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Abstract

Understanding electronic transport in materials is essential to 
both fundamental and applied physics, as it directly influences 
critical properties such as the mobility of semiconductors and the 
efficiency of thermoelectric materials. Electron transport hinges 
on electronic structure of a material and various scattering events. 
Among these, scattering by phonons stands out as one of the most 
fundamental mechanisms, as it occurs even in pristine single crystals. 
But only recently have advances in the development of accurate 
first-principles methods allowed the precise calculation of electronic 
transport properties entirely from first principles, without relying 
on experimental parameters. This Technical Review presents the 
underlying physics of phonon-limited linear transport, primarily 
within the framework of the Boltzmann transport formalism but 
also for alternative approaches, such as the Landauer–Büttiker and 
Kubo frameworks. In addition, this Review covers technical aspects 
of implementing these formalisms, including their limitations and 
the scope of their applicability. Finally, we will discuss some specific 
transport regimes, such as transport in a strong electric field or 
involving the effect of spin–orbit coupling.
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method, which addresses transport as a ballistic problem. We will 
start with the most common transport regimes and move to more 
specific regimes, considering the impact of out-of-equilibrium pho-
nons, low dimensionality, high electric field, surrounding dielectrics 
or spin–orbit effects. We will present the theoretical framework of 
all methods, report on the different codes available and discuss their 
strengths and weaknesses.

Electron–phonon scattering in the  
standard regime
Physics of the scattering of electrons by phonons
Describing phonon-limited transport remains a complex task, espe-
cially determining the scattering rates involved. One of the first 
attempts to address this challenge was a discussion of the interaction 
between electrons and the ‘elastic waves of the lattice’ — the concept 
of ‘phonons’ had not yet been defined in 1929 (ref. 1). Since then, sev-
eral phenomenological approaches have been developed to further 
understand the interactions between electrons and phonons. These 
approaches aim to break down the overall electron–phonon interaction 
into different contributions, such as acoustic and optical deformation 
potential scattering or polar optical phonon scattering. In the past two 
decades, the emergence of accurate theoretical methods and codes 
that allow for the computation of electronic transport quantities from 
first principles, without relying on any experimental parameters, has 
driven much progress. These advances have also enabled researchers 
to move beyond the simplistic view offered by the Drude model and to 
overcome the limitations associated with working exclusively with 
systems characterized by a single parabolic band. All these advance-
ments have opened up opportunities to explore and gain a deeper 
understanding of electronic transport phenomena in materials.

We will start our Review by discussing the most common con-
ditions that we will call the standard regime. As outlined in Fig. 1, it 
assumes phonons being in equilibrium, weak electron–phonon cou-
pling, low electric field and no magnetism or spin effect. These are 
the most common assumptions in the field, for which methods and 
codes are widely available. Within these constraints, there are three 
main theoretical schemes: the Boltzmann transport equation (BTE), 
the Kubo and the Landauer–Büttiker frameworks.

Boltzmann transport equation
By far the most widely used method relies on the BTE, which describes 
the carrier transport and the different scattering events that limit it 
in a diffusive regime. Following Fig. 1, we first describe the BTE in the 
standard drift regime, before briefly exploring a more specific regime 
in which the application of a magnetic field gives rise to Hall transport —  
a property widely studied experimentally. Within the BTE method, 
several approximations are available, which we will describe and dis-
cuss. We will also present the different interpolation approaches used 
to obtain the electron–phonon quantities before moving to empirical 
models that allow the fast computation of transport properties within 
the BTE formalism.

In this Review, we focus on the final equations of the BTE. Their 
derivation can be found in refs. 2–5. We consider the case of electrons 
only, but similar expressions exist for holes. A central observable in 
the BTE method is the current density, which expresses the number 
of electrons crossing a unit area per unit of time and can be written as

k
Ek k∫∑ d

fJ =
−1
Ω Ω

( )v . (1)α
n

n n α
∈CB BZ

,

Key points

	• Accurate phonon-limited transport methodologies are crucial for 
predicting material performance, as electron–phonon interactions 
impact key properties such as mobility, Hall factor and thermoelectric 
efficiency.

	• The main approaches for phonon-limited transport modelling are the 
Boltzmann transport equation, Kubo formalism and Landauer–Büttiker 
approach, each suited to specific transport conditions and system scales.

	• These first-principles methods enable accurate calculations 
of electronic transport properties without relying on empirical 
parameters, allowing the prediction of new materials.

	• Transport behaviour can become particularly complex in certain 
regimes involving, for example, non-equilibrium phonons, high 
electric fields, low dimensionality or spin–orbit coupling effects, each 
introducing their own specificities.

Introduction
The understanding and computation of carrier transport in materials 
play a pivotal role in both fundamental and applied physics, as they 
control important properties such as thermoelectric efficiency and 
semiconductor mobility. The mobility quantifies how fast charge 
carriers — holes or electrons — can travel in a material under the influ-
ence of an external electric field E. When an electric field is applied to 
a doped semiconductor or a metal, electrons and holes begin to flow 
along this field. The change in carrier occupation resulting from the 
electric field defines the carrier mobility. Using the semiclassical Drude 
model, carrier mobility takes the simple form μ = eτ/m*. In this expres-
sion, the effective mass of the carriers m* is directly linked to their veloc-
ity in the solid and their lifetime τ describes the average time between 
two scattering events. Multiple scattering mechanisms can coexist in 
materials, such as those from intrinsic interplay with phonons and other 
mobile charges, and to extrinsic interactions with impurities, defects 
and grain boundaries. Among these, both intrinsic mechanisms occur 
even in pure single crystals, and electron–phonon scattering is particu-
larly significant at room and higher temperature. This Review focuses 
primarily on electron–phonon scattering.

Over the past decade, substantial progress has been achieved in the 
development of sophisticated first-principles approaches and codes. 
These advances have enabled the calculation of carrier transport prop-
erties, including conductivity, mobility and the Seebeck coefficient, 
directly from first principles. The fundamental physics underlying 
phonon-limited transport can be described using various methodolo-
gies. The different types of transport phenomena and codes mentioned 
in this Review are presented in Fig. 1. Here, we will primarily review the 
intrinsic transport regime from weak electron–phonon coupling.

Our main focus will revolve around the widely used Boltzmann 
transport formalism, which elucidates the behaviour of charge car-
riers within a solid as they respond to an applied electric field. In this 
framework, carriers are characterized as wave packets that follow 
equations of motion between successive scattering events. Next, we 
will review alternative methodologies, including the Kubo formalism, 
which interprets transport in terms of the linear response of material to 
time-dependent external perturbations and the Landauer(–Büttiker) 
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In this equation, fnk(E) is the occupation function of a given state 
nk, in which n is the band index in the conduction band (CB) and k the 
wave vector, Ω and ΩBZ refer, respectively, to the volume of the unit cell 
and first Brillouin zone, and α stands for the Cartesian coordinates. As 
electrons are moving in the opposite direction to the current density, 
the latter takes on a negative sign. Finally, vnk,α is the velocity of the 
electrons defined as vnk = ∇kεnk, with εnk describing the corresponding 
band structure of the material2,3,6,7.

As the electron mobility is defined as the derivative of the current 
with respect to the electric field E, we obtain

k E
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in which ne is the electron concentration. Knowledge of fnk(E) is crucial 
to evaluate the mobility, as it is for the current density.

Assuming a system with no change in temperature and a 
time-independent electric field, the evolution of fnk(E) with time can 
be described by three terms: the in-diffusion and out-diffusion of the 
carriers (D), the external forces (F) and the scattering of the carriers (S). 

As fnk(E) does not vary with time in the steady state, we obtain the BTE 
by adding up the different contributions4,5:
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In this equation, the change of fnk(E) owing to carrier diffusion is 
null as we assume the distribution function to be homogeneous. In the 
case of external forces (F), we can consider two distinct scenarios: 
the influence of an electric field only, resulting in the so-called drift 
mobility; and the combined impact of both an electric and a magnetic 
field (fnk(E, B)), giving rise to Hall mobility.

Drift transport. The change of fnk(E) owing to an electric field only can 
be expressed as2,4,5:
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Fig. 1 | Roadmap of this Review. a, Carrier transport broadly falls into two 
regimes: the extrinsic regime and the intrinsic regime. This Review focuses 
on the intrinsic regime owing to electron–phonon scattering, starting with 
the standard regime (red) before moving to more specific regimes linked to 
different phenomena. b, To model electron–phonon scattering in the standard 
regime, different frameworks, approximations and codes can be used. NEGF 
means the non-equilibrium Green’s function approach, BTE the Boltzmann 
transport equation, CRTA the constant relaxation-time approximation, SERTA 

the self-energy relaxation-time approximation, MRTA the momentum relaxation- 
time approximation and IBTE the iterative Boltzmann transport equation,  
and e–ph stands for electron–phonon and e–e for electron–electron. 
The different softwares mentioned are TRANSIESTA108, NanoDCAL114,115, 
Inelastica109–112, Questaal116, ONETEP118,119, ATK113, nextnano.NEGF117, KGEC88, 
FHI-kubo84, FHI-vibes90, TRACK81, LinReTraCe74, ABINIT46,47,87, BoltzTraP23, 
BoltzTraP224, BoltzWann25, AMSET12, EPW20, PERTURBO38, PHOEBE15, EPIC STAR37 
and ElecTra237.
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Therefore, equation (3) now becomes
f

t
f

f

t
−

∂ ( )

∂
= − ⋅ ∇ ( ) =

∂ ( )

∂
. (5)n

n
n

F S

E
E E

Ek
k k

k



















Without any electrical field, the occupation function fnk(E)  
reduces to the Fermi–Dirac distribution, which is defined by 

k
kf e= 1/( + 1)n

ε ε k T0 ( − )/n F B , in which T is the temperature, kB is the  
Boltzmann constant, εF is the Fermi level and εnk is the energy of an 
electron in the state nk. Here, we consider a small electrical field, which 
implies that fnk(E) is relatively close to the equilibrium Fermi–Dirac 
distribution. Using the low-field regime, we can therefore approximate 
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In a solid, several mechanisms can cause the scattering of electrons: 
extrinsic mechanisms such as defects or grain boundaries and intrinsic 
mechanisms owing to electron–phonon or electron–electron interac-
tions. In this Review, we focus on the intrinsic scattering by phonons, 
which does not rely on the quality of the sample studied. It is the most 
important mechanism at room temperature (and higher), where the 
vibrations of the atoms are already significant. Consequently, four pro-
cesses can take place, as determined by Fermi’s golden rule: out-of-state 
transitions in which electrons in state nk can go to state mk + q — either by 
absorbing or by emitting a phonon ωqν — or in-state transitions in which 
electrons in state mk + q can either emit or absorb a phonon ωqν to go to 
state nk (refs. 2,3). It is therefore crucial to have a phonon of a specific 
energy and momentum to allow a precise energy transition.

Figure 2 illustrates the need for three completely distinct pho-
non modes to enable different electronic transitions in silicon. The 
intra-valley transitions in blue and yellow require phonons of small 
momentum but of different energies, whereas the inter-valley transi-
tion is associated with a phonon that allows a larger momentum change. 
The probability that a given phonon allows the transition between two 
states is determined by the square of the electron–phonon coupling 
matrix elements, gmnν(k, q). Therefore, equation (7) becomes2
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in which δ is the Dirac delta function and nqν is the Bose–Einstein distri-
bution. The Dirac delta function effectively sets a constraint on energy 
and momentum conservation. In numerical implementations, it is 
convenient to replace this δ distribution by a Lorentzian or a Gaussian 
using a small broadening parameter, an adaptive broadening8 or using a 
linear tetrahedron method as proposed by Blöchl et al.9, which bypasses 
the need for a convergence study on the broadening parameter.  
We note that these numerical integration methods can fail in piezo-
electric materials, requiring a specific self-consistent treatment to 
reach convergence10.

The electron–phonon matrix elements gmnν(k,  q) can be  
expressed as

g u V u( , ) = Δ , (9)mnν m ν n+
KS KS KSk q k q q k∣ ∣

in which un
KS

k  and um +
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k q are the Bloch-periodic components of the 
Kohn–Sham electron wavefunctions and ΔqνVKS is the phonon-induced 
variation of the self-consistent potential experienced by electrons6,7,11. 
In other words, if the initial state wavefunction un

KS
k  perturbed by the 

phonon is similar to the final state wavefunction k qum +
KS , the transition 

has a high probability and therefore gmnν(k, q) is important.
By taking the derivatives of each side of equation (8) with respect 

to the electric field E, we obtain
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and equation (2) can therefore be used to obtain the mobility. However, 
the main problem in solving equation (10) lies in the interdependence 

between E
E
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 (initial state nk) and f∂ ( )

∂
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E
k q  (final state mk + q). This 

system of linear equations needs to be solved iteratively but for years 
solving the iterative Boltzmann transport equation (IBTE) has been 
disregarded in favour of methods based on approximations because 
there was no numerical implementation of the full IBTE2,3,6,12,13, as shown 
in Fig. 1. We will discuss these approximations subsequently. Apart 
from the IBTE solver, several alternative approaches exist to solve  
the BTE exactly, such as the variational14,15 and relaxons solvers15 or the 
Rode iterative method16,17.

Hall transport. From an experimental perspective, drift mobility is 
rarely measured directly. Instead, Hall measurements are typically 
preferred owing to their simplicity and often higher accuracy. These 
Hall measurements are conducted under the additional influence of an 
external magnetic field B, which exerts a supplementary Lorentz force 
on the charge carriers, altering their mobility. As a result, the BTE needs 
to be extended to include a new term that characterizes the behaviour 
of charge carriers in the presence of a magnetic field to be compared 
with these measurements. Therefore, equation (10) becomes2,18,19
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As we consider small magnetic fields, their effect on the electronic 
and vibrational properties can be disregarded and evaluated at B = 0. 
When a magnetic field is applied in the direction B̂, it induces an orthog-
onal flow of charge carriers that can be described using the linear 
response of the mobility to this magnetic field19,20
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Therefore, we can link the Hall mobility μH directly to the drift 
mobility μ using the Hall factor rH following

B B∑μ r μ( ) = ( ) , (14)αβ
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αγ γβ
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with the dimensionless Hall factor defined as19,20
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αγ γδ δβ
H −1 (2) −1̂ ̂B B

The Hall factor is material-dependent and also varies with the 
intensity of the magnetic field, the temperature and the doping of 
the material. Usually, rH varies between 0.7 and 1.9 at room temperature 
but can change considerably with temperature19. For example, a value 
around 1.15 is found for bulk Si and GaAs at 500K (refs. 19,21). This Hall 

factor can be obtained experimentally from the Hall coefficient RH 
measured in a Hall effect experiment22
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This Hall coefficient is often used experimentally to determine the 
number and the nature of the carriers that conduct the current inside a 
material: a negative (positive) RH indicates electron (hole) conduction22.

Approximations to the BTE. One of the easiest ways to bypass the 
iterative part of equation (10) (or equation (12) in the case of Hall 
transport) is by making the simplifying assumption that all relaxa-
tion times τnk are equal to the same constant for all states (τnk = τ). 
This approach, known as the constant relaxation-time approximation 
(CRTA), fixes the relaxation time τ, rendering the mobility dependent 
solely on the band structure. Consequently, there is no need to cal-
culate the expensive electron–phonon matrix elements, drastically 
reducing the required computational resources. The CRTA has found 
widespread applications in various contexts and is, for example, imple-
mented in the BoltzTraP23,24 and BoltzWann software25. In fact, it 
has been extensively employed to effectively mimic and comprehend 
experimental results by fitting the relaxation time to match the experi-
mental data24,26,27. The CRTA has also been used in high-throughput 
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studies, enabling the ranking of large sets of materials using a  
common lifetime28–31 or, equivalently, by evaluating the transport 
effective mass32,33.

Although the ranking based on effective mass or Seebeck coeffi-
cient demonstrates a strong correlation with experimental results29,34, 
as these two parameters are not directly influenced by the carrier life-
time in the CRTA, the ranking based on conductivity or mobility exhibits 
a considerably weaker alignment with both experimental data34 and the 
exact IBTE solution13. Thus, although the CRTA offers computational 
advantages, it is essential to exercise caution and consider its limita-
tions when interpreting the obtained results. For example, anisotropic 
scattering rates or varying relaxation times across different states could 
significantly impact the accuracy of the results in some materials.

Another way to remove the iterative part of the BTE is to neglect 
the second term on the right-hand side of equation (10). This approach, 
which is usually referred to as the self-energy relaxation-time approxi-
mation (SERTA), is equivalent to ignoring the effects of backscattering 
nk (ref. 3). To approximately take the backscattering processes into 
account, one can add a geometrical factor to reduce the out-scattering 
rate. This leads to the so-called momentum relaxation-time approxima-
tion (MRTA), which will always give higher or equal mobility than the 
SERTA, by construction2,12,13,35.

Finally, among the various other approximations, one noteworthy 
approach is the electron–phonon averaged (EPA) approximation15,36. 
This method relies on an energy-dependent averaging of phonon ener-
gies and a coarse-mesh treatment for the electron–phonon matrix 
elements. The EPA approximation has shown promising results when 
applied to the thermoelectric properties of half-Heusler compounds36. 
The EPIC STAR37 code offers a related implementation of these ideas 
by employing a generalized Eliashberg function for short-range 
electron–phonon scattering, mirroring the methodology commonly 
applied in metallic systems. However, the long-range electron–phonon 
scattering is treated analytically in the same way as other first-principles 
approaches.

As the IBTE approach is now incorporated into many codes13,15,20,38, 
it should be preferred over approximations. However, the CRTA, SERTA 
and MRTA are still frequently utilized, but caution is needed when 
employing them. It has been shown that the SERTA consistently under-
estimates the mobility, with extreme cases showing discrepancies of 
up to 70% (refs. 13,19,20). In the case of the MRTA, the analysis becomes 

more intricate. Generally, the MRTA results agree more closely with 
the IBTE solution compared with the SERTA, but significant deviations 
(more than 60%) have been observed in certain materials such as SrO, 
KH, KMgH3, and MgO (ref. 13).

Figure 3 was computed using ABINIT for the purpose of this 
Review and depicts the variation in ∂f/∂E within the Brillouin zone 
of MgO for the two approximations and the IBTE approach. A clear 
movement of electrons in the opposite direction to the electric field 
is observed. Despite the similarities in the shapes of the areas across 
the various approximations, attributed to the use of similar electronic 
wavefunctions, there are notable distinctions in the ∂f/∂E values. For 
example, the most pronounced variation observed in the MRTA com-
pared with the IBTE illustrates the substantial discrepancy observed 
in the mobility between the two methods. By contrast, the SERTA and 
IBTE mobilities are close in MgO owing to relatively similar ∂f/∂E values. 
Finally, the CRTA accuracy heavily relies on the choice of the lifetime. 
Numerous studies have reported reasonably good results when using 
lifetimes ranging from 10−14  s to 10−15 s (ref. 29). However, it is essential 
to acknowledge that the CRTA does not demonstrate high overall 
accuracy, even concerning material ranking13. Calculating the Seebeck 
coefficient is an exception here as high and low Seebeck materials can 
be directly estimated using the CRTA as this quantity depends less on 
relaxation time29,34.

Interpolation schemes, dipoles and quadrupoles. Nowadays, 
the majority of cutting-edge codes designed for the computation 
of electron–phonon quantities using first-principles method-
ologies offer the option to employ either the iterative approach or 
approximations13,15,20,38. The differences between these codes lies in 
their strategies for acquiring these electron–phonon quantities and 
the specific interpolation techniques they employ. In fact, the main 
problem in obtaining accurate electron–phonon mobilities is the need 
to obtain matrix elements from density functional perturbation theory 
(DFPT) on very dense k-point and q-point grids. One way to reduce the 
computational cost is to interpolate the electron–phonon matrix ele-
ments using Fourier transforms. For example, EPW20, PERTURBO38 and 
PHOEBE15 rely on an interpolation framework that exploits the spatial 
localization of Wannier functions in real space, facilitating the calcu-
lation of electron–phonon matrix elements at relatively economical 
computational expense. These maximally localized Wannier functions 
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two approximations — self-energy relaxation-time approximation (SERTA) and 
momentum relaxation-time approximation (MRTA) — and solving the iterative 
Boltzmann transport equation (IBTE).
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are constructed using the Wannier90 code39,40. However, despite sub-
stantial recent advancements41–44, the generation of these maximally 
localized Wannier functions remains intricate and time-intensive for 
systems that are more difficult to interpret in terms of chemical orbit-
als, which poses challenges to the automation of material database 
computations.

Recently, a new Wannier-based approach, leveraging the com-
pression of electron–phonon interactions, has achieved a substantial 
speed-up in the computation of electron–phonon matrices without 
compromising accuracy45. This data-driven methodology reveals 
that current first-principles calculations might overparameterize the 
electron–phonon interaction, and such complexity may be unneces-
sary to achieve state-of-the-art results. By contrast, the ABINIT46,47 soft-
ware adopts an alternative strategy based on the direct interpolation of 
the perturbed potential. This approach offers the advantage of circum-
venting the need for Wannier functions, but demands more memory 
and time compared with Wannier-based approaches. Nevertheless, 
through the implementation of various optimization techniques6, this 
approach has recently enabled first-principles medium-throughput 
explorations of mobility13.

For the interpolation, the short-range interactions pose no major 
challenge, as these contributions rapidly approach zero beyond the 
boundaries of the real-space box. By contrast, handling long-range 
interactions in semiconductors by interpolation is more intricate, as 
they can produce non-analytical solutions as q approaches zero. In such 
cases, Fourier interpolation is inadequate, and specific analytical mod-
els must be employed to address these interactions, such as the dipole 
interaction prevalent in polar materials48–51. Recently, the significance 
of incorporating dynamical quadrupoles has emerged as a crucial fac-
tor for achieving accurate transport results6,11,52,53. Importantly, when 
using a Wannier interpolation-based scheme, a Berry connection term 
appears at the same second order as dynamical quadrupoles and has 
been shown to be of similar importance54,55. In contrast to dipoles, 
which are only present in polar materials, dynamical quadrupoles are 
non-zero in all noncentrosymmetric crystals, but also in centrosym-
metric ones if one or more atoms are placed at noncentrosymmetric 
sites, which make dynamical quadrupoles important for the compu-
tation of transport properties in many materials6,11,19,52,53,55. Finally, 
we mention that in 2D materials the long-range electrostatics has to 
be treated carefully54–56 and used in conjunction with out-of-plane 
truncation schemes57.

Empirical models. Although recent efforts have shown automation 
of transport computations using the full electron–phonon informa-
tion, the computational resources needed have restricted screening 
studies to relatively small number of materials with a limited number 
of atoms. Consequently, alternative approaches that would be ame-
nable to high-throughput computing have garnered attention in the 
scientific community. Among these, empirical models have emerged 
as a prominent choice, facilitating rapid calculations albeit at the 
expense of the accuracy of fully first-principles methods. Empirical and 
semi-empirical models, for example, for lifetimes calculations, have 
been formulated and implemented since the early 1930s1,58–60 and still 
provide the basis of model-based contemporary approaches. Usually, 
the different scattering interactions are split into different models that 
depend on specific parameters, which can be obtained from experi-
ments or theory. For example, ref. 58 described the coupling between 
polar optical phonons and electrons in polar materials, the so-called 
Fröhlich interaction, based on the isotropic dielectric constants and 

the longitudinal optical frequency. Subsequently, ref. 61 extended this 
model to include the anisotropy of dielectric constants and involving 
multiple longitudinal optical modes. This extended version is still used 
today, either directly62,63 or as a foundational framework64,65.

Recently, a model-based software called AMSET12 has allowed 
to efficiently calculate anisotropic transport properties using 
first-principles data, marking a notable advancement. This approach 
enables the computation of anisotropic acoustic deformation poten-
tials, piezoelectric, ionized impurity and polar electron–phonon scat-
terings. AMSET uses models at the level of the electron–phonon matrix 
elements as this stage remains the main bottleneck in the BTE frame-
work in terms of computational resources. AMSET supports anisotropic 
materials, relies on routinely available inputs and is mostly based on 
the MRTA. However, the polar electron–phonon coupling is treated 
with the SERTA and, as discussed previously, this approximation is 
frequently associated with significant underestimations compared 
with the IBTE solution13,19,20. This discrepancy can pose challenges when 
dealing with materials in which the polar electron–phonon coupling is 
important, as exemplified recently in the case of CuI66.

Nevertheless, AMSET has proven to be a useful methodology for 
efficiently computing large material databases at lower computational 
cost. It offers an average speed-up of four orders of magnitude com-
pared with DFPT methods for computing transport properties12 and 
at the same time consistently demonstrates strong agreement with 
experimental results. Notably, recent efforts have harnessed AMSET for 
high-throughput computational tasks, leveraging machine learning to 
generate inputs used in the AMSET models across a data set spanning 
over more than 20,000 materials67.

Kubo formalism
The BTE approach offers an effective framework for handling 
time-independent electric fields but it relies strongly on DFPT and 
typically ignores higher-order electron–phonon interactions. As an 
alternative, the Kubo formalism68,69 can be used to compute transport 
coefficients. Kubo approaches are more often used for computing 
thermal properties, such as thermal conductivities70,71, but can also 
be implemented for electronic transport.

For homogeneous systems, the optical conductivity tensor linearly 
connects the macroscopic current density J and the applied external 
electric field E:

r

E=0

σ t t
V

r
J t
E t
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∂ ( , )
∂ ( ′)

, (17)αβ
α

β

3∫
in which the current density can be expressed as correlation functions, 
which only depend on time differences and allow for a convenient 
Fourier transform2,72–74
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in which the first term stems from the equilibrium charge density of nel 
electrons and the second is the retarded paramagnetic contribution to 
the current density. The remaining contribution is a diamagnetic one 
and is null in the Coulomb gauge, used here. We see that equation (18) 
is insightful because it relates current fluctuations in thermal equilib-
rium (first term on the right-hand side of the equation) to the electrical 
conductivity, which is a non-equilibrium dissipation property. This 
connection between non-equilibrium and equilibrium quantities is 
at the heart of the fluctuation-dissipation theorem on which the Kubo 
formula is built75.
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To solve equation (18) in practice, one often uses the independent- 
particle approximation (IPA) in which the two-particle correlation 
function is approximated by the product of two one-particle correla-
tion functions. The strongly correlated electrons community also calls 
this the Kubo optical conductivity without current vertex correction76. 
It is comparable to the SERTA approximation within the BTE for 
time-independent electric fields. The independent-particle approxima-
tion leads to an expression involving the one-particle Green’s function 
that can be written in terms of the electronic spectral function Ank(ω), 
finally giving the practical formula:
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in which f(ħω) are the electronic occupation functions. We refer 
the interested reader to Appendices B and C of ref. 2 for a discussion 
of the separation of the current density into diamagnetic and 
paramagnetic contributions and for the derivation of the IPA.

The Kubo formula in the IPA, equation (19), can be approximated 
even further by replacing the spectral functions by the quasiparticle 
eigenvalues, which gives the Kubo–Greenwood (KG) formula68,77–79:
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in which, regardless of the level of approximation, the optical 
conductivity must always satisfy the integration sum rule 

∫ σ ω ω∑ ( )d = 1
m V

πe α αα
2

3 0

∞e
2  (ref. 72).

Note that equation (20) is temperature-independent and does 
not include any phonon dependence beyond the small electronic 

temperature contribution from the electronic occupation. Instead, 
equation (19) has an additional temperature-dependent contribu-
tion coming from the electronic spectral function Ank(ω, T ), which 
can include electron–phonon80 but also electron–electron81,82  
corrections.

Temperature and phonon effects can be taken into account by 
averaging σKG over an uncorrelated atomic configuration generated 
from ab initio molecular dynamics simulation in the NVT canonical 
ensemble at finite temperature using supercells83,84. We note that 
this approach combining ab initio molecular dynamics and the KG 
formalism naturally accounts for electron–phonon interactions and 
anharmonicity. It can also be implemented on any functional without 
the lengthy developments needed to implement DFPT on new func-
tionals. The KG approach was used to study the optical and DC electric 
conductivity of aluminium78, dense helium85 and bcc iron86. ABINIT 
allows KG simulations87, and the temperature-independent KG conduc-
tivity is implemented in the KGEC code within a projector-augmented 
wave basis set88. By taking snapshots of ab initio molecular dynam-
ics simulations, transport results were obtained for Cu12Sb4S13 as a 
function of temperature89, with results about two times larger than 
experimental values. More recently, temperature has been included 
in the FHI-kubo84 and FHI-vibes90 codes. However, the conductivity 
of silicon obtained by KG underestimates both BTE and experimental 
results by about 50%.

It is worth mentioning that mirroring the ultra-dense momentum 
sampling for BTE, the ab initio molecular dynamics approach suffers 
convergence challenges with increasing supercell size, but it can be 
advantageous when dealing with strongly anharmonic materials84. 
Finally, interesting results have been obtained with LinReTrace, 
mostly in narrow-gap semiconductors, using a semi-analytical evalu-
ation of the Kubo formula for the resistivity but also for Seebeck, Nernst 
and Hall coefficients74,91.

Landauer–Büttiker formalism
Although the BTE remains the preferred formalism for bulk semicon-
ductors in the classical diffusion regime, in which the mean-free path 
of the carriers is smaller than the device size, alternative approaches 
become necessary as the system size diminishes, as shown in Fig. 4.  
If the mean-free path of the carriers (λ) becomes longer than the device, 
the system can be described ballistically, and the Landauer frame-
work becomes useful. In this approach, the transport is treated as a 
flow of electrons between two reservoirs separated by a scattering 
region92 (Fig. 5). This method is often called the Landauer–Büttiker 
approach after Markus Büttiker extended it to many-terminal systems 
or probes that can model the different scattering processes93,94. The 
Landauer–Büttiker approach is frequently employed to evaluate carrier 
transport in mesoscopic structures operating at low temperatures95,96, 
especially for thermoelectric materials, but it also finds many applica-
tions for lower-dimensional materials. For example, in the 1D case, the 
mean-free path of a carrier between two scattering events becomes 
bigger than the sample dimension, which makes ballistic transport97–100 
a valid approach. Its applicability can also extend to higher tempera-
ture regimes, offering a more intuitive perspective on transport 
phenomena101–103.

In the same way as the BTE, the transport parameters under the 
Landauer–Büttiker approach show a direct correlation with the elec-
tronic band structure of the material. Fundamental transport quantities 
such as the electrical conductivity σ, the Seebeck coefficient S and the 
electronic component of thermal conductivity κe can be expressed as
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Fig. 4 | Schematic representation of diffusive and ballistic transport. 
Different theoretical frameworks can be used in the two regimes, which are 
characterized by their accuracy and computational demand. The methods 
include the Landauer–Büttiker formalism with non-equilibrium Green’s 
function (NEGF), the Kubo formalism, the Kubo–Greenwood (KG) formula, the 
independent-particle approximation (IPA), as well as the Boltzmann transport 
equation (BTE), relaxation-time approximations (RTAs) and iterative Boltzmann 
transport equation (IBTE).
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The current I expresses the change in the Fermi–Dirac distribution 
function f 0 between two reservoirs separated by a region of scattering 
as shown in Fig.  5. In this expression, μ is the Fermi level and 
T E T E M E( ) = ( ) ( ) represents the transmission with M(E) the distribution 
of modes which corresponds to the number of conductive channels 
available for transport95,97,98,102. In the case of purely ballistic conduction, 
which is free from scattering, the transmission is equal to one. In the 
presence of scattering events, the transmission is often replaced by 
the transport distribution Σ(E) as defined by

∑E v k τ k δ E εΣ( ) =
1
Ω

( ) ( ) ( − ), (23)
k

x k
2

in which similarities with the BTE are observed; εk is the band structure, 
τ(k) the scattering time and v k( )x

2  the group velocity in the direction of 
transport (here the ̂x). Σ(E) is often re-arranged to produce a more 
physically intuitive expression related to two parameters — the distri-
bution of modes M(E) and the mean-free path for backscattering λ(E), 
the average distance along the transport direction before a change of 
sign of the electron velocity owing to the scattering (λ ≃ vτ), in such a 
manner that

E
h

M E λ EΣ( ) =
2

( ) ( ), (24)

and therefore the Landauer–Büttiker results agree with the BTE within 
the RTA. In fact, M(E) in the Landauer–Büttiker formalism is analo-
gous to the conductivity effective mass in the Boltzmann approach102. 
Whereas M(E) and vx are directly linked to the band structure of the 
material, the lifetime τ in equation (23) (or equivalently the mean-free 
path λ in equation (24)) depends on different scattering mechanisms. 
In the same way as BTE, τ can be computed accurately using DFT-based 
methods. However, it is often approximated using simplified scattering 
models, such as assuming a constant τ (or λ(E)), or employing a model 
based on the density of states, as a higher density of states leads to more 
scattering possibilities98,100,102.

This formalism has been implemented in several software pack-
ages, starting with the PWCOND code within Quantum ESPRESSO in the 
early 2000s, which mainly follow the work of refs. 104,105. Most often, 
the Landauer–Büttiker framework is used as a post-processing tool 
of the non-equilibrium Green’s function (NEGF) approach106. The NEGF 
methods describe many-body ab initio approaches, which solve the 
general Kadanoff–Baym equations of motion107. In the context of 
the Landauer–Büttiker transport framework, the NEGF is used to com-
pute the transmission function that provides various transport proper-
ties. Although the practical theory to include phonon contributions 
has been formally derived106, we are not aware of any implementation.

Many ab initio codes based on the Landauer–Buttiker and NEGF 
have been developed to compute transport phenomena, including 
TRANSIESTA108, Inelastica109–112, ATK113, NanoDCAL114,115, Questaal116, 
nextnano.NEGF117 or ONETEP118,119. Alternatively, NEGF can also be used 
to compute transport properties based on other frameworks such as 
the dR/dL120 method in the OMEN code121–123.

Given that the implementation of NEGF is in real space, these codes 
almost always rely on a localized basis set with a local Hamiltonian and a 
local Green’s function. A recent work124 used a plane wave basis set with 
wavefunction matching to satisfy open boundary conditions to per-
form large-scale NEGF simulation. Alternatively, a connection between 
plane-wave codes and localized basis sets can be obtained via Wannier 
functions, and this is the approach followed by the WanT code125.

Comparison of the different frameworks
Over the past decades, the theoretical description of electronic transport 
in solids has predominantly relied on the BTE. With the iterative solution 
of the BTE now implemented in most codes, this method offers a good 
balance between accuracy and computational cost for systems of limited 
size. Overall, the mobilities computed using the BTE are in close agree-
ment with experimental data2,19, typically falling within the upper range 
of experimental values or slightly overestimating them. This overestima-
tion is expected because the calculations only consider phonon scatter-
ing, whereas experiments can have additional scattering channels, such 
as impurities. For the approximations used in the BTE, it has been shown 
that the SERTA tends to underestimate the exact IBTE result, whereas the 
discrepancies observed with the MRTA are more system-dependent13. 
Figure 6 presents calculated mobility values based on the BTE, KG and 
NEGF methods and compares them with experimental measurements 
for Si and n-type MoS2. For Si, the different RTA approximations (primar-
ily the SERTA and the MRTA) closely match the IBTE solution35,126. By 
contrast, the spread in the RTA values is more pronounced for n-type 
MoS2, with the MRTA values generally higher than those obtained with 
the SERTA. Beyond the effect of different approximations, the wide range 
of values from the IBTE results indicates how transport computations 
depend on the specific parameter of the computations (for example, 
the functional used or the convergence criteria). In addition, the BTE is 
still limited to relatively small unit cells — the currently largest system 
comprising nearly 80 atoms in the unit cell127. To address the compu-
tational bottleneck posed by DFPT electron–phonon matrix elements 
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Fig. 5 | Schematic representation of the Landauer–Büttiker theory. 
Transport is determined by a transmission function T(E) between two reservoirs 
characterized by different Fermi levels μL and μR and thus different distribution 
functions f(E − μ), E being the energy.
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in the BTE approach, the use of models provides a viable solution for 
handling larger systems with fairly good accuracy, particularly with the 
latest advancements in the AMSET software12.

The Kubo framework has specific advantages over BTE. It does 
not have to rely on DFPT, which offers the possibility to treat anhar-
monicity, advanced functionals (hybrid or meta-generalized gradient 
approximation128,129) without major code implementation or strongly 
correlated systems82. However, the Kubo framework presents its own 
set of difficulties including the need for an accurate description of the 
spectral function and higher computational cost to integrate the addi-
tional frequency dimension. In practice, the Kubo formula is therefore 
often approximated by the KG equation. As explained previously, this 
method has been used to study the conductivity of metals, alloys and 
disordered materials78,85,86. Although it is possible to incorporate tem-
perature effects by coupling the KG formula with ab initio molecular 
dynamics simulations, achieving fully ab initio temperature-dependent 
results for crystalline semiconductors remains challenging. In fact, 
these calculations are often prone to convergence issues related to the 
supercell size or require specific extrapolation methods84,89. As a result, 
KG-based studies on crystalline materials are rare, even for simple 
materials such as Si and show significant discrepancies with BTE and 
experiment as shown in Fig. 6.

Finally, the Landauer–Büttiker approach — either coupled with 
the NEGF method or not — is adequate for studying quantum transport 

in mesoscopic or low temperature systems but also for modelling full 
devices. However, bulk crystal results based on the Landauer–Büttiker  
formalism are uncommon. Figure 6 shows results obtained using 
the NEGF method for bulk silicon and MoS2 based on either the 
Landauer–Büttiker approach or the dR/dL method. The use of NEGF 
provides computational result that aligns well with experimental find-
ings, but it remains an expensive technique, with computational costs 
that scale approximately with the cube of the cross-section of the simu-
lation channel130. The major advantages of the approach come from 
the possibility to combine phonon scattering with different scattering 
channels for mesoscopic systems.

Electron–phonon scattering in specific regimes
Following Fig. 1, we will now explore more specific regimes and their 
effect on transport. We will start with the effect of non-equilibrium 
phonons leading to drag effects. The transport in 2D and 1D will also be 
discussed before moving to the effects of high electric fields, spin–orbit 
coupling (SOC) and dielectric screening that can all significantly affect 
the electron–phonon coupling.

Phonon-drag and electron-drag effects
For electronic but also phonon transport within the Boltzmann 
transport formalism, a fundamental assumption — known as Bloch’s 
assumption131 — allows the complete separation of the electronic and 
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grouped together under the term RTA.
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phononic BTEs. As a result, solving the BTE for electronic transport 
effectively reduces to considering the phonons to be in thermal equi-
librium. Conversely, in thermal transport, the electronic system is 
assumed to be in equilibrium. This is what we consider to be a stand-
ard regime in Fig. 1. Clearly, each system should influence and interact 
with each other, and a momentum mixing between the electrons and 
the phonons should exist132. This momentum mixing was the start-
ing point of a coupled theory of electron and phonon transport in 
solids in which the effect of non-equilibrium phonons is taken into 
account in electronic transport (phonon-drag effect) and vice versa 
(electron-drag effect).

By considering these effects in addition to the electric field E 
and temperature gradient, one can express the electron and phonon 
distribution function as133,134

f f f≈ 1 + (1 − )Ψ , (25)m m m m
0 0



k k k k

n n n≈ 1 + (1 + )Φ , (26)ν ν ν ν
0 0 q q q q

with Ψmk and Φqν the deviation functions related to the change from 
the electron and phonon equilibrium owing to an external field, 
respectively, and that can be described as

β T βΨ = − ∇ ⋅ − ⋅ , (27)m m mI E Jk k k

F E Gq q qβ T βΦ = − ∇ ⋅ − ⋅ . (28)ν ν ν

In these expressions, Imk and Fqν stand for the electron and 
phonon response functions to an applied temperature gradient, 
respectively. In a similar way, Jmk and Gqν are the electron and phonon 
response functions to E. As response functions are related to each 
other due to the drag effects, this leads to a system of interdependent 
 equations:

I I I I I F= + Δ [ ] + Δ [ ], (29)0 S D

F F F F F I= + Δ [ ] + Δ [ ], (30)0 S D

J J J J J G= + Δ [ ] + Δ [ ], (31)0 S D

G G G G G J
⏟

= + Δ [ ] + Δ [ ], (32)
0

=0

S D

in which terms with the superscript 0 represent the SERTA terms; those 
with the superscript S are the ‘self’ terms representing the in-scattering 
corrections, which are linked to the response function of the same spe-
cies; and those with the superscript D are related to the ‘drag’ effects 
linked with the other species. It should be noted that the SERTA term for 
the phonon response to the electric field is null as E does not directly 
cause the diffusion of phonons. Usually, the SERTA term is calculated 
first (with the self and drag terms set to be zero) and then this feeds into 
the calculation of the two other terms through an iterative process until 
a convergence of the response functions133–135. We also note a recent 
extension to account for phonon coherence136.

The impact of these drag effects on transport properties is quite 
diverse. When considering phonon drag as an electron travels across 
the lattice, its charge induces distortions or polarization in the nearby 
lattice, causing a loss of momentum in phonons. This, in turn, reduces 
the electron–phonon coupling, ultimately enhancing electronic 

transport. Conversely, electron drag leads to a decrease in electron 
momentum, resulting in reduced phonon momentum dissipation and 
thereby boosting thermal transport. In general, these effects therefore 
tend to improve transport properties. Overall, the effect of phonon 
drag on mobility at low carrier concentration seems negligible, and 
including drag effects leads to only small changes in mobility, for 
example, in Si134,137, Si-C135 and GaAs133. Similarly, the electron drag effect 
on phonon thermal conductivity is rather small133–135,137.

However, the impact of drag effects is more important for the 
computation of the Seebeck coefficient, which directly depends on 
the drag effect when the flow of carriers and phonons is linked and 
no longer treated independently. In fact, the Seebeck coefficient can 
be divided into two parts: S = SED + SD in which ‘ED’ stands for the elec-
tron diffusion, which refers to the spatial variation of the electron 
distribution in the presence of a difference of temperature and ‘D’ for 
the new contribution from the drag effect between the lattice and the 
electrons138,139. Usually, the phonon-drag effect boosts the Seebeck 
coefficient, this increase being especially noticeable at lower tem-
peratures, owing to the longer phonon mean-free path. This has been 
shown in FeSb2 (ref. 139), Si137,140, InSb141 or GaN142 with the phonon-drag 
effect, leading to an important enhancement of the Seebeck coefficient 
at low temperature.

In terms of implementation, options to compute the phonon-drag 
and electron-drag effects have emerged in existing transport codes. 
For example, a software package143, built on a modified version of EPW 
to incorporate the drag effects and, initially used in a previous work137, is 
now available. And recently, the coupled BTE solver elphbolt that uses 
data generated by external codes such as EPW and Quantum ESPRESSO 
has also been released134.

Dimensionality effects: 2D and 1D
Low dimensionality materials, especially 2D materials, have been 
central to research on carrier transport since the first exfoliation of 
graphene144 because of their emerging electronic properties145,146. It is 
therefore not surprising that they have also been at the centre of a 
number of theoretical studies. However, first-principles calculations 
based on plane-wave basis sets, such as the BTE, rely on 3D periodic 
boundary conditions. By contrast, simulating systems with a lower 
dimensionality introduce periodic images in non-periodic directions — 
specifically, one out-of-plane image in 2D and two out-of-chain images 
in 1D. In fact, the dimensionality of a material strongly influences its 
response to a long-wavelength periodic perturbation, which can lead 
to inaccuracies. Specifically, it may result in an erroneous depiction 
of long-wavelength electron-phonon dynamics, mainly in the treat-
ment of polar Fröhlich and piezoelectric scattering57,147,148. It is therefore 
important to work in a more realistic framework that is adapted to 
these specificities57,147.

In 2D, a first-principles framework based on DFPT and the BTE 
has been implemented57. Used for gate systems, it has recently 
allowed automatic computation of 2D materials149 as well as 
high-throughput screening of large 2D database147. Lately, this frame-
work has been extended to take into account the effect of dynami-
cal quadrupoles in 2D materials, which are also essential to obtain 
accurate carrier mobility results55. Similarly, another 2D framework 
has been developed for low-dimensional interconnects while tak-
ing into account both electron–phonon and surface scatterings150. 
As in the 3D case, similar approximations have also been used 
to calculate the mobility in 2D materials such as SnSe, MXene or  
black phosphorus151–153.
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As mentioned previously, one can consider the 1D case as a ballistic 
problem and use the Landauer–Büttiker formalism to deal with this 
regime148. Lately, a DFPT framework with 1D open-boundary condi-
tions has been implemented, allowing the effective response of such 
materials to be captured154.

High electric field
In the presence of high electric fields, carriers within a semiconduc-
tor can amass a significant amount of energy, surpassing the average 
kinetic energy of the atomic lattice. Owing to this rapid gain of energy, 
which outpaces the rate at which they lose energy to the lattice, the 
carriers are no longer in thermal equilibrium. Having a higher tem-
perature than the lattice, these carriers are usually labelled as warm 
carriers when ΔT/T0 « 1 and hot carriers when ΔT/T0 ≈ 1 with ΔT the 
steady-state temperature rise of the carriers and T0 the temperature of 
the lattice22,155. This phenomenon is commonly observed when Ohm’s 
law becomes inadequate for describing electrical behaviour, which 
corresponds roughly to applied electric fields of 104 V cm−1 or more. 
In fact, for weaker fields, the drift velocity tends to increase linearly 
with the electric field. However, at higher fields, the increase becomes 
sublinear until the drift velocity saturates at ~107 cm s−1. Whereas at 
low fields, carriers are mostly scattered by elastic processes involv-
ing momentum relaxation time and acoustic, piezoelectric or ion-
ized impurity scattering, at high fields the inelastic interaction with 
optical phonons and inter-valley scattering becomes dominant, lead-
ing to the sublinear increase observed (and lower energy relaxation 
time). In certain n-type materials such as GaAs, InAs or AlN, a velocity 
overshoot — a maximum above the saturation velocity — can also be 
observed owing to secondary conduction band valleys that are close in 
energy to the CBM, which creates a competition between inter-valley 
and intra-valley relaxations22,156. Moreover, the prevailing transport 
theory, which traditionally assumes that electrons are predomi-
nantly scattered by a single phonon, fails to accurately describe the 
electron behaviour in high electric fields. In fact, this assumption has 
already been questioned at low field in materials such as GaAs157 and 
Si158, in which the incorporation of two-phonon processes leads to 
substantial alterations in mobility. In the case of high electric fields, 
the two-phonon scattering mechanism has been shown to influence 
both energy and momentum relaxation rates, as well as inter-valley  
scattering in GaAs159.

Nevertheless, although electronic noise has been experimentally 
demonstrated160,161, the study and understanding of these fluctuations 
in the context of non-equilibrium steady-state conditions lag behind 
the well-established treatments for low-field transport. In fact, mainly 
Monte-Carlo calculations with (semi)-empirical models have been 
used to treat these high-field phenomena162–166. But more recently, 
first-principles ab initio methods have begun to emerge by extending 
the BTE framework to address the specificities of the high-field case. 
For example, drift velocity curves have been obtained using the BTE 
in combination with full-band Monte-Carlo simulations167. Another 
option is time-stepping the BTE to steady state168. Finally, a new theory 
of electronic noise has been developed by Choi et al.155 to treat warm 
electrons, which has been applied to GaAs with reasonable experimen-
tal agreement. A further extension of this methodology accounts for 
hot-carriers regimes159,169.

High-κ dielectrics and remote phonon scattering
In most technological applications, such as microelectronics, carrier 
transport occurs in systems surrounded by dielectrics (characterized 

by a dielectric constant, κ). For a long time, silicon dioxide (SiO2) has 
been the most widely used gate dielectric. However, as the scale of elec-
tronic devices kept decreasing, the thickness of the SiO2 layer also had 
to be reduced to maintain similar device performance. This reduction 
exposed the device to significant leakage currents owing to quantum 
tunnelling effects, seriously threatening the reliability of SiO2-based 
devices. To overcome this technical issue, materials with high dielectric 
constants (high-κ) were introduced to replace SiO2, allowing increased 
dielectric thickness while maintaining the same capacitance170.

From an application perspective, it is therefore important to con-
sider the effect of dielectric screening on electron–phonon interac-
tions and transport properties. For example, it has been shown both 
theoretically and experimentally that high-κ materials drastically 
reduce Coulombic impurity scattering, leading to higher mobility in 
semiconductors, close to the one limited by phonons only171–174.

However, the use of high-κ dielectrics involves remote phonon 
scattering, which has been the object of a number of theoretical 
investigations. It originates from the interaction between the carriers 
inside the semiconductor and the hybrid excitation arising from the 
interaction of interface plasmons and optical phonons, impacting 
the transport175–177. This interaction between the carriers in the semi-
conductor and the surface-optical (SO) phonon modes of the dielectric 
can be described by a Fröhlich-like expression in which the coupling 
strength is proportional to

ε ε ε ε
ħω
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with the subscripts s and d denoting semiconductor and dielectric, 
respectively175,177.

Remote phonon scattering is not dominant in SiO2-based systems 
because of the rigid nature of the covalent Si–O bonds, which results in 
minimal ionic polarization and a weak coupling following equation (33). 
However, it becomes much more significant in high-κ dielectrics as 
they have a stronger ionic response compared with the low-κ SiO2 
(refs. 176–179). For instance, the use of high-κ dielectrics such as ZrO2 or 
HfO2 (which are widely used in the industry) on Si or Ge substrates tends 
to reduce the carrier mobility by half compared with similar system with 
SiO2 owing to remote phonon scattering180,181. It is worth mentioning 
that the addition of a top gate dielectric can also mechanically quench 
homopolar phonons, as observed in MoS2 (ref. 182). This could open 
new avenues for further mobility improvements by exploring different 
combinations of dielectric materials.

Spin
SOC can have a significant influence on the transport properties, par-
ticularly in p-type materials characterized by band degeneracy at the 
valence band minimum. In such materials, the degenerate bands are 
commonly referred to as the heavy-hole, light-hole and split-off bands, 
as illustrated in Fig. 7. Incorporating SOC into the analysis typically leads 
to the lifting of degeneracy among these bands, with the split-off band 
experiencing a decrease in energy. The resulting spin–orbit splitting 
can vary, ranging from relatively modest values such as −0.028 eV in 
Ge183 and −0.044 eV in Si184 to more substantial values such as −0.34 eV 
in GaAs185 and −0.64 eV in CuI186. A substantial lift of degeneracy leads 
to an increase in the mobility as fewer scattering channels are present. 
In fact, the distribution of states that contribute to transport is situ-
ated very close to the upper edge of the valence band, typically peak-
ing around 3/2kBT from the band edge146 and rapidly diminishing with 
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increasing energy, as shown schematically in Fig. 7. Hence, when the 
splitting is significant enough, the split-off band can move beyond 
the energy range of states that actively participate in transport, result-
ing in the removal of this scattering channel. For example, in GaAs, the 
mobility is underestimated by ~50% when SOC is not considered126, 
in CuI the difference is 37% (ref. 66) and it can reach 62% in AlSb owing to 
a computed spin–orbit splitting of 0.67 eV (ref. 19). In materials exhib-
iting a minor splitting, the underestimation at room temperature is 
considerably lower but still not negligible, with a difference of around 
8% in the case of Si3,126.

The concept of spin is directly related to another type of trans-
port: spin transport, which relies on the ability of certain materials to 
generate and sustain a pure spin current. As our Review focuses on the 
transport of charge carriers, and spintronics represents a distinct area 
of research, we encourage readers to consult specific reviews on spin 
transport for a more in-depth exploration of this topic187–190.

Strong electron–phonon coupling and polarons
When electron–phonon coupling becomes stronger, carriers become 
trapped within specific lattice sites, leading to a unique interplay 
between a self-localized carrier and the phonons that trap it — a qua-
siparticle called a polaron. Polaron transport is thought to have a 
crucial role in several materials including conducting oxides191,192 and 
perovskites193. Polarons can be classified into two distinct categories: 
small polarons, confined within the length scale of the lattice constant, 
and large polarons, which extend across numerous unit cells.

Small polarons are present in the strong coupling regime and 
can only move through discrete hops from one lattice site to another. 
These hops are thermally activated, and in contrast to electrons or 
holes, small polarons follow an Arrhenius-like formula for mobility, 
where mobility increases with temperature. Overall, the mobility of 
small polarons remains low, typically below 0.1 cm2 V−1 s−1 (ref. 194). 
The computation of small polaron-hopping mobility can be achieved 
using models based on the Marcus195 or Emin, Holstein, Austin and 
Mott theory196–198. In these approaches, the diffusion paths as well as 
the specific activation energy for the transition between the initial and 
final polaron states are commonly computed using the nudged elastic 
bands method199–201 with DFT+U202,203, or even hybrid functionals to 
avoid the typical overestimation of electron delocalization associated 
with semilocal functionals204,205. In addition, the hopping dynamics of 
small polarons can also be studied using molecular dynamics206,207 or 
dynamical mean-field theory208.

By contrast, the large polaron regime is characterized by an inter-
mediate electron–phonon coupling strength, leading to a regime 
between the band-like and polaron-hopping limits. Large polarons 
maintain a moderate mobility and exhibit a transport behaviour more 

akin to that seen in band materials, with a mobility inversely propor-
tional to the number of phonons192,209–211. In inorganic materials, the 
large polaron mobility can be obtained within the Boltzmann equation 
framework212, using the Feynman, Hellwarth, Iddings and Platzman 
method213–215 or more recently by using a finite-temperature cumulant 
approach coupled with a Kubo approach80,216. Finally, refs. 217,218 may 
enable possible polaron transport calculations using the primitive cell 
only, making it more computationally affordable.

Future developments
The field of electronic transport has made a giant leap in just a few 
decades. It moved from simple models of transport with parameters 
empirically fitted to experiment to the possibility to model entirely 
ab initio electron transport including phonon scattering. We expect 
a natural growth in the complexity of physical phenomena considered 
in transport studies as well as more routine use of first-principles 
electron transport computations for materials design.

One future development is the incorporation of temperature- 
dependent band structure renormalization in transport calcula-
tions219–221. In a similar way, the influence of thermal lattice expansion3 
and electron interaction with multiple phonons (anharmonicity)157 
should also lead to a more accurate picture of the transport phenomena 
in solids. These effects are not expected to have an important impact 
on the mobility of most of the materials but certain materials of great 
interest technologically (such as halide perovskites) might need those 
approaches to be treated accurately. Additionally, electron–phonon 
quantities are typically computed within DFPT and thus rely on semi-
local functionals such as local-density approximation or generalized 
gradient approximation. Yet, certain materials require an extension 
beyond semilocal DFT to obtain accurate results. For example, small 
bandgap semiconductors or highly correlated oxides could be metal-
lic within semilocal functionals making these functionals inadequate 
to study their transport. Adding a Hubbard U parameter has been a 
common way to correct these effects. Nevertheless, despite the devel-
opment of DFPT+U formalisms222,223, only few studies have used it to 
compute electron–phonon properties82,224–226.

Addressing this challenge may also involve exploring alterna-
tive electron–phonon approaches such as finite differences calcula-
tions that allow the use of hybrid functionals or GW approximations 
based, for example, on the recent development of GW perturbation 
theory227,228. We note that the finite differences method might also be 
a promising way to incorporate electron–phonon terms beyond the 
first order, such as multiphonon terms. Despite significant advances 
in recent years, this method remains computationally demanding, par-
ticularly because of the requirement for large supercells, but we expect 
further developments that will help to alleviate the problem227–229. 

HH SO LH Lower T Higher T

Without SOC With SOC

Spin-orbit
splitting

Electronic states that
contribute to transport
(∝∂f/∂ε)

Fig. 7 | Schematic representation of the effect of 
spin–orbit coupling on three degenerate bands. 
The heavy hole (HH), split-off (SO) and light hole (LH) 
bands. In this schematic example, the SO band does 
no longer contribute to the transport after applying 
the spin–orbit coupling (SOC) because it moves away 
from the energies at which electrons take part in 
transport. This results in a reduction of the number 
of scattering channels and an increase of the mobility 
is expected.
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Alternative frameworks, such as KG, may be helpful here, but it will 
require tackling major challenges with convergence.

There has also been notable progress in extending first-principles 
transport computations to magnetic materials, but these theories are 
still limited to the 0K regime230,231 or based on models for the descrip-
tion of magnetism232–234. With the importance of magnetic effects in 
areas such as spintronics, we also expect significant advances in this 
field in the coming years.

These theoretical developments will impact computational 
materials design, as transport is central to many applications from 
thermoelectrics to electronics. Efforts towards high throughput and 
databases have already emerged in the field and we anticipate that 
they will grow. These database efforts will enable the use of machine 
learning with various possible approaches. Machine learning has been 
impacting materials physics in the past few years and its use in transport 
and electron-phonon related properties is expected to grow45,67,235,236.
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