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Abstract

This article studies the pricing of spread and exchange options in a market made up
of two risky assets driven by a rough Heston model with jumps. Firstly, we rewrite this
non-Markov model as an infinite dimensional Markov process. We next consider a fi-
nite dimensional approximation and show that the characteristic function of log-returns
admits a representation in terms of forward differential equations. By passing to the
limit, we infer that the characteristic function of the rough jump Heston model depends
on a hybrid system of ordinary and fractional differential equations. Bivariate options
are next priced with a one or two dimensional discrete Fourier Transform. We conclude
by a numerical illustration analyzing the impact of roughness on exchange and spread
options.
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1 Introduction

Spread and exchange options are popular financial instruments due to their ability to mitigate
unfavourable movements in two indexes. The literature on applications of spread options is
extensive and we refer to Carmona and Durrleman [7] for a review and applications of spread
options to energy trading.

Despite their popularity, the valuation of options written on two underlying assets is a chal-
lenging task. Even if Margrabe [19)] has proposed a simple formula for exchange options in a
geometric Brownian setting, most of spread options may not be priced analytically. Instead
we have to rely on approximations or numerical methods. For instance, Kirk [I7] presents
an analytical approximation that performs well in practice. Li et al. [I8] and Bjerksund
& Stensland [5] provide lower and upper bounds for the spread option price that produce
accurate analytical approximation formulas in log-normal asset models. Deelstra et al. [§]
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deal with the problem of pricing general Asian basket spread options and propose an approx-
imation formulae based on comonotonicity theory. Pasricha and Goel [22] find a closed form
expression for the pricing of vulnerable power exchange options.

Amongst numerical methods, approaches based on the discrete fast Fourier transform (DFT)
have met a large success. For instance, Dempster and Hong [9] introduce a numerical in-
tegration method for spread options based on two-dimensional Fourier transforms that was
shown to be efficient when the asset price processes are GBMs or have stochastic volatility.
Hurd and Zhou [16]| propose a new formula for general spread option pricing based on Fourier
analysis of the payoff function. Alfeus and Schlégl [3] compare the Hurd and Zhou approach
to the lower bound approximation formula of Caldana and Fusai [6]. Alternative valuation
methods rely on Monte-Carlo methods such as Sun Y. and Xu C. [23] who propose a hybrid
Monte Carlo variance reduction method for pricing basket options.

On the other hand, rough asset dynamics recently received a great deal of attention in
finance because they are consistent with empirical estimates of stock price volatility. In a
rough model, as proposed in the seminal article of Gatheral et al. [14], the variance is driven
by a fractional Brownian motion with a Hurst index H < 1/2. Bayer et al. [4] study op-
tion pricing under rough volatility. El Euch and Rosenbaum [12] and El Euch et al. [12]
approximate the fBm by an integral with respect to a standard Bm in a Heston model and
study option hedging strategies in this framework. El Euch and Rosenbaum [13] establish the
characteristic of a rough Heston process. Abi Jaber et al. [I] show that rough models belong
to the family of Affine Volterra processes. Abi Jaber and El Euch [2] characterize the Marko-
vian and affine structure of the Volterra Heston model in terms of an infinite-dimensional
forward process. We can also cite Dupret et al. [I0] who value the impact of rough volatility
on long-term annuities or Dupret and Hainaut [I1] who study the performance of constant
proportion portfolio insurance in a rough market. When assets exhibit long-range memory,
Mehrdoust et al. [20] study the pricing of options in a mixed fractional Heston model for a
Hurst index H € (2,1).

This article contributes to the literature on rough models in several directions. To the
best of our knowledge, this is the first that investigates the pricing of spread and exchange
options in a rough framework. We also extend the rough Heston model by adding jumps
in asset dynamics. From a methodological point of view, we express the joint characteristic
function of log-returns in terms of solutions of fractional differential equations. Compared to
the existing literature, we prove this result with an approach based on a discretization scheme
similar to the one of Abi Jaber and El Euch [2] . The characteristic function of log-return
processes present similarities with the one of the rough Heston model obtained by El Euch
and Rosenbaum ([I3]) by considering the limit of nearly unstable Hawkes processes. Our
method for establishing such a result is nevertheless simple and novel since it is based on a
discrete approximation of Riemann-Liouville derivatives.

The structure of this article is as follows. We start by presenting the rough log-return
processes and remind its relation with the fractional Brownian motion. Since the variance is
not a semi-martingale, we cannot rely on It6 calculus to study the properties of the model.



Nevertheless we show that the model admits an infinite dimensional Markov representation
that we approximate by discretization in Section 4. In this discrete setting, the characteris-
tic function of log-return processes is computable by solving backward ODE’s. We find the
characteristic functions under the risk neutral measure and under a pricing measure using
one risky asset as numeraire. Nevertheless, these functions do not admit any limit when the
number of discretization steps increases. To tackle this issue, we express in Section 5, the ap-
proached characteristic functions with forward ODE’s. In Section 6, we reformulate them in
term of discretized fractional derivatives and find the characteristic function of log-returns by
considering the limit. Section 7 details the pricing methods of spread and exchange options
whereas Section 8 concludes with a numerical illustration.

2 The financial market and bivariate options

We consider a financial market made of two stocks and one risk free asset. The risk free rate
asset, noted St(o), earns a constant return, r such that dSt(O)/St(O) = rdt. The stock price

processes, denoted by (Sﬁl)) and (St(g)) , are defined on a probability space (2, F,Q)

£>0
where Q is the pricing measure. If ® is the elementwise product, prices of assets (St(l))
£>0

t>0

and (Sf@) are ruled by the following stochastic differential equations (SDE):
0

ds(l) S(l)
( dSb);St(m = (r=A0(p(1) = 1) dt + S15 VAW, + dLy, (1)
t t

where XA € R™, (1) € R? are vectors and X5 is a 2x3 matrix of real numbers:
A\ oM (1) o1l 012 013
A= (1) = S — .
( A2 ) o) ( 90(2)(1) 12 021 O22 023

-
The process W, = <Wt(1), t(2)7 Wt(3)) is a vector of independent Brownian motions whereas

-
L, = (Lgl), LEQ)) is a bivariate compound Poisson process,

1 =3 (e -1) =12, (2)

In this last equation, (Nf“) for 1 = 1,2, are Poisson processes with intensities XA. The
t>0

jump sizes J = (J g (2)) are double exponential random variables on R. The probability
density functions (pdf’s) of jumps are respectively

fro(x) = punue ™ Lz + pramee™ 1oy,
fro (@) = panoie P 1gsor + poanzne™ 1 0,



where 7, ; > 0 for i,j = 1,2 and p11,p12 (resp. pi2,pe2) are the probabilities of observing a
positive and negative jumps of J) (resp. J (2)). The moment generating functions of jumps
are noted @ (w),

oD (W) =E <€wJ(i)> — i1 + pis M2 . 12,
M1 — W M2 +w

for w € [—n2,ni1] or w € C. Jump processes in Equation are compensated. Therefore,
the expected instantaneous returns under the pricing measure Q are equal to the risk free rate
E (alSt(Z)/St(z> | .7-},) = rdt. The univariate process (V;),., represents the systemic variance

and we assume that its dynamic is comparable to the one of a rough fractional Brownian
motion (fBm). Let H, 0 < H < 1, be referred to as the Hurst parameter. The stochastic
process (Bf"),_  is a fractional Brownian motion (fBm) of order H if Bf! is an F,-measurable

(GGaussian process such that E (BtH) =0 and for ¢,s € R", the autocovariance is:

E (BB) =Ryt s)= - (*"+*"—|t—s|*) )

N | —

It follows from and from Kolmogorov’s continuity criterion that the sample paths of BY
are continuous with probability one but nowhere differentiable. From the definition,we infer
that the variance of the fBm is equal to

v (B = 7.

The fractional process is also self-similar i.e. the process a ' BE has the same law as B
for @ > 0. The fBm can be rewritten as an integral with respect to a Bm, (W}),,, which
highlights the memory of the process:

I 1 1 ! 1
B{f:—{/ ((t—s)H 2 (—s)! %)dws+/ (t — ) édWs} (4)
CH —0 0
where C'y is function of the Hurst index. When H < %, it is natural to only consider the
integral on the positive time axis when the Bm is not defined before time zero i.e. :

i L[
B~ s [ e=a T, (5)

where o« = H +1/2 € (3,1). This approach was used by El Euch and Rosenbaum ([12])

who study a rough version of the Heston model. In this article, the volatility based on the
approximation of the fractional Brownian motion is ruled by

1 ' a—1 - s
Vtz%Jr—F(a)/o(t—s) k(0 —Vs)d (6)
1 ! a—1_/
+ m/o (t — S) ‘/3237.dws .



where o € (%, 1), 0,k € RT and 33 = (031, 032,033) € R® (notice that 33 _is a row vector).
This process is rough in the sense that its differential is not defined (dV; = c0). When a = 1,
the V; is a Markov process with a Cox-Ingersoll-Ross (CIR) dynamic:

AV, = k(0 — V) dt + /V, 55 dW, . (7)

We denote by (gt)tzo the filtration of V;. The filtration F; is the augmented filtration and
gather information about all previous processes.

This article studies the pricing of two popular bivariate contingent claims: the spread and
the exchange options. We denote by T" and K, the option expiry date and the strike price
whereas 7, ™, € R are weights. The European spread option derives its value from the dif-
ference, or spread, between the prices of two assets. A call (resp. put) spread option delivers

the payoff <7r15¢(pl) — WQSévz) — K) (resp. (K — 7715;1) — W25é2)> ) at expiry. The valuation
+ +
of such an option requires to determine the probability density functions (pdf) of log-returns.
Let us denote by fx,(x), this bivariate pdf of log-returns where X, = (Xt(l),Xt@)) with
(1) )
Xt(l) =In % and Xt(z) =In % under Q. The value of the call-spread option is then equal
0

to the expeocted discounted payoff
Pspread — e—rT]E ((7715;1) o WQS’_S?) _ K) ‘FO) (8)
_l’_
= 6_TT/ ; <7T15(gl)€$1 - TQS(SQ)GIZ - K) fXT<33) d[L‘ldlL'Q
Dsprea

where D*Pre0d = g = (11, 75) € R?| ﬂlSél)e“ — WQSSQ)e” > K} is the domain on which the
payoff is positive. The following sections focus on the computation of fx, ().

Exchange options allow to exchange a risky asset for another risky asset at maturity. The

payoff of such options is either (mSél) - Wgsg))+ or (7725;2) - 7T15:511)> . This type of option
+

being nothing else than a spread option with a null strike, its price can be calculated by

integrating the bivariate density of log-returns as in Equation (§). An alternative approach

consists to find the pdf of the log-returns difference under a measure using one of the two
risky assets as numeraire. For instance, let us consider the following exchange option

_ 1 2
Pexchange — ¢ TTE ((7.[.13;) . 71.25’; )> s | ‘FO) . (9)
. : (1) : ds Spe T
For such an option, we denote by S the measure with S;”’ as numeraire and 0., = TS<1)
0

Using the corresponding change of measure leads to the following equivalent formulation:

S(Q)
perchange WIS(()UES 1— Up) j(“l) ’fo

= / <7T1S(()1) - WQSSQ)QQE) fi@)_X(l)(x) dx
Dezchange T T



@) (1)

. S S

where f5 ., ., (z) is the pdf of In 24; — In 255 under the S measure and D**<"m9e = {x €
XT 7XT SO SO

R| WQS(SQ)@"” < ﬂlS(()l)} is the domain on which the payoff is positive.

The following sections focus on the calculation of densities fx.(x) and f @ (1)( ) needed to

value spread and exchange options. This is done in several steps. Flrstlv we reformulate the
rough dynamics of V; as an infinite dimensional Markov process that is next approximated
by a finite model. In the second step, we use the Itd’s lemma and approach the charac-
teristic functions of log-returns and of their difference. By taking the limit, we find that
non-approximated characteristic functions are computable by solving ordinary and fractional
differential equations. Finally, options are priced by inverting numerically characteristic
functions with a standard discrete fast Fourier transform (DFT).

3 An equivalent infinite dimensional Markov process

The variance process V;, is not Markov as its current value depends on the sample path up
to time ¢. Nevertheless, we can rewrite it as an infinite dimensional Markov process. For this
purpose, the integrand in Eq. @ is developped as an integral,

o 1 00 o= (t—u)¢
ey et

= [ e,
0

where y(d) := % d¢ is a measure on R™. This allows to reformulate the process V; as an
integral of an infinity of Ornstein-Uhlenbeck processes Using the Fubini theorem to develop
the intensity as an integral with respect to v(.) leads indeed to the following expression:

v, / / =9 (9 — V,) ds (dg) (10)
NS /0 [ e )

Let us now define a family of processes Y;(O indexed by & > 0 such that

t
Yt@z/ ek (0 — V)ds+/ ~ VB AW
0 0

These processes are strictly positive, Markov and revert to £ (9 Vi) with a speed &. Their
differential is provided by the next SDE:

ay,e = ¢ (g 6 —V;) — Yt(g)) dt +/V; B3 dW, .

From Equation , the intensity V; is then equal an integral of Y;(S) with respect to the
measure y(.):

_ [T
vt—vo+m)/0 V9 5 (de). (11)



This expression does not depend anymore upon information prior to ¢. This relation em-

phasizes that )\, and (Y;(Q> N form well an infinite dimensional Markov process. As we
€€R

need the [t6’s calculus for further developments, we have to approach the infinite dimensional
model by a finite one.

4 Finite dimensional approximation

Instead of considering an infinity of processes (Yt(f)> , we approach the model by a finite
>0

number of equivalent ones. The main advantage of this approach is that we can next rely on
the It6’s calculus to approximate the characteristic function of stock log-returns. The key
step consists to approach 7(.) by a discrete measure with a finite numbers of atoms. For this
purpose we consider a partition £M™ := {0 < 5((]”) < én) <..<&M< oo}. The mid point of
each interval (£, 51(_2)1) is

& + e,

b 5 (12)
and the mass of corresponding atoms is the measure of intervals of the partition:
l-o l-o
) ((e2)" (&) )
= d = 13
Mg+ /(n) ,Y(Z) F(l N Oé)(l _ Oé) ) ( )

k

for k =0,...,n — 1. The discrete measure for a partition of size n is defined by
Y(z) = ka&k(z)a (14)
k=1

where 0y, (2) is the Dirac measure located at point b,. We consider that the following as-
sumption holds for the partition £™ :

3 50”) — 0 and £ — 0o when n — co.

e max |§Z(Z)1 — fz(n)| — 0 when n — oo.

o £ C gt

These assumptions guarantee that for any function f(.) integrable with respect to ~(.),
lim [° f(z) dy(z)= [;° f(z) dy(2). To lighten further developments, we adopt the following
n—oo

notations Yt(k) = Yt(bk) for k=1,...,n. The Y;(k)’s under Q are such that

t t
v = / e mhg (0 — V) ds + / eIV By AW
0 0



and V; = Vp+ ﬁ oy Yt(k)m;C is the process approximating V;. The differential of processes
Yt(k) is given by

v = (k(0-V) =Y P) dt + VT B W, (15)

for K =1,....,n. On the other hand, the dynamics of the rough approached volatility, denoted
by V4, is

S oy g ) VVi &
v, = _F(a);mk (5 (0= Vi) - tu; )dt+r(a);mkzg,.dwt. (16)

Stock prices are respectively denoted by (St(l)) and (S@) in the finite dimensional
model. To lighten further developments, we needtzt(()) introduce at?l(()aw bivariate jump process,
LY = <L;X(1)7Lf((2)> where

N

=Y I =12 (17)
k=1
This bivariate process represents the jumps of asset log-returns. We use the It6’s lemma to
_ T
infer S; = (St(l), St(2)> solving Equation :

_ _ 1 t_
S; = SoOexp <(r — A0 (p()—=1))t— §diag(21:27.212“)/ Vids
0

t
+3,, / \/V;dWS+L§) :
0

where © is the pointwise product. The SDE ruling the (approached) log-returns under Q,
noted X; = (X(l) X! ) where X' ln(S /S(l)) and X? = In (S§2)/5”(§2)) are therefore
solution of

_ 1 _
iX, = (r ~ A0 (p(1) 1) — sdiag (£12,51, ) w) dt (18)

310V VidW, + dLY .

As seen in Section [2| we can appraise exchange options under an alternative measure using
one risky asset as numeraire. For this reason, we need the dynamics of X; under the S
measure with St(l) as numeraire. If e; = (1 O) and ey = (0,1)", the change of measure from

1
Q to S is defined by the ratio d@‘ = % that is developped as
dS t t
D exp (— / el S, 2], 61Vd5—/ ( el T \/V)dWS
d@ t 0 0
N
R IGCEDIED
k=1



We recognize a Radon-Nykodym derivative such that dW?9 = dW, — EIQ’.el VVidt is a

Brownian motion under S. Under S, we check in appendix A, that Lf((l)

Y is a Poisson process with a modified parameter A = MM (1). Jumps of

is still a jump
process but Nt(
Xt(l) under S, noted JSM) | are double exponential random variable with modified parameters

pS —p M1 pg —p M2
— M11 ) — M12 )
H eW(1) (m1 — 1) 2 e (1) (2 + 1)

(19)

mi=m—1 , nh=n2+1. (20)

The distribution of jumps of Xt(Q) under S does not differ from the one under the risk neutral
measure. In later developments, we need the following notations

oo () won () ()

It is then easy to chech that log-returns in the finite dimensional model, under the measure
S, are solutions of SDE’s:

iX, = (r—A®(p(l)—1))dt + S0 VVdW? + dL¥ (21)

+V (Zl :2,. 212 €| — —dwg (21 2. Z )) dt.
If we denote £° = k — 33 2], €1, the dynamic under S of the market variance becomes

VVi g

S
e ; my Bs dW? | (22)

_ 1 <& _
dVv, = —E (9— SV, —b Y(k))
t F(a) k:1mk K K V¢ kYt

whereas the dynamic of processes Yt( ) is modified in a similar manner:

av® = (50— 5V = b, ) dt + VT, 5 aW (23)

5 Characteristic function of log-returns in the finite di-
mensional model

In the finite dimensional model, we can take profit of the affine structure of driving processes
to infer the characteristic function of stock log-returns. The next proposition shows that this
function is computable by solving a system of backward differential equations. We will next
find an equivalent representation with forward differential equations that serves in the next
section to retrieve the characteristic function of the initial model.

Proposition 5.1. For w = (wi,wy)’ € C>~ and 0 < t < s, the characteristic function of
log-returns X , = ()_(ﬁl), )_(8(2)) under the risk neutral measure is

E(e“’TXS t)ze p< (t,s) +cts dets k)-f—wTXt) (24)

9



where functions di(t, s) are such that
di(t, s) = myby, / et :S) g 1,...n. (25)
t
If we define
hi(t,s) = c(t,s) — by /S e ey, s)du,
¢

functions a(t, s), c(t,s) solve the following ordinary differential equations (ODE’s):

m h t s)
Qalt,s) = —w' (r=A0 (p(1) = 1)) = A" (g( 92 : k , (26)
and
1 1
Oee(t, s) = ot Tdiag(Z12,21,.) — 2wT (B12, 21, ) w (27)
2
=~ myh(t, s) 23,-2;. =~ myh(t, s)
- (n—wTElzg,.EgT,.)Z M) 2 ZTOO
k=1 k=1

with the terminal conditions a(s,s) =0 and c(s,s) = 0.

Proof Let us denote the characteristic function E (e“’TX& Fi
the gradient and Hessian of f with respect to X, by Vg f and HX(f),

Vxf= ( gﬁ:; ) . Hx(f) = ( gxm swf 0 (1) xof )

X(2) X<1)f (2) X(2>f

As the number of stochastic processes is finite, we can rely on It0’s lemma to infer that f is
solution of a stochastic differential equation (SDE):

0=+ Vxf" (1= A0 (1) = 1) - jding(E1a, BT, Vi) (29
)= f)
T
00 ka( (0—V,) — by, ) ;vzg i, (X m)” 2.

['(a)?
3y z:T zl LTy

+V; Z Oy f Ry (Z mkelTEl:z,.EgT,) %z f

1 _ _
—|—§T7“ace (B10. 20, Hx () Vi+ X E(f (X +J

k=1
‘_/ —
+F((t)é> (Z mke;rzlﬂ,.z;,) a‘%)‘(@)f + Z 8y(k)f (/4; (Q _ ‘/t) . bk}/t(k)>
k=1 1

1. n B n
+§Vtz3,.2;. Z O yy gy [+ Vie] Tig, By Z Oy 3 f
k=1

k1=1,ko=1

+Vie; 310 55 Z&Q/(k))g@f.

k=1

10



By construction, the model has an affine structure, we do the ansatz that f(.) is an expo-
nential function of the form:

f(.) = exp (a(t, s) + c(t, s)V, — de(t, s)Y;(k) + let(l) - w2X§2)> : (29)
k=1

where a(t, s), c(t,s) and dy(t,s) are C' functions with respect to ¢, for k = 1,...,n. Injecting
the partial derivatives of Equation in Equation leads to the expression

0=0a+0cV; — Y 3y V" +w' (r— Ao (p(1) - 1))
k=1

1 1 _
) ( Tdiag(S12, %), 2,) — §WT (21:2,.222,.) w) Vi

Vt - T T (k)
o (;mkw 21:2,,23,) ot - ka< (0-V) = by
— (20 ml)2 23,.2;. 2 28, 2 Zz 17 Z cd,

1
oV T(a)? -V

1._
—de( (0—7) —bky<’“)+§vt23,.2; Z dy, di,

k1=1,ka=1

A CIIER> de+>\T (w)—1).

This equation is satisfied if and only if coefficients multiplying all random processes are null.
On the other hand, we can regroup the following terms:

n 2 n 2 T

I c (D) 33 3,
5 5. —d — - ) o 2
2 (Z (r<a>m’“ )) 2T Tep  C

RS =00 my)
T Z cd + 23 5Y dude

k1=1,k2=1

We infer that functions a(t,s), c(t,s) and dg(t,s) solves a system of ordinary differential

11



equations:

fa = —w (r— A0 (p(1) — 1)) ~ AT (p(w) — 1)
"i‘);(wm’“ d’“)’

1 . 1
he = LoTtog®i 3 - o (3L e

53 (Z (cm- d)>
b w23 Y (ﬁ e d’“) ’

k=1

8tdk = — (ﬁmk — dk> bk .

From this last equation, we check that dy(t,s) is given by and that a(.) and c(.) solve

Equations (26)), (27).

|
In the same manner, we find the joint characteristic function of log-returns under the
S-measure. We provide then the result in the next proposition without proof.

Proposition 5.2. For w = (wi,wy)' € C>~ and 0 < t < s, the characteristic function of
log-returns X , = ()_(5(1), )_(5(2)) under the S measure is

]ES <€wTXS

F) = exp <aS<t, )+ E )T - 3 dult, )V + wTXt> . (30)

k=1

where di(t, s) is defined by Equation . If we note X = A\ (1), &5 = Kk — 23,,EI2,_61
and

B (t,s) = CS(t,S>—bk/ ek S (y, 5)du
¢

functions a°(t, s) and >(t,s) solve a system of ODE’s:

S T _ _ \ST (, S 1) - myhi (¢, 5)
0ia(t,s) = —w' (r—A0 (1) = 1)) = AT (¢°(w) — 1) KQZ—F(OO . (31)

1 . 1
atCS(t, 3) =-w' (21:2,.212,,61 - §dwg(21;2,.212,.)) - §WT (21:2,.212) w (32)

2
omph§(t,s) B335 [ mphi(t, )
S _ TE . ET my E\Ysy _ , 3,. E\Usy

with the terminal conditions a(s,s) =0 and c(s,s) = 0.

12



Propositions[9.1]and 0.2]in Appendix B, provide the characteristic functions of log-returns
when the variance is ruled by a CIR, as defined by Equation . A comparison with propo-
sitions [5.1 and emphasizes the similarities between the rough and non-rough models. We
infer in the next corollary that c(¢,s) and (¢, s) are homogeneous in the sense they only
depend on (s — t). This property is used later to study the limit case when n — oo,which
corresponds to the initial model.

Corollary 5.3. For any s,s' € Rt and v € RT, the following equality holds

c(s—v,8) =c(s —v,5), (33)

Sls—v,8) =c(s —v,5). (34)

Proof By definition the equality is true for v =0, c(s,s) = ¢(s',s') = 0. Let us then
assume that the property holds for all [ € [0,v] where 0 < v < s. From Equations
and (25), we notice that

1

Oc(s — v, s dc(t, s 1 :
: : 52 - QwTdmg(Em,.EIQ,.) - §wT (21:27-2&7-) w

ov 0

t=

t S—v
23,.2;. = mg ° —bg (u—(s—v)) :
+ 5 Z o) c(s —wv,s) — by ek c(u, s)du
k=1 S—v

— (k= wTEmPE;_) FTE%) (c(s —v,8) — bk/ e~ ==y s)du> :
k=1 « S—v

We rewrite the integrals in the previous equation using the change of variable u = s — [,

/ 6—bk(u—(8—v))c(u’ s)du = / e_b’f(”_l)c(s —1,s)dl.
S—v 0

Since ¢(s —1,8) = c(s' —1,§') for all [ € [0, v], we infer that

dc(s —wv,s)  Oc(s' —wv,s)

ov ov ’

and conclude that the equality also holds for v + dv. The proof of Equation is
similar.

|
A natural way to find the characteristic function of log-returns under Q or S in the initial
model, is to consider the limit of systems in Propositions [5.1] or when the granularity of
the partition tends to infinity. Nevertheless, this approach fails because the limit of the sum
of my, is not defined:

lim E my = / v(d€) = 0.
n—oo
k=1 0

13



In order to find the limit of characteristic functions when n — oo, we first prove that they
are computable in the finite dimensional model by solving a system of forward differential
equations. Next, we will show that the limit of this system is a function of Riemann-Liouville
derivatives.

Proposition 5.4. Forw € C*~ and 0 < t < s, the characteristic function of stock log-returns
1S given by

E (e“’TXS|.7:t> = exp < (t,s) + c(t,s) de (t,s) k) +WTXt> : (35)

where dg(t,s) is given by Equation and functions a(O,s) and ¢(0,s) solves forward
ODE’s:

Osalt,s) = w' (r=X0o(p(1) 1)) + A (p(w) — 1) (36)
/ie ka( / (0= (v, 5) dv) :
Duc(t, s) = —%wTdmg(Elzz,,lez") + %w (12,50, ) w (37)

B L L)

— (k= WT21;2,A23T,,) ka (83/ e D ¢ (p, ) dv) .
k=1 ¢

with the initial conditions a(0,0) =0 and ¢(0,0) = 0.

Proof We momentarily note ag(w) = w' (r —A® (¢(1) — 1)) + AT (¢p(w) — 1). From
Proposition [5.1] and given that a(s,s) = 0, we infer that

a(t,s) = ap(w)(s —t) + ’ie imk (/ c(u, s du—bk/ / W=e(y s)dvdu)

n

= ap(w)(s —t) + “9 ka (/ c(u s)du—bk/t o (1 — e tlo=D) c(v,s)dv)
— ao(w)(s — ) + ﬁe imk (/ ¢bilo- t)c(v,s)dv>.

Deriving this last equation with respect to s allows us to obtain Equation (36)). Let us
note co(w) = —iw'diag(Li X7, 2) T sw (21:27.2127.) w. From Proposition and as
c(s,s) = 0, we obtain an integral representatlon of ¢(t, s),

olts) = co(w)(s—t)+23 %, / (ka( (v, 5) —bk/vse—bk(“—”)c(U,S)du)>2dv
—(h—w ', T ka (/ etk t)c(v,s)dv) .

14




Deriving this last expression with respect to s leads to

duclt,s) = f; %, / s (ka< c(v, ) — by / Seb’“(“”)c(u,s)du>>2dv (38)
RS > ka( / - t>c<v,s)dv)+co(w),

where the derivative in the first term of this equation is developped as the following sum:

/ <ka< c(v, s) — by / ) e”k<“>c(u,s)du>>2dv (39)

— szkml/ c(v, 5)0c(v, s)) dv

k=1 l=1

_ Z kamlbl/ (c(v, s) /: et e(u, s)du) dv

k=1 l=1

N Z kamlbk/ (350(1}, s) /US e e (y, s)du> dv

k=1 l=1

+Zkamlbkbl/ (/ e_b’“(“_“)c(u, s)du/ e_bl(“_”)ﬁsc(u,s)du) dv .

k=1 =1

As c(v, 8)0sc(v, s) = 205c(v, 5)?, the first term in this last equation is rewritten as

/ts (c(v, 8)0sc(v, 5)) dv = %83 /tsc(v,s)%iv,

On the other hand, the sum of the second and third terms in Equation are gathered as
follows:

Zkamlbl/ (C(U,s)/ e_bl(“_”)asc(u, s)du) dv +

k=1 1=1

szkmlbk/ (880(1),3)/ e_b’“(“_”)c(u,s)du) dv

k=1 I=1 v

—Zkamlbkc‘?/ ( c(v s/ bk(“_”)c(u,s)du) dv .
k=1 I=1

As O, [T e = e(u, s)du = [T e "= c(u, s)du , we rewrite the last term of Equation (39)
as follows:

Zkamlbkbl/ (/ e_b’“(“_v)c(u,s)du/ e~ c(u, s)du) dv =

k=1 l=1

—Zkamlbkbla / (/ “br(u=) ey, s)du/ etV e(y, s)du) dv .

k=1 I=1

15



We finally obtain that

n s 2
%&s/ ( My (c(v,s) —bk/ e oV e(y, s)du)> dv (40)
t k—1 v
. 2
=3 (Z myOs / ( c(v, s —bk/ “be(u=v) ey, s)du) dv)
1 s ’
=3 (Z mkﬁs/ e ¢y, 5) du) .
k=1 t

Injecting this result into Equation leads to the expression ([37)).
|
A similar approach is used to retrieve the forward equations satisfied by functions a®(t, s)
and c5(t, s) involved in the definition of the characteristic function of log-returns under
the S measure. For this reason, the result is provided without proof.

Proposition 5.5. Forw € C>~ and 0 < t < s, the characteristic function of stock log-returns
under the measure S s given by

ES <ewTXs

ft) = exp (ag(t, )+ E(t, 8)V, — Z di(t, )Y, + wTXt> (41)

k=1

where di(t,s) is given by Fquation and functions a®(0,s) and (0, s) solves a forward
system of ordinary differential equations:

0sa(t,8) =w' (r =A@ (p(1) — 1)) + A°T (p°(w

n

K0
+—§m 65/ —ok(v=t) ¢ vsdv
I(a) &= (

8scg(t, s) = (212 212 e — 2dzag (X123

5 ET ’
o (7 / <Z My ( / —be=t) S(y, 5) dv)) dv
— (RS — wTEw’.Z;) Z my (88/ e tr(v=1) cs(v, s) dv) )
k=1 t

with the initial conditions a(0,0) =0 and ¢(0,0) = 0.

(42)
21 :2,. 2 ) w (43)

)
)y

Propositions 5.4 and [5.5] are key results to infer the characteristic functions of log-returns
in the original model.
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6 Characteristic function of log-returns in the infinite di-
mensional model

We study in this section the limit of equations and in order to infer the characteristic
function of log-returns in the initial market model of Section 2| Let us recall that the left
Riemann-Liouville integral for o € (0, 1] is defined for any integrable functions f(.) as follows:

17 f(t) = ﬁ / (t — u)* f(u) du.

By construction, I*f(t) corresponds to the classical Riemann integral when o = 1. The left
Riemann-Liouville derivative, denoted by D'~ f(t), is the derivative of I*f(¢):

a1 d / fw
dt C(a)dt J, (t—u)t—

D= f(t) =

If we remember that (t —u)* ! is also an integral with respect to a measure ~(d¢):
g

1 00 p—(t—u)é 0

the left fractional derivative is also an integral with respect to this measure:

1—a 1 d [ f(u)
PO = mgya /ot—u>1ad“

F(la / dt/ 1—a§a f(u) dudg
:ﬁ/o ( 5/ tu&f()du) ~(dE)
- ﬁ/ooo (% /Ot e f (u) du) ~(d€)

If we replace the measure (.) by its discrete equivalent 7(.) on a partition £, as defined
by equations and , the fractional derivative is then approached by :

n

DM () = ﬁg my (% /0 - flu) du) : (44)

If we compare this last expression with equations and , we recognize similar patterns.
This conclusion is the starting point of the proof of the next result.

Proposition 6.1. Let us denote by 1(s), the solution of the fractional forward ODE:

R 1
D(s) = —§wszag<21;2,.2I2“) + 5w T (B0, 5], ) w (45)
¥y 2,

— (5= W B0, B ) U(s) + (),

17



with the initial condition ¥(0) = 0. The characteristic function of X, conditionally to the
filtration at time t = 0 s

E (ewTXs fo) — exp (a(0, 5) + ¢(0, 5)V}) (46)

where ¢(0,s) = I'"*)(s) and a(0, s) solves the forward ordinary differential equation
0,0(0,5) = wT (r—A® (p(1) — 1) + AT (p(w) — 1) + 600(s),  (47)
with the initial condition a(0,0) = 0.

Proof From property (33)), ¢(¢, s) is an homogeneous function of v = (s —t). We denote
it by ¢(v) = ¢(s — v, s). If we perform the change of variable v = s — u, we have that

/ebk“c(u,s)du = /ebk(sv)é(v)dv,
0 0

and we retrieve in the left term of Equation (36), the discretized fractional derivative of ¢(.):

1 s
—_— m 83/ e e(u, s) du = D' Mé(s) .

The derivative of the function a(0, s) depends upon this discretized fractional derivative,

0a;(0,5) = w' (r—=A0(p(1) = 1))+ A" (p(w) — 1) (48)
+r56 (D'7ME(s))

In a similar manner, the derivative of ¢;(0,s) with respect to the considered time horizon
becomes:

1 , 1
850(0, S) = —§wTd2ag(21:27.2127_) -+ §WT (21:27.21—:2,_) w (49)

237,2T7_ o (n) ~
T?’ (D i )C(S))

— (k- w By, X7 ) (D)) + ?

When the size of the partition £ growths to infinity, the limit of Equations and
are given by:
95a(0,8) = w' (r—=A0 (p(1)=1)+ AT (p(w) — 1) + k0 (D'"*&(s)) ,
1 1
95c(0,5) = —indmg(zl;Q,,zh,) + 5& (D12, 8), ) w

3. 2
3"2 3 (D'¢(s))” .

— (k= w333 ) (D'7E(s)) +

Let us denote v(s) = D'7¢(s). By definition of the fractional integral, this is the inverse
operator of the fractional derivative, i.e. I'"*D'*f(¢) = f(t). The function ¢(0, s) is then

18



equal to ¢(0,s) = I'"*(s) = ¢(s). By definition of the left Riemann-Liouville derivative, we
finally infer that

dI'™y(s) _ .

This last relation allows us to obtain Equations and ([47)).

0s¢(0,s) =

[
Similar arguments allow us to find the characteristic function of log-returns under the S
measure.

Proposition 6.2. Let us denote by 1°(s), the solution of the fractional forward ODE:

1 . 1
DawS<S) = wT (21;2’.21—:2”61 — 5612@9(21;27.21':27.)) + §wT (21;27,212“) w (50)

T

3.2
(6 = w S, B U T ()

with the initial condition ¢5(0) = 0. The characteristic function of X, under the S measure,
conditionally to the filtration at time t =0 is

ES <€wTXS

]—"0> = exp (aS(O, s) 4+ (0, Vi) (51)
where 5(0,5) = I'=*°(s) and a®(0, s) solves the forward ordinary differential equation

95a°(0,5) =w' (r =A@ (¢(1) = 1)) + X°T (¢*(w) — 1) + kO Y°(s), (52)
with the initial condition a®(0,0) = 0.

In numerical applications, we may think to compute the characteristic function with the
finite dimensional approximation proposed in Propositions or Neverthe-
less, this approach implies solving PDE’s for a(.,.) and c(.,.) (or a®(.,.) and ¢°(.,.)) , that
are functions of sum of my tending to infinity when the granularity of the partition £™
increases. This can cause numerical instabilities that makes difficult the computations of
the characteristic function. A more reliable method consists to calculate the functions ¥(t),
c(0,t) and a(0,t) (resp. ¥°(t), ¢(0,t) and a°(0,t)) such as defined in Proposition (resp.
6.2). Let us denote

1 1 )
Po(w) = §wT (21;27,2127.) w — EwTdmg(Elsl.EIz,.) .

Since D§I¢f(t) = f(t), the fractional integral of Equation provides us the following
expression for 1 ,

Y(t) = /0 % <wg(w) — (/i — wTELZ.E;) W(s) + 23"223"1p(s)2> ds
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that we discretize. We choose a time step, A and denote ¢, = kA for k = 0,....,n; where
ng = L%J To ligthen developments, we denote by 1 (k) the approached value of ¢ at time
t, computed with the recursionj0]

?T

oth) = Y LB el ) 53

T
o

.
— (k- w'S. 2] ) yv() + 23"223"w(z>2> :

for k =1,....,m; and an initial value ¢(0) = 0. In a similar manner, the approached value of
Y° is computed by

?r

¢S<k) _ ((tk _tl);;(((ik)_ tl-‘rl)aj) (w ( )+w 212 212 e (54)
. gt &

T
_ (/QS _ szl:Q,‘E;.) wg<l) + %wg(l)2>

Il
=)

2

As ¢(0,t) = I'"*9(t) and D*(t) = %, we approach ¢(0,t;) by

k—1

IND S
3 "W))A- (55)

(1/10(w) — (f<a — wTELQ,.E;.) () +

=0

and ¢°(0,t) by

k) = (1/)0( )+ w B B, e (56)

IS

— (K° = w B0, 2 ) (1) + %WW) A.

On the other hand, the function a(0,t;) is calculated from Equation as the following
sum

k—

[y

T =20 (e(1) =)+ AT (pw) — 1) +r0p(D) A (57)
and

ol (r=A0 (1) = 1)+ X°T (*(w) = 1) + O A (58)

=0

We see in the next section how to retrieve the pdf’s of claim processes by inverting the mgf
with a discrete fast Fourier transform (DFT).
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7 Probability density functions by DFT

Having found the bivariate characteristic functions of log-returns under Q and S, we can
now turn back to spread and exchange options pricing. We adopt a standard approach that
consists to invert characteristic functions by a discrete fast Fourier’s transform (DFT) in
order to retrieve pdf’s.

Let us denote the characteristic function of log-return processes under Q by YTr(iw) =
E (e“"TXT | Fo) (w € R?), that is also the inverse Fourier transform of the bivariate proba-

bility density function (pdf) fx,(x) of X¢|F,. Therefore, this density can be retrieved by
computing the double integral (the Fourier transform, F[.], of Y(.)):

1 )
fxo(x) = (27T>2]:[TT(W)](=’B)
1

+0o0 +0o0
= (271-)2 /OO /OO TT(iw)e_“"dewldwg. (59)

The calculation of this multiple integral is computationally intensive but it may be speed
up if we discretize it in a compatible expression with the DFT, as presented in the next
proposition.

Proposition 7.1. Let M be the number of steps used in the discrete fast Fourier Transform

(DFT) and A, = 2Z2az | be the step of discretization. Let us denote A, = M2—ZI and

M , M .
Wiigja — (_7Aw + (]1 - 1)Aw7 __Aw + (]2 - 1)Aw)

2
for j1,72 € {1,..., M + 1}. The values of fx.(.) at points
M M
wklka = <_7Al‘ + (kl - 1)A1‘ ) _7Aa¢ + (kQ - 1)Ax>
for ki, ke € {1,..., M + 1} are approached by

AV R pp—
e @00) = Re (—22 e (60)
m

M+1 M+1

. 2 . . 2 . 21

iy (-1 . —i> 71— 1)(k—1)5F

X § : E :(5]'173'26 iz )TT (Z(wjl,jz))e 2tz I )2 >
J1=1 jo=1

whereY7(iw) = E <ei‘"TXT |}"0> is defined by equation and

1\ M= H+1g,=13)
6j1,j2 = (5) (1 - 1{j17517j2751}) + 1{]'17517]'2751} :
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The proof is standard and may be found in e.g. Hainaut (|15]). The expression
emphasizes that fx,. (@, x,) is computable with a standard DFT algorithm applied to

(A,)? eimMHm T talg, o im S G0y (i(w), J,)

valued on a 2 dimensional mesh grid. The value of the call-spread option is then ap-
proached by the discrete sum

M+1 M+1

Pspread _ e—rT Z Z (ﬂ_ls((]l)exkl . W2852)€$k2 _ K)

k1=1 ko=1
2

XfXT(mkhkz) 1{mk1’k2€Dspread} (Ax)
If we refer to Section [2| pricing exchange options requires the computation of the pdf of
log-returns difference under S. Let us now denote the characteristic function of log-returns

ol x@_x D
differences under S by T (iw) = ES (ew(XT ) |]:0) (w € R), that is also the

x@ _x®

T T
inverse Fourier transform of the bivariate probability density function (pdf) f)S((TQ)_X;I)(x).
Therefore, this density can be retrieved by computing the simple integral (the Fourier trans-
form, F|], of TX<TQ)_X(T1>(.)):

1

fi;m_xén (z) = ﬁf[TX;m_X;w (iw)](z)
1 Foo )
= % N TX(Tz)_X(Tn(Z'w)eiwxdw. (61)

The calculation of this integral is done by DFT, as presented in the next proposition.

Proposition 7.2. Let M be the number of steps used in the Discrete Fourier Transform

(DFT) and A, = 2Zmaz be this step of discretization. Let us denote A, = Mzgz and

forj=1.M+1. Let T (iw) be mgf of X:(FQ) - Xél), under Q or S. The values of

Xé—‘z)*Xé—‘l)
fi(g)_x(l)(.) at points x;, = —%Aw + (k= 1A, fork=1,...M + 1 are approached by the
sum: T

2

M
2 . i1 —i2m (1) (k—
Sxpoxplan) = g7 e (memg) (iwy) (1Y e300 ”). (62)

where §; = %1{j:1} + Lz
The value of the exchange option @D is then approached by the sum

M+1

exchange 1 2) .
P hang = ; <7TIS(S ) — WQS(() )6 k) ff(é?)fXé})(l‘k) 1{mkeDezchange} Aw,
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8 Numerical illustration

This section studies the influence of the parameter o on the price of spread options for
various maturities. Parameters used in this exercise are reported in Table [Il Our main
purpose being the study of the impact of roughness on prices, jump processes of both assets
are assumed identical and we do not consider Brownian correlation. Notice that removing

these assumptions has no impact on conclusions but make less easier the analysis.

0.02 0 0.157
K 0.80 (005 005)"
Si2 ((1)(1)8> 5 | (00 02)"
N1,721 200 121,722 100
P11,P21 0.30 P21,P22 0.70
Se, 52 100 Vo 0.157

Table 1: Parameters of the bivariate rough jump diffusion.

Table [2| presents the prices of spread options for various strikes, with o = 0.9, 0.7, 0.55
and maturities of 1, 3 and 6 months. This table is obtained by a 2 dimensional (2D) DFT
with parameters z,,., = 1.4, M = 27 and A; = 1/350.

T [ 1/12 [1/12 [1/12 [[3/12 [ 3/12 | 3/12 | 6/12 | 6/12|6/12 |
K\al09 |07 [055 [[09 |07 [055 [[09 |07 [0.55
-10 10.16 | 10.19 | 10.23 || 11.02 | 11.01 | 11.01 | 12.23 | 12.2 | 12.17
-8 828 [831 [835 |19.38 (936 |934 | 10.75|10.7 | 10.67
-6 6.59 | 6.60 |6.62 ||792 |78 |7.84 | 941 |9.35 |9.31
-4 493 493 | 491 | 650 |6.44 |6.38 | 810 |8.04 | 7.99
) 3.65 |3.63 |3.60 |533 [526 |520 |6.98 |6.92 |6.86
0 2.40 |2.37 230 ||4.19 | 411 |4.03 | 588 |581 |5.75
2 1.66 | 164 |[1.60 | 334 |327 |3.21 | 500 |4.94 |4.88
4 0.94 |0.93 092 |[2.52 |246 |240 | 4.14 |4.08 | 4.03
6 0.60 | 0.61 |063 | 1.95 |191 |1.87 | 3.47 |3.41 |3.37
8 0.29 1032 036 ||1.42 | 140 |1.38 | 2.83 |2.78 | 2.75
10 0.17 | 0.20 | 025 ||1.07 | 1.06 |1.06 | 2.33 |23 |2.27

Table 2: Prices of spread options by 2D discrete Fourier transform for strikes from -10 up to

10 with rough parameters 0.9, 0.7, 0.55 and maturities 1, 3 and 6 months.

Whatever the maturity, we observe that roughness of the volatility modifies option prices
by a few cents. The relative impact, reported in Table [3] depends on strikes and maturities.
For 1 month options, the gap between the less and the most rough models climbs at maximum
up to 0.08 monetary units. For 6 months options, this gap reaches a maximum of 0.12
monetary units for a strike K = —2, that is in relative terms 6.00% of the option value.
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T [1/12 [1/12 [ 3/12 [ 3/12 [ 6/12 | 6/12
K\«o|07 [055 [07 [055 [0.7 [055
10 [ 030 [ 0.72 [/ -0.03 | -0.09 || -0.26 | -0.46

-8 0.35 | 0.83 || -0.23 | -0.47 || -0.41 | -0.73
-6 0.19 | 043 | -0.51 | -1.02 || -0.57 | -1.02
-4 -0.12 | -0.35 || -0.92 | -1.82 || -0.79 | -1.41
-2 -0.59 | -1.60 | -1.30 | -2.58 || -0.97 | -1.73

0 -1.56 | -4.15 || -1.87 | -3.72 || -1.22 | -2.18
2 -1.30 | -3.52 || -2.07 | -4.11 || -1.36 | -2.42
4 -0.61 | -1.84 || -2.38 | -4.7 | -1.54 | -2.75
6 214 | 4.69 | -2.07|-4.12 | -1.55 | -2.77
8 10.04 | 23.52 || -1.52 | -3.10 || -1.56 | -2.78
10 17.34 | 41.87 | -0.36 | -0.93 || -1.35 | -2.43

Table 3: Relative gaps in % between prices of spread options with rough parameters 0.7, 0.55

: : : _ : Price(a=0.55 or «=0.70)— Price(a=0.90)
with respect to prices with a = 0.90, i.e. Price(a=0.90) .

6 Months

-0.04

—-0.08

-0.12

—— Price(0.90)-Price(0.55)
—— Price(0.90)-Price(0.70)

-0.15 -0.10 -0.05

0.00 0.05

—— Price(0.90)-Price(0.55)
— Price(0.90)-Price(0.70)

0

-10 -5 0 5 10

Figure 1: Gaps (in monetary units) between option prices of same maturities for various
degrees of roughness.

We also notice that more roughness in the volatility does not systematically increase
option prices. This point is emphasized by Figures [I| and 2] that plot the absolute and
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relative gaps between option prices of same maturities with different degrees of roughness.
For “at the money” options (K = 0), prices with a roughness parameter a=0.55, are lower
than these computed in a less rough model with @ = 0.90. The relative gap respectively
ranges from -4.15% up to -2.18% for maturities of 1 and 3 months. For 1 month deep in or
out of the money options, increasing the level of roughness slightly raises prices as revealed
by the third subplot of Figure [I Notice that the highest relative gaps are achieved for out
of the money options computed with a = 0.55 and o = 0.90 that are also the cheapest ones.

1month

| — alpha 0.70 vs 0.90 4
- alpha 0.55 vs 0.0 /.

%

0 10 20 30 40

Strike

3 months

4 | — alpha0.70vs 0.0 ~ P
- - alpha 0.55 vs 0.90 ~ 4

Strike

6 months

-15 -0.5
1 1
’

RN
| — alpha 0.70 vs 0.90 SO
{ --- alpha0.55vs 0.90 T~
I

-25

-10 -5 0 5 10

Strike

Figure 2: Relative gaps (in %) between option prices of same maturities for various degrees
of roughness.

Table [6] in Appendix C reports spread option prices computed with 10,000 Monte Carlo
simulations. Table [6|of the same appendix shows the relative errors (in %) between DFT and
Monte-Carlo prices of spread options. We observe that the DFT pricing error is smaller than
1% for most of “at” or “in” the money options. For out of the money options, the error may
reach 10% or more but this corresponds to a few cents in absolute value. Nevertheless, this
emphasizes the lack of accuracy of the DF'T method for pricing “out” of the money spread
options. Using a thinner grid (small A,) should improve accuracy. Nevertheless, it increases

2

the ranges of w; in Proposition since A, A, = 37. For large w;, solving the fractional
differential equation (0] is numerically unstable.

The analysis of Table [6] confirms our conclusions based on DFT prices that more rough-
ness does not systematically raise option prices. Table [8] of Appendix C compares spread

25



option prices in the non-rough jump Heston model to prices in its rough counterpart with
a = 0.9. The comparison is based on prices obtained with 10,000 simulations. We again
observe that increasing roughness leads to a reduction of spread option prices. This decrease
of price is caused by the short memory of the rough volatility. It “forgets” previous peaks of
volatility at a faster pace than its non-rough counterpart. The volatility in the rough model
has well a more chaotic sample path than in the non-rough Heston but it globally reverts
quicker to its baseline level. The volatility being lower on average, this drives down option
prices. This is confirmed by Table [4 that compares averages of daily simulated standard
deviations, v/V; in rough and non-rough models over 1 year (10,000 simulations). For the
jump-Heston model with parameters of Table 2, we obtain an average standard deviations
of 14.07% whereas the rough model with a = 0.55 gives us a an average of 12.20%. As
expected, the volatility of v/V; when o = 0.55 is nevertheless higher than the one of the non
rough model.

a=1 a=090 a=070 a=0.55
average 0.1407  0.1392 0.1323 0.1220
standard deviation | 0.0557  0.0594 0.0732 0.0903
5% percentile 0.0478  0.0446 0.0230 0.0000
95% percentile 0.2347  0.2416 0.2627 0.2885

Table 4: Average, standard deviations and percentiles of simulated /V; (daily steps) over 1
year.

Table p|reports exchange options for various degrees of roughness and maturities computed
with the 1 dimensional (1D) DFT of Proposition They are compared to prices obtained
with 10,000 Monte-Carlo simulations (here under the S measure) and with the 2D DFT (
Tmae = 1.4, M = 27 and A; = 1/350). While the 2D DFT achieves an excellent accuracy,
we observe that the 1D DFT significantly underestimates prices, in particular for short term
maturities. This is explained by the insufficient granularity of the mesh on which we approach
the density fX(Tz>_X<T1)(.). In practise, using a thinner grid (small A,) increases the ranges

of w; in Proposition since A A, = i—’; For large w;, solving the fractional differential

equation becomes numerically unstable and even with a very small A, the approximation

diverges.
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Expiry

a | M| zpe | 1/12 ‘ 3/12 ‘ 6/12

0.9 | 25| 0.6 [ 2.0000 | 3.7089 | 5.3482
0.9 [ 27| 0.6 || 2.1981 | 3.8354 | 5.5531
0.9 | 28| 1.1 | 2.2160 | 3.8547 | 5.5853
0.9 M.C. 2.4109 | 4.1512 | 5.8168
0.9 2D 2.4029 | 4.1864 | 5.8825

0.7 | 2° | 0.6 | 1.9500 | 3.6293 | 5.2637
0.7 | 27| 0.6 | 2.1453 | 3.8354 | 5.4695
0.7 | 28 | 1.1 | 2.1633 | 3.7777 | 5.5147
0.7 M.C. 2.3743 | 4.0964 | 5.7849
0.7 2D 2.3653 | 4.1083 | 5.8107

0.55 | 20| 0.6 || 1.8776 | 3.5516 | 5.1971
0.55 [ 27 | 0.6 | 2.0691 | 3.7569 | 5.1971
0.55 | 28 | 1.1 | 2.0867 | 3.7777 | 5.4569
0.55 M.C. 2.3401 | 4.0658 | 5.8014
0.55 2D 2.3031 | 4.0307 | 5.7545

Table 5: Prices of exchange options obtained with the 1D DFT, maturities 1, 3 and 6 months.

9 Conclusions

To the best of our knowledge, this article is among the first to study the pricing of spread
and exchange options in a bivariate rough jump Heston model. We find the joint character-
istic function of log-returns in terms of solutions of fractional differential equations. Results
are provided under the risk neutral measure and under a measure using a risky asset as
numeraire. Compared to the existing literature, our approach is simple and based on the
limit of a discretized model and on a discrete approximation of Riemann-Liouville derivatives.

The numerical illustration allows us to draw several interesting conclusions. Firstly, the
2D DF'T achieves a good accuracy for prices of “in” and “at” the money options. For options
far “out” of the money, the pricing error by DFT is non-negligible and in this case, we should
favour Monte-Carlo pricing. Secondly, a higher level of roughness in stock prices volatility
does not systematically increases option prices. This is explainable by the short memory of
rough volatility sample paths. The volatility in the rough model has well a more chaotic
sample path than in the non-rough Heston but it globally reverts quicker to its baseline level.
The volatility being lower on average, this drives down option prices. Finally, we show that
using a 1D DFT for valuing exchange options, that is in theory numerically more efficient,
leads to higher pricing errors than the 2D DFT. In theory, increasing the granularity reduces
errors but using a thinner grid causes numerical instabilities in the solving of fractional dif-
ferential equations.

This article paves the way for further research. Firstly, the methodology used for finding
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the characteristic function of log-returns may be applied to many other market models than
the rough Heston framework. Secondly, the finite difference method solving fractional differ-
ential equations may probably be improved. Based on Momani and Shawagfeh [21], we can
for instance try the Adomian decomposition method combined with Padé approximants to
numerically solves these equations.

Appendix A

We prove in this appendix that LtX(l) is a compound Poisson process with parameters \{ =
MW (1), p3,, Py, m1, 75, such as defined in Equations and . For this purpose, we

1
develop the moment generating function (mgf) of Lfm) = ij;l J,El) under the S measure:

1 ds
ES (et |7, :E<—
( ) dqQ|,

(1)

— e_)‘l(‘pm(l)_l)tE (e N2 (1+W)J/il)\.7:0)

E (e(l-l-w)J(l))
p(1)

oLy \]—"0> (63)

= exp (Algp(l)(l)) t -1

The expectation E (e(”‘")‘]m) /M (1) can be rewritten as follows

K (e(HW)J(l)) _ DPn i P12 2

eM(1) M1y —w—1 " M (1) me +w+1
B Mip1t < (M1 —1) ) n M12P12 ( (2 +1) )
W) =D\ —1) —w/) W) (2 +1) \ (2 +1) +w/

_ 1 S _ S _ :
ot Pty = ¢V, Ph = gy and P = gy are well in [0,1)

and such that pf, +pf, = 1. We infer that E (e(1+w)‘]<1)> /M (1) is the moment generating a

double exponential random variable with parameters pf;, pS,, 7%;, 7%, From Equation (63)),
we recognize the mgf of a compound Poisson process with a jump intensity equal to Af.

Since P11

Appendix B

This appendix presents the characteristic of log-returns under Q and S when the variance
process is ruled by a Cox-Ingersoll-Ross (CIR) process, as defined by Equation ([7]).

Proposition 9.1. For w = (wi,wy)’ € C>~ and 0 < t < s, the characteristic function of
log-returns X4 = (Xs(l),Xs(z)) under the risk neutral measure if V; is driven by Equation (@,
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E (e“’TXS

]:t) = exp (a(t, s)+c(t,s)Vi + wTXt) (64)

where functions a(t, s), c(t,s) solve the following ordinary differential equations (ODE’s):

dua(t,s) = —w' (r=A0 (p(1) = 1)) = A" (p(w) = 1) = kbc(t,s), (65)
and
et ) = 5w diag(S10, B, ) — 50" (S12, B, ) @ (66)
%555

“c(t, 5)?

+ (FL — WTELQ’.ZJ ) C<t7 8) —

with the terminal conditions a(s,s) =0 and c(s,s) = 0.

Proposition 9.2. For w = (wl,a;g)T € C*>~ and 0 < t < s and if if V; is driven by Equation
, the characteristic function of log-returns X, = (Xél)7 Xg)) under the S measure is

B (7| ) = exp (a¥(t.5) + (e 5)Vi + w7 X)) (67)

If we note N = \pM(1) , &% = Kk — 237,212’_61, the functions a5(t,s), (t,s) solve the
following ordinary differential equations (ODE’s):

8taS(t, s) = —w’ (r—A0(e(l)—1)) — AST (cpS(w) — 1) — /QQCS(t, s), (68)
and

1. 1
8tCS(t’ S) = —(.UT (21:27'2127'61 — §dmg(21;2,,232”)) — §WT (21;27.2]—:27.) w (69)

¥y 34

+ (K —w'E0, 2] ) Pt s) — “c(t, 5)?

g0

with the terminal conditions a(s,s) =0 and c(s,s) = 0.
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Appendix C

T [ 1/12 [1/12 [1/12 [[3/12 | 3/12 | 3/12 | 6/12 [ 6/12 | 6/12 |
K\al09 |07 [055 [[09 [07 [055 [09 [07 |055
-10 10.14 | 10.16 | 10.18 || 10.98 | 10.99 | 10.97 | 12.2 | 12.22 | 12.25
-8 827 829 [831 (935 |9.35 |933 | 10.71|10.72 | 10.75
-6 6.52 | 6.52 |6.54 | 7.85 |7.82 |7.81 ||9.32 |9.32 |9.35
-4 4.93 | 491 |4.91 | 647 |643 |6.41 | 8.04 |8.03 |8.06
-2 3.55 | 3.52 [349 | 523 |519 [515 || 6.86 |6.85 |6.87
0 2.41 |2.38 234 | 415 |4.10 |4.07 | 581 |578 |5.81
2 1.55 | 1.52 | 1.49 | 3.23 |3.18 |3.15 | 4.87 |4.84 |4.86
4 094 092 |0.91 | 247 |243 |241 | 4.04 |4.02 |4.04
6 0.53 | 0.53 |0.55 | 1.85 |1.83 |1.82 | 3.33 |3.31 |3.33
8 028 |029 032 | 136 |136 |1.36 | 273 |2.71 |2.73
10 0.14 |0.16 |0.18 | 0.99 |1.00 |1.01 | 221 |221 |223

Table 6: Prices of spread options by Monte-Carlo for strikes from -10 up to 10 with rough
parameters 0.9, 0.7, 0.55 and maturities 1, 3 and 6 months.

T [1/12 [1/12 [1/12 [ 3/12 [3/12 [3/12 [ 6/12 | 6/12 [ 6/12 |
K\ol09 [07 ]055 [09 [07 [055 [09 [07 |0.55
10 [ 020 [0.30 [0.49 [0.36 |0.18 [0.36 || 0.25 | 0.16 | 0.65
-8 0.12 | 0.24 | 048 |/ 0.32 | 0.11 | 0.11 | 0.37 | 0.19 | 0.74
-6 107 |1.23 | 122 | 0.89 | 0.77 [ 0.38 || 0.97 | 0.32 | 0.43
-4 0.00 | 0.41 |0.00 || 0.46 | 0.16 | 0.47 || 0.75 | 0.12 | 0.87
-2 2.82 312 |315 ||[191 |1.35 | 0.97 | 1.75 | 1.02 | 0.15
0 041 | 042 | 171 || 0.96 | 0.24 | 0.98 | 1.20 | 0.52 | 1.03
2 710 | 7.89 |7.38 | 341 |2.83 |1.90 | 2.67 |2.07 |0.41
4 0.00 | 1.09 | 1.10 |/ 2.02 | 1.23 | 0.41 | 2.48 | 1.49 | 0.25
6 13.21 | 15.09 | 14.55 || 5.41 | 4.37 | 2.75 || 4.2 |3.02 | 1.20
8 3.57 | 10.34 | 12.5 || 441 | 2.94 | 147 | 3.66 | 2.58 | 0.73
10 21.43 | 25.00 | 38.89 || 8.08 | 6.00 | 4.95 || 5.43 | 4.07 | 1.79

Table 7: Relative errors (in %) between DFT and Monte-Carlo (M.C.) prices of spread

Price(DFT)—Price(M.C.)

options, i.e.

Price(DFT)

30



Prices Relative changes (%)
a=09vsa=1
K\T [1/12 [1/12 [ 1/12 | 3/12 | 3/12 | 3/12
-10 10.33 | 11.51 | 13.21 || -0.02 | -0.05 | -0.17
-8 8.46 |9.86 | 11.68 | -0.02 | -0.05 | -0.2

-6 6.69 |8.32 |10.23 | -0.03 | -0.06 | -0.24
-4 5.08 |6.9 8.88 || -0.03 | -0.06 | -0.28
-2 3.68 | 563 | 7.64 | -0.04]-0.07]-0.33
0 252 | 4.5 6.52 || -0.04 | -0.08 | -0.38
2 1.63 | 3.53 |5.51 | -0.05|-0.09 |-0.43
4 1 2.72 | 4.62 | -0.06|-0.09 | -0.48
6

8

1

0.57 [ 2.06 |3.84 | -0.06]|-0.1 |-0.53
0.3 1.52 | 3.17 | -0.06 | -0.11 | -0.57
0 0.15 |1.11 | 259 | -0.05]-0.11 | -0.61

Table 8: Prices of spread options by Monte-Carlo in the Heston model with jumps (o = 1)

and relative gaps with respect to prices for a = 0.9, i.e.

Price(a=0.9)— Price(a=1)
Price(a=0.9) :
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