevant times up to (at most) an O(4%) deviation
during the electroweak crossover [325, 326]. Hence, given the relative size of
the remaining uncertainties, it is in practice safe to set H = H .10

3.3.3 The Neutrino Minimal Standard Model

As highlighted before, the number of RH neutrino generations ns should
be larger than (or equal to) 2 to reproduce the observed neutrino masses. Lep-
togenesis do not impose any further constraints and is viable for any ns ≥ 2.
Within the minimal setup ns = 2, low-scale leptogenesis has already been
extensively studied [328–330] (see also [169, 293, 331] for recent studies) es-
pecially because it can be straightforwardly embedded in the so-called νMSM
[121, 332]. The νMSM distinguishes itself by its minimality, predictivity and
testability. In this scenario, three generations of RH neutrinos are added to the
SM particle content, two of which lie at the GeV-scale and are responsible for
the origin of both the neutrino masses and the BAU. In contrast, the third RH
neutrino generation has a much smaller mass, O(keV), almost decouples and
can therefore serve as a viable DM candidate [130, 131]. To make the distinc-
tion with the two heavier HNLs, we typically refer to the lightest HNL as the
sterile neutrino. Due to its small mass, it could potentially explain the excess
observed at ∼ 3.5 keV in the X-ray spectra of galaxy clusters [333, 334].11 In

10Close to equilibrium, this is not necessarily the case as the varying number of degrees of
freedom provides an additional contribution to dY eq

N /dz, which survives even in the massless
limit MN → 0, and thus offers another way to move the HNLs out of equilibrium [327].
We expect however this effect to be negligible during freeze-in. During freeze-out, the exact
magnitude of this effect remains to be precisely assessed.

11The existence of this excess has been questioned in more recent works, see e.g. [335], but
more data will be needed to definitely clarify this question.
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absence of additional interactions, sterile neutrinos can be produced through
their mixing with SM neutrinos. This process can be resonantly enhanced if
the pre-existing lepton asymmetry, generated by the two heavier right-handed
neutrinos, is large enough [336] and could account for the entirety of the DM
content of our universe [337]. For more details on the possible production
mechanisms and experimental constraints on the mass and mixing of sterile
neutrino DM, we refer the reader to the reviews [338–340].

3.4 Discrete flavour and CP symmetries

When introducing the type-I seesaw mechanism in Sec. 3.2, only its vanilla
version, where no constraints are imposed on the Yukawa couplings and Ma-
jorana masses beyond the requirement to reproduce light neutrino oscillation
data, was discussed. In this section, we motivate and examine the impact of
imposing flavour and CP symmetries on the type-I seesaw model. Phenomeno-
logical consequences of these symmetries will be studied in Chap. 5.

3.4.1 Motivations

The vanilla type-I seesaw mechanism presented in Sec. 3.2 offers a minimal
framework for generating neutrino masses. However, it does not provide a
dynamical explanation for the origin of the observed flavour structure in the
neutrino sector. While this pattern is in principle consistent with neutrino mass
anarchy [341–344], i.e. assuming the PMNS matrix is described by a random
draw from an unbiased distribution of unitary 3 × 3 matrices, different aspects
of the so-called flavour puzzle are sufficiently intriguing to warrant further
investigations. It is indeed curious that all fermions come in three generations,
in the lepton sector as well as in the quark sector. Moreover, it was noticed
early on [345] that the PMNS matrix

|UPMNS| ≃

0.82 0.55 0.15
0.29 0.59 0.75
0.49 0.59 0.64.

 (3.41)
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is numerically reasonably close12 to a tri-bimaximal mixing

UTB ≡


√

2/3
√

1/3 0
−
√

1/6
√

1/3
√

1/2
−
√

1/6
√

1/3 −
√

1/2

 , (3.42)

in stark contrast with the large hierarchies observed in the Cabibbo–Kobayashi–Maskawa
(CKM) matrix.

In order to understand these peculiar flavour structures in the quark and
lepton sectors, different approaches have been examined over the years, see
e.g. [351–358] for reviews. Endowing the theory with a flavour symmetry,
i.e. a symmetry acting on flavour space, can explain (some of) these fea-
tures if it possesses at least one irreducible three-dimensional representation
so as to unify all three lepton generations. The underlying symmetry group is
therefore typically a subgroup of U(3). In particular, the form (3.42) of the
neutrino mixing matrix is reminiscent of non-abelian discrete symmetries.13

Breaking this symmetry in specific ways imposes severe constraints on the
neutrino mixing angles. This predictive power is further enhanced by the pres-
ence of (generalised) CP symmetries [362–370], which, in particular, gener-
ally impose strong constraints on the values taken by the Dirac and Majorana
phases. When combined with the type-I seesaw framework discussed earlier
(with ns = 3 as required to unify all three lepton generations), flavour and
CP symmetries also lead to strong constraints on the RH neutrino properties.
In particular, they generally induce a drastic reduction of the number of free
parameters compared to the agnostic, i.e. without assuming any specific pat-
tern for the Yukawa coupling and Majorana mass beyond the requirement to
reproduce the observed light neutrino oscillation data, scenario. This opens up
the possibility of an analytic understanding of the RH neutrino phenomenol-
ogy and BAU production within such scenarios, which is in general difficult
for ns = 3 [6].

For these reasons, we will examine in this chapter, as well as in Chap. 5,
a particular incarnation of these flavour symmetries based on the symmetry

12While this observation predates the measurement of θ13 ̸= 0 [346–350], the approach
developed in the following can also accommodate such non-zero mixing.

13Abelian symmetries are more limited, typically leading to texture zeros [359], and can only
account for the smallness of θ13 [360]. These are in general more appropriate to explain large
hierarchies in the mixing matrix using Froggatt-Nielsen-like scenarios [361]. Moreover, while
continuous non-abelian symmetry groups can also explain the neutrino mixing pattern, using
discrete symmetries turned out to be much simpler to implement [354]; see e.g. section IV.B
of [355] and references therein for realistic examples based on continuous symmetries.
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group ∆(6n2) [371] as well as an additional CP symmetry following the ap-
proach developed in [372]. We will focus on the analytical understanding of
the parameter space and the difference with the agnostic type-I seesaw. In the
next subsection, we will outline the exact framework before detailing the pos-
sible qualitatively different cases. Various aspects of its phenomenology will
then be explored in Chap. 5.

3.4.2 Type-I seesaw framework with flavour and CP sym-
metries

In this section, we summarise the framework considered. As briefly men-
tioned in the previous section, the starting point of this approach is to assume
that, in the UV, leptons transform under the symmetry group Gf . In this work,
we choose

Gf = ∆(6n2) ∼ ((Zn × Zn) ⋊ S3) , (3.43)

with n ∈ N, n ≥ 2 and even but not divisible by 3.14 This set of group is
particularly interesting and comprises well-studied, simpler examples such as
S3 (see e.g. [374,375]) and S4 (see e.g. [376,377]), corresponding respectively
to n = 1 and n = 2. In our scenario, both the Higgs field and the RH charged
leptons are assumed to transform as singlets of Gf . On the other hand, the three
generations of lepton doublets are unified into a triplet of Gf , and similarly for
the RH neutrinos. Since ∆(6n2) possesses two distinct 3-dimensional irre-
ducible representations, we assign, following the notations of [2], the lepton
doublets to the (complex) representation 3, whereas the three RH neutrinos
are assigned to the real representation 3′. For more details on these repre-
sentations, see [371]. Moreover, in order to distinguish between the different
charged RH leptons and accommodate the observed hierarchical mass spec-
trum, we assume the existence of an auxiliary Z3 symmetry, which we write
Z(aux)

3 , under which the RH electron, muon and tau carry charges 1, e2πi/3 and
e4πi/3, respectively, while the remaining leptons do not transform under this
symmetry.

Then, in order to construct invariant operators, it is necessary to introduce
additional scalar fields φ, so-called flavons, which are charged under the same
group and couple directly to leptons. For instance, the mass of the charged

14For n ∈ 3N or n odd, the structure of the group differs slightly, and this case must be
treated separately; see e.g. [371, 373].
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leptons can originate from non-renormalisable couplings of the form

L ⊃ ye(ℓ̄Φ) φe

ΛF
eR + yµ(ℓ̄Φ)φµ

ΛF
µR + yτ (ℓ̄Φ) φτ

ΛF
τR , (3.44)

with the φα carrying charges 1, e4πi/3 and e2πi/3 under the auxiliary Z3 sym-
metry, and with ΛF denoting the cut-off scale of the theory.15 On the other
hand, the neutrino properties are encoded in e.g. couplings of the form

L ⊃ yν(ℓ̄Φ) φν

ΛF
νR + aφξ(ν̄c

RνR) (3.45)

with a a constant and φξ a scalar singlet. As the temperature decreases, the
flavour symmetry is spontaneously broken,16 and these flavons acquire a vev.
As a result, charged and neutral leptons acquire a mass term, whose structure
depends on the specific values taken by these vevs. It is possible to choose
the vev of these flavons in such a way that the charged lepton sector remains
invariant under a residual symmetry Gl ⊂ Gf while the neutrino sector instead
remains invariant under Gν ⊂ Gf . The mismatch between Gl and Gν will
then determine the exact form of the PMNS matrix Uν . Although it is strictly
speaking not necessary that any residual symmetry remains after the flavour
symmetry breaking, the theory’s predictive power is significantly reduced in
absence of such symmetry.

As an illustration, let us briefly look at the charged lepton sector. Assuming
the fields φα respectively take the vevs

⟨φe⟩ = ve

1
0
0

 , ⟨φµ⟩ = vµ

0
1
0

 , ⟨φτ ⟩ = vτ

0
0
1

 , (3.46)

with vα ∈ R, we immediately see that a residual symmetry Gl, correspond-
ing to the diagonal subgroup of the cartesian product between a Z3 symmetry
contained in Gf and Z(aux)

3 , survives. A similar procedure can be done for the
neutrino sector, the Yukawa coupling and Majorana mass of the RH neutrinos
being obtained by considering the most general matrix structures compatible
with Gν . We refer the reader to e.g. [378–381] for more detailed illustrations
of this procedure using different symmetry groups.

15It is nonetheless straightforward to generate this mass term using only renormalisable cou-
plings. For instance, one may assume that the charged RH leptons couple directly to heavy
flavons φFα , which in turn couple to Φ and φα.

16An unbroken flavour symmetry common to both charged and neutral leptons would lead to
unacceptable neutrino mixings, see section III.C of [355].
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Dynamically generating the correct alignment of the flavon vevs is in gen-
eral challenging [354], see e.g. [378, 382, 383] for explicit examples of how
this can be realised in practice. However, in this rest of this work, we will
assume that the correct flavon alignment can be found and limit ourselves to
considering its low-energy phenomenological consequences. We will further-
more assume that the flavour symmetry breaking happens at a scale well above
that relevant for leptogenesis, so that one can safely neglect the direct impact
of the flavon fields on the BAU generation.

In addition to the flavour symmetry, we endow the theory with a CP symme-
try, which corresponds to an automorphism of ∆(6n2) [368–370], to constrain
the CP phases of the theory. In the rest of this work, we assume the residual
symmetry in the charged lepton sector to be chosen as before, namely the di-
agonal subgroup of the cartesian product between a Z3 symmetry contained in
Gf and Z(aux)

3 , while the residual symmetry in the neutrino sector Gν is taken
to be Z2 × CP , where the Z2 symmetry is a subgroup of Gf .

We further assume that the symmetry is broken in such a way that the Ma-
jorana mass does break neither Gf nor CP.17 In this case, working in the basis
where the charged lepton mass matrix is diagonal, it reads

MM = M

 1 0 0
0 0 1
0 1 0

 , (3.47)

which has degenerate eigenvalues M and can be diagonalised by

UR = 1√
2


√

2 0 0
0 1 i

0 1 −i

 , i.e. M̂M = UT
R MM UR . (3.48)

In contrast, we will assume that the Yukawa coupling matrix Y instead only
preserves the residual symmetry Gν . As discussed in [2, 381], the matrix Y
then can be written as

Y = Ω(3)Rij(θL) diag(y1, y2, y3)P ij
kl Rkl(−θR) Ω(3′)† , (3.49)

where the matrices Ω(3) and Ω(3′) are determined by the CP transformation in
the representation 3 and 3′ of Gf , respectively. Their explicit form depends on
the case under consideration and will be specified in the next subsection. The

17For alternative scenarios where the Majorana mass matrix only preserves the residual sym-
metry Gν while the Yukawa coupling matrix is trivial, see e.g. [381].
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coefficients yi are real Yukawa couplings whereas the matrix Rij(θL), i < j

(Rkl(−θR), k < l) represents a rotation in the (ij)-plane ((kl)-plane) with real
angle θL −θR). Again, the exact values taken by the indices i, j, k, l depend
on the case under consideration and will be specified in the next subsection
along with the permutation matrix P ij

kl . The index L/R refers to whether these
rotations act on the LH or the RH leptons. In the RH neutrino mass basis, the
Yukawa coupling (3.49) reads

Ŷ = Y UR . (3.50)

If the combination

Rkl(−θR) Ω(3′)†M−1
M Ω(3′)∗Rkl(θR) (3.51)

is diagonal, the PMNS mixing matrix then takes the simple form

Uν = Ω(3)Rij(θL)Kν . (3.52)

In this equation, the matrix Kν captures the CP parities of the light neu-
trino mass eigenstates and is a diagonal matrix whose non-vanishing elements
take values in {±1,±i}. Even if the matrix product (3.51) is not diagonal,
Eq. (3.52) still holds if one replaces the angle θL by an effective angle θ̃L

which is the sum of θL and an additional angle that depends on both the cou-
plings yi and the angle θR. More details will be provided below, see also [2,8].

We finish by noting that Eq. (3.47) predicts the complete absence of mass
splitting at the Lagrangian level in the RH neutrino sector. While leptogenesis
can still remain viable in this case due to thermal and Higgs corrections to
the RH neutrino mass [384, 385], this would nonetheless drastically reduce
the viable parameter space as will be explicitly verified later. Moreover, in
concrete models, additional corrections to the Majorana mass are expected to
arise at higher order in 1/ΛF , see e.g. [352, 354, 355].18 For this reason, we
will consider the following two corrections to the Majorana mass (3.47). The
first one reads

δMM = κM

 2 0 0
0 0 −1
0 −1 0

 , (3.53)

18While these higher-order corrections can be expected to also affect the form of the Yukawa
couplings Y and charged lepton mass matrix, we will assume in the following that these effects
are sufficiently small to be safely neglected.
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while the second one can be written

∆MM = λM

 0 0 0
0 1 0
0 0 1

 . (3.54)

κ and λ are both real parameters. Interestingly, the correction (3.53) remains
invariant under Gl and can therefore be motivated from symmetry considera-
tions. In general, these two corrections completely remove mass degeneracies
in the RH neutrino spectrum, which reads

M1 = M (1+2κ) , M2 = M (1−κ+λ) and M3 = M (1−κ−λ) . (3.55)

We note however that, for the specific choices λ = 0 and λ = ±3κ, two out of
the three RH neutrinos remain mass-degenerate.

3.4.3 The different cases

While the symmetry-breaking pattern was already highlighted in the pre-
vious subsection, some freedom remains in the choice of the specific group
element in Gf acting as generator of the subgroups Gl and Gν . This choice
will determine the exact shape of the matrices appearing in the Yukawa cou-
pling (3.49). The different possible choices have already been comprehen-
sively studied in [372], which has shown the existence of four qualitatively
different group settings. These possibilities are traditionally labelled Case 1),
Case 2), Case 3 a) and Case 3 b.1) respectively. In the following, we do not
aim to exhaustively detail the phenomenology of each case, but rather to high-
light the key qualitative features of this class of flavour symmetries. To that
end, we focus on Case 1) and Case 3 b.1), which are representative of the main
phenomenologically relevant behaviours, while the remaining cases do not in-
troduce qualitatively new aspects. For a comprehensive study of the different
cases, we refer the reader to Refs. [2, 8]. In this subsection, we give explicit
formulae for the different matrices appearing in Eq. (3.49). To keep the discus-
sion concise, we refrain from proving these results. More details can be found
in [2, 372].

Case 1): In this first case, the CP symmetry is parametrised by a discrete
parameter s ∈ N. One can then show [372] that the matrix Ω(s)(3) appearing
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in Eq. (3.49) takes the form

Ω(3) = ei φs UTB

 1 0 0
0 e−3 i φs 0
0 0 −1

 , (3.56)

where we defined

φs ≡ π s

n
. (3.57)

On the other hand, the form of Ω(s)(3′) depends on whether s is even or odd.
If s is even, we have

Ω(3′) = UTB , (3.58)

whereas

Ω(3′) = UTB

 i 0 0
0 1 0
0 0 i

 (3.59)

if s is odd. One can also show that both rotations Rij(θL) and Rkl(−θR) act
in the (13)-plane [368].

The Yukawa couplings should also be fixed to explain the observed neutrino
mass splittings.19 As a first step, we neglect the mass splittings (3.53) and
(3.54). The range of validity of this approximation will be investigated in
Sec. 3.4.4. In this case, one can directly relate the second Yukawa coupling y2
to m2 through

m2 = y2
2 v

2
ew

M
, (3.60)

independently of whether the product of matrices (3.51) is diagonal or not.
Expressions for the first and third Yukawa couplings are more complex for a
generic choice of light neutrino mass spectrum. They verify

m1,3 = v2
ew

2M

∣∣∣(y2
1−y2

3) cos 2 θR±
√

4 y2
1 y

2
3 + (y2

1 − y2
3)2 cos2 2 θR

∣∣∣ . (3.61)

19Compared to the generic case, Case 1) presents the additional constraint that the group
index n should not be divisible by 4. One can show [2] that n ∈ 4N can only lead to one
non-vanishing light neutrino mass.
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In this general case, the combination (3.51) is not diagonal and is diagonalised
by the PMNS matrix

Uν = Ω(3)R13(θ̃L)Kν (3.62)

instead of Eq. (3.52), where θ̃L can be obtained in terms of θL by solving the
trigonometric equation

tan 2 (θ̃L − θL) = − 2 y1 y3
y2

1 + y2
3

tan 2 θR . (3.63)

Nonetheless, these expressions can be simplified for vanishing lightest neu-
trino masses m0 = 0 eV. For NO, we obtain

m1 = y1 = 0 and m3 = y2
3 v

2
ew

M
| cos 2 θR| , (3.64)

whereas, for IO, we get

m1 = y2
1 v

2
ew

M
| cos 2 θR| and m3 = y3 = 0 . (3.65)

These equations highlight an important feature of this scenario. Large Yukawa
couplings, and therefore theB−L-symmetric limit, can be obtained by taking
the limit20 θR = π/4+kπ/2, k ∈ Z. Moreover, these equations also make the
counting of free parameters transparent. As will be seen later in Chap. 5, θ̃L is
fixed as it directly enters the PMNS matrix whereas the Yukawa couplings are
fixed by the requirement to reproduce light neutrino oscillation data. Then, the
only free parameters are the lightest neutrino mass m0, the group theory pa-
rameter φs, the angle θR parametrising the overall strength of the RH neutrino
mixing angles and the three RH neutrino masses.

Case 3 b.1): In this case, the generator of the residual Z2 symmetry in the
neutrino sector is parametrised by a discrete parameter m ∈ N while the CP
symmetry remains parametrised by the same discrete parameter s ∈ N. One
can then show [372] that the matrix Ω(s)(3) appearing in Eq. (3.49) takes the

20While one might wonder about the naturalness of these choices, it is possible to show, see
section 7 of [2], that the residual symmetry of Y †Y is enhanced at these special values for most
of the cases considered. Therefore, the smallness of the deviation of θR from such a special
value can be protected by this enhanced symmetry and should not be considered as a tuning of
the angle θR.
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form

Ω(3) = ei φs

 1 0 0
0 ω 0
0 0 ω2

 UTB

 1 0 0
0 e−3 i φs 0
0 0 −1

 R13 (φm) (3.66)

with

ω = e2πi/3, φs = πs

n
and φm = πm

n
. (3.67)

Similarly to Case 1), the form Ω(3′) depends on the parity of s. If s is even,
we have

Ω(3′) =

 1 0 0
0 ω 0
0 0 ω2

 UTB

 1 0 0
0 1 0
0 0 −1

 (3.68)

whereas, for s odd, we obtain

Ω(3′) =

 1 0 0
0 ω 0
0 0 ω2

 UTB

 i 0 0
0 −1 0
0 0 −i

 . (3.69)

Furthermore, the rotation associated with the LH leptons always acts in the
(12)-plane. Regarding Rij(θR), the plane on which this rotation acts depend
on the parity of m. For m even, it also acts in the (12)-plane. However, if m is
odd, it then acts in (23)-plane such that the permutation matrix P ij

kl appearing
in Eq. (3.49) differs from the identity matrix and reads

P 12
23 = P13 =

 0 0 1
0 1 0
1 0 0

 . (3.70)

We note in passing that these results also hold for Case 3 a). Regarding the
Yukawa couplings, similar expressions to Case 1) hold for m even and s odd
or vice-versa. For instance, for m even and s odd, the light neutrino masses
read m1 = y2

3 v2
ew

M and

m2,3 = v2
ew

2M

∣∣∣(y2
1−y2

2) cos 2 θR±
√

4 y2
1 y

2
2 + (y2

1 − y2
2)2 cos2 2 θR

∣∣∣ , (3.71)
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whereas θ̃L can be obtained by solving

tan 2 (θ̃L − θL) = − 2 y1 y2
y2

1 + y2
2

tan 2 θR . (3.72)

We again observe that large Yukawa couplings are obtained in the limit θR →
π/4 + kπ/2, k ∈ Z. For the case where s and m are both odd or both even
however, we have

m1 = y2
3 v

2
ew

M
, m2 = y2

1 v
2
ew

M
and m3 = y2

2 v
2
ew

M
, (3.73)

i.e. the mixing angle is forced to lie at the seesaw line U2 ∼ mν/M . We will
therefore focus on the casesm even, s odd andm odd, s even. Finally, we note
that the free parameters are the same as in Case 1) with the addition of φm.

3.4.4 Stability of the light neutrino masses and PMNS mix-
ing matrix with respect to the RH neutrino mass split-
tings

As already mentioned, we have neglected in the previous subsection the
impact of the mass splittings κ and λ. We here assess under which conditions
this approximation is justified. Naively, we expect this approximation to hold
well at the seesaw line but not in the limit of large Yukawa couplings where
large cancellations between different elements in the seesaw relation (3.11)
could be spoiled by the presence of large mass splitting. To be more precise,
we evaluate the leading correction to the light neutrino masses due to the finite
size of the mass splitting for Case 1). In this case, we have

m3 ≈ y2
3 v

2
ew

M

∣∣∣κ+ 2
3 λ+ cos 2 θR

∣∣∣ . (3.74)

Hence, the corrections to light neutrino oscillation data can be kept small as
long as

|κ| , |λ| ≪ | cos 2 θR| . (3.75)

This constraint can equivalently be formulated in terms of the total mixing
angle U2 in the following way

U2 ≪ 1
M

(
m2 + m3

|κ|, |λ|

)
. (3.76)
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We checked that similar constraints hold for the remaining cases, Case 2) to
Case 3 b.1), up to permutations of the light neutrino masses mi.

3.5 The minimal Left-Right Symmetric Model

The previous sections have focused on scenarios where RH neutrinos are
pure gauge singlets and only interact with the SM through their Yukawa cou-
plings. While the type-I seesaw model could in principle be a valid theory all
the way up to the Planck scale [386], RH neutrinos also naturally appear in var-
ious gauge extensions of the SM. One of the most minimal gauge extensions
of this kind is the mLRSM [387, 388]. In its usual setup, it extends the SM
with an SU(2)R gauge symmetry, its gauge group being SU(3)C ⊗ SU(2)L ⊗
SU(2)R ⊗ U(1)B−L. Besides the existence of three additional gauge bosons,
labelled as W±

R and Z ′, the mLRSM also predicts an extended scalar sector
with the presence of 2 scalar triplets ∆L(1, 3, 1, 2) and ∆R(1, 1, 3, 2) in addi-
tion to a complex Higgs bidoublet Φ(1, 2, 2, 0)

∆L/R =

 1√
2δ

+
L/R δ++

L/R

δ0
L/R − 1√

2δ
+
L/R

 and Φ =
(

Φ0
1 Φ+

2
Φ−

1 Φ0
2

)
. (3.77)

This field content puts right- and left-handed particles on the exact same foot-
ing. Above the SU(2)R symmetry-breaking scale, the mLRSM Lagrangian
includes the following terms21

L ⊃ i
(
Q̄L /DLQL + Q̄R /DRQR

)
+ i

(
ψ̄L /DLψL + ψ̄R /DRψR

)
(3.78)

−fL,αβ ψ̄
c
L,α∆̃LψL,β − fR,ij ψ̄

c
R,i∆̃RψR,j + F

(1)
αi ψL,αΦψR,i + F

(2)
αi ψL,αΦ̃ψR,i + h.c.

where the left- and right-handed covariant derivatives are defined as

Dµ
L = ∂µ + igL

τ

2 · Wµ
L + ig′B − L

2 Bµ, (3.79a)

Dµ
R = ∂µ + igR

τ

2 · Wµ
R + ig′B − L

2 Bµ. (3.79b)

21In the mLRSM, one additionally imposes a discrete Left-Right symmetry on the La-
grangian (3.78), which relates gL with gR, fL with fR and similarly for the Yukawa cou-
pling. This symmetry is however typically broken at the SU(2)R-breaking scale (or above, see
e.g. [389]), and it is therefore reasonable to consider all left- and right-handed couplings to be
independent. In any case, we emphasise that these technicalities do not affect the validity of our
results.
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QL/R and ψL/R represent the LH and RH quark and lepton doublets respec-
tively. In addition to their usual Yukawa interactions with LH neutrinos, RH
neutrinos therefore undergo gauge interactions with the gauge bosons from the
RH sector. From the Lagrangian (3.78), we observe however that these ad-
ditional interactions are similar to the LH neutrino gauge interactions in the
SM.

Finally, it is interesting to note that, because the LH scalar field ∆L also
develops a vev at low temperature, the mLRSM generate an additional contri-
bution to the light neutrino masses beyond the (standard) type-I seesaw con-
tribution (3.11). This contribution is in particular reminiscent of the so-called
type-II seesaw mechanism. Which of these 2 contributions dominate will de-
pend on the choice of model parameters.





Chapter 4
Heavy fermion interaction rate
within effective Fermi theories

4.1 Introduction

In the previous chapter, we reviewed different aspects of neutrino mass
and BAU generation. Below the EWSB, the RH neutrinos introduced in the
type-I seesaw model (3.7) can only interact through their mixing with the LH
neutrinos and therefore indirectly feel the SU(2) gauge interaction. Beyond the
type-I seesaw, a broad range of SM extensions features similar characteristics,
introducing additional fermions that couple to the rest of the early universe bath
through vector gauge interactions. These gauge interactions may involve the
known SM W± and Z bosons, or yet-undiscovered vector bosons [390, 391].
Motivated examples of such BSM theories include the νMSM discussed earlier
or various SM gauge extensions such as U(1)B−L [392–395], SO(10) [396,
397], Pati-Salam and more general Left-Right symmetric models [387, 388,
398].

At low energies, well below their mass, gauge bosons can be integrated out
and fermionic interactions in the aforementioned theories can effectively be
described by a Fermi-like theory, whose Lagrangian generically reads1

LFermi = 2
√

2G
(
Ψ̄1γ

µ(gLPL + gRPR)Ψ2
) (

Ψ̄3γµ(g′
LPL + g′

RPR)Ψ4
)

+ h.c.
(4.1)

In this equation, the fields Ψi, with i ∈ {1, 2, 3, 4}, represent generic fermions
whose chiral structure (e.g. Weyl, Dirac or Majorana) is encoded in the (com-
plex) coefficients gL/R and g′

L/R. We emphasise that no further assumptions

1More general dimension-6 operators, see e.g. [399] for examples within the NRSMEFT,
can in principle also be captured by our analysis, up to slight modifications of the matrix ele-
ments. However, we will not investigate such scenarios in this work.
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are made about these fields, i.e. they may refer to different or identical fields,
and may be part of the SM or not. G ∝ 1/Λ2 is an overall dimensionful
coupling constant related to the mass scale Λ of the integrated-out media-
tors. It can be identified with the usual Fermi constant GF when the fields
interact via the SM weak interaction, as is the case in the νMSM. While the
Lagrangian (4.1) only describes the interaction between one specific combina-
tion of fermion species, it is straightforward to generalise it to multiple four-
fermion processes. In this case, gL/R and g′

L/R are promoted to complex ma-
trices encoding the flavour structure and CP-violating nature of the fermion
gauge interactions.

The fermions Ψi appearing in the aforementioned theories can potentially
serve as DM candidate or explain the asymmetry between matter and anti-
matter. Therefore, accurately tracking their evolution in the early universe is
of crucial importance. For that purpose, it is necessary to precisely derive
their interaction rates, which appear in effective kinetic equations (see e.g.
Eq. (3.35)) describing their behaviour in the early universe. If the relevant
processes occur at temperatures that exceed the involved particles’ masses,
thermal effects can drastically affect dark or baryonic matter abundances and
a first-principles computation of these interaction rates rooted in the CTP for-
malism is desirable. Notable examples where thermal effects matter include
low scale leptogenesis [1, 168, 169, 290], sterile neutrino dark matter produc-
tion [121, 131, 332, 400], and other freeze-in dark matter scenarios [84, 167].
At the same time, the relevant dynamics may occur in a regime where these
fermions primarily interact via the Fermi interaction (4.1). A well-known ex-
ample of this is the production of sterile neutrino DM within the νMSM, which
typically peaks at T ∼ O(100 MeV) ≪ mW [130].

The primary goal of this work is to derive the leading order (LO) finite-
temperature interaction rates of heavy2 fermions N within the general Fermi-
like theory (4.1). We further apply our calculations to two well-motivated
models: the νMSM and the mLRSM. While the rates in the former have been
studied previously in the Fermi-dominated regime in [401, 402], we here pro-
vide an explicit derivation of the rates and display their dependence on the SM
lepton flavours. We also retain the helicity dependence of the rates as well as

2The word heavy is here used in analogy with heavy neutrinos. We however stress that
we do not limit ourselves to scenarios where M ≳ T . Our results can also be used in the
ultra-relativistic limit M → 0.
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the finite fermion masses. For the mLRSM, this is to the best of our knowledge
the first time that such computation is performed.3

The present work is largely based on Ref. [9] and is structured as follows.
In Sec. 4.2, we first describe the exact system under consideration, set up our
notation, and outline the technical steps needed to derive the fermionic interac-
tion rates. The main objective of this section is to provide the building blocks
that can be used to compute interaction rates for any type of Fermi theory. As
a concrete application, we compute, in Sec. 4.3, these rates for heavy neutri-
nos within the νMSM and the mLRSM. In Sec. 4.4, we summarise our main
results. In addition, we provide an appendix (appendix C), where we show
explicit expressions for the fundamental integrals required for the derivation
of interaction rates in a general Fermi theory.

4.2 Imaginary part of heavy fermion self-energies
in Fermi theory

As highlighted in the introduction, we search to compute the in-medium
interaction rate of a heavy fermion N , interacting with the rest of the early
universe plasma through the 4-fermion contact term (4.1). For a general out-
of-equilibrium situation, this turns out to be a non-trivial task. However, in
many cases, it is reasonable to assume that N is the only out-of-equilibrium
species. In addition, we also assume that the heavy fermion interaction rate
Γ is approximately independent of the distribution function of N , which we
write fN . While this is not necessarily the case in general, e.g. in presence of
self-interactions, this is nonetheless verified in various well-motivated models.
In the νMSM considered in Sec. 4.3.1 for instance, N represents a heavy neu-
trino that primarily interacts with SM fields, while cross-sections for processes
involving several sterile neutrinos are suppressed by powers of the (small) mix-
ing angle θ. Moreover, in the mLRSM considered in Sec. 4.3.2, interactions
involving several N are not suppressed by a small parameter (relative to those
involving only one N ). However, precisely because the N ’s are not sterile in
that model, one can expect their phase space distribution functions to be close
to equilibrium, δfN/fN ≡ (fN −f eq

N )/fN ≪ 1, at relevant temperatures such
that Γ remains independent of fN at LO.

3We note that the rates associated with WR-mediated 1 → 3 decays and 2 → 2 scatterings
have been computed in [403, 404], see also [268]. However, quantum statistical effects were
neglected in these studies.
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With this in mind, it is instructive to separate the out-of-equilibrium field
N from the equilibrium ones and rewrite the Lagrangian (4.1) as

LFermi = 2
√

2G
(
cJR

(
N̄γµPRΨ3

) (
Ψ̄2γµ(aR + bRγ

5)Ψ1
)

(4.2)

+ cJL

(
N̄γµPLΨ3

) (
Ψ̄2γµ(aL + bLγ

5)Ψ1
) )

+ h.c.,

We emphasise that the Lagrangian (4.2) does not forbid vertices involving
higher powers of the fermion N whose interaction rate we compute, as the
fields Ψ1, Ψ2 and Ψ3 can also represent N . It only assumes that their distribu-
tion function is in equilibrium.

In addition to explicitly labelling one fermion as N , we have also partially
changed the notation from the chiral coefficients gL/R in (4.1) to the vector
and axial-vector coefficients aL/R and bL/R in (4.2) for convenience and eas-
ier comparison with previous references such as [401]. As highlighted in the
introduction, different types of fermions can be captured by the Lagrangian
(4.2) by absorbing their chiral structure into the (interaction-dependent) coef-
ficients aL/R and bL/R. For the sake of definiteness, we choose the convention
that Ψ1, Ψ2 and Ψ3 are arbitrary Dirac fields of mass m1,m2 and m3. Fi-
nally, we introduce here the (in principle redundant) prefactors cJL/R

so that
aL/R and bL/R take their standard values if (4.2) is applied to the SM weak
interaction.

In the rest of this section, we compute the (momentum-dependent) 1 ↔ 3
and 2 ↔ 2 heavy fermion interaction rates assuming that the system is de-
scribed by the Lagrangian (4.2). It is then straightforward to numerically ob-
tain the relevant momentum-averaging rates, see Eq. (3.40).

4.2.1 Deriving the momentum-dependent interaction rates

Similarly to Chap. 2, the approach we follow in this section consists in
computing the imaginary part of the heavy fermion retarded self-energy4 Σret

within the real-time formalism, which we then relate to the heavy fermion in-
teraction rates through the optical theorem and the associated cutting rules
[405, 406]. The Feynman diagram associated to the considered process is
displayed in Fig. 4.1. “Internal” fermions, i.e. fermions within the loop in
Fig. 4.1, are left completely arbitrary.

4Note that we change notation for the retarded self-energy compared to Chap. 1 in order to
avoid confusion with the index R indicating the chirality of N .
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N
a, b

c, d N−p2

q

p3

p1

q

Figure 4.1: Diagrammatic representation of the heavy fermion self-energy at leading
order in Fermi theory. The coefficients a, b, c and d encode the chiral structure of N ,
see text for details. Interaction rates are obtained via the optical theorem by cutting
through the internal propagators; the cut is indicated by the black dashed line.

In general, the chiral structure of any particle’s retarded self-energy arising
from the effective Fermi Lagrangian (4.2) can be factorised as follows:

Σret = CV
JR
PLΣ̂V

RPR + CV
JL
PRΣ̂V

LPL + CS
JR

Σ̂S
RPR + CS

JL
Σ̂S

LPL , (4.3)

see e.g. appendix A.1. The upper indices V and S refer to the vector and
scalar nature of the self-energy, respectively. The coefficients CV,S

JL/R
are spe-

cific to each interaction channel and can be expressed as a combination of
cJL/R

, symmetry factors S and multiplicity factors n accounting for indistin-
guishable channels (e.g. summing over quark colours) in the following way5

CV
JL/R

= |cJL/R
|2 n

S
and CS

JL/R
= c∗

JL/R
cJR/L

n

S
. (4.4)

As examples, their numerical values for each channel within the νMSM and
the mLRSM are listed in the next section, in Tab. 4.1 and Tab. 4.2 respectively.
AssumingN is a Majorana particle in thermal equilibrium and all chemical po-
tentials vanish, Σ̂V,S

R = Σ̂V,S
L . In general, however, the left- and right-handed

part of the self-energy are completely unrelated.
We start by deriving the contribution to the rates resulting from the vector

term in the self-energy (4.3). The scalar case proceeds analogously. Depending
on how one contracts the fermionic currents, two different types of retarded
self-energies can be formed, which we call Σ̂V,1

L/R (type-1) and Σ̂V,2
L/R (type-2)

in the following.6 The total self-energy is given by the sum of both Σ̂V
L/R =

Σ̂V,1
L/R + Σ̂V,2

L/R. Using the momentum convention from Fig. 4.1, the imaginary

5In case more than one heavy fermion flavour is present, off-diagonal damping terms Γij are
instead proportional to c∗

JL/R,icJL/R,j , where cJL/R,i/j are the coefficients cJL/R
associated

to Ni/j .
6The origin of these two types of self-energies is clear in the UV-theory where gauge bosons

have not yet been integrated out. See e.g. Fig. 4.2 in Sec. 4.3 for a diagrammatic representation
of these two self-energies within the specific case of the νMSM.
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parts of the self-energies Σ̂V,1
L/R and Σ̂V,2

L/R read

PR/L ImΣ̂V,1
L/R(q)PL/R = 4G2PR/L

[ ∫ d4p1
(2π)4

d4p2
(2π)4

d4p3
(2π)4 (2π)4×

×δ(4)(p1 + p2 + p3 − q)γµTr
[
γµ

(
aL/R + bL/Rγ

5
)
S>(p1)γν(

a∗
L/R + b∗

L/Rγ
5
)
S<(−p2)

]
S>(p3)γν − S> ↔ S<

]
PL/R, (4.5a)

PR/L ImΣ̂V,2
L/R(q)PL/R = −4G2PR/L

[ ∫ d4p1
(2π)4

d4p2
(2π)4

d4p3
(2π)4 (2π)4×

×δ(4)(p1 + p2 + p3 − q)
(
γµS>(p3)γν

(
aL/R + bL/Rγ

5
)
S<(−p2)γµ

(
cL/R + dL/Rγ

5
)
S>(p1)γν

)
− S> ↔ S<

]
PL/R. (4.5b)

The coefficients cL/R and dL/R represent the values of aL/R and bL/R re-
spectively at the right vertex of the self-energy in Fig. 4.1. Note that, for self-
energies of type-1, we always have cL/R = a∗

L/R and dL/R = b∗
L/R. As

already mentioned, they encode the chiral structure of the heavy neutrino in-
teractions and are in general different for each interaction channels; in the SM,
for instance, they differ between charged and neutral currents. As concrete ex-
amples, their numerical value for the νMSM and the mLRSM can be found in
the next section in Tab. 4.1 and Tab. 4.2 respectively. We emphasise that, while
type-1 self-energies are present in any Fermi-like theory, type-2 self-energies
encode interference between different amplitudes and, as such, are not neces-
sarily present. Their existence depends on the presence of identical particles or
of mixing between different terms in the Lagrangian that share the same field
content.7

Factorising the fermionic distribution functions in the above equations, we
can reformulate these expressions as

PR/L Im Σ̂V,1
L/R(q)PL/R = 4G2PR/L

∫ d4p1
(2π)4

d4p2
(2π)4

d4p3
(2π)4 (2π)4× (4.6a)

7 Even in that case, it is sometimes possible, e.g. when considering e − ν scattering in the
SM, to use Fierz identities [31,407] on the Lagrangian (4.2) to express the rates in terms of type-
1 self-energies only. This however relies on particles being either all left- or all right-handed. In
case both right- and left-handed particles are present, this simplification does not work as well
since Fierz identities will generate scalar currents in addition to the fermionic ones.
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× δ(4)(p1 + p2 + p3 − q)
[(

1 − f1
)(

1 − f2
)(

1 − f3
)

+ f1f2f3
]
γµ

Tr
[
γµ

(
aL/R + bL/Rγ

5
)
ρ1(p1)γν

(
a∗

L/R + b∗
L/Rγ

5
)
ρ2(−p2)

]
ρ3(p3)γνPL/R,

PR/L Im Σ̂V,2
L/R(q)PL/R = −4G2PR/L

∫ d4p1
(2π)4

d4p2
(2π)4

d4p3
(2π)4 (2π)4× (4.6b)

× δ(4)(p1 + p2 + p3 − q)
[(

1 − f1
)(

1 − f2
)(

1 − f3
)

+ f1f2f3
]

(
γµρ3(p3)γν

(
aL/R + bL/Rγ

5
)
ρ2(−p2)γµ

(
cL/R + dL/Rγ

5
)
ρ1(p1)γν

)
PL/R.

The function ρi(k) = 2π sign(k0)δ(k2 − m2
i )(/k + mi) is the (equilibrium)

spectral function of the fermion Ψi, whose distribution function we write fi.
Because we are interested, e.g. in the context of leptogenesis, in the helicity

dependence of the rates, both traces Tr
[
/q Im Σ̂V,ω

L/R(q)
]

and Tr
[
/u Im Σ̂V,ω

L/R(q)
]

are necessary. Here, the index ω ∈ {1, 2} indicates the type of self-energy,
while u = (1,0) is the plasma four-velocity in its rest frame. These two traces
serves as the basic building blocks from which the rates can be reconstructed.
They can be expressed in a form similar to the convention from Kolb and
Turner [45]

Tr
[
/K Im Σ̂V,ω

L/R(q)
]

= (−1)1+ω(2π)4
∫ d3p1

(2π)32E1

∫ d3p2
(2π)32E2

∫ d3p3
(2π)32E3

×

×
[
δ(4)(p1 + p2 + p3 − q)|Mω

K(m1,−m2,m3)|2×

× [(1 − f1) (1 − f2) (1 − f3) + f1f2f3]

+ δ(4)(p1 + p2 − p3 − q)|Mω
K(m1,−m2,−m3)|2×

× [(1 − f1) (1 − f2) f3 + f1f2 (1 − f3)]

+ δ(4)(p1 + p3 − p2 − q)|Mω
K(m1,m2,m3)|2×

× [(1 − f1) f2 (1 − f3) + f1 (1 − f2) f3]

+ δ(4)(p2 + p3 − p1 − q)|Mω
K(−m1,−m2,m3)|2×

× [f1 (1 − f2) (1 − f3) + (1 − f1) f2f3]

+ δ(4)(p3 − p1 − p2 − q)|Mω
K(−m1,m2,m3)|2×

× [f1f2 (1 − f3) + (1 − f1) (1 − f2) f3]

+ δ(4)(p2 − p1 − p3 − q)|Mω
K(−m1,−m2,−m3)|2×

× [f1 (1 − f2) f3 + (1 − f1) f2 (1 − f3)]
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+ δ(4)(p1 − p2 − p3 − q)|Mω
K(m1,m2,−m3)|2×

× [(1 − f1) f2f3 + f1 (1 − f2) (1 − f3)]

+ δ(4)(−p1 − p2 − p3 − q)|Mω
K(−m1,m2,−m3)|2×

× [f1f2f3 + (1 − f1) (1 − f2) (1 − f3)]
]
, (4.7)

where we define the squared S-matrix element8

|Mω
K(m1,m2,m3; p1, p2, p3, q)|2 ≡ |Mω

K(m1,m2,m3)|2

= 4G2T ω
K (m1,m2,m3) (4.8)

and Ei ≡
√

p2
i +m2

i . For the sake of brevity, we omit the dependence with
the particles’ momenta as well as the subscript L/R in these matrix elements.
The functions T ω

K encode the spinor structure of the amplitude. Explicit ex-
pressions for these traces are displayed hereunder.

T 1
K(m1,m2,m3) = 32

[
(|aL/R|2 + |bL/R|2)

(
(p2 · p3)(p1 ·K)

+ (p1 · p3)(p2 ·K)
)

+
(
|bL/R|2 − |aL/R|2

)
m1m2(p3 ·K)

]
, (4.9a)

T 2
K(m1,m2,m3) = 16

[
− 2(aL/R ∓ bL/R)(cL/R ∓ dL/R)(p1 · p3)(p2 ·K)

+ (aL/R ± bL/R)(cL/R ± dL/R)m1m3(p2 ·K)
+ (aL/R ∓ bL/R)(cL/R ± dL/R)m1m2(p3 ·K)

+ (aL/R ± bL/R)(cL/R ∓ dL/R)m2m3(p1 ·K)
]
, (4.9b)

where the −/+ signs distinguish between the left- and right-handed self-
energies.

Using the KMS relation, one can then simplify Eq. (4.7) into the more
synthetic form

Tr
[
/K Im Σ̂V,ω

L/R(q)
]

= 4(−1)1+ωG2f−1
F (−q0)

∫ d3p1
(2π)32E1

∫ d3p2
(2π)32E2

∫ d3p3
(2π)32E3

×

×
[
(2π)4δ(4)(p1 + p2 + p3 − q)×

× (1 − fF(E1)) (1 − fF(E2)) (1 − fF(E3)) T ω
K (m1,−m2,m3)

+(2π)4δ(4)(p1 + p2 − p3 − q)×
8This constitutes a slight abuse of notation, as the conventional S-matrix element technically

corresponds only to MK for K = q. Moreover, the quantities |Mω
K |2 do not include either

certain numerical factors, such as CKM matrix elements, which are instead captured in CV
JL/R

.
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× (1 − fF(E1)) (1 − fF(E2)) fF(E3)T ω
K (m1,−m2,−m3)

+(2π)4δ(4)(p1 + p3 − p2 − q)×
× (1 − fF(E1)) fF(E2) (1 − fF(E3)) T ω

K (m1,m2,m3)

+(2π)4δ(4)(p2 + p3 − p1 − q)×
× fF(E1) (1 − fF(E2)) (1 − fF(E3)) T ω

K (−m1,−m2,m3)

+(2π)4δ(4)(p3 − p1 − p2 − q)×
× fF(E1)fF(E2) (1 − fF(E3)) T ω

K (−m1,m2,m3)

+(2π)4δ(4)(p2 − p1 − p3 − q)×
× fF(E1) (1 − fF(E2)) fF(E3)T ω

K (−m1,−m2,−m3)

+(2π)4δ(4)(p1 − p2 − p3 − q)×

× (1 − fF(E1)) fF(E2)fF(E3)T ω
K (m1,m2,−m3)

]
. (4.10)

For the specific case of the νMSM, similar expressions can be found in multi-
ple papers, see e.g. Eq. (3.9) in [401] but also related formulae in [312, 408].
We stress that, although we will assume throughout the rest of this section
that all chemical potentials vanish, Eq. (4.10) remains valid even for non-zero
chemical potentials. Even though the integrals in Eq. (4.10) are formally 9-
dimensional, they can be analytically reduced to 3-dimensional integrals by
exploiting 4-momentum conservation and the isotropy of the problem. More
details on how to perform this reduction are provided in appendix B.

Instead of working directly with the traces (4.10), it is in practice more
convenient to express the rates in terms of the following two combinations
[169]

Im Σ̂V,ω
L/R,± ≡ Im Σ̂V,ω

L/R,0 ± q
|q|

· Im Σ̂V,ω
L/R (4.11)

=1
4 Tr

[
/u Im Σ̂V,ω

L/R

]
±
q0 Tr

[
/u Im Σ̂V,ω

L/R

]
− Tr

[
/q Im Σ̂V,ω

L/R

]
4|q|

.

Factoring out the chiral coefficients a, b, c and d, these self-energies can be ex-
pressed, for a generic Fermi theory, in terms of four (dimensionless) functions
Ih,Jh(m1,m2,m3;MN , |q|, T ), with h ∈ {−1,+1}, as follows:

Im Σ̂V,1
L/R,h(m1,m2,m3;MN , |q|, T ) = 128G2T 5× (4.12a)

×
[
(|aL/R|2 + |bL/R|2)

(
Ih(m1,m2,m3) + Ih(m2,m1,m3)

)
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+ (|bL/R|2 − |aL/R|2)Jh(m3,m2,m1)
]
,

Im Σ̂V,2
L/R,h(m1,m2,m3;MN , |q|, T ) = −64G2T 5× (4.12b)

×
[

− 2(aL/R ∓ bL/R)(cL/R ∓ dL/R)Ih(m2,m1,m3)

+ (aL/R ± bL/R)(cL/R ± dL/R)Jh(m2,m1,m3)
+ (aL/R ∓ bL/R)(cL/R ± dL/R)Jh(m3,m2,m1)

+ (aL/R ± bL/R)(cL/R ∓ dL/R)Jh(m1,m2,m3)
]
.

To keep expressions compact, we have omitted the explicit dependence of Ih

and Jh on MN , |q| and T . The momenta qh ≡ q± are defined following
Eq. (4.11), i.e. q± = q0±|q|. These functions satisfy the symmetry properties:

Ih(m1,m2,m3) = Ih(m1,m3,m2), (4.13a)

Jh(m1,m2,m3) = Jh(m1,m3,m2). (4.13b)

Explicit integral representations of I± and J± are provided in appendix C.
The derivation of the scalar contributions to the total interaction rate pro-

ceeds analogously, up to minor differences. We therefore only quote the final
result

Im Σ̂S,1
L/R(m1,m2,m3;MN , |q|, T ) = −128G2T 5× (4.14)

×
[
(aL/Ra

∗
R/L + bL/Rb

∗
R/L)K(m1,m2,m3)

+ 2(bL/Rb
∗
R/L − aL/Ra

∗
R/L)L(m1,m2,m3)

]
,

Im Σ̂S,2
L/R(m1,m2,m3;MN , |q|, T ) = −64G2T 5× (4.15)

×
[

− 2(aL/R − bL/R)(cL/R + dL/R)L(m1,m2,m3)
+ (aL/R + bL/R)(cL/R + dL/R)K(m3,m2,m1)

+ (aL/R + bL/R)(cL/R − dL/R)K(m1,m3,m2)
+ (aL/R − bL/R)(cL/R − dL/R)K(m1,m2,m3)

]
.

Explicit expressions for K and L are provided in appendix C. Importantly,
since the coefficients CV

JL/R
, aL/R, bL/R, cL/R and dL/R have been factorised

out, the functions I±, J±, K and L depend only on the mass spectrum of
the theory and kinematic quantities, not on its chiral structure or specific cou-
plings. Thus, they provide a universal basis to compute interaction rates for
any Fermi-like theory by summing over the relevant interaction channels.
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To illustrate this, we can assume that N is much heavier than its interaction
partners, and all share the same temperature T and have vanishing chemical
potential µi = 0. In this case, the rates depend only on twelve functions,
independently of the chiral structure of the theory:

1. When N couples only to massless particles, its interaction rates depend
solely on the function I±(0, 0, 0).

2. If vertices involving 2 heavy fermions are allowed, one can show, using
the symmetries (4.13), that the rates depend only on three functions:
K(0, 0,MN ), I±(MN , 0, 0) and I±(0, 0,MN ).

3. In the presence of a 3N -vertex, the symmetries (4.13) imply that only
the functions K(0,MN ,MN ), I±(MN , 0,MN ), I±(0,MN ,MN ) and
J±(0,MN ,MN ) are necessary.

4. Finally, if N self-interactions are possible (i.e. a 4N -vertex), the rates
can be expressed in terms of K(MN ,MN ,MN ), L(MN ,MN ,MN ),
I±(MN ,MN ,MN ) and J±(MN ,MN ,MN ).

The dependence of these functions with |q|
T ,

MN
T will be made available in an

online repository at a later time, along with Python and Mathematica code
snippets illustrating how to extract interaction rates from this set of functions.
In appendix C, we provide explicit formulae for Γ, the interaction rates ofN , in
terms of Ih, Jh, K and L. In particular, we show that we recover the standard
neutrino-neutrino scattering rates in the case where all particles are massless
and left-handed, see Eq. (C.12).

4.3 Applications to specific scenarios

Until now, we have remained relatively generic in our study. In particular,
Eqs. (4.7) and (4.9) can be applied to any Fermi-like interactions. The objec-
tive of this section is therefore to apply these general results to compute the
heavy fermion interaction rates in two well-motivated scenarios: the νMSM,
in Sec. 4.3.1, and the mLRSM, in Sec. 4.3.2.

4.3.1 HNL interaction rates in the νMSM

Over the years, the νMSM, described in Sec. 3.3.3, has been studied in great
detail. In particular, the helicity-conserving and helicity-violating HNL inter-
action rates have already been computed both above [44, 169, 312, 328, 409–
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416] and below the electroweak crossover [312, 317, 328, 402, 408, 417–419].
At low temperatures, i.e. T ≲ 5 GeV, one can effectively neglect the Born
contributions from on-shell W and Z bosons [317] and the weak gauge bosons
can be safely integrated out in the Lagrangian (3.15). Moreover, direct inter-
actions mediated by the Higgs boson are suppressed by the smallness of the
SM fermion Yukawa couplings, or — in the specific case of the top quark —
severely Boltzmann suppressed. Hence, the HNL interactions are dominated
by the effective Fermi interaction9

LFermi = 2
√

2GFθ
†
iα

(
N̄iγ

µeLα

)
Jµ + h.c. ,

= 2
√

2GF
vew
Mi

Y †
iα

(
N̄iγ

µeLα

)
Jµ + h.c. , (4.16)

where Jµ ≡ Ψ̄2γµ(aL+bLγ
5)Ψ1 is a neutral or charged fermionic current, see

Tab. 4.1 for the possible particle content of this current, and GF = g2

4
√

2m2
W

is

the usual Fermi constant. Given that the DM abundance [131] crucially relies
on the amount of lepton asymmetry at T ≲ O(1) GeV, an accurate calculation
of the HNL interaction rates in this regime was therefore desirable. Late-time
lepton asymmetries may also indirectly influence other quantities such as the
order of the QCD phase transition [425] and the resulting primordial black hole
abundance [426]. We note that these rates were also computed in [317, 402],
which show good qualitative agreement with our results.

Due to their Majorana nature, the HNL Hamiltonian HN and interaction
rates Γ, Γ̃ appearing in the QKEs (3.35) depend on both Y †Y and its complex
conjugate Y tY ∗. Their flavour structure can therefore be decomposed as

(HNα)ij = h+,αY
†

iαYαj + h−,αY
t

iαY
∗

αj , (4.17a)

(Γα)ij = γ+,αY
†

iαYαj + γ−,αY
t

iαY
∗

αj , (4.17b)(
Γ̃α

)
ij

= −γ+,αY
†

iαYαj + γ−,αY
t

iαY
∗

αj , (4.17c)

where h±, γ± and δγ± are temperature- and momentum-dependent coeffi-
cients. The total interaction Γ in Eq. (3.35) is obtained by summing over the

9Below the QCD phase transition, i.e. for T < TQCD ≃ 155 MeV [420] (assuming vanish-
ing chemical potentials), the Lagrangian (4.16) is no longer accurate, as heavy neutrinos interact
directly with mesons rather than quarks. We nevertheless neglect this effect in the present work.
Indeed, the interaction rates of heavy neutrinos with mesons are well known in vacuum, see
e.g. [210, 421–424]. For a benchmark MN ≃ 2 GeV, we checked that considering interactions
with quarks instead of mesons only leads to a O(10%) underestimation of the zero-temperature
rates, see Fig. 4.3.
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Figure 4.2: Diagrams contributing to the heavy neutrino self-energy at low temper-
ature within the νMSM. Both diagrams have the same representation, equivalent to
Fig. 4.1, in Fermi theory after integrating out the W and Z bosons but respectively
corresponds to the traces T 1 and T 2. Higgs vev insertions are represented by dashed
lines ended by crosses.

SM flavours α, i.e. Γ =
∑

α Γα. The index + (−) refers to the helicity-
conserving (helicity-violating) nature of the interaction. Note that, while our
motivations are clearly arising from the νMSM, the coefficients γ± are in-
dependent of the number of RH neutrino generations as long as their masses
remain approximately degenerate and therefore our computation also apply to
non-minimal models with e.g. three degenerate RH neutrinos.

Below the EWSB, HNLs only interact through their θ-suppressed mix-
ing with the LH neutrinos. The relevant HNL self-energies are displayed in
Fig. 4.2. Following a similar derivation as in [44], one can show the helicity-
conserving and helicity-violating coefficients γ± can be extracted from the
active neutrino retarded self-energy

γ± = v2
ewC̃J

M2
N |q0|

q∓ImΣ̂V
ν,±. (4.18)

where q is the HNL 4-momentum and we define Σ̂V ≡ Σ̂V
L = Σ̂V

R . Because
there exists no vertex involving multiple heavy neutrinos at leading order in the
Yukawa coupling, we can safely neglect scalar contributions to the self-energy.
Note that, as highlighted by Eq. (4.17), we also factor out the dependence on
the Yukawa coupling from CV

JL/R
, i.e.

CV
JL

= C̃J Y
†

iαYαj and CV
JR

= C̃J Y
t

iαY
∗

αj . (4.19)
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Channel C̃J m1 m2 m3 T ω aL bL cL dL

W-only channels

WW + quarks 3|Vij |2 mi mj mlα T 1 1
2 −1

2

WW + leptons 1 mlβ 0 mlα T 1 1
2 −1

2

Z-only channels

ZZ + up-like quarks 3
4 mq mq 0 T 1 1

2 − 4
3s

2
W −1

2

ZZ + down-like quarks 3
4 mq mq 0 T 1 −1

2 + 2
3s

2
W

1
2

ZZ + charged leptons 1
4 mlα mlα 0 T 1 −1

2 + 2s2
W

1
2

ZZ + 3 LHN 3
4 0 0 0 T 1 1

2 −1
2

ZZ + 3 LHN 1
4 0 0 0 T 2 1

2 −1
2

1
2 −1

2

Mixed channels

ZW + charged leptons 1
2 mlα mlα 0 T 2 −1

2 + 2s2
W

1
2

1
2 −1

2

WZ + charged leptons 1
2 0 mlα mlα T 2 1

2 −1
2 −1

2 + 2s2
W

1
2

Table 4.1: Overview of the possible HNL interaction channels and their character-
istics in the νMSM (in the Fermi-dominated regime). Table taken from [401] up to
small modifications, see erratum of [401], and different conventions for the momenta.
We did split the channels in 3 categories depending on whether the rates would be
present if only the W or the Z boson were present in the UV-theory or if both needs
to be present. We abbreviate sin2 θW → s2

W .

As explained in Sec. 4.2, in order to obtain Im Σ̂V , it is sufficient to evalu-
ate the integrals (4.10) using the traces (4.9). The specific values taken by
the coefficients aL, bL, cL, dL entering these traces are listed for all possible
interaction channels within the νMSM in the following Tab. 4.1.

To illustrate our results, we display in Fig. 4.3 the temperature-dependence
of the flavoured HNL interaction rates, restricting ourselves to temperatures
below 5 GeV such that contributions from 1 → 2 Born decays of W and Z
bosons and direct interactions with the Higgs boson remain negligible. Given
that the electron and muon masses are negligible compared to the HNL mass,
the difference between γ+,e and γ+,µ is unobservable in this plot. At these
temperatures, there is also no need to resum the light neutrino propagator. For
T ∼ 5 GeV andMN = 2 GeV, we cross-checked our rates against the one used
in [414] and found agreement at the percent level. While we display these rates
down to temperature as low as 50 MeV, these should only be regarded as in-
dicative below TQCD, where QCD becomes non-perturbative and one should
instead use an effective Lagrangian to describe heavy neutrino interaction with
mesons. In dotted, the LO vacuum contribution taken from [423] is displayed.
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Figure 4.3: The left (right) panel displays the helicity-conserving (helicity-violating)
heavy neutrino interaction rates for different SM flavours. In dotted, we display the
zero-temperature limit obtained using the HNL decay rates from [423], including de-
cays into mesons. We stop this line at T = 200 MeV as quarks are the propagating
degrees of freedom above that threshold. The heavy neutrino mass was chosen to be
2 GeV while the momentum modes were chosen such that |q| = 2T .
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Figure 4.4: The left (right) panel displays (in black) the momentum averaged helicity-
conserving (helicity-violating) heavy neutrino interaction rates in the electron flavour.
Specific momentum modes (|q| = 2T and |q| = πT ) are displayed for comparison in
red and orange respectively. The heavy neutrino mass was chosen to be 2 GeV.

We observe that the effect of neglecting quark confinement on the total inter-
action rate is relatively mild, of O(10)% at zero temperature.

In Fig. 4.4, we compare the momentum-averaged rates entering the source
term in Eq. (3.39) to the rates evaluated at two different averaged modes, i.e.
|q| = 2T and |q| = πT . We observe that, for γ−, choosing |q| = πT approx-
imates very well the momentum-averaged rate, as is commonly expected. In
contrast, the helicity-conserving rate γ+ is infrared-enhanced and is thus better
approximated by |q| = 2T .
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4.3.2 HNL interaction rates in the mLRSM

We now turn to the mLRSM. As the universe cools down, the Left-Right
symmetry is spontaneously broken when ∆R develops a vev vR [391, 427].
The exact value of vr is determined by the scalar potential V (∆L,∆R,Φ),
which can be quite involved in full generality, see e.g. [428], and is not consid-
ered here. Below the SU(2)R-breaking scale (but above the EWSB), both the
RH neutrinos and the associated SU(2)R gauge bosons acquire a mass propor-
tional to vR

MN = fRvR, mWR
= gvR and mZ′ =

√
2mWR

cos θR
. (4.20)

θR is the right-handed equivalent of the Weinberg angle θW and verifies cos θR =√
cos 2θw
cos θw

[391, 427]. Given that vR is typically much larger than the elec-
troweak scale, the WR and Z ′ bosons can be integrated out in Eq. (3.78) to
obtain the Fermi-like interaction

LFermi = 2
√

2GF,R

(
N̄iγ

µlR,i

)
Jµ + h.c. , (4.21)

with lR,i the ith flavour of charged right-handed leptons and GF,R = g2
R

4
√

2m2
WR

the equivalent Fermi constant for the mLRSM. The latter is typically much
weaker than its SM counterpart given that the right-handed gauge boson masses
have been constrained by ATLAS and CMS to lie at least an order of magni-
tude above those of the SM gauge bosons [429–431].

The rates are then computed in a manner analogous to the νMSM. From
Eq. (4.21), we can see that W±

R - and Z ′-mediated interactions are essentially
flavour-blind, since, above the EWSB and neglecting thermal masses, all par-
ticles except the RH neutrinos are massless. Owing to the Majorana nature of
the heavy neutrinos, one can expand the retarded self-energy as

Σret = CJ Σ̂V (PR + PL) . (4.22)

Given the flavour-blindness of the 4-fermion interactions, we have CJL
=

CJR
≡ CJ and the total interaction rate Γ simply reads

Γ = γ+ + γ− = CJ q · Im Σ̂V /|q0|. (4.23)

Γ therefore depends on CJ , mi and aR, bR, cR, dR. The values taken by these
coefficients are listed for the mLRSM below in Tab. 4.2. We note in passing



4.3. Applications to specific scenarios 121

Channel CJ m1 m2 m3 T ω aR bR cR dR

WR-only channels

WRWR + quarks 3|VR,ij |2 0 0 0 T 1 1
2

1
2

WRWR + leptons 3 0 MN 0 T 1 1
2

1
2

Z’-only channels

Z’Z’ + up-like quarks 9
16 0 0 MN T 1 1

2 − 5
6s

2
R

1
2c

2
R

Z’Z’ + down-like quarks 9
16 0 0 MN T 1 −1

2 + 1
6s

2
R −1

2c
2
R

Z’Z’ + charged leptons 3
16 0 0 MN T 1 −1

2 + 3
2s

2
R −1

2c
2
R

Z’Z’ + 2 LHN + 1RHN 3
16 0 0 MN T 1 1

2s
2
R −1

2s
2
R

Z’Z’ + 3 RHN 3
16 MN MN MN T 1 1

2
1
2

Z’Z’ + 3 RHN 1
16 MN MN MN T 2 1

2
1
2

1
2

1
2

Mixed channels

Z’WR + charged leptons 1
4 0 0 MN T 2 −1

2 + 3
2s

2
R −1

2c
2
R

1
2

1
2

WRZ’ + charged leptons 1
4 MN 0 0 T 2 1

2
1
2 −1

2 + 3
2s

2
R −1

2c
2
R

Table 4.2: List of interaction channels for heavy neutrinos and their characteristics
within the mLRSM in Fermi theory. The temperature is chosen to be above the EWSB
scale such that all fermions are massless except for the RH neutrinos whose mass we
label as MN . Hence, the coefficient CJ already includes the possible summation over
the different flavours, except in the first channel. VR is the RH equivalent of the CKM
matrix and coincides with the latter in the limit where the Higgs bidoublet’s vev ⟨Φ⟩
is purely real [432]. We abbreviate sin2 θR, cos2 θR → s2

R, c
2
R.

that we assumed three nearly degenerate heavy neutrino species to keep the
table relatively compact. A generalisation to a different heavy neutrino mass
spectrum is nonetheless straightforward.

In Fig. 4.5, we display the momentum and mass dependence of the HNL
interaction rate above the EWSB for a specific benchmark. For the sake of
simplicity, we chose a purely real vev for the Higgs bidoublet such that the
CKM matrix remains identical to its SM form [432]. We also neglected any
interactions beyond the 4-fermion ones, which are expected to dominate.

In addition to the rates themselves, it is also interesting to examine at the
ratio Γ/H as function of both the temperature and HNL mass, which we dis-
play in Fig. 4.6. We observe that, for mWR

< O(106) GeV, we have Γ/H > 1
at all temperatures above the sphaleron freeze-out temperature Tsph. Hence,
in this regime, HNLs are expected to remain close to equilibrium at least until
T = Tsph, thereby limiting the generation of a baryon asymmetry. Deriving a
precise bound on the value ofmWR

would however require a more careful anal-
ysis. In particular, it would entail solving the complete set of HNL QKEs in the
mLRSM. Previous studies [403] suggest a weaker bound of mWR

> 1.8×104

GeV.
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Figure 4.5: HNL interaction rates at T = 1 TeV as a function of the dimensionless
momentum |q|

T for MN

T = 1 (left figure) and the dimensionless mass MN

T for |q|
T = π

(right figure). We chose as benchmark a mass for the right-handed W boson of 10
TeV, beyond the current collider bounds.
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As highlighted at the beginning of this chapter, the rates are computed under
the assumption that all interaction partners are in thermal equilibrium. Con-
trary to the νMSM where these were suppressed by additional powers of the
mixing angle, interactions between multiple HNLs come at leading order in
the mLRSM. We expect however heavy neutrinos to deviate from equilibrium
only for T ≲ MN . At such low temperatures, these channels will be anyway
kinematically suppressed compared to the interactions of heavy neutrinos with
the massless SM particles. Nonetheless, this should in principle be taken into
account for accurate predictions of the RH neutrino evolution. Additionally,
the QKEs (3.35) describing the RH neutrino evolution would also need to be
modified. We leave such study for future works.
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Finally, we note that our computation does not capture 1) the standard
Yukawa interactions between LH and RH neutrinos, and 2) the non-renormalisable
interactions mediated by the scalar triplets ∆L and ∆R.10 Regarding 1), these
are well known and can be easily implemented as they do not differ from
the νMSM. Regarding 2), we expect these processes to be kinematically sup-
pressed in the non-relativistic regime and for small heavy neutrino mass split-
tings, which are typically required for successful leptogenesis. This is because
the scalar triplets can only mediate decays of a given heavy neutrino species
into a different heavy neutrino flavour.

4.4 Summary

Fermi-like interactions typically appear in several BSM scenarios. In or-
der to correctly predict the DM abundance or baryon asymmetry within such
scenarios, it is of crucial importance to accurately determine fermionic inter-
action rates in these systems. In this chapter, we compute at leading order
the finite-temperature interaction rates of fermions within a generic effective
Fermi theory, retaining their helicity dependence. We factor out the fermion
chiral structure and coupling from the interaction rates so as to easily recon-
struct the rates of any given Fermi-like scenario.

We then apply our results to the Neutrino Minimal Standard Model and
the minimal Left-Right Symmetric Model, for which we have computed both
the momentum-dependent and momentum-averaged heavy neutrino interac-
tion rates. For the νMSM, we observe percent-level agreement with the results
of [402,414] for a selected benchmark. For the mLRSM, this was to the best of
our knowledge the first time such a calculation (retaining all quantum statisti-
cal effects) was performed. Interestingly, we find that gauge interactions keep
HNLs close to equilibrium across the entire temperature range relevant for
low-scale leptogenesis as long as mWR

≲ 106 GeV, although a more compre-
hensive analysis would be necessary to precisely determine the lower bound on
mWR

imposed by leptogenesis. We also note that the precise impact that out-
of-equilibrium HNL distributions have on the rates and QKEs remains to be
properly investigated. The (momentum-dependent and momentum-averaged)
rates corresponding to these two models will be made available for specific
choices of the HNL mass in an online repository at a later time.

10Below the breaking scale of the SU(2)R symmetry, the scalar triplets can get a large mass,
proportional to vR. Integrating out these fields in principle leads to additional dimension 5 and
6 operators.
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Likewise, in addition to these two examples, we intend to provide tables
compiling the momentum-dependent rates of a generic heavy fermion in the
limit where it is much more massive than its interaction partners, along with
example code snippets in Python and Mathematica illustrating how to use these
results.



Chapter 5
Testing the seesaw and
leptogenesis mechanisms

In this chapter, we examine various phenomenological consequences of the
type-I seesaw mechanism and leptogenesis. While the minimal scenario with
ns = 2 RH neutrino generations has already been thoroughly investigated, see
e.g. [259, 384, 411], where it was shown that all 11 model parameters can, at
least in principle, be constrained from a combination of different experiments1

and leptogenesis further restricts their viable range, much less is known about
the next-to-minimal scenario with ns = 3. However, as highlighted in Chap. 3,
this scenario is typical in many SM extensions, e.g. the mLRSM or in pres-
ence of flavour symmetries. We therefore mostly focus on the case ns = 3
in this chapter (with the sole exception of Sec. 5.2.3). Sec. 5.1 focuses on
the constraints imposed on model parameters by the requirement to reproduce
neutrino masses. We also explore how flavour symmetries affect the testability
of this scenario. Then, in Sec. 5.2, we study the additional constraints set by
the requirement to reproduce the observed baryon asymmetry. We summarise
our results in Sec. 5.3 and finish with a brief outlook. This chapter is heavily
based on Refs. [1, 2, 5, 6, 8].

5.1 Testing the seesaw mechanism

Assuming RH neutrinos exist, are responsible for the origin of neutrino
masses and can be produced in sufficient numbers at colliders, it is interesting
to ask how much information about the 18 model parameters can be retrieved.
More specifically, this question can be addressed at several levels:

1Although, in practice, this may require experiments capable of reaching the seesaw line.
This is in general challenging, even though it might be reached in a limited mass range by
DUNE [209–211], SHiP [212–214] or FCC-ee [162, 433, 434].
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1. Does a given set of observables in theory contain enough information to
reconstruct all type-I seesaw model parameters assuming they can all be
measured with arbitrary precision?

2. Will any experiment in the near future be able to produce a sufficient
number of events to allow for this reconstruction, assuming an idealised
detector and the absence of systematic errors?

3. How much information can be extracted with realistic detectors?

The last question requires detailed simulations of the collisions but also of
the detector and goes beyond the scope of this work. We thus focus in this
section on the first two questions. To answer these, many different sets of
observables can be considered. In this work, we focus on the RH neutrino
branching ratios into the different SM flavours, parametrised through

Ũ2
αi

Ũ2 ≡

∣∣∣∣(Vν

√
mdiag

ν OνRC

)
αi

∣∣∣∣2
Tr
[
Vν

√
mdiag

ν OνRCRC
†O†

ν

√
mdiag

ν V †
ν

] . (5.1)

Compared to the standard mixing angles defined in Eq. (3.16), this definition
has the advantage of being completely independent of the HNL mass and mass
splittings. In the limit ∆M → 0, these two definitions coincide. In the regimes
where HNLs can be kinematically resolved experimentally, these flavour ratios
can be directly extracted from the flavour content of semi-leptonic HNL decay
products. While more complicated observables could also be used, such as
angular and energy distributions or lepton number violation, their simulation
requires non-standard tools [435] and goes beyond the scope of this work.

We start by investigating this question for the agnostic scenario with ns =
3. Subsequently, we examine how the picture changes in the presence of the
flavour and CP symmetries introduced in Sec. 3.4. Lastly, we briefly discuss
the possibility to access model parameters by measuring the lifetimes of the
HNLs.

5.1.1 How much information can we retrieve in the event
of a discovery?

Firstly, it is important to notice that the range of flavour ratios Ũ2
α/Ũ

2 ≡∑
i Ũ

2
αi/Ũ

2 consistent with light neutrino oscillation data is limited and strongly
depends on the mass m0 of the lightest SM neutrino as well as the neutrino
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mass ordering. Accurately measuring the flavour ratios could therefore give us
access to the entire light neutrino mass spectrum. Alternatively, independent
measurements of m0 — from β decays [436] or from cosmological observa-
tions [117,437,438] — combined with collider measurements of the flavour ra-
tios provide a consistency check of the type-I seesaw model. As an illustration,
we display in Fig. 5.1 the allowed range of Ũ2

α/Ũ
2 for both mass orderings and

different choices of m0, see also [439, 440] for similar figures. While the two
leftmost panels were obtained by fixing light neutrino oscillation parameters
to their best-fit values (except δ, which is marginalised over), we also assess
(in the rightmost panel) the uncertainty related to the light neutrino oscillation
data by varying all parameters within their 3σ ranges (assuming m0 = 0).

As discussed earlier, the ns = 3 scenario possesses 18 parameters, 5 of
which are already fixed by light neutrino oscillation data. This leaves 13 free
parameters to reconstruct. If all three HNLs are kinematically distinguishable,2

it is in theory possible to measure all nine Ũαi/U
2 branching ratios. Combin-

ing these observables with the three HNL masses, one clearly sees that, at best,
12 model parameters can be reconstructed. However, as we have seen, some
of these parameters can be determined from complementary low-energy mea-
surements. In particular, the Dirac CP phase δ is expected to be measured
in the foreseeable future by DUNE [442] or T2HyperK [443–445] whereas
0νββ experiments are sensitive to a combination of the Dirac and Majorana
CP phases. In the following, we therefore consider δ fixed3 and freely vary the
remaining parameters.

This simple parameter counting is however not sufficient to ensure that ev-
ery model parameters can be reconstructed as degeneracies might remain, even
if one assumes that the Ũ2

αi/U
2 can be measured with arbitrary precision. In

the following, we will numerically verify this is not the case. For this purpose,
it is useful to organise the discussion in powers of ϵ, defined in Eq. (3.28),
which is the main parameter governing the expected number of events ob-
served at colliders. In the minimal model with ns = 2 for instance, the branch-
ing ratios U2

αi can be expressed as Laurent polynomials in ϵ, involving only
integer powers of ϵ, specifically ϵ1, ϵ0 and ϵ−1 [259, 446, 447]. Note that, for
the sake of brevity, we will only show a limited number of formulae. More

2Preliminary studies [434] showed that the expected relative mass resolution at FCC-ee
could be of O(1%) for HNLs.

3For m0 = 0, one of the Majorana CP phases becomes unphysical, rendering this assump-
tion in principle unnecessary in this case.
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2µ /Ũ
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Figure 5.1: Range of flavour ratios Ũ2
α/Ũ

2 consistent with light neutrino oscillation
data for both NO (left panel) and IO (middle panel), assuming different values of m0.
The three PMNS angles and 2 observed neutrino mass splittings are fixed to their best
fit values [441] but δ is completely marginalised over. The right panel underscores
(for m0 = 0) the impact of marginalising over the light neutrino parameters. Figure
and caption slightly adapted from [6].

details and explicit expressions can be found in [6], in particular in appendix
A.

Order 1/ϵ. Starting with the leading order, one can show that the branch-
ing ratios U2

αi factorises

U2
αi = U2

i U
2
α

U2 + O(1/
√
ϵ) (5.2)
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in this limit. This factorisation can easily be understood by looking at the
relations between the different U2

αi

MiU
2
αi = M̄Ũ2

α ×



1
2
(
1 − c2

N1s2
N2
)

for i = 1,
1
2c2

N1 for i = 2,
1
2
(
1 − c2

N1c2
N2
)

for i = 3 .

(5.3)

Summing over the SM flavour α, one obtains the same relation between the
Ũ2

i . Therefore, only 5 parameters are accessible at leading order. To illustrate
the sensitivity to each model parameter, we display the parametric dependence
of the total mixing angle, which takes the particularly simple form

M̄Ũ2 = e2γ

2
(
m1[1 − c2

ν1s2
ν2] +m2c2

ν1 +m3[1 − c2
ν1c2

ν2]
)
. (5.4)

This expression shows that, at leading order and up to discrete degeneracies,
one possible set of reconstructible parameters includes θN1, θN2, θν1, θν2 and
α2. These can be expressed in terms of other model parameters, assuming the
latter have been independently measured. Note that, in this subsection, we use
the convention in which the Majorana mass matrix reads diag(eiα1/2, eiα2/2, 1),
which can be easily mapped onto the convention used in Eq. (3.4).

Order 1/
√
ϵ. Genuinely new is the appearance of contributions at O(1/

√
ϵ),

which vanish for ns = 2. Mathematically, this is simply a consequence of the
fact that the parametrisation (3.27) of RC involves only terms proportional to√
ϵ and 1/

√
ϵ for ns = 2, whereas the third RH neutrino generation gives rise

to O(ϵ0) terms. This can also be understood by examining the combinations

dαi =
∑
j,k

ϵijkU
2
βjU

2
γk = M̄2∑

j,k

ϵijk

Ũ2
βjŨ

2
γk

MjMk
, (5.5)

which all vanish at LO because of the factorisation (5.2) and are therefore di-
rectly sensitive to next-to-leading order (NLO) contributions. Indeed, these
combinations scale differently depending on the number of RH neutrino gen-
erations. In particular,

dαi ∼ O(U4ϵ) for ns = 2, (5.6)
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Benchmark M̄ θν1 θν2 ω γ θN1 θN2 δ α1 α2 m0
1 7 GeV π/14 π/3.2 1 5 π/5.1 π/4 1.3π 0 π/10 0 eV
2 7 GeV π/2.57 π/3.2 1 5 π/5.1 π/4 1.3π 0 π/10 0.01 eV

Table 5.1: Benchmarks chosen for our numerical analyses. In Figs. 5.2 and 5.3, we
further assume that both mass splittings are 1 GeV, i.e. Mi ∈ {6, 7, 8} GeV. Inverted
ordering is assumed.

whereas these combinations scale as

dαi ∼ O(U4√
ϵ) for ns = 3 . (5.7)

Remarkably, we found that, for the benchmarks listed in Tab. 5.1, all remaining
model parameters are accessible at this order. Hence, we expect that the fact
that all model parameters are, in principle, accessible at O(1/

√
ϵ), rather than

at O(ϵ0), partially compensates for the larger dimensionality of the ns = 3
parameter space.

The full picture. Using the complete expressions for the flavour ratios
Ũ2

αi/Ũ
2, we then perform a numerical scan of the model parameter space to

check whether the sets of parameters listed in Tabs. 5.1 are unique (within
the fundamental domain defined in Tab. 3.2) or whether different choices of
model parameters lead to the same flavour ratios. For these two benchmarks
(as well as for a few benchmarks with NO), we find that the mapping between
the Ũ2

αi and the model parameters is indeed bijective (provided that δ is de-
termined in low-energy experiments). Therefore, we can answer positively
to the first question posed at the beginning of this section. We must how-
ever caution that this bijectivity was only established with certainty for a few
benchmarks and it cannot be concluded that it holds across the entire model
parameter space. Moreover, it also relies on using the complete expression
for the Ũ2

αi/Ũ
2. When considering only the LO terms, the system exhibits a

higher degree of symmetry, e.g. under θN1 → π − θN1, and there exist dis-
crete degeneracies. This raises the question of how much information can be
retrieved in practice for semi-realistic experiments, which will be the focus of
the remainder of this subsection.

Parameter reconstruction in semi-realistic experiments

We now evaluate whether near futures experiments can realistically mea-
sure the flavour ratios Ũ2

αi with sufficient precision. The expansion parameter
ϵ essentially determines the distance to the seesaw line (3.17). Several exper-
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iments can get close or reach the seesaw line, including DUNE and SHiP. In
this work, we focus on FCC-ee (or equivalently CEPC) because of its sensi-
tivity but also because the number of events that can be seen in an idealised
detector of given dimensions can be computed analytically [448] and formulae
to estimate the sensitivities to the Ũ2

αi have already been derived in [384].
The statistical approach followed in the rest of this work is strongly in-

spired by the approach taken in [384]. Essentially, we focus on displaced ver-
tex searches such that one can safely neglect the SM background [449]. In this
regime, the analytical estimates for the event numbers provided by [448] fit
reasonably well results from more comprehensive simulations [162]. We also
assume that all charged particles in all final states can be seen with 100% detec-
tor efficiencies and focus on semi-leptonic final states, for which the extraction
of the Ũ2

αi is most straightforward.
Because the number of observed semi-leptonic events is expected to follow

a Poisson distribution [384], we can use the χ2-function

χ2 =
∑
α,i

[
(U2

αi)ms − (U2
αi)ev

∆(U2
αi)ms

]2

(5.8)

in order to estimate the statistical significance of the measurements. In this
equation, (U2

αi)ms is the measured value of U2
αi (with a standard deviation

∆(U2
αi)ms), corresponding to one of the benchmark listed in Tab. 5.1, whereas

(U2
αi)ev denotes the fiducial value, i.e. the true value of U2

αi. Assuming a
Poisson distribution for the event numbers in each channel, the mixing angles
U2

αi can be obtained from the number of measured events Nαi arising from the
decay of the HNL Ni into a charged lepton of flavour α. The total number
of semi-leptonic events accordingly reads N =

∑
α,i Nαi. In this case, the

statistical uncertainties on the measured quantities can be estimated as

∆U2
αi

U2
αi

≃
√

Nαi

Nαi
,

U2
αi

U2 ≃ Nαi

N
. (5.9)

Therefore, we can express the standard deviation as

∆U2
αi =

√
U2

αiU
2

N
. (5.10)
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Figure 5.2: (Left panel) Dependence of the χ2-function on γ. (Right panel) Equiv-
alent plot for θN2. In both panels, all other model parameters are marginalised over.
Event numbers in each channel correspond to the first benchmark in Tab. 5.1. Figures
taken from [6].

Inserting this result in Eq. (5.8), we obtain

χ2 = N
∑
α,i

[
(U2

αi)ms − (U2
αi)ev

]2
(U2

αiU
2)ms

. (5.11)

Using the analytical formulae provided in [448], we obtain that N ≃ 105 for
the two benchmarks listed in Tab. 5.1, assuming an IDEA-type detector [433].

In Fig. 5.2, we illustrate the potential sensitivity of FCC-ee/CEPC to γ and
θN2 for the first benchmark in Tab. 5.1, using the method described above and
marginalising over all remaining parameters. In this figure, the 1σ, 2σ and
3σ intervals correspond to the regions where the blue curve remains below the
dashed lines corresponding to χ2 = 1, 4 and 9, respectively. As can be clearly
seen, these parameters could be measured with a reasonably good accuracy.

Unfortunately, this is not the case for every parameter. In particular, the
Majorana phase α2 as well as the angle θν2 cannot be precisely constrained
and only correlations between these two parameters can be extracted for this
benchmark choice. This can be seen in the left panel of Fig. 5.3. In the right
panel on the other hand, we focus on the second benchmark in Tab. 5.1, which
has a non-zero value for m0. Remarkably, a measurement at FCC-ee/CEPC
could exclude m0 = 0 (and, hence, scenarios with ns = 2). This illustrates
well the complementarity between measurements at colliders and cosmolog-
ical as well as low-energy experiments. Our capacity to exclude m0 = 0
however largely depends on the values taken by the flavour ratios, i.e. it is
significantly improved if the fiducial value for these ratios falls outside of the
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Figure 5.3: (Left panel) Two-dimensional χ2(θν2, α2), represented by the colours as
indicated in the legend. (Right panel) Dependence of the χ2-function on m0. Event
numbers in the left (right) panel correspond to the first (second) benchmark in Tab. 5.1.
In both panels, all remaining model parameters are marginalised over. Figures taken
from [6].

standard m0 = 0 region delimited in Fig. 5.1. For the first benchmark (with
m0 = 0), we find that FCC-ee could exclude at the 3σ-level values ofm0 larger
than ≈ 0.08 eV. It is therefore unlikely that colliders will be competitive with
cosmological bounds. Nonetheless, having complementary laboratory probes
of m0 would be extremely valuable. In this context, collider searches could
potentially be more sensitive than the KATRIN experiment, which currently
constrainsm0 ≲ 0.45 eV at 90% C.L. [436], with a projected sensitivity of 0.2
eV in the future [450]. We should, however, caution that the proposed mea-
surement is indirect and significantly model-dependent, whereas KATRIN is
based directly on kinematics and is therefore far less model-dependent. More-
over, in contrast to the sensitivity estimates of KATRIN, our analysis does not
account for realistic detector simulations.

5.1.2 Impact of flavour symmetries

We now turn to the phenomenology of type-I seesaw models endowed with
flavour and CP symmetries. These scenarios can in general be constrained
on several fronts. The flavour and CP symmetries indeed tend to predict spe-
cific values for various light neutrino oscillation parameters, but also severely
restricts the viable range of HNL flavour ratios. In the remainder of this sub-
section, we will neglect the HNL mass splittings and thus identify Ũ2

α/Ũ
2 with

U2
α/U

2.
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Case 1) Starting with Case 1), we find numerically that constraints from
the global fit data [441]4 on the lepton mixing angles essentially fix θL (or θ̃L

if m0 > 0) to

θL ≈ 0.183 (0.184) . (5.12)

for NO (IO). This yields the following prediction for the PMNS angles:

sin2 θ13 ≈ 0.0220 (0.0222) , sin2 θ12 ≈ 0.341 , sin2 θ23 ≈ 0.605 (0.606) .
(5.13)

The best-fit value quoted above corresponds to a ∆χ2 value of approximately
11.9 (11.2), thereby remaining consistent with experimental data at the 3σ
level. Interestingly, Case 1) is highly predictive with respect to the various low-
energy CP phases. In particular, the group theory parameter s, see Eq. (3.57)
for a definition, fixes the value of the Majorana phase α1 through the relation
sinα1 = | sin 6φs|. In this case, this Majorana phase is the only source of
low-energy CP violation as the sine of the other two CP phases, the Dirac
phase δ and the second Majorana phase β ≡ α2 − 2δ, are forced to vanish,
i.e. sin δ = 0 and sin β = 0. For this reason, future experimental results
from DUNE [442] or Hyper-Kamiokande [443–445] are expected to provide
valuable insights about the viability of this first case.

In addition to their impact on light neutrino oscillation data, flavour and CP
symmetries also limit the possible flavour ratios U2

α/U
2. In the large-U2 limit,

we find for these ratios

U2
α

U2 ≈


2
3 sin2 θL,α for NO ,
2
3 cos2 θL,α for IO ,

(5.14)

where we have defined the quantity

θL,α = θL + ρα
4π
3 with ρe = 0, ρµ = +1, ρτ = −1 . (5.15)

It is interesting to note that there exists a direct connection between some of
these flavour ratios and the light neutrino mixing angles, e.g. we have

U2
e

U2 = sin2 θ13 ≈ 0.022 , (5.16)

for NO and m0 = 0.
4Throughout this study we use the global fit results v5.1 of νFIT. These are (very) similar to

the updated results v6.0 [236].
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Figure 5.4: Case 1) Range of viable flavour ratios U2
α

U2 assuming NO (left plot) and
IO (right plot). The different colours indicate different values of the lightest neutrino
mass m0. The point shown in orange corresponds to the choice m0 = 0, while the
points in violet correspond to the current upper bound (3.6) onm0 from Planck. Figure
taken from [8].

For a general choice of m0 and mass ordering, we display these flavour
ratios in Fig. 5.4. It is clear that the viable parameter is very reduced for
this first case. Moreover, there is no overlap between the flavour ratios for
NO and IO. Therefore, a sufficiently accurate measurement of these flavour
ratios at colliders or other laboratory experiments would give us a direct access
to the light neutrino mass ordering as well as to the lightest neutrino mass
m0, thereby highlighting the complementarity with cosmological and β decay
constraints. For indicative purposes, we note, see Fig. 5.6, that U2 should
be about two orders of magnitude larger than the naive seesaw limit (3.17) in
order to achieve at least 10% relative accuracy on the flavour ratio U2

e /U
2 at

FCC-ee, assuming M = 10 GeV. With such precision, we for instance expect
to be able to distinguish between the different mass orderings.

While scenarios with flavour and CP symmetries are in general more pre-
dictive than the agnostic scenario discussed in the previous subsection, Case
1) is particularly predictive and may not be representative of all cases. For this
reason, we also consider a second incarnation of this flavour and CP symmetric
scenario, namely Case 3 b.1).

Case 3 b.1) In this case, θL is not as constrained and can take a broad
range of values. Interestingly, the ratio m/n is forced to be close to 1/2, i.e.
0.44 ≲ m/n ≲ 0.56. For m/n = 1/2 exactly, we can relate the Majorana
phases to the group theory parameter φs via sinα1 = sin β = | sin 6φs|. In
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Figure 5.5: Case 3 b.1) Range of viable flavour ratios U2
α

U2 assuming NO (left plot)
and IO (right plot). We compare two different values of m0: m0 = 0 (darker red area)
and m0 = 0.03 eV (lighter red) for NO as well as m0 = 0 (darker blue area) and
m0 = 0.015 eV (lighter blue) for IO. We marginalise over φm and φs in their allowed
intervals. The black regions correspond to regions of parameter space in which only
the lepton mixing angles can be fitted at the 3σ level or better, but not the CP phase
δ [441]. Figure taken from [8].

general, however, the relations between the model parameters and the light
neutrino oscillation parameters are more complicated.

Regarding the HNL flavour ratios, they read, in the large-U2 limit,

U2
α

U2 ≈


1
3

(
1 + sin2 θL cos 2φm,α +

√
2 sin 2 θL cosφm,α cos 3φs

)
for NO ,

1
3

(
1 + cos2 θL cos 2φm,α −

√
2 sin 2 θL cosφm,α cos 3φs

)
for IO .

(5.17)
In this equation, we have defined

φm,α = πm

n
+ ρα

4π
3 = φm + ρα

4π
3 , (5.18)

with ρα defined as in Eq. (5.15).
The viable range of flavour ratios for both NO and IO as well as two dif-

ferent (extremal) choices for m0 is displayed in Fig. 5.5. It is clear that the
predictive power is reduced compared to Case 1). In particular, depending on
where we sit in the parameter space, it is not necessarily possible to distinguish
the different mass orderings and values of m0. Nonetheless, comparing with
Fig. 5.1, we observe that flavour and CP symmetries still drastically reduce the
viable parameter space. Assuming, for illustrative purposes, a similar preci-
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sion as discussed for Case 1), it may also be possible to distinguish not only
between certain cases, but also between different choices of the relevant group
theory parameters. However, this conclusion strongly depends on the under-
lying model parameters. For instance, while Case 1) and Case 3 b.1) can be
readily distinguished in the case of IO, doing so becomes significantly more
challenging in the case of NO. A detailed comparison of the flavour ratios in
all four cases, Case 1) to Case 3 b.1), along with a more in-depth analytical
study of the boundaries of the parameter space is provided in [8].

Before closing this subsection, we briefly comment on the validity of us-
ing the large-U2 limit. While the flavour ratios can deviate from the expec-
tation in (5.14) and (5.17) for values of the mixing angle close to the seesaw
line, we have verified that this remains a good approximation in the region
where a sufficient number of events can be observed at colliders. This is il-
lustrated in Fig. 5.6. Based on the simplified analytical formulae provided
in [448], the left (right) panel of this figure displays the expected number of
observed HNL semi-leptonic decays during the Z-pole run of FCC-ee/CEPC
as function of the flavour ratio U2

e
U2 for Case 1) (Case 3 b.1)). We assumed a

Majorana mass of M = 10 GeV and 1012 produced Z bosons. More details
about the considered benchmarks are provided in the caption. In the figure,
black points correspond to fewer than one expected event, while the colour bar
indicates that semi-leptonic event numbers as large as 105 could be attained.
Using Eq. (5.9), it is possible to estimate the expected statistical uncertainty on
U2

e /U
2. The iso-uncertainty contours corresponding to relative statistical un-

certainties of 10% and 1% are shown in green and blue, respectively. Fig. 5.6
clearly demonstrates that, in the region where FCC-ee and CEPC could detect
multiple events, the approximations (5.14) and (5.17) are expected to hold.
Moreover, it highlights that the ratios U2

α
U2 could indeed be measured with high

precision, potentially enabling to discriminate between the different cases, to
distinguish among the light neutrino mass orderings, and to determine of the
lightest neutrino mass m0.

5.1.3 Heavy neutrino lifetime

In Sec. 5.1.1, we focused on scenarios where all three HNLs can be kine-
matically distinguished. While such a situation is possible, it is by no means
a requirement. For near-degenerate RH neutrinos, the total number of events
in each channel depends solely on the ratios U2

α/U
2 =

∑3
i=1 U

2
αi/U

2. As a
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Figure 5.6: Event numbers displayed in the U2
e

U2 − U2-plane for semi-leptonic
decays expected at FCC-ee/CEPC for 1012 produced Z bosons. The Majorana mass
M is set to M = 10 GeV, the splitting λ to λ = 0 and we assume light neutrino
masses follow NO, while marginalising over κ. The left plot refers to Case 1) with
the lightest neutrino mass being zero, m0 = 0, while in the right plot results for Case
3 b.1) and m0 = 0.03 eV are displayed. For both cases we marginalise over s

n , and
for Case 3 b.1) also over m

n . The colour bar indicates the obtained event numbers; in
particular, black points refer to numbers smaller than one. The green (blue) contour
highlights the region in which U2

e

U2 can be measured with 10% (1%) relative accuracy.
For further details see text. Figure taken from [8].

result, all experimental5 sensitivity to the number of RH neutrino generations
is lost. However, the potentially large number of events that can be observed at
FCC-ee/CEPC opens up the possibility of measuring the differential distribu-
tion of heavy neutrino decays as a function of the distance from the collision
point, and therefore accessing their lifetime. In the presence of multiple HNLs,
the lifetime distribution is expected to deviate from a simple exponential decay
law, even if these HNLs are kinematically indistinguishable.

For simplicity, we illustrate this point using Case 1), discussed earlier. In
collider settings, the physical mass splittings receive a contribution from the
interaction with the Higgs boson

∆M̂θθ ≈ v2
ew
M

Re
(
Ŷ † Ŷ

)
(5.19)

= v2
ew
M

Re
(
U †

R Ω(3′)Rkl(θR) (P ij
kl )

T diag(y2
1, y

2
2, y

2
3)P ij

kl Rkl(−θR) Ω(3′)† UR

)
5As discussed in the previous subsections, imposing a posteriori the requirement to repro-

duce the light neutrino oscillation data effectively introduces constraints on these ratios that
depend on ns, but these are purely theoretical.



5.1. Testing the seesaw mechanism 139

in addition to the Lagrangian mass splittings (3.53) and (3.54); see also Eq. (3.12).
For Case 1), the full mass matrix takes the form

M̂N ≈

M 0 0
0 M 0
0 0 M

+M


U2

3 + 2κ − U2

3
√

2 0
− U2

3
√

2
U2

6 − κ+ λ 0
0 0 U2

2 − κ− λ

 .

(5.20)

To determine the expected HNL lifetimes in this scenario, one must first diag-
onalise the mass matrix (5.20). This yields the following hierarchy among the
mixings of the three HNL generations

U2
1 : U2

2 : U2
3 = cos2 αN : sin2 αN : 1 , (5.21)

where the angle αN is given by

tan 2αN = − 4
√

2 (3κ− λ)
3U2 + 2 (3κ− λ) . (5.22)

In two relevant limiting cases — when the HNLs are either completely mass-
degenerate or exhibit large mass splittings at the Lagrangian level — these
simplify to:

U2
1 : U2

2 : U2
3 =

1 : 0 : 1 for U2 ≫ |3κ− λ| ,
2 : 1 : 3 for U2 ≪ |3κ− λ| .

(5.23)

Tab. 5.2 summarises the values taken by these ratios in various cases and lim-
iting regimes, see also [8] for a more comprehensive analysis. We note that,
for U2 much larger than the vacuum mass splittings, two RH neutrinos always
combine to form a pseudo-Dirac pair, as is the case for ns = 2. This observa-
tion holds even in non-flavour-symmetric scenarios. Moreover, we would like
to emphasise that, in the limit U2 ≫ |3κ−λ|, U2

2 is not necessarily vanishing,
as it receives small contributions from the mass splittings κ and λ as well as
from m0.

In Fig. 5.7, we illustrate the expected differential distribution of HNL de-
cays as a function of the distance from the collision point in various limiting
cases. In the limit of large U2, the factorisation (5.2) implies that all three
HNLs have the same flavour ratio U2

αi/U
2
i . As a result, the shape of this dis-

tribution depends only on the ratios U2
1 : U2

2 : U2
3 . Fig. 5.7 highlights that

a large number of observed events at FCC-ee/CEPC could allow these ratios
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Case |λ| ≫ U2 |κ| ≫ U2 ≫ |λ| U2 ≫ |κ|, |λ|
Case 1) 2 : 1 : 3 2 : 1 : 3 1 : 0 : 1
Case 3 b.1), 4 : 1 : 3 1 : 0 : 1 1 : 0 : 1
m even and s odd
Case 3 b.1), 4 : 11 : 9 1 : 3 : 2 0 : 1 : 1
m odd and s even

Table 5.2: Ratios of heavy neutrino mixing, U2
1 : U2

2 : U2
3 , for the different cases,

Case 1) through Case 3 b.1), depending on the relative size of the splittings κ and λ
and the total mixing U2. These results are valid for both light neutrino masses with
NO and with IO. Note that the heavy neutrino corresponding to 0 does not completely
decouple, but has a negligible coupling compared to the other two. Table slightly
adapted from [8].
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Figure 5.7: Expected differential distribution of heavy neutrino decays as a func-
tion of l/λN assuming the different ratios from Tab. 5.2. We show the distribution
both on a log scale (left) and on a linear scale (right). The following ratios of heavy
neutrino mixing are considered: 2 : 1 : 3 (orange, dashed), 4 : 11 : 9 (green, dotted),
4 : 1 : 3 (red, dot-dashed) as well as 1 : 0 : 1 (blue, solid), all found in Tab. 5.2,
together with 1 : 1 : 1 (gray, solid). For comparison, we also include a case with
an almost decoupled state, whose lifetime is determined by κ = 0 and λ ≈ 0.2 · U2

(violet, solid). Figure taken from [8].

to be measured and, in particular, make it possible to infer the presence of
more than one HNL species even if HNLs are kinematically indistinguishable.
While a precise determination of each lifetime would generally require a de-
tailed statistical analysis, it is instructive to note that the presence of an almost
decoupled state could manifest as a long-lifetime tail in the distribution. For
sufficiently large event numbers, this tail could be clearly separated from the
bulk of the decays.
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5.2 Testing leptogenesis

Until now, we have limited ourselves to understanding how strongly the
type-I seesaw model parameters are constrained by the requirement to repro-
duce the light neutrino oscillation data alone. It is interesting to examine next
how this picture changes when the additional requirement to reproduce the ob-
served BAU is imposed. As before, we begin by assessing the size of the viable
parameter space in the vanilla ns = 3 type-I seesaw model before turning to
scenarios endowed with flavour and CP symmetries. We finish by exploring in
Sec. 5.2.3 the interplay between constraints set by leptogenesis and by 0νββ
experiments.

5.2.1 Mapping the parameter space for leptogenesis with
three RH neutrino generations

The expected signature of RH neutrinos at a broad range of experiments
primarily depends on their mixing angle U2

α and mass scale M̄ . It is therefore
primordial to comprehensively scan the parameter space and estimate the range
of mixings and masses that are compatible with leptogenesis. While such scans
have already been done in the minimal case ns = 2, see e.g. [169,293,331] for
recent results, no comprehensive studies of this sort exist for ns = 3, which
was only explored in the ARS regime in [451]. For ns = 2, it is well known
that the upper bound on the mixing angle is highly sensitive for M̄ ≲ mW

to how flavour hierarchical the washout can be. For large Yukawa couplings,
the 2 HNLs indeed form a pseudo-Dirac pair, and the system is quickly driven
to equilibrium. In this regime, a complete washout of the lepton asymmetries
can only be avoided through large flavour hierarchies, the degree of which is
constrained from light neutrino oscillation data [199]. The presence of a third
(decoupled) HNL may, however, relax the experimental constraints, as well
as reduce the amount of flavour asymmetry required in the washout. One can
therefore naively expect a sizeable increase in the viable parameter space.

In order to confirm this intuition, we solve the set of QKEs (3.35) across
the experimentally accessible mass range for two sets of initial conditions: 1)
vanishing initial conditions (VIC), i.e. assuming the RH neutrinos have zero
initial abundance, and 2) thermal initial conditions (TIC), i.e. assuming that
additional interactions have brought RH neutrinos in thermal equilibrium at
high temperatures (while remaining negligible across the temperature range
relevant for leptogenesis). Moreover, we further impose the following three
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Figure 5.8: Allowed parameter space for leptogenesis with 3 νR for VIC (inside solid
black line) and TIC (inside dashed black line) as well as m0 = 0 eV (left panel) or
m0 = 0.1 eV (right panel). The gray area highlights the experimentally excluded
region, while the coloured lines represent the projected sensitivities of various current
and planned experiments. Further details are provided in the main text. Figure and
caption slightly adapted from [1].

criteria on all parameter points to ensure the theoretical consistency of our ap-
proach. First, we ask U2 < 0.1 such that the seesaw expansion (and more
specifically the Casas-Ibarra parametrisation (3.21)) remains valid. Secondly,
we require the vacuum HNL decay width to be smaller than half their mass
such that they form well-defined quasiparticles in vacuum. Lastly, we require
that the loop corrections (3.30) to the light neutrino masses remain subdomi-
nant such that using the tree-level Casas-Ibarra parametrisation is sufficient.

We display the results of this scan in the M̄ − U2 plane, M̄ being the av-
eraged HNL mass, in Fig. 5.8. Given that the upper bound on U2

µ is typically
close to that on U2, and that experimental searches tend to be most sensitive
to scenarios with a pure muon mixing, experimental sensitivities are expressed
assuming a U2

e : U2
µ : U2

τ = 0 : 1 : 0 mixing pattern. In gray, we dis-
play the already experimentally excluded region for this model. This region
includes a broad range of different constraints. Values of U2 below the naive
seesaw limit (3.17) are excluded as they cannot reproduce neutrino oscilla-
tion data [236]. For masses below 1 GeV, cosmological constraints start to be
relevant. Indeed, it has been long known that sufficiently long lived HNLs,
i.e. HNLs with lifetime larger than ∼ 0.1s, will spoil BBN [452–455]6 and
the post-BBN history [295, 456–458], mainly because the additional contri-
bution of HNLs to the universe’s energy density increases the Hubble rate,
leading to an earlier freeze-out of the p ↔ n conversion, and because their
decays to leptons and/or mesons will modify the rates of p ↔ n conversion,
e.g. by distorting the SM neutrino spectrum or due to meson-driven conver-

6This condition relaxes for M̄ ≲ 50 MeV, see e.g. Fig. 6 of Ref. [454].
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sions such as π− + p → n + π0 [455]. These two constraints effectively
set a lower bound on the mixing of RH neutrinos, which is stronger than the
lower limit obtained from neutrino oscillation data [250] for masses below a
few GeVs. Even though BBN constraints in principle depend on the mixing
flavour pattern, we marginalise in this work over the mixing pattern to only
display the region of the parameter space that is excluded with certainty.7 Fi-
nally, this gray region also comprises the experimentally excluded region iden-
tified in the global scan [439]. In particular, the largest values of the sterile-
active mixing angle U2 are excluded by a combination of peak (cf. e.g. the
searches performed at PIENU [461], E949 [462], KEK [463], and NA62 [200])
and displaced vertex (cf. e.g. the searches performed at PS-191 [464, 465],
BEBC [466, 467], NuTeV [468], DELPHI [469], CHARM [470], T2K [201],
ATLAS [202], and CMS [204, 471]) searches as well as electroweak precision
data and constraints from CKM unitarity. The latter two provide the leading
constraints for masses above O(100) GeV. The coloured lines indicate the esti-
mated sensitivities of the LHC main detectors (taken from [215,216,472,473])
and NA62 [199] along with that of selected planned or proposed experiments
(DUNE [210], FASER2 [474], SHiP [213, 214], MATHUSLA [475], Codex-
b [476]) as well as future lepton colliders [384] or proton colliders [477]. We
emphasise that most of these studies assume that HNLs only couple to one
unique SM flavour. While this assumption is suitable to define a set of com-
monly agreed benchmarks for a reasonable comparison between experiments,
see e.g. [478, 479], realistic models require HNL mixings with all three SM
flavours, see e.g. Fig. 5.1, and some experimental searches, in particular dis-
placed vertex searches, can show a strong dependence on the relative mixing
pattern U2

e : U2
µ : U2

τ [480, 481].
Comparing the left panel of this figure to e.g. figure 1 in [293], it is clear

that the total active-sterile mixing angle U2 consistent with the observed BAU
can be orders of magnitude larger than what is possible in the ns = 2 model.
One reason that can explain this increase is the presence of the third HNL,
which can almost decouple from the SM in the approximateB−L-conserving
regime, see e.g. Eq. (3.20). Hence, its equilibration can be delayed up to a
point where most of the baryon asymmetry is generated just before the freeze-

7Note that there exist also constraints on the HNL (and other feebly coupled particle species)
mixing from their impact on supernova explosions, but these depend on the details of modelling
the explosion (cf. e.g. [459] and references therein), and have been shown to be avoidable for
axion-like particles [460]. We therefore chose to ignore these in this work.
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Figure 5.9: Evolution of the RH neutrino abundances in the flavour basis (left panel)
and the total BAU (right panel) as a function of the temperature for a benchmark close
to the upper bound displayed in Fig. 5.8. Figure taken from [10].

out of the sphaleron process.8 This behaviour is illustrated for a specific choice
of parameters in Fig. 5.9. While one might naively expect the upper bound on
the mixing angle to scale as 1/M̄ above the TeV scale based on the scaling
law derived in [169], we find that this is not the case as the constraints on the
radiative corrections to the light neutrino masses spoil this simple behaviour.

For masses above the electroweak scale, it is interesting to remark that the
parameter space for TIC is slightly larger than the one for VIC. This is simply a
consequence of the well-known fact [262] that the asymmetry produced during
the HNL approach to thermal equilibrium is of opposite sign compared to the
asymmetry generated during HNL freeze-out. Hence, those partially cancel in
the case of VIC, leading to a slightly smaller baryon asymmetry. In addition,
we observe that leptogenesis remains feasible for masses as low as 1.7 GeV if
one assumes TIC. This part of the parameter space lies within reach of various
current experimental searches and could already be tested at e.g. NA62, albeit
only a tiny fraction of it could be probed. While this might seem surprising
given that M̄ ≪ Tsph in this mass range, the enhancement of the asymmetry
due to resonant and flavour effects turns out to be sufficient to overcome the
suppression by (M̄/T )2 of the deviation from equilibrium [169,293,412,482].
For VIC on the hand, the lower limit on the HNL mass set by leptogenesis is
weaker than the constraints from BBN and past experimental searches.

In the right panel of Fig. 5.8, we also explore the impact of the lightest
neutrino mass on the size of the parameter space. While the range of allowed

8This observation calls into question our approximation of treating the sphaleron freeze-out
as instantaneous. However, we postpone a detailed study of the impact of a non-instantaneous
sphaleron freeze-out on our upper bound to future work.
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HNL mixing U2 remains orders of magnitude larger than in the ns = 2 case,
it is noticeably reduced compared to the latter. In particular, the upper bound
on U2 exhibits a significant dip at M̄ ≈ 100 GeV. This behaviour can be un-
derstood as the third RH neutrino generation can exactly decouple in the limit
m0 → 0. For m0 ̸= 0, all three generations remain at least feebly coupled,
which hinders the possibility of late BAU production noted in Fig. 5.9. The
observed dip marks the transition between a regime where most of the BAU
is produced during the HNL freeze-in to a regime where most of the baryon
asymmetry is generated during their freeze-out.

Finally, at the phenomenological level, the much larger range of mixings
consistent with leptogenesis not only significantly enhances the prospects for
discovering HNLs at existing or near-future experiments, but also imply that
a much larger number of them may be observed. For instance, the bench-
marks 5.1 lie outside the experimentally excluded region and as much as 105

displaced vertex events could potentially be observed at FCC-ee with these
choices of parameters [6]. As highlighted in Sec. 5.1.1, this could allow the
reconstruction of several model parameters. The resulting information could
then be used to perform consistency checks of the hypothesis that the model
(3.7) can simultaneously generate the light neutrino masses and the matter-
antimatter asymmetry in the universe.

5.2.2 Leptogenesis with flavour symmetries

As we have seen earlier, type-I seesaw models endowed with flavour and
CP symmetries feature a reduced parameter space, and the parametric depen-
dence of the branching fraction U2

α/U
2 is simplified. As a consequence, one

can also expect a better analytical understanding of the BAU as a function of
the different model parameters. On the other hand, this reduction in parameter
space may also significantly limit the feasibility of leptogenesis. In this sub-
section, we investigate these two aspects. We note that resonant leptogenesis
assuming a type-I seesaw scenario with the same flavour and CP symmetries
has also been studied in [483].

Analytical understanding of the baryon asymmetry

Assuming VIC and that lepton chemical potentials are initially vanishing,
one can solve the set of QKEs (3.35) perturbatively in HN and Γ. At leading
order, no asymmetry is generated since dρ/dt ∼ dρ̄/dt ∼ iΓρeq. At second
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order in these parameters, the source term is proportional to

Tr
[
Γ̃α(ρ̄− ρ)

]
∝ Tr

(
Γ̃α [HN ,Γ]

)
. (5.24)

A similar argument can be made for TIC. Given that both the rates and the
thermal and Higgs corrections to the Hamiltonian can be decomposed accord-
ing to Eq. (4.17), it is possible to understand BAU generation in terms of the
following three CP-violating combinations:

CLFV,α = iTr
( [
M̂2

M , Ŷ † Ŷ
]
Ŷ † Pα Ŷ

)
, (5.25)

CLNV,α = iTr
( [
M̂2

M , Ŷ † Ŷ
]
Ŷ T Pα Ŷ

∗
)
, (5.26)

CDEG,α = iTr
( [
Ŷ T Ŷ ∗, Ŷ † Ŷ

]
Ŷ T Pα Ŷ

∗
)
, (5.27)

where Pα represents the projector on the SM lepton flavour α,

Pe =

 1 0 0
0 0 0
0 0 0

 , Pµ =

 0 0 0
0 1 0
0 0 0

 , Pτ =

 0 0 0
0 0 0
0 0 1

 .

(5.28)
These CP-violating combinations play different roles and can dominate in dif-
ferent regimes of leptogenesis. In the following, we briefly summarise their
main features:

• CLFV,α violates lepton flavour but conserves the total lepton number, i.e.∑
αCLFV,α = 0. Therefore, any asymmetry generated by this term crit-

ically relies on the existence of a flavour-asymmetric washout, typically
parametrised by the following flavoured washout parameter

fα = (Ŷ Ŷ †)αα

Tr(Ŷ Ŷ †)
, (5.29)

in order to yield a non-zero total lepton number. As a consequence,
the resulting BAU is of O(Y 6), instead of O(Y 4) as one would naively
expect from Eq. (5.25). Nonetheless, it tends to dominate the BAU pro-
duction in the low mass regime, i.e. forM ≪ 100 GeV, as the remaining
two contributions are helicity-suppressed (by (M/T )2).

• On the other hand, CLNV,α directly violates the total lepton number.
While it is suppressed by (M/T )2 in the relativistic regime, it can give
sizeable contribution already for masses of O(10) GeV since it arises at
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O(Y 4). For larger masses, we typically have γ+ ≃ γ− and this contri-
bution can be of the same order or larger than the one from CLFV,α.

• Finally, the last CP invariant, CDEG,α, appears due to the thermal and
Higgs corrections to the Hamiltonian HN , and can exist even for degen-
erate RH neutrinos at the Lagrangian level, i.e. for κ = λ = 0. Because
HN and Γ commute in both the ultra-relativistic and non-relativistic lim-
its, i.e. the mass and flavour bases are aligned, the asymmetry generated
by this invariant peaks at M/T ∼ 1. Furthermore, since it only violates
lepton flavour and not the total lepton number, it also relies on the pres-
ence of a flavour-asymmetric washout and, therefore, the BAU can only
appear at O(Y 8).

Interestingly, one can directly relate the above CP-violating combinations to
the flavoured decay asymmetries ϵNiα, which — omitting a possible regulator
and factor (Ŷ †Ŷ )ii, both of which generally depend on the index i of the RH
neutrinos — read [267]∑

j

Im
(
Ŷ †

iαŶαj

)
Re
(
(Ŷ †Ŷ )ij

)
(M2

i −M2
j ) . (5.30)

On the other hand, one can develop the expressions for CLFV,α and CLNV,α

found in Eqs. (5.25) and (5.26) to obtain

CLFV,α = i
∑
i,j

M2
j {(Ŷ T Ŷ ∗)ij (Ŷ †

iαŶαj) − (Ŷ †Ŷ )ij (Ŷ T
iαŶ

∗
αj)} (5.31)

and

CLNV,α = i
∑
i,j

M2
j {(Ŷ T Ŷ ∗)ij (Ŷ T

iαŶ
∗

αj) − (Ŷ †Ŷ )ij (Ŷ †
iαŶαj)} . (5.32)

In the non-relativistic regime, γ+ ≃ γ−, and the decay asymmetries are sensi-
tive to the combinations 1

2
(
CLFV,α − CLNV,α

)
. Combining the results (5.31)

and (5.32), and exchanging the indices i and j, we obtain

1
2
(
CLFV,α − CLNV,α

)
=
∑
i,j

(M2
i −M2

j ) Re
(
(Ŷ †Ŷ )ij

)
Im
(
Ŷ †

iαŶαj

)
,

(5.33)
which is very similar to the expression in Eq. (5.30). These coefficients have
been computed for the same neutrino mass model in Ref. [483], which we will
use for comparison.
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Lastly, in the limit of large |κ| ≫ |λ|, oscillations between N1 and N2, N3
average out and the final baryon asymmetry is suppressed, see e.g. [44] for
analytical estimates. As a result, the system effectively reduces to two RH
neutrinos, which are degenerate if λ = 0. Similarly to the degenerate case
presented above, CP violation can only be generated in this limit through ther-
mal and Higgs corrections to the Hamiltonian of the N2 − N3-subsystem. In
this regime, the BAU production is governed by the reduced mass-degenerate
CP-violating combinations

C
(23)
DEG,α = iTr

( [
Ŷ T

(23) Ŷ
∗

(23), Ŷ
†

(23) Ŷ(23)
]
Ŷ T

(23) Pα Ŷ
∗

(23)

)
, (5.34)

where Ŷ(23) is the reduced 3 × 2 Yukawa matrix. Explicitly,

(Ŷ(23))αi = Ŷαi for i ∈ {2, 3} . (5.35)

Exactly as for CDEG,α, the CP-violating combinations conserve the total lep-
ton number.

We now evaluate these CP-violating combinations for a subset of the possi-
ble cases and explicitly show how they can be used to analytically understand
the dependence of the BAU with the model parameters. To keep expressions
compact, it is convenient to define

∆σ12 = (3κ− λ) (2 + κ+ λ) and ∆σ23 = λ (1 − κ) . (5.36)

A mass-degeneracy between the ith and jth RH neutrinos automatically trans-
lates into the vanishing of ∆σij . We also introduce the quantities

∆y2
ij = y2

i − y2
j (5.37)

defined for i being smaller than j as well as

Σy2 = y2
1 + y2

2 + y2
3 . (5.38)

Case 1) Because the form of the Yukawa coupling depends on the parity
of s, see Sec. 3.4.3, we need to distinguish between s even and s odd. For s
even, CLFV,α reads

CLFV,α = 4
9 M

2 y2 ∆σ12
(
y1 ∆y2

12 cos θL,α cos θR−y3 ∆y2
23 sin θL,α sin θR

)
sin 3φs ,

(5.39)
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Figure 5.10: Case 1) Baryonic yield YB as function of s
n , treated as continuous pa-

rameter, for s odd (left plot) and s even (right plot) respectively. We set the Majorana
mass to M = 10 GeV, θR to π/11, m0 = 0, assume NO and choose three different
benchmarks for κ, i.e. κ ∈ {10−3, 10−6, 10−11}, which are displayed in red, orange
and blue respectively. Additionally, we show the expected dependence on φs ( s

n ) from
the CP-violating combinations, compare Eqs. (5.39) and (5.40), in black. Figure taken
from [2].

whereas CLNV,α can be written

CLNV,α = 4
9 M

2 y2 ∆σ12
(
y1 (∆y2

23 − ∆y2
13 cos 2 θR) cos θL,α cos θR

−y3 (∆y2
12 + ∆y2

13 cos 2 θR) sin θL,α sin θR

)
sin 3φs . (5.40)

Moreover, we find that the mass-degenerate CP-violating combination van-
ishes, while its reduced equivalent C(23)

DEG,α is non-vanishing and reads

C
(23)
DEG,α = 4

27 y2 ∆y2
13
(
2 ∆y2

12 − ∆y2
13 (1 + 2 cos 2θR)

)
(y1 cos θL,α sin θR

−y3 sin θL,α cos θR) sin 2 θR sin 3φs . (5.41)

The equivalent expressions for s odd can be obtained by simply replacing
sin 3φs by − cos 3φs in the above formulae. We checked that CLFV,α −
CLNV,α present the same dependence on the parameters s, yi, θL and θR as
the flavoured decay asymmetries in [483], compare equation (4.10) in this ref-
erence.

Given that all (non-vanishing) CP-violating combinations depends in the
same way on φs while the flavoured washout parameter (5.29) is independent
of it, we expect the BAU to also scale as sin 3φs for s even and − cos 3φs

for s odd. We verify this behaviour explicitly for NO and M = 10 GeV in
Fig. 5.10. In particular, we verify that, for s/n = 1/2, the BAU vanishes
exactly. We also note small deviations, increasing with κ, from the behaviour
expected from the CP combinations. These deviations cannot be understood in
a simple way analytically, since they result from the dynamics of the system.
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Figure 5.11: Case 1) We display YB as a function of the splitting κ for both VIC
(left plots) and TIC (right plots) assuming M = 10 GeV, m0 = λ = 0, s/n = 1/10
as well as NO. For each of these initial conditions, different choices for θR are dis-
played. Continuous (dashed) lines indicate that YB is positive (negative). Moreover,
the grey line indicates the observed value of the BAU, YB ≈ 8.6 · 10−11. The special
benchmark θR = π

4 + 10−3 (shown in orange) corresponds to a value of θR yielding
large Yukawa couplings. Faint lines indicate where the condition (3.75) is not verified.
Figure taken from [2].

It is also interesting to examine the behaviour of the BAU as a function
of the mass splitting κ (assuming λ = 0). This behaviour is displayed for a
specific set of benchmarks in Fig. 5.11. While the dependence of the BAU
with κ is in general complicated, some general features can be understood an-
alytically. We start by noting that, since CDEG,α vanishes exactly, the BAU
also vanishes in the limit κ → 0. For extremely small values of κ, the BAU
grows linearly with κ, which is in agreement with the behaviour observed in
Eqs. (5.39) and (5.40). The BAU then peaks before decreasing when the res-
onance condition ∆M2/2E ∼ Γ can no longer be satisfied. Interestingly, we
also observe that the BAU does not vanish in the limit of large κ but instead
reaches a plateau. This can be understood as the reduced mass-degenerate
CP-violating combination C(23)

DEG,α is non-zero, highlighting the fact that two
out of the three RH neutrinos remain almost degenerate and can provide the
necessary CP violation.

Finally, we also illustrate in Fig. 5.12 the dependence on the BAU on the
HNL mass splittings when both κ and λ are non-vanishing, see caption for
details on the chosen benchmark. For κ ≫ λ, we again observe that the BAU
reaches a plateau for large κ. In contrast, large values of λ always suppress the
BAU, as expected since the HNL mass spectrum is completely non-degenerate
in this case. Interestingly, leptogenesis remains nonetheless viable for rela-
tively large mass splittings, i.e. λ ∼ 10−4 and κ ∼ 10−1. Moreover, we
observe that the BAU vanishes exactly if 3κ = λ as expected from Eqs. (5.39)
and (5.40).
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Figure 5.12: Case 1) Contour plots of log10(YB) as function of both splittings κ and
λ for two different values of the angle θR, θR = π

11 (left panel) and θR = 3 π
11 (right

panel). We, furthermore, show the line corresponding to 3κ = λ in orange. In these
two plots, we set M = 10 GeV, m0 = 0, s/n = 1/10 and assume NO for the light
neutrino mass spectrum. Figure taken from [2].

Case 3 b.1) Similarly to Case 1), the different CP-violating combinations
depend on the parity of the group theory parameters m and s. Moreover, ex-
pressions are in general more complex for Case 3 b.1). For the sake of brevity,
we therefore only provide in this subsection a (small) subset of all possible ex-
pressions, which highlights interesting qualitative features, and refer the reader
to section 6.4 and appendix G of [2] for a more comprehensive study.

In Fig. 5.13, we display the BAU as a function of the splitting κ for s even,
m odd and m0 = 0 (left panel) and s even, m even and m0 = 0.03 eV (right
panel). More details about the chosen benchmarks are provided in the caption.
These two choices exhibit qualitatively new features. For s even and m odd,
we again observe that the BAU reaches a plateau for large values of κ. This is
consistent with the fact that

C
(23)
DEG,α = 2

27 ∆y2
12

(
2 ∆y2

23 + ∆y2
12 (1 + 5 cos 2 θR)

)(
y3(y1 sin θL cos θR+

y2 cos θL sin θR) sinφm,α −
√

2 y1 y2 cosφm,α

)
sin 2 θR sin 3φs , (5.42)

is non-zero. In contrast to Case 1) however, the BAU also reaches a plateau for
κ → 0. Indeed, in this case, we have that the mass-degenerate CP-violating
combination CDEG,α does not vanish, i.e.

CDEG,α = −
√

2
3 y1 y2 (∆y2

12)2 sin 4 θR cosφm,α sin 3φs . (5.43)
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Figure 5.13: Case 3 b.1) YB as function of the splitting κ for a Majorana mass M =
10 GeV and assuming NO as well as VIC. In the left (right) panel, we set the group
theory parameters {n,m, s} to {20, 9, 4} ({20, 9, 4}) and assume m0 = 0 (0.03 eV).
Dashed (continuous) lines indicate where YB < 0 (> 0) while the grey line indicates
the observed value of the BAU, YB ≈ 8.6 · 10−11. Plots taken from [2].

On the contrary, these two CP-violating combinations vanish for m, s both
even, explaining why the BAU decreases as a power law for both large and
small values of κ in the right panel of Fig. 5.13. For λ = 0, we indeed have
for CLFV,α

CLFV,α = 2
9 M

2
(√

2 y1 y2 ∆y2
12 ∆σ12 tcsR,− tcsR,+ cosφm,α sin 3φs

)
,

where we have defined

φm,α = πm

n
+ρα

4π
3 = φm+ρα

4π
3 with ρe = 0 , ρµ = +1 , ρτ = −1 ,

(5.44)
as well as

tcsR,− =
√

2 cos θR − sin θR and tcsR,+ = cos θR +
√

2 sin θR . (5.45)

Since M = 10 GeV for this benchmark, CLFV,α captures well the behaviour
of the BAU for small κ, while the behaviour at large κ is slightly less trivial
but known, see e.g. [44].

Parameter space for leptogenesis with flavour symmetries

The enhanced predictive power of type-I seesaw models endowed with
flavour and CP symmetries stems from the small number of free parameters
in the model. This might in turn reduce the parameter space consistent with
leptogenesis and one might wonder whether this could also hurt the prospects
of detecting RH neutrinos in laboratory experiments. In order to address this
question, we perform in this section a complete scan of the parameter space of
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Parameter Range of values Prior
M

[
50 MeV, 70 TeV

]
Log

|κ|
[
10−20, 10−1] Log

θR

[
0, 2π

]
Log on |θR − k π

4 |
Case 1)

s
n

Case 3 b.1)
m
n
s
n

[
0, 1
]

[
0.44, 0.56

][
0, 1
]

Linear

Table 5.3: Range of values for the free parameters used in this analysis. The
allowed range of m

n , relevant for Case 3 b.1), slightly depends on the value of s
n and

vice versa. In this table, we only mention the maximal ranges allowed. “Prior” refers
here to the measure in parameter space taken for the randomisation and is not meant
to indicate a Bayesian parameter fit. Note k is an integer and its actual value depends
on the case. The remaining parameters are constrained as follows: θL is fitted in
order to reproduce the measured lepton mixing angles; the splitting λ is set to zero,
if not otherwise stated; the lightest neutrino mass m0 is either fixed to m0 = 0 or
m0 = 0.03 (0.015) eV for NO (IO). Table slightly adapted from [8].

these scenarios, focusing again on Case 1) and 3 b.1). We refer the reader to
section 5.2 of [8] for a more comprehensive overview of the parameter space
of all cases. The exact ranges of values used for the different parameters in-
volved in our scans are listed in Tab. 5.3. Note that we assume the parity of s
and m to always be such that large values of the mixing angle U2 are possible.

Case 1) As in the previous subsection, we start with Case 1). The range
of mixing angle U2

α (as a function of the averaged mass M ) consistent with
the observed BAU is displayed for both NO and IO in Fig. 5.14. We have
marginalised over both the mass splitting9 κ as well as the group theory pa-
rameters φs and the angle θR. Similarly to Fig. 5.8, the upper grey-shaded
area summarises the existing limits from electroweak precision data as well as
previous experiments, which have been extracted from [84, 439]. Below, the
light grey-shaded area represents the constraints set by BBN [454, 455] while
the lower left part is excluded by neutrino oscillation experiments10. In addi-
tion, the colourful lines indicate the reach of several current or proposed ex-
periments, i.e. DUNE [210], FASER2 [474], FCC-ee/CEPC [162], displaced

9While in this plot, λ has been set to zero, we checked numerically that additionally
marginalising over λ does not visibly change the range of viable U2

µ.
10Note that the upper boundary of this area (slightly) depends on the light neutrino mass

ordering and the lepton flavour α of the active-sterile mixing, i.e. U2
α/U2.
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Figure 5.14: Case 1) Viable parameter space for leptogenesis displayed in the dif-
ferent planes M − U2

α, α = e, µ, τ (top, middle, bottom plots) assuming m0 = 0 and
NO (left plots) or IO (right plots). Results for both VIC and TIC are shown. Expected
sensitivities of various experiments, extracted from [84, 162, 216], are represented by
different coloured dashed lines, see main text for details. Figure taken from [8].

vertex [216, 472] and prompt [215, 472] searches at LHC and its upgrade HL-
LHC, MATHUSLA [475,484], NA62 [199] and SHiP [213,214]; see [84] for a
recent review of these constraints. While other proposed experiments, such as
a muon collider [485,486] or the ILC [449,487], also constrain the HNL mix-
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Figure 5.15: Case 1) Comparison of the range of mixing U2
µ consistent with leptoge-

nesis for vanishing lightest neutrino mass, m0 = 0, and its cosmological upper limit
m0 = 0.03 (0.015) eV for NO (IO). Green and blue lines refer to m0 = 0, while
yellow and orange lines to non-zero m0. Both, VIC and TIC, are considered. The left
(right) plot assumes light neutrino masses with NO (IO). Figure taken from [8].

ing, we focus on those that provide the leading constraints on the parameter
space of the scenarios under consideration.

Strikingly, Fig. 5.14 demonstrates that the parameter space is significantly
reduced compared to the agnostic ns = 3 scenario, compare with Fig. 5.8, al-
though it remains larger than the minimal scenario with ns = 2. Except in the
case of pure τ -mixing, which is not compatible with light neutrino oscillation
data, the parameter space generally closes below the kaon mass.11 We also
notice that a large fraction of the remaining parameter space is expected to be
probed for M ≲ mZ by a combination of fixed-target experiments and collid-
ers. In particular, the testability prospects are best for a pure muon coupling,
which is why we will mainly explore the parameter space in M − U2

µ plane in
the rest of this section.

In Fig. 5.15, we examine the influence of the lightest neutrino mass on the
shape of the parameter space. In contrast to the agnostic scenario, the impact
of m0 is relatively weak. Nonetheless, we notice that it exhibits the same
qualitative features, i.e. the dip marking the transition between the freeze-in-
dominated and freeze-out-dominated dynamics becomes more pronounced.

Case 3 b.1) Moving on to Case 3 b.1), we display in Fig. 5.16 the viable
parameter space (in theM−U2

µ plane) for both NO and IO and assumingm0 =
0. The relative mass splitting κ was marginalised over as well as the group

11A more careful analysis, which, in particular, includes more realistic HNL mixing patterns,
indicates that, for ns = 2, a small viable window remains near the pion mass [488].
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Figure 5.16: Case 3 b.1) Parameter space consistent with leptogenesis shown in the
M − U2

µ-plane, resulting from fully marginalising over the splitting κ and the ratios
m
n and s

n according to the ranges in Tab. 5.3. We considered both NO (left plot) and
IO (right plot) as well as both types of initial conditions, i.e. VIC and TIC. For all
configurations, we assume m0 = 0. The quoted experimental sensitivities are the
same as in Fig. 5.14 for Case 1). Figure taken from [8].

theory parameters m/n and s/n. Overall, the size of the viable parameter
space is comparable to that in Case 1).

As was highlighted earlier, a qualitatively new feature of Case 3 b.1) is the
possibility (for m odd and s even) of achieving leptogenesis with κ = λ =
0, i.e. without any mass splitting at the Lagrangian level. In the left panel
of Fig. 5.17, we show the parameter space consistent with this scenario. As
expected, the parameter space is much more constrained and leptogenesis can
only work for relatively sizeable masses, i.e. M ≳ 4 GeV, even for VIC.
Only the proposed FCC-ee could probe part of this parameter space. In the
right panel of this figure, we provide a complementary slice of the parameter
space, showing the range of U2M consistent with leptogenesis as a function
of κ. We observe the same two features as in the left panel of Fig. 5.13, i.e.
the BAU becomes independent of κ for both small and large values of κ. At
intermediate values of the mass splitting, we observe that the parameter space
is enhanced as expected since the HNL interaction width is comparable to the
mass splitting in this region. As guidance for the eye, we indicate in red where
the resonance condition

Γnaive = ∆M . (5.46)

is fulfilled. In this equation, the quantity Γnaive denotes the HNL decay width
in the symmetric phase and non-relativistic regime, i.e. Γnaive = M

8 π (Ŷ †Ŷ )ii,
while ∆M is defined as the largest RH neutrino mass splitting, 3κM in this
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Figure 5.17: Case 3 b.1) Left plot: M − U2
µ-slice of the parameter space consistent

with leptogenesis assuming vanishing splittings, κ = 0 and λ = 0. The different
coloured dashed lines refer to various experiments, see text and Fig. 5.14 for details.
Right plot: Viable parameter space for leptogenesis in the |κ|(∆M) − U2 · M -plane
with M = 1 TeV. The red line indicates the resonance condition Γnaive = ∆M =
3κM , see Eq. (5.46), while the upper right grey area highlights the region where the
consistency condition (3.76) is not satisfied. In both panels, we display results for both
types of initial conditions, VIC and TIC, and assume m0 = 0 as well as light neutrino
masses with NO. Figure taken from [8].

case. As is evident, the enhancement of the parameter space does not align ex-
actly with the region where this equation is satisfied. However, we emphasise
that finite-temperature and Higgs corrections to the Hamiltonian and interac-
tion rates are not accounted for in Eq. (5.46) (but are in our numerical scan).
One should therefore not expect that Eq. (5.46) precisely reproduces the region
of parameter space which maximises the BAU. On a more phenomenological
note, this red line also typically signals the transition between the region of
parameter space where HNL decays at colliders are anticipated to violate lep-
ton number (to the left of the red line, for Γnaive ≪ ∆M ) and the region
where no lepton number violation is expected (to the right of the red line, for
Γnaive ≫ ∆M ); see e.g. [489–491].

5.2.3 Interplay between leptogenesis and 0νββ

The previous sections examined different probes of heavy neutrinos: direct
and indirect searches at colliders or fixed-target experiments, light neutrino os-
cillation and electroweak precision data, and cosmological bounds. Beyond
these, the Majorana nature of the light and heavy neutrinos and the associ-
ated lepton number violation imply the possibility of 0νββ [128], a process in
which two neutrons in a nucleus are converted into two protons and two elec-
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trons without any associated neutrinos, see e.g. [492–495] for reviews. This
process is forbidden in the SM and its detection would unequivocally signal the
presence of new physics. While it would not constitute proof of the existence
of HNLs, its observation would unambiguously indicate the Majorana nature
of neutrinos and confirm the existence of light neutrino masses [496,497]. The
current best lower limit on the half-life of 0νββ in 136Xe atoms at 3.8 × 1026

years [217] lies among the most sensitive probes of the Majorana nature of
neutrinos. In the near-future, next-generation experiments are expected to im-
prove this bound by about two orders of magnitude [218–220].

The 0νββ decay lifetime depends on the nuclei properties, rendering accu-
rate theoretical predictions of its value challenging. It is now well known that
it can be parametrised as

(
T 0ν

1/2

)−1
= G01 g

4
A

V 4
ud

m2
e

|m̄ββ |2 A(0)2 , (5.47)

where G01 is a phase-space factor (here, we use G01 = 1.4 · 10−14 y−1 for
136Xe and G01 = 2.2 · 10−15 y−1 for 76Ge [498]), gA ≃ 1.27 is the nucleon
axial coupling, Vud ≃ 0.97 is the up-down CKM matrix element and m̄ββ is
the effective neutrino Majorana mass. The latter only depends on the mixings
of active and sterile neutrinos with the electron flavour and reads

m̄ββ = 1
A(0)

( 3∑
i=1

mi (Uν)2
ei A(mi) +

ns∑
i=1

MiU
2
ei A(Mi)

)
(5.48)

≡ mββ +
ns∑

i=1
MiU

2
ei

A(Mi)
A(0)

in the type-I seesaw model (3.7). The amplitudes A(mi), A(Mi) encode all
hadronic and nuclear physics, and for large masses m, i.e. m ≳ 2 GeV,
they typically scale as 1/m2. Note that, in good approximation, we have
A(mi) ≈ A(0) for the light neutrino contribution. The first term in Eq. (5.48)
captures the standard active neutrino exchange, whereas the second one en-
codes the additional contribution from HNLs. While the former largely dom-
inates for high-scale seesaw models, the HNL contribution can be of com-
parable magnitude — or even larger — for masses around the nuclear Fermi
momentum kF ≃ 140 MeV, which is a typical nuclear scale characterising the
average momentum transfer of the process [499].

While the direct impact of HNLs on 0νββ rates has already been inves-
tigated in e.g. [446, 499–505] and similar studies of the interplay between
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constraints set by 0νββ and low-scale leptogenesis were performed in [411,
506, 507], these works were based on simplified formulae for the amplitudes
A(M̄), which are not accurate enough for M̄ ≲ 2 GeV. Moreover, no com-
prehensive parameter space scans were performed. In this thesis, we use the
recent results from Refs. [508,509], which have applied the recently developed
chiral EFT framework for 0νββ computations involving light HNLs and have
included several new effects not considered in more traditional approaches.
Similarly to Sec. 5.2.1, we scan the parameter space of the vanilla type-I see-
saw model (3.7) consistent with both light neutrino oscillation data and lepto-
genesis. We then analyse how 0νββ experiments further constrain this param-
eter space. However, contrary to the previous sections, we focus here on the
case ns = 2 and leave the ns = 3 scenario for future work.12

Because neutrino mixing remains unitary when including both light and
heavy neutrino contributions, we have a partial cancellation between light and
heavy contribution to the 0νββ rates

m1 (Uν)2
e1 +m2 (Uν)2

e2 +m3 (Uν)2
e3 = −M1U

2
e1 −M2U

2
e2 , (5.49)

which is not complete because A(Mi) ̸= A(0). Inserting Eq. (5.49) into
Eq. (5.48) and expanding in the mass splitting µ = (M2 − M1)/M̄ , with
M̄ = (M2 +M1)/2 the averaged mass of the system, we obtain, at first order,

m̄ββ ≃ ei arg(mββ)
(

|mββ |
[
1 − A(M̄)

A(0)

]
− 1

2e
iλM̄2µ U2

e

∣∣∣∣∣A′(M̄)
A(0)

∣∣∣∣∣
)
,

(5.50)

with A′(M̄) ≡ dA(M̄)/dM̄ . Explicit expression (for both NO and IO) for
the phase λ ≡ 2Re(ω) + φ, where φ depends only on the Majorana phase η
and the measured light neutrino parameters, as well as |mββ | can be found in
appendix C of [5].

From Eq. (5.50), we observe that, at leading order in µ, HNLs only affect
the 0νββ rate in two ways: 1) a suppression by a factor 1 − A(M̄)/A(0)
of the active neutrino due to the unitarity of neutrino mixing, and 2) an ad-
ditional (positive or negative) contribution proportional to the product of the
mass splitting and electron coupling µU2

e . However, because radiative correc-
tions to the light neutrino masses (3.30) are sensitive to the same combination
of parameters, HNL corrections to the 0νββ rates should be bounded from

12See [505] for a study of 0νββ constraints on the type-I seesaw model with ns = 3, though
the impact of leptogenesis was not investigated.
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Figure 5.18: Bounds in the M̄ − µU2
e plane for normal (left) and inverted (right)

hierarchies. The limits are shown with blue (0νββ decay), orange (leptogenesis), and
grey (radiative corrections) solid lines, and the shaded regions are excluded. We also
show with dashed lines the regions that would be allowed by 0νββ with 102× (blue)
and 103× (red) stronger limits in case no signal is observed. Figure taken from [5].

above to avoid fine-tuning issues. Requiring the absence of fine-tuning yields
the constraint

µU2
e ≤ v2

ew|mββ |
M̄3

(4π)2

2l′(M̄2)
. (5.51)

This upper bound is shown in grey in Fig. 5.18. Inserting this upper bound
in Eq. (5.50), Eq. (5.51) translates into an upper bound on the mass of HNLs
which can give a sizeable contribution to 0νββ

M̄ ≲ v2
ew

(4π)2

4l′(M̄2)
A′(M̄)
|A(0)| ∼ 10 GeV . (5.52)

A similar bound was found in [261].
In Fig. 5.18, we display for both NO and IO the constraints set by current

0νββ experiments (in solid blue) in the M̄ − µU2
e plane, and compare them

to constraints set by leptogenesis (in orange) and radiative corrections to light
neutrino masses (in grey). As is clear, the constraints set by current 0νββ ex-
periments become weaker than those imposed by the requirement of avoiding
fine-tuning for M̄ ≳ 10 GeV. Inspired by the projections for nEXO [218] and
LEGEND [219], we also display in blue (red) dashed lines the respective up-
per and lower bounds on the value of µU2

e if no signal is observed after an
improvement by two (three) orders of magnitude on the current constraints.

In the case of IO, an improvement by two orders of magnitude is sufficient
to completely probe the standard scenario with only three active neutrinos. The
absence of any signal at next-generation experiments would therefore clearly
indicate the presence of new physics. Within the type-I seesaw model (3.7)
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Figure 5.19: Future (projected) constraints on U2
e for IO marginalized over µ in ab-

sence of any observation of 0νββ at next-generation experiments. Combined limits
from T 0ν

1/2(136Xe) > 3.8 · 1028 y, leptogenesis, and current experimental and BBN
constraints, would force the mixing angle to lie within the region bounded in black
(the arrows point towards the allowed region). The dotted lines represent projected
upper bounds on U2

e from DUNE, SHiP, HL-LHC, and FCC-ee, while the currently
constrained regions are shaded in grey. Figure taken from [5].

with ns = 2, the HNL mixings and mass splittings would be required to lie
within the bands shown in the right panel of Fig. 5.18 in order to cancel the
contribution from the light neutrinos. For M̄ ≲ 100 MeV, the cancellation
due to the unitarity of neutrino mixing starts to be sufficient on its own to
explain the absence of signal and we note that the lower bound on µU2

e starts to
decrease. Further improving the experimental constraints on the 0νββ lifetime
would not reduce the width of this band (for M̄ ≳ 100 MeV), as it is dominated
by the uncertainties on the values of the PMNS parameters in this regime. We
also note that the constraints set by leptogenesis are subdominant for M̄ ≲ 10
TeV.

In contrast, the standard prediction for the 0νββ lifetime for NO lies more
than an order of magnitude below that for IO. As a results, improving the
experimental sensitivity by a factor 100 is insufficient and only yields an upper
bound on µU2

e . At the same time, the parameter space consistent with the
observed BAU is significantly more constrained, and as a result, bounds from
leptogenesis currently dominate across most of the relevant parameter space.
Further improving the sensitivity by an order of magnitude would yield a lower
bound on µU2

e .
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One can also look at the constraints set by 0νββ onU2
e alone by marginalis-

ing over µ, which we can then compare to various other experimental searches.
In Fig. 5.19, we show the parameter space that remains viable if no signal is ob-
served by the next generation of 0νββ experiments (assuming T 0ν

1/2(136Xe) >
3.8 · 1028 y) and remains consistent with leptogenesis. We additionally dis-
play constraints from previous laboratory experiments13 as well as BBN in
grey whereas the dotted colourful lines represent the expected sensitivity of
the future DUNE, SHiP, HL-LHC and FCC-ee experiments. As one can see,
marginalising over the splitting µ renders the resulting parameter space (in the
M̄ − U2

e plane) tightly constrained. It will be fully probed by a combination
of DUNE, SHiP, HL-LHC and FCC-ee. Above 20 GeV, the parameter space
closes because the HNLs cannot contribute sizeably to the 0νββ rates. We then
go back to the standard scenario with 3 active neutrinos, which is excluded for
IO.

Finally, we note that the theoretical predictions for the 0νββ rates relies on
the knowledge of various nuclear matrix elements and low-energy constants,
which are typically plagued with various O(1) uncertainties. While one might
wonder how these uncertainties affect our results, one can show these are sub-
dominant compared to the uncertainties coming from the free PMNS phases.
To confirm this, an explicit estimate of these uncertainties was done in [5], see
figure 3 in this reference.

5.3 Summary and outlook

Extending the SM with RH neutrinos offers a minimal solution to several
problems in particle physics and cosmology, including the origin of the neu-
trino masses, of the baryon asymmetry of our universe and of dark matter.
Understanding their properties and how they are constrained by various cos-
mological and laboratory experiments is therefore of crucial importance. In
particular, while the minimal type-I seesaw model with two generations of RH
neutrinos has already been comprehensively studied, the next-to-minimal sce-
nario with three near-degenerate RH neutrino generations has largely escaped
attention until now. Exploring different aspects of this scenario was the main
goal of this chapter. To that end, we proceeded in two steps, each aiming to
answer one of the following key questions:

13We focus on peak searches, such as the ones performed at PIENU [461], E949 [462],
KEK [463], and NA62 [200], which are less sensitive to the HNL mixing pattern, and displaced
vertex searches [201, 202, 465, 467, 470, 471].
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1. Assuming RH neutrinos are responsible for the origin of the light neu-
trino masses, how much information about the model parameters can be
retrieved in the event of a discovery at laboratory experiments?

2. What additional constraints are placed on the parameter space if one
assumes RH neutrinos are also responsible for the generation of the BAU
through low-scale leptogenesis?

We examined both these questions, first within the vanilla type-I seesaw model,
where the Yukawa couplings are only required to reproduce the light neutrino
oscillation data, and then in scenarios endowed with flavour and CP symme-
tries.

Starting with the first question, we focus in Sec. 5.1.1 on the amount of
information that can be retrieved on model parameters from measurements of
the flavour ratios U2

αi/U
2 at displaced vertex searches at FCC-ee/CEPC. Our

main findings are that all 13 free parameters of the ns = 3 parameter space can
in principle, i.e. assuming an infinite number of observed events, be extracted
from measurements of these ratios provided that the Dirac phase δ has been
determined independently. Interestingly, we find that information on all model

parameters can already be retrieved at O(1/
√
ϵ) ≃ O

(√
mν/U2M̄

)
instead

of O(ϵ0) as is the case for ns = 2. This key difference partially compensates
for the larger dimensionality of the ns = 3 parameter space. Assuming a
realistic number of events of ≈ 105, we find that, while some parameters can be
accurately extracted, some degeneracies and correlations among others persist.

In Sec. 5.1.2, we examine how the standard predictions for the U2
α/U

2

are modified in presence of flavour and CP symmetries, focusing on a sce-
nario where the flavour symmetry group is ∆(6n2). As expected, the range
of flavour ratios consistent with light neutrino oscillation data is reduced. Re-
markably, assuming a similar number of events as chosen in the previous sub-
section, measuring these flavour ratios would allow in some cases for a precise
determination of various model parameters, such as the lightest neutrino mass
or the mass ordering, and differentiate between different realisations of the
flavour symmetry. In addition, low-energy experiments, such as DUNE, are
expected to provide valuable insights and potentially exclude some of the cases
discussed by measuring the low-energy CP phases. We finished in Sec. 5.1.3
by briefly discussing the possibility to access different model parameters by
measuring the lifetime distribution of HNL decays.

Moving on to the second question, we performed in Sec. 5.2.1 the first com-
prehensive scan of the ns = 3 parameter space consistent with the observed
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BAU. We found that the range of viable mixing angle is increased by several
orders of magnitude compared to the ns = 2 parameter space. This could
be explained by the observation that the third RH neutrino generation is less
constrained by neutrino oscillation data and can largely decouple, such that
the BAU production is delayed until just before the sphaleron freeze-out. In
view of the results of the previous two sections, this large increase in the vi-
able parameter space opens up the possibility to not only discover HNLs but
also produce sufficiently many events at colliders or fixed-target experiments
to perform consistency checks of the model. In Sec. 5.2.2, we examine how
this conclusion is changed in presence of flavour symmetries. We first observe
that the reduced parameter space allows us to gain some analytical insight into
the dependence of the BAU on the model parameters. We also numerically
scanned the viable parameter space for different cases, which we found to be
much smaller than in the agnostic ns = 3 scenario. Nonetheless, it remains
larger than in the ns = 2 case, sufficiently large to be probed by a broad range
of experiments.

Finally, we showed in Sec. 5.2.3 that 0νββ experiments can put interesting
constraints on the leptogenesis parameter space. In particular, we find that,
for inverted ordering, bounds on µU2

e from 0νββ experiments are stronger
than bounds from leptogenesis. Moreover, the absence of a signal in the next
generation of experiments would force the mixing angle to lie in a relatively
small band in the M̄ − µU2

e plane, since a sizeable contribution from HNL
would be required to cancel the active neutrino contribution. For NO, further
experimental improvements will be necessary to reach the same conclusions.
While in this subsection we focused on the ns = 2 scenario, it would be
interesting to see how these conclusions are modified for ns = 3.

In summary, we find that the ns = 3 case exhibits a rich phenomenology
and, in particular, could be tested across broad range of experiments, probing
the parameter space in complementary directions. In particular, producing a
sufficient number of events at future colliders to measure the branching frac-
tions into the different SM flavours could provide valuable insights into the
presence of new symmetries, offer a complementary probe of light neutrino
oscillation data and test leptogenesis.

Looking ahead, a more detailed study of the parameter space consistent
with leptogenesis in the vanilla type-I seesaw model would be desirable. In
particular, further clarifying the key physical differences between the ns = 2
and ns = 3 parameter spaces remains important. Moreover, characterising
the upper bound on the flavoured mixing angle U2

α — rather than on the to-
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tal mixing angle U2 — along with constraints on other parameters such as
the mass splittings would significantly improve our ability to assess potential
experimental signatures.





Part III

The decoupling of neutrinos
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Introduction

The Cosmic Microwave Background (CMB) provides some of the most
stringent constraints on the content and evolution of our universe. In partic-
ular, it serves as a powerful probe amount of radiation at the recombination
epoch, commonly parametrised by the so-called effective number of neutrinos
Neff . Within the SM, only photons and neutrinos remain relativistic up until
recombination. At high temperatures, both are interacting strongly enough to
remain in equilibrium with each other. However, as the temperature decreases
below T ∼ O(1) MeV, neutrinos progressively decouple from the rest of the
plasma. The subsequent annihilation of electrons and positrons then finishes
to reheat the photon bath compared to its neutrino counterpart, leading to the
temperature ratio T ≃ (11/4)1/3Tν , Tν and T being the temperatures of the
neutrino and photon bath respectively. An illustration of the evolution of T/Tν

is displayed in the following Fig. 6.1. Neff , defined by the relation

ρrad ≡ π2T 2

15

(
1 + 7

8

( 4
11

)4/3
Neff

)
, (6.1)

with ρrad denoting the total energy density of relativistic particles, precisely
captures this effect. Note that Eq. (6.1) has been normalised such that, in the
SM, Neff approximately quantifies the number of neutrino generations, i.e.1

Neff ≃ 3. Beyond the SM however, the presence of additional radiation, in
the form of e.g. GWs (see footnote 2 and references therein) or yet undiscov-
ered light particles such as sterile neutrinos [510–513], axions [514–519] or
dark photons [520–522], can severely modify the value of Neff . Improving the
experimental accuracy of Neff measurements as well as the robustness of our
theoretical predictions is therefore essential to constrain these models.

On the experimental side, the CMB provides as previously highlighted the
leading constraints on Neff ; though it should be noted that the precision mea-
surements of various light element abundances provide compatible predictions
and of only slightly weaker accuracy [523]. In a nutshell, increasing2 Neff
leads to an accelerated expansion rate, which in turn results in an increase in the

1Interestingly, this does not depend on the nature of neutrinos, i.e. Dirac or Majorana.
While Dirac neutrinos possess twice as many internal degrees of freedom, only half of these
gets populated by the weak interaction in the early universe.

2This statement is naturally dependent on how one modifies the remaining cosmological
parameters. In order to keep the angular scale of the sound horizon and the redshift at matter-
radiation equality fixed, the increase in Neff is generally accompanied with a simultaneous
increase in the cold DM density and density of dark energy [524].
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Figure 6.1: Evolution of the photon-to-neutrino temperature ratio. The black dashed
line represents the SM naive expectation T/Tν = (11/4)1/3 whereas the two gray
lines display the instantaneous decoupling temperature of the electron, muon and tau
neutrinos.

angular scale at which photons efficiently erase temperature anisotropies. As a
consequence, the high-multipole tail of the CMB spectrum is suppressed [524],
see also [104, 525, 526] for pedagogical reviews. The current best constraints
onNeff were set by the space observatory Planck [117] (combined with baryon
acoustic oscillation measurements from galaxy surveys, see e.g. [437, 438])

Nobs
eff = 2.99 ± 0.17 (6.2)

at 68% C.L.. More recently, results from the South-Pole telescope (SPT-3G)
[527] seem to have reduced the experimental uncertainty to 0.13 (at 68% C.L.)
[528] when combined with previous data from Planck. Similar performances
were achieved in March of this year by the Atacama Cosmology Telescope
(ACT) [529]. In the near future, measurements from the Simons observatory
[530, 531] and CMB-S4 [53] are expected to bring this uncertainty to 0.045
and 0.027 respectively. On the longer term,3 CMB-HD could even bring our
experimental accuracy down to 0.014 [118].

Given the planned improvement in experimental accuracy, it is only logical
for the theory to follow. Over the last three decades, intensive efforts have
been deployed on the theoretical side to accurately predict the expected value
for Neff within the SM. Indeed, even within the SM, deviations from Neff = 3

3O(10 − 15) years depending on funding availabilities.
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are expected for numerous reasons. First, the electron mass being of the same
order of magnitude as the neutrino decoupling temperature, overlaps with the
electron-positron annihilation, the neutrino sector is also heated to an extent by
the e+e− annihilation, leading to a percent-level correction to Neff [532–542].
These works typically also include subleading [543] corrections from non-
instantaneous nature of the neutrino decoupling as well as from small spectral
distortions in the neutrino distribution function. Second, the Quantum Elec-
trodynamics (QED) plasma itself is not a perfect gas and electron, positrons
and photons are constantly interacting with each other, modifying the QED
equation of state (EoS) and leading to an additional sub-percent correction to
NSM

eff [544–549]. Finally, more recently, the impact of neutrino flavour os-
cillations has also been investigated [550–552]. A more detailed list of all
possible SM corrections and their respective impact on NSM

eff is provided in
Tab. 6.1. Accounting for all of the above, the current state-of-the-art result4

is [543, 555, 556]

NSM
eff = 3.0440 ± 0.0002 , (6.3)

the dependence on the values of the different SM parameters being weak [543,
557].

Even though Eq. (6.3) is the result of an already impressive theoretical en-
deavour, some effects nonetheless remain to be properly estimated. In partic-
ular, we focused in this work on estimating the yet unexplored impact on the
benchmark (6.3) of

1. NLO finite-temperature corrections to the neutrino-electron interaction
rates,

2. the formation of bound states, positronium in particular.

Note that the theoretical uncertainty in (6.3) do not account for these effects.
While we nonetheless expect the correction from these effects to be smaller
than the anticipated sensitivity of e.g. CMB-S4, providing an accurate theo-
retical prediction for NSM

eff at the per mille level remains highly desirable, as
it allows theoretical uncertainties to be safely neglected in cosmological pa-
rameter inferences. In this chapter, we begin in Sec. 6.1 by describing how we

4This result assumes the neutrino field to be isotropic and the absence of lepton asymmetry.
See [553] for the potential impact of inhomogeneities in the neutrino field and [540, 554] for
the impact of lepton asymmetry.
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Standard-model corrections to NSM
eff Leading contribution

me/Td correction +0.04
O(e2) Finite-temperature correction to the QED EoS +0.01
Non-instantaneous decoupling+spectral distortion −0.006
O(e3) Finite-temperature correction to the QED EoS −0.001
Flavour oscillations +0.0005

Type (a) finite-temperature corrections (thermal mass) to the weak rates ≲ 10−4

Type (d) finite-temperature corrections (fermion loop) to the weak rates ≲ 10−5

O(e4) Finite-temperature correction to the QED EoS 3 × 10−6

Electron/positron chemical decoupling ∼ −10−7

Sources of uncertainty

Numerical solution by FortEPiaNO ±0.0001
Input solar neutrino mixing angle θ12 ±0.0001

Table 6.1: Leading-digit correction to NSM
eff from various effects, listed in order of

importance. Only the first five have been accounted for in (6.3), the rest falls below
the numerical accuracy. The type (a) and (d) finite-temperature QED corrections to
the weak rates refers to the diagrams in Fig. 6.3. Type-(a) was only approximately
accounted for by including thermal corrections to the electron mass, thereby modi-
fying the electron phase space. Electron/positron chemical decoupling denotes the
impact of the residual entropy remaining in the electron sector from the incomplete
e+e− annihilation at T ≃ 20 keV [558], at which time electrons and positrons chem-
ically decouple and do not affect the photon bath any more. Table taken from [4];
see also explanations therein. Note that it does not include the impact of positronium
formation, which will be discussed in Sec. 6.3.

model the evolution of neutrinos and the QED bath across the neutrino decou-
pling era. Then, we examine in Sec. 6.2 the impact of NLO corrections to the
neutrino-electron interaction rates on the value of NSM

eff . Finally, in Sec. 6.3,
we present an estimate of the impact of bound-state formation onNSM

eff , consid-
ering various formation scenarios. Explicit expressions for different functions
appearing in the QED EoS and in the calculation of the rates are provided in
appendix D. The material presented in this part is based on Refs. [4, 7] and
closely follow their structures.



Chapter 6
The effective number of
neutrinos Neff

6.1 Modelling the decoupling of neutrinos

We start this section by describing how the decoupling of neutrinos in the
early universe can be modelled. Essentially, one has to solve a set of coupled
equations including

1. the so-called continuity equation to track the time evolution of the QED
sector, as well as

2. a set of QKEs to capture the evolution of the neutrino sector.

6.1.1 Continuity equation

It is standard knowledge that the total pressure and energy density of an
FLRW universe, which we write ρtot and Ptot, verifies the following continuity
equation

dρtot
dt + 3H(ρtot + Ptot) = 0. (6.4)

As in the previous chapters, H denotes the standard Hubble rate. We note that,
in thermal equilibrium, the continuity equation combined with the thermody-
namic consistency relation (1.57c) automatically implies the conservation of
entropy, i.e.

d
dtsa

3 = 0. (6.5)
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For practical purposes, we express the continuity equation in terms of the co-
moving variables

x = me a, y = p a and z = T a , (6.6)

with a the scale factor, p the physical neutrino momentum and T the tem-
perature of the photon bath. During radiation domination and before e+e−

annihilation, we have T ∝ 1/a and z is thus constant and typically normalised
to 1. Recalling that d/dx = ∂/∂x + (dz/dx)∂/∂z, we can rewrite Eq. (6.4)
in the following way

dz
dx =

(
ρ̄tot − 3P̄tot

)
/x− ∂ρ̄tot/∂x

∂ρ̄tot/∂z
. (6.7)

In the equation above, we define the dimensionless variables ρ̄tot = a4ρtot and
P̄tot = a4Ptot. At temperatures close to neutrino decoupling, i.e. T ∼ O(1)
MeV, the SM plasma is solely constituted of photons, electrons and neutri-
nos. The total pressure and energy densities can then be decomposed in the
following way

ρtot ≡ ρQED + ρν and Ptot ≡ PQED + Pν , (6.8)

where ρQED, PQED are the energy and pressure densities of the QED sector
and ρν , Pν are their neutrino counterparts. Starting from their formal defini-
tion in equilibrium, Eq. (1.57), the former have been computed from an equi-
librated QED sector up to5 O(e3) for me ̸= 0 and arbitrary chemical potential
µe [563, 564]. Using these results, one can show [548] that Eq. (6.7) takes in
the SM the standard form

dz
dx = τJ+(τ) − 1/(2z3)dρ̄ν/dx+G1(τ)

τ2J+(τ) + Y+(τ) + 2π2/15 +G2(τ) , (6.9)

where we defined τ ≡ x/z = me/T . J+ and Y+ capture the contribution from
e+e− annihilation whereas the functions G1,2 encode the non-ideal (finite-
temperature) corrections to the QED EoS due to the interactions of electrons,
positrons and photons. Explicit definitions for these functions can be found in
appendix D.1. In Sec. 6.3.1, we will examine how Eq. (6.9) can be modified
to account for the presence of bound states.

5These quantities are even known up to O(e5) in the limit me, µ → 0 [559, 560], see
also [561, 562].
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6.1.2 Neutrino kinetic equations

The second ingredient needed to obtain NSM
eff is the time evolution of the

neutrino energy density, which also directly enters the continuity equation as
can be seen in Eq. (6.9). The evolution of SM neutrinos present many similari-
ties with that of RH neutrinos in low-scale leptogenesis scenarios, discussed in
the previous chapters. In particular, their evolution can effectively be described
by a similar-looking set of QKEs [297] (expressed in the flavour basis)

∂tϱ− pH∂pϱ = −i[Hν , ϱ] + Iν [ϱ] , (6.10)

where ϱ ≡ ϱ(p, T ) is the 3 × 3 matrix of neutrino momentum distributions
and Hν ≡ Hν(p, t) = Hν,vac + Vν is the effective Hamiltonian. Vacuum
flavour oscillations are incorporated inHν,vac, whereas Vν captures in-medium
corrections. Iν [ϱ] is the so-called collision integral and can be written as the
difference between a gain

(
Γ<(p, t)

)
and loss term

(
Γ>(p, t)

)
in the following

way

Iν [ϱ] = 1
2
(
(1 − ϱ)Γ< − ϱΓ>

)
+ h.c. (6.11)

The rates Γ≷ can be more explicitly written as a function of the neutrino Wight-
man self-energies Σ≷

α

Γ≷(p) = ∓ 1
2p0 Tr

[
/pΣ≷

]∣∣∣
p0=Ep

, (6.12)

As highlighted in the introduction, we neglect any lepton asymmetry in this
work. For this reason, it is sufficient to solve Eq. (6.10) for ϱ = ϱν + ϱ̄ν , since
antineutrinos evolve identically.

Damping approximation

The momentum and flavour dependence of the neutrinos QKEs, which one
should retain for precision computations of NSM

eff , makes it in general chal-
lenging to solve the system (6.10). In addition, the set of equations (6.10) is
in general non-linear as Γ≷

α also depends on the neutrino matrix of densities ϱ.
Though purpose-built public neutrino decoupling codes, such as FortEPianNO
[511, 543], solving numerically Eqs. (6.9) and (6.10) without approximations
do exist, it remains numerically expensive to do so. Such high precision is
not necessary in order to obtain a first estimate of the relative impact of the
various subleading corrections we examine in this work. As a first attempt,
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we will therefore work in a simplified framework, making the so-called damp-
ing approximation. This consists in assuming that all interaction partners of
the neutrino entering the self-energy6 (6.12) are in perfect thermal equilibrium
with a common temperature T . In that case, one can use the KMS relation to
simplify the collision integral to the more familiar form

Iν [ϱ] = 1
2 {ϱ− ϱeq,Γ} (6.13)

with

Γ ≡ Γ> + Γ< = i

2p0 Tr
[
/p(Σ< − Σ>)

]∣∣∣
p0=Ep

= i

2p0fF(p0) Tr
[
/pΣ<

]∣∣∣
p0=Ep

.

(6.14)

Further neglecting the effect of the neutrino masses, which is justified since
T ≫ mν , the damping rate Γ is diagonal and we can re-express the collision
term as

{I[ϱ(p)]}αβ ≃ −{D(p, T )}αβ

[
{ϱ(p)}αβ − δαβfF(p)

]
, (6.15)

where δαβ is a Kronecker-δ, and the damping rate matrix D(p, T ) can be writ-
ten in components

{D(p, T )}αβ ≡ 1
2
[
{Γ(p, T )}αα + {Γ(p, T )}ββ

]
. (6.16)

The damping approximation has the major practical advantage that it decou-
ples the different components of ϱ. Since the total energy density entering the
continuity equation (6.9) can be obtained by integrating the diagonal elements
of the matrix of neutrino distributions, i.e.

dρ̄ν

dx = 1
π2

∫
dy y3∑

α

d
dxϱαα , (6.17)

it is therefore only necessary to track the diagonal elements.
If we further neglect the impact of neutrino oscillations, which is in gen-

eral small (see Tab. 6.1), one can write Eq. (6.10) in terms of the comoving
variables (6.6) and find the much simpler expression

d
dxϱαα ≃ − Γα

xH

[
ϱαα − fF(yT/z)

]
, (6.18)

6This includes electrons and positrons, for which this approximation is expected to hold
extremely well, but also other neutrinos for which the error is larger.
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where, for the sake of brevity, we write Γα = {D(p, T )}αα. In order to ac-
curately capture the momentum dependence of the neutrino distribution func-
tion, one can solve Eq. (6.18) for a range of momenta y covering the bulk
of the neutrino population (typically, a set of comoving momenta in the in-
terval [0.01, 30] is sufficient). We will call this strategy the “full-momentum”
approach in the rest of this chapter.

Alternatively, a good approximation can be obtained by solving the mo-
mentum average of Eq. (6.18). For that purpose, one needs to make an ansatz
for the form of the neutrino distribution functions. As neutrinos remain close
to equilibrium at all times and their interaction rates are dominated by the kine-
matic region close to the averaged momentum ⟨p⟩ /T = 7π4/180ζ(3) ≃ 3.15,
it is reasonable to assume

{ϱ(y)}αα = {ϱ(⟨y⟩)}αα
fF(yT )
fF(⟨y⟩T ) , Γ(y) = Γ(⟨y⟩) . (6.19)

In this case, one can perform the momentum integral explicitly and we obtain

dρ̄ν

dx = − 7π2

120xH(x)

[∑
α

Γα(⟨y⟩)
({ϱ(⟨y⟩)}αα

fF(⟨y⟩T ) − z3(x)
)]

. (6.20)

We call this second procedure the “mean-momentum” approach.

6.1.3 Extracting the value of NSM
eff

Simultaneously solving Eqs. (6.9) and (6.18) (or (6.20)), we can then ex-
tract the SM value for Neff through the relation

NSM
eff ≡ 8

7

(11
4

)4/3 ρν

ργ

∣∣∣∣∣
x→∞

= 120
7π2

(11
4

)4/3 [z(Tini)
z(x)

]4
ρ̄ν(x)

∣∣∣∣∣
x→∞

,

(6.21)
where Tini is the photon temperature at initialisation (which is equal to the
neutrino temperature at this stage). In the following, we will use Tini = 10
MeV but the final result is fairly insensitive to the choice of initial temperature
(as long as Tini is much larger the neutrino decoupling temperature).
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Figure 6.2: Tree-level neutrino self-energy. The left panel encodes the interaction
with electrons whereas the right panel captures the neutrino self-interaction.

6.2 Impact of QED NLO corrections to the weak
rates on NSM

eff

6.2.1 Motivation

At temperatures close to neutrino decoupling, we have T ≪ mW , mZ and
one can therefore integrate out W and Z bosons. Neutrinos then only interact
through the 4-fermion interaction7

L4F ⊃ −4GF√
2

[
ψ̄αγµPLψα

] [
gα

LJ
µ
L + gRJ

µ
R + 1

4 ψ̄βγµPLψβ

]
. (6.22)

In the above equation, ψα (ψβ) denotes the spinor associated with the neutrino
of flavour α (β) ∈ {e, µ, τ} whereas Jµ

L/R = ψ̄eγ
µPL/Rψe represent the

left- and right-handed electron currents. gL/R are the right- and left-handed
couplings, which take the respective values gR = sin2 θW and gα

L = −1
2 +

sin2 θW + δαe in the SM.
At tree level, neutrino interactions are well understood and captured by

the two self-energies displayed in Fig. 6.2. Their leading-order interaction
rates can be obtained using the results of Chap. 4, see also appendix C, and
have been included in the state-of-the-art result (6.3). The impact of (finite-
temperature8) NLO corrections to these rates remains however to be accurately
quantified. At NLO, the four diagrams, (a) to (d), displayed in Fig. 6.3 will
contribute. We note in passing that NLO corrections from the Fermi inter-

7As discussed in Chap. 4, see footnote 7, we use the Fierz identities to unify the charged and
neutral current contributions.

8NLO corrections to the neutrino-electron interaction rates in vacuum due to diagrams (a)–
(d) in Fig. 6.3, including the non-perturbative contributions from quark, were already calculated
previously in Ref. [565].
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Figure 6.3: Diagrammatic representation of all four qualitatively different amplitudes
contributing at NLO (in αem) to the neutrino interaction rate. These corresponds
to (a) modification of the electron dispersion relation, (b) virtual photon exchange,
(c) real photon emission and absorption, and (d) corrections with a closed fermion
loop. Note that, while we will focus on the case with an electron running in the loop,
diagrams of type-(d) exist with any fermion running in the loop. In the above dia-
grams, one should sum over all time directions to account for all possible scattering
channels. Figure taken from [4].

action itself can safely be neglected here, as they are expected to be further
suppressed by powers of T/mW ≪ 1. This also implies that only neutrino-
electron interaction rates are impacted and one can safely use the tree-level
result for neutrino self-interactions. Though these NLO QED contributions
are expected to be suppressed by the electromagnetic fine-structure constant
αem ≡ e2/4π, there has been some debate [4, 543, 549, 566–568] about the
precise impact of these NLO corrections on NSM

eff and, in particular, whether
they can modify the last significant digit of the benchmark (6.3). The key
differences between these different analyses can be summarised as follows:

• In [543, 549], only type-(a) corrections to the neutrino-electron interac-
tion rates were investigated. In practice, this amounts to modifying the
electron mass shell to include its thermal mass δme(p, T ), i.e. mak-
ing the replacement m2

e → m2
e + δm2

e in every electron propagator9.
For the sake of simplicity, they further neglected the subleading (see e.g.
Fig. 15 in [547]) correction from the momentum dependence of this ther-
mal mass. Overall, [549] concluded in an an absolute impact on NSM

eff

9Such a procedure can also be used to obtain the O(e2) correction to the QED EoS, though
one has to be careful to include the proper symmetry factors [545].
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of approximately −8 × 10−5, below the current theoretical uncertainty
of O(10−4).

• In [566], the impact on NSM
eff of type-(a) to (c) diagrams was examined,

claiming a substantial effect of ≈ −7 × 10−4. The NLO rates in this
study were calculated based on early works [569, 570] in the context of
stellar energy losses, essentially extending their approach from T ∼ 1
MeV to T ∼ 20 MeV. However, by doing so, they neglect Pauli block-
ing effects of final-state neutrinos, which are irrelevant in stellar environ-
ments due to the long mean free path of neutrinos. This is not necessarily
justified in the context of the primordial universe. Moreover, they also
neglected corrections from ναe → ναe scatterings as well as type-(d)
corrections, see Fig. 6.3. In particular, the latter presents a t-channel
enhancement and should naively dominate the NLO contribution.

• More recently, G. Jackson and M. Laine performed in [567, 568] the
most complete calculation up to date. They considered all diagrams in
Fig. 6.3, even including an estimate for the hadronic corrections to dia-
gram (d) following [571]. While they worked in the imaginary time for-
malism, which in principle does not allow to consider out-of-equilibrium
situations, they provided in their second work [568] the double-differential10

neutrino rates that can be incorporated in non-averaged kinetic equations
and comprehensively account for distortions in the neutrino distribution
functions. In doing so, they found that NLO corrections to the rates are
of order 0.2 − 0.3%. They therefore concluded that NLO effects are
unlikely to impact NSM

eff at the per mille level, even though they did not
explicitly estimate the impact of these corrections on NSM

eff . However,
we note that the authors assumed a negligible electron mass by setting
me = 0, which is not always a good approximation.

In this section, we therefore intend to clarify whether or not QED correc-
tions to the neutrino-electron interaction rate can alter the value ofNSM

eff within
the SM at the per mille level as claimed in [566]. To that end, we restrict our-
selves to computing the type-(d) NLO correction, since it is expected to dom-
inate the NLO QED corrections,11 but make no further approximation. This
in particular means retaining the finite electron mass, contrary to [567, 568],

10We here means the neutrino interaction rates that have been differentiated twice with re-
spect to the energies of the two scattering neutrinos.

11This has been confirmed explicitly in the limit me = 0 in [567, 568].
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Figure 6.4: Self-energy corresponding to the type-(d) contribution in Fig. 6.3. We
explicitly label both the external (i.e. a and b) and the summed (i.e. c and d) CTP
indices. We also indicate the particle species (e and να) as well as the chosen conven-
tion for momenta (k, l, p and q). Figure taken from [4].

and the effect of Pauli blocking as well as every possible scattering channels,
contrary to [566]. As a side note, we perform our computation from first prin-
ciples using the real-time formalism, which in thermal equilibrium is equiva-
lent to the imaginary time formalism used in [567,568] but can be more easily
extended to nonequilibrium settings.

6.2.2 Estimating the type-(d) NLO correction to the weak
rates

The neutrino self-energy, displayed for a generic choice of CTP indices
in Fig. 6.4, constitutes the crucial ingredient needed to obtain the neutrino-
electron interaction rates. It reads

Tr
[
/pΣba,cd

]
= −sgn(abcd)(ie)2

(
i4GF√

2

)2
× (6.23)

×
∫

l,q,k
Tr
[
iSad

e (q)γρ(PLg
α
L + PRgR)iSda

e (q + p− l)γµ
]
iDcd

µν(p− l)

× Tr
[
/pγ

ρPLiS
ba
να

(l)γσPL

]
Tr
[
iScb

e (k)γνiSbc
e (k + p− l)γσ(PLg

α
L + PRgR)

]
.

To keep the preceding expression compact, we abbreviated
∫

p ≡
∫

d4p/(2π)4.
Note also that the propagators’ subscripts (“e” or “να”) indicate the specific
particle they are associated with. From Eq. (6.14), we know that it is only
necessary to compute the rates for b = + and a = −. Out of the four pos-
sibles combinations of indices c and d, one can show that only Σ+−,++ and
Σ+−,−− are non-vanishing. The remaining two cuts put the intermediate pho-
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ton in Fig. 6.4 on-shell, leading to processes that are kinematically forbidden
at tree level. From the structure of the thermal propagators (1.51), it follows
that Tr

[
/pΣ+−,++

]
= Tr

[
/pΣ+−,−−

]∗
and, hence, the type-(d) contribution is

solely determined by Σ+−,++

Tr
[
/pΣ+−

NLO

]
= 2Re Tr

[
/pΣ+−,++

]
. (6.24)

Using Eq. (6.23), the self-energy (6.24) can be brought into the explicit form

Tr
[
/pΣ+−

NLO

]
= (2π)3

∫
q,l
δ(p2

2)δ(p2
3 −m2

e)δ(p2
4 −m2

e)F(p0
2, p

0
3, p

0
4)TNLO.

(6.25)
For the sake of brevity, we identified different combinations of the 4-momenta
p, l, q in Fig. 6.4 with the momenta p1, p2, p3, p4 of the external neutrinos
and electrons of the underlying 2 → 2 process represented by diagram (d)
of Fig. 6.3. Specifically, we have

p1 = p, p2 = −l, p3 = q + p− l, p4 = −q. (6.26)

In Eq. (6.25), we also defined the population factor

F(p0
2, p

0
3, p

0
4) =

[
sgn(p0

2)(1 − fF(p0
2))
] [

sgn(p0
3)fF(p0

3)
] [

sgn(p0
4)fF(p0

4)
]

(6.27)
as well as the quantity TNLO

TNLO = −16G2
F g

α
V Re

{
Tr
[
(/p3 +me)γµ (me − /p4)γρ (gα

LPL + gRPR)
]

×Tr
[
/p1γρPL/p2γσPL

]
D11

µν(P )Πνσ
11 (P )

}
. (6.28)

The latter can be seen as the equivalent S-matrix element entering the colli-
sion integral in standard Boltzmann equations, see e.g. [45]. It captures the
entire difference between the NLO and LO rates; that is, the LO rates can be
recovered by replacing

TNLO → TLO = 27G2
F

[
(gα

L)2 (p1 · p4)2 + g2
R (p2 · p4)2 + gα

LgRm
2
e (p1 · p2)

]
.

(6.29)

In Eq. (6.28), we introduced the notation P = p1 + p2 for the photon momen-
tum and gα

V,A = 1
2(gα

L ± gR) for the vector and axial couplings, which arise
because of the vector-like nature of QED. Moreover, Πµν

ab denotes the one-loop
photon self-energy, which is computed in details in appendix D.3.1.
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By decomposing each propagator, one can in general split TNLO into ’vac-
uum’ and ’thermal’ contributions:

TNLO = Tvac + Tth , (6.30)

such that Tvac does not depend directly on the temperature12 while Tth → 0 as
T → 0. The former can be expressed in terms of the 1-loop vacuum photon
self-energy Π2 as

Tvac = −210G2
F αem [(gα

V )2/(4π)]
[
m2

e(p1 · p2) + 2(p1 · p4)2
]

Re Π2(P 2).
(6.31)

Note that, in order to make the expression (6.31) more compact, we made use
of the symmetry of the integrand under the exchange p3 ↔ p4. Combined with
the conservation of 4-momenta, this symmetry also ensures the absence of any
antisymmetric term containing Levi-Civita symbols arising from traces of γ5

with four or more γ-matrices. The decomposition (6.30) has the advantage
that the photon self-energy Π2 was already computed in vacuum in Ref. [565],
whose result we used in this work.

The thermal matrix element Tth possesses a more complicated structure.
Its temperature dependence arises directly from the finite-temperature part of
S++

e , which effectively puts one of the electron on-shell and is therefore pro-
portional to its distribution function. Interestingly, putting both ’internal’13

electrons on-shell yields a purely imaginary contribution, which cancels when
summing over the possible CTP indices c = d = + and c = d = −. Therefore,
only the two combinations that puts either internal electron on-shell survive.
They are proportional to fF(|k0|) and fF(|k0 +P 0|), respectively, see Fig. 6.4
for the momentum convention.

A distinctive feature of this thermal contribution to the NLO QED correc-
tion is the emergence of a t-channel (logarithmic) divergence in the limit of
soft momentum exchange. This singularity can be easily understood by look-
ing at the scaling of the 1-loop photon self-energy. In the Hard Thermal Loop
(HTL) limit, i.e. assuming the photon to be soft14 |P0| < |P| ≪ πT and ne-
glecting the electron mass, the finite-temperature photon self-energy scales as

12The interaction rates will however depend on the temperature because of the temperature
dependence of the population factor (6.27).

13By internal, we mean electrons that have not been cut through, i.e. for which the propagator
is S++

e .
14For t-channel processes, one always has P 2 ≤ 0. Moreover, P 2 = 0 can only be reached

for P0, |P| both vanishing.
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T 2 instead of P 2 like it does in vacuum. Therefore, it cannot compensate any
more for the 1/P 2 behaviour of the photon propagator. In addition, the diver-
gence is worsened by the Bose-enhancement of soft photons. It can however
be regulated by replacing the tree-level photon propagator Dcd

µν in Eq. (6.28)
with its 1PI-resummed equivalent D̄ab

µν . At finite temperature, the longitudi-
nal (“L”) and transverse (“T ”) photon degrees of freedom behave differently.
Consequently, it is necessary to decompose the thermal matrix element Tth
accordingly, i.e. Tth = T L

th + T T
th with

T L/T
th = −28G2

F (gα
V )2Re D̄L/T

R (P )Re ΠL/T
R,T ̸=0(P )

[
2(p1 · p4)P 1,4

L/T

+(p1 · p2)(aL/T (p1 · p2) + P 2,2
L/T + P 4,4

L/T )
]
. (6.32)

In the previous equation, D̄L/T
R denotes the longitudinal/transverse compo-

nent of the retarded resummed photon propagator whereas ΠL/T
R,T ̸=0 is the lon-

gitudinal/transverse component of the retarded thermal photon self-energy,
which contains the fF(|k0|) and fF(|k0 + P 0|) terms described earlier. To
keep the formula compact, we introduced the shorthand notation P i,j

L/T =
Pµν

L/T pi,µpj,ν . Additionally, the coefficient aL/T = (3 ∓ 1)/4 further dis-
tinguishes between the longitudinal and transverse contributions. Complete
expressions for Re ΠL/T

++,T ̸=0 and Re D̄L/T
++ are provided in Eqs. (D.27), (D.29)

and (D.55). One can in turn easily map these to Re ΠL/T
R,T ̸=0 and Re D̄R, which

enters Eq. (6.32) more directly, through the trivial relations

Re D̄L/T
R = Re D̄L/T

++ , Re ΠL/T
R = Re ΠL/T

++ . (6.33)

More details on the derivation of these results along with explicit expressions
for the relevant integrals can be found in appendices D.2 and D.3.

Before moving on to the numerical evaluation of the rates, we would like
to comment on a few technical aspects. First, we note that it is in principle
necessary for consistency reasons to replace the tree-level photon propagator
by its resummed equivalent also in the vacuum contribution (6.31). However,
this is not needed in practice because the vacuum photon self-energy does not
exhibit any IR divergence and is therefore not dominated by small photon mo-
menta. We numerically checked that the choice of propagator does not impact
the final result in any visible way. For the same reasons, we can safely set
D̄R → DR, where DR is the tree-level counterpart of D̄R, in the s-channel.
Second, the resummation of the photon propagator introduces an imaginary
part in D̄L/T

++ . Therefore, the argument given below Eq. (6.23) for neglect-
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ing contributions such as Σ+−,+− no longer holds, as the so-called plasmon
process γ → νν̄ become kinematically possible. However, such processes
are formally of higher-order in αem, contributing at O(α2

em) (see appendix C
in [572]), while we are only interested in this work in the leading O(αem)
correction.

Numerical results

We now numerically evaluate the NLO QED correction to the neutrino
damping rate (6.14) by integrating over the two remaining momenta l and q
in Eq.(6.25), making use of the phase-space parametrisation detailed in ap-
pendix B. The SM constants listed below are fixed to their best-fit experimental
values as reported by the Particle Data Group [573].

• Fermi constant: GF = 1.166 378 8(6) MeV−2,

• Electron mass: me = 0.510 998 950 00(15) MeV,

• Electromagnetic fine-structure constant: α−1
em(0) = 137.035 999 180(10),

and

• Weinberg angle: sin2 θW (0)MS = 0.238 63(5).

The vacuum correction (6.31) is also sensitive (through the photon self-energy)
to the choice of renormalisation scale µR, which we identify with the electron
mass, i.e. µR = me. Note also that we neglect the running of the different
SM constants, which is small in the temperature range of interest; see e.g.
[574, 575].

Our results for the NLO QED corrections to the neutrino damping rates rel-
ative to the LO result are shown in Fig. 6.5 for 0.1 MeV < T < 3 MeV, which
covers the relevant dynamics for NSM

eff . We display these rates evaluated at the
mean momentum p = 3.15T both for the νe − e interaction rate (top panel)
and νµ,τ − e interaction rate (bottom panel). We find this relative correction
to fall in the range −0.2 → +0.1% and −0.0005 → +0.0002%, for νe and
νµ,τ respectively, for temperatures between 1 and 3 MeV. We also make the
following observations:

1. Close to neutrino decoupling, for T ∼ 2 MeV, [566] concluded that
finite-temperature corrections were subdominant to the vacuum correc-
tion (and bremsstrahlung process). In contrast, we instead observe that
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Figure 6.5: Top: Temperature dependence of the type-(d) NLO contributions to the
νe interaction rate for the mean neutrino momentum p = 3.15T , normalised to the LO
result. We do this comparison for both a finite (solid lines) and a vanishing (dashed
lines) electron mass, the LO result being always evaluated with me ̸= 0 to ensure a
common normalisation. We further split the total rate correction (red) into the vac-
uum (blue) and the thermal contribution (green), see main text for details. In the
lower panel, we compare the LO ν − e interaction rate to the Hubble rate defined via
Γα(Td(e)) = H(Td(e)), Td indicating the decoupling temperature. Bottom: Same as
top, but for νµ,τ . Figure taken from [4].

thermal (see (6.32)) and vacuum (see (6.31)) contributions to the correc-
tion are roughly equal in magnitude and opposite in signs (green vs blue
lines in figure 6.5).

2. Similarly, Ref. [566] also reported the absence of flavour dependence
of the damping rates, i.e. |Γe/Γµ,τ − 1| ≲ 1% at neutrino decoupling.
On the other hand, we observe a strong flavour dependence of our rates,
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exceeding two orders of magnitude as can be seen by comparing the
top and bottom panel of Fig. 6.5. This flavour dependence was also
noted in [567] and can be traced back to the hierarchy between the vector
couplings ge

V ∼ 0.49 and gµ,τ
V ∼ −0.012, very roughly two orders

of magnitude apart from one another. Ultimately, this hierarchy arises
from the fact that electron neutrinos experience both neutral and charged
current interactions with the e± thermal bath whereas the muon- and tau-
flavoured neutrinos interact only via the neutral current.

3. In order to assess the validity of the me = 0 approximation performed
in [567], we have computed the rates both retaining the full dependence
on the electron mass (solid lines in Fig. 6.5) and in the massless limit
me → 0 (dashed lines in Fig. 6.5), using the HTL approximation for the
photon self-energy and propagator.

As expected, the error from neglecting me can be safely ignored at tem-
peratures close to neutrino decoupling T ≳ 3me, but becomes sizeable
at low temperatures. In particular, the ratio ΓNLO

α /ΓLO
α vanishes in the

limit T → 0 for me > 0 whereas it diverges if me = 0 because of the
additional Boltzmann suppression of the LO rates. Although the impact
of NLO corrections on the neutrino decoupling temperature is relatively
minor, the evolution of neutrinos in general needs to be tracked down to
much lower temperatures to accurately estimate NSM

eff [543, 556]. The
impact of retaining the electron mass may therefore be non-negligible,
see Sec. 6.2.3 for more details.

4. In the relativistic regime T ≫ me, the thermal component of the NLO
correction exhibits the same temperature dependence as the LO rate,
since T is the only relevant scale. In contrast, the vacuum correction
retains a (mild) residual temperature dependence arising from the choice
of renormalisation scale µR = me.

Regarding the first two points, we note however that [566] only considered
type-(a) to (c) NLO corrections while we restricted ourselves to the corrections
of type-(d) such that a direct comparison is not possible.

We also examine in more detail the impact of different possible resumma-
tion schemes — see appendix D.3 — in Fig. 6.6, focusing on the (enhanced)
t-channel, which is more sensitive on the choice of scheme. In this figure, we
compare four different approximations
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i The complete one-loop result, i.e. using the 1PI-resummed photon prop-
agator, including a finite me everywhere,

ii The complete one-loop result in the limit me → 0,

iii Using instead the HTL-resummed photon propagator (which does not
depend on the electron mass) while retaining the finite electron mass
everywhere else,15

iv Using the HTL-resummed photon propagator and settingme = 0 every-
where.

As expected, in the limit me → 0, using the HTL-resummed propagator re-
produces in very good accuracy the complete one-loop result. In contrast, this
approximation is expected to deteriorate in the non-relativistic regime. This is
illustrated by the lower panel of Fig. 6.6, which displays the ratio of (i) to (iv),
revealing O(1) errors for T ≲ me.

6.2.3 Impact on NSM
eff

Now that we have computed the type-(d) correction to the ν − e interac-
tion rate, we are in a position to estimate its effect on NSM

eff . Since a complete
numerical evaluation of NSM

eff is computationally expensive, we will limit our-
selves in this work to two different approximations in order to assess whether
these corrections are likely to induce a significant change in NSM

eff .

1. As already highlighted in Tab. 6.1, the leading correction to NSM
eff arises

from the fact that electrons and positrons are only mildly relativistic at
neutrino decoupling, i.e. me/Td ̸= 0. It seems therefore reasonable to
expect that NLO corrections will also be dominated by the change in
Td. Hence, we will first assume that neutrinos decouple instantaneously.
In this case, δNeff ≡ NNLO

eff − NLO
eff can be estimated from entropy

conservation argument.

2. As a slightly more precise estimate, we may also compute in a second
time δNeff by solving directly the continuity equation (6.9) along with
the QKEs (6.10), with and without averaging over the momenta. For
simplicity, we will also make use of the damping approximation (6.15)
and neglect neutrino oscillations.

15Although physically inconsistent, keeping me in the electron propagator but not in the
photon propagator remains helpful for extracting the dependence of the neutrino damping rate
on the resummation scheme.
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Figure 6.6: Top: The t-channel contribution (l0 > 0) to the NLO νe − e inter-
action rate normalised to the LO result, both evaluated at the average momentum
p = 3.15T . We compare different approximations for the photon propagator, i.e. the
1PI-resummed form (in green) and the HTL-resummed form (in magenta). Each is
shown for both me ̸= 0 (solid lines) and me = 0 (dashed lines), the LO result being
always computed for me ̸= 0 to ensure a common normalisation. The lower panel
displays the temperature dependence of the ratio of the 1PI result with me ̸= 0 to the
HTL result with me = 0. Bottom: Same as top, but for α ∈ {µ, τ}. Figure taken
from [4].

Entropy argument

For systems close to equilibrium and evolving adiabatically as is the case
here, the total entropy density is expected to remain conserved. Similarly, long
after the decoupling of neutrinos, one would expect the entropy density to be
separately conserved in the QED and neutrino sectors. Writing ad+ the scale
factor immediately before neutrino decoupling, we can write these conserva-
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tion rules as

seq(ad+)a3
d+ = seq(af )a3

f ,

sνα(ad+)a3
d+ = sνα(af )a3

f ,
(6.34)

where af is the scale factor chosen at a later time, which is chosen to be long
after electron/positron annihilation. sνα is the entropy density stored in neutri-
nos of flavour α, while seq ≡ sγ + se +

∑
β ̸=α sνβ

+ · · · denotes the entropy
stored in the QED plasma plus any neutrino species νβ that may still be in
equilibrium with it. At a = ad+, we note that the temperature in the neutrino
and QED sector are the same, i.e. Tν(a = ad+) = Td.

If the decoupling is instantaneous, the neutrinos will maintain in excellent
approximation an equilibrium distribution. Therefore, their entropy density
will continue to scale as sνα(a) ∝ T 3

να
(a) and their temperature as the inverse

scale factor, i.e. Tνα(af ) = (ad+/af )Tνα(ad+) = (ad+/af )Td. Similarly, the
entropy density of the part of the plasma that remains in equilibrium can be
parametrised in the following way

seq(a) = 2π2

45 g̃s(a)T 3(a) , (6.35)

where the effective number of entropic degrees of freedom g̃s reads

g̃s(a) ≡ gγ + 45
4π4

ge

T 4(a)

∫ ∞

0
dp p2

(
Ee + p2

3Ee

)
fF(Ee, T (a)) + 7

8
∑
β ̸=α

gνβ

(6.36)
in the ideal gas limit. In the above equation, we have gγ = 2, ge = 4, and
gνβ

= 2. Though in general deviations from the ideal gas limit are not negligi-
ble at T = Td (see [549] for details), we are here only interested in the relative
change in NSM

eff due to NLO QED corrections such that this approximation
should not significantly impact our conclusions.

Inserting Eqs. (6.35) and (6.36) into the conservation relation (6.34), we
can derive the late-time photon-to-neutrino temperature ratio

T (af )
Tνα(af ) =

[
g̃s(ad+)
g̃s(af )

]1/3

, (6.37)

which one can then relate to δNeff . Eq. (6.37) highlights that an accurate de-
termination of Td is crucial in order to precisely infer δNeff . Therefore, we
first estimate the change in the decoupling temperature caused by the type-(d)
NLO corrections.
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Changes in the neutrino decoupling temperature: The decoupling tem-
perature of neutrinos is defined by the solution to Γ = H , where the Hubble
rate H verifies H2(T ) = (ρQED + ρν)/(3m2

Pl) in the temperature range of
interest, ρν = 3gν(7/8)(π2/30)T 4 is the energy density stored in the three
neutrino families (each with gν = 2) and

ρQED = gγ
π2

30T
4 + ge

2π2

∫ ∞

0
dp p2EefF(Ee) (6.38)

the energy density stored in the QED plasma (in the ideal gas limit). At tree
level, solving the equation ΓLO

α (Td(α)) = H(Td(α)) leads to the (flavour-
dependent) LO decoupling temperature16 Td(α)

TLO
d(e) ≃ 1.320 58 MeV,

TLO
d(µ,τ) ≃ 2.221 722 09 MeV.

(6.39)

These results are illustrated in the lower panels of the two plots in Fig. 6.5,
which compare the LO νe and νµ,τ interaction rates with the Hubble expansion
rate. Including now the type-(d) corrections to the rates, we find instead the
decoupling temperatures

TNLO
d(e) ≃ 1.321 10 MeV ,

TNLO
d(µ,τ) ≃ 2.221 722 11 MeV ,

(6.40)

corresponding to a relative increase of ∼ 0.04 % for νe and of ∼ 8 × 10−7 %
for νµ,τ . The smallness of the correction to the muon/tau neutrino decoupling
temperature can be attributed not only to the suppression of their interaction
rates by a factor of O(10−2) (compared to electron neutrinos) but also to an
approximate cancellation between the vacuum and thermal NLO contributions
near TLO

d(µ,τ), see Fig. 6.5.
Finally, for comparison with [567], it is also useful to compute the shift in

the decoupling temperature using the rates in the limit me = 0. We find in this
case

TNLO,me=0
d(e) ≃ 1.321 18 MeV,

TNLO,me=0
d(µ,τ) ≃ 2.221 722 23 MeV ,

(6.41)

16These results slightly differ from the earlier estimates of [549], which might be traced to
different choices for the Weinberg angle.
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i.e. a 0.05% and 6 × 10−6% relative shift for the νe and νµ,τ decoupling
temperature. We can now move on to estimating δNeff .

Common decoupling temperature: We begin by working under the ap-
proximation that all neutrino species decouple at the same temperature, i.e.
at T = Td(e). This can be justified by the observation that neutrino oscil-
lations become relevant already at temperatures of order 10 − 20 MeV, see
e.g. [550,576,577]. Since at late times all electrons and positrons have annihi-
lated, i.e. g̃s(af ) = gγ = 2, combining Eq. (6.37) with Eq. (6.21) leads to the
simple estimate

Neff = 3 ×
[11

4
2

g̃s(ad+)

]4/3
. (6.42)

Inserting in the above equation the LO and NLO electron neutrino decoupling
temperatures (Eqs. (6.39) and (6.40) respectively), we obtain a relative shift in
NSM

eff of

δNeff/N
LO
eff ≃ −1.1 × 10−5 (6.43)

due to the NLO type-(d) corrections. Using instead the me = 0 NLO decou-
pling temperatures (6.41), the relative shift in NSM

eff would have been

δNeff/N
LO
eff ≃ −1.2 × 10−5 . (6.44)

This confirms that setting me = 0 works reasonably well at the neutrino de-
coupling temperature. These results are summarised in the first line of Tab. 6.2.

Flavour-dependent decoupling: Alternatively, one can also work in the
opposite limit and neglect neutrino oscillations altogether. In this case, one
needs to adapt the reasoning developed at the beginning of this subsection to
consider three different epochs: i) before νµ/τ -decoupling (a < a+

d(µ,τ)), ii)
between νµ,τ -decoupling and νe-decoupling (a−

d(µ,τ) < a < a+
d(e)) and iii)

after νe-decoupling a > a−
d(e)). The corresponding numbers of degrees of
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freedom (in equilibrium with photons) are

g̃s(a+
d(µ,τ)) = 2 + 45

π4T 4
d(µ,τ)

∫ ∞

0
dp p2

(
Ee + p2

3Ee

)
fF(Ee, Td(µ,τ)) + 7

8gνe ,

g̃s(a−
d(e)) = 2 + 45

π4T 4
d(e)

∫ ∞

0
dp p2

(
Ee + p2

3Ee

)
fF(Ee, Td(e)) + 7

8gνe ,

g̃s(a+
d(e)) = 2 + 45

π4T 4
d(e)

∫ ∞

0
dp p2

(
Ee + p2

3Ee

)
fF(Ee, Td(e)),

g̃s(af ) = 2.
(6.45)

From there, we can estimate the νe-to-photon and νµ,τ -to-photon energy den-
sity ratio long after neutrino decoupling, at a = af ,

ρνe(af )
ργ(af ) = 7

8

 g̃s(af )
g̃s(a+

d(e))

4/3

= 7
8

 2
g̃s(a+

d(e))

4/3

, (6.46a)

ρνµ,τ (af )
ργ(af ) = 7

8

 2
g̃s(a+

d(e))
g̃s(a−

d(e))
g̃s(a+

d(µ,τ))

4/3

. (6.46b)

Combining these results, we find

Neff =

11
4

2
g̃s(a+

d(e))

4/3
1 + 2 ×

 g̃s(a−
d(e))

g̃s(a+
d(µ,τ))

4/3
 . (6.47)

Similarly to the common decoupling estimate, we evaluate (6.47) using
the LO and NLO decoupling temperatures (6.39), (6.40) (retaining the finite
electron mass) and (6.41) (for me = 0). We then find the following relative
shift in NSM

eff

δNeff/N
LO
eff ≃ −5.4 × 10−5 , (6.48)

δNme=0
eff /NLO

eff ≃ −6.1 × 10−5 . (6.49)

These results are summarised in the second line of Tab. 6.2. We note that
the flavour-dependent decoupling estimates of δNeff/N

LO
eff are suppressed by a

factor of O(2) compared to the common decoupling estimate. This is expected
since the NLO corrections to the νµ,τ − e interaction rate are extremely sup-
pressed compared to the corrections to the νe−e interaction rate. Nevertheless,



194 Chapter 6. The effective number of neutrinos Neff

Method δNeff/N
LO
eff δNme=0

eff /NLO
eff

Entropy conservation (common decoupling) −1.1 × 10−5 −1.2 × 10−5

Entropy conservation (flavour-dependent decoupling) −5.4 × 10−6 −6.1 × 10−6

Boltzmann damping approximation (mean momentum) −7.8 × 10−6 −1.6 × 10−5

Boltzmann damping approximation (full momentum) −7.9 × 10−6 −2.6 × 10−5

Table 6.2: Relative correction to NSM
eff due to type-(d) NLO corrections to the να − e

interaction rates, as measured by the different approaches described in Sec. 6.2.3.
Table adapted from [4].

it should be emphasised that both estimates are crude approximations and the
true shift in NSM

eff will likely fall somewhere in-between.

Solving the continuity and neutrino kinetic equations

As a more precise estimate, we solve the continuity equation (6.9) together
with the momentum-dependent neutrino QKEs (6.18), applying the damping
approximation. We also compare this full-momentum treatment to the mean-
momentum approach (6.20). Results from both methods, obtained with or
without the inclusion of the electron mass in the NLO correction to the rates,
are summarised in Tab. 6.2.

Tab. 6.2 highlights several interesting aspects. First, in the case me ̸= 0,
both the full- and mean-momentum approaches yield a similar relative shift in
NSM

eff of δNeff/N
LO
eff ≃ (−7.8 → −7.9) × 10−6, which is broadly consistent

with the entropy argument detailed earlier. The equivalent estimates for a van-
ishing electron mass, on the other hand, differ by ∼ 50% between the full-
(δNme=0

eff /NLO
eff ≃ −2.6 × 10−5) and mean-momentum (δNme=0

eff /NLO
eff ≃

−1.6 × 10−5) approaches. The full-momentum approach, especially, is larger
by a factor of ∼ 4 compared to the entropy argument. This difference is
nonetheless consistent with the expectation that neutrino decoupling is not an
instantaneous process and, in particular, is not fully completed by the time
electrons and positrons start to annihilate at T ≃ me. As a result, NSM

eff is
expected to be sensitive to some extent to the neutrino-electron interaction
rates at low temperatures T ≲ me, an effect that is not captured by the en-
tropy argument. Given that the NLO rates for me = 0, displayed in Figs. 6.5
and 6.6, diverge relative to the Boltzmann-suppressed LO rates in the limit of
low temperatures while theirme ̸= 0 counterparts vanish in the same limit, we
therefore expect a larger impact in NSM

eff if one takes the limit me → 0 in these
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Property Expression at T = 0 Numerical value

Binding energy of energy level n ∆En = meα
2
em/(4n2) 6.8/n2 eV

Mass mPs = 2me − ∆E1 1.022 MeV
Bohr radius a0 = 2/(meαem) 536 MeV−1

Lifetime (for n = 1):
• Para-positronium (s = 0) τ0 = 2/(meα

5
em) 0.1244 ns

• Ortho-positronium (s = 1) τ1 = 9π/[2(π2 − 9)meα
6
em] 138.7 ns

Table 6.3: Physical properties of the positronium at T = 0 (see e.g. [578]). Table
taken from [7].

NLO corrections. Thus, although the overall effect of the NLO rate corrections
on NSM

eff is small, we conclude that neglecting me in their computations is not
justified in the context of high-precision determinations of NSM

eff .
To conclude this section, our results suggest that, contrary to the claim of

Ref. [566] and in agreement with [567, 568], the change in NSM
eff from NLO

QED corrections to the neutrino-electron interaction rates are smaller than the
numerical and experimental uncertainties listed in [4], both of O(10−4), and
should therefore not affect the theoretical benchmark (6.3).

6.3 Impact of bound-state formation on NSM
eff

In the previous section, we investigated the impact of QED corrections to
the weak rates on NSM

eff . Beyond affecting neutrino damping, QED effects
can also modify the early universe plasma through the formation of electron-
positron bound states, i.e. positronia (Ps). These bound states, whose prop-
erties in vacuum are summarised in Tab. 6.3, may begin to form once the
electron-positron bath becomes sufficiently non-relativistic, i.e. at T ≲ me.
Even though positronium is intrinsically unstable and is in addition rapidly
ionised by the photon bath in the relevant temperature range, a transient pop-
ulation of positronia in dynamical equilibrium with the rest of the QED bath
at O(10) keV ≲ T ≲ me could nonetheless alter the universe’s dynamics suf-
ficiently to affect NSM

eff . An estimate of the magnitude of this effect has been
lacking until now, and it is the goal of this work to fill that gap. More specif-
ically, we expect that the presence of positronium will predominantly affect
NSM

eff by modifying the QED EoS, whereas its direct impact on the neutrino
sector is likely negligible. Therefore, we focus in this section on assessing the
conditions under which positronia can form and how the continuity equation
(6.9) can be modified to capture their formation.
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Because a complete first-principles study of positronium formation is cur-
rently out of reach, we explore in this section different phenomenological mod-
els for the formation and equilibration of these bound states. These differ pri-
marily in their treatment of entropy evolution. First, in Sec. 6.3.1, we assess
the expected change in NSM

eff assuming positronium is produced out of equi-
librium at a temperature T eq

Ps , considering both the case of an instantaneous
equilibration and that of a more gradual thermalisation. In the next section, we
estimate T eq

Ps by examining the conditions under which positronium can form
and how quickly it equilibrates once produced. Lastly, in Sec. 6.3.3, we con-
sider the opposite limit, where positronium production proceeds adiabatically
and the QED sector remains in thermodynamic equilibrium at all times after
neutrino decoupling.

Before delving into technical details, we would like to comment on the
qualitative differences compared to the intuition gained from more familiar
processes, such as recombination or BBN. In these cases, the observed effect
crucially relies on the presence of a frozen-out population of particles (neutral
hydrogen in the first case, nuclei in the second) free from ionisation and pho-
todissociation. This is neither required nor verified in our case. As long as
the positronium formation rate is large enough to maintain a dynamical equi-
librium with the rest of the bath, its mere presence could noticeably affect
NSM

eff .17 Closer to our system is the formation of positronium-like dark matter
metastable bound states prior to dark matter freeze-out (see e.g. [579–581]),
although the primary focus in these studies was the enhancement of the DM
annihilation cross-section and subsequent depletion of the DM relic density
due to the existence of these bound states.

6.3.1 Modelling out-of-equilibrium positronium formation and
its impact on NSM

eff

In this section, we begin by considering an out-of-equilibrium production
of positronium, first assuming it occurs instantaneously, before later relaxing
this assumption.

17This observation also applies to any bound states, including hydrogen and atomic nuclei.
However, since these are significantly heavier, their number densities are typically too sup-
pressed to have any impact on NSM

eff .
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Instantaneous positronium production

Assuming an instantaneous production, we can adapt the entropy argument
developed in Sec. 6.2.3. Essentially, one needs to consider three different
epochs, which we label by their scale factors, a1, a2, and a3, corresponding
respectively to:

1. The time of instantaneous neutrino decoupling, T = Tν = Td(e) ≃
1.3 MeV; see the previous section for details.

2. The moment of instantaneous positronium production. We assume that
both n = 1 singlet and triplet states, also called para- and ortho-positronium
respectively, are populated at their equilibrium number densities at the
same time.

3. A later time at which electrons, positrons and positronium have all com-
pletely annihilated.

Importantly, we assume the production of positronium to happen after neu-
trino decoupling, which is justified as bound states tend to form only in the
non-relativistic regime. Moreover, we assume that kinetic and chemical equi-
librium hold at all times and for all particle species, except at positronium
formation. Then, using a similar argument as in the previous section, we can
relate the entropy in the QED sector seq between the different epochs, i.e.

s1a
3
1 = s2−a

3
2,

s2+a
3
2 = s3a

3
3.

(6.50)

We define si ≡ seq(a = ai) whereas the subscripts − and + indicate whether
the entropy is computed before or after positronium formation (occurring at
a = a2). Then, defining δs ≡ s2+ − s2− the absolute change in entropy at
a = a2 and using the fact that Tν ∝ a−1 after neutrino decoupling, Eq. (6.50)
yields

s1
T 3

ν,1

(
1 + δs

s2−

)
= s3
T 3

ν,3
. (6.51)

As a result, the neutrino-to-photon temperature ratio reads

Tν,3
T3

=
[
g̃s1
g̃s3

(
1 + δs

s2−

)]−1/3
=
( 4

11

)1/3 (
1 + δs

s2−

)−1/3
, (6.52)



198 Chapter 6. The effective number of neutrinos Neff

where g̃si, defined in Eq. (6.36), is the effective number of entropic degrees of
freedom in equilibrium with photons at a = ai. Right after neutrino decou-
pling, we have18 g̃s1 = 11/2 while g̃s3 = 2 well below e+e− annihilation.
The neutrino and photon energy densities after e+e− annihilation (at a = a3)
can then be related via

ρν,3 = 3 × 7
8

( 4
11

)4/3 (
1 + δs

s2−

)−4/3
ργ,3. (6.53)

Inserting this result into the definition (6.21), we finally obtain19

∆Neff = NSM
eff − 3 = 3

[(
1 + δs

s2−

)−4/3
− 1

]
≃ −4 δs

s2−
(6.54)

for the change in NSM
eff due to instantaneous positronium production.

As can be seen, the crucial ingredient is the change in entropy at positro-
nium formation δs. This quantity can be determined by assuming that energy
is conserved during the production, which implies the following conservation
equation

ρe(a2, T2) + ργ(a2, T2) = ρe(a2, T2,new) + ργ(a2, T2,new) + ρPs(a2, T2,new) .
(6.55)

T2,new is the new temperature the system relaxes to following the instantaneous
production of positronium. In the remainder of this work, we numerically
solve Eq. (6.55) to obtain T2,new, and thus fully determine δs. Nonetheless, it
is useful to first develop an analytical understanding of δs. Since positronium
can only form for T ≲ me, we expect that ρPs ≪ ργ and, therefore, |δT =
T2,new − T2| ≪ T2. We can thus expand Eq. (6.55) in δT to find

δT ≃ − ρPs
∂

∂T (ρe + ργ + ρPs)

∣∣∣∣∣
T =T2

. (6.56)

18g̃s1 actually slightly deviates from 11/2 due to the finite electron mass as well as finite-
temperature corrections to the QED EoS. However, since we are only interested in the relative
change in NSM

eff generated by the formation of positronium, neglecting this effect should not
visibly impact our result.

19Note that we denote the change in NSM
eff as ∆Neff , and not δNeff , to clearly distinguish it

from the correction derived in the previous section.
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As a result, the change in entropy reads

δs ≃ sPs(T2) + ∂

∂T
(se + sγ + sPs)

∣∣∣∣
T =T2

δT

= sPs(T2) −
∂

∂T (se + sγ + sPs)
∂

∂T (ρe + ργ + ρPs)

∣∣∣∣∣
T =T2

ρPS(T2).
(6.57)

Since sγ ≫ se, sPs and ργ ≫ ρe, ρPs in the non-relativistic regime T ≪ me,
we can further approximate

δs ≃ sPs(T2) − ρPs(T2)
T2

= PPs(T2)
T2

. (6.58)

In this equation, we used sγ ∝ (4/3)T 3 and ργ ∝ T 4. Finally, inserting this
result into Eq. (6.54), we obtain the absolute change in NSM

eff

∆Neff ≃ −4 × PPs(T2)/T2
sγ(T2) + se(T2) ≃ −45

π2
PPs(T2)
T 4

2
. (6.59)

As is evident from this equation, ∆Neff is always negative. This aligns with
our expectation that positronium primarily impacts the QED bath by slowing
down its redshifting, thereby increasing the photon temperature relative to that
of neutrinos.

In Fig. 6.7, we display in blue the expected change in NSM
eff as a function of

the positronium equilibration temperature, considering only the n = 1 bound
states and assuming that both ortho- and parapositronium reach equilibrium
instantaneously at the same temperature. Interestingly, we find that, within
this approximation, positronium needs to equilibrate at T ≈ 97 keV in order
to yield an effect on NSM

eff of the size of the current theoretical uncertainty, i.e.
|∆Neff | ≈ 10−3. This is to be contrasted with the impact of bound states on
the DM relic abundance. As highlighted earlier, the primary effect of bound
states in this context is an enhancement of the DM annihilation cross-section
and, therefore, to delay the freeze-out of DM. Translated to our system, this
would imply a delay in the electron-positron freeze-out. This would only shift
NSM

eff by at most O(10−7), see Tab. 6.1 and further details in the caption, and
is therefore negligible compared to the effect discussed in this section. We will
detail the remaining features of this plot in the next subsection.

Before concluding this subsection, we would also like to reiterate that the
high temperature relative to the positronium binding energy T ≫ ∆E1, see
Tab. 6.3 for numerical values, does not prevent the existence of a dynamically



200 Chapter 6. The effective number of neutrinos Neff

0.02 0.1 0.5
T eq

Ps [MeV]

10−6

10−5

10−4

10−3

10−2

10−1

100

−
∆
N

eff

2σPlanck

2σCMB−S4

Neff : 3.044→ 3.043

a0 > aDΓ > ∆E1

Instantaneous production

∆T = T eq
Ps/10

∆T = T eq
Ps

Figure 6.7: We display the (negative) shift in NSM
eff , −∆Neff , as a function of the

temperature T eq
Ps at which both n = 1 positronium states reach equilibrium. We use

two different approximations to compute ∆Neff : The blue line represents the estimate
derived from the entropy argument of Sec. 6.3.1 assuming instantaneous positron-
ium equilibration. The green and orange lines denote ∆Neff expected from a non-
instantaneous production scenario, modelled with the parametrisation (6.66) for the
choices of ∆T/T eq

Ps ∈ {0.1, 1}, respectively. Positronium formation is prevented by
Debye screening in the grey-shaded region. In the hatched region, we expect scatter-
ings with the plasma to prevent the formation of stable bound states, but more detailed
computations are required to quantify its exact impact. The three horizontal lines
represent, from top to bottom, the current sensitivity of Planck at 95% C.L. [117],
the planned sensitivity of CMB-S4 [53] at 95% C.L., and the last but one significant
digit of the SM benchmark value NSM

eff [511, 543, 555, 556]. Figure and caption taken
from [7].

sustained population provided that the formation rate are sufficiently large to
overcome the rapid decays and ionisations.20 In fact, our approach is fully
consistent with the commonly used Saha equation (see e.g. [582]) which pre-
dicts that only a residual fraction of electrons are bound in the non-relativistic
regime, with ne/nPs ∼ eme/T ≫ 1. This further supports our assumption that
the electron-positron bath remains in thermodynamic equilibrium at all times,
even if positronium is formed out of equilibrium.

Non-instantaneous positronium production

To capture scenarios where the positronium equilibration rates are not suf-
ficiently fast, it is useful to relax the assumption of instantaneous equilibra-

20We verify explicitly in Sec. 6.3.2 that this is indeed the case.
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tion and consider a more gradual production, symmetric around T eq
Ps . Because

positronia effectively start to populate the QED bath at higher temperatures in
this scenario, we expect an increase in the entropy production, which in turn
leads to a larger shift inNSM

eff . To capture this effect, we need to incorporate the
impact of positronium formation in the continuity equation (6.9). In general,
the impact of a particle X (with energy density ρX and pressure density PX )
on the continuity equation can be incorporated by making the replacement

G1 → G1 − (τ3/2m4
e) (3(ρX + PX) − (me/τ)∂TρX) ,

G2 → G2 + (τ/me)3∂TρX/2 .
(6.60)

In practice, we need to phenomenologically model the time evolution of positro-
nium. Assuming that it retains at all times a thermal distribution with the same
temperature as the photon bath, one can perform a similar ansatz to Eq. (6.20)
and parametrise the positronium distribution function through a smooth trans-
fer function σ rescaling the positronium distribution function

fPs = σ(τ)f eq
Ps . (6.61)

As a result, its (dimensionless) energy density scales in the following way

ρ̄Ps(x, y, z) = σ(τ)ρ̄eq
Ps(x, y, z) = σ(τ) gPs

2π2

∫
dy y2

√
y2 + x2

Ps

exp(
√
y2 + x2

Ps/z) − 1
,

(6.62)
with xPs = (mPs/me)x ≃ 2x and gPs = 4 is the number of degrees of
freedom of the n = 1 positronium state. A similar expression holds for the
pressure density21 P̄Ps. Then, we find

1
2z3

(
ρ̄Ps − 3P̄Ps

x
− ∂ρ̄Ps

∂x

)
=gPs

4 σ(τ)× (6.63)

×
[
τ

(
mPs
me

)2
J−

(
mPs
me

τ

)
− zW−

(
mPs
me

τ

)
∂x

]
,

and

1
2z3

∂ρ̄Ps
∂z

= gPs
4 σ(τ)× (6.64)

21Note that this ansatz does not verify the thermodynamic consistency relation ρ = −p +
T ∂T p, see Eq. (1.57). This is however expected as, although we assume the positronium dis-
tribution function to retain a thermal shape, we postulate in this section that the production of
positronium happens out of equilibrium.
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×
[
τ2
(
mPs
me

)2
J−

(
mPs
me

τ

)
+ mPs

me
Y−

(
mPs
me

τ

)
+ zW−

(
mPs
me

τ

)
∂z

]
,

where J− and Y− are the Bose-Einstein equivalents of J+ and Y+, whereas
W−(τ) is a genuinely new function. Explicit expressions for all of these func-
tions can be found in appendix D.1. Inserting these two results in the continu-
ity equation and setting mPs ≃ 2me and gPs = 4, we find that the continuity
equation in the presence of positronium reads

dz
dx = τ [J+(τ) + 4σ(τ)J−(2τ)] − z∂xσ(τ)W−(2τ)

τ2 [J+(τ) + 4σ(τ)J−(2τ)] + Y+(τ) + Y−(2τ) − x∂xσ(τ)W−(2τ) + 2π2/15 ,

(6.65)

where we have also used the property ∂zσ = −(x/z)∂xσ = −τ∂xσ. To keep
this expression compact, note that we have dropped the terms proportional to
G1,2 and to the neutrino abundance ρν .22 Regarding the form of the transfer
function σ(τ), we adopt the following ansatz

σ(T ) = 1
2

[
1 + tanh

(
T eq

Ps − T

∆T

)]
, (6.66)

which is motivated by our expectation that the energy density of a species far
from equilibrium should scale as ρ ∝ 1 − e−

∫
Γprod/(Hx)dx, with Γprod be-

ing the positronium production rate. In the above equation, the width ∆T
parametrises the effective positronium equilibration timescale. The green and
orange lines in Fig. 6.7 correspond to the expected shift in NSM

eff for two dif-
ferent choices ∆T = T eq

Ps/10 and ∆T = T eq
Ps , which serves as benchmarks

for fast and slow positronium equilibration, respectively. We confirm our pre-
vious expectation that the faster the equilibration, the smaller the change in
NSM

eff . Moreover, in the limit ∆T → 0, we recover exactly the estimates ob-
tained in the previous subsection using entropy conservation arguments. We
also checked that different functional forms for σ yield broadly similar re-
sults as long as the formation model contains an exponential dependence on
(T eq

Ps − T )/∆T .

6.3.2 When does positronium form?

As is clear from Fig. 6.7,NSM
eff is exponentially sensitive to the equilibration

temperature of positronium T eq
Ps . It is therefore crucial to accurately assess its

22We have explicitly checked that this has a negligible impact on our estimate of ∆Neff .
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value, but also how quickly positronium can equilibrate once it is allowed to
form.

Ideally, one would extract this information by calculating the full time evo-
lution of n-point correlation functions in the QED plasma using the CTP for-
malism developed in Chap. 1. However, while steps in this direction have been
taken in the non-relativistic regime in [583], applying this formalism to the
system at hand proves to be both technically and computationally challenging.
Therefore, before undertaking this non-trivial task, we first rely on various
physical arguments to evaluate whether the anticipated impact on NSM

eff justi-
fies such an effort.

In the relevant temperature range, the QED bath remains close to thermal
equilibrium and the electrons/positrons that compose it are predominantly non-
relativistic. Hence, the formation of positronium can in good approximation
be understood in terms of a finite-temperature effective static potential V (r).
In the HTL limit, the latter takes the form [583, 584]23

V (r) = −αemmD − αem
r
e−mDr − iαemTφ(mDr), (6.67)

with

φ(y) = 2
∫ +∞

0
du u

(u2 + 1)2

(
1 − sin(uy)

uy

)
, (6.68)

where the Debye massmD, defined in Eq. (D.32), is responsible for the screen-
ing of the potential. The first contribution in Eq. (6.67) is commonly known
as the Salpeter term. We will discuss in more detail the origin of the differ-
ent contributions to this potential in the next subsection. This approach was
initially developed in the context of hot QCD to understand the formation of
heavy quark-antiquark pairs. In this case, the natural hierarchy between the
electron and the quark masses ensures the validity of the HTL approxima-
tion. In our case, the HTL approximation requires T ≫ me and therefore
cannot accommodate the requirement to remain in the non-relativistic regime
(where T ≲ me). Nonetheless, we will work in the following with the poten-
tial (6.67) but substituting the HTL Debye mass mHTL

D = eT/
√

3 with a value
extracted from the full one-loop photon self-energy derived in appendix D.3.1,
see Eq. (D.32).

23The exact shape of this potential depends on the theory (QCD, QED, etc.), the temperature
range under consideration, the hierarchy between the different scales, etc. and has been the
subject of intensive studies over the last years, see e.g. [583–592].
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As long as the imaginary part of the potential (6.67) remains small, the stan-
dard quasiparticle picture on which we based Sec. 6.3 holds. In this regime,
the real part of the potential Re[V (r)] captures the energy of the bound states
whereas their thermal width is instead encoded in the imaginary part Im[V (r)].
Based on this understanding, we can break down the problem of positronium
formation into two different aspects:

(i) At which temperatures can positronium exist as a quasiparticle in the
early universe plasma?

(ii) Once positronium formation becomes possible, how fast does it equili-
brate?

The next two subsections will be dedicated to each of these questions.

Existence of positronium

Bound states are in general quite sensitive to in-medium effects. In partic-
ular, it is well known that they cease to exist at sufficiently high temperatures
and/or densities, a phenomenon commonly referred to as bound state melting,
due to the following medium-induced effects:

(i) Debye screening of the mediator, and

(ii) Scatterings between the mediator and particles in the plasma.

In the quasiparticle limit, the first effect can be associated with the real part
of the potential (6.67) whereas its imaginary part captures the second effect.
Precisely calculating the melting temperature from theoretical considerations
is generally intricate [584, 591]. For this reason, we restrict ourselves in this
work to obtaining a first estimate of its value for positronium, based on the two
simple physical arguments outlined below.

Debye screening: At finite temperature, photons develop a thermal mass
from forward scatterings with the rest of the plasma. This results in a screening
of the electrostatic potential

V (r) ∼ e−r/aD

r
, (6.69)

quickly suppressing the electromagnetic interaction at distances larger than the
Debye screening length r ≳ aD, which is related to the Debye mass defined in
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Eq. (D.32) through

aD ≡ 1
mD

= 1√
− Re ΠR

L,00 (q0 = 0, |q| → 0)
. (6.70)

In the HTL limit, we have aHTL
D =

√
3/(eT ). To provide a first estimate of the

positronium melting temperature, it seems reasonable to follow the approach
of [591,593] and assume that positronium can only form as long as the Debye
screening length is larger than the most likely positronium radius aD ≳ rℓ ≈
a0n

2, where a0 is the positronium’s Bohr radius defined as

a0 = 1
mrαem

= 8π
mee2 ≃ 536 MeV−1. (6.71)

In the above equation, mr = me/2 is the reduced mass associated with the
electron-positron system. We note, however, that rℓ captures the most likely
positronium radius only as long as the electrostatic potential remains Coulom-
bian. Once Debye screening becomes effective, numerically solving the Schrödinger
equation is necessary to obtain a more precise estimate. Early numerical anal-
yses [593–595] of eigenstates of the Schrödinger equation for a pure Yukawa
potential suggest a slightly more constraining condition, i.e. aD ≳ a0/0.84 for
n = 1. This would however only modify the predicted melting temperature
by O(5%), which we neglect for this first estimate. Moreover, the complex
momentum-dependence of the 1PI-resummed photon propagator may render
this numerical estimate unreliable, as it relies on a momentum-independent
thermal correction to the photon propagator.

Neglecting any chemical potential in the electron sector,24 we display in
Fig. 6.8 the Debye screening length aD, extracted from the 1PI-resummed
photon self-energy [4], as a function of temperature. For completeness, we
also compare to the screening length obtained with the HTL approximation
aHTL

D . The criterion aD > rℓ then implies that the formation of positronium
ground states (n = 1) can only occur at temperatures

T ≲ TD ≃ 75.6 keV . (6.72)

As a comparison, the melting temperature for n = 2 positronium is approxi-
mately 55 keV. Based on Eq. (6.72), we shade the region where positronium
formation is forbidden in gray in Fig. 6.7. We directly see that, assuming in-

24Charge conservation implies that, across the relevant temperature range, the electron asym-
metry can be at most as large as the baryon asymmetry, thereby justifying our approximation.
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Figure 6.8: Debye screening length as a function of the temperature computed from
the 1PI-resummed photon propagator (blue) and the HTL approximation (orange
dashed). Observe that while the two estimates coincide at T ≳ me, the former is
significantly larger at T ≲ me. We compare aD to the Bohr radius a0 of the positro-
nium state in vacuum (black dashed horizontal line). The vertical line represents TD,
the temperature at which a0 = aD and above which Debye screening becomes effec-
tive. Figure and caption taken from [7].

stantaneous equilibration, the largest value of |∆Neff | consistent with the con-
straint (6.72) is ≈ 10−4. Non-instantaneous equilibration generally leads to
larger changes in NSM

eff . For illustration, one can mimic a gradual positronium
formation around TD by adopting the kernel σ(T ) = 1 − exp[(aD/a0)k], with
k ∈ N. This yields ∆Neff = −2.25×10−3,−2.61×10−4 for k = 2, 4, respec-
tively. As a side remark, we note that using the HTL result aHTL

D =
√

3/(eT ),
which overestimates the amount of screening at such low temperature, would
have led to a much lower melting temperature TD ≈ 10.7 keV, too low to
impact NSM

eff in any measurable way.

Dissociation from scatterings: In addition to the Debye screening of
the electric field, positronium can also dissociate because of Landau damp-
ing [584, 585, 591], i.e. the real scatterings of the photons with the rest of the
early universe bath. This mechanism has actually been shown to constitute the
dominant cause of melting in the case of heavy quarkonia [586–588]. This ef-
fect is generally captured by the imaginary part of the potential (6.67) and can
be understood in the following way. Bound states remain well-defined prop-
agating states only as long as their contributions to the spectral function can
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be separated from the continuum. However, as the temperature increases, the
thermal width of the positronium also increases until it becomes much larger
than the positronium’s binding energy, at which point the positronium is ex-
pected to dissociate into an electron-positron pair. This thermal width Γ is in
general challenging to compute exactly. In this work, we use the results from
Ref. [584] and approximate

Γ = αemT

∫
d3r φ(r/aD)|ΨPs

1s (r)|2 , (6.73)

with r = |r|. In the above equation, we write ΨPs
1s the wavefunction associated

to the ground state of positronium whereas the function φ has been defined
earlier in Eq. (6.68). These results have strictly speaking only been derived
in the HTL approximation. Similarly to the Debye screening argument, we
nonetheless assume that this form holds within the temperature range of in-
terest, up to the substitution of the HTL expression for aD by the complete
one-loop result. Adopting this functional shape for Γ, we can then, based on
the previous discussion, apply the simple criterion that bound states dissoci-
ate as soon as their width equals their binding energy, defining the so-called
dissociation temperature Tdis

Γ(Tdis) = ∆En = meα
2
em

4n2 . (6.74)

The constraint from Eq. (6.74) is typically stronger than the one from De-
bye screening. Therefore, aD ≫ a0 close to dissociation, and it is a rea-
sonable approximation to assume that the positronium wavefunction takes its
zero-temperature form. We then find, by evaluating Eq. (6.73), that

Tdis ≃ 45.8 keV (6.75)

for the n = 1 state.25 As anticipated, this threshold lies well below the melting
temperature TD ≃ 75.6 keV obtained from the Debye screening argument.
As a sanity check, we also calculated the dissociation temperatures of the hy-
drogen and the muonic hydrogen, which were already computed using a sim-
ilar approach (but with a slightly different ansatz for the photon propagator)
in [589,590]. We found good agreement with these references, within 10% for
both systems.

25Again, we will not consider here excited states as their production is delayed. For instance,
we find Tdis ≃ 40.5 keV for n = 2.
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The hatched region in Fig. 6.7 indicates the temperature range for which
positronium is expected to be dissociated by real scatterings. Assuming an
instantaneous production, the low formation temperature (6.75) would yield a
negligible change in NSM

eff , i.e. ∆Neff ≃ −3 × 10−8. However, there remains
at this stage various uncertainties that could modify this conclusion. In par-
ticular, dissociation from scatterings is expected to be a continuous process,
resulting from the gradual broadening of the spectral function peak associated
to positronium. This is to be contrasted with the melting from Debye screen-
ing, where the photon thermal mass sets the scale above which positronium
cannot exist. Therefore, even though the standard quasiparticle picture does
not hold in the intermediate regime Tdis < T < TD and one cannot as a result
write a set of on-shell Boltzmann equations to directly evaluate the positron-
ium equilibration temperature and rate, it is reasonable to expect some non-
zero contributions from the melted peaks to the energy and pressure density of
the QED bath. This effect may be captured to an extent by a transfer function
of the form (6.66) with a non-zero value of ∆T/T eq

Ps ,26 leading to a larger value
of ∆Neff . Accurately modelling this effect remains however challenging, as it
would require a detailed analysis of the complete finite-temperature two- and
four-point correlation functions in QED, see e.g. [583], which lies beyond the
scope of the present work.

Positronium equilibration

Now that we have established upper bounds on the positronium formation
temperature, we can turn to the question of whether this formation can occur
fast enough to produce a sizeable effect on NSM

eff . Throughout this subsection,
we will assume that (momentum-averaged) Boltzmann equations provide a
valid description of positronium production.

Properties of positronium in vacuum have been under scrutiny for decades,
see e.g. [596] and references therein. Moreover, positronium-like DM bound
states have also been the subject of intensive study due to their potential impact
on DM freeze-out and relic abundance as well as on indirect DM searches, see
e.g. [580,597–599]. As a result, the set of Boltzmann equations describing the
evolution of positronium as well as their production rate in a non-relativistic
plasma are very well known, see e.g. [580, 581]. In the situation under con-
sideration, electrons, positrons and photons all remain in kinetic equilibrium

26Though one should note that, because the standard Boltzmann picture does not apply in
this intermediate regime, it is challenging to directly relate ∆T to any microphysical interaction
rate.
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throughout the relevant epoch. The Boltzmann equation governing the evolu-
tion of the positronium number density nPs then takes the form

d
dx(nPsx

3) = − 1
Hx

[
Γdec + Γion(T )

] (
nPsx

3 − neq
Psx

3
)
, (6.76)

with neq
Ps the equilibrium positronium number density. In the non-relativistic

regime, the decay rate Γdec and the ionisation rate Γion are given for n = 1
by [581]

Γdec =

mrα
5
em, for s = 0,

4(π2−9)
9π mrα

6
em, for s = 1,

(6.77a)

Γion(T ) = mrα
5
em

8π

∫ +∞

0

dξ ξ−4

exp
[(

1
n2 + 1

ξ2

)
meα2

em
4T

]
− 1

SBSF(ξ), (6.77b)

where s distinguishes between the singlet (s = 0) and triplet (s = 1) positro-
nium states. Moreover, the bound-state factor SBSF is defined (for n = 1)
as

SBSF(ξ) = 29

3
ξ4e−4ξcot−1(1/ξ)

(ξ2 + 1)2
2πξ

1 − e−2πξ
. (6.78)

We recognise the standard s-wave Sommerfeld factor 2πξ/(1 − e−2πξ), where
ξ ≡ αem/vrel (vrel being the electron-positron relative velocity), which cap-
tures the cross-section enhancement at low velocities due to the long-range
nature of the electromagnetic interaction.

In order to track the evolution of the positronium abundance, it is in general
necessary to solve the Boltzmann equation (6.76) for both singlet and triplet
states using the rates (6.77). However, we know from the previous subsections
that positronium can only form for T ≲ TD. Thus, since

Γdec + Γion

H

∣∣∣∣∣
T ≤TD

≳ 1016 ≫ 1 , (6.79)

one can directly conclude that, in the absence of the melting effects discussed
earlier, the equilibration of positronium would be instantaneous. As a side
note, we remark that the decay contribution Γdec can be safely neglected in the
relevant temperature range 20 keV ≲ T ≲ TD.

Strictly speaking, the rates (6.77) only apply to non-relativistic particles.
While this should be a good approximation at T ≲ 80 keV, one may nonethe-
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less wonder if this approach overestimates the contribution from the relativistic
tail of the electron/positron distribution. In order to clarify this aspect, we also
consider a worst-case scenario estimate for the positronium rates by select-
ing only electron momenta corresponding to kinetic energies smaller than the
positronium binding energy, i.e.

Γextr = Γion
(
neq

e (p < plim)
neq

e

)2

= Γion
(∫ plim

0 p2fFD(p/T,me/T )dp∫+∞
0 p2fFD(p/T,me/T )dp

)2

,

(6.80)

where plim is the largest momentum for which vrel satisfies vrel < αem. Using
this extremely conservative estimate, we nonetheless still find

Γextr
H

∣∣∣∣
T =TD

≃ 290 . (6.81)

This again indicates a rapid approach to equilibrium as soon as formation is al-
lowed, strengthening our previous claim. We therefore conclude that positron-
ium formation is not limited by the production rates, but rather by the system’s
spectral features between Tdis and TD. Given that the overall change in NSM

eff
in this temperature range is exponentially sensitive to the positronium equi-
libration temperature, a more comprehensive investigation will be needed to
reliably assess the ultimate impact of positronium formation on NSM

eff .

6.3.3 Positronium as non-ideal gas correction

In the previous subsection, we have focused on scenarios where the produc-
tion of positronium is accompanied by the simultaneous generation of entropy.
This is particularly obvious in the instantaneous production model where the
entropy density presents a discontinuity at T = T eq

Ps , see Eq. (6.58), but even
parametrising the positronium distribution function with the ansatz (6.61), which
captures a more progressive equilibration, does not satisfy the thermodynamic
relation (1.57c). The change in NSM

eff is then directly connected to the amount
of entropy generated during positronium formation, see e.g. Eq. (6.54). In
this subsection, we instead consider the opposite limit in which the creation of
positronium does not generate entropy overall and the QED bath remains in
complete thermal equilibrium (with itself) at all times.
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In this limit, the entropy argument presented in Sec. 6.2.3 applies27 and the
change in NSM

eff will solely depends on the contribution of bound states to the
total entropy at T = Td. Since the screening of the electric field and scatterings
with the QED plasma prevent any bound-state formation at such early times,
one might naively conclude that their impact onNSM

eff is negligible in this limit.
This simple reasoning would however be misleading. For the total entropy to
be conserved (and all thermodynamic quantities to remain continuous), one
also needs to properly include the non-ideal contribution from scattering states
(e±e± or e+e−), which is non-vanishing even at temperatures T ≫ TD.

In this subsection, we start by estimating the temperature dependence of the
thermodynamic pressure within this scenario, including non-ideal (and non-
perturbative) contributions from both bound and scattering states. We then use
this estimate to compute the expected change in NSM

eff .

Extracting thermodynamic quantities from the Beth-Uhlenbeck formula

Due to the non-perturbative nature of the problem, it is in general impossi-
ble to obtain explicit formulae for the entropy and other thermodynamic quan-
tities in terms of the microphysics of the system. In the non-relativistic and
dilute limit however, i.e. T ≪ me,me − µe, these can be extracted from the
so-called Beth-Uhlenbeck formula [600],

β(P − P (0)) = 4
(2meT

2π

)3/2
e−β2me

∞∑
ℓ=0

(2ℓ+ 1)bℓ , (6.82)

which consistently includes the contributions from both bound and interacting
scattering states in the non-ideal pressure. In this equation, P (0) represents the
ideal pressure density corresponding to a non-interacting plasma, β ≡ 1/T is
the inverse temperature and the coefficients bℓ are defined as

bℓ =
∑

n≥ℓ+1
e−βEnℓ (6.83)

+ 1
π

∫ ∞

0
dEe−βE d

dE

{
δe+e−

ℓ +
(

1
2 − (−1)ℓ

4

)(
δe+e+

ℓ + δe−e−
ℓ

)}
.

In the following, we will take this equation for granted and refer the reader
to [583, 601, 602] for a more pedagogical introduction on its derivation. In

27This statement assumes the entire neutrino sector, which is not the focus of this subsection,
to decouple instantaneously at Td = Td(e) ≃ 1.3 MeV. We will lift this assumption at the end
of this subsection.
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Eq. (6.83), the first term captures the bound-state contribution, with Enℓ being
the binding energy of the positronium with principal quantum number n and
orbital angular momentum ℓ. The second term on the other hand encodes the
contribution from scattering states, with δℓ representing the phase shift of the
attractive (δe+e−

ℓ ) and repulsive (δe+e+
ℓ = δe−e−

ℓ ) scattering states. Knowing
the pressure, the energy and entropy densities can then be extracted from the
consistency relations (1.57).

Explicit expressions for the binding energies and phase shifts do not exist
for the Yukawa potential (6.69). For this reason, we approximate the Yukawa
potential by the so-called Hulthén potential

VH(r) = −αemκmDe
−κmDr

1 − e−κmDr
, (6.84)

which has been shown to reproduce well the formation of the n = 1, ℓ = 0
bound state of the Yukawa potential if one sets κ = π2/6 [603]. Explicit results
for the the binding energies and phase shifts exist for the s-wave (ℓ = 0), see
e.g. [604, 605]:

δℓ=0 = Arg
iΓ(λ+ + λ− − 2)

Γ(λ+)Γ(λ−) , (6.85)

En,ℓ=0 = −α2
emme

4n2

(
1 − κϵφn

2
)2

, for mD ≤ αemme

κn2 , (6.86)

where Γ is the standard Gamma function,

λ± =

1 + i ϵv
κϵφ

±
√

κϵφ−ϵ2
v

κϵφ
, for e+e−

1 + i ϵv
κϵφ

± i
√

κϵφ+ϵ2
v

κϵφ
, for e+e+, e−e−

, (6.87)

and we defined the following dimensionless quantities

ϵ2v = E

α2
emme

, ϵφ = mD

αemme
. (6.88)

Equivalent approximations do exist for higher partial waves but are rather in-
accurate due to the existence of quasibound states [606]. In the following, we
will therefore limit ourselves to the s-wave contribution.

To illustrate the impact of the scattering-state contribution, we display in
Fig. 6.9 the value of the coefficient b0 as a function of the temperature in the
non-relativistic regime T ≲ me, distinguishing between the different contri-
butions appearing in Eq. (6.83).
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Figure 6.9: Temperature dependence of the different contributions to the coefficient
b0 in (6.83). The right panel shows a zoomed-in view of the left panel. Figure taken
from [7].

One observes several interesting features. First, the appearance of bound
states is signalled by discontinuities in b0 (and, as a consequence, also in the
entropy density), the first of which appears at T = TD as expected from the
Debye screening argument discussed in the previous subsection, see Eq. (6.72).
As the temperature decreases, the number of bound states then quickly in-
creases due to the Boltzmann suppression of mD. However, we notice that
the contribution from attractive scattering states also present discontinuities
at the same temperatures but of opposite signs, thereby partially cancelling
the bound-state contribution and ensuring that all thermodynamic quantities
remain continuous. Mathematically, the origin of this cancellation can be un-
derstood in a simple manner by taking the limit β → 0. The Levinson theorem
indeed ensures that the number of bound states nℓ can be directly related to the
phase shift in that limit, i.e.

lim
β→0

bℓ = nℓ + 1
π

[
δe+e−

ℓ (E = ∞) − δe+e−
ℓ (E = 0)

]
= 0. (6.89)

Second, the right panel of Fig. 6.9 indicates that a second compensation, this
time between the attractive and repulsive scattering states, takes place. The
remaining contribution (shown as a continuous black line) corresponds to a
good approximation to the well-known [564] O(e2) Born contribution

(
P − P (0)

) ∣∣
Born = e2m2

eT
2

8π3 e−2me/T . (6.90)

This result suggests that non-perturbative contributions to the pressure exactly
cancel, or, at the very least, are largely subdominant, and that the perturbative
approach chosen in [549] works well. A more formal proof of this observation
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Figure 6.10: (Left panel) Temperature dependence of the change in entropy due to
different (perturbative and non-perturbative) contributions. (Right panel) Equivalent
figure on a logarithmic scale, focusing on the comparison between the total change
in the pressure with the Born approximation (6.90). The difference between the two,
shown in blue, remains small, suggesting that perturbation theory remains under con-
trol. Figure taken from [7].

is provided in [7]. Since the perturbative computation is well understood even
in the relativistic regime, this observation enables us to extrapolate the Beth-
Uhlenbeck formula to the relativistic regime and compute the resulting change
in NSM

eff .

Impact on NSM
eff

Now that we have the tools to evaluate all thermodynamic quantities, let us
turn to the question of the overall impact of bound-state formation on NSM

eff .
Using a similar argument as in Sec. 6.2.3, one obtains the following estimates
for ∆Neff :

∆Neff ≃ −4 δs

seq

∣∣∣∣∣
T =Td

≃ − 180
11π2

δs

T 3

∣∣∣∣
T =Td

, (6.91)

with

δs = ∂T (P − P (0)) . (6.92)

In the above equation, we have approximated the entropy at positronium for-
mation as seq ≃ (11π2/45)T 3, effectively neglecting the electron mass.

Using the Hulthén potential and restricting ourselves to the s-wave con-
tribution, we display the expected change in entropy in Fig. 6.10. In the left
panel, we show again the cancellation between the attractive and repulsive
scattering states, as measured by δs, while the right panel focuses on their
total contribution. As expected, the perturbative O(e2) Born contribution,
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which was already included in [549], dominate the total contribution to δs.
Removing this contribution from the pressure, we display in blue the remain-
ing correction to δs. Its impact on NSM

eff is of the same order as the O(e4)
relativistic correction computed in [549], i.e. |∆Neff | ∼ O(10−6). In order to
verify if the change is completely perturbative, one should in principle also re-
move this O(e4) correction from this blue line and confirm that the remaining
∆Neff is suppressed by an additional factor of O(e2).28 This however goes
beyond the scope of this work since non-relativistic limits need to be derived
and compared consistently. Moreover, the corresponding change in NSM

eff is al-
ready tiny, well below the current uncertainty on the state-of-the-art theoretical
benchmark derived in [543, 555, 556], which reduces the necessity to perform
this analysis.

Beyond the entropy estimate (6.92), we also implemented this non-ideal
correction (where we removed the Born contribution) into the continuity equa-
tion (6.9). Using the momentum-independent (momentum-dependent) neu-
trino QKEs, we observed an absolute impact onNSM

eff of approximately −5.9×
10−7 (−2.7×10−7), consistent with the previous estimate. These results there-
fore indicates that bound states likely do not impactNSM

eff in a visible manner if
no deviation from equilibrium is provided. Before concluding, we would how-
ever like to caution again that we only used the s-wave estimate in Fig. 6.10 and
a proper estimate of the impact of higher partial waves remains to be done.29

Moreover, the approach developed in this section completely neglected the
Salpeter contribution to the electrostatic potential, its thermal width as well as
deviations from the HTL form (6.67).

6.4 Conclusion and outlook

The effective number of neutrinos Neff serves as a crucial probe of the
ΛCDM model and of physics beyond it. In view of the future cosmological
experimental program, intensive theoretical efforts have been directed towards
refining the theoretical prediction for its value within the SM and have con-
verged towards the state-of-the-art result NSM

eff = 3.0440 ± 0.0002. In this
work, we have considered the impact on this theoretical prediction of two pre-
viously unexplored effects:

28We note that the sign of the O(e4)-correction estimated in [549] is however positive, con-
trary to the O(e4)-correction in Fig. 6.10.

29In the Born case, higher partial waves contribute to the entropy by up to an order of mag-
nitude.
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1. NLO QED corrections to the weak neutrino-electron interaction rates,
and

2. positronium formation.

Starting with the first aspect, we focused more specifically on the impact
of the diagram of type (d), displayed in Fig. 6.4, which is expected to be t-
channel enhanced and therefore dominate the NLO corrections. While similar
NLO QED corrections were also investigated in [566–568], their results dif-
fer significantly. Specifically, [566] reported sizeable NLO corrections to the
rates, sufficient to shift NSM

eff from 3.044 to 3.043, whereas Ref. [567] found
much more moderate NLO corrections.

Contrary to [566], our first-principles calculations suggest that NLO QED
corrections are modest. In the temperature range T ∼ 1 → 3 MeV, we find that
corrections to the electron neutrino interaction rate range from −0.2 to +0.1%
relative to the LO rate. These results are qualitatively consistent with those
reported by Ref. [567], despite differences between the formalisms (imagi-
nary versus real-time) and some approximations (vanishing versus finite me)
used. Moreover, we also observe, in agreement with [567], a strong flavour
dependence of these rates as the muon and tau neutrinos interaction rates are
severely suppressed, ranging from −0.0005 to +0.0002% in the same temper-
ature range.

Using these rates, we then proceeded to estimate the induced change in
NSM

eff . Employing different approximations (instantaneous decoupling versus
solving momentum-(in)dependent Boltzmann equations in the damping ap-
proximation for the neutrino sector), we find that the resulting relative shift
in NSM

eff ranges from −1.1 to −0.5 × 10−5, an order of magnitude below the
uncertainty of the current benchmark. Therefore, even though we confirm the
sign of the correction observed in [566], the relative change in NSM

eff we ob-
serve is a factor O(30) smaller than claimed in [566] and indicate that NLO
corrections are unlikely to impact NSM

eff in any sizeable way. Interestingly, we
also find that, because neutrino decoupling is not instantaneous, NSM

eff remains
sensitive to some extent to the neutrino dynamics at T ≲ Td and neglecting
the finite electron mass in the NLO rates can lead to an enhancement of up to
a factor of 2 − 3 in the prediction for δNeff .

Regarding the second aspect, we for the first time investigated the impact of
positronium formation onNSM

eff . Although a first-principles analysis of positro-
nium properties and its impact on NSM

eff rooted in the CTP formalism would be
desirable, it is at the moment extremely challenging. To assess whether such
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an effort is warranted, we restricted ourselves in this work to estimating ∆Neff
based on simple physical arguments, which mainly differ in their assumptions
about the equilibrium nature of positronium formation as well as the rapidity
with which it equilibrates. In order to systematically compare these different
assumptions, we first adopt a simplified model of the QED bath, assuming it
can effectively be described by a Yukawa potential that captures the screening
of the electrostatic interaction due to the photon’s thermal mass. In this ap-
proximation, positronium states have no width and can be treated as on-shell
particles, for which it is possible to write a set of Boltzmann equations tracking
their evolution.

We began by considering a scenario where positronium formation proceeds
out of equilibrium, accompanied by a simultaneous generation of entropy. In
this case, the impact of positronium on NSM

eff is primarily determined by its
equilibration temperature T eq

Ps . Assuming that positronium equilibrates instan-
taneously and that the total energy density is conserved during its formation,
the expected change in NSM

eff , ∆Neff , is displayed in blue as a function of T eq
Ps

in Fig. 6.7. Identifying this equilibration temperature with the highest temper-
ature at which the considered Yukawa potential can support bound states, i.e.
T eq

Ps = TD ≃ 75.6 keV, would lead us to conclude that |∆Neff | ≲ 10−4, a
value smaller than the uncertainties in current precision calculations of NSM

eff .
It is however conceivable that positronium equilibration proceeds more grad-
ually, e.g. because of its finite width. We mimic the resulting effect on ∆Neff
by adopting the ansatz (6.66), assuming that equilibration takes place sym-
metrically around T eq

Ps over a finite temperature range ∆T . Because, in this
parametrisation, a small positronium population is effectively present in the
plasma at temperatures T > T eq

Ps , a large transition parameter ∆T tends to
drive up entropy production and, as a result, ∆Neff , compare e.g. the orange
and blue lines in Fig. 6.7.

Alternatively, we also considered the possibility that positronium forms
while the QED bath overall remains in complete thermodynamic equilibrium.
In this limit, the change in NSM

eff is governed by the change in entropy at neu-
trino decoupling. Using the Beth-Uhlenbeck formula — a non-relativistic,
non-perturbative expression for the pressure that consistently accounts for bound-
and scattering-state contributions — we find, see Fig. 6.10, that the non-perturbative
contribution from positronium formation is cancelled by that from resonant
e+e− scatterings. In particular, we found good agreement with the previ-
ously computed O(e2) thermodynamics quantities, even close to the bound-
state formation threshold, indicating that perturbation theory remains reliable
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across the relevant temperature range. Given that the first unaccounted-for30

contribution appears only at O(e4), we concluded that, in the equilibrium sce-
nario, the change in NSM

eff from the s-wave contribution should be limited to
|∆Neff | ≲ 10−6.

Because it only considers a real Yukawa potential, the discussion above
does not account for modifications of positronium properties arising from real
scatterings of photons with plasma constituents. In the static limit, this effect
manifests as an imaginary component in the potential (6.67). In the out-of-
equilibrium formation model, the evolution of positronium states cannot be
described by Boltzmann equations in the regime where this imaginary contri-
bution is important. We therefore assumed, as a first approximation, that the
sole effect of this contribution is to lower the bound-state formation thresh-
old. Under this assumption, the instantaneous equilibration scenario suggests
|∆Neff | ≃ 3 × 10−8, well below the hard Debye cut-off estimate, |∆Neff | ≃
10−4. In the equilibrium case, however, no analogue of the Beth-Uhlenbeck
formula exists for complex potentials. Hence, it is currently not possible to
determine whether a similar cancellation between bound- and scattering-state
contributions still occurs.

In conclusion, our results suggest that the SM benchmark value (6.3) re-
mains correct within the quoted uncertainties. While numerically solving the
momentum-dependent QKEs with a dedicated neutrino decoupling code —
such as FortEPiaNO [511] — including all NLO contributions from dia-
grams (a) to (d) to the weak rates would be highly desirable to definitively
conclude this discussion, we consider it unlikely that a more detailed investi-
gation of NLO effects on the neutrino interaction rate would yield a deviation
from the existing SM benchmark NSM

eff that is large enough to be of any rel-
evance for cosmological observations in the foreseeable future, barring any
new and previously unaccounted-for effects. Likewise, while many uncertain-
ties remain on the modelling of positronium production, our current estimates
suggest that the change in NSM

eff stemming from the formation of positronium
is likely to be 10−4 or smaller, below other theoretical uncertainties and an
order of magnitude smaller than the expected sensitivity of next-generation
experiments such as CMB-S4.

30O(e4) contributions have only been estimated in the me → 0 limit in [549].



Chapter 7
General conclusions and
perspectives

Understanding the early universe and its evolutions requires a detailed un-
derstanding of its constituents. Particles indeed behave very differently in the
hot, dense plasma of the early universe than they do in vacuum, and simulating
their evolution requires dedicated tools such as the CTP formalism. The latter,
in particular, can be used to describe a broad range of processes throughout the
universe’s history. It was the primary goal of this thesis to refine theoretical
predictions for various cosmological processes using the CTP formalism, and
subsequently examine the expected phenomenology – both in the early uni-
verse and at colliders – of a broad range of models. Specifically, we focused
on three different processes, spanning epochs from the Planck scale down to
the MeV scale:

1. Cosmological GW backgrounds emitted by feebly interacting hidden
sectors in thermal equilibrium.

2. The generation of a matter-antimatter asymmetry by RH neutrinos through
low-scale leptogenesis.

3. The decoupling of SM neutrinos from the QED plasma.

Starting in Chap. 2 with the first process, we investigated thermal GW back-
grounds emitted by generic hidden sectors, which are expected to be enhanced
for f ≪ 1011 Hz if these hidden sectors are feebly coupled. Using the CTP
formalism, we derived analytical formulae for the expected strength of these
GWBs, which allowed us to establish model-independent upper bounds on
their magnitude. These bounds turned out to be highly constraining, severely
limiting the prospects for detection. We also applied our results to two well-
motivated benchmarks, right-handed neutrinos and axion-like particles. Al-
though challenging in practice, we generally found that a potential measure-
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ments of thermal GW backgrounds would allow us to extract valuable infor-
mation about the underlying particle physics model, such as the operator di-
mension, cut-off scale, or particle mass.

Next, in the second part of this thesis, we focused on RH neutrinos as a pos-
sible explanation for both neutrino masses and the observed baryon asymmetry
of the universe.

On the theoretical side, in Chap. 4, we computed from first principles the
interaction rates of generic fermions in Fermi-like theories. We then applied
these results to the νMSM, where they are crucial for accurate predictions of
the DM abundance, and to the mLRSM, where they are needed to predict the
BAU through low-scale leptogenesis.

On the phenomenological side, we examined in Chap. 5 the testability of
the type-I seesaw model with three generations of RH neutrinos. We focused
on two distinct cases: 1) the vanilla type-I seesaw model, and 2) a type-I see-
saw model endowed with flavour and CP symmetries. In the vanilla case, we
showed that, despite the high dimensionality of the associated parameter space,
future colliders could potentially produce a sufficient number of events to ac-
cess some of the underlying model parameters, including low-energy quanti-
ties such as the lightest SM neutrino mass m0. Moreover, we found that the
parameter space consistent with the observed BAU is enhanced by orders of
magnitude compared to the minimal scenario with 2 RH neutrino generations.
We also demonstrated, though only for the ns = 2 case, that next-generation
0νββ experiments will be able to place meaningful constraints on the lepto-
genesis parameter space. Taken together, these observations suggest that labo-
ratory experiments may, in optimistic cases, observe enough events to test the
hypothesis that RH neutrinos provide a common origin for neutrino masses
and the matter-antimatter asymmetry of our universe. If the theory is further
endowed with flavour and CP symmetries, its predictivity is significantly en-
hanced, while, at the same time, the parameter space consistent with leptoge-
nesis is reduced. In such scenarios, measuring the HNL branching ratios into
each flavour could be sufficient to distinguish between different incarnations
of these flavour symmetries, or to access low-energy parameters such as m0,
the neutrino mass ordering or the CP phases.

Finally, in Chap. 6, we examined two finite-temperature effects that impact
the SM prediction for the effective number of neutrinos, NSM

eff . First, using the
real-time formalism, we performed a partial computation of the NLO correc-
tions to the neutrino-electron interaction rates. We concluded that the impact
of these NLO corrections on NSM

eff is most likely smaller than the current the-
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oretical uncertainty, and much smaller than existing experimental ones. We
also investigated the expected corrections due to positronium formation, con-
sidering different phenomenological models to describe the process. While the
magnitude of the expected ∆Neff greatly varies between these models, our re-
sults suggest that the effect of positronium is likely subdominant compared to
other theoretical uncertainties.

Looking forward, it would be desirable to expand these different research
directions in several ways. Regarding the first part of this thesis, extending our
results to scenarios beyond equilibrium or cosmologies beyond radiation dom-
ination would be extremely valuable. In particular, GW production could be
largely enhanced during (p)reheating or in the case of e.g. early matter dom-
ination, thereby improving detection prospects. Regarding the second part,
a more comprehensive analysis of the ns = 3 leptogenesis parameter space
would be highly beneficial. At the level of the formalism, it is also expected
that the set of quantum kinetic equations should be modified in the presence of
HNL self-interactions. Deriving these corrections from first principles would
be particularly helpful to properly describe the phenomenology of models such
as the mLRSM. Finally, a complete estimate of the impact on NSM

eff from NLO
QED corrections to the rates, consistently including the contributions of all di-
agrams, is still lacking. Moreover, the CTP formalism would also be ideally
suited to extend our computations to various BSM models, such as light and
feebly interacting DM candidates.
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THE END.

PIPPIN: I didn’t think it would end this way.

GANDALF: End? No, the journey doesn’t end here. Death The PhD thesis is
just another path, one that we all must take. The grey rain-curtain of this world
rolls back, and all turns to silver glass, and then you see it.

PIPPIN: What? Gandalf? See what?

GANDALF: White shores, and beyond, a far green country under a swift sun-
rise.

PIPPIN: Well, that isn’t so bad.

GANDALF: No. No, it isn’t.

(Slightly) adapted from J.R.R. Tolkien, The Lord of the Rings



Appendix A
Collection of results regarding
gravitational wave backgrounds
from hidden sectors

In this appendix, we collect different useful results concerning Chap. 2. We first
discuss the general form of spectral functions at finite temperature in Sec. A.1 before
displaying in Sec. A.2 additional formulae for the expected GW background from
non-renormalisable interactions.

A.1 Finite-temperature spectral function
In thermodynamic equilibrium, one can show, see e.g. [607], that the spectral func-

tion of a massive Dirac or Majorana fermion ψ is exactly given by

SA
p ≡ i

2
(
SR

p − SA
p

)
= i

2

(
1

/p−m− ΣH
p + iΣA

p

− 1
/p−m− ΣH

p − iΣA
p

)
,

(A.1)

where, as defined in Chap. 1, SR
p and SA

p are the retarded and advanced propagators
of ψ and ΣH

p and ΣA
p are its (anti-)hermitian self-energies. These self-energies only

depend on the momentum p as well as the plasma 4-velocity u (= (1,0) in its rest
frame). Given that the set of 16 4 × 4 matrices {1, γ5, γµ, γµγ5, i

2 [γµ, γν ]} forms a
basis, ΣH

p and ΣA
p can in full generality be decomposed in the plasma 4-velocity rest

frame as

ΣX
p =

(
σX

1 /p+ σ̃X
1 /̃p
)
1+

(
σX

5 /p+ σ̃X
5 /̃p
)
γ5

p2 + δX
1 1+ δX

5 γ5 , p̃µ = (|p|, p0
p

|p|
) ,

(A.2)

where X ∈ {A, H} and p̃µ is defined1 such that p̃2 = −p2 and p̃p = 0. One can verify
that pµ and p̃µ are linearly independent and span the space of four-vectors with spatial

1Instead of {p, p̃}, another common choice, which we will use in the later chapters of this
thesis, is to decompose the self-energy using the set of vectors {p, u}.
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hidden sectors

part parallel to p. The scalar coefficients appearing in Eq. (A.2) can straightforwardly
be extracted from the traces

σX
i = 1

4 Tr
[
Pi/pΣX

p

]
, σ̃X

i = −1
4 Tr

[
Pi/̃pΣX

p

]
, δX

i = 1
4 Tr

[
PiΣX

p

]
, (A.3)

with

P5 = γ5 , P1 = 1. (A.4)

Using the decomposition (A.2), we can recast the advanced and retarded propagators
as

SA,R
p =

(
/p+m− ΣH

p ∓ iΣA
p

) 1
Ωp ∓ iΓp

, ΣX
p = ΣX

p − 2δX
1 1. (A.5)

The functions Ωp and Γp are defined as

p2Ωp ≡ (p2 − σH
1 )2 − σA 2

1 − σ̃H 2
1 + σ̃A 2

1 − σH 2
5 + σA 2

5 + σ̃H 2
5 − σ̃A 2

5

− p2[(m+ δH
1 )2 − δA ,2

1 − δH 2
5 + δA 2

5 ] , (A.6a)

p2Γp ≡ 2
[
(p2 − σH

1 )σA
1 + σ̃H

1 σ̃
A
1 + σH

5 σ
A
5 − σ̃H

5 σ̃
A
5
]

+ 2p2[δA
1 (m+ δH

1 ) − δH
5 δ

A
5 ] .

(A.6b)

Hence, plugging Eq. (A.2) into the spectral function (A.1), the latter becomes

SA
p =

(
/p+m− ΣH

p

)
∆p − ΣA

p Πp , (A.7)

where

∆p = Γp

Ω2
p + Γ2

p

, Πp = Ωp

Ω2
p + Γ2

p

. (A.8)

The location of the particle mass shell can be determined by solving Ωp = 0, whereas
the parameter Γp = Tr

[
(/p+m)ΣA

p

]
/4 is proportional to the finite-temperature

width Υp of the particle. In the absence of interactions, Γp → 0, and one recovers the
expected behaviour

∆p → πδ(Ωp) , Πp → P
(

1
Ωp

)
, (A.9)

where P (·) denotes the Cauchy principal value. Eq. (A.9) highlights the well-known
fact that the term ∝ ∆p encodes the propagation of single-particle excitations, includ-
ing both quasiparticle and hole modes. On the other hand, Πp encodes the effect of
scatterings mediated by these modes. Given that we focus in this work on the case of
feebly interacting particles, we can approximate SA

p as

SA
p = (/p+m)∆p + O(Σ2) . (A.10)
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Similarly, it is justified in this limit to retain only the leading order, in the (feeble)
coupling, contributions to Ωp and Γp

Ωp = p2 −m2 , Γp = 2
(
σA

1 +mδA
1
)

+ O(Σ2) , (A.11)

thereby recovering the result of Eq (2.34). Effectively, Eq. (A.11) neglects the con-
tribution from hole modes. This approximation is however justified since the integral
(2.31) is dominated by hard momenta |p| ∼ πT , where the residues associated with
hole-modes are exponentially suppressed [28]. In addition, we note that, for large
enough temperature, quasiparticles develop a thermal mass ∝ gT that can signifi-
cantly exceed the tree-level mass m and is not captured by the expression (A.11).
However, this thermal mass always remains much smaller than the typical hard mo-
menta |p| ∼ πT , and we therefore do not expect it to visibly affect our results. As a
side remark, we also note the similarity between Eq. (A.7) and the ++-component of
the resummed photon propagator derived exactly in Sec. D.3.2, see Eq. (D.55).

A.2 Supplementary formulae for GW backgrounds
from non-renormalisable interactions

In this appendix, we derive in more detail the present-day GWB from hidden parti-
cles whose width is dominated by non-renormalisable interactions. To keep the results
simple, we approximate the production rate (2.50) as

Π(k) m≪T≃ gX
16π2

225 T 5

{
1/2Υav T > Tc

5Υav/k
2 T < Tc

. (A.12)

Since the GW production in the non-renormalisable case is typically dominated by
temperatures T ≃ Tc, we expect this approximation to lead to at most an O(1) error
on the final result. We then compute the high-temperature background by inserting
the approximation (A.12) along with the expression (2.64) (assuming d > 4) for the
width into the integral (2.21) and setting Tmin → m. The hydrodynamic contribution
takes the form

h2ΩT >m
GW (f)

Hydro
≃ g−

d

(
f

Hz

)2 [
min

(
f m

fhyd mPl
,
Tc

mPl

)
− min

(
f Tmax

fmax mPl
,
Tc

mPl

)]
,

(A.13)

whereas the Boltzmann contribution reads

h2ΩT >m
GW (f) Boltz.≃ g+

d

(
f

Hz

)2 [
min

(
fmax Tmax

f mPl
,
Tc

mPl

)
− min

(
fhyd m

f mPl
,
Tc

mPl

)]
.

(A.14)
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In the above equations, we defined

g±
d = 5.3 gX × 10−29

2(d− 4) ± 1 , Tmax = max (m,min (Tentry, T⋆)) , fmax = fc

(
Tmax

Λ

)2(d−4)
.

(A.15)

The complete GWB is then obtained by summing these two contributions

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2


g−

d

g+
d

(
f m

fhydmPl
− f Tmax

fmax mPl

)
fhyd > f(

Tc

mPl
− fhyd m

f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f Tmax

fmax mPl

)
fhyd < f < fmax(

fmax Tmax
f mPl

− fhyd m
f mPl

)
fmax < f

.

(A.16)

In many realistic scenarios, hierarchies exist between the different problem scales, e.g.
m ≪ Tmax or, equivalently, fhyd ≪ fmax. In the following, we will hence focus on
such cases. Retaining only the leading terms for each regime, we can then further
simplify Eq. (A.16) into

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2


g−

d

g+
d

f m
fhydmPl

fhyd > f(
1 + g−

d

g+
d

)
Tc

mPl
fhyd < f < fmax

fmax Tmax
f mPl

fmax < f

. (A.17)

From (A.15), it follows

fmax =


fhyd f < fnr

fint fnr < f < f⋆

fbol f⋆ < f

, (A.18)

with the crossing frequency fx defined in (2.72) and

fint ≡ fx

(
f

fx

)2(d−4)
= f

fc

(
πm0

fpeakΛ

)2(d−4)
. (A.19)

One can also easily verify the following properties

fhyd < fmax < fbol , fhyd = fx

(
fnr

fx

)2(d−4)
, fbol = fx

(
f⋆

fx

)2(d−4)
. (A.20)

We note that the high-temperature contribution to the thermal GWB vanishes for
f < fnr since the temperature at horizon entry lies below the hidden particle’s mass.
Therefore, we will solely focus on frequencies larger than fnr. One can distinguish
four separate cases:



A.2. Supplementary formulae for GW backgrounds from non-renormalisable
interactions 227

Case 1: This case is defined by the hierarchy fhyd < fnr, fbol < f⋆. The GW spectrum
takes the form

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2

(

fint Tentry

f mPl
− fhyd m

f mPl

)
fnr < f < f⋆(

fbol T⋆

f mPl
− fhyd m

f mPl

)
f⋆ < f

. (A.21)

Keeping only the leading terms, one has

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2
{

fint Tentry

f mPl
fnr < f < f⋆

fbol T⋆

f mPl
f⋆ < f

. (A.22)

Using the definition (A.19) of fint and expressing Tentry, T⋆ in terms of f⋆,
one can then recover Eq. (2.75). Similar reasoning applies to the remaining
cases.

Case 2: This case is defined by the hierarchy fhyd < fnr < f⋆ < fbol. The GW spectrum
takes the form

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2



(
fint Tentry

f mPl
− fhyd m

f mPl

)
fnr < f < fx(

Tc

mPl
− fhyd m

f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f Tentry

fint mPl

)
fx < f < f⋆(

Tc

mPl
− fhyd m

f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f T⋆

fbol mPl

)
f⋆ < f < fbol(

fbol T⋆

f mPl
− fhyd m

f mPl

)
fbol < f

.

(A.23)

Keeping only the leading terms, one has

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2


fint Tentry

f mPl
fnr < f < fx(

1 + g−
d

g+
d

)
Tc

mPl
fx < f < fbol

fbol T⋆

f mPl
fbol < f

. (A.24)

Case 3: This case is defined by the hierarchy fnr < fhyd < f⋆ < fbol. The GW spectrum
takes the form

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2



g−
d

g+
d

(
f m

fhydmPl
− f Tentry

fint mPl

)
fnr < f < fhyd(

Tc

mPl
− fhyd m

f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f Tentry

fint mPl

)
fhyd < f < f⋆(

Tc

mPl
− fhyd m

f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f T⋆

fbol mPl

)
f⋆ < f < fbol(

fbol T⋆

f mPl
− fhyd m

f mPl

)
fbol < f

.

(A.25)
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Keeping only the leading terms, one has

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2


g−

d

g+
d

f m
fhydmPl

fnr < f < fhyd(
1 + g−

d

g+
d

)
Tc

mPl
fhyd < f < fbol

fbol T⋆

f mPl
fbol < f

. (A.26)

Case 4: This case is defined by the hierarchy fnr < f⋆ < fhyd < fbol. The GW spectrum
takes the form

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2



g−
d

g+
d

(
f m

fhydmPl
− f Tentry

fint mPl

)
fnr < f < f⋆

g−
d

g+
d

(
f m

fhydmPl
− f T⋆

fbol mPl

)
f⋆ < f < fhyd(

Tc

mPl
− fhyd m

f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f T⋆

fbol mPl

)
fhyd < f < fbol(

fbol T⋆

f mPl
− fhyd m

f mPl

)
fbol < f

.

(A.27)

Keeping only the leading terms, one has

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2


g−

d

g+
d

f m
fhydmPl

fnr < f < fhyd(
1 + g−

d

g+
d

)
Tc

mPl
fhyd < f < fbol

fbol T⋆

f mPl
fbol < f

. (A.28)

Notice that this expression is the same as Eq. (A.26).

Considering the limit of a massless hidden particle, where fhyd, fnr → 0, only two
cases survive:

Case 1: In this limit, the GW spectrum simplifies to

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2
{

fint Tentry

f mPl
f < f⋆

fbol T⋆

f mPl
f⋆ < f

. (A.29)

Case 2: In this limit, the GW spectrum can be written

h2ΩT >m
GW (f) ≃ g+

d

(
f

Hz

)2



fint Tentry

f mPl
f < fx

Tc

mPl
+ g−

d

g+
d

(
Tc

mPl
− f Tentry

fint mPl

)
fx < f < f⋆

Tc

mPl
+ g−

d

g+
d

(
Tc

mPl
− f T⋆

fbol mPl

)
f⋆ < f < fbol

fbol T⋆

f mPl
fbol < f

.

(A.30)



Appendix B
Three-particle phase space
integration

In this appendix, we detail the parametrisation used in part II and III of this thesis
to compute various 4-fermion interaction rates. This parametrisation is particularly
useful to reduce the original 9-dimensional integral to only three dimensions and was
used to compute the rates in Chaps. 4 and 6.2.2. It was already developed in appen-
dices A and B of [401], which we will here closely follow.

In order to compute interaction rates arising from 4-fermion contact interactions,
one generically needs to evaluate terms of the form∫ d3p1d3p2d3p3

(2π)9
(2π)4δ(4)(q − p1 − p2 − p3)

8E1E2E3
F [u, p1, p2, p3, q] , (B.1)

where F [u, p1, p2, p3, q] consists of a Lorentz-invariant trace T [p1, p2, p3, q], see
Eq. (4.9) for an example, and a product of distribution functions fi, e.g.

F [u, p1, p2, p3, q] ⊃ T [p1, p2, p3, q] f1(E1)f2(E2)f3(E3). (B.2)

In the above equations, q is the momentum of the particle whose interaction rate we
are computing and u is the plasma 4-velocity. Ei ≡ pi · u is the energy associated
with particle i and reduces to

√
p2

i +m2
i in the plasma rest frame. However, if we

instead keep the frame general, the expression (B.1) is completely Lorentz-invariant.
In that case, one can therefore boost every momentum in the rest frame of p3 − q,
i.e. the frame for which p̂3 − q̂ = Λp3−q(p3 − q) = 0. We will denote quantities
in this frame with a hat p̂ = Λp3−qp for any p. Performing this Lorentz boost on
the Lorentz-invariant subpart of the integral (B.1) containing p1 and p2 allows us to
rewrite it as∫

d3p3

∫ d3p̂1d3p̂2

(2π)9
(2π)4δ(3)(p̂1 + p̂2)δ(Êq − Ê1 − Ê2 − Ê3)

8Ê1Ê2Ê3
F [û, p̂1, p̂2, p̂3, q̂] .

(B.3)
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It is now straightforward to perform the integral over p̂2∫ d3p3

(2π)32E3

∫ d3p̂1

(2π)2
δ(Êq −

√
p̂2

1 +m2
1 −

√
p̂2

1 +m2
2 − Ê3)

4
√
p̂2

1 +m2
1
√
p̂2

1 +m2
2

×

× F
[
û, p̂1, (

√
p̂2

1 +m2
2,−p̂1), p̂3, q̂

]
. (B.4)

We will then use the last δ distribution to perform the integration over |p̂1|. We start
by observing that

√
x2 +m2

1 +
√
x2 +m2

2 = E for

|p̂1| = λ12(E) ≡ 1
2E

√
E4 − 2E2(m2

1 +m2
2) + (m2

1 −m2
2)2 (B.5)

as long as E > m1 +m2. This implies∫
dx x2h(x)√

x2 +m2
1
√
x2 +m2

2
δ(
√
x2 +m2

1 +
√
x2 +m2

2 − E)

= Θ(E −m1 −m2)λ12(E)h(λ12(E))
E

. (B.6)

Identifying E = Êq − Ê3, we can then simplify Eq. (B.4) as∫ d3p3

(2π)32E3

∫ d cos θ̂1dφ1

(4π)2
λ12(Êq − Ê3)
Êq − Ê3

Θ(Êq − Ê3 −m1 −m2)×

× F
[
û, p̂1, (

√
p̂2

1 +m2
2,−p̂1), p̂3, q̂

]
. (B.7)

In F , we set |p̂1| = λ12(Êq − Ê3) (but do not write it explicitly to keep expressions
compact). To further simplify this result, we can then analytically perform the inte-
gration over the angular part of d3p3 = p2

3d|p3|d cos θ3dφ3. Given that our universe
is isotropic, one can choose q to be aligned with the z-axis and p3 to lie in the x − z

plane, i.e. q = |q|(0, 0, 1) and p3 = |p3|(sin θ3, 0, cos θ3). As it is independent of
φ3, this integration leads to an overall factor 2π. Moreover, since F depends (at tree
level) at best quadratically on p1, one can show that it can be parametrised as

F
[
û, p̂1, (

√
p̂2

1 +m2
2,−p̂1), p̂3, q̂

]
= α+ β cosφ1 + γ cosφ2

1. (B.8)

This in turns implies that∫ 2π

0
dφ1F

[
û, p̂1, (

√
p̂2

1 +m2
2,−p̂1), p̂3, q̂

]
= π [F(φ1 = π/4) + F(φ1 = 3π/4)] .

(B.9)
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Combining these results, we finally obtain that∫ d|p3|d cos θ3d cos θ̂1

128π3E3

λ12(Êq − Ê3)
Êq − Ê3

Θ(Êq − Ê3 −m1 −m2)×

× [F(φ1 = π/4) + F(φ1 = 3π/4)] . (B.10)

Two comments are now in order regarding the validity of Eq. (B.10). First, though
Eq. (B.1) strictly only applies to the case of 1 → 3 decays, it is straightforward to
adapt this parametrisation to different kinematic situations by boosting to a different
rest frame, e.g. the rest frame of p3 + q, and replacing E = Êq − Ê3 accordingly.
Second, the property (B.8) only holds at tree level. If one includes loop corrections as
studied in Chap. 6, the dependence on φ1 can be different and one needs to perform
the integral numerically.





Appendix C
Explicit formulae for the
adimensional functions I±,
J±, K, L and the heavy fermion
interaction rates

In this appendix, we provide explicit expression for the functions I±, J±, K and
L used as building blocks for the self-energies (4.12a), (4.12b), (4.14) and (4.15). The
first 2 functions, I± and J±, can be expressed as

I±(m1,m2,m3) = 1
T 5 32π4f−1

F (−q0)
∫ d3p1

(2π)32E1

∫ d3p2

(2π)32E2

∫ d3p3

(2π)32E3
×

×
[
δ(4)(p1 + p2 + p3 − q) (1 − fF(E1)) (1 − fF(E2)) (1 − fF(E3))

+ δ(4)(p1 + p2 − p3 − q) (1 − fF(E1)) (1 − fF(E2)) fF(E3)

+ δ(4)(p1 + p3 − p2 − q) (1 − fF(E1)) fF(E2) (1 − fF(E3))

+ δ(4)(p2 + p3 − p1 − q)fF(E1) (1 − fF(E2)) (1 − fF(E3))

+ δ(4)(p3 − p1 − p2 − q)fF(E1)fF(E2) (1 − fF(E3))

+ δ(4)(p2 − p1 − p3 − q)fF(E1) (1 − fF(E2)) fF(E3) + δ(4)(p1 − p2 − p3 − q)×

× (1 − fF(E1)) fF(E2)fF(E3)
]p2 · p3

4

(
(1 ± q0

|q|
)(p1 · u) ∓ p1 · q

|q|

)
(C.1)

and

J±(m1,m2,m3) = 1
T 5 32π4f−1

F (−q0)
∫ d3p1

(2π)32E1

∫ d3p2

(2π)32E2

∫ d3p3

(2π)32E3
×

×
[

− δ(4)(p1 + p2 + p3 − q) (1 − fF(E1)) (1 − fF(E2)) (1 − fF(E3))

+ δ(4)(p1 + p2 − p3 − q) (1 − fF(E1)) (1 − fF(E2)) fF(E3)

+ δ(4)(p1 + p3 − p2 − q) (1 − fF(E1)) fF(E2) (1 − fF(E3))
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− δ(4)(p2 + p3 − p1 − q)fF(E1) (1 − fF(E2)) (1 − fF(E3))

+ δ(4)(p3 − p1 − p2 − q)fF(E1)fF(E2) (1 − fF(E3))

+ δ(4)(p2 − p1 − p3 − q)fF(E1) (1 − fF(E2)) fF(E3) − δ(4)(p1 − p2 − p3 − q)×

× (1 − fF(E1)) fF(E2)fF(E3)
]m2m3

4

(
(1 ± q0

|q|
)(p1 · u) ∓ p1 · q

|q|

)
, (C.2)

where, as a reminder, we have defined Ei =
√

p2
i +m2

i . In addition, one can write Γ
and Γ̄, the interaction rates of positive and negative helicity N respectively, under the
form

Γ(q) = Γ1(q) + Γ2(q), Γ̄(q) = Γ̄1(q) + Γ̄2(q) (C.3)

where Γ1, Γ̄1 and Γ2, Γ̄2 are rates associated with the type-1 and type-2 (if the latter is
present in the theory) self-energies respectively. The former can in turn be expressed
in terms of the functions I± and J± as

Γ1(q) = 128G2T 5

|q0|
CJL

[
(|aL|2 + |bL|2)q−

[
I+(m1,m2,m3) + I+(m2,m1,m3)

]
+ (|bL|2 − |aL|2)q−J+(m3,m2,m1)

]

+ 128G2T 5

|q0|
CJR

[
(|aR|2 + |bR|2)q+

[
I−(m1,m2,m3) + I−(m2,m1,m3)

]
+ (|bR|2 − |aR|2)q+J−(m3,m2,m1)

]
, (C.4a)

Γ̄1(q) = 128G2T 5

|q0|
CJL

[
(|aL|2 + |bL|2)q+

[
I−(m1,m2,m3) + I−(m2,m1,m3)

]
+ (|bL|2 − |aL|2)q+J−(m3,m2,m1)

]

+ 128G2T 5

|q0|
CJR

[
(|aR|2 + |bR|2)q−

[
I+(m1,m2,m3) + I+(m2,m1,m3)

]
+ (|bR|2 − |aR|2)q−J+(m3,m2,m1)

]
. (C.4b)

Similarly, Γ2 and Γ̄2 can be written

Γ2(q) = −64G2T 5

|q0|
CJL

[
− 2(aL − bL)(cL − dL)q−I+(m2,m1,m3)
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+ (aL + bL)(cL + dL)q−J+(m2,m1,m3) + (aL − bL)(cL + dL)q−J+(m3,m2,m1)

+ (aL + bL)(cL − dL)q−J+(m1,m2,m3)
]

− 64G2T 5

|q0|
CJR

[
− 2(aR + bR)(cR + dR)q+I−(m2,m1,m3)

+ (aR − bR)(cR − dR)q+J−(m2,m1,m3) + (aR + bR)(cR − dR)q+J−(m3,m2,m1)

+ (aR − bR)(cR + dR)q+J−(m1,m2,m3)
]
, (C.5a)

Γ̄2(q) = −64G2T 5

|q0|
CJL

[
− 2(aL − bL)(cL − dL)q+I−(m2,m1,m3)

+ (aL + bL)(cL + dL)q+J−(m2,m1,m3) + (aL − bL)(cL + dL)q+J−(m3,m2,m1)

+ (aL + bL)(cL − dL)q+J−(m1,m2,m3)
]

− 64G2T 5

|q0|
CJR

[
− 2(aR + bR)(cR + dR)q−I+(m2,m1,m3)

+ (aR − bR)(cR − dR)q−J+(m2,m1,m3) + (aR + bR)(cR − dR)q−J+(m3,m2,m1)

+ (aR − bR)(cR + dR)q−J+(m1,m2,m3)
]
. (C.5b)

For a Majorana particle, CJL
= CJR

and aL = aR, bL = bR, cL = cR, dL = dR

such that Γ = Γ̄ as expected.
Concerning the scalar contribution, the equivalent functions are defined as

K(m1,m2,m3) = 1
T 5 32π4f−1

F (−q0)
∫ d3p1

(2π)32E1

∫ d3p2

(2π)32E2

∫ d3p3

(2π)32E3
×

×
[
δ(4)(p1 + p2 + p3 − q) (1 − fF(E1)) (1 − fF(E2)) (1 − fF(E3))

− δ(4)(p1 + p2 − p3 − q) (1 − fF(E1)) (1 − fF(E2)) fF(E3)

+δ(4)(p1 + p3 − p2 − q) (1 − fF(E1)) fF(E2) (1 − fF(E3))

+ δ(4)(p2 + p3 − p1 − q)fF(E1) (1 − fF(E2)) (1 − fF(E3))

+δ(4)(p3 − p1 − p2 − q)fF(E1)fF(E2) (1 − fF(E3))

− δ(4)(p2 − p1 − p3 − q)fF(E1) (1 − fF(E2)) fF(E3)

−δ(4)(p1 − p2 − p3 − q) (1 − fF(E1)) fF(E2)fF(E3)
]
m3

p1 · p2

4 (C.6)

and

L(m1,m2,m3) = 1
T 5 32π4f−1

F (−q0)
∫ d3p1

(2π)32E1

∫ d3p2

(2π)32E2

∫ d3p3

(2π)32E3
×
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×
[

− δ(4)(p1 + p2 + p3 − q) (1 − fF(E1)) (1 − fF(E2)) (1 − fF(E3))

+ δ(4)(p1 + p2 − p3 − q) (1 − fF(E1)) (1 − fF(E2)) fF(E3)

+δ(4)(p1 + p3 − p2 − q) (1 − fF(E1)) fF(E2) (1 − fF(E3))

+ δ(4)(p2 + p3 − p1 − q)fF(E1) (1 − fF(E2)) (1 − fF(E3))

−δ(4)(p3 − p1 − p2 − q)fF(E1)fF(E2) (1 − fF(E3))

− δ(4)(p2 − p1 − p3 − q)fF(E1) (1 − fF(E2)) fF(E3)

−δ(4)(p1 − p2 − p3 − q) (1 − fF(E1)) fF(E2)fF(E3)
]m1m2m3

4 . (C.7)

The rates ΓS = Γ̄S arising from the scalar contribution to the self-energy (indepen-
dently of the helicity of N ) takes the form

ΓS = Γ̄S = CS
JR

Im Σ̂S
R

|q0|
M + CS

JL

Im Σ̂S
L

|q0|
M∗ (C.8)

In general, CS
JR

Im Σ̂S
R =

(
CS

JL
Im Σ̂S

L

)∗
such that the full result is still real. Note

that, in the mass basis, M = M∗, and, hence,

ΓS = Γ̄S = 2CS
JR

Im Σ̂S
R

|q0|
M. (C.9)

One can write these rates as ΓS = ΓS,1 + ΓS,2, where ΓS,i are associated with the
self-energy of type-i. These in turn can be expressed in terms of the dimensionless
functions K,L in the following manner.

ΓS,1(q) = −2CS
JR

128G2T 5

|q0|
M× (C.10)

× [(aLa
∗
R + bLb

∗
R)K(m1,m2,m3) + 2(bLb

∗
R − aLa

∗
R)L(m1,m2,m3)] ,

ΓS,2(q) = −2CS
JR

64G2T 5

|q0|
M
[

− 2(aL − bL)(cR + dR)L(m1,m2,m3)

+ (aL + bL)(cR + dR)K(m3,m2,m1) + (aL + bL)(cR − dR)K(m1,m3,m2)
+ (aL − bL)(cR − dR)K(m1,m2,m3)

]
. (C.11)

As an example, we can apply the above formulae for the case of neutrino-neutrino
scatterings within the SM. Assuming the light neutrinos are in thermal equilibrium,
the neutrino (of flavour α) interaction rates write

Γ(q) + Γ̄(q) = 128G2
FT

5

|q0|
(q−I+(0, 0, 0) + q+I−(0, 0, 0)) (C.12)
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= 2048π4G2
F

|q0|fF(−q0)

∫ d3p1

(2π)32E1

∫ d3p2

(2π)32E2

∫ d3p3

(2π)32E3
×

×
[
δ(4)(p1 + p2 + p3 − q) (1 − fF(E1)) (1 − fF(E2)) (1 − fF(E3))

+ δ(4)(p1 + p2 − p3 − q) (1 − fF(E1)) (1 − fF(E2)) fF(E3)

+δ(4)(p1 + p3 − p2 − q) (1 − fF(E1)) fF(E2) (1 − fF(E3))

+ δ(4)(p2 + p3 − p1 − q)fF(E1) (1 − fF(E2)) (1 − fF(E3))

+δ(4)(p3 − p1 − p2 − q)fF(E1)fF(E2) (1 − fF(E3))

+ δ(4)(p2 − p1 − p3 − q)fF(E1) (1 − fF(E2)) fF(E3)

+δ(4)(p1 − p2 − p3 − q) (1 − fF(E1)) fF(E2)fF(E3)
]
(p1 · p3)(p2 · q)

since they are massless and purely left-handed. One recognizes the usual neutrino
scattering matrix elements, compare, e.g., to table 1 in [608].





Appendix D
Collection of results regarding
Neff

In this appendix, we provide various useful results concerning Chap. 6.

D.1 Functions in the continuity equation
We start by defining the functions K,J±, Y±,W±, and G1,2 entering the continu-

ity equation (6.9), which we express in terms of the dimensionless variables x, y, z.
Their explicit forms are given by [7, 548]:

K(τ) = 1
π2

∫
dω ω2

√
ω2 + τ2

1
exp

(√
τ2 + ω2

)
+ 1

, (D.1)

J±(τ) = 1
π2

∫
dω ω2 exp

(√
τ2 + ω2

)[
exp

(√
τ2 + ω2

)
± 1
]2 , (D.2)

Y±(τ) = 1
π2

∫
dω ω4 exp

(√
τ2 + ω2

)[
exp

(√
τ2 + ω2

)
± 1
]2 , (D.3)

W±(τ) = 1
π2

∫ ∞

0
dω ω2

√
ω2 + τ2

exp(
√
ω2 + τ2) ± 1

, (D.4)

G1(τ) = 2πα
[

1
τ

(
K(τ)

3 + 2K2(τ) − J(τ)
6 −K(τ)J(τ)

)
(D.5)

+
(
K ′(τ)

6 −K(τ)K ′(τ) + J ′(τ)
6 + J ′(τ)K(τ) + J(τ)K ′(τ)

)]
,

G2(τ) = − 8πα
(
K(τ)

6 + J(τ)
6 − 1

2K
2(τ) +K(τ)J(τ)

)
(D.6)

+ 2πα
(
K ′(τ)

6 −K(τ)K ′(τ) + J ′(τ)
6 + J ′(τ)K(τ) + J(τ)K ′(τ)

)
,

where the symbol ′ denotes the partial derivative ∂/∂τ , and the + sign (− sign) high-
lights the fermionic (bosonic) nature of the contribution. Regarding G1 and G2, we
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only provide here the O(e2)-result.1 Explicit expressions forG1,2(τ) at the next order,
O(e3), have been obtained in [549].

D.2 Thermal integrals
The calculation of the 1PI photon self-energy and resummed propagator (in the

plasma rest frame) rely on the following two thermal integrals

Kµ(P ) = 2e2
∫ d4k

(2π)3 k
µ δ(k2 −m2

e)fF(|k0|)
(P + k)2 −m2

e + iϵ
,

Kµν(P ) = 2e2
∫ d4k

(2π)3 k
µkν δ(k2 −m2

e)fF(|k0|)
(P + k)2 −m2

e + iϵ
.

(D.7)

We can define two unit vectors e1 and e2 perpendicular to the photon momentum (of
corresponding unit vector P̂ ≡ P/|P|) such that the set {P̂, e1, e2} forms a complete
orthogonal basis. The spatial part of the integration variable can then be parametrised
in the following way:

k = |k|(cosϑP̂ + cosφ sinϑe1 + sinφ sinϑe2). (D.8)

Starting with Kµ, we can easily show that the contributions proportional to e1 and
e2 vanish after the azimuthal integration. Hence, the spatial part of Kµ simply reads

K = P
|P |3

αem

4π

∫ ∞

me

dω
[
P 2ℓ1(ω, P ) + 2ωP0ℓ2(ω, P ) − 8|k||P |

]
fF(ω), (D.9)

where ω = |k0| =
√

|k|2 +m2
e is the on-shell electron energy, and the two functions

ℓ1(ω, P ) = ln
∣∣∣∣ (P 2 + 2|k||P |)2 − 4P 2

0 ω
2

(P 2 − 2|k||P |)2 − 4P 2
0 ω

2

∣∣∣∣ ,
ℓ2(ω, P ) = ln

∣∣∣∣P 4 − 4(P0ω + |P ||k|)2

P 4 − 4(P0ω − |P ||k|)2

∣∣∣∣ (D.10)

stem from the integration over cosϑ. Correspondingly, the temporal component of
Kµ reads

K0 = αem

2π|P |

∫ ∞

me

dωω ℓ2(ω, P )fF(ω). (D.11)

The tensor integral Kµν can be computed using a similar approach. Starting with
the spatial components Kij , one can show that, after the azimuthal integral, only
terms proportional to P̂ iP̂ j and

∑
k=1,2 e

i
ke

j
k will remain. One can then make use of

1Note that, in principle, additional logarithmic contributions also appear at O(e2). These
have however been shown to be negligible [549] and are therefore not included here.
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the completeness relation

δij = P̂ iP̂ j +
∑

k=1,2
ei

ke
j
k (D.12)

to obtain
Kij = P̂ iP̂ jI1 + (δij − P̂ iP̂ j)(I2 − I1/2) . (D.13)

In the previous equation, we have introduced the two auxiliary functions

I1 = αem

8π|P |3

∫ ∞

me

dω
[
(P 4 + 4P 2

0 ω
2)ℓ1(ω, P ) + 4P 2P0 ω ℓ2(ω, P ) − 8|P ||k|P 2] fF(ω),

I2 = αem

4π|P |

∫ ∞

me

dω|k|2ℓ1(ω, P )fF(ω).

(D.14)
The remaining components of Kµν can be extracted in a similar manner

K00(P ) = αem

2π|P |

∫ ∞

me

dωω2 ℓ1(ω, P )fF(ω),

K0i = αemP̂
i

4π|P |2

∫ ∞

me

dωω
[
2P0ωℓ1(ω, P ) + P 2ℓ2(ω, P )

]
fF(ω).

(D.15)

The remaining one-dimensional integrals (D.9), (D.11), (D.14) and (D.15) can be very
efficiently evaluated numerically.

D.3 1PI-resumming the photon propagator
As highlighted in Sec. 6.2.2, the NLO rates exhibit an IR divergence, which can

be regulated by resumming the photon propagator. In this appendix, we start by pre-
senting an exact derivation of the (finite-temperature) photon self-energy at the one-
loop level, using the CTP formalism and assuming electrons in thermal equilibrium
with vanishing chemical potentials. We then extract in Sec. D.3.2 the 1PI-resummed
Feynman propagator. Exact explicit expressions for the photon self-energy and re-
summed propagators already exist, either in the HTL approximation [28, 609] or in
the simplified scenarios wherein T ≪ me [610] or me = 0 [611], see also [612]
for analytic approximations for off-shell photons. In this appendix, we lift these as-
sumptions and derive a propagator valid for all values of the electron mass me and
photon 4-momentum P , at the cost of losing a closed-form expression. We note in
passing that Ref. [572] also examined the photon propagator without making the HTL
approximation, and retaining as well the finite electron chemical potential, but did not
provide explicit formulae.
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γ γ

e

e

P

k

k − P

P

Figure D.1: One-loop contribution to the photon self-energy. Taken from [4].

D.3.1 1-loop photon self-energy
Since, in the temperature range relevant for Neff , the abundance of any fermion

heavier than the electron is strongly Boltzmann suppressed, photons effectively only
interact with electrons and its thermal self-energy, displayed in Fig. D.1, reads at the
one-loop level

Πµν
ab (P ) = sgn(ab)ie2

∫ d4k

(2π)4 Tr
[
iSab

e (k)γµiSba
e (k − P )γν

]
(D.16)

for general CTP indices a, b ∈ {+,−}. Given that electrons are in thermal equilibrium
at the relevant temperature range,2 it is sufficient to compute Π++ and Π+− and obtain
the remaining two self-energies via the bosonic KMS relation, i.e.

Πµν
−+(P ) = eP0/T Πµν

+−(P ) (D.17)

and

Πµν
−−(P ) = −Πµν,∗

++ (P ) (D.18)

for a general four-vector P . In addition, it is useful to note that both Πµν
+− and Πµν

−+
are purely imaginary and verify the following relation

Im Πµν
++ = i

2(Πµν
+− + Πµν

−+) = i

2

(
1 + eP0/T

)
Πµν

+−. (D.19)

As in the main text, we will split the self-energy into a vacuum and finite-temperature
contribution Πµν

ab,T ̸=0. Starting with the vacuum contribution, the ++ self-energy can

2The freeze-out of electron-positron annihilation only happen around 16 keV at which mo-
ment Neff is expected to be modified by at most 10−7 [558].
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be written

Πµν
2 = ie2

∫
k

i

k2 −m2
e + iϵ

i

(k + P )2 −m2
e + iϵ

Tr
[
(/k +me)γµ(/k + /P +me)γν

]
(D.20)

while the +− self-energy vanishes since processes of the form e ↔ e + γ are for-
bidden in vacuum. The renormalised vacuum part Πµν

2 (P ) = (αem/π)(P 2gµν −
P νPµ)Π2(P 2) is textbook material and, in the MS-scheme, reads

Π2(P 2) = 2
3 ln

(
µ

me

)
+ 5

9 + τ

3 + 1
3

(
1 + τ

2

)√
1 − τ ln

(√
1 − τ − 1√
1 − τ + 1

)
−→ 1

3 ln
(

µ2

−P 2

)
+ 5

9 for me → 0,
(D.21)

with τ = 4m2
e/P

2 (see, e.g., appendix A of [613] for the derivation). In practice, we
note that the vacuum contribution to the photon self-energy is numerically irrelevant
when resumming the photon propagator, as it vanishes in the soft photon exchange
limit for which P 2 = 0. We can therefore safely neglect it in the resummed propaga-
tor.

Moving on the finite-temperature contribution, it is common to decompose Πµν

into a longitudinal and a transverse part,

Πµν
ab = ΠL

abP
µν
L + ΠT

abP
µν
T , (D.22)

where we define the corresponding projectors [24, 614]

P 00
T = P 0i

T = P i0
T = 0, P ij

T = −δij + P̂ iP̂ j ,

Pµν
L = gµν − PµP ν

P 2 − Pµν
T .

(D.23)

From their definition (D.23), it is straightforward to verify that PµP
µν
L/T = 0 and,

therefore, the photon self-energy fulfils the Ward-Takahashi identity PµΠµν
ab = 0.

Though it is not obvious from its definition, we note in passing that the longitudinal
projector can alternatively be expressed in a Lorentz-invariant manner as

Pµν
L = ũµũν/ũ2 , (D.24)

with ũµ = P 2uµ − (u ·P )Pµ a function of the heat bath four-velocity uµ (= δµ
0 in its

rest frame).
Let us now start by computing the real part of Πµν

++. It can be written in terms of
the integrals Kµ and Kµν , computed in appendix D.2, as

Re Πµν
++,T ̸=0 = −Re Πµν

−−,T ̸=0 = 4(−gµνK · P + 2Kµν +KµP ν +KνPµ).
(D.25)
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Using the explicit results (D.9), (D.11), (D.13) and (D.15) for these integrals, we
can then decompose the self-energy according to Eq. (D.22). For the longitudinal
component, we find

Re ΠL
++,T ̸=0 = αemP

2

π|P |3

∫ ∞

me

dω
[
8|k||P | − ℓ1(ω, P )(P 2 + 4ω2) − 4ℓ2(ω, P )P0ω

]
fF(ω)

(D.26)

HTL
≈ −3ω2

p

(
1 − P 2

0
|P |2

)[
1 − P0

2|P |
ln
∣∣∣∣P0 + |P |
P0 − |P |

∣∣∣∣] −→ −3ω2
p for P0 = 0,

(D.27)

whereas we obtain for the transverse one

Re ΠT
++,T ̸=0 = αem

π|P |3

∫ ∞

me

dω
[
2ℓ2(ω, P )P0P

2ω − 4|k||P |(P 2
0 + |P |2) (D.28)

+ℓ1(ω, P )(|P |2P 2 + 2P 2
0 ω

2 − 2|k|2|P |2 + 1
2P

4)
]
fF(ω)

HTL
≈ −3

2ω
2
p

P 2
0

|P |2

[
1 −

(
1 − |P |2

P 2
0

)
P0

2|P |
ln
∣∣∣∣P0 + |P |
P0 − |P |

∣∣∣∣] −→ 0 for P0 = 0,

(D.29)

with the plasma frequency ωp being simply given by eT/3 in the HTL limit. In both

equations, the symbol
HTL
≈ indicates that the result was obtained in the HTL approx-

imation [615]. In this regime, the photon momentum is soft and one can expand in
P/k. To be more precise, we have first expanded the fully momentum- and mass-
dependent self-energy (D.26) and (D.28) in P0/|k| and then in P0/|P| in a second
time, using that

ℓ1(ω, P ) HTL
≈ −2 |P |

|k|
, ℓ2(ω, P ) HTL

≈ 2 ln
∣∣∣∣P0 + |P |
P0 − |P |

∣∣∣∣ (D.30)

in this limit. Furthermore, we have also neglected the electron mass such that |k| = ω.
Noticing that ∫ ∞

0
dkk fF(k) = π2T 2/12 , (D.31)

the integral over ω can be performed analytically, yielding the well-known HTL re-
sult (D.27) (or (D.29)). It is interesting to observe that, in the limit P0 → 0, the
longitudinal photon degrees of freedom3 possess a mass while the transverse excita-
tions do not. Ultimately, this feature is related to the absence of magnetic monopoles
and the impossibility to screen (static) magnetic fields. The so-called Debye mass
mD, sometimes also known as the electric mass, characterising the screening of elec-

3Sometimes referred to as “plasmons” in the literature.
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tric fields in a charged medium, can be extracted from the longitudinal self-energy
through the standard relation

mD =
√

− Re ΠL
++ (q0 = 0, |q| → 0). (D.32)

Equivalently, mD can be obtained from the QED EoS via the relation (see, e.g., [28,
564])

Re ΠL
++(q0 = 0, |q| → 0) = −e2 ∂

2P (µ, T )
∂µ2 , (D.33)

where P (µ, T ) is the pressure of the e+e−γ system with chemical potential µ, given
in the ideal gas limit by

P (0)(µ, T ) = T

π2

∫ ∞

0
dpp2 log

[
(1 + e−(Ee−µ)/T )2

1 + e−p/T

]
, (D.34)

with Ee =
√
p2 +m2

e. Therefore,

m2
D = 2e2

π2T

∫ ∞

0
dpp2fF(E) (1 − fF(E)) . (D.35)

One can then evaluate (D.35) in the limit me → 0 by observing that∫ ∞

0
dkk2fF(k) [1 − fF(k)] = π2T 3/6 , (D.36)

which yields the well-known HTL result m2
D = 3ω2

p = e2T 2/3 [28].
Moving on to the off-diagonal component Πµν

+−, it takes the form

Πµν
+− = i(ie)2

∫ d4k

(2π)4 16π2δ
(
k2 −m2

e

)
(fF(|k0|) − Θ(k0))δ

(
(k + P )2 −m2

e

)
×

× (fF(|k0 + P 0|) − Θ(−k0 − P 0))Tµν , (D.37)

where we defined

Tµν = −gµνk · P + 2kµkν + kνPµ + kµP ν . (D.38)

We note that, in Eq. (D.37), the minus sign associated with the fermionic loop cancels
against the one resulting from the different CTP vertices. In order to calculate this in-
tegral, we will follow a similar approach as in Sec. D.2 to obtain the thermal integrals.
Decomposing k as in Eq. (D.8), we can use the two δ-functions in Eq. (D.38) to fix
k0 = ±

√
|k|2 +m2

e as well as the polar angle θ

cos θ∗
± = P 2 ± 2ωP0

2|k||P |
. (D.39)
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Decomposing Tµν into a longitudinal and transverse piece

TL
± = P 2

2 − P 2

2|P |2
(P0 ± 2ω)2 , (D.40a)

TT
± = P 2

2 − |k|2 sin2 θ∗
± , (D.40b)

we get

ΠL/T
+− = −i2αem

|P |
× (D.41)

×
∫ ∞

me

dω
∑

±
Θ(1 − | cos θ∗

±|)(fF(ω) − Θ(k0))(fF(|k0 + P 0|) − Θ(−k0 − P 0))TL/T
± ,

where the sum runs over positive and negative values of k0. Making use of Eq. (D.36),
we find that ΠL/T

+− becomes in the HTL limit

ΠL
+−

HTL
≈ −iπe

2P 2T 3

3|P |3
Θ(|P | − |P 0|), (D.42)

ΠT
+−

HTL
≈ i

πe2P 2T 3

6|P |3
Θ(|P | − |P 0|), (D.43)

Using the relation (D.19), the imaginary part of Πµν
++ can then be easily extracted

from Eq. (D.41). We note in passing that the +− self-energy vanishes for P 2 ≥ 0 as
naively expected from a simple kinematic analysis.

As will be explained in the next section, it is more convenient to resum the retarded
and advanced propagators first. Using Eq. (D.19) and assuming thermal equilibrium,
the associated self-energies read

ΠT/L
R/A = ΠT/L

++ + ΠT/L
+−/−+ = Re ΠT/L

++ ± 1
2

(
ΠT/L

+− − ΠT/L
−+

)
= Re ΠT/L

++ ± 1
2

(
1 − eP0/T

)
ΠT/L

+− .

(D.44)

The above equation makes evident that Re ΠR = Re ΠA while Im ΠR = −Im ΠA.
As a cross-check, we can compare our results to previous works, [609] in partic-

ular. Since ΠL/T
R/A

HTL
≈ Re ΠL/T

11 ∓ P 0

2T ΠL/T
12 in the HTL limit, our transverse self-

energy agrees with [609]. While our longitudinal self-energy differs from [609, 611]4

by a term P 2
0 /|P |2, it is however consistent with the more recent Ref. [28]. We also

note that, at sufficiently high temperature T ≳ 2
√

3me/e, Eq. (D.41) would allow
for photon decays into two electrons. This is unphysical [572] as the electron also
pick up a sizeable thermal mass at such high temperatures. This could be resolved
by additionally resumming the photon propagator. Such resummation is however not

4This different factor is responsible for the discrepancy between Fig. D.3 and figure 4 in
[611].
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Figure D.2: Finite-temperature part of the retarded longitudinal and transverse photon
self-energy normalised to the plasma frequency ω2

p. We compare for various choices
of |P |/T the complete one-loop result (continuous lines) to its equivalent in the van-
ishing electron mass limit (dotted lines) and in the HTL approximation (dashed lines).
For all subfigures, we set at T = 2me. Figure adapted from [4].

necessary for our purposes since the relevant dynamics for neutrino decoupling occur
at lower temperatures.

We illustrate the energy, momentum and temperature dependence of these various
self-energies in Figs. D.2 and D.3. In Fig. D.2, we display the dependence with P0/T

of the real and the imaginary parts of the retarded transverse and longitudinal propa-
gators for various choices of |P |/T , setting the temperature to T = 2me in all cases.
We compare the full one-loop self-energy (in continuous) normalised to the plasma
frequency ω2

p to the corresponding result i) in the limit me → 0 (in dotted) and ii) in
the HTL limit (in dashed). We perform a similar analysis in Fig. D.3, fixing instead the
ratio |P |/T = 0.5 and choosing different benchmarks for the temperature. Interest-
ingly, we observe that the finite electron mass has a visible impact on the self-energy
even for temperatures close to neutrino decoupling, i.e. T/me ∼ 2.

As highlighted in Sec. 2.2.1 (in the context of GW production), a useful approx-
imation for weakly coupled theories is to replace the full 1PI-resummed propagator
by a Breit-Wigner distribution peaking at P0 = w(|P|), where P0 = w(|P|) is a so-
lution to the equation P 2 + Re ΠT/L

11 (P ) = 0 and defines the dispersion relation of
the different degrees of freedom of the photon. This dispersion relation is displayed
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Figure D.3: Equivalent figure to Fig. D.2 but for fixed |P |/T = 0.5 and different
temperatures T ∈ {me, 2me, 5me} instead. Figure adapted from [4].

for the benchmark T = 2me case in Fig. D.4. While we do not make such approxi-
mation in this work, it might be useful for the interested reader to specify the residue
of the transverse and longitudinal photon propagators, which are needed to make this
approximation. These are in general quantified by

ZT/L = lim
P0→w(|P|)

[
1 + ∂Re ΠT/L

11
∂P 2

0

]−1

. (D.45)

and take the explicit form

ZL =
[

1 − αem

π|P|3

∫ ∞

me

dωfF(ω)
[
ℓ′

2(ω, P )
(
4ωP0P

2)+ ℓ2(ω, P )×

×
(
2ω(3P0 − |P|2/P0)

)
+ ℓ′

1(ω, P )
(
P 4 + 4ω2P 2)

+ ℓ1(ω, P )
(
2P 2 + 4ω2)− 8|k||P|

]
|P0=w(|P|)

]−1

, (D.46a)

ZT =
[

1 + αem

2π|P|3

∫ ∞

me

dωfF(ω)
[
ℓ′

2(ω, P )
(
4ωP0P

2)+ ℓ2(ω, P )×

×
(
2ω(3P0 − |P|2/P0)

)
+ ℓ′

1(ω, P )
(
P 4 + 4ω2P 2

0 − 4|k|2|P|2 + 2P 2|P|2
)

+ ℓ1(ω, P )
(
4ω2 + 2P 2

0
)

− 8|k||P|
]

|P0=w(|P|)

]−1

. (D.46b)

In the above equations, we have defined the following derivatives

ℓ′
1(ω, P ) ≡ ∂ℓ1

∂P 2
0

= 2(P 2 + 2|k||P|) − 4ω2

(P 2 + 2|k||P|)2 − 4P 2
0 ω

2 − 2(P 2 − 2|k||P|) − 4ω2

(P 2 − 2|k||P|)2 − 4P 2
0 ω

2 ,

(D.47a)
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Figure D.4: Dispersion relation for transverse (blue lines) and longitudinal (orange
lines) photons at the one-loop level with (continuous lines) and without (dashed lines)
the HTL approximation at T = 2me. The black dotted line indicates the dispersion
relation at zero temperature, i.e., P 2

0 = |P|2. Figure and caption adapted from [4].

ℓ′
2(ω, P ) ≡ ∂ℓ2

∂P 2
0

= 2P 2 − 4ω(P0ω + |P|k|)/P0

P 4 − 4(P0ω + |P||k|)2 − 2P 2 − 4ω(P0ω − |P||k|)/P0

P 4 − 4(P0ω − |P||k|)2 ,

(D.47b)

of the logarithmic functions ℓ1(ω, P ) and ℓ2(ω, P ) of Eq. (D.10).

D.3.2 The resummed photon propagator
The 1PI-resummed photon propogator can be directly obtained from the Dyson-

Schwinger equation

D̄ab
µν = Dab

µν −
∑
c,d

Dac
µα(Παβ)cdD̄db

βν . (D.48)

In practice, the sum over the CTP indices c and d can be tedious. Fortunately, it can be
avoided by working in the so-called R/A basis [30], i.e. by re-expressing Eq. (D.48)
in terms of the retarded and advanced propagators. These are defined in momentum
space in a similar fashion to the retarded/advanced self-energies (D.44), i.e.

DR = D++ −D+− = D−+ −D−−, (D.49a)

DA = D++ −D−+ = D+− −D−− , (D.49b)

where we dropped the Lorentz indices for simplicity. The results (D.49) can be de-
rived exactly from Eq. (1.29) using the space-time translation invariance of systems in
thermal equilibrium. Inserting Eq. (D.49) into the Dyson-Schwinger equation (D.48),
one finds the simple explicit expression for the resummed propagator

D̄R/A
µν = DR/A

µν −DR/A
µα (Παβ)R/AD̄

R/A
βν . (D.50)
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Essentially, causality implies that there cannot be any closed loop constituted of re-
tarded or advanced propagators only, which greatly simplifies the expression (D.48).
As for the self-energies, one should decompose these resummed propagators into their
transverse and longitudinal components

D̄ab
µν = dµνD̄

ab = −D̄ab
L PL

µν − D̄ab
T PT

µν − ξ∆abPµPν

P 2 . (D.51)

Using Eq. (D.50), one easily shows that D̄R/A
L/T take the form

D̄
R/A
L/T = 1

(∆R/A)−1 + ΠR/A
L/T

. (D.52)

In fine, we are more directly interested in the ++-component of the resummed prop-
agator. Combining the definitions (1.23), (1.26) and (1.29), it is straightforward to
show that

D̄++ = 1
2(D̄A + D̄R + 2D̄+) . (D.53)

Moreover, in thermal equilibrium, the resummed statistical photon propagator5 D̄+
µν

can itself be obtained from the retarded and advanced propagators through the rela-
tion [609]

D̄+
µν(P ) = 1

2 [1 + 2fB(|P 0|)]sgn(P 0)
[
D̄R

µν − D̄A
µν

]
. (D.54)

Combining these results, one can therefore show that

D̄
L/T
++ =

ΩL/T

Ω2
L/T + Γ2

L/T

− i[1 + 2fB(|P 0|)]sgn(P 0)
ΓL/T

Ω2
L/T + Γ2

L/T

. (D.55)

In the above equation, we defined

ΩL/T = P 2 + Re ΠR
L/T , (D.56)

ΓL/T = Im ΠR
L/T = − 1

2fB(P 0) ImΠL/T
+− . (D.57)

5See Eq. (1.26) for a definition in terms of the Wightman functions.
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