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Abstract

We introduce asymmetric effects in the BEKK-type conditional autoregressive Wishart
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with the signs of the daily returns or by using the decomposition of the realized co-
variance matrix into positive, negative, and mixed semi-covariances, thus relying on
the signs of the intra-daily returns. In an empirical study, we find that the asymmetric
models using the signs of the daily returns have a better in-sample fit and out-of-sample
predictive ability than the models using the signed intra-daily returns, and that the
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1 Introduction

Forecasts of the covariance matrix of asset returns are a central input to asset pricing,
portfolio allocation, and risk management decisions. Such forecasts can be computed using
a multivariate generalized autoregressive conditional heteroskedasticity (MGARCH) model
(see Bauwens et al. (2006) for a survey) that specifies the unobserved covariance matrix as a
function of past (usually daily) returns. Forecasts can also be based on models for realized
covariance (RC) matrices, which are accurate measures of variances and covariances based
on high-frequency (intraday) returns; see, e.g., Andersen et al. (2003), Barndorff-Nielsen and
Shephard (2004), Barndorff-Nielsen et al. (2008, 2011). Several types of RC matrix (RCM)
models have been introduced in the literature, each facing the need to ensure the positive
definite (PD)-ness of the RCM forecasts and to avoid parameter proliferation. In particular,
the conditional autoregressive Wishart (CAW) class of models specifies a probability distri-
bution for the RCM such that its conditional expectation is a parametric function of past
RC matrices (Gouriéroux et al. (2009)). The parameterization of this function is broadly
similar to that of MGARCH models, in particular the BEKK (Baba-Engle-Kraft-Kroner)-
type (Engle and Kroner (1995), Golosnoy et al. (2012)) and DCC (dynamic conditional
correlation)-type (Engle (2002), Bauwens et al. (2012)) specifications.!

RCM and MGARCH models are designed to capture the main properties of the time
series of covariance matrices of asset returns, corresponding to the clustering and persistence
of the volatilities of financial returns. Another stylized fact, specific to stock returns, is the
negative correlation between returns and volatilities, initially expounded by Black (1976)
and developed by Christie (1982). Based on the Modigliani-Miller framework, these authors
explain that an unexpected stock price drop raises the debt-to-equity ratio, i.e., leverage, of
a firm, which implies increased riskiness and higher volatility. The alternative interpretation,

commonly referred to as the volatility feedback effect, was proposed by French et al. (1987);

!Most other RCM models are multivariate generalizations of the heterogenous autoregressive (HAR)
model of Corsi (2009), such as the vech-HAR model derived from Chiriac and Voev (2011) and the HAR-
DRD model of Oh and Patton (2016).



see also Campbell and Hentschel (1992) and Wu (2001). It is based on the evidence of a pos-
itive correlation between future volatility and market risk premium, i.e., in the occurrence of
an expected volatility increase, the risk premium increases as well, such that the risk adverse
investors sell the stock, putting downward pressure on its price. Whatever interpretation
is preferred, it implies that volatility increases more strongly after a negative unexpected
return than after a positive one of the same magnitude, what has been named ‘asymmetry’
in volatility, or (with some misuse of language) ‘leverage effect’. In this regard, while this
type of asymmetry has been diversely incorporated in the specification of GARCH models,
such as the widely used GJR-GARCH model of Glosten et al. (1993), this is less the case for
RCM models.?

Our contribution consists in developing a class of models for RC matrices based on the
BEKK-type CAW model of Golosnoy et al. (2012) to capture the asymmetric responses of the
elements of the RCM to shocks, and empirically assessing and comparing these models. The
motivation for asymmetries in volatilities in a multivariate model is the same as reminded
above for the univariate case, as regards the variance of each asset return; in addition, there
may be an asymmetric covariance effect, namely, the covariance between two asset returns
is higher if the previous returns are both negative than if at least one of them is positive.

We introduce the ‘asymmetry’ effect in RC models in two ways. The first one consists of
adding terms to the benchmark symmetric specification, which are active if the daily returns
at t — 1 are negative. This is designed in such a way that the conditional variance of an asset
return at date t is higher if the daily return of the asset is negative at date ¢t — 1 than if it is
positive. Likewise, the covariance at t between two asset returns is higher if the returns are
both negative at date t — 1 than if at least one of them is positive. The conditional threshold
autoregressive Wishart model (CTAW) of Anatolyev and Kobotaev (2018) is of this type.
We propose more flexible versions of this model in Section 2.1. The signs of returns to specify

an ‘asymmetry’ effect have also been used (with some noticeable differences) in MGARCH

2Univariate realized variance models that include an asymmetric effect have been developed by Corsi and
Rend (2012), McAleer and Medeiros (2008), and Patton and Sheppard (2015).



(Kroner and Ng (1998), De Goeij and Marquering (2004), Cappiello et al. (2006), Audrino
and Trojani (2011), Francq and Zakoian (2012), Hafner and Herwartz (2023)), HAR (Qu
and Zhang (2022)), and HEAVY models (Bauwens and Xu (2023)).

The second way to introduce the ‘asymmetry’ effect is based on the estimates of real-
ized variances and covariances via the signs of high-frequency returns, i.e., measures known
as realized semi-variances and semi-covariances proposed by Bollerslev et al. (2020a) and
subsequently used by Bollerslev et al. (2020b) to develop asymmetric MGARCH and re-
alized GARCH models. These authors show that the RCM can be decomposed into the
sum of three terms: the positive semi-covariance term, the negative one, and, relevant only
for covariances, the mixed one. Instead of assuming that the conditional variance (i.e., the
conditional mean of the RCM) of an asset at date ¢ depends on the realized variance of the
same asset at date t — 1, we assume that it depends additively on the realized positive semi-
variance (at t—1), with a specific coefficient, and on the realized negative semi-variance, with
another coefficient. If the latter coefficient is larger than the former, an ’asymmetry* effect is
present, corresponding to the leverage effect described previously, whereas if the coefficients
are equal, there is no asymmetric effect. A similar specification can be used for a conditional
covariance by assuming that it depends linearly on the three semi-covariances (positive, neg-
ative, and mixed) with different coefficients instead of the realized covariance (when the three
coefficients are equal).®> The detailed definitions and specifications are provided in Section
2.2.

To perform empirical evaluations of the models, we have built time series of daily returns
and RC matrices based on a high-frequency dataset for five stocks (of the banking sector)
and an exchange traded fund (ETF) tracking the S&P500 market index. Statistical eval-
uation criteria consist of the in-sample fit and out-of-sample forecast loss functions (mean

squared error and quasi-likelihood). In order to formally determine whether the quality

3In Bollerslev et al. (2020b), this specification is used for the conditional mean of the outer product of
the daily return vector, as in a traditional MGARCH and a realized GARCH model, instead of being used
for the conditional mean of the RC matrix, as we do.



of the forecasts differs significantly across the models, we apply the model confidence set
(MCS) procedure of Hansen et al. (2011), which allows us to identify the subset of models
that contains the best forecasting models given a pre-specified level of confidence. We also
compare the model performances from a portfolio allocation perspective, using as loss func-
tions the standard deviations of the global minimum variance portfolio (GMVP) and of the
mean-variance portfolio (MVP).

Both the in-sample and forecasting results essentially underscore that the asymmetric
models outperform the symmetric benchmark specification. Such results underline the im-
portance of accounting for the asymmetries in modelling, estimating, and forecasting RC
matrices. Furthermore, the results (perhaps surprisingly) indicate that the simple GJR-type
asymmetric specification based on daily returns is superior to both the intra-daily asym-
metric extensions and more complex models to account for the ‘asymmetry’ effect in RC
matrices.

The rest of the paper is organized as follows. Section 2 introduces the asymmetric exten-
sions of the benchmark symmetric BEKK-CAW model of Golosnoy et al. (2012). Section 3
explains the estimation method. Section 4 provides information on the data used to obtain

the empirical results presented in Section 5. Section 6 concludes.

2 Introducing ‘asymmetry’ effects in the BEKK model

Let us consider the daily RCM (Y, defined as the sum of m outer-products of the intraday

return vectors over the day ¢ (Barndorff-Nielsen and Shephard (2004)), i.e.,
Cy = Z rj,ﬂ“},t, (1)
j=1

where 7, = (741,742, --+Tjtn) 15 @ n X 1 vector of returns for the j-th time interval of
day t.

To capture the temporal and contemporaneous dependencies of the elements in C}, the



BEKK parameterization adopted by Golosnoy et al. (2012) and inspired by the BEKK-
MGARCH model of Engle and Kroner (1995), is used for the conditional covariance ma-
trix Sy, defined as the conditional expectation E(C}|F;_1) based on the filtration F,_; =

{C}_1,C}_3,...}. The BEKK equation, with one lag of S; and of C}, is

St = CO, + AC’t_lA' + BSt_lB/, (2)

where C'is a nxn full rank lower-triangular matrix and A and B are nxn parameter matrices,
for a total of n(n + 1)/2 + 2n? parameters to be estimated. Given a positive-semidefinite
(PSD) Sy, the symmetry and PD-ness of S; are automatically guaranteed. Following Engle
and Kroner (1995), sufficient conditions to identify the benchmark BEKK-CAW model are
positive diagonal elements of the matrix C, and that the first diagonal elements of A and of
B are positive.

The number of parameters is reduced by imposing that the matrices A and B be diagonal,
which leads to a total of n(n+1)/2+2n parameters. In this case, each conditional covariance
only depends on the corresponding lagged realized and conditional covariances. Finally, the
scalar version, i.e., A = al,, and B = bl,, requires the estimation of only n(n +1)/2 + 2

parameters.

2.1 ‘Asymmetry’ terms based on the signs of daily returns

To introduce ‘asymmetry’ terms in the BEKK-CAW model (2) that we consider as bench-
mark, we decompose a RCM additively into several parts based on the signs of daily returns.

Accordingly, we augment the filtration to include the information about daily returns, i.e.

Fio1 = {Ct—lart—lv Cia, 112, }



2.1.1 Decomposition of a RCM based on the signs of daily returns

We denote by ry; the daily return of asset i on day t, by I, = [lg, <055 Lir.<o})
the indicator vector of the negative daily returns, and by I;" = Lire1>01s - - - Lir, >0y the
indicator vector of the positive daily returns. The decomposition of C; as defined in (1) into
positive (Cp;), negative (C;), and mixed (Cps;) parts based on the signs of daily returns

is then

Ct = CP,t —+ CN#/ -+ CM#/, where
Cp,t - Ct @ Iﬁ]j/, CN,t — Ct @ I;Iti/, (3)

Cui=C® (Ii]‘ti/ + It7]t+/)7

with ® denoting the Hadamard (element-wise) product of matrices. The decomposition
holds because the elements of the matrix I; ;7" + I7 17 + I/ 17 + I7 I are all equal to 1.
The positive and negative parts, i.e., Cp; and Ci,, are PSD; the qualifier positive (negative)
is a shortcut for ‘positively (negatively) signed’. So, it does not indicate that the off-diagonal
clements of Cp, (C,) are positive (negative). The diagonal elements of I;'I;" and I; I,
and therefore of Cjs4, are always equal to zero, i.e., the mixed part Cj, is necessarily

indefinite. We denote by c, ;5 the (i, j)-th entry of C,, (where o stands for P, N, or M).

2.1.2 Models using the decomposition based on the signs of daily returns

To include in the symmetric RCM model an ‘asymmetry’ effect based on the signs of daily
returns, we add to (2) a term that uses the negative component C ;. The conditional mean

of the RCM dynamic equation is then
S; = CC" + AC, A"+ AxCyy 1 Ay + BS, | B, (4)

where Ay is a n X n parameter matrix. This specification is the same as the conditional

threshold autoregressive Wishart (CTAW) model of Anatolyev and Kobotaev (2018) and



in the context of MGARCH models, it corresponds to the multivariate version of the GJR
univariate GARCH model of Glosten et al. (1993). Using the decomposition of C; in (3), we

parameterize the previous equation equivalently as

Sy =CC"+ Ap(Cpy—1+ Cry—1)Ap + ANCny1 Ay + BS, 1 B, (5)

where Ap and Ay are equal to A and A+ Ay of (4), respectively. Note that if Ap = Ay := A
in (5), this model is equivalent to the benchmark symmetric model (2).

To illustrate this model, we consider two assets (n = 2), assuming that Ap = diag(api1, ap22),
Ayn = diag(ani1, anes), and B = C' = 0, because the corresponding parameters are irrelevant
for the asymmetry terms. Then, the dynamic equations of the conditional variances sij,

S22+, and of the conditional covariance si9; are

2 2 - )
Siit = QpyCPiit—1 + QN;CNiit—1, for i =1,2; (6)

S12¢ = apnapa(cpizi—1 + Cami2t-1) + AN11GN2CN 12,41 (7)

The leverage effect in the variances corresponds to a%,;; > a%; (i = 1,2), since this im-
plies that the conditional variance (s;;;) increases more if the lagged return (r,_; ;) is neg-
ative than if it is positive, for a given value of the lagged realized variance (¢;;;—1), since
CPiit—1 = Ciig—11{r,_, >0y and cyzit—1 = Ciig—11{r,_, <0} For the covariance, the leverage
effect corresponds to ayiian22 > apiiapee, which is surely true if the effect holds for both
variances, but may be true also if it holds only for one variance. Indeed, for a given level
of the lagged realized covariance (c124—1), the conditional covariance (si2;) increases more
if the lagged returns (r;_11 and r;_; ) are negative than if they are positive or of opposite
signs.

A more flexible model is obtained by removing the constraint of equal coefficients of

cpi2t—1 and cpr194-1 in (7), resulting in the covariance equation si12; = apiiapaecpiai—1 +



an110p226M12,0—1 + AN11aN22CN124—1. The corresponding more flexible version of (5) is
Sy =CC" + ApCpy_1Ap + ANCn i1 Ay + AvCrii—1 Ay + BSi1 B, (8)

where Ay = (ani;) is a n X n parameter matrix. The scalar version of this formulation is
proposed by Bollerslev et al. (2020b) in the context of realized GARCH models. If Ap =
An = Ay := A in (8), this model is equivalent to the benchmark symmetric model (2).
Since Chry = C, © (I I + I I7), one can split the term Ay Cyyy_y A}, into two terms
with different parameter matrices, A}, and A;,, creating a more flexible model. Extending

the scalar version of Bollerslev et al. (2020b), this is done as follows:
Sy = CC' + ApCpy 1 Ap + AyCry 1 Ay + AL CH 1Al + AyCrro 1 Ay + BS, 1B, (9)

where Cy;, = C; © (I I7), Crr = Ci O T(I7I;), and the operator 7(-) sets the lower
triangular part of the matrix argument equal to the upper triangular part. The latter is
needed to obtain the symmetry of the C]J\}’t and C,, matrices. Following He and Terasvirta
(2002), 7(M) = ivech(vech(M")), where vech(-) stacks the lower triangle of a n x n matrix
into a n(n+ 1)/2 x 1 vector and ivech(+) is its inverse, thus generating a symmetric matrix.

For example, for two assets, if I,' = (10)’ and I, = (01)’ (the first return is positive, the

, , 01
second is negative), I, I, = and 7([, 1) =
0 0 10

We refer to (5) as the tr-BEKK-CAW model (‘tr’ for ‘threshold’), to (8) as the trPNM-
BEKK-CAW model, and to (9) as the trPNTM-BEKK-CAW, omitting BEKK-CAW when
it is clear that we refer to this class of models. Diagonal and scalar versions are obtained by

restricting the parameter matrices in the same way as for the model (2).



2.2 ‘Asymmetry’ terms based on the signs of intra-daily returns

To enable refined intraday asymmetric RC dynamics (Bollerslev et al. (2020b)), we exploit

the semi-covariance decomposition of the RCM into several components.

2.2.1 Semi-covariance decomposition of a RCM

Bollerslev et al. (2020a) provide a decomposition of C}, as defined in (1), into positive (P;),
negative (N;), and two mixed (M,", M, ) realized semi-covariance matrices defined by using
the signs of the underlying intraday returns, extending the idea of Barndorff-Nielsen et al.

(2010) to the multivariate setting. The semi-covariance matrices are defined as

m m

Pt:z JtJt’ j,
: —

= 7 (10)

m
ertrjt’ M Z Jtr]t’

t ]t’

where 7’;? =T t@I and r;, = r;,©L;;, denote the vectors of positive and negative intra-daily
returns, with I}/, = [1{rj,t,1>0}a ooy 1, 0] and Iy = <o 14y, n<0}] denoting
the corresponding indicator vectors of the signs of intraday returns.

The positive and negative semi-covariance matrices, i.e., P, and Ny, are PSD; the qualifiers
positive and negative do not imply that the off-diagonal elements of these matrices are
positive or negative. The mixed components M," and M, have zero diagonal elements and,

thus, are indefinite, with off-diagonal elements that are necessarily negative. Obviously,
Ct :P7§+Nt+Mt, Where Mt :Mt++Mt77 (11)

given that M;" = M,
The corresponding positive, negative, and mixed terms of the decompositions (3) and
(11) generally differ. They may be equal under specific conditions that are unlikely to hold

in practice. For example, if r;, > 0 Vj, i.e., the intraday returns (of all stocks) are positive

10



during day ¢, and the daily return vector r, used to define Cp; is chosen to be the return
over the trading period, i.e., Z;n:l it then P, = Cpy = C;. Conversely, if the daily return
r, used to extract the positive daily return indicator vector I;" is the close-to-close return
and thus differs from > 77", 7;; (unless the overnight return is equal to zero), then P, may

differ from Cp;. A simple example is developed in Appendix A.

2.2.2 Models using the semi-covariance decomposition

We exploit the realized semi-covariance decomposition of a RCM to define a semi-BEKK-
CAW model for S;, the expectation of C; conditional on the augmented filtration F;_; =
{-Pt—T7Nt—T7M+ Mt:TaT Z ]-}7

t—7>
Sy =CC" + ApP, A + ANN; 1 Ay + Ay My Ay, + BS; 1B, (12)

where Ap, Ay, and Ay are n X n parameter matrices, while P, N;, and M; denote the
positive, negative, and mixed semi-covariance matrices, respectively. If Ap = Ay = Ay =
A, the semi-CAW model is equivalent to the benchmark symmetric model (2).

To illustrate the terms of this model, we write its equations of the bivariate version,
eliminating the constant and BS;_1 B’ terms, and assuming that Ap, Ay, and A, are lower
triangular (LT), i.e., api2 = ania = apnz = 0. The triangularity assumption could be
relevant if the first asset is a market index and the second one is a particular stock, so that
the market may have an impact on the stock but no impact of the stock on the market is

allowed. The corresponding equations are

11



2 2

S11,t = @p11P11,¢—1 + A1 P11t 1,
_ 2 12
S22t = ApooP22t—1 T AnN92T22,t—1
2 2

+ @po1P11,t—1 + Ao N1 t—1

+ 2apo1apepioi—1 + 2an21aN22M21—1 + 2ap21Q 022201,
S12,t = Gp11ap22P12,t—1 + Ap11Q022M 12,41 T AN11AN22M12,41

+ api1ap21Pi1,t—1 + AN11GN21 11,61+

In each equation, the first line corresponds to the diagonal model (i.e., when both off-diagonal
elements of Ap, Ay, and Ay, are set to zero). It is clear that in the diagonal model, each
conditional variance only depends on the corresponding lagged positive and negative semi-
variances. A larger coefficient a%,; (a3r,) of the negative semi-variance than of the positive
one a%;, (a%y,) for the first (second) asset corresponds to the ‘leverage’ effect. In the LT
model, several other terms appear in the particular asset conditional variance, i.e., two terms
that correspond to the effect of the market positive and negative semi-variances, with the
possibility of a cross-leverage effect (if %y, > a%y,), and three terms that correspond to the
impacts of the three semi-covariances, with coefficients that can be of any sign.

The conditional covariance equation has three terms that capture the effect of the lagged
positive, negative, and mixed semi-covariances (pi2¢—1, n124-1, Mi24—1). 1t is possible that
the coefficient (an11an22 > 0) of the negative semi-covariance (n12,—1) be larger than that
(apiiape > 0) of the positive one (p12+—1), which can be interpreted as a ‘leverage’ effect on
the conditional covariance. The coeflicient aps11aar22 of the mixed semi-covariance can be of
any sign, since ayr and apqe do not appear squared in the variance equations. The two
additional terms of the LT version (in the third line of the covariance equation) correspond
to cross-effects of the market semi-variances, with a possibility of a ‘cross-leverage’ effect if

ani11aN21 > apiiapor; these coefficients can be of any sign.

12



Like for the trPNM-BEKK-CAW model (8), the ‘semi’ model can be made more flexible
by splitting the mixed semi-covariance matrix M, into its two components M,;" and M,
(the positive and negative mixed semi-covariance matrices, respectively, such that M, =
M;" + M;") and applying the 7 transformation to each component (Bollerslev et al. (2020a)),
ie.,
Sy =CC"+ BS; 1B+ ApP, 1A + AxNy; 1 Ay

(14)
+ AL (M) Ay + Ay (M) Ay,

where A}, and A,; are n X n are parameter matrices. We refer to this specification as
the semi-T-BEKK-CAW model. We further discuss the use of the mixed semi-covariance

decomposition in Appendix B.

3 Estimation

The estimation of the parameters of the models presented in Section 2 is carried out by
maximizing a log-likelihood function (LLF). As in Golosnoy et al. (2012), the latter is based
on the assumption that the probability density function of the RC matrices CY, conditional

on the appropriate filtration F;_1, is Wishart, i.e.,

Cy|Fio1 ~ Wy (v, 5:(0)/v), (15)

where W, (v, S¢(0)/v) denotes the n-dimensional central Wishart distribution with v degrees
of freedom, with v > n, and PD n x n scale matrix S;(0)/v, implying E(C}|F;_1) = Si(0); 0
is the vector of parameters appearing in the equation defining S;. For example, for equation

(2), 0 consists of the elements of C', A, and B. The LLF for T observations, up to an additive

13



constant that depends on v but not on 6, is given by

T

Z {log |S:(0)] + trace [S,(6)'Cy] } . (16)

t=1

v

LLF(6|Ch,...,Cr) = —3

Vogler and Golosnoy (2023) provide analytical derivatives of LLF with respect to @ that
facilitate maximization of the unrestricted model in higher dimensions such as n = 30.
Bauwens et al. (2012) show that the parameter v can be treated as nuisance parameter,
meaning that it can be fixed to an arbitrary value (in practice, 1) to estimate 6. They also
show that the Wishart-based LLF provides a quasi-maximum likelihood (QML) estimator
for the parameters #, under suitable conditions, so that the QML estimator is consistent. In
our case, the degrees of freedom parameter v is treated as a nuisance parameter, but in some
applications it may be important to have an estimator of v as well. For example, Golosnoy
et al. (2022) use a moment estimator for v and apply it to obtain the distribution of the
minimum variance portfolio weights and conduct hypothesis tests on them.

The maximization of the LLF is typically difficult due to the dimension of 8, denoted
by dy, which is of order n?. For example, in the case of (14), dg = n(n + 1)/2 + 5n?
(= 201 if n = 6 as in the empirical application); in the scalar version of the same model
dg = n(n+1)/245(= 26) and in the diagonal version, dy = n(n+1)/2+5n(= 51). To get rid
of the n(n + 1)/2 parameters of the C' matrix in the maximization of the LLF, it is possible
to estimate C'C’ consistently in a first step. In a second step, the remaining parameters
are estimated by QML, conditional on the first step estimates. This procedure reduces the
number of parameters by n(n + 1)/2 in the second step. The estimation of C' in the first
step is called ‘covariance targeting’. It is based on writing the constant term (C'C") of each
dynamic equation for S; as a function of E(C}), and replacing the latter by the sample mean
of the C}y matrices. The covariance targeting parameterizations of the models are defined in
Appendix C. When targeting is used, ¢ in (16) does not include the elements of C.

The scalability of our models in higher dimensions using covariance targeting depends

14



mainly on the imposed structure of the parameter matrices such as Ap, Ay, B, etc. Without
restrictions, the number of parameters is O(n?) and Vogler and Golosnoy (2023) show that,
using analytical derivatives of the LLF for optimization, it is possible to estimate models for
dimensions of n = 30. In our case, due to the presence of the asymmetry terms, we expect
the feasible dimension to be somewhat lower without imposing structure on the parameter
matrices. One often used constraint is to assume that all matrices are diagonal, excluding
possible spillover between assets, but reducing the number of parameters to O(n). An even
more restrictive assumption is to assume that all matrices are scalar multiples of the identity
matrix, in which case the number of parameters is O(1). Under these assumptions, we expect
estimation to be feasible in dimensions of the order of several hundreds or even thousands.

In the empirical part of the paper we propose an intermediate case between diagonal
and full parameter matrices, which we call “partially lower triangular” (PLT), justified by
the pecularity of a stock index as compared with individual stocks. For models with PLT
restriction, the number of parameters is of the same order as for the models with diagonality
restrictions. For our various models, we give a detailed account of the number of parameters

as a function of the dimension n in the empirical part, see Table 2.

4 Data construction and description

For the subsequent empirical analyses, we have constructed the time series of daily RC
matrices with the corresponding decompositions (3) and (11) into positive, negative, and
mixed matrices, based on a high-frequency data set for the SPDR S&P500 (SPY or Spyder)
— an exchange traded fund that tracks the S&P500 index — and five stocks of the banking
sector, i.e., Bank of America Corp. (BAC), Citigroup Inc. (C), Goldman Sachs Group Inc.
(GS), JPMorgan Chase & Co. (JPM), and Wells Fargo & Co. (WFC).4

To avoid the measurement drawbacks due to microstructure effects when sampling returns

4The data provider is the AlgoSeek company (30 Wall Street, New York, NY, 10005, USA). The data
provided to us by Algoseek are the prices of the assets, observed every minute during the trading period
(9:30-16), compiled from the trades that occurred in sixteen US exchanges and marketplaces.

15



at very high frequencies, we compute each daily realized (semi-)covariance matrix as the sum
of the outer products of the five-minute log-return vectors of the trading period of the day.
Given the high liquidity of all the stocks, the effect of non-synchronicity is rather negligible
at the chosen frequency; the synchronization was done globally for all the stocks, using the
closest prior price. The sample period is January 3, 2012 - December 31, 2021, resulting in
2517 observations.

Table 1 reports, for each asset, the time series means and standard deviations of the
realized variances (annualized in percentage, i.e., multiplied by 252 and by 100), and of their
‘positive’ and ‘negative’ components used in the two broad classes of asymmetric models.
The same statistics for the squared close-to-close and open-to-close log-returns of each asset

are also shown in Table 1.

Table 1: Time series means and standard deviations (between parentheses) of realized variances, their
positive and negative decompositions, and squared daily returns

Asset SPY BAC C GS JPM WEFC

= 2.63 (11.98) 9.87 (32.75) 10.44 (40.77) 7.71 (27.07) 7.02 (28.64)  7.92 (30.00)
2 1.31 (3.75) 551 (13.07) 547 (13.66) 4.45 (10.60) 3.54 (7.91)  4.23 (11.74)
RV 488 (22.65) 545 (9.70) 578 (14.12)  4.62 (8.35)  3.98 (8.84)  4.63 (11.08)
P 241 (11.08) 277 (5.36)  2.89 (7.30)  2.36 (4.55)  2.04 (4.81)  2.34 (6.14)
N 247 (11.62)  2.68 (4.74) 289 (7.30)  2.26 (4.16)  1.95 (4.28)  2.29 (5.41)
Cp-cc 215 (9.93) 270 (7.18)  2.68 (7.89)  2.29 (6.31)  1.93 (6.32)  2.28 (83.66)
Cy-cc 273 (20.65) 275 (7.57)  3.10 (12.39)  2.33 (6.37)  2.05 (6.79)  2.35 (7.66)
Cp-oc 242 (1258) 274 (7.86) 273 (8.74)  2.37 (6.62)  2.00 (6.8%)  2.35 (9.02)
Cy-oc 245 (19.15) 2.71 (6.86)  3.04 (11.81) 224 (6.05)  1.98 (6.23)  2.28 (7.22)

r2.: squared close-to-close daily return; r72.: squared open-to-close daily return; RV: realized variance; P: positive

semi-variance; N: negative semi-variance; Cp: RV if daily return is positive, 0 if negative; C: RV if daily return is
negative, 0 if positive; the suffixes -cc and -oc indicate that the different terms of the decomposition (3) are based on
the signed daily close-to-close and open-to-close returns, respectively.

Regarding the statistics reported in Table 1, several comments are worth making:

1. In each row, the time series means are similar between the six assets, except for SPY
squared returns. There is more heterogeneity in the standard deviations; in particular,

due to more extreme values, those for SPY are larger than for the banks.

2. The average positive semi-variance (P) of each asset is a bit larger than the average
positive component (Cp-cc), and the average N is smaller than the corresponding Cy-

cc (since P+ N = Cp+ Cy = C, as M and C); have zero diagonal elements). When
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the decomposition of the realized variances is based on the open-to-close returns, the

averages are closer.

. Cp-cc is smaller than Cp-oc (by 11 percent for SPY, and about 3 for the other assets),

hence Cy-cc is larger than Cn-oc.

. The average standard deviations of Cp-cc exceed those of P (except for SPY), and the
average standard deviations of Cy-cc exceed those of N. Comparing the decomposi-
tions based on close-to-close and open-to-close returns, we find that standard deviations
are larger, on average, for Cp-oc than for Cp-cc, while the inverse relation holds for the

negative part: standard deviations are larger, on average, for C'y-cc than for C'y-oc.

. For the banking stocks, each average realized variance (covering the open-to-close trad-
ing period), is only a fraction of the corresponding average squared close-to-close re-
turns (between 55 and 60%), but it is much closer to the average squared open-to-close
returns. Also visible are the larger standard deviations of the time series of squared
close-to-close returns compared to those of the realized variances. For SPY, the aver-
age realized variance is larger than the average squared returns, and the same relation

holds for the standard deviations.

Figures 1 and 2 show the time series of the realized variances of JPM, and the components

of its decompositions defined by (3) using close-to-close returns, and (11). They illustrate

the occurrence of a few extreme values, either isolated (e.g., in 2015 and 2018) or clustered

(mainly in March 2020, corresponding to the first COVID period in the USA). More generally,

the profiles of the series on the two figures relative to the same asset illustrate that the two

decompositions differ. This is more visible on Figure 3 that shows a zoom of the realized

volatility of JPM and its decompositions during the year 2020, with the very high volatility

period starting around the middle of February. One can see that in the decomposition using

the signed daily returns (bottom graphs), the realized volatility (in red on each graph) of

each day is fully attributed either to the positively signed component (in blue, bottom left
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graph) or to the negatively signed one (in black, bottom right graph). In the decomposition
into semi-variances, each realized volatility (in red) is split into a part attributed to the
positive semi-variance (in blue, top left graph), and the other to the negative semi-variance
(in black, top right graph).

With the decomposition based on the signs of the daily returns, the positive component
and the negative component of the realized variance series contain many zero values: for
each day, one of them is equal to zero, the other being equal to the realized variance of the
day. Hence the ACF of the realized variance, shown in red in Figure 4, is slowly decreasing,
starting from a large value (close to 0.75 in the example on the graph, for the JPM stock),
whereas the ACF of the positive (in blue, in the bottom plot) and negative (in green)
components take lower values and vary irregularly .

With the other decomposition, there are no zero values in each component (except if all
the intra-daily returns of a day are of the same sign on that day, which is very rare), since
the realized variance of each day is split between the positive and negative semi-variances.
Hence the ACF of the realized variance and its two parts are similar.

Appendix E provides detailed statistics for the realized covariances and the corresponding
decompositions, and graphical illustrations. On average, realized covariances are positive and
tend to be larger among the five banks than with the Spyder. The difference between the
two decompositions is quite obvious for realized covariances: while the off-diagonal elements
of M are negative by construction, those of C'y; are unrestricted, and their sample averages
are positive. This corresponds to P and N being larger than their counterparts, C'p and Cly,

respectively.
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Figure 1: Annualized realized variances of JPM and the terms of their decomposition (3) using the signed

daily close-to-close returns
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5 Empirical application

We apply the models defined in Section 2 to the data presented in Section 4. In the following,
we first present the estimation results in Section 5.1, then provide forecast comparisons using

statistical loss functions in Section 5.2, and economic loss functions in Section 5.3.

5.1 Estimation results

Each BEKK-CAW model is estimated in three versions, namely, scalar, diagonal, and partly
lower triangular, the latter being explained below. The models are estimated for six assets
on the dataset of 2517 observations described in Section 4, for the period from January 3,
2012, to December 31, 2021. The constant terms are estimated by covariance targeting and
the remaining parameters by maximizing the Wishart quasi-likelihood function.

The covariance targeting formulas of the models presented in their general version in
Section 2 are given in Appendix C. In the scalar versions, the parameter matrices (except
the constant terms) are restricted to be scalar multiple of the identity matrix; see Appendix
D for the covariance targeting formulas and the PD-ness conditions. In the diagonal versions,
the parameter matrices (except the constant terms) are restricted to be diagonal, so that
(like in the scalar versions), there is no impact of the SPY asset on the five banking stocks.
To include such effects, we modify each diagonal parameter matrix by adding five parameters

in the first column. For example, the matrix Ap in (12) is parameterized as

api; 0 0 0 0 0
apa1 apz 0 0 0 0
Ap— apz1 0 apsz 0 0 0 | (17)
apyr 0 0 apu O 0
aps; 0 0 0 apss O
apgr 0 0 0 0 apgs
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and thus appears as partly lower triangular (PLT). The same extensions are introduced in
the matrices A, Ay, Ay, A}, and A}, but not B, which remains diagonal. The variance
equation of asset 1 (SPY) is then as in the first equation of (13), and the variance equation
of each other asset is as in the second equation of (13). The covariance equations between
asset 1 and the other assets are as in the third equation of (13); each of these five covariance
equations includes two terms that correspond to the impact of the semi-variances of asset 1,
due to the introduction of the parameters a, j;. The ten covariance equations between the

assets ¢ and 7, 7,7 € {2,...,6}, do not include these two terms and are of the form

Sijt = ApPiiAPjjPijt—1 T AMiAMjjMijt—1 T ANGANj;ij,t—1- (18)

For the other (than semi) models, the variables that multiply the coefficients of the variance
and covariance equations are adapted according to the specification of each model presented
in Section 2.

To ease the reading of the tables of results, Table 2 summarizes the main features of each

model.

Table 2: Summary of models (see Section 2 for definitions of symbols in column 2)
number of parameters* in

model model dynamic equation of S; scalar diagonal PLT full
acronym S; = CC' + BS,_,B'+terms below version*™ of each model

sym AC,_ A 2 2n 3n-1 2n?
tr AP(CP,tfl + C]\,Ltfl)Alp + ANCN,tflAIN 3 3n 4n-1 3”2
trPNM ApCp’tflA/P + ANCN,tflAEV + AAJCMﬂg,lA/]w 4 in 5n-1 4712
trPNTM  ApCpy 1 Ap + AyCOnye 1 Ay + AL Clr Al + Ay Crpe Ay 5 5n 6n-1 5n?
semi AthflA/P + ANNflflAlN + A]\,{A{tflA/]\/[ 4 in 5n-1 4’[12
semi-r  ApP_ A + AyN,_ Ay + AL (M) AL, + Ay (M) Ay, 5 5n 6n-1 5n?

* not including the n(n + 1)/2 parameters in C, where n is the number of assets

** A “full’ version corresponds to unrestricted parameter matrices; scalar and diagonal versions correspond
to restricted parameter matrices, as defined in Section 2; PLT corresponds to restricted parameter matrices
as defined in Section 5.1.

The full sets of estimates for each model are reported in Tables 16-18 of Appendix F. In
these tables, the estimates of the tr, trPNM, and trPN7M models are obtained with the

data based on the decomposition (3) of C; that uses the close-to-close returns. The estimates
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of the same models with the data based on the decomposition that uses the open-to-close
returns are reported in Tables 19-21 of Appendix G; these models are designated by troc,
trPNM and trPN7M in the sequel.

5.1.1 In-sample fit comparisons

Table 3 reports for each model the maximized log-likelihood function (LLF), the Akaike
information criterion (AIC), and the Bayesian information criterion (BIC). The LLF values
are not always comparable, as we explain below. In view of the information criteria, several

conclusions can be drawn:

1. According to AIC, the symmetric model does not fit better than any of the asymmetric
models of the same version (scalar/diagonal/PLT). According to BIC, this is also the
case for the scalar models, while for the diagonal and PLT models, the higher penalty

for model complexity leads to a preference for the symmetric model.

2. Comparing only the asymmetric models, for each version and both information cri-
teria, the best fitting model is among the trPNM, trPNM®, tr and tr° models.
Considering the three versions altogether, the diagonal trPNNM is the best ftting one
(out of 27 models) for AIC, and the scalar trPINM?* for BIC.

3. Using the close-to-close returns, instead of the open-to-close ones, improves the AIC

in six comparisons (out of nine), and the BIC in five.

4. The extensions of trPNM to trPN7M, and of trPNM® to trPN7M® do not im-
prove the information criteria. The same result is observed for the extensions of semi

to semi-7, except for AIC-PLT.
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Table 3: Maximum log-likelihood function (LLF), AIC, and BIC values of estimated BEKK-CAW models
sym tr trPNM  trPN7M semi  semi-7 trc trPNM*  trPN7M*°

LLF-scalar -018.91 -510.94 -503.38 -503.16 -511.3  -511.24 -512.19  -501.97 -501.98
LLF-diagonal -493.04 -481.28 -471.95 -470.39  -489.07 -489.061 -479.57  -475.24 -474.45
LLF-PLT -491.88 -479.38  -466.46 -462.64  -472.03 -459.48  -478.1 -470.54 -467.52
AIC-scalar 9.949 9.944 9.938 9.939 9.945 9.945 9.945 9.937 9.938
AIC-diagonal  9.936 9.932 9.929 9.933 9.943 9.948 9.931 9.932 9.936
AIC-PLT 9.940 9.938 9.937 9.943 9.941 9.940 9.937 9.940 9.946
BIC-scalar 9.954 9.950 9.948 9.951 9.954 9.957 9.951 9.946 9.950
BIC-diagonal ~ 9.964 9.97 9.985 10.002 9.998 10.017 9.972 9.987 10.005
BIC-PLT 9.979  10.003  10.027 10.058 10.032  10.056  10.002 10.030 10.062

LLF values have been shifted by adding 12,000. The underlined values correspond to the best model of each row. The values in bold
correspond to the best model for each criterion. The values in italics correspond to the best model in each row, when comparing only
the eight asymmetric models.

Table 4 reports the LR test statistics (assumed to be asymptotically chi-squared) and
the associated degrees of freedom of the possible nesting tests for each version of the models.
The symmetric model (sym) is rejected at the one percent level of significance in favour of
each nesting asymmetric model for each version of the latter, except in a single case (sym
vs semi, diagonal versions). Between asymmetric models, the tr model is rejected against

the trPNM one, while tr°° is rejected against trPNM®* only for the scalar version.

Table 4: Likelihood ratio (LR) statistics and their degrees of freedom (between
parentheses), for hypotheses making some models restricted cases of other

model version
nested nesting H, scalar diagonal  PLT
sym tr Ap=Ay in (5) 15.93 23.51 (6) 24.99

sym  tr* Ap=Ay in (5) 13.42

(
(1) 2694 (6) 27.55
(
(
(

) (11)
) (11)
) 42.18 (12) 50.84 (22)
sym trPNM*  Ap=Ay = Ay in (8) 33.86(2) 35.6 (12) 42.68 (22)
sym  semi Ap=Ay =Ay in (12) 15.22 (2) (22)
tr trPNM Ap= Ay in (8) 15.12 (1) 18.66 (6) 25.84 ( )
tree trPNM* Ap= Ay in (8) 20.42 (1) 8.66 (6) 15.12 (11)
The p-value of the each LR statistic is below 0.012, except those that are underlined, which are
larger than 0.10, assuming a chi-squared distribution, with the degrees of freedom reported between
parentheses next to the corresponding statistic.

7.94 (12)  39.70

Table 5 reports the likelihood ratio (LR) statistics for testing the null hypothesis of a
simpler version against a more complex one that nests it. The scalar version is rejected
against the diagonal and the PLT ones for each of the nine models (the largest p-value is

0.012). A diagonal version is not rejected against the corresponding PLT one, except for the
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two semi models.

Table 5: Likelihood ratio tests of scalar versus diagonal, diagonal versus PLT, and scalar versus PLT
sym tr trPNM  trPNTM semi semi-7 tr* trPNM® trPN7M*

LR s/d 51.74 59.32 62.86 65.54 44.46  44.36  65.26 53.48 55.06
df s/d 10 15 20 25 20 25 15 20 25
ps/d <0.01 <0.01 <0.01 <0.01 <0.01 <0.01 <0.01 <0.01 <0.01
LR s/plt 54.06 63.11 73.84 81.04 78.54 103.52 68.19 62.88 68.92
df s/plt 15 25 35 45 35 45 25 35 45
ps/plt  <0.01 <0.01 <0.01 <0.01 <0.01 <0.01 <0.01 <0.01 0.012
LR d/plt 2.32 3.79 10.98 15.5 34.08 59.162 2.93 9.4 13.86
df d/plt ) 10 15 20 15 20 10 15 20
p d/plt 0.80  0.96 0.75 0.27 <001 <001 098 0.86 0.84

LR s/d, df s/d, p s/d: respectively, likelihood ratio statistic, degrees of freedom, p-value for testing the scalar against the
diagonal model; s/plt (d/plt) is for testing the scalar (diagonal) model against the partly lower triangular (plt) one.

5.1.2 Interpretation of the estimates

The estimates reported in the tables of Appendices F and G are difficult to interpret because
the conditional variances and covariances are nonlinear functions of the parameters that are
estimated, as illustrated, e.g., by the equations (13) and (18) for the semi model. In Tables
6-9, we report the estimates in an interpretable way, considering the symmetric model, the
three tr models using the close-to-close returns (cc), and the two semi models.

In Table 6, we show the estimated coefficients (except the constant terms) that appear
in the variance equations of all models. Since the diagonal and PLT versions of the different
models have six variance equations with different parameters, we report the estimates of
the variance equation for SPY (asset 1) and only the averages of the estimates for the five
banking assets (numbered 2 to 6). Indeed, the estimates for the banks are close to each
other but rather different from those of SPY. For the latter, the diagonal element of B is
higher than for the banking stocks, and correspondingly, the parameters of the Ap and Ay
matrices are smaller. These differences reflect the fact that the conditional volatility of SPY
is smoother than for the banks, while the bank conditional volatilities are more sensitive to
the lagged realized volatility values.

By definition, the symmetric (sym) model has the same parameters for the cp;; ;-1 and

Cn.iit—1 variables, i.e., its variance equations can be written as (6) where a%;; = a%,;. The
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estimates reported in Table 6 show that for the asymmetric models, these coefficients differ,
with a3, in all cases larger than a%,;; this is also true for each banking asset (see the tables
in Appendix F). Hence, the leverage effect is numerically present in the variance equations.
Significance tests for the scalar, diagonal and PLT tr models are reported in Appendix H,
Table 22, to illustrate that the null hypothesis a%,; < a%, is rejected at the 5 (and less in
some cases) percent level against the hypothesis a%;; > a$;;, except for asset 5.

In Table 7, we report the average estimated coefficients of the additional terms that
appear only in the variance equations of the PLT models of the five banking stocks, due
to the introduction of the off-diagonal parameters in the first column of the A matrices, as
shown in (17). For the sym, tr, trPNM, and trPN7M models, because these off-diagonal
elements are often much smaller than the diagonal ones (see the estimates in Appendix F),
the coefficients (a%;, and a%;;) measuring the impact of the positive and negative components
of the lagged realized variance of SPY on the other asset variances are very close to zero
and not significant, as reported for the tr model in column 8 of Table 22 of Appendix H.
However, for the three asymmetric models of the tr-type, and especially for the trPN7M
model, the coefficients (in the last five rows of Table 7) corresponding to the impacts of
realized covariance components on the variances are not as close to zero as in the first two

TOWS.
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Table 6: Variance equations of scalar, diagonal, and
PLT BEKK-CAW models: average coefficients of variables
present in all models

Coeff: b Ty alyi

Model Version — Asset  Sjt-1  Cpiit—1 CNiit—1
scalar 1-6 0.70 0.27 0.27
diagonal 1 0.80 0.18 0.18
sym diagonal  2-6 0.61 0.33 0.33
PLT 1 0.80 0.19 0.19
PLT 2-6 0.61 0.32 0.32
scalar 1-6 0.71 0.24 0.28
diagonal 1 0.80 0.14 0.22
tr diagonal  2-6 0.62 0.30 0.33
PLT 1 0.80 0.13 0.23
PLT 2-6 0.63 0.30 0.33
scalar 1-6 0.72 0.22 0.29
diagonal 1 0.79 0.15 0.25
trPNM  diagonal 2-6 0.62 0.28 0.37
PLT 1 0.77 0.16 0.27
PLT 2-6 0.63 0.29 0.36
scalar 1-6 0.72 0.22 0.29
diagonal 1 0.79 0.15 0.28
trPN7TM diagonal 2-6 0.62 0.27 0.41
PLT 1 0.78 0.15 0.30
PLT 2-6 0.65 0.25 0.39

Siigt—1  Piig—1 Niit—1

scalar 1-6 0.70 0.20 0.35
diagonal 1 0.78 0.15 0.31
semi diagonal  2-6 0.62 0.18 0.52
PLT 1 0.79 0.07 0.36
PLT 2-6 0.61 0.19 0.48
scalar 1-6 0.70 0.20 0.35
diagonal 1 0.78 0.16 0.31
semi-7 diagonal  2-6 0.61 0.21 0.53
PLT 1 0.79 0.10 0.34
PLT 2-6 0.60 0.29 0.42

Each row corresponds to the conditional variance equation of the
model identified in the first two columns. For a scalar model, the
coefficients are the same for assets 1 to 6. For the diagonal and PLT
models, the coefficients are reported for assets 2 to 6 as the means
of the coefficients for these 5 assets. The coefficients, as defined in
the first row, are computed using the estimates reported in Tables
16 for the scalar models, 17 for the diagonal models, and 18 for the
PLT models. Each coefficient multiplies the variable written in row 2
below it for the models of the first four blocks and the variable shown
above the ‘semi’ model for the last two blocks. For PLT, assets 2-6,
the additional terms of the variance equations are reported in Table
7.

For the semi models, the coefficients measuring the impact of the lagged positive and
negative semi-variances of SPY are small but not as much as in the other models, and reveal
an asymmetric impact (a more important impact of the negative semi-variance than of the

positive one). The coefficients in the last five rows are also not close to zero, though their
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values are less important than the coefficients reported in Table 6 for these models. In brief,

these additional terms are relevant in the semi models, but not in the other models.

Table 7: Variance equations of PLT BEKK-CAW models: average coefficients of additional terms
for assets 2-6

Coeflicient Variable  sym tr trPNM trPN7M Variable semi semi-7
a3 cpiii—1 0.00001 0.00051 0.00158  0.00205  p1q,4-1 0.0243  0.0588
a4 cnate—1  0.00001 0.00017 0.00011 0.00005  nq14-1 0.00241 0.0113
2api1api; cprit—1  -0.0025 -0.0228 -0.0413 -0.0455  priz— -0.119  -0.254
2aninani  Cnaig—1, -0.0025  0.0136  0.0111 -0.00522  nypq 0.0653  0.132
2a}\ﬂ1a]VIii CM1It—1, -0.0025 -0.0228 -0.0596 - miit—1 -0.314 -
2051 i CJT/[,li.t—l - - - 0.170 T(mit;,t—l) - -0.157
2031005 Cu li;t—l - - - -0.294 T(mﬂ,t—l) - -0.236

The coefficient values for each model are computed using the estimates reported in Table 18 and the coefficients as
defined in the first column, corresponding to the variables in the second column for the models in columns 3 to 6,
and the variables in column 7 for the last two models.

In Tables 8 and 9, we report the average estimated coefficients of the covariance equations.
For the diagonal and PLT versions, we report separately the averages for the five covariance
equations between asset 1 and the five banking stocks, and the averages for the ten equations
between the five banking stocks. The conditional covariances between the five banks are less
smooth and more reactive to lagged realized covariance terms than the covariances between
the banks and SPY. Moreover, we find a leverage (or asymmetric) effect in the covariance
equations: anjay;; is always larger than ap;apj; and apyianj; (except or the latter in the
diagonal tr model). In Appendix H, Table 23 (column 5) reports statistics that indicate
the significance of the differences anian;; — apiiap;; for the scalar, diagonal and PLT tr
models. The additional terms in these five covariances of the PLT model (last two columns
of Table 9) have a quasi-zero impact, except for the semi models, where we notice again
an asymmetric effect: the positive part of the lagged SPY variance has a smaller (actually

negative) impact than the negative part (which has a positive impact).
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Table 8: Covariance equations of scalar, diagonal, and PLT models, part 1

Coefl:  apiiapj; anianj; it a?\_liiax/[jj Apriiarjj
Model Version  Asset  c¢piji—1 CNyji—1  CMyjt—1 ChMiji—1 CMLiji—1
scalar 1-6 0.27 0.27 0.27 -
diagonal 1-other 0.24 0.24 0.24 -
sym diagonal 2-6 0.32 0.32 0.32 -
PLT 1-other 0.25 0.25 0.25 -
PLT 2-6 0.32 0.32 0.32 -
scalar 1-6 0.24 0.28 0.24 -
diagonal 1-other 0.20 0.27 0.47 -
tr diagonal 2-6 0.30 0.33 0.62 -
PLT 1-other 0.20 0.27 0.15 -
PLT 2-6 0.30 0.33 0.26 -
scalar 1-6 0.22 0.29 0.25 -
diagonal 1-other 0.21 0.30 0.21 -
trPNM  diagonal 2-6 0.28 0.36 0.31 -
PLT 1-other 0.22 0.31 0.21 -
PLT 2-6 0.28 0.35 0.31 -
scalar 1-6 0.22 0.29 - 0.25 0.25
diagonal 1-other 0.19 0.33 - 0.24 0.25
trPN7M diagonal 2-6 0.27 0.41 - 0.35 0.34
PLT 1-other 0.19 0.34 - 0.29 0.19
PLT 2-6 0.25 0.39 - 0.32 0.32
Dijit—1 Nijt—1 M1 T(my, ) T(my, )
scalar 1-6 0.20 0.35 0.23 -
diagonal 1-other 0.17 0.40 0.30 -
semi diagonal 2-6 0.18 0.52 0.35 -
PLT 1-other 0.12 0.41 0.19 -
PLT 2-6 0.19 0.48 0.37 -
scalar  l-other 0.20 0.35 - 0.22 0.25
diagonal 1-other 0.18 0.40 - 0.14 0.13
semi-7 diagonal 2-6 0.21 0.53 - 0.15 0.15
PLT 1-other 0.17 0.37 - 0.10 0.11
PLT 2-6 0.28 0.41 - 0.20 0.18

Each row corresponds to the conditional covariance equation of the model identified in the first two
columns. For a scalar model, the coefficients are the same for all covariance equations. For the diagonal
and PLT ‘l-other’ models, the reported coefficient values are the means of the coefficients of the
covariance equations between assets 1 and 2 to 6. For the diagonal and PLT ‘2-6’ models, the reported
coefficient values are the means of the coefficients of the 10 covariance equations between assets 2 to 6.
The coefficients, as defined in the first row, are computed using the estimates reported in Tables 16 for
the scalar models, 17 for the diagonal models, and 18 for the PLT models. Each coefficient multiplies

the variable written in row 2 below it for the models of the first four blocks and the variable shown

above the ‘semi’ model for the last two blocks.
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Table 9: Covariance equations of scalar, diagonal, and PLT
models, part 2

Coeft: biibjj ap11@pii - AN11ANi1

Model Version Asset  s;:1 Cpiig—1 CNALt—1
scalar 1-6 0.70 - -
diagonal 1-other  0.70 - -

sym diagonal 2-6 0.61 - -
PLT l-other  0.70  -0.0009 -0.0009
PLT 2-6 0.61 - -
scalar 1-6 0.71 - -
diagonal 1-other  0.70 - -

tr diagonal 2-6 0.62 - -
PLT l-other  0.70  -0.0078  0.0057
PLT 2-6 0.62 - -
scalar 1-6 0.72 - -

diagonal 1-other  0.70 - -
trPNM  diagonal 2-6 0.62 - -
PLT l-other  0.70  -0.0016  0.0049
PLT 2-6 0.63 - -
scalar 1-6 0.72 - -
diagonal 1-other  0.70 - -
trPNTM diagonal 2-6 0.62 - -
PLT l-other 0.71  -0.0174  -0.0022

PLT 2-6 0.65 - -
Variable Miji—1  Pli—1 ni1-1
scalar 1-6 0.70 - -
diagonal 1-other  0.70 - -
semi diagonal 2-6 0.62 - -
PLT l-other 0.69  -0.0383  0.0284
PLT 2-6 0.61 - -
scalar 1-6 0.70 - -

diagonal 1-other  0.69 - -
semi-7 diagonal 2-6 0.61 - -

PLT l-other 0.69  -0.0746  0.0613

PLT 2-6 0.60 - -

See note below Table 8.

5.1.3 Models using both decompositions

To investigate whether the two decomposition of realized variances and covariances provide
complementary information, we have estimated models that incorporate the terms ddefined
by information on the signs of both intraday and daily returns; for example, we include the
lagged variables Cp;_1, Cni—1, Crri—1, Pim1, Ni—1, M;—1 when extending the trPNM and
semi models into a trPNM-semi model. Since this extension almost doubles the number

of parameters, we have tried it for the scalar models. The estimated parameters of the
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extended models are provided in Table 24 of Appendix I.

They reveal that the lagged variables remain individually significant at the 5% level. The
values of the coefficients of each variable are smaller than when the variables are entered
separately, suggesting that each variable has its own relevance but that it has some overlap
with the alternative one. For example, in the trPINM-semi model: the effect of the negative
components are 0.394 (for Cy;—1) and 0.415 (for N;_;), instead of 0.538 for Cy;_1 in trPINM
and 0.594 for N;_; in semi (see Table 24 in the appendix).

Nevertheless, applying LR tests, the trPNM model is not rejected against the trPNM-
semi model (p-value = 0.26), whereas the semi model is rejected (p-value < 0.01). This
difference indicates that the decomposition based on the signed daily returns provides a
better fitting model. This is confirmed by the AIC and BIC values (see Table 25 of the
appendix), which favour the trPINM model. Similar comments apply in the comparisons of

the trPN7M, semi-7 and trPN7M-semi-7 models.

5.2 Forecast comparisons using statistical loss functions

To compare the out-of-sample forecasting accuracy of the symmetric and asymmetric BEKK-
CAW models, we use the James-Stein loss (James and Stein (1976)), which is usually referred

to as the multivariate Quasi-Likelihood (QLIK) loss function, i.e.,
QL(S", C) = n|S}”| + trace([S;”] ' Cy), (19)

where St(i) is a forecast by model ¢ of the observed RC matrix C; that is used as a proxy

for the unobservable covariance matrix ;. We also use the squared Frobenius norm loss,

defined as
FNi(SE,C) =33 (59, = cjna)? (20)

j=1 k=1
Both loss functions satisfy the conditions for producing a consistent ranking; see Hansen and

Lunde (2006) and Laurent et al. (2013).
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To jointly compare the forecasts of a set of models, we apply the model confidence set
(MCS) procedure of Hansen et al. (2003, 2011), implemented for each loss function. The
procedure does not necessarily select a single best model, allowing for the possibility of
equal forecasting ability. Hence, a model is not included in the MCS only if it is significantly
inferior to other models.

Starting with a set of candidate models M, given a loss function, the loss difference
between each pair of models in the set is computed at every time point ¢t = 1,...,T, so that
for models 7 and j, we get d;;; = L¢; — L;;, where L;. = Lt(Sf),Ct) is either the QLIK
loss function in (19), or the FN loss function in (20). At each step of the procedure, the
null hypothesis of equal predictive accuracy Hy : E[d;;;] = 0, is tested for Vi > j € M, a
subset of models M C M, with M = M, at the initial step. If Hy is rejected at a chosen
significance level a, the worst-performing model is removed. This process continues until a
set of models remains that includes no model that can be rejected at level a.

We adopt the range statistic of Hansen et al. (2011) to test Hy, i.e.,

Tr(M) = maxM, (21)

RRVATH (T
where d;; = %Zthl dy.ij, and Vai(d;;) is obtained by a circular block bootstrap approach
(Hansen et al. (2003)), which we implement with 10,000 replications and varying block
length to verify the robustness of the results.

To compute the forecasts, we estimate each model five times using a rolling window
scheme. Starting with the fitting period from January 3, 2012, to June 30, 2020 (7 = 2137),
we compute 76 one-step-ahead forecasts after the last in-sample date. Then, we re-estimate
the parameters using the next window of 2137 observations obtained by removing the first
76 observations of the previous window and adding 76 new observations to it, and forecast
again the next 76 observations following the end of the estimation sample. This procedure

is continued until the end of the sample, resulting in 380 out-of-sample forecasts.
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Table 10: Model confidence sets at 90% level of BEKK-CAW
models, with QLIK and FN loss functions

QLIK FN
Version  Model Loss MCS Loss MCS
sym 12.518 0.154 13.916 0.000
tr 12.506 1.000 13.828 0.001

trPNM 12522  0.154 13.969  0.000
trPNTM 12,521 0.154 14.029  0.000
Scalar troe 12.519 0.154 13.860 0.000
trPNM*° 12.522  0.154 13.969 0.000
trPN7M* 12515 0.921 14.043 0.000

semi 12509 0.921 14.364 0.000
semi-7 12.509 0.921 14.412 0.000
sym 12.556 0.154 13.903 0.000
tr 12.560 0.009 13.729 0.001

trPNM 12.546 0.154 14.874 0.000
trPNT™™M 12.544 0.154 14.105 0.000
Diagonal tr>° 12,561 0.009 13.762 0.001
trPNM*° 12.542 0.154 14.781  0.000
trPNTM> 12549 0.154 13.952 0.000

semi 12.542 0.154 14.448 0.000
semi-7 12.558 0.154 14.814 0.000
sym 12.557 0.154 13.896 0.000
tr 12.554 0.154 13.703 1.000

trPNM 12.664 0.009 14.884 0.000
trPNTM 12.614 0.009 14.030  0.000
PLT troc 12,560  0.009 13.748  0.001
trPINIM ¢ 12.720  0.009 14.782  0.000
trPN7M¢  12.624 0.009 13.890 0.000
semi 12.632 0.009 14.585 0.000
semi-T 12.679 0.009 14.720  0.000
Column 3 (5) : average value, over the forecast period, of QLIK (FN)
losses defined in (19) and (20); bold values identify the minimum loss
over the twenty-seven models.
MCS’ : p-values of the tests of the MCS procedure when the starting set
consists of the twenty-seven models; Column 5 for QLIK loss function

and column 7 for FN; bold values identify the models included in the
MCS at the 90% confidence level (i.e., p-values larger than 0.10).

Table 10 reports the main results of the MCS procedures obtained using the QLIK and
FN loss functions, when the starting set of each MCS procedure consists of the twenty-
seven models. For the QLIK loss (see columns 3 and 4 of Table 10), the MCS (at the 90%
confidence level) consists of eighteen models: the nine scalar models, seven diagonal models
(only tr and tr®® are out), and two PLT models (sym and tr). The smallest loss is attained
by the scalar tr model. In brief, the QLIK criterion does not discriminate clearly between the
asymmetric and symmetric models, and between the two categories of asymmetric models

(daily and intradaily); it penalizes the PLT models that are heavily parameterized.
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The last column of Table 10 reports the model confidence set (at the 90% confidence
level) using the FN loss function. The MCS consists only of the PLT-tr model, which has
of course the smallest loss. Clearly, the FN criterion penalizes the symmetric model and the
semi models, and favours a parsimonious asymmetric daily model.

A common feature of the results for the statistical loss functions is that the smallest loss
value is obtained by a tr model (scalar for QLIK, PLT for FN). Moreover, the simple tr
model has the smallest FN loss within each parametrization category (scalar, diagonal and
PLT). Thus, the statistical forecasting criteria clearly favour a simple asymmetric model
compared to its more generous competitors. The asymmetric version that relies on the signs

of daily close-to-close returns tends to outperform the approach based on semi-covariances.

5.3 Forecast comparisons using economic loss functions

Given that the statistical superiority of a model does not automatically translate into supe-
rior investment decisions (Fleming et al. (2003)), we evaluate the out-of-sample forecasting
performance of all considered models from an economic perspective. We consider two loss
functions: the standard deviation of the out-of-sample global minimum variance portfolio
(GMVP) and the standard deviation of the out-of-sample minimum variance portfolio (MVP)
with a fixed return. Note that this is mainly for illustration purposes, as in practice one
would typically construct portfolios with at least 20 assets in order to exploit diversification
benefits, see Golosnoy et al. (2022) for a recent review of this topic including a statistical
description of the distribution of estimated portfolio weights.

We start by performing a global minimum variance portfolio (GMVP) optimization,
where the investor focuses exclusively on reducing the portfolio volatility and ignores the
expected returns. Hence, the optimal portfolio weights are independent of the forecasts
of mean returns, which tend to be very noisy, and only depend on the covariance matrix
forecasts; see, e.g., Chan et al. (2015). We perform the GMVP optimization twice: once

without imposing short-selling constraints, and once by imposing them. As advocated by
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Jagannathan and Ma (2003), imposing the constraints may be beneficial to reduce the risk
of estimated optimal portfolios even when the constraints are not necessary. The GMVP
optimization problem with the short selling constraints can be expressed as:

min w;3w;  s.t. wl=1, w, >0, (22)

where ¥, is the unobservable covariance matrix of returns for time ¢, 1 is a (n x 1) vector
of ones, and w; represents a vector of non-negative portfolio weights, i.e., short-selling is
not allowed. In practice, ¥, is replaced by the forecast St(i) of model . Given that the
short-selling restrictions prevent an analytical solution for the optimal weights, numerical
optimization is used, for which we rely on the MATLAB Financial Toolbox. When the
short selling constraints are not imposed, the condition w; > 0 is not imposed, so that short
positions may occur.

The computed weights are applied to the observed returns of the forecasting period,
resulting in 380 portfolio returns. The standard deviation of these returns is computed and
serves as GMVP loss function. The best model minimizes the portfolio standard deviation.
The results of the MCS procedure are presented in columns 5 and 6 of Table 11 when short
selling is not allowed: the MCS of the twenty-seven models consists only of the scalar tr
model, i.e. it is the most parsimonious asymmetric model, which has the smallest loss.
The symmetric and semi models are excluded from the MCS. Within each category (scalar,
diagonal, PLT), the tr model takes the smallest loss value. When short selling is allowed
(columns 3 and 4 of the table), the MCS consists of all scalar models except the two semi
models, and the smallest loss is achieved by the tr model. This preference for the simple

asymmetric tr model confirms the results using statistical loss functions.
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Table 11: Model confidence sets at 90% level of BEKK-CAW models, with
GMVP and MVP loss functions

GMVP e GMVP,on MVPcon
Version  Model Loss MCS Loss MCS Loss MCS
sym 1.540 0.119 1.536 0.036 1.705 0.348
tr 1.538 1.000 1.534 1.000 1.705 0.989

trPNM 1.542 0.119 1.535 0.036 1.707 0.059
trPNTM 1.542 0.119 1535 0.036 1.707 0.059
Scalar troc 1.539 0.173 1.535 0.036 1.705 0.882
trPINM* 1.542 0.119 1.537 0.036 1.705 0.839
trPNTM* 1.541 0.119 1.537 0.036 1.705 0.989

semi 1.543 0.000 1.537 0.002 1.706 0.247
semi-7 1.543 0.000 1.537 0.002 1.706 0.138
sym 1.559 0.000 1.553 0.000 1.718 0.000
tr 1.553 0.000 1.547 0.000 1.717 0.000

trPNM 1.563 0.000 1.552 0.000 1.720 0.000
trPNT™™M 1.564 0.000 1.556 0.000 1.720 0.000
Diagonal tr®° 1.554 0.000 1.549 0.000 1.717 0.000
trPNM*° 1.563 0.000 1.554 0.000 1.720 0.000
trPNTM®  1.568 0.000 1.562 0.000 1.719 0.000

semi 1.565 0.000 1.558 0.000 1.719 0.000
semi-7 1.569 0.000 1.559 0.000 1.721 0.000
sym 1.560 0.000 1.554 0.000 1.719 0.000
tr 1.554 0.000 1.548 0.000 1.719 0.000

trPNM 1.646 0.000 1.565 0.000 1.717 0.000
trPNTM 1.574 0.000 1.563 0.000 1.714 0.011
PLT troe 1.556 0.000 1.551 0.000 1.718 0.000
trPNM*° 1.606 0.000 1.573 0.000 1.708 0.059
trPN7M 1.580 0.000 1.570 0.000 1.707 0.247
semi 1.922  0.000 1.591 0.000 1.704 1.000
semi-T 1.585 0.000 1.561 0.000 1.711 0.059

GMVP,pc: the portfolio optimizations do not impose short selling constraints.
GMVP.o, and MVP,,: the optimizations impose the constraints.

For each loss function:

-The Loss column reports the average values, over the forecast period, of the losses for
the models indicated in the first column; bold values identify the minimum loss over the
twenty-seven models.

-The MCS column reports the p-values of the tests of the MCS procedure when the
starting set consists of the twenty-seven models; bold values identify the models included
in the MCS at the 90% confidence level (i.e., p-values larger than 0.10)

The second loss function is based on the classical mean-variance portfolio (MVP) opti-
mization, which adds to the GMVP optimization problem (22) a constraint that the targeted
portfolio return is larger than a pre-set threshold that we set at 3.5% per year. Once the
optimal weights are computed, the procedure is the same as for the GMVP loss function.
Table 11 provides the results in columns 7 and 8. With this loss criterion, the MCS consists
of the PLT semi and trPIN7IM° models, and seven scalar models: sym, tr, the three oc

models, and the two semi models. The smallest loss is attained by the PLT semi model,
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though the losses of the scalar trPIN7IM?¢ and tr models are only slightly larger.

Both economic criteria favour mainly model simplicity (i.e. scalar models). There is no
consensus between the economic criteria regarding the systematic inclusion or exclusion of
the symmetric model, and between the systematic inclusion or exclusion of one category of
models; the same conclusions hold for the statistical criteria. Nevertheless, it is clear that
the asymmetric models can be valuable in forecasting, with the tr model included in the
MCS of the four loss functions, and even in two of them as the unique ‘best’ forecasting

model.

6 Conclusions

This paper introduces and compares empirically BEKK-CAW models that account for asym-
metric dynamics in realized covariance matrices, based on a high-frequency dataset for the
S&P500 ETF and five large US banks. While several RC models have revealed that high-
frequency data provides important additional information for modelling and forecasting RC
matrices, our study is one of the first to document the importance of capturing distinct
responses of the conditional variances and covariances to lagged realized (co)variances de-
composed additively into components weighted either by signed daily returns or by the signed
intra-daily returns.

We summarize our findings in the following:

1. The proposed asymmetric BEKK-CAW models show better in-sample fit and out-of-

sample forecasting performance than the benchmark symmetric model.

2. Forecasts of the asymmetric models based on signed daily close-to-close returns dom-
inate the forecasts of the models built upon intraday returns when statistical loss

functions or a global minimum variance portfolio loss are used.

3. Extending the simplest asymmetric model based on signed daily close-to-close returns,
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i.e. the tr model, to allow for different coefficient matrices of the positive and mixed

components improves the in-sample fit, but not the forecasts.

4. For the construction of asymmetry terms in the tr model, it is preferable to use close-

to-close returns rather than open-to-close returns.

5. While the scalar restrictions of the parameter matrices are rejected in-sample against
the diagonal alternatives, they show good forecasting performances, in particular the

simple scalar tr model.

Our second conclusion differs from that of Bollerslev et al. (2020b), who conclude in favour
of the models using the decomposition based on the intra-daily returns. There are several
explanations for this difference: i) the data sets are different, in terms of asset number,
composition, and sample period; ii) Bollerslev et al. (2020b) model the daily covariance
matrix, i.e., the covariance matrix of the daily returns, as a function of the decomposed
realized covariance matrix of the trading period, whereas we model the realized covariance
matrix of the trading period. For forecasting the volatility of crude oil futures, Sévi (2014)
concludes that the univariate HAR model of Corsi (2009) does not perform significantly worse
than more sophisticated versions that use the components of realized variance as predictors.

Several research tracks are open: i) to apply to our data set asymmetric dynamic condi-
tional correlation (DCC)-type models based on the decompositions of the RC matrix, as in
Bollerslev et al. (2020b); ii) to add HAR-type dynamics to asymmetric BEKK-CAW models
to explicitly account for the possible long memory feature of volatility and see how this
impacts the forecasting performance; iii) to use the maximum likelihood estimation of the
asymmetric models assuming a Matrix-F conditional distribution instead of a Wishart (e.g.,

Opschoor et al. (2018), Zhou et al. (2022)).
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7 Data and code availability

The dataset of constructed realized measures and the codes for the empirical analyses are
available at https://github.com/1bched/asymmetric_models_for_rc. We are unable to
distribute the corresponding high-frequency data provided by the AlgoSeek company (30
Wall Street, 10005 NY, USA).
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Appendices of Supporting (Online) Information

A Impact of daily return definition on decompositions of C};

Let n=2,r;; = (z,y)/v/m, Vj=1,2,...,m, with z > 0,y > 0.
Then, r}, = (x,y)'/v/m, r;, = (0,0)’, and

<oy
Ct:ZTg;t?“;,t: , Po=Cy, Ny =M, =

If the daily return r; is the open-to-close return » '* | r;; = v/m(z,y)’, then
Lt =(1,1), I; = (0,0), and

CP,t = Pt7 CN,L‘ = Nt7 CM,t = Mt'

If the daily close-to-close return ry is different from the open-to-close one, e.g., r, = (z,0)’
with z > 0, then I;" = (1,0)’, I; = (0,1), and
2 2y

¢ 0 0 0 0
OP,t = 7£ 13t7 CYN,t = 7& Nt> CYM,t = 7& Mt-
0 0 0 92 xy 0

B Relevance of the decomposition of M;

The adoption of the semi-covariance decomposition in the modelling framework with or
without separating the components of the mixed matrix M; depends on the application
context. In a bivariate model of the volatility of a specific asset and of a market index,
separating the effect of the two realized semi-covariance matrices M,;" and M, might be
relevant. The off-diagonal elements of the M," and M, matrices are necessarily negative.

The covariance equation of the model (14) for 2 assets (asset 1 is the market portfolio,
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asset 2 is a stock), assuming that all the A matrices are lower triangular, e.g.,

Apro1 Aproo
18

S12,t = Ap11ap22P124—1 + AN11AN22112 ¢ —1
+ aJJ\r/[naan [T (M, )) e + Apr1 @apool (M1 )]12

+ ap11ap21P11,t—1 + AN11AN21T011 415

where [7(M,")]12 is the (1,2) element of the matrix 7(M,").

Given the mixed matrix 7(M ~) implied by a negative market return and a positive stock
return, a negative value of the coefficient a,;,,a,,4, implies that the covariance between the
asset and the market increases, which is consistent with the stylized fact that in a ‘bear’
market period, the covariances tend to increase. The opposite holds for a ‘bull’ period, i.e.,
given the mixed matrix 7(M™) implied by a positive market return and a negative stock
return, a positive a}, a4, coefficient implies that the covariance declines.

The above arguments readily extend to a partially lower triangular model of higher

dimension, such as estimated in the empirical application (see Section 5.1).

C Covariance targeting parameterizations of BEKK-CAW models

To define their targeting parameterizations, the models presented in Section 2 are trans-
formed in vector form, i.e., for s; = vech(S;), where vech(-) is the operator that stacks the
lower triangular part of a symmetric n X n matrix argument into a n(n 4+ 1)/2 x 1 vector.
Matrices appearing in the equations specifying S;, such as Cy, C;; for ¢ = P, N, M, ..., and
P,, Ny, My, ..., are transformed in the same way and the corresponding vectors are denoted

by lower-case letters (e.g., ¢t, ¢y, Di, -..). Adjustment matrices K;, of order n(n + 1)/2, for
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1= P N, M, ..., as above, are introduced in the targeting terms to account for the difference
between the unconditional levels of ¢; and the vectors corresponding to the covariances of
(signed) daily/intraday returns. In each adjustment matrix, the matrix C = Zthl Cy)T
appears.

The parameter matrices of the vectorized models are obtained as M = L, (M ® M)D,,
where M is a parameter square matrix of order n (e.g., A, Ay, Ap, ...) of the model in
matrix format, and L,, and D,, denote the n(n + 1)/2 x n? elimination and n* x n(n +1)/2
duplication matrices, respectively.® Hence M is in each case square and of order n(n+1)/2.
We refer to Noureldin et al. (2012) for details. Each targeting term below is the product of
a matrix of order n(n + 1)/2 and the vector vech(C).

Symmetric model (sym):

St = (In(n+1)/2 —A — B)E + Act—l —|— Bst—l- (Cl)

Noureldin et al. (2012) prove that the unconditional mean of ¢; exists, corresponding to the
condition derived in Engle and Kroner (1995), if the eigenvalues of the matrix A+ B are less
than one in modulus.

As aresult, E(c;) = (Lyins1y2 —(A + B)) 'c, and ¢ can be estimated by ¢.
Threshold model (tr):

St = (In(n+1)/2 —/I* — B)E -+ AP(Cp’t_l + CM,t—l) + ANCN¢_1 + BSt_l, (CZ)

where cp; = vech(C,OI ), eny = vech(C,OI7 1), and ¢y = vech(C,0 (I 17 +17IF)):;
A* =32 A K, with A; = L,(A; ® A;)D,,, for i = P, N,

Kp = Ly[(Cp) ® (Cp) +(Cw) ® (Cur)
with Cp = 1/T Y G0 I, Cy = 1T, Coo (LTI + 17 L), and

1/2 2 1/2 2 1/2 2 1/2

cY cY cY c b,

5L, is defined such that for any nxn matrix @, vech(Q) = L,, vec(Q), and D,, such that for any symmetric
matrix R, vec(R) = D,, vech(R) (see e.g., Liitkepohl (1996)), with vec(-) denoting the operator that stacks
the columns of a n x n matrix into a n% x 1 vector.
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1/2

Ky = L,[(Cy)?C 2 & (Cy)*C D, with Ty = )T G0 [T

Threshold model with PNM terms (trPNM):

St = (In(n+l)/2 — A — B)E + APCP,tA + ANCN,tfl + AMCM,tq + BStfl, (C3)

where cpy, ¢y, and ¢y are defined under (C2); A* = Z?:l A K;, with A; = L,(A;®A;)D,

1/2—

and K; = L,[(C))"*C"*  (C,)*C"*|D,,, with T, as under (C2), for i = P, N, M.

Threshold model with PN7(M) terms (trPN7M):

St = (In(n+1)/2 —/I* — B)E + APCP,t—l + ANCN,t—l + ALCJT/IJ—I + AJTJCJTLt—l + BSt_l, (04)

where ¢y, = vech(Cy,) with O, = C, © T(I17"), and ¢y = vech(Chy,) with Cy o =
Cror(I7 L), A* =37 AK, + ALK, + Ay, K, with A; = L,(4; ® A)D,, and K; =
L[([C) T & (€)'

Ay = La( A3y @ A3 D, Ky = L[(Chy) "0 @ (C1) T D,

5_1/2]Dn, fori= P, N,

1/25-1/2 1/2-5-1/2

Ay = Lo(Ay @ Ay) Dy, Ky = Lo[(Cy) °C " @ (Cy) '"C 71D, with
_+ —_— _
Cy=1/T Zthl C]—\Z,t and Cy, = 1/T thl CM,t'
Semi-covariance model (semi):
st = (Intm+1)/2 —A* - B’)E + Appi_1 + Axng_y + Aymy_y + Bsy, (C5)

where p; = vech(F;), n; = vech(N;), and m; = vech(M,); A* = Z?:1 AK;, with A; =
Lo(A; ® A)D, and K; = L,[()*C""* @ ())°C"*D,, for i = P,N,M, with P =
1/th 1Pta 1/th 1Nt7 andM—l/TZt 1Mt

Semi-covariance model (semi-7):

st = (Inny1ys —A" = B)e+ Appry + Anney + Afymi + Aym_ + Bsy 1, (C6)
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where m;” = vech(7(M;")) and m; = vech(r(M,));

A =32  AK + ALK + Ay Ky, K s defined as under (C5), for i = P, N,

1/2 2

Kf = LN C " o (1)’ VD,, with M = 1/TS1, 7(M;), and Ky, =

——\1/2 ——\1/2

L) e o ()0 D, with M~ = 1/T L, 7(M;).

D Scalar BEKK-CAW models with covariance targeting

With scalar parameter matrices, it is convenient to write the equations using the matrix
format. The equations below are obtained as particular cases of the corresponding equations
of Appendix C, when the parameter matrices A, Ay, ..., are scalar, i.e., A = al,,, Ay = an1,,

. The largest eigenvalue of a matrix M is denoted by p(M); p(M) < 1 means that the
largest eigenvalue is smaller than 1 in modulus.

Symmetric model (sym):

St = (1 — a2 — bZ)a‘}' azot—l + b2St—17 (D]‘)

C=(1)T)Y[, C, (PD); a® 4 b* < 1 (covariance stationarity of S; and PD target).

Threshold model (tr):

Sy = (1=0¥)C—AC+ab(IF I+ I+ 17 )00+ a3 (I I7 ) ©C, 1 +b%S,_,
(D2)
A" =[a3(Cp + Cuy) + a4 Cy)C " Cp = (1YT) L, C, 0 I I (PSD):
UN = (1/T> 23:1 @30] Itiftil (PSD); UM = (1/T) ZtT:1 @30] (IttlIt:ll + Itillttll);
p(A* +1?1,,) < 1 (covariance stationarity of S; and PD target).
For the models listed below, it seems impossible to derive sufficient conditions to guaran-
tee the PD-ness of S;. Consequently, we impose no a priori restrictions on the parameters.

However, during the estimation, we require that the coefficients jointly behave in such a way

that S; is PD Vt.
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Threshold model with PNM terms (trPNM):

Sy =(1 =0*)C — AC + (%I I + a4 17 17
(D3)
+ 2 (LT + I ) @ Cy + V2S, g,

A* = (a3Cp + a2 Cn +a2,Cr) x C ' p(A* + b21,) < 1 (covariance stationarity of S,).
Threshold model with PN7(M) terms (trPN7M):

St :(1 - b2)€ —AC+ (a??]ttllttll + a?\fjt_—llt_—ll
(D4)
+ (ag)P (L7 1) + (aq)* (1 1)) © Croy 4 25,

A* = (a3Cp + a4 Cy + (a1,)2Chy + (a3,)2Chy) % c L0 =0/7) ST Coor(IFI7) (in-
definite), with C, (indefinite) defined analogously; p(A*+b%1,) < 1 (covariance stationarity

of St)

Semi-covariance model (semi):

Sp=(1- 52)6 — A*C + a%Pt,l + a?thfl + CL?\/[MtA + 0*S-1, (D5)

A = (a3P + a4 N + a3, M) x C ; P = (1)T) L, P, (PSD), with N (PSD) and M
(indefinite) defined analogously; p(A* 4+ b*1,) < 1 (covariance stationarity of Sy).

Semi-covariance model (semi-7):

t :(1 - 62)6 — A*U —+ (I?:;Pt,1 -+ a?thfl
(D6)
+ (aj\Jr/[)QT(Mttl) + (a&)2T(Mti1) + bQSt—l;

A* = (a3P 4+ a3 N + (a},)*M " + (ay,)*M ) x c LMt =1 S (M) and
M = (1/T) Zthl 7(M;); p(A* +b*1,) < 1 (covariance stationarity of Sy).
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E Statistics and graphs of covariance decompositions

Table 12 shows the time series means and standard deviations of the realized covariances
between the six assets and their decomposition into semi-covariances; Table 13 shows the
analogous statistics with respect to the decomposition using the signed daily close-to-close
returns, and Table 14 the same information when the signed open-to-close returns are used.

Several comments can be made:

1. The average realized covariances including SPY show a relative homogeneity, but are

smaller than those of the fifteen pairs involving two banks.

2. A noticeable difference is the opposite signs of M and C);. Each average mixed co-
variance (M) is negative because the mixed covariances of each day are negative by
construction. The fact that each average mixed covariance term (C)y) is positive is
not a necessity, but a feature of the data: the sample correlations (and covariances)
between the assets are positive, which is not a surprise since five assets are in the
same sector and the first one is tracking a market index. Thus, we observe that the
inequalities M;; < 0 < C)y,;; are confirmed for each asset pair (7, j). Hence, (P + N);;,
which is positive, must be larger than (Cp + Cy);;, which is also positive. This is even

holding term by term, as stated below.

3. Each average positive semi-covariance (P) is larger than the corresponding average

positive component (Cp), and each average N is larger than the corresponding Cy.

4. The two parts M+ and M~ of M are close; likewise for the two parts Cy; and C}; of

Cu.

5. Comparing the averages of the terms of the decompositions using the close-to-close and
open-to-close returns reveals that C), is larger for open-to-close than for close-to-close,
and correspondingly, C'p + Cy, but mainly Cy, is smaller. This holds for all pairs, as

can be seen in the tables of this Appendix.
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Table 12: Time series means and standard deviations (between parentheses) of realized covari-
ances and their decomposition into semi-covariances

Asset Pair C P N M MT M~

SPY-BAC | 1.58 (4.29) | 1.00 (2.01) | 0.98 (2.51) | -0.41 (1.77) | -0.20 (0.82) | -0.21 (0.99)
SPY-C 1.64 (4.85) | 1.03 (3.21) | 1.03 (2.92) | -0.42 (1.99) | -0.21 (1.06) | -0.22 (1.00)
SPY-GS | 1.48 (4.08) | 0.94 (2.75) | 0.91 (2.35) | -0.37 (1.65) | -0.18 (0.70) | -0.20 (0.99)
SPY-JPM | 1.42 (4.22) | 0.90 (2.94) | 0.87 (2.32) | -0.35 (1.59) | -0.17 (0.79) | -0.18 (0.86)
SPY-WFC | 1.35 (4.16) | 0.89 (2.93) | 0.88 (2.59) | -0.42 (1.85) | -0.20 (0.81) | -0.22 (1.08)
BAC-C | 4.10 (8.38) | 2.18 (4.96) | 2.14 (4.59) | -0.22 (0.61) | -0.10 (0.25) | -0.11 (0.38)
BAC-GS | 3.20 (6.35) | 1.78 (3.64) | 1.72 (3.40) | 0.31 (0.53) | -0.15 (0.27) | -0.15 (0.37)
BAC-JPM | 3.44 (7.27) | 1.84 (4.05) | 1.78 (3.73) | -0.18 (0.36) | -0.09 (0.21) | -0.09 (0.18)
BAC-WFC | 3.19 (7.05) | 1.76 (3.97) | 1.71 (3.76) | -0.27 (0.51) | -0.13 (0.25) | -0.14 (0.33)
C-BS 3.37 (7.74) | 1.84 (4.27) | 1.82 (4.14) | -0.29 (0.51) | -0.15 (0.27) | -0.14 (0.29)
C-JPM | 3.54 (8.28) | 1.88 (4.63) | 1.84 (4.33) | -0.18 (0.49) | -0.09 (0.33) | 0.09 (0.22)
C-WFC | 3.30 (8.07) | 1.81 (4.51) | 1.80 (4.53) | -0.30 (0.91) | -0.14 (0.34) | -0.16 (0.63)
GS-JPM | 2.88 (6.47) | 158 (3.65) | 1.53 (3.37) | -0.23 (0.42) | -0.12 (0.26) | -0.12 (0.24)
GS-WFC | 2.62 (6.35) | 151 (3.80) | 1.47 (3.36) | -0.35 (0.65) | -0.17 (0.34) | 0.18 (0.42)
JPM-WFEC | 2.83 (6.55) | 1.56 (3.93) | 1.50 (3.38) | -0.23 (0.64) | -0.11 (0.27) | -0.12 (0.44)

C': realized covariance; P: positive semi-covariance; N: negative semi-covariance; M: total mixed semi-
covariance; M and M ~: positive and negative mixed semi-covariances. See Section 2.2.1 for definitions.

Figures 5 and 6 show the time series of the realized covariances between SPY and JPM,
and the components of their decompositions (3) using the close-to-close daily returns and
(11). The peaks of the covariances occur at the same periods as those of the variances. The
covariances are almost always positive, but a close look at the (identical) top left graphs
reveals a few isolated and slightly negative covariances. In the decomposition based on the
signed daily returns (Figure 5), these negative values are attributed to one of the three
components (as is the case of any positive value). In the decomposition based on the intra-
daily returns (Figure 6), positive and negative semi-covariances are positive, and the mixed
one is negative (by definition). The two figures illustrate the differences between the two

decompositions, in particular in their mixed components.
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Table 13: Time series means and standard deviations (between parentheses) of realized co-
variances and their decomposition into parts signed by the daily close-to-close returns
Asset Pair C Cp Cy Cuy C;} Cy
SPY-BAC | 1.58 (4.29) | 0.60 (3.21) | 0.69 (3.00) | 0.29 (0.83) | 0.14 (0.56) | 0.15 (0.65)
SPY-C 1.64 (4.85) | 0.59 (2.90) | 0.74 (3.63) | 0.31 (1.90) | 0.13 (0.54) | 0.19 (1.84)
SPY-GS 1.48 (4.08) | 0.57 (2.86) | 0.68 (3.05) | 0.23 (0.70) | 0.11 (0.46) | 0.13 (0.55)
SPY-JPM | 1.42 (4.22) | 0.55 (3.08) | 0.64 (3.01) | 0.24 (0.71) | 0.11 (0.47) | 0.13 (0.55)
SPY-WFC | 1.35 (4.16) | 0.52 (3.05) | 0.60 (2.93) | 0.23 (0.77) | 0.10 (0.48) | 0.13 (0.63)
BAC-C 4.10 (8.38) | 1.70 (5.02) | 1.91 (6.82) | 0.49 (2.94) | 0.20 (0.97) | 0.29 (2.79)
BAC-GS 3.20 (6.35) | 1.30 (4.52) | 1.41 (4.93) | 0.49 (1.36) | 0.23 (0.99) | 0.26 (1.00)
BAC-JPM | 3.44 (7.27) | 1.45 (5.07) | 1.57 (5.70) | 0.42 (1.30) | 0.19 (0.91) | 0.22 (0.97)
(7.05) (5.35) (5.03) (1.40) (0.92) (1.11)
(7.74) (4.57) (6.24) (2.64) (2.50) (0.93)
(8.28) (4.67) (6.35) (2.96) (2.81) (1.01)
(8.07) (4.70) (6.24) (3.28) (3.09) (1.17)
(6.47) (4.42) (5.11) (1.08) (0.79) (0.79)
E ) (4.89) (4.36) (1.30) ( g (1.03)

BAC-WFC | 3.19 (7.05) | 1.34 (5.35) | 1.39 (5.03) | 0.47 (1.40) | 0.22 (0.92) | 0.25 (1.11
C-BS 3.37 (7.74) | 1.34 (4.57) | 1.54 (6.24) | 0.49 (2.64) | 0.27 (2.50) | 0.22 (0.93
C-JPM 3.54 (8.28) | 1.40 (4.67) | 1.63 (6.35) | 0.50 (2.96) | 0.28 (2.81) | 0.23 (1.01
C-WFC 3.30 (8.07) | 1.30 (4.70) | 1.47 (6.24) | 0.53 (3.28) | 0.29 (3.09) | 0.24 (1.17
GS-JPM 2.88 (6.47) | 1.18 (4.42) | 1.31 (5.11) | 0.39 (1.08) | 0.19 (0.79) | 0.19 (0.79
GS-WFC 2.62 (6.35) | 1.05 (4.89) | 1.11 (4.36) | 0.46 (1.30) | 0.22 (0.86) | 0.24 (1.03
JPM-WFC | 2.83 6.55) 1.14 (4.68) 1.23 (4.91) 0.45 (1.37) 0.22 (0.90 0.23 (1.09)
C: realized covariance; Cp: positive part; Cn: negative part; Cy : total mixed part; C;} and C};: positive
and negative mixed parts.. See Section 2.1.1 for definitions.

Table 14: Time series means and standard deviations (between parentheses) of realized co-
variances and their decomposition into parts signed by the daily open-to-close returns
Asset Pair C Op CN CM C]t[ C]\_/[
SPY-BAC | 1.58 (4.29) | 0.61 (3.41) | 0.63 (2.49) | 0.34 (1.46) | 0.16 (0.82) | 0.18 (1.24)
SPY-C 1.64 (4.85) | 0.58 (2.79) | 0.67 (3.21) | 0.39 (2.67) | 0.15 (0.85) | 0.24 (1.24)
SPY-GS 1.48 (4.08) | 0.57 (2.84) | 0.57 (2.47) | 0.34 (1.97) | 0.16 (0.86) | 0.18 (1.79)
SPY-JPM | 1.42 (4.22) | 0.56 (3.24) | 0.56 (2.55) | 0.30 (1.44) | 0.14 (1.00) | 0.16 (1.06)
SPY-WFC | 1.35 (4.16) | 0.50 (2.87) | 0.52 (2.49) | 0.33 (2.01) | 0.15 (1.10) | 0.18 (1.70)
BAC-C 4.10 (8.38) | 1.67 (5.23) | 1.81 (6.29) | 0.62 (3.69) | 0.28 (1.34) | 0.34 (3.47)
BAC-GS 3.20 (6.35) | 1.29 (4.79) | 1.30 (4.39) | 0.61 (2.13) | 0.31 (1.32) | 0.30 (1.72)
BAC-JPM | 3.44 (7.27) | 1.42 (5.35) | 1.45 (5.00) | 0.57 (2.59) | 0.28 (1.71) | 0.29 (1.99)
(7.05) (5.44) (4.67) (2.18) (1.27) (1.83)
(7.74) (5.03) (5.84) (2.76) (2.59) (1.05)
(8.28) (5.03) (6.22) (3.53) (3.22) (1.51)
(8.07) (4.71) (6.14) (3.50) (3.18) (1.54)
(6.47) (4.70) (4.53) (2.13) (1.68) (1.36)
E ) (4.99) (4.17) (1.53) ( ; (1.27)

BAC-WFC | 3.19 (7.05) | 1.29 (5.44) | 1.27 (4.67) | 0.63 (2.18) | 0.31 (1.27) | 0.32 (1.83
C-GS 3.37 (7.74) | 1.33 (5.03) | 1.42 (5.84) | 0.62 (2.76) | 0.35 (2.59) | 0.27 (1.05
C-JPM 3.54 (8.28) | 1.39 (5.03) | 1.51 (6.22) | 0.64 (3.53) | 0.35 (3.22) | 0.29 (1.51
C-WEFC 3.30 (8.07) | 1.24 (4.71) | 1.37 (6.14) | 0.69 (3.50) | 0.37 (3.18) | 0.32 (1.54
GS-JPM 2.88 (6.47) | 1.15 (4.70) | 1.17 (4.53) | 0.56 (2.13) | 0.27 (1.68) | 0.29 (1.36
GS-WFC 2.62 (6.35) | 1.07 (4.99) | 1.04 (4.17) | 0.51 (1.53) | 0.24 (0.92) | 0.27 (1.27
JPM-WEFC | 2.83 6.55) 1.13 (4.79) 1.15 (4.56) 0.55 (2.07) 0.28 (1.24 0.27 (1.70)
C' realized covariance; C'p: positive part; Cn: negative part; Cjs : total mixed part; C]'\; and C};: positive
and negative mixed parts.. See Section 2.1.1 for definitions.
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Figure 5: Annualized realized covariances of SPY and JPM and the components of their decomposition (3)
using the signed daily close-to-close returns
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Figure 6: Annualized realized covariances of SPY and JPM and the semi-covariance components of their
decomposition (11)
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Table 15 shows the means of indicators of the signed daily close-to-close and open-to-close
returns; the corresponding statistics of the two types of returns are close. The daily close-
to-close returns of SPY are positive for 56% of the days of the sample period, and 51 or 52%
for the other stocks (column 2); negative returns occur in the corresponding complementary
percentages (column 3). In column 4, the value 0.406 for SPY is indicating that in 40.6% of
the days, both SPY and at least one of the five other stocks have positive returns; the other
values in the same columns are close to 41%. In column 5, the values fluctuate between
0.333 and 0.38; the latter (for stock C) means that returns of C and at least one of the other
assets were simultaneously negative. The values in the last column are the proportions of
days when the return of the stock (in the first column) has a different sign than at least one
of the other stocks.

Table 15: Time series means of indicators of signed daily returns

Ticker diag. I'IT diag. I"'1~ off-diag. ITIY  off-diag. I'I~ It~ + 171
Close-to-close returns

SPY 0.557 0.443 0.406 0.333 0.261
BAC 0.521 0.479 0.418 0.373 0.209
C 0.512 0.488 0.418 0.380 0.202
GS 0.521 0.479 0.412 0.368 0.220
JPM 0.515 0.485 0.416 0.376 0.208
WEC 0.512 0.488 0.402 0.365 0.233
Open-to-close returns
SPY 0.548 0.452 0.384 0.319 0.297
BAC 0.510 0.490 0.397 0.364 0.239
C 0.514 0.486 0.399 0.362 0.239
GS 0.519 0.481 0.393 0.352 0.255
JPM 0.522 0.478 0.403 0.359 0.238
WEC 0.514 0.486 0.385 0.348 0.267
diag. ITI": indicator gf positive returns; diag. I"I7": indicator of negative returns; off-diag.
I*It and off-diag. 171~ :: for the asset indicated in the table row, the average of the five time

series means of the off-diagonal elements the indicated matrix. See comments in the text.
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F Estimation results of BEKK-CAW models based on the daily

close-to-close returns

Table 16: Scalar BEKK-CAW model QML estimates
sym tr trPNM | trPNTM semi semi-7
(D1) (D2) (D3) (D4) (D5) (D6)
a 0.520%*
ap 0.492%* 0.466* 0.466* 0.448* 0.448%*
an 0.529%* 0.537* 0.537* 0.594* 0.594*
an 0.500* 0.483*
ap+ 0.497* 0.465*
apr- 0.503* 0.499*
b 0.836* 0.841* 0.846* 0.846* 0.834* 0.834*
LLF | -12518.91 | -12510.94 | -12503.38 | -12503.16 | -12511.30 | -12511.24
AIC 9.949 9.944 9.938 9.939 9.945 9.945
BIC 9.954 9.951 9.948 9.951 9.954 9.957

* denotes statistical significance at the 5% level. Each column corresponds to a model; the
models are defined in Appendix D, corresponding to the headers in row 1; row 2 refers to the
equation numbers in the appendix. The last lines report the obtained maximum value of the
log-likelihood function (LLF), and the corresponding Akaike (AIC) and Bayesian information

criteria (BIC) values. The models are estimated using the dataset of 2517 observations
described in Section 4.
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Table 17: Diagonal BEKK-CAW model QML estimates

sym tr trPNM | trPNTM semi semi-7
©) | (€ | (©) | (@) (C5) (C6)
0.429*
0.568*
0.558*
A 0.540%*
0.581%*
0.611*
0.374* 0.393* 0.382* 0.390* 0.399*
0.539* 0.514* 0.498* 0.438* 0.474%*
Ap 0.529* 0.498* 0.494* 0.394* 0.434*
0.518* 0.501* 0.462* 0.404* 0.423*
0.563* 0.553* 0.528* 0.439* 0.481*
0.572* 0.589* 0.614* 0.443* 0.460*
0.472% 0.501* 0.524* 0.553* 0.554*
0.570%* 0.593* 0.623* 0.696* 0.708*
Ay 0.557* 0.576* 0.620* 0.689* 0.691*
0.541* 0.557* 0.575% 0.671* 0.686*
0.575* 0.610* 0.647* 0.755* 0.751*
0.623* 0.666* 0.726* 0.798* 0.809*
0.372* -0.505%*
0.561* -0.616*
Ay 0.545% -0.578%*
' 0.527* -0.590*
0.577* -0.570%*
0.589* -0.589%*
0.409* 0.351%*
0.574* 0.339*
Ay 0.560%* 0.392*
0.538* 0.391*
0.580* 0.456*
0.694* 0.388*
0.434* 0.346*
0.583* 0.466*
Ay 0.583* 0.407*
0.535% 0.385*
0.590* 0.287*
0.622* 0.383*
0.895* 0.892* 0.887* 0.892* 0.885* 0.884*
0.780* 0.790* 0.791* 0.806* 0.790* 0.784*
B 0.799* 0.809* 0.816* 0.822* 0.812* 0.808*
0.802* 0.810%* 0.814* 0.835% 0.809* 0.804*
0.773* 0.782* 0.778* 0.797* 0.769* 0.768*
0.751%* 0.763* 0.748* 0.738* 0.752* 0.745%
LLF | -12493.04 | -12481.28 | -12471.95 | -12470.39 | -12489.070 | -12489.061
AIC 9.937 9.932 9.929 9.933 9.943 9.948
BIC 9.964 9.974 9.985 10.002 9.998 10.017

* denotes statistical significance at the 5% level. In each cell, the first value is the estimate
for the market index (SPY), the next ones are for the banking stocks (ordered as BAC, C, GS,
JPM, WFC). Each column corresponds to a model; the models are defined in Appendix C,
corresponding to the headers in row 1; row 2 refers to the equation numbers in the appendix.
The last lines report the obtained maximum value of the log-likelihood function (LLF), and the
corresponding Akaike (AIC) and Bayesian information criteria (BIC) values. The models are
estimated using the dataset of 2517 observations described in Section 4.
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Table 18: Partly lower triangular BEKK-CAW model QML estimates

sym tr trPNM trPNTM semi semi-T
(C1) (€2) (C3) (C4) (C5) (Ce)
0.431%
-0.002  0.566*
4| -0004  0.550%
-0.004  0.531*
0.003  0.594*
-0.004  0.604*
0.368% 0.403% 0.338% 0.271% 0.311%
-0.029  0.543* | -0.037  0.518% | -0.043*  0.487* | -0.132%  0.486* | -0.242%  0.583*
4 -0.031  0.528% | -0.037  0.496% | -0.045%  0.478% | -0.097  0.383*% | -0.248*  0.537*
P -0.021  0.510% | -0.037  0.496* | -0.040%  0.439% | -0.105%  0.402* | -0.206%  0.487*
-0.010  0.579* | -0.026  0.581* | -0.039 0.517% | -0.101*  0.498% | -0.204*  0.596*
-0.014  0.565% | -0.056  0.576% | -0.057*  0.588*% | -0.271*  0.387 | -0.300%  0.459*
0.475% 0.519% 0.544% 0.596* 0.585%
0.017 0.570* | 0.016  0.588* | 0.001 0.615% | 0.071*%  0.653* | 0.129%*  0.604*
m 0.015 0.551*% | 0.010  0.564* | -0.001 0.608* | 0.037  0.651* | 0.122*  0.587*
N 0.008  0.533* | 0.006  0.548% | -0.007 0.553% | 0.046  0.620% | 0.098*  0.564*
0.015 0.590* | 0.012  0.631* | 0.001 0.647% | 0.045%  0.725% | 0.096*  0.658*
0.005 0.618* | 0.003  0.648* | -0.014 0.702% | 0.039  0.809* | 0.079*  0.790%
0.371% -0.316%
-0.082%  0.562* 0.311%  -0.726*
A -0.073*  0.536* 0.256%  -0.604*
M -0.049%  0.517% 0251  -0.633*
-0.037  0.603* 0.199  -0.678*
-0.028  0.574* 0.261%  -0.427*
0.506% 0.212%
0.109%  0.577* -0.217  0.390%
A 0.147%  0.549% -0.300  0.601*
M 0.118*%  0.513* -0.140 0.434*
0.192%  0.578% -0.024  0.489%
0.171%  0.652% -0.165  0.327*
0.335 0.264%
-0.266*  0.567* -0.300  0.599%
4 -0.300%  0.566* -0.220  0.353*
M= -0.224*  0.508* -0.283 0.457*
-0.300%  0.574% -0.299  0.455%
-0.212%  0.610* -0.265 0.255%
0.893% 0.802% 0.879% 0.883% 0.886* 0.888%
0.781* 0.789* 0.794* 0.811* 0.773* 0.770%
B 0.806* 0.812% 0.825% 0.829% 0.820% 0.799%
0.810% 0.818* 0.822* 0.851* 0.813* 0.816*
0.759% 0.765% 0.756* 0.792* 0.754* 0.757*
0.758% 0.769* 0.766* 0.752% 0.746* 0.738*
LLF _12491.88 -12479.38 -12466.46 -12462.64 -12472.03 -12459.48
AIC 9.940 9.938 9.937 9.943 9.941 9.940
BIC 9.979 10.003 10.027 10.058 10.032 10.056

* denotes statistical significance at the 5% level. Each column corresponds to a model; the models are defined in Appendix C, corresponding to the
headers in row 1; row 2 refers to the equation numbers in the appendix. For each parameter matrix A, the first column of coefficients gives the impacts
of SPY on the banking stocks (ordered as BAC, C, GS, JPM, WFC), and the second column reports the diagonal parameters, with SPY first. The
last lines report the obtained maximum value of the log-likelihood function (LLF), and the corresponding Akaike (AIC) and Bayesian information
criteria (BIC) values. The models are estimated using the dataset of 2517 observations described in Section 4.
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G Estimation results of BEKK-CAW models based on the daily

open-to-close returns

Table 19: OC-based scalar BEKK-CAW
model QML estimates

tr trPNM | trPNTM
(D2) | (D3) | (D4)

ap 0.497* 0.463* 0.463*

an 0.528* 0.538* 0.538*
anr 0500*
apnr+ 0.500%*
apr— 0.501*

b 0.841* 0.849* 0.849*
LLF | -12512.19 | -12501.97 | -12501.98
AIC 9.945 9.937 9.938
BIC 9.952 9.947 9.950

* denotes statistical significance at the 5% level.

Each column corresponds to a model; the models
are defined in Appendix D, corresponding to the
headers in row 1, with indicator vectors in each
specification defined via OC returns; row 2 refers
to the equation numbers in the appendix. The
last lines report the obtained maximum value of
the log-likelihood function (LLF), and the corre-
sponding Akaike (AIC) and Bayesian information
criteria (BIC) values. The models are estimated
using the dataset of 2517 observations described
in Section 4.
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Table 20: OC-based diagonal BEKK-CAW
model QML estimates

tr trPNM | trPNTM
(C2) (C3) (C4)
0.369% 0.369% 0.345%
0.538* 0.490* 0.471%
4 0.530% 0.482% 0.484%*
P 0.511% 0.483* 0.448*
0.545% 0.505* 0.487*
0.573*% 0.578%* 0.594%*
0.472% 0.482% 0.482%
0.567* 0.581%* 0.607*
Ay 0.555% 0.569% 0.605*
0.534* 0.549% 0.558%*
0.578%* 0.596* 0.614*
0.611* 0.652* 0.701%*
-0.336*
-0.535%
-0.524*
Au -0.515%
-0.543*
-0.588%*
-0.322%
-0.553*
-0.546*
Anr -0.516*
-0.539%
-0.657*
-0.377%
-0.532%
-0.552%
Anr- -0.514*
-0.549*
-0.626*
0.897% 0.899% 0.912%
0.791%* 0.802* 0.811%
B 0.809% 0.821% 0.821%
0.816* 0.817* 0.833*
0.787* 0.793* 0.806*
0.767* 0.752% 0.741%
LLF | -12479.57 | -12475.24 | -12474.45
AIC | 9.931 9.932 9.936
BIC 9.972 9.988 10.006

* denotes statistical significance at the 5% level.
In each cell, the first value is the estimate for the
market index (SPY), the next ones are for the bank-
ing stocks (ordered as BAC, C, GS, JPM, WFC).
Each column corresponds to a model; the models
are defined in Appendix C, corresponding to the
headers in row 1, with indicator vectors in each
specification defined via OC returns; row 2 refers
to the equation numbers in the appendix. The last
lines report the obtained maximum value of the
log-likelihood function (LLF), and the correspond-
ing Akaike (AIC) and Bayesian information criteria
(BIC) values. The models are estimated using the
dataset of 2517 observations described in Section 4.
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Table 21: OC-based PLT BEKK-CAW model QML estimates

tr trPNM trPNTM
(C2) (C3) (C4)
0.360* 0.383% 0.376*
-0.020  0.541*% | -0.033*  0.493* | -0.049%  0.468*
A, | 0018 0.526* | -0.032 0.477% | -0.035*  0.473*
Pl .0.018  0.510% | -0.034*  0.479*% | -0.036%  0.426*
-0.011  0.563% | -0.028 0.529% | -0.035*  0.495*
-0.022  0.575% | -0.048%  0.582*% | -0.056%  0.602*
0.474% 0.502* 0.514%
0.019  0.569% | 0.013 0.576% | 0.009  0.599*
4 0.013  0.551% | 0.006 0.556* | -0.005  0.594*
Nl 0013 0.531% | 0.006 0.536* | -0.006  0.534*
0.020  0.593* | 0.011 0.613% | 0.001  0.619*
0.017  0.610% | 0.017 0.645% | 0.004  0.707*
-0.346%
0.055%  -0.534*
A 0.048%  -0.514%
M 0.041*  -0.506*
0.025 -0.564*
0.051%  -0.589%
~0.425%
0.111%  -0.527*
A -0.081  -0.534%
M -0.063  -0.487*
-0.059  -0.546*
-0.056  -0.666*
-0.353%
0.301%  -0.547*
A 0.207%  -0.543*
M= 0.185%  -0.492*
0.164%  -0.563*
0.203%  -0.636*
0.808% 0.893* 0.895%
0.789% 0.814* 0.814*
5 0.812* 0.831% 0.829%
0.818* 0.852%* 0.855*
0.770% 0.776* 0.802*
0.768* 0.758* 0.738*
LLF 21247810 21247054 J12467.52
AIC 9.937 9.940 9.946
BIC 10.002 10.030 10.062

* denotes statistical significance at the 5% level. Each column corresponds to a
model; the models are defined in Appendix C, corresponding to the headers in
row 1, with indicator vectors in each specification defined via OC returns; row 2
refers to the equation numbers in the appendix. For each parameter matrix A,
the first column of coefficients gives the impacts of SPY on the banking stocks
(ordered as BAC, C, GS, JPM, WFC), and the second column reports the diagonal
parameters, with SPY first. The last lines report the obtained maximum value
of the log-likelihood function (LLF), and the corresponding Akaike (AIC) and
Bayesian information criteria (BIC) values. The models are estimated using the
dataset of 2517 observations described in Section 4.
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H Tests of leverage effects

Table 22: Tests of leverage effects in variance equations of scalar, diagonal and PLT tr models

Version Asset ab; a3y 0y < 055 G5 a%,  a%, <ab; 2apnapi  2ana0Ny 2NN < 2apiap
scalar 1-6 024 028 34127
diagonal 1 0.14 0.22 1.661*
2 0.29 0.33 2.3467
3 0.28 0.31 2.390"
4 0.27 0.29 2.219%
5 0.32 0.33 1.016
6 0.33 0.39 2.453F
PLT 1 0.13 0.23 1.646*
2 0.29 0.32 2.032% 0.0008 0.0003 -0.286 -0.031 0.020 0.850
3 0.28 0.30 2.174% 0.0010  0.0002 -0.375 -0.033 0.017 0.866
4 0.26 0.28 2.162* 0.0004 0.0001 -0.326 -0.022 0.008 0.618
5 0.34 0.35 0.948 0.0001 0.0002 0.179 -0.012 0.017 0.497
6 0.32 0.38 2.330" 0.0002 0.0000 -0.146 -0.016 0.006 0.297

The columns 3, 4, 6, 7, 9, and 10 report the estimates of the coefficients indicated in row 1, for the tr conditional variance equations identified
in the first two columns. The columns 5, 8, and 11 provide the values of the test statistics for testing the significance of the null hypothesis
written in row 1 against the complementary alternative hypothesis. The statistics that are significant at the 5% level are denoted by * (critical
value: 1.645), at the 1% level by * (critical value: 2.326).
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Table 23: Tests of leverage effects in covariance equations of scalar, diagonal and PLT tr modelsl

Version  Asset apiipjj ANiGNjj ONiGNjj < Apidpj;  Ap11Gpi1  AN11GN1  AN11GN1 < Gp11Gpil

scalar 1-6 0.24 0.28 3.412%
diagonal ~ 1-2 0.20 0.27 2.188%*
1-3 0.20 0.26 2.264*
1-4 0.19 0.26 2.109*
1-5 0.21 0.27 1.920*
1-6 0.21 0.29 2.278%*
2-3 0.29 0.32 2.769%
2-4 0.28 0.31 2.718**
2-5 0.30 0.33 1.979*
2-6 0.31 0.35 2.838*
3-4 0.27 0.30 2.777F
3-5 0.30 0.32 1.981*
3-6 0.30 0.35 2.864
4-5 0.29 0.31 1.825*
4-6 0.30 0.34 2.854%
5-6 0.32 0.36 2.212*

PLT 1-2 0.20 0.27 2.205* -0.011 0.008 0.811
1-3 0.19 0.26 2.27T* -0.012 0.007 0.814
1-4 0.19 0.25 2.141%* -0.008 0.004 0.586
1-5 0.21 0.28 2.006* -0.004 0.007 0.514
1-6 0.21 0.29 2.340% -0.005 0.002 0.290
2-3 0.29 0.31 24737
2-4 0.28 0.30 2.515%

2-5 0.31 0.34 1.774%*
2-6 0.31 0.35 2.619"
3-4 0.27 0.29 2.618*"
3-5 0.31 0.33 1.823*
3-6 0.30 0.34 2.611*
4-5 0.30 0.31 1.822F
4-6 0.29 0.33 2.734F
5-6 0.33 0.36 2.150*

The columns 3, 4, 6, and 7 report the estimates of the coefficients indicated in row 1, for the tr conditional covariance
equation identified in the first two columns. The columns 5 and 8 provide the values of the test statistics for testing the
significance of the null hypothesis written in row 1 against the complementary alternative hypothesis. The statistics that
are significant at the 5% level are denoted by * (critical value: 1.645), at the 1% level by * (critical value: 2.326).
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Estimation results of scalar models using both decompositions

Table 24: Estimation results of extended
scalar models

trPNM-semi | trPN7TM-semi-7

ap,, 0.303* 0.313*
an,. 0.394* 0.401*
anr.. 0.345*
Ayt 0.348*
apr= 0.359*
ap 0.323* 0.313*
an 0.415* 0.407*
ay 0.326*
ap+ 0.282*
an- 0.346*

b 0.841* 0.842*
LLF -12501.37 -12501.06
AIC 9.939 9.940
BIC 9.955 9.961

trPNM-semi model: includes the variables of the
trPINM model (using the close to close return signs)
and of the semi model.

trPN7M-semi-7 model: includes the variables of
the trPN7M model (using the close to close return
signs) and of the semi-7 model.

Table 25: LLF, AIC, and BIC values of competing scalar models
trPNM  semi trPNM-semi trPN7M semi-7 trPN7M-semi-7

LLF -503.38 -511.30 -501.37 -503.16  -511.24 -501.06
AIC 9.938 9.945 9.939 9.939 9.945 9.940
BIC 9.948 9.954 9.955 9.951 9.957 9.961

LLF: maximum of log-likelihood function (LLF values have been shifted by adding 12,000); AIC:
Akaike information criterion; BIC: Bayesian information criterion. Models are summarized in Table
2 and in the footnote of Table 24. The values in columns 2, 3, 5, 6 are the same as in Table 3 for the
same models.
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